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MATEMATUYECKASA 2KNN3Hb

KAJIBMEHOB ThIHBICBEEK IHTAPUIIOBUY
(K 70-JIETHIO CO JHS POXKJEHUS)

Wcnonunnocsy 70 Jier BbLIaroIie-
MyCsd Ka3aXCTAHCKOMY MaTeMaTHUKY,
akameMuky HarmonaabHol akanemMun
nayk Pecnybsimku Kazaxcran Torabr-
coeky [lapunosuuy KasibmeHOBY.

Troiapicoex Iapumosua  pojmii-
ca b wmas 1946 roma B IHOkHO-
Kazaxcranckoit obsactu Kazaxckoit
CCP.

Tlo oxkonvanwu cpeqHel IITKOJIbI
noctynun B HoBocubupckuit rocy-
JTApPCTBEHHBIM YHUBEPCUTET U 3aKOH-
qmwit ero B 1969 r. B 1969-1972 ro-
bl 00yvaJICa B aCIIMPAHTyPE TaM Ke.
On sBIsIeTCS TIPEJICTABUTEIEM TITKO-
JIBL BBIJIAIOIIETOCS yYIEHOTO — YJIeHa-
koppecnougenra AH CCCP A.B. bu-
naJgae.

Hayunwie uccnemosanus, soimosnennubie T.111. KanbmenoBbiM B acnmpanT-

CKUe€ T'OJIbl, IIOCBAIEHBI UCCJICIOBAHUIO KOPPEKTHOCTH HAYAJIbHBIX U HAYAJIbHO-
KPAaeBbIX 33184 JJIsI BHIPOXKJAIOIIUXCS THIEPOOTNIEeCKNX yPaBHEHUH BUIa

E(y)uzy — uyy + augy + buy +cu = f; k(0) =0; k(y) >0, y #0.

st sToro obmero ypasuenns: T.111. KanbMeHoBBIM HaliIeHBI JOCTATOYHbBIE
VCJIOBHUSI KOPPEKTHOCTH TIEPBOil u BTOPOil 3aau JlapOy, BK/OUarone B ceds
BCE paHee M3BECTHBIE YCJIOBUS KOPPEKTHOCTH. A JJIsT PA3INIHBIX MOIETHHBIX
CJIyYaeB 3TOTO YPABHEHUs BIIEPBLIC YCTAHOBJIEHLI KPUTEPUIl €IMHCTBEHHOCTU




6 KAJIbBMEHOB ThIHBICBEK ITTAPUITOBNY

pelennst, JOCTATOYHBIE YCJIOBHUS KOPPEKTHOCTH U KJIACC TJIAIKOCTU PENIeHUs
szagaun JlapOy; Kpurepuii HEIPEPLIBHOCTH PeIleHust 3aa49u ['ypca, Ipu 5ToM
BII€pPBbIE yKa3aH0 Ha HEPaBHOIIPABHOCTH XapaKTEPUCTUK IJisd KOPPEKTHOCTU
3aj1aun; chopMyJIMpOBaHa HOBasi XapaKTepucTuieckas 3aada Kormm (Henos-
Hag 3ajada ['ypca) U JI0Ka3aHa ee KOPPEKTHOCTh B KJAcCe aHAJINTHYECKUX
PyHKIHIL.

C 1972 no 1985 rogwer T.II. Kanemenos paboraer B UHCTHTYTE MaTema-
tuku AH KasCCP, rue on npoiesn myTh 0T MJIAIIIEr0 HAYYHOIO COTPYIHIKA
0 3aBefyiomiero Jyiaboparopueit. B 3T rompr 06s1acTh €ro HayYHBIX WHTEPE-
COB OTHOCHUTCsI K Teopun audepeHIInaaIbHbIX OIePATOPOB, T/I€ UM IIOJIY I€HbI
SHaAYUTEJIbHbIC PDE3YyJ/IbTAaThI.

B ciiygae rparnvHBIX 38029 1151 YpaBHEHUI IUIIepOOIMIECKOTO U CMeIlaH-
HOI'O THIIOB IIPU UCCJICIOBAHUM 33124 B CJIA00M CMBICJIE BOSHUKAIOT CYIIECTBEH-
Hble 3aTPYHEHUsI [P BBISICHEHUN OTHOIIEHUSI MKy OOOOIMEHHBIMU U KJIAaC-
CHYECKMMU PEIIEHUSIMHU U, KaK CJIEJICTBUAE, OTCYTCTBHUE J0KA3aTEIbCTBA €IMH-
CTBEHHOCTH PeIIeHUsI, BCIEICTBAE UEro IOJIyIaeTCsl HEITOJHOE WMCCJIEOBAHNE
3a7a4. B cBsI3M ¢ 9TUM BakKHOE 3HAYEHHE IIPUOOPETAeT BOIPOC: MPHU KAKHX
YCJOBUSX Cja0ble PeIeHus sIBJSIOTCS KJaccudeckumu. B 6ojiee TOUHON 110-
CTaHOBKE, KOIJa ODOOIIEHHOE pelleHre U I'PAHMYIHON 3aa49n JJIsl ypPaBHEHUsT
Lu = f MoxeT 6bITh NPUOIIZKEHO TIOCIeI0BATe/TbHOCTDIO Uy, € W3 () kitaccu-
9eCKHUX PEIIeHU B TOM CMBICJIE, 9TO U, — U 1 Lu, — f B HEKOTOPOIi METpHKE,
Kak [paBuiio, 1o Hopme Lo(§2). O6obienHble perenusi, 06/1a1aoIme mocse -
HUM CBOMCTBOM, HA3bIBAIOT CHUJILHBIMIU.

B 9TOM HalIpaBJICHUN JIJId BBIPO2KIAIOIIETOCHd ypaBHeHI/IH CMEIIaHHOI'O TUIla

Lu = k(y)uge + tyy + a(y)ug + b(y)uy + c(y)u = f(z,y)

T.III. KasmbMeHOBBIM JOKa3aHa KOPPEKTHOCTD MTOJIyIEPUOAUIecKO 3aaaxau Ju-
pUXJIe; a JijIst BBIPOXK TAIOIETOCS yPABHEHU ST

Lu = signy|y| ™ ugs + uyy = f(z,y)

MTOKA3aHO CYIIECTBOBAHNE CUILHBIX pertenuit 3amad Jlapoy u Tpukomu.
Jlna ypasuenus JlaBpenTrheBa-burianze

Lu = —signy uz, — Uyy = f(x7 y)
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UM YCTAHOBJIEH KPHUTEPUIl CUJILHON pPa3peIrmMOCTH 331a9u TPUKOMHU B IIPO-
cTpaHcTBax L, B TepMHHAX YIVIOB IIOJIXOJIa 3JUIMNTUYECKOH HacTU I'DAHUILI
objracTu K JIMHUU U3MeHeHus Tuma. 1Ipu 9ToM, B OT/indne 0T U3BECTHBIX paHee
paboT, BIIepBbIE ITOKa3aHa HEeeINHCTBEHHOCTD CJIa0bIX PEIIeHM U JaHbl KPUTe-
PUN CUJIbHON pa3pelnmMOCTH YKa3aHHBIX 3a/ad.

PazBuBas oneparopubiii mogxon, T.I1I. Kagbmenos nocTpous ofIyio Teo-
PUIO PEryJISpHBIX KPAEBBIX 334 JIJIsi YPABHEHUN TUIEepPOOIMYECKOrO U CMe-
manuHoro tunoB. Kiaccrdeckas NMOCTAHOBKa KpAaeBOMl 3aJladll TAKOBa: JIaHO
ypaBHeHHe U KpaeBoe ycyoBue. HeobxomMo ucciienoBaTh pa3permmMmocThb IToi
3a/1a49U U CBOICTBA PEIIeHNUsI, €CIM OHO CYIIECTBYET (B CMBICIIE IPUHAJJIEIKHO-
cru HekoTopoMmy npocrpancTBy ). CyiecTByer JIpyroit, 6osiee obmmil oIXo K
PEIIeHnIO TAKUX 3aJ1a1, KOTOPBIH ObLT 3a/i02keH B paborax J. von Neumann u
M.. Bumuka: 3a7aH0 ypaBHEHHUE U IPOCTPAHCTBO, KOTOPOMY JOJIKHBI TIPU-
HA/IJIE2KATh IIPaBble YacTU YPaBHEHUN U KPaeBbIX ycjoBuil u pemenne. Hy»xuo
OTHNCATDb BCE KPaeBble YCJIOBUS, JIJI KOTOPBIX 3ajlada KOPPEKTHO pPa3pennma B
JIAHHOM IIPOCTPAHCTBE.

T.III. KajibMeHOBBIM OIUCAHBI BCE KOPPEKTHBIE KPAEBbIe 3aIa9u: JIjIsI BOJI-
HOBOT'O yPABHEHUS — B XaPAKTEPUCTUIECKOM TPEYTOJIbHUKE; JIJII MHOTOMEPHO-
r'0 BOJTHOBOT'O YPaBHEHUS — B XapaKTEPUCTUIECKOM KOHYCE; a TaKKe JJIsl YPaB-
unenusi JlaBpenrbesa-Buranze u s ypaBuenus 1TpukoMu; Jjisi MHOIOMEDPHOTO
YPaBHEHUS CMENIaHHOTrO Tuma. lIpm 3ToM BIEepBblE TOCTPOEH MHOTOMEPHBIM
KOPPEKTHBIN anaJjor 3aja4u JapOy u j1aHo ee pellieHne B SBHOM BUJIE.

Bousbrmoit riuks padot T.I11. KanbmenoBa mocBsIieH ClieKTPaIbHONR TEOPUN
yPaBHEHUIl I'MIepbOIMIecKOro M CMENIaHHOIO THIOB. B omimvme or Teopun
Pa3penmMOCTH, CIIEKTPaJIbHbIE BOIIPOCHI 33/1a4 I ypaBHEHUIl ruiepboJinye-
CKOT'O M CMEINAHHOIO THIIOB SIBJIAIOTCA Masion3ydeHHbIMU. OTMeTnM, 4TO 00-
[IEN3BECTHBIE METOJIbI (B YACTHOCTHU, abCTPAKTHASI CIEKTPAJIbHASI TEOPUST JIU-
HEHHBIX OIEPATOPOB), SIBJSIOMINXCS MOIHBIM MHCTPYMEHTOM IIPU H3yYeHUN
JITUITUIECKUX OIEPATOPOB, OKA3BIBAIOTCS MAJIONPUCIIOCODIEHHBIMY B IIPUMe-
HEHUU K KPaeBbIM 3a/[a4aM I yPaBHEHUH runepOboImyecKoro u CMeIIanHOTo
THIIOB B O0JIACTHU, YaCTh KOTOPO! COBIA/IAET C XaPAKTEPUCTHIECKUM KOHYCOM.
ITo sToli npuvynHEe MHOIHE aKTyaJIbHbIE TPOOJIEMBI YPaBHEHU TUIIEPOOJITIECKO-
IO U CMENIAHHOI'O THIIOB TPEOYIOT CHEIMAIbHbBIX NCCIIe/IOBAHUN 1 IIPUBJIEYEHUST
HOBBIX II0JIX0JI0B, MeTOJI0B. TakuMu 3ajia4aMu, B YACTHOCTH, SIBJISIOTCH BOIIPO-
CBI CIIEKTPA U CHUJILHON Pa3peNIMMOCTH JIOKAJbHBIX M HEJIOKAJILHBIX HEe3JIJIUI-

MATEMATUYECKUI »KYPHAJI. — 2016. — T. 16, Ne 3



8 KAJIbBMEHOB ThIHBICBEK ITTAPUITOBNY

Traeckux 3amad. CucTeMaTHTIecKoe N3ydeHne CIIeKTPATLHBIX BOTPOCOB ypaB-
HeHuit cMmenranHoro tuna Hadaro ¢ pabor T.III. Kanbmenosa, E.M. Mouceesa,
C.M. ITonomapesa.

T.I. KanbMmeHOBBIM ¢OPMYJIUPOBAH U JIOKA3aH HOBBIH ITPUHITUI SKCTPE-
MyMa JUIsl yPaBHEHUN CMEIIaHHOI'O TUIla, HOCAIIMNA ceiiyac B juTeparype Ha-
3panne "mpunnun makcumyma Kanmbmenosa'". Ha ocHoBamHum 5TOro HOBOIO
MIPUHITAIIA, SKCTPEMYyMa WM pelieHa mpobjiemMa CylecTBOBaHUs COOCTBEHHOIO
3HAYEHUs 3aJ1a9i TPUKOMH, YTO 3aJI02KHJIO OCHOBY HOBOI'O IIEPCIIEKTHBHOTO
HayYHOI'O HAIIPABJIEHUS — CIIEKTPAJIbHON TEOPUHU yPABHEHUI CMEIIAHHOTO TH-
ma. CymecrBoBanne COOCTBEHHDBIX 3HAUEHUH 3aga4dn TpPUKOME JTOKA3aHO KaK
ays ypaBuenus JlaBpenTbeBa-Burianze, Tak u 11 obiero ypasuenus lesaep-
CTe/Ta.

DTU pe3yJIbTaThl SIBUJIUCH OCHOBOM Jijist MOKTOPCKOi muccepramuu "O pe-
IYJIIPHBIX KPAEBBIX 3aJladax U CIEKTPE JJisi ypaBHEHUil rurepOboIndecKkoro u
CMEIIAaHHOTO THUIIOB 3aruiennoi B 1983 roay 8 MI'Y um. M.B. JlomoHOCOBA.

C 1985 mo 1991 roger T.II. KaspmeHnor paboTaer JeKaHOM MaTeMaTHIe-
ckoro akynaprera Kazaxckoro rocymapcrBeHHoro yHupepcurera, ¢ 1991 1o
1997 rompr — pekTopoM KazaxcKoro XMMHUKO-TEXHOJIOTHYECKOTO YHUBEPCUTE-
ta, FOxkno-Kazaxcranckoro rexundeckoro yausepcurera. B mepuos ¢ 1998 1o
2003 rompl oH sBjsieTcst 3aBeayomuM Kadenpoii FOxuo-Kazaxcranckoro ro-
CYJIAPCTBEHHOTO YHUBEPCUTETA.

B st roger T.II. Kanbmenos obpalaercs K 3ajadaM B OoJiee 001Ieii 1mo-
cranoBke. Ilocie nossienust suamenuToii padorsl A.B. Bumaiaze u A.A. Ca-
MapCKOI'0 BHUMaHUE MATEMATUKOB BCE Yallle CTAJIM [IPUBJIEKATH HEJIOKAJbHBIC
3aja4qn MaTeMaTudeckoil puzuku. Takue 3812491 ABISIOTCS CyIIECTBEHHO HECA-
MOCOIIPSI?)KEHHBIMY U JIJIsE UX UCCJIeOBAHUS HE ITPUMEHUMBbI KJIACCHIECKUE, XO-
porro paspaborannabie MeTobl uccaemopanuit. T.I11. KaabmeHOBBIM BIiepBbIE
JJIst ODITEro JUIUIITHIECKOTO OllepaTropa

ij=1 i=

Lu=— Z aij(x)uxj + ai(x)—u +a(z)u
i—1

B MIPOU3BOJILHON 00JIACTU C TIJIAJKON I'PAHUIEH MOKa3aHa MOJIHOTA KOPHEBBIX
BEKTOPOB OCHOBHBIX BHJIOB 3a/ad buranze-CamMapckoro B obIeil mocTaHOBKeE.

B 2004 roxy T.I1I. KanbmenoB Bosepaiaercst B AjiMaThl, OH HA3HATAETCS-
lenepaabubiM upexkTopoMm lleHTpa (DU3MKO-MaTeMaTHYIeCKUX HCCIeI0BAHUI
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MunucrepcrBa obpazoBanus PK, mpeobpazosannoro B ucTuryT mMaremarn-
KA U MaTeMaTHIecKoro MojesnpoBanus B 2012 romy mocJie HpuUCOeIMHEHUsT K
nemy Uucturyra maremarnku MOH PK.

B stu roger T.II. KagbMeHOBBIM Oy YeHbI HOBBIE 3HAYUUTE/IHHBIE PE3YJlb-
TaTbl II0 KJIaCCUYICCKHUM 3aJiadaM JIJId ypa.BHeHI/IIU/I B 9aCTHBIX ITPOU3BOHDBIX.

B rTeopun ypaBHeHHMiI MaTeMATUYECKOH (DU3UKKH U, HAIIPUMED, B TEOPHUH
YIPYTOCTH, BaYKHOE MECTO 3aHUMAET sIBHOE ITPEJICTABJICHUE PEIIeHIH 3a1a1 JJIsI
HEOTHOPOAHOTO Ourapmonmdeckoro ypasuenns. T.I11. KajabMeHOBBIM BriepBbIe
[IOCTPOEHA B SIBHOM BHUjie (B TEPMHMHAX 3JIEMEHTAPHBIX (DYHKIUiT) HOTUrapMo-
nndeckas pyuknug ['puna 3amadan Jupuxite

Atu(z) = f(x), f(x) € L),

%

oni ’U,‘ng = 0, 1= 0, 1,2, sy T — 1,
x
B mape {25 C R” B ciiyvae npou3BoIBHON Pa3MEPHOCTH TPOCTPAHCTEA.
CnekTpaJjibHas TEOPUsi HECAMOCOIPSIXKEHHBIX JnddepeHIuabHbIX onepa-
TOPOB SIBJISIETCSI JIO CUX IIOP HE 3aBEPINEHHON Jake JJIsl CJIydasi TPOCTEHInx
0OBIKHOBEHHBIX juddepeHnnaababiX ypapaeruit. /ljis ypaBHeHuit xe B 9acT-
HBIX IIPOU3BOJHBIX, & TeM 0oJiee YpaBHEHUN CMEIIAHHOTO THUIA, B HECAMOCO-
HPSKEHHO CIIEKTPAJILHON TEOPUU [OJIYY€EHbI JIUITb HEKOTOPBIE OT/IE/IbHBIE pe-
3yJsibTaThl. Jlo HACTOSINEro BpeMeHU He HAilJIeH MpUMED pPEeryJisipHO KpaeBoit
sajaun st auddbepeHnnaibHbIX YPaBHEHHI, ClIeKTp KOTOPOil (KpoMe IIycTo-
IO MHOXKECTBA) siBJisieTcst KoneanbiM MuOkecTBOM. T.I11. KasbmenoBy Brepsbie
VIAJIOCh YCTAHOBUTD, UTO CIIEKTP MudPepeHItnabHBIX OepaTopoB 00IIero Bu-
na
Lu= Z ao () D = Au(x),
lof<p
ITOPOYKIEHHBIX PETYJISPHBIMU IPAHUIHBIMEU YCJIOBUSAME, — JIUOO IIyCTOE, JINOO
HeCcKOHEYHOE MHOXKECTBO.
Kitaccuaecknii obbemuntii morerimas Hprorona

u(e) = en s f = /Q enle — ) fy)dy = Lf

OIIpeIeJIsieT BeJIMYMHY MACC UJIU 3apsijia, PaciupeleseHHbIX B obacT §) ¢ ILI0T-

HOCTBIO m. On Takzke 4acTo IPpUMEHAETCA B TECOPpUUA (byHKHI/II/I n TeopeMax
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BioxkeHusl. [ockobKy dyHIaMeHTaIbHOe pelieHne &, (r — y) CUMMeTPUYHO,
BEIIECTBEHHO3HAYHO ¥ MMEET CJIa0YI0 0COOEHHOCTH, TO MHTErPAJIbHbIH orepa-
top L~! sBisiercst BIOJIHE HENPEPLIBHBIM CAMOCOIPSIZKEHHBIM OIIEPATOPOM B
L2 (Q) u dbyukuusa u(z) = e, * f(z) ymosiaerBopsier ypasaenuto Ilyaccona
—Au = f.

B paborax T.ITI. KaibMmenosa BriepBble HaiIeHO KPAEBOE YCIOBUE 00HEM-
HOro IoTeHImaJsa HeoTona:

Oen(x —

%u(w) = —/ 6n(x—y)MdSy+ y)u(y)dSy, Jutst Beex x € O0ND.
o0

Iy o Ony

Kak okazajioch, 9Tu KpaeBble YCJIOBUS OMUCHIBAIOT JABHO U3BECTHBIN B TEO-
perudeckoii dusnke apderT "Mpo3pavdHbIX KPAeBhIX YCAOBHil" , MPOIyCKaro-
IIUX YXOJISAIIUE BOJHBI U OTPAXKAIOIMINX HPUXOJsIIre BoHbl. Hanndane Takux
KPaeBbIX yCJIOBUI 0OBEMHOr0O MOTEHIINAJA MO3BOJISIET CBECTH 3aJady C YCJIO-
BUSIMHU HM3JIydeHUsl TUa 3oMMepdesbia B OECKOHEYHON 00/acTu K 3ajade B
OTpaHUYIEHHOU 00J1acTH U 3(PPEKTUBHO TPUMEHSITh YUCJIEHHBIE METOJIBI.

Knaccuaecknit npumep Anamapa JIeMOHCTPUPYET HEKOPPEKTHOCTH 331891
Komu nsa ypasuenus Jlammaca. BeimaomuMucs COBETCKUMEI MATEMATHKAMUI
— akayiemukamu A.H. Tuxonosbim u M.M. JlaBpeHThEBBIM, UX YICHUKAMEU U
[TOCJIeIOBATEJISIMI Haii/IeHbl YCJIOBUSI KOPPEKTHOCTH 3ajiadu Kommm 1j1st ypas-
Henws Jlammaca U Ipyrux HEKOPPEKTHBIX 3a71a49. A TaKyKe MOCTPOEHBI METOIBI
peryisgpu3aiyi HeKOppeKTHRIX 3amad. B padborax T.I11. Kanbmenosa meTomom
pas3JioKeHusi 110 COOCTBEHHBIM (DYHKITUSM CMeltanHol 3amaan Ko s ypas-
HeHust Jlamaca ¢ OTKJIOHSIIONUMCSI apryMEeHTOM YCTAHOBJIEHO HEOOXOIMMOe U
JIOCTATOYHOE yCa0BUe KoppekTHocTH B obmactu ) = {(z,t) : 0 <z <7, —1 <
t < 1} cmemmannoii 3aga4an Komm st ypasuennst Ilyaccona:

Lu = uy(z,t) + ugg(x,t) = f(x,t), (z,t) € £,

uli=—1 = ©1(x), uei=—1 = p2(x),
U|m:0 = O7u|z:7r =0.

Bosee Toro, nmokazano, uro pemenne 3amaqu Kormum sBiisieTcss eIuHCTBEH-
HBIM 1 0e3 3aJJaHusI KPAEBBIX YCJIOBUIA.
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XapakTepHoit uepToit MaTeMarudeckoro Teopuectsa T.111. Kaabmenosa siB-
JIIeTCs OOMJIMe OPUTMHAJIbHBIX METOJIOB U HECTAHIAPTHBHIX IIOIXO00B K pelle-
a0 mMaremaruwdeckux mmpobsiem. T.IMI.KajgbpMeHOB OTHOCHTCS K UMCJIy HEMHO-
IUX YYEeHBIX, CYMEBIIMX OCTAaBUTH OTIEYATOK CBOEH HHINBUIYAJHHOCTH IIO-
9TU BO BCEX pa3jejax MaTeMaTHUKH, KOTOPbIMU OH 3aHUMAJICA. OH ABJIdEeTCA
JIOCTOMHBIMIIPEEMHIKOM CBOero yuuress — Annpes BacunbesBuua Bunanze —
wieH-KoppecnonieHTa AH CCCP u sipkuit mpoio/nKaTeib TPaJInuiinii COBET-
CKOIl MaTeMaTU4eCKON IMIKOJIbI.

ITon pykoBomcTBoMm akasmemuka T.111. Kanbmenosa 3amuiieno 6ostee 50 KaH-
auaaTckux u 9 mokTopekux mauccepranuit. O mmeer 6ostee 120 omybmKoBaH-
HBIX HAYYIHBIX PAOOT.

MmuoroJieTHsist HaydHasI, TeIarorndecKas ¥ OOIIeCTBEHHO-OPraHI3aIlMOHHAS
nesirenbHOCTh T.111. KanmbMeHOBa oTMeUeHa PsiIOM BBICOKUX HArPaJI U 3BAHUMN.
B 1978 rony on ynocroen npemun Jlennnckoro komcomosa Kazaxcrana, 8 1996
rOJIy CTaJl 3aC/Iy?KEHHBIM JiesiTejieM HayKu 1 TexHuKu Pecryosmku Kazaxcras.
B 1989 roxy on uzbpan wien-koppecrnongearom AH KasCCP, u 8 2003 roxy
cranosurca akagemukom HAH PK.

T.III. KanbmenoB Harpazkien opaeHamu u megaasmu Pecriyomnkn Kazax-
cran, a B 2013 roay 3a nuks pador "K Teopunm HavuabHO-KPAEBBIX 38144 JIJIsI
b depeHnnaabHbIX ypaBHeHU" eMy npucBoeHa locyaapCcTBeHHAsT PEMUsT
Pecniybmmkn Kazaxcrans obsiacTu HayKu ¥ TEXHUKHU.

Axkanemux T.III. KagbMeHOB, Kak MpOodhecCHOHAIBHBIN YUeHBI U PYKOBO-
auTesib MHCTATYTa MATEMaTHKU U MaTeMaTHIeCKOrO MOJICTMPOBAHUSI, SIBJISET-
Cda Tpe6OBaTeJIbHBIM K Ce6e 1 KO BCEM YYE€HDbIM, 9TO IIOMOT'a€T JIePzKaTh IIJIAHKY
MaTeMaTH4Ieckoil Haykn B KazaxcraHe Ha BBICOKOM MHpPOBOM ypoBHe. Ha ce-
TOIHSIIITHUI JIeHb OH sIBJIsIETCsT Hambojiee IpKUM MaTeMaTukoM Kazaxcrana u
6e3yCJIOBHBIM €€ JINIEPOM.

C neocnabesaromeii sueprueii T.I1. Kanbmenos 3annmaercst HayaHO# pa-
6oToii, Meapo pa3gapuBaeT HaydHbIEe HAEH CBOUM YIEHHKAM M COPATHHUKAM,
peaju3yeT BCe HOBble TBOPYECKHE 3aMbIC/bl. OH IIOJIOH HOBBIX M OPUIHUHAJIb-
HBIX MaTEeMaTHIECKUX HICH.

ITpexpacuo, uro T.I1I. KaibMeHOB SIBASIETCS TIJIOJOTBOPHBIM M B CeMERHOM
xKu3au. OH ABJISIETCS CIACTIUBBIM OTIIOM JECATH JeTel, a cefiyac BOCIIUTHIBAET
6oJiee aBaIIaTH BHYKOB!

Ot Beeit gaymu xkestaem ToiabicOeky [lapunosudy Kpemkoro 310poBbsi, ce-
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MEHHOr0 C4aCTbs, HOBBIX TBOPYECKUX YCIIEXOB, INIyDOKHMX HAyYHBIX PE3yJIbTa-
TOB!

Penaknuonnast kosterust "Maremarndeckoro >kypHasa"
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rae u(t) = col(uy(t, x), ua(t, x), ..., un(t,x)), (nxn)-marpune A(t, z), K(t,s,x)
wenpepbisabl Ha [0,7], [0,7] x [0,7] X [0,w] cOOTBETCTBEHHO, M- BEKTOD-
dbyuxuus f(t, x) venpepwiBua Ha [0,T] x [0,w], 0 = tg < t1 < ... < bty <
tm =T, n- BekTOp-dyHKus b(x) Henpepoisaa Ha [0, W].

Pemmennem cemeiictea MmHOroTOYeYHbIX 3a1a4 (1), (2) HazpiBaercs OyHKIMs
u(t, z), HenpepbiBHAs Ha (), NMEOIIAs HEIPEPBIBHYIO TPOU3BOJIHYIO 110 T U Y10
BJIETBOPSIONIAs cucTeMe nHTerpo-auddepennmnaibubix ypasueanii Boabreppa
(1) mpu Beex (t,x) € © u MHOrOTOUEUHOMY KPAEBOMY yCJIOBUIO (2).

Teopus nnrerpo-auddepenruanbubix ypasuennit Boasreppa u @pearosib-
Ma OTHOCHTCS K aKTHBHO Pa3BHBAIOIIEHCT 00IaCTH KAUEeCTBEHHON TEOpUN MH-
TerpasbHbIXx u auddepenrnuaibHbIX ypaBHenuii. Bompockr cyimiecTBoBaHwMs,
eIMHCTBEHHOCTH W HEIPEpPBIBHOI 3aBHCHMOCTH OT IIPaBOil YacTH, a TaKiKe
npubJIMKEHHBIE METOJbI TOCTPOEHUsT PEIEeHUsT KPAEBbIX 33/1a9 JIjIs CUCTEMBI
nHTerpo-anddepeHnaabHpIX ypapaeruii Boibreppa n @pearoabma paccMoT-
PeHbI MHOIMMU aBTopamu, 0630p u 6ubsmorpaduio MoxKHO nocmorpers B [1-21].

Opnna u3 QyHIAMEHTATBHBIX 0CODeHHOCTEH MHTErpo-anddepeHIma bHbIX
YPaBHEHUIT 110 CpaBHEHUIO ¢ T MEPEHITNATBHBIMI YPABHEHUSIMU TTPOSIBJISIETCSI
B ipobJieme paspemumoctu 3a7a4uu Komu. Eciu B ciiyyae quddepennnaabHbIX
ypaBHenwuit, Boob1e roBops, B Jit000it Touke obJiactu ryiaakocTu Koadduiinen-
TOB 33/1a4a Kormm o/1HO3HAYHO pa3peninMa, TO Jijisi HTerpo-aud depeniinaib-
HBIX ypasHeHuil 910 ganeko ne tak [1]-[5], [10]. Touku, B kKOTOPBHIX HapyIa-
eTcs eMHCTBEHHOCTH pernenus 3amadn Kommu, cregys f.B.Boikosy [10], na-
3bIBAIOTCs 0CcoOeHHBIMU. (OCOOEHHBIE TOYKM OTPAXKAKT CHenuduKy HWHTErPO-
muddepentmanbHbix ypaBHenuii. B paborax [22]-[26] apyxrodeunas kpae-
Bas 33/1a9a [I/IsT CHCTEMbI UHTETpO- A depennnaabubx ypasuenuit @ peaross-
Ma ObliIa MCCIe0BaHa MeToJoM mapamerpusanuu [27]. B paGore [22] xpure-
pUU KOPPEKTHOM PA3PEIIUMOCTH JBYXTOUETHON KPAEBO 3a/1a9u I CUCTEMBI
naTerpo-auddepenimanbabix ypasuennit Ppenrosbma ObLIN yCTAHOBIEHBI B
TepMUHAX AMMPOKCUMUPYIONNX KPAEBBIX 33J1a9 JIJIsi CUCTEMbI HATIPYKEHHBIX
muddepennpanbHbIX ypaBHenuii, a B paborax [23]-[26] — B Tepmunax Heko-
TOPO#T MATPUIILI, COCTABJIIEMO 110 (DyHIaAMEHTAJIBHON MaTpuiie auddepeHiu-
AJIBHOW YaCTU CHCTEMbl, MATPUIIAM T'PAHUYHBIX YCJIOBUI ¥ PE30JIBBEHTE BCIIO-
MOTaTEeIbHOT0 UHTErPAJbHOTO ypaBHeHus PpesrojbmMa BTOPOro Poja, a Tak-
2K€ B T€PMUHAX JIAHHBIX 3aJlaun 0e3 UCIOJIb30BaHus (DyHJaMEHTAIbHON MaT-
PHUIIBI U PE30JBBEHTHI COOTBETCTBEHHO. [10CTPOEHBI AJTOPUTMBI HAXOK IEHUSI
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ee pemrennsi. Unrerpo-auddepenrmantsuoe ypasuenue Boabreppa MoKHO pac-
CMaTpUBaTh KaK WHTErpo-auddepennuaibioe ypapaearne Opearoabma myTem
BBEJIEHUS CIEMAIBHOTO sijipa. B 9ToM ciydae sijpo MHTErPaJbHOTO C/IaraeMo-
ro He 06/1aJjaeT CBOWCTBOM HENPEPBIBHOCTA OTHOCHUTEIHLHO CBOMX apI'yMEHTOB
U HOSABJIsIeTCH 0CO0BIN Kiace maTerpo-auddepennnaibabix ypasaenuit @pej-
rosibma. Ilpumenenue mMeTo/10B pererus UHTErpo-IudepeHinaibHbIX ypaB-
wennit @peprosibmMa K 3T0MYy KJjaccy MHTErpo-audepeHnnaibHbIX ypaBHe-
HUI He BCErJa YYUThIBAET OCOOEHHOCTHM W CBOYICTBA peIieHuit WHTErpo-aud-
depennnanbabix ypaBuenuit Bosbreppa [17]. danmbiii dakT okaspiBaer cy-
[IIECTBEHHOE BJIMSIHIME TIPU WCCJIEIOBAHUNA KPAEBBIX 3349 C [MapaMeTpoM st
uaTerpo-auddepernuaabHbIX ypasHenuii Boasreppa [20].

Taknm obpazom, Kpaepble 3aJa4Un C TapaAMETPOM [IjIsT WHTerpo-anddepen-
UaIbHBIX ypaBHeHHuil BojbTeppa MpeicTaB/IsioT CaMOCTOATEIbHBIN UHTEPEC
U TPebyIOT OTJIEIBHOTO PACCMOTPEHHUsSI BBUY MHOTOUYUCIEHHBIX TPUJIOXKEHUN B
3aj1auax OMOJIOTHY, XUMUH, SKOJIOTHA 1 jp. [21].

B nacrosmeit pabore ucciiemyercs CeMeiiCTBO MHOIOTOYEIHBIX KPAEBbIX 3a-
Jlad g cucteMbl uHTerpo-auddepeniuanibabix ypasaenuit Bosbreppa, rie
pOJTh TapaMeTpa UTPaeT MepeMeHHAs T, HEMPEPHIBHO MEHSOMIASICSI HA OTPe3-
ke [0, w]. Bopockr paspemmmocTn ceMeiicTBa MHOTOTOYEYHBIX KPAEBBIX 33184
(1), (2) mpu K(t,s,x) = 0 paccmorpensr B pabore [28]|. IlocTpoensr aro-
PUTMBI HAXOXKJIEHUSI TIPUOJIMKEHHBIX PEIeHnii U YCTaHOBJIEHBI YCJIOBUS OJI-
HO3HAYHOU, KOPPEKTHOU Pa3PEIIuMOCTH CeMEeUCTBA MHOTOTOYEYHBIX KPaeBbIX
3aJiad JJIst CUCTeMbl I depeHIInalbHbIX YPABHEHUI B TEPMUHAX UCXOIHBIX
nauubiX. CemeiicTBa MHOTOTOYEYHBIX KPAEBBIX 33Jad [JIsi CUCTEMbl WHTErDO-
muddepennranbabX ypaBaeruii Boibreppa 9acTo BCTPEYaOTCs IPY PEIEHUN
HEJIOKATbHBIX KPAEBBIX 33124 /i HHTerpo-1uddepeHIuajibHbiX ypaBHEHU B
YAaCTHBIX [IPOM3BOJHBIX BHICOKMX 1ODPsiikoB [29]-[31]. Ha ocnose merosa napa-
MEeTPHU3AIUU [OCTPOEHBI AJTOPUTMbI HAXOXKJ/IEHUS TPUOJINKEHHOIO pPelleHus
sagaun (1), (2). Iosyuensr gocTaToUHBIE YCJIOBUS OJHO3HAUHON PAa3peImMo-
CTH CeMeliCTBa MHOTOTOUYEUHBIX KPAEBBIX 33/1a9 B TEPMUHAX KOIDDUITMEHTOR
cucrembl (1) u rparngabx MaTpuil (2). Pesynbrarsr ganuoit paboTs! mpn (huk-
CUPOBAHHBIX 3HAYEHUSIX TIEPEMEHHON T aHOHCUPOBaHBI B [32].
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2. CXEMA METOJ/IA B CJIVUAE BBEJIEHUSI OJIHOT'O MTAPAMETPA

O6osaaunm vepe3 A\(z) 3navenune dbynknuu u(t,x) wa quanm ¢t = 0, Te.
Az) = u(0,x). B 3amaue (1), (2) ocyrmecTBuM Cyieiyiomniyo 3aMeny (yHKIUn
u(t,z):  wu(t,z) =v(t,x) + A(x) u nepexosnum K 9KBUBAJIEHTHOI 3a/1a4e

Z: Alt,z v+/ K(t,s,2)v(s,x)ds + f(t,z)+
At 2)A () + /0 "K(t,5,0)dsA@), € [0,T], @ € [0,u], (3)
v(0,2) =0, xze[0w], (4)
i; +ZM o(ti,z) = b(x), xe€[0,w)] (5)

Pemtennem 3anaun (3)—(5) asaserca napa (v(t,x), A(z)), rae dbyukuus v(t, x)
HemnpepbiBHAa Ha (), MMeeT HENpPEepbIBHYI0 Npou3BojaHYO 10 ¢ Ha (), QyHK-
nust A(x) menpepbiBaa 10 = Ha [0,w], yJAOBJIETBOPSET CeMEHCTBY WHTErpO-
muddepeHanbHbIX ypaBHeHuil ¢ hyHKIMOHAILHBIMU napamMerpamu (3), Ha-
JaJbHBIM YCIOBHAM (4) ¥ MHOTOTOYEYIHOMY KPaeBOMYy yC/aoBuio (5).

Bagauu (1), (2) u (3)—(5) sxsupasenrusl. Ecin dyukuus u(t, z) — pemenne
cemeiicTBa MHOrOTOUEUHBIX Kpaewbix 3a1ad (1), (2), To mapa (v(t,z), A(z)),
rae AM(z) = u(0,z), 6yzer pemnrennem 3amaun (3)—(5). I maoGopor, ecu mapa
(v(t, z), AM(z)) — pemenne 3anauan (3)—(5), ro byukuus u(t,z) = v(t, )+ A(z)
OyJeT pereHneM MCXOJHOTO ceMeiicTBa Kpaesbix 3ajaad (1), (2).

ITpu dbukcuposannom 3Hauennu napamerpa A\(x) 3agada (3), (4) sBasgercs
cemeiicteoMm 3azad Komm i 06BIKHOBEHHBIX UHTErpO-TuddepeHuaIbHbIX
ypasHeruiit Bosibreppa ¢ HauabHbIM yeaoBueM Ha jmann ¢ = (. CooTHOeHNne
(5) mo3BoJIsIeT OMpe/ e IUTh HEM3BECTHBIN napamerp A(z).

Pemenue 3amaun Komwu — dynkuus v(t, ) ygposnersopsier cemeicTBy uH-
TerpaJjibHBIX ypaBHenuii Bosbreppa

o(t,z) :/OtA(T,x)v(T,w)dT—f-/Ot [/OTK(T,s,x)v(s,x)ds}dT—i—/Otf(T,x)dT—i-

/AT:vdT)\ / /Krsx)ds}dﬂ\() te0,7], z €[0,w]. (6)
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Tak kak

/Ot [/OT K{(r, S,x)v(s,x)ds} dr = /Ot /:K(T,S,x)dm(s,x)ds,

TO, IOMEHSIB MECTAMU MEPEMEHHbIE S U T, nepenuniem npejcrasaenne (6) coe-
JYIOIIIM 00pa30M:

v(t,z) = /Ot [A(T,a:) + /Tt K(s,, x)ds]v(T, x)dT + /Ot f(r,z)dr+

_|_/0t [A(T,x) + /Tt K(s,T, 13)d8:| drA(x), te[0,T], € [0,w]. (7)

t
Beenem o6oznavenue:  L(t, 7,x) = A(T,x) —i—/ K (s, ,x)ds. Torma coor-
T

Homenve (7) nmpumer BuJ

ot ) = /0 L(t, 7 2)drA(z) + /O L(t, 7, 2)o(r, 2)dr + /0 Fra)dr,  (8)

rne te€[0,7], z €0,w].
Bmecro v(T, x), nogcraBus npaByio 4acTh Bbipaxkenus u3 (8) npu t = 7 u
noBTopuB 3TOT nporecc v (v € N) pa3, mosyanm

v(t,x) = Dy(t,z)\x) + G, (t,z,v) + F,(t,x), te€[0,T], z€[0,w], (9)
t t T1
e Dl,(t,x)—/ L(t,T,x)dT—i—/ L(t,n,x)/ L(7y, 12, x)dTodT) + ...+
0 0 0
t T1 Ty—1
—|—/ L(t, Tl,x)/ L(Tl,TQ,.’L’).../ L(ty—1, v, x)d1,d7y—1...dTodT],
0 0 0
t Tv—1
G,,(t,x,v):/ L(t,ﬁ,x).../ L(1y—1, 7y, x)v(1y, 2)dTy) .. .dT7,
0 0
t t T1
F,(t,x) :/ f(T,x)dT+/ L(t,71,$)/ f(r2, x)drodm + ...+
0 0 0

t Tv—2 Tv—1
+/ L(t,ﬁ,x).../ L(’TV_Q,TV_l,IIZ')/ f(ry,x)dr,dry,_1...dTy.
0 0 0
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Omnpenenum u3 (9) 3navenus dynkuun v(t,x) va muausx t = t;, i = 1,m, u,
MOJICTABUB B COOTHOIIEHHE (5), IOy IUM CHCTEMY JHHEHHBIX (byHKIHOHATBHBIX
ypPaBHeHHil 0OTHOCUTEJILHO A(Z):

m m

[Mo(x) +5° My(x)[I + Dy(ts, x)]} ANa) = = > My(@)Gy (b, 2, v)—

i=1 =1
—ZM E,(ti,z) +b(z), z€[0,w]. (10)

Coorrommenus (8) u (10) cocTaBIsIOT 3aMKHYTYIO CHCTEMY yYPAaBHEHWil OTHO-
curesnbHO U(t, ) n A\(x).
Eciu ussecrna dbyukrus v(t, ), To u3 (10) MOXKHO Ompee/uTh napamerp

A(z) npu obparumoctu marpunpl Q,(x) = Mo(z) + > M;(x)[I + D, (t;, x)]

=1
nist Beex x € [0,w]. Cocrasnsig cymmy v(t, x) + A(z), naxomum u(t, x) — perre-
nue nexoauoit 3amaqn (1), (2). O6parHo, ecin m3secren napamerp A(x), To u3
ceMelicTBa MHTerpaJbHBIX ypaBHeHuit Bosbreppa Broporo poma (8) Haxomum
dbyuxmio v(t, x) u, cuoBa cocrapssis cymmy v(t, x) + A(x), onpenensiem u(t, )
— perrerne 3amaqan (1), (2).

Tax KaK HEM3BECTHBIMU ABAAIOTCA Kak (ynkuums v(t, ), Tak u mapamerp
A(z), mia HaxoxJeHust pemteHus cucreMbl ypasaenuit (8), (10) npumensiercs
UTEPAIMOHHBIN [IPOLECC HA OCHOBE CJIEJYIOLIEr0 aarOpUTMa.

0-mmar. Ilycrs npu HekoTopoM v, v € N, marpura @, () obparuma Jis Bcex
x 6 [0, w]. 13 cucremsr (10) npu v(t, x) = 0 HAXOAUM HAYATBHOE MPUOIUKEHNE

O) () ;[JIS{ Beex = € [0,w]. U3 cemeiicTBa nHaTerpasbHbIX ypasHenuii (8) npu

(x) ©) () maxommm v (¢, ) mma Beex (t,z) € [0,T] x [0,w].
I-mar. W3 cucremsr (10) mpn v(t, z) = v(O (¢, z) maxommm A (x) must Beex
€ [0,w]. U3 cemeiicTBa mnTerpambubix ypasrenmii (8) mpu A(z) = A1 (x)
maxomm v (¢, ) st Beex (t,x) € [0,T) x [0,w] u T,
k-mrar. U3 cucremsr (10) mpn v(t z) = v (¢, ) maxommm AR (x). U3 ce-

) =
MeiicTBa MHTerpalbHbIX ypaBHeHuil (8) npu )\( ) = AB) () maxomam v (¢, z)
ngist Beex (t,z) € [0,T] x [0,w], k=1,2,..
ITonoxkum
00(z) = max || A D), A=  max ||K(ts o)),

te[0,7 (t,s)€[0,T]x[0,T]
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a(z) = ag(x) + TH(z).

