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Áèêâàòåðíèîííûå îáîáùåíèÿ óðàâíåíèé Ìàêñâåëëà è
Äèðàêà è ñâîéñòâà èõ ðåøåíèé

ÀËÅÊÑÅÅÂÀ Ë.À.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: alexeeva@math.kz

Â íàñòîÿùåé ðàáîòå ñòðîÿòñÿ ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ áèêâàòåðíèîííûõ âîëíî-
âûõ (áèâîëíîâûõ ) óðàâíåíèé. Ýòè óðàâíåíèÿ ÿâëÿþòñÿ áèêâàòåðíèîííûìè îáîáùåíèÿìè
óðàâíåíèé Ìàêñâåëëà è Äèðàêà. Îòìåòèì, ÷òî êâàòåðíèîííîå ïðåäñòàâëåíèå óðàâíåíèé
Ìàêñâåëëà íà÷àëîñü ñ ðàáîò Äæ. Ìàêñâåëëà è èìååò äîâîëüíî îáøèðíóþ áèáëèîãðàôèþ
([1-12] è äð.). Áèêâàòåðíèîííûå âîëíîâûå óðàâíåíèÿ îòíîñÿòñÿ ê êëàññó ãèïåðáîëè÷åñêèõ
è îïèñûâàþò ðåøåíèÿ ãèïåðáîëè÷åñêèõ ñèñòåì èç âîñüìè äèôôåðåíöèàëüíûõ óðàâíåíèé
ïåðâîãî ïîðÿäêà. Òåîðèÿ êðàåâûõ çàäà÷ äëÿ òàêèõ ñèñòåì óðàâíåíèé ïîêà íå ïîëó÷èëà
çíà÷èòåëüíîãî ðàçâèòèÿ. Çäåñü ðàçâèâàåòñÿ ïîäîáíàÿ òåîðèÿ äëÿ áèâîëíîâûõ óðàâíåíèé ñ
èñïîëüçîâàíèåì ìåòîäîâ òåîðèè îáîáùåííûõ ôóíêöèé, îñíîâíûå èäåè êîòîðîãî äëÿ êëàñ-
ñè÷åñêîãî âîëíîâîãî óðàâíåíèÿ èçëîæåíû àâòîðîì â ðàáîòàõ [13, 14].

Â îñíîâå ÌÎÔ ëåæèò ïðåäñòàâëåíèå êðàåâîé çàäà÷è â ïðîñòðàíñòâå îáîáùåííûõ ôóíê-
öèé, ÷òî ïîçâîëÿåò êðàåâûå óñëîâèÿ ïåðåâåñòè â ïðàâóþ ÷àñòü äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ èñïîëüçîâàíèåì ñèíãóëÿðíûõ îáîáùåííûõ ôóíêöèé - ïðîñòûõ ñëîåâ íà ãðàíèöå îá-
ëàñòè îïðåäåëåíèÿ ðåøåíèÿ. Ïëîòíîñòè ýòèõ ñëîåâ îïðåäåëÿþòñÿ ãðàíè÷íûìè çíà÷åíèÿìè
ðåøåíèÿ. Ñâîéñòâà ôóíäàìåíòàëüíîãî ðåøåíèÿ - ôóíêöèè Ãðèíà áèâîëíîâîãî óðàâíåíèÿ
- äàþò âîçìîæíîñòü ñòðîèòü ðåøåíèå ïîëó÷åííîãî óðàâíåíèÿ â ïðîñòðàíñòâå îáîáùåííûõ
ôóíêöèé â âèäå åãî ñâåðòêè ñ ïðàâîé ÷àñòüþ ýòîãî óðàâíåíèÿ.

Ðåãóëÿðíîå èíòåãðàëüíîå ïðåäñòàâëåíèå îáîáùåííîãî ðåøåíèÿ äàåò
êëàññè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è, êîòîðîå ïîçâîëÿåò íàéòè ðåøåíèå âíóòðè îáëàñòè
ïî åãî ãðàíè÷íûì çíà÷åíèÿì, ÷àñòü êîòîðûõ èçâåñòíà, à ÷àñòü ïîäëåæèò îïðåäåëåíèþ.
Ýòè ôîðìóëû ÿâëÿþòñÿ àíàëîãîì èçâåñòíîé ôîðìóëû Ãðèíà äëÿ óðàâíåíèÿ Ëàïëàñà.
Äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ ãðàíè÷íûõ ôóíêöèé, èñïîëüçóÿ ïðåäåëüíûå ñâîéñòâà ðå-
øåíèÿ ïðè ïðèáëèæåíèè ê ãðàíèöå îáëàñòè, ñòðîÿòñÿ ðàçðåøàþùèå ñèíãóëÿðíûå ãðàíè÷-
íûå èíòåãðàëüíûå óðàâíåíèÿ. Ìåòîä ïîçâîëÿåò ñòðîèòü ðåøåíèÿ ñ ó÷åòîì óäàðíûõ âîëí,
õàðàêòåðíûõ äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé, íà ôðîíòàõ êîòîðûõ ïðîèçâîäíûå òåðïÿò
ñêà÷êè. Ýòîò ìåòîä èñïîëüçóåòñÿ â íàñòîÿùåé ðàáîòå äëÿ ïîñòðîåíèÿ îáîáùåííûõ ðåøå-
íèé êðàåâûõ çàäà÷ è èõ èíòåãðàëüíûõ ïðåäñòàâëåíèé. Îñíîâíûå ïîëîæåíèÿ ýòîãî äîêëàäà
ñî ñòðîãèìè äîêàçàòåëüñòâàìè èçëîæåíû â [15].

Àâòîðîì íà îñíîâå ýòèõ óðàâíåíèé ïîñòðîåíû áèêâàòåðíèîííàÿ ìîäåëü ýëåêòðî- ãðàâè-
ìàãíèòíîãî ïîëÿ è ýëåêòðîãðàâèìàãíèòíûõ âçàèìîäåéñòâèé, êîòîðûå ÿâëÿþòñÿ ïîëåâûìè
àíàëîãàìè òðåõ çùàêîíîâ Íüþòîíà êëàññè÷åñêîé ìåõàíèêè. Ïðè ýòîì áèêâàòåðíèîííûé
ïîëåâîé àíàëîã âòîðîãî çàêîíà Íüþòîíà ïîìèìî èçâåñòíûõ ôèçè÷åñêèõ ñèë, ñîäåðæèò íî-
âûå. Ïîëó÷åíû ôîðìóëû äëÿ âíóòðåííåé ýíåðãèè è ïåðâîå íà÷àëî òåðìîäèíàìèêè, êîòî-
ðûå ñîäåðæèò òàêæå íîâûå, ðàíåå íåèçâåñòíûå ñîñòàâëÿþùèå, ñâÿçàííûå ñ ýòèìè íîâûìè
ñèëàìè [16,17].

Ðåøåíèÿ ýòèõ óðàâíåíèé ïðåäëîæåíû äëÿ îïèñàíèÿ ôîòîíîâ, ýëåìåíòàðíûõ ÷àñòèö è
ýëåìåíòàðíûõ àòîìîâ è ïîñòðîåíà ïåðèîäè÷åñêàÿ ñèñòåìà ýëåìåíòàðíûõ àòîìîâ íà îñíîâå
ïðîñòîé ìóçûêàëüíîé ãàììû [18,19].
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ñëîÿ ñìåøåíèÿ ñ âäóâîì òâåðäûõ ÷àñòèö

Àñåëü ÁÅÊÅÒÀÅÂÀ1,a, Àëòûíøàø ÍÀÉÌÀÍÎÂÀ1,
Ãóëüçàíà ÀØÈÐÎÂÀ1

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÊÍ ÌÎÍ, Àëìàòû, Êàçàõñòàí

E-mail: aazimaras10@gmail.com

Òóðáóëåíòíûå ñäâèãîâûå ñëîè ñìåøåíèÿ ñ íàëè÷èåì ÷àñòèö èìåþò áîëüøîå ïðàêòè÷å-
ñêîå ïðèëîæåíèå ñ öåëüþ óëó÷øåíèÿ ïðîöåññà ãîðåíèÿ òîïëèâà â êàìåðàõ ñãîðàíèÿ.

Â íàñòîÿùåå âðåìÿ äâóõôàçíûå ïîòîêè (òâåðäûå, êàïåëüíûå èëè ïóçûðüêîâûå ñóñïåí-
çèè) èíòåíñèâíî èçó÷àþòñÿ êàê ýêñïåðèìåíòàëüíî [1-2], òàê è ïóòåì ÷èñëåííîãî ìîäåëè-
ðîâàíèÿ [3]. Îäíàêî ñëåäóåò îòìåòèòü, ÷òî â îñíîâíîì â ýòèõ ðàáîòàõ èçó÷åíà ïðîáëåìà
âçàèìîäåéñòâèÿ ÷àñòèö ñ îäíîêîìïîíåíòíûì ãàçîì, òîãäà êàê ïðîáëåìû âçàèìîäåéñòâèÿ
÷àñòèö ñ ìíîãîêîìïîíåíòíûì ãàçîì â ñäâèãîâîì ñëîå ïðàêòè÷åñêè íå ðàññìàòðèâàþòñÿ.

Â íàñòîÿùåé ðàáîòå ÷èñëåííî ìîäåëèðóåòñÿ ïëîñêîå ñâåðõçâóêîâîå òóðáóëåíòíîå òå÷å-
íèå â ñëîå ñìåøåíèÿ îáðàçîâàííîãî äâóìÿ ïîòîêàìè ìíîãîêîìïîíåíòíûõ ãàçîâ (âåðõíèé
ïîòîê ýòî âîäîðîäíî-àçîòíàÿ ñìåñü, íèæíèé ïîòîê-âîçäóõ), ò.å. ïîâåðõíîñòÿìè ðàçäåëà
äâóõ ïàðàëëåëüíûõ ïîòîêîâ ñ íàëè÷èåì âäóâà òâåðäûõ ÷àñòèö àëþìèíèÿ.

Ìàòåìàòè÷åñêàÿ ìîäåëü ñîñòîèò èç äâóõ ýòàïîâ. Íà ïåðâîì ýòàïå äëÿ ãàçîâîé ôàçû
èñõîäíîé ÿâëÿåòñÿ ñèñòåìà äâóìåðíûõ óðàâíåíèé Íàâüå-Ñòîêñà äëÿ ìíîãîêîìïîíåíòíîé
ãàçîâîé ñìåñè (ýéëåðîâ ïîäõîä), íà âòîðîì ýòàïå äëÿ îïèñàíèÿ äâèæåíèÿ òâåðäûõ ÷àñòèö
âäîëü èõ òðàåêòîðèé ñ ó÷åòîì âëèÿíèÿ íåñóùåé ñðåäû íà äèñïåðñíóþ ôàçó - ëàãðàíæåâ
ïîäõîä. Äëÿ äèñïåðñíîé ôàçû â äàííîì èññëåäîâàíèè ïðèíèìàþòñÿ ñëåäóþùèå äîïóùå-
íèÿ: ÷àñòèöû ïðåäñòàâëÿþò ñîáîé ñôåðû îäèíàêîâîãî ðàçìåðà; âçàèìîäåéñòâèå ÷àñòèö
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ìåæäó ñîáîé íå ó÷èòûâàåòñÿ; äâèæåíèå ÷àñòèö íå âëèÿåò íà òå÷åíèå ãàçà; ñèëû Ñýôìåíà,
Ìàãíóñà íå ó÷èòûâàþòñÿ, âñëåäñòâèè òîãî, ÷òî ðàññìàòðèâàþòñÿ àëþìèíèåâûå ÷àñòèöû
ìàëûõ ðàçìåðîâ.

Â êà÷åñòâå ïàðàìåòðîâ îáåçðàçìåðèâàíèÿ ïðèíÿòû õàðàêòåðíûå âåëè÷èíû íèæíåãî
âîçäóøíîãî ïîòîêà, õàðàêòåðíûì ïàðàìåòðîì äëèíû ÿâëÿåòñÿ âõîäíàÿ òîëùèíà çàâèõ-
ðåííîñòè. Â òîíêîì ñëîå ñìåøåíèÿ ôèçè÷åñêèå ïåðåìåííûå îïðåäåëÿþòñÿ ôóíêöèåé ãè-
ïåðáîëè÷åñêîãî òàíãåíñà. Íà âõîäå äëÿ îáðàçîâàíèÿ íåñòàöèîíàðíîé êðóïíîìàñøòàáíîé
ñòðóêòóðû ñëîÿ ñìåøåíèÿ îñóùåñòâëÿåòñÿ ïîñòàíîâêà íåñòàöèîíàðíûõ ãðàíè÷íûõ óñëî-
âèé ãäå àìïëèòóäà ïåðòóðáàöèè, ïðèíèìàåòñÿ 0.2-0.3 ïðîöåíòîâ îò ìàêñèìàëüíîé ñêîðîñòè
ãàçîâ íà âõîäå.

×èñëåííîå ðåøåíèå ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà, ò.å. ãàçîâîé ôàçû, îñóùåñòâëÿ-
åòñÿ â äâà ýòàïà. Íà ïåðâîì ýòàïå âû÷èñëÿþòñÿ òåðìîäèíàìè÷åñêèå ïàðàìåòðû, ïðè÷åì
àëãîðèòì ÷èñëåííîãî ðàñ÷åòà îñíîâàí íà êîíå÷íî-ðàçíîñòíîé ENO ñõåìå. Íà âòîðîì ýòàïå
ïî âû÷èñëåííûì òåðìîäèíàìè÷åñêèì ïàðàìåòðàì îïðåäåëÿþòñÿ ìàññîâûå êîíöåíòðàöèé
ìåòîäîì ñêàëÿðíîé ïðîãîíêè. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ ÷àñòèö
ðåøàþòñÿ ÿâíûì ìåòîäîì Ýéëåðà âòîðîãî ïîðÿäêà. Ïðåäïîëàãàåòñÿ, ÷òî òóðáóëåíòíîå
òå÷åíèå ÿâëÿåòñÿ êâàçèäâóìåðíûì, è ðåøåíèå ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà ïðîèçâî-
äèòñÿ 2D-DNS ïîäõîäîì áåç ïðèâëå÷åíèÿ äîïîëíèòåëüíûõ çàìûêàþùèõ ìîäåëåé òóðáó-
ëåíòíîñòè.

Áûëà èçó÷åíà äèíàìèêà ôîðìèðîâàíèÿ âèõðåâîé ñèñòåìû â ñëîå ñìåøåíèÿ è åå âëèÿíèå
íà ðàñïðåäåëåíèå òâåðäûõ ÷àñòèö â ñëîå ñìåøåíèÿ ïðè òå÷åíèè äâóõ ïàðàëëåëüíûõ ïîòî-
êîâ âîäîðîäà (âåðõíèé âûñîêîñêîðîñòíîé) è âîçäóõà (íèæíèé íèçêîñêîðîñòíîé). Ïðîâåäåí
äåòàëüíûé ÷èñëåííûé àíàëèç âëèÿíèÿ ñêîðîñòè âîçäóøíîãî ïîòîêà íà ôîðìèðîâàíèå âèõ-
ðåâûõ ñòðóêòóð è íà ðàñïðåäåëåíèå òâåðäûõ ÷àñòèö â ñäâèãîâîì ñëîå ñìåøåíèÿ ñ ÷èñëàìè
Ìàõà íà âõîäå â äèàïàçîíå 0.5 ≤M∞ ≤ 4. Èçó÷åíî âëèÿíèå ìàññîâîé êîíöåíòðàöèè âîäî-
ðîäà (â äèàïàçîíå 0.1 ≤ YH2 ≤ 1) íà äèíàìèêó ðîñòà ñëîÿ ñìåøåíèÿ âîäîðîäíî-âîçäóøíîé
ñìåñè ïðè îäíèõ è òåõ æå êîíâåêòèâíûõ ÷èñëàõ Ìàõà .

Êëþ÷åâûå ñëîâà: äâóõôàçíûé ïîòîê, òâåðäûå ÷àñòèöû, ìíîãîêîìïîíåíòíûé ãàç, óðàâíåíèÿ Íàâüå-Ñòîêñà,
Ýéëåðåâî-Ëàãðàíæåâ ìåòîä.
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Ëèòåðàòóðà

[1] Kuerten J.G., Ando A., Maeda M. Point-Particle DNS and LES of Particle-Laden Turbulent �ow - a state-of the
art review, Flow Turbulence Combust, 97 (2016), 689�713.

[2] Balachandar S., Eaton J.K. Turbulent dispersed multiphase �ow, Annu Rev Fluid Mech., 42 (2010), 111�133.

[3] Luo K., Dai X., Liu X., Fan J. E�ects of wall roughness on particle dynamics in a spatially developing turbulent

boundary layer, Int. J. Multiphase Flow, 111 (2018), 414�421.

� >>> �
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Ïóñòü Ω ⊂ R2 - êîíå÷íàÿ îáëàñòü îãðàíè÷åííàÿ ïðè y > 0 ãëàäêîé êðèâîé, à ïðè y < 0
õàðàêòåðèñòèêàìè

AC : x− 2

3
(−y)3/2 = 0, BC : x+

2

3
(−y)3/2 = 1,

óðàâíåíèÿ
Lu = yuxx + uyy = f(x, y). (1)
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×åðåç L0 - îáîçíà÷èì çàìûêàíèå äèôôåðåíöèàëüíîãî îïåðàòîðà (1) íà òîæäåñòâå ôóê-
öèè u ∈ C2(Ω) óäîâëåòâîðÿþùåå óñëîâèÿì

u

∣∣∣∣
∂Ω

= 0,
∂u

∂n

∣∣∣∣
∂Ω

= 0, (2)

u

∣∣∣∣
AC

= 0, u

∣∣∣∣
BC

= 0. (3)

Çàäà÷à (1)-(3) ÿâëÿåòñÿ çàäà÷åé ïåðåîïðåäåëåííûìè ãðàíè÷íûìè óñëîâèÿìè, ïîýòîìó
òðåáóåòñÿ íàéòè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà f(x, y) äëÿ îäíîçíà÷íîé ðàçðå-
øèìîñòè ýòîé çàäà÷è.

Ïóñòü Ω+ = Ω ∩ y > 0, Ω− = Ω ∩ y < 0.
Èìååò ìåñòî
Òåîðåìà 1. Îïåðàòîð L0 îáðàòèì òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ óñëîâèå∫

Ω+

ε(x, y.ξ, η)f̃(ξ, η)dξdη

∣∣∣∣
∂Ω+

= 0,

ãäå

ε(x, y.ξ, η) = k2(
4

3
)(r2

1)−1/6 · (1− σ)2/3.

F (5/6, 5/6, 5/3, 1− σ)-ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1) â Ω+,

f̃ = f+(x, y)− ϕ(x, y)y

[
∂

∂y
L−1

Γ f−
]∣∣∣∣
y=0

f(x, y) =

{
f+(x, y), y > 0,
f−(x, y), y < 0.

ãäå ôóíêöèÿ ϕ(x, y) ≡ 0 â îêðåñòíîñòè ∂Ω è ϕ(x, y) ≡ 1 â îêðåñòíîñòè y = 0, 0 < x < 1.
Çäåñü

L−1
Γ f =

∫ ξ

0

dξ1

∫ η

1

R(ξ, η, ξ1, η1)f(ξ1, η1)dη1

îïåðàòîð Ãóðñà, à R(ξ, η, ξ1, η1) -ôóíêöèÿ Ðèìàíà óðàâíåíèÿ (1) â Ω− çàäàâàåìîé ôîðìóëîé

R(ξ, η, ξ1, η1) = k2
(η1 − ξ1/3

1 )

(η − ξ1)1/6(η1 − ξ)1/6
· F (β, β, 1, σ),

σ =
(ξ1 − ξ)(η1 − η)

(ξ1 − η)(η1 − ξ)
, k2 =

Γ(1/6)

Γ(5/6)Γ(2/3)

ξ = x− 2

3
(−y)3/2, η = x+

2

m+ 2
(−y)

m+2
2 .
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On the cones generated by a generalized
fractional maximal function

Nurzhan BOKAYEV1,a, Amiran GOGATISHVILI2,b Azhar ABEK1,c

1 L.N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan
2 Institute of Mathematics of the Czech Academy of Sciences, Prague, Czech Republic

E-mail: abokayev2011@yandex.ru, bgogatish@math.cas.cz, cazhar.abekova@gmail.com

Definition 1. Let R ∈ (0;∞].Let Φ : (0;R) → R+. We say that the function Φ belongs
to the class An(R) if:(1) Φ decreases and is continuous on (0;R); (2) Φ(r)rn ↑, r ∈ (0, R).

The function Φ belongs to the class Bn(R) if the following conditions hold:(1) Φ decreases

and is continuous on (0;R);(2) There exists a constant C ∈ R+ such that
r∫

0

Φ(ρ)ρn−1dρ ≤

CΦ(r)rn.

The function Φ belongs to the class En(R) if
rn∫
0

ds
Φ(s1/n)s

≤ C
Φ(r)

, r ∈ (0;R).

Lemma 1. En(R) ⊂ Bn(R) ⊂ An(R).
Definition 2.Let Φ ∈ =n(∞). The generalized fractional-maximal function MΦf is defined

for the function f as MΦf(x) = supr>0 Φ(r)

∫
B(x,r)

f(y)dy,

where B(x, r) is a ball with the center at the point x and radius t.
We denote by MΦ

E = MΦ
E (Rn) the set of the functions u, for which there is a function

f ∈ E(Rn) such that u(x) = (MΦf)(x), ‖u‖MΦ
E

= inf{‖f‖E : f ∈ E(Rn), MΦf = u}.
Let =T = {K(T )} for T ∈ (0,∞] be a set of cones considering from measurable non-negative

functions on (0, T ), equipped with positive homogeneous functionals ρKM(T ) : K(T ) → [0,∞)
with properties: (1) h ∈ K(T ), α ≥ 0⇒ αh ∈ K(T ), ρK(T )(αh) = αρK(T )(h);

(2) ρK(T )(h) = 0⇒ h = 0 almost everywhere on (0, T ).
Definition 3 [1]-[2]. Let K(T ),M(T ) ∈ =T . The cone K(T ) covers the cone M(T ) (nota-

tion: M(T ) ≺ K(T )) if there exist C0 = C0(T ) ∈ R+, and C1 = C1(T ) ∈ [0,∞) with C1(∞) = 0
such that for each h1 ∈M(T ) there is h2 ∈ K(T ) satisfying ρK(T )(h2) ≤ C0ρM(T )(h1), h1(t) ≤
h2(t) + C1ρM(T )(h1), t ∈ (0, T ). The equivalence of the cones means mutual covering:

M(T ) ≈ K(T )⇔M(T ) ≺ K(T ) ≺M(T ).

Let f ∗ be the non-increasing rearrangement of function f .The function f ∗∗ is defined as f ∗∗(t) =

1
t

t∫
0

f ∗(τ)dτ ; t ∈ R+

Let E is rearrangement-invariant space (briefly: RIS). We consider the following four cones
of decreasing rearrangements of generalized fractional maximal functions equipped with homo-
geneous functionals, respectively:

K1 ≡ KMΦ
E = {h ∈ L+(R+) : h(t) = u∗(t), t ∈ R+, u ∈MΦ

E},

ρK1(h) = inf{‖u‖MΦ
E

: u ∈MΦ
E ; u∗(t) = h(t), t ∈ R+};

K2 ≡ KM̃Φ
E = {h : h(t) = u∗∗(t), t ∈ R+, u ∈MΦ

E},
ρK2(h) = inf{‖u‖MΦ

E
: u ∈MΦ

E ; u∗∗(t) = h(t), t ∈ R+}.

K3 = K̃Φ
E =

{
h ∈ L+(R+) : h(t) = sup

t<τ<∞
τΦ(τ 1/n)u∗∗(τ), t ∈ R+,

u ∈ E(Rn)
}
,
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ρK3(h) = inf
{
‖u‖E(Rn), u ∈ E(Rn) : h(t) = sup

t<τ<∞
τΦ(τ 1/n)u∗∗(τ), t ∈ R+

}
,

K4 =
˜̃
K

Φ

E =
{
h ∈ L+(R+) : h(t) = tΦ(t1/n)u∗∗(t) + sup

t<τ<∞
τΦ(τ 1/n)u∗(τ),

t ∈ R+, u ∈ E(Rn)
}
,

ρK4(h) = inf
{
‖u‖E(Rn), u ∈ E(Rn) : h(t) = tΦ(t1/n)u∗∗(t)+

sup
t<τ<∞

τΦ(τ 1/n)u∗(τ), t ∈ R+

}
.

Theorem 1. Let Φ ∈ Bn(∞). Then K1 ≈ K2 ≈ K3.
Theorem 2. Let Φ ∈ En(∞). Then K1 ≈ K2 ≈ K3 ≈ K4.
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Generalization of nonassociative algebras for one
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Let V be a variety of algebras over F defined by a set of multilinear polynomial identities
of degree no more than n. For k with 1 ≤ k ≤ n and the variety of algebras V , we define Vk as
the class of algebras if each of their k-generated subalgebra belongs to V .

Then we have the following stabilizing chain of these varieties:

V1 ⊇ V2 ⊇ · · · ⊇ Vn = · · · = V .

This raises a question about determining sets of defining polynomial identities for the varieties
of algebras. This question was studied for classical varieties of algebras such as associative
and Lie algebras. We give generating identities of varieties of binary Leibniz, mono and binary
Zinbiel algebras.

Theorem 1.[1] The defining identities for the variety of binary Leibniz algebras Leib2 over
a field of characteristic different two:

(a ◦ a) ◦ b = 0,

b ◦ (a ◦ a) + (a, b, a) = 0,

(a ◦ b) ◦ (a ◦ b)− a ◦ (b ◦ (a ◦ b)) + b ◦ (a ◦ (a ◦ b)) = 0.

Theorem 2. [2] Let F be a field of characteristic zero. An algebra A over F is mono Zinbiel
if and only if it satisfies the following identities:

a ◦ (a ◦ a) = 2(a ◦ a) ◦ a,

Institute of Mathemitics and Mathematical Modeling. Almaty, 2022
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(a ◦ a) ◦ (a ◦ a) = 3((a ◦ a) ◦ a) ◦ a.

Theorem 3. [2] Let F be a field of characteristic different from two. An algebra A over F
is binary Zinbiel if and only if it satisfies the following identities:

a ◦ (b ◦ a) = (a ◦ b+ b ◦ a) ◦ a,

a ◦ (a ◦ b) = 2(a ◦ a) ◦ b.

Funding: The author was supported by the Ministry of Education and Science of the Republic of Kazakhstan (Grant
no. AP08052405).

Keywords: polynomial identities, variety of algebras, Leibniz and Zinbiel algebras.
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In Stefan problem with temperature-dependent thermal coefficients to determine heat pro-
cess between on melting isotherm is an important to give attention to temperature dependence
of specific heat and thermal conductivity [1]. Similarity principle is very useful method to solve
these kind of problems that enable us to reduce free boundary partial differential problem to
ordinary differential equation with fixed boundary. One phase non-classical Stefan problem
with time, temperature dependent and variable thermal coefficients are studied in [2]-[4].

Figure 1: Spherical model electrical contact process. D0-the sphere of metallic vapours, D1-the sphere
of liquid metal.

We consider the mathematical model with instantaneous explosion of a microasperity. This
model can be applied for the total process of arcing from the arc ignition to its extinction.
According to this model a touching microasperity of a contact explodes instantaneous due to
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arc ignition with the power P applied to touching point r = 0, which can be desribed by the
δ-function

P0δ(r, t) = P0
e−

r2

4a2t

√
πt

.

Two domains D0 and D1 should be introduced for modeling of heat transfer. The region
D0(0 < r < α(t)) is the zone of metal vapors, D1(α(t) < r < β(t)) is the liquid zone corre-
spondingly (see Figure 1).

Modeling of the temperature field in the vapor zone D0 is a complicate problem, thus we
suggest that the temperature θi in this zone decreases from temperature which is required for
ionization of metallic vapors at the point of explosion r = 0 to the boiling temperature θb on
the boundary of vapor and liquid zone r = α(t). Taking into account that the thickness of
the vapor zone is sufficiently small in comparison with the liquid zone, this zone D0 can be
considered as a heat resistance between arc and liquid zone, i.e. the temperature decreasing is
linear

θ0(r, t) = θi − (θi − θb)
r

α(t)
.

The free boundary r = α(t) can be defined from the balance of the heat fluxes on this
boundary

P0√
πt

= −λb
∂θ0

∂r

∣∣∣∣
r=α(t)

+ Lbγb
dα

dt
.

The solution of this equation is α(t) = 2α0

√
t where α0 is the solution of the quadratic

equation

α2
0 − 2Aα0 −B = 0

where

A =
P0√
πLbγb

, B =
2λb(θi − θb)

Lbγb
.

The mathematical model describing the process of the interaction of the electrical arc with
electrodes and the dynamics of their melting is based on the spherical model. The temperature
for liquid zone can be modelled as:

c(θ)γ(θ)
∂θ

∂t
=

1

r2

∂θ

∂r

[
λ(θ)r2∂θ

∂r

]
, α(t) < r < β(t), t > 0, (1)

− λ(θ(α(t), t))
∂θ

∂r
(α(t), t) =

P0e
−α

2
0
a

√
πt

, t > 0, (2)

θ(β(t), t) = θm, t > 0, (3)

− λ(θ(β(t), t))
∂θ

∂r
(β(t), t) = Lγβ′(t), t > 0, (4)

β(0) = 0, (5)

where c(θ), γ(θ) and λ(θ) are the heat capacity, mass density and thermal conductivity of
the electrical contact material that depend of temperature θ(r, t) in liquid phase which has

to be determined, θm - melting temperature, P0e
−α2

0/a/(
√
πt) represents heat flux entering in

electrical contact spot at free boundary r = α(t) and P0 > 0 is the given constant. We suppose
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that the left free boundary α(t) is known and β(t) denotes the location of the moving melting
interface which has to be determined, L is the latent heat of melting and γ is the density of
the material.

If we use the following dimensionless transformation

T (r, t) =
θ(r, t)− θm

θm
(6)

the problem (1)-(5) becomes

Ñ(T )
∂T

∂t
= a

1

r2

∂

∂r

[
L̃(T )r2∂T

∂r

]
, α(t) < r < β(t), t > 0, (7)

L̃(T (α(t), t))
∂T

∂r
(α(t), t) = − P0e

−α
2
0
a

λ0

√
πtθm

, t > 0, (8)

T (β(t), t) = 0, t > 0, (9)

L̃(T (β(t), t))
∂T

∂r
(β(t), t) = −Lγβ

′(t)

λ0θm
, t > 0, (10)

β(0) = 0, (11)

where c0, γ0, λ0 and a = λ0/(c0γ0) are heat capacity, density, thermal conductivity and
thermal diffusivity of the material and

L̃(T ) =
λ(θm(T + 1))

λ0

, Ñ(T ) =
c(θm(T + 1))γ(θm(T + 1))

c0γ0

.

To solve the problem (7)-(11) we use the following similarity substitution

T (r, t) = u(ξ), ξ =
r

2
√
at
. (12)

From (9)-(12), it can be supposed that given and unknown free boundaries must be proportional
to
√
at and can be presented as follows:

α(t) = 2α0

√
at, β(t) = 2µ

√
at. (13)

where α0 is given positive constant and µ is an unknown constant to be found.
With help of (12), the problem (7)-(11) becomes

[L∗(u)ξ2u′]′ + 2ξ3N∗(u)u′ = 0, α0 < ξ < µ, (14)

L∗(u(α0))u′(α0) = −p∗, (15)

u(µ) = 0, (16)

u′(µ) = −Kµ, (17)

where p∗ =
2P0

√
ae−

α2
0
a

λ0

√
πθm

, K =
2aLγ

θmλ(θm)
and

L∗(u) =
λ(θm(u+ 1))

λ0

, N∗(u) =
c(θm(u+ 1))γ(θm(u+ 1))

c0γ0

. (18)

We can deduce that (ξ, u(ξ)) is the solution of the problem (14)-(17) if and only if (ξ, u(ξ))
satisfy the integral equation

u(ξ) = p∗
(
F [µ, u(µ)]− F [ξ, u(ξ)]

)
(19)
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where

F [ξ, u(ξ)] =

ξ∫
α0

E[s, u(s)]

s2L∗(u(s))
ds, (20)

E[s, u(s)] = exp

(
− 2

s∫
α0

t
N∗(u(t))

L∗(u(t))
dt

)
(21)

together with condition (17) which becomes

p∗
E[µ, u(µ)]

Kλ(θm)
= µ3. (22)

From (22) we can determine unknown constant µ for free boundary β(t).
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On the convolution operator in Morrey spaces
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Let 0 ≤ λ ≤ n
p

and 0 < p <∞. Set of all measurable by Lebesque functions f ∈ Llocp (Rn) is

called Morrey space if the following value is finite:

‖f‖Mλ
p
≡ ‖f‖Mλ

p (Rn) = sup
x∈Rn

sup
r>0

r−λ‖f‖Lp(Br(x)) <∞.

Here Br(x) is the ball with center at point x and with radius r > 0.
In 1938 Morrey introduced the Morrey spaces. These spaces were studied as a consequence

of questions of regular solutions of nonlinear elliptic equations and systems. In the last two
decades, great interest has been shown in the study of the classical operators of function theory
acting in these spaces.

In this paper, we study estimates for the norm of the convolution operator

(Tf)(x) = (K ∗ f)(x) =

∫
Rn

K(x− y)f(y)dy,
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which is acted from one Morrey space to another Morrey space.
One of the most important convolution operators is the Riesz potential. Let f ∈ Lloc1 . The

Riesz potential Iα is defined by

Iαf(x) =

∫
Rn

f(y)

|x− y|n−α
dy, 0 < α < n.

The classical Hardy-Littlewood-Sobolev inequality implies that Iα is bounded from Lp to
Lq if and only if

1 < p < q <∞ and α = n

(
1

p
− 1

q

)
. (1)

A generalization of this inequality was obtained by O’Neil.
Let 1 < p, q, r <∞ and 1 + 1

q
= 1

p
+ 1

r
, then

‖Tf‖Lq ≤ c‖K‖Lr,∞‖f‖Lp ,

here Lr,∞ is the Marcinkiewicz space.
The boundedness of operator Iα in Morrey spaces was investigated by S. Spanne, J. Peetre

[3], and D. Adams [1,2].
Let

0 ≤ γ <
n

p
, 0 ≤ λ <

n

q
, α = λ− γ + n

(
1

p
− 1

q

)
(2)

If one of the conditions is met: 1 < p < q < ∞, λ = γ or 1 < p < q < ∞, qλ = pγ or
1 < p <∞, q = p.

Then the operator Iα is bounded from Mγ
p to Mλ

q .

In the present paper, we prove an analogue of the Young-O’Neil inequality for the classical
Morrey spaces. The following theorem is a consequence of the obtained results of this paper.

Theorem Let either

max(q, 1) ≤ p <∞, 0 < λ <
n

q
, 0 ≤ γ ≤ n

p
(3)

or

1 ≤ p < q <∞, 0 < λ <
n

q
, 0 ≤ γ <

λq

p
. (4)

If

0 < α = λ− γ + n

(
1

p
− 1

q

)
< n, (5)

then the Riesz operator Iα is bounded from Mγ
p to Mλ

q .
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Elementary theories, their arities and distributions
of countable models

Sergey SUDOPLATOV

Sobolev Institute of Mathematics, Novosibirsk State Technical University, Novosibirsk State
University, Novosibirsk, Russia
E-mail: sudoplat@math.nsc.ru

We present a survey of results considering natural and valuable structural characteristics of
elementary theories and their models including values for arities and almost arities of theories
[1, 2] and their formulae as well as distributions of countable models of theories in general [3],
and for spherically ordered theories [1, 2, 4] which are based on a series of results for linearly
and circularly ordered theories [5–10].

Similarly to a series of algebraic realizations of arbitrary arities [11] a series of geometric
ones based on spherical orders is suggested [1, 4].

We propose an approach classifying spherical generalizations of o-minimal and weakly o-
minimal theories and structures.

Definition. Let S ⊆ M , where M = 〈M,Kn, . . .〉 is a n-spherically ordered structure,
i.e., a structure with a n-spherical order Kn, n ≥ 3. The set S is said to be an open n-
segment surface if S = {b ∈ M | M |= Kn(a1, b, a3, . . . , an) ∧

∧
i 6=2

¬ai ≈ b} for some pairwise

distinct a1, a3, . . . , an ∈ M ; it has endpoints a1, a3, . . . , an. For an open n-segment surface
S of a n-spherically ordered set, sometimes we will write S = (a1, a3, . . . , an) if we wish to
indicate the endpoint frame of S. Similarly, we may define closed, partially open, etc., n-
segment surfaces in M including all/some coordinates ai. By a n-segment surface in M we
shall mean, ambiguously, any of the above types of n-segment surfaces inM. It is obvious that
both a n-segment surface and a point are convex sets, i.e., sets A ⊆M satisfying the following
condition: if a1, a3, . . . , an ∈ A then for any b ∈ M with |= Kn(a1, b, a3, . . . , an) we have b ∈ A
or for any b ∈M with |= ¬Kn(a1, b, a3, . . . , an) we have b ∈ A.

The structure M is said to be n-spherically minimal if any definable (with parameters)
subset of M is a positive Boolean combination of segment surfaces and points in M. The
structure M is said to be weakly n-spherically minimal if any definable (with parameters)
subset of M is a finite union of convex sets.

A complete theory T is said to be (weakly) n-spherically minimal if all its models are (weakly)
n-spherically minimal.

Theorem. Let T be a countable constant expansion of a n-spherically minimal ω-categorical
theory, n ≥ 3. Then either T has 2ω countable models or T has exactly

∏
k∈n\{1}

(2k+2)rk countable

models, where rk are natural numbers. Moreover, for any r0, . . . , rn−1 ∈ ω there is an aforesaid
theory T with exactly

∏
k∈n\{1}

(2k + 2)rk countable models.
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Sharp Poincaré inequality for sub-Laplacians

Durvudkhan SURAGAN1,2,a,
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E-mail: asuragan@list.ru

This talk is based on our joint work with Tohru Ozawa [1].
A (connected and simply connected) Lie group G is graded if its Lie algebra g is graded,

that is,

g =
∞⊕
i=1

gi,

where g1, g2, ..., are subspaces of g, only finitely many not {0}, and

[gi, gj] ⊂ gi+j ∀i, j ∈ N.

If g1 generates g through Lie commutators, the group is said a Carnot group.
Example 1 (Abelian case). The abelian group (Rn,+) is a Carnot group: its Lie algebra

Rn is trivially graded, i.e. g1 = Rn.
Example 2 (Heisenberg group). The Heisenberg group Hn is a Carnot group: its Lie

algebra hn can be decomposed as hn = g1⊕g2 where g1 = ⊕nj=1RXj⊕RYj and g2 = RT , where

Xj = ∂xj −
yj
2
∂t, Yj = ∂yj +

xj
2
∂t, j = 1, . . . , n, T = ∂t.

Let G be a Carnot group, i.e. there is g1 ⊂ g (the first stratum), with its basis X1, . . . , XN1

generating g through their commutators. Then the sub-Laplacian

L := X2
1 + · · ·+X2

N1

is hypoelliptic, and ∇H = (X1, . . . , XN1) is called a horizontal gradient.
In every equivalence class of isomorphic Carnot groups there is at least one group which is

the so-called homogeneous Carnot group:
(i) For natural numbers N1 + ...+Nr = n the decomposition Rn = RN1× ...×RNr holds, and

for each λ > 0 the dilation δλ : Rn → Rn given by δλ(x) ≡ δλ(x
(1), ..., x(r)) := (λx(1), ..., λrx(r))

is an automorphism of the group G. Here x(k) ∈ RNk for k = 1, ..., r.
(ii) Let N1 be as in (i) and let X1, ..., XN1 be the left invariant vector fields on G such that

Xk(0) = ∂
∂xk
|0 for k = 1, ..., N1. Then the Hörmander condition

rank(Lie{X1, ..., XN1}) = n
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holds for every x ∈ Rn, i.e. the iterated commutators of X1, ..., XN1 span the Lie algebra of G.
That is, we say that the triplet G = (Rn, ◦, δλ) is a homogeneous Carnot group. The above

number r is called the step of G and the left invariant vector fields X1, ..., XN1 are called the
(Jacobian) generators of G. They are represented by the formula

Xk =
∂

∂x
(1)
k

+
r∑
l=2

Nl∑
m=1

a
(l)
k,m(x(1), ..., x(l−1))

∂

∂x
(l)
m

, (1)

where a
(l)
k,m is a δλ-homogeneous polynomial of degree l − 1. The number Q =

∑r
k=1 kNk is

called the homogeneous dimension of G. We also recall the standard Lebesgue measure dx on
Rn is the Haar measure for G. It makes the class of homogeneous Carnot groups convinient for
the analysis. For further discussions in this direction we refer a recent open access book [2].

Let Ω ⊂ G be an open set and we denote its boundary by ∂Ω. The notation u ∈ C1(Ω)
means ∇Hu ∈ C(Ω).

Theorem 1. Let Ω ⊂ G be a set supporting the divergence formula on G. Then we have

0 ≤
∫

Ω

∣∣∣∣∇Hu−
∇Hφ

φ
u

∣∣∣∣2 dx =

∫
Ω

(
|∇Hu|2 +

Lφ
φ
|u|2
)
dx (2)

for all u ∈ C1
0(Ω) and any φ ∈ C2(Ω). The equality case holds if and only if u is proportional

to φ.
Note that to the best of our knowledge all available literature studies the following three

issues separately:

� Proof of the inequality with some constant.

� Characterization of the best constant and its existence.

� Characterization of nontrivial extremizers and their existence.

Theorem 1 gives an answer to those three questions at once.
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Optimal decay estimates for diffusion and sub-diffusion equations
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We prove sharp estimates for the decay in time of solutions to the diffusion and subdiffu-
sion equations with time dependent coefficients on a bounded domain subject to the Dirichlet
boundary condition. Our proofs rely on Fourier methods and energy estimates. The results can
be generalized to p-Laplace diffusion equation, porous medium equation and mean curvature
diffusion equation.
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Boundedness of the Calderón operator
in symmetric spaces

K.S. TULENOV
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In this talk, we deal with Φ-estimate of the Calderón operator and the Hilbert operator for
bounded and summable functions. Similar problems were studied in [1] by martingale methods.
We present its new and considerably shorter, and simpler proof. This is the second part of the
recently accepted (to Studia Math.) joint paper with australian mathematicians where authors
obtain a weak type (1,1) estimate for a higher dimensional version of the Hilbert operator
answering a recent problem by A. Osȩkowski [1].
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On ordered groups in o-stable theories
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Here we investigates properties of ordered groups whose elementary theory belongs to the
various but connected classes of NIP theories, such as dp-minimal and o-stable. Both classes
are generalization of the notion of o-minimality, introduced by A. Pillay and C. Steinhorn.

Definition 1. [1] (1) An ordered structure M is o-stable in λ if for any A ⊆ M with
|A| ≤ λ and for any cut 〈C,D〉 in M there are at most λ 1-types over A which are consistent
with the cut 〈C,D〉.

(2) A theory T is o-stable in λ if every model of T is o-stable. Sometimes we write T is
o-λ-stable. A theory T is o-stable if there exists an infinite cardinal λ in which T is o-stable.

We recall the basic definitions of inp-patterns and dp-rank.
Definition 2. (1) An inp-pattern of depth κ is a family {ϕi(x; ai,j) : i < κ, j < ω} of

formulas over parameters ai,j and a collection {ki : i < κ} of positive integers ki such that:

(a) for each i < κ, the collection of formulas {ϕi(x; ai,j) : j < ω} is ki-inconsistent (that is,
the conjunction of any ki of them is inconsistent); and

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022



Annual International April Mathematical Conference – 2022 25

(b) for each function η : κ→ ω, the partial type {ϕi(x; ai,η(i)) : i < κ} is consistent.

(2) An ict-pattern of depth κ is a family {ϕi(x; ai,j) : i < κ, j < ω} of formulas over
parameters ai,j such that for every η : κ→ ω, the partial type

{ϕifj=η(i)
i (x; ai,j) : i < κ}

is consistent, where the exponent “if j = η(i)” signifies that we take a positive instance of
ϕ(x; ai,j) if j = η(i), and its negation otherwise.

(3) Let κinp be the supremum of the depths of all inp-patterns in T in which the tuple x in
the definition above consists of a single variable x (or “∞” if the depths are not bounded), and
similarly let κict be the supremum of the depths of all ict-patterns in T in a single variable.

(4) T is dp-minimal if κict = 1, and T is inp-minimal if κinp = 1.
Note that each dp-minimal ordered group is o-stable [3].
We say that G contains boundedly many definable convex subgroups if there is a cardinal λ

such that in any group which is elementarily equivalent to G the number of convex definable
subgroups does not exceed λ. Otherwise we say that G has unboundedly many definable convex
subgroups.

Theorem 1. Let G be an inp-minimal densely ordered abelian group with boundedly many
definable convex subgroups. Then for any definable unary function f : G→ G, there is a finite
definable partition of G into sets Y0, . . . , Yn−1 such that for each i < n, the restriction f � Yi of
f to Yi is continuous and either locally increasing, locally decreasing, or locally constant.

Theorem 2. Let G be an ordered abelian group whose theory is dp-minimal and which
has boundedly many definable convex subgroups. Then any definable B ⊆ G is eventually
equal to a finite union of cosets of nG for some n ∈ ω.
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Àëãåáðû áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ òåîðèé
ñèëüíûõ ïðîèçâåäåíèé ãðàôîâ

Äìèòðèé ÅÌÅËÜßÍÎÂ

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ

E-mail: dima-pavlyk@mail.ru

Ïðîäîëæàåòñÿ èçó÷åíèå àëãåáð áèíàðíûõ èçîëèðóþùèõ ôîðìóë [1,2,4] äëÿ ïðîèçâåäå-
íèé ãðàôîâ.

Îïðåäåëåíèå 1. Ñèëüíîå ïðîèçâåäåíèå ãðàôîâ G è H � ýòî ãðàô, òàêîé, ÷òî [3]: ìíî-
æåñòâî âåðøèí G�H ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì V (G)× V (H) ðàçëè÷íûå âåðøèíû
(u, u′) è (v, v′) ñâÿçàíû ðåáðîì â G�H òîãäà è òîëüêî òîãäà, êîãäà u = v è u′ ñìåæíà ñ v′

, èëè u′ = v′ è u ñìåæíà ñ v, èëè u ñìåæíà ñ v è u′ ñìåæíà ñ v′ .
Ïðè H1 = H2 = . . . = Hk = H ñèëüíîå ïðîèçâåäåíèå H �H � . . . �H íàçûâàåòñÿ k-é

ñèëüíîé ñòåïåíüþ ãðàôà H è îáîçíà÷àåòñÿ ÷åðåç Hk.

Îïèñàíû àëãåáðû áèíàðíûõ èçîëèðóþùèõ ôîðìóë [2] äëÿ òåîðèé ñèëüíîãî ïðîèçâå-
äåíèé. Ðàññìîòðåíû ïðàâèëà óìíîæåíèÿ äëÿ ïðàâèëüíûõ ôèãóð îò îòðåçêà äî øåñòè-
óãîëüíèêà. Äëÿ íèõ ïîëó÷åíû òàáëèöû ñèëüíîãî óìíîæåíèÿ âèäà G�Hk, ãäå G � ãðàô
ïðàâèëüíîãî ìíîãîóãîëüíèêà, Hk � k-ÿ ñèëüíàÿ ñòåïåíü ãðàôà îòðåçêà. Èññëåäóÿ ñèëüíûå
ïðîèçâåäåíèÿ àëãåáðû äëÿ îòðåçêà è ïðàâèëüíûõ ìíîãîóãîëüíèêîâ, îáíàðóæèëè íàëè÷èå
ñèìïëåêñîâ â ãðàôàõ íà÷èëàÿ ñ óìíîæåíèé âèäà H �H.

Òåîðåìà 1. Åñëè â ðåçóëüòàòå ñèëüíîãî óìíîæåíèè àëãåáð áèíàðíûõ èçîëèðóþùèõ
äëÿ n-óãîëüíèêîâ ïîëó÷àåòñÿ õîòÿ áû îäèí ñèìïëåêñ, òî àëãåáðà äëÿ ðåçóëüòàòà áóäåò
èçîìîðôíà àëãåáðå ñèìïëåêñîâ.

Funding: Àâòîð áûë ïîääåðæàí Ãðàíòîì ÐÔÔÈ No 20-31-90004/20 è ãðàíòîì Êîìèòåòà íàóêè Ìèíèñòåðñòâà
îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí, No AP08855544.

Êëþ÷åâûå ñëîâà: àëãåáðà áèíàðíûõ ôîðìóë, ñèëüíîå ïðîèçâåäåíèå, òåîðèÿ ìîäåëåé, ìîäåëü òåîðèè, ïðîèçâåäå-
íèå ãðàôîâ.

Ëèòåðàòóðà

[1] Shulepov I.V., Sudoplatov S.V. Algebras of distributions for isolating formulas of a complete theory, Siberian
Electronic Mathematical Reports, 11 (2014), 380�407.

[2] Sudoplatov S.V. Classi�cation of Countable Models of Complete Theories, NSTU, Novosibirsk (2018).
[3] Wilfried Imrich, Sandi Klavar, Douglas F. Rall. Graphs and their Cartesian Product. � A. K. Peters (2008). �

ISBN 1-56881-429-1.
[4] Åìåëüÿíîâ Ä.Þ. Àëãåáðû áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ òåîðèé äåêàðòîâûõ ïðîèçâåäåíèé ãðàôîâ,

â: Algebra and model theory 12. Collection of papers, NSTU, Novosibirsk (2019), 21�31.
[5] Åìåëüÿíîâ Ä. Þ. Àëãåáðû ðàñïðåäåëåíèé áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ òåîðèé ñèìïëåêñîâ. Algebra

and Model Theory 11: Collection of papers. Novosibirsk : NSTU Publisher (2017), 66�74.
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Òåîðèÿ J-ïðåêðàñíûõ ïàð â äîïóñòèìîì îáîãàùåíèè

ÅØÊÅÅÂ À.Ð.a, ÊÀÑÛÌÅÒÎÂÀ Ì.Ò.b, ÆÓÌÀÁÅÊÎÂÀ Ã.Å.c

Êàðàãàíäèíñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Å.À. Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí

E-mail: amodth1705@mail.ru,bmairushaasd@mail.ru, cgalkatai@mail.ru

Äàäèì íåêîòîðûå îïðåäåëåíèÿ äëÿ íàøåãî îñíîâíîãî ðåçóëüòàòà.
Îïðåäåëåíèå 1.[1] Îáîãàùåíèå ᵀ éîíñîíîâñêîé òåîðèè T íàçûâàåòñÿ äîïóñòèìûì,

åñëè ëþáîé ∇-òèï (ýòî îçíà÷àåò, ÷òî ∇ ïîäìíîæåñòâî ÿçûêà Lσ è ëþáàÿ ôîðìóëà èç
ýòîãî òèïà ïðèíàäëåæèò ∇) â ýòîì îáîãàùåíèè îïðåäåëèì â ðàìêàõ ᵀΓ-ñòàáèëüíîñòè.

Îïðåäåëåíèå 2.[1] Éîíñîíîâñêàÿ òåîðèÿ íàçûâàåòñÿ íàñëåäñòâåííîé, åñëè ïðè ëþáîì
åå äîïóñòèìîì îáîãàùåíèè ëþáîå ðàñøèðåíèå åå â ýòîì îáîãàùåíèè áóäåò éîíñîíîâñêîé
òåîðèåé.

Ðàññìîòðèì íåêîòîðîå îáîãàùåíèå ñèãíàòóðû σ è ðàññìîòðèì öåíòðàëüíûé òèï ýòîãî
îáîãàùåíèÿ.

Ïóñòü C ÿâëÿåòñÿ ñåìàíòè÷åñêîé ìîäåëüþ òåîðèè T . A ⊆ C. Ïóñòü σΓ = σ ∪ Γ, ãäå
Γ = {P} ∪ {c}. Ïóñòü T = Th∀∃ (C, ca)a∈C ∪ Th∀∃(ET ) ∪ {P (c)} ∪ {”P ⊆ ”}, ãäå {”P ⊆ ”}
åñòü áåñêîíå÷íîå ìíîæåñòâî ïðåäëîæåíèé, âûðàæàþùèõ òîò ôàêò, ÷òî èíòåðïðåòàöèÿ
ñèìâîëà P åñòü ýêçèñòåíöèàëüíî-çàìêíóòàÿ ïîäìîäåëü â ÿçûêå ñèãíàòóðû σΓ. Ò.å. èíòåð-
ïðåòàöèåé ñèìâîëà P ÿâëÿåòñÿ ðåøåíèå ñëåäóþùåãî óðàâíåíèÿ P (C) = M ∈ ET â ÿçûêå
σΓ. Â ñèëó íàñëåäñòâåííîñòè òåîðèè T , òåîðèÿ T ÿâëÿåòñÿ éîíñîíîâñêîé òåîðèåé. Ðàññìîò-
ðèì âñå ïîïîëíåíèÿ òåîðèè T â ÿçûêå ñèãíàòóðû σΓ. Òàê êàê T ÿâëÿåòñÿ éîíñîíîâñêîé
òåîðèåé, îíà èìååò ñâîé öåíòð è ìû îáîçíà÷èì åãî ÷åðåç T

∗
è ýòîò öåíòð ÿâëÿåòñÿ îäíèì

èç âûøåóêàçàííûõ ïîïîëíåíèé òåîðèè T . Ïðè îáåäíåíèè ñèãíàòóðû σΓ äî σ ∪ P , â ñèëó
çàêîíîâ ëîãèêè ïåðâîãî ïîðÿäêà òàê êàê êîíñòàíòà c óæå íå ïðèíàäëåæèò ýòîé ñèãíàòóðå,
ýòó êîíñòàíòó ìû ìîæåì çàìåíèòü íà ñèìâîë ïåðåìåííîé, íàïðèìåð x. È òîãäà òåîðèÿ T

∗

ñòàíîâèòñÿ ïîëíûì 1-òèïîì îò ïåðåìåííîé x. Ýòîò òèï ìû è íàçîâåì öåíòðàëüíûì òèïîì
òåîðèè T â äàííîì îáîãàùåíèè. Äàííîå îáîãàùåíèå îáîçíà÷èì ÷åðåç �.

Ôóíäàìåíòàëüíûé ïîðÿäîê ÿâëÿåòñÿ ñðåäñòâîì ñðàâíåíèÿ òèïîâ íàä ìîäåëÿìè ïîë-
íîé òåîðèè: îí èçìåðÿåò ñòåïåíü ñëîæíîñòè òèïà â ñìûñëå ðåàëèçàöèè [2]. Ýòîò ïîðÿäîê
îñîáåííî ýôôåêòèâåí â ñëó÷àå ñòàáèëüíîé òåîðèè. Òàê êàê öåíòð T ∗ éîíñîíîâñêîé òåî-
ðèè ÿâëÿåòñÿ ïîëíîé òåîðèåé, è ôóíäàìåíòàëüíûé ïîðÿäîê ñìîæåì ðàññìîòðåòü äëÿ öåí-
òðàëüíûõ òèïîâ. Åñëè éîíñîíîâñêàÿ òåîðèÿ áóäåò ñîâåðøåííîé òåîðèåé, òîãäà T ∗ áóäåò
éîíñîíîâñêîé òåîðèåé.

Ïóñòü T - éîíñîíîâñêàÿ òåîðèÿ, SJ(X) ìíîæåñòâî âñåõ ýêçèñòåíöèàëüíûõ n-ïîëíûõ
òèïîâ íàä X, ñîâìåñòíûõ ñ T , äëÿ êàæäîãî êîíå÷íîãî n.

Îïðåäåëåíèå 3. [3]Ìû ãîâîðèì, ÷òî éîíñîíîâñêàÿ òåîðèÿ T J-λ-ñòàáèëüíà, åñëè äëÿ
ëþáîé T - ýêçèñòåíöèàëüíî çàìêíóòîé ìîäåëè A, äëÿ ëþáîãî ïîäìíîæåñòâà X ìíîæåñòâà
A, |X| ≤ λ⇒ |SJ(X)| ≤ λ.

Îïðåäåëåíèå 4. Ïóñòü T � ∃-ïîëíàÿ éîíñîíîâñêàÿ òåîðèÿ,M1,M2 � ýêçèñòåíöèàëüíî-
çàìêíóòûå ìîäåëè òåîðèè T . M1 �∃1 M2. Òîãäà ïàðà (M1,M2) íàçûâàåòñÿ J-ïðåêðàñíîé
ïàðîé, åñëè îíà óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1. M1 ÿâëÿåòñÿ |T |+-∃1- íàñûùåííîé;
2.Äëÿ êàæäîãî êîðòåæà b̄, èçâëå÷åííîãî èçM2, êàæäûé ∃-òèï íàäM1∪{b̄} ðåàëèçóåòñÿ

â M2.
T J íàçîâåì òåîðèåé J-ïðåêðàñíûõ ïàð. ∃1-íàñûùåííîñòü îçíà÷àåò íàñûùåííîñòü îòíî-

ñèòåëüíî ýêçèñòåíöèîíàëüíûõ 1-òèïîâ. Ðàññìîòðèì ÷àñòíûé ñëó÷àé J-ïðåêðàñíîé ïàðû,
êîòîðûé ÿâëÿåòñÿ îñíîâíûì ðåçóëüòàòîì.

Òåîðåìà 1. Ïóñòü T� ∃-ïîëíàÿ è J-λ- ñòàáèëüíàÿ éîíñîíîâñêàÿ òåîðèÿ, C � ñåìàí-
òè÷åñêàÿ ìîäåëü òåîðèè T . (C,M1) è (C,M2) - äâå J - ïðåêðàñíûå ïàðû, ā è b̄ êîðòåæè,
âçÿòûå èç êàæäîé èç íèõ, M1, M2 ∈ ET . Òîãäà (C,M1) ≡∀∃ (C,M2), åñëè èõ öåíòðàëüíûå
òèïû ýêâèâàëåíòíû â ôóíäàìåíòàëüíîì ïîðÿäêå T

∗
.
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Àëãåáðàè÷åñêè ïðîñòûå è àòîìíûå ìíîæåñòâà

ÅØÊÅÅÂ À.Ð.a, ÓËÜÁÐÈÕÒ Î.È.b, ÈÑÀÅÂÀ À.Ê.c

Êàðàãàíäèíñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Å.À. Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí

E-mail: aaibat.kz@gmail.com, bulbrikht@mail.ru, cisa_aiga@mail.ru

Îñíîâíîé ðåçóëüòàò äàííîãî òåçèñà ñâÿçàí ñ ïðîáëåìàòèêîé, îïðåäåë¼ííîé â ðàáîòå
Äæ.Áîëäóèíà è Ä.Êèêêåðà îá àëãåáðàè÷åñêè ïðîñòûõ ìîäåëÿõ [1]. À èìåííî, áûëà ïî-
ëó÷åíà ýêâèâàëåíòíîñòü àòîìíîé è ïðîñòîé ìîäåëè, ïîëó÷åííûõ ñ ïîìîùüþ íåêîòîðîãî
îïåðàòîðà çàìûêàíèÿ, çàäàííîãî íà îïðåäåëèìûõ ïîäìíîæåñòâàõ ñåìàíòè÷åñêîé ìîäåëè
íåêîòîðîé ôèêñèðîâàííîé éîíñîíîâñêîé òåîðèè.

Îïðåäåëåíèå 1. [2] Éîíñîíîâñêàÿ òåîðèÿ T íàçûâàåòñÿ ñîâåðøåííîé, åñëè êàæäàÿ
ñåìàíòè÷åñêàÿ ìîäåëü òåîðèè T ÿâëÿåòñÿ íàñûùåííîé ìîäåëüþ òåîðèè T ∗.

Ïóñòü T � ñîâåðøåííàÿ éîíñîíîâñêàÿ òåîðèÿ ïîëíàÿ äëÿ Π1 ïðåäëîæåíèé, C � ñåìàí-
òè÷åñêàÿ ìîäåëü òåîðèè T .

Îïðåäåëåíèå 2. [3] Ìîäåëü íàçûâàåòñÿ àòîìíîé, åñëè êàæäûé êîðòåæ å¼ ýëåìåíòîâ
ðåàëèçóåò íåêîòîðóþ ïîëíóþ ôîðìóëó.

Îïðåäåëåíèå 3. [4] Ìîäåëü A òåîðèè T íàçûâàåòñÿ õîðîøåé ïî÷òè-ñëàáî (Σ1,Σ2)-
cl àòîìíîé ìîäåëüþ T , åñëè êàæäàÿ ω-ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ A ðåàëèçóåò Σ1-
ãëàâíûé Σ2-ω-òèï.

Îïðåäåëåíèå 4. [5] Ìîäåëü A òåîðèè T íàçûâàåòñÿ àëãåáðàè÷åñêè ïðîñòîé, åñëè îíà
èçîìîðôíî âêëàäûâàåòñÿ â ëþáóþ ìîäåëü ýòîé òåîðèè.

Îïðåäåëåíèå 5. [4] Ìíîæåñòâî A íàçîâåì (Γ1,Γ2)-cl-àëãåáðàè÷åñêè ïðîñòûì â òåîðèè
T , åñëè cl(A) = M , M ÿâëÿåòñÿ (Γ1,Γ2)-cl-àòîìíîé ìîäåëüþ òåîðèè T , M ∈ ET ∩ APT ,
ãäå APT

⋂
ET 6= 0, ïðè ýòîì ïîëó÷åííàÿ ìîäåëü M íàçûâàåòñÿ (Γ1,Γ2)-cl-àëãåáðàè÷åñêè

ïðîñòîé ìîäåëüþ òåîðèè T .
ÏóñòüX ⊆ C � éîíñîíîâñêîå ìíîæåñòâî, çàäàííîå íåêîòîðîé ýêçèñòåíöèàëüíîé ñèëüíî-

ìèíèìàëüíîé ôîðìóëîé ϕ(x) è cl(X) = M ∈ ET .
Â ñèëó òîãî, ÷òî ðàññìàòðèâàåìàÿ òåîðèÿ ñîâåðøåííà, ñëåäóåò, ÷òî å¼ öåíòð ÿâëÿåòñÿ

ìîäåëüíî ïîëíîé òåîðèåé. Ïîýòîìó Σ1-ïîëíîòà ðàññìàòðèâàåìîé òåîðèè áóäåò ýêâèâàëåíò-
íà Π1-ïîëíîòå ýòîé òåîðèè.

Òåîðåìà 1. Ïóñòü T ñîâåðøåííàÿ éîíñîíîâñêàÿ òåîðèÿ ïîëíàÿ äëÿ Π1-ïðåäëîæåíèé,
òîãäà T èìååò õîðîøóþ ïî÷òè-ñëàáî (Σ1,Σ1)-cl-àòîìíóþ ìîäåëü.

Òåîðåìà 2. Ïóñòü T ñîâåðøåííàÿ éîíñîíîâñêàÿ òåîðèÿ ïîëíàÿ äëÿ Π1-ïðåäëîæåíèé.
Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1) A � (Σ1,Σ1)-cl-àëãåáðàè÷åñêè ïðîñòàÿ ìîäåëü òåîðèè T .
2) A õîðîøàÿ ïî÷òè-ñëàáî (Σ1,Σ1)-cl-àòîìíàÿ ìîäåëü T .
Ïðè äîêàçàòåëüñòâå òåîðåìû 2 èñïîëüçóåòñÿ ðåçóëüòàò Ïàëþòèíà Å.À. î ñóùåñòâîâàíèè

ïðîñòîé ìîäåëè íàä áàçèñíûì ìíîæåñòâîì èç [6].

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022
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Îá îáû÷íûõ è îãðàíè÷åííûõ êîãîìîëîãèÿõ êëàññè÷åñêèõ
ìîäóëÿðíûõ àëãåáð Ëè

ÈÁÐÀÅÂ Ø.Ø.

Êûçûëîðäèíñêèé óíèâåðñèòåò èìåíè Êîðêûò Àòà, Êûçûëîðäà, Êàçàõñòàí

E-mail: ibrayevsh@mail.ru,

Â ðàáîòå èçó÷àþòñÿ ñâÿçè ìåæäó îáû÷íûìè è îãðàíè÷åííûìè êîãîìîëîãèÿìè àëãåáð
Ëè ïîëóïðîñòûõ îäíîñâÿçíûõ àëãåáðàè÷åñêèõ ãðóïï íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì
ïîëîæèòåëüíîé õàðàêòåðèñòèêè ñ êîýôôèöèåíòàìè â ïðîñòûõ ìîäóëÿõ, à òàêæå èõ ñâÿçè
ñîîòâåòñòâóþùèìè êîãîìîëîãèÿìè àëãåáðàè÷åñêèõ ãðóïï. Óñòàíîâëåíû ïðèìåðû íåòðè-
âèàëüíûõ èçîìîðôèçìîâ ìåæäó ýòèìè êîãîìîëîãèÿìè. Ìû ðàññìàòðèâàåì ïðîñòûõ ìî-
äóëåé, ñâÿçàííûå ñ ìîäóëÿìè Âåéëÿ ñ ôèëüòðàöèåé ßíöåíà ãëóáèíû 1 è ãëóáèíû 2. Îáî-
çíà÷èì ñòàðøèå âåñà ìîäóëåé Âåéëÿ ãëóáèíû 1 ÷åðåç λ1, λ2, · · · , λs, à ãëóáèíû 2 ÷åðåç
µ1, µ2, · · · , µs−1. Èõ îïèñàíèå ñ ïîìîùüþ äîìèíàíòíûõ ýëåìåíòîâ àôôèííîé ãðóïïû Âåé-
ëÿ è ýëåìåíòîâ íèæíåãî àôôèííîãî àëüêîâà ïðèâåäåíû â ðàáîòå [1].

Òåîðåìà 1. Ïóñòü G � ïîëóïðîñòàÿ îäíîñâÿçíàÿ àëãåáðàè÷åñêàÿ ãðóïïà íàä àëãåá-
ðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > h, ãäå h � ÷èñëî Êîêñòåðà, G1 � ÿäðî
Ôðîáåíèóñà äëÿ G è g � àëãåáðà Ëè ãðóïïû G. Çàïèøåì λi â âèäå: λi = wi · 0 + pνi, ãäå
wi � ýëåìåíò ãðóïïû Âåéëÿ W, νi � äîìèíàíòíûé ýëåìåíò íåêîòîðîãî àôôèííîãî àëüêîâà.
Îáîçíà÷èì ÷åðåç l(w) äëèíó ýëåìåíòà w ∈ W îòíîñèòåëüíî îáðàçóþùèõ W. Òîãäà èìå-
åò ìåñòî íåòðèâèàëüíûé èçîìîðôèçì Hn(g, L(λi)) ∼= Hn(G1, L(λi)) òîëüêî â ñëåäóþùèõ
ñëó÷àÿõ:

(a) n = i è i ∈ {1, 2, · · · , tλ};
(b) g � àëãåáðà Ëè òèïà Bl, n = i è i = tλ + 1;
(c) g � àëãåáðà Ëè òèïà Bl, n = l(wi) è i ∈ {tλ + 2, tλ + 2, · · · , s};
(d) g � àëãåáðà Ëè òèïà Cl, n = i è i = s.

Çäåñü tλ =

 s, åñëè g = Al, Dl, E6, E7, E8, F4, G2,
s− l + 1, åñëè g = Bl,
s− 1, åñëè g = Cl.

Òåîðåìà 2. Ïóñòü G � ïîëóïðîñòàÿ îäíîñâÿçíàÿ àëãåáðàè÷åñêàÿ ãðóïïà íàä àëãåá-
ðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > h, ãäå h � ÷èñëî Êîêñòåðà, G1 � ÿäðî
Ôðîáåíèóñà äëÿ G è g � àëãåáðà Ëè ãðóïïû G. Çàïèøåì µj â âèäå: µj = uj · 0 + pδj, ãäå
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uj � ýëåìåíò ãðóïïû Âåéëÿ W, δj � äîìèíàíòíûé ýëåìåíò íåêîòîðîãî àôôèííîãî àëüêî-
âà. Òîãäà èìååò ìåñòî íåòðèâèàëüíûé èçîìîðôèçì Hn(g, L(µj)) ∼= Hn(G1, L(µj)) òîëüêî â
ñëåäóþùèõ ñëó÷àÿõ:

(a) g = Al (l ≥ 2), n = j + 1 è j = 1;
(b) g = Bl (l ≥ 2), Cl (l ≥ 3), Dl (l ≥ 4), n = j + 2 è j = 1;
(c) g = Al (l ≥ 2), n = j − 1 è j ∈ {2, 3, · · · , s− 1};
(d) g = Bl (l ≥ 2), Cl (l ≥ 3), Dl (l ≥ 4), n = j è j ∈ {2, 3, · · · , s− 1};
Òåîðåìû 1 è 2 îïèñûâàþò âñå íåòðèâèàëüíûå èçîìîðôèçìû ìåæäó îáû÷íûìè è îãðà-

íè÷åííûìè êîãîìîëîãèÿìè êëàññè÷åñêèõ ìîäóëÿðíûõ àëãåáð Ëè ñ êîýôôèöèåíòàìè â ïðî-
ñòûõ ìîäóëÿõ ñî ñòàðøèìè âåñàìè λ1, λ2, · · · , λs; µ1, µ2, · · · , µs−1.

Òåîðåìà 3. Ïóñòü G � ïîëóïðîñòàÿ îäíîñâÿçíàÿ àëãåáðàè÷åñêàÿ ãðóïïà íàä àëãåá-
ðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > h, ãäå h � ÷èñëî Êîêñòåðà, G1 � ÿäðî
Ôðîáåíèóñà äëÿ G. Çàïèøåì λi â âèäå: λi = wi · 0 + pνi, ãäå wi � ýëåìåíò ãðóïïû Âåéëÿ
W, νi � äîìèíàíòíûé ýëåìåíò íåêîòîðîãî àôôèííîãî àëüêîâà. Òîãäà èìååò ìåñòî íåòðè-
âèàëüíûé èçîìîðôèçì Hn(G1, L(λi)) ∼= Hn(G,L(λi)) òîëüêî äëÿ n = i è i ∈ {1, 2, · · · , tλ}.

Çäåñü tλ =

 s, åñëè g = Al, Dl, E6, E7, E8, F4, G2,
s− l + 1, åñëè g = Bl,
s− 1, åñëè g = Cl.

Òåîðåìà 4. Ïóñòü G � ïîëóïðîñòàÿ îäíîñâÿçíàÿ àëãåáðàè÷åñêàÿ ãðóïïà íàä àëãåá-
ðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > h, ãäå h � ÷èñëî Êîêñòåðà, G1 � ÿäðî
Ôðîáåíèóñà äëÿ G. Çàïèøåì µj â âèäå: µj = uj · 0 + pδj, ãäå uj � ýëåìåíò ãðóïïû Âåéëÿ
W, δj � äîìèíàíòíûé ýëåìåíò íåêîòîðîãî àôôèííîãî àëüêîâà. Òîãäà èìååò ìåñòî íåòðè-
âèàëüíûé èçîìîðôèçì Hn(G1, L(µj)) ∼= Hn(G,L(µj)) òîëüêî â ñëåäóþùèõ ñëó÷àÿõ:

(a) g = Al (l ≥ 2), n = j + 1 è j = 1;
(b) g = Bl (l ≥ 2), Cl (l ≥ 3), Dl (l ≥ 4) n = j + 2 è j = 1;
(c) g = Al(l ≥ 2), n = j − 1 è j ∈ {2, 3, · · · , s− 1};
(d) g = Bl(l ≥ 2), n = j è j ∈ {2, 3, · · · , tλ};
(e) g = Cl(l ≥ 3), Dl (l ≥ 4) n = j è j ∈ {2, 3, · · · , tµ};

Çäåñü tλ � ÷òî è â òåîðåìå 1 è tλ =

{
s− 1, åñëè g = Dl,
s− 2, åñëè g = Cl.

