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ÏÎÑÒÐÎÅÍÈÅ WENO-ÑÕÅÌÛ ÄËß ÐÅØÅÍÈß ÇÀÄÀ×È
ÑÂÅÐÕÇÂÓÊÎÂÎÃÎ ÒÅ×ÅÍÈß ÌÍÎÃÎÊÎÌÏÎÍÅÍÒÍÎÉ

ÃÀÇÎÂÎÉ ÑÌÅÑÈ

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ñâåðõçâóêîâîãî ïîòîêà ãàçà ñâîäèòñÿ ê ðå-
øåíèþ ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà, ãäå ðåàëüíûå òå÷åíèÿ õàðàêòåðè-
çóþòñÿ ïîÿâëåíèåì ãàçîäèíàìè÷åñêèõ ðàçðûâîâ. Ýòî ïðèâîäèò ê èñïîëü-
çîâàíèþ ÷èñëåííûõ ìåòîäîâ âûñîêîãî ïîðÿäêà òî÷íîñòè. Êàê èçâåñòíî,
ENO ñõåìû (Õàðòåí è äð., 1987 ã.) è WENO ñõåìû (ßíã, 1991 ã.) èìå-
þò äîñòàòî÷íî âûñîêèé ïîðÿäîê àïïðîêñèìàöèè. Â ðàáîòå ïðîèçâîäèòüñÿ
ïîñòðîåíèå WENO-ñõåìû ÷åòâåðòîãî ïîðÿäêà àïïðîêñèìàöèè äëÿ ðåøåíèÿ
îñðåäíåííûõ ïî Ôàâðó óðàâíåíèé Íàâüå-Ñòîêñà äëÿ òå÷åíèÿ ñîâåðøåííîãî
ìíîãîêîìïîíåíòíîãî ãàçà. Ñ ïîìîùüþ ïðåäëîæåííîãî àëãîðèòìà ÷èñëåí-
íî ìîäåëèðóåòñÿ âçàèìîäåéñòâèå ïëîñêîãî ñâåðõçâóêîâîãî ïîòîêà âîçäóõà ñ
ïîïåðå÷íî âäóâàåìîé ñòðóåé ãåëèÿ è âîäîðîäà ÷åðåç ùåëü ñ íèæíåé ñòåíêè
êàíàëà. Ïðîèçâåäåíî ñðàâíåíèå ñ îïûòíûìè äàííûìè. Èçó÷åíî âçàèìîäåé-
ñòâèå ïàäàþùåé óäàðíîé âîëíû ñ ïîãðàíè÷íûì ñëîåì íà âåðõíåé ñòåíêå
êàíàëà.
Êëþ÷åâûå ñëîâà: ñâåðõçâóêîâîå òå÷åíèå, ñîâåðøåííûé ãàç, ïîãðàíè÷íûé

ñëîé, óðàâíåíèÿ Íàâüå-Ñòîêñà, óäàðíàÿ âîëíà.
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Keywords: Supersonic �ow, ideal gas, boundary layer, Navier-Stokes equations, shock

wave
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Ââåäåíèå

Âçàèìîäåéñòâèå ïîïåðå÷íî âäóâàåìîé çâóêîâîé ñòðóè ñ ñâåðõçâóêîâûì
ïîòîêîì ïðåäñòàâëÿåò ôóíäàìåíòàëüíûé èíòåðåñ, ïîñêîëüêó çäåñü âîçíè-
êàåò î÷åíü ñëîæíàÿ êàðòèíà òå÷åíèÿ, âêëþ÷àþùàÿ îáðàçîâàíèå çîí âîç-
âðàòíûõ òå÷åíèé îêîëî ñòåíêè êàê ïåðåä ñòðóåé òàê è çà íåé, îáðàçîâàíèå
ñëîæíîé óäàðíî-âîëíîâîé ñèñòåìû, îáðàçîâàíèå áî÷êîîáðàçíîé ñòðóêòóðû
âî âäóâàåìîé ñòðóå [1�5]. Ïîýòîìó ïðè ÷èñëåííîì ðåøåíèè èñõîäíûõ óðàâ-
íåíèé íåîáõîäèìî èñïîëüçîâàíèè ñõåì âûñîêîãî ïîðÿäêà òî÷íîñòè, êîòî-
ðûå, êàê èçâåñòíî, âêëþ÷àþò äîïîëíèòåëüíûé èñêóññòâåííûé òåðìèí âÿç-
êîñòè, èçìåíÿþùèé ðàçíîñòíûå îïåðàòîðû â ðàéîíå ðàçðûâà è âëèÿþùèé
íà òî÷íîñòü ðåøåíèÿ.

Íà äàííûé ìîìåíò îäíèì èç ðåøåíèé ýòîé ïðîáëåìû ÿâëÿþòñÿ êâà-
çèìîíîòîííûå ñõåìû, ñõåìû óìåíüøåíèÿ ïîëíîé âàðèàöèè (TVD � Total
Variation Diminishing). Ñóùåñòâåííûì íåäîñòàòêîì ýòèõ ñõåì ÿâëÿåòñÿ òî,
÷òî â îêðåñòíîñòè ëîêàëüíûõ ýêñòðåìóìîâ ïîðÿäîê òî÷íîñòè ðåøåíèÿ ïî-
íèæàåòñÿ äî ïåðâîãî ïîðÿäêà. Ýòî îáñòîÿòåëüñòâî ïðèâîäèò ê òîìó, ÷òî
ñêà÷êè óïëîòíåíèÿ, âîçíèêàþùèå â òå÷åíèè, ìîãóò áûòü ñèëüíî ðàçìàçà-
íû.

Â íàñòîÿùåå âðåìÿ äëÿ ðåøåíèÿ òàêîãî ðîäà ñëîæíûõ çàäà÷ øèðîêî
ïðèìåíÿþòñÿ êâàçèìîíîòîííûå êîíñåðâàòèâíûå ñõåìû ïîâûøåííîãî ïî-
ðÿäêà àïïðîêñèìàöèè áåç ââåäåíèÿ èñêóññòâåííûõ äèññèïàòèâíûõ ÷ëåíîâ,
òàêèå êàê ENO (Essentially Nonoscillatory Schemes), è WENO, èçëîæåíû â
ðÿäå ðàáîò [6�9]. Â ðàáîòå [9] àâòîðû ðàçâèëè ENO-ñõåìó òðåòüåãî ïîðÿäêà
òî÷íîñòè ïî ïðîñòðàíñòâåííûì êîîðäèíàòàì íà îñíîâå èäåè ìåòîäà Ãîäó-
íîâà è ïîêàçàëè ïðèìåíèìîñòü ñõåìû ê ðåøåíèþ çàäà÷è ñâåðõçâóêîâîãî
òå÷åíèÿ ìíîãîêîìïîíåíòíîãî ãàçà â ïëîñêîì êàíàëå ñ âäóâîì ïåðïåíäè-
êóëÿðíûõ ñòðóé. Èäåÿ ïîñòðîåíèÿ WENO ñõåìû îñíîâàíà íà ENO ñõåìå,
îäíàêî ïðè èíòåðïîëèðîâàíèè êóñî÷íî-ïîñòîÿííîé ïîëèíîìèàëüíîé ôóíê-
öèè, ãäå ïðèìåíÿþòñÿ ïîëèíîìû Íüþòîíà òðåòüåãî ïîðÿäêà, âìåñòî âû-
áîðà îäíîãî èíòåðïîëÿöèîííîãî ïîëèíîìà èñïîëüçóåòñÿ âûïóêëàÿ êîìáè-
íàöèÿ ñ âåñîâûìè êîýôôèöèåíòàìè âñåõ ïðåäñòàâëåííûõ ïîëèíîìîâ, ÷òî
ïîçâîëÿåò ïîâûñèòü ïîðÿäîê àïïðîêñèìàöèè ñõåìû äî ÷åòâåðòîãî.

Öåëü äàííîé ðàáîòû � ïîñòðîåíèå àëãîðèòìà ðåøåíèÿ èñõîäíûõ óðàâ-
íåíèé Íàâüå-Ñòîêñà, îñíîâàííîãî íà WENO-ñõåìå è ÷èñëåííîå ìîäåëèðî-
âàíèå âçàèìîäåéñòâèÿ íàáåãàþùåãî ñâåðõçâóêîâîãî ïîòîêà âîçäóõà ñ ïîïå-
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Ïîñòðîåíèå WENO-ñõåìû äëÿ ðåøåíèÿ çàäà÷è ñâåðõçâóêîâîãî ... 7

Ðèñóíîê 1 � Ñõåìà òå÷åíèÿ

ðå÷íîé çâóêîâîé ñòðóåé, âäóâàåìîé ñ íèæíåé ñòåíêè êàíàëà.

Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ñâåðõçâóêîâîå òå÷åíèå âîçäóõà ñ ïîïåðå÷íûì âäóâîì
ñòðóè ñ íèæíåé ñòåíêè ïðÿìîóãîëüíîãî êàíàëà (ðèñóíîê 1). Ñèñòåìà äâó-
ìåðíûõ, îñðåäíåííûõ ïî Ôàâðó óðàâíåíèé Íàâüå-Ñòîêñà äëÿ ìíîãîêîì-
ïîíåíòíîé ãàçîâîé ñìåñè îòíîñèòåëüíî äåêàðòîâûõ êîîðäèíàò â êîíñåðâà-
òèâíîé ôîðìå, ïðåäñòàâëÿåòñÿ â âèäå

∂U⃗

∂t
+

∂
(
E⃗ − E⃗v

)
∂x

+
∂
(
F⃗ − F⃗v

)
∂z

= 0, (1)

U⃗ = (ρ, ρu, ρw,Et, ρYk)
T ,

E⃗ =
(
ρu, ρu2 + P, ρuw, (Et + P )u, ρuYk

)T
,

F⃗ =
(
ρw, ρuw, ρw2 + P, (Et + P )w, ρwYk

)T
,
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8 À.Àáäàëëà, À.Î.Áåêåòàåâà, Í.Ø.Øàõàí

E⃗v = (0, τxx, τxz, uτxx + wτxz − qx, Jxk)
T ,

F⃗v = (0, τxz, τzz, uτxz + wτzz − qz, Jzk)
T ,

P =
ρT

γ∞M2
∞W

, W =

 Np∑
k=1

Yk
Wk

−1

,

Np∑
k=1

Yk = 1,

Et =
ρ

γ∞M2
∞
h− P +

1

2
ρ
(
u2 + w2

)
, h =

Np∑
k=1

Ykhk, hk = h0k +

T∫
T0

cpkdT ,

cpk = Cpk/Wk, τxx =
µ

Re

(
2ux −

2

3
(ux + wz)

)
,

τxx =
µ

Re

(
2wz −

2

3
(ux + wz)

)
, τxz = τzx =

µ

Re
(uz + wx) ,

qx =
( µ

PrRe

) ∂T

∂x
+

1

γ∞M2
∞

Np∑
k=1

hkJxk, qz =
( µ

PrRe

) ∂T

∂z
+

1

γ∞M2
∞

Np∑
k=1

hkJzk,

Jxk = − µ

ScRe

∂Yk
∂x

, Jzk = − µ

ScRe

∂Yk
∂z

.

Ñèñòåìà óðàâíåíèé (1) çàïèñàíà â áåçðàçìåðíîì âèäå â îáùåïðèíÿòûõ
îáîçíà÷åíèÿõ, â êà÷åñòâå îïðåäåëÿþùèõ ïðèíÿòû ïàðàìåòðû ïîòîêà
u∞, ρ∞, T∞; äàâëåíèå P è ïîëíàÿ ýíåðãèÿ Et îòíåñåíû ê çíà÷åíèþ ρ∞u2∞;
óäåëüíàÿ ýíòàëüïèÿ hk � ê R0T∞/W∞; ìîëÿðíûå óäåëüíûå òåïëîåìêîñòè
Cpk � ê R0; õàðàêòåðíûì ïàðàìåòðîì äëèíû ÿâëÿåòñÿ äèàìåòð ñîïëà.
Âåëè÷èíà Yk � ìàññîâàÿ êîíöåíòðàöèÿ k-îé êîìïîíåíòû; èíäåêñ ìàññîâîé
êîíöåíòðàöèè k = 1 ñîîòâåòñòâóåò O2, k = 2 - H2, k = 3 - N2; Np = 3 -
÷èñëî êîìïîíåíò ñìåñè ãàçîâ; Wk � ìîëåêóëÿðíûé âåñ k-îé êîìïîíåíòû;
Re, Pr, Sc � ÷èñëà Ðåéíîëüäñà, Ïðàíäòëÿ è Øìèäòà, ñîîòâåòñòâåííî;
τxx, τzz, τxz, τzx � òåíçîðû âÿçêèõ íàïðÿæåíèé; qx, qz, Jxk, Jzk� òåïëîâûå
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è äèôôóçèîííûå ïîòîêè (äèôôóçèîííûå ïîòîêè âû÷èñëÿþòñÿ ïî çàêîíó
Ôèêà); µ = µl + µt � ýôôåêòèâíàÿ âÿçêîñòü (îïðåäåëÿåòñÿ ÷åðåç ñóììó
ëàìèíàðíîé è òóðáóëåíòíîé âÿçêîñòè). Äëÿ îïðåäåëåíèÿ µt èñïîëüçóåòñÿ
ìîäåëü Áîëäóèíà-Ëîìàêñà.

2. Ãðàíè÷íûå óñëîâèÿ

Íà âõîäå

Yk = Yk∞,Wk = Wk∞, P = P∞, T = T∞,

u = M∞
√

γ∞R0T∞/W∞, w = 0, x = 0, 0 ≤ z ≤ H;

âî âõîäíîì ñå÷åíèè âáëèçè ñòåíîê êàíàëà çàäàåòñÿ ïîãðàíè÷íûé ñëîé, ïðè
ýòîì ïðîäîëüíàÿ ñêîðîñòü àïïðîêñèìèðóåòñÿ ñòåïåííûì çàêîíîì;

Íà ùåëè

Yk = Yk0,Wk = Wk0, P = nP∞, T = T0,

u = 0, w = M0

√
γ0R0T0/W0, z = 0, Lb ≤ x ≤ Lb + h;

(n = P0/P∞ � ñòåïåíü íåðàñ÷åòíîñòè, P0, P∞ - äàâëåíèå â ñòðóå è â
ïîòîêå, M0,M∞ � ÷èñëî Ìàõà ñòðóè è ïîòîêà, ñîîòâåòñòâåííî, èíäåêñû
0,∞ îòíîñÿòñÿ ê ïàðàìåòðàì ñòðóè è ïîòîêà), íà íèæíåé è âåðõíåé
ñòåíêàõ çàäàåòñÿ óñëîâèå ïðèëèïàíèÿ è òåïëîèçîëÿöèè; íà âûõîäíîé
ãðàíèöå çàäàþòñÿ óñëîâèÿ íåîòðàæåíèÿ [10].

3. Ìåòîä ðåøåíèÿ

Íà íèæíåé è âåðõíåé ñòåíêàõ â ïîãðàíè÷íîì ñëîå, à òàêæå íà óðîâíå
ùåëè ââîäèòñÿ ñãóùåíèå ñåòêè äëÿ áîëåå òî÷íîãî ÷èñëåííîãî ðåøåíèÿ.
Òîãäà ñèñòåìà óðàâíåíèé (1) â ïðåîáðàçîâàííîé ñèñòåìå êîîðäèíàò çàïè-
øåòñÿ â âèäå

∂ Ũ

∂t
+

∂ Ẽ

∂ξ
+

∂ F̃

∂η
=

∂Ẽv2

∂ξ
+

∂Ẽvm

∂ξ
+

∂F̃v2

∂η
+

∂F̃vm

∂η
, (2)

ãäå Ũ = U⃗/J , Ẽ = ξxE⃗/J , F̃ = ηzF⃗ /J , Ẽv2 = ξxE⃗v2/J , Ẽvm = ξxE⃗vm/J ,
F̃v2 = ηzF⃗v2/J , F̃vm = ηzF⃗vm/J . J = ∂(ξ, η)/∂(x, z) � ÿêîáèàí ïðåîáðàçî-
âàíèÿ.

Ïàðàìåòðû ïðåîáðàçîâàíèÿ êîîðäèíàò ïîäðîáíî îïèñàíû â [11].
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Â äàííîé ðàáîòå êîíâåêòèâíûå ÷ëåíû àïïðîêñèìèðóþòñÿ ñ èñïîëüçîâà-
íèåì WENO-ñõåìû, èäåÿ ïîñòðîåíèÿ êîòîðîãî îñíîâàíà íà ENO-ñõåìå, ïî-
äðîáíî èçëîæåííîé â ðàáîòå [9]. Â ïðåäëàãàåìîé WENO-ñõåìå ïðè èíòåð-
ïîëèðîâàíèè êóñî÷íî-ïîñòîÿííîé ïîëèíîìèàëüíîé ôóíêöèè ïðèìåíÿþòñÿ
ïîëèíîìû Íüþòîíà òðåòüåãî ïîðÿäêà è, âìåñòî âûáîðà îäíîãî èíòåðïîëÿ-
öèîííîãî ïîëèíîìà, èñïîëüçóåòñÿ âûïóêëàÿ êîìáèíàöèÿ ñ âåñîâûìè êîýô-
ôèöèåíòàìè âñåõ ïðåäñòàâëåííûõ ïîëèíîìîâ. Çà ñ÷åò ýòîãî äîñòèãàåòñÿ
ñóùåñòâåííî-íåîñöèëëèðóùåå ñâîéñòâî ñõåìû, ïîâûøàþùåå ïîðÿäîê àï-
ïðîêñèìàöèè ñõåìû. Â ñîîòâåòñòâèè ñ [9] îäíîøàãîâàÿ êîíå÷íî-ðàçíîñòíàÿ
ñõåìà äëÿ èíòåãðèðîâàíèÿ ïî âðåìåíè ñèñòåìû (2) ôîðìàëüíî ïðåäñòàâ-
ëÿåòñÿ

∆Ũn+1 +∆t

[(
Â+ + Â−

) ∂E⃗m

∂ξ
+

(
B̂+ + B̂−

) ∂F⃗m

∂η
−

−

[
∂(Ẽn+1

v2 + Ẽn
vm)

∂ξ
− ∂(F̃n+1

v2 + F̃n
vm)

∂η

] ]
= O

(
1/2∆t2

)
. (3)

Çäåñü Â±
ξ , B̂

±
ξ � íîðìàëèçîâàííûå ìàòðèöû ßêîáè, èìåþùèå ñëåäóþùèé

âèä:

Â±
ξ = R

(
1± sign (Λξ)

2

)
R−1, B̂±

ξ = T

(
1± sign (Λη)

2

)
T−1,

âåêòîðà E⃗m, F⃗m � ìîäèôèöèðîâàííûå ïîòîêè íà óçëîâûõ òî÷êàõ i, j, ñî-
ñòîÿùèõ èç èñõîäíûõ êîíâåêòèâíûõ âåêòîðîâ Ẽ, F̃ è äîáàâî÷íûõ ÷ëåíîâ

âûñîêîãî ïîðÿäêà òî÷íîñòè (E⃗ξ, D⃗ξ, E⃗η, D⃗η), E⃗
m
ij = Ẽij +

(
E⃗ξ + D⃗ξ

)
ij
,

F⃗m
ij = F̃ij +

(
E⃗η + D⃗η

)
ij
. Â îòëè÷èå îò äîáàâî÷íûõ ÷ëåíîâ âûñîêîãî ïî-

ðÿäêà òî÷íîñòè ðàáîòû [9], âåêòîðà E⃗ξij è D⃗ξij äëÿ ïîëîæèòåëüíûõ è îò-
ðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé λij çàïèøóòñÿ â ñëåäóþùåé ôîðìå:
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E⃗ξij =



α2ijĒξi+1
2 j

2∑
L=0

αLij

+
α1ij

(
Ē

ξi+1
2 j

+Ē
ξi− 1

2 j

)
2

2∑
L=0

αLij

+
α0ijĒξi+1

2 j

2∑
L=0

αLij

, åñëè λij > 0,

ᾱ2ijĒξi+1
2 j

2∑
L=0

ᾱLij

+
ᾱ1ij

(
Ē

ξi+1
2 j

+Ē
ξi− 1

2 j

)
2

2∑
L=0

ᾱLij

+
ᾱ0ijĒξi+1

2 j

2∑
L=0

ᾱLij

, åñëè λij < 0,

D⃗ξij =



α2ij∆+D̄
ξi+1

2 j

2∑
L=0

αLij

+
α1ij

(
∆−D̄

ξi+1
2 j
+∆+

⌢
D

ξi− 1
2 j

)
2

2∑
L=0

αLij

+
α0ij∆−

⌢
D

ξi− 1
2 j

2∑
L=0

αLij

, åñëè λij > 0,

α2ij∆+
⌢
D

ξi+1
2 j

2∑
L=0

αLij

+
α1ij

(
∆−

⌢
D

ξi+1
2 j

+∆+D̄
ξi− 1

2 j

)
2

2∑
L=0

αLij

+
α0ij∆−D̄

ξi− 1
2 j

2∑
L=0

αLij

, åñëè λij < 0,

çäåñü Ēξi± 1
2
j =

(
Rsign (Λξ)R

−1
)
i± 1

2
j

[
I−(∆t/∆ξ)(R|Λξ|R−1)

i± 1
2 j

2

]
∆±Ẽij ,

D̄ξi± 1
2
j =

(
Rsign (Λξ)R

−1
)
i± 1

2
j


[
(∆t/∆ξ)

(
R |Λξ|R−1

)
i± 1

2
j

]2
− I

2

∆±Ẽij ,

D̂ξi± 1
2
j = Ēξi± 1

2
j + D̄ξi± 1

2
j .

Çíà÷åíèÿ äëÿ âåñîâûõ êîýôôèöèåíòîâ αLij , ᾱLij > 0 (L = 0, 1, 2) îïðåäå-
ëÿþòñÿ â âèäå

αLij =
CLij

(ε+ ISi+Lj)
3 , ᾱLij =

C̄Lij

(ε+ ISi+Lj)
3 ,

ãäå C0ij = 1
12 , C1ij = 1

2 , C2ij = 1
4 , C̄0ij = 1

4 , C̄1ij = 1
2 , C̄2ij = 1

12 [12],
à ISij ÿâëÿåòñÿ èíäèêàòîðîì ãëàäêîñòè ðåøåíèÿ, è íàõîäèòñÿ ñóììèðî-
âàíèåì âñåõ ñðåäíå-êâàäðàòè÷íûõ çíà÷åíèé ïðåäñòàâëåííûõ ïðîèçâîäíûõ
èñêîìîãî âåêòîðà Ũ
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ISij =
1

2

[(
∆Ũi−2j

)2
+

(
∆Ũi−1j

)2
]
+

[
∆2Ũi−2j

]2
, (4)

ãäå ∆Ũij = Ũi+1j − Ũij è ∆2Ũij = ∆Ũi+1j −∆Ũij .

×òîáû èçáåæàòü íåîïðåäåëåííîñòè â çíàìåíàòåëå âåñîâûõ êîýôôèöè-
åíòîâ αLij è ᾱLij , â (4) äîáàâëåí ìàëûé êîýôôèöèåíò 10−7 < ε < 10−5.

Âåêòîðà E⃗ηij è D⃗ηij çàïèøóòñÿ àíàëîãè÷íî.

Äàëåå, â ñèñòåìå óðàâíåíèé (3) ÷ëåíû, ñîäåðæàùèå âòîðûå ïðîèçâîä-
íûå, ïðåäñòàâëÿþòñÿ â âèäå ñóììû äâóõ âåêòîðîâ: âåêòîðîâ âòîðûõ ïðîèç-
âîäíûõ è âåêòîðîâ äèññèïàòèâíûõ ÷ëåíîâ, à âåêòîðû ïîòîêîâ ñî ñìåøàí-
íûìè ïðîèçâîäíûìè àïïðîêñèìèðóþòñÿ ÿâíûì îáðàçîì ñî âòîðûì ïîðÿä-
êîì òî÷íîñòè [9]. Ëèíåàðèçàöèÿ êîíâåêòèâíûõ ñëàãàåìûõ îñóùåñòâëÿåòñÿ
ñ èñïîëüçîâàíèåì ñâîéñòâ îäíîðîäíîñòè.

Ïîñëå ïðèìåíåíèÿ ôàêòîðèçàöèè ê ñèñòåìå (3) èìååì äâà îäíîìåðíûõ
îïåðàòîðà äëÿ íåÿâíîãî ðåøåíèÿ îòíîñèòåëüíî âåêòîðà òåðìîäèíàìè÷å-
ñêèõ ïàðàìåòðîâ ìàòðè÷íîé ïðîãîíêîé:

1 øàã.[
I +∆t

[(
⌢

A
+

i− 1
2
j∆−A

n
ξij +

⌢

A
−
i+ 1

2
j∆+A

n
ξij

)
+∆

(
µtξ

2
x

ReJ

)
ij

∆

(
1

Un
1

)
ij

]]
U∗
ij =

= RHSn
ξij +RHSn

ηij ,

2 øàã. [
I +△t

[(
⌢

B
+

ij− 1
2
△− Bn

ηij+
⌢

B
−
ij+ 1

2
∆+B

n
ηij

)
+

+∆
(µtη

2
z

ReJ

)
ij
∆
( 1

Un
1

)
ij

]]
Ũn+1
ij = U∗

ij , (5)

ãäå

RHSn
ξij =

⌢

A
−
i+ 1

2
j

[(
E⃗ξi+1j + D⃗ξi+1j

)
−

(
E⃗ξij + D⃗ξij

)]n
+

+
⌢

A
+

i− 1
2
j [
(
E⃗ξij + D⃗ξij

)
−

(
E⃗ξi−1j + D⃗ξi−1j

)
]n,

çäåñü E⃗ξij è D⃗ξij ïðåäñòàâëåíû âûøå. Âòîðîå ñëàãàåìîå RHSn
ξij çàïèñûâà-

åòñÿ àíàëîãè÷íûì îáðàçîì.
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Âåêòîð ìàññîâûõ êîíöåíòðàöèé ñìåñè îïðåäåëÿåòñÿ ñ èñïîëüçîâàíèåì
ñêàëÿðíîé ïðîãîíêè. Äëÿ àïïðîêñèìàöèè ïåðâûõ ïðîèçâîäíûõ â ñèñòåìå
(5) èñïîëüçîâàíû ðàçíîñòè ïðîòèâ ïîòîêà ñ ïåðâûì ïîðÿäêîì òî÷íîñòè,
à äëÿ âòîðûõ ïðîèçâîäíûõ � öåíòðàëüíûå ðàçíîñòè ñî âòîðûì ïîðÿäêîì
òî÷íîñòè. Òåìïåðàòóðà îïðåäåëÿåòñÿ â ñîîòâåòñâèè ñ ðàáîòîé [11].

4. Ðåçóëüòàòû ðàñ÷åòîâ è èõ àíàëèç

Ðàñ÷åò ïðîèçâîäèëñÿ íà ðàçíåñåííîé ñåòêå ïî ïðîñòðàíñòâåííûì êîîð-
äèíàòàì ñ ïàðàìåòðàìè 2 ≤ M∞ ≤ 6, 2 ≤ n ≤ 15, Re = 106− 107, Pr = 0.7.

Äëÿ àïðîáàöèè ÷èñëåííîãî ìåòîäà áûë âûïîëíåí ñëåäóþùèé ýêñïå-
ðèìåíò: ÷åðåç ùåëü íà ñòåíêå øèðèíîé 0.1ñì. ïåðïåíäèêóëÿðíî îñíîâíî-
ìó ïîòîêó âîçäóõà (êèñëîðîä è àçîò) ñ ïàðàìåòðàìè M∞ = 3.75, P∞ =
11090Pa, T∞ = 629.43K, Pr = 0.7, Re = 62.73x106 âäóâàëàñü çâóêîâàÿ
ñòðóÿ âîäîðîäà ñ T0 = 800K è ïàðàìåòðîì íåðàñ÷åòíîñòè n = 10.29. Âû-
ñîòà è øèðèíà êàíàëà H = 15.2 ñì è L = 45 ñì ñîîòâåòñòâåííî. Ùåëü
ðàñïîëàãàëàñü íà ðàññòîÿíèè Lb = 33 ñì îò íà÷àëà îáòåêàåìîé ïëàñòè-
íû. Óäåëüíûå òåïëîåìêîñòè ïðè ïîñòîÿííîì äàâëåíèè k-îé êîìïîíåíòû
Cpk âû÷èñëÿþòñÿ ïðè ïîìîùè ïîëèíîìèàëüíîé èíòåðïîëÿöèè ÷åòâåðòîãî
ïîðÿäêà ïî òåìïåðàòóðå [12]

Cpk =
5∑

i=1

akiT
i−1,

ãäå {αki} � ýìïèðè÷åñêèå êîíñòàíòû, îïðåäåëåííûå äëÿ òåìïåðàòóðû â
ïðåäåëàõ 300 < T < 5000K [10].

Â òàáëèöå 1 ïðåäñòàâëåíà ÷óâñòâèòåëüíîñòü ñõîäèìîñòè ðåøåíèé ê õà-

ðàêòåðèñòèêàì ñåòêè ïóòåì îöåíêè ñóììàðíûõ Lρ
1 = 1

N

N∑
n=1

∣∣∣εnM − εn
M̂

∣∣∣ è
ñðåäíåêâàäðàòè÷íûõ Lρ

2 = 1
N

√
N∑

n=1

∣∣∣εnM − εn
M̂

∣∣∣2 îòêëîíåíèé íîðì íåâÿçîê

ïëîòíîñòè. Çäåñü εnM = max
(i,j) ∈M

∣∣∣ρ n+1
ij − ρ n

ij

∣∣∣, εn
M̂

= max
(i,j) ∈M̂

∣∣∣ρ n+1
ij − ρ n

ij

∣∣∣; N �

÷èñëî èòåðàöèé. Îöåíêè áûëè ïîñòðîåíû äëÿ WENO è ENO ñõåì ïóòåì
ïîñëåäîâàòåëüíîãî èçìåëü÷åíèÿ ñåòîê è ïðè ýòîì â êà÷åñòâå íà÷àëüíîé
ïðèíèìàëàñü ñåòêà M ñ IxJ óçëàìè, çàòåì îñóùåñòâëÿëàñü âàðèàöèÿ M è
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Òàáëèöà 1 � Çàâèñèìîñòü ñóììàðíîãî è ñðåäíåêâàäðàòè÷íîãî îòêëîíåíèé

(ðàçíîñòåé ïëîòíîñòè) îò ÷èñëà óçëîâ äëÿ WENO è ENO ñõåìû

L óçëîâ ñåòêè M̂ . Êàê ñëåäóåò èç òàáëèöû, ðàçíîñòü îòêëîíåíèÿ âåëè÷èí
íîðì íåâÿçîê ïëîòíîñòè óìåíüøàåòñÿ ñ èçìåëü÷åíèåì ñåòêè. Â ñîîòâåò-
ñòâèè ñ ýòèì ñåòêà M̂ ñ óçëàìè 301x281 èìååò ìèíèìàëüíûå çíà÷åíèÿ, ïðè
ýòîì ïîêàçàòåëü Lρ äëÿ WENO ñõåìû ìåíüøå, ÷åì àíàëîãè÷íûé ïîêàçà-
òåëü äëÿ ENO.

Äèíàìèêà ñõîäèìîñòè ÷èñëåííîãî ðåøåíèÿ èëëþñòðèðóåòñÿ íà ðèñóíêå
2, äàííûå ðåçóëüòàòû áûëè ïîëó÷åíû äëÿ ñåòêè ñ óçëàìè 301x281 äëÿ
WENO è ENO ñõåì ñîîòâåòñòâåííî (êðèâàÿ 1 è êðèâàÿ 2). Â îáîèõ ñëó÷àÿõ
ñêîðîñòü ñõîäèìîñòè ðåøåíèÿ îêàçûâàåòñÿ äîâîëüíî âûñîêîé. Îäíàêî äëÿ
WENO ñõåìû êðèâàÿ ñõîäèìîñòè ëåæèò íèæå êðèâîé äëÿ ENO ñõåì è íå
îáëàäàåò ñèëüíûìè ôëóêòóàöèÿìè, ïðèñóùèìè êðèâîé 2.