PeanuzyeMocTh U CXOAMMOCTH MPEJJIOKEHHOTO AJTOPUTMA, a TaK¥XKe Cy-
IIECTBOBAHKE €JMHCTBEHHOIO perienust 3a1a4u (3)—(5) obecriednBaior ycioBust
CJIEJIYIOIIErO yTBEPIKICHNUSI.

TEOPEMA 1. ITycrs npu mekoropom v, v € N, (n X n)-marpuna Q,(z)
obparuma it Beex x € [0, w]| H BBIOTHAIOTCS YCI0BHSL:
D [Qu(2)]7Y| < v (), rae v, (z) — nonoxurensuas, nenpepwiBHas Ha
[0,w] pyarmms;
m v i
2) 4,(x) = 3(x) - 3° | Mi(@)]| - max [eo@ 1§ ] < <1, pre
1=1 i=1,m i=1 ’
X — const.

Torpa cemeticrso 3axa4 (3)—(5) umeer eauHCTBEHHOE DElIEHME.
U3 skeuBanentroct 331249 (1), (2) u (3)-(5) BBITEKAET

TEOPEMA 2. Ilycts npu mekoropom v, v € N, (n X n)-marpuna Q,(z)
obparuma s Beex x € [0, w] u BeimosHsoTcs yeaoBus 1)-2) Teopemsr 1.

Torma cemeiicTBO MHOTOTOUYEUHBIX 3aJ]ad JJIsI CHCTEMBI HHTETrpo-Iaugge-
pennmaababIX ypapaennii Bonwreppa (1), (2) umeer eauHcTBeHHOE pelIeHne.

HokazarenbctBo Teopem 1 n 2 mPOBOAUTCS IO CXEME TIPEIOKEHHOTO HUKE
AJTOPUTMA.

3. CXEMA METOJA B CJIVHAE BBEJEHN{A MHOT'MX ITAPAMETPOB

Pacemorpum zagaqy (1), (2). Pazobsem obmacts [0, 7] X [0, w] va nomobiia-
ctu guHuUIME t = t;, ¢ = 0, m:

0,7] x [0,0] = U Qs Q0 = [tro1,6) % [0,6], Don = [tmnr, brn] X [0,0].

r=1

Iycrs ur(t,x) — cyxenne dynkunn u(t,z) va Qp, 7 = 1,m. Torna 3amaua
(1), (2) mepeiizer K caeayomemMy SKBUBAJEHTHOMY CEMEHCTBY MHOTOTOUETHBIX
3a/at JJIsi CHCTEMbI HHTErpO-auddepeHInaaIbHbIX yPaBHEHMIA:

ouy
ot

r—1 X
= A(t,x)u, + Z K(t,s,z)u;(s,x)ds+
i=1"ti-1

—i—/t K(t,s,z)u,(s,x)ds + f(t,x), (t,x) € Qp, r=1m, (11)
t

r—1
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m—1
> Mi(@)uig (ti, @) + M ()t (b, ) = b(z), € [0,w], (12)
=0

t—1>1t§1—0up(t L) = Upt1(tp, x), p=1m—-1 z€l[0,w]. (13)

Baech ycsoBust (13) sBiISIFOTCS yCJIOBUSIMU HEIPEPBIBHOCTU (CKJIEMBAHU) Pe-
LIeHnd Ha BHYTPEHHUX JuHuAX t =t,, p=1,m — 1.

Pemennem samaum (11)-(13) asasierca cucrema dyuxumit u([t],z) =
(ui(t, z), ug(t, ), ..., um(t, ) ¢ Komnonenramm u, : ). — R™, HEIpPEPLIBHLIMU
1 orpanuyeHHbIMU Ha 0 DYHKIMSAMU, UMEIOINIMMU HEITPEPBIBHbIE TPOU3BO/IHBIE
o t ma {), M KOHEYHBIE JIEBOCTOPOHHUE TTPEIEIIBI tiitm—O ur(t, ), r=1,m—1,u

r

yaoesierBopsitornumvu cucreme (11), kpaesomy ycsosuio (12) u ycsioBuio Herpe-
peiBHOCTH (13).

Bregem oboznadenus: A\p(z) = u(t,—1,x), r = 1,m. B zagaue (11)—(13)
OCYIIECTBUM CJIEJIYIONLYT0 3aMeHy dbyHKuun Uy (t, z): ur(t, ) = vp(t, ) + A\p(2)
U nepeifjieM K 9KBUBAJICHTHON 3a/1a4e

ovy

o = Alt.x)or + At 2)A +Z Ktsx)[vl(s ) 4 \i(z)]ds+
—I—/t K(t,s,z)[v (s, ) + A\p(2)]ds + f(t,x), (t,z)€Qr, r=1,m, (14)
vp(ty—1,2) =0, r=1m, zé€l0,wl, (15)

m—1
M;i(z) N1 () 4+ M (2) A () + Mo (2) Uy (Emy ) = b(x), 2 € [0,w], (16)
1=0
lm vy(t,x) + A\p(x) = Apt1(z), p=1m—-1 z€l[0,w]. (17)
t—tp—0
Pemennem 3amaun (14)—(17) asnsierca mapa (v([t], z), A(z)), tae v([t],x) =
(v1(t, @), v2(t, ), ooy o (t, ), AMz) = (M (2), A2(T), ..oy A ()" ¢ KOMBOHEH-
Tamu Uy (t, ), HENPEPBIBHBIMU W OTPAHWYEHHBIMU Ha ()., MMEIOIMMHU Herpe-
PBIBHBIE HpOI/IBBO,HHbIe no ¢t Ha ) W KOHEYHBLIC JEBOCTOPOHHUE TIPEIEIbI

, htmovr(t z), r = 1,m —1, dyukuun A\.(z) wenpepwiubl no = Ha [0, w].
el

[Tapa ymoByierBopsieT cemeiicTBy mHTErpo-and@epeHnaj bHbIX YPABHEHWH C
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dynkumonansabivMu apaverpavu (14), naganbabiv yeaosusam (15), maOroTo-
YeqdHOMY KpaeBomy ycaosmuio (16) u ycaosuro mHempepsiBHOCTH (17).

Bamaum (1), (2) m (14)—(17) sxsusasentasl. Ecan dyskuua u(t, x)
— peleHne ceMeficTBa MHOIOTOYEYHBIX KpaeBblx 3agad (1), (2), To ma-
pa (v([t],x),A(z)), toe v([t],x) = (vi(t,x),v2(t,z),...;om(t,2)), ANz) =
(A (2), Ao(x), s A (@), Ae(z) = wl(ty—1,2), ve(t,x) = wu(t,z) — A (2),
(t,z) € Q, r = 1,m, byner pemenuem 3axaun (14)-(17). I maobopor, ec-
mu napa (0([t], z), A(z)) — pemenne zamaun (14)—(17), To bynkuusa u(t,x),
ompejiesisieMasl PABEHCTBAMU

ult, x) = ot x) + Ar(x), (t,2) € Qpy v =1,m,

Oy/leT perreHneM UCXOAHOTO ceMeiicTBa KpaeBoix 3amad (1), (2).

[Ipu HUKCUPOBAHHBIX 3HAYEHUAX HapaMeTpoB A,(x) 3amaua (14), (15)
SIBJISTETCS ceMeicTBoM 3ajad Kommm st cucTeMbl OOBIKHOBEHHBIX WHTErpPO-
muddepeniuaabHbIX ypasaenuit Bojbreppa ¢ HauaIbHBIMU YCJIOBUIMU HA JIH-
Husix t = ty,—1, 7 = 1,m. Coornomenus (16), (17) nospossitor onpejenursb
Hen3BeCTHBIE mapaMeTpsl A.(x), r=1,m.

Pemenns 3anau Komu, dyukuuu v,(t, ), yI0BIETBOPAIOT CeMefiCTBY WH-
TerpaJibHbIX ypasuenuit Bojibreppa

ot z) = / A(r, 2)on(r, 2)dr + / A(r, 2)dr A (2)+

tr—1 tr—1

r—1 t; t;
+Z/ KTS:L’UZ(S:L'deT—I— / K(1,s,z)dsdT\i(x)+
t

i=1 r—1 tr—1 Jti—1

/ K(1,8,7)v,.(s, a:)dsdT—i—/ K(T,S,l’)deT)\r(SC)—f—
tr—1 Jtr—1

tr—1 tr—1

t
+ f(r, z)dr, (t,x) € Qp, r=1,m, (18)

tr—1

Beenem o6o3Hauenusa

T

Di(t,z) = /tt {A(T, )+

r—1

K(1,s,x) }deT,

tr—1
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»(t, ) / / K(t,s,z)dsdr,
tr— 1

Gr(t,x,v,) = A(r, x)vp (1, 2)dT +/ K(T, s, x)vy (s, x)dsdr,
tr—1 tr—1 Jtr—1
t
Gir(t,z,v;) / / K(7,s,x)vi(s,z)dsdr, F.(t,z) = f(r,x)dr
lr—1 Jti—1 lr—1
[Mepenmmiem (19) B Gostee KoMnakTHOMN hbopMme:
r—1 ~
vt ) = Dp(t, 2)Ae(2) + > Dig(t, ) Ni(w) + Golt, 2, v0) +
i=1
r—1 ~
—|—ZGZ~7T(t,x,vi) + F.(t,z), (t,x)€Qr, r=1,m. (20)
i=1

Omnpenennm u3 (20) seBocroponnue npeaensl Gyuknuu vy (¢, x) npu t — t, — 0,
r=1,m — 1, 3nauenue v, (t,x) upu t = t,, u, nojcrasus B coorroerus (16),
(17), mosyanm cucreMmy JUHEHHBIX (DYHKIMOHATBHBIX YPABHEHUT OTHOCHTE -

HO A(2):

m—1
Mi(z)Ais1(2) + M (2)[I + Dy (tm, )] Am (2)+
=0
m—1
> Dim (2) = — My (2) G (tm, T, V)
=1
m—1

[T+ Dy(tp, ) Ap(x) = Aps1(x) + D> Diplty, 2)Ai(x) = —Gplty, x,0,)—

=1

= Giplty,w,v) — Fpltp,z),  p=LTm—1, ze0,w]. (22)
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O6o3raunm uepes Q(m, x) marpuily, COCTaBIeHHYIO 13 K03 dunnenTos napa-
merpa Ar(z), 7 = 1,m, coorBercTByIONIyo JeBbiM dactam (21) u (22). Ypas-
nenust (21), (22) nepenuiem B BEKTOPHO-MAaTPUIHOI (hopme

Q(m,x)\(z) = —G(m,z,v) — F(m,x), (23)

re

-1
G(maxa U) = (Mm(x) [Gm(tmaxa Um) + éi,m(tma Z, Uz)} ) Gl(tla xvvl)v
i=1

3

)

m—2

Ga(ta, ,v2)+ G a(t2, 2,01), oo, Gt (b1, 2, V1) + Y éi,m—l(tm—laxavi)>a
i=1

F(m,z) = (Mm(:c)Fm(tm,a:) —b(z), F1(t1, ), ...,Fm_l(tm_l,x)>.

Coorromenus (19) u (23) cocTaBIsIIOT 3aMKHYTYIO CUCTEMY yPABHEHHUI OT-
HOCHTENIBHO Uy (t, ) u Ap(z), r = 1,m.

Eciu ussectant dbyukuun v, (¢, ), 7o 13 (23) MOXKHO OIpPEIeUTh IapaMeTp
Az) = (Mi(x), A2 (), ..., A (z)) upu obparumocru marpunst Q(m, x) s Beex
x € [0,w]. Oupenenssa dyukuuto u(t, ) paBeHcTBaMU

u(t,x) = v.(t,x) + A (), (t,z) € Qp, 7=1,m,

HAXOAUM perrenne ucxoauoit 3amaqan (1), (2). O6parHo, ecju U3BeCTHBI Mapa-
MeTpbl A, (Z), TO U3 cemelcTBa MHTErPAJbHBIX ypaBHeHuit Boabreppa BTOporo
pora (19) maxomum dyukuuu v, (t,x) u, coBa cocrapiussa QyHKIMO U(t, )
paBeHcTBaMU

U(t, l’) = UT(taw) + )‘T(x)v (tvx) S Qr’ r= 1,?7’L,

onpegessiem perierne 3agaan (1), (2).

Tak KaK HEM3BECTHBIMHU ABJISIOTCSA Kak (DyHKIUY Uy (t, ), TAK U mapaMeTpbl
Ar (), nist HaXOXK TeHus pelernst cucteMbl ypasaenuii (19), (23) npumensercs
UTEPAIMOHHBIN POIECC HA, OCHOBE CJIEIYIOIIEr0 aJrOPUTMA.

O-miar. Tlycrs marpuna Q(m, ) obparuma ais seex « € [0, w]. U3 cucrembl

(23) upu v, (t,x) =0, 7 =1, m, naxoaum mauasuoe npubmmkenue A0 (z) =

MATEMATUYECKWI KYPHAJ. — 2016. — T. 16, Ne 3



O06 0HO3HAYHOI PA3PEIINMOCTU CEMERCTBA MHOIOTOYEYHbBIX 330a4 ... 31

()\go) (x), Ag)) (), .ey A0 ()) mnsa Beex x € [0,w]. U3 cemeiicTBa MHTErpaIbLHBIX

ypasrenuii (19) npu \.(z) = A0 () Haxomum e (t,z) nua Beex (t,x) € Qp,

r=1,m.

I-mar. N3 cucremsr (23) npwn vy (t,z) = vﬁo)(t,:r:) maxomam AV (z) =

(Agl)(x), /\gl)(ac), A (x)) mag Beex x € [0,w]. VI3 cemeiicTBa MHTErpaIbHBIX
ypasrennit (19) npu A\, (z) = )\gl)(a:) HAXOJIIM vﬁl)(t,x) nis Beex (t, ) € Qy,
r=1,m, u 1.1

k-mar. I3 cucremer (23) mpu v, (t,z) = v,(ﬂk_l)(t,x) HAXO/INM )\(k)(x)

~—

()\gk)(x),)\gk)(m),...,)\gf)(az)). 13 cemeiicrBa uHTErpasbHbIX ypasHenuii (19
npu A\ (z) = )\1(]“)(3:) HaxOIuM v,(,k)(t,x) ans Beex (t,x) € Q. r = 1,m
k=1,2, ...

[Monoxum h = max (t, — ty—1), E =1+ h25(x)ea(z)h‘

r=1,m

OcymecTBIMOCTD ¥ CXOJMMOCTE TIOCTPOEHHOTO aJIlOPUTMA, a TaKXkKe CyIie-
CTBOBaHHE eJIMHCTBEHHOTO perrenus 3agaqdn (14)-(17) obecneunBaoT ycioBus
CJIE/IYIOIIErO yTBEPK JCHNUSL.

TEOPEMA 3. ITycrs (nm x nm)-marpuna Q(m,x) obparuma st Bcex & €
[0,w] u BbIIONIHSIFOTCS YCI0BUA:

1) [[Q(m,2)]7 || < v(m,z), tae y(m, x) — mosoxHTEeIbHAS, HEMPEPHIBHAL
Ha [0, w] dyHKIMS;

2) q(m, ) = y(m, @) - max (|| M (@) ||, 1) - {[e=@" =1~ a(@)n]+

~ ~ m—1 _
+(ee@h ) [Bm=t — 14+ W (m—1)B(x)] +[B-1] X [ - 1]} <x<1,
i=1

rge x — const.

Torna cemeiictBo 3ama4q (14)-(17) umeer eqUHCTBEHHOE peEIIeHHE.

W3 sxeuBasmentHocTH 331249 (1), (2) um (14)—(17) BeITeKaeT

TEOPEMA 4. ITycts (nm x nm)-marpuna Q(m, x) obpatuma i Bcex & €
[0,w]| u BeIOMHSATOTCS yeaoBus 1)-2) Teopemsr 3.

Torma cemMeificTBO MHOTOTOYEUHBIX 3a]adY JJIST CHCTEeMbl WHTErpo-auggpe-
peHnuaabHbIX ypaBHenuii Bomsreppa (1), (2) umeer equHCTBEHHOE peIlIeHHE.

JokazarenbcTBo Teopem 3, 4 mpoOBOANTCS HA OCHOBE BBIIIENPUBEIEHHOTO
aJITOPUTMa AHAJIOTHYHO JOKA3aTeIbCTBY Teopembr 1 u3 [28|.
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Crartps nocrynuia B pegaxmuio 24.05.2016

Acanosa A.T., Wmanunes A.E. BOJIBTEPPA UHTEI'PAJIIBIK-
JNOOEPEHIINAJIIBIK TEHAEYJIEPI YIIIIH KOIIHYKTEJII ECEII-
TEP OVJIETIHIH BIPMOH/I HTEIILJIIM/IIIT TYPAJIBI

Bosbreppa umnTerpasapik-gudepennnaiibK  TeHaeyaep Kyieci yimia
KOITHYKTEJI IIETTIK eCenTep 9y/IeTi KApaCThIPbLIabl. 3EPTTEJII OTBIPFaH eCell-
TiH KYbIK IremiMid 1aby ajaropurmi YChIHBbLIFaH. Bojibreppa uMHTEerpasiibik-
muddepeHnnaaabk TeHIeyaep Kyieci yImia KOMHYKTE I MeTTIK eCenTep dy-
JIETIHIH KAJIFBI3 MIEMNMIHIH 6ap OOTYBIHBIH KETKUTKTI MapTTaphbl HacTamKbI
OepiiMaep TepMUHIHIE TaFaibIHIATFAH.

Assanova A.T., Imanchiev A.E. ON A UNIQUE SOLVABILITY OF THE
FAMILY OF MULTI-POINT PROBLEMS FOR VOLTERRA INTEGRO-
DIFFERENTIAL EQUATIONS

The family of multi-point boundary value problems for the system of
Volterra integro-differential equations is considered. The algorithm of finding
approximate solution of the problem is offered. Sufficient conditions of the
existence of a unique solution of the family of multi-point boundary value
problems for the system of Volterra integro-differential equations are establis-
hed in the terms of the initial data.
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(3Hauennii) nepuogmyeckux ncespo-auddeperymnanshbix  onepatopos (MAC) ¢
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onepaTop, CMeLIaHHas rNagKoCTb, BOCCTAHOB/IEHNME.

1. BBEAEHUE

IIycrs N, Z, R, C — muoxKecTBa HATYPAJILHBIX, HEIBIX, JEHCTBUTEIHLHBIX U
KOMILIEKCHBIX uncen coorsercreenno; Ng = NU{0}; Ry = (0,4+00); gzt k € N
7 = {1,2,....k}; TF = (R/Z)* — m-mepusrit Top. dng x = (x1,...,21),y =
(Y1, -, yx) € R¥ momommm xy = 211 + ... + 2098, |2|| = Vaz, |2| = |21 + .00 +
|z, |00 = max{|z.| : K € 7}

Iycts S(R*) u S'(RF) — npoctpancTsa LlBapra mpobrbrx byHKImit 1 pac-
upejesenuit coorsercrsenno; f = Fi(f) u f = .F,;l(f) — npsiMoe u obparHoe
npeobpasosarmns Dypre f € S'(RF). Hanee, nycrs S'(TF) — mpocrpamcrso
1-mepuoanueckux (Mo BCeM TEPEMEHHBIM) PACTIPE/IeJIeHN, T.e. COBOKYITHOCTD
Beex f € S'(R¥) maxux, aro (f, p(-+ X)) = (f, @) mns seex ¢ € S(R¥) u mobprx
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A € ZF. Xopomo ussecrro, uro f € S'(TF), ecotn i TosbKO ecamm supp fC ZF,
T.e. pacIpeJiesieHne ]?o6pamaeTc;1 B 0 Ha OTKpLITOM MHOXKecTBe RF\ZF.

Paccmorpum miaakuii nepuogudeckuit cumso ) : TF x ZF — C (Te.
P(-,€) € C(TF) nna xaxmoro & € ZF) u coorsercrsyiomuii emy dbopMaib-
ubiit nceso—auddepentmanbubiii oneparop (ILI0)

Y(z, D) : S'(T*) 3 f(z) — ¥(z, D) f(z) = Z FE)(a, £)e2miEr,

/%

Beegem caemyromme kiaaccst cuMBosios ("tuna npoussenenus' npu n > 2).
®@ukcupyem n € N, n < k, u sekrop m = (my,...,my) € N” ¢ |m| = k
(m="Fk emn=1m=1=(1,...,1) € N* ecm n = k). TIpeacrasum
r=(x1,...,2%) € R¥ s Bune v = (z4,...,2"), e 2¥ = (Tp,_,41,---,Tx,) €
R™: kg = 0,ky = m1+ -+ my; Ky = {kp—1+1,...,k}, v € 2. Hnsu
A= (A1,..., M) € NE momozxmm

oAl

N=
Ox M -+ Oz e’

A AM Ak
A% = At o-- 0 AP,
37ech AN — KoHeuHas Pa3HOCTb IOPHIKA A, (C marom 1) mo kit mepeMenHoi,
K € Zf.

OnpPEAENEHUE 1. ITycts 7 = (11,...,7,) € R"; R = (Ky,...,K,) € N". To-
ra mepuomaeckuii cuMpot Y(x, €) npuaaptexnt Kaaccy WA = YT AT (TR
ecJid JIst JIF0ObIX \ € NIS cM <Ky, Kk €ER,VEzZy, upE NIS HaIercs mo-
CTOgHHAA C), > 0 Takas, 4To

Ao (2, ) <exp [T A+ N™ Y, 2 T, ezt

VEZn

BAMEYAHME 1. IIpu n = 1 xmacc cumsosos W™ ecrn nepuogmaeckmii ana-
Jior u3BectHoro kiacca ST JI. XepmaHaepa, KOTOPBIiT HTPAET BAXKHYIO POJIb B
Teopun audppepeHuaIbHbIX 0IIePATOPOB C IIePEeMEHHBIMHE KO(DduiimenTamm;
cMm., Haripumep, [1]. Ilpun = k > 2 s1u K1accel cojepKar IepHOIHIeCKHe CHM-
Bouibl ITJIO cmermranroro runa. B vHeckobko 0ogtee obmem caydae 1 < n < k
takue 1I/]0O ecrecTBeHHBIM 00pa30M BO3HHKAIOT B CBS3HU (DYHKIHOHAJbHBIMH
npocrparcrsamu "ruia npoussesenns'"; cm., naupumep, (2], [3], [4], [5], [6, ch.
II, §5.20-5.23, ch.III, §5.27].
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B macrogmeit pabore crponTcs JTUHEHHBIN METO/I MIPUOIMKEHHOTO BOCCTA~
HoBJleHUsT Tiepuomaeckoro [1/10, ucnonb3yomuil crekTpaabHyo HH(DOpMa-
o 00 oneparope u dynknun (Koneunnie HabOpb K03 dunuenros Pypre),
KOTOpBIil JIA€T XOPOIIYI0 MOrPEIIHOCTh Mpub/mKenus st Kaxkoro IO c
cumposion u3 kimacca WIYR™(TH) (cm. Oupesesnenne 3 muke) Ha sjeMen-

TaX MOAXOAAIMX (DYHKIMOHAJBHBIX IpoCcTpaHcTB Tuia Hukosbckoro-Becosa
sm(mk sm (k
Byt (T%) m tuna JTnsopkuma-Tpubens Lyt (T).

2. OYHKIVNOHAJILHBLIE ITPOCTPAHCTBA

[ycrs, kak obwrano, L, = L,(T*) (1 < p < 00) — npocTpancrso mu3-
Mepumbix dbysknmit f @ T — C, cymvmpyeMbIx B cremenn p (Ipu p = o0
cymectreno orpannyentnix) na TF, co cranpaprroit mopmoii || f | Ly||. Scwo,
aro aaa f € S(RF) u g € Ly (C S'(TF))

F& = [ fl@e ™™ dz, R, §(¢) = / g(x)e > dx, ¢ eZ”,
Rk Tk

Hanee, {4 = £4(Ng) (1 < ¢ < 00) — IPOCTPAHCTBO YUCIOBBIX IIOC/IEI0BATEN b
Hocreit (aa) = (Ga)aeNy € KOHEYHON HOPMOIT

(aa) | 6]l = ( T \aarq) (1< ¢ < 00), [(da) | fuol] = sup(jaa] : a € NE),

a€eNg

l4(Lyp) (coorBercrBenno, Ly({y)) — mpocrpancTBo (byHKINOHATBHBIX OCTIEI0-
BarenbnocTeil (go(z)) = (9a(T))aeny, T € T*, ¢ koreunHO#H HOPMOIL

1(ga) 14 (Lp) || = [[([|ga | L |1} [ €]

(cooTBeTCTBEHHO,

1(9a) [ Lp (gl = [I11(ga()) [ £all I Lpll)-

Tenepn onpegenum ("m-xparnoe'") pazbuenne €JIMHUILBL HA R*. BriGepenm
ynxmm 75 € SR™) (v € Zn) rakme, uro 0 < nf (&) < 1,&Y € R™;
ny (5”) =1, ecam 1€ |00 < 1 170 &) = 0 ecsm \5”]00 >3/2 (v € zy). [ono-
iy 77 (€)= (271€Y) — mf (§7); Y (€)= 7P (27971¢Y), 5 € N; Torza

{(n7(€"), j € No}
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— rnaakoe pasbuenne eaununbl (no "kopumopam" ) wa R™ (v € z,), a
{7704 Hnau fl/ a—(al)"'van)ENg}

— ("m-—xparnoe") raankoe pazbuenne exummip Ha RE.
Haxonern, Beegiem omepatopsl Ag : 8'(TF) — S'(TF) (a € NB) caeyromum

obpazom:
An f IB Z 770& 2m§x
Eezk
ONPEAENEHUE 2. Ilyctp s = (s1,...,8,) €ERY, 1 < p,q < 0.
I. Ilpocrpancrso Tnna Hukomnckoro-Becosa By = Bsm(’]I'k) COCTOHUT U3

Bcex ¢pynknuii f € Ly, 11 KOTOPEHIX KOHEYHa HOpMa
£ 1Bypg | = 12 AL(f, ) [ £q(Lyp)l-

II. Ilpocrpancrso tuna Jluzopkuna-Tpubens L)yt = Lsm(Tk) (p < o0)
cocrout u3 Beex pyuknuii f € Ly, 1s KOTOPBIX KOHEYHA HOPMa

11 Lpg I = I AG(f5 ) [ Lp(l) |-

sm — psm(Tk sm — Tsm(Tk
Ennnmanpre maper Byt = By (TY) m Lot = L7 (T") srnx mpocrpamncrs
6yaem HazpiBaTh Kaaccamu turna Hukobckoro-Becosa u JIuzopkuna-Tpubes
COOTBETCTBEHHO.

U3 kaacca U787 ¢ moMONbI0 A0MOTHETETBHBIX YCJIOBUH TJIQIKOCTH BBIJIE-

JINM KJIACC \Ilggﬁm.
OnpPEAEJNEHUE 3. Ilycts 1 < ¥ < oo; 7 = (11,...,7) € R", v =
(V1,...,0n) € R} € = (e1,...,84) € [0,1]"; R = (Ky,...,K,) € N". To-

r1a IepuoAnIecKnii CHMBOJT w(a: ) u \IlTﬁm npuragexnT Kaaccy WIYR™ =
\I,ggﬁm(’]rk)’ ec/m ISt JIIOOBIX A € NO cAM <Ky, KEKy, VE Zp, Ut e NO u
mo6oro z C z,(z # @) Haiinercs mocrosuHasd ¢y ,(z) > 0 Takas, 4To

18208 (2,€) | B 5| < exp(z) [T (1 + [l )X Hrowse

vez
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< [T+l m™ 1, zeTh, ¢ezt.
VEZ

Uz My ™m n Call
(Hopma mpocrpancrsa B2 (I],c, T™) Bbrauciserca mo '"mepemenmoii
"= (¥ 1 v €z)).

3. KOHCTPYKIUSA JIUHEXNHOTO METO/IA BOCCTAHOBJIEHUA [1/10

Iycts f € S'(TF), ~
z) =) f(€)er.
/%

IIposesiem ssemenrapuble dopmaibhble npeobpasosanust jeficrsus 11O
Y(z, D) ma f (amxe ¥((, ) — xosddunuent @ypoe bynxmun 1 (x, £), ¢ € ZF):

Y(z,D)f(x) = jg:/¢(x7§)}1€)e2w@x::

Eerk
— Z <Z w ¢, ) 27rz€x) 27rz§x _ Z Z w ¢, § e2mi(E+0)x
¢eZk (erk Eezk Cezk
:Zf ng {g 2ﬂZCm_Z<Z¢C 55 f))eQﬂ-iCI.
ek Cezk (eZk  cezk

Mycrs A — KoneuHoe MHOXKeCTBO U3 ZF n
T(A) = {t(x) = ) (€)™ | 1(¢) €C, £ € A}
e

— TPOCTPAHCTBO TPUTOHOMETPUIECKUX TTOJTMHOMOB C KOMILIEKCHBIMU K03 du-
muentamu u cnektpom A. Teneps 3amennm f wa noaunom t € T(A) u nomyunm

=3 (S dc-eoig)emie =

CezZk  EEA

=YX 9 - £.9m) = YR (X B ).

e Cezk e cezk

Hngu>0wu~vyeR} nomoxum

T (f) = (F(€) | € € AY),
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T () = ($(C,€) | (6,¢) € A x AY)

(3mecy AL = {€ € ZF | jo(&) > 0 ana mexkoroporo a € NI ¢ ay < u}),

SP(fox) =Y Al(f.)

ay<u

Oupejenum renepb MeTos HPUbJIMKEHHOr0 BoccTaHoBjeHus 3uadenuii 1110
Y(x, D) f(z), ucnonp3yionmit nHGOPMAIIIO j&lg(d)) 06 omeparope ¥(x, D) n
nadOpMaIIIo fog( f) o pacupenenenun f, no dopmyie

TITI(f), Tin)ia) = Y SIS ST, ), (e,

Een) CEAY

4. OCHOBHOW PE3VJILTAT

[Ipezxkie Beero onpepeum BekTop ¥ = (Y1, ..., Yn) € R™. Tlonoxkum

v,—1 1 1 .
o, = —(——=)p, v Ezp; o =min{o, : v Ez,}, w=|{v €2y, : 0, =0}
my p T
He orpanmunBas o6mHOCTI/I CHHTACM, UTO 0 = 01 = ... = 0y < 0y, V € Zn \Zeo-
!/ /
Bribepem uncaa O'l,, vV € Zp, U3 yCJ’[OBI/II/I o= 01 =..=o0,0 <0, <0, 0pn

v € z,\z,. Hakonern, mojaraem -y, = a,/m,,/a, vV E 7.

Byzem ncnosb3o0Barh 3Hakn < 1 < NOPSAKOBOIO HEPABEHCTBA M DABEHCTBA
ang yakmuit F @ Ry - Ry n H @ Ry — Ry mumem F(u) < H(u) npm u —
0o, ecn Haiinercs takas koncranta C = C(F, H) > 0, 4To BepHO HEPABEHCTBO
F(u) < CH(u) gnst uw > ug > 0; F(u) < H(u), ecsin onrospemento F'(u) <
H(u) uw H(u) < F(u). Huxe p, = min{p, 2}.

Jlerxko Buzers (coreyer npumenuts geMmy 5.1 u3 [7]; pokazarenberso aem-
MBI puBeieno B [8] (Tam 9To sleMma A)), 9TO BepHA OIEHKA

N = #A] < 2“uw_1;

[I0STOMY BCErO IIPH HOCTPOEHHU MeToxa BoccraHoBienust Y™ memosb3yercs
M = #A + (#M)? = 2292« D "eppmun undopmanun" (#I — aucio sme-
MEHTOB KOHEYHOT'O MHOXKECTBa F)
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TeEOPEMA 1. Ilycrs s,v € R, 7 € R"; 1 < p,q,r, 9 < 0o takue, 9ro § — T =
v—1,0>0e€0,1]"; R=m+1(1=(1,..,1) € N"). Torna cupaBesiuBbl
CJIEAYIOIIME YTBEPKICHHS.

I. Hycrp 1 <r <p<oo, r<oo 1< qg< oo Torma aas aoboro
IIEPHOUIECKOT0 CHMBOJIA 1) € \I/gf;ﬁm BEpHA OI[€HKa

sup{|[v(z, D) f = T (T (), A ) | Lell | f € Byg'h <y

w—1
<y (log - al ) (log =1 V)G ™ o)+,

eci, Kpome Toro, 1 < p < 00, 10 a5 JH060ro0 V¥ € \Il'”’ﬁm

sup{[[¢(z, D) f — Y (T (). Ze5 (), ) [ Lell | f € Lpg} <y

log“ I N\ 7 11
<<¢( } ) (log ™" N) 7+
N
boJ1€€ TOro, Hai yTCsI CHMBOJIBI Y™, )* € \Ilmﬁm TaKHe, 4To

sup{[[¢(z, D) f — Y (FE (), T (f), ) | Lyl | f € Bl =y

log? ' N o
Xw* <N> (IOg 1 N) )+

sup{[[¢(z, D) f — T (T W) T4 ) 1 Lell | f € Lyg'} =y

1 o
o <logw (log“~ ' N) (3—3)+.

b
R
a1 jmoboro ¢ € Wl gHm

sup{||[:(z, D) f — Y ( T (), T (f), ) | Ll | f € LI} <y

log? ! N\? _1
<Ly (OgN) (log”~* N)?! 3;

3necy u HIzKe 0003HadYeHNs Ky WU <Xy HOAYEPKHUBAIOT, YTO KOHCTAHTHl B OLIPE/IeIeHUN
< ¥ X 3aBHCAT OT 1.
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bostee Toro, Haiijercs cumbos Y* € WK Rm rakoii, 4o

sup{[[¢(z, D) f = YT (W), T (), ) [ Ll | f € LG =ye

log“ P N\’ 1
:‘(w* (Og]\],) (lng_l N)l q;

IT. Ilycrp 1 < p <7 < 00,1 < g < o0. Torpa gist sm0boro cumBoJia
NS \I/gf;ﬁm BEPHBI OILIEHKH

sup{|[v(z, D) f — Y™ (T3 (), (), ) | Lell | f € By} <y

log“~ 1 N\ ? 11
<y <OgN ) (log?~t N\ a)+,

sup{[[¢(z, D) f — Y™ (Tum (), T (), ) | Lol | f € Lop} <

log“ ! N\ 7
<Ly N ;

6ostee TOrO, HAHTYTCS CHMBOJIBT Y™, 1h* € \I/T“ﬁm TaKme, 4To

sup{|[v(z, D) f — T (Tu5 (W), T4 (), ) I Lell | f € Bg'} =y

w—1 o
Xy (logN N) (log® ™! N)(%_%)+v

sup{[[v(z, D) f = Y (TR W), T (), ) | Lell | f € Ly} =y
log“~ 1N>

III. IHycres 1 < p,q < r = oo. Torga suist jioboro cumBosia P € ‘I’;@’ﬁm
BEPHBI OIIEHKNA

sup{||v(z, D) f — YT (), T2 (f), ) | Looll | f € Bim}t <y

log“ ' N\ 7 ¥t
<y <OgN> (log~* N)' s,
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u (ecam, Kpome TOro, p < o)

sup{|[v(z, D) f = T (T (), T5 (), ) | Losll | f € Lyg'} <

log® T N\ 7 1
<y <OgN> (log ™t N)* 2

GoJtee Toro, HaIyTCT cuMBOIBI ¥, * € UTYR™ raxpe qro
) 9 e )

sup{||v(z, D) f = T (T3 ("), L5 (£ ) | Lecll | f € By} =y

log“ I N\ 7 1
s (OgN ) (log“ "1 N)' s,

sup{|[v(z, D) f = Y (T (W), 5 (1) ) | Locll | f € Ly} =y

log? ' N\7 . 1
Xd)* (N) (log 1N)1 p,

5. CXEMA JOKA3ATEJIBCTBA TEOPEMBI 1

KiroueBbIME MHTpeIMEHTaME JI0KA3aTeTbCTBA TEOPEMBI 1 ABJIAIOTCA TIPH-
BOJIMMbIE HUYKE TEOPEMBI 2 U 3, a TaKKe YCTAHOBJIEHHbIE DAHEE ABTOPOM OIEHKHU

nonepednukoB Pypre knaccos By gt

4).

[ITar 1. Ha sTom mare ycranasmusaercs , uro [1/10 ¢ (z, D) ¢ cumsoaom n3
knacca W19 RM jeficTBYeT HENPEPHIBHO U3 IIPOCTPAHCTBA Ajy' B IPOCTPAHCTBO
Ay "™; spece A = {B, L} B 6osee ofmemM KOHTEKCTe, HexKesn TpebyeTcs Jis

nokazaresbcrBa Teopembr 1. menno, Bepua

u Ly 7" B merpuxe L, [8] (cum. nmxe Teopeny

TeoPEMA 2. Ilycts s € R, 7 € R" takme, uro 7 < 5; v € R"; 1 < p,q,9 <
o0; € € [0,1]"; R € N rakoii, uro 8 > m. Ilycrs nanee cumBoJ ) € \If;gﬁm.
Torya IIJIO 9 (z, D) asnsercs nenpepbisabiv u3 Byt 8 By ™™ w npn p < 00
us3 L;Zl B L;;Tm, ecJIa IS KaxKJ0r0 V € Zy, BBIIOJHEHO OJHO U3 CJIETYIONIHX
YCJI0BUIA:

i) sy — 1 < vy

ii) sy, — 1 =v,, €, <1, ¥ <q < oo

iid) sy — 1 =v,, e, =9=q=1

MATEMATHYECKUI »KYPHAJN. — 2016. — T. 16, Ne 3



44 J.B. BABAPXAHOB

B ocnose jgokazarenscrsa Teopembl 2 siexkar pesysbrarsl paborst [9] o cre-
IUATbHBIX XapaKTepusanusx npocrpancts Ay p'. OTMeTHM TakKe, 9TO B Herle-
puoandeckom caydae ¢ R = (00,...,00), 7 = 0 3ra Teopema nosyqena B [4].

[Tar 2. Ha sTom (merTpasbHOM B j1oKa3arTeascTse Teopembr 1) mare ycra-
HABJIMBAETCS CBA3b MEZKIy MOrPEeNHoCcThio MeToga YH" soccranosaenus T110
C CUMBOJIOM W3 \Ilé’éﬁm Ha Kjacce AJy' W COOTBETCTBYIONIMM MOMEPETHUKOM
Dypne.

Hanomunwm, uro momepeunumkoMm @ypwe mopsaaka N MHOXKecTBa F C Ly
HA3bIBAE€TCd BEJINYUNHA

N
on(F,Lg) = inf sup|f—> (f.9/)9)llq
D e LU SULELT

rge (-, )  ckamspHOoe npoussejenune QYHKIUA U HUXKHAS [PaHb Gepercs 1o
BCEM OPTOHOPMUPOBAHHBIM CHCTEMAaM {gj}é-vzl C Leo.

TeEOPEMA 3. Ilycrs s,v € R, 7 € R*; 1 < p,q,r,v < oo rakme, 410 § — T =
v—1,0>0,e€[0,1]" R=m+1(1=(1,...,1) € N*). Torga aus Jsoboro
CUMBOJIA Y € ‘I’gfg’ﬁm BEPHA OIL[€HKa

sup{[[¢(z, D) f = YT (W) T8 () | Lol | f € Ap} <y

<y on(AST L) = o (AL Ly).

M€ TOI'o, HaHIeTCsI CUMBOJI TaKOH, YT
Kpowme Toro, Haiigercss cHMBO *E\I/;’z,’ﬁmao, 0

sup {[|[v* (z, D) f — T (T (% (-, ), ZER () | Lell 1f € Agi} <y
=y N (A" Ly) X gom(Af,;Tm,L,ﬂ).
3mece A — 910 B mm L .

B cBoio ouepens npu mokazaresnbctBe Teopembl 3 BaXXHYIO POJIb HI'PAET
caeaytomuii pe3yabrat. [lomoxum

GU(F, Ly ) =sup (|| f —SP(f, )| Lol | fETF).
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TreOPEMA 4. I. IIycrs 1 <1 < p <00, (p,7) # (00,00), 1 < g < o0, s € RY.
Torna
1 1
GBS, L, ) = 2—§uu(w—1)(,,7—5)+;
ecsin, kpome Toro, 1 < p < 0o, 10

Gy(Lsm L )XQ*CU (w— 1)(***)

pqg>

SULE™ L1 ) = 20,

II. Hycts 1 <p<r <oo,1<q< o0, s€RY raxoit, uro ¢ > 0. Torza

SUBIT L, ) = 2 v I

SYLLT L, ) = 27

)

III. Ilycts 1 < p,q <r =o00, s € R} raxoit, uro ¢ > 0. Torza

SY(BYT, Log ) = 27" DI3),

pg>

ecJia, KpoMe Toro, p < o0, TO

1
SU(LYM, Log ) = 270073,

JokazareancTBO 9TOH TEOpPeMBbl aHAJTOTHIHO JOKA3ATEILCTBY TeopeMbl 4.1
u3 [7] (cm. Takxke Bameuanne 4.1 Tam xKe).

[Tar 3. Teneps (BBugy Teopembr 3) st mosydenust TpeOyEMbIX OIEHOK
norpemntnocTu Boccranopienus [1J10 ¢ cumBosoMm u3 Kjaacca \IIT“Rm OCTAeTCs
IPUMEHUTD OnleHKH nonepedrnkos @ypwe kaaccos By g n Ly o' B merpuke Ly, n3
pa6otsl [8] (Tounee, Bemmann ¢ (B, o', Lr ) n goN(L;;", L, ), TECHO CBA3AHHBLIX
¢ coorBercTBYyIOmuMy monepedankamu Pypoe; onpezesnenne u mOAPOOHOCTH

cM. |8, §85]).
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Basapxamoe JL.B. IICEBJO-JU®OEPEHIINAIIBIK OIEPATOP-
JIAPZIBl CHEKTPAJIZIBIK AKIIAPAT BOIIBIHIIIA JKYBIKTAIT KAJI-
TIBIHA KEJITIPY

ZKywmpicra omepatop MeH (OYHKIINASA TYyPaJbl ChI3BIKTHI CIEKTPAJIIBIK aK-
napartel (Pypbe Ko3hMUIMEHTTEpIH) MaliaTaHaTBIH apHANBl KIacTapIaH
aJIbIHFAH CAMBOJIZAPHI 0ap TMEPUOATHI TCeBI0-AnMdEPEHITNATIIBIK OepPaToP-
maapael (ITT0) KybIKTa KAJMbIHA KEITIPYIH CHI3BIKTHI 9/TiCI TYPFBI3BLIAIB.
Huxkosnbckuii-Becos xkone JIuzopkun-Tpubens Tekrec Komaitabl pyHKIMOHAI-
IBIK KJIACTapIarbl CUMBOJIIAP KIACTAPBIHLIH IapaMeTpJiepi MeH OyHKITHOHAI-
IIBIK, KJIaCTap apachlHIarbl KEHOIP KaTbiHACTAP VIIiH KaTegaikTep Oarasayrapbl
Hepisiren.

Bazarkhanov D.B. APPROXIMATE RECOVERY OF PSEUDO-
DIFFERENTIAL OPERATORS ON THEIR SPECTRAL INFORMATION

In the paper is constructed linear method for approximate recovery (values)
of preiodic pseudo-differential operator with symbols from special classes,
using a linear spectral information (Fourier coefficients) of the operators and
functions. Error bounds on appropriate function classes of Nikol’skii-Besov type
and Lizorkin-Triebel type are given for certain relations between parameters
of symbol classes and function spaces.
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NCCJIEJOBAHUE NEPUOJNYECKUNX PEIIIEHUI
HEJIMHENHBIX PABHOCTHO-IMHAMNYECKNX CUCTEM
METO/J0M ®YHKIIUI JIAIIYHOBA
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AHHOTauna: Metogom  dyHkumnii  JlanyHoBa Ans  HENWHENHbIX  Pa3HOCTHO-
aunnamunyecknx cuctem (PAC) ¢ napameTpom nonyqeHsl HeobxoanMbIE N BOCTATOHHBIE
YC/IOBMSI CyLLECTBOBAHMSI MNEPVOAMNHECKAX PELUEHW NO YJEHaM MEepPBOro nopsifka
B OTHOWeEHUN Manoro napamerpa. OnpepeneHo 3HauveHWe Masoro napamerpa, npu
KOTOPOM 11 MEHEE KOTOPOro 3TU MEPUOAMYECKME PELUeHUs CywecTBytoT. Pewaertcs
BONPOC 06 yCTONYMBOCTY 3TUX NEPUOANHECKNX PELLEHNT.

