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1 Aurebpa, reoMeTpust 1 MaTeMaTUIeCKas JIOTUKA

OBOTAIIIEHUE MOJEJIENN CUYETHO KATETOPUYHBLIX
CJIABO O-MUHUMAJIBHBIX TEOPUNM YHAPHEIMU
IIPE/INKATAMU

CAYH BANYKAHOBY, BEIBYT KVYJIIIEIIIOB??

! Uncrnryr maremarnkn u MaTemarmieckoro Mogeauposanns, yi. Ilymxuna, 125, Anmarer,
050010, Kazaxcran
2 MeskiyHapogublii yHHBepCHTeT HHGOPMAIHOHHBIX TexHojorui, yi1. Manaca/ /Ixanocosa,
34A /8A, Anmvarer, 050040, Kazaxcran
B-mail: “sayan-5225@mail.ru, *b.kulpeshov@iitu.kz

[IycTh L — cueTHBIN 3BIK IEPBOro MOpsiaKa. Beroay B JaHHOM TOKJIa,1e MBI pacCMaTpPHBAEM
L-CTpYKTYpBl U IPEAIOIaraeM 49TO L COTepKUT CHMBOJ OMHAPHOIO OTHONIEHUsI <, KOTOPBIi
WHTEPIPETUPYETCs KaK JUHEHHbIH OPAJ0K B 3TUX CTPYKTypax.

Hacrogmmuit qokaa1 KacaeTcsd MOHATHSA cAGO0T 0-MUHUMAADHOCTU, TTEPBOHAYAJIBHO TJIyOOKO
uccseopanuoro B [1]. TloaMHOKecTBO A MUHEHHO YIIOPAI0Y€HHONH CTPYKTYPbl M Ha3bIBAeTCA
BLNYKABLM, €CTH I JIOOBIX a,b € A u ¢ € M Begxmit pa3 Korma a < ¢ < b MBI UMeeM
c € A. Crabo o-munumasbrol cmpykmypot Ha3bIBAETCS JIMHEHHO yHOPsI0OIeHHAs CTPYKTYPa
M = (M,=,<,...) Takas, 910 a1060€ OompeeanMoe (¢ mapaMeTpaMi) MOJAMHOKECTBO CTPYK-
Typbl M sBisieTcs ob0beIuHeHHeM KOHEYHOI'O YHCJIa BBIIYKJIBIX MHOXKeCTB B M. BernecTBeHHO
3aMKHYTBIE IO/ ¢ COOCTBEHHBIM BBIMYKJIBIM KOJIBIIOM HOPMHPOBAHMSA 00ECIIEUNBAIOT BAKHBIN

npumMep cj1abo O-MUHUMAJIbHBIX CTPYKTYD.

IIycts A, B — mpou3BOJIbHBIE MOAMHOKECTBA JHHEHHO yHOpsaodennoi crpykrypsl M. To-
r1a Beipaxkenne A < B o3nauaer, uto a < b Beakwuit pa3 xorna a € A u b € B. Beipaxkenue
A < b (coorBercrBenno b < A) oznauaer, uro A < {b} ({0} < A). Hepez A" (u coorBercrBeH-
HO A7) Gynem 0603HAYATH MHOKECTBO 9JIEMEHTOB b PACCMATPUBAEMOl CTPYKTYPHI ¢ YCIOBUEM
A < b (b< A). dng mpousBoJbHOTO THIA p MBI 0603HauaeM 4depe3 p(M) MHOKECTBO peasn3a-
it Tuna p B M.

Hamomuum, qro nonnas teopust T Ha3BIBACTCS CUEMHO KAME20PUMHOT, €CJU JTI00bIe 1Be

CYETHBIE MOJEIN JAHHONH TeOPUU U30MOP(MHEI.

Onpenenenne. [3| Tlycte T — cnabo o-mMuHUMagbHAs Teopus, M — JOCTATOYHO HACHI-
mieHHas Mojesb Teopun 1, u mycTh ¢(x) — npousBosbhasg M-ompegennmas GopMmyna ¢ oaHoil
cBoOOIHOMN nepemennoit. Pane svnyriocmu gopmyane ¢(x) (RC(¢p(x))) onpenensercs caenyio-

mumM 0bpazom:

Bropoit aBrop 6bL1 noggepzxan rpanrom 0830/T®4 KH MOH PK.
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1) RCO(¢p(x)) > 1, ecoin ¢p(M) Geckonedno.
2) RC(¢(x)) > o+ 1, ecim CymecTBYIOT ITapaMETPHICCKH OMPEIeTAMOe OTHONICHHE SKBH-

BasieHTHOCTH F(,y) u GeCKOHEYHOe THUCIIO HJEMEHTOB b;, i € w, TaKue, 9To:
o Jlyist 00bIX 7, € w, BeKU pa3 Korja ¢ # j mbl umeem M = —E(b;, b))

o Jlnsa kaxaoro i € w RC(E(x,b;)) > au E(M,b;) — BBIIyK/IO€ MOAMHOXKECTBO MHOMKC-
crBa ¢(M)

3) RC(¢(x)) > 9, eciu RC(¢p(x)) > o nast Beex o < 6 (§ mpeesbHbIi).
Ecan RC(¢(x)) = o ans mexoroporo «, 1o Mbl TopopumM 4to RC(¢(z)) oupenensiercs. B

T
nporusioM ciay4dae (eciu RC(p(x)) > a mias Beex ), Mol nosaraeM RC(4(x)) = oo.

Panzom svinykaiocmu 1-muna p (RC(p)) nazwsiaercs undumym muoxecrsa { RC(¢(x)) |

¢(x) € p}.

ITycre M := (M, X)) — cueTHO KaTeropuvnas cJaabo o-MHHEMAJIbHAsT CTPYKTYpa. OGoraTnm
crpykTypy M = (M,Y) 1o crpykrypbt M’ := (M, %, U') nocpencrBom H00aBICHASA B CUTHA-
TYPY HOBOTO yHApHOro npeaukara U (), BblAeag0mero soiykaoe maoxectso B M. Cornacuo
ocHoBHOMY pesyabrary u3 [3| 77 := Th(M') ocraercs cnabo o-MUHEMATIBHON Teopueil. 3ame-
TUM, 9TO 0GOTallleHHe YHAPHBIM mpeaukaToM U(z), BBIIEJISIONIAM KOHETHOE THCJIO (CKAaKeM,
™M) BBIIYKJIBIX MHOXKeCTB B M, PABHOCHIBHO ODOTANEHUIO M YHAPHBIME npejukatamvu Us(x),
1 < ¢ < m, BBLAEASIONMMY BBIYKJIble MHOKeCTBA B M (IOCKOJbKY, OY€BH/IHO, KaZKJ0€ TAKOe
BBIITYKJIOE MHOYKECTBO siByistercst (l-onpesennmvbiv). Tak kak M — C9€THO KATErOPUYHA, TO CY-
HICCTBYET JIMNIL KOHEYHOe 4YHCI0 Headrebpamdeckux l-tumos Haj () pi,pa,...,ps. llyers mas
OIpeIeIeHHOCTH

(M) <p2(M) <...<py(M).

[Tpeanosnoxkum, aro U (M) Np;(M) # 0 nua kaxaoro 1 < i < 3, upu srom po(M) C U(M),

a TaKzKe CyMIeCTBYIOT ay,dy € p1(M), by, by € p3(M) Taxme, uTo
M’ ):(11 < (12/\_|U(CL1) /\U(CLQ) ANb < bz/\U(bl)/\_'U(b2>

Torna BBefenue mnpeaukata U(r) paBHOCHIBHO BBEJIEHUIO JIBYX BBIMYKJIBIX IPEJIAKATOB

Ui(z) u Uy(x), rue

Ui(z) := Pi(x) A=U(z) u Us(x) := P3(x) ANU(x).

[Tosromy manee paceMaTpuBaeM npeaukar U(z) Takoil, 9To 11 HEKOTOPOTO Heaarebpande-
ckoro 1-tuma p € Sy (1)
UM) cp(M), UM)” =pM)",

T.e cymectByer a € p(M) taxoit, aro U(M) < a.
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Ecsin npasas rpanuna upepukara U(x) oupejessiercs HEKOTOpbIM 3jementom b € M, 1o
oborammenne npegukatroM U(z) paBHOCHIBHO 00OTAIeHui0 CTPYKTYpbl M OJHOH KOHCTAHTOIA.
IlouarHo, uro B 3TOM ciaydae T’ ocraerca cueTHo Kareropuunoil. [Tosromy majee paccmarpu-

BaeM CJydail, Korja npasasi rpanuna npeankara U(z) onpemesseT HppalioHaIbHOe CeUCHUE B

M.

B pabore [4] 611 TOJHOCTHIO OIMUCAHDBI CIETHO KATETOPHYIHbIE C1a00 O-MUHUMAIBHBIE TEO-
pPHUH KOHEYHOTO PaHTra BBIITYKJIOCTH. lcnonb3yda sTo onucanne, HaMI JOKa3aHa CJIeyonasd Teo-
peMa, ycraHaB/IMBAIOIIAs YTO TaKue CBOICTBa KaK c4eTHasd KaTerOpUYHOCTD U PaHI' BLIILYKJIOCTH

COXPaHAIOTCA TIpU O6OI‘aH_[eHI/II/I BBIMMYKJIBIMU YHAPHBIMU MpEJANKaTaMM:

Teopewma. IIycts M — mozesp c4eTHO KaTeropuiaHoil ¢iab0 O-MUHUMAJIbHOH TeOPUH PAHTa
BBITIYKJI0CTH K 1151 HEKOoTOporo k < w, M' — oboramienne mojgen M npon3BOJIbHBIM KOHEUHBIM
ceMeicTBOM BBIIYKJIBIX yHapHBIX npegukatos {U; | i < m} mmra mHekoroporo m < w. Tormga

Th(M') — cuerno kateropuaHast c;1ab0 O-MHHAMAJIBHAS TEOPHS PAHTA BBIIYKJIOCTH k.

Cuucok jmurepaTypbl

[1] H.D. Macpherson, D. Marker, and C. Steinhorn, Weakly o-minimal structures and real closed
fields // Transactions of The American Mathematical Society, 352:12, 5435-5483 (2000).

[2] B.Sh.Kulpeshov, Weakly o-minimal structures and some of their properties // The Journal
of Symbolic Logic, 63:4, 1511-1528 (1998).

[3] B.S. Baizhanov, Ezpansion of a model of a weakly o-minimal theory by a family of unary
predicates // The Journal of Symbolic Logic, 66:3, 1382-1414 (2001).

[4] B.II. Kyanemos, Cuemno kame20pudHvie cAa60 0-MUHUMAADHOE CIMPYKMYDbE KOHEYHO20

panea ewnyrsocmu [/ Cubupckuii MmaremMaTnaeckuii kypras, 57:4, 776-791 (2016).
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BA3NCBHI KBASUTOXKECTB JINOPEPEHIINAJIbHBIX
I'pPVYIIIION/10B

AVIHYP BAIIIEEBA

EBpasuiicknii Hanmmoraapuerii Yaupepcurer uMm. JIL.H. I'ymmaesa, yia. Carnaesa, 2, AcraHa,
010000, Kazaxcran

F-mail: basheeva@mail.ru

YHUBepcaJIbHOE XOPHOBO TPEJIOYKeHTe ¢ HEIyCTON MO3UTUBHON YaCThIO HA3BIBAETCS K8G3U-
mootcdecmeom. AKCHOMATIH3UPYEMBI KJIAacC anredp HA3BIBAETCS K8A3UMH02000pa3ueM, €CIi OH
AKCHOMATU3UPYETCA C IIOMOHIIBIO MHOZKECTBa KBa3UTO2KACCTB. CyH_[eCTByeT MHOZKECTBO KBa31-
TOXKJIECTB 2, KOTOPOe HA3bIBACTCH 0G3UCOM Kea3umoncdecms kpazumuoroodpasus K, ecu K
COBIIAJIAeT C KJIACCOM BCeX aireOp, HA KOTOPBIX HCTHHHBI BCe KBA3WTOXK/IeCcTBa U3 Y. basuc kBa-
3UTOXKIECTB Y KBasuMHoroobpasus K naseiBaercs nezasucumvim, eciulK # Mod(X \ ) ms
jioboro ¢ € Y. basuc kBa3zuToxkaecTs Y KBazuMHorooopasus K HazbiBaercs w-He3a68UcuUMbiM,

ecm cyrectByer pasouenne ¥ = |, 3, Takoe, uro K # Mod(X\X,) mist aroboro n € w.

€W

Bompoc o cymecTBoBaHuN HE3ABUCHMBIX 0A3MCOB KBA3UTOXKICCTB OBLI MOIHSAT B paboTax
A.U. Mansuesa [1| u A. Tapckoro [2].

B nanmnoit pabore 1mpooskKaeTcs U3ydeHue He3aBUCUMON 0a3upyeMOCTH KBa3UMHOI00Opa-
3uil, HauaTeie B pabore [3]. OCHOBHBIM pe3yJabTaToM PabOTHI SIBIAETCS TTOCTPOCHHE KOHTHHYY-
Ma KBa3UMHOTrooOpasuit juddepeHnnajibHbIX IPYIIION/IOB, KOTOPbIe HE UMEIOT HE3aBUCHMOIO
Ha3nca KBa3UTOXKJIECTB, HO IMEIOT w-HE3aBUCUMBIH Oa3uc KBa3uTOXK1ecTB. OTMETHM, UTO He3a-

BHCHMO aHAJIOIMYIHbIH Pe3y/Ibrar ObLT IoydeH Takke B pabore [4].

Crmcok jurepaTyphbl

[1] Manbues A. U., Yrusepcaivho arcuomamusupyemvie nodKkAGCCH, AOKANBHO KOHEUYHBE KAGC-
cos modeaeti, Cub. mar. xypu. 8 (1967), 1005-1014.

[2] Tarski A., Equational logic and equational theories of algebras, Contrib. Math. Logic 8
(1966), 275-288.

[3] Basheyeva A., Nurakunov A., Schwidefsky M., Zamojska-Dzienio A., Lattices of subclasses.
IIT, Cub. snektp. marem. u3s. 14 (2017), 252-263.

[4] A.V.Kravchenko, A.M.Nurakunov, M.V.Schwidefsky, On quasi-equational bases for

differential groupoids and unary algebras, submitted for publication in 2017.
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PEIIETKA IIOJIMHOTI'OOBPA3UI MHOT'OOBPA3USA
ITOJIHBIX TEOPUMN

MAXCYT BEKEHOB

EBpasutickuii Hanmonaapabii yausepcurer umenn JI.H. I'ymuiesa, yia. Carnaena, 2, Acrana,
010000, Kazaxcran

E-mail: bekenov50Q@mail.ru

IIycts hp — MHOXKECTBO BCeX MOJHBIX TEOPHil CYHETHOTO A3bIKa L MepBOro Mmopsaka.

Onpenenenne 1. I[Ipamvim npoussederuem nonHbx Teopuii T;, i € I s3pika L (0603HadaeM
[Lic; i nim Ty e T,) HasbiBaercs NOJIHAS TEOPHs JIIOOOTO HPAMOIO HPOU3BEICHUA MOJeeil
[Lc; Ai, e A; Monenn Teopun 1.

Ausrebpa hy = (hp;e) gBasieTCs KOMMYTATHBHON HOIyTPYHION ¢ enuHUIEd. D1a aared-
pa Takke 3aMKHYTa OTHOCHTE/JILHO OECKOHEYHBIX Tpou3BeseHuii. [[poBoaAgTCa mccae0BaHMsT
CBOICTB 3TOi arebpsl u ee mogaaredp. B vacTHoCTH KBa3uMHOT000pa3uil U MOIKBa3UMHOI000-
pasuit. MoKHO TOBOPUTH 0 DUIBTPOBAHHBIX MPOU3BEICHUSX, VIBTPOIPOU3BEICHUSX TEOPUIA.

Onpenenenune 2. [loanas reopust Y € hy nacaednuya nosnoit reopun X € hp, Torga u
TOJIBKO TOT/Ia, KOTJa HEKOTOPAasl MOJICUCTEMa HEKOTOPOIT MOjie/in Teoprr X SIBJISIETCS MOJETHIO
Teopuu Y .

Onpenenenune 3. lloanas teopus Y € hp comomopdruti obpas nonnoi Teopun X € hyp,
TOIJ/IA ¥ TOJIBKO TOTJIA, KOTJa HEKOTOPask MOJIEIb Teopun Y siBJIgeTCs TOMOMOP(MHBIM 00pa30oM
HEKOTOPOI MoJie/ i Teopuu X .

Ompenenenne 4. IlonvmuoxkecTtBo T}, MHOXKECTBa IOJHBIX TeOPHUH g3bIKa L HA30BEM K6a-
BUMH02006pasuem (MHO2000pa3UEM) NOAHBLE MEoPUll TOTIA U TOJBKO TOrIa, Korjaa Ty 3aMKHY-
TO OTHOCUTEIHHO YJIBTPONPOU3BEICHNUIT, IPSMBIX IIPOU3BEICHUI U HACJIEICTBEHHOCTH (H TOMO-
MOpGHBIX 06pa30B).

Teopema 1. KaxkiaoMmy KBazuMHOroobpasuto (MHOroobpasui) Mojgeeii s3pika L cooTBer-
CTBYeT eJIHHCTBEHHOE KBA3HMHOIroobpasne (MHOroo6pasue) HOJHBIX TeOPHil. 9TO COOTBETCTBHE
B3aHMHOO/IHO3HATHOE.

Hanpumep, kKBazuMHOrooOpa3muio BcexX Mojeseil a3bika L COOTBETCTBYET MHOYKECTBO BCEX
HOJTHBIX Teopuil d3bIKa L.

Teopema 2. s s106bix nosabix Teopuit 11, T, Ty sa3eika L, ecom Ty = T o Ty o T3, 1O
T1 == T1 [ ] TQ.

Omnpenenenne 5. [loanyto Teoputo T’ HazoBeM mysvmunasukamuenot, ecan T o T =T

Teopema 3. B ka>k10M MHOr00Opa3uu HOJTHBIX Teopuil hy, uMeercs: e JHHCTBEHHAST MYJIBTH-
mnkaTuBHas Teopus Ty € hyy Takas, 9ro st aroboi nosHoi Teopun 1 € hyy s13p1ka L nveem
T o Tyy = Ty, TO ecTb POPMYJIBHO OIIPEJIeIsIIONasi 3T0O MHOIroobpasue 1moJHbIX Teopuii. Ilpu-
ueM, Pa3/THIHBIM MHOTOOOPA3USIM MTOJTHBIX TEOPHIH COOTBETCTBYIOT PA3JHIHBIE MOJTHBIE TEOPHH,

OIIpeJIe/ITIONHe TH MHOM0OODa3HUS.

Institute of Mathematics and Mathematical Modeling, Almaty, August 22-25, 2017



18  MekayHaponHast KoH(pepeHIHS «AKTyaIbHBIE TPOOIeMbI THCTOH 1 IPHKIATJHON MaTeMa-
THKH», HOCBsileHHasa 100-1eTnio co JHA poxKaeHus akajgemuka TajiimanoBa Acana /labcoBrua

Omnpenenenne 6. MuoxkecrBo Py, — Bcex Teopuil, Oupeiessiioniux Bce moAMHOroo0pa3us
Teopuii MHOrooOpasust Teopuii hy, Ha30BeM A0pom NodmHo2000pa3uti meoputi MH02000pa3UA
meoputi hr, a Ppryy — MHOXKECTBO BCEX TEOpHil, OIIPee/dionNiuX Bce IIOAMHOr000pa3us Teo-
pHUif KBa3UMHOI000pa3us Teopuit hy — aAdpom nodmnozo006pasuti meopull K6a3UMHO2000pA3UA
meoput hy.

MozKHO TakzKe TOBOPHUTDH O AApe MOAMHOI000pa3nii HEKOTOPOI0 MHOI00ODa3HsI.

Teopema 4. Ilycrs Y1,Ys € Pyupy, Torga npoussejenue Yy @ Yo € Pupay, 1O ectb Prpy
3aMKHYTO OTHOCHTE/IbHO KOHEYHBIX HPSIMBIX IMPOU3BEICHHII.

Bsegem nHa hp aByxmecrHoe orHOmeHHe <, TO €CTh T < ¥ TOIJA W TOJBKO TOLJA, KOIJA
Tey=u1.

Ilpengioxkenune 1. OrHomienne < sABJIS€TCS OTHOIICHHEM 9aCTHIHOIO HMODsiIKa Ha hy,.

PacemorpuMm Ha Py ABYXMECTHYIO olepaluio A, TaKylo 9TO, 9TO ecJqu Yy, Yo € Prpa, TO
Y1 AY5 310 Teopusi, KoTopasi olpeiesisier HauMeHbIee KBa3uMHOTrooOpasue Teopuil, cojepzKariee
muoKecTBO {X | X € Iy, X oY) =Y} N{X | X € hy, X oY, = Y5}, B kKauecTBe MOAMHOKECTBA.

Teopema 5. apo Py orHOCHTEJIBHO ollepaliuii @ u N\ 0bpa3yeT pelIeTKy.

Teopema 6. Pemerka moaMHOroobpasmuii OJHBIX TeOpHI MHOroOOpa3Hs IHOJHBIX TEOpHIt
hyr m3omopua perrerke siapa Prry iy MHOroobpasust reopuit hyy.

CaencrBue 1. Pemierka 1mogqMmHOroobpasuii Mojgeseidi HEKOTOPOro MHOI000pas3ust Moje et
n3zoMopgHa perreTke spa MoJMHOro00pa3uii COOTBETCTBYIONIEI0 MHOIOOOPAa3HsI MOJIHBIX TEO-
pHii.

[Tokazana Tak:ke HeKOTOpas POpMYIbHASA BEIPA3UMOCTH SAPa MOAMHOT000pa3Hii.

Crumcok jureparyphbl

[1] A.Maltsev, Algebraic systems // Nauka, 1970.

[2] G.Keisler, H. Cheng Model Theory // Mir, 1977.
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OTHOCUTEJIbBHASY CTABUJIBHOCTD
BUKTOP BEPBOBCKUN

Vuupepcurer umenn Cymeiivana /lemupess, yi. A6pinaiixana 1/1, Kackenen, Kazaxcran

E-mail: viktor.verbovskiy@gmail.com

B nmocseanue rogsl B TeOpuu MojiesIeil cTain 0COO€HHO aKTYaJIbHBIME BOIPOCH! TPUMEHEHU s
TEXHUKU TEOPUU CTAOMILHOCTU JIJIS MCCJIEI0OBAHUSA HECTAOUIbHBIX TEOPHIl, 3TO HAlPpABJICHUE
HEKOTOPbIE CIEIHUAIUCTHI 110 TEOPUHU MO/IE/Iel HA3BIBAIOT HEOCTAOUILHOCTHIO.

Cy1ecTByeIoT pa3HbIX MOIXOJBI K MEPEHOCY TeXHUKH TEOpHH CTadUIbHOCTH. OMUH U3 HUX
npunayiexkutr C. [lenaxy, on BBe/q pa3judHble paHIH, KOTOPBIE XapaKTEPU3YIOT CJI0KHOCTH
MOBEJIEHUS MApPaAMEeTPUIECKOTo ceMeiicTBa popmys. Takzke HCCIEIYIOT BOZMOXKHOCTH MEPEHOCA
METOJIOB T€OMETPUIECKONR TEOPUHU CTADMIBHOCTH, KOTOpas HauboJiee XOpOoIIo 3apeKOMEeHI0BaIa
cebsl IPH U3YUEHUN TPOCTHIX TEOPUii, HO KOTOPpasl, KaK 0Ka3aJ0Ch, JJOCTATOYHO CJO0KHO IIPHMe-
HUMAa, JIJIS TEOPUil, B KOTOPBHIX ONPEJIeJ UM MTOPSI0K, B YACTHOCTH JIJIs JIMHEHHO YIOPST0UeHHBIX
CTPYKTYD.

JIaHHBIN TOKIa1 TOCBSIIEH JOKAIU3AINH TCOPUN CTAOMIBHOCTH, B YaCTHOCTH, YIIOPSII0UEH-
HO# CTAOMJIBHOCTH, TJIe CTAOUJILHOCTD OIPEIedeTcsd BHYTPH JIeJICKHHIOBbIX CEUYeHMl.

OIHEM U3 OCHOBHBIX METOJIOB B TEOPHH MOJIe/ell aB/IsgeTcs U3yUeHHre MOJHBIX THIIOB. Ilep-
BBIIf BOTIPOC TTPU U3YYEHUHU TUIIOB — 3TO ONPEIEJTUMOCTH THIIOB.

C. llenax BBes mOHATHE PaHra (DOPMYJIBI, IPU IIOMOIIH KOTOPOI0 MOXKHO IIPOBEPATH OIpe-
JICTAMOCTD THIIOB, W J0Ka3aJl (pyHIaMEHTAJIBLHYIO TEOpEeMY, UTO TeOpHs CTabWIbHa TOrIA U
TOJILKO TOT/Ia, KOTJIa BCE ee THIThI HAJ JIIOOBIM MHOYKECTBOM OTPEIETUMBI.

Ho ectp u mecrabusibubie popmy/nl. B manHoit pabore MBI BBOJIUM HOBBIN paHI, KOTOPBIi
npeJicTaBIsieT U3 cebs JOKAIN30BaHHYIo Bepcuio panra [llemaxa, u KoTopblit 03BOJISIET J0Ka-
3bIBATH ONPEJIEJTUMOCTDH THIIOB.

B gacTtHOCTH, JOKa3aHO, YTO €CJIH THII HAJ MOJIEJbIO CTAOMIBHON ¢ TOYHOCHIO 10 A Teopuu
SIBJITETCS OHNPeIeTMMBIM TOTIA U TOJIBKO TOTIA, KOIIa ero A-4acTh OMpPeIeInMA.

Ha ocnoge npe/jiozkeHHOro panra (popMyJIbl MbI TOJTy4aeM OIrpeeeHne OTHOCUTE/THHO CTa-
omIbHOI Teopuu. Eciin ke He OrpaHMYNBATHCA TOJIBKO N-TUIAMH JIJId HEKOTOPOro (DUKCUPOBAH-
HOT'O YHCJIA N, & PACCMATPUBATH BAPUAHT OTHOCUTEIHLHON CTAOMIBLHOCTH, I'Ie Mbl IPUHUMAEM BO
BHUMAHUE MAJIOCTh YMCJIA TOJHBIX N-THIOB JIjI PA3JIUYHbIX YUCEJ 11, TO MbI IOJIy4aeM 0000IeH-
HYIO OTHOCUTEJIbHYIO CTAOU/IHHOCTD, KOTOPAs YAUBATEIHLHBIM 00PAa30M CBA3aHa C TAKUMU KJIac-
CHYECKUMH HMOHATHAMHU TEOPUU MOJieell, KaK CTabUIbHOCTD, SIUMHHAINSA KBAaHTOPOB, CUET-
Hasl KATETOPUIHOCTD, CHIbHAS MUHUMAJILHOCTD, O-MHHUMAJIBHOCTD, cJ1adas O-MAHUMAJIBHOCT,

KBa3U-0-MHUHUMAJIbHOCTD, YIIOPSI0YeHHas CTabuJIbHOCTD, U JIDYTUMHU.

Agrop 6bur nopuepxkan rpanrom 5125/I'd4 KH MOH PK.
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O TEOPETUMKO-MO/JAEJIbHBIX METPUKAX
MHOTO3HAYHBIX BHICKA3BIBAHUIM 11 BOTATHIX
MHOI'OBHAYHBIX 1 MHOI'OCOPTHBIX MOJEJIAX

A A. BUKEHTBEB

Hucruryr Maremarukn CO PAH, np. Konriora, 4, Hopocubupck, 630090, Poccrst

F-mail: vikent@math.nsc.ru

B nocienanee BpeMss MHTEHCUBHO H3YYAIOTCS TEOPETHKO-MOJEIbHBIE METPUKH HA MHOZKE-
CTBAX BBICKA3BIBAHWI (IKCHEPTOB) MHOIO3HAYHBIX JIOMMK. OCTaBalcs OTKPBITHIM BOMPOC 00
ONMCAHNN BCEX TAKUX METPHK, KOTOPBIE TOJIYYAIOTCSA ¢ IPUBIEIEHNEM KOHETHOTO KJIacca MOIe-
JIeit IpeIJTIOKEHHBIX aBTOPOM. 31eCh OYIeT JaH OTBET Ha 3TOT BOMpOC. Bech MOKIaI MOCBSINeH
0GOBIIEHNIO U YTOTHEHUIO PE3YJIBTATOB U TEOPEM O JIBYKAPIUHAIBHBIX (60raThix) MHOKECTBAX
THUIIOB,JOKA3AHHBIX paHee B CTAOMIBLHOM CJIyYae WU ¢ YCJIOBHSAMH CTAOHIBLHOCTH (HEKOTOPbHIE
U3 HUX BOILIN B JUCCEPTAIMIO aBTOpa Teopuu ¢ MOKPHITHEM H (POPMYJIbHBIE TOIMHOKECTBA,
M CO PAH, Hosocubupck, 1992 r., 134 c. mis cemeiictB (dopmyna, a Takzxke omybJIMKOBa-
HBI B cOOpHHUKe, mocBsierroMy 90—mernio akamemuka A.Jl. Taiimanosa mox zHassarmeMm "Two
cardinal theorems for sets of types in stable theory Kazaxcran, Anma—Ara, 2007, c¢. 67-69,
KoTopbie ObLan gosokerbl Aava—Are m HoBocubupcke Ha exkeromabix MasblieBCKHX YTEHU-
sax ¢ 2006 1., B Tom gucae K 100-aernio akax. A.J. Masgpuesa u ap.) Ha ciaydail GoraThx
cemeitctB THIOB (HOpMYJI) HAJ MapaMeTpaMu MOJETH MHOTOCOPTHOH, MHOTO3HAYHON TeOpuu
C—KOMIAKTHBIMU (HACBHIIIEHHBIME, OJHOPOJHBIME) U3MEPUMBIMU ¥ BBIYHCTUMBIMA MOJIEJISIME
CO CBOHCTBOM -OT/JIEJIUMOCTH HOBBIX 3JIEMEHTOB, PEAJN3yOIINX BBIUUCINMbIE TUIIBI (HAJ MaJbl-
MU TIOJIMHOKECTBAMH MOJIEJIN) COBMECTHBIX ¢ 9THMH MHOXKECTBAME, OT J€MEHTOB BJIOYKEHHO
MOJIEJIN U HAJTHYHUS peau3anuii B 6071bieit (¢ 60raTbiM ceMeiicTBOM ) MOJIEJIH BIIOJIHE OTIPEIei-
MBIX, BBITUCIUMBIX (CTAOUIBHBIX ) THIIOB HJIH HEPAZTHYUMBIX 37eMeHTOB. CTabiIbHOCTD Teopuii
HE TPEINOIaraeTcs, 8 MHOIHE U3BECTHBIE TEOPEMbI B OOBITHOM CJIyYae MOJIYYAIOTCA KaK CJIel-
cTBUst. A Tak:ke KPaTKOMY 0030py MMEIOINXCSA Pe3yabTaToB M0 MPUMEHEHUI) MHOTO3HATHBIX
UCYUCCHUH JIJIsT KJIACTEPH3AIUA MHOYKECTB BBICKA3BIBAHUMA.

OCHOBHBIMU WHCTPYMEHTAMHE JTOKA3ATEIbCTB SABISIOTCSI TEOPEMBI THIIA KOMIIAKTHOCTH, Pa3-
BHTas TEXHUKA COBPEMEHHON TEOPHUHU MOJIe/Iel,BBIYUCAUMOCTH, B YaCTHOCTH, JIJId JJOTHIECKHUX
HCYIUCIIeHUT, JIOKATBHON CTAOUIBHOCTH U HATHIHSA (JIazKe JIOKAJTBHO) MOIXOSIIAX KOMITAKTHBIX

H3MePUMBIX (HyZKHBIX MaJIbIX MOIIHOCTE(l 2¢) MoJe/eil TeOpHU CO CBOMCTBAMU 3¢~ OTAEIUMOCTH

Pabora Beimostaena pu punancosoit moggepxrke PO®U, npoektsr Ne 14-07-00851a, 14-7-00249a u kadea-
pot HI'Y, HI'TY
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HAJ[ PeAI3AIAsIME CEeMEHCTB CTabMIIbHBIX (OlPEIeMMbIX, PEKYPCUBHBIX) THHOB. IIpooszke-
HO W3YyYeHUe 9YNCJIa JBYKADANHAJILHBIX MOJETeHl B KJIACCE TEOPUil C TMOKPBITHIME BBEIEHHBIX
aBTOpOM. PaccMOTpeHbl BOIPOCH! OIPEJIETUMOCTH CUCTEM ¢ METPHUKON B HAC/IE/ICTBEHHO KOHEY-
HBIX HAJACTPOHKAX, M O MOIIHOCTSIX THIIOBO ONPEIEJTUMBIX IOJMHOMKECTB U HUX CBOUCTB JIBY-
KapuHaibHOCTH. VHTEpec K 9TUM BOIPOCAM M TAKMM MOJEJISIM HMeeT W HPUKJIAJTHON Xa-
pakTep B TOHCKe Haubosiee MHMOPMATHBHBIX (HETPUBHAIBHBIX) THIOB NPHKJIAJIHON TeOpuwu,
JIOTUYIECKUX 3aKOHOMEPHOCTEH JI/Id KJIACTePU3aIuu U YIOPSI0UYeHHs TaKUX 3HAHUE ¢ IOMO-
IbIO NPUBJACYCHUA KOHEYHBIX, METPUYECKHX HJIU H3MEPUMBIX CHCTEM U PACCTOSHUN MexKIy
MHOZKeCTBaMu Mojesieil. Bee 910 ciiyKuT Jij1si BBe/IeHUsI HOBBIX METPHUK HA KJIACCAX HEIKBUBA-
JeHTHBIX (GOpMYJT (JTOTHIECKUX BBICKA3BIBAHUN KCIEPTOB MM THIIOB (COBMECTHBIX COBOKYII-
HOCTel BBICKA3BIBAHUIT) HA U3MEPUMBIX MOJKIACCAX U3MEPUMbBIX, BHIYUCIUMBIX (METPHYECKUX,
M3MEPHMBIX) Mojiesieil, HeoGXOMUMBIX JIIs Pa3pabOTKU aJrOpUTMOB PaCHO3HABAHUs 0DPA30B,
HOUCKA 3aKOHOMEpPHOCTEH, O0HApYKEeHUsST PEJIKUX COOBITUH M KJAACTEPU3AIMH MHOTO3HATHBIX
dopmyn-3nanuii B jorukax, Hupumep, Jlykacesuda. B Hacrosinee BpemMst HaliieHbl PA3/IHIHBIE
TEOPETUKO-MOJIe/IbHBIE HOBBIE METPUKH, pa3paboTaHbl METOJbI K/JIaCTEPU3AIUU [0 METPUKAM
JIJIST KOHEYHBIX MHOXKECTB (DOPMYJI B PA3JMUYHBIX JOTHYECKHX HCUHCICHUSX C IIPUBJICUYCHHEM
PA3JIMUHBIX 1IOJKJIACCOB MoJeeii(dacruuno comectHo ¢ acuupanrom Asuiosbim M.C., @e-
desopoii B.B.), u3ydeHbl pa3indHbie HHICKCH KadecTBa Jisi CDABHEHUIT U CIIOCOOBI BBEICHUS
KOJLIeKTUBHBIX MeTpuK. IIpoBenensl coBmectHo ¢ Pedesiopoit B.B. Moe/bHBIE 3KCIIEPIMEHTHL €
HOMOIIIBIO Pa3pabOTAHHOM MPOIPAMMBI, MOJIEPKUBAIONICH Bee HEOOXOIUMbIE aJITOPUTMBI U Ha-
XOXKJIeHHE TI0 PACCTOSHUAM KjacTepusanuil. [lokazano, 4To KOJUIEKTUBHBIE PACCTOSHUS UMEIOT
00J1ee BBICOKWE WHJIEKCHI KJIACTEPU3AIUI 110 CPABHEHUIO ¢ JIPYTUMU BBEIEHHBIME MeTpukamu.B
JIAJIbHEIeM IAHUPYEeTCs UCIOIb30BAHNe JIYUIINX KJIACTePU3AIUil /I JOKAJIbHON CTPYKTY-
pusanuu 6a3 3nanuit. HoBbIM 1marom B NpuIoKeHISIX HAIIUX ITOAX0I0B ABJISIETCS UCIOJIb30BAHHIE
PA3IUIHBIX MaJIbIX KOHEUHBIX KJIACCOB MOJEE, MpeII0KeHHBIX aBTOPOM JIO0KIada, U B3SITHE
0 HUM (B KOHEYHOM YHCJIe) KOJJIeKTHBHOTO DACCTOSHHES, KOTOpoe obecrednBaeT 3hderTun-
HYIO W ONTUMAJBHYIO KOJUIEKTHBHYIO KJIACTEPUBANNIO JAHHBIX MHOXKecTB (opmya. Orrer Ha
HOCTABJIEHHDIN BBIIIE BOIPOC BaxKEH JJIsd ITOJHOI'O yYeTa PA3JIMYHBIX PACCTOAHME /I MAJIBIX
KOHEUYHBIX (MAJIBIX ) MOJKIACCOB KIACCOB MOjIeIel, 1 OYIeT UCIOMb30BATHCS B TIOMCKAX JIyUIeii

13 (pa3yMHBIX) BO3BMOKHBIX KJIACTEPH3AIUA ¢ IPUMEHEHHEeM KOJIEKTHBHBIX DACCTOSHHUI.

Teopema. Hatidenvt 6ce cnocobvl 3adanus meopemuro-modesvHulL Mempur Ha Gopmysar

MHO203HAUHOT AO2UKY 6bCKA3u6aHUl (npu dukcuposarnnol pazmepe N MHO203HAUHOT A02UKY,).

Crmcok aurepaTyphbl

[1] Vikent’ev A.A. Distances and Degrees of Uncertainty in Many-Valued Propositions of
Experts and Application of These Concepts in Problems of Pattern Recognition and
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Clustering // Pattern Recognition and Image Analysis: Advances in Mathematical Theory
and Applications. 2014. Vol.24.n4. P. 409-421.

|2] Bukentoes A.A., @edesosa B.B. Hosble MojeibHbIE DACCTOSHHS U MEPbI JIOCTOBED-
Hoctu opmysa jgorukm JIykaceBmda B aBTOMATHYECKOH K/IACTEPU3AIUU BBICKA3BIBAHII
6a3 manmbix // Algebra and Model Theory 10. Collection of papers(Eds.: A.G.Pinus,
K.N.Ponomaryov, S.V.Sudoplatov, and E.I. Timoshenko.) 2015, - Novosibirsk : NSTU. C. 197-
209.

[3] Vikent’ev A.A., Avilov M.C. New Model Distances and Uncertainty Measures
for Multivalued Logic // Artificial Intelligence: Methodology, Systems, and
ApplicationsC.(Dichev, G. Agre (Eds.)),Lecture Notes on Computer Science, LNCS
9883, 2016. pp 89-98.

OITPEJAEJINMMOCTD 1 HEKOTOPBIE 3AJIAYU
KOMBUHATOPUKN

I1.T. JOCAHBAMN, C.II. JTOCAHBA

Kazaxckmit Hanmonasbabrit yansepcuter nvenn Ajp Papabwu , yi. Tuvupsizesa, 71, Aiamarsr,
050040, Kazaxcran

E-mail: dosanbaip@gmail.com

B sokj1ajie paccMaTpuBaioOTCcs BOLUPOCHI OLPEIEJMMOCTH B apUPMETUIECKUX CTPYKTYypax U
UX CBSI3U C HEKOTOPBIMHU U3BECTHBIMH 33, 1a9aMi KOMOMHATOPHKHY 1 Teopun dncesa. A. Byac noka-
3aJ1, YTO PA3PEHIUMOCTh apuPMETHIECKON CTPYKTYPHI ¢ (pyHKIHEH cieJoBaHUS U OTHOIIEHIEM
HPOCTOTHI O€3 OTHOIIEHUS] PABEHCTBA IKBUBAJIECHTHA M3BECTHON TEOPETHKO YUCJIOBOM TuIorese
I1. Dpaema. B 3Toit cBI3u HECOMHEHHBIII HHTEpEC MpEACTaBIsSIeT U3yUeHHe OMpeaeuMbIX OT-
HOIIIEHNH B apudMeTnyeckoil CTPYKType ¢ OTHOIIEHWEM COCEeJICTBA W B3aUMHON MpocToThl. B
paboTe TakxkKe 0OCYKJIAeTCsS CBA3b MOHATHS ONPEICJTUMOCTH C HEKOTOPBIMU 33 adaMu aJITu-

TUBHON KOMOMHATOPHUKH.
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OB NHTEPBAJIbBHBIX AJITEBPAX BUHAPHBIX
N30JINPVYIOIIINX ®OPMVYJI ITIOJINTOHOMETPUYECKIUX
TEOPUN

JMUTPUN EMEJIbAHOB®, CEPI'EN CYIOIIJIATOB?

Nucruryr maremarukn um. C.JI.Coboaea CO PAH, up. Axanemuka Komrrora, 4,
Hoocubupck, 630090, Poccusi; HoBocubupckuii rocyapcTBeHHBIHE TeXHUICCKHET YHUBEPCHTET,
up. K. Mapkca, 20, HoBocubupck, 630073, Poccust;

Hosocubupckuii rocyjgapcrsernsiii yaupepceuret, yia. Iluporosa, 1, Hopocubupck, 630090,
Poccus;

Hucruryr maremMarnkn 0 MareMaTHIeCKOro MogeanpoBanus, yia. Ilymkmaa, 125, Aamarsr,
050010, Kazaxcran

E-mail: *dima-pavlyk@mail.ru, ®*sudoplat@math.nsc.ru

B pabore pacemarpuBatoTcs aiare6psl 2 GUHAPHBIX H30upyomux dhopmy [1, 2| smemenrap-
HbIX Teopuii T'(Spm) s-HOJIUTOHOMETDHIH Spm M, B YaCTHOCTH, dJeMeHTapHbIX Teopuii T'(strm)
s-Tpuronomerpuii strm nap rpynn (G, Gs) [3].

Tak kak J06ast Teopust T'(Spm) uMeeT eAMHCTBEeHHBIH 1-Tum p, ee anrebpa 2A GUHADHBIX
M30IMPYTONTNX (DOPMYJT COBNATACT € MOHOUIOM B, (p).

Hanmomuum (3|, 9o suHeliHO yropsiiodenHas rpynna ¢topor G J060i S-MOJIUTOHOMETPUH
Spm KOMMYTATHBHA, a ee JeficTBHe HA KarKIOW JIMHUW U3 SPM 337aeTCsl MOJOKUTETbHBIM KO-
uycom Pos(G1).

g TpUrOHOMETPUYeCKHX Teopuil OMHApHBIE H30JUpYoNre hOPMYIIBl 33JaI0TCA TTPeTHKA-
tamu @, tae g € Pos(Gy). Ilpu nepemuoxkennu @), u (), 06pa3yercss MHOKECTBO IapaMeTpOB
CTOPOH TPEYTOJBHUKOB, Y KOTOPBIX JIBE CTOPOHBI HMEIOT apaMeTphl g U ¢', a mapaMeTpbl YIJIOB
BapPBUPYIOTCS MPOU3BOJIHLHO B paMKax rpymibl Gs.

Anrebpa ‘B, (,) OMHAPHBIX H30MUPYIOMUX (OPMYJ HOJIUTOHOMETPHYECKOH Teopun, BoOOIIe
roBOpsI, He CBOJUTCHA K YKA3aHHBIM MEPEMHOXKEHUSM, MOCKOJBKY MHOTOYTOJBHUKH MOTYT He
pacrajgaThcd Ha TPEYTOJIbHUKH W, CJIeJOBATEHHO, MEPEMHOXKEHUS I METOK U W v, 3ajaBae-

MbIX IapaMeTpamu
(917 Ay, ... >Oék:—179k)>

(9170/1, tee 7a;n717g7ln)

Pabora BeimosHena mpu (uHaHCOBOH ToAmep)Ke Komurera nayku MwunucrepcTBa 00pa30BaHUs U HAYKU
Pecniy6inku Kazaxcran (rpaat N0830/T'®4), Poccuiickoro dbonma dyHIaMEHTATBHBIX UCCIET0BAHU (IPOEKT
17-01-00531-a) u Cosera no rpantam Ilpesunenra Poccuiickoii Penepanuu iis rocyJapcTBEHHON TIOIIEPIKKA

Beayux Hay4Hbix 1ikoJ (npoexkr HITT-6848.2016.1).
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ABYX JIOMaHbIX, OlIpEeAc/IAI0T MHO2KECTBO METOK W, 3d/laBa€MbIX llapaMeTpaMi

/ / / /
(9170417 s 7Oék:—1agk757g17a17 s 7am—1vgm)

¢ npou3BoibHBIM 3 € (.

Anrebpa B, (p) Auist Teopun T'(Spm) HA3BIBAETCS UHMEPEAALHOT, €CIN JJIsT TIOOBIX METOK U I
v COOTBETCTBYIONUX HpejukaTaM Qg 1 Qg , g1, gy € Pos((1), MHOKECTBO U - v COCTOMT U3 BCex
METOK W, COOTBETCTBYIONIUX IIpeIUKaTaM (), TAKUM, 4TO JJI€MEHTHl ¢ 00pa3yloT HEKOTOPbIil
unrepsan Iy, o B Pos(Gy). TIpm srom Kakgoe MHOXKECTBO u - v 0bO3Ha4daercss 4epe3 [, , u
o0pa3yeT MHTEPBAJ OTHOCHTEIBLHO JTUHEHHOTO MOPSJIKA, ITOPOKIACMOr0O JUHEHHBIM ITOPAIKOM
rpymmsl (.

Takum obpasom, Kaxmoit mape (u,v) COOTBETCTBYeT KakK HHTepBAT I,

g1.9;» TAK I MHTEPBAT

Ly, 3anaBaemprii maTepBaIOM Iy o

/ /
Bamernwm, uTo B cuy |g1 — g1, g1 + gy € Iy, o WMeeT MecTo BKIIIOUEHNE

g1 — g1l 91 + 91] € Iy, g (1)

Cucrema 7 unTepBasioB Iy, ., yIOBJIETBOPSIONINX (1), HA3BIBACTCA CO2AGCOBAHHOT C YMHO-

ZKenoueM MEeTOK.

Teopema. /1t 1060t KOMMYTaTHBHOH JIMHEHHO yHOpsiodeHHOH rpymnibl (G W COT/TACOBaH-
HOI cucteMbl T HHTEPBAJIOB CyH[ECTBYET s-TpuronoMerpust strm = strm(Gy, G, P) Takast, 9ro
reopust T (strm) ob1agaer uHTEpBATIBLHOH AMreOpol OHHAPHBIX H3OJIHPYIONIHX (POPMYII, Ompe-

Jresrstroreit cucremy L.

Crmcok aurepaTyphbl

[1] I.V. Shulepov, S.V. Sudoplatov, Algebras of distributions for isolating formulas of a complete
theory // Siberian Electronic Mathematical Reports, 11 (2014), 380-407.

[2] S.V.Sudoplatov, Classification of Countable Models of Complete Theories // Novosibirsk:
NSTU, 2014.

[3] S.V.Sudoplatov, Group polygonometries // Novosibirsk: NSTU, 2013.
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BOIIPOC O CEMEVCTBE ®YHKIINI BBIBOPA
M.M. EPUMBETOB

HNucroryr maremarnkn u marematuwdeckoro mogeuposanns, yallymknaa, 125, Ajmarsr,
050010, Kazaxcran

E-mail: emm_ 49@mail.ru,

Ompenenenne 1.

¢ - pyHKIHST BRIGOpa Ha cemelicTBe HemycThix MHOXKeCTB {Ay|a € I}, ecn (VYo € Tp(a) €
Aq.

Ompenenenne 2.

Cenmeticrso ¢pynknmii Beioopa {ps|f € J} amsa {Au|a € I} nokpsiBaer 310 cemericTBo, ecin
Usesr{ps(a)la € I} = UaerAa.

Bamernm, 4uto: ecim U — mogens ZFC | 1o 8 U moboe cemeiicrBo {A,|la € [} umeer
noKpbiBawoIee ceMeiictso dbyukuuit Beibopa {ps|8 € J}.

Bomnpoc:

Cymecrsyer jim mojesib U teopun ZF 6e3 AC rakasi, 4ro st jioboro cemeiicrBa { A, |a €
I} u3 U, ecam cymecrByer GyHKIUA BHIOOpA @ HA 3TOM CeMeHCTBe, TO CYH[ECTBYET CEMEHCTBO

dbynrmmii Beroopa {ps|f € J}, koropoe mokpeiBaer 910 cemeriictBo MuOKecTB { Ayl € 1}7

Cumcok jmrepaTypbl
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Pacemorpum 136K L p, Oy YeHHBI TpHOaBIeHNeM K sI3bIKY L OTHOMeCTHOTO npejukara P(x).
Ob6o3nauum depes Tp Teopuio, MOJYUEHHYIO JobaBjieHHeM K 1 aKCHOM, YTBEPXKIAIONIUX, UTO
HHTepIpeTanug P Takke ecTh MojiesIb Teopun 1. MBI MOXKeM cKa3aTh, 9TO P WHTepIpeTupyeT-
Cd KaK 9K3UCTEHITNAIbHO 3aMKHYTast HOJCTPYKTYPA, T.€. /IS KaK10# OeCKBaHTOPHO (hOPMYJIBI
¢ B sa3bIKe L BepHo caenytoriee: (VZ) [P(Z) A (3y)e(Z,y) — (32)P(2) A ¢(Z, 2)], tne P(Z) o3Ha-
qaer P(z1) A... A P(x,).
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Mogens Teopun Tp HazbiBaeTcs HOHCOHOBCKOf mapoii (J-napoit) mogeneit T. Bygem 060-
sHavarh 91y napy (N, M), rne M — uurepuperarus npeaukara P(Z). B aroit mape nazosém N
— 6oJ1bIIIO# MOJIEIbI0, 8 M — MajIoit MOJIeIbIo.

O6osnaunM 4gepe3 Tp, . Teopuio HOHCOHOBCKHUX map Teopun abeseBblx rpymi. Ilycrs M —

KJ1acc Mogeneit Tp, .

JIemMma 1
EcmA,B e M;Cec M u€ CA € CB; (¢ =|ANI[B|, ro cymecrByer rakas cucrema
DeM,aroA CD,BCD.

Jlemma 2
Ecan M abcrpakTHBIi 0 yaoBaeTBopsier jevmve 1, To M yaoBaeTBopsieT H CBOHCTBY aMaJlb-

ramupyemocta (AP).

Teopema 1

Teopus Tp,, — coBepuieHHasd HOHCOHOBCKas TEODHH.

Caeaytomiee nousitue 66110 pacemorpeno 1. Iyapukom B pabore |1] u ram xe on obo3HavaeT
ero kak cpoiicro I1Ipénepa-Bepumreiina (SB).

Teopus T' nonyckaer cBoiicTBo SB ecn 1151 IT0OBIX IBYX B3AMMHO 371€MEHTAPHO-BIOKHAMBIX
Mozeeil Teopun 1’ cireyer, 9T0 OHH U30MOPQHHI.

Ho mpu stom 1. I'yipuk orMedaer, 9To BIEpBbIe JAHHOE CBOHCTBO OBLIO PACCMOTDPEHO JIJIsI
w-cTabwibHbIX Teopuit Hypmaramberossim T.A. B paborax (2|, [3]. B wactaoctu, HypmaramGe-

ToBbIM T.A. ObLT MOy YeH CAeAYIONH Pe3yIbTAT OTHOCUTEIBHO CBOMCTBaA SB.