Äëÿ ïðîâåäåíèÿ ñðàâíåíèÿ ñ îïûòíûìè äàííûìè âûïîëíÿëñÿ ðàñ-
÷åò çàäà÷è ïëîñêîãî ñâåðõçâóêîâîãî òå÷åíèÿ âîçäóõà (M∞ = 2.9, P∞ =
0.0663MPa, T∞ = 108K) ñ ïåðïåíäèêóëÿðíûì âäóâîì çâóêîâîé ñòðóè ãå-
ëèÿ (T0 = 217K, P0 = 1.24MPa), ÷åðåç ùåëü íà íèæíåé ñòåíêå øèðèíîé
0.0559 ñì. Âûñîòà è øèðèíà êàíàëà H = 7.62 ñì è L = 25 ñì ñîîòâåò-
ñòâåííî. Â äàííîì ýêñïåðèìåíòå íåîáõîäèìî çíàíèå Cpk (Äæ/(Moë.K))
êîìïîíåíò O2, N2, He ïðè òåìïåðàòóðå íèæå 300K. Çäåñü èñïîëüçóþòñÿ
ýêñïåðèìåíòàëüíûå äàííûå ðàáîòû [13], â êîòîðîé ïðèâåäåíû çàâèñèìîñòè
Cpk îò íèçêèõ çíà÷åíèé òåìïåðàòóðû.

Äëÿ îöåíêè òî÷íîñòè ðàçíîñòíîé ñõåìû è åå ýôôåêòèâíîñòè áûëè ïðî-
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Ðèñóíîê 2 � Äèíàìèêà ñõîäèìîñòè ÷èñëåííîãî ðåøåíèÿ. Êðèâàÿ 1 � WENO ñõåìà,

êðèâàÿ 2 � ENO ñõåìà, M∞ = 3.75, P∞ = 11090Pa, T∞ = 629.43K,

Pr = 0.7, Re = 62.73x106, T0 = 800K, n = 10.29

âåäåíû ðàñ÷åòû ðàñïðåäåëåíèÿ äàâëåíèÿ íà ñòåíêå ïåðåä ùåëüþ è çà íåé
íà ïîñëåäîâàòåëüíîñòè ñåòîê ñ ÷èñëîì óçëîâ îò 301x221 äî 421x281. Íà
ðèñóíêå 3 ïîêàçàíû ðàñïðåäåëåíèÿ äàâëåíèÿ íà ñòåíêå, ðàññ÷èòàííûå ñ
ðàçëè÷íûìè óçëàìè, ãäå êðèâûå: 1) −−− 421x281; 2) − 401x281; 3) − · −
381x281; 4) · · · 301x281; 5) − · ·− 301x221; • • • - ýêñïåðèìåíò èç ðàáîòû
[1]. Óâåëè÷åíèå ÷èñëà óçëîâ ðàñ÷åòíîé ñåòêè ïðèâîäèò ê òîìó, ÷òî ýêñ-
ïåðèìåíòû è êðèâûå ðàñ÷åòîâ, íà÷èíàÿ ñ ÷èñëà óçëîâ 381x281 è âûøå,
ïðàêòè÷åñêè ñîâïàäàþò, ïðè÷åì èç ðèñóíêà âèäíî õîðîøåå ñîãëàñèå ÷èñ-
ëåííûõ è ýêñïåðèìåíòàëüíûõ äàííûõ. Òàêèì îáðàçîì, ìîæíî ãîâîðèòü î
äîñòàòî÷íîé òî÷íîñòè ñõåìû äëÿ ñåòîê ñ ÷èñëîì óçëîâ 381x281 è âûøå,
÷òî ïîçâîëÿåò ïðîâîäèòü ðàñ÷åò äàííîé çàäà÷è ñ ýòèìè óçëàìè ñåòêè.

Äàëåå áûë âûïîëíåí ÷èñëåííûé ýêñïåðèìåíò ïî èçó÷åíèþ âçàèìî-
äåéñòâèÿ ïîïåðå÷íîé ñòðóè ñ ñâåðõçâóêîâûì íàáåãàþùèì ïîòîêîì â
çàâèñèìîñòè îò ïàðàìåòðà íåðàñ÷åòíîñòè. ×åðåç ùåëü íà ñòåíêå øèðèíîé
0.2 ñì, âäóâàåòñÿ çâóêîâàÿ ñòðóÿ âîäîðîäà ñ T0 = 800K, n = 15. Ïàðàìåò-
ðû íàáåãàþùåãî ïîòîêà ñëåäóþùèå: M∞ = 3.75, T∞ = 629.43K, Re = 106,
Pr = 0.7 âûñîòà è øèðèíà êàíàëà H = 4ñì è L = 11 ñì ñîîòâåòñòâåííî.
Ùåëü ðàñïîëàãàåòñÿ íà íèæíåé ñòåíêå íà ðàññòîÿíèè Lb = 5 ñì îò íà÷àëà
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Ðèñóíîê 3 � Ðàñïðåäåëåíèå äàâëåíèÿ íà ñòåíêå 1) −−− 421x281; 2) − 401x281;

3) − · − 381x281; 4) · · · 301x281; 5) − · ·− 301x221; • • • - ýêñïåðèìåíò èç ðàáîòû [1].

M∞ = 2.9, P∞ = 0.0663MPa, T∞ = 108K, T0 = 217K, P0 = 1.24MPa

ðàñ÷åòíîé îáëàñòè. Òîëùèíà ïîãðàíè÷íîãî ñëîÿ âî âõîäíîì ñå÷åíèè
ñîñòàâëÿåò δ = 0.38 ñì. Êàê èçâåñòíî, ñòðóêòóðà ïîòîêà â îáëàñòè
âçàèìîäåéñòâèÿ ïàäàþùåãî ñêà÷êà óïëîòíåíèÿ ñ ïîãðàíè÷íûì ñëîåì
ñóùåñòâåííî çàâèñèò îò èíòåíñèâíîñòè ñêà÷êà è óãëà åãî ïàäåíèÿ [4]. Â
ñâîþ î÷åðåäü èíòåíñèâíîñòü è óãîë ïàäåíèÿ ñêà÷êà çàâèñèò îò ïàðàìåòðîâ
ñòðóè è ïîòîêà. ×åì áîëüøå èíòåíñèâíîñòü ñêà÷êà óïëîòíåíèÿ, òåì ïîòîê
ó ñòåíêè èñïûòûâàåò áîëüøåå òîðìîæåíèå, ïðèâîäÿùåå ê åãî îòðûâó.
Âîçíèêàþùàÿ îòðûâíàÿ çîíà, êàê ïðàâèëî, ÿâëÿåòñÿ ïðè÷èíîé îòêëîíå-
íèÿ âíåøíåãî ïîòîêà, êîòîðîå ìîæåò âûçûâàòü îáðàçîâàíèå õàðàêòåðíîé
ñèñòåìû ñêà÷êîâ óïëîòíåíèÿ [4]. Èç ðàñïðåäåëåíèÿ èçîáàð, ïðåäñòàâëåí-
íîãî íà ðèñóíêå 4, âèäíî îáðàçîâàíèå ñèñòåìû ñêà÷êîâ óïëîòíåíèÿ ïðè
âçàèìîäåéñòâèè óäàðíîé âîëíû ñ âåðõíèì ïîãðàíè÷íûì ñëîåì. Èç-çà òîð-
ìîæåíèÿ íàáåãàþùåãî ïîòîêà ïåðåä âäóâàåìîé ñòðóåé âîçíèêàåò ãîëîâíîé
ñêà÷îê óïëîòíåíèÿ 1, êîòîðûé äîñòèãàåò âåðõíåé ãðàíèöû êàíàëà. Ýòîò
ñêà÷îê óïëîòíåíèÿ ñîçäàåò ïîëîæèòåëüíûé ãðàäèåíò äàâëåíèÿ, äîñòàòî÷-
íûé äëÿ îòðûâà ïîãðàíè÷íîãî ñëîÿ íà âåðõíåé ñòåíêå êàíàëà (ñì. ðèñóíîê
5 - ðàñïðåäåëåíèå ïîëÿ âåêòîðà ñêîðîñòè). Êîñîé ñêà÷îê óïëîòíåíèÿ 2,
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Ðèñóíîê 4 � Ðàñïðåäåëåíèå èçîáàð n = 15, T0 = 800K, M∞ = 3.75,

T∞ = 629.43K, Re = 106, Pr = 0.7

îòäåëÿþùèé çîíó îòðûâà ïîãðàíè÷íîãî ñëîÿ îò ñâåðõçâóêîâîãî íàáåãàþ-
ùåãî ïîòîêà, îáðàçóåòñÿ âûøå ïî òå÷åíèþ îò ãîëîâíîé óäàðíîé âîëíû.
Ðàñïðîñòðàíåíèå óäàðíîé âîëíû 2 âî âíåøíèé ïîòîê ñîïðîâîæäàåòñÿ âîç-
íèêíîâåíèåì îòðàæåííîãî ñêà÷êà óïëîòíåíèÿ 3. Äàëåå íèæå ïî òå÷åíèþ â
ðåçóëüòàòå ïðèñîåäèíåíèÿ îòîðâàâøåãîñÿ ïîòîêà ê îáòåêàåìîé ñòåíêå, ãäå
òå÷åíèå îïÿòü ñòàíîâèòüñÿ áåçîòðûâíûì, ôîðìèðóåòñÿ ñêà÷îê óïëîòíåíèÿ
4, âîçíèêàþùèé â îáëàñòè ñìåøåíèÿ îòîðâàâøåãîñÿ ïîãðàíè÷íîãî ñëîÿ ñ
âíåøíèì ïîòîêîì. Èç ðèñóíêà âèäíî, ÷òî ãîëîâíîé ñêà÷îê 1, êîñîé 2 è
îòðàæåííûé 3 ñêà÷êè óïëîòíåíèÿ, ïåðåñåêàÿñü â îäíîé òî÷êå, îáðàçóþò
ñëîæíóþ λ îáðàçíóþ ñèñòåìó ñêà÷êîâ óïëîòíåíèÿ, êîòîðàÿ àíàëîãè÷íà λ
ñòðóêòóðå, ñôîðìèðîâàííîé ïåðåä ñòðóåé íà íèæíåé ñòåíêå êàíàëà [14].
Èç ðèñóíêà 6 ðàñïðåäåëåíèÿ ìåñòíîãî ÷èñëà Ìàõà íàáëþäàåòñÿ íàëè÷èå
äîçâóêîâîé çîíû íà âåðõíåé ñòåíêå êàíàëà è åå ãëóáèíà ñîñòàâèëà 0.178 ñì.

Çàêëþ÷åíèå

Ðàçðàáîòàííûé àëãîðèòì äëÿ ðàñ÷åòà óðàâíåíèé Íàâüå-Ñòîêñà
íà îñíîâå WENO-ñõåìû ïîçâîëÿåò ìîäåëèðîâàòü òå÷åíèå ñâåðõçâó-
êîâîãî ìíîãîêîìïîíåíòíîãî ãàçà. Ñîïîñòàâëåíèå ðàñ÷åòîâ ñ îïûò-
íûìè äàííûìè ïîêàçûâàåò óäîâëåòâîðèòåëüíîå ñîãëàñîâàíèå ðå-
çóëüòàòîâ. Ñ ïîìîùüþ ïðîâåäåííûõ ÷èñëåííûõ ýêñïåðèìåíòîâ ïî-
ëó÷åíà îòðûâíàÿ îáëàñòü âñëåäñòâèå âçàèìîäåéñòâèÿ ïàäàþùåé
óäàðíîé âîëíû ñ ïîãðàíè÷íûì ñëîåì íà âåðõíåé ñòåíêå êàíàëà.
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Ðèñóíîê 5 � Ïîëå âåêòîðà ñêîðîñòè n = 15, T0 = 800K, M∞ = 3.75,

T∞ = 629.43K, Re = 106, Pr = 0.7

Ðèñóíîê 6 � Ðàñïðåäåëåíèå ìåñòíîãî ÷èñëà Ìàõà n = 15, T0 = 800K, M∞ = 3.75,

T∞ = 629.43K, Re = 106, Pr = 0.7
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Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 08.06.2015

Àáäàëëà À., Áåêåòàåâà �.Î., Øàõàí Í.Ø. Ê�ÏÊÎÌÏÎÍÅÍÒÒI
ÃÀÇ �ÎÑÏÀÑÛÍÛ�ÆÎ�ÀÐ�Û ÄÛÁÛÑÒÛÆÛËÄÀÌÄÛ�ÏÅÍÅÍ
À�ÓÛ ÅÑÅÁIÍ ØÅØÓÃÅ ÀÐÍÀË�ÀÍ WENO-Ñ�ËÁÀÑÛÍ ��ÐÓ

Æî¡àð¡û äûáûñòû ãàç à¡ûíûíû ìàòåìàòèêàëû© ìîäåëüäåíói,
Íàâüå-Ñòîêñ òåäåóëåð æ³éåñií øåøóãå ºêåëiï ñî©òûðòàäû.Ì´íäà¡û
à¡ûñ ãàçîäèíàìèêàëû© ñåêiðiëiìäåðäi ïàéäà áîëóûìåíåí ñèïàòòàëàäû.
Á´ë °ç êåçåãiíäå æî¡àð¡û äºëäiêêå èå ñàíäû© ºäiñòåðäi ©îëäàíûëóûí
òàëàï åòåäi. ENO(Õàðòåí æºíå áàñ©àëàðû, 1987æ.) æºíå WENO(ßíã,
1991æ.) ñ´ëáàëàðû æî¡àð¡û äºðåæåëiê àïïðîêñèìàöèÿ¡à èå. Æ´ìûñòà,
ò°ðòiíøi äºðåæåëiê àïïðîêñèìàöèÿ¡à èå WENO-ñ´ëáàñûíû ©´ðûëóû,
èäåàëäû ê°ïêîìïîíåíòòi ãàç ³øií æàçûë¡àí æºíå Ôàâð áîéûíøà îð-
òàøàëàí¡àí Íàâüå-Ñòîêñ òåäåóëåðiíå àðíàëàäû. �ñûíûë¡àí àëãîðèòì
íåãiçiíäå æàçû©òû© æî¡àð¡û äûáûñòû© ãàç à¡ûñûíû, ò°ìåíãi ©àáàòòà
îðíàëàñ©àí ñàûëàóûíàí ê°ëäåíåíåí ³ðiëåòií ãåëèé æºíå ñóòåãi à¡ûñòà-
ðûìåíåí ºðåêåòòåñói ñàíäû© ìîäåëüäåíåäi. Òºæiðèáåëiê à©ïàðàòòàðìåíåí
ñàëûñòûðûëûì æàñàëûíàäû. �´ëàéòûí ñî©©û òîë©ûíûíû ©´áûðäû
³ñòiãi ©àáûð¡àñûíäà îðíàëàñ©àí øåêàðàëû© ©àáàòûìåíåí ºðåêåòòåñói
çåðòòåëåäi.
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Abdalla A., Beketaeva A.O., Shakhan N.Sh. CONSTRUCTION OF
WENO-SCHEME FOR THE TASK OF SUPERSONIC FLOW OF
MULTICOMPONENT GASEOUS MIXTURE

Mathematical modeling of supersonic air stream is reducing to the solution
of Navier-Stokes equations system, where the real �ow is characterizing
with the appearance of gaseous dynamical jumps. This leads to the usage
of numerical methods of high order of accuracy. ENO-scheme (Harten and
others, 1987) and WENO-schemes (Yang, 1991) have su�ciently high order of
approximation. In work WENO-scheme with the fourth order of approximation
is constructing for the solution of Favre-averaged Navier-Stokes equations for
the �ow of ideal multicomponent gas. With the proposed algorithm, interaction
of plane supersonic stream of air with the transverse jets of helium and
hydrogen injecting from the hole placed on the bottom wall is numerically
modeling. Comparison with the experimental data is done. Interaction of falling
shock wave with the boundary layer on top wall of channel is investigated.
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ON EXPONENTIALLY SEPARATED DIFFERENTIAL

SYSTEMS

Exponentially separated linear homogeneous system of ordinary di�erential

equations with continuous limited coe�cients in critical cases of Lyapunov

exponents is considered. The generalized exponentially separated linear system

of di�erential equations with regard to a monotonically increasing function is

de�ned. It is established that if a linear homogeneous system of di�erential

equations is generalized exponentially separated, Lyapunov's generalized expo-

nents are stable in a class of small perturbations.

The work of Perron [1], see also [2, p. 193, theorem 9] was a source
of de�nition of an exponential separation. Then these systems were studied
in B.F.Bylov's [3], R.E. Vinograd's [4], V.M. Millionshchikov's [5], [6],
Lillo's [7] works. The de�nition of an exponential separation has connection
with the de�nition of an exponential dichotomy D.V. Anosov [8]. Some
information on the theory of Lyapunov's generalized exponents is contained in
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T.M.Aldibekov's works [9-12]. In the paper [11] the de�nition of an exponential
separation is spread to linear systems with unlimited coe�cients. In the present
work using Lyapunov's generalized exponents, the subclass of linear systems
with continuous limited coe�cients is investigated, where the de�nition of an
exponential separated loses its meaning.

The class of linear homogeneous systems of di�erential equations is conside-
red

ẋ = A(t)x, (1)

where t ∈ I ≡ [t0,+∞), (t0 > 1), x ∈ Rn, A(t) is a continuous matrix of
the dimension n× n, satisfying to the inequality

∥A(t)∥ ≤ Kψ(t), (K > 0), (2)

ψ(t) is a continuous, positive, distinct from a constant �xed function, such
that the function

q(t) =

t∫
t0

ψ(τ)dτ, q(t) ↑ +∞ as t ↑ +∞

and satis�es to the conditions

lim
t→+∞

ln t

q(t)
= 0, lim

t→+∞

q(t)

t
= 0, ln t < q(t) < t, at t ≥ t0 > t.

Note that Lyapunov's exponents of the linear system (1) accept zero values,
i.e. a so-called critical case takes place.

The generalized exponent of a nonzero solution x(t) of the linear system
(1) is determined by the formula

λ[x, q] ≡ lim
t→+∞

1

q(t)
ln ∥x(t)∥.

The generalized exponents of the fundamental system of solutions, in which
the sum of the generalized exponents of solutions is the smallest compared
with other fundamental systems of solutions, are called Lyapunov's generalized
exponents of the linear system (1).
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As a rule, Lyapunov's generalized exponents of the linear system (1) are
designated as follows:

λn(A) ≤ λn−1(A) ≤ . . . ≤ λ1(A).

Definition 1. The linear system (1) satisfying to the condition (2) is called

generalized exponentially separated, if it has solutions x1(t), . . . , xn(t), such

that for all t ≥ s ≥ t0 the inequalities are ful�lled

∥xi−1(t)∥
∥xi−1(s)∥

÷ ∥xi(t)∥
∥xi(s)∥

≥ Beα[q(t)−q(s)], i = 2, n

with some constants α > 0, B ≥ 1 and q(t) =
t∫

t0

ψ(τ)dτ.

Definition 2. If the linearly perturbed system

ẋ = (A(t) + P (t))x, (3)

where a continuous matrix of perturbation P (t), t ≥ t0, satis�es the conditi-

ons

∥P (t)∥ ≤ Kψ(t) at t ≥ t0 and lim
t→∞

∥P (t)∥
ψ(t)

= 0,

has Lyapunov's generalized exponents, which coincide with generalized Lyapu-

nov's exponents of the linear system (1), we can say that the linear system (1)

satisfying to the condition (2) has Lyapunov's stable generalized exponents.

Òåîðåìà 1 A linear homogeneous diagonal system

dx

dt
= Ad(t)x, (4)

where

Ad(t) = diag{a1(t), . . . , an(t)}, ∥Ad(t)∥ ≤ Kψ(t), t ∈ I,

ai(t), i = 1, . . . , n, are continuous functions satisfying to inequalities

ai−1(t)− ai(t) ≥ αψ(t), α > 0, t ∈ I, i ∈ {2, . . . , n},

has Lyapunov's stable generalized exponents.
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Äîêàçàòåëüñòâî. Note the perturbed system

dx

dt
= (Ad(t) + P (t))x (5)

in the coordinate form is written

dxi
dt

= ai(t)xi +

n∑
k=1

pik(t)xk, i ∈ {1, . . . , n}. (6)

It is known that from

lim
t→∞

∥P (t)∥
ψ(t)

= 0

it follows that for any i ∈ {1, . . . , n}, k ∈ {1, . . . , n}, the equality takes place

lim
t→∞

|pik(t)|
ψ(t)

= 0. (7)

Following the work [3, pp. 65-78] it is easily established that the linearly
perturbed system (6) satisfying the condition (7) has n linearly independent
solutions xk = {x1k, x2k, . . . , xnk}, k = 1, 2, . . . , n; satisfying to equalities

a) lim
t→∞

xµk
xkk

= 0, µ ̸= k, b) lim
t→∞

(
1

ψ(t)

x′kk
xkk

− ak(t)

ψ(t)

)
= 0.

From b) it follows that for any ε > 0 there exists such T ∈ I, that for
any t > T, k = 1, . . . , n, inequalities take place

ak(t)− εψ(t) <
x′kk
xkk

< ak(t) + εψ(t).

Integrating we obtain

t∫
t0

ak(τ)dτ − ε

t∫
t0

ψ(τ)dτ < ln
|xkk(t)|
|xkk(t0)|

<

t∫
t0

ak(τ)dτ + ε

t∫
t0

ψ(τ)dτ.

Therefore, inequalities take place

1

q(t)

t∫
t0

ak(τ)dτ − ε <
1

q(t)
ln

|xkk(t)|
|xkk(t0)|

<
1

q(t)

t∫
t0

ak(τ)dτ + ε.
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From a) it follows that the k -th coordinate of the solution xk is the leader,
which implies that the equalities take place

lim
t→+∞

1

q(t)
ln |xk(t)| = lim

t→+∞

1

q(t)

t∫
t0

ak(τ)dτ = λk(Ad).

Here λ1(Ad), . . . , λn(Ad) are Lyapunov's generalized exponents of the sys-
tem (4), besides they are di�erent. Therefore, the fundamental system of
solutions x1, x2, . . . , xn organizes a normal base of the linearly perturbed
system (5). Therefore, by the de�nition the values

lim
t→+∞

1

q(t)
ln |xk(t)| = λk(Ad + P ), k ∈ {1, . . . , n},

are Lyapunov's generalized exponents of the system (5) and the equalities take
place

λi(Ad + P ) = λi(Ad), i = 1, . . . , n;

Therefore, the linear system (4) has Lyapunov's stable generalized exponents.
Theorem 1 is proved. �

Òåîðåìà 2 The generalized exponentially separated linear system (1)

satisfying to the condition (2) has Lyapunov's stable generalized exponents.

Äîêàçàòåëüñòâî. By the de�nition the linear system (1) has solutions
x1(t), . . . , xn(t), for which at all t ≥ s ≥ t0 inequalities are ful�lled

∥xi−1(t)∥
∥xi−1(s)∥

÷ ∥xi(t)∥
∥xi(s)∥

≥ Beα[q(t)−q(s)], i = 2, n (8)

with some constants α > 0, B ≥ 1.
Hence, it follows that the solutions x1(t), . . . , xn(t) have various

generalized indices, therefore from the property of the generalized indices it
follows that they organize a fundamental system of solutions of the linear
system (1).

Let

xi(t) = ∥xi(t)∥φi(t), where φi(t) =
xi(t)

∥xi(t)∥
, i = 1, n,
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and we present a fundamental matrix of solutions in a form

X = ΦD, (9)

where

Φ(t) = [φ1, . . . , φn], | detΦ| > 0, D = diag(∥x1∥, ∥x2|, . . . , ∥xn∥).

The equalities take place

1

2∥xi(t)∥2
d∥xi(t)∥2

dt
=

(A(t)xi(t), xi(t))

∥xi(t)∥2
= (A(t)φi(t), φi(t)) = ai(t),

where ai(t), i = 1, . . . , n, continuous functions at t ≥ t0.
Hence integrating, for any t ≥ s ≥ t0 we shall have

∥xi(t)∥ = ∥xi(s)∥ exp

 t∫
s

ai(τ)dτ

 , i = 1, . . . , n. (10)

From (8), (10) it follows that

exp

 t∫
s

(ai−1(τ)− ai(τ))dτ

 ≥ B exp[α(q(t)− q(s))], i = 2, . . . , n.

This implies that the inequalities are ful�lled

ai−1(t)− ai(t) ≥ αψ(t), α > 0, t ∈ I, i ∈ {2, . . . , n}. (11)

Let us carry out transformation in the system (1) taking as a matrix of
transformation the matrix Φ(t)

x = Φy. (12)

Then we receive the linear system

ẏ = D∗y, (13)

where
D∗ = Φ−1AΦ− Φ−1Φ̇.
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Note that in the transformation (12), matrixes Φ(t), Φ−1(t) are
continuous limited, and the matrix Φ̇(t) is continuous and ∥Φ̇(t)∥ ≤ Kψ(t).
Therefore, (12) is the generalized Lyapunov's transformation.

To the fundamental matrix X linear to the system (1) there corresponds
the fundamental matrix Y of the linear system (13) and from the equality

X = ΦY

it follows that

Y = Φ−1X. (14)

Substituting (9) in (14) we have

Y = Φ−1ΦD = D = diag(∥x1(t)∥, . . . , ∥xn(t)∥)

or

Y = diag

∥x1(t0)∥e

t∫
t0

a1ds

, . . . , ∥xn(t0)∥e

t∫
t0

ands


The equation has this a fundamental system of the solutions

ẏ = Dy,

where
D = diag(a1, a2, . . . , an).

Therefore, owing to uniqueness the equality takes place

D∗ = D.

Thus, the generalized exponentially separated linear system (1) satisfying
to the condition (2) by application of Lyapunov's generalized transformation
is reduced to a diagonal system satisfying to the condition (11). As Lyapu-
nov's generalized transformation keeps stability, from theorem 1 it follows that
Lyapunov's generalized exponents of the linear system (1) are stable.

Theorem 2 is proved. �
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Example 1 Let us consider the linear system
ẋ = − 1

4
√
t
x+

sin t

t+ 1
y

ẏ =
cos t

t+ 2014
x− 1

2
√
t
y

, (t > 1).

Note that the linear system from diagonal coe�cients of this system has
Lyapunov's generalized exponents

λ1(q) = −1

2
, λ2(q) = −1,

where q(t) =
√
t and the diagonal system is generalized exponentially

separated, and the approval of theorem 2 is ful�lled. Therefore, this system
has the same Lyapunov's generalized exponents. This implies that the system
is stable according to Lyapunov.
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�ëäèáåêîâ Ò.Ì. ÝÊÑÏÎÍÅÍÖÈÀËÄÛ Á�ËIÊÒÅÍÃÅÍ Æ�É ÄÈÔ-
ÔÅÐÅÍÖÈÀËÄÛ� ÒÅ�ÄÅÓËÅÐÄI� Æ�ÉÅËÅÐI ÒÓÐÀËÛ

Êîýôôèöèåíòòåði ³çiëiññiç øåíåëãåí ñûçû©òû áiðòåêòi æºé äèôôå-
ðåíöèàëäû© òåäåóëåðäi ýêñïîíåíöèàëäû á°ëiêòåíãåí æ³éåëåði Ëÿïóíîâ
ê°ðñåòêiøòåðiíi ñûíè æà¡äàéëàðûíäà ©àðàñòûðûëàäû. Æàëïûëàìà ýêñ-
ïîíåíöèàëäû á°ëiêòåíãåí ñûçû©òû äèôôåðåíöèàëäû© òåäåóëåðäi æ³é-
åëåði êåéáið ìîíîòîíäû °ñïåëi ôóíêöèÿëàð¡à ©àòûñòû àíû©òàëàäû. Åãåð
ñûçû©òû áiðòåêòi äèôôåðåíöèàëäû© òåäåóëåðäi æ³éåñi æàëïûëàìà ýêñ-
ïîíåíöèàëäû á°ëiêòåíãåí áîëñà, îíäà æàëïûëàìà Ëÿïóíîâ ê°ðñåòêiøòåði
©àíäàéäà áið àç ºñåð áåðåòií êëàñòà îðíû©òû áîëàòûíû òà¡àéûíäàë¡àí.
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Àëäèáåêîâ Ò.Ì. ÎÁ ÝÊÑÏÎÍÅÍÖÈÀËÜÍÎ ÐÀÇÄÅËÅÍÍÛÕ ÑÈ-
ÑÒÅÌÀÕ ÎÁÛÊÍÎÂÅÍÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

Ðàññìàòðèâàåòñÿ ýêñïîíåíöèàëüíî ðàçäåëåííàÿ ëèíåéíàÿ îäíîðîäíàÿ
ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íåïðåðûâíûìè
îãðàíè÷åííûìè êîýôôèöèåíòàìè â êðèòè÷åñêèõ ñëó÷àÿõ ïîêàçàòåëåé Ëÿ-
ïóíîâà. Îïðåäåëÿåòñÿ îáîáùåííî ýêñïîíåíöèàëüíî ðàçäåëåííàÿ ëèíåéíàÿ
ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî íåêîòîðîé ìîíîòîí-
íî âîçðàñòàþùåé ôóíêöèè. Óñòàíîâëåíî, ÷òî åñëè ëèíåéíàÿ îäíîðîäíàÿ
ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé îáîáùåííî ýêñïîíåíöèàëüíî ðàç-
äåëåííàÿ, òî îáîáùåííûå ïîêàçàòåëè Ëÿïóíîâà ÿâëÿþòñÿ óñòîé÷èâûìè â
íåêîòîðîì êëàññå ìàëûõ âîçìóùåíèé.
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ÍÅÐÀÂÅÍÑÒÂÀ ÁÅÐÍØÒÅÉÍÀ�ÍÈÊÎËÜÑÊÎÃÎ È
ÎÖÅÍÊÈ ÍÀÈËÓ×ØÈÕ ÏÐÈÁËÈÆÅÍÈÉ Â

ÀÍÈÇÎÒÐÎÏÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ ËÎÐÅÍÖÀ

Â ñòàòüå äîêàçàíû íåðàâåíñòâà Áåðíøòåéíà�Íèêîëüñêîãî äëÿ òðèãîíîìåò-

ðè÷åñêèõ ïîëèíîìîâ ñî ñïåêòðîì èç ãèïåðáîëè÷åñêîãî êðåñòà è ïîëó÷åíû

îöåíêè íàèëó÷øèõ ïðèáëèæåíèé â ìåòðèêå àíèçîòðîïíûõ ïðîñòðàíñòâ Ëî-

ðåíöà.

Êëþ÷åâûå ñëîâà: àíèçîòðîïíûå ïðîñòðàíñòâà Ëîðåíöà, íåðàâåíñòâî

Áåðíøòåéíà-Íèêîëüñêîãî, íàèëó÷øåå ïðèáëèæåíèå.

1 Îïðåäåëåíèÿ è âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ïóñòü f(x) = f(x1, . . . , xn) � èçìåðèìàÿ ôóíêöèÿ, çàäàííàÿ íà [0, 1]n.
×åðåç f∗(t) = f∗1,...,∗n(t1, . . . , tn) îáîçíà÷èì ôóíêöèþ, ïîëó÷åííóþ ïðèìå-
íåíèåì ê ïåðâîé íåâîçðàñòàþùåé ïåðåñòàíîâêè ïîñëåäîâàòåëüíî ïî ïåðå-
ìåííûì x1, . . . , xn ïðè ôèêñèðîâàííûõ îñòàëüíûõ ïåðåìåííûõ.

Ïóñòü ìóëüòèèíäåêñû p = (p1, . . . , pn), q = (q1, . . . , qn) óäîâëåòâîðÿ-
þò óñëîâèÿì, åñëè 0 < pj < ∞, òî 0 < qj ≤ ∞, åñëè æå pj = ∞, òî è
qj = ∞ äëÿ j = 1, . . . , n, è ⋆ = {j1, . . . , jn} � íåêîòîðàÿ ôèêñèðîâàííàÿ

c⃝ Ê.À.Áåêìàãàíáåòîâ, Å.Ò.Îðàçãàëèåâ, 2015.

