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Ïóñòü L � ñ÷åòíûé ÿçûê ïåðâîãî ïîðÿäêà. Âñþäó â äàííîì äîêëàäå ìû ðàññìàòðèâàåì

L-ñòðóêòóðû è ïðåäïîëàãàåì ÷òî L ñîäåðæèò ñèìâîë áèíàðíîãî îòíîøåíèÿ <, êîòîðûé

èíòåðïðåòèðóåòñÿ êàê ëèíåéíûé ïîðÿäîê â ýòèõ ñòðóêòóðàõ.

Íàñòîÿùèé äîêëàä êàñàåòñÿ ïîíÿòèÿ ñëàáîé î-ìèíèìàëüíîñòè, ïåðâîíà÷àëüíî ãëóáîêî

èññëåäîâàííîãî â [1]. Ïîäìíîæåñòâî A ëèíåéíî óïîðÿäî÷åííîé ñòðóêòóðû M íàçûâàåòñÿ

âûïóêëûì, åñëè äëÿ ëþáûõ a, b ∈ A è c ∈ M âñÿêèé ðàç êîãäà a < c < b ìû èìååì

c ∈ A. Ñëàáî î-ìèíèìàëüíîé ñòðóêòóðîé íàçûâàåòñÿ ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà

M = 〈M,=, <, . . .〉 òàêàÿ, ÷òî ëþáîå îïðåäåëèìîå (ñ ïàðàìåòðàìè) ïîäìíîæåñòâî ñòðóê-
òóðû M ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ â M . Âåùåñòâåííî

çàìêíóòûå ïîëÿ ñ ñîáñòâåííûì âûïóêëûì êîëüöîì íîðìèðîâàíèÿ îáåñïå÷èâàþò âàæíûé

ïðèìåð ñëàáî î-ìèíèìàëüíûõ ñòðóêòóð.

Ïóñòü A,B � ïðîèçâîëüíûå ïîäìíîæåñòâà ëèíåéíî óïîðÿäî÷åííîé ñòðóêòóðû M . Òî-

ãäà âûðàæåíèå A < B îçíà÷àåò, ÷òî a < b âñÿêèé ðàç êîãäà a ∈ A è b ∈ B. Âûðàæåíèå
A < b (ñîîòâåòñòâåííî b < A) îçíà÷àåò, ÷òî A < {b} ({b} < A). ×åðåç A+ (è ñîîòâåòñòâåí-

íî A−) áóäåì îáîçíà÷àòü ìíîæåñòâî ýëåìåíòîâ b ðàññìàòðèâàåìîé ñòðóêòóðû ñ óñëîâèåì

A < b (b < A). Äëÿ ïðîèçâîëüíîãî òèïà p ìû îáîçíà÷àåì ÷åðåç p(M) ìíîæåñòâî ðåàëèçà-

öèé òèïà p â M .

Íàïîìíèì, ÷òî ïîëíàÿ òåîðèÿ T íàçûâàåòñÿ ñ÷åòíî êàòåãîðè÷íîé, åñëè ëþáûå äâå

ñ÷åòíûå ìîäåëè äàííîé òåîðèè èçîìîðôíû.

Îïðåäåëåíèå. [3] Ïóñòü T � ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ, M � äîñòàòî÷íî íàñû-

ùåííàÿ ìîäåëü òåîðèè T, è ïóñòü φ(x) � ïðîèçâîëüíàÿ M -îïðåäåëèìàÿ ôîðìóëà ñ îäíîé

ñâîáîäíîé ïåðåìåííîé. Ðàíã âûïóêëîñòè ôîðìóëû φ(x) (RC(φ(x))) îïðåäåëÿåòñÿ ñëåäóþ-

ùèì îáðàçîì:

Âòîðîé àâòîð áûë ïîääåðæàí ãðàíòîì 0830/ÃÔ4 ÊÍ ÌÎÍ ÐÊ.
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1) RC(φ(x)) ≥ 1, åñëè φ(M) áåñêîíå÷íî.

2) RC(φ(x)) ≥ α + 1, åñëè ñóùåñòâóþò ïàðàìåòðè÷åñêè îïðåäåëèìîå îòíîøåíèå ýêâè-

âàëåíòíîñòè E(x, y) è áåñêîíå÷íîå ÷èñëî ýëåìåíòîâ bi, i ∈ ω, òàêèå, ÷òî:

• Äëÿ ëþáûõ i, j ∈ ω, âñÿêèé ðàç êîãäà i 6= j ìû èìååì M |= ¬E(bi, bj)

• Äëÿ êàæäîãî i ∈ ω RC(E(x, bi)) ≥ α è E(M, bi) � âûïóêëîå ïîäìíîæåñòâî ìíîæå-

ñòâà φ(M)

3) RC(φ(x)) ≥ δ, åñëè RC(φ(x)) ≥ α äëÿ âñåõ α ≤ δ (δ ïðåäåëüíûé).

Åñëè RC(φ(x)) = α äëÿ íåêîòîðîãî α, òî ìû ãîâîðèì ÷òî RC(φ(x)) îïðåäåëÿåòñÿ. Â

ïðîòèâíîì ñëó÷àå (åñëè RC(φ(x)) ≥ α äëÿ âñåõ α), ìû ïîëàãàåì RC(φ(x)) =∞.

Ðàíãîì âûïóêëîñòè 1-òèïà p (RC(p)) íàçûâàåòñÿ èíôèìóì ìíîæåñòâà {RC(φ(x)) |
φ(x) ∈ p}.

Ïóñòü M := 〈M,Σ〉 � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî î-ìèíèìàëüíàÿ ñòðóêòóðà. Îáîãàòèì

ñòðóêòóðó M := 〈M,Σ〉 äî ñòðóêòóðû M ′ := 〈M,Σ, U1〉 ïîñðåäñòâîì äîáàâëåíèÿ â ñèãíà-

òóðó íîâîãî óíàðíîãî ïðåäèêàòà U(x), âûäåëÿþùåãî âûïóêëîå ìíîæåñòâî â M . Ñîãëàñíî

îñíîâíîìó ðåçóëüòàòó èç [3] T ′ := Th(M ′) îñòàåòñÿ ñëàáî î-ìèíèìàëüíîé òåîðèåé. Çàìå-

òèì, ÷òî îáîãàùåíèå óíàðíûì ïðåäèêàòîì U(x), âûäåëÿþùèì êîíå÷íîå ÷èñëî (ñêàæåì,

m) âûïóêëûõ ìíîæåñòâ â M , ðàâíîñèëüíî îáîãàùåíèþ m óíàðíûìè ïðåäèêàòàìè Ui(x),

1 ≤ i ≤ m, âûäåëÿþùèìè âûïóêëûå ìíîæåñòâà â M (ïîñêîëüêó, î÷åâèäíî, êàæäîå òàêîå

âûïóêëîå ìíîæåñòâî ÿâëÿåòñÿ ∅-îïðåäåëèìûì). Òàê êàê M � ñ÷åòíî êàòåãîðè÷íà, òî ñó-

ùåñòâóåò ëèøü êîíå÷íîå ÷èñëî íåàëãåáðàè÷åñêèõ 1-òèïîâ íàä ∅ p1, p2, . . . , ps. Ïóñòü äëÿ

îïðåäåëåííîñòè

p1(M) < p2(M) < . . . < ps(M).

Ïðåäïîëîæèì, ÷òî U(M)∩ pi(M) 6= ∅ äëÿ êàæäîãî 1 ≤ i ≤ 3, ïðè ýòîì p2(M) ⊂ U(M),

à òàêæå ñóùåñòâóþò a1, a2 ∈ p1(M), b1, b2 ∈ p3(M) òàêèå, ÷òî

M ′ |= a1 < a2 ∧ ¬U(a1) ∧ U(a2) ∧ b1 < b2 ∧ U(b1) ∧ ¬U(b2)

Òîãäà ââåäåíèå ïðåäèêàòà U(x) ðàâíîñèëüíî ââåäåíèþ äâóõ âûïóêëûõ ïðåäèêàòîâ

U1(x) è U2(x), ãäå

U1(x) := P1(x) ∧ ¬U(x) è U2(x) := P3(x) ∧ U(x).

Ïîýòîìó äàëåå ðàññìàòðèâàåì ïðåäèêàò U(x) òàêîé, ÷òî äëÿ íåêîòîðîãî íåàëãåáðàè÷å-

ñêîãî 1-òèïà p ∈ S1(∅)
U(M) ⊂ p(M), U(M)− = p(M)−,

ò.å ñóùåñòâóåò a ∈ p(M) òàêîé, ÷òî U(M) < a.

Èíñòèòóò Ìàòåìàòèêè è Ìàòåìàòè÷åñêîãî Ìîäåëèðîâàíèÿ, Àëìàòû, 22�25 Àâãóñòà 2017
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Åñëè ïðàâàÿ ãðàíèöà ïðåäèêàòà U(x) îïðåäåëÿåòñÿ íåêîòîðûì ýëåìåíòîì b ∈ M , òî

îáîãàùåíèå ïðåäèêàòîì U(x) ðàâíîñèëüíî îáîãàùåíèþ ñòðóêòóðû M îäíîé êîíñòàíòîé.

Ïîíÿòíî, ÷òî â ýòîì ñëó÷àå T ′ îñòàåòñÿ ñ÷åòíî êàòåãîðè÷íîé. Ïîýòîìó äàëåå ðàññìàòðè-

âàåì ñëó÷àé, êîãäà ïðàâàÿ ãðàíèöà ïðåäèêàòà U(x) îïðåäåëÿåò èððàöèîíàëüíîå ñå÷åíèå â

M .

Â ðàáîòå [4] áûëè ïîëíîñòüþ îïèñàíû ñ÷åòíî êàòåãîðè÷íûå ñëàáî î-ìèíèìàëüíûå òåî-

ðèè êîíå÷íîãî ðàíãà âûïóêëîñòè. Èñïîëüçóÿ ýòî îïèñàíèå, íàìè äîêàçàíà ñëåäóþùàÿ òåî-

ðåìà, óñòàíàâëèâàþùàÿ ÷òî òàêèå ñâîéñòâà êàê ñ÷åòíàÿ êàòåãîðè÷íîñòü è ðàíã âûïóêëîñòè

ñîõðàíÿþòñÿ ïðè îáîãàùåíèè âûïóêëûìè óíàðíûìè ïðåäèêàòàìè:

Òåîðåìà. Ïóñòü M � ìîäåëü ñ÷åòíî êàòåãîðè÷íîé ñëàáî î-ìèíèìàëüíîé òåîðèè ðàíãà

âûïóêëîñòè k äëÿ íåêîòîðîãî k < ω,M ′ � îáîãàùåíèå ìîäåëèM ïðîèçâîëüíûì êîíå÷íûì

ñåìåéñòâîì âûïóêëûõ óíàðíûõ ïðåäèêàòîâ {Ui | i < m} äëÿ íåêîòîðîãî m < ω. Òîãäà

Th(M ′) � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ ðàíãà âûïóêëîñòè k.
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ÁÀÇÈÑÛ ÊÂÀÇÈÒÎÆÅÑÒÂ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ
ÃÐÓÏÏÎÈÄÎÂ

ÀÉÍÓÐ ÁÀØÅÅÂÀ

Åâðàçèéñêèé Íàöèîíàëüíûé Óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, óë. Ñàòïàåâà, 2, Àñòàíà,
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Óíèâåðñàëüíîå õîðíîâî ïðåäëîæåíèå ñ íåïóñòîé ïîçèòèâíîé ÷àñòüþ íàçûâàåòñÿ êâàçè-

òîæäåñòâîì. Àêñèîìàòèçèðóåìûé êëàññ àëãåáð íàçûâàåòñÿ êâàçèìíîãîîáðàçèåì, åñëè îí

àêñèîìàòèçèðóåòñÿ ñ ïîìîùüþ ìíîæåñòâà êâàçèòîæäåñòâ. Cóùåñòâóåò ìíîæåñòâî êâàçè-

òîæäåñòâ Σ, êîòîðîå íàçûâàåòñÿ áàçèñîì êâàçèòîæäåñòâ êâàçèìíîãîîáðàçèÿ K, åñëè K

ñîâïàäàåò ñ êëàññîì âñåõ àëãåáð, íà êîòîðûõ èñòèííû âñå êâàçèòîæäåñòâà èç Σ. Áàçèñ êâà-

çèòîæäåñòâ Σ êâàçèìíîãîîáðàçèÿ K íàçûâàåòñÿ íåçàâèñèìûì, åñëèK 6= Mod(Σ \ ϕ) äëÿ

ëþáîãî ϕ ∈ Σ. Áàçèñ êâàçèòîæäåñòâ Σ êâàçèìíîãîîáðàçèÿ K íàçûâàåòñÿ ω-íåçàâèñèìûì,

åñëè ñóùåñòâóåò ðàçáèåíèå Σ =
⋃
i∈ω Σn òàêîå, ÷òî K 6= Mod(Σ\Σn) äëÿ ëþáîãî n ∈ ω.

Âîïðîñ î ñóùåñòâîâàíèè íåçàâèñèìûõ áàçèñîâ êâàçèòîæäåñòâ áûë ïîäíÿò â ðàáîòàõ

À.È. Ìàëüöåâà [1] è À. Òàðñêîãî [2].

Â äàííîé ðàáîòå ïðîäîëæàåòñÿ èçó÷åíèå íåçàâèñèìîé áàçèðóåìîñòè êâàçèìíîãîîáðà-

çèé, íà÷àòûå â ðàáîòå [3]. Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå êîíòèíóó-

ìà êâàçèìíîãîîáðàçèé äèôôåðåíöèàëüíûõ ãðóïïîèäîâ, êîòîðûå íå èìåþò íåçàâèñèìîãî

áàçèñà êâàçèòîæäåñòâ, íî èìåþò ω-íåçàâèñèìûé áàçèñ êâàçèòîæäåñòâ. Îòìåòèì, ÷òî íåçà-

âèñèìî àíàëîãè÷íûé ðåçóëüòàò áûë ïîëó÷åí òàêæå â ðàáîòå [4].
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ÐÅØÅÒÊÀ ÏÎÄÌÍÎÃÎÎÁÐÀÇÈÉ ÌÍÎÃÎÎÁÐÀÇÈß
ÏÎËÍÛÕ ÒÅÎÐÈÉ
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Ïóñòü ~L � ìíîæåñòâî âñåõ ïîëíûõ òåîðèé ñ÷åòíîãî ÿçûêà L ïåðâîãî ïîðÿäêà.

Îïðåäåëåíèå 1. Ïðÿìûì ïðîèçâåäåíèåì ïîëíûõ òåîðèé Ti, i ∈ I ÿçûêà L (îáîçíà÷àåì∏
i∈I Ti èëè T1 • T2) íàçûâàåòñÿ ïîëíàÿ òåîðèÿ ëþáîãî ïðÿìîãî ïðîèçâåäåíèÿ ìîäåëåé∏
i∈I Ai, ãäå Ai ìîäåëü òåîðèè Ti.

Àëãåáðà ~L = 〈~L; •〉 ÿâëÿåòñÿ êîììóòàòèâíîé ïîëóãðóïïîé ñ åäèíèöåé. Ýòà àëãåá-

ðà òàêæå çàìêíóòà îòíîñèòåëüíî áåñêîíå÷íûõ ïðîèçâåäåíèé. Ïðîâîäÿòñÿ èññëåäîâàíèÿ

ñâîéñòâ ýòîé àëãåáðû è åå ïîäàëãåáð. Â ÷àñòíîñòè êâàçèìíîãîîáðàçèé è ïîäêâàçèìíîãîîá-

ðàçèé. Ìîæíî ãîâîðèòü î ôèëüòðîâàííûõ ïðîèçâåäåíèÿõ, óëüòðîïðîèçâåäåíèÿõ òåîðèé.

Îïðåäåëåíèå 2. Ïîëíàÿ òåîðèÿ Y ∈ ~L íàñëåäíèöà ïîëíîé òåîðèè X ∈ ~L, òîãäà è
òîëüêî òîãäà, êîãäà íåêîòîðàÿ ïîäñèñòåìà íåêîòîðîé ìîäåëè òåîðèè X ÿâëÿåòñÿ ìîäåëüþ

òåîðèè Y .

Îïðåäåëåíèå 3. Ïîëíàÿ òåîðèÿ Y ∈ ~L ãîìîìîðôíûé îáðàç ïîëíîé òåîðèè X ∈ ~L,
òîãäà è òîëüêî òîãäà, êîãäà íåêîòîðàÿ ìîäåëü òåîðèè Y ÿâëÿåòñÿ ãîìîìîðôíûì îáðàçîì

íåêîòîðîé ìîäåëè òåîðèè X.

Îïðåäåëåíèå 4. Ïîäìíîæåñòâî TV ìíîæåñòâà ïîëíûõ òåîðèé ÿçûêà L íàçîâåì êâà-

çèìíîãîîáðàçèåì (ìíîãîîáðàçèåì) ïîëíûõ òåîðèé òîãäà è òîëüêî òîãäà, êîãäà TV çàìêíó-

òî îòíîñèòåëüíî óëüòðîïðîèçâåäåíèé, ïðÿìûõ ïðîèçâåäåíèé è íàñëåäñòâåííîñòè (è ãîìî-

ìîðôíûõ îáðàçîâ).

Òåîðåìà 1. Êàæäîìó êâàçèìíîãîîáðàçèþ (ìíîãîîáðàçèþ) ìîäåëåé ÿçûêà L ñîîòâåò-

ñòâóåò åäèíñòâåííîå êâàçèìíîãîîáðàçèå (ìíîãîîáðàçèå) ïîëíûõ òåîðèé. Ýòî ñîîòâåòñòâèå

âçàèìíîîäíîçíà÷íîå.

Íàïðèìåð, êâàçèìíîãîîáðàçèþ âñåõ ìîäåëåé ÿçûêà L ñîîòâåòñòâóåò ìíîæåñòâî âñåõ

ïîëíûõ òåîðèé ÿçûêà L.

Òåîðåìà 2. Äëÿ ëþáûõ ïîëíûõ òåîðèé T1, T2, T3 ÿçûêà L, åñëè T1 = T1 • T2 • T3, òî

T1 = T1 • T2.

Îïðåäåëåíèå 5. Ïîëíóþ òåîðèþ T íàçîâåì ìóëüòèïëèêàòèâíîé, åñëè T • T = T .

Òåîðåìà 3. Â êàæäîì ìíîãîîáðàçèè ïîëíûõ òåîðèé ~M èìååòñÿ åäèíñòâåííàÿ ìóëüòè-

ïëèêàòèâíàÿ òåîðèÿ TM ∈ ~M òàêàÿ, ÷òî äëÿ ëþáîé ïîëíîé òåîðèè T ∈ ~M ÿçûêà L èìååì

T • TM = TM , òî åñòü ôîðìóëüíî îïðåäåëÿþùàÿ ýòî ìíîãîîáðàçèå ïîëíûõ òåîðèé. Ïðè-

÷åì, ðàçëè÷íûì ìíîãîîáðàçèÿì ïîëíûõ òåîðèé ñîîòâåòñòâóþò ðàçëè÷íûå ïîëíûå òåîðèè,

îïðåäåëÿþùèå ýòè ìíîãîîáðàçèÿ.
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Îïðåäåëåíèå 6. Ìíîæåñòâî P~LM � âñåõ òåîðèé, îïðåäåëÿþùèõ âñå ïîäìíîãîîáðàçèÿ

òåîðèé ìíîãîîáðàçèÿ òåîðèé ~L, íàçîâåì ÿäðîì ïîäìíîãîîáðàçèé òåîðèé ìíîãîîáðàçèÿ

òåîðèé ~L, à P~LVM � ìíîæåñòâî âñåõ òåîðèé, îïðåäåëÿþùèõ âñå ïîäìíîãîîáðàçèÿ òåî-

ðèé êâàçèìíîãîîáðàçèÿ òåîðèé ~V � ÿäðîì ïîäìíîãîîáðàçèé òåîðèé êâàçèìíîãîîáðàçèÿ

òåîðèé ~V .
Ìîæíî òàêæå ãîâîðèòü î ÿäðå ïîäìíîãîîáðàçèé íåêîòîðîãî ìíîãîîáðàçèÿ.

Òåîðåìà 4. Ïóñòü Y1, Y2 ∈ P~LM , òîãäà ïðîèçâåäåíèå Y1 • Y2 ∈ P~LM , òî åñòü P~LM

çàìêíóòî îòíîñèòåëüíî êîíå÷íûõ ïðÿìûõ ïðîèçâåäåíèé.

Ââåäåì íà ~L äâóõìåñòíîå îòíîøåíèå ≤, òî åñòü x ≤ y òîãäà è òîëüêî òîãäà, êîãäà

x • y = y.

Ïðåäëîæåíèå 1. Îòíîøåíèå ≤ ÿâëÿåòñÿ îòíîøåíèåì ÷àñòè÷íîãî ïîðÿäêà íà ~L.
Ðàññìîòðèì íà P~LM äâóõìåñòíóþ îïåðàöèþ ∧, òàêóþ ÷òî, ÷òî åñëè Y1, Y2 ∈ P~LM , òî

Y1∧Y2 ýòî òåîðèÿ, êîòîðàÿ îïðåäåëÿåò íàèìåíüøåå êâàçèìíîãîîáðàçèå òåîðèé, ñîäåðæàùåå

ìíîæåñòâî {X | X ∈ ~L, X •Y1 = Y1}∩{X | X ∈ ~L, X •Y2 = Y2}, â êà÷åñòâå ïîäìíîæåñòâà.
Òåîðåìà 5. ßäðî P~LM îòíîñèòåëüíî îïåðàöèé • è ∧ îáðàçóåò ðåøåòêó.

Òåîðåìà 6. Ðåøåòêà ïîäìíîãîîáðàçèé ïîëíûõ òåîðèé ìíîãîîáðàçèÿ ïîëíûõ òåîðèé

~M èçîìîðôíà ðåøåòêå ÿäðà P~LVM ìíîãîîáðàçèÿ òåîðèé ~M .
Ñëåäñòâèå 1. Ðåøåòêà ïîäìíîãîîáðàçèé ìîäåëåé íåêîòîðîãî ìíîãîîáðàçèÿ ìîäåëåé

èçîìîðôíà ðåøåòêå ÿäðà ïîäìíîãîîáðàçèé ñîîòâåòñòâóþùåãî ìíîãîîáðàçèÿ ïîëíûõ òåî-

ðèé.

Ïîêàçàíà òàêæå íåêîòîðàÿ ôîðìóëüíàÿ âûðàçèìîñòü ÿäðà ïîäìíîãîîáðàçèé.

Ñïèñîê ëèòåðàòóðû

[1] A.Maltsev, Algebraic systems // Nauka, 1970.

[2] G.Keisler, H.Cheng Model Theory // Mir, 1977.
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ÎÒÍÎÑÈÒÅËÜÍÀß ÑÒÀÁÈËÜÍÎÑÒÜ

ÂÈÊÒÎÐ ÂÅÐÁÎÂÑÊÈÉ

Óíèâåðñèòåò èìåíè Ñóëåéìàíà Äåìèðåëÿ, óë. Àáûëàéõàíà 1/1, Êàñêåëåí, Êàçàõñòàí

E-mail: viktor.verbovskiy@gmail.com

Â ïîñëåäíèå ãîäû â òåîðèè ìîäåëåé ñòàëè îñîáåííî àêòóàëüíûìè âîïðîñû ïðèìåíåíèÿ

òåõíèêè òåîðèè ñòàáèëüíîñòè äëÿ èññëåäîâàíèÿ íåñòàáèëüíûõ òåîðèé, ýòî íàïðàâëåíèå

íåêîòîðûå ñïåöèàëèñòû ïî òåîðèè ìîäåëåé íàçûâàþò íåîñòàáèëüíîñòüþ.

Ñóùåñòâóåþò ðàçíûõ ïîäõîäû ê ïåðåíîñó òåõíèêè òåîðèè ñòàáèëüíîñòè. Îäèí èç íèõ

ïðèíàäëåæèò Ñ. Øåëàõó, îí ââåë ðàçëè÷íûå ðàíãè, êîòîðûå õàðàêòåðèçóþò ñëîæíîñòü

ïîâåäåíèÿ ïàðàìåòðè÷åñêîãî ñåìåéñòâà ôîðìóë. Òàêæå èññëåäóþò âîçìîæíîñòè ïåðåíîñà

ìåòîäîâ ãåîìåòðè÷åñêîé òåîðèè ñòàáèëüíîñòè, êîòîðàÿ íàèáîëåå õîðîøî çàðåêîìåíäîâàëà

ñåáÿ ïðè èçó÷åíèè ïðîñòûõ òåîðèé, íî êîòîðàÿ, êàê îêàçàëîñü, äîñòàòî÷íî ñëîæíî ïðèìå-

íèìà äëÿ òåîðèé, â êîòîðûõ îïðåäåëèì ïîðÿäîê, â ÷àñòíîñòè äëÿ ëèíåéíî óïîðÿäî÷åííûõ

ñòðóêòóð.

Äàííûé äîêëàä ïîñâÿùåí ëîêàëèçàöèè òåîðèè ñòàáèëüíîñòè, â ÷àñòíîñòè, óïîðÿäî÷åí-

íîé ñòàáèëüíîñòè, ãäå ñòàáèëüíîñòü îïðåäåëÿåòñÿ âíóòðè äåäåêèíäîâûõ ñå÷åíèé.

Îäíèì èç îñíîâíûõ ìåòîäîâ â òåîðèè ìîäåëåé ÿâëÿåòñÿ èçó÷åíèå ïîëíûõ òèïîâ. Ïåð-

âûé âîïðîñ ïðè èçó÷åíèè òèïîâ � ýòî îïðåäåëèìîñòü òèïîâ.

Ñ. Øåëàõ ââåë ïîíÿòèå ðàíãà ôîðìóëû, ïðè ïîìîùè êîòîðîãî ìîæíî ïðîâåðÿòü îïðå-

äåëèìîñòü òèïîâ, è äîêàçàë ôóíäàìåíòàëüíóþ òåîðåìó, ÷òî òåîðèÿ ñòàáèëüíà òîãäà è

òîëüêî òîãäà, êîãäà âñå åå òèïû íàä ëþáûì ìíîæåñòâîì îïðåäåëèìû.

Íî åñòü è íåñòàáèëüíûå ôîðìóëû. Â äàííîé ðàáîòå ìû ââîäèì íîâûé ðàíã, êîòîðûé

ïðåäñòàâëÿåò èç ñåáÿ ëîêàëèçîâàííóþ âåðñèþ ðàíãà Øåëàõà, è êîòîðûé ïîçâîëÿåò äîêà-

çûâàòü îïðåäåëèìîñòü òèïîâ.

Â ÷àñòíîñòè, äîêàçàíî, ÷òî åñëè òèï íàä ìîäåëüþ ñòàáèëüíîé ñ òî÷íîñüþ äî ∆ òåîðèè

ÿâëÿåòñÿ îïðåäåëèìûì òîãäà è òîëüêî òîãäà, êîãäà åãî ∆-÷àñòü îïðåäåëèìà.

Íà îñíîâå ïðåäëîæåííîãî ðàíãà ôîðìóëû ìû ïîëó÷àåì îïðåäåëåíèå îòíîñèòåëüíî ñòà-

áèëüíîé òåîðèè. Åñëè æå íå îãðàíè÷èâàòüñÿ òîëüêî n-òèïàìè äëÿ íåêîòîðîãî ôèêñèðîâàí-

íîãî ÷èñëà n, à ðàññìàòðèâàòü âàðèàíò îòíîñèòåëüíîé ñòàáèëüíîñòè, ãäå ìû ïðèíèìàåì âî

âíèìàíèå ìàëîñòü ÷èñëà ïîëíûõ n-òèïîâ äëÿ ðàçëè÷íûõ ÷èñåë n, òî ìû ïîëó÷àåì îáîáùåí-

íóþ îòíîñèòåëüíóþ ñòàáèëüíîñòü, êîòîðàÿ óäèâèòåëüíûì îáðàçîì ñâÿçàíà ñ òàêèìè êëàñ-

ñè÷åñêèìè ïîíÿòèÿìè òåîðèè ìîäåëåé, êàê ñòàáèëüíîñòü, ýëèìèíàöèÿ êâàíòîðîâ, ñ÷åò-

íàÿ êàòåãîðè÷íîñòü, ñèëüíàÿ ìèíèìàëüíîñòü, î-ìèíèìàëüíîñòü, ñëàáàÿ î-ìèíèìàëüíîñòü,

êâàçè-î-ìèíèìàëüíîñòü, óïîðÿäî÷åííàÿ ñòàáèëüíîñòü, è äðóãèìè.

Àâòîð áûë ïîääåðæàí ãðàíòîì 5125/ÃÔ4 ÊÍ ÌÎÍ ÐÊ.
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À.À. ÂÈÊÅÍÒÜÅÂ

Èíñòèòóò Ìàòåìàòèêè ÑÎ ÐÀÍ, ïð. Êîïòþãà, 4, Íîâîñèáèðñê, 630090, Ðîññèÿ

E-mail: vikent@math.nsc.ru

Â ïîñëåäíåå âðåìÿ èíòåíñèâíî èçó÷àþòñÿ òåîðåòèêî-ìîäåëüíûå ìåòðèêè íà ìíîæå-

ñòâàõ âûñêàçûâàíèé (ýêñïåðòîâ) ìíîãîçíà÷íûõ ëîãèê. Îñòàâàëñÿ îòêðûòûì âîïðîñ îá

îïèñàíèè âñåõ òàêèõ ìåòðèê, êîòîðûå ïîëó÷àþòñÿ ñ ïðèâëå÷åíèåì êîíå÷íîãî êëàññà ìîäå-

ëåé ïðåäëîæåííûõ àâòîðîì. Çäåñü áóäåò äàí îòâåò íà ýòîò âîïðîñ. Âåñü äîêëàä ïîñâÿùåí

îáîáùåíèþ è óòî÷íåíèþ ðåçóëüòàòîâ è òåîðåì î äâóêàðäèíàëüíûõ (áîãàòûõ) ìíîæåñòâàõ

òèïîâ,äîêàçàííûõ ðàíåå â ñòàáèëüíîì ñëó÷àå èëè ñ óñëîâèÿìè ñòàáèëüíîñòè (íåêîòîðûå

èç íèõ âîøëè â äèññåðòàöèþ àâòîðà Òåîðèè ñ ïîêðûòèåì è ôîðìóëüíûå ïîäìíîæåñòâà,

ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê, 1992 ã., 134 ñ. äëÿ ñåìåéñòâ ôîðìóë, à òàêæå îïóáëèêîâà-

íû â ñáîðíèêå, ïîñâÿùåííîìó 90�ëåòèþ àêàäåìèêà À.Ä. Òàéìàíîâà ïîä íàçâàíèåì "Two

cardinal theorems for sets of types in stable theory Êàçàõñòàí, Àëìà�Àòà, 2007, ñ. 67�69,

êîòîðûå áûëè äîëîæåíû Àëìà�Àòå è Íîâîñèáèðñêå íà åæåãîäíûõ Ìàëüöåâñêèõ ÷òåíè-

ÿõ ñ 2006 ã., â òîì ÷èñëå ê 100�ëåòèþ àêàä. À.È. Ìàëüöåâà è äð.) íà ñëó÷àé áîãàòûõ

ñåìåéñòâ òèïîâ (ôîðìóë) íàä ïàðàìåòðàìè ìîäåëè ìíîãîñîðòíîé, ìíîãîçíà÷íîé òåîðèè

ñ�êîìïàêòíûìè (íàñûùåííûìè, îäíîðîäíûìè) èçìåðèìûìè è âû÷èñëèìûìè ìîäåëÿìè

ñî ñâîéñòâîì -îòäåëèìîñòè íîâûõ ýëåìåíòîâ, ðåàëèçóþùèõ âû÷èñëèìûå òèïû (íàä ìàëû-

ìè ïîäìíîæåñòâàìè ìîäåëè) ñîâìåñòíûõ ñ ýòèìè ìíîæåñòâàìè, îò ýëåìåíòîâ âëîæåííîé

ìîäåëè è íàëè÷èÿ ðåàëèçàöèé â áîëüøåé (ñ áîãàòûì ñåìåéñòâîì) ìîäåëè âïîëíå îïðåäåëè-

ìûõ, âû÷èñëèìûõ(ñòàáèëüíûõ) òèïîâ èëè íåðàçëè÷èìûõ ýëåìåíòîâ. Ñòàáèëüíîñòü òåîðèé

íå ïðåäïîëàãàåòñÿ, à ìíîãèå èçâåñòíûå òåîðåìû â îáû÷íîì ñëó÷àå ïîëó÷àþòñÿ êàê ñëåä-

ñòâèÿ. À òàêæå êðàòêîìó îáçîðó èìåþùèõñÿ ðåçóëüòàòîâ ïî ïðèìåíåíèþ ìíîãîçíà÷íûõ

èñ÷èñëåíèé äëÿ êëàñòåðèçàöèè ìíîæåñòâ âûñêàçûâàíèé.

Îñíîâíûìè èíñòðóìåíòàìè äîêàçàòåëüñòâ ÿâëÿþòñÿ òåîðåìû òèïà êîìïàêòíîñòè, ðàç-

âèòàÿ òåõíèêà ñîâðåìåííîé òåîðèè ìîäåëåé,âû÷èñëèìîñòè, â ÷àñòíîñòè, äëÿ ëîãè÷åñêèõ

èñ÷èñëåíèé, ëîêàëüíîé ñòàáèëüíîñòè è íàëè÷èÿ (äàæå ëîêàëüíî) ïîäõîäÿùèõ êîìïàêòíûõ

èçìåðèìûõ (íóæíûõ ìàëûõ ìîùíîñòåé κ) ìîäåëåé òåîðèè ñî ñâîéñòâàìè κ�îòäåëèìîñòè

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêòû � 14�07�00851à, 14�7�00249a è êàôåä-

ðû ÍÃÓ, ÍÃÒÓ
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íàä ðåàëèçàöèÿìè ñåìåéñòâ ñòàáèëüíûõ (îïðåäåëèìûõ, ðåêóðñèâíûõ) òèïîâ. Ïðîäîëæå-

íî èçó÷åíèå ÷èñëà äâóêàðäèíàëüíûõ ìîäåëåé â êëàññå òåîðèé ñ ïîêðûòèÿìè ââåäåííûõ

àâòîðîì. Ðàññìîòðåíû âîïðîñû îïðåäåëèìîñòè ñèñòåì ñ ìåòðèêîé â íàñëåäñòâåííî êîíå÷-

íûõ íàäñòðîéêàõ, è î ìîùíîñòÿõ òèïîâî îïðåäåëèìûõ ïîäìíîæåñòâ è èõ ñâîéñòâ äâó-

êàðäèíàëüíîñòè. Èíòåðåñ ê ýòèì âîïðîñàì è òàêèì ìîäåëÿì èìååò è ïðèêëàäíîé õà-

ðàêòåð â ïîèñêå íàèáîëåå èíôîðìàòèâíûõ (íåòðèâèàëüíûõ) òèïîâ ïðèêëàäíîé òåîðèè,

ëîãè÷åñêèõ çàêîíîìåðíîñòåé äëÿ êëàñòåðèçàöèè è óïîðÿäî÷åíèÿ òàêèõ 'çíàíèé' ñ ïîìî-

ùüþ ïðèâëå÷åíèÿ êîíå÷íûõ, ìåòðè÷åñêèõ èëè èçìåðèìûõ ñèñòåì è ðàññòîÿíèé ìåæäó

ìíîæåñòâàìè ìîäåëåé. Âñå ýòî ñëóæèò äëÿ ââåäåíèÿ íîâûõ ìåòðèê íà êëàññàõ íåýêâèâà-

ëåíòíûõ ôîðìóë (ëîãè÷åñêèõ âûñêàçûâàíèé ýêñïåðòîâ èëè òèïîâ (ñîâìåñòíûõ ñîâîêóï-

íîñòåé âûñêàçûâàíèé) íà èçìåðèìûõ ïîäêëàññàõ èçìåðèìûõ, âû÷èñëèìûõ (ìåòðè÷åñêèõ,

èçìåðèìûõ) ìîäåëåé, íåîáõîäèìûõ äëÿ ðàçðàáîòêè àëãîðèòìîâ ðàñïîçíàâàíèÿ îáðàçîâ,

ïîèñêà çàêîíîìåðíîñòåé, îáíàðóæåíèÿ ðåäêèõ ñîáûòèé è êëàñòåðèçàöèè ìíîãîçíà÷íûõ

ôîðìóë�çíàíèé â ëîãèêàõ, íïðèìåð, Ëóêàñåâè÷à. Â íàñòîÿùåå âðåìÿ íàéäåíû ðàçëè÷íûå

òåîðåòèêî-ìîäåëüíûå íîâûå ìåòðèêè, ðàçðàáîòàíû ìåòîäû êëàñòåðèçàöèè ïî ìåòðèêàì

äëÿ êîíå÷íûõ ìíîæåñòâ ôîðìóë â ðàçëè÷íûõ ëîãè÷åñêèõ èñ÷èñëåíèÿõ ñ ïðèâëå÷åíèåì

ðàçëè÷íûõ ïîäêëàññîâ ìîäåëåé(÷àñòè÷íî ñîâìåñòíî ñ àñïèðàíòîì Àâèëîâûì Ì.Ñ., Ôå-

ôåëîâîé Â.Â.), èçó÷åíû ðàçëè÷íûå èíäåêñû êà÷åñòâà äëÿ ñðàâíåíèé è ñïîñîáû ââåäåíèÿ

êîëëåêòèâíûõ ìåòðèê. Ïðîâåäåíû ñîâìåñòíî ñ Ôåôåëîâîé Â.Â. ìîäåëüíûå ýêñïåðèìåíòû ñ

ïîìîùüþ ðàçðàáîòàííîé ïðîãðàììû, ïîääåðæèâàþùåé âñå íåîáõîäèìûå àëãîðèòìû è íà-

õîæäåíèå ïî ðàññòîÿíèÿì êëàñòåðèçàöèé. Ïîêàçàíî, ÷òî êîëëåêòèâíûå ðàññòîÿíèÿ èìåþò

áîëåå âûñîêèå èíäåêñû êëàñòåðèçàöèé ïî ñðàâíåíèþ ñ äðóãèìè ââåäåííûìè ìåòðèêàìè.Â

äàëüíåéøåì ïëàíèðóåòñÿ èñïîëüçîâàíèå ëó÷øèõ êëàñòåðèçàöèé äëÿ ëîêàëüíîé ñòðóêòó-

ðèçàöèè áàç çíàíèé.Íîâûì øàãîì â ïðèëîæåíèÿõ íàøèõ ïîäõîäîâ ÿâëÿåòñÿ èñïîëüçîâàíèå

ðàçëè÷íûõ ìàëûõ êîíå÷íûõ êëàññîâ ìîäåëåé, ïðåäëîæåííûõ àâòîðîì äîêëàäà, è âçÿòèå

ïî íèì (â êîíå÷íîì ÷èñëå) êîëëåêòèâíîãî ðàññòîÿíèÿ, êîòîðîå îáåñïå÷èâàåò ýôôåêòèâ-

íóþ è îïòèìàëüíóþ êîëëåêòèâíóþ êëàñòåðèçàöèþ äàííûõ ìíîæåñòâ ôîðìóë. Îòâåò íà

ïîñòàâëåííûé âûøå âîïðîñ âàæåí äëÿ ïîëíîãî ó÷åòà ðàçëè÷íûõ ðàññòîÿíèé äëÿ ìàëûõ

êîíå÷íûõ(ìàëûõ) ïîäêëàññîâ êëàññîâ ìîäåëåé, è áóäåò èñïîëüçîâàòüñÿ â ïîèñêàõ ëó÷øåé

èç (ðàçóìíûõ) âîçìîæíûõ êëàñòåðèçàöèé ñ ïðèìåíåíèåì êîëëåêòèâíûõ ðàññòîÿíèé.

Òåîðåìà. Íàéäåíû âñå ñïîñîáû çàäàíèÿ òåîðåòèêî-ìîäåëüíûõ ìåòðèê íà ôîðìóëàõ

ìíîãîçíà÷íîé ëîãèêè âûñêàçûâàíèé (ïðè ôèêñèðîâàííîé ðàçìåðå N ìíîãîçíà÷íîé ëîãèêè).
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ÎÏÐÅÄÅËÈÌÎÑÒÜ È ÍÅÊÎÒÎÐÛÅ ÇÀÄÀ×È
ÊÎÌÁÈÍÀÒÎÐÈÊÈ

Ï.Ò. ÄÎÑÀÍÁÀÉ, Ñ.Ï. ÄÎÑÀÍÁÀÉ

Êàçàõñêèé Íàöèîíàëüíûé óíèâåðñèòåò èìåíè Àëü Ôàðàáè , óë. Òèìèðÿçåâà, 71, Àëìàòû,

050040, Êàçàõñòàí

E-mail: dosanbaip@gmail.com

Â äîêëàäå ðàññìàòðèâàþòñÿ âîïðîñû îïðåäåëèìîñòè â àðèôìåòè÷åñêèõ ñòðóêòóðàõ è

èõ ñâÿçè ñ íåêîòîðûìè èçâåñòíûìè çàäà÷àìè êîìáèíàòîðèêè è òåîðèè ÷èñåë. À. Âóäñ äîêà-

çàë, ÷òî ðàçðåøèìîñòü àðèôìåòè÷åñêîé ñòðóêòóðû ñ ôóíêöèåé ñëåäîâàíèÿ è îòíîøåíèåì

ïðîñòîòû áåç îòíîøåíèÿ ðàâåíñòâà ýêâèâàëåíòíà èçâåñòíîé òåîðåòèêî ÷èñëîâîé ãèïîòåçå

Ï. Ýðäåøà. Â ýòîé ñâÿçè íåñîìíåííûé èíòåðåñ ïðåäñòàâëÿåò èçó÷åíèå îïðåäåëèìûõ îò-

íîøåíèé â àðèôìåòè÷åñêîé ñòðóêòóðå ñ îòíîøåíèåì ñîñåäñòâà è âçàèìíîé ïðîñòîòû. Â

ðàáîòå òàêæå îáñóæäàåòñÿ ñâÿçü ïîíÿòèÿ îïðåäåëèìîñòè ñ íåêîòîðûìè çàäà÷àìè àääè-

òèâíîé êîìáèíàòîðèêè.
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ÈÇÎËÈÐÓÞÙÈÕ ÔÎÐÌÓË ÏÎËÈÃÎÍÎÌÅÒÐÈ×ÅÑÊÈÕ

ÒÅÎÐÈÉ

ÄÌÈÒÐÈÉ ÅÌÅËÜßÍÎÂa, ÑÅÐÃÅÉ ÑÓÄÎÏËÀÒÎÂb

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, ïð. Àêàäåìèêà Êîïòþãà, 4,

Íîâîñèáèðñê, 630090, Ðîññèÿ; Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,

ïð. Ê. Ìàðêñà, 20, Íîâîñèáèðñê, 630073, Ðîññèÿ;

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, óë. Ïèðîãîâà, 1, Íîâîñèáèðñê, 630090,

Ðîññèÿ;

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, óë. Ïóøêèíà, 125, Àëìàòû,

050010, Êàçàõñòàí

E-mail: adima-pavlyk@mail.ru, bsudoplat@math.nsc.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ àëãåáðû A áèíàðíûõ èçîëèðóþùèõ ôîðìóë [1, 2] ýëåìåíòàð-

íûõ òåîðèé T (spm) s-ïîëèãîíîìåòðèé spm è, â ÷àñòíîñòè, ýëåìåíòàðíûõ òåîðèé T (strm)

s-òðèãîíîìåòðèé strm ïàð ãðóïï (G1, G2) [3].

Òàê êàê ëþáàÿ òåîðèÿ T (spm) èìååò åäèíñòâåííûé 1-òèï p, åå àëãåáðà A áèíàðíûõ

èçîëèðóþùèõ ôîðìóë ñîâïàäàåò ñ ìîíîèäîì Pν(p).

Íàïîìíèì [3], ÷òî ëèíåéíî óïîðÿäî÷åííàÿ ãðóïïà ñòîðîí G1 ëþáîé s-ïîëèãîíîìåòðèè

spm êîììóòàòèâíà, à åå äåéñòâèå íà êàæäîé ëèíèè èç spm çàäàåòñÿ ïîëîæèòåëüíûì êî-

íóñîì Pos(G1).

Äëÿ òðèãîíîìåòðè÷åñêèõ òåîðèé áèíàðíûå èçîëèðóþùèå ôîðìóëû çàäàþòñÿ ïðåäèêà-

òàìè Qg, ãäå g ∈ Pos(G1). Ïðè ïåðåìíîæåíèè Qg è Qg′ îáðàçóåòñÿ ìíîæåñòâî ïàðàìåòðîâ

ñòîðîí òðåóãîëüíèêîâ, ó êîòîðûõ äâå ñòîðîíû èìåþò ïàðàìåòðû g è g′, à ïàðàìåòðû óãëîâ

âàðüèðóþòñÿ ïðîèçâîëüíî â ðàìêàõ ãðóïïû G2.

Àëãåáðà Pν(p) áèíàðíûõ èçîëèðóþùèõ ôîðìóë ïîëèãîíîìåòðè÷åñêîé òåîðèè, âîîáùå

ãîâîðÿ, íå ñâîäèòñÿ ê óêàçàííûì ïåðåìíîæåíèÿì, ïîñêîëüêó ìíîãîóãîëüíèêè ìîãóò íå

ðàñïàäàòüñÿ íà òðåóãîëüíèêè è, ñëåäîâàòåëüíî, ïåðåìíîæåíèÿ äëÿ ìåòîê u è v, çàäàâàå-

ìûõ ïàðàìåòðàìè

(g1, α1, . . . , αk−1, gk),

(g′1, α
′
1, . . . , α

′
m−1, g

′
m)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè

Ðåñïóáëèêè Êàçàõñòàí (ãðàíò �0830/ÃÔ4), Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò

17-01-00531-à) è Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè äëÿ ãîñóäàðñòâåííîé ïîääåðæêè

âåäóùèõ íàó÷íûõ øêîë (ïðîåêò ÍØ-6848.2016.1).

Institute of Mathematics and Mathematical Modeling, Almaty, August 22�25, 2017



24 Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àêòóàëüíûå ïðîáëåìû ÷èñòîé è ïðèêëàäíîé ìàòåìà-
òèêè¿, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Òàéìàíîâà Àñàíà Äàáñîâè÷à

äâóõ ëîìàíûõ, îïðåäåëÿþò ìíîæåñòâî ìåòîê w, çàäàâàåìûõ ïàðàìåòðàìè

(g1, α1, . . . , αk−1, gk, β, g
′
1, α

′
1, . . . , α

′
m−1, g

′
m)

ñ ïðîèçâîëüíûì β ∈ G2.

Àëãåáðà Pν(p) äëÿ òåîðèè T (spm) íàçûâàåòñÿ èíòåðâàëüíîé, åñëè äëÿ ëþáûõ ìåòîê u è

v ñîîòâåòñòâóþùèõ ïðåäèêàòàì Qg1 è Qg′1
, g1, g

′
1 ∈ Pos(G1), ìíîæåñòâî u · v ñîñòîèò èç âñåõ

ìåòîê w, ñîîòâåòñòâóþùèõ ïðåäèêàòàì Qg òàêèì, ÷òî ýëåìåíòû g îáðàçóþò íåêîòîðûé

èíòåðâàë Ig1,g′1 â Pos(G1). Ïðè ýòîì êàæäîå ìíîæåñòâî u · v îáîçíà÷àåòñÿ ÷åðåç Iu,v è

îáðàçóåò èíòåðâàë îòíîñèòåëüíî ëèíåéíîãî ïîðÿäêà, ïîðîæäàåìîãî ëèíåéíûì ïîðÿäêîì

ãðóïïû G1.

Òàêèì îáðàçîì, êàæäîé ïàðå (u, v) ñîîòâåòñòâóåò êàê èíòåðâàë Ig1,g′1 , òàê è èíòåðâàë

Iu,v, çàäàâàåìûé èíòåðâàëîì Ig1,g′1 .

Çàìåòèì, ÷òî â ñèëó |g1 − g′1|, g1 + g′1 ∈ Ig1,g′1 èìååò ìåñòî âêëþ÷åíèå

[|g1 − g′1|, g1 + g′1] ⊆ Ig1,g′1 . (1)

Ñèñòåìà I èíòåðâàëîâ Ig1,g′1 , óäîâëåòâîðÿþùèõ (1), íàçûâàåòñÿ ñîãëàñîâàííîé ñ óìíî-

æåíèåì ìåòîê.

Òåîðåìà. Äëÿ ëþáîé êîììóòàòèâíîé ëèíåéíî óïîðÿäî÷åííîé ãðóïïû G1 è ñîãëàñîâàí-

íîé ñèñòåìû I èíòåðâàëîâ ñóùåñòâóåò s-òðèãîíîìåòðèÿ strm = strm(G1, G2,P) òàêàÿ, ÷òî

òåîðèÿ T (strm) îáëàäàåò èíòåðâàëüíîé àëãåáðîé áèíàðíûõ èçîëèðóþùèõ ôîðìóë, îïðå-

äåëÿþùåé ñèñòåìó I.
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Îïðåäåëåíèå 1.

ϕ - ôóíêöèÿ âûáîðà íà ñåìåéñòâå íåïóñòûõ ìíîæåñòâ {Aα|α ∈ I}, åñëè (∀α ∈ I)ϕ(α) ∈
Aα.

Îïðåäåëåíèå 2.

Ñåìåéñòâî ôóíêöèé âûáîðà {ϕβ|β ∈ J} äëÿ {Aα|α ∈ I} ïîêðûâàåò ýòî ñåìåéñòâî, åñëè
∪β∈J{ϕβ(α)|α ∈ I} = ∪α∈IAα.

Çàìåòèì, ÷òî: åñëè U � ìîäåëü ZFC , òî â U ëþáîå ñåìåéñòâî {Aα|α ∈ I} èìååò
ïîêðûâàþùåå ñåìåéñòâî ôóíêöèé âûáîðà {ϕβ|β ∈ J}.

Âîïðîñ:

Ñóùåñòâóåò ëè ìîäåëü U òåîðèè ZF áåç AC òàêàÿ, ÷òî äëÿ ëþáîãî ñåìåéñòâà {Aα|α ∈
I} èç U, åñëè ñóùåñòâóåò ôóíêöèÿ âûáîðà ϕ íà ýòîì ñåìåéñòâå, òî ñóùåñòâóåò ñåìåéñòâî

ôóíêöèé âûáîðà {ϕβ|β ∈ J}, êîòîðîå ïîêðûâàåò ýòî ñåìåéñòâî ìíîæåñòâ {Aα|α ∈ I}?
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Ìîäåëü òåîðèè TP íàçûâàåòñÿ éîíñîíîâñêîé ïàðîé (J-ïàðîé) ìîäåëåé T . Áóäåì îáî-

çíà÷àòü ýòó ïàðó (N,M), ãäå M � èíòåðïðåòàöèÿ ïðåäèêàòà P (x̄). Â ýòîé ïàðå íàçîâ¼ì N

� áîëüøîé ìîäåëüþ, à M � ìàëîé ìîäåëüþ.

Îáîçíà÷èì ÷åðåç TPÀÃ òåîðèþ éîíñîíîâñêèõ ïàð òåîðèè àáåëåâûõ ãðóïï. Ïóñòü M �

êëàññ ìîäåëåé TPÀÃ .

Ëåììà 1

Åñëè A,B ∈ M ; C ∈ M è C ⊆ A, C ⊆ B; |C| = |A| ∩ |B|, òî ñóùåñòâóåò òàêàÿ ñèñòåìà

D ∈M , ÷òî A ⊆ D, B ⊆ D.

Ëåììà 2

Åñëè M àáñòðàêòíûé è óäîâëåòâîðÿåò ëåììå 1, òî M óäîâëåòâîðÿåò è ñâîéñòâó àìàëü-

ãàìèðóåìîñòè (AP ).

Òåîðåìà 1

Òåîðèÿ TPÀÃ � ñîâåðøåííàÿ éîíñîíîâñêàÿ òåîðèÿ.

Ñëåäóþùåå ïîíÿòèå áûëî ðàññìîòðåíî Ä. Ãóäðèêîì â ðàáîòå [1] è òàì æå îí îáîçíà÷àåò

åãî êàê ñâîéñòâî Øð¼äåðà-Áåðíøòåéíà (SB).

Òåîðèÿ T äîïóñêàåò ñâîéñòâî SB åñëè äëÿ ëþáûõ äâóõ âçàèìíî ýëåìåíòàðíî-âëîæèìûõ

ìîäåëåé òåîðèè T ñëåäóåò, ÷òî îíè èçîìîðôíû.

Íî ïðè ýòîì Ä. Ãóäðèê îòìå÷àåò, ÷òî âïåðâûå äàííîå ñâîéñòâî áûëî ðàññìîòðåíî äëÿ

ω-ñòàáèëüíûõ òåîðèé Íóðìàãàìáåòîâûì Ò.À. â ðàáîòàõ [2], [3]. Â ÷àñòíîñòè, Íóðìàãàìáå-

òîâûì Ò.À. áûë ïîëó÷åí ñëåäóþùèé ðåçóëüòàò îòíîñèòåëüíî ñâîéñòâà SB.

Òåîðåìà 1.2 èç [2]

Åñëè T ÿâëÿåòñÿ ω-ñòàáèëüíîé òåîðèåé, òîãäà T èìååò SB ñâîéñòâî òîãäà è òîëüêî

òîãäà, êîãäà T îãðàíè÷åííîé ðàçìåðíîñòè.

Ä.Ãóäðèêîì â ðàáîòå [1] ïîëó÷åíî îïèñàíèå ñâîéñòâà SB äëÿ êëàññèôèöèðóåìîé (ñó-

ïåðñòàáèëüíîé, ñ NDOP è NOTOP) òåîðèè ñ îãðàíè÷åííîé ðàçìåðíîñòüþ. Â ÷àñòíîñòè, â

ðàáîòå [4] Ä.Ãóäðèê è Ì.Ëàñêîâñêèé îïèñàëè ñâîéñòâî SB äëÿ ñëàáî ìèíèìàëüíûõ òåîðèé.

Â äàëüíåéøåì Ä.Ãóäðèê [5] íàø¼ë íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ òîãî, ÷òî òåî-

ðèÿ àáåëåâûõ ãðóïï äîïóñêàåò ñâîéñòâî SB. À èìåííî, èì áûëà äîêàçàíà ñëåäóþùàÿ òåî-

ðåìà:

Òåîðåìà 3.8 èç [5]

Åñëè G - àáåëåâà ãðóïïà, òî ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. Th(G,+) èìååò ñâîéñòâî Øð¼äåðà Áåðíøòåéíà;

2. Th(G,+) � ω-ñòàáèëüíà;

3. G åñòü ïðÿìàÿ ñóììà äåëèìîé ãðóïïû è ãðóïïû ñ êðó÷åíèåì îãðàíè÷åííîé ýêñïî-

íåíòû;

4. Th(G,+) - ñóïåðñòàáèëüíà, è åñëè (G,+) ≡ (G,+) ÿâëÿåòñÿ íàñûùåííîé, òîãäà êàæ-

äîå îòîáðàæåíèå â Aut(G/G
0
) ÿâëÿåòñÿ óíèïîòåíòíûì.
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Íàìè áûëî ïåðåîïðåäåëåíî äàííîå ïîíÿòèå äëÿ éîíñîíîâñêèõ òåîðèé è îáîçíà÷åíî

êàê JSB, à èìåííî: éîíñîíîâñêàÿ òåîðèÿ T èìååò ñâîéñòâî JSB, åñëè äëÿ ëþáûõ äâóõ

ýêçèñòåíöèàëüíî çàìêíóòûõ ìîäåëåé A è B òåîðèè T èç òîãî, ÷òî îíè âçàèìíî èçîìîðôíî

âêëàäûâàþòñÿ äðóã â äðóãà ñëåäóåò, ÷òî îíè èçîìîðôíû.

Ñëåäóþùèé ðåçóëüòàò ÿâëÿåòñÿ éîíñîíîâñêèì àíàëîãîì òåîðåìû 3.8 èç ðàáîòû [5] â

îáîãàùåííîì ÿçûêå, à èìåííî:

Òåîðåìà 2

Ïóñòü TPÀÃ � òåîðèÿ éîíñîíîâñêèõ ïàð òåîðèè àáåëåâûõ ãðóïï, òîãäà ñëåäóþùèå óñëî-

âèÿ ýêâèâàëåíòíû:

1. TPÀÃ � J-ω-ñòàáèëüíà;

2. T ∗PÀÃ � ω-ñòàáèëüíà;

3. TPÀÃ îáëàäàåò ñâîéñòâîì JSB.
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Â äàííîì òåçèñå ðàññìàòðèâàþòñÿ ïîçèòèâíûå éîíñîíîâñêèå ôðàãìåíòû ñ÷åòíîãî ÿçû-

êà ïåðâîãî ïîðÿäêà, à èìåííî ∆-éîíñîíîâñêèå ôðàãìåíòû. Ïîëó÷åí ðÿä ðåçóëüòàòîâ, óñòà-

íàâëèâàþùèõ ñâÿçü ìåæäó ñâîéñòâàìè éîíñîíîâñêîãî ôðàãìåíòà, öåíòðàëüíîãî ïîïîëíå-

íèÿ äàííîãî éîíñîíîâñêîãî ôðàãìåíòà è ñâîéñòâàìè ðåøåòêè êëàññîâ ýêâèâàëåíòíîñòè

ýêçèñòåíöèàëüíûõ ôîðìóë îòíîñèòåëüíî ýòîãî éîíñîíîâñêîãî ôðàãìåíòà.