Òåîðåìû 3 è 4 îïèñûâàþò âñå íåòðèâèàëüíûå èçîìîðôèçìû ìåæäó îáû÷íûìè êîãîìî-
ëîãèÿìè êëàññè÷åñêèõ ìîäóëÿðíûõ àëãåáð Ëè è ñîîòâåòñòâóþùèìè êîãîìîëîãèÿìè àëãåá-
ðàè÷åñêèõ ãðóïï ñ êîýôôèöèåíòàìè â ïðîñòûõ ìîäóëÿõ ñî ñòàðøèìè âåñàìè
λ1, λ2, · · · , λs; µ1, µ2, · · · , µs−1.

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP08855935 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: àëãåáðà Ëè, àëãåáðàè÷åñêàÿ ãðóïïà, ïðîñòîé ìîäóëü, êîãîìîëîãèÿ, îáû÷íàÿ êîãîìîëîãèÿ,
îãðàíè÷åííàÿ êîãîìîëîãèÿ.

2010 Mathematics Subject Classi�cation: 17B20, 17B45, 20G05.
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Îäíî ñâîéñòâî àâòîìîðôèçìà Íàãàòû

Ðàøèä Êîíûðáàåâè÷ ÊÅÐÈÌÁÀÅÂ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àë-Ôàðàáè

E-mail: ker_im@mail.ru ,

Àâòîìîðôèçì Íàãàòû δ çàäàåòñÿ ñëåäóþùèìè ìíîãî÷ëåíàìè:

δ (x) = x− 2
(
xz + y2

)
y −

(
xz + y2

)2
z;

δ (y) = y + (xz + y2)z;

δ (z) = z.

K- ïîëå, A = Aut (K [x, y, z])-ãðóïïà àâòîìîðôèçìîâ êîëüöà ìíîãî÷ëåíîâ K [x, y, z],
KA - åå ãðóïïàâàÿ àëãåáðà. Åñëè ϕ, ψ ∈ KA, òî ïîëîæèì (ϕ+ ψ) (t) = ϕ(t) + ψ(t), ãäå
t ∈ {x, y, z}. Èíâàðèàíòû ìàèðèöû ßêîáè àâòîìîðôèçìà Íàãàòà ÿâëÿþòñÿ ñëåäóþùèå
ìíîãî÷ëåíû:

I1 = I1 (x, y, z) = 3− 2
(
xz + y2

)
z2 − ñëåä ìàòðèöû ßêîáè

I2 = I2 (x, y, z) = 3− 2
(
xz + y2

)
z2 − ñëåä ñîþçíîé ìòðèöû,

I3 = I3 (x, y, z) = 1− ÿêîáèàí.

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.
Ëåììà. δ (I1) = I1, δ (I2) = I2, δ (I3) = I3.
Òåîðåìà Ãàìèëüòîíà-Êýëè âûïîëíÿåòñÿ äëÿ ìàòðèöû ßêîáè, íî äëÿ àâòîìîðôèçìà

Íàãàòû íå âûïîíÿåòñÿ. Äåéñòâèòåëüíî, ϕ = δ3 − I1δ
2 + I2δ − I3ε 6= 0, à èìåííî ϕ (z) =

0, ϕ (y) = 0, ϕ (x) = −2 (xz + y2)
2

(2y + 3 (xz + y2) z) z2 6= 0. Íåñìîòðÿ äëÿ àâòîìîðôèçìà
Íàãàòû ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. δ3 − 3δ2 + 3δ − ε = 0 , òå åñòü (δ − ε)3 = 0, ãäå ε - òîæäåñòâåííûé àâòîìîð-
ôèçì. Äðóãèìè ñëîâàìè, ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî δ3−I1 (0) δ2+I2 (0) δ− I3ε = 0.
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Îá àëãåáðàõ áèíàðíûõ ôîðìóë äëÿ ñëàáî öèêëè÷åñêè

ìèíèìàëüíûõ òåîðèé ñ íåòðèâèàëüíûì
îïðåäåëèìûì çàìûêàíèåì

Áåéáóò Øàéûêîâè÷ ÊÓËÏÅØÎÂ1,a, Ñåðãåé Âëàäèìèðîâè÷ ÑÓÄÎÏËÀÒÎÂ2,3,4,b

1 Êàçàõñòàíñêî-Áðèòàíñêèé òåõíè÷åñêèé óíèâåðñèòåò, Àëìàòû, Êàçàõñòàí
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3 Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ
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E-mail: ab.kulpeshov@kbtu.kz, bsudoplat@math.nsc.ru

Äàííûé äîêëàä êàñàåòñÿ ïîíÿòèÿ ñëàáîé öèêëè÷åñêîé ìèíèìàëüíîñòè, ïåðâîíà÷àëüíî
èçó÷åííîãî â [1]. Ïóñòü A ⊆ M , ãäåM � öèêëè÷åñêè óïîðÿäî÷åííàÿ ñòðóêòóðà. Ìíîæå-
ñòâî A íàçûâàåòñÿ âûïóêëûì, åñëè äëÿ ëþáûõ a, b ∈ A âûïîëíÿåòñÿ ñëåäóþùåå ñâîéñòâî:
äëÿ ëþáîãî c ∈M ñ óñëîâèåìK(a, c, b) èìååò ìåñòî c ∈ A èëè äëÿ ëþáîãî c ∈M ñ óñëîâèåì
K(b, c, a) ñïðàâåäëèâî c ∈ A. Ñëàáî öèêëè÷åñêè ìèíèìàëüíàÿ ñòðóêòóðà åñòü öèêëè÷åñêè
óïîðÿäî÷åííàÿ ñòðóêòóðà M = 〈M,K, . . .〉 òàêàÿ, ÷òî ëþáîå îïðåäåëèìîå (ñ ïàðàìåòðàìè)
ïîäìíîæåñòâî ñòðóêòóðûM ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ
â M .

Ïóñòü M � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî öèêëè÷åñêè ìèíèìàëüíàÿ ñòðóêòóðà, G :=
Aut(M). Ñëåäóÿ ñòàíäàðòíîé òåîðåòèêî-ãðóïïîâîé òåðìèíîëîãèè, ãðóïïà G íàçûâàåòñÿ
k-òðàíçèòèâíîé, åñëè äëÿ ëþáûõ ïîïàðíî ðàçëè÷íûõ a1, a2, . . . , ak ∈M è ïîïàðíî ðàçëè÷-
íûõ b1, b2, . . . , bk ∈M ñóùåñòâóåò g ∈ G, äëÿ êîòîðîãî g(a1) = b1, g(a2) = b2, . . . , g(ak) = bk.
Êîíãðóýíöèåé íà M íàçûâàåòñÿ ëþáîå G-èíâàðèàíòíîå îòíîøåíèå ýêâèâàëåíòíîñòè íà
M. Ãðóïïà G íàçûâàåòñÿ ïðèìèòèâíîé, åñëè G ÿâëÿåòñÿ 1-òðàíçèòèâíîé è íå ñóùåñòâóåò
íåòðèâèàëüíûõ ñîáñòâåííûõ êîíãðóýíöèé íàM.

Ïóñòü f � óíàðíàÿ ôóíêöèÿ â M ñ Dom(f) = I ⊆ M , ãäå I � îòêðûòîå âûïóêëîå
ìíîæåñòâî. Ìû ãîâîðèì ÷òî f ÿâëÿåòñÿ ìîíîòîííîé âïðàâî (âëåâî) íà I, åñëè îíà ñîõðà-
íÿåò (îáðàùàåò) îòíîøåíèå K, ò.å. äëÿ ëþáûõ a, b, c ∈ I òàêèõ, ÷òî K(a, b, c), ìû èìååì
K(f(a), f(b), f(c)) (K(f(c), f(b), f(a))).

Áóäåì ãîâîðèòü, ÷òî ñëàáî öèêëè÷åñêè ìèíèìàëüíàÿ òåîðèÿ èìååò ðàíã âûïóêëîñòè
1, åñëè íå ñóùåñòâóåò îïðåäåëèìîãî îòíîøåíèÿ ýêâèâàëåíòíîñòè ñ áåñêîíå÷íûì ÷èñëîì
áåñêîíå÷íûõ âûïóêëûõ êëàññîâ.

Â ðàáîòå [2] áûëè îïèñàíû ñ÷åòíî êàòåãîðè÷íûå 1-òðàíçèòèâíûå íåïðèìèòèâíûå ñëàáî
öèêëè÷åñêè ìèíèìàëüíûå ñòðóêòóðû ðàíãà âûïóêëîñòè 1 ñ íåòðèâèàëüíûì îïðåäåëèìûì
çàìûêàíèåì ñ òî÷íîñòüþ äî áèíàðíîñòè.

Àëãåáðû áèíàðíûõ ôîðìóë ÿâëÿþòñÿ èíñòðóìåíòîì äëÿ èññëåäîâàíèÿ ñâÿçåé ìåæäó
ýëåìåíòàìè ìíîæåñòâ ðåàëèçàöèé òèïîâ íà áèíàðíîì óðîâíå îòíîñèòåëüíî ñóïåðïîçèöèè
áèíàðíûõ îïðåäåëèìûõ ìíîæåñòâ. Ìû áóäåì ðàññìàòðèâàòü àëãåáðû áèíàðíûõ èçîëèðó-
þùèõ ôîðìóë, ïåðâîíà÷àëüíî èçó÷åííûå â ðàáîòàõ [3, 4], ãäå ïîä áèíàðíîé èçîëèðóþùåé
ôîðìóëîé ïîíèìàåòñÿ ôîðìóëà âèäà ϕ(x, y), íå èìåþùàÿ ïàðàìåòðîâ è òàêàÿ, ÷òî äëÿ
íåêîòîðîãî ïàðàìåòðà a ôîðìóëà ϕ(a, y) èçîëèðóåò íåêîòîðûé ïîëíûé òèï èç S1({a}).
Ïîíÿòèÿ è îáîçíà÷åíèÿ, îòíîñÿùèåñÿ ê ýòèì àëãåáðàì, ìîæíî òàêæå íàéòè â ðàáîòàõ [3,
4]. Â ïîñëåäíèå ãîäû àëãåáðû áèíàðíûõ ôîðìóë èçó÷àþòñÿ èíòåíñèâíî è ïîëó÷èëè ñâîå
ïðîäîëæåíèå â ðàáîòàõ [5]�[8].

Â íàñòîÿùåì äîêëàäå ìû îáñóæäàåì àëãåáðû áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ
ñ÷åòíî êàòåãîðè÷íûõ ñëàáî öèêëè÷åñêè ìèíèìàëüíûõ òåîðèé ðàíãà âûïóêëîñòè 1 ñ 1-
òðàíçèòèâíîé íåïðèìèòèâíîé ãðóïïîé àâòîìîðôèçìîâ è íåòðèâèàëüíûì îïðåäåëèìûì
çàìûêàíèåì. Òàêæå ìû ïðåäñòàâëÿåì êðèòåðèé êîììóòàòèâíîñòè òàêèõ àëãåáð. Íàìè äî-
êàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà. Ïóñòü M � ñ÷åòíî êàòåãîðè÷íàÿ 1-òðàíçèòèâíàÿ íåïðèìèòèâíàÿ ñëàáî
öèêëè÷åñêè ìèíèìàëüíàÿ ñòðóêòóðà ðàíãà âûïóêëîñòè 1 ñ dcl(a) 6= {a} äëÿ íåêîòîðîãî
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a ∈ M . Òîãäà àëãåáðà PM áèíàðíûõ èçîëèðóþùèõ ôîðìóë êîììóòàòèâíà ⇔ ñóùåñòâóåò
∅-îïðåäåëèìàÿ íåòðèâèàëüíàÿ ìîíîòîííàÿ âïðàâî áèåêöèÿ íà M .

Funding: Äàííîå èññëåäîâàíèå ïîääåðæàíî Ìèíèñòåðñòâîì îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí (Ãðàíò
AP08855544) è Ðîññèéñêèì íàó÷íûì ôîíäîì (Ïðîåêò 22-21-00044).

Êëþ÷åâûå ñëîâà: ñëàáàÿ öèêëè÷åñêàÿ ìèíèìàëüíîñòü, àëãåáðà áèíàðíûõ èçîëèðóþùèõ ôîðìóë, êîììóòàòèâ-
íîñòü.

2010 Mathematics Subject Classi�cation: 03C64, 03C07, 03C15.
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[1] Kulpeshov B.Sh., Macpherson H.D. Minimality conditions on circularly ordered structures, Mathematical Logic
Quarterly 51:4 (2005), 377�399.

[2] Kulpeshov B.Sh. On ℵ0-categorical weakly circularly minimal structures, Mathematical Logic Quarterly 52:6
(2006), 555�574.

[3] Ñóäîïëàòîâ Ñ.Â. Êëàññèôèêàöèÿ ñ÷åòíûõ ìîäåëåé ïîëíûõ òåîðèé, Èçäàòåëüñòâî ÍÃÒÓ, Íîâîñèáèðñê
(2018).

[4] Shulepov I.V., Sudoplatov S.V. Algebras of distributions for isolating formulas of a complete theory, Siberian
Electronic Mathematical Reports 11 (2014), 362�389.

[5] Åìåëüÿíîâ Ä.Þ., Êóëïåøîâ Á.Ø., Ñóäîïëàòîâ Ñ.Â. Àëãåáðû ðàñïðåäåëåíèé áèíàðíûõ ôîðìóë â ñ÷åòíî
êàòåãîðè÷íûõ ñëàáî î-ìèíèìàëüíûõ ñòðóêòóðàõ, Àëãåáðà è ëîãèêà, 56:1 (2017), 20�54.

[6] Åìåëüÿíîâ Ä.Þ., Êóëïåøîâ Á.Ø., Ñóäîïëàòîâ Ñ.Â. Àëãåáðû ðàñïðåäåëåíèé áèíàðíûõ èçîëèðóþùèõ ôîð-
ìóë äëÿ âïîëíå î-ìèíèìàëüíûõ òåîðèé, Àëãåáðà è ëîãèêà, 57:6 (2018), 662�683.

[7] Åìåëüÿíîâ Ä.Þ., Êóëïåøîâ Á.Ø., Ñóäîïëàòîâ Ñ.Â. Àëãåáðû áèíàðíûõ ôîðìóë äëÿ êîìïîçèöèé òåîðèé,
Àëãåáðà è ëîãèêà, 59:4 (2020), 432�457.

[8] Àëòàåâà À.Á., Êóëïåøîâ Á.Ø., Ñóäîïëàòîâ Ñ.Â. Àëãåáðû ðàñïðåäåëåíèé áèíàðíûõ èçîëèðóþùèõ ôîðìóë

äëÿ ïî÷òè ω-êàòåãîðè÷íûõ ñëàáî î-ìèíèìàëüíûõ òåîðèé, Àëãåáðà è ëîãèêà, 60:4 (2021), 369�399.
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Î òèïàõ ïðåäãåîìåòðèé êóáè÷åñêèõ òåîðèé

ÌÀËÛØÅÂ Ñ.Á.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ

E-mail: sergei2-mal1@yandex.ru

Ïðèâîäèòñÿ îïèñàíèå âèäîâ ïðåäãåîìåòðèé [1] äëÿ êóáè÷åñêèõ òåîðèé [2], [3]. Ââîäÿòñÿ
íîâûå ïîíÿòèÿ c-ïðåäãåîìåòðèè, c-ìîäóëÿðíîñòè è c-ëîêàëüíî êîíå÷íîñòè:

Îïðåäåëåíèå. c-Ïðåäãåîìåòðèåé íàçûâàåòñÿ ìíîæåñòâî S âìåñòå ñ îïðåäåë¼ííîé îïå-
ðàöèåé çàìûêàíèÿ acl : P (S)→ P (S), óäîâëåòâîðÿþùåé ñëåäóþùèì óñëîâèÿì:

1) äëÿ ëþáîãî X ⊆ S âûïîëíÿåòñÿ X ⊆ acl(X);
2) äëÿ ëþáîãî X ⊆ S âûïîëíÿåòñÿ acl(acl(X)) = acl(X);
3) äëÿ ëþáîãî X ⊆ S åñëè a ∈ acl(X), òî a ∈ acl(Y ) äëÿ íåêîòîðîãî êîíå÷íîãî Y ⊆ X.

Îïðåäåëåíèå. c-Ïðåäãåîìåòðèÿ 〈S, cl〉 íàçûâàåòñÿ c-ìîäóëÿðíîé, åñëè äëÿ ëþáûõ acl-
çàìêíóòûõ ìíîæåñòâ X0, Y0 ⊆ S, X0 íåçàâèñèìî îò Y0 îòíîñèòåëüíî X0∩Y0, ò.å. äëÿ ëþáûõ
êîíå÷íîìåðíûõ acl-çàìêíóòûõ ìíîæåñòâ X ⊆ X0, Y ⊆ Y0 âåðíî:

1) åñëè ñóùåñòâóåò áåñêîíå÷íîìåðíûé êóá C, äëÿ êîòîðîãî X ∩ Y ∩ C = ∅, X ∩ C 6= ∅,
Y ∩ C 6= ∅, òî âûïîëíÿåòñÿ ðàâåíñòâî:

dimc(X ∩ C) + dimc(Y ∩ C)+

+ρ(X ∩ C, Y ∩ C) = dimc((X ∪ Y ) ∩ C), (1)

ãäå ρ(X ∩ C, Y ∩ C) � êðàò÷àéøåå ðàññòîÿíèå ìåæäó âåðøèíàìè x ∈ X ∩ C è y ∈ Y ∩ C;
2) â îñòàëüíûõ ñëó÷àÿõ äëÿ êîìïîíåíò ñâÿçíîñòè C âûïîëíÿåòñÿ ðàâåíñòâî:

dimc(X ∩ C) + dimc(Y ∩ C)− dimc(X ∩ Y ∩ C) = dimc((X ∪ Y ) ∩ C). (2)
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Îïðåäåëåíèå. c-Ïðåäãåîìåòðèÿ 〈S, cl〉 íàçûâàåòñÿ ëîêàëüíî êîíå÷íîé, åñëè äëÿ ëþ-
áîãî êîíå÷íîãî ïîäìíîæåñòâà A ⊆ S, ìíîæåñòâî cl(A) êîíå÷íî.

Èìåþò ìåñòî ñëåäóþùèå òåîðåìû:

Òåîðåìà 1. Ïóñòü T � êóáè÷åñêàÿ òåîðèÿ. Òîãäà äëÿ íåêîòîðîé (ëþáîé) íàñûùåííîé
ìîäåëè M = 〈S,R〉 òåîðèè T âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ äâóõ óñëîâèé:

1) âñå êîìïîíåíòû ñâÿçíîñòè ìîäåëè M êîíå÷íû è èìåþò îãðàíè÷åííóþ ìîùíîñòü, à
ïðåäãåîìåòðèÿ 〈S, acl〉 âûðîæäåííàÿ;

2) ìîäåëü M èìååò áåñêîíå÷íóþ êîìïîíåíòó ñâÿçíîñòè, êîòîðàÿ ÿâëÿåòñÿ λ-êóáîì äëÿ
íåêîòîðîãî êàðäèíàëà λ, à c-ïðåäãåîìåòðèÿ 〈S, acl〉 ÿâëÿåòñÿ c-ìîäóëÿðíîé.

Òåîðåìà 2. Ïóñòü T � êóáè÷åñêàÿ òåîðèÿ. Òîãäà äëÿ íåêîòîðîé (ëþáîé) ìîäåëè M =
〈S,R〉 òåîðèè T âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå:

c-ïðåäãåîìåòðèÿ 〈S, cl〉 íå ÿâëÿåòñÿ c-ëîêàëüíî êîíå÷íîé òîãäà è òîëüêî òîãäà, êîãäà
èìååòñÿ áåñêîíå÷íîå êîëè÷åñòâî íàòóðàëüíûõ ÷èñåë n, äëÿ êîòîðûõ 0 < InvT (n) <∞.

Ñëåäñòâèå. Ïóñòü T � êóáè÷åñêàÿ òåîðèÿ. Òîãäà äëÿ íåêîòîðîé (ëþáîé) ìîäåëè
M = 〈S,R〉 òåîðèè T âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óñëîâèé: 1) c-Ïðåäãåîìåòðèÿ 〈S, cl〉
ÿâëÿåòñÿ c-ëîêàëüíî êîíå÷íîé; 2) àëãåáðàè÷åñêîå çàìûêàíèå ëþáîãî ìíîæåñòâà A ⊆ M
áåñêîíå÷íî.

Funding: Íàñòîÿùåå èññëåäîâàíèå ïîääåðæàíî Ðîññèéñêèì íàó÷íûì ôîíäîì, ïðîåêò No 22-21-00044.

Êëþ÷åâûå ñëîâà: ïðåäãåîìåòðèÿ, êóáè÷åñêàÿ òåîðèÿ, c-ïðåäãåîìåòðèÿ, c-ìîäóëÿðíîñòü, c-ëîêàëüíî êîíå÷íîñòü.

2010 Mathematics Subject Classi�cation: 03C07, 03C30, 05C63.
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Àëãîðèòì îïðåäåëåíèÿ íåïóñòîòû ìíîæåñòâî ðåøåíèÿ
ñèñòåì ëèíåéíûõ óðàâíåíèé ñ ïàðàìåòðàìè

À.Ð. ÌÀÌÀÒÎÂ1,a, Í.Ð. ÇÀÐÈÏÎÂÀ2

1 Ñàìàðêàíäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ø. Ðàøèäîâà, Ñàìàðêàíä, Óçáåêèñòàí
2 Ñïåöèàëèçèðîâàííàÿ îáùåîáðàçîâàòåëüíàÿ øêîëà �33, Ñàìàðêàíäñêàÿ îáëàñòü, Íàðïàéñêèé

ðàéîí, Óçáåêèñòàí

E-mail: aakmm1964@rambler.ru

Ïóñòü çàäàíû ìíîæåñòâà

X = {x | f∗ ≤ x ≤ f ∗}, Y (x) = {y | g∗ ≤ y ≤ g∗, Ax+By = b}.

Çäåñü x, f∗, f ∗ ∈ Rn, y, g∗, g
∗ ∈ Rl, b ∈ Rm, A ∈ Rmxn, B ∈ Rmxl, rankB = m < l.

Ðàññìàòðèâàåòñÿ çàäà÷à: òðåáóåòñÿ îïðåäåëèòü, äëÿ ëþáîãî ïàðàìåòðà
x ∈ X ñîîòâåòñòâóþùàÿ ìíîæåñòâî Y (x) ïóñòî èëè íåò.

Ïðåäëàãàåòñÿ àëãîðèòì ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è.
Àëãîðèòì èëëþñòðèðóþòñÿ íà ïðèìåðàõ ïðè:

a)f∗ = −10, f ∗ = 3, g′∗ = (0; 0; 0; 0; 0), g∗′ = (6; 7; 100; 100; 100),

A =

 1
−1
2

 , B =

 −1 1 1 0 0
1 1 0 1 0
1 −1 0 0 1

 , b′ = (4; 10; 5).
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c)f∗ = (−5;−30; 0), f ∗ = (3; 25; 40),

g∗ = (−109;−6;−101;−10;−3), g∗ = (44; 6; 298; 10; 15),

A =

(
1 0 −1
0 1 1

)
, B =

(
6 3 2 3 4
4 2 1 2 3

)
, b′ = (5; 4)

Êëþ÷åâûå ñëîâà: ñèñòåìà ëèíåéíûõ óðàâíåíèé, ïàðàìåòð, àëãîðèòì.

2010 Mathematics Subject Classi�cation: 15A24.
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Î ÷èñëå ñ÷åòíûõ ìîäåëåé ìóëüòèïëèêàòèâíîé òåîðèè
íàòóðàëüíûõ ÷èñåë

Èêðîìæîí ÓÊÒÀÌÀËÈÅÂ

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ

E-mail: i.uktamaliev@g.nsu.ru

Â ìîíîãðàôèè [1] ïîñòàâëåíà ïðîáëåìà îïèñàíèÿ ðàñïðåäåëåíèÿ ïðîñòûõ íàä êîíå÷íû-
ìè ìíîæåñòâàìè, ïðåäåëüíûõ è îñòàëüíûõ ñ÷åòíûõ ìîäåëåé äëÿ ðàçëè÷íûõ åñòåñòâåííûõ
êëàññîâ òåîðèé àëãåáðàè÷åñêèõ ñèñòåì.

Îïðåäåëåíèå. [1], [2] Íàáîð (P (T ), L(T ),NPL(T )), ñîñòîÿùèé èç ÷èñëà ïðîñòûõ, ÷èñëà
ïðåäåëüíûõ è ÷èñëà îñòàëüíûõ ñ÷¼òíûõ ìîäåëåé òåîðèè T , íàçûâàåòñÿ òðîéêîé ðàñïðåäå-
ëåíèÿ ÷èñëà ñ÷åòíûõ ìîäåëåé òåîðèè T è îáîçíà÷àåòñÿ ÷åðåç cm3(T ).

Äëÿ òåîðèé T ñ êîíòèíóàëüíûì ÷èñëîì òèïîâ ÷èñëî ñ÷¼òíûõ ìîäåëåé ðàâíî 2ω, è,
çíà÷èò, õîòÿ áû îäíî èç çíà÷åíèé P (T ), L(T ),NPL(T ) ðàâíî 2ω. Â [1] è [2] óñòàíîâëåíà
ñëåäóþùàÿ:

Òåîðåìà 1. Â ïðåäïîëîæåíèè êîíòèíóóì-ãèïîòåçû äëÿ ëþáîé íåìàëîé òåîðèè T òðîé-
êà cm3(T ) ïðèíèìàåò îäíî èç ñëåäóþùèõ çíà÷åíèé: 1) (2ω, 2ω, λ), ãäå λ ∈ ω ∪ {ω, 2ω}; 2)
(0, 0, 2ω); 3) (λ1, λ2, 2

ω), ãäå λ1 ≥ 1, λ1, λ2 ∈ {ω, 2ω}. Âñå óêàçàííûå çíà÷åíèÿ èìåþò ðåàëè-
çàöèè â êëàññå íåìàëûõ òåîðèé.

Èñïîëüçóÿ [3] è [4], äîêàçàíà ñëåäóþùàÿ òåîðåìà ïóòåì ðàññìîòðåíèÿ ìîíîèäà Q+

âìåñòî ãðóïïû Q, à òàêæå åãî ìîäèôèêàöèé.
Òåîðåìà 2. Äëÿ òåîðèè T = Th (〈N, ·〉) â òðîéêå ðàñïðåäåëåíèÿ cm3(T ) èìååò ìåñòî

P (T ) = 2ω, L(T ) = 2ω è NPL(T ) = 2ω.

Êëþ÷åâûå ñëîâà: ñ÷åòíàÿ ìîäåëü, ìóëüòèïëèêàòèâíàÿ òåîðèÿ íàòóðàëüíûõ ÷èñåë.

2010 Mathematics Subject Classi�cation: 03C07, 03C15, 03C30.

Ëèòåðàòóðà

[1] Ñóäîïëàòîâ Ñ.Â. Êëàññèôèêàöèÿ ñ÷åòíûõ ìîäåëåé ïîëíûõ òåîðèé. ×. 2., Íîâîñèáèðñê: Èçä-âî ÍÃÒÓ
(2018).

[2] Popkov R.A., Sudoplatov S.V. Distributions of countable models of theories with continuum many types, Siberian
Electronic Mathematical Reports, 12 (2015), 267�291.

[3] Ïîïêîâ Ð.À. Î ÷èñëå ïðîñòûõ è ïðåäåëüíûõ ìîäåëåé òåîðèè àääèòèâíîé ãðóïïû öåëûõ ÷èñåë, Âåñòíèê
Îìñêîãî óíèâåðñèòåòà, 72:2 (2014), 34�36.

[4] Ïîïêîâ Ð.À. Ðàñïðåäåëåíèå ñ÷åòíûõ ìîäåëåé òåîðèè ãðóïïû öåëûõ ÷èñåë, Ñèá. ìàòåì. æóðí., 56:1 (2015),

185�191.
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Almost o-minimal theories and 1-conservative pair of models

Bektur BAIZHANOVa, Zhanar ADILb

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

E-mail: abaizhanov@math.kz, bz.adil@math.kz

Let p, q ∈ S1(A), A be a set in a saturated model M of weakly o-minimal theory. One-type
p is not almost orthogonal to q (p 6⊥a q) [1], if there is an A-formula φ(x̄, ȳ) such that for any
ᾱ ∈ p(M), there are β1, β2 ∈ q(M) such that β1 < φ(M,α) < β2. The binary relation 6⊥a
on the set of all 1-types over A is a relation of equivalence for weakly o-minimal theory [1].
We say that weakly o-minimal theory is almost o-minimal if for two 1-types p, q, non weakly
orthogonality implies non almost orthogonality.

Let T be an almost o-minimal theory and M,N be models of theory T such that N is a
1-conservative extension of M.

Take elements c̄, d ∈ N \M . Suppose that tp(c̄/M) and tp(d/M) are definable and tp(d/M∪
c̄) is non-definable. Then by [2], there exists (M ∪ c̄)-definable formula H(x, ȳ, c̄) with condition

N |= ∀ȳ[∀z1∀z2((H(z1, ȳ, c̄) ∧ ¬H(z2, ȳ, c̄))→ z1 < z2)]

such that for any (M ∪ c̄)-definable formula θ(ȳ, m̄, c̄) holds two-side convergence for exactly
one of two formulas θ(ȳ, m̄, c̄), ¬θ(ȳ, m̄, c̄):

C
(
H(x, ȳ, c̄), θ(ȳ, m̄, c̄), tp(d/M ∪ c̄)

)∨
C
(
H(x, ȳ, c̄), qθ(ȳ, m̄, c̄), tp(d/M ∪ c̄)

)
.

Suppose that formula H(x, ȳ, c̄) is two-side convergent to type tp(d|M ∪ c̄) on θ(ȳ, m̄, c̄).
Assume that length(ȳ) = 1. Since tp(c̄/M) is definable there exists controlling formula
Dθ(y, m̄

′, m̄1). θ(M, m̄, c̄) consists of finite number of convex sets. Since tp(d/M ∪ c̄) con-
verges on θ, it converges at least on one of those sets, call it θi. Then there exists controlling
formula for θi as well: Dθi(y, m̄

′, m̄1). Let’s define elements lying on the right side of element
d by following:

K(y, d, m̄, c̄) := ∃z(d < z ∧H(z, y, m̄, c̄) ∧ θi(y, m̄, c̄)).
Following [1] and [2], we can assume that H is increasing. Let b1 ∈ Dθi(M, m̄′, m̄1) ∩

¬K(N, d, m̄, c̄) and b2 ∈ Dθi(M, m̄′, m̄1) ∩ K(N, d, m̄, c̄), A(y, m̄, b1, b2, c̄) := θi(y, m̄, c̄) ∧ b1 <
y < b2.

There is a two-side convergence on A as well.
C(y, b1, m̄, c̄) := ∃y1(b1 < y < y1 ∧H(M, y1, m̄, c̄) ⊂ H(M, y, m̄, c̄)).
χ(y, b1, b2, m̄, c̄) := ∃y1(b1 < y < y1 ∧ ∀z(y1 < z < b2 → H(M, y, m̄, c̄) ⊂ H(M, z, m̄, c̄))) ∧

C(y, b1, m̄, c̄).
L(y1, y, b1, b2, m̄, c̄) := b1 < y < y1 ∧ ∀z(y1 < z < b2 → H(M, y, m̄, c̄) ⊂ H(M, z, m̄, c̄)) ∧

C(y, b1, m̄, c̄).
Now we intersect formula χ(M, b1, b2, m̄, c̄) with Dθi(M, m̄, m̄1) and get on M some cut with

element α. Then tp(α/M) is irrational. We expand tp(α/M) ⊂ tp(α/M ∪ c̄). Then tp(α/M ∪ c̄)
is not weakly orthogonal to tp(d/M ∪ c̄). Since we assume that non weakly orthogonality leads
to non almost orthogonality, there exists formula ψ(y, m̄, c̄, d) such that N |= ∃yψ(y, m̄, c̄, d).
Since M ≺1,c N, there exists element α whose type over M is irrational which contradicts 1-
conservatism of models. Thus for almost o-minimal theory the existence of non-definable type
by formula with variable of length 1 leads to contradiction with supposition of 1-conservative
extension.
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Let M be elementary substructure of N. Let ᾱ ∈ N \M and p := tp(α|M). Then for any
formula ψ(x̄, ȳ) define the predicate R(ψ,p)(ȳ) on the set M , |= R(ψ,p)(ā) iff ψ(x̄, ā) ∈ tp(ᾱ|M)
iff N |= ψ(ᾱ, ā). Denote by M+ = 〈M ; Σ+〉, where Σ+ := {R(ψ,p)(ȳ)|p ∈ S(M), ψ ∈ Σ}. This
expansion is called to be external expansion.

Macpherson-Marker-Steinhorn [1] and B. Baizhanov [2] considered expansion of models of
o-minimal theories by convex sets that are external definable and proved that this expansion
has weakly o-minimal theory. B. Baizhanov [3] proved that expansion by family of convex sets
model of weakly o-minimal theory has weakly o-minimal theory and the formulas of expanded
model are externally definable. S. Shelah [4] proved that any expansion of model of NIP theory
by external definable set has NIP theory. A.Pillay [5] and V. Verbovskiy [6] reproved Theorem
of Shelah.

B.Baizhanov-S.Baizhanov obtained some sufficient condition that expansion by all externally
definable sets admits quantify elimination.

Theorem [7]. Let T be a complete theory such that for any set A the following holds:
1) For any p ∈ S1(A), for any γ̄ , QVp(γ̄) = Vp(γ̄)
2) For any p, q ∈ S1(A) the following holds. If p 6⊥a q, then q 6⊥a p.
Then for model of the theory T the expansion by all externally definable subsets admits

quantifier elimination.
In our report we will discuss the expansion by all external definable sets of the models of

o-omega-stable theory.
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Let T be a countable complete theory in a countable language L. The well-known Vaught’s
conjecture asks if I(T,ℵ0) > ℵ0 implies I(T,ℵ0) = 2ℵ0 . We are investigating whether this
number of countable non-isomorphic models is preserved when a new constant is added to the
language. Since non-small theories have the maximal number of countable models, we restrict
to a small theory T .

Let p ∈ S(T ) be non-principal, c̄ = (c1, c2, ..., cn) 6∈ L be a tuple of new constants. Denote
T ∗ := T ∪ p(c̄). This is an L∗ -theory, where L∗ := L ∪ {c1, c2, ..., cn}. The transition from
T to T ∗ preserves different properties of a theory. If the theory T is ω-stable, ℵ1-categorical,
o-minimal, weakly o-minimal, o-stable, (N)IP or (N)SOP, then so is T ∗. If I(T ∗,ℵ0) = 2ℵ0 ,
then I(T,ℵ0) = 2ℵ0 . R.E. Woodrow gave an example of a theory T such that I(T,ℵ0) = 4 and
I(T ∗,ℵ0) = ℵ0 for some T ∗ [1]. M.G. Peretyatkin constructed an example of a theory T such
that I(T,ℵ0) = 3 and I(T ∗,ℵ0) = ℵ0 [2]. He also asked if there exists a theory T such that
I(T,ℵ0) is finite or countable and I(T ∗,ℵ0) < I(T,ℵ0). A.D. Taimanov asked if it is possible
that I(T,ℵ0) = 2ω and I(T ∗,ℵ0) is finite or countable. In [3] B. Omarov proved that for every
n < ω there exists a theory Tn such that I(Tn,ℵ0) = n+ 5 and I(T ∗n ,ℵ0) = 5. He showed that
the case I(T,ℵ0) = ℵ0, I(T ∗,ℵ0) < ω is also possible, and tried to construct an example with
I(T,ℵ0) = 2ℵ0 and I(T ∗,ℵ0) < ω. Taimanov’s question is still open. Thus, we study if such a
reduction from a theory with 2ℵ0 countable models to an extension with a finite or countable
number of countable models is possible.

Definition. Let M be a countable saturated model of a countable theory T . Let p(x̄), q(ȳ) ∈
S(T ) be non-principal. The type p is said to be not almost orthogonal to the type q, p 6⊥a q, if
there exists a formula ϕ(x̄, ȳ) such that for some (equivalently, for every) realization ᾱ ∈ p(M)
∅ 6= ϕ(M, ᾱ) ( q(M).

Note that, in general, the relation of not almost orthogonality is transitive, but not sym-
metric. A equivalence relation can be defined by setting p ∼6⊥a q if and only if p 6⊥a q and
q 6⊥a p. In weakly o-minimal theories the relation of not almost orthogonality is symmetric.

Hypothesis. Let T be a small countable complete theory of a countable language T ∗. Let
I(T,ℵ0) = 2ℵ0 . Then there exists a non-principal type p ∈ S1(T ) such that I(T ∗,ℵ0) ≤ ω,
where T ∗ := T ∪ p(c) and c is a new constant, if and only if the following holds:

1) There exists a family of non-principal 1-types p, p1, p2, ..., pn, ... ∈ S1(T ) (n < ω) such
that tp(αi1 , αi2 , ..., αik) ⊥a pj for all k < ω, and all pairwise different i1, i2, ..., ik, j < ω such
that αi1 ∈ pi1(M), αi2 ∈ pi2(M), ..., αik ∈ pik(M), where M is a countable saturated model of
T .

2) For every i < ω we have p 6⊥a pi.
3) For every non-principal q ∈ S1(T ) either q ∼ 6⊥a p, or q ∼6⊥a pi for some i < ω.
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A necklace with n beads and q colors is a sequence m = (i1, . . . , in) with components il ∈ Q,
where Q is set of colors. Usually Q is identified by the set {1, 2, . . . , q} or by {0, 1, . . . , q − 1}.
Let M is set of necklaces. For m ∈M we say that m has color type (l1, . . . , ln) if li is number of
components of m equal to i ∈ Q. So, li is a number of beads colored by color i.Then

∑q
i=1 ili = n

where li ≥ 0, for any i ∈ Q. Necklace m is called even colored, if li is even for all i ∈ Q. Necklace
m is called almost even colored, if li is even for all i ∈ Q. except, may be one i0 ∈ Q.

Recall that a sequence λ = (λ1, λ2, . . . , λm), with λ1 ≥ λ2 ≥ · · · ≥ λk > 0 is called partition
of m with length k if λ1 + · · ·+λk = m. For λ, partition of m with length k, we use the following
notations: λ ` m, k = l(λ) and λ = 1p12p2 · · ·mpm , where pi is multiplicity of i. Let

q(i) = q(q − 1) · · · (q − i+ 1)

be falling factorial. For even n we set

Ln(q) =
∑
λ`n/2

n!

2!p14!p2 · · ·n!pn/2p1!p2! · · · pn/2!
q(l(λ)).

Theorem 1. Let L(x, q) be exponential generating function for polynomials Ln(q). Then

L(x, q) = coshq x(1 + q tanhx).

In terms of hyperbolic cosines and sines

L(x, q) = −δ0(q)
(q − 1)!!

q!!
+ 21−q

bq/2c∑
i=0

(
q

i

)
(cosh (q − 2i)x+ (q − 2i) sinh (q − 2i)x) ,

where

δ0(q) =

{
1, if q is even
0, if q is odd

Take place formulas
L2n−1(q) = L2n(q),

L2n(q) = 21−q
b(q−1)/2c∑

i=0

(
q

i

)
(q − 2i)2n, q ≥ 0, n > 0,

L2n(q) = (2x∂ − q)2n((1 + x)/2)q|x=1,

where ∂ = ∂
∂x
,
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L2n(q) =
1

2n

n∑
i=1

(
2n

2i

)
(2i(q + 1)− 2n)L2(n−i)(q),

L2n(q1 + q2) =
n∑
i=0

(
2n

2i

)
L2i(q1)L2(n−i)(q2),

L2n−1(q1 + q2)− L2n−1(q1)− L2n−1(q2) =
n−1∑
i=1

(
2n

2i

)
L2i−1(q1)L2n−2i−1(q2).

Theorem 2. Number of orbits of almost even colored G-necklaces can be obtained from
(q, u)-cyclic index by umbral method, by substituting L-polynomial instead of u-powers,

NG,M,0(q) = ZG,M(q, u))|ui→Li+δi (q) .

Moreover,
ZG,M(−q, u)|ui→Li+δi (q) = 0

is identity.
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Assosymmetric algebras are defined by the following left-symmetric and right-symmetric
identities:

(x, y, z) = (x, z, y), (x, y, z) = (y, x, z),

where (x, y, z) = (xy)z − x(yz) [1]. We describe Jordan elements up to degree 5 in a free
assosymmetric algebra generated by three elements.

Let F (X) and A(X) be a free nonassociative and assosymmetric algebras on the set X,
respectively. We define reversal operator ρ on F (X) as linear mapping ρ : F (X) → F (X)
defined as follows

ρ(xi) = xi, for xi ∈ X,
ρ(uv) = ρ(v)ρ(u), for u, v ∈ F (X).

If u ∈ F (X), then ρ(u) is called the reverse of u, and u is reversible, if ρ(u) = u.
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Theorem 1. Every reversible element u ∈ F ({x1, x2, x3}), with length ≤ 4 is Jordan
element in a free assosymmetric algebra A({x1, x2, x3}).
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We consider theories of constant expansions of n-spherical orders Kn [1, 2] which naturally
generalize linear orders K2 and circular orders K3 [3, 4, 5].

A n-spherical order relation, for n ≥ 2, is described by a n-ary relation Kn satisfying the
following conditions:
(nso1) ∀x1, . . . , xn(Kn(x1, x2, . . . , xn)→ Kn(x2, . . . , xn, x1));

(nso2) ∀x1, . . . , xn

(
(Kn(x1, . . . , xi, . . . , xj, . . . , xn)∧

∧Kn(x1, . . . , xj, . . . , xi, . . . , xn))↔
∨

1≤k<l≤n

xk ≈ xl

)
for any 1 ≤ i < j ≤ n;

(nso3) ∀x1, . . . , xn

(
Kn(x1, . . . , xn)→

→ ∀t

(
n∨
i=1

Kn(x1, . . . , xi−1, t, xi+1, . . . , xn)

) )
;

(nso4) ∀x1, . . . , xn(Kn(x1, . . . , xi, . . . , xj, . . . , xn)∨

∨Kn(x1, . . . , xj, . . . , xi, . . . , xn)), 1 ≤ i < j ≤ n.

A n-spherical order Kn is called dense if it contains at least two elements and for each
(a1, a2, a3, . . . , an) ∈ Kn with a1 6= a2 there is b /∈ {a1, a2, . . . , an} with |= Kn(a1, b, a3, . . . , an)∧
Kn(b, a2, a3, . . . , an).

Structures An = 〈An, Kn〉 with (dense) n-spherical orders are called (dense) n-spherical
orders, too, and the theories Tn = Th(An) are called the (dense) n-spherical theories.

Theorem 1. Let T be a countable constant expansion of the dense n-spherical theory Tn,
n ≥ 3. Then either T has 2ω countable models or T has exactly

∏
k∈n\{1}

(2k + 2)rk countable
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models, where rk are natural numbers. Moreover, for any r0, . . . , rn−1 ∈ ω there is an aforesaid
theory T with exactly

∏
k∈n\{1}

(2k + 2)rk countable models.
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Recall that a quasivariety is a class of algebras of the same type that is closed with respect
to subalgebras, direct products (including the direct product of an empty family), and ultra-
products. The smallest quasivariety containing a class K is denoted by Q(K). If K is a finite
family of finite algebras then Q(K) is called finitely generated. If K = {A} we write Q(A).

A finite algebra A with discrete topology τ generates a topological quasivariety Qτ (A)
consisting of all topologically closed subalgebras of non-zero direct powers of A endowed with
the product topology. Profinite algebras are exactly those that are isomorphic to inverse limits
of finite algebras. Such algebras are naturally equipped with Boolean topologies. A topology
τ is Boolean if it is compact, Hausdorff, and totally disconnected. A topological quasivariety
Qτ (A) is standard if every Boolean topological algebra with the algebraic reduct in Q(A) is
profinite. In this case, we say that algebra A generates a standard topological quasivariety [1].

We construct the specific finite modular lattice T that does not satisfy to one of the Tu-
manov’s conditions [2] but quasivariety Q(T ) generated by this lattice is not finitely based.
We investigate the topological quasivariety generated by the lattice T and prove that it is not
standard. And we would like to note that there is an infinite number of lattices similar to the
lattice T .

The main result of this work is as follows.

Theorem 1. The topological quasivariety generated by the lattice T is not standard.

The proof of the Theorem 1 gives us the following more general result.

Theorem 2. Let L be a finite lattice such thatM3,3 6≤ L, T ≤ L and Ln 6≤ L for all n > 1
(M3,3 and Ln are certain lattices). Then the topological quasivariety generated by the lattice
L is not standard.
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A quasivariety is a class of lattices that is closed with respect to subalgebras, direct products,
and ultraproducts. Equivalently, a quasivariety is a class of lattices axiomatized by a set of
quasi-identities. A quasi-identity is a universal Horn sentence with the non-empty positive part,
that is of the form

(∀x̄)[p1(x̄) ≈ q1(x̄) ∧ · · · ∧ pn(x̄) ≈ qn(x̄)→ p(x̄) ≈ q(x̄)],

where p, q, p1, q1, . . . , pn, qn are lattice’s terms. A variety is a quasivariety which is closed under
homomorphisms. According to Birkhoff theorem [1], a variety is a class of similar algebras
axiomatized by a set of identities. An identity is a sentence of the form (∀x̄)[s(x̄) ≈ t(x̄)] for
some terms s(x̄) and t(x̄).

In 1970 R. McKenzie [2] proved that any finite lattice has a finite basis of identities. However
the similar result for quasi-identities is not true. That is there is a finite lattice that has no finite
basis of quasi-identities (V.P. Belkin [3]). The problem ”Which finite lattices have finite bases of
quasi-identities?” was suggested by V.A. Gorbunov and D.M. Smirnov in [4]. V.I. Tumanov [5]
found sufficient condition consisting of two parts under which the locally finite quasivariety
lattice has no finite (independent) basis for quasi-identities. Also he conjectured that a finite
(modular) lattice has a finite basis of quasi-identities if and only if a quasivariety generated by
this lattice is a variety. In general, the conjecture is not true. W. Dziobiak [6] found a finite
lattice that generates finitely axiomatizable proper quasivariety. Also we would like to point
out that Tumanov’s problem is still unsolved for modular lattices.

By Q(K) we denote the smallest quasivariety containing a class K. If K is a finite family
of finite algebras then Q(K) is called finitely generated. In the case K = {A} we write Q(A)
instead of Q({A}).

The work finds a finite modular lattice T that does not satisfy to one of the Tumanov’s
conditions but quasivariety Q(T ) generated by this lattice is not finitely based (has no finite
basis of quasi-identities).

Theorem 1. Quasivariety Q(T ) generated by the lattice T is not finitely based.

Moreover, there is an infinite number of lattices similar to the lattice T .

Theorem 2. Suppose L is a finite lattice such that M3,3 6≤ L, T ≤ L and Ln 6≤ L for all
n > 1 (M3,3 and Ln are certain lattices). Then quasivariety Q(L) generated by the lattice L
is not finitely based.
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On pseudofiniteness of equivalence relations
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The paper [2] raised the question of describing the cardinality and types of approximations
for natural families of theories. In the present paper, a partial answer to this question is given,
and the study of approximation of natural classes of theories is also continued.

Let L = {R}, where R is a binary relation symbol. The theory T of equivalence relations is
given by the sentences:
∀xR(x, x),
∀x∀y(R(x, y)→ R(y, x)),
∀x∀y∀z((R(x, y) ∧R(y, z))→ R(x, z)).
Definition [1]. An infinite L-structure M is pseudofinite if for all L-sentences ϕ, M |= ϕ

implies that there is a finiteM0 such thatM0 |= ϕ. The theory T = Th(M) of the pseudofinite
structure M is called pseudofinite.

Theorem. Any theory of equivalence relations on an infinite set is pseudofinite.
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On approximations of theories of regular graphs
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The paper [4] raised the question of describing the cardinality and types of approximations
for natural families of theories. In the present paper, a partial answer to this question is given,
and the study of approximation and topological properties of natural classes of theories is also
continued.

Definition [4]. Let T be a family of theories and T be a theory such that T /∈ T . The
theory T is said to be T -approximated, or approximated by the family T , or a pseudo-T -theory,
if for any formula ϕ ∈ T there exists T ′ ∈ T for which ϕ ∈ T ′.

Definition [2]. A graph Γ = 〈G,R〉 is said to be homogeneous if, for U, V ⊆ G, the
statement that 〈U,R � U2〉 ∼= 〈V,R � V 2〉 implies the existence of an automorphism of Γ
mapping U to V . Thus, in particular, a homogeneous graph is a graph having its own property
that any partial isomorphism between finite induced subgraphs extends to an automorphism
of the graph.

Definition [3]. The regular graph is a graph where each vertex has the same number of
neighbors. A regular graph with vertices of degree k is called a k-regular graph or regular graph
of degree k.

Definition [1]. An L-structure M is pseudofinite if for all L-sentences ϕ, M |= ϕ implies
that there is a finite M0 such that M0 |= ϕ. The theory T = Th(M) of the pseudofinite
structure M is called pseudofinite.

Theorem. Any infinite regular graph Γ is pseudofinite and is homogeneous.
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Differential invariants of one parametrical group of transformations
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In this paper differential invariants of Lie group of one parametric transformations of the
space of two independent and three dependent variables are studied. It is shown method of
construction of invariant differential operator. Obtained results applied for finding differential
invariants of surfaces.

Differential invariants of Lie group of transformations are studied in the papers [1-8].
Let G be a Lie group of transformations of the space of two independent u, v and three

dependent x1, x2, x3 variables , and following vector field

X = ξ1(u, v, x)
∂

∂u
+ ξ2(u, v, x)

∂

∂v
+

3∑
i=1

ηi(u, v, x)
∂

∂xi

is infinitesimal generator of the group G.
It is known that any Lie group is similar to the group of translations. This property of the

groups is remarkable and its use permits simplification of finding of differential invariants of
the group [8].

In order to use this possibility we produce the replacement of variables.
Let us consider functions F1(u, x) and F2(v, x) which are solutions of following equation

X(F ) = 1. Let I1(u, v, x), I2(u, v, x) and I2(u, v, x) be are functionally independent invariant
functions of the group G, i.e. they are satisfy following equations X(Ii) = 0, i = 1, 2, 3.

We will replace the variables in the space of (u, v, x1, x3, x3) by putting

s = F1(u, x), t = F2(v, x),

yi = Ii(u, v, x),

where i = 1, 2, 3. Using easy deductions, we can verify that in variables (s, t, y1, y2, y3) the
vector field X has the following form

X =
∂

∂s
+
∂

∂t
.

This form of the vector field X shows that the group G is similar to the group of translations.
Moreover in the coordinates (s, t, y1, y2, y3) for any k ∈ N for k − th prolongation X(k) of the
vector field X it holds equality X(k) = X [7].

Let us recall differentiation operator D is called invariant differentiation operator with re-
spect group G if it holds DX(F ) = XD(F ) for any smooth function F [6].

It follows from the form of the vector field X invariant differentiation operators for the group
G are following operators of total derivatives: D = Ds +Dt.

Let denote by Dk(F ) derivatives Dk
s +Dk

t (F ) of order k.
Thus we have the following theorem.
Theorem. Suppose I1, I2, I3 are independent invariants of the group G, F1(u, x), F2(v, x),

are solutions of the equation X(F ) = 1. Then functions Ii(u, v, x) and Dk(Ii) are differential
invariants of order k.
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Two-dimensional Unary Zinbiel algebras
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A nonassociative algebra A over a field K is called a Unary Leibniz algebra if it satisfies
the following identity: (aa)a = 2a(aa). It is easy to see that this identity is equal to (ab)c +
(ac)b + (ba)c + (bc)a + (ca)b + (cb)a = 2(a(bc) + a(cb) + b(ca) + b(ac) + c(ab) + c(ba)). Unary
Leibniz algebras were introduced by A.S. Dzhumadil’daev. Nilpotency of Novikov algebras was
proved by A.S. Dzhumadil’daev, K.M. Tulenbaev in [1]. In given thesis we give classification of
two-dimensional Unary Leibniz algebras over algebraically closed field of charK 6= 2 and find
counterexamples to Engel and Nagata-Higman theorems.

Theorem 1. A = lin〈e1, e2〉. An algebra A over algebraically closed field of charK 6= 2 is
isomorphic for following types:

e1e1 = 0
e1e2 = 0
e2e1 = 0
e2e2 = γ1e1

e1e1 = 0
e1e2 = e1

e2e1 = 1±
√

7i
4

e1

e2e2 = 0

e1e1 = 0
e1e2 = e1

e2e1 = −e1

e2e2 = 0

e1e1 = 0
e1e2 = e1

e2e1 = 1
2
e1

e2e2 = γ1e1

Corollary 2. The third type of algebras from Theorem 1 gives counter example to Engel
theorem and the fourth type of algebras from Theorem 1 gives counter example to Nagata-
Higman theorem.
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Some properties of AP-theories
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Definition.[1] A differential field is a field K with the given differentiation operator D :
K → K, such that

∀x∀yD(x+ y) = D(x) +D(y),

∀x∀yD(x, y) = xDy + yDx,

where x, y ∈ K.
Definition.[1] A differential field K is called differentially closed if whenever f, g ∈ K{X},

g is nonzero and the order of f is greater than the order of g, there exists a ∈ K such that
f(a) = 0 and g(a) 6= 0.

The following definition is related to differential fields of characteristic p.
Definition.[2] A differentially perfect field F is a differential field such that F p = C.
The theories of differential fields and differentially closed fields of characteristic 0 or p are

denoted as DF0, DFp, DCF0, DCFp respectively. We write DPFp for the theory of differentially
perfect fields of characteristic p.

The main purpose of the work is to consider some of defined theories as Jonsson AP -theories.
Definition.[3] A theory T is called a Jonsson theory if: T has infinite models, T is an

inductive theory, T has the amalgam property (AP ) and the joint embedding property (JEP ).
Definition.[4] A theory T is called to be

1) AP -theory if in theory T amalgam property implies joint embedding property;
2) JEP -theory if in theory T joint embedding property implies amalgam property;
3) AJ-theory if in theory T both properties are equivalent.
Otherwise, we say that for the theory T , the properties of AP and JEP are independent of
each other.

The described classes form corresponding subclasses in the class of Jonsson theories. How-
ever, there are theories relating to some of the types 1–3, which are not Jonsson.

It can be proved that theories DF0, DCF0, DPFp, DCFp are AP -theories. Using this fact
we obtained the following results:

Theorem 1.[4] DF0 is a perfect Jonsson theory.
Theorem 2.[4] DCF0 is the center of DF0.
Theorem 3.[4] DPFp is a perfect Jonsson theory.
Theorem 4.[4] DCFp is the center of DPFp.
Remark. DFp is not a Jonsson theory, however it has the model companion DCFp which

is a perfect Jonsson theory. At the same time, the perfectness in the differential sense of DPFp
models is sufficient condition of perfectness in Jonsson sense of DPFp.

All definitions of concepts related to the Jonsson theories can be found in [3], related to
differential algebra in [1], [2], [5], [6].
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Definition. [1] Let A be non-empty set, 〈S; ·, e〉 be monoid. Algebraic system 〈A; 〈fα :
α ∈ S〉〉 with unary operations fα, α ∈ S, is called a S-act S, if the following conditions hold:
fe(a) = a for all a ∈ A; fαβ(a) = fα(fβ(a)) for all a ∈ A and all α, β ∈ S.

Let a ∈ A, then Sa = {fα(a) : α ∈ S}; if ā – tuple of elements from A, then Sā =
⋃
ai∈ā

Sai .

Hereinafter we will consider S-acts over the group G and, correspondingly, S-acts theory over
a group.

Definition. [1] Pair < h, ε > is called a characteristic if h ⊆ p(G), h = (h), ε : Q→ [∞]∪ω
and ε(H) = 0⇔ H /∈ h.

Definition. [1] Let T be theory of S-acts and have an infinite model. Then 1) T is
inductive; 2) if T has the joint embedding property, it also has the amalgamation property; 3)
if T is complete, then it admits quantifiers elimination and is a primitive.

Definition. Model A of theory T will be called positively existentially closed with respect
to Σn-formulas if ∀ϕ(x) ∈ Σ+

n , ∀a ∈ A, for any model B ⊃ A, from the fact that B |= ϕ(a)
follows that A |= ϕ(a)

Theorem 1.[1](1) Every α-Jonsson theory of S-acts is perfect and is Jonsson, 0 ≤ α ≤ ω.
2) Theory T of S-acts is Jonsson ⇔ ∀1 ≤ n ≤ ω(T (n)(G) = (T (1)(G))n).

Definition. Let 0 ≤ n ≤ ω. The theory T is called an existentially positive Mustafin
(∃PM -theory) if

1) The theory T has infinite models,
2) theory T is Π+

n+2-axiomatizable,
3) theory T admits ∃nJEP ,
4) theory T admits ∃nAP
Theorem 2. For every ∃PM -theory T of S-acts over group there can be possible two cases:
1. a) T is Jonsson theory, then T is perfect; b) ∃PJ-theory T of S-acts is Jonsson ⇔ ∀1 ≤

n ≤ ω (T (n)(G) = (T (1)(G))n).
2. T is not Jonsson. Then there is some ∃PM -theory T ′ such that T ′ is Johnson theory

and it is a Kaiser shell for theory T .
Theorem 3.[1]1) ch(T1(h, ε)) = ch(T2(h, ε)) =< h, ε > for any characteristic < h, ε >; 2)

Jonsson S-acts theories T1 and T2 are cosemantic ⇔ ch(T1) = ch(T2); 3) T is Jonsson S-acts
theory and ch(T ) =< h, ε > iff T1(h, ε) ⊆ T ⊆ T2(h, ε).

Theorem 4.Let T1 and T2 be ∃PM -theory of S-acts over group for fixed 0 ≤ n ≤ ω. Then:
1) ch(T1(h, ε)) = ch(T2(h, ε)) =< h, ε > for any characteristic < h, ω >;
2) T1 ./∃PM T2 ⇔ ch(T1) = ch(T2);
3) There will be T as ∃PM -theory of S-acts over group such that ch(T1) =< h, ε > iff

T1(h, ε) ⊆ T ⊆ T2(h, ε)
Theorem 5.Let KΠ be a class of all S-acts over group,
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[T1], [T2] ∈ PSp(KΠ)/./∃PM . Then
1) if [T1] and [T2] are classes of Jonsson ∃PM -theories then C[T1] ./∃PM C[T2] ⇔ ch([T1]∗) =

ch([T2]∗);
2) if [T1] and [T2] are classes of not Jonsson ∃PM -theories, then there will be such classes

of Jonsson ∃PM -theories [∆1], [∆2] ∈ PSp(KΠ)/./∃PM , that ∆i is the Kaiser shell for Ti, where
i = 1, 2 C[∆1] ./∃PM C[∆2] ⇔ ch([∆1]∗) = ch([∆2]∗);

3) if [T1] is a class of Jonsson ∃PM -theories, and [T2] is a class of not Jonsson ∃PM -theories,
then there will be such Jonsson ∃PM -theory ∆, that C[T1] ./∃PM C[∆] ⇔ ch([T1]∗) = ch([∆]∗).

All concepts that are undefined here can be found in [2].
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ïàðàáîëî-ãèïåðáîëè÷åñêîå óðàâíåíèå ñ íåëèíåéíîé
íàãðóçêîé

f(x) =

{
uxx −C Dα

oyu+ p1(x, y;u(x, 0)), ïðè x > 0, y > 0
uxx − uyy + p2(x, y;u(x, 0)), ïðè x > 0, y < 0

(1)

ñ äèôôåðåíöèàëüíûì îïåðàòîðîì Êàïóòî

CD
α
0yf(y) =

1

Γ(1− α)

y∫
0

(y − z)−αf ′(z)dz, 0 < α < 1,

ãäå pi(x, y;u(x, 0)), (i = 1, 2)− çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Ðàññìîòðèì óðàâíåíèå (1) â êîíå÷íîé îáëàñòè Ω ⊂ R2, îãðàíè÷åííîé îòðåçêàìè:

A1A2 = {(x, y) : x = l, 0 < y < h}, B1B2 = {(x, y) : x = 0, 0 < y < h}, B2A2 = {(x, y) :
y = h, 0 < x < l} ïðè y > 0, è õàðàêòåðèñòèêàìè: A1C : x − y = l, B1C : x + y = 0
óðàâíåíèÿ (1) ïðè y < 0, ãäå A1 (l; 0) , A2 (l;h) , B1 (0; 0) , B2 (0;h) , è C

(
l
2
; −l

2

)
.

Ââåäåì îáîçíà÷åíèÿ: Ω+ = Ω ∩ (y > 0), Ω− = Ω ∩ (y < 0), I1 =
{
x : 0 < x < l

2

}
,

I2 =
{
x : 1

2
< x < l

}
.

Îñíîâíîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèè îäíîçíà÷íîé ðàçðåøèìîñòè îá-
ðàòíîé çàäà÷è ñ íåëèíåéíûì óñëîâèåì ñêëåèâàíèÿ äëÿ óðàâíåíèÿ (1).

Çàäà÷à I. Òðåáóåòñÿ íàéòè ôóíêöèþ f(x) íåïðåðûâíóþ â (0, l) è ðåøåíèå u(x, y) óðàâ-
íåíèÿ (1) èç êëàññà ôóíêöèé

W =
{
u(x, y) : u(x, y) ∈ C(Ω̄)∩ C2(Ω−); uxx, CD

α
oyu ∈ C (Ω+) ;u(x, y) ∈ C1(Ω̄− \ A1B1)

}
óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì:

ux(x, y)
∣∣
A1A2

= ϕ1(y), ux(x, y)
∣∣
B1B2

= ϕ2(y), 0 ≤ y < h;

u(x,−x) = ψ(x), 0 ≤ x ≤ l

2
;

un(x, y) |B1C = ψ1(x), 0 ≤ x ≤ l

2
, un(x, y) |A1C = ψ2(x),

l

2
≤ x ≤ l;

è íåëèéíîìó óñëîâèþ ñêëåèâàíèÿ:

lim
y→+0

y1−αuy(x, y) = λ1(x)uy(x,−0) + λ2(x)r (t, u(t, 0)) + λ3(x), 0 < x < l

ãäå ϕi(y), ψ(x), ψi(x) (i = 1, 2), λk(x) (k = 1, 3) - çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè,

ïðè÷åì ψ1

(
1
2

)
= ψ2

(
1
2

)
è

2∑
k=1

λ2
k(x) 6= 0.

Ïîñòàâëåííàÿ çàäà÷à ñâåäåòñÿ ê íåëèíåéíîìó èíòåãðàëüíîìó óðàâíåíèþ òèïà Ôðåãîëü-
ìà âòîðîãî ðîäà, îäíîçíà÷íàÿ ðàçðåøèìîñòü êîòîðîãî äîêàçûâàåòñÿ ìåòîäîì ïîñëåäîâà-
òåëüíûõ ïðèáëèæåíèé, ïðè îïðåäåëåííûõ óñëîâèÿõ íà çàäàííûõ ôóíêöèé è íà ãðàíèöó
îáëàñòè.

Õîòåëîñü áû îòìåòèòü, ÷òî åñëè ôóíêöèè pi(x, y;u(x, 0)) (i = 1, 2) â óðàâíåíèå (1) íå
çàâèñÿòü îò y, òî îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è I ñâåäåòñÿ ê èññëåäîâàíèþ íåëèíåé-
íîãî èíòåãðàëüíîãî óðàâíåíèÿ òèïà Âîëüòåððà âòîðîãî ðîäà. Åñòåñòâåííî, â ýòîì ñëó÷àå
óñëîâèå íà ãðàíèöû îáëàñòè íå íàëàãàåòñÿ.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022
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Êëþ÷åâûå ñëîâà: ïàðàáîëî-ãèïåðáîëè÷åñêîå óðàâíåíèå, íåëèíåéíàÿ íàãðóçêà, íåëèíåéíîå óñëîâèå ñêëåèâàíèå,

îïåðàòîð Êàïóòî, íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå.

2010 Mathematics Subject Classi�cation: 34B45, 35R11.
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Îá îöåíêàõ ëèíåéíûõ ïîïåðå÷íèêîâ êëàññà
Íèêîëüñêîãî�Áåñîâà â àíèçîòðîïíîì ïðîñòðàíñòâå

Ëîðåíöà�Çèãìóíäà

Ãàáäîëëà ÀÊÈØÅÂ

Êàçàõñòàíñêèé ôèëèàë ÌÃÓ, Íóð-Ñóëòàí, Êàçàõñòàí

E-mail: akishev−g@mail.ru,

Â äîêëàäå áóäóò ïðåäñòàâëåíû îöåíêè ëèíåéíûõ ïîïåðå÷íèêîâ êëàññà Íèêîëüñêîãî-
Áåñîâà â àíèçîòðîïíîì ïðîñòðàíñòâå Ëîðåíöà-Çèãìóíäà â ðàçíûõ ìåòðèêàõ.

Ïóñòü p̄ = (p1, . . . pm), τ̄ = (τ1, . . . τm), ᾱ = (α1, . . . αm) and pj, τj ∈ (1,∞), αj ∈ R,
j = 1, ...,m. ×åðåç L∗p,α,τ (Tm) îáîçíà÷èì àíèçîòðîïíîå ïðîñòðàíñòâî Ëîðåíöà�Çèãìóíäà
� âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíêöèé m ïåðåìåííûõ f èìåþùèõ ïåðèîä 2π ïî êàæäîé
ïåðåìåííîé è äëÿ êîòîðûõ âåëè÷èíà

‖f‖∗p̄,ᾱ,τ̄ :=
[∫ 1

0

[
. . .
[∫ 1

0

(f ∗1,...,∗m(t1, ..., tm))τ1

×
( m∏
j=1

(
1 + | log2 tj|

)αj
t

1
pj
− 1
τj

j

)τ1
dt1

] τ2
τ1 . . .

] τm
τm−1 dtm

] 1
τm

êîíå÷íà, ãäå f ∗1,...,∗m(t1, ..., tm) - íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè |f(2πx̄)| ïî êàæäîé
ïåðåìåííîé xj ∈ [0, 1) ïðè ôèêñèðîâàííûõ îñòàëüíûõ ïåðåìåííûõ (ñì. [1], [2]). an(f)�
êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L1(Tm) ïî ñèñòåìå {ei〈n,x〉} è

ρ(s) :=
{
k = (k1, ..., km) ∈ Zm : 2sj−1 6 |kj| < 2sj , j = 1, ...,m

}
,

〈y, x〉 =
m∑
j=1

yjxj, δs (f, x) :=
∑

n∈ρ(s)

an (f) ei〈n,x〉.

Ðàññìàòðèâàåòñÿ àíàëîã êëàññà Íèêîëüñêîãî�Áåñîâà â àíèçîòðîïíîì ïðîñòðàíñòâå Ëî-
ðåíöà�Çèãìóíäà:

Sr
p,α,τ ,θ

B :=
{
f ∈ L̊∗p,α,τ (Tm) : ‖f‖∗p,α,τ +

∥∥∥{ m∏
j=1

2sjrj‖δs(f)‖∗p,α,τ
}
s∈Zm+

∥∥∥
lθ

≤ 1
}
,

ãäå p = (p1, ..., pm), α = (α1, ..., αm), τ = (τ1, ..., τm), θ = (θ1, ..., θm), r = (r1, ..., rm), 1 <
pj, τj <∞, 1 6 θj 6 +∞, 0 < rj < +∞, αj ∈ R, j = 1, ...,m.

λM(W )X � ëèíåéíûé ïîïåðå÷íèê ìíîæåñòâà W â áàíàõîâîì ïðîñòðàíñòâå X îïðåäå-
ëåí Â. Ì. Òèõîìèðîâûì [3]. Â ìíîãîìåðíîì ñëó÷àå îöåíêè ëèíåéíûõ ïîïåðå÷íèêîâ äëÿ
êëàññîâ Íèêîëüñêîãî-Áåñîâà Srp,θB â Lq(Tm) ïîëó÷èëè Ý. Ì. Ãàëååâ, Â.Í. Òåìëÿêîâ, À.Ñ.
Ðîìàíþê, À.Ä. Èçààê, Ä. Á. Áàçàðõàíîâ (ñì. áèáëèîãðàôèè â [4], [5]). Îñíîâíîé ðåçóëüòàò
äîêëàäà:

Òåîðåìà 1. Ïóñòü p̄ = (p1, . . . , pm), q̄ = (q1, . . . , qm), ᾱ = (α1, . . . , αm),

β̄ = (β1, . . . , βm), τ̄ (1) = (τ
(1)
1 , . . . , τ

(1)
m ), τ̄ (2) = (τ

(2)
1 , . . . , τ

(2)
m ), θ̄ = (θ1, . . . , θm) è 1 < pj 6 2,

p
′
j = pj/(pj − 1), maxj=1,...,m p

′
j < minj=1,...,m qj < +∞, 1 < τ

(1)
j , τ

(2)
j < +∞, αj, βj ∈ R,
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j = 1, . . . ,m è 0 < rj0 + 1
qj0
− 1 = min{rj + 1

qj
− 1 : j = 1, ...,m}, A = min{j : rj + 1

qj
− 1 =

rj0 + 1
qj0
− 1, j = 1, ...,m}, j1 = min{j ∈ A}. Òîãäà

λM
(
S r̄p̄,ᾱ,τ̄ (1),θ̄B

)
q̄,β̄,τ̄ (2) <<

M
−(rj0

+ 1
qj0
− 1

2 )

(logM)
(|A|−1)(rj0+ 1

qj0
−1)+

∑
j∈A

(βj−αj)+σ(A)

,

ãäå åñëè 1 6 θj 6 τ
(2)
j <∞, j = 1, ...,m, òî σ(A) = 0 è βj ∈ R, j = 1, . . . ,m è A\{j1} = ∅ èëè

βj > 0 äëÿ j ∈ A, à βj ∈ R äëÿ j /∈ A è A \ {j1} 6= ∅; åñëè 1 < τ
(2)
j < θj 6 ∞, j = 1, . . . ,m,

òî σ(A) =
∑

j∈A\{j1}

(
1

τ
(2)
j

− 1
θj

)
è

min{
∑

j∈A\{j′}

βj +
∑

j∈A\{j1}

( 1

τ
(2)
j

− 1

θj

)
, βj′ +

1

τ
(2)

j′

− 1

θj′
} > 0

è j
′
= max{j ∈ A}, |A|�êîëè÷åñòâî ýëåìåíòîâ ìíîæåñòâà A, ÷èñëî M > 1.
Çàìå÷àíèå. Â ñëó÷àå αj = βj = 0 è pj = τ

(1)
j = p, qj = τ

(2)
j = q, θj = θ äëÿ j = 1, ...,m

è r1 = ... = rν < rν+1 ≤ ... ≤ rm èç òåîðåìû ñëåäóþò ðåçóëüòàòû Ý. Ì. Ãàëååâà, Â. Í.
Òåìëÿêîâà, À.Ñ. Ðîìàíþêà (ñì. áèáëèîãðàôèþ â [4], [5]) è ïðè αj = βj = 0 òåîðåìà 3 â [6].

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP 08855579 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâî Ëîðåíöà-Çèãìóíäà, êëàññ Íèêîëüñêîãî-Áåñîâà, ëèíåéíûé ïîïåðå÷íèê.