Keywords: anisotropic Lorentz space, Bernstein-Nikolsky inequality, the best

approximation

2010 Mathematics Subject Classi�cation: 42A10



Íåðàâåíñòâà Áåðíøòåéíà�Íèêîëüñêîãî è îöåíêè íàèëó÷øèõ ... 33

ïåðåñòàíîâêà ìíîæåñòâà {1, . . . , n}. Àíèçîòðîïíûì ïðîñòðàíñòâîì Ëîðåí-
öà Lpq⋆ = Lpq⋆([0, 1)

n) (ñì. Å.Ä. Íóðñóëòàíîâ [1], â ñëó÷àå ⋆ = {1, . . . , n} �
À.Ï. Áëîçèíñêèé [2]) íàçûâàåòñÿ ìíîæåñòâî ôóíêöèé, äëÿ êîòîðûõ

∥f∥Lpq⋆
=

(∫ 1

0
. . .

(∫ 1

0

∣∣∣t1/p11 . . . t1/pnn f∗1,...,∗n(t1, . . . , tn)
∣∣∣qj1 dtj1

tj1

)qj2/qj1

. . .

. . .
dtjn
tjn

)1/qjn

< ∞.

Çäåñü âûðàæåíèå
(∫ 1

0 (G(s))q dss

)1/q
ïðè q = ∞ ïîíèìàåòñÿ êàê sups>0G(s).

Ëåììà 1 ([3]). Ïóñòü 1 < p = (p1, . . . , pn)< r = (r1, . . . , rn) < ∞, 1+1/r =
1/p + 1/s, 1 ≤ q = (q1, . . . , qn), d = (d1, . . . , dn) ≤ ∞, 1/θ = (1/d− 1/q)+ è
⋆ = {j1, . . . , jn}. Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

∥f ∗ g∥Lrd⋆
≤ C∥f∥Lpq⋆

∥g∥Lsθ⋆
,

çäåñü (f ∗ g) (x) � ñâåðòêà ôóíêöèé f(x) è g(x).

Ïóñòü f(x) ∼
∑

k∈Zn ake
2πi⟨k,x⟩ � êðàòíûé òðèãîíîìåòðè÷åñêèé ðÿä,

îáîçíà÷èì
∆s(f, x) =

∑
k∈ρ(s)

ake
2πi⟨k,x⟩,

ãäå ρ(s) = {k = (k1, . . . , kn) ∈ Zn :
[
2si−1

]
≤ |ki| < 2si , i = 1, . . . , n}, s ∈ Z+.

Ïóñòü −∞ < α = (α1, . . . , αn) < ∞, 0 < q = (q1, . . . , qn), p =
(p1, . . . , pn) ≤ ∞ è ⋆ = {j1, . . . , jn}. Àíèçîòðîïíûì ïðîñòðàíñòâîì
Áåñîâà Bαq⋆

p = Bαq⋆
p ([0, 1)n) [4] íàçûâàåòñÿ ìíîæåñòâî ðÿäîâ f(x) ∼∑

k∈Z ake
2πi⟨k,x⟩, äëÿ êîòîðûõ êîíå÷íà íîðìà

∥f∥
Bαq⋆

p
=

∥∥∥{2(α,s)∥∆s(f)∥Lp

}∥∥∥
lq⋆

,

ãäå ∥ · ∥Lp � íîðìà ïðîñòðàíñòâà Ëåáåãà ñî ñìåøàííîé ìåòðèêîé Lp =
Lp([0, 1)

n) è ∥ · ∥lq⋆ � íîðìà äèñêðåòíîãî ïðîñòðàíñòâà Ëåáåãà lq⋆ .
Ñôîðìóëèðóåì â âèäå ëåììû ÷àñòíûé ñëó÷àé òåîðåìû 4 èç [4].
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Ëåììà 2. Ïóñòü 1 < p = (p1, . . . , pn) < r = (r1, . . . , rn) < ∞, 0 < q =
(q1, . . . , qn) ≤ ∞ è σ = 1/p − 1/r è ⋆ = {j1, . . . , jn}. Òîãäà ñïðàâåäëèâû
âëîæåíèÿ

Bσq⋆

p ↪→ Lrq⋆ ↪→ B−σq⋆

p .

Ïóñòü N ∈ N, γ = (γ1, . . . , γn), ãäå γj > 0 äëÿ âñåõ j = 1, . . . , n è
k̄ = max(1, |k|). Ìíîæåñòâî

Γ(N, γ) =
{
k = (k1, . . . , kn) : kj ∈ Z, j = 1, . . . , n,

n∏
j=1

k̄
γj
j ≤ N

}
,

íàçûâàåòñÿ ãèïåðáîëè÷åñêèì êðåñòîì ïîðÿäêà N , ñîîòâåòñòâóþùèì γ, à
ìíîæåñòâî

Q(N, γ) =
∪

s∈Zn
+:(s,γ)≤N

ρ(s)

� ñòóïåí÷àòûì êðåñòîì.

Ëåììà 3. Ïóñòü β = (β1, . . . , βn), γ = (γ1, . . . , γn), q = (q1, . . . , qn), ãäå
βj ∈ R, γj > 0, qj > 0 äëÿ âñåõ j = 1, . . . , n, ν ≥ 0 è M ∈ N,

AM,γ(β, ν, q) =

=


[
M
γn

]∑
kn=0

. . .


[
M−γ2k2−...γnkn

γ1

]∑
k1=0

(
2
∑n

j=1 βjkj (M − γ1k1 − . . .− γnkn)
ν
)q1


q2/q1

. . .


1/qn

.

Ïóñòü ζ = max {βj/γj : j = 1, . . . , n}, B = {i : βi/γi = ζ, i = 1, . . . , n} è
i0 = min {i : i ∈ B}, òîãäà

AM,γ(β, ν, q) ∼


2ζMM

∑
i∈B 1/qi−1/qi0 ïðè ζ > 0

Mν+
∑

i∈B 1/qi ïðè ζ = 0
Mν ïðè ζ < 0

. (1)

Äîêàçàòåëüñòâî ñëåäóåò èç ñëåäóþùèõ àññèìïòîòè÷åñêèõ ñîîòíîøåíèé

M∑
k=0

2βk(M − k)ν ∼


2βM ïðè β > 0
Mν+1 ïðè β = 0
Mν ïðè β < 0

.

�
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Ëåììà 4. Ïóñòü 1 < p = (p1, . . . , pn) < ∞, 0 < q = (q1, . . . , qn) ≤ ∞,

⋆ = {j1, . . . , jn} è α = (α1, . . . , αn) ∈ Rn, γ = (γ1, . . . , γn) > 0 è U
(α)
Q(M,γ) =∑

k∈Q(M,γ) k̄
αe2πi(k,x). Òîãäà ñïðàâåäëèâî∥∥∥U (α)

Q(M,γ)

∥∥∥
Lrq⋆

∼ AM,γ(α+
1

r′
, 0, q⋆).

Äîêàçàòåëüñòâî. Èñõîäÿ èç îöåíîê îäíîìåðíûõ ÿäåð Áåðíóëëè, ïîëó÷èì∥∥∥∆s(U
(α)
Q(M,γ))

∥∥∥
Lp

∼ 2

∑n
j=1(αj+

1
p′
j
)sj

. (2)

Ñîãëàñíî ëåììå 2 è (2) èìååì∥∥∥U (α)
Q(M,γ)

∥∥∥
Lrq⋆

≤ C1

∥∥∥U (α)
Q(M,γ)

∥∥∥
Bσq⋆

p

=

= C1


[
M
γn

]∑
sn=0

. . .


[
M−γ2s2−...−γnsn

γ1

]∑
s1=0

(
2
∑n

j=1 σjsj
∥∥∥∆s(U

(α)
Q(M,γ))

∥∥∥
Lp

)qj1


qj2/qj1

. . .


1/qjn

∼


[
M
γn

]∑
sn=0

. . .


[
M−γ2s2−...−γnsn

γ1

]∑
s1=0

(
2

∑n
j=1(

1
pj

− 1
rj

+αj+
1
p′
j
)sj

)qj1


qj2/qj1

. . .


1/qjn

=

=


[
M
γn

]∑
sn=0

. . .


[
M−γ2s2−...−γnsn

γ1

]∑
s1=0

(
2

∑n
j=1(αj+

1
r′
j
)sj

)qj1


qj2/qj1

. . .


1/qjn

=

= AM (α+
1

r′
, 0, q⋆). (3)

Àíàëîãè÷íî, ñîãëàñíî ëåììå 2 è (2) èìååì∥∥∥U (α)
Q(M,γ)

∥∥∥
Lrq⋆

≥ C1

∥∥∥U (α)
Q(M,γ)

∥∥∥
B−σq⋆

p

=
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= C1


[
M
γn

]∑
sn=0

. . .


[
M−γ2s2−...−γnsn

γ1

]∑
s1=0

(
2
∑n

j=1 −σjsj
∥∥∥∆s(U

(α)
Q(M,γ))

∥∥∥
Lp

)qj1


qj2/qj1

. . .


1/qjn

∼


[
M
γn

]∑
sn=0

. . .


[
M−γ2s2−...−γnsn

γ1

]∑
s1=0

(
2

∑n
j=1(

1
pj

− 1
rj

+αj+
1
p′
j
)sj

)qj1


qj2/qj1

. . .


1/qjn

=

=


[
M
γn

]∑
sn=0

. . .


[
M−γ2s2−...−γnsn

γ1

]∑
s1=0

(
2

∑n
j=1(αj+

1
r′
j
)sj

)qj1


qj2/qj1

. . .


1/qjn

=

= AM (α+
1

r′
, 0, q⋆). (4)

Îáúåäèíÿÿ (11) è (4), ïîëó÷àåì∥∥∥U (α)
Q(M,γ)

∥∥∥
Lrq⋆

∼ AM (α+
1

r′
, 0, q⋆).

�
2. Íåðàâåíñòâà Áåðíøòåéíà�Íèêîëüñêîãî

Ïóñòü γ = (γ1, . . . , γn) > 0, TΓ(N,γ)(x) =
∑

k∈Γ(N,γ) cke
2πi(k,x) � òðèãî-

íîìåòðè÷åñêèé ïîëèíîì ñî ñïåêòðîì èç ãèïåðáîëè÷åñêîãî êðåñòà è α =
(α1, . . . , αn) ∈ Rn, îáîçíà÷èì

T
(α)
Γ(N,γ)(x) =

∑
k∈Γ(N,γ)

k̄αcke
2πi(k,x),

ãäå k̄α =
∏n

i=1 k̄
αi
i .

Òåîðåìà 1. Ïóñòü 1 < p = (p1, . . . , pn) < ∞, 1 ≤ q = (q1, . . . , qn) ≤ ∞,
⋆ = {j1, . . . , jn} è ζ = max{(αji + 1/pji)/γji : i = 1, . . . , n}, B = {i :
(αji + 1/pji)/γji = ζ, i = 1, . . . , n}, i0 = min{i : i ∈ B}. Òîãäà ñïðàâåä-
ëèâû íåðàâåíñòâà:
ïðè ζ > 0∥∥∥T (α)

Γ(N,γ)

∥∥∥
L∞

≤ CN ζ (ln(N + 1))
∑

i∈B 1/q′ji
−1/q′ji0 ∥TΓ(N,γ)∥Lpq⋆

, (5)
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ïðè ζ = 0 ∥∥∥T (α)
Γ(N,γ)

∥∥∥
L∞

≤ C (ln(N + 1))
∑

i∈B 1/q′ji ∥TΓ(N,γ)∥Lpq⋆
, (6)

ïðè ζ < 0 ∥∥∥T (α)
Γ(N,γ)

∥∥∥
L∞

≤ C∥TΓ(N,γ)∥Lpq⋆
. (7)

Äîêàçàòåëüñòâî. Ïóñòü 2M−1 < N ≤ 2M , òîãäà Q(M,γ) � íàèìåíüøèé
ñòóïåí÷àòûé êðåñò, ïîêðûâàþùèé ãèïåðáîëè÷åñêèé êðåñò Γ(N, γ).

Ïîëèíîì T
(α)
Γ(N,γ)(x) ïðåäñòàâèì â âèäå ñâåðòêè ïîëèíîìà TΓ(N,γ)(x) ñ

ÿäðîì U
(α)
Q(M,γ)(x) =

∑
k∈Q(M,γ) k̄

αe2πi(k,x).
Ñîãëàñíî íåðàâåíñòâó Ãåëüäåðà è ëåììû 4, ïîëó÷àåì

∥T (α)
Γ(N,γ)∥L∞ = sup

x∈[0,1)n
|
∫ 1

0
TΓ(N,γ)(y)U

(α)
M,γ(x− y)dy| ≤

≤ ∥TΓ(N,γ)∥Lpq⋆
∥U (α)

M,γ∥Lp′q′⋆ ∼ AM,γ(α+
1

p
, 0, q′⋆)∥TΓ(N,γ)∥Lpq⋆

.

Äàëåå äîêàçàòåëüñòâî ñëåäóåò èç ëåììû 3.

Çàìå÷àíèå 1. Òåîðåìà 1 îáîáùàåò è äîïîëíÿåò ñîîòâåòñòâóþùèé ðå-
çóëüòàò ðàáîòû [5].

Òåîðåìà 2. Ïóñòü 1 < p = (p1, . . . , pn)< r = (r1, . . . , rn) < ∞,
1 ≤ q = (q1, . . . , qn), d = (d1, . . . , dn) ≤ ∞, ⋆ = {j1, . . . , jn} è
ζ = max{(αji + 1/pji − 1/rji)/γji : i = 1, . . . , n}, B = {i :
(αji + 1/pji − 1/rji)/γji = ζ, i = 1, . . . , n}, i0 = min{i : i ∈ B}, 1/θj =
(1/dj − 1/qj)+, j = 1, . . . , n, ãäå a+ = max(a, 0). Òîãäà ñïðàâåäëèâû íåðà-
âåíñòâà:
ïðè ζ > 0∥∥∥T (α)

Γ(N,γ)

∥∥∥
Lrd⋆

≤ CN ζ (ln(N + 1))
∑

i∈B 1/θji−1/θji0 ∥TΓ(N,γ)∥Lpq⋆
, (8)

ïðè ζ = 0 ∥∥∥T (α)
Γ(N,γ)

∥∥∥
Lrd⋆

≤ C (ln(N + 1))
∑

i∈B 1/θji ∥TΓ(N,γ)∥Lpq⋆
, (9)
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ïðè ζ < 0 ∥∥∥T (α)
Γ(N,γ)

∥∥∥
Lrd⋆

≤ C∥TΓ(N,γ)∥Lpq⋆
. (10)

Äîêàçàòåëüñòâî. Ïî àíàëîãèè ñ ïðåäûäóùèì äîêàçàòåëüñòâîì è ñîãëàñíî
ëåììàì 1 è 4 ïîëó÷àåì

∥T (α)
Γ(N,γ)∥Lrd⋆

=

∥∥∥∥∥
∫
[0,1)n

TΓ(N,γ)(y)U
(α)
M,γ(x− y)dy

∥∥∥∥∥
Lrd⋆

≤

≤ C∥TΓ(N,γ)∥Lpq⋆
∥U (α)

M,γ∥Lsθ⋆
∼ AM,γ(α+

1

s′
, 0, θ⋆)∥TΓ(N,γ)∥Lpq⋆

=

= AM,γ(α+
1

p
− 1

r
, 0, θ⋆)∥TΓ(N,γ)∥Lpq⋆

.

Äàëåå äîêàçàòåëüñòâî ñëåäóåò èç ëåììû 3.

Çàìå÷àíèå 2. à) Òî÷íîñòü ïî ïîðÿäêó íåðàâåíñòâ èç Òåîðåì 1 è 2 íå

ñëîæíî ïðîâåðèòü íà ïîëèíîìàõ âèäà U
(τ)
M,γ(x) ïóòåì ïîäáîðà ìóëüòèèí-

äåêñà τ = (τ1, . . . , τn);
á) Îòìåòèì, ÷òî íåðàâåíñòâà (7) è (10) ìîæíî ïîëó÷èòü êàê ñëåä-

ñòâèÿ òåîðåì âëîæåíèÿ Wα
pq⋆ ↪→ L∞ ïðè α > 1/p è Wα

pq⋆ ↪→ Lrd⋆ ïðè
α > 1/p− 1/r èç ðàáîòû [4];

â) Íåðàâåíñòâà (5) � (10), â îòëè÷èå îò íåðàâåíñòâ Òåîðåì 1.2.1 è
1.2.3 èç [6], ïîçâîëÿþò óâèäåòü, êàêèå ïàðàìåòðû ïðîñòðàíñòâ çà ÷òî
îòâå÷àþò. Òàê â íåðàâåíñòâå (8), â îòëè÷èå îò íåðàâåíñòâà Òåîðåìû
1.2.3, âîçíèêàåò ëîãàðèôìè÷åñêàÿ êîìïîíåíòà, ñâÿçàíàÿ ñî ñëàáûìè ïà-
ðàìåòðàìè ïðîñòðàíñòâ, à èìåííî ñ òåìè èç íèõ, êîòîðûå ñîîòâåò-
ñòâóþò max{(αji + 1/pji − 1/rji)/γi : i = 1, . . . , n}. Èç íåðàâåíñòâ (5), (8)
òàêæå âèäíî, ÷òî îöåíêè çàâèñÿò îò ïàðàìåòðà ⋆ = {j1, . . . , jn} òåì,
÷òî èç

∑
i∈B 1/q′ji èëè

∑
i∈B 1/θji âû÷èòàåòñÿ ñîîòâåòñòâóþùàÿ êîìïî-

íåíòà 1/q′ji0
èëè 1/θji0 , êîòîðàÿ âïåðâûå âñòðå÷àåòñÿ ïðè èíòåãðèðîâà-

íèè â íîðìå ïðîñòðàíñòâà Lpq⋆ .

3. Îöåíêè íàèëó÷øèõ ïðèáëèæåíèé â ðàçíûõ ìåòðèêàõ

Ïóñòü α = (α1, . . . , αn) > 0 è f(x) ∼
∑

k∈Zn cke
2πi(k,x) � êðàòíûé òðèãî-

íîìåòðè÷åñêèé ðÿä. Òîãäà ðÿä

f (α)(x) ∼
∑
k∈Zn

k̄αcke
2πi(k,x)
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íàçîâåì ïðîèçâîäíîé ïîðÿäêà α = (α1, . . . , αn) èñõîäíîãî ðÿäà.
Ïóñòü 1 < p = (p1, . . . , pn) < ∞, 1 ≤ q = (q1, . . . , qn) ≤ ∞, ⋆ =

{j1, . . . , jn} è f(x) ∈ Lpq⋆ . Äëÿ γ = (γ1, . . . , γn) > 0, âåëè÷èíà

EN,γ(f)Lpq⋆
= inf

TΓ(N,γ)

∥∥f − TΓ(N,γ)

∥∥
Lpq⋆

íàçûâàåòñÿ íàèëó÷øèì ïðèáëèæåíèåì ôóíêöèè f(x) ïî òðèãîíîìåòðè÷å-
ñêèì ïîëèíîìàì ñî ñïåêòðîì èç ãèïåðáîëè÷åñêîãî êðåñòà Γ(N, γ) â ìåòðè-
êå àíèçîòðîïíîãî ïðîñòðàíñòâà Ëîðåíöà Lpq⋆ .

Òåîðåìà 3. Ïóñòü α = (α1, . . . , αn) > 0, 1 < p = (p1, . . . , pn) < ∞, 1 ≤ q =
(q1, . . . , qn) ≤ ∞, ⋆ = {j1, . . . , jn}, ζ = max{(αji + 1/pji)/γji : i = 1, . . . , n},
B = {i : (αji + 1/pji)/γji = ζ, i = 1, . . . , n}, i0 = min{i : i ∈ B}, ôóíêöèÿ
f(x) èç Lpq⋆ è

∞∑
l=1

2ζll
∑

i∈B 1/q′ji
−1/q′ji0E2l,γ(f)Lpq⋆

< ∞.

Òîãäà ôóíêöèÿ f(x) èìååò íåïðåðûâíóþ ïðîèçâîäíóþ f (α)(x) è ñïðàâåä-
ëèâà îöåíêà

E2N ,γ(f
(α))L∞ ≤ C

∞∑
l=N

2ζll
∑

i∈B 1/q′ji
−1/q′ji0E2l,γ(f)Lpq⋆

.

Äîêàçàòåëüñòâî. Ïóñòü TΓ(l,γ)(x) � ïîëèíîì íàèëó÷øåãî ïðèáëèæåíèÿ
ôóíêöèè f(x) â ìåòðèêå àíèçîòðîïíîãî ïðîñòðàíñòâà Ëîðåíöà Lpq⋆ . Â ñèëó
íåðàâåíñòâà (5) èìååì∥∥∥T (α)

Γ(2l+1,γ)
− T

(α)

Γ(2l,γ)

∥∥∥
L∞

≤ C12
ζll

∑
i∈B 1/q′ji

−1/q′ji0

∥∥∥TΓ(2l+1,γ) − TΓ(2l,γ)

∥∥∥
Lpq⋆

≤

≤ C22
ζll

∑
i∈B 1/q′ji

−1/q′ji0E2l,γ(f)Lpq⋆
. (11)

Ñîãëàñíî óñëîâèþ òåîðåìû ïîëó÷àåì, ÷òî ðÿä

T
(α)
Γ(1,γ)(x) +

∞∑
l=0

(
T
(α)

Γ(2l+1,γ)
(x)− T

(α)

Γ(2l,γ)
(x)

)
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ðàâíîìåðíî ñõîäèòñÿ ê íåêîòîðîé íåïðåðûâíîé ôóíêöèè F = F (x, α). Çà-
ìåòèì, ÷òî êîýôôèöèåíòû Ôóðüå ýòîé ôóíêöèè ðàâíû k̄αck, òî åñòü ñóùå-
ñòâóåò f (α)(x) è îíà ñîâïàäàåò ñ íåïðåðûâíîé ôóíêöèåé F (x, α).

Èç (11) ïîëó÷àåì

E2N ,γ(F )L∞ ≤
∥∥∥F − T

(α)

Γ(2N ,γ)

∥∥∥
L∞

≤
∞∑

l=N

∥∥∥T (α)

Γ(2l+1,γ)
− T

(α)

Γ(2l,γ)

∥∥∥
L∞

≤

≤ C3

∞∑
l=N

2ζll
∑

i∈B 1/q′ji
−1/q′ji0E2l,γ(f)Lpq⋆

.

�

Òåîðåìà 4. Ïóñòü α = (α1, . . . , αn) > 0, 1 < p = (p1, . . . , pn)< r =
(r1, . . . , rn) < ∞, 1 ≤ q = (q1, . . . , qn), d = (d1, . . . , dn) ≤ ∞, ⋆ =
{j1, . . . , jn}, ζ = max{(αji + 1/pji − 1/rji)/γji : i = 1, . . . , n}, B = {i :
(αji + 1/pji − 1/rji)/γji = ζ, i = 1, . . . , n}, i0 = min{i : i ∈ B}, 1/θj =
(1/dj − 1/qj)+, j = 1, . . . , n, ôóíêöèÿ f(x) èç Lpq⋆ è

∞∑
l=1

2ζll
∑

i∈B 1/θji−1/θji0E2l,γ(f)Lpq⋆
< ∞.

Òîãäà ôóíêöèÿ f(x) èìååò ïðîèçâîäíóþ f (α)(x), ïðèíàäëåæàùóþ Lrd⋆ è
ñïðàâåäëèâà îöåíêà

E2N ,γ(f
(α))Lrd⋆

≤ C

∞∑
l=N

2ζll
∑

i∈B 1/θji−1/θji0E2l,γ(f)Lpq⋆
.

Äîêàçàòåëüñòâî. Ïóñòü TΓ(l,γ)(x) � ïîëèíîì íàèëó÷øåãî ïðèáëèæåíèÿ
ôóíêöèè f(x) â ìåòðèêå àíèçîòðîïíîãî ïðîñòðàíñòâà Ëîðåíöà Lpq⋆ . Â ñèëó
íåðàâåíñòâà (8) èìååì∥∥∥T (α)

Γ(2l+1,γ)
− T

(α)

Γ(2l,γ)

∥∥∥
Lrd⋆

≤ C12
ζll

∑
i∈B 1/θji−1/θji0

∥∥∥TΓ(2l+1,γ) − TΓ(2l,γ)

∥∥∥
Lpq⋆

≤

≤ C22
ζll

∑
i∈B 1/q′ji

−1/q′ji0E2l,γ(f)Lpq⋆
.
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T
(α)
Γ(1,γ)(x) +

∞∑
l=0

(
T
(α)

Γ(2l+1,γ)
(x)− T

(α)

Γ(2l,γ)
(x)

)
ñõîäèòñÿ ê íåêîòîðîé ôóíêöèè F = F (x, α) èç Lrd⋆ . Çàìåòèì, ÷òî êîýô-
ôèöèåíòû Ôóðüå ýòîé ôóíêöèè ðàâíû k̄αck, òî åñòü ñóùåñòâóåò f (α)(x),
êîòîðàÿ ñîâïàäàåò ñ ôóíêöèåé F (x, α).

Äàëåå ïîëó÷àåì

E2N ,γ(F )Lrd⋆
≤

∥∥∥F − T
(α)

Γ(2N ,γ)

∥∥∥
Lrd⋆

≤ C3

∞∑
l=N

∥∥∥T (α)

Γ(2l+1,γ)
− T

(α)

Γ(2l,γ)

∥∥∥
Lrd⋆

≤

≤ C4

∞∑
l=N

2ζll
∑

i∈B 1/θji−1/θji0E2l,γ(f)Lpq⋆
.

Çàìå÷àíèå 3. à) Òåîðåìû 3 è 4 íå ìîãóò áûòü óëó÷øåíû â òîì ñìûñëå,
÷òî äëÿ ïîñëåäîâàòåëüíîñòè εl ↓ 0 òàêîé, ÷òî

∞∑
l=1

2ζll
∑

i∈B 1/q′ji
−1/q′ji0 ε2l = ∞ èëè

∞∑
l=1

2ζll
∑

i∈B 1/θji−1/θji0 ε2l = ∞,

íàéäåòñÿ ôóíêöèÿ f(x) èç Lpq⋆, äëÿ êîòîðîé

E2l,γ(f)Lpq⋆
∼ ε2l

è f (α)(x) íå ïðèíàäëåæèò L∞ èëè Lrd⋆ ñîîòâåòñòâåííî;
á) Òåîðåìû 3 è 4 îáîáùàþò Òåîðåìû 1.3.1 è 1.3.2 èç [6].

Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà ÃÔ4�0816, ôèíàíñèðóåìîãî Êîìè-
òåòîì íàóêè ÌÎÍ ÐÊ.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÅ ÏÎÂÅÄÅÍÈÅ ÐÅØÅÍÈÉ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ
Â ÏÐÎÑÒÐÀÍÑÒÂÅ ÂÅÊÒÎÐ-ÔÓÍÊÖÈÉ

Â ñòàòüå èññëåäóåòñÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé ñèñòåìû äâóõ

ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÷åòâåðòîãî ïîðÿäêà ïðè áîëü-

øèõ çíà÷åíèÿõ ñïåêòðàëüíîãî ïàðàìåòðà. Íà îñíîâàíèè ïîëó÷åííûõ ôîð-

ìóë âû÷èñëåíû èíäåêñû äåôåêòà ñîîòâåòñâóþùåãî äèôôåðåíöèàëüíîãî

îïåðàòîðà.

Êëþ÷åâûå ñëîâà: àñèìïòîòè÷åñêîå ïîâåäåíèå, ñèñòåìà äèôôåðåíöèàëü-

íûõ óðàâíåíèé, L�äèàãîíàëüíàÿ ñèñòåìà.

Çàäà÷à èññëåäîâàíèÿ àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèé îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ), â çàâèñèìîñòè îò ïîâåäåíèÿ
êîýôôèöèåíòîâ ÿâëÿåòñÿ îäíîé èç öåíòðàëüíûõ â òåîðèè ÎÄÓ. Ðåøåíèþ
ýòîé çàäà÷è ïîñâÿùåíî çíà÷èòåëüíîå ÷èñëî ðàáîò ñì. [1] è áèáëèîãðàôèþ
ê íåé. Îäíàêî, â îñíîâíîì, â ýòèõ ðàáîòàõ èññëåäîâàëèñü ñêàëÿðíûå äèô-
ôåðåíöèàëüíûå óðàâíåíèÿ. Ìû èññëåäóåì àñèìïòîòè÷åñêîå ïîâåäåíèå ðå-
øåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé â ïðîñòðàíñòâå âåêòîð�ôóíêöèé.

c⃝ Ã.Æ.Áåðäåíîâà, ß.Ò.Ñóëòàíàåâ, 2015.

Keywords: Asymptotic behavior, system of di�erential equations, L�diagonal system
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Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé

ly := y(4) +Q(x)y = λy, 0 ≤ x < +∞, (1)

λ−êîìïëåêñíûé ïàðàìåòð, λ ∈ Γ, Γ = {λ : λ = σ + ıτ, τ = σγ , 0 < γ < 1} .

y =

(
y1(x)
y2(x)

)
� âåêòîð, 0 ≤ x < ∞, Q(x) � âåùåñòâåííàÿ ñèììåòðè-

÷åñêàÿ ìàòðèöà ñ äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûìè ýëåìåíòàìè
qi,j(x), i, j = 1, 2, ñîáñòâåííûå çíà÷åíèÿ êîòîðîé µi(x) → −∞ ïðè x → +∞.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ φ(x) =
1

2
arctg

q22(x)− q11(x)

2q12(x)
, φ′(x) �

ñêîðîñòü âðàùåíèÿ ñîáñòâåííûõ âåêòîðîâ ìàòðèöû Q(x).
Íàñ áóäóò èíòåðåñîâàòü àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ôóíäàìåíòàëü-

íîé ñèñòåìû ðåøåíèé óðàâíåíèÿ (1) ïðè λ ∈ Γ, λ → ∞, ðàâíîìåðíî ïî x:
0 ≤ x < +∞ â ñëó÷àå ìåäëåííîãî âðàùåíèÿ ñîáñòâåííûõ âåêòîðîâ ìàòðè-
öû Q(x). Àñèìïòîòè÷åñêèå ôîðìóëû, ðàâíîìåðíûå ïî õ, âàæíû êàê ñ òî÷-
êè çðåíèÿ àñèìïòîòè÷åñêîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé, òàê è ñ
òî÷êè çðåíèÿ ñïåêòðàëüíîé òåîðèè äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Äåëî
â òîì, ÷òî èõ çíàíèå ïîçâîëÿåò èññëåäîâàòü ñïåêòðàëüíûå ñâîéñòâà ñîîò-
âåòñâóþùèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ (ñì. íàïðèìåð [2]). Îòìåòèì,
÷òî ðàíåå îäíèì èç àâòîðîâ â ðàáîòå [3] ðàññìàòðèâàëñÿ âîïðîñ îá àñèìïòî-
òè÷åñêîì ïîâåäåíèè ðåøåíèé ñèñòåìû âòîðîãî ïîðÿäêà −y′′ +Q(x)y = λy,
λ ∈ Γ, λ → ∞ ðàâíîìåðíî ïî x. Â ýòîé æå ðàáîòå âû÷èñëåíà àñèìïòîòè-
êà ñïåêòðà ñîîòâåòñòâóþùåãî äèôôåðåíöèàëüíîãî îïåðàòîðà, ÷òî óäàåò-
ñÿ ñäåëàòü áëàãîäàðÿ ðàâíîìåðíîñòè àñèìïòîòè÷åñêèõ ôîðìóë. Â ðàáîòå
[4] äëÿ óðàâíåíèÿ (1) íàéäåíû àñèìïòîòè÷åñêèå ôîðìóëû ïðè x −→ ∞,
÷òî äîñòàòî÷íî äëÿ âû÷èñëåíèÿ èíäåêñîâ äåôåêòà ìèíèìàëüíîãî îïåðà-
òîðà, ïîðîæäåííîãî â L2 (0,∞) äèôôåðåíöèàëüíûì âûðàæåíèåì ly. Äëÿ
èññëåäîâàíèÿ æå àñèìïòîòèêè ñïåêòðà îïåðàòîðà, ÷åìó áóäåò ïîñâÿùåíà
îòäåëüíàÿ ðàáîòà, íóæíû àñèìïòîòè÷åñêèå ôîðìóëû ïî λ, ðàâíîìåðíûå
ïî x, ÷òî è ÿâëÿåòñÿ îñíîâíûì ðåçóëüòàòîì íàøåé ðàáîòû.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ: äëÿ äîñòàòî÷íî áîëüøîãî x0 è

ïðè x ≥ x0

1. |φ′(x)| ≤ c,

2. 0 < A ≤
∣∣∣ µi(x)
µj(x)

∣∣∣ ≤ B, ãäå ñ, À, Â - ïîëîæèòåëüíûå êîíñòàíòû,
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3.
∞∫
x0

|(λ− µi(x))|−1/4 dx < ∞,
∞∫
x0

∣∣∣ φ′′(x)

(λ−µi(x))
1/4

∣∣∣ dx = o(1), λ ∈ Γ, λ →

∞, i = 1, 2,

4. |µ′
i(x)| ≤ o(|µi(x)|α)|, ïðè x → +∞, i = 1, 2, 0 < α < 5/4,

µ′
i(x) è µ′′

i (x) ñîõðàíÿþò çíàê ïðè x ≥ x0.