Teopema 1.2 u3z [2]
Ecmn T sBiasercs w-crabuipHol Teopueii, Torga T umeer SB cBoicTBO TOrjja W TOJIBKO

Toraa, Korjga I orpaHmIeHHOH pa3MepHOCTH.

J.Tyapukom B pabore [1| nonydeno onucanue cpoiictBa SB mas kaaccudunupyemoii (cy-
nepcrabmibHoit, ¢ NDOP u NOTOP) Teopuu ¢ orpann4eHHOil pa3MepHOCTbIO. B dacTHOCTH, B
pabore [4] A.I'yapuk u M.JlackoBekuii onucanu ¢BoiictBo SB 1j1st ¢;1a60 MUHUMAJIBHBIX TEOPHii.

B pambreiimem [.Uyapuk [5] Hamén HeoOXoauMBble U JOCTATOYHbIE YCIOBHS TOTO, YTO TEO-
pust abejieBbIX IPyII J0nyckaeT ¢BoiicTBo SB. A umenno, um ObL1a JOKa3aHA CJIEIYIONAST TE€O-

pema:

Teopema 3.8 u3s [5]

Ecmu G - abesnesa rpymma, TO CJICAVIOIHE VCIOBUS SKBHBAJICHTHEI:

1. Th(G,+) umeer cpoiictpo Illpénepa Beprnrreiina;

2. Th(G,+) — w-crabmipHa;

3. G ecrp npsmas cymMMa, JeJMMON IDYIIIbl M IPYIIIbI ¢ KPYYCHHEM OIPAHMYCHHOH SKCIO-
HEHTHI;

4. Th(G, +) - cynepcrabmrbna, m ecmn (G, +) = (G, +) sABIIETCT HACHIIIEHHOI, TOTa KaX-

— =0
soe orobpazkenne B Aut(G/G) aBIs€TCS YHAIIOTEHTHBIM.
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Hamu 0Ob10 11epeolipejie/ieHO J@HHOE IOHHATHUE Jijiss WOHCOHOBCKMX TeOpuil u 00O03HAUYEeHO
kak JSB, a mmenno: fionconoBckast Teopust 1 mmeer cBoiictBo JSB, ecom st 00BIX ABYX
9K3UCTEHITNAIBHO 3aMKHYTHIX Mojiesieit 2 u B teopun 1' w3 TOro, 9T0 OHA B3AHMHO U30MOPQMHO
BKJIAJIBIBAIOTCS JIPYT B JIpyTa CJeyeT, YTO OHW U30MOPMHBI.

Caelytonuit pe3ysibrar sBjsiercsi HOHCOHOBCKMM aHAJIOIOM TeopeMbl 3.8 u3 paborsi [5] B

0DOTAIEHHOM $3bIKe, 8 UMEHHO:

Teopema 2
Ilycte Tp,, — Teopus HOHCOHOBCKHX map Teopuu abeeBbIX IPYIII, TOrAa CAeAYIONIne yCao-

BHUAd 9KBHUBAJICHTHBI:
1. Tp,, — J-w-crabuipna;

2. T%

Py — W-CTAOHMIBHA;

3. Tp,, obaanaer cpoiicrom JSB.
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B namnom Te3mce paccMaTpuBaIOTCS TO3UTHBHBIE HOHCOHOBCKUE (PPATMEHTHI CIETHOTO ST3bI-
Ka IePBOTO MOPSIIKA, 8 UMeHHO A-HOHCOHOBCKIE hparMenTshl. [lorydeH psim pe3yabTaToB, yeTa-
HABJIMBAIOIINX CBSI3b MEYK/y CBOHCTBAMU HOHCOHOBCKOTO (DparMeHTa, MEeHTPATBHOTO TOMOTHE-
HUS JAHHOTO HOHCOHOBCKOTO (pparmMeHTa W CBOMICTBAMHU PeIIeTKH KJIACCOB YKBUBAJIEHTHOCTU
K3UCTEHITNAIBHBIX (DOPMYJT OTHOCUTETHHO ITOT'0 HOHCOHOBCKOTO (hparMeHTa.

PaccvarpuBatorcst mo3uTUBHBIE HOHCOHOBCKHE (DPATrMEHTHI B 00OTAIEHHOM SI3bIKE U Ha, ST3bI-
Ke TIeHTPAJIbHBIX TUIIOB JJIsI HUX JOKA3bIBAIOTCS «TIO3UTHBHBIE IOHCOHOBCKUEY AHAJIOTH TEOPeM
[1] Ha ocHoBe pesynbraTos u3 [1], [2].

[Iycts L - 9361k nepBoro nopsaka. [lycrs — flonconoBekuii (pparment s3bika L. Obo3HaAYHM
depe3 F, (L) MHOXKECTBO BCEX 9K3UCTEHIHAIBHBIX (bOPMYJI si3biKa, L ¢ 1 ¢cBOGOAHBIMH TI€PEMEH-

uvivu, E(L) = |J E,(L). Ilycrs E,(T) — quctpubyTHBHAsT PEIIeTKa KJIACCOB IKBUBAJICHTHOCTH
nw

ot ={Y € E,(L)| T+ ¢ < ¢}, ¢ € Ey(L), BE(T) = L<J E,(T).

YcTaHOB/TEHA CBA3b MEXKTY COBEPITIEHHOCTHIO HOHCOHOBCKOU TEOPUH M CBOMCTBAMU PENIeTKH

E,(T). Umeet MecTo coreyoniee yTBEPKICHHE.

Teopema 1
IlycThb - mosmbli 41 I-peaioxkenii HoOHCOHOBCKHI (pparmenT. Toraa ciaeayionime YCIOBHST

IKBHUBAJICHTHBI!

1. T cosepieHHbIi TOHCOHOBCKHIT (bparMeHT, KaK HOHCOHOBCKASI TEOPHSI;
2. T MomeapHO IOJIHBIH;
3. E,(T) - 6ynesa amrebpa,

rJ1e MOJTHOTA HOHCOHOBCKOTO (pbparveHTa Jis I-IpeIoKe i 0O3HadaeT, ITO JIFoObIe 1Be MOJe/ H
9TOro ¢pparmMeHTa OTHOCHTEJIBHO SK3HCTCHIIHAJIBHBIX IIPEIJIOKEHHH He OTIHYaloTCSI JAPYT OT
Apyra.

B cBga3u ¢ BhITIIeyKa3aHHBIMU pe3yJbTaTaMH OTHOCUTEIbHO BBEJIEHHBIX TMOHATHIT Oy I€HbBI
pe3yJIbTAThI, CBI3aHHbIE ¢ HOHCOHOBCKUMU (pparMeHTaMu. B cieyioineil TeopemMe B TepMUHAX
PEIIeTKH YK3UCTEHIUATBHBIX bopMyn F, (1) naiigeHsl HeOOXOAUMbBIE U JOCTATOYHBIE YCJIOBHUSI
SJMMHUHAIMK KBAHTOPOB IEHTPAJIbHOTO HONOJHEHUS HOHCOHOBCKOIO (pparMeHTa M MO3UTHBHOM
MOJIEJIBHOT TIOJTHOTHI IIEHTPATHLHOTO TTOMOJIHEeHHSI HOHCOHOBCKOTO (bparMeHTa #OHCOHOBCKOI Te0-

pun 1.
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Teopema 2
Ilycre T — monmbtit qist 3-npegioxkennii fionconoBeknii pparmenta, T™ - nentTp #OHCOHOB-

ckoro ¢pparmenrta. Toraa:

1. T* gomyckaeT s THMHHAIIIO KBAHTOPOB TOIA H TOJIbKO TOIa, KOTTa KasKAbIi ! € E,(T)

uMmeeT 6eCKBaHTOPHOE JIOIOJTHEHHE;

2. T* mo3WTHBHO MOAEJBHO IHOJHEBIH TOTa W TOJBKO TOLAA, KOIAA KaskKabli ol € E,(T)

nMeeT NO3HTHBHOE 3K3HCTCHIIHaJILHOEC JIOIIOJIHCHHEC.

B crienyromieit Teopeme B TepDMHHAX DEIIETKH 3K3UCTeHIHANBHBIX (hopmyrn E,(T') waiigeHs

HEOOXOIMMBIE U JIOCTATOYHBIE YCJIOBUS COBEPIIEHHOCTH HOHCOHOBCKOTO (bparmeHTa.

Teopema 3

Ilyctp T — iionconosckuii ¢pparment. Toraa cuaejyronige yCJIOBHS SKBHBAJICHTHBI:
1. T' — coBepuienHbIii HOHCOHOBCKHET (DparMeHT, Kak HOHCOHOBCKAasl TEOPUS;
2. E,(T) cnabo gonosmsema;

3. E,(T) - amrebpa CroyHa.

Bee HeonnpeaeJeHHbIe B JaHHOM Te3Hnce IMOHATHA 1M, CBA3aHHbIe ¢ HUMH, OIlpede/IeHud MOXKHO

naiitu B [1], [2].
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Yepes UT,(K) 0603Ha9UM TDYIINY BCeX BEPXHUX YHATPEYTOJIBHBIX MATPHIL HAJl KOMMYTa-
THBHBIM aCCONMMATHBHBIM KOJIBIOM K ¢ eauHuieil. aeMenT g rpymnnbl G HA3bIBAETCS YHUGED-
CaAbHBLM, eCTH ypaBHeHHe [g, x| = f paspentumo s Joboro snementa f € G'. Dr1o noHsTHE
BBejleHO B.A.POMaHbKOBBIM. DTO TOHSTUS HAXOAUT MPUMEHEHHE B WCCAEJOBAHUH Da3peli-
MOCTb JIAHHOH cucTeMbl ypapHenuit Haj rpynmnoit G. B paGore H.C. Baxrta [1]| mokasano, 4ro
moboit srement f € UT! (K) npeactaBum B Buje [g, x], e g - GUKCHPOBAHHBIN 9JIEMEHT IDYTI-
usl UT,(K). B kauecrBe sj1eMeHTa ¢ MOXKHO B3Th JIFOOOH 3/1EMEHT, KOTODbIH HMEeT MepByIo
MOOOYHYIO JMATOHAJb, COCTOANLYI0 n3 eauHuIl. Kpome 3rToro, B [2| aHagormdHble pe3yabTaThl
MOJIYYIEHBI [ “WICHOB HUZKHEro meHTpajabHoro paga rpymmst UT, (K) (em. takxke [3]). B [4]
COIEPKUTCSA 0030p Pe3yIbTaTOB MO PA3PEIINMOCTH YpaBHEHHUIH B IpyNIax, YIOMHHAIOIIIH 00-
cyxJaaemMbie pesyabrarbl. B paborax A.A.Koubipxanosoii |5,6| Buepsbie ObLIM MOy Y€HBI HEKO-
TOpBIe HEOOXOAMMBIE W JOCTATOYHBIE YCJIOBHs YHHBepcaiabHOCTH smementa st rpymn UT, (F)
u UT,(Z), rne F - npousBosibHOE TOJIe U 7 — KOJBIIO TEJbIX JHCE.

B nannoit pabore HalijeHB HEOOXOAMMBIE H JOCTATOYHBIE YCJIOBHSA YHHBEPCAJIBHOCTH JJIe-
MEHTa sl TPYII YHUTPEYTOIbHBIX MATPUIL TPOU3BOIBHON KOHEUHON pa3sMEpHOCTH HaJ KOM-
MYTATHBHBIM aCCOIUATHBHBIM KOJIBIIOM C €UHUIEH U HAJl eBKJIHJIOBBIM KOJIBIIOM.

Ecm n =2 10 G = UTy(K) =2 K*, re. G - abenesa rpynna, nosromy G' = FE, rne E
- equHMIHAS MaTpura. Orcoga jodoi smement u3 G yHuBepcaseH. [losTomy, B gajbHeiineMm
pacemarpuBatorces rpynnst UT, (K) pasmeproct n > 3.

Jlemma 1. Eciu ¢ - apromopusm rpynnst G, 1o sjmement g € G yHUBepcaJieH TOIJAa i
TOJIBKO TOLJa, KOrjga ero obpas ¢(g) yHuBepcaJIeH.

ITyctp K - KOMMyTaTHBHOE acCOIUATHBHOE KOJIBIO ¢ eauHuiei. Bregem ciejyrorniune Mar-

HWccnenoBanme BBIMOTHEHO MpHU (PUHAHCOBOH TOAIepKKe MuHICTEpCTBA 00pa30oBaHusd 1 HayKn Pecrybmnkm

Kaszaxcran (npoexr Ne 3953 (GF4)).
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punbt u3 UT,(K):

g12 913 - Gin-1  Gin 1 1 g5 gr,nfl 9in
0 1 g23 .- gon—1 Jon 0 1 1 g;,n—l g;n
0 0 1 ... g3m-1  G3n . 00 1 .. g5,1 93
g = g = ) (1)
o 0 0 .. 1 Gn—1,n 00 0 .. 1 .
0O 0 0 .. 0 1 00 0 .. 0 1
rae € = 1, ecan gp—1, 7# 0, B mpoTuBHOM ciay4ae € = 0, U 37TeMeHTH g; ;41 7# 0 OpH @ =

1,2,...,m — 2, a B ¢g* Bce ajJIeMEHTHI MepBO MODOYHOIN JMaroHajm paBHbl 1 3a BO3ZMOXKHBIM
UCKJIIOUCHUEM €.

O6o3uaunm vepes diag;a (tae i = 1,2,...,n) INATOHATBHYIO MATPHUILy M3 IPYIIIBI BCEX Tpe-
yroapubix Matputt 1, (K), y koropoit Ha i—M MecTe TaBHOi auaronaau crout a € K /0, a Ha
OCTAJILHBIX MECTaX IJIABHOW JIMAaroHaju CTOAT €JIUHUIIDI.

Teopema 1. ITycrs maTpuna g u3 rpymisl Becex yaurpeyrobabix marpur UT, (K) Hag Kom-
MYTaTHBHBIM aCCOMHATHBHBIM KOJIBIIOM K ¢ emuHuICH TakoBa, 9TO BCe €€ 3JIeMEHTBI IIePBOLt
1I060YHOMH JHATOHAJIH KPOMe BO3MOXKHO Iocjeanero obparumel B K. Torga Haiigercs MaTpaiia
g 3 UT,(K) Buga (1), conpszxennasi ¢ g B rpynme T,,(K), n Takass, 970 CHpaBeInBO CJIE1y-
fo11ee yTBep KACHIe: MAaTPHILA § YHUBEPCaJIbHA TOTJIa U TOJIHKO TOIJa, KOIa ¢° YHUBEPCAIbHA.

Teopema 2. Marpuna g € UT3(K), rge K - KOMMyTATHBHOE ACCOIHATHBHOE KOJIBI[O C
equHAINEH, YHIBepCaIbHA TOLJa H TOJIBKO TOIAA, KOIAA (1o H (23 B3AHMHO ITPOCTHI.

Caexncreue 1. CymecrByer aiaroput, KoTopbiii no jgo6oii marpune g € UTs(Z) onpee-
JISIET ee YHUBEPCAJTbHOCTD.

B nanpreitimem mpeamnonaraercd, 9To n > 3.

Teopema 3 (Heobxoaumoe yciaopue yHuBepcaabHocTH). Ilycts K - KOMMYyTATHBHOE acco-
nuaruBHOE KOabIo ¢ eamaureii. Torga n3 yraupepcaabaocrn saementa g € UT,(K), caexyer,
9TO0

Ji—1,i 7é 0,2 <1 <n.

Teopema 4 (nocrarounoe yciaoBue yHuBepcaabnoctu). Ilyctb K - KOMMyTaTHBHOE acco-
nHaTHBHOE KOJIbIO ¢ equuuieli 1. Ecian Bce sjeMeHThl IepBOi MOO0YHOH THATOHAJH MaTPHIbI
g € UT,(K), n > 3, KkpoMme BO3MOXKHO MOCIeHer0 obpatuMbl B K, T0 g yHHBEpcaJIbHA.

Teopema 5 (sgocrarounoe yciaosue yausepcaabnocta). Ilycrb K - KOMMyTaTHBHOE acco-
MUATHBHOE KOJIBIO ¢ eauHuIeii. Kcim Bce syiemenThl mepBoii mobOYHOH JHATOHAIN MAaTPHIIH
g € UT,(K), n > 3, KpoMme BO3MOZKHO 1I€pBOTo, obpaTtuMbl B K, T0 g yHHBEpCAIbHA.

CaencrBue 2. Ecim Bee seMeHTsl mepBoii mobodnoii guaronaan marpuinbsl g € UT,(7Z),
n > 3, KpoMe BO3MOXKHO TOCJI€HEr0 U MepBOro paBabl 1 min —1, T0 g yHuBepcaJabHa.

Jlemma 2. Ilycrs B eBkymmjoBoM KoJibiie E mer obparumbix 3jeMeHToB, kpome 1 m —1.

TOF,ZI& pisis) JIFOOBIX 9J€MEHTOB g1, g2 U3 E orimmynbix or HYJIA ClIpaBEINBa 3KBUBaJICHTHOCTbD!
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9JIEMEHTBI (1, (o HE HMEIOT OOLIUX JICIUTEJICH, OTJIHIHBIX OT 1, TOIjia U TOJIBKO TOI/A, KOTAa
HAHIyTCST U, Us € ' Takme, dro:

giuy + goug = 1.

Teopema 6 (Heobxommmbre yciosne yuaupepcaibaocTh). Ilycrs E - eBKINIOBO KOJBIO HE
nMerorrree 06paTHMbIX d7deMeHTOB, KpoMe 1 u —1. Torma w3 yHHBEpCaJIbHOCTH MaTPHIBI § €
UT,(F), n > 3 crexyer, 910 BCe 3J€MEHTH eé MepBoii MOOOTHOI AHATOHATIH, KPOME BO3MOZKHO
Kpafianx, paBHbl £1, T.e.:

lgi—14] = 1,2 <i <n.

Caexncreue 3. [Iyctb R — 60 KOJIBIO HeJbIX 9HCE, JTHO0 KOJIBI[0 HOJTHHOMOB Z[r| Ha
KoJIbIOM 11eJibix gucest 7. Toraa w3 yausepcaaprocta Marpunst g w3 UT,(R) caenyer, 9ro Bee
9JIEMEHTHI €€ 1epBoif MODOYHON AHaroHaJIH, KpoMe KpaiHux, paBabl 1 mam —1.

N3BecTHO, 9TO ecin F - eBKJINI0BOE KOJbIIO, T/Ie HeT 00PaTUMBIX 3JIEeMEHTOB Kpome 1 n —1,
TO KOJIBIIO MHOTOWIEHOB E(x) Takoe yKe eBKJIUI0BOE KOJIbIIO.

CaenctBue 4. [Iycts E - eBrIHI0BOE KOJIBIO , Tjle HET 00PATHMBIX 3/IeMEHTOB KpoMme 1 u
—1. Torga w3 yausepcaasroctu marpur g uz UT,(E(r)) HAZ KOJBIOM DOJHHOMOB OT OJHOI
1epeMeHHoll cjeayer, 9TO Bce e€ 3JIeMEeHTbhI MepBoil I0O0OYHOH JHAroHaJH, KPOMe BO3MOXKHO

Kpafianx, paBuel 1 mim —1.
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[Ipocreiimast Mepa CJIOKHOCTH PeATU3AIUHA AJTOPUTMa — BpeMsi paboThl MaluHbl T'bio-
pHHTA, T.€. KOJUIECTBO BBITOJHEHHBIX €10 3JeMEeHTAPHBIX ONepanuii Ha JIeHTe, B YHCTOM BHJIE
JIAJIEKO He BCEryia aJIeKBATHO OTOOPArKAaeT MCTHHHYIO CJOKHOCTH AJrOPUTMa, KaK MOKA3hIBAIOT
HecsioxkHBIe TipuMepsl [2,3]. TTogo6ubie 3ddekTh 0TMedeHbl 1 pa3pabOTYNKAME TTPAKTHIECKAX
AJTOPUTMOB — HM3BECTHBI IIPUMEPHI, KOTJIa MPOrPAMMBI, HAITUCAHHBIE HA OCHOBE CyOIKCIIOHEH-
[UATHHBIX AITOPUTMOB CUMTAIOT He XyyKe HAMCAHHBIX HA OCHOBE MOJUHOMHATHHBIX. [IpuanHa
9TOr0 KPOETCA B TOM, 9TO BPEMEHHAsl CJOXKHOCTHL B YHCTOM BHJIE HE YYUTHIBACT XapaKTEpH-
CTUK HMCIIOJB3YEMbIX MporpamMM. Takum 06pa3oM, MCTHHHAA Mepa CJOKHOCTH JIOJKHA ObITh
KOMNAEKCHOT, T.€. YIUTHIBATD U BpeMsT pabOThI MAITUHbBI, U CJIOKHOCTH €€ mporpaMMbl. Vzsect-
HO HECKOJIbKO TIOJXOJIOB K OINEHKE CJIOXKHOCTH TMPOrpaMM (CJIOKHOCTH OMUCAHUST AJTOPUTMA):
9TO MOXKeT ObITH YMCJI0 BHYTPEHHUX COCTOSHHUN MJIM YUCJIO BHEITHUX CUMBOJIOB, HJIM YUCJIO KO-
mang. Kak npasuio, réaereBckas HyMepanust Mamni ThIOpUHra CTPOUTCS € YIETOM BCEX STHX
apaMeTpoB U MOHOTOHHO 3aBHCHUT OT HHX, MOITOMY CaM HOMED SIBJISIETCsI HEILIOXOH OINEHKOMN
CJIOZKHOCTH IIPOrPAMMBI, B cJIydae IMoA00HOii MOHOTOHHON Té1e/IeBCKO HyMepallui.

DTO MOXKHO YTOIHHUTH CJIeAyIOnmUM 00pa3oM. B Teopnu BBIYUCIAMMOCTH aJrOPHTMOM YaCTO
HA3BIBAIOT PEAM3aluIo Ha MaimnHe ThIOpUHTa KaKOW-TO BBIYUCJIMMON (DYHKIUH, a HOMEPOM
aJTOpPUTMa — TEIeJIeBCKUI HOMED 9TO# MAIIMHBI, T.€. &JTOPUTM MOHUMAETCS KAK N-MeCTHast
dbyurmug. Ha npakTtuke aaropuT™ OOBIYHO TPAKTyeTCs KakK MpOIeaypa ObIIero XapakTepa,
IPOU3BO/ISAIINAST BBIYHCIIEHNs IPU BCEX N U JIOOBIX JAHHBIX T1, . . ., Lo(n) (HE 00s132TEIBHO (t(N) =
n), r.e. kak ynxmus u3 J,oyN' 8 N. B [2] mns corsacoBanmst 9TuX mOIX0I0B TIPe/IOAKEHO
CYUTATh, UTO peaaHs3alus ducaoBoro aaropurma A, ¢ Homepom t = ¢(l,r) u paboraromero ¢
Habopamu JIUHEL ©,.(n) =a(n), 370 — GYHKIWS (; TaKast, ITO JIJIsI BCIKOTO N 9UCa0 m = p(n)
— réaeneBckuii HoMep «(n)-MecTHO BEIMUCTUMON DYHKIHH, KOTOPast TP JIIOOBIX X1, . . . s Ta(n)
BBIIAET PE3YIABTAT P, (L1, . .., Ta(n)), TPUMEHeHHUs agroput™a A K 1, ..., La(n)-

Takoii OIX0/T TTO3BOJISAET HAWTH CPEJICTBO /1T KOCBEHHOM OMEHKH KOMNAEKCHOT MEPDL CAOHC-
HOCMU TS TTOJKJIACCA IUCIOBBIX AJTOPUTMOB — TaK HA3BIBAEMBIX NPAKMUYECKUT AA20DUM-
moe Algpr(F') |2] (¢ orpanumdeHHOil CJIOKHOCTHIO MPOrPAMM M BBIYHCIEHHN ), KOT/Ia BBOISIT-
Cs OTPAHMYEHMs CBEpPXY TOAXOMASAINEH NMPUMUTHUBHO PeKypcuBHOR dynkmuein F' wa Besmdauny

©m(T1, ..., Ta(m)), U CAMOE IVIABHOE — HA BEJIMIUHY M =@;(n) 1/WIH BpeMs e€ I0JIy 9eHns.
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Knaccpl peasm3zanuii 4uc/i0BbIX U HPAKTUIECKMX AJITOPUTMOB U UX IOJKJIACCHI, B YaCTHO-
cru noakstace Algpr(F) peanusanuii npakTHIECKUX aJrOPUTMOB C OPDAHUIEHHOI CJI0ZKHOCTHIO
IIPOrpaMM M BBIYHCJIEHHH, YI00HO 3a/1aBaTh OUPEIEJEHNEM UX MHEKCHBIX MHOYKECTB, T.€. MHO-
KecTBOM uX HoMepos t. [Toaknace Algpr(F) 10CTATOYHO MUPOK — MPU MOIXOSINENR OrPaHU TH-
patoweil pynkuuu F 1109TH BCe HPUMEHMMbIE Ha IIPAKTUKE aJIOPUTMbI 00/1aJaI0T pean3ali-
SIMH M3 3TOI0 KJaacca. B To ke Bpems OH BIIOJIHE 0003PHM, TaK KaK €ro WHJIEKCHOE MHOMKECTBO
IpUHAIeKHUT Kaaccy L9, [Ipu Beennn 6osiee KECTKUX OrPAHAYEHHUI Oy 9al0TCs TI0IKIaCChI
¢ I19- wm Y9-BBIYMCIMMBIME MHICKCHBIME MHOYKCCTBAMH.

JIj1st IPpAKTUYECKUX aJIOPUTMOB HMEETCH BO3MOXKHOCTD JIeJIaTh OLCHKH UX UCTHHHOM CJI02K-
HOCTH, & He IPOCTO BPEeMEeHH PaboThl, JOBOJILHO MPOCTO: MOYKHO HAPSLY € YHCIOM SJIEMEHTAaP-
HBIX mAroB 1'(m, 21, ..., To(n)) Mamunsl Tbiopunra P, Ha BXOJE (Z1,...,Ta(,)) TAKJKE OIEHI-
BATh BEJUYHHBI HOMEPOB 1M UM HEOOXOIMMOE JIjIsd UX BBIYHC/IEHUS BPEMs, a 3aTeM IIPOCYMMHU-
POBATH BPEMsl BBIYUCIICHUS BEJHIHH Qp, (L1, ..., Ta(n)) 1 M. Hecokuo noHATH, 4TO 110100HasT
Mepa CJIoKHOCTH K He dBjgercd emg yKejaaeMON KOMILJIEKCHONH Mepoil CJA0KHOCTH, a TOJbKO
eé BepxHeill rpaHuleil, u BIOJHE MOXKeT OBbIThb, 4YTO JIOCTaTO4YHO I'pyboit. Takum obpasom, uc-
THHHAS Mepa CJIO0KHOCTH aJIrOPUTMA C HOMEPOM ¢ Ha BXOJE (T1,...,Tq(n)) 3AKIIOUCHA MEZKILY
sesmanaaMu 7' (m, 1, ..., Tam)) (cHusy) n K (cBepxy).

CaenaeMm ympolreHue onpejieieHuii u3 [2|, B 9acTHOCTH, Teleph YHCIOBble U TPaKTHYE-
CKHe aJIFOPUTMBI OY/IEM PACCMATPUBATH KaK BBIYHCIMMbIEe (DYHKIMA JBYX apIyMEHTOB: HAOOPBI
(T1,...,%qa(n)) 32MEHHM HX KAHTOPOBCKHMM HOMEPOM, & BTODBIM apryMeHTOM CYHTaeM Hapa-
METD 7, KOTOPbIH UI'PAET POJb cmpykmypnoll pasmeprocmu. Bee mokasanubie B [2] cBoiicTBa
IPH 3TOM COXPAHAIOTCA M Oy YalOTCA HOBBIE.

Hoaxmace PAlgpr(f) (wma E® Algpr(f)) peamusanuit anTOpETMOB ¢ TOJTAHOMHAATLHOM (7
SKCHOHEHIIUATBHON YPOBHsI k) CI0KHOCTBIO BHIYUCAEHUH, TToTydatoTes u3 kKiaacca Algpr(f) no-
OaBJIeHHEM K OIPAHUYEHUIO HA BEJUUUHY Pe3yJabTaTa ajJropuTMa B ompeeaeHud 3 u3 [2| mo-
JIMHOMUAIBLHOTO (MM 9KCIIOHEHIIMATBHOIO YPOBHS k) OIPAHUYEHHs HA BPEMS €r0 BbIUUC/IEHHUSL.
DTU MOAKIACCH TaKKe NMEIOT HHJIEKCHBIe MHOYKEeCTBa U3 L9, VI3 olpejie/ieHus: uMeeM, 4To Ji/is

BCEX T €W BEPHO
PAlgpr(f)=EQ Algpr(f) € EW Algpr(f) C ... C EMV Algpr(f).

B cBasm ¢ stum daxToMm, nepapxuga Epmiosa X" pazHOCTel BBIYUCIHMO TEePEYUCTHUMBIX MHO-

m

JKecTB, u3ydeHnas B |1, ecrecrBennbiv 06pa3om npoposiKera B 2| 10 nepapxun X5,

pasnocreit
Y9-MHOKeECTB (camraeM, 9T0 LY, — 910 X7'):

Omnpenenenne. Cunraem, uro muoxecrso M €35, npu n>0 B TOM 0 TOJIBKO TOM CJIy4ae,
Korja cymectByer takas ynopsjodennas n-ka (Ro, Ry, ..., R, 1) Y9-muoxects Ry 2 Ry D
...2R,_1, uro M:U()gigk(Rgi \ Roi11), rme k — nesas wacts or gesenus n—1 va 2, n R, =0,
ecm n — neaérroe. Honoxmm X5y =115 = Ay, u Melly, < N\ MeXy .

Teopema. lmeercss takass BoraucauMast (GyHKOus f, 910 mpu BcsIKOM n > 0 MHOKECTBO
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My, = Upeser(EMTT2 Alg(f) \ EM272 Algpr(f)) (tae k — nenas wacrs or gesenns n— 1
na 2, n EYAlgpr(f) = @, ecim n — meuérHoe) — M-yHHBEPCAIBLHO (M-NOJIHO) B KAacce
3. Boaee Toro, nocresosaresnocrs (EMY Algpr(f), 072 Algpr(f), ..., £ Algpr(f)) —
m-yHHBEpcaIbHa (m-mosHa) B Kaacce mocaenosareaprocreit (Co, C1, ..., Cy_1) Y9-MHOKECTB

rakux, yro Co2C1D ... DC,_;.
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Mpu1 ucceayeM C/I0YKHOCTD BBIYUCAEHUS U30/IITOPOB YJIEHOB HUYKHErO IMEHTPAJIBHOIO Psijia
(eHTPAJIOB) ¥ BBIYUCJUMON TPYIIbl Ge3 KPydeHHs, & TaKyKe BBIYUCIUMOCTH (haKTOP IPYIII
[0 TUM TOArPYIIIaM. DTU BOMPOCHl TECHO CBA3aHBI C BOIMPOCAMH O CJOYKHOCTH BBIYHCJIEHUS
YJIEHOB B BEPXHEM U HUKHEM IEHTPaJIbHbIX PsJIaX BbIYUCJIUMOI I'PYILIbI; TOUHEE, ¢ IPODIEMOit
BXOXKJICHUS B KOMMYTAHTBI U Y4JI€HBI 3TUX NEHTPAJIbHBIX PAJIOB Y KOHCTPYKTUBHBLIX rpymir. [To-
CJIeTHUI BOIIPOC HHTEPECeH TeM, YTO MHOTHe ajredpandeckue CBOMCTBA HUIBIIOTEHTHBIX I'PYIII
JOKA3bIBAIOTCA HHAYKIACH MO CTYIIEHW HUJIBIIOTEHTHOCTH; JIJId 9TOW IEJIA 9aCTO PACCMATPHBA-
I0TCY YJIeHbl BEPXHEI'0 U HUZKHEI'O EHTPAJIbHbIX PsiJIOB U (pakTOp rpylibl 10 HUM. EcrecTBeHHO
0KUIATH, YTO 3TOT MeTOJ NPUMEHNM U K BHIYUCJIUMbIM I'DYIIIaM.

DTH HAJIEXK /Bl YACTHYHO ONPABIAHDI [T R-TPYyIII, OMyCKAIONUX HO3UTUBHY IO HYMEPAITUIO,

Pa3MepHOCTh KOMMYTAHTa KOTOPBIX KOHe4YHa [1], a Tak:ke j1jis MATpUIHBIX Ipyni. Kpome Toro,
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BJIOJKEHHOCTb 4JIEHOB IEHTPAJIbHBIX PsAJIOB JIPYT B JIpyTa CO3JaeT WLJIIO3UIO TOIO, 4TO CIIOCO0-
HOCTDb peniaTh Mpo0JIeMy BXOXKJIEHUS JJid JI000r0 U3 4IEHOB 3TUX PSAJOB MO3BOJIUT HAM Jerde
PEIUTDh TaKWe BOIPOCHI I JPYTUX.

DTO BEPHO JJIsT KOHEYHO TOPOXKICHHBIX rpymi. eiicrBurensuo, nycrs (G;v) — Takas 1mo-
3UTHBHO HyMepoBaHHas Ipyuna. loraa v/(v,G) gBisiercd no3uTUBHON HyMepanuei KOHeYHO
MOPOKAeHHOH HUAbIIOTeHTHON rpynnbl G/(7,G), MOCKOIBKY HpoOJeMa DABEHCTBA CJOB IS
Takux rpynn paspemnmma, rpynna (G/(v,G), v/(7,G)) — KoncrpykTusnas. Kpome toro, 3e-
MeHT ¢ rpyuibl G MPUHAJIEKAT TEHTPY TOTJA U TOJBKO TOLJA, KOIJA PaBeHCTBO [g,z] = 1
JUIs Kaxk10ro obpasywoiero x u3 G. [losromy muayKkmnueii mo napaMerpy ¢ HeTPy/IHO J0KA3aTh,
910 Kaxkbiil 4ien (;(G BEPXHEr0 MEHTPAJIHLHOTO Psia MOXKeT ObITh 3(hheKTUBHO BBHIYUC/IEH B
BBIUHCIIMOI KOHEUHO MOPOKIeHHON rpymie G.

Taknm 0O6pa30oM, OCHOBHOE BHUMAHWE MBI yJeasgeM OeCKOHeUYHO TTOPOXKIEHHBIM HIJIBIIOTEHT-
HbIM BbIYMCJIMMbIM I'pyluam. B obiiem ciydae Cj102KHOCTb 1TPOOJIeMbl BXOXKJIEHUS B JII0DOI
HETPUBHAJIBHBI YIEH TAKOTO Pga MOZKET ObITh HE3aBUCHMOI OT CJOYKHOCTH 3TOH TPOO/IeMbI
JUIsL IPYTUX 9JEHOB 9TUX DSJIOB JazKke IS HUJIBIOTEHTHBIX TPYII Oe3 Kpydenus |3, 3|, xak

IIOKa3bIBalOT CJIEAYIOIMHUE TEOPEMEI.

Teopema 1 [3|. st 106010 HATYPATBHOTO N > 2 CYHIECTBYET N-CTYIMEHHO HAJIHITOTEHTHASI
rpynna G(n) 6e3 KpydeHHsT Takasi, 94T0 JJIsT JII0O0ro Habopa BeIYuCIuMO THIOPHHIOBBIX Hepe-
IUCTUMBIX cTenenedf a = (ag, ..., a,) HaA#AéTCs KomcTpykrusm3anus v(a) rpymmost G(n), npa

KOTOPOIT CJIOKHOCTH HPOOJEMBI BXOKIEHHUSI B 1-i IIeHTpaJI paBHA ;.

Teopema 2 [3|. Bagpukcupyem n > 2 u jBa HAGOPa BHITHCIAMO MEPEIHCTUMBIX ThIOpHH-
roBeix cremerei dy,...,d, 1 u es,...,e,. CymecrByer KOHCTPYKTHBHAS Tpymna 0e3 KpydeHHs
(G, ), crymern HHJIBIIOTEHTHOCTH N CIOXKHOCTD ITPOOJIEMbI BXOXKIEHHSI B i~If THIIEPIIEHTD PaB-
va d; st 1 < 1 < n—1, a Bi-if nearpas papaa e; juisg 2 < i < n. Kpome roro, (G, «) jgomyckaer
BBIIHCIHMBI TIOPSIJIOK, IIO9TOMY 3TO BBIYHCIHTEIBHOE CBOHCTBO HE3aBHCHMOCTH BBITOIHSICTCS
M JIJIST BBITHCJIAMBIX VIIOPSITOYEHHBIX HHJIBIIOT€HTHBIX T'DYIIIL.

B ciriygae HUJIBTIOTEHTHBIX TPYIII, HMEIOIIX KPYIeHNe, CJI0KHOCTD TPOOIeMbI BXOKIEHUS B
HEHTPAJIBl B THIEPIEHTPBI MOZXKET He 3aBUCETh TaKKe M OT BBIYHCIUMOf HyMepaluu Beeit rpyi-
ubt |3, 3]. Kpome Toro, mogo6Has He3aBUCHMOCTh HAOGJIIONAETCSI U B BOMPOCE O BBHIYUCIUMOCTH

bakTOpOB MO 4YaeHAM 9THX KPAHUX MEHTPATIBHBIX PsiioB [3].

Teopema 3 [3]. Jumsa kaxkjaoro HaTypajgbHOro n > 2 H IIPOH3BOJBHOTO Habopa @ =
(ag,...,a,) BBIYHCJIMMO MEPEYHCIHMBIX CTerneHel cymecrsyer HujbrnorentHas rpymmna G(a)
cTymenn n, 06J1a4al0as CACAYIONHMA CBOHCTBAMM:

(1) croKHOCTH TPOBIEMBI BXOXKIEHHS i-i MEeHTPAJ PABHA a; JIIsI KAXK0H KOHCTDYKTHBH3A~
min v rpynmnsr G(a);

(ii) paxrop rpynna G(a)/v;G(@) Beramcanma Torjga u ToJabKO TOIa, Korjga a; = 0;

(iii) jast KarXk/108 BBIYHCIAMO MEePedHCIHMON CTernenn b CyIecTByeT Takas KOHCTDYKTHBH-

sarust (4 rpymabl G(@), 9T0 CJI0KHOCTD HPOOIeMbI BXOXK/ICHHsI B mepropmdeckas 1acts TG(a)
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pasua b. B wactnoctu, 9ra rpyiia He siBJSeTCs aBTOYCTOHIUBOM.

Takum 06pa3oM, MOXKHO YTBEPKIaTh, YTO He CYIIECTBYeT HEOOXOAMMBIX U JOCTATOYHBIX
YCIOBHMH 111 BBIYUCJMMOCTH HUJIBIIOTEHTHBIX I'PYIIL, MCIIOJIb3YIONIMX WHIYKIUIO 110 CTYHEeHH
HUJIBIIOTEHTHOCTH, B 00MIEeM caydae. JIoaroe BpeMs ocTaBaIach HaJerKaa, IT0 NOJ00HBIe TPU-
3HAKU BEpHBI JJId KJIACCa HUJIBIIOTEHTHBIX I'PYII 6e3 Kpy4eHHs, eCJIi WHYKIUI BECTH He II0
qJIeHaM BEPXHErO M HHKHErO IEeHTPAJbHBIX PSJIOB, & [0 M30J1ATOpaM IeHTpasoB. OIHAKO U B
ITOM CJIydae KapTHHA JOCTATOYHO CJOKHAS M 9T HAJIEXK/IA HE OIPABJIAHA.

[Mycts G — rpymna w H < G. Hanomuamwm, 910 M307TOpOM mOATPyHnbl H Ha3bIBAETCS
IPYIIA, HOPOXK/IeHHAs BCeMU djeMeHTaMu ¢ u3 G, /i KOTOPBIX CYINECTBYeT HEHYJIEBOE YHCJIO
n, aro g" € H, to ects, IH = gr{g € G|(In € Z\ {0})(¢" € H)} — usoaarop noarpymms: H.
B uacrnocru, [7:,G = gr{g € G|(In € Z\ {0})(g" € 7G)} — uzoasitop k-ro nenrpada.

MuTepec K M30agTOpaM IIOATPYII O0BACHACTCS CJASAYIONMMA TPOCTHIME M U3BECTHBIMHE
dbakramu, KOTOpbIe W3JI0KeHbl U 0Ka3aHbl B [5]. Ecu G — HUIBIOTEeHTHASI CTYTIeHT T TPYIIIa,
TO u30a4TOop k-ro nenrpana Iv,G — HopmasibHag moiarpynna. Eciu G rpynna 6e3 KpydeHus,
10 G /(I7,G) — HujblOTEHTHAsS IPyILA O3 KpyueHus cryleHu He bosiee yem k — 1.

Ecan (G, ) — 1O3UTUBHO HyMePOBAHHAS HUJIBIOTEHTHAsl IPynua 6e3 KPydeHHus, TO BCe
daxrop rpyunst v;G/(1(vj4+1) N Y;G) u 1(7;G)/1(7j+1)G — HO3UTUBHO HyMepyeMble aOeseBbl
rpynnsl 6e3 KpydeHus, a 1MoToMy u Beraucaumbie [6], 3mecy [(11G) = G = G; B 9acTHOCTH,
dbakrop rpyuna G/I(72G) 110 u30/14TOPY BTOPOrO HEHTPa/a — BCErJA BbIUUCJIUMAs JJIsT Bbl-
yucauMoil rpymnnbl G. Bonpoc o BeramcamMocTn (pakKTOpoB MO H30JATOpPaM TPeThero u boee

IEHTPaJIOB CYIIECTBEHHO CJIO2KHEE KaK IIOKa3bIBa€T CJE/YIOIlad TeopeMa.

Teopema 5. /I Ka>ka0ro HATypPaaIbHOIO N > 3 H IPOH3BOJIBHOIO HAGOPA d= (ds, ..., dy,)
BBIYHCJIIMO II€PEIHCTUMBIX THIODHHIOBBIX CTEIIeHEH CYIeCTBYeT BbIYHCIUMAasT HUJIbIOTCHTHAST
cTymeHd n rpynmna 6e3 Kpyierns G (@, ob.J1amaroniast CJIeyIONIIMA CBOHCTBAMH:

(1) ciiokHOCTD HPOBIEMBI BXOKJECHUST B H30JSATOD 1-I'0 IIEHTPaJIa He MeHbine d; jjist 1000

-~

koHCTpyKTHBH3amun rpymnsl G(d);

~ ~

(ii) paxrop rpymma G(d)/~v;G(d) Beramcamma Torga 0 TOIBKO TOraa, Korjga d; = 0.
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ABTOpaMu H3ydaeTcs CA0XKHOCTH CTpoeHHst pereTku Sub(7Tk) HOAMOIyTPYII TOJY DY IITBL
sseMenTapubix Teopuit Kiacca K C K(o) anreGpandeckux cucreM CHIHATYDPHL 0. B HACTOs-
Imee BpeMsl CYIMIECTBYeT HeCKOJIBKO MOIXOI0B K MOHATHUIO CJIOKHOCTH. Cpein MpoYnX U3BECTHBI
JIBE Mepbl CJOKHOCTH CTPOEHHUS PEIIeTOK KBAa3MMHOrooOpasmii: (J-yHUBEPCAIHLHOCTD U HEBbI-
IHCJIMMOCTh MHOXKECTBA BCEX MX KOHETHBIX MOAPEIeTOK (CBOHCTBO HeBbIaucanmMocTn Hypaky-
HOBa WJIH UPPAIMOHATBHOCT). [loHsaTHe (Q-yHUBepCaTbHOCTH GbLIO BBeseHo M. B. Camupowm B
1985 1. B pabore [3]. KBazumuorootpasue K HazbiBaeTcs: Q- yHuUGepcasvHbim, eCITH JJIs TE0OOTO
kBaszuMHoroobpasus K’ koneunoii curnarypoi pemierka ksazumuoroodpasuii Lq(K') sisisiercs
romomMopdHBIM 06pasom HekoTopoil moapernierku B perterke Lq(K). B sTom ciaywae permerka
kBasumuoroobpasuit Lq(K) rakxke nassiBaercsa Q-yHusepcansvrot.

[MousiTust, 3/1eCh HE ONMpe/ieJeHHbIe, MOTYT ObITh HalieHb! B |2, 3|. TlycTh w 0603HATaET MHO-
JKeCTBO HATypaabHBIX unces. [Iycts Py, (w) 0603HAUAET MHOKECTBO KOHEUHDBIX MOIMHOKECTB
B w. s mo6oro n < w depes B, Mbl 0003HaYAaEM TOJTYPEHIETKY TOJIMHOXKECTB N-3JIeMEHTHOTO
MHOZKECTBA OTHOCUTETHLHO MepPeceveHusl.

Banuce A = B o3nagaer, 4to cucrema A 3jieMeHTapHO KBHBaJIEHTHa cucreme 3. 3ammch
Th(A) ucospsyercss Hamu JiIst 0003HAUEHHST dJIeMeHTapHoi Teopun cucreMmsl A. [lms mpouns-

BOJIBHOM airebpbr S = (S, *) nycrb Sub(S) oboznauaer perrerky nogaaredp aiaredpsr S.

Pabora semomnaena npu dunancosoit noggepxkke CoBera 1o rpanram npesugenta PO mo rocymapcrBeHHOM

noziepKKe Bedyuumx Hayunbix wkos (npoekr HITI-6848.2016.1).
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st bukcuposannoit curuarypsl o yepe3 K(o) 0603Hauaem Kjiace BCEX CUCTEM CUTHATYPbI
o. Ilox curnaTypoit Mbl TOHUMaeM MHOYKECTBO 0, COCTOsIIIee n3 (DYHKITMOHAIBHBIX, TPEINKAT-
HBIX ¥ KOHCTAHTHBIX CHMBOJIOB.

[Tycts knace K C K(0) 3aMKHYT OTHOCHTEIBHO JEKAPTOBBIX pou3Beaenuit. [Liist anrebpan-
seckux cucrem A, B € K nonaraem Th(A)*Th(B) = Th(Ax B). Aaredpa Tx = ({Th(A) | A €
K}, >l<> SIBJITETCST KOMMYTATHBHON MOJYTPYIIOH ¢ eAuHUIeil. DTy MOJyrPYyNny Mbl HA3BIBAEM
noayepynnot asemenmaproir meoput xaacce K.

Mp1 0bo6111aeM noHgTHe ()-yHUBEPCAJBHOCTH HA TIOJIHBIE PEIIeTKH, CM. olIpejeeHue 1, u 1mo-
Ka3blBaeM, 4To Jyis psijia Q-yHusepcaabibix kjiaccoB K pemerka Sub(7Tk) nouonyrpyui noJy-
IPYIIIBL 3JIEMEHTAPHBIX Teopuii Kiracca K takike aBjsercs ()-yHUBEPCAIbHON, ¢M. caeacTus 1
u 2. Hamu HaiiileHbl 10CTATOYHBIE YCJIOBUS JIJI TOrO, 9T00BI pereTka Sub(7Txk) coaepxkana pe-
MIETKY HJIeaJI0B CBOOOIHOM PelIeTKH CYeTHOIO PAaHTa B KadecTBe IOJPENIeTKH, CM. TeopeMy 1.
Taxzke Mbl OTMEYAEM HECKOJIBKO OTKPBITHIX BOIPOCOB.

Onpenenenne 1. [Tycrs kracc K C K(0) 3aMKHYT OTHOCHTEIHHO JEKAPTOBBIX IIPOH3Be-
nennit. Kmace A = {Ap | F € Ppjn(w)} C K nassiBaem Tk-%aaccom, ecin A ynoBieTBopsieT

CJIEIYIONIUM YCJIOBHSM:

(To) cucrema Ay TpuBHATBHA,

(Ty) ana mobsix F, G € Ppp(w) ecmn Ap = Ag, 10 F = G;

(T9) mas mobsix F, G € Ppjp(w) cupasenmnso Ap X Ag = Apue.

Ompenenenne 2. Knacc A = {Ap | F € Py, (w)} C K nassiBaem Ti-kaaccom, ecin A

yaosiersopsier yeiaousim (To)-(T1), a Takzke CIeAyIOMEMY YCIOBHIO:
(T%) ansa mobsix F, G € Ppp(w) cupasenmuso Ap X Ag = Arna.

Onpenenenne 3. [losnas pemerka L HasbiBaercs (Q-yHUSEPCAAbHOT, €Cl JJs JHOOOro
KkBaszuMHOrooOpasust K korewnoit curnarypsl pemerka kpasumuoroobpasuii Lq(K) sasiagerca
romoMOpdHBIM 00pPa30M HEKOTOPOIi IOJpeIleTKH B perierke L.

Teopema 1. Ilycts kracc K C K(0) 3aMKHYT OTHOCHTEJIBHO JIEKAPTOBBIX ITPOH3BEICHUI],
a kmacc A = {Ap | F € Ppp(w)} C K sBastercs Tg-xiaccom i Ty -knaccom, to perer-
ka [],., Sub(B,) Broxuma B pemerxy Sub(Tk). B wacruocru, pemerxa Sub(7Tk) cozepxur
MOJIPENICTKY, H30MOPPHYIO pereTKe Haea 0B CBOOOHOH peleTKH CYeTHOIO PaHI'a, U sIBISCTCS
Q-yHHUBepcaJbHOI.

CaencrBue 1. [Iycrb jist cHrHATYDBI 0 HMEET MECTO OJUH U3 CJAECJYIONIUX CJLY4aeB:
1. o coaepxxut o Kpatineii Mepe oJuH (DYHKIHOHAIbHBIH CUMBOJI;
2. 0 COJEpXKUT 10 KpaitHeli Mepe OJiMH KaK MHHUMYM OWHAPHBIH MTPEeIHKATHBIH CHMBOJI;

3. 0 6ecKoHEYHA.
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Tora perrerka Sub(TK(U)) COJIEPXKHUT HOJPEIIETKY, H30MOPDHYIO perieTKe uieajioB CBOOOIHOT
PEHIETKH CYeTHOTO PAaHTa, W SBAseTcs ()-yHHBEPCAJIbHOM.

CaenctBue 2. Ilycty K sBisgercs oqauM u3 cJaeAVIONIHX KJIACCOB CHCTEM:

P

. MHOrooOpa3ue BCeX TOYCYHBIX abeJeBBIX I'DYIII;

2. MHOT0oObOpa3me BCeX KOMMYTATHBHBIX KOJIEI C € THHHIICH;

3. KBa3sHMHOIrooOpasme BCeX |OpHeHTHPOBAHHBIX, COOTBETCTBEHHO| rpacos;
4. mMHOroobpasme BCex yHapOB;

5. mHOroobpasue MYV -anre6p;

6. MHOrOOOpa3zme MOIYJISIDHBIX PEIIeTOK.

Torna pemrerka Sub(Tk) coqep:KUT HOAPENIETKY, H30MOPHYIO DeHIeTKe HAeansoB CBODOIHOM
pPeIIeTKH CYeTHOIO paHTa, U ABIAeTCs (Q-yHABEPCATBLHOM.
B ¢Ba3¥ ¢ JOKa3aHHBIME TEOPEMOil U CaeacTBUAMEA 1 1 2 eCTeCTBeHHBIME IPECTABIISIIOTCS

CJICYIONNE BOIIPOCHI.
1. Kakne penteTku BJIOKUMBI B PEIIETKN TOIOJIYTPYIIT 3I€MEHTAPHBIX TEOPUii’!

2. IlycTh curHaTypa ¢ KOHEYHA U COJEPIKUT JUIIb KOHCTAHTHBIE U OJHOMECTHBIE MPeTUKAT-
HBIE CHMBOJIBL. Z1BJIsIeTCS JIM PelieTKa MO/IOoIyTPYI daeMeHTapubiX Teopuii Sub(Tk(s))

(Q-yHUBEPCAJBHOM?

