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МАТЕМАТИЧЕСКАЯ ЖИЗНЬ

КАЛЬМЕНОВ ТЫНЫСБЕК ШАРИПОВИЧ
(К 70-летию со дня рождения)

Исполнилось 70 лет выдающе-
муся казахстанскому математику,
академику Национальной академии
наук Республики Казахстан Тыны-
сбеку Шариповичу Кальменову.

Тынысбек Шарипович родил-
ся 5 мая 1946 года в Южно-
Казахстанской области Казахской
ССР.

По окончании средней школы
поступил в Новосибирский госу-
дарственный университет и закон-
чил его в 1969 г. В 1969-1972 го-
ды обучался в аспирантуре там же.
Он является представителем шко-
лы выдающегося ученого – члена-
корреспондента АН СССР А.В. Би-
цадзе.

Научные исследования, выполненные Т.Ш. Кальменовым в аспирант-
ские годы, посвящены исследованию корректности начальных и начально-
краевых задач для вырождающихся гиперболических уравнений вида

k(y)uxx − uyy + aux + buy + cu = f ; k(0) = 0; k(y) > 0, y 6= 0.

Для этого общего уравнения Т.Ш. Кальменовым найдены достаточные
условия корректности первой и второй задач Дарбу, включающие в себя
все ранее известные условия корректности. А для различных модельных
случаев этого уравнения впервые установлены критерий единственности
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решения, достаточные условия корректности и класс гладкости решения
задачи Дарбу; критерий непрерывности решения задачи Гурса, при этом
впервые указано на неравноправность характеристик для корректности
задачи; сформулирована новая характеристическая задача Коши (непол-
ная задача Гурса) и доказана ее корректность в классе аналитических
функций.

С 1972 по 1985 годы Т.Ш. Кальменов работает в Институте матема-
тики АН КазССР, где он прошел путь от младшего научного сотрудника
до заведующего лабораторией. В эти годы область его научных интере-
сов относится к теории дифференциальных операторов, где им получены
значительные результаты.

В случае граничных задач для уравнений гиперболического и смешан-
ного типов при исследовании задач в слабом смысле возникают существен-
ные затруднения при выяснении отношения между обобщенными и клас-
сическими решениями и, как следствие, отсутствие доказательства един-
ственности решения, вследствие чего получается неполное исследование
задач. В связи с этим важное значение приобретает вопрос: при каких
условиях слабые решения являются классическими. В более точной по-
становке, когда обобщенное решение u граничной задачи для уравнения
Lu = f может быть приближено последовательностью un ∈ W 2

2 (Ω) класси-
ческих решений в том смысле, что un → u и Lun → f в некоторой метрике,
как правило, по норме L2(Ω). Обобщенные решения, обладающие послед-
ним свойством, называют сильными.

В этом направлении для вырождающегося уравнения смешанного типа

Lu = k(y)uxx + uyy + a(y)ux + b(y)uy + c(y)u = f(x, y)

Т.Ш. Кальменовым доказана корректность полупериодической задачи Ди-
рихле; а для вырождающегося уравнения

Lu = signy|y|muxx + uyy = f(x, y)

показано существование сильных решений задач Дарбу и Трикоми.
Для уравнения Лаврентьева-Бицадзе

Lu = −signy uxx − uyy = f(x, y)

Математический журнал. — 2016. — Т. 16, № 3
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им установлен критерий сильной разрешимости задачи Трикоми в про-
странствах Lp в терминах углов подхода эллиптической части границы
области к линии изменения типа. При этом, в отличие от известных ранее
работ, впервые показана неединственность слабых решений и даны крите-
рии сильной разрешимости указанных задач.

Развивая операторный подход, Т.Ш. Кальменов построил общую тео-
рию регулярных краевых задач для уравнений гиперболического и сме-
шанного типов. Классическая постановка краевой задачи такова: дано
уравнение и краевое условие. Необходимо исследовать разрешимость этой
задачи и свойства решения, если оно существует (в смысле принадлежно-
сти некоторому пространству). Существует другой, более общий подход к
решению таких задач, который был заложен в работах J. von Neumann и
М.И. Вишика: задано уравнение и пространство, которому должны при-
надлежать правые части уравнений и краевых условий и решение. Нужно
описать все краевые условия, для которых задача корректно разрешима в
данном пространстве.

Т.Ш. Кальменовым описаны все корректные краевые задачи: для вол-
нового уравнения – в характеристическом треугольнике; для многомерно-
го волнового уравнения – в характеристическом конусе; а также для урав-
нения Лаврентьева-Бицадзе и для уравнения Трикоми; для многомерного
уравнения смешанного типа. При этом впервые построен многомерный
корректный аналог задачи Дарбу и дано ее решение в явном виде.

Большой цикл работ Т.Ш. Кальменова посвящен спектральной теории
уравнений гиперболического и смешанного типов. В отличие от теории
разрешимости, спектральные вопросы задач для уравнений гиперболиче-
ского и смешанного типов являются малоизученными. Отметим, что об-
щеизвестные методы (в частности, абстрактная спектральная теория ли-
нейных операторов), являющихся мощным инструментом при изучении
эллиптических операторов, оказываются малоприспособленными в приме-
нении к краевым задачам для уравнений гиперболического и смешанного
типов в области, часть которой совпадает с характеристическим конусом.
По этой причине многие актуальные проблемы уравнений гиперболическо-
го и смешанного типов требуют специальных исследований и привлечения
новых подходов, методов. Такими задачами, в частности, являются вопро-
сы спектра и сильной разрешимости локальных и нелокальных неэллип-

Математический журнал. — 2016. — Т. 16, № 3
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тических задач. Систематическое изучение спектральных вопросов урав-
нений смешанного типа начато с работ Т.Ш. Кальменова, Е.И. Моисеева,
С.М. Пономарева.

Т.Ш. Кальменовым сформулирован и доказан новый принцип экстре-
мума для уравнений смешанного типа, носящий сейчас в литературе на-
звание "принцип максимума Кальменова" . На основании этого нового
принципа экстремума им решена проблема существования собственного
значения задачи Трикоми, что заложило основу нового перспективного
научного направления – спектральной теории уравнений смешанного ти-
па. Существование собственных значений задачи Трикоми доказано как
для уравнения Лаврентьева-Бицадзе, так и для общего уравнения Геллер-
стедта.

Эти результаты явились основой для докторской диссертации "О ре-
гулярных краевых задачах и спектре для уравнений гиперболического и
смешанного типов защищенной в 1983 году в МГУ им. М.В. Ломоносова.

С 1985 по 1991 годы Т.Ш. Кальменов работает деканом математиче-
ского факультета Казахского государственного университета, с 1991 по
1997 годы – ректором Казахского химико-технологического университе-
та, Южно-Казахстанского технического университета. В период с 1998 по
2003 годы он является заведующим кафедрой Южно-Казахстанского го-
сударственного университета.

В эти годы Т.Ш. Кальменов обращается к задачам в более общей по-
становке. После появления знаменитой работы А.В. Бицадзе и А.А. Са-
марского внимание математиков все чаще стали привлекать нелокальные
задачи математической физики. Такие задачи являются существенно неса-
мосопряженными и для их исследования не применимы классические, хо-
рошо разработанные методы исследований. Т.Ш. Кальменовым впервые
для общего эллиптического оператора

Lu = −
n∑

i,j=1

aij(x)
∂2u

∂xi∂xj
+

n∑

i=1

ai(x)
∂u

∂xi
+ a(x)u

в произвольной области с гладкой границей доказана полнота корневых
векторов основных видов задач Бицадзе-Самарского в общей постановке.

В 2004 году Т.Ш. Кальменов возвращается в Алматы, он назначается-
Генеральным директором Центра физико-математических исследований
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Министерства образования РК, преобразованного в Институт математи-
ки и математического моделирования в 2012 году после присоединения к
нему Института математики МОН РК.

В эти годы Т.Ш. Кальменовым получены новые значительные резуль-
таты по классическим задачам для уравнений в частных производных.

В теории уравнений математической физики и, например, в теории
упругости, важное место занимает явное представление решений задач для
неоднородного бигармонического уравнения. Т.Ш. Кальменовым впервые
построена в явном виде (в терминах элементарных функций) полигармо-
ническая функция Грина задачи Дирихле

4m
x u(x) = f(x), f(x) ∈ L2(Ωδ),

∂i

∂ni
x

u||x|=δ = 0, i = 0, 1, 2, ..., m− 1,

в шаре Ωδ ⊂ Rn в случае произвольной размерности пространства.
Спектральная теория несамосопряженных дифференциальных опера-

торов является до сих пор не завершенной даже для случая простейших
обыкновенных дифференциальных уравнений. Для уравнений же в част-
ных производных, а тем более уравнений смешанного типа, в несамосо-
пряженной спектральной теории получены лишь некоторые отдельные ре-
зультаты. До настоящего времени не найден пример регулярной краевой
задачи для дифференциальных уравнений, спектр которой (кроме пусто-
го множества) является конечным множеством. Т.Ш. Кальменову впервые
удалось установить, что спектр дифференциальных операторов общего ви-
да

Lu =
∑

|α|≤p

aα(x)Dαu = λu(x),

порожденных регулярными граничными условиями, – либо пустое, либо
бесконечное множество.

Классический объемный потенциал Ньютона

u(x) = εn ∗ f ≡
∫

Ω
εn(x− y)f(y)dy = L−1f

определяет величину масc или заряда, распределенных в области Ω с плот-
ностью f

(n−2)σn
. Он также часто применяется в теории функций и теоремах
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вложения. Поскольку фундаментальное решение εn(x − y) симметрично,
вещественнозначно и имеет слабую особенность, то интегральный опера-
тор L−1 является вполне непрерывным самосопряженным оператором в
L2(Ω) и функция u(x) = εn ∗ f(x) удовлетворяет уравнению Пуассона
−4u = f .

В работах Т.Ш. Кальменова впервые найдено краевое условие объем-
ного потенциала Ньютона:

1
2
u(x) = −

∫

∂Ω
εn(x−y)

∂u(y)
∂ny

dSy+
∫

∂Ω

∂εn(x− y)
∂ny

u(y)dSy, для всех x ∈ ∂Ω.

Как оказалось, эти краевые условия описывают давно известный в тео-
ретической физике эффект "прозрачных краевых условий" , пропускаю-
щих уходящие волны и отражающих приходящие волны. Наличие таких
краевых условий объемного потенциала позволяет свести задачу с усло-
виями излучения типа Зоммерфельда в бесконечной области к задаче в
ограниченной области и эффективно применять численные методы.

Классический пример Адамара демонстрирует некорректность задачи
Коши для уравнения Лапласа. Выдающимися советскими математиками
– академиками А.Н. Тихоновым и М.М. Лаврентьевым, их учениками и
последователями найдены условия корректности задачи Коши для урав-
нения Лапласа и других некорректных задач. А также построены методы
регуляризации некорректных задач. В работах Т.Ш. Кальменова методом
разложения по собственным функциям смешанной задачи Коши для урав-
нения Лапласа с отклоняющимся аргументом установлено необходимое и
достаточное условие корректности в области Ω = {(x, t) : 0 < x < π,−1 <
t < 1} смешанной задачи Коши для уравнения Пуассона:

Lu = utt(x, t) + uxx(x, t) = f(x, t), (x, t) ∈ Ω,

u|t=−1 = ϕ1(x), ut|t=−1 = ϕ2(x),

u|x=0 = 0, u|x=π = 0.

Более того, показано, что решение задачи Коши является единствен-
ным и без задания краевых условий.
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Характерной чертой математического творчества Т.Ш. Кальменова яв-
ляется обилие оригинальных методов и нестандартных подходов к реше-
нию математических проблем. Т.Ш.Кальменов относится к числу немно-
гих ученых, сумевших оставить отпечаток своей индивидуальности по-
чти во всех разделах математики, которыми он занимался. Он является
достойнымпреемником своего учителя – Андрея Васильевича Бицадзе –
член-корреспондента АН СССР и яркий продолжатель традиций совет-
ской математической школы.

Под руководством академика Т.Ш. Кальменова защищено более 50 кан-
дидатских и 9 докторских диссертаций. Он имеет более 120 опубликован-
ных научных работ.

Многолетняя научная, педагогическая и общественно-организационная
деятельность Т.Ш. Кальменова отмечена рядом высоких наград и званий.
В 1978 году он удостоен премии Ленинского комсомола Казахстана, в 1996
году стал Заслуженным деятелем науки и техники Республики Казахстан.
В 1989 году он избран член-корреспондентом АН КазССР, и в 2003 году
становится академиком НАН РК.

Т.Ш. Кальменов награжден орденами и медалями Республики Казах-
стан, а в 2013 году за цикл работ "К теории начально-краевых задач для
дифференциальных уравнений" ему присвоена Государственная премия
Республики Казахстанв области науки и техники.

Академик Т.Ш. Кальменов, как профессиональный ученый и руково-
дитель Института математики и математического моделирования, являет-
ся требовательным к себе и ко всем ученым, что помогает держать планку
математической науки в Казахстане на высоком мировом уровне. На се-
годняшний день он является наиболее ярким математиком Казахстана и
безусловным ее лидером.

С неослабевающей энергией Т.Ш. Кальменов занимается научной ра-
ботой, щедро раздаривает научные идеи своим ученикам и соратникам,
реализует все новые творческие замыслы. Он полон новых и оригиналь-
ных математических идей.

Прекрасно, что Т.Ш. Кальменов является плодотворным и в семейной
жизни. Он является счастливым отцом десяти детей, а сейчас воспитывает
более двадцати внуков!

От всей души желаем Тынысбеку Шариповичу крепкого здоровья, се-
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мейного счастья, новых творческих успехов, глубоких научных результа-
тов!
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èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Âîëüòåððà

∂u

∂t
= A(t, x)u+

∫ t

0
K(t, s, x)u(s, x)ds+ f(t, x), t ∈ [0, T ], x ∈ [0, ω], (1)

m∑
i=0

Mi(x)u(ti, x) = b(x), x ∈ [0, ω], (2)
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ãäå u(t) = col(u1(t, x), u2(t, x), ..., un(t, x)), (n×n)-ìàòðèöû A(t, x),K(t, s, x)
íåïðåðûâíû íà [0, T ], [0, T ] × [0, T ] × [0, ω] ñîîòâåòñòâåííî, n- âåêòîð-
ôóíêöèÿ f(t, x) íåïðåðûâíà íà [0, T ] × [0, ω], 0 = t0 < t1 < ... < tm−1 <
tm = T , n- âåêòîð-ôóíêöèÿ b(x) íåïðåðûâíà íà [0, ω].

Ðåøåíèåì ñåìåéñòâà ìíîãîòî÷å÷íûõ çàäà÷ (1), (2) íàçûâàåòñÿ ôóíêöèÿ
u(t, x), íåïðåðûâíàÿ íà Ω, èìåþùàÿ íåïðåðûâíóþ ïðîèçâîäíóþ ïî t è óäî-
âëåòâîðÿþùàÿ ñèñòåìå èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Âîëüòåððà
(1) ïðè âñåõ (t, x) ∈ Ω è ìíîãîòî÷å÷íîìó êðàåâîìó óñëîâèþ (2).

Òåîðèÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Âîëüòåððà è Ôðåäãîëü-
ìà îòíîñèòñÿ ê àêòèâíî ðàçâèâàþùåéñÿ îáëàñòè êà÷åñòâåííîé òåîðèè èí-
òåãðàëüíûõ è äèôôåðåíöèàëüíûõ óðàâíåíèé. Âîïðîñû ñóùåñòâîâàíèÿ,
åäèíñòâåííîñòè è íåïðåðûâíîé çàâèñèìîñòè îò ïðàâîé ÷àñòè, à òàêæå
ïðèáëèæåííûå ìåòîäû ïîñòðîåíèÿ ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ ñèñòåìû
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Âîëüòåððà è Ôðåäãîëüìà ðàññìîò-
ðåíû ìíîãèìè àâòîðàìè, îáçîð è áèáëèîãðàôèþ ìîæíî ïîñìîòðåòü â [1-21].

Îäíà èç ôóíäàìåíòàëüíûõ îñîáåííîñòåé èíòåãðî-äèôôåðåíöèàëüíûõ
óðàâíåíèé ïî ñðàâíåíèþ ñ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ïðîÿâëÿåòñÿ
â ïðîáëåìå ðàçðåøèìîñòè çàäà÷è Êîøè. Åñëè â ñëó÷àå äèôôåðåíöèàëüíûõ
óðàâíåíèé, âîîáùå ãîâîðÿ, â ëþáîé òî÷êå îáëàñòè ãëàäêîñòè êîýôôèöèåí-
òîâ çàäà÷à Êîøè îäíîçíà÷íî ðàçðåøèìà, òî äëÿ èíòåãðî-äèôôåðåíöèàëü-
íûõ óðàâíåíèé ýòî äàëåêî íå òàê [1]�[5], [10]. Òî÷êè, â êîòîðûõ íàðóøà-
åòñÿ åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè, ñëåäóÿ ß.Â.Áûêîâó [10], íà-
çûâàþòñÿ îñîáåííûìè. Îñîáåííûå òî÷êè îòðàæàþò ñïåöèôèêó èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé. Â ðàáîòàõ [22]�[26] äâóõòî÷å÷íàÿ êðàå-
âàÿ çàäà÷à äëÿ ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Ôðåäãîëü-
ìà áûëà èññëåäîâàíà ìåòîäîì ïàðàìåòðèçàöèè [27]. Â ðàáîòå [22] êðèòå-
ðèè êîððåêòíîé ðàçðåøèìîñòè äâóõòî÷å÷íîé êðàåâîé çàäà÷è äëÿ ñèñòåìû
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Ôðåäãîëüìà áûëè óñòàíîâëåíû â
òåðìèíàõ àïïðîêñèìèðóþùèõ êðàåâûõ çàäà÷ äëÿ ñèñòåìû íàãðóæåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé, à â ðàáîòàõ [23]�[26] � â òåðìèíàõ íåêî-
òîðîé ìàòðèöû, ñîñòàâëÿåìîé ïî ôóíäàìåíòàëüíîé ìàòðèöå äèôôåðåíöè-
àëüíîé ÷àñòè ñèñòåìû, ìàòðèöàì ãðàíè÷íûõ óñëîâèé è ðåçîëüâåíòå âñïî-
ìîãàòåëüíîãî èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà, à òàê-
æå â òåðìèíàõ äàííûõ çàäà÷è áåç èñïîëüçîâàíèÿ ôóíäàìåíòàëüíîé ìàò-
ðèöû è ðåçîëüâåíòû ñîîòâåòñòâåííî. Ïîñòðîåíû àëãîðèòìû íàõîæäåíèÿ
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åå ðåøåíèÿ. Èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Âîëüòåððà ìîæíî ðàñ-
ñìàòðèâàòü êàê èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåäãîëüìà ïóòåì
ââåäåíèÿ ñïåöèàëüíîãî ÿäðà. Â ýòîì ñëó÷àå ÿäðî èíòåãðàëüíîãî ñëàãàåìî-
ãî íå îáëàäàåò ñâîéñòâîì íåïðåðûâíîñòè îòíîñèòåëüíî ñâîèõ àðãóìåíòîâ
è ïîÿâëÿåòñÿ îñîáûé êëàññ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Ôðåä-
ãîëüìà. Ïðèìåíåíèå ìåòîäîâ ðåøåíèÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâ-
íåíèé Ôðåäãîëüìà ê ýòîìó êëàññó èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíå-
íèé íå âñåãäà ó÷èòûâàåò îñîáåííîñòè è ñâîéñòâà ðåøåíèé èíòåãðî-äèô-
ôåðåíöèàëüíûõ óðàâíåíèé Âîëüòåððà [17]. Äàííûé ôàêò îêàçûâàåò ñó-
ùåñòâåííîå âëèÿíèå ïðè èññëåäîâàíèè êðàåâûõ çàäà÷ ñ ïàðàìåòðîì äëÿ
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Âîëüòåððà [20].

Òàêèì îáðàçîì, êðàåâûå çàäà÷è ñ ïàðàìåòðîì äëÿ èíòåãðî-äèôôåðåí-
öèàëüíûõ óðàâíåíèé Âîëüòåððà ïðåäñòàâëÿþò ñàìîñòîÿòåëüíûé èíòåðåñ
è òðåáóþò îòäåëüíîãî ðàññìîòðåíèÿ ââèäó ìíîãî÷èñëåííûõ ïðèëîæåíèé â
çàäà÷àõ áèîëîãèè, õèìèè, ýêîëîãèè è äð. [21].

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ñåìåéñòâî ìíîãîòî÷å÷íûõ êðàåâûõ çà-
äà÷ äëÿ ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Âîëüòåððà, ãäå
ðîëü ïàðàìåòðà èãðàåò ïåðåìåííàÿ x, íåïðåðûâíî ìåíÿþùàÿñÿ íà îòðåç-
êå [0, ω]. Âîïðîñû ðàçðåøèìîñòè ñåìåéñòâà ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷
(1), (2) ïðè K(t, s, x) = 0 ðàññìîòðåíû â ðàáîòå [28]. Ïîñòðîåíû àëãî-
ðèòìû íàõîæäåíèÿ ïðèáëèæåííûõ ðåøåíèé è óñòàíîâëåíû óñëîâèÿ îä-
íîçíà÷íîé, êîððåêòíîé ðàçðåøèìîñòè ñåìåéñòâà ìíîãîòî÷å÷íûõ êðàåâûõ
çàäà÷ äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â òåðìèíàõ èñõîäíûõ
äàííûõ. Ñåìåéñòâà ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ ñèñòåìû èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé Âîëüòåððà ÷àñòî âñòðå÷àþòñÿ ïðè ðåøåíèè
íåëîêàëüíûõ êðàåâûõ çàäà÷ äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ [29]-[31]. Íà îñíîâå ìåòîäà ïàðà-
ìåòðèçàöèè ïîñòðîåíû àëãîðèòìû íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ
çàäà÷è (1), (2). Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìî-
ñòè ñåìåéñòâà ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷ â òåðìèíàõ êîýôôèöèåíòîâ
ñèñòåìû (1) è ãðàíè÷íûõ ìàòðèö (2). Ðåçóëüòàòû äàííîé ðàáîòû ïðè ôèê-
ñèðîâàííûõ çíà÷åíèÿõ ïåðåìåííîé x àíîíñèðîâàíû â [32].
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2. Ñõåìà ìåòîäà â ñëó÷àå ââåäåíèÿ îäíîãî ïàðàìåòðà

Îáîçíà÷èì ÷åðåç λ(x) çíà÷åíèå ôóíêöèè u(t, x) íà ëèíèè t = 0, ò.å.
λ(x) = u(0, x). Â çàäà÷å (1), (2) îñóùåñòâèì ñëåäóþùóþ çàìåíó ôóíêöèè
u(t, x): u(t, x) = v(t, x) + λ(x) è ïåðåõîäèì ê ýêâèâàëåíòíîé çàäà÷å

∂v

∂t
= A(t, x)v +

∫ t

0
K(t, s, x)v(s, x)ds+ f(t, x)+

+A(t, x)λ(x) +

∫ t

0
K(t, s, x)dsλ(x), t ∈ [0, T ], x ∈ [0, ω], (3)

v(0, x) = 0, x ∈ [0, ω], (4)

m∑
i=0

Mi(x)λ(x) +

m∑
i=1

Mi(x)v(ti, x) = b(x), x ∈ [0, ω]. (5)

Ðåøåíèåì çàäà÷è (3)�(5) ÿâëÿåòñÿ ïàðà (v(t, x), λ(x)), ãäå ôóíêöèÿ v(t, x)
íåïðåðûâíà íà Ω, èìååò íåïðåðûâíóþ ïðîèçâîäíóþ ïî t íà Ω, ôóíê-
öèÿ λ(x) íåïðåðûâíà ïî x íà [0, ω], óäîâëåòâîðÿåò ñåìåéñòâó èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ôóíêöèîíàëüíûìè ïàðàìåòðàìè (3), íà-
÷àëüíûì óñëîâèÿì (4) è ìíîãîòî÷å÷íîìó êðàåâîìó óñëîâèþ (5).

Çàäà÷è (1), (2) è (3)�(5) ýêâèâàëåíòíû. Åñëè ôóíêöèÿ u(t, x) � ðåøåíèå
ñåìåéñòâà ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷ (1), (2), òî ïàðà (v(t, x), λ(x)),
ãäå λ(x) = u(0, x), áóäåò ðåøåíèåì çàäà÷è (3)�(5). È íàîáîðîò, åñëè ïàðà
(ṽ(t, x), λ̃(x)) � ðåøåíèå çàäà÷è (3)�(5), òî ôóíêöèÿ ũ(t, x) = ṽ(t, x)+ λ̃(x)
áóäåò ðåøåíèåì èñõîäíîãî ñåìåéñòâà êðàåâûõ çàäà÷ (1), (2).

Ïðè ôèêñèðîâàííîì çíà÷åíèè ïàðàìåòðà λ(x) çàäà÷à (3), (4) ÿâëÿåòñÿ
ñåìåéñòâîì çàäà÷ Êîøè äëÿ îáûêíîâåííûõ èíòåãðî-äèôôåðåíöèàëüíûõ
óðàâíåíèé Âîëüòåððà ñ íà÷àëüíûì óñëîâèåì íà ëèíèè t = 0. Ñîîòíîøåíèå
(5) ïîçâîëÿåò îïðåäåëèòü íåèçâåñòíûé ïàðàìåòð λ(x).

Ðåøåíèå çàäà÷è Êîøè � ôóíêöèÿ v(t, x) óäîâëåòâîðÿåò ñåìåéñòâó èí-
òåãðàëüíûõ óðàâíåíèé Âîëüòåððà

v(t, x) =

∫ t

0
A(τ, x)v(τ, x)dτ +

∫ t

0

[∫ τ

0
K(τ, s, x)v(s, x)ds

]
dτ +

∫ t

0
f(τ, x)dτ+

+

∫ t

0
A(τ, x)dτλ(x)+

∫ t

0

[∫ τ

0
K(τ, s, x)ds

]
dτλ(x), t ∈ [0, T ], x ∈ [0, ω]. (6)
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Òàê êàê∫ t

0

[∫ τ

0
K(τ, s, x)v(s, x)ds

]
dτ =

∫ t

0

∫ t

s
K(τ, s, x)dτv(s, x)ds,

òî, ïîìåíÿâ ìåñòàìè ïåðåìåííûå s è τ, ïåðåïèøåì ïðåäñòàâëåíèå (6) ñëå-
äóþùèì îáðàçîì:

v(t, x) =

∫ t

0

[
A(τ, x) +

∫ t

τ
K(s, τ, x)ds

]
v(τ, x)dτ +

∫ t

0
f(τ, x)dτ+

+

∫ t

0

[
A(τ, x) +

∫ t

τ
K(s, τ, x)ds

]
dτλ(x), t ∈ [0, T ], x ∈ [0, ω]. (7)

Ââåäåì îáîçíà÷åíèå: L(t, τ, x) = A(τ, x)+

∫ t

τ
K(s, τ, x)ds. Òîãäà ñîîò-

íîøåíèå (7) ïðèìåò âèä

v(t, x) =

∫ t

0
L(t, τ, x)dτλ(x) +

∫ t

0
L(t, τ, x)v(τ, x)dτ +

∫ t

0
f(τ, x)dτ, (8)

ãäå t ∈ [0, T ], x ∈ [0, ω].
Âìåñòî v(τ, x), ïîäñòàâèâ ïðàâóþ ÷àñòü âûðàæåíèÿ èç (8) ïðè t = τ è

ïîâòîðèâ ýòîò ïðîöåññ ν (ν ∈ N) ðàç, ïîëó÷èì

v(t, x) = Dν(t, x)λ(x) +Gν(t, x, v) + Fν(t, x), t ∈ [0, T ], x ∈ [0, ω], (9)

ãäå Dν(t, x) =

∫ t

0
L(t, τ, x)dτ +

∫ t

0
L(t, τ1, x)

∫ τ1

0
L(τ1, τ2, x)dτ2dτ1 + ...+

+

∫ t

0
L(t, τ1, x)

∫ τ1

0
L(τ1, τ2, x)...

∫ τν−1

0
L(τν−1, τν , x)dτνdτν−1...dτ2dτ1,

Gν(t, x, v) =

∫ t

0
L(t, τ1, x)...

∫ τν−1

0
L(τν−1, τν , x)v(τν , x)dτν ...dτ1,

Fν(t, x) =

∫ t

0
f(τ, x)dτ +

∫ t

0
L(t, τ1, x)

∫ τ1

0
f(τ2, x)dτ2dτ1 + ...+

+

∫ t

0
L(t, τ1, x)...

∫ τν−2

0
L(τν−2, τν−1, x)

∫ τν−1

0
f(τν , x)dτνdτν−1...dτ1.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 3



Îá îäíîçíà÷íîé ðàçðåøèìîñòè ñåìåéñòâà ìíîãîòî÷å÷íûõ çàäà÷ ... 25

Îïðåäåëèì èç (9) çíà÷åíèÿ ôóíêöèè v(t, x) íà ëèíèÿõ t = ti, i = 1,m, è,
ïîäñòàâèâ â ñîîòíîøåíèå (5), ïîëó÷èì ñèñòåìó ëèíåéíûõ ôóíêöèîíàëüíûõ
óðàâíåíèé îòíîñèòåëüíî λ(x):[

M0(x) +

m∑
i=1

Mi(x)[I +Dν(ti, x)]
]
λ(x) = −

m∑
i=1

Mi(x)Gν(ti, x, v)−

−
m∑
i=1

Mi(x)Fν(ti, x) + b(x), x ∈ [0, ω]. (10)

Ñîîòíîøåíèÿ (8) è (10) ñîñòàâëÿþò çàìêíóòóþ ñèñòåìó óðàâíåíèé îòíî-
ñèòåëüíî v(t, x) è λ(x).

Åñëè èçâåñòíà ôóíêöèÿ v(t, x), òî èç (10) ìîæíî îïðåäåëèòü ïàðàìåòð

λ(x) ïðè îáðàòèìîñòè ìàòðèöû Qν(x) = M0(x) +
m∑
i=1

Mi(x)[I + Dν(ti, x)]

äëÿ âñåõ x ∈ [0, ω]. Ñîñòàâëÿÿ ñóììó v(t, x) + λ(x), íàõîäèì u(t, x) � ðåøå-
íèå èñõîäíîé çàäà÷è (1), (2). Îáðàòíî, åñëè èçâåñòåí ïàðàìåòð λ(x), òî èç
ñåìåéñòâà èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà âòîðîãî ðîäà (8) íàõîäèì
ôóíêöèþ v(t, x) è, ñíîâà ñîñòàâëÿÿ ñóììó v(t, x)+λ(x), îïðåäåëÿåì u(t, x)
� ðåøåíèå çàäà÷è (1), (2).

Òàê êàê íåèçâåñòíûìè ÿâëÿþòñÿ êàê ôóíêöèÿ v(t, x), òàê è ïàðàìåòð
λ(x), äëÿ íàõîæäåíèÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé (8), (10) ïðèìåíÿåòñÿ
èòåðàöèîííûé ïðîöåññ íà îñíîâå ñëåäóþùåãî àëãîðèòìà.

0-øàã. Ïóñòü ïðè íåêîòîðîì ν, ν ∈ N, ìàòðèöàQν(x) îáðàòèìà äëÿ âñåõ
x ∈ [0, ω]. Èç ñèñòåìû (10) ïðè v(t, x) = 0 íàõîäèì íà÷àëüíîå ïðèáëèæåíèå
λ(0)(x) äëÿ âñåõ x ∈ [0, ω]. Èç ñåìåéñòâà èíòåãðàëüíûõ óðàâíåíèé (8) ïðè
λ(x) = λ(0)(x) íàõîäèì v(0)(t, x) äëÿ âñåõ (t, x) ∈ [0, T ]× [0, ω].

1-øàã. Èç ñèñòåìû (10) ïðè v(t, x) = v(0)(t, x) íàõîäèì λ(1)(x) äëÿ âñåõ
x ∈ [0, ω]. Èç ñåìåéñòâà èíòåãðàëüíûõ óðàâíåíèé (8) ïðè λ(x) = λ(1)(x)
íàõîäèì v(1)(t, x) äëÿ âñåõ (t, x) ∈ [0, T ]× [0, ω] è ò.ä.

k-øàã. Èç ñèñòåìû (10) ïðè v(t, x) = v(k−1)(t, x) íàõîäèì λ(k)(x). Èç ñå-
ìåéñòâà èíòåãðàëüíûõ óðàâíåíèé (8) ïðè λ(x) = λ(k)(x) íàõîäèì v(k)(t, x)
äëÿ âñåõ (t, x) ∈ [0, T ]× [0, ω], k = 1, 2, ....

Ïîëîæèì

α0(x) = max
t∈[0,T ]

||A(t, x)||, β(x) = max
(t,s)∈[0,T ]×[0,T ]

||K(t, s, x)||,
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α(x) = α0(x) + Tβ(x).

Ðåàëèçóåìîñòü è ñõîäèìîñòü ïðåäëîæåííîãî àëãîðèòìà, à òàêæå ñó-
ùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ çàäà÷è (3)�(5) îáåñïå÷èâàþò óñëîâèÿ
ñëåäóþùåãî óòâåðæäåíèÿ.

Òåîðåìà 1. Ïóñòü ïðè íåêîòîðîì ν, ν ∈ N, (n × n)-ìàòðèöà Qν(x)
îáðàòèìà äëÿ âñåõ x ∈ [0, ω] è âûïîëíÿþòñÿ óñëîâèÿ:

1) ||[Qν(x)]
−1|| ≤ γν(x), ãäå γν(x) � ïîëîæèòåëüíàÿ, íåïðåðûâíàÿ íà

[0, ω] ôóíêöèÿ;

2) qν(x) = γν(x) ·
m∑
i=1

||Mi(x)|| · max
i=1,m

[
eα(x)ti − 1−

ν∑
i=1

[α(x)ti]
i

i!

]
≤ χ < 1, ãäå

χ � const.

Òîãäà ñåìåéñòâî çàäà÷ (3)�(5) èìååò åäèíñòâåííîå ðåøåíèå.

Èç ýêâèâàëåíòíîñòè çàäà÷ (1), (2) è (3)�(5) âûòåêàåò

Òåîðåìà 2. Ïóñòü ïðè íåêîòîðîì ν, ν ∈ N, (n × n)-ìàòðèöà Qν(x)
îáðàòèìà äëÿ âñåõ x ∈ [0, ω] è âûïîëíÿþòñÿ óñëîâèÿ 1)-2) Òåîðåìû 1.

Òîãäà ñåìåéñòâî ìíîãîòî÷å÷íûõ çàäà÷ äëÿ ñèñòåìû èíòåãðî-äèôôå-

ðåíöèàëüíûõ óðàâíåíèé Âîëüòåððà (1), (2) èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî Òåîðåì 1 è 2 ïðîâîäèòñÿ ïî ñõåìå ïðåäëîæåííîãî íèæå
àëãîðèòìà.

3. Ñõåìà ìåòîäà â ñëó÷àå ââåäåíèÿ ìíîãèõ ïàðàìåòðîâ

Ðàññìîòðèì çàäà÷ó (1), (2). Ðàçîáüåì îáëàñòü [0, T ]× [0, ω] íà ïîäîáëà-
ñòè ëèíèÿìè t = ti, i = 0,m:

[0, T ] × [0, ω] =
m∪
r=1

Ωr, Ωr = [tr−1, tr) × [0, ω], Ωm = [tm−1, tm] × [0, ω].

Ïóñòü ur(t, x) � ñóæåíèå ôóíêöèè u(t, x) íà Ωr, r = 1,m. Òîãäà çàäà÷à
(1), (2) ïåðåéäåò ê ñëåäóþùåìó ýêâèâàëåíòíîìó ñåìåéñòâó ìíîãîòî÷å÷íûõ
çàäà÷ äëÿ ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé:

∂ur
∂t

= A(t, x)ur +

r−1∑
i=1

∫ ti

ti−1

K(t, s, x)ui(s, x)ds+

+

∫ t

tr−1

K(t, s, x)ur(s, x)ds+ f(t, x), (t, x) ∈ Ωr, r = 1,m, (11)
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m−1∑
i=0

Mi(x)ui+1(ti, x) +Mm(x)um(tm, x) = b(x), x ∈ [0, ω], (12)

lim
t→tp−0

up(t, x) = up+1(tp, x), p = 1,m− 1, x ∈ [0, ω]. (13)

Çäåñü óñëîâèÿ (13) ÿâëÿþòñÿ óñëîâèÿìè íåïðåðûâíîñòè (ñêëåèâàíèÿ) ðå-
øåíèÿ íà âíóòðåííèõ ëèíèÿõ t = tp, p = 1,m− 1.

Ðåøåíèåì çàäà÷è (11)�(13) ÿâëÿåòñÿ ñèñòåìà ôóíêöèé u([t], x) =
(u1(t, x), u2(t, x), ..., um(t, x))′ ñ êîìïîíåíòàìè ur : Ωr → Rn, íåïðåðûâíûìè
è îãðàíè÷åííûìè íà Ωr ôóíêöèÿìè, èìåþùèìè íåïðåðûâíûå ïðîèçâîäíûå
ïî t íà Ωr è êîíå÷íûå ëåâîñòîðîííèå ïðåäåëû lim

t→tr−0
ur(t, x), r = 1,m− 1, è

óäîâëåòâîðÿþùèìè ñèñòåìå (11), êðàåâîìó óñëîâèþ (12) è óñëîâèþ íåïðå-
ðûâíîñòè (13).

Ââåäåì îáîçíà÷åíèÿ: λr(x) = u(tr−1, x), r = 1,m. Â çàäà÷å (11)�(13)
îñóùåñòâèì ñëåäóþùóþ çàìåíó ôóíêöèè ur(t, x): ur(t, x) = vr(t, x)+λr(x)
è ïåðåéäåì ê ýêâèâàëåíòíîé çàäà÷å

∂vr
∂t

= A(t, x)vr +A(t, x)λr(x) +

r−1∑
i=1

∫ ti

ti−1

K(t, s, x)[vi(s, x) + λi(x)]ds+

+

∫ t

tr−1

K(t, s, x)[vr(s, x) + λr(x)]ds+ f(t, x), (t, x) ∈ Ωr, r = 1,m, (14)

vr(tr−1, x) = 0, r = 1,m, x ∈ [0, ω], (15)

m−1∑
i=0

Mi(x)λi+1(x)+Mm(x)λm(x)+Mm(x)vm(tm, x) = b(x), x ∈ [0, ω], (16)

lim
t→tp−0

vp(t, x) + λp(x) = λp+1(x), p = 1,m− 1, x ∈ [0, ω]. (17)

Ðåøåíèåì çàäà÷è (14)�(17) ÿâëÿåòñÿ ïàðà (v([t], x), λ(x)), ãäå v([t], x) =
(v1(t, x), v2(t, x), ..., vm(t, x))′, λ(x) = (λ1(x), λ2(x), ..., λm(x))′ ñ êîìïîíåí-
òàìè vr(t, x), íåïðåðûâíûìè è îãðàíè÷åííûìè íà Ωr, èìåþùèìè íåïðå-
ðûâíûå ïðîèçâîäíûå ïî t íà Ωr è êîíå÷íûå ëåâîñòîðîííèå ïðåäåëû
lim

t→tr−0
vr(t, x), r = 1,m− 1, ôóíêöèè λr(x) íåïðåðûâíû ïî x íà [0, ω].

Ïàðà óäîâëåòâîðÿåò ñåìåéñòâó èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
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ôóíêöèîíàëüíûìè ïàðàìåòðàìè (14), íà÷àëüíûì óñëîâèÿì (15), ìíîãîòî-
÷å÷íîìó êðàåâîìó óñëîâèþ (16) è óñëîâèþ íåïðåðûâíîñòè (17).

Çàäà÷è (1), (2) è (14)�(17) ýêâèâàëåíòíû. Åñëè ôóíêöèÿ u(t, x)
� ðåøåíèå ñåìåéñòâà ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷ (1), (2), òî ïà-
ðà (v([t], x), λ(x)), ãäå v([t], x) = (v1(t, x), v2(t, x), ..., vm(t, x))′, λ(x) =
(λ1(x), λ2(x), ..., λm(x))′, λr(x) = u(tr−1, x), vr(t, x) = u(t, x) − λr(x),
(t, x) ∈ Ωr, r = 1,m, áóäåò ðåøåíèåì çàäà÷è (14)�(17). È íàîáîðîò, åñ-
ëè ïàðà (ṽ([t], x), λ̃(x)) � ðåøåíèå çàäà÷è (14)�(17), òî ôóíêöèÿ ũ(t, x),
îïðåäåëÿåìàÿ ðàâåíñòâàìè

ũ(t, x) = ṽr(t, x) + λ̃r(x), (t, x) ∈ Ωr, r = 1,m,

áóäåò ðåøåíèåì èñõîäíîãî ñåìåéñòâà êðàåâûõ çàäà÷ (1), (2).

Ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòðîâ λr(x) çàäà÷à (14), (15)
ÿâëÿåòñÿ ñåìåéñòâîì çàäà÷ Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé Âîëüòåððà ñ íà÷àëüíûìè óñëîâèÿìè íà ëè-
íèÿõ t = tr−1, r = 1,m. Ñîîòíîøåíèÿ (16), (17) ïîçâîëÿþò îïðåäåëèòü
íåèçâåñòíûå ïàðàìåòðû λr(x), r = 1,m.

Ðåøåíèÿ çàäà÷ Êîøè, ôóíêöèè vr(t, x), óäîâëåòâîðÿþò ñåìåéñòâó èí-
òåãðàëüíûõ óðàâíåíèé Âîëüòåððà

vr(t, x) =

∫ t

tr−1

A(τ, x)vr(τ, x)dτ +

∫ t

tr−1

A(τ, x)dτλr(x)+

+

r−1∑
i=1

∫ t

tr−1

∫ ti

ti−1

K(τ, s, x)vi(s, x)dsdτ +

r−1∑
i=1

∫ t

tr−1

∫ ti

ti−1

K(τ, s, x)dsdτλi(x)+

+

∫ t

tr−1

∫ τ

tr−1

K(τ, s, x)vr(s, x)dsdτ +

∫ t

tr−1

∫ τ

tr−1

K(τ, s, x)dsdτλr(x)+

+

∫ t

tr−1

f(τ, x)dτ, (t, x) ∈ Ωr, r = 1,m, (18)

Ââåäåì îáîçíà÷åíèÿ

Dr(t, x) =

∫ t

tr−1

{
A(τ, x) +

∫ τ

tr−1

K(τ, s, x)

}
dsdτ,
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D̃i,r(t, x) =

∫ t

tr−1

∫ ti

ti−1

K(τ, s, x)dsdτ,

Gr(t, x, vr) =

∫ t

tr−1

A(τ, x)vr(τ, x)dτ +

∫ t

tr−1

∫ τ

tr−1

K(τ, s, x)vr(s, x)dsdτ,

G̃i,r(t, x, vi) =

∫ t

tr−1

∫ ti

ti−1

K(τ, s, x)vi(s, x)dsdτ, Fr(t, x) =

∫ t

tr−1

f(τ, x)dτ.

Ïåðåïèøåì (19) â áîëåå êîìïàêòíîé ôîðìå:

vr(t, x) = Dr(t, x)λr(x) +
r−1∑
i=1

D̃i,r(t, x)λi(x) +Gr(t, x, vr)+

+

r−1∑
i=1

G̃i,r(t, x, vi) + Fr(t, x), (t, x) ∈ Ωr, r = 1,m. (20)

Îïðåäåëèì èç (20) ëåâîñòîðîííèå ïðåäåëû ôóíêöèè vr(t, x) ïðè t → tr−0,
r = 1,m− 1, çíà÷åíèå vm(t, x) ïðè t = tm è, ïîäñòàâèâ â ñîîòíîøåíèÿ (16),
(17), ïîëó÷èì ñèñòåìó ëèíåéíûõ ôóíêöèîíàëüíûõ óðàâíåíèé îòíîñèòåëü-
íî λ(x):

m−1∑
i=0

Mi(x)λi+1(x) +Mm(x)[I +Dm(tm, x)]λm(x)+

+Mm(x)

m−1∑
i=1

D̃i,m(tm, x)λi(x) = −Mm(x)Gm(tm, x, vm)−

−Mm(x)

m−1∑
i=1

G̃i,m(tm, x, vi)−Mm(x)Fm(tm, x) + b(x), x ∈ [0, ω], (21)

[I +Dp(tp, x)]λp(x)− λp+1(x) +

p−1∑
i=1

D̃i,p(tp, x)λi(x) = −Gp(tp, x, vp)−

−
p−1∑
i=1

G̃i,p(tp, x, vi)− Fp(tp, x), p = 1,m− 1, x ∈ [0, ω]. (22)
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Îáîçíà÷èì ÷åðåç Q(m,x) ìàòðèöó, ñîñòàâëåííóþ èç êîýôôèöèåíòîâ ïàðà-
ìåòðà λr(x), r = 1,m, ñîîòâåòñòâóþùóþ ëåâûì ÷àñòÿì (21) è (22). Óðàâ-
íåíèÿ (21), (22) ïåðåïèøåì â âåêòîðíî-ìàòðè÷íîé ôîðìå

Q(m,x)λ(x) = −G(m,x, v)− F (m,x), (23)

ãäå

G(m,x, v) =
(
Mm(x)

[
Gm(tm, x, vm) +

m−1∑
i=1

G̃i,m(tm, x, vi)
]
, G1(t1, x, v1),

G2(t2, x, v2)+G̃1,2(t2, x, v1), ..., Gm−1(tm−1, x, vm−1)+
m−2∑
i=1

G̃i,m−1(tm−1, x, vi)
)
,

F (m,x) =
(
Mm(x)Fm(tm, x)− b(x), F1(t1, x), ..., Fm−1(tm−1, x)

)
.

Ñîîòíîøåíèÿ (19) è (23) ñîñòàâëÿþò çàìêíóòóþ ñèñòåìó óðàâíåíèé îò-
íîñèòåëüíî vr(t, x) è λr(x), r = 1,m.

Åñëè èçâåñòíû ôóíêöèè vr(t, x), òî èç (23) ìîæíî îïðåäåëèòü ïàðàìåòð
λ(x) = (λ1(x), λ2(x), ..., λm(x)) ïðè îáðàòèìîñòè ìàòðèöû Q(m,x) äëÿ âñåõ
x ∈ [0, ω]. Îïðåäåëÿÿ ôóíêöèþ u(t, x) ðàâåíñòâàìè

u(t, x) = vr(t, x) + λr(x), (t, x) ∈ Ωr, r = 1,m,

íàõîäèì ðåøåíèå èñõîäíîé çàäà÷è (1), (2). Îáðàòíî, åñëè èçâåñòíû ïàðà-
ìåòðû λr(x), òî èç ñåìåéñòâà èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà âòîðîãî
ðîäà (19) íàõîäèì ôóíêöèè vr(t, x) è, ñíîâà ñîñòàâëÿÿ ôóíêöèþ u(t, x)
ðàâåíñòâàìè

u(t, x) = vr(t, x) + λr(x), (t, x) ∈ Ωr, r = 1,m,

îïðåäåëÿåì ðåøåíèå çàäà÷è (1), (2).

Òàê êàê íåèçâåñòíûìè ÿâëÿþòñÿ êàê ôóíêöèè vr(t, x), òàê è ïàðàìåòðû
λr(x), äëÿ íàõîæäåíèÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé (19), (23) ïðèìåíÿåòñÿ
èòåðàöèîííûé ïðîöåññ íà îñíîâå ñëåäóþùåãî àëãîðèòìà.

0-øàã. Ïóñòü ìàòðèöà Q(m,x) îáðàòèìà äëÿ âñåõ x ∈ [0, ω]. Èç ñèñòåìû
(23) ïðè vr(t, x) = 0, r = 1,m, íàõîäèì íà÷àëüíîå ïðèáëèæåíèå λ(0)(x) =
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(λ
(0)
1 (x), λ

(0)
2 (x), ..., λ

(0)
m (x)) äëÿ âñåõ x ∈ [0, ω]. Èç ñåìåéñòâà èíòåãðàëüíûõ

óðàâíåíèé (19) ïðè λr(x) = λ
(0)
r (x) íàõîäèì v

(0)
r (t, x) äëÿ âñåõ (t, x) ∈ Ωr,

r = 1,m.

1-øàã. Èç ñèñòåìû (23) ïðè vr(t, x) = v
(0)
r (t, x) íàõîäèì λ(1)(x) =

(λ
(1)
1 (x), λ

(1)
2 (x), ..., λ

(1)
m (x)) äëÿ âñåõ x ∈ [0, ω]. Èç ñåìåéñòâà èíòåãðàëüíûõ

óðàâíåíèé (19) ïðè λr(x) = λ
(1)
r (x) íàõîäèì v

(1)
r (t, x) äëÿ âñåõ (t, x) ∈ Ωr,

r = 1,m, è ò.ä.

k-øàã. Èç ñèñòåìû (23) ïðè vr(t, x) = v
(k−1)
r (t, x) íàõîäèì λ(k)(x) =

(λ
(k)
1 (x), λ

(k)
2 (x), ..., λ

(k)
m (x)). Èç ñåìåéñòâà èíòåãðàëüíûõ óðàâíåíèé (19)

ïðè λr(x) = λ
(k)
r (x) íàõîäèì v

(k)
r (t, x) äëÿ âñåõ (t, x) ∈ Ωr, r = 1,m,

k = 1, 2, ....

Ïîëîæèì h = max
r=1,m

(tr − tr−1), β̃ = 1 + h2β(x)eα(x)h.

Îñóùåñòâèìîñòü è ñõîäèìîñòü ïîñòðîåííîãî àëãîðèòìà, à òàêæå ñóùå-
ñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ çàäà÷è (14)�(17) îáåñïå÷èâàþò óñëîâèÿ
ñëåäóþùåãî óòâåðæäåíèÿ.

Òåîðåìà 3. Ïóñòü (nm×nm)-ìàòðèöà Q(m,x) îáðàòèìà äëÿ âñåõ x ∈
[0, ω] è âûïîëíÿþòñÿ óñëîâèÿ:

1) ||[Q(m,x)]−1|| ≤ γ(m,x), ãäå γ(m,x) � ïîëîæèòåëüíàÿ, íåïðåðûâíàÿ

íà [0, ω] ôóíêöèÿ;

2) q(m,x) = γ(m,x) ·max
(
||Mm(x)||, 1

)
·
{
[eα(x)h − 1− α(x)h]+

+(eα(x)h− 1)
[
β̃m−1− 1+h2(m− 1)β(x)

]
+[β̃− 1]

m−1∑
i=1

[β̃i−1− 1]
}
≤ χ < 1,

ãäå χ � const.

Òîãäà ñåìåéñòâî çàäà÷ (14)�(17) èìååò åäèíñòâåííîå ðåøåíèå.

Èç ýêâèâàëåíòíîñòè çàäà÷ (1), (2) è (14)�(17) âûòåêàåò

Òåîðåìà 4. Ïóñòü (nm×nm)-ìàòðèöà Q(m,x) îáðàòèìà äëÿ âñåõ x ∈
[0, ω] è âûïîëíÿþòñÿ óñëîâèÿ 1)-2) Òåîðåìû 3.