KJ'IIO‘-IeBbIe CNoBa: Pa3HOCTHO—AVIHaMVI‘-IeCKVIe CNCTEMBI, yCTOﬁ‘-{VIBOCTb, nepnognye-
CKOE peLUueHue.

B rex cayuasx, KOja yCIoBUsi yCTOHYMBOCTYH HE BBIIOJHAIOTCS, B HEJIH-
HEIHBIX PA3HOCTHO-ANHAMIIECKIX CHCTEMAX MOTYT BO3HUKATH EPUOINIECKIE
IPOIIECCHL. DTH IPOIECCH MOTYT 3aBHCETH TOIBLKO OT BHyTpeHHuUX csoiicts PIIC
¥ BO3HHKAIOT B Heil IPM OTCYTCTBUM BHEIMIHUX BO3MyIeHuil. Takue nepuosn-
JeCcKHe IPOIeCChl HOCAT Ha3BaHUe CBOOOTHLIX |1]|. OmHm, B HEKOTOPOM CMBICIIE,
HAIIOMUHAIOT aBTOKOJIC0AHNs B HEIPEPBIBHBIX CUCTEMaX.

[Tepuopmaeckue mPoIECCHl MOTYT BO3HUKATH B HesmHehHbx PJIC moj Bos-
JefiCTBHEM BHEIIIHIX IIePUOIIIeCKUX Bo3Mymennil. Takue mepuoauaeckue mpo-
ecchl Ha3BaHbl BeIHYKAeHHbIMY [1], [2]. Boinyskienubie nepuognaeckue mpo-
IeCChI UPe3BbIYaiiHO pa3sHooOpa3ubl. OHU 3aBUCAT OT YACTOTHI, BHEIIIHEIO BO3-
JefiCTBYS U OT CYIIECTBOBAHUS UM OTCYTCTBUS COOCTBEHHOIO EPUOIUIECKOIO
nporecca [3| u T.1.
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Ecnn 8 venuneitnoit PJIC cymectByer coOCTBEHHBIN TEPUOIUIECKUIT TPO-
IIeCC, TO B BABUCUMOCTH OT OTHOIIEHWS €0 ¢ BHEITHUM TIePUOINTIECKUM BO3Teii-
creueM B PIIC, MmoxkeT 1nb0O COXpaHUThCS COOCTBEHHBII 1IPOLECC, MO0 BOZHUK-
HYTb HOBBI, TIOJIHOCTBIO OIIPEe/IdeMblli BHEITHUM BO3/eiicTBUEM, JuOO BO3-
HUKHYTH MPOIecC buenuil Mexk/1y COOCTBEHHBIM U BHEIIHUM BO3/EHCTBUSIMU.

XapakTep MepuoOUIECKOTO TPOIECCa 3aBUCUT, €CTECTBEHHO, HE TOJBKO OT
cBoficTB JimHeitHbix dacreit PIC, HO u oT Bujia HeJIMHEHHOW JacTu.

Bajava MCCIeI0BaHUS MEPUOINIECKUX MPOIECCOB COCTOUT B BHISICHEHWUN
YCJIOBHH CYIIECTBOBAHUS TOTO MM WHOTO BUIA MEPHOJANIECKHUX TPOIECCOB; TO-
TO U WHOTO BUJa B OIIPEAEJIEHUN UX MTaPaMETPOB: 9aCTOThI, aMIIJINTYAbl UJIN
MaKCHMAJILHOTO OTKJIOHEHHUSI 1, TpH HeoOxoqumocTh, hopMet [2], [4]-[18]. Takue
HCCTIe0BAHUST OCOOEHHO BaXKHBI B TEX CJYdasix, KOT/a MEPUOANIECKUIT TTPOIIECC
PJIC aBnsierca pabounm pexxkumom [2], [5], [17]-[18].

IIpobaema nocrpoenuss nepuognyeckux pemenuii PIC paccmarpusagiach
B page pabor [4-14], [19-21|. Ilpu 5TOM yCTAHOB/EHBI JTUCKPETHBIE AHAJOTH
U3BECTHBIX METOAOB PCIICHUA aHAJIOTUYIHBIX HpO6.HeM JAJId HEeIIPEPBIBHBIX JIW-
HAMWYIECKHUX cucrTeM. HampuMmep, mocTaB/ieHHbIE 3aa91 PEIIeHbl METOIOM TO-
geuHbIX peobpasosanuii [Tyankape B [5], meromom [lyankape-JIsnyrosa B [11],
[13], [14], [19-21], meTomom Kpeuiosa-Boromobosa B [22] u mapasensHo ycra-
HOBJIEHBI JIUCKPETHBIE AHAJIOTH TIEPEUNCTEHHBIX METOOB.

B npemraraemoit pabore 3a1ava UCCIIOBAHUS TEPUOIUIECKUX TTPOIIECCOB
paccmarpuBaetcs Ay HenmHeiHbx P/IC ¢ mapaMeTpoMm Ha MIOCKOCTH.

IIpu sToM Meromom uccaemoBanus aBiserca anasuor V-dbynknuit I.B. Ka-
MeHKOBa [23|, pazpaboTaHHbIii sl pEIeHnsT AHAJIOTUIHON 33/1a9N HETPEPhIB-
HbIX JJUHAMUYICCKHUX CHUCTEM.

Paccemorpum P/IC Ha nijiockocTu, 0Opalaiolyocs B JTHHEIHY O IPU PaBEeH-
CTBe [apaMeTpa HYJIO:

Tpil = Tp oS — Ypsina + eX1(Tn, Yn) + 2 Xo(Tn, Yn) + ...\
(1)

Ynt+1 = TpsSina + y, cosa + Yy (xn, yn) + €2YQ(SL'n, Yn) + oory

rae € — nmapamerp, Xi(Tn,Yn), Yi(Tn,yn), (kK = 1,2,3,...) — MHOTOUIEHBI OT
Ty, Yp JI000I CTEIIEHU My, 0OPAIIAIONINECT B HYJIb [IPU Ty = Yn = 0.

Bynem mpeamosarars, 9TO mMpaBble YACTH UMEIOT TOJIHKO OIHY 0COOYIO TOU-
KY Tn, = Yn = 0 1 gBIgr0TCH aOCOTIOTHO CXO/SIIUMUCS PsA/IAMUA B UCC/IETyEeMON
00J1acTV M3MEHEHUSI IEPEMEHHBIX Ty, Yn U MTapaMeTpa €.
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B oramune or guckperHoro anajora meroga Ilyankape-JIsmyrnosa [10] u
quckperroro ananora Kperiosa-Boroso6osa [18] Mbr 6yeM OTBICKUBATE YCJI0-
BUS CYIIECTBOBAHUA II€PUOMICCKUX PEIIEeHN, He IIPUBJIEKAd K PACCMOTPEHUIO
TaK Ha3bIBAEMbIE TIOPOXK/IAIOIIIE PEITEHM.

UccnenoBanne 3aja4uu OyeM BeCTu B MOJIAPHBIX KoopawHarax. [loaras

Ty = Tn COS Yp, Yn = Tn SIN @p,
OyaeM nMeThb

Tp+l = T + €R1(Tn, 9071) + 52R2(Tm 3071) +

i1 = Pn + @+ ef1(Tn, on) + €2 fo(rn, n) + ...\
rie
Ry (1, on) = [Xg (1 coS @n, 1y sin ) cos(pn, + o)+
+Y5 (ry, cos op, T sin @y, ) sin(@y, + )],
1 .
Ji(rn, on) = T—[Xk(rn COS P, T, 81N 0y, ) (cOs(pp, + @) + cos 3(p, + ) )+
n
+Y5: (7, €Os o, 7 sin gy ) (sin(ey, + @) — sin 3(p, + a))], (3)
r.e. Ry u fi oupesensiorcs MHOrO4JIeHAMKU B OTHOIIEHUU Ty, C KO3 dummenra-
MU, FBJISIOMUMHACA (DOPMAMHE OT Sin 0, U COS Y

Fie(rnson) = £ (0n) + maft D (0n) + s £ (), (4)

Ornpejiesium HEOOXOUMbBIE U JIOCTATOYHBIE YCJIOBUS CYIIECTBOBAHUS IEPU-
opmaeckux permennii PJIC (2), Korga 9TOT BOIPOC MOJHOCTHIO PEIIACTCS Ie-
HAMU MEPBOTO MOPSIIKA B OTHOIIEHWH € HE3ABUCUMO OT IJIEHOB 00Jiee BBICOKO-
ro topsiika. C 9Toit 1eIbio paccMoTpuM (PYHKINIO JISmyHOBA, OMpeaesieMyTo
ypaBHEHUEeM

P = Vo + (Ve (0n) + V26D (@) + .. + V™) (5)

re 59 )(cpn) (j = 1,mq) — mojgiexamume ONpee/IEeHNI0 HEMPEPBIBHBIE MEPUO-
auuaeckue pynknuu ¢ nepuogom T € N (3aece N — MHOXKECTBO HATYDPAJIbHBIX
TqHCeT).
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Dyuxiyio V,, onpegennm uz ypasuenus (5) gepes 1, u @, [lpn goctaroano
MAJIOM 3HAYEHUH € OHA OyJeT OIpeme/eHHO IOJI0KUTEILHONR B OTHOIICHUHU Ty
JLJIS JTIOOBIX €O IOJIOKATENbHLIX 3HAYCHUH IPX JIIOOLIX BEIIECTBEHHBIX 3HATE-
HI/IEIX ©n. HanbosbInee 3HAYMEHNE € MBI OIPEAEJNM IIOCIE OTBICKAHUSA (DYHKIINN
fl (‘Pn)

OrMmeTnM, UTO ABa 3aMKHYTHIX Iukiaa V, = C1 u V, = (s, onpenensgembie
pasencTBamu (5), HE UMEIOT OOIMIMX TOYEK W KAXKJIOMY W3 HUX TTPUHAJIEKAT
koHeunble Touku rpacduka pemenns PIC (IOCKONbKY IHKIIBI OMPEIeITiOTCst
u3 ypasuenus (5)). I ecim Cy > Cy, To nukn V,, = Cy Gyzer nesmkoM Ha-
XOIUThCA BHYTpH Iukiaa Vy, = Co, KakoBwl Obl Hu Obtr C1 u Co. s sToro
JIOCTATOYHO MIPEJIIOJIOKUTE, 9TO € MaJio. IlepBasg pasuocts dyukium V, 1mo n
B0 pemenns PIIC (2) 6yaer uvers BuI:

WAV, = e[(RY (on) — &M (00)) Vit

R (on) — afEP (n))V2 + o4 (RU™ (00) — aAET™ () Vi 1+
+&2F (Vi on, €). (6)

Takoe npejicrapiaerue V,, BO3MOXKHO Jijist 3HAYEHUH €, yJIOBJIECTBOPSIOIIMX YCJIO0-
BUIO

W=1+ 5[5§1)(90n+1) + (Vn+1 + Vn)€§2)(§0n+1) + ...+
HVIT VI 4+ VD™ (0n41)] > 0.

n n
F mpeacraBisieTcst CTETTEHHBIM PSITOM B OTHOTIIEHUH Vi, C KOS(b(bI/IIlI/IeHTaMI/I 3a-
BUCHIIMMU OT Sil ¢y, COS @y, U €. B 3aBucumoctu ot Beibopa dyHKImii 51 )(gon)
MBI Oy/IeM TI0JIy9aTh Pa3/INIHbIe 3HAUYCHUS ng)( n) = Rg )(cpn) - aA§1 (cpn)
[Toxbepem s1tu pyHKIME TaK, ITOOBI BCE w%j )(gon) OBLIN TOCTOAHHBIMU BEJINYIN-

wamu. O603HAYUM ITHU MOCTOSIHHBIE Yepe3 ggj), toraa MyHKIUN fy)((pn) o1pe-
JeJIAI0TCA U3 ypaBHEHUN

& (1) = ~RY(on) — gt + & (o),

OTCIOZA

6 (on) = SR (1) — o) + € (00 (G = ).
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Yucma ggj )
HEeKOTOPEIM mmepuogoMm 1 € N. s 9Toro HeobX0auMO U JOCTATOUHO obparlre-

HUA B HYJIb CYMMbI

BeIOepeM Tak, 9T0OBI DYHKIINN §§] )(<pn) CTajId TIEPUOTUIECKUMHU C

T-1
SR (o) - g1 =0, j=Tm,
7=0
u obpallleHust B HyJlb BCEX f%j)( 0)- Torma g =& ZZ 01 éR(J (pr), rate wo =

0; or = 27.
Takum ob6pazom, mepBast pa3HOCTH V), MO N TPHU HANWIEHHBIX 3HAYEHUAX

(J)(

) TIPUMET BU/L

WAV, =e > gV + 2F(Va, ons ). (7)
j=1

Paccmorpum Bce cirydan, KOTOPbIE MOYXKET MPEICTABUTH 9TO PABEHCTBO.
[IpeamonoxkuM, 9T0 aaredbpandeckoe ypaBHEHHe

mi ) )
Li(Va) = Vo 3 g Vi = 0
j=1

umMmeer m < mjp Pa3/IMYHbBIX [10JIO2KUTE/IbHbIX KOPHEe, T.€.
Li(Vy) = VRo(y @ —y ke (v m) —y yem A(V,) = 0, (8)

rpe A(Vy,) — MHOrowuIeH, cremeHb KOTOPOro pasha my — » .- o ky,; aus Beex
sunavennit Vy, > 0 on Oy/ieT COXpaHSTh MOCTOSTHHBIN 3HAK.

JTokazkeM, 4T0 Kazk0My 1oa0zuTeasnomy kopuio V) neuernoit kparuo-
CTH COOTBETCTBYET, TI0 KpaiiHeil Mepe, oH0 mepuo/uaeckoe pemtenue P/IC (2).
IIycrs

0<VW <v® <« <cym,

Bribepem 1Ba MOTOKUTENBHBIX YUCIA f1] U [g T3 HEPABEHCTB: ] < v+ —
VO, py < V@) UG-,

Paccmorpum jiBa 3aMKHYTBIX IMKJ1A, ONPEIe/sieMblX ypasaenueMm (5), eciu
B HEro MmoJICTaBUTL V = V) 4 pw 'V, = Vi) — wa. OueBugno, uka V, =
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v — Lo Oyer HAXOAUTHCI BHYTPH IUKIa V, = v 4 1. Tokakem, aTo
pemenns PIIC (2) mepecekaror mukier V, = VO 4 puV, =V0 -y s
pPa3/IMYHbIX HAIIPABICHUAX.

Tns uukaa Vy, = VO + p1 upn ycaosuu, ecin k; nHederHoe, Oynem nMmerTh

WAV, = 8[—/1]1% viovW —yO) — ko (vU=D — g — )Y

x(VUTD —y @) — gykier () —y ) — e AV 0) 4 )]+
+52F(V] +517§0n76)' (9)

Jnsa nukaa V = V) — py nonyuanu
WAV, = E[/,ngvko (V(l) _ V(]) _ /1’2)k1 o (V(j_l) — V(J) + M2)kj71 X

) (VU v @) oy () — v 0) — po)km A(V0) — )+
+€2F(V] _/1/27@7178)' (10)

OueBnHO, UTO MPH JOCTATOYHO MajoM € 3HaK pasuoctu AV, kax B (9), Tak
u B (10) onpesenseTcst MEPBBIM UIEHOM, CTOSAIIAM B KBaJPATHBIX CKOOKaXx,
nezasucnmo o1 unenos 2 F (V) 4y, on,e) u 2F (VY — i, o, €). Orciona
I UK Vy, = V) 4 u1 mveem AV, < 0, a g nukmaa V, = V) — W
6ymnem umers AV, > 0.

CnenoBarenbho, pemenust P/IC mepexonsat oba muk.ia. K okaxercst, 9To
I TUKJaIa Vy, = v 4 (1 3uagenmne pasuoctu AV, > 0, To, 3amensis n Ha
—n, MBI 3HAK pasnoctu AV, m3mennm Ha obpaTHbiii. Ha ocHoBamum JOBymKn
Benjukcona [21] Mbl MOXKeM yTBEPKIaTh, YTO BHYTPH KOJIbIa, 00PA30BAHHOIO
muknamu Vy, = VO 4+ pq, Vi, = VU — iy, sakmouaercs, 1o Kpaiineii mMepe,
OJIMH MPEeIEbHBIN UK/, KOTOPOMY COOTBETCTBYET I[EPUO/IMYECKOE PEIeHune
(2).

Takum 06pazoM, MBI YCTAHOBUJIH, ITO JTOCTATOYUHOE YCIOBHE CyIIECTBOBA-
nus nepuognveckux pemennii PIIC (2) no ujienam 1mepBoro mopsijka MaJjoro
mapaMerpa He3aBUCHMO OT CTapIIAX WIEHOB 3aKJIIOYAETCs B TOM, UTO ypaB-
uwenwe L(V,) = 0 umeer, mo kpaiiHeii Mepe, OJUH TOJOKUTEILHbBIH KOPEHD
HEYETHOU KPATHOCTHU.

Jlokakem Tereph HEOOXOAMMOCTDH YCJIOBUSI.
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[TpeaomozkuM, 9T0 NOI0KUTEILHBIH KOpenb ypasaenus L1(V;,) = 0 uveer
YeTHYI0 KpaTHOCTh. Harre mpejnosioxkenue OyaeT J0Ka3aHo, €CJIn Mbl YCTaHO-
BUIM, 9TO BBIOOPOM UJIEHOB, TOPSIJIOK KOTOPBIX B OTHOIIEHUH € BBIIIE EPBOTO,
[IEPUO/INYECKOE PEIeHNE HAPYIIUTCH U COXPAHUTCH [0 HAIIEMY KeJIAHUIO.

Paccmorpum ¢ sroit miesibio mepsoe npubsmxkerne PIC (1) mo € :

Tpy1 = Tpcos & — Ypsin o + X1 (@, Yn);

Yn+1 = Tp SID  + Yy COS o + 5Y1(-Tnayn)a (11)

JIOTIYCKAIOIINEe TEePUOINTIecKoe pertenne. [lpeamnomokuM, d9To ypaBHEHUE
L1(V,,) = 0, coorercrytommee 31oit PIC, nMeer moI0KUTeIbHbI KOPeHb JeT-
HOM KPaTHOCTH, PABHOI v, Toraa muorounen L(V,,) MOXKHO peCTaBUThL B
BUIE

L(Vy) = (Vs = VINZE A (V).

Muorounen A(V,,) 6yaer umers crenens my — 2k. JIjasg HEro MoxKHO ykasarhb
WHTEPBAJI

VO — g <V < VO 4y,

[Jle COXPAHSIETCs 3HAK.
Paccmorpum teneps PZC

Tpt1 = Ty €OS @ — Yp sin a + X1 (2, yn) + 52550”(55% + y,%),
(12)
Yntl = T SIN @ + Yy €08 @ + €Y1 (T, Yn) + £2Byn (22 + y2),

rae [ — MOCTOSHHOE YUCTIO.
B nmongpueix koopaunuarax P/AC 6ymer umers Bun

Tntl = Th + e(rnRgl)(gon) + ...+ r,”[‘leml)(gon)) + 252&’% + 52P(rn, ©n, €),

Oni1=on+a+e(FO0n) + PV (0n) + ...+
+rm=D) pmi=1) (o, V) 4 £2Q (1, on, €). (13)

Ecnu dyukmuio JIanyHoBa onpegesuTs 3 ypaBHeHus (5), T0 OyIeM UMeTh

WAV, = eV, = VINZEAW,) + 2BV + K (Vi )]
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Ecmn A(VD) > 0, 1o uncao B > 0 BuGepeM COrIacHo HEPaBEHCTBAM
BV 4+ m)? + KD + g, 00) >0,

BVD — 1) + KV — i, 0,) > 0 (14)

JIIS BCEX BEIeCTBEHHBIX (Op,.

ITpm rakom BHIGOpE uncna [ Beipaxkenne AV, Gymer coxpaHATh MOJIO0XKMA-
Tenbuble 3Hadenns B okpectroctn Vi, = V()| 4ro ykassBaer ma orcyrcrsue
mukaa as (12) HecMoTpst Ha TO, UTO YJIEHBI EPBOTO MOPS/IKA IUKJI JIOMYCKa-
IOT.

B ciayuae A(VM) < 0 anciao f HeoGXOAMMO B3SITH OTPUIATETBHBIM C CO-
OJ1r0/IeHneM HepaBeHCTB, obpaTHbix (14).

s roro, aro6er muksa PIIC (12) coxpansiics, He0OX0AMMO 3HAK JJOCTATOY-
HO 6OJIBITIEro gucaa [ B3ATh OOPATHBIM 3HAKY A(V(l)).

Takum obpa3zom, HAME TOKA3AHA

TEOPEMA 1. Ecau P/IC (1) takoBa, 9T0 COOTBETCTBYIOIEE €ii ypABHEHHE

T-1

Z [Xl (TT COS P, T'r SIN 907') COS(‘PT + a)+
=0

1
Ll:f

+Y1 (7 cos pr, 1y sin ;) sin(p, + )] =0

B orHomiennu V, umeer k 10J0KHTEJILHBIX KOPHEH HEYeTHOH KPaTHOCTH, TO
KakJIOMy W3 3THX KOpHEH OyneT COOTBETCTBOBATH, IO KpaHHEH Mepe, OJHH
npenenpubrii nuka PIIC (1) u kax10My u3 9THX IPEIeIbHBIX MUKJIOB COOTBET-
crByer nepuoudeckoe perierne stoii PJC.

Ecmn ke ypasmenme Li(V,) = 0 mmeer TOJIbKO MOJIOKHTENIbLHBIE KOPHH
JeTHOH KPATHOCTH, TO BOIIPOC O CYIIECTBOBAHUHU NIPUTITHBAIOIIAX ITUKJIOB, CO-
OTBETCTBYIOIIUX 9THUM KOPDHAM, YJICHAMWU I1€PBOI'0O IMOPsAJKa B OTHOIICHUU € HE
peraercs.

Temneps paccMOTpuUM BOTIPOC 00 YCTOWIHBOCTH KOJIEOAHUIA, OMMCHIBAEMBIX
VKA3aHHBIMY TTEPUOINIECKUMU PEITIEHUSIMH.

[Mpeanonoxkum saagase, uro ypasaenue L(V,,) = 0 umeer nos0xkurenbHblii
kopenn V,, = V) mevernoit kparnocru k;. IlycTs 9TOMY KOPHIO COOTBETCTBYET
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eJIMHCTBEHHOE nepuojnyeckoe pemenue. [Ipeacrasuv ypasuenns (9) u (10) B
BH/JIE ' ‘
WAV, = =i eA(VY) + 1) + 2F(VD + py, on, ),

WAV, = M%k_laA(V(j) — p2) + EZF(V(j) — 12, Pn, €). (15)

Otrciona MoxkHO yrBepxKarh, uro npu A(V)) > 0 nepuosuueckoe permenue
yeroitanso, a mpu A(VU)) < 0 meyeroitampo. TeM caMbIM MBI JJOKA3a/II

TEOPEMA 2. Ecsm PZIC (1) rakoBa, uro coorsercrytomee sroii P/IC ypaBHe-
rue L(V,) = 0 umeer nonoxkurenpuplii kopeas V. = V) wewernoii KPaTHOCTH,
pasHoii 2k — 1, u ecn

d2k71L(Vn)

——— |y v <0 16

anQk_l |Vn 1%4% ’ ( )

T0 mepHoamUYecKHe KoseGaHms, orsedaronpe Kopuio V, = VU yeroitaupsr;
ecyIm ke 1Ly
d="—rL(V,,

———— |y v >0 17

anQk_l |Vn Vv ) ( )

TO HEYCTOHYUBBI.

[Ipu k = 1 31a Teopema siBJIsieTCs JUCKPETHBIM aHAJIOIOM TeopeMbl AHIPO-
HoBa n Burra |6, mokazanHoit st cncrembr and epennnaabHbIX ypaBHEHNI.

M1 nostarasu B PIIC napamerp € gocraouno masoi seqmaunsoit. [Ipeacras-
JISET CyIeCTBEHHBII NHTEPEC 3a/1a9a: OIPEAETUTh TO 3HAUEHHE €, IPU KOTOPOM
u menee koroporo nepuoamdeckue pemtennst PJIC (1) npogoskaror cyiecrso-
BaTh, ecyu 3ta P/IC umeer ux mpu JA0CTATOYHO MAaJIbIX 3HAYEHUSX €.

[Tycts xparnocTs kopus ypasHenuss L[V,] = 0 neuernas. Ipeanonoxum,
a0 B hopmynax (15) Beipakenue A(V(j)) OoJtbiie HYyJIsI, TOTAA Oy/IeM UMeTh

AVD 4 1) >0 uw AVY — pg) > 0.
it cyIecTBOBaHUS TEPUONIECKOTO PEIIeHUs HEOOX0 MO, ITO0bI
i AWV YD ) + eF(VY) 4 s on,) <0, (18)

P AV ) — ) + eF(VY) = g, 0, €) > 0. (19)
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OTH HEPABEHCTBA, UMEIOT MECTO MPHU £ JOCTATOYHO MAJIOM, HO OHHU MOTYT Cy-
MIECTBOBATH U I KOHEYHBIX 3HAYEHUil € W JazKe s OUY€Hb OOJIBIINX €ro
3HAYEHUI. qTO6bI opege/imTb MCKOMOE€ 3Ha4YeHHEe &, Mbl MOXKEM IOCTYyIUTH
cieyiomunM obpaszom. 3amenny B (18) Boipazkennme F(VU) 4 1y, ¢, €) nan-
6OJI])]_HI/IM 3HaQUYeHrueM, KOTOpO€ OHO MOZKET IIPUHUMATHL IIDU .HIO6])IX S3HAQUYECHUAX
0 < ¢ < 27. O6o3mauny sror MakcumyM depes F (V) 4y, €) u pacemorpum
ypaBHEHUE
AWV 4 ) 4+ eF(VD) 4 iy, e) = 0.

U3 sToro ypasnenus: onpejennm 3uadenne € = £(u1). O603naunm manbosibiee
3HAYEHIE £, OLIPeJIeIAeMOe STHM PABEHCTBOM, Yepe3 €1 B IIPEJIIOJIOKEHUH, YTO
H < Vl(]H) — VI, Janee maxommv namvenbimee sradenne F(V; — pi2, on,€)
s 1o0eIx 3uauvennii 0 < ¢, < 27.

ITycTh 910 HanMeHbIlIee 3HAYEHNE eCTh ?(V] — p2,€). I3 pasencrra
2k—1 T _
py EF(Vy—p) +eF(V; — p2,e) =0

ompeziesisieM € = £(/12) B HAXOJUM Hanbo/IblIlee 3HAYeHNe € IpH iy < V;—Vj_1.
HyCTb 9TOT MAKCUMYM & paB€H €9.

Ecnn okazkercst, 9T0 MAKCUMYMOB €1 U €2 Oy1eT HECKOIBKO, TO MBI JIOJIZKHBI
B34Th HAMMEHBINNNA U3 HUX.

Boibupaem Temepb WmMCIO £, MEHBIIEE €1 W €9 Ha CKOJb YTOJHO MAJYIO
Besimanny. O4eBnHO, 9TO TIpH £ = £ HepasencTra (18) n (19) cobaomatorcs.

Yucso €g Oymer uckombiM aucaom, ecau st Bcex 0 < ¢ < 27 BBITOJIHS-
I0TCSl HEPABEHCTBA

1+ el (o) + Vi (on) + ..+ VD™ (0,)] > 0,

1+ 5[§§1)(@n+1) + (Vo1 + Vn)&f)(@rﬂrl) + ..+
FVt vy eyl ) > 0 (20)

n

upu V =V;+pu, uV =V; — iy, rae iy U [i; — Te 3HaYeHU (1| U [i2, KOTOPbIE
OlpeJesISIIoT MaKcuMaJibHble 3Hadenust €(pq) u €(p2). Ecim xe opno u3 srux
HepaBeHCTB obpamfaercsa B Hy/Ib XoTs Ol npu ogaoM 3uadenun 0 < ¢, < 27,
TO 3a MCKOMOE 3HA4YeHHe € HeOOXO[UMO B34Tb YHCIO € < €) TaKOe, 4TO0bI
HepasercTBa (20) nmenn MecTo.
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Bamaes K.B. JIATIYHOBTHIH ®YHKIINSTIAPH APKBIIBI BEIL-
CBI3BIK AMBIPBIMIIBL- IMHAMUKAJIBIK KYNEJIEPAIH [TEPIO/I-
THIK ITENIIM/IEPIH 3EPTTEY

JIanyHOBTHIH, (PYHKITUAIAPH! APKBLIBI TAPAMETPJIi DEHCHI3BIK, AbIPHIM IbI-
JUHAMUKAJIBIK JKyHeep/in Killi mapaMerpre KaTbICThI OipiHIIT peTTi Mytieaep
OOWBIHIIIA, TEPUOATHIK IHermriMaepi 6ap GOIybIHBIH KaKeTTi YKOHE KETKIiTiKTI
MIapTTAp5I AJALHALI. Kimn mapamerpais MoHI aHBIKTAIIBI. COJI MIePUOATHIK, IIe-
MTNMIEPIIH OPHBIKTHIIBITHIHBIH, ecebi MTeriImi.

Bapaev K.B. THE STUDY OF PERIODIC SOLUTIONS OF THE
NONLINEAR DIFFERENCE-DYNAMICAL SYSTEMS BY USING
LYAPUNOV FUNCTIONS

The necessary and sufficient conditions of periodic solution’s existence by
the term of the first order with relation to a small parameter are obtained
for nonlinear difference-dynamical systems with a parameter by Lyapunov
function’s method. The value of the small parameter at which and less than
that these periodic solutions exist is obtained. The problem of the stability of
periodic solutions is solved.
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AHHOTaLMA: B pganHoii paboTe CUHIYASipHOE UHTErpasbHOE YPaBHEHME CO CABUTOM
BMEPBbIE U3y4eHO B ApobHbIX npocTpaHcTBax bBecosa. B paHHux pabortax 3Tu
YPaBHEHUS U3Yy4asUCb B refbAepOBCKMX MPOCTPaHCTBAxX. [lonyyeHHble pe3ynbTaThbl
PacLINPAOT KNACC MMEMLWNX HenpepbiBHbIE PELIEHUS CUHTYASPHbIX WHTErpasibHbiX
ypaBsHeHnii co casurom Kapnemana.

Kntouesble coBa: CuHrynapHble MHTErpanbHble ypaBHeHUs co casurom Kapnemana,
npocTtpaHcTea becoga.

1. BBEAEHUE

IIycrs I' € CJ' (m > 0 — nenoe, 0 < v < 1) ecrb mpocrasi 3aMKHY-
Tag kpuBas (KOHTYp) B Komitekcuoi mmockocru C. Ilyers «ft) : I' — T
ectb romeomopdusM KouTypa I ma cebs Takoif, uro mpoussomnas o ' (t)
npunagiexur npocrpascrsy H,(I') (0<p<1) mw o '(t) # 0 mia mo6o-
ro t € I Orobpaxkenue, ocymecrsiasgemoe dynkuumeii o (t), mmbo coxpans-
er opuenTanuio Ha [, 160 M3MEHseT ee Ha NMPOTUBOIOJOXKHYIO. B coorser-
creue ¢ 3tuM dysximo « (t) : ' — [ Ha3bBalOT TpAMBIM WM 0OpPATHBIM
casurom. Paccmorpum caemyromme oneparopsr: (Wyop) (t) = ¢ (a (t)) — onepa-
Top casura; (Stp)(t) = % @ — CHHTYJIAPHBII MHTETPAJIBHBINA OMEPaTOP;

r
(Cp) (t) = ¢ () — omepaTop KOMILIEKCHOTO COMPSIKeHHs (aHTHIHHEARDIIT).

VcenemoBanbl CBOMCTBA STUX OIEPATOPOB M UX HEKOTOPHIX KOMOMHAIMI B

npocrpancrBax becosa B;ﬂ (") . TIpuBoauM onpejie/ieHnst 3TUX MPOCTPAHCTH
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(em. [1]). Hycrs t(s) = x(s) +iy(s), 0 < s < [, — ypaBHeHHe KOHTypa
el nmuue | u dysxiun z (s), y(s) ¢ nepuogom | mpogoszKeHbl Ha BCIO
ancioByio och. [lycte 1 <p<o00,1<0<00,0<r<m—1+4+v wuk—nenoe
Taxoe, uto k > 7. Ilpoctpancteo Becoa By 4 (I') cocront m3 Beex dymxrmit
o (t) =¢(t(s)) =9¥(s) € L, (I'), | — nepuognveckux 1o HepeMeHHO § TaKUX,
970

(k) — (k) _
”SOHB;,G(F) = ”w”BZﬁ([o,l]) = Hd}HLP([o’l])-l-
1
ho 0 6
+ / Ju| 70 Afjw‘ du | < oo,
4 Lp([0,])
0

rae ho > 01 Ak (s) = Au(ALT1) (5) = Siig (1) 'O (s + 1) —
pasuocTh nopsgka k ¢ mrarom u. OTMeTnM, WTO HOPMBI H‘p”g?e(r) npu pas-
P,

JIMYHBIX HATYPaJIbHBIX k (k>7) SKBUBAIEHTHBI MKy co00ii (cM. [1]).

OLEeHUBAIOTCS HOPMbI OLEPATOPOB CHHIY/ISPHOIO MHTEIPUPOBAHUSL, CJLBU-
ra ¥ KOMILJIEKCHOTO CONPSI’KEeHMsI B MMPOCTpaHcTBaX Becopa. YcraHoBJeHa nX
OTPAHWIEHHOCTD. JIOKa3BIBAIOTCS BIIOJIHE HEIPEPHIBHOCTH HEKOTOPBIX CIIEIN-
aJIbHBIX KOMOWHAILIMK OMEepaTOPOB CHHTYJISIPHOIO MHTEIPUPOBAHMWSI, CIBUTA W
KOMILTEKCHOTO COIIPSIZKEHHsI B TPOCTpaHCTBaX Becosa.

2. OFPAHUYEHHOCTB OITEPATOPOB CUHTYJ/IAPHOI'O NHTE-
FPUPOBAHUSA C A1POM KOIIIN, CABUTA, KOMIIJIEKCHO-
'O COIIPSIYKEHNUSA N X HEKOTOPBLIX KOMBUHAIINN B
[MIPOCTPAHCTBAX BECOBA

OrpaHr9eHHOCTb U CBOMCTBA CHHTYJISIPHOTO OIIEPaTOpa S B MPOCTPAHCTBAX

BeCOBaB;ﬂ(F)HpHa) 1<p<2, r:%, 0=1;B)1<p<2 'r>%, 0>1
ne)p>2, r>1-— %, 6 > 1 nokazausl B [2 , c. 61]. B cieayromeit reopeme

MBI CHAJIX 9TH OI'PAHUYCHHNIA Ha COYETaHHE IIapaMETPOB P, T" U 0.

TeEOPEMA 1. Ilycte p > 1, r > 0, 6 > 1 u nycrs mpocrast 3aMKHyTas
kpuBag KouTyp I' € C7" |, tme m > 1— menoe, 0 < v < 1 takwme, 910 M —
1+ v > r. Torga oneparop CHHI'YJISIPHOTO MHTErPUPOBaHUS ST OrPaHUYEH B
npoctpamctse By o (I') .

HOKABATEJIBCTBO. s ymobcTBa 3ammcy BBeIEM CIEIyIONIne 0003HAYEHUSI:
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Kpaesrre 3amaun co capurom Kapiemana ... 63

T=1t(s1), Th =t(s1 +h), t=1t(s), th =t(s+h), 7' =t'(s1), 7, =t'(s1+h).

Nmeem
l
seet) = = [ £ = = [ o@D,
r
l
Seen) = 2= [ 2ar = - [ o) an
r
Torma
A (s) (S () = Sre (th) — Sre (t) =
1 [t -
= L [ T L o (S - a0

Jlaee omennM BTOpOE CaraemMoe:

e

[emnast 3aMeny mepeMenmHoil s; = Sy + S B IOC/IeJHEM HHTerpaje, a TaKKe
yuaurbiBas [—uepuognanocrs dyuxuun t(s) =z (s) + iy (s) , nosyunm

l—s
1 t'(so + s+ h) t'(s2+s) B
00 = 5 [ tlorro) (t(52 Fat R s H) Hea+ 5) = t(s)>d52 =

—S

1/2
1 ot s t'(sa+s+h) RACES) .
T /290(’5( 2+ ))<t(52+s+h)—t(s+h) t(52+s)—t(s)>d 2

,B;JIH APpa 3TOT0 MHTErpaJia CIIPaBEAJJIMBBI OIICHKH

t'(so + s+ h) t'(sg + ) 1
‘t(32+3+h)—t(3+h)_t(32+s)—t(s) gcl(r)w’ (3)
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t'(so+s+h t'(so + s hl¥

( e E e PPV (@)
t(sa+s+h)—t(s+h) tlsa2+s)—t(s) |52

rae ¢1 (I') u c2(I") — HEeKOTOpBIE TOIOKUTETBHBIE KOHCTAHTBI, HE3ABUCAIINE OT

EPEMEHHBIX S, So # 0 h u3 nmpomexyTKa [—é, %] . HetictBuTeibHO,

t'(s2+s+h) _ t'(s2 + 5)
t(sg+s+h)—t(s+h) t(sg+s)—t(s)
t'(s2 + s+ h) 1 1 H(s2+5)

T t(satst+h) —t(s+h) s2 s2 t(sats)—t(s)
1

‘j(t/(SZ +s+h)—t(sa+s+h))do Of(t’(sz +5)—t'(os2+ 8))do

t(s2+ s+ h)—t(s+h) t(s2+s) —t(s)
Orciona B cuny t' € Cy, cnenyer (3). IlpeoGpasyst jasiee mocieiHee paBeH-
CTBO, TOJIYIIM

t'(s2+s+h) t'(s2 + 5)

t(so+s+h)—t(s+h) t(sa+s)—t(s)

1
so [(t'(osa+ s) —t'(0s2+ s+ h))do
0

T | Clats+h) —tls+m)(t(sz+9) — 1) |~

1

X </(t'(52 +s+h)—t(osy+ s+ h))da) +
0

b}(t/(SQ +s+h)—t(s2+s))do — Ofl(t’(USQ +s+h)—t(ose+ s))do

t(s2+s) — t(s)
Orcroma, ecm yuects ' € Cy, cnenyer (4).
Teneps, ucnoab3ysi coorromennst (3) u (4), onernm unrerpas (2):

+

1/2
|1 t'(s2+s+h) t'(s2 + 5)
|(Mp)(s)] = ‘m / p(t{s2t5)) (t(32 +s+h)—t(s+h) t(ss+s)— t(s))ds2 =
—1/2
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IRl
c1(T) / 1 Lea(T) / 1
< —Z t ——d h t —dss.
= |80( (52+5))| |52|1,,, 52+| | T |90( (82+S))| |52| 52
—|hl so:|h|<|sa|<1/2

Orciona, ucrnosb3yst 0000I1eHHOe HepaBeHCTBO MUHKOBCKOIO JIJisi HOPMBI
Pynkuuu [(Mep) (s)|, nomyuumm

1Ml my = 1Mt 0, < 3 (D) el P+

+ea (D) [lll, oy PI” Mh]| < es (D) (@]l 0yl 2l [n|A]] . (5)

Kpowme Toro, B Culy OrpaHHYeHHOCTH CHHIYISPHOIO HHTEIPAIBHOIO OIle-
paropa B L, (p > 1) mua nepsoro ciaraemoro B (1) nmeem

p 1/p
d8> < cs(p, D) 121 ) (T L f0.0-

Urak, ¢ yuerom (2), (3) u (6) mosyaum

cﬁ(pa F)
T

+e5 (D) o (D)l o7 [PI [In]R]]

Torma amsa nosyaopMel BecoBa, yanTeiBas 7 < v, ©IMeeM

AR () (Sre (t))HLp[o,l} < 18 () (¢ (7'))||Lp[o,l]+

ho 0
100 @l o = ([ 177180 (St Oyt ) <
! —no

< er(p,0,7) 19 B)llyy 0y + s 0 D)llo(t (D) 0.0

Orcroma B Cuy ymOMSIHYTOH BBINIE OTPAHUYEHHOCTH oreparopa Sty (t) B
Ly(T') (p > 1) nerxo caexyer ”SFSO(t)HB;’G[O,l]S co (p,6,1) H‘P(t)HB;’Q[O,lP rne
¢ (p,0,T) = max{cr (p,0,T);;cs(p,6,T) + ||SpHp_>p} . Teopema, 1 jl0ka3ana.

TEOPEMA 2. Hycrs 0 < v < 1, I' € C! — npocroii 3amxmyThIi KOHTYp I @ (1) :
I' = I'— opsamoit mam obparupiii capur koutypa I' Takoit, uro npou3BosgHas
a ' (t) npunagnexur npocrpancrBy Teabgepa H,, (I') npu vekoropom 0 < p <
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1 ma'(t)#0 opu mobom t € T'. Torga npu moberx p > 1, 6 > 1, 0 <r <
min{u, v} omeparop casura (Wap) (t) = ¢ (a(t)) orpanmien 8 By 4 (L)

Tak kak « (t) : I' = ' ectb romeomopdusm kourypa I' ma cebs, 1o dyHk-
st t1 (s) = a(t(s)) : [0,1] — I' rakxke npencrasisier coboii mapaMerpuveckoe
sananue (ypasuenne) kpusoii I'. CiieoBaTeibHo, CYIIECTBYET CTPOrO MOHOTOH-
nag dynknus 0 (s) : R — R, nepesojsimast J1000# 0TPe30K bl | B ApyToit
oTpe3ok jymHbl | u Takasi, uto t1 (s) = «a(t(s)) = t(0(s)) (0 (s)— Bozpac-
Taromas Win yObIBalOIast COOTBETCTBEHHO TOMY, 9TO « (t) ecTh mpsmoit uim
06paTHBIN C/IBUT).

ITo Teopeme o auddepeHuaIbHBIX CBONCTBAX HEABHONW (DYHKIINY 3aKJTIO-
gaem, uro 0 (s) muddepennupyema. Mockonbky [t (s)| = 1, orcroma ciaemyer
0 (s) € Cp,, tne vi=min{p, v} u |0 (s)| = |a (t(s))] #0.

[ycrs mana dyukuus ¢ (1) € B;,e (T") . D70 paBHOCKIBHO TOMY, 4TO (DYHK-
st 1(s) = p(t (s)) nmprmamexnt mpocrpanctsy Becosa By 4 ([0,1]), cocrost-
mero n3 [-meproguyueckux (pyHKIHA BEIECTBEHHON IIepeMeHHOiA.

Pacovorpii. dymamo (Wap) (Hs) = ¢(a () = ¢(t(0(s) =
¥ (6 (s))-

B cuny mokazsamubIx Bbimie cBoiicts dbyukuuun 6 (s) u TeopeMbl 0 3aMene
nepeMeHHbIX B npocrpaHcrBax Becosa (cm.[1]) 3aksrowaem, uro dyHKuus
¥ (0 (s)) Taxke npunasexut npocrpanctsy By o ((0,1]), mpriem a1a nopm
uMeer MecTo cootHomenne || (0 (’))HB{,,Q([OJD < k- (')HB;,e([Ovl])’ rae k -

TOJIOKUTEIbHAs KOHCTaHTa, Hesapucaras ot ¢ (t) € By o (I'). 9o osmauaer
b
OT'PAHMYEHHOCTD Oreparopa casura W, B mpocTpaHcTBe B;e (I") . Teopema 2
b
JTOKa3aHa.