Ðàññìàòðèâàþòñÿ ïîçèòèâíûå éîíñîíîâñêèå ôðàãìåíòû â îáîãàùåííîì ÿçûêå è íà ÿçû-

êå öåíòðàëüíûõ òèïîâ äëÿ íèõ äîêàçûâàþòñÿ ¾ïîçèòèâíûå éîíñîíîâñêèå¿ àíàëîãè òåîðåì

[1] íà îñíîâå ðåçóëüòàòîâ èç [1], [2].

Ïóñòü L - ÿçûê ïåðâîãî ïîðÿäêà. Ïóñòü � éîíñîíîâñêèé ôðàãìåíò ÿçûêà L. Îáîçíà÷èì

÷åðåç En(L) ìíîæåñòâî âñåõ ýêçèñòåíöèàëüíûõ ôîðìóë ÿçûêà L ñ n ñâîáîäíûìè ïåðåìåí-

íûìè, E(L) =
⋃
n<ω

En(L). Ïóñòü En(T ) � äèñòðèáóòèâíàÿ ðåøåòêà êëàññîâ ýêâèâàëåíòíîñòè

ϕT = {ψ ∈ En(L) |T ` ϕ↔ ψ}, ϕ ∈ En(L), E(T ) =
⋃
n<ω

En(T ).

Óñòàíîâëåíà ñâÿçü ìåæäó ñîâåðøåííîñòüþ éîíñîíîâñêîé òåîðèè è ñâîéñòâàìè ðåøåòêè

En(T ). Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1

Ïóñòü - ïîëíûé äëÿ ∃-ïðåäëîæåíèé éîíñîíîâñêèé ôðàãìåíò. Òîãäà ñëåäóþùèå óñëîâèÿ
ýêâèâàëåíòíû:

1. T ñîâåðøåííûé éîíñîíîâñêèé ôðàãìåíò, êàê éîíñîíîâñêàÿ òåîðèÿ;

2. T ∗ ìîäåëüíî ïîëíûé;

3. En(T ) - áóëåâà àëãåáðà,

ãäå ïîëíîòà éîíñîíîâñêîãî ôðàãìåíòà äëÿ ∃-ïðåäëîæåíèé îçíà÷àåò, ÷òî ëþáûå äâå ìîäåëè
ýòîãî ôðàãìåíòà îòíîñèòåëüíî ýêçèñòåíöèàëüíûõ ïðåäëîæåíèé íå îòëè÷àþòñÿ äðóã îò

äðóãà.

Â ñâÿçè ñ âûøåóêàçàííûìè ðåçóëüòàòàìè îòíîñèòåëüíî ââåäåííûõ ïîíÿòèé ïîëó÷åíû

ðåçóëüòàòû, ñâÿçàííûå ñ éîíñîíîâñêèìè ôðàãìåíòàìè. Â ñëåäóþùåé òåîðåìå â òåðìèíàõ

ðåøåòêè ýêçèñòåíöèàëüíûõ ôîðìóë En(T ) íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ

ýëèìèíàöèè êâàíòîðîâ öåíòðàëüíîãî ïîïîëíåíèÿ éîíñîíîâñêîãî ôðàãìåíòà è ïîçèòèâíîé

ìîäåëüíîé ïîëíîòû öåíòðàëüíîãî ïîïîëíåíèÿ éîíñîíîâñêîãî ôðàãìåíòà éîíñîíîâñêîé òåî-

ðèè T .
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Òåîðåìà 2

Ïóñòü T � ïîëíûé äëÿ ∃-ïðåäëîæåíèé éîíñîíîâñêèé ôðàãìåíòà, T ∗ - öåíòð éîíñîíîâ-

ñêîãî ôðàãìåíòà. Òîãäà:

1. T ∗ äîïóñêàåò ýëèìèíàöèþ êâàíòîðîâ òîãäà è òîëüêî òîãäà, êîãäà êàæäûé ϕT ∈ En(T )

èìååò áåñêâàíòîðíîå äîïîëíåíèå;

2. T ∗ ïîçèòèâíî ìîäåëüíî ïîëíûé òîãäà è òîëüêî òîãäà, êîãäà êàæäûé ϕT ∈ En(T )

èìååò ïîçèòèâíîå ýêçèñòåíöèàëüíîå äîïîëíåíèå.

Â ñëåäóþùåé òåîðåìå â òåðìèíàõ ðåøåòêè ýêçèñòåíöèàëüíûõ ôîðìóë En(T ) íàéäåíû

íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñîâåðøåííîñòè éîíñîíîâñêîãî ôðàãìåíòà.

Òåîðåìà 3

Ïóñòü T � éîíñîíîâñêèé ôðàãìåíò. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. T � ñîâåðøåííûé éîíñîíîâñêèé ôðàãìåíò, êàê éîíñîíîâñêàÿ òåîðèÿ;

2. En(T ) ñëàáî äîïîëíÿåìà;

3. En(T ) - àëãåáðà Ñòîóíà.

Âñå íåîïðåäåëåííûå â äàííîì òåçèñå ïîíÿòèÿ è, ñâÿçàííûå ñ íèìè, îïðåäåëåíèÿ ìîæíî

íàéòè â [1], [2].
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×åðåç UTn(K) îáîçíà÷èì ãðóïïó âñåõ âåðõíèõ óíèòðåóãîëüíûõ ìàòðèö íàä êîììóòà-

òèâíûì àññîöèàòèâíûì êîëüöîì K ñ åäèíèöåé. Ýëåìåíò g ãðóïïû G íàçûâàåòñÿ óíèâåð-

ñàëüíûì, åñëè óðàâíåíèå [g, x] = f ðàçðåøèìî äëÿ ëþáîãî ýëåìåíòà f ∈ G′. Ýòî ïîíÿòèå
ââåäåíî Â.À.Ðîìàíüêîâûì. Ýòî ïîíÿòèÿ íàõîäèò ïðèìåíåíèå â èññëåäîâàíèè ðàçðåøè-

ìîñòü äàííîé ñèñòåìû óðàâíåíèé íàä ãðóïïîé G. Â ðàáîòå Í.Ñ. Áàõòà [1] äîêàçàíî, ÷òî

ëþáîé ýëåìåíò f ∈ UT ′n(K) ïðåäñòàâèì â âèäå [g, x], ãäå g - ôèêñèðîâàííûé ýëåìåíò ãðóï-

ïû UTn(K). Â êà÷åñòâå ýëåìåíòà g ìîæíî âçÿòü ëþáîé ýëåìåíò, êîòîðûé èìååò ïåðâóþ

ïîáî÷íóþ äèàãîíàëü, ñîñòîÿùóþ èç åäèíèö. Êðîìå ýòîãî, â [2] àíàëîãè÷íûå ðåçóëüòàòû

ïîëó÷åíû äëÿ ÷ëåíîâ íèæíåãî öåíòðàëüíîãî ðÿäà ãðóïïû UTn(K) (ñì. òàêæå [3]). Â [4]

ñîäåðæèòñÿ îáçîð ðåçóëüòàòîâ ïî ðàçðåøèìîñòè óðàâíåíèé â ãðóïïàõ, óïîìèíàþùèé îá-

ñóæäàåìûå ðåçóëüòàòû. Â ðàáîòàõ À.À.Êîíûðõàíîâîé [5,6] âïåðâûå áûëè ïîëó÷åíû íåêî-

òîðûå íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ óíèâåðñàëüíîñòè ýëåìåíòà äëÿ ãðóïï UTn(F)

è UTn(Z), ãäå F - ïðîèçâîëüíîå ïîëå è Z � êîëüöî öåëûõ ÷èñåë.

Â äàííîé ðàáîòå íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ óíèâåðñàëüíîñòè ýëå-

ìåíòà äëÿ ãðóïï óíèòðåóãîëüíûõ ìàòðèö ïðîèçâîëüíîé êîíå÷íîé ðàçìåðíîñòè íàä êîì-

ìóòàòèâíûì àññîöèàòèâíûì êîëüöîì ñ åäèíèöåé è íàä åâêëèäîâûì êîëüöîì.

Åñëè n = 2, òî G � UT2(K) ∼= K+, ò.å. G - àáåëåâà ãðóïïà, ïîýòîìó G′ = E, ãäå E

- åäèíè÷íàÿ ìàòðèöà. Îòñþäà ëþáîé ýëåìåíò èç G óíèâåðñàëåí. Ïîýòîìó, â äàëüíåéøåì

ðàññìàòðèâàþòñÿ ãðóïïû UTn(K) ðàçìåðíîñòè n ≥ 3.

Ëåììà 1. Åñëè ϕ - àâòîìîðôèçì ãðóïïû G, òî ýëåìåíò g ∈ G óíèâåðñàëåí òîãäà è

òîëüêî òîãäà, êîãäà åãî îáðàç ϕ(g) óíèâåðñàëåí.

Ïóñòü K - êîììóòàòèâíîå àññîöèàòèâíîå êîëüöî ñ åäèíèöåé. Ââåäåì ñëåäóþùèå ìàò-

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè

Êàçàõñòàí (ïðîåêò � 3953 (GF4)).
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ðèöû èç UTn(K):

g =



1 g12 g13 ... g1,n−1 g1n

0 1 g23 ... g2,n−1 g2n

0 0 1 ... g3,n−1 g3n

. . .

0 0 0 ... 1 gn−1,n

0 0 0 ... 0 1


, g∗ =



1 1 g∗13 ... g∗1,n−1 g∗1n

0 1 1 ... g∗2,n−1 g∗2n

0 0 1 ... g∗3,n−1 g∗3n

. . .

0 0 0 ... 1 ε

0 0 0 ... 0 1


, (1)

ãäå ε = 1, åñëè gn−1,n 6= 0, â ïðîòèâíîì ñëó÷àå ε = 0, è ýëåìåíòû gi,i+1 6= 0 ïðè i =

1, 2, ..., n − 2, à â g∗ âñå ýëåìåíòû ïåðâîé ïîáî÷íîé äèàãîíàëè ðàâíû 1 çà âîçìîæíûì

èñêëþ÷åíèåì ε.

Îáîçíà÷èì ÷åðåç diagia (ãäå i = 1, 2, ..., n) äèàãîíàëüíóþ ìàòðèöó èç ãðóïïû âñåõ òðå-

óãîëüíûõ ìàòðèö Tn(K), ó êîòîðîé íà i�ì ìåñòå ãëàâíîé äèàãîíàëè ñòîèò a ∈ K�0, à íà

îñòàëüíûõ ìåñòàõ ãëàâíîé äèàãîíàëè ñòîÿò åäèíèöû.

Òåîðåìà 1. Ïóñòü ìàòðèöà g èç ãðóïïû âñåõ óíèòðåóãîëüíûõ ìàòðèö UTn(K) íàä êîì-

ìóòàòèâíûì àññîöèàòèâíûì êîëüöîì K ñ åäèíèöåé òàêîâà, ÷òî âñå å¼ ýëåìåíòû ïåðâîé

ïîáî÷íîé äèàãîíàëè êðîìå âîçìîæíî ïîñëåäíåãî îáðàòèìû â K. Òîãäà íàéäåòñÿ ìàòðèöà

g∗ èç UTn(K) âèäà (1), ñîïðÿæåííàÿ ñ g â ãðóïïå Tn(K), è òàêàÿ, ÷òî ñïðàâåäëèâî ñëåäó-

þùåå óòâåðæäåíèå: ìàòðèöà g óíèâåðñàëüíà òîãäà è òîëüêî òîãäà, êîãäà g∗ óíèâåðñàëüíà.

Òåîðåìà 2. Ìàòðèöà g ∈ UT3(K), ãäå K - êîììóòàòèâíîå àññîöèàòèâíîå êîëüöî ñ

åäèíèöåé, óíèâåðñàëüíà òîãäà è òîëüêî òîãäà, êîãäà g12 è g23 âçàèìíî ïðîñòû.

Ñëåäñòâèå 1. Ñóùåñòâóåò àëãîðèòì, êîòîðûé ïî ëþáîé ìàòðèöå g ∈ UT3(Z) îïðåäå-

ëÿåò åå óíèâåðñàëüíîñòü.

Â äàëüíåéøåì ïðåäïîëàãàåòñÿ, ÷òî n > 3.

Òåîðåìà 3 (íåîáõîäèìîå óñëîâèå óíèâåðñàëüíîñòè). Ïóñòü K - êîììóòàòèâíîå àññî-

öèàòèâíîå êîëüöî ñ åäèíèöåé. Òîãäà èç óíèâåðñàëüíîñòè ýëåìåíòà g ∈ UTn(K), ñëåäóåò,

÷òî

gi−1,i 6= 0, 2 < i < n.

Òåîðåìà 4 (äîñòàòî÷íîå óñëîâèå óíèâåðñàëüíîñòè). Ïóñòü K - êîììóòàòèâíîå àññî-

öèàòèâíîå êîëüöî ñ åäèíèöåé 1. Åñëè âñå ýëåìåíòû ïåðâîé ïîáî÷íîé äèàãîíàëè ìàòðèöû

g ∈ UTn(K), n ≥ 3, êðîìå âîçìîæíî ïîñëåäíåãî îáðàòèìû â K, òî g óíèâåðñàëüíà.

Òåîðåìà 5 (äîñòàòî÷íîå óñëîâèå óíèâåðñàëüíîñòè). Ïóñòü K - êîììóòàòèâíîå àññî-

öèàòèâíîå êîëüöî ñ åäèíèöåé. Åñëè âñå ýëåìåíòû ïåðâîé ïîáî÷íîé äèàãîíàëè ìàòðèöû

g ∈ UTn(K), n ≥ 3, êðîìå âîçìîæíî ïåðâîãî, îáðàòèìû â K, òî g óíèâåðñàëüíà.

Ñëåäñòâèå 2. Åñëè âñå ýëåìåíòû ïåðâîé ïîáî÷íîé äèàãîíàëè ìàòðèöû g ∈ UTn(Z),

n ≥ 3, êðîìå âîçìîæíî ïîñëåäíåãî èëè ïåðâîãî ðàâíû 1 èëè −1, òî g óíèâåðñàëüíà.

Ëåììà 2. Ïóñòü â åâêëèäîâîì êîëüöå E íåò îáðàòèìûõ ýëåìåíòîâ, êðîìå 1 è −1.

Òîãäà äëÿ ëþáûõ ýëåìåíòîâ g1, g2 èç E îòëè÷íûõ îò íóëÿ ñïðàâåäëèâà ýêâèâàëåíòíîñòü:
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òèêè¿, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Òàéìàíîâà Àñàíà Äàáñîâè÷à

ýëåìåíòû g1, g2 íå èìåþò îáùèõ äåëèòåëåé, îòëè÷íûõ îò 1, òîãäà è òîëüêî òîãäà, êîãäà

íàéäóòñÿ u1, u2 ∈ E òàêèå, ÷òî:

g1u1 + g2u2 = 1.

Òåîðåìà 6 (Íåîáõîäèìûå óñëîâèå óíèâåðñàëüíîñòè). Ïóñòü E - åâêëèäîâî êîëüöî íå

èìåþùåå îáðàòèìûõ ýëåìåíòîâ, êðîìå 1 è −1. Òîãäà èç óíèâåðñàëüíîñòè ìàòðèöû g ∈
UTn(E), n > 3 ñëåäóåò, ÷òî âñå ýëåìåíòû å¼ ïåðâîé ïîáî÷íîé äèàãîíàëè, êðîìå âîçìîæíî

êðàéíèõ, ðàâíû ±1, ò.å.:

|gi−1,i| = 1, 2 < i < n.

Ñëåäñòâèå 3. Ïóñòü R � ëèáî êîëüöî öåëûõ ÷èñåë, ëèáî êîëüöî ïîëèíîìîâ Z[x] íàä

êîëüöîì öåëûõ ÷èñåë Z. Òîãäà èç óíèâåðñàëüíîñòè ìàòðèöû g èç UTn(R) ñëåäóåò, ÷òî âñå

ýëåìåíòû å¼ ïåðâîé ïîáî÷íîé äèàãîíàëè, êðîìå êðàéíèõ, ðàâíû 1 èëè −1.

Èçâåñòíî, ÷òî åñëè E - åâêëèäîâîå êîëüöî, ãäå íåò îáðàòèìûõ ýëåìåíòîâ êðîìå 1 è −1,

òî êîëüöî ìíîãî÷ëåíîâ E(x) òàêîå æå åâêëèäîâîå êîëüöî.

Ñëåäñòâèå 4. Ïóñòü E - åâêëèäîâîå êîëüöî , ãäå íåò îáðàòèìûõ ýëåìåíòîâ êðîìå 1 è

−1. Òîãäà èç óíèâåðñàëüíîñòè ìàòðèö g èç UTn(E(x)) íàä êîëüöîì ïîëèíîìîâ îò îäíîé

ïåðåìåííîé ñëåäóåò, ÷òî âñå å¼ ýëåìåíòû ïåðâîé ïîáî÷íîé äèàãîíàëè, êðîìå âîçìîæíî

êðàéíèõ, ðàâíû 1 èëè −1.
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Ïðîñòåéøàÿ ìåðà ñëîæíîñòè ðåàëèçàöèè àëãîðèòìà � âðåìÿ ðàáîòû ìàøèíû Òüþ-

ðèíãà, ò.å. êîëè÷åñòâî âûïîëíåííûõ åþ ýëåìåíòàðíûõ îïåðàöèé íà ëåíòå, â ÷èñòîì âèäå

äàëåêî íå âñåãäà àäåêâàòíî îòîáðàæàåò èñòèííóþ ñëîæíîñòü àëãîðèòìà, êàê ïîêàçûâàþò

íåñëîæíûå ïðèìåðû [2,3]. Ïîäîáíûå ýôôåêòû îòìå÷åíû è ðàçðàáîò÷èêàìè ïðàêòè÷åñêèõ

àëãîðèòìîâ � èçâåñòíû ïðèìåðû, êîãäà ïðîãðàììû, íàïèñàííûå íà îñíîâå ñóáýêñïîíåí-

öèàëüíûõ àëãîðèòìîâ ñ÷èòàþò íå õóæå íàïèñàííûõ íà îñíîâå ïîëèíîìèàëüíûõ. Ïðè÷èíà

ýòîãî êðîåòñÿ â òîì, ÷òî âðåìåííàÿ ñëîæíîñòü â ÷èñòîì âèäå íå ó÷èòûâàåò õàðàêòåðè-

ñòèê èñïîëüçóåìûõ ïðîãðàìì. Òàêèì îáðàçîì, èñòèííàÿ ìåðà ñëîæíîñòè äîëæíà áûòü

êîìïëåêñíîé, ò.å. ó÷èòûâàòü è âðåìÿ ðàáîòû ìàøèíû, è ñëîæíîñòü å¼ ïðîãðàììû. Èçâåñò-

íî íåñêîëüêî ïîäõîäîâ ê îöåíêå ñëîæíîñòè ïðîãðàìì (ñëîæíîñòè îïèñàíèÿ àëãîðèòìà):

ýòî ìîæåò áûòü ÷èñëî âíóòðåííèõ ñîñòîÿíèé èëè ÷èñëî âíåøíèõ ñèìâîëîâ, èëè ÷èñëî êî-

ìàíä. Êàê ïðàâèëî, ã¼äåëåâñêàÿ íóìåðàöèÿ ìàøèí Òüþðèíãà ñòðîèòñÿ ñ ó÷¼òîì âñåõ ýòèõ

ïàðàìåòðîâ è ìîíîòîííî çàâèñèò îò íèõ, ïîýòîìó ñàì íîìåð ÿâëÿåòñÿ íåïëîõîé îöåíêîé

ñëîæíîñòè ïðîãðàììû, â ñëó÷àå ïîäîáíîé ìîíîòîííîé ã¼äåëåâñêîé íóìåðàöèè.

Ýòî ìîæíî óòî÷íèòü ñëåäóþùèì îáðàçîì. Â òåîðèè âû÷èñëèìîñòè àëãîðèòìîì ÷àñòî

íàçûâàþò ðåàëèçàöèþ íà ìàøèíå Òüþðèíãà êàêîé-òî âû÷èñëèìîé ôóíêöèè, à íîìåðîì

àëãîðèòìà � ã¼äåëåâñêèé íîìåð ýòîé ìàøèíû, ò.å. àëãîðèòì ïîíèìàåòñÿ êàê n-ìåñòíàÿ

ôóíêöèÿ. Íà ïðàêòèêå àëãîðèòì îáû÷íî òðàêòóåòñÿ êàê ïðîöåäóðà îáùåãî õàðàêòåðà,

ïðîèçâîäÿùàÿ âû÷èñëåíèÿ ïðè âñåõ n è ëþáûõ äàííûõ x1, . . . , xα(n) (íå îáÿçàòåëüíî α(n)=

n), ò.å. êàê ôóíêöèÿ èç
⋃
t∈NNt â N. Â [2] äëÿ ñîãëàñîâàíèÿ ýòèõ ïîäõîäîâ ïðåäëîæåíî

ñ÷èòàòü, ÷òî ðåàëèçàöèÿ ÷èñëîâîãî àëãîðèòìà A, ñ íîìåðîì t = c(l, r) è ðàáîòàþùåãî ñ

íàáîðàìè äëèíû ϕr(n)=α(n), ýòî � ôóíêöèÿ ϕl òàêàÿ, ÷òî äëÿ âñÿêîãî n ÷èñëî m=ϕl(n)

� ã¼äåëåâñêèé íîìåð α(n)-ìåñòíîé âû÷èñëèìîé ôóíêöèè, êîòîðàÿ ïðè ëþáûõ x1, . . . , xα(n)

âûäà¼ò ðåçóëüòàò ϕm(x1, . . . , xα(n)), ïðèìåíåíèÿ àëãîðèòìà A ê x1, . . . , xα(n).

Òàêîé ïîäõîä ïîçâîëÿåò íàéòè ñðåäñòâî äëÿ êîñâåííîé îöåíêè êîìïëåêñíîé ìåðû ñëîæ-

íîñòè äëÿ ïîäêëàññà ÷èñëîâûõ àëãîðèòìîâ � òàê íàçûâàåìûõ ïðàêòè÷åñêèõ àëãîðèò-

ìîâ Algpr(F ) [2] (ñ îãðàíè÷åííîé ñëîæíîñòüþ ïðîãðàìì è âû÷èñëåíèé), êîãäà ââîäÿò-

ñÿ îãðàíè÷åíèÿ ñâåðõó ïîäõîäÿùåé ïðèìèòèâíî ðåêóðñèâíîé ôóíêöèåé F íà âåëè÷èíó

ϕm(x1, . . . , xα(n)), è ñàìîå ãëàâíîå � íà âåëè÷èíó m=ϕl(n) è/èëè âðåìÿ å¼ ïîëó÷åíèÿ.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Êîìèòåòà ïî íàóêå ÌÎÍ ÐÊ (ãðàíò � 3953/ÃÔ4).
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Êëàññû ðåàëèçàöèé ÷èñëîâûõ è ïðàêòè÷åñêèõ àëãîðèòìîâ è èõ ïîäêëàññû, â ÷àñòíî-

ñòè ïîäêëàññ Algpr(F ) ðåàëèçàöèé ïðàêòè÷åñêèõ àëãîðèòìîâ ñ îãðàíè÷åííîé ñëîæíîñòüþ

ïðîãðàìì è âû÷èñëåíèé, óäîáíî çàäàâàòü îïðåäåëåíèåì èõ èíäåêñíûõ ìíîæåñòâ, ò.å. ìíî-

æåñòâîì èõ íîìåðîâ t. Ïîäêëàññ Algpr(F ) äîñòàòî÷íî øèðîê � ïðè ïîäõîäÿùåé îãðàíè÷è-

âàþùåé ôóíêöèè F ïî÷òè âñå ïðèìåíèìûå íà ïðàêòèêå àëãîðèòìû îáëàäàþò ðåàëèçàöè-

ÿìè èç ýòîãî êëàññà. Â òî æå âðåìÿ îí âïîëíå îáîçðèì, òàê êàê åãî èíäåêñíîå ìíîæåñòâî

ïðèíàäëåæèò êëàññó Σ0
2. Ïðè ââåäåíèè áîëåå æ¼ñòêèõ îãðàíè÷åíèé ïîëó÷àþòñÿ ïîäêëàññû

ñ Π0
1- èëè Σ0

1-âû÷èñëèìûìè èíäåêñíûìè ìíîæåñòâàìè.

Äëÿ ïðàêòè÷åñêèõ àëãîðèòìîâ èìååòñÿ âîçìîæíîñòü äåëàòü îöåíêè èõ èñòèííîé ñëîæ-

íîñòè, à íå ïðîñòî âðåìåíè ðàáîòû, äîâîëüíî ïðîñòî: ìîæíî íàðÿäó ñ ÷èñëîì ýëåìåíòàð-

íûõ øàãîâ T (m,x1, . . . , xα(n)) ìàøèíû Òüþðèíãà Pm íà âõîäå 〈x1, . . . , xα(n)〉 òàêæå îöåíè-
âàòü âåëè÷èíû íîìåðîâ m èëè íåîáõîäèìîå äëÿ èõ âû÷èñëåíèÿ âðåìÿ, à çàòåì ïðîñóììè-

ðîâàòü âðåìÿ âû÷èñëåíèÿ âåëè÷èí ϕm(x1, . . . , xα(n)) è m. Íåñëîæíî ïîíÿòü, ÷òî ïîäîáíàÿ

ìåðà ñëîæíîñòè K íå ÿâëÿåòñÿ åù¼ æåëàåìîé êîìïëåêñíîé ìåðîé ñëîæíîñòè, à òîëüêî

å¼ âåðõíåé ãðàíèöåé, è âïîëíå ìîæåò áûòü, ÷òî äîñòàòî÷íî ãðóáîé. Òàêèì îáðàçîì, èñ-

òèííàÿ ìåðà ñëîæíîñòè àëãîðèòìà ñ íîìåðîì t íà âõîäå 〈x1, . . . , xα(n)〉 çàêëþ÷åíà ìåæäó
âåëè÷èíàìè T (m,x1, . . . , xα(n)) (ñíèçó) è K (ñâåðõó).

Ñäåëàåì óïðîùåíèå îïðåäåëåíèé èç [2], â ÷àñòíîñòè, òåïåðü ÷èñëîâûå è ïðàêòè÷å-

ñêèå àëãîðèòìû áóäåì ðàññìàòðèâàòü êàê âû÷èñëèìûå ôóíêöèè äâóõ àðãóìåíòîâ: íàáîðû

〈x1, . . . , xα(n)〉 çàìåíèì èõ êàíòîðîâñêèì íîìåðîì, à âòîðûì àðãóìåíòîì ñ÷èòàåì ïàðà-

ìåòð n, êîòîðûé èãðàåò ðîëü ñòðóêòóðíîé ðàçìåðíîñòè. Âñå äîêàçàííûå â [2] ñâîéñòâà

ïðè ýòîì ñîõðàíÿþòñÿ è ïîëó÷àþòñÿ íîâûå.

Ïîäêëàññ PAlgpr(f) (èëè E (k)Algpr(f)) ðåàëèçàöèé àëãîðèòìîâ ñ ïîëèíîìèàëüíîé (èëè

ýêñïîíåíöèàëüíîé óðîâíÿ k) ñëîæíîñòüþ âû÷èñëåíèé, ïîëó÷àþòñÿ èç êëàññà Algpr(f) äî-

áàâëåíèåì ê îãðàíè÷åíèþ íà âåëè÷èíó ðåçóëüòàòà àëãîðèòìà â îïðåäåëåíèè 3 èç [2] ïî-

ëèíîìèàëüíîãî (èëè ýêñïîíåíöèàëüíîãî óðîâíÿ k) îãðàíè÷åíèÿ íà âðåìÿ åãî âû÷èñëåíèÿ.

Ýòè ïîäêëàññû òàêæå èìåþò èíäåêñíûå ìíîæåñòâà èç Σ0
2. Èç îïðåäåëåíèÿ èìååì, ÷òî äëÿ

âñåõ n∈ω âåðíî

PAlgpr(f)= E (0)Algpr(f) ⊆ E (1)Algpr(f) ⊆ . . . ⊆ E (n+1)Algpr(f).

Â ñâÿçè ñ ýòèì ôàêòîì, èåðàðõèÿ Åðøîâà Σm
n ðàçíîñòåé âû÷èñëèìî ïåðå÷èñëèìûõ ìíî-

æåñòâ, èçó÷åííàÿ â [1], åñòåñòâåííûì îáðàçîì ïðîäîëæåíà â [2] äî èåðàðõèè Σm
2,n ðàçíîñòåé

Σ0
2-ìíîæåñòâ (ñ÷èòàåì, ÷òî Σm

1,n � ýòî Σm
n ):

Îïðåäåëåíèå. Ñ÷èòàåì, ÷òî ìíîæåñòâî M ∈Σm
2,n ïðè n>0 â òîì è òîëüêî òîì ñëó÷àå,

êîãäà ñóùåñòâóåò òàêàÿ óïîðÿäî÷åííàÿ n-êà 〈R0, R1, . . . , Rn−1〉 Σ0
2-ìíîæåñòâ R0 ⊇ R1 ⊇

. . . ⊇Rn−1, ÷òî M=
⋃

06i6k(R2i \R2i+1), ãäå k � öåëàÿ ÷àñòü îò äåëåíèÿ n−1 íà 2, è Rn=∅,
åñëè n � íå÷¼òíîå. Ïîëîæèì Σm

2,0 =Πm
2,0 =∆m

2,0, è M ∈Πm
2,n ⇔ N \M ∈Σm

2,n.

Òåîðåìà. Èìååòñÿ òàêàÿ âû÷èñëèìàÿ ôóíêöèÿ f , ÷òî ïðè âñÿêîì n > 0 ìíîæåñòâî
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Mn =
⋃

06i6k(E (n−1−2i)Alg(f) \ E (n−2i−2)Algpr(f)) (ãäå k � öåëàÿ ÷àñòü îò äåëåíèÿ n−1

íà 2, è E (−1)Algpr(f) = ∅, åñëè n � íå÷¼òíîå) � m-óíèâåðñàëüíî (m-ïîëíî) â êëàññå

Σm
2,n. Áîëåå òîãî, ïîñëåäîâàòåëüíîñòü 〈E (n−1)Algpr(f), E (n−2)Algpr(f), . . . , E (0)Algpr(f)〉 �

m-óíèâåðñàëüíà (m-ïîëíà) â êëàññå ïîñëåäîâàòåëüíîñòåé 〈C0, C1, . . . , Cn−1〉 Σ0
2-ìíîæåñòâ

òàêèõ, ÷òî C0⊇C1⊇ . . . ⊇Cn−1.
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Ìû èññëåäóåì ñëîæíîñòü âû÷èñëåíèÿ èçîëÿòîðîâ ÷ëåíîâ íèæíåãî öåíòðàëüíîãî ðÿäà

(öåíòðàëîâ) ó âû÷èñëèìîé ãðóïïû áåç êðó÷åíèÿ, à òàêæå âû÷èñëèìîñòü ôàêòîð ãðóïï

ïî ýòèì ïîäãðóïïàì. Ýòè âîïðîñû òåñíî ñâÿçàíû ñ âîïðîñàìè î ñëîæíîñòè âû÷èñëåíèÿ

÷ëåíîâ â âåðõíåì è íèæíåì öåíòðàëüíûõ ðÿäàõ âû÷èñëèìîé ãðóïïû; òî÷íåå, ñ ïðîáëåìîé

âõîæäåíèÿ â êîììóòàíòû è ÷ëåíû ýòèõ öåíòðàëüíûõ ðÿäîâ ó êîíñòðóêòèâíûõ ãðóïï. Ïî-

ñëåäíèé âîïðîñ èíòåðåñåí òåì, ÷òî ìíîãèå àëãåáðàè÷åñêèå ñâîéñòâà íèëüïîòåíòíûõ ãðóïï

äîêàçûâàþòñÿ èíäóêöèåé ïî ñòóïåíè íèëüïîòåíòíîñòè; äëÿ ýòîé öåëè ÷àñòî ðàññìàòðèâà-

þòñÿ ÷ëåíû âåðõíåãî è íèæíåãî öåíòðàëüíûõ ðÿäîâ è ôàêòîð ãðóïïû ïî íèì. Åñòåñòâåííî

îæèäàòü, ÷òî ýòîò ìåòîä ïðèìåíèì è ê âû÷èñëèìûì ãðóïïàì.

Ýòè íàäåæäû ÷àñòè÷íî îïðàâäàíû äëÿ R-ãðóïï, äîïóñêàþùèõ ïîçèòèâíóþ íóìåðàöèþ,

ðàçìåðíîñòü êîììóòàíòà êîòîðûõ êîíå÷íà [1], à òàêæå äëÿ ìàòðè÷íûõ ãðóïï. Êðîìå òîãî,

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Êîìèòåòà ïî íàóêå ÌÎÍ ÐÊ (ãðàíò � 3953/ÃÔ4).
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âëîæåííîñòü ÷ëåíîâ öåíòðàëüíûõ ðÿäîâ äðóã â äðóãà ñîçäàåò èëëþçèþ òîãî, ÷òî ñïîñîá-

íîñòü ðåøàòü ïðîáëåìó âõîæäåíèÿ äëÿ ëþáîãî èç ÷ëåíîâ ýòèõ ðÿäîâ ïîçâîëèò íàì ëåã÷å

ðåøèòü òàêèå âîïðîñû äëÿ äðóãèõ.

Ýòî âåðíî äëÿ êîíå÷íî ïîðîæäåííûõ ãðóïï. Äåéñòâèòåëüíî, ïóñòü (G; ν) � òàêàÿ ïî-

çèòèâíî íóìåðîâàííàÿ ãðóïïà. Òîãäà ν/(γnG) ÿâëÿåòñÿ ïîçèòèâíîé íóìåðàöèåé êîíå÷íî

ïîðîæäåííîé íèëüïîòåíòíîé ãðóïïû G/(γnG), ïîñêîëüêó ïðîáëåìà ðàâåíñòâà ñëîâ äëÿ

òàêèõ ãðóïï ðàçðåøèìà, ãðóïïà (G/(γnG), ν/(γnG)) � êîíñòðóêòèâíàÿ. Êðîìå òîãî, ýëå-

ìåíò g ãðóïïû G ïðèíàäëåæèò öåíòðó òîãäà è òîëüêî òîãäà, êîãäà ðàâåíñòâî [g, x] = 1

äëÿ êàæäîãî îáðàçóþùåãî x èç G. Ïîýòîìó èíäóêöèåé ïî ïàðàìåòðó i íåòðóäíî äîêàçàòü,

÷òî êàæäûé ÷ëåí ζiG âåðõíåãî öåíòðàëüíîãî ðÿäà ìîæåò áûòü ýôôåêòèâíî âû÷èñëåí â

âû÷èñëèìîé êîíå÷íî ïîðîæäåííîé ãðóïïå G.

Òàêèì îáðàçîì, îñíîâíîå âíèìàíèå ìû óäåëÿåì áåñêîíå÷íî ïîðîæäåííûì íèëüïîòåíò-

íûì âû÷èñëèìûì ãðóïïàì. Â îáùåì ñëó÷àå ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â ëþáîé

íåòðèâèàëüíûé ÷ëåí òàêîãî ðÿäà ìîæåò áûòü íåçàâèñèìîé îò ñëîæíîñòè ýòîé ïðîáëåìû

äëÿ äðóãèõ ÷ëåíîâ ýòèõ ðÿäîâ äàæå äëÿ íèëüïîòåíòíûõ ãðóïï áåç êðó÷åíèÿ [3, 3], êàê

ïîêàçûâàþò ñëåäóþùèå òåîðåìû.

Òåîðåìà 1 [3]. Äëÿ ëþáîãî íàòóðàëüíîãî n > 2 ñóùåñòâóåò n-ñòóïåííî íèëüïîòåíòíàÿ

ãðóïïà G(n) áåç êðó÷åíèÿ òàêàÿ, ÷òî äëÿ ëþáîãî íàáîðà âû÷èñëèìî Òüþðèíãîâûõ ïåðå-

÷èñëèìûõ ñòåïåíåé â = 〈a2, . . . , an〉 íàéä¼òñÿ êîíñòðóêòèâèçàöèÿ ν(â) ãðóïïû G(n), ïðè

êîòîðîé ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â i-é öåíòðàë ðàâíà ai.

Òåîðåìà 2 [3]. Çàôèêñèðóåì n > 2 è äâà íàáîðà âû÷èñëèìî ïåðå÷èñëèìûõ Òüþðèí-

ãîâûõ ñòåïåíåé d1, ..., dn−1 è e2, ..., en. Ñóùåñòâóåò êîíñòðóêòèâíàÿ ãðóïïà áåç êðó÷åíèÿ

(G,α), ñòóïåíè íèëüïîòåíòíîñòè n ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â i-é ãèïåðöåíòð ðàâ-

íà di äëÿ 1 6 i 6 n−1, à â i-é öåíòðàë ðàâíà ei äëÿ 2 6 i 6 n. Êðîìå òîãî, (G,α) äîïóñêàåò

âû÷èñëèìûé ïîðÿäîê, ïîýòîìó ýòî âû÷èñëèòåëüíîå ñâîéñòâî íåçàâèñèìîñòè âûïîëíÿåòñÿ

è äëÿ âû÷èñëèìûõ óïîðÿäî÷åííûõ íèëüïîòåíòíûõ ãðóïï.

Â ñëó÷àå íèëüïîòåíòíûõ ãðóïï, èìåþùèõ êðó÷åíèå, ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â

öåíòðàëû è ãèïåðöåíòðû ìîæåò íå çàâèñåòü òàêæå è îò âû÷èñëèìîé íóìåðàöèè âñåé ãðóï-

ïû [3, 3]. Êðîìå òîãî, ïîäîáíàÿ íåçàâèñèìîñòü íàáëþäàåòñÿ è â âîïðîñå î âû÷èñëèìîñòè

ôàêòîðîâ ïî ÷ëåíàì ýòèõ êðàéíèõ öåíòðàëüíûõ ðÿäîâ [3].

Òåîðåìà 3 [3]. Äëÿ êàæäîãî íàòóðàëüíîãî n > 2 è ïðîèçâîëüíîãî íàáîðà â =

〈a2, . . . , an〉 âû÷èñëèìî ïåðå÷èñëèìûõ ñòåïåíåé ñóùåñòâóåò íèëüïîòåíòíàÿ ãðóïïà G(â)

ñòóïåíè n, îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè:

(i) ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ i-é öåíòðàë ðàâíà ai äëÿ êàæäîé êîíñòðóêòèâèçà-

öèè ν ãðóïïû G(â);

(ii) ôàêòîð ãðóïïà G(â)/γiG(â) âû÷èñëèìà òîãäà è òîëüêî òîãäà, êîãäà ai = 0;

(iii) äëÿ êàæäîé âû÷èñëèìî ïåðå÷èñëèìîé còåïåíè b ñóùåñòâóåò òàêàÿ êîíñòðóêòèâè-

çàöèÿ µ ãðóïïû G(â), ÷òî ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â ïåðèîäè÷åñêàÿ ÷àñòü τG(â)
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ðàâíà b. Â ÷àñòíîñòè, ýòà ãðóïïà íå ÿâëÿåòñÿ àâòîóñòîé÷èâîé.

Òàêèì îáðàçîì, ìîæíî óòâåðæäàòü, ÷òî íå ñóùåñòâóåò íåîáõîäèìûõ è äîñòàòî÷íûõ

óñëîâèé äëÿ âû÷èñëèìîñòè íèëüïîòåíòíûõ ãðóïï, èñïîëüçóþùèõ èíäóêöèþ ïî ñòóïåíè

íèëüïîòåíòíîñòè, â îáùåì ñëó÷àå. Äîëãîå âðåìÿ îñòàâàëàñü íàäåæäà, ÷òî ïîäîáíûå ïðè-

çíàêè âåðíû äëÿ êëàññà íèëüïîòåíòíûõ ãðóïï áåç êðó÷åíèÿ, åñëè èíäóêöèþ âåñòè íå ïî

÷ëåíàì âåðõíåãî è íèæíåãî öåíòðàëüíûõ ðÿäîâ, à ïî èçîëÿòîðàì öåíòðàëîâ. Îäíàêî è â

ýòîì ñëó÷àå êàðòèíà äîñòàòî÷íî ñëîæíàÿ è ýòà íàäåæäà íå îïðàâäàíà.

Ïóñòü G � ãðóïïà è H 6 G. Íàïîìíèì, ÷òî èçîëÿòîðîì ïîäãðóïïû H íàçûâàåòñÿ

ãðóïïà, ïîðîæäåííàÿ âñåìè ýëåìåíòàìè g èç G, äëÿ êîòîðûõ ñóùåñòâóåò íåíóëåâîå ÷èñëî

n, ÷òî gn ∈ H, òî åñòü, IH = gr{g ∈ G|(∃n ∈ Z \ {0})(gn ∈ H)} � èçîëÿòîð ïîäãðóïïû H.

Â ÷àñòíîñòè, IγkG = gr{g ∈ G|(∃n ∈ Z \ {0})(gn ∈ γkG)} � èçîëÿòîð k-ãî öåíòðàëà.

Èíòåðåñ ê èçîëÿòîðàì ïîäãðóïï îáúÿñíÿåòñÿ ñëåäóþùèìè ïðîñòûìè è èçâåñòíûìè

ôàêòàìè, êîòîðûå èçëîæåíû è äîêàçàíû â [5]. Åñëè G � íèëüïîòåíòíàÿ ñòóïåíè r ãðóïïà,

òî èçîëÿòîð k-ãî öåíòðàëà IγkG � íîðìàëüíàÿ ïîäãðóïïà. Åñëè G ãðóïïà áåç êðó÷åíèÿ,

òî G/(IγkG) � íèëüïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ ñòóïåíè íå áîëåå ÷åì k − 1.

Åñëè 〈G, µ〉 � ïîçèòèâíî íóìåðîâàííàÿ íèëüïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ, òî âñå

ôàêòîð ãðóïïû γjG/(I(γj+1) ∩ γjG) è I(γjG)/I(γj+1)G � ïîçèòèâíî íóìåðóåìûå àáåëåâû

ãðóïïû áåç êðó÷åíèÿ, à ïîòîìó è âû÷èñëèìûå [6], çäåñü I(γ1G) = γ1G = G; â ÷àñòíîñòè,

ôàêòîð ãðóïïà G/I(γ2G) ïî èçîëÿòîðó âòîðîãî öåíòðàëà � âñåãäà âû÷èñëèìàÿ äëÿ âû-

÷èñëèìîé ãðóïïû G. Âîïðîñ î âû÷èñëèìîñòè ôàêòîðîâ ïî èçîëÿòîðàì òðåòüåãî è áîëåå

öåíòðàëîâ ñóùåñòâåííî ñëîæíåå êàê ïîêàçûâàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 5. Äëÿ êàæäîãî íàòóðàëüíîãî n > 3 è ïðîèçâîëüíîãî íàáîðà d̂ = 〈d3, . . . , dn〉
âû÷èñëèìî ïåðå÷èñëèìûõ òüþðèíãîâûõ ñòåïåíåé ñóùåñòâóåò âû÷èñëèìàÿ íèëüïîòåíòíàÿ

ñòóïåíè n ãðóïïà áåç êðó÷åíèÿ G(d̂), îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè:

(i) ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â èçîëÿòîð i-ãî öåíòðàëà íå ìåíüøå di äëÿ ëþáîé

êîíñòðóêòèâèçàöèè ãðóïïû G(d̂);

(ii) ôàêòîð ãðóïïà G(d̂)/γiG(d̂) âû÷èñëèìà òîãäà è òîëüêî òîãäà, êîãäà di = 0.
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Àâòîðàìè èçó÷àåòñÿ ñëîæíîñòü ñòðîåíèÿ ðåøåòêè Sub(TK) ïîäïîëóãðóïï ïîëóãðóïïû

ýëåìåíòàðíûõ òåîðèé êëàññà K ⊆ K(σ) àëãåáðàè÷åñêèõ ñèñòåì ñèãíàòóðû σ. Â íàñòîÿ-

ùåå âðåìÿ ñóùåcòâóåò íåñêîëüêî ïîäõîäîâ ê ïîíÿòèþ ñëîæíîñòè. Ñðåäè ïðî÷èõ èçâåñòíû

äâå ìåðû ñëîæíîñòè ñòðîåíèÿ ðåøåòîê êâàçèìíîãîîáðàçèé: Q-óíèâåðñàëüíîñòü è íåâû-

÷èñëèìîñòü ìíîæåñòâà âñåõ èõ êîíå÷íûõ ïîäðåøåòîê (ñâîéñòâî íåâû÷èñëèìîñòè Íóðàêó-

íîâà èëè èððàöèîíàëüíîñòü). Ïîíÿòèå Q-óíèâåðñàëüíîñòè áûëî ââåäåíî Ì.Â. Ñàïèðîì â

1985 ã. â ðàáîòå [3]. Êâàçèìíîãîîáðàçèå K íàçûâàåòñÿ Q-óíèâåðñàëüíûì, åñëè äëÿ ëþáîãî

êâàçèìíîãîîáðàçèÿ K′ êîíå÷íîé ñèãíàòóðû ðåøåòêà êâàçèìíîãîîáðàçèé Lq(K′) ÿâëÿåòñÿ

ãîìîìîðôíûì îáðàçîì íåêîòîðîé ïîäðåøåòêè â ðåøåòêå Lq(K). Â ýòîì ñëó÷àå ðåøåòêà

êâàçèìíîãîîáðàçèé Lq(K) òàêæå íàçûâàåòñÿ Q-óíèâåðñàëüíîé.

Ïîíÿòèÿ, çäåñü íå îïðåäåëåííûå, ìîãóò áûòü íàéäåíû â [2, 3]. Ïóñòü ω îáîçíà÷àåò ìíî-

æåñòâî íàòóðàëüíûõ ÷èñåë. Ïóñòü Pfin(ω) îáîçíà÷àåò ìíîæåñòâî êîíå÷íûõ ïîäìíîæåñòâ

â ω. Äëÿ ëþáîãî n < ω ÷åðåç Bn ìû îáîçíà÷àåì ïîëóðåøåòêó ïîäìíîæåñòâ n-ýëåìåíòíîãî

ìíîæåñòâà îòíîñèòåëüíî ïåðåñå÷åíèÿ.

Çàïèñü A ≡ B îçíà÷àåò, ÷òî ñèñòåìà A ýëåìåíòàðíî ýêâèâàëåíòíà ñèñòåìå B. Çàïèñü
Th(A) èñïîëüçóåòñÿ íàìè äëÿ îáîçíà÷åíèÿ ýëåìåíòàðíîé òåîðèè ñèñòåìû A. Äëÿ ïðîèç-
âîëüíîé àëãåáðû S = 〈S, ∗〉 ïóñòü Sub(S) îáîçíà÷àåò ðåøåòêó ïîäàëãåáð àëãåáðû S.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ñîâåòà ïî ãðàíòàì ïðåçèäåíòà ÐÔ ïî ãîñóäàðñòâåííîé

ïîääåðæêå âåäóùèõ íàó÷íûõ øêîë (ïðîåêò ÍØ-6848.2016.1).
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Äëÿ ôèêñèðîâàííîé ñèãíàòóðû σ ÷åðåç K(σ) îáîçíà÷àåì êëàññ âñåõ ñèñòåì ñèãíàòóðû

σ. Ïîä ñèãíàòóðîé ìû ïîíèìàåì ìíîæåñòâî σ, ñîñòîÿùåå èç ôóíêöèîíàëüíûõ, ïðåäèêàò-

íûõ è êîíñòàíòíûõ ñèìâîëîâ.

Ïóñòü êëàññK ⊆ K(σ) çàìêíóò îòíîñèòåëüíî äåêàðòîâûõ ïðîèçâåäåíèé. Äëÿ àëãåáðàè-

÷åñêèõ ñèñòåì A, B ∈ K ïîëàãàåì Th(A)∗Th(B) = Th(A×B). Àëãåáðà TK =
〈
{Th(A) | A ∈

K}, ∗
〉
ÿâëÿåòñÿ êîììóòàòèâíîé ïîëóãðóïïîé ñ åäèíèöåé. Ýòó ïîëóãðóïïó ìû íàçûâàåì

ïîëóãðóïïîé ýëåìåíòàðíûõ òåîðèé êëàññà K.

Ìû îáîáùàåì ïîíÿòèå Q-óíèâåðñàëüíîñòè íà ïîëíûå ðåøåòêè, ñì. îïðåäåëåíèå 1, è ïî-

êàçûâàåì, ÷òî äëÿ ðÿäà Q-óíèâåðñàëüíûõ êëàññîâK ðåøåòêà Sub(TK) ïîäïîëóãðóïï ïîëó-

ãðóïïû ýëåìåíòàðíûõ òåîðèé êëàññà K òàêæå ÿâëÿåòñÿ Q-óíèâåðñàëüíîé, ñì. ñëåäñòâèÿ 1

è 2. Íàìè íàéäåíû äîñòàòî÷íûå óñëîâèÿ äëÿ òîãî, ÷òîáû ðåøåòêà Sub(TK) ñîäåðæàëà ðå-

øåòêó èäåàëîâ ñâîáîäíîé ðåøåòêè ñ÷åòíîãî ðàíãà â êà÷åñòâå ïîäðåøåòêè, ñì. òåîðåìó 1.

Òàêæå ìû îòìå÷àåì íåñêîëüêî îòêðûòûõ âîïðîñîâ.

Îïðåäåëåíèå 1. Ïóñòü êëàññ K ⊆ K(σ) çàìêíóò îòíîñèòåëüíî äåêàðòîâûõ ïðîèçâå-

äåíèé. Êëàññ A = {AF | F ∈ Pfin(ω)} ⊆ K íàçûâàåì TK-êëàññîì, åñëè A óäîâëåòâîðÿåò

ñëåäóþùèì óñëîâèÿì:

(T0) ñèñòåìà A∅ òðèâèàëüíà;

(T1) äëÿ ëþáûõ F , G ∈ Pfin(ω) åñëè AF ≡ AG, òî F = G;

(T2) äëÿ ëþáûõ F , G ∈ Pfin(ω) ñïðàâåäëèâî AF ×AG ≡ AF∪G.

Îïðåäåëåíèå 2. Êëàññ A = {AF | F ∈ Pfin(ω)} ⊆ K íàçûâàåì T′K-êëàññîì, åñëè A

óäîâëåòâîðÿåò óñëîâèÿì (T0)-(T1), à òàêæå ñëåäóþùåìó óñëîâèþ:

(T′2) äëÿ ëþáûõ F , G ∈ Pfin(ω) ñïðàâåäëèâî AF ×AG ≡ AF∩G.

Îïðåäåëåíèå 3. Ïîëíàÿ ðåøåòêà L íàçûâàåòñÿ Q-óíèâåðñàëüíîé, åñëè äëÿ ëþáîãî

êâàçèìíîãîîáðàçèÿ K êîíå÷íîé ñèãíàòóðû ðåøåòêà êâàçèìíîãîîáðàçèé Lq(K) ÿâëÿåòñÿ

ãîìîìîðôíûì îáðàçîì íåêîòîðîé ïîäðåøåòêè â ðåøåòêå L.

Òåîðåìà 1. Ïóñòü êëàññ K ⊆ K(σ) çàìêíóò îòíîñèòåëüíî äåêàðòîâûõ ïðîèçâåäåíèé,

à êëàññ A = {AF | F ∈ Pfin(ω)} ⊆ K ÿâëÿåòñÿ TK-êëàññîì èëè T′K-êëàññîì, òî ðåøåò-

êà
∏

n<ω Sub(Bn) âëîæèìà â ðåøåòêó Sub(TK). Â ÷àñòíîñòè, ðåøåòêà Sub(TK) ñîäåðæèò

ïîäðåøåòêó, èçîìîðôíóþ ðåøåòêå èäåàëîâ ñâîáîäíîé ðåøåòêè ñ÷åòíîãî ðàíãà, è ÿâëÿåòñÿ

Q-óíèâåðñàëüíîé.

Ñëåäñòâèå 1. Ïóñòü äëÿ ñèãíàòóðû σ èìååò ìåñòî îäèí èç ñëåäóþùèõ ñëó÷àåâ:

1. σ ñîäåðæèò ïî êðàéíåé ìåðå îäèí ôóíêöèîíàëüíûé ñèìâîë;

2. σ ñîäåðæèò ïî êðàéíåé ìåðå îäèí êàê ìèíèìóì áèíàðíûé ïðåäèêàòíûé ñèìâîë;

3. σ áåñêîíå÷íà.
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Òîãäà ðåøåòêà Sub(TK(σ)) ñîäåðæèò ïîäðåøåòêó, èçîìîðôíóþ ðåøåòêå èäåàëîâ ñâîáîäíîé

ðåøåòêè ñ÷åòíîãî ðàíãà, è ÿâëÿåòñÿ Q-óíèâåðñàëüíîé.

Ñëåäñòâèå 2. Ïóñòü K ÿâëÿåòñÿ îäíèì èç ñëåäóþùèõ êëàññîâ ñèñòåì:

1. ìíîãîîáðàçèå âñåõ òî÷å÷íûõ àáåëåâûõ ãðóïï;

2. ìíîãîîáðàçèå âñåõ êîììóòàòèâíûõ êîëåö ñ åäèíèöåé;

3. êâàçèìíîãîîáðàçèå âñåõ [îðèåíòèðîâàííûõ, ñîîòâåòñòâåííî] ãðàôîâ;

4. ìíîãîîáðàçèå âñåõ óíàðîâ;

5. ìíîãîîáðàçèå MV -àëãåáð;

6. ìíîãîîáðàçèå ìîäóëÿðíûõ ðåøåòîê.

Òîãäà ðåøåòêà Sub(TK) ñîäåðæèò ïîäðåøåòêó, èçîìîðôíóþ ðåøåòêå èäåàëîâ ñâîáîäíîé

ðåøåòêè ñ÷åòíîãî ðàíãà, è ÿâëÿåòñÿ Q-óíèâåðñàëüíîé.

Â ñâÿçè ñ äîêàçàííûìè òåîðåìîé è ñëåäñòâèÿìè 1 è 2 åñòåñòâåííûìè ïðåäñòàâëÿþòñÿ

ñëåäóþùèå âîïðîñû.

1. Êàêèå ðåøåòêè âëîæèìû â ðåøåòêè ïîäïîëóãðóïï ýëåìåíòàðíûõ òåîðèé?

2. Ïóñòü ñèãíàòóðà σ êîíå÷íà è ñîäåðæèò ëèøü êîíñòàíòíûå è îäíîìåñòíûå ïðåäèêàò-

íûå ñèìâîëû. ßâëÿåòñÿ ëè ðåøåòêà ïîäïîëóãðóïï ýëåìåíòàðíûõ òåîðèé Sub(TK(σ))

Q-óíèâåðñàëüíîé?

3. Ïóñòü êëàññ K Q-óíèâåðñàëåí. ßâëÿåòñÿ ëè ðåøåòêà ïîäïîëóãðóïï ýëåìåíòàðíûõ

òåîðèé Sub(TK) òàêæå Q-óíèâåðñàëüíîé?
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Áàçîâûìè êàòåãîðèÿìè ëîãè÷åñêîãî ïîäõîäà â ìàòåìàòèêå ÿâëÿåòñÿ ðàáîòà ñ îáüåêòà-

ìè êîíå÷íîãî è áåñêîíå÷íîãî òèïà. Îáùàÿ òåîðèÿ ìîäåëåé ðàññìàòðèâàåò àëãåáðàè÷åñêèå

ñèñòåìû ïðîèçâîëüíûõ êîíå÷íûõ è áåñêîíå÷íûõ ìîùíîñòåé. Tàêæå ðàçâèòî íàïðàâëåíèå

èññëåäîâàíèÿ ñòðóêòóð íàä áåñêîíå÷íûìè îáëàñòÿìè è, ñîîòâåòñòâåííî, ïîëíûõ òåîðèé

íàä áåñêîíå÷íûì óíèâåðñóìîì. Âìåñòå ñ òåì, ðàññìîòðåíèå êëàññà òîëüêî êîíå÷íûõ ìî-

äåëåé ïðåäñòàâëÿåòñÿ ìåíåå åñòåñòâåííûì òàê êàê ïðè òàêîì ïîäõîäå ïåðåñòàþò äåéñòâî-

âàòü òåîðåìà êîìïàêòíîñòè è òåîðåìà Ã¼äåëÿ î ïîëíîòå, è ïîÿâëÿåòñÿ àëãîðèòìè÷åñêàÿ

ñëîæíîñòü âûøå ïåðå÷èñëèìûõ ñòåïåíåé íåðàçðåøèìîñòè.

