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Àííîòàöèÿ: Ðàíåå àâòîðîì ïîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü êëàññè÷åñêîãî

ðåøåíèÿ çàäà÷è Äèðèõëå â öèëèíäðè÷åñêîé îáëàñòè äëÿ âûðîæäàþùèõñÿ

òðåõìåðíûõ ýëëèïòè÷åñêèõ óðàâíåíèé. Â äàííîé ðàáîòå íàéäåí íîâûé êëàññ

âûðîæäàþùèõñÿ òðåõìåðíûõ ýëëèïòè÷åñêèõ óðàâíåíèé, äëÿ êîòîðûõ â öèëèí-

äðè÷åñêîé îáëàñòè çàäà÷à Äèðèõëå èìååò åäèíñòâåííîå ðåøåíèå, ïðè ýòîì

ïðèâîäèòñÿ åãî ÿâíûé âèä.

Êëþ÷åâûå ñëîâà: Êîððåêòíîñòü, âûðîæäåíèå, öèëèíäðè÷åñêàÿ îáëàñòü, ïëîò-

íîñòü, ñèñòåìû ôóíêöèé.

1. Ââåäåíèå

Êîððåêòíûå ïîñòàíîâêè êðàåâûõ çàäà÷ íà ïëîñêîñòè äëÿ ýëëèïòè÷å-
ñêèõ óðàâíåíèé ìåòîäîì òåîðèè àíàëèòè÷åñêèõ ôóíêöèé êîìïëåêñíîãî ïå-
ðåìåííîãî ïðîâåäåíû â [1], [2].

Ïðè èçó÷åíèè àíàëîãè÷íûõ âîïðîñîâ, êîãäà ÷èñëî íåçàâèñèìûõ ïå-
ðåìåííûõ áîëüøå äâóõ, âîçíèêàþò òðóäíîñòè ïðèíöèïèàëüíîãî õàðàêòå-
ðà. Âåñüìà ïðèâëåêàòåëüíûé è óäîáíûé ìåòîä ñèíãóëÿðíûõ èíòåãðàëüíûõ
óðàâíåíèé òåðÿåò ñâîþ ñèëó èç-çà îòñóòñòâèÿ ñêîëüêî-íèáóäü ïîëíîé òåî-
ðèè ìíîãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé [3]. Â [4] ïîêàçàíà
îäíîçíà÷íàÿ ðàçðåøèìîñòü êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è Äèðèõëå â öè-
ëèíäðè÷åñêîé îáëàñòè äëÿ âûðîæäàþùèõñÿ ìíîãîìåðíûõ ýëëèïòè÷åñêèõ
óðàâíåíèé.

Keywords: Correctness, degeneration, cylindrical domain, density, functions system.

2010 Mathematics Subject Classi�cation: 35R12.
Funding: Êîìèòåò íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, Ãðàíò � 3492/ÃÔ4.
c⃝ Ñ.À. Àëäàøåâ, 2017.



6 Ñ.À. Àëäàøåâ

Â äàííîé ðàáîòå íàéäåí íîâûé êëàññ âûðîæäàþùèõñÿ òðåõìåðíûõ ýë-
ëèïòè÷åñêèõ óðàâíåíèé, äëÿ êîòîðûõ â öèëèíäðè÷åñêîé îáëàñòè çàäà÷à
Äèðèõëå êîððåêòíà.

2. Ïîñòàíîâêà çàäà÷è è ðåçóëüòàò

Ïóñòü Dβ � öèëèíäðè÷åñêàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà E3 òî÷åê
((x1, x2, t), îãðàíè÷åííàÿ öèëèíäðîì Γ = {(x, t) : |x| = 1}, ïëîñêîñòÿìè
t = β > 0 è t = 0, ãäå |x| � äëèíà âåêòîðà x = (x1, x2). ×àñòè ýòèõ ïîâåðõ-
íîñòåé, îáðàçóþùèõ ãðàíèöó ∂Dβ îáëàñòè Dβ, îáîçíà÷èì ÷åðåç Γβ, Sβ, S0
ñîîòâåòñòâåííî.

Â îáëàñòè Dβ ðàññìîòðèì âûðîæäàþùèåñÿ òðåõìåðíûå ýëëèïòè÷åñêèå
óðàâíåíèÿ

Lu ≡
2∑

i=1

ki(t)uxixi + utt +
2∑

i=1

ai(x, t)uxi + b(x, t)ut + c(x, t)u = 0, (1)

ãäå ki(t) > 0 ïðè t > 0 è ìîãóò îáðàùàòüñÿ â íóëü ïðè t = 0, ki(t) ∈
C([0, β])∩ C2((0, β)), i = 1, 2.

Â äàëüíåéøåì íàì ïîíàäîáèòñÿ ñâÿçü äåêàðòîâûõ êîîðäèíàò x1, x2, t
ñ ïîëÿðíûìè r, θ, t : x1 = r cos θ, x2 = r sin θ, r ≥ 0, 0 ≤ θ < 2π.

Â êà÷åñòâå ìíîãîìåðíîé çàäà÷è Äèðèõëå ðàññìîòðèì ñëåäóþùóþ.

Çàäà÷à D. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Dβ èç êëàññà
C(D̄β) ∩ C2(Dβ), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u
∣∣∣
Sβ

= φ(r, θ), u
∣∣∣
Γβ

= ψ(t, θ), u
∣∣∣
S0

= τ(r, θ), (2)

ïðè ýòîì φ(1, θ) = ψ(β, θ), ψ(0, θ) = τ(1, θ).

Ïóñòü ai(r, θ, t), b(r, θ, t), c(r, θ, t) ∈ C(D̄β)∩C1(Dβ), i = 1, 2, c(r, θ, t) ≤
0, ∀(r, θ, t) ∈ Dβ.

Òîãäà ñïðàâåäëèâà

Òåîðåìà. Åñëè φ(r, θ), τ(r, θ) ∈ C(S̄0) ∩ C2(S0), ψ(t, θ) ∈ C(Γ̄β) ∩ C2(Γβ),
òî çàäà÷à îäíîçíà÷íî ðàçðåøèìà.

Îòìåòèì ýòà Òåîðåìà ïðè k1(t) = k2(t) ïîëó÷åíà â [4].

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 2
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3. Äîêàçàòåëüñòâî Òåîðåìû

Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è D ñëåäóåò èç ïðèíöèïà Õîïôà [5]. Òå-
ïåðü ïåðåõîäèì ê ðàçðåøèìîñòè çàäà÷è D. Åå ðåøåíèå â ïîëÿðíûõ êîîð-
äèíàòàõ áóäåì èñêàòü â âèäå ðÿäà

u(r, θ, t) = u10(r, t) +
∞∑
n=1

(u1n(r, t) cosnθ + u2n(r, t) sinnθ), (3)

ãäå u10(r, t), u1n(r, t), u2n(r, t) � ôóíêöèè, êîòîðûå áóäóò îïðåäåëåíû íèæå.

Ïîäñòàâèâ (3) â (1), â ïîëÿðíûõ êîîðäèíàòàõ áóäåì èìåòü

Lu ≡ k1(t)

(
cos2 θu10rr +

sin2 θ

r
u10r

)
+ k2(t)

(
sin2 θu10rr +

cos2 θ

r
u10r

)
+ u10tt+

+a1(r, θ, t) cos θu10r + a2(r, θ, t) sin θu10r + b(r, θ, t)u10t + c(r, θ, t)u10+

+
∞∑
n=1

{
k1(t)

[
cos2 θ(cosnθu1nrr + sinnθu2nrr) +

sin2 θ

r
(cosnθu1nr + sinnθu2nr)+

+
n sin 2θ

r
(sinnθu1nr − cosnθu2nr) +

n sin 2θ

r2
(cosnθu2n − sinnθu1n)−

−n
2 sin2 θ

r2
(cosnθu1n + sinnθu2n)

]
+ k2(t)

[
sin2 θ(cosnθu1nrr + sinnθu2nrr)+

+
n sin 2θ

r
(cosnθu2nr − sinnθu1nr) +

cos2 θ

r
(cosnθu1nr − sinnθu2nr)+

+
n sin 2θ

2r2
(sinnθu1n − cosnθu2n)−

n2

r2
cos2 θ(cosnθu1n + sinnθu2n)

]
+ u1ntt cosnθ+

+u2ntt sinnθ + a1

[
cos θ(cosnθu1nr + sinnθu2nr) +

n sin θ

r
(sinnθu1n − cosnθu2n)

]
+

+a2

[
sin θ(cosnθu1nr + sinnθu2nr) +

n cos θ

r
(cosnθu2n − sinnθu1n)

]
+

+b(cosnθu1nt + sinnθu2nt) + c(cosnθu1n + sinnθu2n)} = 0.
(4)

Òåïåðü ïîëó÷åííîå âûðàæåíèå (4) ñíà÷àëà óìíîæèì íà ρ(θ) ̸= 0, à çà-
òåì ïðîèíòåãðèðóåì îò 0 äî 2π.Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷èì
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ðÿä

(k1 + k2)

2
ρ10

(
u10rr +

1

r
u10r

)
+ ρ10u10tt +

(k1 − k2)

2
d10

(
u10rr −

1

r
u10

)
+

+a10(r, t)u10r ++b10(r, t)u10t + c10(r, t)u10 +
∞∑
n=1

{
2∑

j=1

[
(k1 + k2)

2
ρjn(ujnrr+

+
1

r
ujnr −

n2

r2
ujn) + ρjnujntt +

(k1 − k2)

2
djn

(
ujnrr −

1

r
ujnr −

n2

r2
ujn

)
+

+
(k2 − k1)n

2
ejn

(
ujnr −

ujn
2r

)
+ ajn(r, t)ujnr + bjn(r, t)ujnt + cjn(r, t)ujn

]}
= 0,

(5)

ρ1n =
2π∫
0

ρ(θ) cosnθdθ, ρ2n =
2π∫
0

ρ sinnθdθ, d1n =
2π∫
0

ρ cos 2θ cosnθdθ,

d2n =
2π∫
0

ρ cos 2θ sinnθdθ, e1n = −
2π∫
0

ρ sin 2θ sinnθdθ, e2n =
2π∫
0

ρ sin 2θ cosnθdθ,

a1n =
2π∫
0

ρ(a1 cos θ + a2 sin θ) cosnθdθ, a2n =
2π∫
0

ρ(a1 cos θ + a2 sin θ) sinnθdθ,

b1n =
2π∫
0

ρb cosnθdθ, b2n =
2π∫
0

ρb sinnθdθ,

c1n =
2π∫
0

ρ

[
(a1 sin θ − a2 cos θ)

n sinnθ

r
+ c cosnθ

]
dθ,

c2n =
2π∫
0

ρ

[
(a2 cos θ − a1 sin θ)

n cosnθ

r
+ c sinnθ

]
dθ, n = 0, 1, ... .

Äàëåå ðàññìîòðèì áåñêîíå÷íóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

k(t)ρ10

(
u10rr +

1

r
u10r

)
+ ρ10u10tt = 0, k(t) =

k1(t) + k2(t)

2
, (6)

k(t)ρj1

(
uj1rr +

1

r
uj1r −

uj1
r2

)
+ ρ10uj1tt =

=
(k1 − k2)d10

2

(
u10rr −

u10r
r

)
− a10u10r−

−b10u10t − c10u10,

(7)
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k(t)ρjn

(
ujnrr +

1

r
ujnr −

n2

r2
ujn

)
+ ρjnujntt =

= −(k1 − k2)

2
djn

(
ujn−1rr −

1

r
ujn−1r−

−(n− 1)2

r2
ujn−1

)
− (k2 − k1)(n− 1)

r
ejn−1

(
ujn−1r −

ujn−1

r

)
−

−ajn−1ujn−1r − bjn−1tujn−1t − cjn−1ujn−1, j = 1, 2, n = 2, 3, ... .

(8)

Íåòðóäíî ïîêàçàòü, ÷òî åñëè {u10, ujn}, j = 1, 2, n = 1, 2, ... � ðåøåíèå
ñèñòåìû (6)�(8), òî îíî ÿâëÿåòñÿ è ðåøåíèåì óðàâíåíèÿ (5).

Äàëåå, ó÷èòûâàÿ îðòîãîíàëüíîñòü ñèñòåì òðèãîíîìåòðè÷åñêèõ ôóíê-
öèé {1, cosnθ, sinnθ, n = 1, 2, ...} íà îòðåçêå [0, 2π] [6] èç êðàåâîãî óñëîâèÿ
(2) â ñèëó (3) áóäåì èìåòü

u10(r, β) = φ10(r), u10(1, t) = ψ10(t), u10(r, 0) = τ10(r), (9)

ujn(r, β) = φjn(r), ujn(1, t) = ψjn(t),

ujn(r, 0) = τjn(r), j = 1, 2, n = 1, 2, ... , (10)

φ10(r) =
1

2π

2π∫
0

φ(r, 0)dθ, ψ10(t) =
1

2π

2π∫
0

ψ(t, 0)dθ, τ10(r) =
1

2π

2π∫
0

τ(r, 0)dθ,

φ1n(r) =
1

π

2π∫
0

φ(r, θ) cosnθdθ, ψ1n(t) =
1

π

2π∫
0

ψ(t, θ) cosnθdθ,

τ1n(r) =
1

π

2π∫
0

τ(r, θ) cosnθdθ, φ2n(r) =
1

π

2π∫
0

φ(r, θ) sinnθdθ,

ψ2n(t) =
1

π

2π∫
0

ψ(t, θ) sinnθdθ, τ2n(r) =
1

π

2π∫
0

τ(r, θ) sinnθdθ.

Òàêèì îáðàçîì, çàäà÷à D ñâåäåíà ê ñèñòåìå çàäà÷ Äèðèõëå äëÿ óðàâ-
íåíèé (6)�(8) ñ äàííûìè (9) è (10). Òåïåðü áóäåì íàõîäèòü ðåøåíèÿ ýòèõ
çàäà÷.
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Íåòðóäíî çàìåòèòü, ÷òî êàæäîå óðàâíåíèå ñèñòåìû (6)�(8) ìîæíî ïðåä-
ñòàâèòü â âèäå

k(t)

(
uknrr +

1

r
uknr −

n2

r2
un

)
+ untt = fkn(r, t), n = 0, 1, ... , (11)

ãäå fn(r, t) îïðåäåëÿþòñÿ èç ïðåäûäóùèõ óðàâíåíèé ýòîé ñèñòåìû, ïðè
ýòîì f0(r, t) ≡ 0.

Â [4] ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.

Ëåììà. Çàäà÷è äëÿ óðàâíåíèÿ (11) ñ êðàåâûìè óñëîâèÿìè (9) è (10) èìå-

þò åäèíñòâåííûå ðåøåíèÿ.

Ñëåäîâàòåëüíî, ñíà÷àëà ðåøèâ çàäà÷ó (6), (9) (j = 1, n = 0), à
çàòåì (7), (10) (j = 1, 2, n = 1) è ò.ä., íàéäåì ïîñëåäîâàòåëüíî âñå
u10(r, t), ujn(r, t), j = 1, 2, n = 1, 2, ... .

Èòàê, ïîêàçàíî, ÷òî
2π∫
0

ρ(θ)Ludθ = 0. (12)

Ïóñòü f(r, θ, t) = R(r)ρ(θ)T (t), ïðè÷åì R(r) ∈ V0, V0 ïëîòíà â L2((0, 1)),
ρ(θ) ∈ C∞((0, 2π)) ïëîòíà â L2((0, 2π)), à T (t) ∈ V1, V1 ïëîòíà â L2((0, β)).
Òîãäà f(r, θ, t) ∈ V, V = V0⊗ (0, 2π)⊗V1 ïëîòíà â L2(Dβ) Îòñþäà è èç (12)
ñëåäóåò, ÷òî ∫

Dβ

f(r, θ, t)LudDβ = 0

è
Lu = 0 ∀(r, θ, t) ∈ Dβ.

Òàêèì îáðàçîì, ðåøåíèåì çàäà÷è D ÿâëÿåòñÿ ôóíêöèÿ (3), ãäå
u10(r, t), ujn(r, t), j = 1, 2, n = 1, 2, ..., îïðåäåëÿþòñÿ èç ïðåäûäóùèõ äâó-
ìåðíûõ çàäà÷.

Èç òåîðèè ðÿäîâ Ôóðüå (ñì., íàïðèìåð, [7]) ñëåäóåò, ÷òî åñëè ôóíêöèÿ
u(r, θ, t) ∈ C(Dβ) ∩ C2(Dβ), òî ðÿä Ôóðüå è åå äâàæäû ïðîäèôôåðíöèðî-
âàííûå ðÿäû ïî ñèñòåìàì ôóíêöèé {cosnθ, sinnθ}, n = 1, 2, . . . ñõîäÿòñÿ
àáñîëþòíî è ðàâíîìåðíî, à òàêæå èìåþò ìåñòî îöåíêè

|u10| <∞,

∞∑
n=1

nk|uin| <∞, i = 1, 2; k = 0, 1, 2.
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Ó÷èòûâàÿ ãëàäêîñòü êîýôôèöèåíòîâ óðàâíåíèÿ (1) è çàäàííûõ ãðà-
íè÷íûõ äàííûõ, äëÿ ðåøåíèÿ u(r, θ, t) ïîëó÷àåì òàêèå æå îöåíêè.

Îòñþäà ñëåäóåò, ÷òî ðÿä (3), à òàêæå äâàæäû ïðîäèôôåðíöèðîâàííûå
åãî ðÿäû ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî.

Çíà÷èò, ïîëó÷åííîå ðåøåíèå (3) ïðèíàäëåæèò èñêîìîìó êëàññó
C(Dβ) ∩ C2(Dβ). Ðàçðåøèìîñòü çàäà÷è D óñòàíîâëåíà.

Â [4] ïðèâîäÿòñÿ ÿâíûå âèäû ðåøåíèé çàäà÷ (11), (9) è (11), (10), ïî-
ýòîìó ìîæíî çàïèñàòü ïðåäñòàâëåíèÿ ðåøåíèÿ è äëÿ çàäà÷è D.

Òåîðåìà äîêàçàíà.
Îòìåòèì, ÷òî äàííûé ðåçóëüòàò äëÿ ìîäåëüíîãî âûðîæäàþùåãîñÿ

òðåõìåðíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ èçëîæåí â [8].
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Aldashev S.A. CORRECTNESS OF DIRICHLET PROBLEM IN A
CYLINDRICAL DOMAIN FOR THREE-DIMENSIONAL DEGENERATE
ELLIPTIC EQUATIONS

Earlier, the author shows the unique solvability of classical solution of
Dirichlet problem in a cylindrical domain for three-dimensional degenerate
elliptic equations. In this study, we found a new class of three-dimensional
degenerate elliptic equations, for which in a cylindrical area the Dirichlet
problem has a unique solution. In this case its explicit form is obtained.

Àëäàøåâ Ñ.À. ÀÇ�ÛÍÄÀË�ÀÍ �Ø �ËØÅÌÄI ÝËËÈÏÒÈÊÀ-
ËÛ� ÒÅ�ÄÅÓËÅÐÃÅ ÖÈËÈÍÄÐËIÊ ÎÁËÛÑÒÀ ÄÈÐÈÕËÅ ÅÑÅÁI-
ÍÈ� ÊÎÐÐÅÊÒIËIÃI

Àâòîð á´ðûí öèëèíäðëiê îáëûñòà¡û àç¡ûíäàë¡àí ³ø °ëøåìäi ýëëèï-
ñòiê òåäåóëåð ³øií Äèðèõëå åñåáiíi êëàññèêàëû© øåøiìiíi íà©òû øå-
øiìäiëiãií ê°ðñåòêåí. Á´ë æ´ìûñòà àç¡ûíäàë¡àí ³ø °ëøåìäi ýëëèïñòiê
òåäåóëåðäi æàà êëàñû òàáûë¡àí, îëàð ³øií öèëèíäðëiê îáëûñòà Äè-
ðèõëå åñåáiíi æàë¡ûç øåøiìi áàð áîëàäû, î¡àí ©îñà îíû àé©ûí ò³ði
êåëòiðiëåäi.
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äàâíî âåäóòñÿ èíòåíñèâíûå èññëåäîâàíèÿ âëèÿíèÿ ýòèõ ôàêòîðîâ íà ìà-
òåìàòè÷åñêèõ ìîäåëÿõ èçîòðîïíûõ è àíèçîòðîïíûõ óïðóãèõ ñðåä. Íî ýòè
ìîäåëè íå ó÷èòûâàþò ìíîãèå ðåàëüíûå, ñóùåñòâåííûå äëÿ ïðàêòèêè, ñâîé-
ñòâà îêðóæàþùåãî ìàññèâà. Òàêîâûìè ÿâëÿþòñÿ, íàïðèìåð, íàëè÷èå ãðóí-
òîâûõ âîä, êîòîðîå îñëîæíÿåò ñòðîèòåëüñòâî è ýêñïëóàòàöèþ íàçåìíûõ è
ïîäçåìíûõ ñîîðóæåíèé, âëèÿåò íà âåëè÷èíó è ðàñïðåäåëåíèå íàïðÿæåíèé.

Ìîäåëÿìè, ñ ïîìîùüþ êîòîðûõ ó÷èòûâàåòñÿ âîäîíàñûùåííîñòü ñëà-
ãàþùèõ çåìíóþ êîðó ñòðóêòóð, íàëè÷èå ïóçûðüêîâ ãàçà è ò.ä., ÿâëÿþòñÿ
ìíîãîêîìïîíåíòíûå ñðåäû. Ðàçíîîáðàçèå ìíîãîêîìïîíåíòíûõ ñðåä, ñëîæ-
íîñòü ïðîöåññîâ, ñâÿçàííûõ ñ èõ äåôîðìàöèåé, ïðèâîäÿò ê áîëüøîìó ðàç-
ëè÷èþ â ìåòîäèêå èõ èçó÷åíèÿ è ïîñòðîåíèè ìîäåëåé, ïðèìåíÿåìûõ ïðè
ðåøåíèè âîëíîâûõ çàäà÷.

Ïîðèñòàÿ ñðåäà, íàñûùåííàÿ æèäêîñòüþ èëè ãàçîì, ñ òî÷êè çðåíèÿ
ìåõàíèêè ñïëîøíîé ñðåäû, � ýòî, ïî ñóùåñòâó, äâóõôàçíàÿ ñïëîøíàÿ ñðå-
äà, îäíîé èç ôàç êîòîðîé ÿâëÿþòñÿ ÷àñòèöû æèäêîñòè (ãàçà), äðóãîé �
òâåðäûå ÷àñòèöû ñêåëåòà ñðåäû. Ñóùåñòâóþò ðàçëè÷íûå ìàòåìàòè÷åñêèå
ìîäåëè òàêèõ ñðåä, ðàçðàáîòàííûå ðàçëè÷íûìè àâòîðàìè. Íàèáîëåå èç-
âåñòíûå èç íèõ � ýòî ìîäåëè Ì. Áèî [1], [2], Ôðåíêåëÿ [3], Â.Í. Íèêîëà-
åâñêîãî [4], Ë.Ï. Õîðîøóíà [5]. Îäíàêî, êëàññ ðåøåííûõ äëÿ íèõ çàäà÷
î÷åíü îãðàíè÷åí è, â îñíîâíîì, ñâÿçàí ñ ïîñòðîåíèåì è èññëåäîâàíèåì
÷àñòíûõ ðåøåíèé ýòèõ óðàâíåíèé íà îñíîâå ìåòîäîâ ïîëíîãî è íåïîëíî-
ãî ðàçäåëåíèé ïåðåìåííûõ è òåîðèè ñïåöèàëüíûõ ôóíêöèé [6]. Îòìåòèì
çäåñü ðàáîòû êàçàõñòàíñêèõ ìåõàíèêîâ øêîëû àêàäåìèêà Åðæàíîâà Æ.Ñ.,
èññëåäîâàâøèõ ïðîöåññû äèôðàêöèè ñåéñìè÷åñêèõ âîëí íà êðóãîâûõ òîí-
íåëÿõ è òðóáîïðîâîäàõ â äâóõêîìïîíåíòíîé âîäîíàñûùåííîé ñðåäå Áèî è
âîçäåéñòâèå äâèæóùèõñÿ òðàíñïîðòíûõ íàãðóçîê â íèõ íà îêðóæàþùèé
ìàññèâ [7]�[11].

Â ñâÿçè ñ ýòèì àêòóàëüíîé ÿâëÿåòñÿ ðàçðàáîòêà ýôôåêòèâíûõ ìåòîäîâ
ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ òàêèõ ñðåä ñ ïðèìåíåíèåì ñîâðåìåííûõ ìà-
òåìàòè÷åñêèõ ìåòîäîâ. Îäíèì èç òàêèõ ìåòîäîâ ÿâëÿåòñÿ ìåòîä îáîáùåí-
íûõ ôóíêöèé, áàçèðóþùèéñÿ íà ïîñòðîåíèè ôóíäàìåíòàëüíûõ ðåøåíèé
óðàâíåíèé äâèæåíèÿ ñðåäû ïðè äåéñòâèè èìïóëüñíûõ ñîñðåäîòî÷åííûõ
èñòî÷íèêîâ, îïèñûâàåìûõ ñèíãóëÿðíûìè îáîáùåííûìè ôóíêöèÿìè. Çíà-
íèå òàêèõ ðåøåíèé ïîçâîëÿåò ðåøàòü êðàåâûå çàäà÷è äëÿ òàêèõ ñðåä â
îäíîñâÿçíûõ è ìíîãîñâÿçíûõ îáëàñòÿõ ñî ñëîæíîé ãåîìåòðèåé ãðàíèö íà
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îñíîâå òåîðèè ïîòåíöèàëà, ìåòîäà îáîáùåííûõ ôóíêöèé, ìåòîäà ãðàíè÷-
íûõ ýëåìåíòîâ è ò.ï.

Çäåñü íà îñíîâå ïðÿìîãî ïðåîáðàçîâàíèÿ Ôóðüå óðàâíåíèé äâèæåíèÿ
ñðåäû Ì. Áèî ïðè äåéñòâèè èìïóëüñíûõ ñîñðåäîòî÷åííûõ èñòî÷íèêîâ
ñòðîèòñÿ ïðåîáðàçîâàíèå Ôóðüå ôóíäàìåíòàëüíûõ ðåøåíèé. Ïîñêîëüêó
ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâíåíèé îïðåäåëÿþòñÿ ñ òî÷íîñòüþ äî ðå-
øåíèé îäíîðîäíîé ñèñòåìû óðàâíåíèé, èõ îáîáùåííîå ïðåîáðàçîâàíèå Ôó-
ðüå îïðåäåëÿåò öåëûé êëàññ îðèãèíàëîâ ñ ðàçëè÷íûìè àñèìïòîòè÷åñêèìè
ñâîéñòâàìè. Äëÿ âûäåëåíèÿ ôèçè÷åñêîãî ôóíäàìåíòàëüíîãî ðåøåíèÿ, óäî-
âëåòâîðÿþùåãî óñëîâèÿì èçëó÷åíèÿ (òåíçîðà Ãðèíà), ïðîâîäèòñÿ ðåãóëÿ-
ðèçàöèÿ ýòîãî ïðåîáðàçîâàíèÿ. Ïîñòðîåííàÿ òðàíñôîðìàíòà Ôóðüå ýòîãî
òåíçîðà ïîçâîëÿåò ñòðîèòü îðèãèíàëû ôóíäàìåíòàëüíûõ ðåøåíèé â íåñòà-
öèîíàðíîì ñëó÷àå è ïðè ñòàöèîíàðíûõ ãàðìîíè÷åñêèõ êîëåáàíèÿõ, à òàê-
æå äëÿ ïðîñòðàíñòâ ðàçíîé ðàçìåðíîñòè, ÷òî ïîçâîëÿåò èñïîëüçîâàòü èõ
äëÿ èññëåäîâàíèÿ ïëîñêîé è ïðîñòðàíñòâåííîé äåôîðìàöèé äåôîðìèðóå-
ìûõ òâåðäûõ âîäîíàñûùåííûõ ñðåä.

1. Ïàðàìåòðû è óðàâíåíèÿ äâèæåíèÿ ñðåäû Ì. Áèî

Óðàâíåíèÿ äâèæåíèÿ îäíîðîäíîé èçîòðîïíîé äâóõêîìïîíåíòíîé ñðå-
äû Ì. Áèî îïèñûâàþòñÿ ñëåäóþùåé ñèñòåìîé ãèïåðáîëè÷åñêèõ óðàâíåíèé
âòîðîãî ïîðÿäêà [1], [2]:

l (λ+ µ) grad div us + µ∆us +Q grad div uf + F s (x, t) = ρ11ü
s + ρ12ü

f ,

Q grad div us +R grad div uf + F f (x, t) = ρ12ü
s + ρ22ü

f ,
(1)

ãäå x ∈ RN , t � âðåìÿ, us(x, t) � âåêòîð ïåðåìåùåíèé óïðóãîãî ñêåëåòà,
uf (x, t) � âåêòîð ïåðåìåùåíèé æèäêîñòè. Êîíñòàíòû ρ11, ρ12, ρ22 èìåþò
ðàçìåðíîñòü ïëîòíîñòè è ñâÿçàíû ñ ïëîòíîñòüþ ìàññ ρs ÷àñòèö, ñëàãàþùèõ
ñêåëåò, è ïëîòíîñòüþ æèäêîñòè ρf ñîîòíîøåíèÿìè:

ρ11 = (1−m) ρs − ρ12, ρ22 = mρf − ρ12,

ãäå m � ïîðèñòîñòü ñðåäû. Êîíñòàíòà ïðèñîåäèíåííîé ïëîòíîñòè ρ12 ñâÿ-
çàíà ñ äèñïåðñèåé îòêëîíåíèÿ ìèêðîñêîðîñòåé ÷àñòèö æèäêîñòè â ïîðàõ
îò ñðåäíåé ñêîðîñòè ïîòîêà æèäêîñòè è çàâèñèò îò ãåîìåòðèè ïîð. Çäåñü
N � ðàçìåðíîñòü ïðîñòðàíñòâà. Ïðè N=1 óðàâíåíèÿ îïèñûâàþò äèíàìèêó
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ïîðèñòûõ ñòåðæíåé, ïðè ïëîñêîé äåôîðìàöèè N=2, îáùåé ïðîñòðàíñòâåí-
íîé äåôîðìàöèè ñîîòâåòñòâóåò N=3. Ïðîâåäåííûå íèæå ïîñòðîåíèÿ âåðíû
è äëÿ ïðîñòðàíñòâ áîëüøåé ðàçìåðíîñòè.

Êîíñòàíòû λ, µ � ïàðàìåòðû Ëàìå èçîòðîïíîãî óïðóãîãî ñêåëåòà, à Q,
R õàðàêòåðèçóþò âçàèìîäåéñòâèå ñêåëåòà ñ æèäêîñòüþ íà îñíîâå çàêîíà
Áèî äëÿ íàïðÿæåíèé:

σij = (A∂kuk +Q∂kUk) δij +N (∂iui + ∂jui) ,
σ = −mp = R∂kUk +Q∂kuk.

(2)

Çäåñü p(x, t) � äàâëåíèå â æèäêîñòè, ∂k = ∂
∂xk

.

2. Ïîñòàíîâêà çàäà÷è. Òåíçîð Ãðèíà ñðåäû Áèî

Òåíçîð Ãðèíà � ýòî ìàòðèöà ôóíäàìåíòàëüíûõ ðåøåíèé

U(x, t) =
{
Uk
l (x, t)

}
(l, k = 1, ..., 2N),

k-ûé ñòîëáåö êîòîðîé ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (1) ïðè äåéñòâèè èì-
ïóëüñíîãî ñîñðåäîòî÷åííîãî èñòî÷íèêà, îïèñûâàåìîãî ñèíãóëÿðíûìè îáîá-
ùåííûìè ñèëàìè ñ ïîìîùüþ δ-ôóíêöèè:

Fsj = δ (x) δ (t) δ
[k]
j , Ffj = δ (x) δ (t) δ

[k]
j+N , j = 1, ...N, k = 1, ..., 2N.

Ïåðâûå N êîìïîíåíò êàæäîãî ñòîëáöà îïèñûâàþò ïåðåìåùåíèÿ óïðóãîé
êîìïîíåíòû, ñëåäóþùèå N êîìïîíåíò îïðåäåëÿþò ñìåùåíèÿ æèäêîñòè.

Äëÿ åãî ïîñòðîåíèÿ çàïèøåì óðàâíåíèÿ (1) ïîêîìïîíåíòíî:

(λ+ µ)Uk
j,ji + µUk

i,jj +QUk+N
j,ji + δ(x)δ(t)δkj = ρ11U

k
i ,tt+ρ12U

k+N
i

QUk
j,ji +RUk+N

j,ji + δ (x) δ (t) δkj+N = ρ12U
k
i ,tt+ρ22U

k+N
i ,

(3)

j = 1, ...N, k = 1, ..., 2N . Çäåñü ïî ïîâòîðÿþùèìñÿ èíäåêñàì âñþäó ïðî-
âîäèòñÿ òåíçîðíàÿ ñâåðòêà îò 1 äî N. Â èíäåêñàõ ïîñëå çàïÿòîé ïîäðà-
çóìåâàþòñÿ ÷àñòíûå ïðîèçâîäíûå ïî ñîîòâåòñòâóþùåé ïðîñòðàíñòâåííîé
ïåðåìåííîé èëè âðåìåíè.

Òåíçîð Ãðèíà äîëæåí óäîâëåòâîðÿòü ñëåäóþùèì óñëîâèÿì èçëó÷åíèÿ:

U(x, t) = 0 t < 0,
U(x, t) = 0 t > c1.

(4)
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Çäåñü c1 � ìàêñèìàëüíàÿ èç òðåõ ñêîðîñòåé ðàñïðîñòðàíåíèÿ âîëí â ñðåäå
Áèî, êîòîðûå ðàâíû

c21 =
α1+

√
α2
1−4α2α3

2α2
, c22 =

α1−
√

α2
1−4α2α3

2α2
, c3 =

√
ρ22µ

(ρ11ρ22−ρ212)
, (5)

α1 = (λ+ 2µ) ρ22+Rρ11−2Qρ12, α2 = ρ11ρ22−(ρ12)
2 , α3 = (λ+ 2µ)R−Q2.

Ïåðâûå äâå îïèñûâàþò ñêîðîñòè ðàñïðîñòðàíåíèÿ äâóõ òèïîâ ïðîäîëü-
íûõ âîëí (äèëàòàöèîííûå âîëíû), êîòîðûå ðàñïðîñòðàíÿþòñÿ â ñðåäå Áèî.
Âòîðóþ, áîëåå ìåäëåííóþ âîëíó íàçûâàþò âîëíîé ïåðåóïàêîâêè. Òðåòüÿ
ñêîðîñòü ñîîòâåòñòâóåò ïîïåðå÷íûì âîëíàì (âîëíû ñäâèãà), ïðè ρ12 = 0
îíà ñîâïàäàåò ñî ñêîðîñòüþ ðàñïðîñòðàíåíèÿ ïîïåðå÷íûõ âîëí â óïðóãîì
ñêåëåòå.

Ââåäåì ñêîðîñòè ïðîäîëüíûõ âîëí â óïðóãîé êîìïîíåíòå:

cs =

√
λ+ 2µ

ρ11
, cf =

√
R

ρ22
.

Ïåðâàÿ ñêîðîñòü ñîîòâåòñòâóåò ïðîäîëüíûì âîëíàì â óïðóãîì ñêåëåòå,
âòîðàÿ � â èäåàëüíîé ñæèìàåìîé æèäêîñòè.

Çíàíèå òåíçîðà Ãðèíà ïîçâîëÿåò ñòðîèòü ðåøåíèÿ óðàâíåíèé (1) ïðè
ïðîèçâîëüíûõ ìàññîâûõ ñèëàõ â âèäå ñâåðòîê â ïðîñòðàíñòâå îáîáùåííûõ
ôóíêöèé:

usi =

2N∑
j=1

U j
i ∗ Fj , ufi =

2N∑
j=1

U j
i+N ∗ Fj , i = 1, ..., N. (6)

Òðåáóåòñÿ ïîñòðîèòü òåíçîð Ãðèíà äëÿ ñðåäû Áèî. Äëÿ ýòîãî èñïîëü-
çóåì àïïàðàò ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ ôóíêöèé.

3. Ïðåîáðàçîâàíèå Ôóðüå ôóíäàìåíòàëüíûõ ðåøåíèé è èõ äè-

âåðãåíöèé

Ïðÿìàÿ è îáðàòíàÿ ôîðìóëû ïðåîáðàçîâàíèÿ Ôóðüå äëÿ ðåãóëÿðíûõ
ôóíêöèé èìåþò âèä

φ (ξ, ω) =
∫

RN+1

φ (x, t) ei((ξ,x)+ωt)dx,

φ (x, t) = 1
(2π)N+1

∫
RN+1

φ (x, t) e−i((ξ,x)+ωt)dξdω.
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Äëÿ îáîáùåííûõ ôóíêöèé

(f, φ) = (f, φ), (7)

ãäå ξ = (ξ1, ...ξN ) , ω � ïàðàìåòðû ïðåîáðàçîâàíèÿ Ôóðüå ïî êîîðäèíàòàì
è âðåìåíè, dx = dx1...dxN . Ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíîé:

∂

∂xj
↔ −iξj ,

∂

∂t
↔ −iω (8)

ïîçâîëÿþò ïåðåéòè îò äèôôåðåíöèàëüíûõ óðàâíåíèé (3) ê àë-

ãåáðàè÷åñêèì òåíçîðíûì óðàâíåíèÿì äëÿ òðàíñôîðìàíòû Ôóðüå U
k
l :

− (λ+ µ) ξjξlU
k
l − µ ∥ξ∥2 Uk

j −QξjξlU
k
l+N+

+ρ11ω
2U

k
j + ρ12ω

2U
k
j+N + δkj = 0,

−QξjξlU
k
l −RξjξlU

k
l+N + ρ12ω

2U
k
j+

+ρ22ω
2U

k
j+N + δkj+N = 0, j, l = 1, N, k = 1, 2N

(9)

Ñèñòåìó óäîáíî ïðåäñòàâèòü â âèäå

− (λ+ µ) ξjθ
k
s − µ ∥ξ∥2 Uk

j −Qξjθ
k
f + ρ11ω

2Uk
j + ρ12ω

2Uk
j+N + δkj = 0,

−Qξjθ
k
s −Rξjθ

k
f + ρ12ω

2Uk
j + ρ22ω

2Uk
j+N + δkj+N = 0,

(10)

ãäå θks = ξjU
k
j , θkf = ξjU

k
j+N . Î÷åâèäíî,

−iθks = F [∂jU
k
j ], −iθkf = F [∂jU

k
j+N ]. (11)

Ïîñêîëüêó ìàòðèöà ôóíäàìåíòàëüíûõ ðåøåíèé íåîäíîçíà÷íà, îïðåäå-
ëÿåòñÿ ñ òî÷íîñòüþ äî ðåøåíèÿ îäíîðîäíîé ñèñòåìû óðàâíåíèé, ðåøåíèå
ñèñòåìû (10) íå ÿâëÿåòñÿ îáîáùåííîé ôóíêöèåé, íî îïðåäåëÿåò öåëûé
êëàññ ôóíäàìåíòàëüíûõ ðåøåíèé (1). Äëÿ ïîñòðîåíèÿ òåíçîðà Ãðèíà òðå-
áóåòñÿ ðåãóëÿðèçàöèÿ ðåøåíèÿ ñèñòåìû (10) â ñîîòâåòñòâèè ñ óñëîâèÿìè
èçëó÷åíèÿ.
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4. Îïðåäåëåíèå òðàíñôîðìàíò äèâåðãåíöèé ïåðåìåùåíèé

óïðóãîé è æèäêîé êîìïîíåíòû ôóíäàìåíòàëüíûõ ðåøåíèé

Ââåäåì ñëåäóþùèå ôóíêöèè:

f0k (ξ, ω) =
1

c2k ∥ξ∥
2 − ω2

, fjk (ξ, ω) =
1

ωj
(
c2k ∥ξ∥

2 − ω2
) . (12)

Ëåììà 1. Òðàíñôîðìàíòû Ôóðüå äèâèðãåíöèé

−iθks = F [∂jU
k
j ], −iθkf = F [∂jU

k
j+N ]

ìîæíî ïðåäñòàâèòü â ñëåäóþùåì âèäå:

ïðè k = 1, N
θks = −D1ξk (bs1f01 (ξ, ω)− bs2f02 (ξ, ω)) ,

θkf = −D1ξk (bf1f01 (ξ, ω)− bf2f02 (ξ, ω)) ;

ïðè k = N + 1, 2N

θks = −ξk−ND1 (bf1f01(ξ, ω)− bf2f02(ξ, ω)) ,

θkf = −ξk−ND1 (ds1f01(ξ, ω)− ds2f02(ξ, ω)) .