CHEACTBUE 1. Ilpm Bommosnennn ycaoBuit Teopembl 2 CHHTYISPHBIN HH-
rerpaybHEIl oneparop co caBuroM (Srap) (t) orpammden B mpocTpaHCTBe

po (1) -

TEOPEMA 3. IIycts 0 < v < 1, T' € C} — mpocroii samxmyTriii korTyp. Torma
npn mobbrx p > 1, 0 > 1, 0 <1 < v s sesikoro ¢ (t) € By, o (T') mveer mecro

|Ce (t) ||B;’9(p) = [l () HB;,e(F)

(r.e. omeparop kommaekcuoro conpsikenuss Cp(t) = ¢ (t) orpanmuen B

o (1)
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CrpaBeyInBOCTh 3TOT0 YTBEPXKIEHUsT OUEBUIHA.

3. BIIOJIHE HEITPEPEIBHOCTbB OIIEPATOPOB CUHI'VJIAPHO-
'O UHTEI'PUPOBAHUNSA CO CABUI'OM U BE3 HEI'O, C/IBU-
'A 1 KOMIIJIEKCHOI'O COIIPAKEHI A

TrorPEMA 4. ITyctp 1 < p < oo, 1 <6 < 00,0 < r < min{p,v} . To-
rra omeparop Ay = YWoSW, ™1 — S BronmHe HempepsIBeH B IPOCTpPAaHCTBE
By ().

JOKABATEJILCTBO. Umeem

l

Mvp(t) = — [ o(r)Ki (. t)dr = — / (t(51)) K ((51), £(3))F (51)ds1,

X X
r 0

e at(s1) 1

a(t(s1)) — a(t(s))  t(s1) — t(s)’
l

Arp(t) = 1/ (1)K (7, t)dT = 1 o(T)K1 (7, )7 ds1,

Yy i
I 0

l

1 1
Algo(th) = m/ ( )Kl(T th dT = /(p Th K1 Th,th)Thdsl,
r 0

Kl(T,t) = Kl(sl,s) =

l
1 1
Algo(tQh ﬂ_/(p Kl(T tgh)dT— ﬂ_/(p Th Kl(Th,tQh)Thdsl
r 0

l
1
= m./@(Tzh)Kl(T%at%)Téhdsl-
0
Orcrona

!
Avp(th) — Arp(t) = ~ / An(s1)(9(r) K (s ) s +

™
0
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!
—i—,/go(T)(Kl(Th,th)T;L — Ki(7,t)7")ds1,

T
0

l

Arp(tan) — Arp(ty) = Wll./Ah(sl)(v(T))Kl(Tmtzh)T/LdSﬁ

0
l

+-/Ah(*Sl)(SO(T))(Kl(TthtQh)Téh — K1 (7h, tn)73,)ds1+

T

0
] l
- / D7) (K1 (o o) g, — K1 (7, )7L ) s
0

W3 s1ux paBeHcTs ciemyer

I
A (s) (A () = 1./Ah(sl)(w(T))(Kl(Th,t%) — Ky (Th, tn))mds1+

™

l

1
[ ) @) (it — K, )+
0
L
+m/<ﬁ(7)(K1(Tzh>t2h)T§h — 2K (h, t))7h + K1 (1, )7 dsy =
0

= Lip(s) + Lap(s) + Isp(s). (7)

Ouenum sipo nepsoro ciaaraemoro Ii () B 91oit cymme. YuurbiBasi onpejesie-
ave (6), mveem

(K1 (Ton, ton) — K1(mh, tn)) 11, = ( o ()17, T )_

o () — & (Ton)  Th — Ton

B o ()77, B T _
() —a/(Th)  Th—Th
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_ o ()77, B 1 N 1 dm)n B
of(tp) —(m9p) s1—s—h  sp—s () — (1)

N ) v 1 ()
(th) — (12n)  s1—s—h  s1—s () — (1))

[Ipeobpasys BeIpakeHUe B MOCJEIHUX CKOOKAX, Oy IUM

/ /
T 1 1 T

Th—tgh 81—8—h S1— S Th—Th_

J?(t’(sl +h)—t'(s1+h+a(s1—s—h))do

Th — ton

_fi(t,(sl +h) =t'(s1 +h+o(s1 —s—h))do

_ . 8
Th — T (8)
Orcroma ciemyer
s 1 1 s
T —to, S1—S—h s1—5 Th—Th
1 1
< My (T 9
>~ 1( )<‘81—8|1 v ’81—8— |1 l/> ( )
[Ipeo6pazys (8), nmeem
s 1 1 T

_ + _
Th—th S1— S 81—8—h Th — T2h

0
J#(s1+h+o(s1—s—h))—t'(s1+h+o(s1—s))do
S +
Th — th

0
tp —t
-l-(( h _2h )/ (s1+h)—t'(s1+h+o(s1—s—h))do.
“1

Th — th) (Th — tan)
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ITosromy

/ /
T 1 1 T

T —1th, S$1—8 S1—s8s—h T,—t9

|| |1
< My(T . 1
= )<|81—8|+\81—S|81—S—h|1‘” (10

Ananorununo (10) u (12) noumyuum

o (71)7} 1 L dwy

a(mh) —altay) s1—s—h  s1—s  am) —alty)

1 1
< M;(T 11
< Ms( )<|51_S|1y1+|81_5_h’1u1>7 (11)
G S W S (U
a(mp) —altep) s1—s—h  s1—s  alm) —a(ty)| —
|h[" Al .
< My (T = . 12
= )<|sl T iy A

JJist siiep BO BTOPOM U TPETbEM WHTErpajbHBIX BhIpayKeHusix B (7) Jerko
MOZKHO JIOKA3aTh COOTHOIIEHUS:

| K1 (Tans t2n)Tan — K1 (T, th)7h| < M5(F)\sl—ls|1—vﬂ
| K1 (2n, ton) mop — K (T, th)7h| < M () ‘Syliz]_"ls” (13)
| K1 (Ton, ton) oy, — 2K1(Th, tp) 17, + K1 (1, 0)7'| < M5(F)|81_2’1_V1,
[ (7o bon) Ty, — 2K (7 ta)7h + K (7, 8)7'] < My (D) |S‘1h‘_yls‘. (14)
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st nepsoro ciaraemoro B (7) ¢ yaerom (10)—(12) u l-nepuoguanocru t(s1)
nMeeM

l

[lip(s)| = |732./Ah(ﬂ)(s@(ﬂ)(Kl(Th,tzh) — K1(7h, th))7,ds1
0

<

1 1
<
= — / |Ap(s2 4 s)((7))] <|82’1—u1 + |59 — h|1—u1>d52+

s2:|s2|<2|h|

MO \Ah<s2+s><w<7>>\<’h’”+ il >d

s2]  [|s2 — A7
So € [—é, é] :
|s2] > 2|h|

Orciona st HopMet || 11 (')HLP[O,Z] TOJTY THM

156 Ollg, oy < M (T) - [0 - M A |- 120 () (0 (DIl 0 (15)

YuanteBag ouenku (13), (14) um mOBTOpsis aHATOTUYHBIE BBIKJIATKN IS
HOPM BTOPOI'O ¥ TPEThero cjaraeMbix B (7), MOJIydrM COOTBETCTBEHHO

12 (Ol oy < Mo (D) - [ - M [A] |- 12 () (2 (011 0

156 Oll, oy < Mo (D) - (B - [l [a] |-l (8)]1 01

Urak, uz (7), (15) npu r < r; < min{u,v} creayer
A Ol 0, < Mia () -l Ol g7 o,-

Kpowme toro, oneparop A; = YW SW ™! — S | kak pasHOCTH CHHIYJISIPHBIX
omeparopos, orpaunden B Ly[0,1] (p>1).

Taxum obpazoM, omeparop A; = YW SW ! — S apnsercss orpaHudeHHbBIM
u3 npocrpancrsa By y[0,1] & mpocrpancreo B 4[0,1] ¢ v < 1 < min{u, v} .
Otcroa B cuty xommakTHOro Broxenns B[00 — Bj y[0,1] creayer, «ro
oneparop A; = YWSW ™! — S Bunosne nenpepbisen B By [0,1] . Teopema 4
JIOKA3aHa.
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TEOPEMA 5. ITycrs 0 < v < 1, T' € L — npocroii 3amxmyTeii konryp. Torma
npu Jirobeix p > 1, 0 > 1, 0 < r < v oneparop Ay = Sr + Sr Bmosme
HenpepblBer B npocrpancrse By g ().

JOKABATE/JIBCTBO. Mmeem

1 [ 7! e
Ay (1) = — — ~ | dsj.
o)== [0 (- 25 ) e
ITosioxkum _
T T
KQ (7’, t) EKQ (81, 8) =

(16)

T—t T—1

Awnasoruuno (7) ajist pasHOCTH BTOPOrO MOPS/IKA MMEEM
1 l
A (s) (A2p (1) = m/ Ap (1) (@ (7)) (Kq (Thy ton) — Ko (T, th))ds1+
0
l

1

+— ; Ap(s1)(p (7)) (K2 (121, tan) — Ka (T, th)) dsi+
l
+% o) (02 (. tan) = 26 (7, 1) + Ko (7, 1)) iy =

= Jip (s) + Jap (s) + 30 (s). (17)

Paccmorpum s1po nepsoro ciaraemoro Ji¢ (s) :

7! T 7! T
Koy, ton) — Ko(mh, th) = h — h ) — h h ) =
7h f2n) 7h 1) (Th—tQh Th—tzh) (Th—th Th — th
_ T 1 N 1 Eﬁ B
Th—top, S1—S—h s1—s T, —ty

T 1 N 1 T
THh — th, si—s—h s1—s T—1)
Orcrona, nconb3yst mepasenctsa (9), (10) m moBTOpsAst JOKA3ATENTHCTBO

(15), moyanm

1700 Ol g < Ms () - Al - I |- 1180 () (o ()] o
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st sipep caaraembix Jag () J3¢ (s) cipaseuesl onenkn Buja (13)—(14)
¢ mokaszareyieM v BMecTo vi. OTCiofa CaeayioT OleHKn

1720 (M 0.y < Mo (T) - [B]” - [ [R] |- [[An () (@ (D)l 1, 0,5

1730 (V1 oy < Mao (T) - [ - [l A] |-l (D), -

B uTore, moBTOpAd Te ¥Ke BBIKJIAIKN, UTO U B KOHIE JOKa3aTeTbCTBA Teo-
pembl 4, moJryauM J0Ka3aTeabCTBO Teopemsr 5.
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Bliev N.K., Tungatarov A., Sherniazov K.E. CARLEMAN BOUNDARY
VALUE PROBLEM WITH SHIFT IN FRACTIONAL SPACES

In this work a singular integral equation with shift in Besov fractional
spaces is first investigated. In previous works these equations in Holder spaces
were considered. The results obtained extend the class of continuous solutions
of singular integral equations with Carleman shift.

Baues H.K., Tynrarapos O., [llepanazos K.E. BOJIIITEK KEHICTIK-
TEPIEI'T KAPJIEMAH AVBITKYHBI BAP IIIETTIK ECEIITEP

Kywmpicra anramn per OeJiiek BecoB Kenicrikrepine aybITKybl 6ap CUHTY-
JIAPJIbI HHTETPAJIIbl TEeHIEYIep 3epTTe/reH. BypoIHFel 2KyMbIcTapga Oy TeH-
neynep lenbiep KeHiCTITIHIe KApACTHIPBLIFaH. AJTBIHFAH HOTHKE/IED aybITKYbI
0ap CUHTYJIAPJIBI HHTEPAJIABIK TEHIeYIeP KeHICTITiHIH MTeITiMIepiHiH KO IaHy
adgCHIH KeHelTel.
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AHHOTauunsA: Metogom cyHkuuii JIanyHOBa NoayHeHbl AOCTaTOYHBIE YCAOBUS SKCMO-
HEHLMANbHON P-YCTOWYMBOCTU N 3KCMOHEHLMANbHON YCTOMHYNBOCTU C BEPOSITHOCTbIO
1 wHTerpasbHOro MHOroobpasusi CToxacTuHeckux AuddepeHunanbHbIX CUCTEM Npu
HamynyM Cny4vaiiHbiX BO3MYLLEHN U3 KJacca MpOLEecCOB C HE3aBUCUMbIMU MpupalLle-
HUSAMU.

KntoueBble cnosa: Croxactuueckue auddepeHunanshble ypaBHeHNs, UHTErpaibHOe
MHOroobpasue, 3KCNOHEHLMabHAsH P-yCTORYMBOCTb.

Hawubosiee 0bmmmm MeTOMOM MCC/IE0BAHUS YCTONYUBOCTU JIBUKEHUS SBJIsI-
erca meros dyukiwii Jlgmyrnosa [1]. Biaarogaps dbyrmaMenTaIbHBIM HCCIET0-
sauusiv H.I. Yeraesa 2], I.I. Maskuna [3| u 1p. B HaCTOsIIIIEE BpEMSI U3BECT-
HBI Pa3InTHble MOAUMUKAINNA W 00O0OIMEHNS KJIACCHIECKNX TEOPeM BTOPOTO
Merona JIamyHoBa 06 yCTORYIMBOCTH HEBO3MYIIEHHOTO JBUKeHus [1].

Brepsbie 3ajja9a 0 CTOXaCTHIECKONH YCTONUIMBOCTH HEBO3MYIIEHHOTO JIBH-
Kenust Merogom byuknuit JIsmynosa uccaeosanacs B [4], [5]. B kiracce 06bik-
HOBeHHBIX Jud depernnanbabix ypasaernit mpu (OLY) ciayuaitHbIx Bo3MyIe-
HUSIX M3 KJIaCCa BUHEPOBCKUX MPONECCOB (KakK YaCTHBIH Caydail mpomneccos ¢
HE3aBUCUMBIMU TIpUpaIeHnaMn) MerogoM ¢yukuit Jlsmyrosa B [6] mokasza-
HBI TECOPEMBI O CTOXACTUYECKOM yCTOﬁqHBOCTH HEBO3MYIIIECHHOI'O JIBUZKEHUA. B
9TOM 2Ke KJjracce B |6]-|9] moka3ambl TeOpeMbl O CTOXACTHIECKOI yCTONINBOCTH
MHBAPUAHTHBIX MHOYXKECTB C TOMOIbo (yuknuii JIsmynosa suga V(p,t).
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ﬂOCTaTO“IHLIe yciioBud ycTOﬁ“II/IBOCTI/I AHAJIUTUYIECKN 3a/JaHHOTO HWHTEe-
rpaipHOro Muoroobpasus [10] B xmacce OJLY obobmrarorcs B [11| ma kmace
croxacTudeckux auddepeHinaabHbX YPAaBHEHUI TPU HAJUYUN CJIydaflHbIX
BO3MYILIEHNI 13 KJAcCa BUHEPOBCKUX IIPOIECCOB. 3aJ]aUd O CTOXACTHYECKOil
YCTOMYMUBOCTU LIPU CJIy4alHbIX BO3MYILIEHUAX U3 KJacCCa LIPOLECCOB C He3aBU-
CHMBIMH NIPUPAIEHUAMI [[JIsI HEBO3MYIIIEHHOT'O JBUKEHUs PAcCMaTpUBaIach B
[12], a ayist anaMTHYECKU 33 JAHHOIO UHTErPAILHOIO MHOrooOpasust — 8 [13].

Hdannasg paboTa TOCBAIIEHA WCCJIEJOBAHUIO 3SKCIIOHEHIUAJIBHON  p-
YCTOMYIMBOCTH W SKCHOHEHITMAJBHON YCTOHYMBOCTH C BEPOSATHOCTBIO 1
AHAJINTHIECKH 3aJaHHOI0 WHTErPAJBHOTO MHOr000pa3us NP HAJIHYUU CIIy-
YalHbIX BOBMyH_LeHHI;'I n3 KJjlaCCa IMPOmImecCoOB C HE3aBUCHUMBIMU IIPDUPAIICHUAMN
B KJIACCe CTOXAaCTHIecKUX 1ruddepeHaabHbIX YPABHEHNN, KOTOPas SBJISETCS
00o0mennem 3ajaur 00 SKCIOHEHIMAJIBHON P-yCTONYMBOCTA U IKCIIOHEH-
MUATHBHON YCTOUYMBOCTU C BEPOSTHOCTHIO 1 HEBO3BMYIIEHHOTO JIBUXKEHUS
CTOXacTH4IecKoro ypasaerns Uto (6], [14].

IIycTs 3aman0 croxacTudeckoe auddepeHnualbHoe ypaBHEHNE

de = X (z(t),t)dt + o(z(t), t)dw(t) + /f(m(t), t,u)o(dt, du), (1)
An

rne X(x,t), o(x,t), f(z,t,u) mecayqaitas, X, f — BexkTOpHBIE (DyHKIMU CO
sHavenuaMu B R, t > 0, x € R", u € R", o(x,t) - marpnunas QyHKIHIA
pasmepa n X m, w(t) — m-MepHbIil BUHEPOBCKHUIT MPOIECC ¢ HE3ABUCUMBIMY KOM-
nonentamu, U(t, A) = v(t, A) — tII(A), v(t, A) — myacconoBckas mepa Ha R"™,
Ev(t, A) = tII(A), upouecc w(t) n mepa v(t,A) He3aBucumbl Mexy co0oii,
II(A) — mepa Ha o-anrebpe GOpeTeBCKUX MHOKECTB R'™.

IIpenmonoxxmm, 910

1) cymecrByer nocrosianas L > 0 takas, 4To

I1X (2, )1 + llo(a, )1 + / 1f st u) [ T(du) < L(1+ ||z]*);
RTL

2) dyukuun X (z,t), o(x,t), f(x,t,u) HeNpPepbIBHBI 110 COBOKYIIHOCTH ap-
I'yMEHTOB;
3) BBITTOJIHEHO JIOKAJIBbHOE ycjiosue Jlummmuia mo x, T.e. st joboro R > 0
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Haifijgercs nocrosiunas Cr > 0 rakast, uro nupu ||z|| < R, ||y|| < R

X (z,t) — X (y,0)|* + [lo(z,t) — oy, t)||* +
+/Wﬂmam—f@¢mm%nmoscmm—yw.
R'I’L

Cormacuo [15, c. 276], atu ycioBusl 00ECTEUMBAIOT CYIIECTBOBAHWE W
CJUMHCTBEHHOCTH C TOYHOCTBIO 10 CTOXACTUYECKON SKBUBAJIEHTHOCTH perrenmnga
z%0%(t) ypapuenns (1) ¢ mauambubiM yeiosueM z(tg) = x(, ABIAIONIETOCH
HEMPEPBIBHBIM CITPABa C BEPOATHOCTHIO 1 CTPOTO MApKOBCKUM CJIyYaifHBIM MTPO-
IECCOM.

Paccmorpum B mpocrpanctse R™ nosepxuocts A(t), 3amannyio cucreMoii
ypaBHeHui

A(t) : Mz, t) =0, (2)
re A = A\(z,t) € C%} — r-mepnas Bexrop-dynxmus, r < n.

ONPEAENEHUE 1. HurerpasbabiM MHOroobpasuem ypapuenust (1) HasbIBa-
ercs ruajgkas nopepxaocrb A(t) rakasi, aro u3 ycaosus (x(to),to) € A(to)
caenyer, uro ¢ BepostHocThio 1 (x(t),t) € A(t) npu Bcex t > ty.

Jamee noBepxHoCTH (2), IBASIONLYIOCSA MHTErPAIBLHBIM MHOTOOOpA3UEM J11st
ypasuenns (1) (cm. Teopemy 1 m3 [13]), mccieayeM Ha 9KCIOHEHIHATBHYIO
yCTOMYUBOCTD.

Paccvorpum bynknun Jlsnynosa suga V(X z,t) € C321 : R" X R"x RT —
R w V(0;2,t) = 0.

O6o0znaunv Vi (z,t) = V(A(z,t),z,t). Ouenano, uro Vi(x,t) € C?}. By-
JIeM pacCMaTpUBaTh Takue (pyHKIMA JIAmyHOBa, 9TOOLI

[ |+ st - v - (52
A

) et

’H(du) < 00.

7

Bsenewm ciemyromuit mpon3BoisImii OepaTop

LV(A(x,t),x,t) = LVi(2,t) =
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T 2
1
:% (8V1> Xi+ 5t [Lnaikaﬁ}Jr

ot ox; 2 " 00
+/ Vilw+ flat,w),t) = Vi, ) - <g‘;>Tfi(x,t,u)}H(du).

R’I’L

ONPEJNEJEHUE 2. Hurerpaibaoe maoroobpasue A(t) (2), ypapuenus (1) na-
3BIBAETCS P-yCTOHYUBBIM OTHOCHTEIbHO BeKTOp-pyHKImn A = A(z,t) (p > 0)
nput >ty > 0, ecn

lim  sup E||A(z™(t),t)||P = 0.
IA(z0,t0) |0 t>t
ONPENENEHUE 3. Hurerpajibuoe muoroobpasue A(t) (2), ypapuenuns (1) na-
3bIBACTCA SKCIOHEHIIHAJIbHO p—yCTOPUI(IHBbIM OTHOCHTE/IbBHO BeKTOp—d)yHKLU/H/I
A = Az,t) (p > 0), ecim Ipu HEKOTOPBIX MOJIOZKUTEJIbHBIX MOCTOSHHBIX A
ury
E[[A(@™ (), )| < A[[A(xo, o) [P exp{—(t — t0)}- (3)

TEOPEMA 1. Ecsu qis ypaBrerus (1) u MmaHOKecTBa (2) cymiecTByeT (byHKITHS
JIamynosa V(A z,t) € C’Ei%, VZIOBJIETBOPSIIOIIAs TPU HEKOTOPBIX MTOJIOXKATE -
HBIX IIOCTOSIHHBIX k1, ko, k3 HEepaBeHcTBaM

k[ A(z, )7 < V(A2 1) < kol Az, )17, (4)

LV (X, 1) < —ks Az, )], (5)

Toria mHTErpajgbHoe MHOroobpasme A(t) (2) ypasmenus (1) apisercs sKc-

MMOHEHIUATIBHO P-yCTOHYUBBIM OTHOCHTETBHO BeKTOp-pyHKImu A = M (z,t)
(p>0).

JIOKABATEJILCTBO. [Ipumensiem k iponeccy V (A; z, t) 0606mennyio dbopmyry
Uro |15, Teopema 2, c. 276| u mosrygaem

EV(A(x,t);2,t) — V(A@o,t0); zo, to) =
=/ ELV(A(z(u), u); z(u), u)du.
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Huddepennupys nosyuennoe pasencTso no t u yuursisas (4), (5), nmeem

d k
ZEV(A(z,t);2,t) < —2EV(Ma, t); 2, t).
dt ko

OTcrofa BEITEKAET OIEHKA

EV (A, t);z,t) < V(Awo, to); Zo, o) eXP{—:i(t —to)}-

U3 s10it orenkn u u3 (4) moydaeM Cyeayoiee HepaBeHCTBO:
ks
k1 B[ Az, t)[” < k2|!)\(wo7to)!\pexp{—k*2(t —to)},

13 KOTOpOoro cieayer (3).

TEOPEMA 2. Ilycrs st ypasuennsi (1) n mHoxectBa (2) cyiecrByer ¢yHK-

nua Janynosa V(A z,t) € C32} takas, aro V(0;z,t) = 0, u yroBaersopsio-

11asi [IPH HEKOTOPBIX MOJOXKHUTEJIbHBIX ITOCTOSHHBIX k4, k5, k¢ HepaBeHCTBaM
kal[A(@, )| < V(A1) < ksl|A(@, 8], (6)
LV (X 2,t) < —kgl[A(z, 1)])- (7)

Torna cymecrByer nocrosuuas y > 0 Takas, uro s jaobpix © € R 19 > 0
npu t > tg ¢ BeposaTHOCTHIO 1 cripaBeyInBO COOTHOIIEHHE

M@ (2), )| < Kag 1o exp{—71t}.
JTOKA3BATEJBCTBO. BospMmem dyHKIHUIO
k
WA, t):2,t) = V(A(w, t);2, ) exp{ 2t}
4
[Tokaxkem, uro nponecc W(A(x,t); x,t) apagercsa CynepMapTHHIATIOM.
(

t
Yuurbisasg yciaosus (6) u (7), npu A # 0 nosyuaem Cjeyiomee HepaBeH-
CTBO:

EW @, )2, ) = L(V (A, t): 2, 1) exp{:it}) -

= LV (A(z, t); 2,1) exp{Zit} + Ziexp{Zit}v <
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k k k
< —ks|| Az, 1)) exp{k—jt} + k—j exp{k—jt}k4r\A<x,t>H <0. (8)

[pumensist k nporeccy W (A(z,t); x,t) 0606mennyio dpopmyay Uro [15, Teo-
pema 2, c. 276], umeem

EW Az, t);z,t) — W(A(zo, to); xo,to) = /t ELW (M x(u), u); z(u), u)du.

to

Orcrona B cuty (8) moyvaem
EW (X x,t);x,t) < W(A(xo,t0); zo, to),

T.e. cayvaiiaeiii npouecc W(A(z,t); z,t) ssaserca cynepmaprunaragom. Tormga
o teopeme [Iy6a [16] ¢ BepogTHOCTBIO 1 CyIecTBYeT KOHEIHBII TIpeIet

lim W(A(z,t);2,t) = Az 1o

t—o00

Orcrona
V(Maz,t);z,t) < Ayt exp{—7t}.

YunreiBas (6), nosydaem

I (1), )| < Kot exp{—t}.
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Bacununa T'.K., Tineybeprenos M.bl. CTOXACTUKA/JIBIK INODE-
PEHIUAJIIBIK 2KYHWEJEPAIH MHTEIPAJIIBIK KOIIBEMHECIHIH
9KCITOHEHIIMAJI/IBI OPHBIK THLJIBITBI TYPAJIBI

JIanyHOBTHIH (DYHKITAIAP OIICIMEH TOYEICI3 allHBIMAJIBI YPIAICTEP KIACHIH-
JTa, Ke3IeiiCOK TYPTKijepi 6oaramIa CTOXaCTHKAIBIK AuddepeHunai bk, Ky ii-
eJIepaiH KCIOHEHITNAIIB P-OPHBIKTHLIBIKTHIFBIHBIH JKoHe 1 BIKTUMAJIIHIKTHI
SKCITOHEHITUAJIIBI OPHBIK THLIBIKTHIFBIHBIH YKeTKIJTIKT] MIapTTaphl aJIbIHIH.

Vassilina G.K., Tleubergenov M.I. ON EXPONENTIAL STABILITY
OF THE INTEGRAL MANIFOLD OF STOCHASTIC DIFFERENTIAL
SYSTEMS

Sufficient conditions for exponential p-stability and exponential stability
with probability 1 of the integral manifold of stochastic differential systems in
the presence of random perturbations in the class of processes with independent
increments are obtained using Lyapunov function method.
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AHHOTaumA: B panHoli paboTe u3y4aroTCA rpaHWYHbIE CBOWCTBA 1 HEKOTOPbIE
BONMPOCHI cneKTpaanoﬁ reomMmeTpnmn Ans NHTErpajsbHbIX ONEpPaTopoB Tuna O6'beMHOFO
noteHuunana (onepaTtopbl noTeHunana bBeccens) Ha OTKpbITbIX OrpaHNYEHHbIX 0BnacTsax
B E€BKJINAOBOM MpOCTpaHcTBe. B wacTHocTu, pesynbratel MOryT ObiTb BepHbl Ans
anddeperLnanbHbix onepaTopos Tuna lenbmronbua, KOTOPbIE CBSA3aHbl C HENOKasb-
HOM KpaeBoli 3ajaueii, TakXKe Mbl MOJIy4aeM CrieKTpasibHble (M30MepuMeTpuyeckne)
HEPaBEHCTBA ANA NX CO6CTBeHHbIX 3HaYEHUNA.

Kntouesble cnoBa: VpasHenue lenbmronbua, notedunan beccens, p - Hopma LatTte-
Ha, HepaBeHCTBO Paneii-Pabep-Kpana.

1. BBEJEHUE

OcHOBHBIE Pe3y/IbTATHI 3TOH PABOTHI COCTOAT (IPU ONPE/IEIEHHBIX OIPAHU-
YEeHUAX HA WHIEKCHI) B I0KA3aTeIbCTBE TOro, 4To HopMa lllarrena morenuata
Beccena B, o HaJ MHOXKECTBOM 33JJaHHON MepBl MAKCHMU3UPYETCS HA ITApax.
Bosiee TounHO, MBI MOXKEM M3JI0YKUTH HAIH PE3YIbTATHI CJIEIYIONINM 00Pa30M:

o Iycts 0 < a < d u Q@ — wap B RY; M1 3amaem py := d/o. Torma mis
JIF0OOT0 TIEJIOT0 Yucjia p ¢ P < p < 00 UMeeM

[1Ba,allp < [[Ba,olp (1)
st moboit obmactu 2 ¢ |Q = |Q|. Bmecs || - ||, o3magaer p-mopmy
[Tarrena u | - | — mepa Jlebera. 3amernm, 4ro st p = 0O JAHHBII

pe3yabTaT JaeT caydail 3nameHuToro HepasenctBa Pajeit-@abep-Kpana
JI7IsT TIOTEeHITna 0B Beccess.
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e IlomMmMmO 3TOTO, MBI CTPOMM HOBYIO KOPPEKTHYIO KPAEBYIO 3a/ady JI/Isi
ypaBHeHUd Toau-['eTbMTO/IBITa, KOTOPas CBA3aHA € MOTEHINAIoM Becce-
JIs.

B L?(f) MBI paccMaTpuBaeM OIepaTopsl IOTeHIHAN0B Beccens

<&mﬁ@waé%au—Wﬂw@7feL%m O<a<d (2

rae
Kao(lz —yl)
adllr —yl) = caq—=——5=— (3)
lz—yl =z
n Ca7d — IIOJIO?KUTEJ/IbHAA KOHCTAaHTa
2—m—a

2
Ca,d = Wd/zr(ia/Q) .

Baecy K, — dbyukmua Mak/onanpmaa (mpeobpasosannas dyukims Beccens
BTOPOTO POJIA):

™

K, (2) (T_u(2) —T,(2)), v#0,£1,42, ...,

2sin v

K,(z) = Vli_r&K,,(z), n=0,+1,+2, ..

( z )u+2k
T, =52 g 2.

El(v+k+1)

B wactrOCTH, M1 weTHOTO Tesoro yncta « = 2m ¢ 0 < m < d/2 bynk-
st €9m.4(|2|) — dyngamenranbHoe pemenne ypasaenust nou-lenbMrossia
nopsizka 2m B R, JTns Jlanjacnana B OrpaHHYdeHHO OJHOCBSI3aHHON 06Jia-
ctu Q C R? ¢ Cl-kycouno-riazkoit rpanumeit O (cu., Hamp., [1]) morenmua
Herorona

u@%deMMV@My (4)

9KBHUBAJICHTECH YPaBHEHUIO

—Au(x) = f(x), z€Q, (5)

MATEMATHYECKUI »KYPHAJN. — 2016. — T. 16, Ne 3
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C HEJIOKAJIbHBIM MHTETPAJIBHBIM T'DAHUYHBIM YyCJIOBUEM

1 9
—u(x)+/ %z =90, yyas, / 0ulY) 4g — 0, z c 90, (6)
2 oo Ony ) on ny
rae 5o 0003HAYAET BHEIIHIO HOPMAJIBHYIO TPOU3BOIHYIO B TOUKe y € Of).
Y

B orpanmdennoii ogrocss3amnoil obmactn ) C R? ¢ Cl-kycouno-rmakoit
rparuneit Jf), kak amanor k (5), MBI paccMaTpUBAaEM ypaBHEHWE MOJIH-
TenpMmromania

LMu(x) := (I —Ay)"u(z) = f(z), 2€Q, meN. (7)

YT00B! cBA3aTH (LOIUIapMOHIMYECKHIT) 00beMubLil moTenmman (2) (o = 2m u
0 < m < d/2) ¢ kpaeBoii 3amaqeit (7) B {2, MBI MOKaXKeM, 9TO JIJIsT KaxKJ0i
byuknun f € L2(Q), suppf C €, (mosmrapMoHIIecKnii) 06beMHbI TOTeHIIH-
an (2) npunagesxur kmaccy H2™(Q) u aus seex i = 0,1,...,m — 1 yaosie-
TBOPSIET HEJIOKAJIBbHBIM KPAEBBIM YCJIOBUSM:

m—i—1
i m—i—1— +1
- L Z / a?f egmiyallz — y)) L u(y)dS, ~
m—i—1 ] ) a
Z / e y!) LIFu(y)dS, =0, z € 9Q. (8)
y

O6parno, eciu byukmus v € H?™(Q) yrosiersopsier (7) n KpaeBbIM yCI0BH-
sam (8) gs ¢ = 0,1,...,m — 1, Torma oHa ompenessier (MOJTUrapMOHUIECKUIL )
obbemublit norennman o dpopmyse (2). Takum ob6pazom, mam anaau3 (nosm-

IapMOHUYECKOr0) 0O'beMHOr0 noTeHipaia (2) gaer CoOOTBETCTBY IO Pe3yib-
TaT i Kpaesoil 3amaun (7)-(8). Bamernm, uro anasnor 3azaqun (7)-(8) mis
Kon-Jlamtacuana u ero creneneit na rpymnme [eitzenbepra Obi1 ucciieoBaH B
[3] m ma monmrapmonmdaeckoro morentmana Heorona — B [2].

B negaBuux nybsmkanusix [4] anasorndnble pe3y/brarhl, Kak U yKa3aHHbIE
BBIIIE, OBLIN HOJTydeHbl JId noTeHnuasnos Pucca. Cxoxas 3amada 9KCTPeMy-
Ma st JIorapudMUUecKoro noreriuasa oplia uccsegosana B [5]. Oquako, Mbl
BepuM, 9TO W3 33 BayKHOCTHU TOTEHIHaIa Beccens pe3yabraTsl MOIKHBI ObITH
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MIPEJICTABIEHbl OT/IEJIFHO W, B JOMOJIHEHWE, KAaK Mbl YIOMSHYJINA, MBI TaKKe
JIOJIZKHBI U3YYHUTh CBA3U C KPAEBBIMHU 3aJa9aMu. TakKe 3aMeTUM, UTO Pe3yIb-
TaThl MOT'YT OBITH PACIIUPEHBI 0 DoJiee OOIUX TUIIOB OIEPATOPOB.

B pasgnesie 2 Mbr 06CyIuM ClIEKTpaIbHBIE CBOHCTBA OMEPATOPA MOTEHITHAJIA
Beccenss u chopmysmpyem oCHOBHBIE pe3ysibTaThl 9TON crarbu. VX goka3a-
TeJILCTBO OyJIeT NPUBE/IEHO B pa3jenax 3 u 4.

2 OCHOBHBIE PE3VJIbTATEI

2.1. Omnreparop B, q m ero coiicra. PaccvarpnBaem CrieKTpaIbHYIO 33124y
noTeHIuagaoB beccens

Baou = /QEOL,d(kE —yu(y)dy = Au, u € LQ(Q), (9)

rie
Kaa(lz —yl)
fad(|T —Yy]) = cog—"—g—
r—y| =

n 0 < o < d (uHOTJA MBI MOXKEM OIYCTHTHh WMHJIEKCHI &, d u () B onmcanun
omeparopa u gapa). B ciydae a = 2m ¢ omeparopom norennuaia Beccens 3to
— 10 ke camoe (cm. Teopema 4), 94TO paccMaTPUBATL CHEKTPATBHYIO 33134y
oneparopa, OTHOCAILYIOCA K KpaesbiM 3amadam (7)—(8), T.e.

L™u(z) = A u(z), z€Q, meN, (10)

C HEJIOKAJIbHBIMY KpaeBbIMU ycsioBusiMu (8).

Xopomio ussecrusiit rect Iypa nokasbisaer, 4to By o orpanuuen s L2(12).
BoJiee TOro, HIKe TIOKAYKeM, UTO 3TOT oreparop Takyke kKommakten B L2(())
U TPUHAJIEKUT K HeKOTOpbIM Kjaaccam [Ilarrena GP. Tak kak sapo Beccens
CHMMETPUIHO, 011epaTop By o CAMOCOIPSIZKEH.

Hanomuuwm, uro wopma B kiacce IIlarrena &P (p-HopMma) KOMMIAKTHOTO
omeparopa 1’ ompemensieTcst Kak

1
P

[e.9]
1Tl = > s5(T)] , 1<p<co, (11)
j=1
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Iyt 81 2> S2 > ... > 0 cuaryasapasix uncen 1. g p = 0o umeem
1T loo == 1T},

r.e. mopmy omeparopa T B L2(€). Jljisi KOMIAKTHEIX CAMOCOIPSI?KEHHEIX OITe-
pPaTOPOB CHHTYJISIPHBIE YHUC/Ia PABHBI 10 MOMIY/IIO (OTJIMIHOMY OT HYyJsi) COO-
CTBEHHBIM 3HAYEHUTM M COOTBETCTBYIOIIME COOCTBEHHBbIE (DYHKIMKU 00PA3yIOT
IIOJTHBI OpTOroHAMbHEIH 6asuc B L2, TakxKe, eciim omepaTop HEOTpUIATE/IEH,
Bbipakernue "o Moy 0" B IPeabIyIEM TPEII0KEHN MOXKET ObITh YOPAHO.

Coberrennbie 3navennst By o MOTYT ObITH MPOHYMEPOBAHKI B yOBIBAIOIIEM
OPAIKE UX MOJYIei:

A1 = Ao > .o,

rjie Aj HOBTOPAETCS B 110C/1€/[0BATEIbHOCTSX COIVIACHO €0 MyJIbTUIIINKATUBHO-
ctu. Mb1 0603HAMAaEM COOTBETCTBYIONINE COOCTBEHHBIE (DYHKITNN U€PEe3 U, U, ...
TaK, YTO JJId KayKJI0T0 COOCTBEHHOTO 3HAYEHHUA Aj OTHA W TOJBKO OJHA COOT-
BETCTBYIOIIAsT (HOpMUpPOBaHHast) cobcTBeHHast (DYHKIMS U; 3abUKCHPOBAHA,

BOC,Q’U/J‘ = )\juj, ] = 1,2,
Cﬂeﬂyfomee yTBepK/eHNEe TTOKa3bIBa€T, YTO OII€paTOp Bayg KOMITQK THBIIA.

TTPEVIOKEHUE 1. ITyers Q C R? sapiasiercss H3MepHMBIM MHOXKECTBOM C KO-
HeuHOoi Mmepoii Jlebera, 0 < a < d. Torza

i) omeparop B, HeorpuiarespHbIH. DTO 03HAYAET, B YACTHOCTH, 4TO BCe
COOCTBEHHDBIC 3HAYCHHS SIBJISIIOTCS HEOTPHIIATEIbHBIMHU,

Aj = Aj(Bag) = [Aj(Bag)l = 85
ii) /151 COGCTBEHHBIX 3HAYEHHI \j HMeeM
A< 1@’

rpe ¥ = «/d. (B wacrHOCTH, 3TO HOAPA3yMEBAET KOMIIAKTHOCTH OIl€Pa-
TOpA.)

JIOKA3ATEJ/IbCTBO. 3amMeTuM, 9T0

€a/,d*ffa”,d(lm—y!)E/fa’vd(|~’C—z!)Ecw,d(!Z—y\)d2=(27r)d€af+a~,d(Ix—yl) (12)
R
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s 0 < of o < o + o < d. Janee, ornomenne |¢|~(@'+") = |g|=a|¢|=”
U3BECTHO U3 YTBEPIKICHHA, CKA3aHHOTO BBIIIE, UTO €4, 4 ABJIETCA IPpeodpa3oBa-
nuem Oypoe |£|7Y. Mbr 0603HaUMM U€pe3 X XapaKTEPUCTHIECKYIO (DyHKIUIO
muO)kecTBa (). PaccmarpuBaem omeparop

Bog: f€LXRY) = xa(x) /Rd caallz—y))xa(@) () f(y)dy € L*(RY). (13)

TTpw npsivom pazitoxernn cymver L2(RY) = L2(Q) @ L2(RY\ Q) oneparop Ba.g
nokaszaH Kak By @ 0, cienoBarenbo, (HeHysIeBble) CHHIY/ISPHBIE 3HAYCHUS
OIIEPaTOPOB l;a,g u By o cosuagaror. B coorsercrsun ¢ (12) omeparop [S’a,g
MozKeT 6bITh mpeacTasaen kak (27) T*T, rae T : L2(R?) — L2(RY),

Tf(z) = / onallz — y)xa(v) F(v)dy. (14)

BroleykazaHHble OTHOIIEHUS TOKA3bIBAIOT, YTO B JEHCTBUTEILHOCTH OIIEPATOD
B,LQ = T*T w oneparop B, ABIAIOTCS HEOTPUIATEILHBIMU; 3TO SIBIIAETCS
JI0KA3aTeIbCTBOM MEPBOTO BHICKA3LIBAHUS YTBepKaeHus. /lajee, cOOCTBEHHOE
sHauenne B, o paBHO KBaapary cuHryspHbx uucena 1. Temeps Mbl MozkeM
npuMeHnTh oreHKy LBukess (cM. [6]) OTHOCHTEBEHO CHUHTY/ISIPHBIX YUCEJT, OI[e-
HUBAIONMX MHTErPAIbHBIE OMEpaTopbl ¢ supom B dhopme h(z — y)g(y). B na-
mrem ciydae h = €,/94, g = X cooTsercenno. Onenxa lpukena (1) B [6] c
p = 2d/a naer

5i(T) < Cj VP |[xallrr = Cj~/CD|Q*/ D (15)
¢ onpegenenubiM koaddurmentrom C = C(a, d). OkoHIATENLHO TOTYYaeM
5i(Baq) < Cji100, 0 =a/d (16)

JokazaTeibCTBO 3aBEPIIEHO.
N3 npeynoxennsi 1 ciemyer, uro oneparop By,o NPUHALIEKUT KaXKIOMY
kiaccy [arrena &P ¢ p > pp = a/d n

1
P

1Baally = | DX | , 1<p<oo. (17)
j=1
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JI/1s mOJI0KUTEILHOrO MHTErpaIbLHOrO oneparopa K co ciaemom ¢ Herpe-
pbiBEbIM sipoM K (z,y) na Q xopomo ussecrno, uro Tr(K) = [, K(z,z)dx.
JlamHabIil pe3yabraT He MOXKeT ObITh MCIOJIL30BAH B HaIel 60/1ee 0000IIeHHOM
IOCTAHOBKE, TAK KAK MBI HE MOXKEM Pa3peIIuTh HEPEPHLIBHOCTD BBINIEYKA3AH-
vbix gjep. [loaromy Tpebyercs mpoBecTr JOMOJHUTE/IBHBIN aAHAINAS.

Jnsa oneparopa K ¢ anpom K (x,y) TOUHBIN KpuTepuil NpuHAIIEKHOCTH
K GP oTHOCHTENBHO SAPA CYNIECTBYET TOIBKO I P = 2, T.€. IS OTI€PATOPOB
I'uibbepra-Ivuara (cM. TakKe ycaosusi s kiaacca Illarrena B ycoBusix
nenpepeBHOCTH A71pa B |7]). To ects, uro6e K mpumamtexxan &2, meobxoammo
u gocrarouno, 4robst [ [, o |K(z,y)>dzdy < oo, kpome Toro, || K||3 B ToumO0-
CTU PaBEH BBHIMIEYKAZAHHOMY WHTETPAIY U JIJId KJIACCa OMEPATOpPa CO CJIEIOM
K*K ot xe camblii HHTErpaJ paBeH ero cjieay. Mbl paccMaTpuBaeM HECKOJIb-
KO CJIy9aeB U3 9TUX U3BECTHBIX CBOUCTE.