3. Ilycrs knace K @Q-ynupepcanen. fpisieTca mu perneTka MOAMOTIYTPYII SJTEMEHTAPHBIX

reopuii Sub(Tk) Takxke ()-yHUBEPCATLHO!?
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HNucroryr maremarnkn u marematwdeckoro moseupoBanus, yi. Ilymknna, 125, Anmarsr,
050010, Kazaxcran
E-mail: peretyatkin@math.kz

BazoBpiMu KaTeropusaMu JOTHIECKOTO TMOIX0Ta B MaTeMaTHKe sBJIdeTCs PadboTa ¢ 00beKTa-
MU KOHEYHOIr'o U GeckoHeuHoro tuna. O0Imasg Teopus Mojeaeil pacCMaTpUBaeT aJredpandecKue
CUCTEMbI IIPOU3BOJILHBIX KOHEYHBIX M OeCKOHEUHBIX MolHocTeil. Takzke pa3BuTo HAlpABJICHHUE
UCCJIEJIOBAHUS CTPYKTYP HaJI OECKOHEYHBIMU 00JIACTAMHU M, COOTBETCTBEHHO, TOJHBIX TEOPHil
HaJT OECKOHETHBIM YHUBEPCYMOM. BMmecTe ¢ TeM, paccMOTpeHHe KJiacca TOJIbKO KOHETHBIX MO-
Jeieil mpejicTaBIsgeTCs MeHee eCTeCTBEHHBIM TaK KaK IMPU TAKOM TIOJXO0Je TepecTalT JIeficTBO-
BaTh TeOpeMa KOMIIAKTHOCTU U Teopema [€esd 0 MoJHoTe, U MOABIAETCS aJTOPUTMUYECKAs
CJIOZKHOCTD BBIIIE TIEPEYUCTUMBIX CTEIeHel Hepa3peruMOCTH.

g Bompoca O BBRIPA3UTEJBHBIX BO3MOYKHOCTAX JIOTUKH MPEIUKATOB 0oJiee MPOTYKTUBHBIM
SBJIZETCS aJTbTePHATUBHBIN TOIXO0/ OCHOBAHHBIH HA M3YUEHUU METOJIOB MpeoOpPa3OBAHUS TeO-
puii nepsoro nopsiiika, [1]. B kagecrse MeTona paccmarpuBaeTcst npeodpa3oBaHue TEOPHU Hep-
BOT'O TIOPSJIKA B JIPYI'YIO TAKYIO TEOPHIO C COXPAHEHHEM TEOPEeTUKO-MOJIEILHBIX CBOHCTB. [lebio
MeTOJIa dABJIgeTcs MpHUBeJieHNe Teopuu K OoJiee TPOCTOMY BHJY WM Ke K (hopMe C 3a/IaHHBI-
mu TpeboBanusvu. CymecTByoT dbunuTapuble u nHGUHATAPHBIE MeTob, [1], [2]. [Tpumepamu
pUHUTAPHBIX METOJ0B LIEPBOr0 HMOPSJIKA SBJISIOTCH HPONEAYPbl PEJYKINH KOHEYHBIX CHTHA-
TYD, JeKapTOBbl 1 (HAaKTOPHO-IEKAPTOBBI pactmpenus: teopuii, [3|. Uro kacaercsa daxkropro-
JIEKapTOBBIX PACIIHPEeHHil Teopuil, OHN He MPUMEHSIOTCS B MPOIEAypaX PeIyKIUH KOHEIHBIX
CUTHATYD W MOITOMY UT'PAIOT BTOPOCTEIIEHHOE 3HAYeHHe, TeM 0oJiee, YTO TaKue MeTO/IBl HEeCyT
olrpe e/ IEHHbIN ajredOpanvyecKuil akieHT KOHMIUKTYIONUIA ¢ TPAKTUKOI paboThl B TEOPUU MO-
geseit. [Ipumepavu nHMUHTTAPHBIX METOIOB IEPBOTO MOPSIKA ABJISIOTCS IIPOIE/LY Pa PeIyKITNN
OeCKOHEYHBIX CUTHATYD K KOHEYHBIM U Pa3Hble BEPCUHU YHUBEPCATbHON KOHCTPYKITMH KOHETHO
AKCHOMATU3UPYeMbIX Teopuii, [4]. BaxKHo OTMETHTH YTO €CTeCTBEHHBIM OyIEeT pacCMOTPEHUEe
KJIacca BceX (DUHUTAPHBIX METOJOB, WU K€ 00beUHEHHOIO KJIACCa (DUHUTAPHBIX U MH(MUHU-
TapHBIX METO/IOB, TOT/Ia KaK OT/IEJIbHOE PACCMOTPEHNE KJIACCa TOJIHKO HH(PUHUTAPHBIX METO/I0B
SIBJISETCS HEJIOTMIHBIM.

3a 0CHOBY KOMOWHATOPUKHU HEPBOTO TOPSIIKA OepyTcs MPOIEIy Pl PeIYKIIUU CUTHATYD KO-
TOpbIE CUYUTAIOTCS YaCTHBIMU CJIy4asiMU KOMOMHATOPHBIX METOJIOB B JIOIUKE IpeJuKkaToB. [lis
dpuHUTAPHOI KOMOMHATOPUKY OEPYTCS METObI IPe0OPa30BaHus KOHEYHBIX CUTHATYD, & J/Id WH-

dbuHUTAPHOK KOMOMHATOPUKH DEPYTCA METObI CBeIeHUs OECKOHEYHBIX CUTHATYDP K KOHEYHDBIM.
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Bajada cOCTOMUT B TOM 4TOOBI ODOOIIUTH TH YACTHBIE METOIbI A0 MAKCHMAJBHO HIMPOKOIO
001IIero mMoaxoaa, I KOTOPOro OBLIO OBl JIOTHYHBIM HMCIOJIB30BATH TAKON BECOMBIH TEPMUH
Kak 'KomOuHaropuka’'. [longrne 'Meron’ moHHMaeTcs KaK HEKOTOPBIA cIocod m mpeobpa3oBa-
HUs OJIHON BBIYUCJUMO aKCHOMATH3UPYyeMOil Teopuu T’ MepBOro MOpsiKa B APYIYIO TaKyIO ¥Ke
TEOpuIo S, KOTOPBIIl onpejessier BoiaucjauMbiil nzomopdusm ajuredp Tapckoro-Jlumgenbayma
p: L(T) — L(S), a yrBepzKAeHne 9TO /i COXPAHEHSET TEOPETUKO-MOIEILHOE CBOHCTBO P O3HA-
yaeT 4T0 u30MOpdu3M 4 0e3 HCKarKeHHs IepegaéT 3T0 CBOMCTBO P oT Jaroboro momoaHenus 1"
UCXOHOI Teopun T K COOTBETCTBYONIEMY HOMOJHeHUIO S’ 1moaydaeMoii Teopun S.

Jnst UpMIOXKEeHHsT OIMUCAHHOIO KOHIENTYAJbHOIO IOJAXO0Ja K BOIPOCY O BLIPA3UTE/b-
HBIX BO3MOXKHOCTSIX JIOTUKH HPEIUKATOB HEOOXOIUMO JIaTh OIpeeaeHue MOHITHS TeOPeTHKO-
MO/IEJIBHOTO CBOMCTBA MCIIOIB3YEMOTO B PEATbHON TPAKTHKE UCC/IEIOBAHUIT 10 TEOPUU MOJIEIE.
B pab6ote [3] npeaiokeHo onpe/iesieHne TOHATHS TEOPETHKO-MOJIEIBHOTO CBOMCTBA U yKA3aHO
HECKOJIBKO €r0 KOHKPETHBIX CIIeIU(UKAINNA pacIuTaHHbIX HA Pa3Hble MPEINOYTeHUs CIeIuA -
CTOB paboTaoIKX B 001acTH Teopuu Moeteit. [Ipegmaraiorces cieayolnne BapuaHThl MOIX0I0B:
HAUBHBLT, NPUMUMUBHBILY, Npazmamuveckul, u makcumanrucmerut. Jano obocHoBaHnue TOro,
qT0O HpaFMaTI/I‘{eCKHfI IOoAX0d ABJIdeTCA HaI/I6OJIee IOAXOOATTUM JAJId KOHKPETHBIX HpI/IMeHeHI/Iﬁ.

Bozaukaer ecrecTBeHHBIN BOMPOC O XapaKTePU3aUN CeMAHTHIECKOTO ¢10st Finl Brirogato-
IEro TeOPETUKO-MOJIEIbHbIE CBONCTBA, KOTOPbIE COXPAHAIOTCA (PUHUTAPHBIMUA METOaMH IIep-
BOT'O HOPSAJIKA, ¥ CEMAHTHIECKOro ¢J1od Infl BKIIOYAIONIEr0 TEOPETUKO-MOJIeTbHbIe CBONCTBA,
KOTOPbIC COXPaHAIOTCA I/IHCbI/IHI/ITa.prIMI/I MeETOAaMU I1€PpBOI'O 11OPAJIKA.

JIBa cIeAyIONIUX YTBEP:KICHUS XapaKTepU3yIOT (pUHUTAPHBIN ceMaHTUIeCKUH C10ii:

Teopema 1. @uanrapupiii ceManTHIecKuii caoit Finl BKII0O9aeT Bce CyMeCcTBYIOIIHE pe-

aJIbHbIE TCOPETHKO-MOACJ/IbHbIC CBOHCTBA.

Teopewma 2. [Iponeypa peayKiun KOHEYHBIX CATHATYD COXPAHSIET THIT BLIYHCIUMOI'O H30-
mopgusma arebpor Tapckoro-JInanenbayma u Bce peabHbIE TEOPETHKO-MO/IE/ILHBIE CBOHCTBA

COOTBETCTBYIOIIUX MOIIOJIHCHUI 3THX TCODHH.

XapaxkTepusalnus HHOUHATAPHOIO CEMAHTHYECKOTO CJIO BBINOJIHSETCS IMyTEM CpaBHEHUA
CUJIbI YHUBEPCAJIBHON KOHCTPYKIIUK B IPOIEIYyPhl PeAYKIHH OECKOHETHOM CUTHATYPHI K KOHEU-

HOI.

Teopema 3. 1o MOLyII0 HPEACTABATEIBHOIO CITACKA TEOPETHKO-MOJICJIbHBIX CBOHCTB, [1],[3],
caoit Unil, coxparstemblii yHUBEpCaabHON KOHCTpyKImed coBmagaer co ciaoem I2fL coxpamsie-

MBIM IIPOIICAYPOIH peayKIuu 6eCKOHeUHOH CHIHATYDHI K KOHEUHOI.

YHUBepCaJIbHYI0O KOHCTPYKIIMIO KOHEYHO aKCHOMATH3UPYeMBIX TeOpUil MOXKHO CUHUTATh
VJIYYIIeHHON BepcHueil mporeaypbl peayKinu OecKOHeYHOUW CUTHATYPhl K KoHedHoi. Tak Kax
HEJIOTMYHO O02KMJAaThb, YTO MOXKHO CO3JaThb HOBYIO BEPCHUIO yHI/IBepcaﬂbHOﬁ KOHCTPYKIIUKU KOTO-
pas KOHTPOJIUPOBaJia OBl DOJIBITIE TEOPETHKO-MOJIC/IBHBIX CBONCTB Y€M MOYKET COXPaHITh MPO-

eIy pa peayKIiuu OeCKOHEeYHO# CUIHATY Pl K KOHEYHOM, TO 9TO JIAET CJeIyIoliee YTBePKIeHHe:
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Teopema 4. [Io Mo/yJII0 IPEJACTABUTEILHOIO CIHCKA TEOPETHKO-MOAEJAbHBIX CBOHCTB, CTaH-

AdapTHasd BepCUusd YHHBepcaﬂbHOﬁ KOHCTPYVKITHH UMeeT MaKCUMAaJIbHO BOZMO2KHYIO CHJIY.

Cornacuo Teopeme 1, duHUTAPHBIN ceMaHTHUYeCKHUi caoit Finl cOCTOUT U3 BCeX PeabHbIX
TEOPETUKO-MOJIEIbHBIX CBOUCTB, YTO TOBOPUT O ero (hyHAaMeHTa bHol npupoje. Teopema 4 xa-
PaKTEepPU3YeT BHIPA3UTEIHHYIO CHJIY YHUBEPCAILHOW KOHCTPYKIIUU, TTOKA3bIBas (PYHIAMEHTA b
HBIIl XapakTep HHMPUHHTAPHOI'O CEMAHTHYECKOro cjiod Infl. D10 moka3biBaeT 4ToO, B Ipejeiax
CeMaHTHIEeCKOTO 1051 InfL TeOpeTuKO-MOIe/IbHBIX CBOWCTB, BRIPA3UTEIbHBIE BOZMOXKHOCTH KO-
HEYHO aKCHOMATU3UPYEMbIX TeOpI/IIU/I TOYHO COBIIQIaIOT C BO3MOZXKHOCTAMMU BBIYHUCJIUMO aKCHIOMA-
TU3UPYEMBIX Teopuit. BayKHbIT MOMEHT COCTOMT B TOM UTO, XOTS MNpejjaraeMoe OlpeaeaeHne
HOHSATHSA PEAJTHHOIO TEOPETHKO-MO/ICILHOTO CBOMCTBA UCHOIb3yeT HedopMaabHYIO apryMeHTa-
IO, TEM He MeHee, MoJIydaeMble Pe3yJbTaThl ¢ MCIOJIb30BAHHEM BbIpaskeHHs "Bce peasbHBIE

TEOPETUKO-MOJEeJIbHbIE cBOficTBa" OKA3BIBAIOTCA MATEMATHICCKHA TOYHBIMHA YTBEPKACHUAMU.
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K KITACCUNOPUNKAIINM ®YHKIIMOHAJIBHBIX KJIOHOB
11O ®OPMVYJIBHBIM ITOJAMHO2KECTBAM N TUITAM

AJIEKCAH/IP [IMHYC

Hopocubupckuii I'ocynapcrBennblii Texandeckuii yausepcuret, np. K.Mapkca, 20,
Hosocubupck, 630073, Poccust

B cuiy He Menee ueM KOHTHHYAJIbHOCTH PEIIETOK (PYHKIIMOHAJIBHBIX KJIOHOB HA HE MEHEee
9eM TPEeX3JEeMEHTHBIX MHOYKeCTBax (M, 3HAYUT, HEBO3ZMOYKHOCTH JeTaJbHOrO, momo6HOro I[To-

CTOBCKOMY [IJid CJIy4dad ABYX3JIEMEHTHOI'O MHO2KECTBa, OIIMCAHHA ITHUX peHIeTOK), a TaKZKe B
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CHJIy TOrO, 9TO JiI000# DYHKIMOHAIBHBIN KJIOH F' Ha MHOKecTBe A SIBJISIETCS KJIOHOM T€PMaJib-
ubix byuknuii T'(Ap) mia yausepcanbhoii anrebpsl Ap =< A; F' >, npecTaBiasgercs J0BOIbHO
eCTeCTBEHHOIl MONBITKA KJIaccu(pUKAIUU KJIOHOB I’ Ha MHOKecTBe A ¢ MOMOIIBIO ITPON3BOTHBIX
CTPYKTYP aaredp Az, B TOM dncIe aaredpandecKux 1 JJOIHIeCKUX reoMeTpuit u 6yJIeBbIX aaredp
GOPMYJIBHBIX HOJAMHOXKECTB ITUX AJIredp.

Kunonww, Fy, F, na muokectBe A HazoBeM aseebpautecku sxeusasenmuoimu (Fy ~qq Fo ),
ecJId COBIAJAIOT asrebpamdeckue reoMeTpun anredp Ap u Ag, (1. €. cOBOKyIHOCTH asrebpande-
CKUX MHOYKECTB 9THX ajre0p, onpejesieHue ¢M., K upumepy, B [1]). Kaonw Fy, Fy na A HazoBem
L-nozunecku sxeusarenmuvimy (Fy ~oq Fy ), ecn coBnagator 0ysieBsl airebpbl 0CKBAHTOPHO
dopmynbabIx MHOKeCTB aaredp Ap, u Ap,. Kaonw Fy, Fy na A nazoBeM asemenmapHo IK6U6a-
aewmuvoimu (F) ~ Fy ), ecim cOBOAIa0T UX JIOTHYecKre reoMeTpun (CM. [2]), T.e. COBOKYIHOCTH
MHOKeCTB ayreop Ap u Ap, BHJIEIAEMBIX B HUX € TIOMOIIBIO 3JI€MEHTAPHBIX TUIIOB.

Yepes PCT(F), CT(F), ECT(F) o6o31auum, COOTBETCTBEHHO, (DYHKIIMOHAIBHBIE KJIOHBI
MO3UTHBHO YCJIOBHO TEPMAJILHBIX, YCJIOBHO T€PMAJBHBIX, 3JEMEHTAPHO YCAOBHO TEPMaIbHBIX
dbyuKImii agrebpsl (ompeeneHus M., K mpumepy, B [3]).

Nmeet mecTO

TEOPEMA. /Lis 1106010 KOHEYHOIo MHOXKecTBa A u 100010 KioHa F' Ha A:

a) F' ~qy PCT(F);

0) F ~jog CT(F); B) F ~ ECT(F).

Yepes F4 0603HAIMM COBOKYIHOCTD BCeX (DYHKIIMOHAJIBHBIX KJIOHOB HA MHOXKECTBe A.

CJIEACTBUE. [lna mwoboro xoneuxnoro mMuoxecrBa A daxrop-muoxecTBa Fa/ ~gyq,
F4/ ~iog, Fa/ ~ KOHEUHBL.

JINTEPATVYPA.

1. 9.10. danusgposa, A.I'.Mscuuxop, B.H.Pemecnennukos. Ajirebpandeckass reoMeTpHsl HaI
anredbpamdeckumu cucremamu.- 13-so CO PAH, HoBocubupcek, 2016.

2. B.Plotkin, Unitiped algebras, Proc.of the Steklov Institut of Math., v.278, Ne1,2012,p.91-
115.

3. A.I'.Iluryc. YcaoBHBIE TEPMbI U UX IIPUJIOXKEHNUS B ajaredpe U TEOPUHU BbIYUCIeHHIT.- YcIre-
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ABTOMOP®U3M IIOJIEI XAPAKTEPOB
IMIPEJCTABJIEHN KOHEYHBIX I'PVIIII

A.M. Ilonosa, E.B. I'paues

Hopocubupckuit I'ocynapcrBennplii Texamdeckuii yausepeuret, p. K.Mapkca, 20,
Hosocubupck, 630073, Poccust

E-mail: ampopova@ngs.ru

Bormpoc 06 apromopduzmax moJieit xapakTepoB MpeICTaBJIeHUT KOHEYHBIX TPYII, KOTOPHIi
paccMaTpuBaercd B JAHHOH paboTe BOZHUKAET B CBA3H € U3Y4YEHHEM aBTOMOP(U3MOB HEJIOUNC-
JICHHBIX TPYIIIOBBLIX KOJIEI KOHEUHBIX TPy Mbl m3y4aeM 5T aBTOMOP(MU3MEL ¢ IOMOIILIO TEO-
pHU IpeCTaBIeHuil, a IMEeHHO, 0T Kosiblia Z G nepexonum K uzomophuomy koabiy Z[R(G)], rae
R(G) — nmpaBoe peryJsipHoe MaTpUIHOE TIpeICTaBIeHne KoHeaHoit rpymnsl G = {e, g2, - , g}
Ecmu T1(G), - ,Ts(G) — BCe HEIpUBOAMMbIC HEIKBUBAJCHTHBIE mpeicTaBienus (G, TO, Kak

! UMEIOT KJIeTOYHO-

M3BECTHO cymecTByeT Takasg Marpura t € GL,(C), aro marpunsl (R(G))
JHArOHAJBHBI BHJI, B KOTOPBIH KaKaoe npejcrapienue T;(G) BXOAUT DOBHO n; pas, Lie n; -
cTerneHb 3TOro npejcrapienns. Ecin x; xapakrep npeacrasienns T;(G), Q(x;) — moJe xapak-
Tepa i, T € Aut(Q(x;)), 7 — mpomoazkenue T 10 apromopdusmMa noss npeicrasienus T;(G),
10 Ha anrebpe Q[Ty(G)] Moxmo ompeaemnts aproMopdusm 7 mo mpasmay 7' ((a;)) = (az;)

st kosbiia Z[(R(G))"] cymectBytor aBroMopdusMbl, KOTOpble MPEACTABISIOT 060 KOM-
MOSHIUI T/ 0 g, TIE Py — COMPSIZKEHIe HeKOTOPoii equmuteil s anre6ps Q[(R(G))!]. Bosmukaer
ecTecTBeHHBI Borpoc: st Joboro g 7 € Aut(Q(x;)) Haiigercs Takas MATPUIA S, YTO KOM-
nosumus 7/ 0 p, sBAsieTcs: aproMopdumom xombia Z[(R(G))H?

HeoBX0IuMBIM YCJIOBHEM CYITECTBOBAHUS § SIBJISIETCsI YCJIOBHE COBIAIEHUS () - aareGp

QR(G))Y] = Q[(R(G))")”]. Ecan i anrebpsi copuajaior n R(G) — Jesoe peryisapHoe

npejcrapienne rpymnmnsl G, To ajs awoboro g; € G,i = 1,--- | n cupaBeINBO MPEICTABICHUE
P P P
L(gi) = — Ri(e) + = Ri(g2) + - + = Ri(gn)
Q1 QQ qn
Teopema.

Ecmn Q[(R(G))Y] = Q(R(G)))™], ro sua agaunoro T € Aut(Q(x:)) cymecrsyer enmn-
a s amrebper Q[(R(G))!| rakas, 910 KOMIO3HIHS T' © P, ABIAETCS ABTOMOPMH3ZMOM KOTBIA

Z[(R(G))!] rorga u TopKko TOrAa, KOIJa BBIIOJHSIIOTCS Cegyionme ycjaous. CylecTByeT Bek-

rop u = (U1, ,Uy,) € Z™ 1aKoi, 410
Dul(g;) € Z™i=1,--- ,n;
2) Bekroper uR(g;), gi € G,i = 1,--- ,n JauHeHHO HE3ABHCHMBI

JlaHHBIH TOIXO0/1 IPUMEHUM JIJIS TeJOUHCICHHOIO TPYIIIOBOTO KOJIbIA ZA,.
NzBectHo, aro rpynmna A, nmeer 4 HEMPUBOAMMBIX HEIKBUBAJTEHTHBIX MDEICTABICHUS, 3

OJTHOMEPHBIX U 1 TpexmepHoe.
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Iyrs t; = (R((123)))", t2 = (R((12)(34)))" - MaTpuuHble NpPEACTABICHUS MOPOXKJIAIONINX
rpyunsl Ay.

O6o3HAYUM MATPUILBI PE/LYIIMPOBAHHOIO peryasgproro npejacrasienus (R(g;))! vepes R/ (g;).

[TomeiicTByeM Ha 3T MaTpuibl aBToMopdusMoM noas xapakrepa 7 (7(ws) = w3). 3mech

w3 = —% + Z\/Tg nepBOOOpa3HbIil KOpeHb TpeTheil crenenn n3 eauauiipl. O003HaYNM

(R'(9:))" = R"(g:). Ilycts R"(g;) = Zlain/(gj)a rae o;; € Q. Torma L(g;) = Zloéinl(gj)-
J= J=

B namewm cayuae L(ty) =

o O O = O O O o o o o o
o O O O = O O o o o o o
_ o O O O O O o o o o o
S =B O O O O O o o o o o

o O O O O o o o = o o o
O O O O O O = O o o o o

S O O O O O o o o o +—~= o
S O O O O O o o o o o =
o O O O O O O = O O o o
o O O O O = O O O o o o
o O O O O O o o o = o o
o O = O O O o o o o o o

—~
—
N
SN—
>J>|| 4>|| 4>||
O O wim e el Ble e Ble Bl ne o ©
.J>|| 4>|| .J>||
O O R = s =W - o O
.J>|| u>-|| .J>||
O o ek ek alm Bl ae s BleBE o o
u>|| »&l' .J>||
O O B = R W = — = o O

I || ||
I R U O Bl O O O Al ale
| || |\
UL (R RO ol o o o ek e
| || |\
I (R 1 o Fle o o o ek ae
NIRN| |
e T R R R N e e I I SIS S FFNT
u>| | »l | u>| ‘
T N L e Y e S T B e B SN TS
NIRESK N[
— ) () O R O R R R W —
e O O O kik O Rl ale we Sl B
NGOV ) () (e BN T e TN N TN [ —

Haiigem resiouncaeHusiit BEKTOD 4, Takoil 4T00BI Bee BEKTOPHI UL (g;) ObLIN [eI09NCIeHHbI-
vu. Ilyers w = (ug, -+, uy,), Toraa Boraucaum s = uiRy(e) + uaRy(g2) + -+ - + un Ry(gn). Ecau

MaTpuna s obparuma u Bce Matpunbl (L(g;))® mesodncaentse, TO 3a/1a4a pereHa.

B namem caygae u = (0,0,0,1,1,0,0,0,3,3,0,2) u
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""lo11011032010
100011100132
2311010007101
321100011010
111200310100
112131001000

Jlerko mpoBeputh, uro s obparuma u Bce Marpunbl (L(g;))® menouncienusie. Tem caMbiv
MBI MOKA3aJH, 9TO JIIsi aBTOMOpdU3MA T MOJs XapaKkTepa Yo IPYIIBl Ay CYIIECTBYET €JInHY-
na s anre6psr Q[(R(A4))"], Takas aro KOMIO3UIHUS T O @ ABAAETCA ABTOMOP(MHU3IMOM KOJIBIA
Z(R(A4))'].

A rak kak Aut(Q(x2)) = {m = id, 7o = 7}, 10 A1 KOJIBIA Z Ay IpeioKeHHAsT PAKTOPHU-

3alUd CIpaBeIInBa.

O JIOKAJIBHO KOHEYHBIX I'PVYIIIIAX OTPAHNUYEHHOU
c-PASMEPHOCTU N I'MIIOTE3E BOPOBUKA-XYXPO

JTAHNJTA PEBUH

Hucruryr maremarnkn nm. C.J1.Cobosresa CO PAH, np. Akax. Komrora, 4, HoBocubupck,
630090, Poccust

E-mail: revin@math.nsc.ru

Crenys A. Mscuukoy u I1. Illymsikomy [3], HA30BEM C-paszmeprocmvio TPYNIBL BBICOTY
ee peeTKH MeHTPATH3aTOPOB, T. €. MAKCUMAIbHYIO JTHHY HEMH BJIOXKEHHBIX TEeHTPATN3aTOPOB
IIOJIMHOYKECTB B 3TO# rpyIIre.

PaccmarpuBatoTes rpynibl KOHETHOH C-pa3MepHOCTH. ZICHO, 9TO TaKHe IPYIIIbI, SIBISIOTCI
Me-epynnamu, T. e. yIOBIETBOPSIIOT YCJIOBAIO MEHHEMAJIBHOCTH JIJId IeHTPAJIn3aToOpoB. P. Bpaii-
anT u B. Xaptiu [2| mokazasu, 9To KaxKas MepuojnIecKas JOKAJIbHO paspernnmMast M o-rpyna
G paspemuMa u SBJISIETCA “HUJIBIOTEHTHOW-HA-a0eIeBy-Ha-KOHEYHYIO TPYIIOH, T. €. padukan

Xupwa—ITaomruna (Hanbosbinas JOKAJILHO HUJIBIOTEHTHAs HOpMaJbHasg noarpynna) F(G)

Pabora sblnosnnena npu dunancosoii noguepxke Poccuiickoro nayunoro gounga (upoekr 14-21-00065).
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rpyuiibl G Husiborenten u dakroprpyuna G/F(G) cogepxur abejieBy HOAIPYIILY HOJAIPYI-
Iy KOHEYHOTO HHJjeKca (3Ty abeseBy HOArPYIIY MOXKHO CYUTATh HOPMAJBHOMN: ecan rpynma X
COZEPZKUT MOArPYyIIy Y KOHEYHOI'O HMHIEKCA 1M, TO Y COMEpKUT HMOArPYIILY /Z, HOPMaJIbHYIO B
G u rakywo, uro |G : Z| < m!). Eciu orpaHUYATHCs TPYINAME KOHETHON C-pa3MEPHOCTH, TO
eCTECTBEHHO CHPOCHTH, MOXKHO JIM OIPAHHYUTH (DYHKIMEH OT -Pa3MEPHOCTH &) CTYIEHb Pa3pe-
MIUMOCTH ¥ 0) MHHUMAJbHBI MHIEKC abesieBoii-Ha-HUIbIoTeHTHY0 Toarpynnbi! E.Xyxpo [4]
OKa3aJI, 9TO OTBET Ha IEPBbIi BOIPOC “a”, a Ha BTOPO# — XOTd OTBET “HeT”, HO (DAKTOPIPYIIIIA
o Bropomy paaukany Fy(G) Xupma-ILtorkuma — noanomy npoobpasy F(G/F(G)) — comep-
JKUT MOAIPYIILY, HHJEKC KOTOPOR orpanndeH gpyuknueil or c-pazmeproctu rpyunst G. YciaoBue
JIOKATHHON Pa3penmMOCTH CYIIECTBEHHO: ¢-Pa3MepHOCTh NpocThix rpynn G = PSLy(q) pas-
Ha 2, B TO BpeMsd KaK WHJEKC eMHCTBeHHOH (paBHOi 1) abeseBoil HOpMAJBHON MOATPYIIbL B

G/F3(G) = G ckoJb YroJHO BeJIUK MPHU MOAXOJAIIEM BBIGODE ¢.

B sroii ke pabore Xyxpo [4] npusenena Bbickazannast A.BopoBukom:

I'mnore3za Boposuka—Xyxpo. CymecrByer ¢pyukmnus f : N — N co craeayommm cBoii-
crBoM. Ilycrs G — JIOKaJIbHO KOHEYHAs IPYIIIIbI c-pasmMepaocTa k € N u S — mosiHblii mpoobpas
B G o6obmenroit moarpynusl Purruara rpynner G/ F(G). Torga daxroprpynma G /S conepxut

abejieBy MOATpyIIly HHeKca, He npepocxosaniero f(k).

Hanomuum, 9o obobusennas nodepynna Pummunea rpynnsl G — 3TO MPOU3BEICHUE pa-
jukajaa Xupma—Iiorkuna F(G) va 1 1. caol E(G) rpyuubl G — HOAIPyIiiLy, HOPOXKIEHHYIO
BCEMU CyOHOPMAJBHBIMU KBA3UITPOCTHIMI MOATPYIIIIAME, & K6a3Uunpocmoli Ha3bIiBAETCs IPYIITA,

COBIIQ/IAIONIAS CO CBOMM KOMMYTAHTOM M KOTOPO# (haKTOPIPyIIa IO MeHTPY IPOCTa.

Mpbi cTpouM KOHTPIIPUMED K TUnoTe3e BbopoBuka—Xyxpo, HO JOKa3bIBaeM, 4TO JIjI KOHEY-

HBIX I'DYIII BBIIIOJIHEH €€ oca0JeHHBIH aHAJIOT:

Teopema.

Cymectpyer ¢pyaknust [ : N — N co caexyrommm cotictBom. Ilycts G — KoHeYHas rpymia
c-pasmepuoctu k. Ionoxum G = G/F3(G). Torua rpymua G/E(G) coxep:xur abesesy 1os-

rpynmy uHjgekca, He npesocxojsiero f(k).

ITocTpoenne KOHTPHPUMEPA ONMUPAETCST HA TEOPETUKO-UNCJIOBOMH pe3yabTaT PaboThl [1]: JIsT
HeCKOHeIHO MHOTHX HPOCTBIX YHCeJ p pasHOCTh p° — 1 umeer He 6osiee 21 IpOCTOro e HTeIs.
DTo yTBEP:KICHNE TECHO CBSI3aHO ¢ U3BeCTHOH runoresoii JI.[Iukcona [3| o muneiinbix dhopmax,
KOTOpAasi, B CBOIO o4uepeib, 06001maeT TeopeMy Jupux/ie 0 IPpOCTHIX 9HuCaaX B apudMeTndecKoit

IPOTPECCHY, TUTIOTE3Y OJN3HEIOB, runoTe3y o npocthix dnciaax Codu ZKepmen u psig Apyrux.

Pesysnbrarer mosydens B coaBropetse ¢ A.ByTyprakuabiM u A.BacuibeBbim.
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OB OIITUMU3AIINM YMHO>KEHUN TOYKN HA
SQJIJINTIITNYECKON KPUBOU

KAVICAP TYJIEHBAEB®, VJI?KAH OCITAHOBA®
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DJLIUNTHYIeCKas Kpunrorpadusa — pasaea KpunTorpadnn, KOTOPhIi n3ydaeT acCiMMeTPHd-
HbI€ KPUIITOCUCTEMBI, OCHOBAHHBIE HA JIIUNTAICCKUX KPUBBIX HAJ[ KOHEUHBIMHE ITOJIsIMH. OCHOB-
HOE HIPEUMYIIeCTBO SINITHIECKOR KPUOTOrPadpUN 3aKII0YAeTCS B TOM, UTO Ha CerOIHATTHUR
JIeHb He M3BECTHO CYIIECTBOBAHUE CYyOIKCIIOHEHINAIbHBIX AJIOPATMOB PEIleHus 3aa9n IHC-
KpeTHoro jorapudmupoBanus. cnosmp3oBanne SIIANTHYECKAX KPUBBIX JIJI CO3TaHUS KPUII-
TocucTeM ObLIO He3aBHCUMO mpe/iozkeHo Humom Kobmaumem (anri.) u Bukropom Musiepom
(arr.) B 1985 romy. Ocobelit mHTepec K Kpunrorpadui IHITHIECKAX KPUBBIX 00YCJIOBIEH
TeMHU IIPEUMYIIECTBAMEI, KOTOPBIE JaeT e€ IpuMeHeHne B OeCIIPOBOAHBIX KOMMYHHKAIAAX - BbI-
cokoe GpICTpOJIeiicTBIe U HebosbIast aauHa Kioda.|1| Acumverpuanas kpuntorpadus ocHO-
BaHa HA CJI0KHOCTH PEIIeHHs HEKOTOPHIX MaTeMaTHYeCKHX 3a7ad. PaHHHE KPUITOCHCTEMBI C
OTKPBITHIM KJIIOUOM, TaKne Kak aaroput™m RSA, kpunrocToilky 061arogapst ToMy, 9TO CJIOXKHO
PA3JI0KUTH COCTABHOE YHCJIO0 HA NMPOCThIe MHOKHATEIU. [Ipu MCIoIb30BaHUH AJNOPUTMOB HA
THNITAYECKAX KPUBBIX MOJIArAeTCs, 9TO HE CYIIECTBYET CYOSKCIOHEHIIMAJIhHBIX aJrOPUTMOB

JIJI pellleHus 3aJ1a49i JUCKPETHOrO JIOrapu(PMHUPOBAHUA B IPYIIIAX X TOYEK.
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Apudmernyeckue onepanuu ¢ TOYKAMU HA JUIMIITHIECKONH KPUBOIT HE SKBUBAJICHTHBI YTHM
apudMETHUYECKUM ONEPALUAM C UX KOOpAuHATaMu. TOYKM 3/IMNTHIECKON KPUBOH HAJI KOHEU-
HBIM II0JIEM IIPEJICTABJIAIOT COOOM IpyIILy. YMHOKEHHE CBOJUTCH K MHOIOKDATHBIM Y/IBOEHUIO
U CyMMHUPOBaHUIO|2].

Haupumep, G + G # 2G (310 pasnbie onepanun), 2G + 215 = 2115¢ L 9 (cymmuposanue

KOMMYTATHBHO);

2G=2-G;4G =2-2G;8G =2-4G;16 -G =2-8G , u 1. 1. (1151 ABYX OJMHAKOBBIX TOUYEK

- TOJIBKO OLIepPAIHsl YABOCHHUS );

25- ;25 = 11001 (in binary); 25 =1-2°+0-2' +0-22+1-23+1-2* = 1+ 8+ 16;25G =
16G+8G+G=1-2YG+2-(23)G + 1 -G (onepanus cymMMHpOBaHUA).

24G/3G = 24G - (3G™'modP);5G — 3G = 5G + (3G~'modP); 3G 'modP - modular

multiplicative inverse.

HyCTb — JJUIMIITUYCCKaA KpuBasgd OllpeJe/ieHHad Ha/l KOH€YHbIM I10JIEM Fq 1 — TOYKa HaA
Geckoneanoctu|3|. Pacemorpum sumomopdusm ¢ : — | yaosaersopsitonuiit o(O) = O Mbr Ha-

xoxuM npeacrasienne kG = k1G + koy(G), 910 M03BOIAET YIYUIIATH AJTOPUTM eI POBKH.
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C HOMOIIBIO BBEJEHHBIX OMpPeJIeTeHIH HOHCOHOBCKUX MHOZKECTB [1], MBI CMOYXKeM TepeHecTr
MHOT'O CBOUCTB JJid HOHCOHOBCKUX TEOPUN HA MPOU3BOJIbHBIE MOIMHOXKECTBA CEMAHTUYECKON
MoJiesin. MBI TOBODHM, UTO J[Ba fIOHCOHOBCKHX MHOYKECTBA (9KBUBATEHTHO CEMAHTHYECKH, Ka-
TEropuYHbI ), COOTBETCTBEHHO, ecJin OyayT (IOHCOHOBCKH SKBUBAJIEHTHO KOCEMAHTHUIHbI, KaTe-
TOPUYHBI, CHHTAKCHIECKH TTOOOHBI, CeMAHTHYECKH MOJTOOHBI U T.1T.) MOJEISMH, KOTOPBIe MOJTY-
HalOTCd TIPUA COOTBETCTBYIONIEM 3aMBIKAHUU ITUX MHOMKECTB.

Pacemorpum, HamprMep, KOCEMaHTUYHOCTD. /I[Ba HOHCOHOBCKUX MHOYKECTBA KOCEMAHTHIHBI,
€CJI1 OHU KOCEMAHTUYHbI, €CJIM COOTBETCTBYIOIIME 3aMbIKaHUE, U T. JI.

CaMbIM WHBapUAHTHBIM IOHATHEM SIBJISIETCS CUHTAKCHUIeCKOe MoI00ue Teopuii, T.K. OHO CO-
XpaHdeT BCe CBOHCTBa pacCcMaTpUBaeMblX TEOPU.

Jlng coydas HOHCOHOBCKHX MHOYKECTB, MBI ONPEETUM CHHTAKCHIECKOe TOJ00HMe CJIey-
oM obpazom: JIsa (asrebpamdecknx) HOHCOHOBCKHX MHOYKECTBA CHHTAKCHYIECKH MOTOOHBI
MeZKJIy €O00#, ec/ii CHHTAKCUYECKH IOJO00HBI OY/IyT 3/IeMEeHTapHble TEOPUH UX COOTBECTBYIO-
IMUX 3aMBIKAHNIIA.

Eciu V3-cireicTBUS 9THX 3/1eMEHTApHBIX TeOpHUil OYyIyT jJaBaTh HOHCOHOBCKHE TEOPUHU, TO B
9TOM CJIYYae Mbl CMOXKEM PACCMOTPETh UX HOHCOHOBCKOE CHHTAKCHYECKOe I0I00He, T.e., B CHIY
WHBAPUAHTHOCTUA CEMAaHTUYECKONH MOJIE/IM HAllle OlpeleJeHne KOPPEKTHO.

Ha ocrnoBanuu BhIIIEyKa3aHHBIX OIIPeaeIeHUl MbI MOYKEM C(POPMYJIIPOBATE CJIIYIOIIIE TEO-
peMBIL.

Teopema 1

Ilyctp TMX1 u TMX2 ¢parMeHTBI COOTBETCTBEHHO HOHCOHOBCKHX MHOXKecTB X1, X5, coBep-
IMEHHOH BBITYKJIOH 9K3UCTEHINAIBHON TPOCTOH HoucoHoBCckoi Tteopun . Ilpmaem C ceman-

THYeCKast MOJeJIb TMxl,CQ ceMaHTHYeCKas MOJeJIb TMX2 . Toryta 5KBUBAJIEHTHBI CJIEJLYIOIIHE

YCJIOBHSI:
1. Ci > <;0y;
2. C1 =50y
3. Cy =5 Cs.

Teopema 2
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Iycrs Mx, u Mx,- 9K3uCTeHIHAJIbHO 3aMKHY ThI€ [I0JIMOJ[e/IN CeMaHTHIeCKOH MOJIeJIH COBEP-
MMeHHOH BBITTYKJIOH 3K3UCTEHITHAIBHON IPOCTOlH HOHCOHOBCKOH Teopun . X1, Xo -HHOHCOHOBCKHE

MHOKECTBa B 3TOH Teopun . TOF,ﬂa 9KBHUBaJICHTHbI CJEAYIOHIHEC YC/IOBHA:
1. ]\4)(1 > <]JMX2,‘
2. VH(M)Q) > <]JV3(MX2>.

Bcee Heollpede/JeHHbIe B JaHHOM Te3ucCe IOHATHA U, CBA3aHHbIe ¢ HUMH, OllpeJeJIeHuAd MO2KHO

Haiitu B [1].
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ON SINGULAR POINTS OF THE NORMALIZED RICCI

FLOW
ON SPECIAL GENERALIZED WALLACH SPACES
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We will discuss some properties of the normalized Ricci flow equation
g = —2Ricg +2n"'g(t)S,, (1)

studied in [2—4] for one special class of Riemannian manifolds M™ called generalized Wallach
spaces (see [5| and references therein for definitions and details), where Ricg and Sg are the
Ricci tensor and the scalar curvature of the Riemannian metric g respectively. Consider the case
a; = as = az := a € (0,1/2) of generalized Wallach spaces (in general they are characterized
by a triple (aj,as,a3) € (0,1/2]® of real parameters). The system (1) can be reduced to the

following system of ODE’s observing that xyzox3 = 1 is its first integral (see |4] for details):

T = 2125 202t —2—2ax, (23:%—:173—%_%2_2), Ty = w125 —2— 207, (ng—xf—mﬁa;;?),

(2)

The project was supported by Grant 1452/GF4 of MES of the Republic of Kazakhstan.
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where x; > 0 are parameters of the metric g. Using the scale invariant variables w; := i—i’ and

wy = £ we obtained in [3] the following more convenient system
Z2

wy = (wy — 1) (w1 — 20wiwy — 2aws), 1wy = (wy — 1)(we — 2awwy — 2awy). (3)

Clearly there exists a homeomorphism (z1, z2) — (w1, ws) := (z7 23", 27 237), which provides

topological equivalence of phase portraits of the systems (2) and (3) for every fixed value of
the parameter a (see [2]). In the present talk we will discuss some results obtained in [1-3]: the
system (3) admits four non-degenerate singular points (Einstein metrics) at a € (0,1/2)\{1/4}:
three of them are saddles Ey := (q,1), Ey := (1,q), F5:= (¢, ¢ '), and one is an unstable node
Ey := (1,1), where q := 2a(1 — 2a)™'; at a = 1/4 the system (3) has a unique singular point
Ey which is a degenerate saddle of the linearly zero type with six hyperbolic sectors around it.
The value a = 1/4 is also interesting from the point of view of algebraic geometry: the point
(1/4,1/4,1/4) is an elliptic umbilic (in the sense of Darboux) or a point of the type D, (in
the terminology of V. Arnold) of a specific surface Q := {(ay, as,a3) € R? | Q(a1,as,a3) = 0}
introduced in [4] as a tool of studying degenerate singular points of (1) on generalized Wallach
spaces, where (a1, as,a3) is a symmetric polynomial of degree 12 in the variables aj, as, as.
The structures of the sets (0,1/2]> N Q and (0,1/2]% \ Q were studied in [1].
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CONSERVATIVE EXTENSIONS OF A MODEL OF
DEPENDENT THEORY

BEKTUR BAIZHANOV

Institute of mathematics and mathematical modeling, Pushkin street 125, Almaty, 050010,
Republic of Kazakhstan

E-mail: baizhanov@math.kz

Type p € S(A), AC M =T is called to be definable, if for any formula ¢(z,y) there exists
formula v, (7, a),a € A, called ¢-definition of p, such that Vb € A,

[p(z,0) € p & M |= 1, (b,a)].

Let M < N, we say that N is n-conservative extension if for any & € N \ M,l(a) = n,
tp(a/M) is definable and we denote it by M <, . N. M <. N, N is conservative extension of
M, if M <, N,Vn < w.

Theorem. [S. Shelah [7]| Let T be a complete theory. T is stable iff for any A C M =T,
any type p € S(A) is definable.

So, for any model M of a stable theory any elementary extension of M is conservative.

However, there exist non-stable theory with a model having only conservative elementary
extensions.

Theorem. [L. Van den Dries [2|] For ordered field of all real numbers R = (R;=,<
,+,%,—,0,1) any type over R is definable i.e. any elementary extension of R is conservative.

D. Marker and Ch. Steinhorn strengthened this result for the class of o-minimal theories
and as corollary obtained L. Van den Dries Theorem.

Theorem. [Marker-Steinhorn[3]; A. Pillay[4]] Let M < N = T, be a pair of models of
o-minimal theory. Then M <. N ift M <. N.

For the class of weakly o-minimal theories this property is not true.

Theorem. [B. Baizhanov [5]] There exists a weakly o-minimal theory having pair of models
such that: M <. N and M A, N.

An analysis of proofs of the Marker-Steinhorn, Pillay and the nature of the counter-example
leads to the fact that the main role here is played by the interaction of different types, which is
expressed through the concept of weak orthogonality of two types [Shelah, 1978]. Let p(Z), ¢(7)
be two types from S(A), A be a subset of a model of complete theory. Then p is weakly
orthogonal to ¢ (p L q), if p(Z U q(y) is (I(Z) + I(7))-complete type.

Theorem 1. [Main theorem| Let M < N = T, T be a weakly o-minimal theory, & €
N\ M. Then tp(a/M) is definable iff for any irrational one-type q € S1(M) tp(a/M) L™ q, or

Research supported by the grant 5125/GF4 of the Ministry of Education and Science of Republic of
Kazakhstan.
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equivalently, tp(a/M) is non-definable iff there exists irrational one-type q € S1(M) such that
tp(a/M) L q.

Theorem. [B. Baizhanov [3]] Let M be a model of a weakly o-minimal theory. Any expansion
of M by family of convex unary predicates has weakly o-minimal theory.

It follows from Theorem 1 and theorem of Baizhanov [3] on expansion by convex predicate

Corollary 1. (Analogue of Theorem of L.van den Dries for weakly o-minimal theory) Let
M be a model of weakly o-minimal theory. There is a weakly o-minimal expansion M™ of M
by family of convex unary predicate such that any elementary extension of M is conservative.

For any complete 1-type p € S;(A) over set A of ordered complete theory there is a partial
subtype of p® C p containing only convex 1-formulas from p. Denote by S, the following set
{q € S1(A) : ¢¢ = p°}. An ordered theory is called to be ordered stable in \, if for any A
such that the cardinality of A is equal to A, for any 1-type p € S;(A) the cardinality of Sy, is
less or equal to A\. An ordered theory is ordered stable (o-stable) if it is stable in some A. The
o-minimal, weakly o-minimal, quasi o-minimal theoris are o-stable and any o-stable theory has
not independent property [2].

Theorem. [Baizhanov-Verbovskiy [8]] Let T be an o-stable theory, p € S1(A), A be an
definable set. Then p € S1(A) is definable iff p° € S{(A) is definable.

We don’t know is it true for arbitrary non-definable A. For special case we have

Theorem 2. Let T be an o-stable theory M < N =T ,a € N\ M such that tp(a/M) is
definable. Then for any p € S(M U @) the following is true: p is definable iff p© € S{(M U &) is
definable.

Corollary 2. Let T be an o-stable theory. Let M < N |=T,&a € N\ M then tp(a/M) is
non-definable iff there exists irrational one-type q € S;(M) such that tp(a/M) L¥ q.

Theorem. [V.Verbovskiy [9] | Let M be a model of o-stable theory, any expansion of M by
family of convex unary predicates has o-stable theory.

By Theorems 1,2 and Theorem of V.Verbovskiy we have

Corollary 3 [Analogue of Theorem of L. van den Dries for o-stable theory| Let M be a
model of o-stable theory. There is an o-stable expansion M™ of M by family of convex unary
predicate such that any elementary extension of M™ is conservative.

Corollary 4 [Corollary of proof of Main Theorem and Corollary 2| let M < N |= T, be
a pair of models of o-stable theory. If for any 1-types from S{(A) the property non-weakly
orthogonality (L") coincide with non-almost orthogonality ()) then [M <, . N < M <. NJ.

The coincidence of two notions (non-weakly and non-almost orthogonality)is true for o-
minimal theory and consequently, Theorem of Marker-Steinhorn-Pilay is corollary of Main
Theorem. Such coincidence is true for quasi o-minimal theory.

Corollary 5 [Analogue of Theorem of Marker-Steinhorn for quasi o-minimal theory|

Let M < N [= T, be a pair of models of quasi o-minimal theory. Then M <. N iff
M <. N.
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In the report we consider small countable theories with an (-definable relation of linear
order.

A complete countable theory T is called small if ||, ., Sn(T)| = w, where S,(T) is the set
of all n-types over (). A complete countable theory T has a few number of countable models if
the number of countable non-isomorphic models (T, w) is less than 2¢.

We give a notion of a formula quasi-successor and consider the following theorem.

Theorem. Let M be a countable saturated model of a small theory T with an ()-definable
relation of a linear order. Let A be a finite subset of N, ¢(x,y) be an A-definable quasi-successor

on a type p(x) € S1(A). Then T has 2% countable non-isomorphic models.

Let A be a subset of a countable saturated model 91 of a small linearly ordered theory T
Denote by Ry4 the set of all A-definable 1-formulas ¢(z,a), such that 2 = Jy(p(N,a) < y)}.
For formulas ¢ and ¢ € R4 put

[0 <r ¥ = $(N)" Co(N)T];

[0~ b = H(N)T = ¢(N)T];
and denote ¢/ ~,.:= {O € R4|O ~, ¢}, Ra/ ~p:={¢/ ~, |¢ € Ra}. And let L be a set of
formulas ¢(z,a) with 9 = Jy(y < ¢(N,a)). Relations on this set are defined analogically to
the relations on R4.

Proposition. Let T" be a small ordered theory, A be a finite subset of a model of T'. Then
(Ra/ ~r; <) and (La/ ~;<;) do not contain dense intervals.

Let A be a finite subset of a countable saturated model 0, and H(x) and ©(x) be A-definable
1-formulas such that H(N) C O(N).

Denote Egeo(z,y) = H@x)ANHy) ANz <y —=>Vz(zr <z2<yAO(z)) > H2))AN(y <z —
Vz((ly <z <2 AO(2)) - H(2)). Ene(x,y) is an A-definable relation of equivalence on H (V)
such that any Ey e-class is convex in ©(N).

We say that an ordered theory T has the property of finiteness of discrete chains convex
equivalences (FDCCE) if for every two one-formulas H(z) and ©(x) such that H(N) C O(N),
for any k (1 < k < w) every discrete chain of convex Ep o-classes is finite.

The following is a corollary of the first theorem.

Corollary. If T' is a complete ordered theory with a few number of countable models then
T has the FDCCE property.

We say that the set of A-definable one-formulas C' C Fj(A) is a BH — algebra if it is closed
under the following logical operations: A, =, V, <t (0 <i < k,1 < k < w).

Theorem. Let T be a small ordered theory with FDCCE, A be a finite subset of a countable
saturated model N of the theory T. Then for every finite set of A-definable one-formulas
{p1(x),...,¢n(2)}, n < w the BH-algebra generated by this set is finite.