Çäåñü êîíñòàíòû âûðàæàþòñÿ ÷åðåç ïàðàìåòðû ñðåäû Áèî ôîðìóëàìè:

D1 =
{
α2

(
c21 − c22

)}−1
,

bs1 = ρ22
(
c2f − c21

)
, bs2 = ρ22

(
c2f − c22

)
,

bf1 =
(
ρ12c

2
1 −Q

)
, bf2 =

(
ρ12c

2
2 −Q

)
,

ds1 = ρ11
(
c21 − c2s

)
, ds2 = ρ11

(
c22 − c2s

)
.

Äîêàçàòåëüñòâî. Ñèñòåìó (12) óìíîæèì íà ξj , ñâåðíåì ïî j è ïîëó÷èì
ñèñòåìó èç äâóõ óðàâíåíèé äëÿ îïðåäåëåíèÿ θks , θ

k
f :(

ρ11ω
2 − (λ+ 2µ) ∥ξ∥2

)
θks +

(
ρ12ω

2 −Q ∥ξ∥2
)
θkf = −δkj ξj ,(

ρ12ω
2 −Q ∥ξ∥2

)
θks +

(
ρ22ω

2 −R ∥ξ∥2
)
θkf = −δkj+Nξj . (13)
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Îïðåäåëèòåëü ýòîé ñèñòåìû ðàâåí

∆θ(ξ, ω) = α2(c
2
1 ∥ξ∥

2 − ω2)(c22 ∥ξ∥
2 − ω2). (14)

Ïîñòðîèì ðåøåíèå (13) ïðè k = 1, N (äåéñòâóþùàÿ ñèëà â óïðóãîì
ñêåëåòå):(

− (λ+ 2µ) ∥ξ∥2 + ρ11ω
2
)
θks +

(
ρ12ω

2 −Q ∥ξ∥2
)
θkf = −δkj ξj ,(

ρ12ω
2 −Q ∥ξ∥2

)
θks +

(
ρ22ω

2 −R ∥ξ∥2
)
θkf = 0, k = 1, 2.

Ðàçðåøàÿ ýòó ñèñòåìó, c ó÷åòîì ââåäåííûõ îáîçíà÷åíèé ïîëó÷èì

θks =
−ξk(ρ22ω

2 −R∥ξ∥2)
α2 (c21∥ξ∥2 − ω2)(c22∥ξ∥2 − ω2)

=

= − ξk
α2 (c21 − c22)

(
bs1

c21∥ξ∥2 − ω2
− bs2

(c22∥ξ∥2 − ω2)
) =

= −D1ξk(bs1f1k(ξ, ω)− bs2f02(ξ, ω)), (15)

θkf =
ξk(ρ12ω

2 −Q∥ξ∥2)
α2 (c21∥ξ∥2 − ω2)(c22∥ξ∥2 − ω2)

=

= − ξk
α2 (c21 − c22)

{
bf1

c21∥ξ∥2 − ω2
−

bf2
c22∥ξ∥2 − ω2

} =

= −D1ξk(bf1f1k(ξ, ω)− bf2f02(ξ, ω)). (16)

Ïîñòðîèì ðåøåíèå (13) ïðè k = N + 1, 2N (äåéñòâóþùàÿ ñèëà â æèäêî-
ñòè):

(−(λ+ 2µ)∥ξ∥2 + ρ11ω
2)θks + (ρ12ω

2 −Q∥ξ∥2)θkf = 0,

(ρ12ω
2 −Q∥ξ∥2)θks + (ρ22ω

2 −R∥ξ∥2)θkf = −δkj+Nξj ,
(17)
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ãäå k = 3, 4, j = 1, 2,

ẽk = θks =
δkj+Nξj(ρ12ω

2 −Q∥ξ∥2)
α2 (c21∥ξ∥2 − ω2)(c22∥ξ∥2 − ω2)

=

= − ξk−N

α2 (c21 − c22)
(
ρ12c

2
1 −Q

c21∥ξ∥2 − ω2
− ρ12c

2
2 −Q

(22∥ξ∥2 − ω2)
) =

= −ξk−ND1(bf1f01(ξ, ω)− bf2f02(ξ, ω)),

Ẽk = θkf = −
δkj+Nξj((λ+ 2µ)∥ξ∥2 + ρ11ω

2)

α2 (c21∥ξ∥2 − ω2)(c22∥ξ∥2 − ω2)
=

= − ξk−N

α2 (c21 − c22)
(
ρ11(c

2
1 − c2s)

c21∥ξ∥2 − ω2
− ρ11(c

2
2 − c2s)

(c22∥ξ∥2 − ω2)
) =

= −ξk−ND1(ds1f01(ξ, ω)− ds2f02(ξ, ω)).

(18)

Ëåììà äîêàçàíà.

Ëåììà 2. Äëÿ k = 1, N èìååò ìåñòî ñëåäóþùåå ðàçëîæåíèå:

θks
c23∥ξ∥2 − ω2

=
ξk
ω2

{hs1f01 − hs2f02 − hs3f03},

θkf
ω2 − c23∥ξ∥2

=
ξk
ω2

{hf2f02 − hf1f01 + hf3f03},

ãäå

hs1 =
D1bs1c21
(c23−c21)

=
D1ρ22c21(c2f−c21)

(c23−c21)
, hs2 =

D1bs2c22
(c23−c22)

=
D1ρ22c22(c2f−c22)

(c23−c22)
,

hs3 =
ρ22c23
α2

(c2f−c23)
(c23−c21)(c23−c22)

, hf1 =
D1bf1c

2
1

(c23−c21)
= c21

D1bf1

(c23−c21)
,

hf2 =
D1bf2c

2
2

(c23−c22)
= c22

D1bf2

(c23−c22)
, hf3 =

c23(c23ρ12−Q)
α2(c23−c21)(c23−c22)

.
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Äîêàçàòåëüñòâî. Èñïîëüçóÿ ôîðìóëû Ëåììû 1, ïîëó÷èì

θks
(c23∥ξ∥

2−ω2)
= D1ξk

(
bs1

(c21∥ξ∥
2−ω2)

− bs2
(c22∥ξ∥

2−ω2)

)
1

(c23∥ξ∥
2−ω2)

=

= D1ξk

{
bs1

(c23−c21)ω2

(
c21

(c21∥ξ∥
2−ω2)

− c23
(c23∥ξ∥

2−ω2)

)
−

− bs2
(c23−c22)ω2

(
c22

(c22∥ξ∥
2−ω2)

− c23
(c23∥ξ∥

2−ω2)

)}
=

= D1ξk

{
bs1c21

(c23−c21)ω2
f01 −

bs2c22
(c23−c22)ω2

f02 −
(

bs1
(c23−c21)

− bs2
(c23−c22)

)
c23
ω2 f03

}
,

bs1
(c23−c21)

− bs2
(c23−c22)

=
ρ22(c2f−c21)
(c23−c21)

− ρ22(c2f−c22)
(c23−c22)

=

=
ρ22{(c21−c22)(c2f−c23)}

(c23−c21)(c23−c22)
= hs3.

Ñ ó÷åòîì ââåäåííûõ îáîçíà÷åíèé äëÿ êîíñòàíò, îòñþäà ñëåäóåò ïåðâàÿ
ôîðìóëà ëåììû.

Àíàëîãè÷íî äîêàçûâàåòñÿ âòîðàÿ ôîðìóëà ëåììû.

Ëåììà 3. Äëÿ k = N + 1, 2N èìååò ìåñòî ñëåäóþùåå ðàçëîæåíèå:

θks(
c23 ∥ξ∥

2 − ω2
) =

ξk−N

ω2

{
h′s1f01 − h′s2f02 − h′s3f03

}
,

θkf(
c23 ∥ξ∥

2 − ω2
) =

ξk
ω2

{
h′f1f01 − h′f2f02 − h′f3f03

}
,

ãäå ââåäåíû êîíñòàíòû:

h′s1 =
D1c21bf1

(c23−c21)
, h′s2 =

D1c22bf2

(c23−c22)
, h′s3 =

c23bf3
α2(c23−c21)(c23−c22)

, bf3 = ρ12c
2
3 −Q,

h′f1 =
D1bf1c

2
1

(c23−c21)
, h′f1 =

D1bf2c
2
2

(c23−c22)
, h′f3 = c23

(
bf1

(c23−c21)
− bf2

(c23−c22)

)
,
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Äîêàçàòåëüñòâî.

θks
(c23∥ξ∥

2−ω2)
= D1ξk−N

(
bf1

(c21∥ξ∥
2−ω2)

− bf2

(c22∥ξ∥
2−ω2)

)
1

(c23∥ξ∥
2−ω2)

=

= D1ξk−N

{
bf1

(c21∥ξ∥
2−ω2)(c23∥ξ∥

2−ω2)
− bf2

(c22∥ξ∥
2−ω2)(c23∥ξ∥

2−ω2)

}
=

= D1ξk−N

{
bf1

(c23−c21)ω2

(
c21

(c21∥ξ∥
2−ω2)

− c23
(c23∥ξ∥

2−ω2)

)
−

− bf2

(c23−c22)ω2

(
c22

(c22∥ξ∥
2−ω2)

− c23
(c23∥ξ∥

2−ω2)

)}
=

= D1ξk−N

{
bf1c

2
1

(c23−c21)ω2
f01 −

bf2c
2
2

(c23−c22)ω2
f02 −

(
bf1

(c23−c21)
− bf2

(c23−c22)

)
c23
ω2 f03

}
.

Ñ ó÷åòîì ââåäåííûõ îáîçíà÷åíèé îòñþäà ñëåäóåò ïåðâàÿ ôîðìóëà ëåììû.
Àíàëîãè÷íî ïîëó÷àåì âòîðóþ ôîðìóëó.

θkf

(ω2−c23∥ξ∥
2)

= −D1ξk

(
bf1

(c21∥ξ∥
2−ω2)

− bf2

(c22∥ξ∥
2−ω2)

)
1

(c23∥ξ∥
2−ω2)

=

= −D1ξk

{
bf1

(c23−c21)ω2

(
c21

(c21∥ξ∥
2−ω2)

− c23
(c23∥ξ∥

2−ω2)

)
−

− bf2

(c23−c22)ω2

(
c22

(c22∥ξ∥
2−ω2)

− c23
(c23∥ξ∥

2−ω2)

)}
=

= −D1ξk

{
bf1c

2
1

(c23−c21)ω2
f01 −

bf2c
2
2

(c23−c22)ω2
f02 −

(
bf1

(c23−c21)
− bf2

(c23−c22)

)
c23
ω2 f03

}
,

bf1(
c23 − c21

)− bf2(
c23 − c22

) =

(
ρ12c

2
1 −Q

)(
c23 − c21

) −
(
ρ12c

2
2 −Q

)(
c23 − c22

) =

(
c21 − c22

) (
c23ρ12 −Q

)(
c23 − c21

) (
c23 − c22

) = h′f3.

5. Ïðåäñòàâëåíèå òðàíñôîðìàíòû Ôóðüå U
k
j

Òåîðåìà 1. Òðàíñôîðìàíòà Ôóðüå U
k
j èìååò âèä

j = 1, N, k = 1, N,

U
k
j = ξjξk[β1f21 + β2f22 + β3f23] +

ρ22
α2

δkj f03,

U
k
j+N = ξjξk[γ1f21 − γ2f22 − γ3f23] +

(c23ρ11 − µ)

α2c23
f03 −

µ

α2c23

1

ω2
;

(19)
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j = 1, N, k = N + 1, 2N,

U
k
j = ξjξk−N [β1f21 + β2f22 + β3f23]− ρ12

α2
δkj+Nf03,

U
k
j+N = ξjξk−N [γ1f21 − γ2f22 − γ3f23] +

(c23ρ11−µ)
α2c23

f03 − µ
α2c23

1
ω2 ;

(20)

ãäå 
β1 =

D1ρ22c21
α2(c23−c21)

(
d1

(
c2f − c21

)
− d2

ρ22
bf1

)
,

β2 =
D1ρ22c22

α2(c23−c22)

(
d2
ρ22

bf2 − d1

(
c2f − c22

))
,

β3 =
ρ22c23

α2(ρ11ρ22−ρ212)(c23−c21)(c23−c22)

(
d2
ρ22

bf3 − d1

(
c2f − c23

))
.

d1 = ((λ+ µ) ρ22 −Qρ12) , d2 = (Qρ22 −Rρ12) , d3 = (ρ11R−Qρ12) ,

γ1 =
D1c21

α2(c23−c21)

(
q1bf1 + q2ρ22

(
c2f − c21

))
,

γ2 =
D1c22

α2(c23−c22)

(
q1bf2 + q2ρ11

(
c22 − c2s

))
,

γ3 =
c23

(α2)
2(c23−c21)(c23−c22)

(
q1bf3 + q2ρ11

(
c23 − c2s

))
.

q1 = −µ ∥ξ∥2Q+ (Qρ11 − (λ+ µ) ρ12) , q2 = (ρ11R−Qρ12)− µ ∥ξ∥2R,

βj =
c2j

α1α2(c2j−c23)
, j = 1, 2;

Äîêàçàòåëüñòâî. Òðàíñôîðìàíòó òåíçîðà Ãðèíà ìîæíî îïðåäåëèòü èç
óðàâíåíèé (12), çàïèñàâ èõ â âèäå(

−µ ∥ξ∥2 + ρ11ω
2
)
U

k
j + ρ12ω

2U
k
j+N =

(
(λ+ µ) θks +Qθkf

)
ξj − δkj ,

ρ12ω
2U

k
j + ρ22ω

2U
k
j+N =

(
Qθks +Rθkf

)
ξj − δkj+N ,

(21)

ãäå ïðàâàÿ ÷àñòü óðàâíåíèé îïðåäåëåíà âûøå. Îòñþäà ïîëó÷èì äëÿ j =
1, N, k = 1, N :

U
k
j =

D̄s1jθ
k
s + D̄f1jθ

k
f + D̄k

01j

α2ω2
(
ω2 − c23 ∥ξ∥

2
) , U

k
j+N =

D̄s2jθ
k
s + D̄f2jθ

k
f + D̄k

02j

α2ω2
(
ω2 − c23 ∥ξ∥

2
) , (22)

D̄s1j = ((λ+ µ) ρ22 −Qρ12) ξjω
2, D̄f1j = (Qρ22 −Rρ12) ξjω

2,
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D̄s2j = −µ ∥ξ∥2Qξj + (Qρ11 − (λ+ µ) ρ12) ξjω
2,

lD̄f2j = (ρ11R−Qρ12) ξjω
2 − µ ∥ξ∥2Rξj ,

D̄01j =
(
δkj+Nρ12 − δkj ρ22

)
ω2,

D̄02j =
(
µ ∥ξ∥2 − ρ11ω

2
)
δkj+N − ρ12ω

2δkj .

(23)

Äëÿ âîññòàíîâëåíèÿ îðèãèíàëà àíàëîãè÷íî èñïîëüçóåì ðàçëîæåíèå íà ïðî-
ñòûå äðîáè êàæäîãî ñëàãàåìîãî â (20). Äëÿ ýòîãî âîñïîëüçóåìñÿ Ëåììîé
1:

U
k
j =

d1ξjθ
k
s + d2ξjθ

k
f +

(
δkj+Nρ12 − δkj ρ22

)
α2

(
ω2 − c23 ∥ξ∥

2
) =

=
d1ξj
α2

ξk
ω2

{hs1f01 − hs2f02 − hs3f03}+
d2ξj
α2

ξk
ω2

{hf2f02 − hf1f01 + hf3f03}+

+

(
ρ22δkj
α2

− ρ12δkj+N

α2

)
f03 =

d1ξjξk
α2ω2

[
D1c21bs1t

(c23−c21)
f01 −

D1c22bs2
(c23−c22)

f02−

−
ρ22c

2
3(c

2
f − c23)

α2(c23 − c21)(c
2
3 − c22)

f03

]
+

d2ξjξk
α2ω2

[
D1c

2
2bf2

(c23 − c22)
f02−

−
D1c

2
1bf1

(c23 − c21)
f01 +

c23(c
2
3ρ12 −Q)

α2 (c23 − c21)(c
2
3 − c22)

f03

]
+

+

(
ρ22δ

k
j

α2
−

ρ12δ
k
j+N

α2

)
f03 = ξjξk

{
D1ρ22c

2
1

α2ω2(c23 − c21)

(
d1(c

2
f − c21)−

d2
ρ22

bf1

)
f01+

+
D1ρ22c

2
2

α2ω2(c23 − c22)

(
d2
ρ22

bf2t− d1(c
2
f − c22)

)
f02+

+
ρ22c

2
3

α2ω2α2 (c23 − c21)(c
2
3 − c22)

(
d2
ρ22

(ρ12c
2
3 −Q)− d1(c

2
f − c23)

)
f03+

+

(
ρ22δ

k
j

α2
−

ρ12δ
k
j+N

α2

)
f03 = ξjξk[β1f21 + β2f22 + β3f23]+
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+

(
ρ22δ

k
j

α2
−

ρ12δ
k
j+N

α2

)
f03 = U

k
j .

Äëÿ j = 1, N, k = N + 1, 2N

U
k
j+N =

q1ξjθ
k
s + q2ξjθ

k
f +

(
µ ∥ξ∥2 − ρ11ω

2
)
δkj+N − ρ12ω

2δkj

α2ω2
(
c23 ∥ξ∥

2 − ω2
) =

=
q1ξjξk−N

α2ω2
{hs1f01 − hs2f02 − hs3f03}+

q2ξjξk−N

α2ω2
{hf1f01 − hf2f02 − hf3f03}+

+
1

α2c23
f03(c

2
3ρ11 − µ)− µ

α2c23ω
2
=

q1ξjξk−N

α2ω2

[
D1c

2
1bf1

(c23 − c21)
f01−

−
D1c

2
2bf2

(c23 − c22)
f02 −

c23t(ρ12c
2
3 −Q)

α2 (c23 − c21)(c
2
3 − c22)

f03

]
+

+
q2ξjξk−N

α2ω2

[
D1c

2
1bs1

(c23 − c21)
f01 −

D1ρ11c
2
2(c

2
2 − c2s)

(c23 − c22)
f02−

−
c23ρ11(c

2
f − c23)

α2 (c23 − c21)(c
2
3 − c22)

f03

]
+

1

α2c23
f03(c

2
3ρ11 − µ)− µ

α2c23ω
2
=

= ξjξk−N [
D1c

2
1

α2ω2(c23 − c21)
(q1bf1 + q2bs1)f01−

− D1c
2
2

α2ω2(c23 − c22)
(q1bf2 + q2ρ11(c

2
2 − c2s))f02−

− c23
α2ω2α2 (c23 − c21)(c

2
3 − c22)

(q1(ρ12c
2
3 −Q) + q2ρ11(c

2
3 − c2s))f03]+

+
1

α2c23
f03
(
c23ρ11 − µ

)
− µ

α2c23ω
2
= ξjξk−N [γ1f21 − γ2f22 − γ3f23] +

+
1

α2c23
f03
(
c23ρ11 − µ

)
− µ

α2c23ω
2
.
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6. Î âîññòàíîâëåíèè îðèãèíàëîâ ôóíäàìåíòàëüíûõ ðåøåíèé

Ïîñêîëüêó ïîñòðîåííàÿ òðàíñôîðìàíòà îïðåäåëÿåò ôóíäàìåíòàëüíûå
ðåøåíèÿ ñ òî÷íîñòüþ äî ðåøåíèÿ îäíîðîäíîé ñèñòåìû óðàâíåíèé, äëÿ
âîññòàíîâëåíèÿ îðèãèíàëà ñëåäóåò èñïîëüçîâàòü óñëîâèÿ èçëó÷åíèÿ, êî-
òîðûì äîëæåí óäîâëåòâîðÿòü òåíçîð Ãðèíà Uk

j (x, t):

Uk
j (x, t) = 0, t < 0;

Uk
j (x, t) = 0, ∥x∥ > max{c1t, c2t, c3t}, t > 0.

Çàìåòèì, ÷òî ââåäåííûå â (12) ôóíêöèè f0k (ξ, ω) ÿâëÿþòñÿ òðàíñôîðìàí-
òàìè Ôóðüå ôóíäàìåíòàëüíûõ ðåøåíèé âîëíîâîãî óðàâíåíèÿ

∂2Φ0k

∂t2
− c2k△Φ0k = δ(x)δ(t),

ôóíäàìåíòàëüíûå ðåøåíèÿ êîòîðîãî, óäîâëåòâîðÿþùèå óñëîâèÿì èçëó÷å-
íèÿ

Φ0k(x, t) = 0 ïðè t < 0 è ∥x∥ > ckt,

õîðîøî èçâåñòíû. Ôóíêöèÿì f2k(ξ, ω) ñ òàêèì æå íîñèòåëåì ïî âðåìåíè
ñîîòâåòñòâóþò ñâåðòêè ïî âðåìåíè:

Φ2k(x, t) = Φ1k(x, t) ∗t H(t), Φ1k(x, t) = Φ0k(x, t) ∗t H(t),

ãäå H(t) � ôóíêöèÿ Õåâèñàéäà, ïðåîáðàçîâàíèå Ôóðüå êîòîðîé îïðåäåëÿ-
åòñÿ ÷åðåç ðåãóëÿðèçàöèþ ôóíêöèè 1

ω :

H∗ (ω) =
i

ω + i0
. (24)

Âèä ýòèõ ôóíêöèé çàâèñèò îò ðàçìåðíîñòè ïðîñòðàíñòâà N . Íà ýòîì ìû
îñòàíîâèìñÿ â ïîñëåäóþùåé ñòàòüå äëÿ ïðîñòðàíñòâ ðàçìåðíîñòè N =
1, 2, 3.
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Alexeyeva L.A., Kurmanov E.B. FUNDAMENTAL AND GENERALIZED
SOLUTIONS OF MOTION EQUATIONS OF TWO-COMPONENT BIOT'S
MEDIUM

1. FOURIER TRANSFORM OF FUNDAMENTAL SOLUTIONS AND
THEIR REGULARIZATION

The two-component Biot's medium, containing an elastic and a liquid
components are considered. To determine solutions of the motion equations
of this medium, the generalized Fourier transform of fundamental solutions
are constructed. They describe the motion of a medium under the action
of impulsive lumped sources. To construct Fourier transform, the divergent
method has been used, which allows, at �rst to determine the transformant
of the divergence of displacements of elastic and liquid components, and
then to obtain a solution of the system in the Fourier space. Since the
fundamental solutions of di�erential equations are determined up to the
solutions of a homogeneous system, their generalized Fourier transform de�nes
the class of originals with di�erent asymptotic properties. To isolate a physical
fundamental solution that satis�es to radiation conditions, the regularization
of this transformation has been performed. The restoration of the original
depends on the dimension of the space (N = 1, 2, 3) and will be proposed in
the continuation of this article.
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Àëåêñååâà Ë.À., �´ðìàíîâ Å.Á. Ì. ÁÈÎ ÅÊIÊÎÌÏÎÍÅÍÒÒI ÎÐ-
ÒÀÑÛÍÛ� �ÎÇ�ÀËÛÑ ÒÅ�ÄÅÓIÍI� ÔÓÍÄÀÌÅÍÒÀËÄÛ Æ�ÍÅ
ÆÀËÏÛËÀÍ�ÀÍ ØÅØIÌÄÅÐI. 1. ÔÓÍÄÀÌÅÍÒÀËÄÛ ØÅØIÌ-
ÄÅÐÄI� ÔÓÐÜÅ Ò�ÐËÅÍÄIÐÓI Æ�ÍÅ ÎËÀÐÄÛ� ÐÅÃÓËßÐÈÇÀÖÈ-
ßÑÛ

Ñåðïiìäi æºíå ñ´éû© êîìïîíåíòòåðäåí ò´ðàòûí Ì. Áèî åêiêîìïîíåíò-
òi îðòàñû ©àðàñòûðûëàäû. Îñû îðòàíû ©îç¡àëûñ òåäåóëåð æ³éåñiíi
øåøiìäåðií ò´ð¡ûçó ìà©ñàòûíäà èìïóëüñòi øî¡ûðëàí¡àí øû¡ó ê°çäåðäi
ºñåði êåçiíäåãi îðòàíû ©îç¡àëûñûí ñèïàòòàéòûí ôóíäàìåíòàëäû øåøiì-
äåðäi Ôóðüå æàëïûëàí¡àí ò³ðëåíäiðói ò´ð¡ûçûëàäû. Ôóðüå òðàíñôîð-
ìàíòàñûí ò´ð¡ûçó ³øií àëäûìåí ñ´éû© æºíå ñåðïiìäi êîìïîíåíòòåðäi
àóûñòûðóëàð äèâåðãåíöèÿëàðûíû òðàíñôîðìàòàëàðûí àíû©òàó¡à, îäàí
êåéií Ôóðüå áåéíåëåðiíi êåiñòiãiíäå æ³éåëå øåøiìií ò´ð¡ûçó¡à ì³ìêií-
äiê áåðåòií äèâåðãåíòòi ºäiñ ©îëäàíûëàäû. Òåäåóëåðäi ôóíäàìåíòàëäû
øåøiìäåði áiðòåêòi òåäåóëåð æ³éåñiíi øåøiìäåðiíå äåéiíãi äºëäiêïåí
àíû©òàëàòûíäû©òàí, îëàðäû Ôóðüå æàëïûëàí¡àí ò³ðëåíäiðói ºðò³ðëi
àñèìïòîòèêàëû© ©àñèåòòåði áàð ò³ïí´ñ©àëàðäû ò´òàñòàé áið êëàñûí àíû-
©òàéäû. Ñºóëåëåíó (Ãðèí òåíçîðû) øàðòûí ©àíà¡àòòàíäûðàòûí ôèçèêà-
ëû© ôóíäàìåíòàëäû øåøiìäi á°ëiï àëó ³øií îñû ò³ðëåíäiðóäi ðåãóëÿ-
ðèçàöèÿñû æ³ðãiçiëãåí. Ò³ïí´ñ©àíû ©àéòà ©àëïûíà êåëòiðó åñåïòi °ë-
øåìäiëiãiíå áàéëàíûñòû æºíå îñû ìà©àëàíû æàë¡àñûíäà ´ñûíûëàòûí
áîëàäû.
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1. Ââåäåíèå, ïîñòàíîâêà çàäà÷è

Ïðè èññëåäîâàíèè ðàçëè÷íûõ ïðîöåññîâ õèìèè, áèîëîãèè, ôèçèêè,
äèíàìèêè ïîäçåìíûõ ãðóíòîâûõ âîä, ýêîëîãèè, ôèíàíñîâîé ìàòåìàòè-
êè è äð. âîçíèêàþò êðàåâûå çàäà÷è ñ íåëîêàëüíûìè óñëîâèÿìè äëÿ
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüå-
ãî è ÷åòâåðòîãî ïîðÿäêîâ. Âîïðîñû ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè ðå-
øåíèÿ íåëîêàëüíûõ çàäà÷ äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé
ãèïåðáîëè÷åñêîãî òèïà ðàññìàòðèâàëèñü â ðàáîòàõ [1]�[8]. Óñòàíîâëåíû
óñëîâèÿ ðàçðåøèìîñòè çàäà÷ ñ íåëîêàëüíûìè óñëîâèÿìè äëÿ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà òðåòüåãî è ÷åòâåð-
òîãî ïîðÿäêîâ. Îòìåòèì, ÷òî èçâåñòíûå ìåòîäû ðåøåíèÿ êðàåâûõ çàäà÷
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äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ íå âñåãäà ïðèìåíèìû ê èññëå-
äîâàíèþ íåëîêàëüíûõ çàäà÷ ñ èíòåãðàëüíûìè óñëîâèÿìè äëÿ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà. Ïîýòîìó âîçíèêàåò
ïîòðåáíîñòü ìîäèôèêàöèè èçâåñòíûõ ìåòîäîâ è ðàçðàáîòêè íîâûõ ïîäõî-
äîâ ðåøåíèÿ íåëîêàëüíûõ çàäà÷ ñ èíòåãðàëüíûìè óñëîâèÿìè. ×àñòî èñ-
ïîëüçóåìûì è íàèáîëåå åñòåñòâåííûì ïîäõîäîì ÿâëÿåòñÿ ñâåäåíèå èññëå-
äóåìûõ çàäà÷ ê èçâåñòíûì êðàåâûì çàäà÷àì äëÿ ãèïåðáîëè÷åñêèõ óðàâíå-
íèé âòîðîãî ïîðÿäêà, äëÿ êîòîðûõ ðàçðàáîòàíû ìåòîäû ðåøåíèÿ, óñòàíîâ-
ëåíû óñëîâèÿ ðàçðåøèìîñòè, èçó÷åíû êà÷åñòâåííûå ñâîéñòâà ðåøåíèé è
ò.ä. Íà ñîâðåìåííîì ýòàïå àêòóàëüíîñòü ïðèîáðåòàþò íåëîêàëüíûå çàäà÷è
ñ èíòåãðàëüíûìè óñëîâèÿìè äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ [3]�[8]. Â ðàáîòå [9] èññëåäîâàëàñü íåëîêàëüíàÿ
êðàåâàÿ çàäà÷à ñ èíòåãðàëüíûì óñëîâèåì ïî îäíîé èç ïåðåìåííûõ äëÿ
ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé ñî ñìåøàííîé ïðîèçâîäíîé. Óñòàíîâ-
ëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ êîððåêòíîé ðàçðåøèìîñòè èñ-
ñëåäóåìîé çàäà÷è â òåðìèíàõ èñõîäíûõ äàííûõ è ïðåäëîæåíû àëãîðèòìû
åãî íàõîæäåíèÿ. Â ðàáîòàõ [10], [11] ðàññìîòðåíà íåëîêàëüíàÿ çàäà÷à ñ
èíòåãðàëüíûìè óñëîâèÿìè äëÿ ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé. Ïî-
ëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî êëàññè÷åñêîãî
ðåøåíèÿ èññëåäóåìîé çàäà÷è â òåðìèíàõ êîýôôèöèåíòîâ ñèñòåìû è ÿäðà
èíòåãðàëüíûõ ñëàãàåìûõ.

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ íåëîêàëüíàÿ çàäà÷à äëÿ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà
ñ èíòåãðàëüíûì óñëîâèåì. Íà îñíîâå ìåòîäà ââåäåíèÿ ôóíêöèîíàëüíûõ
ïàðàìåòðîâ [12], [13] è ðåçóëüòàòîâ ðàáîò [10], [11] óñòàíîâëåíû óñëîâèÿ
îäíîçíà÷íîé ðàçðåøèìîñòè ðàññìàòðèâàåìîé çàäà÷è â òåðìèíàõ èñõîäíûõ
äàííûõ.

Ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà â îáëàñòè
Ω = [0, T ]× [0, ω]

∂3u

∂t∂x2
= A(t, x)

∂2u

∂x2
+B(t, x)

∂2u

∂t∂x
+ C(t, x)

∂u

∂x
+D(t, x)u+ f(t, x)+

+

∫ T

0

[
K1(τ, x)

∂2u(τ, x)

∂x2
+K2(τ, x)

∂u(τ, x)

∂x
+K3(τ, x)u(τ, x)

]
dτ, (1.1)
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u(0, x) +

∫ T

0
u(τ, x)dτ = φ(x), x ∈ [0, ω], (1.2)

u(t, 0) = ψ1(t), t ∈ [0, T ], (1.3)

∂u(t, x)

∂x

∣∣∣
x=0

= ψ2(t), t ∈ [0, T ], (1.4)

ãäå ôóíêöèè A(t, x), B(t, x), C(t, x), D(t, x), K1(t, x), K2(t, x), K3(t, x) è
f(t, x) íåïðåðûâíû íà Ω, ôóíêöèÿ φ(x) äâàæäû íåïðåðûâíî äèôôåðåí-
öèðóåìà íà [0, ω], ôóíêöèè ψ1(t), ψ2(t) íåïðåðûâíî äèôôåðåíöèðóåìû íà

[0, T ] è óäîâëåòâîðÿþò óñëîâèþ ñîãëàñîâàíèÿ ψ1(0) +

∫ T

0
ψ1(τ)dτ = φ(0).

Ïóñòü C(Ω, R) � ïðîñòðàíñòâî íåïðåðûâíûõ íà Ω ôóíêöèé u(t, x) ñ
íîðìîé ||u||0 = max

(t,x)∈Ω
|u(t, x)|.

Ôóíêöèÿ u(t, x) ∈ C(Ω, Rn), èìåþùàÿ ÷àñòíûå ïðîèçâîä-

íûå
∂u(t, x)

∂x
∈ C(Ω, R),

∂u(t, x)

∂t
∈ C(Ω, R),

∂2u(t, x)

∂t∂x
∈ C(Ω, R),

∂2u(t, x)

∂x2
∈ C(Ω, R),

∂3u(t, x)

∂t∂x2
∈ C(Ω, R), íàçûâàåòñÿ êëàññè÷åñêèì

ðåøåíèåì çàäà÷è (1.1)�(1.4), åñëè îíà óäîâëåòâîðÿåò èíòåãðî-
äèôôåðåíöèàëüíîìó óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ (1.1), èíòå-
ãðàëüíîìó óñëîâèþ (1.2) è êðàåâûì óñëîâèÿì (1.3), (1.4).

Â Ðàçäåëå 2 ïóòåì ââåäåíèÿ äîïîëíèòåëüíûõ ôóíêöèé çàäà÷à (1.1)�
(1.4) ñâîäèòñÿ ê íåëîêàëüíîé çàäà÷å äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ âòî-
ðîãî ïîðÿäêà ñ ïàðàìåòðàìè è èíòåãðàëüíûìè ñîîòíîøåíèÿìè. Â Ðàçäåëå
3 ïîëó÷åííàÿ çàäà÷à ìåòîäîì ââåäåíèÿ ôóíêöèîíàëüíûõ ïàðàìåòðîâ ïå-
ðåõîäèò ê ýêâèâàëåíòíîé çàäà÷å, ñîñòîÿùåé èç çàäà÷è Ãóðñà äëÿ ãèïåð-
áîëè÷åñêèõ óðàâíåíèé ñ ïàðàìåòðàìè, çàäà÷è Êîøè äëÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé è èíòåãðàëüíûõ ñîîòíîøåíèé. Ïðåäëîæåí
àëãîðèòì ïîñòðîåíèÿ ïðèáëèæåííûõ ðåøåíèé ïîëó÷åííîé ýêâèâàëåíòíîé
çàäà÷è. Â Ðàçäåëå 4 óñòàíîâëåíû óñëîâèÿ ðàçðåøèìîñòè íåëîêàëüíîé çà-
äà÷è (1.1)�(1.3) è ñõîäèìîñòü ïðåäëîæåííîãî àëãîðèòìà.

2. Ïåðåõîä ê íåëîêàëüíîé çàäà÷å äëÿ ãèïåðáîëè÷åñêîãî óðàâ-

íåíèÿ ñ ïàðàìåòðàìè è èíòåãðàëüíûìè ñîîòíîøåíèÿìè

Íà îñíîâå ââåäåíèÿ íîâîé íåèçâåñòíîé ôóíêöèè èññëåäóåìàÿ çàäà÷à
ñâåäåíà ê íåëîêàëüíîé êðàåâîé çàäà÷å äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ
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ãèïåðáîëè÷åñêèõ óðàâíåíèé è èíòåãðàëüíîìó ñîîòíîøåíèþ.

Ââîäèòñÿ v(t, x) =
∂u(t, x)

∂x
è çàäà÷à (1.1)�(1.4) ïåðåõîäèò ê íåëî-

êàëüíîé çàäà÷å ñ èíòåãðàëüíûì óñëîâèåì äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ
óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà è èíòåãðàëüíîìó ñîîòíîøåíèþ

∂2v

∂t∂x
= A(t, x)

∂v

∂x
+B(t, x)

∂v

∂t
+ C(t, x)v +D(t, x)u+ f(t, x)+

+

∫ T

0

[
K1(τ, x)

∂v(τ, x)

∂x
+K2(τ, x)v(τ, x) +K3(τ, x)u(τ, x)

]
dτ, (2.1)

v(0, x) +

∫ T

0
v(τ, x)dτ = φ̇(x), x ∈ [0, ω], (2.2)

v(t, 0) = ψ2(t), t ∈ [0, T ], (2.3)

u(t, x) = ψ1(t) +

∫ x

0
v(t, ξ)dξ, (t, x) ∈ Ω. (2.4)

Ðåøåíèåì íåëîêàëüíîé çàäà÷è (2.1)�(2.4) ÿâëÿåòñÿ ïàðà ôóíêöèé
(v(t, x), u(t, x)), ãäå ôóíêöèÿ v(t, x) ∈ C(Ω, R), èìååò ÷àñòíûå ïðîèçâîäíûå
∂v(t, x)

∂x
∈ C(Ω, R),

∂v(t, x)

∂t
∈ C(Ω, R),

∂2v(t, x)

∂t∂x
∈ C(Ω, R), óäîâëåòâîðÿ-

åò èíòåãðî-äèôôåðåíöèàëüíîìó óðàâíåíèþ ãèïåðáîëè÷åñêîãî òèïà (2.1),
êðàåâûì óñëîâèÿì (2.2), (2.3); ôóíêöèÿ u(t, x) ñâÿçàíà ñ ôóíêöèåé v(t, x)
èíòåãðàëüíûì ñîîòíîøåíèåì (2.4).

Ââåäåì òåïåðü ñïåöèàëüíûé ïàðàìåòð∫ T

0

[
K1(τ, x)

∂v(τ, x)

∂x
+K2(τ, x)v(τ, x) +K3(τ, x)u(τ, x)

]
dτ = θ(x).