Äëÿ âîïðîñà î âûðàçèòåëüíûõ âîçìîæíîñòÿõ ëîãèêè ïðåäèêàòîâ áîëåå ïðîäóêòèâíûì

ÿâëÿåòñÿ àëüòåðíàòèâíûé ïîäõîä îñíîâàííûé íà èçó÷åíèè ìåòîäîâ ïðåîáðàçîâàíèÿ òåî-

ðèé ïåðâîãî ïîðÿäêà, [1]. Â êà÷åñòâå ìåòîäà ðàññìàòðèâàåòñÿ ïðåîáðàçîâàíèå òåîðèè ïåð-

âîãî ïîðÿäêà â äðóãóþ òàêóþ òåîðèþ ñ ñîõðàíåíèåì òåîðåòèêî-ìîäåëüíûõ ñâîéñòâ. Öåëüþ

ìåòîäà ÿâëÿåòñÿ ïðèâåäåíèå òåîðèè ê áîëåå ïðîñòîìó âèäó èëè æå ê ôîðìå ñ çàäàííû-

ìè òðåáîâàíèÿìè. Ñóùåñòâóþò ôèíèòàðíûå è èíôèíèòàðíûå ìåòîäû, [1], [2]. Ïðèìåðàìè

ôèíèòàðíûõ ìåòîäîâ ïåðâîãî ïîðÿäêà ÿâëÿþòñÿ ïðîöåäóðû ðåäóêöèè êîíå÷íûõ ñèãíà-

òóð, äåêàðòîâû è ôàêòîðíî-äåêàðòîâû ðàñøèðåíèÿ òåîðèé, [3]. ×òî êàñàåòñÿ ôàêòîðíî-

äåêàðòîâûõ ðàñøèðåíèé òåîðèé, îíè íå ïðèìåíÿþòñÿ â ïðîöåäóðàõ ðåäóêöèè êîíå÷íûõ

ñèãíàòóð è ïîýòîìó èãðàþò âòîðîñòåïåííîå çíà÷åíèå, òåì áîëåå, ÷òî òàêèå ìåòîäû íåñóò

îïðåäåë¼ííûé àëãåáðàè÷åñêèé àêöåíò êîíôëèêòóþùèé ñ ïðàêòèêîé ðàáîòû â òåîðèè ìî-

äåëåé. Ïðèìåðàìè èíôèíèòàðíûõ ìåòîäîâ ïåðâîãî ïîðÿäêà ÿâëÿþòñÿ ïðîöåäóðà ðåäóêöèè

áåñêîíå÷íûõ ñèãíàòóð ê êîíå÷íûì è ðàçíûå âåðñèè óíèâåðñàëüíîé êîíñòðóêöèè êîíå÷íî

àêñèîìàòèçèðóåìûõ òåîðèé, [4]. Âàæíî îòìåòèòü ÷òî åñòåñòâåííûì áóäåò ðàññìîòðåíèå

êëàññà âñåõ ôèíèòàðíûõ ìåòîäîâ, èëè æå îáúåäèí¼ííîãî êëàññà ôèíèòàðíûõ è èíôèíè-

òàðíûõ ìåòîäîâ, òîãäà êàê îòäåëüíîå ðàññìîòðåíèå êëàññà òîëüêî èíôèíèòàðíûõ ìåòîäîâ

ÿâëÿåòñÿ íåëîãè÷íûì.

Çà îñíîâó êîìáèíàòîðèêè ïåðâîãî ïîðÿäêà áåðóòñÿ ïðîöåäóðû ðåäóêöèè ñèãíàòóð êî-

òîðûå ñ÷èòàþòñÿ ÷àñòíûìè ñëó÷àÿìè êîìáèíàòîðíûõ ìåòîäîâ â ëîãèêå ïðåäèêàòîâ. Äëÿ

ôèíèòàðíîé êîìáèíàòîðèêè áåðóòñÿ ìåòîäû ïðåîáðàçîâàíèÿ êîíå÷íûõ ñèãíàòóð, à äëÿ èí-

ôèíèòàðíîé êîìáèíàòîðèêè áåðóòñÿ ìåòîäû ñâåäåíèÿ áåñêîíå÷íûõ ñèãíàòóð ê êîíå÷íûì.
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42 Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àêòóàëüíûå ïðîáëåìû ÷èñòîé è ïðèêëàäíîé ìàòåìà-
òèêè¿, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Òàéìàíîâà Àñàíà Äàáñîâè÷à

Çàäà÷à ñîñòîèò â òîì ÷òîáû îáîáùèòü ýòè ÷àñòíûå ìåòîäû äî ìàêñèìàëüíî øèðîêîãî

îáùåãî ïîäõîäà, äëÿ êîòîðîãî áûëî áû ëîãè÷íûì èñïîëüçîâàòü òàêîé âåñîìûé òåðìèí

êàê 'êîìáèíàòîðèêà'. Ïîíÿòèå 'ìåòîä' ïîíèìàåòñÿ êàê íåêîòîðûé ñïîñîá m ïðåîáðàçîâà-

íèÿ îäíîé âû÷èñëèìî àêñèîìàòèçèðóåìîé òåîðèè T ïåðâîãî ïîðÿäêà â äðóãóþ òàêóþ æå

òåîðèþ S, êîòîðûé îïðåäåëÿåò âû÷èñëèìûé èçîìîðôèçì àëãåáð Òàðñêîãî-Ëèíäåíáàóìà

µ : L(T )→ L(S), à óòâåðæäåíèå ÷òî µ ñîõðàíåíÿåò òåîðåòèêî-ìîäåëüíîå ñâîéñòâî p îçíà-

÷àåò ÷òî èçîìîðôèçì µ áåç èñêàæåíèÿ ïåðåäà¼ò ýòî ñâîéñòâî p îò ëþáîãî ïîïîëíåíèÿ T ′

èñõîäíîé òåîðèè T ê ñîîòâåòñòâóþùåìó ïîïîëíåíèþ S ′ ïîëó÷àåìîé òåîðèè S.

Äëÿ ïðèëîæåíèÿ îïèñàííîãî êîíöåïòóàëüíîãî ïîäõîäà ê âîïðîñó î âûðàçèòåëü-

íûõ âîçìîæíîñòÿõ ëîãèêè ïðåäèêàòîâ íåîáõîäèìî äàòü îïðåäåëåíèå ïîíÿòèÿ òåîðåòèêî-

ìîäåëüíîãî ñâîéñòâà èñïîëüçóåìîãî â ðåàëüíîé ïðàêòèêå èññëåäîâàíèé ïî òåîðèè ìîäåëåé.

Â ðàáîòå [3] ïðåäëîæåíî îïðåäåëåíèå ïîíÿòèÿ òåîðåòèêî-ìîäåëüíîãî ñâîéñòâà è óêàçàíî

íåñêîëüêî åãî êîíêðåòíûõ ñïåöèôèêàöèé ðàñ÷èòàííûõ íà ðàçíûå ïðåäïî÷òåíèÿ ñïåöèàëè-

ñòîâ ðàáîòàþùèõ â îáëàñòè òåîðèè ìîäåëåé. Ïðåäëàãàþòñÿ ñëåäóþùèå âàðèàíòû ïîäõîäîâ:

íàèâíûé, ïðèìèòèâíûé, ïðàãìàòè÷åñêèé, è ìàêñèìàëèñòñêèé. Äàíî îáîñíîâàíèå òîãî,

÷òî ïðàãìàòè÷åñêèé ïîäõîä ÿâëÿåòñÿ íàèáîëåå ïîäõîäÿùèì äëÿ êîíêðåòíûõ ïðèìåíåíèé.

Âîçíèêàåò åñòåñòâåííûé âîïðîñ î õàðàêòåðèçàöèè ñåìàíòè÷åñêîãî ñëîÿ FinL âêëþ÷àþ-

ùåãî òåîðåòèêî-ìîäåëüíûå ñâîéñòâà, êîòîðûå ñîõðàíÿþòñÿ ôèíèòàðíûìè ìåòîäàìè ïåð-

âîãî ïîðÿäêà, è ñåìàíòè÷åñêîãî ñëîÿ InfL âêëþ÷àþùåãî òåîðåòèêî-ìîäåëüíûå ñâîéñòâà,

êîòîðûå ñîõðàíÿþòñÿ èíôèíèòàðíûìè ìåòîäàìè ïåðâîãî ïîðÿäêà.

Äâà ñëåäóþùèõ óòâåðæäåíèÿ õàðàêòåðèçóþò ôèíèòàðíûé ñåìàíòè÷åñêèé ñëîé:

Òåîðåìà 1. Ôèíèòàðíûé ñåìàíòè÷åñêèé ñëîé FinL âêëþ÷àåò âñå ñóùåñòâóþùèå ðå-

àëüíûå òåîðåòèêî-ìîäåëüíûå ñâîéñòâà.

Òåîðåìà 2. Ïðîöåäóðà ðåäóêöèè êîíå÷íûõ ñèãíàòóð ñîõðàíÿåò òèï âû÷èñëèìîãî èçî-

ìîðôèçìà àëãåáðû Òàðñêîãî-Ëèíäåíáàóìà è âñå ðåàëüíûå òåîðåòèêî-ìîäåëüíûå ñâîéñòâà

ñîîòâåòñòâóþùèõ ïîïîëíåíèé ýòèõ òåîðèé.

Õàðàêòåðèçàöèÿ èíôèíèòàðíîãî ñåìàíòè÷åñêîãî ñëîÿ âûïîëíÿåòñÿ ïóò¼ì ñðàâíåíèÿ

ñèëû óíèâåðñàëüíîé êîíñòðóêöèè è ïðîöåäóðû ðåäóêöèè áåñêîíå÷íîé ñèãíàòóðû ê êîíå÷-

íîé.

Òåîðåìà 3.Ïî ìîäóëþ ïðåäñòàâèòåëüíîãî ñïèñêà òåîðåòèêî-ìîäåëüíûõ ñâîéñòâ, [1],[3],

ñëîé UniL ñîõðàíÿåìûé óíèâåðñàëüíîé êîíñòðóêöèåé ñîâïàäàåò ñî ñëîåì I2fL ñîõðàíÿå-

ìûì ïðîöåäóðîé ðåäóêöèè áåñêîíå÷íîé ñèãíàòóðû ê êîíå÷íîé.

Óíèâåðñàëüíóþ êîíñòðóêöèþ êîíå÷íî àêñèîìàòèçèðóåìûõ òåîðèé ìîæíî ñ÷èòàòü

óëó÷øåííîé âåðñèåé ïðîöåäóðû ðåäóêöèè áåñêîíå÷íîé ñèãíàòóðû ê êîíå÷íîé. Òàê êàê

íåëîãè÷íî îæèäàòü, ÷òî ìîæíî ñîçäàòü íîâóþ âåðñèþ óíèâåðñàëüíîé êîíñòðóêöèè êîòî-

ðàÿ êîíòðîëèðîâàëà áû áîëüøå òåîðåòèêî-ìîäåëüíûõ ñâîéñòâ ÷åì ìîæåò ñîõðàíÿòü ïðî-

öåäóðà ðåäóêöèè áåñêîíå÷íîé ñèãíàòóðû ê êîíå÷íîé, òî ýòî äà¼ò ñëåäóþùåå óòâåðæäåíèå:
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Òåîðåìà 4. Ïî ìîäóëþ ïðåäñòàâèòåëüíîãî ñïèñêà òåîðåòèêî-ìîäåëüíûõ ñâîéñòâ, ñòàí-

äàðòíàÿ âåðñèÿ óíèâåðñàëüíîé êîíñòðóêöèè èìååò ìàêñèìàëüíî âîçìîæíóþ ñèëó.

Ñîãëàñíî Òåîðåìå 1, ôèíèòàðíûé ñåìàíòè÷åñêèé ñëîé FinL ñîñòîèò èç âñåõ ðåàëüíûõ

òåîðåòèêî-ìîäåëüíûõ ñâîéñòâ, ÷òî ãîâîðèò î åãî ôóíäàìåíòàëüíîé ïðèðîäå. Òåîðåìà 4 õà-

ðàêòåðèçóåò âûðàçèòåëüíóþ ñèëó óíèâåðñàëüíîé êîíñòðóêöèè, ïîêàçûâàÿ ôóíäàìåíòàëü-

íûé õàðàêòåð èíôèíèòàðíîãî ñåìàíòè÷åñêîãî ñëîÿ InfL. Ýòî ïîêàçûâàåò ÷òî, â ïðåäåëàõ

ñåìàíòè÷åñêîãî ñëîÿ InfL òåîðåòèêî-ìîäåëüíûõ ñâîéñòâ, âûðàçèòåëüíûå âîçìîæíîñòè êî-

íå÷íî àêñèîìàòèçèðóåìûõ òåîðèé òî÷íî ñîâïàäàþò ñ âîçìîæíîñòÿìè âû÷èñëèìî àêñèîìà-

òèçèðóåìûõ òåîðèé. Âàæíûé ìîìåíò ñîñòîèò â òîì ÷òî, õîòÿ ïðåäëàãàåìîå îïðåäåëåíèå

ïîíÿòèÿ ðåàëüíîãî òåîðåòèêî-ìîäåëüíîãî ñâîéñòâà èñïîëüçóåò íåôîðìàëüíóþ àðãóìåíòà-

öèþ, òåì íå ìåíåå, ïîëó÷àåìûå ðåçóëüòàòû ñ èñïîëüçîâàíèåì âûðàæåíèÿ "âñå ðåàëüíûå

òåîðåòèêî-ìîäåëüíûå ñâîéñòâà" îêàçûâàþòñÿ ìàòåìàòè÷åñêè òî÷íûìè óòâåðæäåíèÿìè.
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Ê ÊËÀÑÑÈÔÈÊÀÖÈÈ ÔÓÍÊÖÈÎÍÀËÜÍÛÕ ÊËÎÍÎÂ
ÏÎ ÔÎÐÌÓËÜÍÛÌ ÏÎÄÌÍÎÆÅÑÒÂÀÌ È ÒÈÏÀÌ

ÀËÅÊÑÀÍÄÐ ÏÈÍÓÑ

Íîâîñèáèðñêèé Ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, ïð. Ê.Ìàðêñà, 20,

Íîâîñèáèðñê, 630073, Ðîññèÿ

Â ñèëó íå ìåíåå ÷åì êîíòèíóàëüíîñòè ðåøåòîê ôóíêöèîíàëüíûõ êëîíîâ íà íå ìåíåå

÷åì òðåõýëåìåíòíûõ ìíîæåñòâàõ (è, çíà÷èò, íåâîçìîæíîñòè äåòàëüíîãî, ïîäîáíîãî Ïî-

ñòîâñêîìó äëÿ ñëó÷àÿ äâóõýëåìåíòíîãî ìíîæåñòâà, îïèñàíèÿ ýòèõ ðåøåòîê), à òàêæå â
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ñèëó òîãî, ÷òî ëþáîé ôóíêöèîíàëüíûé êëîí F íà ìíîæåñòâå A ÿâëÿåòñÿ êëîíîì òåðìàëü-

íûõ ôóíêöèé T (AF ) äëÿ óíèâåðñàëüíîé àëãåáðû AF =< A;F >, ïðåäñòàâëÿåòñÿ äîâîëüíî

åñòåñòâåííîé ïîïûòêà êëàññèôèêàöèè êëîíîâ F íà ìíîæåñòâå A ñ ïîìîùüþ ïðîèçâîäíûõ

ñòðóêòóð àëãåáð AF , â òîì ÷èñëå àëãåáðàè÷åñêèõ è ëîãè÷åñêèõ ãåîìåòðèé è áóëåâûõ àëãåáð

ôîðìóëüíûõ ïîäìíîæåñòâ ýòèõ àëãåáð.

Êëîíû F1, F2 íà ìíîæåñòâå A íàçîâåì àëãåáðàè÷åñêè ýêâèâàëåíòíûìè (F1 ∼alg F2 ),

åñëè ñîâïàäàþò àëãåáðàè÷åñêèå ãåîìåòðèè àëãåáð AF1 è AF2(ò. å. ñîâîêóïíîñòè àëãåáðàè÷å-

ñêèõ ìíîæåñòâ ýòèõ àëãåáð, îïðåäåëåíèå ñì., ê ïðèìåðó, â [1]). Êëîíû F1, F2 íà A íàçîâåì

L-ëîãè÷åñêè ýêâèâàëåíòíûìè (F1 ∼log F2 ), åñëè ñîâïàäàþò áóëåâû àëãåáðû áåñêâàíòîðíî

ôîðìóëüíûõ ìíîæåñòâ àëãåáð AF1 è AF2 . Êëîíû F1, F2 íà A íàçîâåì ýëåìåíòàðíî ýêâèâà-

ëåíòíûìè (F1 ∼ F2 ), åñëè ñîâïàäàþò èõ ëîãè÷åñêèå ãåîìåòðèè (ñì. [2]), ò.å. ñîâîêóïíîñòè

ìíîæåñòâ àëãåáð AF1 è AF2 âûäåëÿåìûõ â íèõ ñ ïîìîùüþ ýëåìåíòàðíûõ òèïîâ.

×åðåç PCT (F ), CT (F ), ECT (F ) îáîçíà÷èì, ñîîòâåòñòâåííî, ôóíêöèîíàëüíûå êëîíû

ïîçèòèâíî óñëîâíî òåðìàëüíûõ, óñëîâíî òåðìàëüíûõ, ýëåìåíòàðíî óñëîâíî òåðìàëüíûõ

ôóíêöèé àëãåáðû (îïðåäåëåíèÿ ñì., ê ïðèìåðó, â [3]).

Èìååò ìåñòî

ÒÅÎÐÅÌÀ. Äëÿ ëþáîãî êîíå÷íîãî ìíîæåñòâà A è ëþáîãî êëîíà F íà A:

à) F ∼alg PCT (F );

á) F ∼log CT (F ); â) F ∼ ECT (F ).

×åðåç FA îáîçíà÷èì ñîâîêóïíîñòü âñåõ ôóíêöèîíàëüíûõ êëîíîâ íà ìíîæåñòâå A.

ÑËÅÄÑÒÂÈÅ. Äëÿ ëþáîãî êîíå÷íîãî ìíîæåñòâà A ôàêòîð-ìíîæåñòâà FA/ ∼alg,
FA/ ∼log, FA/ ∼ êîíå÷íû.
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ÀÂÒÎÌÎÐÔÈÇÌ ÏÎËÅÉ ÕÀÐÀÊÒÅÐÎÂ
ÏÐÅÄÑÒÀÂËÅÍÈÉ ÊÎÍÅ×ÍÛÕ ÃÐÓÏÏ

À.Ì. Ïîïîâà, Å.Â. Ãðà÷åâ

Íîâîñèáèðñêèé Ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, ïð. Ê.Ìàðêñà, 20,

Íîâîñèáèðñê, 630073, Ðîññèÿ

E-mail: ampopova@ngs.ru

Âîïðîñ îá àâòîìîðôèçìàõ ïîëåé õàðàêòåðîâ ïðåäñòàâëåíèé êîíå÷íûõ ãðóïï, êîòîðûé

ðàññìàòðèâàåòñÿ â äàííîé ðàáîòå âîçíèêàåò â ñâÿçè ñ èçó÷åíèåì àâòîìîðôèçìîâ öåëî÷èñ-

ëåííûõ ãðóïïîâûõ êîëåö êîíå÷íûõ ãðóïï. Ìû èçó÷àåì ýòè àâòîìîðôèçìû ñ ïîìîùüþ òåî-

ðèè ïðåäñòàâëåíèé, à èìåííî, îò êîëüöà ZG ïåðåõîäèì ê èçîìîðôíîìó êîëüöó Z[R(G)], ãäå

R(G) � ïðàâîå ðåãóëÿðíîå ìàòðè÷íîå ïðåäñòàâëåíèå êîíå÷íîé ãðóïïû G = {e, g2, · · · , gn}.
Åñëè T1(G), · · · , Ts(G) � âñå íåïðèâîäèìûå íåýêâèâàëåíòíûå ïðåäñòàâëåíèÿ G, òî, êàê

èçâåñòíî ñóùåñòâóåò òàêàÿ ìàòðèöà t ∈ GLn(C), ÷òî ìàòðèöû (R(G))t èìåþò êëåòî÷íî-

äèàãîíàëüíûé âèä, â êîòîðûé êàæäîå ïðåäñòàâëåíèå Ti(G) âõîäèò ðîâíî ni ðàç, ãäå ni -

ñòåïåíü ýòîãî ïðåäñòàâëåíèÿ. Åñëè χi õàðàêòåð ïðåäñòàâëåíèÿ Ti(G), Q(χi) � ïîëå õàðàê-

òåðà χi, τ ∈ Aut(Q(χi)), τ ′ � ïðîäîëæåíèå τ äî àâòîìîðôèçìà ïîëÿ ïðåäñòàâëåíèÿ Ti(G),

òî íà àëãåáðå Q[Ti(G)] ìîæíî îïðåäåëèòü àâòîìîðôèçì τ̂ ′ ïî ïðàâèëó τ̂ ′((aij)) = (aτ
′
ij ).

Äëÿ êîëüöà Z[(R(G))t] ñóùåñòâóþò àâòîìîðôèçìû, êîòîðûå ïðåäñòàâëÿþò ñîáîé êîì-

ïîçèöèè τ̂ ′ ◦ϕs, ãäå ϕs � ñîïðÿæåíèå íåêîòîðîé åäèíèöåé s àëãåáðû Q[(R(G))t]. Âîçíèêàåò

åñòåñòâåííûé âîïðîñ: äëÿ ëþáîãî ëè τ ∈ Aut(Q(χi)) íàéäåòñÿ òàêàÿ ìàòðèöà s, ÷òî êîì-

ïîçèöèÿ τ̂ ′ ◦ ϕs ÿâëÿåòñÿ àâòîìîðôèçìîì êîëüöà Z[(R(G))t]?

Íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ s ÿâëÿåòñÿ óñëîâèå ñîâïàäåíèÿ Q - àëãåáð

Q[(R(G))t] = Q[((R(G))t)τ̂
′
]. Åñëè ýòè àëãåáðû ñîâïàäàþò è Rl(G) � ëåâîå ðåãóëÿðíîå

ïðåäñòàâëåíèå ãðóïïû G, òî äëÿ ëþáîãî gi ∈ G, i = 1, · · · , n ñïðàâåäëèâî ïðåäñòàâëåíèå

L(gi) =
pi1
qi1
Rl(e) +

pi2
qi2
Rl(g2) + · · ·+ pin

qin
Rl(gn)

Òåîðåìà.

Åñëè Q[(R(G))t] = Q[((R(G))t)τ̂
′
], òî äëÿ äàííîãî τ ∈ Aut(Q(χi)) ñóùåñòâóåò åäèíè-

öà s àëãåáðû Q[(R(G))t] òàêàÿ, ÷òî êîìïîçèöèÿ τ̂ ′ ◦ ϕs ÿâëÿåòñÿ àâòîìîðôèçìîì êîëüöà

Z[(R(G))t] òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ. Ñóùåñòâóåò âåê-

òîð u = (u1, · · · , un) ∈ Zn òàêîé, ÷òî

1)uL(gi) ∈ Zn, i = 1, · · · , n;
2) âåêòîðû uR(gi), gi ∈ G, i = 1, · · · , n ëèíåéíî íåçàâèñèìû

Äàííûé ïîäõîä ïðèìåíèì äëÿ öåëî÷èñëåííîãî ãðóïïîâîãî êîëüöà ZA4.

Èçâåñòíî, ÷òî ãðóïïà A4 èìååò 4 íåïðèâîäèìûõ íåýêâèâàëåíòíûõ ïðåäñòàâëåíèÿ, 3

îäíîìåðíûõ è 1 òðåõìåðíîå.
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Ïóòü t1 = (R((123)))t, t2 = (R((12)(34)))t - ìàòðè÷íûå ïðåäñòàâëåíèÿ ïîðîæäàþùèõ

ãðóïïû A4.

Îáîçíà÷èì ìàòðèöû ðåäóöèðîâàííîãî ðåãóëÿðíîãî ïðåäñòàâëåíèÿ (R(gi))
t ÷åðåç R′(gi).

Ïîäåéñòâóåì íà ýòè ìàòðèöû àâòîìîðôèçìîì ïîëÿ õàðàêòåðà τ (τ(ω3) = ω2
3). Çäåñü

ω3 = −1
2

+ i
√

3
2
ïåðâîîáðàçíûé êîðåíü òðåòüåé ñòåïåíè èç åäèíèöû. Îáîçíà÷èì

(R′(gi))
τ̂ = R′′(gi). Ïóñòü R′′(gi) =

n∑
j=1

αijR
′(gj), ãäå αij ∈ Q. Òîãäà L(gi) =

n∑
j=1

αijRl(gj).

Â íàøåì ñëó÷àå L(t1) =



0 1 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 1 0



L(t2) =



0 0 1
4

1
4

1
4

3
4

1
4
−1
4

−1
4

−1
4

0 0

0 0 1
4

1
4

1
4
−1
4

1
4

3
4
−1
4

−1
4

0 0
3
4
−1
4

0 0 0 1
4

0 1
4

1
4

1
4
−1
4

−1
4

−1
4

3
4

0 0 0 1
4

0 1
4

1
4

1
4
−1
4

−1
4

−1
4

−1
4

0 0 0 1
4

0 1
4

1
4

1
4

3
4
−1
4

1
4

1
4

3
4
−1
4

−1
4

0 −1
4

0 0 0 1
4

1
4

−1
4

−1
4

0 0 0 1
4

0 1
4

1
4

1
4
−1
4

3
4

1
4

1
4
−1
4

3
4
−1
4

0 −1
4

0 0 0 1
4

1
4

1
4

1
4
−1
4

−1
4

3
4

0 −1
4

0 0 0 1
4

1
4

1
4

1
4
−1
4

−1
4

−1
4

0 3
4

0 0 0 1
4

1
4

0 0 1
4

1
4

1
4
−1
4

1
4
−1
4

3
4
−1
4

0 0

0 0 1
4

1
4

1
4
−1
4

1
4
−1
4

−1
4

3
4

0 0


Íàéäåì öåëî÷èñëåííûé âåêòîð u, òàêîé ÷òîáû âñå âåêòîðû uL(gi) áûëè öåëî÷èñëåííû-

ìè. Ïóñòü u = (u1, · · · , un), òîãäà âû÷èñëèì s = u1Rl(e) + u2Rl(g2) + · · · + unRl(gn). Åñëè

ìàòðèöà s îáðàòèìà è âñå ìàòðèöû (L(gi))
s öåëî÷èñëåííûå, òî çàäà÷à ðåøåíà.

Â íàøåì ñëó÷àå u = (0, 0, 0, 1, 1, 0, 0, 0, 3, 3, 0, 2) è
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s =



0 0 0 3 1 0 2 1 0 1 1 1

0 0 3 0 2 1 1 0 1 0 1 1

0 1 0 1 0 0 1 2 3 1 1 0

1 0 1 0 1 2 0 0 1 3 0 1

1 0 0 1 0 3 1 1 0 2 0 1

0 1 0 0 1 0 1 1 1 0 2 3

0 1 1 0 1 1 0 3 2 0 1 0

1 0 0 0 1 1 1 0 0 1 3 2

2 3 1 1 0 1 0 0 0 1 0 1

3 2 1 1 0 0 0 1 1 0 1 0

1 1 1 2 0 0 3 1 0 1 0 0

1 1 2 1 3 1 0 0 1 0 0 0


Ëåãêî ïðîâåðèòü, ÷òî s îáðàòèìà è âñå ìàòðèöû (L(gi))

s öåëî÷èñëåííûå. Òåì ñàìûì

ìû ïîêàçàëè, ÷òî äëÿ àâòîìîðôèçìà τ ïîëÿ õàðàêòåðà χ2 ãðóïïû A4 ñóùåñòâóåò åäèíè-

öà s àëãåáðû Q[(R(A4))t], òàêàÿ ÷òî êîìïîçèöèÿ τ̂ ◦ ϕs ÿâëÿåòñÿ àâòîìîðôèçìîì êîëüöà

Z[(R(A4))t].

À òàê êàê Aut(Q(χ2)) = {τ1 = id, τ2 = τ}, òî äëÿ êîëüöà ZA4 ïðåäëîæåííàÿ ôàêòîðè-

çàöèÿ ñïðàâåäëèâà.
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Î ËÎÊÀËÜÍÎ ÊÎÍÅ×ÍÛÕ ÃÐÓÏÏÀÕ ÎÃÐÀÍÈ×ÅÍÍÎÉ
c-ÐÀÇÌÅÐÍÎÑÒÈ È ÃÈÏÎÒÅÇÅ ÁÎÐÎÂÈÊÀ�ÕÓÕÐÎ

ÄÀÍÈËÀ ÐÅÂÈÍ

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, ïð. Àêàä. Êîïòþãà, 4, Íîâîñèáèðñê,

630090, Ðîññèÿ

E-mail: revin@math.nsc.ru

Ñëåäóÿ À.Ìÿñíèêîâó è Ï.Øóìÿöêîìó [3], íàçîâåì c-ðàçìåðíîñòüþ ãðóïïû âûñîòó

åå ðåøåòêè öåíòðàëèçàòîðîâ, ò. å. ìàêñèìàëüíóþ äëèíó öåïè âëîæåííûõ öåíòðàëèçàòîðîâ

ïîäìíîæåñòâ â ýòîé ãðóïïå.

Ðàññìàòðèâàþòñÿ ãðóïïû êîíå÷íîé c-ðàçìåðíîñòè. ßñíî, ÷òî òàêèå ãðóïïû, ÿâëÿþòñÿ

MC-ãðóïïàìè, ò. å. óäîâëåòâîðÿþò óñëîâèþ ìèíèìàëüíîñòè äëÿ öåíòðàëèçàòîðîâ. Ð.Áðàé-

àíò è Á.Õàðòëè [2] äîêàçàëè, ÷òî êàæäàÿ ïåðèîäè÷åñêàÿ ëîêàëüíî ðàçðåøèìàÿMC-ãðóïïà

G ðàçðåøèìà è ÿâëÿåòñÿ �íèëüïîòåíòíîé-íà-àáåëåâó-íà-êîíå÷íóþ� ãðóïïîé, ò. å. ðàäèêàë

Õèðøà�Ïëîòêèíà (íàèáîëüøàÿ ëîêàëüíî íèëüïîòåíòíàÿ íîðìàëüíàÿ ïîäãðóïïà) F (G)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò 14-21-00065).
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ãðóïïû G íèëüïîòåíòåí è ôàêòîðãðóïïà G/F (G) ñîäåðæèò àáåëåâó ïîäãðóïïó ïîäãðóï-

ïó êîíå÷íîãî èíäåêñà (ýòó àáåëåâó ïîäãðóïïó ìîæíî ñ÷èòàòü íîðìàëüíîé: åñëè ãðóïïà X

ñîäåðæèò ïîäãðóïïó Y êîíå÷íîãî èíäåêñà m, òî Y ñîäåðæèò ïîäãðóïïó Z, íîðìàëüíóþ â

G è òàêóþ, ÷òî |G : Z| ≤ m!). Åñëè îãðàíè÷èòüñÿ ãðóïïàìè êîíå÷íîé c-ðàçìåðíîñòè, òî

åñòåñòâåííî ñïðîñèòü, ìîæíî ëè îãðàíè÷èòü ôóíêöèåé îò c-ðàçìåðíîñòè à) ñòóïåíü ðàçðå-

øèìîñòè è á) ìèíèìàëüíûé èíäåêñ àáåëåâîé-íà-íèëüïîòåíòíóþ ïîäãðóïïû? Å.Õóõðî [4]

ïîêàçàë, ÷òî îòâåò íà ïåðâûé âîïðîñ �äà�, à íà âòîðîé � õîòÿ îòâåò �íåò�, íî ôàêòîðãðóïïà

ïî âòîðîìó ðàäèêàëó F2(G) Õèðøà�Ïëîòêèíà � ïîëíîìó ïðîîáðàçó F (G/F (G)) � ñîäåð-

æèò ïîäãðóïïó, èíäåêñ êîòîðîé îãðàíè÷åí ôóíêöèåé îò c-ðàçìåðíîñòè ãðóïïû G. Óñëîâèå

ëîêàëüíîé ðàçðåøèìîñòè ñóùåñòâåííî: c-ðàçìåðíîñòü ïðîñòûõ ãðóïï G = PSL2(q) ðàâ-

íà 2, â òî âðåìÿ êàê èíäåêñ åäèíñòâåííîé (ðàâíîé 1) àáåëåâîé íîðìàëüíîé ïîäãðóïïû â

G/F2(G) ∼= G ñêîëü óãîäíî âåëèê ïðè ïîäõîäÿùåì âûáîðå q.

Â ýòîé æå ðàáîòå Õóõðî [4] ïðèâåäåíà âûñêàçàííàÿ À.Áîðîâèêîì:

Ãèïîòåçà Áîðîâèêà�Õóõðî. Ñóùåñòâóåò ôóíêöèÿ f : N → N ñî ñëåäóþùèì ñâîé-

ñòâîì. Ïóñòü G � ëîêàëüíî êîíå÷íàÿ ãðóïïû c-ðàçìåðíîñòè k ∈ N è S � ïîëíûé ïðîîáðàç

â G îáîáùåííîé ïîäãðóïïû Ôèòòèíãà ãðóïïû G/F (G). Òîãäà ôàêòîðãðóïïà G/S ñîäåðæèò

àáåëåâó ïîäãðóïïó èíäåêñà, íå ïðåâîñõîäÿùåãî f(k).

Íàïîìíèì, ÷òî îáîáùåííàÿ ïîäãðóïïà Ôèòòèíãà ãðóïïû G � ýòî ïðîèçâåäåíèå ðà-

äèêàëà Õèðøà�Ïëîòêèíà F (G) íà ò. í. ñëîé E(G) ãðóïïû G � ïîäãðóïïó, ïîðîæäåííóþ

âñåìè ñóáíîðìàëüíûìè êâàçèïðîñòûìè ïîäãðóïïàìè, à êâàçèïðîñòîé íàçûâàåòñÿ ãðóïïà,

ñîâïàäàþùàÿ ñî ñâîèì êîììóòàíòîì è êîòîðîé ôàêòîðãðóïïà ïî öåíòðó ïðîñòà.

Ìû ñòðîèì êîíòðïðèìåð ê ãèïîòåçå Áîðîâèêà�Õóõðî, íî äîêàçûâàåì, ÷òî äëÿ êîíå÷-

íûõ ãðóïï âûïîëíåí åå îñëàáëåííûé àíàëîã:

Òåîðåìà.

Ñóùåñòâóåò ôóíêöèÿ f : N→ N ñî ñëåäóþùèì ñâîéñòâîì. Ïóñòü G � êîíå÷íàÿ ãðóïïà

c-ðàçìåðíîñòè k. Ïîëîæèì G = G/F3(G). Òîãäà ãðóïïà G/E(G) ñîäåðæèò àáåëåâó ïîä-

ãðóïïó èíäåêñà, íå ïðåâîñõîäÿùåãî f(k).

Ïîñòðîåíèå êîíòðïðèìåðà îïèðàåòñÿ íà òåîðåòèêî-÷èñëîâîé ðåçóëüòàò ðàáîòû [1]: äëÿ

áåñêîíå÷íî ìíîãèõ ïðîñòûõ ÷èñåë p ðàçíîñòü p2 − 1 èìååò íå áîëåå 21 ïðîñòîãî äåëèòåëÿ.

Ýòî óòâåðæäåíèå òåñíî ñâÿçàíî ñ èçâåñòíîé ãèïîòåçîé Ë.Äèêñîíà [3] î ëèíåéíûõ ôîðìàõ,

êîòîðàÿ, â ñâîþ î÷åðåäü, îáîáùàåò òåîðåìó Äèðèõëå î ïðîñòûõ ÷èñëàõ â àðèôìåòè÷åñêîé

ïðîãðåññèè, ãèïîòåçó áëèçíåöîâ, ãèïîòåçó î ïðîñòûõ ÷èñëàõ Ñîôè Æåðìåí è ðÿä äðóãèõ.

Ðåçóëüòàòû ïîëó÷åíû â ñîàâòîðñòâå ñ À.Áóòóðëàêèíûì è À.Âàñèëüåâûì.
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Ýëëèïòè÷åñêàÿ êðèïòîãðàôèÿ � ðàçäåë êðèïòîãðàôèè, êîòîðûé èçó÷àåò àñèììåòðè÷-

íûå êðèïòîñèñòåìû, îñíîâàííûå íà ýëëèïòè÷åñêèõ êðèâûõ íàä êîíå÷íûìè ïîëÿìè. Îñíîâ-

íîå ïðåèìóùåñòâî ýëëèïòè÷åñêîé êðèïòîãðàôèè çàêëþ÷àåòñÿ â òîì, ÷òî íà ñåãîäíÿøíèé

äåíü íå èçâåñòíî ñóùåñòâîâàíèå ñóáýêñïîíåíöèàëüíûõ àëãîðèòìîâ ðåøåíèÿ çàäà÷è äèñ-

êðåòíîãî ëîãàðèôìèðîâàíèÿ. Èñïîëüçîâàíèå ýëëèïòè÷åñêèõ êðèâûõ äëÿ ñîçäàíèÿ êðèï-

òîñèñòåì áûëî íåçàâèñèìî ïðåäëîæåíî Íèëîì Êîáëèöåì (àíãë.) è Âèêòîðîì Ìèëëåðîì

(àíãë.) â 1985 ãîäó. Îñîáûé èíòåðåñ ê êðèïòîãðàôèè ýëëèïòè÷åñêèõ êðèâûõ îáóñëîâëåí

òåìè ïðåèìóùåñòâàìè, êîòîðûå äàåò å¼ ïðèìåíåíèå â áåñïðîâîäíûõ êîììóíèêàöèÿõ - âû-

ñîêîå áûñòðîäåéñòâèå è íåáîëüøàÿ äëèíà êëþ÷à.[1] Àñèììåòðè÷íàÿ êðèïòîãðàôèÿ îñíî-

âàíà íà ñëîæíîñòè ðåøåíèÿ íåêîòîðûõ ìàòåìàòè÷åñêèõ çàäà÷. Ðàííèå êðèïòîñèñòåìû ñ

îòêðûòûì êëþ÷îì, òàêèå êàê àëãîðèòì RSA, êðèïòîñòîéêè áëàãîäàðÿ òîìó, ÷òî ñëîæíî

ðàçëîæèòü ñîñòàâíîå ÷èñëî íà ïðîñòûå ìíîæèòåëè. Ïðè èñïîëüçîâàíèè àëãîðèòìîâ íà

ýëëèïòè÷åñêèõ êðèâûõ ïîëàãàåòñÿ, ÷òî íå ñóùåñòâóåò ñóáýêñïîíåíöèàëüíûõ àëãîðèòìîâ

äëÿ ðåøåíèÿ çàäà÷è äèñêðåòíîãî ëîãàðèôìèðîâàíèÿ â ãðóïïàõ èõ òî÷åê.
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Àðèôìåòè÷åñêèå îïåðàöèè ñ òî÷êàìè íà ýëëèïòè÷åñêîé êðèâîé íå ýêâèâàëåíòíû ýòèì

àðèôìåòè÷åñêèì îïåðàöèÿì ñ èõ êîîðäèíàòàìè. Òî÷êè ýëëèïòè÷åñêîé êðèâîé íàä êîíå÷-

íûì ïîëåì ïðåäñòàâëÿþò ñîáîé ãðóïïó. Óìíîæåíèå ñâîäèòñÿ ê ìíîãîêðàòíûì óäâîåíèþ

è ñóììèðîâàíèþ[2].

Íàïðèìåð, G+G 6= 2G (ýòî ðàçíûå îïåðàöèè), 2G+ 2115G = 2115G + 2G (ñóììèðîâàíèå

êîììóòàòèâíî);

2G = 2 ·G; 4G = 2 · 2G; 8G = 2 · 4G; 16 ·G = 2 · 8G , è ò. ä. (äëÿ äâóõ îäèíàêîâûõ òî÷åê

- òîëüêî îïåðàöèÿ óäâîåíèÿ);

25 ·G; 25 = 11001 (in binary); 25 = 1 · 20 + 0 · 21 + 0 · 22 + 1 · 23 + 1 · 24 = 1 + 8 + 16; 25G =

16G+ 8G+G = 1 · (24)G+ 2 · (23)G+ 1 ·G (îïåðàöèÿ ñóììèðîâàíèÿ).

24G/3G = 24G · (3G−1modP ); 5G − 3G = 5G + (3G−1modP ); 3G−1modP - modular

multiplicative inverse.

Ïóñòü � ýëëèïòè÷åñêàÿ êðèâàÿ îïðåäåëåííàÿ íàä êîíå÷íûì ïîëåì Fq è � òî÷êà íà

áåñêîíå÷íîñòè[3]. Ðàññìîòðèì ýíäîìîðôèçì φ : −→ , óäîâëåòâîðÿþùèé ϕ(O) = O Ìû íà-

õîäèì ïðåäñòàâëåíèå kG = k1G+ k2φ(G), ÷òî ïîçâîëÿåò óëó÷øèòü àëãîðèòì äåøèôðîâêè.
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Ñ ïîìîùüþ ââåäåííûõ îïðåäåëåíèé éîíñîíîâñêèõ ìíîæåñòâ [1], ìû ñìîæåì ïåðåíåñòè

ìíîãî ñâîéñòâ äëÿ éîíñîíîâñêèõ òåîðèé íà ïðîèçâîëüíûå ïîäìíîæåñòâà ñåìàíòè÷åñêîé

ìîäåëè. Ìû ãîâîðèì, ÷òî äâà éîíñîíîâñêèõ ìíîæåñòâà (ýêâèâàëåíòíî ñåìàíòè÷åñêè, êà-

òåãîðè÷íû), ñîîòâåòñòâåííî, åñëè áóäóò (éîíñîíîâñêè ýêâèâàëåíòíî êîñåìàíòè÷íû, êàòå-

ãîðè÷íû, ñèíòàêñè÷åñêè ïîäîáíû, ñåìàíòè÷åñêè ïîäîáíû è ò.ä.) ìîäåëÿìè, êîòîðûå ïîëó-

÷àþòñÿ ïðè ñîîòâåòñòâóþùåì çàìûêàíèè ýòèõ ìíîæåñòâ.

Ðàññìîòðèì, íàïðèìåð, êîñåìàíòè÷íîñòü. Äâà éîíñîíîâñêèõ ìíîæåñòâà êîñåìàíòè÷íû,

åñëè îíè êîñåìàíòè÷íû, åñëè ñîîòâåòñòâóþùèå çàìûêàíèå, è ò. ä.

Ñàìûì èíâàðèàíòíûì ïîíÿòèåì ÿâëÿåòñÿ ñèíòàêñè÷åñêîå ïîäîáèå òåîðèé, ò.ê. îíî ñî-

õðàíÿåò âñå ñâîéñòâà ðàññìàòðèâàåìûõ òåîðèé.

Äëÿ ñëó÷àÿ éîíñîíîâñêèõ ìíîæåñòâ, ìû îïðåäåëèì ñèíòàêñè÷åñêîå ïîäîáèå ñëåäó-

þùèì îáðàçîì: Äâà (àëãåáðàè÷åñêèõ) éîíñîíîâñêèõ ìíîæåñòâà ñèíòàêñè÷åñêè ïîäîáíû

ìåæäó ñîáîé, åñëè ñèíòàêñè÷åñêè ïîäîáíû áóäóò ýëåìåíòàðíûå òåîðèè èõ ñîîòâåñòâóþ-

ùèõ çàìûêàíèé.

Åñëè ∀∃-ñëåäñòâèÿ ýòèõ ýëåìåíòàðíûõ òåîðèé áóäóò äàâàòü éîíñîíîâñêèå òåîðèè, òî â
ýòîì ñëó÷àå ìû ñìîæåì ðàññìîòðåòü èõ éîíñîíîâñêîå ñèíòàêñè÷åñêîå ïîäîáèå, ò.å., â ñèëó

èíâàðèàíòíîñòè ñåìàíòè÷åñêîé ìîäåëè íàøå îïðåäåëåíèå êîððåêòíî.

Íà îñíîâàíèè âûøåóêàçàííûõ îïðåäåëåíèé ìû ìîæåì ñôîðìóëèðîâàòü ñëåäóþùèå òåî-

ðåìû.

Òåîðåìà 1

Ïóñòü TMX1
è TMX2

ôðàãìåíòû ñîîòâåòñòâåííî éîíñîíîâñêèõ ìíîæåñòâ X1, X2, ñîâåð-

øåííîé âûïóêëîé ýêçèñòåíöèàëüíîé ïðîñòîé éîíñîíîâñêîé òåîðèè . Ïðè÷åì C1 ñåìàí-

òè÷åñêàÿ ìîäåëü TMX1
,C2 ñåìàíòè÷åñêàÿ ìîäåëü TMX2

. Òîãäà ýêâèâàëåíòíû ñëåäóþùèå

óñëîâèÿ:

1. C1 BCJC2;

2. C1 ≡J C2;

3. C1 =J C2.

Òåîðåìà 2
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ÏóñòüMX1 èMX2- ýêçèñòåíöèàëüíî çàìêíóòûå ïîäìîäåëè ñåìàíòè÷åñêîé ìîäåëè ñîâåð-

øåííîé âûïóêëîé ýêçèñòåíöèàëüíîé ïðîñòîé éîíñîíîâñêîé òåîðèè . X1, X2 -éîíñîíîâñêèå

ìíîæåñòâà â ýòîé òåîðèè . Òîãäà ýêâèâàëåíòíû ñëåäóþùèå óñëîâèÿ:

1. MX1 BCJMX2 ;

2. ∀∃(MX1)BCJ∀∃(MX2).

Âñå íåîïðåäåëåííûå â äàííîì òåçèñå ïîíÿòèÿ è, ñâÿçàííûå ñ íèìè, îïðåäåëåíèÿ ìîæíî

íàéòè â [1].
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We will discuss some properties of the normalized Ricci �ow equation

ġ = −2 Ricg +2n−1g(t)Sg, (1)

studied in [2�4] for one special class of Riemannian manifoldsMn called generalized Wallach

spaces (see [5] and references therein for de�nitions and details), where Ricg and Sg are the

Ricci tensor and the scalar curvature of the Riemannian metric g respectively. Consider the case

a1 = a2 = a3 := a ∈ (0, 1/2) of generalized Wallach spaces (in general they are characterized

by a triple (a1, a2, a3) ∈ (0, 1/2]3 of real parameters). The system (1) can be reduced to the

following system of ODE's observing that x1x2x3 ≡ 1 is its �rst integral (see [4] for details):

ẋ1 = x1x
−1
2 +x2x

2
1−2−2ax1

(
2x2

1−x2
2−x−2

1 x−2
2

)
, ẋ2 = x2x

−1
1 +x1x

2
2−2−2ax2

(
2x2

2−x2
1−x−2

1 x−2
2

)
,

(2)
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where xi > 0 are parameters of the metric g. Using the scale invariant variables w1 := x3
x1
and

w2 := x3
x2
we obtained in [3] the following more convenient system

ẇ1 = (w1 − 1)(w1 − 2aw1w2 − 2aw2), ẇ1 = (w2 − 1)(w2 − 2aw1w2 − 2aw1). (3)

Clearly there exists a homeomorphism (x1, x2) 7→ (w1, w2) :=
(
x−2

1 x−1
2 , x−1

1 x−2
2

)
, which provides

topological equivalence of phase portraits of the systems (2) and (3) for every �xed value of

the parameter a (see [2]). In the present talk we will discuss some results obtained in [1�3]: the

system (3) admits four non-degenerate singular points (Einstein metrics) at a ∈ (0, 1/2)\{1/4}:
three of them are saddles E1 := (q, 1), E2 := (1, q), E3 := (q−1, q−1), and one is an unstable node

E0 := (1, 1), where q := 2a(1 − 2a)−1; at a = 1/4 the system (3) has a unique singular point

E0 which is a degenerate saddle of the linearly zero type with six hyperbolic sectors around it.

The value a = 1/4 is also interesting from the point of view of algebraic geometry: the point

(1/4, 1/4, 1/4) is an elliptic umbilic (in the sense of Darboux) or a point of the type D−4 (in

the terminology of V. Arnold) of a speci�c surface Ω := {(a1, a2, a3) ∈ R3 | Q(a1, a2, a3) = 0}
introduced in [4] as a tool of studying degenerate singular points of (1) on generalized Wallach

spaces, where Q(a1, a2, a3) is a symmetric polynomial of degree 12 in the variables a1, a2, a3.

The structures of the sets (0, 1/2]3 ∩ Ω and (0, 1/2]3 \ Ω were studied in [1].
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Type p ∈ S(A), A ⊂M |= T is called to be de�nable, if for any formula ϕ(x̄, ȳ) there exists

formula ψϕ(ȳ, ā), ā ∈ A, called ϕ-de�nition of p, such that ∀b̄ ∈ A,

[ϕ(x̄, b̄) ∈ p⇔M |= ψϕ(b̄, ā)].

Let M ≺ N , we say that N is n-conservative extension if for any ᾱ ∈ N \M, l(ᾱ) = n,

tp(ᾱ/M) is de�nable and we denote it by M ≺n,c N . M ≺c N , N is conservative extension of

M, if M ≺n,c N, ∀n < ω.

Theorem. [S. Shelah [7]] Let T be a complete theory. T is stable i� for any A ⊆ M |= T ,

any type p ∈ S(A) is de�nable.

So, for any model M of a stable theory any elementary extension of M is conservative.

However, there exist non-stable theory with a model having only conservative elementary

extensions.

Theorem. [L. Van den Dries [2]] For ordered �eld of all real numbers R = 〈R; =, <

,+, ∗,−, 0, 1〉 any type over R is de�nable i.e. any elementary extension of R is conservative.

D. Marker and Ch. Steinhorn strengthened this result for the class of o-minimal theories

and as corollary obtained L. Van den Dries Theorem.

Theorem. [Marker-Steinhorn[3]; A. Pillay[4]] Let M ≺ N |= T , be a pair of models of

o-minimal theory. Then M ≺1,c N i� M ≺c N .

For the class of weakly o-minimal theories this property is not true.

Theorem. [B. Baizhanov [5]] There exists a weakly o-minimal theory having pair of models

such that: M ≺1,c N and M ⊀2,c N .

An analysis of proofs of the Marker-Steinhorn, Pillay and the nature of the counter-example

leads to the fact that the main role here is played by the interaction of di�erent types, which is

expressed through the concept of weak orthogonality of two types [Shelah, 1978]. Let p(x̄), q(ȳ)

be two types from S(A), A be a subset of a model of complete theory. Then p is weakly

orthogonal to q (p ⊥w q), if p(x̄ ∪ q(ȳ) is (l(x̄) + l(ȳ))-complete type.

Theorem 1. [Main theorem] Let M ≺ N |= T , T be a weakly o-minimal theory, ᾱ ∈
N \M . Then tp(ᾱ/M) is de�nable i� for any irrational one-type q ∈ S1(M) tp(ᾱ/M) ⊥w q, or
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equivalently, tp(ᾱ/M) is non-de�nable i� there exists irrational one-type q ∈ S1(M) such that

tp(ᾱ/M) 6⊥w q.
Theorem. [B. Baizhanov [3]] Let M be a model of a weakly o-minimal theory. Any expansion

of M by family of convex unary predicates has weakly o-minimal theory.

It follows from Theorem 1 and theorem of Baizhanov [3] on expansion by convex predicate

Corollary 1. (Analogue of Theorem of L.van den Dries for weakly o-minimal theory) Let

M be a model of weakly o-minimal theory. There is a weakly o-minimal expansion M+ of M

by family of convex unary predicate such that any elementary extension of M+ is conservative.

For any complete 1-type p ∈ S1(A) over set A of ordered complete theory there is a partial

subtype of pc ⊆ p containing only convex 1-formulas from p. Denote by S1,p the following set

{q ∈ S1(A) : qc = pc}. An ordered theory is called to be ordered stable in λ, if for any A

such that the cardinality of A is equal to λ, for any 1-type p ∈ S1(A) the cardinality of S1,p is

less or equal to λ. An ordered theory is ordered stable (o-stable) if it is stable in some λ. The

o-minimal, weakly o-minimal, quasi o-minimal theoris are o-stable and any o-stable theory has

not independent property [2].

Theorem. [Baizhanov-Verbovskiy [8]] Let T be an o-stable theory, p ∈ S1(A), A be an

de�nable set. Then p ∈ S1(A) is de�nable i� pc ∈ Sc1(A) is de�nable.

We don't know is it true for arbitrary non-de�nable A. For special case we have

Theorem 2. Let T be an o-stable theory M ≺ N |= T, ᾱ ∈ N \M such that tp(ᾱ/M) is

de�nable. Then for any p ∈ S(M ∪ ᾱ) the following is true: p is de�nable i� pc ∈ Sc1(M ∪ ᾱ) is

de�nable.

Corollary 2. Let T be an o-stable theory. Let M ≺ N |= T, ᾱ ∈ N \M then tp(ᾱ/M) is

non-de�nable i� there exists irrational one-type q ∈ S1(M) such that tp(ᾱ/M) 6⊥w q.
Theorem. [V.Verbovskiy [9] ] Let M be a model of o-stable theory, any expansion of M by

family of convex unary predicates has o-stable theory.

By Theorems 1,2 and Theorem of V.Verbovskiy we have

Corollary 3 [Analogue of Theorem of L. van den Dries for o-stable theory] Let M be a

model of o-stable theory. There is an o-stable expansion M+ of M by family of convex unary

predicate such that any elementary extension of M+ is conservative.

Corollary 4 [Corollary of proof of Main Theorem and Corollary 2] let M ≺ N |= T , be

a pair of models of o-stable theory. If for any 1-types from Sc1(A) the property non-weakly

orthogonality ( 6⊥w) coincide with non-almost orthogonality (6⊥a) then [M ≺1,c N ⇔M ≺c N ].

The coincidence of two notions (non-weakly and non-almost orthogonality)is true for o-

minimal theory and consequently, Theorem of Marker-Steinhorn-Pilay is corollary of Main

Theorem. Such coincidence is true for quasi o-minimal theory.

Corollary 5 [Analogue of Theorem of Marker-Steinhorn for quasi o-minimal theory]

Let M ≺ N |= T , be a pair of models of quasi o-minimal theory. Then M ≺1,c N i�

M ≺c N .
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In the report we consider small countable theories with an ∅-de�nable relation of linear

order.

A complete countable theory T is called small if |
⋃
n<ω Sn(T )| = ω, where Sn(T ) is the set

of all n-types over ∅. A complete countable theory T has a few number of countable models if

the number of countable non-isomorphic models I(T, ω) is less than 2ω.

We give a notion of a formula quasi-successor and consider the following theorem.

Theorem. Let N be a countable saturated model of a small theory T with an ∅-de�nable
relation of a linear order. Let A be a �nite subset of N , φ(x, y) be an A-de�nable quasi-successor

on a type p(x) ∈ S1(A). Then T has 2ω countable non-isomorphic models.

Let A be a subset of a countable saturated model N of a small linearly ordered theory T .

Denote by RA the set of all A-de�nable 1-formulas φ(x, ā), such that N |= ∃y(φ(N, ā) < y)}.
For formulas φ and ψ ∈ RA put

[φ <r ψ ⇐⇒ ψ(N)+ ⊂ φ(N)+];

[φ ∼r ψ ⇐⇒ φ(N)+ = ψ(N)+];

and denote φ/ ∼r:= {Θ ∈ RA|Θ ∼r φ}, RA/ ∼r:= {φ/ ∼r |φ ∈ RA}. And let LA be a set of

formulas φ(x, ā) with N |= ∃y(y < φ(N, ā)). Relations on this set are de�ned analogically to

the relations on RA.

Proposition. Let T be a small ordered theory, A be a �nite subset of a model of T . Then

〈RA/ ∼r;<r〉 and 〈LA/ ∼l;<l〉 do not contain dense intervals.
Let A be a �nite subset of a countable saturated modelN, andH(x) and Θ(x) be A-de�nable

1-formulas such that H(N) ⊂ Θ(N).

Denote EH,Θ(x, y) := H(x)∧H(y)∧ (x < y → ∀z((x < z < y∧Θ(z))→ H(z)))∧ (y < x→
∀z((y < z < x ∧Θ(z))→ H(z)). EH,Θ(x, y) is an A-de�nable relation of equivalence on H(N)

such that any EH,Θ-class is convex in Θ(N).

We say that an ordered theory T has the property of �niteness of discrete chains convex

equivalences (FDCCE) if for every two one-formulas H(x) and Θ(x) such that H(N) ⊂ Θ(N),

for any k (1 < k < ω) every discrete chain of convex EH,Θ-classes is �nite.

The following is a corollary of the �rst theorem.

Corollary. If T is a complete ordered theory with a few number of countable models then

T has the FDCCE property.

We say that the set of A-de�nable one-formulas C ⊂ F1(A) is a BH − algebra if it is closed
under the following logical operations: ∧,¬,∨, /ik (0 < i < k, 1 < k < ω).

Theorem. Let T be a small ordered theory with FDCCE, A be a �nite subset of a countable

saturated model N of the theory T . Then for every �nite set of A-de�nable one-formulas

{φ1(x), . . . , φn(x)}, n < ω the BH-algebra generated by this set is �nite.

Theorem. Let T be a small theory of a pure order. Then T is ω-categorical if and only if

T has FDCCE.
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Corollary. Let T be a non-ω-categorical small theory of a pure order. Then there is an

∅-de�nable 1-formula φ(x) such that for some elements α, β ∈ φ(N) (α < β), (α, β) ∩ φ(N) is

an in�nite discrete chain.

Corollary. Let T be a countable complete ordered theory in a language L and T0 ⊂ T be a

complete theory in a language L0 := {=, <} ⊂ L. If T0 is non-ω-categorical then I(T, ω) = 2ω.