Theorem. Let T be a small theory of a pure order. Then T is w-categorical if and only if
T has FDCCE.
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Corollary. Let T' be a non-w-categorical small theory of a pure order. Then there is an
()-definable 1-formula ¢(x) such that for some elements o, 5 € ¢(N) (o < ), (a, 8) N ¢(N) is

an infinite discrete chain.

Corollary. Let T be a countable complete ordered theory in a language L and Ty C T be a
complete theory in a language Lo := {=, <} C L. If Tj) is non-w-categorical then I(T,w) = 2*.

Let p(z) be a type over some subset A C M of a model 9 of a theory 7. An A-definable
formula ©(Z, J1, ¥a, ..., Un, @), @ € A, is said to be p-n-preserving, if for any realizations 3y, fs, ...,
B, of the type p, ©(Z,B1, B2, ..., Bn,a@) F p(Z). A p-n-preserving formula ©(Z, §1, ¥z, .-, Un, @) is
called nontrivial, if for any model M’ = T and any realizations 3, of the type pin M (1 < i < n)
the set o(M', 3y, 3’5, ..., ', @) contains at least one element other than ', 5y, ..., 3,,.

Theorem. Let T be a countable complete theory, p(z) € S(A) be a non-principal type over
a finite subset A C N of a countable saturated model N |= T. If for any n < w any A-definable
p-n-preserving formula ¢(T,§1, Yo, ..., Yn, a) is trivial, then I(T Utp(a/D),w) > w, where a is a

tuple enumerating the set A.

Theorem. Let T' be a small countable complete theory with a dense linear order without
endpoints. If there exists a finite subset A of a countable saturated model M = T and a
non-principal type q(z) € Si(A), such that the set S; = {p € Si1(A)|p® = ¢°} is infinite, and
for any natural n, any A-definable q-n-preserving formula is trivial, then T" has 2* countable

non-isomorphic models.

For a model 9 |= T denote by D(9M) the set of all complete types from S(7") which are
realized in 91. This set is called the finite diagram of .

Theorem. If there is a countable complete theory T with I(T,w) = wy, then there is a finite
diagram D, such that D = D(O;), M; € Mod(T'), i < wy, and all the M; are non-homogeneous.
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EXPANSION OF STABLE THEORIES AND CONDITION OF
TRIVIALITY

SAYAN BAIZHANOV

IMMM KazNU, Almaty, Kazakhstan
E-mail: sayan-5225@mail.ru,

We will show, that any expansion by unary predicate of model of theory satisfying condition
of triviality preserves stability

Set A is called definable, if there exists formula ¢(Z) of signature %, s.t. {b € M|M =
©(b)} = A, this set usually denoted as ¢(M).

Consider a model M = (M, X). Then Mt = (M, ¥ U {P"}) is an expansion of model M.
P™ ¢ % and there is no formula ¢(z,y) such that P"(M) = ¢(M, a) for any a.

DEFINITION. We say that theory T satisfies condition of triviality for algebraic closure if

next conditions holds:

1. For any model M, for any ay,aq,.....,a, € M : acl(ay,as,....;a,) = || acl(a;), M =

|| acl(a;). -

a; €M

2. For any model M, for any a,b € M : Va,b(a € acl(b) <> b € acl(a)).

Research supported by the grant 5125/GF4 of the Ministry of Education and Science of Republic of
Kazakhstan.
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3. For any element a, acl(a) defines model.

Theorem 1. Let T be a stable theory. Then any unary predicate expansion is stable iff T’

satisfy condition of triviality.
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dp-minimal theories covers wide area of NIP theories, including o-minimal and strongly
minimal theories. Exchange principle holds on both of them, the question on if the exchange

lemma holds on dp-minimal theory in general naturally occurs.
2

Definition 1. We say that sequences (a})i<w, (a?)i<w, (a3);<., are mutually indiscernible over

A if each (aF);,, is indiscernible over AU {(a!)icy, : j # k}
Definition 2. A theory has dp-rank > n, if there are formulas
o1(x,y), p2(x,y), ..., on(x,y) and mutually indescernible sequences

n

(a})icw, (a2)icw, -, (@) i<y, such that for any function o : {1,...,n} — w the type

{en(@, agy) - k <n}U{-gi(w,a7) i # o(k), k < n}

is consistent

Theory is said to be dp-minimal if it has dp-rank equal to 1.

Exchange principle. We say, that for a theory 7" exchange principle for algebraic closure
holds if for any model M of T for any X C M a,b € X (a € acl(b)\acl(X) <> b € acl(a)\acl(X))
Proposition: There is a complete theory T, such that it is dp-minimal and exchange

principle fails.

The authors were supported by the grant no. 5125/GF4 of the Ministry of Education and Science of Republic
of Kazakhstan.
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Definition 3. Suppose that M is an L-structure and ¢(v) is an Ljy-formula. We will define
RM () the Morley rank of ¢ in M. First, we inductively define RM;(¢) > « for a an ordinal:

i) RMp(p) > 0 if and only if (M) is non empty;

ii) if « is limit ordinal, then RMy () > « if and only if RMy () > B, for all § < o

iii) for any ordinal ar, RM () > a+1 if and only if there are Lj,-formulas ¢, (0), 19(9), . . .,

such that (M), e(M),... is an infinite family of pairwise disjoint subsets of ¢(M) and
RMp(v;) > « for all i.

Theorem. On the type of the finite Morley rank holds exchange principle.
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ON JACOBSTHAL AND JACOBSTHAL-LUCAS
IDENTITIES WITH MULTINOMIAL COEFFICIENTS
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The Jacobsthal and Jacobsthal-Lucas sequences {J,},>0 and {j,}n>0 are defined by the
recurrence relations J,.1 = J, +2J,-1, Jo = 0, J1 = 1, and juy1 = Jn + 2Jn_1, Jo = 2,
j1 =1, for n > 1. The numbers J,, appear as the integer sequence A001045 from [6] while the
numbers j, is A014551. Jacobsthal and Jacobsthal-Lucas sequences have a rich history and

many remarkable properties (see [1-5] for more details).
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Theorem 1. Let n > 1, except when noted otherwise. The following formulas hold:

N (1) pat) T T = —Fyy,

—1 n—1
S T g, = Y (1+m - (_1—@)

(t1 ..... tn) 2 2
n—1
V5 [ [5- ﬁ 545
> (OGS T = 5 ,
(tl ..... tn)
—1 n—1
5+ \/_ 5—+/13
SETTTRra. ( _(T) |
(t15-.., tn)

>, pn(t)JflJ;Q...Jan—%((1+\/_) -1 \/5)”>,
T t1 7t |
Z <_1) pn(t)Jl ,]3 “'J2n—1 = —5

Yo pal)J I Ty =

Y (V) pa) g T =0, n>3,
Yo v Ty =27 P, n2 3,
> (=) pat) 3 I Sy = =27,
S 0 Ty = Y2 (34 VY - (3 VAP,
S DTS TE Ty = (<2, =2,
Y (0TI T =2 >,
S a0 Ty = 2o (4 VBT (4= VB,
N (D) P I Tl = (=2 (20 + 3),

S () )BT Ty =0, n=3,
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where the summation is over integers t; > 0 satisfying t1 +2to+---+nt, =n, T =t;+---+1,,
pu(t) = W is multinomial coefficient, and F,, is the n-th Fibonacci number (sequence

A000045 in [6]).

Theorem 2. Let n > 1, except when noted otherwise. The following formulas hold:

N \/1_3—11<\/ﬁ—1>”+\/ﬁ+11<—\/ﬁ—1)n

> (=1 pat)iiit gy =

(t1,mmstn) 6v/13 2 6v/13 2
o TVIB—13(3+VIB)  TVIB+13(3- I3\
Z pa()Jo'J1* - dna = 5 5 - 5 5 5
(t1 ..... tn) 6 6
e a 19V13465 (VI3 =3\ 19V13—65( —v/13 -3\
> (U )i g = — : -0 5 ,
(tl ..... tn)

T ity it by 3n (4+ \/5)(\/5)” + (4 - \/§)<_\/§>n
>0 Va0 = (~plE L y ,

> N a0 g = 9D (2= v 2 iv2) ),

P 9(—4)"
> (1) palt)iS g gl = ( 5 ]

ST bt g =22 ((~1)"9 - 1),

> (=) pa(0)i5 e g ==9(=2"", n>2
(tl ----- tn)

where the summation is over integers t; > 0 satisfying t; +2to+---+nt, =n, T =t;+---+1t,,
p(t) = Bttt i — /7T and | o is the floor of a.

tpltp!
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UNIVERSAL ENVELOPING BICOMMUTATIVE ALGEBRAS
FOR METABELIAN LIE ALGEBRAS

ASKAR DZHUMADIL’DAEV®, KAISAR TULENBAEV®, NURLAN ISMAILOV®

Institute of Mathematics and Mathematical Modeling, Pushkin street, 125, Almaty, 050100,
Kazakhstan
E-mail: “tulen75@@hotmail.com

We establish Poincare-Birkhoff-Witt theorem (PBW theorem) for metabelian Lie algebras

and Bicommutative algebras.

Let A = (A, o) be an algebra over field with characteristic p > 0 and A x A — A, (a,b) —

a o b, is product. An algebra (A, o) is called Bicommutative, if

(aob)oc=(aoc)ob(RCom)

ao(boc)=bo(aoc)(LCom)

for any a,b,c € A. We mention that bicommutative algebra over new commutator operation

[a,b] = aob—bo a satisfies the following three equations:

1.[a,b] = —[b, d]
2.[[a, b], c] + [[b, c], a] + [[¢,al],b] =0
3.[[a, b], [e,d]] = 0.

It means bicommutative algebra over new commutator operation is Lie metabelian algebra.

Let us remain that an algebra A is called We use description of linear basis of algebras
metabelian Lie algebras. Let F' = F' < aq,--- ,a, > be free Lie metabelian algebra generating
on free variables aq,--- ,a,. Then linear basis of F' will be the following right-normed products

@iy, i), @iy, -+ - i ] where iq > iy <z <y,

This research is financially supported by grants from the Ministry of Science and Education of the Republic
of Kazakhstan under the grant number 4075/GF4.
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Also we give description of basis of Bicommutative algebra in terms of Young diagrams
of special type, which we call hooks. In Novikov algebras and in bicommutative algebras base
elements can be formed by elements that are right-bracketed products of left-bracketed elements.
To denote such products we will use special notation hook. We write them as a sequence of
rows put down each other. Rows corresponds to left-bracketed elements and columns to right-

bracketed elements. Priority is given for rows. For example,

c d
a(blcd)) = b

a

((ab)eyd= a b ¢ d

d e [ g
((ab)e)(((zy)2)(((de)f)g) = = y =
a b ¢

So, left-bracketed element ((ajas) - --)a, we write as a row
ayp Gz -+ QGp ,

right-bracketed element ay(- - (ap_1a,)---) as a column

Qp—1 Qp

3]
and the following hook
ap, by - b
a1

L(al,...,ak;bl,...,bl):

ai

will denote the element aq (- - - (ax—1 (( - (agby) - - )bl>) -+ +). For example,
L(ar; b1) = aiby,

L(al; bl, ceey bl) = ( . ((albl)bg) s )bl = L(L(al, b1 e 7bl—1); bl),
L(ay, ... a5 b1) = ay(- - - (ag—1(agby)) - -+ ) = L(ay; L(asg, . . ., ag; by)).

Below notation of a form a = b will mean that a = b because of relation "rel".
Also we use another representation of hook as a pair (X,Y) Let us introduce order on

bicommutative monomials. Degree of (X,Y) is equal to sum of degree X and degree Y. We say
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that Z = (X,Y) < Z; = (X1, Y1) if degZ < degZ;. When degZ = degZ; we will compare Y
and Y; as monomials in associative and commutative algebra with deg-lex order.

Theorem 1. Let FF = F < ay,---,a, > be free Lie metabelian algebra and B = B <
x1,--+,x, > be free Bicommutative then mapping ¢ : F — B expanding from generating

elements ¢(a;) = x; is injective homomorphism.

Proof. Let ' = F < ay,---,a, > be free Lie metabelian algebra generating on free
variables aq,---,a,. Then linear basis of F' will be the following right-normed products
[[[@i,, aiy), @i, -+ - 5 ai ] where iy > iy < i3 < ig If we consider free Bicommutative algebra
B =B < xy, -+ ,x, > over new commutator operation and mapping ¢, extending by values

on generators ¢(a;) = x;. It is possible to do because F is free metabelian and algebra (B,[,])
is metabelian. Let us consider homogeneous element of Bicommutative algebra b to be linear
combination of right-normed products [[[x;,, T4, ], i), - -+ , @5, | where i3 > i < i3 < i. Let us
check that b # 0. We choose 7; to be maximum and among such iy to be minimum. We will

open commutators using order on bicommutative monomials
[Hxinxh]v $i3]7 T ’xik] =

= (s, 0 Tiy) 0 wy5) -+ ) 0wy —
—(((ziy oy ) o wiy) -+ ) oy +y

, where y has order smaller then b Element z = (((x;, ox;,) 0x;,) - - - ) oz, can not be deleted by
another element ¢t = (((z;,0x;,)oxj,) -+ )ox;, or an element s = (((z;,0x;,)ox;,) - -+ )ox;, ,where
Jj1 > jo2 < j3 < jg. Because 7; is maximum then j; = i1, so s # x because js < ji. Also x # t,
because iy is minimum and ¢, < i3 < 4. Therefore j, = i, for p > 2. Q. E. D.
Let I be an ideal of free metabelian Lie algebra F. Denote < ¢(I) > an ideal of Bicommutative
algebra B, generated by ¢(7). Also we find that the following lemma is true.
Lemma 1. ¢(I) =< ¢(I) > No(F).
Proof. Let ' = F < aj,---,a, > be free Lie metabelian algebra generating on free
variables aq,---,a,. Then linear basis of F will be the following right-normed products
@iy, i), @iy -+, @i, ] Where i3 > iy < i3 < dg. It is easy to see that ¢(I) C< ¢(I) > Ne(F).
Let us check that phi(l) D< ¢(I) > Ne(F). Suppose element u € ¢p(I) =< ¢(I) > NP(F). So
because u € ¢(F'), we can write u = >\ - [[[Tiy, Tip|, Ti), - -+ X4, ]

We choose i to be maximum and among such ¢; to be minimum. We will open commutators

using order on bicommutative monomials
[Hxinxh]v xi's]? T 7Iik] =

= (((x4, 0 wiy) 0 wy) -+ ) 0wy —

—(((ziy oy ) o wiy) -+ ) oy +y
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, where y has order smaller then b On other hand v €< ¢(I) >, so v = u = Y u-

ao ([[[xj1axj2]vxj3]7 e 7xjs] © b) + 27 ) (C © (H[l'plvxpz]axps}a e 7mpt]) o d Using properties
of bicommutative algebras any product a o ([[[z},,2,], %)), -+ , ;] 0 b) we can represent as
product circ Ly © (xm o ( o (O<xnw © ((((([ijnxh]?xj?,]v T 7xjsD © xm1) © xm2) Y ) © xmu)))))

Using order on bicommutative monomials, we obtain that n,, = 0 (have no multiplication from
left) and iy = j; and ordered set ja,js, - ,Js, M1, M2, cdots, m, coincides with ordered set
ig, 13, -+ 1. Let us consider element v = u — X - [[[xi,, T4y, Tiy), - -+, @4, ] v has smaller order
then u and v € ¢(F)N < ¢(I) > Using induction on order of v, we have v € ¢(I). Therefore
u=v+ X [[[Ti, Ti,], Tis], - -, 24, ] 15 also element of ¢(1)

As consequence of this Lemma 1, we prove

Theorem 2. Any metabelian Lie algebra L is subalgebra of (B,][,|)for some bicommutative
algebra B.

Proof. We can represent any metabelian Lie algebra L as factor-algebra of free metabelian Lie
algebra F<<A> on some alphabet A by an ideal /. By Theorem 1 injective homomorphism ¢
from F<A> to B<X> exists, where alphabet X is corresponding to alphabet A. By Lemma 1
o) =< ¢(I) > NG(F). Let us check that ¢ can be extended from F<X> to homomorphism
from F<X>/I to B<X>/< ¢(I) >. We remain that ¢(a;) = x;. Let us attach left adjacent
class a; + I to left adjacent class x;+ < ¢(I) >. We check that v, given on generators by
Y(a; + 1) = x4 < ¢(I) >, is injective. Suppose ¥(f) = 0 then ¢(f) €< ¢(I) >. By Lemma 1
we have f € [.

Given construction of Bicommutative give us universal enveloping Bicommutative for
metabelian Lie algebra. Now we can prove analog of Poincare-Birkhoff-Witt theorem (PBW
theorem) for metabelian Lie algebras and Bicommutative algebras.

Theorem 3.Let X = {z1, -+ ,x,, -} be linearly independent set, generating (as algebra)
metabelian Lie algebra L then there exists universal enveloping Bicommutative algebra B
with the same generating as Bicommutative algebra set X, such that for any homomorphism
7 : L — D, where D is Bicommutative algebra with commutator operation |[,| exists only one
homomorphism 0 : B — D as Bicommutative algebras and 7 = 6 o ¢.

Proof.We can represent our metabelian Lie algebra L as factor-algebra of free metabelian Lie
algebra F' < X > on our generating set X by an ideal I. By Theorem 2 L = F < X > /I is
injectively enveloped into B = B < X > / < ¢(I) > . Suppose for us given homomorphism
7 : L — D, so we can define § : B — D as homomorphism of Bicommutative algebras
by expanding 6(z) = 7(x) for every x € X. It is easy to see that 7(z) = 6 o ¢(z). Let us
check universal property of bicommutative algebra B. Suppose exists bicommutative algebra
U with the same property of enveloping of metabelian Lie algebra L. It means that exists
homomorphism as Lie algebras ¢ : L — U such that elements of (L) generates U as
bicommutative algebra and for any homomorphism 7 : L — D, where D is Bicommutative

algebra with commutator operation [,| exists only one homomorphism 6 : U — D as
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Bicommutative algebras and 7 =40 o9
. Let us take U instead of D. Therefore we have the following identities ¢ =

Theorem 4. Let 6 : Ly — Lo is homomorphism of metabelian Lie algebras.

Crmcok aurepaTyphbl

[1] Yu. A. Bahturin. Identical relations in Lie algebras. VNU Science Press, 1987

[2] A.S. Dzhumadil’daev, K.M. Tulenbaev, Bi-commutative algebras,// Uspechi Math.
Nauk.,2003, No.6, 149-150=engl.transl. Russian Math. Surv., 1196-1197.

[3] A.S. Dzhumadil’daev, N. A.Ismailov K.M. Tulenbaev. Free Bicommutative algebras //
Serdica Mathematical Journal., 2011, V.37,No.1, P.25-44
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The standard questions in algebra for an adjoint class of a variety via commutator or anti-
commutator products are to determine whether the class is a variety and determine a set of
special identities for the class. For some varieties these questions are solved or partially solved
and for some varieties are still open. In this work we consider these questions for variety of
Leibniz algebras.

An algebra with identity

(ab)e = a(bec) — b(ac)

is called (left)-Leibniz algebra. Let Leibniz be the variety of Leibniz algebras and Leib(X) be a
free Leibniz algebra generated on X. Define Leibniz(™) and Leibniz(7) as the classes of algebras
defined by anti-commutator {x,y} = zy + yx and commutator [x,y] = xy — yx, respectively
on the space A € Leibniz. Algebras of the class Leibniz(™) are called special Leibniz-Jordan
and algebras of the class Leibniz(™) are called special Leibniz-Lie. In [1] it was proved that
any Leibniz-Jordan is commutative and metabelian, and there is no other special identity for
Leibniz ). In [2] there were studied special identities for Leibniz(=) up to degree 5.

Let X = {21,...,2,} be a set. Let K be a field whose charactersitic is not equal to 2.
By SLJ(X) and SLL(X) denote the free special Leibniz-Jordan and Leibniz-Lie algebras

respectively on X.
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Main result of our work are the following theorems.

Theorem 1. Any homomorphic image of SLJ(X) is special.

Theorem 2. The algebra SLL(x1,x2) has a homomorphic image that is exceptional.
Corollary 3. The class of all special Leibniz-Jordan algebras is a variety.
Corollary 4. The class of all special Leibniz-Lie algebras is a not a variety.

Let us consider the polynomial

flz, ... x,) =
([ [ (21, 22, 23), 24, - - ], Tal, [Tno1, Ta]]+
2J([[. .. [J(z1, w9, x3), T4l - . .}, Tp_sa], Tn—1, Tp)

where
J(z,y,2) = [z, y], 2] +[ly, 2], 2] + [[2, 2], 9]

is Jacobian of elements x, y, 2.

Theorem 5. Let A be a Leibniz algebra. Then f(a;,...,a,) = 0in A for any n > 4 and
ai,...,a, € A. Moreover, f(ai,...,a,) = 0 is the unique special identity for Leibniz(™) up to
n=_.
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E-mail: fourier845@gmail.com

The energy functional for Lagrangian tori in CP? was introduced in [1]. Tt is defined as

the integral of the potential of the associated 2D Schrodinger operator. For a Lagrangian torus

¥ C CP? it equals
1
E(%) = / do + —/ |H|*do,
% 8 %

where do is the induced area element and H is the mean curvature vector. The energy conjecture
[1] states that the Clifford torus X¢; C CP? is the unique (up to ambient isometries) global
minimum of the energy functional. A certain family >,, of Hamiltonian-minimal Lagrangian

tori in CP? has been constructed in [3]. We prove the energy conjecture for this family of tori.

Theorem. The following inequality holds

E(EM) > E(ZCZ)
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Definition.[1] A formula ¢(z,y) has the order property(OP) if there are (a;); < w and
(b;); < w such that = ¢(a;, b)) <0 < j.

Definition.[1] A formula p(z,y) has the strict order property(SOP) if there are (a;); < w
such that |= 3z(p(z, a;)) A ~¢(z,a;) <0 < J.

Definition.[1] A formula ¢(z,y) as the independence property (IP) if there are (a;); < w
and (by); C w such that = p(a;,by) < i C 1.

S.Shelah proved [2] that theory T is stable if and only if T has not order property(OP) and
T has OP if and only if T has strictly OP or IP.

Notice,that T has strictly order property if and only if there is definable partial order with
infinite chain.

To prove the following theorem, we use theorem about linear order.|2]

Theorem. Let T be a small countable theory. Suppose there is a formula ¢(Z, 7, ¢), which
determines a partial order and for any n < w there exists a discrete chain ¢(z, g, ¢) of a length

at least n. Then the number of non-isomorphic countable models of T is equal to 2*.

Crmcok jaurepaTypbl

[1] S.Shelah, Classification Theory and the Number of Non-Isomorphic Models // North-
Holland Publishing Company, Amsterdam (1978).

[2] A.A. Alibek, B.S. Baizhanov, T.S. Zambarnaya,Discrete order on a definable set and the
number of models // Matematicheskij zhurnal, 14:3 (2014), 5-13.

Institute of Mathematics and Mathematical Modeling, Almaty, August 22-25, 2017



72  MexxayHapogHass KOH(pepeHIHsI «AKTyaabHbIe IPOOIeMbl IHCTOH 1 IPHKIAJHON MaTeMa-
THKH», HOCBsileHHasa 100-1eTnio co JHA poxKaeHus akajgemuka TajiimanoBa Acana /labcoBrua

THE COMPLEXITY OF QUASIVARIETY LATTICES
SVETLANA LUTSAK

The L.N. Gumilev Eurasian National University, Satpayev str., 2, Astana, 010000, Kazakhstan

E-mail: sveta_ lutsak@mail.ru

One of the known problems in universal algebras and lattice theory is the question, which
lattices are isomorphic to quasivariety lattices; nowadays it is called the Birkhoff-Maltsev
problem and is of a big interest [1, 2].

We explore the complexity of structure of (relative) quasivariety lattices for different classes
of algebraic structures of a fixed signature. This paper considers two complexity measures of
the structure of quasivariety lattices: Q-universality (after M.V. Sapir) and non-computability
of the set of finite sublattices of the quasivariety lattice (the Nurakunov non-computability
property or unreasonability after K. Herrmann).

The concept of a Q-universality was introduced by M.V. Sapir in 1985 in the paper [3] and
reflects the complexity degree of the structure of quasivariety lattices. After M.V. Sapir [3],
a quasivariety K is Q-universal if, for any quasivariety R of a finite signature, a quasivariety
lattice Lq(R) is a homomorphic image of some sublattice of the quasivariety lattice Lq(K).
Now it is known a lot of Q-universal classes of algebraic structures, see the papers [1-8|.

The concept of unreasonability was introduced by K. Herrmann in 2007 and was developed
in the papers of A.M. Nurakunov. We say that a quasivariety lattice Lq(K) for the class K
of algebraic structures of a fixed signature has the Nurakunov non-computability property if
the set of all finite sublattices of the quasivariety lattice Lq(K) is not computable, t.i. there is
no algorithm which would determine, for a given finite lattice, this lattice is embeddable into
the considered quasivariety lattice Lq(K) or not. In this case we also say that the class K has
the Nurakunov non-computability property. The first examples of unreasonable quasivarieties
(namely, the quasivariety of unary algebras, the quasivariety of pointed Abelian groups) were
found by A.M. Nurakunov in the papers [6, 9]. Unreasonable classes of algebraic structures
were also built in the paper [8].

In the paper [8] it was proved that the class K of all algebraic structures of a fixed signature
is Q-universal if and only if it contains an unreasonable subclass, i.e. such that the set of all finite
sublattices of its quasivariety latice is not computable. In this regard, it is arisen the following
problem |7, 8]. Does any Q-universal class K of algebraic structures of a fixed signature contain
an unreasonable subclass? Is there an unreasonable class of algebraic structures which is not
@-universal? A positive answer to the first question was given by M.V. Schwidefsky for almost
all the known Q-universal quasivarieties [7]. The author gives a positive answer to the second
question. The main result of this paper states that, for many particular classes K of algebraic
structures of a fixed signature (namely, for classes which are AD-classes), there are continuum

many subclasses K’ C K which have the Nurakunov non-computability property but which are
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not (Q-universal, see theorems 2 and 3. We note that the definition of AD-class can be found in
the paper [10]. The result of theorems 2 and 3 is due to the fact that we have found a non-trivial
identity T3 holding in quasivariety lattices for the considered subclasses of algebraic structures,
see theorem 1 and corollary 1.

Theorem 1. A non-trivial lattice-theoretical identity T is held in lattice of Sub(KC,), for
anyn € w\{0,1,2}.

Corollary 1. A non-trivial identity T3 is held in lattice of |]
N Cw)\{0,1,2}.

We note that IC,,, n € w\ {0, 1,2}, is a finite lower semilattice of type “crown”; Sub(kC,,) is

nen SUb(KCy), for arbitrary

a lattice of lower subsemilattices of IC,,.

Theorem 2. If a class K of algebraic structures of finite signature is an AD-class then
it contains continuum many proper subclasses K' C K which have the Nurakunov non-
computability property but which are not (Q-universal.

Theorem 3. For the following classes K of algebraic structures of a fixed signature there
are continuum many subclasses K' C K which have the Nurakunov non-computability property

but which are nevertheless not (Q-universal:
1. the variety of all unary algebras;
2. the variety of all pointed Abelian groups;
3. the quasivariety of all [directed| graphs;
4. the variety of all differential groupoids;
5. the variety of all commutative rings with unit;
6. the “finite-to-finite” universal quasivarieties;
7. the variety of M'V-algebras;
8. the variety of Cantor algebras;
9. the variety of modular (0,1)-lattices

10. the Sapir quasivariety which is generated by a single semigroup.

In case (1) the classes K’ can be chosen as quasivarieties.

Theorem 2 can be applied to almost all known Q-universal quasivarieties. It follows from
theorem 2 that almost all the Q-universal classes of algebraic structures of a fixed signature
contain continuum many proper subclasses which are not Q-universal. Only the most well-
known of AD-classes are listed in theorem 3. The result of theorem 3 holds for many other
classes of algebraic structures.

The results obtained are of a theoretical nature and can be applied in further research in

the field of universal algebra and lattice theory.
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Shalev and Zelmanov studied [2| Lie algebras of GK-dimension 1. They introduced a special
class of graded two-generated Lie algebras with the slowest possible growth (dim V" = n+1),
the so-called Lie algebras of maximal class.

A pro-nilpotent Lie algebra g is called naturally graded if it is isomorphic to grcg, its
associated graded Lie algebra with respect to the filtration by ideals C’g of its lower central
series.

Pro-nilpotent naturally graded Lie algebras g = ®;cng; satisfying
dlmgl + dil’ﬂgi+1 < 3, 1€ N,

were classified in [1]. Graded Lie algebras of maximal class obviously satisfy this estimate,
however there are other examples of Lie algebras growing a bit faster than Lie algebras of
maximal class. Some of these examples are related the theory of characteristic Lie rings of the
Klein-Gordon equation wu,, = f(u) [3]. We relate these examples to the general classification
obtained in [1].

Acknowledgements: this work is partially supported by RFBR grant 17-01-
00671.
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An algebraic structure A is said to be finitely subdirectly reducible if A is not finitely
subdirectly irreducible. We show that for any signature providing only finite many relation
symbols, the class of finitely subdirectly reducible algebraic structures is closed with respect
to the formation of ultraproducts. We provide some corollaries and examples for axiomatizable
classes that are closed with respect to the formation of finite subdirect products, in particular,

for varieties and quasivarieties.
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We consider a series of derivative structures used for a classification of structures and their

elementary theories:

e Rudin—Keisler preorders and distribution functions for limit models of a given theory,

producing spectra of countable models [1, 2, 3, 4, 5];

e Algebras for distributions of formulas over families of types |2, 6, 7, 8, 9, 10];

The research is partially supported by Committee of Science in Education and Science Ministry of the
Republic of Kazakhstan (Grant No. 0830/GF4), by the Grants Council (under RF President) for State Aid
of Leading Scientific Schools (Grant No. NSh-6848.2016.1), and by Russian Foundation for Basic Researches
(Grant No. 17-01-00531).
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e Hypergraphs of models of a theory |2, 11, 12, 13];
e Generic classes and their limits |2, 14, 15, 16, 17, 18];

e Topologies, closures, generating sets and e-spectra for families of theories with respect to
E-operators and P-operators [2, 19, 20, 21, 22, 23, 24].

In these directions, a survey of recent and new results is proposed.
In particular, based on |26, 2|, the following theorems for hypergraphs Hp(.A), Hm(A), H(A)

of respectively, prime, minimal, prime minimal submodels of Abelian groups A hold.

Theorem 1. For any Abelian group A exactly one of the following conditions is satisfied:
1) Hp(A) = 0; 2) [Hp(A)| = 1 (with finite Szmielew invariants o, ,, Bp, v, [25] besides that
ones for which [{n | a,, # 0}| = w, as well as with |Hp(A/T(A))| = 1 for the periodic part
T(A) of A, and with at most one group Q obtained from A as direct summand forming a prime
model A" < A); 3) |Hp(A)| > w; here the presence of infinite invariant «,,,, or infinite (,, or
infinite -y, besides that ones for which |{n | a,, # 0}| = w, or the group Q“), obtained from
A as direct summand, with Q in a prime model A" < A, implies |Hp(A)| > 2¥; if A has A > w
copies of the group Q, forming the direct sum, then [Hp(A)| = 2*.

Theorem 2. For any Abelian group A or the form
SpnZir™ © 0,2\ & ©, R0 © QY, ¢ € {0,1}, (1.1)

exactly one of the following conditions is satisfied: 1) Hm(A) = 0; 2) |Hm(A)| = 1 (with finite
Szmielew invariants o, ,, [p, 7, besides that ones for which |{n | a,, # 0} = w, as well as
with |[Hm(A/T(A))| = 1). Allowing to vary ¢ in the Abelian group A of the form (1.1) we
have |Hm(A)| > w for ¢ > 2, 5, = 7, = 0 with any p and finite |[{(p,n) | ap, # 0} < w. If
additionally € > w then |Hm(A)| > 2¢.

Theorem 3. For any Abelian group A the following conditions are equivalent: 1) H(A) # 0;
2) all Szmielew invariants for A are finite and some of the following conditions is satisfied: a)
A =T(A); b) the reduced part of T(A) is bounded and H(A/T(A)) # 0, i. e., there is a finite
set Py of prime numbers and \ € w such that v, (A/T(A)) = X forp € By and vy, (A/T(A)) =0
for p ¢ P.
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Ounpepgemenmue. Structure Ay of signature og is called a transformation of a structure
A of signature 0 =< Py,...,Py > where predicates P; of m; - arity, 1 < i < k if

structure Ao constructed from the structure A by some algorithm and exist formulas ¢o((T,7),

901(57yO)aE);"';6i<§7y0>7ma"'7y(mi)7f = (mla"'axn)ay = (yla"'vym)7E = (y(l)z77y:n)7 <

i < k, of signature oy, parameters cy, ..., c, from Ay and the following conditions hold:

(1) B=0b:bc |AG, Aol = ©o(C, b;

(2) the formula ¢\ (T, (o), (y1)), defines a congruence n on the structure B = <§, ngz)> where
predicates Ql(mz) correspond to formulas 0,(T,7Y,), U1, ..., ymai), 1 < i < k;

(3) the structure B/n is isomorphic to the structure A.

Let Ag is a transformation of a structure A. We consider classes of all presentations of
structure A and Ay. We denote their Pr(A) and Pr(Ag). We consider structures of the following
signatures:

o the signature of a partial order (an oriented graph);

oo the signature of an irreflexive symmetric graph;

o1 the signature of a nilpotent group of class 2 and prime exponent;

09 the signature of a lattice;

o3 the signature of a ring;

o4 the signature of an integral domain; o5 the signature of a commutative semigroup;
0g the signature of a bipartite graph;

o7 the signature with two equivalences.

For i =0, ..., 7 we have the following theorems.

Teopema 1.1. For any signature o;, i = 0, ..., 7 there exist transformation A; of the structure
A of the signature o such that indezes sets of Pr(A) and Pr(Ag) are computable isomorphic.
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EXPANSIONS OF GEOMETRIC STRUCTURES BY
DENSE/CODENSE SUBSETS

YEVGENIY VASILYEV

Memorial University of Newfoundland — Grenfell Campus, 20 University Drive, Corner Brook,
NL A2H 5G4, Canada

E-mail: yvasilyev@grenfell. mun.ca

A theory T is called geometric if in all the models of T the operator of algebraic
closure satisfies the exchange property, and 7" eliminates the 3> quantifier. Examples include
supersimple theories of SU-rank 1 (in particular, strongly minimal theories) and o-minimal
theories. We call a subset P of a model M of a geometric theory dense/codense, if any infinite
subset of M definable over a finite set A has a non-empty intersection with P and M\acl(AUP).

We can impose further conditions on the set P. If P is assumed to be algebraically closed,
one gets a lovely pair of geometric structures [1], first introduced in the SU-rank 1 and simple
contexts in [3] an [3]. If we require P to be algebraically independent, we get the notion of an
H-structure [4], first studied in the o-minimal context in [5]. Adding a predicate for the subset,
in both cases we obtain a complete theory in the expanded language.

Both lovely pair and H-structure expansions allow a good description of definable sets
and preserve many important stability /simplicity-theoretic and combinatorial conditions (e.g.
superstability, supersimplicity, NIP). In the SU-rank 1 case, we get a reasonable description of
forking in the expanded language. In the case of H-structure expansion of an SU-rank 1 theory,
we obtain a clear description of canonical bases in terms of those in the original theory T [4].
The main application of lovely pairs was that it allowed us to extend the notion of linearity
from the classical settings of strongly minimal and o-minimal structures to the general context

of geometric theories and to connect it to the presence of projective geometries over division

The author was partially supported by a NSERC grant.
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rings 6], in the absence of the usual stability theoretic or topological tools available in the
strongly minimal or o-minimal cases.

We will also discuss an example of an “intermediate” version of dense/codense expansion,
where P is neither algebraically closed nor independent: an algebraically closed or real closed
field with a dense/codense linearly independent multiplicative subgroup. This is an example of

the expansion of a field by a multiplicative subgroup satisfying the Mann property [7, 8|.
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2 JnddepennnajbHble YpaBHeHUS W Teopus PyHKIII

O TOYHBIX PEIIEHMNAX OCHOBHOII MOJEJIN
HABBE-CTOKCA

MAKCYT ABEHOB

HMucruryr mexarnkn n mammuroBederns uM.ak. Y. A. 2Komrgacbekopa KH MOH PK,
yia. Kypmanrraser, 29, Anvarer, 050010, Kazaxcran

E-mail: abenov60@gmail.com

B nannoit pabore, B TepMUHaX HAYAJIbHBIX JAHHBIX, C(DOPMYJIUPOBAHDBI JOCTATOYHBIE YCJIO-
BUs TJI0GATBHON (110 BpeMeHU) M OJHO3HAYHON paspemmMoctu 3agaduu Komn i ypaBHeHui

BA3KOI'O MOJIUTPOITHOI'O I'a3a. Knaccuaeckoe pemeHne 3ada49u CTPOUTCA B ABHOM BHJEC.

ITocTanoBka 3aaad4n.
B o6sactu G = R?x [0, 00) J0oKa3aTh CyIecTBOBaHUe U €JMHCTBEHHOCTD TJ1aKOI0 PelleH s

OCHOBHOI cucrembl ypasuenuit Hasre—Crokca [1]

oV

| . .
par + VP = pAV + 2u¥(divV) + pF (2.1)

C YCJIOBHEM Hepa3PbIBHOCTH:

Op , 0(pV1) | O(pVa) | O(pVs)

- = 2.2
ot ox oy 0z 0 (22)

n C HadaJIbHBIMU YCJIOBUAMMU:

,0(07 Y, Z) = po(l’, Y, Z); V}ﬂ(o7 L)Y, Z) = @k(xa Y, Z)7 k= m (23)
3a/laHHbBe KOMIOHEHTbl BEKTOPA MAcCOBBIX cul [ = (Fi(t,x,y, 2), Fy, F3) 1 BeKTOpA HadaIb-
HO¥i ckopocT F = (p1(x,y, 2), P2, P3) CAUTAIOTCSA CKOJIb-YTOIHO TJIAIKAMU ¥ OFPAHHYEHHBIMH
byHKIMIME, HCUe3a0IMUME Ha GECKOHEYHOCTH, BMECTe ¢ HPOU3BOIHBIMU JIIOOOIO IOpsIKa 1,
6e3 orpanmyenus obmuoctu, 0 < pi(x,y,2) < ¢. HauanbHas IWIOTHOCTH ra3a TaK:Ke dBJISET-
cd CKOJIb-YI'OJIHO TJIAJIKOf, TOJOXKUTEIbHON U OrpaHuvdeHHoil (pyHkiueil BCIOLYy B TpeXMepHOM
npocrpancree: 0 < m < po(z,y,2) < M < oc.

Tanee, nycrs q(x,y,2) € C°(R3) — orpanmvennas dyukius. Torja MOXKHO OLpeIENUTh
caenytomme orpannuenubie Gyukun gt (¢, x,y, 2), ¢ (¢, z,y, 2) € C(G):
(

q taxvya Z) = CI(IIZ' + Ct,y,Z); q_(t,x,y, Z) = Q(l' - Ct7y’ Z) (24)

Onpenenenne 1.
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Usecrubie gaunbre 3aga49u (1)—(3) nazoBeM 1106a1bHO COIVIACOBAHHBIME, €CJIH BBIITIOJHEHBI

caeayiomue yeaosus (5)—(9):

Apop1)  I(pop2) d(pops)

or oy 0z (2:5)
d(poc) _ A(popa) _ _8(00903)

or 0z oy (2:6)

A(poc)  A(pop1)  I(poys)
oy 0z Oz (2.7)

d(poc) _ d(pop1) _ A(pop2)
oz oy Oz (28)
Fk(t>x7y>z>:\Dk(anflaf%fS)?k:L_:g (29)

rae :

fo=ps(c+el)ifi=polc—o1)ifo=p5 (03 +93); f3=py (02 — ¥3) (2.10)

Hnst dyunnu Vi (fo, f1, f2, f3) W3BECTHBI X TOYHBIE AHATUTHIECKHE BBIPAKEHUA. DTH IPOMO3/I-
Kue (hopMyJIbl MBI 3/1€Ch HE IPUBOJIMM U3-33 SKOHOMUH MecTa./lasiee, IpU BBIIOJTHEHHH IVI00A/ b
HBIX YCJIOBHI cormacoBanust (5)—(9), cupaBeyinBo cJeayiomiee YTBePKIeHHe.

Teopema.

ITycrs n3pecrrbre qannbie 3agaan Komm (1)—(3) rmobanpro cormacoBanbr. Torga cymecTBy-

er ee equHCTBeHHOE penenne: p, P, Vi, Vy, Vi € C®(G), KoTopoe Jaercst cieayiomuMi hopmy-

JIAMU:

p(t, .y, 2) = fO;Cfl (2.11)

Vi (t _ C(fo - fl)
1t x,y,2) = AT (2.12)
Volt, z,y,2) = % (2.13)
Vi(t,x,y,2) = % (2.14)

2 _

P(t,2,y,2) = P + %Mdz'm? + M - g[Vf FVE V24 i—fa%}?] (2.15)

[Ipu sToMm, cmpaBeIuBa ceayiomas OleHKa I HalJeHHON TJIOTHOCTH:

m 3M
0< 0} < p(t,z,y,2) < DN <00

a KomioueHTbl ckopoctu Vi, Vo, Va3 € C°(G),orpanndensl u uc4e3arT Ha DECKOHEUHOCTH, BMe-
cTe ¢ MPOM3BOAHBIME JIIOO0OTO nopsinka. Haitnennoe maienne P € C°(G) aBasercs orpanu-

YEeHHOHN ¥ MOJIOXKHUTE/IHbHON (DYHKITAECH.
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Pemenne 3a1aun Komu cymecrsyer u € IMHCTBEHHO B 1J1006a/1bHOM cMbicJe. [Ipu arom Tem-
neparypa rasa 1’ ompejieisieTcss OJJHO3HAYHO, U3 YPABHEHUS] COCTOAHMSI:
Pt ,z,y,z
T(t,x,y,z) = —( Y, 2)
Rp<t7 x? y? Z)

B,ZLGCI)Z R — yHuBEpCaJibHad I'a30Bad IIOCTOAHHAA.
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CPEJHEE MATHUNUTHOE IIOJIE B
MHOTOMACIHITABHOM CJIVUHAINHOM TEYEHUN

H.AKAHBAI®, M.C.HYPXAHOBA®’ 3.M.CVJIENMEHOBA®

Kazaxckwuii manmonaapHbIl yHHBepCcHTeT nMenn ajab-Papabu, up. aab-Papabu, 71, Axmarsr,
050040, Kazaxcran

E-mail: “noureke1953@gmail.com, “suleymenova2474@gmail.com

Anmoranusa. Pabora OCBAIEHAa TEOPUN CPEJIHEI0 MATHUTHOIO IO/ B MHOIOMACIITAOHOM
CJAYYalHOM TECYCHUMU.

KuaroueBbie cioBa: MaruurHoe 1oJie, JeJbTa-KOPPEIMPOBAHHOE TEUCHUE, TeYeHue ¢ 00-
HOBJICHIEM, MHOTOMACIITAOHOE TeYeHue, OCPeJHeHne, CpeIHee MarHUTHOE TI0JIe.

Baza4da 006 IBOJIONUE MATHUTHOIO LOJS B CJOyYaiiHOM TypOyIM30BAHHOM IIOTOKE IPOBO/I-
e KuIKOCTH (MU [Ia3MBbl) SBJISETCsST OJHOH W3 CAMBIX BayKHBIX BO MHOTHUX (DU3HIECKHUX
HPUJIOZKCHU AX. C MaTeMaTU4YeCKOH TOYKHU 3peHud pedb ujgerT O peuieHuu 3adadun KOH_[I/I JJILL
napaboInIecKoil CUCTEeMBI

oH

= v NH — (7A) H+ (ﬁA) V., HO.2)=Ho(z). (1)
re 7(t,x) ~ 3aJaHHOE C/IydYailHOoe BEKTOPHOE II0JIe CKOPOCTEeil HeCKMMaeMOR YKHIIKOCTH
(dz’v7 = 0), U, MArHUTHASI BI3KOCTh, XaPAKTEPU3YIONIAsl CBOMCTBA SJIEKTPONPOBOIHOCTH CPe-

anl. Haganbaoe MarHuTHOE I0JIE ﬁo () mpeamoaraeTcs TakKe Ge3MBePreHTHBIM.
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O HMM U3 CaMbIX 1I€PBBIX U 3HAMEHUTBIX paboT B 3TOH 06aacTh ObLIA TEOPUS CPEIHEro
nostst [reiinbexa-Kpayse-Pagnepa (ITTIKP) ans nesbra-koppeuposanubix Tedennn [1]. K Ha-
CTOSIIIIEMY BpeMeHH DoJiee-MeHee O IpOOHO UCC/IeI0BaHbl 3a1a49u 06 ocpeHeHnn ypasHerust (1)
B CJIydae TakK HA3bIBAEMOI'O TEUEHHs ¢ OOHOBJIEHHEM, T.e. TeUeHHs, UMEIOIIEro OIWH BPEMEeHHOI
MaciTab uiu BpeMst HaMsaTi (OTMETUM, HPU CTPEMJICHHU BpeMeHU OOHOBJICHHS K HYJIIO TE€YeHUEe
¢ OOHOBJIEHHEM IPEBPAIAETCS B JeIbTa~-KOPPEJTHPOBAHHOE TEYEHHE).

OCHOBHOIT HEJOCTATOK TUIIOTES3 O JEITa-KOPPEJINPOBAHHOCTH OIS 7 (t,x) winm e ero 00-
HOBJIEHHS COCTOMUT B TOM, YTO STH MIIOTE3bl HEHPABHIBHO OHUCHLIBAIOT CBA3b M€KLY IPOCTPAH-
CTBEHHBIMHU ¥ BpeMeHHBIME KoppeaanusMu. CoBpeMenHasg Teopus TYpOyIeHTHOCTH, Gepyiast
cBoe Havasio u3 3HameHuThIX paborax A.H. Koamoroposa ([2], [3]), npeacrasiager TypOyieHt-
HOE TeUeHWe KaK COBOKYIHOCTH BUXDEH Pas3JmdHOro pasmepa, KUBYIIUX B PA3IWdHOE BPEM,
T.€. TAKOH II0TOK MMeeT HepapXuro MacIuTaboB. [ Toro, 9To6bl OTPA3UTh 9TO 0OCTOATEIHCTBO
B TEOPHUH, B JaHHOI pabore ObLIa BBeJeHA TakK Ha3biBaeMad MHOTOMACIITAOHAA MOJEIb, B KO-
TOPOI moJIe 7 (t,r) upencTaBieH B BUJE CyMMBbI 7 (t,x) = Z;.V:O 7j (t,x) moseii ckopocreii,
VMEIOIIMX Pa3JM9HbIe BPeMeHa OOHOBIEHUS W Pa3JIMUYHBIC TMPOCTPAHCTBEHHBIE KOPPEJIANOH-
Hble MacmTaObl. Ecin 5T BpeMeHa OOHOBJIEHHS 110 IIPEXKHEMY MaJbl, TO MOYKHO pPa3BUBAasI
METOJIbl BBINIEHA3ZBAHHON paboThl [4] BBIBeCTH ypaBHEeHHs Jist JTIOOBIX MOMEHTOB MATHUTHOTO
nossa. OHAKO 3/1eCh TPOIECC OCPEIHEHUS IO MOJIIO0 v JIOJIZKEH TIPOBOUTLCS TTOCIET0BATEIHLHO

B HECKOJIBKO 3TaIlOB.

JlanHasg paboTa MOCBSIIEHA TEOPUU CPETHETO0 MATHUTHOTO TOJIs B MHOTOMACIITAaOHOM Teve-
Hun. OCHOBHBIMU De3YIbTaTaMU SBJISIOTCS: BbIBeleHO ypaBHeHUe I CPeIHero MAarHUTHOTO
noJist; [Tosrygena dbopmyiia, garoinast BEpOSTHOCTHOE peliieHne 0011eil mapadouaecKoil CHCTeMBbI;
Buimucansr gBubie hOpMYIIb 718 KOIMDMUITMEHTOB OCPEHEHHOTO ypaBHenust; Beegeno monsrue
MarHUTOJIUCCUTIAMOHHOTO MaciTaba; Hafinensl nmpubiauzkeHHble (DOPMYJIBI [IJIsT BBIYHCIEHUS

ko3 dunmenToB TYypOyIeHTHOH nuddy3un u cpeanei cnupaabHOCTH.
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ACUMIITOTUYECKUX ITOBEJEHUNAX PEIITEHUN
HEKOTOPBIX CJIVUAVMHBIX ITAPABOJINYECKIUX
KPABHEHUM

H.AKAHBAI®, 3.11.CYJIEIMEHOBA?

Kazaxcknii manmonapablii yHHBepcuTeT nmenn ajab-Papabu, up. aab-Papabm, 71, Agxmarsr,
050040, Kazaxcrax

E-mail: “noureke1953@gmail.com, “suleymenova2474@gmail.com

Annoranusg. B pabore HalileHb aCHMIITOTHYECKHE BUIbI PACIPEIeTeHAN P CIyIalHBIX
napaboInyecKuX ypaBHeHUil. B dacTHOCTH J0KazaHa acUMOTOTHYECKAs HOPMAJIBHOCTH pele-
HU4 ypaBHEHUA TEIJIOIPOBOAHOCTH CO CJAYy4YalHONA NpaBoil 4acTbIO.

KuroueBbie cioBa: ciaydailHOe mapadoJndecKoe YpaBHeHHEe, aCHMIITOTHIECKOe pacipeie-
JIeHUe, aCUMIITOTHYeCKas HOPMAJIbHOCTb, WHMPUHATE3UMATbHBINH OMEpaTop, YCJIOBHOE MaTeMa-
TUYICCKOE OXKUJIAHUE 110 TPACKTOPUAM ILIPOLECCa.

XopoIno u3BecTHA €BA3b An(OY3MOHHBIX POIECCOB ¢ YPABHEHUAMH B YACTHBIX ITPOU3BOJI-

HBIX, IPHYEM 3Ta CBA3b ABYCTOPOHHSs. Tak, HampuMep, pelieHne napadoJInIecKOro ypaBHeHHS
u, = Ault,@) + c(@)ult,2) + g(a),  u(0,2) = f(2),(t> 0, xR (1)

MOYKHO 3allUCBIBaTh 1| B BUje

u(t’ :l?) = M, {efot C(ﬁs)dsf(gt) + /Ot (efg C(fu)dug(gs)d8>:| ’ (2)

riae A — nHOUHATE3UMATBHBIH OMepaTop (sIBASIBINEroCst pelieHneM HEKOTOPOTO CTOXACTHIECKOTO
b depeHInaIbHOro ypaBHeHust) CIyIaiiHoro mporecca &, 3Hak M, 03HaYaeT B3sITHE YCJIOB-
HOTO MATEMATHYECKOrO OXKUJIAHUS 10 BCEM, BBIXOISIIUM B HAYAJIbHBIH MOMeHT ¢ = 0 U3 TOUKH
rTpaekTopuaMm mpornecca &, a c(x), g(z), f(x) — yroBaeTBOpAIONIe ONpeIeJEeHHBIM YCIOBHSIM
dyukumit. OT™MeTHM, 9TO AHAJOTHIHYIO (OPMYIy MOXKHO Oy/eT HAMMCATH U B CJIyYae, KOraa
nocyie e (OYHKIMHA 3aBHCAT TaK:Ke OT BPEMEHHOH mepeMeHHO.