Òîãäà çàäà÷à (2.1)�(2.4) ïåðåõîäèò ê ñëåäóþùåé íåëîêàëüíîé çàäà÷å
äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ äâóìÿ ïàðàìåòðàìè è
èíòåãðàëüíûìè óñëîâèÿìè

∂2v

∂t∂x
= A(t, x)

∂v

∂x
+B(t, x)

∂v

∂t
+ C(t, x)v +D(t, x)u+ f(t, x) + θ(x), (2.5)

v(0, x) +

∫ T

0
v(τ, x)dτ = φ̇(x), x ∈ [0, ω], (2.6)
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v(t, 0) = ψ2(t), t ∈ [0, T ], (2.7)

u(t, x) = ψ1(t) +

∫ x

0
v(t, ξ)dξ, (t, x) ∈ Ω. (2.8)

θ(x) =

∫ T

0

[
K1(τ, x)

∂v(τ, x)

∂x
+K2(τ, x)v(τ, x) +K3(τ, x)u(τ, x)

]
dτ, (2.9)

x ∈ [0, ω].

Ðåøåíèåì íåëîêàëüíîé çàäà÷è ñ èíòåãðàëüíûìè óñëîâèÿìè (2.5)�(2.9)
ÿâëÿåòñÿ òðîéêà ôóíêöèé (v(t, x), u(t, x), θ(x)), ãäå ôóíêöèÿ v(t, x) ∈

C(Ω, R), èìååò ÷àñòíûå ïðîèçâîäíûå
∂v(t, x)

∂x
∈ C(Ω, R),

∂v(t, x)

∂t
∈

C(Ω, R),
∂2v(t, x)

∂t∂x
∈ C(Ω, R), óäîâëåòâîðÿåò ãèïåðáîëè÷åñêîìó óðàâíåíèþ

ñ ïàðàìåòðàìè (2.5), êðàåâîìó óñëîâèþ (2.6), èíòåãðàëüíîìó óñëîâèþ (2.7);
ôóíêöèÿ u(t, x) ñâÿçàíà ñ ôóíêöèåé v(t, x) èíòåãðàëüíûì ñîîòíîøåíèåì
(2.8), à ïàðàìåòð θ(x) îïðåäåëÿåòñÿ èç èíòåãðàëüíîãî ñîîòíîøåíèÿ (2.9).

Ê çàäà÷å (2.5)�(2.9) ïðèìåíÿþòñÿ ðåçóëüòàòû, óñòàíîâëåííûå äëÿ íåëî-
êàëüíûõ êðàåâûõ çàäà÷ ñ èíòåãðàëüíûìè óñëîâèÿìè äëÿ ñèñòåì ãèïåðáî-
ëè÷åñêèõ óðàâíåíèé [9]�[11].

3. Ñõåìà ìåòîäà ââåäåíèÿ ôóíêöèîíàëüíûõ ïàðàìåòðîâ è àëãî-

ðèòì

Ìåòîäîì ââåäåíèÿ ôóíêöèîíàëüíûõ ïàðàìåòðîâ çàäà÷à (2.5)�(2.9) áó-
äåò ñâåäåíà ê ýêâèâàëåíòíîé çàäà÷å, ñîñòîÿùåé èç çàäà÷è Ãóðñà äëÿ ãèïåð-
áîëè÷åñêîãî óðàâíåíèÿ ñ ïàðàìåòðàìè, çàäà÷è Êîøè äëÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî ââåäåííîãî ôóíêöèîíàëüíî-
ãî ïàðàìåòðà è èíòåãðàëüíûõ ñîîòíîøåíèé îòíîñèòåëüíî u(t, x), θ(x).

Ïóñòü λ(x) = u(0, x).
Â çàäà÷å (2.5)�(2.9) îñóùåñòâèì çàìåíó: v(t, x) = ṽ(t, x) + λ(x), ãäå

ṽ(t, x) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ. Òîãäà çàäà÷à (2.5)�(2.9) ïåðåõîäèò ê
ýêâèâàëåíòíîé çàäà÷å ñ íåñêîëüêèìè ïàðàìåòðàìè

∂2ṽ

∂t∂x
= A(t, x)

∂ṽ

∂x
+B(t, x)

∂ṽ

∂t
+ C(t, x)ṽ + f(t, x)+

+A(t, x)λ̇(x) + C(t, x)λ(x) +D(t, x)u+ θ(x), (3.1)
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ṽ(0, x) = 0, x ∈ [0, ω], (3.2)

ṽ(t, 0) = ψ2(t)− ψ2(0), t ∈ [0, T ], (3.3)

[1 + T ]λ(x) +

∫ T

0
ṽ(τ, x)dτ = φ̇(x), x ∈ [0, ω], (3.4)

u(t, x) = ψ1(t) +

∫ x

0
ṽ(t, ξ)dξ +

∫ x

0
λ(ξ)dξ, (t, x) ∈ Ω. (3.5)

θ(x) =

∫ T

0

[
K1(τ, x)

∂ṽ(τ, x)

∂x
+K2(τ, x)ṽ(τ, x)

]
dτ+

+

∫ T

0

[
K1(τ, x)λ̇(x) +K2(τ, x)λ(x) +K3(τ, x)u(τ, x)

]
dτ, x ∈ [0, ω]. (3.6)

Ðåøåíèåì çàäà÷è (3.1)�(3.6) áóäåì íàçûâàòü ÷åòâåðêó ôóíêöèé
(ṽ(t, x), λ(x), u(t, x), θ(x)), ãäå ôóíêöèÿ ṽ(t, x) ∈ C(Ω, R), èìååò ÷àñòíûå

ïðîèçâîäíûå
∂ṽ(t, x)

∂x
∈ C(Ω, R),

∂ṽ(t, x)

∂t
∈ C(Ω, R),

∂2ṽ(t, x)

∂t∂x
∈ C(Ω, R),

ôóíêöèÿ λ(x) íåïðåðûâíî äèôôåðåíöèðóåìà íà [0, ω], ôóíêöèÿ
u(t, x) ∈ C(Ω, R), ôóíêöèÿ θ(x) íåïðåðûâíà íà [0, ω] è óäîâëåòâîðÿ-
þò ãèïåðáîëè÷åñêîìó óðàâíåíèþ (3.1), óñëîâèÿì íà õàðàêòåðèñòèêàõ
(3.2), (3.3), ôóíêöèîíàëüíîìó ñîîòíîøåíèþ (3.4) è èíòåãðàëüíûì
ñîîòíîøåíèÿì (3.5), (3.6).

Èç óñëîâèÿ ñîãëàñîâàíèÿ äàííûõ â òî÷êå (0, 0) âûòåêàåò

λ(0) = ψ2(0), t ∈ [0, T ]. (3.7)

Çàäà÷è (2.5)�(2.9) è (3.1)�(3.6) ýêâèâàëåíòíû. Åñëè òðîéêà ôóíêöèé
(v∗(t, x), u∗(t, x), θ∗(x)) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (2.5)�(2.9), òî ÷åòâåð-
êà ôóíêöèé (ṽ∗(t, x), λ∗(x), u∗(t, x), θ∗(x)), ãäå ṽ∗(t, x) = v∗(t, x) − λ∗(x),
λ∗(x) = v∗(0, x), áóäåò ðåøåíèåì çàäà÷è (3.1)�(3.6). Îáðàòíîå òàêæå âåð-
íî. Åñëè ÷åòâåðêà ôóíêöèé (ṽ∗∗(t, x), λ∗∗(x), u∗∗(t, x), θ∗∗(x)) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è (3.1)�(3.6), òî òðîéêà ôóíêöèé (v∗∗(t, x), u∗∗(t, x), θ∗∗(x)),
îïðåäåëÿåìàÿ ðàâåíñòâàìè v∗∗(t, x) = ṽ∗∗(t, x) + λ∗∗(x), ãäå

v∗∗(0, x) = λ∗∗(x), u∗∗(t, x) = ψ1(t) +

∫ x

0
v∗∗(t, ξ)dξ, (t, x) ∈ Ω,
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θ∗∗(x) =

∫ T

0

[
K1(τ, x)

∂v∗∗(τ, x)

∂x
+K2(τ, x)v

∗∗(τ, x) +K3(τ, x)u
∗∗(τ, x)

]
dτ,

áóäåò ðåøåíèåì çàäà÷è (2.5)�(2.9).
Çàäà÷à (3.1)�(3.3) ïðè ôèêñèðîâàííûõ λ(x), u(t, x), θ(x) ÿâëÿåòñÿ çà-

äà÷åé Ãóðñà îòíîñèòåëüíî ôóíêöèè ṽ(t, x) â îáëàñòè Ω. Ñîîòíîøåíèå (3.4)
ïîçâîëÿåò îïðåäåëèòü íåèçâåñòíûé ïàðàìåòð λ(x), à èíòåãðàëüíûå ñîîòíî-
øåíèÿ (3.5), (3.6) � íåèçâåñòíûå ôóíêöèè u(t, x), θ(x), ãäå ïàðàìåòð λ(x)
óäîâëåòâîðÿåò óñëîâèþ (3.7).

Ââåäåì íîâûå íåèçâåñòíûå ôóíêöèè V (t, x) =
∂ṽ(t, x)

∂x
,

W (t, x) =
∂ṽ(t, x)

∂t
è çàïèøåì ðåøåíèå çàäà÷è Ãóðñà â âèäå ñèñòåìû

òðåõ èíòåãðàëüíûõ óðàâíåíèé:

V (t, x) = ψ̇2(t) +

∫ t

0

{
A(τ, x)V (τ, x) +B(τ, x)W (τ, x) + C(τ, x)ṽ(τ, x)

}
dτ+

+

∫ t

0

{
A(τ, x)λ̇(x) + C(τ, x)λ(x) +D(τ, x)u(τ, x) + θ(x) + f(τ, x)

}
dτ, (3.8)

W (t, x) =

∫ x

0

{
A(t, ξ)V (t, ξ) +B(t, ξ)W (t, ξ) + C(t, ξ)ṽ(t, ξ)

}
dξ+

+

∫ x

0

{
A(t, ξ)λ̇(ξ) + C(t, ξ)λ(ξ) +D(t, ξ)u(t, ξ) + θ(ξ) + f(t, ξ)

}
dξ, (3.9)

ṽ(t, x) = ψ2(t)− ψ2(0) +

∫ t

0
W (τ, x)dτ. (3.10)

Ïðîäèôôåðåíöèðîâàâ ñîîòíîøåíèå (3.4) ïî x, ïîëó÷èì

[1 + T ]λ̇(x) = −
∫ T

0
V (τ, x)dτ + φ̈(x), x ∈ [0, ω]. (3.11)

Çàäà÷à (3.11), (3.7) ÿâëÿåòñÿ çàäà÷åé Êîøè äëÿ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé îòíîñèòåëüíî ôóíêöèè λ(x).

Îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3.11) áóäåò â âèäå

λ(x) = − 1

1 + T

∫ T

0
ṽ(τ, x)dτ +

1

1 + T
φ̇(x) + C̃, x ∈ [0, ω], (3.12)
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ãäå C̃ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïîäñòàâëÿÿ îáùåå ðåøåíèå (3.12) â óñëî-
âèå (3.7) ïðè x = 0, ïîëó÷èì

− 1

1 + T

∫ T

0
ṽ(τ, 0)dτ +

1

1 + T
φ̇(0) + C̃ = ψ2(0),

îòñþäà, ñ ó÷åòîì óñëîâèÿ (3.3), îïðåäåëÿåì C̃:

C̃ =
1

1 + T

∫ T

0
ψ2(τ)dτ +

T

1 + T
ψ2(0)−

1

1 + T
φ̇(0).

Òîãäà ðåøåíèå çàäà÷è Êîøè (3.11), (3.7) èìååò âèä

λ(x) = − 1

1 + T

∫ T

0
ṽ(τ, x)dτ +

1

1 + T
φ̇(x) +

1

1 + T

∫ T

0
ψ2(τ)dτ+

+
T

1 + T
ψ2(0)−

1

1 + T
φ̇(0), x ∈ [0, ω], (3.13)

Òàêèì îáðàçîì, èìååì çàìêíóòóþ ñèñòåìó óðàâíåíèé (3.8)�(3.10),
(3.11), (3.13) è (3.5), (3.6) äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ V (t, x), W (t, x),
ṽ(t, x), λ̇(x), λ(x), u(t, x), θ(x).

Åñëè èçâåñòíû λ̇(x), λ(x), u(t, x), θ(x), òî èç (3.8)�(3.10) íàõîäèì ôóíê-
öèè V (t, x), W (t, x), ṽ(t, x). Îáðàòíî, åñëè èçâåñòíû ôóíêöèè V (t, x),
W (t, x), ṽ(t, x), òî èç (3.11), (3.13) ìîæåì íàéòè λ̇(x), λ(x), à èç (3.5),
(3.6) îïðåäåëÿåì u(t, x), θ(x). Íåèçâåñòíûìè ÿâëÿþòñÿ êàê V (t, x), W (t, x),
ṽ(t, x), òàê è λ̇(x), λ(x), u(t, x), θ(x). Ïîýòîìó äëÿ íàõîæäåíèÿ ðå-
øåíèÿ çàäà÷è (3.1)�(3.6) èñïîëüçóåòñÿ èòåðàöèîííûé ìåòîä: ÷åòâåðêó
(ṽ∗(t, x), λ∗(x), u∗(t, x), θ∗(x)) îïðåäåëÿåì, êàê ïðåäåë ïîñëåäîâàòåëüíîñòè
(ũ(m)(t, x), λ(m)(x), u(m)(t, x), θ(m)(x)), m = 0, 1, 2, ..., ïî ñëåäóþùåìó àëãî-
ðèòìó.

0-øàã. 1) Ïîëàãàÿ â ïðàâûõ ÷àñòÿõ (3.11), (3.13) V (t, x) = 0, ṽ(τ, x) =
ψ2(t) − ψ2(0) íàõîäèì íà÷àëüíûå ïðèáëèæåíèÿ λ̇(0)(x), λ(0)(x) äëÿ âñåõ
x ∈ [0, ω]. 2) Èç èíòåãðàëüíîãî ñîîòíîøåíèÿ (3.5) ïðè ṽ(t, x) = ψ2(t) −
ψ2(0), λ(x) = λ(0)(x) îïðåäåëÿåì u(0)(t, x) äëÿ âñåõ (t, x) ∈ Ω. Èç èí-
òåãðàëüíîãî ñîîòíîøåíèÿ (3.6) ïðè ṽ(t, x) = ψ2(t) − ψ2(0), V (t, x) = 0,
λ̇(x) = λ̇(0)(x), λ(x) = λ(0)(x), u(t, x) = u(0)(t, x) îïðåäåëÿåì θ(0)(x) äëÿ
âñåõ x ∈ [0, ω]. 3) Èç ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (3.8)�(3.10) ïðè
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λ̇(x) = λ̇(0)(x), λ(x) = λ(0)(x), u(t, x) = u(0)(t, x), θ(x) = θ(0)(x) íàõîäèì
V (0)(t, x),W (0)(t, x), ṽ(0)(t, x) äëÿ âñåõ (t, x) ∈ Ω.

1-øàã. 1) Ïîëàãàÿ â ïðàâûõ ÷àñòÿõ (3.11), (3.13) V (t, x) = V (0)(t, x),
ṽ(t, x) = ṽ(0)(t, x), íàõîäèì λ̇(1)(x), λ(1)(x) äëÿ âñåõ x ∈ [0, ω]. 2) Èç èíòå-
ãðàëüíîãî ñîîòíîøåíèÿ (3.5) ïðè ṽ(t, x) = ṽ(0)(t, x), λ(x) = λ(1)(x) îïðå-
äåëÿåì u(1)(t, x) äëÿ âñåõ (t, x) ∈ Ω. Èç èíòåãðàëüíîãî ñîîòíîøåíèÿ (3.6)
ïðè ṽ(t, x) = ṽ(0)(t, x), V (t, x) = V (0)(t, x), λ̇(x) = λ̇(1)(x), λ(x) = λ(1)(x),
u(t, x) = u(1)(t, x) îïðåäåëÿåì θ(1)(x) äëÿ âñåõ x ∈ [0, ω]. 3) Èç ñèñòåìû
èíòåãðàëüíûõ óðàâíåíèé (3.8)�(3.10) ïðè λ̇(x) = λ̇(1)(x), λ(x) = λ(1)(x),
u(t, x) = u(1)(t, x), θ(x) = θ(1)(x) íàõîäèì ṽ(1)(t, x), w̃(1)(t, x), ũ(1)(t, x) äëÿ
âñåõ (t, x) ∈ Ω. È ò. ä.

m-øàã. 1) Ïîëàãàÿ â ïðàâûõ ÷àñòÿõ (3.11), (3.13) V (t, x) = V (m−1)(t, x),
ṽ(t, x) = ṽ(m−1)(t, x), íàõîäèì λ̇(m)(x), λ(m)(x) äëÿ âñåõ x ∈ [0, ω]. 2) Èç
èíòåãðàëüíîãî ñîîòíîøåíèÿ (3.5) ïðè ṽ(t, x) = ṽ(m−1)(t, x), λ(x) = λ(m)(x),
îïðåäåëÿåì u(m)(t, x) äëÿ âñåõ (t, x) ∈ Ω. Èç èíòåãðàëüíîãî ñîîòíîøåíèÿ
(3.6) ïðè ṽ(t, x) = ṽ(m−1)(t, x), V (t, x) = V (m−1)(t, x), λ̇(x) = λ̇(m)(x),
λ(x) = λ(m)(x), u(t, x) = u(m)(t, x) îïðåäåëÿåì θ(m)(x) äëÿ âñåõ x ∈
[0, ω]. 3) Èç ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (3.8)�(3.10) ïðè λ̇(x) =
λ̇(m)(x), λ(x) = λ(m)(x), u(t, x) = u(m)(t, x), θ(x) = θ(m)(x),íàõîäèì
ṽ(m)(t, x), w̃(m)(t, x), ũ(m)(t, x) äëÿ âñåõ (t, x) ∈ Ω m = 1, 2, ....

Äàííûé ïîäõîä ðàçáèâàåò íà òðè ýòàïà ïðîöåññ íàõîæäåíèÿ ðåøåíèÿ
çàäà÷è (3.1)�(3.6) � ÷åòâåðêè ôóíêöèé (ṽ(t, x), λ(x), u(t, x), θ(x)): 1) íàõîæ-
äåíèå ââåäåííîãî ôóíêöèîíàëüíîãî ïàðàìåòðà λ(x) èç çàäà÷è Êîøè äëÿ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé; 2) íàõîæäåíèå íåèçâåñòíîé
ôóíêöèè u(t, x) è ñïåöèàëüíîãî ïàðàìåòðà θ(x) èç èíòåãðàëüíûõ ñîîòíîøå-
íèé (3.5 è (3.6) ñîîòâåòñòâåííî; 3) íàõîæäåíèå íåèçâåñòíîé ôóíêöèè ṽ(t, x)
è åå ïðîèçâîäíûõ èç çàäà÷è Ãóðñà äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ.

4. Îñíîâíûå óòâåðæäåíèÿ

Ïóñòü
α = max

(t,x)∈Ω
|A(t, x)|, β = max

(t,x)∈Ω
|B(t, x)|, χ = max

(t,x)∈Ω
|C(t, x)|,

H = α+ β + χ, d = max
(t,x)∈Ω

|D(t, x)|,

κ1 = max
(t,x)∈Ω

|K1(t, x)|, κ2 = max
(t,x)∈Ω

|K2(t, x)|, κ3 = max
(t,x)∈Ω

|K3(t, x)|.

Óñëîâèÿ ñëåäóþùåãî óòâåðæäåíèÿ ÿâëÿþòñÿ óñëîâèÿìè ñõîäèìîñòè
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ïðåäëîæåííîãî âûøå àëãîðèòìà, êîòîðûå îäíîâðåìåííî äàþò óñëîâèÿ ðàç-
ðåøèìîñòè çàäà÷è (3.1)�(3.6).

Ñïðàâåäëèâà

Òåîðåìà 1. Ïóñòü
1) ôóíêöèè A(t, x), B(t, x), C(t, x), D(t, x), f(t, x) íåïðåðûâíû íà Ω;
2) ôóíêöèÿ φ(x) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà íà [0, ω],

ôóíêöèè ψ1(t), ψ2(t) íåïðåðûâíî äèôôåðåíöèðóåìû íà [0, T ] è óäîâëå-

òâîðÿþò óñëîâèþ ñîãëàñîâàíèÿ ψ1(0) +

∫ T

0
ψ1(τ)dτ = φ(0);

3) ñïðàâåäëèâî íåðàâåíñòâî

max(T, ω)

1 + T

{
(α+χ)T+d(1+2T )ω+(κ1+κ2)T (2+T )+κ3(1+2T )ω

}
eH(T+ω) < 1.

Òîãäà çàäà÷à (3.1)�(3.6) èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåî-
ðåìû 1 èç [11] íà îñíîâå âûøåïðèâåäåííîãî àëãîðèòìà.

Èç ýêâèâàëåíòíîñòè çàäà÷ (3.1)�(3.6) è (1.1)�(1.4) âûòåêàåò

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ 1)�3) Òåîðåìû 1.

Òîãäà çàäà÷à (1.1)�(1.4) èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå.
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Àñàíîâà À.Ò., Àøèðáàåâ Õ.À., Ñàáàëàõîâà À.Ï. ÑÎÁÎËÅÂ ÒÅÊÒÅÑ
ÈÍÒÅÃÐÀËÄÛ�-ÄÈÔÔÅÐÅÍÖÈÀËÄÛ� ÒÅ�ÄÅÓËÅÐ �ØIÍ ÁÅÉ-
ËÎÊÀË ØÅÒÒIÊ ÅÑÅÏÒI� ØÅØIËIÌÄIËIÃI ÒÓÐÀËÛ

Ñîáîëåâ òåêòåñ èíòåãðàëäû©-äèôôåðåíöèàëäû© òåäåóëåð ³øií ñûçû-
©òû áåéëîêàë øåòòiê åñåï çåðòòåëåäi. �àðàñòûðûëûï îòûð¡àí åñåï ïàðà-
ïàð áîëàòûí ïàðàìåòðëåði áàð ãèïåðáîëàëû© òåäåó ³øií èíòåãðàëäû©
øàðòòàðû áàð åñåïêå êåëòiðiëãåí. Àëûí¡àí ïàðà-ïàð åñåïòi øåøiìií òàáó
àëãîðèòìi ³ñûíûë¡àí æºíå îíû æèíà©òûëû¡û òà¡àéûíäàë¡àí. Ñîáîëåâ
òåêòåñ èíòåãðàëäû©-äèôôåðåíöèàëäû© òåäåóëåð ³øií áåéëîêàë øåòòiê
åñåïòi øåøiëiìäiëiê øàðòòàðû áàñòàï©û áåðiëiìäåð òåðìèíiíäå àëûí¡àí.

Assanova A.T., Ashirbaev Kh.A., Sabalakhova A.P. ON THE
SOLVABILITY OF A NONLOCAL BOUNDARY VALUE PROBLEM
FOR INTEGRO-DIFFERENTIAL EQUATIONS OF SOBOLEV TYPE

The linear nonlocal boundary value problem for the integro-di�erential
equations of Sobolev type is investigated. Considered problem is reduced
to equivalent problem for hyperbolic equation with parameters and integral
conditions. An algorithm for �nding a solution of the equivalent problem is
proposed and the conditions of its convergence are established. Conditions of
the solvability of nonlocal boundary value problem for the integro-di�erential
equations of Sobolev type are obtained in terms of the initial data.
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Annotation: The article focuses on essential and inessential expansions of theories.
An essential expansion of a structure is obtained by adding a new predicate, which is
not de�nable by use of formulas with parameters from this structure. An inessential
expansion is a result of adding to a signature a predicate de�nable with parameters.
A speci�c example of an inessential expansion is an expansion via a constant element.
The main question is which properties can di�erent types of expansions preserve. For
instance, the following properties are maintained for inessential expansion: ω-stability,
stability, superstability, and model completeness. The �rst section is devoted to
preservation of model-completeness while expanding a weakly-o-minimal theory by a
convex unary predicate for the case when a cut de�ned by this predicate is quasi-solitary.
The proof is based on the approaches from [1] and [2]. In the second section we study
reduction of the number of countable models due to an inessential expansion. Basing on
the ideas from [3] we determine conditions under which the desired property takes place.

Keywords: Expansion of structure, model completeness, countable models.

1. Introduction

Expansion of structure by new relations brings change (unchange) of
properties held on this structure. There are two kinds of expansion: essential
and inessential. Consider model M = ⟨M,Σ⟩. We say that expansion by P
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is essential if P (M) = A and A /∈ Def(M), where Def(M) = {φ(M, ā) |
ā ∈ M}. Otherwise if there exists φ(x, ȳ) such that φ(M, ā) = P (M), then
expansion is inessential. For instance, if we consider ⟨N ;<⟩, theory of this
model is not model complete, but inessential expansion by the smallest element
brings model completeness.

Essential expansions are studied in �rsts section. Essential expansions of
models of o-minimal theories was widely studied by D. Macpherson, D. Marker,
Ch. Steinhorn [1] and weakly o-minimal theories by B.S. Baizhanov [2]. They
proved, that essential expansions of o-minimal, weakly o-minimal theories by
convex predicate preserves o-minimality, weakly o-minimality.

Inessential expansions are studied in seconds section. The question on
change in a number of countable models under inessential expansion of theories
began to be studied with M. Benda [4]. In his work [5] R.E. Woodrow
constructed an example of a theory, which has four countable models, and
an inessential expansion of which has ω models. M.G. Peretyatkin [6] gave
an example of a theory with three countable models, which has ω countable
models in its inessential expansion. He also formulated a question on reducing
the number of countable models from ω to a �nite number. This question was
positively answered by B. Omarov [3]. He constructed examples of theories
with ω and 2ω countable models which have ω countable models by means of
an inessential expansion.

2. Essential expansions. Model completeness

Consider M, N structures of a signature Σ. M is substructure of N
(denoted M ⊂ N) if for any quanti�er free formula φ(x1, ..., xn) M |=
φ(m1, ...,mn) ⇔ N |= φ(m1, ...,mn).

Consider M, N structures of a signature Σ. M is elementary submodel of
N (denoted M ≺ N) if for any formula φ(x1, ..., xn) M |= φ(m1, ...,mn) ⇔ N
|= φ(m1, ...,mn).

Let ⟨M ; =, <, ...⟩ be ordered structure. Formula U(x, y) is said to be convex
to the right, if |= ∀x, y(x < y ∧ U(x, y)) → ∀z(x < z < y → U(x, z)).

A partition of an ordered structure M into two convex subsets C and D
(C < D;C ∪D = M) is said to be (C;D)-cut in A. If C has supremum or D
has in�num in A∪{−∞,∞}, then (C;D)-cut is said to be rational. Otherwise
(C;D)-cut is irrational. Sometimes, by (C;D)-cut we understand the following
set of formulas : {c ≤ x ≤ d; c ∈ C, d ∈ D}.
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Let p ∈ S1(A). We say that a formula Φ(x; y; ā); ā ∈ A is p-preserving if
for any α |= p, there exist γ1, γ2 |= p, such that

γ1 < Φ(M ′;α; ā) < γ2.

Let p ∈ S1(A) be a non-algebraic type. We say that p is semi-quasisolitary to
the right (left) if there is the greatest p-preserving convex to the right (left)
2-A-formula F (x; y; ā)(G(x; y; ā)); ā ∈ A.

Let p ∈ S1(A). We say that p is quasisolitary if it is semi-quasisolitary to
the right and to the left.

Let p ∈ S1(A) be quaisolitary type. We say that p is solitary if greatest
convex to the right and to the left formula E(x, y, ā) ≡ x = y.

Theorem 1 (B.S. Baizhanov)[2]. Let T be a weakly o-minimal theory, p ∈
S1(A) is quasisolitary to right i� p is quasisolitary to left.

Theorem 2 [MMS][1]. Any expansion of a model of weakly o-minimal theory

with solitary type by unary convex predicate is weakly o-minimal.

Suppose M := ⟨M ; Σ⟩ is a model of weakly o-minimal theory, M+ :=
⟨M ; Σ+⟩, where Σ+ := Σ ∪ P 1, T+ is theory of M+. If expansion by unary
convex predicate is inessential, then it preserves model completeness. Consider
su�cient expansion P 1(x), as it is not de�nable in M at least one of the ends
goes through cut.

Claim: For any φ+(x1, x2, ..., xn) of theory T
+ and a1, a2, ..., an ∈ M , s.t.

M+ |= φ+(a1, a2, ..., an) there exists Kφ+(x1, x2, ..., xn, y) of theory T and
α ∈ N\M s.t. M+ |= φ+(a1, a2, ..., an) ↔ N |= Kφ+(a1, a2, ..., an, α).

Essential convex expansion always go through irrational cut, as it is not
de�nable in language of initial model. Expansion of model by convex predicate
can be considered step by step as expansion through each cut. Without loss
of generality we can consider such expansion, that next sentence holds true
∀x∀y(P (x) ∧ y < x→ P (y)).

Theorem 3. M := ⟨M ; Σ⟩ is a model of weakly o-minimal, model complete

theory. Expansion of model M by unary predicate M+ := ⟨M ; Σ+⟩, where
Σ+ := Σ ∪ {P 1}, T+ is theory of M+. Consider two model of theory T+

L+ := ⟨L; Σ+⟩ and M+, such that M+ ⊂ L+; If P 1(x) goes through solitary

type then M+ ≺ L+.

Proof of Theorem 3. Let U(x, y) be convex to the right formula.
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Claim: If expansion as in theorem, then next sentence holds on theory

T+ ⊢ ∃x(P (x) ∧ ∀x′(x < x′ → ∃y(U(x′, y) ∧ ¬P (y))).

Proof of claim: Suppose in contrary, that the sentence does not belong T+,
then

T+ ⊢ ∀x(P (x) ∧ ∃x′(x < x′ ∧ ∀y(¬U(x′, y) ∨ P (y))).

Consider formulas Hi(xi) := Hi−1(xi−1) ∧ (xi−1 < xi → ∀y(U(xi, y) ∧ P (y)),
where H0(x) := P (x) ∧ ∀y(U(x, y) ∧ P (y)). The set {Hi} is consistent, thus it
is partial type. If we make a completion of this type to type q, then P(x), goes
through type q, realization of this type will be α, such thatM+ |= ∀y(U(α, y)∧
P (y)), so we have P (x) goes through non-solitary type, but by conditions P (x)
goes through solitary type. Contradiction.

For any φ+(x̄) of theory T+ and ā ∈ M , such that M+ |= φ+(ā) there
exists Kφ+(x̄, y) of theory T and α ∈ N\M such that M+ |= φ+(ā) ↔ N |=
Kφ+(ā, α). The same holds for L+: L+ |= φ+(b̄) ↔ N |= Kφ+(b̄, α). P(x) goes
through the same type in M+ and L+. Kφ+(x̄, α) is the same formula for both
M and L. Whenever we consider ā ∈ M M+ |= φ+(ā) ⇔ N |= Kφ+(ā, α) ⇔
L+ |= φ+(ā), thus T+ is model complete. �
Theorem 4. M := ⟨M ; Σ⟩ is a model of weakly o-minimal, model complete

theory. Expansion of model M by unary predicate M+ := ⟨M ; Σ+⟩, where
Σ+ := Σ ∪ {P 1}, T+ is theory of M+. Consider two models of theory T+

L+ := ⟨L; Σ+⟩ and M+, such that M+ ⊂ L+. Then under the restriction on

signature Σ M ≺ L; If P 1(x) goes through quasisolitary type then M+ ≺ L+.

Proof of Theorem 4. Let E(x, y) be greatest p-preserving formula. Then
for any convex to the right formula U(x, y), such that E(M ′, a) ⊂ U(x, y) next
sentence holds true on theory T+

T+ ⊢ ∃x∃y∀y′(P (y) ∧ E(x, y) ∧ y < y′ → ∃z(¬P (z) ∧ U(y′, z)).

Suppose in contrary, that this sentence doesn't hold on theory T+, then we get
p-preserving formula E′(M ′, a) such that E(M ′, a) ⊂ E′(M ′, a), thus E(x, y)
is not greatest p-preserving formula, so we get contradiction.

For any φ+(x̄) of theory T+ and ā ∈ M , such that M+ |= φ+(ā) there
exists Kφ+(x̄, y) of theory T and α ∈ N\M such that M+ |= φ+(ā) ↔ N |=
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Kφ+(ā, α). The same holds for L+: L+ |= φ+(b̄) ↔ N |= Kφ+(b̄, α) P(x) goes
through the same type in M+ and L+. Kφ+(x̄, α) is the same formula for both
M and L. Whenever we consider ā ∈ M M+ |= φ+(ā) ⇔ N |= Kφ+(ā, α) ⇔
L+ |= φ+(ā), thus T+ is model complete. �

3. Inessential expansions. Number of countable models

Until the end of this section, let T be a countable complete theory.
Let p (x̄), q (ȳ) ∈ S (A) be two types over a subset A of some model of T . We

say that the type p (x̄) is not almost orthogonal to the type q (ȳ), p(x̄) ̸⊥a q(ȳ),
if there is a formula φ(x̄, ȳ, ā), ā ∈ A, such that for some (equivalently, for any)
model M |= T realizing p(x̄) with A ⊆ M , for some (equivalently, for any)
realization ᾱ ∈ p(M), ∅ ̸= φ (ᾱ,M, ā) ⊂ q(M).

A family Γ of non-principal 1-types over ∅ is said to be independent, if for
any n < ω, for any �nite subfamily Γ′ := {p1(x1), p2(x2), ..., pn(xn)} ⊆ Γ,
and any type pn+1(xn+1) ∈ Γ \ Γ′, every expansion r(x1, x2, ..., xn) ∈ Sn(T ) of∪
1≤i≤n

pi(xi) to a complete n-type is almost orthogonal to the type pn+1(xn+1),

r(x1, x2, ..., xn) ⊥a pn+1(xn+1).

Fact 1. Let p(x̄), q(ȳ) ∈ S(A) be two types over a subset A ⊆ N of a countable

saturated model N |= T . If the type q(ȳ) is non-principal, and p(x̄) ⊥a q(ȳ),
then for any realization γ̄ of the type p(x̄) any expansion q′(ȳ, γ̄) of q(ȳ) to a

complete type over (A ∪ {γ̄}) is non-principal.

Proof of Fact 1. Towards a contradiction, assume that the type q′(ȳ, γ̄)
is principal. Then there exists a formula ψ(ȳ, ā, γ̄) ∈ q′(ȳ, γ̄) with ā ∈ A,
which generates the type q′(ȳ, γ̄). Since q′(ȳ, γ̄) ⊃ q(ȳ), we have q(N) ⊃
q′(N, γ̄) ⊃ ψ(N, ā, γ̄) ̸= ∅. Therefore, by the de�nition, p(x̄) ̸⊥a q(ȳ). This
is a contradiction. �

During the proof of the main theorem we will use the following criterion.

Theorem 5 [7] (Tarski-Vaught criterion). Let A and B be two L-structures,
with A ⊆ B. Then the following are equivalent:

i) the structure A is an elementary substructure of B;

ii) for any formula ψ(x, ȳ) of the language L and any ā ∈ A, if B |= ∃x
ψ(x, ā), then B |= ψ(d, ā) for some d ∈ A.

The next theorem, and especially the corollaries 1 and 2 were initiated by
[3].
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Theorem 6. Let T be a small countable complete theory, and let Γ =
{p1(x1), p2(x2), ..., pn(xn), ...}n<ω be a countable family of non-principal 1-

types pi(xi) ∈ S1(T ). If Γ is independent, then the number of countable non-

isomorphic models of the theory T is continuum, I(T, ω) = 2ω.

Proof of Theorem 6. To prove the theorem we will use a method described
in [8].

Denote byN an ℵ1-saturated model of T . During the proof, for an arbitrary
in�nite sequence of zeroes and ones, τ := ⟨τ(1), τ(2), ..., τ(i), ...⟩, τ(i) ∈ {0, 1},
we construct a countable model Mτ ≺ N such that Mτ |= pi(xi) if and only
if τ (i) = 1. Obviously, for di�erent τ1 ̸= τ2 the models Mτ1 and Mτ2 will be
non-isomorphic, which will imply continuum countable models.

Take a realization a1 ∈ p1(N). By the Fact 1 any completion r2(x1, x2) of
p1(x1)∪p2(x2) is non-principal. Let a2 be a realization of r2(a1, x2). Repeating
this construction we obtain a set A := {a1, a2, . . . , an, an+1 . . . } consisting of
exactly one realization of each type in Γ, such that an+1 ∈ rn+1(a1, ..., an, N),
and rn+1(x1, ..., xn+1) ∈ Sn+1(T ) is a non-principal complete expansion of
rn(x1, ..., xn) ∪ pn+1(xn+1).

Until the end of the proof �x a sequence τ and denote Γτ := {pi ∈ Γ :
τ(i) = 1}, and Aτ := {ai ∈ A : τ(i) = 1} (may be �nite or empty). For
convenience of the proof we change enumeration of Aτ : let b1 := ai, where i
is the smallest index such that ai ∈ Aτ , and, continuing by analogy, bn := aj ,
where j is the smallest index of aj ∈ Aτ which was not considered before. Let
B := {b1, b2, ..., bn, ...}, and for n < ω denote b̄n := ⟨b1, b2, ..., bn⟩.

Construction of Mτ .

Step 1. Denote by Φ1 the set of all ∅-de�nable 1-formulas of the theory
T , Φ1 := {φ1

i (x) : i < ω}. Choose the formula φ1
i (x) ∈ Φ1 with the

smallest index i satisfying N |= ∃xφ1
i (x). Since T is small, there exists a

principal over ∅ subformula φ1
i,1(x) ⊆ φ1

i (x), which, in its turn, has a principal
subformula over {b1}. Repeating this procedure, we obtain a locally consistent
in�nite decreasing chain of principal over parameters formulas φ1

i,j(x, b̄j):

...⊆ φ1
i,n+1(N, b̄n+1) ⊆ φ1

i,n(N, b̄n) ⊆ ... ⊆ φ1
i,1(N, b1) ⊆ φ1

i (N). Denote by
d1 realization of this chain, which exists since the model N is ℵ1-saturated.

Step 2. Choose the formula φ1
i (x) ∈ Φ1 which was not considered before and

having the smallest index i satisfying N |= ∃xφ1
i (x), and �nd a realization d2

by analogy with d1.
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Now take b1 and consider the set of all ({d1} ∪ {b1})-de�nable 1-formulas
Φ2 := {φ2

i (x, d1, b1) : i < ω}. Choose the formula φ2
i (x, d1, b1) ∈ Φ2

which was not considered previously and has the smallest index satisfying
N |= ∃xφ2

i (x, b1, d1), and �nd a realization d3 (existing since N is ℵ1-saturated)
of the following in�nite decreasing chain of principal formulas φ2

i,j(x, d1, b̄j): ...