Òîãäà ñåìåéñòâî ìíîãîòî÷å÷íûõ çàäà÷ äëÿ ñèñòåìû èíòåãðî-äèôôå-

ðåíöèàëüíûõ óðàâíåíèé Âîëüòåððà (1), (2) èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî Òåîðåì 3, 4 ïðîâîäèòñÿ íà îñíîâå âûøåïðèâåäåííîãî
àëãîðèòìà àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1 èç [28].
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1. Ââåäåíèå
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√
xx, |x| = |x1|+ ...+

|xk|, |x|∞ = max{|xκ| : κ ∈ zk}.
Ïóñòü S(Rk) è S ′(Rk) � ïðîñòðàíñòâà Øâàðöà ïðîáíûõ ôóíêöèé è ðàñ-

ïðåäåëåíèé ñîîòâåòñòâåííî; f̂ ≡ Fk(f) è f̌ ≡ F−1
k (f) � ïðÿìîå è îáðàòíîå

ïðåîáðàçîâàíèÿ Ôóðüå f ∈ S ′(Rk). Äàëåå, ïóñòü S ′(Tk) � ïðîñòðàíñòâî
1�ïåðèîäè÷åñêèõ (ïî âñåì ïåðåìåííûì) ðàñïðåäåëåíèé, ò.å. ñîâîêóïíîñòü
âñåõ f ∈ S ′(Rk) òàêèõ, ÷òî ⟨f, φ(·+λ)⟩ = ⟨f, φ⟩ äëÿ âñåõ φ ∈ S(Rk) è ëþáûõ
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λ ∈ Zk. Õîðîøî èçâåñòíî, ÷òî f ∈ S ′(Tk), åñëè è òîëüêî åñëè supp f̂ ⊂ Zk,
ò.å. ðàñïðåäåëåíèå f̂ îáðàùàåòñÿ â 0 íà îòêðûòîì ìíîæåñòâå Rk\Zk.

Ðàññìîòðèì ãëàäêèé ïåðèîäè÷åñêèé ñèìâîë ψ : Tk × Zk → C (ò.å.
ψ(· , ξ) ∈ C∞(Tk) äëÿ êàæäîãî ξ ∈ Zk) è ñîîòâåòñòâóþùèé åìó ôîðìàëü-
íûé ïñåâäî�äèôôåðåíöèàëüíûé îïåðàòîð (ÏÄÎ)

ψ(x,D) : S ′(Tk) ∋ f(x) 7→ ψ(x,D)f(x) =
∑
ξ∈Zk

f̂(ξ)ψ(x, ξ)e2πiξx.

Ââåäåì ñëåäóþùèå êëàññû ñèìâîëîâ ("òèïà ïðîèçâåäåíèÿ" ïðè n ≥ 2).
Ôèêñèðóåì n ∈ N , n ≤ k, è âåêòîð m = (m1, . . . ,mn) ∈ Nn ñ |m| = k
(m = k, åñëè n = 1, m = 1 ≡ (1, . . . , 1) ∈ Nk, åñëè n = k). Ïðåäñòàâèì
x = (x1, . . . , xk) ∈ Rk â âèäå x = (x1, . . . , xn), ãäå xν = (xκν−1+1, . . . , xκν ) ∈
Rmν ; κ0 = 0, κν = m1 + · · · + mν ; kν ≡ {κν−1 + 1, . . . , κν}, ν ∈ zn. Äëÿ
λ = (λ1, . . . , λk) ∈ Nk0 ïîëîæèì

∂λ =
∂|λ|

∂x1λ1 · · · ∂xkλk
, ∆λ = ∆λ1

1 ◦ · · · ◦∆λk
k ,

çäåñü ∆λκ
κ � êîíå÷íàÿ ðàçíîñòü ïîðÿäêà λκ (ñ øàãîì 1) ïî κ�é ïåðåìåííîé,

κ ∈ zk.

Îïðåäåëåíèå 1. Ïóñòü τ = (τ1, . . . , τn) ∈ Rn; K = (K1, . . . ,Kn) ∈ Nn. Òî-
ãäà ïåðèîäè÷åñêèé ñèìâîë ψ(x, ξ) ïðèíàäëåæèò êëàññóΨτ Km ≡ Ψτ Km(Tk),
åñëè äëÿ ëþáûõ λ ∈ Nk0 ñ λκ ≤ Kν , κ ∈ Kν , ν ∈ zn, è µ ∈ Nk0 íàéäåòñÿ ïî-
ñòîÿííàÿ cλµ > 0 òàêàÿ, ÷òî

|∆λ
ξ∂

µ
xψ(x, ξ)| ≤ cλµ

∏
ν∈zn

(1 + ∥ξν∥)τν−|λν |, x ∈ Tk, ξ ∈ Zk.

Çàìå÷àíèå 1. Ïðè n = 1 êëàññ ñèìâîëîâ Ψτ Km åñòü ïåðèîäè÷åñêèé àíà-
ëîã èçâåñòíîãî êëàññà Sτ Ë. Õåðìàíäåðà, êîòîðûé èãðàåò âàæíóþ ðîëü â
òåîðèè äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ïåðåìåííûìè êîýôôèöèåíòàìè;
ñì., íàïðèìåð, [1]. Ïðè n = k ≥ 2 ýòè êëàññû ñîäåðæàò ïåðèîäè÷åñêèå ñèì-
âîëû ÏÄÎ ñìåøàííîãî òèïà. Â íåñêîëüêî áîëåå îáùåì ñëó÷àå 1 ≤ n ≤ k
òàêèå ÏÄÎ åñòåñòâåííûì îáðàçîì âîçíèêàþò â ñâÿçè ôóíêöèîíàëüíûìè
ïðîñòðàíñòâàìè "òèïà ïðîèçâåäåíèÿ"; ñì., íàïðèìåð, [2], [3], [4], [5], [6, ch.
II, �5.20-5.23, ch.III, �5.27].
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Â íàñòîÿùåé ðàáîòå ñòðîèòñÿ ëèíåéíûé ìåòîä ïðèáëèæåííîãî âîññòà-
íîâëåíèÿ ïåðèîäè÷åñêîãî ÏÄÎ, èñïîëüçóþùèé ñïåêòðàëüíóþ èíôîðìà-
öèþ îá îïåðàòîðå è ôóíêöèè (êîíå÷íûå íàáîðû êîýôôèöèåíòîâ Ôóðüå),
êîòîðûé äàåò õîðîøóþ ïîãðåøíîñòü ïðèáëèæåíèÿ äëÿ êàæäîãî ÏÄÎ ñ
ñèìâîëîì èç êëàññà Ψτ v Km

εϑ (Tk) (ñì. Îïðåäåëåíèå 3 íèæå) íà ýëåìåí-
òàõ ïîäõîäÿùèõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ òèïà Íèêîëüñêîãî-Áåñîâà
Bsm
p q (Tk) è òèïà Ëèçîðêèíà-Òðèáåëÿ Lsmp q (Tk).

2. Ôóíêöèîíàëüíûå ïðîñòðàíñòâà

Ïóñòü, êàê îáû÷íî, Lp = Lp(Tk) (1 ≤ p ≤ ∞) � ïðîñòðàíñòâî èç-
ìåðèìûõ ôóíêöèé f : Tk → C, ñóììèðóåìûõ â ñòåïåíè p (ïðè p = ∞
ñóùåñòâåííî îãðàíè÷åííûõ) íà Tk, ñî ñòàíäàðòíîé íîðìîé ∥f |Lp∥. ßñíî,
÷òî äëÿ f ∈ S(Rk) è g ∈ L1 (⊂ S ′(Tk))

f̂(ξ) =

∫
Rk
f(x)e−2πiξxdx, ξ ∈ Rk, ĝ(ξ) =

∫
Tk
g(x)e−2πiξxdx, ξ ∈ Zk.

Äàëåå, ℓq = ℓq(Nn0 ) (1 ≤ q ≤ ∞) � ïðîñòðàíñòâî ÷èñëîâûõ ïîñëåäîâàòåëü-
íîñòåé (aα) = (aα)α∈Nn0 ñ êîíå÷íîé íîðìîé

∥(aα) | ℓq∥ =

( ∑
α∈Nn0

|aα|q
)1/q

(1 ≤ q <∞), ∥(aα) | ℓ∞∥ = sup(|aα| : α ∈ Nn0 ),

ℓq(Lp) (ñîîòâåòñòâåííî, Lp(ℓq)) � ïðîñòðàíñòâî ôóíêöèîíàëüíûõ ïîñëåäî-
âàòåëüíîñòåé (gα(x)) = (gα(x))α∈Nn0 , x ∈ Tk, ñ êîíå÷íîé íîðìîé

∥(gα) | ℓq(Lp)∥ = ∥(∥gα |Lp∥) | ℓq∥

(ñîîòâåòñòâåííî,

∥(gα) |Lp(ℓq∥ = ∥∥(gα(·)) | ℓq∥ |Lp∥).

Òåïåðü îïðåäåëèì ("m�êðàòíîå") ðàçáèåíèå åäèíèöû íà Rk. Âûáåðåì
ôóíêöèè ην0 ∈ S(Rmν ) (ν ∈ zn) òàêèå, ÷òî 0 ≤ η̂ν0 (ξ

ν) ≤ 1, ξν ∈ Rmν ;
η̂ν0 (ξ

ν) = 1, åñëè |ξν |∞ ≤ 1; η̂ν0 (ξ
ν) = 0, åñëè |ξν |∞ ≥ 3/2 (ν ∈ zn). Ïîëî-

æèì η̂ν (ξν) ≡ η̂ν0 (2
−1ξν)− η̂ν0 (ξ

ν); η̂νj (ξ
ν) ≡ η̂ν (2−j+1ξν), j ∈ N; òîãäà

{η̂νj (ξ
ν), j ∈ N0}
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� ãëàäêîå ðàçáèåíèå åäèíèöû (ïî "êîðèäîðàì" ) íà Rmν (ν ∈ zn), à

{η̂α(ξ) ≡
n∏
ν=1

η̂ναν (ξ
ν), α = (α1, . . . , αn) ∈ Nn0}

� ("m�êðàòíîå") ãëàäêîå ðàçáèåíèå åäèíèöû íà Rk.
Íàêîíåö, ââåäåì îïåðàòîðû ∆η

α : S ′(Tk) → S ′(Tk) (α ∈ Nn0 ) ñëåäóþùèì
îáðàçîì:

∆η
α(f, x) =

∑
ξ∈Zk

η̂α(ξ)f̂(ξ)e
2πi ξx.

Îïðåäåëåíèå 2. Ïóñòü s = (s1, . . . , sn) ∈ Rn+, 1 ≤ p, q ≤ ∞.

I. Ïðîñòðàíñòâî òèïà Íèêîëüñêîãî-Áåñîâà Bsm
p q ≡ Bsm

p q (Tk) ñîñòîèò èç
âñåõ ôóíêöèé f ∈ Lp, äëÿ êîòîðûõ êîíå÷íà íîðìà

∥ f |Bsm
p q ∥ = ∥(2αs∆η

α(f, x)) | ℓq(Lp)∥.

II. Ïðîñòðàíñòâî òèïà Ëèçîðêèíà-Òðèáåëÿ Lsmp q ≡ Lsmp q (Tk) (p < ∞)
ñîñòîèò èç âñåõ ôóíêöèé f ∈ Lp, äëÿ êîòîðûõ êîíå÷íà íîðìà

∥ f |Lsmp q ∥ = ∥(2αs∆η
α(f, x)) |Lp(ℓq)∥.

Åäèíè÷íûå øàðû Bsmp q ≡ Bsmp q (Tk) è Lsmp q ≡ Lsmp q (Tk) ýòèõ ïðîñòðàíñòâ
áóäåì íàçûâàòü êëàññàìè òèïà Íèêîëüñêîãî-Áåñîâà è Ëèçîðêèíà-Òðèáåëÿ
ñîîòâåòñòâåííî.

Èç êëàññà Ψτ Km ñ ïîìîùüþ äîïîëíèòåëüíûõ óñëîâèé ãëàäêîñòè âûäå-
ëèì êëàññ Ψτ υ Km

εϑ .

Îïðåäåëåíèå 3. Ïóñòü 1 ≤ ϑ ≤ ∞; τ = (τ1, . . . , τn) ∈ Rn, υ =
(υ1, . . . , υn) ∈ Rn+; ε = (ε1, . . . , εn) ∈ [0, 1]n; K = (K1, . . . ,Kn) ∈ Nn. Òî-
ãäà ïåðèîäè÷åñêèé ñèìâîë ψ(x, ξ) èç Ψτ Km ïðèíàäëåæèò êëàññó Ψτ υ Km

εϑ ≡
Ψτ υ Km
εϑ (Tk), åñëè äëÿ ëþáûõ λ ∈ Nk0 ñ λκ ≤ Kν , κ ∈ kν , ν ∈ zn, è µ ∈ Nk0 è

ëþáîãî z ⊂ zn(z ̸= ∅) íàéäåòñÿ ïîñòîÿííàÿ cλµ(z) > 0 òàêàÿ, ÷òî

∥∆λ
ξ∂

µ
xψ(x, ξ) |Bυzmz

∞ϑ ∥ ≤ cλµ(z)
∏
ν∈z

(1 + ∥ξν∥)τν−|λν |+υνεν×
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×
∏
ν∈ż

(1 + ∥ξν∥)τν−|µν |, x ∈ Tk, ξ ∈ Zk.

(Íîðìà ïðîñòðàíñòâà Bvzmz
∞ϑ (

∏
ν∈z Tmν ) âû÷èñëÿåòñÿ ïî "ïåðåìåííîé"

xz ≡ (xν : ν ∈ z)).

3. Êîíñòðóêöèÿ ëèíåéíîãî ìåòîäà âîññòàíîâëåíèÿ ÏÄÎ

Ïóñòü f ∈ S ′(Tk),
f(x) =

∑
ξ∈Zk

f̂(ξ)e2πiξx.

Ïðîâåäåì ýëåìåíòàðíûå ôîðìàëüíûå ïðåîáðàçîâàíèÿ äåéñòâèÿ ÏÄÎ
ψ(x,D) íà f (íèæå ψ̂(ζ, ξ) � êîýôôèöèåíò Ôóðüå ôóíêöèè ψ(x, ξ), ζ ∈ Zk):

ψ(x,D)f(x) =
∑
ξ∈Zk

ψ(x, ξ)f̂(ξ)e2πiξx =

=
∑
ξ∈Zk

( ∑
ζ∈Zk

ψ̂(ζ, ξ)e2πiζx
)
f̂(ξ)e2πiξx =

∑
ξ∈Zk

∑
ζ∈Zk

ψ̂(ζ, ξ)f̂(ξ)e2πi(ξ+ζ)x =

=
∑
ξ∈Zk

f̂(ξ)
∑
ζ∈Zk

ψ̂(ζ − ξ, ξ)e2πiζx =
∑
ζ∈Zk

( ∑
ξ∈Zk

ψ̂(ζ − ξ, ξ)f̂(ξ)
)
e2πiζx.

Ïóñòü Λ � êîíå÷íîå ìíîæåñòâî èç Zk è

T(Λ) = { t(x) =
∑
ξ∈Λ

t̂ (ξ)e2πi ξx | t̂ (ξ) ∈ C, ξ ∈ Λ}

� ïðîñòðàíñòâî òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ ñ êîìïëåêñíûìè êîýôôè-
öèåíòàìè è ñïåêòðîì Λ. Òåïåðü çàìåíèì f íà ïîëèíîì t ∈ T(Λ) è ïîëó÷èì

ψ(x,D)t(x) =
∑
ζ∈Zk

(∑
ξ∈Λ

ψ̂(ζ − ξ, ξ)t̂(ξ)
)
e2πiζx =

=
∑
ξ∈Λ

t̂(ξ)
( ∑
ζ∈Zk

ψ̂(ζ − ξ, ξ)e2πiζx
)
=

∑
ξ∈Λ

t̂(ξ)e2πiξx
( ∑
ζ∈Zk

ψ̂(ζ, ξ)e2πiζx
)
.

Äëÿ u > 0 è γ ∈ Rn+ ïîëîæèì

I linu,γ(f) = (f̂(ξ) | ξ ∈ Λγu),
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J lin
u,γ (ψ) = (ψ̂(ζ, ξ) | (ξ, ζ) ∈ Λγu × Λγu)

(çäåñü Λγu = {ξ ∈ Zk | η̂α(ξ) > 0 äëÿ íåêîòîðîãî α ∈ Nn0 ñ αγ < u}),

Sη,γu (f, x) =
∑
αγ≤u

∆η
α(f, x).

Îïðåäåëèì òåïåðü ìåòîä ïðèáëèæåííîãî âîññòàíîâëåíèÿ çíà÷åíèé ÏÄÎ
ψ(x,D)f(x), èñïîëüçóþùèé èíôîðìàöèþ J lin

u,γ (ψ) îá îïåðàòîðå ψ(x,D) è
èíôîðìàöèþ I linu,γ(f) î ðàñïðåäåëåíèè f , ïî ôîðìóëå

Υlin(I linu,γ(f),J lin
u,γ (ψ);x) =

∑
ξ∈Λγu

Ŝη,γu (f, ξ)e2πiξx
∑
ζ∈Λγu

Ŝη,γu (ψ(·, ξ), ζ)e2πiζx.

4. Îñíîâíîé ðåçóëüòàò

Ïðåæäå âñåãî îïðåäåëèì âåêòîð γ = (γ1, ..., γn) ∈ Rn. Ïîëîæèì

σν =
υν − 1

mν
−(

1

p
−1

r
)+, ν ∈ zn; σ ≡ min{σν : ν ∈ zn}, ω = |{ν ∈ zn : σν = σ}|.

Íå îãðàíè÷èâàÿ îáùíîñòè, ñ÷èòàåì, ÷òî σ = σ1 = ... = σω < σν , ν ∈ zn\zω.
Âûáåðåì ÷èñëà σ

′
ν , ν ∈ zn, èç óñëîâèé σ = σ

′
1 = ... = σ

′
ω, σ < σ

′
ν < σν ïðè

ν ∈ zn\zω. Íàêîíåö, ïîëàãàåì γν = σ
′
νmν/σ, ν ∈ zn.

Áóäåì èñïîëüçîâàòü çíàêè≪ è≍ ïîðÿäêîâîãî íåðàâåíñòâà è ðàâåíñòâà:
äëÿ ôóíêöèé F : R+ → R+ è H : R+ → R+ ïèøåì F (u) ≪ H(u) ïðè u→
∞, åñëè íàéäåòñÿ òàêàÿ êîíñòàíòà C = C(F,H) > 0, ÷òî âåðíî íåðàâåíñòâî
F (u) ≤ CH(u) äëÿ u ≥ u0 > 0; F (u) ≍ H(u), åñëè îäíîâðåìåííî F (u) ≪
H(u) è H(u) ≪ F (u). Íèæå p∗ = min{p, 2}.

Ëåãêî âèäåòü (ñëåäóåò ïðèìåíèòü ëåììó 5.1 èç [7]; äîêàçàòåëüñòâî ëåì-
ìû ïðèâåäåíî â [8] (òàì ýòî ëåììà A)), ÷òî âåðíà îöåíêà

N ≡ #Λγu ≍ 2uuω−1;

ïîýòîìó âñåãî ïðè ïîñòðîåíèè ìåòîäà âîññòàíîâëåíèÿ Υlin èñïîëüçóåòñÿ
M ≡ #Λ + (#Λ)2 ≍ 22uu2(ω−1) "åäèíèö èíôîðìàöèè" (#Γ � ÷èñëî ýëå-
ìåíòîâ êîíå÷íîãî ìíîæåñòâà Γ).
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Òåîðåìà 1. Ïóñòü s, υ ∈ Rn+, τ ∈ Rn; 1 ≤ p, q, r, ϑ ≤ ∞ òàêèå, ÷òî s− τ =
υ − 1, σ > 0; ε ∈ [0, 1]n; K = m + 1(1 = (1, ..., 1) ∈ Nn). Òîãäà ñïðàâåäëèâû
ñëåäóþùèå óòâåðæäåíèÿ.

I. Ïóñòü 1 ≤ r ≤ p ≤ ∞, r < ∞, 1 ≤ q ≤ ∞. Òîãäà äëÿ ëþáîãî
ïåðèîäè÷åñêîãî ñèìâîëà ψ ∈ Ψτ υ Km

εϑ âåðíà îöåíêà

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ), I linu,γ(f), · ) |Lr∥ | f ∈ Bsmp q } ≪ψ

≪ψ

(
logω−1N

N

)σ
(logω−1N)

( 1
p∗

− 1
q
)+ ;

åñëè, êðîìå òîãî, 1 < p <∞, òî äëÿ ëþáîãî ψ ∈ Ψτ υ Km
εϑ

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ), I linu,γ(f), · ) |Lr∥ | f ∈ Lsmp q } ≪ψ

≪ψ

(
logω−1N

N

)σ
(logω−1N)

( 1
2
− 1
q
)+ ;

áîëåå òîãî, íàéäóòñÿ ñèìâîëû ψ⋆, ψ∗ ∈ Ψτ υ Km
εϑ òàêèå, ÷òî

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ

⋆), I linu,γ(f), · ) |Lr∥ | f ∈ Bsmp q } ≍ψ⋆

≍ψ⋆

(
logω−1N

N

)σ
(logω−1N)

( 1
p∗

− 1
q
)+ ;

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ

∗), I linu,γ(f), · ) |Lr∥ | f ∈ Lsmp q } ≍ψ⋆

≍ψ∗

(
logω−1N

N

)σ
(logω−1N)

( 1
2
− 1
q
)+ ;

äëÿ ëþáîãî ψ ∈ Ψτ υ Km
εϑ

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ), I linu,γ(f), · ) |L1∥ | f ∈ Lsm1 q } ≪ψ

≪ψ

(
logω−1N

N

)σ
(logω−1N)

1− 1
q ;

Çäåñü è íèæå îáîçíà÷åíèÿ ≪ψ è ≍ψ ïîä÷åðêèâàþò, ÷òî êîíñòàíòû â îïðåäåëåíèè
≪ è ≍ çàâèñÿò îò ψ.
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áîëåå òîãî, íàéäåòñÿ ñèìâîë ψ⋆ ∈ Ψτ υ Km
εϑ òàêîé, ÷òî

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ

⋆), I linu,γ(f), · ) |L1∥ | f ∈ Lsm1 q } ≍ψ⋆

≍ψ⋆

(
logω−1N

N

)σ
(logω−1N)

1− 1
q ;

II. Ïóñòü 1 ≤ p < r < ∞, 1 ≤ q ≤ ∞. Òîãäà äëÿ ëþáîãî ñèìâîëà
ψ ∈ Ψτ υ Km

εϑ âåðíû îöåíêè

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ), I linu,γ(f), · ) |Lr∥ | f ∈ Bsmp q } ≪ψ

≪ψ

(
logω−1N

N

)σ
(logω−1N)

( 1
r
− 1
q
)+ ,

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ), I linu,γ(f), · ) |Lr∥ | f ∈ L̃smp q } ≪ψ

≪ψ

(
logω−1N

N

)σ
;

áîëåå òîãî, íàéäóòñÿ ñèìâîëû ψ⋆, ψ∗ ∈ Ψτ υ Km
εϑ òàêèå, ÷òî

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ

⋆), I linu,γ(f), · ) |Lr∥ | f ∈ Bsmp q } ≍ψ⋆

≍ψ⋆

(
logω−1N

N

)σ
(logω−1N)

( 1
r
− 1
q
)+ ,

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ

∗), I linu,γ(f), · ) |Lr∥ | f ∈ Lsmp q } ≍ψ∗

≍ψ∗

(
logω−1N

N

)σ
III. Ïóñòü 1 ≤ p, q ≤ r = ∞. Òîãäà äëÿ ëþáîãî ñèìâîëà ψ ∈ Ψτ υ Km

εϑ

âåðíû îöåíêè

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ), I linu,γ(f), · ) |L∞∥ | f ∈ Bsmp q } ≪ψ

≪ψ

(
logω−1N

N

)σ
(logω−1N)

1− 1
q ,
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è (åñëè, êðîìå òîãî, p <∞)

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ), I linu,γ(f), · ) |L∞∥ | f ∈ Lsmp q } ≪ψ

≪ψ

(
logω−1N

N

)σ
(logω−1N)

1− 1
p ;

áîëåå òîãî, íàéäóòñÿ ñèìâîëû ψ⋆, ψ∗ ∈ Ψτ υ Km
εϑ òàêèå, ÷òî

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ

⋆), I linu,γ(f), · ) |L∞∥ | f ∈ Bsmp q } ≍ψ⋆

≍ψ⋆

(
logω−1N

N

)σ
(logω−1N)

1− 1
q ,

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ

∗), I linu,γ(f), · ) |L∞∥ | f ∈ Lsmp q } ≍ψ∗

≍ψ∗

(
logω−1N

N

)σ
(logω−1N)

1− 1
p .

5. Ñõåìà äîêàçàòåëüñòâà òåîðåìû 1

Êëþ÷åâûìè èíãðåäèåíòàìè äîêàçàòåëüñòâà òåîðåìû 1 ÿâëÿþòñÿ ïðè-
âîäèìûå íèæå òåîðåìû 2 è 3, à òàêæå óñòàíîâëåííûå ðàíåå àâòîðîì îöåíêè
ïîïåðå÷íèêîâ Ôóðüå êëàññîâ Bsmp q è Lsmp q â ìåòðèêå Lr [8] (ñì. íèæå òåîðåìó
4).

Øàã 1. Íà ýòîì øàãå óñòàíàâëèâàåòñÿ , ÷òî ÏÄÎ ψ(x,D) ñ ñèìâîëîì èç
êëàññà Ψτ υ Km

εϑ äåéñòâóåò íåïðåðûâíî èç ïðîñòðàíñòâà Asmp q â ïðîñòðàíñòâî
As−τ mp q ; çäåñü A = {B,L} â áîëåå îáùåì êîíòåêñòå, íåæåëè òðåáóåòñÿ äëÿ
äîêàçàòåëüñòâà Òåîðåìû 1. Èìåííî, âåðíà

Òåîðåìà 2. Ïóñòü s ∈ Rn+, τ ∈ Rn òàêèå, ÷òî τ < s; υ ∈ Rn; 1 ≤ p, q, ϑ ≤
∞; ε ∈ [0, 1]n; K ∈ Nn òàêîé, ÷òî K > m. Ïóñòü äàëåå ñèìâîë ψ ∈ Ψτ υ Km

εϑ .
Òîãäà ÏÄÎ ψ(x,D) ÿâëÿåòñÿ íåïðåðûâíûì èç Bsm

p q â Bs−τ m
p q è ïðè p <∞

èç Lsmp q â Ls−τ mp q , åñëè äëÿ êàæäîãî ν ∈ zn âûïîëíåíî îäíî èç ñëåäóþùèõ
óñëîâèé:
i) sν − τν < υν ;
ii) sν − τν = υν , εν < 1, ϑ ≤ q ≤ ∞;
iii) sν − τν = υν , εν = ϑ = q = 1.
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Â îñíîâå äîêàçàòåëüñòâà Òåîðåìû 2 ëåæàò ðåçóëüòàòû ðàáîòû [9] î ñïå-
öèàëüíûõ õàðàêòåðèçàöèÿõ ïðîñòðàíñòâ Asmp q . Îòìåòèì òàêæå, ÷òî â íåïå-
ðèîäè÷åñêîì ñëó÷àå ñ K = (∞, . . . ,∞), τ = 0 ýòà òåîðåìà ïîëó÷åíà â [4].

Øàã 2. Íà ýòîì (öåíòðàëüíîì â äîêàçàòåëüñòâå Òåîðåìû 1) øàãå óñòà-
íàâëèâàåòñÿ ñâÿçü ìåæäó ïîãðåøíîñòüþ ìåòîäà Υlin âîññòàíîâëåíèÿ ÏÄÎ
ñ ñèìâîëîì èç Ψt υ Km

εϑ íà êëàññå Asmp q è ñîîòâåòñòâóþùèì ïîïåðå÷íèêîì
Ôóðüå.

Íàïîìíèì, ÷òî ïîïåðå÷íèêîì Ôóðüå ïîðÿäêà N ìíîæåñòâà F ⊂ Lq
íàçûâàåòñÿ âåëè÷èíà

φN (F, Lq) = inf
{gj}Nj=1

sup
f∈F

∥f −
N∑
j=1

⟨f, gj⟩gj ∥q,

ãäå ⟨ · , ·⟩ � ñêàëÿðíîå ïðîèçâåäåíèå ôóíêöèé è íèæíÿÿ ãðàíü áåðåòñÿ ïî
âñåì îðòîíîðìèðîâàííûì ñèñòåìàì {gj}Nj=1 ⊂ L∞.

Òåîðåìà 3. Ïóñòü s, υ ∈ Rn+, τ ∈ Rn; 1 ≤ p, q, r, ϑ ≤ ∞ òàêèå, ÷òî s− τ =
υ − 1, σ > 0; ε ∈ [0, 1]n; K = m + 1(1 = (1, . . . , 1) ∈ Nn). Òîãäà äëÿ ëþáîãî
ñèìâîëà ψ ∈ Ψτ υ Km

εϑ âåðíà îöåíêà

sup{∥ψ(x,D)f −Υlin(J lin
u,γ (ψ), I linu,γ(f)) |Lr∥ | f ∈ Asmp q } ≪ψ

≪ψ φN (A
s−τ m
p q , Lr) ≍ φ√

M (As−τ mp q , Lr).

Êðîìå òîãî, íàéäåòñÿ ñèìâîë ψ⋆ ∈ Ψτ υ Km
εϑ òàêîé, ÷òî

sup
{
∥ψ⋆(x,D)f −Υlin(J lin

u,γ (ψ
⋆(·, ·)), I linu,γ(f)) |Lr∥ |f ∈ Ãsmp q

}
≍ψ⋆

≍ψ⋆ φN (A
s−τ m
p q , Lr) ≍ φ√

M (As−τ mp q , Lr).

Çäåñü A � ýòî B èëè L .

Â ñâîþ î÷åðåäü ïðè äîêàçàòåëüñòâå Òåîðåìû 3 âàæíóþ ðîëü èãðàåò
ñëåäóþùèé ðåçóëüòàò. Ïîëîæèì

Sγ
u(F, Lr ) = sup

(
∥ f − Sη,γu (f, · ) |Lr ∥ | f ∈ F

)
.
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Òåîðåìà 4. I. Ïóñòü 1 ≤ r ≤ p ≤ ∞, (p, r) ̸= (∞,∞), 1 ≤ q ≤ ∞, s ∈ Rn+.
Òîãäà

Sγ
u(B

sm
p q , Lr ) ≍ 2−ςuu

(ω−1)( 1
p∗

− 1
q
)+ ;

åñëè, êðîìå òîãî, 1 < p <∞, òî

Sγ
u(L

sm
p q , Lr ) ≍ 2−ςuu

(ω−1)( 1
2
− 1
q
)+ ;

Sγ
u(L

sm
1 q , L1 ) ≍ 2−ςuu

(ω−1)(1− 1
q
)
.

II. Ïóñòü 1 ≤ p < r <∞, 1 ≤ q ≤ ∞, s ∈ Rn+ òàêîé, ÷òî ς > 0. Òîãäà

Sγ
u(B

sm
p q , Lr ) ≍ 2−ςuu

(ω−1)( 1
r
− 1
q
)+ ;

Sγ
u(L

sm
p q , Lr ) ≍ 2−ςu.

III. Ïóñòü 1 ≤ p, q ≤ r = ∞, s ∈ Rn+ òàêîé, ÷òî ς > 0. Òîãäà

Sγ
u(B

sm
p q , L∞ ) ≍ 2−ςuu

(ω−1)(1− 1
q
)
.

åñëè, êðîìå òîãî, p <∞, òî

Sγ
u(L

sm
p q , L∞ ) ≍ 2−ςuu

(ω−1)(1− 1
p
)
.

Äîêàçàòåëüñòâî ýòîé òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 4.1
èç [7] (ñì. òàêæå Çàìå÷àíèå 4.1 òàì æå).

Øàã 3. Òåïåðü (ââèäó Òåîðåìû 3) äëÿ ïîëó÷åíèÿ òðåáóåìûõ îöåíîê
ïîãðåøíîñòè âîññòàíîâëåíèÿ ÏÄÎ ñ ñèìâîëîì èç êëàññà Ψτ υ Km

εϑ îñòàåòñÿ
ïðèìåíèòü îöåíêè ïîïåðå÷íèêîâ Ôóðüå êëàññîâ Bsmp q è Lsmp q â ìåòðèêå Lr èç
ðàáîòû [8] (òî÷íåå, âåëè÷èí φcN (B

sm
p q , Lr ) è φ

c

N (L
sm
p q , Lr ), òåñíî ñâÿçàííûõ

ñ ñîîòâåòñòâóþùèìè ïîïåðå÷íèêàìè Ôóðüå; îïðåäåëåíèå è ïîäðîáíîñòè
ñì. [8, �5]).
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Áàçàðõàíîâ Ä.Á. ÏÑÅÂÄÎ-ÄÈÔÔÅÐÅÍÖÈÀËÄÛ� ÎÏÅÐÀÒÎÐ-
ËÀÐÄÛ ÑÏÅÊÒÐÀËÄÛ� À�ÏÀÐÀÒ ÁÎÉÛÍØÀ ÆÓÛ�ÒÀÏ �ÀË-
ÏÛÍÀ ÊÅËÒIÐÓ

Æ´ìûñòà îïåðàòîð ìåí ôóíêöèÿ òóðàëû ñûçû©òû ñïåêòðàëäû© à©-
ïàðàòòû (Ôóðüå êîýôôèöèåíòòåðií) ïàéäàëàíàòûí àðíàéû êëàñòàðäàí
àëûí¡àí ñèìâîëäàðû áàð ïåðèîäòû ïñåâäî-äèôôåðåíöèàëäû© îïåðàòîð-
ëàðäû (ÏÄÎ) æóû©òàï ©àëïûíà êåëòiðóäi ñûçû©òû ºäiñi ò´ð¡ûçûëàäû.
Íèêîëüñêèé-Áåñîâ æºíå Ëèçîðêèí-Òðèáåëü òåêòåñ ©îëàéëû ôóíêöèîíàë-
äû© êëàñòàðäà¡û ñèìâîëäàð êëàñòàðûíû ïàðàìåòðëåði ìåí ôóíêöèîíàë-
äû© êëàñòàð àðàñûíäà¡û êåéáið ©àòûíàñòàð ³øií ©àòåëiêòåð áà¡àëàóëàðû
áåðiëãåí.

Bazarkhanov D.B. APPROXIMATE RECOVERY OF PSEUDO-
DIFFERENTIAL OPERATORS ON THEIR SPECTRAL INFORMATION

In the paper is constructed linear method for approximate recovery (values)
of preiodic pseudo-di�erential operator with symbols from special classes,
using a linear spectral information (Fourier coe�cients) of the operators and
functions. Error bounds on appropriate function classes of Nikol'skii-Besov type
and Lizorkin-Triebel type are given for certain relations between parameters
of symbol classes and function spaces.
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Àííîòàöèÿ: Ìåòîäîì ôóíêöèé Ëÿïóíîâà äëÿ íåëèíåéíûõ ðàçíîñòíî-
äèíàìè÷åñêèõ ñèñòåì (ÐÄÑ) ñ ïàðàìåòðîì ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ ñóùåñòâîâàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé ïî ÷ëåíàì ïåðâîãî ïîðÿäêà
â îòíîøåíèè ìàëîãî ïàðàìåòðà. Îïðåäåëåíî çíà÷åíèå ìàëîãî ïàðàìåòðà, ïðè
êîòîðîì è ìåíåå êîòîðîãî ýòè ïåðèîäè÷åñêèå ðåøåíèÿ ñóùåñòâóþò. Ðåøàåòñÿ
âîïðîñ îá óñòîé÷èâîñòè ýòèõ ïåðèîäè÷åñêèõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: Ðàçíîñòíî-äèíàìè÷åñêèå ñèñòåìû, óñòîé÷èâîñòü, ïåðèîäè÷å-
ñêîå ðåøåíèå.

Â òåõ ñëó÷àÿõ, êîãäà óñëîâèÿ óñòîé÷èâîñòè íå âûïîëíÿþòñÿ, â íåëè-
íåéíûõ ðàçíîñòíî-äèíàìè÷åñêèõ ñèñòåìàõ ìîãóò âîçíèêàòü ïåðèîäè÷åñêèå
ïðîöåññû. Ýòè ïðîöåññû ìîãóò çàâèñåòü òîëüêî îò âíóòðåííèõ ñâîéñòâ ÐÄÑ
è âîçíèêàþò â íåé ïðè îòñóòñòâèè âíåøíèõ âîçìóùåíèé. Òàêèå ïåðèîäè-
÷åñêèå ïðîöåññû íîñÿò íàçâàíèå ñâîáîäíûõ [1]. Îíè, â íåêîòîðîì ñìûñëå,
íàïîìèíàþò àâòîêîëåáàíèÿ â íåïðåðûâíûõ ñèñòåìàõ.

Ïåðèîäè÷åñêèå ïðîöåññû ìîãóò âîçíèêàòü â íåëèíåéíûõ ÐÄÑ ïîä âîç-
äåéñòâèåì âíåøíèõ ïåðèîäè÷åñêèõ âîçìóùåíèé. Òàêèå ïåðèîäè÷åñêèå ïðî-
öåññû íàçâàíû âûíóæäåííûìè [1], [2]. Âûíóæäåííûå ïåðèîäè÷åñêèå ïðî-
öåññû ÷ðåçâû÷àéíî ðàçíîîáðàçíû. Îíè çàâèñÿò îò ÷àñòîòû, âíåøíåãî âîç-
äåéñòâèÿ è îò ñóùåñòâîâàíèÿ èëè îòñóòñòâèÿ ñîáñòâåííîãî ïåðèîäè÷åñêîãî
ïðîöåññà [3] è ò.ä.
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Åñëè â íåëèíåéíîé ÐÄÑ ñóùåñòâóåò ñîáñòâåííûé ïåðèîäè÷åñêèé ïðî-
öåññ, òî â çàâèñèìîñòè îò îòíîøåíèÿ åãî ñ âíåøíèì ïåðèîäè÷åñêèì âîçäåé-
ñòâèåì â ÐÄÑ, ìîæåò ëèáî ñîõðàíèòüñÿ ñîáñòâåííûé ïðîöåññ, ëèáî âîçíèê-
íóòü íîâûé, ïîëíîñòüþ îïðåäåëÿåìûé âíåøíèì âîçäåéñòâèåì, ëèáî âîç-
íèêíóòü ïðîöåññ áèåíèé ìåæäó ñîáñòâåííûì è âíåøíèì âîçäåéñòâèÿìè.

Õàðàêòåð ïåðèîäè÷åñêîãî ïðîöåññà çàâèñèò, åñòåñòâåííî, íå òîëüêî îò
ñâîéñòâ ëèíåéíûõ ÷àñòåé ÐÄÑ, íî è îò âèäà íåëèíåéíîé ÷àñòè.

Çàäà÷à èññëåäîâàíèÿ ïåðèîäè÷åñêèõ ïðîöåññîâ ñîñòîèò â âûÿñíåíèè
óñëîâèé ñóùåñòâîâàíèÿ òîãî èëè èíîãî âèäà ïåðèîäè÷åñêèõ ïðîöåññîâ; òî-
ãî èëè èíîãî âèäà â îïðåäåëåíèè èõ ïàðàìåòðîâ: ÷àñòîòû, àìïëèòóäû èëè
ìàêñèìàëüíîãî îòêëîíåíèÿ è, ïðè íåîáõîäèìîñòè, ôîðìû [2], [4]-[18]. Òàêèå
èññëåäîâàíèÿ îñîáåííî âàæíû â òåõ ñëó÷àÿõ, êîãäà ïåðèîäè÷åñêèé ïðîöåññ
ÐÄÑ ÿâëÿåòñÿ ðàáî÷èì ðåæèìîì [2], [5], [17]-[18].

Ïðîáëåìà ïîñòðîåíèÿ ïåðèîäè÷åñêèõ ðåøåíèé ÐÄÑ ðàññìàòðèâàëàñü
â ðÿäå ðàáîò [4-14], [19-21]. Ïðè ýòîì óñòàíîâëåíû äèñêðåòíûå àíàëîãè
èçâåñòíûõ ìåòîäîâ ðåøåíèÿ àíàëîãè÷íûõ ïðîáëåì äëÿ íåïðåðûâíûõ äè-
íàìè÷åñêèõ ñèñòåì. Íàïðèìåð, ïîñòàâëåííûå çàäà÷è ðåøåíû ìåòîäîì òî-
÷å÷íûõ ïðåîáðàçîâàíèé Ïóàíêàðå â [5], ìåòîäîì Ïóàíêàðå-Ëÿïóíîâà â [11],
[13], [14], [19-21], ìåòîäîì Êðûëîâà-Áîãîëþáîâà â [22] è ïàðàëåëüíî óñòà-
íîâëåíû äèñêðåòíûå àíàëîãè ïåðå÷èñëåííûõ ìåòîäîâ.

Â ïðåäëàãàåìîé ðàáîòå çàäà÷à èññëåäîâàíèÿ ïåðèîäè÷åñêèõ ïðîöåññîâ
ðàññìàòðèâàåòñÿ äëÿ íåëèíåéíûõ ÐÄÑ ñ ïàðàìåòðîì íà ïëîñêîñòè.

Ïðè ýòîì ìåòîäîì èññëåäîâàíèÿ ÿâëÿåòñÿ àíàëîã V -ôóíêöèé Ã.Â. Êà-
ìåíêîâà [23], ðàçðàáîòàííûé äëÿ ðåøåíèÿ àíàëîãè÷íîé çàäà÷è íåïðåðûâ-
íûõ äèíàìè÷åñêèõ ñèñòåì.

Ðàññìîòðèì ÐÄÑ íà ïëîñêîñòè, îáðàùàþùóþñÿ â ëèíåéíóþ ïðè ðàâåí-
ñòâå ïàðàìåòðà íóëþ:

xn+1 = xn cosα− yn sinα+ εX1(xn, yn) + ε2X2(xn, yn) + ...,

yn+1 = xn sinα+ yn cosα+ εY1(xn, yn) + ε2Y2(xn, yn) + ...,
(1)

ãäå ε � ïàðàìåòð, Xk(xn, yn), Yk(xn, yn), (k = 1, 2, 3, ...) � ìíîãî÷ëåíû îò
xn, yn ëþáîé ñòåïåíè mk, îáðàùàþùèåñÿ â íóëü ïðè xn = yn = 0.

Áóäåì ïðåäïîëàãàòü, ÷òî ïðàâûå ÷àñòè èìåþò òîëüêî îäíó îñîáóþ òî÷-
êó xn = yn = 0 è ÿâëÿþòñÿ àáñîëþòíî ñõîäÿùèìèñÿ ðÿäàìè â èññëåäóåìîé
îáëàñòè èçìåíåíèÿ ïåðåìåííûõ xn, yn è ïàðàìåòðà ε.
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Â îòëè÷èå îò äèñêðåòíîãî àíàëîãà ìåòîäà Ïóàíêàðå-Ëÿïóíîâà [10] è
äèñêðåòíîãî àíàëîãà Êðûëîâà-Áîãîëþáîâà [18] ìû áóäåì îòûñêèâàòü óñëî-
âèÿ ñóùåñòâîâàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé, íå ïðèâëåêàÿ ê ðàññìîòðåíèþ
òàê íàçûâàåìûå ïîðîæäàþùèå ðåøåíèÿ.

Èññëåäîâàíèå çàäà÷è áóäåì âåñòè â ïîëÿðíûõ êîîðäèíàòàõ. Ïîëàãàÿ

xn = rn cosφn, yn = rn sinφn,

áóäåì èìåòü
rn+1 = rn + εR1(rn, φn) + ε2R2(rn, φn) + ...,

φn+1 = φn + α+ εf1(rn, φn) + ε2f2(rn, φn) + ...,
(2)

ãäå
Rk(rn, φn) = [Xk(rn cosφn, rn sinφn) cos(φn + α)+

+Yk(rn cosφn, rn sinφn) sin(φn + α)],

fk(rn, φn) =
1

rn
[Xk(rn cosφn, rn sinφn)(cos(φn + α) + cos 3(φn + α))+

+Yk(rn cosφn, rn sinφn)(sin(φn + α)− sin 3(φn + α))], (3)

ò.å. Rk è fk îïðåäåëÿþòñÿ ìíîãî÷ëåíàìè â îòíîøåíèè rn ñ êîýôôèöèåíòà-
ìè, ÿâëÿþùèìèñÿ ôîðìàìè îò sinφn è cosφn:

Rk(rn, φn) = rnR
(1)
k (φn) + r2nR

(2)
k (φn) + ...+ rmk

n R
(mk)
k (φn),

fk(rn, φn) = f
(0)
k (φn) + rnf

(1)
k (φn) + ...rmk−1

n f
(mk−1)
k (φn). (4)

Îïðåäåëèì íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ïåðè-
îäè÷åñêèõ ðåøåíèé ÐÄÑ (2), êîãäà ýòîò âîïðîñ ïîëíîñòüþ ðåøàåòñÿ ÷ëå-
íàìè ïåðâîãî ïîðÿäêà â îòíîøåíèè ε íåçàâèñèìî îò ÷ëåíîâ áîëåå âûñîêî-
ãî ïîðÿäêà. Ñ ýòîé öåëüþ ðàññìîòðèì ôóíêöèþ Ëÿïóíîâà, îïðåäåëÿåìóþ
óðàâíåíèåì

rn = Vn + ε(Vnξ
(1)
1 (φn) + V 2

n ξ
(2)
1 (φn) + ...+ V m1

n ξ
((m1)
1 (φn)), (5)

ãäå ξ
(j)
1 (φn) (j = 1,m1) � ïîäëåæàùèå îïðåäåëåíèþ íåïðåðûâíûå ïåðèî-

äè÷åñêèå ôóíêöèè ñ ïåðèîäîì T ∈ N (çäåñü N � ìíîæåñòâî íàòóðàëüíûõ
÷èñåë).
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Ôóíêöèþ Vn îïðåäåëèì èç óðàâíåíèÿ (5) ÷åðåç rn è φn. Ïðè äîñòàòî÷íî
ìàëîì çíà÷åíèè ε îíà áóäåò îïðåäåëåííî ïîëîæèòåëüíîé â îòíîøåíèè rn
äëÿ ëþáûõ åãî ïîëîæèòåëüíûõ çíà÷åíèé ïðè ëþáûõ âåùåñòâåííûõ çíà÷å-
íèÿõ φn. Íàèáîëüøåå çíà÷åíèå ε ìû îïðåäåëèì ïîñëå îòûñêàíèÿ ôóíêöèè
ξ
(j)
1 (φn).
Îòìåòèì, ÷òî äâà çàìêíóòûõ öèêëà Vn = C1 è Vn = C2, îïðåäåëÿåìûå

ðàâåíñòâàìè (5), íå èìåþò îáùèõ òî÷åê è êàæäîìó èç íèõ ïðèíàäëåæàò
êîíå÷íûå òî÷êè ãðàôèêà ðåøåíèÿ ÐÄÑ (ïîñêîëüêó öèêëû îïðåäåëÿþòñÿ
èç óðàâíåíèÿ (5)). È åñëè C2 > C1, òî öèêë Vn = C1 áóäåò öåëèêîì íà-
õîäèòüñÿ âíóòðè öèêëà Vn = C2, êàêîâû áû íè áûëè C1 è C2. Äëÿ ýòîãî
äîñòàòî÷íî ïðåäïîëîæèòü, ÷òî ε ìàëî. Ïåðâàÿ ðàçíîñòü ôóíêöèè Vn ïî n
âäîëü ðåøåíèÿ ÐÄÑ (2) áóäåò èìåòü âèä:

W∆Vn = ε[(R
(1)
1 (φn)− α∆ξ

(1)
1 (φn))Vn+

+(R
(2)
1 (φn)− α∆ξ

(2)
1 (φn))V

2
n + ...+ (R

(m1)
1 (φn)− α∆ξ

(m1)
1 (φn))V

m1
n ]+

+ε2F (Vn, φn, ε). (6)

Òàêîå ïðåäñòàâëåíèå Vn âîçìîæíî äëÿ çíà÷åíèé ε, óäîâëåòâîðÿþùèõ óñëî-
âèþ

W = 1 + ε[ξ
(1)
1 (φn+1) + (Vn+1 + Vn)ξ

(2)
1 (φn+1) + ...+

+(V m1−1
n+1 + V m1−2

n+1 Vn + ...+ V m1−1
n )ξ

(m1)
1 (φn+1)] > 0.

F ïðåäñòàâëÿåòñÿ ñòåïåííûì ðÿäîì â îòíîøåíèè Vn ñ êîýôôèöèåíòàìè, çà-
âèñÿùèìè îò sinφn, cosφn è ε. Â çàâèñèìîñòè îò âûáîðà ôóíêöèé ξ

(j)
1 (φn)

ìû áóäåì ïîëó÷àòü ðàçëè÷íûå çíà÷åíèÿ ω
(j)
1 (φn) = R

(j)
1 (φn)− α∆ξ

(j)
1 (φn).

Ïîäáåðåì ýòè ôóíêöèè òàê, ÷òîáû âñå ω(j)
1 (φn) áûëè ïîñòîÿííûìè âåëè÷è-

íàìè. Îáîçíà÷èì ýòè ïîñòîÿííûå ÷åðåç g(j)1 , òîãäà ôóíêöèè ξ
(j)
1 (φn) îïðå-

äåëÿþòñÿ èç óðàâíåíèé

ξ
(j)
1 (φn+1) =

1

α
R

(j)
1 (φn)− g

(j)
1 + ξ

(j)
1 (φn),

îòñþäà

ξ
(j)
1 (φn) =

n−1∑
k=0

[
1

α
R

(j)
1 (φk)− g

(j)
1 ] + ξ

(j)
1 (φ0); (j = 1,m1).
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×èñëà g
(j)
1 âûáåðåì òàê, ÷òîáû ôóíêöèè ξ

(j)
1 (φn) ñòàëè ïåðèîäè÷åñêèìè ñ

íåêîòîðûì ïåðèîäîì T ∈ N. Äëÿ ýòîãî íåîáõîäèìî è äîñòàòî÷íî îáðàùå-
íèÿ â íóëü ñóììû

T−1∑
τ=0

[
1

α
R

(j)
1 (φτ )− g

(j)
1 ] = 0, j = 1,m1,

è îáðàùåíèÿ â íóëü âñåõ ξ
(j)
1 (φ0). Òîãäà g

(j)
1 = 1

T

∑T−1
τ=0

1
αR

(j)
1 (φτ ), ãäå φ0 =

0; φT = 2π.
Òàêèì îáðàçîì, ïåðâàÿ ðàçíîñòü Vn ïî n ïðè íàéäåííûõ çíà÷åíèÿõ

ξ
(j)
1 (φn) ïðèìåò âèä

W∆Vn = ε

mi∑
j=1

g
(j)
1 V j

n + ε2F (Vn, φn, ε). (7)

Ðàññìîòðèì âñå ñëó÷àè, êîòîðûå ìîæåò ïðåäñòàâèòü ýòî ðàâåíñòâî.
Ïðåäïîëîæèì, ÷òî àëãåáðàè÷åñêîå óðàâíåíèå

L1(Vn) = Vn

m1∑
j=1

g
(j)
1 V j−1

n = 0

èìååò m < m1 ðàçëè÷íûõ ïîëîæèòåëüíûõ êîðíåé, ò.å.

