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Àëäàøåâ Ñ.À.

Àííîòàöèÿ. Â ðàáîòàõ àâòîðà íàéäåíû ÿâíûå âèäû êëàññè÷åñêèõ ðåøåíèé

çàäà÷ Äèðèõëå â öèëèíäðè÷åñêèõ îáëàñòÿõ äëÿ ìíîãîìåðíûõ ýëëèïòè÷åñêèõ

óðàâíåíèé. Â äàííîé ñòàòüå èñïîëüçóåòñÿ ìåòîä, ïðåäëîæåííûé â ðàáîòàõ àâòîðà,

ïîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü è ïîëó÷åí ÿâíûé âèä êëàññè÷åñêîãî ðåøåíèå

çàäà÷è Äèðèõëå â öèëèíäðè÷åñêîé îáëàñòè äëÿ âûðîæäàþùèõñÿ ìíîãîìåðíûõ

ýëëèïòèêî-ïàðàáîëè÷åñêèõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà. Êîððåêòíîñòü, ìíîãîìåðíûå âûðîæäàþùèåñÿ óðàâíåíèÿ, çàäà-

÷à Äèðèõëå, ñôåðè÷åñêèå ôóíêöèè, ôóíêöèÿ Áåññåëÿ.

1 Ââåäåíèå

Êîððåêòíîñòü êðàåâûõ çàäà÷ íà ïëîñêîñòè äëÿ ýëëèïòè÷åñêèõ óðàâíå-
íèé ìåòîäîì òåîðèè àíàëèòè÷åñêèõ ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî
õîðîøî èçó÷åíà. Ïðè èññëåäîâàíèè àíàëîãè÷íûõ âîïðîñîâ, êîãäà ÷èñëî
íåçàâèñèìûõ ïåðåìåííûõ áîëüøå äâóõ, âîçíèêàþò òðóäíîñòè ïðèíöèïè-
àëüíîãî õàðàêòåðà. Âåñüìà ïðèâëåêàòåëüíûé è óäîáíûé ìåòîä ñèíãóëÿð-
íûõ èíòåãðàëüíûõ óðàâíåíèé òåðÿåò ñâîþ ñèëó èç-çà îòñóòñòâèÿ ñêîëüêî-
íèáóäü ïîëíîé òåîðèè ìíîãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíå-
íèé. Êðàåâûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà â îá-
ëàñòÿõ ñ ðåáðàìè ïîäðîáíî èçó÷åíû.

Äëÿ îáùèõ ýëëèïòèêî-ïàðàáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ïî-
ñòàíîâêó ïåðâîé êðàåâîé çàäà÷è (èëè çàäà÷à Äèðèõëå) âïåðâûå îñóùå-
ñòâèë Ã. Ôèêåðà [1]. Äàëüíåéøåå èçó÷åíèå ýòîé çàäà÷è ïðèâåäåíî â [2].

2010 Mathematics Subject Classi�cation: 58J10.

Funding: Ðàáîòà ïîääåðæàíà ãðàíòîì AP055134615 Êîìèòåòà íàóêè Ìèíèñòåðñòâà

îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí.

c⃝ Àëäàøåâ Ñ.À., 2018.
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Â äàííîé ðàáîòå äëÿ âûðîæäàþùèõñÿ ìíîãîìåðíûõ ýëëèïòèêî-
ïàðàáîëè÷åñêèõ óðàâíåíèé äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü è ïîëó-
÷åí ÿâíûé âèä êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è Äèðèõëå â öèëèíäðè÷åñêîé
îáëàñòè. Â ñòàòüå èñïîëüçóåòñÿ ìåòîä, ïðåäëîæåííûé â ðàáîòàõ [3]�[6].

2 Ïîñòàíîâêà çàäà÷è è ðåçóëüòàò

Ïóñòü Ωαβ � öèëèíäðè÷åñêàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà Em+1

òî÷åê (x1, ..., xm, t), îãðàíè÷åííàÿ öèëèíäðîì Γ = {(x, t) : |x| = 1}, ïëîñêî-
ñòÿìè t = α > 0 è t = β < 0, ãäå |x| � äëèíà âåêòîðà x = (x1, ..., xm).

Îáîçíà÷èì ÷åðåç Ωα è Ωβ ÷àñòè îáëàñòè Ωαβ, à ÷åðåç Γα, Γβ � ÷àñòè
ïîâåðõíîñòè Γ, ëåæàùèå â ïîëóïðîñòðàíñòâàõ t > 0 è t < 0; σα � âåðõíåå,
σβ � íèæíåå îñíîâàíèÿ îáëàñòè Ωαβ .

Ïóñòü äàëåå S � îáùàÿ ÷àñòü ãðàíèö îáëàñòåé Ωα è Ωβ , ïðåäñòàâëÿþ-
ùàÿ ìíîæåñòâî {t = 0, 0 < |x| < 1} â Em.

Â îáëàñòè Ωαβ ðàññìîòðèì âûðîæäàþùèåñÿ ìíîãîìåðíûå ýëëèïòèêî-
ïàðàáîëè÷åñêèå óðàâíåíèÿ

0 =


p(t)∆xu+ utt +

m∑
i=1

ai(x, t)uxi + b(x, t)ut + c(x, t)u = 0, t > 0,

g(t)∆xu− ut +
m∑
i=1

di(x, t)uxi + e(x, t)u, t < 0,
(1)

ãäå p(t) > 0 ïðè t > 0 è ìîæåò îáðàùàòüñÿ â íóëü ïðè t = 0, p(t) ∈
C([0, α]), g(t) > 0 ïðè t < 0 è ìîæåò îáðàùàòüñÿ â íóëü ïðè t = 0, g(t) ∈
C([β, 0]), à ∆x � îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, ..., xm, m ≥ 2.

Â äàëüíåéøåì íàì óäîáíî ïåðåéòè îò äåêàðòîâûõ êîîðäèíàò x1, ..., xm, t
ê ñôåðè÷åñêèì r, θ1, ..., θm−1, t, r ≥ 0, 0 ≤ θi ≤ π, i = 1, 2, ...,m − 2, 0 ≤
θm−1 < 2π, θ = (θ1, ..., θm−1).

Çàäà÷à 1 (Äèðèõëå). Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωαβ ïðè

t ̸= 0 èç êëàññà C(Ωαβ)∩C2(Ωα∪Ωβ), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u
∣∣∣
σα

= φ1(r, θ), u
∣∣∣
Γα

= ψ1(t, θ), (2)

u
∣∣∣
Γβ

= ψ2(t, θ), u
∣∣∣
σβ

= φ2(t, θ). (3)

ïðè ýòîì φ1(1, θ) = ψ1(α, θ), ψ1(0, θ) = ψ2(0, θ), ψ2(β, θ) = φ2(1, θ).

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 3
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Ïóñòü
{
Y k
n,m(θ)

}
� ñèñòåìà ëèíåéíî íåçàâèñèìûõ ñôåðè÷åñêèõ ôóíêöèé

ïîðÿäêà n, 1 ≤ k ≤ kn, (m − 2)!n!kn = (n + m − 3)!(2n + m − 2), W l
2(S),

l = 0, 1, ..., � ïðîñòðàíñòâà Ñîáîëåâà.
Èìååò ìåñòî [7]

Ëåììà 1. Ïóñòü f(r, θ) ∈W l
2(S). Åñëè l ≥ m− 1, òî ðÿä

f(r, θ) =

∞∑
n=0

kn∑
k=1

fkn(r)Y
k
n,m(θ), (4)

à òàêæå ðÿäû, ïîëó÷åííûå èç íåãî äèôôåðåíöèðîâàíèåì ïîðÿäêà p ≤ l −
m+ 1, ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî.

Ëåììà 2. Äëÿ òîãî, ÷òîáû f(r, θ) ∈ W l
2(S), íåîáõîäèìî è äîñòàòî÷íî,

÷òîáû êîýôôèöèåíòû ðÿäà (4) óäîâëåòâîðÿëè íåðàâåíñòâàì

|f10 (r)| ≤ c1,

∞∑
n=1

kn∑
k=1

n2l|fkn(r)|2 ≤ c2, c1, c2 = const.

×åðåç d̃kin(r, t), d
k
in(r, t), ẽ

k
n(r, t), d̃

k
n(r, t), ρ

k
n, φ

k
1n(r), φ

k
2n(r), ψ

k
1n(t), ψ

k
2n(t)

îáîçíà÷èì êîýôôèöèåíòû ðÿäà (4) ñîîòâåòñòâåííî ôóíêöèé di(r, θ, t)ρ(θ),
di

xi
r ρ, e(r, θ, t)ρ, d(r, θ, t)ρ, ρ(θ), i = 1, ...,m, φ1(r, θ), φ2(r, θ), ψ1(t, θ), ψ2(t, θ),

ïðè÷åì ρ(θ) ∈ C∞(H), H � åäèíè÷íàÿ ñôåðà â Em.
Ïóñòü ai(r, θ, t), b(r, θ, t), c(r, θ, t) ∈W l

2(Ωα) ⊂ C(Ω̄α), di(r, θ, t), e(r, θ, t)
∈ W l

2(Ωβ), i = 1, ...,m, l ≥ m + 1, c(r, θ, t) ≤ 0 ∀(r, θ, t) ∈ Ωα, e(r, θ, t) ≤
0 ∀(r, θ, t) ∈ Ωβ.

Òîãäà ñïðàâåäëèâû

Òåîðåìà. Åñëè φ1(r, θ), φ2(r, θ) ∈ W p
2 (S), ψ1(t, θ) ∈ W p

2 (Γα), ψ2(t, θ) ∈
W l

2(Γβ), l >
3m
2 , òî Çàäà÷à 1 îäíîçíà÷íî ðàçðåøèìà.

Ðàçðåøèìîñòü çàäà÷è 1. Ñíà÷àëà ïîêàæåì ðàçðåøèìîñòü çàäà÷è (1),
(3). Â ñôåðè÷åñêèõ êîîðäèíàòàõ óðàâíåíèå (1) â îáëàñòè Ωβ èìååò âèä

L1u≡g(t)
(
urr+

m− 1

r
ur −

1

r2
δu

)
−ut+

m∑
i=1

di(r, θ, t)uxi + e(r, θ, t)u = 0, (5)

δ ≡ −
m−1∑
j=1

1

gj sin
m−j−1 θj

∂

∂θj

(
sinm−j−1 ∂

∂θj

)
,

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 3



8 Àëäàøåâ Ñ.À.

g1 = 1, gj = (sin θ1... sin θj−1)
2, j > 1.

Èçâåñòíî [7], ÷òî ñïåêòð îïåðàòîðà δ ñîñòîèò èç ñîáñòâåííûõ ÷èñåë
λn = n(n + m − 2), n = 0, 1, ... , êàæäîìó èç êîòîðûõ ñîîòâåòñòâóåò kn
îðòîíîðìèðîâàííûõ ñîáñòâåííûõ ôóíêöèé Y k

n,m(θ).

Èñêîìîå ðåøåíèå Çàäà÷è 1 â îáëàñòè Ωβ áóäåì èñêàòü â âèäå

u(r, θ, t) =
∞∑
n=0

kn∑
k=1

ūkn(r, t)Y
k
n,m(θ), (6)

ãäå ūkn(r, t) � ôóíêöèè, ïîäëåæàùèå îïðåäåëåíèþ.

Ïîäñòàâëÿÿ (6) â (5), óìíîæèâ ïîëó÷åííîå âûðàæåíèå íà ρ(θ) ̸= 0 è
ïðîèíòåãðèðîâàâ ïî åäèíè÷íîé ñôåðå H äëÿ ukn, ïîëó÷èì [8], [9]

g(t)ρ10ū
1
0rr − ρ10ū

1
0t +

(
m− 1

r
g(t)ρ10 +

m∑
i=1

d1i0

)
ū10r+

+
∞∑
n=1

kn∑
k=1

{
g(t)ρknū

k
nrr − ρknū

k
nt +

(
m− 1

r
g(t)ρkn +

m∑
i=1

dkin

)
ūknr+

+

[
ẽkn − λn

ρkn
r2
g(t) +

m∑
i=1

(d̃kin−1 − ndkin)

]
ūkn

}
= 0.

(7)

Òåïåðü ðàññìîòðèì áåñêîíå÷íóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíå-
íèé

g(t)ρ10ū
1
0rr − ρ10ū

1
0t +

(m− 1)

r
g(t)ρ10ū

1
0r = 0, (8)

g(t)ρk1ū
k
1rr − ρk1ū

k
1t +

(m− 1)

r
g(t)ρk1ū

k
1r −

λ1
r2
g(t)ρk1ū

k
1 =

= − 1

k1

(
m∑
i=1

d1i0ū
1
0r + ẽ10ū

1
0

)
, n = 1, k = 1, k1, (9)

g(t)ρknū
k
nrr−ρknūknt+

(m− 1)

r
g(t)ρknū

k
nr−

λn
r2
g(t)ρknū

k
n=− 1

kn

kn−1∑
k=1

{ m∑
i=1

dkin−1ū
k
n−1r+

+[ẽkn−1 +

m∑
i=1

(d̃kin−2 − (n− 1)dkin−1)]ū
k
n−1

}
, k = 1, kn, n = 2, 3... . (10)
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Ñóììèðóÿ óðàâíåíèå (9) îò 1 äî k1, à óðàâíåíèå (10) îò 1 äî kn, çàòåì
ñëîæèâ ïîëó÷åííûå âûðàæåíèÿ âìåñòå ñ (8), ïðèõîäèì ê óðàâíåíèþ (7).

Îòñþäà ñëåäóåò, ÷òî åñëè
{
ūkn
}
, k = 1, kn, n = 0, 1, ..., � ðåøåíèå ñèñòå-

ìû (8)�(10), òî îíî ÿâëÿåòñÿ è ðåøåíèåì óðàâíåíèÿ (7).
Íåòðóäíî çàìåòèòü, ÷òî êàæäîå óðàâíåíèå ñèñòåìû (8)�(10) ìîæíî

ïðåäñòàâèòü â âèäå

g(t)

(
ūknrr +

m− 1

r
ūknr −

λn
r2
ūkn

)
− ūknt = f̄kn(r, t), (11)

ãäå f̄kn(r, t) îïðåäåëÿþòñÿ èç ïðåäûäóùèõ óðàâíåíèé ýòîé ñèñòåìû, ïðè
ýòîì

f̄10 (r, t) ≡ 0.

Äàëåå èç êðàåâîãî óñëîâèÿ (3) â ñèëó (6) áóäåì èìåòü

ūkn(r, β) = φ̄k
2n(r), ūkn(1, t) = ψk

2n(t), k = 1, kn, n = 0, 1, ... . (12)

Â (11), (12) ïðîèçâåäÿ çàìåíó ῡkn(r, t) = ūkn(r, t)− ψk
2n(t), ïîëó÷èì

g(t)

(
ῡknrr +

(m− 1)

r
ῡknr −

λn
r2
ῡkn

)
− ῡknt = fkn(r, t), (13)

ῡkn(r, β) = φk
2n(r), ῡkn(1, t) = 0, k = 1, kn, n = 0, 1, ... , (14)

fkn(r, t) = f̄kn(r, t) + ψk
2nt +

λng(t)

r2
ψk
2n, φ

k
2n(r) = φ̄k

2n(r)− ψk
2n(β).

Ïðîèçâåäÿ çàìåíó ῡkn(r, t) = r
(1−m)

2 υkn(r, t), çàäà÷ó (13), (14) ïðèâåäåì ê
ñëåäóþùåé çàäà÷å:

Lυkn ≡ g(t)

(
υknrr +

λ̄n
r2
υkn

)
− υknt = f̃kn(r, t), (15)

υkn(r, β) = φ̃k
2n(r), υkn(1, t) = 0, (16)

λ̄n =
(m− 1)(3−m)− 4λn

4
, f̃kn(r, t) = r

(m−1)
2 fkn(r, t),

φ̃k
2n(r) = r

(m−1)
2 φk

2n(r).
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Ðåøåíèå çàäà÷è (15), (16) èùåì â âèäå

υkn(r, t) = υk1n(r, t) + υk2n(r, t), (17)

ãäå υk1n(r, t) � ðåøåíèå çàäà÷è

Lυk1n = f̃kn(r, t), (18)

υk1n(r, β) = 0, υk1n(1, t) = 0, (19)

à υk2n(r, t) � ðåøåíèå çàäà÷è
Lυk2n = 0, (20)

υk2n(r, β) = φ̃k
2n(r), υ

k
2n(1, t) = 0. (21)

Ðåøåíèå âûøå óêàçàííûõ çàäà÷ ðàññìîòðèì â âèäå

υkn(r, t) =

∞∑
s=1

Rs(r)Ts(t), (22)

ïðè ýòîì ïóñòü

f̃kn(r, t) =
∞∑
s=1

akns(t)Rs(r), φ̃
k
2n(r) =

∞∑
s=1

bknsRs(r). (23)

Ïîäñòàâëÿÿ (22) â (18), (19), ñ ó÷åòîì (23) ïîëó÷èì

Rsrr +
λn
r2
Rs + µs,nRs = 0, 0 < r < 1, (24)

Rs(1) = 0, |Rs(0)| <∞, (25)

Tst + µs,ng(t)Ts(t) = −akns(t), β < t < 0, (26)

Ts(β) = 0. (27)

Îãðàíè÷åííûì ðåøåíèåì çàäà÷è (24), (25) ÿâëÿåòñÿ [10]

Rs(r) =
√
rJν(µs,nr), (28)

ãäå ν = n + (m−2)
2 , µs,n � íóëè ôóíêöèé Áåññåëÿ ïåðâîãî ðîäà Jν(z), µ =

µ2s,n.
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Ðåøåíèåì çàäà÷è (26), (27) ÿâëÿåòñÿ

Ts,n(t) = (exp(−µ2s,n

t∫
0

g(ξ)dξ))(

β∫
t

g(ξ)(expµ2s,n

ξ∫
0

g(ξ1)dξ1)dξ). (29)

Ïîäñòàâëÿÿ (28) â (23), ïîëó÷èì

r−
1
2 f̃kn(r, t)=

∞∑
s=1

akns(t)Jν(µs,nr), r
− 1

2 φ̃k
1n(r)=

∞∑
s=1

bknsJν(µs,nr), 0 < r < 1. (30)

Ðÿäû (30) � ðàçëîæåíèÿ â ðÿäû Ôóðüå-Áåññåëÿ [11], åñëè

akns(t) = 2[Jν+1(µs,n)]
−2

1∫
0

√
ξf̃kn(ξ, t)Jν(µs,nξ)dξ, (31)

bkns = 2[Jν+1(µs,n)]
−2

1∫
0

√
ξφ̃k

2n(ξ)Jν(µs,nξ)dξ, (32)

ãäå µs,n, s = 1, 2, ..., � ïîëîæèòåëüíûå íóëè ôóíêöèé Áåññåëÿ Jν(z), ðàñïî-
ëîæåííûå â ïîðÿäêå âîçðàñòàíèÿ èõ âåëè÷èíû.

Èç (22), (28), (29) ïîëó÷èì ðåøåíèå çàäà÷è (18), (19)

υk1n(r, t) =

∞∑
s=1

√
rTs,n(t)Jν(µs,nr), (33)

ãäå akns(t) îïðåäåëÿþòñÿ èç (31).
Äàëåå, ïîäñòàâëÿÿ (22) â (20), (21), ñ ó÷åòîì (23) áóäåì èìåòü

Tst + µ2s,ng(t)Ts = 0, β < t < 0, Ts(β) = bkns,

ðåøåíèåì êîòîðîãî ÿâëÿåòñÿ

Ts,n(t) = bkns exp(µ
2
s,n

β∫
t

g(ξ)dξ). (34)
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Èç (28), (34) ïîëó÷èì

υk2n(r, t) =

∞∑
s=1

bkns
√
r(expµ2s,n

β∫
t

g(ξ)dξ)Jν(µs,nr), (35)

ãäå bkns íàõîäÿòñÿ èç (32).
Ñëåäîâàòåëüíî, ñíà÷àëà ðåøèâ çàäà÷ó (8), (12) (n = 0), à çàòåì (9),

(12) (n = 1) è ò.ä., íàéäåì ïîñëåäîâàòåëüíî âñå υkn(r, t) èç (17), ãäå
υk1n(r, t), υ

k
2n(r, t) îïðåäåëÿþòñÿ èç (33) è (35).

Èòàê, â îáëàñòè Ωβ èìååò ìåñòî∫
H

ρ(θ)L1udH = 0. (36)

Ïóñòü f(r, θ, t) = R(r)ρ(θ)T (t), ïðè÷åì R(r) ∈ V0, V0 ïëîòíà â
L2((0, 1)), ρ(θ) ∈ C∞(H) ïëîòíà â L2(H), T (t) ∈ V1, V1 � ïëîòíà â
L2((β, 0)). Òîãäà f(r, θ, t) ∈ ∈ V, V = V0 ⊗H ⊗ V1 ïëîòíà â L2(Ωβ) [12].

Îòñþäà è èç (36) ñëåäóåò, ÷òî∫
Ωβ

f(r, θ, t)L1udΩβ = 0

è
L1u = 0 ∀(r, θ, t) ∈ Ωβ.

Òàêèì îáðàçîì, ðåøåíèåì çàäà÷è (1), (3) â îáëàñòè Ωβ ÿâëÿåòñÿ ôóíê-
öèÿ

u(r, θ, t) =
∞∑
n=0

kn∑
k=1

{
ψk
2n(r) + r

(1−m)
2

[
υk1n(r, t) + υk2n(r, t)

]}
Y k
n,m(θ), (37)

ãäå υk1n(r, t), υ
k
2n(r, t) íàõîäÿòñÿ èç (33), (35).