Òîãäà ñèñòåìà (1) èìååò âîñåìü ëèíåéíî íåçàâèñèìûõ ðåøåíèé yj(x, λ),
òàêèõ, ÷òî ïðè λ → ∞, λ ∈ Γ ðàâíîìåðíî ïî õ, 0 ≤ x < +∞

y1,2 = φ1(x, λ) exp
{
±

x∫
0

(λ− µ1(t))
1/4dt

}
(1 + o(1)),

y3,4 = φ1(x, λ) exp
{
± i

x∫
0

(λ− µ1(t))
1/4dt

}
(1 + o(1)),

y5,6 = φ2(x, λ) exp
{
±

x∫
0

(λ− µ2(t))
1/4dt

}
(1 + o(1)),

y7,8 = φ2(x, λ) exp
{
± i

x∫
0

(λ− µ2(t))
1/4dt

}
(1 + o(1)),

ãäå

φ1(x, λ) =
1

8

√
(λ− µ1(x))

3

(
cos φ(x)
−sin φ(x)

)
,

φ2(x, λ) =
1

8

√
(λ− µ2(x))

3

(
sin φ(x)
cos φ(x)

)
.

Äîêàçàòåëüñòâî. Ñ ïîìîùüþ çàìåíû ïåðåìåííûõ

z =


y
y′

y′′

y′′′

 ,
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îò ñèñòåìû (1) ïåðåéäåì ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî
ïîðÿäêà

z′ = Az,

z = (z1(x, λ), z2(x, λ), z3(x, λ), z4(x, λ)) � íîâàÿ íåèçâåñòíàÿ âåêòîð-
ôóíêöèÿ,

A =


0 I 0 0
0 0 I 0
0 0 0 I

−Q+ λI 0 0 0

 ,

ãäå I � äâóìåðíàÿ åäèíè÷íàÿ ìàòðèöà.
Ââåäåì â ðàññìîòðåíèå îðòîãîíàëüíóþ ìàòðèöó

U1 =

(
cos φ(x) sin φ(x)
−sin φ(x) cos φ(x)

)
,

òàêóþ, ÷òî U−1
1 QU1 = Λ = diag {µ1, µ2} ,

µ1 =
q11 + q22 +

√
(q11 − q22)2 + 4q212
2

, µ2 =
q11 + q22 −

√
(q11 − q22)2 + 4q212
2

.

Äàëåå ïðîèçâåäåì çàìåíó

z = diag {U1, U1, U1, U1}w = Uw,

z′ = U ′w + Uw′,

U ′w + Uw′ = AUw,

w′ = (U−1AU)w − U−1U ′w. (2)

U−1AU =


0 I 0 0
0 0 I 0
0 0 0 I

−Λ + λI 0 0 0

 ,
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U−1U ′ = diag {p, p, p, p} , p = φ′(x)·
(

0 1
−1 0

)
.

Äàëåå, ïîñêîëüêó âûïîëíÿåòñÿ óñëîâèå 1) òåîðåìû, òî âåäóùèìè ýëå-
ìåíòàìè â ñèñòåìå (2) áóäóò ýëåìåíòû ìàòðèöû U−1AU. Ïðèâåäåì åå ê
äèàãîíàëüíîìó âèäó.

Ñóùåñòâóåò ìàòðèöà, ïðèâîäÿùàÿ U−1AU ê äèàãîíàëüíîìó âèäó. Îáî-
çíà÷èì åå ÷åðåç C(x, λ).

C−1(U−1AU)C = M = diag {µ̃1, µ̃2, µ̃3, µ̃4, µ̃5, µ̃6, µ̃7, µ̃8} ,

µ̃1 = (λ− µ1)
1/4, µ̃2 = (λ− µ2)

1/4,

µ̃3 = −(λ− µ1)
1/4, µ̃4 = −(λ− µ2)

1/4,

µ̃5 = i(λ− µ1)
1/4, µ̃6 = i(λ− µ2)

1/4,

µ̃7 = −i(λ− µ1)
1/4, µ̃8 = −i(λ− µ2)

1/4.

Ýëåìåíòû ìàòðèöû Ñ îïðåäåëÿþòñÿ èç ñèñòåìû óðàâíåíèé:
c1iµi = c2i, c2iµi = c3i, c3iµi = c4i, c4iµi = (−Λ + λI)c1i, ãäå
cij , i = 1, 4, j = 1, 4 � äâóìåðíûå ìàòðèöû, ýëåìåíòû Ñ,

µ1 =

(
µ̃1(x) 0
0 µ̃2(x)

)
, µ2 =

(
µ̃3(x) 0
0 µ̃4(x)

)
,

µ3 =

(
µ̃5(x) 0
0 µ̃6(x)

)
, µ4 =

(
µ̃7(x) 0
0 µ̃8(x)

)
.

Èç ýòîé ñèñòåìû ìàòðèöà Ñ íàõîäèòñÿ íåîäíîçíà÷íî, ñ òî÷íîñòüþ
äî óìíîæåíèÿ ñïðàâà íà áëî÷íî-äèàãîíàëüíóþ ìàòðèöó δ(x) =
diag {δ1(x), δ2(x), δ3(x), δ4(x)} . Òîãäà ýëåìåíòû Ñ èìåþò âèä:
c1i = δ1(x), c2i = δ1(x)µi(x), c3i = δ1(x)µ

2
i (x), c4i = δ1(x)µ

3
i (x). Ìàò-

ðèöó Ñ−1íàõîäèì èç óñëîâèÿ C−1C = E. Îáîçíà÷èì ÷åðåç T = C−1C ′

è íàéäåì åå ýëåìåíòû. Âûáåðåì ìàòðèöó δ(x) òàê, ÷òîáû âûïîëíÿëîñü
óñëîâèå (C−1C ′)ii = 0, i = 1, 8. Òîãäà áëîêè ìàòðèöû δ(x) èìåþò âèä:

δ1(x) = (µ1(x))
−3/2, δ2(x) = (−µ2(x))

−3/2,

δ3(x) = (−iµ3(x))
−3/2, δ4(x) = (iµ4(x))

−3/2,
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C =


µ1(x)

−3/2 −µ2(x)
−3/2 −iµ3(x))

−3/2 iµ4(x)
−3/2

µ1(x)
−1/2 −(−µ2(x))

−1/2 i(−iµ3(x))
−1/2 −i(iµ4(x))

−1/2

µ1(x)
1/2 (−µ2(x))

1/2 −i(−iµ3(x))
−1/2 −(iµ4(x))

1/2

µ1(x)
3/2 −(−µ2(x))

3/2 −i(−iµ3(x))
−3/2 i(iµ4(x))

3/2

 ,

C−1=
1

4


µ1(x)

3/2 µ1(x)
1/2 µ1(x)

−1/2 µ1(x)
−3/2

(−µ2(x))
3/2 −(−µ2(x))

1/2 (−µ2(x))
−1/2 −(−µ2(x))

−3/2

(−iµ3(x))
3/2 −i(−iµ3(x))

1/2 −(−µ3(x))
−1/2 i(−iµ3(x))

−3/2

(iµ4(x))
3/2 −i(iµ̄4(x))

1/2 −(iµ4(x))
−1/2 −i(iµ4(x))

−3/2

 ,

T=
1

8



0 0
−µ′

1

λ−µ1
0

−µ′
1
(1+i)

λ−µ1
0

−µ′
1
(1−i)

λ−µ1
0

0 0 0
−µ′

2

λ−µ2
0

−µ′
2
(1+i)

λ−µ2
0

−µ′
2
(1−i)

λ−µ2
−µ′

1

λ−µ1
0 0 0

−µ′
1
(1−i)

λ−µ1
0

−µ′
1
(1+i)

λ−µ1
0

0
−µ′

2

λ−µ2
0 0 0

−µ′
2
(1−i)

λ−µ2
0

−µ′
2
(1+i)

λ−µ2
−µ′

1
(1−i)

λ−µ1
0

−µ′
1
(1+i)

λ−µ1
0 0 0

−µ′
1

λ−µ1
0

0
−µ′

2
(1−i)

λ−µ2
0

−µ′
2
(1+i)

λ−µ2
0 0 0

−µ′
2

λ−µ2
−µ′

1
(1+i)

λ−µ1
0

−µ′
1
(1−i)

λ−µ1
0

−µ′
1

λ−µ1
0 0 0

0
−µ′

2
(1+i)

λ−µ2
0

−µ′
2
(1−i)

λ−µ2
0

−µ′
2

λ−µ2
0 0


.

Ïîëîæèì
w = C(I +G)u,

ãäå ìàòðèöà G ñ ýëåìåíòàìè gij óäîâëåòâîðÿåò ñîîòíîøåíèþ:

GM −MG = −T − C−1PC,

gii = 0, gij =
(−C−1C ′ − C−1PC)ij

µ̃j − µ̃i
, i ̸= j,

w′ = C ′(I +G)u+ CG′u+ C(I +G)u′,

C ′(I +G)u+ CG′u+ C(I +G)u′ = U−1AUC(I +G)u− PC(I +G)u.
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Óìíîæèì ýòî ðàâåíñòâî ñëåâà íà C−1, òîãäà

T (I +G)u+G′u+ (I +G)u′ = M(I +G)u− C−1PC(I +G)u,

Tu+ TGu+G′u+ (I +G)u′ = (M +MG)u− C−1PC(I +G)u,

Tu+TGu+G′u+(I+G)u′ = (M+GM)u+Tu−C−1PCu+C−1PCu−C−1PCGu.

Óìíîæèâ ýòî âûðàæåíèå ñëåâà íà (I +G)−1, ïîëó÷èì ñèñòåìó óðàâíåíèé

u′ = (M + θ(x, λ))u. (3)

Ïîëàãàÿ â (3) ïðè ôèêñèðîâàííîì i, (i = 1, 8)

u = s× exp
{ x∫

0

µ̃i(t, λ)dt
}
,

ãäå s = (s1, s2, s3, s4, s5, s6, s7, s8) � íåèçâåñòíàÿ âåêòîð�ôóíêöèÿ, ïðèäåì
ê ñèñòåìå óðàâíåíèé ïåðâîãî ïîðÿäêà:

d

dx
si(x, λ) = νi(x, λ)si(x, λ) +

8∑
m=1

θim(x, λ)sm(x, λ), i = 1, 8, (4)

ãäå

νi(x, λ) = µ̃j(x, λ)− µ̃i(x, λ),

θ = ∥θim(x, λ)∥8i,m=1,

� òà æå, ÷òî è â (3).
Ïîêàæåì, ÷òî

x∫
0

∥θ(x, λ)∥dx = o(1), λ ∈ Γ, λ → ∞. (5)

Ïîä íîðìîé ìàòðèö çäåñü è â äàëüíåéøåì áóäåì ïîíèìàòü ñóììó àá-
ñîëþòíûõ âåëè÷èí åå ýëåìåíòîâ.
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Îöåíèì ýëåìåíòû gij ìàòðèöû G. Âñå gij(x, λ) îãðàíè÷åíû ñâåðõó ëè-
íåéíûìè êîìáèíàöèÿìè âèäà

µ′
i(x)

(λ− µi(x))5/4
,

φ′(x)

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
]

2∑
i=1

Ki(λ− µi(x))1/4
, Ki = const.

Åñëè λ ∈ Γ, λ → ∞, òî λ = σ + ıτ, σ > 0, τ = σγ , 0 < γ < 1.
Çíà÷èò,

(λ− µi(x)) =(σ + ıτ − µi(x)) = (σ − µi(x))

(
1 + i

τ

σ − µi(x)

)
=

= (σ − µi(x))

(
1 + i

σγ

σ − µi(x)

)
.

(6)

Òàê êàê µi(x) < 0, òî

σγ

σ − µi(x)
≤ σγ−1 → 0 ïðè σ → 0 ðàâíîìåðíî ïî x, 0 ≤ x < +∞.

Ñëåäîâàòåëüíî, èç (6) ïîëó÷àåì, ÷òî λ−µi(x) ∼ σ−µi(x), λ ∈ Γ, λ → ∞
ðàâíîìåðíî ïî x, 0 ≤ x < +∞.

Äàëåå,

|µ′
i(x)|

|(λ− µi(x))|5/4
−→ 0, λ ∈ Γ, λ → ∞ ðàâíîìåðíî ïî x, x ∈ [0, x0], òàê

êàê

| µ′
i(x) |

| (λ− µi(x)) |5/4
≤ 1

σ5/4
−→ 0 ïðè σ −→ +∞. Åñëè æå, x ∈ [x0, +∞) ,
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|µ′
i(x)|

|(λ− µi(x))|5/4
≤ K

1

(σ − µi(x))
5/4−α

−→ 0 ïðè σ → +∞ ðàâíîìåðíî ïî x.

×òî êàñàåòñÿ ñëàãàåìîãî

φ′(x)

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
]

2∑
i=1

Ki(λ− µi(x))1/4
, Ki = const,

òî ÷èñëèòåëü ðàâíîìåðíî îãðàíè÷åí ñîãëàñíî óñëîâèÿì 1) è 2). Çíàìåíà-
òåëü æå áåñêîíå÷íî ðàñòåò ïðè λ ∈ Γ, λ → ∞ ðàâíîìåðíî ïî x, ò. ê.

|λ− µi(x)|1/4 ∼ |σ − µi(x)|1/4 > σ
1
4 →∞.

Òàêèì îáðàçîì, ∥ G(x, λ) ∥ ïðè λ ∈ Γ, λ → ∞ ðàâíîìåðíî ïî x, 0 ≤
x < +∞ ìîæåò áûòü ñäåëàíà, ñêàæåì, ìåíüøå 1/2. Ñëåäîâàòåëüíî, ïðè
λ ∈ Γ, λ → ∞ ìàòðèöà (I + G) èìååò îãðàíè÷åííóþ îáðàòíóþ ìàòðèöó
(I +G)−1.

Èòàê, ∥ I+G ∥≤ const, ∥ (I+G)−1 ∥≤ const, λ ∈ Γ, λ → ∞, ðàâíîìåðíî
ïî x. Ïîýòîìó äëÿ ñïðàâåäëèâîñòè ðàâåíñòâà (5) äîñòàòî÷íî ïîêàçàòü, ÷òî
ýòè îöåíêè èìåþò ìåñòî äëÿ ìàòðèö TG, G′, C−1PCG.

Ïåðåéäåì ê îöåíêå ýëåìåíòîâ ìàòðèöû TG. Îíè îãðàíè÷åíû ñâåðõó
ëèíåéíûìè êîìáèíàöèÿìè ôóíêöèé âèäà∣∣∣∣ µ′

i(x)

(λ− µi(x)

µ′
i(x)

(λ− µi(x))5/4

∣∣∣∣ ,
∣∣∣∣∣∣∣∣

µ′
i(x)

(λ− µi(x)

φ′(x)

[(
λ−µi(x)
λ−µj(x)

)3/8
+
(

λ−µi(x)
λ−µj(x)

)1/8]
(λ− µi(x))1/4

∣∣∣∣∣∣∣∣ , i, j = 1, 2. (7)

Äîêàæåì, ÷òî

∞∫
0

∥TG∥ dx = o(1), λ ∈ Γ, λ → ∞.
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∞∫
0

∣∣∣∣∣ (µ′
i(x))

2

(λ− µi(x))
9
4

∣∣∣∣∣ dx =

x0∫
0

∣∣∣∣∣ (µ′
i(x))

2

(λ− µi(x))
9
4

∣∣∣∣∣ dx+

∞∫
x0

∣∣∣∣∣ (µ′
i(x))

2

(λ− µi(x))
9
4

∣∣∣∣∣ dx. (8)
Òî, ÷òî ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (8) åñòü o(1), λ → ∞, λ ∈ Γ,
ñëåäóåò èç íåïðåðûâíîñòè ïîäûíòåãðàëüíîé ôóíêöèè è íàëè÷èÿ λ â çíà-
ìåíàòåëå. ×òî êàñàåòñÿ âòîðîãî ñëàãàåìîãî, òî

∞∫
x0

∣∣∣∣ (µ′
i(x))

2

(λ− µi(x))9/4

∣∣∣∣ dx ≤ K

∞∫
x0

µ′2
i (x)

(σ − µi(x))9/4
dx ≤ K1

∞∫
x0

|µ′
i(x)|

(σ − µi(x))9/4
dx =

=
∣∣ò.ê. µ′

i(x) ñîõðàíÿåò çíàê äëÿ x > x0
∣∣ =

= K2(σ − µi(x))
α−5/4

∣∣∣∞
x0

−→ 0 ïðè σ −→ +∞, òàê êàê α < 5/4.

×òî êàñàåòñÿ èíòåãðàëà îò âòîðîé ôóíêöèè â (7), òî ìû ñíîâà ðàçáè-

âàåì èíòåãðàë íà
x0∫
0

è
∞∫
x0

.

x0∫
0

−→ 0 ïðè λ ∈ Γ, λ −→ ∞, ò.ê. ïîäûíòåãðàëüíàÿ ôóíêöèÿ íåïðå-

ðûâíà è ñîäåðæèò λ â çíàìåíàòåëå. Ñîãëàñíî óñëîâèÿì 1) è 2)

∞∫
x0

∣∣∣∣∣ µ′
i(x)

(λ− µi(x))5/4
φ′(x)

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
]∣∣∣∣∣ dx ≤

≤ K

∞∫
x0

|µ′
i(x)|

(σ − µi(x))5/4
dx = K1(σ − µi(x))

−1/4
∣∣∣∞
x0

= o(1) ïðè σ −→∞.

Äîêàæåì òåïåðü, ÷òî
∞∫
0

∥G′(x, λ)∥ dx = o(1). Äëÿ ýòîãî âîñïîëüçóåìñÿ

îöåíêàìè, ïîëó÷åííûìè ðàíåå äëÿ ýëåìåíòîâ ìàòðèöû G.
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Â ñëó÷àå, êîãäà

gij(x, λ) =
Kijµ

′
i(x)

(λ− µi(x))5/4
,

(gij)
′ =

(
Kijµ

′
i(x)

(λ− µi(x))5/4

)′
= Kij

µ′′
i (x)

(λ− µi(x))5/4
+Kij

5µ′
i(x)µ

′
i(x)

4(λ− µi(x))9/4
.

Ñëåäîâàòåëüíî,

∞∫
0

∣∣g′ij∣∣ dx ≤ Kij

∫ ∞

0

∣∣∣∣ µ′′
i (x)

(λ− µi(x))5/4
+

µ′2
i (x)

(λ− µi(x))9/4

∣∣∣∣ dx. (9)

Ðàçîáüåì ýòîò èíòåãðàë íà
x0∫
0

+
∞∫
x0

, òîãäà

x0∫
0

∣∣∣∣ µ′′
i (x)

(λ− µi(x))5/4
+

µ′2
i (x)

(λ− µi(x))9/4

∣∣∣∣ dx = o(1), λ ∈ Γ, λ −→ ∞,

òàê êàê ïîäûíòåãðàëüíûå ôóíêöèè íåïðåðûâíû è λ− µi(x) ̸= 0.
Äàëåå â ñèëó óñëîâèÿ 4)

∞∫
x0

∣∣∣∣ µ′2
i (x)

(λ− µi(x))9/4

∣∣∣∣ dx ≤ K

∞∫
x0

|µ′
i(x)|

(σ − µi(x))9/4−α
dx =

= K
(σ − µi(x))

α−5/4

α− 5/4

∣∣∣∞
x0

= o(1), σ −→ ∞, ò.ê. α < 5/4,

∞∫
x0

∣∣∣∣ µ′′
i (x)

(λ− µi(x))9/4

∣∣∣∣ dx ≤ K

∞∫
x0

|µ′
i(x)|

|(σ − µi(x))|5/4
dx ≤ 1

σ5/4
−→ 0, σ −→ +∞.

Äëÿ ýëåìåíòîâ
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(gij)
′ =


Kijφ

′(x)

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
]

2∑
i=1

Ki(λ− µi(x))1/4


′

=

= Kij
φ′′(x)

2∑
i=1

Ki(λ− µi(x))1/4

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
]
+

+
Kij

8

φ′(x)((−µ′
i(x))(λ− µj(x))− µ′

j(x)(λ− µi(x)))

2∑
i=1

Ki(λ− µi(x))1/4(λ− µj(x))2
×

×

[
3(

λ− µi(x)

λ− µj(x)
)−5/8+

(
λ− µi(x)

λ− µj(x)

)−7/8]
−

−Kij

φ′(x)Ki

[(
λ− µi(x)

λ− µj(x)

) 3
8

+

(
λ− µi(x)

λ− µj(x)

) 1
8

]
(−µ′

i(x))

2∑
i=1

Ki(λ− µi(x))
5
4

. (10)

Òîãäà

∞∫
0

Kij
φ′′(x)

2∑
i=1

Ki(λ− µi(x))1/4

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
]
dx =

=

x0∫
0

Kij
φ′′(x)

2∑
i=1

Ki(λ− µi(x))1/4

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
]
dx+
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+

∞∫
x0

Kij
φ′′(x)

2∑
i=1

Ki(λ− µi(x))1/4

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
]
dx. (11)

Òî ÷òî, ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (11) åñòü o(1) ïðè λ ∈ Γ, λ −→
∞, ñëåäóåò èç íåïðåðûâíîñòè ïîäûíòåãðàëüíîé ôóíêöèè è íàëè÷èÿ λ â
çíàìåíàòåëå.

Äëÿ âòîðîãî ñëàãàåìîãî â (11) ñïðàâåäëèâû îöåíêè

∞∫
x0

Kij

∣∣∣∣∣ φ′′(x)
2∑

i=1
Ki(λ− µi(x))1/4

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
] ∣∣∣∣∣dx ≤

≤ Kij

Ki

∞∫
x0

∣∣∣∣∣φ′′(x)
(
B3/8 +B1/8

)
(σ − µi(x))1/4

∣∣∣∣∣ dx ≤ const

∞∫
x0

∣∣∣∣ φ′′(x)

(λ− µi(x))1/4

∣∣∣∣ dx = o(1),

ïðè λ ∈ Γ, λ −→ ∞ ñîãëàñíî óñëîâèþ 3).

Äàëåå, â (10) îöåíèì âòîðîå ñëàãàåìîå, ò.å.

∞∫
0

Kij

∣∣∣∣∣φ
′(x)

(
(−µ′

i(x))(λ−µj(x))−µ′
j(x)(λ−µi(x))

)
2∑

i=1
Ki(λ−µi(x))1/4(λ−µj(x))2

∣∣∣∣∣×

×

∣∣∣∣∣
[
3

8

(
λ− µi(x)

λ−µj(x)

)−5/8

+
1

8

(
λ− µi(x)

λ− µj(x)

)−7/8
]∣∣∣∣∣dx =

=

x0∫
0

Kij

∣∣∣∣∣φ′(x)((−µ′
i(x))(λ−µj(x))−µ′

j(x)(λ−µi(x)))

2∑
i=1

Ki(λ−µi(x))1/4(λ−µj(x))2

∣∣∣∣∣×

×

∣∣∣∣∣
[
3

8

(
λ− µi(x)

λ−µj(x)

)−5/8

+
1

8

(
λ− µi(x)

λ− µj(x)

)−7/8
]∣∣∣∣∣dx+
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+

∞∫
x0

Kij

∣∣∣∣∣φ
′(x)

(
(−µ′

i(x))(λ−µj(x))−µ′
j(x)(λ−µi(x))

)
2∑

i=1
Ki(λ−µi(x))1/4(λ−µj(x))2

∣∣∣∣∣×

×

∣∣∣∣∣
[
3

8

(
λ− µi(x)

λ−µj(x)

)−5/8

+
1

8

(
λ− µi(x)

λ− µj(x)

)−7/8
]∣∣∣∣∣dx. (12)

Ïåðâûé èíòåãðàë â ïðàâîé ÷àñòè (12) åñòü o(1) ïðè λ ∈ Γ, λ −→ ∞,
ýòî ñëåäóåò èç íåïðåðûâíîñòè ïîäûíòåãðàëüíîé ôóíêöèè è λ− µi(x) ̸= 0.

Äëÿ âòîðîãî ñëàãàåìîãî â (12) ñïðàâåäëèâû îöåíêè

∞∫
x0

Kij

∣∣∣∣∣φ
′(x)

(
(−µ′

i(x))(λ−µj(x))−µ′
j(x)(λ−µi(x))

)
2∑

i=1
Ki(λ−µi(x))1/4(λ−µj(x))2

∣∣∣∣∣×

×

∣∣∣∣∣
[
3

8

(
λ− µi(x)

λ−µj(x)

)−5/8

+
1

8

(
λ− µi(x)

λ− µj(x)

)−7/8
]∣∣∣∣∣dx≤

≤ Kij

∞∫
x0

|φ′(x)|
∣∣∣((−µ′

i(x))(λ− µj(x))− µ′
j(x)(λ− µi(x))

)∣∣∣ 3(B−5/8+B−7/8)
8

2∑
i=1

Ki(λ− µi(x))1/4(λ− µj(x))2
dx ≤

≤ A1

∞∫
x0

|µ′
i(x)(λ− µj(x))|+

∣∣∣µ′
j(x)(λ− µi(x))

∣∣∣∣∣(σ − µi(x))1/4
∣∣ |σ − µj(x)|2

dx ≤

≤ A2

∞∫
x0

∣∣∣∣ µ′
i(x)

(λ− µj(x))5/4

∣∣∣∣ dx = o(1), A,A2 = const, λ −→ ∞, λ ∈ Γ.

Ðàññìîòðèì òðåòèé èíòåãðàë â (10)
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∞∫
0

Kij

φ′(x)Ki

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
]
µ′
i(x)

4
2∑

i=1
Ki(λ− µi(x))5/4

=

=

∫ x0

0
Kij

φ′(x)Ki

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
]
µ′
i(x)

4
2∑

i=1
Ki(λ− µi(x))5/4

dx+

+

∫ ∞

x0

Kij

φ′(x)Ki

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
]
µ′
i(x)

4
2∑

i=1
Ki(λ− µi(x))5/4

dx. (13)

Òî, ÷òî ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (13) åñòü o(1) ïðè λ −→ ∞, λ ∈
Γ, ñëåäóåò èç íåïðåðûâíîñòè ïîäûíòåãðàëüíîé ôóíêöèè è λ− µi(x) ̸= 0.

Äëÿ âòîðîãî ñëàãàåìîãî â (13) ñïðàâåäëèâû îöåíêè

∞∫
x0

Kij

Kj

∣∣φ′(x)µ′
i(x)

(
B3/8 +B1/8

)∣∣∑2
i=1 |(σ − µi(x))|5/4

dx ≤A3

∞∫
x0

∣∣∣∣ µ′
i(x)

(σ − µi(x))5/4

∣∣∣∣dx = o(1),

A3 = const, λ −→ ∞, λ ∈ Γ.

Òàêèì îáðàçîì,
∞∫
0

∥G′(x, λ)∥ dx = o(1) ïðè λ −→ ∞, λ ∈ Γ.

Äîêàæåì, ÷òî
∞∫
0

∥∥C−1PCG
∥∥ dx = o(1). Ïîñêîëüêó ýëåìåíòû ìàòðèöû

C−1PC ñâåðõó îãðàíè÷åíû ëèíåéíîé êîìáèíàöèåé âèäà∣∣∣∣∣φ′(x)

[(
λ− µi(x)

λ− µj(x)

)3/8

−
(
λ− µi(x)

λ− µj(x)

)1/8
]∣∣∣∣∣ , òî, èñïîëüçóÿ ïîëó÷åííûå

âûðàæåíèÿ äëÿ ýëåìåíòîâ ìàòðèöû G, âûïèøåì ýëåìåíòû ìàòðèöû
C−1PCG
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(
φ′(x)

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
])

Kij
µ′
i(x)

(λ− µi(x))5/4
è

φ′(x)

[(
λ− µi(x)

λ− µj(x)

)3/8

+

λ− µi(x)

λ− µj(x)

)1/8
2

Kij

2∑
i=1

(λ− µi(x))1/4
.

Ðàçîáüåì èíòåãðàë îò ïåðâîãî âûðàæåíèÿ íà ñóììó:

∞∫
0

∣∣∣∣∣
(
φ′(x)

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
])

Kij
µ′
i(x)

(λ− µi(x))5/4

∣∣∣∣∣ dx =

=

x0∫
0

∣∣∣∣∣
(
φ′(x)

(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
)
Kij

µ′
i(x)

(λ− µi(x))5/4

∣∣∣∣∣ dx+

+

∞∫
x0

∣∣∣∣∣
(
φ′(x)

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
])

Kij
µ′
i(x)

(λ− µi(x))5/4

∣∣∣∣∣ dx.
(14)

Òî, ÷òî ïåðâîå ñëàãàåìîå â (14), åñòü o(1) ïðè λ ∈ Γ, λ −→ ∞, ñëåäóåò
èç íåïðåðûâíîñòè ïîäûíòåãðàëüíîé ôóíêöèè è λ− µi(x) ̸= 0.

Äëÿ âòîðîãî ñëàãàåìîãî â (14) ÷èñëèòåëü îãðàíè÷åí ñîãëàñíî óñëîâèÿì
1), 2). Çíàìåíàòåëü æå áåñêîíå÷íî ðàñòåò ïðè λ ∈ Γ, λ −→ ∞, ðàâíîìåðíî
ïî x, òàê êàê |λ− µi(x)| ∼ |σ − µi(x)| ,

∞∫
x0

∣∣∣∣∣
(
φ′(x)

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
])

Kij
µ′
i(x)

(λ− µi(x))5/4

∣∣∣∣∣ dx ≤

≤ KijK
(
B3/8 +B1/8

) ∞∫
0

∣∣∣∣ µ′
i(x)

(λ− µi(x))5/4

∣∣∣∣ dx ≤
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≤ KijK̄

∞∫
0

∣∣∣∣ µ′
i(x)

(σ − µi(x))5/4

∣∣∣∣ dx = o(1), ïðè σ −→ +∞.

Äëÿ âòîðîãî ýëåìåíòà ìàòðèöû C−1PCG ñïðàâåäëèâû îöåíêè

∞∫
x0

∣∣∣∣∣
(
φ′(x)

[(
λ− µi(x)

λ− µj(x)

)3/8

+

(
λ− µi(x)

λ− µj(x)

)1/8
])2

Kij

2∑
i=1

(λ− µi(x))1/4

∣∣∣∣∣dx ≤

≤ K2
(
B3/8 +B1/8

)
Kij

∞∫
x0

dx

(σ − µi(x))1/4
= o(1),

ïðè σ → +∞ ñîãëàñíî óñëîâèÿì 1), 3).
Äëÿ äàëüíåéøåãî äîêàçàòåëüñòâà íàì ïîíàäîáèòñÿ ëåììà, äîêàçàííàÿ

À.Ã. Êîñòþ÷åíêî è Â.Ï. Áåëîãðóäåì (ñì. [2], ñòð. 165�168)

Ëåììà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ

1) ôóíêöèè νk(x, λ) ëîêàëüíî ñóììèðóåìû ïðè ëþáîì çíà÷åíèè λ ∈ Γ;
2) ïðè íåêîòîðîì i, 1 ≤ i ≤ n, ν(x, λ) ≡ 0, à ïðè i ̸= j ôóíêöèè

Re {νk(x, λ)}íå ìåíÿþò çíàê ïðè x > x0, äëÿ äîñòàòî÷íî áîëüøèõ x0 è

λ ∈ Γ;

3) ôóíêöèè θkm(x, λ) ñóììèðóåìû íà [0,∞) è
b∫
a
∥θ(x, λ)∥ dx = o(1),

λ → ∞, λ ∈ Γ;
Òîãäà ñèñòåìà (4) èìååò ðåøåíèå, óäîâëåòâîðÿþùåå ïðè λ → ∞, λ ∈

Γ,
sk(x, λ) = 1 + o(1), sm(x, λ) = o(1), m ̸= k ðàâíîìåðíî îòíîñèòåëüíî

õ, x ∈ [0,∞).