Let p(x̄) be a type over some subset A ⊆ M of a model M of a theory T . An A-de�nable

formula ϕ(x̄, ȳ1, ȳ2, ..., ȳn, ā), ā ∈ A, is said to be p-n-preserving, if for any realizations β̄1, β̄2, ...,

β̄n of the type p, ϕ(x̄, β̄1, β̄2, ..., β̄n, ā) ` p(x̄). A p-n-preserving formula ϕ(x̄, ȳ1, ȳ2, ..., ȳn, ā) is

called nontrivial, if for any modelM′ |= T and any realizations β̄′i of the type p inM
′ (1 < i < n)

the set ϕ(M ′, β̄′1, β̄
′
2, ..., β̄

′
n, ā) contains at least one element other than β̄′1, β̄′2, ..., β̄′n.

Theorem. Let T be a countable complete theory, p(x̄) ∈ S(A) be a non-principal type over

a �nite subset A ⊆ N of a countable saturated model N |= T . If for any n < ω any A-de�nable

p-n-preserving formula ϕ(x̄, ȳ1, ȳ2, ..., ȳn, ā) is trivial, then I(T ∪ tp(ā/∅), ω) ≥ ω, where ā is a

tuple enumerating the set A.

Theorem. Let T be a small countable complete theory with a dense linear order without

endpoints. If there exists a �nite subset A of a countable saturated model M |= T and a

non-principal type q(x) ∈ S1(A), such that the set Scq = {p ∈ S1(A)|pc = qc} is in�nite, and
for any natural n, any A-de�nable q-n-preserving formula is trivial, then T has 2ω countable

non-isomorphic models.

For a model M |= T denote by D(M) the set of all complete types from S(T ) which are

realized in M. This set is called the �nite diagram of M.

Theorem. If there is a countable complete theory T with I(T, ω) = ω1, then there is a �nite

diagram D, such that D = D(Mi), Mi ∈Mod(T ), i < ω1, and all the Mi are non-homogeneous.
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We will show, that any expansion by unary predicate of model of theory satisfying condition

of triviality preserves stability

Set A is called de�nable, if there exists formula ϕ(x̄) of signature Σ, s.t. {b̄ ∈ M |M |=
ϕ(b̄)} = A, this set usually denoted as ϕ(M).

Consider a model M = 〈M,Σ〉. Then M+ = 〈M,Σ ∪ {P n}〉 is an expansion of model M.

P n /∈ Σ and there is no formula ϕ(x̄, ȳ) such that P n(M) = ϕ(M, ā) for any ā.

Definition. We say that theory T satis�es condition of triviality for algebraic closure if

next conditions holds:

1. For any model M , for any a1, a2, ...., an ∈ M : acl(a1, a2, ...., an) =
⊔
i=1

acl(ai), M =⊔
ai∈M

acl(ai).

2. For any model M , for any a, b ∈M : ∀a, b(a ∈ acl(b)↔ b ∈ acl(a)).
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3. For any element a, acl(a) de�nes model.

Theorem 1. Let T be a stable theory. Then any unary predicate expansion is stable i� T

satisfy condition of triviality.
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EXCHANGE PRINCIPLE AND MORLEY RANK

SAYAN BAIZHANOV1,a, AKNUR MUKANKYZY2,b

Institute of Mathematics and Mathematical Modeling, Almaty, 050010, Kazakhstan

E-mail: asayan-5225@mail.ru, bamukankyzy@gmail.com

dp-minimal theories covers wide area of NIP theories, including o-minimal and strongly

minimal theories. Exchange principle holds on both of them, the question on if the exchange

lemma holds on dp-minimal theory in general naturally occurs.

De�nition 1.We say that sequences (a1
i )i<ω, (a

2
i )i<ω, (a

3
i )i<ω are mutually indiscernible over

A if each (aki )i<ω is indiscernible over A ∪ {(a
j
i )i<ω : j 6= k}

De�nition 2. A theory has dp-rank ≥ n, if there are formulas

ϕ1(x, y), ϕ2(x, y), ..., ϕn(x, y) and mutually indescernible sequences

(a1
i )i<ω, (a

2
i )i<ω, ..., (a

n
i )i<ω, such that for any function σ : {1, ..., n} → ω the type

{ϕk(x, akσ(k)) : k ≤ n} ∪ {¬ϕk(x, aki ) : i 6= σ(k), k ≤ n}

is consistent

Theory is said to be dp-minimal if it has dp-rank equal to 1.

Exchange principle. We say, that for a theory T exchange principle for algebraic closure

holds if for any modelM of T for anyX ⊂M a, b ∈ X (a ∈ acl(b)\acl(X)↔ b ∈ acl(a)\acl(X))

Proposition: There is a complete theory T, such that it is dp-minimal and exchange

principle fails.

The authors were supported by the grant no. 5125/GF4 of the Ministry of Education and Science of Republic
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De�nition 3. Suppose that M is an L-structure and ϕ(v̄) is an LM -formula. We will de�ne

RMM(ϕ) the Morley rank of ϕ in M. First, we inductively de�ne RMM(ϕ) ≥ α for α an ordinal:

i) RMM(ϕ) ≥ 0 if and only if ϕ(M) is non empty;

ii) if α is limit ordinal, then RMM(ϕ) ≥ α if and only if RMM(ϕ) ≥ β, for all β < α;

iii) for any ordinal α, RMM(ϕ) ≥ α+1 if and only if there are LM -formulas ψ1(v̄), ψ2(v̄), . . .,

such that ψ1(M), ψ2(M), . . . is an in�nite family of pairwise disjoint subsets of ϕ(M) and

RMM(ψi) ≥ α for all i.

Theorem. On the type of the �nite Morley rank holds exchange principle.
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The Jacobsthal and Jacobsthal�Lucas sequences {Jn}n≥0 and {jn}n≥0 are de�ned by the

recurrence relations Jn+1 = Jn + 2Jn−1, J0 = 0, J1 = 1, and jn+1 = jn + 2jn−1, j0 = 2,

j1 = 1, for n ≥ 1. The numbers Jn appear as the integer sequence A001045 from [6] while the

numbers jn is A014551. Jacobsthal and Jacobsthal�Lucas sequences have a rich history and

many remarkable properties (see [1�5] for more details).
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Theorem 1. Let n ≥ 1, except when noted otherwise. The following formulas hold:∑
(t1,...,tn)

(−1)Tpn(t)J t10 J
t2
1 · · · J tnn−1 = −Fn−1,

∑
(t1,...,tn)

pn(t)J t10 J
t2
1 · · · J tnn−1 =

√
13

13

(1 +
√

13

2

)n−1

−

(
1−
√

13

2

)n−1
,

∑
(t1,...,tn)

(−1)Tpn(t)J t10 J
t2
2 · · · J tn2n−2 =

√
5

5

(5−
√

5

2

)n−1

−

(
5 +
√

5

2

)n−1
,

∑
(t1,...,tn)

pn(t)J t10 J
t2
2 · · · J tn2n−2 =

√
13

13

(5 +
√

13

2

)n−1

−

(
5−
√

13

2

)n−1
,

∑
(t1,...,tn)

(−1)Tpn(t)J t11 J
t2
2 · · · J tnn =

(
(−1)n − 1

)
· 2

n−3
2 ,

∑
(t1,...,tn)

pn(t)J t11 J
t2
2 · · · J tnn =

√
3

6

(
(1 +

√
3)n − (1−

√
3)n
)
,

∑
(t1,...,tn)

(−1)Tpn(t)J t11 J
t2
3 · · · J tn2n−1 = −1

2

(
(2 +

√
2)n−1 + (2−

√
2)n−1

)
,

∑
(t1,...,tn)

pn(t)J t11 J
t2
3 · · · J tn2n−1 =

1

6

(
(3 +

√
3)n + (3−

√
3)n
)
,

∑
(t1,...,tn)

(−1)Tpn(t)J t12 J
t2
3 · · · J tnn+1 = 0, n ≥ 3,

∑
(t1,...,tn)

pn(t)J t12 J
t2
3 · · · J tnn+1 = 2n−1Fn+1, n ≥ 3,

∑
(t1,...,tn)

(−1)Tpn(t)J t12 J
t2
4 · · · J tn2n = −2n−1n,

∑
(t1,...,tn)

pn(t)J t12 J
t2
4 · · · J tn2n =

√
5

10

(
(3 +

√
5)n − (3−

√
5)n
)
,

∑
(t1,...,tn)

(−1)Tpn(t)J t13 J
t2
4 · · · J tnn+2 = (−2)n, n ≥ 2,

∑
(t1,...,tn)

(−1)Tpn(t)J t13 J
t2
5 · · · J tn2n+1 = −2n−1, n ≥ 2,

∑
(t1,...,tn)

pn(t)J t13 J
t2
5 · · · J tn2n+1 =

1

16

(
(4 +

√
8)n+1 + (4−

√
8)n+1

)
,

∑
(t1,...,tn)

(−1)Tpn(t)J t14 J
t2
5 · · · J tnn+3 = −(−2)n−1(2n+ 3),

∑
(t1,...,tn)

(−1)Tpn(t)J t14 J
t2
6 · · · J tn2n+2 = 0, n ≥ 3,
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where the summation is over integers ti ≥ 0 satisfying t1 +2t2 + · · ·+ntn = n, T = t1 + · · ·+ tn,

pn(t) = (t1+···+tn)!
t1!···tn!

is multinomial coe�cient, and Fn is the n-th Fibonacci number (sequence

A000045 in [6]).

Theorem 2. Let n ≥ 1, except when noted otherwise. The following formulas hold:∑
(t1,...,tn)

(−1)Tpn(t)jt10 j
t2
1 · · · jtnn−1 =

√
13− 11

6
√

13

(√
13− 1

2

)n

+

√
13 + 11

6
√

13

(
−
√

13− 1

2

)n

,

∑
(t1,...,tn)

pn(t)jt10 j
t2
1 · · · jtnn−1 =

7
√

13− 13

26

(
3 +
√

13

2

)n

− 7
√

13 + 13

26

(
3−
√

13

2

)n

,

∑
(t1,...,tn)

(−1)Tpn(t)jt10 j
t2
2 · · · jtnn−2 =

19
√

13 + 65

26

(√
13− 3

2

)n

− 19
√

13− 65

26

(
−
√

13− 3

2

)n

,

∑
(t1,...,tn)

(−1)Tpn(t)jt11 j
t2
2 · · · jtnn = (−1)b

3n
2 c· (4 +

√
2)(
√

2)n + (4−
√

2)(−
√

2)n

4
,

∑
(t1,...,tn)

(−1)Tpn(t)jt11 j
t2
3 · · · jtn2n−1 = 9(−1)b

4n−1
2 c·

(
(2− i

√
2)n−3 + (2 + i

√
2)n−3

)
,

∑
(t1,...,tn)

(−1)Tpn(t)jt12 j
t2
3 · · · jtnn+1 =

9(−4)n

8
, n ≥ 2,

∑
(t1,...,tn)

pn(t)jt12 j
t2
4 · · · jtn2n = 2n−2

(
(−1)n9− 1

)
,

∑
(t1,...,tn)

(−1)Tpn(t)jt13 j
t2
5 · · · jtn2n+1 = −9(−2)n−1, n ≥ 2,

where the summation is over integers ti ≥ 0 satisfying t1 +2t2 + · · ·+ntn = n, T = t1 + · · ·+ tn,

pn(t) = (t1+···+tn)!
t1!···tn!

, i =
√
−1, and bαc is the �oor of α.
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UNIVERSAL ENVELOPING BICOMMUTATIVE ALGEBRAS
FOR METABELIAN LIE ALGEBRAS

ASKAR DZHUMADIL'DAEVa, KAISAR TULENBAEVb, NURLAN ISMAILOVc

Institute of Mathematics and Mathematical Modeling, Pushkin street, 125, Almaty, 050100,

Kazakhstan

E-mail: ctulen75@@hotmail.com

We establish Poincare-Birkho�-Witt theorem (PBW theorem) for metabelian Lie algebras

and Bicommutative algebras.

Let A = (A, ◦) be an algebra over �eld with characteristic p ≥ 0 and A× A→ A, (a, b) 7→
a ◦ b, is product. An algebra (A, ◦) is called Bicommutative, if

(a ◦ b) ◦ c = (a ◦ c) ◦ b(RCom)

a ◦ (b ◦ c) = b ◦ (a ◦ c)(LCom)

for any a, b, c ∈ A. We mention that bicommutative algebra over new commutator operation

[a, b] = a ◦ b− b ◦ a satis�es the following three equations:

1.[a, b] = −[b, a]

2.[[a, b], c] + [[b, c], a] + [[c, a], b] = 0

3.[[a, b], [c, d]] = 0.

It means bicommutative algebra over new commutator operation is Lie metabelian algebra.

Let us remain that an algebra A is called We use description of linear basis of algebras

metabelian Lie algebras. Let F = F < a1, · · · , ar > be free Lie metabelian algebra generating

on free variables a1, · · · , ar. Then linear basis of F will be the following right-normed products

[[[ai1 , ai2 ], ai3 ], · · · , aik ] where i1 > i2 ≤ i3 ≤ ik

This research is �nancially supported by grants from the Ministry of Science and Education of the Republic

of Kazakhstan under the grant number 4075/GF4.
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Also we give description of basis of Bicommutative algebra in terms of Young diagrams

of special type, which we call hooks. In Novikov algebras and in bicommutative algebras base

elements can be formed by elements that are right-bracketed products of left-bracketed elements.

To denote such products we will use special notation hook. We write them as a sequence of

rows put down each other. Rows corresponds to left-bracketed elements and columns to right-

bracketed elements. Priority is given for rows. For example,

a(b(cd)) =

c d

b

a

,

((ab)c)d = a b c d

((ab)c)(((xy)z)(((de)f)g)) =

d e f g

x y z

a b c

So, left-bracketed element ((a1a2) · · · )an we write as a row

a1 a2 · · · an ,

right-bracketed element a1(· · · (an−1an) · · · ) as a column

an−1 an
...

a1

,

and the following hook

L(a1, . . . , ak; b1, . . . , bl) =

ak b1 · · · bl

ak−1

...

a1

will denote the element a1(· · · (ak−1

(
(· · · (akb1) · · · )bl

)
) · · · ). For example,

L(a1; b1) = a1b1,

L(a1; b1, . . . , bl) = (· · · ((a1b1)b2) · · · )bl = L(L(a1; b1 . . . , bl−1); bl),

L(a1, . . . , ak; b1) = a1(· · · (ak−1(akb1)) · · · ) = L(a1;L(a2, . . . , ak; b1)).

Below notation of a form a
rel
= b will mean that a = b because of relation "rel".

Also we use another representation of hook as a pair (X,Y) Let us introduce order on

bicommutative monomials. Degree of (X,Y) is equal to sum of degree X and degree Y. We say

Institute of Mathematics and Mathematical Modeling, Almaty, August 22�25, 2017



66 Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àêòóàëüíûå ïðîáëåìû ÷èñòîé è ïðèêëàäíîé ìàòåìà-
òèêè¿, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Òàéìàíîâà Àñàíà Äàáñîâè÷à

that Z = (X, Y ) < Z1 = (X1, Y1) if degZ < degZ1. When degZ = degZ1 we will compare Y

and Y1 as monomials in associative and commutative algebra with deg-lex order.

Theorem 1. Let F = F < a1, · · · , ar > be free Lie metabelian algebra and B = B <

x1, · · · , xr > be free Bicommutative then mapping φ : F → B expanding from generating

elements φ(ai) = xi is injective homomorphism.

Proof. Let F = F < a1, · · · , ar > be free Lie metabelian algebra generating on free

variables a1, · · · , ar. Then linear basis of F will be the following right-normed products

[[[ai1 , ai2 ], ai3 ], · · · , aik ] where i1 > i2 ≤ i3 ≤ ik If we consider free Bicommutative algebra

B = B < x1, · · · , xr > over new commutator operation and mapping φ, extending by values

on generators φ(ai) = xi. It is possible to do because F is free metabelian and algebra (B,[,])

is metabelian. Let us consider homogeneous element of Bicommutative algebra b to be linear

combination of right-normed products [[[xi1 , xi2 ], xi3 ], · · · , xik ] where i1 > i2 ≤ i3 ≤ ik. Let us

check that b 6= 0. We choose i1 to be maximum and among such i2 to be minimum. We will

open commutators using order on bicommutative monomials

[[[xi1 , xi2 ], xi3 ], · · · , xik ] =

= (((xi1 ◦ xi2) ◦ xi3) · · · ) ◦ xik−

−(((xi2 ◦ xi1) ◦ xi3) · · · ) ◦ xik + y

, where y has order smaller then b Element x = (((xi1 ◦xi2)◦xi3) · · · )◦xik can not be deleted by
another element t = (((xj1◦xj2)◦xj3) · · · )◦xjk or an element s = (((xj2◦xj1)◦xj3) · · · )◦xjk ,where
j1 > j2 ≤ j3 ≤ jk. Because i1 is maximum then j1 = i1, so s 6= x because j2 < j1. Also x 6= t,

because i2 is minimum and i2 ≤ i3 ≤ ik. Therefore jp = ip for p ≥ 2. Q. E. D.

Let I be an ideal of free metabelian Lie algebra F. Denote < φ(I) > an ideal of Bicommutative

algebra B, generated by φ(I). Also we �nd that the following lemma is true.

Lemma 1. φ(I) =< φ(I) > ∩φ(F ).

Proof. Let F = F < a1, · · · , ar > be free Lie metabelian algebra generating on free

variables a1, · · · , ar. Then linear basis of F will be the following right-normed products

[[[ai1 , ai2 ], ai3 ], · · · , aik ] where i1 > i2 ≤ i3 ≤ ik. It is easy to see that φ(I) ⊆< φ(I) > ∩φ(F ).

Let us check that phi(I) ⊇< φ(I) > ∩φ(F ). Suppose element u ∈ φ(I) =< φ(I) > ∩φ(F ). So

because u ∈ φ(F ), we can write u =
∑
λ · [[[xi1 , xi2 ], xi3 ], · · · , xik ]

We choose i1 to be maximum and among such i2 to be minimum. We will open commutators

using order on bicommutative monomials

[[[xi1 , xi2 ], xi3 ], · · · , xik ] =

= (((xi1 ◦ xi2) ◦ xi3) · · · ) ◦ xik−

−(((xi2 ◦ xi1) ◦ xi3) · · · ) ◦ xik + y
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, where y has order smaller then b On other hand u ∈< φ(I) >, so u = u =
∑
µ ·

a ◦ ([[[xj1 , xj2 ], xj3 ], · · · , xjs ] ◦ b) +
∑
γ · (c ◦ ([[[xp1 , xp2 ], xp3 ], · · · , xpt ]) ◦ d Using properties

of bicommutative algebras any product a ◦ ([[[xj1 , xj2 ], xj3 ], · · · , xjs ] ◦ b) we can represent as

product circ xn1 ◦ (xn2 ◦ (· · · (◦(xnw ◦ ((((([[[xj1 , xj2 ], xj3 ], · · · , xjs ]) ◦ xm1) ◦ xm2) · · · ) ◦ xmv)))))
Using order on bicommutative monomials, we obtain that nw = 0 (have no multiplication from

left) and i1 = j1 and ordered set j2, j3, · · · , js,m1,m2, cdots,mv coincides with ordered set

i2, i3, · · · , ik. Let us consider element v = u − λ · [[[xi1 , xi2 ], xi3 ], · · · , xik ] v has smaller order

then u and v ∈ φ(F )∩ < φ(I) > Using induction on order of v, we have v ∈ φ(I). Therefore

u = v + λ · [[[xi1 , xi2 ], xi3 ], · · · , xik ] is also element of φ(I)

As consequence of this Lemma 1, we prove

Theorem 2. Any metabelian Lie algebra L is subalgebra of (B,[,])for some bicommutative

algebra B.

Proof.We can represent any metabelian Lie algebra L as factor-algebra of free metabelian Lie

algebra F<A> on some alphabet A by an ideal I. By Theorem 1 injective homomorphism φ

from F<A> to B<X> exists, where alphabet X is corresponding to alphabet A. By Lemma 1

φ(I) =< φ(I) > ∩φ(F ). Let us check that φ can be extended from F<X> to homomorphism

from F<X>/I to B<X>/< φ(I) >. We remain that φ(ai) = xi. Let us attach left adjacent

class ai + I to left adjacent class xi+ < φ(I) >. We check that ψ, given on generators by

ψ(ai + I) = xi+ < φ(I) >, is injective. Suppose ψ(f) = 0 then φ(f) ∈< φ(I) >. By Lemma 1

we have f ∈ I.
Given construction of Bicommutative give us universal enveloping Bicommutative for

metabelian Lie algebra. Now we can prove analog of Poincare-Birkho�-Witt theorem (PBW

theorem) for metabelian Lie algebras and Bicommutative algebras.

Theorem 3.Let X = {x1, · · · , xn, · · · } be linearly independent set, generating (as algebra)

metabelian Lie algebra L then there exists universal enveloping Bicommutative algebra B

with the same generating as Bicommutative algebra set X, such that for any homomorphism

τ : L → D, where D is Bicommutative algebra with commutator operation [,] exists only one

homomorphism θ : B → D as Bicommutative algebras and τ = θ ◦ φ.
Proof.We can represent our metabelian Lie algebra L as factor-algebra of free metabelian Lie

algebra F < X > on our generating set X by an ideal I. By Theorem 2 L = F < X > /I is

injectively enveloped into B = B < X > / < φ(I) > . Suppose for us given homomorphism

τ : L → D, so we can de�ne θ : B → D as homomorphism of Bicommutative algebras

by expanding θ(x) = τ(x) for every x ∈ X. It is easy to see that τ(x) = θ ◦ φ(x). Let us

check universal property of bicommutative algebra B. Suppose exists bicommutative algebra

U with the same property of enveloping of metabelian Lie algebra L. It means that exists

homomorphism as Lie algebras ψ : L → U such that elements of ψ(L) generates U as

bicommutative algebra and for any homomorphism τ : L → D, where D is Bicommutative

algebra with commutator operation [,] exists only one homomorphism δ : U → D as
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Bicommutative algebras and τ = δ ◦ ψ
. Let us take U instead of D. Therefore we have the following identities ψ =

Theorem 4. Let θ : L1 → L2 is homomorphism of metabelian Lie algebras.
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The standard questions in algebra for an adjoint class of a variety via commutator or anti-

commutator products are to determine whether the class is a variety and determine a set of

special identities for the class. For some varieties these questions are solved or partially solved

and for some varieties are still open. In this work we consider these questions for variety of

Leibniz algebras.

An algebra with identity

(ab)c = a(bc)− b(ac)

is called (left)-Leibniz algebra. Let Leibniz be the variety of Leibniz algebras and Leib(X) be a

free Leibniz algebra generated on X. De�ne Leibniz(+) and Leibniz(−) as the classes of algebras

de�ned by anti-commutator {x, y} = xy + yx and commutator [x, y] = xy − yx, respectively
on the space A ∈ Leibniz. Algebras of the class Leibniz(+) are called special Leibniz-Jordan

and algebras of the class Leibniz(−) are called special Leibniz-Lie. In [1] it was proved that

any Leibniz-Jordan is commutative and metabelian, and there is no other special identity for

Leibniz(+). In [2] there were studied special identities for Leibniz(−) up to degree 5.

Let X = {x1, . . . , xn} be a set. Let K be a �eld whose charactersitic is not equal to 2.

By SLJ(X) and SLL(X) denote the free special Leibniz-Jordan and Leibniz-Lie algebras

respectively on X.
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Main result of our work are the following theorems.

Theorem 1. Any homomorphic image of SLJ(X) is special.

Theorem 2. The algebra SLL(x1, x2) has a homomorphic image that is exceptional.

Corollary 3. The class of all special Leibniz-Jordan algebras is a variety.

Corollary 4. The class of all special Leibniz-Lie algebras is a not a variety.

Let us consider the polynomial

f(x1, . . . , xn) =

[[[. . . [J(x1, x2, x3), x4], . . .], xn−2], [xn−1, xn]]+

2J([[. . . [J(x1, x2, x3), x4], . . .], xn−2], xn−1, xn)

where

J(x, y, z) = [[x, y], z] + [[y, z], x] + [[z, x], y]

is Jacobian of elements x, y, z.

Theorem 5. Let A be a Leibniz algebra. Then f(a1, . . . , an) = 0 in A for any n > 4 and

a1, . . . , an ∈ A. Moreover, f(a1, . . . , an) = 0 is the unique special identity for Leibniz(−) up to

n=8.
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The energy functional for Lagrangian tori in CP 2 was introduced in [1]. It is de�ned as

the integral of the potential of the associated 2D Schr�odinger operator. For a Lagrangian torus

Σ ⊂ CP 2 it equals

E(Σ) =

∫
Σ

dσ +
1

8

∫
Σ

|H|2dσ,

where dσ is the induced area element andH is the mean curvature vector. The energy conjecture

[1] states that the Cli�ord torus ΣCl ⊂ CP 2 is the unique (up to ambient isometries) global

minimum of the energy functional. A certain family ΣM of Hamiltonian-minimal Lagrangian

tori in CP 2 has been constructed in [3]. We prove the energy conjecture for this family of tori.

Theorem. The following inequality holds

E(ΣM) > E(ΣCl).
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De�nition.[1] A formula ϕ(x, y) has the order property(OP) if there are (ai)i < ω and

(bi)i < ω such that |= ϕ(ai, bj)⇔ i < j.

De�nition.[1] A formula ϕ(x, y) has the strict order property(SOP) if there are (ai)i < ω

such that |= ∃x(ϕ(x, aj)) ∧ ¬ϕ(x, ai)⇔ i < j.

De�nition.[1] A formula ϕ(x, y) as the independence property (IP) if there are (ai)i < ω

and (bI)I ⊆ ω such that |= ϕ(ai, bI)⇔ i ⊆ I.

S.Shelah proved [2] that theory T is stable if and only if T has not order property(OP) and

T has OP if and only if T has strictly OP or IP.

Notice,that T has strictly order property if and only if there is de�nable partial order with

in�nite chain.

To prove the following theorem, we use theorem about linear order.[2]

Theorem. Let T be a small countable theory. Suppose there is a formula ϕ(x̄, ȳ, c̄), which

determines a partial order and for any n < ω there exists a discrete chain ϕ(x̄, ȳ, c̄) of a length

at least n. Then the number of non-isomorphic countable models of T is equal to 2ω.
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One of the known problems in universal algebras and lattice theory is the question, which

lattices are isomorphic to quasivariety lattices; nowadays it is called the Birkho�-Maltsev

problem and is of a big interest [1, 2].

We explore the complexity of structure of (relative) quasivariety lattices for di�erent classes

of algebraic structures of a �xed signature. This paper considers two complexity measures of

the structure of quasivariety lattices: Q-universality (after M.V. Sapir) and non-computability

of the set of �nite sublattices of the quasivariety lattice (the Nurakunov non-computability

property or unreasonability after K. Herrmann).

The concept of a Q-universality was introduced by M.V. Sapir in 1985 in the paper [3] and

re�ects the complexity degree of the structure of quasivariety lattices. After M.V. Sapir [3],

a quasivariety K is Q-universal if, for any quasivariety R of a �nite signature, a quasivariety

lattice Lq(R) is a homomorphic image of some sublattice of the quasivariety lattice Lq(K).

Now it is known a lot of Q-universal classes of algebraic structures, see the papers [1�8].

The concept of unreasonability was introduced by K. Herrmann in 2007 and was developed

in the papers of A.M. Nurakunov. We say that a quasivariety lattice Lq(K) for the class K

of algebraic structures of a �xed signature has the Nurakunov non-computability property if

the set of all �nite sublattices of the quasivariety lattice Lq(K) is not computable, t.i. there is

no algorithm which would determine, for a given �nite lattice, this lattice is embeddable into

the considered quasivariety lattice Lq(K) or not. In this case we also say that the class K has

the Nurakunov non-computability property. The �rst examples of unreasonable quasivarieties

(namely, the quasivariety of unary algebras, the quasivariety of pointed Abelian groups) were

found by A.M. Nurakunov in the papers [6, 9]. Unreasonable classes of algebraic structures

were also built in the paper [8].

In the paper [8] it was proved that the class K of all algebraic structures of a �xed signature

is Q-universal if and only if it contains an unreasonable subclass, i.e. such that the set of all �nite

sublattices of its quasivariety latice is not computable. In this regard, it is arisen the following

problem [7, 8]. Does any Q-universal class K of algebraic structures of a �xed signature contain

an unreasonable subclass? Is there an unreasonable class of algebraic structures which is not

Q-universal? A positive answer to the �rst question was given by M.V. Schwidefsky for almost

all the known Q-universal quasivarieties [7]. The author gives a positive answer to the second

question. The main result of this paper states that, for many particular classes K of algebraic

structures of a �xed signature (namely, for classes which are AD-classes), there are continuum

many subclasses K′ ⊂ K which have the Nurakunov non-computability property but which are
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not Q-universal, see theorems 2 and 3. We note that the de�nition of AD-class can be found in

the paper [10]. The result of theorems 2 and 3 is due to the fact that we have found a non-trivial

identity T3 holding in quasivariety lattices for the considered subclasses of algebraic structures,

see theorem 1 and corollary 1.

Theorem 1. A non-trivial lattice-theoretical identity T3 is held in lattice of Sub(Kn), for

any n ∈ ω \ {0, 1, 2}.
Corollary 1. A non-trivial identity T3 is held in lattice of

∏
n∈N Sub(Kn), for arbitrary

N ⊆ ω \ {0, 1, 2}.
We note that Kn, n ∈ ω \ {0, 1, 2}, is a �nite lower semilattice of type �crown�; Sub(Kn) is

a lattice of lower subsemilattices of Kn.
Theorem 2. If a class K of algebraic structures of �nite signature is an AD-class then

it contains continuum many proper subclasses K′ ⊂ K which have the Nurakunov non-

computability property but which are not Q-universal.

Theorem 3. For the following classes K of algebraic structures of a �xed signature there

are continuum many subclassesK′ ⊂ K which have the Nurakunov non-computability property

but which are nevertheless not Q-universal:

1. the variety of all unary algebras;

2. the variety of all pointed Abelian groups;

3. the quasivariety of all [directed] graphs;

4. the variety of all di�erential groupoids;

5. the variety of all commutative rings with unit;

6. the ��nite-to-�nite� universal quasivarieties;

7. the variety of MV-algebras;

8. the variety of Cantor algebras;

9. the variety of modular (0,1)-lattices

10. the Sapir quasivariety which is generated by a single semigroup.

In case (1) the classes K′ can be chosen as quasivarieties.

Theorem 2 can be applied to almost all known Q-universal quasivarieties. It follows from

theorem 2 that almost all the Q-universal classes of algebraic structures of a �xed signature

contain continuum many proper subclasses which are not Q-universal. Only the most well-

known of AD-classes are listed in theorem 3. The result of theorem 3 holds for many other

classes of algebraic structures.

The results obtained are of a theoretical nature and can be applied in further research in

the �eld of universal algebra and lattice theory.
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Shalev and Zelmanov studied [2] Lie algebras of GK-dimension 1. They introduced a special

class of graded two-generated Lie algebras with the slowest possible growth (dimV n = n+1),

the so-called Lie algebras of maximal class.

A pro-nilpotent Lie algebra g is called naturally graded if it is isomorphic to grCg, its

associated graded Lie algebra with respect to the �ltration by ideals Cig of its lower central

series.

Pro-nilpotent naturally graded Lie algebras g = ⊕i∈Ngi satisfying

dim gi + dim gi+1 ≤ 3, i ∈ N,

were classi�ed in [1]. Graded Lie algebras of maximal class obviously satisfy this estimate,

however there are other examples of Lie algebras growing a bit faster than Lie algebras of

maximal class. Some of these examples are related the theory of characteristic Lie rings of the

Klein-Gordon equation uxy = f(u) [3]. We relate these examples to the general classi�cation

obtained in [1].
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An algebraic structure A is said to be �nitely subdirectly reducible if A is not �nitely

subdirectly irreducible. We show that for any signature providing only �nite many relation

symbols, the class of �nitely subdirectly reducible algebraic structures is closed with respect

to the formation of ultraproducts. We provide some corollaries and examples for axiomatizable

classes that are closed with respect to the formation of �nite subdirect products, in particular,

for varieties and quasivarieties.
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We consider a series of derivative structures used for a classi�cation of structures and their

elementary theories:

• Rudin�Keisler preorders and distribution functions for limit models of a given theory,

producing spectra of countable models [1, 2, 3, 4, 5];

• Algebras for distributions of formulas over families of types [2, 6, 7, 8, 9, 10];
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• Hypergraphs of models of a theory [2, 11, 12, 13];

• Generic classes and their limits [2, 14, 15, 16, 17, 18];

• Topologies, closures, generating sets and e-spectra for families of theories with respect to
E-operators and P -operators [2, 19, 20, 21, 22, 23, 24].

In these directions, a survey of recent and new results is proposed.

In particular, based on [26, 2], the following theorems for hypergraphs Hp(A), Hm(A),H(A)

of respectively, prime, minimal, prime minimal submodels of Abelian groups A hold.

Theorem 1. For any Abelian group A exactly one of the following conditions is satis�ed:

1) Hp(A) = ∅; 2) |Hp(A)| = 1 (with �nite Szmielew invariants αp,n, βp, γp [25] besides that

ones for which |{n | αp,n 6= 0}| = ω, as well as with |Hp(A/T (A))| = 1 for the periodic part

T (A) of A, and with at most one group Q obtained from A as direct summand forming a prime

model A′ � A); 3) |Hp(A)| ≥ ω; here the presence of in�nite invariant αp,n, or in�nite βp, or

in�nite γp besides that ones for which |{n | αp,n 6= 0}| = ω, or the group Q(ω), obtained from

A as direct summand, with Q in a prime model A′ � A, implies |Hp(A)| ≥ 2ω; if A has λ ≥ ω

copies of the group Q, forming the direct sum, then |Hp(A)| = 2λ.

Theorem 2. For any Abelian group A or the form

⊕p,nZ(αp,n)
pn ⊕⊕pZ(βp)

p∞ ⊕⊕pR(γp)
p ⊕Q(ε), ε ∈ {0, 1}, (1.1)

exactly one of the following conditions is satis�ed: 1) Hm(A) = ∅; 2) |Hm(A)| = 1 (with �nite

Szmielew invariants αp,n, βp, γp besides that ones for which |{n | αp,n 6= 0}| = ω, as well as

with |Hm(A/T (A))| = 1). Allowing to vary ε in the Abelian group A of the form (1.1) we

have |Hm(A)| ≥ ω for ε ≥ 2, βp = γp = 0 with any p and �nite |{〈p, n〉 | αp,n 6= 0}| < ω. If

additionally ε ≥ ω then |Hm(A)| ≥ 2ω.

Theorem 3. For any Abelian group A the following conditions are equivalent: 1) H(A) 6= ∅;
2) all Szmielew invariants for A are �nite and some of the following conditions is satis�ed: a)

A ≡ T (A); b) the reduced part of T (A) is bounded and H(A/T (A)) 6= ∅, i. e., there is a �nite
set P0 of prime numbers and λ ∈ ω such that γp (A/T (A)) = λ for p ∈ P0 and γp (A/T (A)) = 0

for p /∈ P0.
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TRANSFORMATION AND INDEX SET OF ITS
PRESENTATIONS

J.A. TUSSUPOV

Eurasian National University, Astana, Kazakhstan

E-mail: tussupov@mail.ru

Îïð å ä å ë å í è å. Structure A0 of signature σ0 is called a transformation of a structure

A of signature σ =< P1, ..., Pk > where predicates Pi of mi - arity, 1 < i < k if

structure A0 constructed from the structure A by some algorithm and exist formulas ϕ0((x, y),

ϕ1(x, y0), y1),...,θi(x, y0), y1, ..., y(mi), x = (x1, ..., xn), y = (y1, ..., ym), yi = (y(1)i, ..., yim), 1 ≤
i ≤ k, of signature σ0, parameters c1, ..., cn from A0 and the following conditions hold:

(1) B = b : b ∈ |Am0 , A0| = ϕ0(c, b;

(2) the formula ϕ1(x, (y0), (y1)), de�nes a congruence η on the structure B =
〈
B,Q

(
imi)

〉
where

predicates Q(
imi) correspond to formulas θi(x, y0), y1, ..., y(mi), 1 ≤ i ≤ k;

(3) the structure B/η is isomorphic to the structure A.

Let A0 is a transformation of a structure A. We consider classes of all presentations of

structureA andA0. We denote their Pr(A) and Pr(A0). We consider structures of the following

signatures:

σ the signature of a partial order (an oriented graph);

σ0 the signature of an irre�exive symmetric graph;

σ1 the signature of a nilpotent group of class 2 and prime exponent;

σ2 the signature of a lattice;

σ3 the signature of a ring;

σ4 the signature of an integral domain; σ5 the signature of a commutative semigroup;

σ6 the signature of a bipartite graph;

σ7 the signature with two equivalences.

For i = 0, ..., 7 we have the following theorems.

Òåîðåìà 1.1. For any signature σi, i = 0, ..., 7 there exist transformation Ai of the structure
A of the signature σ such that indexes sets of Pr(A) and Pr(A0) are computable isomorphic.
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A theory T is called geometric if in all the models of T the operator of algebraic

closure satis�es the exchange property, and T eliminates the ∃∞ quanti�er. Examples include

supersimple theories of SU-rank 1 (in particular, strongly minimal theories) and o-minimal

theories. We call a subset P of a model M of a geometric theory dense/codense, if any in�nite

subset ofM de�nable over a �nite set A has a non-empty intersection with P andM\acl(A∪P ).

We can impose further conditions on the set P . If P is assumed to be algebraically closed,

one gets a lovely pair of geometric structures [1], �rst introduced in the SU-rank 1 and simple

contexts in [3] an [3]. If we require P to be algebraically independent, we get the notion of an

H-structure [4], �rst studied in the o-minimal context in [5]. Adding a predicate for the subset,

in both cases we obtain a complete theory in the expanded language.

Both lovely pair and H-structure expansions allow a good description of de�nable sets

and preserve many important stability/simplicity-theoretic and combinatorial conditions (e.g.

superstability, supersimplicity, NIP). In the SU-rank 1 case, we get a reasonable description of

forking in the expanded language. In the case of H-structure expansion of an SU-rank 1 theory,

we obtain a clear description of canonical bases in terms of those in the original theory T [4].

The main application of lovely pairs was that it allowed us to extend the notion of linearity

from the classical settings of strongly minimal and o-minimal structures to the general context

of geometric theories and to connect it to the presence of projective geometries over division

The author was partially supported by a NSERC grant.

Institute of Mathematics and Mathematical Modeling, Almaty, August 22�25, 2017



82 Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àêòóàëüíûå ïðîáëåìû ÷èñòîé è ïðèêëàäíîé ìàòåìà-
òèêè¿, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Òàéìàíîâà Àñàíà Äàáñîâè÷à

rings [6], in the absence of the usual stability theoretic or topological tools available in the

strongly minimal or o-minimal cases.

We will also discuss an example of an �intermediate� version of dense/codense expansion,

where P is neither algebraically closed nor independent: an algebraically closed or real closed

�eld with a dense/codense linearly independent multiplicative subgroup. This is an example of

the expansion of a �eld by a multiplicative subgroup satisfying the Mann property [7, 8].
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2 Äèôôåðåíöèàëüíûå óðàâíåíèÿ è òåîðèÿ ôóíêöèé

Î ÒÎ×ÍÛÕ ÐÅØÅÍÈßÕ ÎÑÍÎÂÍÎÉ ÌÎÄÅËÈ
ÍÀÂÜÅ�ÑÒÎÊÑÀ

ÌÀÊÑÓÒ ÀÁÅÍÎÂ

Èíñòèòóò ìåõàíèêè è ìàøèíîâåäåíèÿ èì.àê.Ó.À.Æîëäàñáåêîâà ÊÍ ÌÎÍ ÐÊ,

óë. Êóðìàíãàçû, 29, Àëìàòû, 050010, Êàçàõñòàí

E-mail: abenov60@gmail.com

Â äàííîé ðàáîòå, â òåðìèíàõ íà÷àëüíûõ äàííûõ, ñôîðìóëèðîâàíû äîñòàòî÷íûå óñëî-

âèÿ ãëîáàëüíîé (ïî âðåìåíè) è îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ óðàâíåíèé

âÿçêîãî ïîëèòðîïíîãî ãàçà. Êëàññè÷åñêîå ðåøåíèå çàäà÷è ñòðîèòñÿ â ÿâíîì âèäå.

Ïîñòàíîâêà çàäà÷è.

Â îáëàñòè G = R3× [0,∞) äîêàçàòü ñóùåñòâîâàíèå è åäèíñòâåííîñòü ãëàäêîãî ðåøåíèÿ

îñíîâíîé ñèñòåìû óðàâíåíèé Íàâüå�Ñòîêñà [1]

ρ
∂~V

∂t
+∇P = µ∆~V +

1

3
µ∇(div~V ) + ρ~F (2.1)

ñ óñëîâèåì íåðàçðûâíîñòè:

∂ρ

∂t
+
∂(ρV1)

∂x
+
∂(ρV2)

∂y
+
∂(ρV3)

∂z
= 0 (2.2)

è ñ íà÷àëüíûìè óñëîâèÿìè:

ρ(0, x, y, z) = ρ0(x, y, z);Vk(0, x, y, z) = ϕk(x, y, z), k = 1, 3 (2.3)

Çàäàííûå êîìïîíåíòû âåêòîðà ìàññîâûõ ñèë ~F = (F1(t, x, y, z), F2, F3) è âåêòîðà íà÷àëü-

íîé ñêîðîñòè ~ϕ = (ϕ1(x, y, z), ϕ2, ϕ3) ñ÷èòàþòñÿ ñêîëü-óãîäíî ãëàäêèìè è îãðàíè÷åííûìè

ôóíêöèÿìè, èñ÷åçàþùèìè íà áåñêîíå÷íîñòè, âìåñòå ñ ïðîèçâîäíûìè ëþáîãî ïîðÿäêà è,

áåç îãðàíè÷åíèÿ îáùíîñòè, 0 ≤ ϕ1(x, y, z) ≤ c. Íà÷àëüíàÿ ïëîòíîñòü ãàçà òàêæå ÿâëÿåò-

ñÿ ñêîëü-óãîäíî ãëàäêîé, ïîëîæèòåëüíîé è îãðàíè÷åííîé ôóíêöèåé âñþäó â òðåõìåðíîì

ïðîñòðàíñòâå: 0 < m ≤ ρ0(x, y, z) ≤M <∞.

Äàëåå, ïóñòü q(x, y, z) ∈ C∞(R3) � îãðàíè÷åííàÿ ôóíêöèÿ. Òîãäà ìîæíî îïðåäåëèòü

ñëåäóþùèå îãðàíè÷åííûå ôóíêöèè q+(t, x, y, z), q−(t, x, y, z) ∈ C∞(G):

q+(t, x, y, z) = q(x+ ct, y, z); q−(t, x, y, z) = q(x− ct, y, z) (2.4)

Îïðåäåëåíèå 1.
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Èçâåñòíûå äàííûå çàäà÷è (1)�(3) íàçîâåì ãëîáàëüíî ñîãëàñîâàííûìè, åñëè âûïîëíåíû

ñëåäóþùèå óñëîâèÿ (5)�(9):

∂(ρ0ϕ1)

∂x
= −∂(ρ0ϕ2)

∂y
= −∂(ρ0ϕ3)

∂z
(2.5)

∂(ρ0c)

∂x
= −∂(ρ0ϕ2)

∂z
= −∂(ρ0ϕ3)

∂y
(2.6)

∂(ρ0c)

∂y
=
∂(ρ0ϕ1)

∂z
=
∂(ρ0ϕ3)

∂x
(2.7)

∂(ρ0c)

∂z
=
∂(ρ0ϕ1)

∂y
=
∂(ρ0ϕ2)

∂x
(2.8)

Fk(t, x, y, z) = Ψk(f0, f1, f2, f3), k = 1, 3 (2.9)

ãäå :

f0 = ρ+
0 (c+ ϕ+

1 ); f1 = ρ−0 (c− ϕ−1 ); f2 = ρ+
0 (ϕ+

2 + ϕ+
3 ); f3 = ρ−0 (ϕ−2 − ϕ−3 ) (2.10)

Äëÿ ôóíöèè Ψk(f0, f1, f2, f3) èçâåñòíû èõ òî÷íûå àíàëèòè÷åñêèå âûðàæåíèÿ. Ýòè ãðîìîçä-

êèå ôîðìóëû ìû çäåñü íå ïðèâîäèì èç-çà ýêîíîìèè ìåñòà.Äàëåå, ïðè âûïîëíåíèè ãëîáàëü-

íûõ óñëîâèé ñîãëàñîâàíèÿ (5)�(9), ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà.

Ïóñòü èçâåñòíûå äàííûå çàäà÷è Êîøè (1)�(3) ãëîáàëüíî ñîãëàñîâàíû. Òîãäà ñóùåñòâó-

åò åå åäèíñòâåííîå ðåøåíèå: ρ, P, V1, V2, V3 ∈ C∞(G), êîòîðîå äàåòñÿ ñëåäóþùèìè ôîðìó-

ëàìè:

ρ(t, x, y, z) =
f0 + f1

2c
(2.11)

V1(t, x, y, z) =
c(f0 − f1)

f0 + f1

(2.12)

V2(t, x, y, z) =
c(f2 + f3)

f0 + f1

(2.13)

V3(t, x, y, z) =
c(f2 − f3)

f0 + f1

(2.14)

P (t, x, y, z) = P∞ +
1

3
µdiv~V +

c2(ρ∞ − ρ)

2
− ρ

2
[V 2

1 + V 2
2 + V 2

3 +
2µ

ρ2

∂(ρV1)

∂x
] (2.15)

Ïðè ýòîì, ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà äëÿ íàéäåííîé ïëîòíîñòè:

0 <
m

2
≤ ρ(t, x, y, z) ≤ 3M

2
<∞

à êîìïîíåíòû ñêîðîñòè V1, V2, V3 ∈ C∞(G),îãðàíè÷åíû è èñ÷åçàþò íà áåñêîíå÷íîñòè, âìå-

ñòå ñ ïðîèçâîäíûìè ëþáîãî ïîðÿäêà. Íàéäåííîå äàâëåíèå P ∈ C∞(G) ÿâëÿåòñÿ îãðàíè-

÷åííîé è ïîëîæèòåëüíîé ôóíêöèåé.
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Ðåøåíèå çàäà÷è Êîøè ñóùåñòâóåò è åäèíñòâåííî â ãëîáàëüíîì ñìûñëå. Ïðè ýòîì òåì-

ïåðàòóðà ãàçà T îïðåäåëÿåòñÿ îäíîçíà÷íî, èç óðàâíåíèÿ ñîñòîÿíèÿ:

T (t, x, y, z) =
P (t, x, y, z)

Rρ(t, x, y, z)

Çäåñü: R � óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ.
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Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà òåîðèè ñðåäíåãî ìàãíèòíîãî ïîëÿ â ìíîãîìàñøòàáíîì

ñëó÷àéíîì òå÷åíèè.

Êëþ÷åâûå ñëîâà: Ìàãíèòíîå ïîëå, äåëüòà-êîððåëèðîâàííîå òå÷åíèå, òå÷åíèå ñ îá-

íîâëåíèåì, ìíîãîìàñøòàáíîå òå÷åíèå, îñðåäíåíèå, ñðåäíåå ìàãíèòíîå ïîëå.

Çàäà÷à îá ýâîëþöèè ìàãíèòíîãî ïîëÿ â ñëó÷àéíîì òóðáóëèçîâàííîì ïîòîêå ïðîâîäÿ-

ùåé æèäêîñòè (èëè ïëàçìû) ÿâëÿåòñÿ îäíîé èç ñàìûõ âàæíûõ âî ìíîãèõ ôèçè÷åñêèõ

ïðèëîæåíèÿõ. Ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ ðå÷ü èäåò î ðåøåíèè çàäà÷è Êîøè äëÿ

ïàðàáîëè÷åñêîé ñèñòåìû

∂
−→
H

∂t
= vm4

−→
H −

(−→
V 4

)−→
H +

(−→
H4

)−→
V ,

−→
H (0, x) =

−→
H 0 (x) . (1)

ãäå
−→
V (t, x) � çàäàííîå ñëó÷àéíîå âåêòîðíîå ïîëå ñêîðîñòåé íåñæèìàåìîé æèäêîñòè

(div
−→
V = 0), vm� ìàãíèòíàÿ âÿçêîñòü, õàðàêòåðèçóþùàÿ ñâîéñòâà ýëåêòðîïðîâîäíîñòè ñðå-

äû. Íà÷àëüíîå ìàãíèòíîå ïîëå
−→
H 0 (x) ïðåäïîëàãàåòñÿ òàêæå áåçäèâåðãåíòíûì.
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Îäíèì èç ñàìûõ ïåðâûõ è çíàìåíèòûõ ðàáîò â ýòîé îáëàñòè áûëà òåîðèÿ ñðåäíåãî

ïîëÿ Øòåéíáåêà-Êðàóçå-Ðýäëåðà (ØÊÐ) äëÿ äåëüòà-êîððåëèðîâàííûõ òå÷åíèè [1]. Ê íà-

ñòîÿùåìó âðåìåíè áîëåå-ìåíåå ïîäðîáíî èññëåäîâàíû çàäà÷è îá îñðåäíåíèè óðàâíåíèÿ (1)

â ñëó÷àå òàê íàçûâàåìîãî òå÷åíèÿ ñ îáíîâëåíèåì, ò.å. òå÷åíèÿ, èìåþùåãî îäèí âðåìåííîé

ìàñøòàá èëè âðåìÿ ïàìÿòè (îòìåòèì, ïðè ñòðåìëåíèè âðåìåíè îáíîâëåíèÿ ê íóëþ òå÷åíèå

ñ îáíîâëåíèåì ïðåâðàùàåòñÿ â äåëüòà-êîððåëèðîâàííîå òå÷åíèå).

Îñíîâíîé íåäîñòàòîê ãèïîòåç î äåëüòà-êîððåëèðîâàííîñòè ïîëÿ
−→
V (t, x) èëè æå åãî îá-

íîâëåíèÿ ñîñòîèò â òîì, ÷òî ýòè ãèïîòåçû íåïðàâèëüíî îïèñûâàþò ñâÿçü ìåæäó ïðîñòðàí-

ñòâåííûìè è âðåìåííûìè êîððåëÿöèÿìè. Ñîâðåìåííàÿ òåîðèÿ òóðáóëåíòíîñòè, áåðóùàÿ

ñâîå íà÷àëî èç çíàìåíèòûõ ðàáîòàõ À.Í. Êîëìîãîðîâà ([2], [3]), ïðåäñòàâëÿåò òóðáóëåíò-

íîå òå÷åíèå êàê ñîâîêóïíîñòü âèõðåé ðàçëè÷íîãî ðàçìåðà, æèâóùèõ â ðàçëè÷íîå âðåìÿ,

ò.å. òàêîé ïîòîê èìååò èåðàðõèþ ìàñøòàáîâ. Äëÿ òîãî, ÷òîáû îòðàçèòü ýòî îáñòîÿòåëüñòâî

â òåîðèè, â äàííîé ðàáîòå áûëà ââåäåíà òàê íàçûâàåìàÿ ìíîãîìàñøòàáíàÿ ìîäåëü, â êî-

òîðîé ïîëå
−→
V (t, x) ïðåäñòàâëåí â âèäå ñóììû

−→
V (t, x) =

∑N
j=0

−→
V j (t, x) ïîëåé ñêîðîñòåé,

èìåþùèõ ðàçëè÷íûå âðåìåíà îáíîâëåíèÿ è ðàçëè÷íûå ïðîñòðàíñòâåííûå êîððåëÿöèîí-

íûå ìàñøòàáû. Åñëè ýòè âðåìåíà îáíîâëåíèÿ ïî ïðåæíåìó ìàëû, òî ìîæíî ðàçâèâàÿ

ìåòîäû âûøåíàçâàííîé ðàáîòû [4] âûâåñòè óðàâíåíèÿ äëÿ ëþáûõ ìîìåíòîâ ìàãíèòíîãî

ïîëÿ. Îäíàêî çäåñü ïðîöåññ îñðåäíåíèÿ ïî ïîëþ
−→
V äîëæåí ïðîâîäèòüñÿ ïîñëåäîâàòåëüíî

â íåñêîëüêî ýòàïîâ.

Äàííàÿ ðàáîòà ïîñâÿùåíà òåîðèè ñðåäíåãî ìàãíèòíîãî ïîëÿ â ìíîãîìàñøòàáíîì òå÷å-

íèè. Îñíîâíûìè ðåçóëüòàòàìè ÿâëÿþòñÿ: Âûâåäåíî óðàâíåíèå äëÿ ñðåäíåãî ìàãíèòíîãî

ïîëÿ; Ïîëó÷åíà ôîðìóëà, äàþùàÿ âåðîÿòíîñòíîå ðåøåíèå îáùåé ïàðàáîëè÷åñêîé ñèñòåìû;

Âûïèñàíû ÿâíûå ôîðìóëû äëÿ êîýôôèöèåíòîâ îñðåäíåííîãî óðàâíåíèÿ; Ââåäåíî ïîíÿòèå

ìàãíèòîäèññèïàöèîííîãî ìàñøòàáà; Íàéäåíû ïðèáëèæåííûå ôîðìóëû äëÿ âû÷èñëåíèÿ

êîýôôèöèåíòîâ òóðáóëåíòíîé äèôôóçèè è ñðåäíåé ñïèðàëüíîñòè.
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Àííîòàöèÿ. Â ðàáîòå íàéäåíû àñèìïòîòè÷åñêèå âèäû ðàñïðåäåëåíèè ðÿäà ñëó÷àéíûõ

ïàðàáîëè÷åñêèõ óðàâíåíèé. Â ÷àñòíîñòè äîêàçàíà àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü ðåøå-

íèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñî ñëó÷àéíîé ïðàâîé ÷àñòüþ.

Êëþ÷åâûå ñëîâà: ñëó÷àéíîå ïàðàáîëè÷åñêîå óðàâíåíèå, àñèìïòîòè÷åñêîå ðàñïðåäå-

ëåíèå, àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü, èíôèíèòåçèìàëüíûé îïåðàòîð, óñëîâíîå ìàòåìà-

òè÷åñêîå îæèäàíèå ïî òðàåêòîðèÿì ïðîöåññà.

Õîðîøî èçâåñòíà ñâÿçü äèôôóçèîííûõ ïðîöåññîâ ñ óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîä-

íûõ, ïðè÷åì ýòà ñâÿçü äâóñòîðîííÿÿ. Òàê, íàïðèìåð, ðåøåíèå ïàðàáîëè÷åñêîãî óðàâíåíèÿ

u
′

t = Au(t, x) + c(x)u(t, x) + g(x), u(0, x) = f(x), (t ≥ 0, x ∈ Rn) (1)

ìîæíî çàïèñûâàòü [1] â âèäå

u(t, x) = Mx

[
e
∫ t
0 c(ξs)dsf(ξt) +

∫ t

0

(
e
∫ t
0 c(ξu)dug(ξs)ds

)]
, (2)

ãäå A � èíôèíèòåçèìàëüíûé îïåðàòîð (ÿâëÿâøåãîñÿ ðåøåíèåì íåêîòîðîãî ñòîõàñòè÷åñêîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ) ñëó÷àéíîãî ïðîöåññà ξt, çíàê Mx îçíà÷àåò âçÿòèå óñëîâ-

íîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ ïî âñåì, âûõîäÿùèì â íà÷àëüíûé ìîìåíò t = 0 èç òî÷êè

xòðàåêòîðèÿì ïðîöåññà ξt, à c(x), g(x), f(x) � óäîâëåòâîðÿþùèå îïðåäåëåííûì óñëîâèÿì

ôóíêöèé. Îòìåòèì, ÷òî àíàëîãè÷íóþ ôîðìóëó ìîæíî áóäåò íàïèñàòü è â ñëó÷àå, êîãäà

ïîñëåäíèå ôóíêöèè çàâèñÿò òàêæå îò âðåìåííîé ïåðåìåííîé.

Îñíîâíàÿ èäåÿ íàøåé ðàáîòû çàêëþ÷àåòñÿ â èñïîëüçîâàíèè âåðîÿòíîñòíûõ ïðåäñòàâ-

ëåíèè âèäà (2) äëÿ íàõîæäåíèÿ ïðåäåëüíûõ ðàñïðåäåëåíèè ðåøåíèÿ óðàâíåíèÿ (1). Êðîìå

òîãî, íàìè áóäåò èñïîëüçîâàíà ñëåäóþùàÿ
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Ëåììà. Åñëè η(t) =
∫ t

0
f(t, s)dw(s) � ñòîõàñòè÷åñêèé èíòåãðàë Èòî ïî âèíåðîâ-

ñêîìó ïðîöåññó wt, f(t, s), f ′t(t, s) � íåñëó÷àéíûå è íåïðåðûâíûå ïî îáåèì àðãóìåíòàì

ôóíêöèè, òî ñòîõàñòè÷åñêèé äèôôåðåíöèàë ïðîöåññà η(t) ðàâåí dη(t) = f(t, t)dw(t) +(∫ t
0
f
′
t (t, s)w(s)

)
dt.