Ó÷èòûâàÿ ôîðìóëó [11] 2J ′
ν(z) = Jν−1(z)− Jν+1(z), îöåíêè [13], [7]

Jν(z) =
√

2
πz cos

(
z − π

2 ν −
π
4

)
+ 0

(
1

z3/2

)
, ν ≥ 0,

|kn| ≤ c1n
m−2,

∣∣∣∣ ∂l

∂θlj
Y k
n,m(θ)

∣∣∣∣ ≤ c2n
m
2
−1+l, j = 1,m− 1, l = 0, 1, ... ,

(38)
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à òàêæå ëåììû, îãðàíè÷åíèÿ íà êîýôôèöèåíòû óðàâíåíèÿ (1) è íà çàäàí-
íûå ôóíêöèè φ1(r, θ), φ2(r, θ), ψ1(t, θ), ψ2(t, θ), êàê â [4], ìîæíî ïîêàçàòü,
÷òî ïîëó÷åííîå ðåøåíèå (37) ïðèíàäëåæèò êëàññó C(Ω̄β) ∩ C2(Ωβ).

Äàëåå èç (33), (35), (37) ïðè t→ −0 èìååì

u(r, θ, 0) = τ(r, θ) =

∞∑
n=0

kn∑
k=1

τkn(r)Y
k
n,m(θ), (39)

τkn(r) = ψk
2n(0) +

∞∑
s=1

r
(2−m)

2

[ β∫
0

akns(ξ)(expµ
2
s,n

ξ∫
0

g(ξ1)dξ1)dξ+

+bkns exp(µ
2
s,n

β∫
0

g(ξ)dξ)
]
Jν(µs,nr).

Èç (30)�(33), (35), à òàêæå èç ëåìì âûòåêàåò, ÷òî τ(r, θ) ∈ W l
2(S), l >

3m
2 .
Òàêèì îáðàçîì, ó÷èòûâàÿ êðàåâûå óñëîâèÿ (2) è (39), ïðèõîäèì â îá-

ëàñòè Ωα ê çàäà÷å Äèðèõëå äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ

L2u ≡ p(t)∆xu+ utt +

m∑
i=1

ai(r, θ, t)uxi + b(r, θ, t)ut + c(r, θ, t)u = 0 (40)

ñ äàííûìè

u
∣∣∣
S
= τ(r, θ), u|Γα = ψ1(t, θ), u|σα = φ1(r, θ), (41)

èìåþùåå åäèíñòâåííîå ðåøåíèå [4].
Ñëåäîâàòåëüíî, ðàçðåøèìîñòü Çàäà÷è 1 óñòàíîâëåíà.

3 Åäèíñòâåííîñòü ðåøåíèÿ Çàäà÷è 1.

Ñíà÷àëà ðàññìîòðèì çàäà÷ó (1), (3) â îáëàñòè Ωβ è äîêàæåì åäèíñòâåí-
íîñòü åå ðåøåíèÿ. Äëÿ ýòîãî ñíà÷àëà ïîñòðîèì ðåøåíèå ïåðâîé êðàåâîé
çàäà÷è äëÿ óðàâíåíèÿ

L∗
1υ ≡ g(t)∆xυ + υt −

m∑
i=1

diυxi + dυ = 0 (5∗)
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ñ äàííûìè

υ
∣∣
S
= τ(r, θ) =

∞∑
n=0

kn∑
k=1

τ̄kn(r)Y
k
n,m(θ), υ

∣∣
Γβ

= 0, (42)

ãäå d(x, t) = e−
m∑
i=1

dixi , τ̄
k
n(r) ∈ G, G � ìíîæåñòâî ôóíêöèé τ(r) èç êëàññà

C ([0, 1]) ∩ C1 ((0, 1)) . Ìíîæåñòâî G ïëîòíî âñþäó â L2 ((0, 1)) [12]. Ðåøå-
íèå çàäà÷è (5∗), (42) áóäåì èñêàòü â âèäå (6), ãäå ôóíêöèè ῡkn(r, t) áóäóò
îïðåäåëåíû íèæå. Òîãäà àíàëîãè÷íî ï. 2 ôóíêöèè ῡkn(r, t) óäîâëåòâîðÿþò
ñèñòåìå óðàâíåíèé âèäà (8)�(10), ãäå d̃kin, d

k
in çàìåíåíû ñîîòâåòñòâåííî íà

−d̃kin, −dkin, à ẽkn íà d̃kn, i = 1, ...,m, k = 1, kn, n = 0, 1, ... .
Äàëåå èç êðàåâîãî óñëîâèÿ (42) â ñèëó (6) ïîëó÷èì

ῡkn(r, 0) = τkn(r), ῡ
k
n(1, t) = 0, k = 1, kn, n = 0, 1, ... . (43)

Êàê ðàíåå çàìå÷åíî, êàæäîå óðàâíåíèå ñèñòåìû (8)�(10) ïðåäñòàâèìî
â âèäå (11). Çàäà÷ó (11), (43) ïðèâåäåì ê ñëåäóþùåé çàäà÷å:

Lυkn ≡ g(t)

(
υknrr +

λn
r2
υkn

)
+ υknt = f̃kn(r, t), (15′)

υkn(r, 0) = τkn(r), υ
k
n(1, t) = 0, (44)

υkn(r, t) = r
(m−1)

2 ῡkn(r, t), f̃
k
n(r, t) = r

(m−1)
2 f̄kn(r, t), τ

k
n(r) = r

(m−1)
2 τ̄kn(r).

Ðåøåíèÿ çàäà÷è (15′), (44) áóäåì èñêàòü â âèäå (17), ãäå υk1n(r, t) � ðå-
øåíèå çàäà÷è äëÿ óðàâíåíèÿ (18) ñ äàííûìè

υk1n(r, 0) = 0, υk1n(1, t) = 0, (45)

à υk2n(r, t) � ðåøåíèå çàäà÷è äëÿ óðàâíåíèÿ (20) ñ óñëîâèåì

υk2n(r, 0) = 0, υk2n(1, t) = 0, (46)

Ðåøåíèÿ çàäà÷ (18), (45) è (20), (46) ñîîòâåòñòâåííî èìåþò âèä

υk1n(r, t)=

∞∑
s=1

√
r
(
exp(µ2s,n

t∫
0

g(ξ)dξ)
)( t∫

0

akns(ξ)(exp(−µ2s,n

ξ∫
0

g(ξ1)dξ1)dξ
)
Jν(µs,nr),
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υk2n(r, t) =

∞∑
s=1

τs,n
√
r(expµ2s,n

t∫
0

g(ξ)dξ)Jν(µs,nr),

ãäå

τs,n = 2[Jν+1(µs,n)]
−2

1∫
0

√
ξτkn(ξ)Jν(µs,nξ)dξ, ν =

n+ (m− 2)

2
.

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (5∗), (42) â âèäå ðÿäà

u(r, θ, t) =

∞∑
n=0

kn∑
k=1

r
(1−m)

2

[
υk1n(r, t) + υk2n(r, t)

]
Y k
n,m(θ)

ïîñòðîåíî, êîòîðîå â ñèëó îöåíîê (38) ïðèíàäëåæèò êëàññó C(Ω̄β)∩C2(Ωβ).
Â ðåçóëüòàòå èíòåãðèðîâàíèÿ ïî îáëàñòè Ωβ òîæäåñòâî [14]

υL1u− uL∗
1υ = −υP (u) + uP (υ)− uυQ,

ãäå

P (u) = g(t)

m∑
i=1

uxi cos
(
N⊥, xi

)
, Q = cos

(
N⊥, t

)
−

m∑
i=1

di cos
(
N⊥, xi

)
,

à N⊥ � âíóòðåííÿÿ íîðìàëü ê ãðàíèöå ∂Ωβ, ïî ôîðìóëå Ãðèíà ïîëó÷èì∫
S

τ(r, θ)u(r, θ, 0)ds = 0. (47)

Ïîñêîëüêó ëèíåéíàÿ îáîëî÷êà ñèñòåìû ôóíêöèé {τ̄kn(r)Y k
n,m(θ)} ïëîòíà

â L2(S) [14], òî èç (47) çàêëþ÷àåì, ÷òî u(r, θ, 0) = 0 ∀(r, θ) ∈ S. Ñòàëî áûòü,
ïî ïðèíöèïó ýêñòðåìóìà äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ (5) [15] u ≡ 0 â
Ωβ.

Äàëåå èç ïðèíöèïà Õîïôà [16] u ≡ 0 â Ω̄α.
Òåîðåìà äîêàçàíà ïîëíîñòüþ.
Â [4] ïðèâîäèòñÿ ÿâíûé âèä ðåøåíèÿ çàäà÷è (40), (41), ïîýòîìó ìîæíî

çàïèñàòü ïðåäñòàâëåíèå ðåøåíèÿ è äëÿ Çàäà÷è 1.
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Îòìåòèì, ÷òî â ñëó÷àå, êîãäà ai(x, t) = b(x, t) = c(x, t) = di(x, t) =
e(x, t) ≡ 0, i = 1, ...,m, äëÿ Çàäà÷è 1 òåîðåìà ïîëó÷åíà â [17], [18].
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INVESTIGATION OF SOLUTION OF THE CAUCHY

PROBLEM FOR A PARABOLIC EQUATION IN THE

WEIGHTED H�OLDER SPACE

G.I. Bizhanova

Abstract. The Cauchy problem for a parabolic equation with the bounded coe�cients

at the lowest terms having the less smoothness than it is required to obtain a solution

of the problem in the H�older space is studied. This leads to the singularity of the

solution at the initial moment of time. The solution of the problem is obtained in the

explicit form, the weighted H�older space for the solution is determined. The existence,

estimate and uniqueness of the solution in the weighted H�older space is proved.

Keywords. Cauchy problem, parabolic equation, existence, estimate, uniqueness of the

solution, weighted H�older space.

The boundary value problems in non-cylindrical domains with the
boundaries of the less smoothness than the smoothness of the solution of the
problem can be reduced to the problems for parabolic equations with singular
on t coe�cients at the �rst derivatives with respect to spatial variables.

Investigation of the problems for the parabolic equations in the non-
cylindrical domain with moving boundary whose smoothness is less than the
smoothness of the solutions was started by M. Gevrey [1]. L.I. Kamynin
obtained results on the solvability of one-dimensional boundary value problems
for the parabolic equations in the domains with a boundary satisfying the
Gevrey condition [2], [3]. E.A. Baderko [4]�[6], M.F. Cherepova [7], [8] studied
one-and multidimensional boundary value parabolic problems in the domains
with less smoothness of the boundaries than the smoothness of the solution in
the H�older spaces. In the articles [1]�[6] there was applied the method of the
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theory of the heat potentials with the further reduction of the problems to the
Volterra integral equations of the second kind.

V.P. Mikhailov [9] has shown that if the moving boundary of the domain
is given by the equation x = −

√
t ln t, t ∈ (0, 1), then the solution of the

problem is not unique.
In this work there is constructed the solution of the Cauchy problem for the

second order parabolic equation in the explicit form. The existence, estimates,
uniqueness of the solution is proved in the classical and weighted H�older spaces.

Let D := Rn, n ≥ 1, DT = D × (0, T ).
We consider the Cauchy problem for the parabolic equation

∂tu−
n∑

i,j=1

aij∂
2
xixi

u+

n∑
i=1

ai
tβi

∂xiu+
a0
tβ0

u = f(x, t) in DT (1)

u|t=0 = u0(x) in D, (2)

where βi < 1, i = 1, . . . , n, β0 < 1; aij , ai, a0, i, j = 1, ..., n, are constant
coe�cients, coe�cients aij satisfy the conditions

aij = aji, i, j = 1, ...n,
n∑

i,j=1

aij ξi ξj ≥ c0 ξ
2, ξ ∈ Rn, c0 = const > 0. (3)

In the one - dimensional case we have the problem

∂tu− a∂2
xu+

a1
tβ

∂xu+
a0
tβ0

u = f(x, t) in DT ,

u|t=0 = u0(x) in D. (4)

We shall study the problem (1), (2) in the non-isotropic classical and

weighted H�older spaces C 2+α
β (ΩT ) andC

l, l/2
x t (ΩT ).

Let l be positive non - integer, α ∈ (0, 1), β > 0, ΩT = Ω× (0, T ), Ω ⊂ Rn,
n ≥ 1.

The norms |u|(l)ΩT
and |u|(2+α)

β,ΩT
are de�ned as follows:

|u|(2+α)
β,ΩT

=

2∑
2m0+|m|=0

|∂m0
t ∂m

x u|ΩT
+

∑
2m0+|m|=2

[∂m0
t ∂m

x u]
(α)
x,ΩT
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+
∑
|m|=2

[∂m
x u]

(α/2)
t,ΩT

+ sup
t≤T

tα/2−β[∂tu]
(α/2)
t,Ω′

t
+

∑
|m|=1

[∂m
x u]

( 1+α
2

)

t,ΩT
(5)

and

|u|(l)ΩT
=

[l]∑
2m0+|m|=0

|∂m0
t ∂m

x u|ΩT

+
∑

2m0+|m|=[l]

(
[∂m0

t ∂m
x u]

(α)
x,ΩT

+ [∂m0
t ∂m

x u]
(α/2)
t,ΩT

)
(6)

+


∑

2m0+|m|=[l]−1

[∂m0
t ∂m

x u]
( 1+α

2
)

t,ΩT
, [l] ≥ 1,

0, [l] = 0,

where α = l − [l] ∈ (0, 1), Ω′
t = Ω × (t/2, t), m = (m1, . . . ,mn), mi are

positive integers or 0, i = 1, . . . , n, |m| = m1 + . . .+mn,

|v|ΩT
= max

(x,t)∈ΩT

| v|, [v]
(α)
x,ΩT

= max
(x,t),(z,t)∈ΩT

∣∣v(x, t)− v(z, t)
∣∣

|x− z|α
,

[v]
(α)
t,ΩT

= max
(x,t),(x,t1)∈ΩT

∣∣v(x, t)− v(x, t1)
∣∣

|t− t1|α

We shall �nd the solution of the problem (1), (2) in the explicit from.

Lemma 1. Let βi < 1, i = 1, ..., n, β0 < 1.
The solution of the problem (1), (2) has the form

u(x, t) = u1(x, t) + u2(x, t), (7)

u1(x, t) =

∫
D

u(ξ)
1

(
√
2πt)n

√
detA

(8)

×e−

n∑
i,j=1

aij(xi−ξi−
ai

1−βi
t1−βi )(xj−ξj−

aj
1−βj

t
1−βj )

4t e
− a0

1−β0
t1−β0

dξ

u2(x, t) =

t∫
0

dτ

∫
D

f(η, τ)
1

(2
√

π(t− τ))n det
√
A

(9)
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×e
−

n∑
i,j=1

aij(xi−ηi−
ai

1−βi
(t1−βi−τ1−βi ))(xj−ηj−

aj
1−βj

(t
1−βj−τ

1−βj ))

4(t−τ) e
− a0

1−β0
(t1−β0−τ1−β0 )

dη,

where A = {aij}ni,j , aij , i, j = 1, ..., n, are the elements of the inverse matrix

A−1.

Proof. In the problem (1), (2) we make the substitution

u(x, t) = e
− a0

1−β0
t1−β0

w(x, t), (10)

then we obtain the problem for the function w(x, t)

∂tw −
n∑

i,j=1

aij∂
2
xixj

w +
n∑

i=1

ai
tβi

∂xiw = f(x, t) e
a0

1−β0
t1−β0

in DT , (11)

w|t=0 = u0(x) in D. (12)

We apply the coordinate mapping

y = x− (
a1

1− β1
t1−β1 , ...,

an
1− βn

t1−βn) (13)

and for the function

w(y + (
a1

1− β1
t1−β1 , ...,

an
1− βn

t1−βn), t) =: v(y, t) (14)

we shall have the problem

∂tv −
n∑

i,j=1

aij∂
2
yiyjv = f1(y, t) in DT , (15)

v|t=0 = u0(y) in D, (16)

where

f1(y, t) = f(y + (
a1

1− β1
t1−β1 , ...,

an
1− βn

t1−βn), t)e
a

1−β0
t1−β0

. (17)

The solution of the problem (15), (16) can be written in the explicit form

v(y, t) =

∫
D

u0(ξ)
1

(2
√
πt)n

√
detA

e−

n∑
i,j=1

aij(yi−ξi)(yj−ξj)

4t dξ

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 3



22 G.I. Bizhanova

+

t∫
0

dτ

∫
D

f1(ξ, τ)
1

(2
√

π(t− τ))n
√
detA

e
−

n∑
i,j=1

aij(yi−ξi)(yj−ξj)

4(t−τ) dξ, (18)

where A = {aij}ni,j = 1, aij are the elements of the inverse matrix A−1.

Then taking into consideration the mapping (13): y = x −
( a1
1−β1

t1−β1 , ..., an
1−βn

t1−βn) and formula (17), from the formulas (10): u(x, t) =

e
− a0

1−β0
t1−β0

w(x, t), (14): w(x, t) =: v(x− ( a1
1−β1

t1−β1 , ..., an
1−βn

t1−βn), t) we
obtain

u(x, t) = v(x− (
a1

1− β1
t1−β1 , ...,

an
1− βn

t1−βn), t)e
− a0

1−β0
t1−β0

and now we make use of the change of the variables ξi +
ai

1−βi
τ1−βi = ηi, i =

1, ..., n, in the second integral in (18), then we shall have the solution of the
problem (1), (2) in the from (7)�(9). �

It is known that for the solution of the problem (1), (2) to belong to the

H�older space C
2+α, 1+α/2
x t (D) we should require that the coe�cients ai

tβi
, a0

tβ0
,

i = 1, . . . , n, of the equation (1) are from the space C
α, α/2
x t (DT ), that is β =

−α/2, β0 = −α/2, moreover f(x, t) ∈ C
α, α/2
x t (DT ) and u0(x, t) ∈ C 2+α(D).

We shall study the Cauchy problem (1), (2) with 0 < −βi < α/2, i =
1, . . . , n, 0 < −β0 < α/2, in this case the coe�cients of the equation (1) do

not belong to the space C
α, α/2
x t (DT ), and the solution of the problem (1), (2)

may have the singularity.

For the convenience we rewrite the problem (1), (2).

It is required to �nd the function u(x, t) as the solution of the following
Cauchy problem:

∂tu−
n∑

i,j=1

aij∂
2
xixi

u+

n∑
i=1

ai t
βi∂xiu+ a0 t

β0u = f(x, t) in DT (19)

u|t=0 = u0(x) in D, (20)

where βi > 0, β0 > 0, i = 1, . . . , n, the coe�cients aij satisfy the conditions
(3).
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In the formulas (8), (9) we replace βk by −βk, k = 1, . . . , n, 0, then we
shall have the solution of the problem (19), (20) in the form

u(x, t) = u1(x, t) + u2(x, t), (21)

u1(x, t) =

∫
D

u(ξ)
1

(
√
2πt)n

√
detA

(22)

×e−

n∑
i,j=1

aij(xi−ξi−
ai

1+βi
t1+βi )(xj−ξj−

aj
1+βj

t
1+βj )

4t e
− a0

1+β0
t1+β0

dξ,

u2(x, t) =

t∫
0

dτ

∫
D

f(η, τ)
1

(2
√
π(t− τ))n det

√
A

(23)

×e
−

n∑
i,j=1

aij(xi−ηi−
ai

1+βi
(t1+βi−τ1+βi ))(xj−ηj−

aj
1+βj

(t
1+βj−τ

1+βj ))

4(t−τ) e
− a0

1+β0
(t1+β0−τ1+β0 )

dη.

We consider the function f1(y, t) determined by formula (17) with −βk
instead of βk, k = 1, . . . , n, 0,

f1(y, t) = f(y + (
a1

1 + β1
t1+β1 , ...,

an
1 + βn

t1+βn), t) e
− a0

1+β0
t1+β0

. (24)

We denote, for convenience

h(t) = (
a1

1 + β1
t1+β1 , ...,

an
1 + βn

t1+βn). (25)

Lemma 2. Let 0 < βk < α/2, k = 1, . . . , n, 0, f(x, t) ∈ C
α,α/2
x t (D̄T ), α ∈

(0, 1), 0 < T < ∞.