Ïîêàæåì, ÷òî Re (µ̃i(x)− µ̃j(x)) íå ìåíÿåò çíàê ïðè äîñòàòî÷íî
áîëüøèõ x0, i, j = 1, 8, i ̸= j.
Ïîêàæåì, íàïðèìåð, äëÿ ñëó÷àÿ i = 1, j = 2.

Re (µ̃1(x)− µ̃2(x)) = Re
(
(λ− µ1(x))

1/4 + (λ− µ1(x))
1/4
)
=
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= Re
(
2 (σ + iτ − µi)

1/4
)
= 2Re

(
(λ− µ1(x))

1/4 + (λ− µ1(x))
1/4
)
.

Ïîñêîëüêó λ = σ + ıτ, τ = σγ , 0 < γ < 1, σ > 0, τ > 0, òî ïðè
x −→ ∞ èìååì

2Re
{
(σ+iτ−µ1(x))

1/4
}
=

=2Re

{(
−µ1(x)

(
σ + iτ

µ1(x)
+1

))1/4
}
=2Re


(
−µ1(x)

(
σ
(
1 + iσγ

σ

)
µ1(x)

+1

))1/4
 =

= 2Re

{(
−µ1(x)

(
σ(1 + o(1))

µ1(x)
+ 1

))1/4
}

= 2Re
{
(−µ1(x)(1 + o(1))1/4

}
.

Êîãäà |µ1(x)| → ∞, x → ∞, òî âîçìîæíû äâà ñëó÷àÿ:

1) µ1(x) → −∞, òîãäà −µ1(x) > 0, ñëåäîâàòåëüíî, (−µ1(x))
1/4 �

âåùåñòâåííîå ÷èñëî è Re
{
(µ1(x))

1/4
}
íå ìåíÿåò çíàê ïðè áîëüøèõ x.

2) µ1(x) → +∞, òîãäà −µ1(x) < 0, ñëåäîâàòåëüíî, (−µ1(x))
1/4 =

|−µ1(x)|1/4
(√

2

2
+

i
√
2

2

)
. Òîãäà 2Re

{
|µ1(x)|1/4

(√
2

2
+
i
√
2

2

)}
=

√
2 |µ(x)|1/4 � òàêæå íå ìåíÿåò çíàê ïðè áîëüøèõ x.

Äàëåå, ïîñêîëüêó ìû ïîêàçàëè, ÷òî
∞∫
0

∥θ(x, λ∥dx = o(1), òî ñèñòåìà (4)

ÿâëÿåòñÿ L � äèàãîíàëüíîé è ê íåé ïðèìåíèìà ëåììà 1 [2].
Òåïåðü ñ ïîìîùüþ ôîðìóë z = Uw, w = C(E + G)u ìû ìîæåì îò

âåêòîðà u âåðíóòüñÿ ê èñêîìîìó âåêòîðó z. Òîãäà ñ ó÷åòîì ôîðìóë äëÿ
ýëåìåíòîâ ìàòðèö U è C è òîãî, ÷òî (G)ij (x, λ) → 0 ïðè λ → ∞, λ ∈ Γ,
ðàâíîìåðíî ïî õ, ïîëó÷èì íóæíûå àñèìïòîòè÷åñêèå ôîðìóëû.

Àâòîðû ïðèçíàòåëüíû àêàäåìèêó ÍÀÍ ÐÊÌ.Îòåëáàåâó çà îáñóæäåíèå
ïîëó÷åííûõ ðåçóëüòàòîâ.
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In the paper the asymptotic behavior of the solutions of the two fourth
order singular di�erential equations for large values of the spectral parameter
is investigated. By the obtained formulas the de�ciency indices of the
corresponding di�erential operator are calculated.
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ÊÂÀÇÈÑÏÅÊÒÐÀËÜÍÎÅ ÐÀÇËÎÆÅÍÈÅ ÒÅÏËÎÂÎÃÎ

ÏÎÒÅÍÖÈÀËÀ

Â äàííîé ðàáîòå óìíîæåíèåì óíèòàðíîãî îïåðàòîðà (Pf) = f(x, T−t), 0 ≤
t ≤ T òåïëîâîé ïîòåíöèàë ♢−1 ïðåâðàùàåòñÿ â ñàìîñîïðÿæåííûé îïåðàòîð

P♢−1. Èç ñïåêòðàëüíîãî ðàçëîæåíèÿ âïîëíå íåïðåðûâíîãî ñàìîñîïðÿæåí-

íîãî îïåðàòîðà P♢−1 ïîëó÷åíî êâàçèñïåêòðàëüíîå ðàçëîæåíèå îïåðàòîðà

òåïëîâîãî ïîòåíöèàëà.

Êëþ÷åâûå ñëîâà: òåïëîâîé ïîòåíöèàë, ñîïðÿæåííûé îïåðàòîð, âîëüòåð-

ðîâûé îïåðàòîð, ñïåêòðàëüíîå ðàçëîæåíèå.

1 Ââåäåíèå

Â ðàáîòàõ È.Ì. Ãîõáåðãà è Ì.Ê. Êðåéíà äîêàçàíî, ÷òî ëþáîé ëèíåéíûé
âïîëíå íåïðåðûâíûé îïåðàòîð A â ãèëüáåðòîâîì ïðîñòðàíñòâå H èìååò
òðåóãîëüíîå ïðåäñòàâëåíèå A = U(A∗A)1/2, ãäå A∗ � ñîïðÿæåííûé îïåðà-
òîð ê A, à U � óíèòàðíûé îïåðàòîð. Ñëó÷àé, êîãäà îïåðàòîð A ÿâëÿåòñÿ
âïîëíå íåïðåðûâíûì âîëüòåððîâûì îïåðàòîðîì, ïîðîæäåííûì ðåøåíèåì
ñìåøàííîé çàäà÷è Êîøè ïàðàáîëè÷åñêèõ è ãèïåðáîëè÷åñêèõ óðàâíåíèé,
ïðåäñòàâëÿåò áîëüøîé èíòåðåñ. Â äàííîé ðàáîòå äàåòñÿ íîâûé àíàëîã òðå-
óãîëüíîãî ïðåäñòàâëåíèÿ ìíîãîìåðíîãî òåïëîâîãî ïîòåíöèàëà è åãî êâà-
çèñïåêòðàëüíîå ðàçëîæåíèå.

c⃝ Ò.Ø.Êàëüìåíîâ, Ã.Ä.Àðåïîâà, 2015.

Keywords: heat potential, conjugate operator, Volterra operator, quasispectral

decomposition
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2 Îñíîâíîé ðåçóëüòàò

Ïóñòü Ω ⊂ Rn � êîíå÷íàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω ∈ C1, à
D = Ω× (0, T ). Îïðåäåëèì â îáëàñòè D òåïëîâîé ïîòåíöèàë

u = ♢−1f =

∫ t

0
dτ

∫
Ω
εn(x− ξ, t− τ)f(ξ, τ)dξ, (1)

ãäå

εn(x, t) =
θ(t)e−

|x|2
4t

2(πt)n/2
(2)

� ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè

♢εn(x, t) = (
∂

∂t
−∆x)εn(x, t) = δ(x, t), (3)

εn(x, t)|t=0 = 0, x ̸= 0, (4)

θ(t) � ôóíêöèÿ Õåâèñàéäà.
Ïðè f ∈ L2(Ω) ëåêãî ïðîâåðèòü, ÷òî

♢u = ♢♢−1f = ♢
∫ t

0
dτ

∫
Ω
εn(x− ξ, t− τ)f(ξ, τ)dξ = f(x, t), u|t=0. (5)

Â ðàáîòå Êàëüìåíîâà Ò.Ø., Òîêìàãàìáåòîâà Í. [9] óêàçàíî, ÷òî òåïëîâîé
ïîòåíöèàë u = ♢−1f ïðè ëþáîì f ∈ L2(Ω), óäîâëåòâîðÿåò ñëåäóþùèì
áîêîâûì ãðàíè÷íûì óñëîâèÿì

−u(x, t)

2
+

∫ t

0
dτ

∫
∂Ω

(
∂εn
∂nξ

(x− ξ, t− τ)u(ξ, τ)−

−εn(x− ξ, τ − t)
∂u

∂nξ
(ξ, τ))dξ = 0, x ∈ ∂Ω, t ∈ [0, T ]. (6)

Îáðàòíî, ïðè ëþáîì f ∈ L2(D) ðåøåíèå çàäà÷è (5) îïðåäåëÿåò òåïëîâîé
ïîòåíöèàë ïî ôîðìóëå (1). Çäåñü ∂

∂nξ
� åäèíè÷íàÿ íîðìàëüíàÿ ïðîèçâîä-

íàÿ ê ∂Ω.
Îòìåòèì, ÷òî îïåðàòîð ♢−1 âïîëíå íåïðåðûâåí íà L2 ïðè ëþáîì f ∈

L2(Ω), u = ♢−1f ∈ W 1,2
2 (D). Îïåðàòîð ♢−1 � âîëüòåððîâûé îïåðàòîð, ò.å.

íå èìååò íåòðèâèàëüíûõ ñîáñòâåííûõ âåêòîðîâ.
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Îïðåäåëèì îïåðàòîð P :

(Pf)(x, t) = f(x, T − t), 0 ≤ t ≤ T. (7)

Î÷åâèäíî, ÷òî P ÿâëÿåòñÿ îãðàíè÷åííûì ñàìîñîïðÿæåííûì îïåðàòîðîì

P = P ∗, P 2 = I. (8)

Èìååò ìåñòî

Ëåììà 1. Îïåðàòîð P♢−1 ÿâëÿåòñÿ âïîëíå íåïðåðûâíûì ñàìîñîïðÿæåí-

íûì îïåðàòîðîì.

Äîêàçàòåëüñòâî. Ïåðåïèøåì îïåðàòîð P♢−1 â ñëåäóþùåì âèäå:

P♢−1f = P (

∫ T

0
θ(t− τ)dτ

∫
Ω
εn(x− ξ, t− τ)f(ξ, τ)dξ) =

=

∫ T

0
θ(T − t− τ)dτ

∫
Ω
εn(x− ξ, T − t− τ)f(ξ, τ)dξ, (9)

Ñ ó÷åòîì ýòîãî, íåïîñðåäñòâåííûì âû÷èñëåíèåì äëÿ ëþáûõ f, g ∈ L2(D)
ìîæíî ïîêàçàòü, ÷òî

(P♢−1f, g)L2(D) =

∫ T

0
dt

∫
Ω
((P♢−1f)(x, t)g(x, t))dx =

=

∫ T

0
dt

∫
Ω
dx

∫ T

0
θ(T − t− τ)

∫
Ω
εn(x− ξ, T − t− τ)f(ξ, τ)dξ,

g(x, t)dx =

∫ T

0

∫
Ω
f(ξ, t)dx,

∫ T

0
θ(T − t− τ)

∫
Ω
εn(x− ξ, T − t− τ)g(x, t)dxdξ =

=

∫ T

0
dτ

∫
Ω
f(ξ, τ)P

(∫ T

0
θ(τ − t)dt

∫
Ω
εn(x− ξ, τ − t)g(x, t)dx

)
dξ =

= (f, P♢−1g)L2(D), (10)
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Ñ äðóãîé ñòîðîíû,

(P♢−1f, g)L2(D) = (f, (P♢−1)∗g)L2(D). (11)

Â ñèëó ïðîèçâîëüíîñòè f, g ∈ L2(D) ïîëó÷èì

(P♢−1)∗ = P♢−1.

Ëåììà 1 äîêàçàíà. �
Ñîãëàñíî òåîðåìå î ðåãóëÿðíûõ ðàñøèðåíèÿõ ëèíåéíûõ îïåðàòîðîâ

(ñì. Ì.Îòåëáàåâ[3] è Ì.È.Âèøèê[1]) ñàìîñîïðÿæåííûå äèôôåðåíöèàëü-
íûå îïåðàòîðû ïîðîæäàþòñÿ òîëüêî ãðàíè÷íûì óñëîâèåì.

Èìååò ìåñòî

Ëåììà 2. Ïðè f ∈ L2(D) ôóíêöèÿ u = P♢−1f óäîâëåòâîðÿåò óðàâíåíèþ

♢Pu = f, (12)

íà÷àëüíîìó óñëîâèþ

u|t=T = 0 (13)

è áîêîâîìó ãðàíè÷íîìó óñëîâèþ

−(Pu)(x, t)

2
+

∫ t

0
dτ

∫
∂Ω

(
∂εn
∂nξ

(x− ξ, τ − t)Pu(ξ, τ)dξ)−

−
∫ t

0
dτ

∫
Ω
(εn(x− ξ, τ − t)P

∂u

∂nξ
(ξ, τ)dτ) = 0, x ∈ ∂Ω, t ∈ [0, T ]. (14)

Äîêàçàòåëüñòâî. Î÷åâèäíî, åñëè u ∈ W 1,2
2 (D) óäîâëåòâîðÿåò óðàâíåíèþ

(12), íà÷àëüíîìó óñëîâèþ (13) è áîêîâîìó ãðàíè÷íîìó óñëîâèþ (14), òî
u = P♢−1f .

C ó÷åòîì ♢Pu = f ëåãêî ïðîâåðèòü, ÷òî

u = (P♢−1)f = (♢−1P )♢Pu = P♢−1♢Pu = P♢−1(♢ϑ), ϑ = Pu. (15)

Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì

♢−1♢ϑ =

∫ t

0
dτ

∫
Ω
εn(x− ξ, τ − t)(

∂

∂τ
−∆ξ)ϑ(ξ, τ)dξ. (16)
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Êàê â ðàáîòå [2], óáåäèìñÿ â òîì, ÷òî

−ϑ(x, t)

2
+

∫ t

0
dτ

∫
∂Ω

(∂εn
∂nξ

(x− ξ, t− τ)ϑ(ξ, τ)−

−εn(x− ξ, τ − t)
∂u

∂nξ
(ξ, τ)

)
dξ = 0, x ∈ ∂Ω, t ∈ [0, T ], (17)

Òîæäåñòâî (Pf)(x, t) ≡ 0 ðàâíîñèëüíî òîìó, ÷òî f(x, t) = 0, òîãäà ðàâåí-
ñòâî (17) ýêâèâàëåíòíî ðàâåíñòâó

−P
[ϑ(x, t)

2
+

∫ t

0
dτ

∫
∂Ω

(∂εn
∂nξ

(x− ξ, t− τ)ϑ(ξ, τ)−

−εn(x− ξ, τ − t)ϑ(ξ, τ)
)
dξ

]
= 0, x ∈ ∂Ω, t ∈ [0, T ], (18)

Ñ ó÷åòîì ϑ = Pu, ðàâåíñòâî (17) ïåðåïèøåì â âèäå

−(Pu)(x, t)

2
+

∫ t

0
dτ

∫
∂Ω

(∂εn
∂nξ

(x− ξ, t− τ)(Pu)(ξ, τ)−

−εn(x− ξ, τ − t)
∂Pu

∂nξ
(ξ, τ)

)
dξ = 0, x ∈ ∂Ω, t ∈ [0, T ]. (19)

Ëåììà 2 äîêàçàíà. �
Ïîñêîëüêó îïåðàòîð P♢−1 âïîëíå íåïðåðûâåí è ñàìîñîïðÿæåí íà âñåì

L2(Ω), òî îí èìååò ïîëíóþ îðòîíîðìèðîâàííóþ ñèñòåìó ñîáñòâåííûõ âåê-
òîðîâ ek(x, t), ñîîòâåòñòâóþùèõ âåùåñòâåííûì ñîáñòâåííûì çíà÷åíèåì λk

λk(P♢−1)ek = ek. (20)

Èìååì

P♢−1f =
∑
k

(P♢−1f, ek)0ek =
∑
k

(f, (P♢−1)ek)0ek =
∑
k

(f,
ek
λk

)ek =

=
∑
k

1

λk
(f, ek)ek. (21)
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Ïðèìåíèâ îïåðàòîð P ê îáåèì ÷àñòÿì (21), ïîëó÷èì

♢−1f =
∑
k

1

λk
(f, ek)Pek. (22)

Ðàçëîæåíèå ♢−1f ïî îðòîíîðìèðîâàííîé ñèñòåìå Pek íàçîâåì êâàçèñïåê-
òðàëüíûì ðàçëîæåíèåì òåïëîâîãî ïîòåíöèàëà ♢−1.

Òåì ñàìûì äîêàçàíà

Òåîðåìà 1. Ïóñòü {ek}∞k=1 � ïîëíàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà ñîá-

ñòâåííûõ âåêòîðîâ ñàìîñîïðÿæåííîãî îïåðàòîðà P♢−1. Òîãäà ïðè ëþáîé

f ∈ L2(D) äëÿ ♢−1f èìååò ìåñòî êâàçèñïåêòðàëüíîå ðàçëîæåíèå â ñëå-

äóþùåì âèäå:

♢−1f =
∑
k

1

λk
(f, ek)Pek. (23)

Ëèòåðàòóðà

1 Âèøèê Ì.È. Êðàåâûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé, âûðîæ-
äàþùèõñÿ íà ãðàíèöå îáëàñòè // Ìàòåì. ñá. � 1954. � 35(77):3. � C. 1307�
1311.

2 Kalmenov T.Sh. and Tokmagambetov N.E. On a nonlocal boundary
value problem for the multidimensional heat equation in a noncylindrical
domain // Siberian Mathematical Journal. � 2013. � Vol. 54, � 6. � P.
1024�1029.

3 Îòåëáàåâ Ì., Êîêåáàåâ Á.Ê., Øûíûáåêîâ À.Í. Ê âîïðîñàì ðàñøè-
ðåíèÿ è ñóæåíèÿ îïåðàòîðîâ // Äîêëàäû ÀÍ ÑÑÑÐ. � 1983. � � 6. � C.
1307�1311.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 19.05.15

Ìàòåìàòè÷åñêèé æóðíàë 2015. Òîì 15. � 2 (56)



68 Ò.Ø.Êàëüìåíîâ, Ã.Ä.Àðåïîâà

Êàëüìåíîâ Ò.Ø., Àðåïîâà Ã.Ä. ÆÛËÓ ÏÎÒÅÍÖÈÀËÛÍÛ� ÊÂÀ-
ÇÈÑÏÅÊÒÐÀËÜÄI ÆIÊÒÅËÓI

Á´ë æ´ìûñòà óíèòàð îïåðàòîðäû (Pf)(x, t) = f(x, T − t), 0 ≤ t ≤ T,
ê°áåéòóiìåí, æûëó ïîòåíöèàëû ♢−1 °ç-°çiíå òóéiíäåñ îïåðàòîð¡à P♢−1 àé-
íàëàäû, òîëû© óçiëiññiç °ç-°çiíå òóéiíäåñ P♢−1 îïåðàòîðûíû ñïåêòðàëü-
äû æiêòåëóiíåí æûëó ïîòåíöèàëû îïåðàòîðûíû êâàçèñïåêòðàëüäû æiê-
òåëói àëûíäû.

Kal'menov T.Sh., Arepova G.D. QUASISPECTRAL DECOMPOSITION
OF THE HEAT POTENTIAL

In this paper, by multiplying of the unitary operator (Pf)(x, t) = f(x, T −
t), 0 ≤ t ≤ T , ♢−1 heat potential turns into a self-adjoint operator P♢−1, from
the spectral decomposition of a completely continuous self-adjoint operator
P♢−1 obtained quasi spectral decomposition of the heat potential operator.
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AUTOMODEL SOLUTION OF SPHERICAL AND

CYLINDRICAL STEFAN PROBLEMS

Automodel solutions of the Stefan problem are very important for the modeling

of phenomena accompanying by phase transformations. They are well known

for the one-dimensional simplest cases with one free boundary when the

boundary conditions are constant. However a problem appears sometimes

in applications when two free boundaries should be considered. In electrical

contacts they appear as a result of the explosion of a liquid electrical bridge

with further ignition of the electric arc. This explosion should be modeled by

the delta-function at the center of a contact spot. Such spherical model is

presented in this paper and corresponding automodel solution is presented in

the �rst part of the paper. The cylindrical model describing the welding of

melted zone with automodel solution is presented in the second part of the

paper.

1 The spherical Stefan problem with two free boundaries

Stefan problem with two free moving boundaries describes heat transfer
with two phase transformations, for example melting and evaporation. In the
case of spherical symmetry it can be written in the form:

c⃝ S.N. Kharin, Z. Sagyndykuly, 2015.

Keywords: integral error, Stefan problem,analytical solution,automodel,Hartree functions
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∂θ1
∂t

= a21

(
∂2θ1
∂r2

+
2

r

∂θ1
∂r

)
, α(t) < r < β(t), (1)

∂θ2
∂t

= a22

(
∂2θ2
∂r2

+
2

r

∂θ2
∂r

)
, β(t) < r < ∞. (2)

At the initial time t = 0 the heat powerP (r, t)of the arc appears at the
centre of a contact spot which should be modeled by the delta function

P (r, t) = δ(r, t) =
P0 exp

(
− r2

4a21t

)
2a1

√
πt

,

which creates the boiling and evaporation.
Two zones D1(α(t) < r < β(t)) and D2(β(t) < r < ∞) (Figure 1) are
formed with interfaces α(t) corresponding to the boiling temperature θb and
β(t) corresponding to melting temperature θm . Thus the boundary conditions
are

Figure 1 � The interfaces of boiling zone r = α(t)

and melting zone r = β(t)
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r = α(t) : − λ1
∂θ1
∂r

∣∣∣∣
r=α(t)

+ Lbγ1
dα

dt
= P (α(t), t) =

P0 exp
(
−α2(t)

4a21t

)
2a1

√
πt

, (3)

θ1|r=α(t) = θb, (4)

where Lb is the latent heat of evaporation,

θ2(r, t) =
1

r

√
tA2ierfc

r

2a2
√
t
, (5)

−λ − 1

α0

√
t

(
A1ierfc

α0

2a1
+B1ierfc

−α0

2a1

)
+

1

2a1α0

√
t

(
−A1erfc

α0

2a1
+B1erfc

−α0

2a1

)
Lbγ1α0

2
√
t

=
P0 exp

(
− α0

4a21

)
2a1

√
πt

,

(6)

where Lm is the latent heat of melting.

r = ∞ : θ2|r=∞ = 0. (7)

The initial conditions are:

t = 0 : θ2(r, 0) = 0, (8)

α(0) = β(0) = 0. (9)

The solution of this problem can be found in automodel form:

α(t) = α0

√
t, β(t) = β0

√
t, (10)

θ1(r, t) =
1

r

√
t

(
A1ierfc

r

2a1
√
t
+B1ierfc

−r

2a1
√
t

)
, (11)

θ2(r, t) =
1

r

√
tA2ierfc

r

2a2
√
t
. (12)
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It is easy to check that the functions (10), (11) satisfy the equations (1)
and (2).

Now we should �nd constants α0, β0, A1, B1, A2 to satisfy the conditions
(3)�(10). Evidently the conditions (7), (8), (9) are satis�ed already.

From the condition (3) we get :

λ1[− 1
α0

√
t

(
A1ierfc

α0
2a1

+B1ierfc
−α0
2a1

)
+

+ 1
2a1α0

√
t

(
−A1erfc

α0
2a1

+B1erfc
−α0
2a1

)
Lbγ1α0

2
√
t
] =

P0 exp

(
− α0

4a21

)
2a1

√
πt

,

therefore,

(
2a1
α0

ierfc α0
2a1

− erfc α0
2a1

)
A1 +

(
2a1
α0

ierfc−α0
2a1

− erfc−α0
2a1

)
B1+

+Lbγ1α0a1
λ1

=
P0 exp

(
− α2

0
4a21

)
λ1

√
π

(13)

The boundary condition (4) gives

A1ierfc
α0

2a1
+B1ierfc

−α0

2a1
= α0θb. (14)

Similarly from the condition (5) and (6) we get

A1ierfc
β0
2a1

+B1ierfc
−β0
2a1

= β0θm, (15)

A2ierfc
β0
2a2

= β0θm, (16)

λ1
2a1

((
2a1
β0

ierfc β0

2a1
− erfc β0

2a1

)
A1 +

(
2a1
β0

ierfc−β0

2a1
+ erfc−β0

2a1

)
B1

)
=

= λ2
2a2

(
2a2
β0

ierfc β0

2a2
− erfc β0

2a2

)
A2 +

Lmγ2α0

2 .
(17)

The equations (12)�(17) enable us to �nd all required constants
A1, B1, A2, α0 and β0.
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2 The cylindrical Stefan problem

Let us consider the process of solidi�cation of a cylinder due to cooling along
cylindrical axis r = 0 .Two zones are formed , the solid zone D1(0 < r < α(t)
with temperature θ1(r, t) and liquid zone D2(α(t) < r < ∞) with temperature
θ2(r, t) (Figure 2).

Figure 2 � The solid zone D1(0 < r < α(t))

and the liquid zone D2(α(t) < r < ∞)

It is required to solve the following Stefan problem:

∂θ1
∂t

= a21

(
∂2θ1
∂r2

+
1

r

∂θ1
∂r

)
, 0 < r < α(t), (18)

∂θ2
∂t

= a22

(
∂2θ2
∂r2

+
1

r

∂θ2
∂r

)
, α(t) < r < ∞. (19)

The initial condition are

t = 0 : α(0) = 0, θ2(0) = T0. (20)
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The boundary condition at the center r = 0 is based on the strength of the
heat sink. It is expressed as

lim
r→0

(
2πrλ1

∂θ1
∂r

)
= Q0. (21)

The remaining boundary conditions are

θ1(α(t), t) = Tf , (22)

θ2(α(t), t) = Tf , (23)

A1 = − Q0

4πλ1
, B1 = Tf + Q0

4πλ1
Ei

(
α2
0

4a21

)
, A1 =

Tf−T0

Ei

(
α2
0

4a21

) , B2 = T0

Q0

4π

exp

(
− α2

0
4a22

)
α2
0

4a22

= −λ2(Tf−T0)

Ei

(
α2
0

4a22

) exp

(
− α2

0
4a22

)
α2
0

4a22

+ Lγ1a
2
1,

(24)

where Tf is the freezing temperature.
The Stefan condition is

λ1
∂θ1
∂r

∣∣∣∣
r=α(t)

= λ2
∂θ2
∂r

∣∣∣∣
r=α(t)

+ Lγ1
dα

dt
. (25)

The solution of the problem (18)�(25) we try to �nd in automodel form:

θ1(r, t) = θ1(η), θ2(r, t) = θ2(η), α(t) = α0

√
t, η =

r2

4a21t
.

Then the equations (18), (19) transform to the following ordinary
di�erential equations

η
d2θi
dθ2

+

(
1 +

a21
a2i

η

)
dθi
dη

= 0, i = 1, 2. (26)

The solutions of these equations can be written in the form

θ1(η) = A1Ei(η) +B1, (27)
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θ2(η) = A2Ei

(
a21
a22

η

)
+B2, (28)

where

Ei(x) =

∫ ∞

x

e−z

z
dz, (29)

is the exponential integral function.

Since α(t) = α0

√
t the conditions (20) � (25) can be written in the form in

term of variable η:

lim
η→0

(
4πrλ1η

dθ1
dη

)
= Q0, (30)

θ1

(
α2
0

4a21

)
= Tf , (31)

θ2

(
a21α

2
0

4a22

)
= Tf , (32)

θ2(∞) = T0, (33)

λ1
dθ1
dη

∣∣∣∣
η=

α2
0

2a21

= λ2
dθ2
dη

∣∣∣∣
η=

α2
0

2a21

+ Lγ1a
2
1. (34)

Satisfying solutions (28), (29) conditions (30)�(33) we get

A1 = − Q0

4πλ1
, B1 = Tf +

Q0

4πλ1
Ei

(
α2
0

4a21

)
, A1 =

Tf − T0

Ei
(

α2
0

4a21

) , B2 = T0,

thus

θ1(r, t) = Tf +
Q0

4πλ1

[
Ei

(
α2
0

4a21

)
− Ei

(
r2

4a21t

)]
, (35)
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θ2(r, t) =
Tf − T0

Ei
(

α2
0

4a22

)Ei

(
r2

4a22t

)
. (36)

Using Stefan's condition (34) we get the equation to �nd α0:

Q0

4π

exp
(
− α2

0

4a22

)
α2
0

4a22

= −
λ2(Tf − T0)

Ei
(

α2
0

4a22

) exp
(
− α2

0

4a22

)
α2
0

4a22

+ Lγ1a
2
1. (37)

It can be shown similarly like for spherical case that this equation has the
unique solution.

Thus the solution of the problem is given by the expressions (35), (36)
where α should be found from the equation (37).

3 Applications to the contact welding

Welding of electrical contacts is a reason of failure in switchers, connectors,
relays and other electrical equipment. The problem of optimal choice of contact
parameters with low weldability is very important to enhance endurance and
reliability of contact systems. Analysis of investigations in this �eld shows that
the formation of a weld is a complicated function of current, voltage, contact
force, parameters of contact material, arc duration etc. The variation of the
weld strength may be of a wide range even at the same current. That is a reason
why many experimental data are presented in a form of cumulative probability.
As a rule experimental investigation of welding phenomena is focused on
the resulting values of welded area and welding force because of very short
duration of this phenomenon, which embarrasses measurements in dynamics.
Nevertheless evolution of contact surface melting and its further welding is
very important for understanding and explanation of welding characteristics.
Mathematical modelling is very helpful in this situation. The radius of the
welding area occurring in the �rst half-wave of alternating current (the time
t0 = 0.02 sec) can be found using di�erent methods. Fig. 3 depicts results of
calculation of the diameter d = 2α(t0) of welding area as a function of current.

The curve 1 is calculated using Hilgarth's formula [2] which gives a
redundant temperature.The curve 2 relates to the Holm's formula [3]
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Figure 3 � Diameter of welding zone as a function of current

r0 =

√
F

πH(TW )
,

which is obtained neglecting phase transformation.
The curve 3 relates to the results obtained in [4] by numerical calculation.

It is mostly inside the dashed area of experimental data [5]. The curve 4
corresponds to the presented above automodel solution. One can see that this
solution may be successfully used for an approximate estimation of the welding
area.

The weld force FW can be estimated approximately as

FW = Γπr20,

where Γ is the tensile strength of contact material. The dependence of weld
force on current is shown in Figure 4.