2010 Mathematics Subject Classi�cation: 41A10, 42A05.
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Çàäà÷è Òðèêîìè äëÿ ìíîãîìåðíîãî óðàâíåíèÿ
Ëàâðåíòüåâà-Áèöàäçå

Ñåðèê ÀËÄÀØÅÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: aldash51@mail.ru

Ââåäåíèå. Èçâåñòíî, ÷òî êîëåáàíèÿ óïðóãèõ ìåìáðàí â ïðîñòðàíñòâå ìîäåëèðóþò-
ñÿ óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ. Åñëè ïðîãèá ìåìáðàíû ñ÷èòàòü ôóíêöèåé
u(x, t), x = (x1, ..., xm),m ≥ 2, òî ïî ïðèíöèïó Ãàìèëüòîíà ïðèõîäèì ê ìíîãîìåðíîìó
âîëíîâîìó óðàâíåíèþ.

Ïîëàãàÿ, ÷òî â ïîëîæåíèè èçãèáà ìåìáðàíà íàõîäèòüñÿ â ðàâíîâåñèè, èç ïðèíöèïà
Ãàìèëüòîíà òàêæå ïîëó÷àåì ìíîãîìåðíîå óðàâíåíèå Ëàïëàñà.

Ñëåäîâàòåëüíî, êîëåáàíèÿ óïðóãèõ ìåìáðàí â ïðîñòðàíñòâå ìîæíî ìîäåëèðîâàòü â
êà÷åñòâå ìíîãîìåðíîãî óðàâíåíèÿ Ëàâðåíòüåâà-Áèöàäçå [1,2].

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022
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Òåîðèÿ êðàåâûõ çàäà÷ äëÿ ãèïåðáîëî-ýëëèïòè÷åñêèõ óðàâíåíèé íà ïëîñêîñòè õîðîøî
èçó÷åíû, à èõ ìíîãîìåðíûå àíàëîãè èíòåíñèâíî èññëåäóþòñÿ (ñì. íàïðèìåð, ìîíîãðàôèè
[2,3] è ïðèâåäåííûå â íèõ áèáëèîãðàôèè).

Ïðîáëåìà êîððåêòíîñòè ñìåøàííûõ çàäà÷ äëÿ ãèïåðáîëî-ýëëèïòè÷åñêèõ óðàâíåíèé â
ìíîãîìåðíûõ îãðàíè÷åííûõ îáëàñòÿõ âñå åùå îñòàåòñÿ îòêðûòûì [4].

Ìíîãîìåðíûé àíàëîã çàäà÷è Òðèêîìè äëÿ óðàâíåíèÿ Ëàâðåíòüåâà-Áèöàäçå áûëà ïî-
ñòàâëåíà â [4,5] (ñì. òàêæå [6]). Â ðàáîòàõ [7,8] äîêàçàíà, ýòà çàäà÷à èìååò íå åäèíñòâåííîå
ðåøåíèå.

Åñòåñòâåííî, âîçíèêàåò âàæíûé âîïðîñ: â êàêîé ñìåøàííîé îáëàñòè ðåøåíèå çàäà÷è
Òðèêîìè ÿâëÿåòñÿ åäèíñòâåííîé.

Â íàñòîÿùåé ðàáîòå ïðèâîäèòñÿ ñìåøàííàÿ îáëàñòü, â êîòîðîé çàäà÷à Òðèêîìè èìååò
åäèíñòâåííîå ðåøåíèå.

Ïîëó÷åí òàêæå êðèòåðèé åäèíñòâåííîñòè è êðèòåðèé îäíîçíà÷íîé ðàçðåøèìîñòè êëàñ-
ñè÷åñêîãî ðåøåíèÿ.

Çäåñü òàêæå ñëåäóåò îòìåòèòü ðàáîòó [9], ãäå èçó÷àåòñÿ çàäà÷à Òðèêîìè â òðåõìåðíîé
îáëàñòè.

Ïîñòàíîâêà çàäà÷è è ðåçóëüòàò.Ïóñòü Ωε− êîíå÷íàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà
Em+1 òî÷åê (x1, ..., xm, t), îãðàíè÷åííàÿ ïðè t > 0 ñôåðè÷åñêîé ïîâåðõíîñòüþ Γ : |x|2 + t2 =
1, à ïðè t < 0 êîíóñàìè Kε : |x| = −t + ε, K1 : |x| = 1 + t, ε−1

2
≤ t ≤ 0, ãäå |x| -

äëèíà âåêòîðà x = (x1, ..., xm), à 0 ≤ ε < 1. Îáîçíà÷èì ÷åðåç Ω+ è Ω−ε ÷àñòè îáëàñòè
Ωε, ëåæàùèå ïîëóïðîñòðàíñòâàõ t > 0 è t < 0, ÷åðåç Sε− îáùóþ ÷àñòü ãðàíèö îáëàñòè
Ω+, Ω−ε ïðåäñòàâëÿþùèõ ìíîæåñòâî {t = 0, ε < |x| < 1} òî÷åê èç Em. ×àñòü êîíóñîâ
Kε, K1, îãðàíè÷èâàþùèõ îáëàñòè Ω−ε , îáîçíà÷èì ÷åðåç Sε, S1 ñîîòâåòñòâåííî.

Â îáëàñòè Ωε ðàññìîòðèì ìíîãîìåðíîå óðàâíåíèå Ëàâðåíòüåâà�Áèöàäçå

∆xu+ (sgnt)utt = 0, (1)

ãäå ∆x - îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, ..., xm, m ≥ 2.
Â äàëüíåéøåì íàì óäîáíî ïåðåéòè îò äåêàðòîâûõ êîîðäèíàò x1, ..., xm, t ê ñôåðè÷åñêèì

r, θ1, ..., θm−1, t, r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π, i = 2, ..., m− 1, θ = (θ1, ..., θm−1).
Ñëåäóÿ [4,5], â êà÷åñòâå ìíîãîìåðíîé çàäà÷è Òðèêîìè ðàññìàòðèâàåòñÿ ñëåäóþùàÿ
Çàäà÷à T. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωε ïðè t 6= 0 èç êëàññà C(Ωε)∩

∩C2(Ω+ ∪ Ω−ε ) óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u
∣∣∣
Γ

= ϕ(r, θ), u
∣∣∣
Sε

= ψ1(r, θ), (2)

u
∣∣∣
Γ

= ϕ(r, θ), u
∣∣∣
S1

= ψ2(r, θ), (3)

Îòìåòèì, ÷òî ïðè ε = 0 çàäà÷à (1), (3) â îäíîì ÷àñòíîì ñëó÷àå áûëà èññëåäîâàíà [5].
Ïóñòü

{
Y k
n,m(θ)

}
− ñèñòåìà ëèíåéíî íåçàâèñèìûõ ñôåðè÷åñêèõ ôóíêöèé ïîðÿäêà n, 1 ≤

k ≤ kn, (m−2)!n!kn = (n+m−3)!(2n+m−2), W l
2(S), l = 0, 1, ...− ïðîñòðàíñòâà Ñîáîëåâà.

Äàëåå, ÷åðåç ϕkn(r, θ), ψk1n(r, θ), ψk2n(r, θ) îáîçíà÷èì êîýôôèöèåíòû ðàçëîæåíèÿ ðÿäîâ ïî
ñôåðè÷åñêèì ôóíêöèÿì ñîîòâåòñòâåííî ôóíêöèé ϕ(r, θ), ψ1(r, θ), ψ2(r, θ).

Ââåäåì ìíîæåñòâî ôóíêöèé

Bl(Sε) =

{
f(t, θ) : f ∈ W l

2(Sε),
∞∑
n=0

kn∑
k=1

(
‖fkn(r)‖2

C([ε,1])+

+||fkn(r)||2C2((ε,1))

)
exp2(n2 + n(m− 2)) <∞, l ≥ m− 1

}
.

Ñïðàâåäëèâà êðèòåðèÿ
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Òåîðåìà 1. Îäíîðîäíàÿ çàäà÷à, ñîîòâåòñòâóþùàÿ çàäà÷å (1), (2) èìååò òðèâèàëüíîå
ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà ε > 0.

Ïóñòü ϕ(r, θ) ∈ Bl(Γ), ψ1(r, θ) = rψ∗1(r, θ), ψ∗1(r, θ) ∈ Bl(Sε).
Òîãäà èìååò ìåñòî êðèòåðèÿ.
Òåîðåìà 2. Çàäà÷à (1), (2) îäíîçíà÷íà ðàçðåøèìà ⇔ ε > 0.

Ïóñòü äàëåå ϕ(r, θ) ∈ W l
2(Γ), ψ2(r, θ) =

(
r − 1+ε

2

)m+1
2 ψ∗2(r, θ),

ψ∗2(r, θ) ∈ W l
2(S1), l > 3m+4

2
.

Òîãäà ñïðàâåäëèâà
Òåîðåìà 3. ∀ε ≥ 0 çàäà÷à (1), (3) èìååò åäèíñòâåííîå ðåøåíèå.
Ñõåìà äîêàçàòåëüñòâ òåîðåì. Àíàëîãè÷íî êàê â [10], ñíà÷àëà â îáëàñòè Ω+ ðåøèâ

êðàåâóþ çàäà÷ó äëÿ ìíîãîìåðíîãî óðàâíåíèÿ Ëàïëàñà ∆xu+ utt = 0 ñ óñëîâèåì

u
∣∣∣
Γ

= ϕ(r, θ) ïðè t→ +0 íàõîäèì

u
∣∣∣
Sε

= τ(r, θ) (4)

Äàëåå, ó÷èòûâàÿ êðàåâûå óñëîâèÿ (2)-(4), ïðèõîäèì â îáëàñòè Ω−ε ê çàäà÷å Äàðáó-
Ïðîòòåðà äëÿ ìíîãîìåðíîãî âîëíîâîãî óðàâíåíèÿ

∆xu− utt = 0 (5)

ñ äàííûìè

u
∣∣∣
Sε

= τ(r, θ), u
∣∣∣
Sε

= ψ1(t, θ), (6)

u
∣∣∣
Sε

= τ(r, θ), u
∣∣∣
S1

= ψ2(r, θ). (7)

Äàëåå òåïåðü, èñïîëüçóÿ ðåçóëüòàòû ðàáîò [11-14] îòíîñèòåëüíî çàäà÷ (5), (6) è (5), (7),
óñòàíàâëèâàåì ñïðàâåäëèâîñòü ñôîðìèðîâàííûõ òåîðåì.

Îòìåòèì, ÷òî òåîðåìà îïóáëèêîâàíà â [15].
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Î ðàçðåøèìîñòè îäíîé êðàåâîé çàäà÷è äëÿ

âûðîæäàþùåãîñÿ ïàðàáîëè÷åñêîãî
óðàâíåíèÿ ñ èíâîëþöèåé

Äèíàðà ÀËÒÈÍÁÅÊa, Ìàéðà ÊÎØÀÍÎÂÀb

Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò èìåíè Õ.À.ßñàâè, Òóðêåñòàí, Êàçàõñòàí

E-mail: adinara.altynbek1999@mail.ru, bmaira.koshanova@ayu.edu.kz

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ âîïðîñû ðàçðåøèìîñòè îäíîé êðàåâîé çàäà÷è äëÿ
âûðîæäàþùåãîñÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ âûñîêîãî ïîðÿäêà ñ èíâîëþöèåé. Ïóñòü
a ∈ R,m, n ∈ N . Ðàññìîòðèì â îáëàñòè Ω = {(x, t) : 0 < x < p, 0 < t < T} ñëåäóþùóþ
çàäà÷ó

tm
(
∂2ku(x, t)

∂x2k
+ a

∂2ku(p− x, t)
∂x2k

)
+ (−1)k

∂u(x, t)

∂t
= f(x, t), (x, t) ∈ Ω, (1)

∂2lu

∂x2l
(0, t) =

∂2lu

∂x2l
(p, t) = 0, l = 0, 1, ..., k − 1, 0 ≤ t ≤ T, (2)

u (x, 0) = 0, 0 ≤ x ≤ p. (3)

Ðåøåíèåì çàäà÷è (1)-(3) íàçîâåì ôóíêöèþ u(x, t) èç êëàññà u (x, t) ∈ C2k−1,0
x,t (Ω) ∩

C
(
Ω̄
)
, ∂

2ku(x,t)
∂x2k , ∂u

∂x
(x, t) ∈ C (Ω) ∩ L2 (Ω) è óäîâëåòâîðÿþùóþ óñëîâèÿì (1)-(3) â êëàññè-

÷åñêîì ñìûñëå.
Îòìåòèì, ÷òî â ñëó÷àå a = 0 çàäà÷à (1)-(3) èçó÷åíà â ðàáîòàõ [1,2].
Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà. Ïóñòü −1 < a < 1, ôóíêöèÿ f(x, t) îáëàäàåò ãëàäêîñòüþ f (x, t) ∈ C2k,0

x,t (Ω) ,
∂2k+1f(p,t)
∂x2k+1 ∈ L2 (Ω) è óäîâëåòâîðÿåò óñëîâèÿì

∂2lf (0, t)

∂x2l
=
∂2lf (p, t)

∂x2l
= 0, l = 0, 1, 2, ..., k.

Òîãäà ðåøåíèå çàäà÷è (1)-(3) ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâëÿåòñÿ â âèäå

u(x, t) = (−1)k
∞∑
n=1

X2n(x)

t∫
0

f2n (τ) e−(1−a)λ2k
2n

tm+1−τm+1

m+1 dτ+

+(−1)k
∞∑
n=1

X2n−1(x)

t∫
0

f2n−1 (τ) e−(1+a)λ2k
2n−1

tm+1−τm+1

m+1 dτ ,

ãäå

Xn (x) =

√
2

p
sinλnx, λn =

nπ

p
,
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fn(t)− êîýôôèöèåíòû Ôóðüå ôóíêöèè f(x, t) ïî ñèñòåìå Xn(x), n ∈ N.
Â ðàáîòå òàêæå èçó÷åíà ñîïðÿæåííàÿ êðàåâàÿ çàäà÷à.
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Î êðàåâîé çàäà÷å äëÿ íåîäíîðîäíîãî óðàâíåíèÿ
÷åòâåðòîãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè

Þñóïæîí ÀÏÀÊÎÂ1,a, Ñàíæàðáåê ÌÀÌÀÆÎÍÎÂ2,b
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Â îáëàñòè Ω = {(x, y) : 0 < x < p, 0 < y < q} ðàññìîòðèì óðàâíåíèå

L[u] ≡ uxxxx + a1(x)uxx + a2(x)ux + a3(x)u− uyy = f(x, y), (1)

çäåñü ai(x), i = 1, 3 è f(x, y) çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Çàäà÷à A. Íàéòè ôóíêöèþ u(x, y) èç êëàññà C4,2

x,y(Ω)∩C3,1
x,y(Ω̄), óäîâëåòâîðÿþùóþ óðàâ-

íåíèþ (1) â îáëàñòè Ω è ñëåäóþùèì êðàåâûì óñëîâèÿì:

uy(x, 0) = 0, uy(x, q) = 0, 0 ≤ x ≤ p,

u(0, y) = ψ1(y), u(p, y) = ψ2(y),

uxx(0, y) = ψ3(y), uxx(p, y) = ψ4(y), 0 ≤ y ≤ q,

ãäå ψi(y) ∈ C3[0, q], i = 1, 4, f(x, y) ∈ C0,1
x,y(Ω̄) çàäàííûå ôóíêöèè, ïðè÷åì

ψ′i(0) = ψ′i(q) = 0, i = 1, 4.

Îòìåòèì, ÷òî â ðàáîòå [1] ðàññìîòðåí ñëó÷àé a1 = a2 = 0, a3 = −c(x, t), à â ðàáîòàõ
[2-3], êîãäà a1 = a2 = a3 = 0.

Òåîðåìà 1. Åñëè çàäà÷à A èìååò ðåøåíèå, òî ïðè âûïîëíåíèè óñëîâèé a1(x) ≤ 0,
2a3(x) + a′′1(x)− a′2(x) ≥ 0 îíî åäèíñòâåííî.

Òåîðåìà 2. Åñëè âûïîëíÿåòñÿ íåðàâåíñòâî

C < min

{
1

2p2(1 + p+ p2)
,

µ3
1(1− e−2µ1p)2

p(3 + 3µ1(1 + e−4µ1p) + 2µ2
1)

}
,

òî ðåøåíèå çàäà÷à A ñóùåñòâóåò. Çäåñü, µ1 =
√

π
2q

è

C = max
ξ∈[0,p]

{
|ai(ξ)|, |a′i(ξ)|, |a′′1(ξ)|, i = 1, 3

}
.
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Åäèíñòâåííîñòü ðåøåíèå ïîñòàâëåííîé çàäà÷è äîêàçàíà ìåòîäîì èíòåãðàëîâ ýíåðãèè.
Ðåøåíèå âûïèñàíî ÷åðåç ïîñòðîåííóþ ôóíêöèþ Ãðèíà.
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[3] Urinov A.K., Azizov M.S. Boundary Value Problems for a Fourth Order partial Equation with an Unknown Right

� hand Part, Lobachevskii Journal of Mathematics, 42:3 (2021), 632�640.
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Îá îäíîé êðàåâîé çàäà÷å äëÿ íåîäíîðîäíîãî óðàâíåíèÿ
òðåòüåãî ïîðÿäêà ñ êðàòíûìè õàðàêòåðèñòèêàìè

Þñóïæîí ÀÏÀÊÎÂ1,a, Ðàõìàòèëëà ÓÌÀÐÎÂ2,b

1Èíñòèòóò ìàòåìàòèêè èì. Â.È. Ðîìàíîâñêîãî ÀÍ ÐÓç, Òàøêåíò, Óçáåêèñòàí, Íàìàíãàíñêèé

èíæåíåðíî-ñòðîèòåëüíûé èíñòèòóò, Íàìàíãàí, Óçáåêèñòàí
2Íàìàíãàíñêèé èíæåíåðíî-ñòðîèòåëüíûé èíñòèòóò, Íàìàíãàí, Óçáåêèñòàí

E-mail: ayusupjonapakov@gmail.com, br.umarov1975@mail.ru

Â îáëàñòè D = {(x, y) : 0 < x < p, 0 < y < q} ðàññìîòðèì ñëåäóþùåå óðàâíåíèÿ
òðåòüåãî ïîðÿäêà âèäà:

L(u) = Uxxx − Uyy + A1Uxx + A2Ux + A3Uy + A4U = g1(x, y), (1)

ãäå Ai, p, q ∈ R, i = 1, 4, g1(x, y) çàäàííûå, äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Çàìåíîé

U(x, y) = exp

(
− A1

3
x+

A3

2
y

)
u(x, y),

óðàâíåíèå (1) ìîæíî ïðèâåñòè ê âèäó

uxxx − uyy + a1ux + a2u = g(x, y), (2)

ãäå

a1 = −A
2
1

3
+ A2, a2 =

2A3
1

27
+
A2

3

2
− A1A2

3
+ A4, g(x, y) = exp

(
A1

3
x− A3

2
y

)
g1(x, y).

Çàäà÷à A. Íàéòè ôóíêöèþ u(x, y) èç êëàññà C3,2
x,y(D)∩C2,1

x,y(D), óäîâëåòâîðÿþùóþ óðàâ-
íåíèþ (2) è ñëåäóþùèì êðàåâûì óñëîâèÿì:

uy(x, 0) = 0, uy(x, q) = 0, 0 ≤ x ≤ p,

u(p, y) = ψ2(y), ux(p, y) = ψ3(y), uxx(0, y) = ψ1(y), 0 ≤ y ≤ q,

ãäå ψi(y) ∈ C3[0, q], i = 1, 3, g(x, y) ∈ C0,1
x,y[0, q] çàäàííûå ôóíêöèè, ïðè÷¼ì

ψ′i(0) = ψ′i(q) = 0, i = 1, 3.
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Îòìåòèì, ÷òî â ðàáîòàõ [1-2] ðàññìîòðåí ñëó÷àé a1 = a2 = 0. Â ðàáîòå [3] íàéäåíî ðåøå-
íèå óðàâíåíèè (2), ïðè g(x, y) = 0, â âèäå áåñêîíå÷íîãî ðÿäà, èñïîëüçóÿ ìåòîä ðàçäåëåíèÿ
ïåðåìåííûõ.

Òåîðåìà 1. Åñëè çàäà÷à A èìååò ðåøåíèå, òî ïðè âûïîëíåíèè óñëîâèé a1 ≤ 0, a2 ≥ 0
îíî åäèíñòâåííî.

Òåîðåìà 1. Åñëè âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå:

C < min

{
1

3p2 + 2p3
,

λ2
1

Mp(λ1 + 1)

}
,

òî ðåøåíèå çàäà÷è À ñóùåñòâóåò. Çäåñü

C = max{|a1|, |a2|}, λ1 =
3

√√√√(π
q

)2

,M =
16

3

(
1− exp

(
− 2
√

3π

3

))−1

.

Êëþ÷åâûå ñëîâà: óðàâíåíèå òðåòüåãî ïîðÿäêà, êðàòíûå õàðàêòåðèñòèêè, êðàåâàÿ çàäà÷à, åäèíñòâåííîñòü, ñóùå-
ñòâîâàíèå.

2010 Mathematics Subject Classi�cation: 35C10, 35G15.

Ëèòåðàòóðà

[1] Apakov Y.P., Rutkauskas S. On a boundary problem to third order PDE with multiple characteristics, Nonlinear
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Çàäà÷à Äàðáó äëÿ ñïåêòðàëüíî íàãðóæåííîãî
óðàâíåíèÿ êîëåáàíèÿ ñòðóíû

Àíàòîëèé ÀÒÒÀÅÂ

ÈÏÌÀ ÊÁÍÖ ÐÀÍ, ãîðîä Íàëü÷èê, Ðîññèÿ

E-mail: attaev.anatoly@yandex.ru

Äëÿ óðàâíåíèÿ
uxx − uyy = λuyy(x0, y)

â îáëàñòè Ω = {(x, y) : 0 < x − y < l, 0 < x + y < l, 0 < x0 < l} ðàññìàòðèâàåòñÿ
ñëåäóþùàÿ çàäà÷à

u(x, 0) = τ(x), 0 ≤ x ≤ l,

u
(x

2
,
x

2

)
= ϕ(x), 0 ≤ x ≤ 2x0

u(x, x0) = ψ(x), x0 ≤ x ≤ l − x0.

Ïðè îïðåäåëåííûõ óñëîâèÿõ òî÷å÷íîãî õàðàêòåðà íà çàäàííûå ôóíêöèè τ(x), ϕ(x) è
ψ(x) è íà çàäàííûé ïàðàìåòð λ â ðàáîòå äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè åäèíñòâåííî-
ãî ðåãóëÿðíîãî â îáëàñòè Ω ðåøåíèÿ ïîñòàâëåííîé çàäà÷è. Äëÿ äîêàçàòåëüñòâà òåîðåìû
èñïîëüçóåòñÿ ïðèíöèï ñæàòûõ îòîáðàæåíèé (òåîðåìà Áàíàõà). Â îäíîé ÷àñòè îáëàñòè ðå-
øåíèå çàäà÷è ñòðîèòñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, à â îñòàâøåéñÿ ÷àñòè -
ìåòîäîì ïðîäîëæåíèÿ.

Êëþ÷åâûå ñëîâà: íàãðóæåííîå âîëíîâîå óðàâíåíèå, çàäà÷à Äàðáó, ìåòîä ïðîäîëæåíèÿ ïî ïàðàìåòðó, ïðèíöèï
ñæàòûõ îòîáðàæåíèé.

2020 Mathematics Subject Classi�cation: 35L20.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022
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Êîððåêòíàÿ ðàçðåøèìîñòü êðàåâîé çàäà÷è äëÿ ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé è óñëîâèÿ ñîïðÿæåíèÿ â

ñîåäèíèòåëüíîì óçëå

Ãàóhàð ÀÓÇÅÐÕÀÍ1,a, Æàëãàñ ÊÀÉÛÐÁÅÊ2,b

1 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
2 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: aauzerhanova@gmail.com, bkaiyrbek.zhalgas@gmail.com

Ðàññìîòðèì çâåçäíûé ãðàô = {V,E}, ãäå V -ìíîæåñòâî åãî âåðøèí, çàíóìåðîâàííûõ
îò 0 äî m + 1, à ìíîæåñòâî E îçíà÷àåò åãî äóã e1, ..., em. Ââåäåì âåêòîð ôóíêöèþ
Yj(xj) = [y1j(xj) y2j(xj) y3j(xj)]

T , xj ∈ ej, êîòîðàÿ óäîâëåòâîðÿåò ñëåäóþùåé ñèñòåìå
ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

d2

dx2
j

(
µj(xj)aj(xj)

d2y1j(xj)

dx2
j

)
+ d2

dx2
j

(
µj(xj)bj(xj)

d2y2j(xj)

dx2
j

)
− d2

dx2
j

(
µj(xj)dj(xj)

dy3j(xj)

dxj

)
=g1j(xj),

d2

dx2
j

(
µj(xj)bj(xj)

d2y1j(xj)

dx2
j

)
+ d2

dx2
j

(
µj(xj)cj(xj)

d2y2j(xj)

dx2
j

)
− d2

dx2
j

(
µj(xj)fj(xj)

dy3j(xj)

dxj

)
=g2j(xj),

d
dxj

(
µj(xj)dj(xj)

d2y1j(xj)

dx2
j

)
+ d

dxj

(
µj(xj)fj(xj)

d2y2j(xj)

dx2
j

)
d

dxj

(
µj(xj)

dy3j(xj)

dxj

)
=g3j(xj).

(1)

Ñèñòåìà (1) ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñîñòîèò èç òðåõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèè ðàçíûõ ïîðÿäêîâ è îïèñûâàåò ñîâìåñòíûå ïîïåðå÷íûå, ïðîäîëüíûå êîëåáàíèÿ ñòåðæíåé
ñîåäèíåííûõ â îäíîì óçëå. Â äàëüíåéøåì ñ÷èòàåì, ÷òî êîýôôèöèåíòû µj(xj), aj(xj), bj(xj), cj(xj),
dj(xj), fj(xj) ïðåäñòàâëÿþò çàäàííûå âåùåñòâåííûå íåïðåðûâíûå ôóíêöèé. Óêàçàííûå êîýôôè-
öèåíòû èìåþò ôèçè÷åñêèé ñìûñë. Äëèíó äóãè ej ñ÷èòàåì ðàâíîé lj ïðè j = 1, ...,m + 1. Åñëè
äèàìåòð ñå÷åíèÿ ω(z) ñ÷èòàòü ìàëûì ïîðÿäêà ε òîãäà ñèñòåìà óðàâíåíèé (1) ðàñïàäàåòñÿ òðè ïî-
ñëåäîâàòåëüíî ðåøàåìûå ñèñòåìû. Â ñèëó ìàëîñòè âåëè÷èí d(z), l(z) òðåòüå óðàâíåíèå ñèñòåìû
(1) ïðèìåò âèä

− d

dz

(
µ(z)

(dω3(z)

dz

))
= F3(z) (2)

Ïðè åñòåñòâåííûõ óïðîùàþùèõ äîïóùåíèÿõ ýòî óðàâíåíèå ïðîäîëüíûõ êîëåáàíèé ñòåðæíÿ. Ïî-
ýòîìó ïðåäâàðèòåëüíî ìîæíî íàéòè ïðîäîëüíûå ñìåùåíèÿ ω3(z), à çàòåì ìîæíî èç ïåðâûõ äâóõ
óðàâíåíèé ñèñòåìû (1) íàéòè ïîïåðå÷íûå ñìåùåíèÿ.

d2

dz2

(
µ(z)

(
a(z)

d2ω1(z)

dz2
+ b(z)

d2ω2(z)

dz2
− d(z)

dω3(z)

dz

))
= F1(z) (3)

d2

dz2

(
µ(z)

(
b(z)

d2ω1(z)

dz2
+ c(z)

d2ω2(z)

dz2
− f(z)

dω3(z)

dz

))
= F2(z) (4)

óðàâíåíèé (3) è (4) ðàñïàäàåòñÿ íà äâå ñèñòåìû, êàæäàÿ èç êîòîðûõ ðåøàåòñÿ íåçàâèñèìî äðóã
îò äðóãà. Äèôôåðåíöèàëüíîå óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà äëÿ ïîïåðå÷íîãî ñìåùåíèÿ ïî îñè
Oy è ïî îñè Ox. Òàêèì îáðàçîì, â ýòîì ñëó÷àå ïîïåðå÷íûå ñìåùåíèÿ ïî îñÿì Ox è Oy ìîæ-
íî âû÷èñëÿòü íåçàâèñèìî äðóã îò äðóãà. ×òî ïîäòâåðæäàåò òåîðèþ èçãèáîâ áàëîê Òèìîøåíêî,
ñîãëàñíî êîòîðîé èçãèáû îïðåäåëÿþòñÿ èç äèôôåðåíöèàëüíûõ óðàâíåíèé ÷åòâåðòîãî ïîðÿäêà.
Åñëè äèàìåòð ñå÷åíèÿ ω(z) ñ÷èòàòü ìàëûì ïîðÿäêà ε, òîãäà ñèñòåìà (1) ïîäòâåðæäàåò òåîðèþ
èçãèáîâ áàëîê Òèìîøåíêî.Âî ìíîãèõ èíæåíåðíûõ ðàñ÷åòàõ ñ÷èòàåòñÿ, ÷òî äâèæåíèÿ ðàçäåëÿ-
þòñÿ: ïîïåðå÷íûå êîëåáàíèÿ íå âëèÿþò íà ïðîäîëüíûå è íàîáîðîò. Îäíàêî ïîäîáíîå ðàçäåëåíèå
äâèæåíèé ñòåðæíÿ íå âñåãäà îïðàâäûâàåòñÿ. Òàêèì îáðàçîì, â îáùåì ñëó÷àå ñèñòåìà (1) íå âñåãäà
ðàñïàäàåòñÿ íà óðàâíåíèÿ òèïà (2) è (3),(4).

Â äîêëàäå âûÿâëåíû óñëîâèÿ ñîïðÿæåíèÿ â ñîåäèíèòåëüíîì óçëå è ñîîòâåòñòâóþùèå óñëîâèÿ
çàêðåïëåíèÿ â ãðàíè÷íûõ âåðøèíàõ, êîòîðûì ñîîòâåòñòâóåò êîððåêòíî ðàçðåøèìûé çàäà÷è äëÿ
ñèñòåìû (1).

Institute of Mathemitics and Mathematical Modeling. Almaty, 2022
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Íåëîêàëüíàÿ çàäà÷à äëÿ âûðîæäàþùåãîñÿ óðàâíåíèÿ
ñìåøàííîãî òèïà äðîáíîãî ïîðÿäêà ñ

íåõàðàêòåðèñòè÷åñêîé ëèíèåé èçìåíåíèÿ òèïà

Èëõîì ÀÕÌÀÄÎÂ

Íàöèîíàëüíûé Óíèâåðñèòåò Óçáåêèñòàíà èì. Ì. Óëóãáåêà, ã. Òàøêåíò

E-mail: ahmadov.ilhom@mail.ru,

Çàìåòèì, ÷òî êðàåâûå çàäà÷è äëÿ íåâûðîæäàþùåãîñÿ óðàâíåíèÿ ïàðàáîëî-ãèïåðáîëè÷åñêîãî
òèïà, êîãäà ïàðàáîëè÷åñêàÿ ÷àñòü ñîäåðæèò îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ â ñìûñëå
Ðèìàíà-Ëèóâèëëÿ èëè Êàïóòî â ñïåöèàëüíûõ îáëà-ñòÿõ ìàëî èçó÷åíû. Îòìåòèì ðàáîòû [1-4].

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòàíîâêå è èçó÷åíèþ íåëîêàëüíîé êðàåâîé çàäà÷å äëÿ âû-
ðîæäàþùåãîñÿ óðàâíåíèÿ ñìåøàííîãî òèïà äðîáíîãî ïîðÿäêà ñ íåõàðàêòåðèñòè÷åñêîé ëèíèåé
èçìåíåíèÿ òèïà.

Ðàññìîòðèì óðàâíåíèå
Lu = f(x, y), (1)

ãäå

Lu =

{
uxx − cD

α
0yu , (x; y) ∈ Ω1,

uxx − (−x)muyy , (x; y) ∈ Ω2,
(2)

m > 0 , 0 < α ≤ 1, (3)

çäåñü Ω1 − îáëàñòü, îãðàíè÷åííàÿ îòðåçêàìè AB AB0 , B0A , A0A ïðÿìûõ y = 0, x = 1, y =
1, x = 0 ñîîòâåòñòâåííî; Ω2 −õàðàêòåðèñòè÷åñêèé òðåóãîëüíèê, îãðàíè÷åííûé îòðåçêîì AA0

îñè y−îâ è äâóìÿ õàðàêòåðèñòèêàìè

AC : y − (1− 2β)(−x)
1

1−2β = 0, A0C : y + (1− 2β)(−x)
1

1−2β = 1

óðàâíåíèÿ (1), âûõîäÿùèìè èç òî÷åê A(0, 0) è A 0(0, 1), ïåðåñåêàþùèìèñÿ â òî÷êå C (−0, 5 ; 0, 5);
I = {(x, y) : 0 < x < 1, y = 0} ,

J = {(x, y) : x = 0, 0 < y < 1}, J1 = {(x, y) : x = 0, 0 < y < c},
J2 = {(x, y) : x = 0, c < y < 1} , c ∈ J, Ω = Ω1 ∪ Ω2 ∪ J ,

ãäå f (x, y)− çàäàííàÿ ôóíêöèÿ, à β = m
2(m+2) , ïðè÷åì f(x, y) ∈ C(Ω̄) ∩ L2(Ω) è

0 < β <
1

2
. (4)

cD
α
0y [·] −îïåðàòîð (â ñìûñëå Êàïóòî) äðîáíîãî ïîðÿäêà α ∈ (0, 1] îò ôóíêöèè g(y) [4, ñòð. 341]:

cD
α
0yg(y) =

{
1

Γ(1−α)

∫ y
0 (y − t)−αg′(t)dt, 0 < α < 1,

d
dyg(y), α = 1.

(5)

Â îáëàñòè Ω äëÿ óðàâíåíèÿ (1) èññëåäóåì ñëåäóþùóþ çàäà÷ó.
Çàäà÷à. Òðåáóåòñÿ íàéòè ôóíêöèè u(x, y) ñî ñëåäóþùèìè ñâîéñòâàìè:
1) u(x, y) ∈ C(Ω̄), y1−αuy(x, y) ∈ C(Ω1

⋃
I);

2) uxx ∈ C(Ω1
⋃

Ω2), uyy ∈ C(Ω2), cD
α
0yu ∈ C(Ω1) è óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ

Ωj(j = 1, 2);
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3) ux ∈ C (Ω1

⋃
J1
⋃
J2)
⋂
C (Ω2

⋃
J1
⋃
J2) è íà ëèíèè âûðîæäåíèÿ âûïîëíÿþòñÿ óñëîâèÿ ñêëå-

èâàíèÿ
u(+0, y) = u(−0, y), (0, y) ∈ J̄ ,

lim
x→+0

ux(x, y) = lim
x→−0

ux(x, y), (0, y) ∈ J1 ∪ J2;

4) u (x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u (x, y) |BB0 = ϕ (y) , (0, y) ∈ J̄ ,

lim
y→+0

y1−αuy(x, y) = ν(x), (x, 0) ∈ I,

Dβ
0yy

2β−1u [θ0 (y)] = a1(y)u (−0, y) + b1 (y) , (0, y) ∈ J1,

Dβ
cy(y − c)2β−1u [θ1 (y)] = a2(y)u (−0, y) + b2 (y) , (0, y) ∈ J2,

ãäå θ0(y) =
(
−
(
m+2

4 y
) 2
m+2 , y2

)
è θ1(y) =

(
−
(
m+2

4 (y − c)
) 2
m+2 , y+c

2

)
òî÷êà ïåðåñå÷åíèÿ õàðàêòå-

ðèñòèê óðàâíåíèÿ 1, âûõîäÿùèõ èç òî÷êè (0, y), ñ õàðàêòåðèñòèêîé AC è A0C ñîîòâåòñòâåííî, à
ϕ(y), ak(y), bk(y), ν(x)− çàäàííûå ôóíêöèè, ïðè÷åì

ν (x) ∈ C2(I), ϕ (y) ∈ C(J̄) ∩ C1 (J) , (6)

ak(y), bk(y) ∈ C1
(
J̄k
)
∩ C3 (Jk) (k = 1, 2), (7)

à D l
µy [·] � èíòåãðî-äèôôåðåíöèàëüíûé îïåðàòîð äðîáíîãî ïîðÿäêà l â ñìûñëå Ðèìàíà-Ëèóâèëëÿ

[5].
Äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Åñëè âûïîëíåíû óñëîâèÿ (3), (4), (6) è (7), òî â îáëàñòè Ω ñóùåñòâóåò åäèíñòâåííîå

ðåãóëÿðíîå ðåøåíèå ïîñòàâëåííîé çàäà÷è.

Åäèíñòâåííîñòü ðåøåíèå çàäà÷è äîêàçûâàåòñÿ ñ ïîìîùüþ ïðèíöèïà ýêñòðåìóìà, à ñóøåñòâî-
âàíèÿ ðåøåíèÿ - ìåòîäîì èíòåãðàëüíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: âûðîæäàþùåå óðàâíåíèå ñìåøàííîãî òèïà, ðåãóëÿðíîå ðåøåíèå, îïåðàòîð Êàïóòî, ïðèíöèï
ýêñòðåìóìà, íåëîêàëüíîå óñëîâèå.
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Îá àïðèîðíîé îöåíêå ðåøåíèÿ çàäà÷è Òðèêîìè íà
ñîïðÿæåíèå óðàâíåíèÿ Ãåëüìãîëüöà ñ âûðîæäàþùèìñÿ

ãèïåðáîëè÷åñêèì óðàâíåíèåì ïåðâîãî ðîäà

Æ.À. ÁÀËÊÈÇÎÂ

ÈÏÌÀ ÊÁÍÖ ÐÀÍ, ãîðîä Íàëü÷èê, Ðîññèÿ

E-mail: Giraslan@yandex.ru

Ôóíäàìåíòàëüíûå èññëåäîâàíèÿ ïî êðàåâûì çàäà÷àì äëÿ óðàâíåíèé ñìåøàííîãî òèïà âòîðîãî
ïîðÿäêà áûëè ïðîâåäåíû â ðàáîòàõ [1]-[5] è äð.

Â áîëüøèíñòâå íàó÷íûõ ðàáîò, îïóáëèêîâàííûõ ïî íàñòîÿùåå âðåìÿ, èññëåäîâàíèÿ ïðîâî-
äèëèñü ïî êðàåâûì çàäà÷àì äëÿ óðàâíåíèé ñìåøàííîãî òèïà, ïîðÿäîê âûðîæäåíèÿ êîòîðûõ èç
ãèïåðáîëè÷åñêîé è ýëëèïòè÷åñêîé ÷àñòåé îáëàñòè ñîâïàäàëè.

Â äàííîé ðàáîòå èññëåäîâàíà êðàåâàÿ çàäà÷à Òðèêîìè äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà, êî-
òîðîå ñîâïàäàåò ñ íåîäíîðîäíûì óðàâíåíèåì Ãåëüìãîëüöà â îáëàñòè ýëëèïòè÷íîñòè è ñ âûðîæ-
äàþùèìñÿ ãèïåðáîëè÷åñêèì óðàâíåíèåì ïåðâîãî ðîäà â îáëàñòè åãî ãèïåðáîëè÷íîñòè. Ïîëó÷åíà
àïðèîðíàÿ îöåíêà ðåøåíèÿ èññëåäóåìîé çàäà÷è â ïðîñòðàíñòâå Ñîáîëåâà W 1

2 (Ω), èç êîòîðîé ñëå-
äóåò åäèíñòâåííîñòü ðåãóëÿðíîãî ðåøåíèÿ èññëåäóåìîé çàäà÷è, à òàêæå ñóùåñòâîâàíèå ñëàáîãî
ðåøåíèÿ ñîïðÿæåííîé çàäà÷è ê èññëåäóåìîé.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Ãåëüìãîëüöà, âûðîæäàþùååñÿ ãèïåðáîëè÷åñêîå óðàâíåíèå, çàäà÷à Òðèêîìè.

2020 Mathematics Subject Classi�cation: 35M12.
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Îá îäíîì îáîáùåíèè çàäà÷è Ðîáåíà äëÿ óðàâíåíèÿ
Ëàïëàñà â êðóãå

Ì.Ý. ÁÀËÒÀÁÀÅÂÀa, Ì.À. ÌÓÐÀÒÁÅÊÎÂÀb

Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò èìåíè Õ.À.ßñàâè, Òóðêåñòàí, Êàçàõñòàí

E-mail: abaltabayeva_me@bk.ru, bmoldir.muratbekova@ayu.edu.kz

Ïóñòü Ω =
{

(r, ϕ) ∈ R2 : 0 ≤ r < 1,−π ≤ ϕ ≤ π
}
- åäèíè÷íûé êðóã, u(r, ϕ) ãëàäêàÿ ôóíêöèÿ

â îáëàñòè Ω̄. Äëÿ ëþáîãî α ∈ (m− 1,m] ,m = 1, 2, ..., â êà÷åñòâå îïåðàòîðà äèôôåðåíöèðîâàíèÿ
äðîáíîãî ïîðÿäêà ìû ðàññìîòðèì ñëåäóþùèé âûðàæåíèå

Dα
µ [u] (r, ϕ) =

r−µ

Γ (m− α)

r∫
0

(
ln
r

s

)m−1−α
(
s
d

ds

)m
[sµu (s, ϕ)]

ds

s
, µ ≥ 0.

Ïóñòü µ ≥ 0,m− 1 < α ≤ m, aj , j = 0, 1, 2, 3 - äåéñòâèòåëüíûå ÷èñëà. Ââåäåì îïåðàòîð

la[u] = a0D
α
µu(r, ϕ) + a1D

α
µu(r, π − ϕ) + a2D

α
µu(r, π + ϕ) + a3D

α
µu(r, 2π − ϕ)

Ðàññìîòðèì â îáëàñòè Ω ñëåäóþùóþ çàäà÷ó

∆u (r, ϕ) = 0, (r, ϕ) ∈ Ω, (1)
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la[u] (r, ϕ)|r=1 = g (ϕ) ,−π ≤ ϕ ≤ π. (2)

Ðåøåíèåì çàäà÷è (1) - (2) íàçîâåì ôóíêöèþ u (x) ∈ C2 (Ω)∩C
(
Ω̄
)
, äëÿ êîòîðîé Dα

µ [u] (r, ϕ) ∈
C
(
Ω̄
)
, óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) è ãðàíè÷íîìó óñëîâèþ (2) â êëàññè÷åñêîì ñìûñëå.

Òàê êàê J0 [u] (r, ϕ) = u(r, ϕ), òî

D1
µ [u] (r, ϕ)

∣∣
r=1

= r
du(r, ϕ)

dr
+ µu(r, ϕ)

∣∣∣∣
r=1

=
∂u(r, ϕ)

∂ν
+ µu(r, ϕ)

∣∣∣∣
r=1

,

ãäå ν- âåêòîð íîðìàëè ê ãðàíèöå îáëàñòè Ω. Ïîýòîìó â ñëó÷àå α = 1, µ > 0, a0 = 1, aj = 0, j =
1, 2, 3, ìû ïîëó÷àåì êëàññè÷åñêóþ çàäà÷ó Ðîáåíà. Îòìåòèì, ÷òî â ñëó÷àå α = 1, µ = 0 çàäà÷à
(1)-(2) èçó÷åíà â ðàáîòå [1].

Ïóñòü ε1 = a0 + a1 + a2 + a3; ε2 = a0− a1− a2 + a3; ε3 = a0− a1 + a2− a3; ε4 = a0 + a1− a2− a3.
Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà 1. Ïóñòü â çàäà÷å (1) - (2) µ > 0, εj > 0, j = 1, 2, 3, 4 è g(ϕ) ∈ C [−π, π]. Òîãäà
ðåøåíèå çàäà÷è ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâëÿåòñÿ â âèäå

u(r, ϕ) =
1

π

π∫
−π

Pa,µ(r, ϕ− θ)g(θ)dθ,

ãäå ôóíêöèÿ Pa,µ(r, ϕ− θ) îïðåäåëÿåòñÿ ïî ôîðìóëå

Pa,µ(r, ϕ− θ) =
1

2ε1

1

Γ (α)

1∫
0

(
ln

1

τ

)α−1

τµ−1 1− τ4r4

1− 2τ2r2 cos 2(ϕ− θ) + τ4r4
dτ+

+
1

ε2

1

Γ (α)

1∫
0

(
ln

1

τ

)α−1

τµ−1 τr(1− τ2r2) cos(ϕ− θ)
1− 2τ2r2 cos 2(ϕ− θ) + τ4r4

dτ+

+
1

ε3

1

Γ (α)

1∫
0

(
ln

1

τ

)α−1

τµ−1 τ2r2 sin 2(ϕ− θ)
1− 2τ2r2 cos 2(ϕ− θ) + τ4r4

dτ+

+
1

ε4

1

Γ (α)

1∫
0

(
ln

1

τ

)α−1

τµ−1 τr
(
1 + τ2r2

)
sin(ϕ− θ)

1− 2τ2r2 cos 2(ϕ− θ) + τ4r4
dτ.

Òåîðåìà 2. Ïóñòü â çàäà÷å (1) - (2) µ = 0, εj > 0, j = 1, 2, 3, 4 è g(ϕ) ∈ C [−π, π]. Òîãäà äëÿ
ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ

π∫
−π

g(θ)dθ = 0.

Åñëè ðåøåíèå çàäà÷è ñóùåñòâóåò, òî îíî åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÌÎÍ ÐÊ AP09259074.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Ëàïëàñà,îïåðàòîð Àäàìàðà,íåëîêàëüíàÿ çàäà÷à, çàäà÷à Ðîáåíà.

2010 Mathematics Subject Classi�cation: 31B05, 35J05, 35J25.
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Î äèíàìèêå ñåïàðàáåëüíîãî êóáè÷åñêîãî ñòîõàñòè÷åñêîãî
îïåðàòîðà ñ ïàðàìåòðàìè íà äâóìåðíîì ñèìïëåêñå

Áàõîäèð ÁÀÐÀÒÎÂ

Êàðøèíñêèé Ãîñóäàðñòâåííûé óíèâåðñèòåò, Êàðøè, Óë. Êó÷àáîã, 180100

E-mail: baratov.bahodir@bk.ru

Îäíà èç îñíîâíûõ çàäà÷ â èññëåäîâàíèè äèíàìè÷åñêîé ñèñòåìû ñîñòîèò â èçó÷åíèè ýâîëþöèè
åe ñîñòîÿíèÿ. Ýâîëþöèÿ ïîïóëÿöèè âêëþ÷àåò â ñåáÿ îïðåäåëåííûå èçìåíåíèÿ ñîñòîÿíèÿ ñëåäó-
þùèõ ïîêîëåíèé â ðåçóëüòàòå âîñïðîèçâîäñòâà è îòáîðà. Çà áîëåå ÷åì 80 ëåò ýòà òåîðèÿ áûëà
ðàçðàáîòàíà è îïóáëèêîâàíà âî ìíîãèõ ðàáîòàõ. Â ïîñëåäíèå ãîäû îíà âíîâü ñòàëà ïðåäñòàâëÿòü
èíòåðåñ â ñâÿçè ñ åå ìíîãî÷èñëåííûìè ïðèëîæåíèÿìè âî ìíîãèõ îáëàñòÿõ ìàòåìàòèêè, áèîëîãèè
è ôèçèêè. Â ïîñëåäíåå âðåìÿ ñ áîëüøèì èíòåðåñîì èçó÷àåòñÿ äèíàìèêà ñåïàðàáåëüíûõ êâàäðà-
òè÷íûõ ñòîõàñòè÷åñêèõ îïåðàòîðîâ. Â äàííîé ðàáîòå áóäåò ðàññìàòðèâàòüñÿ îäèí èç êëàññîâ êó-
áè÷åñêèõ ñòîõàñòè÷åñêèõ îïåðàòîðîâ, íàçûâàåìûé ñåïàðàáåëüíûì. Òàêîé îïåðàòîð ïîðîæäàåòñÿ
òðåìÿ êâàäðàòè÷íûìè ìàòðèöàìè A, B è C. Ìû áóäåì èññëåäîâàòü äèíàìèêó îäíîãî ñåïàðàáåëü-
íîãî êóáè÷åñêîãî ñòîõàñòè÷åñêîãî îïåðàòîðà ñ äâóìÿ ïàðàìåòðàìè íà äâóìåðíîì ñèìïëåêñå.

Ïóñòü E = {1, 2, ...,m}. Ìíîæåñòâî

Sm−1 =

{
x = (x1, ..., xm) ∈ Rm :

m∑
i=1

xi = 1, xi ≥ 0

}
, (1)

íàçûâàåòñÿ (m− 1) ìåðíûì ñèìïëåêñîì.
Ìû ðàññìîòðèì òðåõìåðíûå ìàòðèöû:

A =

 1 1 1
1 1 1
1 1 1

 , B =

 1
2b

1
2

1
2

0 1 1
0 1 1

 , C =

 b 1− c c
b 1 0
b 1 0

 ,

ãäå b > 0, c ∈ [0, 1].
Òîãäà ñîîòâåòñòâóþùèé îïåðàòîð W(A,B,C) èìååò âèä:

W :


x′1 = 1

2x1,

x′2 = (1− 1
2x1)(1− cx1),

x′3 = (1− 1
2x1)cx1.

Òåîðåìà 1.

i) Äëÿ ëþáûõ c ∈ [0, 1] CÊÑO W(A,B,C) èìååò åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó x∗ = e2.

ii) Ïðè ëþáîé íà÷àëüíîé òî÷êå x(0) = (x
(0)
1 , x

(0)
2 , x

(0)
3 ) ∈ S2 äëÿ ÑÊÑÎ W(A,B,C) èìååò ìåñòî

ðàâåíñòâî ω(x(0)) = {e2}.

Êëþ÷åâûå ñëîâà: Êóáè÷åñêèé ñòîõàñòè÷åñêèé îïåðàòîð, ñèìïëåêñ, ñåïàðàáåëüíûé êóáè÷åñêèé ñòîõàñòè÷åñêèé
îïåðàòîð, òðàåêòîðèÿ.
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[2] Rozikov U.A., Zada A. On a class of separable quadratic stochastic operators, Lobachevskii J. Math, 32:2 (2011),
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Òåîðåìà ñóùåñòâîâàíèÿ ïðîäîëæåíèÿ ðåøåíèé äëÿ

ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Àìàíãåëüäè ÁÅÐÄÈÌÓÐÀÒÎÂ

Ëûñüâåíñêèé ôèëèàë Ïåðìñêîãî íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî ïîëèòåõíè÷åñêîãî

óíèâåðñèòåòà, Ëûñüâà, Ðîññèÿ

E-mail: aman2460@mail.ru

Àííîòàöèÿ. Â ýòîé ðàáîòå èññëåäîâàíà òåîðåìà ñóùåñòâîâàíèÿ ïðîäîëæåíèÿ îáîáùåííûõ
ðåøåíèé ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ïîñòîÿííûìè êîýôôè-
öèåíòàìè, îïðåäåëåííîå â íåêîòîðîé îêðåñòíîñòè îáúåäèíåíèÿ òðåõ ñîñåäíèõ ãðàíåé ïàðàëëåëå-
ïèïåäà ìîæíî áûëî ïðîäîëæèòü â íåêîòîðóþ îêðåñòíîñòü ïàðàëëåëåïèïåäà êëàññå îáîáùåííûõ
ôóíêöèé . Ýòó çàäà÷ó ìîæíî ðàññìàòðèâàòü êàê íåêîòîðûé àíàëîã çàäà÷è Äàðáó-Ãóðñà-Áîäî â
êëàññå îáîáùåííûõ ôóíêöèé áåñêîíå÷íîãî ïîðÿäêà. Ïðè ýòîì ðåøåíèå ñèñòåìû óðàâíåíèé, çà-
äàííîå â îêðåñòíîñòè òðåõ ñîñåäíèõ ãðàíåé ïàðàëëåëåïèïåäà èãðàåò ðîëü ñèñòåìû íà÷àëüíûõ
äàííûõ. Ïðîáëåìàìè ïðîäîëæåíèÿ îáîáùåííûõ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñò-
íûõ ïðîèçâîäíûõ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè çàíèìàëèñü Ë. Ýðåíïðàéñ, Â. Ìàëüãðàíæ, Ë.
Õåðìàíäåð, Â. Ïàëàìîäîâ, Â. Ãðóøèí, Ø.À. Àõìåäîâ, À.Ì. Áåðäèìóðàòîâ. À.Ì. Áåðäèìóðàòî-
âûì ïîëó÷åí ðÿä ðåçóëüòàòîâ êàê òåîðèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðàçðåøèìîñòè çàäà÷è
Êîøè-Ïàëàìîäîâà è Äàðáó-Ãóðñà-Áîäî â ïðîñòðàíñòâàõ îáîáùåííûõ ôóíêöèé.

Ââåäåíèå. Ðàññìàòðèâàåòñÿ îäíîðîäíàÿ ñèñòåìà ëèíåéíàÿ äèôôåðåíöèàëüíàÿ óðàâíåíèÿ ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè â ìàòðè÷íîé ôîðìå:

P (D)u = 0 (1)

ãäå Pij (D) , i = 1, t, j = 1, s ïðîèçâîëüíûå ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè, à ÷èñëà t è s ïðîèçâîëüíû è ãäå u = (u1, u2, ..., us) íåèçâåñòíàÿ âåêòîð-
ôóíêöèÿ.

Ïîñòàíîâêà çàäà÷è. Ïóñòü π-ïàðàëëåëåïèïåä â Rn, n -ãðàíåé êîòîðîãî ëåæàò â êîîðäè-
íàòíûõ ïîäïðîñòðàíñòâàõ ξi = 0 , i = 1, 2, ..., n. Îáîçíà÷èì ÷åðåç πi åãî (n − 1)-ìåðíóþ ãðàíü,
ëåæàùóþ â ïîäïðîñòðàíñòâå ξi = 0 , i = 1, 2, 3. Â ýòîé ðàáîòå èññëåäóåòñÿ ñëåäóþùàÿ çàäà÷à: ïðè
êàêèõ óñëîâèÿõ âñÿêîå îáîáùåííîå ðåøåíèÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè îïðåäåëåííîå â îêðåñòíîñòè òðåõ ñîñåäíèõ ãðàíåé ïàðàëëåëåïèïåäà âRn ,ìî-
æåò áûòü ïðîäîëæåí â íåêîòîðóþ åãî îêðåñòíîñòü. Ýòà çàäà÷à ÿâëÿåòñÿ àíàëîãîì êëàññè÷åñêîé
çàäà÷è Äàðáó-Ãóðñà -Áîäî äëÿ îáîáùåííûõ ðåøåíèé áåñêîíå÷íîãî ïîðÿäêà : âìåñòî çíà÷åíèé
ðåøåíèÿ è åãî ïðîèçâîäíûõ íà ãðàíÿõ (êîòîðûå íå îïðåäåëåíû, åñëè ïëîñêîñòè ýòèõ ãðàíåé õà-
ðàêòåðèñòè÷åñêèå) ðåøåíèå çàäàåòñÿ ñðàçó â íåêîòîðîé åãî îêðåñòíîñòè.

Òåîðåìà. Ïóñòü N ′ =
3⋃

k=1

{z ∈ Cn; zk = 0}, òîãäà ñóùåñòâóåò ÷èñëî h < 1, çàâèñÿùåå ëèøü îò

îïåðàòîðà P , òàêîå, ÷òî äëÿ ëþáîãî β, óäîâëåòâîðÿþùåãî óñëîâèþ β > 1 ïðè h ≤ 0 è 1 < β ≤ 1
h

ïðè h > 0 è ëþáîãî B > 0 è äëÿ ëþáîé îêðåñòíîñòè L êîìïàêòà
3⋃

k=1

πk ñóùåñòâóåò îêðåñòíîñòü L
′

ïàðàëëåëåïèïåäà π òàêàÿ, ÷òî âñÿêóþ îáîáùåííóþ ôóíêöèþ u ∈
[
UβL
]s
, ÿâëÿþùóþñÿ ðåøåíèåì

ñèñòåìû (1) íà L′, ïðè÷åì, åñëè u ∈
[(
Dβ,BL

)′]s
, òî ϑ ∈

[(
Dβ,B′L

)′]s
è ‖ϑ‖β,B

′

L ≤ κ · ‖u‖β,BL ãäå

êîíñòàíòû B′ è k íå çàâèñÿò îò u.
Çàêëþ÷åíèå. Ïîëó÷åíî óñëîâèå íà õàðàêòåðèñòè÷åñêîå ìíîæåñòâî äèôôåðåíöèàëüíîãî îïå-

ðàòîðà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè îáåñïå÷èâàþùåå ïðîäîëæàåìîñòè îáîáùåííûõ ðåøåíèé
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â ñïåöèàëüíîì êëàññå îáîá-
ùåííûõ ôóíêöèé áåñêîíå÷íîãî ïîðÿäêà.

Êëþ÷åâûå ñëîâà: íåñîáñòâåííàÿ òî÷êà, ïðåîáðàçîâàíèå Ôóðüå, âûïóêëûé êîìïàêò, ôèíèòíûå ôóíêöèè, öåëûå
àíàëèòè÷åñêèå ôóíêöèè, õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ, àëãåáðàè÷åñêîå ìíîæåñòâî.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2022
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2010 Mathematics Subject Classi�cation: 34L05.
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Ðåøåíèå çàäà÷è äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ìàëûì
ïàðàìåòðîì ïðè ïðîèçâîäíîé ïî âðåìåíè â óñëîâèè íà

ãðàíèöå îáëàñòè

Ãàëèíà ÁÈÆÀÍÎÂÀ
Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÊÍ ÌÎÍ ÐÊ, Àëìàòû, Êàçàõñòàí

E-mail: galina_math@mail.ru

Ðàññìîòðåíà çàäà÷à äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ìàëûì ïàðàìåòðîì ε > 0 ïðè ïðîèç-
âîäíîé ïî âðåìåíè â ãðàíè÷íîì óñëîâèè. Äîêàçàíî, ÷òî ðåøåíèå âîçìóù¼ííîé çàäà÷è (ñ ìàëûì
ïàðàìåòðîì) ñõîäèòñÿ ê ðåøåíèþ íåâîçìóù¼ííîé çàäà÷è ñ ε = 0 ïðè ε → 0 â ïðîñòðàíñòâå
Ã¼ëüäåðà. Èç ïîëó÷åííûõ ðåçóëüòàòîâ ñëåäóåò, ÷òî ïîãðàíôóíêöèÿ íå âîçíèêàåò.

Funding: Äîêëàä ïîäãîòîâëåí ïî ãðàíòó OR11466188 Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñ-

ïóáëèêè Êàçàõñòàí.
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Êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ
îïåðàòîðàìè Äæðáàøÿíà � Íåðñåñÿíà

Ôàòèìà ÁÎÃÀÒÛÐÅÂÀ

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ

E-mail: fatima_bogatyreva@bk.ru

Â îáëàñòè Ω = (0, p)× (0, q), p ≤ ∞, q ≤ ∞ ðàññìîòðèì óðàâíåíèå

Lu(x, y) ≡ ux(x, y) + aD
{α,β}
0y u(x, y) + bD

{γ,δ}
0y u(x, y) = f(x, y), (1)

D
{α,β}
0y , D

{γ,δ}
0y � îïåðàòîðû äðîáíîãî äèôôåðåíöèðîâàíèÿ Äæðáàøÿíà � Íåðñåñÿíà ïîðÿäêîâ µ =

α + β − 1 > 0, ν = γ + δ − 1 > 0, α, β, γ, δ ∈ (0, 1], Ïîëàãàåì, ÷òî µ > ν, a, b � const, f(x, y) �
çàäàííàÿ äåéñòâèòåëüíàÿ ôóíêöèÿ.

Îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ Äæðáàøÿíà � Íåðñåñÿíà àññîöèèðîâàííûé ñ óïîðÿ-
äî÷åííîé ïàðîé {ξ, η}, ïîðÿäêà σ = ξ + η − 1, îïðåäåëÿåòñÿ ñîîòíîøåíèåì [1]: D{ξ,η}0y = D

{ξ,η}
0y =

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022
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Dη−1
0y Dξ

0y, ãäå D
η−1
0y è Dξ

0y � äðîáíûé èíòåãðàë è äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà � Ëèóâèëëÿ, ñîîò-
âåòñòâåííî [2].

Â ðàáîòå èññëåäîâàí âîïðîñ ðàçðåøèìîñòè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíî-
ãî óðàâíåíèÿ (1). Ïîêàçàíî, ÷òî ðàñïðåäåëåíèå ïàðàìåòðîâ îïåðàòîðîâ Äæðáàøÿíà � Íåðñåñÿíà
âëèÿåò íà ïîñòàíîâêó çàäà÷, à èìåííî, îáíàðóæèâàåòñÿ ýôôåêò îñâîáîæäåíèÿ ÷àñòè ãðàíèöû îò
êðàåâûõ óñëîâèé. Ðàññìîòðåíû âñå çàäà÷è èíäóöèðîâàííûå ðàçëè÷íûìè ðàñïðåäåëåíèÿìè ïàðà-
ìåòðîâ îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ α, β, γ, δ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ, óðàâíåíèå äðîáíîãî ïîðÿäêà, êðàåâûå çàäà÷è, îïåðàòîð
Äæðáàøÿíà � Íåðñåñÿíà.
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Îáîáùåííàÿ êðàåâàÿ çàäà÷à äëÿ ëèíåéíîãî
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ
îïåðàòîðîì äðîáíîãî äèñêðåòíî ðàñïðåäåëåííîãî

äèôôåðåíöèðîâàíèÿ

Ëóèçà ÃÀÄÇÎÂÀ

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ
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Â èíòåðâàëå 0 < x < 1 ðàññìîòðèì óðàâíåíèå

m∑
j=1

βj∂
αj
0xu(x) + λu(x) = f(x), (1)

ãäå αj ∈ (1, 2), λ, βj ∈ R, β1 > 0, α1 > α2 > ... > αm, ∂
γ
0xu(x) ðåãóëÿðèçîâàííàÿ äðîáíàÿ

ïðîèçâîäíàÿ [1, ñ. 11], èçâåñòíàÿ òàêæå êàê ïðîèçâîäíàÿ Ãåðàñèìîâà-Êàïóòî [2, 3].
Â íàñòîÿùåé ðàáîòå ñôîðìóëèðîâàíà è ðåøåíà îáîáùåííàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1).

Êðàåâûå óñëîâèÿ çàäàþòñÿ â ôîðìå ëèíåéíûõ ôóíêöèîíàëîâ, ýòî ïîçâîëÿåò îõâàòèòü äîñòàòî÷íî
øèðîêèé êëàññ ëèíåéíûõ ëîêàëüíûõ è íåëîêàëüíûõ óñëîâèé. Â òåðìèíàõ ñïåöèàëüíûõ ôóíêöèé
íàéäåíî ïðåäñòàâëåíèå ðåøåíèÿ. Ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ðàçðåøèìîñòè
èññëåäóåìîé çàäà÷è. Äîêàçàíî òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ, ïðîèçâîäíàÿ Êàïóòî, êðàåâàÿ çàäà÷à, ôóíêöèîíàë,
ôóíêöèÿ Ðàéòà.

2010 Mathematics Subject Classi�cation: 34B05, 34K06.
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Î ðàçðåøèìîñòè íåêîòîðûõ êðàåâûõ çàäà÷ äëÿ
íåëîêàëüíîãî óðàâíåíèÿ Ïóàññîíà ñ ãðàíè÷íûìè

îïåðàòîðàìè âûñîêîãî ïîðÿäêà

È.Ð. ÃÀÏÏÀÐÎÂa, È. ÎÐÀÇÎÂb

Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò èìåíè Õ.À.ßñàâè, Òóðêåñòàí, Êàçàõñòàí

E-mail: agapparov − 1998@mail.ru, bisabek.orazov@ayu.edu.kz

Ïóñòü Ω = {x ∈ Rn : |x| < 1} - åäèíè÷íûé øàð, r = |x|,m ∈ N,µ1, ..., µ1− ïîëîæèòåëüíûå
äåéñòâèòåëüíûå ÷èñëà. Ââåäåì îïåðàòîðû

Γµj = r
∂

∂r
+ µj , j = 1, 2, ...,m,Γ−1

µ1
u(x) =

1∫
0

tµ1−1u(tx)dt

Γmµ̄ = Γµm · Γµm−1 · ... · Γµ1 ,Γ
−m
µ̄ = Γ−1

µ1
· Γ−1

µ2
· ... · Γ−1

µm .

Ðàññìîòðèì â îáëàñòè Ω ñëåäóþùèå çàäà÷è.
Çàäà÷à 1. Íàéòè ôóíêöèþ u (x) èç êëàññà C2 (Ω) ∩ C

(
Ω̄
)
, äëÿ êîòîðîé Γmµ1

[u] (x) ∈ C
(
Ω
)
,

óäîâëåòâîðÿþùåå óñëîâèÿì
a∆u(x) + b∆u(−x) = f(x), x ∈ Ω, (1)

Γmµ1
[u] (x) = g(x) ∈ ∂Ω, (2)

Çàäà÷à 2. Íàéòè ôóíêöèþ u (x) èç êëàññà C2 (Ω) ∩ C
(
Ω̄
)
, äëÿ êîòîðîé Γmµ̄ [u] (x) ∈ C

(
Ω
)
,

óäîâëåòâîðÿþùåå óðàâíåíèþ (1) è ãðàíè÷íîìó óñëîâèþ

Γmµ̄ [u] (x) = g(x) ∈ ∂Ω, (3)

Îòìåòèì, ÷òî ñâîéñòâà îïåðàòîðîâ Γµj ,Γ
m
µ̄ áûëè èçó÷åíû â ðàáîòàõ [1,2]. Â êà÷åñòâå ïðèëî-

æåíèÿ äëÿ óðàâíåíèÿ Ëàïëàñà áûëè ðàññìîòðåíû êðàåâûå çàäà÷è ñ ó÷àñòèåì ýòèõ îïåðàòîðîâ.
Ñíà÷àëà ïðèâåäåì ñëåäóþùåå âñïîìîãàòåëüíîå óòâåðæäåíèå äîêàçàííîå â ðàáîòå [3].
Ëåììà. Ïóñòü âûïîëíÿåòñÿ óñëîâèå a 6= ±b, F (x) ∈ C

(
Ω̄
)
, g(x) ∈ C(∂Ω). Òîãäà ðåøåíèå

çàäà÷è

a∆v(x) + b∆v(Sx) = F (x), x ∈ Ω; v(x)|∂Ω = g(x).

ñóùåñòâóåò è åäèíñòâåííî.

Îòíîñèòåëüíî çàäà÷ 1 è 2 ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.
Òåîðåìà 1. Ïóñòü âûïîëíÿåòñÿ óñëîâèå a 6= ±b, f(x) ∈ Cm

(
Ω̄
)
, g(x) ∈ C(∂Ω). Òîãäà ðåøåíèå

çàäà÷è 1 ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâëÿåòñÿ â âèäå

u(x) = Γ−mµ1
v(x),

ãäå ôóíêöèÿ v(x) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è

a∆v(x) + b∆v(Sx) = Γmµ1+2f(x), x ∈ Ω; v(x)|∂Ω = g(x).

Òåîðåìà 2. Ïóñòü âûïîëíÿåòñÿ óñëîâèå a 6= ±b, f(x) ∈ Cm
(
Ω̄
)
, g(x) ∈ C(∂Ω). Òîãäà ðåøåíèå

çàäà÷è 2 ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâëÿåòñÿ â âèäå

u(x) = Γ−mµ̄ v(x),

ãäå ôóíêöèÿ v(x) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è

a∆v(x) + b∆v(Sx) = Γmµ̄+2f(x), x ∈ Ω; v(x)|∂Ω = g(x).
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Óñëîâíàÿ êîððåêòíîñòü îäíîé çàäà÷è
ñ îïåðàòîðíûìè êîýôôèöèåíòàìè

Èëãîð ÃÀÔÀÐÎÂ
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Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à:

d4x (t)

dt4
+A1

d3x (t)

dt3
+A2x (t) = 0, (1)

x(i) (t)

∣∣∣∣ t = 0
= x

(i)
0 , i = 1, 2, 3. (2)

ãäå x (t) - ôóíêöèÿ ñêàëÿðíîãî àðãóìåíòà t, 0 ≤ t ≤ ∞ ñî çíà÷åíèÿìè â äåéñòâèòåëüíîì Ãèëü-
áåðòîâîì ïðîñòðàíñòâå H , Ai ñàìîñîïðÿæåííûå, ïîñòîÿííûå è ïåðåñòàíîâî÷íûå îïåðàòîðû ñ
îáëàñòüþ îïðåäåëåíèÿ D (Ai) ⊂ H.

Òåîðåìà. Ïðåäïîëîæèì, ÷òî äëÿ ëþáîãî x ∈ D (Ai) , (A1x, x) ≥ 0 èëè (A1x, x) ≤ 0. Òîãäà
äëÿ ëþáîãî ðåøåíèÿ çàäà÷è (1)-(2) íà îòðåçêå [0, T ] ñïðàâåäëèâî íåðàâåíñòâî:

T∫
0

‖x (t)‖2Hdt ≤ [K (0)]1−$(T,T )[K (T )]$(T,T ) (3)

ãäå

$ (T, T ) =
4T 2 − (2T − T ′)2

3T 2
, 0 < T < T ′,

è
K (T ) = K

(∥∥∥AK1 x(i) (t)
∥∥∥ ,∥∥∥Al2x(j) (t)

∥∥∥) , i, j, k, l = 0, 1, 2, 3.

êâàäðàòè÷íàÿ ôîðìà, êîýôôèöèåíòû êîòîðîé çàâèñÿò òîëüêî îò t è T .
Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðèâîäèì äëÿ ñëó÷àÿ (A1x, x) ≥ 0, â ñëó÷àå (A1x, x) ≤ 0

òåîðåìà äîêàçûâàåòñÿ àíàëîãè÷íî.
Ðåøåíèå áóäåì èñêàòü â âèäå:

x (t) = exp

[
−1

2
σ(2T − t)2

]
y (t) ,

ãäå

σ ≥
√

96

31
· 1

T 2
, (4)
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Òîãäà èç (1) ïîëó÷èì (åñëè îáîçíà÷èì 2T − t = θ );

yIY + (4σθ +A1)yIII + (6σ2θ2 − 6σ + 3σθA1)yII+
+(4σ3θ3 − 12σ2θ + 3σ2θ2A1 − 3σA1)yI+
+(σ4θ4 − 6σ3θ2 + 3σ2 + σ3θ3A1 − 3σ2θA1 +A2)y = Lσy(t) = 0.