Then the function f1(y, t) determined by the formula (24) belongs to the

space C
α,α/2
x t (D̄T ) and satis�es an estimate

|f1(y, t)|(α)DT
≤ C1|f(x, t)|(α)DT

. (26)

Proof. It is clear that

|f1(y, t)|DT
≤ C2|f(y, t)|DT

, (27)
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[f1(y, t)]
(α)
y,DT

= [f(y + h(t), t) e
− a0

1+β0
t1+β0

]
(α)
y,DT

≤ C3[f(y, t)]
(α)
y,DT

. (28)

Consider the di�erence to derive an estimate of the H�older constant
[f1(y, t)]

(α/2)
t,DT

∆ := |f1(y, t)− f1(y, t1)|

= |f(y + h(t), t) e
− a0

1+β0
t1+β0 − f(y + h(t1), t1) e

− a0
1+β0

t
1+β0
1 |

≤ |f(y + h(t), t)− f(y + h(t1), t)| e
− a0

1+β0
t1+β0

+|f(y + h(t1), t)− f(y + h(t1), t1)| e
− a0

1+β0
t1+β0

+|f(y + h(t1), t1)|e
− a0

1+β0
t1+β0 − e

− a0
1+β0

t
1+β0
1 |. (29)

Let t1 < t for de�niteness, then we shall have

∆ ≤ C4

(
[f(y, t)]

(α)
y,DT

|h(t)− h(t1)|
α
+ [f(y, t)]

(α/2)
t,DT

(t− t1)
α/2

)
+C5|f(y, t)|DT

|e−
a0

1+β0
t1+β0 − e

− a0
1+β0

t
1+β0
1 |. (30)

We shall obtain the estimates of two di�erences in (30). We have

|h(t)− h(t1)|α ≤ C6

( n∑
k=1

(t1+βk − t1+βk
1 )

2)α/2

≤ C7

( n∑
k=1

( t∫
t1

τβk
τ1/2

τ1/2
dτ

)2)α/2
≤ C8

( n∑
k=1

(
(t− t1)

1/2t1/2+βk

)2)α/2

≤ C9(t− t1)
α/2

( n∑
k=1

t1+2βk

)α/2

and

|h(t)− h(t1)| ≤ C10(T )(t− t1)
α/2. (31)

Further, ∣∣e− a0
1+β0

t1+β0 − e
− a0

1+β0
t
1+β0
1

∣∣
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= |a0|
t∫

t1

τβ0
τ1−α/2

τ1−α/2
dτ ≤ C11(T )(t− t1)

α/2, (32)

here 0 < T < ∞, t1 < t.
From the estimate (30) with the help of (31) and (32) we shall have

[f1(y, t)]
(α/2)
t,DT

≤ C12

(
|f(y, t)|DT

+ [f(y, t)]
(α)
y,DT

+ [f(y, t)]
(α/2)
t,DT

)
. (33)

The obtained estimates (27), (28) and (33) lead to the following one:

|f1(y, t)|(α)DT
:= |f1(y, t)|DT

+ [f1(y, t)]
(α)
y,DT

+ [f1(y, t)]
(α/2)
t,DT

≤ C1|f(y, t)|(α)DT

Lemma is proved completely. �
We formulate the main result of the work.

Theorem 1. Let α ∈ (0, 1), 0 < βk < α/2, k = 1, ..., n, 0, β =
min(β1, . . . , βn, β0).

For any functions u0(x) ∈ C2+α(D), f(x, t) ∈ C
α, α/2
x t (DT ) the problem

(19), (20) has the unique solution u(x, t) = u1(x, t)+u2(x, t) determined by the

formulas (21) � (23), where u1(x, t) ∈ C 2+α
β (DT ), u2(x, t) ∈ C

2+α,1+α/2
x t (DT )

and the estimates are valid

|u1|(2+α)
β,DT

≤ C13|u0|(2+α)
D (34)

|u2|(2+α)
DT

≤ C14|f |(α)DT
. (35)

Proof. We can obtain Theorem 1 by the direct evaluations of the norms (5)
and (6) of the solution u(x, t) = u1(x, t) + u2(x, t) of the problem (19), (20).
But we shall prove theorem in another way.

We have found the solution of the problem (19), (20) in the form (21) �
(23). We make the changes of variables

y = x− h(t), h(t) =
( a1
1 + β1

t1+β1 , ...,
an

1 + βn
t1+βn

)
(36)

in (22), (23) and

ηi = ξi +
ai

1 + βi
τ1+βi , i = 1, ..., n,
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in the integral (23), then we shall have

u1(y + h(t), t) =

∫
D

u0(ξ)
1

(2
√
πt)n

√
detA

e
−

n∑
i,j=1

aij(yi−ξi)(yj−ξj)

4(t−τ) dξ e
− a0

1+β0
t1+β0

=: v1(y, t)e
− a0

1+β0
t1+β0

, (37)

u2(y + h(t), t) =

t∫
0

dτ

∫
D

f1(ξ, τ)
1

(2
√
πt)n

√
detA

e
−

n∑
i,j=1

aij(yi−ξi)(yj−ξj)

4(t−τ) dξ e
− a0

1+β0
t1+β0

=:

=: v2(y, t)e
− a0

1+β0
t1+β0

, (38)

where
f1(ξ, τ) = f(ξ + h(τ), τ) e

a0
1+β0

τ1+β0
.

By Lemma 2 f1(y, t) ∈ C
α,α/2
y t (DT ) and satis�es the estimate (27):

|f1|(α)DT
≤ C1|f |(α)DT

.
Under the conditions of Theorem 1 and Lemma 2 vk(y, t) ∈

C
2+α,1+α/2
y t (DT ), k = 1, 2, and the estimates are valid [10]

|v1(y, t)|(2+α)
DT

≤ C15|u0|(2+α)
DT

, (39)

|v2(y, t)|(2+α)
DT

≤ C16|f1|(2+α)
DT

≤ C17|f |(2+α)
DT

. (40)

Now in the formulas (37), (38) we make the substitution (36): y+h(t) = x
and obtain

uk(x, t) = vk(x− h(t), t) e
− a0

1+β0
t1+β0

, k = 1, 2. (41)

We evaluate the functions u1(x, t), u2(x, t).
Consider the function u1(x, t). Taking into consideration the estimate (39)

we can obtain an inequality

|u1(x, t)|DT
+ |∂xiu1(x, t)|DT

+ |∂2
xixj

u1(x, t)|DT
+ |∂tu1(x, t)|DT

+
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+[∂2
xixj

u1(x, t)]
(α)
x,DT

+ [∂tu1(x, t)]
(α)
x,DT

≤ C18|v1(y, t)|(2+α)
DT

, (42)

here

∂tu1(x, t) =
(
−

n∑
k=1

∂xk
v1(x− h(t), t)ak t

βk + ∂t∗v1(x− h(t), t∗)|t∗=t

−v1(x− h(t), t)a0 t
β0

)
e
− a0

1+β0
t1+β0

. (43)

We evaluate the H�older constants [∂2
xixj

u1(x, t)]
(α/2)
t,DT

,

[∂xiu1(x, t)]
( 1+α

2
)

t,DT
, [∂tu1(x, t)]

(α/2)
t,DT

, i, j = 1, ..., n.
We compose the di�erence

∆1 := ∂2
xixj

u1(x, t)− ∂2
xixj

u1(x, t1) =

=
(
∂2
xixj

v1(x− h(t), t)− ∂2
xixj

v1(x− h(t1), t)

+∂2
xixj

v1(x− h(t1), t)− ∂2
xixj

v1(x− h(t1), t1)
)
e
− a0

1+β0
t1+β0

+∂2
xixj

v1(x− h(t1), t1)
(
e
− a0

1+β0
t1+β0 − e

− a0
1+β0

t
1+β0
1

)
,

here
h(t) =

( a1
1 + β1

t1+β1 , ...,
an

1 + β1
t1+βn

)
.

We can see that the di�erences ∆ determined by (29) and ∆1 are similar,

because f(y, t) and ∂2
yiyjv1(y, t) belong to one and the same space C

α, α/2
x t (DT ),

that is ∆1 is subjected to the estimate as (33)

|∆1| ≤ C19

(
|∂2

yiyjv1(y, t)|DT
+[∂2

yiyjv1(y, t)]
(α)
y,DT

+[∂2
yiyjv1(y, t)]

(α/2)
t,DT

)
(t−t1)

α/2

and from here we shall have

[∂2
xixj

u1(x, t)]
(α/2)
t,DT

≤ C19

(
|∂2

yiyjv1(y, t)|DT
+ [∂2

yiyjv1(y, t)]
(α)
y,DT

+ [∂2
yiyjv1(y, t)]

(α/2)
t,DT

)
, (44)

i, j = 1, ..., n.
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To estimate the H�older constant [∂xiu1(x, t)]
( 1+α

2
)

t,DT
, i = 1, . . . , n, we evaluate

the di�erence

∆2 := ∂xiu1(x, t)− ∂xiu1(x, t1)

=
(
∂xiv1(x− h(t), t)− ∂xiv1(x− h(t1), t)

+∂xiv1(x− h(t1), t)− ∂xiv1(x− h(t1), t1)
)
e
− a0

1+β0
t1+β0

(45)

+∂xiv1(x− h(t1), t1)
(
e
− a0

1+β0
t1+β0 − e

− a0
1+β0

t1+β0)
.

First, we shall obtain the auxiliary estimates as (31), (32)

|h(t)− h(t1)| ≤ C20

( n∑
k=1

(
t1+βk − t1+βk

1

)2)1/2

≤ C21

( n∑
k=1

( t∫
t1

τβk
τ

1−α
2

τ
1−α
2

)2)1/2
≤ C22

( n∑
k=1

(
(t− t1)

1+α
2 tβk+

1−α
2
)2)1/2

≤ C23(T )(t− t1)
1+α
2 ,∣∣e− a0

1+β0
t1+β0 − e

− a0
1+β0

t
1+β0
1

∣∣
= |a0|

t∫
t1

τβ0
τ

1−α
2

τ
1−α
2

dτ ≤ C24(T )(t− t1)
1+α
2 .

With the help of the obtained inequalities we estimate the di�erence (45)

|∆2| ≤ C25

( n∑
k=1

|∂2
yiyk

v1(y, t)|DT
|h(t)− h(t1)|+ [∂yiv1(y, t)]

( 1+α
2

)

t,DT
(t− t1)

1+α
2

+|∂yiv1(y, t)|DT
(t− t1)

1+α
2

)
≤

≤ C26

( n∑
k=1

|∂2
yiyk

v1(y, t)|DT
+ [∂yiv1(y, t)]

( 1+α
2

)

t,DT
+ |∂yiv1(y, t)|DT

)
(t− t1)

1+α
2
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and from here we shall have

[∂xiu1(x, t)]
( 1+α

2
)

t,DT
≤ C27

( n∑
k=1

|∂2
yiyk

v1(y, t)|DT
+ [∂yiv1(y, t)]

( 1+α
2

)

t,DT
+

+|∂yiv1(y, t)|DT

)
(t− t1)

1+α
2 , i = 1, ..., n. (46)

Now we compose the di�erence taking into consideration formula (43)

∆3 := ∂tu1(x, t)− ∂t1u1(x, t1) =

=
(
−

n∑
k=1

(
∂xk

v1(x− h(t), t)− ∂xk
v1(x− h(t1), t)

+∂xk
v1(x− h(t1), t)− ∂xk

v1(x− h(t1), t1)
)
ak t

βk

−
n∑

k=1

∂xk
v1(x− h(t1), t1)ak(t

βk − tβk
1 )

+
(
∂t∗v1(x− h(t), t∗)|t∗=t − ∂tv1(x− h(t1), t)

)
+
(
∂tv1(x− h(t1), t)− ∂t∗v1(x− h(t1), t

∗)|t∗=t1

)
(47)

−
(
v1(x− h(t), t)− v1(x− h(t1), t) + v1(x− h(t1), t)− v1(x− h(t1), t1)

)
a0t

β0

−v1(x− h(t1), t1)a0(t
β0 − tβ0

1 )
)
e

a0
1+β0

t1+β0

+
(
−

n∑
k=1

∂xk
v1(x− h(t1), t1)akt

βk
1 + ∂t∗v1(x− h(t1), t

∗)|t∗=t1

−v1(x− h(t1), t1)a0t
β0
1

)(
e

a0
1+β0

t1+β0 − e
a0

1+β0
t
1+β0
1

)
.

All the di�erences in (47) are evaluated as above, with the exception of the

following one: tβk − tβk
1 . We evaluate this di�erence

∆4 := tβk − tβk
1 = βk

t∫
t1

aτ

τ1−βk−α/2+α/2
≤
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≤ C28
1

tα/2−βk
(t− t1)

α/2, k = 1, ..., n, 0, t1 ∈ (t/2, t), α/2− βk > 0.

Let β = min(β1, ..., βn, β0), then

|∆3| ≤ C29

(
1 +

1

tα/2−β

)
|v1(y, t)|(2+α)

DT
(t− t1)

α/2

and

sup
t≤T

tα/2−β[∂tu1(x, t)]
(α/2)
t,D′

t
≤ C30|v1(y, t)|(2+α)

DT
, D′

t = D × (t/2, t). (48)

Gathering the estimates (42), (44), (46), (48) and applying (39) for v1(y, t),
we obtain the estimate (34)

|u1(x, t)|(2+α)
β,DT

≤ C31|v1(y, t)|(2+α)
DT

≤ C32|u0|(2+α)
D .

We see from the formula (48) that the weighted term in the norm (5)
is appeared by the derivative ∂tu1(x, t) and more exactly by the coe�cients
tβk , k = 1, ..., n, tβ0 in the equation (19).

Now we prove the estimate (35) for the function u2(x, t) determined by the
formula (38).

We have
u2(x, t) = v2(x− h(t), t)e

− a0
1+β t1+β,

where v2(y, t) ∈ C
2+α,1+α/2
y t (DT ) and the estimate (40) for v2(y, t) is ful�lled.

The function u2(x, t) satis�es the same estimates as u1(x, t). But
u2(x, t)|t=0 = 0 unlike of u1(x, t)|t=0 = u0(x).

To get rid of the singularities generated by the coe�cients tβk , k =
1, ..., n, tβ0 we shall obtain the estimates of the functions |v2(y, t)|, |∂yiv2(y, t)|,
where v2(y, t) is determined by the formula (38). Due to the condition (3) for
the coe�cients aij and consequently for a

ij , i, j = 1, ..., n, we have

|v2(y, t)| ≤ C33

t∫
0

dτ

∫
D

|f1(η, τ)|
e
− c1(y−η)2

4(t−τ)

(t− τ)n/2
dη ≤ C34|f(y, t)|DT

t, (49)

|∂yiv2(y, t)| ≤ C35

t∫
0

dτ

∫
D

|f1(η, τ)− f1(y, τ)|
1

(t− τ)
n+1
2

e
− c1(y−η)2

8(t−τ) dη ≤
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≤ C36[f(y, t)]
(α)
y,DT

t∫
0

dτ

τ
1−α
2

,

|∂yiv2(y, t)| ≤ C37[f(y, t)]
(α)
y,DT

t
1+α
2 , (50)

|∂2
yiyjv2(y, t)| ≤ C38

t∫
0

dτ

∫
D

|f1(η, τ)− f1(y, τ)|
1

(t− τ)n/2+1
e
− c1(y−η)2

8(t−τ) dη ≤

≤ C39[f(y, t)]
(α)
y,DT

tα/2, i, j = 1, . . . , n, c1 = const > 0.

We compose the same di�erence for ∂tu2(x, t) as (47) for ∂tu1(x, t) and

estimate the terms with the di�erence |tβk − tβk
1 |, k = 1, ..., n, 0 taking into

consideration the estimates (49), (50)

|∂xk
v2(x− h(t1), t1)||tβk − tβk

1 | ≤ C40[f(y, t)]
(α)
y,DT

t
1+α
2

1

tα/2−βk
(t− t1)

α/2 ≤

≤ C41[f(y, t)]
(α)
y,DT

T 1/2+βk(t− t1)
α/2, k = 1, ..., n,

|v2(x− h(t1), t1))| |tβk − tβk
1 | ≤ C42|f(y, t)|DT

t
1

tα/2−β0
(t− t1)

α/2 ≤

≤ C43|f(y, t)|DT
T 1+β0−α/2(t− t1)

α/2,

then we shall have

[∂tu2(x, t)]
(α/2)
t,DT

≤ C44|v2(y, t)|(2+α)
DT

. (51)

We apply the estimates (42), (44), (46) for u1(x, t) which are valid also for
u2(x, t), (51), and then we make use of the estimate (40) for v2(y, t), then we
shall have an inequality

|u2(x, t)|(2+α)
DT

≤ C45|v2(y, t)|(2+α)
DT

≤ C46|f(y, t)|(α)DT

which is the estimate (35). �
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Áèæàíîâà Ã.È. ÇIËÄÅÍÃÅÍ ÃÅËÜÄÅÐ ÊÅ�IÑÒIÃIÍÄÅ ÏÀÐÀÁÎ-
ËÀËÛ� ÒÅ�ÄÅÓËÅÐ �ØIÍ ÊÎØÈ ÅÑÅÁIÍI� ØÅØIÌIÍ ÇÅÐÒÒÅÓ

Ãåëüäåð êåiñòiãiíäå åñåïòi øåøiìií àëó ³øií êiøi ì³øåëåðiíäåãi øåê-
òåëãåí êîýôôèöèåíòòåði áàð ïàðàáîëàëû© òåäåóëåð ³øií òàëàï åòiëãåí
êiøi ñûïòû¡ûðëû¡û áàð Êîøè åñåái çåðòòåëåäi. Á´ë óà©ûòòû áàñòàï©û
óà©ûòûíäà¡û øåøiìíi ñèíãóëÿðëû¡ûíà àëûï êåëåäi. Åñåïòi àé©ûí ò³ð-
äåãi øåøiìi òàáûëäû, øåøiì ³øií çiëäåíãåí Ãåëüäåð êåiñòiãi îðíàòûëäû.
Îñû çiëäåíãåí Ãåëüäåð êåiñòiãiíäå øåøiìiíi áàð áîëóû, áà¡àëàóû æºíå
æàë¡ûç áîëóû äºëåëäåíäi.

Êiëòòiê ñ°çäåð. Êîøè åñåái, ïàðàáîëàëû© òåäåó, áàð áîëóû, áà¡àëàó-
ëàð, øåøiìíi æàë¡ûç áîëóû, çiëäåíãåí Ãåëüäåð êåiñòiãi.

Áèæàíîâà Ã.È. ÈÑÑËÅÄÎÂÀÍÈÅ ÐÅØÅÍÈß ÇÀÄÀ×ÈÊÎØÈÄËß
ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß Â ÂÅÑÎÂÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ
ÃÅËÜÄÅÐÀ

Èçó÷àåòñÿ çàäà÷à Êîøè äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ îãðàíè÷åí-
íûìè êîýôôèöèåíòàìè ïðè ìëàäøèõ ÷ëåíàõ, èìåþùèìè ìåíüøóþ ãëàä-
êîñòü, ÷åì ýòî òðåáóåòñÿ, ÷òîáû ïîëó÷èòü ðåøåíèå çàäà÷è â ïðîñòðàíñòâå
Ãåëüäåðà. Ýòî ïðèâîäèò ê ñèíãóëÿðíîñòè ðåøåíèÿ â íà÷àëüíûé ìîìåíò
âðåìåíè. Íàéäåíî ðåøåíèå çàäà÷è â ÿâíîì âèäå, óñòàíîâëåíî âåñîâîå ïðî-
ñòðàíñòâî Ãåëüäåðà äëÿ ðåøåíèÿ. Äîêàçàíû ñóùåñòâîâàíèå, îöåíêà è åäèí-
ñòâåííîñòü ðåøåíèÿ â ýòîì âåñîâîì ïðîñòðàíñòâå Ãåëüäåðà.

Êëþ÷åâûå ñëîâà. Çàäà÷à Êîøè, ïàðàáîëè÷åñêîå óðàâíåíèå, ñóùåñòâî-
âàíèå, îöåíêè, åäèíñòâåííîñòü ðåøåíèÿ, âåñîâîå ïðîñòðàíñòâî Ãåëüäåðà.
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ABOUT ONE COEFFICIENT INVERSE PROBLEM FOR THE

HEAT EQUATION IN A DEGENERATING DOMAIN WITH

TIME-DEPENDENT BOUNDARIES

M.T. Jenaliyev, M. Yergaliyev

Abstract. In the paper we consider a coe�cient inverse problem for the heat equation

in a degenerating angular domain with time dependent boundaries. It is shown

that with the help of transformations of variables and the desired function, the

inverse problem for the heat equation in the degenerating angular domain with two

time-dependent boundaries can be reduced to a problem for the heat equation in the

degenerating angular domain but with one time-dependent boundary. For the latter

problem the criterion of existence of the solution is shown.

Keywords. Coe�cient inverse problem, heat equation, degenerating domain.

1 Introduction

The inverse problems of the kind which we will consider were investigated in
the papers [1], [2]. In these papers it is assumed that the movable boundaries
move according to the law obeying Holder class and the domain does not
degenerate and the time interval is limited. The uniqueness and existence of
the solution of the inverse problem where the required coe�cient is a continuous
function are established and numerical solutions are obtained in these papers.

The peculiarity of our study is that we consider the inverse problem for the
heat equation in the degenerating angular domain. For the sake of simplicity
and for the purpose of showing the e�ect of the degeneration of the domain, we
consider the problem, where, �rstly, the moving part of the boundary changes
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linearly; secondly, the boundary value problem is completely homogeneous;
thirdly, the time interval is semi-bounded. In the papers [3], [4] we investigated
the inverse problem for the heat equation in the angular domain. In this work
we consider a coe�cient inverse problem for the heat equation in a degenerating
domain with time-dependent boundaries.

2 Statement of the problem

In the domain GT = {(x, t)| − k1t < x < k2t, 0 < t < T, }, T < +∞, we
consider an inverse problem of �nding a coe�cient λ(t) and a function u(x, t)
for following heat equation:

ut(x, t) = uxx(x, t)− λ(t)u(x, t), (1)

with homogeneous boundary conditions

u(x, t)|x=−k1t = 0, u(x, t)|x=k2t = 0, 0 < t < T, (2)

suspect to the overspeci�cation∫ k2t

−k1t
u(x, t)dx = E(t), |E(t)| ≥ δ > 0, 0 < t < T, (3)

where E(t) ∈ L∞(0, T ) is a given function and k1, k2 > 0.