L1(Vn) = V k0
n (V (1) − Vn)

k1 . . . (V (m1) − Vn)
kmA(Vn) = 0, (8)

ãäå A(Vn) � ìíîãî÷ëåí, ñòåïåíü êîòîðîãî ðàâíà m1 −
∑m

ν=0 kν ; äëÿ âñåõ
çíà÷åíèé Vn > 0 îí áóäåò ñîõðàíÿòü ïîñòîÿííûé çíàê.

Äîêàæåì, ÷òî êàæäîìó ïîëîæèòåëüíîìó êîðíþ V (j) íå÷åòíîé êðàòíî-
ñòè ñîîòâåòñòâóåò, ïî êðàéíåé ìåðå, îäíî ïåðèîäè÷åñêîå ðåøåíèå ÐÄÑ (2).
Ïóñòü

0 < V (1) < V (2) < . . . < V (m).

Âûáåðåì äâà ïîëîæèòåëüíûõ ÷èñëà µ1 è µ2 èç íåðàâåíñòâ: µ1 < V (j+1) −
V (j), µ2 < V (j) − V (j−1).

Ðàññìîòðèì äâà çàìêíóòûõ öèêëà, îïðåäåëÿåìûõ óðàâíåíèåì (5), åñëè
â íåãî ïîäñòàâèòü V = V (j) + µ1 è Vn = V (j) − µ2. Î÷åâèäíî, öèêë Vn =
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V (j) − µ2 áóäåò íàõîäèòüñÿ âíóòðè öèêëà Vn = V (j) + µ1. Ïîêàæåì, ÷òî
ðåøåíèÿ ÐÄÑ (2) ïåðåñåêàþò öèêëû Vn = V (j) + µ1 è Vn = V (j) − µ2 â
ðàçëè÷íûõ íàïðàâëåíèÿõ.

Äëÿ öèêëà Vn = V (j) + µ1 ïðè óñëîâèè, åñëè kj íå÷åòíîå, áóäåì èìåòü

W∆Vn = ε[−µ
kj
1 V k0

n (V (1) − V (j) − µ1)
k0 . . . (V (j−1) − µ1 − V (j))kj×

×(V (j+1) − V (j) − ε)kj+1 . . . (V (m) − V (j) − µ1)
kmA(V (j) + µ1)]+

+ε2F (V j + ε1, φn, ε). (9)

Äëÿ öèêëà V = V (j) − µ2 ïîëó÷èì

W∆Vn = ε[µ
kj
2 V k0(V (1) − V (j) − µ2)

k1 . . . (V (j−1) − V (j) + µ2)
kj−1×

×(V (j+1) − V (j) + µ2)
kj+1 . . . (V (m) − V (j) − µ2)

kmA(V (j) − µ2)+

+ε2F (V j − µ2, φn, ε). (10)

Î÷åâèäíî, ÷òî ïðè äîñòàòî÷íî ìàëîì ε çíàê ðàçíîñòè ∆Vn êàê â (9), òàê
è â (10) îïðåäåëÿåòñÿ ïåðâûì ÷ëåíîì, ñòîÿùèì â êâàäðàòíûõ ñêîáêàõ,
íåçàâèñèìî îò ÷ëåíîâ ε2F (V (j) + µ1, φn, ε) è ε2F (V (j) − µ, φn, ε). Îòñþäà
äëÿ öèêëà Vn = V (j) + µ1 èìååì ∆Vn < 0, à äëÿ öèêëà Vn = V (j) − µ2

áóäåì èìåòü ∆Vn > 0.

Ñëåäîâàòåëüíî, ðåøåíèÿ ÐÄÑ ïåðåõîäÿò îáà öèêëà. Åñëè îêàæåòñÿ, ÷òî
äëÿ öèêëà Vn = V (j) + µ1 çíà÷åíèå ðàçíîñòè ∆Vn > 0, òî, çàìåíÿÿ n íà
−n, ìû çíàê ðàçíîñòè ∆Vn èçìåíèì íà îáðàòíûé. Íà îñíîâàíèè ëîâóøêè
Áåíäèêñîíà [21] ìû ìîæåì óòâåðæäàòü, ÷òî âíóòðè êîëüöà, îáðàçîâàííîãî
öèêëàìè Vn = V (j) + µ1, Vn = V (j) − µ2, çàêëþ÷àåòñÿ, ïî êðàéíåé ìåðå,
îäèí ïðåäåëüíûé öèêë, êîòîðîìó ñîîòâåòñòâóåò ïåðèîäè÷åñêîå ðåøåíèå
(2).

Òàêèì îáðàçîì, ìû óñòàíîâèëè, ÷òî äîñòàòî÷íîå óñëîâèå ñóùåñòâîâà-
íèÿ ïåðèîäè÷åñêèõ ðåøåíèé ÐÄÑ (2) ïî ÷ëåíàì ïåðâîãî ïîðÿäêà ìàëîãî
ïàðàìåòðà íåçàâèñèìî îò ñòàðøèõ ÷ëåíîâ çàêëþ÷àåòñÿ â òîì, ÷òî óðàâ-
íåíèå L(Vn) = 0 èìååò, ïî êðàéíåé ìåðå, îäèí ïîëîæèòåëüíûé êîðåíü
íå÷åòíîé êðàòíîñòè.

Äîêàæåì òåïåðü íåîáõîäèìîñòü óñëîâèÿ.
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Ïðåäïîëîæèì, ÷òî ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ L1(Vn) = 0 èìååò
÷åòíóþ êðàòíîñòü. Íàøå ïðåäïîëîæåíèå áóäåò äîêàçàíî, åñëè ìû óñòàíî-
âèì, ÷òî âûáîðîì ÷ëåíîâ, ïîðÿäîê êîòîðûõ â îòíîøåíèè ε âûøå ïåðâîãî,
ïåðèîäè÷åñêîå ðåøåíèå íàðóøèòñÿ èëè ñîõðàíèòñÿ ïî íàøåìó æåëàíèþ.

Ðàññìîòðèì ñ ýòîé öåëüþ ïåðâîå ïðèáëèæåíèå ÐÄÑ (1) ïî ε :

xn+1 = xn cos α− yn sin α+ εX1(xn, yn);

yn+1 = xn sin α+ yn cos α+ εY1(xn, yn), (11)

äîïóñêàþùèå ïåðèîäè÷åñêîå ðåøåíèå. Ïðåäïîëîæèì, ÷òî óðàâíåíèå
L1(Vn) = 0, ñîîòâåòñòâóþùåå ýòîé ÐÄÑ, èìååò ïîëîæèòåëüíûé êîðåíü ÷åò-
íîé êðàòíîñòè, ðàâíîé V (1). Òîãäà ìíîãî÷ëåí L(Vn) ìîæíî ïðåäñòàâèòü â
âèäå

L(Vn) = (Vn − V (1))2kA(Vn).

Ìíîãî÷ëåí A(Vn) áóäåò èìåòü ñòåïåíü m1 − 2k. Äëÿ íåãî ìîæíî óêàçàòü
èíòåðâàë

V (1) − µ2 < Vn < V (1) + µ1,

ãäå ñîõðàíÿåòñÿ çíàê.
Ðàññìîòðèì òåïåðü ÐÄÑ

xn+1 = xn cos α− yn sin α+ εX1(xn, yn) + ε2βxn(x
2
n + y2n),

yn+1 = xn sin α+ yn cos α+ εY1(xn, yn) + ε2βyn(x
2
n + y2n),

(12)

ãäå β � ïîñòîÿííîå ÷èñëî.
Â ïîëÿðíûõ êîîðäèíàòàõ ÐÄÑ áóäåò èìåòü âèä

rn+1 = rn + ε(rnR
(1)
1 (φn) + . . .+ rm1

n R
(m1)
1 (φn)) + 2ε2βr3n + ε2P (rn, φn, ε),

φn+1 = φn + α+ ε(F
(0)
1 (φn) + rnF

(1)
1 (φn) + . . .+

+r(m1−1)
n F (m1−1)(φn)) + ε2Q(rn, φn, ε). (13)

Åñëè ôóíêöèþ Ëÿïóíîâà îïðåäåëèòü èç óðàâíåíèÿ (5), òî áóäåì èìåòü

W∆Vn = ε(Vn − V (1))2kA(Vn) + ε2[βV 3
n +K(Vn, φn)].
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Åñëè A(V (1)) > 0, òî ÷èñëî β > 0 âûáåðåì ñîãëàñíî íåðàâåíñòâàì

β(V (1) + µ1)
3 +K(V (1) + µ1, φn) > 0,

β(V (1) − µ2)
3 +K(V (1) − µ2, φn) > 0 (14)

äëÿ âñåõ âåùåñòâåííûõ φn.

Ïðè òàêîì âûáîðå ÷èñëà β âûðàæåíèå ∆Vn áóäåò ñîõðàíÿòü ïîëîæè-
òåëüíûå çíà÷åíèÿ â îêðåñòíîñòè Vn = V (1), ÷òî óêàçûâàåò íà îòñóòñòâèå
öèêëà äëÿ (12) íåñìîòðÿ íà òî, ÷òî ÷ëåíû ïåðâîãî ïîðÿäêà öèêë äîïóñêà-
þò.

Â ñëó÷àå A(V (1)) < 0 ÷èñëî β íåîáõîäèìî âçÿòü îòðèöàòåëüíûì ñ ñî-
áëþäåíèåì íåðàâåíñòâ, îáðàòíûõ (14).

Äëÿ òîãî, ÷òîáû öèêë ÐÄÑ (12) ñîõðàíÿëñÿ, íåîáõîäèìî çíàê äîñòàòî÷-
íî áîëüøåãî ÷èñëà β âçÿòü îáðàòíûì çíàêó A(V (1)).

Òàêèì îáðàçîì, íàìè äîêàçàíà

Òåîðåìà 1. Åñëè ÐÄÑ (1) òàêîâà, ÷òî ñîîòâåòñòâóþùåå åé óðàâíåíèå

L1 =
1

T

T−1∑
τ=0

[X1(rτ cosφτ , rτ sinφτ ) cos(φτ + α)+

+Y1(rτ cosφτ , rτ sinφτ ) sin(φτ + α)] = 0

â îòíîøåíèè Vn èìååò k ïîëîæèòåëüíûõ êîðíåé íå÷åòíîé êðàòíîñòè, òî

êàæäîìó èç ýòèõ êîðíåé áóäåò ñîîòâåòñòâîâàòü, ïî êðàéíåé ìåðå, îäèí

ïðåäåëüíûé öèêë ÐÄÑ (1) è êàæäîìó èç ýòèõ ïðåäåëüíûõ öèêëîâ ñîîòâåò-

ñòâóåò ïåðèîäè÷åñêîå ðåøåíèå ýòîé ÐÄÑ.

Åñëè æå óðàâíåíèå L1(Vn) = 0 èìååò òîëüêî ïîëîæèòåëüíûå êîðíè

÷åòíîé êðàòíîñòè, òî âîïðîñ î ñóùåñòâîâàíèè ïðèòÿãèâàþùèõ öèêëîâ, ñî-

îòâåòñòâóþùèõ ýòèì êîðíÿì, ÷ëåíàìè ïåðâîãî ïîðÿäêà â îòíîøåíèè ε íå

ðåøàåòñÿ.

Òåïåðü ðàññìîòðèì âîïðîñ îá óñòîé÷èâîñòè êîëåáàíèé, îïèñûâàåìûõ
óêàçàííûìè ïåðèîäè÷åñêèìè ðåøåíèÿìè.

Ïðåäïîëîæèì âíà÷àëå, ÷òî óðàâíåíèå L(Vn) = 0 èìååò ïîëîæèòåëüíûé
êîðåíü Vn = V (j) íå÷åòíîé êðàòíîñòè kj . Ïóñòü ýòîìó êîðíþ ñîîòâåòñòâóåò
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åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå. Ïðåäñòàâèì óðàâíåíèÿ (9) è (10) â
âèäå

W∆Vn = −µ2k−1
1 εA(V (j) + µ1) + ε2F (V (j) + µ1, φn, ε),

W∆Vn = µ2k−1
2 εA(V (j) − µ2) + ε2F (V (j) − µ2, φn, ε). (15)

Îòñþäà ìîæíî óòâåðæäàòü, ÷òî ïðè A(V (j)) > 0 ïåðèîäè÷åñêîå ðåøåíèå
óñòîé÷èâî, à ïðè A(V (j)) < 0 íåóñòîé÷èâî. Òåì ñàìûì ìû äîêàçàëè

Òåîðåìà 2. Åñëè ÐÄÑ (1) òàêîâà, ÷òî ñîîòâåòñòâóþùåå ýòîé ÐÄÑ óðàâíå-

íèå L(Vn) = 0 èìååò ïîëîæèòåëüíûé êîðåíü V = V (j) íå÷åòíîé êðàòíîñòè,

ðàâíîé 2k − 1, è åñëè

d2k−1L(Vn)

dV 2k−1
n

|Vn=V (j) < 0, (16)

òî ïåðèîäè÷åñêèå êîëåáàíèÿ, îòâå÷àþùèå êîðíþ Vn = V (j), óñòîé÷èâû;
åñëè æå

d2k−1L(Vn)

dV 2k−1
n

|Vn=V (j) > 0, (17)

òî íåóñòîé÷èâû.

Ïðè k = 1 ýòà òåîðåìà ÿâëÿåòñÿ äèñêðåòíûì àíàëîãîì òåîðåìû Àíäðî-
íîâà è Âèòòà [6], äîêàçàííîé äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ìû ïîëàãàëè â ÐÄÑ ïàðàìåòð ε äîñòàî÷íî ìàëîé âåëè÷èíîé. Ïðåäñòàâ-
ëÿåò ñóùåñòâåííûé èíòåðåñ çàäà÷à: îïðåäåëèòü òî çíà÷åíèå ε, ïðè êîòîðîì

è ìåíåå êîòîðîãî ïåðèîäè÷åñêèå ðåøåíèÿ ÐÄÑ (1) ïðîäîëæàþò ñóùåñòâî-

âàòü, åñëè ýòà ÐÄÑ èìååò èõ ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ ε.
Ïóñòü êðàòíîñòü êîðíÿ óðàâíåíèÿ L[Vn] = 0 íå÷åòíàÿ. Ïðåäïîëîæèì,

÷òî â ôîðìóëàõ (15) âûðàæåíèå A(V (j)) áîëüøå íóëÿ, òîãäà áóäåì èìåòü

A(V (j) + µ1) > 0 è A(V (j) − µ2) > 0.

Äëÿ ñóùåñòâîâàíèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ íåîáõîäèìî, ÷òîáû

−µ2k−1
1 A(V (j) + µ1) + εF (V (j) + µ1, φn, ε) < 0, (18)

µ2k−1
2 A(V (j) − µ2) + εF (V (j) − µ2, φn, ε) > 0. (19)
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Ýòè íåðàâåíñòâà èìåþò ìåñòî ïðè ε äîñòàòî÷íî ìàëîì, íî îíè ìîãóò ñó-
ùåñòâîâàòü è äëÿ êîíå÷íûõ çíà÷åíèé ε è äàæå äëÿ î÷åíü áîëüøèõ åãî
çíà÷åíèé. ×òîáû îïðåäåëèòü èñêîìîå çíà÷åíèå ε, ìû ìîæåì ïîñòóïèòü
ñëåäóþùèì îáðàçîì. Çàìåíèì â (18) âûðàæåíèå F (V (j) + µ1, φn, ε) íàè-
áîëüøèì çíà÷åíèåì, êîòîðîå îíî ìîæåò ïðèíèìàòü ïðè ëþáûõ çíà÷åíèÿõ
0 ≤ φn ≤ 2π. Îáîçíà÷èì ýòîò ìàêñèìóì ÷åðåç F (V (j)+µ1, ε) è ðàññìîòðèì
óðàâíåíèå

−µ2k−1
1 A(V

(j)
1 + µ1) + εF (V (j) + µ1, ε) = 0.

Èç ýòîãî óðàâíåíèÿ îïðåäåëèì çíà÷åíèå ε = ε(µ1). Îáîçíà÷èì íàèáîëüøåå
çíà÷åíèå ε, îïðåäåëÿåìîå ýòèì ðàâåíñòâîì, ÷åðåç ε1 â ïðåäïîëîæåíèè, ÷òî
µ1 < V

(j+1)
1 − V j . Äàëåå íàõîäèì íàèìåíüøåå çíà÷åíèå F (Vj − µ2, φn, ε)

äëÿ ëþáûõ çíà÷åíèé 0 ≤ φn ≤ 2π.

Ïóñòü ýòî íàèìåíüøåå çíà÷åíèå åñòü F (Vj − µ2, ε). Èç ðàâåíñòâà

µ2k−1
2 F (Vj − µ2) + εF (Vj − µ2, ε) = 0

îïðåäåëÿåì ε = ε(µ2) è íàõîäèì íàèáîëüøåå çíà÷åíèå ε ïðè µ2 < Vj−Vj−1.
Ïóñòü ýòîò ìàêñèìóì ε ðàâåí ε2.

Åñëè îêàæåòñÿ, ÷òî ìàêñèìóìîâ ε1 è ε2 áóäåò íåñêîëüêî, òî ìû äîëæíû
âçÿòü íàèìåíüøèé èç íèõ.

Âûáèðàåì òåïåðü ÷èñëî ε0, ìåíüøåå ε1 è ε2 íà ñêîëü óãîäíî ìàëóþ
âåëè÷èíó. Î÷åâèäíî, ÷òî ïðè ε = ε0 íåðàâåíñòâà (18) è (19) ñîáëþäàþòñÿ.

×èñëî ε0 áóäåò èñêîìûì ÷èñëîì, åñëè äëÿ âñåõ 0 ≤ φn ≤ 2π âûïîëíÿ-
þòñÿ íåðàâåíñòâà

1 + ε[ξ
(1)
1 (φn) + Vnξ

(2)
1 (φn) + . . .+ V (m1−1)

n ξ
(m1−1)
1 (φn)] > 0,

1 + ε[ξ
(1)
1 (φn+1) + (Vn+1 + Vn)ξ

(2)
1 (φn+1) + . . .+

+(V m1−1
n+1 + V

(m1−2)
n+1 Vn + . . .+ V (m1−1)

n )ξ
(m1)
1 (φn+1)] > 0 (20)

ïðè V = Vj + µ1 è V = Vj − µ2, ãäå µ1 è µ2 � òå çíà÷åíèÿ µ1 è µ2, êîòîðûå
îïðåäåëÿþò ìàêñèìàëüíûå çíà÷åíèÿ ε(µ1) è ε(µ2). Åñëè æå îäíî èç ýòèõ
íåðàâåíñòâ îáðàùàåòñÿ â íóëü õîòÿ áû ïðè îäíîì çíà÷åíèè 0 < φn ≤ 2π,
òî çà èñêîìîå çíà÷åíèå ε íåîáõîäèìî âçÿòü ÷èñëî ε < ε0 òàêîå, ÷òîáû
íåðàâåíñòâà (20) èìåëè ìåñòî.
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Bapaev K.B. THE STUDY OF PERIODIC SOLUTIONS OF THE
NONLINEAR DIFFERENCE-DYNAMICAL SYSTEMS BY USING
LYAPUNOV FUNCTIONS

The necessary and su�cient conditions of periodic solution's existence by
the term of the �rst order with relation to a small parameter are obtained
for nonlinear di�erence-dynamical systems with a parameter by Lyapunov
function's method. The value of the small parameter at which and less than
that these periodic solutions exist is obtained. The problem of the stability of
periodic solutions is solved.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 3



Ìàòåìàòè÷åñêèé æóðíàë ISSN 1682�0525

2016. � Òîì 16, � 3. � Ñ. 61�73.
ÓÄÊ 517.96.43

ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÑÎ ÑÄÂÈÃÎÌ ÊÀÐËÅÌÀÍÀ Â

ÄÐÎÁÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

Í.Ê. Áëèåâ1, À. Òóíãàòàðîâ2, Ê.Å. Øåðíèÿçîâ3
1Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

6050010, Àëìàòû, óë. Ïóøêèíà, 125, e-mail: 1bliyev.nazarbay@mail.ru
1,2,3Êàçàõñêèé Íàöèîíàëüíûé Óíèâåðñèòåò èì. àëü - Ôàðàáè

050040, e-mail: 2tun-mat@list.ru, 3ksh10@mail.ru

Àííîòàöèÿ: Â äàííîé ðàáîòå ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå ñî ñäâèãîì

âïåðâûå èçó÷åíî â äðîáíûõ ïðîñòðàíñòâàõ Áåñîâà. Â ðàííèõ ðàáîòàõ ýòè

óðàâíåíèÿ èçó÷àëèñü â ãåëüäåðîâñêèõ ïðîñòðàíñòâàõ. Ïîëó÷åííûå ðåçóëüòàòû

ðàñøèðÿþò êëàññ èìåþùèõ íåïðåðûâíûå ðåøåíèÿ ñèíãóëÿðíûõ èíòåãðàëüíûõ

óðàâíåíèé ñî ñäâèãîì Êàðëåìàíà.

Êëþ÷åâûå ñëîâà: Ñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ ñî ñäâèãîì Êàðëåìàíà,

ïðîñòðàíñòâà Áåñîâà.

1. Ââåäåíèå

Ïóñòü Γ ∈ Cm
ν (m ≥ 0 � öåëîå, 0 < ν ≤ 1) åñòü ïðîñòàÿ çàìêíó-

òàÿ êðèâàÿ (êîíòóð) â êîìïëåêñíîé ïëîñêîñòè C. Ïóñòü α(t) : Γ → Γ
åñòü ãîìåîìîðôèçì êîíòóðà Γ íà ñåáÿ òàêîé, ÷òî ïðîèçâîäíàÿ α ′ (t)
ïðèíàäëåæèò ïðîñòðàíñòâó Hµ(Γ) (0 < µ ≤ 1) è α ′ (t) ̸= 0 äëÿ ëþáî-
ãî t ∈ Γ. Îòîáðàæåíèå, îñóùåñòâëÿåìîå ôóíêöèåé α (t), ëèáî ñîõðàíÿ-
åò îðèåíòàöèþ íà Γ, ëèáî èçìåíÿåò åå íà ïðîòèâîïîëîæíóþ. Â ñîîòâåò-
ñòâèå ñ ýòèì ôóíêöèþ α (t) : Γ → Γ íàçûâàþò ïðÿìûì èëè îáðàòíûì
ñäâèãîì. Ðàññìîòðèì ñëåäóþùèå îïåðàòîðû: (Wαφ) (t) = φ (α (t))− îïåðà-

òîð ñäâèãà; (SΓφ)(t) =
1
πi

∫
Γ

φ(τ)dτ
τ−t � ñèíãóëÿðíûé èíòåãðàëüíûé îïåðàòîð;

(Cφ) (t) = φ (t) � îïåðàòîð êîìïëåêñíîãî ñîïðÿæåíèÿ (àíòèëèíåéíûé).
Èññëåäîâàíû ñâîéñòâà ýòèõ îïåðàòîðîâ è èõ íåêîòîðûõ êîìáèíàöèé â

ïðîñòðàíñòâàõ Áåñîâà Br
p,θ (Γ) . Ïðèâîäèì îïðåäåëåíèÿ ýòèõ ïðîñòðàíñòâ

Keywords: Singular integral equations with Carleman shift, Besov space.
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(ñì. [1]). Ïóñòü t (s) = x (s) + iy (s) , 0 ≤ s ≤ l, � óðàâíåíèå êîíòóðà
Γ ∈ Cm

ν äëèíû l è ôóíêöèè x (s) , y (s) ñ ïåðèîäîì l ïðîäîëæåíû íà âñþ
÷èñëîâóþ îñü. Ïóñòü 1 ≤ p ≤ ∞ , 1 ≤ θ ≤ ∞, 0 < r < m−1+ν è k � öåëîå
òàêîå, ÷òî k > r. Ïðîñòðàíñòâî Áåñîâà Br

p,θ (Γ) ñîñòîèò èç âñåõ ôóíêöèé
φ (t) = φ(t (s)) ≡ ψ(s) ∈ Lp (Γ), l � ïåðèîäè÷åñêèõ ïî ïåðåìåííîé s òàêèõ,
÷òî

∥φ∥(k)Br
p,θ(Γ)

≡ ∥ψ∥(k)Br
p,θ([0,l])

= ∥ψ∥Lp([0,l])
+

+

 h0∫
−h0

|u|−1−rθ
∥∥∥△k

uψ
∥∥∥θ
Lp([0,l])

du


1
θ

<∞,

ãäå h0 > 0 è △k
uψ (s) = △u(△k−1

u ψ) (s) =
∑k

l=0 (−1)k−lC l
kψ (s+ lu) �

ðàçíîñòü ïîðÿäêà k ñ øàãîì u. Îòìåòèì, ÷òî íîðìû ∥φ∥(k)Br
p,θ(Γ)

ïðè ðàç-

ëè÷íûõ íàòóðàëüíûõ k (k>r) ýêâèâàëåíòíû ìåæäó ñîáîé (ñì. [1]).

Îöåíèâàþòñÿ íîðìû îïåðàòîðîâ ñèíãóëÿðíîãî èíòåãðèðîâàíèÿ, ñäâè-
ãà è êîìïëåêñíîãî ñîïðÿæåíèÿ â ïðîñòðàíñòâàõ Áåñîâà. Óñòàíîâëåíà èõ
îãðàíè÷åííîñòü. Äîêàçûâàþòñÿ âïîëíå íåïðåðûâíîñòü íåêîòîðûõ ñïåöè-
àëüíûõ êîìáèíàöèè îïåðàòîðîâ ñèíãóëÿðíîãî èíòåãðèðîâàíèÿ, ñäâèãà è
êîìïëåêñíîãî ñîïðÿæåíèÿ â ïðîñòðàíñòâàõ Áåñîâà.

2. ÎÃÐÀÍÈ×ÅÍÍÎÑÒÜ ÎÏÅÐÀÒÎÐÎÂ ÑÈÍÃÓËßÐÍÎÃÎ ÈÍÒÅ-
ÃÐÈÐÎÂÀÍÈß Ñ ßÄÐÎÌ ÊÎØÈ, ÑÄÂÈÃÀ, ÊÎÌÏËÅÊÑÍÎ-
ÃÎ ÑÎÏÐßÆÅÍÈß È ÈÕ ÍÅÊÎÒÎÐÛÕ ÊÎÌÁÈÍÀÖÈÉ Â
ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÁÅÑÎÂÀ

Îãðàíè÷åííîñòü è ñâîéñòâà ñèíãóëÿðíîãî îïåðàòîðà S â ïðîñòðàíñòâàõ
Áåñîâà Br

p,θ (Γ) ïðè à) 1 < p < 2, r = 1
p , θ = 1; â) 1 < p < 2, r > 1

p , θ ≥ 1

è ñ) p ≥ 2, r > 1− 1
p , θ ≥ 1 äîêàçàíû â [2 , ñ. 61]. Â ñëåäóþùåé òåîðåìå

ìû ñíÿëè ýòè îãðàíè÷åíèÿ íà ñî÷åòàíèå ïàðàìåòðîâ p, r è θ.

Òåîðåìà 1. Ïóñòü p > 1, r > 0, θ ≥ 1 è ïóñòü ïðîñòàÿ çàìêíóòàÿ
êðèâàÿ êîíòóð Γ ∈ Cm

ν , ãäå m ≥ 1− öåëîå, 0 < ν ≤ 1 òàêèå, ÷òî m −
1 + ν > r. Òîãäà îïåðàòîð ñèíãóëÿðíîãî èíòåãðèðîâàíèÿ SΓ îãðàíè÷åí â
ïðîñòðàíñòâå Br

p,θ (Γ) .

Äîêàçàòåëüñòâî. Äëÿ óäîáñòâà çàïèñè ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:
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τ = t(s1), τh = t(s1 + h), t = t(s), th = t(s+ h), τ ′ = t′(s1), τ
′
h = t′(s1 + h).

Èìååì

SΓφ(t) =
1

πi

∫
Γ

φ(τ)

τ − t
dτ =

1

πi

l∫
0

φ(τ)
φ(τ ′)

τ − t
ds1,

SΓφ(th) =
1

πi

∫
Γ

φ(τ)

τ − th
dτ =

1

πi

l∫
0

φ(τh)
τ ′h

τh − th
ds1.

Òîãäà

△h (s) (SΓφ (t)) = SΓφ (th)− SΓφ (t) =

=
1

πi

∫ l

0
△h (s1) (φ (τ))

τ ′h
τh − th

ds1 +
1

πi

∫ l

0
φ(τ)

(
τ ′h

τh − th
− τ ′

τ − t

)
ds1. (1)

Äàëåå îöåíèì âòîðîå ñëàãàåìîå:

(Mφ)(s) ≡ 1

πi

l∫
0

φ(τ)

(
τ ′h

τh − th
− τ ′

τ − t

)
ds1. (2)

Äåëàÿ çàìåíó ïåðåìåííîé s1 = s2 + s â ïîñëåäíåì èíòåãðàëå, à òàêæå
ó÷èòûâàÿ l−ïåðèîäè÷íîñòü ôóíêöèè t (s) = x (s) + iy (s) , ïîëó÷èì

(Mφ)(s) ≡ 1

πi

l−s∫
−s

φ(t(s2+s))

(
t′(s2 + s+ h)

t(s2 + s+ h)− t(s+ h)
− t′(s2 + s)

t(s2 + s)− t(s)

)
ds2 =

=
1

πi

l/2∫
−l/2

φ(t(s2 + s))

(
t′(s2 + s+ h)

t(s2 + s+ h)− t(s+ h)
− t′(s2 + s)

t(s2 + s)− t(s)

)
ds2.

Äëÿ ÿäðà ýòîãî èíòåãðàëà ñïðàâåäëèâû îöåíêè∣∣∣∣ t′(s2 + s+ h)

t(s2 + s+ h)− t(s+ h)
− t′(s2 + s)

t(s2 + s)− t(s)

∣∣∣∣ ≤ c1 (Γ)
1

|s2|1−ν , (3)
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∣∣∣∣ t′(s2 + s+ h)

t(s2 + s+ h)− t(s+ h)
− t′(s2 + s)

t(s2 + s)− t(s)

∣∣∣∣ ≤ c2 (Γ)
|h|ν

|s2|
, (4)

ãäå c1 (Γ) è c2(Γ) � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû, íåçàâèñÿùèå îò
ïåðåìåííûõ s, s2 ̸= 0 h èç ïðîìåæóòêà

[
− l

2 ,
l
2

]
. Äåéñòâèòåëüíî,

t′(s2 + s+ h)

t(s2 + s+ h)− t(s+ h)
− t′(s2 + s)

t(s2 + s)− t(s)
=

=
t′(s2 + s+ h)

t(s2 + s+ h)− t(s+ h)
− 1

s2
+

1

s2
− t′(s2 + s)

t(s2 + s)− t(s)
=

=

1∫
0

(t′(s2 + s+ h)− t′(s2 + s+ h))dσ

t(s2 + s+ h)− t(s+ h)
−

1∫
0

(t′(s2 + s)− t′(σs2 + s))dσ

t(s2 + s)− t(s)
.

Îòñþäà â ñèëó t′ ∈ Cν ñëåäóåò (3). Ïðåîáðàçóÿ äàëåå ïîñëåäíåå ðàâåí-
ñòâî, ïîëó÷èì

t′(s2 + s+ h)

t(s2 + s+ h)− t(s+ h)
− t′(s2 + s)

t(s2 + s)− t(s)
=

=


s2

1∫
0

(t′(σs2 + s)− t′(σs2 + s+ h))dσ

(t(s2 + s+ h)− t(s+ h))(t(s2 + s)− t(s))

×

×

( 1∫
0

(t′(s2 + s+ h)− t′(σs2 + s+ h))dσ

)
+

+

1∫
0

(t′(s2 + s+ h)− t′(s2 + s))dσ −
1∫
0

(t′(σs2 + s+ h)− t′(σs2 + s))dσ

t(s2 + s)− t(s)
.

Îòñþäà, åñëè ó÷åñòü t′ ∈ Cν , ñëåäóåò (4).
Òåïåðü, èñïîëüçóÿ ñîîòíîøåíèÿ (3) è (4), îöåíèì èíòåãðàë (2):

|(Mφ)(s)| =

∣∣∣∣∣ 1πi
l/2∫

−l/2

φ(t(s2+s))

(
t′(s2 + s+ h)

t(s2 + s+ h)− t(s+ h)
− t′(s2 + s)

t(s2 + s)− t(s)

)
ds2

∣∣∣∣∣ ≤
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≤ c1(Γ)

π

|h|∫
−|h|

|φ(t(s2+s))|
1

|s2|1−ν
ds2+|h|ν c2(Γ)

π

∫
s2:|h|<|s2|≤l/2

|φ(t(s2+s))|
1

|s2|
ds2.

Îòñþäà, èñïîëüçóÿ îáîáùåííîå íåðàâåíñòâî Ìèíêîâñêîãî äëÿ íîðìû
ôóíêöèè |(Mφ) (s)|, ïîëó÷èì

∥Mφ∥Lp(Γ)
≡ ∥Mφ(t(·)∥Lp[0,l]

≤ c3 (Γ) ∥φ∥Lp(Γ)
|h|ν+

+c4 (Γ) ∥φ∥Lp(Γ)
|h|ν |ln|h|| ≤ c5 (Γ) ∥φ∥Lp(Γ)

|h|ν |ln|h|| . (5)

Êðîìå òîãî, â ñèëó îãðàíè÷åííîñòè ñèíãóëÿðíîãî èíòåãðàëüíîãî îïå-
ðàòîðà â Lp (p > 1) äëÿ ïåðâîãî ñëàãàåìîãî â (1) èìååì( l∫

0

∣∣∣∣∣
l∫

0

△h(s1)(φ(τ))
τ ′h

τh − th
ds1

∣∣∣∣∣
p

ds

)1/p

≤ c6(p,Γ)∥△h(·)(φ(τ))∥Lp[0,l].

Èòàê, ñ ó÷åòîì (2), (3) è (6) ïîëó÷èì

∥△h (·) (SΓφ (t))∥Lp[0,l]
≤ c6(p,Γ)

π
∥△h (·) (φ (τ))∥Lp[0,l]

+

+c5 (Γ) ∥φ(t (·))∥Lp[0,l]
· |h|ν |ln|h|| .

Òîãäà äëÿ ïîëóíîðìû Áåñîâà, ó÷èòûâàÿ r < ν, èìååì

∥SΓφ (t)∥brp,θ[0,l] ≡
(∫ h0

−h0

|h|−1−rθ∥△h (·) (SΓφ (t))∥θLp([0,l])
dh

) 1
θ

≤

≤ c7(p, θ,Γ) ∥φ (t)∥brp,θ[0,l] + c8(p, θ,Γ)∥φ(t (·))∥Lp[0,l]
.

Îòñþäà â ñèëó óïîìÿíóòîé âûøå îãðàíè÷åííîñòè îïåðàòîðà SΓφ (t) â
Lp(Γ) (p > 1) ëåãêî ñëåäóåò ∥SΓφ (t)∥Br

p,θ[0,l]
≤ c9 (p, θ,Γ) ∥φ (t)∥Br

p,θ[0,l]
, ãäå

c9 (p, θ,Γ) = max{c7 (p, θ,Γ) ; ; c8 (p, θ,Γ)+ ∥SΓ∥p→p} . Òåîðåìà 1 äîêàçàíà.

Òåîðåìà 2.Ïóñòü 0 < ν ≤ 1, Γ ∈ C1
ν � ïðîñòîé çàìêíóòûé êîíòóð è α (t) :

Γ → Γ− ïðÿìîé èëè îáðàòíûé ñäâèã êîíòóðà Γ òàêîé, ÷òî ïðîèçâîäíàÿ

α ′ (t) ïðèíàäëåæèò ïðîñòðàíñòâó Ãåëüäåðà Hµ (Γ) ïðè íåêîòîðîì 0 < µ ≤
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1 è α ′ (t) ̸= 0 ïðè ëþáîì t ∈ Γ. Òîãäà ïðè ëþáûõ p > 1, θ ≥ 1, 0 < r <
min{µ, ν} îïåðàòîð ñäâèãà (Wαφ) (t) = φ (α (t)) îãðàíè÷åí â Br

p,θ (Γ) .

Òàê êàê α (t) : Γ → Γ åñòü ãîìåîìîðôèçì êîíòóðà Γ íà ñåáÿ, òî ôóíê-
öèÿ t1 (s) ≡ α (t (s)) : [0, l] → Γ òàêæå ïðåäñòàâëÿåò ñîáîé ïàðàìåòðè÷åñêîå
çàäàíèå (óðàâíåíèå) êðèâîé Γ. Ñëåäîâàòåëüíî, ñóùåñòâóåò ñòðîãî ìîíîòîí-
íàÿ ôóíêöèÿ θ (s) : R→ R, ïåðåâîäÿùàÿ ëþáîé îòðåçîê äëèíû l â äðóãîé
îòðåçîê äëèíû l è òàêàÿ, ÷òî t1 (s) ≡ α (t (s)) = t (θ (s)) (θ (s)− âîçðàñ-
òàþùàÿ èëè óáûâàþùàÿ ñîîòâåòñòâåííî òîìó, ÷òî α (t) åñòü ïðÿìîé èëè
îáðàòíûé ñäâèã).

Ïî òåîðåìå î äèôôåðåíöèàëüíûõ ñâîéñòâàõ íåÿâíîé ôóíêöèè çàêëþ-
÷àåì, ÷òî θ (s) äèôôåðåíöèðóåìà. Ïîñêîëüêó |t′ (s)| = 1, îòñþäà ñëåäóåò
θ (s) ∈ C1

ν1 , ãäå ν1=min {µ, ν} è |θ′ (s)| = |α′ (t (s))| ̸= 0.

Ïóñòü äàíà ôóíêöèÿ φ (t) ∈ Br
p,θ (Γ) . Ýòî ðàâíîñèëüíî òîìó, ÷òî ôóíê-

öèÿ ψ(s) ≡ φ(t (s)) ïðèíàäëåæèò ïðîñòðàíñòâó Áåñîâà Br
p,θ ([0, l]), ñîñòîÿ-

ùåãî èç l-ïåðèîäè÷åñêèõ ôóíêöèé âåùåñòâåííîé ïåðåìåííîé.

Ðàññìîòðèì ôóíêöèþ (Wαφ) (t(s)) = φ (α (t(s))) = φ (t (θ(s))) =
ψ (θ (s)) .

Â ñèëó äîêàçàííûõ âûøå ñâîéñòâ ôóíêöèè θ (s) è òåîðåìû î çàìåíå
ïåðåìåííûõ â ïðîñòðàíñòâàõ Áåñîâà (ñì.[1]) çàêëþ÷àåì, ÷òî ôóíêöèÿ
ψ (θ (s)) òàêæå ïðèíàäëåæèò ïðîñòðàíñòâó Br

p,θ ([0, l]), ïðè÷åì äëÿ íîðì
èìååò ìåñòî ñîîòíîøåíèå ∥ψ (θ (·))∥Br

p,θ([0,l])
≤ k · ∥ψ (·)∥Br

p,θ([0,l])
, ãäå k �

ïîëîæèòåëüíàÿ êîíñòàíòà, íåçàâèñÿùàÿ îò φ (t) ∈ Br
p,θ (Γ) . Ýòî îçíà÷àåò

îãðàíè÷åííîñòü îïåðàòîðà ñäâèãà Wα â ïðîñòðàíñòâå Br
p,θ (Γ) . Òåîðåìà 2

äîêàçàíà.

Ñëåäñòâèå 1. Ïðè âûïîëíåíèè óñëîâèé Òåîðåìû 2 ñèíãóëÿðíûé èí-

òåãðàëüíûé îïåðàòîð ñî ñäâèãîì (SΓ,αφ) (t) îãðàíè÷åí â ïðîñòðàíñòâå

Br
p,θ (Γ) .

Òåîðåìà 3. Ïóñòü 0 < ν ≤ 1, Γ ∈ C1
ν � ïðîñòîé çàìêíóòûé êîíòóð. Òîãäà

ïðè ëþáûõ p > 1, θ ≥ 1, 0 < r < ν äëÿ âñÿêîãî φ (t) ∈ Br
p,θ (Γ) èìååò ìåñòî

∥Cφ (t)∥Br
p,θ(Γ)

= ∥φ (t)∥Br
p,θ(Γ)

(ò.å. îïåðàòîð êîìïëåêñíîãî ñîïðÿæåíèÿ Cφ (t) ≡ φ (t) îãðàíè÷åí â

Br
p,θ (Γ)).
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Ñïðàâåäëèâîñòü ýòîãî óòâåðæäåíèÿ î÷åâèäíà.

3. ÂÏÎËÍÅ ÍÅÏÐÅÐÛÂÍÎÑÒÜ ÎÏÅÐÀÒÎÐÎÂ ÑÈÍÃÓËßÐÍÎ-
ÃÎ ÈÍÒÅÃÐÈÐÎÂÀÍÈß ÑÎ ÑÄÂÈÃÎÌ È ÁÅÇ ÍÅÃÎ, ÑÄÂÈ-
ÃÀ È ÊÎÌÏËÅÊÑÍÎÃÎ ÑÎÏÐßÆÅÍÈß

Òåîðåìà 4. Ïóñòü 1 < p < ∞ , 1 ≤ θ ≤ ∞, 0 < r < min{µ, ν} . Òî-

ãäà îïåðàòîð A1 = γWαSWα
−1 − S âïîëíå íåïðåðûâåí â ïðîñòðàíñòâå

Br
p,θ (Γ) .

Äîêàçàòåëüñòâî. Èìååì

A1φ(t) =
1

πi

∫
Γ

φ(τ)K1(τ, t)dτ =
1

πi

l∫
0

φ(t(s1))K1(t(s1), t(s))t
′(s1)ds1,

ãäå

K1(τ, t) ≡ K1(s1, s) =
α′t(s1)

α(t(s1))− α(t(s))
− 1

t(s1)− t(s)
, (6)

A1φ(t) =
1

πi

∫
Γ

φ(τ)K1(τ, t)dτ =
1

πi

l∫
0

φ(τ)K1(τ, t)τ
′ds1,

A1φ(th) =
1

πi

∫
Γ

φ(τ)K1(τ, th)dτ =
1

πi

l∫
0

φ(τh)K1(τh, th)τ
′
hds1,

A1φ(t2h) =
1

πi

∫
Γ

φ(τ)K1(τ, t2h)dτ =
1

πi

l∫
0

φ(τh)K1(τh, t2h)τ
′
hds1 =

=
1

πi

l∫
0

φ(τ2h)K1(τ2h, t2h)τ
′
2hds1.

Îòñþäà

A1φ(th)−A1φ(t) =
1

πi

l∫
0

△h(s1)(φ(τ))K1(τh, th)τ
′
hds1+
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+
1

πi

l∫
0

φ(τ)(K1(τh, th)τ
′
h −K1(τ, t)τ

′)ds1,

A1φ(t2h)−A1φ(th) =
1

πi

l∫
0

△h(s1)(φ(τ))K1(τh, t2h)τ
′
hds1+

+
1

πi

l∫
0

△h(s1)(φ(τ))(K1(τ2h, t2h)τ
′
2h −K1(τh, th)τ

′
h)ds1+

+
1

πi

l∫
0

φ(τ)(K1(τ2h, t2h)τ
′
2h −K1(τh, th)τ

′
h)ds1.

Èç ýòèõ ðàâåíñòâ ñëåäóåò

△2
h (s) (A1φ (t)) =

1

πi

l∫
0

△h(s1)(φ(τ))(K1(τh, t2h)−K1(τh, th))τ
′
hds1+

+
1

πi

l∫
0

△h(s1)(φ(τ))(K1(τ2h, t2h)τ
′
2h −K1(τh, th))τ

′
hds1+

+
1

πi

l∫
0

φ(τ)(K1(τ2h, t2h)τ
′
2h − 2K1(τh, th))τ

′
h +K1(τ, t)τ

′
hds1 ≡

≡ I1φ(s) + I2φ(s) + I3φ(s). (7)

Îöåíèì ÿäðî ïåðâîãî ñëàãàåìîãî I1 (φ) â ýòîé ñóììå. Ó÷èòûâàÿ îïðåäåëå-
íèå (6), èìååì

(K1(τ2h, t2h)−K1(τh, th))τ
′
h =

(
α′(τh)τ

′
h

α′(τh)− α′(τ2h)
−

τ ′h
τh − τ2h

)
−

−

(
α′(τh)τ

′
h

α′(τh)− α′(τh)
−

τ ′h
τh − τh

)
=
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=

(
α′(τh)τ

′
h

α′(τh)− α′(τ2h)
− 1

s1 − s− h
+

1

s1 − s
−

α′(τh)τ
′
h

α′(τh)− α′(τh)

)
−

−

(
(τh)

(τh)− (τ2h)
− 1

s1 − s− h
+

1

s1 − s
− (τh)

(τh)− (τh)

)
.

Ïðåîáðàçóÿ âûðàæåíèå â ïîñëåäíèõ ñêîáêàõ, ïîëó÷èì

τ ′h
τh − t2h

− 1

s1 − s− h
+

1

s1 − s
−

τ ′h
τh − τh

=

=

0∫
−1

(t′(s1 + h)− t′(s1 + h+ σ(s1 − s− h))dσ

τh − t2h
−

−

0∫
−1

(t′(s1 + h)− t′(s1 + h+ σ(s1 − s− h))dσ

τh − th
. (8)

Îòñþäà ñëåäóåò∣∣∣∣∣ τ ′h
τh − t2h

− 1

s1 − s− h
+

1

s1 − s
−

τ ′h
τh − τh

∣∣∣∣∣ ≤
≤M1(Γ)

(
1

|s1 − s|1−ν
+

1

|s1 − s− h|1−ν

)
. (9)

Ïðåîáðàçóÿ (8), èìååì

τ ′h
τh − th

− 1

s1 − s
+

1

s1 − s− h
−

τ ′h
τh − τ2h

=

=

0∫
−1

(t′(s1 + h+ σ(s1 − s− h))− t′(s1 + h+ σ(s1 − s))dσ

τh − th
+

+

(
th − t2h

(τh − th)(τh − t2h)

) 0∫
−1

(t′(s1 + h)− t′(s1 + h+ σ(s1 − s− h))dσ.
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Ïîýòîìó ∣∣∣∣∣ τ ′h
τh − th

− 1

s1 − s
+

1

s1 − s− h
−

τ ′h
τh − t2h

∣∣∣∣∣ ≤
≤M2(Γ)

(
|h|ν

|s1 − s|
+

|h|
|s1 − s||s1 − s− h|1−ν

)
. (10)

Àíàëîãè÷íî (10) è (12) ïîëó÷èì∣∣∣∣∣ α′(τh)τ
′
h

α(τh)− α(t2h)
− 1

s1 − s− h
+

1

s1 − s
−

α′(τh)τ
′
h

α(τh)− α(th)

∣∣∣∣∣ ≤
≤M3(Γ)

(
1

|s1 − s|1−ν1
+

1

|s1 − s− h|1−ν1

)
, (11)

∣∣∣∣∣ α′(τh)τ
′
h

α(τh)− α(t2h)
− 1

s1 − s− h
+

1

s1 − s
−

α′(τh)τ
′
h

α(τh)− α(th)

∣∣∣∣∣ ≤
≤M4(Γ)

(
|h|ν1

|s1 − s|
+

|h|
|s1 − s||s1 − s− h|1−ν1

)
, ν1 = min{µ, ν}. (12)

Äëÿ ÿäåð âî âòîðîì è òðåòüåì èíòåãðàëüíûõ âûðàæåíèÿõ â (7) ëåãêî
ìîæíî äîêàçàòü ñîîòíîøåíèÿ:

|K1(τ2h, t2h)τ
′
2h −K1(τh, th)τ

′
h| ≤M5(Γ)

1

|s1 − s|1−ν1
,

|K1(τ2h, t2h)τ
′
2h −K1(τh, th)τ

′
h| ≤M6(Γ)

|h|ν1
|s1 − s|

, (13)

|K1(τ2h, t2h)τ
′
2h − 2K1(τh, th)τ

′
h +K1(τ, t)τ

′| ≤M5(Γ)
1

|s1 − s|1−ν1
,

|K1(τ2h, t2h)τ
′
2h − 2K1(τh, th)τ

′
h +K1(τ, t)τ

′| ≤M6(Γ)
|h|ν1

|s1 − s|
. (14)
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Äëÿ ïåðâîãî ñëàãàåìîãî â (7) ñ ó÷åòîì (10)�(12) è l-ïåðèîäè÷íîñòè t(s1)
èìååì

|I1φ(s)| =

∣∣∣∣∣ 1πi
l∫

0

△h(s1)(φ(τ))(K1(τh, t2h)−K1(τh, th))τ
′
hds1

∣∣∣∣∣ ≤
≤ M7(Γ)

π

∫
s2:|s2|≤2|h|

|△h(s2 + s)(φ(τ))|

(
1

|s2|1−ν1
+

1

|s2 − h|1−ν1

)
ds2+

≤ M7(Γ)

π

∫
s2 ∈ [− l

2 ,
l
2 ] :

|s2| > 2|h|

|△h(s2 + s)(φ(τ))|

(
|h|ν1
|s2|

+
|h|

|s2 − h|1−ν1

)
ds2.

Îòñþäà äëÿ íîðìû ∥I1φ (·)∥Lp[0,l]
ïîëó÷èì

∥I1φ (·)∥Lp[0,l]
≤M8 (Γ) · |h|ν1 · |ln |h| | · ∥△h (·) (φ (t))∥Lp[0,l]

. (15)

Ó÷èòûâàÿ îöåíêè (13), (14) è ïîâòîðÿÿ àíàëîãè÷íûå âûêëàäêè äëÿ
íîðì âòîðîãî è òðåòüåãî ñëàãàåìûõ â (7), ïîëó÷èì ñîîòâåòñòâåííî

∥I2φ (·)∥Lp[0,l]
≤M9 (Γ) · |h|ν1 · |ln |h| | · ∥△h (·) (φ (t))∥Lp[0,l]

è
∥I3φ (·)∥Lp[0,l]

≤M10 (Γ) · |h|ν1 · |ln |h| | · ∥φ (t)∥Lp[0,l]
.

Èòàê, èç (7), (15) ïðè r < r1 < min{µ, ν} ñëåäóåò

∥A1φ (t)∥br1p,θ[0,l] ≤M11 () · ∥φ (t)∥Br
p,θ[0,l]

.

Êðîìå òîãî, îïåðàòîð A1 = γWSW−1 − S , êàê ðàçíîñòü ñèíãóëÿðíûõ
îïåðàòîðîâ, îãðàíè÷åí â Lp[0, l] (p>1).

Òàêèì îáðàçîì, îïåðàòîð A1 = γWSW−1 − S ÿâëÿåòñÿ îãðàíè÷åííûì
èç ïðîñòðàíñòâà Br

p,θ[0, l] â ïðîñòðàíñòâî Br1
p,θ[0, l] ñ r < r1 < min{µ, ν} .