Bo mepBhixX, BCIOMHMM JOCTATOYHOE YCJIOBHE WHTEIPAJBHOTO OMEpPaTOpa
JUtg TOoro, 4Tobbl oH mpuHaiexan Kiaccy larrena &P mpu p > 2. Jlannoe
ycJioBre ObLIO UAHTU(MDUITHPOBAHO OJHOBPEMEHHO HECKOJIBKUMU MAaTEMATUKA~
MU HE3ABUCHUMO JPYT OT APYTa; Jjis HAC yA00Hee OyaeT CChLIAThCS Ha CTAThIO
[8]. Kuace LP4 oupenensiercss dyuxkuusivun K (x,y), x,y € €, rakumu, 910

1/q
| K || Lpa = ((\K(w,y)\pdx)q/p> < 00. OcHOBHOII pe3yabrar B [8] yTBepK 1a-
er cJejyIolee.

TrorPEMA 1. ITyctes p > 2, p' = p/(p — 1) u nycrs saapo K npunagnexur
L?(Q x Q). Hpeanonoxum, uro K u conpszxennoe sipo K*(x,y) = K(y, )
npunaiexar LP'P. Torua unrerpaspubii oneparop K ¢ supom K (,y) npu-
naprexut kiaaccy Ilarrena &P, Bosee toro, || K|, < (| K| o [ fpr0)2-

Ha camowm jesie MbI Hy2KJaeMCs B CJAEACTBUSX JAHHONW TEOPEMbI, PACCMOT-
peHeIX B craThe [9]. Bo mepBrix, mokazamno, uro yeiaosue K € L2(x Q) numnee
1 MOXKeT ObITh CHsATO. OJIHAKO, TO, 4TO HaM JAeHCTBUTEALHO HEOOX0AUMO, 9T0
crepyronmii pesyabrar (cM. Teopemy 2.4 B [9]).

TEOPEMA 2. Ilycrs aapo K(x,y) ymosrersopser ycaoBusm Teopembr 1 npu
HEKOTOPOM P > 2. Torma mo 3Toif Teopeme Mpu HEKOTOPOM I[€JI0M IHCIe § > P
Juist orteparopa K, npunaiexkariero KJjaaccy omnepaTopoB CO CJIEI0M, HMEET
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MecTo ciaexyrorias popmyia:

Tr(K®) = / <H K(xk,xk+1)> dridzs ... dxrs, xs11 = 171. (18)

Ipumennm Teopemy 2 ms sapa K(z,y) = a4l — yl), =,y € Q. Ilo-
ckombKy Mepa € koweuna, spo K (x,y) npunagmexur LPP(Q x Q) aas so-
ObIX 3HAYEHUI D > g. CrenoBarenibHo, i cjaena omneparopa K° dopmysa

(18) mojxoauT m, TakKUM 0OPaA30OM, I § > Py = g TOJIy 9aeM

> (B =Tr(Biq) =
= / (H K(xk-,xk+1)> dridzs . ..dxs, Tsi1 = 7. (19)

QS kzl

Jns mpunagnexxuoctu kiaaccy larrena &GP ¢ p < 2, Kak mpaBmiio, Tpedy-
€TCsi OIIPeIe/IeHHAs PEryJIAPHOCTD SPa. B pabore [7] 6bIJIO MMOKa3aHO, ITO eCn
uaTerpanbuoe aapo K omeparopa K f(x fQ (y)dy ynosnersopsier
YCJIOBUIO

K € H*(Q x Q)

JUTst MHOYKeCTBaA () U BeIUIUHBI d, TO

K € 6P(L*(Q)) for p >

B ciywae norennumana Beccens K(x,y) = €q.4(|z — y|) Moxker ObITb sT€TKO
nposepeno. 1o obozHauaer, uto Byq € &P(L%(Q)) mis p > g.

Kaxk yxe ymomunaaock panee, eciiu I/IHTeraﬂbHoe ﬂ;[po K®) oneparopa K*
SABJIsIETCsI HerpepbIBHBIM, bopmya T (K ) f K (x, x)dx MoxkeT He uMeTh
MeCTa, HO OHa MOYKeT OBITh 3aMeHeHa, APYTOoii (bopMyﬂou (18) (cnemoBarennHo,
u dopmyoit (19)). Tem He MeHee, MOKHO OTMETUTEH JPYTrO€ BBIPAYKEHUE JIJIsi

crena, ecmn K (%) obosmauaer yepemenne K (5). OTHOCHTEIBHO MAPTHHTATBHO
MaKCUMAJIbHON (DYHKIUN TOJIYIaeM

Tr(K®) = | K& (x,r)dx
Q
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rjie MBI cebtaenMcs Ha [7, pasgen 4] aas omacanus K (5)) ero croitcts u asts-
HEUINX CCBLJIOK.

2.2 @opmyupoBKa OCHOBHBIX pe3yabTaToB. ChopMyaupyeM OCHOBHBIE pe-
3yJIbTAThI JAHHOTO MyHKTa. 3/ech || o6o3nauaer mepy Jlebera (2.

TEOPEMA 3. Ilycre Q* — map B R, Ilycre pg = g. Tora ji1st JTI0OOI0 LIEJI0r0
yuca p Ipu po < p < 00 HoJIydaeM

1Baollp < [|Bagoxlp (20)
st ioboii obracru ) npu Q| = ||

Mycrs Q C RY — orkpeiTas orpanndentas 06JacTh ¢ KyCOYHO-TTIAIKOM
rpamuneit 9Q € C1. Ina m € N obozmadmm

Lr =Lt m=23,..,

re
L=1-A.

PaccmaTpuBaem ypaBHeHMe

LMu(x) = f(x), z €, (21)

nst mammoro f € L2(Q) n
u(x) = /Q F@)eam(lz — yl)dy (22)

mp Q C R?, rae eo,(|z — y|) — 970 yHIAMEHTATBHOE PEIIEHIE OMEPATOPA
L.

[Ipocroii pacueT moka3bIBAET, 9TO 000OIIEHHBINH 06beMHBIIT moTeHna (22)
apasierca pemennem s (21) B Q. Kpome Toro, mssecrno, uro eciu f €
L%(Q), suppf C Q, To u € H*™(Q) (cm., manp., [10]). Oama u3 Hammx mesei —
9TO HAfTH TAKOE IPAHUIHOE YCJI0BUE Ayt OS2, IPU KOTOPOM JIaHHOE yPaBHEHUE
(21) mmeer eguncTrennoe pemenne B H2™ (), cosmamaomiee ¢ (22).
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TEOPEMA 4. Jlns moboro f € L?(Q), suppf C Q, obobuiennsiii o6bem-
merii morennuas (22) sBjseTcs eMHCTBEHHBIM pelnenneM ypaBHenns (21) B
H?™(Q) N H?*™Y(Q) ¢ m rpanunanbivg yeaosusmm

m— ’L— 8
£Llul@) | Z / L7 Y5 —L" Yegm(|x — y|)dS,—

Ny
m—i—1 ' P o
= Y e (e - ) £ u(y)dy =0, @€ 00, (23)
= Joo Ony
g Becex ¢ =0,1,... ,m—1.

3 JIOKABATEJBCTBO TEOPEMHBI 3.

Tak kak MHTETpaJIbHOE AaPO0 BQ,Q ABJIACTCA TIOJIOXKUTEJIBHBIM, TIDUMEHAET-
csl TAHHOE YTBEPKJIeHNe, TaKkKe HasbiBaeMoe Teopemoit Entua (cm. [11]).

JIEMMA 1. CobcrBennoe 3Havenne \i omeparopa Ba o ¢ HaHOOJIBIIHM MOIY-
JIEM SABJIACTCA HNOJIO?KUTE/IbHBIM W IIPDOCTBIM; COOTBETCTBYIOIAA CO6CTB€HH&H
OYHKIHST Uy ABISIETCS MOJTOXKHTETHHOL.

O6parure BHUMaHWE, UTO MOJOKUTEIBHOCTH A1 y’Ke W3BECTHA, TaK Kak
omepatop By o HEOTpUIATENEH; UTO Ceifuac AB/ISeTCS BAsKHBIM — 9TO HMOJIOXKH-
TEJIBHOCTH U7. I‘IaHOMHHM7 9TO MBbI y)Ke yCTaHOBI/I.TH/I B Hperﬂ;ﬂO)KeHI/Iﬂ 1 T10JI0-
JKUTEIBHOCTD BO Beeit obmactu 2. Becex A;(€2), i = 1,2, ... Temeps MBI JoKazKeM
caeayromuii anasor Teopemsl Pastesi-@abepa-Kpana st oneparopa By o (cM.
[12| mst obrero obcy K aeHns).

JIEMMA 2. Illap Q* apjisercs MaKCHMH3ATOPOM IIEPBOrO COOCTBEHHOI'O OIIe-
paropa By.o cpeau Bcex obsacreii gaHnHOro obbema, T.e.

0 < A(Q) <A (Q9)
st pomn3Bo.bHOI obmactn 2 C RY npm | = Q.

Hpyrumu ciaosamu Jlemma 2 yrBepzkjaer, uro omeparopaas nopMa Bao
MaKCUMU3UPYETCS B IMIAPe CPEIN BCeX eBKJINIOBBIX 001aCTell TaHHOTO 00bheMa.
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JLOKA3ATEJ/ILCTBO JIEMMBI 2. Ilycts () — orpaHuvyeHHOE H3MEPUMOE MHO-
xectBo B R Ero cumvmerpuanoe mpeobpasosanme (0¥ — 9TO OTKPBITHI map
¢ nearpom B 0 ¢ mepoii, pasnoii mepe €2, e |Q*| = |Q|. Jonycrum, uro u —
9TO HeoTpullaTeabHas usMepuMas GyHKIUs B (), TaK 9TO ee MOJIOKHUTEIbHbIE
yposuu-muoxkectsa (level-set) nmeror koneunyio mepy. C onpejesniennem cum-
METPHYHO yOBIBAIOIIEro Mpeodpa30BaHus U Mbl MOXKEM HCIIOJb30BATh PA3JI0-
Kenue DYHKIUY B3auMoJeiicTBust Mex /1y yposHsimu [13], Beipakatouiee neor-
punaTenbHyio QyHKINIO U Kak

o

u(z) = /X{u(z)>t}dta (24)
0

r7e X — XapakKTepuctudeckasi (pyHKIUsS COOTBETCTBYIOIIeH obactu. OyHKIUS

o0

u*(z) = /X{u(z)>t}*dt (25)

0

HA3BIBAETCS (PAJUATBHO) CUMMETPUIHO YOBIBAIOIINM TPeOOpa30BaHUEM HEOT-
puIaTeabHOr0 3HaYeHNsT PYHKIINN U.

Ccornagcs na HepasencTBo Pucca [13], a Takke Ha (bakT, 9TO BHIparKeHUE
eal|z — y|) aBagerca cummerpuano yowiBatomeit dynkuumeii, nmeem

/Q /Q wr(®)ea(ly — l)u (2)dydz < /Q * /Q i (W)zally — #l)u (@)dyde. (26)

Kpowme Toro, st kax 10l meorpunarensuoil by u € L2()) nmeem

lull2) = 1w L2 (e (27)
Cnenosarensro, u3 (26), (27) u Bapuanuonnoro npunimna aag Ap(2*) momry-

YJaeM
Jo JoumiW)ea(ly — 2| ui (z)dyda
fQ]ul )|2dx =

fQ* fQ ui (y)ea(ly — z|)ui(z)dyd
fQ* |ui(z)|?dx -

A(Q) =
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Jo- Jo- v()eally — xl)v(z)dyda
< sup 3
VEL2(Q7) 020 Jo lv(2)[2dx
YTO U ABJIACTCA JOKa3aTeIHCTBOM.
Temeps MBI MOXKeEM 3aBepINUTEL JoKazaTeabcTBo Teopembr 3. g membx
sHadenuit p > pg no Teopeme 2 mosrygaem

=\ (Q2Y),

o0

D O N(Q) :/Q.../Q6a(]y1—y2|)...5a(|yp—y1|)dy1...dyp, p>po, p€N. (28)
j=1
U3 nepasencrsa Bpackamna-JIuba-JTrorrunrepa [14] caeayer, aro

/Q oIyt — yal)callyp — v1))dyr.dyy <
P

/ e < /Q ea(lyr — v2|)---ea(lyp — y1l)dy1...dyp, (29)
9TO JIOKA3BIBAET HEPABEHCTBO
o0 oo
D OAQ) <D O X(QY), peN, p>p, (30)
j=1 j=1
ana Q C R c Q] = |QF|. Baech MBI HCIIOMBL30BAMT YTBEPYKICHTE, UTO AIPO Eq

SIBJISIETCST CHMMETPUYHO yObIBatomeil (pyrkimeit B rouke 2% X Q% 1o ecthb
eallz —yl) =ceallz —yl), =,y€ Q" x Q"
Teopema JokazaHa.
4 JIOKABATEJILCTBO TEOPEMHI 4

[Ipumensa sropyto dopmyny I'puna qaa kaxkaoro x € (), mosydaem

u(x) = /Q F@)eam(lz — yl)dy = /Q Cu(y)eam(| — yl)dy =

_ — d
= / L™ u(y) Leam |z — y|)dy — / L 1U(y)f? eam(|z — y|)dS,+
Q o0 n

Y
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0 m— m—
4 / com([ — )2 L Vu(y)dS, = / £ () el — yl)dy—
90 ony Q

0 0
— L7 2u(y)=—Leom (|2 — y|)dS +/ Leom |z — y|) =— L™ 2u(y)dS, —
| et g zanlle = uhdS, + [ Lean(e =)L 2u(w)as,

0 0
— L u(y) =——eom(|z — y|)dS +/ com(|z — y|)=— L™ tu(y)dS, = ...
[ ety eanlle —yiSy + [ conlle —sl) gL u(w)ds,

m—1
. o 4
— _ J Y pm—1—j _
D M A L

m—1
. 9
m—1—j o 7 d 9
+]E aQE eom(|x y|)—any£ u(y)dSy, z€Q,

o 0 Y oan 0
rme — + ... n—-
: ayl ayn

DTO BJEYET TOXKIECTBO

m—1
S [ tuly) L em el — yl)dS,
=0 o0 87’Ly

m—1

B Z ﬁm_l_jEQm(\ﬂU _ y])i[,ju(y)dsy =0, z€. (31)

 Joa ony
J

Ucnone3yst cBOACTBA JABOWHOTO M MPOCTOTO CJIOEB MOTEHIUAIOB IPU MPU-
Gvkennu x K rpanune Jf) ¢ BuyTpenneit croponst, u3 (31) noayuaem

m—1
7“(43) j 0 m—1—j . .
SR | ) e el — g,

m—1
— Z /69 L ey (J — y\)aiﬁju(y)dSy =0, xze€0N.
=0 Y
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Takum 006pazom, JaHHOE OTHOIIEHUE SBJISIETCS OJHUM U3 KPAEBBIX YCJIOBHUI
(22). YcranoBuM oCTasIbHBIE TDAHUIHbIE YCIOBHS. 3alNUCHIBAEM

L= f i=0,1,....m—1, m=1,2,.., (32)
W BBITIOJTHSAEM TIOX0KUE PACCYKIECHUs, KaK jaenaaan panee. meem
— /Q F () Lieam(|z — y)dy =
- /Q L L) oo (| — yl)dy =
- / £ L) LL o (|2 — y])dy—
Q
—/ == ()2 Licy (| — yl)dS, +
8ny 2m Yy Y
/ Ceamle —yl) 5 ,am i1 Liu(y)dS, —
- / L2 L) L2 Lo (2 — o)y
Q
m—i—2 pt a 7
- L L'u(y) =—LL o (|x — y|)dSy+
o0 Iny
/ LLieom (e —yl) 5 ,am =2 £ () d S, —
m—i—1 pi a 7
- L L'u(y)z—L'eom(Jx — y|)dSy+
o0 ony
1 a m—i—1 pt
+ [ Eeanlle —yl)g-em uy)as, =
o0

_ /Q Lou(y) L Lieg (o — y|)dy—

m—i—1
- Z Uﬁ’ (y)=— 0 L ey (|2 — y])dSy +
= ony
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m—i—1
m—i—1—j pi O j i
+ ]ZO L =g €2m(’x—y’)871yﬁjﬁ u(y)dSy =

m—i—1

0 4
= 2 | g L e — ydS,+
j=0 v

m—i—1
m—1—j 9 i+
+ JZO L ! ]52m(|x - y|)87ny£]+ u(y)d5y7 T e Qa

rae Lley, aBasierca pyHIaMeHTaIbHBIM perenneM ypasHenus (32), T.e
Lrifiey =6, i=0,1,..,m—1.

W3 npegbiayux COOTHOIIEHU MOIy9aeM TOXKJIECTBO

m—i—1

Z / LT Em Yieom (|l — y])dS,—

m—i—1 9
= > | L e (e — yl) 53— L u(y)dS, = 0
=0 o0 ('“)ny
aist oboro x € Q u i = 0,1,...,m — 1. [Ipumensiss coiicTBa JBOWHOIO U

MIPOCTOTO CJI0EB MOTEHNUAIOB TP CTPeMJIeHNN & K rpanute 0f) ¢ BHyTpeHHei
CTOPOHBI {2, MBI HAXOUM, UTO

m—i—1

+ Z /U“ Em Yegm (| — y|)dS,—

m—i—1

. 9 ...
- Z - L ey (Jz — y\)%ﬁﬁzu(y)dS’y =0, €09,
=0 Y

SIBJISIFOTCsL BCEMM I'DAHUYHBIMU ycsioBusiMu (22) Jiisi KaxK/J0ro 3HadeHus § =

0,1,...,m— 1.
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O6parubiM 06pazoM TmoKaxkeM, 4ro ecan dyrkmms w € H2™(Q) N
H?™=1(Q) yaosnersopser ToxectBy L™w = f u KpaeBbIM ycioBuaM (23), To
dbynkuus cosnagaer ¢ pemenuem (22). B nporusnom ciyvae dbyHKIus paBHa

v=u—wec  H™Q)NH™(Q),

r71e U — 3T0 060BIIEH DI 00BeMHBIN TOTeHIA (22), KOTOPBIil YI0BI€TBOPSIET

OJIHOPO/IHOMY yDABHEHUIO
L™y =0 (33)

U rPaHUYIHBIM yCI0BusiM (23), T.e

m—i—1

I L

m—i—1
, o ...
= X | L eyl g o e (w)dS, =0, =01 m 1,
= ony

ana x € 0Q. Ucnonnsysa dbopmyny I'puma aaa byskmm v € H2™(Q) N
H?"=1(Q) u npuanMas BO BHIMAHMe BBITIECTOSIINIT aAPIyMEHT, HMeeM

0= / L™(z)Lieom (|2 — y|)dy =
)

- / L7 L(x) Lleom |z — y|)dy =
Q
= / L7 () LL gom (|2 — y])dy—
Q
— £m_1v(x)iﬁi€2m(’$ —y|)dsS,+
a0 on,

| 0
+/ Loz = 4, L 0(a)dS, = . =
o0
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m—i—1
. " P .
=L — L+ — L ey (|2 — y])dS
v(x) ;0 MO - eom(jx — y|)dS,+
m—i—1 ) 9 o
+ Z -~ L e, (|2 — y\)a—%ﬁﬂv(y)dSy, 1=0,1,....,m— 1.
Jj=0

Nurerpupys, B npegese npm £ — 0§) nosy9aemM OTHOIIEHNE
L(2) |pcon= Liv)(x) |scon=0, i=0,1,..,m— 1. (34)

Honyckas hakT e [MHCTBEHHOCTH PEIIeHrns KPAEBOil 3a/1a9u
L™ =0, (35)

Lv]pa=0, i=0,1,..,m—1,

MBI TIOJIy9aeM 410 v = u — w = 0 jyig Bcex = € (), T.e. w COBHAJAET C U B
Q). Takum ob6pasoM, (22) aBjsieTcs eIUHCTBEHHBIM PEIeHneM KPaeBbIX 3a/1a4
(21), (23) B Q.

Ocraercs 10Ka3aTh, 4TO Kpaepas 3a1ada (35) uMeer eMHCTBEHHOE Delle-
nue B H2™(Q)NH?"~1(Q). Ob6oznauas ¥ := L™ v, 510 caepyer mo nnyKium
u3 equacTBenHoct B C2 () N C1(Q) 3amaun

L5=0, @ l|pa=0.

Teopema 4 mokazaHa.
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Komvenos T.III., Maken A.K., Cyparan /1. TEJIBMI'OJIBIT TEH/IE-
Y1 YIIIIH KOJIEM ITIOTEHIWAJIBIHBIH, IIEKAPAJIBIK 2KOHE CITEK-
TPAJIIBIK KACUETTEPI

By skymbicTa eBKINI KEHICTITIHIET] alTbIK MK TeATeH 00IBICTApaa KOJIEeM-
JUK TIOTEHIMA TeKTeC MHTerpasiblK omeparopsiap (Beccen morennnabiHbg
OTepaTOP/IaPhl) YVIIH NIEKAPATBIK, KACUETTED MEH CIIEKTPAJIIBIK, T€OMETPUSIHBI-
HKelbip Macesesepi 3eprrenemi. Atan afiTkama, HOTHKeIep OeiflIoKa MeTTiK
ecermen DaiIaHbICThI 00IATHIH TEIBMIOBIT TEKTEC TuddepeHInaIIbK Orepa-
TOPJIAP VIIH OPBIH/LI 00J1a/IbI, OFaH KOCa 613 0/TapbIH MEHIITIKTI MOHIEpl YIITiH
CHIEKTAP/IBIK (M30MeTPUMETPIIIK) TEHCI3IKTED AJIbIIT OTHIPMbI3.

Kal’'menov T.Sh., Maken A.K., Suragan D. SPECTRAL AND
BOUNDARY PROPERTIES OF THE VOLUME POTENTIAL FOR
THE HELMHOLTZ EQUATION

In this paper we study boundary properties and some questions of
spectral geometry for certain volume potential type operators (Bessel potential
operators) in an open bounded Euclidean domains. In particular, the results
can be valid for Helmholtz type differential operators, which are related to
a nonlocal boundary value problem, so we obtain spectral (isoperimetric)
inequalities for its eigenvalues as well.
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AHHOTaumA: B pabote paccmaTpueaetcsas o0606LeHHbIE TEnnoBOl NOTeHUnan ans
BbIPOXAAOLLEroCsi ypaBHeHNs1 Auddy3un, KOTOPbIi yLOBNETBOPSIET KJIACCUHECKOMY
Ha4YanbLHOMY ycnosuto no nepemerHoii t. ObnacTe pacCMOTpeHnst — NPSMOYrONbHUK.
VIHTepecHbIii BOMPOC, MMEOLW i HECKOIBKO BaXKHbIX NpunoxeHnii (B obuiem): kakoe
rPaHNYHOE YCNOBUE MOXET ObiTb HaNIOXKEHO Ha ODOOLEHHbIVE TEnnoBOW MOTeHuMan
Ha OOKOBOI rpaHuLe NPsIMOYrofibHWKA TaK, 4TODbl BbIPOXAAMOLIEECS YPABHEHME
anddy3nmn, JONONHEHHOE 3TUM FPAHUYHBIM YCIIOBUEM, UMENO €ANHCTBEHHOE peLleHune
B obnactu, 3agaHHoli Tol e chopmysoli 0b6obLEeHHOro Tennosoro noteHumana (c
TEM ke SAPOM). DTO PABHOCUABHO HAXOXKAEHWMIO cnega obobuweHHOro TennoBoro
noteHymana OOkOBOW rpaHuubl NpsiMOyrofibHMKa. B HacTosiweli pabote HaligeHo
rpaHNyHOe YCJOBME AJIsi [AHHOrO noTeHunana. HalgeHHoe rpaHM4HOe yCioBuMe
ans obobuweHHOro TennoBOro noTeHumana no MPOCTPAHCTBEHHOW NEPEMEHHON X
CTAHOBUTCSI HEIOKAJIbHbIM KPAeBbIM YCIOBUSIM [AJ1s1 BblPOXAAIOLWLEroCsi YpaBHEHUS
anddysuu.

KntoueBble cnoea: Beipoxaatoweecs ypasHenune anddysum, o6obueHHbIl Tennosoii
NOTEHLMAs, HaYaIbHO-KPaeBas 3a/a4a, HENOKabHbIE KPaeBble YCIOBUS.

1. BBEAEHUE

B unrepsase Q2 = (0,1) paccmarpuBaeM OJHOMEDPHBI OTEHIIUAT B BUJIE

1
ut) = [ =it =rif(ryar, (1)
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rae f — warerpupyemas dyukms B (0, 1). 31ech AP0 0HOMEPHOTO MTOTEHTINA~
Jia, gBjsgeTcs (pyHIaMeHTATbHBIM perenreM uddepeHIuajibHor0 ypaBHEHIN
BTOPOT'O MOPSIJIKA, T.€.

—8,525(15 —7)=0(t—1), (2)

e e(t—7) = —%’t—T‘ u 0-nenbra "dyukuus" Inpaka. ITosToMy ogHOMEpPHbII
norennuas (1) ymosiaersopsier

—0%u(t) = f(t), t € Q. (3)

WHTepecHbIit BOMPOC, UMEIOIMINil HECKOJIBKO BaXKHBIX MPHUJIOKEHUi (B 001eM):
KaKOe TPAHWYIHOE YCIOBHWE MOYKeT OBITh HAMOYKEHO Ha 4 Ha rpamume () Tak,
4TOOBI ypaBHeHUE (3), JOMOJIHEHHOE STUM TPAHUYHBIM YCJIOBHEM, HMEJIO €/THH-
crBeHHOe perienne B §), 3ajanHoe Toii ke dopmy.oii (1) (¢ Tem ke sipom €).
DTO PABHOCUIBHO HAXOXKIEHUIO CJI€/Ia OJHOMEPHOTO HHIOTOHOBCKOTO MTOTEHITH-
ana (1) rpanuner €.

HeHOCpe,Z[CTBeHHBIM BbBIYUCJICHUEM HaXOJIWUM

1 1
u(t):/o —;\t—ﬂf(r)drz/o St~ 7l02u(r)dr =

t 1
= /0 %(t — T)@fu(T)dT—i-/t ;(T — 1)02u()dr =

—ut) - tu’(O) 42— u'(1)  —u'(1) + 1;(0) +u(l) e (0.1),

T.€.

t(u'(0) + v/ (1)) + (—u'(1) + u(0) + u(1)) =0 Vt € (0,1).

13 s1oro paBeHcTBa mojydaeM CJIeLyIONe IPAHUYHbIE yCJIOBUS:
u'(0) +u'(1) = 0, —u'(1) + u(0) + u(1) = 0. (4)

CiieroBaTeIbHO, €CJIM MBI pelliaeM ypaBHeHue (3) ¢ TPAaHUYHBIMU YCJIOBU-
savu (4), TO HAXOJAMM €JIMHCTBEHHOE PeNIeHue 3TOl Kpaesoil 3aja4uu B hopme
(1). Urax, onmomepuslit noternuas (1) skBuBasenTen Kpaesoit 3amaqe (3)-(4).
Beimmeobo3nadenubiit TPOCTO METO HAXOJUT SKBUBAJIEHTHYIO KPAEBYIO 3a-
Jagy [ig OOBIKHOBEHHBIX IudepeHInaabHbIX yPABHEHUN I OJTHOMEPHBIX
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norennuanos. OHAKO, 9Ta 3a/a49a CTAHOBUTCS CJI0KHOI B ciaydae auddepen-
[UATBHBIX YPABHEHUHU B YaCTHBIX MPOU3BOAHBIX. OCHOBHAS 11€JIb 9TON CTATHH:
HaliTh KpaeBoe ycsioBue 0GOOIIEHHOrO TEIIOBOrO MOTEHIMAIA [T BHIPOZK 1A~
forerocs ypasaenus: 1uddys3un (TemaonpoBoHOCTH]).

CucreMaTn4ecKOMy HAXOXKJIEHUIO TPAHUYHBIX YCIOBUN HBIOTOHOBOTO IIO-
TEHINaJIa, TCIJIOBOI'O MOTEHINAIA U JIPYI'UX MHTErPAJIbHBIX ITOTEHIINAJIOB 110~
caamensl paborsl [1]-|9] (cm. takxe [10]-[12]). Kax npasuio, stun nHTerpasisb-
HbBIE OIIEPATOPHI MIPEJICTABUMBI KaK CBEPTKA (DYyHIAMEHTAIHLHBIX PEIIeHU C 3a-
JaHHBIMU (DYHKIMAMU. B TO Ke BpeMsi BCTPEYAIOTCHA JPyTrHe WHTerpaJsibHbIE
OIEePaTOPhI, KOTOPBIE UMEIOT 0OOJIee CIOXKHBII BUJ, YeM ONepaTop THUIa CBEPT-
K1, 1 OHN HeO69{3aTeﬂEHO UMEIOT T'PAaHUYHBIC YC/JIOBHA, B TO 2K€ BPEMA OCTa-
BasICh PEIIeHUsIMU HEKOTOPBIX JudepeHtnaibibiXx ypaBuennii. O0mmit B
TaKUX UHTErPAJIBHBIX OIIEPATOPOB ABJIACTCA KOPPEKTHBIM CYXKEHWEM HEKOTO-
PBIX MaKCUMAIbHBIX AuddepeHnuanbubix onepaTopos. Onucanme Kjiacca Ta-
KIX OIepaTopOB JIaHO B HejasHeil pabore Kasbmenosa n Oresnbaesa [13].

2. OCHOBHOI1 PE3VJIBTAT U JOKA3BATEJIBCTBO

B mumaapuaeckoit obmactn (x,t) € Q = {x € (0,1),t € (0,7)} ¢ 6okoBoii
rpanuneit S = {z =0,1,t € (0,7)} paccMOTpuM BBIPOKIAIONIEECS YPABHEHUE
TETLIONMPOBOHOCTH

u 2u
Oat(a,1) == T~ a(t)T % = f(a,1) (5)

Baech kKoabdunuent a(t) siBasgeTCs HEOTPUIATEIBHBIM U Y/IOBJIETBOPSAET YCJI0-
BUOIO

ar(t) = /0 a(r)dr > 0 (6)

s Beex t > 0, Te. a(t) moxer 3aHyauTcst B uHTEpBae. OyHIaMeHTATBHOE
perenne ypapuennu (8) umeer Bug (cm. [14])

|2
0(t) o,

ol 1) = 2y/may(t)

(7)
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rae 0(t) — dyuxknus Xesucaiiga. Paccmarpusaem 0606mmennbiii (06beMHbIiL)
TEIJIOBOUA MOTEHITNAJT

t 1
u(et) = [ dr [ elo gt (®)
0 0
rae q(x,t) — dbyngamenranbuoe pemenue (7) 3anaun Komm gns ypasuenus
muddysun (8), T.e.

aga(x_§7t_7_) 825a<$_€7t_7—)
ot —al®) 02
COeq(z =&t —T1) D?cq(x — &t — 1)
or a(r) o€
rie §(z—&,t—7) — nenvra "dyuxiua" Tupaka u liigea(x—ﬁ, t—7)=d(x=§).

:5(33_571:_7-)7

=d@—-&t—71),  (9)

Ussecrno, uro (cum. [16]), ecn dbynxmm a(t) € C2(0,T) u f(z,t) €

o, s 24, it
C’ac;t‘2 (Q)a TO u(a:,t) S Cm,t T2 (Q), rae O<a<lmn
Qau(,t) = f(x,1), (x,1) € (10)
u(z,0) =0. (11)

Hmzke maxomuM OOKOBbIe I'DaHUYHBIE YCJIOBHS, OILPEIesseMble 0000IEHHBIM
TENTOBBIM LHOTeHInaIoM (8).

TEOPEMA 1. Jlns mo6eix a(t) € C2(0,T) u f(z,t) € Cjt% (Q) obobimenmbri

TEJIOBOH noTeHIaJja (8) ABJIACTCA € IMHCTBEHHBIM KJIACCHUY€CKHUM DEITIeHNEM B
1+a
’ 2

2+a
npocrpanctse C, 4 sagaqn (10)—(11) ¢ rpanmgHbIME yCIOBHAMA

I,(z,t)|3=1 = 0,
Iy(2,t)]e=0 = 0, (12)
rue
L(z,t) = _“("T’Z)a(t) 4 /Ot {aga(ﬂc a?t - T)a(T)U(ﬁ,T)—
=1
—gq(r — &t — T)@(T)auéifﬂ} 6 dr =0, (z,t)e S
=0
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JTOKABATEJILCTBO. Tak kak (8) — HeCcOOCTBEHHDII MHTErPAJI, KAK WHTErPaJl
¢ 0COGEHHOCTHIO, TO IOHUMAEM €ro KAaK IPeJesT

U(.CL',t) = %i_I)I(l)’LLg(.CL’,t),

e
t—o 1
ugs(x,t) ::/ dT/ ealx — &t —1)f(&, T)dE.
0 0
3aMeTnM CJIeIyIoIee:

du(z,t)  Ou(z,t) Oz  Ou(w,t) 0t  Ou(w,t)

dt 9dx Ot o ot ot
du(z,t) _ Ou(x,t) Ox n du(z,t) Ot Ou(w,1) (13)
de  Ox Ox ot oxr  Or

N3 cpoiicte dpyHIaMEHTAJIBHOTO pertenus u fgesbra "dyrkiuit" Tupaka nme-
eM

t—6 1
0 = lim dT/ Ou(§, 7)d€ =
6—0 0 0

6—0

8 Geala— 6t - Peole it -
“tin [ ar [ (2SI PR ST e

t—ao 1
= lim dT/ Sz —&t—T1)u(€, 7)d§ =
0 0

1

lim [ eq(z — & d)u(S,t—6)d§ =
d—0 Jo

1

:%in% 0z —&u(&, t —9)dE = u(x,t), x€(0,1). (14)
—YJo

24,1+ < .
[pesnonarast, ato u(z,t) € C™ ", *(Q), ¢ ygerom cpoiicTs dyHIaMeHTATH-

Horo permenus 14|, dopmys (10)—(11), (13)-(14) u HemocpeACTBEHHBIM BLIUHC-
neanem s goboro (z,t) € (0,1) x (0,T) nmeem

t 1
u(x,t):/o dT/O colx =&t —1)f(§,7)dE =
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/ dr / e )0qu(€, 7)dE =

1
= lim df/t oz—Et—1 L -

6—0

0
—lim . dT/ calr — &t — 7)a(r) u(g’T)dgz
0

0—0 Jo 852

1 t—4
= hm dé-/ 5a(x - fa t— T)du(é-’ 7—)7

§—0

t—48
—lim dT/ co(x — &t —T)a(T)due(§,7) =

6—0

= lim [( — &t —T)ul€, )] 25 e~

=0 Jo
o [ G e e
i [ aleate g0 - 2UET) Ol =S e et
g [T ST e

e Y ez =&t — Peq(m — &t —
— lim dr/o (— 5(“"“8 ") _a(r) 5(5”852 T)>u(§,7’)d§+

0—0 0

1
+lim /0 el — & 0)u(€,t — 8) — alx — €, tyu(€, 0)dE—

t—4 o , 3@ — &t —
i 0 a(7)[ea(z — &t —17) u(ggﬂ - b 8§t ” u(g, )HE odT =
= lim 1 galr — & 0)u(é, t —9)dE—
§—0 0
t—4 o , 8@ — &t —
i [ e et P - e s =
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t—5
= u(@,t)=[im 0 a(7)[ea(x—E,t—7) 8“22’ m) Ol _85 t—7)

Ilosyanwm, aTo

u(é, 7))l

t Oca(x — &t — T ou(&,7), =
/0 a(r) 2al 5 )u(f,T)—Ea@—f,t—T)éé)]fgédT =0, (2,1 f Q)
15

Bce unrerpanst B (15) cxopgarcsa B (z,t) € , Ho npu nepexoje K npeje-
ay x -+ 1 —-0wu x — 04 0 caexgyromme WHTETrpaibl COOTBETCTBEHHO MMEIOT
CUHIYJIAPHBIE OCOOEHHOCTH:

tOq(z =&t —7) t Oeq(x — &t —T)
/0 [ o a(T)u(E,T)Hg_ldT,/O [ 5 a(T)u(, 7)]|e=od.

Taxum o6pazom, mepeiiast K npegesny mpu £ — 1 —0wu xz — 0+ 0 (cm. [15]),
MBI TTOJIYIUM 6OKOBBIe T'PaHUYHbBIE YCJIOBUA

I(x,t)|z=1 =0,
I,(z,t)|z=0 = 0, (16)
o u(z, t)a(t) Crdea(n — &t — 1)
Tutant) = =Mt [t Do rute,r)-
e=1
—eq(x — &t — T)a(T)Gu(a%T)} dr =0, (x,t)€S.
£=0
24,14+ 5

O6parno, ecin pernterne ypasuenus Qqu = f, rue u(z,t) € C w1t YAO-
BJIETBOPsieT HadaIbHOMY ycaoBuio (11) u 60koBoMYy rpaHuIHOMY yCa0BHIO (12),
TO OHO 331aeTcst hopmysioii (8), T.e. TOPOKTAET OO BLEMHBII TEIIOBO TTOTEHITH-
an (8). HeitcrBuresbro, ecyiu u; yaoBierBopser ypasuernuto (10), HagasbHOMY
yeaosuio (11) u 6okoBoMy rpanuunOMy ycaosuio (12), To u; = u, rjae u — 06b-
eMHBIN TermToBoii morernuan (8). Eciu 910 He Tak, T0o QyHKIMT V = U — U
YJIOBJIETBOPSIET YPABHEHUIO

Qav(x,t) =0, (17)
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HAYaJIbHOMY YCJIOBUIO

v(z,0) =0 (18)

n O,Z[HOpO,D;HbIM YCJ'IOBI/IHM
L = (2,0)|oo = 0,1, = (2, )]s = 0. (19)

C npyroit croponsl, ucnosb3ys (17) u (18), Kak u BBIIIEe MBI TOTy9IaeM CJIe/Ty-
folee:

t 1
0= / / go(® — &t — T)Qqudldr = v(z,t) + I, (2, t) Y(x,t) € Q. (20)
0 Jo

ITepexons k npegeny (x,t) — S, moaydanM cegyroree:
v(0,t) = —I,(x,t)|z=0 = 0,v(1,t) = =1, (z,t)|z=1 = 0.

To ecth MBI ycranoswmn, 9ro 3agada (17)—(19) skpuBasenTHa 3a1a49€e

Oqr(z,t) =0, (21)
v(z,0) =0, (22)
v(1,8) = 0,(0,£) =0 Vte (0,T). (23)

Pewennem oxHopouoit cmemannoi 3agaqau (21)-(23) (cm. [15]) asasercs
v(iz,t) =0 V(z,t) € (0,1) x (0,T), 7. e. momyunm v = u; —u =0 n u; = u.
Takum obpazam, 60K0Boe TpanmuHoe ycaosue (12) u mHauaabHOoe yciosue (11)
st ypasaenust auddysun (10) mopoxKaaoT 06bEeMHBI TEMIOBO MOTEHIINAT
ogHO3HAUYHO. Teopema 1 mokazaHa.
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Cagpibekos M.A., Opancern I ASBIHFAH JINOOY3UA TEH/IE-
Y1 YHIIIH ZKAJIIIBIJTAHYAH 2KBIJIY ITOTEHIMAJIBIHBIH HIETTIK
ITAPTHI

2KywmbicTa t aifHBIMAIBICH OOMBIHITA KIACCHKAIBIK, OACTATTKHI TITAPTTHI Ka-
HAFATTAHIBIPATHIH a3bIHFaH quddy3us TeH ey VIMiH KAJMbLIAHFAH XKBLTY T0-
TEHINAIbI KAPACTHIPBLIAAbl. KapacThIPbLIYy OO/IBICHI — TIKTOPTOYPHIIT HOJIBIT
oTeip. BipHere MaHBI3IbI KOCBIMIIAIAPH! (KAl TYP/E) KBI3BIKTHI CYPaK:
JKAJIIBIIAHFAH YKbLIY MOTEHITNAJIBIHA TIKTOPTOYPHIIITEIH Oyilip meKapachiaIa
KaHIail 1meKapaJblk MapT KohraHa asbiaral nauddy3us TeHeyi ochl meKa-
PaJIbIK HIaPTHIEH TOJIBIKTBIPbLJIA OTBIPHII, COJI 2KaJIIIblJIaHTaH 2KbIJTy IIOTEHIIUA~
JIBIHBIH (03€eKMeH) (hopMyTacbiMen Gepiiren o6 IbICTa KAJIFBI3 Trerimi 60/1a,/1617
By rikreprOypoimiTeiy, OYiip eKapachbiHbIH 2KAJIIbLIAHFAH 2KbITY TOTEHIIN-
aJIBIHBIH, i3iH Tabymen mapa-uap 60/1a/bl. OChbl 2KyMbICTA OEPITeH MOTEHITUAJ
VIIH MeKapasiblK mapT Tadbuirad. 2KanmbuianFad Kby TOTEHITHABI VIHH &
KEHICTIK aifHBIMAIBICHI OONBIHITS, TaOBLIFAH MEKAPAJIBIK, MaPT a3bIHFaH Jud-
dy3us TeHaeyi YIMiH OeitIoKasT MeTTIK MapTKa aifHa/ A bl.

Sadybekov M.A., Oralsyn G. BOUNDARY CONDITION FOR
A GENERALIZED HEAT POTENTIAL OF THE DEGENERATE
DIFFUSION EQUATION

This work deals with a generalized heat potential for the degenerate
diffusion equation, which satisfies the classical initial condition with respect
to the variable t. Viewing area is rectangle. An interesting question having
several important applications (in general) is what boundary condition can be
put on the generalized heat potential on the boundary of the rectangle so that
the degenerate diffusion equation complemented by this boundary condition
would have a unique solution in the domain still given by the same formula of
the generalized heat potential (with the same kernel). This amounts to finding
the trace of the generalized heat potential to the boundary of the rectangle.
That is in this work a boundary condition for this potential is found. Obtained
boundary condition in the spatial variable x is a nonlocal boundary condition.
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1. INTRODUCTION

Along with classical boundary value and initial-boundary value problems
many scientists have recently become interested in problems of mathematical
physics with non-local (non-classical) additional conditions. The theory of
non-local boundary value problems is important in itself as a branch of
the general theory of boundary value problems for equations in partial
derivatives and as a branch of mathematics which has numerous applications in
mechanics, physics, biology and other natural scientific disciplines. A problem
is considered to be a non-local boundary value problem when instead of
giving solution values or its derivatives on a fixed part of the boundary
there is given a relation of these values with values of the same functions on
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the other interior or boundary manifolds. These problems include boundary
value problems with conditions of periodicity type, with Bitsadze-Samarskiy
conditions, with conditions of integral type and also the problems with
multipoint boundary conditions of general type and etc. The relevance of
studying these problems is caused by the existence of a number of physical
applications in electrostatics, electrodynamics, the theory of elasticity, plasma
physics, multilayer optics, etc. The construction and researching of numerical
methods for solving problems with non-local additional terms and conditions
are not less relevant. It should be noted that there are no universal researching
methods both for differential problems with non-classical conditions and for
difference schemes approximating them. There are principal difficulties for
using traditional methods such as the potential method, the method of variable
separation, the extremum principle and the method of energetic inequalities.
This property of the non-local problems is related firstly to the great freedom
of choice and the existing extreme variety of additional conditions. Therefore
the scientists have chosen to focus on studying some individual classes of
the non-local problems of mathematical physics and corresponding finite-
difference schemes. Examples of the non-local boundary value problems for
the evolutional equations turned out to be more demonstrative, particularly
for a one-dimensional heat equation. The first natural generalization of classical
formulations for the one-dimensional in space initial-boundary value problems
is a class of problems with two-pointed boundary conditions. One of the first
such problems, known as the Samarskiy-Ionkin problem, describing the process
of particle diffusion was investigated in 70-th of the twentieth century. The
problems of non-local type have been repeatedly studied earlier. The main
principal property of these problems is their non-selfadjointness. It causes the
main difficulties in their analytical and numerical solutions. Assuming strong
singularity of boundary conditions of the problem, the well-posedness of its
formulation can be proved by Fourier method of variables separation. The
problems, boundary conditions of which do not have the property of strong
regularity, are less studied. In our previous works we have suggested one way
of the solution for such type of the problems. We have shown that a wide
range of such problems can be equivalently reduced to a sequential solution
of two problems with strong regular boundary conditions of Sturm type. We
have considered the question of existence of the regular and strong solution
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of a differential problem, its uniqueness and stability of initial data in various
metrics.