(5)

Ðàññìîòðèì ðàçíîñòü(
LσL

+
σ − L+

σ Lσ
)
y(t) = 32σyV I +

(
−96σ3θ2 − 48σ2θA1 − 18σ2A2

1

)
yIV +

+
(
384σ3θ + 96σ2A1

)
y′′′ +

(
−96σ3 + 96σ5θ4 + 96σ4θ3A1 + 36σ3θ2A2

1

)
y′′+

+
(
−384σ3θ3 − 288σ4θ2A1 − 72σ3θA2

1

)
y′+

+
(
96σ5θ2 + 48σ4θA1 + 6σ3A2

1 − 32σ7θ6 − 48σ6θ5A1 − 18σ5θ4A2
1

)
y (6)

ãäå L+
σ - ñîïðÿæåííûé îïåðàòîð îïåðàòîðà Lσ â ñìûñëå Ëàãðàíæà. Óìíîæèì îáå ÷àñòè ðàâåíñòâà

(6) ñêàëÿðíî íà y (t) è ïðîèíòåãðèðóåì ïî t îò 0 äî T. Äàëåå, ïðèìåíÿÿ ôîðìóëó èíòåãðèðîâàíèÿ
ïî ÷àñòÿì, ïîëó÷èì ñëåäóþùåå ðàâåíñòâî:

M1 (t)|T0 +
∫ T

0 ‖L
+
σ y‖

2
dt = M2 (t)|T0 − 32σ

∫ T
0 ‖y

′′′‖2dt−
−96σ3

∫ T
0 ‖y

′‖2dt− 96σ3
∫ T

0 θ2‖y′′‖2dt−

48σ2
∫ T

0 θ (A1y
′′, y′′) dt− 18

∫ T
0 ‖A1y

′′‖2dt−
−96σ5

∫ T
0 θ4‖y′‖2dt− 964

∫ T
0 θ3

(
A1y

′, y1
)
dt−

32σ3
∫ T

0 θ2 ‖A1y
′‖2dt+ 96σ5

∫ T
0 θ ‖y‖ dt−

−32σ7
∫ T

0 θ6‖y‖2dt+ 48σ4
∫ T

0 θ (A1y, y) dt−

−48σ6

∫ T

0
θ5 (A1y, y) dt− 18σ5

∫ T

0
θ4‖A1y‖2dt, (7)

ãäå ‖·‖ = ‖·‖H , M1 (t) çàâèñèò îò ñêàëÿðíûõ ïðîèçâåäåíèé âèäà(
[L+
σ (t)]

i
, y(k) (t)

)
, i, k = 0, 1, 2, 3, a îò ñêàëÿðíûõ ïðîèçâåäåíèé âèäà

(
y(i) (t) , y(k) (t)

)
, i =

0, 1, 2, 3, 4, 5 è k = 0, 1, 2. Ñ ïîìîùüþ (4), ëåãêî ïðîâåðèòü, ÷òî

96σ5
T∫
0

θ2‖y‖2dt−31σ7
T∫
0

θ6‖y‖2dt ≤ 0,

48σ4
T∫
0

θ (A1y, y) dt−48σ6
T∫
0

θ5(A1y, y)dt ≤ 0.

Èìåÿ â âèäó ýòè íåðàâåíñòâà îòáðîñèì ïîëîæèòåëüíûå ñëàãàåìûå â ðàâåíñòâå (7) è ïîëó÷èì
ñëåäóþùåå íåðàâåíñòâî:

σ7

T∫
0

θ6||y(t)||2dt ≤ [M2(t)−M1(t)]T0 , (8)

Èç (5) íàõîäèì:

yIY (t) = (−4σθ −A1) y′′′ (t) +
(
6σ2θ2 + 6σ − 3σθA1

)
y′′ (t) +

+
(
−4σ3θ3 + 12σ2θ − 3σ2θ2A1 + 3σA1

)
y′ (t) +

+
(
−σ4θ4 + 6σ3θ2 − 3σ2 − σ3θ3A1 + 3σ2θA1 −A2

)
y (t) .

Ñ ïîìîùüþ ýòîãî íåðàâåíñòâà è äèôôåðåíöèðîâàíèÿ âûðàçèì
y(V ) (t) è [L+

σ y (t)](i), i = 0, 1, 2, 3, ÷åðåç y(i) (t) , i = 0, 1, 2, 3.
Òîãäà èç íåðàâåíñòâà (8) ïîëó÷èì:

σ7

T∫
0

θ6||y(t)||2dt ≤ [M2(t)]T0 , (9)
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ãäå M3 (t) çàâèñèò òîëüêî îò ñêàëÿðíûõ ïðîèçâåäåíèé âèäà(
Ai1y

(k) (t) , Al2y
(m) (t)

)
, i, k,m = 0, 1, 2, 3; l = 0, 1.

Âîçâðàùàÿñü ê ôóíêöèè x (t) è èñïîëüçóÿ íåðàâåíñòâî |(a, b)| ≤ ‖a‖ · ‖b‖ , èç (8) ïîëó÷àåì

σ7T 6

T∫
0

exp
(
σθ2
)
‖x (t)‖2dt ≤ exp

(
σT 2

)
M4 (T ) + exp

(
4σT 2

)
M4 (0) , (10)

ãäå

M4 (t) = M4

(∥∥∥Ak1x(i) (t)
∥∥∥ , ∥∥∥Al2x(j) (t)

∥∥∥) , i, j, k, l = 0, 1, 2, 3,

êâàäðàòè÷íàÿ ôîðìà. Î÷åâèäíî, ÷òî ñòåïåíü σ ïðè êîýôôèöèåíòàõ êâàäðàòè÷íîé ôîðìû íå
áîëüøå ÷åì ñåìü, åñëè æå îíà ìåíüøå ñåìè, òî, óñèëèâ íåðàâåíñòâî (10) ñ ïîìîùüþ (4), ìîæíî
äîáèòüñÿ, ÷òîáû îíà ñòàëà ðàâíîé ñåìè ïðè âñåõ êîýôôèöèåíòàõ êâàäðàòè÷íîé ôîðìû. Ïîñëå
÷åãî, èñïîëüçóÿ òåîðåìó î ñðåäíåì ïîëó÷èì:

T∫
0

||x(t)||2dt ≤ [K (T ′) exp
{
−σ
[
(2T − T )− T 2

]}
+

+K(0) exp
{
σ
[
4T 2 − (2T − T )2

]}
,

ãäå 0 < T ′ < T. Ìèíèìèçèðóÿ ïî σ ïðàâóþ ÷àñòü ïîñëåäíåãî íåðàâåíñòâà, ñ ó÷¼òîì (4) ïîëó÷èì
æåëàåìîå íåðàâåíñòâî. Òåîðåìà äîêàçàíà.

Êëþ÷åâûå ñëîâà: Óñëîâíàÿ êîððåêòíîñòü, îïåðàòîð, ñêàëÿðíîå ïðîèçâåäåíèå, ñàìîñîïðÿæåííûé îïåðàòîð, îöåí-
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Â ðàáîòàõ [1], [2] èññëåäîâàíû ãðàíè÷íûå çàäà÷è òåïëîïðîâîäíîñòè â óãëîâûõ îáëàñòÿõ â Ëå-
áåãîâûõ êëàññàõ è óñòàíîâëåíû òåîðåìû îá èõ ðàçðåøèìîñòè ðåäóêöèåé ê îñîáûì èíòåãðàëüíûì
óðàâíåíèÿì òèïà Âîëüòåððà. Â ðàáîòå [3] èçó÷åíû ðàçëè÷íûå ñëó÷àè íåîäíîðîäíîñòè íà ãðàíèöå
è óêàçàíî, ÷òî ñîîòâåòñòâóþùèå ãðàíè÷íûå çàäà÷è ìîãóò áûòü ðàçðåøèìû êàê îäíîçíà÷íî, òàê è
íåîäíîçíà÷íî. Â äàííîé ðàáîòå èññëåäîâàíû âîïðîñû ðàçðåøèìîñòè ãðàíè÷íîé çàäà÷è äëÿ óðàâ-
íåíèÿ Áþðãåðñà â âûðîæäàþùåéñÿ óãëîâîé îáëàñòè ñ ïðîèçâîäíûìè ïî âðåìåíè â ãðàíè÷íûõ
óñëîâèÿõ.

Ïóñòü Qxt1 = {x, t1 | 0 < x < t1, 0 < t1 < T1 < ∞} � òðåóãîëüíàÿ îáëàñòü, îäíà èç âåðøèí
êîòîðîé íàõîäèòñÿ â íà÷àëå êîîðäèíàò, è Ωt1 � ñå÷åíèå îáëàñòè Qxt1 ïðè ôèêñèðîâàííîé âðåìåí-
íîé ïåðåìåííîé t1 ∈ (0, T1). Â îáëàñòè Qxt1 ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ãðàíè÷íàÿ çàäà÷à äëÿ
óðàâíåíèÿ Áþðãåðñà:

∂ t1u+ u∂xu− ν∂2
xu = f, ν > 0. (1)

[∂ t1u− ∂xu(x, t1)] |x=0 = 0, [∂ t1u+ 2∂xu(x, t1)] |x=t1 = 0, (2)
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ãäå f ∈ L2(Qxt1) ∩ C(Qxt1).
Ïîëó÷åí ñëåäóþùèé îñíîâíîé ðåçóëüòàò.
Òåîðåìà.Ïóñòü f(x, t1) ∈ L2(Qxt1)∩C(Qxt1). Òîãäà çàäà÷à (1)-(2) èìååò åäèíñòâåííîå ðåøåíèå

u(x, t1) ∈ H2,1(Qxt1)/Xxt1 .
Ïðè÷åì, ñëåäû ðåøåíèÿ óäîâëåòâîðÿþò óñëîâèÿì u(t1, t1), u(0, t1) ∈ H1(0, T1).

Funding: Àâòîðû ïîääåðæàíû ãðàíòîì Êîìèòåòà íàóêè ÌÎÍ Ðåñïóáëèêè Êàçàõñòàí (Grant No. AP08855372,
2020-2022).
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Ìóâàøàðõàí ÄÆÅÍÀËÈÅÂ1,a, Ìàäè ÅÐÃÀËÈÅÂ1,2,b, Àðíàé ÊÀÑÛÌÁÅÊÎÂÀ1,2,c

1 ÈÌÌÌ, Àëìàòû, Êàçàõñòàí
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Ïóñòü Ωt = {0 < x < t}, ∂Ωt � ãðàíèöà Ωt, 0 < t0 < T < ∞. Â îáëàñòè Qxt = Ωt × (t0, T )
ðàññìàòðèâàåòñÿ íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à äëÿ óðàâíåíèÿ òèïà Áóññèíåñêà

∂tu− ∂x (|u|∂xu) = f, {x, t} ∈ Qxt, (1)

u = 0, {x, t} ∈ Σxt = ∂Ωt × (t0, T ), u = u0, x ∈ Ωt0 = (0, t0). (2)

Òåîðåìà 1. Ïóñòü f ∈ L3/2((t0, T );W−1
3/2(Ωt)), u0 ∈ H−1(Ωt0). Òîãäà ãðàíè÷íàÿ çàäà÷à (1)�(3)

èìååò åäèíñòâåííîå ðåøåíèå u ∈ L3(Qxt).
Äëÿ äîêàçàòåëüñòâà Òåîðåìû 1 ìû ðàññìîòðèì âñïîìîãàòåëüíóþ ãðàíè÷íóþ çàäà÷ó. Äëÿ ýòîé

öåëè ïåðåéäåì îò ïåðåìåííûõ {x, t} ê {y, t} ïî ôîðìóëàì y = x
t , t = t è ïðåîáðàçóåì òðàïåöèþ

Qxt â ïðÿìîóãîëüíóþ îáëàñòü Qyt = Ω × (t0, T ), 0 < t0 < T < ∞}, ãäå y ∈ Ω = (0, 1), ∂Ω =
{0} ∪ {1}, Σxt = ∂Ω× (t0, T ). Ââåäÿ îáîçíà÷åíèÿ w(y, t) = u(yt, t) = w(xt , t), w0(y) = u0(yt0, t0) è
g(y, t) = f(yt, t), ìû çàïèøåì âñïîìîãàòåëüíóþ ãðàíè÷íóþ çàäà÷ó äëÿ (1)�(2) â ñëåäóþùåì âèäå:

∂tw −
1

t2
∂y (|w|∂yw)− y

t
∂yw = g, {y, t} ∈ Qyt, (3)

w = 0, {y, t} ∈ Σyt, w = w0, y ∈ Ω. (4)

Â ñèëó âçàèìíî-îäíîçíà÷íîñòè ïðåîáðàçîâàíèÿ íåçàâèñèìûõ ïåðåìåííûõ {x, t} → {y, t} ïî-
ëó÷àåì:

g ∈ L3/2((t0, T );W−1
3/2(Ω)), u0 ∈ H−1(Ω). (5)

Òåîðåìà 2. Ïðè óñëîâèÿõ (5) ãðàíè÷íàÿ çàäà÷à (3)�(4) îäíîçíà÷íî ðàçðåøèìà w ∈ L3(Qyt).
Äëÿ äîêàçàòåëüñòâà Òåîðåì 1 è 2 ìû èñïîëüçóåì âëîæåíèÿ L3(Ωt) ⊂ H−1(Ωt) ≡ (H−1(Ωt))

′ ⊂
L3/2(Ωt) ∀ t ∈ (t0, T ), è àïðèîðíûå îöåíêè. Âíà÷àëå ìû óñòàíîâèì ðÿä âñïîìîãàòåëüíûõ óòâåð-
æäåíèé. Äëÿ çàäà÷è (3)�(4) ââåäåì îïåðàòîðû

A(t, w) =
1

t2
A1(w) +

1

t
A21(w), ãäå A1(w) = −∂y(|w|∂yw), A2(w) = −y∂yw,
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è îïåðàòîð A2(w) ïðåäñòàâèì â âèäå:

A2(w) = A21(w) +A22(w), ãäå A21(w) = w, A22(w) = −∂y(yw).

Ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå

〈ϕ,ψ〉 =

∫
Ω
ϕ
[(
−d 2

y

)−1
ψ
]
dy, ∀ϕ,ψ ∈ H−1(Ω), (6)

ãäå d 2
y =

d2

dy2
, ψ̃ =

(
−d 2

y

)−1
ψ : −d 2

yψ̃ = ψ, ψ̃(0) = ψ̃(1) = 0, ∀ψ ∈ H−1(Ω).

Ëåììà 1. Îïåðàòîð A(t, w) = (t−2A1+t−1A21)(w) ÿâëÿåòñÿ ìîíîòîííûì â ñìûñëå ñêàëÿðíîãî

ïðîèçâåäåíèÿ (6) â ïðîñòðàíñòâå H−1(Ω):

〈(A(t, w1)− (A(t, w2), w1 − w2〉 ≥ 0. (7)

Ïî àíàëîãèè ñ (6) ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå â îáëàñòè Ωt.
Ëåììà 2. Îïåðàòîð ýëëèïòè÷åñêîé ÷àñòüþ óðàâíåíèÿ (1) A1(t, u) ÿâëÿåòñÿ ìîíîòîííûì â

ïðîñòðàíñòâå H−1(Ωt):

〈A1(t, u1)−A1(t, u2), u1 − u2〉 ≥ 0,∀ t ∈ (t0, T ).

Ëåììû 1 è 2 ïîçâîëÿþò äîêàçàòü Òåîðåìû 2 è 1.
Ðåçóëüòàòû ñïðàâåäëèâû è äëÿ óñå÷åííîãî (íàêëîííîãî) êîíóñà äëÿ äâóìåðíîãî óðàâíåíèÿ

òèïà Áóññèíåñêà, ò.å. åñëè x = (x1, x2), Ωt = {|x − t| < t}, ∂Ωt = {|x − t| = t}, Qxt = Ωt × (t0, T ),
Σxt = ∂Ωt × (t0, T ), 0 < t0 < T <∞; à òàêæå äëÿ óðàâíåíèé ñ âûñîêèì ïîðÿäêîì íåëèíåéíîñòè.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì �AP09258892 ÌÎÍ ÐÊ.
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äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî ïîðÿäêà ñ

êóñî÷íî-ïîñòîÿííûì êîýôôèöèåíòîì
ïðè ñòàðøåé ïðîèçâîäíîé
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Ðàññìîòðèì êðàåâóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ ïðè
q(x) ≡ 0, çàäàííîãî íà èíòåðâàëå (0; l):

L(y) =

{
−k2

1y
′′(x)

−k2
2y
′′(x)

}
= λy(x),

0 < x < x0

x0 < x < l
(1)

k1 6= k2
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ñ ãðàíè÷íûìè óñëîâèÿìè{
U1(y) = a11y

′(0) + a12y
′(l) + a13y(0) + a14y(l) = 0,

U2(y) = a21y
′(0) + a22y

′(l) + a23y(0) + a24y(l) = 0.
(2)

ãäå aij � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà è óñëîâèÿìè ñîïðÿæåíèÿ

y(x0 − 0) = y(x0 + 0), k1y
′(x0 − 0) = k2y

′(x0 + 0). (3)

Îáîçíà÷èì ÷åðåç Aij = det(A(i, j)) îïðåäåëèòåëü ìàòðèöû A(i, j), ñîñòàâëåííîé èç i-ãî è j-ãî
ñòîëáöîâ ìàòðèöû A ãðàíè÷íûõ óñëîâèé (1 6 i < j 6 4), òîãäà õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü
äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé çàäà÷è (1)-(3) èìååò âèä:

∆0(λ) =−
(
A13 +

k1

k2
A24

)
+A34

k1√
λ

sin(α
√
λ)−

−
(
k1

k2
A23 +A14

)
cos(α

√
λ) +A12

√
λ

k2
sin(α

√
λ) = 0

çäåñü èñïîëüçîâàíî îáîçíà÷åíèå

α =
l

k2
+

(
1

k1
− 1

k2

)
x0

Êðàåâûå óñëîâèÿ (2) íàçûâàþòñÿ óñèëåííî ðåãóëÿðíûìè, åñëè âûïîëíåíî îäíî èç òðåõ ñîîò-
íîøåíèé:

1. A12 6= 0;

2. A12 = 0, k2A14 + k1A23 6= 0, k2A14 + k1A23 6= ∓(k2A13 + k1A24);

3. A12 = A13 = A14 = A23 = A24 = 0, A34 6= 0

Òåîðåìà. Åñëè êðàåâûå óñëîâèÿ (2) ÿâëÿþòñÿ óñèëåííî ðåãóëÿðíûìè, òî âñå ñîáñòâåííûå çíà-
÷åíèÿ λn, êðîìå êîíå÷íîãî ÷èñëà, ÿâëÿþòñÿ ïðîñòûìè. Äðóãèìè ñëîâàìè, îíè ÿâëÿþòñÿ àñèìïòî-
òè÷åñêè ïðîñòûìè. Ïðè ýòîì îáùåå êîëè÷åñòâî ïðèñîåäèíåííûõ ôóíêöèé � êîíå÷íî. Êðîìå òîãî,

ñîáñòâåííûå çíà÷åíèÿ λn ÿâëÿþòñÿ îòäåëåííûìè â òîì ñìûñëå, ÷òî ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ

C0 > 0, ÷òî äëÿ âñåõ ñîáñòâåííûõ çíà÷åíèé λn è λm ñ äîñòàòî÷íî áîëüøèìè íîìåðàìè èìååì

|
√
λn −

√
λm| ≥ C0. (4)
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Îá îäíîé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ ïÿòîãî ïîðÿäêà ñ
êðàòíûìè õàðàêòåðèñòèêàìè â áåñêîíå÷íîé îáëàñòè

Àáäóëëà ÆÓÐÀÅÂa, Îéøàõîí ÒÓÐÑÓÍÕÓÆÀÅÂÀ
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Â îáëàñòè D+ = {(x, y) : 0 < x <∞, 0 < y < 1} ðàññìîòðèì óðàâíåíèÿ

uxxxxx + uyy = 0 (1)

Áóäåì ãîâîðèòü, ÷òî u(x, y) ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), åñëè îíî óäîâëåòâîðÿåò óðàâíåíèþ
(1) â îáëàñòè D+ ïðèíàäëåæèò êëàññó C5,2

x,y(D) ∩ C4,1
x,y(D ∪ Γ) , (Γ = {x = 0} ∪ {y = 0} ∪ {y = 1})

è îãðàíè÷åííî íà áåñêîíå÷íîñòè â ìåñòå ñ ïðîèçâîäíûìè äî 4-ãî ïîðÿäêà.
Çàäà÷à A+ . Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè D+ óäîâëåòâîðÿþùåå êðà-

åâûì óñëîâèÿì
uy(x, 0) = 0, u(x, 1) = 0 (2)

u(0, y) = ϕ1(y), ux(0, y) = ϕ2(y) (3)

lim
x→+∞

u(x, y) = lim
x→+∞

ux(x, y) = lim
x→+∞

uxx(x, y) = 0,

ãäå
ϕi(y) ∈ C4[0, 1], ϕi(0) = ϕi(1) = ϕ′′i (0) = ϕ′′i (0) = 0, i = 1, 2.

Îòìåòèì, ÷òî àíàëîãè÷íàÿ çàäà÷à äëÿ óðàâíåíèÿ

∂2n+1

∂x2n+1
u(x, y) + (−1)n

∂2

∂y2
u(x, y) = 0

ðàññìîòðåíà â ðàáîòå [1], ãäå ðåøåíèå ïîñòðîåíà ìåòîäîì ïîòåíöèàëîâ. Â ðàáîòå [2] ðàññìîòðåíî
êîãäà u(x, 0) = 0.

Òåîðåìà 1. Åñëè çàäà÷à A+ èìååò ðåøåíèÿ, òî îíî åäèíñòâåííî.

Åäèíñòâåííîñòü ïîñòàâëåííîé çàäà÷ äîêàçàíî ñ ïîìîùüþ èíòåãðàëîì ýíåðãèè.

Òåîðåìà 2. Åñëè ôóíêöèè ϕi(y) ∈ C4[0, 1] è âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ ϕi(0) =
ϕi(1) = ϕ′′i (0) = ϕ′′i (1) = 0, (i = 1, 2, 3) , òî ðåøåíèå çàäà÷è A+ ñóùåñòâóåò.

Òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷ äîêàçàí ñ ïîìîùüþ ìåòîäîì Ôóðüå.
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Â ôóíêöèîíàëüíîì ïðîñòðàíñòâå W 1
2 [−1, 1] ðàññìàòðèâàåòñÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèå

äëÿ íàãðóæåííîãî îïåðàòîðà äèôôåðåíöèðîâàíèå

L1y = y′(t) + λy(−1)Φ(t) = λy(t), −1 ≤ t ≤ 1, (1)

ñ êðàåâûì óñëîâèåì
y(−1) = y(1), (2)

ãäå Φ(t)- ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè è Φ(−1) = Φ(1) = 1, λ-êîìïëåêñíîå ÷èñëî, ñïåêòðàëü-
íûé ïàðàìåòð.

Òðåáóåòñÿ íàéòè òå êîìïëåêñíûå çíà÷åíèÿ λ, ïðè êîòîðûõ îïåðàòîðíîå óðàâíåíèå (1) èìååò
íåíóëåâûå ðåøåíèÿ.

Ëåììà 1. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñïåêòðàëüíîé çàäà÷è äëÿ íàãðóæåííîãî îïåðà-
òîðà äèôôåðåíöèðîâàíèå (1) íà îòðåçêå [−1, 1] ñ êðàåâûì óñëîâèåì (2) ïðåäñòàâèì â âèäå

∆1(λ) = e−λ − eλ − λ ·
∫ 1

−1
eλtΦ(t)dt, (3)

êîòîðàÿ ÿâëÿåòñÿ öåëîé àíàëèòè÷åñêîé ôóíêöèåé ïåðåìåííîãî λ = x + iy, x = Reλ, y = Imλ,
i =
√
−1, ãäå Φ(t)-ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè è Φ(−1) = Φ(1) = 1.

Òåîðåìà 1. Åñëè Φ(t)-ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè è Φ(−1) = Φ(1) = 1, òî âñå íóëè öå-
ëîé ôóíêöèè ∆1(λ), ò.å. âñå ñîáñòâåííûå çíà÷åíèé íàãðóæåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà
ïåðâîãî ïîðÿäêà L1 ïðèíàäëåæàò ïîëîñå |Reλ| = |x| < k , ïðè íåêîòîðîì k, îáðàçóþò ñ÷åòíîå

ìíîæåñòâî è èìåþò àñèìïòîòèêó λ
(1)
n = iπn+O(1) ïðè n→∞.

Çàìå÷àíèå 1. Ñîïðÿæåííàÿ çàäà÷à ê (1)-(2) áóäåò

L∗1v = v′(t) = λv(t), −1 ≤ t ≤ 1,

v(−1)− v(1) = λ ·
∫ 1

−1
v(t)Φ(t)dt.

Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÊÍ ÌÎÍ ÐÊ (ãðàíò �AP09260752).

Êëþ÷åâûå ñëîâà:ñîáñòâåííîå çíà÷åíèå, íàãðóæåííûé îïåðàòîð, äèôôåðåíöèàëüíûé îïåðàòîð, ñîïðÿæåííàÿ çà-
äà÷à.
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòàíîâêå è èññëåäîâàíèþ íåëîêàëüíîé êðàåâîé çàäà÷è äëÿ
íàãðóæåííîãî óðàâíåíèÿ ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà âòîðîãî ðîäà.

Ðàññìîòðèì óðàâíåíèå

0 =

{
uxx − xpuy − µ1u (x, 0) , x > 0, y > 0,

uxx − (−y)m uyy + µ2u (x, 0) , x > 0, y < 0,
(1)

ãäå m, p, µ1, µ2 - ëþáûå äåéñòâèòåëüíûå ÷èñëà, ïðè÷åì

0 < m < 1, p > 0, µ1 > 0, µ2 < 0. (2)

ãäå D 1 − îáëàñòü, îãðàíè÷åííàÿ îòðåçêàìè AB, AA0, BB0, A0B0, ïðÿìûõ y = 0, x = 0, x =
1, y = h ñîîòâåòñòâåííî ïðè y > 0, à D 2 − õàðàêòåðèñòè÷åñêèé òðåóãîëüíèê, îãðàíè÷åííûé
õàðàêòåðèñòèêàìè I ≡ AB : 0 < x < 1, y = 0,

AC : x− (1− 2β)(−y)1/(1−2β) = 0, BC : x+ (1− 2β)(−y)1/(1−2β) = 1,

óðàâíåíèÿ (1) ïðè y < 0, C
(

0; − (4/(2−m))2/(m−2)
)
, çäåñü 2β =

m

m− 2
, ïðè÷åì

−1 < 2β < 0. (3)

Ââåäåì îáîçíà÷åíèÿ: I = {(x, y) : 0 < x < 1, y = 0}, D = D1 ∪D2 ∪ I.
Â îáëàñòè D äëÿ óðàâíåíèÿ (1) èññëåäóåòñÿ ñëåäóþùàÿ íåëîêàëüíàÿ çàäà÷à.
Çàäà÷à Cµ. Íàéòè â îáëàñòè D ôóíêöèþ u(x, y), îáëàäàþùóþ ñâîéñòâàìè:
1) u(x, y) ∈ C(D); 2) u(x, y) ∈ C2,1

x,y(D1) è ÿâëÿåòñÿ ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â
îáëàñòè D 1; 3) u(x, y) - îáîáùåííûì ðåøåíèåì óðàâíåíèÿ (1) èç êëàññà R2 [1] â îáëàñòè D2; 4)
u(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì:

u(x, y)|AA0
= ϕ1(y), u(x, y)|BB0

= ϕ2(y), 0 ≤ y ≤ h,

d

dx
u [Θ0(x)] + b

d

dx
u [Θ1(x)] = c(x), (x, 0) ∈ I,

5) uy ∈ C (D1 ∪ I) ∩ C (D2 ∪ I) è I íà èíòåðâàëàõ âûïîëíÿåòñÿ óñëîâèå ñêëåèâàíèÿ

lim
y→+0

uy(x, y) = lim
y→−0

uy(x, y), (x, 0) ∈ I ,

ãäå ϕ1(y), ϕ2(y), ψ1(x) − çàäàííûå ôóíêöèè, ïðè÷åì b = const 6= 0,

ϕ1 (y) , ϕ2 (y) ∈ C [0, h] ∩ C1 (0, h) , (4)

c(x) ∈ C1[0, 1] ∩ C2(0, 1), (5)

çäåñü Θ0

(
x
2 ,−

(
x

2(1−2β)

)1−2β
)
è Θ1

(
1+x

2 ,−
(

1−x
2(1−2β)

)1−2β
)
- òî÷êè ïåðåñå÷åíèÿ õàðàêòåðè-

ñòèê óðàâíåíèÿ (1), âûõîäÿùèõ èç òî÷åê x ∈ I, ñ õàðàêòåðèñòèêàìè AC è BC ñîîòâåòñòâåííî.
Çàìåòèì, ÷òî çàäà÷à Cµ äëÿ óðàâíåíèÿ (1) ïðè µ = 0, b = 0 ñ ðàçðûâíûì óñëîâèÿì èçó÷åíû

â ðàáîòàõ[2-3].
Äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2022
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Òåîðåìà 1. Åñëè âûïîëíåíû óñëîâèÿ (2)-(5), òî â îáëàñòè D ñóùåñòâóåò åäèíñòâåííîå ðåøå-

íèå çàäà÷è Cµ.

Åäèíñòâåííîñòü ðåøåíèå çàäà÷è äîêàçûâàåòñÿ ñ ïîìîùüþ ïðèíöèïà ýêñòðåìóìà è ìåòîäîì
èíòåãðàëîâ ýíåðãèè, à ñóùåñòâîâàíèÿ ðåøåíèÿ - ìåòîäîì èíòåãðàëüíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: íåëîêàëüíàÿ êðàåâàÿ çàäà÷à, íàãðóæåííàÿ óðàâíåíèÿ âòîðîãî ðîäà, îáîáùåííîå ðåøåíèå,
ïðèíöèï ìàêñèìóìà.
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Ñûìáàò ÊÀÁÄÐÀÕÎÂÀ1,2,a, Æàíåëÿ ÀÑÀÍ1,b

1ÊàçÍÓ èìåíè àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ

E-mail: asymbat2909.sks@gmail.com, bzh.assanova98@gmail.com

Â îáëàñòè Ω̄ = [0, T ]×[0, ω] ðàññìàòðèâàåòñÿ ïîëóïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à äëÿ ëèíåéíîãî
íàãðóæåííîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè

∂2u

∂t∂x
= A(x, t)

∂u

∂x
+B(x, t)

∂u

∂t
+ C(x, t)u+ f(x, t) +A0(x, t)

∂u(x0, t)

∂x
, (1)

u(0, t) = ψ(t), t ∈ [0, T ], (2)

u(x, 0) = u(x, T ), x ∈ [0, ω], (3)

ãäå A(x, t), B(x, t), C(x, t), è f(x, t) íåïðåðûâíû íà Ω̄, ôóíêöèÿ ψ(t) íåïðåðûâíî äèôôåðåíöèðóå-
ìà íà [0, T ] è óäîâëåòâîðÿåò óñëîâèþ ψ(0) = ψ(T ), è x0 òî÷êà íàãðóçêè. Ïóñòü C(Ω) - ïðîñòðàíñòâî
íåïðåðûâíûõ íà Ω ôóíêöèé u : Ω→ R Ω ñ íîðìîé ‖u‖C = max

Ω
|u(x, t)|. ×åðåç C1,1

x,t (Ω) îáîçíà÷èì

ïðîñòðàíñòâî íåïðåðûâíûõ è íåïðåðûâíî äèôôåðåíöèðóåìûõ íà Ω̄ ôóíêöèé u(x, t) ñ íîðìîé
‖u‖0 = max(‖u‖C , ‖ux‖C , ‖ut‖C) è C1

(
[0, T ]

)
� ïðîñòðàíñòâî íåïðåðûâíûõ íà [0, T ] ôóíêöèé ψ(t)

ñ íîðìîé ‖ψ‖1 = max
(

max
t∈[0,T ]

|ψ(t)|,

max
t∈[0,T ]

|ψ̇(t)|
)
.

Ôóíêöèÿ u(x, t) ∈ C(Ω) èìåþùàÿ ÷àñòíûå ïðîèçâîäíûå
∂u(x, t)

∂x
∈ C(Ω),

∂u(x, t)

∂t
∈ C(Ω),

∂u2(x, t)

∂x∂t
∈ C(Ω), íàçûâàåòñÿ ðåøåíèåì çàäà÷è (1)-(3), åñëè îíà óäîâëåòâîðÿåò óðàâíåíèþ (1)

ïðè âñåõ (x, t) ∈ Ω, íà õàðàêòåðèñòèêå x = 0 ïðèíèìàåò äàííîå çíà÷åíèå ψ(t), t ∈ [0, T ], íà
õàðàêòåðèñòèêàõ t = 0, t = T èìååò ðàâíûå çíà÷åíèÿ äëÿ x ∈ [0, ω].

Â ðàáîòå [1] ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ êðàåâîé çàäà÷è (1)-(3). Â äàííîé
ðàáîòå âûâîäèòñÿ è îáñóæäàåòñÿ ïîëóíåÿâíûé ìåòîä êîíå÷íûõ ðàçíîñòåé äëÿ çàäà÷è (1)-(3). Â
õîäå ïîëó÷åííàÿ ñèñòåìà ëèíåéíûõ óðàâíåíèé ðåøàåòñÿ ìåòîäîì ïðîãîíêè. ×èñëåííûå ðåçóëü-
òàòû, ïîëó÷åííûå íàñòîÿùèìè ìåòîäàìè, ñðàâíèâàëèñü ñ òî÷íûì ðåøåíèåì. ×èñëåííûå ìåòîäû
òàêæå ïîêàçûâàþò, ÷òî îíè ïðåêðàñíî ñîãëàñóþòñÿ ñ òî÷íûì ðåøåíèåì.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022
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Õîðîøî èçâåñòíà ôîðìóëà Äàëàìáåðà äëÿ ðåøåíèÿ çàäà÷è Êîøè â ñëó÷àå áåñêîíå÷íîé ñòðó-
íû, òî åñòü ðåøåíèå çàäà÷è

utt = uxx, −∞ < x <∞, t = 0

u |t=0= f(x), ut |t=0= F (x) −∞ < x <∞ (1)

ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u(x, t) =
1

2
(f(x+ t) + f(x− t)) +

1

2

x+t∫
x−t

F (τ)d(τ) (2)

Êîãäà ñòðóíà êîíå÷íîé äëèíû, òî â çàâèñèìîñòè îò âèäà ãðàíè÷íûõ óñëîâèé îñóùåñòâëÿåòñÿ òî
èëè èíîå ïðîäîëæåíèÿ íà÷àëüíûõ ôîðìû è èìïóëüñà íà âñþ îñü, à çàòåì ïðèìåíÿþò ôîðìóëû
(2). Â ìîíîãðàôèè [1] ïðåäëîæåí âàðèàíò ìåòîäà ïðîäîëæåíèÿ ïðè ðåøåíèè ñìåøàííîé çàäà÷è
äëÿ îäíîìåðíîãî âîëíîâîãî óðàâíåíèÿ íà êîíå÷íîì îòðåçêå äåéñòâèòåëüíîé îñè. Òî÷íåå ãîâîðÿ,
ðåøåíà çàäà÷à

utt = uxx − q(x)u, 0 < x < b, t > 0 (3)

u |t=0= f(x), ut |t=0= F (x) 0 < x < b (4)

ut − hu |x=0= ϕ(t) t > 0 (5)

ut +Hu |x=b= ψ(t) t > 0 (6)

ïðè íåêîòîðûõ ïðåäïîëîæåíèÿõ î ôóíêöèÿõ q, F, f, ϕ, ψ. Â ðàáîòå [2] íàéäåíà ôîðìóëà Äàëàìáåðà
(2) äëÿ óðàâíåíèÿ (1) â ñëó÷àå ñìåøàííîé ìíîãîòî÷å÷íîé çàäà÷è íà îòðåçêå. Çäåñü ðåçóëüòàòû
ðàáîòû [2] ðàñïðîñòðàíÿþòñÿ íà âîëíîâîå óðàâíåíèå (3) ñ íà÷àëüíûìè óñëîâèÿìè (4) è êðàåâûìè
óñëîâèÿìè

u |x=0= 0,

N∑
j=0

αju
′
x |x=xj= 0 t > 0 (7)

ãäå α0 6= 0, αN 6= 0,
∑N

j=0 αj = 1, 0 = x0 < x1 < ... < xN−1 = b
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Áóäåì ïðåäïîëàãàòü, ÷òî q(x) íåïðåðûâíàÿ íà [0, b] ôóíêöèÿ.Íå óìàëÿÿ îáùíîñòè ìîæíî
ïðåäïîëàãàòü F (x) ≡ 0. Ïðîäîëæèì ôóíêöèþ q(x) íà âñþ ÷èñëîâóþ îñü ñ ñîõðàíåíèåì êëàññà, à
â îñòàëüíîì ïðîèçâîëüíî, è áóäåì èñêàòü ðåøåíèå çàäà÷è (3), (4), (7) â âèäå

u(x, t) =
1

2
(f̃(x+ t) + f̃(x− t)) +

1

2

x+t∫
x−t

ω(x, t, s)f̃(s)d(s) (8)

ãäå f̃ íåêîòîðîå ïðîäîëæåíèÿ ôóíêöèé f ñ îòðåçêà [0, b] íà âñþ îñü, ω(x, t, s) ðåøåíèÿ çàäà÷è
Ãóðñà [1].

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì �AP 08855402 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: âîëíîâîå óðàâíåíèå, ôîðìóëà Äàëàìáåðà, ñòðóíà, êðàåâûå óñëîâèÿ.
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Îá àñèìïòîòèêå ðåøåíèÿ íåëèíåéíîãî èíòåãðî-
äèôôåðåíöèàëüíîãî óðàâíåíèå ñ íóëåâûì îïåðàòîðîì

Áóðõàí ÊÀËÈÌÁÅÒÎÂ

ÌÊÒÓ èì. Õ.À.ßñàâè, Òóðêåñòàí, Êàçàõñòàí

E-mail: burkhan.kalimbetov@ayu.edu.kz,

Â ðàáîòå ìåòîä ðåãóëÿðèçàöèè Ñ.À. Ëîìîâà [1,2] îáîáùàåòñÿ íà çàäà÷ó Êîøè äëÿ èíòåãðî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ áûñòðî èçìåíÿþùèìñÿ ÿäðîì è ñ áûñòðî îñöèëëèðóþùåé íåîä-
íîðîäíîñòüþ

ε
dy

dt
=

∫ t

0
e

1
ε

∫ t
s µ(θ)dθK(t, s)y(s, ε)ds+ εf (y, t) + h(t)e

iβ(t)
ε , (1)

y(0, ε) = y0, t ∈ [0, T ].

Â çàäà÷å (1) ñèíãóëÿðíîñòè â åå ðåøåíèè îïèñûâàþòñÿ ñïåêòðàëüíûìè çíà÷åíèÿìè ÿäðà è áûñòðî
îñöèëëèðóþùåé íåîäíîðîäíîñòåé. Îäíàêî âëèÿíèå íóëåâîãî îïåðàòîðà äèôôåðåíöèàëüíîé ÷àñòè
ñêàçûâàåòñÿ íà òîì, ÷òî â ïåðâîì ïðèáëèæåíèè àñèìïòîòèêà ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è
íå áóäåò ñîäåðæàòü ôóíêöèé ïîãðàíè÷íîãî ñëîÿ, à ñàì ïðåäåëüíûé îïåðàòîð áóäåò âûðîæäåí-
íûì (íî íå íóëåâûì). Ïðè ýòîì óñëîâèÿ ðàçðåøèìîñòè ñîîòâåòñòâóþùèõ èòåðàöèîííûõ çàäà÷,
êàê è â ëèíåéíîì ñëó÷àå, áóäóò èìåòü âèä íå äèôôåðåíöèàëüíûõ (êàê ýòî áûëî â çàäà÷àõ ñ
íåíóëåâûì îïåðàòîðîì äèôôåðåíöèàëüíîé ÷àñòè [3]), à èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé,
ïðè÷åì íà ôîðìèðîâàíèå ýòèõ óðàâíåíèé ñóùåñòâåííóþ ðîëü îêàçûâàåò íåëèíåéíîñòü. Ïðè ýòîì
ìîãóò âîçíèêíóòü òàê íàçûâàåìûå ðåçîíàíñû, êîòîðûå çíà÷èòåëüíî óñëîæíÿþò ðàçðàáîòêó ñîîò-
âåòñòâóþùåãî àëãîðèòìà ìåòîäà ðåãóëÿðèçàöèè.

Ðàññìîòðèì çàäà÷ó (1) ïðè ñëåäóþùèõ óñëîâèÿõ:

1)µ(t), β′(t) ∈ C∞([0, T ],R), K(t, s) ∈ C∞(0 ≤ s ≤ t ≤ T,R);
2)µ(t) 6= β′(t) ∀t ∈ [0, T ];
3)µ(t) < 0, β′(t) > 0 ∀t ∈ [0, T ] ;

4) f(y, t) � ìíîãî÷ëåí, ò. å. f(y, t) =
N∑
m=0

fm(t)ym ñ êîýôôèöèåíòàìè

fm(t) ∈ C∞ ([0, T ] ,R) ,m = 0, N,N <∞.
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Ââåäåì íîâóþ íåèçâåñòíóþ ôóíêöèþ z =
∫ t

0 e
1
ε

∫ t
s µ(θ)dθK(t, s)y(s, ε)ds, è äèôôåðåíöèðóÿ åå ïî

t, âìåñòî (1) ïîëó÷àåì ñèñòåìó

εdwdt = A(t)w + εA1(t)w + ε
∫ t

0 e
1
ε

∫ t
s µ(θ)dθG(t, s)w(s, ε)ds+

+εF (w, t) +H(t)e
iβ(t)
ε , w(0, ε) = w0 ≡ {y0, 0},

(2)

ãäå w = {y, z}, F (w, t) = {f(y, t), 0}, H(t) = {h(t), 0}, à ìàòðèöû A(t), A1(t), G(t, s) èìåþò âèä

A(t) =

(
0 1
0 µ(t)

)
, A1(t) =

(
0 0
K(t, t) 0

)
, G(t, s) =

(
0 0

∂K(t,s)
∂t 0

)
.

Äëÿ óäîáñòâà îáîçíà÷èì λ1(t) ≡ iβ′(t), λ2(t) ≡ µ(t), σ = σ(ε) = e
i
ε
β(0) . Ñëåäóåò îòìåòèòü, ÷òî

ïðè èññëåäîâàíèè çàäà÷è (2) ìîãóò âîçíèêíóòü ðåçîíàíñû ìåæäó ñïåêòðàëüíûìè çíà÷åíèÿìè
λ1(t) ≡ iβ′(t) è λ2(t) ≡ µ(t), ò.å. ïðè âñåõ t ∈ [0, T ] ìîãóò âûïîëíÿòñÿ òîæäåñòâà (m = (m1,m2) -
ìóëüòèèíäåêñ, |m| = m1 +m2)

(m,λ(t)) ≡ m1λ1(t) +m2λ2(t) 6= 0, |m| ≥ 2,
(m,λ(t)) ≡ m1λ1(t) +m2λ2(t) 6= λj(t), |m| ≥ 2, j ∈ 1, 2.

Îäíàêî, â ñèëó òîãî, ÷òî λ1(t) ÷èñòî ìíèìàÿ ôóíêöèÿ, à λ2(t) äåéñòâèòåëüíàÿ ôóíêöèÿ, òî âû-
øåóêàçàííûå òîæäåñòâà íå âûïîëíÿþòñÿ, ò.å. èìååò ìåñòî íåðåçîíàíñíûé ñëó÷àé.

Ñîãëàñíî àëãîðèòìó ìåòîäà ðåãóëÿðèçàöèè [1], ïðîèçâåäÿ ðåãóëÿðèçàöèþ çàäà÷è (2), ïîëó÷èì
ñëåäóþùóþ îáùåèòåðàöèîííóþ çàäà÷ó:

L0w(t, τ) ≡
2∑
j=1

λj(t)
∂w

∂τj
−A(t)w = P (t, τ), (3)

ãäå P (t, τ) = P0(t) +
2∑
j=1

Pj(t)e
τj +

NP∑
|m|≥2

P (m)(t)e(m,τ) ∈ U.

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ 1) � 3) è P (t, τ) ∈ U. Äëÿ òîãî ÷òîáû ñèñòåìà (3) èìåëà

ðåøåíèå â U íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

(Pj(t), χj(t)) = 0, j = 0, 2, ∀t ∈ [0, T ], (4)

ãäå χ0(t), χ2(t) - ñîáñòâåííûå ôóíêöèè ìàòðèöû A∗(t).

Êëþ÷åâûå ñëîâà: Ñèíãóëÿðíîå âîçìóùåíèå, ìåòîä ðåãóëÿðèçàöèè, ðåçîíàíñ, îáùåèòåðàöèîííàÿ çàäà÷à.
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Âåñîâûå íåðàâåíñòâà äëÿ îäíîãî êëàññà êâàçèëèíåéíûõ
èíòåãðàëüíûõ îïåðàòîðîâ

Àéãåðèì ÊÀËÛÁÀÉ1,a, Ðûñêóë ÎÉÍÀÐÎÂ2,b

1 Óíèâåðñèòåò ÊÈÌÝÏ, Àëìàòû, Êàçàõñòàí
2 Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Ë.Í. Ãóìèëåâà, Íóð-Ñóëòàí, Êàçàõñòàí

E-mail: akalybay@kimep.kz, bo_ryskul@mail.ru

Â ðàáîòå ìû èçó÷àåì ñëåäóþùèå íåðàâåíñòâà ∞∫
0

u(x)

 x∫
0

 t∫
0

K(t, s)f(s) ds

r

w(t) dt


q
r

dx


1
q

≤ C

 ∞∫
0

v(x)fp(x) dx

 1
p

(1)

è  ∞∫
0

u(x)

 ∞∫
x

 ∞∫
t

K(s, t)f(s) ds

r

w(t) dt


q
r

dx


1
q

≤ C

 ∞∫
0

v(x)fp(x) dx

 1
p

(2)

äëÿ f ≥ 0. Çäåñü ÿäðî K(·, ·) ≥ 0 óäîâëåòâîðÿåò óñëîâèþ: ñóùåñòâóåò êîíñòàíòà d > 0 òàêàÿ, ÷òî

d−1(K(t, τ) +K(τ, s)) ≤ K(t, s) ≤ d(K(t, τ) +K(τ, s)) (3)

äëÿ 0 < s ≤ τ ≤ t <∞. Áîëåå òîãî, u, v è w ÿâëÿþòñÿ âåñàìè, ò.å. ïîëîæèòåëüíûìè ôóíêöèÿìè
ëîêàëüíî ñóììèðóåìûìè íà èíòåðâàëå I = (0,∞).

Â ïîñëåäíèå ãîäû èçó÷åíèþ íåðàâåíñòâ òèïà (1) è (2) ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò,
òàê êàê îíè èìåþò ïðèìåíåíèå â òåîðèè ïðîñòðàíñòâ Ìîððè. Äàííûå íåðàâåíñòâà òàêæå ïðè-
ìåíÿþòñÿ äëÿ íàõîæäåíèÿ õàðàêòåðèçàöèé áèëèíåéíûõ íåðàâåíñòâ Õàðäè. Èñïîëüçóÿ ïîäõîä,
îòëè÷àþùèéñÿ îò ïðåäûäóùèõ ìåòîäîâ èçó÷åíèÿ íåðàâåíñòâ (1) è (2), ìû íàõîäèì íåîáõîäèìûå
è äîñòàòî÷íûå óñëîâèÿ èõ âûïîëíåíèÿ ïðè 0 < r <∞, 0 < q < p <∞ è p ≥ 1.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP09259084.

Êëþ÷åâûå ñëîâà: èíòåãðàëüíûé îïåðàòîð, íåðàâåíñòâî òèïà Õàðäè, âåñîâàÿ ôóíêöèÿ, ÿäðî.
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Êðèòåðèè åäèíñòâåííîñòè ðåøåíèÿ êðàåâîé çàäà÷è äëÿ
óðàâíåíèÿ l(·)− A ñ âîëíîâûì îïåðàòîðîì A ñî ñìåùåíèåì

Áàëòàáåê ÊÀÍÃÓÆÈÍ1,2,a, Áàêûòáåê ÊÎØÀÍÎÂ3,b

1 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè,
2 Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

3 Ìåæäóíàðîäíûé óíèâåðñèòåò èíôîðìàöèîííûõ òåõíîëîãèé, Àëìàòû, Êàçàõñòàí

E-mail: akanguzhin53@gmail.com, bkoshanov@list.ru

1. Â ôóíêöèîíàëüíîì ïðîñòðàíñòâå L2(0, T ) ðàññìîòðèì îïåðàòîð B, ïîðîæäåííûé äèôôå-
ðåíöèàëüíûì âûðàæåíèåì

l(w) ≡ dnw

dtn
+ p1(t)

dn−1w

dtn−1
+ . . .+ pn(t)w(t), 0 < t < T (1)

c ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè

n−1∑
k=0

[αkjw
(k)(0) + βkjw

(k)(T )] = 0, j = 1, 2, . . . , n (2)
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ãäå pj(t) ∈ C(n−j)[0, T ], j = 1, 2, . . . , n.
Òðåáîâàíèå I. Ïðåäïîëîæèì, ÷òî îáëàñòü îïðåäåëåíèÿ îïåðàòîðà B çàäàåòñÿ ðåãóëÿðíûìè â

ñìûñëå Áèðêãîôà êðàåâûìè óñëîâèÿìè [1]. Èíà÷å ãîâîðÿ, â ñëó÷àå íå÷åòíîãî n = 2p−1 ñëåäóþùèå
äâà îïðåäåëèòåëÿ θ0, θ1 îòëè÷íû îò íóëÿ ; â ñëó÷àå ÷åòíîãî n = 2p ñëåäóþùèå äâà îïðåäåëèòåëÿ
θ−1, θ1 îòëè÷íû îò íóëÿ.

2. Ïóñòü Ω ∈ R2 � êîíå÷íàÿ îáëàñòü, îãðàíè÷åííàÿ îòðåçêîì OB : 0 ≤ x ≤ 1 îñè y = 0 è
õàðàêòåðèñòèêàìè OC : x+ y = 0, BC : x− y = 1 óðàâíåíèÿ

Av = vxx(x, y)− vyy(x, y) = f(x, y). (3)

Çàäà÷à Ka. Íàéòè ðåøåíèå óðàâíåíèÿ (3), óäîâëåòâîðÿþùèå óñëîâèþ

v(θ, 0) = 0, 0 ≤ θ ≤ 1,

v

(
θ

2
,−θ

2

)
= a v

(
θ + 1

2
,
θ − 1

2

)
, 0 ≤ θ ≤ 1

2
, (4)

ãäå a � ïðîèçâîëüíîå êîìïëåêñíîå ÷èñëî.
Îïåðàòîð, ñîîòâåòñòâóþùèé êðàåâîé çàäà÷å Ka, îáîçíà÷èì ÷åðåç A. Ñîáñòâåííûå çíà÷åíèÿ

îïåðàòîðà A áóäåì íóìåðîâàòü ïàðîé öåëî÷èñëåííûõ èíäåêñîâ ηk,m. Ñîáñòâåííûå ôóíêöèè îïå-
ðàòîðà A îáîçíà÷èì ÷åðåç vk,m(x, y) ñîîòâåòñòâóþùèõ ñîáñòâåííûì çíà÷åíèåì ηk,m.

Â ðàáîòå [2] â ÿâíîì âèäå âû÷èñëåíû ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà
A :

ηk,m = −4(i ln(−a) + 2πk)(i ln(−a) + 2πm), k,m = 0,±1, . . . , (5)

vk,m(x, y) = (−a)−2x
(
e{2πi[(k+m)x+(k−m)y]} − e{2πi[(k+m)x−(k−m)y]}

)
. (6)

Òåîðåìà K [2]. Ïðè a = 0 îïåðàòîð A ÿâëÿåòñÿ âîëüòåððîâûì, à ïðè

a(a+ 1) 6= 0 èìååò ïîëíóþ ñèñòåìó ñîáñòâåííûõ ôóíêöèé {vk,m(x, y), k,m = 0,±1, . . . }, çàäàâàå-
ìûõ ðàâåíñòâîì (6).

3. Ïóñòü Ω � êîíå÷íàÿ îáëàñòü èç ïðåäûäóùåãî ïóíêòà. Â îáëàñòè Q = Ω× (0, T ) ðàññìîòðèì
óðàâíåíèå

∂nu(x, y; t)

∂tn
+

n∑
j=1

pj(t)
∂n−ju(x, y; t)

∂tn−j
=

∂2u(x, y; t)

∂x2
− ∂2u(x, y; t)

∂y2
+ f(x, y; t), (x, y) ∈ Ω, 0 < t < T (7)

ñ êðàåâûìè óñëîâèÿìè ïî t

Uν(u(x, y; ·)) = 0, ν = 1, 2, . . . , n, (x, y) ∈ Ω (8)

è ñ óñëîâèÿìè ñî ñìåùåíèåì ïî (x, y)

u(θ, 0; t) = 0, 0 ≤ θ ≤ 1,

u

(
θ

2
, −θ

2
; t

)
= a u

(
θ + 1

2
,
θ − 1

2
; t

)
, 0 ≤ θ ≤ 1

2
, 0 < t < T. (9)

Îïåðàòîðíàÿ çàïèñü âûøåïðèâåäåííîé çàäà÷è (7)�(8)�(9) èìååò âèä

Bu = Au(x, y; t) + f(x, y; t), (x, y; t) ∈ Q. (10)

Çäåñü îïåðàòîð B äåéñòâóåò ïî ïåðåìåííîé t è åãî ñâîéñòâà ïðèâåäåíû â ïóíêòå 1. Îïåðàòîð
A äåéñòâóåò ïî ïåðåìåííûì (x, y) è åãî ñïåêòðàëüíûå ñâîéñòâà ïðèâåäåíû â ïóíêòå 2.

Ïðèâåäåì êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ îäíîðîäíîãî îïåðàòîðíîãî óðàâíåíèÿ (10).
Òåîðåìà 1. Ïóñòü âûïîëíåíî òðåáîâàíèå I è a(a + 1) 6= 0. Òîãäà îäíîðîäíîå îïåðàòîðíîå

óðàâíåíèå

Bu = Au (11)
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èìååò òîëüêî òðèâèàëüíîå ðåøåíèå u ∈ D(B) ∩D(A) òîãäà è òîëüêî òîãäà, êîãäà

σ(B) ∩ σ(A) 6= ∅, (12)

ãäå σ(B) è σ(A) � ñïåêòðû îïåðàòîðîâ B è A ñîîòâåòñòâåííî.
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Îöåíêà ðåøåíèÿ îäíîé çàäà÷è ñîïðÿæåíèÿ äëÿ
âûðîæäàþùåãîñÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â

ãåëüäåðîâñêèõ êëàññàõ

Óìáåòêóë ÊÎÉËÛØÎÂ1,a, Êóëíÿð ÁÅÉÑÅÍÁÀÅÂÀ2,3,b
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3 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: akoylyshov@mail.ru, bbeisenbaeva@mail.ru

Çàäà÷è òåïëîïðîâîäíîñòè ñ ðàçðûâíûìè êîýôôèöèåíòàìè è âûðîæäàþùèåñÿ óðàâíåíèÿ ïà-
ðàáîëè÷åñêîãî òèïà, êàæäîå â îòäåëüíîñòè äàâíî è õîðîøî èññëåäóþòñÿ. Íà÷àëüíî-êðàåâûå çà-
äà÷è äëÿ âûðîæäàþùåãîñÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ðàçðûâíûìè êîýôôèöèåíòàìè ìàëî
èçó÷åíû.

Äàííàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ îäíîé çàäà÷è ñîïðÿæåíèÿ äëÿ âûðîæäàþùåãîñÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ðàçðûâíûìè êîýôôèöèåíòàìè.
Íàéäåíî ÿâíîå ðåøåíèå ïîñòàâëåííîé çàäà÷è è ïîëó÷åíà åå îöåíêà â ãåëüäåðîâñêèõ êëàññàõ.

Ïîñòàíîâêà çàäà÷è. Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à: òðåáóåòñÿ íàéòè ôóíêöèè u1(x, t),
u2(x, t) â îáëàñòè Dn+1(x ∈ Rn, t > 0), óäîâëåòâîðÿþùèå óðàâíåíèÿì:

tp
∂u1

∂t
= a2

1∆u1 + f1(x, t), (x, t) ∈ D−n+1 = {(x, t), x′ ∈ Rn−1, xn < 0, t > 0}, (1)

tp
∂u2

∂t
= a2

2∆u2 + f2(x, t), (x, t) ∈ D+
n+1 = {(x, t), x′ ∈ Rn−1, xn < 0, t > 0}, (2)

íà÷àëüíûì óñëîâèÿì:
u1 |xn=−0= u2 |xn=+0, (4)

k1
∂u1

∂xn
|xn=−0= k2

∂u2

∂xn
|xn=+0, (5)

ãäå x′ = (x1, x2, ..., xn−1), ki > 0, i = 1, 2; 0 ≤ p < 1.
Îñíîâíîé ðåçóëüòàò. Ðåøåíèå çàäà÷è (1)-(5) ïîñòðîåíî â ÿâíîì âèäå è äîêàçàíà.
Òåîðåìà. Ðåøåíèå çàäà÷è (1)-(5) óäîâëåòâîðÿåò îöåíêå

〈u(x, t)〉
c
2+α,1+

αq
2

x,t (Dn+1)
≤ C

(
〈f(x, t)〉

C
α,
αq
2

x,t (Dn+1)
+ 〈ϕ(x)〉C2+α

x (Rn)

)
ãäå q = 1− p
Êëþ÷åâûå ñëîâà: Çàäà÷à ñîïðÿæåíèÿ, óðàâíåíèÿ òåïëîïðîâîäíîñòè, âûðîæäàþùèåñÿ óðàâíåíèÿ, ðàçðûâíûå
êîýôôèöèåíòû, ãåëüäåðîâñêèå êëàññû.
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ýëëèïòè÷åñêîãî óðàâíåíèÿ âûñîêîãî ïîðÿäêà â
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Â îáëàñòè D íà ïëîñêîñòè, îãðàíè÷åííîé ïðîñòûì ãëàäêèì êîíòóðîì Γ, ðàññìîòðèì ýëëèï-
òè÷åñêîå óðàâíåíèå 2l−ãî ïîðÿäêà

2l∑
r=0

ar
∂2lu

∂x2l−r∂yr
+

∑
0≤r≤k≤2l−1

ark(z)
∂ku

∂xk−r∂yr
= f(z), z = x+ iy ∈ D, (1)

ñ ïîñòîÿííûìè ñòàðøèìè êîýôôèöèåíòàìè ar ∈ R.
Èñõîäÿ èç íàáîðà 1 = k1 < . . . < kl ≤ 2l íàòóðàëüíûõ ÷èñåë, îáîáùåííàÿ çàäà÷à Íåéìàíà äëÿ

ýòîãî óðàâíåíèÿ îïðåäåëÿåòñÿ êðàåâûìè óñëîâèÿìè

∂kj−1u

∂nkj−1

∣∣∣∣
Γ

= fj , j = 1, . . . , l, (2)

ãäå n = n1 + in2 îçíà÷àåò åäèíè÷íóþ âíåøíþþ íîðìàëü.
Ïîñòàíîâêà êîíêðåòíîé çàäà÷è (1), (2) ïðè kj+1 − kj ≡ 1 äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ

âîñõîäèò ê À.Â. Áèöàäçå [1], ãäå ïðè k1 ≥ 2 îíà íàçâàíà îáîáùåííîé çàäà÷åé Íåéìàíà. Ýòî
íàçâàíèå â äàëüíåéøåì ñîõðàíÿåì è äëÿ ïðîèçâîëüíîãî íàáîðà ïîêàçàòåëåé kj , ââîäÿ äëÿ çàäà÷è
îáîçíà÷åíèå N . Ñèìâîë N0 ñîõðàíÿåì äëÿ çàäà÷è, êîãäà âñå ìëàäøèå êîýôôèöèåíòû ark â (1)
ðàâíû íóëþ.

Â êîíå÷íîé îäíîñâÿçíîé îáëàñòè D çàäà÷à N ïîäðîáíî èññëåäîâàëàñü â ðàáîòàõ [2,3]. Â ðàáîòå
[3] ýòà çàäà÷à èçó÷àëàñü çàäà÷à â êëàññå

C2l,µ
a (D) = {u ∈ C2l(D) ∩ C2l−1,µ(D), Lau ∈ Cµ(D)}.

Îáîçíà÷èì ÷åðåç νk, 1 ≤ k ≤ m, âñå ðàçëè÷íûå êîðíè â âåðõíåé ïîëóïëîñêîñòè õàðàêòåðè-
ñòè÷åñêîãî ìíîãî÷ëåíà

χ(z) = a2l

∏m

k=1
(z − νk)lk

∏m

k=1
(z − νk)lk

òàê ÷òî ñóììà êðàòíîñòåé l1 + . . .+ lm ýòèõ êîðíåé ðàâíà l.
Ââåäåì äðîáíî ëèíåéíûå ïî z ôóíêöèè

ω(e, ν) =
−e2 + e1ν

e1 + e2ν
, 1 ≤ j ≤ l, (3)

ãäå çàâèñèìîñòü îò åäèíè÷íîãî êàñàòåëüíîãî âåêòîðà e = e1 + ie2 ê êîíòóðó Γ ïî îòíîøåíèþ ê
íîðìàëüíîìó âåêòîðó e = e1 + ie2 = i(n1 + in2).

Èñõîäÿ èç l-âåêòîð-ôóíêöèè g(ζ) = (g1(ζ), . . . , gl(ζ)), àíàëèòè÷åñêîé â îêðåñòíîñòè òî÷åê
ζ1, . . . , ζm, ââåäåì áëî÷íóþ l × l− ìàòðèöó

Wg(ζ1, . . . , ζm) = (Wg(ζ1), . . . ,Wg(ζm)), (4)

ãäå ìàòðèöà Wg(ζk) ∈ Cl×lk ñîñòàâëåíà èç âåêòîðîâ-ñòîëáöîâ

g(ζk), g
′(ζk), . . . ,

1

(lk − 1)!
g(lk−1)(ζk).

Ïóñòü îáëàñòü D áåñêîíå÷íà è îãðàíè÷åíà êîíòóðîì Γ ∈ C2l,ν , ñâÿçíûå êîìïîíåíòû êîòîðîãî
îáîçíà÷èì Γ0, . . . ,Γn. Ñëåäóÿ [4], ââåäåì ïðîñòðàíñòâî Ãåëüäåðà Cµλ (D,∞), λ ∈ R, ôóíêöèé ñî
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ñòåïåííûì ïîâåäåíèåì O(|z|λ) íà áåñêîíå÷íîñòè. Áîëåå òî÷íî, ïðè λ = 0 îíî ñîñòîèò èç îãðàíè-
÷åííûõ ôóíêöèé ϕ, äëÿ êîòîðûõ ψ(z) = |z|µϕ(z) óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà ñ ïîêàçàòåëåì
µ. Îòíîñèòåëüíî íîðìû

|ϕ| = sup
z∈D
|ϕ(z)|+ sup

z1 6=z2

|ψ(z1)− ψ(z2)|
|z1 − z2|µ

ýòî ïðîñòðàíñòâî áàíàõîâî, ïðè÷åì îíî ÿâëÿåòñÿ áàíàõîâîé àëãåáðîé ïî óìíîæåíèþ. Â îáùåì
ñëó÷àå ïðîèçâîëüíîãî λ áàíàõîâî ïðîñòðàíñòâî
Cµλ (D,∞) îïðåäåëèì êàê êëàññ ôóíêöèé ϕ, äëÿ êîòîðûõ (1 + |z|)−λϕ(z) ∈ Cµ0 (D,∞), ñíàáæåííîå
ïåðåíåñåííîé íîðìîé. Ñîîòâåòñòâóþùèå áàíàõîâû ïðîñòðàíñòâî Cn,µλ (D,∞) äèôôåðåíöèðóåìûõ
ôóíêöèé îïðåäåëèì èíäóêòèâíî óñëîâèÿìè

ϕ ∈ Cn(D) ∩ Cn−1,µ
λ (D,∞),

∂ϕ

∂x
,
∂ϕ

∂y
∈ Cn−1,µ

λ−1 (D,∞). (5)

Îíî ÿâëÿåòñÿ áàíàõîâûì îòíîñèòåëüíî ñîîòâåòñòâóþùåé íîðìû.
Ïîñêîëüêó â äàëüíåéøåì áåñêîíå÷íàÿ îáëàñòü D ôèêñèðîâàíà, ïðîñòðàíñòâà Cn,µλ (D,∞) âñþ-

äó â äàëüíåéøåì îáîçíà÷àåì êðàòêî Cn,µλ . Â áîëåå îáùåé ñèòóàöèè êîíå÷íîãî ìíîæåñòâà îñîáûõ
òî÷åê îíè áûëè äåòàëüíî èçó÷åíû â [4].

Çàäà÷ó N ðàññìîòðèì â êëàññå C2l,µ
λ , −1 < λ < 0, ôóíêöèé, èñ÷åçàþùèõ íà áåñêîíå÷íîñòè.

Äëÿ íåå ñïðàâåäëèâ ñëåäóþùèé îñíîâíîé ðåçóëüòàò.
Òåîðåìà 1. Ïóñòü áåñêîíå÷íàÿ îáëàñòü D îãðàíè÷åíà êîíòóðîì Γ êëàññà C2l,ν , µ < ν <

1, ñîñòîÿùèì èç êîìïîíåíò Γ0, . . . ,Γn, ìëàäøèå êîýôôèöèåíòû óðàâíåíèÿ (1) óäîâëåòâîðÿþò

òðåáîâàíèþ

ark ∈ Cµk−2l−0(D,∞) = ∪ε>0C
µ
k−2l−ε, (6)

è âûïîëíåíî óñëîâèå

detWg[ω(e, ν1), . . . , ω(e, νm)] 6= 0, e ∈ T, (7)

ãäå T îçíà÷àåò åäèíè÷íóþ îêðóæíîñòü. Òîãäà çàäà÷àN ôðåäãîëüìîâà â êëàññå C2l,µ
λ , −1 < λ < 0,

è åå èíäåêñ äàåòñÿ ôîðìóëîé

æ = 2(n+ 1)[æ0 + 2
∑

i<j
lilj ]− l(2l − 1). (8)

Ëåììà. Çàäà÷è N è N0 â êëàññå C
2l,µ
λ , −1 < λ < 0, ôðåäãîëüìîâî ýêâèâàëåíòíû è èõ èíäåêñû

ñîâïàäàþò.
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íà ïëîñêîñòè, Äèôôåðåíöèàëüíûå óðàâíåíèÿ, 52:12 (2016), 1666�1681.

[4] Ñîëäàòîâ À.Ï. Ñèíãóëÿðíûå èíòåãðàëüíûå îïåðàòîðû è ýëëèïòè÷åñêèå êðàåâûå çàäà÷è, Ñîâðåìåííàÿ ìà-

òåìàòèêà. Ôóíäàìåíòàëüíûå íàïðàâëåíèÿ, 63 (2016), 1�179.

� >>> �
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Çàäà÷à Ñòåêëîâà äëÿ ëèíåéíîãî îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà ñ

çàïàçäûâàþùèì àðãóìåíòîì

Ìàäèíà ÌÀÆÃÈÕÎÂÀ

ÈÏÌÀ ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ

E-mail: mazhgihova.madina@yandex.ru

Ðàññìîòðèì óðàâíåíèå

Dα
0tu(t)− λu(t)− µH(t− τ)u(t− τ) = f(t), 0 < t < 1, (1)

ãäå Dα
0t � äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà�Ëèóâèëëÿ [1], 1 < α ≤ 2, λ, µ � ïðîèçâîëüíûå ïîñòîÿííûå,

τ � ôèêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî, H(t) � ôóíêöèÿ Õåâèñàéäà.
Äëÿ óðàâíåíèÿ (1) èññëåäîâàíà íåëîêàëüíàÿ êðàåâàÿ çàäà÷à:
Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå äëÿ âñåõ 0 < t < 1

óñëîâèÿì:

Dα−1
0t u(t)

∣∣
t=1

= c1D
α−2
0t u(t)

∣∣
t=0

+ c2D
α−2
0t u(t)

∣∣
t=1

,

Dα−1
0t u(t)

∣∣
t=0

= c3D
α−2
0t u(t)

∣∣
t=0

+ c4D
α−2
0t u(t)

∣∣
t=1

.

Íàéäåíà ôóíêöèÿ Ãðèíà çàäà÷è. Ïîëó÷åíî óñëîâèå îäíîçíà÷íîé ðàçðåøèìîñòè. Äîêàçàíû òåîðå-
ìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è è òåîðåìà î êîíå÷íîñòè ÷èñëà âåùåñòâåííûõ
ñîáñòâåííûõ çíà÷åíèé.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå äðîáíîãî ïîðÿäêà, äèôôåðåíöèàëüíîå óðàâíåíèå ñ çàïàçäûâà-
þùèì àðãóìåíòîì, çàäà÷à Ñòåêëîâà, ôóíêöèÿ Ãðèíà.

2010 Mathematics Subject Classi�cation: 34L99.

Ëèòåðàòóðà

[1] Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå, Ôèçìàòëèò, Ìîñêâà (2003).
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Êðàåâàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé c ÷àñòíûìè
ïðîèçâîäíûìè â ñìûñëå Äæðáàøÿíà � Íåðñåñÿíà

Ìóðàò ÌÀÌ×ÓÅÂ

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ

E-mail: mamchuev@rambler.ru

Ðàññìîòðèì ñèñòåìó óðàâíåíèé

D
{α0,...,αk}
0x u(x, y) +AD

{β0,...,βm}
0y u(x, y) = Bu(x, y) + f(x, y), (1)

çäåñü D{α0,...,αk}
0x è D

{β0,...,βm}
0y � îïåðàòîðû äðîáíîãî äèôôåðåíöèðîâàíèÿ Äæðáàøÿíà � Íåðñå-

ñÿíà [1] ïîðÿäêîâ α =
k∑
i=0

αi − 1 è β =
m∑
i=0

βi − 1, ñîîòâåòñòâåííî, α, β, αi, βj ∈ (0, 1]; f(x, y) =

||f1(x, y), ..., fn(x, y)|| � çàäàííûé, à u(x, y) = ||u1(x, y), ..., un(x, y)|| � èñêîìûé n-ìåðíûå âåêòîðû,
A è B � çàäàííûå ïîñòîÿííûå äåéñòâèòåëüíûå êâàäðàòíûå ìàòðèöû ïîðÿäêà n.

Äëÿ ñèñòåìû óðàâíåíèé (1) èññëåäîâàíà êðàåâàÿ çàäà÷à â ïðÿìîóãîëüíîé îáëàñòè â ñëó÷àå,
êîãäà ìàòðè÷íûé êîýôôèöèåíò â ãëàâíîé ÷àñòè ñèñòåìû èìååò ñîáñòâåííûå çíà÷åíèÿ, ëåæàùèå
â íåêîòîðîì óãëó êîìïëåêñíîé ïëîñêîñòè. Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ðåøåíèÿ èññëåäóåìîé çàäà÷è. Ðåøåíèå ïîñòðîåíî â ÿâíîì âèäå â òåðìèíàõ ôóíêöèè Ðàéòà ìàò-
ðè÷íîãî àðãóìåíòà.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2022
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Êëþ÷åâûå ñëîâà: Ñèñòåìà óðàâíåíèé ñ ÷àñòíûìè ïîèçâîäíûìè, ïðîèçâîäíûå äðîáíîãî ïîðÿäêà, îïåðàòîð Äæð-
áàøÿíà � Íåðñåñÿíà, êðàåâàÿ çàäà÷à, ôóíäàìåíòàëüíîå ðåøåíèå, ôóíêöèÿ Ðàéòà ìàòðè÷íîãî àðãóìåíòà.