OcHoBHag njes Haueil paboThl 3aKJI09AETCA B MCIOAL30BAHUN BEPOATHOCTHBIX IIPEICTAB-
JeHun BUJA (2) JUIs1 HAXOXK IeHNs TPeIeIbHBIX paciipeienennn perenns ypasaerns (1). Kpome

TOr0, HAMH OYJIeT HCIIOJIb30BaHa CJIEIYIOIast
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JIemma. Eciau n(t) = fot f(t,s)dw(s) — croxacruueckuit uurerpas Vro no Bunepos-
ckomy mporneccy wy, f(t,s), fl(t,s) — HecaydaiiHble U HempepbiBHBbIE MO OOEHM apryMeHTaM
dbyukuuu, To croxacruueckuit nuddepennuan nponecca 17(t) pasen dn(t) = f(t,t)dw(t) +
(fot £, s)w(s)> dt.

B pabore namu ObliM PACCMOTPEHBI YPABHEHHsI CJICYIONMX BUJAOB (HUZKe y HAC Wy — «Oe-
JBLA UIyMy, MPHYEM fttfu')(t)dt = w(t2) — w(ty) upn t; < ty) u HaiieHBl ACHMITOTHYICCKHE

pacipeaejJgeHnd ux peIHGHI/Iﬁ JJId HEKOTOPbBIX YaCTHBIX CJIy4daeB:

1. u; = %u;z + f(@)q(r), u(0,z) = g();
2. uy = u, + f(x)q(w )iy,  u(0,z) = g(z);
3. uy = Lug, + fa)y, u(0,x) = g(z).

Crumcok jureparyphbl
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Annoramus. B manHOil pabore paccMaTpwBaeTCss WHTEIDAJIbHBIN OMepaTop THMA Xapad ¢
TpeMmsA Mepamu, Jeficrsyonmit u3s L, B L,. U3y4gaerca secopoe L, — L, HepaBeHCTBO C 9THM
oneparopoM. IIpoBoauTca geranbHOe U3yUdeHHE BECOBOTO HepaBeHCTBA Tuma Xapand mnpu 0 <
p,q < 400 B npocrpancrse Jlebera ¢ mpousBoJsibHbIMEU MepaMu. [losrydaeHbl HEOOXOMUMbIE U
A0CTaTOYHbBIC YCJIOBUA Ha BECOBLIC beHKHI/H/I JAJIg BBITTOJTHEHUA N3Y4Ya€eMOT'O HEPpAaBEHCTBA.

IMocranoeka 3amaun. O6oznauum depe3 B := B(X) o- anrebpy 60opeeBCKUX MOIMHOKECTB
muoxkectBa X. Cumonr M := M(X) oboznadaer o - anredpy MOIMHOKECTB MHOXKeCTBa X,
copepxamyio B. Hepes {M}T obosnaunm knacc Bcex M - usmepumbix yuxmuii f @ X —
[0, +00) J{+o0}.

HeobxoauMo mmpoBecTr JI0Ka3aTeIbCTBO KPUTEPHUs BLIIIOJIHEHUST HEPABEHCTBA XapIu BHJIA:

</v(x)(/ fudx)qdu(m)y SC(/fpwdvy, Ve { My},

[a,b] [a,x] [a,b]
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rie 1 <p < +o0,0 < q < +00; {1, A\, v -0 - KOHeUHAsI Mepa Ha [a, b], A, v - oupejeeHbl Ha 0—
asrebpe My, u, w € {M,}.

Jlannasg 3a1a49a pacCMaTpUBAETCA B PA3JMYHBIX BapHanuax. B o0meil mocTaHoBKe, T.e. Ipu
0 < p, ¢ < +o00. 3Ta 33gaua paccmorpera B paborax Crenmanosa B.JI. [1]. B namem ciayuae
p =00, q<+00.

Nrak, namMmu paccMaTpuBaeTcss HEPABEHCTBO:

1/q

a{ v(z) (/{M] fde)q dp(x) < stel[lal,)b] f(z) (1)

Heobxoaumo mosiyunth HEOOXOANMOE U JIOCTATOYHOE YCJI0BHE €r0 BHITIOJHEHUS.
Teopema. [Iycts p = +00, 1 < ¢ < 400, (1 I \ CYTh 0 - KOHeqHAA Mepa Ha [a, b]; u € { M},
v € {M}. Hepasencrso
o [ fudslygn < 1 b
[a,z]
HJIH TO Ke camoe (1) BBIIIOJHEHO TOrja H TOJIBKO TOIJIA, KOIJA

1
v

A < +o0, e A := sup A(t) = sup v(t)%< / up,dt>p :
tela,b] te(a,b] o]

Boutee roro, jiist HauMeHbIIell KOHCTAHTHI B HepaBeHcTse (1) cupasegmiso C' = A.

Crmcok jurepaTypbl
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CUHI'VJIAPHOI'O MHTEI'PAJIBHOI'O YPABHEHUNA CO
CABUT'A KAPJIEMAHA B /IPOBHBIX ITPOCTPAHCTBAX
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[Mycrs [ nsanynoBekuit 3aMKHyTHIE KOHTYp Kjacca C, 120 —1<v <1, 1 <p< 2. Pacemor-

1
pum B ipoctpanctse becosa B(I') = B (1), 1 < p < 2 ciefyioniee CHHTYJIAPHOE HHTErpajibHOE

ypaBHeHHue

o(7)

p—) 0 dr+

Lo = alt)o(t) + bt pla(t)] + c(t)— /F 2T gr 4 ae) - /F

) T—1 v

n / K(t, 7)p(r)dr = g(t), 1)

rae a(t), b(t), c(t), d(t) u g(t) npunamiexkar npocrpanctey B(T'), «(t) capur Kapiemana,
T.e. roMeoMopdHO oTobpazkaer I’ Ha cebs ¢ coxpaHeHMeM WIH W3MeHeHHeM OpHeHTanuu Ha I’
u afa(t)] = t. Tlpennonaraercst Takzxe, 9TO CyIECTBYET IPOU3BOAHOE & (t) MpuHaIeKAaIast
npocrpauctsy H,(I") dyuxunit Henpepsisabix o Lenbaepy ¢ mokasaresem ;2) —1<v <1 dn-
pa K;(t,7),j = 1,2 uMeror Takue cjaabble 0COOEHHOCTH, YTO COOTBETCTBYIOIINE HHTErDAIbHbIE
oneparopsl Broaue HempepwsiBHbl B B(I'). 3amerum, uro B(I') BaoxKeHO B Kjacc HempepbIB-
upix pyuxnuit C(I'), vo we Baoxkeno 8 H,(I'), 0 < p < 1, aBserca KOMMyTaTHBHOI GaHAXOBOIT
areOpoit ¢ eMHUTIEl ¢ OOBIYHBIME OTIEPAIINAME CJIOYKEHUSA W yMHOKeHns byHkiwit |1, 2]. Vpas-
nernne (1) pacemarpusaiocs B [3] B mpocrpanctsax H,(I'), 0 < p < 1, u L,(I'), 1 < p < oo.
Hamu mosydenst yeioBust HeTepoBoit paspermmumoctn ypasuenusi (1) B B(T') u dopmyiast ero

uHjekca. [Ipu sTuM uCnob30BaHbl pe3yabTarhl [4].
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JlokJ1a/1, HOCBLIIEH BOIIPOCAM PA3PENIUMOCTH CJIEJYIONIEro 0co00r0 MHTErPAJIbHOIO yPaBHe-

_ /K(t,T)gp(T)dT — 1), t>0, (2.16)

rjie

K67 =g = P o {-a ) -
_axz/%(t —1T>1/2 [‘ o {‘%} e {—ZJH ’ (217)

aﬂ/ { t—T1)32 2a2(tlf 7)5/2] eXp {_WQ_T)} vo(T)dT—

NG / 7z € {—#2_7)} vo(T)dT + 2a% - vy (). (2.18)

Ormernm, ato sapo K(t,7) (2.17) obaamaer caemyomum CBORCTBOM:

t

lim [ K(t,7)dr = 1.
t—0+

0

D710 03HAYAET, YTO K HHTEIPAJTLHOMY ypaBHeHno (2.16) He MIPUMEHHM METOJ MOCJIe10BATE h-

HbIX npubanzkenuit. [Tosromy, B T0KIa/Ie WHTErpaabHoe ypasaerue (2.16) HaA3BaHO 0COGBIM.

Pabora sbiiosnnena no rpanry Ne 0823/I'd@4 KH MOH PK
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Bameuanne 1. Oguoposnoe unrerpaibuoe ypasuenue (2.16) (upu f(t) = 0) panee namu

OBLIO mCCIeA0BANO B paboTe [2].

Uurerpanbuoe ypashenue (2.16) BO3HUKAET MpU U3YUEHUN CJIEYIONEH TPAHUYHON 33 a49n

ou(z,t)  ,0%u(x,t) B . '
T—Gw—o, {l',t}EG—{l',t.O<l’<t,t>O}, (219)
ou(z,t) B ou(z,t) du(t) ‘
o le=0 = vo(t), b= famis + = = 0 (t); (2.20)

rae (t) = u(kt,t), b>0, k> 0.

OrmeruM, yto 3a1ada (2.19)—(2.20), usydena B pabore [1|. s apoctorsl, KoadhdumeHTs
U3 YKa3aHHOU# pabOTHl MpHHUMAaeM paBHbIMH: kK = b = 1. DTu u3MeHeHUsl He TPOTUBOpPEYAT
nocranoBke 3aja4n u3 [1]. Kak ormedeno B pabore [1], cayuait HeoqHOPOAHON rpaHUIHON 3814~
gn "... OKa3bIBAETCH MOJIE3HBIM TIPH M3YUE€HUH HEKOTOPHIX 33724 CO CBOOOIHBIMHU TpaHUTaMu' .
Hanpuwmep, nia onrodassoi 3agaqan "... Credana mpu CaeLyIONIX IPEIIOI0KEHUIX: KHIKAsd
dbaza ¢ nonokuTebHON TEMIEpATypHOH TeMIepaTypoit u(x, t) 3anuMaeT oTpe3ok 0 < x < s(t),
upu r = 0 3a/2€TCsl MOJIOKUTEIBHBII IOTOK TellIa, a cBoboHas rpanuna © = S(t) HaunHAeT-
cst y TBepmoil crenku x = 0, T.e. BumoaHsiercs yeaosue s(0) = 0". B pabore [1] ycranopiena
TeopeMa 00 OJHO3HAYHOIl paspelnMOCTH PAcCCMaTPUBAEMOil TaM TPAHUYHOM 3a1a9K B BECOBBIX
reJibJIEPOBCKUX MPOCTPAHCTBAX.

Unrerpanbroe ypasaenue (2.16) OyjgeM paccMaTpuBaTh B BECOBOM KJIACCE
Loo (R VE) = {o] v(t)VE € Loo(R1)}. (2:21)

Jlnst maTerpasibHOro ypasHenus (2.16) moctpoeHa B sBHOM BHJIe pe3osbBenta R(t, T) u ycra-

HOBJICHA CJICIYIONAd TeOpeMa.
Teopema. s mo6oii npapoii gactu f(t) € Lo (R+; \/¥) u3 Kiaacca (2.21) marerpaipHoe

ypasraenne (2.16) mmeer oburee pemenne ¢(t) € Lo (Ry; V/1):

t

o(t) = f(t)+ /R(t, T)f(T)dT + C - @hom(t), C = const,

1€ Phom(t) OLPEIESICHO BbIpAZKEHHEM

erom(t) = S (~1* [0 — ()], 0 <t < o0, (2.22)
k=0
e
1 1 t 2 2 t
() =i expy =351 o) () =@M ep = ¢ (2.23)
4a 4a
u JIs pe3oJibBeHThl R(t, T) HMeeT mecTo oleHka
R(t,7)| < C—T 7 0<r<t<+ (2.24)
- eXp —— 0. :
R S e (eI

Hucruryr Maremaruku u Maremarnaeckoro Mogemuposannsi, Ainvarer, 22-25 Asrycra 2017



International conference "Actual problems of pure and applied mathematics”, dedicated to the
100th anniversary of the birth of academician Taimanov Asan Dabsovich

Bameuanne 2. Bosunkaer Bonpoc: cymectByioT ju B 3agade (2.19)—(2.20) takue 3aganmbie
byuxuun g(z,t), ug(t) u uy(t), arodsr mpasasg gacts f(t) (2.18) uHTErpagbHOrO ypaBHEHUS
(2.16) mpunazTeskana mpocTpancTBY Lo (Ry;v/1)? DTo mMeer MecTo, HampuMep, 115 byHKIH
g(x,t) =0, up(t) € Loo(Ry; V1) muy(t) € Loo(Ry;1/4/1).

3ameuanue 3. B jaspheiiniem, HamMu Oyjer paccMoTpeH Oosiee obmmit caydait 3aga4um
(2.19)-(2.20), xorga k> 0 u b > 0.
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Hccnenyeres pa3permmmMocTh MOAETBHON 3a7a9u B MpocTpaHcTBe ['€abaepa ¢ MaJIbIMA Ta-
pamMeTpaMu B yCJOBUAX CONPSZKEHU JJIs YPABHEHHIT TEILIONPOBOAHOCTH. /JloKa3aHbl CyIecTBO-
BaHHe, ¢IUHCTBEHHOCTDb U KO3PDIIUTUBHbBIE OIEHKHN DEHIieHud C KOHCTaHTaMH, HE 3aBUCAIIUX OT
MAaJIBIX TapaMEeTPOB, & TAKZKe OIEHKH BO3MYIIIEHHBIX YWICHOB OTHOCATEIBHO MAJIBIX TApaAMETPOB.

YcTaHOBJIEHHBIE PE3YJIbTAThI OyIYT HCIOJAbB30BAHBI /sl JOKA3aTEJIbCTBA Pa3PEITUMOCTH
HeJIMHEHHO 3a1a4mu cO CBODOAHOM rpaHuIeil ¢ AByMs MaJabIMu mapaMerpamu. Vlcxoanas Hen-
HeifHas 3a7a9a co CBOOOJHON IpaHuIel omuchiBaeT mporece (ha3oBoro mepexona (miaBieHne,

3aTBep/eBaHUe) BEIeCTBA ¢ YIeTOM MPUMECH HEM3BECTHOW KOHIEHTDAIHUH.

Pabora Boinonnena B pamkax npoekra Ne 3358 /T'®4 1o rpanroBoMy dunancuposanuio Munucrepcrsa 06-

pazoBanusa u Hayku Pecunybnuku Kazaxcram.
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METO/I PETYJISIPU3AIIANA B OTHOW 3AJTAYE
OTNITUMAJILHOTO YIIPABJIEHUS

KAJIMMYJIJIA MYCABEKOB

Kokmerayckmii rocynapcrsennsiii yaupepcurer um. I11. Vanuxawnosa, yia. Abast, 76,
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Iyctb Q ={x: 0 <z < 1},Qr = Q2x(0,7),T - dukcuposaruoe ducsio. B obractu Qr pac-
CMOTpPUM cucTeMy JuddepeHnnaIbHbIX yPABHCHHH, ABIMIONIYIOCH MaTeMaTHIeCKOH MOJCIBIO

HeamadaTudIecKkoro Tpyo4aToro peakropa:

ovi(z,t) 9%v1 (z,t) Ovy (z,t)
o = e — —g — ¢ f(w),

V2T 2’0 x V2T
Io 26(t7t) — b 0 82;2715) _ 0 28( ,t) +k ./Ul . f(UZ) +g . (Ug(t) _U2<x,t))’ (1)

T

dost) — . (Of1 va(, t)dx — v3(t)) + u(t) - (E — vs(t))

a- 200 4 (0,1) = 1, 2200 — g, } )
b- 2200 _pp(0,4) = -1, 2208 —
v1(z,0) = vio(x), vo(x,0) = v90(x), v3(0) = v (3)
rie f(vy) = exp(l’ — I'/ug(x,t)) (B pabore [1] fokazana CHpaBeIHBOCTD HEPABEHCTBA

vo(z,t) # 0,(z,t) € Qr); a, b, ¢, Ik, g, p, FE, v3 KOHCTAHTBI, HOJOXKHTEILHbIE
napamerpbl cucrembl; u(t) —ynpasisiiomas dyaknus (yupasiaenue); vq(z,t), vz, t),v3(t)
— (PYHKIMN KOHIEHTPAIME pearnpyoleil cMect, TeMIIepaTypbl peaKTopa, TeMIIePATYPhl OXJla-
JIUTEJI COOTBETCTBEHHO.

PacematpuBaercs 3aj1ada MEHEMHU3AIUT (DYHKIIHOHAIA

T

() = / o (1, 8)dt (@)

0

T.e. CYMMapHOTO0 3a BpeMd T’ KoJimdecTBa HEIIPOPEATnPOBABIIIETO BETECTBA Ha BBIXO/Ie PeaKTopa,

npu yeaosusx (1)-(3) u caegyomux orpanndeHnsax Ha yupasienne u(t) u dbynknumo vy(z, t):
0 < u(t) < ug = const, (5)

vo(x,t) < vy = const. (6)

Taxkum 06pa3oM 3ech UMeeM 3ajady onruMasbaoro ynpasierns (1)-(5) ¢ dbazoBbiM orpa-

anaenneM (6). [1s KaxKaoro u3amMepuMoro yupasienus u(t) yI0oBIeTBOPSIONEro YeaoBuio (5)
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cucrema (1)-(3) umeer [1],[2] eauncrsennoe pemenue vy (x,t), vo(z,t) € H**F5(Qr), vs(t) €
C1[0, T, tae C1[0, T]-mpocTpascTBO HEMPEPBHIBHBIX (DYHKITHIA YI0OBIETBOPSIONIX YCJI0BUO JIuI-

muna. g 3agaan (1)-(6) cymecrsyer [1] ontuManbroe yupasienue.

Jns ynobersa yaera dbazoboro orpanndenus (6) dyukinuonan (4) 3amensiercs: GyHKIHOHA-

JA(u):/Tvl(l,t)dt+A-/T/I(b(vg(x,t))dxdt, (7)

rie A-nosoKuTenbHas MOCTOsiHHAs BeauduHa (mrpaduoi kKoaddunuent), P (vq)-trpadHas

JIOM

0, ecam vy <03 . . .
bynkiust O(vy) = ) V3—BEPXHHUIl JOMYCTUMBI TTOTOJIOK JJIsl T€M-
(vg — v3)?, ecaum vy > V3, }
IePaTypHI.

Hns zamaqan (1)-(5), (7) mocTpoer ajJropuT™ MOMCKA ONTHMAJILHOTO yIpaBjieHns B (opme
MeTO/Ia MOC/IeI0BATeIbHBIX TPHOINKeHu# (M.11.11.). OIHAKO, TOCIeI0BATEIBHOCTH YIPABIEHNU T
HOCTPOEHHBIX KaK B M.ILI., TAK W MPU UCCJIEIOBAHUSAX CXOIUMOCTU B METOJIe TITPADOB UMEIOT
cJ1abYI0 CXOMUMOCTD B pocTpancTBe Lo(0, 7). st perienust paccMaTpuBaeMoii 3a71a4u Tpedy-
eTCs CXOMMOCTh TOCIe0BATEILHOCTH yipaBaenuii Xots 66 mo Hopme Lo(0,7"). C 3roit nesbio
OCYTIECTBIAETCS peryaspu3aryst GyHKinonana. [loaromy mapaiesbo ¢ GyHKInoHatamu (4),

(7) 31ech Byner paccMaTpuBaThesi hyHKIHOHAI

o™

O\’ﬂ

T 1 T

vi(1,t)dt + A - //Q) vo(x, t))dxdt + -/(u(t))zdt, (8)
0 0 0

B > 0 - yucgoBOi TTApaMerp.

Takum 06pa3om 3/7eCch BOSHUKAET CJIEAYIONAs 3a/1a49a ONTUMAJIBHOIO YIIPABICHUS:
ﬁ .
Jy(u) — min

npu yeiaosusax (1)-(3),(5),(8).

Qukcupyem [ > 0 m pacCMOTPUM TOJOKUATETHHYI0 MOHOTOHHO BO3DOCTAIOILYIO TTOCTIEI0-
BaresbHOCTH yncen {A,} Takywo, uro A, — oo npu n — oo. Torma nociaenosarenbaoctu A,
COOTBETCTBYET TIOCJIeI0BATETHHOCT ONTUMAIBHBIX yrupasaenuit u"(t) 3amaqau (1)-(3), (5), (8).
B pabore [3] nokazana cxomumoctsb u"(t) mo Hopme Lo(0, 7).

[Tpu cBejennn 3391 ONTHMAJIBHOTO ylipas/ienus ¢ (a3oBbiM orpanndenuem (6) K 3ajade
co mTpadoM, BOZHIKAET HEOOXOMMMOCThH YKa3aTh cnocob m3Mmenenns napamerpa A mrpada.

B nannoit pabore npuBOATCS aJrOpPUTM W3MEHEHUsT napamerpa mrpada u BeiOOp ero Ha-
YAJILHOTO 3HAYEHUsl. B KOHEYHOM HTOTe, MPABUIbHBIN BHIOOD 3aKOHA HW3MEHEHWS MapaMerpa

mrpada Mo3BoJIgeT IOCTPOUTH 0DOCHOBAHHBIN aJITOPUTM PellleHHs pacCMaTpHBAEMO 3a/1a4H.
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OTPAHMNYEHOCTDb I KOMITAKTHOCTBH O/ITHOI'O
KJIACCA MHTEI'PAJIBHBIX OIIPEATOPOB B
BECOBOCOM IIPOCTPAHCTBE COBOJIEBA

AVI'EPUM KAJIBIBAI®, PHICKYJI OMTHAPOB?

KUMETII, Anmarer, Kazaxcrams;
EHY um.JI.H.I'ymuneBa, Acrana, Kazaxcran

E-mail: “kalybay@kimep.kz, Yo ryskul@mail.ru

[Tycrs [ = (a,b) C R. Ilycrb 1 < p,q,r < 0o. [Ipeaiiosioxkum, 410 v U U - HOJOKUTE/IbHbIE
u u3mepumbie byukimun Ha [. O6osnauny depes W) (u, v) MHOKECTBO JOKATBHO abCOTIOTHO

HenpepbIBHLIX MyHKIuit [ Ha [ co cienyoleil KOHEYHOH HOPMOit

11w, = et Il + ol 1)

. Hyers AC(I) - MHOMXKECTBO JIOKAIBHO aBCOIIOTHO HEIPePBIBHBIX (DYHKIHA ¢ KOMIAKTHBIMHE
Hocutesnamu Ha [. OGo3HaunM uepes Wz}(u,v) sampikanme Muoxecrsa AC(I) AW, (u,v) mo
mopme (1).
PaccmorpuM  mpoGsieMy  OrpaHUYeHHOCTH M KOMITAKTHOCTH HHTErPATBHOTO OlepaTopa
x

Kf(z) = [ K(z,t)f(t)dt, x € (A,b) u3 Becosoro upocrpancrsa Cobosesa Wl}p(u,v) B BECo-

Boe mpocTpancTBo CoboseBa Wl}ﬂ,(u, V) TPH HEKOTOPBIX MPENOJIoKeHusX Ha sapa K (z,t) > 0.

Asropsl 6bun noguepKanbt rpanrom Ne5499/GF4 MOH PK.
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[1] R.Oinarov, Boundedness of integral operators from weighted Sobolev space to weighted

Lebesgue space // Complex Variabeles and Elliptic Equations., 56, 1021-1038 (2011).

[2] P.Oitnapos, OzparuueHnocms UHMEZPALLHOLL 0nepamopos 6 eecosvx npocmpancmsar Co-

boaesa |/ Nseectust PAH, Cepusi maremarudeckast. -2014. -T. 78, N 4. -C. 207-2023.

HEJIOKAJIBHBIE KPAEBBIE 3AJIAYU
ITEPVNOINYECKOI'O TUITA JJIA OITEPATOPA JIAIIJIACA
B IITAPE

MAXMY/T CATTBIBEKOB

Hucroryr maremarnkn u maremMatwdeckoro mogeupoBanust, yia. Ilymknna, 125, Aamarsr,
050010, Kazaxcran
E-mail: sadybekov@math.kz

XopoIIo u3BecTHO, 4TO Kpaesbie 3aaun /upuxie u Hefimana aBagiorcs OCHOBHBIME 33,13~
YaM¥ TEOPHUHU TapMOHWYIECKUX (hyHKIuil. B oqHOMEpHOM Cydae, WM NpH PACCMOTPEHWUN 33,1a-
YU B MHOTOMEDHOM MapaJliiesienuie/ie, K OCHOBHBIM 33/la4aM OTHOCSAT TaKyKe U TTePUOTHIecKue
KpaeBble 3aIa4H.

Panee, B nameii pabore 1] aust cayqas kpyra Q = {z =z + iy : |2| < 1} 6bin copmynn-

poBaHbI aHagoru neproanaeckoii (k = 0) u antunepunognveckoii (k = 1) 3amav nas ypapHeHus

Jlammaca
Ugg + Uyy = 0,
k *
u(z) = (=1)"u(z") =7(2),
z| =1, y > 0.
u k du [ x
G (2) 4+ (—1)" 84 (") = v (2),
BoLn paccMOTpeHbl JiBa BapuaHTa, KOrja 2* = x — iy Wi 2* = —x — 1y.

B macrosiem mokJiae Mbl HOCTPOUM aHAJIOrd Kpaepoit 3agadn Camapckoro-VoHKuHa 11s

ypasuenus Jlamraca B mape Q = {|z| < 1} uz R™

u(z) —au(z") =7 (z),
lz| =1, 1 > 0.
B (@) + () Gt (@) = v (@),

Pabora sbiionnena no rpanry 0824/I'®4 KH MOH PK
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31ech KaxK 0l TOYKe

r = (21,22, ..., Ty) € )

MBI COIIOCTABJISICM <NPOTMUGONOAONHCHYI» eil TOUKY
*
= (=21, s, ..., yy) € £,

rje «; IPUHUMAIOT OAHO M3 3Hadenuit £1, j = 2,...,n. OueBugno, 4ro eciu r € 0, 10
x* e 0N .

B noxkmazge 6ynyT paccMOTpPEHBI BOIIPOCHI KOPPEKTHOCTH C(HOPMYIUPOBAHHON 3a7a4u, I71a/1-
KOCTH ee pelleHus, OyayT chopMyIupOBaHbI ClieKTpaibHble 33a9i. MBI MOKaxKeM MeTOIUKY
HOCTPOEeHUS COOCTBEHHbIX 3HAUYEeHUIT 1 COOCTBEHHBIX (PYHKIUHN 3a/1a4u.

[Ipu mocrpoenun perreHus 3a/7a49 CyIECTBEHHO MCIOJb3YyeTCd aBHBIH Bu dhynkiuu [ puna
3ajaun Heitmana a1 ypaBHeHus Jlammaca B MHOTOMEDHOM Iape, BIIepBble IIOCTPOEHHBIN B

Hamteit pabore [2].

Crmcok jurepaTyphbl

[1] M.A. Canpibekos, B.X. Typmero, 06 0dnom aranoze nepuoduseckur Kpaeeur 3aday 0

ypasnenus Ilyaccona 6 xpyee // Huddepennnanpubie ypapuenns, 50:2, 264-268 (2014).

[2] M.A.Sadybekov, B.T.Torebek, B.Kh.Turmetov, Representation of Green’s function of
the Neumann problem for a multi-dimensional ball // Complex Variables and Elliptic
Equations, 61:1, 104-123 (2016).

OIHO3HAYHA Y PA3PEIIIMMOCTD JIMHEMHON
JIBYX®A3HOUI

3AJIAYU C IBYMS CBOBOJHBIMU 'PAHUIIAMN
B IIPOCTPAHCTBE T'EJIbJIEPA

AVITVJIB CAPCEKEEBA

Kazaxckuit HalmmoHaIbHBIH YHHBEpCHTET HMeHH ajab-Papabu, np. aap-Papabu, 71, Aavarsl,
050040, Kazaxcran

E-mail: aigul.sarsekeyeva@gmail.com

N3ydena JmHeapu3oBaHHasi MHOrOMepHas jByxdas3Has 3ajada € JByMs CBOOOIHBIMU I'DaHU-
naMu JijIsl napabondeckKnux ypaBHenuil. Takas 3ajada BO3HHKAeT MPH PENIeHUN HeJIWHEHHO

3a/1a49d, KOTOpas OINHCHIBACT peasbHble (DU3MYECKHE ITPOIECCH - TeYeHHe BA3KON KHIKOCTH
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B TpyOe 1ipu u3BeCTHOM jaBjenuu. Hampumep, npu TpancuoprupoBke nedru, cojepzKaiiei
HpUMECh, 10 TPybonpoBoay 00pa3yiorcs Tpu (pa3bl COCTOAHUS BEIECTBA: BHEITHSS 00/1acTh -
TBepaasa ¢aza, MPoMeKyTOUHad 001acTh - XKujKasd pa3a, a BO BHYTPEeHHEH 00/1acTH HAXOIUTCS
JKejieobpasHoe BelecTBo. ['paHuIbl pasjiesia ITux Tpex (a3 - aBe cBoOOHbIE (HEH3BECTHBIE)
rpanuipl. [Ipu ucejieioBanun Mbl pacCMaTpUBaEM TOJBKO TBEPIYIO U 2KUJKYIO (a3bl.

B npocrpancrsax ['esibiiepa jloka3zanbl CyIIeCTBOBaHNUE, €MHCTBEHHOCTDH PEIIEHUS U yCTa-
HOB/IEHBI KOAPIUTUBHBIE OIIEHKH peIleHus JUHEHoit MHOrOMepHOit 1ByXda3Hoii 3a/1a4u ¢ JIBY-
Ms CBOOOJTHBIMU TPAHUTIAMH 151 TApAOOJIUIeCKUX YpaBHEHUI.

JloKazaTeabCTBO CYIECTBOBAHNS PEIleHns 3a1a9l JOKA3bIBAETCS MPU MOMOIIHU TTOCTPOSHUS
PETryJIIpU3aTOpPa WU METO/Ia CXKUMAIONTUX OTOOPaKeHW, a ONEeHKN DeIleHNs YCTAHABINBAIOTCS
merogiom [laynepa. [Iag nocrpoenus perysisipuszaropa 06JiacTh MOKPHIBAETCH KOHEYHBIM YHUC-
JIOM TTAPOB MaJIbIX PAJIUYCOB, CTPOUTCI CUCTEMA IVIAJKUX CPE3AoNX (pyHKIMIT, TOIIHHEHHBIX
9TOMY MOKDPBITHIO, B Pe3yJbTaTe 3aJada CBOJIUTCSA K PEIeHUI0 MOJETbHBIX 33Ja4 ¢ TMOCTOSH-
HBIMU Kodddburnuentamu - 3amad Kommm, mepBoit KpaeBoil 3a/1a4u B TOJYTPOCTPAHCTBE, 33724

COIPAZKEHUS B MPOCTPAHCTBE JJId MapabOJMuecKuX ypaBHEHUN.

BA3VICHBIE CBOMICTBA KOPHEBBIX BEKTOPOB
INP®PEPEHIINAJIBHBIX OIIEPATOPOB C
MHBOJIIOIINEN

ABJIN?KAXAH CAPCEHBU

Hucrnryr maremarnkn u mareMaTwdeckoro mogenupoBanus, yia. Ilymkmaa, 125, Aamarsr,
050010, Kazaxcran
OKI'Y um.M. Ays3oBa, r. IllpivienT, Kazaxcran

E-mail: abzhahan@mail.ru

AmmoTamus: YCTaHOBIEHB TeOpeMbl O DA3MCHOCTH COOCTBEHHBIX BEKTOPOB A depeHIu-
AJTBHBIX OMEPATOPOB BTOPOTO TIOPSIIKA ¢ WHBOJTIOIHEIH.

PaccmarpuBatorcs ogaoMepabie qudepeHnaibHble OTepaToOPhl ¢ MHBOJIIONIEH BHIa

Lu=ou" (—x)+ pu" () +q(z)u(z), —1<z<l1,

€ KaKUMHU- HEOY/Ib JBYXTOYEIHBIMHU KpaeBbiMu ycaoBusiMu. [locTpoena Teopust 6a3ucHOCTH
KODHEBBIX BEKTOPOB nddepeHInalIbHbIX OllepaTopoB ¢ mHBOJONNe. Ha ocHOBe co3manHOi
Teopun GyHKIUU ['puHa KpaeBbIX 331a4d Iad AuddepeHnnaIbHbIX YPaBHEHUN ¢ WHBOJIIOIH-
eff, ycraHOBJIEHBI TEOPEMbl O Da3UCHOCTH COOCTBEHHBIX (PYHKIUI B TepMuHAX KOIDDUIUEHTOB
Kpaesbix ycaosnii [1-3]. Pazsura reopust 6azucunoctn B.A. Unbuna [4] va cayqait anddeperin-

AJbHBIX OIEpATOpOB ¢ HMHBOIONMEH. [locTpoen nmpuMep cleKTpaabHON 3a/1a4u ¢ WHBOJOMUEH
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¢ OECKOHEYHBIM YHUCJIOM NPUCOEJMHEHHBIX (DyHKIUI, cucrema COOCTBEHHBIX U UPHUCOEMHEH-
HbIX QYHKIMA KoTopoil obpasyer 6asuc npocrpauctsa L, (—1,1) [5]. Ycranosien kpurepuii
Oe3ycJI0BHOM 0a3MCHOCTH KOPHEBBIX BEKTOPOB omeparopa L.

st opopmiieHHSsT JTUTEPATYPbI, OXKAJIYHCTa, NCIOIB3YiTe caeayonuii odpas3err:
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|2] Sarsenbi A.M., The Green’s function of the second-order differential operator with an
involution and its application // AIP Conference Proceedings, 1676, 020010 (2015).

[3] Sarsenbi A. M., The theorem on the basis property of eigenfunctions of second order
differential operators with involution // AIP Publishing, 1759:1, 020030 (2016).

[4] T’in V.A. and Kritskov L.V., Properties of spectral expansions corresponding to nonself-
adjoint differential operators // J. Math. Sci. (NY), 116:5, 3489-3550 (2003).
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involution // Electronic Journal of Differential Equations, 2015:278, 1-9 (2015).

CUCTEMA TUIIA PUMAHA COCTOMIIIIEN 13 TPEX
VPABHEHUMN

ZKAKCBIJIBIK TACMAMBETOB

AKTIOOHHCKHIT perHoHaIbHBII rocygapcrBeHHblil yaupepeurer uM. K. 2KybaHoBa, yi1. mp.
Mo.uarynooii, 34, Axrobe, 030000,Ka3zaxcran

E-mail: tasmam@rambler.ru

N3ydeHbl BO3MOKHOCTH MOCTPOEHUS PEIIeHNH CUCTEMBI COCTOATIEil U3 TpeX yYpaBHEHUH

r=a-ptay-g+az- 2z,
s:bl-p+b2-g+b3-Z, (1)
t:cl-p+02-g+03-Z,

rae a;, by, ¢; (i = 1,2,3) — koadduruenTsl B Br/ie MHOTOYJIEHOB JIBYX MepeMeHHbIX, Z = Z(x,y)
0z 0z 0?7 0?7 y 0?7

—,9=——,5 r = — ut = —— NPOU3BOJHBIE OT
oz 9 oy’ 0xdy’ Ox? Oy? P a8

Hem3BecTHOI dbyHkimu Z(x,y).

— oD1iasi HeM3BEeCTHAs, a P =
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Basepast uccaepopanus [Toxrammepa [1], M.E.Ilukap |2| oupeaesmin naunbosiee obiueit Bu1
ko3 burmentos a;, b, ¢; (i = 1,2,3), Korga 3aJaHHas CHCTEMa MPUBOAUTCH K BHJY CHCTEMBI
tuna Pumana. 1ot ciaydail ocraeTcsd MaJOUCC/IeI0BAHHBIMH.

[leabto JaHHON paBOTHI SIBJISIETCS] YTOTHEHUE YCIOBUsT COBMECTHOCTH cUCTeMBI (1), n3yuenue
CBA3U € THIEPreoMeTpudecKuMu cucreMaMu f1.1'opHa, Kinaccudukamus peryaspHbIX |
UpperyJIPHbIX OCOOEHHOCTEH U 1OCTPOEHUEe perieHuit BOJIM3U 3TUX 0COOEHHOCTEN.

B kadecrBe KOHKpPETHOI'O IPUMEPA PACCMOTPEHaA CUCTEMa, CBsA3aHHas ¢ cucremamu f1.1'opua

[2], onruM W3 ypaBHeHHIT KOTOpPOii sBAsSeTCs ypaBHeHne Diinepa-/lapOy
(—y)s=1=-N)p=(1-X)-q

Pemenne sToro ypaBuenud npejcrapieHa BOJIU3M OCOOEHHOCTH & = Y B BUJE 000OIIEHHOTO

CTEIIEHHOI'O pdda ABYX II€PEMEHHBIX

o

flz,y) = Z A - 2™ Y (2)
m,n=0
rae KodduimenT
fmn = (62:! (nﬁv 2w +m) (3)

() =a-(a+1)(a+2)...(a+m — 1) — oboznauenue [loxrammepa) mMOKa3bIBACT, YTO P
(2) sBnserca runmepreomerpudeckuM [3,c. 218]. W(m + n) npuHIMaeT pasHble 3HAYCHUS IS
Pa3JIMYHbIX I'HIEPreoMeTpruYecKux (pyHKIuil JByX rnepemMeHHbIx co crnucka [opua. Hampuwmep,

B caydae pyakimit Anmesrs [

o) = G2

Crmcok anrepaTyphbl
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[3] T.M.Beiitmen, A.Dpaeitn. Bucwue mpancuendenmuve gynkyuu, 4.1. Nunepeeomempuue-

ckas Pynkyus. Pynrxyuu Jeocandpa // M: Hayxka, 1965, 294 c.
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IIPOU3BEJAEHNSA ®YHKIINI MATBHE
ITPEJICTABJIEHHBIX B BUJIE HOPMAJIBHBIX "
HOPMAJIBHO-PEI'VJIAPHBIX PA/TOB

JKAKCBIJIBIK TACMAMBETOB?, MENPAMI'YJIb TAJIUIIOBA®, PLICKYJIb
KAXIMTHA®C

AKTIOOHHCKHIT perHoHaIbHBIH rocyaapcrBeHHbIH yauBepcurer nM. K. 2Kybanosa,
yia. mp.Mosgarymosoit, 34, Akrobe, 030000, Kazaxcran

b

E-mail: “tasmam@rambler.ru, “mira_ talipova@mail.ru, ‘riscul_ 75@mail.ru

Leabto paboThl ABISETCA U3y YeHHe IPON3BeTeHns pyHKIM Marbe IpeIcTaBIeHHBIX B BUIE
HOPMAJIBHBIX U HOPMAJbHO-PEIYJIAPHBIX PAIOB. DTU Pl UTPAIOT BasKHYIO POJIb IIPU ITOCTPO-
eHuu pellenus ypasHenenus Marbe, yacTo Bbipazkaembie depe3 dyukiuun beccens u mapabo-
JINYECKOT'O IUINHIPA.

B pa6ore mcrnonb3ysa pasiaduHble IpeacTaBieHns GYHKIMA 1apaboInIecKoro mpeacTaBie-
uust D, (z) nokasanbl psa TeopeM. Moxkuo gokazars [1], uro dyakuus D,(z) ¢ mOMOUIbIO

HOPMAaJbHO-PETYAAPHBIX PAAOB HPEJACTABIAACTCA B BHJE

() o
D,(z) = .27

r 1—ln
2 2

IS
)
|
N
e
N
DN | —
S
|
DN | —
DN | —
[\
N——
+

Teopema 1. IIpou3senenne
y=Dy(u)- Dy(v)

ABJIACTCA pellleHueM YPpaBHEHHA TPETbEro IOPAJIKa

1 1
y//'+4(u+§—1x2> Y —z-y=0.

Teopema 2.

Ilpoussenenne nByx yuxuuii 1apaboJM4ecKoro MUJNHAPA HPEJCTABUMO B BHJIE

oo i =2 T T (Y,

u?
4

) — lIpou3BeeHnusd JIBYyX MHOI'O1/ICHOB SpMI/ITa.

H (u v
rie nn |\ = =y /=<
AT\ 20 V2
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Teopema 3.
Ipomssenernns y(u,v) = D,(u) - D,(v) sBasercs pemennem jguchpepeHnnasbHOro ypapHe-

HHA B 4aCTHbLIX IIPOU3BOJAHbLIX BTOPOI'O IIOPAIKA

/N BN PR S R (R Sl P
o " o2 1Ty 7 2Ty T ) YT

Cumcok jurepaTtypbl

[1] D.T.Yurrekep, Tx. H.Barcon. Kypc cospemennozo anarusa. Tpancuyendermmoie Gyrkyuu.
// M: TUD®MJI, 1963, T.II, 515 c.

O PABPEIHINMMOCTUN HEKOTOPBIX KPAEBBIX 3AJJIAY
AJI1Ad BUTAPMOHNYECKOI'O YPABHEHN

BATUPXAH TYPMETOB

Hucruryr MmaremMaTnkn 0 MaTeMaTHIeCKOro MogeanpoBanus, yia. Ilymkmaa, 125, Aamarsr,
050010, Kazaxcrau
Vuusepcurer Axmera Scasm,yin.b.CarrapxanoBa,29, Typkecran,161200, Kazaxcran

E-mail: turmetovbh@mail.ru

IMycts Q@ = {x € R" : |z| < 1} - epunuunsiii map, n > 2, 0Q = {x € R": || =1} -
equanaHas cdepa. O6oznaunm 0y = {x € 9Q : x, > 0}, Q- = {z € 90 : z, < 0},
I ={z € 09 : z,, = 0}. Kaxnoit Touke x € Q conocraBuM "IPOTHBONOIOKHYIO"ell TOUKY

Tk = ax , rae @ = (o, g, ..., 0y ), &, = —1, a ocrasbHble @, = 1,n — 1 IPUHAMAIOT OIUH U3

0" u(x)
ovm )

Pacemorpum B obstacru ) caenyrontyio 3amaqy (k= 1,2):

snavennit +1. O6o3unaunm D'u(x) = m > 1, v-ekrop nopmasu K 9, DOu(z) = u(z).

Au(z) = f(z),x €Q (1)
Dru(z) = g(x),z € 00 (2)
Dy u(z) = (=1)" Dju(wx) = gi(x), @ € 0 (3)
Dyu(x) + (—1)* Dy u(wx) = ga(x), x € 00 (4)

Pabora BeImonHeHo mpu (PUHAHCOBOM MOAAEPKKE TPOTPAMMHO-IIETIEBOr0 (PUHAHCHPOBAHUS HAYIHBIX UCCTIE-

nosanuit MOH PK (Ne 0085 / ITII®-14).
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e 0 <m <3,0</V; </ly<3,01#m,ly#m.
Pemennenm 3amaqu (1) - (4) masosem dynxumo u(xr) € C*(Q) N CYQ), L = max(m, {1, (5),
VAOBJIETBOPSONIY0 yeaoBusiM (1) - (4) B KIACCHIECKOM CMBICIIE.
[Tycrs 97 = axfla.l.%ﬁn’ S— myabruunjiekc ¢ |§| < 3,0° = [— epunuunbiii oneparop.
OueBuIHO, YTO HEOOXOMMBIM YCJIOBHEM CYINecTBOBaHHUs pentenus u3 Kiaacca CY(Q) spid-

I0OTCA yCJ‘IOBI/IH COIJIaCOBaHU A
9°g1(2,0) + (=1)*0° g1 (az,0) = 0, |B] < p,0°ga(%,0) + (=1)*0°go(az,0) = 0,|8] < q  (5)

rae & = (T1,...,Tp_1),& = (Q1, ..., 1), p ¥ ¢ IpuHEMAIOT 3Hadenus 0,1,2,3 B 3aBUCHMOCTH OT
NOpsKa IPaHIYHBIX onepaTopos DI u D2,

OTmeTnM, 9TO aHAJIOTWYHBIE 330491 B CIy4ae SJLIUITHICCKUX YPABHEHUH BTOPOTO TTOPS KA
HCCae0BaInch B paborax [1-3].

B nacrostiieit pabore nsy4daiorest BOonpochl paspenmmoctu 3agaqan (1) - (4) agst caygaes: 1)
m=0wumul; =0;2)m>1wml >1;

CrpaBeIJIuBbl CJIEYIOIINE YTBePKICHN

Teopema 1. Ilycts m = 0,11 = 1,1, = 2,k = 1,2, f(x),9(x), g;(x),j = 1,2 gocraroumsre
riajKne (OyHKIHA H BBIIOJHSIIOTCs yeaoBus corinacopanis (5). Torpa pemenne 3anaun (1) -
(4) cynrecrByer w €HHCTBEHHO.

Teopema 2. Ilycts I} = 0,m = 1,1, = 2,k = 1,2, f(x),9(x),g;(x),j = 1,2 gocraroqnsre
riajikne (QYHKIIA 0 BBITOJHSIOTCS yCao0Bist cornacopanmst (5). Torna

1) ecn k = 1, To pemenne 3agaqn (1)-(4) cymecrTByer u eUHCTBEHHO.

2) ecsm k = 2,10 s paspenumocty 3aa49u (1)-(4) HeobX0 MO 1 JJOCTATOYHO BBIIOJTHEHUE

/%Wf(wdsy: /92(y)d5y—/g1(y)dsy_

Q a0, a0

YCJI0BHS

Ecn penrerne cymmecTByeT, TO OHO €IHHCTBEHHO ¢ TOYHOCTBIO JI0 MOCTOSHHOTO CJIATAEMOTO.

Teopema 3. Ilycts [} = 0,1 = 1,m = 2,k = 1,2, f(x),9(x), g;(x),j = 1,2 gocrarounsre
riajKne (QYHKIIA 0 BBITTOJHSIIOTCS yCa0BHs cornacopanmst (5). Torna

1) ecm k = 1, o pemenne 3amaqn (1)-(4) cymecrTByer u eHHCTBEHHO.

2) ectm k = 2,10 15T paspemumocty 3aja49u (1)-(4) HeobxXoauMo 1 JOCTATOYHO BBITIOJTHEHUE

/ 1_wa@)dsy: / ao(y)ds,— / 01 (y)ds,.

Q 0 00

YCI0BHS

EcJiu pemneHne cymecTByer, TO OHO €JHHCTBEHHO ¢ TOYHOCTHIO /[0 MOCTOSHHOI'O CJIAraeMoro.
Teopema 4. Ilycrs k = 1, f(z),9(2),g;(x),7 = 1,2 gocrarodnsie riajgxme GyHKmun u
BBITIOJTHSIFOTCS yeaoBust coriacosannst (5). Torma Heobxomqnmple 0 J0CTATOTHBIE YCJTOBHS Pa3pe-

mrmmocta 3agaqn (1)-(4) mmeror Buj
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1) ecimm = 1,11 = 2,1y =3, 10
1
5 [a- Py = [ g@as.— [ g)as.
Q 90y a0

2) ecmm = 2,1y = 1,1y =3, 10

L - Py = [ g@as. — [ a@s.
./ / /

) a0 a0,
n
n—1 n—3
5 /xj|x|2f(m)dx— /:L‘jf(x)dx: /xjgg(x)dsm—/xjg(x)dsx
Q a0 80y a0
npu Beex j € {1,2,...,n} Is KOTOPBIX BBIIIOTHAETCS PABEHCTBO j = —1.
3) ectum = 3,13 = 1,1 =2, 10
n- /|x|f )dz—" /f dx—/()dSm,
Q
"
n—1 n—3
5 /xj\xIQf(x)dx— 5 /xjf(x)dx = /xjg(x)de— / z;g2(2)dS,,
Q o0 a0 a0,
npu Beex § € {1,2,....n} 1IsT KOTOPBIX BBHIITOJIHSIETCS PABEHCTBO (v = —1.

AnamornvuHoe yTBep:KIeHNE BEPHO U B cay4ae k = 2.
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Ob O/ITHOM OBOBHIEHUVE ®YHKIVIW TUITA
MUTTAT-JIE® DJTEPA

BATUPXAH TYPMETOB

HucTuTyr MareMaTnKn 0 MaTeMaTHIeCKOro MogeanpoBanusd, yvia. Ilymkmaa, 125, Aamarsr,
050010, Kazaxcrax
Vuusepcurer Axmera Scasm,yia.b.Carrapxanoa,29, Typkecran, 161200, Kazaxcran

E-mail: turmetovbh@mail.ru

Ilycte m € N, o,vj,1; € C, 5 =1,2,...,m, U = (Yo, V1, ..., Um), B = (o, 41, -5 o). Pacemor-
puM (HYHKITUIO

£(27.7) =T Ho Z HF pr+ 11 . T pr+ v, n (1),
1) n=0 k=0 ,Ok + 1 pk + Hm

rae I'(a)— rammva dyuknus Dittepa, I ( Z ) =TI'(a)/T(b).

Hanwnas dyskius B caygae m = 1 pacemorpena B pabore [1| u stBasiercst moaudukarueit

U3BECTHOM 06001enHo# dbyukiun tuna Mutrar-JIeddiepa, BBegennoit B padore [2]:

o] n—1
, alkm+10) +1
Eomy(2) :Zcizl,coz 1,cn:HF ( ) ,n > 1. (2)
py o alkm+0+1)+1
CaoiicTBa 1 npuMenenust Gyuxnuu (2) u3noxens B padore [3].
B macrogrmeii pabore uccaeayorces cBoiicrBa dbyHkunu (1) ¥ X OpUMEHEHUs ISl TPeJi-
CTaBJICHUS SBHOTO PEIIEHUS] HEKOTOPBIX MHTErpo - AudpepennuaibHbiX ypaBHEeHU JIpOOHOTO

MOPSIIKA.

Crmcok aurepaTyphbl

[1] E.H.Oroponnukos , O dsyzr cneyuaivhur @Gyrkyuaz, obobuiaowur GyHKyuo mu-
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[3] A.A.Kilbas, H.M.Srivastava , J.J.Trujillo , Theory and Applications of Fractional
Differential Equations // Elsevier, Amsterdam, 2006.
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ACUMIITOTUKA CIITEKTPA HEITIOJIYOTPAHMNYEHHOI'O
JANMPOPOEPEHITNMAJIBHOI'O OIIEPATOPA YETBEPTOI'O
ITIOPAJIKA C KOJIEBJIOIIINMCA KOO PUIITNEHTOM

AJINBEK ECKEPMECV/JIBI

EBpasuiicknii HanuoHaapHBIH yHEBepcuTer uM. JI.H. I'yvmmaesa, yi1. Carnaesa, 2, AcraHa,
010000, Kazaxcran
FE-mail: aleke1410@gmail.com

JlanHas paboTa HOCBAIIEHA U3YI€HUI0 aCAMITOTHIECKOTO IIOBEIEHHs CIIEKTPa HEIOJIyorpa-
HUIeHHOTO T depeHraibHoro oneparopa Ly, TopokaeHHoro B Ly(—00, +00) auddepemmu-

AJIBHBIM BbIPDa2K€CHHEM

ly=yY +q(z)y, x€(—o00,+00). (2.25)

B wmonorpadun [2] 6bmm nosydenst acumnrorndeckue dopmyinl st dynakmun N(N) —
dbyHuKIME pactpeeennst COOCTBEHHBIX 3HAYEHUH CAMOCOIPSIZKEHHBIX PACIITHPEHIH MUHUMA/Ib-
Horo juddepeHnuaIbHOrO oneparopa Ly, MOPOXKIAEHHOTO B Lo(—00, +00) auddepenmmaib-
HBIM BbIparkenueM Buja (2.25) B ciayuae, korna ¢p(x) — "peryasipuas" B cmbicae Turamapiina-

Jlesurana dyukuus. [ojg perysusipaoctbio GyHKIWME ¢1(T) HOHUMAETCS CJIeyIoLIee:
o byHKIHs ¢ () ABASETCS ABaZKIbl HEMPEPbIBHO- 1M dOepeHIupyeMoii;
e ¢ (x), ¢/ (x) He MeHAIOT 3HAK JisI JOCTATOYHO Oosibmux x, |z| > R, R > 0;
e ¢ () = 400 upu |z| = +00;
e () = olgl(x)), |z = +o0, 0<7<E.