Â ðàáîòå íàìè áûëè ðàññìîòðåíû óðàâíåíèÿ ñëåäóþùèõ âèäîâ (íèæå ó íàñ ẇt � ¾áå-

ëûé øóì¿, ïðè÷åì
∫ t2
t1
ẇ(t)dt = w(t2) − w(t1) ïðè t1 < t2) è íàéäåíû àñèìïòîòè÷åñêèå

ðàñïðåäåëåíèÿ èõ ðåøåíèé äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ:

1. u
′
t = 1

2
u
′′
xx + f(x)q(ẇt), u(0, x) = g(x);

2. u
′
t = 1

2
u
′′
xx + f(x)q(wt)ẇt, u(0, x) = g(x);

3. u
′
t = 1

2
u
′′
xx + f(x)ẇt, u(0, x) = g(x).
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Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ èíòåãðàëüíûé îïåðàòîð òèïà Õàðäè ñ

òðåìÿ ìåðàìè, äåéñòâóþùèé èç Lq â Lp. Èçó÷àåòñÿ âåñîâîå Lq − Lp íåðàâåíñòâî ñ ýòèì

îïåðàòîðîì. Ïðîâîäèòñÿ äåòàëüíîå èçó÷åíèå âåñîâîãî íåðàâåíñòâà òèïà Õàðäè ïðè 0 <

p, q < +∞ â ïðîñòðàíñòâå Ëåáåãà ñ ïðîèçâîëüíûìè ìåðàìè. Ïîëó÷åíû íåîáõîäèìûå è

äîñòàòî÷íûå óñëîâèÿ íà âåñîâûå ôóíêöèè äëÿ âûïîëíåíèÿ èçó÷àåìîãî íåðàâåíñòâà.

Ïîñòàíîâêà çàäà÷è. Îáîçíà÷èì ÷åðåç B := B(X) σ- àëãåáðó áîðåëåâñêèõ ïîäìíîæåñòâ

ìíîæåñòâà X. Ñèìâîë M := M(X) îáîçíà÷àåò σ - àëãåáðó ïîäìíîæåñòâ ìíîæåñòâà X,

ñîäåðæàùóþ B. ×åðåç {M}+ îáîçíà÷èì êëàññ âñåõ M - èçìåðèìûõ ôóíêöèé f : X →
[0,+∞)

⋃
{+∞}.

Íåîáõîäèìî ïðîâåñòè äîêàçàòåëüñòâî êðèòåðèÿ âûïîëíåíèÿ íåðàâåíñòâà Õàðäè âèäà:( ∫
[a,b]

v(x)(

∫
[a,x]

fudx)qdµ(x)
) 1
q ≤ C

( ∫
[a,b]

fpwdv
) 1
p
, ∀f ∈ {Mλ}+,

Ðàáîòà âûïîëíåíà ïî ãðàíòó � 0823/ÃÔ4 ÊÍ ÌÎÍ ÐÊ
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ãäå 1 < p < +∞, 0 < q < +∞; µ, λ, v -σ - êîíå÷íàÿ ìåðà íà [a, b], λ, v - îïðåäåëåíû íà σ−
àëãåáðåMλ;u,w ∈ {Mλ}+.

Äàííàÿ çàäà÷à ðàññìàòðèâàåòñÿ â ðàçëè÷íûõ âàðèàöèÿõ. Â îáùåé ïîñòàíîâêå, ò.å. ïðè

0 < p, q < +∞. ýòà çàäà÷à ðàññìîòðåíà â ðàáîòàõ Ñòåïàíîâà Â.Ä. [1]. Â íàøåì ñëó÷àå

p =∞, q < +∞.
Èòàê, íàìè ðàññìàòðèâàåòñÿ íåðàâåíñòâî:∫

[a,b]

υ(x)

(∫
[a,x]

fudx

)q
dµ(x)


1/q

≤ C sup
x∈[a,b]

f(x) (1)

Íåîáõîäèìî ïîëó÷èòü íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå åãî âûïîëíåíèÿ.

Òåîðåìà.Ïóñòü p = +∞, 1 < q < +∞, µ è λ ñóòü σ - êîíå÷íàÿ ìåðà íà [a, b]; u ∈ {M}+
λ ,

v ∈ {M}+
µ . Íåðàâåíñòâî

‖v
∫

[a,x]

fudx‖q,[a,b] ≤ C‖f‖p,[a,b],

èëè òî æå ñàìîå (1) âûïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà

A < +∞, ãäå A := sup
t∈[a,b]

A(t) = sup
t∈[a,b]

v(t)
1
q

( ∫
[a,t]

up
′
dt
) 1
p′
.

Áîëåå òîãî, äëÿ íàèìåíüøåé êîíñòàíòû â íåðàâåíñòâå (1) ñïðàâåäëèâî C ≈ A.
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Ïóñòü Γ ëÿïóíîâñêèé çàìêíóòûé êîíòóð êëàññà C1
ν ,

2
p
− 1 < ν ≤ 1, 1 < p < 2. Ðàññìîò-

ðèì â ïðîñòðàíñòâå Áåñîâà B(Γ) ≡ B
1
p

p,1(Γ), 1 < p < 2 ñëåäóþùåå ñèíãóëÿðíîå èíòåãðàëüíîå

óðàâíåíèå

Lϕ ≡ a(t)ϕ(t) + b(t)ϕ[α(t)] + c(t)
1

πi

∫
Γ

ϕ(τ)

τ − t
dτ + d(t)

1

πi

∫
Γ

ϕ(τ)

τ − α(t)
dτ+

+

∫
Γ

K(t, τ)ϕ(τ)dτ = g(t), (1)

ãäå a(t), b(t), c(t), d(t) è g(t) ïðèíàäëåæàò ïðîñòðàíñòâó B(Γ), α(t) ñäâèã Êàðëåìàíà,

ò.å. ãîìåîìîðôíî îòîáðàæàåò Γ íà ñåáÿ ñ ñîõðàíåíèåì èëè èçìåíåíèåì îðèåíòàöèè íà Γ

è α[α(t)] = t. Ïðåäïîëàãàåòñÿ òàêæå, ÷òî ñóùåñòâóåò ïðîèçâîäíîå α′(t) ïðèíàäëåæàùàÿ

ïðîñòðàíñòâó Hµ(Γ) ôóíêöèé íåïðåðûâíûõ ïî Ãåëüäåðó ñ ïîêàçàòåëåì 2
p
− 1 < ν ≤ 1. ßä-

ðà Kj(t, τ), j = 1, 2 èìåþò òàêèå ñëàáûå îñîáåííîñòè, ÷òî ñîîòâåòñòâóþùèå èíòåãðàëüíûå

îïåðàòîðû âïîëíå íåïðåðûâíû â B(Γ). Çàìåòèì, ÷òî B(Γ) âëîæåíî â êëàññ íåïðåðûâ-

íûõ ôóíêöèé C(Γ), íî íå âëîæåíî â Hµ(Γ), 0 < µ ≤ 1, ÿâëÿåòñÿ êîììóòàòèâíîé áàíàõîâîé

àëãåáðîé ñ åäèíèöåé ñ îáû÷íûìè îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ ôóíêöèé [1, 2]. Óðàâ-

íåíèå (1) ðàññìàòðèâàëîñü â [3] â ïðîñòðàíñòâàõ Hµ(Γ), 0 < µ ≤ 1, è Lp(Γ), 1 < p < ∞.

Íàìè ïîëó÷åíû óñëîâèÿ íåòåðîâîé ðàçðåøèìîñòè óðàâíåíèÿ (1) â B(Γ) è ôîðìóëû åãî

èíäåêñà. Ïðè ýòèì èñïîëüçîâàíû ðåçóëüòàòû [4].

Ñïèñîê ëèòåðàòóðû

[1] Áåñîâ Î.Â., Èëüèí Â.Ï., Íèêîëüñêèé Ñ.Ì. Èíòåãðàëüíûå ïðåäñòàâëåíèÿ ôóíêöèé è

òåîðåìû âëîæåíèÿ. Ì. Íàóêà � ôìë, 1996. 345 ñ..

[2] Áëèåâ Í.Ê. Ñèíãóëÿðíûå èíòåãðàëüíûå îïåðàòîðû ñ ÿäðîì Êîøè â äðîáíûõ ïðîñòðàí-

ñòâàõ. Ñèá. ìàò. æóðíàë, 2006. ò. 47, �1, ñ. 37 � 45.

[3] Ëèòâèí÷óê Ã.Ñ. Êðàåâûå çàäà÷è è ñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ ñî ñäâèãîì.

Ì. Íàóêà � ôìë. 1977, 448 ñ.

Èíñòèòóò Ìàòåìàòèêè è Ìàòåìàòè÷åñêîãî Ìîäåëèðîâàíèÿ, Àëìàòû, 22�25 Àâãóñòà 2017



International conference "Actual problems of pure and applied mathematics", dedicated to the
100th anniversary of the birth of academician Taimanov Asan Dabsovich 91

[4] Áëèåâ Í.Ê. Ñèñòåìà ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé ñ ÿäðîì Êîøè â ïðîñòðàí-

ñòâàõ Áåñîâà. Äîêë. ÀÍ ÐÊ, 2007, �5, ñ. 5 � 9.

� >>> �

ÎÁ ÎÑÎÁÛÕ ÈÍÒÅÃÐÀËÜÍÛÕ ÓÐÀÂÍÅÍÈßÕ
ÂÎËÜÒÅÐÐÀ ÂÒÎÐÎÃÎ ÐÎÄÀ ÒÅÎÐÈÈ

ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ

ÌÓÂÀØÀÐÕÀÍ ÄÆÅÍÀËÈÅÂa, ÌÓÐÀÒ ÐÀÌÀÇÀÍÎÂb, ÑÀÃÛÍÄÛÊ ÈÑÊÀÊÎÂc

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, óë. Ïóøêèíà, 125, Àëìàòû,

050010, Êàçàõñòàí
2Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè, Êàðàãàíäà, Êàçàõñòàí

3Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.Å.À.Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí

E-mail: amuvasharkhan@gmail.com, bramamur@mail.ru, cisagyndyk@mail.ru

Äîêëàä ïîñâÿùåí âîïðîñàì ðàçðåøèìîñòè ñëåäóþùåãî îñîáîãî èíòåãðàëüíîãî óðàâíå-

íèÿ:

ϕ(t)−
t∫

0

K(t, τ)ϕ(τ)dτ = f(t), t > 0, (2.16)

ãäå

K(t, τ) = − 1

2a
√
π

t+ τ

(t− τ)3/2
exp

{
− (t+ τ)2

4a2(t− τ)

}
+

1

2a
√
π

1

(t− τ)1/2
exp

{
−t− τ

4a2

}
−

− 2

a
√
π

1

(t− τ)1/2

[
− exp

{
− (t+ τ)2

4a2(t− τ)

}
+ exp

{
−t− τ

4a2

}]
, (2.17)

f(t) = − a√
π

t∫
0

[
1

(t− τ)3/2
− t2

2a2(t− τ)5/2

]
exp

{
− t2

4a2(t− τ)

}
v0(τ)dτ−

− 2

a
√
π

t∫
0

t

(t− τ)3/2
exp

{
− t2

4a2(t− τ)

}
v0(τ)dτ + 2a2 · v1(t). (2.18)

Îòìåòèì, ÷òî ÿäðî K(t, τ) (2.17) îáëàäàåò ñëåäóþùèì ñâîéñòâîì:

lim
t→0+

t∫
0

K(t, τ)dτ = 1.

Ýòî îçíà÷àåò, ÷òî ê èíòåãðàëüíîìó óðàâíåíèþ (2.16) íå ïðèìåíèì ìåòîä ïîñëåäîâàòåëü-

íûõ ïðèáëèæåíèé. Ïîýòîìó, â äîêëàäå èíòåãðàëüíîå óðàâíåíèå (2.16) íàçâàíî îñîáûì.

Ðàáîòà âûïîëíåíà ïî ãðàíòó � 0823/ÃÔ4 ÊÍ ÌÎÍ ÐÊ

Institute of Mathematics and Mathematical Modeling, Almaty, August 22�25, 2017



92 Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àêòóàëüíûå ïðîáëåìû ÷èñòîé è ïðèêëàäíîé ìàòåìà-
òèêè¿, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Òàéìàíîâà Àñàíà Äàáñîâè÷à

Çàìå÷àíèå 1. Îäíîðîäíîå èíòåãðàëüíîå óðàâíåíèå (2.16) (ïðè f(t) ≡ 0) ðàíåå íàìè

áûëî èññëåäîâàíî â ðàáîòå [2].

Èíòåãðàëüíîå óðàâíåíèå (2.16) âîçíèêàåò ïðè èçó÷åíèè ñëåäóþùåé ãðàíè÷íîé çàäà÷è

∂u(x, t)

∂t
− a2∂

2u(x, t)

∂x2
= 0, {x, t} ∈ G = {x, t : 0 < x < t, t > 0}; (2.19)

∂u(x, t)

∂x
|x=0 = v0(t), b

∂u(x, t)

∂x
|x=k t +

dũ(t)

dt
= v1(t); (2.20)

ãäå ũ(t) = u(k t, t), b > 0, k > 0.

Îòìåòèì, ÷òî çàäà÷à (2.19)�(2.20), èçó÷åíà â ðàáîòå [1]. Äëÿ ïðîñòîòû, êîýôôèöèåíòû

èç óêàçàííîé ðàáîòû ïðèíèìàåì ðàâíûìè: k = b = 1. Ýòè èçìåíåíèÿ íå ïðîòèâîðå÷àò

ïîñòàíîâêå çàäà÷è èç [1]. Êàê îòìå÷åíî â ðàáîòå [1], ñëó÷àé íåîäíîðîäíîé ãðàíè÷íîé çàäà-

÷è "... îêàçûâàåòñÿ ïîëåçíûì ïðè èçó÷åíèè íåêîòîðûõ çàäà÷ ñî ñâîáîäíûìè ãðàíèöàìè".

Íàïðèìåð, äëÿ îäíîôàçíîé çàäà÷è "... Ñòåôàíà ïðè ñëåäóþùèõ ïðåäïîëîæåíèÿõ: æèäêàÿ

ôàçà ñ ïîëîæèòåëüíîé òåìïåðàòóðíîé òåìïåðàòóðîé u(x, t) çàíèìàåò îòðåçîê 0 < x < s(t),

ïðè x = 0 çàäàåòñÿ ïîëîæèòåëüíûé ïîòîê òåïëà, à ñâîáîäíàÿ ãðàíèöà x = s(t) íà÷èíàåò-

ñÿ ó òâåðäîé ñòåíêè x = 0, ò.å. âûïîëíÿåòñÿ óñëîâèå s(0) = 0". Â ðàáîòå [1] óñòàíîâëåíà

òåîðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè ðàññìàòðèâàåìîé òàì ãðàíè÷íîé çàäà÷è â âåñîâûõ

ãåëüäåðîâñêèõ ïðîñòðàíñòâàõ.

Èíòåãðàëüíîå óðàâíåíèå (2.16) áóäåì ðàññìàòðèâàòü â âåñîâîì êëàññå

L∞

(
R+;
√
t
)

= {v| v(t)
√
t ∈ L∞(R+)}. (2.21)

Äëÿ èíòåãðàëüíîãî óðàâíåíèÿ (2.16) ïîñòðîåíà â ÿâíîì âèäå ðåçîëüâåíòà R(t, τ) è óñòà-

íîâëåíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Äëÿ ëþáîé ïðàâîé ÷àñòè f(t) ∈ L∞
(
R+;
√
t
)
èç êëàññà (2.21) èíòåãðàëüíîå

óðàâíåíèå (2.16) èìååò îáùåå ðåøåíèå ϕ(t) ∈ L∞
(
R+;
√
t
)
:

ϕ(t) = f(t) +

t∫
0

R(t, τ)f(τ)dτ + C · ϕhom(t), C = const,

ãäå ϕhom(t) îïðåäåëåíî âûðàæåíèåì

ϕhom(t) =
∞∑
k=0

(−1)k
[
ϕ

(1)
k (t)− ϕ(2)

k (t)
]
, 0 < t <∞, (2.22)

ãäå

ϕ
(1)
k (t) = ϕ

(1)
1,k(t) exp

{
− t

4a2

}
, ϕ

(2)
k (t) = ϕ

(2)
1,k(t) exp

{
− t

4a2

}
. (2.23)

è äëÿ ðåçîëüâåíòû R(t, τ) èìååò ìåñòî îöåíêà

|R(t, τ)| ≤ C
τ

(t− τ)3/2
exp

{
− tτ

a2(t− τ)

}
, 0 < τ < t < +∞. (2.24)
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Çàìå÷àíèå 2. Âîçíèêàåò âîïðîñ: ñóùåñòâóþò ëè â çàäà÷å (2.19)�(2.20) òàêèå çàäàííûå

ôóíêöèè g(x, t), u0(t) è u1(t), ÷òîáû ïðàâàÿ ÷àñòü f(t) (2.18) èíòåãðàëüíîãî óðàâíåíèÿ

(2.16) ïðèíàäëåæàëà ïðîñòðàíñòâó L∞(R+;
√
t)? Ýòî èìååò ìåñòî, íàïðèìåð, äëÿ ôóíêöèé

g(x, t) ≡ 0, u0(t) ∈ L∞(R+;
√
t) è u1(t) ∈ L∞(R+; 1/

√
t).

Çàìå÷àíèå 3. Â äàëüíåéøåì, íàìè áóäåò ðàññìîòðåí áîëåå îáùèé ñëó÷àé çàäà÷è

(2.19)�(2.20), êîãäà k > 0 è b > 0.
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ðàìåòðàìè â óñëîâèÿõ ñîïðÿæåíèÿ äëÿ óðàâíåíèé òåïëîïðîâîäíîñòè. Äîêàçàíû ñóùåñòâî-
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íåéíàÿ çàäà÷à ñî ñâîáîäíîé ãðàíèöåé îïèñûâàåò ïðîöåññ ôàçîâîãî ïåðåõîäà (ïëàâëåíèå,

çàòâåðäåâàíèå) âåùåñòâà ñ ó÷åòîì ïðèìåñè íåèçâåñòíîé êîíöåíòðàöèè.
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Ïóñòü Ω = {x : 0 < x < 1}, QT = Ω×(0, T ), T - ôèêñèðîâàííîå ÷èñëî. Â îáëàñòè QT ðàñ-

ñìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé, ÿâëÿþùóþñÿ ìàòåìàòè÷åñêîé ìîäåëüþ

íåàäèàáàòè÷åñêîãî òðóá÷àòîãî ðåàêòîðà:

∂v1(x,t)
∂t

= a · ∂
2v1(x,t)
∂x2

− ∂v1(x,t)
∂x
− c · v1 · f(v2),

∂v2(x,t)
∂t

= b · ∂
2v2(x,t)
∂x2

− ∂v2(x,t)
∂x

+ k · v1 · f(v2) + g · (v3(t)− v2(x, t)),

dv3(t)
dt

= p · (
1∫
0

v2(x, t)dx− v3(t)) + u(t) · (E − v3(t))

 (1)

a · ∂v1(0,t)
∂x
− v1(0, t) = −1, ∂v1(1,t)

∂x
= 0,

b · ∂v2(0,t)
∂x
− v2(0, t) = −1, ∂v2(1,t)

∂x
= 0

}
(2)

v1(x, 0) = v10(x), v2(x, 0) = v20(x), v3(0) = v30 (3)

ãäå f(v2) = exp(Γ − Γ/v2(x, t)) (â ðàáîòå [1] äîêàçàíà ñïðàâåäëèâîñòü íåðàâåíñòâà

v2(x, t) 6= 0, (x, t) ∈ QT ); a, b, c, Γ, k, g, p, E, v30 êîíñòàíòû, ïîëîæèòåëüíûå

ïàðàìåòðû ñèñòåìû; u(t) �óïðàâëÿþùàÿ ôóíêöèÿ (óïðàâëåíèå); v1(x, t), v2(x, t), v3(t)

� ôóíêöèè êîíöåíòðàöèè ðåàãèðóþùåé ñìåñè, òåìïåðàòóðû ðåàêòîðà, òåìïåðàòóðû îõëà-

äèòåëÿ ñîîòâåòñòâåííî.

Ðàññìàòðèâàåòñÿ çàäà÷à ìèíèìèçàöèè ôóíêöèîíàëà

J(u) =

T∫
0

v1(1, t)dt (4)

ò.å. ñóììàðíîãî çà âðåìÿ T êîëè÷åñòâà íåïðîðåàãèðîâàâøåãî âåùåñòâà íà âûõîäå ðåàêòîðà,

ïðè óñëîâèÿõ (1)-(3) è ñëåäóþùèõ îãðàíè÷åíèÿõ íà óïðàâëåíèå u(t) è ôóíêöèþ v2(x, t):

0 ≤ u(t) ≤ u0 = const, (5)

v2(x, t) ≤ v∗2 = const. (6)

Òàêèì îáðàçîì çäåñü èìååì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ (1)-(5) ñ ôàçîâûì îãðà-

íè÷åíèåì (6). Äëÿ êàæäîãî èçìåðèìîãî óïðàâëåíèÿ u(t) óäîâëåòâîðÿþùåãî óñëîâèþ (5)
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ñèñòåìà (1)-(3) èìååò [1],[2] åäèíñòâåííîå ðåøåíèå v1(x, t), v2(x, t) ∈ H2+α,1+α
2 (QT ), v3(t) ∈

C1[0, T ], ãäå C1[0, T ]�ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé óäîâëåòâîðÿþùèõ óñëîâèþ Ëèï-

øèöà. Äëÿ çàäà÷è (1)-(6) ñóùåñòâóåò [1] îïòèìàëüíîå óïðàâëåíèå.

Äëÿ óäîáñòâà ó÷åòà ôàçîâîãî îãðàíè÷åíèÿ (6) ôóíêöèîíàë (4) çàìåíÿåòñÿ ôóíêöèîíà-

ëîì

JA(u) =

T∫
0

v1(1, t)dt+ A ·
T∫

0

1∫
0

Φ(v2(x, t))dxdt, (7)

ãäå A�ïîëîæèòåëüíàÿ ïîñòîÿííàÿ âåëè÷èíà (øòðàôíîé êîýôôèöèåíò), Φ(v2)�øòðàôíàÿ

ôóíêöèÿ Φ(v2) =

{
0, åñëè v2 ≤ v∗2

(v2 − v∗2)2, åñëè v2 > v∗2, }
v∗2�âåðõíèé äîïóñòèìûé ïîòîëîê äëÿ òåì-

ïåðàòóðû.

Äëÿ çàäà÷è (1)-(5), (7) ïîñòðîåí àëãîðèòì ïîèñêà îïòèìàëüíîãî óïðàâëåíèÿ â ôîðìå

ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé (ì.ï.ï.). Îäíàêî, ïîñëåäîâàòåëüíîñòè óïðàâëåíèé

ïîñòðîåííûõ êàê â ì.ï.ï., òàê è ïðè èññëåäîâàíèÿõ ñõîäèìîñòè â ìåòîäå øòðàôîâ èìåþò

ñëàáóþ ñõîäèìîñòü â ïðîñòðàíñòâå L2(0, T ). Äëÿ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è òðåáó-

åòñÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè óïðàâëåíèé õîòÿ áû ïî íîðìå L2(0, T ). Ñ ýòîé öåëüþ

îñóùåñòâëÿåòñÿ ðåãóëÿðèçàöèÿ ôóíêöèîíàëà. Ïîýòîìó ïàðàëëåëüíî ñ ôóíêöèîíàëàìè (4),

(7) çäåñü áóäåò ðàññìàòðèâàòüñÿ ôóíêöèîíàë

JβA(u) =

T∫
0

v1(1, t)dt+ A ·
T∫

0

1∫
0

Φ(v2(x, t))dxdt+
β

2
·

T∫
0

(u(t))2dt, (8)

β > 0 - ÷èñëîâîé ïàðàìåòð.

Òàêèì îáðàçîì çäåñü âîçíèêàåò ñëåäóþùàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ:

JβA(u)→ min

ïðè óñëîâèÿõ (1)-(3),(5),(8).

Ôèêñèðóåì β > 0 è ðàññìîòðèì ïîëîæèòåëüíóþ ìîíîòîííî âîçðîñòàþùóþ ïîñëåäî-

âàòåëüíîñòü ÷èñåë {An} òàêóþ, ÷òî An → ∞ ïðè n → ∞. Òîãäà ïîñëåäîâàòåëüíîñòè An

ñîîòâåòñòâóåò ïîñëåäîâàòåëüíîñòü îïòèìàëüíûõ óïðàâëåíèé un(t) çàäà÷è (1)-(3), (5), (8).

Â ðàáîòå [3] ïîêàçàíà ñõîäèìîñòü un(t) ïî íîðìå L2(0, T ).

Ïðè ñâåäåíèè çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñ ôàçîâûì îãðàíè÷åíèåì (6) ê çàäà÷å

ñî øòðàôîì, âîçíèêàåò íåîáõîäèìîñòü óêàçàòü ñïîñîá èçìåíåíèÿ ïàðàìåòðà A øòðàôà.

Â äàííîé ðàáîòå ïðèâîäèòñÿ àëãîðèòì èçìåíåíèÿ ïàðàìåòðà øòðàôà è âûáîð åãî íà-

÷àëüíîãî çíà÷åíèÿ. Â êîíå÷íîì èòîãå, ïðàâèëüíûé âûáîð çàêîíà èçìåíåíèÿ ïàðàìåòðà

øòðàôà ïîçâîëÿåò ïîñòðîèòü îáîñíîâàííûé àëãîðèòì ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è.
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Ïóñòü I = (a, b) ⊆ R. Ïóñòü 1 < p, q, r <∞. Ïðåäïîëîæèì, ÷òî v è u - ïîëîæèòåëüíûå

è èçìåðèìûå ôóíêöèè íà I. Îáîçíà÷èì ÷åðåç W 1
p,r(u, v) ìíîæåñòâî ëîêàëüíî àáñîëþòíî

íåïðåðûâíûõ ôóíêöèé f íà I ñî ñëåäóþùåé êîíå÷íîé íîðìîé

‖f‖W 1
p,R

= ‖uf ′‖r + ‖vf‖p, (1)

. Ïóñòü ÅC(I) - Ìíîæåñòâî ëîêàëüíî àáñîëþòíî íåïðåðûâíûõ ôóíêöèé ñ êîìïàêòíûìè

íîñèòåëÿìè íà I. Îáîçíà÷èì ÷åðåç W̊ 1
p (u, v) çàìûêàíèå ìíîæåñòâà ÅC(I)

⋂
W 1
p (u, v) ïî

íîðìå (1).

Ðàññìîòðèì ïðîáëåìó îãðàíè÷åííîñòè è êîìïàêòíîñòè èíòåãðàëüíîãî îïåðàòîðà

Kf(x) =
x∫
a

K(x, t)f(t)dt, x ∈ (A, b) èç âåñîâîãî ïðîñòðàíñòâà Ñîáîëåâà W̊ 1
pp(u, v) â âåñî-

âîå ïðîñòðàíñòâî Ñîáîëåâà W 1
p,r(u, v) ïðè íåêîòîðûõ ïðåäïîëîæåíèÿõ íà ÿäðà K(x, t) ≥ 0.

Àâòîðû áûëè ïîääåðæàíû ãðàíòîì �5499/GF4 ÌÎÍ ÐÊ.
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Õîðîøî èçâåñòíî, ÷òî êðàåâûå çàäà÷è Äèðèõëå è Íåéìàíà ÿâëÿþòñÿ îñíîâíûìè çàäà-

÷àìè òåîðèè ãàðìîíè÷åñêèõ ôóíêöèé. Â îäíîìåðíîì ñëó÷àå, èëè ïðè ðàññìîòðåíèè çàäà-

÷è â ìíîãîìåðíîì ïàðàëëåëåïèïåäå, ê îñíîâíûì çàäà÷àì îòíîñÿò òàêæå è ïåðèîäè÷åñêèå

êðàåâûå çàäà÷è.

Ðàíåå, â íàøåé ðàáîòå [1] äëÿ ñëó÷àÿ êðóãà Ω = {z = x+ iy : |z| < 1} áûëè ñôîðìóëè-
ðîâàíû àíàëîãè ïåðèîäè÷åñêîé (k = 0) è àíòèïåðèîäè÷åñêîé (k = 1) çàäà÷ äëÿ óðàâíåíèÿ

Ëàïëàñà

uxx + uyy = 0,
u (z)− (−1)k u (z∗) = τ (z) ,

∂u
∂r

(z) + (−1)k ∂u
∂r

(z∗) = ν (z) ,

|z| = 1, y > 0.

Áûëè ðàññìîòðåíû äâà âàðèàíòà, êîãäà z∗ = x− iy èëè z∗ = −x− iy.
Â íàñòîÿùåì äîêëàäå ìû ïîñòðîèì àíàëîãè êðàåâîé çàäà÷è Ñàìàðñêîãî-Èîíêèíà äëÿ

óðàâíåíèÿ Ëàïëàñà â øàðå Ω = {|x| < 1} èç Rn:
u (x)− αu (x∗) = τ (x) ,

∂u
∂r

(x) + (−1)k ∂u
∂r

(x∗) = ν (x) ,

|x| = 1, x1 > 0.

Ðàáîòà âûïîëíåíà ïî ãðàíòó 0824/ÃÔ4 ÊÍ ÌÎÍ ÐÊ
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Çäåñü êàæäîé òî÷êå

x = (x1, x2, ..., xn) ∈ Ω

ìû ñîïîñòàâëÿåì ¾ïðîòèâîïîëîæíóþ¿ åé òî÷êó

x∗ = (−x1, α2x2, ..., αnxn) ∈ Ω,

ãäå αj ïðèíèìàþò îäíî èç çíà÷åíèé ±1, j = 2, ..., n. Î÷åâèäíî, ÷òî åñëè x ∈ ∂Ω+, òî

x∗ ∈ ∂Ω−.

Â äîêëàäå áóäóò ðàññìîòðåíû âîïðîñû êîððåêòíîñòè ñôîðìóëèðîâàííîé çàäà÷è, ãëàä-

êîñòè åå ðåøåíèÿ, áóäóò ñôîðìóëèðîâàíû ñïåêòðàëüíûå çàäà÷è. Ìû ïîêàæåì ìåòîäèêó

ïîñòðîåíèÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé çàäà÷è.

Ïðè ïîñòðîåíèè ðåøåíèÿ çàäà÷ ñóùåñòâåííî èñïîëüçóåòñÿ ÿâíûé âèä ôóíêöèè Ãðèíà

çàäà÷è Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà â ìíîãîìåðíîì øàðå, âïåðâûå ïîñòðîåííûé â

íàøåé ðàáîòå [2].
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Èçó÷åíà ëèíåàðèçîâàííàÿ ìíîãîìåðíàÿ äâóõôàçíàÿ çàäà÷à ñ äâóìÿ ñâîáîäíûìè ãðàíè-

öàìè äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé. Òàêàÿ çàäà÷à âîçíèêàåò ïðè ðåøåíèè íåëèíåéíîé

çàäà÷è, êîòîðàÿ îïèñûâàåò ðåàëüíûå ôèçè÷åñêèå ïðîöåññû - òå÷åíèå âÿçêîé æèäêîñòè
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â òðóáå ïðè èçâåñòíîì äàâëåíèè. Íàïðèìåð, ïðè òðàíñïîðòèðîâêå íåôòè, ñîäåðæàùåé

ïðèìåñü, ïî òðóáîïðîâîäó îáðàçóþòñÿ òðè ôàçû ñîñòîÿíèÿ âåùåñòâà: âíåøíÿÿ îáëàñòü -

òâåðäàÿ ôàçà, ïðîìåæóòî÷íàÿ îáëàñòü - æèäêàÿ ôàçà, à âî âíóòðåííåé îáëàñòè íàõîäèòñÿ

æåëåîáðàçíîå âåùåñòâî. Ãðàíèöû ðàçäåëà ýòèõ òðåõ ôàç - äâå ñâîáîäíûå (íåèçâåñòíûå)

ãðàíèöû. Ïðè èññëåäîâàíèè ìû ðàññìàòðèâàåì òîëüêî òâåðäóþ è æèäêóþ ôàçû.

Â ïðîñòðàíñòâàõ Ãåëüäåðà äîêàçàíû ñóùåñòâîâàíèå, åäèíñòâåííîñòü ðåøåíèÿ è óñòà-

íîâëåíû êîýðöèòèâíûå îöåíêè ðåøåíèÿ ëèíåéíîé ìíîãîìåðíîé äâóõôàçíîé çàäà÷è ñ äâó-

ìÿ ñâîáîäíûìè ãðàíèöàìè äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé.

Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è äîêàçûâàåòñÿ ïðè ïîìîùè ïîñòðîåíèÿ

ðåãóëÿðèçàòîðà è ìåòîäà ñæèìàþùèõ îòîáðàæåíèé, à îöåíêè ðåøåíèÿ óñòàíàâëèâàþòñÿ

ìåòîäîì Øàóäåðà. Äëÿ ïîñòðîåíèÿ ðåãóëÿðèçàòîðà îáëàñòü ïîêðûâàåòñÿ êîíå÷íûì ÷èñ-

ëîì øàðîâ ìàëûõ ðàäèóñîâ, ñòðîèòñÿ ñèñòåìà ãëàäêèõ ñðåçàþùèõ ôóíêöèé, ïîä÷èíåííûõ

ýòîìó ïîêðûòèþ, â ðåçóëüòàòå çàäà÷à ñâîäèòñÿ ê ðåøåíèþ ìîäåëüíûõ çàäà÷ ñ ïîñòîÿí-

íûìè êîýôôèöèåíòàìè - çàäà÷ Êîøè, ïåðâîé êðàåâîé çàäà÷è â ïîëóïðîñòðàíñòâå, çàäà÷

ñîïðÿæåíèÿ â ïðîñòðàíñòâå äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé.
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Àííîòàöèÿ:Óñòàíîâëåíû òåîðåìû î áàçèñíîñòè ñîáñòâåííûõ âåêòîðîâ äèôôåðåíöè-

àëüíûõ îïåðàòîðîâ âòîðîãî ïîðÿäêà ñ èíâîëþöèåé.

Ðàññìàòðèâàþòñÿ îäíîìåðíûå äèôôåðåíöèàëüíûå îïåðàòîðû ñ èíâîëþöèåé âèäà

Lu = αu′′ (−x) + βu′′ (x) + q (x)u (x) , −1 < x < 1,

ñ êàêèìè- íèáóäü äâóõòî÷å÷íûìè êðàåâûìè óñëîâèÿìè. Ïîñòðîåíà òåîðèÿ áàçèñíîñòè

êîðíåâûõ âåêòîðîâ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ èíâîëþöèåé. Íà îñíîâå ñîçäàííîé

òåîðèè ôóíêöèè Ãðèíà êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èíâîëþöè-

åé, óñòàíîâëåíû òåîðåìû î áàçèñíîñòè ñîáñòâåííûõ ôóíêöèé â òåðìèíàõ êîýôôèöèåíòîâ

êðàåâûõ óñëîâèé [1-3]. Ðàçâèòà òåîðèÿ áàçèñíîñòè Â.À. Èëüèíà [4] íà ñëó÷àé äèôôåðåíöè-

àëüíûõ îïåðàòîðîâ ñ èíâîëþöèåé. Ïîñòðîåí ïðèìåð ñïåêòðàëüíîé çàäà÷è ñ èíâîëþöèåé
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ñ áåñêîíå÷íûì ÷èñëîì ïðèñîåäèíåííûõ ôóíêöèé, ñèñòåìà ñîáñòâåííûõ è ïðèñîåäèíåí-

íûõ ôóíêöèé êîòîðîé îáðàçóåò áàçèñ ïðîñòðàíñòâà Lp (−1, 1) [5]. Óñòàíîâëåí êðèòåðèé

áåçóñëîâíîé áàçèñíîñòè êîðíåâûõ âåêòîðîâ îïåðàòîðà L.

Äëÿ îôîðìëåíèÿ ëèòåðàòóðû, ïîæàëóéñòà, èñïîëüçóéòå ñëåäóþùèé îáðàçåö:
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Èçó÷åíû âîçìîæíîñòè ïîñòðîåíèÿ ðåøåíèé ñèñòåìû ñîñòîÿùåé èç òðåõ óðàâíåíèé

r = a1 · p+ a2 · g + a3 · Z,
s = b1 · p+ b2 · g + b3 · Z,
t = c1 · p+ c2 · g + c3 · Z,

 (1)

ãäå ai, bi, ci (i = 1, 2, 3) � êîýôôèöèåíòû â âèäå ìíîãî÷ëåíîâ äâóõ ïåðåìåííûõ, Z = Z(x, y)

� îáùàÿ íåèçâåñòíàÿ, à p =
∂Z

∂x
, g =

∂Z

∂y
, s =

∂2Z

∂x∂y
, r =

∂2Z

∂x2
è t =

∂2Z

∂y2
ïðîèçâîäíûå îò

íåèçâåñòíîé ôóíêöèè Z(x, y).
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Çàâåðøàÿ èññëåäîâàíèÿ Ïîõãàììåðà [1], Ì.Å.Ïèêàð [2] îïðåäåëèë íàèáîëåå îáùåé âèä

êîýôôèöèåíòîâ ai, bi, ci (i = 1, 2, 3), êîãäà çàäàííàÿ ñèñòåìà ïðèâîäèòñÿ ê âèäó ñèñòåìû

òèïà Ðèìàíà. Ýòîò ñëó÷àé îñòàåòñÿ ìàëîèññëåäîâàííûìè.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ óòî÷íåíèå óñëîâèÿ ñîâìåñòíîñòè ñèñòåìû (1), èçó÷åíèå

ñâÿçè ñ ãèïåðãåîìåòðè÷åñêèìè ñèñòåìàìè ß.Ãîðíà, êëàññèôèêàöèÿ ðåãóëÿðíûõ è

èððåãóëÿðíûõ îñîáåííîñòåé è ïîñòðîåíèå ðåøåíèé âáëèçè ýòèõ îñîáåííîñòåé.

Â êà÷åñòâå êîíêðåòíîãî ïðèìåðà ðàññìîòðåíà ñèñòåìà ñâÿçàííàÿ ñ ñèñòåìàìè ß.Ãîðíà

[2], îäíèì èç óðàâíåíèé êîòîðîé ÿâëÿåòñÿ óðàâíåíèå Ýéëåðà-Äàðáó

(x− y) · s = (1− λ′) · p− (1− λ) · q.

Ðåøåíèå ýòîãî óðàâíåíèÿ ïðåäñòàâëåíà âáëèçè îñîáåííîñòè x = y â âèäå îáîáùåííîãî

ñòåïåííîãî ðÿäà äâóõ ïåðåìåííûõ

f(x, y) =
∞∑

m,n=0

am,n · xm · yn, (2)

ãäå êîýôôèöèåíò

am,n =
(β)m · (β′)n
m! · n!

·Ψ(m+ n) (3)

((α)m = α · (α + 1)(α + 2) . . . (α + m − 1) � îáîçíà÷åíèå Ïîõãàììåðà) ïîêàçûâàåò, ÷òî ðÿä

(2) ÿâëÿåòñÿ ãèïåðãåîìåòðè÷åñêèì [3,c. 218]. Ψ(m + n) ïðèíèìàåò ðàçíûå çíà÷åíèÿ äëÿ

ðàçëè÷íûõ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé äâóõ ïåðåìåííûõ ñî ñïèñêà Ãîðíà. Íàïðèìåð,

â ñëó÷àå ôóíêöèé Àïïåëÿ F1

Ψ(m,n) =
(α)m+n

(γ)m+n

.
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Öåëüþ ðàáîòû ÿâëÿåòñÿ èçó÷åíèå ïðîèçâåäåíèÿ ôóíêöèé Ìàòüå ïðåäñòàâëåííûõ â âèäå

íîðìàëüíûõ è íîðìàëüíî-ðåãóëÿðíûõ ðÿäîâ. Ýòè ðÿäû èãðàþò âàæíóþ ðîëü ïðè ïîñòðî-

åíèè ðåøåíèÿ óðàâíåíåíèÿ Ìàòüå, ÷àñòî âûðàæàåìûå ÷åðåç ôóíêöèè Áåññåëÿ è ïàðàáî-

ëè÷åñêîãî öèëèíäðà.

Â ðàáîòå èñïîëüçóÿ ðàçëè÷íûå ïðåäñòàâëåíèÿ ôóíêöèé ïàðàáîëè÷åñêîãî ïðåäñòàâëå-

íèÿ Dn(z) äîêàçàíû ðÿä òåîðåì. Ìîæíî äîêàçàòü [1], ÷òî ôóíêöèÿ Dn(z) ñ ïîìîùüþ

íîðìàëüíî-ðåãóëÿðíûõ ðÿäîâ ïðåäñòàâëÿåòñÿ â âèäå

Dn(z) =

Γ

(
1

2

)
· 2 1

2
n+ 1

4

Γ

(
1

2
− 1

2
n

) · 2− 1
4 · e−

1
4
Z2 · F

(
−1

2
n;−1

2
;
1

2
Z2

)
+

+

Γ

(
−1

2

)
· 2 1

2
n+ 1

4

Γ

(
−1

2
n

) · 2−
3
4 · Z · e−

1
4
Z2 · F

(
1

2
− 1

2
n;

3

2
;
1

2
Z2

)
.

Òåîðåìà 1. Ïðîèçâåäåíèå

y = Dν(u) ·Dν(v)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ òðåòüåãî ïîðÿäêà

y′′′ + 4

(
ν +

1

2
− 1

4
x2

)
· y′ − x · y = 0.

Òåîðåìà 2.

Ïðîèçâåäåíèå äâóõ ôóíêöèé ïàðàáîëè÷åñêîãî öèëèíäðà ïðåäñòàâèìî â âèäå

y = Dn(u) ·Dn(v) = 2−n · e
−
u2

4
− v2

4 ·Hn,n

(
u√
2
,
v√
2

)
,

ãäå Hn,n

(
u√
2
,
v√
2

)
� ïðîèçâåäåíèÿ äâóõ ìíîãî÷ëåíîâ Ýðìèòà.
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Òåîðåìà 3.

Ïðîèçâåäåíèÿ y(u, v) = Dν(u) ·Dν(v) ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà

∂2y

∂u2
+
∂2y

∂v2
+

[(
ν1 +

1

2
− u2

4

)
+

(
ν2 +

1

2
− v2

4

)]
· y = 0.
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Ïóñòü Ω = {x ∈ Rn : |x| < 1} - åäèíè÷íûé øàð, n ≥ 2, ∂Ω = {x ∈ Rn : |x| = 1} -
åäèíè÷íàÿ ñôåðà. Îáîçíà÷èì ∂Ω+ = {x ∈ ∂Ω : xn ≥ 0}, ∂Ω− = {x ∈ ∂Ω : xn ≤ 0},
I = ∩{x ∈ ∂Ω : xn = 0}. Êàæäîé òî÷êå x ∈ Ω ñîïîñòàâèì "ïðîòèâîïîëîæíóþ"åé òî÷êó

x∗ = ᾱx , ãäå ᾱ = (α1, α2, ..., αn), αn = −1, à îñòàëüíûå αj, j = 1, n− 1 ïðèíèìàþò îäèí èç

çíà÷åíèé ±1. Îáîçíà÷èì Dm
ν u(x) = ∂mu(x)

∂νm
,m ≥ 1, v-âåêòîð íîðìàëè ê ∂Ω, D0

νu(x) = u(x).

Ðàññìîòðèì â îáëàñòè Ω ñëåäóþùóþ çàäà÷ó (k = 1, 2):

∆2u(x) = f(x), x ∈ Ω (1)

Dm
ν u(x) = g(x), x ∈ ∂Ω (2)

D`1
ν u(x)− (−1)kD`1

ν u(x∗) = g1(x), x ∈ ∂Ω+ (3)

D`2
ν u(x) + (−1)kD`2

ν u(x∗) = g2(x), x ∈ ∂Ω+ (4)
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ãäå 0 ≤ m ≤ 3, 0 ≤ `1 < `2 ≤ 3, `1 6= m, `2 6= m.

Ðåøåíèåì çàäà÷è (1) - (4) íàçîâåì ôóíêöèþ u(x) ∈ C4(Ω) ∩ C`(Ω̄), ` = max(m, `1, `2),

óäîâëåòâîðÿþùóþ óñëîâèÿì (1) - (4) â êëàññè÷åñêîì ñìûñëå.

Ïóñòü ∂β = ∂|β|

∂x
β1
1 ...∂xβnn

, β− ìóëüòèèíäåêñ ñ |β| ≤ 3, ∂0 = I− åäèíè÷íûé îïåðàòîð.

Î÷åâèäíî, ÷òî íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ ðåøåíèÿ èç êëàññà C`(Ω̄) ÿâëÿ-

þòñÿ óñëîâèÿ ñîãëàñîâàíèÿ

∂βg1(x̃, 0) + (−1)k∂βg1(α̃x̃, 0) = 0, |β| ≤ p, ∂βg2(x̃, 0) + (−1)k∂βg2(α̃x̃, 0) = 0, |β| ≤ q (5)

ãäå x̃ = (x1, ..., xn−1), α̃ = (α1, ..., αn−1), p è q ïðèíèìàþò çíà÷åíèÿ 0,1,2,3 â çàâèñèìîñòè îò

ïîðÿäêà ãðàíè÷íûõ îïåðàòîðîâ Dl1
ν è Dl2

ν .

Îòìåòèì, ÷òî àíàëîãè÷íûå çàäà÷è â ñëó÷àå ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà

èññëåäîâàëèñü â ðàáîòàõ [1-3].

Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ âîïðîñû ðàçðåøèìîñòè çàäà÷è (1) - (4) äëÿ ñëó÷àåâ: 1)

m = 0 èëè l1 = 0; 2) m ≥ 1 èëè l1 ≥ 1;

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ

Òåîðåìà 1. Ïóñòü m = 0, l1 = 1, l2 = 2, k = 1, 2, f(x), g(x), gj(x), j = 1, 2 äîñòàòî÷íûå

ãëàäêèå ôóíêöèè è âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ (5). Òîãäà ðåøåíèå çàäà÷è (1) -

(4) ñóùåñòâóåò è åäèíñòâåííî.

Òåîðåìà 2. Ïóñòü l1 = 0,m = 1, l2 = 2, k = 1, 2, f(x), g(x), gj(x), j = 1, 2 äîñòàòî÷íûå

ãëàäêèå ôóíêöèè è âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ (5). Òîãäà

1) åñëè k = 1, òî ðåøåíèå çàäà÷è (1)-(4) ñóùåñòâóåò è åäèíñòâåííî.

2) åñëè k = 2,òî äëÿ ðàçðåøèìîñòè çàäà÷è (1)-(4) íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå

óñëîâèÿ ∫
Ω

1− |x|2

2
f(y)dsy =

∫
∂Ω+

g2(y)dsy−
∫
∂Ω

g1(y)dsy.

Åñëè ðåøåíèå ñóùåñòâóåò, òî îíî åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî.

Òåîðåìà 3. Ïóñòü l1 = 0, l2 = 1,m = 2, k = 1, 2, f(x), g(x), gj(x), j = 1, 2 äîñòàòî÷íûå

ãëàäêèå ôóíêöèè è âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ (5). Òîãäà

1) åñëè k = 1, òî ðåøåíèå çàäà÷è (1)-(4) ñóùåñòâóåò è åäèíñòâåííî.

2) åñëè k = 2,òî äëÿ ðàçðåøèìîñòè çàäà÷è (1)-(4) íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå

óñëîâèÿ ∫
Ω

1− |x|2

2
f(y)dsy =

∫
∂Ω

g2(y)dsy−
∫
∂Ω+

g1(y)dsy.

Åñëè ðåøåíèå ñóùåñòâóåò, òî îíî åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî.

Òåîðåìà 4. Ïóñòü k = 1, f(x), g(x), gj(x), j = 1, 2 äîñòàòî÷íûå ãëàäêèå ôóíêöèè è

âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ (5). Òîãäà íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðå-

øèìîñòè çàäà÷è (1)-(4) èìåþò âèä
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1) åñëè m = 1, l1 = 2, l2 = 3, òî

1

2

∫
Ω

(1− |x|2)f(x)dx =

∫
∂Ω+

g1(x)dSx −
∫
∂Ω

g(x)dSx,

2) åñëè m = 2, l1 = 1, l2 = 3, òî

1

2

∫
Ω

(1− |x|2)f(x)dx =

∫
∂Ω

g(x)dSx −
∫
∂Ω+

g1(x)dSx

è
n− 1

2

∫
Ω

xj|x|2f(x)dx−n− 3

2

∫
∂Ω

xjf(x)dx =

∫
∂Ω+

xjg2(x)dSx−
∫
∂Ω

xjg(x)dSx

ïðè âñåõ j ∈ {1, 2, ..., n} äëÿ êîòîðûõ âûïîëíÿåòñÿ ðàâåíñòâî αj = −1.

3) åñëè m = 3, l1 = 1, l2 = 2, òî

n− 1

2

∫
Ω

|x|2f(x)dx−n− 3

2

∫
Ω

f(x)dx =

∫
∂Ω

g(x)dSx,

è
n− 1

2

∫
Ω

xj|x|2f(x)dx−n− 3

2

∫
∂Ω

xjf(x)dx =

∫
∂Ω

xjg(x)dSx−
∫
∂Ω+

xjg2(x)dSx,

ïðè âñåõ j ∈ {1, 2, ..., n} äëÿ êîòîðûõ âûïîëíÿåòñÿ ðàâåíñòâî αj = −1.

Àíàëîãè÷íîå óòâåðæäåíèå âåðíî è â ñëó÷àå k = 2.
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Ïóñòü m ∈ N, %, νj, µj ∈ C, j = 1, 2, ...,m, ν = (ν0, ν1, ..., νm), µ = (µ0, µ1, ..., µm). Ðàññìîò-

ðèì ôóíêöèþ

Eρ(z, ν, µ) = Γ

(
µ0

ν0

)
∞∑
n=0

{
n∏
k=0

Γ

(
ρk + ν1

ρk + µ1

)
· . . . · Γ

(
ρk + νm

ρk + µm

)}
zn (1),

ãäå Γ(a)− ãàììà ôóíêöèÿ Ýéëåðà, Γ

(
a

b

)
= Γ(a)/Γ(b).

Äàííàÿ ôóíêöèÿ â ñëó÷àå m = 1 ðàññìîòðåíà â ðàáîòå [1] è ÿâëÿåòñÿ ìîäèôèêàöèåé

èçâåñòíîé îáîáùåííîé ôóíêöèè òèïà Ìèòòàã-Ëåôôëåðà, ââåäåííîé â ðàáîòå [2]:

Eα,m,l (z) =
∞∑
i=0

ciz
i, c0 = 1, cn =

n−1∏
k=0

Γ

(
α(km+ `) + 1

α(km+ `+ 1) + 1

)
, n ≥ 1. (2)

Ñâîéñòâà è ïðèìåíåíèÿ ôóíêöèè (2) èçëîæåíû â ðàáîòå [3].

Â íàñòîÿùåé ðàáîòå èññëåäóþòñÿ ñâîéñòâà ôóíêöèè (1) è èõ ïðèìåíåíèÿ äëÿ ïðåä-

ñòàâëåíèÿ ÿâíîãî ðåøåíèÿ íåêîòîðûõ èíòåãðî - äèôôåðåíöèàëüíûõ óðàâíåíèé äðîáíîãî

ïîðÿäêà.
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ÀËÈÁÅÊ ÅÑÊÅÐÌÅÑÓËÛ

Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, óë. Ñàòïàåâà, 2, Àñòàíà,
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Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ñïåêòðà íåïîëóîãðà-

íè÷åííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà L0, ïîðîæäåííîãî â L2(−∞,+∞) äèôôåðåíöè-

àëüíûì âûðàæåíèåì

ly = y(4) + q1(x)y, x ∈ (−∞,+∞). (2.25)

Â ìîíîãðàôèè [2] áûëè ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ôóíêöèè N(λ) �

ôóíêöèè ðàñïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé ñàìîñîïðÿæåííûõ ðàñøèðåíèé ìèíèìàëü-

íîãî äèôôåðåíöèàëüíîãî îïåðàòîðà L0, ïîðîæäåííîãî â L2(−∞,+∞) äèôôåðåíöèàëü-

íûì âûðàæåíèåì âèäà (2.25) â ñëó÷àå, êîãäà q1(x) � "ðåãóëÿðíàÿ" â ñìûñëå Òèò÷ìàðøà-

Ëåâèòàíà ôóíêöèÿ. Ïîä ðåãóëÿðíîñòüþ ôóíêöèè q1(x) ïîíèìàåòñÿ ñëåäóþùåå:

• ôóíêöèÿ q1(x) ÿâëÿåòñÿ äâàæäû íåïðåðûâíî-äèôôåðåíöèðóåìîé;

• q′1(x), q′′1(x) íå ìåíÿþò çíàê äëÿ äîñòàòî÷íî áîëüøèõ x, |x| > R, R > 0;

• q1(x)→ +∞ ïðè |x| → +∞;

• q′1(x) = o(qγ1 (x)), |x| → +∞, 0 < γ < 5
4
.

Öåëüþ íàøåé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå àñèìïòîòè÷åñêèõ ôîðìóë äëÿ ôóíêöèè N(λ)

â ñëó÷àå, êîãäà ôóíêöèÿ q1(x) íå óäîâëåòâîðÿåò óñëîâèÿì ðåãóëÿðíîñòè òèïà Òèò÷ìàðøà-

Ëåâèòàíà è ÿâëÿåòñÿ êîëåáëþùåéñÿ ôóíêöèåé. Ïðèìåðîì òàêèõ íåðåãóëÿðíûõ ôóíêöèé

ÿâëÿþòñÿ, íàïðèìåð, ôóíêöèè âèäà

q1(x) = q(x) + h(x),

ãäå q(x) � "ðåãóëÿðíàÿ" , à h(x) ñîäåðæèò îñöèëëÿöèþ

h(x) =
∑

ak(x) · Sk (ϕk(x)) ,
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ãäå Sk(t) � ïåðèîäè÷åñêèå ôóíêöèè, à ak(x), ϕk(x) � äîñòàòî÷íî ãëàäêèå ìîíîòîííûå ôóíê-

öèè.

Àñèìïòîòè÷åñêèå (êàê ïî x, òàê è ïî λ) ôîðìóëû äëÿ ôóíäàìåíòàëüíîé ñèñòåìû ðå-

øåíèÿ (äàëåå ÔÑÐ) óðàâíåíèé âèäà

−y′′ + (q(x) + h(x))y = λy

ñ ïîäîáíûìè ïîòåíöèàëàìè èçó÷àëèñü â ðàáîòàõ [4], [3]. Â ðàáîòå [1] áûë ïðåäëîæåí íîâûé

ìåòîä ïîñòðîåíèÿ òàêèõ àñèìïòîòè÷åñêèõ ïðè x → +∞ ôîðìóë, äëÿ óðàâíåíèÿ ÷åòâåð-

òîãî ïîðÿäêà. Îêàçàëîñü, ÷òî äàííûé ìåòîä ïîçâîëÿåò òàêæå ïîëó÷èòü àñèìïòîòè÷åñêèå

ôîðìóëû äëÿ ÔÑÐ óðàâíåíèÿ (2.25) ïðè Γ 3 λ→∞, ãäå

Γ = {λ : σ + iτ ; σ > 0, ξ ≤ τ ≤ σγ, ξ > 0, 0 < γ < 1},

ðàâíîìåðíûå ïî x ∈ (−∞,+∞).
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[2] À.Ã. Êîñòþ÷åíêî, È.Ñ. Ñàðãñÿí Ðàñïðåäåëåíèå ñîáñòâåííûõ çíà÷åíèé (ñàìîñîïðÿæåí-

íûå îáûêíîâåííûå äèôôåðåíöèàëüíûå îïåðàòîðû). // Íàóêà, 1979.

[3] Õ.Õ Ìóðòàçèí, ß.Ò. Ñóëòàíàåâ Ê ôîðìóëàì ðàñïðåäåëåíèÿ ñîáñòâåííûõ ÷èñåë íåïîëó-

îãðàíè÷åííîãî îïåðàòîðà Øòóðìà�Ëèóâèëëÿ. // Ìàòåìàòè÷åñêèå çàìåòêè 28:4, 545�

553 (1980).

[4] ß.Ò. Ñóëòàíàåâ Îá èíäåêñàõ äåôåêòà è ñïåêòðå îäíîìåðíûõ ñèíãóëÿðíûõ äèôôåðåí-

öèàëüíûõ îïåðàòîðîâ â âûðîæäåííîì ñëó÷àå. ÄÀÍ ÑÑÑÐ, 284:3, 551�555 (1985).

� >>> �

Èíñòèòóò Ìàòåìàòèêè è Ìàòåìàòè÷åñêîãî Ìîäåëèðîâàíèÿ, Àëìàòû, 22�25 Àâãóñòà 2017



International conference "Actual problems of pure and applied mathematics", dedicated to the
100th anniversary of the birth of academician Taimanov Asan Dabsovich 109

ÎÁ ÝËËÈÏÒÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈßÕ ÍÀ
ÑÒÐÀÒÈÔÈÖÈÐÎÂÀÍÍÛÕ ÌÍÎÆÅÑÒÂÀÕ

ÎËÅÃ ÏÅÍÊÈÍ

Êàçàõñòàíñêî-Áðèòàíñêèé Òåõíè÷åñêèé Óíèâåðñèòåò, Àëìàòû, 050010, Êàçàõñòàí

E-mail: o.m.penkin@gmail.com

Ïîä ñòðàòèôèöèðîâàííûõ ìíîæåñòâîì ïîíèìàåòñÿ ñâÿçíîå ïîäìíîæåñòâî Ω ïðîñòðàí-

ñòâà Rd, ñîñòàâëåííîå èç êîíå÷íîãî ÷èñëà ãëàäêèõ ìíîãîîáðàçèé σkj, ðåãóëÿðíî ïðèìûêàþ-
ùèõ äðóã ê äðóãó. Íà òàêîì ìíîæåñòâå óäà¼òñÿ îïðåäåëèòü àíàëîã îïåðàòîðà äèâåðãåíöèè

∇ (íà ñïåöèàëüíûì îáðàçîì îïðåäåëÿåìûõ êàñàòåëüíûõ âåêòîðíûõ ïîëÿõ) ïî ñïåöèàëüíîé

ìåðå

µ(ω) =
∑
σkj

µk(ω ∩ σkj),

ãäå µk � k-ìåðíàÿ ìåðà Ëåáåãà íà ñòðàòå σkj. Íà ýòîé îñíîâå óäàåòñÿ îïðåäåëèòü àíàëîã

îïåðàòîðà Ëàïëàñà è ýëëèïòè÷åñêèå îïåðàòîðû áîëåå îáùåãî âèäà.