2010 Mathematics Subject Classi�cation: 35C05, 35C15, 35E05.

Ëèòåðàòóðà

[1] Äæðáàøÿí Ì. Ì., Íåðñåñÿí À. Á. Äðîáíûå ïðîèçâîäíûå è çàäà÷à Êîøè äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé
äðîáíîãî ïîðÿäêà, Èçâ. ÀÍ ÀðìÑÑÐ. Ìàòåì., 1:2 (1968), 3�28.
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Ñóùåñòâîâàíèå, êîìïàêòíîñòü è îöåíêè ñèíãóëÿðíûõ è
ñîáñòâåííûõ ÷èñåë ðåçîëüâåíòû ñèíãóëÿðíîãî

äèôôåðåíöèàëüíîãî îïåðàòîðà ãèïåðáîëè÷åñêîãî òèïà

Ìóñàêàí ÌÓÐÀÒÁÅÊÎÂa, Ñàáèò ÈÃÈÑÈÍÎÂb

Òàðàçñêèé ðåãèîíàëüíûé óíèâåðñèòåò èì. Ì.Õ. Äóëàòè, Êàçàõñòàí

E-mail: amusahan_m@mail.ru, bigisinovsabit@mail.ru

Â ðàáîòå äëÿ îäíîãî êëàññà äèôôåðåíöèàëüíûõ îïåðàòîðîâ ãèïåðáîëè÷åñêîãî òèïà íàìè äî-
êàçàíû, ÷òî ñóùåñòâóåò îãðàíè÷åííûé îáðàòíûé îïåðàòîð è íàéäåíî óñëîâèå îáåñïå÷èâàþùåå
êîìïàêòíîñòü ðåçîëüâåíòû, à òàêæå ïîëó÷åíû äâóñòîðîííèå îöåíêè ñèíãóëÿðíûõ ÷èñåë (s-÷èñåë).
Çäåñü çàìåòèì, ÷òî îöåíêà ñèíãóëÿðíûõ ÷èñåë (s-÷èñåë) ïîêàçûâàåò ñêîðîñòü ïðèáëèæåíèÿ ðå-
çîëüâåíòû îïåðàòîðà L ëèíåéíûìè êîíå÷íîìåðíûìè îïåðàòîðàìè. Ïðèâåäåí ïðèìåð, êàê íàé-
äåííûå îöåíêè s-÷èñåë ïîçâîëÿþò íàéòè îöåíêè ñîáñòâåííûõ ÷èñåë îïåðàòîðà L. Îòìåòèì, ÷òî
âûøåóêàçàííûå ðåçóëüòàòû ïîëó÷åíû äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà ãèïåðáîëè÷åñêîãî òèïà
â ñëó÷àå íåîãðàíè÷åííîé îáëàñòè ñ áûñòðî êîëåáëþùèìèñÿ è ñèëüíî ðàñòóùèìè êîýôôèöèåíòàìè
íà áåñêîíå÷íîñòè.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP08855802 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: îïåðàòîð ãèïåðáîëè÷åñêîãî òèïà, ñèíãóëÿðíîñòü, íåîãðàíè÷åííàÿ îáëàñòü, ðåçîëüâåíòà, êîì-
ïàêòíîñòü, ñèíãóëÿðíûå ÷èñëà, ñîáñòâåííûå ÷èñëà.

2010 Mathematics Subject Classi�cation: 35L81.
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Îá îäíîì ãèáðèäíîì àëãîðèòìå ðåøåíèè

îáðàòíûõ ãðàíè÷íûõ çàäà÷ îòíîñèòåëüíî
ïðîìåæóòî÷íûõ ìàññ íà ñòåðæíå

Äàóëåò ÍÓÐÀÕÌÅÒÎÂ1,a, Àëüìèð ÀÍÈßÐÎÂ1,2,b, Ñåðèê ÄÆÓÌÀÁÀÅÂ3,c, Ðèíàò
ÊÓÑÀÈÍÎÂ1,4,d

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2 Ìåæäóíàðîäíûé óíèâåðñèòåò Àñòàíà, Íóð-Ñóëòàí, Êàçàõñòàí

3 Àêàäåìèÿ ãîñóäàðñòâåííîãî óïðàâëåíèÿ ïðè Ïðåçèäåíòå Ðåñïóáëèêè Êàçàõñòàí,

Íóð-Ñóëòàí, Êàçàõñòàí
4 Óíèâåðñèòåò èìåíè Øàêàðèìà ãîðîäà Ñåìåé, Ñåìåé, Êàçàõñòàí

E-mail: anurakhmetov@math.kz, baniyarov@math.kz, cser_jum@inbox.ru, drinat.k.kus@mail.ru

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñâîáîäíûå ïîïåðå÷íûå êîëåáàíèÿ ñòåðæíÿ äëèíû l ñ òðåìÿ
ïðîìåæóòî÷íûìè ìàññàìè m1, m2 è m3 c øàðíèðíî îïåðòûìè çàêðåïëåíèÿìè, êîòîðàÿ ñâîäèòñÿ
ê ñëåäóþùåé ñïåêòðàëüíîé çàäà÷å:

EJyIV (x) = ω2ρAy(x), x 6= a− l

2
, x 6= b− l

2
, x 6= c− l

2
, (1)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022
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[
EJy′′′(x)

]
x=Pi

= −miω
2y (Pi) , i = 1, 2, 3. (2)

[y(x)]x=Pi
= 0,

[
Ey′(x)

]
x=Pi

= 0,
[
EJy′′(x)

]
x=Pi

= 0, (3)

y(x)|x=− l
2

= 0, EJy′′(x)
∣∣
x=− l

2
= 0, (4)

y(x)|x= l
2

= 0, EJy′′(x)
∣∣
x= l

2
= 0, (5)

ãäå E ìîäóëü Þíãà, J ìîìåíò èíåðöèè ïëîùàäè ïîïåðå÷íîãî ñå÷åíèÿ îòíîñèòåëüíî íåéòðàëüíîé
îñè, ρ ïëîòíîñòü ìàòåðèàëà, A ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ, P1 = a− l

2 , P2 = b− l
2 , P3 = c− l

2
è [f(x)]x=c = limε→+0 [f(c− ε)− f(c+ ε)]

îçíà÷àåò ñêà÷îê ôóíêöèè â òî÷êå x = c. Îáîçíà÷èì ÷åðåç p4 = ω2ρA
EJ , ãäå ω ÷àñòîòíûé ïàðàìåòð,

Ãö.
Îñíîâíàÿ öåëü äàííîé ðàáîòû âûÿâèòü óñëîâèÿ íà ãåîìåòðè÷åñêèå ðàñïîëîæåíèÿ ñîñðåäîòî-

÷å÷íûõ ìàññ äëÿ íåîäíîçíà÷íîãî ðåøåíèÿ îáðàòíîé çàäà÷è ïî âîññòàíîâëåíèþ ñîñðåäîòî÷å÷íûõ
ìàññ ñ çàðàíåå èçâåñòíûìè ïåðâûõ òðåõ ñîáñòâåííûõ ÷àñòîò.

Ïîñëåäíèå ãîäû àêòèâíî ðàçâèâàþòñÿ ìåòîäû àíàëèçà ïðÿìûõ è îáðàòíûõ çàäà÷ äëÿ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ ñîñðåäîòî÷åííûìè ìàññàìè è óïðóãèìè ñâÿçÿìè [1-4]. Ýòè ìåòîäû èìå-
þò î÷åíü âàæíûå çíà÷åíèÿ, òàê êàê îíè äàþò âîçìîæíîñòü ðàçâèâàòü òåõíîëîãèè îáåñïå÷èâàÿ
áåçîïàñíîñòü ëþäåé. Â îòëè÷èå îò ðàáîò [5-8] â äàííîé ðàáîòå ïðåäëàãàåòñÿ ãèáðèäíûé àëãîðèòì
ïîçâîëÿþùèé âû÷èñëèòü âñå òðè âåñà äëÿ ñîñðåäîòî÷åííûõ ìàññ ñ ãåîìåòðè÷åñêîé ñèììåòðèåé
ðàñïîëîæåíèÿ ïåðâîé è òðåòüåé ìàññû îòíîñèòåëüíî ñåðåäèíû ñòåðæíÿ. Çàìåòèì, ÷òî ÷èñëåííûé
ìåòîä ðåøåíèÿ îáðàòíîé çàäà÷è äàåò âîçìîæíîñòü îïðåäåëèòü âåëè÷èíó ëèøü âòîðîé ìàññû. Ïåð-
âûå òðè ñîáñòâåííûå ÷àñòîòû ñòåðæíÿ âû÷èñëåíû ÷èñëåííî ñ ïîìîùüþ êîìïüþòåðíîãî ïàêåòà
Maple. Íàéäåíî àíàëèòè÷åñêîå ñîîòíîøåíèå ìåæäó ìàññàìè.

Ðåçóëüòàòû äàííîãî èññëåäîâàíèÿ áóäóò ñïîñîáñòâîâàòü ðàçâèòèþ ìåòîäîâ ðåøåíèÿ äëÿ îá-
ðàòíûõ çàäà÷ ñ ìíîãîòî÷å÷íûìè âíóòðåííèìè ýëåìåíòàìè.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP08052239 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ñîáñòâåííûå ÷àñòîòû, õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü, îáðàòíàÿ çàäà÷à, ñîñðåäîòî÷åííûå
ýëåìåíòû.

2010 Mathematics Subject Classi�cation: 34B09, 47A75, 65F18.
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Ìàêñèìàëüíàÿ ðåãóëÿðíîñòü ðåøåíèÿ äèôôåðåíöèàëüíîãî
óðàâíåíèÿ âòîðîãî ïîðÿäêà

Êîðäàí ÎÑÏÀÍÎÂa, Ðàÿ ÀÕÌÅÒÊÀËÈÅÂÀb

Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, Íóð-Ñóëòàí, Êàçàõñòàí

E-mail: akordan.ospanov@gmail.com, braya_84@mail.ru

Ðàññìîòðèì óðàâíåíèå

−s(x)(ρ(x)y′)′ + r (x) y′ + q (x) y = f(x), (1)

ãäå x ∈ R = (−∞, +∞) è f ∈ Lp = Lp(R), 1 < p < +∞. Ïðåäïîëîæèì, ÷òî s, ρ è r íåïðåðûâíî
äèôôåðåíöèðóåìû, à q - íåïðåðûâíàÿ ôóíêöèÿ. Ïóñòü ly = −s(ρy′)′ + ry′ + qy, D(l) = C

(2)
0 (R).

×åðåç L îáîçíà÷èì çàìûêàíèå l â Lp. Ýëåìåíò y ∈ D(L) òàêîé, ÷òî Ly = f íàçîâåì ðåøåíèåì
óðàâíåíèÿ (1).

Â äîêëàäå îáñóæäàþòñÿ óñëîâèÿ íà êîýôôèöèåíòû s, ρ, r è q, ïðè êîòîðûõ ñóùåñòâóåò åäèí-
ñòâåííîå ðåøåíèå y óðàâíåíèÿ (1) è äëÿ íåãî ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:∥∥−s(x)(ρ(x)y′)′

∥∥
p

+
∥∥ ry′ ∥∥

p
+ ‖ (1 + |q|)y ‖p ≤ C ‖ f ‖p , (2)

‖ · ‖p - íîðìà Lp.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP08856281 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå, ñèëüíîå ðåøåíèå, îäíîçíà÷íàÿ ðàçðåøèìîñòü, êîýðöèòèâíàÿ
îöåíêà.

2010 Mathematics Subject Classi�cation: 34A30, 34C11, 47A05.
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Îá îäíîé îöåíêå ðåøåíèÿ ïñåâäîïàðàáîëè÷åñêîãî
óðàâíåíèÿ òðåòüåãî ïîðÿäêà

Ìûðçàãàëè ÎÑÏÀÍÎÂ, Æóëäûçàé ÓÑÏÀÍÎÂÀ

Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í.Ãóìèëåâà, Íóð-Ñóëòàí, Êàçàõñòàí

E-mail: myrzan66@mail.ru

Íà Ω = {(x, t) ∈ R2, 0 < x < ω, 0 < t < T} ðàññìîòðèì íåëîêàëüíóþ êðàåâóþ çàäà÷ó

uxtt = a0uxt + a1ux + a2utt + a3ut + a4u+ f(x, t), (x, t) ∈ Ω, (1)

u(0, t) = ϕ (t), t ∈ [0, T ], (2)

ux(x, 0) = ux(x, T ), x ∈ [0, ω], (3)

uxt(x, 0) = uxt(x, T ), x ∈ [0, ω]. (4)

Áóäåì ñ÷èòàòü, ÷òî ai(x, t)
(
i = 0, 4

)
, f(x, t) � íåïðåðûâíûå íà Ω ôóíêöèè, ϕ(t) � íåïðåðûâ-

íî äèôôåðåíöèðóåìàÿ íà [0, T ] ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì ϕ(0) = ϕ(T ), ϕ̇(0) =
ϕ̇(T ), ϕ̈(0) = ϕ̈(T ).

Ïóñòü (Ω,R) � ìíîæåñòâî íåïðåðûâíûõ íà Ω âåêòîð-ôóíêöèé. Ðåøåíèåì çàäà÷è (1)�(4) íàçî-
âåì ôóíêöèþ u(x, t) ∈ (Ω,R), èìåþùåé íåïðåðûâíûå íà Ω ÷àñòíûå ïðîèçâîäíûå ux, ut, uxt, utt, uxtt
è óäîâëåòâîðÿþùåé óðàâíåíèþ (1) è óñëîâèÿì (2)�(4).

Äîêàçûâàåòñÿ
Òåîðåìà Åñëè a1(x, t) ≥ σ > 0, òî çàäà÷à (1)�(4) èìååò åäèíñòâåííîå ðåøåíèå u(x, t) è ñïðà-

âåäëèâû ñëåäóþùèå îöåíêè:

max {‖u(x, ·)‖ , ‖ux(x, ·)‖ , ‖ut(x, ·)‖ , ‖utt(x, ·)‖ , ‖uxt(x, ·)‖} ≤ C,

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022
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ãäå C - ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò èñõîäíûõ äàííûõ, à

‖u(x, ·)‖ = max
t∈[0,T ]

|u(x, t)|.

Funding: Ðàáîòà ïîääåðæàíà ãðàíòîì ÀÐ08856281 Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóá-
ëèêè Êàçàõñòàí.

Êëþ÷åâûå ñëîâà: ïñåâäîïàðàáîëè÷åñêîå óðàâíåíèå, íåëîêàëüíîå êðàåâîå óñëîâèå, îöåíêà ðåøåíèÿ.

2010 Mathematics Subject Classi�cation: 35K70.

Ëèòåðàòóðà

[1] Haxyøeâ A.M. Óðàâíåíèÿ ìàòåìàòè÷åñêîé áèîëîãèè, Âûñøàÿ øêîëà, Ìîñêâà (1995).
[2] Äæóìàáàåâ Ä.Ñ. Àïïðîêñèìàöèÿ îãðàíè÷åííîãî ðåøåíèÿ ëèíåéíîãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ ðåøåíèÿìè äâóõòî÷å÷íûõ êðàåâûõ çàäà÷, Æ. âû÷èñë. ìàòåì. è ìàòåì. ôèç., 30:3 (1990), 388�404.

� >>> �

Î çàäà÷å äëÿ âûðîæäàþùåãîñÿ
óðàâíåíèÿ ñìåøàííîãî òèïà

Íàðãèçà Î×ÈËÎÂÀ

Òàøêåíòñêèé ôèíàíñîâûé èíñòèòóò, Tàøêåíò, Óçáåêèñòàí
E-mail: nargiz.ochilova@gmail.com

Ðàññìîòðèì óðàâíåíèå

0 =


uxx −C Dα

oyu, ïðè x > 0, y > 0,

(−y)muxx − uyy, ïðè x > 0, y < 0

uxx − (−x)nuyy, ïðè x < 0, y > 0

(1)

â îáëàñòè D îãðàíè÷åííîé ïðè x > 0, y > 0 îòðåçêàìè AB, BB0, B0A0, A0A ïðÿìûõ y =
0, x = 1, x = 0, y = 1 è ïðè x > 0, y < 0 (x < 0, y > 0) îãðàíè÷åííîé îòðåçêîì ïðÿìîé
AC2 = {(x, y) : x = 0, −1 6 y 6 0}, (AC1 = {(x, y) : −1 6 x 6 0, y = 0}) è õàðàêòåðèñòèêîé

BC2 : x+
1

q
(−y)q = 1, (A0C1 : y +

1

p
(−x)p = 1)

óðàâíåíèÿ (1), ãäå 0 < α < 1, m, n = const > 0, 2p = m+ 2, 2q = n+ 2, CDα
oy− îïåðàòîðîì Êàïóòî

[1].
Ââåäåì îáîçíà÷åíèÿ:

D0 = D ∩ {x > 0, y > 0} , D1 = D ∩ {x < 0, y > 0} , D2 = D ∩ {x > 0, y < 0} ,
I1 = {(x, y) : x = 0, 0 < y < 1} ,

I2 = {(x, y) : 0 < x < 1, y = 0} , D∗ = D0 ∪ D11 ∪ D21 ∪ I1 ∪ I2, ∆1 = D0 ∪ D11 ∪ I1, D11 =

D1 ∩
{
y − 1

p(−x)p > 0
}
, D12 = D1 ∩

{
y − 1

p(−x)p < 0
}
, ∆2 = D0 ∪ D21 ∪ I2, D21 = D2 ∩{

x− 1
q (−y)q > 0

}
, D22 = D2 ∩

{
x− 1

q (−y)q < 0
}
, 2α1 = n

n+2 , 2β1 = m
m+2 , C21

(
1
2 ,−

( q
2

) 1
q

)
,

C11

(
−
(p

2

) 1
p , 1

2

)
ïðè÷åì

0 < β1 < α1 <
1

2
. (2)

Çàäà÷à A. Òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ u(x, y) èç êëàññà ôóíêöèé
W =

{
u(x, y) : u(x, y) ∈ C(D̄) ∩ C2(D11 ∪D22 ∪D12 ∪D21), uxx ∈ C(D0), cD

α
0yu ∈ C(D0)

}
îáëàäàþùóþ ñëåäóþùèìè ñâîéñòâàìè:
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1) u(x, y) óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ D0 è D1j , D2j , (j = 1, 2)
2) y1−αuy(x, y) ∈ C(D0∪I2), uy(x, y) ∈ C(D2∪I2), è íà ëèíèè I2 âûïîëíÿåòñÿ óñëîâèå ñêëåèâàíèÿ:

lim
y→+0

y1−αuy(x, y) = uy(x,−0), (x, 0) ∈ I2;

3) ux(x, y) ∈ C(D0 ∪ I2) ∩ C(D1 ∪ I1) è íà ëèíèè I1 âûïîëíÿåòñÿ óñëîâèå ñêëåèâàíèÿ:

lim
x→+0

ux(x, y) = lim
x→−0

ux(x, y), (0, y) ∈ I1;

4) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì:

u(x, y)|BB0
= ϕ0(y), 0 6 y 6 1, u(x, y)|AC2

= ϕ1(y), −1 6 y 6 0,

u(x, y)|A0C11
= ϕ2(y),

1

2
6 y 6 1

u(x, y)|BC21
= ψ1(x),

1

2
6 x 6 1, u(x, y)|AC1

= ψ2(x), −1 ≤ x ≤ 0

ãäå ϕ0(y), ϕj(x), ψj(y), (j = 1, 2) - çàäàííûå ôóíêöèè, ïðè÷åì
ϕ0(0) = ψ1(1), ϕ1(0) = ψ2(0),

ϕ0(y) ∈ C [0, 1] ∩ C1(0, 1), ϕ1(y) ∈ C [−1, 0] ∩ C2(−1, 0), (3)

ϕ2(y) ∈ C3

[
1

2
, 1

]
, ψ1(x) ∈ C3

[
1

2
, 1

]
, ψ2(x) ∈ C [−1, 0] ∩ C2(−1, 0). (4)

Çàìåòèì, ÷òî çàäà÷à òèïà çàäà÷è À äëÿ óðàâíåíèÿ (1) ñ õàðàêòåðèñòèêîé ëèíèåé èçìåíåíèÿ
òèïà èçó÷åíà â ðàáîòå [1].

Òåîðåìà. Åñëè âûïîëíåíû óñëîâèÿ (2)-(4), òî â îáëàñòè D ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

çàäà÷è À.

Êëþ÷åâûå ñëîâà: ïàðàáîëî-ãèïåðáîëè÷åñêîå óðàâíåíèå, îïåðàòîð Êàïóòî, åäèíñòâåííîñòü ðåøåíèÿ, ñóùåñòâî-
âàíèå ðåøåíèÿ, èíòåãðàëüíîå óðàâíåíèå.

2010 Mathematics Subject Classi�cation: 34B45, 35R11.

Ëèòåðàòóðà

[1] Èñëîìîâ Á.È., Î÷èëîâà Í.Ê. Îá îäíîé çàäà÷å äëÿ äðîáíîé ïðîèçâîäíîé âûðîæäàþùåãîñÿ óðàâíåíèÿ ñìå-
øàííîãî òèïà, Âåñòíèê ÊÐÀÓÍÖ. Ôèç-ìàò.Íàóêè, 1:17 (2017), 22�32.
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Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ãèïåðáîëî-ýëëèïòè÷åñêîãî
òèïà òðåòüåãî ïîðÿäêà ñ ñèíãóëÿðíûì êîýôôèöèåíòîì

Íîçèìà Î×ÈËÎÂÀ

Òàøêåíòñêèé ãîñóäàðñòâåííûé òðàíñïîðòíûé óíèâåðñèòåò, Òàøêåíò, Óçáåêèñòàí

E-mail: islomovbozor@yandex.ru

Ðàññìîòðèì óðàâíåíèÿ

∂

∂x

(
signy|y|muxx + uyy +

β0

y
uy

)
= 0 (1)

ãäå

m > 0,−m
2
< β0 < 1. (2)
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Ïóñòü îáëàñòü, îãðàíè÷åííàÿ ïðîñòîé äóãîé Æîðäàíà Γ ñ êîíöàìè â òî÷êàõ A(−1; 0), B(1, 0),
ëåæàùåé â âåðõíåé ïîëóïëîñêîñòè y > 0 è ïðè y < 0 õàðàêòåðèñ-òèêàìè

AC : x− 2

m+ 2
(−y)

m+2
2 = −1, BC : x+

2

m+ 2
(−y)

m+2
2 = 1

óðàâíåíèÿ (1), âûõîäÿùèìè èç òî÷êè C
[
0, −((m+ 2)/2 )2/(m+2)

]
.

Ïðåäïîëîæèì, ÷òî êàæäàÿ ïðÿìàÿ y = c, 0 < y < h, ïåðåñåêàåòñÿ ñ Γ â äâóõ òî÷êàõ, à
ïðÿìàÿ y = h èìååò åäèíñòâåííóþ îáùóþ òî÷êó N(0, h)(òî÷êó êàñàíèÿ) ñ êðèâîé Γ.

Ââåäåì îáîçíà÷åíèÿ: D1 = D ∩ { y > 0}, D2 = D ∩ { y < 0},

I = {(x, y) : −1 < x < 1, y = 0} , D = D1 ∪D2 ∪ I,

W =
{
u : u ∈ C

(
D̄
)
∩ C1 (D ∪AC) , uxxx, uxyy, uxy ∈ C (D1 ∪D2)} .

Çàäà÷à B1. Íàéòè ôóíêöèþ u(x, y) ∈ W óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè D è
êðàåâûì óñëîâèÿì

u|Γ = ϕ1(x, y), (x, y) ∈ Γ, u(x, y)|x=0 = ϕ2(y), 0 ≤ y ≤ h,

u(x, y)|AC = ψ1(x),
∂u

∂n

∣∣∣∣
AC

= ψ2(x), −1 ≤ x ≤ 0,

ãäå ϕ1(x, y), ϕ2(y), ψ1(x), ψ2(x)−çàäàííûå ôóíêöèè, n−âíóòðåííÿÿ íîðìàëü, ïðè÷åì
ϕ1(−1, 0) = ψ1(−1), ϕ1(0, h) = ϕ2(h),

ϕ1(x, y) = yγ+1ϕ̃1(x, y), ϕ̃1(x, y) ∈ C(Γ̄), γ > 0, (3)

ϕ2(y) ∈ C [0, h] ∩ C1(0, h), (4)

ψ1(x) ∈ C1 [−1, 0] ∩ C3(−1, 0), ψ2(x) ∈ C [−1, 0] ∩ C2(−1, 0). (5)

Çàìåòèì, ÷òî çàäà÷à B1 äëÿ óðàâíåíèÿ (1) ïðè β0 = 0 èçó÷åíû â ðàáîòàõ À.Â. Áèöàäçå è Ì.Ñ.
Ñàëàõèòäèíîâà[1], Ì.Ñ. Ñàëàõèòäèíîâà[2].

Äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Åñëè âûïîëíåíû óñëîâèÿ (2)-(5), òî â îáëàñòè D ñóùåñòâóåò åäèíñòâåííîå ðåøå-

íèå çàäà÷è B1.

Åäèíñòâåííîñòü ðåøåíèå çàäà÷è äîêàçûâàåòñÿ ñ ïîìîùüþ ïðèíöèïà ýêñòðåìóìà, à ñóøåñòâî-
âàíèÿ ðåøåíèÿ - ìåòîäîì èíòåãðàëüíûõ óðàâíåíèé.
Êëþ÷åâûå ñëîâà: âûðîæäàþùåãîñÿ óðàâíåíèå òðåòüåãî ïîðÿäêà, óðàâíåíèå ñ ñèíãóëÿðíûì êîýôôèöèåíòîì,

ðåãóëÿðíîå ðåøåíèå, ïðèíöèï ýêñòðåìóìà, ëîêàëüíîå óñëîâèå.

2010 Mathematics Subject Classi�cation: 335M10, 35M12, 35K15.

Ëèòåðàòóðà

[1] Áèöàäçå À.Â., Ñàëàõèòäèíîâ Ì.Ñ. Ê òåîðèè óðàâíåíèé ñìåøàííî-ñîñòàâíîãî òèïà, Ñèáèðñêèé ìàòåìàòè-
÷åñêèé æóðíàë, Íîâîñèáèðñê, 11:1 (1961), 7�19.

[2] Ñàëàõèòäèíîâ Ì.Ñ. Óðàâíåíèå ñìåøàííî-ñîñòàâíîãî òèïà, Ôàí, Òàøêåíò (1974).
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Îá îäíîì àëãîðèòìå ÷èñëåííîãî ðåøåíèÿ íåëîêàëüíîé
çàäà÷è òåïëîïðîâîäíîñòè ñ íåóñèëåííî ðåãóëÿðíûìè

êðàåâûìè óñëîâèÿìè

Èðèíà ÏÀÍÊÐÀÒÎÂÀa, Ìàõìóä ÑÀÄÛÁÅÊÎÂb

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ,

Àëìàòû, Êàçàõñòàí

E-mail: ainpankratova@gmail.com, bsadybekov@math.kz

Ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut(x, t)− uxx(x, t) = f(x, t), 0 < x < 1, 0 < t < T, (1)

c íà÷àëüíûì óñëîâèåì
u(x, 0) = ϕ(x), 0 ≤ x ≤ 1, (2)

è êðàåâûìè óñëîâèÿìè âèäà{
U1(u) = a11ux(0, t) + b11ux(1, t) + a10u(0, t) + b10u(1, t) = 0,

U2(u) = a20u(0, t) + b20u(1, t) = 0,
(3)

ãäå aij , bij � âåùåñòâåííûå ÷èñëà, ϕ(x), f(x, t) � çàäàííûå ôóíêöèè.
Çàäà÷à (1)-(3) îòíîñèòñÿ ê êëàññó òàê íàçûâàåìûõ íåëîêàëüíûõ êðàåâûõ çàäà÷ [1]. Äëÿ ÷èñ-

ëåííîãî ðåøåíèÿ çàäà÷è (1)-(3) ñ íåóñèëåííî ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè [2] ïîñòðîåíî
ñåìåéñòâî äâóõñëîéíûõ ðàçíîñòíûõ ñõåì ñ âåñàìè. Ïîëó÷åíû îöåíêè ïîðÿäêîâ àïïðîêñèìàöèè
ðàçíîñòíûõ ñõåì. Èçâåñòíî [3, ñ. 137], ÷òî ñõîäèìîñòü ðåøåíèÿ ëèíåéíîé ðàçíîñòíîé ñõåìû ê
òî÷íîìó ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è ñëåäóåò èç åå àïïðîêñèìàöèè è óñòîé÷èâîñòè ïî
íà÷àëüíûì äàííûì è ïî ïðàâîé ÷àñòè. Îäíàêî â îáùåì ñëó÷àå ïðîáëåìà óñòîé÷èâîñòè ðàçíîñò-
íûõ ñõåì ñ íåóñèëåííî ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè íå ðåøåíà äî ñèõ ïîð. Äëÿ ÷àñòíûõ
ñëó÷àåâ ðàçíîñòíûõ ñõåì ðàçðàáîòàíû ñâîè ìåòîäû äîêàçàòåëüñòâà óñòîé÷èâîñòè. Êàê ïðàâè-
ëî, óñòîé÷èâîñòü ñõåì óñòàíàâëèâàåòñÿ â ïðîñòðàíñòâàõ ñî ñïåöèàëüíî ïîñòðîåííûìè ñåòî÷íûìè
ýíåðãåòè÷åñêèìè íîðìàìè, ëèáî â âèäå îïåðàòîðíûõ íåðàâåíñòâ, êîòîðûå òðóäíî ïðîâåðèòü, ëè-
áî íàêëàäûâàþòñÿ äîâîëüíî æåñòêèå îãðàíè÷åíèÿ íà ïàðàìåòðû ñàìîé ðàçíîñòíîé ñõåìû. Êðîìå
òîãî, ðàçðåøèìîñòü ïîëó÷åííîé â ðåçóëüòàòå àïïðîêñèìàöèè ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé ïðåäñòàâëÿåò ñîáîé åùå îäíó ïðîáëåìó, ò.ê. ìàòðèöà ñèñòåìû ëèáî ïëîõî îáóñëîâëåíà,
ëèáî â òàêîé ìàòðèöå îòñóòñòâóåò äèàãîíàëüíîå ïðåîáëàäàíèå.

Ìû ïðèìåíÿåì ïîäõîä, êîòîðûé ïîçâîëÿåò ïîëó÷èòü ðåøåíèå íåëîêàëüíîé ðàçíîñòíîé çà-
äà÷è, íå ðàññìàòðèâàÿ âîïðîñû óñòîé÷èâîñòè ñõåìû è ðàçðåøèìîñòè ñîîòâåòñòâóþùåé ñèñòåìû
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Äëÿ ýòîãî àäàïòèðóåì äëÿ ðàçíîñòíûõ ñõåì ïðåäëîæåííûé
â [4] àëãîðèòì, êîòîðûé ïîçâîëÿåò ñâåñòè ðåøåíèå íåëîêàëüíîé ðàçíîñòíîé çàäà÷è ê ïîñëåäîâà-
òåëüíîìó ðåøåíèþ äâóõ ëîêàëüíûõ ðàçíîñòíûõ çàäà÷ ñ ãðàíè÷íûìè óñëîâèÿìè òèïà Øòóðìà ïî
ïðîñòðàíñòâåííîé ïåðåìåííîé. Èçó÷åíû âîïðîñû êîððåêòíîñòè è óñòîé÷èâîñòè àëãîðèòìà.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì �AP08855352 ÊÍ ÌÎÍ ÐÊ.
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Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ
ïåðâîãî ïîðÿäêà ñ äðîáíîé ïðîèçâîäíîé

Àðñåí ÏÑÕÓ

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ

E-mail: pskhu@list.ru

Â îáëàñòè Ω = (r, a)× (−∞, b) ðàññìîòðèì óðàâíåíèå(
∂

∂x
+

∂α

∂yα

)
u(x, y) = f(x, y), (1)

ãäå ∂α

∂yα � äðîáíàÿ ïðîèçâîäíàÿ ïîðÿäêà α ïî ïåðåìåííîé y, ñ íà÷àëîì â òî÷êå y = −∞ [1];
α ∈ (0, 1).

Â äîêëàäå îáñóæäàþòñÿ âîïðîñû ðàçðåøèìîñòè ñëåäóþùåé çàäà÷è: â îáëàñòè Ω íàéòè ðåãó-
ëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèþ

u(r, y) = ϕ(y), (y < b).

Êëþ÷åâûå ñëîâà: óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà, çàäà÷à áåç íà÷àëüíûõ óñëîâèé.
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Ñëàáî ïåðèîäè÷åñêèå îñíîâíûå ñîñòîÿíèÿ äëÿ ìîäåëè
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Ïóñòü τk = (V,L), k ≥ 1 åñòü äåðåâî Êýëè ïîðÿäêà k, ò.å. áåñêîíå÷íîå äåðåâî, èç êàæäîé
âåðøèíû êîòîðîãî âûõîäèò ðàâíî k + 1 ðåáåð, ãäå V � ìíîæåñòâî âåðøèí, L � ìíîæåñòâî ðåáåð
τk (ñì. [1]).

Ìû ðàññìàòðèâàåì ìîäåëü, ãäå ñïèí ïðèíèìàåò çíà÷åíèÿ èç ìíîæåñòâà Φ = {1, 2, ..., q}, q ≥ 2.
Êîíôèãóðàöèÿ σ íà V îïðåäåëÿåòñÿ êàê ôóíêöèÿ x ∈ V → σ(x) ∈ Φ; ìíîæåñòâî âñåõ êîíôèãó-
ðàöèé ñîâïàäàåò ñ Ω = ΦV .

Ïóñòü Gk/G∗k = {H1, ...,Hr} ôàêòîð ãðóïïà, ãäå G∗k � íîðìàëüíûé äåëèòåëü èíäåêñà r ≥ 1.
Îïðåäåëåíèå. Êîíôèãóðàöèþ σ(x) íàçûâàåòñÿ G∗k-ñëàáî ïåðèîäè÷åñêîé, åñëè σ(x) = σij ïðè

x↓ ∈ Hi, x ∈ Hj , ∀x ∈ Gk.
Ãàìèëüòîíèàí ìîäåëè Ïîòòñà ñ êîíêóðèðþùèìè âçàèìîäåéñòâèÿìè èìååò âèä [2, 3]

H(σ) = J1

∑
〈x,y〉,
x,y∈V

δσ(x)σ(y) + J2

∑
x,y∈V :
d(x,y)=2

δσ(x)σ(y),

ãäå J1, J2 ∈ R,

δuv =

{
1, åñëè u = v,
0, åñëè u 6= v.
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Â ýòîé ðàáîòå ðàññìîòðèì ñëó÷àé q = 3.
Ëåììà. [2, 3] Äëÿ êàæäîé êîíôèãóðàöèè ϕb âåðíî ñëåäóþùåå:

U(ϕb) ∈
{
Ui,n : i = 0, ..., k + 1, n = 0, ..., [

k + 1− i
2

]

}
,

ãäå

Ui,n =
J1

2
i+

J2

2
{i(i− 1) + (k − n− i)(k − n− i+ 1) + n(n− 1)}

è [k+1−i
2 ]− öåëàÿ ÷àñòü k+1−i

2 .
Ïóñòü A ⊂ {1, 2, ..., k + 1}, HA = {x ∈ Gk :

∑
j∈Awj(x) � ÷åòíî}, ãäå wj(x) � ÷èñëî aj â ñëîâå

x.
Ðàññìîòðèì ôàêòîð ãðóïïó
Gk/HA = {H0, H1}, ãäå H0 = HA, H1 = Gk \HA.
Òåîðåìà. Ïóñòü k ≥ 2 è |A| ∈ {1, 2, ..., k, k + 1}. Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

I. Ïðè |A| = k íà ìíîæåñòâå{
{(J1, J2) ∈ R2 : J2 ≥ 0, J1 − 2J2 ≥ 0}, åñëè k = 2,
{(J1, J2) ∈ R2 : J1 ≥ 0, J2 = 0}, åñëè k ≥ 3

ñóùåñòâóåò øåñòü HA-ñëàáî ïåðèîäè÷åñêèå îñíîâíûå ñîñòîÿíèÿ, íåÿâëÿþùèõñÿ òðàíñëÿöèîííî-

èíâàðèàíòíûìè èëè ïåðèîäè÷åñêèìè è îíè èìåþò ñëåäóþùèé âèä:

ϕ∗(x) =


l, åñëè x↓ ∈ H0, x ∈ H0,
m, åñëè x↓ ∈ H0, x ∈ H1,
n, åñëè x↓ ∈ H1, x ∈ H0,
l, åñëè x↓ ∈ H1, x ∈ H1,

ãäå l,m, n ∈ Φ è l 6= m, l 6= n,m 6= n.
II. Êðîìå ϕ∗ âñÿêèå HA-ñëàáî ïåðèîäè÷åñêèå îñíîâíûå ñîñòîÿíèÿ ÿâëÿåòñÿ ïåðèîäè÷åñêèìè

èëè òðàíñëÿöèîííî-èíâàðèàíòíûìè.
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Ïðèìåð Àäàìàðà è ñìåøàííàÿ çàäà÷à Êîøè äëÿ
ìíîãîìåðíîãî óðàâíåíèÿ Ãåëëåðñòåäòà

Àëåêñàíäð ÐÎÃÎÂÎÉ1,a, Òûíûñáåê ÊÀËÜÌÅÍÎÂ2,b

1 Óíèâåðñèòåò Ìèðàñ, Øûìêåíò, Êàçàõñòàí
2 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: arog2005@list.ru, bkalmenov.t@mail.ru

Â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ áîëüøîå çíà÷åíèå èìååò ïðè-
ìåð, ïîñòðîåííûé Æ.Àäàìàðîì [1], êîòîðûé ïîêàçûâàåò íåóñòîé÷èâîñòü ðåøåíèÿ çàäà÷è Êîøè
äëÿ óðàâíåíèÿ Ëàïëàñà îòíîñèòåëüíî ìàëûõ èçìåíåíèé íà÷àëüíûõ äàííûõ. Â ðàáîòàõ Òèõîíîâà,
Àðñåíèíà [2], Ëàâðåíòüåâà [3] è ìíîãèõ ïîñëåäóþùèõ ðàáîòàõ ýòà çàäà÷à ñ ïîìîùüþ ðåøåíèÿ çà-
äà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà ñâåäåíà ê èíòåãðàëüíûì óðàâíåíèÿì ïåðâîãî ðîäà, äàíû
ðàçëè÷íûå ðåãóëÿðèçàöèè ðàññìàòðèâàåìîé çàäà÷è è óñòàíîâëåíà åå óñëîâíàÿ êîððåêòíîñòü. Â
ðàáîòå [4] íàéäåí êðèòåðèé ñèëüíîé ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ëàïëàñà ìåòîäîì
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ñïåêòðàëüíîãî ðàçëîæåíèÿ îïåðàòîðà Ëàïëàñà ñ îòêëîíÿþùèìñÿ àðãóìåíòîì. Â íàñòîÿùåé ðàáî-
òå ðàññìîòðåíà ñìåøàííàÿ çàäà÷à Êîøè äëÿ äâóìåðíîãî è ìíîãîìåðíîãî âûðîæäàþùåãîñÿ óðàâ-
íåíèÿ Ãåëëåðñòåäñòà [5]. Íàìè ïîñòðîåíû àíàëîãè ïðèìåðà Àäàìàðà è óñòàíîâëåíà íåêîððåêò-
íîñòü ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ãåëëåðñòåäòà â äâóìåðíîì è ìíîãîìåðíîì ñëó÷àÿõ.
Íàéäåíî óñëîâèå ñèëüíîé ðàçðåøèìîñòè ñìåøàííîé çàäà÷è Êîøè äëÿ ìíîãîìåðíîãî óðàâíåíèÿ
Ãåëëåðñòåäòà â öèëèíäðè÷åñêîé îáëàñòè. Äîêàçàòåëüñòâî îñíîâàíî íà ñïåêòðàëüíûõ ñâîéñòâàõ
îïåðàòîðà Ëàïëàñà è ñâîéñòâàõ ñïåöèàëüíûõ ôóíêöèé.

Ïóñòü Ω ⊂ Rn - êîíå÷íàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, à D = Ω× (0, T ).
Ñìåøàííàÿ çàäà÷à Êîøè. Íàéòè â D ðåøåíèå óðàâíåíèÿ

Lu ≡ −tm∆xu−
∂2u

∂t2
= f(x, t), m ≥ 0, (1)

óäîâëåòâîðÿþùåå áîêîâîìó ãðàíè÷íîìó óñëîâèþ

u|∂Ω×(0,T ) = 0 (2)

è íà÷àëüíûì óñëîâèÿì

u|t=0 = 0,
∂u

∂t

∣∣∣∣
t=0

= 0. (3)

Äîêàçàíà ñëåäóùàÿ îñíîâíàÿ òåîðåìà.
Òåîðåìà 1. Ïóñòü f ∈ L2(D), ∆xf ∈ L2(D), ò.å.

f(x, t) =
∞∑
|k|=1

fk(t)ek(x),
∞∑
|k|=1

∥∥∥∥e 4λk
m+2

T
m+2

2
λkfk(η)

∥∥∥∥2

L2(0,T )

<∞. (4)

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u(x, t) ∈ W 2
2 (D) ñìåøàííîé çàäà÷è Êîøè (1)-(3),

óäîâëåòâîðÿþùåå íåðàâåíñòâó

‖u‖2W 2
2,∆

(t) ≤ d2t
2
∞∑
|k|=1

∥∥∥∥e 4λk
m+2

T
m+2

2
λkfk

∥∥∥∥2

L2(0,t)

+
∞∑
|k|=1

‖fk‖2L2(0,t) <∞, (5)

ãäå λk ñîáñòâåííûå çíà÷åíèÿ çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà, òî åñòü ñëåäóþùåé çàäà÷è:

∆xek(x) = λkek(x), ek|x∈∂Ω = 0. (6)

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP08856042 ÊÍ ÌÎÍ ÐÊ.
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Çàäà÷è ñîïðÿæåíèÿ äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ
ãðàíè÷íûìè óñëîâèÿìè òèïà Øòóðìà

Ìàõìóä ÑÀÄÛÁÅÊÎÂ1,2,a, Óìáåòêóë ÊÎÉËÛØÎÂ1,2,b

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
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Çàäà÷è òåïëîïðîâîäíîñòè ñ ðàçðûâíûìè êîýôôèöèåíòàìè äàâíî è õîðîøî èññëåäîâàíû [1-5].
Â ñëó÷àå áåç ðàçðûâà ñïåêòðàëüíàÿ òåîðèÿ ýòèõ çàäà÷ ïîñòðîåíà ïðàêòè÷åñêè ïîëíîñòüþ.

Çäåñü ìîæíî îòìåòèòü ðàáîòû [6-16].
Â äàííîé ðàáîòå îáîñíîâàíî ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ íà÷àëüíî-êðàåâûõ çà-

äà÷ äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ êóñî÷íî-ïîñòîÿííûì êîýôôèöèåíòîì ñ êðàåâûìè óñëîâè-
ÿìè òèïà Øòóðìà.

Ïîñòàíîâêà çàäà÷è. Ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðî-
âîäíîñòè ñ êóñî÷íî-ïîñòîÿííûì êîýôôèöèåíòîì

Lu ≡
{
ut − k2

1uxx, 0 < x < x0

ut − k2
2uxx, x0 < x < l

}
= f(x, t), (1)

â îáëàñòè Ω = {(x, t) : 0 < x < l, 0 < t < T}, ñ íà÷àëüíûì óñëîâèåì

u(x, 0) = ϕ(x), 0 ≤ x ≤ l, (2)

êðàåâûìè óñëîâèÿìè âèäà {
α1ux(0, t) + β1u(0, t) = 0,

α2ux(l, t) + β2u(l, t) = 0,
0 ≤ t ≤ T, (3)

è ñ óñëîâèÿìè ñîïðÿæåíèÿ

u(x0 − 0, t) = u(x0 + 0, t), 0 ≤ t ≤ T, (4)

k1ux(x0 − 0, t) = k2ux(x0 + 0, t), 0 ≤ t ≤ T, (5)

ãäå ôóíêöèÿ f(x, t) íåïðåðûâíà, ϕ(x) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, óäîâëå-
òâîðÿþùàÿ ãðàíè÷íûì óñëîâèÿì (3) è óñëîâèÿì ñîïðÿæåíèÿ (4)-(5).

Òî÷êà x0 - ñòðîãî âíóòðåííÿÿ òî÷êà èíòåðâàëà 0 < x0 < l. Êîýôôèöèåíòû ki, αi, βi, (i = 1, 2)
ÿâëÿþòñÿ äåéñòâèòåëüíûìè ÷èñëàìè. Êðîìå òîãî |α1|+ |β1| > 0, |α2|+ |β2| > 0. Êðàåâûå óñëîâèÿ
(3) (ðàçäåëåííûå êðàåâûå óñëîâèÿ) íàçûâàþò óñëîâèÿìè òèïà Øòóðìà.

Ïðèìåíÿÿ ìåòîä ðàçäåëåíèå ïåðåìåííûõ (ïðè f(x, t) = 0) ìîæíî ñâåñòè çàäà÷ó (1)-(5) ñëåäó-
þùåé ñïåêòðàëüíîé çàäà÷å

LY (x) =

{
−k2

1Y
′′(x), 0 < x < x0

−k2
2Y
′′(x), x0 < x < l

}
= λY (x), (6)

{
α1Y

′(0) + β1Y (0) = 0,

α2Y
′(l) + β2Y (l) = 0,

(7)

Y (x0 − 0) = Y (x0 + 0), k1Y
′(x0 − 0) = k2Y

′(x0 + 0), (8)

Îñíîâíîé ðåçóëüòàò. Ïîêàçàíî, ÷òî çàäà÷à (6)-(8) íåñàìîñîïðÿæåííàÿ. Íàéäåíû ñîáñòâåí-
íûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è (6)-(8). Äîêàçàíà, ÷òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé
{Yn(x)} îáðàçóåò áàçèñ Ðèññà.

Èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ äëÿ îòäåëüíûõ ÷àñòåé îáëàñòè Ω:

Ω0 = {(x, t) : 0 < x < x0, 0 < t < T}, Ωl = {(x, t) : x0 < x < l, 0 < t < T},

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022
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Äàëåå äîêàçàíû ñëåäóþùèå òåîðåìû.
Òåîðåìà 1. Äëÿ ëþáûõ ôóíêöèé ϕ(x) ∈ C[0, l]∩C2[0, x0]∩C2[x0, l] è f(x, t) ∈ C(Ω)∩C2,1(Ω0)∩

C2,1(Ωl), óäîâëåòâîðÿþùèõ êðàåâûì óñëîâèÿì (3) è óñëîâèÿì ñîïðÿæåíèÿ (4)-(5), ñóùåñòâóåò

åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå u(x, t) ∈ C(Ω) ∩ C2,1(Ω0) ∩ C2,1(Ωl) çàäà÷è (1)-(5).
Òåîðåìà 2. Äëÿ ëþáûõ ôóíêöèé ϕ(x) ∈ W 1

2 (0, l) ∩W 2
2 (0, x0) ∩W 2

2 (x0, l), óäîâëåòâîðÿþùåé
êðàåâûì óñëîâèÿì (3) è óñëîâèÿì ñîïðÿæåíèÿ (4)-(5), è ëþáîé f(x, t) ∈ L2(Ω) ñóùåñòâóåò åäèí-
ñòâåííîå îáîáùåííîå ðåøåíèå u(x, t) ∈ W 2,1

2 (Ω) çàäà÷è (1)-(5). Ýòî ðåøåíèå ÿâëÿåòñÿ ñèëüíûì

ðåøåíèåì çàäà÷è (1)-(5) è óäîâëåòâîðÿåò îöåíêå

‖u‖2L2(Ω) + ‖u‖2
W 2,1

2 (Ω0)
+ ‖u‖2

W 2,1
2 (Ωl)

≤ C{‖f‖2L2(Ω) + ‖ϕ‖2W 2
2 (0,x0) + ‖ϕ‖2W 2

2 (x0,l)
}.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÀÐ08855352 (2020-2022) ÌÎÍ ÐÊ.
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Ââåäåì â ðàññìîòðåíèå íåñàìîñîïðÿæåííûé äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà

Lαq : D (Lαq) ⊂ L2 (−1, 1)→ L2 (−1, 1)

ïî ôîðìóëå Lαqy = −y′′ (x) + αy′′ (−x) + q (x) y (x) ñ êîìïëåêñíîçíà÷íûì êîýôôèöèåíòîì q (x) =
q1 (x) + iq2 (x) è ñ îáëàñòüþ îïðåäåëåíèÿ

D (Lαq) =
{
y (x) ∈ C2 [−1, 1] :

Ui (y) = ai1y
′ (−1) + ai2y

′ (1) + ai3y (−1) + ai4y (1) = 0, i = 1, 2
}
,

ãäå aij çàäàííûå êîìïëåêñíûå ÷èñëà. Ëèíåéíûå ôîðìû U1 (u) , U2 (u) áóäåì ñ÷èòàòü ëèíåéíî
íåçàâèñèìûìè.

Ïóñòü îáëàñòü îïðåäåëåíèÿ äèôôåðåíöèàëüíîãî îïåðàòîðà Lαq ïîðîæäàåòñÿ îäíèì èç ñëåäó-
þùèõ ÷åòûðåõ âèäîâ êðàåâûõ óñëîâèé:

U1 (y) = y (−1) = 0, U2 (y) = y (1) = 0; (D)

U1 (y) = y′ (−1) = 0, U2 (y) = y′ (1) = 0(N);

U1 (y) = y (−1)− y (1) = 0, U2 (y) = y′ (−1)− y′ (1) = 0; (P )

U1 (y) = y (−1) + y (1) = 0, U2 (y) = y′ (−1) + y′ (1) = 0.(AP )

Cîáñòâåííûå ôóíêöèè Xk (x) óäîâëåòâîðÿþò îäíîðîäíîìó óðàâíåíèþ, ïîýòîìó èõ ìîæíî ñ÷è-
òàòü íîðìèðîâàííûìè â êëàññå L2 (−1, 1). Â ðàáîòàõ [1], [2] óñòàíîâëåíà áàçèñíîñòü ñîáñòâåííûõ
ôóíêöèé äëÿ çàäà÷ (N) è (P). ò.å. óñòàíîâëåíû óñëîâèÿ áàçèñíîñòè â òåðìèíàõ êðàåâûõ óñëîâèé.
Èç ïîëó÷åííûõ ðåçóëüòàòîâ íåëüçÿ ñäåëàòü âûâîäû î áåçóñëîâíîé áàçèñíîñòè èëè áàçèñíîñòè
Ðèññà ñîáñòâåííûõ ôóíêöèé èçó÷àåìûõ çàäà÷. Òàêæå íàì èçâåñòíî, ÷òî ïîïûòêè ïîëó÷èòü ðå-
çóëüòàòû î áàçèñíîñòè ñîáñòâåííûõ ôóíêöèé â òåðìèíàõ êðàåâûõ óñëîâèé íàèáîëåå îáùåãî âèäà
ìîãóò ïðèâåñòè ê îøèáî÷íûì ðåçóëüòàòàì. Äëÿ äîêàçàòåëüñòâà áàçèñíîñòè Ðèññà ñîáñòâåííûõ
ôóíêöèé â ñëó÷àå êîíêðåòíûõ êðàåâûõ óñëîâèé ïîòðåáîâàëèñü äîïîëíèòåëüíûå èññëåäîâàíèÿ,
ðåçóëüòàòàìè êîòîðûõ ÿâëÿåòñÿ ñëåäóþùàÿ

Òåîðåìà. Ïóñòü âûïîëíåíû ñëåäóþùèå äâà óñëîâèÿ: 1) âñå ñîáñòâåííûå çíà÷åíèÿ îïåðà-

òîðà Lαq ÿâëÿþòñÿ ïðîñòûìè; 2) êîìïëåêñíîçíà÷íûé êîýôôèöèåíò q (x) ïðèíàäëåæèò êëàññó

L1 (−1, 1), à â ñëó÷àå çàäà÷ (P) è (AP) äîïîëíèòåëüíî òðåáóåì α 6= 0; ïðè÷åì äëÿ âñåõ ñîáñòâåí-

íûõ çíà÷åíèé λk îïåðàòîðà âûïîëíåíû íåðàâåíñòâà |Imλk| ≤ const. Òîãäà ñèñòåìà ñîáñòâåííûõ
ôóíêöèé îïåðàòîðà Lαq îáðàçóåò áàçèñ Ðèññà â ïðîñòðàíñòâå L2 (−1, 1).

Çàìåòèì, ÷òî óñëîâèå |Imλk| ≤ const. âûïîëíåíî, åñëè êîìïëåêñíîçíà÷íûé êîýôôèöèåíò q (x)
ïðèíàäëåæèò êëàññó C [−1, 1] .

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP08855792 ÊÍ ÌÎÍ ÐÊ.
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Ðàññìàòðèâàåòñÿ ëèíåéíàÿ ìíîãîïåðèîäè÷åñêàÿ ñèñòåìà

DX = P (t, x)X (1)

ñ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ D ïî íàïðàâëåíèþ äèàãîíàëè ïðîñòðàíñòâà íåçàâèñèìûõ ïå-
ðåìåííûõ t = (t1, ..., tm) ∈ R×...×R = Rn è τ = tm+1 ∈ (−∞,+∞) = R è ïåðèîäîâ ω = (ω1, ..., ωm)
ïî t è θ = ωm+1 ïî τ . Ïåðèîäû ω1, ..., ωm, ωm+1 ðàöèîíàëüíî íåñîèçìåðèìûå.

Ìàòðèöà P (t, x) ïðèíàäëåæèò êëàññó C(
m
γ ,0)
t,τ (Rm × R) ôóíêöèé ãëàäêîñòè ïîðÿäêà (

m
γ, 0) =

(m,m− 1, ..., 1, 0) ïî (t, τ) = (t1, ..., tm, tm+1) èç Rm ×R. Ñëåäîâàòåëüíî, èìååì óñëîâèå

P (t+ ω, τ + θ) = P (t, τ) ∈ C(
m
γ ,0)
t,τ (Rm ×R). (2)

Èññëåäóåòñÿ ïðîáëåìà ïðèâîäèìîñòè ìàòðè÷íîãî óðàâíåíèÿ (1)-(2) ê ìàòðè÷íîìó óðàâíåíèþ

DX0 = P0X0, P0 = const

ñ ïîñòîÿííîé ìàòðèöåé P0, íà îñíîâå ëèíåéíîãî ïðåîáðàçîâàíèÿ

X = T (t, τ)X0, (3)

ñ óñëîâíî-ïåðèîäè÷åñêîé ìàòðèöåé T (t, τ), êîòîðóþ ìîæíî ïîëó÷èòü èç ìàòðèöû T ′(t, τ), îáëà-
äàþùåé ñâîéñòâîì

detT ′(t, τ) 6= 0, T ′(t+ ω, τ + θ) = T ′(t, τ) ∈ C(e,1)
t,τ (Rm ×R) (4)

ïóòåì çàìåíû íåêîòîðûõ êîîðäèíàò tj , j = 1,m+ 1 íà tk, k = 1,m+ 1, ãäå e = (1, ..., 1) � m-
âåêòîð.

Åñëè òàêîå ïðèâåäåíèå ðåàëèçóåìî, òî ìàòðè÷íîå óðàâíåíèå (1)-(2) íàçûâàåòñÿ ïðèâîäèìû.
Äëÿ ðåøåíèÿ ýòîé ïðîáëåìû â ðàáîòå ðàçðàáîòàí ìåòîä ðåäóêöèè óðàâíåíèÿ (1)-(2) ê ìàòðè÷íîìó
óðàâíåíèþ

D∗Z = Q(t)Z (5)

ñ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ D∗ ïî íàïðàâëåíèþ ãëàâíîé äèàãîíàëè ïðîñòðàíñòâà ïåðåìåí-
íûõ t ∈ Rm è ìàòðèöåé

Q(t+ ω) = Q(t) ∈ C(
m−1
γ ,0)

m−1
t ,τ

(Rm ×R) (6)

ïðè ïîìîùè ïðåîáðàçîâàíèÿ, àíàëîãè÷íîãî ïðåîáðàçîâàíèþ (3)-(4), ãäå
m+1
t = (t1, ..., tm, tm+1). Íà

îñíîâå ýòîãî ìåòîäà äîêàçàíà òåîðåìà ðåäóêöèè.
Òåîðåìà (ðåäóêöèè). Ìàòðè÷íîå óðàâíåíèå (1)-(2) ïðèâîäèìî ê ìàòðè÷íîìó óðàâíåíèþ

(5)-(6), ïðåîáðàçîâàíèåì âèäà (3)-(4).

Ïðèìåíåíèåì òåîðåìû ðåäóêöèè m ðàç óðàâíåíèå (1)-(2) ïðèâîäèòñÿ ê óðàâíåíèþ

d

dt1
X1 = P (t1)X1,
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P1(t1 + ω) = P1(t1) ∈ C0)
t1

(R),

ïðèâîäèìîñòü êîòîðîãî ðåøàåòñÿ òåîðèåé Ôëîêå-Ëÿïóíîâà, ïåðèîäè÷åñêèì ïðåîáðàçîâàíèåì. Òåì
ñàìûì, äîêàçàíà îñíîâíàÿ òåîðåìà ïðèâîäèìîñòè.

Òåîðåìà (îñíîâíàÿ). Ìàòðè÷íîå óðàâíåíèå (1)-(2) ïðèâîäèìî.

Ñëåäñòâèå. Óñëîâíî-ïåðèîäè÷åñêàÿ ñèñòåìà

d

dτ
Y = P (t, τ)Y,

dt

dτ
= e (7)

ñ ìàòðèöåé P (t, τ), îáëàäàþùåé ñâîéñòâîì (2), ïðèâîäèìî íåâûðîæäåííûì óñëîâíî-
ïåðèîäè÷åñêèì ëèíåéíûì ïðåîáðàçîâàíèåì.

Äîêàçàòåëüñòâî äàííîãî ñëåäñòâèÿ îñíîâíîé òåîðåìû ñëåäóåò èç ýêâèâàëåíòíîñòè ïðîáëåì
ïðèâîäèìîñòè ìàòðè÷íîãî óðàâíåíèÿ (1)-(2) è ñèñòåìû (7). Òàêèì îáðàçîì, ïðîáëåìà ïðèâîäè-
ìîñòè ëèíåéíûõ óñëîâíî-ïåðèîäè÷åñêèõ ñèñòåì ðåøåíà â îáùåé ïîñòàíîâêå.

Êëþ÷åâûå ñëîâà: ìíîãîïåðèîäè÷åñêàÿ ñèñòåìà, óñëîâíî-ïåðèîäè÷åñêàÿ ìàòðèöà, ïðèâîäèìîñòü.

2010 Mathematics Subject Classi�cation: 35F05, 35B10.
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Î ðàçðåøèìîñòè èíòåãðî-äèôôåðåíöèàëüíîãî
óðàâíåíèÿ âÿçêîóïðóãîñòè

Æóðàáåê ÑÀÔÀÐÎÂ1,2,a, Ìàôòóíàõîí ÑÀÔÀÐÎÂÀ2,b

1 Èíñòèòóò Ìàòåìàòèêè èìåíè Â.È.Ðîìàíîâñêîãî, Òàøêåíò, Óçáåêèñòàí
2 Òàøêåíòñêèé óíèâåðñèòåò èíôîðìàöèîííûõ òåõíîëîãèé èìåíè àë- Õîðàçìèé,

Òàøêåíò, Óçáåêèñòàí

E-mail: aj.safarov65@mail.ru, bmaftunasafarova94@mail.ru

Ðàññìàòðèâàåòñÿ îäíîìåðíîå äèôôåðåíöèàëüíîå óðàâíåíèå âÿçêîóïðóãîñòè â îãðàíè÷åííîé
ïî ïåðåìåííîé x îáëàñòè D := {(x, t) : 0 < x < l, t > 0}

∂2u(x, t)

∂t2
=
∂T (x, t)

∂x
(1)

ïðè ñëåäóþùèõ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèÿõ

u |t<0≡ 0, 0 ≤ x ≤ l, (2)

T (x, t) |x=0= δ(t), T (x, t) |x=l= 0, (3)

ãäå u(x, t) - ôóíêöèÿ ñìåùåíèé, δ(t) - äåëüòà - ôóíêöèÿ Äèðàêà; T - ôóíêöèÿ íàïðÿæåíèé:

T (x, t) =
∂u(x, t)

∂x
+

∫ t

0
k(t− τ)

∂u(x, τ)

∂x
dτ. (4)

Óðàâíåíèå (1) âîçíèêàåò â òåîðèè âÿçêîóïðóãèõ ñðåä ñ ïîñòîÿííûìè ïëîòíîñòüþ è êîýôôè-
öèåíòàìè Ëàìå â îäíîìåðíîì ñëó÷àå. Ïðè ýòîì ñîîòíîøåíèå (4) ñîãëàñíî ìîäåëè Áîëüöìàíà [2]
äëÿ ëèíåéíîé íåóïðóãîé ñðåäû îïèñûâàåò ñâÿçü ìåæäó íàïðÿæåíèåì è ñìåùåíèåì òî÷åê ñðåäû.

Ââåäåì â ðàññìîòðåíèå íîâóþ ôóíêöèþ v(x, t), îïðåäåëèâ åå ðàâåíñòâîì

v(x, t) :=

[
u(x, t) +

∫ t

0
k(t− τ)u(x, τ)dτ

]
exp (−k(0)t/2) .

Èìååò ìåñòî ñëåäóþùàÿ ëåììà:
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Ëåììà 1. Ôóíêöèÿ u(x, t) âûðàæàåòñÿ ÷åðåç v(x, t) ôîðìóëîé

u(x, t) = exp (k(0)t/2) v(x, t) +

∫ t

0
r(t− τ) exp (k(0)τ/2) v(x, τ)dτ,

ãäå

r(t) = −k(t)−
∫ t

0
k(t− τ)r(τ)dτ.

Îòíîñèòåëüíî íîâûõ ôóíêöèé v(x, t) è r(t) óðàâíåíèÿ (1) - (3) ñ ó÷åòîì (4), ïðèíèìàþò âèä

∂2v

∂t2
=
∂2v

∂x2
+ r0v −

∫ t

0
h(t− τ)v(x, τ)dτ, (x, t) ∈ D, (5)

v|t<0 ≡ 0, (6)

∂v

∂x
|x=0= δ(t),

∂v

∂x
|x=l= 0, (7)

ãäå

r0 :=
r2(0)

4
− r′(0), h(t) := r′′(t) exp (r(0)t/2) .

Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Ïóñòü k(t) ∈ C2[0,∞). Òîãäà ðåøåíèå óðàâíåíèÿ (5), óäîâëåòâîðÿþùèå óñëîâèÿì

(6), (7) ñóùåñòâóåò, åäèíñòâåííî è ïðèíàäëåæèò êëàññó C2(D2),
ãäå D2 := {(x, t) : 0 < x < l, x < t < 2l − x} .

Êëþ÷åâûå ñëîâà: èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, äåëüòà-ôóíêöèÿ Äèðàêà, óðàâíåíèå âÿêîóïðóãîñòè,
ìîäåëü Áîëüöìàíà.

2010 Mathematics Subject Classi�cation: 35L10, 35L20, 35D99.

Ëèòåðàòóðà

[1] Volterra V. Theory of functionals and integral and integro-di�erential equations, Nauka, Moscow (1982).
[2] Durdiev D.K., Safarov Zh.Sh. Inverse Problem of Determining the One-Dimensional Kernel of the Viscoelasticity

Equation in a Bounded Domain, Mathematical Notes, 97:6 (2015), 867�877.

[3] Safarov J. Sh. One-dimensional inverse problem for the equation of viscoelasticity in limited area, Journal of the

Middle Volga Mathematical Society, 17:3 (2015), 44�55.
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Î âûáîðå íà÷àëüíîãî ïðèáëèæåíèÿ íåëèíåéíîé

íåëîêàëüíîé êðàåâîé çàäà÷è äëÿ
ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

Ñâåòëàíà ÒÅÌÅØÅÂÀ1,2,a, Ïåðèçàò ÀÁÄÈÌÀÍÀÏÎÂÀ2,3,b

1Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

3Àëìàòèíñêèé òåõíîëîãè÷åñêèé óíèâåðñèòåò, Àëìàòû, Êàçàõñòàí

E-mail: atemeshevasvetlana@gmail.com, bperyzat74@mail.ru

Â ðàáîòå íà Ω̄ = [0, ω] × [0,T ] ðàññìàòðèâàåòñÿ íåëèíåéíàÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ
ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé [1]

∂2u

∂t∂x
= f

(
x, t, u,

∂u

∂x

)
, u ∈ Rn, (1)

u(0, t) = ψ(t), t ∈ [0, T ], (2)

g(x, u′x(x, 0), u′x(x, T )) = 0, (3)
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ãäå f : Ω̄× R2n → Rn, g : [0, ω]× R2n → Rn, ψ : [0, T ]→ Rn íåïðåðûâíû.
Çàìåíà ÷àñòíîé ïðîèçâîäíîé ïî ïåðåìåííîé x ñâîäèò çàäà÷ó (1)-(2) ê çàäà÷å, êîòîðóþ

ìîæíî ðàññìàòðèâàòü êàê ñåìåéñòâî íåëèíåéíûõ êðàåâûõ çàäà÷ äëÿ íåëèíåéíûõ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà Ôðåäãîëüìà. Çäåñü â êà÷åñòâå ïàðàìåòðà ñåìåéñòâà âûñòó-
ïàåò x, ïðèíèìàþùèé çíà÷åíèÿ íà ñåãìåíòå [0, T ].

Îäíîé èç âàæíûõ ñîñòàâëÿþùèõ ïðîöåññà ðåøåíèÿ íåëèíåéíûõ çàäà÷ ÿâëÿåòñÿ óäà÷íûé âû-
áîð íà÷àëüíîãî ïðèáëèæåíèÿ. Â ðàáîòàõ [2-3] ïðåäëîæåíû ñïîñîáû âûáîðà íà÷àëüíîãî ïðèáëè-
æåíèÿ íåëèíåéíîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è äëÿ ñèñòåìû íåëèíåéíûõ îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé, îñíîâàííûå íà ïîñòðîåíèè è ðåøåíèè ñèñòåìû íåëèíåéíûõ àëãåáðà-
è÷åñêèõ óðàâíåíèé îïðåäåëåííîé ñòðóêòóðû è ïîñëåäîâàòåëüíûõ èçìåíåíèÿõ ïàðàìåòðîâ ìåòîäà
ïàðàìåòðèçàöèè Ä.Ñ. Äæóìàáàåâà [4]. Àëãîðèòìû ìåòîäà ïàðàìåòðèçàöèè ïîçâîëÿþò ñâåñòè ïðî-
áëåìó âûáîðà íà÷àëüíîãî ïðèáëèæåíèÿ çàäà÷è (1)-(3) ñâåñòè ê ðåøåíèþ óêàçàííîé íåëèíåéíîé
ñèñòåìû óðàâíåíèé è ðåøåíèþ çàäà÷ Êîøè íà ÷àñòè÷íûõ ñåãìåíòàõ îòðåçêà [0, T ] ïðè êàæäîì
ôèêñèðîâàííîì x.

Â ðàáîòå ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé äëÿ îïðåäåëåíèÿ íà-
÷àëüíîãî ïðèáëèæåíèÿ.

Ëèòåðàòóðà
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[4] Äæóìàáàåâ Ä. Ñ. Ïðèçíàêè îäíîçíà÷íîé ðàçðåøèìîñòè ëèíåéíîé êðàåâîé çàäà÷è äëÿ îáûêíîâåííîãî äèô-
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Ñòîõàñòè÷åñêàÿ çàäà÷à Ãåëüìãîëüöà è
ñõîäèìîñòü â ñðåäíåì

Ìàðàò ÒËÅÓÁÅÐÃÅÍÎÂ1,2,a, Ãóëìèðà ÂÀÑÈËÈÍÀ1,3,b,
Àëóà ÑÀÐÛÏÁÅÊ1,4,c

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2 ÊàçÍÓ èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
3 ÀÓÝÑ èì. Ã. Äàóêååâà, Àëìàòû, Êàçàõñòàí

4 Êîëëåäæ Àäiëåò, Àëìàòû, Êàçàõñòàí

E-mail: amarat207@mail.ru, bv_gulmira@mail.ru, calua.sarypbek@mail.ru

Çàäà÷à Ãåëüìãîëüöà èññëåäîâàíà äîñòàòî÷íî ïîëíî â êëàññå îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé (ÎÄÓ) [ñì, íàïðèìåð, 1]. Â íàñòîÿùåé ðàáîòå çàäà÷à Ãåëüìãîëüöà èññëåäóåòñÿ
ïðè íàëè÷èè ñëó÷àéíûõ âîçìóùåíèé.

Ïî çàäàííûì ëèíåéíûì ñòîõàñòè÷åñêèì óðàâíåíèÿì Èòî âòîðîãî ïîðÿäêà ñòðîÿòñÿ óðàâíå-
íèÿ ëàãðàíæåâîé ñòðóêòóðû â ïðîñòðàíñòâå ìîìåíòíûõ ôóíêöèé ïåðâîãî ïîðÿäêà. Â ýòîì ïðî-
ñòðàíñòâå ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïðÿìîãî è íåïðÿìîãî ïðåäñòàâëåíèÿ
ëàãðàíæèàíà. Ïîëó÷åííûå ðåçóëüòàòû èëëþñòðèðóþòñÿ íà ïðèìåðå.

Àíàëèç ðàçðåøèìîñòè ñòîõàñòè÷åñêîé çàäà÷è Ãåëüìãîëüöà â ðàáîòå ïðîâîäèòñÿ, âî-ïåðâûõ,
â ñìûñëå ýêâèâàëåíòíîñòè óðàâíåíèé â ñðåäíåì è, âî-âòîðûõ, ðàññìàòðèâàåòñÿ ëèíåéíàÿ ïîñòà-
íîâêà çàäà÷è. Ëèíåéíîñòü ïîñòàíîâêè îáúÿñíÿåòñÿ ýôôåêòèâíîñòüþ ìåòîäà ìîìåíòíûõ ôóíêöèé
äëÿ ëèíåéíûõ óðàâíåíèé, ïîñêîëüêó äëÿ íåëèíåéíûõ óðàâíåíèé åãî ýôôåêòèâíîñòü çàìåòíî ñíè-
æàåòñÿ [2]. Ñóòü ìåòîäà ìîìåíòíûõ ôóíêöèé çàêëþ÷àåòñÿ â òîì, ÷òî îí ñâîäèò èññëåäîâàíèå
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ñòîõàñòè÷åñêîãî óðàâíåíèÿ ê èññëåäîâàíèþ ñèñòåìû ÎÄÓ îòíîñèòåëüíî ðàññìàòðèâàåìûõ ìî-
ìåíòîâ.

Ïóñòü çàäàíà ñèñòåìà ëèíåéíûõ ïî ñíîñó ñòîõàñòè÷åñêèõ óðàâíåíèé Èòî âòîðîãî ïîðÿäêà âèäà

ẍi = aik(t)ẋk + bik(t)xk + σij(t, x, ẋ)ξ̇j , (i = 1, n; j = 1,m). (1)

Òðåáóåòñÿ ïðèâåñòè ñèñòåìó óðàâíåíèé (1) ê ýêâèâàëåíòíûì óðàâíåíèÿì ëàãðàíæåâîé ñòðóê-
òóðû. Ïóñòü çàäàíû óðàâíåíèÿ

dẏ = Y1(y, ẏ, t)dt+ Y2(y, ẏ, t)dξ, (a)

dż = Z1(z, ż, t)dt+ Z2(z, ż, t)dξ. (b)

Ïðåäïîëàãàåì, ÷òî ôóíêöèè, âõîäÿùèå â óðàâíåíèÿ (a) è (b), îáëàäàþò íåîáõîäèìîé ãëàäêî-
ñòüþ è óäîâëåòâîðÿþò òåîðåìå ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè â êëàññå
ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî [3].