3 Transformations and auxiliary problems

3.1 Transformations

Using the transformations:

x1 = (k1 + k2)x+ (k1 + k2)k1t, t1 = (k1 + k2)
2t, (4)

the boundary value problem (1)�(3) in the domainGT is reduced to a boundary
value problem in the domain G1 = {(x1, t1)| 0 < x1 < t1, 0 < t1 < Tk =
(k1 + k2)

2T}:

u1t1(x1, t1) +
k1

k1 + k2
u1x1(x1, t1) =

= u1x1x1(x1, t1)− λ1(t1)u1(x1, t1), {x1, t1} ∈ G1, (5)
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where λ1(t1) =
1

(k1+k2)2
λ(t1), with homogeneous boundary conditions

u1(x1, t1)|x1=0 = 0, u1(x1, t1)|x1=t1 = 0, 0 < t1 < Tk, (6)

suspect to the overspeci�cation∫ t1

0
u1(x1, t1)dx1 = E1(t1), |E1(t1)| ≥ δ > 0, 0 < t1 < Tk, (7)

where

E1(t1) = (k1 + k2)E

(
t1

(k1 + k2)2

)
,

u(x, t) = u

(
1

k1 + k2
x1 −

k1
(k1 + k2)2

t1,
1

(k1 + k2)2
t1

)
= u1(x1, t1).

To transform the equation (5), we introduce new function

u1(x1, t1) = exp

{
− k21
4(k1 + k2)2

t1 +
k1

2(k1 + k2)
x1

}
· u2(x1, t1). (8)

Then we obtain a linear homogeneous boundary value problem for the heat
equation in the angular domain G1 :

u2t1(x1, t1) = u2x1x1(x1, t1)− λ1(t1)u2(x1, t1), {x1, t1} ∈ G1, (9)

with homogeneous boundary conditions

u2(x1, t1)|x1=0 = 0, u2(x1, t1)|x1=t1 = 0, 0 < t1 < Tk, (10)

suspect to the overspeci�cation∫ t1

0
u2(x1, t1)dx1 = E1(t1), |E1(t1)| ≥ δ > 0, 0 < t1 < Tk. (11)

3.2 The auxiliary problem

In accordance to the problem (9)�(11) we will set an auxiliary inverse
problem of �nding a coe�cient λ2(t1) and a function v(x1, t1) in the domain
G∞ = {(x1, t1)| 0 < x1 < t1, t1 > 0}:

vt1(x1, t1) = vx1x1(x1, t1)− λ2(t1)v(x1, t1), (12)
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with homogeneous boundary conditions

v(x1, t1)|x1=0 = 0, v(x1, t1)|x1=t1 = 0, t1 > 0, (13)

suspect to the overspeci�cation∫ t1

0
v(x1, t1)dx1 = Ẽ(t1), t1 > 0, (14)

Ẽ(t1) =

{
E1(t1), 0 < t1 < Tk,

E2(t1), Tk ≤ t1 < ∞,
(15)

where |E2(t1)| ≥ δ > 0 is an arbitrary bounded function.

Remark 1. Solving in G∞ the problem (12)�(15) and restricting

down its solution to the domain G1, we can �nd the solution

{u2(x1, t1), λ1(t1); (x1, t1) ∈ G1} of the inverse problem (9)�(11).

3.3 Equivalent problem

In the problem (12)�(15) we replace the required function by the following
transformation

w(x1, t1) = λ̂2(t1)v(x1, t1), where λ̂2(t1) = exp

{∫ t1

0
λ2(s)ds

}
. (16)

Then the inverse problem (12)�(15) is reduced to a problem for the
homogeneous heat equation:

wt1(x1, t1) = wx1x1(x1, t1), {x1, t1} ∈ G∞, (17)

with homogeneous boundary conditions

w(x1, t1)|x=0 = 0, w(x1, t1)|x1=t1 = 0, t1 > 0, (18)

subject to the overspeci�cation∫ t1

0
w(x1, t1)dx1 = λ̂2(t1)Ẽ(t1), |Ẽ(t1)| ≥ δ > 0, t1 > 0. (19)
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4 Main result

4.1 The solution of the inverse problem (17)�(19)

It follows from our previous results [5], [6], [7], [8] that the homogeneous
boundary value problem (17)�(18) along with a trivial solution has a nontrivial
solution up to a constant factor de�ned by the formula:

w(x1, t1) = w+(x1, t1) + w−(x1, t1), (20)

where

w±(x1, t1) =
1

4
√
π

∫ t1

0

x1 ± τ

(t1 − τ)3/2
exp

{
−(x1 ± τ)2

4(t1 − τ)

}
φ(τ)dτ, (21)

where function φ(t1) is de�ned according to the formulas:

φ(t1) = Cφ0(t1), C = const ̸= 0, (22)

φ0(t1) =
1√
t1

exp

{
− t1

4

}
+

√
π

2

[
1 + erf

(√
t1
2

)]
, (23)

moreover, the function φ(t1) belongs to the following class:

θ(t1)φ(t1) ∈ L∞(R+), i.e. φ(t1) ∈ L∞(R+; θ(t1)), (24)

where

θ(t1) =

{ √
t1 exp

{
t1
4

}
, if 0 < t1 ≤ Tk,

1, if Tk < t1 < +∞,
(25)

and Tk does not necessarily coincide with T .
From (20)�(22) for the solution w(x1, t1) = Cw0(x1, t1) of the homogeneous

boundary value problem (17)�(18) we obtain the following representation:

w0(x1, t1) = w0+(x1, t1) + w0−(x1, t1), (26)

where

w0±(x1, t1) =
1

4
√
π

∫ t1

0

x1 ± τ

(t1 − τ)3/2
exp

{
−(x1 ± τ)2

4(t1 − τ)

}
φ0(τ)dτ. (27)
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Further using the representation (26)�(27) for the integral condition (19),
we get: ∫ t1

0
w0(x1, t1)dx =

∫ t1

0
w0+(x1, t1)dx1+

+

∫ t1

0
w0−(x1, t1)dx1 = λ̂20(t1)Ẽ(t1). (28)

It is obvious that λ̂2(t1) = Cλ̂20(t1). By a commutativity property in the
integrals of the formula (28), in the sense of the Dirichlet formula, we have∫ t1

0
w0±(x1, t1)dx1=

1

4
√
π

∫ t1

0
φ0(τ)dτ

∫ t1

0

x1 ± τ

(t1−τ)3/2
exp

{
−(x1 ± τ)2

4(t1 − τ)

}
dx1. (29)

Let us calculate the interior integrals from (29). We get

1

4
√
π

∫ t1

0

x1 ± τ

(t1 − τ)3/2
exp

{
−(x1 ± τ)2

4(t1 − τ)

}
dx1 =

∥∥∥∥y =
(x1 ± τ)2

4(t1 − τ)

∥∥∥∥ =

=
1

2
√

π(t1 − τ)

(
exp

{
− τ2

4(t1 − τ)

}
− exp

{
− (t1 ± τ)2

4(t1 − τ)

})
. (30)

Then from (19), (28)�(30) we obtain∫ t1

0
w0(x1, t1)dx1 =

1

2
√
π

∫ t1

0

1√
t1 − τ

[
2 exp

{
− τ2

4(t1 − τ)

}
−

− exp

{
− (t1 + τ)2

4(t1 − τ)

}
− exp

{
− t1 − τ

4

}]
φ0(τ)dτ = λ̂20(t1)Ẽ(t1). (31)

From ratios (16), (19), (31) and w(x1, t1) = Cw0(x1, t1) we �nd the required
coe�cient

λ2(t1) =
d ln (λ̂2(t1))

d t1
=

(λ̂2(t1))
′

λ̂2(t1)
=

(Cλ̂20(t1))
′

Cλ̂20(t1)
= λ20(t1), (32)

where we have used the equality
t1∫
0

w(x1, t1)d x1

Ẽ(t1)


′

:

t1∫
0

w(x1, t1)d x1

Ẽ(t1)
=


t1∫
0

w0(x1, t1)d x1

Ẽ(t1)


′

:

t1∫
0

w0(x1, t1)d x1

Ẽ(t1)
.

(33)
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Thus, from (26)�(27), (31)�(33) we obtain the following theorems.

Theorem 1. The inverse problem (17)�(19) has a solution {w(x1, t1), λ2(t1)}
if and only if the following condition is satis�ed

sign{E(t1)} = sign{I[φ0(t1), t1]}, ∀t1 ∈ (0,∞), (34)

where

I[φ0(t1), t1] =
1

2
√
π

∫ t1

0

1√
t1 − τ

[
2 exp

{
− τ2

4(t1 − τ)

}
−

− exp

{
− t1 − τ

4

}(
exp

{
− t1τ

t1 − τ

}
+ 1

)]
φ0(τ)dτ, t1 ∈ (0,∞), (35)

φ0(t1) =
1√
t1

exp

{
− t1

4

}
+

√
π

2

[
1 + erf

(√
t1
2

)]
, t1 ∈ (0,∞). (36)

Theorem 2. Let the conditions of theorem 1 be satis�ed. Then the inverse

problem (9)�(11) has the following solution {u2(x1, t1), λ1(t1)}: the coe�cient

λ1(t1) = λ0(t1) is determined uniquely by the formula (32)�(33) by restricting

it down to a �nite interval (0, Tk) and the solution u2(x1, t1) is found by means

of the restriction of the function:

v(x1, t1)=Cv0(x1, t1), wherev0(x1, t1)=[λ̂10(t1)]
−1w0(x1, t1), C = const, (37)

on the bounded triangle G1, where w0(x1, t1) is de�ned by formulas (26)�(27).

Theorem 3. For the solution {u2(x1, t1), λ1(t1)} of the inverse problem (9)�

(11) using backward the substitutions (4) and (8), we get the solution of the

inverse problem (1)�(3).

Remark 2. According to formulas (23), (26)�(27), the solution w0(x1, t1) is a
nonnegative function. It should be noted that according to the criterium (34)

the function Ẽ(t1) from (19) is a variable sign function, since the integral (28)

is variable sign function and the coe�cient λ̂2(t1) = Cλ̂20(t1) (16), (32) is a

positive function.

In the work [3] we have showed that the solution of the equivalent problem
under an additional condition is bounded. Also it has been showed that the
solution of the inverse problem (9)�(11) and required function λ1(t1) have
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singularity at small values of the variable t. Therefore it should be noted that
the solution of the inverse problem {u(x, t), λ(t)} also has the singularity at
small values of the variable t.

6 Conclusion

In the paper we have considered the inverse problem for the heat equation
in the degenerating angular domain with time-dependent boundaries. We have
shown that the inverse problem for the homogeneous heat equation with
homogeneous boundary conditions has the nontrivial solution {u(x, t), λ(t)}
consistent with the integral condition.
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Æèåíºëèåâ Ì.Ò., Åð¡àëèåâ Ì.�. ØÅÊÀÐÀËÀÐÛ ÓÀ�ÛÒ�À Ò�Ó-
ÅËÄI ÀÇÛÍ�ÀÍ ÎÁËÛÑÒÀ�Û ÆÛËÓ�ÒÊIÇÃIØÒIÊ ÒÅ�ÄÅÓI
�ØIÍ �ÎÉÛË�ÀÍ ÊÎÝÔÔÈÖÈÅÍÒÒI ÊÅÐI ÅÑÅÏ ÒÓÐÀËÛ

Æ´ìûñòà áiç øåêàðàëàðû óà©ûò©à òºóåëäi àçûí¡àí îáëûñòà¡û æû-
ëó°òêiçãiøòiê òåäåói ³øií ©îéûë¡àí êîýôôèöèåíòòi êåði åñåïòi ©àðàñ-
òûðàìûç. Æ´ìûñòà òºóåëñiç àéíûìàëûëàðäû æºíå içäåëiíäi ôóíêöèÿíû
ò³ðëåíäiðó àð©ûëû åêi øåêàðàñû äà óà©ûò©à òºóåëäi àçûí¡àí îáëûñòà¡û
æûëó°òêiçãiøòiê òåäåói ³øií ©îéûë¡àí êåði åñåï øåêàðàñûíû áiðåói ¡à-
íà óà©ûò©à òºóåëäi áîëàòûí àçûí¡àí îáëûñòà¡û æûëó°òêiçãiøòiê òåäåói
³øií ©îéûë¡àí åñåïêå êåëòiðóãå áîëàòûíäû¡û ê°ðñåòiëäi. Ñî¡û åñåï ³øií
øåøiìäiëiê êðèòåðèéi àëûíäû.

Êiëòòiê ñ°çäåð. Êîýôôèöèåíòòiê êåði åñåï, æûëó°òêiçãiøòiê òåäåói,
àçûí¡àí îáëûñ.

Äæåíàëèåâ Ì.Ò., Åðãàëèåâ Ì.Ã. ÎÁ ÎÄÍÎÉ ÊÎÝÔÔÈÖÈÅÍÒÍÎÉ
ÎÁÐÀÒÍÎÉ ÇÀÄÀ×Å ÄËß ÓÐÀÂÍÅÍÈß ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ Â
ÂÛÐÎÆÄÀÞÙÅÉÑß ÎÁËÀÑÒÈ Ñ ÃÐÀÍÈÖÀÌÈ, ÇÀÂÈÑßÙÈÌÈ
ÎÒ ÂÐÅÌÅÍÈ

Â ðàáîòå ìû ðàññìàòðèâàåì êîýôôèöèåíòíóþ îáðàòíóþ çàäà÷ó äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè â âûðîæäàþùåéñÿ îáëàñòè ñ ãðàíèöàìè, çà-
âèñÿùèìè îò âðåìåíè. Áûëî ïîêàçàíî, ÷òî ïðè ïîìîùè ïðåîáðàçîâàíèÿ
íåçàâèñèìûõ ïåðåìåííûõ è èñêîìîé ôóíêöèè îáðàòíàÿ çàäà÷à äëÿ óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè â âûðîæäàþùåéñÿ îáëàñòè ñ äâóìÿ ãðàíèöàìè,
çàâèñÿùèìè îò âðåìåíè, ìîæåò áûòü ñâåäåíà ê çàäà÷å äëÿ óðàâíåíèÿ òåï-
ëîïðîâîäíîñòè â âûðîæäàþùåéñÿ óãëîâîé îáëàñòè, íî óæå ñ îäíîé ãðà-
íèöåé, çàâèñÿùåé îò âðåìåíè. Äëÿ ïîñëåäíåé çàäà÷è ïîëó÷åí êðèòåðèé
ðàçðåøèìîñòè.

Êëþ÷åâûå ñëîâà. Êîýôôèöèåíòíàÿ îáðàòíàÿ çàäà÷à, óðàâíåíèå òåïëî-
ïðîâîäíîñòè, âûðîæäàþùàÿñÿ îáëàñòü.

Jenaliyev M.T.
Institute of Mathematics and Mathematical Modeling
050010, Almaty, Pushkin str., 125. E-mail: muvasharkhan@gmail.com
Yergaliyev M.
al-Farabi Kazakh National University
050010, Almaty, al-Farabi Ave., 71
Institute of Mathematics and Mathematical Modeling
050010, Almaty, Pushkin str., 125.
E-mail: ergaliyev.madi.g@gmail.com Received 17.09.2018

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 3



Ìaòåìaòè÷åñêèé æóðíaë ISSN 1682�0525

2018. � Òîì 18, � 3. � Ñ. 43�51.

ÌÐÍÒÈ 27.29.15:27.29.17:27.29.19

A METHOD FOR SOLVING NONLINEAR BOUNDARY

VALUE PROBLEMS FOR ORDINARY DIFFERENTIAL

EQUATIONS

D.S. Dzhumabaev

Abstract. An interval is divided into N parts, the values of a solution at the

beginning points of the subintervals are considered as additional parameters,

and an ordinary di�erential equation is reduced to the Cauchy problems on the

subintervals for di�erential equations with parameters. Using the solutions to the

Cauchy problems, boundary condition, and continuity conditions of a solution at the

interior points of the partition, the system of algebraic equations with respect to

parameters is composed. It is shown that the solvability of boundary value problems is

equivalent to the solvability of the system composed. A method for solving nonlinear

boundary value problems based on construction and solution of this system is proposed.

Keywords. Solvability criteria, algorithm for solving, nonlinear boundary value problems.

In the present paper, we consider nonlinear boundary value problem (BVP)
for the ordinary di�erential equation (ODE)

dx

dt
= f(t, x), t ∈ (0, T ), x ∈ Rn, (1)

g[x(0), x(T )] = 0, (2)

where f : [0, T ] × Rn → Rn and g : Rn × Rn → Rn are continuous functions,
||x|| = max

i=1,n
|xi|.
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Let C([0, T ], Rn) denote the space of continuous functions x : [0, T ] → Rn

with the norm ||x||1 = max
t∈[0,T ]

||x(t)||. A solution to the problem (1), (2) is a

continuously di�erentiable on (0, T ) function x(t) ∈ C([0, T ], Rn) satisfying
di�erential equation (1) and boundary condition (2).

Boundary value problems for ODEs have been studied by numerous authors
(see [1]�[10] and references cited therein).

Due to nonlinearity of the problem (1), (2) we come across di�culties both
in studying the qualitative properties of BVP and in �nding its solution.

The aim of the paper is to develop a constructive method for investigating
and solving nonlinear BVPs. To this end, we apply parametrization's method
[11], [12]. Take a partition ∆N : t0 = 0 < t1 < t2 < ... < tN = T. The
restrictions of x(t) to the r-th subinterval [tr−1, tr), we denote by xr(t), r =
1, N. Introducing the parameters λr = xr(tr−1), and making the substitutions
ur(t) = xr(t) − λr, t ∈ [tr−1, tr), r = 1, N, we reduce nonlinear BVP (1), (2)
to the nonlinear BVP with parameters

dur
dt

= f(t, ur + λr), t ∈ [tr−1, tr), r = 1, N, (3)

ur(tr−1) = 0, r = 1, N, (4)

g[λ1, λN + lim
t→T−0

uN (t)] = 0, (5)

λp + lim
t→tp−0

up(t)− λp+1 = 0, p = 1, N − 1, (6)

where (6) are continuity conditions for solutions to Eq. (1) at the interior points
of partition ∆N .

Denote by C([0, T ],∆N , RnN ) the space of function systems x[t] =
(x1(t), x2(t), ..., xN (t)), where functions xr : [tr−1, tr) → Rn are continuous
and have the �nite left-sided limits lim

t→tr−0
xr(t) for all r = 1, N, with the norm

||x[·]||2 = max
r=1,N

sup
t∈[tr−1,tr)

||xr(t)||.

A solution to the problem (3)�(6) is a pair (λ∗, u∗[t]) with
λ∗ = (λ∗

1, λ
∗
2, ..., λ

∗
N ) ∈ RnN and u∗[t] = (u∗1(t), u

∗
2(t), ..., u

∗
N (t)) ∈

C([0, T ],∆N , RnN ). The functions u∗r(t), r = 1, N, satisfy di�erential
equations (3), boundary condition (5), and continuity conditions (6) for λr =
λ∗
r, r = 1, N. These functions satisfy initial conditions (4) as well.
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Let a vector λ(0) = (λ
(0)
1 , λ

(0)
2 , ..., λ

(0)
N ) ∈ RnN be given, and let ur(t, λ

(0)
r )

be a unique solution to the Cauchy problem on subinterval

dur
dt

= f(t, ur + λ(0)
r ), t ∈ [tr−1, tr], ur(tr−1) = 0, (7)

for r = 1, N.

Using λ(0) and ur(t, λ
(0)
r ), r = 1, N, we compose the function x(0)(t) by

the equalities x(0)(t) = λ
(0)
p + up(t, λ

(0)
p ), for t ∈ [tp−1, tp], p = 1, N, and

x(0)(t) = λ
(0)
N + uN (t, λ

(0)
N ) for t ∈ [tN−1, tN ].

Condition A. Suppose that for any r = 1, N and λr ∈ S(λ
(0)
r , ρ0) = {λ ∈ Rn :

||λr−λ
(0)
r || < ρ0}, the Cauchy problem (3), (4) has a unique solution ur(t, λr),

such that the system of functions u[t, λ] = (u1(t, λ1), u2(t, λ2), ..., uN (t, λN ))
belongs to C([0, T ],∆N , RnN ), and ||u[·, λ]− u[·, λ(0)]||2 < ρ0.

It is clear that under Condition A, the solvability of nonlinear BVP (1), (2)
is equivalent to the existence of a solution to the system of nonlinear algebraic
equations

g[λ1, λN + lim
t→T−0

uN (t, λN )] = 0, (8)

λp + lim
t→tp−0

up(t, λp)− λp+1 = 0, p = 1, N − 1. (9)

We rewrite the system of equations (8), (9) in the form

Q∗(∆N ;λ) = 0, λ ∈ RnN . (10)

If Eq.(10) has a solution λ∗ = (λ∗
1, λ

∗
2, ..., λ

∗
N ) ∈ S(λ(0), ρ0), then the pair

(λ∗, u[t, λ∗]) is a solution to the problem (3)�(6). Therefore, the function x∗(t)
given by the equality x∗(t) = λ∗

r+u∗r(t, λ
∗
r), for t ∈ [tr−1, tr), 1, N, and x∗(T ) =

λ∗
N + lim

t→T−0
uN (t, λ∗

N ) will be a solution to the problem (1), (2).

Thus, in order to solve nonlinear BVP (1), (2) it is enough to �nd a solution
to the system of nonlinear algebraic equations (10) and solve the Cauchy
problem (3), (4) for �nding values of parameters.

To solve nonlinear system of algebraic equations (10), we should �nd Q∗(λ̂)

and
∂Q∗(λ̂)

∂λ
for the given λ̂ ∈ S(λ(0), ρ0). As we see from (8), (9), to �nd
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the value Q∗(λ̂) for λ = λ̂, it is necessary to solve the Cauchy problems on
subintervals:

dur
dt

= f(t, ur + λ̂r), ur(tr−1) = 0, t ∈ [tr−1, tr], r = 1, N,

and �nd their solutions ur(t, λ̂r), r = 1, N . Then,

Q∗(∆N ; λ̂) =


g[λ̂1, λ̂N + uN (T, λ̂N )]

λ̂1 + u1(t1, λ̂1)− λ̂2

. . .