Îòñþäà â ñèëó êîìïàêòíîãî âëîæåíèÿ Br1
p,θ[0, l] ↪→ Br

p,θ[0, l] ñëåäóåò, ÷òî

îïåðàòîð A1 = γWSW−1 − S âïîëíå íåïðåðûâåí â Br
p,θ [0, l] . Òåîðåìà 4

äîêàçàíà.
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Òåîðåìà 5. Ïóñòü 0 < ν ≤ 1, Γ ∈ 1
ν � ïðîñòîé çàìêíóòûé êîíòóð. Òîãäà

ïðè ëþáûõ p > 1, θ ≥ 1, 0 < r < ν îïåðàòîð A2 = SΓ + SΓ âïîëíå

íåïðåðûâåí â ïðîñòðàíñòâå Br
p,θ (Γ) .

Äîêàçàòåëüñòâî. Èìååì

A2φ (t) =
1

πi

∫ l

0
φ (τ)

(
τ ′

τ − t
− τ ′

τ − t

)
ds1.

Ïîëîæèì

K2 (τ, t) ≡ K2 (s1, s) =
τ ′

τ − t
− τ ′

τ − t
. (16)

Àíàëîãè÷íî (7) äëÿ ðàçíîñòè âòîðîãî ïîðÿäêà èìååì

△2
h (s) (A2φ (t)) =

1

πi

∫ l

0
△h (s1) (φ (τ)) (K2 (τh, t2h)−K2 (τh, th))ds1+

+
1

πi

∫ l

0
△h(s1)(φ (τ)) (K2 (τ2h, t2h)−K2 (τh, th)) ds1+

+
1

πi

∫ l

0
φ (τ) (K2 (τ2h, t2h)− 2K2 (τh, th) +K2 (τ, t)) ds1 ≡

≡ J1φ (s) + J2φ (s) + J3φ (s) . (17)

Ðàññìîòðèì ÿäðî ïåðâîãî ñëàãàåìîãî J1φ (s) :

K2(τh, t2h)−K2(τh, th) =

(
τ ′h

τh − t2h
−

τ ′h
τh − t2h

)
−

(
τ ′h

τh − th
−

τ ′h
τh − th

)
=

=

(
τ ′h

τh − t2h
− 1

s1 − s− h
+

1

s1 − s
−

τ ′h
τh − t2h

)
−

−

(
τ ′h

τh − th
−− 1

s1 − s− h
+

1

s1 − s
−

τ ′h
τh − th

)
.

Îòñþäà, èñïîëüçóÿ íåðàâåíñòâà (9), (10) è ïîâòîðÿÿ äîêàçàòåëüñòâî
(15), ïîëó÷èì

∥J1φ (·)∥Lp[0,l]
≤M8 (Γ) · |h|ν · |ln |h| | · ∥△h (·) (φ (t))∥Lp[0,l]

.
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Äëÿ ÿäåð ñëàãàåìûõ J2φ (s) J3φ (s) ñïðàâåäëèâû îöåíêè âèäà (13)�(14)
ñ ïîêàçàòåëåì ν âìåñòî ν1. Îòñþäà ñëåäóþò îöåíêè

∥J2φ (·)∥Lp[0,l]
≤M9 (Γ) · |h|ν · |ln |h| | · ∥△h (·) (φ (t))∥Lp[0,l]

,

∥J3φ (·)∥Lp[0,l]
≤M10 (Γ) · |h|ν · |ln |h| | · ∥φ (t)∥Lp[0,l]

.

Â èòîãå, ïîâòîðÿÿ òå æå âûêëàäêè, ÷òî è â êîíöå äîêàçàòåëüñòâà Òåî-
ðåìû 4, ïîëó÷èì äîêàçàòåëüñòâî Òåîðåìû 5.
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Íàèáîëåå îáùèì ìåòîäîì èññëåäîâàíèÿ óñòîé÷èâîñòè äâèæåíèÿ ÿâëÿ-
åòñÿ ìåòîä ôóíêöèé Ëÿïóíîâà [1]. Áëàãîäàðÿ ôóíäàìåíòàëüíûì èññëåäî-
âàíèÿì Í.Ã. ×åòàåâà [2], È.Ã. Ìàëêèíà [3] è äð. â íàñòîÿùåå âðåìÿ èçâåñò-
íû ðàçëè÷íûå ìîäèôèêàöèè è îáîáùåíèÿ êëàññè÷åñêèõ òåîðåì âòîðîãî
ìåòîäà Ëÿïóíîâà îá óñòîé÷èâîñòè íåâîçìóùåííîãî äâèæåíèÿ [1].

Âïåðâûå çàäà÷à î ñòîõàñòè÷åñêîé óñòîé÷èâîñòè íåâîçìóùåííîãî äâè-
æåíèÿ ìåòîäîì ôóíêöèé Ëÿïóíîâà èññëåäîâàëàñü â [4], [5]. Â êëàññå îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðè (ÎÄÓ) ñëó÷àéíûõ âîçìóùå-
íèÿõ èç êëàññà âèíåðîâñêèõ ïðîöåññîâ (êàê ÷àñòíûé ñëó÷àé ïðîöåññîâ ñ
íåçàâèñèìûìè ïðèðàùåíèÿìè) ìåòîäîì ôóíêöèé Ëÿïóíîâà â [6] äîêàçà-
íû òåîðåìû î ñòîõàñòè÷åñêîé óñòîé÷èâîñòè íåâîçìóùåííîãî äâèæåíèÿ. Â
ýòîì æå êëàññå â [6]�[9] äîêàçàíû òåîðåìû î ñòîõàñòè÷åñêîé óñòîé÷èâîñòè
èíâàðèàíòíûõ ìíîæåñòâ ñ ïîìîùüþ ôóíêöèé Ëÿïóíîâà âèäà V (ρ, t).

Keywords: Stochastic di�erential equations, integral manyfold, exponential p-stability.
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Äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè àíàëèòè÷åñêè çàäàííîãî èíòå-
ãðàëüíîãî ìíîãîîáðàçèÿ [10] â êëàññå ÎÄÓ îáîáùàþòñÿ â [11] íà êëàññ
ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðè íàëè÷èè ñëó÷àéíûõ
âîçìóùåíèé èç êëàññà âèíåðîâñêèõ ïðîöåññîâ. Çàäà÷à î ñòîõàñòè÷åñêîé
óñòîé÷èâîñòè ïðè ñëó÷àéíûõ âîçìóùåíèÿõ èç êëàññà ïðîöåññîâ ñ íåçàâè-
ñèìûìè ïðèðàùåíèÿìè äëÿ íåâîçìóùåííîãî äâèæåíèÿ ðàññìàòðèâàëàñü â
[12], à äëÿ àíàëèòè÷åñêè çàäàííîãî èíòåãðàëüíîãî ìíîãîîáðàçèÿ � â [13].

Äàííàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ýêñïîíåíöèàëüíîé p-
óñòîé÷èâîñòè è ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ñ âåðîÿòíîñòüþ 1
àíàëèòè÷åñêè çàäàííîãî èíòåãðàëüíîãî ìíîãîîáðàçèÿ ïðè íàëè÷èè ñëó-
÷àéíûõ âîçìóùåíèé èç êëàññà ïðîöåññîâ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè
â êëàññå ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðàÿ ÿâëÿåòñÿ
îáîáùåíèåì çàäà÷è îá ýêñïîíåíöèàëüíîé p-óñòîé÷èâîñòè è ýêñïîíåí-
öèàëüíîé óñòîé÷èâîñòè ñ âåðîÿòíîñòüþ 1 íåâîçìóùåííîãî äâèæåíèÿ
ñòîõàñòè÷åñêîãî óðàâíåíèÿ Èòî [6], [14].

Ïóñòü çàäàíî ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå

dx = X(x(t), t)dt+ σ(x(t), t)dw(t) +

∫
Rn

f(x(t), t, u)ν̃(dt, du), (1)

ãäå X(x, t), σ(x, t), f(x, t, u) íåñëó÷àéíû, X, f � âåêòîðíûå ôóíêöèè ñî
çíà÷åíèÿìè â Rn, t ≥ 0, x ∈ Rn, u ∈ Rn, σ(x, t) � ìàòðè÷íàÿ ôóíêöèÿ
ðàçìåðà n×m, w(t) �m-ìåðíûé âèíåðîâñêèé ïðîöåññ ñ íåçàâèñèìûìè êîì-
ïîíåíòàìè, ν̃(t, A) = ν(t, A) − tΠ(A), ν(t, A) � ïóàññîíîâñêàÿ ìåðà íà Rn,
Eν(t, A) = tΠ(A), ïðîöåññ w(t) è ìåðà ν(t, A) íåçàâèñèìû ìåæäó ñîáîé,
Π(A) � ìåðà íà σ-àëãåáðå áîðåëåâñêèõ ìíîæåñòâ Rn.

Ïðåäïîëîæèì, ÷òî
1) ñóùåñòâóåò ïîñòîÿííàÿ L > 0 òàêàÿ, ÷òî

∥X(x, t)∥2 + ∥σ(x, t)∥2 +
∫
Rn

∥f(x, t, u)∥2Π(du) ≤ L(1 + ∥x∥2);

2) ôóíêöèè X(x, t), σ(x, t), f(x, t, u) íåïðåðûâíû ïî ñîâîêóïíîñòè àð-
ãóìåíòîâ;

3) âûïîëíåíî ëîêàëüíîå óñëîâèå Ëèïøèöà ïî x, ò.å. äëÿ ëþáîãî R > 0
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íàéäåòñÿ ïîñòîÿííàÿ CR > 0 òàêàÿ, ÷òî ïðè ∥x∥ ≤ R, ∥y∥ ≤ R

∥X(x, t)−X(y, t)∥2 + ∥σ(x, t)− σ(y, t)∥2+

+

∫
Rn

∥f(x, t, u)− f(y, t, u)∥2Π(du) ≤ CR ∥x− y∥2 .

Ñîãëàñíî [15, ñ. 276], ýòè óñëîâèÿ îáåñïå÷èâàþò ñóùåñòâîâàíèå è
åäèíñòâåííîñòü ñ òî÷íîñòüþ äî ñòîõàñòè÷åñêîé ýêâèâàëåíòíîñòè ðåøåíèÿ
xx0,t0(t) óðàâíåíèÿ (1) ñ íà÷àëüíûì óñëîâèåì x(t0) = x0, ÿâëÿþùåãîñÿ
íåïðåðûâíûì ñïðàâà ñ âåðîÿòíîñòüþ 1 ñòðîãî ìàðêîâñêèì ñëó÷àéíûì ïðî-
öåññîì.

Ðàññìîòðèì â ïðîñòðàíñòâå Rn ïîâåðõíîñòü Λ(t), çàäàííóþ ñèñòåìîé
óðàâíåíèé

Λ(t) : λ(x, t) = 0, (2)

ãäå λ = λ(x, t) ∈ C21
xt � r-ìåðíàÿ âåêòîð-ôóíêöèÿ, r ≤ n.

Îïðåäåëåíèå 1. Èíòåãðàëüíûì ìíîãîîáðàçèåì óðàâíåíèÿ (1) íàçûâà-

åòñÿ ãëàäêàÿ ïîâåðõíîñòü Λ(t) òàêàÿ, ÷òî èç óñëîâèÿ (x(t0), t0) ∈ Λ(t0)
ñëåäóåò, ÷òî ñ âåðîÿòíîñòüþ 1 (x(t), t) ∈ Λ(t) ïðè âñåõ t ≥ t0.

Äàëåå ïîâåðõíîñòü (2), ÿâëÿþùóþñÿ èíòåãðàëüíûì ìíîãîîáðàçèåì äëÿ
óðàâíåíèÿ (1) (ñì. òåîðåìó 1 èç [13]), èññëåäóåì íà ýêñïîíåíöèàëüíóþ
óñòîé÷èâîñòü.

Ðàññìîòðèì ôóíêöèè Ëÿïóíîâà âèäà V (λ;x, t) ∈ C221
λxt : R

r×Rn×R+ →
R+ è V (0;x, t) = 0.

Îáîçíà÷èì V1(x, t) = V (λ(x, t), x, t). Î÷åâèäíî, ÷òî V1(x, t) ∈ C21
xt . Áó-

äåì ðàññìàòðèâàòü òàêèå ôóíêöèè Ëÿïóíîâà, ÷òîáû∫
Rn

∥∥∥∥[V1(x+ f(x, t, u), t)− V1(x, t)−
(∂V1

∂xi

)T
fi(x, t, u)]

∥∥∥∥Π(du) < ∞.

Ââåäåì ñëåäóþùèé ïðîèçâîäÿùèé îïåðàòîð

L̃V (λ(x, t), x, t) = L̃V1(x, t) =
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=
∂V1

∂t
+

(
∂V1

∂xi

)T

Xi +
1

2
tr
[ ∂2V1

∂xi∂xj
σikσ

T
jk

]
+

+

∫
Rn

[
V1(x+ f(x, t, u), t)− V1(x, t)−

(∂V1

∂xi

)T
fi(x, t, u)

]
Π(du).

Îïðåäåëåíèå 2. Èíòåãðàëüíîå ìíîãîîáðàçèå Λ(t) (2), óðàâíåíèÿ (1) íà-
çûâàåòñÿ p-óñòîé÷èâûì îòíîñèòåëüíî âåêòîð-ôóíêöèè λ = λ(x, t) (p > 0)
ïðè t ≥ t0 > 0, åñëè

lim
∥λ(x0,t0)∥→0

sup
t≥t0

E∥λ(xx0,t0(t), t)∥p = 0.

Îïðåäåëåíèå 3. Èíòåãðàëüíîå ìíîãîîáðàçèå Λ(t) (2), óðàâíåíèÿ (1) íà-
çûâàåòñÿ ýêñïîíåíöèàëüíî p-óñòîé÷èâûì îòíîñèòåëüíî âåêòîð-ôóíêöèè

λ = λ(x, t) (p > 0), åñëè ïðè íåêîòîðûõ ïîëîæèòåëüíûõ ïîñòîÿííûõ A
è γ

E∥λ(xx0,t0(t), t)∥p ≤ A∥λ(x0, t0)∥p exp{−γ(t− t0)}. (3)

Òåîðåìà 1. Åñëè äëÿ óðàâíåíèÿ (1) è ìíîæåñòâà (2) ñóùåñòâóåò ôóíêöèÿ
Ëÿïóíîâà V (λ;x, t) ∈ C221

λxt , óäîâëåòâîðÿþùàÿ ïðè íåêîòîðûõ ïîëîæèòåëü-

íûõ ïîñòîÿííûõ k1, k2, k3 íåðàâåíñòâàì

k1∥λ(x, t)∥p ≤ V (λ;x, t) ≤ k2∥λ(x, t)∥p, (4)

L̃V (λ;x, t) ≤ −k3∥λ(x, t)∥p, (5)

òîãäà èíòåãðàëüíîå ìíîãîîáðàçèå Λ(t) (2) óðàâíåíèÿ (1) ÿâëÿåòñÿ ýêñ-

ïîíåíöèàëüíî p-óñòîé÷èâûì îòíîñèòåëüíî âåêòîð-ôóíêöèè λ = λ(x, t)
(p > 0).

Äîêàçàòåëüñòâî. Ïðèìåíÿåì ê ïðîöåññó V (λ;x, t) îáîáùåííóþ ôîðìóëó
Èòî [15, òåîðåìà 2, ñ. 276] è ïîëó÷àåì

EV (λ(x, t);x, t)− V (λ(x0, t0);x0, t0) =

=

∫ t

t0

EL̃V (λ(x(u), u);x(u), u)du.
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Äèôôåðåíöèðóÿ ïîëó÷åííîå ðàâåíñòâî ïî t è ó÷èòûâàÿ (4), (5), èìååì

d

dt
EV (λ(x, t);x, t) ≤ −k3

k2
EV (λ(x, t);x, t).

Îòñþäà âûòåêàåò îöåíêà

EV (λ(x, t);x, t) ≤ V (λ(x0, t0);x0, t0) exp{−
k3
k2

(t− t0)}.

Èç ýòîé îöåíêè è èç (4) ïîëó÷àåì ñëåäóþùåå íåðàâåíñòâî:

k1E∥λ(x, t)∥p ≤ k2∥λ(x0, t0)∥p exp{−
k3
k2

(t− t0)},

èç êîòîðîãî ñëåäóåò (3).

Òåîðåìà 2. Ïóñòü äëÿ óðàâíåíèÿ (1) è ìíîæåñòâà (2) ñóùåñòâóåò ôóíê-
öèÿ Ëÿïóíîâà V (λ;x, t) ∈ C221

λxt òàêàÿ, ÷òî V (0;x, t) = 0, è óäîâëåòâîðÿþ-

ùàÿ ïðè íåêîòîðûõ ïîëîæèòåëüíûõ ïîñòîÿííûõ k4, k5, k6 íåðàâåíñòâàì

k4∥λ(x, t)∥ ≤ V (λ;x, t) ≤ k5∥λ(x, t)∥, (6)

L̃V (λ;x, t) ≤ −k6∥λ(x, t)∥. (7)

Òîãäà ñóùåñòâóåò ïîñòîÿííàÿ γ > 0 òàêàÿ, ÷òî äëÿ ëþáûõ x ∈ Rn, t0 ≥ 0
ïðè t ≥ t0 ñ âåðîÿòíîñòüþ 1 ñïðàâåäëèâî ñîîòíîøåíèå

∥λ(xx0,t0(t), t)∥ ≤ Kx0,t0 exp{−γt}.

Äîêàçàòåëüñòâî. Âîçüìåì ôóíêöèþ

W (λ(x, t);x, t) = V (λ(x, t);x, t) exp{k5
k4

t}.

Ïîêàæåì, ÷òî ïðîöåññ W (λ(x, t);x, t) ÿâëÿåòñÿ ñóïåðìàðòèíãàëîì.
Ó÷èòûâàÿ óñëîâèÿ (6) è (7), ïðè λ ̸= 0 ïîëó÷àåì ñëåäóþùåå íåðàâåí-

ñòâî:

L̃W (λ(x, t);x, t) = L̃
(
V (λ(x, t);x, t) exp{k5

k4
t}
)
=

= L̃V (λ(x, t);x, t) exp{k5
k4

t}+ k5
k4

exp{k5
k4

t}V ≤
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≤ −k5∥λ(x, t)∥ exp{
k5
k4

t}+ k5
k4

exp{k5
k4

t}k4∥λ(x, t)∥ ≤ 0. (8)

Ïðèìåíÿÿ ê ïðîöåññóW (λ(x, t);x, t) îáîáùåííóþ ôîðìóëó Èòî [15, òåî-
ðåìà 2, ñ. 276], èìååì

EW (λ(x, t);x, t)−W (λ(x0, t0);x0, t0) =

∫ t

t0

EL̃W (λ(x(u), u);x(u), u)du.

Îòñþäà â ñèëó (8) ïîëó÷àåì

EW (λ(x, t);x, t) ≤ W (λ(x0, t0);x0, t0),

ò.å. ñëó÷àéíûé ïðîöåññ W (λ(x, t);x, t) ÿâëÿåòñÿ ñóïåðìàðòèíãàëîì. Òîãäà
ïî òåîðåìå Äóáà [16] ñ âåðîÿòíîñòüþ 1 ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim
t→∞

W (λ(x, t);x, t) = Ax0,t0 .

Îòñþäà
V (λ(x, t);x, t) ≤ Ax0,t0 exp{−γt}.

Ó÷èòûâàÿ (6), ïîëó÷àåì

∥λ(xx0,t0(t), t)∥ ≤ Kx0,t0 exp{−γt}.

Ëèòåðàòóðà

1 Ëÿïóíîâ À.Ì. Îáùàÿ çàäà÷à îá óñòîé÷èâîñòè äâèæåíèÿ. � Ì.: Íàóêà, 1950.
� 472 ñ.

2 ×åòàåâ Í.Ã. Óñòîé÷èâîñòü äâèæåíèÿ. � Ì.: Íàóêà, 1965. � 208 ñ.
3 Ìàëêèí È.Ã. Òåîðèÿ óñòîé÷èâîñòè äâèæåíèÿ. � Ì.: Íàóêà, 1966. � 530 ñ.
4 Bertram J.E., Sarachik P.E. Stability of circuits with randomly time-varying

parameters // Proc. of the Int. Conf. on Circuit and Inform. Theory. Los-Angelos.
Calif. IRE transactions. CT-6. � 1959. � P. 260-270.

5 Êàö È.ß., Êðàñîâñêèé Í.Í. Îá óñòîé÷èâîñòè ñèñòåì ñî ñëó÷àéíûìè ïàðà-
ìåòðàìè // ÏÌÌ. � 1960. � Ò. 27, âûï. 5. � Ñ. 809-823.

6 Õàñüìèíñêèé Ð.Ç. Óñòîé÷èâîñòü ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ïðè
ñëó÷àéíûõ âîçìóùåíèÿõ èõ ïàðàìåòðîâ. � Ì.: Íàóêà, 1969. � 368 ñ.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 3



80 Ã.Ê. Âàñèëèíà, Ì.È. Òëåóáåðãåíîâ

7 Samoilenko A.M., Stanzhytskyi O.M. Qualitative and asymptotic analysis of
di�erential equations with random perturbations. � World Scienti�c Publishing Co.
Pte. Ltd. Singapore, 2011. � 312 p.

8 Ñòàíæèöêèé À.Í. Îá óñòîé÷èâîñòè ïî âåðîÿòíîñòè èíâàðèàíòíûõ ìíî-
æåñòâ ñèñòåì ñî ñëó÷àéíûìè âîçìóùåíèÿìè // Íåëiíiéíi êîëèâàííÿ. � 1998. �
1, � 2. � Ñ. 138-142.

9 Ñòàíæèöüêèé Î.Ì. Äîñëiäæåííÿ iíâàðiàíòíèõ ìíîæèí ñòîõàñòè÷íèõ ñè-
ñòåì Iòî çà äîïîìîãîþ ôóíêöié Ëÿïóíîâà // Óêð. ìàòåì. æóðíàë. � 2001. � 53,
� 2. � Ñ. 282-285.

10 Ãàëèóëëèí À.Ñ. Óñòîé÷èâîñòü äâèæåíèÿ. � Ì.: Íàóêà, 1973. � 104 ñ.
11 Òëåóáåðãåíîâ Ì.È. Îá óñòîé÷èâîñòè ïî âåðîÿòíîñòè ïðîãðàììíîãî äâèæå-

íèÿ // Èçâåñòèÿ ÌÎÍ ÐÊ, ÍÀÍ ÐÊ. � 2002. � � 3. � Ñ. 47-53.
12 Ãèõìàí È.È., Äîðîãîâöåâ À.ß. Îá óñòîé÷èâîñòè ðåøåíèé ñòîõàñòè÷åñêèõ

äèôôåðåíöèàëüíûõ óðàâíåíèé // Óêðàèíñêèé ìàòåìàòè÷åñêèé æóðíàë. � 1965.
� Ò. 17, � 6. � Ñ. 3-21.

13 Âàñèëèíà Ã.Ê., Òëåóáåðãåíîâ Ì.È. Î ðåøåíèè çàäà÷è ñòîõàñòè÷åñêîé
óñòîé÷èâîñòè èíòåãðàëüíîãî ìíîãîîáðàçèÿ âòîðûì ìåòîäîì Ëÿïóíîâà // Óêð.
ìàòåì. æóðíàë. � 2016. � Ò. 68, � 1. � Ñ. 14-27.

14 Õàñüìèíñêèé Ð.Ç. Óñòîé÷èâîñòü ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ ïåðåêëþ÷åíèåì ðåæèìà // Ïðîáëåìû ïåðåäà÷è èíôîðìàöèè. � Ì.: Íàóêà,
2012. � Ò. 48, âûï. 3. � Ñ. 70-82.

15 Ãèõìàí È.È., Ñêîðîõîä À.Â. Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå óðàâíå-
íèÿ. � Êèåâ: Íàóêîâà äóìêà, 1968. � 356 ñ.

16 Äóá Äæ.Ë. Âåðîÿòíîñòíûå ïðîöåññû. � Ì.: Èçä-âî èíîñòð. ëèò-ðû, 1956. �
609 ñ.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 05.02.2016

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 3



Îá ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè èíòåãðàëüíîãî ìíîãîîáðàçèÿ ... 81

Âàñèëèíà Ã.Ê., Òiëåóáåðãåíîâ Ì.Û. ÑÒÎÕÀÑÒÈÊÀËÛ� ÄÈÔÔÅ-
ÐÅÍÖÈÀËÄÛ� Æ�ÉÅËÅÐÄI� ÈÍÒÅÃÐÀËÄÛ� Ê�ÏÁÅÉÍÅÑIÍI�
ÝÊÑÏÎÍÅÍÖÈÀËÄÛ ÎÐÍÛ�ÒÛËÛ�Û ÒÓÐÀËÛ

Ëÿïóíîâòû ôóíêöèÿëàð ºäiñiìåí òºóåëñiç àéíûìàëû ³ðäiñòåð êëàñûí-
äà êåçäåéñî© ò³ðòêiëåði áîë¡àíäà ñòîõàñòèêàëû© äèôôåðåíöèàëäû© æ³é-
åëåðäi ýêñïîíåíöèàëäû p-îðíû©òûëû©òû¡ûíû æºíå 1 û©òèìàëäû©òû
ýêñïîíåíöèàëäû îðíû©òûëû©òû¡ûíû æåòêiëiêòi øàðòòàðû àëûíäû.

Vassilina G.K., Tleubergenov M.I. ON EXPONENTIAL STABILITY
OF THE INTEGRAL MANIFOLD OF STOCHASTIC DIFFERENTIAL
SYSTEMS

Su�cient conditions for exponential p-stability and exponential stability
with probability 1 of the integral manifold of stochastic di�erential systems in
the presence of random perturbations in the class of processes with independent
increments are obtained using Lyapunov function method.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 3



Ìàòåìàòè÷åñêèé æóðíàë ISSN 1682�0525

2016. � Òîì 16, � 3. � Ñ. 82�100.
ÓÄÊ 517.95

ÑÏÅÊÒÐÀËÜÍÛÅ È ÃÐÀÍÈ×ÍÛÅ ÑÂÎÉÑÒÂÀ
ÎÁÚÅÌÍÎÃÎ ÏÎÒÅÍÖÈÀËÀ

ÄËß ÓÐÀÂÍÅÍÈß ÃÅËÜÌÃÎËÜÖÀ

Ò.Ø. Êàëüìåíîâ1, À.Ê. Ìàêåí2, Ä. Ñóðàãàí3

1Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
050010, Àëìàòû, óë. Ïóøêèíà, 125, e-mail: 1@math.kz, 2maken@math.kz, 3suragan@list.ru

Àííîòàöèÿ: Â äàííîé ðàáîòå èçó÷àþòñÿ ãðàíè÷íûå ñâîéñòâà è íåêîòîðûå
âîïðîñû ñïåêòðàëüíîé ãåîìåòðèè äëÿ èíòåãðàëüíûõ îïåðàòîðîâ òèïà îáúåìíîãî
ïîòåíöèàëà (îïåðàòîðû ïîòåíöèàëà Áåññåëÿ) íà îòêðûòûõ îãðàíè÷åííûõ îáëàñòÿõ
â åâêëèäîâîì ïðîñòðàíñòâå. Â ÷àñòíîñòè, ðåçóëüòàòû ìîãóò áûòü âåðíû äëÿ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ òèïà Ãåëüìãîëüöà, êîòîðûå ñâÿçàíû ñ íåëîêàëü-
íîé êðàåâîé çàäà÷åé, òàêæå ìû ïîëó÷àåì ñïåêòðàëüíûå (èçîïåðèìåòðè÷åñêèå)
íåðàâåíñòâà äëÿ èõ ñîáñòâåííûõ çíà÷åíèé.

Êëþ÷åâûå ñëîâà: Óðàâíåíèå Ãåëüìãîëüöà, ïîòåíöèàë Áåññåëÿ, p - íîðìà Øàòòå-
íà, íåðàâåíñòâî Ðýëåé-Ôàáåð-Êðàíà.

1. Ââåäåíèå
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∥Bα,Ω∥p ≤ ∥Bα,Ω∗∥p (1)

äëÿ ëþáîé îáëàñòè Ω ñ |Ω| = |Ω∗|. Çäåñü ∥ · ∥p îçíà÷àåò p-íîðìó
Øàòòåíà è | · | � ìåðà Ëåáåãà. Çàìåòèì, ÷òî äëÿ p = ∞ äàííûé
ðåçóëüòàò äàåò ñëó÷àé çíàìåíèòîãî íåðàâåíñòâà Ðýëåé-Ôàáåð-Êðàíà
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• Ïîìèìî ýòîãî, ìû ñòðîèì íîâóþ êîððåêòíóþ êðàåâóþ çàäà÷ó äëÿ
óðàâíåíèÿ ïîëè-Ãåëüìãîëüöà, êîòîðàÿ ñâÿçàíà ñ ïîòåíöèàëîì Áåññå-
ëÿ.

Â L2(Ω) ìû ðàññìàòðèâàåì îïåðàòîðû ïîòåíöèàëîâ Áåññåëÿ

(Bα,Ωf)(x) :=

∫
Ω
εα,d(|x− y|)f(y)dy, f ∈ L2(Ω), 0 < α < d, (2)

ãäå

εα,d(|x− y|) = cα,d
K d−α

2
(|x− y|)

|x− y|
d−α
2

(3)

è cα,d � ïîëîæèòåëüíàÿ êîíñòàíòà

cα,d =
2

2−m−α
2

πd/2Γ(α/2)
.

Çäåñü Kν � ôóíêöèÿ ÌàêÄîíàëüäà (ïðåîáðàçîâàííàÿ ôóíêöèÿ Áåññåëÿ
âòîðîãî ðîäà):

Kν(z) =
π

2 sin υπ
(I−ν(z)− Iν(z)) , ν ̸= 0,±1,±2, ...,

Kn(z) = lim
ν→n

Kν(z), n = 0,±1,±2, ...

è

Iν = Σ∞
k=0

(
z
2

)ν+2k

k!Γ(ν + k + 1)
.

Â ÷àñòíîñòè, äëÿ ÷åòíîãî öåëîãî ÷èñëà α = 2m ñ 0 < m < d/2 ôóíê-
öèÿ ε2m,d(|x|) � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ ïîëè-Ãåëüìãîëüöà
ïîðÿäêà 2m â Rd. Äëÿ Ëàïëàñèàíà â îãðàíè÷åííîé îäíîñâÿçàííîé îáëà-
ñòè Ω ⊂ Rd ñ C1-êóñî÷íî-ãëàäêîé ãðàíèöåé ∂Ω (ñì., íàïð., [1]) ïîòåíöèàë
Íüþòîíà

u(x) =

∫
Ω
ε(|x− y|)f(y)dy (4)

ýêâèâàëåíòåí óðàâíåíèþ

−∆u(x) = f(x), x ∈ Ω, (5)
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ñ íåëîêàëüíûì èíòåãðàëüíûì ãðàíè÷íûì óñëîâèåì

−1

2
u(x)+

∫
∂Ω

∂ε(|x− y|)
∂ny

u(y)dSy−
∫
∂Ω

ε(|x−y|)∂u(y)
∂ny

dSy = 0, x ∈ ∂Ω, (6)

ãäå
∂

∂ny
îáîçíà÷àåò âíåøíþþ íîðìàëüíóþ ïðîèçâîäíóþ â òî÷êå y ∈ ∂Ω.

Â îãðàíè÷åííîé îäíîñâÿçàííîé îáëàñòè Ω ⊂ Rd ñ C1-êóñî÷íî-ãëàäêîé
ãðàíèöåé ∂Ω, êàê àíàëîã ê (5), ìû ðàññìàòðèâàåì óðàâíåíèå ïîëè-
Ãåëüìãîëüöà

Lmu(x) := (I −∆x)
mu(x) = f(x), x ∈ Ω, m ∈ N. (7)

×òîáû ñâÿçàòü (ïîëèãàðìîíè÷åñêèé) îáúåìíûé ïîòåíöèàë (2) (α = 2m è
0 < m < d/2) ñ êðàåâîé çàäà÷åé (7) â Ω, ìû ïîêàæåì, ÷òî äëÿ êàæäîé
ôóíêöèè f ∈ L2(Ω), suppf ⊂ Ω, (ïîëèãàðìîíè÷åñêèé) îáúåìíûé ïîòåíöè-
àë (2) ïðèíàäëåæèò êëàññó H2m(Ω) è äëÿ âñåõ i = 0, 1, . . . ,m − 1 óäîâëå-
òâîðÿåò íåëîêàëüíûì êðàåâûì óñëîâèÿì:

− 1

2
Liu(x) +

m−i−1∑
j=0

∫
∂Ω

∂

∂ny
Lm−i−1−jε2(m−i),d(|x− y|)Lj+iu(y)dSy−

−
m−i−1∑
j=0

∫
∂Ω

Lm−i−1−jε2(m−i),d(|x− y|) ∂

∂ny
Lj+iu(y)dSy = 0, x ∈ ∂Ω. (8)

Îáðàòíî, åñëè ôóíêöèÿ u ∈ H2m(Ω) óäîâëåòâîðÿåò (7) è êðàåâûì óñëîâè-
ÿì (8) äëÿ i = 0, 1, . . . ,m − 1, òîãäà îíà îïðåäåëÿåò (ïîëèãàðìîíè÷åñêèé)
îáúåìíûé ïîòåíöèàë ïî ôîðìóëå (2). Òàêèì îáðàçîì, íàø àíàëèç (ïîëè-

ãàðìîíè÷åñêîãî) îáúåìíîãî ïîòåíöèàëà (2) äàåò ñîîòâåòñòâóþùèé ðåçóëü-
òàò äëÿ êðàåâîé çàäà÷è (7)�(8). Çàìåòèì, ÷òî àíàëîã çàäà÷è (7)�(8) äëÿ
Êîí-Ëàïëàñèàíà è åãî ñòåïåíåé íà ãðóïïå Ãåéçåíáåðãà áûë èññëåäîâàí â
[3] è äëÿ ïîëèãàðìîíè÷åñêîãî ïîòåíöèàëà Íüþòîíà � â [2].

Â íåäàâíèõ ïóáëèêàöèÿõ [4] àíàëîãè÷íûå ðåçóëüòàòû, êàê è óêàçàííûå
âûøå, áûëè ïîëó÷åíû äëÿ ïîòåíöèàëîâ Ðèññà. Ñõîæàÿ çàäà÷à ýêñòðåìó-
ìà äëÿ ëîãàðèôìè÷åñêîãî ïîòåíöèàëà áûëà èññëåäîâàíà â [5]. Îäíàêî, ìû
âåðèì, ÷òî èç çà âàæíîñòè ïîòåíöèàëà Áåññåëÿ ðåçóëüòàòû äîëæíû áûòü
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ïðåäñòàâëåíû îòäåëüíî è, â äîïîëíåíèå, êàê ìû óïîìÿíóëè, ìû òàêæå
äîëæíû èçó÷èòü ñâÿçè ñ êðàåâûìè çàäà÷àìè. Òàêæå çàìåòèì, ÷òî ðåçóëü-
òàòû ìîãóò áûòü ðàñøèðåíû äî áîëåå îáùèõ òèïîâ îïåðàòîðîâ.

Â ðàçäåëå 2 ìû îáñóäèì ñïåêòðàëüíûå ñâîéñòâà îïåðàòîðà ïîòåíöèàëà
Áåññåëÿ è ñôîðìóëèðóåì îñíîâíûå ðåçóëüòàòû ýòîé ñòàòüè. Èõ äîêàçà-
òåëüñòâî áóäåò ïðèâåäåíî â ðàçäåëàõ 3 è 4.

2 Îñíîâíûå ðåçóëüòàòû

2.1. Îïåðàòîð Bα,Ω è åãî ñâîéñòâà. Ðàññìàòðèâàåì ñïåêòðàëüíóþ çàäà÷ó
ïîòåíöèàëîâ Áåññåëÿ

Bα,Ωu =

∫
Ω
εα,d(|x− y|)u(y)dy = λu, u ∈ L2(Ω), (9)

ãäå

εα,d(|x− y|) := cα,d
K d−α

2
(|x− y|)

|x− y|
d−α
2

è 0 < α < d (èíîãäà ìû ìîæåì îïóñòèòü èíäåêñû α, d è Ω â îïèñàíèè
îïåðàòîðà è ÿäðà). Â ñëó÷àå α = 2m ñ îïåðàòîðîì ïîòåíöèàëà Áåññåëÿ ýòî
� òî æå ñàìîå (ñì. Òåîðåìà 4), ÷òî ðàññìàòðèâàòü ñïåêòðàëüíóþ çàäà÷ó
îïåðàòîðà, îòíîñÿùóþñÿ ê êðàåâûì çàäà÷àì (7)�(8), ò.å.

Lmu(x) = λ−1u(x), x ∈ Ω, m ∈ N, (10)

ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè (8).

Õîðîøî èçâåñòíûé òåñò Øóðà ïîêàçûâàåò, ÷òî Bα,Ω îãðàíè÷åí â L2(Ω).
Áîëåå òîãî, íèæå ïîêàæåì, ÷òî ýòîò îïåðàòîð òàêæå êîìïàêòåí â L2(Ω)
è ïðèíàäëåæèò ê íåêîòîðûì êëàññàì Øàòòåíà Sp. Òàê êàê ÿäðî Áåññåëÿ
ñèììåòðè÷íî, îïåðàòîð Bα,Ω ñàìîñîïðÿæåí.

Íàïîìíèì, ÷òî íîðìà â êëàññå Øàòòåíà Sp (p-íîðìà) êîìïàêòíîãî
îïåðàòîðà T îïðåäåëÿåòñÿ êàê

∥T∥p =

 ∞∑
j=1

spj (T )

 1
p

, 1 ≤ p < ∞, (11)
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äëÿ s1 ≥ s2 ≥ ... > 0 ñèíãóëÿðíûõ ÷èñåë T . Äëÿ p = ∞ èìååì

∥T∥∞ := ∥T∥,

ò.å. íîðìó îïåðàòîðà T â L2(Ω). Äëÿ êîìïàêòíûõ ñàìîñîïðÿæåííûõ îïå-
ðàòîðîâ ñèíãóëÿðíûå ÷èñëà ðàâíû ïî ìîäóëþ (îòëè÷íîìó îò íóëÿ) ñîá-
ñòâåííûì çíà÷åíèÿì è ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè îáðàçóþò
ïîëíûé îðòîãîíàëüíûé áàçèñ â L2. Òàêæå, åñëè îïåðàòîð íåîòðèöàòåëåí,
âûðàæåíèå "ïî ìîäóëþ" â ïðåäûäóùåì ïðåäëîæåíèè ìîæåò áûòü óáðàíî.

Ñîáñòâåííûå çíà÷åíèÿ Bα,Ω ìîãóò áûòü ïðîíóìåðîâàíû â óáûâàþùåì
ïîðÿäêå èõ ìîäóëåé:

|λ1| ≥ |λ2| ≥ ... ,

ãäå λj ïîâòîðÿåòñÿ â ïîñëåäîâàòåëüíîñòÿõ ñîãëàñíî åãî ìóëüòèïëèêàòèâíî-
ñòè. Ìû îáîçíà÷àåì ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè ÷åðåç u1, u2, ...
òàê, ÷òî äëÿ êàæäîãî ñîáñòâåííîãî çíà÷åíèÿ λj îäíà è òîëüêî îäíà ñîîò-
âåòñòâóþùàÿ (íîðìèðîâàííàÿ) ñîáñòâåííàÿ ôóíêöèÿ uj çàôèêñèðîâàíà,

Bα,Ωuj = λjuj , j = 1, 2, ....

Ñëåäóþùåå óòâåðæäåíèå ïîêàçûâàåò, ÷òî îïåðàòîð Bα,Ω êîìïàêòíûé.

Ïðåäëîæåíèå 1. Ïóñòü Ω ⊂ Rd ÿâëÿåòñÿ èçìåðèìûì ìíîæåñòâîì ñ êî-

íå÷íîé ìåðîé Ëåáåãà, 0 < α < d. Òîãäà

i) îïåðàòîð Bα,Ω íåîòðèöàòåëüíûé. Ýòî îçíà÷àåò, â ÷àñòíîñòè, ÷òî âñå

ñîáñòâåííûå çíà÷åíèÿ ÿâëÿþòñÿ íåîòðèöàòåëüíûìè,

λj ≡ λj(Bα,Ω) = |λj(Bα,Ω)| = sj ;

ii) äëÿ ñîáñòâåííûõ çíà÷åíèé λj èìååì

λj ≤ C|Ω|ϑj−ϑ,

ãäå ϑ = α/d. (Â ÷àñòíîñòè, ýòî ïîäðàçóìåâàåò êîìïàêòíîñòü îïåðà-

òîðà.)

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

εα′,d∗εα′′,d(|x−y|)≡
∫
Rd

εα′,d(|x−z|)εα′′,d(|z−y|)dz=(2π)dεα′+α′′,d(|x−y|) (12)
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äëÿ 0 < α′, α′′ < α′ + α′′ < d. Äàëåå, îòíîøåíèå |ξ|−(α′+α′′) = |ξ|−α′ |ξ|−α′′

èçâåñòíî èç óòâåðæäåíèÿ, ñêàçàííîãî âûøå, ÷òî εα,d ÿâëÿåòñÿ ïðåîáðàçîâà-
íèåì Ôóðüå |ξ|−α. Ìû îáîçíà÷èì ÷åðåç χΩ õàðàêòåðèñòè÷åñêóþ ôóíêöèþ
ìíîæåñòâà Ω. Ðàññìàòðèâàåì îïåðàòîð

B̃α,Ω : f ∈ L2(Rd) 7→ χΩ(x)

∫
Rd

εα,d(|x−y|)χΩ(x)(y)f(y)dy ∈ L2(Rd). (13)

Ïðè ïðÿìîì ðàçëîæåíèè ñóììû L2(Rd) = L2(Ω)⊕L2(Rd\Ω) îïåðàòîð B̃α,Ω

ïîêàçàí êàê Bα,Ω ⊕ 000, ñëåäîâàòåëüíî, (íåíóëåâûå) ñèíãóëÿðíûå çíà÷åíèÿ
îïåðàòîðîâ B̃α,Ω è Bα,Ω ñîâïàäàþò. Â ñîîòâåòñòâèè ñ (12) îïåðàòîð B̃α,Ω

ìîæåò áûòü ïðåäñòàâëåí êàê (2π)dT ∗T , ãäå T : L2(Rd) → L2(Rd),

T f(x) =

∫
εα/2,d(|x− y|)χΩ(y)f(y)dy. (14)

Âûøåóêàçàííûå îòíîøåíèÿ ïîêàçûâàþò, ÷òî â äåéñòâèòåëüíîñòè îïåðàòîð
B̃α,Ω = T ∗T è îïåðàòîð Bα,Ω ÿâëÿþòñÿ íåîòðèöàòåëüíûìè; ýòî ÿâëÿåòñÿ
äîêàçàòåëüñòâîì ïåðâîãî âûñêàçûâàíèÿ óòâåðæäåíèÿ. Äàëåå, ñîáñòâåííîå
çíà÷åíèå Bα,Ω ðàâíî êâàäðàòó ñèíãóëÿðíûõ ÷èñåë T . Òåïåðü ìû ìîæåì
ïðèìåíèòü îöåíêó Öâèêåëÿ (ñì. [6]) îòíîñèòåëüíî ñèíãóëÿðíûõ ÷èñåë, îöå-
íèâàþùèõ èíòåãðàëüíûå îïåðàòîðû ñ ÿäðîì â ôîðìå h(x − y)g(y). Â íà-
øåì ñëó÷àå h = εα/2,d, g = χΩ ñîîòâåòñâåííî. Îöåíêà Öâèêåëÿ (1) â [6] ñ
p = 2d/α äàåò

sj(T ) ≤ Cj−1/p∥χΩ∥Lp = Cj−α/(2d)|Ω|α/(2d) (15)

ñ îïðåäåëåííûì êîýôôèöèåíòîì C = C(α, d). Îêîí÷àòåëüíî ïîëó÷àåì

sj(Bα,Ω) ≤ Cj−θ|Ω|θ, θ = α/d. (16)

Äîêàçàòåëüñòâî çàâåðøåíî.
Èç ïðåäëîæåíèÿ 1 ñëåäóåò, ÷òî îïåðàòîð Bα,Ω ïðèíàäëåæèò êàæäîìó

êëàññó Øàòòåíà Sp ñ p > p0 = α/d è

∥Bα,Ω∥p =

 ∞∑
j=1

λj(Ω)
p

 1
p

, 1 ≤ p < ∞. (17)
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Äëÿ ïîëîæèòåëüíîãî èíòåãðàëüíîãî îïåðàòîðà K ñî ñëåäîì ñ íåïðå-
ðûâíûì ÿäðîì K(x, y) íà Ω õîðîøî èçâåñòíî, ÷òî Tr(K) =

∫
ΩK(x, x)dx.

Äàííûé ðåçóëüòàò íå ìîæåò áûòü èñïîëüçîâàí â íàøåé áîëåå îáîáùåííîé
ïîñòàíîâêå, òàê êàê ìû íå ìîæåì ðàçðåøèòü íåïðåðûâíîñòü âûøåóêàçàí-
íûõ ÿäåð. Ïîýòîìó òðåáóåòñÿ ïðîâåñòè äîïîëíèòåëüíûé àíàëèç.

Äëÿ îïåðàòîðà K ñ ÿäðîì K(x, y) òî÷íûé êðèòåðèé ïðèíàäëåæíîñòè
ê Sp îòíîñèòåëüíî ÿäðà ñóùåñòâóåò òîëüêî äëÿ p = 2, ò.å. äëÿ îïåðàòîðîâ
Ãèëüáåðòà-Øìèäòà (ñì. òàêæå óñëîâèÿ äëÿ êëàññà Øàòòåíà â óñëîâèÿõ
íåïðåðûâíîñòè ÿäðà â [7]). Òî åñòü, ÷òîáû K ïðèíàäëåæàë S2, íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû

∫∫
Ω×Ω |K(x, y)|2dxdy < ∞, êðîìå òîãî, ∥K∥22 â òî÷íî-

ñòè ðàâåí âûøåóêàçàííîìó èíòåãðàëó è äëÿ êëàññà îïåðàòîðà ñî ñëåäîì
K∗K òîò æå ñàìûé èíòåãðàë ðàâåí åãî ñëåäó. Ìû ðàññìàòðèâàåì íåñêîëü-
êî ñëó÷àåâ èç ýòèõ èçâåñòíûõ ñâîéñòâ.

Âî ïåðâûõ, âñïîìíèì äîñòàòî÷íîå óñëîâèå èíòåãðàëüíîãî îïåðàòîðà
äëÿ òîãî, ÷òîáû îí ïðèíàäëåæàë êëàññó Øàòòåíà Sp ïðè p > 2. Äàííîå
óñëîâèå áûëî èäåíòèôèöèðîâàíî îäíîâðåìåííî íåñêîëüêèìè ìàòåìàòèêà-
ìè íåçàâèñèìî äðóã îò äðóãà; äëÿ íàñ óäîáíåå áóäåò ññûëàòüñÿ íà ñòàòüþ
[8]. Êëàññ Lp,q îïðåäåëÿåòñÿ ôóíêöèÿìè K(x, y), x, y ∈ Ω, òàêèìè, ÷òî

∥K∥Lp,q =
(
(|K(x, y)|pdx)q/p

)1/q
< ∞. Îñíîâíîé ðåçóëüòàò â [8] óòâåðæäà-

åò ñëåäóþùåå.

Òåîðåìà 1. Ïóñòü p > 2, p′ = p/(p − 1) è ïóñòü ÿäðî K ïðèíàäëåæèò

L2(Ω × Ω). Ïðåäïîëîæèì, ÷òî K è ñîïðÿæåííîå ÿäðî K∗(x, y) = K(y, x)
ïðèíàäëåæàò Lp′,p. Òîãäà èíòåãðàëüíûé îïåðàòîð K ñ ÿäðîì K(x, y) ïðè-

íàäëåæèò êëàññó Øàòòåíà Sp. Áîëåå òîãî, ∥K∥p ≤ (∥K∥Lp′,p∥K∗∥Lp′,p)
1
2 .

Íà ñàìîì äåëå ìû íóæäàåìcÿ â ñëåäñòâèÿõ äàííîé òåîðåìû, ðàññìîò-
ðåíûõ â ñòàòüå [9]. Âî ïåðâûõ, ïîêàçàíî, ÷òî óñëîâèåK ∈ L2(Ω×Ω) ëèøíåå
è ìîæåò áûòü ñíÿòî. Îäíàêî, òî, ÷òî íàì äåéñòâèòåëüíî íåîáõîäèìî, ýòî
ñëåäóþùèé ðåçóëüòàò (ñì. òåîðåìó 2.4 â [9]).

Òåîðåìà 2. Ïóñòü ÿäðî K(x, y) óäîâëåòâîðÿåò óñëîâèÿì Òåîðåìû 1 ïðè

íåêîòîðîì p > 2. Òîãäà ïî ýòîé òåîðåìå ïðè íåêîòîðîì öåëîì ÷èñëå s > p
äëÿ îïåðàòîðà Ks, ïðèíàäëåæàùåãî êëàññó îïåðàòîðîâ ñî ñëåäîì, èìååò
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ìåñòî ñëåäóþùàÿ ôîðìóëà:

Tr(Ks) =

∫
Ωs

(
s∏

k=1

K(xk, xk+1)

)
dx1dx2 . . . dxs, xs+1 ≡ x1. (18)

Ïðèìåíèì Òåîðåìó 2 äëÿ ÿäðà K(x, y) = εα,d(|x − y|), x, y ∈ Ω. Ïî-
ñêîëüêó ìåðà Ω êîíå÷íà, ÿäðî K(x, y) ïðèíàäëåæèò Lp′,p(Ω × Ω) äëÿ ëþ-
áûõ çíà÷åíèé p > d

α . Ñëåäîâàòåëüíî, äëÿ ñëåäà îïåðàòîðà Ks ôîðìóëà

(18) ïîäõîäèò è, òàêèì îáðàçîì, äëÿ s > p0 =
d
α ïîëó÷àåì∑

λj(Bα,Ω)
s = Tr(Bs

α,Ω) =

=

∫
Ωs

(
s∏

k=1

K(xk, xk+1)

)
dx1dx2 . . . dxs, xs+1 ≡ x1. (19)

Äëÿ ïðèíàäëåæíîñòè êëàññó Øàòòåíà Sp ñ p < 2, êàê ïðàâèëî, òðåáó-
åòñÿ îïðåäåëåííàÿ ðåãóëÿðíîñòü ÿäðà. Â ðàáîòå [7] áûëî ïîêàçàíî, ÷òî åñëè
èíòåãðàëüíîå ÿäðî K îïåðàòîðà Kf(x) =

∫
ΩK(x, y)f(y)dy óäîâëåòâîðÿåò

óñëîâèþ
K ∈ Hµ(Ω× Ω)

äëÿ ìíîæåñòâà Ω è âåëè÷èíû d, òî

K ∈ Sp(L2(Ω)) for p >
2d

d+ 2µ
.