One can see a satisfactorily agreement of calculated values and
experimental data.
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Figure 4 � Weld force as a function of current. The area between

curves 1 and 2 corresponds to experimental data [5], the curve 3 is calculated
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Õàðèí Ñ.Í., Ñà¡ûíäû©´ëû Ç. ÑÒÅÔÀÍ ÑÔÅÐÀËÛ�Æ�ÍÅ ÖÈËÈÍ-
ÄÐËIÊ ÅÑÅÏÒÅÐIÍI� ÀÂÒÎÌÎÄÅËÜÄIÊ ØÅØIÌÄÅÐI

Àâòîìîäåëüäiê Ñòåôàí åñåáiíi øåøiìi ôàçàëû© °çãåðó ©´áûëûñòàðûí
ìîäåëüäåó ³øií °òå ìàûçäû áîëûï òàáûëàäû. Îëàð øåêàðàëû© øàðòòà-
ðû ò´ðà©òû áîë¡àí êåçäå æºíå ñîíäàé-à© áið-°ëøåìäi åðêií øåêàðàëû©
©àðàïàéûì æà¡äàéëàð ³øií àíû© çåðòòåëãåí. Àëàéäà, êåéäå ©îñûìøàëàð-
äà åêi åðêií øåêàðàëàðûí ©àðàñòûðûëóû òèiñ æà¡äàéäà, ìºñåëå òóûíäàé-
äû. Ýëåêòiðëiê êîíòàêòiëåðäå îëàð ýëåêòð äî¡àñûíû æàðûëûñ áàðûñûí-
äà ýëåêòð äî¡àñûíû ò´òàíóû íºòèæåñiíäå ïàéäà áîëàäû. Æàðûëûñòà¡û
àéìà© îðòàëû¡ûí äåëüòà ôóíêöèÿìåí ìîäåëüäåó ©àæåò. Á´ë ìà©àëàäà
îñûíäàé ñôåðàëû© ìîäåëüäåó ³ëãiñi ´ñûíûë¡àí æºíå îíû àâòîìîäåëüäiê
øåøiìi ìà©àëàíû áiðiíøi á°ëiãiíäå ê°ðñåòiëãåí. Åêiíøi á°ëiãiíäå öèëèí-
äiðëiê ìîäåëü ³ëãiñiíi áàë©ûòûë¡àí (äºíåêåðëåó) àéìà¡ûí ñèïàòòàéòûí
àâòîìîäåëüäiê øåøiìi òàáûë¡àí.

Õàðèí Ñ.Í., Ñàãûíäûêóëû Ç. ÀÂÒÎÌÎÄÅËÜÍÛÅ ÐÅØÅÍÈß ÑÔÅ-
ÐÈ×ÅÑÊÈÕ È ÖÈËÈÍÄÐÈ×ÅÑÊÈÕ ÇÀÄÀ× ÑÒÅÔÀÍÀ

Àâòîìîäåëüíûå ðåøåíèÿ çàäà÷è Ñòåôàíà î÷åíü âàæíû ïðè ìîäåëèðî-
âàíèè ÿâëåíèé, ñîïðîâîæäàåìûõ ôàçîâûìè ïðåîáðàçîâàíèÿìè. Îíè õîðî-
øî èçó÷åíû äëÿ ïðîñòåéøèõ îäíîìåðíûõ ñëó÷àåâ ñ îäíîé ñâîáîäíîé ãðà-
íèöåé, êîãäà ãðàíè÷íûå óñëîâèÿ ÿâëÿþòñÿ ïîñòîÿííûìè. Îäíàêî â ïðè-
ëîæåíèÿõ èíîãäà âîçíèêàåò çàäà÷à, êîãäà äîëæíû áûòü ðàññìîòðåíû äâå
ñâîáîäíûå ãðàíèöû. Â ýëåêòðè÷åñêèõ êîíòàêòàõ îíè ïîÿâëÿþòñÿ â ðåçóëü-
òàòå âçðûâà æèäêîãî ýëåêòðè÷åñêîãî ìîñòà ñ äàëüíåéøèì âîñïëàìåíåíèåì
ýëåêòðè÷åñêîé äóãè. Ýòîò âçðûâ ñëåäóåò ìîäåëèðîâàòü äåëüòà-ôóíêöèåé â
öåíòðå êîíòàêòíîé çîíû. Â äàííîé ñòàòüå ïðåäñòàâëåíà òàêàÿ ñôåðè÷åñêàÿ
ìîäåëü, à ñîîòâåòñòâóþùåå åé àâòîìîäåëüíîå ðåøåíèå äàåòñÿ â ïåðâîé ÷à-
ñòè ñòàòüè. Âî âòîðîé ÷àñòè ñòàòüè ïðåäñòàâëåíà öèëèíäðè÷åñêàÿ ìîäåëü,
îïèñûâàþùàÿ ñïàéêó (ñâàðêó) ðàñïëàâëåííîé çîíû, ñ èñïîëüçîâàíèåì àâ-
òîìîäåëüíîãî ðåøåíèÿ.
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THE ASYMPTOTIC DISTRIBUTION OF THE OLS

ESTIMATOR OF THE REGRESSION WITH SLOWLY

VARYING REGRESSOR

In this paper we consider the simple regression model with a slowly varying

regressor in the presence of a unit root. The Lp-approximability of the special

sequences is proved and the limiting distribution of the OLS estimator of the

coe�cients of the regression is obtained.

Keywords: slowly varying regressors, Lp-approximability, asymptotic

distribution, OLS estimator.

Introduction

Let us consider the simple regression model possessing slowly varying
regressor

yt = α+ β log t+ vt, t = 1, ..., n,

c⃝ K.T. Mynbaev, G.S. Darkenbayeva, 2015.

Keywords: slowly varying regressors, Lp-approximability, asymptotic distribution, OLS

estimator
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where vt is stationary and supposed to satisfy some regularity conditions. If
the scaling matrix F−1

n is given by diag[n1/2 log−1 n, n1/2], then the scaled
sample covarince matrix (X ′X)−1, where X = [X

′
1, ..., X

′
n]

′ with Xt = [1, log t],
behaves like

F−1
n (X ′X)−1F−1

n →
(

1 −1
−1 1

)
,

indicating the assymptotic collinearity of the regressors and singularity of the
limiting matrix. Phillips [3] demonstrated that the OLS estimator (α̂n, β̂n) is
consistent and asymptotically normally distributed, but the convergence rate
is a�ected by the presence of the logarithmic trend. Also, Phillips relied on
uniform strong approximation of partial sums by Brownian motions, but the
condition was rather restrictive and the proof is partially insu�cient in dealing
with slowly varying regressors. Mynbaev [1], [2] then applied the central limit
theorem based on the Lp-approximation technique to make the proof rigorous
under the less stringent conditions. This idea is used in this paper.

The aim of this paper is to �nd the limiting distribution of OLS estimator
(α̂n, β̂n) of the regression model

yt = α+ βL(t) + ut, t = 1, ..., n,

with an SV regressor in the presence of a unit root. For the regression
model with stationary errors the asymptotic distribution of the OLS estimator
(α̂n, β̂n) is obtained by Phillips [3]. So, the di�erence between this paper and
Phillips [3] is that we consider regression model with an SV regressor in the
presence of a unit root.

Main definitions, assumptions and useful results

Let us give the main de�nitions, assumptions on the regressors and the
error term.

Definition 1. A real valued, positive, measurable function L on [A,∞), A > 0,
is called slowly varying (SV) if it satis�es, for any r > 0

L(rx)

L(x)
→ 1

as x→ ∞.
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For such an SV function L we have Karamata's representation theorem.
That is, the function L varies slowly if and only if it is written in the form

L(x) = c(x)exp

 x∫
B

ε(s)

s
ds


for x ≥ B ≥ A for some B > 0, where c(x) → C ∈ (0,∞) and ε(x) → 0 as
x→ ∞.

Definition 2. We say L = K(ε, ψε) if the function L satis�es all the following
conditions: (i) The function L is SV and has Karamata's representation

L(x) = c(x)exp

 x∫
B

ε(s)

s
ds


for x ≥ B for some B > 0. Here c > 0, ε is continuous and ε(x) → 0 as
x→ ∞. This part of the assumption is shortened to L = K(ε).

(ii) The function |ε| is SV.
(iii) There exists a function ψε on [0,∞) called a remainder that satis�es

the following properties:

- The function ψε is positive, nondecreasing on [0,∞), ψε(x) → ∞, and

there exist positive numbers θ and X such that x−θψε(x) is nonincreasing on
[X.∞);

- There exists a positive constant c satisfying

1

cψε(x)
≤ |ε(x)| ≤ c

ψε(x)

for x ≥ c.

Assumption 1. L = K(ε, ψε), L = K(η, ψη).

Assumption 2. A linear process {vj}j∈Z is de�ned by

vt =
∑
j∈Z

cjet−j , t ∈ Z,
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where cj is a sequence of numbers satisfying
∑
j∈Z

|cj | < ∞, and {ej}j∈Z is a

m.d. such that e2j are uniformly integrable and E(e2j |Ft−1) = σ2e for all t. Here
{Ft} is an increasing sequence of σ-�elds.

Assumption 3. The process {ut} possesses a unit root under the null
hypothesis ρ = 1 in

ut = ρut−1 + vt,

where vt is the same linear process as in Assumption 2.

Now we formulate useful results.

Lemma 1. (Lemma 4.2.3 [1]) If L = K(ε), then
n∫
1

L(t)dt = nL(n)(1 + o(1))

and
n∑
t=1

L(t) = nL(n)(1 + o(1)).

Lemma 2. (Seneta, 1985, p.102 [4]) If L is SV with remainder ψ, then for any
b > θ [where θ id the same from 2] there exist constants Mb > 0 and Bb ≤ B

such that
∣∣∣L(λx)L(x) − 1

∣∣∣ ≤ Mb

λbψ(x)
for all x ≥ Bb and

Bb
x ≤ λ ≤ 1.

Lemma 3. (Mynbaev, Corollary 4.4.3 [1]) If L = K(ε, ψε) and θ < 1, then

1

nLk(n)

n∑
t=1

Lk(t) = 1− kε(n)[1 + o(1)].

Lemma 4. (Phillips, Equation (60) [3]) If L = K(ε) and ε is SV, then

G(rn, n) = log r[1 + o(1)]

uniformly in r ∈ [a, b], for any 0 < a < b <∞.

Analytical results

Let us consider the following simple regression model

yt = α+ βL(t) + ut, t = 1, 2, ..., n,

where L(t) and ut are supposed to satisfy 1 and 3, respectively.
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Denote

F (t, n) =
1

nL(n)

n∑
j=t

L(j)

and call this function F − function of L.
Let us prove the lemma below.

Lemma 5. If L = K(ε) and ε - SV, then

F (rn, n) = 1− r + o(1)

uniformly in r ∈
[
δ, 1δ
]
for any δ ∈ (0, 1).

Proof. Let L = K(ε) and δ ∈ (0, 1). Then if n >> 1, δ << 1 and from
r ∈

[
δ, 1δ
]
we obtain that

1 >
[rn]− 1

n
= δ1 ≥

δ

2
.

According to Lemma 5

F (rn, n) =
1

nL(n)

n∑
j=[rn]

L(j) =
1

nL(n)

 n∑
j=1

L(j)−
[rn]−1∑
j=1

L(j)

 =

=
1

nL(n)
[nL(n)(1 + o(1))− ([rn]− 1)L([rn]− 1)(1 + o(1))] =

= 1 + o(1)− [rn]− 1

n
·
L
(
[rn]−1
n · n

)
L(n)

(1 + o(1)),

here
L
(

[rn]−1
n

·n
)

L(n) = 1 + o(1) uniformly in j for [rn]−1
n ≥ δ

2 , which implies that

F (rn, n) = 1 + o(1)− [rn]− 1

n
(1 + o(1)) = 1− [rn]

n
+ o(1) = 1− r + o(1)

uniformly. Thus, lemma is proved.
The following two theorems show the Lp-approximations of special

sequences.
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Theorem 1. For p ∈ [1,∞) and integral k ≥ 0 de�ne a vector wn ∈ Rn by

wnt = n
− 1

pF k(t, n), t = 1, ..., n.

If L = K(ε, ϕε) and 0 < θ < 1, then wn is Lp-close to fk(t) = (1− t)k.

Proof. The de�nitions of wn and interpolation operator ∆np give

∆npwn =
n∑
t=1

F k(t, n)1it .

This is equivalent to n equations

(∆npwn) (u) = F k(t, n)

for u ∈ it, t = 1, ..., n.
The condition u ∈ it is equivalent to the condition that t is an integer

satisfying
t ≤ nu+ 1 < t+ 1,

which, in turn, is equivalent to t = [nu+1]. Hence, the above n equations take
a compact form

(∆npwn)(u) = F k([nu+ 1], n), 0 ≤ u < 1.

Let 0 < δ ≤ 1
2 and apply Lemma 2. With the number Bb from that

lemma for n > n1 ≡ Bb
δ the interval

(
Bb
n , δ

)
is not empty, and by the triangle

inequality

∥∆npwn − fk∥p,(0,1) ≤ ∥∆npwn − fk∥p,(δ,1) + ∥fk∥p,(0,δ)+

+∥∆npwn∥p,
(
0,

Bb
n

) + ∥∆npwn∥p,
(

Bb
n
,δ
). (1)

Obviously, ∥fk∥p,(0,δ) → 0 as δ → 0. For the other three terms we consider
three cases.
Case 1. δ ≤ u < 1. According to Lemma 5 we have

F k ([nu+ 1], n) = F k
(
[nu+ 1]

n
· n, n

)
= F k(rn, n) =
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= (1− r)k + o(1) =

(
1− [nu+ 1]

n

)k
+ o(1)

uniformly in r ∈ [δ, 1+ 1
2Bb

] (we can assume that 1
δ > 1+ 1

2Bb
). Here we de�ne

r = [nu+1]
n , from the inequality nu < [nu+ 1] ≤ nu+ 1 we have

δ ≤ u < r ≤ u+
1

n
< 1 +

1

n1
≤ 1 +

1

2Bb
(2)

so that

r = u+ o(1) (3)

and

r ∈
[
δ, 1 +

1

2Bδ

]
. (4)

(2), (3) and (4) lead to

F k([nu+ 1], n)− fk(u) = o(1) uniformly in u ∈ (δ, 1). This proves that

∥∆npwn − fk∥p,(δ,1) → 0, n→ ∞. (5)

Case 2. Bb
n ≤ u < δ. Let n > n2 = max {n1, 2} . Then (2) and the conditions

u ∈
[
Bb
n
, δ

)
, n > n2

imply
Bb
n

≤ u < r =
[nu+ 1]

n
≤ u+

1

n
< δ +

1

n2
≤ 1.

Consider

|F (rn, n)| = |F ([nu+ 1], n)| =

∣∣∣∣∣∣
n∑

t=[nu+1]

L(t)

nL(n)

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣
n∑
t=1

L(t)

nL(n)
−

Bb−1∑
t=1

L(t)

nL(n)
+

[nu+1]−1∑
t=Bb

L(t)

nL(n)

∣∣∣∣∣∣ =
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≤

∣∣∣∣∣
n∑
t=1

L(t)

nL(n)

∣∣∣∣∣+
∣∣∣∣∣
Bb−1∑
t=1

L(t)

nL(n)

∣∣∣∣∣+
∣∣∣∣∣∣
[nu+1]−1∑
t=Bb

L(t)

nL(n)

∣∣∣∣∣∣ , (6)

here we used Lemma 2 and the triangle inequality. For the �rst term of the
expression (6) on the right we use Lemma 5 and have∣∣∣∣∣

n∑
t=1

L(t)

nL(n)

∣∣∣∣∣ =
∣∣∣∣nL(n)[1 + o(1)]

nL(n)

∣∣∣∣ = 1 + o(1) ≤ C1. (7)

For the second term we use the continuity of L on [1, Bb − 1] that is L(t) < c
on [1, Bb − 1] and obtain∣∣∣∣∣

Bb−1∑
t=1

L(t)

nL(n)

∣∣∣∣∣ = c (Bb − 1)

nL(n)
≤ C2. (8)

For the last term we can use the Lemma 2, thus we have∣∣∣∣∣∣
[nu+1]−1∑
t=Bb

L(t)

nL(n)

∣∣∣∣∣∣ ≤ 1

n

∣∣∣∣∣∣
[nu+1]−1∑
t=Bb

L(t)

L(n)
− 1

∣∣∣∣∣∣+ 1

n

[nu+1]−1∑
t=Bb

1 ≤

≤ 1

n

[nu+1]−1∑
t=Bb

Mb

ϕ(n)
·
(
t

n

)−b
+

1

n
([nu+ 1]−Bb) ≤

≤ nb−1 · Mb

ϕ(n)

[nu+1]−1∑
t=Bb

t−b +
1

n
([nu+ 1]−Bb) ≤

≤ nb−1 · Mb

ϕ(n)

[nu+1]−1∑
t=Bb

t−b + C1
3 . (9)

Here we remember that 0 < θ < 1 and b > θ is arbitrarily close to θ, so we can
choose 0 < b < 1. Geometrically it is obvious that

N+1∫
a

b−bdt ≤
N∑
t=a

t−b ≤
N∫

a−1

t−bdt
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and therefore
N∑
t=a

t−b ≤ CN1−b, (10)

as n→ ∞. Using

Bb
n

≤ u < r =
[nu+ 1]

n
≤ u+

1

n
< δ +

1

n2
≤ 1.

we can continue (9) as follows∣∣∣∣∣
n∑
t=1

L(t)

nL(n)

∣∣∣∣∣ ≤ C2
3

ψ(n)
· ([nu+ 1]− 1)1−b

n1−b
+ C3

3 =

=
C2
3

ψ(n)
·
(
[nu+ 1]

n
− 1

n

)1−b
+ C3

3 ≤ C2
3u

1−b

ψ(n)
+ C3

3 ≤ C3 (11)

Combining (7), (8), (11) we see that

|F (rn, n)|k ≤ C

which implies

∥∆npωn∥p,
[
Bb
n
,δ
) ≤ C(δ) → 0, δ → 0. (12)

Case 3. 0 < u < Bb
n . In this case 1 ≤ [nu+ 1] ≤ nu+1 < Bb+1 and L(t) ≤ c

for t ∈ [1, [nu+ 1]− 1] by the assumed continuity of L. Hence,

|F k(rn, n)| = |F k([nu+ 1], n)| =

∣∣∣∣∣∣
n∑

t=[nu+1]

L(t)

nL(n)

∣∣∣∣∣∣
k

=

=

∣∣∣∣∣∣
n∑
t=1

L(t)

nL(n)
−

[nu+1]−1∑
t=1

L(t)

nL(n)

∣∣∣∣∣∣
k

≤

≤

∣∣∣∣∣
n∑
t=1

L(t)

nL(n)
− c

nL(n)
([nu+ 1]− 1)

∣∣∣∣∣
k

(13)
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By Corollary 3 and condition 0 < u < Bb
n we can continue (13)

|F (rn, n)|k ≤
(
1 + o(1) +

c

nL(n)
([nu+ 1]− 1)

)k
≤

≤
(

c

L(n)
u+ o(1)

)k
≤
(

c

L(n)
· Bb
n

+ o(1)

)k
≤ C4

and

∥∆npwn∥p,
(
0,

Bb
n

) ≤ C

(
1

n

)
→ 0, n→ ∞. (14)

From (5), (12), (14) we have the proof of the theorem.

Theorem 2. For p ∈ [1,∞) and integral k ≥ 0 de�ne a vector wn ∈ Rn by

wnt = n
− 1

p

(
1

nL(n)ε(n)

n∑
l=t

(
L(l)− L̄

))k
, t = 1, ..., n.

If L = K(ε, ψε) and 0 < θ < 1, then wn is Lp-close to fk(t) = (t log 1
t )
k.

Proof. The de�nitions of wn and interpolation operator ∆np give

∆npwn =
n∑
l=1

(
1

L(n)ε(n)

n∑
l=t

(
L(l)− L̄

))k
1it .

This is equivalent to n equations

(∆npwn) (u) =

(
1

nL(n)ε(n)

n∑
s=t

(
L(s)− L̄

))k
=

=

(
1

n

n∑
s=t

L(s)− L(n)

L(n)ε(n)
+

1

n

n∑
s=t

L(n)− L̄

L(n)ε(n)

)k
.

for u ∈ it, t = 1, ..., n.
Let us denote

G(s, n) =
L(s)− L(n)

L(n)ε(n)
. (15)
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According to Lemma 3 and (15) we obtain

(∆npwn) (u) =

(
1

n

n∑
s=t

G(s, n) +

n∑
s=t

L(n)− (L(n)− L(n)ε(n)(1 + o(1)))

nL(n)ε(n)

)k
=

=

(
1

n

n∑
s=t

G(s, n) +
1

n

n∑
s=t

(1 + o(1))

)k
=

=

(
1

n

n∑
s=t

G(s, n) + 1 +
1− t

n
+ o(1)

)k
for u ∈ it, t = 1, ..., n.

The condition u ∈ it is equivalent to the condition that t is an integer
satisfying

t ≤ nu+ 1 < t+ 1,

which, in turn, is equivalent to t = [nu+1]. Hence, the above n equations take
a compact form

(∆npwn)(u) =

 1

n

n∑
s=[nu+1]

G(s, n) + 1 +
1− [nu+ 1]

n
+ o(1)

k

, 0 ≤ u < 1.

Let 0 < δ ≤ 1
2 and apply Lemma 2. With the number Bb from that

lemma for n > n1 ≡ Bb
δ the interval

(
Bb
n , δ

)
is not empty, and by the triangle

inequality

∥∆npwn − fk∥p,(0,1) ≤ ∥∆npwn − fk∥p,(δ,1) + ∥fk∥p,(0,δ)+

+∥∆npwn∥p,
(
0,

Bb
n

) + ∥∆npwn∥p,
(

Bb
n
,δ
). (16)

Obviously, ∥fk∥p,(0,δ) → 0 as δ → 0. For the other three terms we consider
three cases.

Case 1. δ ≤ u < 1. In this case

δ ≤ t− 1

n
≤ u <

t

n
= r <

t

n1
< 1 +

1

2Bb
. (17)
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According to Lemma 4 we have

G(rn, n) = G(
t

n
· n, n) = log

t

n
[1 + o(1)] (18)

uniformly in r ∈
[
δ, 1 + 1

2Bb

]
.

Consider

1

n

n∑
s=t

G(s, n) =
1

n
log

t · (t+ 1) · ... · n
nn−t+1

[1 + o(1)] =

=
1

n
log

n!

(t− 1)!nn−t+1
[1 + o(1)].

According to the Stirling formula we have

1

n

n∑
s=t

G(s, n) =
1

n
log

√
2πn

(
n
e

)n
e

θ1
12n√

2π(t− 1)
(
t−1
e

)t−1
e

θ2
12(t−1)nn−t+1

· [1 + o(1)] =

=
1

n
log

((
n

t− 1

)t− 1
2

e−n+t−1e
1
n

(
θ1
12

− θ2n
12(t−1)

))
· [1 + o(1)].

Then by using one of the main properties of logarithms we have

1
n

n∑
s=t

G(s, n) =

=

[
1

n

(
t− 1

2

)
log

1
t−1
n

+
−n+ t− 1

n
+

1

n2

(
θ1
12

− θ2n

12(t− 1)

)]
[1 + o(1)] =

=

[(
t

n
− 1

2n

)
log

1
t−1
n

+
−n+ t− 1

n
+

1

n2

(
θ1
12

− θ2n

12(t− 1)

)]
[1 + o(1)].

(19)
Thus, by (17) and (19) we have

1

n

n∑
s=t

G(s, n) + 1 +
1− [nu+ 1]

n
+ o(1) → u log

1

u
, n→ ∞. (20)
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(17) and (20) lead to(
1

n

n∑
s=t

G(s, n) + 1 +
1− [nu+ 1]

n
+ o(1)

)k
−
(
u log

1

u

)k
= o(1)

uniformly in s
n = r ∈

[
δ, 1 + 1

2Bb

]
, where s = t, ..., n. This proves that

∥∆npwn∥p,(δ,1) → 0, δ → 0. (21)

Case 2. Bb
n ≤ u < δ. Let n > n2 = max {n1, 2} . Then by (17) and u ∈

[
Bb
n , δ

)
we have

Bb
n

≤ u < r =
[nu+ 1]

n
≤ u+

1

n
< δ +

1

n2
≤ 1. (22)

and we know that
[nu+ 1]

n
≤ s ≤ 1.

Consider ∣∣∣∣∣∣ 1n
n∑

s=[nu+1]

G(s, n) + 1 +
1− [nu+ 1]

n
+ o(1)

∣∣∣∣∣∣ =
=

∣∣∣∣∣∣ 1n
n∑

s=[nu+1]

L(s)− L(n)

L(n)ε(n)
+ 1 +

1− [nu+ 1]

n
+ o(1)

∣∣∣∣∣∣ ≤
≤ 1

nε(n)

n∑
s=[nu+1]

∣∣∣∣∣L
(
s
n · n

)
L(n)

− 1

∣∣∣∣∣+ 1 + u+ o(1).

Then we can apply Lemma 2 and boundedness of 1 + 1−[nu+1]
n + o(1) < c and

obtain ∣∣∣∣∣∣ 1n
n∑

s=[nu+1]

G(s, n) + 1 +
1− [nu+ 1]

n
+ o(1)

∣∣∣∣∣∣ ≤
≤

∣∣∣∣∣∣ 1n
n∑

s=[nu+1]

G(s, n) + c

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣ 1

nε(n)

n∑
s=[nu+1]

Mb(
s
n

)b
ψ(n)

+ c

∣∣∣∣∣∣ =
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=

∣∣∣∣∣∣ 1

nε(n)

Mb

n−bψ(n)

n∑
s=[nu+1]

s−b + c

∣∣∣∣∣∣ .
Then we use condition (iii) of De�nition 2 because L = K(ε, ψε))∣∣∣∣∣∣ 1n

n∑
s=[nu+1]

G(s, n) + 1 +
1− [nu+ 1]

n
+ o(1)

∣∣∣∣∣∣ ≤ c1Mb

n1−b

n∑
s=[nu+1]

s−b + c. (23)

Here we remember that 0 < θ < 1 and b > θ is arbitrarily close to θ, so we can
choose 0 < b < 1.

Using (10), (22) and denote by C1
1 = c1MbC we can continue (23) as follow∣∣∣∣∣∣ 1n

n∑
s=[nu+1]

G(s, n) + c

∣∣∣∣∣∣ ≤ C1
1 + 1 + u+ o(1) ≤ C1

and

∥∆npωn∥p,
[
Bb
n
,δ
) ≤ C(δ) → 0, δ → 0. (24)

Case 3. 0 < u < Bb
n . In this case 1 ≤ [nu+ 1] ≤ nu+1 < Bb+1 and L(t) ≤ c

for t ∈ [1, [nu+ 1]] by the assumed continuity of L. Hence,∣∣∣∣∣∣∣
 1

n

n∑
s=[nu+1]

G(s, n) + 1 +
1− [nu+ 1]

n
+ o(1)

k
∣∣∣∣∣∣∣ ≤

≤

∣∣∣∣∣∣ 1n
n∑

s=[nu+1]

G(s, n) +D

∣∣∣∣∣∣
k

≤

∣∣∣∣∣∣ 1n
n∑
s=1

G(s, n)− 1

n

[nu+1]∑
s=1

G(s, n) +D

∣∣∣∣∣∣
k

because 1 + 1−[nu+1]
n + o(1) ≤ D for 0 < u < Bb

n . Then by (15) and Lemma 3∣∣∣∣∣∣∣
 1

n

n∑
s=[nu+1]

G(s, n) + 1 +
1− [nu+ 1]

n
+ o(1)

k
∣∣∣∣∣∣∣ ≤
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≤

∣∣∣∣∣∣ 1

nε(n)

n∑
s=1

(
L(s)

L(n)
− 1

)
− 1

nε(n)

[nu+1]−1∑
s=1

(
L(s)

L(n)
− 1

)
+D

∣∣∣∣∣∣
k

≤

≤

∣∣∣∣∣∣ 1

nε(n)

[nu+1]−1∑
s=1

L(s)

L(n)
+

1

nε(n)
+D

∣∣∣∣∣∣ ≤ D1,

where D1 = D − (1 + o(1)), and

∥∆npwn∥p,
(
0,

Bb
n

) ≤ C

(
1

n

)
→ 0, n→ ∞. (25)

From (21), (24), (25) we have the proof of the theorem.

Lemma 6. Denote by σ2 = (σe
∑
j∈Z

cj)
2. Under Assumptions 1 and 3 the

following statements are true:

(i) If 0 < θ < 1, then 1
n
√
nL(n)

n∑
t=1

L(t)ut
d−→ N

(
0, 13σ

2
)
;

(ii) If 0 < θ < 1, then 1
n
√
nL(n)ε(n)

n∑
t=1

(
L(t)− L

)
ut

d−→ N
(
0, 2

27σ
2
)
.

Proof. By Theorem 3.5.2 [1] it is enough to establish L2-approximability of
the sequence of weights in question.

Assumption 3

ut = ut−1 + vt

gives

ut =
t∑
l=1

vl

(setting u−1 = 0 which asymptotically doesn't matter).
The sequence in (i) becomes

1

n
√
nL(n)

n∑
t=1

L(t)ut =

n∑
l=1

1

n
√
nL(n)

n∑
t=l

L(t)vl =

n∑
l=1

wnlvl,
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where wn = 1
n
√
nL(n)

(
n∑
t=1

L(t),
n∑
t=2

L(t), ..., L(n)).

Then setting p = 2, k = 1 in Theorem 1 gives that wn is L2-close to
f1(t) = 1− t. The statement follows from the fact that

1∫
0

f21 (x)dx =
1∫
0

(1− x)2dx = 1
3 .

The sequence in (ii) becomes

1

n
√
nL(n)ε(n)

n∑
t=1

(L(t)−L)ut =
n∑
l=1

1

n
√
nL(n)ε(n)

n∑
t=l

(L(n)−L)vl =
n∑
l=1

wnlvl,

where wn = 1
n
√
nL(n)ε(n)

(
n∑
t=1

(L(t)− L),
n∑
t=2

(L(t)− L), ..., L(n)− L).

Setting p = 2, k = 1 in Theorem 2 gives that wn is L2-close to f2(t) =
t log 1

t . The statement follows from the fact that

1∫
0

f22 (x)dx =
1∫
0

(x log 1
x)

2dx = 2
27 .

Thus, the Lemma is proved.
The following theorem shows the limiting distribution of OLS estimator.

Theorem 3. If L satis�es Assumption 1, 0 < θ < 1 and ut satis�es
Assumption 3, then(

ε√
n
(α̂− α)

L(n)ε(n)√
n

(β̂ − β)

)
d−→ N

(
0, 2

27

(
1 −1
−1 1

))
.

Proof. According to the Equation (4.59) [1]

β̂ − β =

n∑
t=1

(L(t)− L)ut

n∑
t=1

(L(t)− L)2
=

n∑
t=1

(L(t)− L)ut

n 1
n

n∑
t=1

(L(t)− L)2
=

=

n∑
t=1

(L(t)− L)ut

n 1
n

n∑
t=1

(L(t)− L)2
=

n∑
t=1

(L(t)− L)ut

nL2(n)ε2(n)(1 + o(1))
=
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=
1

n
√
nL(n)ε(n)

n∑
t=1

(L(t)− L)ut

√
n

L(n)ε(n)(1 + o(1))
.

This means that

(1 + o(1))
L(n)ε(n)√

n
(β̂ − β) =

1

n
√
nL(n)ε(n)

n∑
t=1

(L(t)− L)ut.

And by Equation (4.60) [1]

√
nε(n)(α̂− α) = −

√
nL(n)ε(n)(β̂ − β) + op(1).

Hence we obtain the following

1√
n
ε(n)(α̂− α) = −

√
nL(n)ε(n)√

n
(β̂ − β) +

op(1)

n
.

Further to prove the theorem we use the Cramer-Wold theorem.

Denote by

fn =
ε(n)√
n
(α̂− α)

and

gn =
L(n)ε(n)√

n
(β̂ − β).

Then consider

a1fn + a2gn = a1ε(n)(α̂− α)
1√
n
+ a2

L(n)ε(n)√
n

(β̂ − β) =

= −a1
L(n)ε(n)√

n
(β̂ − β) + a1

op(1)

n
+ a2

L(n)ε(n)√
n

(β̂ − β) =

= (−a1 + a2)
L(n)ε(n)√

n
(β̂ − β) + a1op(1)

1

n
. (26)
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The last term of the right side of the above equality tends to zero as n tends
to in�nity.

Let

V =

(
v11 v12
v21 v22

)
=

(
v11 v
v v22

)
.

(a1 a2)

(
v11 v
v v22

)(
a1
a2

)
= (a1v11 + a2v a1v + a2v22)

(
a1
a2

)
=

= v11a
2
1 + 2va1a2 + v22a

2
2.

From (26), Lemma 6 and Cramer-Wold theorem imply that

a1fn + a2gn
d−→ N(0,

2

27
(a2 − a1)

2σ2e)

as n→ ∞. We want to �nd a1, a2, for this we consider the following equation:

a21 − 2a1a2 + a22 = v11a
2
1 + 2va1a2 + v22a

2
2

and obtain that

v11 = v22 = 1, v = −1.