[leabto Hatell pabOThHI ABJIAETCS MOJYYeHre acuMIToTYecKuX (opmy pyist byukmun N ()
B cay4ae, Korja byHKINs ¢ () He YIOBIETBOPSET YCIOBUIM PETYJISIPHOCTH THa TurTamapiina-
JleButana u gpigercd xosedjoteiica pyukiueit. [Ipumepom Takux Hepery/sipubiX (pyHKImii

SABJISIOTCS, HATTPUMeEp, PYHKIIUU BUJIA
¢ (x) = q(z) + h(z),
rie q(z) — "peryasipaas" ; a h(x) cOTEPKAT OCIIILISIIUIO

Zak - Sk (or(T))

Pabora Bommosaena npu noggepxkke Komurera Hayku Munucrepcersa Obpazopanus u Hayku Pecrnybiuku

Kazaxcran (rpanr Ne 5499 /I'®4) 1o upuopurernomy Hanpasienuto "uresuiekryanbubiii norennuas crpanbt'.

Institute of Mathematics and Mathematical Modeling, Almaty, August 22-25, 2017



108 MexkayaapoaHas KoH(pepeHIHSI « AKTyaabHbIe IPOOIeMbI THCTOH H IIPHK.IaJHOH MaTeMa-
THKH», HOCBsIieHHasa 100-1eTnio co JHA poxKaeHus akajgemuka TajiimanoBa Acana /labcoBrua

rie Sk (t) — nepuopnueckue dyuxyu, a ag(x), @x(r) — 10CTATOUHO 1A KUe MOHOTOHHbBIE (DY HK-
.
Acumvnrorndeckue (Kak 1m0 z, Tak u 1m0 A) GoOpMyJIsl st GYHIAMEHTATBHON CHCTEMBI Pe-

menus (ganee PCP) ypapuennit Buga

="+ (q(x) + h(z))y = Ay

C TIOJIOOHBIMY TOTEHITHAJIAMHE U3y YaIUCh B paborax [4], [3]. B pabore [1] 6611 mpeioxken HOBBI
MeTOJT MOCTPOEHUSI TAKUX aCHMMITOTUYECKUX NIPU T — +00 (DOpMyJI, JIid ypaBHEHUsI YeTBep-
TOr'O MOopyAJaKa. OKaBaﬂOCb, q9T0 ﬂaHHbHU/I METO/ TMO3BOJIdEeT TaKzKe MOJYYHUTH aCUMIITOTUYICCKHUE

dbopmybr qist @CP ypasaenust (2.25) mpu I' 5 A\ — oo, 111e
F'={X:o+4+ir;0>0,(<7<007,£>0, 0<y <1},

paBHOMEpPHBIE TIO T € (—00, +00).
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OB SJIVINIITNYECKNX YPABHEHNAX HA
CTPATUUOPUIINPOBAHHBIX MHO2KECTBAX

OJIET TIEHKIH

Kazaxcrancko-Bpuranckuii Texandaecknii Yaupepcurer, Anmvarer, 050010, Kazaxcran

E-mail: o.m.penkin@gmail.com

[Tox cTpaTudUIIPOBAHHBIX MHOXKECTBOM IIOHUMAETCsI CBSI3HOE IMMOAMHOXKEeCTBO ) IpocTpaH-
crea RY, cocTaBaennoe n3 KOHEIHOTO YHUC/Ia TIAIKIX MHOI006pasuit O)j, PEry/JIspHO IPUMbIKAIO-
mux Apyr K Apyry. Ha Takom MHOXKecTBe yaaéTcst onpeaenTh aHaJIor ONepaTopa JIHBePreHInn
V (Ha crenuasbHBIM 06PA30M OIPE/IEISIEMBIX KACATETbHBIX BEKTOPHBIX TIOJISIX ) [0 CIIETUATBLHON
Mepe

plw) = mlwnog),

rae ju; — k-MepHas Mepa Jlebera na crpare oy;. Ha 3T0il ocHOBe ymaeTcs ompeleauTb aHATIOT
oneparopa Jlamaca u sjiTudYecKue onepaTropbl OoJiee 001Iero Bu/ia.

MBI IPHBOIHM DPE3yJIBTATHI, KACAIOIHECs] PA3PemuMOCTH (C1aboi U KAacCHIecKoi) 3a/1a9n
Jlupuxse ¢ TaKHUMH omepaTropaMu, a Takxke 3ajadn upuxie s p-jamiacuana, omnpesesis-
eMOM Ha CTPATUMDHUIUPOBAHHOM MHOXKECTBE AHAJOTHYHO OOBIYHOMY p-JIAILIACHAHY B 00JIACTH
upocrpancrsa RY.

MbI OIIUCBbIBACM TaKK€ HEKOTOPDbIE HOBbIC PE3YyJIbTAThl, KaCAalOIUXCAd Ka9YeCTBEeHHbIX CBOMCTB
rapMOHHYeCKuX U cybrapmMonundeckux (byHKIui Ha cTpaTudUIUPOBAHHOM MHOXKECTBE, IIOJIY-
YeHHBIX aBTOPOM M HEKOTOPBIME M3 €ro YIeHHKOB. B ux ducie Tteopema 00 ycTpaHUMOR 0co-
OEHHOCTH M HEPABEHCTBO XapHaKa JjId TaK HA3bIBAEMOI'O "MAIKOr0’ JlalljlacMaHa, Ha OCHOBE
KOTOPBIX VIAa€TCsl yIaéTcst peajn30BaTh MeTon [lepppoHa A0Ka3aTebcTBa Pa3peruMOCT 3a-
naqn Jlupuxiie ¢ TaKuM JIaIIacHaHOM.

Hekoropsie 1mogpo6HOCTH, Kacaloluecs MPUMEHsIeMOr0 HAMH MAaTeMaTHYECKOTO alapara

MOXKHO HaiiTh B KHure [1].

Crmcok jurepaTypbl
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O PA3PEIIIMMOCTHI OCOBON KPAEBOI 3AJTAYN JOJIA
BUITAPABOJINYECKOI'O
NHTEI'PO- INO®PEPEHIIMAJIBHOI'O YPABHEHU A

XAWPVYJIJIMH E.M.¢, TVJIEHIEBA I'A*, CENTKYJIOBA K. H.c

Kazaxckuit HanpuoHa/IbHBIH HCCJIE0BATE/IbCKUH TeXHUIECKUI YHUBEPCUTET HM.
K.H. Carmaesa, Pecuybsmka Kazaxcran
E-mail: “khairullin_ 42 42@mail.ru

Annoramus. PaccmarpuBaercs ocobast Kpaepas 3a71a4a, 1711 OUIIapaboMIecKOro HHTErpo-
muddepennuanbaoro ypasaenust (BIIV/TY) B MHOrOMEPHOM MPOCTPAHCTBE JIJIst HOJIOCHL. Perre-
HUEe KpaeBoil 3ajauu uiercd B Bujie cymmbl pynkinun Komu jyisg BIINILY u cuenua/ibHbIX 110-
TeHnuaoB. [I[pUBOASTCS JJeMMBI O CKAYKAX CHEIUAJBHBIX MOTEHIINAIOB B OKPECTHOCTIX THIIeP-
miockocTei. Ha ocHoBanum JleMMBbl KpaeBagd 3a1a4a 11 BIIV/LY cBemera K cucteme HHTETpo-
mudbdepennuanbubix ypasaenuit (CUY). Vcnoab30BaHneM omepaTopoB IpOOGHOIO WHTErpH-
poBanus u auddepenuposanus, pemenne CUIAY HaiigeHo B SIBHOM BHIE 4Yepe3 3aJaHHBIE
dyHKIIAN.

B obnactu Qr = {(z,t) : (¢ 2,,t), 2’ € R, x, €]0,l[, t €]0,T[} naiiru peurenue
u(z,t) € Cp7(Qr) BIIMLY

t
L2, £)] = A / Au(z, T)dr + f(z,b), (2.26)
0
VJIOBJIETBOPSIONIEE HAYAJILHBIM YCIOBUSIM

u(z,t)] =0, Dw(x,t)] =0 (2.27)
t=0 t=0
U TPAHUIHBIM YCJIOBHSIM
Dinu(x>t) = (701(;13,715), Dinu(l‘,t) = SDQ(x,?t)’
2,=0 xn=0
D2 u(x,t) = p3(2',t), D3 u(z,t) = (2, 1t), (2.28)
=l ) Tn=l
(«,t) € Q" = Qr\aa,
9 0 0
rie L = D, —a*A, D, = a9 Dt = E; A — omeparop Jlammaca mo mepeMeHHBIM T =
T
(x1,T9,...,x,) € R", A\ — HEKOTOPBIii TTapaMeTp.

Pemterme xpaesoit 3aga4au (1) — (3) mmercsa B Bue:

u(z,t) = 2a*oy * G_1D,, Q1lx, t] + 2a* oy * LG [, 1]+

2.29
+2a*py * G 1Dy, Qu[2), 2 — 1 t] + 20 o * tG[a! 2, — 1t + f x tH, [2, 1], ( )

This research is financially supported by grants from the Ministry of Science and Education of the Republic
of Kazakhstan under the grant number 4075/GF4.
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viae Hy,(z,t) — dynkuus Komm nius BIINAV|1], Gp(x,t) - dyngamenransuoe pemenue (d. p.)

YDaBHEHHS TEILIONPOBOAHOCTH B R™, MPEJICTABEMOE B BUJIE
Gz, t) = G (2, )G (20, t),

npudem G1(z,,t) — (¢b. p.) omHOMEPHOrO ypAaBHEHHUS TEILIOMPOBOTHOCTH;
t

Q1[zn,t) = /Gl(xn,t — 2)dz;

0
t

oj % Gplz,t] = /dT / 0i(&,7)Gp(a" = & xp, t — 7)dE
0 Re-t
o;(@',t), p;(2',t), ( =1,2) — Hem3BecTHBIE DYHKINN.

Herpynto y6eaurbest, ato dyuknus u(x,t), onpemesseMast paBeHCTBOM (4) yI0BIeTBOpsieT
ypasuernio (1) n nauanbubiM yerosusaM (2). Hemssectusre dbynkiun o, (2, t) n p1;(2/, t) BeiGepem
TaK, 9TO0BI BHIIOJHAINCH TPAHUYHbBIE yCa0Bus (3).

[Moncrapasist dyukmuo u(z,t) onpenensemyo dopmyioii (4) B rpanudable ycaobust (3),

IOJIy9UM OTHOCHTeIbHO byHKuMit 0;(2’,t), pi(a’,t) cucremy WY

' 2(2—j) G
oj(a',t) — (L)’ los_; = (%) ; "; [/, 1] = ®;(a',t), j=1,2. (2.30)
_ 22-4) ¢
p (1) 4+ (L g # [~ Tl ] = By(2, 1), j=1,2. (2.31)
J J \/5 a\/ﬁ 7+

rie Ly = Dy — a*A,, Ay — onepatop Jlamnaca no napamerpam x’ = (21, T, ..., Tp_1),

(2! t) = p,(a',t) Zuz*Kﬁx t] — DIF f s« tH,[2 8],

Q02! t) = pjpa(a’ — 1) Za, * Kjioi[2 1] — DIF' f « tH,[2', 1],

npudem Kj;(2',t), Kjyo:(2',t) — perynspusie sapa.
[Ipumenss mapaboJimdeckuii omepaTop ApOOHOTO HHTerpupoBaHud u AuddepeHnupoBaHN

K cucreme (5) u (6) MOXKHO HAHTH
o (2 1) = 20;(a/, 1) + aJ 2 [®,], (2.32)

2
pi(a,t) = 2®;.0(2',t) + ED%(I)j-FQa i=12, (2.33)

rje J O, )Gy (2 =&t —T1)dE, D2 = L,J? — napaboiudecKuii

t
=~ =
omnepaTop ApodbHOro auddepeHIupoBaHus IOPAIKa (v = 3
CupapeauBa cJeayonast
Teopema. Ecin dbyukunn f(x,t) u o;(a',t), p;(2',t) coorsercrsenno u3 xraccos Cy; 2(Qr)
C‘ﬁf(@}”) TO Kpaesas 3aiada (1) — (3) nmeer permenne u(z,t) € z,t 2(Qr), ompeensienoe

paserncTBoM (4), rae memssectHble dbyHKIHu onpenensiorcs dhopmytamu (7) u (8).

Institute of Mathematics and Mathematical Modeling, Almaty, August 22-25, 2017



112 Mexxkayaapoanas KoH(pepeHIHSI « AKTyaapHbIe IPOOIeMbl THCTOH H IIPHK.IaJHOH MaTeMa-
THKH», HOCBsIieHHasa 100-1eTnio co JHA poxKaeHus akajgemuka TajiimanoBa Acana /labcoBrua

Crmcok aurepaTyphbl

[1] Xaiipymmua E.M., Tynemepa I'A. ®yuknus Komun mig 6Gunapabondeckoro HHTErpo-
muddepennuanbaoro ypasaenusi B R™. // Tpyast Mexnynaponabix CarnaeBCKuX dTeHHR
"Posib 1 MecTO MOJIOABIX YUEHBIX B peasu3ainun crparernn Kaszaxcran-2050" | mocBameHHbrx
80-teturo KazsHTY um. K.W. Carnaesa, 2014. — C. 544-548.

SOLUTION OF THE NONREGULAR PROBLEMS

FOR THE PARABOLIC EQUATIONS
IN THE WEIGHTED HOLDER SPACES

GALINA BIZHANOVA

Institute of Mathematics and Mathematical Modeling, Almaty, 050010, Kazakhstan

E-mail: bizhanova@math.kz; galina math@mail.ru

We consider the initial and boundary value problems for the second order parabolic equation
with singular coefficients with respect to ¢t at ¢ = 0 at the first order spatial derivatives in the
parabolic equation. There are proved the existence, uniqueness, estimates of the solutions in
weighted Holder space with powers of ¢ weights. These problems have the physical sense.

When we study boundary value problems for the parabolic equations in the Holder space
Ci“’ltl/Q(ﬁT), [ — positive noninteger, we should require that boundary of the domain belongs
to the C?** or C’i“’ljl/z, if boundary is moving, because the solutions of these problems
belonging to this space are continuous with all their acceptable derivatives up to the boundary
of a domain.

Sometimes the boundary of a domain of the problems, which are the mathematical models of
the physical processes (for instance, of heating or cooling of substance), has the less smoothness,
but process goes and the problems can have the solutions.

After the nondegenerate coordinate transformations the problems for the parabolic
equations in the domains with moving boundaries, which have the less smoothness, than
necessary, the free boundary problems for the parabolic equations are reduced to the problems
for the parabolic equation with singular coefficients with respect to t at ¢ = 0 at the first order

spatial derivatives in the equation.
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THE BOUNDARY CONDITION FOR CLASSICAL WAVE
POTENTIAL

TYNYSBEK KALMENOV

Institute of Mathematics and Mathematical Modeling, Almaty, 050010, Kazakhstan

E-mail: kalmenov@math.kz

It is known that a self-adjoint differential operator is always generated by the boundary

conditions. Consequently, the operator

u(z) = en * f = / cula — ) f()dy, (2.34)

is the inverse of the operator of some well-posed boundary value problem for the equation
—Nu=f, n>2. (2.35)

Where ¢,,(z — y) is the fundamental solution of the Laplace operator.

Thus we arrive at the problem of constructing boundary conditions for the integral operator
(2.34).

Systematic studies of boundary conditions of Newton potential, heat potential and other
potentials are investigated recently. We refer for our main works in this direction.

In the work [1] we have found the boundary condition of the Newton potential. It has the

following form

5 == (T — d ———u(y)dS,, Q. 2.
2u($) /696 (x —y) an, Sy+/ag o, u(y)dS,,x € 0 (2.36)
We define the Cauchy potential by the formula
u=Lg'f= / (w1, 2,61, 62) f (&1, §2)dS2 (2.37)
Q

where (1, x9,&1, &) is the fundamental solution of the equation

0% 0% Oe Oe
€= 2 o2 + ai(xy, v2) = + ag(w1, x2) =— + a(xy, x2)e = 6(xy — &, 0 — &) (2.38)
x5  O0ry

L
8131 0:1:2

In this case, u = L' f it satisfies the initial condition of Cauchy

ou 0L f

U= Lgf |e=0= 0, 52— |s=0= “Or,

8x2

This research is financially supported by a grant from the Ministry of Science and Education of the Republic

of Kazakhstan (Grant No. 4075/GF4)
The author was supported in parts by the EPSRC grant EP/K039407/1 and by the Leverhulme Grant

RPG-2014-02, as well as by the MESRK grant 5127/GF4. No new data was collected or generated during the

course of research.

|s=0=0 (2.39)
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and the equation
Lu = f. (2.40)

In the present report, the lateral boundary conditions of this wave potential will be

constructed.
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CYLINDERS FOR THE HEAT OPERATOR
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In this talk we prove that the first s-number of the Cauchy-Dirichlet heat operator is
minimized in the equilateral cylinder among all Fuclidean triangular cylindric domains of a
given volume as well as we obtain spectral geometric inequalities for the Cauchy-Dirichlet-
Neumann heat operator in the right and equilateral triangular cylinders. It is also established
that maximum of the second s-number of the Cauchy-Neumann heat operator is reached by
the equilateral triangular cylinder among all triangular cylinders of given volume. In addition,
we prove that the second s-number of the Cauchy-Neumann heat operator is maximized in the
circular cylinder among all cylindrical Lipschitz domains of fixed volume. This talk is partially

based on the papers |1]-[2].
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ON AMERICAN VIX OPTIONS UNDER THE
GENERALIZED 3/2 AND 1/2 MODELS
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In this paper, we extend the 3/2 model for VIX studied by Goard and Mazur and introduce
the generalized 3/2 and 1/2 classes of volatility processes. Under these models, we study the
pricing of European and American VIX options, and for the latter, we obtain an early exercise
premium representation using a free-boundary approach and local time-space calculus. The
optimal exercise boundary for the volatility is obtained as the unique solution to an integral
equation of Volterra type. We also consider a model mixing these two classes and formulate the
corresponding optimal stopping problem in terms of the observed factor process. The price of
an American VIX call is then represented by an early exercise premium formula. We show the
existence of a pair of optimal exercise boundaries for the factor process and characterize them

as the unique solution to a system of integral equations.
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ABOUT SOLVABILITY AND CONSTRACTION OF
CORRECT BOUNDARY VALUE PROBLEMS FOR THE
INHOMOGENEOUS POLYHARMONIC EQUATION IN A
BALL

BAKHYTBEK KOSHANOV
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koshanov@list.ru

Let m be a positive integer. We shell consider in the n — dimensional unit ball Q = {x :

|z] <1} € R" the nonhomogeneous polyharmonic equation (PHE)
Afu(z) = f(z), e, (1)

with the boundary value problems (BVPs)

ak;u —pi(x), j=Tma€S0<k <ky<...<hky<2m-— 1. 2)
ong’  lreon

By a regular solution to problems (1)-(2) we mean a function u(z) € C?"+*(Q), satisfying
the equation (1) and the boundary conditions (2).

It is known, see [1,2], that the existence of regular solutions to the original data f(z),
©1(), ..., ©m(x) imposes limitations of two types: (i) some loss of smoothness, (ii) certain
conditions such as orthogonality to the solutions of the homogeneous adjoint equation. The
solvability of BVPs for the PHEs and for elliptic equations in different spaces is investigated in
[1-4].

In this paper [4,5], the focus is aimed at clarifying the limitations of type (ii), i.e. it is
found out what the necessary and sufficient conditions of type (ii) the functions f(x), ¢1(x), ...,
©m(x) should satisfy if their smoothness properties are standard. Therefore, in the given work
we find a final result associated with necessary and sufficient conditions for the solvability of

the nonhomogeneous PHESs in a ball on the given data and the solution is given in explicit form
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by the Green function for the PHD equation, as well as built some classes correct BVPs in a
ball.

In [6], for boundary value problems for a polyharmonic equation with normal derivatives
under boundary conditions, a sufficient condition for the Fredholm property of these problems
was obtained and a formula of their index is given.

The work was supported by Grant 3492/GF4 Ministry of Education and Science of
Kazakhstan Republic.

Cuucok Jjureparypbl
[1] I.N. Vekua Generalized analytic functions.- Moscow: Nauka, 1956. - 608 p.
[2] S.L. Sobolev Introduction to the Theory of Curvature, Moscow.: Nauka, 1974. - 808 p.

[3] H. Begehr, J. Du, Y. Wang A Dirichlet problem for polyharmonic functions// Ann. Mat.
Pura Appl. (2008), vol. 187, no. 4, pp. 435-457.

[4] T.Sh. Kalmenov, B.D. Koshanov, M.Y. Nemchenko Green function representation for the

Dirichlet problem of the polyharmonic equation in a sphere// Comp. Var. and Ell. Eq.
(2008), vol. 53, no. 2, pp. 177-183.

[5] B.E. Kanguzhin, B.D. Koshanov Necessary and sufficient conditions for the solvability of
boundary value problems for polyharmonic equation// Ufa Math. J. (2010), no 2, pp. 41-52.

[6] B.D. Koshanov, A.P. Soldatov Boundary value problem with normal derivatives for a higher
order elliptic eguation on the plane // Diff. Eq. (2016), vol. 52, no 12, pp. 1-16.
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In this work we present the generalized weighted LP-Hardy and LP-Rellich inequalities with
boundary terms on stratified Lie groups. As consequences, most of the Hardy type inequalities
and Heisenberg-Pauli-Weyl type uncertainty principles on stratified group were recovered.

Moreover, a weighted L?-Rellich type inequality with the boundary term is obtained.
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EXPLICIT NUMERICAL METHOD FOR BOLTZMANN’S
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OF EQUATIONS WITH VLADIMIROV-MARSHAK
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An approximate solution of the initial and boundary value problem for the Boltzmann
equation can be determined by the moment method. According to the moment method particle
distribution function decomposed into an infinity series of complete orthogonal system of
functions. Boltzmann’s equation is equivalent to an infinite system of differential equations
relative to the moments of the particle distribution function in the complete system of
eigenfunctions of linearized operator. As a rule we limit study by finite moment system of
equations because solving infinite system of equations does not seem to be possible. There
arises the problem of boundary conditions for a finite system of equations that approximate
the microscopic boundary conditions for Boltzmann’s equation and solvability of the initial and

boundary value problem for Boltzmann’s moment system of equations.
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Moment methods differs from each other by choosing different systems of basis functions. For
instance, Grad [1,2] obtained the moment system by expanding the particle distribution function
in Hermitte polynomials near the local Maxwell distribution. Grad used Cartesian coordinates
of velocities and Grad’s moment system contained as coefficients such unknown hydrodynamic
characteristics like density, temperature, average speed, and so forth. In work |3| we have
obtained the moment system which differs from Grad’s system of equations. We used spherical
velocity coordinates and decomposed the distribution function into a series of eigenfunctions
of the linearized collision operator, which is the product of Sonine polynomials and spherical
functions. The expansion coefficients, moments of the distribution function is defined differently
than in the Grad. The resulting system of equations, which correspond to the partial sum of
series and which we called Boltzmann’s moment system of equations, is a nonlinear hyperbolic
system in relation to the moments of the particles distribution function. The differential part
of the resulting system is linear in relation to the moments of the distribution function and
nonlinearity is included as moments of collision integral. The moments of a nonlinear collision
operator are expressed through coefficients of Talmi and Klebsh-Gordon. Note that Boltzmann’s
moment equations are intermediate between Boltzmann(kinetic theory) and hydrodynamic
levels of description of state of the rarefied gas and form class of nonlinear partial differential
equations.

We consider the initial and boundary value problem for six-moment Boltzmann’s system

equations with Vladimirov-Marshak boundary conditions in a vector-matrix form:

ou ow
i + A% =, (2.41)
ow ,0u
E—i—A%—JQ,tG(O,T] , x € (—a,a), (2.42)
uli=o = uo (),
Wlt—o = wo (x), x € [—a,al, (2.43)
(Aw F Bu) |4=+a =0, t € (0,T] (2.44)

Where u= (f007f027f10)/a W= (f017fo3,f11)l, Ji= (O,JOQ,O)I, Jo= (O,JO:’” J01)/7

2 1
X 1 0 of X V2 /3 —5
A== 2 3 22\ p_ \/E _
o V3 V5 vis | a/m 3 2v/2 1 )
—/2 0 2 1 1 3
3 3 3 V2

(o2—00) (foofozf%)
2 )

matrixes A and B are nonsingular, Jy; =

1 1
Joz = 1 (03 + 301 — 400) foofos + —= (201 + 09 — 303) fo1 fo2,

4/5

Jll = (Ul - 00) <f00f11 + %\/§f10f01 - \/%fOlfOQ)
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are moments of the collision integral, where ¢, 01,09 and o3— are the Fourier coefficients, and
U (x) and wo(x)are given initial vector functions. It requires to find the solution of the system
(1-2) with the initial conditions (2.43) and boundary conditions (2.44).

Theorem. If wg(z), wo(z) € L*[—a,a] then problem (2.41)-(2.44) has unique
solution on the region [—a,a] x[0,T| belonging to the space C ([0,T];L?[—a,a]), moreover
Ul cqo.ryiz2i-aay < CllUl 2f—g,p where U = (u,w) , Uy = (uo, wo) , T ~ O (HUUH_ILQ[fa,a}>‘
We use the explicit method for solving the initial and boundary value problem numerically [4].
We use the next initial values:

foo (@) =1—uz, fiy(x) =2 (1—2), fa(x) =2, foy(x) =1 2% fo3(x) =2% fi(2) =
z? (1 —2%),

00=03,0,=05,0,=07, 05=09, a=1n¢e[l,10],i€[1,9].
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COMPARISON PRINCIPLE AND UNIQUENESS OF
POSITIVE SOLUTIONS FOR NONLINEAR
P-SUB-LAPLACIAN EQUATIONS ON STRATIFIED LIE
GROUPS

DURVUDKHAN SURAGAN

Institute of Mathematics and Mathematical Modeling, Almaty, 050010, Kazakhstan

E-mail: suragan@math.kz

In this talk we propose analogues of Green’s and Picone’s identities for the p-sub-Laplacian
on stratified Lie groups. In particular, these imply a generalised Diaz-Sad inequality for the
p-sub-Laplacian on stratified Lie groups. Using these we derive a comparison principle and
uniqueness of a positive solution to nonlinear hypoelliptic equations on general stratified Lie
groups extending to the setting of the general stratified Lie groups previously known results on

Euclidean and Heisenberg groups.

ON A REGULARIZED TRACE FORMULA FOR
m-LAPLACIAN

NIYAZ TOKMAGAMBETOV

Al-Farabi Kazakh National University, Al-Farabi ave., 71, Almaty, 050040, Kazakhstan

E-mail: niyaz.tokmagambetov@gmail.com

In this paper we extend results on regularized trace formulae which were established in |1, 2]
for the Laplace and m-Laplace operators in a punctured domain with the fixed iterating order
m € N. By using techniques of Sadovnichii and Lyubishkin |3|, the authors in the papers |1, 2]
described regularized trace formulae in the spatial dimension d = 2. In this remark one is to be

claimed that the formulae are also valid in the higher spatial dimensions, namely, 2 < d < 2m.

Crmcok anrepaTyphbl

[1] B.E.Kanguzhin, N.E. Tokmagambetov, On Regularized Trace Formulas for a Well-Posed
Perturbation of the m—Laplace Operator // Differential Equations, 51:12 (2015), 1583-1588.

The author was supported in parts by the EPSRC grant EP/K039407/1 and by the Leverhulme Grant
RPG-2014-02, as well as by the MESRK grant 5127/GF4. No new data was collected or generated during the

course of research.
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[2] B.E.Kanguzhin, N.E. Tokmagambetov, A regularized trace formula for a well-perturbed
Laplace operator // Doklady Mathematics, 91:1 (2015), 1-4.

[3] V.A.Sadovnichii, V.A. Lyubishkin, Finite-dimensional perturbations of discrete operators
and trace formulas // Funktsional. Anal. i Prilozhen., 20 (1986), 55-65. In Russian.

CRITICAL EXPONENTS OF FUJITA TYPE FOR A
FRACTIONAL NON-LINEAR PROBLEM

Berikbol T. TOREBEK

Institute of Mathematics and Mathematical Modeling, Almaty, 050010, Kazakhstan
E-mail: torebek@math.kz

In the present paper we consider the Cauchy problem for an ordinary fractional differential

inequality:

: (2.45)

DoHy(t) > P lu®)P, t>0,p>1,0<a < p<1,
I'u0)=peR

where D®* is Hilfer fractional derivative and I'™“ is Riemann-Liouville fractional integral

operator (see. [1]).

A nonexistence result is proved and the critical exponent separating existence from

nonexistence is found. This is proved in the absence of any regularity assumptions.

Cumcok jureparyphbl

[1] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional
Differential Equations
North-Holland. Mathematics studies. 2006.
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CRITICAL EXPONENTS OF FUJITA TYPE FOR A
FRACTIONAL NON-LINEAR PROBLEM

Berikbol T. TOREBEK
Institute of Mathematics and Mathematical Modeling, Almaty, 050010, Kazakhstan

E-mail: torebek@math.kz

In this paper a nonlocal problem for the nonhomogeneous bi-Laplacian equation:

A*u(x,t) = f(x,t), (x,t) € D, (2.46)

u(z,t) =0, %(x,t) =0,z €00,te0,T], (2.47)

u(z,0) = au(z, T),u(x,0) = —auy(z,T), v € Q (2.48)
Au(z,T) = aAu(z,0), %(I,T) = —aag#(x, 0), z € Q, (2.49)

in a cylindrical domain D = Q x (0,7) is considered.

It is shown that this problem is ill-posed as well as the harmonic Cauchy problem. The
method of spectral expansion in eigenfunctions of the nonlocal problem for bi-Laplacian
operator establishes a criterion of the strong solvability of the considered nonlocal problem.
It is shown that the ill-posedness of the nonlocal problem is equivalent to the existence of an
isolated point of the continuous spectrum for a nonself-adjoint problem for the bi-Laplacian

operator.
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BBEJIEHUE

Pabora nocssiena anamn3y Tekctyp. Mcrouynukom u3obpazKkKeHuii sBISIOTCS MUKPOGOTO-
rpaduu pacTUTEIHLHOTO ChIPhs, Pa3MOJIOTOr0O Ha CHEIUAJIbBHBIX MeJbHUIAX. PaboTa BbIOIHEHA
g Uucruryra XxuMun TBepaoro Tena u Mexanoxumuu Cubupckoro Otmenenus Poccmiickoit
Axagemun Hayk. Koneunas nenb paborsl — onpejeenne 1o MEKpodoTorpadun XHMAYECKO
PEaKTHUBHOCTHU ChIpbd. B 3Ta 3ajada He peliena, 310 Tpedyer 0ojiee TyOOKHUX HCCJIETOBAHMIA.
OcHoBHOE BHUMAaHHE YJIEJICHO pa3pabdoTKe MHCTPYMEHTa JJjIsd aHaJIn3a, a UMEHHO, OubJHoTe-
Ke IporpaMM JjIsi aHAJIH3a TeKCTyp U rpadudeckoro uaTepdeiica K gannoi oudbanoreke. la-
Jiee, UCHOJIb3ysl HAOOPBI TEKCTYPHBIX NPU3HAKOB U KCIEPUMEHTAJIbHBIE JAHHBIC O XUMHIECKON
PEAKTUBHOCTH, MOYKHO TMPHUMEHHUTH AJTOPUTMBI MAINIMHHOTO 00ydYeHWs, HAIPUMEp, Ha OCHOBE
HEHPOKOMITBLIOTEPHOTO MOAX0Ha. TakuM 0Opa3oM, HATPEHUPOBAB CHCTEMY Ha HaDOpEe TAaHHBIX,
MOXKHO OyJIeT TIOTOM €€ HCIIOJIb30BATh JIIs IpeIcKa3aHusd XUMUIEeCKO# peaKTUBHOCTH, TOPUCTO-
crd ¥ T.J. Bblam npoBeseHbl npeaBapuTebHbIe SKCIIEPUMEHTHI [0 IpHMeHeHnio R /S-ananusa
n (ppakTaIbHOrO aHAIM3A.

1. AHanu3 TEeKCTYPHBIX HPU3HAKOB

Tekcrypsl [1-3] HAXOAAT 1B Psii MPUMEHEHU B aHAJIN3e MHOTUX THUIIOB H300paKeHUIi.
OHu HEMOCPEeJACTBEHHO MPUCYTCTBYIOT BO BCEX U300PAKEHUAX, HOJIYIAEMBIX C ITOMOIIBIO CITyT-
HUKOB, B MUKDOCKOTIMYIECKAX W300DAYKEHUIX KYJIbTYP KJETOK, MIPEnapaToB TKaHel B Omome tu-

IMUHCKHUX HCCJICJOBAHUAX U T.II.
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Jist anasin3a TeKCTypbl, HEOOXOJMMMO OLPEJIE/IUTh Pa3Mep CKOJIb3IIero OKHA, ¢ HOMOIIbIO
KOTOPOTO BBIJIEJISAIOTCs ee hparMeHThl. /lajiee BBIIUC/ISIIOTCS TaK HA3BIBA@MbIE TEKCTYPHBIE TTPH-
3HAKU. DTO YUCJOBbIE XapaKTEPUCTUKHU, 3aBUCAIINE OT OKHA B 1ej0M. OOBIYHO UX pa3essior
HA HECKOJILKO I'PYIIl: NPH3HAKH, OCHOBAHHBIC HA M3MEPEHUU MPOCTPAHCTBEHHBIX YaCTOT; IIPH-
3HAKM, OCHOBAHHBIEC HA CTATUCTHYCCKUX XAPAKTEPUCTUKAX YPOBHEH MHTEHCUBHOCTHU 3/IEMEHTOB
Pa3/IOKeHUsI; TPU3HAKH, OCHOBAHHBIE HA OMICAHUN CTPYKTYPHBIX 3JIeMEHTOB U Jp. B psje my0-
JIMKAIUH TPUBOJAT JIO TPHUJAIATU IIPU3HAKOB, & BCEI'O UX M3BECTHO 60JIee JIBYXCOT.

Crenyer oTMETHUTH, YTO HE BCE TEKCTYPHBIE XapaKTEPUCTUKN OJMHAKOBO MH(MDOPMATHUBHBI
0pU aHaJu3e W KJIACCU(PUKANNA TeX WJIN WHBIX W300DAKEHUH, MOITOMY JIJisl YBEJIUYEHUs BbI-
YUCJUTEIbHON (PHEKTUBHOCTH AJTOPUTMOB HEOOXOIMMO peIlaTh 3a/ady aHaJ u3a uHdOopMa-
TUBHOCTH WU ONTHMH3AIHMH CACTEMbI MPU3HAKOB. OCHOBHOM BOIPOC IPH IIOCTPOCHUHM CHCTEMBI
MPU3HAKOB 3aKJI0YAETCI B TOM, UYTOOBI OMPEIeINTh, KAKHe U CKOJTHKO MIPU3HAKOB HEOOXOTHMO
BBIJICJIUTH JI/Is HAJIEZKHOIO aHan3a o0ObekToB. B Hamem ciaydae TeKCTypHbBIE MPU3HAKH HEOO-
XOJIMMO CBSI3aTh € ONPeIeJeHHON XUMUYIECKONH aKTHUBHOCTHIO OMOJIOTHYECKOTO MAaTEPUAIA.

B Hacrosiiiee BpeMsi paCCMOTPEHBI HECKOTIBKO METOJ0B (TEeKCTYPHBIX TPU3HAKOB), OCHOBAH-
HBIX HA AHAJIN3E IJIOTHOCTEH Mepena ioB, aBTOKOPPEIAIHOHHBIX (DYHKIUAX U PA3THIHBIX CTATH-
CTUYIECKUX XapaKTEePUCTUKAX cepuii. PaccMOTpeHbI TpU3HAKN HA OCHOBE aHAJIM3a JIJTHH CEePHit.
Cepueil Ha3bIBACTCS HEITPOU3BOIHBIN 9JIEMEHT, COCTOSIIII U3 MAKCHMAJILHOM CBA3HON COBOKYII-
HOCTHU BBITSIHYTHIX B IPSMYIO JTUHUIO TOUEUHDBIX 9JI€MEHTOB N300parKeHHsI OJUHAKOBOU APKOCTH.
Cepust XapaKTepHu3yeTcsi SpKOCTbIO, JUIMHOW W HampapiaeHneM. Bcero B paboTe HCHOIb3YIOTCH
19 TeKCTYPHBIX MTPU3HAKOB.

CrangapTHBII TOAXOI J/Is BRIYHCIEHUS TEKCTYPHBIX TPU3HAKOB ciaenyiomuii. Heobxomxmmo
BRIOpaTh TaK Ha3biBaemoe Oeryiiee OKHO C HeYeTHOH croponoii: 3, 5, 7 nukceseit. [Ipusnak
BBIYHCISAETCA BHYTPU Oeryiiero okna. Pa3zmep JIOKaJIbHOTO (hparMeHTa SBJISIeTCS HOCUTEIEM
TEKCTYPHBIX CBOMCTB. 3HAUYECHHE NMPHU3HAKA 3AIIMCHIBACTCS B HOBYIO MATPHUILy TOTO Ke pa3Mepa,
YTO U UCXoaHas. B HOBoit MaTpuile 3HAUEHNE 3aIUCHIBAETCS B TOUKY C KOOPAUHATAMEI PABHBIMH
KOOD/IMHATAM IEHTPA OeryIero OKHa. DJJIeMeHThl HOBOM MaTPHUIIHI MOJTY YaI0TCs B HEKOTOPOM HH-
reppajie [A,B|. Janee o6braHO 3T0T HHTEpBAJ JHHEHHO 0TOOpazkaercst B orpesok [0,255]. TToce
9TOI'0 UMEETCSI BOSMOXKHOCTH BU3YAJH3UPOBATD PE3YJILTAT BHIUUCICHHS TEKCTYPHOIO PH3HAKA.

Boiio obuapyzkeno, 4To cTaHAAPTHBIN MOAX0/ B HalleM ciaydae Majao uadopmarusen. [lo-
9TOMY OBLIO PEIeHO NCHO0JIH30BATh HECTAHIAPTHBIN MOJAX0. A UMEHHO, TEKCTYPHBIE TTPU3HAKT
BBIYHCJIAIOTCSA O GOJIBIIAM OKHAM (B TOM YHCJIE, [0 HEKBAJIPATHBIM), KOTOPBIE MOJIh30BATEb
MOXKeT 33/1aBaTh, BEIOMPas 00J1aCTh, KOTOpasi MOYKET IIPEJACTABIATE s Hero uurepec. To ecThb
pedb mIeT O BBIYUC/IEHHH YHCJIOBBIX XaPAKTEPUCTUK, OTHOCSIINXCA K OOITUPHBIM O0IACTSIM,
BKJTIOYAIONIAX PA3JIUYHOTO POJIa apTedaKThl.

2. R/S-anann3 u cuHepreTudecKuii momaxo/t

Meroa R/S-anann3a — 570 COBOKYIMHOCTh CTATHCTHYECKUX TPHEMOB U METO/IOB aHAIN3a, Bpe-

MEHHBIX DsIJIOB HJIH YHCJOBBIX MOCTEI0BATENbHOCTE (MIPenMYIIECTBEHHO (DHHAHCOBBIX ), 1103~
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BOJISIONIUX OLPEJIEJUTh HEKOTOPbIE BAZKHbIE UX XaPAaKTEPUCTUKH, TAKUE KAK HAJIMYUEe HEEPUO-
JIMYECKUX IUKJIOB, «IIAMSATHY Yy IIPOIECCa, CTeNeHb Xa0TUYHOCTH U T.J1. MeTos npumMennM u jjis
aHaJM3a U300pazKeHuil, T.K. MOXKHO PACcCMAaTPHUBATH MOCJe/I0BATEIbHOCTh 3HAUeHH (DyHKITUN
SIPKOCTH BJIOJTb HEKOTOPOI MpsAMOi Win KpuBOM JTUHUHU. IHTEepecHO, 9T0 MeTOI TpUMeHsIeTcs B
XUMHU JUIsE aHam3a MuKpodororpaduii (HanpumMep, JUIHUHA), © METOJ TOKA3aJl Olpe/eJIeH-
uyto sbdexrusrocTsb [4-5|. BaxHoii xapakrepucTHKOii, BEIYHCIsIeMOR MeTooM R/S-ananmsa,
SABJIeTC TOKa3aTe b XépcTa, KOTOPBIH XapaKTepu3yeT CTelleHb XaOTHIHOCTHU IIPOIecca.
CunepreTuvecknit MOIX0 UCIOIb3YETCs C TEbI0 BBISIBJIEHNUST 3aKOHOMEDHOCTeH Ha OCHOBE
06paboTKU BpeMeHHBIX DPsiioB [6-7|. JIaHHBIH MeTOJ| MO3BOJISIET BBHIYHCIUTH TAK HA3BIBAEMYIO
dpakTarbHyi0 pazMepHOCTh BPEMEHHOTO psaia. B ciaydae m300pakeHUs paccMaTpUBACTCS MO-
CJEJIOBATEILHOCTD 3HAYEHUNH (DYHKIIUN SPKOCTH BJIOJIbL HEKOTOPOH MPAMOI M1 KPUBOH JIMHUH.
UccneioBanns Moka3bIiBaIlOT, YTO PE3YJIbTATHI TOJYYAIOTCHd 00Jiee Ka4eCTBEHHbBIE, HEXKEU MPO-
CTO TPOBOJIUTH aHAJIU3 MO YaCTOTHBIM XapakTepucTukaMm. MeTon mpuMeHseTcsd B XUMHH JIJIs
aHaan3a MuUKpodoTorpaduil, B 4aCTHOCTH, JUTHUHA, ¥ METOJ MOKa3aJ olpeaeaeHHy o 3hdek-

TUBHOCTL. B HaCTOAIlee BpeMd 9TOT METOJ TaK2Ke peaJiu30BaH.

Crmcok aurepaTyphbl
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b

FE-mail: *azimaras10@gmail.com, *manapova.aynur@mail.ru

XapakTepHas 4YepTa MOJAEJIUPOBAHUS HHU3KOCKOPDOCTHBIX TeUeHHH Ha OCHOBE CKUMaeMOi
dopmbl ypasuennit Ditepa min Hapbe-CTOKCa COCTOUT B BOSHUKHOBEHUH HEYCTONIUBOCTH THUC-
JIEHHOI'O pelIeHHnd, a TaKzKe€ B YMEHbIIEeHUN CKOPOCTHU CXOAUMMOCTH UTEPAaUMOHHOI'O IMpoHecCa B
CBSI3U € MAJION pasHUIEl MeXK/y CKOPOCTIMHI aKyCTHIeCKHX U KOHBeKTHBHBIX BOJH [1]. [Ipemo-
GycaosauBanue (preconditioning) mo3BoJisieT MOANMDUITUPOBATD PAZHOCTHBIE YPABHEHUST TAKIM
00pa3oM, 9TO COOCTBEHHbBIE 3HAYEHHST TKOOUAHA (CKOPOCTH PACITIPOCTPAHEHNsT BOJIH) MOIUbDUIIT-
POBAHHOI CUCTEMbl YpPAaBHEHUN MMeN OJMHAKOBBIN TMOPII0K BeqmdynHbl. [I[puMenenue merosa
npenobyciaaanBanus |3, 3, 4, 5| B OCHOBHOM TTPUBOIUT K YCKOPEHHIO CXOANMOCTH CTAIIMOHAPHO-
IO PellleHns CXeM YCTaHOBJIeHus. [Ipn anmpokcnmanum mpocTpaHCTBEHHBIX TTPOU3BOTHBIX O0BIT-
HO UCIHOJIB30BATUCH EHTPATHHO-PAZHOCTHBIE, WK, KAK B CJIydae co cxeMoil B [3], cxemamu co
crenuaJbHOi anmpokcuMmareii. [leabio paboThl ABJISETCS MOCTPOCHUE YHCJIEHHOIO aJrOPHUT-
Ma JJIA PeNeHns 3aJa49l BAYyBa AO3BYKOBBIX CTPYH W3 KPYTJIBIX OTBEPCTHH, PACITOJOKEHHBIX
CUMMETPHYHO HA BepXHell W HUKHell CTeHKaX KaHaJa, MepIeHINKYJIIPHO HU3KOCKOPOCTHOMY
MOTOKY COBEPIIEHHOTO Ta3a ¢ MPUMEHEHueM METO/Ia MpeI00yCIaBInBaAHNUS .

Ucxonnoit gpisieTcs cucreMa TpexXMepHBIX ocpeauHeHHbIX 1m0 Paspy ypasuenmit Hambe-
Crokca AJ1s C2KUMAEeMOTO TYPOYIeHTHOTO ra3a, 3aMKHYTas MOJAEIbI0 TypOyaeaTHOCTH k — w. B

KadecTBe OMpeIesdoNinX mapaMeTpoB MPUHATH TapaMeTPhl Ha BXOIE Uso, Poo; Loo JABIEHTE
2

oo

U IOJIHAS YHEPIHs OTHECEHBI K 3HAYCHHIO Poolls , XAPAKTEPHBIM Pa3MepPOM JITUHDLI sIBJISETCS
JHAMeTp KPYIJIOr0 OTBEPCTUS CTPYH.

Ha Bxome, a Tak:ke B KauecTBe HAYAIBHBIX JAHHBIX 3aJaHbI IapaMeTphl moToKa. Ha Bepxueit
rpaHuIle 3a/1aHo ycjaoBue cuMMerpun. Ha HuKHell cTeHke 3a/7aHO0 yCJA0BHE MPUIAIIAHIS U TeIl-
som3oagnuu. Ha 60koBBIX rpanuniax 3ajaHo yciaosue Heitmana. Ha BoixoaHo# rpannie 3a1aHo
yciaoBue HeoTpazkenusi. Ha crpye 3amanbl mapamerpsl cTpyu. HadaabHble JaHHBIC JJId Tapa-
MEeTPOB k, w ONpeIe/IeHbl, UCXOIA W3 TPEeAN0I0KEHUsT PABEHCTBA MOPOXKICHUA TyPOYIeHTHOCTH
u ee nuccunanun. Ha crenke 3a/1anbl TpaHUYHBIE YCIOBHS JIIsl TapaMeTpoB k — w MOJIen Typ-

OyrenTHOCTH. BOIM3M CTEHKN 3a/aH MOrpaHudHblii cioit. Takzke 3aman npucrenusrii cioi (10%

OT MOTPAHUYHOTO €J10s1). [Ipoduib MPOAOIBHON CKOPOCTH OMPEIEJIsIeTCs] CTeNeHHBIM 3aKOHOM.

Agropsl 6bun nopaepxkanbl rpantom Ne 0827 / GF4 munucrepcrsa O6pasosanusi u Hayku Peciy6iuku

Kazaxcrau.
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Iist Gosiee TOYHOIO ydeTra TeYeHHs, BBOJUTCS CIYIIEHUEe CeTKHU C LOMOIIbIO 1Ipeodpa3oBa-
uuii [6]. Permenne nexomubix ocpenuenubix mo Paspy ypasuennii Hasbe-CTokca ocytecTsisi-
ercs ¢ MOMOIIBI0 AJTOPUTMA MOCTpoeHHOro Ha ocHoBe ENO-cxembr [6, 7|. [lusa ycrpanenus
npobJieMbl CBSI3aHHON ¢ UCXOIHON cucTeMoi ypaBHenu#t mpu yuciae Maxa M — 0 ucnosb3yer-
cs MeroJl pejiodyciasiuBanusd. Vjies Merojia cocTouT B MOJAMMUKAIUKA CUCTEMbl yPaBHEHUH
myTeM JOMHOXKEHUS HICHOB C NMPOU3BOJHON 110 BPEMEHU HA MATPHUILY MPEI0OYCIaBIUBAHUS.
boim mpousBeeH mepexos K NIPUMUTUBHBIM IlepeMeHaM, Ijie UCIOoJb3yeTcd MaTpura Typkensa
[4]. TTocsie HAXOXKIeHUsT TPABBIX U JIEBBIX COOCTBEHHBIX BEKTOPOB MPEI00YCIABIEHHBIX MATPHUI]
Akobu npousBoAUTCS OOPATHBIN 11ePeX0/l K KOHCEPBATUBHBIM LIEPEMEHAM C IIOMOIIHIO MATPUILbI

nepexoa.
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[MuapaBimdeckre U TEMJIOBBIE XapAKTEPUCTUKN MOTOKA HeDTU SBJISIOTCS ONMPEIETSIONTIMA
napaMeTpaMu NepeKadyky M0 MaruCTPaJbHbIM HeDTEIPOBOIAM.

IMuapaBiamdeckoe compoTHBIEHUE HeMTEMPOBOIA HAXOJAUTCA B 3aBUCHUMOCTH OT BS3KOCTH,
IMIEPOXOBATOCTH, CKOPOCTH MTOTOKA BBICOKOBA3KOI, BbICOKO3aCThIBaONIEl HedTu. BaskocTs Hed-
TH CUJbHO MU3MEHSIETCS 10 JIJIHEe TPyOONpPOBOIa M3-3a CHUXKeHWSA Temieparypsl. [Tlepoxora-
TOCTh CTEHOK TPYO MOYKeT U3MEHSAThCS 0 MPUUINHE BB ieHus achaapbTomapamHOCMOTHCTBIX
oToKenuit. B pe3ynbraTe cTaHOBUTCS HEBO3MOYKHONW B TOYHOCTH OMPEICTUTH KOI(DDUITMEHT
CONPOTHUBJICHU.

TennoobMen Mexkay Topstueii HePTbIO M XOJIOAHBIM TPYHTOM MPUBOJIUT K U3MEHEHUIO TEM-
neparypbl HedTH 1o jyinHe Tpybonposoaa. KoadduimenT Temionepeaan onpeaeisiercs B 3a-
BUCHMOCTH OT TEIJIONPOBOIHOCTH TPYHTA HA YYacTKe MAruCTPAJIHHOTO HePTEmPOBOAA. DTOT
napaMeTp 3aBUCUT OT BUJA TPYHTA, €r0 BJIAYKHOCTH, TJIOTHOCTH W TeMIepaTrypbl. Bosbimas
IPOTSZKEHHOCTD YYACTKA MATHCTPATBHOrO HedbTenpoBoja (THICIIN KUIOMETPOB) U U3MEHEHUe
BJIAKHOCTH I'PYHTa IPUBOJAUT K TOMY, YTO HAWTHU TEILIONEPEIady He HPEICTABIACTCA BO3MOK-
HBIM.

Onpenenerne ruIpaBInIecKOTO COMPOTHBICHUS U KOI(DDUIIMEHTa TeILIonepeatin ITPOBo-

JIUTCS IIyTeM pelieHus: oOpaTHOil 3a/ja4l CUCTEMbl YPaBHEHUN JIBUKEHHUS U TEILI0OOMeHa:

Op , 0u
et = 1
ot TP 50 0 (3.1)
ou  Op pou? dz
rn + I ¢ op P9 (3.2)
orT or  4k(X,p) ugt
E + U% = —pODCp (T Tep) + E (33)

IJe ¢ — CKOPOCTH 3BYKa, ( — KO3 HUIMEHT IuapaBindeckoro conporusienust, k(A,,), A,y -
K03 DUIMEHTHI TeIIoNepeadn U TemI0IPOBOAHOCTH TPYHTA.

Cucrema ypasuenuit (3.14) — (3.16) permaercs 9MCI€HHBIM METOJIOM IIPH 3a/IaHHBIX KPAEBBIX
yenoBusx. KoadbduiuenTsl ruipaBindeckoro CONPOTHBICHHST W TEIIONePeIadl HaX0AsITCsT My~
TEM CPABHEHHsI PACUETHBIX M ONMBITHBIX TAHHBIX.