Â ñëó÷àå ïîòåíöèàëà Áåññåëÿ K(x, y) = εα,d(|x − y|) ìîæåò áûòü ëåãêî
ïðîâåðåíî. Ýòî îáîçíà÷àåò, ÷òî Bα,Ω ∈ Sp(L2(Ω)) äëÿ p > d

α .

Êàê óæå óïîìèíàëîñü ðàíåå, åñëè èíòåãðàëüíîå ÿäðîK(s) îïåðàòîðàKs

ÿâëÿåòñÿ íåïðåðûâíûì, ôîðìóëà Tr(Ks) =
∫
ΩK(s)(x, x)dx ìîæåò íå èìåòü

ìåñòà, íî îíà ìîæåò áûòü çàìåíåíà äðóãîé ôîðìóëîé (18) (ñëåäîâàòåëüíî,
è ôîðìóëîé (19)). Òåì íå ìåíåå, ìîæíî îòìåòèòü äðóãîå âûðàæåíèå äëÿ

ñëåäà, åñëè K̃(s) îáîçíà÷àåò óñðåäíåíèåK(s). Îòíîñèòåëüíî ìàðòèíãàëüíîé
ìàêñèìàëüíîé ôóíêöèè ïîëó÷àåì

Tr(Ks) =

∫
Ω
K̃(s)(x, x)dx,
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ãäå ìû ññûëàåìñÿ íà [7, ðàçäåë 4] äëÿ îïèñàíèÿ K̃(s), åãî ñâîéñòâ è äàëü-
íåéøèõ ññûëîê.

2.2 Ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ. Ñôîðìóëèðóåì îñíîâíûå ðå-
çóëüòàòû äàííîãî ïóíêòà. Çäåñü |Ω| îáîçíà÷àåò ìåðó Ëåáåãà Ω.

Òåîðåìà 3. Ïóñòü Ω∗ � øàð â Rd. Ïóñòü p0 :=
d
α . Òîãäà äëÿ ëþáîãî öåëîãî

÷èñëà p ïðè p0 < p ≤ ∞ ïîëó÷àåì

∥Bα,Ω∥p ≤ ∥Bα,Ω∗∥p (20)

äëÿ ëþáîé îáëàñòè Ω ïðè |Ω| = |Ω∗|.

Ïóñòü Ω ⊂ Rd � îòêðûòàÿ îãðàíè÷åííàÿ îáëàñòü ñ êóñî÷íî-ãëàäêîé
ãðàíèöåé ∂Ω ∈ C1. Äëÿ m ∈ N îáîçíà÷èì

Lm := LLm−1, m = 2, 3, ... ,

ãäå

L = I −∆.

Ðàññìàòðèâàåì óðàâíåíèå

Lmu(x) = f(x), x ∈ Ω, (21)

äëÿ äàííîãî f ∈ L2(Ω) è

u(x) =

∫
Ω
f(y)ε2m(|x− y|)dy (22)

ïðè Ω ⊂ Rd, ãäå ε2m(|x − y|) � ýòî ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà
Lm.

Ïðîñòîé ðàñ÷åò ïîêàçûâàåò, ÷òî îáîáùåííûé îáúåìíûé ïîòåíöèàë (22)
ÿâëÿåòñÿ ðåøåíèåì äëÿ (21) â Ω. Êðîìå òîãî, èçâåñòíî, ÷òî åñëè f ∈
L2(Ω), suppf ⊂ Ω, òî u ∈ H2m(Ω) (ñì., íàïð., [10]). Îäíà èç íàøèõ öåëåé �
ýòî íàéòè òàêîå ãðàíè÷íîå óñëîâèå äëÿ ∂Ω, ïðè êîòîðîì äàííîå óðàâíåíèå
(21) èìååò åäèíñòâåííîå ðåøåíèå â H2m(Ω), ñîâïàäàþùåå ñ (22).
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Òåîðåìà 4. Äëÿ ëþáîãî f ∈ L2(Ω), suppf ⊂ Ω, îáîáùåííûé îáúåì-

íûé ïîòåíöèàë (22) ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ (21) â
H2m(Ω) ∩H2m−1(Ω) ñ m ãðàíè÷íûìè óñëîâèÿìè

− Liu(x)

2
+

m−i−1∑
j=0

∫
∂Ω

Lj+iu(y)
∂

∂ny
Lm−1−jε2m(|x− y|)dSy−

−
m−i−1∑
j=0

∫
∂Ω

Lm−1−jε2m(|x− y|) ∂

∂ny
Lj+iu(y)dy = 0, x ∈ ∂Ω, (23)

äëÿ âñåõ i = 0, 1, ... ,m− 1.

3 Äîêàçàòåëüñòâî Òåîðåìû 3.

Òàê êàê èíòåãðàëüíîå ÿäðî Bα,Ω ÿâëÿåòñÿ ïîëîæèòåëüíûì, ïðèìåíÿåò-
ñÿ äàííîå óòâåðæäåíèå, òàêæå íàçûâàåìîå òåîðåìîé Åíò÷à (ñì. [11]).

Ëåììà 1. Cîáñòâåííîå çíà÷åíèå λ1 îïåðàòîðà Bα,Ω ñ íàèáîëüøèì ìîäó-

ëåì ÿâëÿåòñÿ ïîëîæèòåëüíûì è ïðîñòûì; ñîîòâåòñòâóþùàÿ ñîáñòâåííàÿ

ôóíêöèÿ u1 ÿâëÿåòñÿ ïîëîæèòåëüíîé.

Îáðàòèòå âíèìàíèå, ÷òî ïîëîæèòåëüíîñòü λ1 óæå èçâåñòíà, òàê êàê
îïåðàòîð Bα,Ω íåîòðèöàòåëåí; ÷òî ñåé÷àñ ÿâëÿåòñÿ âàæíûì � ýòî ïîëîæè-
òåëüíîñòü u1. Íàïîìíèì, ÷òî ìû óæå óñòàíîâèëè â Ïðåäëîæåíèÿ 1 ïîëî-
æèòåëüíîñòü âî âñåé îáëàñòè Ω. âñåõ λj(Ω), i = 1, 2, .... Òåïåðü ìû äîêàæåì
ñëåäóþùèé àíàëîã òåîðåìû Ðýëåÿ-Ôàáåðà-Êðàíà äëÿ îïåðàòîðà Bα,Ω (ñì.
[12] äëÿ îáùåãî îáñóæäåíèÿ).

Ëåììà 2. Øàð Ω∗ ÿâëÿåòñÿ ìàêñèìèçàòîðîì ïåðâîãî ñîáñòâåííîãî îïå-

ðàòîðà Bα,Ω ñðåäè âñåõ îáëàñòåé äàííîãî îáúåìà, ò.å.

0 < λ1(Ω) ≤ λ1(Ω
∗)

äëÿ ïðîèçâîëüíîé îáëàñòè Ω ⊂ Rd ïðè |Ω| = |Ω∗|.

Äðóãèìè ñëîâàìè Ëåììà 2 óòâåðæäàåò, ÷òî îïåðàòîðíàÿ íîðìà Bα,Ω

ìàêñèìèçèðóåòñÿ â øàðå ñðåäè âñåõ åâêëèäîâûõ îáëàñòåé äàííîãî îáúåìà.
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Äîêàçàòåëüñòâî Ëåììû 2. Ïóñòü Ω � îãðàíè÷åííîå èçìåðèìîå ìíî-
æåñòâî â Rd. Åãî ñèììåòðè÷íîå ïðåîáðàçîâàíèå Ω∗ � ýòî îòêðûòûé øàð
ñ öåíòðîì â 0 ñ ìåðîé, ðàâíîé ìåðå Ω, ò.å |Ω∗| = |Ω|. Äîïóñòèì, ÷òî u �
ýòî íåîòðèöàòåëüíàÿ èçìåðèìàÿ ôóíêöèÿ â Ω, òàê ÷òî åå ïîëîæèòåëüíûå
óðîâíè-ìíîæåñòâà (level-set) èìåþò êîíå÷íóþ ìåðó. Ñ îïðåäåëåíèåì ñèì-
ìåòðè÷íî óáûâàþùåãî ïðåîáðàçîâàíèÿ u ìû ìîæåì èñïîëüçîâàòü ðàçëî-
æåíèå ôóíêöèè âçàèìîäåéñòâèÿ ìåæäó óðîâíÿìè [13], âûðàæàþùåå íåîò-
ðèöàòåëüíóþ ôóíêöèþ u êàê

u(x) =

∞∫
0

χ{u(x)>t}dt, (24)

ãäå χ � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ñîîòâåòñòâóþùåé îáëàñòè. Ôóíêöèÿ

u∗(x) :=

∞∫
0

χ{u(x)>t}∗dt (25)

íàçûâàåòñÿ (ðàäèàëüíî) ñèììåòðè÷íî óáûâàþùèì ïðåîáðàçîâàíèåì íåîò-
ðèöàòåëüíîãî çíà÷åíèÿ ôóíêöèè u.

Ññûëàÿñü íà íåðàâåíñòâî Ðèññà [13], à òàêæå íà ôàêò, ÷òî âûðàæåíèå
εα(|x− y|) ÿâëÿåòñÿ ñèììåòðè÷íî óáûâàþùåé ôóíêöèåé, èìååì∫

Ω

∫
Ω
u1(y)εα(|y − x|)u1(x)dydx ≤

∫
Ω∗

∫
Ω∗

u∗1(y)εα(|y − x|)u∗1(x)dydx. (26)

Êðîìå òîãî, äëÿ êàæäîé íåîòðèöàòåëüíîé ôóíêöèè u ∈ L2(Ω) èìååì

∥u∥L2(Ω) = ∥u∗∥L2(Ω∗). (27)

Ñëåäîâàòåëüíî, èç (26), (27) è âàðèàöèîííîãî ïðèíöèïà äëÿ λ1(Ω
∗) ïîëó-

÷àåì

λ1(Ω) =

∫
Ω

∫
Ω u1(y)εα(|y − x|)u1(x)dydx∫

Ω |u1(x)|2dx
≤

≤
∫
Ω∗

∫
Ω∗ u

∗
1(y)εα(|y − x|)u∗1(x)dydx∫

Ω∗ |u∗1(x)|2dx
≤
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≤ sup
v∈L2(Ω∗),v ̸=0

∫
Ω∗

∫
Ω∗ v(y)εα(|y − x|)v(x)dydx∫

Ω∗ |v(x)|2dx
= λ1(Ω

∗),

÷òî è ÿâëÿåòñÿ äîêàçàòåëüñòâîì.
Òåïåðü ìû ìîæåì çàâåðøèòü äîêàçàòåëüñòâî Òåîðåìû 3. Äëÿ öåëûõ

çíà÷åíèé p > p0 ïî Òåîðåìå 2 ïîëó÷àåì

∞∑
j=1

λp
j (Ω) =

∫
Ω
...

∫
Ω
εα(|y1−y2|)...εα(|yp−y1|)dy1...dyp, p > p0, p ∈ N. (28)

Èç íåðàâåíñòâà Áðàñêàìïà-Ëèáà-Ëþòòèíãåðà [14] ñëåäóåò, ÷òî∫
Ωp

εα(|y1 − y2|)...εα(|yp − y1|)dy1...dyp ≤∫
Ω∗

... ≤
∫
Ω∗

εα(|y1 − y2|)...εα(|yp − y1|)dy1...dyp, (29)

÷òî äîêàçûâàåò íåðàâåíñòâî

∞∑
j=1

λp
j (Ω) ≤

∞∑
j=1

λp
j (Ω

∗), p ∈ N, p > p0, (30)

äëÿ Ω ⊂ Rd ñ |Ω| = |Ω∗|. Çäåñü ìû èñïîëüçîâàëè óòâåðæäåíèå, ÷òî ÿäðî εα
ÿâëÿåòñÿ ñèììåòðè÷íî óáûâàþùåé ôóíêöèåé â òî÷êå Ω∗ × Ω∗, òî åñòü

ε∗α(|x− y|) = εα(|x− y|), x, y ∈ Ω∗ × Ω∗.

Òåîðåìà äîêàçàíà.

4 Äîêàçàòåëüñòâî Òåîðåìû 4

Ïðèìåíÿÿ âòîðóþ ôîðìóëó Ãðèíà äëÿ êàæäîãî x ∈ Ω, ïîëó÷àåì

u(x) =

∫
Ω
f(y)ε2m(|x− y|)dy =

∫
Ω
Lmu(y)ε2m(|x− y|)dy =

=

∫
Ω
Lm−1u(y)Lε2m(|x− y|)dy −

∫
∂Ω

Lm−1u(y)
∂

∂ny
ε2m(|x− y|)dSy+
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+

∫
∂Ω

ε2m(|x− y|) ∂

∂ny
Lm−1u(y)dSy =

∫
Ω
Lm−2u(y)L2ε2m(|x− y|)dy−

−
∫
∂Ω

Lm−2u(y)
∂

∂ny
Lε2m(|x− y|)dSy +

∫
∂Ω

Lε2m(|x− y|) ∂

∂ny
Lm−2u(y)dSy−

−
∫
∂Ω

Lm−1u(y)
∂

∂ny
ε2m(|x− y|)dSy +

∫
∂Ω

ε2m(|x− y|) ∂

∂ny
Lm−1u(y)dSy = ...

= u(x)−
m−1∑
j=0

∫
∂Ω

Lju(y)
∂

∂ny
Lm−1−jε2m(|x− y|)dSy+

+
m−1∑
j=0

∫
∂Ω

Lm−1−jε2m(|x− y|) ∂

∂ny
Lju(y)dSy, x ∈ Ω,

ãäå
∂

∂y1
+ ...+ nn

∂

∂yn
.

Ýòî âëå÷åò òîæäåñòâî

m−1∑
j=0

∫
∂Ω

Lju(y)
∂

∂ny
Lm−1−jε2m(|x− y|)dSy−

−
m−1∑
j=0

∫
∂Ω

Lm−1−jε2m(|x− y|) ∂

∂ny
Lju(y)dSy = 0, x ∈ Ω. (31)

Èñïîëüçóÿ ñâîéñòâà äâîéíîãî è ïðîñòîãî ñëîåâ ïîòåíöèàëîâ ïðè ïðè-
áëèæåíèè x ê ãðàíèöå ∂Ω ñ âíóòðåííåé ñòîðîíû, èç (31) ïîëó÷àåì

−u(x)

2
+

m−1∑
j=0

∫
Ω
Lju(y)

∂

∂ny
Lm−1−jε2m(|x− y|)dSy−

−
m−1∑
j=0

∫
∂Ω

Lm−1−jε2m(|x− y|) ∂

∂ny
Lju(y)dSy = 0, x ∈ ∂Ω.
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Òàêèì îáðàçîì, äàííîå îòíîøåíèå ÿâëÿåòñÿ îäíèì èç êðàåâûõ óñëîâèé
(22). Óñòàíîâèì îñòàëüíûå ãðàíè÷íûå óñëîâèÿ. Çàïèñûâàåì

Lm−iLiu = f, i = 0, 1, . . . ,m− 1, m = 1, 2, ... , (32)

è âûïîëíÿåì ïîõîæèå ðàññóæäåíèÿ, êàê äåëàëè ðàíåå. Èìååì

Liu(x) =

∫
Ω
f(y)Liε2m(|x− y|)dy =

=

∫
Ω
Lm−iLiu(y)Liε2m(|x− y|)dy =

=

∫
Ω
Lm−i−1Liu(y)LLiε2m(|x− y|)dy−

−
∫
∂Ω

Lm−i−1Liu(y)
∂

∂ny
Liε2m(|x− y|)dSy+

+

∫
∂Ω

Liε2m(|x− y|) ∂

∂ny
Lm−i−1Liu(y)dSy =

=

∫
Ω
Lm−i−2Liu(y)L2Liε2m(|x− y|)dy−

−
∫
∂Ω

Lm−i−2Liu(y)
∂

∂ny
LLiε2m(|x− y|)dSy+

+

∫
∂Ω

LLiε2m(|x− y|) ∂

∂ny
Lm−i−2Liu(y)dSy−

−
∫
∂Ω

Lm−i−1Liu(y)
∂

∂ny
Liε2m(|x− y|)dSy+

+

∫
∂Ω

Liε2m(|x− y|) ∂

∂ny
Lm−i−1Liu(y)dSy =

= ... =

∫
Ω
Liu(y)Lm−iLiε2m(|x− y|)dy−

−
m−i−1∑
j=0

∫
∂Ω

LjLiu(y)
∂

∂ny
Lm−i−1−jLiε2m(|x− y|)dSy+
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+
m−i−1∑
j=0

∫
∂Ω

Lm−i−1−jLiε2m(|x− y|) ∂

∂ny
LjLiu(y)dSy =

= Liu(x)−
m−i−1∑
j=0

∫
∂Ω

Lj+iu(y)
∂

∂ny
Lm−1−jε2m(|x− y|)dSy+

+

m−i−1∑
j=0

∫
∂Ω

Lm−1−jε2m(|x− y|) ∂

∂ny
Lj+iu(y)dSy, x ∈ Ω,

ãäå Liεm ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ (32), ò.å.

Lm−iLiε2m = δ, i = 0, 1, ... ,m− 1.

Èç ïðåäûäóùèõ ñîîòíîøåíèé ïîëó÷àåì òîæäåñòâî

m−i−1∑
j=0

∫
∂Ω

Lj+iu(y)
∂

∂ny
Lm−1−jε2m(|x− y|)dSy−

−
m−i−1∑
j=0

∫
∂Ω

Lm−1−jε2m(|x− y|) ∂

∂ny
Lj+iu(y)dSy = 0

äëÿ ëþáîãî x ∈ Ω è i = 0, 1, . . . ,m − 1. Ïðèìåíÿÿ ñâîéñòâà äâîéíîãî è
ïðîñòîãî ñëîåâ ïîòåíöèàëîâ ïðè ñòðåìëåíèè x ê ãðàíèöå ∂Ω ñ âíóòðåííåé
ñòîðîíû Ω, ìû íàõîäèì, ÷òî

−Liu(x)

2
+

m−i−1∑
j=0

∫
Ω
Lj+iu(y)

∂

∂ny
Lm−1−jε2m(|x− y|)dSy−

−
m−i−1∑
j=0

∫
∂Ω

Lm−1−jε2m(|x− y|) ∂

∂ny
Lj+iu(y)dSy = 0, x ∈ ∂Ω,

ÿâëÿþòñÿ âñåìè ãðàíè÷íûìè óñëîâèÿìè (22) äëÿ êàæäîãî çíà÷åíèÿ i =
0, 1, ...,m− 1.
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Îáðàòíûì îáðàçîì ïîêàæåì, ÷òî åñëè ôóíêöèÿ w ∈ H2m(Ω) ∩
H2m−1(Ω) óäîâëåòâîðÿåò òîæäåñòâó Lmw = f è êðàåâûì óñëîâèÿì (23), òî
ôóíêöèÿ ñîâïàäàåò ñ ðåøåíèåì (22). Â ïðîòèâíîì ñëó÷àå ôóíêöèÿ ðàâíà

v = u− w ∈ H2m(Ω) ∩H2m−1(Ω),

ãäå u � ýòî îáîáùåííûé îáúåìíûé ïîòåíöèàë (22), êîòîðûé óäîâëåòâîðÿåò
îäíîðîäíîìó óðàâíåíèþ

Lmv = 0 (33)

è ãðàíè÷íûì óñëîâèÿì (23), ò.å.

Ii(v)(x) := −Liv(x)

2
+

+

m−i−1∑
j=0

∫
Ω
Lj+iv(y)

∂

∂ny
Lm−1−jε2m(|x− y|)dSy−

−
m−i−1∑
j=0

∫
∂Ω

Lm−1−jε2m(|x−y|) ∂

∂ny
Lj+iv(y)dSy = 0, i = 0, 1, ...,m−1,

äëÿ x ∈ ∂Ω. Èñïîëüçóÿ ôîðìóëó Ãðèíà äëÿ ôóíêöèè v ∈ H2m(Ω) ∩
H2m−1(Ω) è ïðèíèìàÿ âî âíèìàíèå âûøåñòîÿùèé àðãóìåíò, èìååì

0 =

∫
Ω
Lmv(x)Liε2m(|x− y|)dy =

=

∫
Ω
Lm−iLiv(x)Liε2m(|x− y|)dy =

=

∫
Ω
Lm−1v(x)LLiε2m(|x− y|)dy−

−
∫
∂Ω

Lm−1v(x)
∂

∂ny
Liε2m(|x− y|)dSy+

+

∫
∂Ω

Liε2m(|x− y|) ∂

∂ny
Lm−1v(x)dSy = ... =
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= Liv(x)−
m−i−1∑
j=0

∫
∂Ω

Lj+iv(y)
∂

∂ny
Lm−1−jε2m(|x− y|)dSy+

+

m−i−1∑
j=0

∫
∂Ω

Lm−1−jε2m(|x− y|) ∂

∂ny
Lj+iv(y)dSy, i = 0, 1, ...,m− 1.

Èíòåãðèðóÿ, â ïðåäåëå ïðè x → ∂Ω ïîëó÷àåì îòíîøåíèå

Liv(x) |x∈∂Ω= Ii(v)(x) |x∈∂Ω= 0, i = 0, 1, ...,m− 1. (34)

Äîïóñêàÿ ôàêò åäèíñòâåííîñòè ðåøåíèÿ êðàåâîé çàäà÷è

Lmv = 0, (35)

Liv |∂Ω= 0, i = 0, 1, ...,m− 1,

ìû ïîëó÷àåì ÷òî v = u − w ≡ 0 äëÿ âñåõ x ∈ Ω, ò.å. w ñîâïàäàåò ñ u â
Ω. Òàêèì îáðàçîì, (22) ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì êðàåâûõ çàäà÷
(21), (23) â Ω.

Îñòàåòñÿ äîêàçàòü, ÷òî êðàåâàÿ çàäà÷à (35) èìååò åäèíñòâåííîå ðåøå-
íèå â H2m(Ω)∩H2m−1(Ω). Îáîçíà÷àÿ ṽ := Lm−1v, ýòî ñëåäóåò ïî èíäóêöèè
èç åäèíñòâåííîñòè â C2(Ω) ∩ C1(Ω) çàäà÷è

Lṽ = 0, ṽ |∂Ω= 0.

Òåîðåìà 4 äîêàçàíà.
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Êºëìåíîâ Ò.Ø., Ìàêåí À.Ê., Ñ´ðà¡àí Ä. ÃÅËÜÌÃÎËÜÖ ÒÅ�ÄÅ-
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ÒÐÀËÄÛ� �ÀÑÈÅÒÒÅÐI

Á³ë æ´ìûñòà åâêëèä êåiñòiãiíäåãi àøû© øåêòåëãåí îáëûñòàðäà ê°ëåì-
äiê ïîòåíöèàë òåêòåñ èíòåãðàëäû© îïåðàòîðëàð (Áåññåë ïîòåíöèàëûíû
îïåðàòîðëàðû) ³øií øåêàðàëû© ©àñèåòòåð ìåí ñïåêòðàëäû© ãåîìåòðèÿíû-
êåéáið ìºñåëåëåði çåðòòåëåäi. Àòàï àéò©àíäà, íºòèæåëåð áåéëîêàë øåòòiê
åñåïïåí áàéëàíûñòû áîëàòûí ãåëüìãîëüö òåêòåñ äèôôåðåíöèàëäû© îïåðà-
òîðëàð ³øií îðûíäû áîëàäû, î¡àí ©îñà áiç îëàðäû ìåíøiêòi ìºíäåði ³øií
ñïåêòàðëäû© (èçîïåòðèìåòðëiê) òåñiçäiêòåð àëûï îòûðìûç.

Kal'menov T.Sh., Maken A.K., Suragan D. SPECTRAL AND
BOUNDARY PROPERTIES OF THE VOLUME POTENTIAL FOR
THE HELMHOLTZ EQUATION

In this paper we study boundary properties and some questions of
spectral geometry for certain volume potential type operators (Bessel potential
operators) in an open bounded Euclidean domains. In particular, the results
can be valid for Helmholtz type di�erential operators, which are related to
a nonlocal boundary value problem, so we obtain spectral (isoperimetric)
inequalities for its eigenvalues as well.
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íà áîêîâîé ãðàíèöå ïðÿìîóãîëüíèêà òàê, ÷òîáû âûðîæäàþùååñÿ óðàâíåíèå
äèôôóçèè, äîïîëíåííîå ýòèì ãðàíè÷íûì óñëîâèåì, èìåëî åäèíñòâåííîå ðåøåíèå
â îáëàñòè, çàäàííîé òîé æå ôîðìóëîé îáîáùåííîãî òåïëîâîãî ïîòåíöèàëà (ñ
òåì æå ÿäðîì). Ýòî ðàâíîñèëüíî íàõîæäåíèþ ñëåäà îáîáùåííîãî òåïëîâîãî
ïîòåíöèàëà áîêîâîé ãðàíèöû ïðÿìîóãîëüíèêà. Â íàñòîÿùåé ðàáîòå íàéäåíî
ãðàíè÷íîå óñëîâèå äëÿ äàííîãî ïîòåíöèàëà. Íàéäåííîå ãðàíè÷íîå óñëîâèå
äëÿ îáîáùåííîãî òåïëîâîãî ïîòåíöèàëà ïî ïðîñòðàíñòâåííîé ïåðåìåííîé x
ñòàíîâèòñÿ íåëîêàëüíûì êðàåâûì óñëîâèÿì äëÿ âûðîæäàþùåãîñÿ óðàâíåíèÿ
äèôôóçèè.

Êëþ÷åâûå ñëîâà: Âûðîæäàþùååñÿ óðàâíåíèå äèôôóçèè, îáîáùåííûé òåïëîâîé
ïîòåíöèàë, íà÷àëüíî-êðàåâàÿ çàäà÷à, íåëîêàëüíûå êðàåâûå óñëîâèÿ.

1. Ââåäåíèå

Â èíòåðâàëå Ω = (0, 1) ðàññìàòðèâàåì îäíîìåðíûé ïîòåíöèàë â âèäå

u(t) =

∫ 1

0
−1

2
|t− τ |f(τ)dτ, (1)

Keywords: Degenerate di�usion equation, generalized heat potential, initial-boundary

value problems, nonlocal boundary conditions.
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ãäå f � èíòåãðèðóåìàÿ ôóíêöèÿ â (0, 1). Çäåñü ÿäðî îäíîìåðíîãî ïîòåíöèà-
ëà ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèè
âòîðîãî ïîðÿäêà, ò.å.

−∂2
t ε(t− τ) = δ(t− τ), (2)

ãäå ε(t−τ) = −1
2 |t−τ | è δ-äåëüòà "ôóíêöèÿ"Äèðàêà. Ïîýòîìó îäíîìåðíûé

ïîòåíöèàë (1) óäîâëåòâîðÿåò

−∂2
t u(t) = f(t), t ∈ Ω. (3)

Èíòåðåñíûé âîïðîñ, èìåþùèé íåñêîëüêî âàæíûõ ïðèëîæåíèé (â îáùåì):
êàêîå ãðàíè÷íîå óñëîâèå ìîæåò áûòü íàëîæåíî íà u íà ãðàíèöå Ω òàê,
÷òîáû óðàâíåíèå (3), äîïîëíåííîå ýòèì ãðàíè÷íûì óñëîâèåì, èìåëî åäèí-
ñòâåííîå ðåøåíèå â Ω, çàäàííîå òîé æå ôîðìóëîé (1) (ñ òåì æå ÿäðîì ε).
Ýòî ðàâíîñèëüíî íàõîæäåíèþ ñëåäà îäíîìåðíîãî íüþòîíîâñêîãî ïîòåíöè-
àëà (1) ãðàíèöû Ω.

Íåïîñðåäñòâåííûì âû÷èñëåíèåì íàõîäèì

u(t) =

∫ 1

0
−1

2
|t− τ |f(τ)dτ =

∫ 1

0

1

2
|t− τ |∂2

τu(τ)dτ =

=

∫ t

0

1

2
(t− τ)∂2

τu(τ)dτ +

∫ 1

t

1

2
(τ − t)∂2

τu(τ)dτ =

= u(t)− t
u′(0) + u′(1)

2
− −u′(1) + u(0) + u(1)

2
∀t ∈ (0, 1),

ò.å.

t(u′(0) + u′(1)) + (−u′(1) + u(0) + u(1)) = 0 ∀t ∈ (0, 1).

Èç ýòîãî ðàâåíñòâà ïîëó÷àåì ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ:

u′(0) + u′(1) = 0,−u′(1) + u(0) + u(1) = 0. (4)

Ñëåäîâàòåëüíî, åñëè ìû ðåøàåì óðàâíåíèå (3) ñ ãðàíè÷íûìè óñëîâè-
ÿìè (4), òî íàõîäèì åäèíñòâåííîå ðåøåíèå ýòîé êðàåâîé çàäà÷è â ôîðìå
(1). Èòàê, îäíîìåðíûé ïîòåíöèàë (1) ýêâèâàëåíòåí êðàåâîé çàäà÷å (3)-(4).
Âûøåîáîçíà÷åííûé ïðîñòîé ìåòîä íàõîäèò ýêâèâàëåíòíóþ êðàåâóþ çà-
äà÷ó äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ îäíîìåðíûõ
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ïîòåíöèàëîâ. Îäíàêî, ýòà çàäà÷à ñòàíîâèòñÿ ñëîæíîé â ñëó÷àå äèôôåðåí-
öèàëüíûõ óðàâíåíèè â ÷àñòíûõ ïðîèçâîäíûõ. Îñíîâíàÿ öåëü ýòîé ñòàòüè:
íàéòè êðàåâîå óñëîâèå îáîáùåííîãî òåïëîâîãî ïîòåíöèàëà äëÿ âûðîæäà-
þùåãîñÿ óðàâíåíèÿ äèôôóçèè (òåïëîïðîâîäíîñòè).

Ñèñòåìàòè÷åñêîìó íàõîæäåíèþ ãðàíè÷íûõ óñëîâèé íüþòîíîâîãî ïî-
òåíöèàëà, òåïëîâîãî ïîòåíöèàëà è äðóãèõ èíòåãðàëüíûõ ïîòåíöèàëîâ ïî-
ñâÿùåíû ðàáîòû [1]-[9] (ñì. òàêæå [10]-[12]). Êàê ïðàâèëî, ýòè èíòåãðàëü-
íûå îïåðàòîðû ïðåäñòàâèìû êàê ñâåðòêà ôóíäàìåíòàëüíûõ ðåøåíèé ñ çà-
äàííûìè ôóíêöèÿìè. Â òî æå âðåìÿ âñòðå÷àþòñÿ äðóãèå èíòåãðàëüíûå
îïåðàòîðû, êîòîðûå èìåþò áîëåå ñëîæíûé âèä, ÷åì îïåðàòîð òèïà ñâåðò-
êè, è îíè íåîáÿçàòåëüíî èìåþò ãðàíè÷íûå óñëîâèÿ, â òî æå âðåìÿ îñòà-
âàÿñü ðåøåíèÿìè íåêîòîðûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Îáùèé âèä
òàêèõ èíòåãðàëüíûõ îïåðàòîðîâ ÿâëÿåòñÿ êîððåêòíûì ñóæåíèåì íåêîòî-
ðûõ ìàêñèìàëüíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Îïèñàíèå êëàññà òà-
êèõ îïåðàòîðîâ äàíî â íåäàâíåé ðàáîòå Êàëüìåíîâà è Îòåëüáàåâà [13].

2. Îñíîâíîé ðåçóëüòàò è äîêàçàòåëüñòâî

Â öèëèíäðè÷åñêîé îáëàñòè (x, t) ∈ Ω = {x ∈ (0, 1), t ∈ (0, T )} ñ áîêîâîé
ãðàíèöåé S = {x = 0, 1, t ∈ (0, T )} ðàññìîòðèì âûðîæäàþùååñÿ óðàâíåíèå
òåïëîïðîâîäíîñòè

♢au(x, t) :=
∂u

∂t
− a(t)

∂2u

∂x2
= f(x, t). (5)

Çäåñü êîýôôèöèåíò a(t) ÿâëÿåòñÿ íåîòðèöàòåëüíûì è óäîâëåòâîðÿåò óñëî-
âèþ

a1(t) :=

∫ t

0
a(τ)dτ > 0 (6)

äëÿ âñåõ t > 0, ò.å. a(t) ìîæåò çàíóëèòñÿ â èíòåðâàëå. Ôóíäàìåíòàëüíîå
ðåøåíèå óðàâíåíèè (8) èìååò âèä (ñì. [14])

εa(x, t) =
θ(t)

2
√

πa1(t)
e
− |x|2

4a1(t) , (7)
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ãäå θ(t) � ôóíêöèÿ Õåâèñàéäà. Ðàññìàòðèâàåì îáîáùåííûé (îáúåìíûé)
òåïëîâîé ïîòåíöèàë

u(x, t) =

∫ t

0
dτ

∫ 1

0
εa(x− ξ, t− τ)dξ, (8)

ãäå εa(x, t) � ôóíäàìåíòàëüíîå ðåøåíèå (7) çàäà÷è Êîøè äëÿ óðàâíåíèÿ
äèôôóçèè (8), ò.å.

∂εa(x− ξ, t− τ)

∂t
− a(t)

∂2εa(x− ξ, t− τ)

∂x2
= δ(x− ξ, t− τ),

−∂εa(x− ξ, t− τ)

∂τ
− a(τ)

∂2εa(x− ξ, t− τ)

∂ξ2
= δ(x− ξ, t− τ), (9)

ãäå δ(x−ξ, t−τ) � äåëüòà "ôóíêöèÿ" Äèðàêà è lim
τ→t

εa(x−ξ, t−τ) = δ(x−ξ).

Èçâåñòíî, ÷òî (ñì. [16]), åñëè ôóíêöèè a(t) ∈ C
α
2 (0, T ) è f(x, t) ∈

C
α,α

2
x,t (Ω), òî u(x, t) ∈ C

2+α, 1+α
2

x,t (Ω), ãäå 0 < α < 1 è

♢au(x, t) = f(x, t), (x, t) ∈ Ω, (10)

u(x, 0) = 0. (11)

Íèæå íàõîäèì áîêîâûå ãðàíè÷íûå óñëîâèÿ, îïðåäåëÿåìûå îáîáùåííûì
òåïëîâûì ïîòåíöèàëîì (8).

Òåîðåìà 1. Äëÿ ëþáûõ a(t) ∈ C
α
2 (0, T ) è f(x, t) ∈ C

α,α
2

x,t (Ω) îáîáùåííûé
òåïëîâîé ïîòåíöèàë (8) ÿâëÿåòñÿ åäèíñòâåííûì êëàññè÷åñêèì ðåøåíèåì â

ïðîñòðàíñòâå C
2+α, 1+α

2
x,t çàäà÷è (10)�(11) ñ ãðàíè÷íûìè óñëîâèÿìè

Iu(x, t)|x=1 = 0,

Iu(x, t)|x=0 = 0, (12)

ãäå

Iu(x, t) := −u(x, t)a(t)

2
+

∫ t

0

[∂εa(x− ξ, t− τ)

∂ξ
a(τ)u(ξ, τ)−

−εa(x− ξ, t− τ)a(τ)
∂u(ξ, τ)

∂ξ

]∣∣∣∣∣
ξ=1

ξ=0

dτ = 0, (x, t) ∈ S.
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Äîêàçàòåëüñòâî. Òàê êàê (8) � íåñîáñòâåííûé èíòåãðàë, êàê èíòåãðàë
ñ îñîáåííîñòüþ, òî ïîíèìàåì åãî êàê ïðåäåë

u(x, t) = lim
δ→0

uδ(x, t),

ãäå

uδ(x, t) :=

∫ t−δ

0
dτ

∫ 1

0
εa(x− ξ, t− τ)f(ξ, τ)dξ.

Çàìåòèì ñëåäóþùåå:

du(x, t)

dt
=

∂u(x, t)

∂x

∂x

∂t
+

∂u(x, t)

∂t

∂t

∂t
=

∂u(x, t)

∂t
,

du(x, t)

dx
=

∂u(x, t)

∂x

∂x

∂x
+

∂u(x, t)

∂t

∂t

∂x
=

∂u(x, t)

∂x
. (13)

Èç ñâîéñòâ ôóíäàìåíòàëüíîãî ðåøåíèÿ è äåëüòà "ôóíêöèé" Äèðàêà èìå-
åì

0 = lim
δ→0

∫ t−δ

0
dτ

∫ 1

0
0u(ξ, τ)dξ =

= lim
δ→0

∫ t−δ

0
dτ

∫ 1

0
δ(x− ξ, t− τ)u(ξ, τ)dξ =

= lim
δ→0

∫ t−δ

0
dτ

∫ 1

0

(
−∂εa(x− ξ, t− τ)

∂τ
− a(τ)

∂2εa(x− ξ, t− τ)

∂ξ2

)
u(ξ, τ)dξ

è

lim
δ→0

∫ 1

0
εa(x− ξ, δ)u(ξ, t− δ)dξ =

= lim
δ→0

∫ 1

0
δ(x− ξ)u(ξ, t− δ)dξ = u(x, t), x ∈ (0, 1). (14)

Ïðåäïîëàãàÿ, ÷òî u(x, t) ∈ C
2+α,1+α

2
x, t (Ω), ñ ó÷åòîì ñâîéñòâ ôóíäàìåíòàëü-

íîãî ðåøåíèÿ [14], ôîðìóë (10)�(11), (13)�(14) è íåïîñðåäñòâåííûì âû÷èñ-
ëåíèåì äëÿ ëþáîãî (x, t) ∈ (0, 1)× (0, T ) èìååì

u(x, t) =

∫ t

0
dτ

∫ 1

0
εa(x− ξ, t− τ)f(ξ, τ)dξ =
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=

∫ t

0
dτ

∫ 1

0
εa(x− ξ, t− τ)♢au(ξ, τ)dξ =

= lim
δ→0

∫ 1

0
dξ

∫ t−δ

0
εa(x− ξ, t− τ)

∂u(ξ, τ)

∂τ
dτ−

−lim
δ→0

∫ t−δ

0
dτ

∫ 1

0
εa(x− ξ, t− τ)a(τ)

∂2u(ξ, τ)

∂ξ2
dξ =

= lim
δ→0

∫ 1

0
dξ

∫ t−δ

0
εa(x− ξ, t− τ)du(ξ, τ)−

−lim
δ→0

∫ t−δ

0
dτ

∫ 1

0
εa(x− ξ, t− τ)a(τ)duξ(ξ, τ) =

= lim
δ→0

∫ 1

0
[εa(x− ξ, t− τ)u(ξ, τ)]|τ=t−δ

τ=0 dξ−

−lim
δ→0

∫ t−δ

0
dτ

∫ 1

0

∂εa(x− ξ, t− τ)

∂τ
u(ξ, τ)dξ−

−lim
δ→0

∫ t−δ

0
a(τ)[εa(x− ξ, t− τ)

∂u(ξ, τ)

∂ξ
− ∂εa(x− ξ, t− τ)

∂ξ
u(ξ, τ)]|ξ=1

ξ=0dτ−

−lim
δ→0

∫ t−δ

0
[
∂2εa(x− ξ, t− τ)

∂ξ2
a(τ)u(ξ, τ)]dξ =

= lim
δ→0

∫ t−δ

0
dτ

∫ 1

0

(
−∂εa(x− ξ, t− τ)

∂τ
− a(τ)

∂2εa(x− ξ, t− τ)

∂ξ2

)
u(ξ, τ)dξ+

+lim
δ→0

∫ 1

0
εa(x− ξ, δ)u(ξ, t− δ)− εa(x− ξ, t)u(ξ, 0)dξ−

−lim
δ→0

∫ t−δ

0
a(τ)[εa(x− ξ, t− τ)

∂u(ξ, τ)

∂ξ
− ∂εa(x− ξ, t− τ)

∂ξ
u(ξ, τ)]|ξ=1

ξ=0dτ =

= lim
δ→0

∫ 1

0
εa(x− ξ, δ)u(ξ, t− δ)dξ−

−lim
δ→0

∫ t−δ

0
a(τ)[εa(x− ξ, t− τ)

∂u(ξ, τ)

∂ξ
− ∂εa(x− ξ, t− τ)

∂ξ
u(ξ, τ)]|ξ=1

ξ=0dτ =
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= u(x, t)−lim
δ→0

∫ t−δ

0
a(τ)[εa(x−ξ, t−τ)

∂u(ξ, τ)

∂ξ
−∂εa(x− ξ, t− τ)

∂ξ
u(ξ, τ)]|ξ=1

ξ=0dτ.

Ïîëó÷èì, ÷òî

∫ t

0
a(τ)[

∂εa(x− ξ, t− τ)

∂ξ
u(ξ, τ)−εa(x−ξ, t−τ)

∂u(ξ, τ)

∂ξ
]|ξ=1
ξ=0dτ = 0, (x, t) ∈ Ω.

(15)
Âñå èíòåãðàëû â (15) ñõîäÿòñÿ â (x, t) ∈ Ω, íî ïðè ïåðåõîäå ê ïðåäå-

ëó x → 1 − 0 è x → 0 + 0 ñëåäóþùèå èíòåãðàëû ñîîòâåòñòâåííî èìåþò
ñèíãóëÿðíûå îñîáåííîñòè:

∫ t

0
[
∂εa(x− ξ, t− τ)

∂ξ
a(τ)u(ξ, τ)]|ξ=1dτ,

∫ t

0
[
∂εa(x− ξ, t− τ)

∂ξ
a(τ)u(ξ, τ)]|ξ=0dτ.

Òàêèì îáðàçîì, ïåðåéäÿ ê ïðåäåëó ïðè x → 1− 0 è x → 0+0 (ñì. [15]),
ìû ïîëó÷èì áîêîâûå ãðàíè÷íûå óñëîâèÿ

Iu(x, t)|x=1 = 0,

Iu(x, t)|x=0 = 0, (16)

ãäå

Iu(x, t) = −u(x, t)a(t)

2
+

∫ t

0

[∂εa(x− ξ, t− τ)

∂ξ
a(τ)u(ξ, τ)−

−εa(x− ξ, t− τ)a(τ)
∂u(ξ, τ)

∂ξ

]∣∣∣∣∣
ξ=1

ξ=0

dτ = 0, (x, t) ∈ S.

Îáðàòíî, åñëè ðåøåíèå óðàâíåíèÿ ♢au = f , ãäå u(x, t) ∈ C
2+α,1+α

2
x, t , óäî-

âëåòâîðÿåò íà÷àëüíîìó óñëîâèþ (11) è áîêîâîìó ãðàíè÷íîìó óñëîâèþ (12),
òî îíî çàäàåòñÿ ôîðìóëîé (8), ò.å. ïîðîæäàåò îáúåìíûé òåïëîâîé ïîòåíöè-
àë (8). Äåéñòâèòåëüíî, åñëè u1 óäîâëåòâîðÿåò óðàâíåíèþ (10), íà÷àëüíîìó
óñëîâèþ (11) è áîêîâîìó ãðàíè÷íîìó óñëîâèþ (12), òî u1 ≡ u, ãäå u � îáú-
åìíûé òåïëîâîé ïîòåíöèàë (8). Åñëè ýòî íå òàê, òî ôóíêöèÿ ν = u1 − u
óäîâëåòâîðÿåò óðàâíåíèþ

♢aν(x, t) = 0, (17)
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íà÷àëüíîìó óñëîâèþ

ν(x, 0) = 0 (18)

è îäíîðîäíûì óñëîâèÿì

Iν = (x, t)|x=0 = 0, Iν = (x, t)|x=1 = 0. (19)

Ñ äðóãîé ñòîðîíû, èñïîëüçóÿ (17) è (18), êàê è âûøå ìû ïîëó÷àåì ñëåäó-
þùåå:

0 =

∫ t

0

∫ 1

0
εa(x− ξ, t− τ)♢aνdξdτ = ν(x, t) + Iν(x, t) ∀(x, t) ∈ Ω. (20)

Ïåðåõîäÿ ê ïðåäåëó (x, t) → S, ïîëó÷èì ñëåäóþùåå:

ν(0, t) = −Iν(x, t)|x=0 = 0, ν(1, t) = −Iν(x, t)|x=1 = 0.

Òî åñòü ìû óñòàíîâèëè, ÷òî çàäà÷à (17)�(19) ýêâèâàëåíòíà çàäà÷å

♢aν(x, t) = 0, (21)

ν(x, 0) = 0, (22)

ν(1, t) = 0, ν(0, t) = 0 ∀t ∈ (0, T ). (23)

Ðåøåíèåì îäíîðîäíîé ñìåøàííîé çàäà÷è (21)-(23) (ñì. [15]) ÿâëÿåòñÿ
ν(x, t) ≡ 0 ∀(x, t) ∈ (0, 1) × (0, T ), ò. å. ïîëó÷èì ν = u1 − u ≡ 0 è u1 ≡ u.
Òàêèì îáðàçàì, áîêîâîå ãðàíè÷íîå óñëîâèå (12) è íà÷àëüíîå óñëîâèå (11)
äëÿ óðàâíåíèÿ äèôôóçèè (10) ïîðîæäàþò îáúåìíûé òåïëîâîé ïîòåíöèàë
îäíîçíà÷íî. Òåîðåìà 1 äîêàçàíà.
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Ñàäûáåêîâ Ì.À., Îðàëñûí Ã. ÀÇÛÍ�ÀÍ ÄÈÔÔÓÇÈß ÒÅ�ÄÅ-
ÓI �ØIÍ ÆÀËÏÛËÀÍ�ÀÍ ÆÛËÓ ÏÎÒÅÍÖÈÀËÛÍÛ� ØÅÒÒIÊ
ØÀÐÒÛ

Æ´ìûñòà t àéíûìàëûñû áîéûíøà êëàññèêàëû© áàñòàï©û øàðòòû ©à-
íà¡àòòàíäûðàòûí àçûí¡àí äèôôóçèÿ òåäåói ³øií æàëïûëàí¡àí æûëó ïî-
òåíöèàëû ©àðàñòûðûëàäû. �àðàñòûðûëó îáëûñû � òiêò°ðòá´ðûø áîëûï
îòûð. Áiðíåøå ìàûçäû ©îñûìøàëàðû (æàëïû ò³ðäå) ©ûçû©òû ñ´ðà©:
æàëïûëàí¡àí æûëó ïîòåíöèàëûíà òiêò°ðòá´ðûøòû á³éið øåêàðàñûíäà
©àíäàé øåêàðàëû© øàðò ©îé¡àíäà àçûí¡àí äèôôóçèÿ òåäåói îñû øåêà-
ðàëû© øàðòïåí òîëû©òûðûëà îòûðûï, ñîë æàëïûëàí¡àí æûëó ïîòåíöèà-
ëûíû (°çåêïåí) ôîðìóëàñûìåí áåðiëãåí îáëûñòà æàë¡ûç øåøiìi áîëàäû?
Á´ë òiêò°ðòá´ðûøòû á³éið øåêàðàñûíû æàëïûëàí¡àí æûëó ïîòåíöè-
àëûíû içií òàáóìåí ïàðà-ïàð áîëàäû. Îñû æ´ìûñòà áåðiëãåí ïîòåíöèàë
³øií øåêàðàëû© øàðò òàáûë¡àí. Æàëïûëàí¡àí æûëó ïîòåíöèàëû ³øií x
êåiñòiê àéíûìàëûñû áîéûíøà òàáûë¡àí øåêàðàëû© øàðò àçûí¡àí äèô-
ôóçèÿ òåäåói ³øií áåéëîêàë øåòòiê øàðò©à àéíàëàäû.

Sadybekov M.A., Oralsyn G. BOUNDARY CONDITION FOR
A GENERALIZED HEAT POTENTIAL OF THE DEGENERATE
DIFFUSION EQUATION

This work deals with a generalized heat potential for the degenerate
di�usion equation, which satis�es the classical initial condition with respect
to the variable t. Viewing area is rectangle. An interesting question having
several important applications (in general) is what boundary condition can be
put on the generalized heat potential on the boundary of the rectangle so that
the degenerate di�usion equation complemented by this boundary condition
would have a unique solution in the domain still given by the same formula of
the generalized heat potential (with the same kernel). This amounts to �nding
the trace of the generalized heat potential to the boundary of the rectangle.
That is in this work a boundary condition for this potential is found. Obtained
boundary condition in the spatial variable x is a nonlocal boundary condition.
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1. Introduction

Along with classical boundary value and initial-boundary value problems
many scientists have recently become interested in problems of mathematical
physics with non-local (non-classical) additional conditions. The theory of
non-local boundary value problems is important in itself as a branch of
the general theory of boundary value problems for equations in partial
derivatives and as a branch of mathematics which has numerous applications in
mechanics, physics, biology and other natural scienti�c disciplines. A problem
is considered to be a non-local boundary value problem when instead of
giving solution values or its derivatives on a �xed part of the boundary
there is given a relation of these values with values of the same functions on
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the other interior or boundary manifolds. These problems include boundary
value problems with conditions of periodicity type, with Bitsadze-Samarskiy
conditions, with conditions of integral type and also the problems with
multipoint boundary conditions of general type and etc. The relevance of
studying these problems is caused by the existence of a number of physical
applications in electrostatics, electrodynamics, the theory of elasticity, plasma
physics, multilayer optics, etc. The construction and researching of numerical
methods for solving problems with non-local additional terms and conditions
are not less relevant. It should be noted that there are no universal researching
methods both for di�erential problems with non-classical conditions and for
di�erence schemes approximating them. There are principal di�culties for
using traditional methods such as the potential method, the method of variable
separation, the extremum principle and the method of energetic inequalities.
This property of the non-local problems is related �rstly to the great freedom
of choice and the existing extreme variety of additional conditions. Therefore
the scientists have chosen to focus on studying some individual classes of
the non-local problems of mathematical physics and corresponding �nite-
di�erence schemes. Examples of the non-local boundary value problems for
the evolutional equations turned out to be more demonstrative, particularly
for a one-dimensional heat equation. The �rst natural generalization of classical
formulations for the one-dimensional in space initial-boundary value problems
is a class of problems with two-pointed boundary conditions. One of the �rst
such problems, known as the Samarskiy-Ionkin problem, describing the process
of particle di�usion was investigated in 70-th of the twentieth century. The
problems of non-local type have been repeatedly studied earlier. The main
principal property of these problems is their non-selfadjointness. It causes the
main di�culties in their analytical and numerical solutions. Assuming strong
singularity of boundary conditions of the problem, the well-posedness of its
formulation can be proved by Fourier method of variables separation. The
problems, boundary conditions of which do not have the property of strong
regularity, are less studied. In our previous works we have suggested one way
of the solution for such type of the problems. We have shown that a wide
range of such problems can be equivalently reduced to a sequential solution
of two problems with strong regular boundary conditions of Sturm type. We
have considered the question of existence of the regular and strong solution
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of a di�erential problem, its uniqueness and stability of initial data in various
metrics.

2. Methods for describing the structure of solid polydisperse

materials

The structure of a porous body is related to its nature, origin and also,
mostly with methods of its processing. Unlike metal ores, plant bodies have a
characteristic cellular structure [1].

1. A porous body is formed by an aggregate (conglomerate) of smaller
particles due to connections in places of contact of these particles. For example,
such structure can be arranged in the pressing of pieces of a material from one
and the same substance.