2. METHODS FOR DESCRIBING THE STRUCTURE OF SOLID POLYDISPERSE
MATERIALS

The structure of a porous body is related to its nature, origin and also,
mostly with methods of its processing. Unlike metal ores, plant bodies have a
characteristic cellular structure [1].

1. A porous body is formed by an aggregate (conglomerate) of smaller
particles due to connections in places of contact of these particles. For example,
such structure can be arranged in the pressing of pieces of a material from one
and the same substance.

2. The porosity may be due to the removal of material from the structure of
another substance. This porosity is characteristic in obtaining oil by pressing
method.

3. The structure of a porous body can be created during the drying process.
For example, granular materials, some metallic ores have such structure.

Construction of pairs largely defines the mechanism of extracting and the
speed of its extracting. In practice, physical-chemical characteristics (porosity
and specific surface) are of great importance for describing the structure of solid
polydisperse materials. For a solid plant material the skeleton of the porous
body significantly influences on diffusion transfer of the substance, particularly
on the extraction process. The structure of porous media differs by manifold
of geometric forms and sizes of elements of particles, therefore researchers
accept this or another model of the porous body with some simplifications and
assumptions. In this case modifications of kinetic coefficients are also taken
into account with the help of correction coefficients.

The specific pore surface significantly determines interfacial chemical
interaction between the phases which sometimes accompanies the extraction
process. In analyzing the structure of solid polydisperse materials the
researchers distinguish the following main types of porous bodies [2].

1. Isotropic porous bodies.

Plant raw materials can be considered to be isotropic if conditions § < [
hold, where [ is a characteristic linear size of the porous body, meter; § is a
size of a primary particle, meter. For the isotropic bodies a coefficient of mass
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conductivity remains constant for all directions.

2. Anisotropic porous bodies with regular structure.

Mass transfer characteristics of such bodies are constant with respect to
this direction and change while moving to another direction. For example,
constructing series of plant materials have a system of capillaries. The diffusion
conductivity to the direction of these capillaries is much higher than to other
directions. Components of a vector of flow density can be represented in the
following form:

oC
J; = —Dmika—xk, i=1,2,3 k=123,
where Dmy; forms a tensor of the second rank; C is concentration of the
substance; J; are the components of a vector of flow density.

2. Anisotropic porous bodies with irregular structure.

Microvolumes for liquids (extragents) are distributed by volumes and forms
in these bodies. The concentration of the substance is distributed in each of
these elements. Values of the concentration can be calculated by a diffusion
equation:

2
o0 _ e 0
ot Ox?

If an extracted substance (target component) is in the solid form in the
polydisperse material, then this fact implies slowing down effect because there
may be various variants of distribution of the solid substance by the volume
of the particle. In the process of extracting, solid soluble contaminants slowly
decrease and the porosity of the body increases. Also the researchers note
that during the extraction process the primary isotropicity turns into the
anisotropicity due to the uneven distribution of the porosity by the volume
of the particle.

The basic element of the structure of plant tissue is a cell. From the available
work reviews one can conclude that the basis of shells of plant cells is cellulose,
i.e. a polymer with linear macromolecules. The basic structure elements of the
cellulose are groups of macromolecules connected with each other. The sizes of
pores forming the shell of a cell are represented in existing works: 1) narrow
pores with a size of about 10 nm; 2) large pores with a size of about 100 nm.
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3. BRIEF REVIEW OF RESULTS OF RESEARCHES ON THE THEORY AND
PRACTICE OF EXTRACTION FROM SOLID POLYDISPERSE PLANT MATERIALS

The present condition of researches on the extraction is completely
determined by successes in the field of defining physical-chemical peculiarities
of hydrodynamics and mass transfer, advancements in the field of mathematical
modeling, numerical experiment on defining optimal technological and
constructive parameters. It is necessary to note that the application of the
classical thesis, that the mass transfer in porous particles is solely carried out by
the result of molecular diffusion, has predetermined the direction of traditional
methods of process intensification: accelerating of raw impregnation by an
extractant, optimum grinding of raw materials, an increase in temperature,
optimal selection of extractants and others [1].

Alongside with these processes hydrodynamic methods of the intensification
process have spread: vortex extraction, extraction in vacuum boiling regime
of the extractant, application of mechanical vibrations of the suspension,
imposition on the suspension of ultrasound, pulsation of pressure, wringing of
the fibrous porous material. These effects can not be explained by provisions
of the diffusion theory of extraction since a convective constituent of the
extraction explicitly exists. Thus some researchers propose the same diffusion
models in modeling of extraction kinetics by changing coefficients of the
molecular diffusion onto coefficients of an effective diffusion in the models.
In some works they propose that the extraction mechanism of a target
component from particles of fibrous porous materials in apparatuses with
intensive hydrodynamic mode is different. The convective mass transfer takes
place in large pores. Simultaneously the molecular-diffusion mass transfer
takes place in small pores. The volume of micropores exceeds the volume of
macropores, therefore, as a limiting stage of mass transfer we can consider
the diffusion in the micropores. In literature such approach is called diffusion-
convective, a new scientific direction, that is, the diffusion-convective extraction
(DCE) of a target component from fibrous porous materials, has appeared.
Fundamentals of the theory of DCE are developed, parameters of mathematical
models with peculiarities and the intensity of the hydrodynamic effects on raw
materials are researched, energetic approach to description of kinetics of DCE
is developed [2].

For effective conducting of diffusion process we need apparatuses allowing
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providing optimal values of the following hydrodynamic mass transfer and
physical-chemical parameters.

1. Surface of phase division. This value depends on a degree of raw material
shredding and the value will be large if its particles are small. However the
excessive thin shredding leads to the compaction of particles, as a result the
extractant will not practically pass through these conglomerates. We should
also take into account that in this case a large amount of weighed small particles
will pass into the extractant and the removal of these particles requires an
additional processing. In well-known works there are given recommendations
on sizes of the particles: leaves, flowers, grasses should be shredded to 3-5 min;
stems, roots, bark should be shredded to 1-3 mm; fruits and seeds should be
shredded to 0,3-0,5 mm.

2. The difference in concentration of the target component in the raw
material and the extractant is a driving force of the extraction process (though,
it will be more exact to consider the difference of chemical potentials as this
force but we also accept such assertion by virtue of the existing approaches
and concentration calculation). In practice to provide the maximum passing of
concentrations, they use, in particular, a countercurrent process.

4. METHODS OF MATHEMATICAL MODELING AND CALCULATING THE
PROCESS OF EXTRACTION FROM SOLID PLANT MATERIAL

The concentration of a target component in all points of the researched
domain of a solid body is a main characteristic value in the process of
extracting. This value in the general form is a function of time and spatial
coordinates: C' = f(xz,y,z,t), where z,y,z,t are point coordinates of the
solid body; t is time. The function C' quite accurately describes the extraction
process and is a solution of the differential equation of the molecular diffusion
(in absence of mixing):

2
%:D(%_‘_E.%)’ 2)
ot 0¢z & o

where € is a generalized coordinate; I' is a constant form of the coordinate
system; D is a coefficient of the diffusion, m?/s.
We can obtain different forms of diffusion equations for values I' = 0,1, 2,
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respectively. For example, in Cartesian coordinates

oc _  (9C PC o
ot ox?  Oy? 022 )

In a moving liquid (while mixing) it is necessary to take into account the
convective diffusion. In an abbreviated formula an equation of the convective
diffusion has the following form:

% + (vgrad)C = DV2C,

where v is a speed vector, components of this vector by directions z,y, z have
L2 02 0? 9?2 . .
values vy, vy, vz; V2 = 55 + a2 T oz isa Laplace operator;

0 0 0
vgrad = L + Uyaiy + Vzg_-

The diffusion coefficient D¢ characterizes its physical-chemical property of
diffusing of another substance in an environment, subject to certain conditions.
The following formulas have obtained the widest usage for the extraction
calculation.

1. Formula of Einstein RT 1
Do =— - — 3
CTN Tno (3)

where R is a gas constant; 7' is temperature, K; N is an Avogadro’s number;
n is a fluid viscosity; o = 67r ; 7 is radius of the diffusing molecules.

However, applying of equation (3) is limited by the diffusion of large
spherical molecules in extractants with a low molecular mass. Therefore it
is necessary to check the fulfillment of these conditions under calculating D¢
by the equation.

By formula (3) it is also true that under temperature increasing, the
diffusion coefficient is also increasing. This circumstance has been used in many
processes and apparatuses for extraction. Formula (3) has become a basis for
many more exact relations in spite of its limitation by strict conditions.

2. Formula of Vilk, Cheng and Scheibel:

KT

Do=—"
2V’
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is used for non-aqueous extractants of small concentration, where K = 8.2 -

10-8 (1 + %)2/3; p2 is an extractant viscosity; Vi, V2 are molar volumes of
the extract and the extractant.

3. Formula of Hartley and Crank. Applying the formula for a chemical
potential instead of a concentration gradient

j=—Ly gradpu, (4)
we obtain 5 52
op _ _OH
ot A ox?’ (5)

where j is a density of the diffusion flux, k?/m? - s ; p is a chemical potential;

. . L . .

L, is a mass transfer coefficient; a, = —z; C is a concentration of a target
rm

component (per unit mass).

Despite the high precision, formulas (4) and (5) are not widely used
because the main parameter (concentration) is defined during solving equations
of molecular diffusion. A significant difference between the mass transfer
coefficient D), and the diffusion coefficient exists under conditions of substance
transfer (a target component) in porous environments of plant origin. For the
first approximation we consider that all pores of the solid polydisperse raw
material have a cylindrical form and are parallel to each other. The differential
equation retains its canonic form

oC 9%C
ot D 0z

for the whole porous body and the law of Fick has the following form:
j=-m,D grad C, (6)

where m,, is an extractant concentration expressed in moles.
Comparing formula (6) with the law of Fick for density of the diffusion
flow, we get the relation
Dy =m,D.

Thus, apart from increasing diffusion coefficient it is necessary to apply
the processes and apparatuses in increasing m for increasing of the mass
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transfer coefficient. The differential equation (2) in one-dimensional case in
Cartesian coordinates has been applied in inner domain of capillaries of the
porous environment and the equation:

oC 0%C .

= Dw -sin? ¢
has been obtained, where sinp = z/l; [ is a distance in the direction of the
axis of the capillary.

If I/x = « is a lengthening coefficient of the capillary convolutions of pores,
then a correcting multiplier has the form 1/a?. A value of the lengthening
coefficient is experimentally found by electrical resistance of the unit volume
of layer of plant material:

a=140.274(1 — mp).

A differential equation of the form (2) can have a countless number of
solutions, because, for example, if C' = C(z,y, z, t) is a solution of this equation,
then a function C(x,y, z,t)+ const is also its solution. Therefore it is necessary
to set initial and boundary conditions for the uniqueness of the solution.

An initial condition for concentration of the target component has the
following form :

C(z,y,z,t)|=0 = Co,

where (Y is a concentration of the target component in pores at the beginning
of the extraction process. Usually the value of Cy is equal at all points of the
pores and does not depend on x,y, 2.
Boundary condition of the first kind. A concentration value on the surface
of the pores is set:
C(z,y,z,t)s = Cy.

In some problems the boundary condition has another form:
oC
-D — | =k(Cs—-C
M(%)S (€ — ),

where 7 is a distance along the normal to the surface of porous particles; k is a
mass transfer coefficient; Cs is a concentration value on the surface; an index
S means "a surface".
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The value of the mass transfer coefficient depends on the hydrodynamic
regime of the extraction, i.e. on the regime of flow around of particles by the
extractant.

Numerical and approximate-analytical methods are more effective in
view of nonlinearity of differential equations for realization of mathematical
models of diffusion mass transfer. The assumptions allowing simplifying the
numerical analysis and the comparison of calculated and experimental data
are additionally applied.

In literature there is a great number of works on mathematical modeling
of the impregnating process of the pores of the solid material by a liquid. In
one way or another, the simplification (assumption) that the pores have equal
structural elements of various classes by sizes, is used in these works [3].

In this paper we consider a case when macropores of particles are initially
filled by a clean solvent, and micropores are filled by an extracted component.
The extracted component diffuses from a micropore into a macropore, and
then from the macropore to an external volume of the extractant during the
extraction process. Further we take the following notations |2]:

e = Co/Ch, 1; = C;/Cy are concentrations of a liquid phase in macro-and
micropores in dimensionless form, respectively;

0 = q/Q is a concentration of an adsorbed phase;

¢ = z/L,, w = y/L; are spatial coordinates in macro-and micropores,
respectively;

T =1t/Ta;; Tai = L?/Di are coordinates of time;

o=2-n-7-12 (Li/ra); ¥ = Taa/Tai; Tda = L2/Da; T = Qo/Cy are
parameters.

Taking into account these dimensionless variables, model equations have
the form: a mass balance for a macropore

v oYy a
Y~ S = (7)
with initial and boundary conditions:
T=01%=0; (=0 ¢g=1; (=1 dipg/d( = 0; (8)
a mass balance for a micropore
1 Y1
=(14+A4)—
ar — 1A%, )
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with initial and boundary conditions:
T=0YP1 =L w=0 Y =0 w=1 di;/dw = 0. (10)

Problem (7)—(10) is "direct", i.e., it is necessary to find concentrations
of the liquid phase in the macro-and micropores under the known coefficients
0,7, A under the initial and boundary conditions (8), (10).

One can put "an inverse problem": how to arrange the extraction
process (i.e., to set the technology of the extract extraction, or concentration
distribution of time) to obtain the desired values of the coefficients o, 7, A.

Let two of three coefficients be known as in the direct problem. More
interesting case is that when 'y,/i, are known, it is necessary to find ¢ =
2-n-m-r?-(Li/rs) , i.e., arelation of radiuses of micro-and macropores. Here
we need to apply the method of solving the inverse problems.

The mathematical modeling based on the aforementioned inverse problems
are well enough researched in the following cases: an unknown right-hand
part; an unknown coefficient g(z); an unknown coefficient p(x); an unknown
coefficient ¢(z) and an unknown right-hand part; unknown coefficients p(z)
and ¢(x); an unknown coefficient p(z).

We should also note recent works where the well-posedness of inverse
problems for a wide class of evolutional differential-functional equations is
proved by a modified method of minimizing a functional. In particular, problem
of controlling by a laser heat source is solved.

However, in all mentioned works the problem has been solved for the
case of such boundary conditions under which the basis property of the
system of root vectors of the corresponding spectral problem arising in the
method of separation of variables holds [4], [5]. In the present paper we
propose to consider the mentioned problems under the not strengthened regular
boundary conditions by a spatial variable. And the consideration may be held
independently of the basis property of the root vectors of the corresponding
spectral problem [6]-[8].

5. CONCLUSION

The theoretical mathematical science has deep enough advanced in solving
inverse problems for diffusion processes. And besides, as a rule, the problems
are researched under simplest selfadjoint boundary conditions by a spatial

MATEMATHYECKUI »KYPHAJN. — 2016. — T. 16, Ne 3



122 G.A. BesBagrv, I. OrRAzZOV

variable. Unlike the mentioned works we propose to consider the problems with
more general boundary conditions by a spatial variable. The selfadjointness of
the boundary conditions is not assumed, only requirement of their regularity
by Birkhoff [4] is sufficient. The inverse problems researched by us are directly
obtained from mathematical models of technological processes.

Namely, such problems were considered in works of the authors [9]-[14]. The
work [15] can be also successfully used for modeling. Issues of constructing of
theoretical adequate models for a wide class of problems related to restoring
unknown parameters, and /or to finding a suitable control for processes, which
are described by a diffusion equation with non-local conditions by a spatial
variable, are substantiated on the basis of theoretical results obtained in this
works. Also, non-local boundary conditions of a new type of works [16]-[21]
may be proposed for the mathematical modeling. This will be the subject of
our further research.
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Becbaes I'.,; Opazos 1. INOOY3UA TEOPUACBIHIAYHI HIETT /UK
ITAPTTAPHEI BAP KEPI ECEIITEP

Byn xywmbicTa 6i3 KaTThI MOJIUIUCIEPCTI KYBICTHI MATEPUAIIAPIBIH MaK-
CATTHI TMOJUKOMIIOHEHTTI OOJIIIIeKTEP/IiH KYPhLIBICHIHBIH KYBICTBIIBIFBIH €CKe-
pe OThIPHIT, 9pi dpaKIusIapAbIH MEKEH Y YaKbIThIHBIH IKCTPAreHTTeri 061
IEeKTep oJieMiMeH OailjIaHbICHIH eCemKe ajid OTBIPBIN, IKCTPAKIUS ITPOIle-
CTEPIHIH, MATEMATUKAJIBIK MOJIEJJEPIH TYPFBI3Yy MocCesesepiH KeHICTIKTIK aii-
HBIMaJTbl OOMBIHIIA IIEKAPAJIBIK MAPTTAPIBIH OpaJyaH HYCKAJIaphl VIMH aud-
by3us kKoaddunrenTTepiH KAJIIIBIHA KEATIPY/IiH Kepl ecenrepi Heridinie Ka-
pacTBIpAMBI3.

Becbaes I'., Opazos 1. OBPATHBIE 3AJIAYU C HEJIOKAJIbBHBIMNU
KPAEBBIMU YCJIOBUAMU B TEOPUU JUODY3UN

B sr10it pabore MbI paccMaTpuBaeM BOMIPOCHI MOCTPOEHUS MATEMATHIECCKUX
MoJieJsieil IIPOIeCCOB SKCTPAKIUN [1eJI€BOMl KOMIIOHEHTHI U3 TBEPJBIX ITOJIUIUC-
[E€PCHBIX HOPUCTBIX MATEPUAIOB C y4€TOM IOPUCTOCTU CTPYKTYPbl YaCTUIL,
IpUHUMas BO BHUMAaHUE CBd3b BpeMeHU HpedbiBaHus (ppaxiumii ¢ pazMepom
4aCTHl| B 9KCTPAreHTe, HA OCHOBE 00PATHBIX 3a/a4 BOCCTaHOBJEeHU: KOIhhu-
1ueHToB JAudy3un npu pasjindHbIX BAPUAHTAX I'PAHUYHBIX YCJOBHI 110 IIPO-
CTPAHCTBEHHON II€PEeMEeHHO.
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1. INTRODUCTION

Spectral theory of non-self-adjoint boundary value problems for ordinary
differential equations on a finite interval goes back to the classical works
of Birkhoff [1] and Tamarkin [2]. They introduced the concept of regular
boundary conditions and investigated asymptotic behavior of eigenvalues and
eigenfunctions of such problems. In their works Malamud and Oridoroga [3], [4]
proved completeness of eigenfunctions and associated functions for a wide class
of boundary value problems which includes regular boundary conditions. In
space L%(0, 1) we consider an operator Lg, generated by the following ordinary
differential expression:

Lo(u) = —u"(z) + q(x)u(z), q(z) € C[0,1], 0 <z <1, (1)
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and the boundary value conditions of the form
Uj(u) = ajiu’(0) + ajou’ (1) + ajzu(0) + ajau(l) =0, j=1,2. (2)

When the boundary conditions (2) are strongly regular, the results by
Dunford [5], 6], Mikhailov |7] and Kesel’'man [8] provide the Riesz basis
property in L?(0,1) of the eigenfunctions and associated functions (E and
AF) system of the problem. In the case when the boundary conditions are
regular but not strongly regular, the question on basis property of F and AF
system is not yet completely resolved. We introduce the matrix of coefficients
of the boundary conditions (2):

A= ailp a2 a3 a4
21 a2 G23 G24

By A(ij) we denote the matrix composed of the i-th and j-th columns of
the matrix A, A;; = det A(4j). Let the boundary conditions (2) be regular but
not strongly regular. According to |9, p. 73], if the following conditions hold:

A =0, A+ A #0, A+ Az = F(A13 + An), (3)

then the boundary conditions (2) are regular, but not strongly regular
boundary conditions.

Makin [10] suggested dividing all regular, but not strongly regular,
boundary conditions into four types:

[ Ayq = Agz, Az4=0;
IT Ayy = Agg, Azs # 0;
I Ayy # Aoz, Azq =0;
IV Ayy # Agz, A3y # 0.

For example, periodical or antiperiodical boundary conditions form the type I,
and can be determined in the following form:

Ay = Aoz, Az =0,

That iS, a11 = —012,013 = Q14 = A2]1 = 422 = 0 and ag23 — —a4.
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These conditions will be equivalent to matrix A, where the following two
options are possible:

are periodical or
1100
A= < 0011 )
are antiperiodical, and the same boundary conditions with “the lowest
coefficients" form the type II. The boundary value conditions defined as A4 #

Ags, Ass = 0 form the type III. These conditions are always equivalent to
boundary conditions given by the matrix A:

1 -1 0 0
A= ( 0O 0 10 > '
This case will be the aim of our research in this paper. Moreover, Makin [10]

allocated the one type of non-strongly regular boundary value conditions, when
FE and AF systems of the spectral problem

Lo(u) = —u"(z) + q(z)u(z) = Mu(z), q(z) € C[0,1], 0<z <1, (4)

with boundary conditions of the form (2) forms the Riesz basis for any
potentials ¢(z). When ¢(z) = 0, the problem about basis property of E
and AF system of the problem with general regular boundary conditions
has been completely resolved in [11]. In [12], [13] questions on convergence of
eigenfunctions expansion of the Dirac operator in vector - matrix form and the
Hill operator, forming the Riesz basis in L?(0, 1) with regular, but not strongly
regular, boundary value conditions have been considered. For Dirac operators
Mityagin [14] proved that periodic (or anti-periodic) boundary conditions give
a rise to the Riesz system of 2D projections.

In [15], [16] by V.A. II'yin’s anti-a priori estimates it was shown that anti-
a priori estimates without a positive exponent in the right-hand side of the
inequality are necessary and sufficient conditions for an unconditional basis
property in Lo under an arbitrary choice of associated functions. And it is
used in the proof of the well-posedness of boundary value problems [17].
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2. STATEMENT OF THE PROBLEM

When ¢(z) = 0 the spectral problem (4)-(2) with boundary conditions
of the type I is self-adjoint. The system of its eigenfunctions is an usual
trigonometric system and forms an orthonormal basis in L?(0, 1). For the case
of non-self-adjoint initial operator the question about preservation of the basis
properties with some (weak in a certain sense) perturbation was shown in the
type of several examples in [18].

Riesz basis property of eigenfunctions and associated functions of periodic
and antiperiodic Sturm-Liouville problems was considered in [19]. In [20], [21]
questions on stability of basis properties of the periodic problem for (4) were
investigated with integral perturbation of the type I boundary conditions (2),
when j = 2; that is, Aj4 = Az, A3s = 0. Moreover, in [22] similar issues
at ¢(z) = 0 have been studied. In the present paper we consider a spectral
problem close to research of [22] when ¢(x) = 0, with integral perturbation of
the boundary conditions (2) when j = 2, which belong to type I:

Li(u) = —u"(z) = Mu(x), 0<z<1, (5)
Ui(u) =4/ (0) + /(1) =0, (6)
17
Usz(u) = u(0) +u(l) = /0 p(@)u(z)de, p(z) e L1(0,1). (7)

From [23] it follows that the E and AF system of problem (5)—(7) is complete
and minimal in L?(0,1). Moreover, the E and AF system for any p(z) forms
the Riesz basis with brackets. Our aim is to show that the basis property in
L%(0,1) of the E and AF system of problem (5)—(7) is unstable with respect
to small changes of kernel p(x) of integral perturbation. In [24] the method
of constructing the characteristic determinant of the spectral problem with
integral perturbation of the boundary conditions has been suggested.

The basis properties in LP(—1,1) of root functions of nonlocal problem for
equations with involution have been studied in [25]. In [26] they considered
the eigenfunction expansion for Sturm-Liouville problems with transmission
conditions at one interior point. Boundary value problems with transmission
conditions were investigated extensively in the recent years (see, for example,
[27], [28], [29], [30]). Another special case of problem (5)—(7) with an integral
perturbation of condition (6) was investigated in [31].
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3. CHARACTERISTIC DETERMINANT OF A SPECTRAL PROBLEM

In this section we use the method from [24] to construct a characteristic
determinant of the problem with integral perturbation of the boundary
condition. Applying integration by parts, for smooth enough complex-valued
functions u(x) and v(z) we obtain the Lagrange formula:

Jo Lo(uyv(@) da — [y u(x)Li(v)dz
= [u/(0) + w/(1)]v(0) + v/ (1)[v(0) + v(1)] (8)

—[u(0) + u(1)]v'(0) — w(1)[(0) + v'(1)].

Here L{(v) is an adjoint differential expression

Liv = =" (z) + q(z)v(z), 0<z<1. (9)

Consequently the operator L{ corresponding to the operator Lo is given by
the differential expression (9) and the boundary conditions

Vi(v) =v(0) +v(1) =0, Va(v)=12"(0)+2'(1)=0. (10)

Also the operator L] corresponding to the operator L; is given by the
loaded differential expression

Li(v) = =" (z) + q(z)v(z) + p(x)0'(0), 0<x <1, (11)

and the antiperiodic boundary conditions (10). One of the aspects of this
problem is the fact that the adjoint problem to (5)—(7) is a spectral problem
for the loaded differential equation

Li(v) = =v"(x) + p(x)v'(0) = Mo(x),
Vi(v) =v(0) +v(1) =0, (12)
Va(v) = v'(0) + /(1) = 0.

First, we construct a characteristic determinant of the spectral problem
(5)—(7). Presenting the general solution of equation (5) by the formula

u(x,\) = Cy cos VAz + Oy sin VA,
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and with respect to the boundary conditions (6)—(7), we obtain the following
linear system for the coefficients Cl:

1
01[14—008\5\—/ p( cosfxdx}—l—Cz sm\f / sm\ffndm =0,
0

C1 [— sin\f)\} + Cy [1 + cos \f)\} =0.

Its determinant will be the characteristic determinant of the spectral
problem (5)—(7):

Al()\) —sin \f 1+ cos \f

14 cos VA — fo )cos VAzdr sin VA — fo ) sin v/ Az dT‘ . (13)

When p(z) = 0 we obtain the characteristic determinant of the unperturbed
problem (5)—(7) It is denoted by Ag(\) = 2(1 4 cos VA). The number \) =
((2k: —1)m)? is an eigenvalue of the unperturbed antiperiodic problem, and
uly = v2cos((2k — 1)mz), ul; = V2sin((2k — 1)7x) are eigenfunctions. We
represent the function p(x) in the Fourier series form by the trigonometric
system

Z ay cos((2k — 1)mx) + by sin((2k — 1)7z)). (14)
k=1

Using (14), we find more convenient representation for the determinant
A1(A). To do this, first, we calculate integrals in (13). Simple calculations
show that

1
__ 2 [arVAsin VA + b ((2k — 1)7)(cos VA 4 1)]
0/ cos(VAz)dz =) | X — ((2k — D)m)2 ’

/1 : _ i [ar V(1 + cos V) + by ((2k — 1)7) sin /)]
J p A — ((2k — 1)7)2 '
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Using these results and standard transformations, the determinant (13) is
reduced to the form

A1 (A) = Ao(A) - A(N),

where

[1+Zbk 2’;];_1)1) E (15)

Hence, the following theorem is proved.

THEOREM 1. The characteristic determinant of the spectral problem (5)-
(7) with the perturbed boundary value conditions can be represented in the
form (15), where Ag(X\) is a characteristic determinant of the unperturbed
antiperiodic spectral problem, by, are coefficients of the expansion (14) of the
function p(z) into trigonometric Fourier series.

The function A()) in (15) has a first-order pole at the points A = A?, and
the function Ag(A) has a second order zero at these points. Therefore, the
function Aj(X), represented by the formula (15), is an entire analytic function
of the variable A. The characteristic determinant, which is the entire analytical
function, related with the problem on eigenvalues of differential operator of the
third order with nonlocal boundary conditions has been studied in [32].

4. CASE OF THE BASIS PROPERTY OF ROOT FUNCTIONS

The characteristic determinant (15) looks simpler when
N
Z [ak, cos((2k — 1)) + by sin((2k — 1)7z)].
k=1

That is, there exists a number N such that ax = by = 0 for all £ > N. In this
case, formula (15) takes the form

Ar(\) = 1+Zbk 2;;—1)1) E (16)
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From this particular case of formula (15), we have the following corollary.

COROLLARY 1. For any preassigned numbers (a complex A and a positive
integer 1) there always exists a function p(x) such that A will be an eigenvalue
of problem (5)—(7) of multiplicity m.

From the analysis of formula (16) it is easy to see that Aj(A?) = 0 for all
k > N. That is, all eigenvalues )\2, k > N, of the unperturbed periodic problem
are the eigenvalues of the perturbed spectral problem (5)-(7). It is also not
difficult to show that the multiplicity of the eigenvalues )\2, k > N is also
preserved. Moreover, from the condition of orthogonality of the trigonometric
system it follows that in this case:

1
/0 p(x)ugj(:c)cm =0, j=0,1, k> N.

Thus, the eigenfunctions u)) ;(z) of the antiperiodic problem when k > N satisfy
the boundary value conditions (6)—(7) and, therefore, they are eigenfunctions of
the perturbed problem (5)—(7). Hence, in this case the system of eigenfunctions
of (5)-(7) and the system of eigenfunctions of the periodic problem (an
orthonormal basis) differ from each other only in a finite number of the first
members. Consequently, the system of eigenfunctions of (5)—(7) also forms the
Riesz basis in L?(0,1). The set of functions p(z), that can be represented as
a finite series (14), is dense in L'(0,1). Thus, we have proved the following
result.

THEOREM 2. Let A4 = Agg, Asy = 0; that is, the boundary conditions (6)—(7)
belong to type I with integral perturbation. Then the set of functions p(zx) €
L'(0,1), such that the system of eigenfunctions of the perturbed problem (5)—
(7) forms the Riesz basis in L*(0,1), is dense in L'(0,1).

5. INSTABILITY OF THE BASIS PROPERTY

Now we show that basis properties of eigenfunctions system of the
perturbed problem (5)-(7) is unstable for an arbitrarily small integral
perturbation of the boundary condition (6).

THEOREM 3. Suppose that Ajq = Aoz, Asq = 0; that is, the boundary
conditions (6)—(7) belong to type I. Then the set of functions p(z) € L'(0,1),
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such that the system of eigenfunctions of the perturbed problem (5)—(7) does
not form even a normal basis in L*(0,1), is dense in L'(0,1).

PROOF. Let in (14) the coefficients by # 0 for all sufficiently large k. Then
from (15) we note that A = A? is a simple eigenvalue of problem (5)—(7). By
direct calculation we get that ul, = by, cos((2k — 1)m)x — ai, sin((2k — 1)m)x are
eigenfunctions of (5)—(7), corresponding to A} = ((2k — 1)7)%. Moreover, the
eigenfunction of the dual problem (12), corresponding to the eigenvalue A}, is
vi(z) = cg cos((2k — 1))z

Since the eigenfunctions of the dual problems form a biorthogonal system,
then we have the equality of the scalar product (u,lc, v,i) = 1. Hence, it is easy
to obtain bi ¢ = 2. Therefore,

a
lugll - floxll = /1 + Ifb 2. (17)
k

Denote by o () a partial sum of the Fourier series (14). It is obvious, that
the set of functions, which can be represented as the infinite series

pla) =on(@)+ > [arcos((2k — 1)wx) + by sin((2k — 1)),
k=N+1

where ay, = 27%, by, = 27 /k, k > N, is dense in L'(0, 1). However, from (17) it
follows that for such kind of functions p(x) for the corresponding eigenfunctions
systems of the direct and conjugate problems there holds: limy s [|ug|||[v}]| =
00.

That is, the condition of uniform minimal property (see [18] and references
in it) of the system does not hold, and therefore, it does not form even a basis
in L2(0,1). O

Since adjoint operators possess the Riesz basis property of the root
functions, we obtain the corollary.

COROLLARY 2. Suppose that Ay = Aoz, A3y = 0, that is boundary value
conditions (6)-(7) belong to type I. Then the set P of functions p(z) € L*(0,1),
such that the system of eigenfunctions of (12) for the loaded differential
equations forms the Riesz basis in L*(0,1), is everywhere dense in L'(0,1).
The set L'(0,1)\P is also everywhere dense in L*(0,1).
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The results of this paper, in contrast to [23], demonstrate instability of basis
properties of the root functions of the problem with an integral perturbation
of the boundary value conditions of type I, which are regular, but not strongly
regular.
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MTYPM-JIMYBUNJIJIb OITEPATOPBIHBIH, TYBIPJIIK O®YHKIIWATA-
PBIHBIH BABUCTIK KACUETIHIH OPHBIK THL/IBIT bl

Byn xkywmpicra 6i3 merTik 1maprTel mHTErpasiabK TyprKigeneria [rypwm-
JIMyBUJIIb ONEPATOPBIHBIH, MEHIIKTI (DyHKIUATAPBIHBIH, XKYiiecinin 6a3ucTiri
KaCHUETIHIH, OPHBIKTBLIBIFBI MEH OPHBIKCHI3bIFBI MOCEIEIEPIH KAPACThIPAMBI3.

Nmanbaes H.C. VCTOMUYMBOCTH CBOVMCTBA BABVCHOCTU KOP-
HEBBIX ®YHKIINII OIIEPATOPA IIITYPMA-JINYBUJIJIA C UHTE-
T'PAJIBHBIMIT KPAEBBIMU YCJIOBUAMU

B sToit pabore MBI paccMaTpuBaeM BOMPOCHI yCTONYMBOCTH W HEYCTON-
YUBOCTH CBONCTBa OAa3MCHOCTH CHCTEMBI COOCTBEHHBIX (DYHKIMIN OIEpaTopa
Irypma-JIuyBuiiss ¢ uHTErpaJbHBIM BO3MYIIEHUEM OHOTO KPAEBOI'O YCJIO-
BU.
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1. INTRODUCTION

Let 1 < p,r < ooand 0 < ¢ < oo. Let u(-), v(-) and w(-) be weights, i.e.,
positive functions locally integrable on R4 = (0; +00).
For all f > 0 we consider the following operators:

s = ([ ([ f<s>czS>Tw<t>dt)i 1)
st = ([ (/ t f(s)oz:s)rw(t)dt)i . @)

On the basis of these operators we form the following inequalities:

and

([ wnis soas) <o ([Tompwn) o
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and 1 1
( /0 T ua)(Sf <x))qda:> "<c < /D () f”(x)dx) " (4)

If L, , stands for the space of functions f > 0 with the finite norm

Hm%mz(émv@vwwwjé

inequalities (3) and (4) can be rewritten in the forms:

157 fllLg < Cllfllz,.

and
1S* fllz,. <ClfllL,..

that represent the usual way of writing of well-known Hardy-type inequalities
for different integral operators. The most complete review of Hardy-type
inequalities is given in [1] and [2].

Inequalities (3) and (4) have been already characterized in [3] and [4] for
non-negative functions f. Here we consider the case when functions f are
monotone. The interest to restrict the class of functions from non-negative to
monotone has some justification and historical development. Let us present
them.

The starting point of this problem is the introduction in [5] of Lorentz space
AP(v), 0 < p < o0, that is the space of functions, for which

[ fllarco) = 1f |l Lpw < 00,
where f* is the non-increasing rearrangement of | f| defined by
f5(t) :=inf{y > 0: mes{x e R" : |f(x)] >y} <t}

The main example that shows the importance of reduction of Hardy-type
inequalities from non-negative to non-increasing functions is based on the
Hardy-Littlewood maximal operator

1
(M) i=swp— [ |l
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where supremum is taken with respect to all balls B centered at x € R". It is
known that

PO~ [ res

Due to this two-sided estimate, one can see that the embedding between
Lorentz spaces from AP to A? is characterized by the standard Hardy-type
inequality but for monotone functions.

The next essential result in this direction is known as “the Sawyer duality
principle” proved in [6]. This principle presents some inequality, the correctness
of which for non-negative functions is equivalent to correctness of the standard
Hardy-inequality for monotone functions. This result gives a great impulse
to study and obtain analogues of “the Sawyer duality principle” for different
generalizations of Hardy-type inequalities. In recent paper [7] there is a new
method of reduction from monotone functions to non-negative functions. This
method covers inequalities (3) and (4). Since this new reduction theorem is a
key point in the proofs of our main results, we present its complete statement
in the next Section. In addition, let us state there some other auxiliary results
that are required for our proofs.

2. NOTATIONS AND AUXILIARY STATEMENTS

Hereinafter, the expression A < B means A < C'B with some constant C
that depends only on the parameters r, p and ¢q. The notation A ~ B means
A <« B < A. Moreover, 1/p+1/p' = 1.

First we present two reduction theorems proved in [7]. For this aim we need
the conditions:

(i) T(\f) =ATf for all A > 0 and f > 0;

(ii) Tf(x) < cT'g(x) for almost all x € Ry if f(z) < g(x) for almost all
x € R4 with a constant ¢ > 0 that does not depend on f and g;

(iii) T(f + A1) < c¢(Tf + AT1) for all A > 0 and f > 0 with a constant
¢ > 0 that does not depend on A and f, where 1 is a function identically equal
to1lon Ry .

THEOREM 1. Let 0 < ¢ <00, 1 < p < oo and T is a positive operator. Then
from the condition

(Awumxrﬂmwm);sc(ﬂwvmvwmmﬁi 5)
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for non-increasing f it follows the inequality

(el () <e([em) o

for non-negative h, where V (t) := fg v. If V(00) = oo and T is a monotone
operator satisfying the conditions (i) and (ii), then (6) is sufficient for the
validity of (5) on the cone of non-increasing functions. If V(00) < oo, then for
the validity of (5) on the cone of non-increasing functions condition (6) and

([om)e([)

are sufficient if the operator T satisfies the conditions (i)—(iii).

THEOREM 2. Let 0 < ¢ <00, 1 < p < oo and T is a positive operator. Then
from condition (5) for non-decreasing f it follows the inequality

([ (D)) se([maw) o

for non-negative h, where V,(t) :== [*°v. If V(c0) = oo and T is a monotone
operator satisfying the conditions (i) and (ii), then (25) is sufficient for the
validity of (5) on the cone of non-decreasing functions. If V(c0) < oo, then for
the validity of (5) on the cone of non-decreasing functions conditions (25) and
(7) are sufficient if the operator T satisfies the conditions (i)—(iii).

To prove our main results we also need the following well-known theorems
for standard Hardy-type inequalities (see e.g. [2, page 3 and 4]).

THEOREM 3. The inequality

</0°° o) (/Ox ! (t)dt>qu>; <C < /0 ) V(m)fp(x)da:>; (9)

holds for all functions f > 0 if and only if

: x 7
H™ := sup (/ p(t)dt) ’ (/ l/l_p/(t)dt> " <
0<z<oo T 0
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for the case 1 < p < q < o0, and
p p(g—1)

0 = /0 ” < /z ” p(t)dt)p_q < /0 ’ yl—P’(t)dt> AP (2)da <0

for the case 0 < g < p < oo and 1 < p < oo.

Moreover, H~ ~ C and H™ =~ C, respectively, where C' is the best constant
in (9).

THEOREM 4. The inequality

(/Ooo pla) </:o f(t)dt>qu>; <c </0°° ,,(x)fp(x)dx>fl’ (10)

holds for all functions f > 0 if and only if

: o0 o
H" := sup (/ p(t)dt) ’ (/ Vl_p/(t)dt> " <
O<z<oo 0 x

for the case 1 < p < g < 0o, and

p—gq

o = P s plg—1) Pq

~ rP—q / P—q /

HT .= t)dt P () dt P (2)dx < 00
0 0 g

for the case 0 < ¢ <p < oo and 1 <p < 0.

Moreover, H" ~ C and H' ~ C, respectively, where C' is the best constant
in (10).

In addition, we need characterizations of the following inequalities proved
in [8]:

1

</Ooou(x)</0w (/;K(S’t)f(s)ds)rw(t)dégdx)(11 SCUOOO V($)fp(x)dm)p

(11)
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and

</ooo o) ([*( [ w159 wivar) % d:):) e ([ v fp(@dx)i |

(12)
where the kernel K(-,-) > 0 satisfies the condition: there exists a constant
d > 0 such that

d YK (s,2) + K(2,1)) < K(s,t) < d(K(s,2) + K(z,1)) (13)
for —oo < t < z < s < 4o0. Condition (13) was introduced in [9]
and independently in [10]. It is obvious that inequalities (11) and (12) are
respectively equivalent to our main inequalities (3) and (4) when K(-,-) = 1.

Let us list four theorems that characterize inequalities (11) and (12) for
non-negative functions. To present their statements we assume that

(v </>
:;ggx/m d></u oy
(/- )

.B\

Ay (o, B) := sup
a<z<f

Al (o, B) :== sup
a<z<f

Af (o, 8) == sup
a<z<f

By (0, 8) = /a ’ ( /a zKT(:L‘,s)w(s)ds>pfr < / ’ ul—p’(s)ds> ul—p’(x)dx

B (a, B) i= /a ’ ( /a xw(s)ds) o ( / ’ Kp/(s,m)yl_p'(s)d3> = w(z)de
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Bf (o, B) := j < /x ’ w(s)ds> " ( /a kv (z, s)ylp’(s)ds> o w(z)ds

Ula, ) = (/j u(x)dx>;,

A” ==max{A,, A7} and AT :=max{A], A},
B~ :=max{By, By} and BT :=max{Bj, B }.
THEOREM 5. Inequality (11) holds for all functions f > 0 if and only if

E, := sup A (0,2)U(z,00) < o0
0<z<o0

for the case 1 < p < min{r, ¢} < oo, and

Eg:= sup B (0,2)U(z,00) < 00
0<z<oo

for the case 1 <r < p < g < o0.
Moreover, £y ~ C and E5 =~ C, respectively, where C' is the best constant
in (11).

THEOREM 6. Inequality (11) holds for all functions f > 0 if

q p—q

o) o0 H rq

Fy = /u(az) /u(s)ds (A_(O,x))% dx < 00
0 T
for the case 0 < g < p<r<ooandl <p < oo, and
oo oo L S
_pPgq_
Fg = /u(m) /u(s)ds (B7(0,2)) 7~ du

0 x
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for the case 0 < max{r,q} <p<ocand 1l <p, r< oo.
Moreover, C < Fy and C < Fg, respectively, where C'is the best constant
in (11).

THEOREM 7. Inequality (12) holds for all functions f > 0 if and only if

E} = sup AT(z,00)U(0,2) < o0
0<z<0

for the case 1 < p < min{r, ¢} < oo, and

Ef = sup BT (z,00)U(0,2) < o0
0<2z<o0

for the case 1 <r < p < g < 0.
Moreover, Ej ~ C and Eg ~ C, respectively, where C' is the best constant
in (12).

THEOREM 8. Inequality (12) holds if

q p—9q
o0 x ﬁ prq
Fl = /u(x) /u(s)ds (A+(x,oo))% dx < 00
0 0
for the case 0 < g < p<r < oo and 1 < p < o0, and
o0 . L e
Flo= /u(x) /u(s)ds (BJF(.T,OO))% dx < 00

0 0

for the case 0 < max{r,q} <p <ocand1l<p, r < oo.
Moreover, C < FX and C < F3;, respectively, where C is the best constant
in (12).

3. MAIN RESULTS

Let us remind that

V() ::/Otv and Vi (1) ::/:ov.
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THEOREM 9. Suppose that
x :
ple) = ute) ([ (o= ruioar)” (14
0
v(z) = v P(2)VP(x) (15)
and
K(s,t) =s—t. (16)
Inequality (3) holds for all non-increasing functions f if and only if
H" < oo and E, <oo
for the case 1 < p < min{r, ¢} < co and
H" < oo and Ey < oo
for the case 1 < r < p < q < oo when V(oc0) = co. The condition
oo 6 oo D
/p(:n)dx < /U(m)dm (17)
0 0

is added for each cases, respectively, when V (00) < oo.