Çäåñü ξ = (ξ1(t, ω), . . . , ξr(t, ω))T ïðåäñòàâëÿåò ñèñòåìó ñëó÷àéíûõ ïðîöåññîâ ñ íåçàâèñèìûìè
ïðèðàùåíèÿìè, êîòîðûå, ñëåäóÿ [2], ìîæíî ïðåäñòàâèòü â âèäå ñóììû âèíåðîâñêîãî è ïóàññîíîâ-
ñêîãî ïðîöåññîâ: ξ = ξ0 +

∫
c(y)P 0(t, dy), ãäå ξ0 � âåêòîðíûé âèíåðîâñêèé ïðîöåññ; P 0 � ïóàññîíîâ-

ñêèé ïðîöåññ; P 0(t, dy) � ÷èñëî ñêà÷êîâ ïðîöåññà P 0 â èíòåðâàëå [0, t], ïîïàäàþùèõ íà ìíîæåñòâî
dy; c(y) � âåêòîðíàÿ ôóíêöèÿ, îòîáðàæàþùàÿ ïðîñòðàíñòâî R2n â ïðîñòðàíñòâî çíà÷åíèé Rr

ïðîöåññà ξ(t) ïðè ëþáîì t.
Îïðåäåëåíèå. [2] Áóäåì ãîâîðèòü, ÷òî óðàâíåíèÿ (a) è (b) ýêâèâàëåíòíû â ñðåäíåì, åñëè èç

My(t0) = Mz(t0), Mẏ(t0) = Mż(t0) ñëåäóåò My(t, t0, y0, ẏ0) = Mz(t, t0, z0, ż0), Mẏ(t, t0, y0, ẏ0) =
Mż(t, t0, z0, ż0) ïðè âñåõ t ≥ t0.

Ðàññìîòðèì çàäà÷ó ïîñòðîåíèÿ óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû â ïðîñòðàíñòâå ìîìåíòíûõ
ôóíêöèé ïåðâîãî ïîðÿäêà (m, ṁ) ïî çàäàííîìó ëèíåéíîìó óðàâíåíèþ (1).

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïðèìåíèì ê óðàâíåíèþ (1) îïåðàöèþM(·) ìàòåìàòè÷åñêî-
ãî îæèäàíèÿ [2] è, ââåäÿ îáîçíà÷åíèå mν(t) = Mxν(t), ïðèõîäèì ê óðàâíåíèþ

m̈i = aik(t)ṁk + bik(t)mk, (i = 1, n; k = 1, n). (2)

Ñôîðìóëèðóåì â ïðîñòðàíñòâå (m, ṁ) íåïðÿìóþ çàäà÷ó Ãåëüìãîëüöà: ïî çàäàííîìó óðàâíå-
íèþ (2) îïðåäåëèòü óñëîâèÿ íà ôóíêöèè hνi è ôóíêöèþ Ëàãðàíæà L = L(m, ṁ, t), ïðè êîòîðûõ
èìåþò ìåñòî ñîîòíîøåíèÿ

hνi (m̈i − aik(t)ṁk − bik(t)mk) =
d

dt
(
∂L

∂ṁi
)− ∂L

∂mi
. (3)

Ðàñêðîåì âûðàæåíèå d
dt(

∂L
∂ṁi

) = ∂2L
∂ṁi∂t

+ ∂2L
∂ṁi∂mk

ṁk + ∂2L
∂ṁi∂ṁk

m̈k è ïîäñòàâèì åãî â ñîîòíîøåíèå
(3), êîòîðîå ïðåâðàùàåòñÿ â òîæäåñòâî ïðè âûïîëíåíèè óñëîâèé

hνi =
∂2L

∂ṁi∂ṁk
, hνi (aik(t)ṁk + bik(t)mk) =

∂L

∂mi
− ∂2L

∂ṁi∂t
− ∂2L

∂ṁi∂mk
ṁk. (4)

Òàêèì îáðàçîì, ñïðàâåäëèâà òåîðåìà.
Òåîðåìà. Äëÿ òîãî ÷òîáû ëèíåéíîå ñòîõàñòè÷åñêîå óðàâíåíèå (1) äîïóñêàëî íåïðÿìîå àíàëè-

òè÷åñêîå ïðåäñòàâëåíèå â ïðîñòðàíñòâå ìîìåíòíûõ ôóíêöèé ïåðâîãî ïîðÿäêà (m, ṁ) íåîáõîäèìî
è äîñòàòî÷íî âûïîëíåíèå óñëîâèé (4).

Çàìå÷àíèå. Ïðè hνi ≡ δνi , ãäå δνi =

{
1, ν = i
0, ν 6= i

èç ýòîé òåîðåìû âûòåêàåò ñëåäñòâèå.

Ñëåäñòâèå 1. Äëÿ ïîñòðîåíèÿ óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû â ïðîñòðàíñòâå ìîìåíòíûõ
ôóíêöèé ïåðâîãî ïîðÿäêà (m, ṁ) ïî çàäàííîìó ëèíåéíîìó óðàâíåíèþ (1) íåîáõîäèìî è äîñòà-
òî÷íî âûïîëíåíèå óñëîâèé

∂2L

∂ṁi∂ṁν
= δνi , aik(t)ṁk + bik(t)mk =

∂L

∂mi
− ∂2L

∂ṁi∂t
− ∂2L

∂ṁi∂mk
ṁk (5).
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Â ÷àñòíîñòè, ïðè x ∈ R1 óñëîâèÿ (5) ïðèíèìàþò âèä

h =
∂2L

∂ṁ2
; h(a(t)ṁ+ b(t)m) =

∂L

∂m
− ∂2L

∂ṁ∂t
− ∂2L

∂ṁ∂m
ṁ.

Ïðåäïîëîæèì, ÷òî èñêîìûé ëàãðàíæèàí, ñëåäóÿ R.M. Santilli [1], â ïðîñòðàíñòâå (m, ṁ) èìååò
âèä

L = K(m, ṁ, t) +Dµ(m, t)ṁµ + C(m, t), (6)

òîãäà â òåðìèíàõ ôóíêöèé K,Dµ è C óñëîâèÿ (4) áóäóò ýêâèâàëåíòíû ñëåäóþùåé ñèñòåìå äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè

hνi =
∂2K

∂ṁi∂ṁν
,
Di

∂t
− ∂C

∂mi
+ hνi (aνk(t)ṁk + bνk(t)mk) =

=
∂K

∂mi
− ∂2K

∂ṁi∂t
− ∂2K

∂ṁi∂mk
ṁk (7)

Ñëåäîâàòåëüíî, èìååò ìåñòî ñëåäóþùåå ñëåäñòâèå.
Ñëåäñòâèå 2. Äëÿ òîãî, ÷òîáû ëèíåéíîå óðàâíåíèå (1) äîïóñêàëî â ïðîñòðàíñòâå (m, ṁ)

íåïðÿìîå àíàëèòè÷åñêîå ïðåäñòàâëåíèå (3) ñ ëàãðàíæèàíîì âèäà (6) íåîáõîäèìî è äîñòàòî÷íî
âûïîëíåíèå óñëîâèé (7).
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Ïóñòü p̄ = (p1, p2), r̄ = (r1, r2) è ïóñòü óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì: 0 < p̄ ≤ ∞,
0 < r̄ ≤ ∞. Ïðîñòðàíñòâî Ëîðåíöà Lp̄,r̄[0, 1]2 ñî ñìåøàííîé ìåòðèêîé îïðåäåëÿåòñÿ êàê ìíîæåñòâî
âñåõ èçìåðèìûõ ôóíêöèé îïðåäåëåííûõ íà [0, 1]2, äëÿ êîòîðûõ êîíå÷íû âåëè÷èíû:

‖f‖Lp̄,r̄ =

= ‖‖f‖Lp1,r1‖Lp2,r2 =

 1∫
0

t 1
p2
2

 1∫
0

(
t

1
p1
1 f∗1(t1, ·)

)r1 dt1
t1

∗2
t2


r2
r1

dt2
t2


1
r2

.
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Ïóñòü ôóíêöèÿ f ∈ L1(R2). Òîãäà îïðåäåëåíî åå äâóìåðíîå ïðåîáðàçîâàíèå Ôóðüå

f̂(ξ1, ξ2) =

∞∫
−∞

∞∫
−∞

f(x1, x2)e−2πi(x1ξ1+x2ξ2)dx1dx2

Â 1997 ãîäó Áî÷êàðåâûì áûëà äîêàçàíà òåîðåìà [1].
Ïóñòü {φn}∞n=1 - îðòîíîðìèðîâàííàÿ íà [0,1] ñèñòåìà êîìïëåêñíîçíà÷íûõ ôóíêöèé,

‖φn‖ ≤M, n = 1, 2, ...

è ïóñòü ôóíêöèÿ f ∈ L2,r, 2 < r ≤ ∞ òîãäà ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî:

sup
n∈N

1

|n|
1
2 log(n+ 1)

1
2
− 1
r

n∑
m=1

a∗m ≤ C‖f‖L2,r′ (1)

ãäå an - êîýôôèöèåíòû Ôóðüå ïî ñèñòåìå {φn}∞n=1.
Â 2015 ãîäó áûë ïîëó÷åí àíàëîã òåîðåìû Áî÷êàðåâà äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè èç

ïðîñòðàíñòâà L2r(R) [2].

Òåîðåìà Ïóñòü <N = {A =
N⋃
i=1

Ai, ãäå Ai-îòðåçêè èç R}, òîãäà äëÿ ëþáîé ôóíêöèé f ∈

L2,r(R), 2 < r <∞ èìååò ìåñòî íåðàâåíñòâî

sup
N≥8

sup
A⊂<N

1

|A|
1
2 log2(1 +N)

1
2
− 1
r

∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ ≤ 23‖f‖L2,r . (3)

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå äâóìåðíîãî àíàëîãà òåîðåìû òèïà Áî÷êàðåâà äëÿ
ïðåîáðàçîâàíèÿ Ôóðüå.

Ëåììà Ïóñòü 4
3 < q1, q2 < 2, f ∈ Lq̄,2̄(R2) òîãäà äëÿ ëþáîãî èçìåðèìîãî ìíîæåñòâà A1 è A2

êîíå÷íîé ìåðû èç <N èìååò ìåñòî íåðàâåíñòâî

sup
A1⊂<N

sup
A2⊂<N

1

|A1|
1
q1 |A2|

1
q2

∫
A1

∫
A2

∣∣∣f̂(ξ1, ξ2)
∣∣∣ dξ1dξ2 ≤

≤ C
(

q1

2(q1 − 1)

)( 1
q1
− 1

2

)(
q2

2(q2 − 1)

)( 1
q2
− 1

2

)
‖f‖Lq̄,2̄ (4)

Òåîðåìà Ïóñòü Φm1,m2(x1, x2) = ϕm1(x1) · ψm2(x2), m1,m1 ∈ N îðòîíîðìèðîâàííàÿ îãðàíè-

÷åííàÿ â ñîâîêóïíîñòè ñèñòåìà ôóíêöèé.

Òîãäà äëÿ ëþáîãî f ∈ L2̄,r̄[0, 1], 2 < r1, r2 <∞ âûïîëíåíî íåðàâåíñòâî:

sup
|A1|≥8
A1⊂N

sup
|A2|≥8
A2⊂N

1

|A1|
1
2 |A2|

1
2 (log2(|A1|+ 1))

1
2
− 1
r1 (log2(|A2|+ 1))

1
2
− 1
r2

×

∫
A1

∫
A2

∣∣∣f̂(ξ1, ξ2)
∣∣∣ dξ1dξ2 ≤ ‖f‖L2̄,r̄

.
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Â äàííîé ðàáîòå èññëåäóþòñÿ âîïðîñû ðàçðåøèìîñòè íåêîòîðûõ êðàåâûõ çàäà÷ äëÿ íåëî-
êàëüíûõ àíàëîãîâ áèãàðìîíè÷åñêîãî óðàâíåíèÿ. Ðàññìàòðèâàþòñÿ äâà âèäà íåëîêàëüíîãî áè-
ãàðìîíè÷åñêîãî îïåðàòîðà. Ïóñòü S - äåéñòâèòåëüíàÿ îðòîãîíàëüíàÿ ìàòðèöà, ò.å. S · ST = E.
Ïðåäïîëîæèì òàêæå, ÷òî ñóùåñòâóåò òàêîå íàòóðàëüíîå l ∈ N ÷òî Sl = E. Ïóñòü aj íåêîòîðûé
íàáîð äåéñòâèòåëüíûõ ÷èñåë. Ïåðâûé âèä íåëîêàëüíîãî áèãàðìîíè÷åñêîãî îïåðàòîðà ââîäèòñÿ
ñëåäóþùèì îáðàçîì

Llu(x) ≡
l∑

j=1

aj∆
2u
(
Sj−1x

)
.

Äàëåå, äëÿ ëþáîãî x ∈ Rn è 1 ≤ j ≤ n ðàññìàòðèâàþòñÿ îòîáðàæåíèÿ âèäà
Sjx = (x1, ..., xj−1,−xj , xj+1, ..., , xn). Åñëè i− èíäåêñ ñóììèðîâàíèÿ è (in . . . i1)2 ≡ i çàïèñü â

äâîè÷íîé ñèñòåìå ñ÷èñëåíèÿ, ãäå ik = 0, 1 ïðè k = 1, . . . , n, òî ìû ìîæåì ðàññìàòðèâàòü îòîáðàæå-
íèÿ âèäà Sinn · S

in−1

n−1 · . . . · S
i1
1 x. Îáùåå êîëè÷åñòâî âñåâîçìîæíûõ ïðîèçâåäåíèé òàêèõ îòîáðàæå-

íèé ðàâíî 2n. Èñïîëüçóÿ ýòè îòîáðàæåíèÿ ìû ââîäèì âòîðîé âèä íåëîêàëüíîãî áèãàðìîíè÷åñêîãî
îåðàòîðà:

Lnu ≡
2n−1∑
i=0

ai∆
2u(Sinn · S

in−1

n−1 · . . . · S
i1
1 x).

Ïóñòü Ω = {x ∈ Rn : |x| < 1} - åäèíè÷íûé øàð, Jα èíòåãðàë ïîðÿäêà α â ñìûñëå Ðèìàíà-
Ëèóâèëëÿ. Äëÿ m − 1 < α ≤ m,m = 1, 2, ..., ìû áóäåì ðàññìàòðèâàòü ñëåäóþùèé äèôôåðåíöè-
àëüíûé îïåðàòîð äðîáíîãî ïîðÿäêà

Dα
p [u](x) =

∂m−p

∂rm−p
Jm−α

∂p

∂rp
u(x), p = 0, 1, ...,m.

Äàííûé îïåðàòîð íàçûâàåòñÿ ïðîèçâîäíîé ïîðÿäêà α â ñìûñëå Ðîññ-Ìèëëåðà. Ïðè çíà÷åíèè
p = 0 ìû ïîëó÷àåì îïåðàòîð Ðèìàíà-Ëèóâèëëÿ Dα

0 [u](x)=RLD
α[u](x) è ñîîòâåòñòâåííî ïðè p = m

ïîëó÷àåì îïåðàòîð Êàïóòî Dα
m[u](x)=CD

α[u](x). Ïóñòü aj , j = 1, 2, ..., l - äåéñòâèòåëüíûå ÷èñëà è
L îäèí èç îïåðàòîðîâ Ll èëè Ln. Ðàññìîòðèì â îáëàñòè Ω ñëåäóþùóþ çàäà÷ó.

Çàäà÷à Nα. Ïóñòü 0 < α ≤ 2, j = 1, 2. Íàéòè ôóíêöèþ u (x) èç êëàññà C4 (Ω) ∩ C
(
Ω̄
)
, äëÿ

êîòîðîé rα+kDα+k
j [u] (x) ∈ C

(
Ω
)
, k = 0, 1, óäîâëåòâîðÿþùåå óñëîâèÿì

Lu(x) = f(x), x ∈ Ω, (1)

Dα
j [u] (x) = ϕ1 (x) , x ∈ ∂Ω, (2)

Dα+1
j [u] (x) = ϕ2 (x) , x ∈ ∂Ω. (3)

Îòìåòèì, ÷òî â ðàáîòàõ [1,2] ðàññìîòðåíû íåëîêàëüíûå àíàëîãè îïåðàòîðà Ëàïëàñà è äëÿ ñî-
îòâåòñòâóþùèõ íåëîêàëüíûõ óðàâíåíèé Ïóàññîíà èññëåäîâàíû âîïðîñû ðàçðåøèìîñòè îñíîâíûõ
êðàåâûõ çàäà÷.

Â íàñòîÿùåé ðàáîòå íàéäåíû òî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è Nα äëÿ âñåõ çíà÷åíèé
α ∈ [0, 2] è j = 1, 2. Â ÷àñòíîñòè â ñëó÷àå L = Ll è ãðàíè÷íûõ îïåðàòîðîâ Äèðèõëå è Íåéìàí, ò.å.
êîãäà α = 0 èëè α = 1 äîêàçàíî ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà. Ïóñòü λk = ei
2πk
l , µk = a1λ

k
0 + ...+alλ

k
l−1 6= 0, k = 1, ..., l, 0 < λ < 1, f (x) ∈ Cλ

(
Ω̄
)
è

ϕ1 (x) ∈ Cλ+4 (∂Ω) , ϕ1 (x) ∈ Cλ+3 (∂Ω) . Òîãäà 1) åñëè α = 0, òî ðåøåíèå çàäà÷è Nα ñóùåñòâóåò è
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åäèíñòâåííî; 2) åñëè α = 1, òî äëÿ ðàçðåøèìîñòè çàäà÷è Nα íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ

óñëîâèÿ
1

2

∫
Ω

(
1− |x|2

)
f(x)dx = µ1

∫
∂Ω

(ϕ2(x)− ϕ1(x)) dSx.

Åñëè ðåøåíèå çàäà÷è ñóùåñòâóåò, òî îíî åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî è

ïðèíàäëåæèò êëàññó Cλ+4
(
Ω̄
)
.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÌÎÍ ÐÊ AP09259074.
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Òåîðåìû î ñõîäèìîñòè íîâîãî ìåòîäà
ãëîáàëüíîé îïòèìèçàöèè

Æàéëàí ÒÓÒÊÓØÅÂÀ

Àêòþáèíñêèé ðåãèîíàëüíûé óíèâåðñèòåò èìåíè Ê. Æóáàíîâà, Àêòîáå, Êàçàõñòàí

E-mail: zhailan_k@mail.ru

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ âîïðîñ î ñõîäèìîñòè íîâîãî ìåòîäà ãëîáàëüíîé îïòèìèçà-
öèè íåïðåðûâíûõ ôóíêöèé f(x) â çàìêíóòîì ãèïåðêóáå Q ∈ [a; b]. Äàííûé ìåòîä îñíîâàí íà
âñïîìîãàòåëüíîé ôóíêöèè, êîòîðàÿ ïîñòðîåíà ïðåîáðàçîâàíèåì öåëåâîé ôóíêöèè f(x):

g(α) =

∫
Q

[|f(x)− α| − (f(x)− α)]dx (1)

Âñïîìîãàòåëüíàÿ ôóíêöèÿ (1) çàâèñèò îò îäíîé ïåðåìåííîé α è ñîäåðæèò êðàòíûé èíòåãðàë.
Òðåáóåòñÿ íàéòè çíà÷åíèå è êîîðäèíàòû òî÷êè ãëîáàëüíîãî ìèíèìóìà (x̂; ŷ). Èõ îáîçíà÷èì:

ŷ = globminf(x) (2)

x̂ = argglobminx∈Qf(x) = argŷ (3)

Àëãîðèòì ïîèñêà òî÷êè ãëîáàëüíîãî ìèíèìóìà ñîñòîèò èç äâóõ çàäà÷. Ïåðâàÿ çàäà÷è çàêëþ-
÷àåòñÿ â íàõîæäåíèè çíà÷åíèÿ òî÷êè ãëîáàëüíîãî ìèíèìóìà (2), à âòîðàÿ çàäà÷à - â íàõîæäåíèè
êîîðäèíàò ãëîáàëüíîãî ìèíèìóìà (3). Ýòîò àëãîðèòì ïîèñêà ãëîáàëüíîãî ìèíèìóìà îïèñàí â
ðàáîòàõ [1] è [2].

Â íàñòîÿùåé ðàáîòå èññëåäîâàí ñõîäèìîñòü ìåòîäà. Áûëè ñôîðìóëèðîâàíû òåîðåìû î ñõîäè-
ìîñòè ìåòîäà. Äëÿ íà÷àëà ïîäáèðàåòñÿ ïðîìåæóòîê [c0, d0], ãäå íàõîäèòñÿ çíà÷åíèå ãëîáàëüíîãî
ìèíèìóìà α̂.

Òåîðåìà 1. Åñëè äëÿ âñïîìîãàòåëüíîé ôóíêöèè (1) èìååò ìåñòî ðàâåíñòâî g(c0) = 0 è

íåðàâåíñòâî g(d0) > 0, òî çíà÷åíèå ãëîáàëüíîãî ìèíèìóìà ôóíêöèè α̂ = f(x̂) ëåæèò â ïðîìåæóòêå
α̂ ∈ (c0, d0).

Èç òåîðåìû 1 èçâåñòíî, ÷òî åñëè g(c0) = 0 è g(d0) > 0 , òî ãëîáàëüíûé ìèíèìóì α̂ íàõîäèòñÿ
â îòðåçêå (c0, d0). Íàõîäèì ñåðåäèíó α0 = c0+d0

2 îòðåçêà (c0, d0) è ïîëó÷àåì äâå ðàâíûå ÷àñòè
(c0, α0) è (α0, d0). Çíà÷åíèå ãëîáàëüíîãî ìèíèìóìà íàõîäèòñÿ â îäíîé èç íèõ. Âû÷èñëÿåì çíà÷åíèå
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âñïîìîãàòåëüíîé ôóíêöèè (1) ïðè α = α0. Ïî çíà÷åíèþ âñïîìîãàòåëüíîé ôóíêöèè, îïðåäåëÿåòñÿ
ðàñïîëîæåíèå ãëîáàëüíîãî ìèíèìóìà:

À) Åñëè g(α0) > 0, òî α̂ ∈ [c0, α0]. Òîãäà c0 = c1 è α0 = d0. Äàëüøå ðàáîòàåì ñ îòðåçêîì [c1, d1],
ëèáî

Â) Åñëè g(α0) = 0, òî α̂ ∈ [α0, d0]. Òîãäà α0 = c0 è d0 = d1. Äàëüøå ðàáîòàåì ñ îòðåçêîì
[c1, d1].

Àíàëîãè÷íî îïðåäåëÿþòñÿ ñëåäóþùèå ñåðåäèíû ïîäîòðåçêîâ:

α1 =
c1 + d1

2
, α2 =

c2 + d2

2
, ..., αn =

cn + dn
2

(4)

Ïðîäîëæàÿ ïðîöåññ ïîëîâèííîãî äåëåíèÿ âûáðàííûõ ïîäîòðåçêîâ, ìîæíî äîéòè äî ñêîëü óãîäíî
ìàëîãî îòðåçêà, ñîäåðæàùåãî çíà÷åíèå ãëîáàëüíîãî ìèíèìóìà α̂. Òàê êàê çà êàæäóþ èòåðàöèþ
îòðåçîê, ãäå íàõîäèòñÿ ãëîáàëüíûé ìèíèìóì, óìåíüøàåòñÿ â äâà ðàçà, òî ÷åðåç n èòåðàöèè èí-
òåðâàë áóäåò ðàâåí |dn−cn| = 1

2n ïðè ýòîì dn ≤ α̂ ≤ cn. Âûïîëíÿÿ òàêóþ èòåðàöèþ ìû äîñòèãíåì
íóæíîé íàì òî÷íîñòè:

ε ≥ dn − cn
Â êà÷åñòâå ãëîáàëüíîãî ìèíèìóìà α̂ âîçüìåì ïðàâûé êîíåö îòðåçêà dn, òî åñòü α̂ = dn ≈ ŷ, ãäå
g(α̂) > 0. Òàêèì îáðàçîì, íàéäåòñÿ çíà÷åíèå ãëîáàëüíîãî ìèíèìóìà (2) ñ äîñòàòî÷íîé òî÷íîñòüþ
ε.

Òåîðåìà 2. Åñëè âûïîëíÿåòñÿ òåîðåìà 1, òî èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü (4) ãëîáàëü-

íîé ìèíèìèçàöèè ñ ïðèìåíåíèåì âñïîìîãàòåëüíîé ôóíêöèè (3) ñõîäèòñÿ ê èñêîìîìó çíà÷åíèþ

ãëîáàëüíîãî ìèíèìóìà ñ çàäàííîé òî÷íîñòüþ.

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü

{αn}, ïîëó÷åííàÿ ìåòîäîì äåëåíèÿ îòðåçêà ïîïîëàì (5) ñõîäèòñÿ ê ãëîáàëüíîìó ìèíèìóìó öåëå-

âîé ôóíêöèè f(x) ñ ëèíåéíîé ñêîðîñòüþ β = 0.5.
Îïèñàííûé âûøå àëãîðèòì ñîâåðøåííî íîâûé. Ïðåâîñõîäñòâî íîâîãî ìåòîäà â òîì, ÷òî ìåòîä

ñõîäèòñÿ ñðàçó ê ãëîáàëüíîìó ìèíèìóìó. Â ýòîì àëãîðèòìå îïðåäåëÿåòñÿ ñåðåäèíà è âûáèðàåòñÿ
îäíà èç ïîëîâèíîê îòðåçêà. Ýòî äàåò áîëüøóþ ýêîíîìèþ.
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Îäíîçíà÷íàÿ ðàçðåøèìîñòü ìíîãîòî÷å÷íîé êðàåâîé
çàäà÷è äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ êîíôîðìàáåëüíîé ïðîèçâîäíîé

Êàéðàò ÓÑÌÀÍÎÂa, Êóëçèíà ÍÀÇÀÐÎÂÀb, Áàòèðõàí ÒÓÐÌÅÒÎÂc

Ìåæäóíàðîäíûé Êàçàõñêî-Òóðåöêèé óíèâåðñèòåò èì. À.ßñàâè,

Òóðêåñòàí, Kazakstan

E-mail: akairat.usmanov@ayu.edu.kz, bkulzina.nazarova@ayu.edu.kz,
cbatirkhan.turmetov@ayu.edu.kz

Íåäàâíî â ðàáîòå [1] áûëî ââåäåíî îäèí èç âàðèàíòîâ äðîáíîé ïðîèçâîäíîé, òàê íàçûâàåìàÿ
"êîíôîðìàáåëüíàÿ ïðîèçâîäíàÿ". Â ðàáîòàõ [2,3] áûëè ââåäåíû îïðåäåëåíèÿ è îñíîâíûå ñâîéñòâà
êîíôîðìàáåëüíîé ïðîèçâîäíîé.

Îïðåäåëåíèå 1. Ïóñòü ôóíêöèÿ f : [0,∞) → R. Òîãäà, äëÿ âñåõ t > 0 êîíôîðìàáåëüíàÿ
ïðîèçâîäíàÿ îò ôóíêöèè f îïðåäåëÿåòñÿ â âèäå

Tα(f)(t) = lim
ε→0

f(t+ εt1−α)− f(t)

ε
,

ãäå α ∈ (0, 1) . Åñëè f äèôôåðåíöèðóåìà â ïîðÿäêå α â (0, a) , a > 0, è ñóùåñòâóåò lim
ε→0+

f (α)(t)

òîãäà
f (α)(0) = lim

ε→0+
f (α)(t).

Îïðåäåëåíèå 2. Êîíôîðìàáåëüíûé èíòåãðàë îò ôóíêöèè f ïîðÿäêà α ∈ (0, 1] îïðåäåëÿåòñÿ
ðàâåíñòâîì

Iaα(f)(t) =

t∫
a

τα−1f (τ) dτ.

Â äàííîé ðàáîòå íà îòðåçêå [0, T ] èññëåäóåòñÿ ìíîãîòî÷å÷íàÿ êðàåâàÿ çàäà÷à

Tα(x)(t) +ATα(x) (ξ)|ξ=T−t =

T∫
0

K(t, s)x (s) ds+ f(t), t ∈ [0, T ] , (1)

m∑
i=1

Bix(θi) = d, d ∈ Rn, (2)

0 = θ0 < θ1 < . . . < θm−1 < θm = T,

ãäå 0 < α < 1, ìàòðèöà K(t, s) íåïðåðûâíà íà [0, T ]× [0, T ], n- ìåðíàÿ âåêòîð-ôóíêöèÿ f(t) íåïðå-
ðûâíà íà [0, T ], A � íåêîòîðàÿ ñèììåòðè÷íàÿ, ïîñòîÿííàÿ ìàòðèöà. Â óðàâíåíèé (1) ðàññìîòðåíà
ïðåîáðàçîâàíèå ψ(t) = T − t, òàêîé ÷òî, ψ : [0, T ]→ [0, T ], äëÿ êîòîðîãî âûïîëíÿåòñÿ ñëåäóþùåå
óñëîâèå ψ2(t) = ψ(ψ(t)) = t. Ïðåîáðàçîâàíèå òàêîãî âèäà íàçûâàþò èíâîëþòèâíûì. Ñâîéñòâà
òàêèõ èíâîëþòèâíûõ ïðåîáðàçîâàíèé èçó÷åíû â ðàáîòàõ Ã.Ñ.Ëèòâèí÷óêà [1], Í.Ê.Êàðàïåòÿíöà,
Ñ.Ã.Ñàìêî [4] è äð [5-7]. Èñïîëüçóÿ ñâîéñòâà èíâîëþòèâíîãî ïðåîáðàçîâàíèÿ, ïðè ïðåäïîëîæåíèè,
÷òî ìàòðèöà

[
I −A2

]
îáðàòèìà, êðàåâóþ çàäà÷ó (1), (2) ìîæíî çàïèñàòü â âèäå

Tα(x)(t) =

T∫
0

K̃(t, s)x(s)ds+ f̃(t), t ∈ [0, T ] , (3)

m∑
i=1

Bix(θi) = d, d ∈ Rn, (4)

0 = θ0 < θ1 < . . . < θm−1 < θm = T,
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Ê êðàåâîé çàäà÷å (3), (4) ïðèìåíèìà ìåòîä ïàðàìåòðèçàöèè ïðîôåññîðà Ä.Äæóìàáàåâà [8]. Ìå-
òîä ïàðàìåòðèçàöèè òàêæå áûë ïðèìåíåí ê èññëåäîâàíèþ ðàçëè÷íûõ êðàåâûõ çàäà÷ [9-10]. Íà
îñíîâàíèé ìåòîäà ïàðàìåòðèçàöèè è ñâîéñòâà èíâîëþòèâíîãî ïðåîáðàçîâàíèÿ ìîæíî óñòàíîâèòü:
Òåîðåìà. Ïóñòü ìàòðèöà

[
I −A2

]
îáðàòèìà. Òîãäà äëÿ îäíîçíà÷íîé ðàçðåøèìîñòè êðàåâîé çà-

äà÷è(1), (2) íåîáõîäèìî è äîñòàòî÷íî ñóùåñòâîâàíèÿ l0 ∈ N , ïðè êîòîðîì ìàòðèöà Qα(l0) áûëà
îáðàòèìà.

Çäåñü l0 ≥ l̃ âûáèðàåòñÿ èç óñëîâèÿ βT h1−α

(1−α)l̃
< 1.

Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè
Êàçàõñòàí (ãðàíò �AP09259137).
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ìÊäÔ ñ èñòî÷íèêîì â êëàññå áûñòðîóáûâàþùèõ ôóíêöèé

Óìèä ÕÎÈÒÌÅÒÎÂa, Øåõçîä ÑÎÁÈÐÎÂb

Óðãåí÷ñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Óðãåí÷, Óçáåêèñòàí

E-mail: ax_umid@mail.ru, bshexzod1994@mail.ru

Â äàííîé ðàáîòå èññëåäóåòñÿ íàãðóæåííîå ìîäèôèöèðîâàííîå óðàâíåíèå Êîðòåâåãà-äå Ôðèçà
ñ èñòî÷íèêîì, à èìåííî ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñèñòåìà óðàâíåíèé

ut + β(t)u(x0, t)(6u
2ux + uxxx) + γ(t)u(x1, t)ux(x, t) =

2N∑
k=1

(Φ2
k1
− Φ2

k2
)

L(t)Φk = ξkΦk, k = 1, 2, . . . , 2N, x ∈ R

(1)

ãäå β(t) è γ(t) çàäàííûå íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè, è Φk = (Φk1(x, t), Φk2(x, t))T

� ñîáñòâåííàÿ âåêòîð-ôóíêöèÿ îïåðàòîðà

L(t) = i

(
d
dx − u(x, t)

−u(x, t) − d
dx

)
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ñîîòâåòñòâóþùàÿ ñîáñòâåííîìó çíà÷åíèþ ξk.
Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî ñóììà, ó÷àñòâóþùàÿ â ïðàâîé ÷àñòè 1, âõîäÿò ñíà÷àëà

÷ëåíû ñ Im ξk > 0, k = 1, 2, . . . , N. Òàêæå ïðåäïîëàãàåòñÿ, ÷òî∫ +∞

−∞
Φk1Φk2dx = Ak(t), k = 1, 2, . . . , 2N (2)

ñ çàäàííûìè íåíóëåâûìè ôóíêöèÿìè Ak(t), êîòîðûå óäîâëåòâîðÿþò óñëîâèÿì

Ak(t) = An(t) ïðè ξk = −ξn, n = 1, 2, . . . , N .

Ñèñòåìà óðàâíåíèé 1 ðàññìàòðèâàåòñÿ ïðè íà÷àëüíîì óñëîâèè

u(x, 0) = u0(x), (3)

ïðè ýòîì íà÷àëüíàÿ ôóíêöèÿ u0(x) (−∞ < x <∞) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
1) ∫ +∞

−∞
(1 + |x|) |u0(x)| dx <∞; (4)

2) îïåðàòîð L(0) = i

(
d
dx − u0(x)

−u0(x) − d
dx

)
èìååò ðîâíî 2N ïðîñòûõ ñîáñòâåííûõ çíà÷åíèé

ξ1(0), ξ2(0), . . . , ξ2N (0).
Ïóñòü ôóíêöèÿ u(x, t) îáëàäàåò òðåáóåìîé ãëàäêîñòüþ è äîñòàòî÷íî áûñòðî ñòðåìèòñÿ ê ñâîèì

ïðåäåëàì ïðè x→ ±∞, ò.å.∫ +∞

−∞

(
(1 + |x|) |u(x, t)|+

3∑
k=1

∣∣∣∣∂ku(x, t)

∂xk

∣∣∣∣
)
dx <∞, k = 1, 2, 3. (5)

Îñíîâíîé öåëüþ ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå ïðåäñòàâëåíèé äëÿ ðåøåíèÿ u(x, t), Φk(x, t), k =
1, 2, . . . , 2N çàäà÷è (1)-(5) â ðàìêàõ ìåòîäà îáðàòíîé çàäà÷è ðàññåÿíèÿ äëÿ îïåðàòîðà L(t).

Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Åñëè ôóíêöèè u(x, t), Φk(x, t), k = 1, 2, . . . , N ÿâëÿþòñÿ ðåøåíèåì çàäà÷è (1)-(5),

òî äàííûå ðàññåÿíèÿ îïåðàòîðà L(t) ñ ïîòåíöèàëîì u(x, t) ìåíÿþòñÿ ïî t ñëåäóþùèì îáðàçîì:

dξn
dt

= 0, n = 1, 2, . . . , N,

dr+

dt
=
(
8iξ3β(t)u(x0, t)− 2iξγ(t)u(x1, t)

)
r+, Im ξ = 0,

dCn
dt

=
(
8iξ3

nβ(t)u(x0, t)− 2iξnγ(t)u(x1, t) + 2An(t)
)
Cn(t).

Çàìå÷àíèå. Ïîëó÷åííûå ðàâåíñòâà ïîëíîñòüþ îïðåäåëÿþò ýâîëþöèþ äàííûõ ðàññåÿíèÿ, ÷òî
ïîçâîëÿåò ïðèìåíèòü ìåòîä îáðàòíîé çàäà÷è ðàññåÿíèÿ äëÿ ðåøåíèÿ çàäà÷è Êîøè (1)-(5).

Êëþ÷åâûå ñëîâà: íàãðóæåííîå ìîäèôèöèðîâàííîå óðàâíåíèå Êîðòåâåãà-äå Ôðèçà, èíòåãðàëüíîå óðàâíåíèå
Ãåëüôàíäà-Ëåâèòàíà-Ìàð÷åíêî, ðåøåíèÿ Éîñòà, äàííûå ðàññåÿíèÿ.
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Â äàííîé ðàáîòå èçó÷àåòñÿ íàãðóæåííîå óðàâíåíèÿ ÊäÔ ñ èñòî÷íèêîì âèäà:

ut + β(t)u(x0, t) (uxxx − 6uux) + γ(t)u(x1, t)ux

+4

N∑
m=1

∂

∂x

(
|ϕm(x, t)|2

)
= 0,

−ϕ′′m + u(x, t)ϕm = λm(t)ϕm, m = 1, N

(1)

ãäå β(t) è γ(t) - çàäàííûå íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè, à x0, x1 ∈ R. Óðàâíåíèå (1)
ðàññìàòðèâàåòñÿ ïðè íà÷àëüíîì óñëîâèè

u(x, 0) = u0(x), x ∈ R (2)

ãäå íà÷àëüíàÿ ôóíêöèÿ u0(x) îáëàäàþò ñâîéñòâàìè:
1) ∫ ∞

−∞
(1 + |x|) |u0(x)| dx <∞. (3)

2) Îïåðàòîð L(0) := − d2

dx2 +u0(x), x ∈ R èìååò ðàâíî N îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé
λ1(0), λ2(0), ..., λN (0).

Ïðåäïîëàãàåòñÿ, ÷òî ∫ ∞
−∞
|ϕm(x, t)|2 dx = Am(t), m = 1, N (4)

ãäå Am(t) > 0, m = 1, N çàäàííûå ïîëîæèòåëüíûå íåïðåðûâíûå ôóíêöèè.
Òðåáóåòñÿ íàéòè ôóíêöèþ u(x, t), êîòîðàÿ îáëàäàåò äîñòàòî÷íîé ãëàäêîñòüþ è äîñòàòî÷íî

áûñòðî ñòðåìèòñÿ ê ñâîèì ïðåäåëàì â òî÷êå x→ ±∞, ò.÷.∫ ∞
−∞

(1 + |x|)
(
|u(x, t)|+

∣∣∣∣∂ju(x, t)

∂xj

∣∣∣∣) dx <∞, j = 1, 2, 3. (5)

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ u(x, t),
ϕm(x, t), x ∈ R, t > 0, m = 1, N çàäà÷è 1-5, ñ ïîìîùüþ ìåòîäà îáðàòíîé çàäà÷è ðàññåÿíèÿ äëÿ
îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Åñëè ôóíêöèè u(x, t), ϕm(x, t), m = 1, N, x ∈ R, t > 0 ÿâëÿþòñÿ ðåøåíèåì çà-

äà÷è (1)-(5), òî äàííûå ðàññåÿíèÿ
{
r+(k, t), λn(t), Bn(t), n = 1, N

}
îïåðàòîðà L(t) ñ ïîòåíöèàëîì

u(x, t), óäîâëåòâîðèòü ñëåäóþùèì äèôôåðåíöèàëüíûì óðàâíåíèÿì

dλj(t)

dt
= 0

dr+(k, t)

dt
=
(
8ik3β(t)u(x0, t)− 2ikγ(t)u(x1, t)

)
r+(k, t)

dBn(t)

dt
=
(
8χ3

nβ(t)u(x0, t) + 2χnγ(t)u(x1, t)− 2An(t)
)
Bn(t), n = 1, 2, 3, ..., N

Çàìå÷àíèå. Ïîëó÷åííûå ñîîòíîøåíèÿ ïîëíîñòüþ îïðåäåëÿþò ýâîëþöèþ äàííûõ ðàññåÿíèÿ
äëÿ îïåðàòîðà L(t) è òåì ñàìûì äàþò âîçìîæíîñòü ïðèìåíèòü ìåòîä îáðàòíîé çàäà÷è ðàññåÿíèÿ
äëÿ ðåøåíèÿ çàäà÷è (1)-(5).

Ïóñòü çàäàíà ôóíêöèÿ u0(x) (1 + |x|) ∈ L1(R). Òîãäà ðåøåíèå çàäà÷è (1)-(5) íàõîäèòñÿ ïîìî-
ùüþ ñëåäóþùåãî àëãîðèòìà.
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1. Ðåøàåì ïðÿìóþ çàäà÷ó ðàññåÿíèÿ ñ íà÷àëüíîé ôóíêöèåé u0(x)

ïîëó÷àåì äàííûå ðàññåÿíèÿ
{
r+(k), χn, Bn, n = 1, N

}
äëÿ îïåðàòîðà L(0).

2. Èñïîëüçóÿ òåîðåìó 1, íàõîäèì äàííûå ðàññåÿíèÿ äëÿ t > 0{
r+(k, t), χn(t), Bn(t), n = 1, N

}
.

3. Èñïîëüçóÿ ìåòîä, îïèðàþùèéñÿ íà èíòåãðàëüíîãî óðàâíåíèÿ Ãåëüôàíäà-Ëåâèòàíà-
Ìàð÷åíêî, ðåøàåì îáðàòíóþ çàäà÷ó ðàññåÿíèÿ, ò.å. íàõîäèì u(x, t) èç äàííûõ ðàññåÿíèÿ
äëÿ t > 0, ïîëó÷åííûõ íà ïðåäûäóùåì øàãå. Ïîñëå ýòîãî ëåãêî íàéòè ðåøåíèå ϕm(x, t)
óðàâíåíèÿ L(t)ϕm(x, t) := −ϕ′′m(x, t) + u(x, t)ϕm(x, t) = λmϕm(x, t), m = 1, 2, ..., N .

Êëþ÷åâûå ñëîâà: íàãðóæåííîå óðàâíåíèå Êîðòåâåãà-äå Ôðèçà, îáðàòíàÿ çàäà÷à ðàññåÿíèÿ, èíòåãðàëüíîå óðàâ-
íåíèå Ãåëüôàíäà-Ëåâèòàíà-Ìàð÷åíêî.
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Ðàññìîòðèì óðàâíåíèå

0 =

{
uxx − uy − λD−α0x u(x, 0), (x, y) ∈ Ω0,

uxx − uyy − µjsignyHj [u(x, y)] , (x, y) ∈ Ωj , (j = 1, 3),
(1)

ãäå λ, µj (j = 1, 3) − çàäàííûå äåéñòâèòåëüíûå ÷èñëà, ïðè÷åì

0 < α < 1, λ > 0, µj ≥ 0, (j = 1, 3), (2)

Hj [u(x, y)] =


u(x, 0) ïðè j = 1,

u(0, y) ïðè j = 2, ξ = x+ y,
u(1, y) ïðè j = 3, η = y − x+ 1,

D−α0x [...]− èíòåãðàëüíûé îïåðàòîð äðîáíîãî ïîðÿäêà [1];
Ω0 − îáëàñòü, îãðàíè÷åííàÿ îòðåçêàìè AB, BC, CD, DA ïðÿìûõ

y = 0, x = 1, y = 1, x = 0 ñîîòâåòñòâåííî; Ω1− õàðàêòåðèñòè÷åñêèé òðåóãîëüíèê, îãðàíè÷åí-
íûé îòðåçêîì AB îñè Ox è äâóìÿ õàðàêòåðèñòèêàìè AN : x + y = 0, BN : x − y = 1 óðàâíåíèÿ
(1), âûõîäÿùèìè èç òî÷åê A(0, 0) è B(1, 0), ïåðåñåêàþùèìèñÿ â òî÷êå N (0, 5 ; −0, 5);
Ω2 − õàðàêòåðèñòè÷åñêèé òðåóãîëüíèê, îãðàíè÷åííûé îòðåçêîì AD îñè Oy è äâóìÿ õàðàêòåðè-
ñòèêàìè AK : x + y = 0, DK : y − x = 1 óðàâíåíèÿ (1), âûõîäÿùèìè èç òî÷åê A(0, 0) è D(0, 1),
ïåðåñåêàþùèìèñÿ â òî÷êå K (−0, 5 ; 0, 5);
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Ω3 − õàðàêòåðèñòè÷åñêèé òðåóãîëüíèê, îãðàíè÷åííûé îòðåçêîì BC è õàðàêòåðèñòèêàìè CM :
x+ y = 2, BM : x− y = 1 óðàâíåíèÿ (1), âûõîäÿùèìè èç òî÷åê B(1, 0) è C(1, 1), ïåðåñåêàþùè-
ìèñÿ â òî÷êå M (1, 5 ; 0, 5);

Ω =
3∑
j=0

Ωj∪ AB ∪BC ∪DA, J1 = {(x, y) : 0 < x < 1, y = 0} ,

J2 = {(x, y) : 0 < y < 1, x = 0} , J3 = {(x, y) : 0 < y < 1, x = 1} ,

Ω∗1 = Ω1 ∪AB ∪ Ω0, Ω∗2 = Ω2 ∪AD ∪ Ω0 ∪BC ∪ Ω3.

Çàäà÷à. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â êëàññå ôóíêöèé

W = {u : u(x, y) ∈ C
(
Ω̄
)
∩ C2,1

x,y (Ω0) ∩ C2 (Ω1 ∪ Ω2 ∪ Ω3) ,

uy ∈ C (Ω∗2) ∩ C (Ω0 ∪AB) ∩ C (Ω1 ∪AB) ,

ux ∈ C (Ω∗1) ∩ C (Ω0 ∪AD ∪BC) ∩ C (Ω2 ∪AD) ∩ C (Ω3 ∪BC)} ,

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

a(x)
d

dx
u
(x

2
,−x

2

)
+ b(x)

d

dx
u

(
1 + x

2
,
x− 1

2

)
=

= m(x)u(x, 0) + n(x)uy(x, 0) + c(x), (x, 0) ∈ J1, (3)

u(x, y)|AK = ϕ1(y), 0 ≤ y ≤ 1

2
, (4)

u(x, y)|MC = ϕ2(y),
1

2
≤ y ≤ 1, (5)

à íà ëèíèÿõ èçìåíåíèÿ òèïà óñëîâèÿì ñêëåèâàíèÿ

uy(x,+0) = α1uy(x,−0), (x, 0) ∈ J1, (6)

ux(+0, y) = α2ux(−0, y), (0, y) ∈ J2, (7)

ux(1 + 0, y) = α3ux(1− 0, y), (1, y) ∈ J3, (8)

ãäå a(x), b(x), m(x), n(x), c(x), ϕ1(x), ϕ2(y) − çàäàííûå ôóíêöèè,
à αj (j = 1, 3)− èçâåñòíûå ïîñòîÿííûå, ïðè÷åì

ϕ1(0) = 0, α1 > 0, α2, α3 ∈ (−∞ ; +∞)\ {0} , (9)

a2(x) + b2(x) 6= 0, m2(x) + n2(x) 6= 0, ∀x ∈ J1, (10)

a(x), b(x), m(x), n(x) ∈ C1(J1) ∩ C2(J1),

c(x) ∈ C2(J1), ã(x) = a(x)− b(x) + 2n(x) 6= 0, ∀x ∈ J1, (11)

ϕ1(y) ∈ C1

[
0,

1

2

]
∩ C2

(
0,

1

2

)
, ϕ2(y) ∈ C1

[
1

2
, 1

]
∩ C2

(
1

2
, 1

)
. (12)

Çàìåòèì, ÷òî àíàëîã çàäà÷è Òðèêîìè äëÿ óðàâíåíèÿ (1) â ñëó÷àå, êîãäà
a(x) = 1, b(x) = m(x) = n(x) = 0, λ ≡ 0, µj ≡ 0, (j = 1, 3) èçó÷åí â ðàáîòàõ[2-3].

Äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Åñëè âûïîëíåíû óñëîâèÿ (2), (9)-(12) è

a(x) + b(x)

ã(x)
≤ 0,

(
a(x) + b(x)

ã(x)

)′
≤ 0,
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2m(x)

ã(x)
≤ 0,

µ1a(x)

ã(x)
≤ 0,

µ1b(x)

ã(x)
≥ 0,

òî â îáëàñòè Ω ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå ðåøåíèå ïîñòàâëåííîé çàäà÷è.

Êëþ÷åâûå ñëîâà: íåëîêàëüíàÿ êðàåâàÿ çàäà÷à, íàãðóæåííûå óðàâíåíèÿ, îïåðàòîð äðîáíîãî ïîðÿäêà, èíòåãðàëü-
íîå óðàâíåíèå Âîëüòåððà.
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Äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ
îïåðàòîðîì ðàñïðåäåëåííîãî äèôôåðåíöèðîâàíèÿ

Áåñëàí ÝÔÅÍÄÈÅÂ

ÈÏÌÀ ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ
E-mail: beslan_efendiev@mail.ru

Â èíòåðâàëå 0 < x < l ðàññìîòðèì óðàâíåíèå

u′′(x)− q(x)

β∫
0

µ(α)Dα
0x[p(x)u(x)]dα = f(x), 0 < β < 1, (1)

ãäå

Dα
0xu(x) =

1

Γ(−α)

x∫
0

u(t)dt

(x− t)α+1
, α < 0,

Dα
0xu(x) = u(x), α = 0,

Dα
0xu(x) =

dn

dxn
Dα−n

0x u(x), n− 1 < α ≤ n, n ∈ N

� îïåðàòîð äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ â ñìûñëå Ðèìàíà�Ëèóâèëëÿ ïîðÿäêà α [1], Γ(z)
� ãàììà-ôóíêöèÿ Ýéëåðà, µ(α), p(x), q(x), f(x) � çàäàííûå ôóíêöèè.

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â èíòåðâàëå ]0, l[ íàçîâåì ôóíêöèþ u(x), ïðèíàäëåæà-
ùóþ êëàññó C[0, l] ∩ C2]0, l[ è óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) âî âñåõ òî÷êàõ x ∈]0, l[.

Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå u(x) óðàâíåíèÿ (1) â èíòåðâàëå ]0, l[, óäîâëåòâîðÿþùåå
óñëîâèÿì

u(0) = u0, u(l) = ul, (2)

ãäå u0, ul � çàäàííûå êîíñòàíòû.
Òåîðåìà. Ïóñòü µ(α) ∈ L[0, β], p(x) ∈ Lip[0, l], q(x) ∈ AC[0, l], f(x) ∈ L[0, l] ∩ C]0, l[. Òîãäà

ïðè âûïîëíåíèè óñëîâèÿ W (l, 0) 6= 0 ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå ðåøåíèå çàäà÷è (1),

(2). Ðåøåíèå èìååò âèä

u(x) = −u0Gt(x, 0) + u(l)Gt(x, l) +

l∫
0

G(x, t)f(t)dt.
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Çäåñü

G(x, t) = H(x− t)W (x, t)− 1

W (l, 0)
W (x, 0)W (l, t)

� ôóíêöèÿ Ãðèíà çàäà÷è (1), (2), H(z) � ôóíêöèÿ Õåâèñàéäà,

W (x, t) = x− t+

x∫
t

(x− s)R(s, t)ds

� ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1),

R(x, t) =
∞∑
n=1

Kn(x, t), K1(x, t) = q(x)

β∫
0

µ(α)Dα
tx[(x− t)p(x)]dα,

Kn+1(x, t) =

x∫
t

Kn(x, s)K1(s, t)ds.

Êëþ÷åâûå ñëîâà: îïåðàòîð íåïðåðûâíî ðàñïðåäåëåííîãî äèôôåðåíöèðîâàíèÿ, äðîáíûé èíòåãðàë Ðèìàíà�
Ëèóâèëëÿ, äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà�Ëèóâèëëÿ, êðàåâàÿ çàäà÷à, ôóíêöèÿ Ãðèíà.
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On the Sobolev embedding constant for hypoelliptic operators

Yermurat ADILBEKOV

Institute of Mathematics and Mathematical Modeling, Kazakhstan
E-mail: adilbekov.yermurat@gmail.com

In this talk, we investigate the best constant in the following hypoelliptic Sobolev inequality on a
graded Lie group G ([1]):

‖f‖Lq(G) ≤ C‖R
a
ν f‖Lp(G), 1 < p < q <∞, a = Q

(
1

p
− 1

q

)
, (1)

where R is a Rockland operator and Q is the homogeneous dimension of G. By a Rockland operator
we understand any left-invariant homogeneous hypoelliptic differential operator on G.

In [2] and [3] the best constant in the Sobolev inequality with inhomogeneous norm, and in the
subcritical and critical Gagliardo-Nirenberg inequalities were expressed in the variational form as well
as in terms of the ground state solutions of the nonlinear Schrödinger equation.

This talk is based on the joint research with Nurgissa Yessirkegenov (Suleyman Demirel University,
Kazakhstan).

Funding: This research is funded by the Science Committee of the Ministry of Education and Science of the Republic
of Kazakhstan (Grant No. AP09058474).

Keywords: Sobolev inequality, Rockland operator, best constant.
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Condition of oscillatory and non-oscillatory second order half-linear
differential equations

Maktagul ALDAYa, Danagul KARATAYEVAb, Aizhan YKLASOVAc

L.N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan
E-mail: asaiajan@yandex.ru, bdanagul83@inbox.ru, caizhan83zhenisovna@mail.ru

We consider a second order half-linear differential equation.
Let µ, γ ∈ R,α > 0,

tµ(|y′(t)|p−2y′(t))′ + αtγ |y(t)|p−2y(t) = 0, t > 0, (1)

∞∫
0

(tµ|y′(t)|p − αtγ |y(t)|p)dt ≥ 0, y ∈
◦
W

1

p (0,∞). (2)

(2) the inequality is a necessary and sufficient condition for equation (1) to be non-conjugate on the
interval (0,∞).

Let µ < p− 1, then ∀c > 0,
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c∫
0

t(1−p
′)µdt <∞,

∞∫
0

t(1−p
′)µdt =∞,

according to the Theorem A from [1]
◦
W

1

p (0,∞) =
◦
W

1

p,l (0,∞) =
{
f ∈W 1

p (0,∞) : f(0) = 0
}

.
Then from (2) inequality

∞∫
0

tµ|y′(t)|pdt ≥ α
∞∫

0

tγ |y(t)|p)dt, y(0) = 0. (3)

Let y′(t) = f(t), y(0) = 0 =⇒ y(t) =
1∫
0

f(s)ds. Then substituting it into inequality (3) we get

∞∫
0

tγ

∣∣∣∣∣∣
1∫

0

f(s)ds

∣∣∣∣∣∣
p

dt ≤ 1

α

∞∫
0

tµ|f(t)|pdt. (4)

Now we consider Hardy’s inequality

∞∫
0

tγ

∣∣∣∣∣∣
t∫

0

f(s)ds

∣∣∣∣∣∣
p

dt ≤ C
∞∫

0

tµ|f(t)|pdt

let γ = µ− p.
Then

∞∫
0

∣∣∣∣∣∣1t
t∫

0

f(s)ds

∣∣∣∣∣∣
p

tµdt ≤ C
∞∫

0

tµ|f(t)|pdt, (5)

by Hardy’s theorem [2], the smallest constant C =
(

p
p−µ−1

)p
. At µ < 1 − p, γ = µ − p inequality

(4) is satisfied if and only if 1
α ≥

(
p

p−µ−1

)p
, that is, if α ≤

(
p−µ−1

p

)p
. If, α >

(
p−µ−1

p

)p
, then the

condition (4) =⇒ (3) =⇒ (2) is not hold.

Therefore α ≤
(
p−µ−1

p

)p
, and for γ = µ − p, µ < 1 − p the inequality (2), hence equation (1) is

conjugate on the interval (0,∞), and then equation (1) will be non-oscillatory.

If at α >
(
p−µ−1

p

)p
, γ = µ− p, µ < 1− p, then equation (1) will be oscillatory.

For any α > 0 by Hardy’s inequality, the inequality

∞∫
a

∣∣∣∣∣∣1t
t∫

a

f(s)ds

∣∣∣∣∣∣
p

tµdt ≤
(

p

p− µ− 1

)p ∞∫
a

tµ|f(t)|pdt, (6)

runs with the smallest constant
(

p
p−µ−1

)p
.

When condition (6) is satisfied, for any a > 0 equation (1) is conjugate on the interval (a,∞),
which means that equation (1) is oscillatory. It follows from that if condition (6) is hold, then the
equation (1) is oscillatory.

Funding: The authors were supported by the grant AD08856100 of the Ministry of Education and Science of Republic
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Inverse problem for determining a source function in the higher
order equation with the Gerasimov-Caputo fractional derivative

Ravshan ASHUROV1,a, Yusuf FAYZIEV2,b, Ilyoskhuja SULAYMONOV2,c

1 Institute of Mathematics of Uzbekistan, Tashkent, Uzbekistan
2 National university of Uzbekistan, Tashkent, Uzbekistan

E-mail: aashurovr@gmail.com, bfayziev.yusuf@mail.ru, cilyosxojasulaymonov@gmail.com

Let H be a separable Hilbert space with the scalar product (·, ·) and the norm || · || and A : H → H
be an arbitrary unbounded positive selfadjoint operator in H. Suppose that A has a complete in H
system of orthonormal eigenfunctions {vk} and a countable set of nonnegative eigenvalues λk. It is
convenient to assume that the eigenvalues do not decrease as their number increases, i.e. 0 < λ1 ≤ λ2 ·
·· → +∞. We denote by Aσ the power of operator A, defined as Aσh =

∞∑
k=1

λσkhkvk, hk are the Fourier

coefficients of h ∈ H. Operator Aσ has the domain of definition D(Aσ) = {h ∈ H :
∞∑
k=1

λ2σ
k |hk|2 <∞}

and for elements of D(Aσ) we introduce the norm ||h||2σ =
∞∑
k=1

λ2σ
k |hk|2 = ||Aσh||2.

Let ρ ∈ (m− 1,m) be a fixed number (m ∈ N) and let Cj((a, b);H) stand for a set of j ≥ 0 times
continuously differentiable functions u(t) of t ∈ (a, b) with values in H.

Consider the following problem{
Dρ
t u(t) +Au(t) = f(t), t > 0;

u(j)(0) = ϕj , j = 0, 1, ...,m− 1,
(1)

where the function f(t) ∈ C0((0,∞);H) and ϕj ∈ H, Dρ
t is the Gerasimov-Caputo fractional derivative

of order ρ. This problem is also called the forward problem.
Definition. A function u(t) ∈ Cm−1([0,∞);H) with the properties Dρ

t u(t), Au(t) ∈
C((0,∞);H), and satisfying conditions (1) is called the solution of the problem (1).

Theorem 1. Let functions ϕj ∈ H, (j = 0, 1, ...,m − 1) and f(t) ∈ C([0,∞)];D(Aε)) for some
ε ∈ (0, 1). Then the problem (1) has a unique solution and this solution has the following form

u(t) =
∞∑
k=1

m−1∑
j=0

ϕjkt
jEρ,j+1(−λktρ) +

t∫
0

ηρ−1Eρ,ρ(−λkηρ)fk(t− η)dη

 vk.
where are fk, ϕjk – the Fourier coefficients of the functions f and ϕj respectively.

We also consider the inverse problem of determining the source function f with the additional
condition:

u(τ) = Ψ, τ > 0, τ − fixed point. (2)

The solution of the inverse problem is defined in the same way as the solution of the forward
problem.

In the case of the inverse problem, it is assumed that f does not depend on t.
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Theorem 2. Let ϕ,Ψ ∈ D(A). Then the inverse problem (1), (2) has a unique solution {u(t), f}
and this solution has the following form

u(t) =

∞∑
k=1

m−1∑
j=0

ϕjkt
jEρ,j+1(−λktρ) + fk t

ρEρ,ρ+1(−λktρ)

 vk,
and

f =
∞∑
k=1

fkvk,

where

fk =
Ψk

τρEρ,ρ+1(−λkτρ)
−
m−1∑
j=0

ϕjkEρ,j+1(−λkτρ)
τρ−jEρ,ρ+1(−λkτρ)

.

Keywords: fractional equation, the Gerasimov-Caputo derivatives, inverse problem, determination of the source func-
tion.
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The fractional integration of order σ < 0 of the function h(t) defined on [0,∞) has the form

Jσt h(t) =
1

Γ(−σ)

t∫
0

h(ξ)

(t− ξ)σ+1
dξ, t > 0,

provided the right-hand side exists. Here Γ(σ) is Euler’s gamma function. Using this definition one
can define the Caputo fractional derivative of order ρ,

Dρ
t h(t) = Jρ−1

t

d

dt
h(t).

Let H be a separable Hilberd space. Let A : H → H be an arbitrary unbounded positive selfadjoint
operator in H.

Let τ be an arbitrary real number. We introduce the power of operator A, acting in H according
to the rule

Aτh =
∞∑
k=1

λτkhkvk.

Obviously, the domain of definition of this operator has the form

D(Aτ ) = {h ∈ H :
∞∑
k=1

λ2τ
k |hk|2 <∞}.
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Problem. Let ρ ∈ (0, 1) be a fixed number. Consider the following Cauchy problem

iDρ
t u(t) +Au(t) = p(t)q + f(t), 0 < t ≤ T ; (1)

u(0) = ϕ, (2)

where a part of the source function p(t) is a scalar function, f(t) ∈ C(H) and ϕ, q ∈ H are known
elements of H. If p(t) is also a known function, then under certain conditions on the given functions a
solution to problem (1)-(2) exists and it is unique (see, for example, [1]). The purpose of this paper is
to determine u(t) and p(t) solutions. To solve this time-dependent source identification problem one
needs an extra condition. Following the papers of A. Ashyralyev et al. [2] we consider the additional
condition in a rather general form:

B[u(t)] = ψ(t), 0 ≤ t ≤ T, (3)

where B : H → R is a given bounded linear functional, and ψ(t) is the given scalar function.We call
the Cauchy problem (1)-(2) together with additional condition (3) the inverse problem.

Theorem 1. Let Bq 6= 0, ϕ ∈ H and Dρ
tψ(t) ∈ C[0, T ]. Further, let ε ∈ (0, 1) be any fixed

number and q ∈ D(A1+ε) and f(t) ∈ C([0, T ];D(Aε)). Then the inverse problem has a unique solution
{u(t), p(t)}.

Theorem 2. Let assumptions of Theorem 1 be satisfied and let ϕ ∈ D(A). Then the solution to
the inverst problem obeys the stability estimate

||Dρ
t u||C(H) + ||Au||C(H) + ||p||C[0,T ] ≤ Cρ,q,B,ε

[
||ϕ||1 + ||ψ||C[0,T ] + max

0≤t≤T
||f(t)||ε

]
,

where Cρ,q,B,ε is a constant, depending only on ρ, q, B and ε.
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On the domain Ω = [0, T ]× [0, ω] we consider nonlocal problem for system of hyperbolic equations
with piecewise-constant argument generalized type in the following form

∂2u

∂t∂x
= A(t, x)

∂u

∂x
+B(t, x)

∂u

∂t
+ C(t, x)u(t, x) + f(t, x)+

+A0(t, x)
∂u(γ(t), x)

∂x
+B0(t, x)

∂u(γ(t), x)

∂t
+ C0(t, x)u(γ(t), x), (1)

P2(x)
∂u(0, x)

∂x
+ P1(x)

∂u(t, x)

∂t

∣∣∣
t=0

+P0(x)u(0, x) + S2(x)
∂u(T, x)

∂x
+
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+S1(x)
∂u(t, x)

∂t

∣∣∣
t=T

+S0(x)u(T, x) = ϕ(x), x ∈ [0, ω], (2)

u(t, 0) = ψ(t), t ∈ [0, T ], (3)

where u(t, x) = colon(u1(t, x), u2(t, x), ..., un(t, x)) is unknown vector function, the n × n matrices
A(t, x), B(t, x), C(t, x), A0(t, x), B0(t, x), C0(t, x) and n vector function f(t, x) are continuous on Ω;

γ(t) = ζj if t ∈ [θj , θj+1), j = 0, N − 1; θj ≤ ζj < θj+1 for all j = 0, 1, ..., N − 1;
0 = θ0 < θ1 < ... < θN−1 < θN = T ;

the n× n matrices Pi(x), Si(x), i = 0, 1, 2 and n vector function ϕ(x) are continuous on [0, ω]; the n
vector function ψ(t) is continuously differentiable on [0, T ].

We study a solvability to nonlocal problem (1)–(3). Differential equations with piecewise-constant
argument generalized type arised in various processes of neutral networks, dynamical systems and
biology [1]–[4]. Some problems for hyperbolic hyperbolic equation with piecewise-constant argument
generalized type are studied in [5].

We propose a new approach for solving nonlocal problem for the system of hyperbolic equations
with piecewise-constant argument generalized type (1)–(3) based on Dzhumabaev parametrization
method [6]–[8]. In [9] a periodic problem for system of hyperbolic equations with delay argument are
investigated by this method. For the case

P1(x) = P0(x) = S1(x) = S0(x) = 0, x ∈ [0, ω]

problem (1)–(3) are studied in [10].
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In the present paper we consider the problem for the essentially loaded differential equations with
parameter

dx

dt
= A(t)x+A0(t)µ+

m∑
j=1

Mj(t)ẋ(θj) +

m+1∑
i=0

Ki(t)x(θi) + f(t), t ∈ (0, T ), (1)

Bx(0) + Cx(T ) +B0µ = d, d ∈ Rn+m, x ∈ Rn, µ ∈ Rm, (2)

where the (n× n) -matrices A(t), Mj(t) (j = 1,m), Ki(t) (i = 0,m+ 1), (n×m) -matrix A0(t), and
n-vector-function f(t) are continuous on [0, T ], ((n+m)×n) -matrices B,C, the ((n+m)×m)-matrix
B0(t) are constants and 0 = θ0 < θ1 < θ2 < . . . < θm−1 < θm < θm+1 = T ; ‖x‖ = max

i=1,n
|xi|.

A solution to problem (1), (2) is a pair (µ∗, x∗(t)), where the µ∗ ∈ Rm, the vector function x∗(t)
is continuous on [0, T ] and continuously differentiable on (0, T ) and satisfies (1) with µ = µ∗ and
condition (2).

Boundary value problems for loaded differential equations are frequently encountered in applied
mathematics, being the mathematical models of various processes of biology, ecology, mechanics,
medicine, engineering and economics [1]. The solvability of boundary value problems for the loaded
differential equations with parameter and methods for finding their solutions are considered in [2, 3],
where Mj = 0, j = 1,m.

In the present paper, questions of existence and uniqueness of solution to linear boundary value
problem for systems of essentially loaded differential equations with parameter is investigated. The
Dzhumabaev parameterization method [4] is used for solving this problem. Conditions of unique
solvability of problem (1), (2) are received in the terms of initial data and the algorithms of finding
its solution are proposed.
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On products of noncommutative symmetric quasi Banach spaces
and applications
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Let E1, E2 be symmetric quasi Banach function spaces on (0, α) (0 < α ≤ ∞). We study some
properties of several constructions (the products E1(M)� E2(M), the Calderón spaces
E1(M)θE2(M)1−θ, the complex interpolation spaces (E1(M), E2(M))θ, the real interpolation method
(E1(M), E2(M))θ,p) in the context of noncommutative symmetric quasi Banach spaces.

We recall interpolation of noncommutative symmetric spaces. Let E1, E2 be fully symmetric
Banach function spaces on (0, α) and 0 < θ < 1. If E is complex interpolation of E1 and E2, i.e.
E = (E1, E2)θ. Then

E(M) = (E1(M), E2(M))θ. (1)

For more details on interpolation of noncommutative symmetric spaces we refer to [1].
For symmetric quasi Banach function spaces, we have the following result.
Theorem. Let Ej be a symmetric quasi Banach function space on (0, α) which is sj-convex for

some 0 < sj < ∞, j = 1, 2. Suppose Ej has order continuous norm, j = 1, 2 and 0 < θ < 1. If
E = E1−θ

1 Eθ2 , then

E(M) = (E1(M), E2(M))θ = E1−θ
1 (M)Eθ2(M) = E

( 1
1−θ )

1 (M)� E( 1
θ

)

2 (M).
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a two-dimensional porous medium

Kuanysh BEKMAGANBETOV, Altyn TOLEUBAYa

L.N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan
aaltyn.15.94@mail.ru

The theory of trajectory attractors for dissipative partial differential equations was developed in
[1]. This approach is essentially useful in studying the long-term behavior of solutions of evolutionary
equations for which the uniqueness result for the corresponding Cauchy problems has not yet been
proven (for example, the 3D Navier-Stokes system) or does not hold (for example, the reaction-
diffusion system of equations). Attractors describe the behavior of solutions of dissipative nonlinear
evolution equations as time tends to infinity. They show the most important limiting objects of
dynamic systems, that is, the sets of trajectories that characterize the entire dynamics of the model,
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controlled by evolutionary equations. Let G0 be –a domain Y = (−1
2 ,

1
2)2, such that G0 is a compact

diffeomorphic to a circle.
Let δ > 0 be and M – some set, we introduce the following δM = {x : δ−1x ∈M}. For j ∈ Z2 we

define
P jε = εj, Y j

ε = P jε + εY, Gjε = P jε + εG0.

We define the domain Ω̃ε = {x ∈ Ω : ρ(x, ∂Ω) >
√

2 ε} and the set of admissible indexes as

Υε =
{
j ∈ Zn : Gjε ∩ Ω̃ε 6= ∅

}
.

Notice that |Υε| ∼= dε−2, where d > 0 –is a constant. Consider the following domain , Ωε = Ω \ Gε,
where Gε =

⋃
j∈Υε

Gjε.

We will study the asymptotic behavior of trajectory attractors of the following initial-boundary
value problem for an autonomous two-dimensional system of Stokes equations

∂uε
∂t
− ν∆uε + (uε,∇)uε = g0

(
x,
x

ε

)
, x ∈ Ωε,

(∇, uε) = 0, x ∈ Ωε,

ν
∂uε
∂n

+B
(x
ε

)
uε = 0, x ∈ ∂Gε, t ∈ (0,+∞),

uε = 0, x ∈ ∂Ω
uε(0) = U(x), x ∈ Ωε.

Here, is the outward
uε = uε(x, t) = (u1

ε, u
2
ε), g = g (x, y) = (g1, g2) ∈ [L2(Ω× R2)]2,

n – normal vector to the boundary and ν > 0.
Further,

B(s) =

(
b1(s) 0

0 b2(s)

)
,

functions such bk(s) ∈ C(R2) that are bk(s) – 1-periodic in each variable functions on R2 and satisfy
the condition ∫

∂G0

bk(s) dσ = 0,

where is the σ – element of the curve length ∂G0, k = 1, 2.
For a vector function g (x, y) we will assume that it is 1-periodic with respect to the variables y1

and y2, and g
(
x, xε

)
have an average g(x) mean in space [L2(Ω)]2 at ε→ 0+.

We have proved that, for , ε → 0+ the trajectory attractors Aε of the original initial boundary
value problem in the topology

Θloc
+ = Lloc2 (R+, [L2(Ω)]2) converge to the trajectory attractor A of the following initial-boundary

value problem: 

∂u0

∂t
− ν

2∑
i,l=1

âil
∂2u0

∂xi∂xl
+ (u0,∇)u0 + V u0 = g̃(x), x ∈ Ω,

(∇, u0) = 0, x ∈ Ω,
u0 = 0, x ∈ ∂Ω
u0(0) = U(x), x ∈ Ω,

where

âil =

∫
Y \G0

(
∂Nl(ζ)

∂ζi
+ δil

)
dζ, g̃(x) =

∫
Y \G0

g(x, ζ) dζ,

mk = −
∫
∂G0

bk(ζ)Mk(ζ) dσ, V =

(
m1 0
0 m2

)
,
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here Mk(ζ) and Nl(ζ) – are 1-periodic functions with respect ζ, to satisfying the problems

∆Mk = 0 in Y \G0,
∂Mk

∂n
= −bk(ζ) on ∂G0,

∆Nl = 0 in Y \G0,
∂Nl

∂n
= −nl on ∂G0.
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The main aim of this work is to show solvability of the continuous boundary conjugation problem
for analytic functions in the Besov space, which is embedded into the class of continuous functions.