Ìû ïðèâîäèì ðåçóëüòàòû, êàñàþùèåñÿ ðàçðåøèìîñòè (ñëàáîé è êëàññè÷åñêîé) çàäà÷è

Äèðèõëå ñ òàêèìè îïåðàòîðàìè, à òàêæå çàäà÷è Äèðèõëå äëÿ p-ëàïëàñèàíà, îïðåäåëÿ-

åìîì íà ñòðàòèôèöèðîâàííîì ìíîæåñòâå àíàëîãè÷íî îáû÷íîìó p-ëàïëàñèàíó â îáëàñòè

ïðîñòðàíñòâà Rd.
Ìû îïèñûâàåì òàêæå íåêîòîðûå íîâûå ðåçóëüòàòû, êàñàþùèõñÿ êà÷åñòâåííûõ ñâîéñòâ

ãàðìîíè÷åñêèõ è ñóáãàðìîíè÷åñêèõ ôóíêöèé íà ñòðàòèôèöèðîâàííîì ìíîæåñòâå, ïîëó-

÷åííûõ àâòîðîì è íåêîòîðûìè èç åãî ó÷åíèêîâ. Â èõ ÷èñëå òåîðåìà îá óñòðàíèìîé îñî-

áåííîñòè è íåðàâåíñòâî Õàðíàêà äëÿ òàê íàçûâàåìîãî �ìÿãêîãî� ëàïëàñèàíà, íà îñíîâå

êîòîðûõ óäà¼òñÿ óäà¼òñÿ ðåàëèçîâàòü ìåòîä Ïåðððîíà äîêàçàòåëüñòâà ðàçðåøèìîñòè çà-

äà÷è Äèðèõëå ñ òàêèì ëàïëàñèàíîì.

Íåêîòîðûå ïîäðîáíîñòè, êàñàþùèåñÿ ïðèìåíÿåìîãî íàìè ìàòåìàòè÷åñêîãî àïïàðàòà

ìîæíî íàéòè â êíèãå [1].

Ñïèñîê ëèòåðàòóðû
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Ê.È. Ñàòïàåâà, Ðåñïóáëèêà Êàçàõñòàí

E-mail: akhairullin_42_42@mail.ru

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ îñîáàÿ êðàåâàÿ çàäà÷à äëÿ áèïàðàáîëè÷åñêîãî èíòåãðî-

äèôôåðåíöèàëüíîãî óðàâíåíèÿ (ÁÏÈÄÓ) â ìíîãîìåðíîì ïðîñòðàíñòâå äëÿ ïîëîñû. Ðåøå-

íèå êðàåâîé çàäà÷è èùåòñÿ â âèäå ñóììû ôóíêöèè Êîøè äëÿ ÁÏÈÄÓ è ñïåöèàëüíûõ ïî-

òåíöèàëîâ. Ïðèâîäÿòñÿ ëåììû î ñêà÷êàõ ñïåöèàëüíûõ ïîòåíöèàëîâ â îêðåñòíîñòÿõ ãèïåð-

ïëîñêîñòåé. Íà îñíîâàíèè ëåììû êðàåâàÿ çàäà÷à äëÿ ÁÏÈÄÓ ñâåäåíà ê ñèñòåìå èíòåãðî-

äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÈÄÓ). Èñïîëüçîâàíèåì îïåðàòîðîâ äðîáíîãî èíòåãðè-

ðîâàíèÿ è äèôôåðåíöèðîâàíèÿ, ðåøåíèå ÑÈÄÓ íàéäåíî â ÿâíîì âèäå ÷åðåç çàäàííûå

ôóíêöèè.

Â îáëàñòè QT ≡ {(x, t) : (x′, xn, t), x′ ∈ Rn−1, xn ∈]0, l[, t ∈]0, T [} íàéòè ðåøåíèå

u(x, t) ∈ C4,2
x,t (QT ) ÁÏÈÄÓ

L2[u(x, t)] = λ

t∫
0

∆2u(x, τ)dτ + f(x, t), (2.26)

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u(x, t)
∣∣∣
t=0

= 0, Dtu(x, t)
∣∣∣
t=0

= 0 (2.27)

è ãðàíè÷íûì óñëîâèÿì

D2
xnu(x, t)

∣∣∣
xn=0

= ϕ1(x′, t), D3
xnu(x, t)

∣∣∣
xn=0

= ϕ2(x′, t),

D2
xnu(x, t)

∣∣∣
xn=l

= ϕ3(x′, t), D3
xnu(x, t)

∣∣∣
xn=l

= ϕ4(x′, t),

(x′, t) ∈ Q(1)
t = QT\xn,

(2.28)

ãäå L ≡ Dt − a2∆, Dxn =
∂

∂xn
, Dt =

∂

∂t
; ∆ � îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x =

(x1, x2, . . . , xn) ∈ Rn, λ � íåêîòîðûé ïàðàìåòð.

Ðåøåíèå êðàåâîé çàäà÷è (1) � (3) èùåòñÿ â âèäå:

u(x, t) = 2a4σ1 ∗Gn−1DxnQ1[x, t] + 2a4σ2 ∗ tGn[x, t]+

+2a4µ1 ∗Gn−1DxnQ1[x′, xn − l, t] + 2a4µ2 ∗ tGn[x′, xn − l, t] + f ∗ tHn[x′, t],
(2.29)

This research is �nancially supported by grants from the Ministry of Science and Education of the Republic

of Kazakhstan under the grant number 4075/GF4.
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ãäå Hn(x, t) � ôóíêöèÿ Êîøè äëÿ ÁÏÈÄÓ[1], Gn(x, t) - ôóíäàìåíòàëüíîå ðåøåíèå (ô. ð.)

óðàâíåíèÿ òåïëîïðîâîäíîñòè â Rn, ïðåäñòàâèìîå â âèäå

Gn(x, t) = Gn−1(x′, t)G1(xn, t),

ïðè÷åì G1(xn, t) � (ô. ð.) îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè;

Q1[xn, t) =

t∫
0

G1(xn, t− z)dz;

σj ∗Gn[x, t] =

t∫
0

dτ

∫
Rn−1

σj(ξ
′, τ)Gn(x′ − ξ′, xn, t− τ)dξ′;

σj(x
′, t), µj(x

′, t), (j = 1, 2) � íåèçâåñòíûå ôóíêöèè.

Íåòðóäíî óáåäèòüñÿ, ÷òî ôóíêöèÿ u(x, t), îïðåäåëÿåìàÿ ðàâåíñòâîì (4) óäîâëåòâîðÿåò

óðàâíåíèþ (1) è íà÷àëüíûì óñëîâèÿì (2). Íåèçâåñòíûå ôóíêöèè σj(x′, t) è µj(x′, t) âûáåðåì

òàê, ÷òîáû âûïîëíÿëèñü ãðàíè÷íûå óñëîâèÿ (3).

Ïîäñòàâëÿÿ ôóíêöèþ u(x, t) îïðåäåëÿåìóþ ôîðìóëîé (4) â ãðàíè÷íûå óñëîâèÿ (3),

ïîëó÷èì îòíîñèòåëüíî ôóíêöèé σj(x′, t), µj(x′, t) ñèñòåìó ÈÄÓ

σj(x
′, t)− (L1)j−1σ3−j ∗

(
a√
2

)2(2−j)
Gn−1

a
√
πt

[x′, t] ≡ Φj(x
′, t), j = 1, 2. (2.30)

µj(x
′, t) + (L1)j−1µ3−j ∗

(
a√
2

)2(2−j)
Gn−1

a
√
πt

[x′, t] ≡ Φj+2(x′, t), j = 1, 2. (2.31)

ãäå L1 ≡ Dt − a2∆x′ , ∆x′ � îïåðàòîð Ëàïëàñà ïî ïàðàìåòðàì x′ = (x1, x2, . . . , xn−1),

Φj(x
′, t) = ϕj(x

′, t)−
2∑
j=1

µi ∗Kji[x
′, t]−Dj+1

xn f ∗ tHn[x′, t],

Φj+2(x′, t) = ϕj+2(x′ − t)−
2∑
j=1

σi ∗Kj+2,i[x
′, t]−Dj+1

xn f ∗ tHn[x′, t],

ïðè÷åì Kji(x
′, t), Kj+2,i(x

′, t) � ðåãóëÿðíûå ÿäðà.

Ïðèìåíÿÿ ïàðàáîëè÷åñêèé îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ è äèôôåðåíöèðîâàíèÿ

ê ñèñòåìå (5) è (6) ìîæíî íàéòè

σj(x
′, t) = 2Φj(x

′, t) + aJ
1
2 [Φj], (2.32)

µj(x
′, t) = 2Φj+2(x′, t) +

2

a
D

1
2 Φj+2, j = 1, 2, (2.33)

ãäå J
1
2 [Φj] =

t∫
0

dτ√
π(t− τ)

∫
Rn−1

Φ(ξ′, τ)Gn−1(x′ − ξ′, t − τ)dξ′, D
1
2 = L1J

1
2 � ïàðàáîëè÷åñêèé

îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ ïîðÿäêà α =
1

2
Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà. Åñëè ôóíêöèè f(x, t) è σj(x′, t), µj(x′, t) ñîîòâåòñòâåííî èç êëàññîâ C
α,0
x,t (QT )

è Cα,1
x,t (Q

(1)
T ) òî êðàåâàÿ çàäà÷à (1) � (3) èìååò ðåøåíèå u(x, t) ∈ C4,2

x,t (QT ), îïðåäåëÿåìîå

ðàâåíñòâîì (4), ãäå íåèçâåñòíûå ôóíêöèè îïðåäåëÿþòñÿ ôîðìóëàìè (7) è (8).
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SOLUTION OF THE NONREGULAR PROBLEMS

FOR THE PARABOLIC EQUATIONS
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E-mail: bizhanova@math.kz; galina_math@mail.ru

We consider the initial and boundary value problems for the second order parabolic equation

with singular coe�cients with respect to t at t = 0 at the �rst order spatial derivatives in the

parabolic equation. There are proved the existence, uniqueness, estimates of the solutions in

weighted H�older space with powers of t weights. These problems have the physical sense.

When we study boundary value problems for the parabolic equations in the H�older space

C
2+l,1+l/2
x t (ΩT ), l � positive noninteger, we should require that boundary of the domain belongs

to the C2+l or C2+l,1+l/2
x t , if boundary is moving, because the solutions of these problems

belonging to this space are continuous with all their acceptable derivatives up to the boundary

of a domain.

Sometimes the boundary of a domain of the problems, which are the mathematical models of

the physical processes (for instance, of heating or cooling of substance), has the less smoothness,

but process goes and the problems can have the solutions.

After the nondegenerate coordinate transformations the problems for the parabolic

equations in the domains with moving boundaries, which have the less smoothness, than

necessary, the free boundary problems for the parabolic equations are reduced to the problems

for the parabolic equation with singular coe�cients with respect to t at t = 0 at the �rst order

spatial derivatives in the equation.
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THE BOUNDARY CONDITION FOR CLASSICAL WAVE
POTENTIAL

TYNYSBEK KALMENOV
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It is known that a self-adjoint di�erential operator is always generated by the boundary

conditions. Consequently, the operator

u(x) = εn ∗ f =

∫
Ω

εn(x− y)f(y)dy, (2.34)

is the inverse of the operator of some well-posed boundary value problem for the equation

−4u = f, n ≥ 2. (2.35)

Where εn(x− y) is the fundamental solution of the Laplace operator.

Thus we arrive at the problem of constructing boundary conditions for the integral operator

(2.34).

Systematic studies of boundary conditions of Newton potential, heat potential and other

potentials are investigated recently. We refer for our main works in this direction.

In the work [1] we have found the boundary condition of the Newton potential. It has the

following form

1

2
u(x) = −

∫
∂Ω

εn(x− y)
∂u(y)

∂ny
dSy +

∫
∂Ω

∂εn(x− y)

∂ny
u(y)dSy, x ∈ ∂Ω. (2.36)

We de�ne the Cauchy potential by the formula

u = L−1
K f =

∫
Ω

ε(x1, x2, ξ1, ξ2)f(ξ1, ξ2)dξ2 (2.37)

where ε(x1, x2, ξ1, ξ2) is the fundamental solution of the equation

Lε ≡ ∂2ε

∂x2
2

− ∂2ε

∂x2
1

+ a1(x1, x2)
∂ε

∂x1

+ a2(x1, x2)
∂ε

∂x2

+ a(x1, x2)ε = δ(x1 − ξ1, x2 − ξ2) (2.38)

In this case, u = L−1
K f it satis�es the initial condition of Cauchy

u = LKf |x2=0= 0,
∂u

∂x2

|x2=0=
∂L−1

K f

∂x2

|x2=0= 0 (2.39)

This research is �nancially supported by a grant from the Ministry of Science and Education of the Republic
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and the equation

Lu = f. (2.40)

In the present report, the lateral boundary conditions of this wave potential will be

constructed.
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In this talk we prove that the �rst s-number of the Cauchy-Dirichlet heat operator is

minimized in the equilateral cylinder among all Euclidean triangular cylindric domains of a

given volume as well as we obtain spectral geometric inequalities for the Cauchy-Dirichlet-

Neumann heat operator in the right and equilateral triangular cylinders. It is also established

that maximum of the second s-number of the Cauchy-Neumann heat operator is reached by

the equilateral triangular cylinder among all triangular cylinders of given volume. In addition,

we prove that the second s-number of the Cauchy-Neumann heat operator is maximized in the

circular cylinder among all cylindrical Lipschitz domains of �xed volume. This talk is partially

based on the papers [1]-[2].
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In this paper, we extend the 3/2 model for VIX studied by Goard and Mazur and introduce

the generalized 3/2 and 1/2 classes of volatility processes. Under these models, we study the

pricing of European and American VIX options, and for the latter, we obtain an early exercise

premium representation using a free-boundary approach and local time-space calculus. The

optimal exercise boundary for the volatility is obtained as the unique solution to an integral

equation of Volterra type. We also consider a model mixing these two classes and formulate the

corresponding optimal stopping problem in terms of the observed factor process. The price of

an American VIX call is then represented by an early exercise premium formula. We show the

existence of a pair of optimal exercise boundaries for the factor process and characterize them

as the unique solution to a system of integral equations.
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Let m be a positive integer. We shell consider in the n � dimensional unit ball Ω = {x :

|x| < 1 } ⊆ Rn the nonhomogeneous polyharmonic equation (PHE)

∆m
x u(x) = f(x), x ∈ Ω, (1)

with the boundary value problems (BVPs)

∂kj

∂n
kj
x

u

∣∣∣∣
x∈∂Ω

= ϕj(x), j = 1,m, x ∈ S, 0 ≤ k1 < k2 < ... < km ≤ 2m− 1. (2)

By a regular solution to problems (1)-(2) we mean a function u(x) ∈ C2m+α(Ω), satisfying

the equation (1) and the boundary conditions (2).

It is known, see [1,2], that the existence of regular solutions to the original data f(x),

ϕ1(x), ..., ϕm(x) imposes limitations of two types: (i) some loss of smoothness, (ii) certain

conditions such as orthogonality to the solutions of the homogeneous adjoint equation. The

solvability of BVPs for the PHEs and for elliptic equations in di�erent spaces is investigated in

[1-4].

In this paper [4,5], the focus is aimed at clarifying the limitations of type (ii), i.e. it is

found out what the necessary and su�cient conditions of type (ii) the functions f(x), ϕ1(x), ...,

ϕm(x) should satisfy if their smoothness properties are standard. Therefore, in the given work

we �nd a �nal result associated with necessary and su�cient conditions for the solvability of

the nonhomogeneous PHEs in a ball on the given data and the solution is given in explicit form
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by the Green function for the PHD equation, as well as built some classes correct BVPs in a

ball.

In [6], for boundary value problems for a polyharmonic equation with normal derivatives

under boundary conditions, a su�cient condition for the Fredholm property of these problems

was obtained and a formula of their index is given.

The work was supported by Grant 3492/GF4 Ministry of Education and Science of

Kazakhstan Republic.
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In this work we present the generalized weighted Lp-Hardy and Lp-Rellich inequalities with

boundary terms on strati�ed Lie groups. As consequences, most of the Hardy type inequalities

and Heisenberg-Pauli-Weyl type uncertainty principles on strati�ed group were recovered.

Moreover, a weighted L2-Rellich type inequality with the boundary term is obtained.

Èíñòèòóò Ìàòåìàòèêè è Ìàòåìàòè÷åñêîãî Ìîäåëèðîâàíèÿ, Àëìàòû, 22�25 Àâãóñòà 2017



International conference "Actual problems of pure and applied mathematics", dedicated to the
100th anniversary of the birth of academician Taimanov Asan Dabsovich 119

Ñïèñîê ëèòåðàòóðû

[1] Adimurthy, P. K. Ratnakumar and V. K. Sohani. A Hardy-Sobolev inequality for the

twisted Laplacian. Proc. R. Soc. Edinb. A, 147(1), 1�23, 2017.

[2] A.A. Balinsky, W.D. Evans, R.T. Lewis. The Analysis and Geometry of Hardy's Inequality

Springer International Publishing, 2005.

[3] N. Badiale, G. Tarantello. A Sobolev-Hardy inequality with applications to a nonlinear

elliptic equation arising in astrophysics. Arch. Ration. Mech. Anal., 163, 259�293, 2002.

[4] A. Bon�glioli, E. Lanconelli, F. Uguzzoni. Strati�ed Lie Groups and Potential Theory for

their Sub-Laplacians. Springer-Verlag, Berlin-Heidelberg, 2007.

[5] D. M. Bennett. An extension of Rellichâ�TMs inequality. Proc. Am. Math. Soc., 106,

987�993, 1989.

[6] L. Ca�arelli, R. Kohn, L. Nirenberg. First order interpolation inequalities with weights.

Compos. Math., 53, 259�387, 1984.

[7] P. Ciatti, M.G. Cowling, F. Ricci. Hardy and uncertainty inequalities on strati�ed Lie

groups. Adv. Math. 227, 365�387, 2015.

[8] E. B. Davies. One-Parameter Semigroups. Academic, London, 1980.

[9] E. B. Davies, A. M. Hinz. Explicit constants for Rellich in Lp(Ω). Math. Z. 227(3), 511�523,

1998.

[10] V. Fisher and M. Ruzhansky. Quantization on nilpotent Lie groups. Progress in

Mathematics, Vol. 314, Birkh�auser, 2016.

[11] G. B. Folland. Subelliptic estimates and function spaces on nilpotent Lie groups. Ark.

Math., 13, 161�207, 1975.

[12] J. A. Goldstein and I. Kombe. The Hardy inequality and nonlinear parabolic equations

on Carnot groups. Nonlinear Anal., 69, 4643�4653, 2008.

[13] E. H. Lieb and M. Loss. Analysis, Second Edition Graduate Studies in Mathematics,

Volume 14, 2001.

[14] F. Rellich. Perturbation theory of eigenvalue problems. Godon and Breach, New York,

1969.

[15] T. Ozawa, M. Ruzhansky, D. Suragan. Lp-Ca�arelli-Kohn-Nirenberg type inequalities on

homogeneous groups. arXiv:1605.02520, 2016.

Institute of Mathematics and Mathematical Modeling, Almaty, August 22�25, 2017



120 Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àêòóàëüíûå ïðîáëåìû ÷èñòîé è ïðèêëàäíîé ìàòåìà-
òèêè¿, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Òàéìàíîâà Àñàíà Äàáñîâè÷à

[16] M. Ruzhansky and D. Suragan. On horizontal Hardy, Rellich, Ca�arelli-Kohn-Nirenberg

and p-sub-Laplacian inequalities on strati�ed groups. J. Di�erential Equations, 262, 1799�

1821, 2017.

[17] M. Ruzhansky and D. Suragan. Layer potentials, Kac's problem, and re�ned Hardy

inequality on homogeneous Carnot groups. Adv. Math., 308, 483�528, 2017.

[18] M. Ruzhansky and D. Suragan. Local Hardy and Rellich inequalities for sums of squares

of vector �elds. Adv. Di�. Equations, 22, 505�540, 2017.

[19] U. W. Schmincke. Essential selfadjointness of a Schr�odinger operator with strongly singular

potential. Math. Z., 124, 47�50, 1972.

[20] Z. Wang and M. Zhu, Hardy inequalities with boundary terms. EJDE, 2003(43), 1�8,

2003.

[21] L.P. Rothdchild and E.M. Stein Hypoelliptic di�erential operators and nilpotent groups.

Acta Math., 137, 247�320, 1976.

� >>> �

EXPLICIT NUMERICAL METHOD FOR bOLTZMANN'S
ONEDIMENSIONAL NONLINEAR SIXMOMENT SYSTEM

OF EQUATIONS WITH VLADIMIROV-MARSHAK
BOUNDARY CONDITIONS

A.SAKABEKOVa, G. TLEUOVAb

Kazakh National Research Technical University after K.I.Satpaev, Satpayev street, 22a,

Almaty, 050013, Kazakhstan

Al-Farabi Kazakh National University, al-Farabi Ave., 71, Almaty, 050040, Kazakhstan

E-mail: aauzhani@gmail.com, bgaynyt@gmail.com

An approximate solution of the initial and boundary value problem for the Boltzmann

equation can be determined by the moment method. According to the moment method particle

distribution function decomposed into an in�nity series of complete orthogonal system of

functions. Boltzmann's equation is equivalent to an in�nite system of di�erential equations

relative to the moments of the particle distribution function in the complete system of

eigenfunctions of linearized operator. As a rule we limit study by �nite moment system of

equations because solving in�nite system of equations does not seem to be possible. There

arises the problem of boundary conditions for a �nite system of equations that approximate

the microscopic boundary conditions for Boltzmann's equation and solvability of the initial and

boundary value problem for Boltzmann's moment system of equations.
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Moment methods di�ers from each other by choosing di�erent systems of basis functions. For

instance, Grad [1,2] obtained the moment system by expanding the particle distribution function

in Hermitte polynomials near the local Maxwell distribution. Grad used Cartesian coordinates

of velocities and Grad's moment system contained as coe�cients such unknown hydrodynamic

characteristics like density, temperature, average speed, and so forth. In work [3] we have

obtained the moment system which di�ers from Grad's system of equations. We used spherical

velocity coordinates and decomposed the distribution function into a series of eigenfunctions

of the linearized collision operator, which is the product of Sonine polynomials and spherical

functions. The expansion coe�cients, moments of the distribution function is de�ned di�erently

than in the Grad. The resulting system of equations, which correspond to the partial sum of

series and which we called Boltzmann's moment system of equations, is a nonlinear hyperbolic

system in relation to the moments of the particles distribution function. The di�erential part

of the resulting system is linear in relation to the moments of the distribution function and

nonlinearity is included as moments of collision integral. The moments of a nonlinear collision

operator are expressed through coe�cients of Talmi and Klebsh-Gordon. Note that Boltzmann's

moment equations are intermediate between Boltzmann(kinetic theory) and hydrodynamic

levels of description of state of the rare�ed gas and form class of nonlinear partial di�erential

equations.

We consider the initial and boundary value problem for six-moment Boltzmann's system

equations with Vladimirov-Marshak boundary conditions in a vector-matrix form:

∂u

∂t
+ A

∂w

∂x
= J1, (2.41)

∂w

∂t
+ A′

∂u

∂x
= J2 , t ∈ (0, T ] , x ∈ (−a, a) , (2.42)

u|t=0 = u0 (x) ,

w|t=0 = w0 (x) , x ∈ [−a, a] , (2.43)

(Aw ∓Bu) |x=±a = 0 , t ∈ (0, T ] (2.44)

Where u= (f00, f02, f10)
′
, w= (f01, f03, f11)

′
, J1= (0,J02, 0)

′
, J2= (0,J03, J01)

′
,

A =
1

α
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1

4
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are moments of the collision integral, where σ0, σ1, σ2 and σ3− are the Fourier coe�cients, and

u0 (x) and w0(x)are given initial vector functions. It requires to �nd the solution of the system

(1-2) with the initial conditions (2.43) and boundary conditions (2.44).

Theorem. If w0 (x) , u0 (x) ∈ L2 [−a, a] then problem (2.41)-(2.44) has unique

solution on the region [−a, a]×[0,T] belonging to the space C ([0, T ] ;L2 [−a, a]), moreover

‖U‖C([0,T ];L2[−a,a]) ≤ C‖U0‖L2[−a,a], where U = (u,w) , U0 = (u0, w0) , T ∼ O
(
‖U0‖−1

L2[−a,a]

)
.

We use the explicit method for solving the initial and boundary value problem numerically [4].

We use the next initial values:

f 0
00 (x) = 1 − x, f 0

10 (x) = x (1− x) , f 0
02 (x) = x, f 0

01 (x) = 1 − x2, f 0
03 (x) = x2, f 0

11 (x) =

x2 (1− x2) ,

σ0 = 0.3 , σ1 = 0.5 , σ2 = 0.7 , σ3 = 0.9 , α = 1, n ∈ [1, 10] , i ∈ [1, 9] .
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In this talk we propose analogues of Green's and Picone's identities for the p-sub-Laplacian

on strati�ed Lie groups. In particular, these imply a generalised D�iaz-Sa�a inequality for the

p-sub-Laplacian on strati�ed Lie groups. Using these we derive a comparison principle and

uniqueness of a positive solution to nonlinear hypoelliptic equations on general strati�ed Lie

groups extending to the setting of the general strati�ed Lie groups previously known results on

Euclidean and Heisenberg groups.
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In this paper we extend results on regularized trace formulae which were established in [1, 2]

for the Laplace and m-Laplace operators in a punctured domain with the �xed iterating order

m ∈ N. By using techniques of Sadovnichii and Lyubishkin [3], the authors in the papers [1, 2]
described regularized trace formulae in the spatial dimension d = 2. In this remark one is to be

claimed that the formulae are also valid in the higher spatial dimensions, namely, 2 ≤ d ≤ 2m.

Ñïèñîê ëèòåðàòóðû

[1] B. E.Kanguzhin, N. E.Tokmagambetov, On Regularized Trace Formulas for a Well-Posed

Perturbation of the m�Laplace Operator // Di�erential Equations, 51:12 (2015), 1583�1588.

The author was supported in parts by the EPSRC grant EP/K039407/1 and by the Leverhulme Grant

RPG-2014-02, as well as by the MESRK grant 5127/GF4. No new data was collected or generated during the

course of research.

Institute of Mathematics and Mathematical Modeling, Almaty, August 22�25, 2017



124 Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àêòóàëüíûå ïðîáëåìû ÷èñòîé è ïðèêëàäíîé ìàòåìà-
òèêè¿, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Òàéìàíîâà Àñàíà Äàáñîâè÷à

[2] B. E.Kanguzhin, N. E.Tokmagambetov, A regularized trace formula for a well-perturbed

Laplace operator // Doklady Mathematics, 91:1 (2015), 1�4.

[3] V.A. Sadovnichii, V.A. Lyubishkin, Finite-dimensional perturbations of discrete operators

and trace formulas // Funktsional. Anal. i Prilozhen., 20 (1986), 55�65. In Russian.

� >>> �

CRITICAL EXPONENTS OF FUJITA TYPE FOR A
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E-mail: torebek@math.kz

In the present paper we consider the Cauchy problem for an ordinary fractional di�erential

inequality: {
Dα,µu(t) ≥ tβ |u(t)|p , t > 0, p > 1, 0 < α ≤ µ < 1,

I1−αu(0) = ϕ ∈ R
, (2.45)

where Dα,µ is Hilfer fractional derivative and I1−α is Riemann-Liouville fractional integral

operator (see. [1]).

A nonexistence result is proved and the critical exponent separating existence from

nonexistence is found. This is proved in the absence of any regularity assumptions.

Ñïèñîê ëèòåðàòóðû

[1] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional

Di�erential Equations

North-Holland. Mathematics studies. 2006.
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Berikbol T. TOREBEK
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In this paper a nonlocal problem for the nonhomogeneous bi-Laplacian equation:

∆2u(x, t) = f(x, t), (x, t) ∈ D, (2.46)

u(x, t) = 0,
∂u

∂ν
(x, t) = 0, x ∈ ∂Ω, t ∈ [0, T ], (2.47)

u(x, 0) = αu(x, T ), ut(x, 0) = −αut(x, T ), x ∈ Ω (2.48)

∆u(x, T ) = α∆u(x, 0),
∂∆u

∂t
(x, T ) = −α∂∆u

∂t
(x, 0), x ∈ Ω, (2.49)

in a cylindrical domain D = Ω× (0, T ) is considered.

It is shown that this problem is ill-posed as well as the harmonic Cauchy problem. The

method of spectral expansion in eigenfunctions of the nonlocal problem for bi-Laplacian

operator establishes a criterion of the strong solvability of the considered nonlocal problem.

It is shown that the ill-posedness of the nonlocal problem is equivalent to the existence of an

isolated point of the continuous spectrum for a nonself-adjoint problem for the bi-Laplacian

operator.
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ÂÂÅÄÅÍÈÅ

Ðàáîòà ïîñâÿùåíà àíàëèçó òåêñòóð. Èñòî÷íèêîì èçîáðàæåíèé ÿâëÿþòñÿ ìèêðîôîòî-

ãðàôèè ðàñòèòåëüíîãî ñûðüÿ, ðàçìîëîòîãî íà ñïåöèàëüíûõ ìåëüíèöàõ. Ðàáîòà âûïîëíåíà

äëÿ Èíñòèòóòà õèìèè òâåðäîãî òåëà è ìåõàíîõèìèè Ñèáèðñêîãî Îòäåëåíèÿ Ðîññèéñêîé

Àêàäåìèè Íàóê. Êîíå÷íàÿ öåëü ðàáîòû � îïðåäåëåíèå ïî ìèêðîôîòîãðàôèè õèìè÷åñêîé

ðåàêòèâíîñòè ñûðüÿ. Â ýòà çàäà÷à íå ðåøåíà, ýòî òðåáóåò áîëåå ãëóáîêèõ èññëåäîâàíèé.

Îñíîâíîå âíèìàíèå óäåëåíî ðàçðàáîòêå èíñòðóìåíòà äëÿ àíàëèçà, à èìåííî, áèáëèîòå-

êå ïðîãðàìì äëÿ àíàëèçà òåêñòóð è ãðàôè÷åñêîãî èíòåðôåéñà ê äàííîé áèáëèîòåêå. Äà-

ëåå, èñïîëüçóÿ íàáîðû òåêñòóðíûõ ïðèçíàêîâ è ýêñïåðèìåíòàëüíûå äàííûå î õèìè÷åñêîé

ðåàêòèâíîñòè, ìîæíî ïðèìåíèòü àëãîðèòìû ìàøèííîãî îáó÷åíèÿ, íàïðèìåð, íà îñíîâå

íåéðîêîìïüþòåðíîãî ïîäõîäà. Òàêèì îáðàçîì, íàòðåíèðîâàâ ñèñòåìó íà íàáîðå äàííûõ,

ìîæíî áóäåò ïîòîì åå èñïîëüçîâàòü äëÿ ïðåäñêàçàíèÿ õèìè÷åñêîé ðåàêòèâíîñòè, ïîðèñòî-

ñòè è ò.ä. Áûëè ïðîâåäåíû ïðåäâàðèòåëüíûå ýêñïåðèìåíòû ïî ïðèìåíåíèþ R/S-àíàëèçà

è ôðàêòàëüíîãî àíàëèçà.

1. Àíàëèç òåêñòóðíûõ ïðèçíàêîâ

Òåêñòóðû [1-3] íàõîäÿò öåëûé ðÿä ïðèìåíåíèé â àíàëèçå ìíîãèõ òèïîâ èçîáðàæåíèé.

Îíè íåïîñðåäñòâåííî ïðèñóòñòâóþò âî âñåõ èçîáðàæåíèÿõ, ïîëó÷àåìûõ ñ ïîìîùüþ ñïóò-

íèêîâ, â ìèêðîñêîïè÷åñêèõ èçîáðàæåíèÿõ êóëüòóð êëåòîê, ïðåïàðàòîâ òêàíåé â áèîìåäè-

öèíñêèõ èññëåäîâàíèÿõ è ò.ï.
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Äëÿ àíàëèçà òåêñòóðû, íåîáõîäèìî îïðåäåëèòü ðàçìåð ñêîëüçÿùåãî îêíà, ñ ïîìîùüþ

êîòîðîãî âûäåëÿþòñÿ åå ôðàãìåíòû. Äàëåå âû÷èñëÿþòñÿ òàê íàçûâàåìûå òåêñòóðíûå ïðè-

çíàêè. Ýòî ÷èñëîâûå õàðàêòåðèñòèêè, çàâèñÿùèå îò îêíà â öåëîì. Îáû÷íî èõ ðàçäåëÿþò

íà íåñêîëüêî ãðóïï: ïðèçíàêè, îñíîâàííûå íà èçìåðåíèè ïðîñòðàíñòâåííûõ ÷àñòîò; ïðè-

çíàêè, îñíîâàííûå íà ñòàòèñòè÷åñêèõ õàðàêòåðèñòèêàõ óðîâíåé èíòåíñèâíîñòè ýëåìåíòîâ

ðàçëîæåíèÿ; ïðèçíàêè, îñíîâàííûå íà îïèñàíèè ñòðóêòóðíûõ ýëåìåíòîâ è äð. Â ðÿäå ïóá-

ëèêàöèé ïðèâîäÿò äî òðèäöàòè ïðèçíàêîâ, à âñåãî èõ èçâåñòíî áîëåå äâóõñîò.

Ñëåäóåò îòìåòèòü, ÷òî íå âñå òåêñòóðíûå õàðàêòåðèñòèêè îäèíàêîâî èíôîðìàòèâíû

ïðè àíàëèçå è êëàññèôèêàöèè òåõ èëè èíûõ èçîáðàæåíèé, ïîýòîìó äëÿ óâåëè÷åíèÿ âû-

÷èñëèòåëüíîé ýôôåêòèâíîñòè àëãîðèòìîâ íåîáõîäèìî ðåøàòü çàäà÷ó àíàëèçà èíôîðìà-

òèâíîñòè è îïòèìèçàöèè ñèñòåìû ïðèçíàêîâ. Îñíîâíîé âîïðîñ ïðè ïîñòðîåíèè ñèñòåìû

ïðèçíàêîâ çàêëþ÷àåòñÿ â òîì, ÷òîáû îïðåäåëèòü, êàêèå è ñêîëüêî ïðèçíàêîâ íåîáõîäèìî

âûäåëèòü äëÿ íàäåæíîãî àíàëèçà îáúåêòîâ. Â íàøåì ñëó÷àå òåêñòóðíûå ïðèçíàêè íåîá-

õîäèìî ñâÿçàòü ñ îïðåäåëåííîé õèìè÷åñêîé àêòèâíîñòüþ áèîëîãè÷åñêîãî ìàòåðèàëà.

Â íàñòîÿùåå âðåìÿ ðàññìîòðåíû íåñêîëüêî ìåòîäîâ (òåêñòóðíûõ ïðèçíàêîâ), îñíîâàí-

íûõ íà àíàëèçå ïëîòíîñòåé ïåðåïàäîâ, àâòîêîððåëÿöèîííûõ ôóíêöèÿõ è ðàçëè÷íûõ ñòàòè-

ñòè÷åñêèõ õàðàêòåðèñòèêàõ ñåðèé. Ðàññìîòðåíû ïðèçíàêè íà îñíîâå àíàëèçà äëèí ñåðèé.

Ñåðèåé íàçûâàåòñÿ íåïðîèçâîäíûé ýëåìåíò, ñîñòîÿùèé èç ìàêñèìàëüíîé ñâÿçíîé ñîâîêóï-

íîñòè âûòÿíóòûõ â ïðÿìóþ ëèíèþ òî÷å÷íûõ ýëåìåíòîâ èçîáðàæåíèÿ îäèíàêîâîé ÿðêîñòè.

Ñåðèÿ õàðàêòåðèçóåòñÿ ÿðêîñòüþ, äëèíîé è íàïðàâëåíèåì. Âñåãî â ðàáîòå èñïîëüçóþòñÿ

19 òåêñòóðíûõ ïðèçíàêîâ.

Ñòàíäàðòíûé ïîäõîä äëÿ âû÷èñëåíèÿ òåêñòóðíûõ ïðèçíàêîâ ñëåäóþùèé. Íåîáõîäèìî

âûáðàòü òàê íàçûâàåìîå áåãóùåå îêíî ñ íå÷åòíîé ñòîðîíîé: 3, 5, 7 ïèêñåëåé. Ïðèçíàê

âû÷èñëÿåòñÿ âíóòðè áåãóùåãî îêíà. Ðàçìåð ëîêàëüíîãî ôðàãìåíòà ÿâëÿåòñÿ íîñèòåëåì

òåêñòóðíûõ ñâîéñòâ. Çíà÷åíèå ïðèçíàêà çàïèñûâàåòñÿ â íîâóþ ìàòðèöó òîãî æå ðàçìåðà,

÷òî è èñõîäíàÿ. Â íîâîé ìàòðèöå çíà÷åíèå çàïèñûâàåòñÿ â òî÷êó ñ êîîðäèíàòàìè ðàâíûìè

êîîðäèíàòàì öåíòðà áåãóùåãî îêíà. Ýëåìåíòû íîâîé ìàòðèöû ïîëó÷àþòñÿ â íåêîòîðîì èí-

òåðâàëå [A,B]. Äàëåå îáû÷íî ýòîò èíòåðâàë ëèíåéíî îòîáðàæàåòñÿ â îòðåçîê [0,255]. Ïîñëå

ýòîãî èìååòñÿ âîçìîæíîñòü âèçóàëèçèðîâàòü ðåçóëüòàò âû÷èñëåíèÿ òåêñòóðíîãî ïðèçíàêà.

Áûëî îáíàðóæåíî, ÷òî ñòàíäàðòíûé ïîäõîä â íàøåì ñëó÷àå ìàëî èíôîðìàòèâåí. Ïî-

ýòîìó áûëî ðåøåíî èñïîëüçîâàòü íåñòàíäàðòíûé ïîäõîä. À èìåííî, òåêñòóðíûå ïðèçíàêè

âû÷èñëÿþòñÿ ïî áîëüøèì îêíàì (â òîì ÷èñëå, ïî íåêâàäðàòíûì), êîòîðûå ïîëüçîâàòåëü

ìîæåò çàäàâàòü, âûáèðàÿ îáëàñòü, êîòîðàÿ ìîæåò ïðåäñòàâëÿòü äëÿ íåãî èíòåðåñ. Òî åñòü

ðå÷ü èäåò î âû÷èñëåíèè ÷èñëîâûõ õàðàêòåðèñòèê, îòíîñÿùèõñÿ ê îáøèðíûì îáëàñòÿì,

âêëþ÷àþùèõ ðàçëè÷íîãî ðîäà àðòåôàêòû.

2. R/S-àíàëèç è ñèíåðãåòè÷åñêèé ïîäõîä

Ìåòîä R/S-àíàëèçà � ýòî ñîâîêóïíîñòü ñòàòèñòè÷åñêèõ ïðè¼ìîâ è ìåòîäîâ àíàëèçà âðå-

ìåííûõ ðÿäîâ èëè ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé (ïðåèìóùåñòâåííî ôèíàíñîâûõ), ïîç-

Institute of Mathematics and Mathematical Modeling, Almaty, August 22�25, 2017



128 Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àêòóàëüíûå ïðîáëåìû ÷èñòîé è ïðèêëàäíîé ìàòåìà-
òèêè¿, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Òàéìàíîâà Àñàíà Äàáñîâè÷à

âîëÿþùèõ îïðåäåëèòü íåêîòîðûå âàæíûå èõ õàðàêòåðèñòèêè, òàêèå êàê íàëè÷èå íåïåðèî-

äè÷åñêèõ öèêëîâ, ¾ïàìÿòè¿ ó ïðîöåññà, ñòåïåíü õàîòè÷íîñòè è ò.ä. Ìåòîä ïðèìåíèì è äëÿ

àíàëèçà èçîáðàæåíèé, ò.ê. ìîæíî ðàññìàòðèâàòü ïîñëåäîâàòåëüíîñòü çíà÷åíèé ôóíêöèè

ÿðêîñòè âäîëü íåêîòîðîé ïðÿìîé èëè êðèâîé ëèíèè. Èíòåðåñíî, ÷òî ìåòîä ïðèìåíÿåòñÿ â

õèìèè äëÿ àíàëèçà ìèêðîôîòîãðàôèé (íàïðèìåð, ëèãíèíà), è ìåòîä ïîêàçàë îïðåäåëåí-

íóþ ýôôåêòèâíîñòü [4-5]. Âàæíîé õàðàêòåðèñòèêîé, âû÷èñëÿåìîé ìåòîäîì R/S-àíàëèçà,

ÿâëÿåòñÿ ïîêàçàòåëü Õ¼ðñòà, êîòîðûé õàðàêòåðèçóåò ñòåïåíü õàîòè÷íîñòè ïðîöåññà.

Ñèíåðãåòè÷åñêèé ïîäõîä èñïîëüçóåòñÿ ñ öåëüþ âûÿâëåíèÿ çàêîíîìåðíîñòåé íà îñíîâå

îáðàáîòêè âðåìåííûõ ðÿäîâ [6-7]. Äàííûé ìåòîä ïîçâîëÿåò âû÷èñëèòü òàê íàçûâàåìóþ

ôðàêòàëüíóþ ðàçìåðíîñòü âðåìåííîãî ðÿäà. Â ñëó÷àå èçîáðàæåíèÿ ðàññìàòðèâàåòñÿ ïî-

ñëåäîâàòåëüíîñòü çíà÷åíèé ôóíêöèè ÿðêîñòè âäîëü íåêîòîðîé ïðÿìîé èëè êðèâîé ëèíèè.

Èññëåäîâàíèÿ ïîêàçûâàþò, ÷òî ðåçóëüòàòû ïîëó÷àþòñÿ áîëåå êà÷åñòâåííûå, íåæåëè ïðî-

ñòî ïðîâîäèòü àíàëèç ïî ÷àñòîòíûì õàðàêòåðèñòèêàì. Ìåòîä ïðèìåíÿåòñÿ â õèìèè äëÿ

àíàëèçà ìèêðîôîòîãðàôèé, â ÷àñòíîñòè, ëèãíèíà, è ìåòîä ïîêàçàë îïðåäåëåííóþ ýôôåê-

òèâíîñòü. Â íàñòîÿùåå âðåìÿ ýòîò ìåòîä òàêæå ðåàëèçîâàí.
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Õàðàêòåðíàÿ ÷åðòà ìîäåëèðîâàíèÿ íèçêîñêîðîñòíûõ òå÷åíèé íà îñíîâå ñæèìàåìîé

ôîðìû óðàâíåíèé Ýéëåðà èëè Íàâüå-Ñòîêñà ñîñòîèò â âîçíèêíîâåíèè íåóñòîé÷èâîñòè ÷èñ-

ëåííîãî ðåøåíèÿ, à òàêæå â óìåíüøåíèè ñêîðîñòè ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà â

ñâÿçè ñ ìàëîé ðàçíèöåé ìåæäó ñêîðîñòÿìè àêóñòè÷åñêèõ è êîíâåêòèâíûõ âîëí [1]. Ïðåäî-

áóñëîâëèâàíèå (preconditioning) ïîçâîëÿåò ìîäèôèöèðîâàòü ðàçíîñòíûå óðàâíåíèÿ òàêèì

îáðàçîì, ÷òî ñîáñòâåííûå çíà÷åíèÿ ÿêîáèàíà (ñêîðîñòè ðàñïðîñòðàíåíèÿ âîëí) ìîäèôèöè-

ðîâàííîé ñèñòåìû óðàâíåíèé èìåëè îäèíàêîâûé ïîðÿäîê âåëè÷èíû. Ïðèìåíåíèå ìåòîäà

ïðåäîáóñëàâëèâàíèÿ [3, 3, 4, 5] â îñíîâíîì ïðèâîäèò ê óñêîðåíèþ ñõîäèìîñòè ñòàöèîíàðíî-

ãî ðåøåíèÿ ñõåì óñòàíîâëåíèÿ. Ïðè àïïðîêñèìàöèè ïðîñòðàíñòâåííûõ ïðîèçâîäíûõ îáû÷-

íî èñïîëüçîâàëèñü öåíòðàëüíî-ðàçíîñòíûå, èëè, êàê â ñëó÷àå ñî ñõåìîé â [3], ñõåìàìè ñî

ñïåöèàëüíîé àïïðîêñèìàöèåé. Öåëüþ ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ÷èñëåííîãî àëãîðèò-

ìà äëÿ ðåøåíèÿ çàäà÷è âäóâà äîçâóêîâûõ ñòðóé èç êðóãëûõ îòâåðñòèé, ðàñïîëîæåííûõ

ñèììåòðè÷íî íà âåðõíåé è íèæíåé ñòåíêàõ êàíàëà, ïåðïåíäèêóëÿðíî íèçêîñêîðîñòíîìó

ïîòîêó ñîâåðøåííîãî ãàçà ñ ïðèìåíåíèåì ìåòîäà ïðåäîáóñëàâëèâàíèÿ.

Èñõîäíîé ÿâëÿåòñÿ ñèñòåìà òðåõìåðíûõ îñðåäíåííûõ ïî Ôàâðó óðàâíåíèé Íàâüå-

Ñòîêñà äëÿ ñæèìàåìîãî òóðáóëåíòíîãî ãàçà, çàìêíóòàÿ ìîäåëüþ òóðáóëåíòíîñòè k−ω. Â
êà÷åñòâå îïðåäåëÿþùèõ ïàðàìåòðîâ ïðèíÿòû ïàðàìåòðû íà âõîäå u∞, ρ∞, T∞ äàâëåíèå

è ïîëíàÿ ýíåðãèÿ îòíåñåíû ê çíà÷åíèþ ρ∞u
2
∞, õàðàêòåðíûì ðàçìåðîì äëèíû ÿâëÿåòñÿ

äèàìåòð êðóãëîãî îòâåðñòèÿ ñòðóè.

Íà âõîäå, à òàêæå â êà÷åñòâå íà÷àëüíûõ äàííûõ çàäàíû ïàðàìåòðû ïîòîêà. Íà âåðõíåé

ãðàíèöå çàäàíî óñëîâèå ñèììåòðèè. Íà íèæíåé ñòåíêå çàäàíî óñëîâèå ïðèëèïàíèÿ è òåï-

ëîèçîëÿöèè. Íà áîêîâûõ ãðàíèöàõ çàäàíî óñëîâèå Íåéìàíà. Íà âûõîäíîé ãðàíèöå çàäàíî

óñëîâèå íåîòðàæåíèÿ. Íà ñòðóå çàäàíû ïàðàìåòðû ñòðóè. Íà÷àëüíûå äàííûå äëÿ ïàðà-

ìåòðîâ k, ω îïðåäåëåíû, èñõîäÿ èç ïðåäïîëîæåíèÿ ðàâåíñòâà ïîðîæäåíèÿ òóðáóëåíòíîñòè

è åå äèññèïàöèè. Íà ñòåíêå çàäàíû ãðàíè÷íûå óñëîâèÿ äëÿ ïàðàìåòðîâ k−ω ìîäåëè òóð-

áóëåíòíîñòè. Âáëèçè ñòåíêè çàäàí ïîãðàíè÷íûé ñëîé. Òàêæå çàäàí ïðèñòåííûé ñëîé (10%

îò ïîãðàíè÷íîãî ñëîÿ). Ïðîôèëü ïðîäîëüíîé ñêîðîñòè îïðåäåëÿåòñÿ ñòåïåííûì çàêîíîì.

Àâòîðû áûëè ïîääåðæàíû ãðàíòîì � 0827 / GF4 ìèíèñòåðñòâà Îáðàçîâàíèÿ è Íàóêè Ðåñïóáëèêè

Êàçàõñòàí.
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Äëÿ áîëåå òî÷íîãî ó÷åòà òå÷åíèÿ, ââîäèòñÿ ñãóùåíèå ñåòêè ñ ïîìîùüþ ïðåîáðàçîâà-

íèé [6]. Ðåøåíèå èñõîäíûõ îñðåäíåííûõ ïî Ôàâðó óðàâíåíèé Íàâüå-Ñòîêñà îñóùåñòâëÿ-

åòñÿ ñ ïîìîùüþ àëãîðèòìà ïîñòðîåííîãî íà îñíîâå ENO-ñõåìû [6, 7]. Äëÿ óñòðàíåíèÿ

ïðîáëåìû ñâÿçàííîé ñ èñõîäíîé ñèñòåìîé óðàâíåíèé ïðè ÷èñëå Ìàõà M → 0 èñïîëüçóåò-

ñÿ ìåòîä ïðåäîáóñëàâëèâàíèÿ. Èäåÿ ìåòîäà ñîñòîèò â ìîäèôèêàöèè ñèñòåìû óðàâíåíèé

ïóòåì äîìíîæåíèÿ ÷ëåíîâ ñ ïðîèçâîäíîé ïî âðåìåíè íà ìàòðèöó ïðåäîáóñëàâëèâàíèÿ.

Áûë ïðîèçâåäåí ïåðåõîä ê ïðèìèòèâíûì ïåðåìåíàì, ãäå èñïîëüçóåòñÿ ìàòðèöà Òóðêåëÿ

[4]. Ïîñëå íàõîæäåíèÿ ïðàâûõ è ëåâûõ ñîáñòâåííûõ âåêòîðîâ ïðåäîáóñëàâëåííûõ ìàòðèö

ßêîáè ïðîèçâîäèòñÿ îáðàòíûé ïåðåõîä ê êîíñåðâàòèâíûì ïåðåìåíàì ñ ïîìîùüþ ìàòðèöû

ïåðåõîäà.
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Ãèäðàâëè÷åñêèå è òåïëîâûå õàðàêòåðèñòèêè ïîòîêà íåôòè ÿâëÿþòñÿ îïðåäåëÿþùèìè

ïàðàìåòðàìè ïåðåêà÷êè ïî ìàãèñòðàëüíûì íåôòåïðîâîäàì.

Ãèäðàâëè÷åñêîå ñîïðîòèâëåíèå íåôòåïðîâîäà íàõîäèòñÿ â çàâèñèìîñòè îò âÿçêîñòè,

øåðîõîâàòîñòè, ñêîðîñòè ïîòîêà âûñîêîâÿçêîé, âûñîêîçàñòûâàþùåé íåôòè. Âÿçêîñòü íåô-

òè ñèëüíî èçìåíÿåòñÿ ïî äëèíå òðóáîïðîâîäà èç-çà ñíèæåíèÿ òåìïåðàòóðû. Øåðîõîâà-

òîñòü ñòåíîê òðóá ìîæåò èçìåíÿòüñÿ ïî ïðè÷èíå âûïàäåíèÿ àñôàëüòîïàðàôèíîñìîëèñòûõ

îòëîæåíèé. Â ðåçóëüòàòå ñòàíîâèòñÿ íåâîçìîæíîé â òî÷íîñòè îïðåäåëèòü êîýôôèöèåíò

ñîïðîòèâëåíèÿ.

Òåïëîîáìåí ìåæäó ãîðÿ÷åé íåôòüþ è õîëîäíûì ãðóíòîì ïðèâîäèò ê èçìåíåíèþ òåì-

ïåðàòóðû íåôòè ïî äëèíå òðóáîïðîâîäà. Êîýôôèöèåíò òåïëîïåðåäà÷è îïðåäåëÿåòñÿ â çà-

âèñèìîñòè îò òåïëîïðîâîäíîñòè ãðóíòà íà ó÷àñòêå ìàãèñòðàëüíîãî íåôòåïðîâîäà. Ýòîò

ïàðàìåòð çàâèñèò îò âèäà ãðóíòà, åãî âëàæíîñòè, ïëîòíîñòè è òåìïåðàòóðû. Áîëüøàÿ

ïðîòÿæ¼ííîñòü ó÷àñòêà ìàãèñòðàëüíîãî íåôòåïðîâîäà (òûñÿ÷è êèëîìåòðîâ) è èçìåíåíèå

âëàæíîñòè ãðóíòà ïðèâîäèò ê òîìó, ÷òî íàéòè òåïëîïåðåäà÷ó íå ïðåäñòàâëÿåòñÿ âîçìîæ-

íûì.

Îïðåäåëåíèå ãèäðàâëè÷åñêîãî ñîïðîòèâëåíèÿ è êîýôôèöèåíòà òåïëîïåðåäà÷è ïðîâî-

äèòñÿ ïóòåì ðåøåíèÿ îáðàòíîé çàäà÷è ñèñòåìû óðàâíåíèé äâèæåíèÿ è òåïëîîáìåíà:

∂p

∂t
+ ρ0c

2∂u

∂x
= 0 (3.1)

ρ0
∂u

∂t
+
∂p

∂x
= −ζ ρ0u

2

2D
− ρ0g

dz

dx
(3.2)

∂T

∂t
+ u

∂T

∂x
= −4k(λãð)

ρ0Dcp
(T − Tãð) +

ugi

cp
(3.3)

ãäå c � ñêîðîñòü çâóêà, ζ � êîýôôèöèåíò ãèäðàâëè÷åñêîãî ñîïðîòèâëåíèÿ, k(λãð), λãð -

êîýôôèöèåíòû òåïëîïåðåäà÷è è òåïëîïðîâîäíîñòè ãðóíòà.

Ñèñòåìà óðàâíåíèé (3.14) � (3.16) ðåøàåòñÿ ÷èñëåííûì ìåòîäîì ïðè çàäàííûõ êðàåâûõ

óñëîâèÿõ. Êîýôôèöèåíòû ãèäðàâëè÷åñêîãî ñîïðîòèâëåíèÿ è òåïëîïåðåäà÷è íàõîäÿòñÿ ïó-

òåì ñðàâíåíèÿ ðàñ÷åòíûõ è îïûòíûõ äàííûõ.

Â äîêëàäå ïðèâîäÿòñÿ ðåçóëüòàòû ðåøåíèÿ îáðàòíîé çàäà÷è ïî îïðåäåëåíèþ ãèäðàâ-

ëè÷åñêèõ è òåïëîâûõ õàðàêòåðèñòèê ïîòîêà íåôòè â ìàãèñòðàëüíûõ íåôòåïðîâîäàõ.
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Â íåñòàöèîíàðíûõ ãðàâèòèðóþùèõ ñèñòåìàõ ñ îñåâîé ñèììåòðèåé èìååòñÿ îïðåäåëåí-

íûé êëàññ êðóãîâûõ è ñïèðàëüíûõ îðáèò, èãðàþùèõ îñîáóþ ðîëü â äèíàìèêå òàêèõ ñèñòåì

[1]. Âûÿñíèì óñëîâèÿ óñòîé÷èâîñòè êðóãîâûõ è ñïèðàëüíûõ îðáèò â íåñòàöèîíàðíîì ãðà-

âèòàöèîííîì ïîëå. Ïðè ýòîì èñïîëüçóåì ìåòîä èññëåäîâàíèÿ óñòîé÷èâîñòè íåàâòîíîìíûõ

äèíàìè÷åñêèõ ñèñòåì [3]. Òàêèå íåñòàöèîíàðíûå êðóãîâûå è ñïèðàëüíûå îðáèòû ïðåäñòàâ-

ëÿþò èíòåðåñ äëÿ íåêîòîðûõ àñòðîíîìè÷åñêèõ çàäà÷, ïîñêîëüêó ðåàëüíûå ãðàâèòèðóþùèå

ñèñòåìû, ïî ñóùåñòâó, ÿâëÿþòñÿ íåñòàöèîíàðíûìè.

Ïóñòü ñèëîâàÿ ôóíêöèÿ â öèëèíäðè÷åñêèõ êîîðäèíàòàõ ρ, λ, z ñ îñüþ z, ñîâïàäàþùåé

ñ îñüþ ñèììåòðèè, èìååò âèä

U(ρ, z, t) = f(t)Ũ(ρ, z), (1)

ãäå f - ôóíêöèÿ ôóíêöèÿ âðåìåíè âèäà

f(t) =
1

αt+ β
(α > 0, β > 0). (2)

Ðàññìîòðèì äâèæåíèå â ïîëå (1) ïðè íàëè÷èè ñèëû òðåíèÿ âèäà

−→
F friction = v(t)−̇→r (v =

ḟ

2f
), (3)

ãäå −→r - ðàäèóñ-âåêòîð ìàòåðèàëüíîé òî÷êè.

Â ýòîì ñëó÷àå äîïóñêàåòñÿ êðóãîâîå äâèæåíèå

ρ = ρ0; ρ̇ = 0; Ω =
σ0√
αt+ β

; z = z0; ż = 0, (4)

ñ íåïðåðûâíî óáûâàþùåé ñåêòîðíîé ñêîðîñòüþ Ω
2

= ρ2 λ̇
2
.