2. The porosity may be due to the removal of material from the structure of
another substance. This porosity is characteristic in obtaining oil by pressing
method.

3. The structure of a porous body can be created during the drying process.
For example, granular materials, some metallic ores have such structure.

Construction of pairs largely de�nes the mechanism of extracting and the
speed of its extracting. In practice, physical-chemical characteristics (porosity
and speci�c surface) are of great importance for describing the structure of solid
polydisperse materials. For a solid plant material the skeleton of the porous
body signi�cantly in�uences on di�usion transfer of the substance, particularly
on the extraction process. The structure of porous media di�ers by manifold
of geometric forms and sizes of elements of particles, therefore researchers
accept this or another model of the porous body with some simpli�cations and
assumptions. In this case modi�cations of kinetic coe�cients are also taken
into account with the help of correction coe�cients.

The speci�c pore surface signi�cantly determines interfacial chemical
interaction between the phases which sometimes accompanies the extraction
process. In analyzing the structure of solid polydisperse materials the
researchers distinguish the following main types of porous bodies [2].

1. Isotropic porous bodies.

Plant raw materials can be considered to be isotropic if conditions δ ≤ l
hold, where l is a characteristic linear size of the porous body, meter; δ is a
size of a primary particle, meter. For the isotropic bodies a coe�cient of mass
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conductivity remains constant for all directions.

2. Anisotropic porous bodies with regular structure.

Mass transfer characteristics of such bodies are constant with respect to
this direction and change while moving to another direction. For example,
constructing series of plant materials have a system of capillaries. The di�usion
conductivity to the direction of these capillaries is much higher than to other
directions. Components of a vector of �ow density can be represented in the
following form:

Ji = −Dmik
∂C

∂xk
, i = 1, 2, 3; k = 1, 2, 3,

where Dmik forms a tensor of the second rank; C is concentration of the
substance; Ji are the components of a vector of �ow density.

2. Anisotropic porous bodies with irregular structure.

Microvolumes for liquids (extragents) are distributed by volumes and forms
in these bodies. The concentration of the substance is distributed in each of
these elements. Values of the concentration can be calculated by a di�usion
equation:

∂C

∂t
= D

∂2C

∂x2
. (1)

If an extracted substance (target component) is in the solid form in the
polydisperse material, then this fact implies slowing down e�ect because there
may be various variants of distribution of the solid substance by the volume
of the particle. In the process of extracting, solid soluble contaminants slowly
decrease and the porosity of the body increases. Also the researchers note
that during the extraction process the primary isotropicity turns into the
anisotropicity due to the uneven distribution of the porosity by the volume
of the particle.

The basic element of the structure of plant tissue is a cell. From the available
work reviews one can conclude that the basis of shells of plant cells is cellulose,
i.e. a polymer with linear macromolecules. The basic structure elements of the
cellulose are groups of macromolecules connected with each other. The sizes of
pores forming the shell of a cell are represented in existing works: 1) narrow
pores with a size of about 10 nm; 2) large pores with a size of about 100 nm.
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3. Brief review of results of researches on the theory and

practice of extraction from solid polydisperse plant materials

The present condition of researches on the extraction is completely
determined by successes in the �eld of de�ning physical-chemical peculiarities
of hydrodynamics and mass transfer, advancements in the �eld of mathematical
modeling, numerical experiment on de�ning optimal technological and
constructive parameters. It is necessary to note that the application of the
classical thesis, that the mass transfer in porous particles is solely carried out by
the result of molecular di�usion, has predetermined the direction of traditional
methods of process intensi�cation: accelerating of raw impregnation by an
extractant, optimum grinding of raw materials, an increase in temperature,
optimal selection of extractants and others [1].

Alongside with these processes hydrodynamic methods of the intensi�cation
process have spread: vortex extraction, extraction in vacuum boiling regime
of the extractant, application of mechanical vibrations of the suspension,
imposition on the suspension of ultrasound, pulsation of pressure, wringing of
the �brous porous material. These e�ects can not be explained by provisions
of the di�usion theory of extraction since a convective constituent of the
extraction explicitly exists. Thus some researchers propose the same di�usion
models in modeling of extraction kinetics by changing coe�cients of the
molecular di�usion onto coe�cients of an e�ective di�usion in the models.
In some works they propose that the extraction mechanism of a target
component from particles of �brous porous materials in apparatuses with
intensive hydrodynamic mode is di�erent. The convective mass transfer takes
place in large pores. Simultaneously the molecular-di�usion mass transfer
takes place in small pores. The volume of micropores exceeds the volume of
macropores, therefore, as a limiting stage of mass transfer we can consider
the di�usion in the micropores. In literature such approach is called di�usion-
convective, a new scienti�c direction, that is, the di�usion-convective extraction
(DCE) of a target component from �brous porous materials, has appeared.
Fundamentals of the theory of DCE are developed, parameters of mathematical
models with peculiarities and the intensity of the hydrodynamic e�ects on raw
materials are researched, energetic approach to description of kinetics of DCE
is developed [2].

For e�ective conducting of di�usion process we need apparatuses allowing
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providing optimal values of the following hydrodynamic mass transfer and
physical-chemical parameters.

1. Surface of phase division. This value depends on a degree of raw material
shredding and the value will be large if its particles are small. However the
excessive thin shredding leads to the compaction of particles, as a result the
extractant will not practically pass through these conglomerates. We should
also take into account that in this case a large amount of weighed small particles
will pass into the extractant and the removal of these particles requires an
additional processing. In well-known works there are given recommendations
on sizes of the particles: leaves, �owers, grasses should be shredded to 3-5 mm;
stems, roots, bark should be shredded to 1-3 mm; fruits and seeds should be
shredded to 0,3-0,5 mm.

2. The di�erence in concentration of the target component in the raw
material and the extractant is a driving force of the extraction process (though,
it will be more exact to consider the di�erence of chemical potentials as this
force but we also accept such assertion by virtue of the existing approaches
and concentration calculation). In practice to provide the maximum passing of
concentrations, they use, in particular, a countercurrent process.

4. Methods of mathematical modeling and calculating the

process of extraction from solid plant material

The concentration of a target component in all points of the researched
domain of a solid body is a main characteristic value in the process of
extracting. This value in the general form is a function of time and spatial
coordinates: C = f(x, y, z, t), where x, y, z, t are point coordinates of the
solid body; t is time. The function C quite accurately describes the extraction
process and is a solution of the di�erential equation of the molecular di�usion
(in absence of mixing):

∂C

∂t
= D

(∂2C
∂ξ2

+
Γ

ξ
· ∂C
∂ξ

)
, (2)

where ξ is a generalized coordinate; Γ is a constant form of the coordinate
system; D is a coe�cient of the di�usion, m2/s.

We can obtain di�erent forms of di�usion equations for values Γ = 0, 1, 2,
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respectively. For example, in Cartesian coordinates

∂C

∂t
= D

(
∂2C

∂x2
+
∂2C

∂y2
+
∂2C

∂z2

)
.

In a moving liquid (while mixing) it is necessary to take into account the
convective di�usion. In an abbreviated formula an equation of the convective
di�usion has the following form:

∂C

∂t
+ (vgrad)C = D∇2C,

where v is a speed vector, components of this vector by directions x, y, z have
values vx, vy, vz; ∇2 = ∂2

∂x2 + ∂2

∂y2
+ ∂2

∂z2
is a Laplace operator;

vgrad = vx
∂

∂x
+ vy

∂

∂y
+ vz

∂

∂z
.

The di�usion coe�cient DC characterizes its physical-chemical property of
di�using of another substance in an environment, subject to certain conditions.
The following formulas have obtained the widest usage for the extraction
calculation.

1. Formula of Einstein

DC =
RT

N
· 1

ησ
, (3)

where R is a gas constant; T is temperature, K; N is an Avogadro's number;
η is a �uid viscosity; σ = 6πr ; r is radius of the di�using molecules.

However, applying of equation (3) is limited by the di�usion of large
spherical molecules in extractants with a low molecular mass. Therefore it
is necessary to check the ful�llment of these conditions under calculating DC

by the equation.
By formula (3) it is also true that under temperature increasing, the

di�usion coe�cient is also increasing. This circumstance has been used in many
processes and apparatuses for extraction. Formula (3) has become a basis for
many more exact relations in spite of its limitation by strict conditions.

2. Formula of Vilk, Cheng and Scheibel:

DC =
KT

µ2V
1/3
1
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is used for non-aqueous extractants of small concentration, where K = 8.2 ·
10−8

(
1 + 3V2

V1

)2/3
; µ2 is an extractant viscosity; V1, V2 are molar volumes of

the extract and the extractant.
3. Formula of Hartley and Crank. Applying the formula for a chemical

potential instead of a concentration gradient

j = −Lµ gradµ, (4)

we obtain
∂µ

∂t
= aµ

∂2µ

∂x2
, (5)

where j is a density of the di�usion �ux, k2/m2 · s ; µ is a chemical potential;

Lµ is a mass transfer coe�cient; aµ =
Lµ

ρ ∂C
∂µ

; C is a concentration of a target

component (per unit mass).
Despite the high precision, formulas (4) and (5) are not widely used

because the main parameter (concentration) is de�ned during solving equations
of molecular di�usion. A signi�cant di�erence between the mass transfer
coe�cientDM and the di�usion coe�cient exists under conditions of substance
transfer (a target component) in porous environments of plant origin. For the
�rst approximation we consider that all pores of the solid polydisperse raw
material have a cylindrical form and are parallel to each other. The di�erential
equation retains its canonic form

∂C

∂t
= D

∂2C

∂x2

for the whole porous body and the law of Fick has the following form:

j = −mρD grad C, (6)

where mρ is an extractant concentration expressed in moles.
Comparing formula (6) with the law of Fick for density of the di�usion

�ow, we get the relation
DM = mρD.

Thus, apart from increasing di�usion coe�cient it is necessary to apply
the processes and apparatuses in increasing m for increasing of the mass
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transfer coe�cient. The di�erential equation (2) in one-dimensional case in
Cartesian coordinates has been applied in inner domain of capillaries of the
porous environment and the equation:

∂C

∂t
= D

∂2C

∂x2
· sin2 φ

has been obtained, where sinφ = x/l; l is a distance in the direction of the
axis of the capillary.

If l/x = α is a lengthening coe�cient of the capillary convolutions of pores,
then a correcting multiplier has the form 1/α2. A value of the lengthening
coe�cient is experimentally found by electrical resistance of the unit volume
of layer of plant material:

α = 1 + 0.274(1−mp).

A di�erential equation of the form (2) can have a countless number of
solutions, because, for example, if C = C(x, y, z, t) is a solution of this equation,
then a function C(x, y, z, t)+ const is also its solution. Therefore it is necessary
to set initial and boundary conditions for the uniqueness of the solution.

An initial condition for concentration of the target component has the
following form :

C(x, y, z, t)|t=0 = C0,

where C0 is a concentration of the target component in pores at the beginning
of the extraction process. Usually the value of C0 is equal at all points of the
pores and does not depend on x, y, z.

Boundary condition of the �rst kind. A concentration value on the surface
of the pores is set:

C(x, y, z, t)s = C1.

In some problems the boundary condition has another form:

−DM

(
∂C

∂η

)
s

= k(Cs − C1),

where η is a distance along the normal to the surface of porous particles; k is a
mass transfer coe�cient; Cs is a concentration value on the surface; an index
S means "a surface".
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The value of the mass transfer coe�cient depends on the hydrodynamic
regime of the extraction, i.e. on the regime of �ow around of particles by the
extractant.

Numerical and approximate-analytical methods are more e�ective in
view of nonlinearity of di�erential equations for realization of mathematical
models of di�usion mass transfer. The assumptions allowing simplifying the
numerical analysis and the comparison of calculated and experimental data
are additionally applied.

In literature there is a great number of works on mathematical modeling
of the impregnating process of the pores of the solid material by a liquid. In
one way or another, the simpli�cation (assumption) that the pores have equal
structural elements of various classes by sizes, is used in these works [3].

In this paper we consider a case when macropores of particles are initially
�lled by a clean solvent, and micropores are �lled by an extracted component.
The extracted component di�uses from a micropore into a macropore, and
then from the macropore to an external volume of the extractant during the
extraction process. Further we take the following notations [2]:

ψa = Ca/C0, ψi = Ci/C0 are concentrations of a liquid phase in macro-and
micropores in dimensionless form, respectively;

θ = q/Q is a concentration of an adsorbed phase;
ζ = z/La, ω = y/Li are spatial coordinates in macro-and micropores,

respectively;
τ = t/τdi; τdi = L2

i /Di are coordinates of time;
σ = 2 · n · π · r2i · (Li/ra); γ = τda/τdi; τda = L2

a/Da; Γ = Q0/C0 are
parameters.

Taking into account these dimensionless variables, model equations have
the form: a mass balance for a macropore

∂2ψa

∂ζ2
+ σ · γ · ∂ψ1

∂ω

∣∣∣
ω=0

= γ · ∂ψa

∂τ
(7)

with initial and boundary conditions:

τ = 0 ψa = 0; ζ = 0 ψa = 1; ζ = 1 dψa/dζ = 0; (8)

a mass balance for a micropore

∂2ψ1

∂ω2 = (1 + Ã)
∂ψ1

∂τ
(9)
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with initial and boundary conditions:

τ = 0 ψ1 = 1; ω = 0 ψ1 = 0; ω = 1 dψ1/dω = 0. (10)

Problem (7)�(10) is "direct" , i.e., it is necessary to �nd concentrations
of the liquid phase in the macro-and micropores under the known coe�cients
σ, γ, Ã under the initial and boundary conditions (8), (10).

One can put "an inverse problem" : how to arrange the extraction
process (i.e., to set the technology of the extract extraction, or concentration
distribution of time) to obtain the desired values of the coe�cients σ, γ, Ã.

Let two of three coe�cients be known as in the direct problem. More
interesting case is that when γ, Ã, are known, it is necessary to �nd σ =
2 ·n · π · r2i · (Li/ra) , i.e., a relation of radiuses of micro-and macropores. Here
we need to apply the method of solving the inverse problems.

The mathematical modeling based on the aforementioned inverse problems
are well enough researched in the following cases: an unknown right-hand
part; an unknown coe�cient q(x); an unknown coe�cient ρ(x); an unknown
coe�cient q(x) and an unknown right-hand part; unknown coe�cients ρ(x)
and q(x); an unknown coe�cient p(x).

We should also note recent works where the well-posedness of inverse
problems for a wide class of evolutional di�erential-functional equations is
proved by a modi�ed method of minimizing a functional. In particular, problem
of controlling by a laser heat source is solved.

However, in all mentioned works the problem has been solved for the
case of such boundary conditions under which the basis property of the
system of root vectors of the corresponding spectral problem arising in the
method of separation of variables holds [4], [5]. In the present paper we
propose to consider the mentioned problems under the not strengthened regular
boundary conditions by a spatial variable. And the consideration may be held
independently of the basis property of the root vectors of the corresponding
spectral problem [6]�[8].

5. Conclusion

The theoretical mathematical science has deep enough advanced in solving
inverse problems for di�usion processes. And besides, as a rule, the problems
are researched under simplest selfadjoint boundary conditions by a spatial
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variable. Unlike the mentioned works we propose to consider the problems with
more general boundary conditions by a spatial variable. The selfadjointness of
the boundary conditions is not assumed, only requirement of their regularity
by Birkho� [4] is su�cient. The inverse problems researched by us are directly
obtained from mathematical models of technological processes.

Namely, such problems were considered in works of the authors [9]�[14]. The
work [15] can be also successfully used for modeling. Issues of constructing of
theoretical adequate models for a wide class of problems related to restoring
unknown parameters, and /or to �nding a suitable control for processes, which
are described by a di�usion equation with non-local conditions by a spatial
variable, are substantiated on the basis of theoretical results obtained in this
works. Also, non-local boundary conditions of a new type of works [16]�[21]
may be proposed for the mathematical modeling. This will be the subject of
our further research.
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Áåñáàåâ Ã., Îðàçîâ È. ÄÈÔÔÓÇÈß ÒÅÎÐÈßÑÛÍÄÀ�Û ØÅÒÒ/ÈÊ
ØÀÐÒÒÀÐÛ ÁÀÐ ÊÅÐI ÅÑÅÏÒÅÐ

Á´ë æ´ìûñòà áiç ©àòòû ïîëèäèñïåðñòi ©óûñòû ìàòåðèàëäàðäû ìà©-
ñàòòû ïîëèêîìïîíåíòòi á°ëøåêòåðäi ©´ðûëûñûíû ©óûñòûëû¡ûí åñêå-
ðå îòûðûï, ºði ôðàêöèÿëàðäû ìåêåíäåó óà©ûòûíû ýêñòðàãåíòòåãi á°ë-
øåêòåð °ëøåìiìåí áàéëàíûñûí åñåïêå àëà îòûðûï, ýêñòðàêöèÿ ïðîöå-
ñòåðiíi ìàòåìàòèêàëû© ìîäåëäåðií ò´ð¡ûçó ìºñåëåëåðií êåiñòiêòiê àé-
íûìàëû áîéûíøà øåêàðàëû© øàðòòàðäû ºðàëóàí í´ñ©àëàðû ³øií äèô-
ôóçèÿ êîýôôèöèåíòòåðií ©àëïûíà êåëòiðóäi êåði åñåïòåði íåãiçiíäå ©à-
ðàñòûðàìûç.

Áåñáàåâ Ã., Îðàçîâ È. ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È Ñ ÍÅËÎÊÀËÜÍÛÌÈ
ÊÐÀÅÂÛÌÈ ÓÑËÎÂÈßÌÈ Â ÒÅÎÐÈÈ ÄÈÔÔÓÇÈÈ

Â ýòîé ðàáîòå ìû ðàññìàòðèâàåì âîïðîñû ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ
ìîäåëåé ïðîöåññîâ ýêñòðàêöèè öåëåâîé êîìïîíåíòû èç òâåðäûõ ïîëèäèñ-
ïåðñíûõ ïîðèñòûõ ìàòåðèàëîâ ñ ó÷åòîì ïîðèñòîñòè ñòðóêòóðû ÷àñòèö,
ïðèíèìàÿ âî âíèìàíèå ñâÿçü âðåìåíè ïðåáûâàíèÿ ôðàêöèé ñ ðàçìåðîì
÷àñòèö â ýêñòðàãåíòå, íà îñíîâå îáðàòíûõ çàäà÷ âîññòàíîâëåíèÿ êîýôôè-
öèåíòîâ äèôôóçèè ïðè ðàçëè÷íûõ âàðèàíòàõ ãðàíè÷íûõ óñëîâèé ïî ïðî-
ñòðàíñòâåííîé ïåðåìåííîé.
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1. Introduction

Spectral theory of non-self-adjoint boundary value problems for ordinary
di�erential equations on a �nite interval goes back to the classical works
of Birkho� [1] and Tamarkin [2]. They introduced the concept of regular
boundary conditions and investigated asymptotic behavior of eigenvalues and
eigenfunctions of such problems. In their works Malamud and Oridoroga [3], [4]
proved completeness of eigenfunctions and associated functions for a wide class
of boundary value problems which includes regular boundary conditions. In
space L2(0, 1) we consider an operator L0, generated by the following ordinary
di�erential expression:

L0(u) ≡ −u′′(x) + q(x)u(x), q(x) ∈ C[0, 1], 0 < x < 1, (1)
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and the boundary value conditions of the form

Uj(u) = aj1u
′(0) + aj2u

′(1) + aj3u(0) + aj4u(1) = 0, j = 1, 2. (2)

When the boundary conditions (2) are strongly regular, the results by
Dunford [5], [6], Mikhailov [7] and Kesel'man [8] provide the Riesz basis
property in L2(0, 1) of the eigenfunctions and associated functions (E and
AF ) system of the problem. In the case when the boundary conditions are
regular but not strongly regular, the question on basis property of E and AF
system is not yet completely resolved. We introduce the matrix of coe�cients
of the boundary conditions (2):

A =

(
a11 a12 a13 a14
a21 a22 a23 a24

)
.

By A(ij) we denote the matrix composed of the i-th and j-th columns of
the matrix A, Aij = detA(ij). Let the boundary conditions (2) be regular but
not strongly regular. According to [9, p. 73], if the following conditions hold:

A12 = 0, A14 +A23 ̸= 0, A14 +A23 = ∓(A13 +A24), (3)

then the boundary conditions (2) are regular, but not strongly regular
boundary conditions.

Makin [10] suggested dividing all regular, but not strongly regular,
boundary conditions into four types:

I A14 = A23, A34 = 0;

II A14 = A23, A34 ̸= 0;

III A14 ̸= A23, A34 = 0;

IV A14 ̸= A23, A34 ̸= 0.

For example, periodical or antiperiodical boundary conditions form the type I,
and can be determined in the following form:

A14 = A23, A34 = 0,

That is, a11 = −a12,a13 = a14 = a21 = a22 = 0 and a23 = −a24.
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These conditions will be equivalent to matrix A, where the following two
options are possible:

A =

(
1 −1 0 0
0 0 1 −1

)
are periodical or

A =

(
1 1 0 0
0 0 1 1

)
are antiperiodical, and the same boundary conditions with �the lowest
coe�cients" form the type II. The boundary value conditions de�ned as A14 ̸=
A23, A34 = 0 form the type III. These conditions are always equivalent to
boundary conditions given by the matrix A:

A =

(
1 −1 0 0
0 0 1 0

)
.

This case will be the aim of our research in this paper. Moreover, Makin [10]
allocated the one type of non-strongly regular boundary value conditions, when
E and AF systems of the spectral problem

L0(u) ≡ −u′′(x) + q(x)u(x) = λu(x), q(x) ∈ C[0, 1], 0 < x < 1, (4)

with boundary conditions of the form (2) forms the Riesz basis for any
potentials q(x). When q(x) ≡ 0, the problem about basis property of E
and AF system of the problem with general regular boundary conditions
has been completely resolved in [11]. In [12], [13] questions on convergence of
eigenfunctions expansion of the Dirac operator in vector - matrix form and the
Hill operator, forming the Riesz basis in L2(0, 1) with regular, but not strongly
regular, boundary value conditions have been considered. For Dirac operators
Mityagin [14] proved that periodic (or anti-periodic) boundary conditions give
a rise to the Riesz system of 2D projections.

In [15], [16] by V.A. Il'yin's anti-a priori estimates it was shown that anti-
a priori estimates without a positive exponent in the right-hand side of the
inequality are necessary and su�cient conditions for an unconditional basis
property in L2 under an arbitrary choice of associated functions. And it is
used in the proof of the well-posedness of boundary value problems [17].
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2. Statement of the problem

When q(x) ≡ 0 the spectral problem (4)-(2) with boundary conditions
of the type I is self-adjoint. The system of its eigenfunctions is an usual
trigonometric system and forms an orthonormal basis in L2(0, 1). For the case
of non-self-adjoint initial operator the question about preservation of the basis
properties with some (weak in a certain sense) perturbation was shown in the
type of several examples in [18].

Riesz basis property of eigenfunctions and associated functions of periodic
and antiperiodic Sturm-Liouville problems was considered in [19]. In [20], [21]
questions on stability of basis properties of the periodic problem for (4) were
investigated with integral perturbation of the type I boundary conditions (2),
when j = 2; that is, A14 = A23, A34 = 0. Moreover, in [22] similar issues
at q(x) ≡ 0 have been studied. In the present paper we consider a spectral
problem close to research of [22] when q(x) ≡ 0, with integral perturbation of
the boundary conditions (2) when j = 2, which belong to type I:

L1(u) ≡ −u′′(x) = λu(x), 0 < x < 1, (5)

U1(u) ≡ u′(0) + u′(1) = 0, (6)

U2(u) ≡ u(0) + u(1) =

∫ 1

0
p(x)u(x)dx, p(x) ∈ L1(0, 1). (7)

From [23] it follows that the E and AF system of problem (5)�(7) is complete
and minimal in L2(0, 1). Moreover, the E and AF system for any p(x) forms
the Riesz basis with brackets. Our aim is to show that the basis property in
L2(0, 1) of the E and AF system of problem (5)�(7) is unstable with respect
to small changes of kernel p(x) of integral perturbation. In [24] the method
of constructing the characteristic determinant of the spectral problem with
integral perturbation of the boundary conditions has been suggested.

The basis properties in Lp(−1, 1) of root functions of nonlocal problem for
equations with involution have been studied in [25]. In [26] they considered
the eigenfunction expansion for Sturm-Liouville problems with transmission
conditions at one interior point. Boundary value problems with transmission
conditions were investigated extensively in the recent years (see, for example,
[27], [28], [29], [30]). Another special case of problem (5)�(7) with an integral
perturbation of condition (6) was investigated in [31].
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3. Characteristic determinant of a spectral problem

In this section we use the method from [24] to construct a characteristic
determinant of the problem with integral perturbation of the boundary
condition. Applying integration by parts, for smooth enough complex-valued
functions u(x) and v(x) we obtain the Lagrange formula:∫ 1

0 L0(u)υ(x) dx−
∫ 1
0 u(x)L∗

0(υ)dx

= [u′(0) + u′(1)]υ(0) + u′(1)[υ(0) + υ(1)]

−[u(0) + u(1)]υ′(0)− u(1)[υ′(0) + υ′(1)].

(8)

Here L∗
0(υ) is an adjoint di�erential expression

L∗
0υ = −υ′′(x) + q(x)υ(x), 0 < x < 1. (9)

Consequently the operator L∗
0 corresponding to the operator L0 is given by

the di�erential expression (9) and the boundary conditions

V1(υ) = υ(0) + υ(1) = 0, V2(υ) = υ′(0) + υ′(1) = 0. (10)

Also the operator L∗
1 corresponding to the operator L1 is given by the

loaded di�erential expression

L∗
1(υ) = −υ′′(x) + q(x)υ(x) + p(x)υ′(0), 0 < x < 1, (11)

and the antiperiodic boundary conditions (10). One of the aspects of this
problem is the fact that the adjoint problem to (5)�(7) is a spectral problem
for the loaded di�erential equation

L∗
1(υ) = −υ′′(x) + p(x)υ′(0) = λυ(x),

V1(υ) = υ(0) + υ(1) = 0,
V2(υ) = υ′(0) + υ′(1) = 0.

(12)

First, we construct a characteristic determinant of the spectral problem
(5)�(7). Presenting the general solution of equation (5) by the formula

u(x, λ) = C1 cos
√
λx+ C2 sin

√
λx,
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and with respect to the boundary conditions (6)�(7), we obtain the following
linear system for the coe�cients Ck:

C1

[
1 + cos

√
λ−

∫ 1

0
p(x) cos

√
λx dx

]
+C2

[
sin

√
λ−

∫ 1

0
p(x) sin

√
λx dx

]
= 0,

C1

[
− sin

√
λ
]
+ C2

[
1 + cos

√
λ
]
= 0.

Its determinant will be the characteristic determinant of the spectral
problem (5)�(7):

∆1(λ)=

∣∣∣∣∣1 + cos
√
λ−

∫ 1
0 p(x) cos

√
λx dx sin

√
λ−

∫ 1
0 p(x) sin

√
λx dx

− sin
√
λ 1 + cos

√
λ

∣∣∣∣∣ . (13)

When p(x) = 0 we obtain the characteristic determinant of the unperturbed
problem (5)-(7). It is denoted by ∆0(λ) = 2(1 + cos

√
λ). The number λ0

k =
((2k − 1)π)2 is an eigenvalue of the unperturbed antiperiodic problem, and
u0k0 =

√
2 cos((2k − 1)πx), u0k1 =

√
2 sin((2k − 1)πx) are eigenfunctions. We

represent the function p(x) in the Fourier series form by the trigonometric
system

p(x) =

∞∑
k=1

[ak cos((2k − 1)πx) + bk sin((2k − 1)πx)]. (14)

Using (14), we �nd more convenient representation for the determinant
∆1(λ). To do this, �rst, we calculate integrals in (13). Simple calculations
show that

1∫
0

p(x) cos(
√
λx)dx =

∞∑
k=1

[āk
√
λ sin

√
λ+ b̄k((2k − 1)π)(cos

√
λ+ 1)]

λ− ((2k − 1)π)2
,

1∫
0

p(x) sin(
√
λx)dx =

∞∑
k=1

[āk
√
λ(1 + cos

√
λ) + b̄k((2k − 1)π) sin

√
λ]

λ− ((2k − 1)π)2
.
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Using these results and standard transformations, the determinant (13) is
reduced to the form

∆1(λ) = ∆0(λ) ·A(λ),

where

A(λ) =
[
1 +

∞∑
k=1

b̄k
(2k − 1)π

λ− ((2k − 1)π)2

]
. (15)

Hence, the following theorem is proved.

Theorem 1. The characteristic determinant of the spectral problem (5)-

(7) with the perturbed boundary value conditions can be represented in the

form (15), where ∆0(λ) is a characteristic determinant of the unperturbed

antiperiodic spectral problem, bk are coe�cients of the expansion (14) of the

function p(x) into trigonometric Fourier series.

The function A(λ) in (15) has a �rst-order pole at the points λ = λ0
k, and

the function ∆0(λ) has a second order zero at these points. Therefore, the
function ∆1(λ), represented by the formula (15), is an entire analytic function
of the variable λ. The characteristic determinant, which is the entire analytical
function, related with the problem on eigenvalues of di�erential operator of the
third order with nonlocal boundary conditions has been studied in [32].

4. Case of the basis property of root functions

The characteristic determinant (15) looks simpler when

p(x) =

N∑
k=1

[
ak cos((2k − 1)πx) + bk sin((2k − 1)πx)

]
.

That is, there exists a number N such that ak = bk = 0 for all k > N . In this
case, formula (15) takes the form

∆1(λ) = ∆0(λ)

[
1 +

N∑
k=1

bk
(2k − 1)π

λ− ((2k − 1)π)2

]
. (16)

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 3



132 N. Imanbaev

From this particular case of formula (15), we have the following corollary.

Corollary 1. For any preassigned numbers (a complex λ̂ and a positive

integer m̂) there always exists a function p(x) such that λ̂ will be an eigenvalue

of problem (5)�(7) of multiplicity m̂.

From the analysis of formula (16) it is easy to see that ∆1(λ
0
k) = 0 for all

k > N . That is, all eigenvalues λ0
k, k > N , of the unperturbed periodic problem

are the eigenvalues of the perturbed spectral problem (5)�(7). It is also not
di�cult to show that the multiplicity of the eigenvalues λ0

k, k > N is also
preserved. Moreover, from the condition of orthogonality of the trigonometric
system it follows that in this case:∫ 1

0
p(x)u0kj(x)dx = 0, j = 0, 1, k > N.

Thus, the eigenfunctions u0kj(x) of the antiperiodic problem when k > N satisfy
the boundary value conditions (6)�(7) and, therefore, they are eigenfunctions of
the perturbed problem (5)�(7). Hence, in this case the system of eigenfunctions
of (5)�(7) and the system of eigenfunctions of the periodic problem (an
orthonormal basis) di�er from each other only in a �nite number of the �rst
members. Consequently, the system of eigenfunctions of (5)�(7) also forms the
Riesz basis in L2(0, 1). The set of functions p(x), that can be represented as
a �nite series (14), is dense in L1(0, 1). Thus, we have proved the following
result.

Theorem 2. Let A14 = A23, A34 = 0; that is, the boundary conditions (6)�(7)

belong to type I with integral perturbation. Then the set of functions p(x) ∈
L1(0, 1), such that the system of eigenfunctions of the perturbed problem (5)�

(7) forms the Riesz basis in L2(0, 1), is dense in L1(0, 1).

5. Instability of the basis property

Now we show that basis properties of eigenfunctions system of the
perturbed problem (5)�(7) is unstable for an arbitrarily small integral
perturbation of the boundary condition (6).

Theorem 3. Suppose that A14 = A23, A34 = 0; that is, the boundary

conditions (6)�(7) belong to type I. Then the set of functions p(x) ∈ L1(0, 1),
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such that the system of eigenfunctions of the perturbed problem (5)�(7) does

not form even a normal basis in L2(0, 1), is dense in L1(0, 1).

Proof. Let in (14) the coe�cients bk ̸= 0 for all su�ciently large k. Then
from (15) we note that λ = λ0

k is a simple eigenvalue of problem (5)�(7). By
direct calculation we get that u1k = bk cos((2k − 1)π)x−ak sin((2k − 1)π)x are
eigenfunctions of (5)�(7), corresponding to λ0

k = ((2k − 1)π)2. Moreover, the
eigenfunction of the dual problem (12), corresponding to the eigenvalue λ0

k, is
v1k(x) = ck cos((2k − 1)π)x.

Since the eigenfunctions of the dual problems form a biorthogonal system,
then we have the equality of the scalar product (u1k, v

1
k) = 1. Hence, it is easy

to obtain bk c̄k = 2. Therefore,

∥u1k∥ · ∥v1k∥ =

√
1 + |ak

bk
|2. (17)

Denote by σN (x) a partial sum of the Fourier series (14). It is obvious, that
the set of functions, which can be represented as the in�nite series

p̃(x) = σN (x) +

∞∑
k=N+1

[ãk cos((2k − 1)πx) + b̃k sin((2k − 1)πx)],

where ãk = 2−k, b̃k = 2−k/k, k > N , is dense in L1(0, 1). However, from (17) it
follows that for such kind of functions p̃(x) for the corresponding eigenfunctions
systems of the direct and conjugate problems there holds: limk→∞ ∥u1k∥∥v1k∥ =
∞.

That is, the condition of uniform minimal property (see [18] and references
in it) of the system does not hold, and therefore, it does not form even a basis
in L2(0, 1). �

Since adjoint operators possess the Riesz basis property of the root
functions, we obtain the corollary.

Corollary 2. Suppose that A14 = A23, A34 = 0, that is boundary value

conditions (6)�(7) belong to type I. Then the set P of functions p(x) ∈ L1(0, 1),
such that the system of eigenfunctions of (12) for the loaded di�erential

equations forms the Riesz basis in L2(0, 1), is everywhere dense in L1(0, 1).
The set L1(0, 1)\P is also everywhere dense in L1(0, 1).
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The results of this paper, in contrast to [23], demonstrate instability of basis
properties of the root functions of the problem with an integral perturbation
of the boundary value conditions of type I, which are regular, but not strongly
regular.
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Èìàíáàåâ Í.Ñ. ÈÍÒÅÃÐÀËÄÛ� ØÅÒÒIÊ ØÀÐÒÒÀÐÛ ÁÀÐ
ØÒÓÐÌ-ËÈÓÂÈËËÜ ÎÏÅÐÀÒÎÐÛÍÛ� Ò�ÁIÐËIÊ ÔÓÍÊÖÈßËÀ-
ÐÛÍÛ� ÁÀÇÈÑÒIÊ �ÀÑÈÅÒIÍI� ÎÐÍÛ�ÒÛËÛ�Û

Á´ë æ´ìûñòà áiç øåòòiê øàðòû èíòåãðàëäû© ò³ðòêiëåíåòií Øòóðì-
Ëèóâèëëü îïåðàòîðûíû ìåíøiêòi ôóíêöèÿëàðûíû æ³éåñiíi áàçèñòiãi
©àñèåòiíi îðíû©òûëû¡û ìåí îðíû©ñûçäû¡û ìºñåëåëåðií ©àðàñòûðàìûç.

Èìàíáàåâ Í.Ñ. ÓÑÒÎÉ×ÈÂÎÑÒÜ ÑÂÎÉÑÒÂÀ ÁÀÇÈÑÍÎÑÒÈ ÊÎÐ-
ÍÅÂÛÕ ÔÓÍÊÖÈÉ ÎÏÅÐÀÒÎÐÀ ØÒÓÐÌÀ-ËÈÓÂÈËËß Ñ ÈÍÒÅ-
ÃÐÀËÜÍÛÌÈ ÊÐÀÅÂÛÌÈ ÓÑËÎÂÈßÌÈ

Â ýòîé ðàáîòå ìû ðàññìàòðèâàåì âîïðîñû óñòîé÷èâîñòè è íåóñòîé-
÷èâîñòè ñâîéñòâà áàçèñíîñòè ñèñòåìû ñîáñòâåííûõ ôóíêöèé îïåðàòîðà
Øòóðìà-Ëèóâèëëÿ ñ èíòåãðàëüíûì âîçìóùåíèåì îäíîãî êðàåâîãî óñëî-
âèÿ.
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Annotation: On the cone of monotone functions for a class of integral operators we

establish the validity of estimates with three weights and three parameters.
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1. Introduction

Let 1 < p, r < ∞ and 0 < q < ∞. Let u(·), v(·) and w(·) be weights, i.e.,
positive functions locally integrable on R+ = (0;+∞).

For all f ≥ 0 we consider the following operators:

S−f(x) =

(∫ x

0

(∫ x

t
f(s)ds

)r

w(t)dt

) 1
r

(1)

and

S+f(x) =

(∫ ∞

x

(∫ t

x
f(s)ds

)r

w(t)dt

) 1
r

. (2)

On the basis of these operators we form the following inequalities:(∫ ∞

0
u(x)(S−f(x))qdx

) 1
q

≤ C

(∫ ∞

0
v(x)fp(x)dx

) 1
p

(3)

Keywords: Integral operator, Hardy-type inequality, weights, monotone function.
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and (∫ ∞

0
u(x)(S+f(x))qdx

) 1
q

≤ C

(∫ ∞

0
v(x)fp(x)dx

) 1
p

. (4)

If Lp,v stands for the space of functions f ≥ 0 with the �nite norm

∥f∥Lp,v =

(∫ ∞

0
v(x)fp(x)dx

) 1
p

,

inequalities (3) and (4) can be rewritten in the forms:

∥S−f∥Lq,u ≤ C∥f∥Lp,v

and
∥S+f∥Lq,u ≤ C∥f∥Lp,v

that represent the usual way of writing of well-known Hardy-type inequalities
for di�erent integral operators. The most complete review of Hardy-type
inequalities is given in [1] and [2].

Inequalities (3) and (4) have been already characterized in [3] and [4] for
non-negative functions f . Here we consider the case when functions f are
monotone. The interest to restrict the class of functions from non-negative to
monotone has some justi�cation and historical development. Let us present
them.

The starting point of this problem is the introduction in [5] of Lorentz space
Λp(v), 0 < p < ∞, that is the space of functions, for which

∥f∥Λp(v) := ∥f∗∥Lp,v < ∞,

where f∗ is the non-increasing rearrangement of |f | de�ned by

f∗(t) := inf{y > 0 : mes{x ∈ Rn : |f(x)| > y} ≤ t}.

The main example that shows the importance of reduction of Hardy-type
inequalities from non-negative to non-increasing functions is based on the
Hardy-Littlewood maximal operator

(Mf)(x) := sup
B

1

mesB

∫
B
|f(y)|dy,

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 3



Three-weighted integral inequalities on the ... 139

where supremum is taken with respect to all balls B centered at x ∈ Rn. It is
known that

(Mf)∗(t) ≈ 1

t

∫ t

0
f∗(s)ds.

Due to this two-sided estimate, one can see that the embedding between
Lorentz spaces from Λp to Λq is characterized by the standard Hardy-type
inequality but for monotone functions.

The next essential result in this direction is known as �the Sawyer duality
principle� proved in [6]. This principle presents some inequality, the correctness
of which for non-negative functions is equivalent to correctness of the standard
Hardy-inequality for monotone functions. This result gives a great impulse
to study and obtain analogues of �the Sawyer duality principle� for di�erent
generalizations of Hardy-type inequalities. In recent paper [7] there is a new
method of reduction from monotone functions to non-negative functions. This
method covers inequalities (3) and (4). Since this new reduction theorem is a
key point in the proofs of our main results, we present its complete statement
in the next Section. In addition, let us state there some other auxiliary results
that are required for our proofs.

2. Notations and auxiliary statements

Hereinafter, the expression A ≪ B means A ≤ CB with some constant C
that depends only on the parameters r, p and q. The notation A ≈ B means
A ≪ B ≪ A. Moreover, 1/p+ 1/p′ = 1.

First we present two reduction theorems proved in [7]. For this aim we need
the conditions:

(i) T (λf) = λTf for all λ ≥ 0 and f ≥ 0;
(ii) Tf(x) ≤ cTg(x) for almost all x ∈ R+ if f(x) ≤ g(x) for almost all

x ∈ R+ with a constant c > 0 that does not depend on f and g;
(iii) T (f + λ1) ≤ c(Tf + λT1) for all λ ≥ 0 and f ≥ 0 with a constant

c > 0 that does not depend on λ and f , where 1 is a function identically equal
to 1 on R+ .

Theorem 1. Let 0 < q ≤ ∞, 1 < p < ∞ and T is a positive operator. Then

from the condition(∫ ∞

0
u(x)(Tf(x))qdx

) 1
q

≤ C

(∫ ∞

0
v(x)fp(x)dx

) 1
p

(5)
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for non-increasing f it follows the inequality(∫ ∞

0
u

(
T

(∫ ∞

x
h

))q) 1
q

≤ C

(∫ ∞

0
v1−pV php

) 1
p

(6)

for non-negative h, where V (t) :=
∫ t
0 v. If V (∞) = ∞ and T is a monotone

operator satisfying the conditions (i) and (ii), then (6) is su�cient for the

validity of (5) on the cone of non-increasing functions. If V (∞) < ∞, then for

the validity of (5) on the cone of non-increasing functions condition (6) and(∫ ∞

0
u(T1)q

) 1
q

≤ C

(∫ ∞

0
v

) 1
p

(7)

are su�cient if the operator T satis�es the conditions (i)�(iii).

Theorem 2. Let 0 < q ≤ ∞, 1 < p < ∞ and T is a positive operator. Then

from condition (5) for non-decreasing f it follows the inequality(∫ ∞

0
u

(
T

(∫ h

0
h

))q
) 1

q

≤ C

(∫ ∞

0
v1−pV p

∗ h
p

) 1
p

(8)

for non-negative h, where V∗(t) :=
∫∞
t v. If V (∞) = ∞ and T is a monotone

operator satisfying the conditions (i) and (ii), then (25) is su�cient for the

validity of (5) on the cone of non-decreasing functions. If V (∞) < ∞, then for

the validity of (5) on the cone of non-decreasing functions conditions (25) and
(7) are su�cient if the operator T satis�es the conditions (i)�(iii).

To prove our main results we also need the following well-known theorems
for standard Hardy-type inequalities (see e.g. [2, page 3 and 4]).

Theorem 3. The inequality(∫ ∞

0
ρ(x)

(∫ x

0
f(t)dt

)q

dx

) 1
q

≤ C

(∫ ∞

0
ν(x)fp(x)dx

) 1
p

(9)

holds for all functions f ≥ 0 if and only if

H− := sup
0<x<∞

(∫ ∞

x
ρ(t)dt

) 1
q
(∫ x

0
ν1−p′(t)dt

) 1
p′

< ∞
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for the case 1 < p ≤ q < ∞, and

H̃− :=

∫ ∞

0

(∫ ∞

x
ρ(t)dt

) p
p−q
(∫ x

0
ν1−p′(t)dt

) p(q−1)
p−q

ν1−p′(x)dx


p−q
pq

< ∞

for the case 0 < q < p < ∞ and 1 < p < ∞.

Moreover, H− ≈ C and H̃− ≈ C, respectively, where C is the best constant

in (9).

Theorem 4. The inequality(∫ ∞

0
ρ(x)

(∫ ∞

x
f(t)dt

)q

dx

) 1
q

≤ C

(∫ ∞

0
ν(x)fp(x)dx

) 1
p

(10)

holds for all functions f ≥ 0 if and only if

H+ := sup
0<x<∞

(∫ x

0
ρ(t)dt

) 1
q
(∫ ∞

x
ν1−p′(t)dt

) 1
p′

< ∞

for the case 1 < p ≤ q < ∞, and

H̃+ :=

∫ ∞

0

(∫ x

0
ρ(t)dt

) p
p−q
(∫ ∞

x
ν1−p′(t)dt

) p(q−1)
p−q

ν1−p′(x)dx


p−q
pq

< ∞

for the case 0 < q < p < ∞ and 1 < p < ∞.

Moreover, H+ ≈ C and H̃+ ≈ C, respectively, where C is the best constant

in (10).

In addition, we need characterizations of the following inequalities proved
in [8]:

(∫ ∞

0
u(x)

(∫ x

0

(∫ x

t
K(s, t)f(s)ds

)r

w(t)dt

) q
r

dx

) 1
q

≤C
(∫ ∞

0
ν(x)fp(x)dx

) 1
p

(11)
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and(∫ ∞

0
u(x)

(∫ ∞

x

(∫ t

x
K(t, s)f(s)ds

)r

w(t)dt

) q
r

dx

) 1
q

≤ C

(∫ ∞

0
ν(x)fp(x)dx

) 1
p

,

(12)
where the kernel K(·, ·) ≥ 0 satis�es the condition: there exists a constant
d > 0 such that

d−1(K(s, z) +K(z, t)) ≤ K(s, t) ≤ d(K(s, z) +K(z, t)) (13)

for −∞ < t ≤ z ≤ s < +∞. Condition (13) was introduced in [9]
and independently in [10]. It is obvious that inequalities (11) and (12) are
respectively equivalent to our main inequalities (3) and (4) when K(·, ·) ≡ 1.

Let us list four theorems that characterize inequalities (11) and (12) for
non-negative functions. To present their statements we assume that

A−
0 (α, β) := sup

α<x<β

(∫ x

α
Kr(x, s)w(s)ds

) 1
r
(∫ β

x
ν1−p′(s)ds

) 1
p′

,

A−
1 (α, β) := sup

α<x<β

(∫ x

α
w(s)ds

) 1
r
(∫ β

x
Kp′(s, x)ν1−p′(s)ds

) 1
p′

,

A+
0 (α, β) := sup

α<x<β

(∫ β

x
Kr(s, x)w(s)ds

) 1
r
(∫ x

α
ν1−p′(s)ds

) 1
p′

,

A+
1 (α, β) := sup

α<x<β

(∫ β

x
w(s)ds

) 1
r
(∫ x

α
Kp′(x, s)ν1−p′(s)ds

) 1
p′

,

B−
0 (α, β) :=

∫ β

α

(∫ x

α
Kr(x, s)w(s)ds

) p
p−r
(∫ β

x
ν1−p′(s)ds

) p(r−1)
p−r

ν1−p′(x)dx


p−r
pr

,

B−
1 (α, β) :=

∫ β

α

(∫ x

α
w(s)ds

) r
p−r
(∫ β

x
Kp′(s, x)ν1−p′(s)ds

) r(p−1)
p−r

w(x)dx


p−r
pr

,
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B+
0 (α, β) :=

∫ β

α

(∫ β

x
Kr(s, x)w(s)ds

) p
p−r
(∫ x

α
ν1−p′(s)ds

) p(r−1)
p−r

ν1−p′(x)dx


p−r
pr

,

B+
1 (α, β) :=

∫ β

α

(∫ β

x
w(s)ds

) r
p−r
(∫ x

α
Kp′(x, s)ν1−p′(s)ds

) r(p−1)
p−r

w(x)dx


p−r
pr

,

U(α, β) :=

(∫ β

α
u(x)dx

) 1
q

,

A− := max{A−
0 , A

−
1 } and A+ := max{A+

0 , A
+
1 },

B− := max{B−
0 , B

−
1 } and B+ := max{B+

0 , B
+
1 }.

Theorem 5. Inequality (11) holds for all functions f ≥ 0 if and only if

E−
A := sup

0<z<∞
A−(0, z)U(z,∞) < ∞

for the case 1 < p ≤ min{r, q} < ∞, and

E−
B := sup

0<z<∞
B−(0, z)U(z,∞) < ∞

for the case 1 < r < p ≤ q < ∞.

Moreover, E−
A ≈ C and E−

B ≈ C, respectively, where C is the best constant

in (11).

Theorem 6. Inequality (11) holds for all functions f ≥ 0 if

F−
A :=

 ∞∫
0

u(x)

 ∞∫
x

u(s)ds


q

p−q (
A−(0, x)

) pq
p−q dx


p−q
pq

< ∞

for the case 0 < q < p ≤ r < ∞ and 1 < p < ∞, and

F−
B :=

 ∞∫
0

u(x)

 ∞∫
x

u(s)ds


q

p−q (
B−(0, x)

) pq
p−q dx


p−q
pq
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for the case 0 < max{r, q} < p < ∞ and 1 < p, r < ∞.

Moreover, C ≪ F−
A and C ≪ F−

B , respectively, where C is the best constant

in (11).

Theorem 7. Inequality (12) holds for all functions f ≥ 0 if and only if

E+
A := sup

0<z<∞
A+(z,∞)U(0, z) < ∞

for the case 1 < p ≤ min{r, q} < ∞, and

E+
B := sup

0<z<∞
B+(z,∞)U(0, z) < ∞

for the case 1 < r < p ≤ q < ∞.

Moreover, E+
A ≈ C and E+

B ≈ C, respectively, where C is the best constant

in (12).

Theorem 8. Inequality (12) holds if

F+
A :=

 ∞∫
0

u(x)

 x∫
0

u(s)ds


q

p−q (
A+(x,∞)

) pq
p−q dx


p−q
pq

< ∞

for the case 0 < q < p ≤ r < ∞ and 1 < p < ∞, and

F+
B :=

 ∞∫
0

u(x)

 x∫
0

u(s)ds


q

p−q (
B+(x,∞)

) pq
p−q dx


p−q
pq

< ∞

for the case 0 < max{r, q} < p < ∞ and 1 < p, r < ∞.

Moreover, C ≪ F+
A and C ≪ F+

B , respectively, where C is the best constant

in (12).

3. Main results

Let us remind that

V (t) :=

∫ t

0
v and V∗(t) :=

∫ ∞

t
v.
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Theorem 9. Suppose that

ρ(x) = u(x)

(∫ x

0
(x− t)rw(t)dt

) q
r

, (14)

ν(x) = v1−p(x)V p(x) (15)

and

K(s, t) = s− t. (16)

Inequality (3) holds for all non-increasing functions f if and only if

H+ < ∞ and E−
A < ∞

for the case 1 < p ≤ min{r, q} < ∞ and

H+ < ∞ and E−
B < ∞

for the case 1 < r < p ≤ q < ∞ when V (∞) = ∞. The condition

 ∞∫
0

ρ(x)dx

 1
q

≤

 ∞∫
0

v(x)dx

 1
p

(17)

is added for each cases, respectively, when V (∞) < ∞.

Theorem 10. Suppose that ρ, ν and K are as in (14), (15) and (16),
respectively. Inequality (3) holds for all non-increasing functions f if

H̃+ < ∞ and F−
A < ∞

for the case 0 < q < p ≤ r < ∞ and 1 < p < ∞, and

H̃+ < ∞ and F−
B < ∞

for the case 0 < max{r, q} < p < ∞ and 1 < p, r < ∞ when V (∞) = ∞.

Condition (17) is added for each cases, respectively, when V (∞) < ∞.
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Theorem 11. Suppose that

ρ(x) = u(x)

(∫ ∞

x
(t− x)rw(t)dt

) q
r

, (18)

ν(x) = v1−p(x)V p
∗ (x) (19)

and K is as in (16). Inequality (4) holds for all non-decreasing functions f if

and only if

H− < ∞ and E+
A < ∞

for the case 1 < p ≤ min{r, q} < ∞, and

H− < ∞ and E+
B < ∞

for the case 1 < r < p ≤ q < ∞ when V∗(∞) = ∞. Condition (17) is added
for each cases, respectively, when V∗(∞) < ∞.