As far as we know, (continuous) boundary value problems of conjugation of analytic functions
are considered in Besov spaces for the first time in this work. Until now, such and similar boundary
value problems have been studied in spaces of functions continuous in the sense of Hölder [1-2]. Our
work proposes a method for solving the indicated boundary value problems in the class of continuous
functions (Hölder property is not required) in terms of Besov spaces, which emphasises the novelty of
the work.

Let Γ ∈ C1
ν , 0 < ν ≤ 1 be a simple closed contour, dividing the complex plane into two regions:

internal, denoted by D+, and external by D−.

Let functions G(t) and g(t) belong to B
1
p

p,1(Γ) ↪→ C(Γ), 1 < p < 2, and G(t) 6= 0, t ∈ Γ.

We find a piecewise-analytic function Φ(z) = {Φ+(z),Φ−(z)}, which belongs to B
1
p

p,1(D±) ↪→
C(D±) [3]: Φ+(z) is analytic in a domain D+, Φ−(z) is analytic in a domain D−, including a point
z =∞ satisfying on Γ the following conditions

Φ+(t) = G(t)Φ−(t) is a homogeneous problem, (1)

Φ+(t) = G(t)Φ−(t) + g(t) is a corresponding inhomogeneous problem. (2)

Theorem. If κ ≥ 0, then (1) has κ + 1 linearly independent solutions

Φ+
k (z) = zkeΠ+(z), Φ−k (z) = zk−κeΠ−(z), (k = 0, 1, ,κ), (3)

where

Π(z) =
1

2πi

∫
Γ

log [τ−κG(τ)]

τ − z
dτ . (4)

The general solution contains κ + 1 arbitrary constants and is determined by

Φ+(z) = Pκ(z)eΠ+(z), Φ−(z) = z−κPκ(z)eΠ−(z), (5)
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where Pκ(z) is a polynomial of a degree κ with arbitrary coefficients. If κ < 0, then (1) is unsolvable.
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Let Λ0 is an invertible restriction of the operator B. The operator Λ, is defined by the formula
Λu = Bu on the domain

D(Λ) =

{
u ∈ D(B) : u = Λ−1

0 f −
m∑
s=1

ϕs · Us
(
Λ−1

0 f
)
, ∀f ∈ H

}
Theorem 1. Operator Λ is an invertible operator, and

Λ−1f = Λ−1
0 f

m∑
s=1

ϕs · Us
(
Λ−1

0 f
)
, ∀f ∈ H.

Moreover, for the resolvents (Λ − λI)−1 and (Λ0 − λI)−1 the second generalized Hilbert identity is
valid:

(Λ− λI)−1f = (Λ0 − λI)−1f −
m∑
s=1

Λ(Λ− λI)−1ϕsUs((Λ0 − λI)−1f)

Note that the inequality D(Λ) 6= D(Λ0) can hold.
The Laplace-Beltrami operator is considered on the two-dimensional unit sphere:

ΛS2Φ = −
[

1
sin2θ

∂2Φ
∂ϕ2 − ctgθ ∂Φ

∂θ
∂2Φ
∂2θ

]
, which plays the role of the operator Λ0. The eigenvalues of

the operator Λ0 have the form λl = l(l + 1), where l ≥ 0 are integers. Each eigenvalue λl has a
multiplicity 2l + 1. They correspond to their eigenfunctions

Ŷ m
l

{
Pml (cosθ)cosmϕ,m = 0, ..., l

P
|m|
l (cosθ)sin|m|ϕ,m = −1,−2...,−l.

Green’s function of the operator Λ0 has the form

ε(ϕ, θ;α, β) =

∞∑
l=0

1

l(l + 1)

−l∑
m=l

Y m
l (ϕ, θ)Y m

l (α, β).

The indicated Green’s function satisfies the representation

ε(ϕ, θ;α, β) =
1√

2(1− sinαsinϕ− cosαcosϕcos(θ − β)
.

Let choose as Φ0(φ, θ) = ε(φ, θ, φ0, θ0),
Φ1(φ, θ) = ∂

∂β ε(φ, θ, φ0, θ0),
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Φ2(φ, θ) = ∂
∂αε(φ, θ, φ0, θ0), where (φ, θ)

is a fixed point. Further, according to the above scheme, a biorthogonal system of functionals
U0, U1, U2 is constructed. Then, according to Theorem 1, the invertible operator Λ is written out.
The operator Λ can be interpreted as a delta-shaped perturbation of the Laplace-Beltrami operator
on a two-dimensional sphere.

Keywords: Riemannian manifolds, perturbations, invertible operator.
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On generalised Samarskii–Ionkin type problem for the Laplace
operator in a ball
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Let x = (x1, x2, . . . , xn) ∈ Rn be an arbitrary point of the unit ball Ω = {x = (x1, x2, . . . , xn) ∈
Rn : |x| < 1} ⊂ Rn. Let αk ∈ {−1, 1}. Then (αk)

2 = 1. Denote x∗ = (−x1, α2x2, . . . , αnxn), and
∂Ω+ (∂Ω−) is a part of the sphere ∂Ω, for which x1 > 0 (x1 < 0) . We also denote a part of the sphere
∂Ω, for which x1 = 0, by ∂Ω0.

In this talk we consider the following nonlocal boundary value problem for the Laplace operator
in the ball, which is a multidimensional generalisation of the Samarskii-Ionkin problem.

The problem S1β. Find a function u(x) ∈ C2(Ω) ∩ C1(Ω̄\∂Ω0) satisfying Poisson’s equation

−∆u(x) = f(x), x ∈ Ω, (1)

and the following boundary conditions

u(x) + (−1)ku (x∗) = τ(x), x ∈ ∂Ω+, (2)

∂u(x)

∂n
+ β

∂u (x∗)

∂n
= µ(x), x ∈ ∂Ω+, (3)

where f(x) ∈ Cε(Ω̄), τ(x) ∈ C1+ε[∂Ω+], µ(x) ∈ Cε[∂Ω+], 0 < ε < 1, and β is a fixed real number.
Here, ∂

∂n is a derivative with respect to the direction of the outer normal to ∂Ω.
In the case when β = −(−1)k, we obtain periodic and antiperiodic boundary problems, which were

studied earlier by M.Sadybekov and B.Turmetov (see [1]-[2]).
In this talk we discuss the well-posedness and spectral properties of the problem.
The talk is based on joint works with Prof. Makhmud Sadybekov (Institute of Mathematics and

Mathematical Modeling, Kazakhstan).
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Inverse scattering problem for nonstationary Manakov system on
the half-line with a nonhomogeneous boundary condition
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Consider the first order hyperbolic system in the form

∂ψ(x, t)

∂t
− σ∂ψ(x, t)

∂x
= [σ,Q(x, t)]ψ, x ≥ 0, t ∈ R, (1)

where ψ = (ψ1, ψ2, ψ3) is an unknown vector-function, σ = diag{ξ1, ξ2, ξ3} is diagonal matrix with
ξ1 > 0 > ξ2 = ξ3 and [σ,Q(x, t)] is a matrix potential with measurable complex valued and square-
integrable entries. This system is a linear analogue of three-wave interaction problem in nonstationary
medium.

The case ξ1 > 0 > ξ3 > ξ4 when system (1) suggests one incident and two scattered waves
with different velocities and the case ξ1 = ξ2 > 0 > ξ3 when the system (1) suggests one scattered
and two incident waves with same velocities are studied in [1] and [2], respectively. A method of
solution of inverse scattering problem (ISP) for the first order hyperbolic system with a time-dependent
potentials studied in [3] by utilizing a Gelfand-Levitan-Marchenko type linear integral equation. The
alternative method of solution ISP for the first order hyperbolic system is realized in [4] by utilizing
a nonlocal Riemann-Hilbert problem. If the potential Q(x, t) = Q(t) is time independent, then by
taking ψ(x, t) = v(x)exp(−iλt) with the separation of variables, we can convert (1) into the first order
system of ordinary differential equations by v(x) that is called the Manakov system that is useful to
integration the two component nonlinear Schrödinger equation ([5]).

The scattering problem for the system (1) on the semi-axis is the problem of finding the solution
of the system (1) with the boundary condition at x = 0

ψ2(0, t) = ψ1(0, t), ψ3(0, t) = a2(t) (2)

where a2 ∈ L2(R,C) and asymptotic at x→ +∞

ψ1(x, t) = a1(t+ x) + o(1), x→ +∞. (3)

We shall consider generalized solutions of system (1), which are ordinary functions measurable in x and
t. Here, with respect to variable t, these functions belong to the space L2(R,C) and their L2-norms
are uniformly bounded with respect to x. We refer to such solutions as admissible.

Theorem 1. For an arbitrary ai(t) ∈ L2(R,C), i = 1, 2 there exists a unique admissible solution
of the scattering problem (1)-(3) and the second and third components of the solution satisfy the
asymptotics

ψk(x, t) = bk−1(t− x) + o(1), x→ +∞, k = 2, 3, (4)

where b1(t), b2(t) ∈ L2(R,C).
Physical interpretation: Let us consider the shifted boundary data a2(t+ 1

µx) as the nontrivial

solution of µ∂a∂t −
∂a
∂x = 0 with some µ > 0. Then this equation together with the system (1) can be
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physical interpretation of wave propagation in nonstationary medium in the case of two incident and
two scattered waves when one of incident waves unaffected by the potential field. The functions ai(t),
i = 1, 2 denotes the profile of incident (incoming) waves and the asymptotics b1(t), b2(t) ∈ L2(R,C)
defines the profiles of the scattered (outgoing) waves.

In the view of Theorem 1, for every incident functions ai(t) ∈ L2(R,C), i = 1, 2, when the system
(1) satisfies conditions (2) and (3), there exists a unique solution ψi(x, t), i = 1, 2, 3. For this solution
there exists scattered waves bi(t) ∈ L2(R,C), i = 1, 2 according to (4). By comparing the incident
and scattered waves, the scattering operator S is defined by

S :

[
a1

a2

]
→
[
b1
b2

]
.

We will call the operator S the scattering operator for the system (1) on the semi-axis. Clearly, S is
an 2 × 2 matrix operator in the space L2(R,C2). The operator S are invertible and they have forms
as S = I + F and S−1 = I +G , where F , G are Hilbert-Schmidt integral operators.

By using the transformation operators which play important role in solving the ISP, the Volterra
factorization properties of scattering operator are obtained.

Theorem 2. Let S be the scattering operator on the semi-axis for the system (1). Then it
admits two sided factorizations.

The problem of finding the matrix potential [σ,Q(x, t)] from the known scattering operator is
called the inverse scattering problem (ISP) for the system (1).
The factorizations allows us to determine the value of the function [σ,Q(x, t)] at x = 0 by S . For
finding the function [σ,Q(x, t)] at any values x0 ≥ 0 it is natural to consider the scattering problem for
the system (1) with the shifted coefficient [σ,Q(x+x0, t)]. Denote by S(x0) the scattering problem on
the semi-axis with this coefficient. Then S(0) = S. Following the paper [6] we can prove that S(x0)
is unequely determined by S.

Theorem 3. Let S be the scattering operator for the system (1) on the semi-axis. Then the
coefficients in the equation (1) is uniquely determined by S.
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We consider the following linear two-point boundary value problem for systems of essentially loaded
differential equations with impulse effect:

dx

dt
= A0(t)x+

m∑
i=1

Mi(t) lim
t→θi+0

ẋ(t) + f(t), t ∈ (0, T ), (1)

B0x(0) + C0x(T ) = d, d ∈ Rn, x ∈ Rn, (2)

Bi lim
t→θi−0

x(t)− Ci lim
t→θi+0

x(t) = ϕi, ϕi ∈ Rn, i = 1,m. (3)

Here (n × n) -matrices A0(t), Mi(t) (i = 1,m), and n-vector-function f(t) are piecewise continuous
on [0, T ] with possible discontinuities of the first kind at the points t = θi, (i = 1,m), Bj and
Cj , (j = 0,m) are constant (n × n)-matrices, and ϕi, (i = 1,m) are constant n vector functions,
0 = θ0 < θ1 < θ2 < . . . < θm−1 < θm < θm+1 = T .

A solution to problem (1)–(3) is a piecewise continuously differentiable vector function x(t) on
[0, T ] which satisfies the system of essentially loaded differential equations (1) on [0, T ] except the
points t = θi, (i = 1,m), the boundary condition (2), and conditions of impulse effects at the fixed
time points (3).

Numerous important problems of mathematical physics and mathematical biology lead to
boundary-value problems for loaded equations. Loaded differential equations are used to solve prob-
lems of long-term prediction, control of the groundwater level and soil moisture [1]. Problems for essen-
tially loaded differential equations and methods of finding their solutions considered in [2]. Boundary
value problems with impulse effects for essentially loaded differential equations arise when modeling
various processes of natural science.

In the present paper, a linear two-point boundary value problem for systems of essentially loaded
differential equations with impulse effect is investigated. The essentiality means that the right side
of the differential equation depends on the value of the desired solution and its derivatives at given
points, where the order of the derivatives is not less than the order of the differential part of the
equation. The Dzhumabaev parameterization method [3] is used for solving this problem. The problem
under consideration is reduced to solving a system of linear algebraic equations. The coefficients and
right-hand side of the system are calculated by solving the Cauchy problems for ordinary differential
equations. A numerical algorithm is offered for solving the considering problem.
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Caffarelli-Kohn-Nirenberg type inequality with two singularities at
the origin and the boundary
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First, let us recall the classical Caffarelli-Kohn-Nirenberg inequality [1]:
Theorem 1. Let n ∈ N and let p, q, r, a, b, d, δ ∈ R such that p, q ≥ 1, r > 0, 0 ≤ δ ≤ 1, and

1

p
+
a

n
,

1

q
+
b

n
,

1

r
+
c

n
> 0, (1)

where c = δd+ (1− δ)b. Then there exists a positive constant C such that

‖|x|cf‖Lr(Rn) ≤ C‖|x|a|∇f |‖δLp(Rn)‖|x|
bf‖1−δLq(Rn), (2)

holds for all f ∈ C∞0 (Rn), if and only if the following conditions hold:

1

r
+
c

n
= δ

(
1

p
+
a− 1

n

)
+ (1− δ)

(
1

q
+
b

n

)
, (3)

a− d ≥ 0 if δ > 0, (4)

a− d ≤ 1 if δ > 0 and
1

r
+
c

n
=

1

p
+
a− 1

n
, (5)

Inspired by the recent work [2], in this talk we discuss Caffarelli-Kohn-Nirenberg type inequality
with two singularities at the origin and the boundary on homogeneous Lie groups.

This talk is based on the joint research with Nurgissa Yessirkegenov (Suleyman Demirel University,
Kazakhstan).
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In this work, we study the issue of boundary control of rod temperature field with a selected point
x0.

ut(x, t)− uxx(x, t) + αu(x0, t) = f(x, t), (x, t) ∈ Q, (1)

where Q = {(x, t) : 0 < x < b, 0 < t < T < +∞}.
It is assumed that at the initial moment t = 0 the temperature along the rod of length b is given

by law u(x, 0) = u0(x), 0 < x < b, where u0(x) is a twice continuously differentiable function. At
the moment of time t = T the temperature of the rod is equal to u(x, T ) = γ(x), 0 < x < b, where
γ(x) is also a twice continuously differentiable function. The main purpose of the work is to clarify
the conditions for the existence of the boundary control u(0, t) = µ(t), u(b, t) = η(t), which ensures
the transition of the temperature field from the state {u(x, 0) = u0(x)} to the state {u(x, T ) = γ(x)}.
Similar problems were considered in [1, 2].

According to the optimization method, we choose the following functional

J [µ, η] = ‖u(·, T ;µ, η)− γ(·)‖2W 1
2 (0,b) + β1

∫ T

0
|µ(t)|2dt+ β2

∫ T

0
|η(t)|2dt,

where β1, β2 are positive numbers, γ is a given function from class W 1
2 (0, b).

The boundary control problem is as follows: it is required to find boundary controls (µ(t), η(t))
and the corresponding solution u(x, t), that satisfies equation (1) with initial boundary controls

u(0, t) = µ(t), u(b, t) = η(t), 0 < t < T, (2)

u(x, 0) = u0(x), 0 < x < b, (3)

and minimizes functional J [µ, η].
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Layer potentials for degenerate diffusion equations
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We consider the degenerate parabolic equation

♦au(x, t) :=
∂u(x, t)

∂t
− a(t)∆xu(x, t) = f(x, t), (1)

in a domain Ω × (0, T ), 0 < T < ∞, where Ω is bounded in Rn, n ≥ 2, with smooth boundary ∂Ω,
f is some function. n = 1 case was considered by [1]. Here the coefficient a ∈ L1[0, T ] is nonnegative
and is positive almost everywhere.

The single layer potential for the degenerate parabolic equation (1) is defined by

(Sϕ)(x, t) :=

∫ t

0

∫
∂Ω
εn(x− ξ, a1(t)− a1(τ))ϕ(ξ, τ)a(τ)dSξdτ, (2)

where εn solves ♦au = δ when a(t) = 1 for all t.
Theorem 1. ([2]) Let ϕ be a continuous function on ∂Ω × [0, T ]. Then, for any x0 ∈ ∂Ω and

t ∈ (0, T ], the single layer potential S satisfies the jump relation

lim
x→x0
x∈K

〈
∇x(Sϕ)(x, t), ν(x0)

〉
=

1

2
ϕ(x0, t)

+

∫ t

0

∫
∂Ω

∂εn(x0 − ξ, a1(t)− a1(τ))

∂ν(x0)
ϕ(ξ, τ)a(τ)dSξdτ,

where the limit is taken along the outward normal ν(x0) and ∇x is the usual gradient.
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Let H be a separable Hilbert space and Ω = {(t, x) : t ∈ (0, T ), x ∈ H}.
We are interested in investigating the time-dependent inverse source problem aimed to determine

the unknown couple {u(t, x), a(t)} obeying the following systemD
(α,β)µ
t+ u(t, x) + Lu(t, x) = a(t)f(t, x), (t, x) ∈ Ω,

lim
t→0+

I
(1−µ)(1−β)
0+ u(t, x) = ϕ(x), x ∈ H

(1)

where D
(α,β)µ
t+ stands for the bi-ordinal Hilfer fractional derivative of orders 0 < α, β ≤ 1 and type

0 ≤ µ ≤ 1 (see [1]) and f(x, t), ϕ(x) are the given functions, L is a self-adjoint positive operator on a
Hilbert space H. Here, we assume that λξ →∞ as |ξ| → ∞ which is a positive discret spectrum and
{eξ : ξ ∈ I} is a system of orthonormal eigenfunctions of the operator L on H and also I = Nk or
I = Zk is a countable set, for some k = 1, 2, ...

The unknown time-dependent source term a(t) will be recovered by means of the following overde-
termination condition

t∫
0

K(t, z)u(z, x0)dz = g(t, x0), (t, x0) ∈ Ω, (2)

where g(t, x0) is the given function. In order to find an explicit solution, we choose the kernel as
K(t, z) = (t− z)−δ, δ = β + µ(α− β) and to formulate the existence theorem, we need to assume for
any real positive number s an operator Ls , acting in H in the following way

Lsf(x) =
∑
ξ∈I

λsξfξeξ(x), fk = (f(x), eξ(x))H,

It is clear that, the operator Ls with the domain of definition

D(Ls) = Hs =

f ∈ H :
∑
ξ∈I

λ2s
ξ |fξ|2 <∞

 .

Let us designate the space Cφ([0, T ],H) by the following norm

‖u‖Cφ([0,T ],H) = max
t∈[0,T ]

φ(t)‖u‖2H

where φ(t) = t2(1−γ), γ = β + µ(1− β) for t ∈ [0, T ] and ‖ · ‖H is the norm of Hilbert space H.
Definition. [2] Let X be a Hilbert space. The space Cδφ([0, T ], X), (δ = β + µ(α − β)) is the

space of all continuous functions u : [0, T ]→ X with also continuous D
(α,β)µ
t+ u : [0, T ]→ X, such that

‖u‖Cδφ([0,T ],X) = ‖u‖Cφ([0,T ],X) + ‖D(α,β)µ
t+ u‖Cφ([0,T ],X) <∞.

Theorem. Let δ > 1
2 , ϕ(x) ∈ H1, g(t, x0) ∈ C1(0, T ;H1) and f(t, x) ∈ C(0, T ;H), then the

inverse source Problem (1)-(2) has the unique solution u(t, x) ∈ Cδφ([0, T ];H) ∩ Cφ([0, T ];H1) and
a(t) ∈ Cφ[0, T ].
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Embeddings between spaces with multiweighted derivatives
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Let I = (0, 1), n - be a natural number, ρi : I → R, i = 1, 2, ..., n be positive functions integrable
on Iδ = [δ, 1], ∀δ ∈ I, such that

ρ−1
i ≡

1

ρi
∈ L1(Iδ), i = 1, ..., n− 1, ρ−1

n ∈ Lp′(Iδ), 1 < p′ <∞.

For a function f : I → R we assume that

D0
ρ̄f(x) ≡ f(x), Dk

ρ̄f(x) = ρk(x)
d

dx
Dk−1
ρ̄ f(x), x ∈ I, k = 1, ..., n.

Suppose that the functions Dk
ρ̄f(x), k = 0, 1, ..., n− 1 are absolutely continuous on the interval [δ, 1],

∀δ ∈ I; then Dn
ρ̄ f(x) exists for almost every x ∈ I. We call this operation Dk

ρ̄f the ρ̄- multiweighted
derivative of f of order k, k = 1, ..., n.

Let Wn
p,ρ̄(I) be the set of all functions that have ρ̄- multiweighted derivatives up to order n, n ≥ 1,

inclusive on the interval I. On the set Wn
p,ρ̄(I), consider the functional

‖f‖Wn
p,ρ̄(I) =

∥∥Dn
ρ̄ f
∥∥
p,I

+
n−1∑
i=0

∣∣Di
ρ̄f(1)

∣∣ ,
where ‖·‖p,I is the standard norm of the space Lp(I). This functional is well defined and provides a
norm on Wn

p,ρ̄(I).
For 0 ≤ s ≤ x < 1 and i, j = 0, 1, ..., n− 1, we define the following function Kj,i+1 :

Kj,i+1(x, s) = (−1)j−i
∫ x

s
ρ−1
j (tj)

∫ tj

s
ρ−1
j−1(tj−1)...

∫ ti+2

s
ρ−1
i+1(ti+1)dti+1dti+2...dtj .

Along with the space Wn
p,ρ̄(I) we will consider the space W k

q,ρ̄(τk, I) with the norm

‖f‖Wk
q,ρ̄(τk,I)

=
∥∥∥Dk

ρ̄,τk
f
∥∥∥
q,I

+
k−1∑
i=1

|Di
ρ̄f(1)|,

where 1 ≤ k < n− 1 and Dk
ρ̄,τk

f(x) ≡ τk(x) d
dxD

k−1
ρ̄ f(x), x ∈ I.

We will investigate the embeddings

Wn
p,ρ̄(I) ↪→W k

q,ρ̄(τk, I), (1)
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that is, the fulfillment of the inequality

‖f‖Wk
q,ρ̄(τk,I)

≤ C ‖f‖Wn
p,ρ̄(I) , ∀f ∈Wn

p,ρ̄(I). (2)

The best constant C, for which (2) holds, is called the operator norm of the embedding E :
Wn
p,ρ̄(I) 7→W k

q,ρ̄(τk, I), and is denoted by ‖E‖ i.e., we set C = ‖E‖.
With a strong restriction on the function ρi, i = 1, 2, ..., n, this type of embedding was previously

investigated in [1], and the case ρi = tαi , αi ∈ R, i = 1, 2, ..., n has been investigated in [2].
We assume that

B1 = max
k≤j≤n−1

∥∥τk(·)ρ−1
k (·)Kj,k+1(1, ·)

∥∥
q
,

B2(z) =


1∫
z

ρ−p
′

n (x)

 z∫
0

Kq
n−1,k+1(x, s)τ qk (s)ρ−qk (s)ds


p′
q

dx


1
p′

,

B2 = sup
0<z<1

B2(z), B = max{B1, B2, 1}.

Theorem 1. Let be 1 < p ≤ q <∞. Then the embedding (1)
(i) is continuous if and only if B < ∞, and ‖E‖ ≈ B, where ‖E‖- is the norm of the embedding

operator (1);
(ii) is compact if and only if B <∞ and

lim
z→0

B2(z) = 0.

Keywords: function space, weight function, multiweighted derivatives.
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An inverse problem for linear Kelvin-Voigt equations with final
overdetermination condition
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In this work, we study the following inverse problem for the system of linear Kelvin-Voigt (Navier-
Stokes-Voigt) equations

ut (x, t)− χ∆ut (x, t)− ν∆u (x, t) +∇p (x, t) = f(x)g (t) , (1)

divu = 0, (x, t) ∈ QT , (2)

that supplemented with the initial condition

u|t=0 = u0 (x) , x ∈ Ω, (3)

the boundary condition
u|∂Ω = 0, t ∈ (0, T ), (4)
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and with the final overdetermination conditions

u (x, T ) = a(x), ∇p (x, T ) = ∇b(x), x ∈ Ω. (5)

Here, Ω is a bounded domain in Rd (d = 2, 3) with smooth boundary ∂Ω, QT = Ω× (0, T ), and u0(x),
a(x), ∇b(x), and g(t) are given functions, while the velocity vector field u(x, t), the pressure p(x, t),
and the coefficient of right hand side f(x) are unknown. The known positive constants ν and χ are
the viscosity kinematic and relaxation coefficients, respectively, of the fluid.

Under some conditions on data, we establish the existence and uniqueness of strong solutions of
the inverse problem (1)-(5).
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Boundary version of the Morera theorem for the Siegel matrix
domain of the second order
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Let B
(2)
m,n be a matrix ball of the second type and X

(2)
m,n be its skeleton (Shilov’s boundary) (see

[1])
B(2)
m,n =

{
Z ∈ Cn [m×m] : I − 〈Z,Z〉 > 0, Z ′v = Zν , ν = 1, 2, ..., n

}
,

X(2)
m,n =

{
Z ∈ Cn [m×m] : I − 〈Z,Z〉 = 0, Z ′v = Zν , ν = 1, 2, ..., n

}
.

Consider the following unbounded domain (Siegel domain of the second type)

D(2)
m,n =

{
U ∈ Cn [m×m] : ImU1 − 〈U,U〉

′
> 0, U

′
ν = Uν , ν = 1, 2, ..., n

}
,

where ImU1 = 1
2i(U1−U∗1 ), 〈U,U〉

′
= U2U

∗
2 + . . .+UnU

∗
n, and U∗j is adjoint and transposed of matrix

Uj .

The skeleton of this domain is denoted by Γ
(2)
m,n:

Γ(2)
m,n =

{
U ∈ Cn [m×m] : ImU1 − 〈U,U〉

′
= 0, U

′
ν = Uν , ν = 1, 2, ..., n

}
.

Lemma (see [1]). Transform U = Φ(Z), where

U1 = i(I − Z1)−1(I + Z1),
Uk = (I − Z1)−1Zk, k = 2, ..., n,

(1)

is a biholomorphic mapping of the domain B
(2)
m,n to D

(2)
m,n , for this X

(2)
m,n goes to Γ

(2)
m,n .

Consider the following embedding of the circle ∆ = {t ∈ C : |t| < 1} in the domain D
(2)
m,n :{

Ut ∈ C
m(m+1)

2
n : Ut = Φ (tΦ−1(λ0)), t ∈ ∆

}
, (2)

where λ0 ∈ Γ
(2)
m,n is fixed point. If ψ is an arbitrary automorphism of the domain D

(2)
m,n, then the set

(2) under the action of this automorphism will pass into some analytical disk with a boundary on

Γ
(2)
m,n.
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Denote T = {t ∈ C : |t| = 1} .
Theorem. Let f be a continuous bounded function on Γ

(2)
m,n. If the condition is met for the

function f ∫
T
f(ψ(Ut))dt = 0,

for all automorphisms of ψ and fixed λ0 ∈ Γ
(2)
m,n, then the function f holomorphically continues in

D
(2)
m,n to a function of class H∞(D

(2)
m,n) (where H∞(D

(2)
m,n)− Hardy class) continuous up to Γ

(2)
m,n.

Keywords: Matrix ball of the second type, domain of Siegel, transform Kayley, theorem of Morera.
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Inverse problem for a subdiffusion equation with the Caputo
derivative on the torus
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The fractional derivative in the sense of Caputo of order 0 < ρ < 1 of the function f(t) defined on
[0,∞) has the form (see, for example, [1, p. 14)

Dρ
t f(t) =

1

Γ(1− ρ)

∫ t

0

d
dτ f(τ)dτ

(t− τ)ρ
, t > 0,

provided the right-hand side exists. Here Γ(σ) is Euler’s gamma function. If in this definition we
interchange differentiation and fractional integration, then we get the definition of the Riemann-
Liouville derivative:

∂ρt f(t) =
1

Γ(1− ρ)

d

dt

∫ t

0

f(τ)dτ

(t− τ)ρ
, t > 0.

Note that if ρ = 1, then fractional derivatives coincides with the ordinary classical derivative of
the first order: ∂tf(t) = Dtf(t) = d

dtf(t).

Let TN be N -dimensional torus: TN = (−π, π]N , N ≥ 1 and A(D) =
∑
|α|=m

aαD
α be a homoge-

neous elliptic symmetric positive differential operator with constant coefficients. By A we denote the
operator A(D) defined on 2π-periodic functions in Cm(RN ). The closure Â of such an operator in
L2(TN ) is self-adjoint. The operator Â has a complete in L2(TN )-orthonormal system of eigenfunc-
tions {(2π)−N/2einx} corresponding to the eigenvalues A(n), n ∈ (ZN ). Therefore, by virtue of the
von Neumann theorem, for each τ ≥ 0 the operator Âτ acts by the rule Âτg(x) =

∑
n∈ZN

Aτ (n)gne
inx,

where the gn are the Fourier coefficients of the function g ∈ L2(TN ) in the trigonometric system
{(2π)−N/2einx}. The domain of this operator is determined from the condition Âτg(x) ∈ L2(TN ) and
has the form

D(Âτ ) = {g ∈ L2(TN ) :
∑
n∈ZN

A2τ (n)|gn|2 <∞}. (1)
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To define the domain of the operator Âτ in terms of Sobolev spaces, recall the definition of these
spaces, a function g ∈ L2(TN ) is said to belong to the Sobolev space La2(TN ) with a real number
a > 0, if the norm

||g||2La2(TN ) =
∑
n∈ZN

(1 + |n|2)a|gn|2. (2)

is finite. In the case of noninteger a this space is also referred to as the Liouville space.
It can readily be verified that there exist constants c1 and c2 such that one has the estimates

c1(1 + |n|2)τm ≤ 1 +A2τ (n) ≤ c2(1 + |n|2)τm.

Consequently, comparing the expressions (1) and (2), we see that D(Âτ ) = Lτm2 (TN ).
Problem. Find the functions {u(x, t), f(x)} from the class: A function f(x) ∈ C(TN ) and a

function u(x, t) ∈ C(TN × [0, T ]) with the properties Dρ
t u(x, t), A(x,D)u(x, t) ∈ C(TN × (0, T ]) that

satisfies the following differential equation (0 < ρ ≤ 1)

Dρ
t u(x, t) +A(D)u(x, t) = f(x), x ∈ TN , t > 0; (3)

and the initial
u(x, 0) = ϕ(x), x ∈ TN ; (4)

and additional conditions
u(x, T ) = Ψ(x), x ∈ TN . (5)

Instead of the boundary conditions we will require that the desired functions u(x, t) and f(x) are
2π-periodic in each variable xj . We will also assume that the given functions ϕ(x) and Ψ(x) are
2π-periodic in each variable xj as well.

Now let us state the following theorem on the existence of a solution of the inverse problem on the
torus.

Theorem. Let ϕ ∈ Lτ2(TN ) and Ψ ∈ Lτ+m
2 (TN ), where τ > N

2 . Then there exists a unique
periodic solution {u(x, t), f(x)} of the inverse problem (3) - (5) which can be represented in the form
of the series

u(x, t) =
∑
n∈ZN

[
ϕnEρ, 1(−A(n)tρ) + fnt

ρEρ,ρ+1(−A(n)tρ)
]
einx,

f(x) =
∑
n∈ZN

fne
inx,

which converge absolutely and uniformly in x ∈ TN for all t ∈ (0, T ], where

fn =
Ψn

T ρEρ,ρ+1(−A(n)T ρ)
− ϕnEρ, 1(−A(n)T ρ)

T ρEρ,ρ+1(−A(n)T ρ)
,

and ϕn and Ψn are the Fourier coefficients of the functions ϕ(x) and Ψ(x) respectively.
Similar problems, in the case when the operator A(D) is an arbitrary elliptic operator with dis-

crete spectrum and conditions for ϕ(x), Ψ(x) are assumed to be defined in the operator’s domain, were
previously studied in the fundamental works of [2]. So, in the paper [3], authors studied the inverse
problem of determining the right-hand side of the subdiffusion equation with Riemann–Liouville frac-
tional derivatives whose elliptic part is an elliptic operator of an arbitrary order defined in bounded
domain with sufficiently smooth boundary.
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Weighted Hardy inequality on topological measure spaces
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We give necessary and sufficient conditions on non-negative weights u, v in the inequality(∫
Ω
u(x)|Tf(x)|qdµ(x)

)1/q

≤ C
(∫

Ω
|f(x)|pv(x)dν(x)

)1/p

, (1)

where: a) the integral operator T is a Hardy type operator associated with a family of open subsets
Ω(t) of an open set Ω in a Hausdorff topological space X, b) µ, ν are σ-additive Borel measures, c)
the weights u, v are positive and finite almost everywhere on Ω and d) 1 < p <∞, 0 < q <∞. Unlike
previous multidimensional results, we do not require a metric or a polar decomposition in X.

A one-dimensional Hardy inequality[∫ ∞
0

u(x)

(∫ x

0
f

)q
dx

]1/q

≤ C
(∫ ∞

0
fpv

)1/p

has been studied in detail, see the history in [1]. The multidimensional case has been considered in
[2-7], among others. For the more difficult case p > q the latest results are contained in [6,7]. The
authors of the last two papers required the existence of the polar decomposition.

We obtain necessary and sufficient conditions for both cases p ≤ q and p > q without requiring the
polar decomposition. We consider integration over expanding subsets Ω(t) of an arbitrary open set Ω
in a Hausdorff topological space X. Neither Ω(t) nor their complements Ω\Ω(t) need to be connected
and there are no requirements on the shape of Ω(t) (like convexity) when X is a linear space. The
results from [5-7] are special cases of ours. Product weights and domains that do not satisfy the
monotonicity condition (see (2) below) are not included. [5-7] list a number of applications of their
results (to homogeneous groups, hyperbolic spaces, Cartan-Hadamard manifolds, and connected Lie
groups). All of them rely on the existence of the polar decomposition and can be obtained from our
results.

Let Ω be an open subset of a Hausdorff topological space X with σ-additive measures µ, ν. The
measures are defined on a σ-algebra M that contains the Borel-measurable sets.

Assumption. {Ω(t) : t ≥ 0} is a one-parametric family of open subsets of Ω indexed by t ≥ 0
which 1) satisfy monotonicity

for t1 < t2, Ω(t1) is a proper subset of Ω(t2) (2)

2) start at the empty set and eventually cover almost all Ω:

Ω(0) = ∩t>0Ω(t) = ∅, µ (Ω\ ∪t>0 Ω(t)) = 0.

3) Denote ω(t) = Ω(t) ∩ (Ω\Ω(t)) the boundary of Ω(t) in the relative topology. We require the
boundaries to be disjoint and cover almost all Ω:

ω(t1) ∩ ω(t2) = ∅, t1 6= t2, µ(Ω\ ∪t>0 ω(t)) = 0.

4) Further, we assume that the boundaries are thin in the sense that

ν(ω(t)) = 0 for all t > 0.

This implies that for µ-almost each y ∈ Ω there exists a unique τ(y) > 0 such that y ∈ ω(τ(y)),
which allows us to define

Tf(y) =

∫
Ω(τ(y))

fdν, y ∈ Ω, (3)
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for any non-negative M-measurable f. (A more general definition of a Hardy type operator is given
in [2]. That definition is more difficult to use.) On the set Ω0 ⊂ Ω of those y for which τ(y) is not
defined we can put τ(Ω0) = ∅. Passing to a different parametrization, if necessary, we can assume that
µ (Ω\ ∪t≤N ω(t)) > 0 for any N < ∞. This assumption and the fact that ω(t) 6= ∅, t > 0, lead to
τ(Ω) = (0,∞).

Let C denote the least constant in (1) with T defined in (3). Put

Ψ(t) =

(∫
Ω\Ω(t)

udµ

)1/q (∫
Ω(t)

v−p
′/pdν

)1/p′

.

Theorem 1. If 1 < p ≤ q <∞, then A ≤ C ≤ 4A where A = supt>0 Ψ(t).
Let 0 < q < p, 1 < p <∞ and put 1/r = 1/q − 1/p,

Φ(y) =

(∫
Ω\Ω(τ(y))

udµ

)1/p(∫
Ω(τ(y))

v−p
′/pdν

)1/p′

.

Theorem 2. If 1 < p < ∞ and 0 < q < p, then c1B ≤ C ≤ c2B, where B =
(∫

Ω Φrudµ
)1/r

and
the constants c1, c2 do not depend on the weights.
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We consider the Fredholm integro-differential equation

dx

dt
= A(t)x+

∫ T

0
K(t, τ)f(τ, x(τ))dτ + f0(t), t ∈ (0, T ), x ∈ Rn, (1)

where the n×n matrices A(t) and K(t, τ) are continuous on [0, T ] and [0, T ]× [0, T ], respectively; the
vector functions f : [0, T ]×Rn → Rn and f0 : [0, T ]→ Rn are continuous; ‖x‖ = max

i=1,n
|xi|.

The concept of a general solution is important in the study and solution of various problems for
differential and integro-differential equations. The use of a general solution makes it possible to reduce
the solvability of the boundary value problem to the solvability of a system of algebraic equations
in arbitrary constants. However, there are some linear Fredholm integro-differential equations that
do not have solutions [1, 2], so the classical general solution does not exist for all integro-differential
equations. In [3], D.S. Dzhumabaev introduced a novel approach to the concept of the general solution
to linear Fredholm integro-differential equations. It was shown that the new general solution exists for
any linear integro-differential equation. The application of this solution made it possible to establish
solvability criteria for linear inhomogeneous Fredholm integro-differential equations and boundary
value problems for such equations.

The new general solution was also introduced for linear loaded ordinary differential equations [4],
nonlinear ordinary differential equations [5], and Fredholm integro-differential equations with nonlinear
differential term [6].

In the communication, the concept of the new general solution is extend to equation (1).

By Dzhumabaev parametrization method equation (1) is reduced to the special Cauchy problem
for the system of integro-differential equation:

dur
dt

= A(t)(ur + λr) +

N∑
j=1

∫ tj

tj−1

K(t, τ)f(τ, uj(τ) + λj)dτ + f0(t), t ∈ [tr−1, tr), (2)

ur(tr−1) = 0, r = 1, N. (3)

Sufficient conditions for the existence of the unique solution to the special Cauchy problem (2),
(3) are established. The solution to the special Cauchy problem is used to construct a new general
solution to the Fredholm integro-differential equation. We investigate some properties of the new
general solution and apply it to boundary value problems.
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Oscillatory and spectral properties of a class of fourth-order
differential operators and a weighted differential inequality
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L.N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan
E-mail: o ryskul@mail.ru

Let I = (0,∞) and 1 < p, q < ∞. Let r, υ and u be nonnegative functions such that r is
continuously differentiable, u and υ are locally summable on the interval I. In addition, let r−1 ≡ 1

r ∈
Lloc1 (I), υ−p

′ ∈ Lloc1 (I) and p′ = p
p−1 .

Let D2
rf(t) = d

dtr(t)
df(t)
dt and C∞0 (I) is the set of compactly supported functions infinitely time

continuously differentiable on I.
Assume that D1

rf(t) = r(t)df(t)
dt .

We will investigate the oscillatory properties of the differential equation

D2
r

(
υ(t)D2

ry(t)
)
− u(t)y(t) = 0, t > 0, (1)

and the spectral properties of the differential operator L generated by the differential expression

Ly(t) =
1

u(t)
D2
r

(
υ(t)D2y(t)

)
. (2)

using the results on the inequality( ∞∫
0

∣∣u(t)f(t)
∣∣qdt) 1

q

≤ C

( ∞∫
0

∣∣υ(t)D2
rf(t)

∣∣pdt) 1
p

, f ∈ C∞0 (I), (3)

Relations (3), (1) and (2) for r ≡ 1 have the forms( ∞∫
0

∣∣u(t)f(t)
∣∣qdt) 1

q

≤ C

( ∞∫
0

∣∣υ(t)f ′′(t)
∣∣pdt) 1

p

.

(υ(t)y′′(t))′′ − u(t)y(t) = 0,

Ly(t) =
1

u(t)
(υ(t)y′′(t))′′,

respectively.
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On the best constant in hypoelliptic Gagliardo-Nirenberg inequality

Meruert SEITKAN

Suleyman Demirel University, Kaskelen, Kazakhstan
E-mail: 211101013@stu.sdu.edu.kz

In this talk, we investigate the best constant in the following hypoelliptic Gagliardo-Nirenberg
inequality ([1, Theorem 3.2]): Let G be a graded Lie group of homogeneous dimension Q and let R
be a positive Rockland operator of homogeneous degree ν. Let a > 0, 1 < p < Q

a and p ≤ q ≤ pQ
Q−ap .

Then there exists a positive constant C such that∫
G
|u(x)|qdx ≤ C

(∫
G
|R

a
ν u(x)|pdx

)Q(q−p)
ap2

(∫
G
|u(x)|pdx

)apq−Q(q−p)
ap2

(1)

holds for all u ∈ Lpa(G).
We understand by a Rockland operator any left-invariant homogeneous hypoelliptic differential

operator on G.
In [1] and [2] the best constant in the Gagliardo-Nirenberg inequality and its critical version

(a = Q/p) and the Sobolev inequality with inhomogeneous norm were expressed in the variational
form as well as in terms of the ground state solutions of the nonlinear Schrödinger equation.

This talk is based on the joint research with Nurgissa Yessirkegenov (Suleyman Demirel University,
Kazakhstan).

Keywords: Gagliardo-Nirenberg inequality, Rockland operator, best constant.

2010 Mathematics Subject Classification: 22E30, 43A80.

References
[1] Ruzhansky M., Tokmagambetov N., Yessirkegenov N. Best constants in Sobolev and Gagliardo-Nirenberg inequal-

ities on graded groups and ground states for higher order nonlinear subelliptic equations, Calc. Var. Partial Differential
Equations, 59 (2020), Art. No. 175.

[2] Ruzhansky M., Yessirkegenov N. Critical Gagliardo-Nirenberg, Trudinger, Brezis-Gallouet-Wainger inequali-
ties on graded groups and ground states, Commun. Contemp. Math. (2021), Art. No. 2150061. DOI: 10.1142/
S0219199721500619

— >>> —

On critical cases of Sobolev’s inequalities on
noncompact connected Lie groups
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Let G be graded Lie group of homogeneous dimension Q and R be a positive Rockland operator
of homogeneous degree ν. Following [1] recall the following critical Gagliardo-Nirenberg inequality on
G: Let 1 < p <∞. Then there exists a positive constant C1 depending only on p and Q such that

‖f‖Lq(G) ≤ C1q
1−1/p‖R

Q
νp f‖1−p/qLp(G)‖f‖

p/q
Lp(G) (1)

holds for any q with p ≤ q < ∞ and for any function f from the Sobolev space LpQ/p(G) on graded
group G.

Let us also recall from [1] the hypoelliptic Trudinger inequality: Let 1 < p <∞. Then there exist
positive constants α and C2 such that∫

G
(exp(α|f(x)|p′)−

∑
0≤k<p−1, k∈N

1

k!
(α|f(x)|p′)k)dx ≤ C2‖f‖pLp(G) (2)
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holds for any function f ∈ LpQ/p(G) with ‖R
Q
νp f‖Lp(G) ≤ 1, where 1/p+ 1/p′ = 1.

In [1] it was shown that the inequalities (1) and (2) are equivalent and given the relation between
their best constants.

In this talk we discuss similar investigation on more general noncompact connected Lie group.
This talk is based on the joint research with Nurgissa Yessirkegenov (Suleyman Demirel University,

Kazakhstan).

Keywords: Trudinger inequality, Gagliardo-Nirenberg inequality, best constant, noncompact connected Lie group.
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For a locally compact group G and weight w on G, we study the centre of Banach space projective
tensor product L1

w(G)⊗γ A of Banach algebras L1
w(G) and A. If Z(B) denotes the centre of a Banach

algebra B, then we prove that under certain conditions the following holds.

Z(L1
w(G)⊗γ A) ∼= Z(L1

w(G))⊗γ Z(A). (1)

The main result of this paper is following.
Theorem 1. Let G be an [IN]-group with a weight w which is either constant on conjugacy

classes or satisfies w ≥ 1, and A be a Banach algebra with bounded Z(A)-approximate identity. Then
(1) holds.
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Φ-estimate of the Hilbert operator for
bounded and summable functions

Kanat TULENOV

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
E-mail: tulenov@math.kz

In this talk we deal with Φ-estimate of the Hilbert operator for bounded and summable functions.
Similar problems were studied in [1] by martingale methods. We present its new and considerably
shorter, and simpler proof. This is the second part of the recently accepted (to Studia Math.) joint
paper with australian mathematicians where authors obtain a weak type (1,1) estimate for a higher
dimensional version of the Hilbert operator answering a recent problem by A. Osȩkowski [1].
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On bounded solutions of ordinary differential
equations with singularities
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We consider the differential equation

dx

dt
= A(t)x+ f(t), t ∈ (0, T ), x ∈ Rn, (1)

where A(t) and f(t) are continuous on (0, T ]. We assume that Eq. (1) has a singularity at t = 0 in

the sense that the function α(t) = ‖A(t‖ satisfies the condition lim
δ→0+0

T∫
δ

α(t)dt =∞.

Let C1/α((0, T ],Rn) denote the space of continuous functions f : (0, T ] → Rn that are bounded

with the weight function 1/α(t), and let the norm of this space be defined as ‖f‖1/α = sup
t∈(0,T )

∥∥∥ f(t)
α(t)

∥∥∥.

The problem of finding a bounded on (0, T ] solution of Eq. (1) with f(t) ∈ C1/α((0, T ],Rn) will
be referred to as Problem 1α.

In [1], Problem 1α was studied by the parameterization method [2] with a nonuniform partitioning
of the domain that takes into account the values of the equation coefficients at the partition points.
The necessary and sufficient conditions for the well-posedness of Problem 1α were derived in terms of
a two-sided infinite block band matrix constructed through the equation coefficients.

The problem of finding an approximate solution to Problem 1α was studied in [3]. We will refer
to this problem to as Problem 2α. Given ε > 0, it is required to determine a number T0 ∈ (0, T ), real
n × n matrices B, C and an n-vector d such that the solution x(t) to the two-point boundary value
problem

dx

dt
= A(t)x+ f(t), t ∈ (T1, T2), x ∈ Rn, (2)
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Bx(T1) + Cx(T ) = d, (3)

satisfies the inequality max
t∈[T0,T ]

‖x(t)− x∗(t)‖ < ε, where x∗(t) is a solution to Problem 1α.

Problem 2α is considered under the following assumptions:

(i) The matrix A0 = lim
δ→0+0

A(t)
α(t) is constant and its eigenvalues have nonzero real parts;

(ii) The vector function f0 = lim
δ→0+0

f(t)
α(t) is constant.

We take a new approach to the concept of general solution to Eq. (1) proposed by Dzhumabaev
(see [4]). This approach allows us to develop an algorithm for solving Problem 2α and establish a
mutual relationship between the well-posedness of the original problem and that of approximating
problems. A numerical example illustrating the performance of the algorithm is provided.
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In this talk we investigate the best constants in Sobolev and Gagliardo-Nirenberg inequalities
on general graded Lie groups, which includes the cases of Rn, Heisenberg, and general stratified Lie
groups. The best constants are expressed in the variational form as well as in terms of the ground state
solutions of the corresponding nonlinear subelliptic equations. If time permits, we will also discuss
versions of the above inequalities in the settings of general noncompact Lie groups.

The talk is based on the papers [1]-[2].
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On iterated discrete Hardy type inequalities
for a class of matrix operators

Nazerke ZHANGABERGENOVA
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Let 0 < q, p, r < ∞ and 1
p + 1

p′ = 1. Let u = {ui}∞i=1, v = {vi}∞i=1 and w = {wi}∞i=1 be weight
sequences, i.e., positive sequences of real numbers. We denote by lp,v the space of sequences f = {fi}∞i=1

of real numbers such that

‖vf‖p =

( ∞∑
i=1

|vifi|p
) 1

p

<∞.

For any f ∈ lp,v we consider the following discrete Hardy-type inequality

 ∞∑
n=1

uqn

(
n∑
k=1

∣∣∣∣∣wk
k∑
i=1

ak,ifi

∣∣∣∣∣
r) q

r


1
q

≤ C

( ∞∑
i=1

|vifi|p
) 1

p

, (1)

where C is a positive constant independent of f and (ak,i), k ≥ i ≥ 1, is a matrix, whose entries
ak,i ≥ 0 are non-decreasing in k and non-increasing in i, satisfying the discrete Oinarov condition
stating that there exists a constant d ≥ 1 such that

1

d
(ak,j + aj,i) ≤ ak,i ≤ d(ak,j + aj,i), k ≥ j ≥ i ≥ 1. (3)

We also need the following quantities: J+
r,p(α, β) = sup

f≥0

(
β∑

k=α

∣∣∣wk k∑
i=α

ak,ifi

∣∣∣r) 1
r

(
β∑
i=α
|vifi|p

) 1
p

.

The aim of this paper is to characterize inequalities (1) and its dual version for the case 0 < p ≤
q < ∞ and 0 < r < ∞. The case when ak,i = 1 for all k ≥ i ≥ 1 was studied in the works [1-2]
for the following relations between p, q and r: (1) 1 < p ≤ q < ∞, 0 < r < ∞ and the dual version
0 < r < q < p < ∞, p > 1. Characterizations of the integral versions of inequalities (1) and (2) are
found in paper [3].
Theorem 1. Let 1 < p ≤ q <∞ and 0 < r <∞. Let the entries of the matrix (ak,i) satisfy condition
(3). Then inequality (1) holds if and only if A+ = max{A+

1 , A
+
2 , A

+
3 } <∞, where

A+
1 = sup

j≥1

 ∞∑
n=j

uqn

 1
q

J+
r,p(1, j),

A+
2 = sup

j≥1

 ∞∑
n=j

uqn

 n∑
k=j

ark,jw
r
k


q
r


1
q (

j∑
i=1

v−p
′

i

) 1
p′

,

A+
3 = sup

j≥1

 ∞∑
n=j

uqn

 n∑
k=j

wrk


q
r


1
q (

j∑
i=1

ap
′

j,iv
−p′
i

) 1
p′

.
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Moreover, C ≈ A+, where C is the best constant in (1).
Theorem 2. Let 0 < p ≤ 1, p ≤ q <∞ and 0 < r <∞. Let the entries of the matrix (ak,i) be non-
decreasing in k and non-increasing in i. Then inequality (1) holds if and only if D+ = max{D+

1 , D
+
2 } <

∞, where

D+
1 = sup

j≥1

 ∞∑
n=j

uqn

 1
q

J+
r,p(1, j),

D+
2 = sup

j≥1

 ∞∑
n=j

uqn

 n∑
k=j

ark,jw
r
k


q
r


1
q

v−1
j .

Moreover, C ≈ D+, where C is the best constant in (1).
Remark. The statements of the main results are also given for dual version of the inequalities

(1).
These results are joint work with A. Kalybay and A. Temirkhanova.

Funding: This work was supported by the Ministry of Education and Science of the Republic of Kazakhstan in the area
“Scientific research in the field of natural sciences” [grant number AP09259084].

Keywords: Inequality, Hardy-type operator, weights, weighted sequence space, characterizations.

References
[1] Oinarov R., Omarbayeva B.K., Temirkhanova A.M. Discrete iterated Hardy-type inequalities with three weights,

Vestnik KazNU, math. mech. comp. sci. ser., 105:1 (2020), 19–29.
[2] Omarbayeva B.K., Persson L.-E., Temirkhanova A.M. Weighted iterated discrete Hardy-type inequalities, Math.

Ineq. Appl., 23:3 (2020), 943–959.

[3] Kalybay A. Weighted estimates for a class of quasilinear integral operators, Siberian Math. J., 60:2 (2019),

291–303.

— >>> —

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022



Annual International April Mathematical Conference – 2022 157

3 Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è óðàâíåíèÿ ìàòåìàòè÷åñêîé

ôèçèêè

Ïðåäñåäàòåëè: ïðîôåññîð, ä.ô.-.ì.í., àêàäåìèê ÌÀÍÅ Àëåêñååâà Ëþäìèëà Àëåêñååâíà,
ïðîôåññîð, ä.ô.-.ì.í., àêàäåìèê ÍÀÍ ÐÊ Õàðèí Ñòàíèñëàâ Íèêîëàåâè÷,
è.î. ïðîôåññîðà, äîöåíò Áåêåòàåâà Àñåëü Îðîçàëèåâíà.

Ñåêðåòàðü: Àäèë Æàíàð Òîðåáåêîâíà.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2022



158 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2022

Î òî÷íûõ ðåøåíèÿõ ñèñòåìû óðàâíåíèé Ìàêñâåëëà

ÀÁÅÍÎÂ Ì.Ì.

ÊàçÍÓ èì.Àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: abenov60@gmail.com

Êàê èçâåñòíî [1], îñíîâíûå óðàâíåíèÿ ýëåêòðîäèíàìèêè â òåîðåòè÷åñêîé ôèçèêå äàþòñÿ â
âèäå ñèñòåìû óðàâíåíèé Ìàêñâåëëà ñëåäóþùåãî âèäà:

div(ε ~E) = 4πρ,

rot ~E = −1

c

∂(µ ~H)

∂t
,

div(µ ~H) = 0, (1)

rot ~H =
1

c

∂(ε ~E)

∂t
+

4π ~J

c
,

ãäå: c - ñêîðîñòü ñâåòà, ε > 0, µ > 0 � èçâåñòíûå, áåçðàçìåðíûå ïîñòîÿííûå, ~E(t, x, y, z), ~H, ~J �
íåèçâåñòíûå âåêòîðû íàïðÿæåííîñòåé ýëåêòðè÷åñêîãî (ìàãíèòíîãî) ïîëåé è ïëîòíîñòè òîêà íàñû-
ùåíèÿ, ρ(t, x, y, z) � íåèçâåñòíàÿ ôóíêöèÿ ïëîòíîñòè ýëåêòðè÷åñêèõ çàðÿäîâ. Ñèñòåìà óðàâíåíèé
(1) ñ÷èòàåòñÿ êëþ÷åâîé â òåîðåòè÷åñêîé ôèçèêå. Íà ñåãîäíÿøíèé äåíü èçâåñòíî ëèøü ñ÷èòàííîå
÷èñëî òî÷íûõ ðåøåíèé ýòîé ñèñòåìû. Ê ïðèìåðó, äâèæåíèå ïëîñêîé ýëåêòðîìàãíèòíîé âîëíû
îïèñàíî â ðàçëè÷íûõ ó÷åáíèêàõ ïî òåîðåòè÷åñêîé ôèçèêå.

Â äàííîé ðàáîòå ìû ïîêàæåì, ÷òî ìåòîäû ÷åòûðåõìåðíîãî àíàëèçà, èçëîæåííûå â ðàáîòå
[2], äàþò âîçìîæíîñòü îïèñàíèÿ öåëîãî êîíòèíóóìà òî÷íûõ ðåøåíèé ýòîé ñèñòåìû â íåêîòîðîé
îáëàñòè G ⊂ R4.

Îïðåäåëåíèå. ×åòûðåõ - ïîòåíöèàëîì ýëåêòðîìàãíèòíîãî ïîëÿ íàçûâàåòñÿ âåêòîð � ôóíê-
öèÿ P4d = (θ(t, x, y, z), u, v, w) = (θ, ~ϕ), óäîâëåòâîðÿþùàÿ ñëåäóþùåìó óðàâíåíèþ íåðàçðûâíîñòè
ýëåêòðîìàãíèòíîãî ïîëÿ:

εµ

c

∂θ

∂t
+
∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0 (2)

Òåîðåìà 1. Óðàâíåíèå íåðàçðûâíîñòè (2) èìååò êîíòèíóóì òî÷íûõ ðåøåíèé âèäà:

εµθ(t, x, y, z) = β1u1(α1ct, α2x, α3y, α4z),

u(t, x, y, z) = β2u2(α1ct, α2x, α3y, α4z),

v(t, x, y, z) = β3u3(α1ct, α2x, α3y, α4z), (3)

w(t, x, y, z) = β4u4(α1ct, α2x, α3y, α4z),

ãäå:αk, βk, k = 1, 4 � ïðîèçâîëüíûå ñêàëÿðû, óäîâëåòâîðÿþùèå óñëîâèþ
∑4

k=1 αkβk = 0, u =
(u1, u2, u3, u4) � ïðîèçâîëüíàÿ ÷åòûðåõìåðíàÿ ðåãóëÿðíàÿ ôóíêöèÿ, çàäàííàÿ â îáëàñòè G ⊂ R4.
[2]

Èññëåäîâàíèÿ ïîêàçàëè, ÷òî êàæäîìó ÷åòûðåõ � ïîòåíöèàëó, îïðåäåëÿåìîìó ôîðìóëàìè (3),
ìîæíî ñîïîñòàâèòü ðîâíî îäíî, òî÷íîå ðåøåíèå èñõîäíîé ñèñòåìû Ìàêñâåëëà (1).

Òåîðåìà 2. Êàæäîìó ÷åòûðåõ - ïîòåíöèàëó ýëåêòðîìàãíèòíîãî ïîëÿ P4d = (θ, ~ϕ) ñîîòâåò-
ñòâóåò òî÷íîå ðåøåíèå ñèñòåìû Ìàêñâåëëà ñëåäóþùåãî âèäà:

~E = ∇θ +
1

c

∂~ϕ

∂t
,

~H = − 1

µ
rot~ϕ,

ρ =
ε

4π

(
∆θ − εµ

c2

∂2θ

∂t2

)
, (4)
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~J =
c

4πµ

(
∆~ϕ− εµ

c2

∂2~ϕ

∂t2

)
.

Ôîðìóëû (3)-(4) äàþò êîíòèíóóì òî÷íûõ ðåøåíèé ñèñòåìû óðàâíåíèé Ìàêñâåëëà. Ìîæíî ïîêà-
çàòü, ÷òî â íèõ ñîäåðæàòñÿ âñå íûíå èçâåñòíûå ðåøåíèÿ ýòîé ñèñòåìû.

Ëèòåðàòóðà
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Çàäà÷à Äèðèõëå íà çâåçäíîì ãðàôå
äëÿ âîëíîâîãî óðàâíåíèÿ

ÀËÅÊÑÅÅÂÀ Ë.À.1,2,a, ÀÐÅÏÎÂÀ Ã.Ä.1,2,b

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíè, Àëìàòû, Êàçàõñòàí
2 ÊàçÍÓ èì.Àëü�Ôàðàáè, Àëìàòû, Êàçàõñòàí
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Ïóñòü G(V,E) - ýòî îðèåíòèðîâàííûé çâåçäíûé ãðàô ñ âåðøèíàìè V (a0, a1, a2, ...an) è ðåáðà-
ìè E(e1, e2, ...em). Îáùàÿ âåðøèíà a0. Ðàññìîòðèì âîëíîâûå óðàâíåíèÿ íà ýòîì çâåçäíîì ãðàôå
G(V,E):

∂2ui
∂x2

t− 1

c2

∂2ui
∂t2

= Gi(x, t), 0 < x < li, t > 0, (1)

ñ íà÷àëüíûìè óñëîâèÿìè

ui(x, 0) = u0
i (x),

∂

∂t
ui(x, 0) = υ0

i (x), 0 ≤ x ≤ li, (2)

ãðàíè÷íûìè óñëîâèÿìè:
ui(0, t) = ω1

i (t), ui(li, t) = ω2
i (t), t ≥ 0, (3)

è óñëîâèÿì íåïðåðûâíîñòè
ui(0, t) = uj(0, t), ∀i, j. (3)

Òåîðåìà 1. Îáîáùåííîå ðåøåíèå êðàåâîé çàäà÷è íà êàæäîì ýëåìåíòå ãðàôà èìååò âèä ñóì-

ìû ïîëíûõ è íåïîëíûõ ñâåðòîê:

û = p1(t)H(t) ∗
t
Û(x, t)− p0(t)H(t) ∗

t
Û(x− l, t)+

+w1(t)H(t) ∗
t
∂xÛ(x, t)− w0(t)H(t) ∗

t
∂xÛ(x− l, t)+

−c−2
{
v0(x)H(x)H(L− x) ∗

x
Û(x) + u0(x)H(x)H(L− x) ∗

x
∂tÛ

}
ãäå H(t) - ôóíêöèÿ Õåâèñàéäà, Û (x, t) = − c

2H (ct− |x|) - ôóíêöèÿ Ðèìàíà - ôóíäàìåíòàëüíîå

ðåøåíèå âîëíîâîãî óðàâíåíèÿ [2] , pj = ∂u
∂x íà ñîîòâåòñòâóþùåì êîíöå ýëåìåíòà ( j=0,1)

Èñïîëüçóÿ ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå ïî âðåìåíè ñâåðòîê è ñâîéñòâà ïðîèçâîäíîé òðàíñ-
ôîðìàíòû Ôóðüå ôóíêöèè Ðèìàíà â íóëå, ïîñòðîåíà òðàíñôîðìàíòà Ôóðüå îáîáùåííîãî ðåøåíèÿ
è ëèíåéíûå àëãåáðàè÷åñêèå óðàâíåíèÿ äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ ãðàíè÷íûõ ôóíêöèé.

Òåîðåìà 2. Òðàíñôîðìàíòû Ôóðüå ïî âðåìåíè ãðàíè÷íûõ çíà÷åíèé ðåøåíèÿ ÊÇ è åãî ïðî-

èçâîäíîé óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé:{
1, 0

− cos kl, −k−1 sin kl

}{ _
w1 (ω)
_
p 1 (ω)

}
+
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+

{
cos kL, k−1 sin kl

1, 0

}{ _
w0 (ω)
_
p 0 (ω)

}
=

{
F1(ω)
F2(ω)

}
,

F1(ω) = −0, 5c−2k−1 (v0(x)− iωu0(x))H(x)H(L− x) ∗
x

sin(k |x|)
∣∣∣
x=0

,

F2(ω) = −0, 5c−2k−1 (v0(x)− iωu0(x))H(x)H(L− x) ∗
x

sin(k |x|)
∣∣∣
x=l

,

Ïîñòðîåíî ðåøåíèå ýòîé ñèñòåìû óðàâíåíèé äëÿ çàäà÷è Äèðèõëå, ÷òî îïðåäåëÿåò òðàíñôîð-
ìàíòó Ôóðüå ðåøåíèÿ íà êàæäîì j-òîì ýëåìåíòå ãðàôà (l = lj). Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå
ïî âðåìåíè äàåò àíàëèòè÷åñêîå ïðåäñòàâëåíèÿ ðåøåíèÿ â èñõîäíîì ïðîñòðàíñòâå, àíàëèòè÷åñêîå
ïðåäñòàâëåíèå êîòîðîãî áóäåò ïðåäñòàâëåíî â äîêëàäå.

Ïðåäñòàâëåííóþ ìîäåëü ìîæíî ðàñïðîñòðàíèòü íà ìíîãîçâåííûé çâåçäíûé ãðàô, åñëè â ðàñ-
ñìîòðåííîé ìîäåëè ðàññìàòðèâàòü êîíåö êàæäîãî èç îòðåçêîâ êàê óçåë íîâîãî çâåçäíîãî ãðàôà.

Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè
Ðåñïóáëèêè Êàçàõñòàí (ãðàíò AP09261033).
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Çàäà÷à Íåéìàíà íà çâåçäíîì ãðàôå äëÿ
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1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
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Ïóñòü G(V,E) - ýòî îðèåíòèðîâàííûé çâåçäíûé ãðàô ñ âåðøèíàìè V (a0, a1, a2, ...an) è ðåáðà-
ìè E(e1, e2, ...em). Îáùàÿ âåðøèíà a0. Ðàññìîòðèì âîëíîâûå óðàâíåíèÿ íà ýòîì çâåçäíîì ãðàôå
G(V,E):

∂2ui
∂x2

t− 1

c2

∂2ui
∂t2

= Gi(x, t), 0 < x < li, t > 0, (1)

ñ íà÷àëüíûìè óñëîâèÿìè

ui(x, 0) = u0
i (x),

∂

∂t
ui(x, 0) = υ0

i (x), 0 ≤ x ≤ li, (2)

ãðàíè÷íûìè óñëîâèÿìè:
ui(0, t) = p1

i (t), ui(li, t) = p2
i (t), t ≥ 0, (3)

è óñëîâèÿì íåïðåðûâíîñòè
ui(0, t) = uj(0, t), ∀i, j. (4)

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ êðàåâîé çàäà÷è ïåðåéäåì â ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé [2].
Ââåäåì ðåãóëÿðíûå îáîáùåííûå ôóíêöèè, äîîïðåäåëåííûå íóëåì âíå îáëàñòè ðåøåíèÿ [1]:

ûi(x, t) = ui(x, t)H(x)H(li − x)H(t). (5)

Ïðèìåíèì âîëíîâîé îïåðàòîð ê ôóíêöèè ûi(x, t), òîãäà ïðàâàÿ ÷àñòü áóäåò âûðàæåíà ÷åðåç íà-
÷àëüíûå è êðàåâûå óñëîâèÿ. Èñïîëüçóÿ ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå ñâåðòîê è ïðîèçâîäíûõ,
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ïîëó÷èì òðàíñôîðìàíòó Ôóðüå îáîáùåííîãî ðåøåíèÿ è ëèíåéíûå àëãåáðàè÷åñêèå óðàâíåíèÿ äëÿ
îïðåäåëåíèÿ íåèçâåñòíûõ ãðàíè÷íûõ ôóíêöèé.

Òåîðåìà 1. Îáîáùåííîå ðåøåíèå êðàåâîé çàäà÷è íà êàæäîì ýëåìåíòå ãðàôà èìååò âèä ñóì-

ìû ïîëíûõ è íåïîëíûõ ñâåðòîê:

û = p1(t)H(t) ∗
t
Û(x, t)− p0(t)H(t) ∗

t
Û(x− l, t)+

+w1(t)H(t) ∗
t
∂xÛ(x, t)− w0(t)H(t) ∗

t
∂xÛ(x− l, t)+

−c−2
{
v0(x)H(x)H(L− x) ∗

x
Û(x) + u0(x)H(x)H(L− x) ∗

x
∂tÛ

}
ãäå H(t) - ôóíêöèÿ Õåâèñàéäà, Û (x, t) = − c

2H (ct− |x|) - ôóíêöèÿ Ðèìàíà - ôóíäàìåíòàëüíîå

ðåøåíèå âîëíîâîãî óðàâíåíèÿ [2] , ωj = u(x, t) íà ñîîòâåòñòâóþùåì êîíöå ýëåìåíòà ( j=0,1).
Òåîðåìà 2. Òðàíñôîðìàíòû Ôóðüå ïî âðåìåíè ãðàíè÷íûõ çíà÷åíèé ðåøåíèÿ ÊÇ è åãî ïðî-

èçâîäíîé óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé:{
1, cos kl

− cos kl, 1

}{ _
w1 (ω)
_
ω2 (ω)

}
=

=

{
2F1 − k−1sin(kl)

_
p 2 (ω)

2F1 + k−1sin(kl)
_
p 1 (ω)

}
=

{
f1(ω)
f2(ω)

}
,

F1(ω) = −0, 5c−2k−1 (v0(x)− iωu0(x))H(x)H(L− x) ∗
x

sin(k |x|)
∣∣∣
x=0

,

F2(ω) = −0, 5c−2k−1 (v0(x)− iωu0(x))H(x)H(L− x) ∗
x

sin(k |x|)
∣∣∣
x=l

,

_
wj (ω) =

∆j(ω)

∆(ω)
,∆(ω) = 1 + cos2(kl),

∆1 = f1(ω)− f2(ω)cos(kl),∆2 = f2(ω) + f1(ω)cos(kl).

Ïîñòðîåíî ðåøåíèå ýòîé ñèñòåìû óðàâíåíèé äëÿ çàäà÷è Íåéìàíà, ÷òî îïðåäåëÿåò òðàíñôîðìàíòó
Ôóðüå ðåøåíèÿ íà êàæäîì j-òîì ýëåìåíòå ãðàôà (l = lj). Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïî
âðåìåíè äàåò àíàëèòè÷åñêîå ïðåäñòàâëåíèÿ ðåøåíèÿ â èñõîäíîì ïðîñòðàíñòâå.
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Çàäà÷è èíòåãðàëüíîé ãåîìåòðèè - èíòåíñèâíî ðàçâèâàþùååñÿ íàïðàâëåíèå ñîâðåìåííîé ìà-
òåìàòèêè. Îíà ÿâëÿåòñÿ îäíèì èç êðóïíåéøèõ íàïðàâëåíèé â òåîðèè íåêîððåêòíûõ çàäà÷ ìàòå-
ìàòè÷åñêîé ôèçèêè è àíàëèçà [1]. Åå çàäà÷è òåñíî ñâÿçàíû ñ ìíîãî÷èñëåííûìè ïðèëîæåíèÿìè
- çàäà÷àìè èíòåðïðåòàöèè äàííûõ ãåîôèçè÷åñêèõ èññëåäîâàíèé, ýëåêòðîðàçâåäêè, àêóñòèêè è
êîìïüþòåðíîé òîìîãðàôèè [2]-[3].

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ êîíå÷íî-ðàçíîñòíûé àíàëîã çàäà÷è èíòåãðàëüíîé ãåîìåòðèè
ñ âåñîâîé ôóíêöèåé äëÿ ñåìåéñòâà êðèâûõ, óäîâëåòâîðÿþùèõ íåêîòîðûì óñëîâèÿì ðåãóëÿðíîñòè.

Âïåðâûå Ì. Ì. Ëàâðåíòüåâûì è Â. Ã. Ðîìàíîâûì áûëî ïîêàçàíî, ÷òî ðÿä îáðàòíûõ çàäà÷
äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñâîäÿòñÿ ê çàäà÷àì èíòåãðàëüíîé ãåîìåòðèè [4]. Âåñüìà îáùèé
ðåçóëüòàò ïî åäèíñòâåííîñòè è îöåíêàì óñòîé÷èâîñòè äëÿ ñïåöèàëüíîãî ñåìåéñòâà êðèâûõ áûë
ïîëó÷åí Ð.Ã. Ìóõîìåòîâûì. Ýòè îöåíêè óñòîé÷èâîñòè îñíîâàíû íà ñâåäåíèè çàäà÷è èíòåãðàëüíîé
ãåîìåòðèè ê ýêâèâàëåíòíîé åé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñìåøàííîãî
òèïà [5].