⊆ φ2
i,n+1(x, d1, b̄n+1) ⊆ φ2

i,n(x, d1, b̄n) ⊆ ... ⊆ φ2
i (x, d1, b1).

Suppose by the end of the step k we have constructed the following sets:
for all m, 1 ≤ m ≤ k, the sets Dm := {d1, d2, ..., d (m+1)m

2

} (it is possible that

di = dj for some i and j such that 1 ≤ i < j ≤ (m+1)m
2 ), the set of all ∅-de�nable

1-formulas Φ1, and for all m, 2 ≤ m ≤ k, sets of all (Dm−1 ∪ b̄m−1)-de�nable
1-formulas, Φm.

Step k+1. For eachm, 1 ≤ m ≤ k, �nd a previously unused formula φm
im

∈ Φm

of a minimal index, set of realizations of which in the model N is nonempty.
And �nd realizations d (k+1)k

2
+m

of corresponding in�nite decreasing chains of

principal subformulas of the formulas φm
im
.

Denote by Φk+1 the set of all (Dk ∪ b̄k)-de�nable 1-formulas. And �nd
d (k+1)k

2
+k+1

by analogy with the construction above. Let Dk+1 stand for the

set {d1, d2, ..., d (k+1)k
2

+k+1
}.

Denote Mτ := B ∪
∪
i<ω

Di.

The Tarski-Vaught criterion implies that the obtained model Mτ is an
elementary submodel of N. Also, due to the choice of di and the Fact 1, all the
types from Γ\Γτ are omitted in Mτ . �

For every model M of the theory T we denote D(M) := {p : p ∈ S(T ), p is
realized in M}. D(M) is called a �nite diagram of the model M [9].

Corollary 1. Let T be a small countable complete theory, and Γ be a

countable independent family of non-principal types from S1(T ) such that for

any two non-isomorphic countable models M1 and M2 of T either

i) there exists a type p(x) ∈ Γ, such that there is no bijective elementary

embedding from p(M1) onto p(M2); or

ii) the number of countable non-isomorphic models M′ |= T with D(M ′)∩
Γ = D(M1) ∩ Γ = D(M2) ∩ Γ is �nite.

If there exists a type q(y) ∈ S1(T ), which is powerful over the family Γ,
then the number of countable models of the theory T can be reduced by an
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inessential expansion of T .

Corollary 2. Let T be a small countable complete theory, and let Γ =
{p1(x1), p2(x2), ..., pn(xn), ...}n<ω be a countable family of non-principal 1-

types pi(xi) ∈ S1(T ) such that

i) for any i > 0 , pi(xi) ̸⊥a pi+1(xi+1);
ii) for any natural k, for all i, i1, i2, ..., ik ∈ N with im < i (1 ≤ m ≤ k),

any expansion of
∪

1≤m≤k

p(xim) to a complete n-type is almost orthogonal to

the type pi(xi), r(xi1 , xi2 , ..., xik) ⊥a pi(xi).
Then T has at least ω countable non-isomorphic models.
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Çaìáaðíaÿ Ò.Ñ. ÐÅÒÒÅËÃÅÍ ÒÅÎÐÈßËÀÐÄÀ�Û ÁIÐ-ÔÎÐÌÓËÀËÀÐ
Æ�ÍÅ ÁIÐ-ÒÈÏÒÅÐ

Æ´ìûñòà òåîðèÿëàðäû åëåóëi æºíå åëåóñiç áàéûòóëaðû ©àðàñòû-
ðûëàäû. �´ðûëûìíû åëåóëi áàéûòóû � îñû ñèãíàòóðàäà¡û ïàðàìåòð-
ëåði áàð ôîðìóëàëàð ê°ìåãiìåí àíû©òàëìàéòûí æàà ïðåäèêàòòû ©îñó
íºòèæåñi áîëûï òàáûëàäû. Åëåóñiç áàéûòó ñèãíàòóðà¡à ïàðàìåòðëåði áàð
ôîðìóëàëàðìåí àíû©òàëàòûí ïðåäèêàòòû ©îñó àð©ûëû àëûíàäû. Åëåóñiç
áàéûòóäû ñèïàòòû ìûñàëû êîíñòàíòàëû© áàéûòó äåóãå áîëàäû. Áàñòû
ìºñåëå áàéûòóëàðäû ºð àëóàí ò³ðëåði êåçiíäå ñà©òàëàòûí ©àñèåòòåðäi
òà¡àéûíäàóäàí ò´ðàäû. Ìûñaëû, òåîðèÿëàðäû åëåóñiç áaéûòóû êåçiíäå
òåîðèÿíû ò´ða©òûëû¡û, ω-ò´ða©òûëû¡û, ñóïåðò´ða©òûëû¡û, òºóåëäiëi-
ãi, ñîíäaé-a© ìîäåëüäi òîëû©òû¡û ña©òaëaäû. Æ´ìûñòû áiðiíøi á°ëi-
ìi òåîðèÿëàðäû ìîäåëüäiê òîëû©òû¡ûí ºëñiç î-ìèíèìaëäû òåîðèÿíû
ê´ðûëûìûí ä°åñ áið îðûíäû ïðåäèêaòïåí áaéûòó êåçiíäåãi ña©òaëóû-
íà aðíaë¡aí, á´ë æà¡äàéäà îñû ïðåäèêàòïåí aíû©òaëàòûí ©èìa êâaçè-
æaë¡ûç òèï áîëûï òàáûëàäû. Äºëåëäåìåñi [1] ïåí [2]-íû òºñiëäåðiíå íåãiç-
äåëåäi. Åêiíøi á°ëiìäå òåîðèÿëàðäû åëåóñiç áaéûòóû êåçiíäåãi ñaíaëûì-
äû ìîäåëäåðäi ñaíûíû açaþû òóðaëû aéòûë¡aí. Î¡àí ©îñà òàëàï åòië-
ãåí ©añèåòòi îðûíäaëóûí ©aìòaìañûç åòåòií øaðòòað aíû©òaë¡àí, îëàð
Á. Îìaðîâòû [3] åáåãiíäåãi èäåÿëaðäû íåãiçiíäå àëûí¡àí.
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Áaéæaíîâ Á.Ñ., Áaéæaíîâ Ñ.Ñ., Ñaéëaóáaé Í.Å., Óìáåòáaåâ Î.A., Çaì-
áaðíaÿ Ò.Ñ. ÎÄÈÍ-ÔÎÐÌÓËÛ È ÎÄÈÍ-ÒÈÏÛ Â ÓÏÎÐßÄÎ×ÅÍÍÛÕ
ÒÅÎÐÈßÕ

Â ðaáîòå ðaññìaòðèâaþòñÿ ñóùåñòâåííûå è íåñóùåñòâåííûå îáîãaùå-
íèÿ òåîðèé. Ñóùåñòâåííîå îáîãaùåíèå ñòðóêòóðû � ðåçóëüòaò äîáaâëåíèÿ
íîâîãî ïðåäèêaòa, íåîïðåäåëèìîãî ïðè ïîìîùè ôîðìóë ñ ïaðaìåòðaìè èç
ýòîé ñèãíaòóðû. Íåñóùåñòâåííîå îáîãaùåíèå ïîëó÷aåòñÿ äîáaâëåíèåì ê
ñèãíaòóðå ïðåäèêaòa, îïðåäåëèìîãî ñ ïaðaìåòðaìè. Õaðaêòåðíûì ïðèìå-
ðîì íåñóùåñòâåííîãî îáîãaùåíèÿ ÿâëÿåòñÿ êîíñòaíòíîå îáîãaùåíèå. Ãëaâ-
íûé âîïðîñ çaêëþ÷aåòñÿ â óñòaíîâëåíèè ñâîéñòâ, êîòîðûå ñîõðaíÿþòñÿ
ïðè ðaçëè÷íûõ âèäaõ îáîãaùåíèé. Íaïðèìåð, ïðè íåñóùåñòâåííîì îáîãa-
ùåíèè òåîðèé ñîõðaíÿþòñÿ ñòaáèëüíîñòü, ω-ñòaáèëüíîñòü, ñóïåðñòaáèëü-
íîñòü, çaâèñèìîñòü, a òaêæå ìîäåëüíaÿ ïîëíîòa. Ïåðâàÿ ÷añòü ðaáîòû
ïîñâÿùåíà ñîõðaíåíèþ ìîäåëüíîé ïîëíîòû òåîðèé ïðè îáîãaùåíèè âû-
ïóêëûì îäíîìåñòíûì ïðåäèêaòîì ñòðóêòóðû ñëaáî î-ìèíèìaëüíîé òåîðèè
äëÿ ñëó÷aÿ, êîãäa ñå÷åíèå, îïðåäåëåííîå ýòèì ïðåäèêaòîì, ÿâëÿåòñÿ êâaçè-
îäèíî÷íûì òèïîì. Äîêaçaòåëüñòâî áaçèðóåòñÿ ía ïîäõîäaõ èç [1] è [2]. Âî
âòîðîé ÷añòè ãîâîðèòñÿ îá óìåíüøåíèè ÷èñëa ñ÷åòíûõ ìîäåëåé ïðè íåñó-
ùåñòâåííîì îáîãaùåíèè òåîðèé. Ïðè ýòîì îïðåäåëåíû óñëîâèÿ, áëaãîäàðÿ
êîòîðûì îáåñïå÷èâaåòñÿ âûïîëíåíèå òðåáóåìîãî ñâîéñòâa, ïîëó÷åííûå ía
îñíîâå èäåé èç ðaáîòû Á. Îìaðîâa [3].
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1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Äëÿ êîíñòðóèðîâàíèÿ óñòîé÷èâîñòè ìàãíèòíîé áóòûëêè äëÿ àòîìíîãî
óñêîðèòåëÿ â íà÷àëå ïÿòèäåñÿòûõ ãîäîâ ïðîøëîãî âåêà Ñ.Ì. Óëàìîì áûëè
èññëåäîâàíû òî÷å÷íûå îòîáðàæåíèÿ [1], [2], êîòîðûå ÿâëÿþòñÿ äèñêðåòíûì
àíàëîãîì ðàáîò À. Ïóàíêàðå, À.Ì. Ëÿïóíîâà, ïîñâÿùåííûõ èññëåäîâàíèþ
óñòîé÷èâîñòè äâèæåíèÿ. Ðàáîòû Ñ.Ì. Óëàìà, íà÷èíàÿ ñ íà÷àëà ñåìèäåñÿ-
òîãî ãîäà ïðîøëîãî âåêà, áûëè ïðîäîëæåíû ôðàíöóçñêèìè ìàòåìàòèêàìè
ïîä ðóêîâîäñòâîì Õ. Ìèðà è È. Ãðóìîâñêîãî [3].

Ýòè æå çàäà÷è äëÿ ìíîãîìåðíûõ ñëó÷àåâ ñ íà÷àëà ñåìèäåñÿòîãî ãîäà
ïðîøëîãî âåêà èññëåäóþòñÿ íàìè è áûëè çàìå÷åíû çàäà÷è óñòîé÷èâîñòè
ðàçíîñòíî-äèíàìè÷åñêèõ ñèñòåì (ÐÄÑ) â ìíîãîìåðíîì ñëó÷àå ñ ïîÿâëåíè-
åì â ÐÄÑ ðåçîíàíñà. Ýòî ïîðîäèëî çàäà÷ó î ñòðóêòóðèçàöèè ðåçîíàíñíûõ

Keywords: Complex di�erence-dynamic system, polynomial sum, Lyapunov function.

2010 Mathematics Subject Classi�cation: 37H10,60H10.
Funding: Êîìèòåò íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, Ãðàíò � 3357/ÃÔ4.
c⃝ Ê.Á. Áàïàåâ, Ñ.Ñ. Ñëàìæàíîâà, 2017.



54 Ê.Á. Áàïàåâ, Ñ.Ñ. Ñëàìæàíîâà

ìíîæåñòâ, ÿâëÿþùóþñÿ îäíîé èç òðóäíûõ çàäà÷ â òåîðèè óñòîé÷èâîñòè
ÐÄÑ.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ êîìïëåêñíàÿ ðàçíîñòíî-
äèíàìè÷åñêàÿ ñèñòåìà (ÊÐÄÑ) âèäà

zn+1 = Azn + f(zn, zn), (1)

ãäå A � êîìïëåêñíàÿ l × l-ìàòðèöà, zn � êîìïëåêñíûé l-ìåðíûé âåêòîð,
f(zn, zn) � ãîëîìîðôíàÿ ïî zn, zn, l-ìåðíàÿ âåêòîð-ôóíêöèÿ, ðàçëîæåíèå
êîòîðîé íå ñîäåðæèò ïîñòîÿííûõ è ëèíåéíûõ ÷ëåíîâ. Ïðåäïîëàãàåòñÿ, ÷òî
ìàòðèöà A èìååòm, ïî ìîäóëþ ðàâíûõ åäèíèöå, êîìïëåêñíûõ ñîáñòâåííûõ
÷èñåë, à îñòàëüíûå r = l −m ïî ìîäóëþ ìåíüøå åäèíèöû.

Ê ÐÄÑ (1) ìîæåò áûòü ñâåäåíà ëþáàÿ äåéñòâèòåëüíàÿ ãîëîìîðôíàÿ
ÐÄÑ, ñîîòâåòñòâóþùàÿ êðèòè÷åñêîìó ñëó÷àþ m-ïàð êîìïëåêñíî ñîïðÿ-
æåííûõ ñîáñòâåííûõ ÷èñåë ïî ìîäóëþ ðàâíûõ åäèíèöå [4].

Èññëåäîâàíèå èíòåðåñóþùåé íàñ ÐÄÑ â äåéñòâèòåëüíîé îáëàñòè âîñõî-
äèò ê ðàáîòàì [1]�[3], [5] êàê äèñêðåòíûé àíàëîã ðàáîòû À. Ïóàíêàðå [6],
À.Ì. Ëÿïóíîâà [7] è È.Ã. Ìàëüêèíà [8] ïðè m = l = 1. Ïðè m > 1 èññëå-
äîâàíèå ÐÄÑ (1) çíà÷èòåëüíî óñëîæíÿåòñÿ [9]�[11]. Äîïîëíèòåëüíî âîç-
íèêàþò ñïåöèôè÷åñêèå îñîáåííîñòè ìíîãîìåðíîãî êðèòè÷åñêîãî ñëó÷àÿ,
ñâÿçàííûå ñ âîçìîæíûì ñóùåñòâîâàíèåì â ÐÄÑ âíóòðåííåãî ðåçîíàíñà

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ÊPÄC (1) îáëàäàåò âíóòðåí-

íèì ðåçîíàíñîì, åñëè ñóùåñòâóåò òàêîé öåëî÷èñëåííûé âåêòîð k =
(k1, k2, . . . , km) ñ âçàèìíî ïðîñòûìè êîìïîíåíòàìè, äëÿ êîòîðîãî ñïðàâåä-
ëèâî ñðàâíåíèå

(k, φ) ≡ 0mod (2π), ∥k∥ =

m∑
j=1

kj , (∥A− eiφ∥) ≡ 0, (2)

ãäå ÷èñëî k � ïîðÿäîê âíóòðåííåãî ðåçîíàíñà.

Â ðàáîòàõ [4], [11] áûëî ïðåäëîæåíî îáîáùåíèå îïèñàííîãî âûøå ìåòîäà
íà íåðåçîíàíñíûå è ðåçîíàíñíûå äåéñòâèòåëüíûå PÄC. Îáîáùåíèå âòîðîãî
ìåòîäà Ëÿïóíîâà íà òîò æå êëàññ PÄC áûëî äàíî â [10].

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ðàñïðîñòðàíåíèå âûøå óêàçàííûõ
ìåòîäîâ èññëåäîâàíèÿ íà êîìïëåêñíûå PÄC âèäà (1) êàê â íåðåçîíàíñíûõ,
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òàê è â ðåçîíàíñíûõ ñëó÷àÿõ. Áóäåì èñïîëüçîâàòü îñíîâíûå ïîíÿòèÿ âòî-
ðîãî ìåòîäà Ëÿïóíîâà äëÿ êîìïëåêñíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, ââåäåííûå â [12]�[14].

Îòíîñèòåëüíî ñîáñòâåííûõ ÷èñåë eiφ ìàòðèöû A áóäåì ïðåäïîëàãàòü
òîëüêî ñëåäóþùåå. Åñëè ñðåäè íèõ åñòü êðàòíûå, òî èì ñîîòâåòñòâóþò
ïðîñòûå ýëåìåíòàðíûå äåëèòåëè.

Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ ìîæíî ñ÷èòàòü, ÷òî ìàòðèöà èìååò
áëî÷íî-äèàãîíàëüíûé âèä

A =

(
Λ

B

)
è ÊÐÄÑ (1) ìîæåò áûòü çàïèñàíà â âèäå

ξn+1 = Λξn + F
(
ξn, ξn, ζn, ζn

)
,

ζn+1 = Bζn + P
(
ξn, ξn, ζn, ζn

)
,

ãäå Λ =
(
δsje

iφj
)
, ìàòðèöà B ïîðÿäêà r = l −m èìååò ñîáñòâåííûå ÷èñëà

ρj , |ρj | < 1, ζn − r-ìåðíûé êîìïëåêñíûé âåêòîð zn = (ξn, ζn).
Áóäåì ïðèäåðæèâàòüñÿ ñëåäóþùèõ îáîçíà÷åíèé: Q∗

m � ìíîæåñòâî m-
ìåðíûõ âåêòîðîâ ñ öåëûìè íåîòðèöàòåëüíûìè êîìïîíåíòàìè, Q1 � ìíî-

æåñòâî öåëûõ ÷èñåë ∥m∥ =
l∑

j=1
|mj | , m ∈ Qm, F

(j)
s � ôîðìà j-ãî ïîðÿäêà

â ðàçëîæåíèè s-îé êîìïîíåíòû ãîëîìîðôíûé âåêòîð-ôóíêöèè F â ðÿä.
Êîýôôèöèåíòû ôîðì îáîçíà÷èì òåìè æå, íî ìàëûìè áóêâàìè. Òàê ÷òî

F (j)
s =

∑
∥p+q∥+∥h+τ∥=j

fp,q,h,τξ
p
nξ

q
nζ

h
nζ

τ
n,

p, q ∈ Q+
m, h, τ ∈ Q+

η , ξpn =
∏M

j=1 ξ
pi
jn. ×åðåç ∆ îáîçíà÷èì ôóíêöèîíàëüíûå

ðàçíîñòè íåêîòîðîé ôîðìû j-ãî ïîðÿäêà âäîëü ëèíåéíîé ÷àñòè ÊÐÄÑ:

∆Φ(j) = Φ(j)
(
Λξn,Λξn,Bζn,Bζn

)
− Φ(j)

(
ξn, ξn, ζn, ζn

)
. (3)

Òîãäà êîýôôèöèåíòû ôîðìû Φ(j) îáðàçóþò j-óþ ïðîèçâîäíóþ ìàòðè-
öû A, êîòîðóþ îáîçíà÷èì ÷åðåç Aj [15]. Åå ñîáñòâåííûå ÷èñëà χ îïðåäå-
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ëÿþòñÿ ôîðìóëîé

χ = exp

[(
i

m∑
ν=1

(pν − qν)φν

)
+ (h lnx) + (τ lnx)

]
, (4)

ãäå p, q ∈ Q+
m, h, τ ∈ Q+

η , ∥p+ q∥+ ∥h+ τ∥ = j.
Ïóñòü α∗ = {α} � ìíîæåñòâî öåëî÷èñëåííûõ ðåøåíèé óðàâíåíèÿ (2).

Âûäåëèì â ýòîì ìíîæåñòâå êîíå÷íûé áàçèñ α(i), ..., α(g), ÷åðåç êîòîðûé
âûðàæàþòñÿ îñòàëüíûå âåêòîðû. Â èòîãå ÐÄÑ (3) áóäåò îáëàäàòü g ñóùå-
ñòâåííî ðàçëè÷íûìè âíóòðåííèìè ðåçîíàíñàìè(

α(1), φ
)
≡ (mod 2π) , ...,

(
α(g), φ

)
≡ 0 (mod 2π) . (5)

Íåðåçîíàíñíûå ÊÐÄÑ ñîîòâåòñòâóþò ñëó÷àþ, êîãäà α(∗) = ∅.

2. Ñòðóêòóðà ðåçîíàíñíîãî ìíîæåñòâà

Ðàññìîòðèì ìíîæåñòâà ïðîèçâîäíûõ ìàòðèö Aj è ïðîèçâåäåì ðàçáèå-
íèå åãî íà îñîáûå è íåîñîáûå ìàòðèöû. Ñ ýòîé öåëüþ ðàññìîòðèì óðàâíå-
íèå

χ = 1. (6)

Èç (4) íåòðóäíî âûâåñòè, ÷òî åñëè ïîëèâåêòîð (p, q, h, l) óäîâëåòâîðÿåò
óðàâíåíèþ (6), òî íåîáõîäèìî h = τ = 0. Ïîýòîìó äîñòàòî÷íî ðàññìîòðåòü
óðàâíåíèå

(p− q, φ) ≡ 0 (mod 2π) . (7)

Ââåäåì â ðàññìîòðåíèå ìíîæåñòâî áèâåêòîðîâ (p, q):

Γ = {(p, q) / (p− q, φ) ≡ 0 (mod 2π) , p, q ∈ Q∗}

Áèâåêòîðû (p, q) ∈ Γ è ñàìè ìíîæåñòâà Γ, Γj áóäåì íàçûâàòü ðåçî-
íàíñòíûìè. Î÷åâèäíî, ÷òî Aj � îñîáàÿ ìàòðèöà òîëüêî òîãäà, êîãäà Γj ̸= ∅.

Âûÿñíèì ñòðóêòóðó ðåçîíàíñíîãî ìíîæåñòâà. Ïðåæäå âñåãî ÿñíî, ÷òî
ðåçîíàíñíûìè áóäóò áèâåêòîðû âèäà (p, p) ∈ Γ2∥p∥ ⊂ Γ, îáðàùàþùèå χ
â åäèíèöó òîæäåñòâåííî ïî φ. Ýòî áèâåêòîðû òîæäåñòâåííîãî ðåçîíàíñà,
îáðàçóþùèå ìíîæåñòâà Γ0 ⊆ Γ, Γ0 =

∪∞
j=1 Γ

0
2j , Γo

2j = {(p, p) / ∥p∥ = j}.
Åñëè ÊÐÄÑ (3) íåðåçîíàíñíàÿ, òî Γ0 ≡ Γ.
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Ïðè íàëè÷èè ðåçîíàíñîâ (5) â Γ âõîäÿò áèâåêòîðû âíóòðåííåãî ðåçî-
íàíñà, óäîâëåòâîðÿþùèå ñðàâíåíèþ(

m(s), φ
)
≡ 0 (mod 2π)

ïðè íåêîòîðîì s = 1, 2, ..., g.

Òàêèì îáðàçîì,
Γ = Γ0

∪
Γ(1)

∪
...
∪

Γ(g),

ãäå Γ(s) =
{
(p, q)/p− q = νm(s), ν ∈ Q1, ν ̸= 0

}
, ïðè÷åì Γ(s)

∩
Γ(j) = ∅.

Çàôèêñèðóåì êàêîé-ëèáî èç ðåçîíàíñîâ (5) è èçó÷èì ñòðîåíèå ñîîòâåò-
ñòâóþùåãî åìó ìíîæåñòâà Γ(s). Çàïèøåì åãî â âèäå

Γ(s) =
∞∪
j=2

Γ(s), Γ
(s)
j =

{
(p, q) ∈ Γ(s), ∥p+ q∥ = j

}
.

È ïîëîæèì äëÿ îïðåäåëåííîñòè

m
(s)
1 , ...,m

(s)
h ≥ 0, m

(s)
h+1, ...,m

(s)
l < 0.

Ïîêàæåì, ÷òî èç íåðàâåíñòâà p− q = νm(s) ïðè ôèêñèðîâàííîì ν ñëå-
äóåò, ÷òî

min ∥p+ q∥ = ν · ls, ls =
∥∥∥m(s)

∥∥∥ . (8)

Äåéñòâèòåëüíî, ïðè ν > 0 èìååì

Pj = νm
(s)
j + qj , qj > 0, j = 1, 2, ..., h,

Pj = νm
(s)
j + qj , qj ≥ −νm

(s)
j , j = h+ 1, ..., l.

Îòêóäà

min
Γ(s)

∥q∥ = ν
(∥∥∥m(s)

n+1

∥∥∥+ ...+
∥∥∥m(s)

l

∥∥∥) ,
min
Γ(s)

∥p∥ = ν
(∥∥∥m(s)

1

∥∥∥+ ...+
∥∥∥m(s)

h

∥∥∥) .
×òî è äàåò (8). Ïðè ν < 0 ðàññóæäåíèÿ àíàëîãè÷íû.
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Ïðè ν = ±1 ïîëó÷èì áèâåêòîðû ñ ìèíèìàëüíîé íîðìîé, ïðèíàä-
ëåæàùèå Γ(s). Òàêèõ âåêòîðîâ äâà:

(
p(s), q(s)

)
,
(
q(s), p(s)

)
, ãäå p(s) =(

m
(s)
1 , ...,m

(s)
h , 0, ...0

)
, q(s) =

(
0, ...0,−m

(s)
h+1, ...,−m

(s)
l

)
.

Îòñþäà ñëåäóåò, ÷òî Γ
(s)
j = ∅ ïðè 2 ≤ j ≤ m(s) − 1. È ïåðâîå íåïóñòîå

ìíîæåñòâî èìååò ñëåäóþùèé âèä

Γs
m(s) =

{(
p(s), q(s)

)
,
(
q(s), p(s)

)}
.

Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî Γ∗ ⊂ Γ ÿâëÿåòñÿ ïîëîæèòåëüíûì

áàçèñîì â Γ, åñëè ëþáîé ýëåìåíò èç Γ ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé íàä

Q∗
1 ýëåìåíòîâ èç Γ∗.

Óáåäèìñÿ, ÷òî

Γ∗ = Γ◦
2

∪(
g∪

s=1

Γs
m(s)

)
. (9)

Ïðåæäå âñåãî âèäíî, ÷òî Γ◦∗ = Γ
(◦)
2 = {(e1, e1) , ..., (el, el)} , ãäå es � s-ûé

îðò â Q+
l .

Ïóñòü (p, q) ∈ Γ(s). Ñ ïîìîùüþ (8) ìîæíî óáåäèòüñÿ, ÷òî

p = |ν| p(s) + p◦, η = |ν| q(s) + p◦, p◦ ∈ Q+. (10)

Èç (10) ñëåäóåò, ÷òî (p, q) åñòü ëèíåéíàÿ êîìáèíàöèÿ íàä Q+
1 ýëåìåíòîâ

èç Γ◦
2 è Γ

(s)

m(s) . Ó÷èòûâàÿ, ÷òî Γ(j)
∩

Γ(s) = ∅, ïîëó÷àåì â êà÷åñòâå èñêîìîãî
áàçèñà (9).

Èç (10) ìîæíî òàêæå âûâåñòè, ÷òî ëþáîé áèâåêòîð èç Γ(s) èìååò íîðìó,
îïðåäåëÿåìóþ ðàâåíñòâîì ∥p+ q∥ = ν ∥ms + 2j∥ ïðè íåêîòîðûõ çíà÷åíèÿõ
j = 0, 1, 2, ... è |ν| = 1, 2, ... .

Åñëè ïîðÿäîê ðåçîíàíñà ÷åòíûé, òî íåïóñòûìè áóäóò òîëüêî ðåçîíàíñ-
íûå ìíîæåñòâà ÷åòíîãî ïîðÿäêà

Γ(s) =

∞∪
j=0

Γ
(s)

m(s)+2j
.
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Åñëè æå ðåçîíàíñ íå÷åòíûé, òî

Γ(s) =

y2(ms+1)∪
j=0

Γ
(s)

m(s)+2j

∪ ∞∪
j=0

Γ
(s)

2m(s)+j

 .

3. Ïîëèíîìèíàëüíûå ñóììû ëèíåéíîé ÐÄÑ

Ðàññìîòðèì ëèíåéíóþ ÊÐÄÑ

ξn+1 = Λξn; ζn+1 = Bζn (11)

è ôóíêöèîíàëüíûå óðàâíåíèÿ âäîëü ðåøåíèÿ (11)

Φ(j)
(
Λξn,Λξn,Bζn,Bζn

)
− Φ(j)

(
ξn, ξn, ζn, ζn

)
= ∆Φ(j)

(
ξn, ξn, ζn, ζn

)
= 0,
(12)

îïðåäåëÿþùèå ñóììû ÐÄÑ (11) â âèäå ôîðì j-ãî ïîðÿäêà.

Ëåììà 1. Åñëè ìíîæåñòâî Γj ̸= 0, òî ÊÐÄÑ (11) èìååò ñåìåéñòâî â êà÷å-
ñòâå ñóììû ôîðì j-ãî ïîðÿäêà, ïðåäñòàâëÿåìîå â âèäå

Φ(j) =
∑
rj

γ(j)p,qξ
p
nξ

p
n =

∑
rj

γ(j)p,qΦ
(j)
p,q, (13)

ãäå γ
(j)
p,q � ïðîèçâîëüíûå êîìïëåêñíûå ïîñòîÿííûå. Åñëè γ

(j)
p,q = γq,p, òî Φ(j)

� äåéñòâèòåëüíûå ñóììû.

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ÊÐÄÑ ξn+1 = Bξn íå ìîæåò èìåòü ñóì-
ìû óêàçàííîãî âèäà. Ïîýòîìó äîñòàòî÷íî ðàññìîòðåòü ïîäñèñòåìó ξn+1 =
Λξn, à âìåñòå ñ (12) ñëåäóåò ðàññìàòðèâàòü óðàâíåíèÿ

Φ(j)
(
Λξn,Λξn

)
− Φ(j)

(
ξn, ξn,

)
= ∆Φ

(
ξn, ξn

)
= 0. (14)

Ïîäñòàâëÿÿ â (14) Φ(j)
p,q, èìååì

Φ(j)
p,q

(
Λξn,Λξn

)
= (p, q) exp i [(p− q) , φ] Φp,q

(
ξn, ξn

)
.

Îòêóäà ñëåäóåò, ÷òî Φ
(j)
p,q ÿâëÿþòñÿ ñóììàìè ÊÐÄÑ òîãäà è òîëüêî òîãäà,

êîãäà (p, q) ∈ Γj . Ïîýòîìó ëþáàÿ ñóììà â âèäå ôîðìû j -ãî ïîðÿäêà ñîäåð-
æèòñÿ â ñåìåéñòâå (13). Ïîñëåäíåå óòâåðæäåíèå ëåììû î÷åâèäíî.
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Ïîëèíîìèàëüíûå ñóììû (11) ìîãóò áûòü ñêîíñòðóèðîâàíû èç ñóììû
Φ(j) ïðè ðàçëè÷íûõ j è ïðè êîòîðûõ Γj ̸= ∅. Ðàññìîòðèì ìíîæåñòâî âñåõ
ïîëèíîìèàëüíûõ ñóìì S. Îíî ñîäåðæèò ïîäìíîæåñòâî S∗, ñîñòîÿùåå èç
ñóìì ÊÐÄÑ Φ

(j)
p,q ñ (p, q) ∈ Γj . Ìíîæåñòâî S∗ îáðàçóåò â S áàçèñ â òîì

ñìûñëå, ÷òî ëþáàÿ ñóììà èç S ïîëèíîìèàëüíî çàâèñèò îò ñóììû èç S∗.
Ó÷èòûâàÿ ñòðóêòóðó ìíîæåñòâà S∗, ìîæíî óòâåðæäàòü, ÷òî ëþáàÿ ïîëè-
íîìèàëüíàÿ ñóììà (11) åñòü ïîëèíîì îò m+ 2g ñóììû èç ìíîæåñòâà

S∗ =
{
ωrn, ..., ωmn, ξ

p(s)
n ξ

q(s)
}
, s = 1, ..., g. (15)

Äëÿ íåðåçîíàíñíûõ ÊÐÄÑ S∗ = {ω1n, ..., ωmn} , ωsn = ξsnξsn.

4. Î ôîðìàëüíîì ðÿäå äëÿ ÊÐÄÑ (3)

Ðàññìîòðèì ôóíêöèîíàëüíûå óðàâíåíèÿ

∆Φ(j) = G
(
ξn, ξn, ζn, ζn

)
, (16)

ãäå G(j) � èçâåñòíàÿ ôîðìà.

Ëåììà 2. Åñëè ìíîæåñòâî Γj = ∅, òî óðàâíåíèå (16) èìååò åäèíñòâåííîå
ðåøåíèå â âèäå ôîðìû Φ(j). Ïðè÷åì, åñëè G(j) � äåéñòâèòåëüíàÿ ôîðìà,

òî è Φ(j) äåéñòâèòåëüíàÿ.

Äîêàçàòåëüñòâî ñëåäóåò èç òåîðåìû 1.3 [12] è îñíîâàíî íà òîì, ÷òî â óñëî-
âèÿõ ëåììû ïðîèçâîäíàÿ ìàòðèöà Aj ìàòðèöû A íåîñîáåííàÿ.

Ëåììà 3. Åñëè ìíîæåñòâî Ãj = ∅, òî êàêîâà áû íè áûëà ôîðìà G(j),

ñóùåñòâóþò òàêèå α
(j)
p,q, ÷òî óðàâíåíèå

∆Φ(j) =
∑
Γj

α(j)
p,qξ

p
n, ξ

q
n +G(j)

(
ξn, ξn, ζn, ζn

)
(17)

èìååò ñåìåéñòâî ðåøåíèé,

Φ(j) =
∑
Γj

γ(j)p,qξ
p
n, ξ

q
n + Φ̂(j)

(
ξn, ξn, ζn, ζn

)
, (18)
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ãäå γ
(j)
p,q � ïðîèçâîëüíûå êîìïëåêñíûå ïîñòîÿííûå. Φ̂(j) è α

(j)
p,q îäíîçíà÷íî

îïðåäåëÿþòñÿ ôîðìîé G(j). Ïðè ýòîì

α(j)
p,q = −G

(j)
p,q,0,0. (19)

Åñëè G(j) � äåéñòâèòåëüíàÿ ôîðìà, òî ïðè γ
(j)
p,q = γ

(j)
p,q ôîðìà Φ(j) òàêæå

äåéñòâèòåëüíàÿ.

Äîêàçàòåëüñòâî. Çàïèøåì Φ(j) â âèäå

Φ(j) = Φ
(j)
◦
(
ξn, ξn

)
+Φ

(j)
1

(
ξn, ξn

)
+Φ(j)

(
ξn, ξn, ζn, ζn

)
.

Â òàêîì æå âèäå ïðåäñòàâèì è ôîðìó G(j). Óðàâíåíèå (17) ðàñïàäàåòñÿ íà
òðè íåçàâèñèìûõ óðàâíåíèÿ

∆Φ
(j)
◦ =

∑
Γj

α(j)
p,qξ

p
n, ξ

q
n +G

(j)
0

(
ξn, ξn

)
, (20)

∆Φ
(j)
1 = G

(j)
1

(
ξn, ξn

)
, (21)

∆Φ
(j)
2 = G

(j)
2

(
ξn, ξn, ζn, ζn

)
. (22)

Íàõîäÿ ðåøåíèÿ óðàâíåíèÿ (17), ïðèäåì ê ñèñòåìå ëèíåéíûõ íåîäíî-
ðîäíûõ óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ β (j) ôîðìû Φ(j) ñ ìàòðè-
öåé Aj . Ó÷èòûâàÿ, ÷òî óðàâíåíèå (17) ðàñïàäàåòñÿ íà óðàâíåíèÿ (20)-(21),
ìîæíî óòâåðæäàòü, ÷òî ïðîèçâîäíàÿ ìàòðèöà Aj èìååò áëî÷íóþ ñòðóêòó-
ðó,

Aj =

 A
(0)
j 0 0

0 A
(1)
j 0

0 0 A
(2)
j

 .

Íî òîãäà è âñå ñîáñòâåííûå ÷èñëà χ ìàòðèöû Aj ðàñïàäóòñÿ íà òðè ãðóïïû,

ñîîòâåòñòâóþùèå ìàòðèöàì A
(s)
j :

χ(0) = exp i ((p− q) , φ) , p, q ∈ Q+
m, ∥p+ q∥ = j,

χ(1) = exp ((h, ln ρ) + (τ, ln ρ)) , h, τ ∈ Q+
r , ∥h+ τ∥ = j,
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χ(2) = exp (i (p− q) , φ) + (h, ln ρ) + (τ, ln ρ) ,

p, q ∈ Q+
m, h, τ ∈ Q+

r , ∥p+ q∥+ ∥h+ τ∥ = j

Èç ôîðìóë, îïðåäåëÿþùèõ ÷èñëà χ(1) è χ(2), ñëåäóåò, ÷òî ìàòðèöû A
(1)
j

è A
(1)
j íåîñîáûå è óðàâíåíèÿ (21), (22) èìåþò îäèíàêîâîå ðåøåíèå (ñð. ñ

Ëåììîé 2). Ïðè÷åì Φ
(j)
1 è Φ

(j)
2 äåéñòâèòåëüíû, åñëè òàêîâû G

(j)
1 , G(j)

2 .

Ðàññìîòðèì óðàâíåíèå (20). Ïîëàãàÿ G
(j)
0 =

∑
j G

(j)
p,qξ

p
n, ξ

q
n, èç (20) ïî-

ëó÷èì
(exp i (p− q, φ)− 1)Rp,q = G(j)

p,q, (p, q) /∈ Γj ,

0R(j)
p,q = α(j)

p,q +G(j)
p,q, (p, q) ∈ Γj .

Ñëåäîâàòåëüíî, åñëè ïîëîæèòü

α(j)
p,q = −G(j)

p,q, (23)

òî óðàâíåíèå (20) èìååò ðåøåíèå

∆Φ̂
(j)
0 =

∑
(p,q)/∈Γj

G(j)
p,q/

(
[exp i [(p− q), φ]− 1]ξpn, ξ

q
n

)
,

à (16) èìååò ðåøåíèå

Φ̂
(j)
0 = Φ̂

(j)
0 +Φ

(j)
1 +Φ

(j)
2 .

Ïîëàãàÿ φ
(j)
p,q = γ

(j)
p,q ïðè (p, q) ∈ Γj , ãäå γ

(j)
p,q � ïðîèçâîëüíûå ïîñòîÿííûå,

ïîëó÷èì èñêîìîå ñåìåéñòâî ðåøåíèé. Åñëè G(j) � äåéñòâèòåëüíàÿ ôîðìà,
òî G

(j)
p,q = G

(j)
q,p è òîãäà α

(j)
p,q = α

(j)
q,p. Åñëè ïîëîæèòü γ

(j)
p,q = γ

(j)
p,q, òî è Φ(j)

áóäåò äåéñòâèòåëüíîé ôîðìîé. Ëåììà äîêàçàíà.
Â îñíîâå ïîñòðîåíèÿ ïîëèíîìèàëüíûõ ôóíêöèé Ëÿïóíîâà ëåæèò ñëå-

äóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü Γk ̸= ∅. Òîãäà ñóùåñòâóåò ôîðìàëüíûé ðÿä

Φ = Φ0
(
ξn, ξn

)
+Φ(k+1)

(
ξn, ξn, ζn, ζn

)
+ ... (24)
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òàêîé, ÷òî åãî ôîðìàëüíàÿ ðàçíîñòü â ñèëó (3) èìååò âèä

∆Φ =

∞∑
j=k+1

/
∑

α(j)
p,qξ

p
n, ξ

q
n, (25)

ãäå / îçíà÷àåò, ÷òî ñóììèðîâàíèå âåäåòñÿ ïî òåì j, , äëÿ êîòîðûõ Γj ̸= ∅.
Ôîðìû Φ(j) â (24) èìåþò âèä (18) ïðè Γj ̸= ∅, è îäíîçíà÷íî îïðåäå-

ëÿþòñÿ ïðè Γj ̸= ∅, ãäå ÷èñëà α
(j)
p,q � ëèíåéíûå ôóíêöèè ïðîèçâîëüíûõ

ïîñòîÿííûõ γ
(r)
p,q ñ r < j.