λ̂N−1 + uN−1(tN−1, λ̂N−1)− λ̂N

. (11)

Condition B. The functions f(t, x) and g(v, w) have the uniformly continuous

partial derivatives f ′
x(t, x) and g′v(v, w), g

′
w(v, w) in G(x(0)(t), 2ρ0) = {(t, x) :

t ∈ [0, T ], ||x − x(0)(t)|| < 2ρ0} and S(x(0)(0), 2ρ0) × S(x(0)(T ), 2ρ0),
respectively.

In order to �nd
∂ur(t, λr)

∂λr
, r = 1, N , we again consider the Cauchy

problems with parameters:

dur
dt

= f(t, ur + λr), ur(tr−1) = 0, t ∈ [tr−1, tr], r = 1, N.

Di�erentiating both sides of di�erential equations and initial conditions with
respect to λr, we have

d

dt

(
∂ur(t, λr)

∂λr

)
= f ′

x(t, ur(t, λr)+λr)
∂ur(t, λr)

∂λr
+f ′

x(t, ur(t, λr)+λr), t ∈ [tr−1, tr],

and
∂ur(t, λr)

∂λr

∣∣∣
t=tr−1

= 0, r = 1, N.

Therefore,
∂ur(t, λ̂r)

∂λr
is a unique solution to the matrix Cauchy problem for

the linear ODE

dz

dt
= Âr(t)z + Âr(t), z(tr−1) = 0, t ∈ [tr−1, tr], (12)
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with Âr(t) = f ′
x(t, ur(t, λ̂r) + λ̂r) for each r = 1, N . Denote by âr(Âr, t),

t ∈ [tr−1, tr], r = 1, N, the unique solution to the Cauchy problem (12).
It is clear that by virtue of Condition B, the vector function Q∗(∆N ;λ)

of the dimension nN has uniformly continuous Jacobi matrix
∂Q∗(∆N ; λ̂)

∂λ
:

RnN → RnN in S(λ(0), ρ0). Moreover, the Jacobi matrix has the form
B̂ O O . . . O Ĉ[I + âN (ÂN , T )]

I + â1(Â1, t1) −I O . . . O O

. . . . . . . . . . . . . . . . . .

O O O . . . I + âN−1(ÂN−1, tN−1) −I

 (13)

with

B̂ = g′v[λ̂1, λ̂N + uN (T, λ̂N )] and Ĉ = g′w[λ̂1, λ̂N + uN (T, λ̂N )]. (14)

Thus, for the given λ̂ = (λ̂1, λ̂2, ..., λ̂N ) ∈ S(λ(0), ρ0), we �nd the values

of the vector Q∗(∆N ; λ̂) and Jacobi matrix
∂Q∗(∆N ; λ̂)

∂λ
by solving Cauchy

problems for ODEs on the subintervals only. Solving Cauchy problems for
nonlinear ODEs determines elements of the vector, and solving Cauchy
problems for linear matrix ODEs yields elements of the Jacobi matrix.

Now, we o�er the following algorithm to solve the problem (1), (2). Choose

λ(0) = (λ
(0)
1 , λ

(0)
2 , ..., λ

(0)
N ) ∈ RnN as the initial approximation and solve Eq. (9)

by the iterative process

λ(k+1) = λ(k) +∆λ(k), k = 0, 1, 2, ... .

Here ∆λ(k) is a solution to the system of linear algebraic equations

∂Q∗(∆N ;λ(k))

∂λ
∆λ = − 1

α
Q∗(∆N ;λ(k))

with α ≥ 1.

Step 1. a) Using vectors ur(tr, λ
(0)
r ), r = 1, N, found by solving Cauchy
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problems (7), and formula (11), we �nd

Q∗(∆N , λ(0)) =


g[λ

(0)
1 , λ

(0)
N + uN (T, λ

(0)
N )]

λ
(0)
1 + u1(t1, λ

(0)
1 )− λ

(0)
2

. . .

λ
(0)
N−1 + uN−1(tN−1, λ

(0)
N−1)− λ

(0)
N

 .

b) Compute the (n × n)-matrix A(0)(t) = f ′
x(t, x

(0)(t)). Solve the matrix
Cauchy problems for the linear ODEs on subintervals

dz

dt
= A(0)(t)z +A(0)(t), z(tr−1) = 0, t ∈ [tr−1, tr], r = 1, N,

and �nd the (n×n)-matrices a(0)r (A(0), tr), r = 1, N . Using the found matrices
and (13), (14), we compose (nN × nN)-Jacobi matrix

∂Q∗(∆N , λ(0))

∂λ
=

=


B(0) O O . . . O C(0)[I + a

(0)
N (A(0), T )]

I + a
(0)
1 (A(0), t1) −I O . . . O O

. . . . . . . . . . . . . . . . . .

O O O . . . I + a
(0)
N−1(A

(0), tN−1) −I

,

where B(0) = g′v[λ
(0)
1 , λ

(0)
N +uN (T, λ

(0)
N )] and C(0) = g′w[λ

(0)
1 , λ

(0)
N +uN (T, λ

(0)
N )].

c) Solve the system of linear algebraic equations

∂Q∗(∆N , λ(0))

∂λ
∆λ = − 1

α
Q∗(∆N , λ(0)),

and �nd ∆λ(0). Now, we determine the vector λ(1) by the equality λ(1) =
λ(0) +∆λ(0).

d) Solve the Cauchy problems for nonlinear ODEs with parameters on
subintervals

dur
dt

= f(t, ur + λ(1)
r ), ur(tr−1) = 0, t ∈ [tr−1, tr], r = 1, N,
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and �nd the functions ur(t, λ
(1)
r ), r = 1, N. With the equalities x(1)(t) =

λ
(1)
r + ur(t, λ

(1)
r ), t ∈ [tr−1, tr), r = 1, N, and x(1)(T ) = λ

(1)
N + uN (T, λ

(1)
N ), we

de�ne the function x(1)(t) piecewise continuous on [0, T ].

Step 2. a) Using the found ur(tr, λ
(1)
r ), r = 1, N, and taking into account

(11), we get Q∗(∆N , λ(1)).
b) Compute (n × n)-matrix A(1)(t) = f ′

x(t, x
(1)(t)). Solve the matrix

Cauchy problems for the linear ODEs on subintervals

dz

dt
= A(1)(t)z +A(1)(t), z(tr−1) = 0, t ∈ [tr−1, tr), r = 1, N,

and �nd (n× n)-matrices a(1)r (A(1), tr), r = 1, N.
By formulas (13) and (14) we compose the (nN × nN)-Jacobi matrix

∂Q∗(∆N , λ(1))

∂λ
.

c) By solving the system of linear algebraic equations

∂Q∗(∆N , λ(1))

∂λ
∆λ = − 1

α
Q∗(∆N , λ(1)),

we �nd ∆λ(1), and we de�ne the vector λ(2) as: λ(2) = λ(1) +∆λ(1).
d) Solve the Cauchy problems for the nonlinear ODEs with parameters

on subintervals

dur
dt

= f(t, ur + λ(2)
r ), ur(tr−1) = 0, t ∈ [tr−1, tr], r = 1, N,

and �nd the functions ur(t, λ
(2)
r ), r = 1, N. By the equalities x(2)(t) = λ

(2)
r +

ur(t, λ
(2)
r ), t ∈ [tr−1, tr), r = 1, N, and x(2)(T ) = λ

(2)
N + uN (T, λ

(2)
N ), we de�ne

the function x(2)(t) piecewise continuous on [0, T ].

Continuing iterative process, in Step k we obtain λ(k) = (λ
(k)
1 , λ

(k)
2 , ·, λ(k)

N ) ∈
RnN and x(k)(t), t ∈ [0, T ]. It is easy to see that

||λ(k) − λ∗|| ≤ γ∗||Q∗(∆N ;λ(k))||.

Therefore, applying Bellman-Gronwall inequality, we establish the following
estimate

sup
t∈[0,T ]

||x(k)(t)− x∗(t)|| ≤ γ∗||Q∗(∆N ;λ(k))|| exp
(
L max

r=1,N
(tr − tr−1)

)
,
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which allows us to measure the proximity between the approximate and exact
solutions after k steps of the algorithm.
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Äæóìàáàåâ Ä.Ñ. ÆÀÉ ÄÈÔÔÅÐÅÍÖÈÀËÄÛ� ÒÅ�ÄÅÓËÅÐ �ØIÍ
ÑÛÇÛ�ÒÛ ÅÌÅÑ ØÅÒÒIÊ ÅÑÅÏÒI ØÅØÓ �ÄIÑI

Àðàëû© N á°ëiêêå á°ëiíåäi, øåøiìíi iøêi àðàëû©òàðäû áàñòàï©û
í³êòåëåðiíäåãi ìºíäåði ©îñûìøà ïàðàìåòð ðåòiíäå ©àðàñòûðûëàäû æºíå
æàé äèôôåðåíöèàëäû© òåäåó ïàðàìåòðëåði áàð äèôôåðåíöèàëäû© òå-
äåóëåð ³øií iøêi àðàëû©òàðäà¡û Êîøè åñåïòåðiíå êåëòiðiëåäi. Åíãiçiëãåí
ïàðàìåòðëåðãå ©àòûñòû Êîøè åñåïòåðiíi øåøiìäåðií, øåòòiê øàðòòàð
ìåí øåøiìíi á°ëiêòåóäi iøêi í³êòåëåðiíäåãi ³çiëiññiçäiê øàðòòàðûí ïàé-
äàëàíà îòûðûï àëãåáðàëû© òåäåóëåð æ³éåñi ©´ðûëàäû. Øåòòiê åñåïòi
øåøiëiìäiëiãiíi ©´ðûë¡àí æ³éå øåøiëiìäiëiãiíå ïàðà-ïàð åêåíäiãi ê°ð-
ñåòiëäi. Øåòòiê åñåïòåðäi øåøóäi îñû æ³éåëåðäi ©´ðó¡à æºíå øåøóãå
íåãiçäåëãåí ºäiñi ´ñûíûëäû.

Êiëòòiê ñ°çäåð. Øåøiëiìäiëiê êðèòåðèéi, øåøó àëãîðèòìi, ñûçû©òû
åìåñ øåòòiê åñåï.

Äæóìàáàåâ Ä.Ñ. ÌÅÒÎÄ ÐÅØÅÍÈß ÍÅËÈÍÅÉÍÎÉ ÊÐÀÅÂÎÉ ÇÀ-
ÄÀ×È ÄËß ÎÁÛÊÍÎÂÅÍÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅ-
ÍÈÉ

Èíòåðâàë äåëèòñÿ íà N ÷àñòåé, çíà÷åíèÿ ðåøåíèÿ â íà÷àëüíûõ òî÷êàõ
ïîäèíòåðâàëîâ ðàññìàòðèâàþòñÿ êàê äîïîëíèòåëüíûå ïàðàìåòðû è îáûê-
íîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå ñâîäèòñÿ ê çàäà÷àì Êîøè íà ïî-
äèíòåðâàëàõ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïàðàìåòðàìè. Èñïîëü-
çóÿ ðåøåíèÿ çàäà÷è Êîøè, êðàåâûå óñëîâèÿ è óñëîâèÿ íåïðåðûâíîñòè ðå-
øåíèÿ âî âíóòðåííûõ òî÷êàõ ðàçáèåíèÿ, ñîñòàâëÿåòñÿ ñèñòåìà àëãåáðàè÷å-
ñêèõ óðàâíåíèé îòíîñèòåëüíî ââåäåííûõ ïàðàìåòðîâ. Ïîêàçàíî, ÷òî ðàçðå-
øèìîñòü êðàåâûõ çàäà÷ ýêâèâàëåíòíà ðàçðåøèìîñòè ïîñòðîåííûõ ñèñòåì.
Ïðåäëîæåí ìåòîä ðåøåíèÿ êðàåâûõ çàäà÷, îñíîâàííûé íà ïîñòðîåíèè è
ðåøåíèè ýòèõ ñèñòåì.

Êëþ÷åâûå ñëîâà. Êðèòåðèé ðàçðåøèìîñòè, àëãîðèòì ðåøåíèÿ, íåëè-
íåéíàÿ êðàåâàÿ çàäà÷à.
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Àííîòàöèÿ. Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ òåîðåòèêî-èãðîâàÿ ìîäåëü îïòè-

ìàëüíîãî óïðàâëåíèÿ ïîòîêàìè ñóâåðåííûõ âîä äâóõ ãîñóäàðñòâ, ðàñïîëîæåííûõ

â áàññåéíå îäíîé è òîé æå òðàíñãðàíè÷íîé ðåêè. Îñíîâíîé âîïðîñ çäåñü â òîì:

êàêîé ðàñõîä ãëàâíîé ðåêè ñëåäóåò îæèäàòü â ñðåäíåì ìíîãîëåòíåì ìàñøòàáå

âðåìåíè â ñòâîðå ãîñóäàðñòâåííîé ãðàíèöû? Äëÿ ýòîãî ñòðîèì îðãðàôîâóþ

ìîäåëü è ðàññ÷èòûâàåì ïîòîêè â ñåòè ïî áàëàíñîâûì ôîðìóëàì. Â êà÷åñòâå

áàçîâîé ìîäåëè óïðàâëåíèÿ ñóâåðåííûìè âîäàìè äâóõ ãîñóäàðñòâ â áàññåéíå

òðàíñãðàíè÷íîé ðåêè áóäåì ðàññìàòðèâàòü áèìàòðè÷íóþ èãðó.

Êëþ÷åâûå ñëîâà. Òðàíñãðàíè÷íûå ðåêè, áîêîâàÿ ïðèòî÷íîñòü, áèìàòðè÷íûå èã-

ðû, ôóíêöèÿ âûèãðûøà, èììèòàöèîííàÿ ìîäåëü, îïòèìàëüíàÿ ñòðàòåãèÿ.

1 Ñîäåðæàòåëüíàÿ ìîäåëü

Ïóñòü èìåþòñÿ äâà ñîñåäíèõ ãîñóäàðñòâà, ïî òåððèòîðèè êîòîðûõ ïðî-
òåêàåò ãëàâíàÿ òðàíñãðàíè÷íàÿ ðåêà. Íàçîâåì âåðõíåå ïî òå÷åíèþ ãëàâíîé
òðàíñãðàíè÷íîé ðåêè Âåðõíèì ãîñóäàðñòâîì, à ãîñóäàðñòâî ðàñïîëîæåí-
íîé íèæå ïî òå÷åíèþ � Íèæíèì ãîñóäàðñòâîì. Äàëåå Íèæíåå ãîñóäàðñòâî
áóäåì îáîçíà÷àòü, êàê Ãîñ. 1, à Âåðõíåå, êàê Ãîñ. 2. Ãðàíèöó ìåæäó Ãîñ. 1
è Ãîñ. 2 áóäåì îáîçíà÷àòü øòðèõ-ïóíêòèðíîé ëèíèåé.

Ïóñòü äàëåå íà òåððèòîðèè Ãîñ. 1 ôîðìèðóåòñÿ ñèñòåìà ìàëûõ è ñðåä-
íèõ ðåê, êîòîðûå, ïåðåñåêàÿ ãîñóäàðñòâåííóþ ãðàíèöó, âïàäàþò â ãëàâíóþ
òðàíñãðàíè÷íóþ ðåêó, îáðàçóÿ òàê íàçûâàåìóþ "áîêîâóþ ïðèòî÷íîñòü".
Íàçîâåì ýòó ñèñòåìó ñóâåðåííûìè âîäàìè Ãîñ. 1. Àíàëîãè÷íî ñèñòåìó ìà-
ëûõ è ñðåäíèõ ðåê, ôîðìèðóåìûõ íà òåððèòîðèè Ãîñ. 2, îáðàçóþùèõ áî-

2010 Mathematics Subject Classi�cation: 93B29.

Funding: Ãðàíò AP05131044, Ðåãèîíàëüíûé ìîíèòîðèíã ýêîëîãî-
ýêîíîìè÷åñêîé ñèñòåìû ãîðíîðóäíûõ ìåñòîðîæäåíèé Êàçàõñòàíà (íà ïðèìåðå
Ñîêîëîâî-Ñàðáàéñêîãî ÃÎÊ).
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êîâóþ ïðèòî÷íîñòü ãëàâíîé òðàíñãðàíè÷íîé ðåêè, íàçîâåì ñóâåðåííûìè
âîäàìè Ãîñ. 2.

Ïóñòü äàëåå Ãîñ. 1 â óñëîâèÿõ ïîëíîé íåîïðåäåëåííîñòè î ñòðàòåãè÷å-
ñêèõ ïëàíàõ Ãîñ. 2 èñïîëüçîâàíèÿ âîäíûõ ðåñóðñîâ ãëàâíîé òðàíñãðàíè÷-
íîé ðåêè îðãàíèçóåò "ïåðåõâàò" ñóâåðåííûõ âîä íà ñîáñòâåííîé òåððèòî-
ðèè è íàïðàâëÿåò èõ ïî èñêóññòâåííîìó êàíàëó â ãëàâíóþ òðàíñãðàíè÷íóþ
ðåêó (íî óæå íà ñâîåé òåððèòîðèè).

Àíàëîãè÷íî Ãîñ. 2 â óñëîâèÿõ ïîëíîé íåîïðåäåëåííîñòè î ñòðàòåãè-
÷åñêèõ ïëàíàõ Ãîñ. 1 èñïîëüçîâàíèè "áîêîâîé ïðèòî÷íîñòè" îðãàíèçóåò
"ïåðåõâàò" âîäíûõ ðåñóðñîâ ãëàâíîé òðàíñãðàíè÷íîé ðåêè è íàïðàâëÿåò
èõ âãëóáü ñâîåé òåððèòîðèè ïî èñêóññòâåííîìó êàíàëó.

Âîçíèêàåò âîïðîñ: ðàñõîä ãëàâíîé ðåêè ñëåäóåò îæèäàòü â ñðåäíåì ìíî-
ãîëåòíåì ìàñøòàáå âðåìåíè â ñòâîðå ãîñóäàðñòâåííîé ãðàíèöû? [1].

Äëÿ òîãî, ÷òîáû îòâåòèòü íà ýòîò âîïðîñ, ïîñòðîèì îðãðàôîâóþ ìî-
äåëü. Çàäàäèì ïàðàìåòðû ìîäåëè â âåðøèíàõ è íà ðåáðàõ îðãðàôà, çàòåì
ðàññ÷èòàåì ïîòîêè â ñåòè ïî áàëàíñîâûì ôîðìóëàì. Äëÿ ýòèõ öåëåé ïðè-
ìåì ñëåäóþùèå óñëîâíûå îáîçíà÷åíèÿ è èõ èíòåðïðåòàöèè.

2 Óñëîâíûå îáîçíà÷åíèÿ è èõ èíòåðïðåòàöèè

� ãèäðîóçåë, èíòåðïðåòèðóåìûé êàê òî÷êà êîíöåíòðàöèè ñóâåðåííûõ âîä

Ãîñ. 1 â åäèíûé ïîòîê;

W1 � ñðåäíèé ìíîãîëåòíèé ðàñõîä ñóâåðåííûõ âîä Ãîñ. 1 (êì3/ãîä); s

� ãèäðîóçåë, èíòåðïðåòèðóåìûé êàê òî÷êà âîäîäåëåíèÿ ñóâåðåííûõ

âîä Ãîñ.1 íà ïîòîê, íàïðàâëÿåìûé ïî êàíàëó â ñòâîð ïåðåñå÷åíèÿ ðóñëà ãëàâíîé

ðåêè ñ ãîñóäàðñòâåííîé ãðàíèöåé è íà ïîòîê, íàïðàâëÿåìûé â ðóñëî ãëàâíîé

ðåêè íà òåððèòîðèè Ãîñ. 2;

� äîëÿ ðàñõîäà ñóâåðåííûõ âîä, íàïðàâëÿåìàÿ â ñòâîð ãîñóäàðñòâåííîé
ãðàíèöû (0 ≤ s ≤ 1);
sW 1 � ðàñõîä âîäû (êì3/ãîä) â êàíàëå;
k1 � êîýôôèöèåíò áåçâîçâðàòíûõ ïîòåðü âîäû â êàíàëå (â òîì ÷èñëå âîäî-
çàáîð ïî òðàññå êàíàëà);
(1− k1) · s ·W1 � ðàñõîä âîäû â óñòüå êàíàëà;
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(1− s) ·W1 � ðàñõîä âîäû â âîäîòîêå ìèãðàöèè ñóâåðåííûõ âîä Ãîñ. 1;

� ãèäðîóçåë, èíòåðïðåòèðóåìûé êàê òî÷êà êîíöåíòðàöèè ñóâåðåííûõ âîä Ãîñ.

2 â åäèíûé ïîòîê (ãëàâíóþ òðàíñãðàíè÷íóþ ðåêó);

W2 � ñðåäíèé ìíîãîëåòíèé ðàñõîä ñóâåðåííûõ âîä Ãîñ. 2 (êì3/ãîä);

� ó÷àñòîê ãëàâíîé ðåêè áåç âîäîîòúåìà ñóâåðåííûõ âîä;

� ãèäðîóçåë, èíòåðïðåòèðóåìûé êàê òî÷êà ñìåøèâàíèÿ ñóâåðåííûõ âîä Ãîñ.