Thus, the Theorem is proved. �
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Ìûíáàåâ Ê.Ò., Äàðêåíáàåâà Ã.Ñ. ÁÀßÓ �ÇÃÅÐÅÒIÍ ÐÅÃÐÅÑÑÎÐÛ
ÁÀÐ ÐÅÃÐÅÑÑÈßÍÛ� ÊÎÝÔÔÈÖÈÅÍÒÒÅÐIÍI� ÊÊ� ÁÀ�ÀËÀÓÛ-
ÍÛ� ÀÑÈÌÏÒÎÒÈÊÀËÛ� �ËÅCÒIÐIËIÌI

Áiç á³ë ìà©àëàäà áàÿó °çãåðåòií ðåãðåññîðû æºíå áiðëiê ò³áiði áàð
©àðàïàéûì ðåãðåññèÿëû© ³ëãiíi ©àðàñòûðàìûç. Àðíàéû òiçáåêòåðäi Lp-
æóû©òàóëàðû äºëåëäåíäi æºíå ðåãðåññèÿ êîýôôèöèåíòòåðiíi ÊÊ� áà¡à-
ëàóûíû øåêòiê ³ëåñòiðiëiìi àëûíäû.

Ìûíáàåâ Ê.Ò., Äàðêåíáàåâà Ã.Ñ. ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÅ ÐÀÑÏÐÅ-
ÄÅËÅÍÈÅ ÌÍÊ ÎÖÅÍÊÈ ÐÅÃÐÅÑÑÈÈ Ñ ÌÅÄËÅÍÍÎ ÌÅÍßÞ-
ÙÈÌÑß ÐÅÃÐÅÑÑÎÐÎÌ

Â ýòîé ñòàòüå ìû ðàññìàòðèâàåì ïðîñòóþ ðåãðåññèîííóþ ìîäåëü ñ ìåä-
ëåííî ìåíÿþùèìñÿ ðåãðåññîðîì â ïðèñóòñòâèè åäèíè÷íîãî êîðíÿ. Äîêà-
çàíû Lp-ïðèáëèæåíèÿ ñïåöèàëüíûõ ïîñëåäîâàòåëüíîñòåé è ïîëó÷åíî ïðå-
äåëüíîå ðàñïðåäåëåíèå ÌÍÊ îöåíêè êîýôôèöèåíòîâ ðåãðåññèè.
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Îáðàòíàÿ êîýôôèöèåíòíàÿ çàäà÷à òåïëîïðîâîäíîñòè

ñ íåëîêàëüíûì óñëîâèåì òèïà Ñàìàðñêîãî-Èîíêèíà

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à, ìîäåëèðóþùàÿ ïðîöåññ îïðåäåëåíèÿ

ôóíêöèè ðàñïðåäåëåíèÿ òåìïåðàòóðû è èçìåíÿþùåéñÿ ñî âðåìåíåì ñòðóê-

òóðû îäíîðîäíîãî ñòåðæíÿ ïî çàäàííîìó çàêîíó èçìåíåíèÿ ñðåäíåé òåìïå-

ðàòóðû. Òàê âîçíèêàåò îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè,

â êîòîðîé âìåñòå ñ ðåøåíèåì óðàâíåíèÿ òðåáóåòñÿ íàéòè è íåèçâåñòíûé

êîýôôèöèåíò, çàâèñÿùèé òîëüêî îò âðåìåííîé ïåðåìåííîé. Â íàñòîÿùåé

ñòàòüå äîêàçàíî, ÷òî ýòà îáðàòíàÿ çàäà÷à èìååò åäèíñòâåííîå îáîáùåííîå

ðåøåíèå.

Keywords: îáðàòíàÿ çàäà÷à, óðàâíåíèå òåïëîïðîâîäíîñòè, óñëîâèå

Ñàìàðñêîãî-Èîíêèíà.

1 Ââåäåíèå

Çàäà÷è îïðåäåëåíèÿ êîýôôèöèåíòîâ èëè ïðàâîé ÷àñòè äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ îäíîâðåìåííî ñ åãî ðåøåíèåì íîñÿò íàçâàíèå îáðàòíûõ
çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Â ðàáîòå ðàññìàòðèâàåòñÿ îäíî ñåìåéñòâî
çàäà÷, ìîäåëèðóþùèõ ïðîöåññ îïðåäåëåíèÿ ôóíêöèè ðàñïðåäåëåíèÿ òåì-
ïåðàòóðû è èçìåíÿþùåéñÿ ñî âðåìåíåì ñòðóêòóðû îäíîðîäíîãî ñòåðæíÿ
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ïî çàäàííîìó çàêîíó èçìåíåíèÿ ñðåäíåé òåìïåðàòóðû. Ïðè èõ ìàòåìà-
òè÷åñêîé ôîðìóëèðîâêå âîçíèêàåò îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ òåï-
ëîïðîâîäíîñòè, â êîòîðîé âìåñòå ñ ðåøåíèåì óðàâíåíèÿ òðåáóåòñÿ íàéòè
íåèçâåñòíûé êîýôôèöèåíò, çàâèñÿùèé òîëüêî îò âðåìåííîé ïåðåìåííîé.

Âîïðîñû ðàçðåøèìîñòè ðàçëè÷íûõ îáðàòíûõ çàäà÷ äëÿ ïàðàáîëè÷å-
ñêèõ óðàâíåíèé èçó÷àëèñü âî ìíîãèõ ðàáîòàõ (ñì., íàïðèìåð [1-8]). Â îò-
ëè÷èå îò ïðåäûäóùèõ ðàáîò, íàìè èññëåäóåòñÿ îáðàòíàÿ çàäà÷à äëÿ óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè ñ êðàåâûìè óñëîâèÿìè ïî ïðîñòðàíñòâåííîé ïåðå-
ìåííîé, ïðè êîòîðûõ ñîîòâåòñòâóþùàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ îáûêíî-
âåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà èìååò ñèñòåìó ñîáñòâåííûõ ôóíê-
öèè, íå îáðàçóþùóþ áàçèñ.

Íàèáîëåå áëèçêîé ê òåìàòèêå íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ [9], â êîòîðîé
áûëî îáîñíîâàíî ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ îáðàòíîé çàäà÷è,
àíàëîãè÷íîé èññëåäóåìîé íàìè. Îäíàêî, â ñâÿçè ñ òåì, ÷òî êðàåâûå óñëî-
âèÿ â [9] ÿâëÿþòñÿ ðåãóëÿðíûìè, íî íå óñèëåííî ðåãóëÿðíûìè, îò âõîäíûõ
äàííûõ çàäà÷è áûëî çàòðåáîâàíî ïîâûøåíèå ãëàäêîñòè è óäîâëåòâîðåíèå
äîïîëíèòåëüíûì óñëîâèÿì. Â íàñòîÿùåé ðàáîòå ýòè óñëîâèÿ ïîëíîñòüþ
ñíÿòû è ïîêàçàíî, ÷òî îáðàòíàÿ çàäà÷à èìååò åäèíñòâåííîå îáîáùåííîå
ðåøåíèå. Ïðè ðåøåíèè çàäà÷è ñóùåñòâåííî èñïîëüçóåòñÿ ìåòîä èç [16].

2 Ïîñòàíîâêà çàäà÷è

Â îáëàñòè Ω = {(x, t) : 0 < x < 1, 0 < t < T} ðàññìîòðèì çàäà÷ó î
íàõîæäåíèè íåèçâåñòíîãî êîýôôèöèåíòà p(t) óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut = uxx(x, t)− p(t)u(x, t) + f(x, t) (1)

è åãî ðåøåíèÿ, óäîâëåòâîðÿþùåãî íà÷àëüíîìó óñëîâèþ

u(x, 0) = φ(x), 0 ≤ x ≤ 1, (2)

íåëîêàëüíîìó ãðàíè÷íîìó óñëîâèþ

ux(0, t) = ux(1, t) + αu(1, t), u(0, t) = 0, 0 ≤ t ≤ T, (3)

è óñëîâèþ ïåðåîïðåäåëåíèÿ∫ 1

0
u(x, t)dx = E(t), E(t) ̸= 0, 0 ≤ t ≤ T, (4)
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ãäå E(t) ∈ W 1
2 (0, T ). Çäåñü ïàðàìåòð α � ëþáîå ïîëîæèòåëüíîå ÷èñëî,

à f(x), φ(x) è E(t) � çàäàííûå ôóíêöèè. Ïðè α = 0 êðàåâûå óñëîâèÿ
(3) õîðîøî èçâåñòíû è íîñÿò â ëèòåðàòóðå íàçâàíèå óñëîâèé Ñàìàðñêîãî-

Èîíêèíà.
Ïðÿìàÿ çàäà÷à (1)�(3) â ñëó÷àå, êîãäà p(t) ≡ 0 áûëà èññëåäîâàíà â [12].
Íàèáîëåå áëèçêîé ê òåìàòèêå íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ [9], â êîòîðîé

áûëî îáîñíîâàíî ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ îáðàòíîé çàäà÷è,
àíàëîãè÷íîé èññëåäóåìîé íàìè. Îäíàêî, â ñâÿçè ñ òåì, ÷òî êðàåâûå óñëî-
âèÿ â [9] ÿâëÿþòñÿ ðåãóëÿðíûìè, íî íå óñèëåííî ðåãóëÿðíûìè, îò âõîäíûõ
äàííûõ çàäà÷è áûëî çàòðåáîâàíî ïîâûøåíèå ãëàäêîñòè è óäîâëåòâîðåíèå
äîïîëíèòåëüíûì óñëîâèÿì:

(A1) φ ∈ C2[0, 1]; φ′(0)− αφ(0) = 0, φ(0) = φ(1);

φ0 > 0, φ2n−1 ≥ 0, n = 1, 2, 3...., ïðè α < 0;

φ1 < 0, φ2n−1 ≤ 0, n = 2, 3...., ïðè α > 0.

(A2) E(t) ∈ C1[0, T ]; E(0) =
∫ 1
0 φ(x)dx; E(t) > 0, ∀t ∈ [0, 1];

(A3) f(x, t) ∈ C2[D̄T ]; f(x, t) ∈ C2[0, 1], ∀t ∈ [0, 1];

fx(1, t)− αf(0, t) = 0, f(0, t) = f(1, t);

f0(τ) > 0, f2n−1(τ) ≥ 0, n = 1, 2, 3...., ïðè α < 0;

f2n−1(τ) ≤ 0, n = 2, 3...., ïðè α > 0.

Â íàñòîÿùåé ðàáîòå ýòè óñëîâèÿ ïîëíîñòüþ ñíÿòû è ïîêàçàíî, ÷òî îá-
ðàòíàÿ çàäà÷à èìååò åäèíñòâåííîå îáîáùåííîå ðåøåíèå.

Ðåøåíèåì çàäà÷è áóäåì íàçûâàòü ïàðó ôóíêöèé {u(x, t), p(t)}, îáðà-
ùàþùóþ óðàâíåíèå (1) è óñëîâèÿ (2)�(4) â òîæäåñòâî â ñîîòâåòñòâóþùåì
êëàññå ôóíêöèé u(x, t) è p(t).

Ïðèìåíåíèå ìåòîäà Ôóðüå äëÿ ðåøåíèÿ çàäà÷è (1)�(3) ïðèâîäèò ê ñïåê-
òðàëüíîé çàäà÷å äëÿ îïåðàòîðà l, çàäàííîãî äèôôåðåíöèàëüíûì âûðàæå-
íèåì è êðàåâûìè óñëîâèÿìè:

l(y) ≡ −y′′(x) = λy(x); 0 < x < 1, y′(0) = y′(1) + αy(1), y(0) = 0. (5)

Êðàåâûå óñëîâèÿ â (5) ÿâëÿþòñÿ ðåãóëÿðíûìè, íî íå óñèëåííî ðåãó-
ëÿðíûìè [10]. Ñèñòåìà êîðíåâûõ ôóíêöèé îïåðàòîðà l ÿâëÿåòñÿ ïîëíîé
ñèñòåìîé, íî íå îáðàçóåò áàçèñà â L2(0, 1) [11]. Îäíàêî, êàê ïîêàçàíî â [12],
íà îñíîâå ýòèõ ñîáñòâåííûõ ôóíêöèé ìîæåò áûòü ïîñòðîåí áàçèñ, ïîçâî-
ëÿþùèé ïðèìåíèòü ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ ðåøåíèÿ íà÷àëüíî-
êðàåâîé çàäà÷è ñ êðàåâûì óñëîâèåì (3).
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3. Ïîñòðîåíèå áàçèñà èç ñîáñòâåííûõ ôóíêöèé çàäà÷è (5)

Â ýòîì ïóíêòå ïðèâåäåì íåîáõîäèìûå íàì äëÿ äàëüíåéøåé ðàáîòû ðå-
çóëüòàòû èç [12]. Ñïåêòðàëüíàÿ çàäà÷à (5) èìååò äâå ñåðèè ñîáñòâåííûõ
çíà÷åíèé

λ
(1)
k = (2πk)2, k = 1, 2, ....;λ

(2)
k = (2βk)

2, k = 0, 1, 2, ....

Çäåñü βk - êîðíè óðàâíåíèÿ tanβ = α
2β , β > 0. Îíè óäîâëåòâîðÿþò

íåðàâåíñòâàì πk < βk < πk + π
2 , k = 0, 1, 2..., è äëÿ ðàçíîñòè δk = βk − πk

ïðè äîñòàòî÷íî áîëüøèõ k âûïîëíÿþòñÿ äâóñòîðîííèå îöåíêè

α

2πk
(1− 1

2πk
) < δk <

α

2πk
(1 +

1

2πk
). (6)

Ñîáñòâåííûå ôóíêöèè çàäà÷è èìåþò âèä

y
(1)
k (x) = sin(2πkx), k = 1, 2, ...., y

(2)
k (x) = sin(2πβx) k = 0, 1, 2, ....

Ýòà ñèñòåìà ÿâëÿåòñÿ ïî÷òè íîðìèðîâàííîé, íî íå îáðàçóåò äàæå îáû÷íîãî
áàçèñà â L2(0, 1). Ïîñòðîåííàÿ èç íåå âñïîìîãàòåëüíàÿ ñèñòåìà

y0(x) = y
(2)
0 (x)(2β0)

−1, y2k(x) = y
(1)
k (x),

y2k−1(x) = (y
(2)
k (x)− y

(1)
k (x))(2δk)

−1, k = 1, 2, ...,

îáðàçóåò áàçèñ Ðèññà â L2(0, 1), à áèîðòîãîíàëüíîé ê íåé ñèñòåìîé ÿâëÿåòñÿ
ñèñòåìà

ν0(x) = 2β0ν
(2)
0 , ν2k(x) = ν

(2)
k (x) + ν

(1)
k (x),

ν2k−1(x) = 2δkν
(2)
k (x), k = 1, 2...,

ïîñòðîåííàÿ èç ñîáñòâåííûõ ôóíêöèé ñîïðÿæåííîé ê (5) çàäà÷è

ν
(1)
k (x) = C

(1)
k cos(2πkx+ γk), k = 1, 2, ...,

ν
(2)
k (x) = C

(2)
k cos(βk(1− 2x)), k = 0, 1, 2, ....

Êîíñòàíòû C
(1)
k è C

(2)
k âûáèðàþòñÿ èç ñîîòíîøåíèÿ áèîðòîãîíàëüíîñòè

(yjk, v
j
k) = 1, j = 1, 2.
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Êðîìå òîãî, ÷òî ïîëó÷åííàÿ ñèñòåìà îáðàçóåò áàçèñ Ðèññà â L2(0, 1), åñ-
ëè ôóíêöèÿ u óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì (5), òî åå ðÿä Ôóðüå ïî
ñèñòåìå {yk(x)} ñõîäèòñÿ â ñìûñëå ïðîñòðàíñòâà W 2

2 (0, 1), â ÷àñòíîñòè,
ðàâíîìåðíî.

Íå òðóäíî âû÷èñëèòü, ÷òî

y
′′
0 (x) = −λ

(2)
0 y0(x), y

′′
2k(x) = −λ

(1)
k y2k(x),

y
′′
2k−1(x) = −λ

(2)
k y2k−1(x)−

λ
(2)
k − λ

(1)
k

2δk
y2k(x). (7)

4. Ïîñòðîåíèå ôîðìàëüíîãî ðåøåíèÿ çàäà÷è (1)�(4)

Íà îñíîâàíèè ï.3 ëþáîå ðåøåíèå è âõîäíûå äàííûå çàäà÷è (1)�(3) ïðåä-
ñòàâèìû â âèäå áèîðòîãîíàëüíûõ ðÿäîâ:

u(x, t) =
∞∑
k=0

uk(t)yk(x), f(x, t) =
∞∑
k=0

fk(t)yk(x), φ(x) =
∞∑
k=0

φkyk(x), (8)

ãäå uk(t) = (u(x, t), νk(x)), fk = (f(x), νk(x)) è φk = (φ(x), νk(x)).
Ïîäñòàâëÿÿ (8) â óðàâíåíèå (1), ñ ó÷åòîì (7) áóäåì èìåòü:

∞∑
k=0

u
′
k(t)yk(x) + p(t)

∞∑
k=0

uk(t)yk(x)−
∞∑
k=0

fk(t)yk(x) =

∞∑
k=0

uk(t)y
′′
k (x) = u0(t)y

′′
0 (x) +

∞∑
k=1

(u2k(t)y
′′
2k(x) + u2k−1(t)y

′′
2k−1(x)) =

−λ
(2)
0 u0(t)y0(x)−

∞∑
k=1

λ
(1)
k u2k(t)y2k(x)−

−
∞∑
k=1

u2k−1(t)

[
λ
(2)
k y2k−1 +

λ
(2)
k − λ

(1)
k

2δk
y2k(x)

]
= −λ

(2)
0 u0(t)y0(x)

−
∞∑
k=1

[
λ
(1)
k u2k +

λ
(2)
k − λ

(1)
k

2δk
u2k−1(t)

]
y2k(x)−

∞∑
k=1

λ
(2)
k u2k−1(x)y2k−1(t).
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Òàêèì îáðàçîì, èñïîëüçóÿ íà÷àëüíûå óñëîâèÿ (2), äëÿ íàõîæäåíèÿ íåèç-
âåñòíûõ ôóíêöèé uk(t) è êîýôôèöèåíòà p(t) ïîëó÷àåì ñëåäóþùèå çàäà÷è:

u
′
0(t) +

(
λ
(2)
0 + p(t)

)
u0(t) = f0(t), u0(0) = φ0; (9)

u
′
2k−1(t) +

(
λ
(2)
k + p(t)

)
u2k−1(t) = f2k−1(t), u2k−1(0) = φ2k−1; (10)

u
′
2k(t)+

(
λ
(1)
0 + p(t)

)
u2k(t) = f2k(t)−

λ
(2)
k − λ

(1)
k

2δk
u2k−1(t), u2k(0) = φ2k. (11)

Ðåøåíèå çàäà÷ (9) è (10) ñóùåñòâóåò, åäèíñòâåííî è ìîæåò áûòü âûïè-
ñàíî â ÿâíîì âèäå:

u0(t) = φ0e
−λ

(2)
0 t−

∫ t
0 p(s)ds +

∫ t

0
f0(τ)e

−λ
(2)
0 (t−τ)−

∫ t
t−τ p(s)dsdτ, (12)

u2k−1(t) = φ2k−1e
−λ

(2)
k t−

∫ t
0 p(s)ds +

∫ t

0
f2k−1(τ)e

−λ
(2)
k (τ)−

∫ t
τ p(s)dsdτ. (13)

Ïîäñòàâëÿåì (13) â ïðàâóþ ÷àñòü (11). Òîãäà çàäà÷à (11) òàêæå èìååò
åäèíñòâåííîå ðåøåíèå, è îíî çàïèñûâàåòñÿ â âèäå:

u2k(t) =

∫ t

0
[f2k(τ)−

λ
(2)
k − λ

(1)
k

2δk
u2k−1(τ)]e

−λ
(2)
0 (τ)−

∫ t
t−τ p(s)dsdτ+

+φ2ke
−λ

(2)
1 t−

∫ t
0 p(s)ds. (14)

Âû÷èñëèì îòäåëüíî∫ t

0
u2k−1(τ)e

−λ
(1)
k (t−τ)−

∫ t
τ p(s)dsdτ =

= φ2k−1

∫ t

0
e−λ

(2)
k τ−

∫ t
0 p(s)dse−λ

(1)
k (t−τ)−

∫ t
τ p(s)dsdτ+

+

∫ t

0
[

∫ τ

0
f2k−1(τ1)e

−λ
(2)
k (t−τ1)−

∫ t
τ1

t−τp(s)ds
dτ1]e

−λ
(1)
k (t−τ)−

∫ t
τ p(s)dsdτ =

= φ2k−1e
−λ

(1)
k (t)−

∫ t
0 p(s)ds

∫ t

0
e[λ

(1)
k −λ

(2)
k ]τdτ+
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+

∫ t

0
f2k−1(τ1)e

−
∫ t
τ1

p(s)ds
eλ

(2)
k (τ1)−λ

(1)
k (t)[

∫ t

τ1

e[λ
(1)
k −λ

(2)
k ]τdτ ]dτ1 =

= φ2k−1e
−λ

(1)
k (t)−

∫ t
0 p(s)ds e

[λ
(1)
k −λ

(2)
k ]t − 1

λ
(1)
k − λ

(2)
k

+

+

∫ t

0
f2k−1(τ1)e

−
∫ t
τ1

p(s)ds+λ
(2)
k τ1−λ

(1)
k t e

[λ
(1)
k −λ

(2)
k ]t − e[λ

(1)
k −λ

(2)
k ]τ1

λ
(1)
k − λ

(2)
k

dτ1.

Èòîãî ∫ t

0
u2k−1(τ)e

−λ
(1)
k (t−τ)−

∫ t
τ p(s)dsdτ =

= φ2k−1e
−λ

(1)
k (t)−

∫ t
0 p(s)ds e

[λ
(1)
k −λ

(2)
k ]t − 1

λ
(1)
k − λ

(2)
k

+

+

∫ t

0
f2k−1(τ)e

−
∫ t
τ p(s)ds+λ

(2)
k τ−λ

(1)
k t e

[λ
(1)
k −λ

(2)
k ]t − e[λ

(1)
k −λ

(2)
k ]τ

λ
(1)
k − λ

(2)
k

dτ.

Ïîäñòàâëÿÿ ïîëó÷åííîå â (14), íàõîäèì

u2k(t) = φ2ke
−λ

(1)
k t−

∫ t
0 p(s)ds +

∫ t

0
f2k(τ)e

−λ
(1)
k (t−τ)−

∫ t
0 p(s)dsdτ−

λ
(2)
k − λ

(1)
k

2δk
φ2k−1e

−λ
(1)
k t−

∫ t
0 p(s)ds e

[λ
(1)
k −λ

(2)
k ]t − 1

λ
(1)
k − λ

(2)
k

−

−
λ
(2)
k − λ

(1)
k

2δk

∫ t

0
f2k−1(τ)e

−
∫ t
τ p(s)ds+λ

(2)
k τ−λ

(1)
k t e

[λ
(1)
k −λ

(2)
k ]t − e[λ

(1)
k −λ

(2)
k ]τ

λ
(1)
k − λ

(2)
k

dτ.

Èòîãî

u2k(t) = [φ2k +
e[λ

(1)
k −λ

(2)
k ]t − 1

2δk
φ2k−1]e

−λ
(1)
k t−

∫ t
0 p(s)ds+ (15)

+

∫ t

0
f2k(τ)e

−λ
(1)
k (t−τ)−

∫ t
0 p(s)dsdτ−

−
∫ t

0
f2k−1(τ)e

−
∫ t
τ p(s)ds+λ

(2)
k τ−λ

(1)
k t e

[λ
(1)
k −λ

(2)
k ]t − e[λ

(1)
k −λ

(2)
k ]τ

2δk
dτ.
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Òàêèì îáðàçîì, ðåøåíèå ïðÿìîé çàäà÷è (1)�(3) ñóùåñòâóåò, åäèíñòâåííî è
ôîðìàëüíî ìîæåò áûòü âûïèñàíî â âèäå áèîðòîãîíàëüíîãî ðàçëîæåíèÿ

u(x, t) =
∞∑
k=0

uk(t)yk(x),

êîýôôèöèåíòû êîòîðîãî âûðàæàþòñÿ ôîðìóëàìè (12), (13) è (15).

5. Ñõîäèìîñòü áèîðòîãîíàëüíûõ ðàçëîæåíèé

Äëÿ çàâåðøåíèÿ èññëåäîâàíèÿ ïðÿìîé çàäà÷è íåîáõîäèìî (àíàëîãè÷íî
ìåòîäó Ôóðüå) îáîñíîâàòü ãëàäêîñòü ïîëó÷åííîãî ôîðìàëüíîãî ðåøåíèÿ
è ñõîäèìîñòü âñåõ âñòðå÷àþùèõñÿ ðÿäîâ.

Ïóñòü ∥u∥0 - íîðìà ïðîñòðàíñòâà L2(Ω). ×åðåç W 2,1
2 (Ω) áóäåì îáîçíà-

÷àòü ïðîñòðàíñòâî ôóíêöèé u(x, t), äëÿ êîòîðûõ ïî÷òè âñþäó ñóùåñòâó-
þò îáîáùåííûå ïðîèçâîäíûå uxx(x, t) è ut(x, t), ïðèíàäëåæàùèå â L2(Ω) ñ
íîðìîé

∥u(x, t)∥22,1 = ∥u(x, t)∥20 + ∥uxx(x, t)∥20 + ∥ut(x, t)∥20.

Ïîä îáîáùåííûì ðåøåíèåì çàäà÷è (1)-(3) áóäåì ïîíèìàòü ôóíêöèþé
u(x, t) ∈ W 2,1

2 (Ω), ïî÷òè âñþäó îáðàùàþùóþ çàäà÷ó â òîæäåñòâî.
Èìååò ìåñòî

Theorem 1. Ïóñòü f(x, t) ∈ L2(Ω) è p(t) ∈ L2(0, T ). Åñëè ôóíêöèÿ φ(x)
ïðèíàäëåæèò W 2

2 (0, 1) è óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì (5), òî ñóùå-
ñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå u(t, x) ∈ W 2,1

2 (Ω) çàäà÷è (1)�
(3).

Äîêàçàòåëüñòâî. Åñëè ôóíêöèÿ φ(x) ïðèíàäëåæèòW 2
2 (0, 1) è óäîâëåòâî-

ðÿåò êðàåâûì óñëîâèÿì (5), òî, ñîãëàñíî ï.4, îíà ðàçëàãàåòñÿ â ðàâíîìåðíî
ñõîäÿùèéñÿ ðÿä Ôóðüå ïî ñèñòåìå {yk(x)}. Èç (7) èìååì

φ
′′
(x) = −λ

(2)
0 φ0y0(x)−

∞∑
k=1

(λ
(1)
k φ2ky2k(x)−

−λ
(2)
k φ2k−1y2k−1(x))−

∞∑
k=1

λ
(2)
k − λ

(1)
k

2δk
φ2k−1y2k(x). (16)
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Ëåãêî âèäåòü, ÷òî
λ
(2)
k −λ

(1)
k

2δk
= 4πk + 2δk. Òàê êàê ñèñòåìà {yk(x)} �

áàçèñ Ðèññà ïðîñòðàíñòâà L2(0, 1), òî â ñèëó äâóñòîðîííåãî íåðàâåíñòâà
Ïàðñåâàëÿ ïîëó÷àåì

∞∑
k=1

|λkφk|2 ≤ C∥φ′′
(x)∥L2(0,1). (17)

Èç (12),(13) è (15) ñ ó÷åòîì (5) íåñëîæíî ïîëó÷èòü ðàâíîìåðíûå ïî k
îöåíêè

| u2k−1(t) |≤ C(| φ2k−1 |),

| u2k(t) |≤ C(| φ2k−1 | + | φ2k |),

| u′
2k−1(t) |≤ C(| φ2k−1 |) | λ

(1)
k |,

| u′
2k(t) |≤ C(| φ2k−1 | + | φ2k |) | λ(2)

k | .

Îòñþäà, èç àáñîëþòíîé ñõîäèìîñòè ðÿäîâ (13) è îöåíîê (14) ñëåäóåò
ñõîäèìîñòü ðÿäîâ (7) è ïðèíàäëåæíîñòü ðåøåíèÿ çàäà÷è (1)�(3) êëàññó
u(x, t) ∈ W 2,1

2 (Ω).
Òàê êàê ñèñòåìà {yk(x)} îáðàçóåò áàçèñ Ðèññà ïðîñòðàíñòâà L2(0, 1), òî

ëþáîå ðåøåíèå çàäà÷è (1)�(3) èç äàííîãî êëàññà ïðåäñòàâèìî ðÿäàìè (7).
Èç îäíîçíà÷íîñòè ïîñòðîåíèÿ ðåøåíèé (12), (13) çàäà÷ (9)�(11) ñëåäóåò
åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)�(3). �

6. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çà-

äà÷è

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ

Theorem 2. Åñëè f ∈ L2(Ω), φ ∈ W 2
2 (0, 1), è ôóíêöèÿ φ óäîâëåòâîðÿåò

êðàåâûì óñëîâèÿì (5), òî ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå

u(x, t) ∈ W 2,1
2 (Ω), p(t) ∈ L2(0, 1) îáðàòíîé çàäà÷è (1)�(4).

Äîêàçàòåëüñòâî. Ðåøåíèå ïðÿìîé çàäà÷è (1)�(3) â âèäå áèîðòîãîíàëüíî-
ãî ðàçëîæåíèÿ

u(x, t) = u0(t)y0(x) +

∞∑
k=1

(u2k(t)y2k(x) + u2k−1(t)y2k−1(x)) (8
′′
)
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óäîâëåòâîðÿåì óñëîâèþ ïåðåîïðåäåëåíèÿ (4):∫ 1

0
u(x, t)dx = E(t), 0 ≤ t ≤ T. (4)

Ïîëó÷àåì ïðè âñåõ 0 ≤ t ≤ T :

E(t) = u0(t)

∫ 1

0
y0(x)dx+

+
∞∑
k=1

(u2k(t)

∫ 1

0
y2k(x)dx+ u2k−1(t)

∫ 1

0
y2k−1(x)dx).

Îòäåëüíî âû÷èñëèì èíòåãðàëû îò áàçèñíûõ ôóíêöèé:∫ 1

0
y2k(x)dx =

∫ 1

0
sin2πxdx = 0, k = 0, 1, 2, ....

∫ 1

0
y0(x)dx = (2β0)

−1

∫ 1

0
y
(2)
0 (x)dx =

= (2β0)
−1

∫ 1

0
sin2β0xdx =

1− cos2β0
(2β0)2

.

Òàê êàê tanβk = α
2βk

, òî

1− cos2βk = 2
tan2βk

1 + tan2βk
=

2α2

(2βk)2 + α2
, k = 1, 2, .... (18)

Ïîýòîìó ∫ 1

0
y0(x)dx =

2α2

(2β0)2[(2βk)2 + α2]
.

Àíàëîãè÷íî âû÷èñëÿåì∫ 1

0
y2k−1(x)dx = (2δk)

−1

∫ 1

0

(
y
(2)
k (x)− y

(1)
k (x)

)
dx =

= (2δk)
−1

∫ 1

0
(sin(2βkx)− sin(2πkx)) dx =

Ìàòåìàòè÷åñêèé æóðíàë 2015. Òîì 15. � 2 (56)



Îáðàòíàÿ êîýôôèöèåíòíàÿ çàäà÷à òåïëîïðîâîäíîñòè 109

= (2δk)
−1 1− cos2βk

(2βk)2
=

2α2

δ(2βk)2[(2βk)2 + α2]
.

Äëÿ óäîáñòâà ââåäåì îáîçíà÷åíèå q(t) = e
∫ t
0 p(s)ds.