Theorem 12. Suppose that ρ, ν and K are as in (18), (19) and (16),
respectively. Inequality (4) holds for all non-decreasing functions f if

H̃− < ∞ and F+
A < ∞

for the case 0 < q < p ≤ r < ∞ and 1 < p < ∞, and

H̃− < ∞ and F+
B < ∞

for the case 0 < max{r, q} < p < ∞ and 1 < p, r < ∞ when V∗(∞) = ∞.

Condition (17) is added for each cases, respectively, when V∗(∞) < ∞.

Proof of Theorems 9 and 10. Since operator (1) satis�es the conditions
(i)�(iii), by Theorem 1 we have that inequality (3) for non-increasing f is
equivalent to the inequality(∫ ∞

0
u(x)

(∫ x

0

(∫ x

t

∫ ∞

s
h(τ)dτds

)r

w(t)dt

) q
r

dx

) 1
q

≤

≤ C

(∫ ∞

0
v1−p(x)V p(x)hp(x)dx

) 1
p

(20)
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for non-negative h when V (∞) = ∞. We also need the validity of condition
(17) when V (∞) < ∞.

By interval splitting and changing order of integration we transform the
left-hand side of inequality (20):(∫ ∞

0
u(x)

(∫ x

0

(∫ x

t

∫ ∞

s
h(τ)dτds

)r

w(t)dt

) q
r

dx

) 1
q

=

=

(∫ ∞

0
u(x)

(∫ x

0

(∫ x

t

∫ x

s
h(τ)dτds+

∫ x

t

∫ ∞

x
h(τ)dτds

)r

w(t)dt

) q
r

dx

) 1
q

=

=

(∫ ∞

0
u(x)

(∫ x

0

(∫ x

t
h(τ)

∫ τ

t
dsdτ +

∫ ∞

x
h(τ)dτ

∫ x

t
ds

)r

w(t)dt

) q
r

dx

) 1
q

≈

≈

(∫ ∞

0
u(x)

(∫ x

0

(∫ x

t
(τ − t)h(τ)dτ

)r

w(t)dt

) q
r

dx

) 1
q

+

+

(∫ ∞

0
u(x)

(∫ ∞

x
h(τ)dτ

)q (∫ x

0
(x− t)rw(t)dt

) q
r

dx

) 1
q

.

From the last expression it follows that the validity of inequality (3) is
equivalent to the validity of the following two inequalities:(∫ ∞

0
u(x)

(∫ x

0

(∫ x

t
(τ − t)h(τ)dτ

)r

w(t)dt

) q
r

dx

) 1
q

≤

≤ C

(∫ ∞

0
v1−p(x)V p(x)hp(x)dx

) 1
p

(21)

and (∫ ∞

0
u(x)

(∫ x

0
(x− t)rw(t)dt

) q
r
(∫ ∞

x
h(τ)dτ

)q

dx

) 1
q

≤

≤ C

(∫ ∞

0
v1−p(x)V p(x)hp(x)dx

) 1
p

. (22)
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Taking into account assumptions (15) and (16) it is obvious that inequality
(21) is equivalent to inequality (11). Thus, by Theorem 5 inequality (21) holds
if and only if E−

A < ∞ for the case 1 < p ≤ min{r, q} < ∞, and E−
B < ∞ for

the case 1 < r < p ≤ q < ∞. Similarly, on the basis of Theorem 6 inequality
(21) is correct if F−

A < ∞ for the case 0 < q < p ≤ r < ∞ and 1 < p < ∞,
and if F−

B < ∞ for the case 0 < max{r, q} < p < ∞ and 1 < p, r < ∞.
Inequality (22) is a standard Hardy-type inequality. Hence, by Theorem 4,

in view of (14) and (15), inequality (22) is valid if and only if H+ < ∞ for
1 < p ≤ q < ∞ and H̃+ < ∞ for 0 < q < p < ∞ and 1 < p < ∞.

The proof of Theorems 9 and 10 is complete. �
Proof of Theorems 11 and 12. Since operator (2) satis�es the conditions
(i)�(iii), we use Theorem 2. Then, in the same way as above, when V∗(∞) = ∞
the validity of inequality (4) for non-decreasing f is equivalent to the validity
of two inequalities(∫ ∞

0
u(x)

(∫ ∞

x

(∫ t

x
(t− τ)h(τ)dτ

)r

w(t)dt

) q
r

dx

) 1
q

≤

≤ C

(∫ ∞

0
v1−p(x)V p

∗ (x)h
p(x)dx

) 1
p

(23)

and (∫ ∞

0
u(x)

(∫ ∞

x
(t− x)rw(t)dt

) q
r
(∫ x

0
h(τ)dτ

)q

dx

) 1
q

≤

≤ C

(∫ ∞

0
v1−p(x)V p

∗ (x)h
p(x)dx

) 1
p

(24)

for non-negative h.
In view of assumptions (19) and (16), inequality (23) is equivalent to

inequality (12). Thus, we can characterize inequality (23) by Theorems 7 and
8. Inequality (24) is a standard Hardy-type inequality presented in Theorem 3
with weights as in (18) and (19).

When V∗(∞) < ∞ condition (17) is added for each cases. The proof of
Theorems 11 and 12 is complete. �
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4. Alternative theorems

In [7] there are two useful alternative reduction theorems.

Theorem 13. Let 0 < q ≤ ∞, 1 < p < ∞ and T is a positive operator

satisfying the conditions (i) and (ii). Then for the validity of inequality (5) for
non-increasing f the condition(∫ ∞

0
u

(
T

(
1

V 2(x)

∫ x

0
V h

))q) 1
q

≤ C

(∫ ∞

0
v1−php

) 1
p

(25)

for non-negative h is su�cient and when V (∞) = ∞ is necessary. When

V (∞) < ∞ for the validity of inequality (5) conditions (25) with T satisfying

(i)�(iii) and (7) are necessary.

Theorem 14. Let 0 < q ≤ ∞, 1 < p < ∞ and T is a positive operator

satisfying the conditions (i) and (ii). Then for the validity of inequality (5) for
non-decreasing f the condition(∫ ∞

0
u

(
T

(
1

V 2
∗ (x)

∫ ∞

x
V∗h

))q) 1
q

≤ C

(∫ ∞

0
v1−php

) 1
p

(26)

for non-negative h is su�cient and when V∗(∞) = ∞ is necessary. When

V∗(∞) < ∞ for the validity of inequality (5) conditions (26) with T satisfying

(i)�(iii) and (7) are necessary.

On the basis of these two theorems we can state four alternative theorems
for the validity of the main inequalities (3) and (4) on the cone of monotone
functions.

Theorem 15. Suppose that

ρ(x) = u(x)

(∫ ∞

x

(∫ t

x

1

V 2(s)
ds

)r

w(t)dt

) q
r

, (27)

ν(x) =
v1−p(x)

V p(x)
(28)

and

K(s, t) =

∫ s

t

1

V 2(τ)
dτ. (29)
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Inequality (4) holds for all non-increasing functions f if and only if

H− < ∞ and E+
A < ∞

for the case 1 < p ≤ min{r, q} < ∞ and

H− < ∞ and E+
B < ∞

for the case 1 < r < p ≤ q < ∞ when V (∞) = ∞. Condition (17) is added for

each cases, respectively, when V (∞) < ∞.

Theorem 16. Suppose that ρ, ν and K are as in (27), (28) and (29),
respectively. Inequality (4) holds for all non-increasing functions f if

H̃− < ∞ and F+
A < ∞

for the case 0 < q < p ≤ r < ∞ and 1 < p < ∞, and

H̃− < ∞ and F+
B < ∞

for the case 0 < max{r, q} < p < ∞ and 1 < p, r < ∞ when V (∞) = ∞.

Condition (17) is added for each cases, respectively, when V (∞) < ∞.

Theorem 17. Suppose that

ρ(x) = u(x)

(∫ x

0

(∫ x

t

1

V 2
∗ (s)

ds

)r

w(t)dt

) q
r

, (30)

ν(x) =
v1−p(x)

V p
∗ (x)

(31)

and

K(s, t) =

∫ s

t

1

V 2
∗ (τ)

dτ. (32)

Inequality (3) holds for all non-decreasing functions f if and only if

H+ < ∞ and E−
A < ∞

for the case 1 < p ≤ min{r, q} < ∞, and

H+ < ∞ and E−
B < ∞

for the case 1 < r < p ≤ q < ∞ when V∗(∞) = ∞. Condition (17) is added
for each cases, respectively, when V∗(∞) < ∞.
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Theorem 18. Suppose that ρ, ν and K are as in (30), (31) and (32),
respectively. Inequality (3) holds for all non-decreasing functions f if

H̃+ < ∞ and F−
A < ∞

for the case 0 < q < p ≤ r < ∞ and 1 < p < ∞, and

H̃+ < ∞ and F−
B < ∞

for the case 0 < max{r, q} < p < ∞ and 1 < p, r < ∞ when V∗(∞) = ∞.

Condition (17) is added for each cases, respectively, when V∗(∞) < ∞.

Proof of Theorems 15 and 16. Since operator (2) satis�es the conditions
(i)�(iii), by Theorem 13 we have that inequality (4) for non-increasing f is
equivalent to the inequality(∫ ∞

0
u(x)

(∫ ∞

x

(∫ t

x

1

V 2(s)

∫ s

0
V (τ)h(τ)dτds

)r

w(t)dt

) q
r

dx

) 1
q

≤

≤ C

(∫ ∞

0
v1−p(x)hp(x)dx

) 1
p

(33)

for non-negative h when V (∞) = ∞.
Arguing similarly as above we get that the correctness of inequality (33) is

equivalent to the correctness of the following two inequalities:(∫ ∞

0
u(x)

(∫ ∞

x

(∫ t

x

(∫ t

τ

1

V2(s)
ds

)
V (τ)h(τ)dτ

)r

w(t)dt

) q
r

dx

) 1
q

≤

≤ C

(∫ ∞

0
v1−p(x)hp(x)dx

) 1
p

(34)

and(∫ ∞

0
u(x)

(∫ ∞

x

(∫ t

x

1

V 2(s)
ds

)r

w(t)dt

) q
r
(∫ x

0
V (τ)h(τ)dτ

)q

dx

) 1
q

≤
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≤ C

(∫ ∞

0
v1−p(x)hp(x)dx

) 1
p

. (35)

Assume that f(τ) = V (τ)h(τ). Then, in view of (28) and (29), inequality
(34) is equivalent to inequality (12). Thus, by Theorem 7 inequality (34) holds
if and only if E+

A < ∞ for the case 1 < p ≤ min{r, q} < ∞, and E+
B < ∞ for

the case 1 < r < p ≤ q < ∞. Similarly, on the basis of Theorem 8 inequality
(34) is correct if F+

A < ∞ for the case 0 < q < p ≤ r < ∞ and 1 < p < ∞,
and if F+

B < ∞ for the case 0 < max{r, q} < p < ∞ and 1 < p, r < ∞.
Inequality (35) is a standard Hardy-type inequality. Hence, by Theorem 3,

in view of (27) and (28), inequality (35) is valid if and only if H− < ∞ for
1 < p ≤ q < ∞ and H̃− < ∞ for 0 < q < p < ∞ and 1 < p < ∞.

When V (∞) < ∞ condition (17) is added for each cases. The proof of
Theorems 15 and 16 is complete. �
Proof of Theorems 17 and 18. The proof of Theorems 17 and 18 is similar
to the proof of Theorems 15 and 16. �
5. Additions

1. Let us notice that when r = 1 inequalities (3) and (4) are standard
Hardy-type inequalities, which have been already studied for monotone
functions by �the Sawyer duality principle"(see e.g. [2, Chapter 6]). In [7]
the authors also give complete characterizations for standard Hardy-type
inequalities on the cone of monotone functions. However, in contrast to the
previous results, the characterizations in [7] are found by using their own
reduction Theorems 1 and 2 (see [7, Corollary 3.1]).
2. In [11] and [12] the authors investigate the problem of boundedness of the
multi-dimensional Hardy operator from a Lebesgue space to a Morrey-type
space. The main step in the proof of this problem is based on the correctness
of inequalities of the following type:(∫ ∞

0
u(x)

(∫ x

0

(∫ ∞

t
f(s)ds

)r

w(t)dt

) q
r

dx

) 1
q

≤C

(∫ ∞

0
v(x)fp(x)dx

) 1
p

(36)

and(∫ ∞

0
u(x)

(∫ ∞

x

(∫ t

0
f(s)ds

)r

w(t)dt

) q
r

dx

) 1
q

≤C

(∫ ∞

0
v(x)fp(x)dx

) 1
p

. (37)
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Due to usefulness of inequalities of the type (36) and (37) for the theory
of Morrey spaces, they have been investigated in a series of papers [13], [14],
[15] and [16]. As a continuation of problems from [13], [14], [15] and [16], in
works [17] and [18] there are characterizations of inequalities (36) and (37) for
monotone functions.

It is easy to see a close connection between inequalities (36) and (3): if we
divide the inside integral of the left-hand side of (36) into sum of two integrals∫ ∞

t
f(s)ds =

∫ x

t
f(s)ds+

∫ ∞

x
f(s)ds,

we get that inequality (36) holds if and only if inequality (3) and the following
standard Hardy-type inequality ∞∫

0

u(x)

 x∫
0

w(t)dt


q
r
 ∞∫

x

f(s)ds

q

dx


1
q

≤ C

 ∞∫
0

v(t)fp(t)dt

 1
p

simultaneously hold. By the similar splitting, we can see the connection
between (37) and (4).

Since conditions for the validity of standard Hardy-type inequalities for
monotone functions are known, using the above splitting we can also give
characterizations of inequalities (36) and (37) on the cone of monotone
functions. Let us present at least one statement for inequality (36).

Theorem 19. Suppose that ρ, ν and K are as in (14), (15) and (16),
respectively. Let

H+
0 := sup

0<x<∞

(∫ x

0
v(s)ds

)− 1
p

(∫ x

0
(x− s)qu(s)

(∫ s

0
w(t)dt

) q
r

ds

) 1
q

,

H+
1 := sup

0<x<∞

(∫ ∞

x
(s− x)p

′
v(s)V −p′(s)ds

) 1
p′
(∫ x

0
u(s)

(∫ s

0
w(t)dt

) q
r

ds

) 1
q

.

Then inequality (36) holds for all non-increasing functions f if and only if

max{H+, E−
A ,H

+
0 ,H+

1 } < ∞
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for the case 1 < p ≤ min{r, q} < ∞ and

max{H+, E−
B ,H

+
0 ,H+

1 } < ∞

for the case 1 < r < p ≤ q < ∞ when V (∞) = ∞.
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Mîíîòîíäû ôóíêöèÿëàð êîíóñûíäà èíòåãðàëäû© îïåðàòîð êëàñòàð
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ûíäàéìûç.
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ÍÅÐÀÂÅÍÑÒÂÀ ÍÀ ÊÎÍÓÑÅ ÌÎÍÎÒÎÍÍÛÕ ÔÓÍÊÖÈÉ

Íà êîíóñå ìîíîòîííûõ ôóíêöèé äëÿ êëàññà èíòåãðàëüíûõ îïåðàòîðîâ
ìû óñòàíàâëèâàåì âûïîëíåíèå îöåíîê ñ òðåìÿ âåñàìè è òðåìÿ ïàðàìåòðà-
ìè.
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Annotation: We consider convergence in distribution of two quadratic forms arising
in unit root tests for a regression with a slowly varying regressor. The error term is
a unit root process with linear processes as disturbances. The linear processes are
non-causal short-memory with independent identically distributed innovations. Our
results generalize some statements from [1] and [2].
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slowly varying regressor.

1. Introduction

Testing for unit roots is an important area of time series analysis. Initially,
the errors in the model ut = ut−1 + vt were assumed independent identically
disrtibuted (i.i.d.) (see [3], [4]). In the subsequent research, the assumption of
independence was relaxed. [1], for example, considered a linear process

vt =

∞∑
i=0

ciet−i,

Keywords: Quadratic forms, convergence in distribution of quadratic forms, unit root,

slowly varying regressor.
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where the innovations ei are i.i.d. and the constants ci satisfy the condition
∞∑
i=0

i |ci| < ∞. Such a process is called causal (it includes only the current

and past innovations). Later on, central limit theorems have been extended to
include non-causal linear processes

vt =
∑
i∈Z

ciet−i,

where Z is the set of all integers. We apply results for non-causal prosesses
from [5] and [6] to characterize the asymptotic distribution of two quadratic
forms that arise in statistical applications. Our results generalize to the
non-causal linear processes some statements from [1] and [2].

2. Main definitions and assumptions

Definition 1. A family {Xτ : τ ∈ T} of random variables is called

uniformly integrable if

lim
m→∞

sup
τ∈T

E |Xτ | 1|Xτ |≥m = 0.

Definition 2. Consider {et,Ft : t ∈ Z}, where et are random variables and

Ft are nested sub-σ-�elds of Ω, Ft−1 ⊆ Ft for all t. Such a family is called a

martingale di�erence (m.d.) array if

1. et are Ft-measurable,

2. et are integrable and

3. E (et|Ft−1) = 0 for all t.

Definition 3. For a given F ∈ Lp((0, 1)
2) we can de�ne a discretization

operator δnp : Lp((0, 1)
2) → R by

(δnpF )st = n2/q

∫
qst

F (x)dx, 1 ≤ s, t ≤ n,

where q is the conjugate of p, 1
p + 1

q = 1, and qst =
[
s−1
n , s

n

)
×
[
t−1
n , t

n

)
.
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Definition 4. Let 1 ≤ p ≤ ∞ and the sequence of vectors {fn} be such that

fn ∈ Rn for all n ∈ N, here N is the set of all natural numbers. {fn} is called

Lp-approximable if there exists a function F ∈ Lp such that

∥fn − δnpF∥p → 0, n → ∞.

If such is the case, the sequence {fn} is said to be Lp-close to F. To make this

de�nition work in the case p = ∞, it is nessesary to assume additionally that

F is continuous on [0, 1].

Assumption 1. Let {et,Ft : t ∈ Z} be a double-in�nite m.d. array. Fixing a

summable sequence of numbers {cj : j ∈ Z}, denote

vt =
∑
j∈Z

cjet−j , t ∈ Z.

The array {vt : t ∈ Z} is called a linear process.

Denote αc =
∑
j∈Z

|cj | and βc =
∑
j∈Z

cj .

Assumption 2. {e2t } are uniformly integrable and E
(
e2t |Ft−1

)
= σ2 for all t.

Assumption 3. The sequence {cj : j ∈ Z} is summable, αc < ∞.

Assumption 4. The process {ut} possesses a unit root under the null

hypothesis ρ = 1 in

ut = ρut−1 + vt,

where vt is the same linear process as in Assumption 1.

3. Analytical results

Consider the linear processes vn satisfying Assumptions 1, 2 and un
satisfying Assumption 4. Denote

Rn =
1

n

n∑
t=2

ut−1vt =
1

n

n∑
t=2

(
t−1∑
l=1

vl

)
vt (1)
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and

Sn =
1

n2

n∑
t=1

u2t =
1

n2

n∑
t=1

(
t∑

l=1

vl

)2

. (2)

With

e′t = (1, ..., 1︸ ︷︷ ︸
t

, 0, ..., 0︸ ︷︷ ︸
n−t

), d′t = (0, ..., 0︸ ︷︷ ︸
t−1

, 1, 0, ..., 0︸ ︷︷ ︸
n−t

), v′ = (v1, ..., vn)

we can write
s∑

l=1

vl = e′sv, vs = d′sv for s = 1, ..., n. (3)

So for (1) by (3) we obtain

Rn =
1

n

n∑
t=2

e′t−1vd
′
tv = v′

1

n

n∑
t=2

et−1d
′
tv = v′anv,

where an is an upper triangular matrix of size n× n:

an = 1
n



0 1 1 · · · 1 1
0 0 1 · · · 1 1
0 0 0 · · · 1 1
...

...
...

. . .
...

...
0 0 0 · · · 0 1
0 0 0 · · · 0 0


.

One can show that an is L2-close to

F (s, t) =

{
1, s < t

0, s ≥ t
,

but the degree of approximation and the integral operator with F as a kernel
are not good enough to apply Theorem 3.9.1 from [6] for convergence in
distribution of Rn. This is because an is not a symmetric matrix. We note
that Rn = (v′anv)

′ = v′a′nv, so we can write

Rn =
1

2
v′
(
an + a′n

)
v =

1

2
v′
(
an + a′n +

I

n

)
v − 1

2n
v′v,
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here I is the identity matrix of size n×n. Denoting kn = an + a′n +
I
n we have

Rn =
1

2
v′knv −

1

2n
v′v. (4)

Let K(s, t) ≡ 1 on (0, 1)2. Then

knij − (δn2K)ij =
1

n
− n

∫
qij

dx =
1

n
− 1

n
= 0 for all 1 ≤ i, j ≤ n,

here δn2 is a discretization operator. Thus, ∥kn − δn2K∥2 = 0. The integral
operator K associated with K

(Kf) (x) =

1∫
0

f (t) dt

has only one non-zero eigenvalue λ = 1; the corresponding eigenspace consists
of constants and is one-dimensional, all other eigenvalues are zero. By Theorem
3.9.1 from [6] we can assert that
1. If βc ̸= 0, then

v′knv
d−−−→

n→∞
(σβc)

2 u2, (5)

where u is standard normal, or
2. If βc = 0, then

v′knv
P−−−→

n→∞
0. (6)

To deal with the second term in (4), we apply a CLT from [5]. Suppose a
function H has r-th derivative and let

H
(r)
λ (x) = sup

|y|≤λ

∣∣∣H(r) (x+ y)
∣∣∣ , λ > 0.

Definition 5. The triplet {H, {cj} , {ej}} is said to satisfy condition C (r, λ)
if there exists a number λ ∈ (0,∞) such that

1. H(r) (x) exists and is continuous for all x ∈ R,

2. For all x ∈ R

sup
I⊂Z

E

[
H

(r)
λ

(
x+

∑
i∈I

ciei

)]4
< ∞, (7)

where supremum is taken over all subsets I ⊂ Z.
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Let ei be independent identically distributed (i.i.d.) with Eei = 0, Ee4i <
∞. Put H(x) = x2. Then (7) is trivially satis�ed with r = 2. By Theorem 1 of
[5]

1√
n

n∑
t=1

(
v2t − Ev2t

) d−−−→
n→∞

N
(
0, σ2

1

)
, (8)

where

σ2
1 = lim

n→∞

1

n
V ar

[
n∑

t=1

v2t

]
= σ2

∑
i∈Z

c4i .

From (8) we have

1

n
v′v =

1

n

n∑
t=1

v2t =
1

n

n∑
t=1

(
v2t − Ev2t

)
+

1

n

n∑
t=1

Ev2t

=
1√
n

[
1√
n

n∑
t=1

(
v2t − Ev2t

)]
+

1

n

n∑
t=1

Ev2t = oP (1) +
1

n

n∑
t=1

Ev2t . (9)

Since
Ev2t = E

∑
i,j∈Z

cicjet−iet−j = σ2
∑
i∈Z

c2i ,

(9) implies

lim
n→∞

1

n
v′v

P−−−→
n→∞

σ2
∑
i∈Z

c2i . (10)

From (4), (5), (6) and (10) we obtain the following statement.

Lemma 1. Let vt =
∑
j∈Z

cjet−j , here ei being i.i.d. with Eei = 0, Ee4i <

∞, σ2 = Ee2i and cj satisfying Assumption 3. Suppose Assumption 4 holds.

Denote Rn = 1
n

n∑
t=2

(
t−1∑
l=1

vl

)
vt. Then

in case βc ̸= 0 we have

Rn
d−−−→

n→∞

σ2

2

(
β2
cu

2 +
∑
i∈Z

c2i

)
, (11)
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where u is standard normal;

in case βc = 0

Rn
P−−−→

n→∞

σ2

2

∑
i∈Z

c2i . (12)

Since convergence in distribution to a constant implies convergence in

probability to the same constant, (12) is a part of (11).

For a related result, see Theorem 3.7 of [1].
For (2) by using (3) we have

Sn =
1

n2

n∑
t=1

e′tve
′
tv = v′

1

n2

n∑
t=1

ete
′
tv = v′bnv, (13)

where bn is a symmetric matrix of size n× n:

bn =
1

n



1 1− 1
n 1− 2

n · · · 1− n−2
n 1− n−1

n
1− 1

n 1− 1
n 1− 2

n · · · 1− n−2
n 1− n−1

n
1− 2

n 1− 2
n 1− 2

n · · · 1− n−2
n 1− n−1

n
...

...
...

. . .
...

...
1− n−2

n 1− n−2
n 1− n−2

n · · · 1− n−2
n 1− n−1

n
1− n−1

n 1− n−1
n 1− n−1

n · · · 1− n−1
n 1− n−1

n


.

In other words, bn =
(

1
n

(
1−max

{
i−1
n , j−1

n

}))n
i,j=1

. For given s, t ∈ (0, 1)2

choose 1 ≤ i, j ≤ n such that

i− 1

n
< s <

i

n
,
j − 1

n
< t <

j

n
.

It is easy to see that bn is L2-close to a symmetric function

B(s, t) = 1−max {s, t} .

We need to know the rate of approximation. For this consider

∣∣∣bnij − (δn2B)ij

∣∣∣ =
∣∣∣∣∣∣∣
1

n

(
1−max

{
i− 1

n
,
j − 1

n

})
− n

∫
qij

(1−max {s, t}) dsdt

∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣
∫
qij

[
n2 · 1

n

(
1−max

{
i− 1

n
,
j − 1

n

})
− n (1−max {s, t})

]
dsdt

∣∣∣∣∣∣∣
≤
∫
qij

∣∣∣∣n(max {s, t} −max

{
i− 1

n
,
j − 1

n

})∣∣∣∣ dsdt ≤ 1

n2
.

Thus,

∥bn − δn2B∥22 =
n∑

i,j=1

∣∣∣bnij − (δn2B)ij

∣∣∣2 = o

(
1

n2

)
.

The integral operator K is associated with B by the following way

(Kf) (t) =

1∫
0

B (x, t) f (x) dx

and let us consider the integral equation for λ and f(t)

f(t) = λ

1∫
0

B (x, t) f (x) dx,

here λ is the eigenvalue of the kernel B (s, t); the corresponding solution f (t)
is an eigenfunction for the eigenvalue λ. According to [2] (p.139) eigenvalues
of kernel B (s, t) are

λk =
1((

k − 1
2

)
π
)2 , k ∈ N

with multiplicity 1 and corresponding eigenvectors are fk(t) = c cos
√
λkt with

c ̸= 0. By Theorem 3.9.1 from [6] we can assert that
1. If βc ̸= 0, then

v′bnv
d−−−→

n→∞
(σβc)

2
∞∑
i=1

λiu
2
i , (14)

where ui are independent standard normal, or
2. If βc = 0, then

v′bnv
P−−−→

n→∞
0. (15)

From (13), (14) and (15) we obtain the next statement.
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Lemma 2. Let Sn = 1
n2

n∑
t=1

(
t∑

l=1

vl

)2

, where vl as in Assumption 1. And let

Assumption 2 hold. Denote βc =
∑
j∈Z

cj . Then

in case βc ̸= 0 we have

Sn
d−−−→

n→∞
(σβc)

2
∞∑
k=1

1((
k − 1

2

)
π
)2u2k (16)

where ui are independent standard normal;

in case βc = 0

Sn
P−−−→

n→∞
0. (17)

Comparing to Theorem 5.12 of [2] we have the same result but under less
stringent assumptions on linear processes.
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Ìûáàåâ �.Ò., Äàðêåíáàåâà Ä.Ñ. ÐÅÃÐÅÑÑÈßËÛ� ÀÍÀËÈÇÄÅ
�ÎËÄÀÍÛËÀÒÛÍ ÊÅÉÁIÐ ÊÂÀÄÐÀÒÒÛ� ÔÎÐÌÀËÀÐÄÛ� ÆÈ-
ÍÀ�ÒÛËÛ�Û

Áàÿó °çãåðåòií ðåãðåññîðû áàð ðåãðåññèÿëàðäû áiðëiê ò³áiðãå çåðòòåó
áàðûñûíäà ïàéäà áîëàòûí åêi êâàäðàòòû© ò³ðëåðäi ³ëåñòiðiëiì áîéûí-
øà æèíà©òàëóûí ©àðàñòûðàìûç. Ðåãðåññèÿíû ©àòåëåði áiðëiê ò³áiðãå èå
ñûçû©òû© ïðîöåññ ðåòiíäå ©àðàñòûðûëàäû. Á´ë ñûçû©òû© ïðîöåññ ©ûñ©à
åñòå ñà©òàó ©àáiëåòòiëiãiíå èå æºíå òºóåëñiç áiðäåé ³ëåñòiðiëãåí èííîâàöè-
ÿëàðäàí ò´ðàäû äåï ´é¡àðàìûç. Áiçäi íºòèæåëåð [1] æºíå [2] êåëòiðiëãåí
êåéáið íºòèæåëåðäi æàëïûëàéäû.

Ìûíáàåâ Ê.Ò., Äàðêåíáàåâà Ä.Ñ. ÑÕÎÄÈÌÎÑÒÜ ÍÅÊÎÒÎÐÛÕ
ÊÂÀÄÐÀÒÈ×ÍÛÕ ÔÎÐÌ, ÈÑÏÎËÜÇÓÅÌÛÕ Â ÐÅÃÐÅÑÑÈÎÍÍÎÌ
ÀÍÀËÈÇÅ

Â ýòîé ñòàòüå ìû ðàññìàòðèâàåì ñõîäèìîñòè ïî ðàñïðåäåëåíèþ äâóõ
êâàäðàòè÷íûõ ôîðì, êîòîðûå âîçíèêàþò â èññëåäîâàíèÿõ íà åäèíè÷íûé
êîðåíü ðåãðåññèé ñ ìåäëåííî ìåíÿþùèìñÿ ðåãðåññîðîì. Îøèáêè ðåãðåññèé
ïðåäñòàâëÿþòñÿ â âèäå ëèíåéíîãî ïðîöåññà, êîòîðûé îáëàäàåò åäèíè÷íûì
êîðíåì. Ïðåäïîëàãàåì, ÷òî ëèíåéíûé ïðîöåññ îáëàäàåò êîðîòêîé ïàìàòüþ
ñ íåçàâèñèìûìè îäèíàêîâî ðàñïðåäåëåííûìè èííîâàöèÿìè. Íàøè ðåçóëü-
òàòû îáîáùàþò íåêîòîðûå ðåçóëüòàòû, ïðèâåäåííûå â [1] è [2].
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1. Introduction

Consider the following inequality∥∥∥∥f(x)∥x∥

∥∥∥∥
Lp(Rn)

≤ p

n− p
∥∇f∥Lp(Rn) , 1 ≤ p < n, (1)

where ∇ is the standard gradient in Rn, f ∈ C∞
0 (Rn\{0}), ∥x∥ =√

x21 + ...+ x2n, and the constant p
n−p is known to be sharp. The one-

dimensional version of (1) for p = 2 was �rst discovered by Hardy in [1], and
then for other p in [2], see also [2] for the story behind these inequalities. Since
then the inequality (1) has been widely analysed in many di�erent settings (see
e.g. [3]�[19]). Nowadays there is vast literature on this subject, for example, the
MathSciNet search shows about 5000 research works related to this subject. On
homogeneous Carnot groups (or strati�ed groups) inequalities of this type have
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been also intensively investigated (see e.g. [20]�[28]). In this case inequality (1)
takes the form∥∥∥∥f(x)d(x)

∥∥∥∥
Lp(G)

≤ p

Q− p
∥∇Hf∥Lp(G) , Q ≥ 3, 1 < p < Q, (2)

where Q is the homogeneous dimension of the strati�ed group G, ∇H is the
horizontal gradient, and d(x) is the so-called L-gauge, which is a particular
homogeneous quasi-norm obtained from the fundamental solution of the sub-
Laplacian, that is, d(x)2−Q is a constant multiple of Folland's [29] (see also
[30]) fundamental solution of the sub-Laplacian on G. For a short review in
this direction and some further discussions we refer to recent papers [31]�[33]
and [36] as well as to references therein.

At the same time the Rellich inequalities give results of the type∫
Rn

|f |p

|x|α
dx ≤ C

∫
Rn

|∆f |p

|x|β
dx

for certain relations between α, β, n, p. For example, the classical result by
Rellich appearing at the 1954 ICM in Amsterdam [37] stated the inequality∥∥∥∥ f

|x|2

∥∥∥∥
L2(Rn)

≤ 4

n(n− 4)
∥∆f∥L2(Rn), n > 4. (3)

We refer e.g. to Davies and Hinz [16] for history and further extensions,
including the derivation of sharp constants, and to [27] and [38] for the
corresponding results for the sub-Laplacian on homogeneous Carnot groups.

The main aim of this paper is to give analogues of Hardy-Rellich type
inequalities on strati�ed groups with horizontal gradients and weights. Our
results extend known Hardy and Rellich type inequalities on abelian and
Heisenberg groups, for example (see e.g. [4], [12], [39] and [40]). For the
convenience of the reader let us now brie�y recapture the main results of this
paper. Let G be a homogeneous strati�ed group of homogeneous dimension Q,
and let X1, . . . , XN be left-invariant vector �elds giving the �rst stratum of
the Lie algebra of G, ∇H = (X1, . . . , XN ), with the sub-Laplacian

L =

N∑
k=1

X2
k .
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Denote the variables on G by x = (x′, x′′) ∈ G, where x′ corresponds to the
�rst stratum. For precise de�nitions we refer to Section 2.

Thus, to summarise brie�y, in this paper we establish the following result.

• (Hardy-Rellich type inequalities) Let G be a homogeneous strati�ed
group with N being the dimension of the �rst stratum, and let α, β ∈ R.
Then for any f ∈ C∞

0 (G\{x′ = 0}), we have(
N − (α+ β + 3)

2

∫
G

|∇Hf |2

|x′|α+β+1
dx+ (α+ β + 1)

∫
G

(x′ · ∇Hf)2

|x′|α+β+3
dx

)2

≤

≤
∫
G

|Lf |2

|x′|2β
dx

∫
G

|∇Hf |2

|x′|2α
dx, (4)

where | · | is the Euclidean norm on RN . Moreover, for α+β+3 ≤ N we
have

|N + α+ β − 1|
2

∥∥∥∥∥ ∇Hf

|x′|
α+β+1

2

∥∥∥∥∥
L2(G)

≤
∥∥∥∥ Lf
|x′|β

∥∥∥∥
L2(G)

∥∥∥∥∇Hf

|x′|α

∥∥∥∥
L2(G)

(5)

with the sharp constant. In the special case of α = 1 and β = 0, the
inequality (5) gives the following strati�ed group version of Rellich's
inequality ∫

G

|∇Hf |2

|x′|2
dx ≤

(
2

N

)2 ∫
G
|Lf |2dx, 4 ≤ N, (6)

again with the constant
(
2
N

)2
being sharp. In turn, we have the following

strati�ed group version of the weighted Hardy inequality (see [41])∥∥∥∥ f

|x′|2

∥∥∥∥
L2(G)

≤ 2

N − 4

∥∥∥∥∇Hf

|x′|

∥∥∥∥
L2(G)

, 4 < N, (7)

again with 2
N−2 being the best constant. Now combining (7) with (6) we

obtain ∥∥∥∥ f

|x′|2

∥∥∥∥
L2(G)

≤ 4

N(N − 4)
∥Lf∥L2(G) , 4 < N, (8)
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with the sharp constant. In the abelian case G = (Rn,+), we haveN = n,
∇H = ∇ = (∂x1 , . . . , ∂xn), and L = ∆, so it follows the classical Rellich
inequality (3), that is,∥∥∥∥ f

|x|2

∥∥∥∥
L2(Rn)

≤ 4

n(n− 4)
∥∆f∥L2(Rn), 4 < n, (9)

for all f ∈ C∞
0 (Rn\{0}).

• (Embedding results) Let G be a homogeneous strati�ed group with N
being the dimension of the �rst stratum, and let α, β ∈ R. We have the
following continuous embedding

(i)
H2

α,β(G) ⊂ D2,2
α+β+1

2

(G)

for α+ β − 1 ̸= N.

(ii)
D2,2

α (G) ⊂ D1,2
α+1(G)

for α ≤ N
2 − 2 with α ̸= N

2 .

In Section 2 we very brie�y recall the main concepts of strati�ed groups
and �x the notation. In Section 3 we derive versions of Hardy-Rellich type
inequalities on strati�ed groups and discuss their consequences including
embedding results.

2. Preliminaries

A Lie group G = (Rn, ◦) is called a strati�ed (Lie) group if it satis�es the
following conditions:

(a) For some natural numbers N +N2 + ...+Nr = n, that is N = N1, the
decomposition Rn = RN × ...× RNr is valid, and for every λ > 0 the dilation
δλ : Rn → Rn given by

δλ(x) ≡ δλ(x
′, x(2), ..., x(r)) := (λx′, λ2x(2), ..., λrx(r))

is an automorphism of the group G. Here x′ ≡ x(1) ∈ RN and x(k) ∈ RNk for
k = 2, ..., r.
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(b) Let N be as in (a) and let X1, ..., XN be the left invariant vector �elds
on G such that Xk(0) =

∂
∂xk

|0 for k = 1, ..., N. Then

rank(Lie{X1, ..., XN}) = n

for every x ∈ Rn, i.e. the iterated commutators of X1, ..., XN span the Lie
algebra of G.

That is, we say that the triple G = (Rn, ◦, δλ) is a strati�ed group. See also
e.g. [42] for discussions from the Lie algebra point of view. Here r is called a step
of G and the left invariant vector �elds X1, ..., XN are called the (Jacobian)
generators of G. The number

Q =

r∑
k=1

kNk

is called the homogeneous dimension of G. The second order di�erential

operator

L =

N∑
k=1

X2
k , N1 = N, (10)

is called the (canonical) sub-Laplacian on G. The sub-Laplacian L is a left
invariant homogeneous hypoelliptic di�erential operator and it is known that
L is elliptic if and only if the step of G is equal to 1. We also recall that the
standard Lebesque measure dx on Rn is the Haar measure for G (see, e.g. [42,
Proposition 1.6.6]). The left invariant vector �eld Xj has an explicit form and
satis�es the divergence theorem, see e.g. [31] for the derivation of the exact
formula: more precisely, we can write

Xk =
∂

∂x′k
+

r∑
l=2

Nl∑
m=1

a
(l)
k,m(x′, ..., x(l−1))

∂

∂x
(l)
m

, (11)

see also [42, Section 3.1.5] for a general presentation. We will also use the
following notations

∇H := (X1, . . . , XN )

for the horizontal gradient,

divHv := ∇H · v
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for the horizontal divergence,

Lpf := divH(|∇Hf |p−2∇Hf), 1 < p < ∞, (12)

for the horizontal p-Laplacian (or p-sub-Laplacian), and

|x′| =
√

x′21 + . . .+ x′2N

for the Euclidean norm on RN .
The explicit representation (11) allows us to have the identity

divH

(
x′

|x′|γ

)
=

∑N
j=1 |x′|γXjx

′
j −

∑N
j=1 x

′
jγ|x′|γ−1Xj |x′|

|x′|2γ
=

N − γ

|x′|γ
(13)

for all γ ∈ R, |x′| ≠ 0.

3. Horizontal Hardy-Rellich type inequalities and embedding

results

Below we adopt all the notation introduced in Section 2 concerning
strati�ed groups and the horizontal operators.

Theorem 1. Let G be a homogeneous strati�ed group with N being the

dimension of the �rst stratum, and let α, β ∈ R. Then for any f ∈ C∞
0 (G\{x′ =

0}) we have(
N − (α+ β + 3)

2

∫
G

|∇Hf |2

|x′|α+β+1
dx+ (α+ β + 1)

∫
G

(x′ · ∇Hf)2

|x′|α+β+3
dx

)2

≤

≤
∫
G

|Lf |2

|x′|2β
dx

∫
G

|∇Hf |2

|x′|2α
dx, (14)

where | · | is the Euclidean norm on RN . Moreover, for α+ β +3 ≤ N we have

|N + α+ β − 1|
2

∫
G

|∇Hf |2

|x′|α+β+1
dx ≤

(∫
G

|Lf |2

|x′|2β
dx

) 1
2
(∫

G

|∇Hf |2

|x′|2α
dx

) 1
2

(15)

with the sharp constant.

Let us de�ne the following Sovolev type spaces on the strati�ed Lie group
G.
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• Let D1,2
γ (G) be the completion of C∞

0 (G\{x′ = 0}) with respect to the
norm

∥f∥
D1,2

γ (G)
=

(∫
G

|∇Hf |2

|x′|2γ
dx

) 1
2

.

• Let D2,2
γ (G) be the completion of C∞

0 (G\{x′ = 0}) with respect to the
norm

∥f∥
D2,2

γ (G)
=

(∫
G

|Lf |2

|x′|2γ
dx

) 1
2

.

• Let H2
α,β(G) be the completion of C∞

0 (G\{x′ = 0}) with respect to the
norm

∥f∥H2
α,β(G) =

(∫
G

|∇Hf |2

|x′|2α
+

|Lf |2

|x′|2β
dx

) 1
2

.

Theorem 2. Let G be a homogeneous strati�ed group with N being the

dimension of the �rst stratum, and let α, β ∈ R. We have the following

continuous embedding

(i)

H2
α,β(G) ⊂ D2,2

α+β+1
2

(G)

for α+ β − 1 ̸= N.

(ii)

D2,2
α (G) ⊂ D1,2

α+1(G)

for α ≤ N
2 − 2 with α ̸= N

2 .

In the abelian case G = (Rn,+), we have N = n,∇H = ∇ = (∂x1 , . . . , ∂xn),
so (14) implies the Hardy-Rellich type inequality (see e.g. [12] and [43]) for
G ≡ Rn:(

n− (α+ β + 3)

2

∫
Rn

|∇f |2

∥x∥α+β+1
dx+ (α+ β + 1)

∫
Rn

(x · ∇ ≤ f)2

∥x∥α+β+3
dx

)2

≤

≤
∫
Rn

|∆f |2

∥x∥2β
dx

∫
Rn

|∇f |2

∥x∥2α
dx, (16)
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for all f ∈ C∞
0 (Rn\{0}), and ∥x∥ =

√
x21 + . . .+ x2n.

When α = 1 and β = 0, the inequality (3) gives the following strati�ed
group version of Rellich's inequality∫

G

|∇Hf |2

|x′|2
dx ≤

(
2

N

)2 ∫
G
|Lf |2dx, 4 ≤ N, (17)

with
(
2
N

)2
being the best constant.

Directly from the inequality (3), choosing α and β, we can obtain a number
of Heisenberg-Pauli-Weyl type uncertainly inequalities which have various
consequences and applications. For instance,

•

|N + 2α|
2

∫
G

|∇Hf |2

|x′|2(α+1)
dx ≤

(∫
G

|Lf |2

|x′|2(α+1)
dx

) 1
2
(∫

G

|∇Hf |2

|x′|2α
dx

) 1
2

for α ≤ N
2 − 2 and any f ∈ H2

α,α+1(G),

•

|N − 2|
2

∫
G
|∇Hf |2dx ≤

(∫
G
|x′|2(α+1)|∇Hf |2dx

) 1
2
(∫

G

|Lf |2

|x′|2α
dx

) 1
2

for 3 ≤ N and any f ∈ D1,2
0 (G),

•
N

2

∫
G

|∇Hf |2

|x′|2
dx ≤

(∫
G
|∇Hf |2dx

) 1
2
(∫

G

|Lf |2

|x′|2
dx

) 1
2

for any f ∈ D1,2
1 (G),

•
N − 1

2

∫
G

|∇Hf |2

|x′|
dx ≤

(∫
G
|x′|2|∇Hf |2dx

) 1
2
(∫

G

|Lf |2

|x′|2
dx

) 1
2

for 2 ≤ N and any f ∈ D1,2
1/2(G),
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•
N − 1

2

∫
G

|∇Hf |2

|x′|
dx ≤

(∫
G
|∇Hf |2dx

) 1
2
(∫

G
|Lf |2dx

) 1
2

for 2 ≤ N and any f ∈ D1,2
1/2(G).

Proof of Theorem 1. For all s ∈ Rn we have∫
G

∣∣∣∣∇Hf

|x′|α
+ s

x′

|x′|β+1
Lf
∣∣∣∣2 dx ≥ 0,

that is, ∫
G

|∇Hf |2

|x′|2α
dx+ 2s

∫
G

x′ · ∇Hf

|x′|α+β+1
Lfdx+ s2

∫
G

|Lf |2

|x′|2β
dx ≥ 0. (18)

Since ∫
G

x′ · ∇Hf

|x′|α+β+1
Lfdx =

∫
G
divH(∇Hf)

(
x′ · ∇Hf

|x′|α+β+1

)
dx

by using the divergence theorem (see e.g. [31]) and (13) we obtain∫
G
divH(∇Hf)

(
x′ · ∇Hf

|x′|α+β+1

)
dx = −1

2

∫
G

x′

|x′|α+β+1
· ∇H(|∇Hf |2)dx−

−
∫
G

|∇Hf |2

|x′|α+β+1
dx+ (α+ β + 1)

∫
G

(x′ · ∇Hf)2

|x′|α+β+3
dx.

Again by the divergence theorem and (13) we get

−1

2

∫
G

x′

|x′|α+β+1
· ∇H(|∇Hf |2)dx =

N − (α+ β + 1)

2

∫
G

|∇Hf |2

|x′|α+β+1
dx.

Thus, ∫
G

x′ · ∇Hf

|x′|α+β+1
Lfdx =

N − (α+ β + 3)

2

∫
G

|∇Hf |2

|x′|α+β+1
dx+

+(α+ β + 1)

∫
G

(x′ · ∇Hf)2

|x′|α+β+3
dx. (19)

Therefore, the equation (18) can be restated as
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s2
∫
G

|Lf |2

|x′|2β
dx+ 2s

(
N − (α+ β + 3)

2

∫
G

|∇Hf |2

|x′|α+β+1
dx+

+(α+ β + 1)

∫
G

(x′ · ∇Hf)2

|x′|α+β+3
dx

)
+

∫
G

|∇Hf |2

|x′|2α
dx ≥ 0. (20)

Denoting

a :=

∫
G

|Lf |2

|x′|2β
dx,

b :=
N − (α+ β + 3)

2

∫
G

|∇Hf |2

|x′|α+β+1
dx+ (α+ β + 1)

∫
G

(x′ · ∇Hf)2

|x′|α+β+3
dx,

and

c :=

∫
G

|∇Hf |2

|x′|2α
dx

we arrive at
as2 + 2bs+ c ≥ 0, (21)

which is equivalent to b2 − ac ≤ 0. Thus, we have(
N − (α+ β + 3)

2

∫
G

|∇Hf |2

|x′|α+β+1
dx+ (α+ β + 1)

∫
G

(x′ · ∇Hf)2

|x′|α+β+3
dx

)2

≤

≤
∫
G

|Lf |2

|x′|2β
dx

∫
G

|∇Hf |2

|x′|2α
dx. (22)

This shows the inequality (14). Now it remains to prove (3). It can be proved
similarly. For a di�erent proof of (3) we refer [41].
Proof of Theorem 2. Since N ̸= α+ β − 1, from (3) we obtain∫

G

|∇Hf |2

|x′|2
(α+β+1)

2

dx ≤ 2

|N + α+ β − 1|

(∫
G

|Lf |2

|x′|2β
dx

) 1
2
(∫

G

|∇Hf |2

|x′|2α
dx

) 1
2

≤

≤ 2

|N + α+ β − 1|

(∫
G

|Lf |2

|x′|2β
dx+

∫
G

|∇Hf |2

|x′|2α
dx

)
,

for all f ∈ C∞
0 (G\{x′ = 0}). This proves Part (i). Part (ii) also implies from the

inequality (3), namely assuming α+β+3 ≤ N and letting β = α+1, α ̸= N
2 .
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Ñàáèòáåê Á. �ÀÁÀÒÒÀË�ÀÍ ËÈ ÒÎÏÒÀÐÛÍÄÀ�Û ÑÎÁÎËÅÂ
ÒÅÊÒÅÑ ÊÅ�IÑÒIÊÒÅÐÄI� ÑÀËÛÍÓ ÒÅÎÐÅÌÀÑÛ

Á´ë ìà©àëàäà áiç ©àáàòòàë¡àí Ëè òîïòàðûíäà¡û Õàðäè-Ðåëëèõ òåê-
òåñ ñàëìà©òû© òåñiçäiãiíi ãîðèçîíòàëü í´ñ©àëàðû ìåí îëàðäû êåéáið
ñàëäàðûí ´ñûíàìûç. Áiçäi íºòèæåëåð äåðáåñ æà¡äàéëàð ³øií á´ðûííàí
áåëãiëi íºòèæåëåðäi æàëïûëàéäû. Î¡àí ©îñà, ©àáàòòëà¡àí Ëè òîïòàðûí-
äà¡û Ñîáîëåâ òåêòåñ æàà ôóíêöèîíàëäû© êåiñòiêòåð àíû©òàë¡àí æºíå
îñû ôóíêöèîíàëäû© êåiñòiêòåð ³øií ñàëûíó òåîðåìàñû äºëåëäåíãåí.

Ñàáèòáåê Á. ÒÅÎÐÅÌÀ ÂËÎÆÅÍÈß ÏÐÎÑÒÐÀÍÑÒÂ ÒÈÏÀ ÑÎ-
ÁÎËÅÂÀ ÍÀ ÑÒÐÀÒÈÔÈÖÈÐÎÂÀÍÍÛÕ ÃÐÓÏÏÀÕ ËÈ

Â ýòîé ñòàòüå ìû ïðåäñòàâëÿåì ãîðèçîíòàëüíûå àíàëîãè âåñîâîãî íåðà-
âåíñòâà òèïà Õàðäè-Ðåëëèõà íà ñòðàòèôèöèðîâàííûõ ãðóïïàõ Ëè è íåêî-
òîðûå èõ ñëåäñòâèÿ. Íàøè ðåçóëüòàòû îáîáùàþò ìíîãèå ðàíåå èçâåñòíûå
ðåçóëüòàòû â ÷àñòíûõ ñëó÷àÿõ. Êðîìå òîãî, îïðåäåëåíû íîâûå ôóíêöèî-
íàëüíûå ïðîñòðàíñòâà òèïà Ñîáîëåâà íà ñòðàòèôèöèðîâàííûå ãðóïïàõ Ëè
è äîêàçàíû òåîðåìû âëîæåíèÿ äëÿ ýòèõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ.
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and boundary conditions of the general form

αju
′ (−1)+βju

′ (1)+αj1u (−1)+βj1u (1)= 0, j= 1, 2. (2)

Coe�cients of the boundary condition (2) are numbers, which can be
complex.

The main goal of the present paper is to set a criterion of the basis property
of the system of eigenfunctions (EF) of the operator L in the terms of the
coe�cients of the boundary conditions (2). The interest to studying the basis
properties of operators of the form (1), (2) has arose relatively recently.