1 ñ ñóâåðåííûìè âîäàìè Ãîñ. 2;

W2 + (1− s) ·W1 � ñðåäíèé ìíîãîëåòíèé ðàñõîä ñìåøàííûõ âîä;

� ãèäðîóçåë, èíòåðïðåòèðóåìûé êàê òî÷êà êîíöåíòðàöèè ñìåøàííûõ âîä,

ïåðåáðàñûâàåìûõ âíóòðü òåððèòîðèè Ãîñ. 2;

� èñêóññòâåííûé êàíàë ïåðåáðîñêè ÷àñòè ñòîêà ãëàâíîé ðåêèâíóòðü

òåððèòîðèè Ãîñ. 2;

p � äîëÿ ðàñõîäà ñìåøàííûõ âîä, ïåðåáðàñûâàåìàÿ íà âíóòðåííþþ òåð-
ðèòîðèþ Ãîñ. 2;
p · [W2 + (1− s) ·W1] � ðàñõîä âîäû, ïîñòóïàþùèé â ãèäðîóçåë 6;

� ãèäðîóçåë, ðàñïîëîæåííûé íà òåððèòîðèè Ãîñ. 1 âáëèçè ãîñóäàðñòâåííîé

ãðàíèöû, èíòåðïðåòèðóåìûé êàê òî÷êà ñáîðà âîä, ïîñòóïàþùèõ èç äâóõ èñòî÷-

íèêîâ: ïî êàíàëó ïåðåáðîñêè ÷àñòè ñóâåðåííûõ âîä è ïî ðóñëó îñíîâíîé òðàíñ-

ãðàíè÷íîé ðåêè.

� òðàíñãðàíè÷íûé ó÷àñòîê îñíîâíîé ðåêè;

k2 ·(1−p)·[W2+(1−s)·W1] � ðàñõîä âîäû íà òðàíñãðàíè÷íîì ó÷àñòêå, ãäå k2
� êîýôôèöèåíò ïîëåçíîñòè äëÿ Ãîñ. 2 òðàíñãðàíè÷íîãî ó÷àñòêà îñíîâíîé
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ðåêè (0 ≤ k2 ≤ 1). Â ðàññìàòðèâàåìûõ íèæå èãðàõ ñ ïîáî÷íûìè ïëàòå-
æàìè k2 èãðàåò âàæíóþ ðîëü â âîïðîñàõ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ñèòóàöèé ðàâíîâåñèÿ â ÷èñòûõ ñòðàòåãèÿõ; â èãðàõ ñ "áàðòåðíûì îáìåíîì"
ñóâåðåííûõ âîä ÿâëÿåòñÿ êëþ÷åâûì ïàðàìåòðîì òîðãà. Íà Ðèñ. 1 ïðåäñòàâ-
ëåí âçâåøåííûé îðãðàô èìèòàöèîííîé ìîäåëè ïåðåòîêîâ ñóâåðåííûõ âîä
ïî òåððèòîðèè äâóõ ñîñåäíèõ ãîñóäàðñòâ.

Ðèñóíîê 1 � Îðãðàô ïåðåòîêîâ ñóâåðåííûõ âîä

ïî òåððèòîðèè äâóõ ñîñåäíèõ ãîñóäàðñòâ

3 Áèìàòðè÷íàÿ èãðû

Â êà÷åñòâå áàçîâîé ìîäåëè óïðàâëåíèÿ ñóâåðåííûìè âîäàìè äâóõ ãî-
ñóäàðñòâ â áàññåéíå òðàíñãðàíè÷íîé ðåêè áóäåì ðàññìàòðèâàòü áèìàòðè÷-
íóþ èãðó, â êîòîðîé â êà÷åñòâå ïåðâîãî èãðîêà âñåãäà áóäåì ñ÷èòàòü ãîñó-
äàðñòâî, ðàñïîëîæåííîå íèæå ïî òå÷åíèþ ðàññìàòðèâàåìîé ðåêè, à âòîðî-
ãî � ãîñóäàðñòâî, ðàñïîëîæåííîå âûøå ïî òå÷åíèþ. Â êà÷åñòâå ñòðàòåãèè
ïåðâîãî èãðîêà, áóäåì èñïîëüçîâàòü ïàðàìåòð s � ïðîöåíò ïåðåáðîñêè ñó-
âåðåííûõ âîä â ðóñëî ãëàâíîé ðåêè íà ñîáñòâåííîé òåððèòîðèè (âáëèçè ãî-
ñóäàðñòâåííîé ãðàíèöû). Â êà÷åñòâå ñòðàòåãèè âòîðîãî èãðîêà, ïàðàìåòð
p � ïðîöåíò ïåðåáðîñêè ÷àñòè ñòîêà ãëàâíîé ðåêè âãëóáü òåððèòîðèè ýòîãî
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ãîñóäàðñòâà. Ïðè ýòîì, äëÿ òîãî ÷òîáû èìåòü äåëî ñ èãðàìè ñ êîíå÷íûì
ìíîæåñòâîì ñòðàòåãèé, áóäåì ïîëàãàòü ÷òî ñòðàòåãèè èãðîêîâ èçìåíÿþòñÿ
äèñêðåòíî ñ îäèíàêîâûì øàãîì. À äëÿ òîãî, ÷òîáû èçáåæàòü ñëèøêîì âû-
ñîêîé ðàçìåðíîñòè ïëàòåæíîé ìàòðèöû, áóäåì ñ÷èòàòü, ÷òî ìèíèìàëüíûé
øàã íå ìåíåå 10%. Òàêèì îáðàçîì â ìàêñèìàëüíîì ñëó÷àå

s = 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0;

p = 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0.

Ïàðó (s, p) áóäåì íàçûâàòü ñèòóàöèåé. Âûèãðûø ïåðâîãî èãðîêà â
ñèòóàöèè (s, p) áóäåì îïðåäåëÿòü ïî ðàñõîäó âîäû â ãèäðîóçëå 5 èìèòàöè-
îííîé ìîäåëè. Âûèãðûø âòîðîãî èãðîêà â ñèòóàöèè (s, p) áóäåì îöåíèâàòü
ïî ñóììàðíîìó ðàñõîäó âîäû â ãèäðîóçëå 6 è ãîäîâîìó ðàñõîäó âîäû íà
òðàíñãðàíè÷íîì ó÷àñòêå îñíîâíîé ðåêè ñ ïîïðàâêîé íà êîýôôèöèåíò ïî-
ëåçíîñòè âîäû íà ýòîì ó÷àñòêå áåç åå èçúÿòèÿ èç âîäîòîêà (íàïðèìåð,
äëÿ âîäîïîÿ äèêèõ è äîìàøíèõ æèâîòíûõ, ñóäîõîäñòâà, ðûáîëîâñòâà, äå-
ðèâàöèîííîé ãèäðîýíåðãåòèêè è ò.ä.). Îáîçíà÷èì åãî ÷åðåç k2, ïîä÷åðêè-
âàÿ íèæíèì èíäåêñîì èñêëþ÷èòåëüíóþ êîìïåòåíöèþ âòîðîãî èãðîêà â åãî
îöåíêå. Êàê ïîêàæóò äàëüíåéøèå èññëåäîâàíèÿ, îò âåëè÷èíû k2 áóäåò çà-
âèñåòü ñóùåñòâîâàíèå è åäèíñòâåííîñòü ñèòóàöèè ðàâíîâåñèÿ â èãðå.

Ñëåäóþùèì âàæíûì ýëåìåíòîì áèìàòðè÷íîé èãðû ÿâëÿåòñÿ ôóíêöèÿ
âûèãðûøà. Ôóíêöèÿ âûèãðûøà áèìàòðè÷íîé èãðû ïðåäñòàâëÿåò ñîáîé äâå
ìàòðèöû: � îïðåäåëÿåò âûèãðûø ïåðâîãî èãðîêà, à B � âûèãðûø âòîðîãî
èãðîêà. Ïåðâûé èãðîê èìååò m ÷èñòûõ ñòðàòåãèé (m ñòðîê â ìàòðèöàõ A
è ). Âòîðîé èãðîê èìååò n ÷èñòûõ ñòðàòåãèé (n ñòîëáöîâ â ìàòðèöàõ A è
B).

Â íàøåì ñëó÷àå m = n ≤ 10 (îáå ìàòðèöû êâàäðàòíûå).
Äàëåå, äëÿ òîãî ÷òîáû ìîæíî áûëî ñóììèðîâàòü ìàòðèöû A è B áóäåì

ñ÷èòàòü ÷òî
� âîäà ÿâëÿåòñÿ òðàíñôåðàáåëüíîé ïîëåçíîñòüþ [2];
� îäèíàêîâî ïîëåçíîé äëÿ îáîèõ ãîñóäàðñòâ.
Â ðåçóëüòàòå âûáîðà ïåðâûì èãðîêîì i-îé ñòðàòåãèè, à âòîðûì èãðîêîì

� j-îé ñòðàòåãèè, ïåðâûé èãðîê ïîëó÷àåò âûèãðûø:

gA (i, j) = (1− p) · [(1− s) ·W1 +W2] + (1− k1) · s ·W1, (1)
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à âòîðîé

gB (i, j) = k2 · (1− p) · [(1− s) ·W1 +W2] + p · [(1− s) ·W1 +W2] . (2)

Ðåøåíèå áèìàòðè÷íîé èãðû ñâîäèòñÿ ê îòûñêàíèþ ñèòóàöèè ðàâíîâå-
ñèÿ è ðàâíîâåñíûõ (îïòèìàëüíûõ) ñòðàòåãèé èãðîêîâ.

Â áèìàòðè÷íîé èãðå ñèòóàöèÿ i∗j íàçûâàåòñÿ ïðèåìëåìîé äëÿ ïåðâîãî
èãðîêà, åñëè åãî âûèãðûø â ýòîé ñèòóàöèè íå ìåíüøå, ÷åì â ëþáîé äðóãîé:

gA (i∗, j) ≥ gA (i, j) , j = 1, 2, ..., n.

Äëÿ âòîðîãî èãðîêà ñèòóàöèÿ ij∗ ïðèåìëåìà, åñëè åãî âûèãðûø â ýòîé
ñèòóàöèè íå ìåíüøå, ÷åì â ëþáîé äðóãîé:

gA (i, j∗) ≥ gA (i, j) i = 1, 2, ..., n.

Òàêèì îáðàçîì, ïðèåìëåìûå ñèòóàöèè äëÿ ïåðâîãî èãðîêà � ýòî ìàê-
ñèìàëüíûå ýëåìåíòû â ñòîëáöàõ ìàòðèöû A, à äëÿ âòîðîãî èãðîêà � ìàê-
ñèìàëüíûå ýëåìåíòû â ñòðîêàõ ìàòðèöû B. Îáîçíà÷èì ìíîæåñòâî ïðè-
åìëåìûõ ñèòóàöèé äëÿ ïåðâîãî èãðîêà ÷åðåç G1, à ìíîæåñòâî ñèòóàöèé
ïðèåìëåìûõ äëÿ âòîðîãî èãðîêà ÷åðåç G2.

Ñèòóàöèÿ â áèìàòðè÷íîé èãðå íàçûâàåòñÿ ðàâíîâåñíîé, åñëè îíà ïðèåì-
ëåìà äëÿ îáîèõ èãðîêîâ, òî åñòü åñëè ëþáîå îòêëîíåíèå îò íåå êàê ïåðâîãî
èãðîêà, òàê è âòîðîãî èãðîêà ëèøü óìåíüøàåò èõ âûèãðûø.

Ìíîæåñòâî ñèòóàöèé ðàâíîâåñèÿ G îáðàçóåòñÿ, êàê ïåðåñå÷åíèå ìíî-
æåñòâ ïðèåìëåìûõ ñèòóàöèé ïåðâîãî è âòîðîãî èãðîêîâ.

Ïðèìåð áèìàòðè÷íîé èãðû ïðèìåíèòåëüíî ê èìèòàöèîííîé ìîäåëè ìè-

ãðàöèè ñóâåðåííûõ âîä.

Óòî÷íèì, ïðåæäå âñåãî, ïðîöåäóðó îöåíêè ïàðàìåòðà k2. Èç âèäîâ èñ-
ïîëüçîâàíèÿ òðàíçèòíûõ ó÷àñòêîâ ýòèõ ðåê â îáîçðèìîé ïåðñïåêòèâå ìîæ-
íî âûäåëèòü òîëüêî ÷åòûðå:

� ðûáîëîâñòâî;
� âîäîïîé äèêèõ è äîìàøíèõ æèâîòíûõ;
� ðåêðåàöèÿ è îòäûõ;
� áûòîâîå âîäîïîëüçîâàíèå ìåñòíîãî íàñåëåíèÿ.
Ïðåäïîëîæèì, ÷òî âñå ïåðå÷èñëåííûå âèäû âîäîïîëüçîâàíèÿ ðàâíî-

öåííû äëÿ âòîðîãî èãðîêà, òîãäà ìîæíî ïîëîæèòü
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� k2 = 0, åñëè íè îäèí èç ïåðå÷èñëåííûõ âèäîâ èñïîëüçîâàíèÿ òðàí-
çèòíûõ ó÷àñòêîâ ðåêè íå ïðåäñòàâëÿåò èíòåðåñà äëÿ âòîðîãî èãðîêà:

� k2 = 1
4 , åñëè òîëüêî îäèí èç ïåðå÷èñëåííûõ âèäîâ èñïîëüçîâàíèÿ

ïðåäñòàâëÿåò èíòåðåñ äëÿ âòîðîãî èãðîêà;
� k2=1

2 , åñëè òîëüêî äâà èç ÷åòûðåõ âèäîâ èñïîëüçîâàíèÿ ïðåäñòàâëÿåò
èíòåðåñ äëÿ âòîðîãî èãðîêà;

� k2 = 3
4 , åñëè òðè èç ÷åòûðåõ âèäîâ èñïîëüçîâàíèÿ ïðåäñòàâëÿåò èí-

òåðåñ äëÿ âòîðîãî èãðîêà;
� k2 = 1, åñëè âñå âèäû ïðåäñòàâëÿþò èíòåðåñ äëÿ âòîðîãî èãðîêà.
Äàëåå äëÿ ïðîñòîòû àíàëèçà èãðû ïîëîæèì k1 = 0 è, êðîìå òîãî áóäåì

ïðåäïîëàãàòü, ÷òî èãðîêè èìåþò ïî òðè ñòðàòåãèè:
s1 = 0 � ïåðâûé èãðîê íå ñîáèðàåòñÿ ïåðåáðàñûâàòü ñóâåðåííûå âîäû;
s1 = 1

2 � ïåðâûé èãðîê ñîáèðàåòñÿ ïåðåáðîñèòü òîëüêî ïîëîâèíó ñóâå-
ðåííûõ âîä;

s1 = 1 � ïåðâûé èãðîê ñîáèðàåòñÿ ïåðåáðîñèòü íà ñâîþ òåððèòîðèþ
âåñü îáúåì ñóâåðåííûõ âîä.

Àíàëîãè÷íî ìîæåò ïîñòóïàòü è âòîðîé èãðîê.
Âû÷èñëèì ïðåäâàðèòåëüíî ìàòðèöó A ïî ôîðìóëàì (1). Ïîñêîëüêó åå

ýëåìåíòû íå çàâèñÿò îò ïàðàìåòðà k2, òî îíà áóäåò îäèíàêîâîé äëÿ âñåõ
ïÿòè ñëó÷àåâ âîçìîæíûõ çíà÷åíèé ïàðàìåòðà k2:

A =

 W1 +W2
1
2 ·W1 +

1
2 ·W2 0

7
8 ·W1 +W2

5
8 ·W1 +

1
2 ·W2

3
8 ·W1

3
4 ·W1 +W2

3
4 ·W1 +

1
2 ·W2

3
4 ·W1

 ,

gA (i, j) = (1− p) · [(1− s) ·W1 +W2] + (1− k1 ) · s ·W1,

gA (0, 0) = (1− 0) · [(1− 0) ·W1 +W2] +
3

4
· 0 ·W1 = W 1 +W2,

gA

(
0,

1

2

)
=

(
1− 1

2

)
· [(1− 0) ·W1 +W2] +

3

4
· 0 ·W1 =

1

2
·W1 +

1

2
·W2,

gA (0, 1) = (1− 1) · [(1− 0) ·W1 +W2] +
3

4
· 0 ·W1 = 0,

gA

(
1

2
, 0

)
= (1− 0)·

[(
1− 1

2

)
·W1 +W2

]
+
3

4
·1
2
·W1 =

7

8
·W1+W2gA

(
1

2
,
1

2

)
=
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=

(
1− 1

2

)
·
[(

1− 1

2

)
·W1 +W2

]
+

3

4
· 1
2
·W1 =

5

8
·W1 +

1

2
·W2,

gA

(
1

2
, 1

)
= (1− 1) ·

[(
1− 1

2

)
·W1 +W2

]
+

3

4
· 1
2
·W1 =

3

8
·W1,

gA (1, 0) = (1− 0) · [(1− 1) ·W1 +W2] +
3

4
· 1 ·W1 =

3

4
·W1 +W2,

gA

(
1,

1

2

)
=

(
1− 1

2

)
· [(1− 1) ·W1 +W2] +

3

4
· 1 ·W1 =

3

4
·W1 +

1

2
·W2,

gA (1, 1) = (1− 1) · [(1− 1) ·W1 +W2] +
3

4
· 1 ·W1 =

3

4
·W1.

Âûâîä. Êàê âèäíî èç ìàòðèöû A, ìàêñèìóì ïî ïåðâîìó ñòîëáöó äî-
ñòèãàåòñÿ â ñèòóàöèè (1, 1), ìàêñèìóì ïî âòîðîìó ñòîëáöó � â ñèòóàöèè
(3, 2), à ìàêñèìóì ïî òðåòüåìó ñòîëáöó � â ñèòóàöèè (3, 3). Òàêèì îáðà-
çîì, ìíîæåñòâî ïðèåìëåìûõ äëÿ ïåðâîãî èãðîêà ñîñòîèò èç òðåõ ñèòóàöèé:
G1 = {(1, 1) , (3, 2) , (3, 3)}

Ñëó÷àé k2 = 0. Âû÷èñëèì ýëåìåíòû ìàòðèöû B ïî ôîðìóëàì (1), (2):

gB (i, j) = k2 · (1− p) · [(1− s) ·W1 +W2] + p · [(1− s) ·W1 +W2] ,

B =

 0 1
2 ·W1 +

1
2 ·W2 W1 +W2

0 1
4 ·W1 +

1
2 ·W2

1
2 ·W1 +W2

0 1
2 ·W2 W2

 ,

gB (0, 0) = 0,

gB

(
0,

1

2

)
=

1

2
· [(1− 0) ·W1 +W2] =

1

2
·W1 +

1

2
·W2,

gB (0, 1) = 1 · [(1− 0) ·W1 +W2] = W1 +W2,

gB

(
1

2
, 0

)
= 0 ·

[(
1− 1

2

)
·W1 +W2

]
= 0,

gB

(
1

2
,
1

2

)
=

1

2
·
[(

1− 1

2

)
·W1 +W2

]
=

1

4
·W1 +

1

2
·W2,

gB

(
1

2
, 1

)
= 1 ·

[(
1− 1

2

)
·W1 +W2

]
=

1

2
·W1 +W2,
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gB (1, 0) = 0 · [(1− 1) ·W1 +W2] = 0,

gB

(
1,

1

2

)
=

1

2
· [(1− 1) ·W1 +W2] =

1

2
·W2,

gB (1, 1) = 1 · [(1− 1) ·W1 +W2] = W2,

A+B =

 W1 +W2 W1 +W2 W1 +W2
7
8 ·W1 +W2

7
8 ·W1 +W2

7
8 ·W1 +W2

3
4 ·W1 +W2

3
4 ·W1 +W2

3
4 ·W1 +W2

 ,

gA+B (0, 0) = W 1 +W2,

gA+B

(
0,

1

2

)
=

1

2
·W1 +

1

2
·W2 +

1

2
·W1 +

1

2
·W2,

gA+B (0, 1) = W1 +W2,

gA+B

(
1

2
, 0

)
=

7

8
·W1 +W2,

gA+B

(
1

2
,
1

2

)
=

5

8
·W1 +

1

2
·W2 +

1

4
·W1 +

1

2
·W2 =

7

8
·W1 +W2,

gA+B

(
1

2
, 1

)
=

3

8
·W1 +

1

2
·W1 +W2 =

7

8
·W1 +W2,

gA+B (1, 0) =
3

4
·W1 +W2,

gA+B

(
1,

1

2

)
=

3

4
·W1 +

1

2
·W2 +

1

2
·W2 =

3

4
·W1 +W2,

gA+B (1, 1) =
3

4
·W1 +W2.

Âûâîä. Êàê âèäíî èç ìàòðèöû B, ìíîæåñòâî ïðèåìëåìûõ äëÿ âòî-
ðîãî èãðîêà ñèòóàöèé ñîñòîèò èç òðåõ ýëåìåíòîâ, à èìåííî: G2 =
{(1, 3) , (2, 3) , (3, 3)}. Ïåðåñå÷åíèå ìíîæåñòâ äîïóñòèìûõ ñèòóàöèé íåïóñòî
è ñîñòîèò èç îäíîãî ýëåìåíòà: G = {(3, 3)}. Òàêèì îáðàçîì, îïòèìàëüíîé
ñòðàòåãèåé ïåðâîãî èãðîêà ÿâëÿåòñÿ 100% ïåðåáðîñêà ñóâåðåííûõ âîä íà
ñîáñòâåííóþ òåððèòîðèþ, îïòèìàëüíîé ñòðàòåãèåé âòîðîãî èãðîêà � òàêæå
100% ïåðåáðîñêà ñâîèõ âîä íà âíóòðåííþþ òåððèòîðèþ. Òàêàÿ ñèòóàöèÿ
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áóäåò óñòîé÷èâîé, ïîñêîëüêó íè îäíîìó ãîñóäàðñòâó íå áóäåò âûãîäíî ïî-
ìåíÿòü åå íà ëþáóþ äðóãóþ â îäíîñòîðîííåì ïîðÿäêå.