Ëåãêî âèäåòü, ÷òî

p(t) =
q
′
(t)

q(t)
. (19)

Èòîãî èìååì

E(t) =

(
φ0e

−λ
(2)
0 t−

∫ t
0 p(s)ds +

∫ t

0
f0(τ)e

−λ
(2)
0 (t−τ)−

∫ t
τ p(s)dsdτ

)
×

× 2α2

(2β0)2[(2βk)2 + α2]
+

2α2

δ(2βk)2[(2βk)2 + α2]

∞∑
k=1

(φ2k−1e
−λ

(2)
k t−

∫ t
0 p(s)ds+

+

∫ t

0
f2k−1(τ)e

−λ
(2)
k (t−τ)−

∫ t
τ p(s)dsdτ) =

=
α2

q(t)

[
2e−λ

(2)
0 t

(2β0)2[(2βk)2 + α2]
φ0 +

∞∑
k=1

e−λ
(2)
k t

δk(2βk)2((2βk)2 + α2)
φ2k−1

]
+

+α2

∫ t

0

q(τ)

q(t)

[
2f0e

−λ
(2)
0 (t−τ)

(2β0)2[(2βk)2 + α2]
+

∞∑
k=1

e−λ
(2)
k (t−τ)

δk(2βk)2((2βk)2 + α2)
f2k−1(τ)

]
dτ.

Åñëè ââåñòè íîâûå îáîçíà÷åíèÿ

F (t) =
α2

E(t)

[
2e−λ

(2)
0 t

(2β0)2[(2βk)2 + α2]
φ0 +

∞∑
k=1

e−λ
(2)
k t

δk(2βk)2((2βk)2 + α2)
φ2k−1

]
,

K(t, τ) =
α2

E(t)

[
2f0e

−λ
(2)
0 (t−τ)

(2β0)2[(2βk)2 + α2]
+

∞∑
k=1

e−λ
(2)
k (t−τ)

δk(2βk)2((2βk)2 + α2)
f2k−1(τ)

]
,

òî ïîëó÷àåì äëÿ q(t) èíòåãðàëüíîå óðàâíåíèå

q(t)−
∫ t

0
K(t, τ)q(τ)dτ = F (t). (20)
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Ýòî óðàâíåíèå ÿâëÿåòñÿ èíòåãðàëüíûì óðàâíåíèåì òèïà Âîëüòåððà âòîðî-
ãî ðîäà. Õîðîøî èçâåñòíî, ÷òî óðàâíåíèå (20) èìååò åäèíñòâåííîå ðåøåíèå
q(t) â L2(0, T ).

Òàê êàê E(t) ̸= 0 è E(t) ∈ W 1
2 (0, T ), èç (20) èìååì q ∈ W 1

2 (0, T ).
Ïîäñòàâëÿÿ q(t) â (18) íàõîäèì íåèçâåñòíûé êîýôôèöèåíò äèôôóçèè
p ∈ L2(0, T ). Òåîðåìà äîêàçàíà. �
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Ñàäûáåêîâ Ì.À., Îðàëñûí Ã. ÑÀÌÀÐÑÊÈÉ-ÈÎÍÊÈÍ Ò�ÐÄÅÃI ËÎ-
ÊÀËÄÛ ÅÌÅÑ ØÀÐÒÒÛ ÆÛËÓ ÎÒÊIÇÃIØÒIÊ ÊÅÐI ÊÎÝÔÔÈÖÈ-
ÅÍÒI ÅÑÅÏ

Æ´ìûñòà îðòàøà òåìïåðàòóðà çàäûëû¡û áåðiëãåí æà¡äàéäà òåìïå-
ðàòóðàíû òàðàëó ôóíêöèÿñûí àííû©òàó æºíåäå ñòåðæííû áið òåêòiëiãi
óà©ûòïåí îçãåðóií ïiøiíäåó åñåái ©àðàñòûðûëàäû. Øåøiììåí ©îñà áåëãiñiç
òåê óà©ûò©à òºóåëäi êîýôôèöèåíòi içäåó ìºñåëåñi àð©ûëû êåði åñåï òóûí-
äàéäû. Àòàëìûø ìàêàëàäà îñû êåði åñåïòi æàë¡ûç æàëïûëàìà øåøiìi
áàð åêåíi äºëåëäåíåäi.

Sadybekov M.A., Oralsyn G. AN INVERSE COEFFICIENT PROBLEM
OF HEAT CONDUCTIVITY WITH A NONLOCAL SAMARSKII-IONKIN
TYPE CONDITION

The problem of modeling the process of determining the distribution
function of temperature and time varying structure of homogeneous bar of
a given law changes in the average temperature. So there is an inverse problem
for the heat equation in which together with �nding the solution of the equation
required to �nd unknown coe�cient depending only on the time variable. In
this paper, it is proved that this inverse problem has a unique generalized
solution.
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Íà êëàññå äèôôåðåíöèðóåìûõ ôóíêöèé èññëåäîâàíû àïïðîêñèìàòèâíûå

ñâîéñòâà îïåðàòîðîâ ×åçàðî è Ðèññà, ïîñòðîåííûõ ïî èíòåðïîëÿöèîííûì

ïîëèíîìàì.
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ìåòðè÷åñêàÿ ñèñòåìà, ñóììû ×åçàðî, èíòåðïîëÿöèÿ.

Ïóñòü

σβ
n(f, x) =

1

Aβ
n

n∑
ν=0

Aβ−1
n−νTν(x)

� (c, β) � ñðåäíèå ×åçàðî, îáðàçîâàííûå èç òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ

Tν(x) =
1

n+ 1

2n+2∑
k=1

f(xk)
sin 2ν+1

2 (x− xk)

2 sin x−xk
2

, ν = 0, 1, . . . , n,

ïðèáëèæàþùèõ ôóíêöèþ f(x) ∈ C2π íàèëó÷øèì îáðàçîì â ñèñòåìå òî÷åê
(ñì. [1-4])

xk =
kπ

n+ 1
, k = 1, 2, . . . , 2n+ 2.

c⃝ Ë.Ï.Ôàëàëååâ, 2015.

Keywords: Fourier series, linear methods of summation, trigonometric system, Cesaro

sums, interpolation

2010 Mathematics Subject Classi�cation: 42À10



114 Ë.Ï.Ôàëàëååâ

Ïóñòü f(x) ïðèíàäëåæèò êëàññó C1 äèôôåðåíöèðóåìûõ ôóíêöèé, òà-
êèõ, ÷òî |f ′(x)| ≤ 1, x ∈ [0, 2π].

Ïðèâåäåì íåîáõîäèìûå ñâåäåíèÿ, êàñàþùèåñÿ ìåòîäîâ ñóììèðîâàíèÿ
÷èñëîâûõ è ôóíêöèîíàëüíûõ ðÿäîâ.

×èñëîâóþ ïîñëåäîâàòåëüíîñòü {λ(n)
ν } áóäåì íàçûâàòü âûïóêëîé âíèç

ïî èíäåêñó ν åñëè, êàê îáû÷íî,

∆2λ(n)
ν = ∆(∆λ(n)

ν ) ≥ 0, ν = 0, 1, ..., n− 1, λ(n)
n = ∆λ(n)

n = ∆2λ(n)
n ,

òàê, ÷òî

n∑
ν=0

∆2λ(n)
ν = (∆λ

(n)
0 −∆λ

(n)
1 )+ ...+(∆λ

(n)
n−1−λ(n)

n )+λ(n)
n = ∆λ

(n)
0 = 1−λ

(n)
1 .

(1)

Ïóñòü λ
(n)
ν =

Aα
n−ν

Aα
n

, ÷òî ñîîòâåòñòâóåò ìåòîäó ×åçàðî σα
n(f, x) ïîðÿäêà

α, Aα
n � ÷èñëà ×åçàðî, äëÿ α ≥ 1

Aα
n =

(α+ 1)(α+ 2)...(α+ n)

n!
, Aα

n =
nα

Γ(α+ 1)
{1 +O(

1

n
)}, n → ∞,

Γ �ãàììà-ôóíêöèÿ,

Aα
n −Aα

n−1 = Aα−1
n , ∆2λ(n)

ν =
Aα−2

n−ν

Aα
n

≥ 0, ν = 0, 1, ..., n, n = 0, 1, ..., α ≥ 1.

Äëÿ íèõ

1− λ
(n)
1 =

α

n
+

c

n2
, c > 0, c = const. (2)

Ïðè α ≥ 2 ëåãêî âèäåòü

1

Aα
n

n∑
ν=0

Aα−2
n−ν

1

ν + 1
<

Aα−2
n−2

Aα
n

n∑
ν=0

1

ν + 1
= c

ln n

n2
(n → ∞). (3)

Ïóñòü 1 < α < 2, òîãäà

c

nα

n−1∑
k=0

1

(n− k)2−α

1

k + 1
=

c

n2
{1+

n−1∑
k=1

1

k + 1

∞∑
ν=0

A1−α
ν (

k

n
)ν} = c

ln n

n2
(n → ∞).

(4)
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Â [5,6] áûëî ïîêàçàíî, ÷òî åñëè ñóììàòîðíàÿ ôóíêöèÿ, îïðåäåëÿþùàÿ

ìíîæèòåëè ñóììèðîâàíèÿ λ
(n)
ν , âûïóêëà âíèç, òî äëÿ íåå ñîîòíîøåíèÿ

(1)-(4) âûïîëíÿþòñÿ. Äëÿ òèïè÷åñêèõ ñðåäíèõ Ðèññà Rα
n òàêîé ôóíêöè-

åé ÿâëÿåòñÿ φ(x) = (1 − x)α, 0 ≤ x ≤ 1, α ≥ 1 è äëÿ ñîîòâåòñòâóþùèõ
ìíîæèòåëåé

λ(n)
ν = (1− ν

n
)α, ν = 0, 1, ..., n, n = 0, 1, ..., α ≥ 1,

âûïîëíåíî ñîîòíîøåíèå

(1− ν

n
)α =

Aα
n−ν

Aα
n

+
c

n

Aα−1
n−ν

Aα−1
n

+O(
1

n2
), n → ∞. (5)

Ââåäåì â ðàññìîòðåíèå âåëè÷èíó

∆β
n(x) = sup

f∈C1

|σβ
n(f, x)− f(x)|.

Ïðè β = 1 ïîâåäåíèå ∆1
n(x) áûëî èññëåäîâàíî â ðàáîòàõ [3,4].

Òåîðåìà 1. Äëÿ β ≥ 1 ïðè n → ∞ ñïðàâåäëèâî ñëåäóþùåå àñèìïòîòè-

÷åñêîå ðàâåíñòâî

∆β
n(x) =

2β

π

ln(n+ 1)

n+ 1
+Ox(

1

n
).

Äîêàçàòåëüñòâî.Ëåãêî ïðîâåðèòü, ÷òî

∆β
n(x+

π

n+ 1
) = ∆β

n(x),

ïîýòîìó â äàëüíåéøåì áóäåì ñ÷èòàòü

0 ≤ x <
π

n+ 1
.

Ïðèìåíÿÿ ê σβ
n(f, x) ïðåîáðàçîâàíèå Àáåëÿ, ïîëó÷èì

σβ
n(f, x) =

1

2(n+ 1)

1

Aβ
n

2n+2∑
k=1

f(xk)

n∑
ν=0

Aβ−2
n−ν

sin2(ν + 1)x−xk
2

sin2 x−xk
2

.
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Åñëè f(x) ≡ 1, òî ïðèìåíèâ äâàæäû îáðàòíîå ïðåîáðàçîâàíèå Àáåëÿ, ïî-
ëó÷èì

1

2(n+ 1)

1

Aβ
n

2n+2∑
k=1

n∑
ν=0

Aβ−2
n−ν

sin2(ν + 1)x−xk
2

sin2 x−xk
2

≡ 1,

ïîýòîìó

|σβ
n(f, x)− f(x)| ≤

≤ 1

2(n+ 1)

1

Aβ
n

∑
x−π<xk≤x+π

|f(xk)− f(x)|
n∑

ν=0

Aβ−2
n−ν

sin2(ν + 1)x−xk
2

sin2 x−xk
2

≤

≤ 1

2(n+ 1)

1

Aβ
n

∑
x−π<xk≤x+π

|xk − x|
n∑

ν=0

Aβ−2
n−ν

sin2(ν + 1)x−xk
2

sin2 x−xk
2

.

Äëÿ 2π-ïåðèîäè÷åñêîé ôóíêöèè f(t) = |t−x|, îïðåäåëåííîé íà |t−x| ≤ π,
ïîñëåäíåå íåðàâåíñòâî îáðàùàåòñÿ â òî÷íîå ðàâåíñòâî. Òàêèì îáðàçîì,

∆β
n(x) =

1

2(n+ 1)

[ n∑
k=1

(xk − x)

n∑
ν=0

Aβ−2
n−ν

Aβ
n

sin2(ν + 1)x−xk
2

sin2 x−xk
2

+

+x
n∑

ν=0

Aβ−2
n−ν

Aβ
n

sin2(ν + 1)x2
sin2 x

2

+ (π − x)
n∑

ν=0

Aβ−2
n−ν

Aβ
n

sin2(ν + 1)π−x
2

cos2 x
2

+

+
n∑

k=1

(xk + x)
n∑

ν=0

Aβ−2
n−ν

Aβ
n

sin2(ν + 1)xk+x
2

sin2 xk+x
2

]
. (6)

Òàê êàê
2

π
v ≤ sin v ≤ v, v ∈ (0,

π

2
],

òî ëåãêî ïîêàçàòü, ÷òî âòîðîå ñëàãàåìîå â (6) èìååò ïîðÿäîê ìàëîñòè
Ox(n

−1).

Â ñàìîì äåëå,

x

2(n+ 1)

n∑
ν=0

Aβ−2
n−ν

Aβ
n

sin2(ν + 1)x2
sin2 x

2

= Ox(
1

n2
)
1

Aβ
n

n∑
ν=0

Aβ−2
n−ν(ν + 1)2 = Ox(

1

n
).
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(Ïðè ýòîì ÷èñëà νγ ìû çàìåíèëè íà Aγ
ν è âîñïîëüçîâàëèñü ñîîòíîøåíèåì

n∑
ν=0

Aβ
n−νA

β
ν = Aβ+γ+1

n .) Äëÿ òðåòüåãî ñëàãàåìîãî â (6) èç (2),(5) âûòåêàåò

ñëåäóþùàÿ îöåíêà:

1

2(n+ 1)

1

Aβ
n

(π − x)

n∑
ν=0

Aβ−2
n−ν

sin2(ν + 1)π−x
2

cos2 x
2

= Ox(
1

n
)
Aβ−1

n

Aβ
n

= Ox(
1

n2
).

Ôóíêöèÿ

φ(t) = (t± x

2
)
sin2(ν + 1)(t± x

2 )

sin2(t± x
2 )

∈ C(2)[
π

2n+ 2
,
π

2
],

êðîìå òîãî, ëåãêî ïðîâåðèòü, ÷òî

φ′′(ξ) = Ox((ν + 1)2), ξ ∈ [
π

2n+ 2
,
π

2
], ν = 0, 1, ..., n.

Íàïîìíèì ôîðìóëó òðàïåöèé äëÿ ïðèáëèæåííîãî âû÷èñëåíèÿ îïðåäå-
ëåííûõ èíòåãðàëîâ: åñëè ôóíêöèÿ y = y(x) íåïðåðûâíà è äèôôåðåíöè-
ðóåìà äîñòàòî÷íîå ÷èñëî ðàç íà êîíå÷íîì ïðîìåæóòêå [a, b] è h = b−a

n ,
xi = a+ ih, i = 0, 1, ..., n, yi = y(xi), òî∫ b

a
y(x)dx = h(

y0 + yn
2

+ y1 + y2 + ...+ yn−1) +Rn,

Rn = −(b− a)h2

12
f ′′(ξ), (a ≤ ξ ≤ b).

Ïðèìåíÿÿ ôîðìóëó òðàïåöèé, ïîëó÷èì

J(ν,±x) =
1

2(n+ 1)

n∑
k=1

(xk ± x)
sin2(ν + 1)xk±x

2

sin2 xk±x
2

=

=
2

π

[ ∫ π
2

π
2n+2

(t± x

2
)
sin2(ν + 1)(t± x

2 )

sin2(t± x
2 )

dt+

+
π

4

1

n+ 1

(( π

2n+ 2
± x

2

)sin2(ν + 1)( π
2n+2 ± x

2 )

sin2( π
2n+2 ± x

2 )
−
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−
(π2 ± x

2 ) sin
2(ν + 1)(π2 ± x

2 )

cos2 x
2

)]
+Ox

( (ν + 1)2

(n+ 1)2
)
.

Èç ñîîòíîøåíèÿ

1

Aβ
n

n∑
ν=0

Aβ−2
n−νOx

( (ν + 1)2

(n+ 1)2

)
= Ox(

1

n
),

ïðåíåáðåãàÿ âíåèíòåãðàëüíûìè ÷ëåíàìè, ïîëó÷èì

1

Aβ
n

n∑
ν=0

Aβ−2
n−νJ(ν,±x) =

2

π

1

Aβ
n

n∑
ν=0

Aβ−2
n−ν

π
2∫

π
2n+2

(t±x

2
)
sin2(ν + 1)(t± x

2 )

sin2(t± x
2 )

dt+Ox(
1

n
).

Ó÷èòûâàÿ ïðîâåäåííûå îöåíêè, èç (6) íàõîäèì

∆β
n(x) =

2

π

n∑
ν=0

Aβ−2
n−ν

Aβ
n

[ π
2∫

π
2n+2

(t− x

2
)
sin2(ν + 1)(t− x

2 )

sin2(t− x
2 )

dt+

+

π
2∫

π
2n+2

(t+
x

2
)
sin2(ν + 1)(t+ x

2 )

sin2(t+ x
2 )

dt
]
+Ox

( 1
n

)
. (7)

Â ðàâåíñòâå (7) ê èíòåãðàëàì ïðèìåíèì äâàæäû ôîðìóëó èíòåãðèðîâàíèÿ
ïî ÷àñòÿì. Ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïîëó÷èì

π
2∫

π
2n+2

(t− x

2
)
sin2(ν + 1)(t− x

2 )

sin2(t− x
2 )

dt+

π
2∫

π
2n+2

(t+
x

2
)
sin2(ν + 1)(t+ x

2 )

sin2(t+ x
2 )

dt =

=

ν+1∑
µ=1

(−1)µ

µ+ 1
(1− 2 sin2

µx

2
) +

ν+1∑
µ=1

1

µ
−

ν+1∑
µ=1

1

µ
sin2 µ(

π

2n+ 2
+

x

2
)+

+

ν+1∑
µ=1

1

µ
sin2 µ(

π

2n+ 2
− x

2
) +Ox(1). (8)
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Òàê êàê

ν+1∑
µ=1

1

µ
sin2 µ(

π

2n+ 2
± x

2
) = O

( ν+1∑
µ=1

µ(
π

2n+ 2
± x

2

)2
= Ox

((ν + 1)2

n2

)
,

ν+1∑
µ=1

(−1)µ

µ+ 1
sin2

µx

2
) = Ox

((ν + 1)2

n2

)
,

òî, ó÷èòûâàÿ îáðàòíîå ïðåîáðàçîâàíèå Àáåëÿ, èç (8) ïîëó÷èì

∆β
n(x) =

2

π

n∑
ν=0

Aβ−2
n−ν

Aβ
n

ν+1∑
µ=1

1

µ
+Ox(

1

n
) =

2β

π

ln (n+ 1)

n+ 1
+Ox(

1

n
),

÷òî è òðåáîâàëîñü äîêàçàòü. �
Èñõîäÿ èç àñèìïòîòè÷åñêèõ ñîîòíîøåíèé (1)�(4) è ðàâåíñòâ (2)�(5)

äëÿ ÷èñåë ×åçàðî, èñïîëüçîâàííûõ ïðè äîêàçàòåëüñòâå òåîðåìû 1, ìîæ-
íî óòâåðæäàòü, ÷òî òåîðåìà 1 è ðàâåíñòâî (6) ñïðàâåäëèâû äëÿ ñðåäíèõ
Ðèññà, ïîñòðîåííûõ ïî òåì æå èíòåðïîëÿöèîííûì ïîëèíîìàì.

Çàìå÷àíèå 1. Ââåäåì â ðàññìîòðåíèå òðèãîíîìåòðè÷åñêèé ïîëèíîì

fN
n (x) =

2

N

N∑
k=1

f(xk)un(xk − x),

ãäå

un(t) =
1

2
+

n∑
ν=1

ρν(n) cos νt ≥ 0, t ∈ [0, π], xk =
2kπ

N
,

k = 1, 2, ..., N, N � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî.

Äëÿ âåëè÷èíû

EN
n (x) = sup

f∈C1

|f(x)− fN
n (x)|

àíàëîã òåîðåìû Ë.È. Áàóñîâà [8] äëÿ èíòåðïîëÿöèîííûõ ïîëèíîìîâ fN
n

óñòàíîâèëà P. Pych [9].
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Â ïðèìåíåíèè ê ìíîæèòåëÿì ×åçàðî

ρν(n) =
Aβ

n−ν

Aβ
n

, β = 1, 2, ...

åþ ïîëó÷åíà ñëåäóþùàÿ àñèìïòîòè÷åñêàÿ îöåíêà:

EN
n (x) =

2

π
β
ln n

n
+Ox(

1

n
), n → ∞. (9)

Âû÷èñëåíèÿ, ïðèâåäåííûå íàìè ïðè äîêàçàòåëüñòâå òåîðåìû 1, ïîçâîëÿ-
þò çàêëþ÷èòü, ÷òî ðàâåíñòâî (9) èìååò ìåñòî äëÿ ïðîèçâîëüíûõ, íå îáÿçà-
òåëüíî öåëûõ β ≥ 1. Ïðè N = 2n+ 1, β = 1 ðàâåíñòâî (9) ïîëó÷åíî Ñ.Ì.
Íèêîëüñêèì [7].

Íàïîìíèì, ÷òî ðÿä
∑

cn ñóììèðóåì ìåòîäîì C(β, γ), åñëè ñóùåñòâóåò

ïðåäåë lim
n→∞

σβ,γ
n = S, σβ,γ

n = 1

Aβ+γ
n

n∑
ν=0

Aβ−1
n−νA

γ
νSν , β, γ, β + γ > −1, Sν �

÷àñòè÷íûå ñóììû ðÿäà
∑

cn. Äëÿ òðèãîíîìåòðè÷åñêîé ñèñòåìû C(1, 0) �
ñðåäíèå Ôåéåðà, C(β, 0) � ñðåäíèå ×åçàðî.

Òàê êàê

1

ν + 1

ν∑
k=0

Dk(t) =
1

2(ν + 1)

sin2(ν + 1) t2
sin2 t

2

≥ 0, ν = 0, 1, ...n,

1

π

π∫
−π

1

Aβ+γ
n

n∑
ν=0

Aβ−1
n−νA

γ
νDν(t)dt ≡ 1,

òî

σβ,γ
n (f, x) =

1

πAβ+γ
n

π∫
−π

f(x+ t)

n∑
ν=0

Aβ−1
n−νA

γ
νDν(t)dt.

Ïîëîæèâ f ≡ 1, èìååì

∆β,γ
n = sup

f∈C1

max
x

|f(x)− σβ,γ
n (f, x)| =

=
4

πAβ+γ
n

{
n∑

ν=0

[
Aβ−1

n−νA
γ
ν −Aβ−1

n−ν−1A
γ
ν+1

] π
2∫

0

t sin2(ν + 1)t

sin2 t
dt.} (10)

Ìàòåìàòè÷åñêèé æóðíàë 2015. Òîì 15. � 2 (56)



Ñõîäèìîñòü ñðåäíèõ ×åçàðî è Ðèññà ... 121

Ïîëàãàÿ ïðè ñóììèðîâàíèè Aβ−1
−1 ≡ 0,

π
2∫

0

t sin2(ν + 1)t

sin2 t
dt =

1

2

[ ν∑
k=0

1 + (−1)k

k + 1
+

(−1)ν+1 − 1

2ν + 2
+ 1 +O

( 1

ν2
)]

(11)

ñ ó÷åòîì (10),(11), ðàâåíñòâî äëÿ ∆β,γ
n ïðèìåò âèä

∆β,γ
n =

2

π

Aβ−1
n

Aβ+γ
n

n∑
ν=0

Aγ
ν

ν + 1
+O

( 1

n1+γ

)
, n → ∞,

÷òî ïðè γ = 0, β ≥ 1 äàåò îöåíêó ∆β
n(x) äëÿ ÷åçàðîâñêèõ ñðåäíèõ ïîðÿäêà

β, à ïðè −1 < γ < 0 äàåò íîâûé ðåçóëüòàò

EN
n (c(β, γ), x) = O

( 1

n1+γ

)
, n → ∞.

Âûïóêëîñòü ìíîæèòåëåé ñóììèðîâàíèÿ äëÿ ìåòîäîâ Ðèññà Rα
λ(f, x) ïîç-

âîëèëà èçó÷èòü àïïðîêñèìàòèâíûå ñâîéñòâà îïåðàòîðîâ â Lp [10].
Ïóñòü f ∈ Lp[−π, π] ≡ Lp, 0 ≤ δ ≤ π, 1 ≤ p ≤ ∞ è ω2(f, δ)p =

sup
|t|≤δ

∥f(x+ t)− 2f(x) + f(x− t)∥Lp � åå ìîäóëü ãëàäêîñòè.

Îáîçíà÷èì ÷åðåç Tn òðèãîíîìåòðè÷åñêèé ïîëèíîì íàèëó÷øåãî ïðèáëè-
æåíèÿ f ∈ Lp, ÷åðåç En(f)p � ñîîòâåòñòâóþùåå íàèëó÷øåå ïðèáëèæåíèå.

Âîïðîñàì ïðèáëèæåíèÿ íåïðåðûâíûõ ôóíêöèé îïåðàòîðàìè ×åçàðî
σα
n(f, x) ïîñâÿùåíû ðàáîòû Ì. Çàìàíñêîãî, À.Â. Åôèìîâà (α = 1), Ãî-
÷æóæóÿ (α > 0), â ñëó÷àå f ∈ Lp � ðàáîòû Ê.Ã. Ëåáåäÿ è À.À. Àâäååíêî
(α = 1), Ì. Ëåêèøâèëè (α > −1, α ̸= 0, α ̸= 1).

Äëÿ f ∈ Lp áóäåì èçó÷àòü àïïðîêñèìàòèâíûå ñâîéñòâà îïåðàòîðîâ
Ðèññà

Rα
λ(f, x) =

∑
ν≤λ

(
1− ν

λ

)α
(aν cos νx+ bν sin νx),

α ≥ 1, λ > 0 - âåùåñòâåííûå ÷èñëà, aν , bν � êîýôôèöèåíòû Ôóðüå ôóíêöèè
f.

Ïðè îòìå÷åííûõ îãðàíè÷åíèÿõ íà ïàðàìåòðû α è λ è ïðîèçâîëüíîì
a > 0 óñòàíîâëåíà îöåíêà

Rα
λ(f, x) =

α

π

∞∫
a

f(x+ t
λ)− 2f(x) + f(x− t

λ)

t2
dt+ φ(α, λ, x), (12)

Ìàòåìàòè÷åñêèé æóðíàë 2015. Òîì 15. � 2 (56)



122 Ë.Ï.Ôàëàëååâ

ãäå

∥φ(α, λ, x)∥p = O
(
En(f)p + λ−2∥T ′′

n∥p
)
, n = [λ].

Î ïîâåäåíèè îñòàòî÷íîãî ÷ëåíà â (12) ìîæíî ñóäèòü ïî èçâåñòíûì íåðà-
âåíñòâàì Ñ.Á. Ñòå÷êèíà

∥T ′′
n∥p ≤ cn2ω2(f,

1

n
)p,

En(f)p ≤ cω2(f,
1

n
)p, c > 0, c = const.

Ïîñòàâèì â ñîîòâåòñòâèå êàæäîé f(x) ∈ Lp, 1 ≤ p ≤ ∞ òðèãîíîìåòðè÷å-
ñêèé ïîëèíîì

un(f,Λ, x) =
a0
2

+

n∑
ν=1

λ(n)
ν (aν cos νx+ bν sin νx),

ãäå aν , bν � êîýôôèöèåíòû Ôóðüå f, Λ = ∥λ(n)
k ∥, k = 0, 1, ..., n, n = 0, 1, ...,

λ
(n)
k = 0, k > n � ýëåìåíòû íèæíåé òðåóãîëüíîé ìàòðèöû âåùåñòâåííûõ
÷èñåë. Îáùíîñòü ñâîéñòâ îïåðàòîðîâ Ôåéåðà, ×åçàðî, Ðèññà ïîäòîëêíóëà
ê ïîÿâëåíèþ ñëåäóùåé òåîðåìû [11]

Òåîðåìà 2. Ïóñòü {λ(n)
ν }, ν = 0, 1, ..., n, n = 0, 1, ..., âûïóêëà âíèç ïî

èíäåêñó ν, λ
(n)
ν → 1, n → ∞, òîãäà

un(f,Λ, x)− f(x) =

=
n

π
(1− λ

(n)
1 )

∞∫
a

f(x+ t
n)− 2f(x) + f(x− t

n)

t2
dt+Ωn(Λ, x), (13)

∥Ωn(Λ, x)∥Lp ≤ cω2

(
f,

1

n

)
Lp
{n2

n∑
ν=0

∆2λ(n)
ν

1

ν + 1
+ n(1− λ

(n)
1 )}.

Ôîðìóëà (13) ïðîñòî èëëþñòðèðóåòñÿ ïðè α = 1 äëÿ ìåòîäîâ Ðèññà

è ×åçàðî (ìåòîä Ôåéåðà). Â ýòîì ñëó÷àå 1 − λ
(n)
1 = 1

n+1 , ∆2λ
(n)
ν = 1

n+1 ,

ν = n, ∆2λ
(n)
ν = 0, ν ̸= n. Â êà÷åñòâå ñëåäñòâèÿ ïîëó÷èì òåîðåìó Ã.Ê.
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Ëåáåäÿ è À.À. Àâäååíêî äëÿ 1 ≤ p ≤ ∞, äëÿ p = ∞ � òåîðåìó À.Â.
Åôèìîâà.

Çàìåòèì, ÷òî åñëè f � äîñòàòî÷íî ãëàäêàÿ (äèôôåðåíöèðóåìàÿ) ôóíê-
öèÿ, òî "ãëàâíûì ÷ëåíîì" ïîòî÷å÷íîãî óêëîíåíèÿ áóäåò èíòåãðàë, íà
êëàññå Lipα, 0 < α < 1, èíòåãðàë è Ωn(.) ìîãóò èìåòü îäèíàêîâûé ïî-
ðÿäîê óáûâàíèÿ, çà ñ÷åò âûáîðà âûïóêëîãî ìåòîäà ñóììèðîâàíèÿ Ωn(.)
ìîæåò èìåòü ìåíüøèé ïîðÿäîê ìàëîñòè.

Þ.Ë. Íîñåíêî [12] ïîëó÷àë ðåçóëüòàòû â òîì æå íàïðàâëåíèè, ÷òî è
àâòîð. Ïóñòü ∆̇k

δf(x) è ωk(f, δ) ñèììåòðè÷íàÿ ðàçíîñòü è ìîäóëü ãëàäêîñòè
ôóíêöèè f ïîðÿäêà k ñ øàãîì δ â òî÷êå x, íàïðèìåð,

∆̇2
δf(x) = f(x+

δ

2
)− 2f(x) + f(x− δ

2
).

Ðàññìàòðèâàþòñÿ âîïðîñû ïðèáëèæåíèÿ f(x) ñðåäíèìè Ðèññà è ×åçàðî
â óêàçàííûõ òî÷êàõ. Â ÷àñòíîñòè ïðèâåäåí ðåçóëüòàò: ∀λ > 0 ∃ ci =
ci(λ, p), i = 1, 2, ÷òî

f(x)− σα
n(f, x) = − a

2π

∞∫
λ

∆̇2
t

n+1
f(x)t−2dt+ τn(f, x),

c1ω2

(
f ;

1

n+ 1

)
≤ ∥τn(f ;x)∥p ≤ c2ω2

(
f ;

1

n+ 1

)
p
.

Òàêîãî æå òèïà ðåçóëüòàò ïðèâåäåí äëÿ ñðåäíèõ Ðèññà.
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