Äâèæåíèå (4) èññëåäóåòñÿ íà óñòîé÷èâîñòü â ñìûñëå Ëÿïóíîâà îòíîñèòåëüíî âåëè÷èí

ρ, ρ̇, Ω, z, ż. Äëÿ ýòîãî ìåòîäîì Í.Ã.×åòàåâà ñòðîèòñÿ ôóíêöèÿ Ëÿïóíîâà â âèäå ñâÿçêè
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ïåðâûõ èíòåãðàëîâ óðàâíåíèé âîçìóùåííîãî äâèæåíèÿ [1]. Â ðåçóëüòàòå óñëîâèÿ óñòîé÷è-

âîñòè êðóãîâûõ îðáèò (4) èìåþò âèä

(Üρρ +
3

ρ
U̇ρ)0 < 0; [(Üρρ +

3

ρ
U̇ρ)Üzz − Ü2

ρz]0 > 0. (5)

ãäå èíäåêñ 0 îçíà÷àåò, ÷òî âçÿòî çíà÷åíèå ôóíêöèè â òî÷êå ρ0, z0.

Åñëè ñèëîâîå ïîëå îáëàäàåò ñèììåòðèåé îòíîñèòåëüíî ïëîñêîñòè z = z0, ò.å (Üρz)0 = 0 ,

òî óñëîâèÿ óñòîé÷èâîñòè (5) óïðîùàþòñÿ è èõ ìîæíî ïðèâåñòè ê áîëåå êîìïàêòíîìó âèäó.

Â ñàìîì äåëå, åñëè ðàññìàòðèâàåìîå äâèæåíèå ïðîèñõîäèò âíóòðè ãðàâèòèðóþùåé ñðåäû

íåïðåðûâíîé ïëîòíîñòè, òî óðàâíåíèå Ïóàññîíà äëÿ ñèëîâîé ôóíêöèè èìååò ñëåäóþùèé

âèä:

Üρρ + Üzz +
1

ρ
U̇ρ = −4πGµ(P ), (6)

ãäå G - ãðàâèòàöèîííàÿ ïîñòîÿííàÿ; µ(P ) -ïëîòíîñòü âî âíóòðåííåé òî÷êå P ñðåäû. Ïîëü-

çóÿñü óðàâíåíèåì (6), ïîëó÷èì óñëîâèå óñòîé÷èâîñòè

[2ρ2U̇ρ − 4πGρ3µ]0 < [
∂

∂ρ
(ρ3U̇ρ)]0 < 0, (7)

êîòîðîå ÿâëÿåòñÿ îáîáùåíèåì óñëîâèé óñòîé÷èâîñòè ñòàöèîíàðíûõ êðóãîâûõ äâèæåíèé,

ïðèâîäèìûõ â ðàáîòàõ [3, 4].

Ìíîãîîáðàçèå êðóãîâûõ îðáèò (4) îïðåäåëÿåòñÿ íàáîðîì çíà÷åíèé ρ0, z0, âåëè÷èíîé

ñåêòîðíîé ñêîðîñòè Ω
2
è ôóíêöèåé f . Îòìåòèì, ÷òî êðóãîâûå îðáèòû (4) ïðè áîëüøèõ

çíà÷åíèÿõ âðåìåíè t áëèçêè ê ñîîòâåòñòâóþùèì ñòàöèîíàðíûì êðóãîâûì îðáèòàì ñ ìàëîé

ñåêòîðíîé ñêîðîñòüþ â ñëàáîì ñèëîâîì ïîëå.

Ïóñòü ñèëîâàÿ ôóíêöèÿ èìååò âèä

U(r, z, t) = γ2Ũ(rγ, zγ), (8)

ãäå

γ(t) =
1

γt+ β
, (α, β − const), (9)

Â ýòîì ñëó÷àå â ïîëå (8) âîçìîæíû ñïèðàëüíûå äâèæåíèÿ âèäà

r = r0(αt+ β); ṙ = αr0; Ω = Ω0; z = z0(αt+ β); ż = αz0, (10)

Ñïèðàëüíîå äâèæåíèå (10) èññëåäóåòñÿ íà óñòîé÷èâîñòü â ñìûñëå Ëÿïóíîâà ïî îòíî-

øåíèþ ê âåëè÷èíàì r, ṙ, Ω, z, ż. Àíàëîãè÷íî [1] íàõîäèòñÿ ôóíêöèÿ Ëÿïóíîâà ñïîñîáîì

ñâÿçêè èíòåãðàëîâ ïî Í.Ã.×åòàåâó. Â ðåçóëüòàòå èìååì óñëîâèÿ óñòîé÷èâîñòè äâèæåíèÿ

(10)

(Ürr +
3

r
U̇r)0 < 0; [(Üzz)(Ürr +

3

r
U̇r)− (Ürz)

2]0 > 0, (11)
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ãäå èíäåêñ 0 îçíà÷àåò, ÷òî âçÿòî çíà÷åíèå ôóíêöèè â òî÷êå r0(αt+ β), z0(αt+ β).

×àñòíûå ðåøåíèÿ (10) ïðåäñòàâëÿþò ñîáîé øèðîêèé êëàññ ñïèðàëüíûõ îðáèò, ìíîãî-

îáðàçèå êîòîðûõ îïðåäåëÿåòñÿ ñàìîé ôóíêöèåé γ, òåìïîì åå èçìåíåíèÿ è íàáîðîì çíà÷å-

íèé r0, z0, Ω0. ×àñòíûì ñëó÷àåì óêàçàííûõ îðáèò ÿâëÿþòñÿ ïëîñêèå ñïèðàëüíûå îðáèòû

(z0 = 0). Â ñëó÷àå î÷åíü ìåäëåííîãî èçìåíåíèÿ ôóíêöèè γ ñî âðåìåíåì (α ≈ 0) ðàññìàò-

ðèâàåìûå ñïèðàëüíûå îðáèòû áóäóò áëèçêè ê êðóãîâûì:

r = βr0; ṙ = 0; Ω = Ω0; z = βz0; ż = 0. (12)

Òàêèì îáðàçîì, â íåñòàöèîíàðíîì îñåñèììåòðè÷íîì ãðàâèòàöèîííîì ïîëå âèäà (8) ïðè

âûïîëíåíèè óñëîâèé (11) ñóùåñòâóþò óñòîé÷èâûå ñïèðàëüíûå îðáèòû (10). Ïðè ïðåêðà-

ùåíèè íåñòàöèîíàðíîñòè ñèëîâîãî ïîëÿ ñïèðàëüíûå îðáèòû ïåðåõîäÿò â ñîîòâåòñòâóþùèå

óñòîé÷èâûå êðóãîâûå îðáèòû.
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Çàäà÷à 1. Íà ìíîæåñòâå U èíòåãðèðóåìûõ íà [0, 2π] ôóíêöèé F (t), ñ çàäàííûì êî-

íå÷íûì íàáîðîì êîýôôèöèåíòîâ Ôóðüå C1, . . . , Cn, Cn ∈ C, íàéòè òàêóþ ôóíêöèþ F1(t),

÷òî

‖F1‖∞ = min
U
‖F‖∞.

Ëåììà 1. Ñóùåñòâóþò òàêèå êîíñòàíòà C è ñåìåéñòâî òî÷åê x1, . . . , x2∗n, ÷òî êóñî÷íî-

ïîñòîÿííàÿ ôóíêöèÿ f[x2k+1,x2k+2) = −f[x2k+2,x2k+3) = C, k = 0, . . . , n � ðåøåíèå çàäà÷è 1.

Ëåììà 2. Êóñî÷íî-ïîñòîÿííîå ðåøåíèå çàäà÷è 1 åäèíñòâåííî.

Òåîðåìà. Êóñî÷íî-ïîñòîÿííàÿ ôóíêöèÿ � åäèíñòâåííîå ðåøåíèå çàäà÷è 1 äëÿ íîðìû

‖ · ‖∞.
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ðàçðàáîòêè ïàðàëëåëüíîãî ïðîãðàììíîãî îáåñïå÷åíèÿ, îñíîâàííûå íà ïðèìåíåíèè òåõíè-

êè ôîðìàëüíûõ ìîäåëåé, ñïåöèôèêàöèé è ïðåîáðàçîâàíèé ïàðàëëåëüíûõ ïðîãðàìì.

Èñïîëüçóÿ òðàäèöèîííûå ÿçûêè è ìåòîäû, î÷åíü òðóäíî ðàçðàáîòàòü âûñîêîêà÷åñòâåí-

íîå, ïåðåíîñèìîå ïðîãðàììíîå îáåñïå÷åíèå äëÿ ïàðàëëåëüíûõ êîìïüþòåðîâ. Â ÷àñòíîñòè,

ïàðàëëåëüíîå ïðîãðàììíîå îáåñïå÷åíèå íå ìîæåò áûòü ðàçðàáîòàíî ñ ìàëûìè çàòðàòàìè

íà ïîñëåäîâàòåëüíûõ êîìïüþòåðàõ è ïîòîì ïåðåíåñåíî íà ïàðàëëåëüíûå âû÷èñëèòåëüíûå

ñèñòåìû áåç ñóùåñòâåííîãî ïåðåïèñûâàíèÿ è îòëàäêè. Ïîýòîìó âûñîêîêà÷åñòâåííîå ïà-

ðàëëåëüíîå ïðîãðàììíîå îáåñïå÷åíèå ìîæåò ðàçðàáàòûâàòüñÿ òîëüêî íåáîëüøèì êðóãîì

ñïåöèàëèñòîâ, èìåþùèõ ïðÿìîé äîñòóï ê äîðîãîñòîÿùåìó îáîðóäîâàíèþ.

Îäíàêî, èñïîëüçóÿ ÿçûêè ïðîãðàììèðîâàíèÿ ñ íåÿâíûì ïàðàëëåëèçìîì, òàêèå êàê

ôóíêöèîíàëüíûé ÿçûê Sisal [1], ìîæíî ïðåîäîëåòü ýòîò áàðüåð è ïðåäîñòàâèòü øèðîêîìó

êðóãó ïðèêëàäíûõ ïðîãðàììèñòîâ, íå èìåþùèõ äîñòàòî÷íîãî äîñòóïà ê ïàðàëëåëüíûì

âû÷èñëèòåëüíûì ñèñòåìàì, íî ÿâëÿþùèõñÿ ñïåöèàëèñòàìè â ñâîèõ ïðèêëàäíûõ îáëàñòÿõ,

âîçìîæíîñòü áûñòðîé ðàçðàáîòêè âûñîêîêà÷åñòâåííûõ ïåðåíîñèìûõ ïàðàëëåëüíûõ àëãî-

ðèòìîâ íà ñâîåì ðàáî÷åì ìåñòå. Ôóíêöèîíàëüíàÿ ñåìàíòèêà ÿçûêîâ ïðîãðàììèðîâàíèÿ ñ

íåÿâíûì ïàðàëëåëèçìîì ãàðàíòèðóåò äåòåðìèíèðîâàííûå ðåçóëüòàòû äëÿ ïàðàëëåëüíîé

è ïîñëåäîâàòåëüíîé ðåàëèçàöèè òî, ÷òî íåâîçìîæíî ãàðàíòèðîâàòü äëÿ òðàäèöèîííûõ

ÿçûêîâ, ïîäîáíûõ ÿçûêó Ôîðòðàí. Ïðîïàäàåò íåîáõîäèìîñòü ïåðåïèñûâàíèÿ èñõîäíîãî

êîäà ïðè ïåðåíîñå åãî ñ îäíîãî êîìïüþòåðà íà äðóãîé. Ãàðàíòèðîâàíî, ÷òî ïðîãðàììà

ñ íåÿâíûì ïàðàëëåëèçìîì, ïðàâèëüíî èñïîëíÿþùàÿñÿ ïà ïåðñîíàëüíîì êîìïüþòåðå, áó-

äåò äàâàòü òå æå ðåçóëüòàòû ïðè åå èñïîëíåíèè íà âûñîêîñêîðîñòíîì ïàðàëëåëüíîì èëè

ðàñïðåäåëåííîì âû÷èñëèòåëå. Áîëåå òîãî, ïî ñðàâíåíèþ ñ èìïåðàòèâíûìè ÿçûêàìè (ïî-

äîáíûìè ÿçûêó Ôîðòðàí) ôóíêöèîíàëüíûå ÿçûêè, òàêèå êàê Sisal, óïðîùàþò ðàáîòó ïðî-

ãðàììèñòó. Â ôóíêöèîíàëüíîé ïðîãðàììå ïðîãðàììèñò äîëæåí òîëüêî ñïåöèôèöèðîâàòü

ðåçóëüòàòû âû÷èñëåíèé è ìîæåò ïåðåëîæèòü áîëüøóþ ÷àñòü ðàáîò ïî èõ îðãàíèçàöèè íà

êîìïèëÿòîð, êîòîðûé îòâå÷àåò çà îòîáðàæåíèå àëãîðèòìà íà îïðåäåëåííóþ àðõèòåêòóðó

âû÷èñëèòåëÿ (âêëþ÷àÿ ïëàíèðîâàíèå êîìàíä, ïåðåäà÷ó äàííûõ, ñèíõðîíèçàöèþ âû÷èñëå-

íèé, óïðàâëåíèå ïàìÿòüþ è ò. ä.). Ïî ñðàâíåíèþ ñ äðóãèìè ôóíêöèîíàëüíûìè ÿçûêàìè

ÿçûê Sisal ïîääåðæèâàåò òèïû äàííûõ è îïåðàòîðû, ïðèñóùèå íàó÷íûì âû÷èñëåíèÿì,

òàêèå êàê öèêëû è ìàññèâû.

Äîêëàä ïîñâÿùåí ñîçäàâàåìîé â ëàáîðàòîðèè êîíñòðóèðîâàíèÿ è îïòèìèçàöèè ïðî-

ãðàìì Èíñòèòóòà ñèñòåì èíôîðìàòèêè èì. À.Ï. Åðøîâà ÑÎ ÐÀÍ îáëà÷íîé èíòåãðèðî-

âàííîé âèçóàëüíîé ñðåäå CSS ïàðàëëåëüíîãî ïðîãðàììèðîâàíèÿ íà áàçå ôóíêöèîíàëüíîãî

ÿçûêà ïðîãðàììèðîâàíèÿ Cloud Sisal. Öåëü ïðîåêòà � äàòü âîçìîæíîñòü øèðîêîìó êðóãó

ëèö, íàõîäÿùèõñÿ â óäàëåííûõ íàñåëåííûõ ïóíêòàõ èëè â ìåñòàõ ñ íåäîñòàòî÷íûìè âû-

÷èñëèòåëüíûìè ñðåäñòâàìè, íî èìåþùèõ âûõîä â Èíòåðíåò, äèñòàíöèîííî è áåç óñòàíîâêè

äîïîëíèòåëüíîãî ïðîãðàììíîãî îáåñïå÷åíèÿ íà ñâîèõ íåäîðîãèõ âû÷èñëèòåëüíûõ óñòðîé-

ñòâàõ â âèçóàëüíîì ñòèëå ñîçäàâàòü è îòëàæèâàòü ïåðåíîñèìûå ïàðàëëåëüíûå ïðîãðàììû
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íà ÿçûêå Cloud Sisal, à òàêæå çàòåì äèñòàíöèîííî (â îáëàêå) îñóùåñòâëÿòü ýôôåêòèâ-

íîå ðåøåíèå ñâîèõ çàäà÷, èñïîëíÿÿ íà íåêîòîðûõ ñóïåðâû÷èñëèòåëÿõ, äîñòóïíûì èì ïî

ñåòè, ñîçäàííûå è îòëàæåííûå ïåðåíîñèìûå Cloud-Sisal-ïðîãðàììû, ïðåäâàðèòåëüíî àäàï-

òèðîâàâ èõ ïîä èñïîëüçóåìûå ñóïåðâû÷èñëèòåëè ñ ïîìîùüþ îáëà÷íîãî îïòèìèçèðóþùåãî

êðîññ-êîìïèëÿòîðà, ïðåäîñòàâëÿåìîãî ñðåäîé. Ñðåäà CSS ñîäåðæèò èíòåðïðåòàòîð, âèçó-

àëüíûé îòëàä÷èê è îáëà÷íûé îïòèìèçèðóþùèé êðîññ-êîìïèëÿòîð. Îíà èñïîëüçóåò âíóò-

ðåííåå òåîðåòèêî-ãðàôîâîå ïðåäñòàâëåíèå ôóíêöèîíàëüíûõ è ïàðàëëåëüíûõ ïðîãðàìì,

îðèåíòèðîâàííîå íà èõ âèçóàëüíóþ îáðàáîòêó è îñíîâàííîå íà àòðèáóòèðîâàííûõ èåðàð-

õè÷åñêèõ ãðàôàõ [2].

Ðàçðàáîòàííûé íàìè ÿçûê Cloud Sisal ïðîäîëæàåò òðàäèöèþ ïðåäûäóùèõ âåðñèé ÿçû-

êà Sisal [1],[3], îñòàâàÿñü ôóíêöèîíàëüíûì ïîòîêîâûì ÿçûêîì, îðèåíòèðîâàííûì íà íà-

ïèñàíèå áîëüøèõ íàó÷íûõ ïðîãðàìì, ñîäåðæàùèì öèêëû è ìàññèâû, è ðàñøèðÿåò èõ âîç-

ìîæíîñòè ñðåäñòâàìè âèçóàëüíîé ïîääåðæêè îáëà÷íûõ ñóïåðâû÷èñëåíèé. Çàìåòèì, ÷òî

èñïîëüçîâàíèå öèêëîâ è ìàññèâîâ íå ÿâëÿåòñÿ îáû÷íûì äëÿ ôóíêöèîíàëüíûõ ÿçûêîâ ïðî-

ãðàììèðîâàíèÿ, ãäå, êàê ïðàêòè÷åñêè âñ¼ ïî âîçìîæíîñòè âûðàæàåòñÿ â òåðìèíàõ ñïèñ-

êîâ è ðåêóðñèè. Íî ìàññèâû ñóùåñòâåííî óïðîùàþò íåêîòîðûå çàäà÷è âû÷èñëèòåëüíîãî

ïðîãðàììèðîâàíèÿ, â ÷àñòíîñòè, ñ ìàññèâàìè ñóùåñòâåííî ïîíÿòíåé ñòàíîâèòñÿ îïèñàíèå

ìàòðèöû. Ïðè ýòîì ìàññèâû ñàìè ïî ñåáå íå ÿâëÿþòñÿ èìïåðàòèâíûì èëè ïîñëåäîâàòåëü-

íûì ýëåìåíòîì. Íàïðèìåð, ïîêîìïîíåíòíîå ïåðåìíîæåíèå âåêòîðîâ íà ÿçûêå Cloud Sisal

ìîæíî îïðåäåëèòü ñëåäóþùèì îáðàçîì:

for i in 1, N do R := A[i] * B[i] returns array of R end for

ßçûê Cloud Sisal ðåàëèçóåò ìîäåëü âñþäó çàâåðøàåìûõ ÷àñòè÷íûõ âû÷èñëåíèé, ÷òî

îçíà÷àåò íàëè÷èå ñïåöèàëüíîãî ¾îøèáî÷íîãî¿ çíà÷åíèÿ, ïðîñà÷èâàåìîãî ïî ãðàôó ïî-

òîêà äàííûõ. Íàïðèìåð, ïðè âû÷èñëåíèè ìàòðèöû ÷àñòü ýëåìåíòîâ â ðåçóëüòàòå ìîæåò

èìåòü îøèáî÷íîå çíà÷åíèå, ÷òî îçíà÷àåò îøèáêó. Òàêèì îáðàçîì, ñåìàíòèêà ÿçûêà ÿâëÿ-

åòñÿ èçíà÷àëüíî óäîáíîé äëÿ ïàðàëëåëüíûõ âû÷èñëåíèé, è ñëîæíîãî êîíòðîëÿ ñî ñòîðîíû

ñèñòåìû âðåìåíè èñïîëíåíèÿ íå òðåáóåòñÿ.

ßçûê Cloud Sisal äîïóñêàåò èñïîëüçîâàíèå óòâåðæäåíèé (ïðàãì), îïèñûâàþùèõ èçâåñò-

íûå ïðîãðàììèñòó ñâîéñòâà ïðîãðàììû â âèäå ôîðìàëèçîâàííûõ êîììåíòàðèåâ. Ïðàãìà

çàäà¼ò ñâîéñòâà êîíñòðóêöèè, èäóùåé çà íåé ñëåäîì, è ìîæåò, íàïðèìåð, çàäàâàòü îãðà-

íè÷åíèå íà çíà÷åíèå ïåðåìåííîé, âûðàæåíèÿ èëè íà âîçâðàùàåìîå ôóíêöèåé çíà÷åíèå â

âèäå ëîãè÷åñêîãî âûðàæåíèÿ, ñîäåðæàùåãî èìåíà, âèäèìûå â ìåñòå ðàñïîëîæåíèÿ äàííîé

ïðàãìû. Çàäàííûå ñ ïîìîùüþ ïðàãì ñâîéñòâà ìîãóò èñïîëüçîâàòüñÿ êàê ïðè îòëàäêå ïðî-

ãðàììû, òàê è ïðè âûïîëíåíèè îïòèìèçèðóþùèõ ïðåîáðàçîâàíèé. Ìåõàíèçì ïðàãì ïîä-

äåðæèâàåò òàêæå ìåòîäû àííîòèðîâàííîãî ïðîãðàììèðîâàíèÿ [4] è êîíêðåòèçèðóþùèõ

ïðåîáðàçîâàíèé [5], ÷òî ïîçâîëÿåò â ðàìêàõ äåêëàðàòèâíîãî ñòèëÿ ïðîãðàììèðîâàíèÿ íà-

ñòðàèâàòü ïðîöåññû àäàïòàöèè ïàðàëëåëüíûõ ïðîãðàìì íà êëàññû çàäà÷ è àðõèòåêòóðó

âû÷èñëèòåëÿ ñ ñîõðàíåíèåì èõ êîððåêòíîñòè è ñ èñïîëüçîâàíèåì çíàíèé ïîëüçîâàòåëåé î
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çàäà÷àõ, ïðîãðàììàõ è âû÷èñëèòåëå.
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Âûáîð îïðåäåëåííîãî ðàçìåùåíèÿ òî÷åê â íåêîòîðîé îáëàñòè ìåòðè÷åñêîãî ïðîñòðàí-

ñòâà íåîáõîäèì äëÿ çàäà÷ ÷èñëåííîãî èíòåãðèðîâàíèÿ, íàïðèìåð íà ñôåðå [1], êðîìå òîãî

õîðîøî èçâåñòíû ñïåöèôè÷åñêèå çàäà÷è ðàçìåùåíèÿ òî÷åê, òàêèå êàê ôîðìóëû ìåõàíè÷å-

ñêèõ êóáàòóð [2], ïèêñåëèçàöèÿ çâåçäíîãî íåáà [3], à òàêæå ìíîæåñòâî ïðèëîæåíèé öåíòðî-

èäíûõ äèàãðàìì Âîðîíîãî [4]. Äèàãðàììû Âîðîíîãî øèðîêî èñïîëüçóþòñÿ êàê äëÿ îïðå-

äåëåíèÿ ðàçëè÷íûõ ñâîéñòâ ðàçìåøåíèÿ òî÷åê, òàê è äëÿ îïðåäåëåíèÿ ðàçìåùåíèé òî÷åê

ñ îïðåäåëåííûìè ñâîéñòâàìè, â ÷àñòíîñòè îäíèì èç êðèòåðèåâ ðàâíîìåðíîãî ðàçìåùåíèÿ

ìíîæåñòâà òî÷åê â îïðåäåëåííîé îáëàñòè ìåòðè÷åñêîãî ïðîñòðàíñòâà ÿâëÿåòñÿ ðàâåíñòâî

îáúåìîâ îáëàñòåé ýòèõ òî÷åê â äèàãðàììå Âîðîíîãî, ïîñòðîåííîé íà èõ îñíîâå. Îäíîé èç
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çàäà÷ àíàëèçà àñòðîôèçè÷åñêèõ äàííûõ ÿâëÿåòñÿ îöåíêà íåðàâíîìåðíîñòè/àíèçîòðîïèè

ðàçìåùåíèÿ òî÷å÷íûõ äàííûõ àñòðîôèçè÷åñêèõ ñîáûòèé, êîòîðàÿ ìîæåò áûòü ýôôåê-

òèâíî ðåøåíà ñ èñïîëüçîâàíèåì äèàãðàìì Âîðîíîãî ñ îäèíàêîâûìè îáúåìàìè îáëàñòåé,

îïðåäåëÿþùèìè ñòåïåíü ïðîñòðàíñòâåííîãî ðàçðåøåíèå, ïóòåì àíàëèçà ñòàòèñòèêè ÷èñëà

òî÷åê â ðàçëè÷íûõ îáëàñòÿõ äèàãðàììû. Äèàãðàììû Âîðîíîãî ñ ðàçëè÷íûìè îáúåìàìè

îáëàñòåé ïðèìåíÿþòñÿ äëÿ àíàëèçà ïðîñòðàñòâåííûõ êîíôèãóðàöèé áèîëîãè÷åñêèõ ìàê-

ðîìîëåêóë.

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ÷èñëåííûé ìåòîä ïîñòðîåíèÿ äèàãðàìì Âîðîíîãî äëÿ

êîíå÷íîãî N ÷èñëà òî÷åê ñ îãðàíè÷åíèÿìè íà îáúåìû îáëàñòåé äèàãðàììû, â ÷àñòíîñòè

äëÿ ïîñòðîåíèÿ äèàãðàìì Âîðîíîãî ñ îäèíàêîâûìè îáúåìàìè îáëàñòåé. Îáúåì îáëàñòè

äèàãðàììû ìîæåò áûòü îïðåäåëåí äëÿ êàæäîé òî÷êè. Â ïðåäëàãàåìîì ìåòîäå ìîæíî èñ-

ïîëüçîâàòü ïðîèçâîëüíîå èñõîäíîå ðàçìåùåíèå òî÷åê. Äàëåå òî÷êè ïåðåìåùàþòñÿ òàêèì

îáðàçîì, ÷òî êîíå÷íîå ðàçìåùåíèå òî÷åê ÿâëÿåòñÿ ñòàöèîíàðíûì ñîñòîÿíèåì íåêîòîðîé

äèíàìè÷åñêîé ñèñòåìû. Âû÷èñëåíèå äèàãðàììû Âîðîíîãî ïðîèçâîäèòñÿ ïðè êàæäîì èç-

ìåíåíèè òîïîëîãèè ðàçìåùåíèÿ òî÷åê, èëè ïðîñòî íà êàæäîì øàãå ïåðåìåùåíèÿ òî÷åê.

Ñóùåñòâóåò ìíîæåñòâî ñïîñîáîâ ïîñòðîåíèÿ äèíèìè÷åñêèõ ñèñòåì äëÿ ïåðåìåùåíèÿ òî-

÷åê, â ÷àñòíîñòè âîçìîæíî ñîõðàíåíèå ïîëíîé ãðóïïû ñèììåòðèè èñõîäíîãî ðàçìåøåíèÿ

òî÷åê.

Ñïèñîê ëèòåðàòóðû

[1] K.Hesse, I.H. Sloan, R.S.Womersley, Handbook of GeoMathematics // Springer, 2010, pp.

1189-1221

[2] Ñ.Ë. Ñîáîëåâ, Â.Ë. Âàñêåâè÷, Êóáàòóðíûå ôîðìóëû, Íîâîñèáèðñê, 1996

[3] Î.Â. Âåðõîäàíîâ, À.Ã. Äîðîøêåâè÷, Óñïåõè ôèçè÷åñêèõ íàóê, 183:8, 849�862 (2013)

[4] Q.Du, V.Faber, M.Gunzburger, SIAM Review, 41:4, 637�676 (1999)

� >>> �

Institute of Mathematics and Mathematical Modeling, Almaty, August 22�25, 2017



140 Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àêòóàëüíûå ïðîáëåìû ÷èñòîé è ïðèêëàäíîé ìàòåìà-
òèêè¿, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Òàéìàíîâà Àñàíà Äàáñîâè÷à

ÇÀÄÀ×À ÎÏÒÈÌÀËÜÍÎÃÎ ÁÛÑÒÐÎÄÅÉÑÒÂÈß ÄËß

ÍÅËÈÍÅÉÍÎÉ
ÌÎÄÅËÈ ÒÐÅÕÑÅÊÒÎÐÍÎÉ ÝÊÎÍÎÌÈÊÈ

ÇÀÉÍÅË ÌÓÐÇÀÁÅÊÎÂa, ØÀÌØÈ ÀÉÏÀÍÎÂb

Èíñòèòóò Ìàòåìàòèêè è ìåõàíèêè ÊàçÍÓ èì. àëü-Ôàðàáè, ïð.àëü-Ôàðàáè, 71, Àëìàòû,

050040, Êàçàõñòàí

E-mail: amurzabekov-zein@mail.ru, baipanov@mail.ru

Ðàññìîòðåíà çàäà÷à îïòèìàëüíîãî áûñòðîäåéñòâèÿ äëÿ ýêîíîìè÷åñêîé ìîäåëè, ñîñòîÿ-

ùåé èç òðåõ ñåêòîðîâ (i = 0, 1, 2), â êàæäîì èç êîòîðûõ ïðîèçâîäèòñÿ ñâîé àãðåãèðîâàí-

íûé ïðîäóêò:

� â ìàòåðèàëüíîì ñåêòîðå (i = 0) � ïðåäìåòû òðóäà (òîïëèâî, ýëåêòðîýíåðãèÿ, ñûðüå

è äðóãèå ìàòåðèàëû);

� â ôîíäîñîçäàþùåì ñåêòîðå (i = 1) � ñðåäñòâà òðóäà (ìàøèíû, îáîðóäîâàíèå, ïðîèç-

âîäñòâåííûå çäàíèÿ, ñîîðóæåíèÿ è ò.ä.);

� â ïîòðåáèòåëüñêîì ñåêòîðå (i = 2) � ïðåäìåòû ïîòðåáëåíèÿ.

Ìàòåìàòè÷åñêàÿ ìîäåëü îáúåêòà óïðàâëåíèÿ (ñì. [1]) ñîñòîèò èç

à) òðåõ ôóíêöèé óäåëüíîãî âûïóñêà òèïà Êîááà � Äóãëàñà:

xi = θiAik
αi
i , 0 < αi < 1, (i = 0, 1, 2); (3.4)

á) òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùèõ äèíàìèêó ôîíäîâîîðóæåííîñòåé

ñåêòîðîâ:

k̇i = −λiki + (si/θi)xi, ki(0) = k0
i , (i = 0, 1, 2); (3.5)

â) òðåõ áàëàíñîâûõ ñîîòíîøåíèé:

s0 + s1 + s2 = 1, s0 ≥ 0, s1 ≥ 0, s2 ≥ 0, (3.6)

θ0 + θ1 + θ2 = 1, θ0 ≥ 0, θ1 ≥ 0, θ2 ≥ 0, (3.7)

(1− β0)x0 = β1x1 + β2x2, β0 ≥ 0, β1 ≥ 0, β2 ≥ 0. (3.8)

Çäåñü ñîñòîÿíèå ýêîíîìè÷åñêîé ñèñòåìû îïèñûâàåòñÿ âåêòîðîì ôîíäîâîîðóæåííîñòåé

(k0, k1, k2); óïðàâëÿþùèå âîçäåéñòâèÿ îáðàçóþò âåêòîð (s0, s1, s2, θ0, θ1, θ2), ãäå (s0, s1, s2)

� äîëè ñåêòîðîâ â ðàñïðåäåëåíèè èíâåñòèöèîííûõ ðåñóðñîâ, (θ0, θ1, θ2) � äîëè ñåêòîðîâ â

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ÌÎÍ ÐÊ ïî ãðàíòó � 2013/ÃÔ4.

Èíñòèòóò Ìàòåìàòèêè è Ìàòåìàòè÷åñêîãî Ìîäåëèðîâàíèÿ, Àëìàòû, 22�25 Àâãóñòà 2017



International conference "Actual problems of pure and applied mathematics", dedicated to the
100th anniversary of the birth of academician Taimanov Asan Dabsovich 141

ðàñïðåäåëåíèè òðóäîâûõ ðåñóðñîâ; xi � óäåëüíûé âûïóñê (êîëè÷åñòâî âûïóñêàåìîé ïðî-

äóêöèè â i-ì ñåêòîðå â ðàñ÷åòå íà îäíîãî ðàáîòàþùåãî îò îáùåãî êîëè÷åñòâà òðóäîâûõ

ðåñóðñîâ); βi � ïðÿìûå ìàòåðèàëüíûå çàòðàòû ïðè âûïóñêå åäèíèöû ïðîäóêöèè â i-ì ñåê-

òîðå. Íà÷àëüíîå ñîñòîÿíèå ñèñòåìû ðàâíî (k0
0, k

0
1, k

0
2), ãäå k0

i � ôîíäîâîîðóæåííîñòü i-ãî

ñåêòîðà (i = 0, 1, 2) â ìîìåíò âðåìåíè t = 0.

Ñòàâèòñÿ çàäà÷à ïåðåâîäà íåëèíåéíîé ýêîíîìè÷åñêîé ñèñòåìû (2) èç íà÷àëüíîãî ñî-

ñòîÿíèÿ â êîíå÷íîå ïîëîæåíèå çà êðàò÷àéøåå âðåìÿ. Â êà÷åñòâå æåëàåìîãî êîíå÷íîãî

ñîñòîÿíèÿ âûáðàíî ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (k∗0, k
∗
1, k
∗
2), êîòîðîå îïðåäåëÿåòñÿ ïó-

òåì ïðèðàâíèâàíèÿ ê íóëþ ïðàâûõ ÷àñòåé äèôôåðåíöèàëüíûõ óðàâíåíèé (2):

k∗1 = (s1A1/λ1)1/(1−α1), k∗0 = s0θ1A1(k∗1)α1/(λ0θ0), k∗2 = s2θ1A1(k∗1)α1/(λ2θ2). (3.9)

Çíà÷åíèÿ ôîíäîâîîðóæåííîñòåé k∗i (i = 0, 1, 2) â ñîñòîÿíèè ðàâíîâåñèÿ (6) çàâèñÿò îò

óïðàâëåíèé (s0, s1, s2, θ0, θ1, θ2), äëÿ êîòîðûõ ìîæíî âûáðàòü çíà÷åíèÿ (s∗0, s
∗
1, s
∗
2, θ
∗
0, θ
∗
1, θ
∗
2),

ðåøàÿ çàäà÷ó íåëèíåéíîãî ïðîãðàììèðîâàíèÿ ñ öåëüþ ìàêñèìèçàöèè óäåëüíîãî ïîòðåá-

ëåíèÿ: x2 → max ïðè óñëîâèè âûïîëíåíèÿ ñîîòíîøåíèé (1), (3)-(5) [2].

Äàëåå äîëþ èíâåñòèöèé â ìàòåðèàëüíûé ñåêòîð è äîëè òðóäîâûõ ðåñóðñîâ âî âñåõ

ñåêòîðàõ áóäåì ñ÷èòàòü ôèêñèðîâàííûìè: s0(t) ≡ s∗0, θi(t) ≡ θ∗i , (i = 0, 1, 2). Â ýòîì

ñëó÷àå, êàê ñëåäóåò èç ñîîòíîøåíèé (2), (3), äèíàìèêà ôîíäîâîîðóæåííîñòåé â ñåêòîðàõ

i = 1, 2 â èíòåðâàëå âðåìåíè [0, T ] áóäåò îïèñûâàòüñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè

k̇1(t) = −λ1k1(t) + s1(t)A1k
α1
1 (t), k1(0) = k0

1,

k̇2(t) = −λ2k2(t) +
1− s∗0 − s1(t)

θ∗2
θ∗1A1k

α1
1 (t), k2(0) = k0

2,
(3.10)

ãäå x(t) = (k1(t), k2(t))′ ÿâëÿåòñÿ âåêòîðîì ñîñòîÿíèÿ ñèñòåìû, u(t) = s1(t) � óïðàâëåíèåì,

óäîâëåòâîðÿþùèì îãðàíè÷åíèÿì

0 ≤ s1(t) ≤ 1− s∗0, t ∈ [0, T ]. (3.11)

Â ñèëó óñëîâèÿ (3) äîëÿ èíâåñòèöèé â ïîòðåáèòåëüñêèé ñåêòîð è ñîîòâåòñòâóþùèå îãðà-

íè÷åíèÿ áóäóò îïðåäåëåíû ñëåäóþùèì îáðàçîì:

s2(t) = 1− s∗0 − s1(t), 0 ≤ s2(t) ≤ 1− s∗0, t ∈ [0, T ]. (3.12)

Ñ ó÷åòîì ôóíêöèé óäåëüíîãî âûïóñêà (1) è ìàòåðèàëüíîãî áàëàíñà (5) ìîæíî âûðàçèòü

ôîíäîâîîðóæåííîñòü k0(t) äëÿ ñåêòîðà i = 0 ÷åðåç ôîíäîâîîðóæåííîñòè äâóõ äðóãèõ

ñåêòîðîâ (i = 1, 2):

k0(t) =

[
β1θ

∗
1A1k

α1
1 (t) + β2θ

∗
2A2k

α2
2 (t)

(1− β0)θ∗0A0

]1/α1

, t ∈ [0, T ]. (3.13)

Òàêèì îáðàçîì, ïðèõîäèì ê çàäà÷å ïåðåâîäà ñèñòåìû (7) èç çàäàííîãî íà÷àëüíîãî ïî-

ëîæåíèÿ x0 = (k0
1, k

0
2)′ â æåëàåìîå êîíå÷íîå ñîñòîÿíèå x∗ = (k∗1, k

∗
2)′ çà êðàò÷àéøåå âðåìÿ,
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èñïîëüçóÿ óïðàâëåíèå s1(t), óäîâëåòâîðÿþùåå äâóñòîðîííèì îãðàíè÷åíèÿì âèäà (8). Êî-

íå÷íûé ìîìåíò âðåìåíè T çàðàíåå íå çàäàí, åãî òðåáóåòñÿ îïðåäåëèòü ïóòåì ðåøåíèÿ

çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ T → inf.

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è áûë èñïîëüçîâàí ìåòîä ñâåäåíèÿ çàäà÷è îïòèìàëü-

íîãî áûñòðîäåéñòâèÿ ê ëèíåéíî-êâàäðàòè÷íîé çàäà÷å (LQ-çàäà÷å) îïòèìàëüíîãî óïðàâ-

ëåíèÿ, ïðåäëîæåííûé â [3, 4]. Ïîñêîëüêó îáúåêò óïðàâëåíèÿ (7) ÿâëÿåòñÿ íåëèíåéíûì,

ïðèìåíåíà ïðîöåäóðà êâàçèëèíåàðèçàöèè [5], â êîòîðîé íà êàæäîì øàãå èòåðàöèîííîãî

ïðîöåññà èñïîëüçóåòñÿ àíàëèòè÷åñêèé ìåòîä ðåøåíèÿ LQ-çàäà÷è ñ çàêðåïëåííûìè êîí-

öàìè òðàåêòîðèé [6, 7]. Óìåíüøàÿ íà êàæäîì øàãå èòåðàöèè çíà÷åíèå T , ìîæíî íàéòè

ìèíèìàëüíûé èíòåðâàë âðåìåíè, â òå÷åíèå êîòîðîãî ìîæíî îáåñïå÷èòü ïåðåâîä íåëèíåé-

íîé ñèñòåìû (7) èç x0 â x∗ ïðè îãðàíè÷åííîì óïðàâëåíèè (8).
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Äëÿ ýôôåêòèâíîãî ïðèíÿòèÿ ðåøåíèé îòíîñèòåëüíî âûáîðà è ðàçâèòèÿ íîâûõ íàó÷-

íûõ íàïðàâëåíèé èññëåäîâàíèé è ðàçðàáîòîê ñîâðåìåííûõ òåõíîëîãèé, à òàêæå ïðèíÿòèÿ

óïðàâëåí÷åñêèõ ðåøåíèé, íåîáõîäèìî íàëè÷èå äîñòàòî÷íîãî îáú¼ìà äàííûõ è çíàíèé, êà-

ñàþùèõñÿ ðåøàåìûõ ïðîáëåì. Ïðè ýòîì â êà÷åñòâå èñòî÷íèêà àêòóàëüíîé èíôîðìàöèè

÷àñòî èñïîëüçóåòñÿ ñåòü Èíòåðíåò, ðîëü êîòîðîé â ñîâðåìåííîì îáùåñòâå íåóêëîííî âîç-

ðàñòàåò.

Îäíàêî, õàðàêòåðèçóÿñü íàëè÷èåì îãðîìíîãî îáú¼ìà äàííûõ è çíàíèé ïî ëþáûì ïðåä-

ìåòíûì îáëàñòÿì, Èíòåðíåò, â òî æå âðåìÿ, ñîäåðæèò íå ìåíüøèé îáú¼ì íåàêòóàëüíîé

èíôîðìàöèè è ¾èíôîðìàöèîííîãî øóìà¿. Îòñþäà âîçíèêàåò çàäà÷à îïðåäåëåíèÿ ðåëå-

âàíòíîñòè òåêñòà ïîèñêîâîìó çàïðîñó. Ðåëåâàíòíîñòü � ýòî ôóíäàìåíòàëüíîå ïîíÿòèå òåî-

ðèè èíôîðìàöèîííîãî ïîèñêà, è â íàñòîÿùåå âðåìÿ çàäà÷à îïðåäåëåíèÿ ðåëåâàíòíîñòè íå

íàøëà îêîí÷àòåëüíîãî ðåøåíèÿ.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà àëãîðèòìîâ ïîèñêà, îñíîâàííûõ íà êîíòåê-

ñòå ïîèñêîâîãî çàïðîñà è àíàëèçå åãî ñèíòàêñè÷åñêîé ñòðóêòóðû, îöåíêè ðåëåâàíòíîñòè

òåêñòà ïîèñêîâîìó çàïðîñó, à òàêæå ðàçðàáîòêà ìåòîäîâ, ïîçâîëÿþùèõ îïðåäåëÿòü òåìû

òåêñòîâ. Ïðåäëîæåííûå àëãîðèòìû îñíîâûâàþòñÿ íà èñïîëüçîâàíèè äèàãðàìì ñâÿçåé, ñî-

çäàâàåìûõ ïðîãðàììíûì ïðèëîæåíèåì Link Grammar Parser (LGP) [1].

Ðàçðàáàòûâàåìûå ìåòîäû ïîçâîëÿþò ñîïîñòàâëÿòü êîíñòðóêöèè åñòåñòâåííîãî ÿçûêà è

â ðÿäå ñëó÷àåâ îòîæäåñòâëÿòü äàæå ïåðåôðàçèðîâàííûå âàðèàíòû ïðåäëîæåíèé, îñíîâû-

âàÿñü íà àíàëèçå èõ ñèíòàêñè÷åñêèõ ñòðóêòóð (íà îñíîâå äèàãðàìì LGP). Òàêèì îáðàçîì,
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ìîæíî ñîïîñòàâèòü ïîèñêîâûé çàïðîñ è òåêñò, âçÿòûé èç ñåòè Èíòåðíåò èëè äðóãèõ èñòî÷-

íèêîâ, ñ öåëüþ îïðåäåëåíèÿ ðåëåâàíòíîñòè (ñîîòâåòñòâèÿ) òåêñòà ïîèñêîâîìó çàïðîñó.

Îäíà èç ÷àñòî âîçíèêàþùèõ ïðîáëåì ïðè àíàëèçå òåêñòîâ íà åñòåñòâåííîì ÿçûêå ñî-

ñòîèò â òîì, ÷òî ïåðåñòàíîâêà ñëîâ â ïðåäëîæåíèè ìîæåò ñóùåñòâåííî ìåíÿòü åãî ñìûñë.

Ýòî ïðèâîäèò ê íåêîððåêòíîé ðàáîòå àëãîðèòìîâ, îïåðèðóþùèõ îòäåëüíûìè êëþ÷åâûìè

ñëîâàìè, èõ ÷àñòîòàìè è ò. ä. Â ðàáîòàõ Íèðàäæà Êóìàðà ïðåäëîæåí íåêîòîðûé ïîä-

õîä, ïîçâîëÿþùèé ó÷èòûâàòü ïîðÿäîê ñëîâ [2]. Àâòîðàìè ïðåäëîæåíî îáîáùåíèå äàííîãî

ïîäõîäà, áàçèðóþùååñÿ íà èñïîëüçîâàíèè ñèíòàêñè÷åñêèõ îòíîøåíèé ìåæäó ñëîâàìè, âîç-

íèêàþùèõ íà âûõîäå ñèñòåìû LGP, ÷òî ñóùåñòâåííî ïîâûøàåò êà÷åñòâî ðàáîòû àëãîðèò-

ìîâ ïîèñêà. Ýòî ÿâëÿåòñÿ âàæíûì è äëÿ ðàçâèòèÿ òåîðåòè÷åñêèõ èññëåäîâàíèé â îáëàñòè

êîìïüþòåðíîé ëèíãâèñòèêè.

Òåîðåòè÷åñêèå èññëåäîâàíèÿ è ðåàëèçóåìûå ïðîãðàììíûå êîìïîíåíòû îðèåíòèðîâàíû

íà îáðàáîòêó òåêñòîâ íà íåñêîëüêèõ ÿçûêàõ: ðóññêîì, àíãëèéñêîì, êàçàõñêîì, óçáåêñêîì

(â äâóõ âàðèàíòàõ � íà êèðèëëèöå è íà ëàòèíèöå) è òóðåöêîì. Î÷åâèäíî, ÷òî êðîìå ïðè-

êëàäíûõ àñïåêòîâ, äàííàÿ ðàçðàáîòêà ïîçâîëèò âíåñòè âêëàä â èññëåäîâàíèå òþðêñêèõ

ÿçûêîâ ñ òî÷êè çðåíèÿ èõ èçó÷åíèÿ ôîðìàëüíûìè ìåòîäàìè è ðàçâèòèÿ êîìïüþòåðíûõ

àëãîðèòìîâ îáðàáîòêè òåêñòîâ íà ýòèõ ÿçûêàõ [3].

Â ïðîöåññå ðàáîòû èñïîëüçóþòñÿ:

� ïîíÿòèÿ è ìåòîäû èç êëàññè÷åñêîé è ìàòåìàòè÷åñêîé ëèíãâèñòèêè;

� ìåòîäû ìàòåìàòè÷åñêîé ëîãèêè;

� ðàçëè÷íûå ïðîãðàììíûå èíñòðóìåíòû è ñèñòåìû: ñèíòàêñè÷åñêèå è ìîðôîëîãè÷åñêèå

àíàëèçàòîðû, ñòèìåðû, ïðîãðàììû êëàñòåðèçàöèè è âèçóàëèçàöèè, áàçû äàííûõ;

� äðóãèå ìåòîäû, îòíîñÿùèåñÿ ê èíôîðìàöèîííûì òåõíîëîãèÿì è èñïîëüçóåìûå ïðè

îáðàáîòêå òåêñòîâ íà åñòåñòâåííîì ÿçûêå.

Â èòîãå, áûëè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:

1. Ðàçðàáîòàíû íîâûå àëãîðèòìû èíôîðìàöèîííîãî ïîèñêà ñ ó÷åòîì ñèíòàêñè-

ñà è ýëåìåíòîâ ñåìàíòèêè, â òîì ÷èñëå, äëÿ òþðêîÿçû÷íûõ òåêñòîâ, ïîçâîëÿþùèõ

èíôîðìàöèîííî-ïîèñêîâûì ñèñòåìàì (ÈÏÑ) ñîïîñòàâëÿòü êîíñòðóêöèè åñòåñòâåííîãî

ÿçûêà è â ðÿäå ñëó÷àåâ îòîæäåñòâëÿòü äàæå ïåðåôðàçèðîâàííûå âàðèàíòû ïðåäëîæåíèé.

2. Ðàçðàáîòàí ìåòîä, ïîçâîëÿþùèé îïðåäåëÿòü òåìû òåêñòîâ (îáîáùåíèå àëãîðèòìà

Íèðàäæà Êóìàðà). Ïðè ýòîì àëãîðèòìû îñíîâûâàþòñÿ íà èñïîëüçîâàíèè äèàãðàìì ñâÿ-

çåé, ñîçäàâàåìûõ ïðîãðàììíûì ïðèëîæåíèåì LGP.

3. Ðàçðàáîòàí ïðîãðàììíûé èíñòðóìåíòàðèé äëÿ àíàëèçà òåêñòîâ íà åñòåñòâåííîì ÿçû-

êå, âêëþ÷àþùèé ðàçëè÷íûå àëãîðèòìû: îïðåäåëåíèÿ ñòåïåíè áëèçîñòè ïðåäëîæåíèé, ïî-

ñòðîåíèÿ ãðàôîâ ïî ïðåäëîæåíèÿì, âû÷èñëåíèÿ âåñîâ ñëîâ, öåíòðàëüíîñòåé è äðóãèõ õà-

ðàêòåðèñòèê.

4. Ðàçðàáîòàíà âåðñèÿ ñèñòåìû LGP, îðèåíòèðîâàííàÿ íà òþðêñêèå ÿçûêè (êàçàõñêèé,

òóðåöêèé, óçáåêñêèé).
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Ïîëíîìàñøòàáíîå ÷èñëåííîå ìîäåëèðîâàíèå ïðîöåññà ðàñïðîñòðàíåíèÿ ñåéñìè÷åñêèõ

âîëí â ñðåäàõ, âêëþ÷àþùèõ ìåëêîìàñøòàáíûå íåîäíîðîäíîñòè, ÿâëÿåòñÿ çàäà÷åé ïðåä-

ñòàâëÿþùåé áîëüøîé íàó÷íûé è ïðàêòè÷åñêèé èíòåðåñ. Òàêèå çàäà÷è âîçíèêàþò ïðè èñ-

ñëåäîâàíèè ïîäçåìíûõ ÿäåðíûõ âçðûâîâ, çåìëåòðÿñåíèé, ãåîäèíàìèêè è ïîèñêà êîëëåê-

òîðîâ â ðóäíîé è íåôòåãàçîâîé ãåîëîãèè. Ïðè ÷èñëåííîì ìîäåëèðîâàíèè êðóïíûå íåîä-

íîðîäíûå âêëþ÷åíèÿ â ñðåäå ó÷èòûâàþòñÿ â ìàòåìàòè÷åñêîé ìîäåëè íåïîñðåäñòâåííî ñ

ïîìîùüþ ãðàíè÷íûõ óñëîâèé. Ðàñ÷åòû ñ ó÷åòîì âñåõ ìàñøòàáîâ âàðèàöèé ôèçè÷åñêèõ ïà-

ðàìåòðîâ òðåáóþò ãðîìàäíûõ âû÷èñëèòåëüíûõ çàòðàò. ×òîáû ðåøèòü ýòó ïðîáëåìó ïðè
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òåîðåòè÷åñêîì è ÷èñëåííîì ìîäåëèðîâàíèè íåóïîðÿäî÷åííûõ ñðåä èñïîëüçóþò àñèìïòî-

òè÷åñêèå ìåòîäû è ýôôåêòèâíûå êîýôôèöèåíòû. Çàäà÷è ïîñòðîåíèÿ ýôôåêòèâíûõ êîýô-

ôèöèåíòîâ äëÿ ñëîèñòîé ñðåäû ðàññìàòðèâàëèñü â ðàáîòàõ [1], [2]. Äëÿ ïîñòðîåíèÿ ýô-

ôåêòèâíîãî ðåøåíèÿ â äåòåðìèíèðîâàííîé ñðåäå ïàðàìåòðû êîòîðîé ÿâëÿþòñÿ ïðåäåëîì

ïåðèîäè÷åñêîé ôóíêöèè èñïîëüçîâàëèñü ìåòîäû ãîìîãåíèçàöèè. Ìåòîäû ãîìîãåíèçàöèè â

äåòåðìèíèðîâàííûõ íåïåðèîäè÷åñêèõ ñðåäàõ ñ äâóìÿ ìàñøòàáàìè íåîäíîðîäíîñòåé äëÿ

äâóìåðíîé çàäà÷è SH âîëí, à çàòåì äëÿ P è SV âîëí ðàññìàòðèâàëèñü â ðàáîòàõ [3], [4].

Ãåîôèçè÷åñêàÿ, ñðåäà, êàê ïðàâèëî, ÿâëÿåòñÿ ìíîãîìàñøòàáíîé, ê òîìó æå êîîðäèíàòû

ìåëêîìàñøòàáíûõ íåîäíîðîäíîñòåé òî÷íî íåèçâåñòíû. Ïîýòîìó ÷àñòî ñðåäà îïèñûâàåòñÿ

ñòàòèñòè÷åñêèìè ïîëÿìè. Ëàáîðàòîðíûå èññëåäîâàíèÿ êåðíîâ è ïîëåâûå èçìåðåíèÿ ïî-

êàçàëè, ÷òî â ïðèðîäíûõ ñðåäàõ óâåëè÷èâàåòñÿ ðàçáðîñ ïî âåëè÷èíå ïàðàìåòðîâ ñðåäû

è óìåíüøàåòñÿ êîððåëÿöèîííàÿ äëèíà, åñëè ìàñøòàá èçìåðåíèé óìåíüøàåòñÿ [5], [6]. Òà-

êèå ãåîôèçè÷åñêèå íåóïîðÿäî÷åííûå ñðåäû õîðîøî îïèñûâàþòñÿ ìóëüòèïëèêàòèâíûìè

èåðàðõè÷åñêèìè êàñêàäàìè ñ íåãàóññîâñêèì ðàñïðåäåëåíèåì âåðîÿòíîñòåé è ôðàêòàëü-

íûìè ìîäåëÿìè [6], [7]. Ýòîò ôàêò ïîçâîëÿåò äëÿ ïîñòðîåíèÿ ñðåäíåãî ðåøåíèÿ â êðóï-

íîìàñøòàáíîì ïðåäåëå ïðèìåíÿòü ìåòîä ïîäñåòî÷íîãî ìîäåëèðîâàíèÿ [8]. Ñòðîèòñÿ áîëåå

ïðîñòàÿ ìîäåëü, òðåáóþùàÿ ìåíüøåãî êîëè÷åñòâà âû÷èñëèòåëüíûõ çàòðàò, ïðàâèëüíî îïè-

ñûâàþùàÿ ïîâåäåíèå ðåøåíèÿ â êðóïíîìàñøòàáíîì ïðåäåëå. Â íàñòîÿùåé ðàáîòå ñ ïîìî-

ùüþ ìåòîäà ïîäñåòî÷íîãî ìîäåëèðîâàíèÿ ïîëó÷åíû òàêèå óðàâíåíèÿ äëÿ ýôôåêòèâíûõ

êîýôôèöèåíòîâ â óðàâíåíèè àêóñòèêè è äâóìåðíîé ñèñòåìå óðàâíåíèé òåîðèè óïðóãî-

ñòè, åñëè ïàðàìåòðû àïïðîêñèìèðóþòñÿ íåïðåðûâíûìè ìóëüòèïëèêàòèâíûìè êàñêàäàìè

ñ ëîãàðèôìè÷åñêè íîðìàëüíûì ðàñïðåäåëåíèåì â èçîòðîïíîé ñðåäå. Ïðåäïîëàãàåòñÿ, ÷òî

äëèíà âîëíû ìíîãî áîëüøå ìàêñèìàëüíîãî ìàñøòàáà íåîäíîðîäíîñòåé ñðåäû. Âîëíû âîç-

áóæäàþòñÿ èñòî÷íèêîì ñ äîìèíàíòíîé ÷àñòîòîé ω0 è ñîîòâåòñòâóþùåé ýòîé äîìèíàíòíîé

÷àñòîòå øèðèíîé ñïåêòàðà ω1. Ïîëó÷åííûå òåîðåòè÷åñêèå ðåçóëüòàòû ñðàâíèâàþòñÿ ñ ðå-

çóëüòàòàìè ïðÿìîãî ÷èñëåííîãî ìîäåëèðîâàíèÿ.
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Â ðàáîòå âûâîäèòñÿ ïîëíàÿ ñèñòåìà ñëîâîèçìåíèòåëüíûõ ìîðôîëîãè÷åñêèõ ïðàâèë ìà-

øèííîãî ïåðåâîäà äëÿ êàçàõñêîãî ÿçûêà, îñíîâàííàÿ íà ïîëíîé ñèñòåìå ñåìàíòè÷åñêè äî-

ïóñòèìûõ ñëîâîèçìåíèòåëüíûõ îêîí÷àíèé êàçàõñêîãî ÿçûêà [1].

Ñèñòåìà îêîí÷àíèé ñëîâ êàçàõñêîãî ÿçûêà ñîñòîèò äâóõ êëàññîâ: îêîí÷àíèÿ ê èìåííûì

îñíîâàì (ñóùåñòâèòåëüíûå, ïðèëàãàòåëüíûå, ÷èñëèòåëüíûå) è îêîí÷àíèÿ ê ãëàãîëüíûì

îñíîâàì (ãëàãîëû, ïðè÷àñòèÿ, äååïðè÷àñòèÿ, íàêëîíåíèÿ, çàëîãè). Â ðàáîòå [3] âïåðâûå

áûëî ðàññìîòðåíî ïîñòðîåíèå ìíîæåñòâà îêîí÷àíèé êàçàõñêîãî ÿçûêà è âîçìîæíîñòü åãî

èñïîëüçîâàíèÿ äëÿ ýôôåêòèâíîãî îáó÷åíèþ êàçàõñêîìó ÿçûêó.