THEOREM 10. Suppose that p, v and K are as in (14), (15) and (16),

respectively. Inequality (3) holds for all non-increasing functions f if

Ht <o and Fy <oo
for the case 0 < g < p<r < oo and1l < p < oo, and

H" < oo and Fy < oo

for the case 0 < max{r,q} < p < oo and 1 < p, r < oo when V(o0)
Condition (17) is added for each cases, respectively, when V (00) < 00.

Q.
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THEOREM 11. Suppose that

plo) =ute) ([ =yt (1)

v(z) = v P (x) VP (2) (19)

and K is as in (16). Inequality (4) holds for all non-decreasing functions f if
and only if
H™ <oo and E;{ < 00

for the case 1 < p < min{r, ¢} < oo, and
H™ <oo and Eg < 00

for the case 1 < r < p < q < oo when V,(00) = oo. Condition (17) is added
for each cases, respectively, when V,(c0) < oo.

THEOREM 12. Suppose that p, v and K are as in (18), (19) and (16),
respectively. Inequality (4) holds for all non-decreasing functions f if

H <o and FX<oo

for the case 0 < g < p<r < oo and1l < p < oo, and

H < oo and F§<oo

for the case 0 < max{r,q} < p < oo and 1 < p, r < oo when V,(c0) = c0.
Condition (17) is added for each cases, respectively, when Vi (co0) < oo.

PrROOF OF THEOREMS 9 AND 10. Since operator (1) satisfies the conditions
(i)—(iii), by Theorem 1 we have that inequality (3) for non-increasing f is
equivalent to the inequality

(/Ooo u(=) ( /0 ( /t ’ / h h(T)des>T w(t)dt) ‘ dx) % -

<C ( /0 h vlp(x)Vp(:c)hp(m)da:) ’ (20)
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for non-negative h when V(o0) = co. We also need the validity of condition
(17) when V(o0) < o0.
By interval splitting and changing order of integration we transform the
left-hand side of inequality (20):
1

</0 </ (/ / deS) (t)dt>gd:c>;:
</om“ ([ [ waras [ [ n des> <t>dt>?dx)q:

(/0"0 u(z) </Ox </t“" h(7) /tT dsdr + /:O W) /tx ds)r w(t)dt> : dx) . )
~ (/Ooo u(z) </Oﬂf (/j(r - t)h(T)d7_>T w(t)dt> ¢ dm) a .

4 </OOO u(z) </;O h(T)dT)q </0x(x _ t)?‘w(t)dt> % dx) "

From the last expression it follows that the validity of inequality (3) is
equivalent to the validity of the following two inequalities:

(/ooo u@) </0z </f(f - t)h(T)dT>T w(t)dt> ‘ dm) % <

b

<C </OOO vl_p(:n)Vp(:c)hp(:n)dx> g (21)
and 1
(/Ooo u(z) </0(:L‘ _ t)Tw(t)dt> i (/OO h(T)dT> ! da:) '
<c < /O h vlp(a:)Vp(x)hp(x)dx>; . (22)
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Taking into account assumptions (15) and (16) it is obvious that inequality
(21) is equivalent to inequality (11). Thus, by Theorem 5 inequality (21) holds
if and only if E; < oo for the case 1 < p < min{r, ¢} < oo, and E; < oo for
the case 1 < r < p < ¢ < oo. Similarly, on the basis of Theorem 6 inequality
(21) is correct if F; < oo for the case 0 < ¢ <p < r <ooand 1 < p < oo,
and if Fjy < oo for the case 0 < max{r,q} <p <oocand1<p, r < oo.

Inequality (22) is a standard Hardy-type inequality. Hence, by Theorem 4,
in view of (14) and (15), inequality (22) is valid if and only if H* < oo for
l<p<g<oocand HF <occfor0<g<p<ooand 1l <p< 0.

The proof of Theorems 9 and 10 is complete. O

PRrROOF OF THEOREMS 11 AND 12. Since operator (2) satisfies the conditions
(1)—(iii), we use Theorem 2. Then, in the same way as above, when V. (c0) = oo
the validity of inequality (4) for non-decreasing f is equivalent to the validity
of two inequalities

([ ([ ([ - ﬂh(ﬂmyw(ﬂdtydx); _

<c ( /0 h vl_p(x)‘/f(x)hp(w)d:v> ’ (23)

and
1

</0°° " </:o(t - a;)’"w(t)dt> : ( /0 ") dT>q dx) '

<C ( /0 h vl—p(xmp(x)hp(x)da:)’l’ (24)

for non-negative h.

In view of assumptions (19) and (16), inequality (23) is equivalent to
inequality (12). Thus, we can characterize inequality (23) by Theorems 7 and
8. Inequality (24) is a standard Hardy-type inequality presented in Theorem 3
with weights as in (18) and (19).

When Vi (o0) < oo condition (17) is added for each cases. The proof of
Theorems 11 and 12 is complete. O
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4. ALTERNATIVE THEOREMS

In [7] there are two useful alternative reduction theorems.

THEOREM 13. Let 0 < ¢ < 00, 1 < p < oo and T is a positive operator
satisfying the conditions (i) and (ii). Then for the validity of inequality (5) for
non-increasing f the condition

([l [ o)) 2o ([ow)

for non-negative h is sufficient and when V(o0) = oo is necessary. When
V(o0) < oo for the validity of inequality (5) conditions (25) with T satisfying
(i)-(iii) and (7) are necessary.

THEOREM 14. Let 0 < ¢ < 00, 1 < p < oo and T is a positive operator
satisfying the conditions (i) and (ii). Then for the validity of inequality (5) for
non-decreasing f the condition

(e (g [ ) ) <o)

for non-negative h is sufficient and when V,(00) = oo is necessary. When
Vi(00) < oo for the validity of inequality (5) conditions (26) with T satisfying
(i)-(iii) and (7) are necessary.

On the basis of these two theorems we can state four alternative theorems
for the validity of the main inequalities (3) and (4) on the cone of monotone
functions.

THEOREM 15. Suppose that

(@) = u(z) (/:o (/; Vzl(s)ds>r w(t)cbf)Z , (27)

v P(2)
v(z) = e (28)
and
K(s,t) = /t V;(T)dT. (29)
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Inequality (4) holds for all non-increasing functions f if and only if
H™ <oo and Ej < 00

for the case 1 < p < min{r,q} < co and
H™ <oo and EE < 00

for the case 1 <r < p < q < oo when V(00) = co. Condition (17) is added for
each cases, respectively, when V (00) < 0.

THEOREM 16. Suppose that p, v and K are as in (27), (28) and (29),
respectively. Inequality (4) holds for all non-increasing functions f if

H <oo and FX<oo
for the case 0 < g < p<r < oo and1l < p< oo, and
H™ < oo and Fg<oo

for the case 0 < max{r,q} < p < oo and 1 < p, r < oo when V(o0) = 0.
Condition (17) is added for each cases, respectively, when V (co0) < oc.

THEOREM 17. Suppose that

V1P (z)
and
K(s,t) = /t V;(T)dT (32)

Inequality (3) holds for all non-decreasing functions f if and only if
H" <oo and E, <o0

for the case 1 < p < min{r, ¢} < oo, and
HY < oo and Eyp < oo

for the case 1 < r < p < q < oo when V,(c0) = oo. Condition (17) is added
for each cases, respectively, when V,(c0) < oo.
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THEOREM 18. Suppose that p, v and K are as in (30), (31) and (32),
respectively. Inequality (3) holds for all non-decreasing functions f if

Ht < oo and Fy <o0
for the case 0 < g < p<r<ooandl <p < oo, and
Ht <o and Fp < oo

for the case 0 < max{r,q} < p < oo and 1 < p, r < oo when V,(c0) = 0.
Condition (17) is added for each cases, respectively, when Vi (c0) < oo.

PROOF OF THEOREMS 15 AND 16. Since operator (2) satisfies the conditions

(i)-(iii), by Theorem 13 we have that inequality (4) for non-increasing f is
equivalent to the inequality

(/Ooou(:n) (/OO (/:Vj(s)/OSV(T)h(T)desyw(t)dt) dx)é <

<C < /O h vlp(x)hp(a:)dac> ! (33)

for non-negative h when V(00) = 0.
Arguing similarly as above we get that the correctness of inequality (33) is
equivalent to the correctness of the following two inequalities:

</OO° () </OO (/t </t V;(S)d.s) V(T)h(T)dT>Tw(t)dt>gdx>; .

<c ( /D h vl—p(x)hp(x)dx)’l’ (34)

3

and

([ o ([ ([ g wiom)” ([ vomons)'w) <
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<c < /0 h vlp(az)hp(x)da:) 7 (35)

Assume that f(7) = V(7)h(7). Then, in view of (28) and (29), inequality
(34) is equivalent to inequality (12). Thus, by Theorem 7 inequality (34) holds
if and only if Ej < oo for the case 1 < p < min{r, ¢} < oo, and Eg < oo for
the case 1 < r < p < ¢ < oo. Similarly, on the basis of Theorem 8 inequality
(34) is correct if Ff < oo for the case 0 < ¢ < p <r < oo and 1 < p < o0,
and ing < oo for the case 0 < max{r,q} <p <oocand 1< p, r < 0.

Inequality (35) is a standard Hardy-type inequality. Hence, by Theorem 3,
in view of (27) and (28), inequality (35) is valid if and only if H~ < oo for
l<p<g<ooand H- < xfor0<g<p<ooandl<p< .

When V(o0) < oo condition (17) is added for each cases. The proof of

Theorems 15 and 16 is complete. O
PROOF OF THEOREMS 17 AND 18. The proof of Theorems 17 and 18 is similar
to the proof of Theorems 15 and 16. O

5. ADDITIONS

1. Let us notice that when r = 1 inequalities (3) and (4) are standard

Hardy-type inequalities, which have been already studied for monotone
functions by “the Sawyer duality principle"(see e.g. [2, Chapter 6]). In [7]
the authors also give complete characterizations for standard Hardy-type
inequalities on the cone of monotone functions. However, in contrast to the
previous results, the characterizations in [7] are found by using their own
reduction Theorems 1 and 2 (see |7, Corollary 3.1]).
2. In [11] and [12] the authors investigate the problem of boundedness of the
multi-dimensional Hardy operator from a Lebesgue space to a Morrey-type
space. The main step in the proof of this problem is based on the correctness
of inequalities of the following type:

1

MX) u(2) (/Oz </t°° f(S)d8>Tw(t)dt)de>;§C (/Ooov(:c)fp(x)dm)p 56)

and

(/OOO u(z) (/:O(At f(S)dsy w(t)dt> % dx) ;g C <Aoo U(x)fp($)dgb> z 67
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Due to usefulness of inequalities of the type (36) and (37) for the theory
of Morrey spaces, they have been investigated in a series of papers [13], [14],
[15] and [16]. As a continuation of problems from [13], [14], [15] and [16], in
works [17| and [18] there are characterizations of inequalities (36) and (37) for
monotone functions.

It is easy to see a close connection between inequalities (36) and (3): if we
divide the inside integral of the left-hand side of (36) into sum of two integrals

/f ds—/f ds+/f

we get that inequality (36) holds if and only if inequality (3) and the following
standard Hardy-type inequality

q 1
00 x Py 00 q q 0o

/u(x) /w(t)dt /f(s)ds dr | <C /v(t)fp(t)dt

0 0 T 0

simultaneously hold. By the similar splitting, we can see the connection
between (37) and (4).

Since conditions for the validity of standard Hardy-type inequalities for
monotone functions are known, using the above splitting we can also give
characterizations of inequalities (36) and (37) on the cone of monotone
functions. Let us present at least one statement for inequality (36).

THEOREM 19. Suppose that p, v and K are as in (14), (15) and (16),
respectively. Let

Hy = sup </O v(s)ds> K </Ox($ ~ s)tu(s) (/0 w(t)dt> ‘ ds) % ,
Hf = s ( /x Oo(s - x)%(s)vp’(s)ds> v ( /0 ’ u(s) ( /0 ’ w(t)dt> ‘ ds> % :

Then inequality (36) holds for all non-increasing functions f if and only if

max{H ", E,Hf ,H{"} < 0o
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for the case 1 < p < min{r,q} < co and
max{H ", E5, Hf ,H{} < 00

for the case 1 < r < p < q < oo when V(00) = 0.

REFERENCES

1 Kufner A., Maligranda L., Persson L.-E. The Hardy inequality. About its
history and some related results. — Pilsen: Vydavatelsky servis, 2007.

2 Kufner A., Persson L.-E. Weighted Inequalities of Hardy Type. — New Jersey,
London, Singapore, Hong Kong: World Scientific, 2003.

3 Oinarov R., Kalybay A. Three-parameter weighted Hardy type inequalities //
Banach J. Math. Anal. — 2008. — V. 2, Ne 2, — P. 85-93.

4 Oinarov R., Kalybay A. Weighted inequalities for a class of semiadditive
operators // Ann. Funct. Anal. — 2015. - V. 6, Ne 4. - P. 155-171.

5 Lorentz G.G. On the theory of spaces A // Pacific J. Math. — 1951. — V. 1,
Ne 3. — P. 411-429.

6 Sawyer E. Boundedness of classical operators on classical Lorentz spaces //
Studia Math. — 1990. — V. 96, Ne 2. — P. 145-158.

7 Gogatishvili A., Stepanov V. Reduction theorems for weighted integral
inequalities on the cone of monotone functions // Russian Math. Surveys. — 2013.
- V.4, iss. 4. — P. 597-664.

8 Oinarov R., Kalybay A. Weighted estimates of a class of integral
operators with three parameters // J. Funct. Spaces. Appl. — 2016. -
http://dx.doi.org/10.1155,/1045459.

9 Oinarov R. Weighted inequalities for one class of integral operators // Doklady
Akad. Nauk SSSR. — 1991. — V. 319, N\e 5. — P. 1076-1078.

10 Bloom S., Kerman R. Weighted norm inequalities for operators of Hardy type
// Proc. Amer. Math. Soc. — 1991. — V. 113, Ne 1. — P. 135-141.

11 Burenkov V.I., Oinarov R. Necessary and sufficient conditions for boundedness
of the Hardy-type operator from a weighted Lebesgue space to a Morrey-type space
// Math. Inequal. Appl. — 2013. - V. 16, Ne 1. — P. 1-19.

12 Kalybay A. On boundedness of the conjugate multidimensional Hardy operator
from a Lebesgue space to a local Morrey-type space // Int. J. Math. Anal. — 2014. —
V.8, e 11. — P. 539-553.

13 Gogatishvili A., Mustafayev R., Persson L.E. Some new iterated Hardy-type
inequalities // J. Funct. Spaces Appl. — 2012. — Article ID 734194.

14 Gogatishvili A., Mustafayev R., Persson L.E. Some new iterated Hardy-type
inequalities: the case § =1 // J. Inequal. Appl. — 2013. — V. 515.

15 Prokhorov D., Stepanov V. Weighted estimates for a class of sublinear operators
// Doklady Math. — 2013. — V. 88, Ne 3. — P. 721-723.

MATEMATUYECKWI KYPHAJ. — 2016. — T. 16, Ne 3



Three-weighted integral inequalities on the ... 155

16 Prokhorov D., Stepanov V. On weighted Hardy inequalities in mixed norms //
Proc. Steklov Inst. Math. — 2013. — V. 283. — P. 149-164.

17 Gogatishvili A., Mustafayev R. Weighted iterated Hardy-type inequalities //
arXiv preprint. — 2015. — arXiv: 1503.04079.

18 Shambilova G.E. The weighted inequalities for a certain class of quasilinear
integral operators on the cone of monotone functions // Siberian Math. J. — 2014. —
V.55, Ne 4. — P. 745-767.

Received 22.07.2016

Kanpi6ait A.A., Ofinapos P. MOHOTOH/IBI ®YHKIINSAIAP KOHY-
CBIHJIATBI YIII CAJIMAKTHI MHTEIPAJIJIBIK TEHCI3/IIKTEP

MounoToH/bl (pYHKIUsAIAD KOHYCHIH/Ia HUHTErPAJIIBIK OIEPATOp KJjacTap
VIIIH VIIT CAJIMAKThI KOHE YIII TapaMeTPJIl TeHCI3AIKTEP/IIH OPBIHIAJIYbIH Taraii-
BIHIANMBI3.

Kameibait A.A., Oiimapos P. TPEX-BECOBBIE HNHTEIT'PAJIbHBIE
HEPABEHCTBA HA KOHYCE MOHOTOHHBIX ®YVHKIININ

Ha konyce MOHOTOHHBIX (DYHKIUIT JJIsT KJIACCA MHTETPAIBHBIX OTIEPATOPOR
MBI YCTAHABJINBAEM BBITIOJTHEHNE OIIEHOK C TPeMd BeCAMU U TpeMd mapaMeTpa-
M.

MATEMATHYECKUI »KYPHAJN. — 2016. — T. 16, Ne 3



MATEMATUYECKUN YKYPHAJI ISSN 1682-0525

2016. — Tom 16, Ne 3. — C. 156—165.
VK 519.22

CONVERGENCE OF SOME QUADRATIC FORMS
USED IN REGRESSION ANALYSIS
K.T. MyNBAEVH2, G.S. DARKENBAYEVAZ34

!Kazakh-British Technical University
050000, Tole bi str., 59, : kairat_mynbayev@yahoo.come-mail

2Institute of Mathematics and Mathematical Modeling
050010, Almaty, 125 Pushkin str., e-mail: 2g.spandiyar@gmail.com

3Al-Farabi Kazakh National University
050040, Almaty, 71 al-Farabi ave.

4International IT University
050000, Almaty, 34A Manas street

Annotation: We consider convergence in distribution of two quadratic forms arising
in unit root tests for a regression with a slowly varying regressor. The error term is
a unit root process with linear processes as disturbances. The linear processes are
non-causal short-memory with independent identically distributed innovations. Our
results generalize some statements from [1] and [2].
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1. INTRODUCTION

Testing for unit roots is an important area of time series analysis. Initially,
the errors in the model u; = u;—1 4+ v; were assumed independent identically
disrtibuted (i.i.d.) (see [3], [4]). In the subsequent research, the assumption of
independence was relaxed. [1], for example, considered a linear process

o0
U = E Ci€t—i,
i=0
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where the innovations e; are i.i.d. and the constants ¢; satisfy the condition
o0

> ileil < oo. Such a process is called causal (it includes only the current
i=0

and past innovations). Later on, central limit theorems have been extended to
include non-causal linear processes

UVt = E Ci€t—i,

€7

where Z is the set of all integers. We apply results for non-causal prosesses
from [5] and [6] to characterize the asymptotic distribution of two quadratic
forms that arise in statistical applications. Our results generalize to the
non-causal linear processes some statements from [1] and [2].

2. MAIN DEFINITIONS AND ASSUMPTIONS

DEFINITION 1. A family {X; : 7 € T} of random variables is called
uniformly integrable if

lim sup F'|X7|1x, |>m = 0.

m—=9o0 rcT

DEFINITION 2. Consider {e, F; : t € Z}, where e; are random variables and
F} are nested sub-o-fields of ), Fy_1 C F}y for all t. Such a family is called a
martingale difference (m.d.) array if

1. e; are Fy-measurable,

2. e; are integrable and

3. E(e4|Fi—1) = 0 for all t.

DEFINITION 3. For a given F € L,((0,1)?) we can define a discretization
operator 8, : L,((0,1)?) — R by

(OnpF)y, = nz/q/ F(x)dx,1 < s,t <n,

qst

).

Sl

where q is the conjugate of p, ]% + % =1, and g5 = [%, %) X [%,
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DEFINITION 4. Let 1 < p < oo and the sequence of vectors { f,} be such that
fn € R™ for all n € N, here N is the set of all natural numbers. {f,} is called
L,-approximable if there exists a function F' € L, such that

If such is the case, the sequence { fn} is said to be Ly,-close to F. To make this
definition work in the case p = 00, it is nessesary to assume additionally that
F' is continuous on [0, 1].

ASSUMPTION 1. Let {e;, F; : t € Z} be a double-infinite m.d. array. Fixing a
summable sequence of numbers {c; : j € Z}, denote

vy = chet_j,t €.
JEZ

The array {v: : t € Z} is called a linear process.

Denote a. = ) |¢j| and . = > ¢;.
V=) jez

ASSUMPTION 2. {e?} are uniformly integrable and E (e}|F;—1) = o2 for all t.
AssuMPTION 3. The sequence {c;j : j € Z} is summable, o, < co.

ASSUMPTION 4. The process {u;} possesses a unit root under the null
hypothesis p =1 in
U = pUt—1 + U,

where vy is the same linear process as in Assumption 1.

3. ANALYTICAL RESULTS

Consider the linear processes v, satisfying Assumptions 1, 2 and wu,
satisfying Assumption 4. Denote

n n t—1
R, = :L;ut_lvt = %Z (Z vl> o (1)

t=2 \i=1
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and
1 1 A
o= 3= 53 () &
t=1 t=1 \l=1
With
e,=(1,..,1, 0,..,0), d,=(0,..,0,1,0,...,0), v = (v1,...,0p)
~—— —— =
t n—t t—1 n—t
we can write .
Zvl:esv, vs=dv for s=1,...,n (3)
=1

So for (1) by (3) we obtain

n

1 1<
Ry, =— g e;_qvdyy = v’ — E er—1dyv = v'anyv,
n n
t=2 t=2

where a, is an upper triangular matrix of size n x n:

o1 1 --- 11

0 01 11

1 o 00 --- 11

Un = : Do
0 0 0 01

0 00 0 0

One can show that a,, is La-close to

1,5 <t
F(s,t):{ s <

0,s >t

but the degree of approximation and the integral operator with F' as a kernel
are not good enough to apply Theorem 3.9.1 from [6] for convergence in
distribution of R,. This is because a, is not a symmetric matrix. We note
that R, = (v'a,v) = v'alv, so we can write

1 1 I
R, = 57}’ (an + a;L) v = 511/ <an + a;L + n> v — —nvlv,
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here I is the identity matrix of size n x n. Denoting k, = a,, + a}, + % we have
1 1
R, = iv'knv — %v’v. (4)

Let K(s,t) =1 on (0,1)2. Then

1
knij - (5n2K)ij = ﬁ - n/dx =
qij

1 1
———=0 foralll<,j5<n,

n n

here d,2 is a discretization operator. Thus, ||k, — dn2K||, = 0. The integral
operator K associated with K

1
(Kf) (2) = / £ () dt
0

has only one non-zero eigenvalue A = 1; the corresponding eigenspace consists
of constants and is one-dimensional, all other eigenvalues are zero. By Theorem
3.9.1 from [6] we can assert that

1. If 5. # 0, then

V' kv LN (08e)* u?, (5)
n—oo
where u is standard normal, or
2. If 5. =0, then
v'kpv .. (6)

n—oo

To deal with the second term in (4), we apply a CLT from [5]. Suppose a
function H has r-th derivative and let

H (z) = sup |HD) (@ + 1)
ly|<A

A > 0.

DEFINITION 5. The triplet {H,{c;},{e;}} is said to satisfy condition C (r, \)
if there exists a number \ € (0,00) such that
1. H") (z) exists and is continuous for all = € R,

2. For all x € R A
H}(\T‘) <:1; + Z ciei>] < 00, (7)

iel

sup &
ICZ

where supremum is taken over all subsets I C 7Z.
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Let e; be independent identically distributed (i.i.d.) with Fe; = 0, Ee} <
oo. Put H(x) = 22. Then (7) is trivially satisfied with r = 2. By Theorem 1 of

[5]

n

1 d
2 2 2
— vy — Bvy) —— N (0,0 8
n ( t t) n—s00 ( ’ 1)7 ( )
t=1
where
n
o = lim —Var vf] =02 E .
n—oo
" t=1 €7

1 1 1 1 —
ﬁv/U: ﬁva:ﬁZ(vf—Evf) —|—ntzlEvt2

t=1 t=1

:i L vtz—Evtz —i—lnEth:o(l)-l-lnEU?- 9
ﬁ[ﬁZ( ) nZ P nz (9)

t=1

Since

Evt2 =F g CiCjet—_i€t—j = o? E c?,

i,j€Z i€l
9) implies
P 1
. P 2 2
nh_)nolo VU0 écz. (10)
(2

From (4), (5), (6) and (10) we obtain the following statement.

LEMMA 1. Let vy = ) cje;—j, here e; being i.id. with Ee; = 0, Ee} <
JEZL
00,02 = Fe? and c; satisfying Assumption 3. Suppose Assumption 4 holds.

n t—1
Denote R, = 1 <Z vl> v;. Then

T n
t=2 \I=1

in case B, # 0 we have

2

d O
an? (53“24‘2012) ) (11)

1€EZ
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where u is standard normal;
in case B. =0

P o2 9
Ll DL (12)
1€Z
Since convergence in distribution to a constant implies convergence in
probability to the same constant, (12) is a part of (11).

For a related result, see Theorem 3.7 of [1].
For (2) by using (3) we have

1 1
Sp=— E epew =v'— E ereyv = v'byv, (13)
n n
t=1 t=1

where b, is a symmetric matrix of size n X n:

e B S

e R B B

1-2 1—2 1—2 ... 1—-n=2 1_nl

b _l n n n n n
=

n . - - - .

1o pom g2 oqom2 g

1—n=l q1_nl {_n-1l . 1_n=l {_n-l

n n n n n

. . n
In other words, b, = (% (1 — max{’_1 ﬂ})) . For given s,t € (0,1)?
choose 1 < 4,7 < n such that

1 —1 1 7 —1 ]
cs< Ty
n n n

It is easy to see that b, is Lo-close to a symmetric function
B(s,t) =1 —max{s,t}.

We need to know the rate of approximation. For this consider

% <1—max{i;1,j_n1}> —n/(l—max{s,t})dsdt

qij
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= / [nQ-l (1—max{l_l,‘7_1}) —n(l—max{s,t})] dsdt
n n n
ij
,—1 5—1 1
n<max{s,t}—max{l ,J}>‘dsdt§ —5-
n n n
n
[[bn — 5n2B”§ = Z ‘bnij - (6nZB)z’j

</
2 1
> ~o(3a):
2,7=1

qij
The integral operator X is associated with B by the following way

Thus,

1
Wﬂ@z/B@ﬂﬂ@M
0

and let us consider the integral equation for A and f(t)

1
ﬂﬂzA/Buﬁf@M%
0

here )\ is the eigenvalue of the kernel B (s,t); the corresponding solution f ()
is an eigenfunction for the eigenvalue . According to 2] (p.139) eigenvalues

of kernel B (s,t) are

1
AM=——"7",k€N

27
((k—=3)7)
with multiplicity 1 and corresponding eigenvectors are fi(t) = ccos /At with
¢ # 0. By Theorem 3.9.1 from [6] we can assert that
1. If 8. # 0, then
(e}
d 2
Vbv —— (o) ;Aiuf, (14)
1=
where u; are independent standard normal, or
2. If B, =0, then

v'byv SN} (15)
n—oo

From (13), (14) and (15) we obtain the next statement.
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2
n t
LEMMA 2. Let S, = 25 3 (Z vl> , where v; as in Assumption 1. And let
=1 \i=1
C

= Y ¢;j. Then
JEZL

Assumption 2 hold. Denote

in case B, # 0 we have

d 2o 1 2
S0~ (0B 2 (16)
e izt ((k—3)m)
where u; are independent standard normal;
in case B. =0
Sh % 0. (17)

Comparing to Theorem 5.12 of [2] we have the same result but under less
stringent assumptions on linear processes.
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Memgaes K.T., Tapkenbaesa J1.C. PETPECCUSIIBIK AHAJIN3/IE
KOJLTAHBLIATHIH KEBIP KBAJIPATTHIK ®OPMAJIAPIBIH 2KI-
HAKTBIIBIFEL

Basgy esreperin perpeccopsr 6ap perpeccusiiapasl 6ipyik Tybipre 3eprrey
GapbIChIHIA Maiija OOJATHIH €Ki KBAaIPATTHIK, TYPJAEP/IiH YIECTIipiaiM OOfbIH-
118, XKUHAKTAJIYBIH KapacTeipaMbr3. Perpeccusinbia, kaTeaepi 6ipik Tydbipre ue
CBI3BIKTBIK, TTPOIIECC PETiHJe KAPACTHIPBLIAIbl. BYJT CBI3BIKTHIK MPOIECC KBICKA
ecTe cakTay Kablierriiirine me xoHe TOyeJici3 bipeil yiecTipijiren nHHOBAIIN-
sUTapial TYpaJbl e yitrapambi3. Bisnin mHotukesnep [1] xone [2| kearipiiren
Keibip HOTMKeIep/ Il KaITbLIaiIbl.

Mem6aes K.T., Tdapkenbaesa J.C. CXOJUMOCTb HEKOTOPBIX
KBAJIPATUYHBIX ®OPM, ICIIOJIB3YEMBIX B PETPECCIOHHOM
AHAJIU3E

B sT0i1 cTarhe MBI paccMaTpuBaeM CXOJUMOCTH IO PACIPEIEIEHUIO IBYX
KBaIPATUIHBIX (POPM, KOTOPBIE BOBHUKAIOT B MCCJIETOBAHUAX HA, €IUHUIHBIN
KOPEHB PErpeccuii ¢ MeJJIEHHO MEHSIOMNMCs perpeccopoM. Ommmbku perpeccuit
MIPEJICTABJISIOTCS B BU/JIE JIMHEHHOTO MPOIIECCa, KOTOPBI 00/1a1aeT eTUHUIHBIM
xopHeM. [Ipeamonaraem, aro uHEHHbIN poriecc 00/1a1aeT KOPOTKOM maMaThio
C HE3aBUCUMBIMU OIMHAKOBO pAaCIpeeeHHBIMI NHHOBAaAMU. Harmm pe3yanb-
TaThl 00001IAI0T HEKOTOPBIE Pe3ysIbTaThl, HpuBejieHHbe B [1] u [2].
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1. INTRODUCTION

Consider the following inequality

Hﬂ@

]

D
< Vil pmn, 1<p<n, 1
e = g IV s (1)

where V is the standard gradient in R", f € C§°(R"\{0}), ||z|| =
\/x% + ...+ 22, and the constant nLip is known to be sharp. The one-
dimensional version of (1) for p = 2 was first discovered by Hardy in [1], and
then for other p in [2], see also [2] for the story behind these inequalities. Since
then the inequality (1) has been widely analysed in many different settings (see
e.g. [3]-[19]). Nowadays there is vast literature on this subject, for example, the
MathSciNet search shows about 5000 research works related to this subject. On
homogeneous Carnot groups (or stratified groups) inequalities of this type have
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been also intensively investigated (see e.g. [20]-[28]). In this case inequality (1)
takes the form

£, e
d(x) LP(G) TQ-p

||va”LP((G)> Q > 3a 1< p< Qa (2)

where @ is the homogeneous dimension of the stratified group G, Vp is the
horizontal gradient, and d(z) is the so-called £-gauge, which is a particular
homogeneous quasi-norm obtained from the fundamental solution of the sub-
Laplacian, that is, d(2)?~% is a constant multiple of Folland’s [29] (see also
[30]) fundamental solution of the sub-Laplacian on G. For a short review in
this direction and some further discussions we refer to recent papers |31]-[33]
and [36] as well as to references therein.
At the same time the Rellich inequalities give results of the type

p p
/ ﬂda: <C A 7] dx
R

n |l re |al?

for certain relations between «, 3,n,p. For example, the classical result by
Rellich appearing at the 1954 ICM in Amsterdam [37] stated the inequality

f

ER

4

L2(R") o WHAJCHLQ(R")a n > 4. (3)

We refer e.g. to Davies and Hinz [16] for history and further extensions,
including the derivation of sharp constants, and to [27] and [38] for the
corresponding results for the sub-Laplacian on homogeneous Carnot groups.
The main aim of this paper is to give analogues of Hardy-Rellich type
inequalities on stratified groups with horizontal gradients and weights. Our
results extend known Hardy and Rellich type inequalities on abelian and
Heisenberg groups, for example (see e.g. [4], [12], [39] and [40]). For the
convenience of the reader let us now briefly recapture the main results of this
paper. Let G be a homogeneous stratified group of homogeneous dimension @,

and let Xi,..., Xy be left-invariant vector fields giving the first stratum of
the Lie algebra of G, Vg = (X1, ..., Xxn), with the sub-Laplacian
N
L=> X}
k=1
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Denote the variables on G by = = (2/,2"”) € G, where 2’ corresponds to the
first stratum. For precise definitions we refer to Section 2.
Thus, to summarise briefly, in this paper we establish the following result.

e (Hardy-Rellich type inequalities) Let G be a homogeneous stratified
group with N being the dimension of the first stratum, and let o, 5 € R.
Then for any f € C5°(G\{z' = 0}), we have

5 |$/‘a+ﬁ+1dx+(a+ﬁ+1)/g|x/|a+ﬁ+3 T

1P [ Vaf
= Je P Jo TP

(N—(a+ﬁ+3)/ Va/l® @ Vi)l )25
G

dr, (4)

where | - | is the Euclidean norm on RY. Moreover, for a+ 43 < N we

have
IN+a+pB—1|| Vyf Lf Vuf (5)
2 ,x/,—”S“ 12(@) s 12(G) || 12(G)

with the sharp constant. In the special case of = 1 and S = 0, the
inequality (5) gives the following stratified group version of Rellich’s
inequality

Vaf? 2\ 2
G‘ ’;{é’ dr < (N> /G\ﬁnydx, L< N, (6)

again with the constant (%)2 being sharp. In turn, we have the following
stratified group version of the weighted Hardy inequality (see [41])

/ Vuf

2
2PNl 2y~ N —4 H ||

, 4<N, (7)
L2(G)

again with 25 being the best constant. Now combining (7) with (6) we
obtain
f

/|2

<+
re NIV -4

1L 2@y, 4 <N, (8)
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with the sharp constant. In the abelian case G = (R", +), we have N = n,
Vg=V =(0z,...,0z,), and L = A, so it follows the classical Rellich
inequality (3), that is,

f

ER

4
< ol — A\ n
L2(Rn) - n(n _ 4) ||Af||L2(R )s 4 < n, (9)

for all f € C§°(R"\{0}).

e (Embedding results) Let G be a homogeneous stratified group with NV
being the dimension of the first stratum, and let «, 8 € R. We have the
following continuous embedding

()
H2 (G) € D2y, (G)

for a4+ 5 —1%# N.

(ii)
D2*(G) C DJ%,(G)

foragg—Qwitha#%.

In Section 2 we very briefly recall the main concepts of stratified groups
and fix the notation. In Section 3 we derive versions of Hardy-Rellich type
inequalities on stratified groups and discuss their consequences including
embedding results.

2. PRELIMINARIES

A Lie group G = (R™, 0) is called a stratified (Lie) group if it satisfies the
following conditions:

(a) For some natural numbers N + Ny + ... + N, = n, that is N = Ny, the
decomposition R” = RN x ... x R is valid, and for every A > 0 the dilation
0y : R™ — R"” given by

Sx(z) = 6x(2, 2P, M) = !, 22 ATz

is an automorphism of the group G. Here 2/ = M) € RN and #*) e RV for
k=2, ..r.

MATEMATHYECKUI »KYPHAJN. — 2016. — T. 16, Ne 3



170 B. SABITBEK

(b) Let N be as in (a) and let X1, ..., Xx be the left invariant vector fields
on G such that X;(0) = 52-|o for k= 1,..., N. Then

k

rank(Lie{ X1, ..., Xn}) =n

for every x € R™, i.e. the iterated commutators of Xi,..., Xy span the Lie
algebra of G.

That is, we say that the triple G = (R™, 0, d)) is a stratified group. See also
e.g. [42] for discussions from the Lie algebra point of view. Here r is called a step
of G and the left invariant vector fields Xy, ..., Xx are called the (Jacobian)
generators of G. The number

T
Q=) kN
k=1
is called the homogeneous dimension of G. The second order differential
operator
N
L=> X;, Ni=N, (10)
k=1

is called the (canonical) sub-Laplacian on G. The sub-Laplacian £ is a left
invariant homogeneous hypoelliptic differential operator and it is known that
L is elliptic if and only if the step of G is equal to 1. We also recall that the
standard Lebesque measure dz on R" is the Haar measure for G (see, e.g. [42,
Proposition 1.6.6]). The left invariant vector field X; has an explicit form and
satisfies the divergence theorem, see e.g. [31] for the derivation of the exact
formula: more precisely, we can write

r N
K= L 33 o a2 (1)
O, =2 m=1 O

see also |42, Section 3.1.5] for a general presentation. We will also use the
following notations
Vg = (Xl""7XN)

for the horizontal gradient,

divgv :=Vg-v
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for the horizontal divergence,
Lpf =divg([VaflP?Vuf), 1<p<oo, (12)
for the horizontal p-Laplacian (or p-sub-Laplacian), and
|2/| = /a2 + ...+ 2}

for the Euclidean norm on RY.
The explicit representation (11) allows us to have the identity

N N _
di o\ Zj:l |$/|VXJ'5L'9 - Zj:l :U;7|:L"|V 1XJ‘$/| ~N-—~» (13)
) T 2/ B
for all v € R, |2/| # 0.

3. HORIZONTAL HARDY-RELLICH TYPE INEQUALITIES AND EMBEDDING
RESULTS

Below we adopt all the notation introduced in Section 2 concerning
stratified groups and the horizontal operators.

THEOREM 1. Let G be a homogeneous stratified group with N being the
dimension of the first stratum, and let o, 5 € R. Then for any f € C§°(G\{z' =
0}) we have

N—(a+B8+3) [ [Vuf? @ -VuahH?, \?
( . /G’x/|a+ﬁ+1dx+(a+5+l)/(g’xl|a+ﬁ+3 d:r) <

2 2
< [ [
G G

where | - | is the Euclidean norm on RY. Moreover, for a+ 3 +3 < N we have

1 1
IN +a+p—1] Vi f]? ILfI> \? IVafl?, \?
dx < d d 1
2 6 P =\ g ¢ [ 1)

with the sharp constant.

Let us define the following Sovolev type spaces on the stratified Lie group
G.
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e Let DY*(G) be the completion of C3°(G\{z' = 0}) with respect to the
norm

1
_ Vuafl?, \®
I lpse = ([ oar)

o Let D%’Q(G) be the completion of C5°(G\{z’ = 0}) with respect to the
norm

1
(e,
e = ([ o)

o Let Hiﬂ(G) be the completion of C§°(G\{z' = 0}) with respect to the
norm

1
(19l N
11200 = [ oot + foasce)

THEOREM 2. Let G be a homogeneous stratified group with N being the
dimension of the first stratum, and let o, 3 € R. We have the following
continuous embedding

(i)
HO%”B(G) - D?1742»§+1 (G)
fora+ 5 —1%# N.

(ii)
D2*(G) C D}},(G)
fora§%—2witha7é%.

In the abelian case G = (R, +), wehave N =n, Vg =V = (0y,,...,01,),
so (14) implies the Hardy-Rellich type inequality (see e.g. [12] and [43]) for
G =R"™

—(a+8+3 ik
(n (a2 )/Rn Haj‘a+|ﬁ+1d:c+(a+ﬁ+1)/n

NG /rwv
< d dx, 16
—Awmkawmwx (16)
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for all f € CP(R™\{0}), and ||z| = /23 + ... + z2.
When a = 1 and 8 = 0, the inequality (3) gives the following stratified
group version of Rellich’s inequality

2 2 2
i |V;,f;| d < <N> /¢;|£f|2da;, 4< N, (17)

with (%)2 being the best constant.

Directly from the inequality (3), choosing a and 3, we can obtain a number
of Heisenberg-Pauli-Weyl type uncertainly inequalities which have various
consequences and applications. For instance,

1 1
2 2 2 2 2
|N + 2a Vi f] d < idm Vi f] d
2 G |2'[2etD) c |2/t c |T'[*

for a <& —2and any f € H: 11(G),

1 1
N-2 2 Lf? 2
| |/ ‘va‘de < </ ‘x/‘Q(a+1)|va‘2dw> </ ’ /f2|ad$>
2 Jg G c 17|

for 3 < N and any f € Dé’2(G),

1 1
N [ [VafP [ 1wastas)’ cfE o\
s < d
2 Jo T s Y Vil )

for any f € D;*(G),

_ 2 3 2 \2
G G

2 Jg || |22

for 2< N and any f € Di’é(G),
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o 9 1 1
N-1 IlefI d < </ WHf‘gdw)z (/ !ﬁflzdx>2
2 Jg || G G

for 2 < N and any f € Di/é(G)

PROOF OF THEOREM 1. For all s € R™ we have

2

Vauf x!
/(G ’w/|a 3’3;/|5+1£f dz > 0,
that is,
VufP a'-Vuf 2 [ ILFI7
/(;; ’$/|2a dfC+28 Gwﬁfdx—i-s - ‘x,Pde 2 0. (18)
Since

' -Vyf B . - Vyf
G |x/\a+ﬁ+1£fdx = /GleH(VHf) <W+5+1 dz

by using the divergence theorem (see e.g. [31]) and (13) we obtain
_ ¥ -Vyf 1 x 9
/GleH(VHf) <W+5+1> dx = ) /G W Vu(Vuf|*)dz—

2 ’ 2
_/ Vufl da:+(a+ﬂ+1)/ (@ -Vuf)
G G

|$/|a+ﬁ+1 |$l|a+5+3

Again by the divergence theorem and (13) we get

1 a’ o, N—-(a+B+1) Vufl?
—Q/GW'VH“VHJC’ )dx = B /G

Thus,

/[0 FBT dz.

-Vyf

G |z'|ethtt Lfde =

dr+

N—(a+ﬁ+3)/ Vi f?
G

2 |$/‘a+,3+1

I_v 2
+a+B+1) /G de. (19)

Therefore, the equation (18) can be restated as
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32/ \cdeHQS(N—(aHHB)/ VuiP o
G G

P 2 Elga

1
+(OZ+B+ )/(G ‘.’E"a+ﬂ+3 c |$’l‘2a

Denoting
_ [ lLP
= o e

N —(a+B8+3) Vi f|? (2 -Vuf)?
= 5 /G’w,,wmd“ (+ 5+ 1)/@de7

and )
e [ NVafl

G ’x/|2a

we arrive at
as® 4 2bs + ¢ > 0, (21)

which is equivalent to b — ac < 0. Thus, we have

N—(a+8+3) [ [Vuf? @ -Vuf)? \
< 5 /G’m,’iﬂ+ldx+(a+ﬁ+l)/(;wfg+3dx> <

|£f‘2dx Vi f]?
“Je PP Jg |2l

dx. (22)

This shows the inequality (14). Now it remains to prove (3). It can be proved
similarly. For a different proof of (3) we refer [41].
PROOF OF THEOREM 2. Since N # a + 8 — 1, from (3) we obtain

1 1
2 ) 2 3 2 3
/ \Vufl| dr < |Lf] A Vi fl ar) <
& |2 IN+a+8-1] \Ug [2/]* c |z'[*

2 L f]? IV f? )
< dx + dz ),
=IN+a+p8-1 </G 28T fo e

forall f € C§°(G\{z' = 0}). This proves Part (i). Part (ii) also implies from the
inequality (3), namely assuming a4+ 343 < N and letting 8 =a+1, a # %
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Cabutoex B. KABATTAJITAH JIM TOIITAPBIHJIATHEI COBOJIEB
TEKTEC KEHICTIKTEP/IH CAJIBIHY TEOPEMACHI

Bynr makanaga 6i3 kabarraaraH JIu TomTaphiHIarel Xapan-Penanx Tek-
TeC CAIMaKTHIK TEHCI3JITiHIH TOPU30HTAIb HYCKAJIAPHl MEH OJIAPIBIH Keitdip
caJiTapblH yChiHAMBI3. Bi3nin HoTuXKesep nepbec kKarmgaiiiap yiiiH OypbIHHAH
Gesriai HoTMXKeNepal KaJinbLiaiiael. Oran Koca, kKabarriaran JIu TonrapbiH-
nmarel CobosieB TeKTeC KaHa (DYHKIMOHAIIBIK KEHICTIKTEp aHBIKTAJIFAH YKoHEe
ocbl DYHKITMOHAJIIBIK, KEHICTIKTED VIIiH CAJIbIHY TEOPEMAaChl JI9JIEJIICHTeH.