B jok/1ase IpUBOAATCSA Pe3yabTaThl PeleHus: 0OpaTHON 3a/auu M0 OUPEeJIeTeHHIO THIDAB-

JINYECKUX U TEILIOBBIX XapaKTePUCTHUK MOTOKA HedTU B MarucTpaJbHBIX HeTENPOBOIAX.
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O KPYTI'OBbIX U CIITMPAJIbHBIX OPBUTAX B
HECTAIIMOHAPHOM IIOJIE TAT'OTEHUN A

Bexos A.A.Y, Acremecosa K.C?, Mompinos C.B2, Paxumzxkanos B.H.3

U AO “HanmonapHbI IIEATP KOCMIYECKHX HCCaeoBannit n Texnoqornit”, Kazaxcram,
AsvaTer
2 Kaszaxckmuit HalHOHAJIBHBIN HCCIeI0BATENBCKHE TeXHHIeCKHE VHUBEDPCUTET HM.
K.U.Carnaesa, Kazaxcran, Ajmaror
3 Koxmerayckmit rocysapcrsennsiii yausepenter uM. 111 Vamuxanosa, Kazaxcram, Amvars
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B mecranmonapHbIX IPaBUTHPYIONINX CHCTEMAaX C OCEBOIl CHMMeTpHUeil nMeeTcs Onpeie/eH-
HBIil KJIACC KPYTOBBIX U CIHHPAJBHBIX OPOUT, HTPAIOIIAX OCOOYIO POJIb B JIMHAMHUKE TAKUX CHCTEM
[1]. BeisicHUM yCIOBHST YCTORIUBOCTH KPYTOBBIX U CIUPAJIBHBIX OPOUT B HECTAIMOHAPHOM I'Da-
BUTAIMOHHOM 110j1e. [Tpu 3TOM Hcnosb3yem MeTo 1 ucejieoBanns yCTORUMBOCTH HEABTOHOMHBIX
quHaMugeckux cucreM [3|. Takue HecrammoHapHbIe KDYTOBBIE U CIIMPAJIbHBIE ODOUTHI MPeICTaB-
JISTIOT WHTePeC JIJisi HEKOTOPBIX aCTPOHOMUYECKUX 3a/1a4, IIOCKOJIBKY PeaJibHble TPABUTUPYIOIIHE
CHACTEMBI, TI0 CYIIECTBY, SBJISIOTCHI HECTAITMOHAPHBIMU.

[Iycrb cunoBast pyHKIMS B MUJIMHJIPUYECKUX KOOPJAUMHATAX P, A, Z C OChIO 2, COBIAJIAIONIeit

C OCBIO CUMMETPHUHN, UMEET BUJ,

Ulp, z,t) = f()U(p, 2), (1)

rjie f - dyHknus GyHKIUS BpeMeHu BUIA

f(t):ﬁ

PaccmorpuM jiBuzkenue B 1oJie (1) Opu HATTMYUE CHJIBI TPEHUST BHJIA

(a>0,8>0). (2)

: f
?friction = U(t)? (U = _)7 (3)
2f
rae 7 - pagmyc-BEKTOD MATEPUAILHON TOUKIL.
B sTom ciryuae j0myckaeTcss KpyroBoe JBUZKEHHE
O .
0 z=2zp 2=0, (4)

=po; p=0; 2= —;
P Po; P \/m

. . Q _ 23
C HEIpPePBHIBHO yObIBaloIeil CeKTOPHOH CKOPOCTHIO 5 = P35
JIpuzkenme (4) MCCJIeIyeTCsI HA YCTOWYNBOCTD B CMBICIE JISTyHOBA OTHOCHTE/ILHO BEJIUYHH

p, P, , z, z. Hng sroro merogom H.I"Yeraesa crpourca ¢dpyHkius JIgmyHoBa B BHIE CBA3KH
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IIEPBBIX HHTEIPAJIOB ypaBHEHUIT BO3MYyIIeHHOTO jBuzkenus |1]. B pesysnbrare ycsioBust ycroitan-

BOCTH KPYTOBBIX 0pOUT (4) MMeoT Bu

3 3. . .
= U, — U?
p p 2 ,

rjae unjeke 0 o3Havaer, 4ro B34TO 3HadeHue PYHKIUU B TOUYKE g, 20.

(Upp + Up)O < 0; [(Upp + Jo > 0. (5)

z

Ecnu cunosoe moste 06;1a1aeT CHMMETPHel OTHOCUTENBHO INIOCKOCTH 2 = 2, T. (U, )0 =0,
TO YCJIOBUS YCTOWIUBOCTH (5) YIPOIIAOTCA U UX MOYKHO TIPUBECTH K 00Jiee KOMIAKTHOMY BHLY.
B camowm jiesie, eciin paccMarpuBaeMoe JIBUZKEHUE ITPOUCXOJUT BHYTPU I'PABUTUPYIONIEH cpejibl
HENPEPBIBHOI TLJIOTHOCTHU, TO ypaBHenue llyaccona s crioBoil (DyHKIIUU UMEET CJIe/LY IOl

B

Upp +U.. + ;Up = _47TGILL(P)7 (6)

riae G - rpaBUTAIlMOHHAS OCTOsTHHAS; [4( P) -MI0THOCTE BO BHYTpeHHei Touke P cpesbi. TToab-

3ysch ypapaeHueM (6), MOJYyYUM YCJIOBHE YCTORYABOCTH

. o ..
2p°U, — 47Gp’plo < [gp(ngp)]o <0, (7)

KOTOpOE sIBJIsieTcs 0000IIeHreM YCJIOBUi YCTORYMBOCTU CTAIIMOHAPHBIX KPYTOBBIX JIBUZKEHUI,
NPUBOJUMBIX B paborax [3, 4.

Mmuoroobpasue Kpyroseix opour (4) onpejessiercs HabOPOM 3HAYCHUN po, 2o, BEJMIUHON
CEKTOPHOI CKOPOCTH % u dyuknueit f. Ormernm, 9To Kpyrosbie opouThl (4) mpu GOJBITHX
3HAYEHUSX BpeMeHH ¢ OJTM3KH K COOTBETCTBYIONTUM CTAIIMOHAPHBIM KPYTOBBIM OPOUTaM € MaJIo
CEKTOPHON CKOPOCTHIO B ¢J1aOOM CHJIOBOM MOJIE.

ITycTs cunoBas pyHKIUS UMeEET BT

U(r, 2,t) = v*U(ry, 27), (8)
rjie
A0 = = (0. = const) )

B srom cayuae B nosie (8) BO3MOXKHBI CHHPAJIbHBIE J[BUZKCHHS BUJIA
r=rolat + B); 7= ary; Q= Q; z=2(at+ f); Z= az, (10)

Cumpasbroe psuzkenue (10) ucciepyercss Ha yeroiuuBoCTh B ¢MbicJie JIsiyHOBa 110 OTHO-
MIeHNIo K BesuduHam r, 7, 0, z, Z. Auamorngno [1| naxogurces dbyukums JlsmyroBa cnocobom
cBa3ku uHTerpasoB mo H.I.YeraeBy. B pesyabrare mmeeM ycaoBUS YCTOWYMBOCTHU JIBUKEHUS

(10)

3

r

(O + 2000 < 0: [(0o) Ty + 20,) = (012)]0 > 0, (11)

r
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rie unjeke 0 o3Havaer, 4ro B34ro 3nadenue Gyukuuu B rouke ro(at + f), zo(at + 5).
Yacrasle pemterus (10) npegcTaBisgior coboil MUPOKUii KAACC CIUPATBHBIX OPOUT, MHOTO-
obpasue KOTOPBIX OIpejiensdercd caMoil hyHKIMel vy, TeMIIOM ee U3MeHeHUs W HaDOPOM 3Have-
Huil 79, 29, . JaCTHBIM CJIydaeM YKa3aHHBIX OPOUT SIBJISAIOTCA TIOCKUE CHUPATbHBIE OPOUTHI
(z0 = 0). B ciyuae ouenb MemyienHOTO u3MeHeHust byHKIMT 7y co BpemeHeM (o ~ () paccmar-

puBaeMble CIUpaJIbHbie OPOUTHI OYIYT OJU3KH K KPYTOBBIM:

r=Pro; 7 =0; Q=Q; 2= Bz 2=0. (12)

Taxum 06pa3oM, B HECTAITMOHAPHOM OCECHMMETPHYHOM IDABUTAIIMOHHOM 110J1e Buaa (8) npu
BoIOTHeHNK yesopuii (11) cymecTByor yeroiiaupbie criupaabibie opoursr (10). [Tpu npekpa-
MIEHUH HECTAIIMOHAPHOCTH CHJIOBOIO T0JIsl CHUPAJIbHBIE OPOUTHI IIEPEXOIAT B COOTBETCTBYIOIIHE

YCTOWYHBBIE KDYTOBBIE OPDOUTHI.
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Bagada 1. Ha muoxecrse U unrerpupyembix na [0, 27 dynkuuit F(t), ¢ 3aganabv Ko-
HeunbiM HabopoMm koabdunuentos Pypve C1, ..., C,, C, € C, Haiitn Takyo dbyuxmo Fi(t),
97O

£l = min || F[|.
U

JlemMma 1. CymectByroT Takne kouctanta C' 0 ceMeHCTBO TOUEK X1, . . . , Loy, ITO KYCOTIHO-

HOCTOSTHHAST (PYHKIHS [flog 1 2ori0) = — Sleapiowonss) = Cy k= 0,...,n — pemenne 3ajaun 1.
JlemMma 2. KycodHO-TTOCTOSTHHOE pertieHHe 3ajaqi 1 e THHCTBEHHO.

Teopema. KycouHno-mocrosiHHast (PyHKIHsT — €JHHCTBEHHOE perieHne 3aa4qu 1 /111 HOpMbI
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pa3paboTKu napaJiie/ibHOIO MPOrPAMMHOIO ObeciievdeHus, OCHOBaHHbIE HA ITPUMEHEHUHM TEXHU-

K1 popMaJIbHBIX Mojeseill, crneruduKkanuii 1 npeodpa3oBaHmil MapaIe bHBIX MPOTPAMM.

Wcnonb3yst TpaIuiuoHHbIe I3bIKA U METO/IbI, OUeHb TPYIHO pa3padOTaTh BHICOKOKATECTBEH-
HOE, TIEPEHOCHMOe TTPOrPaMMHOe ObecIiedenue g napajiebHbIX KOMIIbIOTepoB. B yactnocTu,
napaJiieJibHOe MPOorpaMMHOe obecriedeHne He MOYKET ObITH pa3paboTaHo C MAJBIMU 3aTpaTaMu
Ha TI0CJIe/I0BATEIbHBIX KOMIIBIOTEPAX W IIOTOM llepeHeceHO Ha NapaJljiejibHble BEIUYUCIUTETbHbIE
CUCTEeMBI 0e3 CYIIEeCTBEHHOTO MepPenuchiBaHUA U OTJIAJKH. [103TOMy BBICOKOKaUeCTBEHHOE Ia-
paJLIebHOEe MPOrpaMMHOE ODecIedeHne MOKeT pa3padaTbiBAThCS TOJBKO HEOOJLITUM KPyTroM

CTEIUAUCTOB, UMEIOIIUX MPSAMON JTOCTYT K JOPOTOCTOSIIEMY 000PY/IOBAHUIO.

OHaKo, UCHOJIb3ysl S3bIKU MPOTPAMMUPOBAHUS ¢ HESIBHBIM HaPAJIIETH3MOM, TaKHe KaK
dbyHuKIHOHATBHBIH 736K Sisal [1], MOKHO TpeooeTh 3TOT Gaphep U NPeToCTaBUTD IITHPOKOMY
KPYTY HOPUKJIAJTHBIX TPOrPAMMUCTOB, HE MMEIONINX JOCTATOYHOT'O JIOCTYTa K TapaJsulebHBIM
BBIUNCIUTEIHHBIM CUCTEMAaM, HO SIBJISIONIAXCS CHEIUAJTUCTAMA B CBOUX MPUKJIATHBIX 00JaCTAX,
BO3MOXKHOCTH OBICTPOIl pa3zpaboTKH BHICOKOKAYECTBEHHBIX MEPEHOCUMbBIX HAaPaJLICIbHBIX aJIr0-
pUTMOB Ha cBoeM pabodeMm mecte. DYyHKIMOHAIBHAS CEMAHTHKA S3BIKOB MPOTPAMMUPOBAHUS C
HEeSIBHBIM MTApaJIIeTU3MOM TapaHTHPYET /leTepPMHUHUPOBAHHBIE Pe3YJIbTAThl JIJId MapaJlielbHON
U TOCJIeIOBATETbHON pealu3anuu TO, 9TO HEBO3MOXKHO TapaHTUPOBATH S TPAIUNUOHHBIX
s3bIKOB, 10/100HBIX A3bIKYy Poprpan. llponagaer HEOOXOAMMOCTDH MMEPEIUCHLIBAHUS UCXOIHOTO
KOJIa TIPU IIEPEHOCE ero ¢ OJIHOr0 KOMIThioTepa Ha Jpyroii. [apanTupoBano, 4T0o mpoOrpaMma
C HeBHBIM TApaJIeTH3MOM, TPABUIBHO UCHOJHSAIONAACT 1a NePCOHATHPHOM KOMIBIOTEPE, 0Y-
JIeT JTaBaTh Te Ke Pe3yJIbTATHI MPH €€ UCIOJHEHUN Ha BBICOKOCKOPOCTHOM HAPAJIIETbHOM WTH
pacnpeieleHHOM BhlaucnTese. Bojee TOro, o CpaBHEHUIO ¢ MMIEPATHBHBIMU sI3bIKAME (10~
no6ubIME 36Ky PopTpan) GYHKIHOHATBHBIE SI3BIKH, TaKHe Kak Sisal, yuporaor paboTy mpo-
rpaMMucTy. B OYHKIIMOHAIBHONW TpOrpaMMe MPOTPAMMHUCT JTOJI?KEeH TOTBKO CIIeNHDUITHPOBATH
PE3YIBTATHI BBIYUCJIECHUN W MOYKET MePETOKUTH OOJIBIIYI0 YaCTh PA0OT MO UX OPTaHW3aIlUu Ha
KOMIITUJISTOP, KOTOPBIil OTBEeYaeT 3a 0ToOpazKeHue ajropuTMa Ha OLPEJICJEHHYI0 apXUTEKTYPY
BBIIHCJIATENsI (BKIIOYAs IAHNPOBaHNe KOMaHI, [lepeady JTaHHbIX, CHHXPDOHU3AINIO B THCIIe-
HUil, yIpaBIeHHe MaMsaThio U T. [1.). 1o cpaBHEHHUIO ¢ ApYruME (hYHKIIMOHATBHBIME SI3bIKAME
a3bIK Sisal momiep:KuBaeT TUTBI JAHHBIX W OMEPATOPHI, MPUCYIIHE HAYYHBIM BBITUCJICHUSIM,

TaKHEC KaK HNUKJIbI 1 MaCCHBBI.

Jloktaa mocBAIeH co3gaBaeMoil B J1ab0paTOpHM KOHCTPYHPOBAHUS U ONTHMHU3AIUAU MPO-
rpamm Muacturyra cucrem magopmaruku um. A.Il. Epmosa CO PAH obiaunoit uarerpupo-
BaHHOI Bu3yaJbHOi cpeme CSS mapasiebHOro mporpaMMIpOBaHus Ha 0a3e (pyHKIIMOHAIBHOTO
s3bika nporpammupoBanus Cloud Sisal. Lesb mpoekTa — JaTh BO3MOXKHOCTH IHTUPOKOMY KPYTY
JINI, HAXOMAIIUXCS B yIAJeHHBIX HACEJEHHBIX IMYHKTAaX WX B MECTaX ¢ HEJIOCTATOUYHBIMU BBI-
YUCJIMTEJbHBIMU CPEJICTBAMEI, HO MMEIOIIUX BbIX0JL B VIHTepHET, JUCTAHIIMOHHO U Oe3 yCTaHOBKI
JIOTIOJTHUTEIHHOIO MPOTPAMMHOT0 00eCIeYeHrsl Ha CBOUX HEJOPOrHX BBIUYUCIUTETHHBIX YCTPO-

CTBaX B BU3YaJIbHOM CTHJI€ CO3JlaBaTb U OTJIa2KUBATh II€PEHOCHUMbIE I1aPaJlJIeJIbHbIE IIPOI'PaMMbIl
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na sa3pike Cloud Sisal, a Takzke 3arem aucraHnuoHHO (B 00JAKE) OCYHIECTBIATH 3bIEKTUB-
HOE pellenune CBOUX 3ada4, HCIIOJHAA Ha HEKOTOPBLIX CYHEPBBIYUCJINUTEIAX, JOCTYIIHBIM MM IIO
CeTH, CO3JaHHbIe U OTIazKeHHbIe mepenocumMblie Cloud-Sisal-mporpaMMbl, mpeBapuTeIbHO a/1all-
THPOBAB MX II0J UCIOJIb3YeMble CYIEPBBIYUCIUTEIN ¢ TOMOIIBI0 00JIAYHOIO ONTHMHU3HPYIOIIEro
KPOCC-KOMIIMJIATOPA, IpegocTapiseMoro cpeaoit. Cpema CSS comepKuT HHTEPIPETATOP, BU3Y-
AJTBHBI OTJIQ YUK U OOJIATHBIN OMTUMABUPYIONTHiT Kpocc-KoMnuiaTop. OHa UCIMOIb3yeT BHYT-
peHHee TeopeTHKOo-rpadoBoe IpejcTaBieHrne (PYHKINOHAJBHBIX U Mapa/lIeIbHBIX IPOTPAMM,
OPMEHTHPOBAHHOE HA UX BH3YAJbHYIO 06pabOTKy W OCHOBAHHOE Ha aTpHOYTHPOBAHHBIX Hepap-

xuaeckux rpadax [2].

Paspaborannbiit Hamu s3uik Cloud Sisal mpooszkaeT TpaIuiuio MpeIblIYIIHX BePCUil 35l
ka Sisal [1],[3], ocraBasich GhyHKINOHATBHBIM TOTOKOBBIM SI3BIKOM, OPHEHTHPOBAHHBIM HA HAa-
II1CaHue 6OJIb]lH/IX Hay4YHbIX IIPOT'PpaMM, COAEPXKAIIUM ITUKJIbI U MaCCHUBBI, 1 paCIIupdeT UX BO3-
MOYKHOCTH CPEJICTBAMU BU3YaJbHOI MOMIEPKKU OOJATHBIX CyTEePBbIYUCIEHNT. 3aMeTHM, 9TO
HCIIOJIB30BAHNE IIUKJIOB I MACCHBOB HE SIBJISIETCST OOBITHBIM 1151 (DYHKIIMOHAJIBHBIX SI3BIKOB ITPO-
IPaMMHUPOBAHUS, TJIe, KaK MPAKTHYECKH BCE IO BO3MOXKHOCTH BBIPAYKAETCS B TEPMHUHAX CIIHC-
KOB u pekypcun. Ho MacCuBbI CyIIECTBEHHO YIIPOIIAIOT HEKOTOPbIE 33a/a4i BbIYUCIUTEILHOTO
MPOTPaAMMAPOBAHAS, B YaCTHOCTH, C MACCUBAMU CYIIECTBEHHO MOHATHEN CTAaHOBUTCA ONMMCAHWE
MaTpuiibl. [Ipu 3TOM MaccuBbl caMu 10 cebe He SIBJISIOTCA UMIEPATHBHBIM UK IOCIeI0BATE /b=
HBIM d71eMeHTOM. Hampumep, MOKOMIIOHEHTHOe MepeMHO:KeHne BeKTopoB Ha a3bike Cloud Sisal

MOKHO OIIPEJIEeJIUTD CJIeLyIOMIM 00pa3oM:
foriin 1, N do R := Ali] * BJi] returns array of R end for

fzwik Cloud Sisal peanu3yer Mojesib BCIOAY 3aBEPIIAEMbBIX YACTUIHBIX BBIYUC/IEHUI, UTO
O3HAYAET HAJUYNE CIEIHAJBHOTO <OMMUOOYHOTO» 3HAYEHUS, MPOCATMBAEMOro 10 rpady mo-
TOKa JaHHbIX. Hampumep, Ipu BBIYUCICHUN MATPHUIBI 9aCTh JIEMEHTOB B PE3Y/JIbTATE MOMKET
UMETh OIMUO0YHOe 3HAUEHUE, YTO O3HAYAET OMHUOKY. TakuM 00pa30M, CeMAHTHKA SI3bIKA SIBJISI-
€TCd U3HaAYaAJIbHO y,ZLO6HOI7'I JJ1d ITapaJiJleJIbHBIX BbILH/ICJ'IeHI/II'?'I, " CJIO2KHOT'O KOHTPOJIAA CO CTOPOHBL

CUCTEMbI BpeMeHU NCIIOJIHEeHUd HEe Tpe6yeTCH.

Aspik Cloud Sisal gomyckaer ucnoap30Banne yTBepKIeHuii (IIparM), ONMUChIBAIOIINX H3BECT-
HbIE TIPOTPAMMUCTY CBOMCTBA MPOrpaMMbl B Bre (GOpPMaJIH30BaHHBIX KOMMeHTapuen. [Iparma
3a/1a€T CBOMCTBAa KOHCTPYKIINH, HAYINEH 3a Heil cjaemoM, U MOXKeT, HAIlpuMep, 3aaBaTh Orpa-
HUYeHUe Ha 3HaYeHHe ITepeMEeHHOM, BhIpaykKeHHsl WM Ha BO3BpalmaeMoe (BYHKIMEH 3HAUEHUE B
BHJIE JIOTHIECKOI'O BBIPAXKEHUS, COALPKAIIEI0 MMEHA, BUJAMMbIE B MECTE PACHOIOKEHUS JaHHOI
nparmMbl. 3aJaHHBIE C TOMOIIBIO IPArM CBOWCTBA MOI'YT HCIOJIb30BATHCI KaK MPH OTJIAIKE MPO-
rpaMMBbl, TAK U IPU BBIMOJHEHHH ONTHMHU3HPYIOIMNX Ipeobpa3oBannii. MexaHn3M mparM Ioj-
JIEPKUBAET TAK:Ke METOJbl AHHOTHPOBAHHOIO MPOIPAMMUDOBAHHS [4] U KOHKpETH3MPYIOIHX
npeobpazoBanuii [5], 9T0 MO3BOMSIET B PAMKAX JEKJIAPATHBHOIO CTUJISA IPOrPAMMUPOBAHUS Ha-
CTpamBaTh MPOIECCH AJIaNTaIlii MapasIeJbHbIX MPOrPaMM Ha KJIACCHI 33a9 U apXUTEKTYPY

BBIYHCJ/IUTEJIA C COXpaHeHUEM X KOPPEKTHOCTH M € HCIIOJIb30BaHHUEM 3HAHUH II0JIB30BaTEJIER O
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3aJlavax, IIporpaMMax U BbIYUCJIUTEJIC.
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Bribop omnpeesieHHOro pa3MeleHust TOYeK B HEKOTOPOi 00J1aCTH METPUIECKOTO MPOCTPAH-
cTBa HEOOXOIUM /IS 3a/1a9 YMCIEHHOIO HHTerPHpOBaHusi, HanpuMep Ha cdepe [1|, kpome Toro
XOPOIIIO U3BECTHHI clienupuyuecKne 3aa91 pa3MeIeHns TOUeK, Takue Kak (popMyJibl MexaHude-
ckuxX Kybaryp 2|, nukcesmsanus 3se3aH0r0 Heba [3], a TakKe MHOKECTBO NPUIOKEHUH IEHTPO-
HIHBIX guarpamM Bopororo [4]. JInarpammbr BopoHOTO MIMPOKO HCTIOIB3YIOTCS KAK JIJIsl OIPe-
AeJICHUA PAa3JIMIHbIX CBOICTB pa3dMelIeHrud TOYCK, TaK U AJid Ollpeaec/IeHA paSMeH.[eHI/Iﬁ TOYEK
C onpeaceJieHHbIMUA CBOﬁCTBaMH7 B 9aCTHOCTHU OJHUM HU3 KPUTEPUEB PABHOMEPDHOT'O Pa3MCEIICHUA
MHOKECTBa TOYEK B OIpEJIeJIeHHONW 00JaCTH METPUUECKOTO IIPOCTPAHCTBA, SBJILETCA PABEHCTBO

00beMOB 0bJ1acTeft 9TUX TOUYeK B auarpaMmve BopoHoro, mocTpoerHoi Ha ux ocHoBe. OaHoil u3

II1® 0124/PTF-14-MES(0115PK03029)
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3a/1a4 aHaJIu3a acTPOMU3NICCKUX JAHHBIX SIBJSIETCS OICHKA HEPABHOMEPHOCTH /AHH30TPOINH
pa3MelneHns TOYEeYHBIX JAaHHBIX acTPOMU3NYECKUX COOBITHIH, KOTOpasd MOxKeT ObITb 3pdek-
TUBHO DeIlleHa C UCIOJb30BaHUEM AuarpaMM BOpOHOTO ¢ OJIMHAKOBBIMH OObeMaMu 00JacTeit,
OTIpeIENIAIONIIME CTeNeHb TPOCTPAHCTBEHHOTO pa3pelleHne, TyTeM aHaJIn3a CTATHCTHKY JUCTIa
TOYEK B pa3/IMuHbIX obsacTdax juarpamMmbl. Juarpammbl BopoHoro ¢ pasjimaHbiMu 00'beMaMu
obJiacTeil MPUMEHSIOTCA JIjId aHaIn3a TPOCTPACTBEHHBIX KOH(MUTYpaIuii 6MOIOTHIECKUX MaK-
POMOJIEKY.T.

B nannoit paGote mpesiaraeTcsd YUCJIEHHBIR METOJ MOCTPOeHWs AuarpamM Boponoro s
KoHe4YHOro N 4ucjia TO4YeK ¢ OIpaHUYeHUsMU Ha 00beMbl ObJjiacTell jinarpaMMbl, B 4aCTHOCTH
JUI TIOCTpOoeHusT nuarpaMM BopoHoro ¢ ommHakoBbiMEH OObemamu objacteit. Oobem obmacTu
JIHArpaMMBbl MOZKeT OBITH OIpeJieieH /IJ1d KayKI0i ToUKu. B mpejmaraeMoM MeTo/ie MOYKHO HC-
N0JIB30BATh TPOU3BOIBHOE HCXOHOE pa3MelleHre Touek. /lajee TOUKH mepeMenaioTcs TaKuM
00pa30oM, 4TO KOHEYHOE pa3MelIeHUue TOYEK dBJISIeTCs CTAlMOHAPHBIM COCTOSAHUEM HEKOTOPOil
JIMHAMUYECKON cucTeMbl. Boruuc/jienne guarpaMMbl BOpOHOrO NPOU3BOAUTCS TMPU KayKJIOM H3-
MEeHEHUHU TOMOJOTHH pPa3MelleHusd TO4YeK, WIN IIPOCTO Ha KayKJOM Iare mepeMelneHns TOUYeK.
CyTecTByeT MHOMXKECTBO CIOCOOOB TMOCTPOEHUS IUHUMHYECKUX CUCTEM IS HepeMelleHus] TO-
Y€K, B 4aCTHOCTU BO3MOZKHO COXPAHEHUE HOJHOM I'PYIIIbl CUMMETPUU UCXOJHOIO PA3MellleHus]

TOYEK.
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3AJAYA OIITUMAJIBHOTI'O BHICTPOJAENCTBUA 14

HEJINMHEVMHOU
MOJIEJII TPEXCEKTOPHOU SKOHOMUKMU

3ANHEJI MYP3ABEKOB®, IITAMIIIN AMIITAHOB?

HNucroryr Maremaruku n mexannku KazHY um. ans-Papabun, up.ars-Dapabu, 71, Anmarsi,
050040, Kazaxcran

E-mail: *murzabekov-zein@mail.ru, Yaipanov@mail.ru

PaccMorpena 3a1a49a ONTHEMAJIBLHOIO OBICTPOACHCTBAS 1/ SKOHOMUYIECKON MOIEIN, COCTOL-
meit u3 Tpex cekTopos (i = 0, 1, 2), B KaxKI0M U3 KOTOPBIX TTPOU3BOJUTCS CBON arperupoBaH-
HBIA IIPOAYKT:

— B MaTepuaJbHOM cekTope (i = 0) — mpeameThl Tpyaa (TONINBO, 3JEKTPOIHEPTHSA, CHIPhe
M JIpYTHe MaTepUaJIbl);

— B doumocozgamem cekrope (i = 1) — cpejcrba TpyJa (Maimuabl, 000pyI0BaHAe, TPOU3-
BOJICTBEHHbBIE 3IaHU, COOPYKEHUS U T.JL.);

— B HOTPEBUTETHCKOM ceKTope (i = 2) — mpeMeThl OTpebIeHusl.

Maremarngeckast MoJiesib 00beKTa yupasiaenus (cm. [1]) cocrour u3

a) Tpex dyHKIuii yaeapHoro Bhimycka tuna Kobba — dyrraca:
XT; = HZAlk?l, 0 <o <1, (Z =0, 1, 2), (34)

6) Tpex auddepeHnuaIbHBIX yPaBHEHH I, OMUCHIBAIONINX JMHAMUKY (DOHIOBOOPY KEHHOCTEH

CEKTOPOB:

ki = —Niki + (si/0)xs,  ki(0) =k, (1=0, 1, 2); (3.5)

B) Tpex GAJAHCOBBIX COOTHOIICHHIA:

So+s1t+s2=1 520, 520, s52>0, (3.6)
B+ 0 +6=1, 0,>0, 0.>0, 0,>0, (3.7)
(1 —=pBo)ro = fro1 + Boza, o >0, B >0, Br>0. (3.8)

3/1eCh COCTOAHNE 3KOHOMUYECKO CHCTEeMBl OIMUCHLIBACTCA BEKTOPOM (DOHI0BOOPY sKeHHOCTE
(ko, k1, k2); yupasasiioniue Bo3jeiicTBist 00pasyoT BeKTop (8o, S1, So, 0o, 01, 62), e (so, 1, S2)

— JIOJIH CEKTOPOB B PACIPE/IEIEHUH HHBECTHIIHOHHBIX PecypcoB, (0y, 01, 0s) — 101u ceKTOPOB B

PaGora soiunosinena npu dunancosoit noguepxkke Komurera nayku MOH PK no rpanry Ne 2013 /T'®4.
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pacupe/ieJieHul TPYAOBbIX DECYPCOB; T; — Y/EJAbHbIH BBILYCK (KOJMYECTBO BbIIYCKAEMON 1PO-
JNYKIMU B 4-M CEKTOPE B pacdere Ha OJHOr0 paboTaioniero or o0IIEero KOJIMYEeCTBa TPYI0BBIX
PecypcoB); [; — IpsiMble MaTepHATbHbIE 3aTPATHI IIPU BBIIYCKe eJIUHUIBI IPOIYKIIUE B i-M CeK-
tope. HauampHoe coctogume cucrembl pasao (k), kY kY), roe kY — dbonmoBoOpyKEeHHOCTD -10
cekropa (1 = 0,1,2) B momenT Bpemenu t = 0.

CraBurcs 3a7ada MepeBojia HEJMHETHON SKOHOMIUYECKOi cucrembl (2) W3 HAYATIBHOIO CO-
CTOSHUS B KOHEYHOE IOJIOZKCHHE 33 KpaTdajilree BpeMs. B KauecTse zKesraeMOro KOHEYHOI'O

* *

COCTOSIHHS BBIOPAHO MOJIOZKeHHe paBHOBecust cucteMbl (kj, ki, k%), KoTopoe omnpenensiercs my-

TeM IPUPABHUBAHUS K HYJIIO MPaBbiX dacreil quddepennuanbublx ypapaenuit (2):
kik = (SlAl/)\l)l/(l_al), k; = 8091141 (k'ik)al/()\oeo), k’; = 8291141(]{;)061/()\292). (39)

Bnauenus dongosoopyzkennocreit kI (1 = 0,1,2) B cocrosnnu pasnosecus (6) 3aBHCAT OT
yupasaennit (so, s1, S2, 0o, 01, 02), 1718 KOTOPBIX MOKHO BBIOpaTh 3Hadenud (sy, s, s, 05, 07, 03),
pelias 3a7a4y HEJTHMHEHHOrO HPOrPAMMEPOBAHHUS € HEJNbI0 MAKCAMH3AIMH YIEJLHOIO I0TPes-
JIEHHsI: To — MAaX IPU yCJIOBUH BbioHeHust coornomennii (1), (3)-(5) [2].

Jasee I0M10 MHBECTHIWI B MaTepHAJLHBIA CEKTOD W JIOJU TPYAOBBIX PECYPCOB BO BCeX
ceKTopax OyaeM cuumTarTh GUKCHpOBAHHBIME: So(t) = s5, 0;(t) = 6, (i = 0,1,2). B sTom
caydae, Kak cjejyer u3 coorHomenuii (2), (3), nuramuka (hbOHIOBOOPYKEHHOCTEH B CEKTOPAaX

i = 1,2 B uurepnase Bpemenu [0, 7] Gyuer onucbiBarbest audbepeHInaIbHBIMA Y PABHEHUSIME

ki (t) = =Mky(t) + s1(0)ALkS (8),  ki(0) = &Y,

ia(t) = —Aoka(t) + ——50 (3.10)

- S t) * a1
P g o, ko) = 1

rie x(t) = (k1(t), ko(t))" aBasercst BeKTOPOM cocTosiHust cucrembl, u(t) = sq(t) — ynpasieHuem,

VJIOBJIETBOPSIIOIIMM OTDAHUIECHUSAM
0<s()<1-s; tel0,T]. (3.11)

B cuay yenosust (3) qos1s uHBeCTHIIN B HOTPEOUTEIHCKHIA CEKTOD M COOTBETCTBYIONIHE OTDa-

HUYeHns GylyT OTPEeNeIeHbl CETYIOMUM 06pa3oM:
So(t) =1—s5—s1(t), 0<so(t) <1—s;5 te]0,T]. (3.12)

C yuerom dyHKIwmit yaeapHoro Boiycka (1) n MmaTepuaabaoro 6anamca (5) MOXKHO BHIPA3HTD
dbongoBoopyKeHHOCTD ko(t) amsa cekropa @ = 0 uepe3 bOHIOBOOPYKEHHOCTH JBYX JIPYTHUX

cekropoB (i = 1,2):

_ [BOTAE (1) + BB Asks? (1) ]V
(1 — PBo)b5 A0 ’

Takum 06pa3oM, IPUXOANM K 3a/ade mepeBoja cucreMbl (7) U3 33JaHHOTO HAYATBHOIO MO~

ko) te0,7]. (3.13)

noxennd ro = (kY. k9) B :kenmaemoe konednoe cocrodnue x, = (ki k3) 3a kpaTuaiiiee Bpems,
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HCIOJIB3Ys yupasienue s1(t), ya0BaeTBopsioniee JAByCTOPOHHIM orpanudenusm suja (8). Ko-
HEYHbI MOMEHT BpeMenu ' 3apaHee He 3aJaH, ero TpedyeTcs ONPEeJIeJUTh IIYTEeM pPelleHus
3a/1a49i ONTUMAJIBHOrO OblcTpoaeiicTBug 1 — inf.

s perennst mocTaBIeHHOM 331aUn OBLT UCIIOJIB30BAH METO/I CBeIeHNs 33Ja91 ONTHMAJb-
HOro OblcTpOseiicTBUS K JimHeiiHO-KBaApaTndnoil 3a1ade (LQ-3a1a4e) onruMaabHOrO yrnpas-
nenusi, npemaoxenusiii B |3, 4|. Tlockonbky o6bexT ynpasiaenus (7) SBASETCS HeJTHMHEHHBIM,
IpUMEHeHA TPOIe/ypa KBa3winHeapu3anuu [5], B KOTOpoil Ha KazKJIOM Iare HTeparoOHHOTO
poIlecca UCHOJB3YeTCs aHAJIUTHIECKHi MeTo]| pemmenns LQ-3a1a4un ¢ 3aKpenieHHbIMA KOH-
naMu TpaekTopuii |6, 7). YMenblnas Ha KazkJOM Iiare urepaiuu 3Hadenue 1, MOKHO HaifiTu
MUHUMAJIbHBI UHTEPBA/ BPEMEHH, B TE€YEHHEe KOTOPOTO MOXKHO 00ECIeYUTh TepeBojl, HeJTmHeli-

HoOit cucreMsl (7) U3 Xo B T, IPU OTPAHUYICHHOM yIpaBseHun (8).
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Jlnsg 3dekTUBHOTO MIPUHATHS PeIleHnit OTHOCUTEIBHO BbHIOOPA W PA3BUTHSA HOBBIX Hay4-
HBIX HANPABJICHUI UCCIEIOBAHUN 1 PA3PA0OTOK COBPEMEHHBIX TEXHOJIOTUH, a TaKZKe TTPUHITHS
YIOPaBJIeHIeCKHAX pelleHwl, HeoOX0UMO HaJHYINe JTOCTATOYHOTO 00bEéMa TAaHHBIX W 3HAHUU, Ka-
CAIONUXCS pemaeMbiXx TpodseM. [Ipu 3TOM B KadecTBe MCTOYHWKA aKTyadbHOI mHMOpMAINUN
9aCTO UCIOJb3yeTcs ceTh IHTepHeT, poiab KOTOPOil B COBPEMEHHOM O0ITeCTBE HEYKJIOHHO BO3-
pacraer.

O Hako, XapaKTepu3ysach HAININeM OTPOMHOTO 00béMa TAHHBIX U 3HAHUI 0 JIFOOBIM TP/
MeTHBIM o0sacTaM, VIHTepHeT, B TO XKe BpeMsd, COAEPKHUT He MEeHbIIN!l 00BbEM HeaKTyaJbHOI
uHpOpMAIE U «WHOOPMAMOHHOTO ITyMay. OTCIOJa BOZHUKAET 3a/ava ONpeJesleHnus pee-
BAHTHOCTHU TEKCTa MOUCKOBOMY 3ampocy. PeneBanTHOCTE — 3T0 DyHAAMEHTATBHOE TOHITHE TE€O-
pun MHGOPMAIMOHHOTO IIOUCKA, U B HACTOSAIIEEe BpeMs 3a/a4a OlpeieeHus PeJIeBAHTHOCTU He
HAIIIa OKOHYATEIHHOTO PENTeHUsI.

[esbio gannoit paboThl gBJgETCH pa3zpabOTKa aJIrOPUTMOB MOMCKA, OCHOBAHHBIX HA KOHTEK-
CTe TMOUCKOBOTO 3aIIpPOCa W aHAJN3€ ero CHHTAKCUIECKON CTPYKTYPHI, OIEHKH pPeJIeBAHTHOCTU
TEKCTa TMMOUCKOBOMY 3aIpOCy, a TaKyKe pa3pabOTKa MeTOJ0B, TMO3BOJISIONINX OMPeIeITh TeMbI
rekcToB. [IpejjiozKeHHble aJITOPUTMbI OCHOBBIBAIOTCS HA UCIOJIb30BAHUU JIMarpaMM CBHA3€, CO-
31aBaeMbIX mporpaMMHbIM npuiaoxkenuem Link Grammar Parser (LGP) [1].

PaspabarbiBaeMbie METO/IbI TO3BOJILIOT COMOCTAB/IATH KOHCTPYKIIUKA €CTECTBEHHOIO SI3bIKa, U
B pAJIe CJIy4YaeB OTOXKIECTBIIATD JJazke rmepedppa3snpoBaHHbIe BAPUAHTHI TPEJJIOKEHU T, OCHOBDI-

BAsICh HA AHAJIM3E UX CHHTAKCHYECKUX CTPYKTYD (Ha ocHoBe juarpamm LGP). Takum o6pazom,
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MOZKHO COIMOCTABUTH MOMCKOBBII 3alIPOC U TEKCT, B3AThIN n3 cetu lHTepHeT mim Apyrux ucrod-
HHKOB, C IEJIbI0 OIPEJIeIeHNs PEJIEBAHTHOCTH (COOTBETCTBHS) TEKCTa TTOUCKOBOMY 3aIpocy.

Oana 13 9acTO BO3HUKAMIMNUX MPOO/IeM MPHU aHa/Iu3€ TeKCTOB HA €CTECTBEHHOM S3bIKE CO-
CTOWT B TOM, UTO MEPECTAHOBKA CJIOB B MPEJIOKEHIN MOYKET CYIIEeCTBEHHO MEHSITh er0 CMBIC.
DTO NPUBOJUT K HEKOPPEKTHOI padoTe aaropuTMOB, OIEPUPYIOMHUX OTACIbHBIMA KJIIOUYEBBIMU
cJI0BaMH, MX dacToTamu u T. J1. B padorax Hupamxa Kywmapa npeyiozkeH HEKOTOPBI# ITOI-
XOJ1, MO3BOJISIIONIUI yIUTHIBATH TOPSIOK CI0B |2]. ABTOpaMu pe/IozKeHo 00600IeHe JaHHOTO
n0/IX0/1a, 6A3MPYIONTEECs HA UCITOIB30BAHNN CHHTAKCHIECKIX OTHOIIEHUH MEK/Ty CJI0BAMU, BO3-
HUKAIONIUX Ha BbIxoje cucteMbl LGP, 4To cyIecTBeHHO MOBBIIIAET KAa9eCTBO pabOThl aJIIOPUT-
MOB TIOMCKa. DTO SBJIACTCSA BayKHBIM U JJIs PA3BUTUS TEOPETUYECKUX UCCACTOBAHUN B 00/IaCTH
KOMITBIOTEDHOI JIMHIBUCTHKH.

TeopeTunueckue UCCIeIOBAHUSI U peaan3yeMble TPOTPAMMHbBIE KOMIOHEHTHI OPUEHTHPOBAHBI
Ha 00pabOTKY TEKCTOB Ha HECKOJBKHUX sI3bIKAX: PYCCKOM, aHTIHHCKOM, Ka3aXCKOM, y30eKCKOM
(B ZIByX BapmaHTaxX — Ha KHPUJLINIE W Ha JATWHHUIE) U TypenkoM. OYeBHIHO, 9TO KPOME MpH-
KJQIHBIX ACIEKTOB, JIAHHAas Pa3paboTKa IO3BOJUT BHECTH BKJIAJ B HCCIEIOBAHUE TIOPKCKHX
SI3BIKOB ¢ TOUYKHU 3PEeHHsI UX U3ydeHHs (POPMAJTHHBIME METOJAMU U PA3BHTUS KOMIIBIOTEPHBIX
aJIropuTMOB 00pabOTKH TEKCTOB HA ITHX s3bIKax [3].

B nporecce paborbl HCIOJIB3YIOTCH:

— TIOHATHUSI ¥ METOJBI U3 KJIACCHIECKONH U MaTeMaTHIeCKON JTUHIBUCTUKI;

— MEeTOIbl MATEeMATHYECKOH JIOTUKH;

— pa3JIMYHble TPOTPAMMHDBIE HHCTPYMEHTDI B CUCTEMBI: CHHTAKCHIeCKHe U MOP(MOJIOrnIecKue
AHAJIN3ATOPBI, CTUMEPBI, IPOrPAMMBI KJIACTEPU3AINN U BU3YAJIU3ANNN, OA3bl JTAHHBIX;

— JIDYTHE METOJbI, OTHOCAIINECS K UH(MOPMAIUOHHBIM TEXHOJOTHSIM U HCIOJIb3yeMble TPU
00paboTKe TEKCTOB Ha €CTECTBEHHOM SI3bIKE.

B uTore, ObLIN MOJIYUEHBI CACAYIONIAE PE3YILTATHI:

1. Pazpaboranbsl HOBBIE aJTOPUTMbI HHMOPMAIMOHHOI'O IIOUCKA € YYETOM CHHTAKCH-
Cca © 3JEMEHTOB CEMAHTUKU, B TOM YHUCJE, JJis TIOPKOSI3BIYHBIX TEKCTOB, ITO3BOJISIOIMINX
urdopmanmonHo-onckobiM cucremam (MTIC) comocTaBasaTh KOHCTPYKIMH €CTECTBEHHOTO
s3bIKa U B PSJIe CJIydaeB OTOXKJICCTBILATD jlazke nepedpa3supoBaHHble BAPUAHTHI IPE/ITOXKEHHIA.

2. Paspaboran Mero[|, MO3BOJISIONINI ONPEIeIATh TeMbl TeKCTOB (0600IIeHne aaropuTMa
Hupaszxa Kymapa). IIpu 5T0M aaropurMbl OCHOBBIBAIOTCS HA MCHOJb30BAHUU THATDAMM CBsi-
3eil, co3maBaeMbIX TpOorpaMMHBIM npuiokenunem LGP.

3. Pazpaboran nporpaMMHBIii HHCTPYMEHTApUil /I aHAJIM3a TEKCTOB HA €CTECTBEHHOM SA3bI-
Ke, BKIIOYAIOMNH pa3IndHble aJITOPUTMBIL: ONpeaeaeHus CTeeHn OJTU30CTH MPeII0KeHn, mo-
cTpoenns rpadOB MO MPEIJIOKEHUSIM, BBIUYACIEHUS] BECOB CJIOB, MEHTPAJBHOCTENH U APYTHUX Xa-
PAKTEPUCTHUK.

4. Pazpaborana Bepcust cucrembl LGP, opnenTHpOBaHHAsT Ha TIOPKCKHE S3BIKN (Ka3aXCKHii,

Typenkuii, y36eKckuii).
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[TosinomaciiTabHOEe YUCIEHHOE MOJEJIUPOBAHUE HPOIECCA PACIPOCTPAHEHUS CEHCMUYECKUX
BOJIH B CpeJlaX, BKJIOYAIONIUX MEJTKOMACIHITA0HbBIE HEOJHOPOIHOCTH, SAB/IAETCH 3ajadeil mpe-
CTaBJIAIONIEH OOJIBINON HAYUYHBIN U IpakTudeckuit maTepec. Takue 3a/1a4u BOSHUKAIOT IIPU UC-
CJICJIOBAHUU TION3EMHBIX SJICPHBIX B3DBIBOB, 3€MJIETPACEHUN, TeOIUHAMUAKA U TTOUCKA KOJJICK-
TOPOB B Py/JHON u HedTerazonoil reojioruu. llpu ducjieHHOM MOJEJIMPOBAHUN KPYIIHbIE HEO/I-
HOPOAHBIEC BKJIIOUEHUA B Cpeae YIUTBIBAalOTCA B MaTeMaTH4eCKO MOJeJIn HEeIIOCPeACTBEHHO C
HOMOIIIBIO F'PAHUYHBIX ycIoBuil. PacdeTnl ¢ yyeToM Bcex MaciiTaboB BapHalnii (pU3NIeCKUX Ia-

paMeTpoB TPeOYIOT T'POMAJIHBIX BBIYUCIHTEILHBIX 3aTpaT. UTOOBI PeIIUTh Ty MPodJaeMy MpH

Pabora nonnexana Poccuiickum donnom dynrameranbubix ucciaemosannii 15-01-01458.
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TeopeTu4eCKOM 1M 4YMCJICHHOM MO/IC/JIMPOBAHUN HEYIIOPAAOYCHHbIX CPE/ MCIOJIb3YIOT aCHUMIITO-
THIecKne MeTobl u dpderTuBHble KO3 unmenTo. 3agaun mocTpoeHust 3P HEKTUBHBIX KO-
dburmeHToB sl CIOUCTOR Cpejibl paccMarpuBasiuch B paborax [1], [2]. Jis mocrpoenus -
(beKTHBHOTO pelenns B JeTepMUHUPOBAHHON Cpele HapaMeTphbl KOTOPO ABJISIOTCH MPeIeaIoM
HepI/IO,ZLI/ILIeCKOIU/I (byHK]_[I/II/I HCIIOJIb30BaJIMCh ME€TOAbl 'OMOI'CHU3AIllMH. MeTOﬂbI roMoreau3anumn B
JIeTePMUHAPOBAHHBIX HEIICPHOIUICCKAX CPelax ¢ ABYyMs MaciTabaMu HEeOIHOPOIHOCTEeH s
aByMepHoii 3ajaau SH BosH, a 3arem nia P u SV BoH paccmarpusasiuchk B paborax [3], [4].
lFeodpusnueckas, cpena, KaK IPABUIO, SABALETCS MHOTOMACIITAOHON, K TOMY 7K€ KOODPIMHATBHI
MeﬂKOMaCIHTa6HbIX HeO,ZLHOpOILHOCTeI'?I TOYHO HEMU3BECTHDHI. HOSTOMy HaCTO Cpe/la OlIMCbIBaECTCA
CTATUCTUYECCKUMU TIOJIAMMU. ﬂa60paTOprIe nccJae10Baiud KEPpHOB W II0JIEBbIC U3MEPCEHHUA I10-
Ka3aJd, 9TO B HPHPOIHLIX CpelaX yBEAMUIMBAeTCd pa3bpoc MO BeJIMYHHE IApaMETPOB CPEeIbl
M YMEHBIIIAeTCsT KOPPeJISIUOHHAS JIJIHHA, ecid MaciTab u3Mepenuit ymenbiraercs [5], [6]. Ta-
Kue FeOCbI/ISHLIeCKI/Ie HEeylOpdA04Y€eHHbI€ CPE€/ibl XOPOIIO OIIKUCbIBAIOTCA MYJIBTUIIJIMKATUBHBIMUA
HepapXuIecKuMH KacKaJaMH ¢ HerayCCOBCKHM DACHpeJeJeHHeM BepOATHOCTeH n (ppaxTalb-
HbiMu Mogiesisivu 6], [7]. Dror dakT mosBosgeT 1S MOCTPOEHUS CPETHEro pelieHust B KPYII-
HOMACIITAOHOM Ipejiesie IPUMEHSTh MeTOI IOJACeTOIHOr0 Moeauposanus [8]. Ctpoutcst Gosee
1pocrad MOJeJIb, Tpe6yIOH_[a5{ MEHbIIEI'O KOJINYECTBa BBIYUCJIUTEJ/IbHBIX 3aTpaT, IIpaBUJIbHO OIlU-
CHIBAIOIIAS MOBEJICHNUE PEIieHns B KpynHOMaciTabuoM npejiese. B nacrosiieit pabore ¢ momo-
MIBI0 METO/a IOJCETOYHOr0 MOJAEJIMPOBAHMA MOJYYeHbl TAKHe ypaBHeHHd Mg 3()(EeKTHBHBIX
K03 PUIUEHTOB B ypPaBHEHUH AKYCTHKM M JIBYMEPHON CHCTeMe YpaBHEHHI TEOPHH yIIPYTO-
CTH, €CJIN IIapaMeTPhl AllIPOKCUMUPYIOTCA HEIPEPBIBHLIMA MY/JILTUIIMKATABHLIME KACKA,IAMI
¢ sorapupMIICCKH HOPMAJIBHBIM PacIpe/ieJenneM B n30Tponnoii cpene. Ipeanonraraercs, 9ro
JIMHA BOJIHBI MHOI'O 0OJIbIIe MAKCHMAaJbLHOIO MacmTaba HeOAHOPOAHOCTEH cpeabl. Bognbl BO3-
OYKJIAIOTCSA UCTOYHUKOM € JIOMHHAHTHOM 4acTOTOi wy U COOTBETCTBYIOINIEH 3TON JTOMHHAHTHOM
9aCcTOTe MIMPUHOI CHeKTapa wi. [1oMydeHHbBIe TEOPETHICCKIE PE3YIbTATEL CPABHUBAIOTCH C Pe-

3yJbTaTaMMt IIPAMOro YuCJICHHOI'O MOJAEJIUNPOBaHHA.
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ITOJIHOTA CJIOBOUSMEHUTEJIbHBIX

MOP®OJIOTNYECKUX ITPABNJI
MAIIINMHHOT O ITIEPEBOJA IJId KASAXCKOI'O A3bBIKA

YAJIIITEP TYKEEB

Kazaxckuii Hanmonabubiii Yansepcurer um. ajab-Papabu, np. Ax-Dapadbu 71, Anmarsr,
050040, Kazaxcrax

E-mail: ualsher.tukeyev@kaznu.kz

B paGore BbIBOJUTCS MOJIHAS CHCTEMA, CJIOBOM3MEHUTEIbHBIX MOP(OJOrIIeCKUX PABHII Ma-
NIMHHOTO MEPEBOIA /s Ka3aXCKOTO A3bIKa, OCHOBAHHAA HA TOJIHON CHCTEMe CeMaHTUICCKH J10-
IIYCTUMBIX CJIOBOM3MEHUTEJbHBIX OKOHYAHNU KAa3aXCKOro si3bika [1].