Åñëè γ
(j)
p,q = γ

(j)
p,q, òî Φ è ∆Φ � äåéñòâèòåëüíûå ðÿäû.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ðÿä (24) è ïîïûòàåìñÿ ôîðìû Φ(j) ïîäî-
áðàòü òàê, ÷òîáû ∆Φ èìåëî êàê ìîæíî áîëåå ïðîñòóþ ñòðóêòóðó. Ñ ýòîé
öåëüþ âîçüìåì ðÿä

Ψ =
∞∑

j=k+1

Ψ
(
ξn, ξn, ζn, ζn

)
è ðàññìîòðèì óðàâíåíèå

∆Φ = Ψ. (26)

Èç (26) äëÿ ïîñëåäîâàòåëüíîãî îïðåäåëåíèÿ ôîðì Φ(j) èìååì

Φ(j) = Ψ(j) +G(j). (27)

Ïðè j = k (27) èìååò âèä ∆Φ = 0 è ñëåäîâàòåëüíî, Φ(k) � ñóììà ëèíåé-
íîé ÷àñòè (16) (òàê êàê Γj ̸= ∅, òî Φ(k) ̸= ∅).

Èç ñòðóêòóð ôîðìû G(j) è Ëåìì 2 è 3 ñëåäóåò, ÷òî óðàâíåíèå (26) ïðè
ñîîòâåòñòâóþùåì âûáîðå Ψ èìååò ðåøåíèå ïðè âñåõ j > k.

Ïðè÷åì, åñëè Γj = ∅, òî ìîæíî ïîëîæèòü Ψ ≡ 0.

Åñëè æå Γj ̸= ∅, òî (26) èìååò ðåøåíèå ïðè Ψ =
∑
Γj

α
(j)
p,qξ

p
n, ξ

q
n, α

(j)
p,q =

−G
(j)
p,q,0,0. Ñëåäîâàòåëüíî, ôîðìû Φ(j) ìîæíî ïîñëåäîâàòåëüíî îïðåäåëèòü

òàê, ÷òîáû ðÿä (24) âäîëü ðåøåíèÿ ÐÄÑ (3) èìåë ïåðâóþ ðàçíîñòü â âèäå
(25). Ïîñêîëüêó ïðè Γj = ∅ ôîðìû Φ(j) èìåþò âèä (18), òî èç ñòðóêòó-

ðû ôîðì G(j) â (27) ñëåäóåò, ÷òî α
(j)
p,q � ëèíåéíûå ôóíêöèè ïðîèçâîëüíûõ

ïîñòîÿííûõ γ
(µ)
p,q , µ < j.
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Ìîæíî óáåäèòüñÿ, ÷òî åñëè γ
(j)
p,q = γ

(j)
q,p, òî α

(j)
p,q = α

(j)
q,p è ðÿäû Φ è ∆Φ

áóäóò äåéñòâèòåëüíûìè. Òåîðåìà äîêàçàíà.
Çàìåòèì, ÷òî ðÿä (24) ìîæíî ïðåäñòàâèòü â âèäå ñóììû

Φ =

∞∑
Γk

γp,qξ
p
nξ

q
n +

∧
Φ
(
ξn, ξn, ζn, ζn

)
,

ãäå
∧
Φ îäíîçíà÷íî îïðåäåëÿåòñÿ ÷åðåç ïîñòîÿííûå γ(j)p,q .
Ëþáîé îòðåçîê ïåðâîãî ñëàãàåìîãî-ñóòü ïîëèíîìèàëüíàÿ ñóììà ëèíåé-

íîé ÊÐÄÑ è ìîæåò áûòü âûðàæåí êàê ïîëèíîì îò ñóììû âõîäÿùèõ â S∗.

5. Ïîëèíîìèàëüíûå ôóíêöèé Ëÿïóíîâà

Ðàññìîòðèì ðÿä (24), ïðåäïîëàãàÿ, ÷òî k = 2:

Φ = Φ(2)
(
ξn, ξn

)
+Φ(3)

(
ξn, ξn, ζn, ζn

)
(28)

è áóäåì ñ÷èòàòü, ÷òî ïîñòðîåííûå Φ è ∆Φ � äåéñòâèòåëüíûå ðÿäû. Åñëè
m = 1, òî ÷èñëà α(j)

p,q áóäóò ýêâèâàëåíòíû ôîêóñíûì ïîñòîÿííûì Ëÿïóíîâà
Gj â ïëîñêîé ïðîáëåìå öåíòðà è ôîêóñà [4]. Â ìíîãîìåðíîì ñëó÷àå (m > 1)
ýòè ïîñòîÿííûå ìû òàê æå áóäåì íàçûâàòü ïîñòîÿííûìè Ëÿïóíîâà. Ñóùå-
ñòâåííîé îñîáåííîñòüþ ìíîãîìåðíûõ ïîñòîÿííûõ Ëÿïóíîâà ÿâëÿåòñÿ èõ
çàâèñèìîñòü îò ïðîèçâîëüíûõ ïîñòîÿííûõ γ

(j)
p,q . Â çàâèñèìîñòè îò ñâîéñòâ

ïîñòîÿííûõ Ëÿïóíîâà âñå ÊÐÄÑ (3) ìîãóò áûòü ðàçáèòû íà äâà êëàññà.

1. Ñóùåñòâóåò òàêîé âûáîð ïàðàìåòðîâ γ
(j)
p,q = γ

(j)
q,p, ÷òî

à) α(j)
p,q = 0 (∀ (p, q) ∈ Γ) ,

á) Φ(l) � çíàêîïåðåìåííàÿ ôîðìà.

2. Ïðè ëþáîì âûáîðå ïàðàìåòðîâ γ
(j)
p,q = γ

(j)
q,p, óäîâëåòâîðÿþùèõ 1á,

óñëîâèå 1à íàðóøàåòñÿ.
Îáîçíà÷èì ÷åðåç V2µ îòðåçîê ðÿäà (28) äî ôîðì µ-ãî ïîðÿäêà. Åãî

ðàçíîñòü âäîëü ðåøåíèÿ (3) èìååò âèä

∆V2,l =

µ∑
j=3

∑
Γj

αp,qξ
p
nξ

q
n +Rµ+1

(
ξn, ξn, ζn, ζn

)
= [∆V2,µ] +Rµ+1, (29)

ãäå Rµ+1 ñîâîêóïíîñòü ÷ëåíîâ ïîðÿäêà ≥ µ+1. Íåïîñðåäñòâåííîå èñïîëü-
çîâàíèå ïîëèíîìà V2,µ â êà÷åñòâå ôóíêöèè Ëÿïóíîâà îñëîæíÿåòñÿ òåì, ÷òî
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V2,µ è ∆V2,µ â îáùåì ñëó÷àå r ̸= 0 ìîãóò áûòü çíàêîïåðåìåííûìè ëèøü îò-
íîñèòåëüíî ξn, ξn. Îáû÷íî â òàêîé ñèòóàöèè, ïðåæäå ÷åì ïðîâîäèòü àíàëèç
óñòîé÷èâîñòè, ïðèìåíÿþò ïðèíöèïû ñâåäåíèÿ [10].

Îäíàêî, íà ñàìîì äåëå íåò íåîáõîäèìîñòè â ïðèìåíåíèè ïðèíöèïà ñâå-
äåíèÿ ïðè ïîñòðîåíèè åãî äëÿ àíàëèçà óñòîé÷èâîñòè ñ ïîìîùüþ äèñêðåò-
íîãî àíàëîãà òåîðåì Ëÿïóíîâà [4].

Ëåììà 4. Ïîñòîÿííûå Ëÿïóíîâà α
(j)
p,q èíâàðèàíòíû îòíîñèòåëüíî ïðåîá-

ðàçîâàíèÿ, èñïîëüçóåìîãî â ïðèíöèïå ñâåäåíèÿ [9].

Äîêàçàòåëüñòâî. Ïóñòü Ô � ðÿä (29), ïîñòîÿííûé äëÿ ÊÐÄÑ (3). Òîãäà
ñïðàâåäëèâî òîæäåñòâî

∆Φ =

µ∑
j=3

∑
α(j)
p,qξ

p
nξ

q
n. (30)

Â ñîîòâåòñòâèè ñ ïðèíöèïîì ñâåäåíèÿ ðàññìîòðèì ôóíêöèîíàëüíûå
óðàâíåíèÿ

ξ (Λξn) + F
(
ξn, ξn, ζn, ζn

)
∗ Λ̄ξn+

+F̄
(
ξn, ξn, ζn, ζn

)
= Bξn + P

(
ξn, ξn, ζn, ζn

)
, (31)

êîòîðûå äîïóñêàþò â êà÷åñòâå ðåøåíèÿ ôîðìàëüíûé ðÿä

ζn = ζ
(
ξn, ζn

)
=

∞∑
j=2

ζ(j)
(
ξn, ξn

)
.

Ñäåëàåì â (3) çàìåíó ζn = ηn + ζ
(
ξn, ξn

)
.

Òîãäà ïîëó÷èì

ξn+1 = Λξn + F
(
ξn, ξn, ηn + ξ, η̄ + ξ

)
, (32)

ηn+1 = χηn + P∗ (ξn, ξn, ηn, η̄n)
Âûäåëèì èç (32) óêîðî÷åííóþ ÊÐÄÑ

ξn+1 = Λξn + F
(
ξn, ξn, ζn, ζn

)
(33)
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è óáåäèìñÿ, ÷òî ïîñòîÿííûå Ëÿïóíîâà äëÿ ÐÄÑ (32) è (3) ñîâïàäàþò. Ñ
ýòîé öåëüþ ðàññìîòðèì ðÿä Φ∗ = Φ

(
ξn, ξn, ζn, ζn

)
è âû÷èñëèì ∆Φ∗ â ñèëó

(33). Ó÷èòûâàÿ, ÷òî ξn, ξn îáðàùàåò (31) â òîæäåñòâî, áóäåì èìåòü

∆Φ∗ =

µ∑
j=3

∑
Γj

αp,qξ
p
nξ

q
n,

ãäå α(j)
p,q òå æå, ÷òî è â ∆Φ. Ëåììà äîêàçàíà.

Åñëè [∆V2,µ] � çíàêîîïðåäåëåííûé ïîëèíîì, òî V2,l, îòðåçîê ðÿäà Φ∗,
ÿâëÿåòñÿ ôóíêöèåé Ëÿïóíîâà äëÿ ÊÐÄÑ (32).

È õîòÿ ∆V2,µ íå áóäåò ôîðìàëüíî ôóíêöèåé Ëÿïóíîâà äëÿ ïîëíîé
ÊÐÄÑ (3), òåì íå ìåíåå, ìû ìîæåì ñ åå ïîìîùüþ ñäåëàòü çàêëþ÷åíèÿ
îá óñòîé÷èâîñòè òî÷íî òàêèå, êàê è ñ ïîìîùüþ Φ∗ Èìåííî ýòî è ïîçâîëÿ-
åò èçáåæàòü ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ, ïðåäóñìàòðèâàåìîãî ïðèíöèïîì
ñâåäåíèÿ.

Òåîðåìà 2. Äëÿ òîãî, ÷òîáû ÊÐÄÑ (3) îáëàäàëà íåçàâèñÿùåé îò n ôîð-

ìàëüíîé ñóììîé (28), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûáîðîì ïàðàìåò-

ðîâ γ
(j)
p,q = γ

(j)
q,p âñå ïîñòîÿííûå Ëÿïóíîâà α

(j)
p,q ìîæíî áûëî îáðàòèòü â íóëü,

ò.å. ÷òîáû áûëà ñîâìåñòíîé ñ÷åòíàÿ ñèñòåìà óðàâíåíèé

α(j)
p,q = 0, ∥p+ q∥ = j, (p, q) ∈ Γj , j = 3, 4, ... . (34)

Åñëè ïðè ýòîì Φ(2) � çíàêîîïðåäåëåííàÿ ôîðìà, òî ÊÐÄÑ (3) óñòîé÷èâà
ïî Áèðêãîôó â ëþáîì êîíå÷íîì ïîðÿäêå, è óñòîé÷èâà ïî Ëÿïóíîâó, åñëè

ðÿä (28) ñõîäèòñÿ.

Ñôîðìóëèðîâàííàÿ òåîðåìà ïðèâîäèò ê ìíîãîìåðíîìó àíàëîãó ïðîáëå-
ìû öåíòðà è ôîêóñà, îäíîé èç çàäà÷ êîòîðîãî ÿâëÿåòñÿ âûäåëåíèå êëàññà
ñèñòåì, äëÿ êîòîðûõ âûïîëíÿåòñÿ (34).

Òðàíñöåíäåíòíûé ñëó÷àé óñòîé÷èâîñòè, îïðåäåëÿåìûé óñëîâèÿìè (34),
ìîæåò áûòü äâóõ òèïîâ:

à) (34) âûïîëíÿåòñÿ òîæäåñòâåííî ïî γ
(j)
p,q ,

á) (34) âûïîëíÿåòñÿ ïðè ôèêñèðîâàííîì âûáîðå âñåõ èëè ÷àñòè γ
(j)
p,q .

Òðàíñöåíäåíòíûå ñëó÷àè óñòîé÷èâîñòè, èçó÷àâøèåñÿ â [16], îòíîñÿòñÿ ê
òèïó à). Ìîæíî ïîêàçàòü, ÷òî ê òîìó æå òèïó îòíîñèòñÿ è ñëó÷àé, êîòîðûé
õàðàêòåðèçóåòñÿ íàëè÷èåì ó (3) m� ñóììû
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Φs = ξnξn +Φ(3)
s

(
ξn, ξn, ζn, ζn

)
+ ...; s = 1,m. (35)

Îòìåòèì áåç äîêàçàòåëüñòâà ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3. Åñëè ïðàâûå ÷àñòè ÊÐÄÑ (3) � àíàëèòè÷åñêèå ôóíê-

öèè ξn è, åñëè â ÐÄÑ íåò ðåçîíàíñîâ (L,φ) ≡ 0 (mod2π) òàêèõ ÷òî

(∃s) (∃j)
(
kj + δsj ≥ 0

)
, òî ó íåå ñóùåñòâóåò ôîðìàëüíàÿ ñóììà (28) è íó-

ëåâîå ðåøåíèå óñòîé÷èâî, ïî êðàéíåì ìåðå, â ëþáîì êîíå÷íîì ïîðÿäêå.

ÊÐÄÑ (3), óäîâëåòâîðÿþùèå Òåîðåìå 3, èìåþò ñåìåéñòâî ñóìì (35).
Êàê ñëåäóåò èç [4], â ýòîì ñëó÷àå ÊÐÄÑ (3) îáëàäàåò ñåìåéñòâîì îãðàíè-
÷åííûõ ðåøåíèé (ïî êðàéíåé ìåðå, ôîðìàëüíûì), àíàëîãè÷íûõ ñåìåéñòâó
ïåðèîäè÷åñêèõ ðåøåíèé À.Ì. Ëÿïóíîâà [2].

Ðàññìîòðèì ÊÐÄÑ 2-ãî êëàññà. Äëÿ ëþáîé òàêîé ÊÐÄÑ âûïîëíÿåòñÿ
óñëîâèå (α2,µ = 0). Ñóùåñòâóåò òàêîå íàòóðàëüíîå µ, ÷òî ñèñòåìà ëèíåéíûõ
óðàâíåíèé

α(j)
p,q = 0, ∥p+ q∥ = j, j = 2, ..., µ− 1, (36)

äîïóñêàåò îòíîñèòåëüíî γ
(h)
p,q íåòðèâèàëüíîå ðåøåíèå. Íî ñèñòåìà (36)

íåñîâìåñòèìà ïðè j = 2, 3, ..., µ.
Ðàññìîòðèì ïîëèíîì V2,µ � îòðåçîê ðÿäà (28) äî µ-ãî ïîðÿäêà. Â êà-

÷åñòâå ïàðàìåòðîâ γ(h) â V2,µ âõîäèò â ñåìåéñòâî ðåøåíèé ñèñòåìû (36).
Òîãäà ïåðâàÿ ðàçíîñòü (29) îò ïîëèíîìà V2,µ áóäåò èìåòü âèä

∆V2,µ =
∑
Γ

α(µ)
p,q ξ

p
nξ

q
n +Rµ+1 = [∆V2,µ] +Rµ+1. (37)

Ëåììà 4 è Òåîðåìà Ëÿïóíîâà [5] ïðèâîäÿò ê ñëåäóþùåìó ðåçóëüòàòó.

Òåîðåìà 4. Ïóñòü PÄC (3) ïðèíàäëåæèò òèïó α2,µ ñ ÷åòíûì µ = 2N0,

ïóñòü âûáîðîì ïàðàìåòðîâ γ
(h)
p,q , 2 ≤ h ≤ µ − 1, óäîâëåòâîðÿþùèõ ïðè

2 ≤ h ≤ µ−1 ñèñòåìå (36), ìîæíî äîáèòüñÿ îïðåäåëåííîé ïîëîæèòåëüíîñòè
ôîðìû [∆V2,µ].

Òîãäà, åñëè Φ(2)îïðåäåëåííî îòðèöàòåëüíî, òî íóëåâîå ðåøåíèå ÊPÄC

(3) àñèìïòîòè÷åñêè óñòîé÷èâî è íåóñòîé÷èâî â ïðîòèâíîì ñëó÷àå. Åñëè

ÊPÄC (3) íåðåçîíàíñíàÿ, òî ÷èñåë µ íåîáõîäèìî ÷åòíîå Φ(2) =
∑m

j=1 γjωjn,

à [∆V2,µ] çàâèñèò òîëüêî îò ωjn, ÷òî ñëåäóåò èç ñòðóêòóðû ìíîæåñòâ

Γ, Γ∗, S∗.
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Åñëè óäàñòñÿ âûáîðîì γ
(h)
p,q äîáèòüñÿ âûïîëíåíèÿ íå òîëüêî (36), íî è

îáðàùåíèÿ â íóëü ÷èñåë αµ
p,q ïðè p ̸= q, òî è â ðåçîíàíñíîì ñëó÷àå [∆V2,µ]

áóäåò çàâèñåòü òîëüêî îò ω1n, ..., ωmn. Çàìåòèì, ÷òî ïîñëåäíåå òðåáîâàíèå
â ìíîãîìåðíûõ ÊPÄC çà÷àñòóþ âûïîëíèìî. Òàê, åñëè µ = 2N ïîðÿäîê
ìëàäøåãî âíóòðåííåãî ðåçîíàíñà, òî íóæíî äîáèòüñÿ îáðàùåíèÿ â íóëü
ëèøü äâóõ ÷èñåë Ëÿïóíîâà, ñîîòâåòñòâóþùèõ ìíîæåñòâó Γ

(s)
µ(s).

Åñëè æå âûøå óêàçàííûå òðåáîâàíèÿ âûïîëíåíû, òî àíàëèç çíàêîîïðå-
äåëåííîñòè ôîðìû [∆V2,µ] ïðèíöèïèàëüíî îñóùåñòâèì. Ýòîò àíàëèç îñ-
íîâàí íà òåîðåìà Ïîëèÿ [17] îá îäíîðîäíûõ ôîðìàõ îò ïîëîæèòåëüíûõ
ïåðåìåííûõ.

×òîáû ñïèñàòü ïðîöåññ èññëåäîâàíèÿ çíàêàîïðåäåëåííîñòè íà ýòîé òåî-
ðåìå, ðàññìîòðèì ñîâîêóïíîñòü ôîðì

[∆Vµ+k] =
∑

|p|=N+k

∆Vµ+kω
p
n =

∆Vµ+k

 m∑
j=1

ωjn

k
 .

×åðåç Sm îáîçíà÷èì ñèñòåìó ëèåéíûõ íåðàâåíñòâ α
(N+k)
p > 0, ∥p∥ =

N + k, p ∈ Q (Sm) . Íåïîñðåäñòâåííûì ñëåäñòâèåì òåîðåìû Ïîëèÿ ÿâëÿ-
åòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 5. Äëÿ òîãî, ÷òîáû [Vµ+k] âûáîðîì ïàðàìåòðîâ γ
(j)
p,q ìîãëà áûòü

îïðåäåëåíî ïîëîæèòåëüíîé, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëî

òàêîå m, ïðè êîòîðîì ñèñòåìà ëèíåéíûõ íåðàâåíñòâ (Sm) ñîâìåñòíà.

Ëåììà 5 îïèñûâàåò ðåãóëÿðíûé ïðîöåññ âûáîðà ïàðàìåòðîâ, îáåñïå-
÷èâàþùèõ çíàêîîïðåäåëåííîñòü [△Vp+k]. Îäíàêî, íåäîñòàòêîì ýòîãî ïðî-
öåññà ÿâëÿåòñÿ òî, ÷òî ìû íå ìîæåì óêàçàòü âåðõíåé ãðàíèöû ÷èñëà m,
ïðè÷åì ýòà ãðàíèöà íå ìîæåò áûòü óêàçàíà ïðèíöèïèàëüíî. Âñå ýòî ïðè-
âîäÿò ê ñëåäóþùåìó.

Òåîðåìà 5. Ïóñòü ÊPÄC (3) ïðèíàäëåæèò òèïó α2,µ ñ ÷åòíûì µ è ïóñòü

ôîðìà [△Vµ] çàâèñèò òîëüêî îò ωjn (ìîæåò áûòü çà ñ÷åò âûáîðà ïàðàìåò-

ðîâ γ
(s)
p,q). Äëÿ òîãî, ÷òîáû ïîëèíîì ∆V ∗

2,µ óäîâëåòâîðÿë îäíîé èç êëàññè-

÷åñêèõ òåîðåì Ëÿïóíîâà, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëî

òàêîå ÷èñëî k, ÷òî ñèñòåìà ëèíåéíûõ íåðàâåíñòâ (Sm) ñîâìåñòíà.
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Åñëè ïðè ýòîì ñðåäè ðåøåíèé γ
(j)
p,q ñèñòåìû (Sm) èìåþòñÿ òàêèå, ÷òî

ôîðìà Φ(2) îïðåäåëåííî îòðèöàòåëüíà, òî íóëåâîå ðåøåíèå àñèìïòîòè÷å-

ñêè óñòîé÷èâî è íåóñòîé÷èâî â ïðîòèâíîì ñëó÷àå.

Òðåáîâàíèå ÷åòíîñòè µ ÿâëÿåòñÿ ñóùåñòâåííûì. Åñëè µ � íå÷åòíîå, òî,
êàê ñëåäóåò èç ñòðóêòóðû ðåçîíàíñíûõ ìíîæåñòâ, â PÄC îáÿçàòåëüíî åñòü
âíóòðåííèé ðåçîíàíñ íå÷åòíîãî ïîðÿäêà. Â ýòîì ñëó÷àå óäàåòñÿ èñïîëüçî-
âàòü îòðåçîê ðÿäà (24), â êîòîðîì L � ïîðÿäîê âíóòðåííåãî ðåçîíàíñà äëÿ
ïîñòðîåíèÿ ôóíêöèè ×åòàåâà.

Ïðè íàëè÷èè â ÊPÄC íåñêîëüêèõ âíóòðåííèõ ðåçîíàíñîâ èíîãäà öåëî-
ñîîáðàçíî èñïîëüçîâàòü ïîëèíîìû Vk,µ, ãäå k ñëåäóåò âûáðàòü òàê, ÷òîáû
Φ(k) áûë ïîëèíîìîì îò âñåõ ñóìì, âõîäÿùèõ â áàçèñ Sk.
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Bapaev K.B., Slamzhanova S.S. ON STABILITY OF ONE CLASS OF
THE COMPLEX DIFFERENCE-DYNAMIC SYSTEMS

The problem of stability of the complex di�erence-dynamic system is
investigated. The problem of structuring resonant sets of the system is
solved. Polynomial sums are constructed for the linear parts of the given
system. Using the segment of the formal series as a Lyapunov function the
qualitative properties of complex di�erence-dynamic systems and its stability
are investigated.
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1. Ââåäåíèå

Â ðàáîòå â áåñêîíå÷íîé óãëîâîé îáëàñòè G = {x, t| 0 < x < t, t > 0}
îáñóæäàþòñÿ âîïðîñû ñóùåñòâîâàíèÿ íåòðèâèàëüíîãî ðåøåíèÿ äëÿ ñëåäó-
þùåé ãðàíè÷íîé çàäà÷è{

wt(x, t) = wxx(x, t) + w2
x(x, t), {x, t} ∈ G,

w(x, t)|x=0 = w(x, t)|x=t = 0.
(1)

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ

u(x, t) = exp{w(x, t)} − 1 (2)

Keywords: Heat equation, homogeneous boundary value problem, nontrivial solution.
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ãðàíè÷íàÿ çàäà÷à (1) ñâîäèòñÿ ê ëèíåéíîé îäíîðîäíîé ãðàíè÷íîé çàäà÷å
äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè:{

ut(x, t) = uxx(x, t), {x, t} ∈ G,

u(x, t)|x=0 = u(x, t)|x=t = 0.
(3)

2. Ñâåäåíèå ãðàíè÷íîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíî-

ñòè ê èíòåãðàëüíîìó óðàâíåíèþ

Ðåøåíèå çàäà÷è (3) èùåì â âèäå ñóììû òåïëîâûõ ïîòåíöèàëîâ äâîé-
íîãî ñëîÿ [1]�[7]:

u(x, t) =
1

4
√
π

t∫
0

x

(t− τ)
3
2

exp

{
− x2

4(t− τ)

}
ν (τ) dτ +

+
1

4
√
π

t∫
0

x− τ

(t− τ)
3
2

exp

{
−(x− τ)2

4(t− τ)

}
φ(τ) dτ. (4)

Èçâåñòíî [7], ÷òî ôóíêöèÿ (4) óäîâëåòâîðÿåò óðàâíåíèþ (3) ïðè ëþáûõ
ν (t) è φ(t). Èñïîëüçóÿ ãðàíè÷íûå óñëîâèÿ èç (3) è ñâîéñòâà òåïëîâûõ ïî-
òåíöèàëîâ, èìååì ñëåäóþùåå èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî íåèç-
âåñòíîé ôóíêöèè φ(t):

[I −K]φ ≡ φ(t)−
t∫

0

K(t, τ)φ(τ)d τ = 0, t > 0, (5)

ãäå

K(t, τ) =
1

2
√
π

[
t+ τ

(t− τ)3/2
exp

{
− (t+ τ)2

4(t− τ)

}
+

+
1

(t− τ)1/2
exp

{
− t− τ

4

}]
.

ν (t) =
1

2
√
π

t∫
0

τ

(t− τ)
3
2

exp

{
− τ2

4(t− τ)

}
φ (τ) dτ. (6)
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Íàìè ðàíåå áûëî ïîêàçàíî [3]�[6], ÷òî èíòåãðàëüíîå óðàâíåíèå (5) íàðÿäó
ñ òðèâèàëüíûì ðåøåíèåì èìååò è íåòðèâèàëüíûå ðåøåíèÿ ñ òî÷íîñòüþ äî
ïîñòîÿííîãî ìíîæèòåëÿ. À èìåííî, ñïðàâåäëèâà

Òåîðåìà 1. Îáùåå ðåøåíèå óðàâíåíèÿ (5) èìååò âèä

φ(t) = C · φ0(t), C = const, (7)

ãäå

φ0(t) =
1√
t
exp

{
− t

4

}
+

√
π

2

[
1 + erf

(√
t

2

)]
. (8)

Â ñëåäóþùåì ïóíêòå ìû óòî÷íÿåì êëàññ ðåøåíèé (8) èíòåãðàëüíîãî
óðàâíåíèÿ (5), êîòîðûé áûë íàìè óñòàíîâëåí ðàíåå â ðàáîòàõ [3]�[6].

3. Êëàññ ðåøåíèé èíòåãðàëüíîãî óðàâíåíèÿ (5)

Âíà÷àëå óñòàíîâèì ñâîéñòâî èíòåãðàëüíîãî îïåðàòîðà K â óðàâíåíèè
(5). Ââåäåì âåñîâîé êëàññ ñóùåñòâåííî îãðàíè÷åííûõ ôóíêöèé

L∞(R+ ; θ1(t)) = {φ| θ1(t)φ(t) ∈ L∞(R+)}, (9)

ãäå

θ1(t) =

{
t1/2, åñëè 0 < t ≤ T,

T 1/2, åñëè T < t < +∞,
(10)

è T � ïðîèçâîëüíîå ïîëîæèòåëüíîå îãðàíè÷åííîå ÷èñëî. Ââåäåì âåñîâîé
êëàññ ñóùåñòâåííî îãðàíè÷åííûõ ôóíêöèé (êëàññ åäèíñòâåííîñòè)

L∞(R+ ; θ1(t, ε)) = {φ| θ1(t, ε)φ(t) ∈ L∞(R+)}, (11)

ãäå

θ1(t, ε) =

{
t1/2−ϵ, åñëè 0 < t ≤ T,

T 1/2−ϵ, åñëè T < t < +∞,
(12)

è T � ïðîèçâîëüíîå ïîëîæèòåëüíîå îãðàíè÷åííîå ÷èñëî, ε > 0.

Ëåììà 1. Èíòåãðàëüíûé îïåðàòîð K â óðàâíåíèè (5) ÿâëÿåòñÿ îãðàíè-

÷åííûì â ïðîñòðàíñòâå L∞(R+; θ1(t)), ò.å.

K ∈ L (L∞(R+; θ1(t));L∞(R+; θ1(t))) . (13)
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Äîêàçàòåëüñòâî. Îöåíèì èíòåãðàëüíûé îïåðàòîðK. Ïîêàæåì, ÷òî èìå-
åò ìåñòî íåðàâåíñòâî

∥K∥ ≤ I(0,T ) + I(T,Inf), (14)

ãäå ÷åðåç I(0,T ) è I(T,Inf) îáîçíà÷åíû íîðìû ñóæåíèé èíòåãðàëüíîãî îïå-
ðàòîðà K, äåéñòâóþùèõ ñîîòâåòñòâåííî â êëàññàõ

L∞((0, T ); θ1(t)), L∞((T,+∞); θ1(t))

è äëÿ êîòîðûõ âåðíû îöåíêè

I(0,T ) ≤ I1,(0,T ) + I2,(0,T ), (15)

ãäå

I1,(0,T ) =
1√
π

t∫
0

t3/2

τ1/2(t− τ)3/2
exp

{
− tτ

t− τ

}
exp

{
− t− τ

4

}
dτ,

I2,(0,T ) =
1

2
√
π

t∫
0

t1/2

τ1/2(t− τ)1/2

[
1− exp

{
− tτ

t− τ

}]
exp

{
− t− τ

4

}
dτ.

I(T,Inf) ≤ I1,(T,Inf) + I2,(T,Inf), (16)

ãäå

I1,(T,Inf) =
1√
π

t∫
0

t

(t− τ)3/2
exp

{
− (t+ τ)2

4(t− τ)

}
dτ,

I2,(T,Inf) =
1

2
√
π

t∫
0

1

(t− τ)1/2

[
1− exp

{
− tτ

t− τ

}]
exp

{
− t− τ

4

}
dτ.

Òåïåðü äëÿ äîêàçàòåëüñòâà Ëåììû 1 äîñòàòî÷íî ïîêàçàòü îãðàíè÷åí-
íîñòü èíòåãðàëîâ â ïðàâûõ ÷àñòÿõ íåðàâåíñòâ (15)�(16). Äåëàÿ çàìåíó
τ = t sin2 α â èíòåãðàëàõ I1,(0,T ) è I2,(0,T ) èç (15), èìååì:

I1,(0,T ) ≤
2√
π

π/2∫
0

exp

{
−
(√

t · tgα
)2

}
d
(√

t · tgα
)
= 1, (17)
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I2,(0,T ) ≤
√
t

2
√
π

π/2∫
0

2t sinα · cosα
t1/2 sinα · t1/2 cosα

dα =

√
πt

4
. (18)

Äåëàÿ çàìåíó τ = t sin2 α â èíòåãðàëå I1,(T,Inf) è îöåíèâàÿ èíòåãðàë
I2,(T,Inf) èç (16), èìååì:

I1,(T,Inf) ≤
2√
π

π/2∫
0

exp

{
−
(√

t · tgα
)2

}
d
(√

t · tgα
)
= 1, (19)

I2,(T,Inf) ≤ − 2√
π

t∫
0

exp

{
− t− τ

2

}
d

√
t− τ

2
= erf

(√
t√
2

)
. (20)

Èç (17)�(20) ñëåäóåò íåðàâåíñòâî (14), ò.å. ñïðàâåäëèâî óòâåðæäåíèå (13).
Ëåììà 1 äîêàçàíà.

Èç óòâåðæäåíèÿ Ëåììû 1 ñëåäóåò ñïðàâåäëèâîñòü ñëåäóþùèõ ëåìì.

Ëåììà 2. Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (5) ïðèíàäëåæèò êëàññó

L∞(R+; θ1(t)), ò.å.
θ1(t)φ0(t) ∈ L∞(R+). (21)

Ëåììà 3. Äëÿ èíòåãðàëüíîãî óðàâíåíèÿ (5) ïðîñòðàíñòâî L∞(R+; θ1(t, ε))
ÿâëÿåòñÿ êëàññîì åäèíñòâåííîñòè, ò.å. â ýòîì êëàññå óðàâíåíèå (5) èìååò

òîëüêî òðèâèàëüíîå ðåøåíèå.

4. Êëàññ ðåøåíèé ãðàíè÷íîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðî-

âîäíîñòè (3)

Äëÿ äàëüíåéøåãî ïðåîáðàçóåì ïðåäñòàâëåíèå (4) ðåøåíèÿ çàäà÷è (3).
Äëÿ ýòîé öåëè, ïîäñòàâëÿÿ ïðåäñòàâëåíèå ôóíêöèè ν(t) (6) â (4), ïîëó÷èì:

u(x, t) =
1

4
√
π

t∫
0

M(x, t, τ)φ(τ) dτ, (22)

ãäå

M(x, t, τ) =
x+ τ

(t− τ)
3
2

exp

{
−(x+ τ)2

4(t− τ)

}
+

x− τ

(t− τ)
3
2

exp

{
−(x− τ)2

4(t− τ)

}
. (23)
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θ2(t, ε) =

{
t1/2, åñëè 0 < t ≤ T,

T 1/2 exp
{
−(14 + ε)(t− T )

}
, åñëè T < t < +∞,

(24)

è T � ïðîèçâîëüíîå ïîëîæèòåëüíîå îãðàíè÷åííîå ÷èñëî, ε > 0.

Ëåììà 4. Ïóñòü G0,T = {0 < x < t, 0 < t ≤ T}. Òîãäà ðåøåíèå u(x, t)
ãðàíè÷íîé çàäà÷è (3) ïðèíàäëåæèò êëàññó

L∞(G0,T ; θ2(t, ε)).

Äîêàçàòåëüñòâî. Òàê êàê {x, t} ∈ G0,T , òî ïî îïðåäåëåíèþ (24) èìååì
θ2(t, ε) = t1/2. Îöåíèì ðåøåíèå (22)�(23) íà ìíîæåñòâå G0,T . Ïîêàæåì, ÷òî
èìååò ìåñòî íåðàâåíñòâî

∥u(x, t)∥L∞(G0,T ;θ2(t,ε)) ≤
4∑

k=1

Ik(x, t), (25)

ãäå

I1(x, t) =
t1/2

4
√
π
exp

{
x+ t

2

} t∫
0

x+ t

τ1/2(t− τ)3/2
exp

{
− (x+ t)2

4(t− τ)

}
dτ, (26)

I2(x, t) =
t1/2

4
√
π
exp

{
x+ t

2

} t∫
0

1

τ1/2(t− τ)1/2
exp

{
− (x+ t)2

4(t− τ)

}
dτ, (27)

I3(x, t) =
t1/2

4
√
π
exp

{
t− x

2

} t∫
0

t− x

τ1/2(t− τ)3/2
exp

{
− (t− x)2

4(t− τ)

}
dτ, (28)

I4(x, t) =
t1/2

4
√
π
exp

{
t− x

2

} t∫
0

1

τ1/2(t− τ)1/2
exp

{
− (t− x)2

4(t− τ)

}
dτ. (29)

Ïðè ïîëó÷åíèè âûðàæåíèé (26)�(29) â ïðåäñòàâëåíèè ðåøåíèÿ u(x, t) (22)�
(23) èñïîëüçîâàíû ñëåäóþùèå ïðåîáðàçîâàíèÿ:

x+ τ = x+ t− (t− τ), x− τ = x− t+ (t− τ).
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Ïîêàæåì îãðàíè÷åííîñòü èíòåãðàëîâ (26)�(29) íà ìíîæåñòâå G0,T .
Äåëàÿ çàìåíó τ = t sin2 α â èíòåãðàëàõ (26)�(29), áóäåì èìåòü:

I1(x, t) =
1

2
√
π
exp

{
t2 − x2

4t

}
×

×
π/2∫
0

exp

{
−
(
x+ t

2
√
t
tgα

)2
}
d

(
x+ t

2
√
t
tgα

)
=

1

4
exp

{
t2 − x2

4t

}
. (30)

I2(x, t) ≤
t1/2

4
√
π
exp

{
x+ t

2

} t∫
0

1

τ1/2(t− τ)1/2
dτ =

=

√
π t1/2

4
exp

{
x+ t

2

}
, (31)

I3(x, t) =
1

2
√
π
exp

{
− t2 − x2

4t

}
×

×
π/2∫
0

exp

{
−
(
t− x

2
√
t
tgα

)2
}
d

(
t− x

2
√
t
tgα

)
=

1

4
exp

{
− t2 − x2

4t

}
. (32)

I4(x, t) ≤
t1/2

4
√
π
exp

{
t− x

2

} t∫
0

1

τ1/2(t− τ)1/2
dτ =

√
π t1/2

4
exp

{
t− x

2

}
.

(33)
Èç îãðàíè÷åííîñòè íà ìíîæåñòâå G0,T ïðàâûõ ÷àñòåé ñîîòíîøåíèé (30)�
(33) ñëåäóåò óòâåðæäåíèå Ëåììû 4.

Ëåììà 5. Ïóñòü GT,Inf = {0 < x < t, T < t < ∞}. Òîãäà ðåøåíèå u(x, t)
ãðàíè÷íîé çàäà÷è (3) ïðèíàäëåæèò êëàññó

L∞(GT,Inf ; θ2(t, ε)).