Â òî æå âðåìÿ ìàòðèöà ñóììàðíûõ âûèãðûøåé A+B ñâèäåòåëüñòâóåò
î òîì, ÷òî åñëè óäàñòñÿ äîãîâîðèòüñÿ î òîì, ÷òî ïåðâûé íå áóäåò ïåðå-
áðàñûâàòü ñâîè âîäû, à âòîðîé êîìïåíñèðóåò åìó óïóùåííóþ âûãîäó, òî â
âûèãðûøå áóäóò îáà èãðîêà.

Ñëó÷àé k2 =
1
4 :

B =

 1
4 ·W1 +

1
4 ·W2

5
8 ·W1 +

5
8 ·W2 W1 +W2

1
8 ·W1 +

1
4 ·W2

5
16 ·W1 +

5
8 ·W2

1
2 ·W1 +W2

1
4 ·W2

5
8 ·W2 W2

 ,

gB (i, j) = k2 · (1− p) · [(1− s) ·W1 +W2] + p · [(1− s) ·W1 +W2] ,

gB (0, 0) =
1

4
·(1− 0)·[(1− 0) ·W1 +W2]+0·[(1− 0) ·W1 +W2] =

1

4
·W1+

1

4
·W2,

gB

(
0,

1

2

)
=

1

4
·
(
1− 1

2

)
·[(1− 0) ·W1 +W2]+

1

2
·[(1− 0) ·W1 +W2] =

5

8
·W1+

5

8
·W2,

gB (0, 1) =
1

4
· (1− 1) · [(1− 0) ·W1 +W2]+1 · [(1− 0) ·W1 +W2] = W 1+W2,

gB

(
1

2
, 0

)
=

1

4
· (1− 0) ·

[(
1− 1

2

)
·W1 +W2

]
+

+0 ·
[(

1− 1

2

)
·W1 +W2

]
=

1

8
·W1 +

1

4
·W2,

gB

(
1

2
,
1

2

)
=

1

4
·
(
1− 1

2

)
·
[(

1− 1

2

)
·W1 +W2

]
+

+
1

2
·
[(

1− 1

2

)
·W1 +W2

]
=

5

16
·W1 +

5

8
·W2,

gB

(
1

2
, 1

)
=

1

4
· (1− 1) ·

[(
1− 1

2

)
·W1 +W2

]
+

+1 ·
[(

1− 1

2

)
·W1 +W2

]
=

1

2
·W1 +W2,

gB (1, 0) =
1

4
· (1− 0) · [(1− 1) ·W1 +W2] + 0 · [(1− 1) ·W1 +W2] =

1

4
·W2,
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gB

(
1,

1

2

)
=

1

4
·
(
1− 1

2

)
·[(1− 1) ·W1 +W2]+

1

2
·[(1− 1) ·W1 +W2] =

5

8
·W2,

gB (1, 1) =
1

4
· (1− 1) · [(1− 1) ·W1 +W2] + 1 · [(1− 1) ·W1 +W2] = W2,

A+B =

 5
4 ·W1 +

5
4 ·W2

9
8 ·W1 +

9
8 ·W2 W1 +W2

W1 +
5
4 ·W2

5
16 ·W1 +

9
8 ·W2

7
8 ·W1 +W2

3
4 ·W1 +

5
4 ·W2

3
4 ·W1 +

9
8 ·W2

3
4 ·W1 +W2

 ,

gA+B (0, 0) = W 1 +W2 +
1

4
·W1 +

1

4
·W2 =

5

4
·W1 +

5

4
·W2,

gA+B

(
0,

1

2

)
=

1

2
·W1 +

1

2
·W2 +

5

8
·W1 +

5

8
·W2 =

9

8
·W1 +

9

8
·W2,

gA+B (0, 1) = W1 +W2,

gA+B

(
1

2
, 0

)
=

7

8
·W1 +W2 +

1

8
·W1 +

1

4
·W2 = W1 +

5

4
·W2,

gA+B

(
1

2
,
1

2

)
=

5

8
·W1 +

1

2
·W2 +

5

16
·W1 +

5

8
·W2 =

5

16
·W1 +

9

8
·W2,

gA+B

(
1

2
, 1

)
=

3

8
·W1 +

1

2
·W1 +W2 =

7

8
·W1 +W2,

gA+B (1, 0) =
3

4
·W1 +W2 +

1

4
·W2 =

3

4
·W1 +

5

4
·W2,

gA+B

(
1,

1

2

)
=

3

4
·W1 +

1

2
·W2 +

5

8
·W2 =

3

4
·W1 +

9

8
·W2,

gA+B (1, 1) =
3

4
·W1 +W2.

Âûâîä. Â ýòîì ñëó÷àåG2 = {(1, 3) , (2, 3) , (3, 3)),G = {(3, 3)}, ñèòóàöèÿ
ðàâíîâåñèÿ åäèíñòâåííàÿ, à âûèãðûøè èãðîêîâ ðàâíû ñîîòâåòñòâåííî

gA(3, 3) =
3

4
·W1,

gB(3, 3) = W2.
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Ìàòðèöà ñóììàðíûõ âûèãðûøåé ïîêàçûâàåò, ÷òî ìàêñèìóì ïðè êîîïå-
ðàòèâíîì ðåøåíèè âîïðîñà äîñòèãàåòñÿ â ñèòóàöèè (1,3), à íå â ñèòóàöèè
(3,3).

Ñëó÷àé k2 =
1
2 :

B =

 1
2 ·W1 +

1
2 ·W2

3
4 ·W1 +

3
4 ·W2 W1 +W2

1
4 ·W1 +

1
2 ·W2

3
8 ·W1 +

3
4 ·W2

1
2 ·W1 +W2

1
2 ·W2

3
4 ·W2 W2

 ,

gB (i, j) = k2 · (1− p) · [(1− s) ·W1 +W2] + p · [(1− s) ·W1 +W2] ,

gB (0, 0) =
1

2
·(1− 0)·[(1− 0) ·W1 +W2]+0·[(1− 0) ·W1 +W2] =

1

2
·W1+

1

2
·W2,

gB

(
0,

1

2

)
=

1

2
·
(
1− 1

2

)
·[(1− 0) ·W1 +W2]+

1

2
·[(1− 0) ·W1 +W2] =

3

4
·W1+

3

4
·W2,

gB (0, 1) =
1

2
·(1− 1) · [(1− 0) ·W1 +W2]+1 · [(1− 0) ·W1 +W2] = W1+W2,

gB

(
1

2
, 0

)
=

1

2
· (1− 0) ·

[(
1− 1

2

)
·W1 +W2

]
+

+0 ·
[(

1− 1

2

)
·W1 +W2

]
=

1

4
·W1 +

1

2
·W2,

gB

(
1

2
,
1

2

)
=

1

2
·
(
1− 1

2

)
·
[(

1− 1

2

)
·W1 +W2

]
+

+
1

2
·
[(

1− 1

2

)
·W1 +W2

]
=

3

8
·W1 +

3

4
·W2,

gB

(
1

2
, 1

)
=

1

2
· (1− 1) ·

[(
1− 1

2

)
·W1 +W2

]
+

+1 ·
[(

1− 1

2

)
·W1 +W2

]
=

1

2
·W1 +W2,

gB (1, 0) =
1

2
· (1− 0) · [(1− 1) ·W1 +W2] + 0 · [(1− 1) ·W1 +W2] =

1

2
·W2,

gB

(
1,

1

2

)
=

1

2
·
(
1− 1

2

)
·[(1− 1) ·W1 +W2]+

1

2
·[(1− 1) ·W1 +W2] =

3

4
·W2,
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gB (1, 1) =
1

2
· (1− 1) · [(1− 1) ·W1 +W2] + 1 · [(1− 1) ·W1 +W2] = W2,

A+B =

 3
2 ·W1 +

3
2 ·W2

5
4 ·W1 +

5
4 ·W2 W1 +W2

9
8 ·W1 +

3
2 ·W2 W1 +

5
4 ·W2

7
8 ·W1 +W2

3
4 ·W1 +

3
2 ·W2

3
4 ·W1 +

5
4 ·W2

3
4 ·W1 +W2

 ,

gA+B (0, 0) = W 1 +W2 +
1

2
·W1 +

1

2
·W2 =

3

2
·W1 +

3

2
·W2,

gA+B

(
0,

1

2

)
=

1

2
·W1 +

1

2
·W2 +

3

4
·W1 +

3

4
·W2 =

5

4
·W1 +

5

4
·W2,

gA+B (0, 1) = W1 +W2,

gA+B

(
1

2
, 0

)
=

7

8
·W1 +W2 +

1

4
·W1 +

1

2
·W2 =

9

8
·W1 +

3

2
·W2,

gA+B

(
1

2
,
1

2

)
=

5

8
·W1 +

1

2
·W2 +

3

8
·W1 +

3

4
·W2 = W1 +

5

4
·W2,

gA+B

(
1

2
, 1

)
=

3

8
·W1 +

1

2
·W1 +W2 =

7

8
·W1 +W2,

gA+B (1, 0) =
3

4
·W1 +W2 +

1

2
·W2 =

3

4
·W1 +

3

2
·W2,

gA+B

(
1,

1

2

)
=

3

4
·W1 +

1

2
·W2 +

3

4
·W2 =

3

4
·W1 +

5

4
·W2,

gA+B (1, 1) =
3

4
·W1 +W2.

Âûâîä. Â ýòîì ñëó÷àå G2 = {(1, 3) , (2, 3) , (3, 3)), G = {(3, 3)}, îïòè-
ìàëüíîé ñòðàòåãèåé ïåðâîãî èãðîêà, êàê è âòîðîãî èãðîêà, ÿâëÿåòñÿ ïîëíàÿ
ïåðåáðîñêà ñâîèõ âîä âî âíóòðåííèå òåððèòîðèè.

Â òî æå âðåìÿ ñóììàðíàÿ ìàòðèöà âûèãðûøåé èãðîêîâ ðåêîìåíäóåò
ïåðâîìó èãðîêó îòêàçàòüñÿ îò ïåðåáðîñêè, à âòîðîìó ïåðåáðàñûâàòü ëèøü
ïîëîâèíó âîä.
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Îðàçîâ Å.Ò. ÒÐÀÍÑØÅÊÀÐÀËÛ� ÑÓËÀÐÄÛ� ÍÀÓÀÑÛÍ �ÄIË
Á�ËÓÄI� ÒÅÎÐÈßËÛ�-ÎÉÛÍÄÛ� ÒÀËÄÀÓÛ

Á´ë ìà©àëàäà áið ¡àíà òðàíñøåêàðàëû© °çåííi áàññåéíiíiíäå îðíà-
ëàñ©àí åêi ìåìëåêåòòi òºóåëñiç ñóëàðûíû à¡ûíûí îòàéëû áàñ©àðóäû
òåîðèÿëû©-îéûíäû© ìîäåëi òàë©ûëàíàäû. Ì´íäà¡û íåãiçãi ìºñåëå: áà-
ñòû °çåííi ìåìëåêåòòiê øåêàðàíû ò´ñòàìàñûíäà¡û îðòàøà ê°ï æûëäû©
óà©ûò ê°ëåìiíäå øû¡ûíû ©àíäàé áîëàòûíûí ê³òóãå áîëàäû? Á´ë ³øií áiç
îðãðàôèÿëû© ìîäåëüäi ©´ðûï, áàëàíñòû ôîðìóëàëàðû áîéûíøà æåëiäå-
ãi à¡ûíäàðäû åñåïòåï øû¡àðàìûç. Òðàíñøåêàðàëû© °çåí áàññåéíiíäåãi åêi
ìåìëåêåòòi òºóåëñiç ñóëàðûí áàñ©àðóäû áàçàëû© ³ëãiñi ðåòiíäå áiç áè-
ìàòðèöàëû© îéûíäû ©àðàñòûðàìûç.

Êiëòòiê ñ°çäåð. Òðàíñøåêàðàëû© °åíäåð, á³éiðëiê à¡ûíäûëû©, áèìàò-
ðèöàëû© îéûíäàð, ´òûñ ôóíêöèÿñû, èììèòàöèÿëû© ìîäåëü, òèiìäi ñòðà-
òåãèÿ.
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Orazov E.T. GAME-THEORETICAL ANALYSIS OF THE EQUITABLE
APPORTIONMENT OF THE TRANSBOUNDARY RIVERS WATERS

This article discusses the game-theoretic model of the optimal management
of the �ows of sovereign waters of two states located in the basin of the same
transboundary river. The main question here is: what is the expenditure of the
�ow of the main river should be expected in the multi-year average scale in the
section line of the State Border? For this purpose, we create the digraph model
and calculate the �ows in the network according to the balance formulas. The
bimatric game will be considered as a basic model to manage sovereign waters
of two states in the basin of a transboundary river.

Keywords. Transboundary rivers, lateral in�ow, bimatrix games, win
function, simulation model, optimal strategy.
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COMPLEXITY ESTIMATES FOR THE RELATION OF

COINCIDENCE OF MODEL-THEORETIC PROPERTIES WITH

AN APPLICATION TO SEMANTIC CLASSES

M.G. Peretyat'kin

Abstract. In this paper we consider algorithmic questions of logic related to the formal

de�nition of the concept of a model-theoretic property. We obtain upper and lower

complexity estimates for the relation of the coincidence of model-theoretic properties

on the class of �nitely axiomatizable theories of a given �nite rich signature, on its

subclass consisting of complete theories as well as on some other classes. Also, a

number of estimates of algorithmic complexity of some important semantic classes of

sentences are obtained.

Keywords. First-order logic, model-theoretic property, Tarski-Lindenbaum algebra,

semantic type, signature reduction procedure, universal construction of �nitely

axiomatizable theories.

A new �rst-order combinatorial approach is presented in the works [1], [2]
and [3], whose aim is to obtain characterization of expressive power of �rst-
order logic. Within this approach, a de�nition of a model-theoretic property is
given in [4] and [5]. Moreover, these works present an informal substantiation of
the fact that this de�nition is adequate to the common practice of investigations
in model theory.

In this paper, we investigate a series of natural questions on algorithmic
complexity of the relation

MT≃ of coincidence of model-theoretic properties of
theories. We also �nd complexity estimates of some related semantic classes of
sentences.
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Preliminaries

We consider theories in �rst-order predicate logic with equality and use
general concepts of model theory, algorithm theory, constructive models and
Boolean algebras that can be found in the works [6], [7], and [8]. Special
concepts and notations used in this paper can be found in [3] and [4].
Generally, incomplete theories are considered. In this work, we consider just
signatures admitting Godel's numberings of formulas. Such a signature is called
enumerable.

A �nite signature is called rich if it contains at least one n-ary predicate
or function symbol for n > 2, or two symbols of unary functions. Let σ be a
signature and Σ be a subset of SL(σ). We denote by [Σ]σ a theory of signature
σ generated by Σ as a set of its axioms. An entry T ≈a S means existence of an
algebraic isomorphism between the theories. The following notations are used:
SL(σ) is the set of all sentences of signature σ, PC(σ) is predicate calculus of
signature σ, i.e., a theory of signature σ de�ned by an empty set of axioms.
For a set A ⊆ N, we de�ne Σ0

n 61 A ⇔ (∀X ∈ Σ0
n)(X 61 A). Similar notations

can be applied to other classes of hierarchies.
We give a formulation of the polar construction of �nitely axiomatizable

theories, cf. [9]:

Theorem 0.1 [Statement of the Polar construction]. Let σ be a �nite

rich signature. E�ectively in a natural parameter n, one can construct a �nitely

axiomatizable theory F = P (n, σ) of signature σ together with a special halt-

sentenceΘ (not depending on n) such that the following assertions are satis�ed:
(a) in the case n ∈ K, we have F ⊢ Θ and the theory F has a unique, up

to an isomorphism, model M, which is �nite and rigid (i.e., the model does

not have nontrivial automorphisms),
(b) in the case n /∈ K, we have F ̸⊢ Θ, the theory F is both hereditarily and

essentially undecidable, and does not have computably enumerable models.

Mention that, the polar construction represents a natural generalization of
the Vaught construction described in [10], cf. [11, Sec. 0.7].

1 Cartesian extensions of theories

We use a simplest concept of an interpretation of a theory T0 in the
region U(x) of a theory T1, [12]. Classes of isostone and model-bijective

interpretations are introduced in [11]. In this section, we introduce a technical
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class of interpretations presenting �nitary methods in �rst-order logic.
Given a signature σ and a �nite sequence of formulas of this signature of

either of the following forms:

κ = ⟨φm1
1 , φm2

2 , . . . , φms
s ⟩, (1.1)

where φk is a formula with mk free variables.
Starting from a model M of signature σ together with a tuple κ of the

form (1.1), we are going to construct a new model M1 = M⟨κ⟩ of signature

σ1 = σ ∪ {U1, U1
1 , U

1
2 , . . . , U

1
s } ∪ {Km1+1

1 , . . . ,Kms+1
s } (1.2)

as follows. As the universe, we take |M1| = |M| ∪ A1 ∪ A2 ∪ . . . ∪ As, where
all speci�ed parts are pairwise disjoint sets. On the set |M|, all symbols of
signature σ are de�ned exactly as they were de�ned in M; in the remainder,
they are de�ned trivially; predicate U(x) distinguishes |M|; predicate Uk(x)
distinguishes Ak; each predicate Kk in (1.2) should be de�ned so that it would
represent a one-to-one correspondence between the set of tuples {ā | M |=
φk(ā)} and the set Ak = Uk(M1). The model M⟨κ⟩ is said to be a Cartesian

extension of M by a sequence κ.
Expand the operation of an extension (initially de�ned for models) on

theories. Given a theory T and a tuple κ of the form (1.1). Using a �xed
signature (1.2) for extensions of models, we de�ne a new theory T ′ = T ⟨κ⟩ as
follows: T ′ = Th(M), M = {M⟨κ⟩ | M ∈ Mod(T )}. It is called a Cartesian

extension of T by sequence κ.
Normally, we follow an algebraic approach; i.e., we consider passages T 7→

T ⟨κ⟩ for which the sequence (1.1) satis�es the following technical condition:

φk(x̄k) is ∃ ∩ ∀-presentable, for all k 6 s. (1.3)

We denote by κC the set of all possible tuples of the form (1.1), while
κC∃∩∀ is the set of all tuples (1.1) satisfying (1.3).

In theory T ⟨κ⟩, the region U(x) represents a model of theory T .
Particularly, the transformation T 7→ T ⟨κ⟩ de�nes a natural interpretation
IT,κ of T in T ⟨κ⟩. It is called a special Cartesian interpretation. Considering
theories up to an algebraic isomorphism, we may use simpler term a Cartesian
interpretation.
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Lemma 1.1. Given a theory T of an enumerable signature σ and a sequence

of ∃∩∀-formulas κ ∈ κC. Special Cartesian-quotient interpretation IT,κ : T �
T ⟨κ⟩ is e�ective, model-bijective, and isostone. In particular, the interpretation

IT,κ determines a computable isomorphism µT,κ : L(T ) → L(T ⟨κ⟩) between

the Tarski-Lindenbaum algebras; moreover, it preserves semantic layer ACL,

cf. Def. 1.2.

Further properties of Cartesian-type extensions of theories and interpretati-
ons can be found in [3] and [13].

Definition 1.2. We introduce the following notations for particular semantic

layers that are relevant in this direction: ACL= the set of model-theoretic

properties p ∈ AL preserved by any special Cartesian interpretation IT,ξ : T �
T ⟨ξ⟩ for an arbitrary computably axiomatizable theory T of an enumerable

signature σ and an arbitrary tuple ξ = ⟨φm1
1 , . . . , φms

s ⟩ of formulas of signature

σ satisfying (1.3).

Layer ACL is said to be the Cartesian semantic layer; it plays the role of a
pragmatic release of the �nitary semantic layer, cf. [4].

Lemma 1.3. The following relation de�ned on the class of all theories

T ∼≃∗
aS ⇔dfn (∃κ′κ′′ ∈ κC∃∩∀)

[
T ⟨κ′⟩ ≈a S⟨κ′′⟩

]
(1.4)

is re�exive, symmetric, and transitive (i.e., it is an equivalence relation).
Furthermore, the following local-type version

T ∼≃aS ⇔dfn

(
∃ computable isomorphism µ : L(T )→L(S)

)
(∀ complete extension T ′ ⊇ T ) (∀ complete extension S′ ⊇ S)

[S′ = µ(T ′) ⇒ (∃κ′κ′′ ∈ κC∃∩∀)(T
′⟨κ⟩ ≈a S′⟨κ⟩)]

(1.5)

of the relation (1.5) is also available that is an equivalence relation on the class

of all theories. Moreover, we have T ∼≃∗
aS ⇒ T ∼≃aS, for all T and S.

2 Introduction in the definition of a model-theoretic

property

We pass to the de�nition of a model-theoretic property. Two complete
theories are said to be mt-equivalent if their real model-theoretic properties
are identical:

T1
MT≃ T2 ⇔dfn (∀ real model-theoretic property p)

[
T1 ∈ p ⇔ T2 ∈ p

]
. (2.1)
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Accordingly, any classes of complete theories closed under
MT≃ are said to

be real model-theoretic properties.
We point out two important dependencies for

MT≃ (called reasonings):

(a) T ≈aS ⇒ T
MT≃ S,

(b) T ⟨κ⟩=S ⇒ T
MT≃ S, for any κ ∈ κC∃∩∀,

(2.2)

where T and S are supposed to be complete theories. General signi�cance of
the reasoning (2.2)(a) is obvious. The sequence of implications (2.2)(b) for all
κ ∈ κC∃∩∀ can also be considered as adequate to the common practice of
investigations in model theory.