Cucrema OKOHYAHHUH CJIOB KA3aXCKOTO SI3BIKA COCTOUT JIBYX KJIACCOB: OKOHYAHUSI K MMEHHBIM
OCHOBaM (CyIIECTBUTE/IbHBIE, IPUIAraTebHble, YUCIUTEIbHbIE) H OKOHYAHHUS K TJIArOJbHBIM
oCHOBaM (IJIArOJIbI, TIPHYACTHSI, JeelpuYacTus, HaKJIOHeHHs, 3aj0ru). B pabore [3| Buepsbie
OBLIO PACCMOTPEHO MOCTPOEHIE MHOMKECTBA OKOHUYAHUI Ka3aXCKOTO A3bIKA U BO3MOYKHOCTH €I0
UCIOIB30BaHUs I 3(DDEKTHBHOTO 00YIEHUIO KA3aXCKOMY SI3bIKY.

PaccMoTpuM BBIBOL CMCTEMbI OKOHYAHHH Ka3aXCKOTO A3bIKa K MMEHHbIM ocHoBaM. CucreMa
OKOHYAHWH K UMEHHBIM OCHOBAM CJIOB Ka3aXCKOTO A3bIKA HMEET 4eThIpe THIA: OKOHUYAHUS MHO-

JKecTBeHHOTrO vucsa (06o3HaunM depe3 K ), OpUTSKaTeIbHbIE OKOHYAHWs (0003HAYHM dYepes

Tpaur MOH PK 0749,/T®4.
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T), nagexupie okondauus (oboznaunm vepe3 C), jaudubie okoHdanus (0603Ha4duM depes J).
OcuoBy (stem) oboznaunm gepes S.
PaccMoTpuM BCEBO3MOXKHbBIE BADUAHTBI PA3MeIeHHH TUIIOB OKOHYAHUI: U3 OJHOIO THIIA, U3

JIByX TUIIOB, U3 TPeX THUIIOB U U3 YeThIpeX THIIOB. Yuciio pa3Melnenuit onpeesercs (popMyJIoii:

AR =nl/(n — k).

n —

Torna, Konu4uecTBO pa3MelieHuit OyIeT oNnpeaeaaThCA CAeYIONUM 00pa30oM:

Ay =4l/(4—1) =4, A3=41/(4-2)1 =12, A3 =41/(4-3)! =24, A]=41/(4—4)! =24.

Bceero Bo3smMoxKHBIX pasmentenuit 64.
PacemoTpenbl Kakue U3 HUIX CeMAHTUYIECKH JOIYCTUMBI. Pasmerenus mo olTHOMY THITY OKOH-
qanug (, T, C, J) sBASIIOTCSI BCe CEMAHTHYECKH JOMYCTHMBIME O OHPEIEIeHHIO.

Pazmerienust 1o jBa THa OKOHYAHUN MOTYT OBITH CJIe/yIOIINE:

KT, TC,CJ,JK, KC,TJ, CT, JT, KJ, TK, CK, JC.

Ananmm3 ceMaHTHKHM Pa3MeNeHUil JIBYX TUIIOB OKOHYAHHIl MOKA3BIBAET, YTO BBIIEJTEHHBIE
KupHbiM mpudToM pasmertenus spistiores jgonycrumbivu (KT, TC, CJ, KC, TJ KJ),
a OCTAaJIbHBIE pa3MelleHus OTHOCHM K HeJOImycTUMBbIM. Hampumep, — mociie TpuTazKaTe/ib-
HBIX OKOHYAHUN OKOHYAHUSI MHOKECTBEHHOT'O UHC/Ia He mcnojb3yiorcs, C'K — mocje mamex-
HBIX OKOHYAHWIT HE MPUHSITO CTABUTH OKOHYAHWE MHOXKECTBEHHOrO uncia, JC- mocjie JIUIHbIX
OKOHYAHHUI He NPUHATO CTABUTH IAaJICKHbIE OKOHYAHHS, — IOCJe IaJIe?KHBIX OKOHYAHHH He
CTaBATCS MPUTKATEIbHBIE OKOHYaHUs, J - moc/ie JUIHBIX OKOHYAHUN He CTaBATCS MPUTIKA-
TeJibHbIe OKOHYaHUs. K HeA0myCTUMBIM OTHECEHBI U pasMernenus: tuna J K, Tak KaK 9TOT THII
pa3MeIeHnst MOKPhIBAETCSI OKOHIAHUSIMI MHOXKECTBEHHOTO YHCJIa, JUIHBIX OKOHUaHuil. Torma,
KOJTMYECTBO JIOMYCTUMBIX (IIPABUJIBHBIX) Pa3MeNieHuil U3 JABYX THIOB OKOHYAHUH OyIeT paBHO
6.

Jlnst pa3mernennii u3 TpeX W YeThIPEX TUIOB OKOHYAHWI OIPeJIe/IeHNe AOMyCTUMBIX Pa3Me-
IMEeHn{T OKOHYAHUH TeTaeTCs M0 TPABUIY: €CAU 6 PASMEULEHUY eCTNb HEOONYCTMUMDBLE Pa3MeUle-
HUA U3 08YLT MUNOES, MO IMO Pa3MeweHue — HedonyYcmumo.

Torma, JomycTHMBIX — pa3MelleHuil  OKOHYaHWit M3  Tpex  THIOB  Oymer  4:
(KTC, KTJ, TCJ, KCJ) u j0nycruMbix pasMelleHuil OKOHYAHWUH U3 YeThiPEX TUIIOB
oyner 1: (KTCJ).

WToro, JOIMyCTUMBIX pPa3MelleHuil U3 OJHOTO THIIA - 4, U3 JABYX THIIOB - 6, U3 TpeX THUIIOB -
4, 3 deTbipex THUIOB - 1. MTak, cyMMapHOe YHC/I0 THUIIOB JONYCTHMBIX Pa3MeNleHni B CJI0BaX
C UMEHHBIMHU OCHOBaMH - 15.

PaccvoTpuM BBIBOJ, CHCTEMBI OKOHUYAHWH KA3aXCKOTO $3bIKA K TVIATOJbHBIM OcHOBaM. Cu-

cTeMa OKOHYAHHH Ka3aXCKOro 43bIKa K IJIArOJbHBIM OCHOBAM BKJIIOYAET ciaeanyronmuye BHADBI:
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CUCTEMa OKOHYAHUN IJ1aroJ10B; CUCTEeMa OKOHYaHUHA npuyacTuil; cucreMa OKOHYaHUT Jeelnpuda-
CTHIT; cHCTeMa OKOHYAHWI HAKIOHEHHil; crucTeMa OKOHUYaHWil 3a70roB. CHCTeMa OKOHYAHHUH K
[JTArOJIbHBIM OCHOBAM (IJIArOJIBI) BKJIIOYAIOT CJIEIYIONINe THIBI: BpeMena (8 Bpemen), Juio (3
BHUJIA), oTpuiianue. Torma, KOJMYecTBO BO3MOYKHBIX THIIOB OKOHYaHU{T riiaroyios 6yer - 25. Cu-
cTeMa OKOHYaHUi K 1J1ar0JIbHBIM OCHOBAM IIPUYACTHUS BKJIIOYAIOT CJIeIYIONAe TUIIBI: OKOHYAHU S
npudactus (0603HaunM R), OKOHYaHUsT MHOYKECTBEHHOTO 4YHCIa (), OKOHYAHUS MPUTIKATE b
uble (), OKOHYAHU HPUTAKATEIbHbIE (), HajekHble okondanus (), audnbie okonvanus (J).
BriBeieHbl BO3MOXKHBIE CeMAHTHYECKH JOMYCTUMblEe BADUAHTHI TUIIOB OKOHYAHUN TPUYACTAN —
11, pneenpuuacruit — 1, naksionenuit — 6 u 3ajoros — 8. O0IIEE KOJUIECTBO THIIOB OKOHYAHUIT
CJIOB C TJIATOJIBHBIMU OCHOBAMU MOTYYHIOCH — H1.

Uroro, obimiee KOTMIeCTBO OKOHYAHUN ¢ IMEHHBIMHA OCHOBAMMY ILTIOC ODOIIee KOJIUIeCTBO TH-
OB OKOHYAHWI CJIOB ¢ TJIATOJBLHBIME OCHOBaMHU OyIeT paBHO 66.

ITo panHBIM THUIIAM OKOHYAHUN MOCTPOEHBI KOHEUHBIE MHOYKECTBA OKOHYAHUN JIJIST BCEX OC-
HOBHBIX YacTell peun Ka3axXCKOro g3blka. Tak, Jj1d JacTeil pedyn ¢ UMEHHBIMU OCHOBAMHU KOJIH-
9eCTBO OKOHYAHUI paBHO 1213(yUTeHbl BCe BAPHAHTHI MHOYKECTBEHHOTO THCJIA), & KOJUIECTBO
OKOHYAHWI dacTeil pedn ¢ TJIarOJbHBIMI OCHOBAMH COCTABJISET: TJIArOJb — 432, mpudacTus —
1582, meenpuuactust — 48, nakjonenust — 240, 3agorn — 80. Ntoro, 3565 Bcero okoHIaHMIA.

Yr1BepxkKaenue 1. BoiBeJieHHAs cUCTeMa TUIOB OKOHYAHUH Ka3aXCKOTO SA3bIKA SABJSIETCS
HOJIHOM.

JloKa3aTeapCTBO JTAHHOTO YTBEPZKJEHUsI OCHOBaHA Ha CXeMe BBIBOJIa, OCHOBAHHOW Ha pac-
CMOTPEHHH BCEBO3MOXKHBIX BAPUAHTOB pa3MellleHnii 6a30BOil CHCTEMBbI TUTIOB OKOHYAHHIT Ka3axX-
CKOTO T3bIKa W BBIBO/Ia, MHOXKECTBA THIIOB OKOHYAHWH CEMAHTUIECKHN JOIYCTUMBIX, IIPEICTaB-
JIEHHOH BbIIIIE.

Cxema BBIBOJA CIOBOU3MEHUTEJIHHBIX MOPQOIOrHIECKUX MPABUI TPABUI MAITHHHOTO Ie-
peBoJia JUTST Ka3aXCKOTO $3bIKa OCHOBBIBAETCH HA CJIEAYIONEM: - MCXOJHBIM SBJSETCS TOJTHOE
MHOKECTBO THIIOB OKOHYAHWiT Ka3aXCKOTO sI3bIKA; - JJIsl KaKJI0ro TUMA OKOHYIaHus (1mab/io-
Ha MOPGOJOrHIECKON CTPYKTYPhI THIIA OKOHYAHHS) KA3aXCKOTO sI3bIKA ONMPeIe/IseTCs SKBUBA-
JIEHTHAST TPAMMATHYECKast CTPYKTYPa (JIOTHIecKuii mabJIoH) HA IeJTeBOM s3bIKe (I IpUMepa:
PYCCKMIA Wi aHTJIMACKAN H3BIKI/I).

YrBepkaenue 2. CucreMa TpaBU MAIIUHHOTO HepeBoja MOPQMOJOTHIECKAX CTPYKTYD
CJIOB Ka3aXCKOTO SI3bIKA B 9KBHUBAJIEHTHbIE TPAMMATHYECKHE CTPYKTYPHI 1eJIEBOTO sI3bIKa Ha OC-
HOBE IIOJIHOI CHUCTEMbl OKOHYAHUI Ka3aXCKOT'0 sA3blKa ABJIAIOTC 10J1HO. /lIoKa3aTe ibeTBO 1M0JI-
HOTBHI BBIBEJICHHOW CUCTEMBI MPABUJ MAIMHHOTO MTePeBojia MOPQOJIOTHIECCKUX CTPYKTYD CJIOB
Ka3aXCKOTO f3bIKa B 9KBUBAJIEHTHBIE IDAMMATHYeCKHe CTPYKTYPHI 1eJeBOr0 A3bIKAa OCHOBBIBA-
eTCsl TIOJIHOTOI MHOXKECTBA THIOB OKOHYAHWH Ka3aXCKOTO si3bika (YTBepKIeHue 1) u mocTpo-
eHueM JIjId KazKJIOr0 THUIIA OKOHYaHUs COOTBETCTBYIOIIEIO NpaBHU/a MAaIIUHHOIO nepesoja. Ha
OCHOBE TIOJTHBIX CHCTEM CJIOBOU3MEHUTE/THBIX MOPQOJIOTHYECKUX MPABH MAITUHHOTO MEPEBOJA

Ka3aXCKOI'0 4A3blKa BO3MOXKHO IIOCTPOCHHUE IIPOTI'PaMMHBIX CTPYKTYD IIpaBUJI MalllMHHOI'O II€pe-
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BOJa JIJ1d 43bIKOBbIX 11ap, HAlIpUMeED, Ka3aXCKO-aHIVIMACKON Hapbl UK Ka3aXCKO-PYCCKOH 11aphl.
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ITVJIbCUPYIOILIIVIM ITOTOKOM 2K IKOCTU
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BuGpaiust Tpy6onpoBooB sBiIseTcst (haKTOPOM, OKA3BIBAIOIINM CYIIECTBEHHOE BIINSHHE HA
HAIEKHOCTD, JOJTOBEYHOCTD, IPOU3BOAUTEILHOCTD U JPYTHE MApaMeTPHl IPH SKCILIYATAIH
JHEPIEeTUYICCKUX U TEXHOJOI'MYCCKUX yCTaHOBOK U HpI/ICOG,ZLI/IHéHHBIX MeXaHHnYeCKUX cucTeM. Ké
BO3/IefCTBIE MOYKET BBI3BATH IEJIBIH P HETATUBHBIX MOCJEICTBUI: pa3pyIlieHne caMuX TPYy-
GOIPOBOIOB, COeINHEHHIT TPYOOIPOBOIOB € APYIUMH arperataMu, HapylleHne TepMeTHIHOCTH
ywrtotaenuit u T.1. [1,2]. CirefyeT OTMETHTD, ITO aBAPHH, CBS3AHHLIE ¢ PA3PYIICHIEM TPyOOIpo-
BOJOB 9HEPreTHYeCKHUX U TeXHOJOI'HMYEeCKHUX YCTaHOBOK, UMECIOT TEHACHIINHU K POCTY U BbI3bIBACT
Jpyrue omacHble MOCJeJICTBUS, HAPUMEDP, TOYKaphl, aBapuilHbIe Pa3JWBHl TEXHOJOTUYECKUX,
FOPIOYNX, SKOJOTHIECKH ONACHBIX kKuakoctreii [3, 4]. Takum o6pasom, HeOOXOAUMO MpOBee-
HHU€e CIeIUATbHBIX HCCACIOBAHMIT [T PEIICeHNs 33 aMH CHIZKCHUST BHOPAIINN TPYOOIPOBOTHLIX
cucreM [5].

Lles1b10 JaHHBIH PAGOTHI SBIAETCS PAa3pabOTKA MATEMATHIECKON MOJIENH, THCIEHHOTO aJIro-
pUTMa ¥ KOMITBIOTEPHOH MPOrpaMMBbl JJIsl PEIeHns 33Ja9i O HeJIUHEeHHBIX IMapaMeTpUIeCKuX
KOJIe0AHUSAX BI3KOYIPYTHX TOHKOCTEHHBIX TPYOOIPOBOAOB HOILIIOrO Auamerpa Ha 6asze Teopuu

obomouek [6, 7].
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Paccmorpum nosejienue Tpy0o1poBo/ia TUIA IUJIMHAPUIECKONR 000/I0UKK, BHYTPU KOTOPOH

IPOTEKAET MYJIbCUPYIONIAas KUAKOCTh. CKOPOCTH KUIKOCTH U3MEHSIETCS TI0 3aKOHY

U(t) = Up(1 + picosyt).

ypaBHeHI/IH JABUKCHU A BH3K0y1'Ipy1"OI71 000JIOUKH B IepeMelneHuAX 3alllIIeTCd B BHJe:

% 2’lL _ 2’LL 21} _ 2 2u
(- R){ 23+ ST + 5220 + Li(w) | — o254 =0,
— v U —u? v
(1= R { et + 55 + S+ Lo (w) | — 035 =0, (314
D(1 = R*)V*w + Li(u,v,w) + phZ# = q,

rjiae D— muanHIpudeckas }KecTKOCTb TpyOb, 1 — Koaddunuent 1lyaccona maTepuasa TpyobI,

E - momxynn ynpyroctun Marepuaa TpyObl, p- ero IWIOTHOCTh; R—paauyc KPUBU3HBI CPEeIUHHON

HOBEPXHOCTH; h — PaJUyC KPUBHU3HBI CPEAMHHON MOBEPXHOCTH; h— TOJIMHA CTEHKH TPYOBI;

(11~ TTapaMeTp BO3OYKIEHWS, Y - 9acToTa BO30OykKaeHus; R*— mHTErpaJbHBIH OmepaTop BHIA:

R*¢(t) = fR(t — 7)¢(7)dT; R(t—T) —aapo penakcaiun; oneparopsl Ly (w), Ly (w), L} (u, v, w)
0

OyIyT TAKUMU:

— _pOw | Swdw | MHpdw Pw | 1-pdw dw
Ly (w) = Ror T 0x 022 T 2R? 00 0206 T 2RZ 0z 002 >

— _ 10w wdw | 4+pdw 8w | 1-pdw dw
Ly(w)= -5+ 565% T 2k 929006 T o 96 0a% -

2
Lo w) = (1= 1) Ea {8 - i+ 6 — 4 (3)' -

—5 (3)"} - {0 - R [+ 4% - )+

ox

Eh 1 0 1 Ow * ou 1 Ov w
— ol mae (L — R [nGe + 55 — B+
+U0 (1 - R (R +2) }
Eh 1 O 1 Ow * ou 1 Ov w
e n e (1 — R [uge + 55 — B+
HIB O - R (35 B

g- JlaBJICHHE »KHMJIKOCTH Ha CTEHKY TPYOOIPOBOIA:

* a2w 2 2 8211)
q=—Opmp (W + Up (1 + picosyit) @) :

rjie —@p, p IPHCOeINHEHHAS MACcCa KUJKOCTH; M — IHCJIO BOJIH, 00Pa3yIONIUXC IO OKPYZK-
HOCTH, (v — BOJTHOBOI YHCJIO WJIM ITOCTOSHHOM pacnpocTpanenus (asbl.
Pemenne cucrem HemuHeHHBIX nHTErpo-auddepennnanbubix ypasuennii (IJ1Y) B gacTHbIX

npou3BoJAHbIX (1) IpU pa3IUYHBIX IPAHUYHBIX YCJOBHAX W [MPH HAJTMYHH CHHTYJISPHBIX siiep
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HACJIEJICTBEHHOCTH IIpejcTaBisieT coOON 3HauuTe/ibHble MaremMarudeckue TpyjHocru. [lTosro-
MY eCTeCTBEHHbIM CIIOCOOOM PEIeHnsT ITUX CHCTEM SIBJASIeTCH JTUCKPETH3aIlis 110 ITPOCTPAH-
CTBEHHBIM II€pEMEHHBIM U MOJIYYeHUe CUCTeMbI pa3peraionunx HeaunHeidasix V1Y orHOCHTE -

HO yHKIWI Bpemenu. Bynem nckarh npubiuzkeHHOe perienne cucrembl (1) B Buje:

(x,0,1) ZZunm cosnLLxsmmH,

n=1m=1

. nmx . nmx o .
(z,0,t) ZZvnm sznTcosm& w(x,0,t) Zanm sstme, (3.15)

n=1m=1 n=1lm=1

TIe U, (1), Upm (1), Wnp (t) - HEnsBecTHBIE byHKIMH Bpemenu. [logcraiss (2) B cucremy
(1) u mpumensig meroj; Bybrosa - [anépkuna, mosyduM cucTeMy nHTErpo-auddepeHnuaabHbIX

YPaBHEHUMH:
% 9 20 2, L= oo 1 —p 2
ukl—l—(l — R ) k*mo Y + Tl 0 Ukl — Tklﬂ'"}/(s Vgt

N M —
+M52’72]€7kal + Z Z <m r 35+ L ,unT ’75> Alklnmirwnmwi’/‘_

n,i=1lm, r=1

1+M Z Z 75A2klnmzrwnmwzr =0 s

n,i=1lm,r=1
Ulcl —f- (1 - R*) [PT‘MI{}QT(Q(P’YQ + l2(52] Vgl — HT“ICZW*}/(;QUM — lézwkl—

N M
14+p 2
- Z Z 6A3klnmzrwnmwzr D) Z Z anﬂ- 6A4klnmzrwnmwzr

n,i=1lm,r= 1 n,i=1lm,r=1
1 N M 5

— i2mm m

2# Z Z T 5A3klnmzrwnmww =0 )

n,i=1lm,r=1

(1+ %) Wy + (1 — RY) {(Tlg[k27T272 + 52]2 + 52) Wi + 7TAW52]€UM—}
N M . 25 N M -
_Z(SQUkl ~ ar Z Z TA5klnmirwnmwir - % Z Z niAﬁklnmirwnmwir +
n,t=1lm,r=1 n,ig=1lm,r=1

_’_T# d Z Z WypmN (]— - R*) [VWTUW T2Uir]£6klnmir+

n,i=1m,r=1

N M o
+% Z Z MWnpm (1 - R*> [ZTU’YUZT - évi’/‘ + %wzr] ASklnmir“—

n,i=1m,r=1

N M o
+121L5 Z Z MWpm (1 - R*) [irﬁyuir - 72i27rvir]A5klnmir_

n,i=1m,r=1

N M .
_g Z Z NWnm (1 - R*) [Z.TM’YQWUZ'T - i2’73ﬂ-2ui7‘ - MWZ.vaiT]Alenmir_
N —
- 1_#5 Z nmwnm (]— - R*) [T’yuir - Z.’YQﬂ-Uir]Aﬁrlnmir_

o Z Z menm (1 - R*) [Z/K}/uzr - %’Uir + %wzr] gZSklnmir_
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N M
1 _
=TS ntwa (1= RY) [ryair — im0 ] Bemir—
n,i=1m,r=1
N M —
g z Z_ TL Wnm (1 - R*) [i’)/?’ﬂ-zuir - /L’f"}/z?ﬂ)ir + ,U/727Twi'r] A8l<:lnmir_ (316)
—52M*2(1 + prcosyit) VY Mk m?wyy = 0.
Unpm (O) = Uonm, unm(()) = uO:L’H’H Unm (O) = Vonm,
vnm(()) = UO:Lma Wnm (0) = Wonm, wnm(o) = w(].nm-
Bnech 0 = %, v = %, M* = %, Mg = %, Vo CKOPOCTH  3BY-

Ka, Zllclnmz'ru ZQk In mir, Z3klnmir; Z4k In mir, A5klnmi'r; Aﬁk In mir, Z?k In mir, ZSk Inmir ~
Oe3pasMepHble KOADDUITTEeHTHI.

Pemenne NJIV (3) HAXOMUTHCS YUCTCHHBIM METOIOM, OCHOBAHHBIM Ha UCIIOIH30BAHUN KBA/I-
parypubix dopmya [8, 9]. Pesyabrarsr Berancaennii, orpazkaercs: rpadbukaMu, TpUBEIeHHBIME

Ha puc. 1, 2.

o00asf-rw

—

b)

Puc. 1. Basucumoctu nporuba ot spemenu npu A = 0(a); A = 0,05(b); A = 0,1(c); o =
0,25; 5 =0,005; v =0,2; 6 = 12; N=5; M=2.
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Puc. 2. 3aBucumocrs nporuba or Bpemenu upu vy, = 75 T'ii(a), v3 = 150 I'(b), v = 250
I'(c); A=0,01; o =0,25; B =0,005; § = 10; N=5; M=2.

Ha puc. 1 conoctaBiieHbl KpUBble M3MEHEHNs BO BDEMEHU IlepeMellleHn it W CpeIMHHOM TOUKU
yrpyroii (A=0 - kpuBast a) U BA3ZKOYIPYToil TPpyGONPOBOIOB THIA TUIHHIPHIECKUX 000J0UEK
(A=0,05; 0.1 - xkpusble b, c). Kak BUIHO U3 PHCYHKA, y9IeT BS3KOYNPYIHUX CBOCTB Marepuasa
TPyOONPOBOIa MPUBOJUT K 3aTyXaHUIO KOJIeDATEJIHLHOTO MPOIECCa, MPU ITOM, XOTS DPeIeHue
VIpYToil U BA3KOYNPYTo#l 3a/lad B HAa4daJbHBIM MEPUOJ BpeMeHH MaJio OTJIUYAIOTCd JIPYT OT
JIpyTa, ¢ TeYeHHeM BpPeMeHW BA3KOYIPYTHe CBOUCTBA OKa3bIBAIOT CYIIECTBEHHOE BIIUdAHWE HA
perterne. AHAJOTUYHAS KAPTUHA HAOJIONAIOTCS U MPH MCCJICIOBAHUN M3MEHeHUH (DyHKIU U
u .

Brunsgame mapamerpa y; Ha KoJaebaTeTbHBIN Mpoliecc TOKa3aHo Ha puc.2. VI3 pucyHka BUIHO,
YTO yBeJMUeHHEe 3HAYeHUs MapaMeTpa BO30YKIeHWsS TPUBOJAUT K YBETUYEHUIO aMILTUTYIBI U
YaCTOThI KOJIeOAHUIA.

HeobxouMo 0OTMETUTH, YTO aJITOPUTM TPEJIaracMoro MeTO/IA MO3BOJISET JIeTATBHO UCCie-
JIOBaTh BJIUSHUE TeOMeTPUYeCKUX HeJIMHEHHOCTell W BA3KOYIPYTUX CBONCTB MaTepHaJjia KOH-
CTPYKIUI Ha KoJiedaTelbHbIe TPOINECCHl BA3ZKOYIPYTUX TPYOOIPOBOIOB, B YAaCTHOCTH, TPHU
UCCJICJIOBAHUU CBOOOJIHBIX M TapaMeTpuyYecKux KoJsiebanuili TpyOOIpOBOJIOB Ha 0a3e Teopuu

UJICATHBHO-YIIPYTHX 000J0YEK.
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PEIIIEHUE OJHOM 3AJAYN IMTPOTHO3UPOBAHUI
IHEHBI HA HE®TbH

KAHAT ITAKEHOB, PO3A IITAKEHOBA

Kazaxckwuii HanmoHaibHBIH YHUBEpCHTET HMeHH ajib-Papabu, npocrekT aab-Papabu, 71,
Ammarer, 050040, Ka3zaxcran
E-mail: shakenov2000@mail.ru

IlocTtanoBka 3agaum mporuHosa. IlpormosupoBanue. IIpeanosokKuM, 9TO CTAIlHOHAPHBIN B
mupokoM cMeicsie mporuece {x(t), ¢ € T} wabmomaercs B MOMeHTHl Bpemenu t € Ty, Tae
To={teT:t <ty mmboTy={teT:tgy—h<1t<ty},h> 0. Tpebyercs na oc-
HOBe 3THX HAOJIOIeHUN JaTh HAWJIYUIIN CPeJIHEKBaIPATUUHBIN ITPOTHO3 STOrO IPOIEcca B
HEKOTODBIH Oyymuit Moment t* = to + 7 (7 > 0), To ecTb Tpebyercst HAUTH TaKOH (byHK-
mmonan y(t*) = g (x(t), t € Tp) or 3madennit npouecca x(t) B Momentst ¢ € Ty, 4TOOBI
E|z(t*) — y(t)|]? < Eljz(t*) — y1(t*)]|?, rae y1(t*) — moboit jpyroit dbyHKiuonas or 3Haue-
uuii nponecca x(t) B momentsl t € Tp. Ilycrs Teneps z(t), t = ..., —1,0, 1, ... — IpOU3BOILHBI
BEIIECTBEHHbIH CTAIMOHAPHBIA MPOIECC C E(m(t)) = 0 u dyukrnueii kopapuanuii y(h). s
takoro mporecca y(—h) = vy(h). Teneps st 9T0TO Caydast onpemeanM (HYHKIUIO KOBAPHATILIT
~v(h). Crauasa, st ji06oro nejaoro M, onpejesium CleKTPaJbHy0 (DYHKIUIO CTAMOHAPHOIO

nporecca F(w) Ha [—m, +7] caemyomum obpazom: F(w) = Nllim Fy(w), toe
— 00

ot 2(p Q) 2(p - Q)

Z sin pw cos(pw) + V(OQ)M(W + ﬂ))

p=1
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Otzcoma y(h) = [ cos(hw)dF(w). F(w) Ha3piBaercs cuekTpaabHOil GpyHKIMel crannonap-

HOTO mporecca z(t). ]5CJH/I F(w) abcomtoTHo HenmpepbiBHA U f(w) — eé mpon3BojHast, T0 f(w) Ha-
3BIBAIOT CIEKTPAJIBHOMN IIOTHOCTBIO TIporiecca. OreHKa crekTpaabuoil dyukiun. I[lycts cramuo-
HapHblil nporece z(t), t = ..., —1,0,1, ..., umeer cpenHee (MaTEMATHIECKOE OKUAHNE) (i M CIIEK-
TpaJIbHYI0 WIOTHOCTH f(w) (Hem3sectHa). Paccmorpum 3amady onennsanns f(w) mo BeIGOpKe
z(1), ..., x(n) cantas p u3BectusiM. Pemenne. f,(w) = — <y(1) cos(w)+ -+ + y(n) cos(nw))Q,
rae y(t) = z(t) — pu. fo(w) oKaspIBaeTCS ACUMITOTHYECKH HECMEIIEHHOI oneHkoil f(w) s

[_7‘-7 +7T]7 w 7é 0.

JInHeliHOe MPOrHO3MPOBAHME CTAIMOHAPHBIX MPOIECCOB. [lycTh HaAM W3BECTHBI 3HAYECHUSI
nporecca {z(t)} B Mmomenter t = ..., —2, —1, 0, u MBI XoTUM TpencKa3zarh (1) ¢ MOMOIBIO
nuueiinoft kombunanun 3uadenuit ..., x(—2), 2(—1), £(0), BOCIOIH30BABIINCH METOIOM Ham-
MEHBIUX KBaIpaToB. [locTaHoBKa 3aa4un. [Ipn KaknxX yeJIOBUSX HA MPOIECC CpeJIHee 3HATCHHE
KBaJIpaTa ONIMOKY MPeJUKTOpa (IPOrHO3a) TMOJOKATENBHO U TIPU KAKUX YCJIOBUSX OHO PABHO
uyao? Orser wa sror Bonpoc 6wt gan A.H. Kosmoroposeiv B 1941 romy, 1], u, H. Bunepom

B 1949 rony, |2|. Pemenne. O6o3naunm vepes T, (1) npexukrop ais (1), mocrpoeHHbI 1O

0
z(—n), ..., z(=1), (0). Torma T,(1) = > Gpz(i), tme kodbOUTHEHTB T, © =
i=—n . ,
—n, ..., —1, 0, MUHEMA3UPYIOT OTHOCHTEIBHO @, BhIPAKEHHE E(m(l) - > amﬁ(i)> — min.
1=—n
0
Orcrona HAXOMUM, UTO Gy = . 09v(j — 1), tae [0Y] = [oy]7! u [04j] — marpuna pasmepa
j=—n

(n+1) x (n+ 1) obpazopannas anciaamu y(h) = vy(—h) = f cos(hw) f(w)dw.

[Tycts teneps z(t), t = ...,—1,0,1,... — cTanuoHapHbBI# MpOIECe, CIEKTPAIbHAS IOTHOCTD

1 i}
xoroporo pasua f(w) = — (7 — |w|), =7 < w < 4. Torna bynkuus Kopapuanuii nmeer
7r

2\ 2
sun y(h) =1, h = 0, v(h) = <%> , ecim h HederHo, y(h) = 0, ecin h gerno. Pemnrenne.

Onenum f(w) mo BeiGopke {x(1), ...,z(n)}. Ona numeer Bux f,(w) = %(y(l)cos(w) + -+

2
y(n) cos(nw)) , tme y(t) = z(t) — p. Jdanee, no eibopre {z(1), ...,x(n)} omenum cpemnnee

1
(MaTemMaTHYecKOe OXKWAAHWE) [, TO ecTh u = — »_ x(i), onpegeaum f,(w). Samensem f(w)
=1

s
Ha fn(w) 1 Borancaum mo dopmyne y(h) = y(—=h) = [ cos(hw)f,(w)dw. Hanee, naxomum
o - 0
Gin = Y, 0979(j — 1), 3arem mocrpouM npeaukTop (Iporuos), To ecrb Tn(l) = > @a(i)
j=-—n 1=—n
3a/ava MPOTHO3MPOBAHUE SABJISIETCsI CTOXACTHICCKON 3amadeit. [3], [4].

[TpakTnueckoe npumenenue. Hamu Oblia nporuo3upoBana 1ena Ha Hedtb copra Brent ma

JloHoHcKoi Mexk 1yHapogHoi 6upzke (International Petroleum Exchange, ITE).
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YNCJIEHHOE MOJAEJINMPOBAHUE CBEPX3BYKOBOI'O
TEYEHUNA B IIJIOCKOM KAHAJIE C ITIOITEPEYHBIM
BIYBOM CTPYU

HYPTOJIEY TTTAXAH
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E-mail: shakhan-nurtoleu@mail.ru

[leprenuKyApHBIA BIYB CTPYH B CBEPX3BYKOBOI BO3/IYIIHBIN IIOTOK SIBJIsIeTCs 3hdeKTHB-
HOI TeXHOJIOIHeH ImepeMennBaHusl BEIeCTB TOILINBA C OKUCJIUTEIEM B CBEPX3BYKOBBIX KaMepax
cropanus. BesejcrBue HaTeKaHusi OCHOBHOI'O HOTOKA [E€pej] CTpyeit o0pa3yercsi roJIoBHOM, KO-
COM ¥ 3aMBIKAIOMMI CKAYKM yIJIOTHEHHsI, XOPOIIo omnucanuble B jureparype [1, 2]. Onnako
IpHd BAYBe CTPYH B KaHAJ TFOJOBHON CKAYOK YILIOTHEHHS IOCTHTAeT BepXHe#l CTeHKH M B3aM-
MOJIEHCTBYET ¢ HOTPAHMIHBIM CJI0E€M, B PEe3yJIbTaTe Tero MOSIBJIAETCS JTOMOJTHATEIbHAS CHCTEMA,
CKa4KOB yILIOTHeHuH. /lanHoe B3amMojeficTBie CO3/1aeT MOJOKUTEIbHbINH I'Pa/JIMeHT JaBJICHUs
Ha BerHeﬁ CTEeHKE, KOTOprﬁ OKa3bIBaCTCA AOCTATOYHBIM AJId OTPbIBA IMOT'PAHUYHOTO CJIOA. B
COOTBETCTBUN C BBIIIEU3I0KEHHBIM B3aHMOI€HiCTBHUS CBEPX3BYKOBOTO IIOTOKA, € IEPIIEH THKYIIP-
HOU cTpyeil [1, 2| u majgaromero ckavuka yIJIOTHEHUs ¢ TTOMPAHUYHBIM ¢JI0eM 3|, Kak mpaBuIio,
paccMaTpuBalOTCs OT/e/bHO. B Hacrosimeit pabore BbilieyKa3aHHble (DU3MIECKIE MEXaHU3MbI
B3aUMOJIEHICTBUSA MOJIEIUPYETCS B PAMKaxX OJHO ITPOOIEMBbI.

JL1s1 MaTeMaTHIeCcKOro MOIEITMPOBAHUS PACCMATPUBAEMOI TPOOIEMBI HCIIOIB3YIOTCS OCPeI-
nernwie 10 @aBpy nBymepubie ypasuenuss Haphe-Crokca, 3amucanibie B 6e3pa3mepHoii (op-
Me. 3aMbIKaHHe OCYIIECTBJSETCS ¢ MOMOIIBIO ABYXMapaMeTPpUIecKoil k — w Momerbio TypOy-

JleHTHOCTU. PaspaboTaHHbIil YUCICHHBIA aJTOPUTM peIleHus YpaBHEHUH CTPOUTCS HA OCHOBE
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WENO cxembl yerBeproro nopsijika roanoctu [4]. Juckperusanst 1o BpeMeHU OCY IECTBIACTCS
¢ TIOMOIIBIO cXeMbl buma-YopMuHTa BTOPOro mopsiika ToO9HOCTH. OCHOBHOE BHUMAHUE Y5~
eTCcs MCCJIeIOBAHUIO B3aMMO/IEHICTBHUS YAAPHO-BOJIHOBOU CTPYKTYPBI C HOTPDAHUYHBIME CJIOSMUI
Ha HYWKHeH W BepXHell CTeHKaX B YCJIOBHAX BHYTPEHHErO TYpPOYJIEHTHOTO TeUeHWs, a WMEHHO,
HPOBEJICHO JIeTaJIbHOE M3YUYeHHe MEeXaHU3MOB B3auMOJIEHCTBUS, a TaKyKe YCJOBUU OTPHIBOB U
CMeIleHHsI CTPYH M HOTOKA B 3aBHCHMOCTH OT HapaMeTpa HepacdeTHOCTH (OTHOIIEHHe JaBje-
HHsI CTPYU K JIABJIEHUIO MMOTOKA). B 9acTHOCTH BBISIBJIEHO, YTO POCT IapaMeTpa HepacueTHOCTH

yBeJIM4YUBacT FJIy6I/IHy IIPOHUKHOBEHHUA CTPYHU B IIOTOK.
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B sokitasie 06¢y 7K 1AI0TCA BOIPOCHI KOMIILIOTEPHOIO MOJEIUPOBAHUST HOPMAIU30BAHHOIO LO-
Toka Pruuun na cnenuansnoM kiaacce oguopoausix muoroodpasuit SU(3)/Tinax, Sp(3)/Sp(1) x

Sp(1)x Sp(1) u F;/Spin(8), n3BecTHHIX KaK mpocTpancTBa Yoinaxa (cM. [3] misa onpeaenennit).
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Hanucana u oriazkena nuporpamma Ha s3bike Delphi, obecnieunBatoiiiast BU3yaJabHYO UHTEPIIPe-
TAUI0 KAaYeCTBEHHOI'O IIOBEJACHUA TPACKTOPUN IIOCKONR NUHAMUYECKON CHUCTeMBbI, IIOJIy4€HHON’

U u3ydeHHoii B paborax [1,2].
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BOUNDARY VALUE PROBLEM FOR ELASTIC
HALF-SPACE BY SUBSONIC VELOCOITIES OF
TRANSPORT LOADS

LYUDMILA ALEXEYEVA
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Kazakhstan

E-mail: alexeeva@math.kz

Transport loads are very widespread in practice. As those we understand the moving loads
which form doesn’t change over time, but their position are changing in the environment.
Dynamic deformation processes, which arise in the ground under their influence, expand with
different speeds, characterizing elastic properties of the medium. In isotropic elastic medium
there are two sound speeds ¢, ¢y of expansion of dilatation waves and shift waves (longitudinal
and cross waves, ¢; > c¢3). The relation of speed of transport load to the sound velocities
significantly influences to the stresses and deformations in the elastic medium . We consider
here the subsonic case, when speeds of a loads are less then shift waves speed. This case is
characteristic for transport tasks as the speed of the movement of the most modern vehicles is
many less then the speeds of elastic waves propagation.

From transport loads we especially distinguish stationary ones which move in the fixed

direction with a constant speed. This class of loads allows to investigate diffraction processes in
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isotropic elastic medium in an analytical form. In papers [1-3| the fundamental and generalized
solutions of the Lame’s equations are constructed and investigated which describe the movement
of elastic medium at an action of concentrated on an axis and distributed loading in all range
of speeds (subsonic, sound, transonic and supersonic ones). On this basis in [4-7] the method
of boundary integral equations has been developed for solving the transport BVP in elastic
medium with cylindrical boundaries. This class of problems is very important for applications
in the field of dynamics of underground constructions, trans tunnels and excavations of deep
laying.

However there is a class of model transport tasks (for example, road problems) when loadings
move on the surface of a half-space. It is known that there is also sound speed in an elastic
half-space with which superficial Rayleigh waves are propagating. The Rayleigh’s speed is less,
but is very close to the speed of shift waves [8]. Rayleigh’s waves don’t create tensions on half-
space border, but significantly influence on the tensions and deformations of the massif near a
free surface. For the first time such task was considered and solved for a subsonic pre-Ryleigh
case by flat deformation in work of J. Cole, J. Huth [9].

Here the first boundary value problem of the theory of elasticity for an elastic half-space at
the movement on its surface of subsonic transport load in 3D-space is considered. The speed
of motion is less or more than the speed of distribution of elastic Rayleigh waves. On the basis
of the generalized Fourier’s transformation the fundamental solution of a task is constructed
which describes dynamics of the massif at the movement of the concentrated force on and along
its surface. Based on this, an analytical solution is constructed for arbitrary transport loads
distributed over the surface, moving with the pre- Rayleigh and super-Rayleigh velocities. It is
shown that when the Rayleigh wave velocity is exceeded, the transport loads generate surface
Rayleigh waves. This task is particular case of the transport problems for elastic half-space
which was considered by author in [10] for arbitrary moving mass loads.

This mathematical model gives possibility to determine the stress-strain state and waves

dynamics of the massif near road transport.
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ON THE LOW FREQUENCIES OF NATURAL
OSCILLATIONS OF A SPECIAL TWO DIMENSIONAL
NETWORK OF ELASTIC STRINGS

B.K. KALDYBEKOVA

KBTU, Tole bi st. 59 , 050000, Almaty city Republic of Kazakhstan
E-mail: bekzat 87@inbox.ru

We study the low frequency part of the spectrum of small oscillations of the special two
dimensional network of elastic strings. This network consists of a finite number of strings
attached to each other as it is shown in the Figure 1.

The natural oscillations of the network could easily be converted into a following Sturm -

Liouville problem on graph G (see [1]):

u’e'—i—%ue:(), ee E (3.17)
Zu;(v) —hu(v) =0, vel (3.18)
ev

ue(v) =u(v), fore=v, wvel (3.19)
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u(v) =0, veoddq, (3.20)

where, u, - restriction of the function v : G — R on the edge e, u.(v) - the derivative in
the internal direction of the edge e (from the vertex v into the interior of the edge e), Vj -
the set of internal vertices. In (3.17) a differentiation relates to the natural parameter,here an
orientation of the edge does not play any role, because the second derivative is independent on
the orientation.

Under natural mechanical assumptions the low frequency part of the spectrum of the
network is close to the low frequency part of spectrum of some membrane stretched over the
same square:

Au—u+Au =0, (3.21)
ul =0, (3.22)

where @ = [0;1] x [0; 1].

Theorem. Let A" = {\' X2 ... A\ ..} be a spectrum of the set of all eigenvalues of the
problem (3.17)-(3.20), and A = {A1, Ao, ..., A\, ... } be a spectrum of the set of eigenvalues of
the problem (3.21),(3.22).Then the spectrum A" tends to the spectrum A as h approaches 0 in
the following sense: for each natural NV and a positive € there exist a positive d, such that for

all h < § the inequalities |\ — ;| < € hold for all 7 € {1,2,..., N}. (see |2])
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INVERSE PROBLEMS OF HEAT AND MASS TRANSFER IN
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This works studies a combined movement of heat and moisture in the multilayer region. A
mathematical model of the process is described by a system of nonlinear differential equations.
Boundary conditions are set as close as possible to the real processes. To carry out numerical
calculations, we need original thermal and moisture permeability characteristics of materials.
One of the complicated specified parameters of moisture movement is a capillary diffusion
coefficient. At the time, Reynolds pointed to the instability of this coefficient with respect to
measurement, operations. After numerous experiments, Gardner came to the conclusion that
the capillary diffusion coefficient depends on the moisture. An approximate method to calculate
a sought quantity was developed based on the assumption of linear dependence of the capillary
diffusion coefficient from the moisture [1]. Moreover, some of the mathematical properties of
developed schemes for calculating the capillary diffusion coefficient were researched. In this
paper, using the idea of the work [2], we constructed a system of difference conjugate equations
on the difference level and simultaneously obtained iterative schemes to calculate required
quantities. In other words, the coefficient inverse problem is solved. Software is developed and
numerical calculations are conducted. Calculation results are compared with analogous data of

other researchers [3].
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ON A MODEL OF THE PHASE TRANSFORMATION
KINETICS DURING HEATING OF THE ELECTRICAL
CONTACS
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For evaluation the accuracy of approximate analytical methods for calculating temperature
and the coordinates of the free boundary of molten material in electrical contacts, it is possible
to use a mathematical model that includes the parabolic heat equations with a discontinuous

coefficients and the following equation for the kinetics of the melting phase, [1]:

dX
S5 = K -sign(Xe, — X) - [X = X7 (1)

where: X is the volume fraction of the molten substance; ¢t > 0 is the time; X,, is an equilibrium
content of the phase X, determined from the state equations; K is the kinetic coefficient of
phase transformation, [1/sec|, corresponding to the material of the contacts.

To estimate the dependence of values K on a thermophysical characteristics of the process,
we consider the model problem of melting a sphere with an initial temperature equal to the
temperature of the phase transformation (melting) which is heated from the surface, which can
be presented in the following dimensionless form:

i)—f:% (t>0; alt)<r<1), (2)
where: T'(r,t) is the temperature, r is the radius, and «(t) is the free boundary of the melting
phase.

The boundary conditions on the heated surface of the sphere and at the free boundary are:
T(1,t) =1, T(a(t),t) =0, (3)

and the Stefan condition at r = a(t) is:

or do
o =1L Oé(t)E, (a(0) =1), (4)

where the coefficient L is explicitly determined through the thermophysical characteristics of

the contact material — thermal diffusivity, latent heat of phase transformations, etc.

The study was supported by a grant #5133/GF4 from the Ministry of Education and Science of the Republic
of Kazakhstan
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To solve the non-linear problem (2) — (4) in the degenerate domain, we’ve used a hybrid
method: an asymptotic solution for time ¢ at which 1 — a(t) < ¢ < 1, and then the finite-
difference method (with catching the free boundary by grid node) for values ¢ at which e <
a(t) < 1. The found values of a(t) are used for the mean-integral evaluation of the coefficient
K in equation (1) by the formula:

to
1 do
K=—|F —., L
o R CCR=SA e
0

where the specific type of the function F(a(T),Z—‘;‘,L) is determined on the basis of the
chosen form of the kinetics equation (1). Calculations of K for some materials with different
thermophysical characteristics and comparison of the above method with the self-similar

solution for one-dimensional problem have been performed.
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Mathematical and computer modeling of the steady and unsteady flows in the systems of
production and transportation of oil or gas is a vital problem today.

Getting oil to market is a process that requires various transportation and storage
technologies, usually referred to as BDmmidstreamsDk. Oil is often produced in remote
locations away from where it will be consumed; therefore, transportation networks have been
built to transport the crude oil to refineries where it is processed and to ship the refined products
to where they will be consumed (like a gas station). Storage facilities are used to balance supply
and demand of oil and refined products. Oil is normally transported by one of four options:

pipeline, rail, truck, ship [1].
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It is caused by the requirements to increase the reliability of design and operation of
the pipeline systems of the oil transportation for the farther distances. Furthermore, during
operation of oil transportation system in conditions of low temperature emergency situation
can occur. It is connected with various deposit formations of hydrates and paraffin, and also
formation of oil spills, for example, unsanctioned siphoning. The problems can be effective solved
not only with the aid of the full-scale observations, but also via computational experiments.
Therefore, any modeling is considered as promising and urgent in the oil-producing industry
[2].

In each real process, the parameters do not remain constant due to various reasons, they
can be changed in sufficiently wide range. Therefore, it is necessary to carry out a performance
analysis of the modelled process with a change in different parameters.

There are three basic goals:

1) to construct a mathematical and computer models of finding parameters of fluid;

2) to check mathematical and computer models on the efficiency using changing parameters;
3) to modify the model for the purpose of the expansion of the range of its productivity and
improvement in its operating characteristics.

This work is aimed to find industrial parameters of the underground pipeline. It was considered

a pipe as a 4-layered, which consists of oil, paraffin, steel, thermal insulation.
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We develop mathematical apparatus proposed by P.Appel, D.V.Widder, P.C.Rosenbloom

[1,2] to solve generalized Heat equation in domains with moving and free boundaries.

It’s required to find solution of generalized Heat equation with moving boundary:

%_gf:a2<%ig+%.%_(i), O<r<at),t>0

with Neumann and Robin type boundary conditions.

The solution of the equation is represented in the following form of series:

U(T’, t) = i AnQn,m
n=0

where

Z 92k nID(B+1)-r2n—2k.¢k Z 2% nlp2n—2k ¢k
Kl (n—k)!-T'(B+14n—Fk) Y- (B41)-(B+2)-...-(B+n—k)’

coeflicients A,, have to be determined.

(7 ar T 5U>

i i nl2n k(20— 2k) -tk (a(t))2n—2k—1

r:a(t) (n—k)!-( V+1) (v+3)-...-(v+2(n—k)— 1)+

nl. 2n+k: tk ( (t))Qn—Qk .
B Z An Z H R o) 8)—ree—i=n) = 9(0):

We utilize Faa-di-Bruno’s formula and the general Leibniz’s rule to determine A,, coefficients
from Robin’s condition shown above. This approach enables one to model diverse electric

contact phenomena and solve Stefan type problems.
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Nowadays information security has become an integral part of modern systems. All of
systems, such as e-commerce, electronic document management, telecommunication systems
need their data to be protected. Cryptography is one of the main aspects in providing
information security. The goal of this project was to analyze existing encryption methods and
development of a new one, which is unique and strong.

There were several tasks have been observed such as:

- searching and analyzing the appropriate information

- choosing technologies and tools in order to realize the project

- developing the structure and design of the application

- testing and practicing the new application

There are two basic types of encryption: symmetric key and asymmetric key encryption|[1].
The symmetric key encryption uses the same key for encryption and decryption. As regards the
asymmetric key encryption, the key and algorithm for encryption and decryption are different
from each other. The key for encryption is made public but the key for decryption is only known
by the receiver. Both of them have their own benefits and shortcomings and are applicable in
different spheres.

During the research there has been basic symmetric and asymmetric encryption methods
analyzed, such as AES, MD5, RSA, SM4 and etc. [2]. It has been deducted that the encryption
methods may use hash functions and block ciphering in the process of enciphering.

The encryption algorithm in this handiwork is symmetric. It includes various mathematical
operations and uses Fibonacci sequence for ciphering. The desktop application has been

established to illustrate the processes of encrypting and decrypting of the data. The application
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has been implemented by using C# programming language. The interface includes 3 buttons
as: encrypt, decrypt and clear.

Moreover, a website for online-shop has been composed. The website lets represent the use
of the cipher in the system|3]. The system allows to pay the order by card. When the user enters
the data of his or her card, all entered data becomes encrypted. In addition, there were different
diagrams, such as use case diagram, class diagram implemented for the detailed consideration
of actions made over the system.

In conclusion, this research project is conducted for creating and realizing of an encryption
algorithm, which has been made by performing numerous mathematical operations and by
using the Fibonacci sequence. For demonstrating of the method there has been desktop
application developed. Likewise there has been an online shop website designed as an evidence

for application of the encryption method.
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