Äîêàçàòåëüñòâî. Òàê êàê {x, t} ∈ GT,Inf , òî ïî îïðåäåëåíèþ (24) èìååì

θ2(t, ε) = T 1/2 exp

{
−
(
1

4
+ ε

)
(t− T )

}
.
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Îöåíèì ðåøåíèå (22)�(23) íà ìíîæåñòâå GT,Inf . Ïîêàæåì, ÷òî èìååò
ìåñòî íåðàâåíñòâî

∥u(x, t)∥L∞(GT,Inf ; θ2(t,ε)) ≤
4∑

k=1

T 1/2Jk(x, t), (34)

ãäå

J1(x, t) =
1

4
√
π
exp

{
2x+ t

4
− ε t

} t∫
0

x+ t

(t− τ)3/2
exp

{
− (x+ t)2

4(t− τ)

}
dτ, (35)

J2(x, t) =
1

4
√
π
exp

{
2x+ t

4
− ε t

} t∫
0

1

(t− τ)1/2
exp

{
− (x+ t)2

4(t− τ)

}
dτ, (36)

J3(x, t) =
1

4
√
π
exp

{
−2x− t

4
− ε t

} t∫
0

t− x

(t− τ)3/2
exp

{
− (x− t)2

4(t− τ)

}
dτ, (37)

J4(x, t) =
1

4
√
π
exp

{
−2x− t

4
− ε t

} t∫
0

1

(t− τ)1/2
exp

{
− (x− t)2

4(t− τ)

}
dτ. (38)

Ïðè ïîëó÷åíèè âûðàæåíèé (35)�(38) â ïðåäñòàâëåíèè ðåøåíèÿ u(x, t) (22)�
(23) èñïîëüçîâàíû ñëåäóþùèå ïðåîáðàçîâàíèÿ:

x+ τ = x+ t− (t− τ), x− τ = x− t+ (t− τ).

Ïîêàæåì îãðàíè÷åííîñòü èíòåãðàëîâ (35)�(38) íà ìíîæåñòâå GT,Inf .

Äåëàÿ çàìåíó τ = t sin2 α â èíòåãðàëàõ (35)�(38), áóäåì èìåòü:

J1(x, t) ≤
1

2
√
π
exp

{
−x2

4t
− ε t

}
×

×
π/2∫
0

exp

{
−
(
x+ t

2
√
t
tgα

)2
}
d

(
x+ t

2
√
t
tgα

)
=

1

4
exp

{
−x2

4t
− ε t

}
, (39)
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J2(x, t) ≤
t1/2

2
√
π
exp

{
−x2

4t
− ε t

} π/2∫
0

exp

{
−
(
x+ t

2
√
t

tgα

)2
}
dα ≤

≤
√
π t1/2

4
exp

{
−x2

4t
− ε t

}
, (40)

J3(x, t) ≤
1√
π
exp

{
−x2

4t
− ε t

}
×

×
π/2∫
0

exp

{
−
(
t− x

2
√
t

tgα

)2
}
d

(
t− x

2
√
t
tgα

)
=

1

2
exp

{
−x2

4t
− ε t

}
, (41)

J4(x, t) ≤
t1/2

2
√
π
exp

{
−x2

4t
− ε t

} π/2∫
0

exp

{
−
(
t− x

2
√
t

tgα

)2
}
dα ≤

≤
√
π t1/2

4
exp

{
−x2

4t
− ε t

}
. (42)

Èç îãðàíè÷åííîñòè íà ìíîæåñòâå GT,Inf ïðàâûõ ÷àñòåé ñîîòíîøåíèé (39)�
(42) ñëåäóåò óòâåðæäåíèå Ëåììû 5.

Èç óòâåðæäåíèé Ëåìì 4 è 5 ñëåäóåò ñïðàâåäëèâîñòü ñëåäóþùåé òåîðå-
ìû.

Òåîðåìà 2. Íàðÿäó ñ òðèâèàëüíûì ðåøåíèåì ãðàíè÷íàÿ çàäà÷à (3) èìååò

ñåìåéñòâî íåòðèâèàëüíûõ ðåøåíèé

{C · u(x, t), C = const ̸= 0},

ãäå

u(x, t) ∈ L∞(G ; θ2(t, ε)),

îïðåäåëÿåìîå ñîîòíîøåíèÿìè (22)�(23).
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Òåîðåìà 3. Ãðàíè÷íàÿ çàäà÷à (3) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå â

êëàññå L∞(G ; θ2−1(t, ε1, ε2)), ãäå

θ2−1(t, ε1, ε2) =

{
t1/2−ε1−ε2 , åñëè 0 < t ≤ T,

T 1/2−ε1−ε2 exp
{
−
(
1
4 + ε2

)
(t− T )

}
, åñëè T < t < +∞,

(43)
è T � ïðîèçâîëüíîå ïîëîæèòåëüíîå îãðàíè÷åííîå ÷èñëî, ε1 ≥ 0, ε2 ≥ 0.

5. Îñíîâíîé ðåçóëüòàò äëÿ íåëèíåéíîãî óðàâíåíèÿ

Èç óñòàíîâëåííûõ âûøå òåîðåì è ëåìì ñëåäóåò

Òåîðåìà 4. Íàðÿäó ñ òðèâèàëüíûì ðåøåíèåì ãðàíè÷íàÿ çàäà÷à (1) èìååò

ñåìåéñòâî íåòðèâèàëüíûõ ðåøåíèé

{w(x, t) = ln[1 + C · u(x, t)], C = const ̸= 0},

êîòîðîå îïðåäåëÿåòñÿ ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (2), ãäå

u(x, t) ∈ L∞(G ; θ2(t, ε)).

Äëÿ ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ èìååì:

exp{w(x, t)} − 1 ∈ L∞(G ; θ2(t, ε)).

6. Çàêëþ÷åíèå

Èç óòâåðæäåíèÿ Òåîðåìû 4 ñëåäóåò, ÷òî íåêîòîðûå ôóíêöèîíàëû îò
íåòðèâèàëüíûõ ðåøåíèé íåëèíåéíîãî óðàâíåíèÿ äîïóñêàþò ðîñò êàê â âåð-
øèíå óãëà, òàê è íà áåñêîíå÷íîñòè.

Ïîðÿäêè ðîñòà îïðåäåëÿþòñÿ âåñîâûìè ôóíêöèÿìè θ1(t), θ2(t, ε).

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 2



Î íåòðèâèàëüíîì ðåøåíèè ... 81

Ëèòåðàòóðà

1 Àìàíãàëèåâà Ì.Ì., Àõìàíîâà Ä.Ì., Äæåíàëèåâ Ì.Ò., Ðàìàçàíîâ Ì.È.
Ãðàíè÷íàÿ çàäà÷à äëÿ ñïåêòðàëüíî-íàãðóæåííîãî îïåðàòîðà òåïëîïðîâîäíîñòè
ñ ïðèáëèæåíèåì ëèíèè íàãðóçêè ê âðåìåííîé îñè â íóëå èëè íà áåñêîíå÷íîñòè
// Äèôôåðåíöèàëüíûå óðàâíåíèÿ. � 2011. � Ò. 47, � 2. � Ñ. 231-243.

2 Äæåíàëèåâ Ì.Ò., Ðàìàçàíîâ Ì.È. Î ãðàíè÷íîé çàäà÷å äëÿ ñïåêòðàëüíî-
íàãðóæåííîãî îïåðàòîðà òåïëîïðîâîäíîñòè // Ñèá. ìàòåì. æóðí. � 2006. � Ò. 47,
� 3. � Ñ. 527-547.

3 Àõìàíîâà Ä.Ì., Äæåíàëèåâ Ì.Ò., Ðàìàçàíîâ Ì.È. Îá îñîáîì èíòåãðàëü-
íîì óðàâíåíèè âòîðîãî ðîäà ñî ñïåêòðàëüíûì ïàðàìåòðîì // Ñèá. ìàòåì. æóðí.
� 2011. � Ò. 52, � 1. � Ñ. 3-14.

4 Amangaliyeva M.M., Jenaliyev M.T., Kosmakova M.T., Ramazanov M.I.
About Dirichlet boundary value problem for the heat equation in the in�nite angular
domain // Boundary Value Problems. � 2014. � V. 2014:213. � 21 p.

5 Amangaliyeva M.M., Jenaliyev M.T., Kosmakova M.T., Ramazanov M.I. On
a Volterra equation of the second kind with 'incompressible' kernel // Advances in
Di�erence Equations. � 2015. � V.2015:71. � 14 p.

6 Àìàíãàëèåâà Ì.Ì., Äæåíàëèåâ Ì.Ò., Êîñìàêîâà Ì.Ò., Ðàìàçàíîâ Ì.È. Îá
îäíîé îäíîðîäíîé çàäà÷å äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â áåñêîíå÷íîé óãëîâîé
îáëàñòè // Ñèá. ìàòåì. æóðí. � 2015. � Ò. 56, � 6. � Ñ. 1234-1248.

7 Òèõîíîâ À.Í., Ñàìàðñêèé À.À. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. � Ì.:
Íàóêà, 1972. � 735 ñ.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 17.05.2017

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 2



82 Ì.Ò. Äæåíàëèåâ, Ì.Ã. Åðãàëèåâ, Ì.È. Ðàìàçàíîâ

Æèåíºëèåâ Ì.Ò., Åð¡àëèåâ Ì.Ã., Ðàìàçàíîâ Ì.Û. ÑÛÇÛ�ÒÛ ÅÌÅÑ
ÁIÐÆÛËÓ�ÒÊIÇÃIØÒIÊ ÒÅ�ÄÅÓIÍI� ÒÐÈÂÈÀËÄÛÅÌÅÑØÅØI-
ÌI ÒÓÐÀËÛ

Á´¡àí äåéií àâòîðëàðäû æ´ìûñòàðûíäà ñûçû©òû æûëó°òêiçãiøòiê
òåäåói ³øií áiðòåêòi øåêàðàëû© åñåïòi (äºðåæåëiê ðåòòå) àç¡ûíäàëà-
òûí îáëûñòà òðèâèàëäû åìåñ øåøiìäåðiíi áàð áîëàòûíäû¡û ê°ðñåòiëãåí.
Îñû òðèâèàëäû åìåñ øåøiìäåðäi êëàñû àíû©òàëûï, á´¡àí ©îñà, òàáû-
ë¡àí êëàñòû òàðûëóû òðèâèàëäû åìåñ øåøiìäåðäi æî©òû¡ûí ©àìòàìà-
ñûç åòåòiíäiãi ê°ðñåòiëãåí. Á´ë æ´ìûñòà á´¡àí äåéií ñûçû©òû æà¡äàé ³øií
æàñà¡àí íºòèæåëåðiìiçãå ñ³éåíå îòûðûï, áiç ñûçû©òû åìåñ áið æûëó°òêiç-
ãiøòiê òåäåóiíi òðèâèàëäû åìåñ øåøiìäåðiíi áàð áîëóûí àç¡ûíäàëàòûí
îáëûñòà ê°ðñåòåìiç.

Jenaliyev M.T., Yergaliyev M.G., Ramazanov M.I. ON A NONTRIVIAL
SOLUTION OF ONE NONLINEAR HEAT EQUATION

Earlier in the work of the authors it was shown the existence of non-trivial
solutions for the homogeneous boundary value problem for linear heat equation
in degenerating (in the power-law order) domains. The class of these non-trivial
solutions was stated, moreover, the narrowing of the found class provided of the
absence non-trivial solutions. In this paper, based on our previous results for
the linear case, we show in the degenerating domain the existence of nontrivial
solutions for a nonlinear heat equation.
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Àííîòàöèÿ: Èçó÷åíà ëèíåàðèçîâàííàÿ äâóõôàçíàÿ çàäà÷à ñ äâóìÿ ìàëûìè
ïàðàìåòðàìè äëÿ ñèñòåìû ïàðàáîëè÷åñêèõ óðàâíåíèé. Èñõîäíàÿ íåëèíåéíàÿ
çàäà÷à ñî ñâîáîäíîé ãðàíèöåé îïèñûâàåò ïðîöåññ ôàçîâîãî ïåðåõîäà (ïëàâëåíèå,
çàòâåðäåâàíèå) âåùåñòâà ñ ïðèìåñüþ íåèçâåñòíîé êîíöåíòðàöèåé. Â ïðîñòðàíñòâå
Ãåëüäåðà äîêàçàíû ñóùåñòâîâàíèå, åäèíñòâåííîñòü ðåøåíèÿ è êîýðöèòèâíûå
îöåíêè ðåøåíèÿ ñ êîíñòàíòàìè, íåçàâèñÿùèìè îò ìàëûõ ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: Ïàðàáîëè÷åñêèå óðàâíåíèÿ, ìàëûå ïàðàìåòðû, êîýðöèòèâíûå
îöåíêè, ïðîñòðàíñòâî Ãåëüäåðà.

1. Ââåäåíèå. Ïîñòàíîâêà çàäà÷è. Îñíîâíûå ðåçóëüòàòû

Â äàííîé ðàáîòå èññëåäóåòñÿ äâóõôàçíàÿ çàäà÷à ñ äâóìÿ ìàëûìè ïà-
ðàìåòðàìè κ > 0, ε > 0 ïðè ñòàðøèõ ÷ëåíàõ â óñëîâèÿõ ñîïðÿæåíèÿ äëÿ
ñèñòåìû óðàâíåíèé òåïëîïðîâîäíîñòè. Ýòà çàäà÷à ÿâëÿåòñÿ ìàòåìàòè÷å-
ñêîé ìîäåëüþ, îïèñûâàþùåé ïðîöåññ ôàçîâûõ ïåðåõîäîâ (ïëàâëåíèå, êðè-
ñòàëèçàöèþ) âåùåñòâà, â êîòîðîì ñîäåðæèòñÿ ïðèìåñü ñ êîíöåíòðàöèÿìè.
Íåèçâåñòíûìè ÿâëÿþòñÿ òåìïåðàòóðà è êîíöåíòðàöèÿ â æèäêîé è òâåðäîé
ôàçàõ, à òàêæå ãðàíèöà ðàçäåëà ôàç.

Çàäà÷à ïðè κ = 1, ε = 1 áûëà èçó÷åíà À.Ã. Ïåòðîâîé [1] â ïðîñòðàíñòâå

Ãåëüäåðà
◦
C

2+α,1+α/2

x t (DjT ), α ∈ (0, 1). Ëèíåàðèçîâàííûå çàäà÷è ñ îäíèì è
äâóìÿ ìàëûìè ïàðàìåòðàìè â ãðàíè÷íûõ óñëîâèÿõ äëÿ ïàðàáîëè÷åñêèõ
óðàâíåíèé Ñòåôàíà è Âåðèãèíà èçó÷àëèñü â ðàáîòàõ [2]�[4].

Keywords: Parabolic equations, small parameters, coercitive estimates, H�older space.
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Çàäà÷à áóäåò èçó÷åíà â ïðîñòðàíñòâå Ãåëüäåðà
◦
C

2+l,1+l/2

x t (DjT ), j = 1, 2,
ãäå l � íåöåëîå ïîëîæèòåëüíîå ÷èñëî. Äîêàçàíû ñóùåñòâîâàíèå, åäèíñòâåí-
íîñòü, îöåíêè ðåøåíèÿ çàäà÷è c êîíñòàíòàìè íå çàâèñÿùèìè îò ìàëûõ ïà-
ðàìåòðîâ â ïðîñòðàíñòâå Ãåëüäåðà. Ýòî äàåò âîçìîæíîñòü ïîëó÷èòü ñóùå-
ñòâîâàíèå, åäèíñòâåííîñòü è îöåíêè ðåøåíèé çàäà÷ áåç ïîòåðè ãëàäêîñòè
çàäàííûõ ôóíêöèé ïðè κ = 0, ε > 0; κ > 0, ε = 0 è κ = 0, ε = 0. Êðîìå
òîãî, ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿò èññëåäîâàòü íåëèíåéíóþ íåðåãó-
ëÿðíóþ çàäà÷ó ñî ñâîáîäíîé ãðàíèöåé î ïëàâëåíèè áèíàðíûõ ñïëàâîâ ñ
äâóìÿ ìàëûìè ïàðàìåòðàìè äëÿ ñèñòåìû ïàðàáîëè÷åñêèõ óðàâíåíèé.

Ïóñòü D1 = {x | x < 0}, D2 = {x | x > 0}, DjT = Dj × (0, T ), j =
1, 2, σT = (0, T ).

Òðåáóåòñÿ îïðåäåëèòü ôóíêöèè uj(x, t), cj(x, t), j = 1, 2, è ψ(t), óäî-
âëåòâîðÿþùèå ïàðàáîëè÷åñêèì óðàâíåíèÿì

∂tuj − aj∂
2
xuj − αjψ

′ = fj(x, t) â DjT , j = 1, 2, (1)

∂tcj − aj+2∂
2
xcj − βjψ

′ = gj(x, t) â DjT , j = 1, 2, (2)

íà÷àëüíûì óñëîâèÿì

ψ
∣∣
t=0

= 0, uj
∣∣
t=0

= 0, cj
∣∣
t=0

= 0 â Dj , j = 1, 2, (3)

è óñëîâèÿì ñîïðÿæåíèÿ íà ãðàíèöå x = 0, t ∈ (0, T )

(u1 − u2)
∣∣
x=0

= φ1(t), (4)

(c1 − γ1u1)
∣∣
x=0

= φ2(t), (c2 − γ2u2)
∣∣
x=0

= φ3(t), (5)

(λ1∂xu1 − λ2∂xu2)
∣∣
x=0

+ κψ′ = q1(t), (6)

(k1∂xc1 − k2∂xc2)
∣∣
x=0

− εψ′ = q2(t), (7)

ãäå âñå êîýôôèöèåíòû ïîñòîÿííûå, aj , aj+2, λj , kj , γj > 0, j = 1, 2, κ, ε
� ïîëîæèòåëüíûå; ∂t = ∂/∂t, ∂x = ∂/∂x, ∂

2
x = ∂2/∂x2 , Dk

t = dk/dtk.
Çàäà÷à (1)�(7) áûëà èçó÷åíà â ïðîñòðàíñòâå Ãåëüäåðà [5]. Ïóñòü l �

íåöåëîå ïîëîæèòåëüíîå ÷èñëî, α = l − [l] ∈ (0, 1).
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Ïîä
◦
C

2+l,1+l/2

x t (DjT ) è
◦
C

1+l/2

t (σT ) áóäåì ïîíèìàòü áàíàõîâû ïðîñòðàí-
ñòâà ôóíêöèé u(x, t) è ψ(t), èìåþùèõ íîðìû

|u|(2+l)
DT

:=

2+[l]∑
2m0+m=0

|∂m0
t ∂mx u|DT

+
∑

2m0+m=2+[l]

(
[∂m0

t ∂mx u]
(α)
x,DT

+ [∂m0
t ∂mx u]

(α/2)
t,DT

)
+

+
∑

2m0+m=1+[l]

[∂m0
t ∂mx u]

( 1+α
2

)

t,DT
, (8)

|ψ|(1+l/2) :=

1+[l/2]∑
m0=0

|Dm0
t ψ|σT + [D

1+[l/2]
t ψ](l/2−[l/2])

σT
, (9)

ãäå
|v|DT

= sup
(x,t)∈DT

|v|,

[v]
(α)
x,DT

= sup
(x,t),(z,t)∈DT

|v(x, t)− v(z, t)|
|x− z|α

, [v]
(α)
t,DT

= sup
(x,t),(x,t1)∈DT

|v(x, t)− v(x, t1)|
|t− t1|α

.

×åðåç
◦
C

l, l/2

x t (DT ) è
◦
C

1+l/2

t (σT ) áóäåì îáîçíà÷àòü ïîäïðîñòðàíñòâî ôóíê-

öèé u(x, t), ïðèíàäëåæàùèõ C l, l/2
x t (DT ) è óäîâëåòâîðÿþùèõ óñëîâèÿì

∂kt u
∣∣
t=0

= 0, k = 0, 1, ..., 1 + [l/2].

Ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà 1. Â ïðîñòðàíñòâå
◦
C

(1+l)/2

t (σT ), l � íåöåëîå ïîëîæèòåëüíîå ÷èñëî,

íîðìà |ψ|(1+l/2)
σT

, îïðåäåëåííàÿ ïî ôîðìóëå (9), ýêâèâàëåíòíà íîðìå

∥ψ∥(1+l)/2
σT

= sup
t∈σT

t−
1+l
2 |ψ|σT +

[
D

[(1+l)/2]
t ψ

]( 1+l
2

−[ 1+l
2

]
)

σT

. (10)
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Ñôîðìóëèðóåì îñíîâíûå ðåçóëüòàòû ðàáîòû.

Òåîðåìà 1. Ïóñòü 0 ≤ κ ≤ κ0, 0 < ε ≤ ε0 èëè 0 < κ ≤ κ0, 0 ≤ ε ≤ ε0 è

âûïîëíÿþòñÿ óñëîâèÿ

µj = βj − γjαj > 0, µj+2 = β3−j − γ3−jαj > 0, j = 1, 2. (11)

Äëÿ ëþáûõ ôóíêöèé fj ∈
◦
C

l, l/2

x t (DjT ), gj ∈
◦
C

l, l/2

x t (DjT ), qj ∈
◦
C

1+l
2

t (σT ), j =

1, 2, φk ∈
◦
C

1+l/2

t (σT ), k = 1, 2, 3, çàäà÷à (1)�(7) èìååò åäèíñòâåííîå ðåøåíèå

uj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), cj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), ψ(t) ∈
◦
C

1+l/2

t (σT ), (κ +

ε)ψ′ ∈
◦
C

1+l
2

t(σT ) è äëÿ ðåøåíèÿ ñïðàâåäëèâà îöåíêà

2∑
j=1

(|uj |(2+l)
DjT

+ |cj |(2+l)
DjT

) + |ψ|(1+l/2)
σT

+ |(κ+ ε)ψ′|(
1+l
2

)
σT ≤

≤ C1

(
2∑

j=1

(
|fj |(l)DjT

+ |gj |(l)DjT
+ |qj |

( 1+l
2

)
σT

)
+

3∑
k=1

|φk|(1+l/2)
σT

)
, (12)

ãäå ïîñòîÿííàÿ C1 íå çàâèñèò îò κ è ε.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ Òåîðåìû 1. Òîãäà ïðîèçâîäíûå

κψ′(t) è εψ′(t) â óñëîâèÿõ (6), (7) çàäà÷è (1)�(7) óäîâëåòâîðÿåò íåðàâåí-

ñòâàì

|κψ′(t)|
(

1+[l]+β
2

)
σT ≤C2k

α−β
2

( 2∑
j=1

|fj |(l)DjT
+

3∑
k=1

|φk|(1+l/2)
σT

+|q1|
( 1+l

2
)

σT

)
, (13)

|εψ′(t)|
(

1+[l]+β
2

)
σT ≤ C3ε

α−β
2

( 2∑
j=1

|gj |(l)DjT
+

3∑
k=2

|φk|(1+l/2)
σT

+ |q2|
( 1+l

2
)

σT

)
, (14)

ãäå β ∈ (0, α), ïîñòîÿííûå C2, C3 íå çàâèñÿò îò κ è ε.
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Ïðåîáðàçóåì çàäà÷ó (1)�(7) ê ýêâèâàëåíòíîé ñ îäíîðîäíûìè óðàâíå-
íèÿìè (1), (2) è óñëîâèÿìè (4)�(6). Äëÿ ýòîãî ïîñòðîèì âñïîìîãàòåëüíûå
ôóíêöèè Vj , Zj , j = 1, 2, êàê ðåøåíèÿ ñëåäóþùèõ êðàåâûõ çàäà÷:

∂tVj(x, t)− aj∂
2
xVj(x, t) = fj(x, t) â DjT , j = 1, 2,

Vj
∣∣
t=0

= 0 â Dj , j = 1, 2,

(V1 − V2)
∣∣
x=0

= φ1(t), (λ1∂xV1 − λ2∂xV2)
∣∣
x=0

= q1(t).
(15)

∂tZ1(x, t)− a3∂
2
xZ1(x, t) = g1(x, t) â D1T ,

Z1

∣∣
t=0

= 0 â D1, Z2

∣∣
x=0

= φ2(t) + γ1V1
∣∣
x=0

,
(16)

∂tZ2(x, t)− a4∂
2
xZ2(x, t) = g2(x, t) â D2T ,

Z2

∣∣
t=0

= 0 â D2, Z2

∣∣
x=0

= φ3(t) + γ2V2
∣∣
x=0

.
(17)

Çàäà÷à (15) ÿâëÿåòñÿ çàäà÷åé ñîïðÿæåíèÿ, à (16), (17) � äâå ïåðâûå êðà-
åâûå çàäà÷è. Êàæäàÿ èç ýòèõ çàäà÷ â ñèëó [5], [6] èìååò åäèíñòâåííîå ðå-
øåíèå

Vj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), Zj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), j = 1, 2, (18)

óäîâëåòâîðÿþùåå îöåíêàì

|Vj |(2+l)
DjT

≤ C4

(
|fj |(l)D1T

+ |φ1|(1+l/2)
σT

+ |q1|
( 1+l

2
)

σT

)
, j = 1, 2, (19)

|Z1|(2+l)
D1T

≤ C5

(
|g1|(l)D1T

+ |φ2|(1+l/2)
σT

+ |V1|(2+l)
D1T

)
, (20)

|Z2|(2+l)
D2T

≤ C6

(
|g2|(l)D2T

+ |φ3|(1+l/2)
σT

+ |V2|(2+l)
D2T

)
. (21)

Â çàäà÷å (1)�(7) ïðîèçâåäåì çàìåíó

uj(x, t) = vj(x, t) + Vj(x, t) + αjψ(t), j = 1, 2,

cj(x, t) = zj(x, t) + Zj(x, t) + βjψ(t), j = 1, 2,
(22)

è ìû ïîëó÷èì çàäà÷ó äëÿ íàõîæäåíèÿ ôóíêöèé vj(x, t), zj(x, t), j = 1, 2, è
ψ(t), óäîâëåòâîðÿþùèõ óðàâíåíèÿì òåïëîïðîâîäíîñòè
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∂tvj − aj∂
2
xvj = 0 â DjT , j = 1, 2, (23)

∂tzj − aj+2∂
2
xzj = 0 â DjT , j = 1, 2, (24)

íóëåâûì íà÷àëüíûì óñëîâèÿì

ψ
∣∣
t=0

= 0, vj
∣∣
t=0

= 0, zj
∣∣
t=0

= 0 â DjT , j = 1, 2, (25)

è óñëîâèÿì ñîïðÿæåíèÿ íà ãðàíèöå x = 0, t ∈ (0, T ):

(v1 − v2)
∣∣
x=0

+ (α1 − α2)ψ = 0, (26)

(z1 − γ1v1)
∣∣
x=0

+ µ1ψ = 0, (z2 − γ2v2)
∣∣
x=0

+ µ2ψ = 0, (27)

(λ1∂xv1 − λ2∂xv2)
∣∣
x=0

+ κψ′ = 0, (28)

(k1∂xz1 − k2∂xz2)
∣∣
x=0

− εψ′ = Φ(t), (29)

ãäå Φ(t) = q2(t)−(k1∂xZ1−k2∂xZ2)
∣∣
x=0

∈
◦
C

1+l
2

t (σT ), µj = βj−γjαj , j = 1, 2,

|Φ|(
1+l
2

)
σT ≤ C7

( 2∑
j=1

|gj |(l)DjT
+ |q2|

( 1+l
2

)
σT +

3∑
k=2

|φk|(1+l/2)
σT

)
. (30)

Ñïðàâåäëèâà ñëåäóþùàÿ Ëåììà 2.

Ëåììà 2. Ïóñòü 0 ≤ κ ≤ κ0, 0 < ε ≤ ε0 èëè 0 < κ ≤ κ0, 0 ≤ ε ≤ ε0 è

µj = βj − γjαj > 0, µj+2 = β3−j − γ3−jαj > 0, j = 1, 2.

Ïðè ëþáîé Φ(t) ∈
◦
C

1+l
2

t (σT ), l � íåöåëîå ïîëîæèòåëüíîå ÷èñëî, ðåøåíèå

çàäà÷è (23)�(29) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

ψ(t) =
2
(

λ1√
a1

+ λ2√
a2

)
k0

t∫
0

Φ(τ)dτ

t−τ∫
0

Γx

(
x+

µ

k0
σ, t−τ−σ

)∣∣
x=0

dσ, x > 0, (31)

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 2



Îöåíêè ðåøåíèÿ äâóõôàçíîé çàäà÷è ... 89

v1(x, t) = 2a1

(
λ2(α1 − α2)√

a2k0
− µκ

k20

) t∫
0

Φ(τ)dτ

t−τ∫
0

Γ1x

(
−x+ µ

k0

√
a1σ, t−τ−σ

)
dσ+

+
2κ

√
a1

k0

t∫
0

Φ(τ)Γ1

(
− x, t− τ

)
dτ, x < 0, (32)

v2(x, t) = 2a2

(
µκ

k20
+
λ1(α1 − α2)√

a1k0

) t∫
0

Φ(τ)dτ

t−τ∫
0

Γ2x

(
x+

µ

k0

√
a2σ, t− τ − σ

)
dσ+

+
2κ

√
a2

k0

t∫
0

Φ(τ)Γ2

(
x, t− τ

)
dτ, x > 0, (33)

z1(x, t)=2a3

(( λ1√
a1
µ1 +

λ2√
a2
µ4
)

k0
−γ1κµ

k20

) t∫
0

Φ(τ)dτ

t−τ∫
0

Γ3x

(
−x+ µ

k0

√
a3σ, t−τ−σ

)
dσ+

+
2γ1κ

√
a3

k0

t∫
0

Φ(τ)Γ3

(
− x, t− τ

)
dτ, x < 0, (34)

z2(x, t)=−2a4

(( λ1√
a1
µ3 +

λ2√
a2
µ2
)

k0
−γ2κµ

k20

) t∫
0

Φ(τ)dτ

t−τ∫
0

Γ4x

(
x+

µ

k0

√
a4σ, t−τ−σ

)
dσ+

+
2γ2κ

√
a4

k0

t∫
0

Φ(τ)Γ4

(
x, t− τ

)
dτ, x > 0, (35)

ãäå

k0 = κ(k1γ1/
√
a3 + k2γ2/

√
a4) + ε(λ1/

√
a1 + λ2/

√
a2), (36)

µ = k2λ2µ2/
√
a2
√
a4+k1λ1µ1/

√
a3
√
a1+k2λ1µ3/

√
a4
√
a1+k1λ2µ4/

√
a3
√
a2,
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Γi(x, t) = 1
2
√
aiπt

e
− x2

4ait , i = 1 − 4, � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ

òåïëîïðîâîäíîñòè ∂tw − ai∂
2
xw = 0, óäîâëåòâîðÿþùåå îöåíêå

|∂kt ∂mx Γi(x, t)| ≤ C8
1

t
1+2k+m

2

e
− x2

8ait , i = 1− 4. (37)

Äîêàçàòåëüñòâî Ëåììû 2. Ïðèìåíèì ê çàäà÷å (23)�(29) ïðåîáðàçîâà-
íèå Ëàïëàñà ïî ïåðåìåííîé t

F̃ (p) ≡ L[F ] =

t∫
0

F (t)e−ptdt,

è ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé ðåøåíèå çàäà÷è (23)�(29) â îáëàñòè
èçîáðàæåíèé Ëàïëàñà çàïèøåòñÿ â âèäå

ψ̃ = −
( λ1√

a1
+ λ2√

a2
) Φ̃(p)

k0(
µ
k0

√
p+ p)

,

ṽ1 =

λ2√
a2
(α1 − α2)Φ̃(p)

k0(
µ
k0

√
p+ p)

e

√
p
a1

x
+

κ
√
p Φ̃(p)

k0(
µ
k0

√
p+ p)

e

√
p
a1

x
, x < 0,

ṽ2 = −
λ1√
a1
(α1 − α2)Φ̃(p)

k0(
µ
k0

√
p+ p)

e
−
√

p
a2

x
+

κ
√
p Φ̃(p)

k0(
µ
k0

√
p+ p)

e
−
√

p
a2

x
, x > 0,

z̃1 =
γ1κ

√
p Φ̃(p)

k0(
µ
k0

√
p+ p)

e

√
p
a3

x
+

( λ1√
a1
µ1 +

λ2√
a2
µ4)Φ̃(p)

k0(
µ
k0

√
p+ p)

e

√
p
a3

x
, x < 0,

z̃2 =
γ2κ

√
p Φ̃(p)

k0(
µ
k0

√
p+ p)

e
−
√

p
a4

x
+

( λ1√
a1
µ3 +

λ2√
a2
µ2)Φ̃(p)

k0(
µ
k0

√
p+ p)

e
−
√

p
a4

x
, x > 0.

Ïðèìåíèì ê ôóíêöèÿì ψ̃, ṽj , z̃j , j = 1, 2, ôîðìóëû îáðàòíûõ ïðåîáðàçî-
âàíèé Ëàïëàñà [7] ïðè x < 0:

e

√
p√
a
x

p+ b
√
p
+

t∫
0

−x+ b
√
aσ

2
√
aπ(t− σ)3

e
− (−x+b

√
aσ)2

4a(t−σ) dσ = 2a

t∫
0

∂xΓ(−x+ b
√
aσ, t− σ)dσ,
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Φ̃(p)
e
−

√
p√
a
(−x)

p+ b
√
p

+ 2a

t∫
0

Φ(τ)dτ

t−τ∫
0

∂xΓ(−x+ b
√
aσ, t− τ − σ)dσ =

=

t∫
0

Φ(τ)dτ

t−τ∫
0

−x+ b
√
aσ

2
√
aπ(t− τ − σ)3

e
− (−x+b

√
aσ)2

4a(t−τ−σ) dσ,

Φ̃(p)∂x
1

p+ b
√
p
e

√
p√
a
x + 2

∫
Φ(τ)Γ(−x, t− τ)dτ−

−2b
√
a

t∫
0

Φ(τ)dτ

t−τ∫
0

Γx(−x+ b
√
aσ, t− τ − σ)dσ =

= 2

∫
Φ(τ)Γ(−x, t−τ)dτ− b√

a

t∫
0

Φ(τ)dτ

t−τ∫
0

−x+ b
√
aσ

2
√
aπ(t− τ − σ)3

e
− (−x+b

√
aσ)2

4a(t−τ−σ) dσ

è àíàëîãè÷íûå ïðè x > 0. È ìû ïîëó÷èì ðåøåíèå çàäà÷è (23)�(29) â âèäå
(31)�(35).

2. Äîêàçàòåëüñòâà Òåîðåì 1 è 2

Òåîðåìà 3. Ïóñòü 0 ≤ κ ≤ κ0, 0 < ε ≤ ε0 èëè 0 < κ ≤ κ0, 0 ≤ ε ≤ ε0 è

µj = βj − γjαj > 0, µj+2 = β3−j − γ3−jαj > 0, j = 1, 2.

Äëÿ ëþáîé ôóíêöèè Φ(t) ∈
◦
C

1+l
2

t (σT ) çàäà÷à (23)�(29) èìååò åäèíñòâåí-

íîå ðåøåíèå vj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), zj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), ψ(t) ∈
◦
C

1+l/2

t (σT ), (κ+ ε)ψ′ ∈
◦
C

1+l
2

t(σT ) è äëÿ ðåøåíèÿ ñïðàâåäëèâà îöåíêà

2∑
j=1

(|vj |(2+l)
DjT

+ |zj |(2+l)
DjT

) + |ψ|(1+l/2)
σT

+ |(κ+ ε)ψ′|(
1+l
2

)
σT ≤ C9|Φ|

( 1+l
2

)
σT , (38)

ãäå ïîñòîÿííàÿ C9 íå çàâèñèò îò κ è ε.

Äëÿ äîêàçàòåëüñòâà ýòîé Òåîðåìû óñòàíîâèì ñíà÷àëà ñëåäóþùóþ Ëåì-
ìó.
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Ëåììà 3. Â óñëîâèÿõ Òåîðåìû 3 ïðîèçâîäíûå ∂xvj(x, t)
)
|x=0, ∂xzj(x, t)|x=0

ôóíêöèé vj(x, t), zj(x, t), j = 1, 2, îïðåäåëåííûõ ïî ôîðìóëàì (32)�(35),

ïðèíàäëåæàò ïðîñòðàíñòâó
◦
C

1+l
2

t (σT ) è ïîä÷èíÿþòñÿ îöåíêàì

|∂xvj(x, t)|x=0|
( 1+l

2
)

σT ≤ C10|Φ|
( 1+l

2
)

σT , (39)

|∂xzj(x, t)|x=0|
( 1+l

2
)

σT ≤ C11|Φ|
( 1+l

2
)

σT , j = 1, 2, (40)

ãäå ïîñòîÿííûå C10, C11 íå çàâèñÿò îò κ è ε.

Äîêàçàòåëüñòâî. Äëÿ îïðåäåëåííîñòè ðàññìîòðèì ïðîèçâîäíóþ ôóíê-
öèè v1

∂xv1(x, t)|x=0 =

=2a1

(
λ2(α1 − α2)√

a2k0
−µκ
k20

) t∫
0

dτ1

τ1∫
0

[Φ(τ1−σ)−Φ(τ1)]Γ1xx(−x+
µ

k0

√
a1σ, t−τ1)dσ

∣∣
x=0

−

−
2k0

√
a1

µ

(
λ2(α1 − α2)√

a2k0
− µκ

k20

) t∫
0

Φ(τ1)Γ1x(−x+
µ

k0

√
a1τ1, t− τ1)dτ1

∣∣
x=0

.