Â äàííîé ðàáîòå èñïîëüçóÿ ìåòîäèêó, ïðåäëîæåííîé â ðàáîòàõ [6]-[7] ïîëó÷åíà îöåíêà óñòîé-
÷èâîñòè êîíå÷íî-ðàçíîñòíîãî àíàëîãà çàäà÷è èíòåãðàëüíîé ãåîìåòðèè. Ýòè îöåíêè èñïîëüçóþòñÿ
ïðè îáîñíîâàíèè ñõîäèìîñòè ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çàäà÷ ãåîòîìîãðàôèè, ìåäèöèíñêîé
òîìîãðàôèè, äåôåêòîñêîïèè è èìååò áîëüøîå ïðàêòè÷åñêîå çíà÷åíèå ïðè ðåøåíèè ìíîãîìåðíûõ
îáðàòíûõ çàäà÷ àêóñòèêè, ñåéñìîðàçâåäêè.

Êëþ÷åâûå ñëîâà: íåêîððåêòíàÿ çàäà÷à, èíòåãðàëüíàÿ ãåîìåòðèÿ, ñåìåéñòâî êðèâûõ, îöåíêà óñòîé÷èâîcòè, óðàâ-
íåíèå ñìåøàííîãî òèïà, êîíå÷íî-ðàçíîñòíàÿ çàäà÷à, êâàäðàòè÷íàÿ ôîðìà.

2010 Mathematics Subject Classi�cation: 35K05.

Ëèòåðàòóðà

[1] Lavrent'ev M. M., Romanov V. G., Shishatskii S. P. Ill-Posed Problems of Mathematical Physics and Analysis,
Providence, R.I.: Amer. Math. Soc., v. 64. (1986).

[2] Tikhonov A. N., Arsenin V. Y. Solutions of Ill-Posed Problems, VH Winston & Sons. (1977).
[3] Íàòòåðåð Ô. Ìàòåìàòè÷åñêèå àñïåêòû êîìïüþòåðíîé òîìîãðàôèè, Ìèð, Ìîñêâà (1990).
[4] Ëàâðåíòüåâ Ì.Ì., Ðîìàíîâ Â. Ã. Î òðåõ ëèíåàðèçîâàííûõ îáðàòíûõ çàäà÷àõ äëÿ ãèïåðáîëè÷åñêèõ óðàâíå-

íèé, Äîêë. ÀÍ ÑÑÑÐ., 171:6 (1966), 1279�1281.
[5] Ìóõîìåòîâ Ð. Ã. Î çàäà÷å èíòåãðàëüíîé ãåîìåòðèè, Ìàòåìàòè÷åñêèå ïðîáëåìû ãåîôèçèêè, 6 (1976), 212�

252.
[6] Êàáàíèõèí Ñ. È. , Áàêàíîâ Ã. Á. Îá óñòîé÷èâîñòè êîíå÷íî-ðàçíîñòíîãî àíàëîãà äâóìåðíîé çàäà÷è èíòå-

ãðàëüíîé ãåîìåòðèè, Äîêë. ÀÍ ÑÑÑÐ., 292:1 (1987), 25�29.

[7] Kabanikhin S. I., Bakanov G. B. On the stability estimation of �nite-di�erence and di�erential-di�erence analogues

of a two-dimensional integral geometry problem, in: Computerized Tomography, VSP, Utrecht (1995), 246�258.
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Îá îäíîé íà÷àëüíî êðàåâîé çàäà÷å äëÿ îáîáùåííîãî
èíòåãðî äèôôåðåíöèàëüíîãî ìîäèôèöèðîâàííîãî
óðàâíåíèÿ âëàãîïåðåíîñà ñ îïåðàòîðîì Áåññåëÿ

ÁÅØÒÎÊÎÂ Ì.Õ.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ

E-mail: beshtokov-murat@yandex.ru

Ïîñòàíîâêà íà÷àëüíî-êðàåâîé çàäà÷è. Â çàìêíóòîì öèëèíäðå QT = {(x, t) : 0 ≤ x ≤
l, 0 ≤ t ≤ T} ðàññìîòðèì çàäà÷ó

∂α0tu =
1

xm
∂

∂x

(
xmk(x, t)

∂u

∂x

)
+

1

xm
∂α0t

∂

∂x

(
xmη(x)

∂u

∂x

)
+ r(x, t)

∂u

∂x
+

+

∫ t

0
p(x, t, τ)u(x, τ)dτ + f(x, t), 0 < x < l, 0 < t ≤ T, (1)

lim
x→0

xmΠ(x, t) = 0, 0 ≤ t ≤ T, (2)

u(l, t) = 0, 0 ≤ t ≤ T, (3)

u(x, 0) = u0(x), 0 ≤ x ≤ l, (4)

ãäå
0 < c0 ≤ k(x, t), η(x) ≤ c1, |r(x, t), rx, kx, p(x, t, τ)| ≤ c2, 0 ≤ m ≤ 2, (5)

∂α0tu = 1
Γ(1−α)

t∫
0

uτ (x,τ)
(t−τ)α dτ, − äðîáíàÿ ïðîèçâîäíàÿ â ñìûñëå Êàïóòî ïîðÿäêà α, 0 < α < 1, ci, i =

0, 1, 2− ïîëîæèòåëüíûå ÷èñëà, Π(x, t) = kux + ∂α0t
(
η(x)ux

)
.

Çàìåòèì, ÷òî ïðè x = 0 ñòàâèòñÿ óñëîâèå îãðàíè÷åííîñòè ðåøåíèÿ |u(0, t)| < ∞, êîòîðîå
ýêâèâàëåíòíî óñëîâèþ (2), ðàâíîñèëüíîìó â ñâîþ î÷åðåäü òîæäåñòâó Π(x, t) = 0 [1], åñëè ôóíêöèè
r(0, t), k(0, t), q(0, t), f(0, t) êîíå÷íû.

Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà. ([2], [3]). Åñëè k(x, t) ∈ C1,0(QT ), η(x) ∈ C1[0, l], r(x, t), q(x, t), f(x, t), ρ(x, t, τ) ∈

C(QT ), u(x, t) ∈ C2,0
(
QT
)
∩ C1,0

(
QT
)
, ∂α0tu(x, t), ∂α0tuxx(x, t) ∈ C(QT ) è âûïîëíåíû óñëîâèÿ (5),

òîãäà äëÿ ðåøåíèÿ u(x, t) çàäà÷è (1)-(4) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

‖x
m
2 u‖2W 1

2 (0,l) +D−α0t ‖x
m
2 ux‖20 ≤M

(
D−α0t ‖x

m
2 f‖20 + ‖x

m
2 u0(x)‖2W 1

2 (0,l)

)
,

ãäå M− ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1)-(4),

D−α0t u = 1
Γ(α)

t∫
0

udτ
(t−τ)1−α− äðîáíûé èíòåãðàë Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà α, 0 < α < 1,

(
u, v
)

=∫ l
0 uvdx,

(
u, u

)
= ‖u‖20, ãäå u, v − çàäàííûå íà [0, l] ôóíêöèè.

Èç àïðèîðíîé îöåíêè ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ ïî íà÷àëüíûì äàííûì
è ïðàâîé ÷àñòè.

Êëþ÷åâûå ñëîâà: êðàåâûå çàäà÷è, àïðèîðíàÿ îöåíêà, óðàâíåíèå âëàãîïåðåíîñà, èíòåãðî-äèôôåðåíöèàëüíîå
óðàâíåíèå, äèôôåðåíöèàëüíîå óðàâíåíèå äðîáíîãî ïîðÿäêà, äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî.

2010 Mathematics Subject Classi�cation: 35G16, 45K05, 35R09, 47G20.
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Îá îäíîé íåëîêàëüíîé êðàåâîé çàäà÷è

äëÿ íàãðóæåííîãî îáîáùåííîãî óðàâíåíèÿ
êîíâåêöèè-äèôôóçèè ñ îïåðàòîðîì Áåññåëÿ

ÁÅØÒÎÊÎÂÀ Ç.Â.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ

E-mail: zarabaeva@yandex.ru

Ïîñòàíîâêà íåëîêàëüíîé êðàåâîé çàäà÷è. Â çàìêíóòîì ïðÿìîóãîëüíèêå QT = {(x, t) :
0 ≤ x ≤ l, 0 ≤ t ≤ T} ðàññìîòðèì ñëåäóþùóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó äëÿ íàãðóæåííîãî
îáîáùåííîãî óðàâíåíèÿ êîíâåêöèè-äèôôóçèè ñ îïåðàòîðîì Áåññåëÿ

∂α0tu =
1

xm
∂

∂x

(
xmk(x, t)

∂u

∂x

)
+ r(x, t)

∂u

∂x
− q(x, t)u(x0, t) + f(x, t),

0 < x < l, 0 < t ≤ T, (1)

lim
x→0

xmk(x, t)ux(x, t) = 0, 0 ≤ t ≤ T, (2)

−k(l, t)ux(l, t) = β(t)

∫ l

0
xmu(x, t)dx− µ(t), 0 ≤ t ≤ T, (3)

u(x, 0) = u0(x), 0 ≤ x ≤ l, (4)

ãäå
0 < c0 ≤ k(x, t) ≤ c1, |r(x, t), rx(x, t), kx(x, t), q(x, t), β(t)| ≤ c2, (5)

∂α0tu = 1
Γ(1−α)

t∫
0

uτ (x,τ)
(t−τ)α dτ, − äðîáíàÿ ïðîèçâîäíàÿ â ñìûñëå Êàïóòî ïîðÿäêà α, ãäå 0 < α <

1, ci, i = 0, 1, 2 - ïîëîæèòåëüíûå ÷èñëà, 0 ≤ m ≤ 2.
Ïðè x = 0 ñòàâèòñÿ óñëîâèå îãðàíè÷åííîñòè ðåøåíèÿ |u(0, t)| < ∞, êîòîðîå ýêâèâàëåíòíî

óñëîâèþ (2), ðàâíîñèëüíîìó â ñâîþ î÷åðåäü òîæäåñòâó k(0, t)ux(0, t) = 0 [1, c.173], åñëè ôóíêöèè
r(0, t), q(0, t), f(0, t) êîíå÷íû.

Ïðåäïîëàãàåòñÿ, ÷òî çàäà÷à (1) − (4) èìååò åäèíñòâåííîå ðåøåíèå, îáëàäàþùåå íóæíûìè ïî
õîäó èçëîæåíèÿ ïðîèçâîäíûìè. Áóäåì òàêæå ñ÷èòàòü, ÷òî êîýôôèöèåíòû óðàâíåíèÿ è ãðàíè÷íûõ
óñëîâèé óäîâëåòâîðÿþò íåîáõîäèìûì ïî õîäó èçëîæåíèÿ óñëîâèÿì ãëàäêîñòè.

Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà. ([2]-[4]). Ïóñòü âûïîëíåíû óñëîâèÿ (5), òîãäà äëÿ ðåøåíèÿ u(x, t) çàäà÷è (1)-(4)

ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

‖x
m
2 u‖20 +D−α0t ‖x

m
2 ux‖20 ≤M

(
D−α0t

(
‖x

m
2 f‖20 + µ2(t)

)
+ ‖x

m
2 u0(x)‖20

)
,

ãäå M − const > 0, çàâèñÿùàÿ òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1)-(4),

D−α0t u = 1
Γ(α)

t∫
0

udτ
(t−τ)1−α− äðîáíûé èíòåãðàë Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà α, 0 < α < 1.

Èç àïðèîðíîé îöåíêè ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ ïî ïðàâîé ÷àñòè è
íà÷àëüíûì äàííûì.

Êëþ÷åâûå ñëîâà: îïåðàòîð Áåññåëÿ, íåëîêàëüíàÿ çàäà÷à, óñëîâèå èíòåãðàëüíîãî âèäà, àïðèîðíàÿ îöåíêà, óðàâ-
íåíèå êîíâåêöèè-äèôôóçèè, óðàâíåíèå äðîáíîãî ïîðÿäêà, äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî.

2010 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20.
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Êàðàãàíäèíñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Å.À. Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí

E-mail: gulmanov.nurtay@gmail.com

Â ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ êðàåâàÿ çàäà÷à òåïëîïðîâîäíîñòè â íåöèëèíäðè÷åñêîé
îáëàñòè G = {(r, t) : 0 < r < t, t > 0}, ïðåäñòàâëÿþùåé ñîáîé ïåðåâåðíóòûé êîíóñ:

∂u

∂t
− a2 · 1

r2ν−1

∂

∂r

(
r2ν−1∂u

∂r

)
= 0, (1)

(
2 · ∂u

∂r
+
∂u

∂t

)∣∣∣∣
r=t

= g (t) , (2)

r2ν−1∂u

∂r

∣∣∣∣
r=0

= q (t) , (3)

ãäå 0 < ν < 1. Ê ýòîìó òèïó çàäà÷ â îáùåì ñëó÷àå íå ïðèìåíèìû ìåòîäû ðàçäåëåíèÿ ïåðåìåííûõ
è èíòåãðàëüíûõ ïðåîáðàçîâàíèé. Îäíîìåðíûå ïî ïðîñòðàíñòâåííîé ïåðåìåííîé êðàåâûå çàäà÷è
â âûðîæäàþùèõñÿ îáëàñòÿõ èññëåäîâàíû, íàïðèìåð, â ðàáîòàõ [1, 2].

Èññëåäîâàíû âîïðîñû ðàçðåøèìîñòè ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà âòî-
ðîãî ðîäà, ê êîòîðîìó ðåäóöèðîâàíà èñõîäíàÿ çàäà÷à. Äëÿ ðåøåíèÿ ïîëó÷åííîãî ñèíãóëÿðíîãî èí-
òåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ïðèìåíÿåòñÿ ìåòîä ðàâíîñèëüíîé ðåãóëÿðèçàöèè Êàðëåìàíà�
Âåêóà.

Äîêàçàíà ñëåäóþùàÿ òåîðåìà î ðàçðåøèìîñòè êðàåâîé çàäà÷è â âåñîâûõ ïðîñòðàíñòâàõ ñó-
ùåñòâåííî îãðàíè÷åííûõ ôóíêöèé.

Òåîðåìà. Åñëè âûïîëíåíû óñëîâèÿ tν−
1
2 g (t) ∈ L∞ (0,∞), t1−νq (t) ∈ L∞ (0,∞) òî ãðàíè÷íàÿ

çàäà÷à (1)�(3) èìååò ðåøåíèå u (r, t) = ũ (r, t) + C, ũ (r, t) ∈ L∞ (G) , C = const.

Funding: Ðàáîòà âûïîëíåíà ïî ãðàíòó Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí: AP09259780,
2021-2023.

Êëþ÷åâûå ñëîâà: óðàâíåíèå òåïëîïðîâîäíîñòè, äðîáíàÿ ïðîèçâîäíàÿ, íàãðóçêà, èíòåãðàëüíîå óðàâíåíèå, ôóíê-
öèÿ òèïà Ðàéòà.
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Ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü äâèæåíèÿ è òåïëîîáìåíà òóðáóëåíòíîé íåèçîòåðìè÷å-
ñêîé Áèíãàìñêîé æèäêîñòè [1] ÷åðåç ñòåíêó òðóáû ñ õîëîäíûì îêðóæàþùåé ñðåäîé è âûïîëíåíî
åå ÷èñëåííîå ìîäåëèðîâàíèå. Òóðáóëåíòíîñòü æèäêîñòè îïèñûâàåòñÿ â ðàìêàõ èçîòðîïíîé äâóõ-
ïàðàìåòðè÷åñêîé k − ε̃ ìîäåëè [2].

Ðåçóëüòàòû ðàñ÷åòîâ íåèçîòåðìè÷åñêîãî äâèæåíèÿ â òðóáå ïîêàçûâàþò èçìåíåíèå ñîñòîÿíèÿ
Áèíãàìñêîé æèäêîñòè (ïàðàôèíèñòîé íåôòè). Íüþòîíîâñêèå ñâîéñòâà æèäêîñòè â íà÷àëüíûõ
ñå÷åíèÿõ òðóáû ïîñòåïåííî ïåðåõîäÿò â âÿçêîïëàñòè÷íîå (íåíüþòîíîâñêîå) ñîñòîÿíèå çà ñ÷åò
òåïëîïåðåäà÷è ìåæäó íàãðåòîé æèäêîñòüþ â òðóáå ÷åðåç åå ñòåíêó ñ õîëîäíîé îêðóæàþùåé ñðå-
äîé. Ïî ìåðå äâèæåíèÿ ïî òðóáû âåëè÷èíà ïðîäîëüíîé ñêîðîñòè â ïðèîñåâîé çîíå óâåëè÷èâàþòñÿ
(äî 1.6 ðàçà â ñðàâíåíèè ñî âõîäíûì óðîâíåì ñêîðîñòè), à â ïðèñòåííîé çîíå íàîáîðîò ñíèæàåòñÿ
è âîçðàñòàåò âûñîòà ó÷àñòêà ñ íóëåâûì çíà÷åíèåì ñêîðîñòè æèäêîñòè. Âûñîòà ó÷àñòêà ñ íóëåâîé
ñêîðîñòüþ äâèæåíèÿ æèäêîñòè â òðóáå ïî ìåðå ïðîäâèæåíèÿ íåôòè ïî òðóáå ïîñòåïåííî óâåëè-
÷èâàåòñÿ è äîñòèãàåò y/D ≈ 0.1 ïðè x/D = 15. Îáëàñòü ÿäðà òå÷åíèÿ ñ ìàêñèìàëüíîé ñêîðîñòüþ
æèäêîñòè ïðè ýòîì ïîñòåïåííî óìåíüøàåòñÿ äî y/D ≈ 0.8 ïðè x/D = 15. Íàáëþäàåòñÿ ñóùå-
ñòâåííûé ðîñò óðîâíÿ òóðáóëåíòíîé êèíåòè÷åñêîé ýíåðãèè â ïðèîñåâîé çîíå òðóáû (áîëåå ÷åì â
1.5 ðàçà) è åå çàìåòíîå ñíèæåíèå â åå ïðèñòåííîé îáëàñòè. Îïðåäåëåíà ãðàíèöà îáëàñòè ïðîÿâ-
ëåíèÿ íüþòîíîâñêèõ ñâîéñòâ æèäêîñòè. Ïîëó÷åíî, ÷òî âûñîòà ó÷àñòêà ñ òåìïåðàòóðîé æèäêîñòè
T ≥ 293 K óìåíüøàåòñÿ ïî äëèíå òðóáû è ñîñòàâëÿåò y/D = 0.6 ïðè x/D = 15. Ïîêàçàíî çíà-
÷èòåëüíîå óâåëè÷åíèå ñðåäíåé äèíàìè÷åñêîé âÿçêîñòè è ïðåäåëüíîãî íàïðÿæåíèÿ â ïðèñòåííîé
÷àñòè òðóáû.

Â öåëîì, ðàçðàáîòàííàÿ ìîäåëü äâèæåíèÿ òóðáóëåíòíîé íåíüþòîíîâñêîé æèäêîñòè ñ ó÷å-
òîì ñðåäíåé âÿçêîñòè óäîâëåòâîðèòåëüíî ñîãëàñóåòñÿ ñ äàííûìè äðóãèõ ðàáîò äëÿ ñòåïåííîé
(n = 0.5-0.75) è Áèíãàìñêîé æèäêîñòåé. Äëÿ ëó÷øåãî ñîãëàñîâàíèÿ ñ äàííûìè DNS ðàñ÷åòîâ
ïî ðàñïðåäåëåíèþ õàðàêòåðèñòèê òóðáóëåíòíîãî íåíüþòîíîâñêîãî òå÷åíèÿ íåîáõîäèìî âêëþ÷å-
íèå äîïîëíèòåëüíûõ ñòîêîâûõ è èñòî÷íèêîâûõ ñëàãàåìûõ â óðàâíåíèÿ ïåðåíîñà îñðåäíåííûõ è
òóðáóëåíòíûõ õàðàêòåðèñòèê òå÷åíèÿ.

Ìîæíî îòìåòèòü, ÷òî îñðåäíåííûå õàðàêòåðèñòèêè ñòåïåííîé è Áèíãàìà èçîòåðìè÷åñêèõ
æèäêîñòåé â ïðåäåëàõ âÿçêîãî ïîäñëîÿ ïðàêòè÷åñêè íå îòëè÷àþòñÿ îò çàêîíîìåðíîñòåé äëÿ íüþ-
òîíîâñêîé æèäêîñòè. Â ëîãàðèôìè÷åñêîì ñëîå ïðîôèëü ñêîðîñòè äëÿ æèäêîñòè Áèíãàìà èìååò
âèä êà÷åñòâåííî ïîäîáíûé òàêîâîìó äëÿ íüþòîíîâñêîé, òîãäà äëÿ ñòåïåííîé æèäêîñòè õàðàê-
òåðíûì ÿâëÿåòñÿ ñóùåñòâåííîå îòêëîíåíèå îò ëîãàðèôìè÷åñêîãî ïðîôèëÿ. Òàêæå õàðàêòåðíûì
ÿâëÿåòñÿ ïðåâûøåíèå âåëè÷èíû ïðîäîëüíîé ñêîðîñòè äëÿ îáåèõ òèïîâ íåíüþòîíîâñêîé æèäêî-
ñòåé ëîãàðèôìè÷åñêîãî ïðîôèëÿ.

Ðàñïðåäåëåíèÿ òóðáóëåòíûõ õàðàêòåðèñòèê òå÷åíèÿ, ðàññ÷èòàííûõ ïî ðàçðàáîòàííîé ìîäåëè,
òàêæå óäîâëåòâîðèòåëüíî ñîãëàñóþòñÿ ñ DNS ðàñ÷åòîì [3] â âÿçêîì ïîäñëîå è â ëîãàðèôìè÷å-
ñêîé îáëàñòè (îòëè÷èå íå ïðåâûøàåò 15%). Ïðè ýòîì òàêæå, êàê è äëÿ DNS â ëîãàðèôìè÷åñêîì
ñëîå ïðè y+=10-55 ïîêàçàíà äîïîëíèòåëüíàÿ ãåíåðàöèÿ òóðáóëåíòíîñòè â æèäêîñòè Áèíãàìà ïî
ñðàâíåíèþ ñ íüþòîíîâñêîé æèäêîñòüþ (ïðåâûøåíèå äî 10%).

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÀÐ08855521 ÊÍ ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: íåèçîòåðìè÷åñêîå òóðáóëåíòíîå òå÷åíèå, íüþòîíîâñêàÿ æèäêîñòü, ïåðåõîä âÿçêîïëàñòè÷íîå
ñîñòîÿíèå, k − ε̃ ìîäåëü.
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Èçó÷åíà ìàòåìàòè÷åñêàÿ ìîäåëü ôèëüòðàöèè ñòðóêòóðèðîâàííûõ ôëþèäîâ â äâóõñëîéíîé
ïëàñòå è ðàçðàáîòàí ÷èñëåííûå àëãîðèòìû ðåøåíèÿ.

Èññëåäîâàòåëè èçó÷àþùèå ïðîöåññû ëèíåéíîé è íåëèíåéíîé ôèëüòðàöèè ôëþèäîâ â ïîäçåì-
íûõ ïîðèñòûõ ñðåäàõ èñõîäÿ èç ãåîëîãè÷åñêèå è ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè ïëàñòà, ÷àñòî èõ
ìîäåëèðóåò êàê äâóõñëîéíûå, òðåõñëîéíûå è ìíîãîñëîéíûå ñòðóêòóðû. Èñõîäÿ èç âíóòðåííåãî
ñòðîåíèå è ñòðóêòóðû ñðåäû, ýòè ñëîè ìîãóò áûòü ãèäðîäèíàìè÷åñêè ñâÿçàííûìè èëè íåñâÿçàí-
íûìè. Åñëè ïëàñòû ñâÿçàííûå, òî ìåæäó íèìè íà ãðàíèöàõ ïðîèñõîäèòü îáìåííûå ïðîöåññû.
Â íåñâÿçàííûõ ïëàñòàõ ãèäðîäèíàìè÷åñêèå ïðîöåññû ïðîèñõîäèò èçîëèðîâàííî âíå çàâèñèìîñòè
îò ñîñòîÿíèå ñîñåäíèõ ïëàñòîâ. Ôèëüòðàöèÿ ëèíåéíûõ ôëþèäîâ äîñòàòî÷íî ìíîãî èçó÷åíû â
íàó÷íûõ ëèòåðàòóðàõ [1-3], à äëÿ íåëèíåéíîé ôèëüòðàöèè èìååòñÿ ðàáîòû [4-5]. Ìíîãîñëîéíûå
ïëàñòû â îñíîâíîì ìîäåëèðóåòñÿ êàê èçîëèðîâàííûå îäíîïëàñòîâûå ñèñòåìû, äâóõïëàñòîâûå
ñâÿçàííûå îòäåëüíûå ïëàñòû, à òàêæå òðåõïëàñòîâûå ñèñòåìû. Ïðè ýòîì òðåõñëîéíûõ ñèñòåìàõ
ìîãóò ðàññìàòðèâàòüñÿ êàê êîìáèíàöèè ïëàñòîâ, ãäå ñðåäíèé õîðîøî ïðîíèìàåìûé, à âåðõíèé è
íèæíåé ïëîõî ïðîíèöàåìûå. Â ðàáîòàõ [6-8] èçó÷åíû ïðîöåññ ôèëüòðàöèè íåñòðóêòóðèðîâàííûõ
è ñòðóêòóðèðîâàííûõ ôëþèäîâ â äâóõ ñëîéíûõ è òðåõñëîéíûõ ñðåäàõ. Ðàññìîòðèì äâóõñëîéíîé
ïëàñò, îäèí íèæíåé õîðîøî ïðîíèöàåìûé, ãäå ãîðèçîíòàëüíîé ñîñòàâëÿâøåé ïðåîáëàäàåò íàä
âåðòèêàëüíûìè è äâèæåíèå ñòðóêòóðèðîâàííîãî ôëþèäà â íåì ïðîèñõîäèòü ïî ãîðèçîíòàëè, à â
äðóãîì âåðõíîì ïëàñòå íàñûùåííîé ñòðóêòóðèðîâàííûìè ôëþèäàìè âåðòèêàëüíûå õàðàêòåðè-
ñòèêè íà íåñêîëüêî ïîðÿäîê ëó÷øå, ÷åì ãîðèçîíòàëüíûå ÷òî ïðåäïîëàãàåò äâèæåíèÿ ôëþèäà â
íåì ïðîèñõîäèòü ïî âåðòèêàëè.

Ìàòåìàòè÷åñêàÿ ìîäåëü ýòîé çàäà÷è ñôîðìóëèðóåòñÿ òàê: íåîáõîäèìî íàéòè íåïðåðûâíûå
ôóíêöèè u(x, t) è v(x̄, z, t) à òàêæå íåèçâåñòíûå ãðàíèöû âîçìóùåíèÿ Γi(x, t) ,Ri(x̄, z, t), (i = 1, 2)
èç ñëåäóþùåé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé:

∂

∂x

(
X1 (|∇u| , β1)

∂u

∂x

)
− Φ1

(
|∇v| , β̄

) ∂v
∂z

∣∣∣∣
z=H1

= M1
∂u

∂t
, x ∈ (x0; Γ1 (t)) , t > 0. (1)

∂

∂x

(
X2 (|∇u| , β2)

∂u

∂x

)
− Φ1

(
|∇v| , β̄

) ∂v
∂z

∣∣∣∣
z=H1

= M2
∂u

∂t
, x ∈ (Γ2(t); Γ1 (t)) , t > 0. (2)
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) ∂v
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∣∣∣∣
z=H1

= M3
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, x ∈ (Γ2(t);L ) , t > 0. (3)
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Φ1
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) ∂v
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)
= M̄1

∂v

∂t
, z ∈ (H1; R1 (t)) , t > 0. (4)
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∂

∂z

(
Φ2

(
|∇v| , β̄2

) ∂v
∂z

)
= M̄2

∂v

∂t
, z ∈ (R1 (t) ; R2 (t)) , t > 0, (5)

∂

∂z

(
Φ3

(
|∇v| , β̄3

) ∂v
∂z

)
= M̄3

∂v

∂t
, z ∈ (R2 (t) ; H2) , t > 0. (6)

ñ íà÷àëüíûìè u (x, 0) = v (x̄, z, 0) = u0 (x, z);

R1(z, 0) = R2(z, 0) = H1; Γ1 ( 0) = Γ2 (0) = Γ3 ( 0) = x0; (7)

c ãðàíè÷íûìè
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(
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Φ2

(
|∇v| , β̄2

) ∂v
∂z

∣∣∣∣
z=R2−0

= Φ3

(
|∇v| , β̄3

) ∂v
∂z

∣∣∣∣
z=R2+0

, (11)

ui(x, t)|x=Γi−0 = ui(x, t)|x=Γi+0, vi(x̄, z, t)|x=Ri−0 = vi(x̄, z, t)|x=Ri+0, (i = 1, 2) (12)

à òàêæå ñ óñëîâèÿìè íà ãðàíèöàõ îáëàñòåé:

α1X1

(
|∇u| , β̄

) ∂u
∂x

∣∣∣∣ x=x0
z=H1

= ψ1 (t) , t > 0, (13)

α2X3

(
|∇u| , β̄

) ∂u
∂x

∣∣∣∣
x=L
z=H

= 0, t > 0. (14)

α3Φ3

(
|∇v| , β̄3

) ∂v
∂z

∣∣∣∣x∈(x0,L)
z=H2

= 0, t > 0. (15)

Çäåñü ôóíêöèè Φi, Xi (i = 1, 2) âûðàæàþò íåëèíåéíîñòè äâèæåíèå ñòðóêòóðèðîâàííûõ ôëþèäîâ
â ñîîòâåòñòâóþùèõ ïëàñòàõ [8] à êîýôôèöèåíòû õàðàêòåðèçóþùèå ïëàñòà è ôëþèäà àíàëîãè÷-
íî [9]. Çàäà÷à (1)-(15) íåëèíåéíî è äëÿ åãî ðåøåíèÿ ïðîâîäèòñÿ ëèíåàðèçàöèè ñ èñïîëüçîâàíèåì
ìåòîäà èòåðàöèè [9]. Äëÿ ðåøåíèÿ ýòîé çàäà÷è ðàçðàáîòàí âû÷èñëèòåëüíûå àëãîðèòìû ñ èñïîëü-
çîâàíèåì ìåòîäà ïðÿìûõ è ðàçíîñòíîãî ìåòîäà ïîòîêîâîé ïðîãîíêè. Ïðè ýòîì âû÷èñëèòåëüíûå
àëãîðèòìû ëåãêî ðåàëèçóåìûé è îíè àïðîáèðîâàíû íà òåñòîâûõ äàííûõ ÷òî ïîçâîëÿåò ãîâîðèòü
ýòó ðàáîòó ìîæíî èñïîëüçîâàòü äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ ðàçðàáîòêè ñëîèñòûõ ìåñòîðîæäå-
íèé, êîòîðûå ñîîòâåòñòâóåò ê äàííîé ìîäåëè.
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Â îáëàñòè Q = {(x, t) : x > 0, t > 0} ðàññìàòðèâàåòñÿ çàäà÷à

ut − uxx + λ
{
cD

β
0,xu (x, t)

} ∣∣
x=γ(t) = f (x, t) , (1)

u (x, 0) = 0, u (0, t) = 0, (2)

ãäå λ � êîìïëåêñíûé ïàðàìåòð, cD
β
0, x u(x, t) � ïðîèçâîäíàÿ Êàïóòî ïîðÿäêà β, 0 < β < 1, γ(t) �

íåïðåðûâíàÿ âîçðàñòàþùàÿ ôóíêöèÿ, γ(0) = 0.
Ââåäÿ îáîçíà÷åíèå

µ (t) =
{
cD

β
0,xu (x, t)

} ∣∣
x=γ(t) =

1

Γ (1− β)

∫ γ(t)

0

uξ (ξ, t)

(γ (t)− ξ)β
dξ, (3)

îáðàùàÿ äèôôåðåíöèàëüíóþ ÷àñòü çàäà÷è (1)�(2) ïî ôîðìóëå

u (x, t) = −λ
∫ t

0

∫ +∞

0
G (x, ξ, t− τ)µ (τ) dξdτ +

∫ t

0

∫ +∞

0
G (x, ξ, t− τ) f (ξ, τ) dξdτ,

ãäå G (x, ξ, t) � ôóíêöèÿ Ãðèíà, è ïðèìåíèâ ïðîöåäóðó ïî ôîðìóëå (3), ïîëó÷èì èíòåãðàëüíîå
óðàâíåíèå

µ (t) + λ

∫ t

0
Kβ (t, τ)µ (τ) dτ = f2 (t) , (4)

ãäå

Kβ (t, τ) =
(γ (t))1−β

Γ (2− β)
√
t− τ

e
2−β;1/2
1;1/2

(
− γ (t)√

t− τ

)
, (5)

f2 (t) =

{
cD

β
0,x

(∫ t

0

∫ ∞
0

G (x, ξ, t− τ) f (ξ, τ) dτ

)} ∣∣∣∣∣
x=γ(t)

.

Çäåñü

eµ;δ
a;b (z) =

∞∑
k=0

zk

Γ(ak + µ) Γ(δ − bk)
, µ ∈ C, δ ∈ C, a > b, a > 0, ∀z ∈ C,

� ôóíêöèÿ òèïà Ðàéòà.
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Ïóñòü γ(t) ∼ tω ïðè t→ 0 è ω > 0. Òîãäà â ÿäðå (5) àðãóìåíò ôóíêöèè òèïà Ðàéòà:
a) |z| → +∞ ïðè 0 < ω < 1/2;
b) z → 0 ïðè ω > 1/2;
c) z ∼ const ïðè ω = 1/2.

Ïîñêîëüêó lim|z|→+∞ e
µ;δ
a;b (z) = 0, òî ïðè 0 < ω < 1/2

Kβ (t, τ) ∼ tω β−1

Γ(1− β)

ïðè t → 0. Òîãäà Kβ (t, τ) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé âåëè÷èíîé ïðè t → 0, åñëè ω β − 1 > 0.
Ïîñêîëüêó 0 < ω < 1/2 è 0 < β < 1, òî óñëîâèå ω β − 1 > 0 íå âûïîëíÿåòñÿ.

Â ñëó÷àå ω > 1/2

lim
t→0

e
2−β;1/2
1;1/2

(
− tω√

t− τ

)
=

1

Γ(2− β)
√
π
.

Òîãäà Kβ (t, τ) îáëàäàåò ñëàáîé îñîáåííîñòüþ, åñëè ω(1 − β) > 1/2. Ïîýòîìó ìîæíî ïðèìåíèòü
ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äëÿ íàõîæäåíèÿ åäèíñòâåííîãî ðåøåíèÿ èíòåãðàëüíîãî
óðàâíåíèÿ.

Ñïðàâåäëèâà
Òåîðåìà Èíòåãðàëüíîå óðàâíåíèå (4) ñ ÿäðîì (5) ïðè

ω ≥ 1

2
è 0 < β < 1 è γ (t) ∼ tω ïðè t→ 0 îäíîçíà÷íî ðàçðåøèìî â êëàññå íåïðåðûâíûõ ôóíêöèé

äëÿ ëþáîé íåïðåðûâíîé ïðàâîé ÷àñòè.

Çàìå÷àíèå. Èç òåîðåìû ñëåäóåò, ÷òî êðàåâàÿ çàäà÷à (1) � (2) êîððåêòíà â åñòåñòâåííûõ
êëàññàõ ôóíêöèé, ò.å. íàãðóæåííîå ñëàãàåìîå ïîñòàâëåííîé ãðàíè÷íîé çàäà÷è ÿâëÿåòñÿ ñëàáûì
âîçìóùåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Òåîðåìà óòî÷íÿåò ðåçóëüòàò, ïîëó÷åííûé â [2].

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP09259780 ÌÎÍ ÐÊ, 2021-2023.
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Ïîñòàíîâêà çàäà÷è: íàéòè ôóíêöèè u(x, t) è q(t),ñâÿçàííûå â öèëèíäðå Q óðàâíåíèåì

Lu+ q(t)u = f(x, t) (1)

ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) óñëîâèÿ

u(x, t)|S = 0, (2)

à òàêæå óñëîâèé

u(x, 0) = u0(x), x ∈ Ω, (3)

∫
Ω
N(x)u(x, t)dx = µ(t), t ∈ (0, T ). (4)
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ïðàâîé ÷àñòè, èëè âíåøíåãî âîçäåéñòâèÿ, â ãèïåðáîëè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèÿõ
ïåðâîãî ïîðÿäêà. Ïîäîáíûå çàäà÷è îòíîñÿòñÿ ê êëàññó ëèíåéíûõ îáðàòíûõ çàäà÷ äëÿ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Äëÿ èçó÷àåìûõ çàäà÷ â ðàáîòå äîêàçûâàþòñÿ
òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåãóëÿðíûõ ðåøåíèé (òî åñòü, ðåøåíèé èìåþùèõ âñå
îáîáùåííûå ïî Ñîáîëåâó ïðîèçâîäíûå, âõîäÿùèå â óðàâíåíèå).

Ïóñòü Q = {(x, t) : 0 < x < 1, 0 < t < T} åñòü ïðÿìîóãîëüíèê, a(x, t), c(x, t), f(x, t), h(x, t) è
u0(x) � çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè (x, t) ∈ Q̄, α è β � çàäàííûå äåéñòâèòåëüíûå ÷èñëà,
òàêèå ÷òî α2 + β2 > 0.

Îáðàòíàÿ çàäà÷à I: íàéòè ôóíêöèè u(x, t) è q(t), ñâÿçàííûå â ïðÿìîóãîëüíèêå Q óðàâíåíèåì

ut − a(x, t)ux + c(x, t)u = f(x, t) + q(t)h(x, t), (1)
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ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) óñëîâèé

u(x, 0) = u0(x), x ∈ (0, 1), (2)

u(0, t) = 0, t ∈ (0, T ), (3)

u(1, t) = 0, t ∈ (0, T ). (4)

Îáðàòíàÿ çàäà÷à II: íàéòè ôóíêöèè u(x, t) è q(t), ñâÿçàííûå â ïðÿìîóãîëüíèêå Q óðàâíå-

íèåì (1) ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) óñëîâèé (2) è (3), à òàêæå óñëîâèÿ

αux(0, t) + βux(1, t) = 0. (5)

Îáðàòíàÿ çàäà÷à III: íàéòè ôóíêöèè u(x, t) è q(t), ñâÿçàííûå â îáëàñòè Q óðàâíåíèåì (1)

ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) óñëîâèé (2) è (3), à òàêæå óñëîâèÿ

1∫
0

N(x)u(x, t)dx = 0. (6)

Êëþ÷åâûå ñëîâà: ãèïåðáîëè÷åñêèå äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà, îáðàòíûå çàäà÷è, íåèçâåñò-
íîå âíåøíåå âîçäåéñòâèå, ðåãóëÿðíîå ðåøåíèå, ñóùåñòâîâàíèå, åäèíñòâåííîñòü.

2010 Mathematics Subject Classi�cation: 35L04, 35R30.
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Òðè SEUIHRD-ìîäåëè ðàñïðîñòðàíåíèÿ ýïèäåìèè

Ñ.ß. ÑÅÐÎÂÀÉÑÊÈÉ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: serovajskys@mail.ru

Ïàíäåìèÿ COVID-19 ñòèìóëèðîâàëà áóðíîå ðàçâèòèå ìàòåìàòè÷åñêîé ýïèäåìèîëîãèè. Â íà-
ñòîÿùåé âðåìÿ èçâåñòíî ïîðÿäêà ñòà ìàòåìàòè÷åñêèõ ìîäåëåé ðàçâèòèÿ ýïèäåìèè Â îñíîâå ìî-
äåëåé ëåæèò ðàçäåëåíèå âñåé ïîïóëÿöèè íà ãðóïïû, êàæäàÿ èç êîòîðûõ îáúåäèíÿåò ëþäåé, íà-
õîäÿùèõñÿ â îïðåäåëåííîì ñîñòîÿíèè ïî îòíîøåíèþ ê ýïèäåìèè. Îíè ðàçëè÷àþòñÿ íàáîðîì ýòèõ
ãðóïï, âàðèàíòàìè ìåæãðóïïîâûõ ïåðåõîäîâ è ôîðìîé ó÷åòà ìåæãðóïïîâûõ ñâÿçåé. Â íàñòîÿùåé
ðàáîòå ïðåäëàãàþòñÿ òðè ìîäåëè, â êîòîðûõ íàáîð ãðóïï è ìåæãðóïïîâûå ïåðåõîäû îäíè è òå
æå, íî ñïîñîáû îïèñàíèÿ ìåæãðóïïîâûõ ñâÿçåé ðàçëè÷íû.

Ïîïóëÿöèÿ ðàçáèâàåòñÿ íà ñëåäóþùèå ñåìü ãðóïï: âîñïðèèì÷èâûå, ò.å. çäîðîâûå, ðàíåå íå
áîëåâøèå [susceptible]; êîíòàêòíûå [exposed], ò.å. çäîðîâûå, áûâøèå â êîíòàêòå ñ áîëüíûìè; íåâû-
ÿâëåííûå [undetected], ò.å. çàðàæåííûå, ñ áåññèìïòîìíûì òå÷åíèåì áîëåçíè è ëåãêî áîëüíûå ñ
íåâûÿâëåííîé áîëåçíüþ; èçîëèðîâàííûå [isolated], ò.å. ïðîõîäÿùèå ëå÷åíèå íà äîìó; ãîñïèòàëè-
çèðîâàííûå [hospitalized]; âûçäîðîâåâøèå [recovered], ïåðåáîëåâøèå, ó êîòîðûõ íåò íèêàêèõ ïðè-
çíàêîâ áîëåçíè; óìåðøèå [died].

Â ìîäåëÿõ ó÷èòûâàþòñÿ ñëåäóþùèå ìåæãðóïïîâûå ïåðåõîäû. Âîñïðèèì÷èâûå ìîãóò îêàçàòü-
ñÿ â êîíòàêòå ñ áîëüíûìè, ïåðåéäÿ â ãðóïïó êîíòàêòíûõ, ïðè÷åì èñòî÷íèêàìè çàðàæåíèÿ ñëóæàò
ëèøü íåâûÿâëåííûå è èçîëèðîâàííûå áîëüíûå. Êîíòàêòíûå ìîãóò ëèáî íå çàáîëåòü è âåðíóòüñÿ
â ãðóïïó âîñïðèèì÷èâûõ, ëèáî çàáîëåòü. Â êàæäîé èç òðåõ êàòåãîðèé áîëüíûõ íàñòóïàåò ëèáî
âûçäîðîâëåíèå, ò.å. ïåðåõîä â ãðóïïó âûçäîðîâåâøèõ, ëèáî áîëåå òÿæåëîå òå÷åíèå áîëåçíè. Òåì
ñàìûì íåâûÿâëåííûé áîëüíîé ñî âðåìåíåì ìîæåò ïåðåéòè â êàòåãîðèþ èçîëèðîâàííûõ â ðåçóëü-
òàòå âûÿâëåíèÿ áîëåçíè, èçîëèðîâàííûé ìîæåò áûòü ãîñïèòàëèçèðîâàí, à ãîñïèòàëèçèðîâàííûé
óìåðåòü.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2022
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Ïðè ïîñòðîåíèè ïåðâîé ìîäåëè èñïîëüçóåòñÿ ïðåäïîëîæåíèå î òîì, ÷òî âðåìÿ íàõîæäåíèÿ
ëþäåé â ãðóïïàõ êîíòàêòíûõ è áîëüíûõ îãðàíè÷åíî, ò.å. ïî èñòå÷åíèè íåêîòîðîãî âðåìåíè ëþáîé
÷åëîâåê, áûâøèé â êîíòàêòå ñ áîëüíûì ëèáî çàáîëååò, ëèáî íàâåðíÿêà íå çàáîëååò. Ó ëþáîãî
÷åëîâåêà ñ áîëåçíüþ â íåâûÿâëåííîé ôîðìå ëèáî ïîÿâÿòñÿ ñèìïòîìû áîëåçíè, è îí áóäåò èçî-
ëèðîâàí, ëèáî áîëåçíü òàê è íå ïðîÿâèòñÿ, è îí ïðèîáðåòåò èììóíèòåò. Êàæäûé èçîëèðîâàííûé
áîëüíîé ëèáî âûçäîðàâëèâàåò, ëèáî åãî áîëåçíü ïåðåéäåò â áîëåå òÿæåëóþ ôîðìó, è îí áóäåò ãîñ-
ïèòàëèçèðîâàí. Ëþáîé ãîñïèòàëèçèðîâàííûé ëèáî âûçäîðîâååò, ëèáî óìðåò. Ýòó ãèïîòåçó ëåã÷å
âñåãî ðåàëèçîâàòü íà îñíîâå äèñêðåòíîé ìîäåëè. Îíà ïðåäñòàâëÿåò ñîáîé ñèñòåìó ðàçíîñòíûõ
óðàâíåíèé, ãäå êîëè÷åñòâî ëþäåé â êàæäîé ãðóïïå â ïîñëåäóþùèé ìîìåíò âðåìåíè ïîëó÷àåòñÿ
êàê ñóììà ñîîòâåòñòâóþùåãî êîëè÷åñòâà â ïðåäøåñòâóþùèé ìîìåíò âðåìåíè è âíîâü ïîïàâøèõ
â ýòó ãðóïïó â äàííûé ìîìåíò âðåìåíè çà âû÷åòîì òåõ, êòî â äàííûé ìîìåíò âðåìåíè ïîêèíóë
ýòó ãðóïïó.

Îãðàíè÷åííîñòü âðåìåíè ïðåáûâàíèÿ â ãðóïïàõ ìîæíî ó÷åñòü è ñ ïîìîùüþ íåïðåðûâíîé
ìîäåëè. Â åå îñíîâå ëåæèò îöåíêà ñêîðîñòè èçìåíåíèÿ êîëè÷åñòâà ëþäåé â êàæäîé èç ãðóïï,
îïðåäåëÿåìîé îïèñàííûìè ìåæãðóïïîâûìè ïåðåõîäàìè. Óáûâàíèå ýòîãî êîëè÷åñòâà â ñèëó èñòå-
÷åíèè âðåìåíè íàõîæäåíèÿ â ãðóïïå ïðÿìî ïðîïîðöèîíàëüíà ñàìîìó çíà÷åíèþ ýòîãî êîëè÷åñòâà
è îáðàòíî ïðîïîðöèîíàëüíà âðåìåíè íàõîæäåíèÿ â ãðóïïå. Ìîäåëü ïðåäñòàâëÿåò ñîáîé ñèñòåìó
äèôôåðåíöèàëüíûõ óðàâíåíèé.

Â îñíîâå òðåòüåé ìîäåëè ëåæèò ïðåäïîëîæåíèå î òîì, ÷òî ëþáîé ìåæãðóïïîâîé ïåðåõîä ÿâ-
ëÿåòñÿ ñëó÷àéíûì ñîáûòèåì, ïðîèñõîäÿùåå ñ òîé èëè èíîé âåðîÿòíîñòüþ. Ñîñòîÿíèå ñèñòåìû â
ñòîõàñòè÷åñêîé ìîäåëè ðàçâèòèÿ ýïèäåìèè õàðàêòåðèçóåòñÿ âåðîÿòíîñòüþ òîãî, ÷òî ÷èñëåííîñòü
ëþäåé â êàæäîé ãðóïïå â íåêîòîðûé ìîìåíò âðåìåíè ïðèíèìàåò òî èëè èíîå çíà÷åíèå. Ìàòå-
ìàòè÷åñêàÿ ìîäåëü çäåñü ïðåäñòàâëÿåò ñîáîé ñèñòåìó äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé,
ãäå ðåàëèçóåòñÿ íåïðåðûâíîñòü ïî âðåìåíè è äèñêðåòíîñòü ïî êîëè÷åñòâó ëþäåé.

Íà îñíîâå óêàçàííûõ ìîäåëåé ïðîâîäÿòñÿ îöåíêè ðàçâèòèÿ ýïèäåìèè ñ èñïîëüçîâàíèåì ñòà-
òèñòè÷åñêîé èíôîðìàöèè î ðàñïðîñòðàíåíèè COVID-19 â Êàçàõñòàíå.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP09260317 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ýïèäåìèîëîãèÿ, COVID-19, äèñêðåòíàÿ ìîäåëü, íåïðåðûâíàÿ
ìîäåëü, ñòîõàñòè÷åñêàÿ ìîäåëü.

2010 Mathematics Subject Classi�cation: 92B99, 39A99, 34A99, 60G99.
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Íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òðåòüåãî
ïîðÿäêà ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà

ÓÑÌÎÍÎÂ Á.Ç.

×èð÷èêñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé èíñòèòóò, Òàøêåíò, Óçáåêèñòàí

E-mail: bakhtiyer.usmanov@mail.ru

Ðàññìîòðèì óðàâíåíèå (
a
∂

∂x
+ b

∂

∂y

)
Lu = 0 (1)

Lu =

{
uxx + uyy, åñëè, y > 0,
uxx − uyy, åñëè, y < 0,

a, b è c−çàäàííûå âåùåñòâåííûå ÷èñëà, ïðè÷åì a2 + b2 6= 0.
Ïóñòü D1 - êîíå÷íàÿ îäíîçíà÷íàÿ îáëàñòü â ïëîñêîñòè (x, y), îãðàíè÷åííàÿ êðèâîé σïðèy > 0ñ

êîíöàìè â òî÷êàõ A(−1, 0), B(1, 0) è îòðåçêîì AB îñè x. Ïðåäïîëîæèì, ÷òî êðèâàÿ óíèôîðìà
îòíîñèòåëüíî îñè y, òî÷êà N(0, h) ýòîé êðèâîé ÿâëÿåòñÿ åäèíñòâåííîé ìàêñèìàëüíî óäàëåííîé îò
îñè xòî÷êîé, ÷àñòè AN è BN äóãè σ óíèôîðìû îòðåçêà ON îñè y, çäåñü O−íà÷àëî êîîðäèíàò.
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×åðåç D2 îáîçíà÷èì îáëàñòü, îãðàíè÷åííóþ ïðèy < 0 îòðåçêîì AB è äâóìÿ õàðàêòåðèñòèêàìè
AC : x + y = −1, BC : x − y = 1 óðàâíåíèÿ (1), âûõîäÿùèìè èç òî÷êè A(−1, 0), B(1, 0) è
ïåðåñåêàþùèìèñÿ â òî÷êå C(0,−1).D = D1 ∪D2 ∪AB

Â îáëàñòè D èññëåäóåòñÿ ñëåäóþùàÿ çàäà÷à.
Çàäà÷à Cb. Íàéòè ôóíêöèþ u(x, y) ñî ñëåäóþùèìè ñâîéñòâàìè:

1)u(x, y) ∈ C(D̄1) ∩ C(D̄2) ∩ C1(D1 ∪D2 ∪AB ∪AC ∪BC);

2) u(x, y) ∈ C3,3
x,y(Dj), uxxy, uxyy ∈ C(Dj) è óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ Dj (j =

1, 2) ;
3) íà èíòåðâàëå AB âûïîëíÿþòñÿ óñëîâèÿ ñêëåèâàíèÿ

lim
y→−0

u(x, y) = α(x) lim
y→+0

u(x, y) + β(x), (x, 0) ∈ AB , (2)

lim
y→−0

uy(x, y) = γ(x) lim
y→+0

uy(x, y) + δ(x), (x, 0) ∈ AB ; (3)

4) u(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u(x, y)|σ = ϕ(x, y), (x, y) ∈ σ̄, (4)

u(x, y)|ON = g(y), 0 ≤ y ≤ 1, (5)

p(x)
d

dx
u

[
x− 1

2
,−1 + x

2

]
+ q(x)

d

dx
u

[
x+ 1

2
,
x− 1

2

]
= ψ1(x), −1 < x < 1, (6)

∂u(x, y)

∂n

∣∣∣∣
AC

= ψ2(x), −1 ≤ x ≤ 0, (7)

ãäå ϕ(x, y), g(y), ψj(x) (j = 1, 2) − çàäàííûå ôóíêöèè, ïðè÷åì ϕ(0, h) = g(h),

α(x), β(x) ∈ C1(AB) ∩ C3(AB), γ(x), δ(x) ∈ C(AB) ∩ C2(AB), (8)

p2(x) + q2(x) 6= 0, [p(x)− q(x)] γ(x) 6= 0, ∀x ∈ AB, (9)

ϕ(x, y) = yϕ1(x, y), ϕ1(x, y) ∈ C(σ̄), g(y) ∈ C2 [0, 1] , (10)

ψ1(x) ∈ C 1 [−1, 1] ∩ C 3(−1, 1), ψ2(x) ∈ C [−1, 0] ∩ C 2(−1, 0). (11)

Òåîðåìà. Åñëè âûïîëíåíû óñëîâèÿ (8)-(11), òî â îáëàñòè D ñóùåñòâóåò åäèíñòâåííîå ðåãó-
ëÿðíîå ðåøåíèå çàäà÷è Cb.

Ðåøåíèå çàäà÷è Cb â îáëàñòèD1èùåòñÿ â âèäå [1],[2] u(x, y) = υ(x, y)+ω(bx+ay), çäåñü υ(x, y)
ðåãóëÿðíîå ðåøåíèå óðàâíåíèå υxx + υyy = 0, à ω(x)- äâàæäû íåïðåðûâíî äèôôåðåíöèðîâàííàÿ
ôóíêöèÿ. À â îáëàñòè D2 ñâåä¼òñÿ ê îáðàòíîé çàäà÷è äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî
ïîðÿäêà ñ íåèçâåñòíîé ïðàâîé ÷àñòè.

Ëèòåðàòóðà

[1] Ñàëàõèòäèíîâ Ì.Ñ. Óðàâíåíèÿ ñìåøàííî-ñîñòàâíîãî òèïà, Ôàí, Òàøêåíò (1974), 156 ñ.

[2] Äæóðàåâ Ò.Ä. Êðàåâûå çàäà÷è äëÿ óðàâíåíèé ñìåøàííîãî è ñìåøàííî-ñîñòàâíîãî òèïà, Ôàí, Òàøêåíò

(1979), 240 ñ.
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Êâàçèñòàöèîíàðíàÿ ìîäåëü äèíàìèêè íàãðåâà
ðàçìûêàþùèõñÿ êîíòàêòîâ ïðè ïåðåìåííîì òîêå

ØÏÀÄÈ Þ.Ð.a, ÊÓËÀÕÌÅÒÎÂÀ À.Ò.b, ÊÀÂÎÊÈÍ À.À.c

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
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Ðàññìîòðèì îäíîôàçíóþ çàäà÷ó Ñòåôàíà äëÿ íåëèíåéíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè

1

r2

∂

∂r

(
r2λ(θ)

∂θ

∂r

)
+
f(t)ρe(θ)

r4
= 0, (1)

çàäàííîãî â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò (ñôåðà Õîëüìà) â îáëàñòè Ω = {(r, t) : 0 < b < r <
α(t) <∞, α(0) = b, 0 < t < ta}, ïðè ñëåäóþùèõ êðàåâûõ óñëîâèÿõ:

− λ(θ)
∂θ

∂r

∣∣∣∣
r=b

= P (t), (2)

θ(α(t), t) = θm, (3)

− λ(θ)
∂θ

∂r

∣∣∣∣
r=α(t)

= Lγ(θm)
dα(t)

dt
. (4)

Â òåîðèè è ïðàêòèêå ýëåêòðîêîíòàêòíûõ ìåõàíèçìîâ óðàâíåíèå (1) îïèñûâàåò êâàçèñòàöèî-
íàðíîå ðàñïðåäåëåíèå òåìïåðàòóðíîãî ïîëÿ θ(r, t) â æèäêîé îáëàñòè Ω ýëåêòðîäà, íàãðåâàåìîãî
ýëåêòðè÷åñêîé äóãîé íà ãðàíèöå r = b è ïåðåìåííûì ýëåêòðè÷åñêèì òîêîì âíóòðè. Óäåëüíàÿ
òåïëîïðîâîäíîñòü λ(θ), ýëåêòðè÷åñêîå ñîïðîòèâëåíèå ρe(θ) è ïëîòíîñòü ìàòåðèàëà ýëåêòðîäà γ(θ)
çàâèñÿò îò òåìïåðàòóðû. Òåìïåðàòóðà ïëàâëåíèÿ θm è óäåëüíàÿ òåïëîòà ïëàâëåíèÿ L ýëåêòðîäà
ïîñòîÿííû.

Òåïëîâîé ïîòîê èç ýëåêòðè÷åñêîé äóãè â ýëåêòðîä õàðàêòåðèçóåòñÿ çàäàííîé ïëîòíîñòüþ ìîù-
íîñòè P (t). Ôóíêöèÿ

f(t) = I2 sin2(2πωt+ ϕ) (5)

îïèñûâàåò äæîóëåâ èñòî÷íèê òåïëà, ãäå I � àìïëèòóäà ýëåêòðè÷åñêîãî òîêà, ω è ϕ � åãî ÷àñòîòà
è íà÷àëüíàÿ ôàçà.

Â ïðåäïîëîæåíèè, ÷òî ôóíêöèè P (t), λ(θ), ρe(θ) íåïðåðûâíû, P (t) >= 0, λ(θ) ≥ λmin > 0,
ρe(t) ≥ 0, êðàåâàÿ çàäà÷à (1)�(4) ïðèâîäèòñÿ ê ñèñòåìå äâóõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíå-
íèé 

dα(t)

dt
=

1

Lγ(θm)

[
b2P (t)

α2(t)
+

f(t)

α2(t)

∫ α(t)

b

ρe(θ(ξ, t))

ξ2
dξ

]

θ(r, t) = θm +

∫ α(t)

r

b2P (t)dξ

λ(θ(r, t))
+

∫ α(t)

r

f(t)

λ(θ(ξ, t))

∫ ξ

b

ρe(θ(η.t))

η2
dη

(6)

Òåîðåìà 1. Ïðè óñëîâèÿõ, íàëîæåííûõ âûøå íà ôóíêöèè λ(θ), ρe(θ), P (t) è äîïîëíèòåëüíîì
óñëîâèè îãðàíè÷åííîñòè ýòèõ ôóíêöèé, ñèñòåìà óðàâíåíèé (6) ðàçðåøèìà è èìååò åäèíñòâåííîå

ðåøåíèå.

×èñëåííîå ðåøåíèå ñèñòåìû (6) íàõîäèòñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ èòåðàöèé. Íà êàæäîé
èòåðàöèè ñíà÷àëà ðåøàåòñÿ ïåðâîå óðàâíåíèå ñèñòåìû (6) îòíîñèòåëüíî α(t) ïðè çíà÷åíèè θ(r, t),
âçÿòîì ñ ïðåäûäóùåé èòåðàöèè. Çàòåì äëÿ êàæäîãî t ∈ (0, ta) íàõîäèòñÿ ðåøåíèå θ(r, t) âòîðîãî
óðàâíåíèÿ, ðàññìàòðèâàåìîãî êàê íåëèíåéíîå óðàâíåíèå Âîëüòåððà 2-ãî ðîäà ïðè ïåðåìåííîì
íèæíåì ïðåäåëå r è ïðèìåíÿÿ ñîîòâåòñòâóþùóþ ñõåìó ïîñòðîåíèÿ åãî ðåøåíèÿ. Èòåðàòèâíûé
ïðîöåññ íà÷èíàåòñÿ ñ çàäàíèÿ çíà÷åíèÿ θ(r, t) = θm.

Åñëè ïàðàìåòð ρe(θ) ôèêñèðîâàí, òî ïåðâîå óðàâíåíèå â (6) íå çàâèñèò îò âòîðîãî è ÿâëÿåòñÿ
îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì îòíîñèòåëüíî α(t).
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Ïîä÷åðêíåì, ÷òî òåðìîäèíàìè÷åñêèé ïðîöåññ ïðîòåêàåò â êâàçèñòàöèîíàðíîì ðåæèìå, êîãäà
âåëèêî ñîîòâåòñòâóþùåå åìó ÷èñëî Ôóðüå Fo, êîòîðîå â ôèçè÷åñêîì ñìûñëå îïðåäåëÿåòñÿ îòíî-
øåíèåì ñêîðîñòè ïðîâîäèìîñòè ê ñêîðîñòè íàêîïëåíèÿ òåïëîâîé ýíåðãèè. Äàííûé ôàêò ÷àñòî
èìååò ìåñòî äëÿ áûñòðîòå÷íûõ ïðîöåññîâ ðàçìûêàíèÿ êîíòàêòîâ.

Êðîìå òîãî, èñïîëüçîâàíèå êâàçèñòàöèîíàðíîé ìîäåëè (1)�(4) ïîçâîëÿåò îòíîñèòåëüíî ïðîñòî
îöåíèòü çîíó ðàñïëàâà â ýëåêòðîäå, à òàêæå åãî òåìïåðàòóðó ñ ó÷åòîì ïåðåìåííûõ òåïëîôèçè÷å-
ñêèõ ïàðàìåòðîâ è ïåðåìåííîãî ýëåêòðè÷åñêîãî òîêà.
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Optimal packing of hexagonal torus using
the Mathematica program

ASHIMOV Y.1,2,a, MITYUSHEV V.3,b,
DOSMAGULOVA K.1,2,c ZHUNUSSOVA Zh.1,2,d

1 Al-Farabi Kazakh National University, Almaty, Kazakhstan
2 Institute of Mathematics and Mathematical Modeling MES RK,

Almaty, Kazakhstan
3 Tadeusz Kosciuszko Polytechnic University of Krakow, Krakow, Poland

E-mail: ayeskendyr@gmail.com, bvmityushev@gmail.com,
ckarlygash.dosmagulova@gmail.com, dzhunussova777@gmail.com

In various tasks, the problem of packing shapes and bodies arises. The mathematical formulation
of the packaging problem has been very relevant since the 17th century. The founder of the problem is
I. Kepler. The arrangement of articles in space, which are shaped like a ball or a circle, then inevitably
there are gaps between them. The tasks were set to minimize these gaps. One of the first versions of
Kepler, it is customary to call a face-centered cubic lattice.

Theorem 1. Let P be a packing graph that is locally maximally dense on a flat torus, then
the strut framework associated to the packing graph GP is (infinitesimally) rigid or GP contains a
subgraph GQ (corresponding to sub-packing Q) whose associated strut frame work is (infinitesimally)
rigid and P contains circles that are free to move.

The problem of packing circles, ellipses and other figures on a plane or inside any given areas has
been studied by many authors and various methods have been developed to solve them. When solving
the problem of optimal packing of non-overlapping disks on a plane using Mathematica. This will
allow us to consider only connected graphs in our exhaustive search of all possible packing graphs and
locally maximally dense packings without free circles in what follows. Finally, we observe that we can
lower bound the number of edges (and their arrangement) incident to a vertex in the packing graph
associated to a locally maximally dense packing with no free circles.

There exist locally maximally dense packings of equal circles which contain circles that are free
to move (i.e. they are not held fixed by their neighbors), but the common diameter of all the circles
cannot increase. For example, this occurs in the globally maximally dense arrangement of 7 circles
packed into a hard-boundary square where one circle is is free to move. (This result is attributed to
Schaer in 1965 by Goldberg) If we remove any circle that are free to move, called free circles (also
known as floaters or rattlers), from such an arrangement, then we obtain a locally maximally dense
packing for fewer circles in the flat torus. Our search will proceed sequentially from 1 to 6 ircles and
will find all of the locally maximally dense packings of these number of circles, and we will be able to
tell, for any locally maximally dense arrangement, if there is room for another equal circle that could
be a free circle in a locally maximally dense arrangement of a larger number of circles packed onto a
flat torus.

Funding: The authors were supported by the grant no. AP08856381 of the Ministry of Education and Science of
Republic of Kazakhstan.
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On the boundary control problem for the heat conduction
equation in the space

F.N. DEKHKONOV

National University of Uzbekistan, Tashkent, Uzbekistan
E-mail: f.n.dehqonov@mail.ru

Consider in the bounded domain Ω ⊂ R3 with piecewise smooth boundary ∂Ω the heat conduction
equation

ut(x, t) = ∆u(x, t), x ∈ Ω, t > 0, (1)

with boundary conditions

∂u

∂n
+ h(x)u(x, t) = 0, x ∈ ∂Ω \ Γ, t > 0, (2)

∂u

∂n
= a(x)µ(t), x ∈ Γ, t > 0, (3)

and initial condition
u(x, 0) = 0. (4)

Here Γ is some subset of ∂Ω (heater or air conditioner) with piecewise smooth boundary ∂Γ and
with mesΓ > 0 (we denote by mesΓ the surface measure of Γ, distinct from Lebesgue measure |Γ| ).

We may extend both functions h(x) and a(x) to the whole boundary ∂Ω by setting h(x) = 0 for
x ∈ Γ, and a(x) = 0 for x /∈ Γ. In this case we may write the conditions (2) and (3) in the following
form

∂u(x, t)

∂n
+ h(x)u(x, t) = a(x)µ(t), x ∈ ∂Ω, t > 0. (5)

Let M > 0 be some given constant. We say that the function µ(t) is an admissible control if this
function is measurable on the half line t ≥ 0 and satisfies the following constraint

|µ(t)| ≤M, t ≥ 0.

Let the function ρ : Ω→ R satisfies conditions∫
Ω

ρ(x) dx = 1, ρ(x) ≥ 0.

For any θ > 0 consider the condition∫
Ω

u(x, t)ρ(x) dx = θ. (6)

Note that the weight function ρ(x) is not assumed to be strictly positive. In particular, the value
(6) may be the average value over some subdomain of the main region Ω.

Denote by the symbol T (θ) the minimal time required to reach the given value θ by the average
value of the temperature. This means that the equation (6) is fulfilled for t = T (θ) and is not valid
for t < T (θ).

We present the critical value θ∗ such that for any θ < θ∗ there exists the required admissible
control µ(t) and corresponding value of T (θ) < +∞, and for θ ≥ θ∗ the equality (6) is impossible.

More recent results concerned with this problem were established in [1], [2], [3]. Detailed informa-
tion on the problems of optimal control for distributed parameter systems is given in the monograph
[4].

Recall that we consider the behavior of the function

U(t) =

∫
Ω

u(x, t)ρ(x) dx. (7)
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Set

θ∗ = M

∫
Γ

[(−∆)−1ρ(x)]a(x) dσ(x), (8)

and

b =
M

λ1
· (ρ, v1)

∫
Γ

v1(y)a(y)dσ(y).

Theorem 1. Let θ∗ > 0 be defined by equation (8). Then
1) for every θ from the interval 0 < θ < θ∗ there exist T (θ) such that

U(t) < θ, 0 < t < T (θ),

and
U(T (θ)) = θ.

2) for θ → θ∗ the following estimate is valid:

T (θ) = ln
1

ε(θ)
+

1

λ1
ln b+O(ελ2−λ1),

where
ε = |θ∗ − θ|1/λ1 .

3) for every θ ≥ θ∗ the T (θ) does not exists.
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Finite-time and fixed-time synchronization analysis of shunting
inhibitory memristive neural networks with time-varying delays
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1 Nazarbayev University, Nur-Sultan 010000, Kazakhstan
2 Institute of Mathematics and Mathematical Modeling MES RK,

Almaty, Kazakhstan
3 Potsdam Institute for Climate Impact Research, Potsdam 14473, Germany

4 Humboldt-University, Berlin 10099, Germany
E-mail: aardak.kashkynbayev@nu.edu.kz, balfarabi.issakhanov@gmail.com,

cmadina.otkel@nu.edu.kz, dkurths@pik-potsdam.de

In this talk, we will present the finite-time and fixed-time synchronization of retarded shunting
inhibitory cellular neural networks. By constructing suitable Lyapunov functions and feedback control
schemes we derive several sufficient conditions to guarantee finite-time and fixed-time synchronization
of such networks. Finally, to illustrate the effectiveness of our theoretical results we consider examples
with numerical simulations.
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A heat polynomials method for inverse Stefan type problems
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The paper presents a new approximate method of solving one-dimensional inverse Stefan type
problems. We extend the heat polynomials method (HPM) proposed by the authors [1] for one-
dimensional one-phase inverse Stefan problem to the two-phase case. We apply the HPM for solving the
one-dimensional inverse Cauchy-Stefan problem, where the initial and boundary data is reconstructed
on a fixed boundary. The solution of the problem is presented in the form of linear combination of
heat polynomials. We have studied the effects of accuracy and measurement error for different degree
of heat polynomials. Due to ill-conditioning of the matrix generated by HPM, optimization techniques
is used to obtain regularized solution. Therefore, the sensitivity of the method to the data disturbance
has been checked. Theoretical properties of the proposed method, as well as numerical experiments,
demonstrate that to reach accurate results it is quite sufficient to consider only a few of polynomials.

Funding: The authors were supported by the Nazarbayev University Program 091019CRP2120 ”Centre for Interdisci-
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Stability of a program manifold of control systems with
tachometric feedback taking into account external load
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Consider the problem of construction of the control systems with tachometric feedback, taking
into account external load by given (n− s)-dimensional program manifold Ω (t) ≡ ω(t, x) = 0, in the
following form [1]:

ẋ = f (t, x)− b1ξ, t ∈ I = [0, ∞) ,

ξ̇ = ϕ (σ)ψ(ν), σ = pTω − qξ −Nξ̇, (1)

where x ∈ Rn is a state vector of the object, f ∈ Rn is a vector-function, satisfying to conditions of
existence of a solution x(t) = 0, and b1 ∈ Rn, p ∈ Rs are constant vectors,q,N are constant coefficients
of rigid and tachometric feedbacks, σ is the total control pulse-signal, and ξ is function differentiable
with respect to σ, satisfies the following conditions

ϕ(0) = 0 ∧ ϕ(σ)σ > 0 ∀σ 6= 0,
∂ϕ

∂σ

∣∣∣
σ=0

< χ > 0,
, (2)

and the function ψ(ν) takes into account the actions of the external load. For the manifold Ω(t) to
be integral and for the system (1) - (2) on the manifold ω = 0 it is necessary a condition ξ = 0. This
condition is satisfied for q 6= 0.

This problem reduce to investigation of quality properties of the following system with respect to
vector-function ω [2, 3]:

ω̇ = −Aω − bξ, t ∈ I = [0, ∞) ,

ξ̇ = ϕ (σ)ψ(ν), σ = pTω − qξ −Nξ̇, (3)

Here nonlinearity satisfies also to generalized conditions (2), and F (t, x, ω) = −Aω, A ∈ Rs×s, H =
∂ω

∂x
, b = Hb1.

The reviews of the works devoted to the construction of autonomous and non-autonomous auto-
matic control systems on the given program manifold possessing of quality properties and to solving
of various inverse problems of dynamics were shown (see [3]-[10]).

Statement of the Problem. To get the condition of absolute stability of a program manifold
Ω(t) of the control systems with tachometric feedback taking into account external load in relation to
the given vector-function ω.

Using the construction of a Lyapunov function of the form

V =

s+1∑
i=1

s+1∑
k=1

lilk
ρ1 + ρk

η1ηk +
1

2

n∑
k=1

Lkη
2
K +

s−m∑
i=1

Ciηm+iηm+i+1 +
1

2
ls+2σ

2,

sufficient conditions for the absolute stability of the program manifold of indirect control systems are
obtained.
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Theorem 1. Suppose that there exist matrices L > 0,
C > 0, non-linear function ϕ(σ) satisfies the conditions (2) and −V̇ |(3) = W .

Then in order that, the program manyfold Ω (t) was absolute stability with respect to the vector
function ω it is sufficient performing of the following conditions

Lk + ls+2βk + 2lk

n+1∑
i=1

li
ρi + ρk

= 0 ∀ k = 1, ...,m,

Cj + ls+2βm+j + 2lm+j

s+1∑
i=1

li
ρi + ρk

= 0 ∀ m = 1, ..., s−m+ 1,

where l1, ..., lm are real and lm+1, ..., lm+s+1 are complex pairwise conjugate numbers.
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