In works of T.Sh. Kal'menov and his disciples the selfadjointness property
of the Cauchy operator:

LKu = −u′′ (−x) , −1 < x < 1, u′ (−1) = 0, u (−1) = 0, (3)

is successfully applied in solving initial-boundary value problems for a heat
equation with inverse time direction [4], in �nding a criterion of well-posedness
of the Cauchy problem for the Poisson operator [5], in formulating an
asymptotic solution to problems with a small parameter [6].

Converting φ(x) of the segment [a, b] onto itself, where a ≤ φ(x) ≤ b,
φ (a) = b, φ (b) = a, φ (φ(x)) = x, is called an involution. Therefore in
literature an expression of the form (1) is called operators with involution.
However in this paper we consider the case of only the simplest involution
φ (x) = −x. The works of A.P. Khromov and his disciples (see [7] and the
review in it) are devoted to researching spectral properies of integral and
integral-di�erential operators with re�ection operators.

Definition 1. The boundary conditions (2) for operator (1) we will call

irregular in the following two cases:

α1 = β1, α21 + β21 = 0;

α1 = −β1, α21 − β21 = 0.
(4)

All the other boundary conditions we will call regular. The regular boundary

conditions (2) we call strengthened regular if their coe�cients satisfy one of

the following three conditions:

α1β2−α2β1 ̸= 0;
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α1β2−α2β1= 0, |α1|+ |β1|>0, α2
1 ̸= β2

1 , α
2
21 ̸= β2

21;

α1=α2=β1=β2= 0, α11β21−α21β11 ̸= 0.

In [8] the Riesz basis property of the system of EF of the operator L with
strengthened regular boundary conditions in L2(−1, 1) was proved. An issue
on the basis property of the system of EF of the operator under consideration
with not strengthened regular boundary conditions has remained to be open.
In [9] examples of operators such that their system of EF also forms a Riesz
basis in L2(−1, 1) are introduced.

It is easy to see that if the boundary conditions (2) are regular but not
strengthened regular, then α1β2 − α2β1 = 0, |α1| + |β1| > 0 and one of the
equalities α2

1 = β2
1 or α

2
21 = β2

21 holds. Excluding from here cases of irregularity
of the boundary conditions (4), we get the following result.

Lemma 1. The boundary conditions (2) will be regular but not strengthened

regular if and only if α1β2−α2β1 = 0, |α1|+ |β1| > 0 and one of the following

four conditions holds:

α1 = β1, α21 + β21 ̸= 0;

α1 = −β1, α21 − β21 ̸= 0;

α21 = β21, α1 + β1 ̸= 0;

α21 = −β21, α1 + β1 ̸= 0.
(5)

Note that a class of regular but not strengthened regular problems for
the classical [10] di�erential operator ℓu = −u

′′
(x) and for the di�erential

operator with involution (1) completely coincide. The class of strengthened
regular boundary conditions for the operator with involution (1) are wider

than for the classical di�erential operator. Thus, for example, the Cauchy
problem (3) is strengthened regular ( and even seladjoint) for an operator with
involution and is irregular (degenerated, Volterra) for a classical di�erential
operator. It is caused by the fact that the ful�llment of the inequality
α1β21 + β1α21 ̸= 0 is required in de�nition of regular boundary conditions
for the classical di�erential operator of the second order in the second case
of regularity. Whereas this condition is required only for regular but not
strengthened regular boundary conditions in our de�nition for the di�erential
operator with involution.

Theorem 1. Spectrum of the operator L, generated by the di�erential

expression (1) and by regular but not strengthened regular boundary conditions
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(2), is simple. The system of its eigenfunctions {uk(x)} forms a Riesz basis

in L2(−1, 1) if and only if there exist constants L2(−1, 1) such that for

L2(−1, 1)and for a biorthogonal adjoint system {vk(x)} inequalities hold

∥uk (x)∥L∞(−1,1) ≤ γ1∥uk (x)∥L2(−1,1), ∥vk (x)∥L∞(−1,1) ≤ γ2∥vk (x)∥L2(−1,1),

∥uk (x)∥L∞(−1,1) ≤ γ3, ∥uk (x)∥L∞(−1,1) ≤ γ4.

(6)

Proof. A square of the operator L is given by a classical di�erential expression
L2u = u(IV )(x) and by four boundary conditions: (2) and

βju
′′′ (−1) + αju

′′′ (1)− βj1u
′′ (−1)− αj1u

′′ (1) = 0, j = 1, 2. (7)

Following [10], we get

θ−1 = θ1 = −2
[
(β1β21 + α1α21)

2 + (β1α21 + α1β21)
2
]
.

Hence, by direct calculation we make sure that θ−1 = θ1 ̸= 0 for each of four
cases (5). Consequently, the boundary conditions (2), (7) are regular for the
classical di�erential operator of the fourth order and its corresponding operator
L2 has the system of eigen- and associated functions forming a complete and
minimal system in L2(−1, 1).

But root functions of the operators L and L2 coincide [8]. Therefore the
system of root functions of the non-classical di�erential operator L with the
regular (but not strengthened regular in the sense of our introduced de�nition)
boundary conditions forms the complete and minimal system in L2(−1, 1).
However the boundary conditions (2), (7) are not strengthened regular for
the classical di�erential operator of the fourth order, therefore an additional
research is required for studying issues of the basis properties of the system of
EF.

Lemma 2. Eigenvalues of the operator L with regular but not strengthened

regular boundary conditions are simple and form two series with the following

asymptotic behavior:

λ
(1)
k = −

[
kπ+

ln ξ

2i
+O

(
1

k

)]2
, λ

(2)
k =

[
kπ+

ln ξ

2i
+O

(
1

k

)]2
, k → ∞, (8)
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where ξ can take values only +1 or -1: ξ = −β1/α1 for α2
1 = β2

1 and ξ =
−β21/α21 for α2

21 = β2
21.

The proof of the lemma is held by direct calculation of a characteristic
determiner of the spectral problem and by further use of Rouche's theorem.
Since we indicate a form of the characteristic determiner below, we will not
stop on the direct proof of this lemma. Thus the system of EF of the operator L
with regular but not strengthened regular boundary conditions is the complete
and minimal system of EF of the classical di�erential operator of the fourth
order, where all the conditions A hold (one of preliminary conditions of the
theory of V.A. Il'in [1], [11]). Therefore the result of theorem 1 follows from
[12, theorem 1].

Theorem 2. System of EF of the operator L, generated by the di�erential

expression (1) and by the regular boundary conditions (2), forms a Riesz basis

in L2(−1, 1).

Proof. Since the system of EF of the operator L with strengthened regular
boundary conditions forms the Riesz basis [9], then we need only to consider
a case of regular but strengthened regular boundary conditions. By virtue of
lemma 1 all such boundary conditions can be represented in the form:{

α1u
′ (−1)+β1u

′
(1) + α11u (−1)+β11u (1)= 0,

α21u (−1) + β21u (1)= 0,
(9)

where |α1|+ |β1| > 0 and one of the fourth conditions (5) holds.
Representing the general solution of an equation −u′′ (−x) = λu(x) in the

form
u (x) = C1

(
eρx − e−ρx

)
+ C2

(
eiρx + e−iρx

)
, ρ =

√
λ

and satisfying it to the boundary conditions (9), we get a linear system with
respect to coe�cients C1, C2:

C1 [ρ (α1 + β1) (e
ρ + e−ρ)− (α11 − β11) (e

ρ − e−ρ)]−
−C2

[
iρ (α1 − β1)

(
eiρ − e−iρ

)
− (α11 + β11)

(
eiρ + e−iρ

)]
= 0,

C1 (−α21 + β21) (e
ρ − e−ρ) + C2 (α21 + β21)

(
eiρ + e−iρ

)
= 0.

(10)

The determiner of this system will be a characteristic determiner of the spectral
problem.

Separately consider each of four cases (5).
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Let at �rst α1 = β1, α21 + β21 ̸= 0. Then the determiner of system (10)
can be represented in the form

∆(λ) = ∆1 (λ)
(
eiρ + e−iρ

)
,

where

∆1 (λ) = 2 [ρ (α21 + β21)− C0] e
ρ + 2 [ρ (α21 + β21) + C0] e

−ρ,

C0 = α11β21 − α21β11.

Therefore the spectral problem has two series of eigenvalues:

λ
(8.1)
k = −(ωk)

2, λ
(8.2)

k
=

(
k +

1

2

)2

π2, k = 0, 1, 2, ... ,

where ρk = iωk are roots of an equation

e2ρ = −1− 2C0

ρ (α21 + β21)− C0
.

By standard reasoning, applying the Rouche's theorem, we �nd

ωk =

(
k +

1

2

)
π +O

(
1

k

)
.

Thus the spectral problem has two series of eigenfunctions

u
(1)
k (x) = sin (ωkx) +

α21 − β21
α21 + β21

sin (ωk)

1 + e−2ωk

(
eωk(x−1) − e−ωk(x+1)

)
, (11)

u
(2)
k (x) = cos

(
k +

1

2

)
πx, k = 0, 1, 2, ... .

Evidently that
∥∥∥u(2)k

∥∥∥ = 1. Calculating the norm u
(1)
k (x) and taking into

account that it consists of sum of two functions, the �rst of which is odd, and
the second norm is even, we get∥∥∥u(1)k

∥∥∥2 = ∥sin (ωkx) ∥2 +
∣∣∣∣ α21 − β21

α21 + β21

sin (ωk)

1 + e−2ωk

∣∣∣∣2∥∥∥eωk(x−1) − e−ωk(x+1)
∥∥∥2.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 3



186 A.M. Sarsenbi, A.A. Sarsenbi

Hence, after simple calculations, taking into account the asymptotic behavior,

we obtain
∥∥∥u(1)k

∥∥∥ = 1 +O
(
1
k

)
.

Thus, the system of EF (11) is almost normalized. By direct checking it is
easy to make sure that system (11) is not quadratically close to a trigonometric
system {

sin

(
k +

1

2

)
πx, cos

(
k +

1

2

)
πx

}
.

Therefore here we can not apply the theorem on closeness of the normalized
Riesz basis to an orthonormal basis used in a great amount of cases.

For establishing the basis property of system (11) we apply the criterion
of the Riesz basis property of the system of EF of problem (1), (2), proved in
Theorem 1.

For this purpose we construct a system of functions
{
v
(1)
k (x) , v

(2)
k (x)

}
,

biorthogonally adjoint to the system
{
u
(1)
k (x) , u

(2)
k (x)

}
. This system is a

system of EF of a problem adjoint to the boundary value problem (1), (2). By
standard calculations, we �nd that a problem adjoint to problem (1), (2) is the
following boundary value problem (in case of α1 = β1, α21 + β21 ̸= 0):

L∗v= −v
′′
(−x) , −1 < x<1, (12) α21v

′
(−1)+β21v

′
(1)+α11β21v (−1)+α21β11v (1)= 0,

v (−1)+v (1)= 0.

(13)

By virtue of the adjointness of problems, λ̄
(1)
k and λ̄

(2)
k will be the

eigenvalues of the adjoint problem (12), (13). By direct calculation we obtain
that the eigenfunctions of problem (12), (13) have the form:

v
(1)
k (x) = C3sin (ωkx) ,

v
(2)
k (x) = C4

[
cos

(
k +

1

2

)
πx − ak

(
e(k+

1
2)π(x−1) − e−(k+

1
2)π(x+1)

)]
, (14)

where

ak =
(−1)k

(
α21 − β21

)(
α21 + β21

) (
1 + e−(2k+1)π

)
− 2 C0

(2k+1)π

(
1− e−(2k+1)π

) .
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Unlike �nding eigenfunctions of a direct problem, the coe�cients C3, C4

for the adjoint problem are found not from normalization conditions but

from biorthogonality conditions of the system
{
u
(1)
k (x) , u

(2)
k (x)

}
and{

v
(1)
k (x) , v

(2)
k (x)

}
. Therefore we have that scalar products:

(
u
(1)
k , v

(1)
k

)
=(

u
(2)
k , v

(2)
k

)
= 1 equal to one. Using the obtained representations (11), (14) of

the eigenfunctions, taking into account that u(1)k (x) is a sum of odd and even

functions, and v
(2)
k (x) is a sum of even and odd functions, it is easy to obtain

that (
u
(1)
k , v

(1)
k

)
= C3∥sin (ωkx) ∥2,

(
u
(2)
k , v

(2)
k

)
= C4.

Therefore the system of EF of problem (12), (13) being biorthogonal to a

system
{
u
(1)
k (x) , u

(2)
k (x)

}
has the form

v
(1)
k (x) = sin (ωkx) / ∥sin (ωkx)∥2 ,

v
(2)
k (x) = cos (k + 1/2)πx − ak

(
e(k+1/2)π(x−1) − e−(k+1/2)π(x+1)

)
.

We prove the ful�llment of inequalities (6) for proof of the basis properties
of the system of EF. For this purpose we estimate norms of the eigenfunctions
found by us. As a result we have∥∥∥u(1)k

∥∥∥
L2(−1,1)

= 1 +O

(
1

k

)
,

∥∥∥u(1)k

∥∥∥
L2(−1,1)

=

(
1 +

∣∣∣∣ α21 − β21
α21 + β21

∣∣∣∣)(
1 +O

(
1

k

))
,∥∥∥u(2)k

∥∥∥
L2(−1,1)

= 1,
∥∥∥u(2)k

∥∥∥
L2(−1,1)

= 1,∥∥∥v(1)k

∥∥∥
L2(−1,1)

= 1 +O

(
1

k

)
,

∥∥∥v(1)k

∥∥∥
L?(−1,1)

= 1 +O

(
1

k

)
,∥∥∥v(2)k

∥∥∥
L2(−1,1)

= 1 +O

(
1

k

)
,∥∥∥v(2)k

∥∥∥
L?(−1,1)

=

(
1 +

∣∣∣∣ α21 − β21
α21 + β21

∣∣∣∣)(
1 +O

(
1

k

))
.
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Now from these inequalities we easily make sure that inequalities (6) hold.

Thereby the found systems of EF
{
u
(1)
k (x) , u

(2)
k (x)

}
and

{
v
(1)
k (x) , v

(2)
k (x)

}
satisfy all requirements of Theorem 1. Consequently they form the Riesz basis
in L2(−1, 1). Thus, Theorem 2 is proved for the �rst from four cases (5). The
proof for the last cases is held analogously.

Now consider a case of the irregular boundary conditions (2), that is,
the case when the coe�cients satisfy one of conditions (4). In this case the
boundary conditions can be reduced to the form (8), where |α1|+ |β1| > 0, or
α1 = β1, α21 + β21 = 0, or α1 = −β1, α21 − β21 = 0.

Theorem 3. The system of EF of the operator L, generated by the di�erential

expression (1) and by the irregular boundary conditions (2), does not form even

a normal basis in L2(−1, 1).

Proof. Consider only a case α1 = β1, α21 + β21 = 0, the second case from
(4) is considered similarly. As in proving theorem 2, by direct calculation, we
�nd out that problem (1), (2) has two series of eigenvalues

λ
(1)
k = −(kπ)2, λ

(2)

k
= (k + 1/2)2π2, k = 0, 1, 2, ... ,

to which two series of eigenfunctions correspond

u
(1)
k (x) = C1

[
sin (kπx)− 2(−1)k

( α11 + β11)

kπi

(1 + e−2kπ)

(
ekπ(x−1) + e−kπ(x+1)

) ]
,

(15)

u
(2)
k (x) = C2 cos (k + 1/2)πx, k = 0, 1, 2, ... .

The eigenfunctions of the adjoint problem in this case have the form

v
(1)
k (x) = C3 sin (kπx) ,

v
(2)
k (x) = C4

[
cos

(
k +

1

2

)
πx − ak

(
e(k+

1
2)π(x−1) − e−(k+

1
2)π(x+1)

)]
, (16)

ak = (−1)k (2k + 1)π/
[(

α11 + β11
) (

1− e−(2k+1)π
)]

.

The coe�cients C3, C4 are found from the biorthogonality conditions of the

systems. Therefore we have that the scalar products equal to one:
(
u
(1)
k , v

(1)
k

)
=(

u
(2)
k , v

(2)
k

)
= 1.
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Using representations (15), (16) of the eigenfunctions and taking into

account that u
(1)
k (x) is a sum of the even and odd functions, and v

(2)
k (x)

is a sum of the odd and even functions, we have

1 =
(
u
(1)
k , v

(1)
k

)
= C1C3, 1 =

(
u
(2)
k , v

(2)
k

)
= C2C4. (17)

Consequently, under any choice of the coe�cients C1, C2, the coe�cients
C3, C4 must be chosen from relations (17). Thereby we have completely
computed the system of EF of the operator L with the irregular boundary
conditions and constructed its biorthogonal system.

Let us show now that under any choice of the coe�cients C1, C2 the
eigenfunctions of the operator L do not form even a normal basis in L2(−1, 1).

For this purpose we show that for biorthogonal systems
{
u
(1)
k (x) , u

(2)
k (x)

}
and

{
v
(1)
k (x) , v

(2)
k (x)

}
the necessary condition of the basis property, that is,

a condition of system uniform minimality [4, p. 66] does not hold:

∥uk∥ · ∥vk∥ ≤ C < ∞.

We calculate norms of the eigenfunctions found by us. It is su�cient to
consider the eigenfunctions of one series. We have

∥∥∥u(1)k

∥∥∥
L2(−1,1)

= |C1|

√
1 +

4kπ

| α11 + β11|2
1 + 4kπe−2kπ + e−4kπ

(1 + e−2kπ)
2 ,

∥∥∥v(1)k

∥∥∥
L2(−1,1)

= |C3| .

Taking into account that the coe�cients C1 and C3 are linked by relation
(17), hence we �nd

∥∥∥u(1)k

∥∥∥
L2(−1,1)

∥∥∥v(1)k

∥∥∥
L2(−1,1)

=

√
1 +

4kπ

| α11 + β11|2
1 + 4kπe−2kπ + e−4kπ

(1 + e−2kπ)
2 ,

It is easy to see that under any choice of the coe�cient C1, we get

lim
k→∞

∥∥∥u(1)k

∥∥∥
L2(−1,1)

∥∥∥v(1)k

∥∥∥
L2(−1,1)

= ∞ ,

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 3



190 A.M. Sarsenbi, A.A. Sarsenbi

that is, the necessary condition of the basis property does not hold. Therefore

the system of EF
{
u
(1)
k (x) , u

(2)
k (x)

}
of the operator L, generated by the

di�erential expression (1) and by the irregular boundary conditions (2), doe
not form even the normal basis in L2(−1, 1). Theorem 3 is proved.

The results of the present paper give a comprehensive answer on the issue
on the basis property of the system of EF of the operator L in the terms of
the coe�cients of the boundary conditions (2). Uniting the results obtained in
the paper, we can formulate them in the form of the criterion.

Theorem 4. The system of EF of the operator L, generated by a di�erential

expression Lu = −u′′ (−x) and by the general boundary conditions (2), forms

a Riesz basis in L2(−1, 1) if and only if the boundary conditions (2) are regular.
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Ñºðñåíái �.Ì., Ñºðñåíái �.À. ÅÊIÍØI ÐÅÒI ÄÈÔÔÅÐÅÍÖÈÀËÄÛ�
ÎÏÅÐÀÒÎÐ �ØIÍ ÈÍÂÎËÞÖÈßÑÛ ÁÀÐ ÆÀËÏÛËÀÍ�ÀÍ ÑÏÅÊ-
ÒÐÀËÄÛ� ÅÑÅÏÒÅÐÄI� �ÀÑÈÅÒÒÅÐI

Á´ë æ´ìûñòà èíâîëþöèÿñû áàð åêiíøi ðåòòi ìîäåëüäiê äèôôåðåí-
öèàëäû© îïåðàòîð ³øií ñïåêòðàëüäû© åñåï ©àðàñòûðûëàäû. Îïåðàòîð
ℓpu = −u′′(−x) äèôôåðåíöèàëäû© °ðíåãiìåí æºíå æàëïû ò³ðäåãi øå-
êàðàëû© øàðòòàðìåí áåðiëåäi. Îïåðàòîðäû ìåíøiêòi ôóíêöèÿëàðûíû
æ³éåñiíi áàçèñòiãi êðèòåðèéi øåêàðàëû© øàðòòàðäû êîýôôèöèåíòòåði
òåðìèíäåðiíäå òà¡àéûíäàëàäû.

Ñàðñåíáè À.Ì., Ñàðñåíáè À.À. ÑÂÎÉÑÒÂÀ ÎÁÎÁÙÅÍÍÛÕ ÑÏÅÊ-
ÒÐÀËÜÍÛÕ ÇÀÄÀ× Ñ ÈÍÂÎËÞÖÈÅÉ ÄËß ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎ-
ÃÎ ÎÏÅÐÀÒÎÐÀ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

Â ýòîé ðàáîòå ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ ìîäåëüíîãî
äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî ïîðÿäêà ñ èíâîëþöèåé. Îïåðàòîð
çàäàåòñÿ äèôôåðåíöèàëüíûì âûðàæåíèåì ℓpu = −u′′(−x) è ãðàíè÷íû-
ìè óñëîâèÿìè îáùåãî âèäà. Êðèòåðèé áàçèñíîñòè ñèñòåìû ñîáñòâåííûõ
ôóíêöèé îïåðàòîðà óñòàíàâëèâàåòñÿ â òåðìèíàõ êîýôôèöèåíòîâ ãðàíè÷-
íûõ óñëîâèé.
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Annotation: In this paper we consider the Dirichlet-Cauchy problem for

multidimensional elliptic equations in a cylindrical domain. The method of spectral

expansion in eigenfunctions of the Dirichlet-Cauchy problem for equations with

deviating argument establishes a criterion of the strong solvability of the considered

Dirichlet-Cauchy problem. It is shown that the ill-posedness of the Dirichlet-Cauchy

problem is equivalent to the existence of an isolated point of the continuous spectrum

for a self-adjoint operator with deviating argument.
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1. Introduction

As it is known, the solution of the Cauchy problem for the Laplace equation
is unique, but unstable. First of all it should be noted that the existence
and uniqueness of its solution is essentially guaranteed by the universal
Cauchy-Kovalevskaja theorem, which holds for Elliptic Problems. However,
the existence of the solution is guaranteed only in a small. Traditionally the
ill-posedness of the elliptic Cauchy problem is determined in relation to its
equivalence to Fredholm integral equations of the �rst kind. The problem of
solving the operator equation of the �rst kind can not be correct, since the
operator which is inverse to completely continuous operator is not continuous.
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The Cauchy problem for the Laplace equation is one of the main examples
of ill-posed problems. One can pick up the harmonic functions with arbitrarily
small Cauchy data on a piece of the domain boundary, which will be arbitrarily
large in the domain (the famous example of Hadamard) [1]. For the formulation
of the problem to be correct, it is necessary to narrow down the class of
solutions. The stability of a plane problem in the class of bounded solutions
�rstly was proved by Carleman [2].

From Carleman's results immediately follow estimations characterizing
this stability. In the mentioned work Carleman obtained a formula for
determinating an analytic function of a complex variable by its values on some
piece of the arc. However, this formula is unstable and therefore can not be
directly used as an e�cient method. The �rst results related to the construction
of an e�cient algorithm for solving the problem, best of our knowledge, are
published simultaneously in works Carlo Pucci [3] and M.M. Lavrentiev [4].
Estimates characterizing the stability of a spatial problem in the class of
bounded solutions, were �rst obtained by M.M. Lavrent'ev [4] for harmonic
functions, given in a straight cylinder and vanishing on the generators. The
Cauchy data were given on the base of the cylinder. A little later, similar
estimates were obtained by S.N. Mergelyan [5] for the functions within a sphere
and by M.M. Lavrentiev [6] for an arbitrary spatial domain with su�ciently
smooth boundary. Around the same time, E.M. Landis [7] obtained estimates
characterizing the stability of spatial problem for an arbitrary elliptic equation.

The above results laid the foundation for the theory of ill-posed Cauchy
problems for elliptic equations. By now this theory has deep development
both for the plane, and for the spatial cases, and also for general elliptic
equations of high order, etc. Methods of regularization and solutions of ill-
posed problems have been proposed in [8]-[13]. In these works the concept
of conditional correctness of such problems is introduced and algorithms for
constructing their solutions are proposed.

In contrast to the presented results, in this paper a new criterion of
well-posedness (ill-posedness) initial boundary value problem for a general an
second order elliptic equation is proved. The principal di�erence of our work
from the work of other authors is the application of spectral problems for
equations with deviating argument in the study of ill posed boundary value
problems. The present work is an extension of results [14]-[16] on the case of
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more general elliptic operators in a multidimensional cylindrical domain.

2. Formulation of the problem and main results

Let D = Ω × (0, 1) is a cylinder and Ω ⊂ Rn be a bounded domain with
smooth boundary S. In D we consider a mixed Dirichlet-Cauchy problem for
elliptic equations

Lu ≡ utt (x, t) +
n∑

i,j=1

∂

∂xi

(
aij (x)

∂u

∂xj

)
(x, t)+

+a (x)u (x, t) = f (x, t) , (x, t) ∈ D, (1)

with Dirichlet
u (x, t) = 0, x ∈ S, t ∈ [0, 1] , (2)

and Cauchy
u (0, x) = ut (0, x) = 0, x ∈ Ω ∪ S, (3)

conditions. Here aij (x) and a (x) given bounded measurable functions
satisfying the following conditions:

n∑
i,j=1

aij (x) ξiξj ≥ c
n∑

i=1

ξ2i , c = const > 0, aij (x) = aji (x) , a (x) ≥ 0, (4)

Definition 1. The function u ∈ L2(D) we will call a strong solution of the

Dirichlet-Cauchy problem (1)�(3), if there exists a sequence of functions un ∈
C2
(
D̄
)
satisfying conditions (2) and (3), such that un and Lun converge in

the norm L2(D) respectively to u and f. In the future, the following eigenvalue
problem for an elliptic equation with deviating argument will play an important
role. Find numerical values of λ (eigenvalues), under which the problem for a
di�erential equation with deviating argument

Lu ≡ utt (x, t) +

n∑
i,j=1

∂

∂xi

(
aij (x)

∂u

∂xj

)
(x, t)+

+a (x)u (x, t) = λu (x, 1− t) , (x, t) ∈ D, (5)
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has nonzero solutions (eigenfunctions) satisfying conditions (2) and (3).
Obviously, the equivalent record of equation (5) has the form

LPu = λu, (t, x) ∈ D,

where Pu (x, t) = u (x, 1− t) is a unitary operator.
We consider the following spectral problem

−
n∑

i,j=1

∂

∂xi

(
aij (x)

∂uk
∂xj

)
(x) + a (x)uk (x) = µkuk (x) , x ∈ Ω, (6)

uk (x) = 0, x ∈ S. (7)

It is known [17], that problem (6) - (7) with the condition (4) is self-adjoint and
non-negative de�nite operator in L2 (Ω) . All the eigenvalues of the problem
(6) - (7) are discrete and non-negative, and the system of eigenfunctions form
a complete orthonormal system in L2 (Ω) . By µk we denote all eigenvalues
(numbered in decreasing order) and by uk (x) , k ∈ N denote a complete system
of all orthonormal eigenfunctions of the problem (6)-(7) in L2 (Ω) .

Theorem 1. The spectral Dirichlet-Cauchy problem (5), (2), (3) has a

complete orthonormal system of eigenfunctions

ukm(x, t) = uk (x) · vkm (t) , (8)

where k,m ∈ N, vkm(t) are non-zero solutions of the problem

v′′km (t)− µkvkm (t) = λkmvkm (1− t) , 0 < t < 1, (9)

vkm (0) = v′km (0) = 0, (10)

and λkm are eigenvalues of problem (5), (2), (3). In addition for the large k
the smallest eigenvalue λk1 has the asymptotic behavior

λk1 = 4µk exp(−
√
µk) (1 + o(1)) . (11)

Theorem 2. A strong solution of the Dirichlet-Cauchy problem (1)�(3) exists
if and only if f (x, t) satis�es the inequality

∞∑
k=1

∣∣∣∣∣ f̃k1λk1

∣∣∣∣∣
2

< ∞, (12)

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 3



196 B.T. Torebek, U.A. Iskakova

where f̃km = (f(x, 1− t), ukm(x, t)) .
If condition (12) holds, then a solution of problem (1) - (3) can be written

as

u (x, t) =

∞∑
k=1

f̃k1
λk1

uk1 (x, t) +

∞∑
k=1

∞∑
m=2

f̃km
λkm

ukm (x, t) . (13)

By L̃2 (D) we denote a subspace of L2(D), spanned by the eigenvectors
{uk1 (x, t)}∞k=p+1 , p ∈ N and by L̂2 (D) we denote its orthogonal complement

L2 (D) = L̃2 (D)⊕ L̂2 (D) .

Theorem 3. For any f ∈ L̂2 (D) a solution of the problem (1) - (3) exists, is
unique and belongs to L̂2 (D) . This solution is stable and has the form

u (x, t) =

p∑
k=1

f̃k1
λk1

uk1 (x, t) +

∞∑
k=1

∞∑
m=2

f̃km
λkm

ukm (x, t) . (14)

3. Some auxiliary statements

In this section we present some auxiliary results to prove the main results.

Lemma 1. For each �xed value of the index k the spectral problem (9)-(10) has
a complete orthonormal in L2 (0, 1) system of eigenfunctions vkm (t) ,m ∈ N,
corresponding to the eigenvalues λkm. These eigenvalues λkm are roots of the

equation√
µk − λ cosh

√
µk + λ

2
cosh

√
µk − λ

2

−
√

µk + λ sinh

√
µk + λ

2
sinh

√
µk − λ

2
= 0. (15)

Proof. Indeed, applying an inverse operator L−1
C to the Cauchy problem (9)�

(10) we arrive at the operator equation

vkm (t) = λL−1
C Pvkm (t) ,

where Pf (t) = f (1− t) , and a function ϕ (t) = L−1
C f (t) is the solution of the

Cauchy problem

ϕ′′ (t)− µkϕ (t) = f (t) , ϕ (0) = ϕ′ (0) = 0,∀f (t) ∈ L2 (0, 1) .
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Then for the operator L−1
C we have the representation

L−1
C f (t) =

1
√
µk

t∫
0

f (ξ) sinh
√
µk (t− ξ) dξ,∀f (t) ∈ L2 (0, 1) . (16)

Therefore, the adjoint to L−1
C operator has the form

(
L−1
C

)∗
f (t) =

1
√
µk

1∫
t

f (ξ) sinh
√
µk (ξ − t) dξ, ∀f (t) ∈ L2 (0, 1) . (17)

Taking into account representation (16) and (17), it is easy to make sure that
L−1
C Pf = P

(
L−1
C

)∗
f. Then the chain of equalities

L−1
C Pf = P

(
L−1
C

)∗
f = P ∗ (L−1

C

)∗
f =

(
L−1
C P

)∗
f, ∀f (t) ∈ L2 (0, 1) ,

allows us to conclude that the operator L−1
C P is completely continuous self-

adjoint Hilbert-Schmidt operator [18]. Therefore for each k ∈ N, the spectral
problem (9), (10) has a complete orthonormal system of functions vkm (t) ,m ∈
N in L2 (0, 1) .

We are looking for eigenfunctions of problem (5), (2), (3) by means of the
Fourier method of separation of variables in the form

uk (x, t) = uk (x) v (t) ,

where k ∈ N. Therefore, for determination of unknown function v (t) we get
the spectral problem (9), (10). It is easy to show that the general solution of
equation (9) has the form

v (t) = c1 cosh
√

µk + λ

(
t− 1

2

)
+ c2 sinh

√
µk − λ

(
t− 1

2

)
,

where c1 and c2 are some constants. Using the initial conditions (9), we arrive
at the system of linear homogeneous equations concerning these constants. As
we know, this system has a nontrivial solution if a determinant of the system

∆(λ) =

∣∣∣∣∣ cosh
√
µk+λ
2 sinh

√
µk−λ
2√

µk + λ sinh
√
µk+λ
2

√
µk − λ cosh

√
µk−λ
2

∣∣∣∣∣
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is zero. Thus, for determining the parameter λ we get (15). The proof of Lemma
1 is complete.

Let

ϖk (λ) = ln

(
coth

√
µk + λ

2

)
+ ln

(
coth

√
µk − λ

2

)
−

−1

2
ln

(
µk + λ

µk − λ

)
= 0. (18)

Lemma 2. There exists a number λ0 such that for all

0 < λ < λ0 <
µk

4µk + θ
, k ∈ N, θ ∈ (0, 1) ,

the following statements are true:

1) the function ϖ′
k (λ) is a constant sign;

2) for the function ϖ′′
k (λ) the following inequality holds∣∣λµkϖ

′′
k (λ)

∣∣ < 1, k > 1.

Proof. By virtue of Lemma 1 we have the real eigenvalues of problem (9)-(10),
that is, real roots λkm of equation (15). It is easy to verify that λkm > 0.

Indeed, let us write the asymptotic behavior of the smallest eigenvalues
λkm at k → ∞. After a nontrivial transformation of equation (15), we have

√
µk + λ√
µk − λ

= coth

√
µk + λ

2
coth

√
µk − λ

2
. (19)

Assuming |λ| < 1 and logarithming both sides of equation (19), we obtain (18).
By calculating the derivative ϖk (λ) , we get

ϖ′
k (0) = − 1

µk
.

Then the required boundary of monotonicity of ϖk(λ) can be determined
from the relation

ϖ′
k(λ0) = ϖ′

k(0) +ϖ′′
k (θλ0)λ0 < 0.

Here 0 < λ0 < 1 and θ ∈ (0, 1) is an arbitrary number. Thus, for determining
λ0 we have the condition

λ0µkϖ
′′
k (θλ0) < 1. (20)
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We write explicitly the second derivative of functions ϖk(λ) :

ϖ′′
k(λ) =

cosh
√
µk + λ

4 (µk + λ) sinh2
√
µk + λ

+
cosh

√
µk − λ

4 (µk − λ) sinh2
√
µk − λ

+

+
1

4
√

(µk + λ)3 sinh
√
µk + λ

+
1

4
√

(µk − λ)3 sinh
√
µk − λ

− 2λµk(
µ2
k − λ2

)2 .
As

2λ0θµk(
µ2
k − (λ0θ)

2
)2 ≥ − 1(

µk + λ0θ
)2

and
cosh

√
µk ± λ0θ

sinh2
√
µk ± λ0θ

≤ 1

cosh
√
µk ± λ0θ − 1

.

Then the inequality

ϖ′′
k(λ0θ) ≤

1

(µk − λ0θ)

2 +
(
1− exp

(
−
√
µk − λ0θ

))2(
1− exp

(
−
√
µk − λ0θ

))2
is true. Hence

ϖ′′
k (λ0θ) <

1

(µk − λ0θ)

3− 2 exp
(
−
√
µk − λ0θ

)
+ exp

(
−2

√
µk − λ0θ

)(
1− exp

(
−
√
µk − λ0θ

))2 . (21)

Further, for large values k from (21) we obtain the validity of the inequality

ϖ′′
k (λ0θ) ≤

4

µk − λ0θ
.

Applying the condition (18) to the last inequality, we obtain the desired
boundary for λ0 :

λ0 <
µk

4µk + θ
, µk > 1, 0 < θ < 1.

Lemma 2 is proved.
Consider now the question of an asymptotic behavior of the eigenvalues of

problem (9)�(10) at large k.
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Lemma 3. An asymptotic behavior of eigenvalues of the problem (9)�(10), not
exceeding λ0, for the large values of k has the form (11).

Proof. According to Lemma 2 the monotonic function ϖk (λ) in the interval
(0, λ0) can have only one zero. By the Taylor formula we have

ϖk (λ) = ϖk (0) +
ϖ′

k (0)

1!
λ+

ϖ′′
k(θλ)

2!
λ2 < 0 , 0 < θ < 1.

Substituting the calculated values of the function ϖk and its derivative ϖ′
k, we

get

ϖk (λ) = 2 ln

(
coth

√
µk

2

)
− λ

µk
+ϖ′′

k (θλ)
λ2

2
.

Then the zero of linear part of the function

µkϖk (λ) = 2µk ln

(
coth

√
µk

2

)
− λ+

µkλ
2

2
ϖ′′

k (θλ)

will be

λk1 = 2µk ln

(
1 + exp

(
−√

µk

)
1− exp

(
−√

µk

)) .

For su�ciently large values k ∈ N, considering the asymptotic formulas,
λk1 can be written as

λk1 = 4µk exp (−
√
µk) (1 + o (1)) .

Taking into account the result of Lemma 2 on a circle |λ| =
4µk exp

(
−√

µk

)
(1 + ε) , where ε is a greatly small positive number, for

su�ciently large k ≥ k0(ε) it is easy to check the validity of inequality∣∣ϖ′′
k (θλ)µkλ

2
∣∣
|λ|=4µk exp (−

√
µk)(1+ε)

≤

≤ C

∣∣∣∣∣2µk ln

(
1 + exp

(
−√

µk

)
1− exp

(
−√

µk

)) − λ

∣∣∣∣∣
|λ|=4µk exp (−

√
µk)(1+ε)

.

Then, by Rouche's theorem [19], we have that the quantity of zeros of
µkϖk (λ) and its linear part coincide and are inside the circle |λ| =
4µk exp

(
−√

µk

)
(1 + ε) . Consequently, the function µkϖk (λ) for 0 < λ < λ0

has one zero, the asymptotic behavior is given by formula (11). Lemma 3 is
proved.
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4. Proof of the main results

Proof (Theorem 1). By uk (x) , k ∈ N we have denoted a complete system
of orthonormal eigenfunctions of the problem (6)-(7) in L2 (Ω) . By Lemma
1, for each �xed value of the k the spectral problem (9) - (10) has complete
orthonormal system of eigenfunctions vkm (t) ,m = 1, 2, ... in L2 (0, 1) . Then
the system (8) forms a complete orthogonal system in L2 (D) . Consequently,
problem (5), (3) does not have the other eigenvalues and eigenfunctions.
Theorem 1 is proved.

Proof (Theorem 2). Let u(x, t) ∈ C2 (D) be a solution of problem (1) -
(3). Then, by virtue of the completeness and orthonormality of eigenfunctions
ukm(x, t) of problem (5), (2), (3), the function u(x, t) in L2 (D) can be
expanded in a series [20]

u(x, t) =

∞∑
k=1

∞∑
m=1

akmukm(x, t), (22)

where akm are Fourier coe�cients of the system. Rewriting equation (1) in the
form

LPu = P

utt (x, t) +

n∑
i,j=1

∂

∂xi

(
aij (x)

∂u

∂xj

)
(x, t) + a (x)u (x, t)

 =

= Pf(x, t), (23)

and substituting the solution of form (22) in equation (23) according to the
ratio

P

∂2ukm
∂t2

(x, t) +

n∑
i,j=1

∂

∂xi

(
aij (x)

∂u

∂xj

)
(x, t) + a (x)u (x, t)

 =

= λkmukm(x, t),

we have

akm =
f̃km
λkm

,

where f̃km = (f(x, 1− t), ukm(x, t)) .
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Thus for solutions u(x, t) we obtain the following explicit representation

u(x, t) =
∞∑
k=1

∞∑
m=1

f̃km
λkm

ukm(x, t). (24)

Note that the representation (24) remains true for any strong solution of
problem (1)-(3). We have obtained this representation under the assumption
that the solution of the Dirichlet-Cauchy problem (1)-(3) exists.

The question naturally arises, for what subset of the functions f ∈ L2 (D)
there exists a strong solution?

To answer this question, we represent the formula (24) in the form (13)
from which, by Parseval's equality, it follows

∥u∥2 =
∞∑
k=1

∣∣∣∣∣ f̃k1λk1

∣∣∣∣∣
2

+

∞∑
k=1

∞∑
m=2

∣∣∣∣∣ f̃kmλkm

∣∣∣∣∣
2

. (25)

By virtue of Lemma 3 we have λkm ≥ 1
4 , m > 1. Therefore, the right-hand side

of equality (25) is limited only for those f (x, t) , for which the weighted norm
(12) is limited. This fact proves Theorem 2.

Proof (Theorem 3). Obviously that the operator L is invariant in L̂2 (D) . By
Theorem 2, for any f ∈ L̂2 (D) there exists a unique solution of problem (1)
- (3) and it can be represented in the form (14). Therefore, a certain in�nite-
dimensional space L̂2 (D) is the space of correctness of the Dirichlet-Cauchy
problem (1)-(3). Theorem 3 is proved.
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Ò°ðåáåê Á.Ò., Èñêàêîâà Ó.À. ÅÊIÍØI ÐÅÒÒI ÝËËÈÏÑÒIÊ ÒÅ�ÄÅÓ
�ØIÍ ÄÈÐÈÕËÅ-ÊÎØÈ ÅÑÅÁIÍI� �ÈÑÛÍÄÛËÛ� ÊÐÈÒÅÐÈI

Á´ë æ´ìûñòà åêiíøi ðåòòi ýëëèïñòiê òåäåó ³øií öèëèíäðëiê îáëûñòà
Äèðèõëå-Êîøè åñåái ©àðàñòûðûëàäû. Àóûò©óëû àðãóìåíòòi òåäåó ³øií
Äèðèõëå-Êîøè åñåáiíi ìåíøiêòi ôóíêöèÿëàðû áîéûíøà ñïåêòðàëäû æiê-
òåó ºäiñi àð©ûëû, ©àðàñòûðûë¡àí Äèðèõëå-Êîøè åñåáiíi ê³øòi øåøiëiì-
äiëiãiíi êðèòåðèi àëûí¡àí. Äèðèõëå-Êîøè åñåáiíi ©èñûíñûçäû¡û àóû-
ò©óëû àðãóìåíòòi °ç-°çiíå ò³éiíäåñ îïåðàòîðäû ³çiëiññiç ñïåêòðiíi î©-
øàóëàí¡àí í³êòåëåðiíi áàð áîëóûíà ïàðà-ïàð åêåíäiãi ê°ðñåòiëãåí.

Òîðåáåê Á.Ò., Èñêàêîâà Ó.À. ÊÐÈÒÅÐÈÉ ÊÎÐÐÅÊÒÍÎÑÒÈ ÇÀÄÀ-
×È ÄÈÐÈÕËÅ-ÊÎØÈ ÄËß ÝËËÈÏÒÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß ÂÒÎ-
ÐÎÃÎ ÏÎÐßÄÊÀ

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå-Êîøè äëÿ ýëëèï-
òè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà â öèëèíäðè÷åñêîé îáëàñòè. Ìåòîäîì
ñïåêòðàëüíîãî ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è Äèðèõëå-
Êîøè äëÿ óðàâíåíèÿ ñ îòêëîíÿþùèìñÿ àðãóìåíòîì óñòàíîâëåí êðèòåðèé
ñèëüíîé ðàçðåøèìîñòè ðàññìàòðèâàåìîé çàäà÷è Äèðèõëå-Êîøè. Ïîêàçû-
âàåòñÿ, ÷òî íåêîððåêòíîñòü çàäà÷è Äèðèõëå-Êîøè îêàçûâàåòñÿ ýêâèâà-
ëåíòíîé ñóùåñòâîâàíèþ èçîëèðîâàííîé òî÷êè íåïðåðûâíîãî ñïåêòðà äëÿ
ñàìîñîïðÿæåííîãî îïåðàòîðà ñ îòêëîíÿþùèìñÿ àðãóìåíòîì.
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Ïðàâèëà "Ìàòåìàòè÷åñêîãî æóðíàëà" äëÿ àâòîðîâ ñòàòåé

Îáùèå ïîëîæåíèÿ

Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ îðèãèíàëüíûå ñòàòüè ïî
îñíîâíûì ðàçäåëàì ñîâðåìåííîé ìàòåìàòèêè: òåîðèÿ ôóíêöèé, ôóíêöèî-
íàëüíûé àíàëèç, îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, óðàâíåíèÿ
ñ ÷àñòíûìè ïðîèçâîäíûìè, àëãåáðà, ìàòåìàòè÷åñêàÿ ëîãèêà, òåîðèÿ ÷èñåë,
ãåîìåòðèÿ, òîïîëîãèÿ, òåîðèÿ âåðîÿòíîñòåé è ìàòåìàòè÷åñêàÿ ñòàòèñòè-
êà, âû÷èñëèòåëüíàÿ ìàòåìàòèêà, ìàòåìàòè÷åñêàÿ ôèçèêà, ìàòåìàòè÷åñêîå
ìîäåëèðîâàíèå. Æóðíàë âûïóñêàåòñÿ åæåêâàðòàëüíî, ÷åòûðå íîìåðà ñî-
ñòàâëÿþò òîì.

Ñòàòüÿ äîëæíà áûòü íàïèñàíà íà âûñîêîì íàó÷íîì óðîâíå, ñîäåðæàòü
íîâûå, ÷åòêî ñôîðìóëèðîâàííûå ìàòåìàòè÷åñêèå ðåçóëüòàòû è èõ äîêà-
çàòåëüñòâà. Âî ââåäåíèè íåîáõîäèìî ïðèâåñòè èìåþùèåñÿ ðåçóëüòàòû ïî
òåìå ïðåäñòàâëåííîé ðàáîòû, äàòü êðàòêîå ñîäåðæàíèå ñòàòüè è îòðàçèòü
àêòóàëüíîñòü, íîâèçíó ïîëó÷åííûõ àâòîðîì ðåçóëüòàòîâ.

Ñòàòüè æóðíàëà ðàçìåùàþòñÿ â ñâîáîäíîì äîñòóïå íà ñàéòå
www.math.kz Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
ÌÎÍ ÐÊ, èõ ðåôåðèðóþò ÍÖ ÍÒÈ (Êàçàõñòàí), Zentralblatt Math (Ãåð-
ìàíèÿ).

Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ ñòàòüè îáúåìîì äî 25 æóð-
íàëüíûõ ñòðàíèö. Ñòàòüè îáúåìîì áîëåå 25 ñòðàíèö ïóáëèêóþòñÿ ïî ñïå-
öèàëüíîìó ðåøåíèþ ðåäêîëëåãèè æóðíàëà. Ïðèíèìàþòñÿ ñòàòüè, íàïè-
ñàííûå íà êàçàõñêîì, ðóññêîì è àíãëèéñêîì ÿçûêàõ. Ñòàòüè ðåöåíçèðóþò-
ñÿ.

Òðåáîâàíèÿ ê îôîðìëåíèþ ñòàòåé

1. Ðóêîïèñü ñòàòüè äîëæíà áûòü ïîäãîòîâëåíà â èçäàòåëüñêîé ñèñòåìå
LATEX-2å è ïðåäñòàâëåíà â âèäå äâóõ òâåðäûõ êîïèé, à òàêæå â âèäå tex è
pdf - ôàéëîâ íà ëþáîì ýëåêòðîííîì íîñèòåëå èëè ïðèñëàíà ïî ýëåêòðîííîé
ïî÷òå zhurnal@math.kz, mat-zhurnal@mail.ru. Ñòàòüÿ äîëæíà áûòü ïîäïè-
ñàíà âñåìè àâòîðàìè. Ïðàâèëà îôîðìëåíèÿ ðóêîïèñè è ñòèëåâûå ôàéëû
ìîæíî íàéòè íà ñàéòå Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëè-
ðîâàíèÿ ÌÎÍ ÐÊ http://www.math.kz â ðàçäåëå "Ìàòåìàòè÷åñêèé æóð-
íàë".
2. Â ëåâîì âåðõíåì óãëó íåîáõîäèìî óêàçàòü èíäåêñ ÓÄÊ, äàëåå èíèöèàëû



è ôàìèëèè àâòîðîâ â àëôàâèòíîì ïîðÿäêå, ìåñòî ðàáîòû ñ ïî÷òîâûìè àä-
ðåñàìè, à òàêæå ýëåêòðîííûå àäðåñà, çàãëàâèå ñòàòüè. Íà îòäåëüíîì ëèñòå
ïðèëàãàþòñÿ íàçâàíèå ñòàòüè, ôàìèëèè è èíèöèàëû àâòîðîâ, êëþ÷åâûå
ñëîâà, ðåôåðàò íà ðóññêîì, àíãëèéñêîì è êàçàõñêîì (äëÿ àâòîðîâ èç Êà-
çàõñòàíà) ÿçûêàõ è èíäåêñ Mathematics Subject Classi�cation 2010. Ðåôåðàò
äîëæåí îòðàæàòü ñîäåðæàíèå ñòàòüè. Òàêæå ïðåäñòàâëÿþòñÿ ñâåäåíèÿ îá
àâòîðàõ, ìåñòî ðàáîòû, ïî÷òîâûé àäðåñ ñ èíäåêñîì ïî÷òîâîãî îòäåëåíèÿ,
íîìåð òåëåôîíà ñ óêàçàíèåì êîäà ãîðîäà, àäðåñ ýëåêòðîííîé ïî÷òû.
3. Ñïèñîê ëèòåðàòóðû ñîñòàâëÿåòñÿ â ïîðÿäêå öèòèðîâàíèÿ. Ññûëêè íà
íåîïóáëèêîâàííûå ðàáîòû, ðåçóëüòàòû êîòîðûõ èñïîëüçóþòñÿ â äîêàçà-
òåëüñòâàõ, íå äîïóñêàþòñÿ. Ñïèñîê ëèòåðàòóðû ïðèâîäèòñÿ â ñëåäóþùåì
âèäå:

Ëèòåðàòóðà

1 Ìûíáàåâ Ê.Ò., Îòåëáàåâ Ì.Î. Âåñîâûå ôóíêöèîíàëüíûå ïðîñòðàíñòâà è

ñïåêòð äèôôåðåíöèàëüíûõ îïåðàòîðîâ. � Ì.: Íàóêà, 1988. � 288 c. (äëÿ ìîíî-

ãðàôèé)

2 Æåíñûêáàåâ À.À. Ìîíîñïëàéíû ìèíèìàëüíîé íîðìû è íàèëó÷øèå êâàä-

ðàòóðíûå ôîðìóëû // Óñïåõè ìàòåì. íàóê. � 1981. � Ò. 36, âûï. (èëè �) 4. � Ñ.

107�159.

Ðóêîïèñè, íå óäîâëåòâîðÿþùèå ïåðå÷èñëåííûì âûøå òðåáîâàíèÿì, âîçâðà-

ùàþòñÿ àâòîðàì íà îôîðìëåíèå, äîðàáîòêó. Ðåäàêöèÿ îñòàâëÿåò çà ñîáîé ïðàâî

íà îòêëîíåíèå ñòàòüè, åñëè åå ñîäåðæàíèå íå îòâå÷àåò òðåáîâàíèÿì æóðíàëà.



ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÆÓÐÍÀË

Òîì 16, �3 (61), 2016

Ñîáñòâåííèê "Ìàòåìàòè÷åñêîãî æóðíàëà":
Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí

Æóðíàë ïîäïèñàí â ïå÷àòü
è âûñòàâëåí íà ñàéòå http://www.math.kz

Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ
05.09.2016 ã.

Òèðàæ 300 ýêç. Îáúåì 207 ñòð.
Ôîðìàò 70×100 1/16. Áóìàãà îôñåòíàÿ � 1

Àäðåñ òèïîãðàôèè:
Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ

ã. Àëìàòû, óë. Ïóøêèíà, 125
Òåë./ôàêñ: 8 (727) 2 72 46 32

e-mail: zhurnal@math.kz, mat-zhurnal@mail.ru
web-site: http://www.math.kz