(ñì. ôîðìóëû (32), (33)). Äëÿ äîêàçàòåëüñòâà Ëåììû 3 ñîãëàñíî îïðåäåëå-
íèþ íîðìû (10) îöåíèì íîðìó ïðîèçâîäíîé ∂xv1(x, t)|x=0. Äëÿ ýòîãî ïðè-
ìåíèì íåðàâåíñòâà

|Φ(τ1)| ≤Mτ
1+l
2

1 , ãäå M = |Φ|(
1+l
2

)
σT ,

|Φ(τ1 − σ)− Φ(τ1)| ≤ [Φ]
( 1+α

2
)

σT σ
1+α
2 , [l] = 0, l = α ∈ (0, 1),

|Φ(τ1 − σ)− Φ(τ1)| ≤Mστ
l−1
2

1 , [l] ≥ 1,

|ξ|γe−ξ2 ≤ Cγe
−ξ2/2, γ ≥ 0, (41)

t∫
0

1

(t− σ)3/2
e
− (µa1σ)2+x2

4k2oa
2
1(t−σ) dσ ≤ C12k0

t
e
− x2

4a21t , (42)
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òîãäà áóäåì èìåòü ïðè [l] = 0

|∂xv1(x, t)|x=0| ≤
C13M

k0

( t∫
0

dτ1

(t− τ1)3/2

τ1∫
0

σ
1+α
2 e

− µ2σ2

4k20(t−τ1)dσ+

+k0

t∫
0

τ
1+l
2

1 τ1/k0

(t− τ1)3/2
e
− µ2τ21

4k20(t−τ1)dτ1

)
, (43)

â ïåðâîì èíòåãðàëå ïîìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ è ïðîèçâåäåì çàìå-
íó σ

k0
√
t−τ1

= z, dτ1
(t−τ1)3/2

= dzk0
σ , à âî âòîðîì èíòåãðàëå âîñïîëüçîâàâøèñü

íåðàâåíñòâîì (42), ìû ïîëó÷èì

|∂xv1(x, t)|x=0| ≤ C14M
( t∫

0

σ
1+α
2

−1dσ +
t
1+l
2 tk0
k0t

)
≤ C15Mt

1+l
2 , (44)

ãäå C15 íå çàâèñèò îò κ è ε.
Ïðè [l] ≥ 1 ìû ïîëó÷èì

|∂xv1(x, t)|x=0| ≤ C16M
( 1

k0

t∫
0

τ
l−1
2

1

(t− τ1)3/2
dτ1

τ1∫
0

σe
− µ2σ2

k20(t−τ1)dσ +
t
1+l
2 tk0
k0t

)
≤

≤C16M
( 1

k0
t
l−1
2

t∫
0

σdσ

t∫
σ

1

(t− τ1)3/2
e
− µ2σ2

4k20(t−τ1)dτ1+
t
1+l
2 tk0
k0t

)
≤ C17Mt

1+l
2 , (45)

ãäå C17 íå çàâèñèò îò κ è ε.
Îöåíèì êîíñòàíòû Ãåëüäåðà ñòàðøåé ïðîèçâîäíîé. Äëÿ ýòîãî ïåðåêè-

íåì ïðîèçâîäíóþ ∂m0
τ íà Φ(τ)

∂m0
t ∂xv1(x, t)|x=0 =

= 2a1

(
λ2(α1 − α2)√

a2k0
− µκ

k20

) t∫
0

pi(τ)dτ

t−τ∫
0

Γ1xx

(
− x+

µ

k0

√
a1σ, t− τ − σ

)
dσ
∣∣
x=0

+
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+
2κ

√
a1

k0

t∫
0

pi(τ)Γ1x

(
− x, t− τ

)
dτ
∣∣
x=0

, (46)

ãäå m0 =
[
1+l
2

]
è

p1(t) := Dk
t Φ(t) ∈

◦
C

1+α
2

t (σT ) ïðè [l] = 2k � ÷åòíîì, (47)

p2(t) := Dk+1
t Φ(t) ∈

◦
C

α
2

t(σT ) ïðè [l] = 2k + 1 � ÷åòíîì, (48)

k = 0, ...,
[
1+l
2

]
, α = l − [l] ∈ (0, 1).

Òàê êàê pi(t) ∈
◦
C

2+α−i
2

t (σT ), i = 1, 2, òî äëÿ ýòèõ ôóíêöèé ñïðàâåäëèâû
ñëåäóþùèå íåðàâåíñòâà ïðè t1 < t :

|pi(t)− pi(t1)| ≤Mi(t− t1)
2+α−i

2 , |pi(t)| ≤Mit
2+α−i

2 , Mi = [pi]
( 2+α−i

2
)

σT , (49)

i = 1, 2, êîòîðûìè ìû áóäåì ïîëüçîâàòüñÿ â äàëüíåéøåì.
Â çàâèñèìîñòè îò çíà÷åíèÿ ïîêàçàòåëÿ l íàì íåîáõîäèìî îöåíèòü íîð-

ìû
∣∣∂m0

t ∂xv1(x, t)|x=0

∣∣( 1+α
2

)

σT
è
∣∣∂m0

t ∂xv1(x, t)|x=0

∣∣(α2 )
σT

.
Ðàññìîòðèì ïðîèçâîäíóþ (46). Â ôîðìóëå (46) ïîìåíÿåì ïîðÿäîê èí-

òåãðèðîâàíèÿ, ïðîèçâåäåì çàìåíó t−τ+σ = τ1 â èíòåãðàëå ïî τ è çàïèøåì
ïðîèçâîäíóþ ∂m0

t ∂xv1 â âèäå

∂m0
t ∂xv1(x, t)|x=0 =

= 2a1

(
λ2(α1 − α2)√

a2k0
−µκ

k20

) t∫
0

dσ

t∫
σ

[pi(τ1−σ)−pi(t−σ)]Γ1xx(·, t−τ1)dτ1
∣∣
x=0

+

+2a1

(
λ2(α1 − α2)√

a2k0
− µκ

k20

) t∫
0

pi(t− σ)dσ

t∫
σ

Γ1xx(·, t− τ1)dτ1
∣∣
x=0

.

Âî âòîðîì èíòåãðàëå âîñïîëüçóåìñÿ ðàâåíñòâîì ∂2xΓ1 íà − 1
a21
∂τ1Γ1, j = 1, 2,

è ïðîèíòåãðèðóåì ïî τ1, òîãäà ïîëó÷èì

∂m0
t ∂xv1(x, t)|x=0 =
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= 2a1

(
λ2(α1 − α2)√

a2k0
− µκ

k20

) t∫
0

dτ

τ∫
0

[pi(τ −σ)− pi(t−σ)]Γ1xx(·, t− τ)dσ
∣∣
x=0

+

+
1

a21
2a1

(
λ2(α1 − α2)√

a2k0
− µκ

k20

) t∫
0

pi(t− σ)Γ1(·, t− σ)dσ
∣∣
x=0

, (50)

ãäå i = 1, 2, m0 = [1+l
2 ], à âìåñòî τ1 ìû ñíîâà çàïèñàëè τ .

Ïðèíÿâ 0 < t1 < t < T, äëÿ îïðåäåëåííîñòè, è âîñïîëüçîâàâøèñü ôîð-
ìóëîé (50), çàïèøåì ðàçíîñòü ïðîèçâîäíîé ∂m0

t ∂xv1(x, t)|x=0 â âèäå

∆i= ∂m0
t ∂xv1(x, t)− ∂m0

t1
∂xv1(x, t1)|x=0≡

≡2a1
(
λ2(α1 − α2)√

a2k0
− µκ

k20

)( t∫
t1

dτ

τ∫
0

[pi(τ − σ)− pi(t− σ)]Γ1xx(·, t− τ)|x=0dσ+

+

t1∫
0

dτ

τ∫
0

[pi(τ − σ)− pi(t1 − σ)]dσ

t∫
t1

∂t2Γ1xx(·, t2 − τ)|x=0dt2+

+

t∫
t1

pi(t− σ)Γ1(·, t− σ)|x=0dσ +

t1∫
0

[pi(t− σ)− pi(t1 − σ)]Γ1(·, t− t1)|x=0dσ+

+

t1∫
0

pi(t1 − σ)dσ

t∫
t1

∂t2Γ1xx(·, t2 − τ)|x=0dt2

)
.

Äëÿ îöåíêè ∆i èñïîëüçóåì íåðàâåíñòâà (37) è (49), òîãäà áóäåì èìåòü

|∆i| ≤
C18Mi

k0

( t∫
t1

dτ

τ∫
0

(t− τ)
2+α−i

2

(t− τ)3/2
e
− µ2σ2

4k20(t−τ)+

+

t∫
t1

dt2

t1∫
0

(t1 − τ)
2+α−i

2

(t2 − τ)5/2
dτ

τ∫
0

e
− µ2σ2

4k20(t2−τ)dσ +

t∫
t1

(t− σ)
2+α−i

2

(t− σ)1/2
e
− µ2σ2

4k20(t2−τ)dσ+
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+(t− t1)
1+α−i

2

t1∫
0

e
− µ2σ2

4k20(t−t1)dσ +

t1∫
0

(t1 − σ)
2+α−i

2 dσ

t∫
t1

e
− µ2σ2

4k20(t2−σ)

(t2 − σ)3/2
dt2

)
.

Ïðèìåíèâ íåðàâåíñòâà t1 − τ ≤ t2 − σ âî âòîðîì, t − σ ≤ t − t1, 1/(t −
σ) ≥ 1/(t − t1) â òðåòüåì, è (t1 − σ) ≤ t1 ≤ t2 â ïîñëåäíåì èíòåãðàëàõ è
ïðîèíòåãðèðîâàâ ïåðâûé è ÷åòâåðòûé èíòåãðàëû, íàéäåì

|∆i| ≤
C19Mi

k0

(
(t− t1)

2+α−i
2 k0 +

t∫
t1

t
2+α−i

2
2 dt2

t2∫
0

e
− µ2σ2

4k20(t2−σ)

(t2 − σ)3/2
dσ

)
.

Âîñïîëüçîâàâøèñü â èíòåãðàëå ïî σ îöåíêîé (42) [8] ïîëó÷èì

|∆i| ≤ C20Mi(t−t1)
2+α−i

2 , [∂m0
t ∂xv1(x, t)|x=0]

( 2+α−i
2

)
t,σT

≤ C20Mi, i = 1, 2, (51)

çäåñü ïîñòîÿííàÿ C20 íå çàâèñèò îò κ, ε.
Èç îöåíîê (43), (45), (47)�(49), (51) ñëåäóåò, ÷òî ñîãëàñíî Ëåììå 1

∂xv1|x=0 ∈
◦
C

1+l
2
(σT ) è

|∂xv1(x, t)|x=0|
( 1+l

2
)

σT ≤ C21|Φ(t)|
( 1+l

2
)

σT , (52)

ãäå ïîñòîÿííàÿ C21 íå çàâèñèò îò κ, ε. Àíàëîãè÷íî äîêàçûâàåò-

ñÿ, ÷òî ∂xv2|x=0, ∂xz1|x=0, ∂xz2|x=0 ∈
◦
C

1+l
2

(σT ) è |∂xv2|x=0|
( 1+l

2
)

σT ≤
C22|Φ(t)|

( 1+l
2

)
σT , |∂xzj |x=0|

( 1+l
2

)
σT ≤ C23|Φ(t)|

( 1+l
2

)
σT , j = 1, 2. �

Äîêàçàòåëüñòâî Òåîðåìû 3. Ïî Ëåììå 3 ïðîèçâîäíàÿ ∂xv1(x, t)|x=0,

ïðèíàäëåæèò ïðîñòðàíñòâó
◦
C

1+l
2
(σT ), òîãäà ïî òåîðåìå î ñëåäàõ

ôóíêöèé îáùåé òåîðèè ïàðàáîëè÷åñêèõ óðàâíåíèé ìû èìååì, ÷òî

vj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), zj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), j = 1, 2, è |vj |(2+l)
DjT

≤

C24|∂xvj(x, t)|x=0|
( 1+l

2
)

σT ≤ C25|Φ(t)|
( 1+l

2
)

σT , |zj |(2+l)
DjT

≤ C26|∂xzj(x, t)|x=0|
( 1+l

2
)

σT ≤

C27|Φ(t)|
( 1+l

2
)

σT , j = 1, 2. Èç ðàâåíñòâà (26) âûòåêàåò, ÷òî ôóíêöèÿ ψ(t)

ïðèíàäëåæèò ïðîñòðàíñòâó
◦
C

1+l/2

t (σT ) è ïîä÷èíÿåòñÿ îöåíêå |ψ(t)|(1+l/2)
σT ≤
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C28
1

α1−α2

2∑
j=1

|vj |(2+l)
RT

≤ C29|Φ(t)|
( 1+l

2
)

σT , à èç ðàâåíñòâ (28), (29) áóäåò ñëå-

äîâàòü, ÷òî κψ′(t) ∈
◦
C

1+l
2

t (σT ), εψ′(t) ∈
◦
C

1+l
2

t (σT ) è |κψ′(t)|(
1+l
2

)
σT ≤

C30|Φ(t)|
( 1+l

2
)

σT , |εψ′(t)|(
1+l
2

)
σT ≤ C31|Φ(t)|

( 1+l
2

)
σT , ãäå ïîñòîÿííûå C24�C31 íå çà-

âèñÿò îò κ, ε. Èòàê ìû äîêàçàëè Òåîðåìó 3 è íåðàâåíñòâî (38). �
Äîêàçàòåëüñòâî Òåîðåìû 1. Èç ôîðìóë (22):

uj(x, t)=vj(x, t)+Vj(x, t)+αjψ(t), cj(x, t)=zj(x, t)+Zj(x, t)+βjψ(t), j = 1, 2,

è íà îñíîâàíèè Òåîðåìû 3 è îöåíîê (38) è (19)�(21), (30), äëÿ ôóíêöèé
Vj(x, t), j = 1, 2, Z1(x, t), Z2(x, t) è Φ(t) ïîëó÷èì Òåîðåìû 1. �

Òåïåðü äîêàæåì Òåîðåìó 2. Óñòàíîâèì ñíà÷àëà Òåîðåìó 4 äëÿ çàäà÷è
(23)�(29), ê êîòîðîé ìû ñâåëè çàäà÷ó (1)�(7).

Òåîðåìà 4. Ïóñòü 0 ≤ κ ≤ κ0, 0 < ε ≤ ε0 èëè 0 < κ ≤ κ0, 0 ≤ ε ≤ ε0 è

µj = βj − γjαj > 0, µj+2 = β3−j − γ3−jαj > 0, j = 1, 2.

Ïðè ëþáîé Φ(t) ∈
◦
C

1+k+α
2

t (σT ), k = 0, 1, ... , òîãäà ïðîèçâîäíûå κψ′ è
εψ′ â óñëîâèÿõ (28), (29) çàäà÷è (23)�(29) óäîâëåòâîðÿþò íåðàâåíñòâàì

|κψ′(t)|(
1+k+β

2
)

σT ≤ C32κ
α−β
2 |Φ|(

1+k+α
2

)
σT , β ∈ (0, α), (53)

|εψ′(t)|(
1+k+β

2
)

σT ≤ C33ε
α−β
2 |Φ|(

1+k+α
2

)
σT , β ∈ (0, α), (54)

ãäå ïîñòîÿííûå C32, C33 íå çàâèñÿò îò κ è ε.

Äîêàçàòåëüñòâî. Ðàññìîòðèì çàäà÷ó (23)�(29). Ìû ïîñòðîèëè åå ðåøå-
íèå â ÿâíîì âèäå (31)�(35). Èç óñëîâèè (28) è (29) íàéäåì

κψ′(t) = −
(
λ1∂xv1 − λ2∂xv2

)∣∣
x=0

, (55)

εψ′(t) =
(
k1∂xz1 − k2∂xz2

)∣∣
x=0

− Φ(t). (56)

Âû÷èñëèì ïðîèçâîäíûå
(
λ1∂xv1 − λ2∂xv2

)∣∣
x=0

,
(
k1∂xz1 − k2∂xz2

)∣∣
x=0

:(
λ1∂xv1 − λ2∂xv2

)∣∣
x=0

=
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= 2λ1a1

(λ2(α1 − α2)√
a2k0

−µκ
k20

)( t∫
0

Φ(τ)dτ

τ∫
0

Γ1xx(−x+
µ

k0

√
a1σ, t−τ)

∣∣
x=0

dσ+w1(t)

)
+

+
2λ1k

√
a1

k0

t∫
0

Φ(τ)Γ1x(−x, t− τ)
∣∣
x=0

dτ −
2λ2k

√
a2

k0

t∫
0

Φ(τ)Γ2x(x, t− τ)
∣∣
x=0

dτ−

−2λ2a2

(µκ
k20

+
λ1(α1 − α2)√

a1k0

) t∫
0

Φ(τ)dτ

τ∫
0

Γ2xx(x+
µ

k0

√
a2σ, t− τ)

∣∣
x=0

dσ−

−2λ2a2

(µκ
k20

+
λ1(α1 − α2)√

a1k0

)
w3(t), (57)

ãäå

w1(t) =

t∫
0

dτ

τ∫
0

[Φ(τ − σ)− Φ(τ)]Γ1xx(−x+
µ

k0

√
a1σ, t− τ)

∣∣
x=0

dσ, (58)

w3(t) =

t∫
0

dτ

τ∫
0

[Φ(τ − σ)− Φ(τ)]Γ2xx(x+
µ

k0

√
a2σ, t− τ)

∣∣
x=0

dσ. (59)

Â ôîðìóëå (57) ïðîèíòåãðèðóåì ïåðâûé è ÷åòâåðòûé èíòåãðàëû ïî σ, ó÷è-

òûâàÿ ðàâåíñòâà Γ1xx = −µ
√
a1

k0
Γ1xσ, Γ2xx =

µ
√
a2

k0
Γ2xσ:

τ∫
0

Γ1xx(−x+
µ

k0

√
a1σ, t−τ)

∣∣
x=0

dσ =− k0
µ
√
a1

τ∫
0

∂σΓ1x(−x+
µ

k0

√
a1σ, t−τ)

∣∣
x=0

dσ =

=
k0

µ
√
a1

[
Γ1x(−x, t− τ)

∣∣
x=0

− Γ1x(−x+
µ

k0

√
a1τ, t− τ)

∣∣
x=0

]
,

τ∫
0

Γ2xx(−x+
µ

k0

√
a2σ, t−τ)

∣∣
x=0

dσ =
k0

µ
√
a2

τ∫
0

∂σΓ2x(x+
µ

k0

√
a2σ, t−τ)

∣∣
x=0

dσ =

= − k0
µ
√
a2

[
Γ2x(x, t− τ)

∣∣
x=0

− Γ2x(x+
µ

k0

√
a2τ1, t− τ)

∣∣
x=0

]
.
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Ïîäñòàâèâ ýòè âûðàæåíèÿ â (57) è ïðèìåíÿÿ ôîðìóëû ñêà÷êà ïîòåíöèàëà
äâîéíîãî ñëîÿ

t∫
0

Φ(τ)Γ1x(−x, t− τ)dτ → Φ(t)

2a1
ïðè x→ 0,

k0
µ
√
a1

t∫
0

Φ(τ1)
(−x)

4a1
√
πa1(t− τ)3

e
− x2

4a1(t−τ)dτ1 →
k0

2µ
√
a31

Φ(t) ïðè x→ 0,

t∫
0

Φ(τ)Γ2x(x, t− τ)dτ → −Φ(t)

2a2
ïðè x→ 0,

k0
µ
√
a2

t∫
0

Φ(τ1)
x

4a2
√
πa2(t− τ)3

e
− x2

4a2(t−τ)dτ1 →
k0

2µ
√
a32

Φ(t) ïðè x→ 0,

ïîëó÷èì (
λ1∂xv1 − λ2∂xv2

)∣∣
x=0

=

=

(
λ1k0
µ
√
a1

(λ2(α1 − α2)√
a2k0

− µκ

k20

)
+

λ1κ

k0
√
a1

+

+
λ2κ

k0
√
a2

− λ2k0
µ
√
a2

(µκ
k20

+
λ1(α1 − α2)√

a1k0

))
Φ(t)+

+2λ1a1

(λ2(α1 − α2)√
a2k0

− µκ

k20

)(
w1(t) + w2(t)

)
−

−2λ2a2

(µκ
k20

+
λ1(α1 − α2)√

a1k0

)(
w3(t) + w4(t)

)
, (60)

ãäå w1(t), w3(t) îïðåäåëåíû ïî ôîðìóëàì (58), (59) è

w2(t) = − k0
µ
√
a1

t∫
0

Φ(τ)Γ1x(−x+
µ

k0

√
a1τ, t− τ)dτ, (61)
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w4(t) =
k0

µ
√
a2

t∫
0

Φ(τ)Γ2x(x+
µ

k0

√
a2τ, t− τ)dτ. (62)

Ïîäñòàâèâ âûðàæåíèå (60) â ôîðìóëó (55), ìû ïîëó÷èì

κψ′(t) = −2λ1a1

(λ2(α1 − α2)√
a2k0

− µκ

k20

)(
w1(t) + w2(t)

)
+

+2λ2a2

(µκ
k20

+
λ1(α1 − α2)√

a1k0

)(
w3(t) + w4(t)

)
. (63)

Àíàëîãè÷íî íàõîäèì (
k1∂xz1 − k2∂xz2

)∣∣
x=0

=

=

(
k1γ1k

k0
√
a3

+
k1k0
µ
√
a3

( λ1√
a1
µ1 +

λ2√
a2
µ4

k0
− γ1κµ

k20

)
+

+
k2γ2κ

k0
√
a4

+
k2k0
µ
√
a4

( λ1√
a1
µ3 +

λ2√
a2
µ2

k0
− γ2κµ

k20

))
Φ(t)+

+2k1a3

( λ1√
a1
µ1 +

λ2√
a2
µ4

k0
− γ1κµ

k20

)(
w5(t) + w6(t)

)
+

+2k2a4

( λ1√
a1
µ3 +

λ2√
a2
µ2

k0
− γ2κµ

k20

)(
w7(t) + w8(t)

)
, (64)

ãäå

w5(t) =

t∫
0

dτ

τ∫
0

[Φ(τ − σ)− Φ(τ)]Γ3xx(−x+
µ

k0

√
a3σ, t− τ)

∣∣
x=0

dσ, (65)

w6(t) = − k0
µ
√
a3

t∫
0

Φ(τ)Γ3x(−x+
µ

k0

√
a3τ, t− τ)dτ, (66)
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w7(t) =

t∫
0

dτ

τ∫
0

[Φ(τ − σ)− Φ(τ)]Γ4xx(x+
µ

k0

√
a4σ, t− τ)

∣∣
x=0

dσ, (67)

w8(t) =
k0

µ
√
a4

t∫
0

Φ(τ)Γ4x(x+
µ

k0

√
a4τ, t− τ)dτ. (68)

Èç ôîðìóë (56) è (64) íàõîäèì

εψ′(t) = 2k1a3

( λ1√
a1
µ1 +

λ2√
a2
µ4

k0
− γ1κµ

k20

)(
w5(t) + w6(t)

)
+

+2k2a4

( λ1√
a1
µ3 +

λ2√
a2
µ2

k0
− γ2κµ

k20

)(
w7(t) + w8(t)

)
. (69)

Ðàññìîòðèì ôóíêöèè w1(t) è w2(t). Ìû äîëæíû îöåíèòü íîðìû ýòèõ

ôóíêöèé â ïðîñòðàíñòâå
◦
C

(1+k+β)/2

t (σ̄T ), β ∈ (0, α), α ∈ (0, 1), k = 0, 1, ... .
Ïî Ëåììå 1 íàì äîñòàòî÷íî îöåíèòü íîðìó (10) âìåñòî íîðìû (9).

Îöåíèì íîðìó ïîòåíöèàëà w1(t). Äëÿ ýòîãî èñïîëüçóåì íåðàâåíñòâî

(37) äëÿ Γ1(x, t) è îöåíêè äëÿ ôóíêöèè Φ(t) ∈
◦
C

(1+k+α)/2

t (σ̄T ):

|Φ(τ)− Φ(τ − σ)| ≤

{
Mσ

1+α
2 ïðè k = 0,

C34Mστ
k−1+α

2 ïðè k ≥ 1,
(70)

|Φ(t)| ≤Mt
1+k+α

2 , M = [Dm
t Φ](

1+k+α
2

−m), m = [(1 + k + α)/2]. (71)

Òîãäà ïðè k = 0 ìû ïîëó÷èì

|w1(t)| ≤ C35M

t∫
0

dτ

τ∫
0

σ
1+α
2

(t− τ)3/2
e
− µ2σ2

4k20(t−τ)dσ, (72)

à ïðè k ≥ 1

|w1(t)| ≤ C36M

t∫
0

dτ

τ∫
0

στ
k−1+α

2

(t− τ)3/2
e
− µ2σ2

4k20(t−τ)dσ. (73)

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 2



102 Æ.Ê. Äæîáóëàåâà

Â (72) ïðèìåíÿÿ íåðàâåíñòâà (41) è σ(1+β)/2 ≤ τ (1+β)/2 ≤ t(1+β)/2, β ∈
(0, α), è èíòåãðèðóÿ ïî σ, áóäåì èìåòü

|w1(t)| ≤ C37Mk
α−β
2

0 k0t
1+β
2

t∫
0

dτ

(t− τ)1−
α−β
4

= C38Mk
α−β
2

0 k0t
1+β
2 t

α−β
4 . (74)

Äàëåå,

|2λ1a1
(λ2(α1 − α2)√

a2k0
− µκ

k20

)
w1(t)| ≤ C39

1

k0
|w1(t)| ≤ C40k

α−β
2

0 t
1+β
2 t

α−β
4 . (75)

Â (73) (k ≥ 1) èñïîëüçóåì íåðàâåíñòâà τ
k−1+α

2 ≤ t
k−1+α

2 è (41), çàòåì
σ1−(α−β)/2 ≤ τ1−(α−β)/2 ≤ t1−(α−β)/2, β ∈ (0, α), è ïðîèíòåãðèðîâàâ ïî σ,
íàéäåì

|w1(t)| ≤ C41Mk
α−β
2

0 t
1+k+β

2

t∫
0

dτ

(t− τ)1−
α−β
4

= C42Mk
α−β
2

0 k0t
1+k+β

2 t
α−β
4 , (76)

îòñþäà

|2λ1a1
(λ2(α1 − α2)√

a2k0
− µκ

k20

)
w1(t)| ≤ C43k

α−β
2

0 t
1+k+β

2 t
α−β
4 , (77)

ãäå M � êîíñòàíòà Ã¼ëüäåðà èç (71).
Îöåíêà ìîäóëÿ ôóíêöèè w2(t) ïðîèçâîäèòñÿ àíàëîãè÷íî

|w2(t)| ≤ C44Mk0

t∫
0

(t− τ)
1+k+α

2

τ
e
−µ2(t−τ)2

4k20τ dτ ≤

≤ C45Mk
α−β
2

0 t
1+k+β

2

t∫
0

dτ

τ1−
α−β
4

≤

≤ C46Mk
α−β
2

0 t
1+k+β

2 t
α−β
4 , β ∈ (0, α), k = 0, 1, 2, ... . (78)

Â çàâèñèìîñòè îò ÷åòíîñòè è íå÷åòíîñòè ÷èñëà k ïîêàçàòåëü Ã¼ëüäåðà
ñòàðøåé ïðîèçâîäíîé ôóíêöèè Φ(t) èç (70) è (71) áóäåò ðàçíûì:

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 2



Îöåíêè ðåøåíèÿ äâóõôàçíîé çàäà÷è ... 103

1) ïðè k = 2m � ÷åòíîì Φ(t)∈
◦
C

(1+2m+α)/2

t (σ̄T ) è Dm
t Φ(t) ∈

◦
C

(1+α)/2

t (σ̄T );

2) ïðè k = 2m + 1 � íå÷åòíîì Φ(t) ∈
◦
C

(2+2m+α)/2

t (σ̄T ) è Dm+1
t Φ(t) ∈

◦
C

α/2

t (σ̄T ), m = 0, 1, ...,
[
1+k+α

2

]
.

Îáîçíà÷èì

p1(t) := Dm
t Φ(t) ïðè k = 2m, p2(t) := Dm+1

t Φ(t) ïðè k = 2m+1, (79)

òîãäà pi(t) ∈
◦
C

2+α−i
2

t (σ̄T ), i = 1, 2, è äëÿ íèõ ñïðàâåäëèâû íåðàâåíñòâà (49).
Ìû ìîæåì ïðåäñòàâèòü ïðîèçâîäíûå ôóíêöèé κψ′(t), εψ′(t) â ôîðìó-

ëàõ (55), (56) ñëåäóþùåì îáðàçîì:

κD
[ 1+k+β

2
]

t ψ(t) = −(λ1∂xv1 − λ2∂xv2)|x=0,

εD
[ 1+k+β

2
]

t ψ(t) = (k1∂xz1 − k2∂xz2)|x=0 − pi(t), i = 1, 2.

Òîãäà, èñïîëüçóÿ îáîçíà÷åíèÿ (79) è ïðîèçâåäÿ ïðåîáðàçîâàíèÿ, êàê â
(57)�(63), ïîëó÷èì

κD
[ 1+k+β

2
]

t ψ(t) = −2λ1a1

(λ2(α1 − α2)√
a2k0

− µκ

k20

)(
w̄1(t) + w̄2(t)

)
+

+2λ2a2

(µκ
k20

+
λ1(α1 − α2)√

a1k0

)(
w̄3(t) + w̄4(t)

)
, (80)

ãäå w̄j(t) = D
[ 1+k+β

2
]

t wj(t), j = 1− 4,

w̄1(t) =

t∫
0

dτ1

t−τ1∫
0

[pi(t− τ1 − σ)− pi(t− τ1)]Γ1xx(−x+
µ

k0

√
a1σ, τ1)

∣∣
x=0

dσ,

w̄2(t) = − k0
µ
√
a1

t∫
0

pi(t− τ1)Γ1x(−x+
µ

k0

√
a1(t− τ1), τ1)

∣∣
x=0

dτ1,

w̄3(t) =

t∫
0

dτ1

t−τ1∫
0

[pi(t− τ1 − σ)− pi(t− τ1)]Γ2xx(x+
µ

k0

√
a2σ, τ1)

∣∣
x=0

dσ.
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w̄4(t) =
k0

µ
√
a2

t∫
0

pi(t− τ1)Γ2x(x+
µ

k0

√
a2τ, (t− τ1), τ1)

∣∣
x=0

dτ1.

Àíàëîãè÷íî, íàõîäèì εD
[ 1+k+β

2
]

t ψ(t) = (k1∂xz1−k2∂xz2)|x=0−pi(t), i = 1, 2.
Òåïåðü îöåíèì êîíñòàíòû Ã¼ëüäåðà. Äëÿ ýòîãî ñôîðìèðóåì ðàçíîñòè,

ïîëîæèâ t > t1 :

∆j := −2λ1a1

(λ2(α1 − α2)√
a2k0

− µκ

k20

)
(w̄j(t)− w̄j(t1)), j = 1, 2,

∆1=−2λ1a1

(λ2(α1−α2)√
a2k0

−µκ
k20

)( t∫
t1

dτ1

t−τ1∫
0

[pi(t−τ1−σ)−pi(t−τ1)]Γ1xx(·, τ1)
∣∣
x=0

dσ+

+

t1∫
0

τ1

t1−τ1∫
0

∆̃1Γ1xx(·, τ1)
∣∣
x=0

dσ+

+

t1∫
0

τ1

t−τ1∫
t1−τ1

[pi(t− τ1 − σ)− pi(t− τ1)]Γ1xx(·, τ1)
∣∣
x=0

dσ

)
, (81)

ãäå ∆̃1 = pi(t− τ1 − σ)− pi(t− τ1)− pi(t1 − τ1 − σ) + pi(t1 − τ1), i = 1, 2;

∆2=
2λ1k0

√
a1

µ

(λ2(α1−α2)√
a2k0

−µκ
k20

)( t∫
t1

pi(t−τ1)Γ1x(−x+
µ

k0

√
a1(t−τ1), τ1)

∣∣
x=0

dτ1+

+

t1∫
0

∆̃2Γ1x(−x+
µ

k0

√
a1(t1 − τ1), τ1)

∣∣
x=0

dτ1+

+

t1∫
0

pi(t− τ1)dτ1

t∫
t1

(−µ√a1
k0

)
Γ1xx(−x+

µ

k0

√
a1(t2 − τ1), τ1)

∣∣
x=0

dt2

)
, (82)

ãäå ∂t2Γ1x(−x+ µ
k0

√
a1(t2 − τ1), τ1)

∣∣
x=0

= −µ
√
a1

k0
Γ1xx(·, τ1)

∣∣
x=0

,

∆̃2 = pi(t− τ1)− pi(t1 − τ1), i = 1, 2.
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Îöåíèì ðàçíîñòè |∆̃j | = |∆̃j |θ|∆̃j |1−θ, j = 1, 2. Âçÿâ θ = 2+β−i
2+α−i , β ∈

(0, α), i = 1, 2, è èñïîëüçóÿ íåðàâåíñòâà (49) äëÿ pi, ìû èìååì

|∆̃1| = |(pi(t− τ1 − σ)− pi(t1 − τ1 − σ)) + (pi(t1 − τ1)− pi(t− τ1))|θ×

×|(pi(t− τ1 − σ)− pi(t− τ1)) + (pi(t1 − τ1)− pi(t1 − τ1 − σ))|1−θ ≤

≤ C47

(
Mi(t− t1)

2+α−i
2

)θ(
Miσ

2+α−i
2

)1−θ
≤

≤ C48Mi(t− t1)
2+β−i

2 σ
α−β
2 ; (83)

|∆̃2| ≤ C49

(
Mi(t− t1)

2+α−i
2

)θ(
Mi((t− τ)

2+α−i
2 + (t1 − τ)

2+α−i
2 )

)1−θ
≤

≤ C49Mi(t− t1)
2+β−i

2 (t− τ)
α−β
2 , θ =

2 + β − i

2 + α− i
, β ∈ (0, α), i = 1, 2, (84)

çäåñü σ ≥ 0, t1 < t, t1, t ∈ (0, T ].
Ðàññìîòðèì ðàçíîñòü (81). Âîñïîëüçóåìñÿ íåðàâåíñòâàìè (37) äëÿ Γ1,

(49) äëÿ pi è (83), òîãäà ìû ïîëó÷èì

|∆1| ≤
C50Mi

k0

( t∫
t1

dτ1

t−τ1∫
0

σ
2+α−i

2

τ
3/2
1

e
− µ2σ2

4k20τ1 dσ+

+

t1∫
0

dτ1

t1−τ1∫
0

σ
α−β
2 (t− t1)

2+β−i
2

τ
3/2
1

e
− µ2σ2

4k20τ1 dσ +

t1∫
0

dτ1

t−τ1∫
t1−τ1

σ
2+α−i

2

τ
3/2
1

e
− µ2σ2

4k20τ1 dσ

)
.

Â ïåðâîì è ïîñëåäíåì èíòåãðàëàõ ïðèìåíèì íåðàâåíñòâà σ
2+β−i

2 ≤ (t−
τ1)

2+β−i
2 ≤ (t− t1)

2+β−i
2 è (41) è èíòåãðèðóÿ ïî σ, ïîëó÷èì

|∆1| ≡ |w̄1(t)− w̄1(t1)| ≤ C51Mik
α−β
2

0 (t− t1)
2+β−i

2

t∫
0

dτ1

τ
1−(α−β)/4
1

≤

≤ C52Mik
α−β
2

0 t
α−β
4 (t− t1)

2+β−i
2 , i = 1, 2,

è

[w̄1(t)]
2+β−i

2
σT ≤ C53Mik

α−β
2

0 t
α−β
4 [pi]

2+α−i
2 , (85)
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ãäå β ∈ (0, α), i = 1, 2, t1 < t, t1, t ∈ (0, T ].
Ðàññìîòðèì ðàçíîñòü ∆2, êîòîðàÿ áûëà îïðåäåëåíà â (82). Ïîñëå ïðè-

ìåíåíèÿ íåðàâåíñòâ (37), (49) è (84) íàéäåì

|∆2| ≤ C54Mi

( t∫
t1

(t− τ1)
2+α−i

2

τ1
e
−µ2(t−τ1)

2

4k20τ1 dτ1+

+(t− t1)
2+β−i

2

t1∫
0

(t− τ1)
α−β
2

τ1
e
−µ2(t−τ1)

2

4k20τ1 dτ1 −
1

k0

t∫
t1

dt2

t1∫
0

(t1 − τ1)
2+α−i

2

τ
3/2
1

)
,

Âîñïîëüçóåìñÿ îöåíêàìè (t− τ1)
2+β−i

2 ≤ (t− t1)
2+β−i

2 , τ1 ∈ (t1, t), è

(t1 − τ1)
2+α−i

2 ≤ (t2 − τ1)
2+α−i

2 ≤ (t2 − τ1)
1+α−β

2

(t2 − t1)
i−β
2

, t2 ∈ (t1, t), τ1 ∈ (t1, t),

â ïåðâîì è ïîñëåäíåì èíòåãðàëàõ ñîîòâåòñòâåííî, çàòåì, ïðèìåíÿÿ íåðà-
âåíñòâî (41) âî âñåõ èíòåãðàëàõ, òîãäà áóäåì èìåòü

|∆2| ≤ C55Mik
α−β
2

0

(
(t−t1)

2+β−i
2

t∫
0

dτ1

τ
1−(α−β)/4
1

+

t∫
t1

dt2

(t2 − t1)
i−β
2

t1∫
0

dτ1

τ
1−(α−β)/4
1

)
,

è ïîñëå èíòåãðèðîâàíèÿ ïîëó÷èì

[w̄2(t)]
( 2+β−i

2
)

σT ≤ C56k
α−β
2

0 t
α−β
4 [pi]

( 2+α−i
2

)
σT , (86)

çäåñü σ ≥ 0, t1 < t, t1, t ∈ (0, T ].
Ñîáèðàÿ îöåíêè (77), (78), (85), (86), ìû ïîëó÷èì îöåíêè íîðì (10)

ôóíêöèé w1(t), w2(t) : ∥wj(t)∥
( 1+k+β

2 )
σT ≤ C56k

α−β
2

0 ∥Φ∥(
1+k+β

2 )
σT , j = 1, 2. Â

ñèëó Ëåììû 1 áóäåì èìåòü |wj(t)|
( 1+k+β

2 )
σT ≤ C57k

α−β
2

0 |Φ|(
1+k+β

2 )
σT , j = 1, 2.

Òîãäà èç ôîðìóëû (63) κψ′(t) = −2λ1a1

(
λ2(α1−α2)√

a2k0
− µκ

k20

)(
w1(t) + w2(t)

)
+

2λ2a2

(
µκ
k20

+ λ1(α1−α2)√
a1k0

)(
w3(t) + w4(t)

)
áóäåò ñëåäîâàòü îöåíêà (53):

|κψ′(t)|(
1+k+β

2
)

σT ≤ C32k
α−β
2

0 |Φ|(
1+k+α

2
)

σT , β ∈ (0, α), t ∈ (0, T ], (87)
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ãäå ïîñòîÿííûå C56, C57, C32 íå çàâèñÿò îò κ, ε,
k0 îïðåäåëÿåòñÿ ôîðìóëîé (36):

k0 = κb1+εb2, b1 = (k1γ1/
√
a3+k2γ2/

√
a4) > 0, b2 = (λ1/

√
a1+λ2/

√
a2) > 0,

|κψ′(t)|(
1+k+β

2
)

σT ≤ C32k
α−β
2

0 |Φ|(
1+k+α

2
)

σT = C32(κb1 + εb2)
α−β
2 |Φ|(

1+k+α
2

)
σT .

Â íåðàâåíñòâå (86), óñòðåìèì ε ê íóëþ, è ìû ïîëó÷èì

|κψ′(t)|(
1+k+β

2
)

σT ≤ C56κ
α−β
2 |Φ|(

1+k+α
2

)
σT , β ∈ (0, α), t ∈ (0, T ],

ãäå ïîñòîÿííàÿ C56 = C32b1 íå çàâèñèò îò κ.

Àíàëîãè÷íî òàêæå äîêàçûâàåì |εψ′(t)|(
1+k+β

2
)

σT .

Äîêàçàòåëüñòâî Òåîðåìû 2. Èç Òåîðåìû 4 è íåðàâåíñòâ (53), (30) äëÿ
ôóíêöèè Φ(t) âûòåêàþò îöåíêè (13), (14) è, ñëåäîâàòåëüíî, Òåîðåìà 2.