Caburoex B. TEOPEMA BJIOKEHUA ITPOCTPAHCTB TUIIA CO-
BOJIEBA HA CTPATN®NIMNPOBAHHBIX I'PVIIITAX JIN

B a70it crarbe MbI Ipe/cTaBIIIEM TOPU30HTAILHBIE AHAJIOIM BECOBOI'O HEPa-
BEHCTBa Tuta Xapau-Pernnxa #Ha crparndunupoBandbiX rpynnax Jlu n Hexko-
TOpbIe UX caeAcTBus. Harmm pe3yabraTsl 00001Ial0T MHOTHE paHee W3BECTHBIE
pe3y/IbTaThl B YaCTHBIX Caydasx. Kpome TOro, ompe/ie/ieHbl HOBbIE (DYHKINO-
HajbHBIE TTpocTpancTBa Tuna CoboseBa Ha cTrpaTuduImpoBannbie rpymnmax Jlun
¥ JIOKA3aHBI TEOPEMbI BJIOXKEHUS I ITUX (DYHKIIMOHAIBHBIX TPOCTPAHCTB.
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and boundary conditions of the general form
aju’ (—1) —|—ﬁju’ (1) +ajiu (—1) —|—,3j1u (1) =0, j=1,2. (2)

Coefficients of the boundary condition (2) are numbers, which can be
complex.

The main goal of the present paper is to set a criterion of the basis property
of the system of eigenfunctions (EF) of the operator L in the terms of the
coefficients of the boundary conditions (2). The interest to studying the basis
properties of operators of the form (1), (2) has arose relatively recently.

In works of T.Sh. Kal’'menov and his disciples the selfadjointness property
of the Cauchy operator:

Lxu=—-u"(-z), -1<x <1, u(-1)=0, u(-1)=0, (3)

is successfully applied in solving initial-boundary value problems for a heat
equation with inverse time direction [4], in finding a criterion of well-posedness
of the Cauchy problem for the Poisson operator [5], in formulating an
asymptotic solution to problems with a small parameter [6].

Converting ¢(x) of the segment [a,b] onto itself, where a < ¢(z) < b,
pla) = b, pb) = a, ¢(p(z)) = =z, is called an involution. Therefore in
literature an expression of the form (1) is called operators with involution.
However in this paper we consider the case of only the simplest involution
¢ (xz) = —z. The works of A.P. Khromov and his disciples (see [7] and the
review in it) are devoted to researching spectral properies of integral and
integral-differential operators with reflection operators.

DEFINITION 1. The boundary conditions (2) for operator (1) we will call
irregular in the following two cases:

ay = B, az1 + P21 = 0;
(4)
ar = —=f1, az1 — P21 =0.
All the other boundary conditions we will call regular. The regular boundary

conditions (2) we call strengthened regular if their coefficients satisfy one of
the following three conditions:

a1 Ba—anf # 0;
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a1 fa—aafi=0, |au|+|B1]| >0, of # 57, a3y # Bay;
ar1=0e=01=P35=0, ai1821—a21PB11 # 0.

In [8] the Riesz basis property of the system of EF of the operator L with
strengthened regular boundary conditions in La(—1,1) was proved. An issue
on the basis property of the system of EF of the operator under consideration
with not strengthened regular boundary conditions has remained to be open.
In [9] examples of operators such that their system of EF also forms a Riesz
basis in La(—1,1) are introduced.

It is easy to see that if the boundary conditions (2) are regular but not
strengthened regular, then o082 — a1 = 0, |a1| + |B1] > 0 and one of the
equalities af = (% or a3; = 83, holds. Excluding from here cases of irregularity
of the boundary conditions (4), we get the following result.

LEMMA 1. The boundary conditions (2) will be regular but not strengthened
regular if and only if a1y — ey = 0, |a1|+|B1] > 0 and one of the following
four conditions holds:

ap =1, o1+ Po1 #0; g =P, a1+pB#0;
(5)
ay = —fB1, a1 — P21 #0; az =—P21, a1+ P #0.

Note that a class of regular but not strengthened regular problems for
the classical [10] differential operator fu = —u' () and for the differential
operator with involution (1) completely coincide. The class of strengthened
regular boundary conditions for the operator with involution (1) are wider
than for the classical differential operator. Thus, for example, the Cauchy
problem (3) is strengthened regular ( and even seladjoint) for an operator with
involution and is irregular (degenerated, Volterra) for a classical differential
operator. It is caused by the fact that the fulfillment of the inequality
1891 + Braer # 0 is required in definition of regular boundary conditions
for the classical differential operator of the second order in the second case
of regularity. Whereas this condition is required only for regular but not
strengthened regular boundary conditions in our definition for the differential
operator with involution.

THEOREM 1. Spectrum of the operator L, generated by the differential
expression (1) and by regular but not strengthened regular boundary conditions
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(2), is simple. The system of its eigenfunctions {uy(x)} forms a Riesz basis
in  Ly(—1,1) if and only if there exist constants Lo(—1,1) such that for
Lo(—1,1)and for a biorthogonal adjoint system {vg(x)} inequalities hold

[k (x)HLoo(fl,l) < 71 llue (x)”LQ(fl,l)’ [[ve (fU)HLoo(fm) < 72llvk (w)HLQ(fl,lﬁ

[k (:E)HLOO(—l,l) <73, || (x)HLoo(_l,l) < 4.
(6)
PROOF. A square of the operator L is given by a classical differential expression
L?u = V) (z) and by four boundary conditions: (2) and

Biju" (=1) + ayu” (1) = Bju” (=1) — apu” (1) =0, j=1,2. (7)

Following |10], we get

0_1 =01 = =2 |(B1P21 + a1a21) + (Brass + a1 f21)?] .

Hence, by direct calculation we make sure that §_; = 61 # 0 for each of four
cases (5). Consequently, the boundary conditions (2), (7) are regular for the
classical differential operator of the fourth order and its corresponding operator
L? has the system of eigen- and associated functions forming a complete and
minimal system in La(—1,1).

But root functions of the operators L and L? coincide [8]. Therefore the
system of root functions of the non-classical differential operator L with the
regular (but not strengthened regular in the sense of our introduced definition)
boundary conditions forms the complete and minimal system in La(—1,1).
However the boundary conditions (2), (7) are not strengthened regular for
the classical differential operator of the fourth order, therefore an additional
research is required for studying issues of the basis properties of the system of
EF.

LEMMA 2. Eigenvalues of the operator L. with regular but not strengthened
regular boundary conditions are simple and form two series with the following
asymptotic behavior:

9 2
)\,(Cl): - [lm—i—lné +0 <1>] ; )\1(3):[]4:%—#—1115 +0 <1>] k=00, (8)

27 k 21 k
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where { can take values only +1 or -1: £ = —[1/aq for oz% = B% and £ =
—Ba1/az for a3y = B3;.

The proof of the lemma is held by direct calculation of a characteristic
determiner of the spectral problem and by further use of Rouche’s theorem.
Since we indicate a form of the characteristic determiner below, we will not
stop on the direct proof of this lemma. Thus the system of EF of the operator L
with regular but not strengthened regular boundary conditions is the complete
and minimal system of EF of the classical differential operator of the fourth
order, where all the conditions A hold (one of preliminary conditions of the
theory of V.A. Il'in [1], [11]). Therefore the result of theorem 1 follows from
[12, theorem 1].

THEOREM 2. System of EF of the operator L, generated by the differential
expression (1) and by the regular boundary conditions (2), forms a Riesz basis
in Lay(—1,1).

PROOF. Since the system of EF of the operator L with strengthened regular
boundary conditions forms the Riesz basis |9], then we need only to consider
a case of regular but strengthened regular boundary conditions. By virtue of
lemma 1 all such boundary conditions can be represented in the form:

{ alu' (—1) +ﬂ1u/ (1) + 11U (—1) +511U (1) =0

ag1u (—1) + Bau (1) = 0, 7 (9)

where |a1| + |51] > 0 and one of the fourth conditions (5) holds.
Representing the general solution of an equation —u” (—x) = Au(z) in the
form

u(z) = Cy (e’ — e ") + Cy (e + e "), p= VA

and satisfying it to the boundary conditions (9), we get a linear system with
respect to coefficients C1, Co:

Cilp(aa+Br) (ef +e77) = (an — fu) (e —e™?)] -
—Cy [ip (051 — 51) (e”’ — 6_“)) — (a11 + ﬁll) (e’f’ + 8_2?)] =0, (10)
C1 (—ag1 + B21) (e — e7P) + Ca (a1 + Pa1) (€ + 7)) = 0.

The determiner of this system will be a characteristic determiner of the spectral
problem.
Separately consider each of four cases (5).
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Let at first a1 = B1, a91 + B21 # 0. Then the determiner of system (10)
can be represented in the form

AN =A1(N) (eip + e_ip) ,
where
A1 (A) =2[p(az1 + B21) — Col e’ + 2 [p (a1 + Ba1) + Col e 7,
Co = a11f21 — a21811.
Therefore the spectral problem has two series of eigenvalues:

8.2 1\2
A = ()2, A,i - <k+ 2) 2, k=0,1,2 ..,
where pp = iw;, are roots of an equation

B 20y
p(az1 + B21) — Co

e — _

By standard reasoning, applying the Rouche’s theorem, we find
1 1
=|k+= o|-].
W ( + 2> T+ < k)
Thus the spectral problem has two series of eigenfunctions

ug) (x) = sin (wrx) +

91 — 21 sin (wg) (ewk(x—l) _ 6—"%(33""1)) (11)
g1 + Po1 1+ e 2% ,

1
u](f) (x) = cos <k + 2) Tz, k=0,1,2,...
Evidently that HU;?)H = 1. Calculating the norm u,(:) () and taking into

account that it consists of sum of two functions, the first of which is odd, and
the second norm is even, we get

ag1 — P21 sin (wg)
Qg1 + foa1 1+ e 2wk

Hu,g1>H2 = |sin (wgz) ||* + ‘ QHB%@D _ ew(wn”?
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Hence, after simple calculations, taking into account the asymptotic behavior,
|| =1+0(}).

Thus, the system of EF (11) is almost normalized. By direct checking it is
easy to make sure that system (11) is not quadratically close to a trigonometric

1 1
{sin <l<: + 2> TX, COS <k + 2> T } .

Therefore here we can not apply the theorem on closeness of the normalized
Riesz basis to an orthonormal basis used in a great amount of cases.

For establishing the basis property of system (11) we apply the criterion
of the Riesz basis property of the system of EF of problem (1), (2), proved in
Theorem 1.

For this purpose we construct a system of functions {v,gl) (x), v,(f) (a:)},

we obtain ‘

system

biorthogonally adjoint to the system {u,(cl) (x), u,(f) (a:)} This system is a
system of EF of a problem adjoint to the boundary value problem (1), (2). By
standard calculations, we find that a problem adjoint to problem (1), (2) is the
following boundary value problem (in case of oy = 1, o1 + P21 # 0):

"

L*'v=—v (—z), —1 < z<1, (12)
aarv’ (=1) +P21v’ (1) +aiiBarv (~1) +aziBuv (1) = 0,
(13)
v(=1)4v(1)=0.

By virtue of the adjointness of problems, ;\l(cl) and 5\,22) will be the

eigenvalues of the adjoint problem (12), (13). By direct calculation we obtain
that the eigenfunctions of problem (12), (13) have the form:

v,il) (x) = Cssin (wix)

1
v,(f) (x) =Cy [cos <k + 2) T — ay (e(mé)”(ﬂ”*l) - e(kJré)”(xH))} , (14)
where

_ (—1)" (@@ — Ban)
ap = — .

o1 + E 1+ 6—(2k+1)7r _ 2& 1— e—(2k+1)7r
(2k+1)7
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Unlike finding eigenfunctions of a direct problem, the coefficients Cs5, Cy
for the adjoint problem are found not from normalization conditions but

from biorthogonality conditions of the system {u](cl) (z), u,(f) (m)} and

{v,ﬁl) (z), v,(f) (x)} Therefore we have that scalar products: (ul(cl),v,(cl)) =

(u,(f),v,(f)) = 1 equal to one. Using the obtained representations (11), (14) of

(1) (

the eigenfunctions, taking into account that u

(2)

functions, and v, (z) is a sum of even and odd functions, it is easy to obtain
that

x) is a sum of odd and even

(ul(cl),v](cl)> = Csl[sin (wp) HQ, (u,(f),vl(f)) =C}.

Therefore the system of EF of problem (12), (13) being biorthogonal to a
system {u,(:) (x), u,(f) (m)} has the form

ol (@) = sin (wy) / [lsin (wp) |2,

v,(f) (x) =cos(k+1/2)mx —ay (e(k“/m”(x*l) - e*(kH/Q)”(IH)) .

We prove the fulfillment of inequalities (6) for proof of the basis properties
of the system of EF. For this purpose we estimate norms of the eigenfunctions
found by us. As a result we have

1
pu— 1 —_—
La(—1,1) +0 (kz) ’

y

], (!) <1+0<i>>’
“l(f)‘h( 1) H ’Lg( Ly

[ P

:Ho(k), e

1
= 1 —
Lo(—1,1) +0 (k:) ’

(2) _ 1
Hvk ‘ La(-1,0) L+0 <k> ’
@) 21 — B 1
‘L,( 1,1) ( * a21+521>< " <k>>
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Now from these inequalities we easily make sure that inequalities (6) hold.
Thereby the found systems of EF {u,(ql) (x), u,(f) (x)} and {v,(cl) (x), v,(f) (x)}
satisfy all requirements of Theorem 1. Consequently they form the Riesz basis
in Ly(—1,1). Thus, Theorem 2 is proved for the first from four cases (5). The
proof for the last cases is held analogously.

Now consider a case of the irregular boundary conditions (2), that is,
the case when the coefficients satisfy one of conditions (4). In this case the
boundary conditions can be reduced to the form (8), where ||+ |51] > 0, or
ar = B1, az1 + Pa1 =0, or a; = =4, a1 — P21 =0.

THEOREM 3. The system of EF of the operator L, generated by the differential

expression (1) and by the irregular boundary conditions (2), does not form even
a normal basis in La(—1,1).

ProoF. Consider only a case oy = 1, ao1 + 21 = 0, the second case from
(4) is considered similarly. As in proving theorem 2, by direct calculation, we
find out that problem (1), (2) has two series of eigenvalues

2
MY = ) AL = (k127 k= 0,1,2,...,

to which two series of eigenfunctions correspond

ul(cl) (v) =C1

: 2(_1)k kmi kr(z—1) —km(z+1)
sin (krz) — (o & Ain) (L F e=27) (e +e ) ,
(1

5)
u,(f) (x) =Cycos(k+1/2)mz, k=0,1,2,...

The eigenfunctions of the adjoint problem in this case have the form

v,gl) (x) = Cssin (krzx) ,
v,(f) () =Cy [COS <k + ;) T — ag (e(’”%)”(x*l) - e(kJré)”(xH))} , (16)

ap = (~1)F 2k + 1)/ [(Tm +PBn) (1 - e_(2k+1)7r>} .

The coefficients C'3, Cy are found from the biorthogonality conditions of the

systems. Therefore we have that the scalar products equal to one: <u§€1), vl(cl)> =

<u§€2), U?) =1
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Using representations (15), (16) of the eigenfunctions and taking into

account that ug) (z) is a sum of the even and odd functions, and v,(f) ()
is a sum of the odd and even functions, we have

1= <u§€1),v](€1)> =CCs, 1= (u,(f),v,(f)) = (0yC4. (17)

Consequently, under any choice of the coefficients C1, C5, the coefficients
C3,Cy must be chosen from relations (17). Thereby we have completely
computed the system of EF of the operator L with the irregular boundary
conditions and constructed its biorthogonal system.

Let us show now that under any choice of the coefficients C7,Cy the
eigenfunctions of the operator L do not form even a normal basis in Lo(—1,1).

For this purpose we show that for biorthogonal systems {u,ﬁl) (x), u,?) (:U)}

and {v,&l) (z), v,(f) (m)} the necessary condition of the basis property, that is,

a condition of system uniform minimality [4, p. 66] does not hold:
lug|l - okl < C < .

We calculate norms of the eigenfunctions found by us. It is sufficient to
consider the eigenfunctions of one series. We have

4k 1 + 4kme—2km —4km
S I B e e
L2(=1,1) | a1 + Bl (1 + e—2km)
) e
Hvk La(—1,1) sl

Taking into account that the coefficients C and C3 are linked by relation
(17), hence we find

y

|+

_ iy Ak 1+ dkme—2km 4 o—4km
| a1 + Bui)? ’

La(-1,1) La(-1.1) (1 4 e~2km)?

It is easy to see that under any choice of the coefficient C}, we get

(1)‘

v = 0
LQ(—1,1)H k ’

im ) Lottt

k—o00
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that is, the necessary condition of the basis property does not hold. Therefore

(1) (

the system of EF {uk x), u,(f) (ZL')} of the operator L, generated by the

differential expression (1) and by the irregular boundary conditions (2), doe
not form even the normal basis in Ly(—1,1). Theorem 3 is proved.

The results of the present paper give a comprehensive answer on the issue
on the basis property of the system of EF of the operator L in the terms of
the coefficients of the boundary conditions (2). Uniting the results obtained in
the paper, we can formulate them in the form of the criterion.

THEOREM 4. The system of EF of the operator L, generated by a differential
expression Lu = —u” (—x) and by the general boundary conditions (2), forms
a Riesz basis in Lo(—1,1) if and only if the boundary conditions (2) are regular.
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Copcenti O.M., Copcen6i O.A. EKTHIII PETI JTUO®OEPEHIINAJIHIK
OITEPATOP YTIITH NHBO/IIOINSICH BAP YKAJIITBLTAHFAH CTIEK-
TPAJIIBIK ECENITEPIIH KACHIETTEPI

Byn xywmbicta mHBOMIOUMLACH Oap exiHimi perti mouenbiik guddepen-
IUAJIABIK OMEPAaTOp VIMH CHeKTPAJbILIK ecerl KapacThipbLiaabl. Omeparop
lyu = —u'(—x) muddepeHnnanIBIK OPHETIMEH KOHE YKAJIlbl TYDPJEri Ime-
KapaJblK maprrapMmen 6epiieai. OmepaTopablH MEHINKTI (DYHKIUTaAPbIHBIH,
JKyiteciniy 6azmcTiri KpuTepuiii IMeKapasblK IapTTapAbiH Ko3dduimenTTepi
TEPMUHJIEPIH/IE TAFABIHIAIA/IHI.

Capcen6u A.M., Capcen6u A.A. CBOMICTBA OBOBIIIEHHBIX CTIEK-
TPAJIBHBIX 3AAY C MHBOJIIOINEI 17T TNOOEPEHIINAILHO-
T'O OTTEPATOPA BTOPOTO TIOPSITKA

B sroit pabore paccmarpuBaeTcsd CleKTpajbHas 3ajada Jjisd MOJeJTHHOTO
JupepeHIMaTBHOrNO OIIEPATOPA BTOPOrO MOpsijika ¢ unposonueii. Oueparop
sanaercs puddepennnanbabiv Beipakennem fpu = —u’(—x) m rpaHuYIHBI-
MU ycaoBuaMu o601ero Bumga. Kpurepuit 6a3ucHOCTU CUCTEMBI COOCTBEHHBIX
dbyHKIHII omepaTropa yCTaHABINBAETCA B TEPMHUHAX KOI(PMOUIIMEHTOB TpAHUY-
HBIX YCJIOBU.
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Annotation: In this paper we consider the Dirichlet-Cauchy problem for
multidimensional elliptic equations in a cylindrical domain. The method of spectral
expansion in eigenfunctions of the Dirichlet-Cauchy problem for equations with
deviating argument establishes a criterion of the strong solvability of the considered
Dirichlet-Cauchy problem. It is shown that the ill-posedness of the Dirichlet-Cauchy
problem is equivalent to the existence of an isolated point of the continuous spectrum
for a self-adjoint operator with deviating argument.
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1. INTRODUCTION

As it is known, the solution of the Cauchy problem for the Laplace equation
is unique, but unstable. First of all it should be noted that the existence
and uniqueness of its solution is essentially guaranteed by the universal
Cauchy-Kovalevskaja theorem, which holds for Elliptic Problems. However,
the existence of the solution is guaranteed only in a small. Traditionally the
ill-posedness of the elliptic Cauchy problem is determined in relation to its
equivalence to Fredholm integral equations of the first kind. The problem of
solving the operator equation of the first kind can not be correct, since the
operator which is inverse to completely continuous operator is not continuous.
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The Cauchy problem for the Laplace equation is one of the main examples
of ill-posed problems. One can pick up the harmonic functions with arbitrarily
small Cauchy data on a piece of the domain boundary, which will be arbitrarily
large in the domain (the famous example of Hadamard) |1]. For the formulation
of the problem to be correct, it is necessary to narrow down the class of
solutions. The stability of a plane problem in the class of bounded solutions
firstly was proved by Carleman [2].

From Carleman’s results immediately follow estimations characterizing
this stability. In the mentioned work Carleman obtained a formula for
determinating an analytic function of a complex variable by its values on some
piece of the arc. However, this formula is unstable and therefore can not be
directly used as an efficient method. The first results related to the construction
of an efficient algorithm for solving the problem, best of our knowledge, are
published simultaneously in works Carlo Pucci [3] and M.M. Lavrentiev [4].
Estimates characterizing the stability of a spatial problem in the class of
bounded solutions, were first obtained by M.M. Lavrent’ev [4] for harmonic
functions, given in a straight cylinder and vanishing on the generators. The
Cauchy data were given on the base of the cylinder. A little later, similar
estimates were obtained by S.N. Mergelyan [5] for the functions within a sphere
and by M.M. Lavrentiev [6] for an arbitrary spatial domain with sufficiently
smooth boundary. Around the same time, E.M. Landis |7] obtained estimates
characterizing the stability of spatial problem for an arbitrary elliptic equation.

The above results laid the foundation for the theory of ill-posed Cauchy
problems for elliptic equations. By now this theory has deep development
both for the plane, and for the spatial cases, and also for general elliptic
equations of high order, etc. Methods of regularization and solutions of ill-
posed problems have been proposed in [8]-[13]. In these works the concept
of conditional correctness of such problems is introduced and algorithms for
constructing their solutions are proposed.

In contrast to the presented results, in this paper a new criterion of
well-posedness (ill-posedness) initial boundary value problem for a general an
second order elliptic equation is proved. The principal difference of our work
from the work of other authors is the application of spectral problems for
equations with deviating argument in the study of ill posed boundary value
problems. The present work is an extension of results [14]-|16] on the case of
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194 B.T. TOREBEK, U.A. ISKAKOVA

more general elliptic operators in a multidimensional cylindrical domain.

2. FORMULATION OF THE PROBLEM AND MAIN RESULTS

Let D = Q x (0,1) is a cylinder and €2 C R™ be a bounded domain with
smooth boundary S. In D we consider a mixed Dirichlet-Cauchy problem for
elliptic equations

n 8 8
Lu = uy (x,t) + Z O <a/ij () 6;) (z,t)+
[ J

ij=1
+a(z)u(z,t) = f(2,t),(2,t) € D, (1)
with Dirichlet
u(z,t) =0,z € S,tel0,1], (2)
and Cauchy
u(0,z) =u (0,2) = 0,2 € QU S, (3)

conditions. Here a;j () and a(z) given bounded measurable functions
satisfying the following conditions:

n

Z aij (x) &€ > chZ-z, c=const > 0,a;; () = aj; (z),a(x) >0, (4)
i=1

ij=1

DEFINITION 1. The function u € Lo(D) we will call a strong solution of the
Dirichlet-Cauchy problem (1)—(3), if there exists a sequence of functions u, €
C? (D) satisfying conditions (2) and (3), such that w, and Lu, converge in
the norm Lo(D) respectively to u and f. In the future, the following eigenvalue
problem for an elliptic equation with deviating argument will play an important
role. Find numerical values of A (eigenvalues), under which the problem for a
differential equation with deviating argument

0 5}
Lu = ug (v, t) + E D <a¢j (x) 8;) (x,t)+
i j

ij=1

+a(z)u(x,t) = M (z,1—1t),(z,t) € D, (5)
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has nonzero solutions (eigenfunctions) satisfying conditions (2) and (3).
Obviously, the equivalent record of equation (5) has the form

LPu = \u, (t,x) € D,

where Pu (z,t) = u(xz,1 —t) is a unitary operator.
We consider the following spectral problem

_ Z 88% (aij (x) g?j) (x) + a(x)u () = prug (7)), € Q, (6)

ij=1
up () =0,z € S. (7)

It is known [17], that problem (6) - (7) with the condition (4) is self-adjoint and
non-negative definite operator in Lo (€2). All the eigenvalues of the problem
(6) - (7) are discrete and non-negative, and the system of eigenfunctions form
a complete orthonormal system in L (2). By px we denote all eigenvalues
(numbered in decreasing order) and by ug, (x) , k € N denote a complete system
of all orthonormal eigenfunctions of the problem (6)-(7) in Lo (€2).

THEOREM 1. The spectral Dirichlet-Cauchy problem (5), (2), (3) has a
complete orthonormal system of eigenfunctions

Ukm(CC, t) = Uk (37) " Ukm (t) ’ (8)
where k,m € N, vg,(t) are non-zero solutions of the problem
Vi (8) = pk0km (8) = MmOk (1= 1) ,0 <t < 1, 9)

Vkm (0) = U;cm (0) =0, (10)

and A, are eigenvalues of problem (5), (2), (3). In addition for the large k
the smallest eigenvalue A1 has the asymptotic behavior

Nt = 4yt exp(—/Er) (1 + o(1)) . (11)

THEOREM 2. A strong solution of the Dirichlet-Cauchy problem (1)—(3) exists
if and only if f (z, t) satisfies the inequality

>

k=1

2

LY (12)
Ak1
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196 B.T. TOREBEK, U.A. ISKAKOVA

where fkm = (f(I’ 1- t)7 ’LLkm(.’L', t)) :
If condition (12) holds, then a solution of problem (1) - (3) can be written

Zi’zukl (z,t +sz’“—mukm t). (13)

k=1m— %, Ak

as

By Ly (D) we denote a subspace of Lo(D), spanned by the eigenvectors
{ura (z,8)};2,41, p € Nand by Lo (D) we denote its orthogonal complement

Ly (D) = Ly (D) & Ly (D).

THEOREM 3. For any f € Lo (D) a solution of the problem (1) - (3) exists, is
unique and belongs to Lo (D). This solution is stable and has the form

u(x,t) = Z Lugy (2, t) + Z Z fk—mukm (x,1). (14)
k=1

A
1 k—1m—2 ~km

y‘kh,

k
k

3. SOME AUXILIARY STATEMENTS

In this section we present some auxiliary results to prove the main results.

LEMMA 1. For each fixed value of the index k the spectral problem (9)-(10) has
a complete orthonormal in L (0,1) system of eigenfunctions vg, (t),m € N,
corresponding to the eigenvalues Apy,. These eigenvalues Ay, are roots of the
equation

Vi A Vi — A
\/ e — Acosh ,u;;—i— cosh ,u;;

N Sy
— /ji + Asinh “’“; sinh YHEZ2 — 0. (15)

PROOF. Indeed, applying an inverse operator L51 to the Cauchy problem (9)-
(10) we arrive at the operator equation

U (£) = AL Pogem (t)

where Pf (t) = f (1 —t), and a function ¢ (t) = L' f (t) is the solution of the
Cauchy problem

¢" () — e (t) = f (£), 6 (0) = ¢’ (0) = 0,Vf (t) € L2 (0,1).
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Then for the operator Lgl we have the representation

L5 (1) = jﬁ / £ (€)sinh/jig (¢ — €)dE,VF (1) € Ly (0,1).  (16)
0

Therefore, the adjoint to Lal operator has the form

1
(L) (1) = \/lm/f(&) sinh /g (€ — t) d€,Vf (t) € Ly (0,1). (17

Taking into account representation (16) and (17), it is easy to make sure that
L;'Pf =P (Lz")" f. Then the chain of equalities

LPf=P (L) f=P (L") f=(Lg'P) f,9f (t) € L2 (0,1),

allows us to conclude that the operator LEIP is completely continuous self-
adjoint Hilbert-Schmidt operator [18]. Therefore for each k € N, the spectral
problem (9), (10) has a complete orthonormal system of functions v, () ,m €
Nin L (0,1).

We are looking for eigenfunctions of problem (5), (2), (3) by means of the
Fourier method of separation of variables in the form

ug (z,t) = ug () v (),

where k € N. Therefore, for determination of unknown function v (t) we get
the spectral problem (9), (10). It is easy to show that the general solution of
equation (9) has the form

1 1
U(t):clcosh\/uk+)\<t—2> +C2Sinh\///4€—)\<t—2),

where ¢; and ¢z are some constants. Using the initial conditions (9), we arrive
at the system of linear homogeneous equations concerning these constants. As
we know, this system has a nontrivial solution if a determinant of the system

cosh 7”‘2’““‘ sinh 7”‘2’“_)‘

AN =
) \/uk—l-)\sinhi”‘g“‘ \/uk—)\coshi”“”{)‘
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is zero. Thus, for determining the parameter A we get (15). The proof of Lemma
1 is complete.

Let
v/ A Vit — A
wk (A) =In (coth '%2+> +In (coth 'uk2> —
1 pr + A
—=1 =0. 1
2" (Mk - )\> (18)
LEMMA 2. There exists a number \g such that for all
Kk

D< A< < ,keN,6e€(0,1),

dpy + 0

the following statements are true:
1) the function wj, (X\) is a constant sign;
2) for the function w), (\) the following inequality holds

Ay (V)| <1, k> 1.

PROOF. By virtue of Lemma 1 we have the real eigenvalues of problem (9)-(10),

that is, real roots Ak, of equation (15). It is easy to verify that A, > 0.
Indeed, let us write the asymptotic behavior of the smallest eigenvalues

Aem at k — oco. After a nontrivial transformation of equation (15), we have

Vik+A Vi + A ViiE — A
———— = coth coth .
Vi — A 2 2

Assuming |A\| < 1 and logarithming both sides of equation (19), we obtain (18).
By calculating the derivative wy (\), we get

1
fe

(19)

Then the required boundary of monotonicity of wy(A) can be determined
from the relation

w;€(>\0) = w;(O) + wg (9)\0) Ao < 0.

Here 0 < Ao < 1 and 6 € (0,1) is an arbitrary number. Thus, for determining
Ao we have the condition
Mok (BXo) < 1. (20)
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We write explicitly the second derivative of functions wy(\) :

S(\) = cosh /pu, + A . cosh v, — A N
(o + N sinh? Vg A 4y — A sink? jr
1 1 2\

_ 5.
A/ (e + AP sinh v/ + X 44/ (g — A)? sinh /g — A (uj, — A%)

As
2)\0‘9Mk > _ 1

(Mi - ()\09)2>2 T (gt Mof)”

and

cosh /g £ Aol < 1
sinh? \/u £ Ao~ cosh /i £ Xgf — 1

Then the inequality

1 24 (1—exp (—vVim = 20))”
(e = Aof) (1 —exp (—W)f

wr(Mof) <

is true. Hence

1 3—2exp (_\/Mk — )\09) + exp (—2\/,uk — )\00)
(k= Aof) (1 —exp (—vjmx = 0))” '

Further, for large values k from (21) we obtain the validity of the inequality

wg (/\00) <

(21)

4
@y (A) < ———.
£ (Rof) < ok — Aob
Applying the condition (18) to the last inequality, we obtain the desired

boundary for Ag :
[

Ap <
0 du + 0

e >1,0<6 < 1.

Lemma 2 is proved.

Consider now the question of an asymptotic behavior of the eigenvalues of
problem (9)—(10) at large k.
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LEMMA 3. An asymptotic behavior of eigenvalues of the problem (9)—(10), not
exceeding Ao, for the large values of k has the form (11).

PROOF. According to Lemma 2 the monotonic function wy (A) in the interval
(0, Ao) can have only one zero. By the Taylor formula we have
@) (0 @] (O
o () = i (0) + Ty ¢ Tl
1! 2!
Substituting the calculated values of the function wy, and its derivative @), we
get

N<0,0<0<1.

2
() = 21n <coth V“’“) A e
2 M 2

Then the zero of linear part of the function

/\2
k@ (A) = 2p In (coth \/5’7) A+ ,Uk2 = (67)

will be

)\kl = 2,U,k In (1 +eXp (_\/lTk)> .

1 — exp (—/px)
For sufficiently large values £ € N, considering the asymptotic formulas,
A1 can be written as

A1 = 4dpgexp (—y/k) (L 4+0(1)).
Taking into account the result of Lemma 2 on a circle |\ =
4y exp (—./uk) (1+¢), where £ is a greatly small positive number, for
sufficiently large k > ko(e) it is easy to check the validity of inequality

2
}wg (0)\) 'uk)\ ‘|)\|:4ukexp(f\//Tk)(l+a) <

1 —
2Mkln<1+exp( \//Tk)> .
— €xXp (_\//Tk) IA|=4pz exp(—\/,lTk)(l""E)

Then, by Rouche’s theorem [19], we have that the quantity of zeros of
urwg (A) and its linear part coincide and are inside the circle |A| =
4 exp (—y/mr) (1 +€) . Consequently, the function poi (A) for 0 < A < Ao
has one zero, the asymptotic behavior is given by formula (11). Lemma 3 is

<C

proved.
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4. PROOF OF THE MAIN RESULTS

PROOF (Theorem 1). By ug (z),k € N we have denoted a complete system
of orthonormal eigenfunctions of the problem (6)-(7) in L2 (£2). By Lemma
1, for each fixed value of the k the spectral problem (9) - (10) has complete
orthonormal system of eigenfunctions vk, (t),m = 1,2,... in Ly (0,1). Then
the system (8) forms a complete orthogonal system in Lo (D). Consequently,
problem (5), (3) does not have the other eigenvalues and eigenfunctions.
Theorem 1 is proved.

PROOF (Theorem 2). Let u(x,t) € C?(D) be a solution of problem (1) -
(3). Then, by virtue of the completeness and orthonormality of eigenfunctions
Ukm(x,t) of problem (5), (2), (3), the function w(z,t) in Lo (D) can be
expanded in a series |20]

u(z,t) = Z Z AU Wk (T, 1), (22)

k=1m=1

where ag,, are Fourier coefficients of the system. Rewriting equation (1) in the
form

LPu =P | uy (z,t) + Z % (aij (x) g;i) (x,t) +a(x)u(z,t) | =
igj=1 """
:Pf(l‘,t), (23)

and substituting the solution of form (22) in equation (23) according to the
ratio

U, "9 ou B
Pl <x,t>+”z:18%(am<x>a%) (@) + a(x)ula,) | =
- )\kmukm (f]f, t)7

we have N
_ f km
)\km 7

where fim = (f(z, 1 —1t), ugm(z, t)).

Aem
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Thus for solutions u(x,t) we obtain the following explicit representation

Z Z fk—mukm (z,t). (24)

k=1m= | Ak

Note that the representation (24) remains true for any strong solution of
problem (1)-(3). We have obtained this representation under the assumption
that the solution of the Dirichlet-Cauchy problem (1)-(3) exists.

The question naturally arises, for what subset of the functions f € La (D)
there exists a strong solution?

To answer this question, we represent the formula (24) in the form (13)
from which, by Parseval’s equality, it follows

lul* = Z i i

k=1

Qﬁl (ﬁm

(25)

By virtue of Lemma 3 we have A, > %, m > 1. Therefore, the right-hand side
of equality (25) is limited only for those f (z, t), for which the weighted norm
(12) is limited. This fact proves Theorem 2.

PROOF (Theorem 3). Obviously that the operator L is invariant in Ly (D) . By
Theorem 2, for any f € Lo (D) there exists a unique solution of problem (1)
- (3) and it can be represented in the form (14). Therefore, a certain infinite-
dimensional space Ly (D) is the space of correctness of the Dirichlet-Cauchy
problem (1)-(3). Theorem 3 is proved.
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Tepedex B.T., Uckakosa Y.A. EKIHIII PETTI 9JIJIUIICTIK TEH/IEY
YIHIIH ANPUXJIE-KOIIIN ECEBIHIH KUCBIH/IBIJIBIK KPUTEPNI

By xKywmbIcTa eKiHI peTTi 3/IINTICTIK TeHAeY VIIMH MUINHIPIIIK 00IbICTa
Hupuxse-Kormu ecebi KapacTeipbliagbl. AyBITKY/IBI apTyYMEHTTI TeHJey VIH
Hupuxse-Korru ecebinin MeHITKTI DyHKIUATAPHI OOUBIHITIA CIIEKTPAJIIBI KiK-
Tey djici apKbLIbl, KapacTeipbuiran lupuxie-Kormm ecebinin Ky mrermismiM-
Jitirinia kputepui ajbiarad. Jdupuxie-Kommm ecebiHiH KUCBIHCHI3IBIFBI aybi-
TKYJIbI apPTyMEHTT] ©3-031He TYUiHJIeC OMepaTOpAbIH Y3LIicci3 CIeKTpIHIH OK-
Iay/IanFal HyKTe/epinin 6ap 6o/iybIHa mapa-mnap eKeHir KepCeTiireH.

Tope6ex B.T., Uckaxosa Y.A. KPUTEPIIT KOPPEKTHOCTH 3AJIA-
N INPUXJIE-KOIIN J/Is1 SJIIUNITUUYECKOTO YPABHEHNS BTO-
POI'O ITOPSIJIKA

B macTosieit pabore paccmarpusaercs 3agada Jupuxite-Kormn gas ssur-
THUYIECKOTO YPABHEHUS BTOPOTO TOPSIKA B IIUINHPUYIecKoit obiactu. Meromom
CIIEKTPAJBHOTO PA3JIOKEHUsT 10 COOCTBEHHBIM (hyHKIUAM 3ajgadu upuxie-
Komm misg ypaBHeHMs ¢ OTKJIOHSIOMIUMCS apTyMEHTOM YCTAHOBJIEH KPUTEPHUit
CIJIBHOH paspemmMocTu paccMmarpuBaeMoit 3agaun lupuxite-Kommmn. [lokasei-
BAeTCsI, UTO HEKOppeKTHOCTh 3amaun Jmpuxie-Komm okaszbiBaeTcss 3KBUBa-
JIEHTHOH CYTIECTBOBAHWIO M30IUPOBAHHON TOUKN HETPEPLIBHOTO CIEKTpA I
CaMOCOIIPSI?KEHHOTO OIePATOPa C OTKJIOHSIOMMMCS apPTyMEHTOM.
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IIpasusa "MartemaTudeckoro >XypHaJia' Jijis aBTOpPOB cTaTeit

Ob1ue 1no10xkxeHuns

B "Maremarndaeckom kyprase" myOInKYIOTCS OPUTHHAJBHBIE CTATBU TIO
OCHOBHBIM Pa3/IejiaM COBPEMEHHOI MaTeMaTuKu: Teopus (PyHKIHit, PyHKIIHO-
HaJIbHBII aHa 13, 0OBIKHOBEHHBIE (D epeHInaIbHbIE YDABHEHUSI, YPABHEHUSI
C 9aCTHBIMU TPOU3BOIHBIME, aaredpa, MaTeMaTuuecKas JIOTMKa, TEOPUsT TUCEI,
reOMeTpHsi, TOTOJIOTHs, TEOPHUsl BEPOSITHOCTEH W MaTeMaTUudecKasi CTaTUCTU-
K&, BBIYUC/IUTEIbHAS MaTEMATUKA, MaTeMaTudecKas PU3nKa, MaTeMaTUudeCKOe
MogtesinpoBanre. 2K ypHaJ BBIIIYCKAETCS €XKEKBAPTAJIBHO, Y€ThIPE HOMEPA CO-
CTABJIAIOT TOM.

Cratbs 10o2KHA OBITH HANMCAHA HA BHICOKOM HAYYHOM YPOBHE, COJEPKATH
HOBBIE, 9€TKO C(OPMYIUPOBAHHBIE MATeMATHIECKUE PE3YIbTAThl U UX JOKa-
3aTesbCcTBa. Bo BBeJeHUN HEOOXOIUMO TPUBECTH UMEIOIIUECS Pe3yJIbTaThl 110
TeMe MPEeJCTABIEHHON PA0OThI, JaTh KPATKOE COJIEPKAHNE CTAThbU U OTPA3UTH
aKTyaJbHOCTb, HOBU3HY IOJIYYEHHBIX aBTOPOM PE3Y/IbTaTOB.

Crathbu KypHaja pPa3MeaiTcsd B CBOOOJHOM [OCTyIe Ha caiiTe
www.math.kz Nucturyra mMaremMaruku m MaTeMaTHIECKOTO MOIEINPOBAHUS
MOH PK, ux pedepupytor HII HTU (Kazaxcran), Zentralblatt Math (Tep-
MaHus).

B "MaremarudeckoMm kypHasie" myb/iuKy0Tcs cTaTbu 06beMoM 10 25 XKy p-
HasbHbIX crpadull. Crarbu 00beMom Oosiee 25 crpaHull myOJUKYIOTCS 110 CIie-
[IMabHOMY PeIEeHUI0 peJiKoJulernn KypHasa. llpuaumarorcs craTbu, Hau-
CaHHBIE HA KA3aXCKOM, PYCCKOM ¥ aHTVIHICKOM si3biKaX. CTaThu pereH3npyoT-
col.

TpeboBanusi K opopMmaeHHIO cTaTel

1. Pykomuchk ctarhu [0KHA OBITH MTOATOTOBJEHA B WM3MATEIBCKON CUCTEME
ITEX-2e n ipecTaB/iera B BUIE JBYX TBEPJABIX KOMU, a TakyKe B BUe tex u
pdf - daiisios Ha TFOO6OM 3/IEKTPOHHOM HOCUTEJIE WU IIPUCTAHA TI0 JIeKTPOHHO
noure zhurnal@math kz, mat-zhurnal@mail.ru. Crarbs m0J12kHa OBITH HOJIIN-
cana BceMu aBTopamu. llpaBuia odopmieHus PyKOIUCH U CTH/IEBbIe (hailibl
MOXKHO HalTH Ha caiiTe I/IHCTI/ITyTa, MaTEMATUKHN U MaTeMaTHUYI€CKOI'O MOJEJIN-
posaunmsa MOH PK http://www.math.kz B pazmene "Maremarudeckuii xKyp-
wasa".

2. B neBoMm BepxHeMm yTiry HeobxoanMo ykazarh uuaekc YK, naxee naurma bt



u pbamuinu aBTOPOB B aaPaBUTHOM TIOPsI/IKE, MECTO PAOOTHI C IOYTOBBIMU AJI-
pecamMu, a TakzKe 3JIeKTPOHHbBIE aJpeca, 3aryiaBue cratbu. Ha oTaessHoM jucTe
[NpUTAraflOTCs Ha3BaHUE CTaThW, (DaMUIUU U WHUIMAJBl aBTOPOB, KJIIOUYEBbHIE
cyioBa, pedepar Ha PYCCKOM, aHIVIHICKOM U Ka3axCKoM (Jyist aBropoB m3 Ka-
3axcrana) a3pikax u nageke Mathematics Subject Classification 2010. Pedepar
JIOJIPKeH OTPaXKaTh CojiepKaHue cTaTbu. TakxKe IMpeicTaB/IsdoTCs CBeJeHus 00
ABTOPAX, MECTO PabOThI, MOYTOBBII AJPEC ¢ UHIAEKCOM OYTOBOIO OT/EJIEHMUSI,
HoMep TenedoHa ¢ yKazaHWeM KO/a TOPOJIa, aIpec 3TeKTPOHHON TOUTHI.

3. Cromcok JuTepaTyphbl COCTABISETCS B MOpsjake urtupoBanus. CCbLIKKA Ha
HEOMyOJIMKOBaHHBIE PAbOThHI, PE3YIBTATHI KOTOPBIX WCIOIB3YIOTCS B JI0Ka3a-
TeJIbCTBAX, He NOomycKaoTcsd. CIUCOK JIUTepaTyphl TPUBOIUTCS B CJIETYIOIIEM
BUJIE:
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