By construction, ∼≃∗
a covers both equivalence ≈a and the relations T 7→

T ⟨κ⟩ for all κ ∈ κC∃∩∀. Based on Lemma 1.3, we conclude that ∼≃∗
a is exactly

an equivalence relation on the set of all theories generated by ≈a and T 7→ T ⟨κ⟩
for all κ ∈ κC∃∩∀. As for ∼≃a, this relation represents a localized version (1.5)
of ∼≃∗

a. From (2.2)(a) together with (2.2)(b) for all κ ∈ κC∃∩∀, we obtain the
following dependence for all theories T and S:

T ∼≃aS ⇒ T
MT≃ S. (2.3)

Based on the works [13] and [4] it is possible to show that ∼≃a coincides with
≡ACL, while

MT≃ coincides with ∼≃a. Therefore, in the pragmatic (optimal)
version of de�nition to the concept of a model-theoretic property, we have:

T ≡ACL S ⇔ T ∼≃aS ⇔ T
MT≃ S. (2.4)

Accordingly, the class of all real model-theoretic properties is presented by the
following expression:

AreaL = ACL = { p ⊆ C | p is closed under ≡ACL }. (2.5)

3 Complexity of the relation of coincidence of model-

theoretic properties

We consider lower and upper estimates of the relation of coincidence of
model-theoretic properties on the class of all theories. By K, we denote a c.e.
creative set. We �x a �nite rich signature σ together with a Godel numbering
Φi, i ∈ N, of the set SL(σ) of all sentences of signature σ.
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Theorem 3.1. The following upper estimates take place:

(a) {⟨m,n⟩ | [Φm]σ complete & [Φn]
σ complete & [Φm]σ

MT≃ [Φn]
σ} 61 Σ

0
3,

(b) {⟨m,n⟩ | [Φm]σ decidable & [Φn]
σ decidable & [Φm]σ

MT≃ [Φn]
σ} 61 Π

1
1,

(c) {⟨m,n⟩ | [Φm]σ
MT≃ [Φn]

σ} 61 Π
1
1,

(d) {m | [Φm]σ
MT≃ PC(σ)} 61 Π

1
1.

Proof. We use standard methods of algorithm theory, cf. [7].
(a) The demand of being a complete theory is described by a quanti�er

pre�x ∀∃. The last conjunction member [Φm]σ
MT≃ [Φn]

σ is described by a
statement of the form (1.4) because the theories are complete. This means,
that there are tuples κ,κ′ ∈ κC∃∀ together with a computable function
presenting an algebraic isomorphism [Φm]σ⟨κ⟩ ≈a [Φn]

σ⟨κ′⟩. This is described
by a quanti�er pre�x ∃∀∃.

(b), (c), and (d): In these cases, pointed out relations between �nitely
axiomatizable theories are described by a statement of the common form (1.5)
because the theories inside relation [Φm]σ

MT≃ [Φn]
σ may be non-complete.

Obviously, any of the demands "for any complete extension" requires a ∀1-
quanti�er, while the other parts involved in the expressions (b), (c), and (d)
are described by elementary quanti�ers ∃ and ∀. Applying the known Tarski-
Kuratowski algorithm, [7, Sec. 16.1], we conclude that each of the relations we
are considering is described with a quanti�er pre�x of the form ∀1∃.

Theorem 3.1 is proved. �
Theorem 3.2. The following lower estimates take place:

(a) Σ0
1 61 {⟨m,n⟩ | [Φm]σ is complete& [Φn]

σ is complete& [Φm]σ
MT≃ [Φn]

σ},
(b) Σ0

1 61 {⟨m,n⟩ | theory [Φm]σ is decidable & theory [Φn]
σ is decidable

& [Φm]σ
MT≃ [Φn]

σ},
(c) Σ0

1 61 {⟨m,n⟩ | [Φm]σ
MT≃ [Φn]

σ},
(d) Σ0

1 61 {m | [Φm]σ
MT≃ PC(σ)}.

Proof. We use method based on the polar construction, cf. Theorem 0.1. We
also use a �nite signature reduction procedure T 7→ Redu(T, σ) transforming
any �nitely axiomatizable theory T in a �nitely axiomatizable theory T ′ =
Redu(T, σ) having given �nite rich signature σ and satisfying T

MT≃ T ′, cf. [4].
(a), (b), and (c): Fix a sentence Φm0 of signature σ such that theory [Φm0 ]

σ

is complete and thus decidable. Consider an arbitrary integer k ∈ N. In the
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case k ∈ K, theory P(k, σ) has a unique �nite model that is rigid, thus, we have
[Φm0 ]

σ MT≃ [Φm0 ]
σ ⊕ P(k, σ), therefore, [Φm0 ]

σ MT≃ Redu
(
[Φm0 ]

σ ⊕ P(k, σ), σ
)
.

By construction, a Godel number n of the latter theory is found e�ectively in
k; moreover, this theory is �nitely axiomatizable, complete and decidable. In
the other case k ̸∈ K, theory P(k, σ) is undecidable, therefore, Redu

(
[Φm0 ]

σ ⊕
P(k, σ), σ

)
is �nitely axiomatizable; however, this theory is neither complete

nor decidable. Thereby, reducibilities required in (a), (b), and (c) are indeed
established.

(d) Fix a sentence Φm0 of signature σ such that theory [Φm0 ]
σ coincides with

PC(σ). For instance, we can take (∀x)[x = x] as Φm0 . In the case k ∈ K, theory
P(k, σ) has a unique �nite model that is rigid, thus, we have [Φm0 ]

σ MT≃ [Φm0 ]
σ⊕

P(k, σ), therefore, [Φm0 ]
σ MT≃ Redu

(
[Φm0 ]

σ ⊕ P(k, σ), σ
)
. By construction, a

Godel number n of the latter theory is found e�ectively in k; moreover, this
theory is

MT≃ -equivalent to PC(σ). In the other case k ̸∈ K, theory P(k, σ) is
hereditarily undecidable, thus, Redu

(
[Φm0 ]

σ ⊕ P(k, σ), σ
)
is also hereditarily

undecidable, therefore, this theory cannot be
MT≃ -equivalent to PC(σ). Thereby,

the reducibility required in (d) is indeed established.
Theorem 3.2 is proved. �

4 Semantic classes of sentences

In this section, we give a de�nition of the concept of a semantic class, cf.
[11]. Consider a �nite rich signature σ and �x a G�odel numbering Φi, i ∈ N,
for the set of all sentences of signature σ.

A class of modelsM ⊂ Mod(σ) is said to be a semantic class, if M is closed
under the equality relation

M ∼ M′ ⇔ Th(M)
MT≃ Th(M′).

A set Σ ⊆ SL(σ) is said to be a semantic class of sentences, if there is a
semantic class M of models such that one of the following relations is satis�ed:
Reference_Block (4.1)

(a) Σ = Th(M),

(b) Σ = SL(σ)rTh(M),

(c) Σ = {Φ ∈ SL(σ) | Φ has an M -model},
(d) Σ = {Φ ∈ SL(σ) | Φ does not have an M -model}.
End_Ref
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The class of all prime models of signature σ is a simple example of a
semantic class of models, while the class of all sentences of signature σ not
having prime models is an example of a semantic class of sentences.

5 Complexity estimates of some common semantic classes

We consider complexity estimates for some semantic classes of sentences.

Theorem 5.1. Let M be a nonempty semantic class of models of signature σ
consisting of just �nite models. Then, we have:

(a) Σ0
1 61 {n | Φn has an M -model},

(b) Π0
1 61 Th(M).

Theorem 5.2. Let M be a nonempty semantic class of models of signature

σ consisting of just strongly constructive models having �nitely axiomatizable

theories. Then, we have:

(a) Σ0
1 61 {n | Φn has an M -model},

(b) Π0
1 61 Th(M).

Theorem 5.3. Let M be a nonempty semantic class of models of signature σ
consisting of just models having �nitely axiomatizable theories (in particular,

their theories must be decidable). Then, we have:

(a) Σ0
1 61 {n | Φn has an M -model},

(b) Π0
1 61 Th(M).

Proof for Theorem 5.1, Theorem 5.2, and Theorem 5.3. We use common
notations for the three cases. By E, we denote semantic class of sentences
{n | Φn has an M -model}, while D denotes the class Th(M). Fix a model M0

in the class M . In any of the cases, Th(M0) is a �nitely axiomatizable theory
of signature σ, i.e., there is a sentence Φm0 such that Th(M0) = [Φm0 ]

σ.
(a) For an integer parameter k, consider theory F = Redu

(
Th(M0) ⊕

P(k, σ), σ
)
. By construction, F is a �nitely axiomatizable theory of signature

σ; moreover, its Godel's number is found e�ectively on k, i.e., there is a
computable function f(x) such that for all k ∈ N sentence Φf(k) is an axiom
of this theory, that is, F = [Φf(k)]

σ. Let k ∈ K. We have the following
relations in the case. By Theorem 0.1, theory P(k, σ) has the only (upto
an isomorphism) model which is �nite and rigid; thus, we obtain Th(M0) ⊕
P(m,σ)

MT≃ Th(M0); from this, we have Redu
(
[Φm0 ]

σ ⊕ P(k, σ), σ
)

MT≃ Th(M0);
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therefore [Φf(k)]
σ MT≃ Th(M0); so, we have [Φf(k)]

σ MT≃ [Φm0 ]
σ; thereby, we

obtain �nally Φf(k) ∈ E. Now, we consider an opposite case k ̸∈ K.
By Theorem 0.1, theory P(k, σ) is hereditarily undecidable and does not
have constructive models; therefore, theory Th(M0) ⊕ P(m,σ) has the same
properties; thus, Redu

(
[Φm0 ]

σ⊕P(k, σ), σ
)
has again the same properties; from

this, we obtain that [Φf(k)]
σ is hereditarily undecidable and does not have

strongly constructive models, obtaining as a result Φf(k) ̸∈ E. Thereby, we
have obtained a reducibility K 6m Nom(E). Based on the fact that Godel's
numberings of sentences satis�es e�ective cylinder properties, we obtain �nally
that K 61Nom(E), that is, Σ1

0 61Nom(E).
(b) Based on the Part (a) we have proved together with the reducibilities

Φ ∈ E ⇔ ¬Φ ∈ D and Φ ∈ D ⇔ ¬Φ ∈ E, we obtain that Π0
1 61 Nom(D) also

takes place.
Theorems 5.1, 5.2, and 5.3 are proved. �
Let us discuss some thin points connected with the obtained results.
Application of the construction P(k, σ) in the proofs allows us by choice

the parameter k to obtain �nitely axiomatizable theories satisfying two polarly
opposite properties. In the case when k belongs to creative set K, the theory
P(k, σ) has the only upto an isomorphism model, which is �nite and rigid,
i.e., this theory seems to be extremely simple. In the other case k ̸∈ K,
the theory P(k, σ) is hereditarily and essentially undecidable and has no
computably enumerable (the more, constructive) models, i.e., this theory is
very complicated. By virtue of such a connection of the two contrast properties,
construction P(k, σ) is said to be polar. Simplicity of the case of existence of a
�nite model does not raise questions. As for the complexity in the case k ̸∈ K,
its perfection is less obvious. Thus, a natural question arises.

Question 5.4. Is there an advanced version of the polar construction for which

the contrast is maximal between the properties in the cases k ∈ K and k ̸∈ K.

One more question:

Question 5.5. Let σ be a �nite rich signature, M0 ∈ Mod(σ), and M [M0]
be a semantic class consisting of all models M of signature σ satisfying

Th(M)
MT≃ Th(M0).

(a) Is it true that, for any model M0 ∈ Mod(σ), we have either Σ0
1 61

Th(M [M0]) or Π
0
1 61 Th(M [M0]) ?
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(b) Is there a modelM0 ∈ Mod(σ) such that we have neither Σ0
1 61 Th(M)

nor Π0
1 61 Th(M) for M = M [M0] ?

If the answer to question 5.5(b) is 'yes', corresponding example of semantic
classM [M0] will show that an analog to the Rice Theorem for semantic classes
of sentences over the semantic layer ACL (coinciding with AreaL) is impossible.

Conclusion

Semantic classes of models and sentences were studied in [14], [10], [15], [16],
[11], [17], [18] and other works. The concept of a semantic class of sentences
turns out to be more interesting in comparison with the concept of an index set
in algorithm theory. Indeed, the index sets represent just internal concepts of
algorithm theory, while the semantic classes of sentences represent general-logic
concepts based on the expressive power of �rst-order logic.

In this paper, we use the �nite signature reduction procedure Redu having
remarkable property to keep an isomorphism type of the Tarski-Lindenbaum
algebra preserving all actual model-theoretic properties of corresponding
complete extensions of the theories. The Hanf construction is not so suitable
here as this construction does not guarantee preservation of any model-
theoretic properties. On the other hand, the universal construction of �nitely
axiomatizable theories may be useful here since it preserves large enough
in�nitary semantic layer of model-theoretic properties. However, preservation
of all actual model-theoretic properties is not guaranteed allowing to obtain just
weak versions of results. In this sense, the polar construction P(k, σ) is much
more perfect as it allows to operate with the set of all actual model-theoretic
properties. Thus, �nding of advanced versions of the polar construction can be
useful because this will allow to obtain new estimates of algorithmic complexity
of di�erent semantic classes of sentences.
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Ïåðåòÿòüêèí Ì.Ã. ÑÅÌÀÍÒÈÊÀËÛ� ÊËÀÑÒÀÐ�À �ÎËÄÀÍÛËÀ-
ÒÛÍ ÒÅÎÐÈßËÛ�-ÌÎÄÅËÄIÊ �ÀÑÈÅÒÒÅÐÄI� Ñ�ÉÊÅÑÒIÃÈ �À-
ÒÛÍÀÑÛÍÛ� Ê�ÐÄÅËIËIÃIÍI� ÁÀ�ÀËÀÐÛ

Æ´ìûñòà òåîðèÿëû©-ìîäåëäiê ©àñèåò ´¡ûìûíû ôîðìàëüäû àíû©òà-
ìàñûìåí áàéëàíûñòû ëîãèêàíû àëãîðèòìäiê ìºñåëåëåði ©àðàñòûðûëàäû.
Òåîðèÿëû©-ìîäåëäiê ©àñèåòòåð ñºéêåñòiãiíi ©àòûíàñûíû ³øií áåðiëãåí
à©ûðëû áàé ñèãíàòóðàëàðäû à©ûðëû àêñèîìàëàí¡àí òåîðèÿëàðäû êëà-
ñûíäà¡û, îíû òîëû© òåîðèÿëàðäàí ò´ðàòûí iøêi êëàñûíäà¡û æºíå áàñ©à
êëàñòàðäà¡û ê³ðäåëiëiãiíi æî¡àð¡û æºíå ò°ìåíãi áà¡àëàóëàðû àëûí¡àí.
Ñîíûìåí áiðãå ñ°éëåìäåðäi êåéáið ìàûçäû ñåìàíòèêàëû© êëàñòàðûíû
àëãîðèòìäiê ê³ðäåëiëiãiíi áið©àòàð áà¡àëàðû àëûí¡àí.

Êiëòòiê ñ°çäåð. Áiðiíøi ðåòòi ëîãèêà, òåîðèÿëû©-ìîäåëäiê ©àñèåò,
Òàðñêèé-Ëèíäåíáàóì àëãåáðàñû, åñåïòåëiìäi èçîìîðôèçì, ñåìàíòèêàëû©
êëàññ, àëãîðèòìäiê ê³ðäåëiëiêòi áà¡àñû.
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Ïåðåòÿòüêèí Ì.Ã. ÎÖÅÍÊÈ ÑËÎÆÍÎÑÒÈ ÎÒÍÎØÅÍÈß ÑÎÂÏÀ-
ÄÅÍÈß ÒÅÎÐÅÒÈÊÎ-ÌÎÄÅËÜÍÛÕ ÑÂÎÉÑÒÂ Ñ ÏÐÈËÎÆÅÍÈÅÌ
Ê ÑÅÌÀÍÒÈ×ÅÑÊÈÌ ÊËÀÑÑÀÌ

Â ðàáîòå ðàññìàòðèâàþòñÿ àëãîðèòìè÷åñêèå âîïðîñû ëîãèêè, ñâÿçàí-
íûå ñ ôîðìàëüíûì îïðåäåëåíèåì ïîíÿòèÿ òåîðåòèêî-ìîäåëüíîãî ñâîéñòâà.
Ïîëó÷åíû âåðõíèå è íèæíèå îöåíêè ñëîæíîñòè äëÿ îòíîøåíèÿ ñîâïàäå-
íèÿ òåîðåòèêî-ìîäåëüíûõ ñâîéñòâ íà êëàññå êîíå÷íî àêñèîìàòèçèðóåìûõ
òåîðèé çàäàííîé êîíå÷íîé áîãàòîé ñèãíàòóðû, íà åãî ïîäêëàññå ñîñòîÿùåì
èç ïîëíûõ òåîðèé è íà äðóãèõ êëàññàõ. Òàêæå ïîëó÷åí ðÿä îöåíîê àëãî-
ðèòìè÷åñêîé ñëîæíîñòè íåêîòîðûõ âàæíûõ ñåìàíòè÷åñêèõ êëàññîâ ïðåä-
ëîæåíèé.

Êëþ÷åâûå ñëîâà. Ëîãèêà ïåðâîãî ïîðÿäêà, òåîðåòèêî-ìîäåëüíîå ñâîé-
ñòâî, àëãåáðà Òàðñêîãî-Ëèíäåíáàóìà, âû÷èñëèìûé èçîìîðôèçì, ñåìàíòè-
÷åñêèé êëàññ, îöåíêà àëãîðèòìè÷åñêîé ñëîæíîñòè.
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ìîæíî íàéòè íà ñàéòå Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëè-
ðîâàíèÿ http://www. math. kz â ðàçäåëå "Ìàòåìàòè÷åñêèé æóðíàë".
2. Â ëåâîì âåðõíåì óãëó íåîáõîäèìî óêàçàòü êëàññèôèêàòîð ÌÐÍÒÈ. Íà
ñëåäóþùèõ ñòðîêàõ ïî öåíòðó: íàçâàíèå ñòàòüè; èíèöèàëû è ôàìèëèè àâ-
òîðîâ. Â êîíöå óêàçàòü ìåñòî ðàáîòû, ïî÷òîâûå àäðåñà îðãàíèçàöèè è òàê-
æå ýëåêòðîííûå àäðåñà àâòîðîâ.



Íà îòäåëüíîì ëèñòå ïðèëàãàþòñÿ íàçâàíèå ñòàòüè, ôàìèëèè è èíèöè-
àëû àâòîðîâ, êëþ÷åâûå ñëîâà, ðåôåðàò íà ðóññêîì, àíãëèéñêîì è êàçàõ-
ñêîì (äëÿ àâòîðîâ èç Êàçàõñòàíà) ÿçûêàõ è èíäåêñ Mathematics Subject
Classi�cation 2010. Ðåôåðàò äîëæåí îòðàæàòü ñîäåðæàíèå ñòàòüè.

Òàêæå ïðåäñòàâëÿþòñÿ ñâåäåíèÿ îá àâòîðàõ, ìåñòî ðàáîòû, ïî÷òîâûé
àäðåñ ñ èíäåêñîì ïî÷òîâîãî îòäåëåíèÿ, íîìåð òåëåôîíà ñ óêàçàíèåì êîäà
ãîðîäà, àäðåñ ýëåêòðîííîé ïî÷òû.
3. Ñïèñîê ëèòåðàòóðû ñîñòàâëÿåòñÿ â ïîðÿäêå öèòèðîâàíèÿ. Ññûëêè íà
íåîïóáëèêîâàííûå ðàáîòû, ðåçóëüòàòû êîòîðûõ èñïîëüçóþòñÿ â äîêàçà-
òåëüñòâàõ, íå äîïóñêàþòñÿ. Ñïèñîê ëèòåðàòóðû ïðèâîäèòñÿ â ñëåäóþùåì
âèäå:

Ëèòåðàòóðà

1 Ìûíáàåâ Ê.Ò., Îòåëáàåâ Ì.Î. Âåñîâûå ôóíêöèîíàëüíûå ïðîñòðàíñòâà è

ñïåêòð äèôôåðåíöèàëüíûõ îïåðàòîðîâ. � Ì.: Íàóêà, 1988. � 288 c. (äëÿ ìîíîãðà-

ôèé)

2 Æåíñûêáàåâ À.À. Ìîíîñïëàéíû ìèíèìàëüíîé íîðìû è íàèëó÷øèå êâàä-

ðàòóðíûå ôîðìóëû // Óñïåõè ìàòåì. íàóê. � 1981. � Ò. 36, âûï. (èëè �) 4. � Ñ.

107-159.

Ðóêîïèñè, íå óäîâëåòâîðÿþùèå ïåðå÷èñëåííûì âûøå òðåáîâàíèÿì, âîçâðà-

ùàþòñÿ àâòîðàì íà îôîðìëåíèå, äîðàáîòêó. Ðåäàêöèÿ îñòàâëÿåò çà ñîáîé ïðàâî

íà îòêëîíåíèå ñòàòüè, åñëè åå ñîäåðæàíèå íå îòâå÷àåò òðåáîâàíèÿì æóðíàëà.
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