Ðàññìîòðèì âûâîä ñèñòåìû îêîí÷àíèé êàçàõñêîãî ÿçûêà ê èìåííûì îñíîâàì. Ñèñòåìà

îêîí÷àíèé ê èìåííûì îñíîâàì ñëîâ êàçàõñêîãî ÿçûêà èìååò ÷åòûðå òèïà: îêîí÷àíèÿ ìíî-

æåñòâåííîãî ÷èñëà (îáîçíà÷èì ÷åðåç K), ïðèòÿæàòåëüíûå îêîí÷àíèÿ (îáîçíà÷èì ÷åðåç
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T ), ïàäåæíûå îêîí÷àíèÿ (îáîçíà÷èì ÷åðåç C), ëè÷íûå îêîí÷àíèÿ (îáîçíà÷èì ÷åðåç J).

Îñíîâó(stem) îáîçíà÷èì ÷åðåç S.

Ðàññìîòðèì âñåâîçìîæíûå âàðèàíòû ðàçìåùåíèé òèïîâ îêîí÷àíèé: èç îäíîãî òèïà, èç

äâóõ òèïîâ, èç òðåõ òèïîâ è èç ÷åòûðåõ òèïîâ. ×èñëî ðàçìåùåíèé îïðåäåëÿåòñÿ ôîðìóëîé:

Akn = n!/(n− k)!.

Òîãäà, êîëè÷åñòâî ðàçìåùåíèé áóäåò îïðåäåëÿòüñÿ ñëåäóþùèì îáðàçîì:

A1
4 = 4!/(4− 1)! = 4, A2

4 = 4!/(4− 2)! = 12, A3
4 = 4!/(4− 3)! = 24, A4

4 = 4!/(4− 4)! = 24.

Âñåãî âîçìîæíûõ ðàçìåùåíèé 64.

Ðàññìîòðåíû êàêèå èç íèõ ñåìàíòè÷åñêè äîïóñòèìû. Ðàçìåùåíèÿ ïî îäíîìó òèïó îêîí-

÷àíèÿ (, T , C, J) ÿâëÿþòñÿ âñå ñåìàíòè÷åñêè äîïóñòèìûìè ïî îïðåäåëåíèþ.

Ðàçìåùåíèÿ ïî äâà òèïà îêîí÷àíèé ìîãóò áûòü ñëåäóþùèå:

KT,TC,CJ, JK, KC,TJ, CT, JT, KJ, TK, CK, JC.

Àíàëèç ñåìàíòèêè ðàçìåùåíèé äâóõ òèïîâ îêîí÷àíèé ïîêàçûâàåò, ÷òî âûäåëåííûå

æèðíûì øðèôòîì ðàçìåùåíèÿ ÿâëÿþòñÿ äîïóñòèìûìè (KT, TC, CJ, KC, TJ,KJ),

à îñòàëüíûå ðàçìåùåíèÿ îòíîñèì ê íåäîïóñòèìûì. Íàïðèìåð, � ïîñëå ïðèòÿæàòåëü-

íûõ îêîí÷àíèé îêîí÷àíèÿ ìíîæåñòâåííîãî ÷èñëà íå èñïîëüçóþòñÿ, CK � ïîñëå ïàäåæ-

íûõ îêîí÷àíèé íå ïðèíÿòî ñòàâèòü îêîí÷àíèå ìíîæåñòâåííîãî ÷èñëà, JC- ïîñëå ëè÷íûõ

îêîí÷àíèé íå ïðèíÿòî ñòàâèòü ïàäåæíûå îêîí÷àíèÿ, � ïîñëå ïàäåæíûõ îêîí÷àíèé íå

ñòàâÿòñÿ ïðèòÿæàòåëüíûå îêîí÷àíèÿ, JT - ïîñëå ëè÷íûõ îêîí÷àíèé íå ñòàâÿòñÿ ïðèòÿæà-

òåëüíûå îêîí÷àíèÿ. Ê íåäîïóñòèìûì îòíåñåíû è ðàçìåùåíèÿ òèïà JK, òàê êàê ýòîò òèï

ðàçìåùåíèÿ ïîêðûâàåòñÿ îêîí÷àíèÿìè ìíîæåñòâåííîãî ÷èñëà ëè÷íûõ îêîí÷àíèé. Òîãäà,

êîëè÷åñòâî äîïóñòèìûõ (ïðàâèëüíûõ) ðàçìåùåíèé èç äâóõ òèïîâ îêîí÷àíèé áóäåò ðàâíî

6.

Äëÿ ðàçìåùåíèé èç òðåõ è ÷åòûðåõ òèïîâ îêîí÷àíèé îïðåäåëåíèå äîïóñòèìûõ ðàçìå-

ùåíèé îêîí÷àíèé äåëàåòñÿ ïî ïðàâèëó: åñëè â ðàçìåùåíèè åñòü íåäîïóñòèìûå ðàçìåùå-

íèÿ èç äâóõ òèïîâ, òî ýòî ðàçìåùåíèå � íåäîïóñòèìî.

Òîãäà, äîïóñòèìûõ ðàçìåùåíèé îêîí÷àíèé èç òðåõ òèïîâ áóäåò 4:

(KTC, KTJ, TCJ, KCJ) è äîïóñòèìûõ ðàçìåùåíèé îêîí÷àíèé èç ÷åòûðåõ òèïîâ

áóäåò 1: (KTCJ).

Èòîãî, äîïóñòèìûõ ðàçìåùåíèé èç îäíîãî òèïà - 4, èç äâóõ òèïîâ - 6, èç òðåõ òèïîâ -

4, èç ÷åòûðåõ òèïîâ - 1. Èòàê, ñóììàðíîå ÷èñëî òèïîâ äîïóñòèìûõ ðàçìåùåíèé â ñëîâàõ

ñ èìåííûìè îñíîâàìè - 15.

Ðàññìîòðèì âûâîä ñèñòåìû îêîí÷àíèé êàçàõñêîãî ÿçûêà ê ãëàãîëüíûì îñíîâàì. Ñè-

ñòåìà îêîí÷àíèé êàçàõñêîãî ÿçûêà ê ãëàãîëüíûì îñíîâàì âêëþ÷àåò ñëåäóþùèå âèäû:
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ñèñòåìà îêîí÷àíèé ãëàãîëîâ; ñèñòåìà îêîí÷àíèé ïðè÷àñòèé; ñèñòåìà îêîí÷àíèé äååïðè÷à-

ñòèé; ñèñòåìà îêîí÷àíèé íàêëîíåíèé; ñèñòåìà îêîí÷àíèé çàëîãîâ. Ñèñòåìà îêîí÷àíèé ê

ãëàãîëüíûì îñíîâàì (ãëàãîëû) âêëþ÷àþò ñëåäóþùèå òèïû: âðåìåíà (8 âðåìåí), ëèöî (3

âèäà), îòðèöàíèå. Òîãäà, êîëè÷åñòâî âîçìîæíûõ òèïîâ îêîí÷àíèé ãëàãîëîâ áóäåò - 25. Ñè-

ñòåìà îêîí÷àíèé ê ãëàãîëüíûì îñíîâàì ïðè÷àñòèÿ âêëþ÷àþò ñëåäóþùèå òèïû: îêîí÷àíèÿ

ïðè÷àñòèÿ (îáîçíà÷èì R), îêîí÷àíèÿ ìíîæåñòâåííîãî ÷èñëà (), îêîí÷àíèÿ ïðèòÿæàòåëü-

íûå (), îêîí÷àíèÿ ïðèòÿæàòåëüíûå (), ïàäåæíûå îêîí÷àíèÿ (), ëè÷íûå îêîí÷àíèÿ (J).

Âûâåäåíû âîçìîæíûå ñåìàíòè÷åñêè äîïóñòèìûå âàðèàíòû òèïîâ îêîí÷àíèé ïðè÷àñòèé �

11, äååïðè÷àñòèé � 1, íàêëîíåíèé � 6 è çàëîãîâ � 8. Îáùåå êîëè÷åñòâî òèïîâ îêîí÷àíèé

ñëîâ ñ ãëàãîëüíûìè îñíîâàìè ïîëó÷èëîñü � 51.

Èòîãî, îáùåå êîëè÷åñòâî îêîí÷àíèé ñ èìåííûìè îñíîâàìè ïëþñ îáùåå êîëè÷åñòâî òè-

ïîâ îêîí÷àíèé ñëîâ ñ ãëàãîëüíûìè îñíîâàìè áóäåò ðàâíî 66.

Ïî äàííûì òèïàì îêîí÷àíèé ïîñòðîåíû êîíå÷íûå ìíîæåñòâà îêîí÷àíèé äëÿ âñåõ îñ-

íîâíûõ ÷àñòåé ðå÷è êàçàõñêîãî ÿçûêà. Òàê, äëÿ ÷àñòåé ðå÷è ñ èìåííûìè îñíîâàìè êîëè-

÷åñòâî îêîí÷àíèé ðàâíî 1213(ó÷òåíû âñå âàðèàíòû ìíîæåñòâåííîãî ÷èñëà), à êîëè÷åñòâî

îêîí÷àíèé ÷àñòåé ðå÷è ñ ãëàãîëüíûìè îñíîâàìè ñîñòàâëÿåò: ãëàãîëû � 432, ïðè÷àñòèÿ �

1582, äååïðè÷àñòèÿ � 48, íàêëîíåíèÿ � 240, çàëîãè � 80. Èòîãî, 3565 âñåãî îêîí÷àíèé.

Óòâåðæäåíèå 1. Âûâåäåííàÿ ñèñòåìà òèïîâ îêîí÷àíèé êàçàõñêîãî ÿçûêà ÿâëÿåòñÿ

ïîëíîé.

Äîêàçàòåëüñòâî äàííîãî óòâåðæäåíèÿ îñíîâàíà íà ñõåìå âûâîäà, îñíîâàííîé íà ðàñ-

ñìîòðåíèè âñåâîçìîæíûõ âàðèàíòîâ ðàçìåùåíèé áàçîâîé ñèñòåìû òèïîâ îêîí÷àíèé êàçàõ-

ñêîãî ÿçûêà è âûâîäà ìíîæåñòâà òèïîâ îêîí÷àíèé ñåìàíòè÷åñêè äîïóñòèìûõ, ïðåäñòàâ-

ëåííîé âûøå.

Ñõåìà âûâîäà ñëîâîèçìåíèòåëüíûõ ìîðôîëîãè÷åñêèõ ïðàâèë ïðàâèë ìàøèííîãî ïå-

ðåâîäà äëÿ êàçàõñêîãî ÿçûêà îñíîâûâàåòñÿ íà ñëåäóþùåì: - èñõîäíûì ÿâëÿåòñÿ ïîëíîå

ìíîæåñòâî òèïîâ îêîí÷àíèé êàçàõñêîãî ÿçûêà; - äëÿ êàæäîãî òèïà îêîí÷àíèÿ (øàáëî-

íà ìîðôîëîãè÷åñêîé ñòðóêòóðû òèïà îêîí÷àíèÿ) êàçàõñêîãî ÿçûêà îïðåäåëÿåòñÿ ýêâèâà-

ëåíòíàÿ ãðàììàòè÷åñêàÿ ñòðóêòóðà (ëîãè÷åñêèé øàáëîí) íà öåëåâîì ÿçûêå (äëÿ ïðèìåðà:

ðóññêèé èëè àíãëèéñêèé ÿçûêè).

Óòâåðæäåíèå 2. Ñèñòåìà ïðàâèë ìàøèííîãî ïåðåâîäà ìîðôîëîãè÷åñêèõ ñòðóêòóð

ñëîâ êàçàõñêîãî ÿçûêà â ýêâèâàëåíòíûå ãðàììàòè÷åñêèå ñòðóêòóðû öåëåâîãî ÿçûêà íà îñ-

íîâå ïîëíîé ñèñòåìû îêîí÷àíèé êàçàõñêîãî ÿçûêà ÿâëÿþòñÿ ïîëíîé. Äîêàçàòåëüñòâî ïîë-

íîòû âûâåäåííîé ñèñòåìû ïðàâèë ìàøèííîãî ïåðåâîäà ìîðôîëîãè÷åñêèõ ñòðóêòóð ñëîâ

êàçàõñêîãî ÿçûêà â ýêâèâàëåíòíûå ãðàììàòè÷åñêèå ñòðóêòóðû öåëåâîãî ÿçûêà îñíîâûâà-

åòñÿ ïîëíîòîé ìíîæåñòâà òèïîâ îêîí÷àíèé êàçàõñêîãî ÿçûêà (Óòâåðæäåíèå 1) è ïîñòðî-

åíèåì äëÿ êàæäîãî òèïà îêîí÷àíèÿ ñîîòâåòñòâóþùåãî ïðàâèëà ìàøèííîãî ïåðåâîäà. Íà

îñíîâå ïîëíûõ ñèñòåì ñëîâîèçìåíèòåëíûõ ìîðôîëîãè÷åñêèõ ïðàâèë ìàøèííîãî ïåðåâîäà

êàçàõñêîãî ÿçûêà âîçìîæíî ïîñòðîåíèå ïðîãðàììíûõ ñòðóêòóð ïðàâèë ìàøèííîãî ïåðå-
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âîäà äëÿ ÿçûêîâûõ ïàð, íàïðèìåð, êàçàõñêî-àíãëèéñêîé ïàðû èëè êàçàõñêî-ðóññêîé ïàðû.
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Âèáðàöèÿ òðóáîïðîâîäîâ ÿâëÿåòñÿ ôàêòîðîì, îêàçûâàþùèì ñóùåñòâåííîå âëèÿíèå íà

íàä¼æíîñòü, äîëãîâå÷íîñòü, ïðîèçâîäèòåëüíîñòü è äðóãèå ïàðàìåòðû ïðè ýêñïëóàòàöèè

ýíåðãåòè÷åñêèõ è òåõíîëîãè÷åñêèõ óñòàíîâîê è ïðèñîåäèí¼ííûõ ìåõàíè÷åñêèõ ñèñòåì. Å¼

âîçäåéñòâèå ìîæåò âûçâàòü öåëûé ðÿä íåãàòèâíûõ ïîñëåäñòâèé: ðàçðóøåíèå ñàìèõ òðó-

áîïðîâîäîâ, ñîåäèíåíèé òðóáîïðîâîäîâ ñ äðóãèìè àãðåãàòàìè, íàðóøåíèå ãåðìåòè÷íîñòè

óïëîòíåíèé è ò.ä. [1,2]. Ñëåäóåò îòìåòèòü, ÷òî àâàðèè, ñâÿçàííûå ñ ðàçðóøåíèåì òðóáîïðî-

âîäîâ ýíåðãåòè÷åñêèõ è òåõíîëîãè÷åñêèõ óñòàíîâîê, èìåþò òåíäåíöèè ê ðîñòó è âûçûâàåò

äðóãèå îïàñíûå ïîñëåäñòâèÿ, íàïðèìåð, ïîæàðû, àâàðèéíûå ðàçëèâû òåõíîëîãè÷åñêèõ,

ãîðþ÷èõ, ýêîëîãè÷åñêè îïàñíûõ æèäêîñòåé [3, 4]. Òàêèì îáðàçîì, íåîáõîäèìî ïðîâåäå-

íèå ñïåöèàëüíûõ èññëåäîâàíèé äëÿ ðåøåíèÿ çàäà÷è ñíèæåíèÿ âèáðàöèè òðóáîïðîâîäíûõ

ñèñòåì [5].

Öåëüþ äàííûé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà ìàòåìàòè÷åñêîé ìîäåëè, ÷èñëåííîãî àëãî-

ðèòìà è êîìïüþòåðíîé ïðîãðàììû äëÿ ðåøåíèÿ çàäà÷è î íåëèíåéíûõ ïàðàìåòðè÷åñêèõ

êîëåáàíèÿõ âÿçêîóïðóãèõ òîíêîñòåííûõ òðóáîïðîâîäîâ áîëüøîãî äèàìåòðà íà áàçå òåîðèè

îáîëî÷åê [6, 7].
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Ðàññìîòðèì ïîâåäåíèå òðóáîïðîâîäà òèïà öèëèíäðè÷åñêîé îáîëî÷êè, âíóòðè êîòîðîé

ïðîòåêàåò ïóëüñèðóþùàÿ æèäêîñòü. Ñêîðîñòü æèäêîñòè èçìåíÿåòñÿ ïî çàêîíó

U(t) = U0(1 + µ1cosγ1t).

Óðàâíåíèÿ äâèæåíèÿ âÿçêîóïðóãîé îáîëî÷êè â ïåðåìåùåíèÿõ çàïèøåòñÿ â âèäå:

(1−R∗)
{
∂2u
∂x2

+ 1−µ
2R2

∂2u
∂θ2

+ 1+µ
2R

∂2v
∂x∂θ

+ L1(w)
}
− ρ1−µ2

E
∂2u
∂t2

= 0,

(1−R∗)
{

1
R2

∂2v
∂θ2

+ 1−µ
2

∂2v
∂x2

+ 1+µ
2R

∂2u
∂x∂θ

+ L2 (w)
}
− ρ1−µ2

E
∂2v
∂t2

= 0,

D(1−R∗)∇4w + L∗3(u, v, w) + ρh∂
2w
∂t2

= q,

(3.14)

ãäåD� öèëèíäðè÷åñêàÿ æåñòêîñòü òðóáû, µ � êîýôôèöèåíò Ïóàññîíà ìàòåðèàëà òðóáû,

E - ìîäóëü óïðóãîñòè ìàòåðèàëà òðóáû, ρ- åãî ïëîòíîñòü; R−ðàäèóñ êðèâèçíû ñðåäèííîé

ïîâåðõíîñòè; h � ðàäèóñ êðèâèçíû ñðåäèííîé ïîâåðõíîñòè; h� òîëùèíà ñòåíêè òðóáû;

µ1- ïàðàìåòð âîçáóæäåíèÿ, γ1 - ÷àñòîòà âîçáóæäåíèÿ; R∗� èíòåãðàëüíûé îïåðàòîð âèäà:

R∗φ(t) =
t∫

0

R(t− τ)φ(τ)dτ ; R(t−τ) �ÿäðî ðåëàêñàöèè; îïåðàòîðû L1 (w), L2 (w), L∗3 (u, v, w)

áóäóò òàêèìè:

L1 (w) = − µ
R
∂w
∂x

+ ∂w
∂x

∂2w
∂x2

+ 1+µ
2R2

∂w
∂θ

∂2w
∂x∂θ

+ 1−µ
2R2

∂w
∂x

∂2w
∂θ2

,

L2 (w) = − 1
R2

∂w
∂x

+ ∂w
∂θ

∂2w
∂θ2

+ 1+µ
2R

∂w
∂x

∂2w
∂x∂θ

+ 1−µ
2R

∂w
∂θ

∂2w
∂x2

,

L∗3 (u, v, w) = (1−R∗) Eh
1−µ2

{
− µ
R
∂u
∂x
− 1

R2
∂v
∂θ

+ w
R2 − µ

2R

(
∂w
∂x

)2−

− 1
R3

(
∂w
∂θ

)2
}
− Eh

1−µ2
∂
∂x

{
∂w
∂x

(1−R∗)
[
∂u
∂x

+ µ
R
∂v
∂θ
− µw

R

]
+

+
1− µ
2R

∂w

∂θ
(1−R∗)

(
1

R

∂u

∂θ
+
∂v

∂x

)}
−

− Eh
1−µ2

1
R
∂
∂θ

{
1
R
∂w
∂θ

(1−R∗)
[
µ∂u
∂x

+ 1
R
∂v
∂θ
− w

R

]
+

+ (1−µ)
2

∂w
∂x

(1−R∗)
(

1
R
∂u
∂θ

+ ∂v
∂x

)}
,

− Eh
1−µ2

1
R
∂
∂θ

{
1
R
∂w
∂θ

(1−R∗)
[
µ∂u
∂x

+ 1
R
∂v
∂θ
− w

R

]
+

+ (1−µ)
2

∂w
∂x

(1−R∗)
(

1
R
∂u
∂θ

+ ∂v
∂x

)}
,

q- äàâëåíèå æèäêîñòè íà ñòåíêó òðóáîïðîâîäà:

q = −φ∗αmρ
(
∂2w

∂t2
+ U2

0 (1 + µ1cosγ1t)
2 ∂

2w

∂x2

)
,

ãäå −φ∗αmρ ïðèñîåäèíåííàÿ ìàññà æèäêîñòè; m � ÷èñëî âîëí, îáðàçóþùèõñÿ ïî îêðóæ-

íîñòè, α � âîëíîâîé ÷èñëî èëè ïîñòîÿííîé ðàñïðîñòðàíåíèÿ ôàçû.

Ðåøåíèå ñèñòåì íåëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (ÈÄÓ) â ÷àñòíûõ

ïðîèçâîäíûõ (1) ïðè ðàçëè÷íûõ ãðàíè÷íûõ óñëîâèÿõ è ïðè íàëè÷èè ñèíãóëÿðíûõ ÿäåð

Institute of Mathematics and Mathematical Modeling, Almaty, August 22�25, 2017



152 Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àêòóàëüíûå ïðîáëåìû ÷èñòîé è ïðèêëàäíîé ìàòåìà-
òèêè¿, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Òàéìàíîâà Àñàíà Äàáñîâè÷à

íàñëåäñòâåííîñòè ïðåäñòàâëÿåò ñîáîé çíà÷èòåëüíûå ìàòåìàòè÷åñêèå òðóäíîñòè. Ïîýòî-

ìó åñòåñòâåííûì ñïîñîáîì ðåøåíèÿ ýòèõ ñèñòåì ÿâëÿåòñÿ äèñêðåòèçàöèÿ ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì è ïîëó÷åíèå ñèñòåìû ðàçðåøàþùèõ íåëèíåéíûõ ÈÄÓ îòíîñèòåëü-

íî ôóíêöèé âðåìåíè. Áóäåì èñêàòü ïðèáëèæåííîå ðåøåíèå ñèñòåìû (1) â âèäå:

u (x, θ, t) =
N∑
n=1

M∑
m=1

unm (t) cos
nπx

L
sinmθ,

v (x, θ, t) =
N∑
n=1

M∑
m=1

vnm (t) sin
nπx

L
cosmθ, w (x, θ, t) =

N∑
n=1

M∑
m=1

wnm (t) sin
nπx

L
sinmθ, (3.15)

ãäå unm (t), vnm (t), wnm (t) - íåèçâåñòíûå ôóíêöèè âðåìåíè. Ïîäñòàâëÿÿ (2) â ñèñòåìó

(1) è ïðèìåíÿÿ ìåòîä Áóáíîâà - Ãàë¼ðêèíà, ïîëó÷èì ñèñòåìó èíòåãðî-äèôôåðåíöèàëüíûõ

óðàâíåíèé:

ukl + (1−R∗)
(
k2π2δ2γ2 +

1− µ
2

l2δ2

)
ukl −

1− µ
2

klπγδ2vkl+

+µδ2γ2kπwkl +
N∑

n,i=1

M∑
m, r=1

(
ni2π2

2
γ3δ + 1−µ

2
nr2

2
γδ
)

∆1klnmirwnmwir−

−1+µ
2

N∑
n,i=1

M∑
m,r=1

imr
2
γδ∆2klnmirwnmwir

}
= 0 ,

vkl + (1−R∗)
[

1−µ
2
k2π2δ2γ2 + l2δ2

]
vkl − 1+µ

2
klπγδ2ukl − lδ2wkl−

−
N∑

n,i=1

M∑
m,r=1

mr2

2π
δ∆3klnmirwnmwir + 1+µ

2

N∑
n,i=1

M∑
m,r=1

inrπ
2
γ2δ∆4klnmirwnmwir−

− 1−µ
2

N∑
n,i=1

M∑
m,r=1

i2mπ
2
γ2δ∆3klnmirwnmwir

}
= 0 ,

(1 + φ∗αl)
Ξ
wkl + (1−R∗)

{(
1
12

[k2π2γ2 + l2]
2

+ δ2
)
wkl + πµγδ2kukl−

}
−lδ2vkl − δ

4π

N∑
n,i=1

M∑
m,r=1

mr∆5klnmirwnmwir − πµγ2δ
4

N∑
n,i=1

M∑
m,r=1

ni∆6klnmirwnmwir

}
+

+1−µ
4
γδ

N∑
n,i=1

M∑
m,r=1

wnmn (1−R∗) [γπirvir − r2uir]∆6klnmir+

+ δ
2

N∑
n,i=1

M∑
m,r=1

mwnm (1−R∗)
[
irµγuir − r2

π
vir + r

π
wir

]
∆5klnmir+

+1−µ
4
δ

N∑
n,i=1

M∑
m,r=1

mwnm (1−R∗) [irγuir − γ2i2πvir]∆5klnmir−

− δ
2

N∑
n,i=1

M∑
m,r=1

nwnm (1−R∗) [irµγ2πvir − i2γ3π2uir − µπiγ2wir]∆6klnmir−

−1−µ
4
δ

N∑
n,i=1

M∑
m,r=1

nmwnm (1−R∗) [rγuir − iγ2πvir]∆7klnmir−

−
N∑

n,i=1

M∑
m,r=1

m2wnm (1−R∗)
[
iµγuir − r

π
vir + 1

π
wir
]
δ
2
∆8klnmir−
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−1− µ
4

δ

N∑
n,i=1

M∑
m,r=1

nmwnm (1−R∗)
[
rγuir − iγ2πvir

]
∆7klnmir−

− δ
2

N∑
n,i=1

M∑
m,r=1

n2wnm (1−R∗) [iγ3π2uir − µrγ2πvir + µγ2πwir]
−→
∆8klnmir−

−δ2M∗2(1 + µ1cosγ1t)γ
2M2

Ek
2π2wkl = 0.

(3.16)

unm (0) = u0nm,
•

unm(0) =
•

u0nm, vnm (0) = v0nm,
•

vnm(0) =
•

v0nm, wnm (0) = w0nm,
•

wnm(0) =
•

w0nm.

Çäåñü δ = R
h
, γ = R

L
, M∗ = U

V∞
, ME =

√
E
ρV 2
∞
, V∞ñêîðîñòü çâó-

êà, ∆1k lnmir, ∆2k lnmir, ∆3k lnmir, ∆4k lnmir, ∆5k lnmir,∆6k lnmir, ∆7k lnmir, ∆8k lnmir -

áåçðàçìåðíûå êîýôôèöèåíòû.

Ðåøåíèå ÈÄÓ (3) íàõîäèòüñÿ ÷èñëåííûì ìåòîäîì, îñíîâàííûì íà èñïîëüçîâàíèè êâàä-

ðàòóðíûõ ôîðìóë [8, 9]. Ðåçóëüòàòû âû÷èñëåíèé, îòðàæàåòñÿ ãðàôèêàìè, ïðèâåäåííûìè

íà ðèñ. 1, 2.

Ðèñ. 1. Çàâèñèìîñòè ïðîãèáà îò âðåìåíè ïðè A = 0(a); A = 0, 05(b); A = 0, 1(c); α =

0, 25; β = 0, 005; γ = 0, 2; δ = 12; N=5; M=2.
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Ðèñ. 1: à)

Ðèñ. 2: b)

Ðèñ. 3: c)
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Ðèñ. 2. Çàâèñèìîñòü ïðîãèáà îò âðåìåíè ïðè γ1 = 75 Ãö(a), γ1 = 150 Ãö(b), γ1 = 250

Ãö(ñ); A = 0, 01; α = 0, 25; β = 0, 005; δ = 10; N=5; M=2.

Íà ðèñ. 1 ñîïîñòàâëåíû êðèâûå èçìåíåíèÿ âî âðåìåíè ïåðåìåùåíèé w ñðåäèííîé òî÷êè

óïðóãîé (À=0 - êðèâàÿ a) è âÿçêîóïðóãîé òðóáîïðîâîäîâ òèïà öèëèíäðè÷åñêèõ îáîëî÷åê

(À=0,05; 0.1 - êðèâûå b, c). Êàê âèäíî èç ðèñóíêà, ó÷åò âÿçêîóïðóãèõ ñâîéñòâ ìàòåðèàëà

òðóáîïðîâîäà ïðèâîäèò ê çàòóõàíèþ êîëåáàòåëüíîãî ïðîöåññà, ïðè ýòîì, õîòÿ ðåøåíèå

óïðóãîé è âÿçêîóïðóãîé çàäà÷ â íà÷àëüíûé ïåðèîä âðåìåíè ìàëî îòëè÷àþòñÿ äðóã îò

äðóãà, ñ òå÷åíèåì âðåìåíè âÿçêîóïðóãèå ñâîéñòâà îêàçûâàþò ñóùåñòâåííîå âëèÿíèå íà

ðåøåíèå. Àíàëîãè÷íàÿ êàðòèíà íàáëþäàþòñÿ è ïðè èññëåäîâàíèè èçìåíåíèé ôóíêöèé u

è v.

Âëèÿíèå ïàðàìåòðà γ1 íà êîëåáàòåëüíûé ïðîöåññ ïîêàçàíî íà ðèñ.2. Èç ðèñóíêà âèäíî,

÷òî óâåëè÷åíèå çíà÷åíèÿ ïàðàìåòðà âîçáóæäåíèÿ ïðèâîäèò ê óâåëè÷åíèþ àìïëèòóäû è

÷àñòîòû êîëåáàíèé.

Íåîáõîäèìî îòìåòèòü, ÷òî àëãîðèòì ïðåäëàãàåìîãî ìåòîäà ïîçâîëÿåò äåòàëüíî èññëå-

äîâàòü âëèÿíèå ãåîìåòðè÷åñêèõ íåëèíåéíîñòåé è âÿçêîóïðóãèõ ñâîéñòâ ìàòåðèàëà êîí-

ñòðóêöèé íà êîëåáàòåëüíûå ïðîöåññû âÿçêîóïðóãèõ òðóáîïðîâîäîâ, â ÷àñòíîñòè, ïðè

èññëåäîâàíèè ñâîáîäíûõ è ïàðàìåòðè÷åñêèõ êîëåáàíèé òðóáîïðîâîäîâ íà áàçå òåîðèè

èäåàëüíî-óïðóãèõ îáîëî÷åê.
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Ïîñòàíîâêà çàäà÷è ïðîãíîçà. Ïðîãíîçèðîâàíèå. Ïðåäïîëîæèì, ÷òî ñòàöèîíàðíûé â

øèðîêîì ñìûñëå ïðîöåññ {x(t), t ∈ T} íàáëþäàåòñÿ â ìîìåíòû âðåìåíè t ∈ T0, ãäå

T0 = {t ∈ T : t ≤ t0} ëèáî T0 = {t ∈ T : t0 − h ≤ t ≤ t0}, h > 0. Òðåáóåòñÿ íà îñ-

íîâå ýòèõ íàáëþäåíèé äàòü íàèëó÷øèé ñðåäíåêâàäðàòè÷íûé ïðîãíîç ýòîãî ïðîöåññà â

íåêîòîðûé áóäóùèé ìîìåíò t∗ = t0 + τ (τ > 0), òî åñòü òðåáóåòñÿ íàéòè òàêîé ôóíê-

öèîíàë y(t∗) = gt∗
(
x(t), t ∈ T0

)
îò çíà÷åíèé ïðîöåññà x(t) â ìîìåíòû t ∈ T0, ÷òîáû

E‖x(t∗) − y(t∗)‖2 ≤ E‖x(t∗) − y1(t∗)‖2, ãäå y1(t∗) � ëþáîé äðóãîé ôóíêöèîíàë îò çíà÷å-

íèé ïðîöåññà x(t) â ìîìåíòû t ∈ T0. Ïóñòü òåïåðü x(t), t = ...,−1, 0, 1, ... � ïðîèçâîëüíûé

âåùåñòâåííûé ñòàöèîíàðíûé ïðîöåññ ñ E
(
x(t)

)
= 0 è ôóíêöèåé êîâàðèàöèé γ(h). Äëÿ

òàêîãî ïðîöåññà γ(−h) = γ(h). Òåïåðü äëÿ ýòîãî ñëó÷àÿ îïðåäåëèì ôóíêöèþ êîâàðèàöèé

γ(h). Ñíà÷àëà, äëÿ ëþáîãî öåëîãî M , îïðåäåëèì ñïåêòðàëüíóþ ôóíêöèþ ñòàöèîíàðíîãî

ïðîöåññà F (ω) íà [−π, +π] ñëåäóþùèì îáðàçîì: F (ω) = lim
M→∞

FM(ω), ãäå

FM(ω) =
1

πM

(
M∑

p 6=q=1

γ(p− q)
(

sin((p+ q)ω)

2(p+ q)
+

sin((p− q)ω)

2(p− q)

)
+

γ(0)
M∑
p=1

sin(pω) cos(pω)

2p
+
γ(0)M

2
(ω + π)

)
.
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Îòñþäà γ(h) =
π∫
−π

cos(hω)dF (ω). F (ω) íàçûâàåòñÿ ñïåêòðàëüíîé ôóíêöèåé ñòàöèîíàð-

íîãî ïðîöåññà x(t). Åñëè F (ω) àáñîëþòíî íåïðåðûâíà è f(ω) � å¼ ïðîèçâîäíàÿ, òî f(ω) íà-

çûâàþò ñïåêòðàëüíîé ïëîòíîñòüþ ïðîöåññà. Îöåíêà ñïåêòðàëüíîé ôóíêöèè. Ïóñòü ñòàöèî-

íàðíûé ïðîöåññ x(t), t = ...,−1, 0, 1, ..., èìååò ñðåäíåå (ìàòåìàòè÷åñêîå îæèäàíèå) µ è ñïåê-

òðàëüíóþ ïëîòíîñòü f(ω) (íåèçâåñòíà). Ðàññìîòðèì çàäà÷ó îöåíèâàíèÿ f(ω) ïî âûáîðêå

x(1), ... , x(n) ñ÷èòàÿ µ èçâåñòíûì. Ðåøåíèå. fn(ω) =
1

nπ

(
y(1) cos(ω)+ · · · + y(n) cos(nω)

)2

,

ãäå y(t) = x(t) − µ. fn(ω) îêàçûâàåòñÿ àñèìïòîòè÷åñêè íåñìåùåííîé îöåíêîé f(ω) äëÿ

[−π, +π], ω 6= 0.

Ëèíåéíîå ïðîãíîçèðîâàíèå ñòàöèîíàðíûõ ïðîöåññîâ. Ïóñòü íàì èçâåñòíû çíà÷åíèÿ

ïðîöåññà {x(t)} â ìîìåíòû t = . . . , −2, −1, 0, è ìû õîòèì ïðåäñêàçàòü x(1) ñ ïîìîùüþ

ëèíåéíîé êîìáèíàöèè çíà÷åíèé . . . , x(−2), x(−1), x(0), âîñïîëüçîâàâøèñü ìåòîäîì íàè-

ìåíüøèõ êâàäðàòîâ. Ïîñòàíîâêà çàäà÷è. Ïðè êàêèõ óñëîâèÿõ íà ïðîöåññ ñðåäíåå çíà÷åíèå

êâàäðàòà îøèáêè ïðåäèêòîðà (ïðîãíîçà) ïîëîæèòåëüíî è ïðè êàêèõ óñëîâèÿõ îíî ðàâíî

íóëþ? Îòâåò íà ýòîò âîïðîñ áûë äàí À.Í. Êîëìîãîðîâûì â 1941 ãîäó, [1], è, Í. Âèíåðîì

â 1949 ãîäó, [2]. Ðåøåíèå. Îáîçíà÷èì ÷åðåç xn(1) ïðåäèêòîð äëÿ x(1), ïîñòðîåííûé ïî

x(−n), . . . , x(−1), x(0). Òîãäà xn(1) =
0∑

i=−n
ainx(i), ãäå êîýôôèöèåíòû ain, i =

−n, . . . , −1, 0, ìèíèìèçèðóþò îòíîñèòåëüíî ain âûðàæåíèå E
(
x(1)−

0∑
i=−n

ainx(i)
)2

→ min.

Îòñþäà íàõîäèì, ÷òî ain =
0∑

j=−n
σijγ(j − 1), ãäå [σij] = [σij]

−1 è [σij] � ìàòðèöà ðàçìåðà

(n+ 1)× (n+ 1) îáðàçîâàííàÿ ÷èñëàìè γ(h) = γ(−h) =
π∫
−π

cos(hω)f(ω)dω.

Ïóñòü òåïåðü x(t), t = ...,−1, 0, 1, ... � ñòàöèîíàðíûé ïðîöåññ, ñïåêòðàëüíàÿ ïëîòíîñòü

êîòîðîãî ðàâíà f(ω) =
1

π2

(
π − |ω|

)
, −π ≤ ω ≤ +π. Òîãäà ôóíêöèÿ êîâàðèàöèé èìååò

âèä γ(h) = 1, h = 0, γ(h) =
( 2

πh

)2

, åñëè h íå÷åòíî, γ(h) = 0, åñëè h ÷åòíî. Ðåøåíèå.

Îöåíèì f(ω) ïî âûáîðêå {x(1), ... , x(n)}. Îíà èìååò âèä fn(ω) =
1

nπ

(
y(1) cos(ω) + · · · +

y(n) cos(nω)
)2

, ãäå y(t) = x(t) − µ. Äàëåå, ïî âûáîðêå {x(1), ... , x(n)} îöåíèì ñðåäíåå

(ìàòåìàòè÷åñêîå îæèäàíèå) µ, òî åñòü µ =
1

n

n∑
i=1

x(i), îïðåäåëèì fn(ω). Çàìåíÿåì f(ω)

íà fn(ω) è âû÷èñëèì ïî ôîðìóëå γ(h) = γ(−h) =
π∫
−π

cos(hω)fn(ω)dω. Äàëåå, íàõîäèì

ain =
0∑

j=−n
σijγ(j − 1), çàòåì ïîñòðîèì ïðåäèêòîð (ïðîãíîç), òî åñòü xn(1) =

0∑
i=−n

ainx(i)

Çàäà÷à ïðîãíîçèðîâàíèå ÿâëÿåòñÿ ñòîõàñòè÷åñêîé çàäà÷åé. [3], [4].

Ïðàêòè÷åñêîå ïðèìåíåíèå. Íàìè áûëà ïðîãíîçèðîâàíà öåíà íà íåôòü ñîðòà Brent íà

Ëîíäîíñêîé ìåæäóíàðîäíîé áèðæå (International Petroleum Exchange, ITE).
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Ïåðïåíäèêóëÿðíûé âäóâ ñòðóè â ñâåðõçâóêîâîé âîçäóøíûé ïîòîê ÿâëÿåòñÿ ýôôåêòèâ-

íîé òåõíîëîãèåé ïåðåìåøèâàíèÿ âåùåñòâ òîïëèâà ñ îêèñëèòåëåì â ñâåðõçâóêîâûõ êàìåðàõ

ñãîðàíèÿ. Âñëåäñòâèå íàòåêàíèÿ îñíîâíîãî ïîòîêà ïåðåä ñòðóåé îáðàçóåòñÿ ãîëîâíîé, êî-

ñîé è çàìûêàþùèé ñêà÷êè óïëîòíåíèÿ, õîðîøî îïèñàííûå â ëèòåðàòóðå [1, 2]. Îäíàêî

ïðè âäóâå ñòðóè â êàíàë ãîëîâíîé ñêà÷îê óïëîòíåíèÿ äîñòèãàåò âåðõíåé ñòåíêè è âçàè-

ìîäåéñòâóåò ñ ïîãðàíè÷íûì ñëîåì, â ðåçóëüòàòå ÷åãî ïîÿâëÿåòñÿ äîïîëíèòåëüíàÿ ñèñòåìà

ñêà÷êîâ óïëîòíåíèé. Äàííîå âçàèìîäåéñòâèå ñîçäàåò ïîëîæèòåëüíûé ãðàäèåíò äàâëåíèÿ

íà âåðõíåé ñòåíêå, êîòîðûé îêàçûâàåòñÿ äîñòàòî÷íûì äëÿ îòðûâà ïîãðàíè÷íîãî ñëîÿ. Â

ñîîòâåòñòâèè ñ âûøåèçëîæåííûì âçàèìîäåéñòâèÿ ñâåðõçâóêîâîãî ïîòîêà ñ ïåðïåíäèêóëÿð-

íîé ñòðóåé [1, 2] è ïàäàþùåãî ñêà÷êà óïëîòíåíèÿ ñ ïîãðàíè÷íûì ñëîåì [3], êàê ïðàâèëî,

ðàññìàòðèâàþòñÿ îòäåëüíî. Â íàñòîÿùåé ðàáîòå âûøåóêàçàííûå ôèçè÷åñêèå ìåõàíèçìû

âçàèìîäåéñòâèÿ ìîäåëèðóåòñÿ â ðàìêàõ îäíîé ïðîáëåìû.

Äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ðàññìàòðèâàåìîé ïðîáëåìû èñïîëüçóþòñÿ îñðåä-

íåííûå ïî Ôàâðó äâóìåðíûå óðàâíåíèÿ Íàâüå-Ñòîêñà, çàïèñàííûå â áåçðàçìåðíîé ôîð-

ìå. Çàìûêàíèå îñóùåñòâëÿåòñÿ ñ ïîìîùüþ äâóõïàðàìåòðè÷åñêîé k − ω ìîäåëüþ òóðáó-

ëåíòíîñòè. Ðàçðàáîòàííûé ÷èñëåííûé àëãîðèòì ðåøåíèÿ óðàâíåíèé ñòðîèòñÿ íà îñíîâå
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WENO ñõåìû ÷åòâåðòîãî ïîðÿäêà òî÷íîñòè [4]. Äèñêðåòèçàöèÿ ïî âðåìåíè îñóùåñòâëÿåòñÿ

ñ ïîìîùüþ ñõåìû Áèìà-Óîðìèíãà âòîðîãî ïîðÿäêà òî÷íîñòè. Îñíîâíîå âíèìàíèå óäåëÿ-

åòñÿ èññëåäîâàíèþ âçàèìîäåéñòâèÿ óäàðíî-âîëíîâîé ñòðóêòóðû ñ ïîãðàíè÷íûìè ñëîÿìè

íà íèæíåé è âåðõíåé ñòåíêàõ â óñëîâèÿõ âíóòðåííåãî òóðáóëåíòíîãî òå÷åíèÿ, à èìåííî,

ïðîâåäåíî äåòàëüíîå èçó÷åíèå ìåõàíèçìîâ âçàèìîäåéñòâèÿ, à òàêæå óñëîâèè îòðûâîâ è

ñìåøåíèÿ ñòðóè è ïîòîêà â çàâèñèìîñòè îò ïàðàìåòðà íåðàñ÷åòíîñòè (îòíîøåíèå äàâëå-

íèÿ ñòðóè ê äàâëåíèþ ïîòîêà). Â ÷àñòíîñòè âûÿâëåíî, ÷òî ðîñò ïàðàìåòðà íåðàñ÷åòíîñòè

óâåëè÷èâàåò ãëóáèíó ïðîíèêíîâåíèÿ ñòðóè â ïîòîê.
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Íàïèñàíà è îòëàæåíà ïðîãðàììà íà ÿçûêå Delphi, îáåñïå÷èâàþùàÿ âèçóàëüíóþ èíòåðïðå-

òàöèþ êà÷åñòâåííîãî ïîâåäåíèÿ òðàåêòîðèé ïëîñêîé äèíàìè÷åñêîé ñèñòåìû, ïîëó÷åííîé

è èçó÷åííîé â ðàáîòàõ [1,2].
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Transport loads are very widespread in practice. As those we understand the moving loads

which form doesn't change over time, but their position are changing in the environment.

Dynamic deformation processes, which arise in the ground under their in�uence, expand with

di�erent speeds, characterizing elastic properties of the medium. In isotropic elastic medium

there are two sound speeds c1, c2 of expansion of dilatation waves and shift waves (longitudinal

and cross waves, c1 > c2). The relation of speed of transport load to the sound velocities

signi�cantly in�uences to the stresses and deformations in the elastic medium . We consider

here the subsonic case, when speeds of a loads are less then shift waves speed. This case is

characteristic for transport tasks as the speed of the movement of the most modern vehicles is

many less then the speeds of elastic waves propagation.

From transport loads we especially distinguish stationary ones which move in the �xed

direction with a constant speed. This class of loads allows to investigate di�raction processes in
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isotropic elastic medium in an analytical form. In papers [1-3] the fundamental and generalized

solutions of the Lame's equations are constructed and investigated which describe the movement

of elastic medium at an action of concentrated on an axis and distributed loading in all range

of speeds (subsonic, sound, transonic and supersonic ones). On this basis in [4-7] the method

of boundary integral equations has been developed for solving the transport BVP in elastic

medium with cylindrical boundaries. This class of problems is very important for applications

in the �eld of dynamics of underground constructions, trans tunnels and excavations of deep

laying.

However there is a class of model transport tasks (for example, road problems) when loadings

move on the surface of a half-space. It is known that there is also sound speed in an elastic

half-space with which super�cial Rayleigh waves are propagating. The Rayleigh's speed is less,

but is very close to the speed of shift waves [8]. Rayleigh's waves don't create tensions on half-

space border, but signi�cantly in�uence on the tensions and deformations of the massif near a

free surface. For the �rst time such task was considered and solved for a subsonic pre-Ryleigh

case by �at deformation in work of J. Cole, J. Huth [9].

Here the �rst boundary value problem of the theory of elasticity for an elastic half-space at

the movement on its surface of subsonic transport load in 3D-space is considered. The speed

of motion is less or more than the speed of distribution of elastic Rayleigh waves. On the basis

of the generalized Fourier's transformation the fundamental solution of a task is constructed

which describes dynamics of the massif at the movement of the concentrated force on and along

its surface. Based on this, an analytical solution is constructed for arbitrary transport loads

distributed over the surface, moving with the pre- Rayleigh and super-Rayleigh velocities. It is

shown that when the Rayleigh wave velocity is exceeded, the transport loads generate surface

Rayleigh waves. This task is particular case of the transport problems for elastic half-space

which was considered by author in [10] for arbitrary moving mass loads.

This mathematical model gives possibility to determine the stress-strain state and waves

dynamics of the massif near road transport.
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We study the low frequency part of the spectrum of small oscillations of the special two

dimensional network of elastic strings. This network consists of a �nite number of strings

attached to each other as it is shown in the Figure 1.

The natural oscillations of the network could easily be converted into a following Sturm -

Liouville problem on graph G (see [1]):

u′′e +
λ

2
ue = 0, e ∈ E (3.17)∑

e�v

u′e(v)− hu(v) = 0, v ∈ V0 (3.18)

ue(v) = u(v), for e � v, v ∈ V0 (3.19)
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Figure 1 � A grid of strings

u(v) = 0, v ∈ ∂G, (3.20)

where, ue - restriction of the function u : G → R on the edge e, u′e(v) - the derivative in

the internal direction of the edge e (from the vertex v into the interior of the edge e), V0 -

the set of internal vertices. In (3.17) a di�erentiation relates to the natural parameter,here an

orientation of the edge does not play any role, because the second derivative is independent on

the orientation.

Under natural mechanical assumptions the low frequency part of the spectrum of the

network is close to the low frequency part of spectrum of some membrane stretched over the

same square:

∆u− u+ λu = 0, (3.21)

u
∣∣∣
Q

= 0, (3.22)

where Q = [0; 1]× [0; 1].

Theorem. Let Λh = {λh1 , λh2 , . . . , λhn, . . . } be a spectrum of the set of all eigenvalues of the

problem (3.17)-(3.20), and Λ = {λ1, λ2, . . . , λn, . . . } be a spectrum of the set of eigenvalues of

the problem (3.21),(3.22).Then the spectrum Λh tends to the spectrum Λ as h approaches 0 in

the following sense: for each natural N and a positive ε there exist a positive δ, such that for

all h < δ the inequalities |λhi − λi| < ε hold for all i ∈ {1, 2, . . . , N}. (see [2])
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This works studies a combined movement of heat and moisture in the multilayer region. A

mathematical model of the process is described by a system of nonlinear di�erential equations.

Boundary conditions are set as close as possible to the real processes. To carry out numerical

calculations, we need original thermal and moisture permeability characteristics of materials.

One of the complicated speci�ed parameters of moisture movement is a capillary di�usion

coe�cient. At the time, Reynolds pointed to the instability of this coe�cient with respect to

measurement operations. After numerous experiments, Gardner came to the conclusion that

the capillary di�usion coe�cient depends on the moisture. An approximate method to calculate

a sought quantity was developed based on the assumption of linear dependence of the capillary

di�usion coe�cient from the moisture [1]. Moreover, some of the mathematical properties of

developed schemes for calculating the capillary di�usion coe�cient were researched. In this

paper, using the idea of the work [2], we constructed a system of di�erence conjugate equations

on the di�erence level and simultaneously obtained iterative schemes to calculate required

quantities. In other words, the coe�cient inverse problem is solved. Software is developed and

numerical calculations are conducted. Calculation results are compared with analogous data of

other researchers [3].
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For evaluation the accuracy of approximate analytical methods for calculating temperature

and the coordinates of the free boundary of molten material in electrical contacts, it is possible

to use a mathematical model that includes the parabolic heat equations with a discontinuous

coe�cients and the following equation for the kinetics of the melting phase, [1]:

dX

dt
= K · sign(Xeq −X) · |X −Xeq|P , (1)

where: X is the volume fraction of the molten substance; t > 0 is the time; Xeq is an equilibrium

content of the phase X, determined from the state equations; K is the kinetic coe�cient of

phase transformation, [1/sec], corresponding to the material of the contacts.

To estimate the dependence of values K on a thermophysical characteristics of the process,

we consider the model problem of melting a sphere with an initial temperature equal to the

temperature of the phase transformation (melting) which is heated from the surface, which can

be presented in the following dimensionless form:

∂T

∂t
=
∂2T

dr2
(t > 0; α(t) < r < 1), (2)

where: T (r, t) is the temperature, r is the radius, and α(t) is the free boundary of the melting

phase.

The boundary conditions on the heated surface of the sphere and at the free boundary are:

T (1, t) = 1, T (α(t), t) = 0, (3)

and the Stefan condition at r = α(t) is:

∂T

∂r
= L · α(t)

dα

dt
, (α(0) = 1), (4)

where the coe�cient L is explicitly determined through the thermophysical characteristics of

the contact material � thermal di�usivity, latent heat of phase transformations, etc.

The study was supported by a grant #5133/GF4 from the Ministry of Education and Science of the Republic

of Kazakhstan
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To solve the non-linear problem (2) � (4) in the degenerate domain, we've used a hybrid

method: an asymptotic solution for time t at which 1 − α(t) ≤ ε � 1, and then the �nite-

di�erence method (with catching the free boundary by grid node) for values t at which ε <

α(t) < 1. The found values of α(t) are used for the mean-integral evaluation of the coe�cient

K in equation (1) by the formula:

K =
1

t0

t0∫
0

F

(
α(τ),

dα

dτ
, L

)
dτ,

where the speci�c type of the function F
(
α(τ), dα

dτ
, L
)
is determined on the basis of the

chosen form of the kinetics equation (1). Calculations of K for some materials with di�erent

thermophysical characteristics and comparison of the above method with the self-similar

solution for one-dimensional problem have been performed.
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Mathematical and computer modeling of the steady and unsteady �ows in the systems of

production and transportation of oil or gas is a vital problem today.

Getting oil to market is a process that requires various transportation and storage

technologies, usually referred to as â�»midstreamâ��ê. Oil is often produced in remote

locations away from where it will be consumed; therefore, transportation networks have been

built to transport the crude oil to re�neries where it is processed and to ship the re�ned products

to where they will be consumed (like a gas station). Storage facilities are used to balance supply

and demand of oil and re�ned products. Oil is normally transported by one of four options:

pipeline, rail, truck, ship [1].
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It is caused by the requirements to increase the reliability of design and operation of

the pipeline systems of the oil transportation for the farther distances. Furthermore, during

operation of oil transportation system in conditions of low temperature emergency situation

can occur. It is connected with various deposit formations of hydrates and para�n, and also

formation of oil spills, for example, unsanctioned siphoning. The problems can be e�ective solved

not only with the aid of the full-scale observations, but also via computational experiments.

Therefore, any modeling is considered as promising and urgent in the oil-producing industry

[2].

In each real process, the parameters do not remain constant due to various reasons, they

can be changed in su�ciently wide range. Therefore, it is necessary to carry out a performance

analysis of the modelled process with a change in di�erent parameters.

There are three basic goals:

1) to construct a mathematical and computer models of �nding parameters of �uid;

2) to check mathematical and computer models on the e�ciency using changing parameters;

3) to modify the model for the purpose of the expansion of the range of its productivity and

improvement in its operating characteristics.

This work is aimed to �nd industrial parameters of the underground pipeline. It was considered

a pipe as a 4-layered, which consists of oil, para�n, steel, thermal insulation.
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We develop mathematical apparatus proposed by P.Appel, D.V.Widder, P.C.Rosenbloom

[1,2] to solve generalized Heat equation in domains with moving and free boundaries.

It's required to �nd solution of generalized Heat equation with moving boundary:

∂U
∂t

= a2
(
∂2U
∂r2

+ ν
r
· ∂U
∂r

)
, 0 < r < α(t), t > 0

with Neumann and Robin type boundary conditions.

The solution of the equation is represented in the following form of series:

U(r, t) =
∞∑
n=0

AnQn,ν ,

where

Qn,ν =
n∑
k=0

22k n!Γ(β+1)·r2n−2k·tk
k!·(n−k)!·Γ(β+1+n−k)

=
n∑
k=0

22k n!·r2n−2k·tk
k!·(n−k)!·(β+1)·(β+2)·...·(β+n−k)

,

coe�cients An have to be determined.

(
γ ∂U
∂r

+ βU
)∣∣∣

r=α(t)
= γ ·

∞∑
n=1

An
n∑
k=0

n!·2n+k·(2n−2k)·tk·(α(t))2n−2k−1

k!·(n−k)!·(ν+1)·(ν+3)·...·(ν+2(n−k)−1)
+

β ·
∞∑
n=0

An
n∑
k=0

n!·2n+k·tk·(α(t))2n−2k

k!·(n−k)!·(ν+1)·(ν+3)·...·(ν+2(n−k)−1)
= g(t).

We utilize Faa-di-Bruno's formula and the general Leibniz's rule to determine An coe�cients

from Robin's condition shown above. This approach enables one to model diverse electric

contact phenomena and solve Stefan type problems.

Èíñòèòóò Ìàòåìàòèêè è Ìàòåìàòè÷åñêîãî Ìîäåëèðîâàíèÿ, Àëìàòû, 22�25 Àâãóñòà 2017



International conference "Actual problems of pure and applied mathematics", dedicated to the
100th anniversary of the birth of academician Taimanov Asan Dabsovich 169

Ñïèñîê ëèòåðàòóðû

[1] P. Appel, Sur lequation et la chaleur, J. Math. Pures Appl., Vol. 8, pp. 187-216, 1892.

[2] P.C. Rosenbloom, D.V. Widder, Expansions in terms of heat polynomials and associated

functions, Trans. Amer. Math. Soc., Vol 92, pp. 220-336, 1959.

� >>> �

DEVELOPMENT OF A NEW ENCRYPTION ALGORITHM
BASED ON FIBONACCI SEQUENCE

RAUSHAN SERIKKAZHIYEVA, MARZHAN ABDRAZAKOVA, MAULENBEK

ABDULKHAIROV

ITMO University, Kronverkskiy prospesct, 49, Saint Petersburg, 197101 , Russia

E-mail: raushanserikkazhiyeva@gmail.com

Nowadays information security has become an integral part of modern systems. All of

systems, such as e-commerce, electronic document management, telecommunication systems

need their data to be protected. Cryptography is one of the main aspects in providing

information security. The goal of this project was to analyze existing encryption methods and

development of a new one, which is unique and strong.

There were several tasks have been observed such as:

- searching and analyzing the appropriate information

- choosing technologies and tools in order to realize the project

- developing the structure and design of the application

- testing and practicing the new application

There are two basic types of encryption: symmetric key and asymmetric key encryption[1].

The symmetric key encryption uses the same key for encryption and decryption. As regards the

asymmetric key encryption, the key and algorithm for encryption and decryption are di�erent

from each other. The key for encryption is made public but the key for decryption is only known

by the receiver. Both of them have their own bene�ts and shortcomings and are applicable in

di�erent spheres.

During the research there has been basic symmetric and asymmetric encryption methods

analyzed, such as AES, MD5, RSA, SM4 and etc. [2]. It has been deducted that the encryption

methods may use hash functions and block ciphering in the process of enciphering.

The encryption algorithm in this handiwork is symmetric. It includes various mathematical

operations and uses Fibonacci sequence for ciphering. The desktop application has been

established to illustrate the processes of encrypting and decrypting of the data. The application

Institute of Mathematics and Mathematical Modeling, Almaty, August 22�25, 2017



has been implemented by using C# programming language. The interface includes 3 buttons

as: encrypt, decrypt and clear.

Moreover, a website for online-shop has been composed. The website lets represent the use

of the cipher in the system[3]. The system allows to pay the order by card. When the user enters

the data of his or her card, all entered data becomes encrypted. In addition, there were di�erent

diagrams, such as use case diagram, class diagram implemented for the detailed consideration

of actions made over the system.

In conclusion, this research project is conducted for creating and realizing of an encryption

algorithm, which has been made by performing numerous mathematical operations and by

using the Fibonacci sequence. For demonstrating of the method there has been desktop

application developed. Likewise there has been an online shop website designed as an evidence

for application of the encryption method.
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