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü ïðîôåññîðó Ã.È. Áèæàíîâîé
çà âíèìàíèå è ïîìîùü ïðè íàïèñàíèè ýòîé ðàáîòû.
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Äæîáóëàåâà Æ.Ê. ÏÀÐÀÁÎËÀËÛ� ÒÅ�ÄÅÓËÅÐ Æ�ÉÅÑI �ØIÍ
Ò�ÉIÍÄÅÑÓ ØÀÐÒÒÀÐÛÍÄÀ ÅÊI ÊIØI ÏÀÐÀÌÅÒÐI ÁÀÐ ÅÊIÔÀ-
ÇÀËÛ� ÅÑÅÏÒI� ØÅØIÌIÍI� ÁÀ�ÀËÀÓËÀÐÛ

Ïàðàáîëàëû© òåäåóëåð æ³éåñi ³øií åêi êiøi ïàðàìåòði áàð ñûçû©òàí-
äûðûë¡àí åêiôàçàëû© åñåï çåðòòåëäi. Àë¡àø©û åðêií øåêàðàëû ñûçû©ñûç
åñåï êîíöåíòðàöèÿñû áåëãiñiç áîëàòûí ©îñïàñû áàð çàòòû ôàçàëû© àóû-
ñó (áàë©ó, ©àòàþ) ïðîöåñií ñèïàòòàéäû. Ãåëüäåð êåiñòiãiíäå øåøiìíi áàð
áîëóû, æàë¡ûçäû¡û æºíå øåøiìíi êiøi ïàðàìåòðëåðäåí òºóåëñiç êîýðöè-
òèâòiê áà¡àëàóëàðû äºëåëäåíäi.

Dzhobulaeva Zh.K. THE ESTIMATES OF THE SOLUTION OF THE
TWO PHASE PROBLEM WITH A TWO SMALL PARAMETERS IN THE
CONJUGATE CONDITIONS FOR THE SYSTEM OF THE PARABOLIC
EQUATIONS

There is studied the linearized two phase problem with a two small
parameters for the system of the parabolic equations. The original nonlinear
free boundary problem describes the process of phase transition (melting,
solidi�cation) of substance with the admixture of unknown concentration. In
the H�older spaces there are proved the existence, uniqueness and coercitive
estimates of the solution with the constants not depending on a small
parameters.
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1. Introduction

An algebra (A, ·) is called commutative medial, if for any a, b, c ∈ A the
following identities are hold

a · b = b · a, (a · b) · (c · d) = (a · d) · (c · b).

One of main problems of algebra concern construction of free algebras.
Module structures of multi-linear parts of free algebras over symmetric groups
are important ingredients of operads theory. For some cases these structures
are known. Let us remind some such results.

Let F assoc
n , F zinb

n and F leib
n are multi-linear parts of free associative, free

Zinbiel and free Leibniz algebras with n generators, respectively. Then F assoc
n ,

F zinb
n and F leib

n as Sn-module are isomorphic to regular module of Sn.
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Free commutative medial algebra as ... 111

If F lie
n is a multi-linear part of free Lie algebras, then F lie

n as Sn-module is
studied in [1], [2].

In [3], [4] are studied module structures of multi-linear parts F bicom
n , Fnov

n

of free bicommutative and Novikov algebras, respectively.
In [5]module structures of multi-linear part F acom

n of free anti-commutative
algebra for 1 ≤ n ≤ 7 are constructed. In [6] trace formulas for multi-linear
parts of free anti-commutative algebra F acom

n and for free commutative algebra
F com
n are calculated.
In [7] trace formulas for multi-linear parts of free right-symmetric algebra

F rsym
n and for free right-commutative algebra F rcom

n are constructed.
In this paper we consider multi-linear part Fmulti

n = Fmulti
n (X) of free

commutative medial algebra F (X) as Sn-module. We suppose that a main
�eld K is a �eld of characteristic 0.

Let M(T ) be module constructed by medial commutative tree T.

Òåîðåìà 1. If T is a com-medial tree with n leaves, then as Sn-module

M(T ) ∼= Mω(T ),

where Mω(T ) is permutation module for partition ω(T ) ⊢ n.

We show that M(T ) is a module induced by trivial module of subgroup
generated by weight ω(T ), namely,

M(T ) ∼= IndSn
Sω(T )

(1Sω(T )
),

where 1Sω(T )
is trivial module of Sω(T ). De�nitions of medial commutative tree

T and their weight ω(T ) will be given below. Details on permutation modules
see [8], [9], [10], [11] and group of automorphisms of rooted trees see [12].

2. Base of Free Commutative Medial Algebra

Definition 1. A planar rooted tree is called binary if each vertex has out-

degree 0 or 2.
Vertex of binary tree with out-degree 0 is called leaf and vertex with out-

degree 2 is called inner.

Number of leaves of binary tree T is called order of binary tree and denoted

by |T |.
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Example 1. Let |T | = 4. Then

T = `r `r r r
@�
@�

− non binary tree,

T = `r `r `r r
@�
@�
@�

− binary tree, T = `` `r r r r
@

@
�
�

@� @�

− binary tree.

All binary trees have levels and leaf-levels. For example, let given

T1 = `r `r `r r` ` ` ` ` ` ` ` ` `` ` ` ` ` ` ` ` ` `` ` ` ` ` ` ` ` ` `
@�

@�
@�

, T2 = `` `r r r r` ` ` ` ` ` ` ` ` ` ` ` ` ` `` ` ` ` ` ` ` ` ` ` ` ` ` ` `
@

@
�
�

@� @�

,

then T1 have 3 levels and 3 leaf-levels, T2 have 2 levels and 1 leaf-level.

Definition 2. A binary tree is called commutative-medial or shortly com-

medial if the following conditions are hold:

• for any inner vertex its subtrees of depth 1 are ordered from the left to

the right

• for any inner vertex its subtrees of depth 2 are ordered from the left to

the right.

Example 2. There are 9 com-medial trees with 7 leaves. They are

T1 = `r `r `r `r `r `r r

@�
@�
@�
@�
@�

@�

T2 = `r `r `r `` `r r r r

@�
@�
@�
@

@
�
�

@� @�

T3 = `r `r `` `r r r `r r

@�
@�

@
@

�
�

@� @�
@�

T4 = `r `` `r r r `r `r r

@�
@

@
�
�

@� @�
@�

@�

T5 = `r ``r r `` `r r r r

@�
@�

�@�
@

@
�
�

@� @�

T6 = `` `r r r `r `r `r r

@
@

�
�

@� @�
@�
@�
@�

T7 = `` `r r r `` `r r r r

@
@

�
�

@� @�
@

@
�
�

@� @�

T8 = ``r r `` `r r r `r r

@�
�@�
@

@
�
�

@� @�
@�

T9 = `
``r ` ` `r r r r r r

@
@

@
@

�
�

�
@

@
�
�@�

@� @� @�

.
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Now we will �ll leaves of com-medial tree T , |T | = n by elements
(generators) of X = {a1, a2, . . . , an}.

Filling rule

• ai1 < ai2 < · · · < aik , 1 ≤ k ≤ n, if ai1 , ai2 , . . . , aik lies in one leaf-level of
com-medial tree

Denote by Bn set of labeled above the rule all com-medial trees with n
leaves by X = {a1, a2, . . . , an}.

Example 3. Let n = 4 and X = {a, b, c, d}, a < b < c < d. Then

B4 = { `r `r `r r
@�

@�
@�

a

b

c d

, `r `r `r r
@�
@�

@�
a

c

b d

, `r `r `r r
@�
@�
@�

a

d

b c

, `r `r `r r
@�
@�
@�

b

a

c d

, `r `r `r r
@�

@�
@�

b

c

a d

, `r `r `r r
@�
@�

@�
b

d

a c

,

`r `r `r r
@�
@�
@�

c

c

a d

, `r `r `r r
@�
@�
@�

c

b

a d

, `r `r `r r
@�

@�
@�

c

d

a d

, `r `r `r r
@�
@�

@�
d

a

b c

, `r `r `r r
@�
@�
@�

d

b

a c

, `r `r `r r
@�
@�
@�

d

c

a b

,

`` `r r r r
@

@
�

�
@� @�
a b c d

}.

Let X = {a1, a2, . . . , an} be a set of generators and F (X) be a free
commutative medial algebra onX and Fmulti

n (X) be multi-linear part of F (X).
Let T be a com-medial unlabeled tree with n leaves. We de�ne left action

of Sn on the space Fmulti
n (X) in a natural way. Denote by M(T ) a Sn-module

generated by T . For example, if σ = (123)(45) ∈ S5 and m = (a5 · ((a1 · a2) ·
(a3 · a4))) ∈ Fmulti

5 (X), then

σ(m) = (a4 · ((a2 · a3) · (a1 · a5))).

3. Coloring of leaves

Now we color the leaves of com-medial tree by the following algorithm
• all leaves in one leaf-level have same color,
• each leaf-level has distinct colors.
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Example 4. Let

T = `r `r `` `r r r `r r

@�
@�
@

@
�
�

@� @�
@�

and Ω = {a, b, c, d} be a set of colors. Then

T = `r `r `` `r r r `r r

@�
@�
@

@
�
�

@� @�
@�

a

b

c c c

d d

or color(T ) = {a, b, 3c, 2d}.
Therefore we can correspond for each com-medial tree its color, that is, if

T is a com-medial tree with l-leaf-levels and Ω = {c1, c2, . . . , cl} is set of colors,
then

color(T ) = {k1c1, k2c2, . . . , klcl},

where ki is multiplicity of color ci ∈ Ω.

Definition 3. Let T be a com-medial tree and color(T ) =
{k1c1, k2c2, . . . , klcl}. Weight of com-medial tree T is de�ned by

ω(T ) = ω({k1c1, k2c2, . . . , klcl}) = sort(k1, k2, . . . , kl).

Example 5. Let

T = `r `r `` `r r r `r r

@�
@�
@

@
�
�

@� @�
@�

and Ω = {a, b, c, d}. Then

ω(T ) = (3, 2, 1, 1).
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Let us present labeled com-medial trees in following form

L(a1, a2, . . . , ak; b1, b2, . . . , bl; . . . ; c1, c2, . . . cm),

where a1, a2, . . . , ak are leaves in �rst leaf-level, b1, b2, . . . , bl are leaves in second
leaf-level and etc.

Ëåììà 1. Let α ∈ Sk, β ∈ Sl, . . . , γ ∈ Sm. Then

L(aα(1), aα(2), . . . , aα(k); bβ(1), bβ(2), . . . , bβ(l); . . . ; cγ(1), cγ(2), . . . cγ(m)) =

L(a1, a2, . . . , ak; b1, b2, . . . , bl; . . . ; c1, c2, . . . cm).

Proof. It is enough to consider labelled com-medial tree T in the following
form

`

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r r

ppp p p p

@
@

@
@

@
@

@

�
�

�
�
�
�

�
@

@
@

@

�
�

�
�

@
@

@
@

�
�
�

�
@

@
�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
a1 a2 a3 a4 ak−3 ak−2 ak−1 ak ak+1 ak+2 ak+3 ak+4 al−3 al−2 al−1 al

,

where l = 2n and k = 2n−1.

It is su�cient to prove the following equality
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`

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r r

ppp p p p

@
@

@
@

@
@

@

�
�
�
�

�
�
�

@
@

@
@

�
�
�
�

@
@

@
@

�
�
�
�

@
@

�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
a1 a2 a3 a4 ak−3 ak−2 ak−1 ak ak+1 ak+2 ak+3 ak+4 al−3 al−2 al−1 al

=

= `

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r r

ppp p p p

@
@

@
@

@
@

@

�
�
�

�
�
�
�

@
@

@
@

�
�
�

�

@
@

@
@

�
�
�
�

@
@

�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
ak+1 a2 a3 a4 ak−3 ak−2 ak−1 ak a1 ak+2 ak+3 ak+4 al−3 al−2 al−1 al

.

Let us use induction on l.
Base of induction.
Let l = 2

(a1a2) = com = (a2a1).

Let l = 4

(a1a2)(a3a4) = com = (a2a1)(a3a4) = com = (a2a1)(a4a3) =

= medial = (a2a3)(a4a1) = com = (a3a2)(a4a1) = com = (a3a2)(a1a4).

Step of induction.
Assume that the proposition is true for l = 2n−1, i.e.
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`

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r r

ppp p p p

@
@

@
@

@
@

@

�
�
�

�
�
�
�

@
@

@
@

�
�
�

�

@
@

@
@

�
�
�
�

@
@

�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
a1 a2 a3 a4 ak−3 ak−2 ak−1 ak ak+1 ak+2 ak+3 ak+4 al−3 al−2 al−1 al

=

= `

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r r

ppp p p p

@
@

@
@

@
@

@

�
�
�

�
�
�
�

@
@

@
@

�
�
�

�

@
@

@
@

�
�
�
�

@
@

�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
ak+1 a2 a3 a4 ak−3 ak−2 ak−1 ak a1 ak+2 ak+3 ak+4 al−3 al−2 al−1 al

,

where l = 2n−1 and k = 2n−2.
We have

`

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r rp p p p p p p p p p p p

@
@

@
@

@
@

@

�
�
�

�
�
�
�

@
@

@
@

�
�
�

�

@
@

@
@

�
�
�
�

@
@

�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
a1 a2 ak−1 ak ak+1 ak+2 al−1 al al+1 al+2 ap−1 ap ap+1 ap+2 aq−1 aq

=
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= `

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r rp p p p p p p p p p p p

@
@

@
@

@
@

@

�
�
�

�
�
�
�

@
@

@
@

�
�
�

�

@
@

@
@

�
�
�
�

@
@

�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
al+1 a2 ak−1 ak ak+1 ak+2 al−1 al a1 al+2 ap−1 ap ap+1 ap+2 aq−1 aq

,

where q = 2n, l = 2n−1, k = 2n−2 and p = 3 · 2n−2.

`

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r rp p p p p p p p p p p p

@
@

@
@

@
@

@

�
�

�
�
�
�

�
@

@
@

@

�
�

�
�

@
@

@
@

�
�
�

�
@

@
�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
a1 a2 ak−1 ak ak+1 ak+2 al−1 al al+1 al+2 ap−1 ap ap+1 ap+2 aq−1 aq

= com =

`

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r rp p p p p p p p p p p p

@
@

@
@

@
@

@

�
�
�

�
�
�

�
@

@
@

@

�
�
�

�

@
@

@
@

�
�
�

�
@

@
�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
a1 a2 ak−1 ak ak+1 ak+2 al−1 al ap+1 ap+2 aq−1 aq al+1 al+2 ap−1 ap

= medial =
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`

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r rp p p p p p p p p p p p

@
@

@
@

@
@

@

�
�
�

�
�
�
�

@
@

@
@

�
�
�

�

@
@

@
@

�
�
�
�

@
@

�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
a1 a2 ak−1 ak al+1 al+2 ap−1 ap ap+1 ap+2 aq−1 aq ak+1 ak+2 al−1 al

= by assumption =

`

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r rp p p p p p p p p p p p

@
@

@
@

@
@

@

�
�

�
�
�
�

�
@

@
@

@

�
�

�
�

@
@

@
@

�
�
�

�
@

@
�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
al+1 a2 ak−1 ak a1 al+2 ap−1 ap ap+1 ap+2 aq−1 aq ak+1 ak+2 al−1 al

= medial =

`

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r rp p p p p p p p p p p p

@
@

@
@

@
@

@

�
�

�
�
�
�

�
@

@
@

@

�
�

�
�

@
@

@
@

�
�

�
�

@
@

�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
al+1 a2 ak−1 ak ak+1 ak+2 al−1 al ap+1 ap+2 aq−1 aq a1 al+2 ap−1 ap

= com =
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= `

`
` ` ` `` ` ` ` ` ` ` `r r r r r r r r r r r r r r r rp p p p p p p p p p p p

@
@

@
@

@
@

@

�
�
�
�
�

�
�

@
@

@
@

�
�
�
�

@
@

@
@

�
�

�
�

@
@

�
�

@
@

�
�

@
@

�
�

@
@

�
�

@� @� @� @� @� @� @� @�
al+1 a2 ak−1 ak ak+1 ak+2 al−1 al a1 al+2 ap−1 ap ap+1 ap+2 aq−1 aq

�

4. Proof of Theorem 1

Let T be a com-medial tree with n leaves. By Lemma 1 all possible
permutations of leaves in one leaf-level do not destroy base rule. Leaf-levels
and leaves in leaf-level generate weight of T , ω(T ). Therefore group of
automorphisms of a com-medial tree T is Sω(T ) and Sω(T ) is Young subgroup
of Sn. Therefore, Sn-module structures of M(T ) are calculated by formula

M(T ) ∼= IndSn
Sω(T )

(1Sω(T )
),

where 1Sω(T )
is trivial representation (or trivial module) of Sω(T ) and we are

known that

Mω(T ) ∼= IndSn
Sω(T )

(1Sω(T )
)

is a permutation module for partition ω(T ) ⊢ n. �

Example 6. Let n = 7. Then

T1 = `r `r `r `r `r `r r

@�
@�
@�
@�
@�

@�

T2 = `r `r `r `` `r r r r

@�
@�
@�
@

@
�
�

@� @�

T3 = `r `r `` `r r r `r r

@�
@�

@
@

�
�

@� @�
@�
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T4 = `r `` `r r r `r `r r

@�
@

@
�
�

@� @�
@�

@�

T5 = `r ``r r r` `r r r r

@�
@�

�@�
@

@
�
�

@� @�

T6 = `` `r r r `r `r `r r

@
@

�
�

@� @�
@�
@�

@�

T7 = `` `r r r `` `r r r r

@
@

�
�

@� @�
@

@
�
�

@� @�

T8 = ``r r `` `r r r `r r

@�
�@�
@

@
�

�
@� @�

@�

T9 = `
``r ` ` `r r r r r r

@
@

@
@

�
�
�
@

@
�
�@�

@� @� @�

and

ω(T1) = (2, 1, 1, 1, 1, 1), ω(T2) = (4, 1, 1, 1), ω(T3) = (3, 2, 1, 1),

ω(T4) = (3, 2, 1, 1), ω(T5) = (4, 2, 1), ω(T6) = (3, 2, 1, 1),

ω(T7) = (4, 3), ω(T8) = (3, 2, 2), ω(T9) = (6, 1).

Therefore

M(T1) ∼= M (2,1,1,1,1,1) ∼= S(2,1,1,1,1,1) ⊕ 4S(2,2,1,1,1) ⊕ 5S(2,2,2,1) ⊕ 5S(3,1,1,1,1)⊕

⊕15S(3,2,1,1) ⊕ 10S(3,2,2) ⊕ 11S(3,3,1) ⊕ 10S(4,1,1,1) ⊕ 20S(4,2,1) ⊕ 9S(4,3)⊕

⊕10S(5,1,1) ⊕ 10S(5,2) ⊕ 5S(6,1) ⊕ S(7),

M(T2) ∼= M (4,1,1,1) ∼= S(4,1,1,1)⊕2S(4,2,1)⊕S(4,3)⊕3S(5,1,1)⊕3S(5,2)⊕3S(6,1)⊕S(7),

M(T3) ∼= M (3,2,1,1) ∼= S(3,2,1,1)⊕S(3,2,2)⊕2S(3,3,1)⊕S(4,1,1,1)⊕4S(4,2,1)⊕3S(4,3)⊕

⊕3S(5,1,1) ⊕ 4S(5,2) ⊕ 3S(6,1) ⊕ S(7),

M(T4) ∼= M (3,2,1,1) ∼= S(3,2,1,1)⊕S(3,2,2)⊕2S(3,3,1)⊕S(4,1,1,1)⊕4S(4,2,1)⊕3S(4,3)⊕

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 2



122 Bekzat K. Zhakhayev

⊕3S(5,1,1) ⊕ 4S(5,2) ⊕ 3S(6,1) ⊕ S(7),

M(T5) ∼= M (4,2,1) ∼= S(4,2,1) ⊕ S(4,3) ⊕ S(5,1,1) ⊕ 2S(5,2) ⊕ 2S(6,1) ⊕ S(7),

M(T6) ∼= M (3,2,1,1) ∼= S(3,2,1,1)⊕S(3,2,2)⊕2S(3,3,1)⊕S(4,1,1,1)⊕4S(4,2,1)⊕3S(4,3)⊕

⊕3S(5,1,1) ⊕ 4S(5,2) ⊕ 3S(6,1) ⊕ S(7),

M(T7) ∼= M (4,3) ∼= S(4,3) ⊕ S(5,2) ⊕ S(6,1) ⊕ S(7),

M(T8) ∼= M (3,2,2) ∼= S(3,2,2)⊕S(3,3,1)⊕2S(4,2,1)⊕2S(4,3)⊕S(5,1,1)⊕3S(5,2)⊕2S(6,1)⊕S(7),

M(T9) ∼= M (6,1) ∼= S(6,1) ⊕ S(7).
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Ïîëó÷åíà îöåíêà ïðèáëèæåíèÿ èíòåðïîëÿöèîííûìè ëîêàëüíûìè ñïëàéíàìè íà
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íèÿ.

1. Ââåäåíèå

Òåðìèí "ðåãóëÿðíûé ñïëàéí" âïåðâûå ïîÿâèëñÿ â ðàáîòå Øàáàêà
(Schaback, [1]). Èì áûëà ðàññìîòðåíà èíòåðïîëÿöèîííàÿ çàäà÷à äëÿ îáùèõ
íåëèíåéíûõ êëàññîâ ñïëàéí-ôóíêöèé, êîòîðûå ñðåäè ïðî÷èõ ñîäåðæàò
íåêîòîðûå ýêñïîíåíöèàëüíûå, òðèãîíîìåòðè÷åñêèå, ðàöèîíàëüíûå ôóíê-
öèè è èõ êîìáèíàöèè. Ðàçëè÷íûå ñâîéñòâà òàêèõ ðåãóëÿðíûõ ñïëàéíîâ
è èõ ïðèëîæåíèÿ ðàññìàòðèâàëèñü Àðíäòîì (Arndt, [2]�[3]), Âåðíåðîì
(Werner, [4]), Âåðíåðîì è Ëîýáîì (Werner, Loeb, [5]) è äðóãèìè àâòîðàìè.
Ïîçæå àâòîðîì [6]�[7] áûëè ðàññìîòðåíû ðåãóëÿðíûå ñïëàéíû (ñ äðóãè-
ìè óñëîâèÿìè ðåãóëÿðíîñòè), îáîáùàþùèìè, â ÷àñòíîñòè, ðàöèîíàëüíûå
ñïëàéíû Øïýòà ñ äâóìÿ ïîëþñàìè. (Sp�ath H., [8, � 6.4] ). Â ðàáîòå [9] áûëà
èññëåäîâàíà çàäà÷à àïïðîêñèìàöèè íåïðåðûâíûõ ïåðèîäè÷åñêèõ ôóíêöèé
îáîáùåííûìè èíòåðïîëÿöèîííûìè ïàðàáîëè÷åñêèìè ñïëàéíàìè, îïðåäå-
ëåííûìè â [10]. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ êëàññ ðåãóëÿðíûõ
ñïëàéíîâ, îáîáùàþùèõ, â ÷àñòíîñòè, êëàññ ðàöèîíàëüíûõ ñïëàéíîâØïýòà
ñ îäíèì ïîëþñîì (Sp�ath H., [8, � 6.3] ). Ïîëó÷åíà îöåíêà ïðèáëèæåíèÿ èí-
òåðïîëÿöèîííûìè ðåãóëÿðíûìè ñïëàéíàìè (ÈÐÑ) íà êëàññå íåïðåðûâíî
äèôôåðåíöèðóåìûõ ôóíêöèé.

Keywords: Regular splines, generalized splines, error estimations.

2010 Mathematics Subject Classi�cation: 41A15, 26A06.
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2. Îïðåäåëåíèå ÈÐÑ

Ïóñòü C r � êëàññ ôóíêöèé, íåïðåðûâíûõ âìåñòå ñ r-îé ïðîèçâîäíîé
íà îòðåçêå [0,1] (r = 0, 1, ...;C 0 = C), C̃ r � ñîîòâåòñòâóþùèé êëàññ 1-
ïåðèîäè÷åñêèõ ôóíêöèé. Íà îòðåçêå [0,1] çàäàäèì ðàçáèåíèå:

Hn = {0 = x0 < x1 < ... < xn = 1}.

Îïðåäåëåíèå 1. Ðåãóëÿðíûì ñïëàéíîì ïî ðàçáèåíèþ Hn íàçîâåì ôóíê-

öèþ Sn(x) ∈ C 1, èìåþùóþ íà êàæäîì ïðîìåæóòêå [xi, xi+1] ñëåäóþùèé

âèä:

Sn(x) = Ai +Bit+ Cit
2 +Diui(t), (1)

ãäå t = (x − xi)/hi, hi = xi+1 − xi, Ai, Bi, Ci, Di � âåùåñòâåííûå êîýôôè-

öèåíòû, ui(t) � çàäàííûå ôóíêöèè èç C2, óäîâëåòâîðÿþùèå ñëåäóþùèì

óñëîâèÿì (ðåãóëÿðíîñòè):

à) âòîðûå ïðîèçâîäíûå u
′′
i (t) ìîíîòîííû íà [0, 1],

á) u
′′
i (t) òîæäåñòâåííî íå ðàâíû êîíñòàíòå íà [0, 1].

Êàæäîé ôóíêöèè f ∈ C (èëè f ∈ C̃) ïîñòàâèì â ñîîòâåòñòâèå åå èíòåð-
ïîëÿöèîííûé ðåãóëÿðíûé ñïëàéí (ÈÐÑ) Sn(f, x) ∈ C 1, îñóùåñòâëÿþùèé
(0,1) � èíòåðïîëÿöèþ, ò.å. ñïëàéí (1) òàêîé, ÷òî

S(j)
n (xi) = f (j)(xi) =: f ji , (2)

äëÿ i = 0, 1, ..., n è j = 0, 1.

3. Âñïîìîãàòåëüíûå ðåçóëüòàòû

Ââåäåì îáîçíà÷åíèÿ:

∆i = 2
(
ui(1)− ui(0)

)
−
(
u

′
i(1) + u

′
i(0)

)
, (3)

βi(t) = 1 +
1

∆i

[
2(ui(t)− ui(1)) + u

′
i(0)(1− t)2 + u

′
i(1)(1− t2)

]
, (4)

φi(t) =
[
ui(1)− ui(t)

]
+
[
ui(0)− ui(1)

]
(1− t)2 + u

′
i(1)t(t− 1), (5)

ψi(t) =
[
ui(1)− ui(t)

]
+

[
ui(0)− ui(1)

]
(1− t2) + u

′
i(0)t(1− t). (6)
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Îòìåòèì ñëåäóþùèå ñîîòíîøåíèÿ:

φi(t)− ψi(t)

∆i
= t(1− t) (7)

è

(1− t)βi(t) +
φi(t)

∆i
= t(1− βi(t))−

ψi(t)

∆i
=Wi(t) (i = 0, 1, ..., n− 1). (8)

Âûïèøåì íåêîòîðûå ñâîéñòâà âûøåóêàçàííûõ ôóíêöèé.

Ñâîéñòâî 1.

βi(0) = 0, βi(1) = 1, β
′
i(0) = 0, β

′
i(1) = 0,

0 6 βi(t) 6 1 (i = 0, 1, ..., n− 1).

Äëÿ äîêàçàòåëüñòâà Ñâîéñòâà 1 çàìåòèì, ÷òî ôóíêöèè βi(t) ìîíîòîí-
íû, ò.å. èõ ïðîèçâîäíûå íå ìåíÿþò çíàê, â ïðîòèâíîì ñëó÷àå âòîðûå ïðî-
èçâîäíûå ôóíêöèé βi(t), à ñëåäîâàòåëüíî, è ôóíêöèé ui(t) íå ìîãóò áûòü
ìîíîòîííû, ÷òî ïðîòèâîðå÷èò óñëîâèÿì ðåãóëÿðíîñòè èç Îïðåäåëåíèÿ 1.

Àíàëîãè÷íî ìîãóò áûòü äîêàçàíû ñëåäóþùèå ñâîéñòâà.

Ñâîéñòâî 2.

φi(0) = 0, φi(1) = 0, φ
′
i(0) = ∆i, φ

′
i(1) = 0,

0 6 φi(t)

∆i
6 t(1− t) (i = 0, 1, ..., n− 1).

Ñâîéñòâî 3.

ψi(0) = 0, ψi(1) = 0, ψ
′
i(0) = 0, ψ

′
i(1) = ∆i,

t(t− 1) 6 ψi(t)

∆i
6 0 (i = 0, 1, ..., n− 1).

4. Îöåíêà ïðèáëèæåíèÿ íà êëàññå C 1

Òåîðåìà 1. Ïóñòü f ∈ C 1 (èëè f ∈ C̃ 1) è ñïëàéí Sn(f, x) óäîâëåòâîðÿåò
óñëîâèÿì (2). Òîãäà íà êàæäîì îòðåçêå [xi, xi+1] ñïðàâåäëèâî íåðàâåíñòâî∣∣∣∣Sn(f, x)− f(x)

∣∣∣∣ 6
∣∣Wi(t)

∣∣ hi ω(f ′
, hi) 6 5

8
hi ω(f

′
, hi), (9)
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ãäå ω(f
′
, hi) � ìîäóëü íåïðåðûâíîñòè ïðîèçâîäíîé ôóíêöèè f , Wi(t) îïðå-

äåëåíà â (8), t = (x− xi)/hi.

Äîêàçàòåëüñòâî. Èç óñëîâèé (2) îïðåäåëèì êîýôôèöèåíòû ñïëàéíà:

Ai =
1

∆i

[
fi

(
2ui(1)− u

′
i(1)− u

′
i(0)

)
− ui(0)

(
2fi+1 − f

′
i+1hi − f

′
ihi

)]
, (10)

Bi=
1

∆i

[(
2ui(1)− 2ui(0)− u

′
i(1)

)
f

′
ihi + u

′
i(0)

(
2fi + f

′
i+1hi − 2fi+1

)]
, (11)

Ci =
1

∆i

[(
fi+1 − fi

)
(u

′
i(0)− u

′
i(1)) +

(
ui(1)− ui(0)

)
(f

′
i+1 − f

′
i )hi +

+(f
′
iu

′
i(1)− f

′
i+1u

′
i(0))hi

]
, (12)

Di =
1

∆i

[
2

(
fi+1 − fi

)
− f

′
ihi − f

′
i+1hi

]
. (13)

Òîãäà ñïëàéí Sn(f, x) ìîæåò áûòü ïðåäñòàâëåí â âèäå:

Sn(f, x) = fi (1− βi(t)) + fi+1 βi(t) + f
′
ihi

φi(t)

∆i
+ f

′
i+1hi

ψi(t)

∆i
, (14)

ãäå ôóíêöèè βi(t), φi(t),ψi(t) è ∆i îïðåäåëåíû â (3)�(6).
Èñïîëüçóÿ ïðåäñòàâëåíèÿ

fi = f(x) + f
′
(ξi)(xi − x) = f(x)− f

′
(ξi)thi, ξi ∈ [xi, xi+1],

fi+1 = f(x) + f
′
(ηi)(xi+1 − x) = f(x) + f

′
(ηi)(1− t)hi, ηi ∈ [xi, xi+1],

îöåíèì óêëîíåíèå∣∣∣∣Sn(f, x)− f(x)

∣∣∣∣ = hi

∣∣∣∣f ′
(ηi) (1− t)βi(t)−

−f ′
(ξi) (1− βi(t)) t + f

′
i

φi(t)

∆i
+ f

′
i+1

ψi(t)

∆i

∣∣∣∣. (15)
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Ïîñêîëüêó (1 − t)βi(t) > 0, (1 − βi(t)) t 6 0,
φi(t)

∆i
> 0,

ψi(t)

∆i
6 0 (ñì.

Ñâîéñòâà 1�3), òî, ïðèìåíÿÿ òåîðåìó î ïðîìåæóòî÷íûõ çíà÷åíèÿõ, èìååì∣∣∣∣Sn(f, x)− f(x)

∣∣∣∣ = hi

∣∣∣∣f ′
(θi)

[
(1− t)βi(t) +

φi(t)

∆i

]
−

−f ′
(νi)

[
(1− βi(t)) t −

ψi(t)

∆i

]∣∣∣∣. (16)

Ó÷èòûâàÿ ñîîòíîøåíèå (8), ïîëó÷àåì∣∣∣∣Sn(f, x)− f(x)

∣∣∣∣ = hi

∣∣∣∣Wi(t)

∣∣∣∣ · ∣∣∣∣f ′
(θi)− f

′
(νi)

∣∣∣∣ 6 ∣∣∣∣Wi(t)

∣∣∣∣ · hi ω(f ′
, hi). (17)

Èç (8) è (7) òàêæå ñëåäóåò, ÷òî

2Wi(t) = (1− t)βi(t) + t (1− βi(t)) + t(1− t), (18)

îòêóäà è èç Ñâîéñòâà 1

2

∣∣∣∣Wi(t)

∣∣∣∣ 6 1 + t(1− t) 6 5

4
. (19)

Èç (17) è (19) ñëåäóåò óòâåðæäåíèå Òåîðåìû.

5. Îöåíêà íà êëàññå W 1H ω

Ïóñòü W 1H ω � êëàññ ôóíêöèé f ∈ C 1, ó êîòîðûõ ïðîèçâîäíàÿ
f ′ ∈ H ω, ãäå H ω � êëàññ ôóíêöèé g(t) ∈ C ñ ìîäóëåì íåïðåðûâíîñòè, íå
ïðåâîñõîäÿùèì çàäàííîãî âûïóêëîãî ìîäóëÿ íåïðåðûâíîñòè ω(t), t ∈ [0, 1],
ò.å. ∣∣g(t′)− g(t′′)

∣∣ 6 ω(
∣∣t′ − t

′′∣∣) (20)

ïðè âñåõ t′, t′′ ∈ [0, 1].
Ïîëó÷èì îöåíêó ñíèçó äëÿ ôóíêöèé èç êëàññà W 1H ω.
Ïîñòðîèì íà [xi, xi+1] ñëåäóþùóþ ôóíêöèþ

gi(t) =


1
2 ω(2t− 2xi), t ∈ [xi , xi +

hi
4 ],

1
2 ω(2xi + hi − 2t), t ∈ [xi +

hi
4 , xi +

hi
2 ],

−1
2 ω(2t− 2xi − hi), t ∈ [xi +

hi
2 , xi +

3hi
4 ],

−1
2 ω(2xi + 2hi − 2t), t ∈ [xi +

3hi
4 , xi+1 ],

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 2



Î ëîêàëüíîé àïïðîêñèìàöèè îäíèì ... 129

Èç ñâîéñòâ ìîäóëÿ íåïðåðûâíîñòè (ñì., íàïðèìåð, [11, � 4.2]) ÿñíî, ÷òî
gi(t) ∈ H ω.

Òîãäà äëÿ ôóíêöèè

fi(x) =


x∫
xi

gi(t) dt, t ∈ [xi, xi+1]

0 â îñòàëüíûõ òî÷êàõ îòðåçêà [0, 1]

èìååì

∥fi∥ = fi

(
xi +

hi
2

)
= 2

xi+
hi
4∫

xi

1

2
ω(2t− 2xi) dt =

1

2

hi
2∫

0

ω(z) dz, (21)

ãäå z = 2t− 2xi.
Îòñþäà

∥∥Sn(f, x)− f(x)
∥∥ = max

i

∥∥Sn(fi, x)− fi(x)
∥∥ =

1

2

h̄/2∫
0

ω(z) dz, (22)

ãäå h̄ = max
i
hi è, â ñèëó âûïóêëîñòè ââåðõ ìîäóëÿ íåïðåðûâíîñòè,

∥∥Sn(f, x) − f(x)
∥∥ =

1

2

h̄/2∫
0

ω(z) dz > h̄

8
ω

(
h̄

2

)
> h̄

16
ω
(
h̄
)
. (23)

Îöåíêà ñâåðõó ñðàçó ñëåäóåò èç Òåîðåìû 1.

6. Ïðèìåðû

1) Åñëè âçÿòü ui = t3, òî ïîëó÷èì îáû÷íûå êóáè÷åñêèå ñïëàéíû.
2) Ïðè

ui(t) =

k∑
j=1

dij(t− αj)
2
+

ïîëó÷àåì ïàðàáîëè÷åñêèå ñïëàéíû ñ äîïîëíèòåëüíûìè óçëàìè.
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3) Ïðè

ui(t) =

k∑
j=1

dij(t− αj)
3
+

ïîëó÷àåì êóáè÷åñêèå ñïëàéíû ñ äîïîëíèòåëüíûìè óçëàìè.
4) Ïðè

ui(t) =
t3

1 + pit

ïîëó÷àåì ðàöèîíàëüíûå ñïëàéíû Øïýòà ñ îäíèì ïîëþñîì [8, �6.3].
Ìîæíî ðàññìîòðåòü òàêæå ñëåäóþùèå ôóíêöèè:
5) ui(t) =

√
t+ αi , αi > 0,

6) ui(t) = ln(t+ αi), αi > 0,
7) ui(t) = eαit.
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Ismagulov M.R. ON LOCAL APPROXIMATION OF ONE CLASS OF
REGULAR SPLINES

The class of regular splines generalizing such cases as cubic splines, rational
splines with one pole and others is considered. The error estimate by local
interpolating regular splines on the class of continuously di�erentiable functions
is obtained.
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Ìèòðîïîëüñêîãî, Ã.Ï. Õîìû, Ì.È. Ãðîìÿê äëÿ èññëåäîâàíèÿ ïåðèîäè÷å-
ñêèõ ðåøåíèé ãèïåðáîëè÷åñêèõ óðàâíåíèé áûëè ïðèìåíåíû àñèìïòîòè÷å-
ñêèå ìåòîäû. Äëÿ ðåøåíèÿ ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ äëÿ ãèïåðáîëè-
÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà áûëè ïðèìåíåíû ìåòîä Ôóðüå, ìåòîä
ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, ìåòîäû ôóíêöèîíàëüíîãî àíàëèçà, âàðè-
àöèîííûé ìåòîä è äð. Äàëüíåéøåå ðàçâèòèå òåîðèÿ íåëîêàëüíûõ êðàåâûõ
çàäà÷ äëÿ ñèñòåì ãèïåðáîëè÷åñêèõ óðàâíåíèé ñî ñìåøàííîé ïðîèçâîäíîé
ïîëó÷èëà â ðàáîòàõ Ä.Ñ. Äæóìàáàåâà, À.Ò. Àñàíîâîé è èõ ó÷åíèêîâ. À.Ò.
Àñàíîâîé [1], [2] íà îñíîâå ìåòîäà ïàðàìåòðèçàöèè, ïðåäëîæåííîãî Ä.Ñ.
Äæóìàáàåâûì [3], [4] äëÿ èçó÷åíèÿ è ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, áûë ðàçðàáîòàí ìåòîä ââå-
äåíèÿ ôóíêöèîíàëüíûõ ïàðàìåòðîâ äëÿ èññëåäîâàíèÿ êðàåâûõ çàäà÷ ñ
äàííûìè íà õàðàêòåðèñòèêàõ äëÿ ñèñòåì ãèïåðáîëè÷åñêèõ óðàâíåíèé ñî
ñìåøàííîé ïðîèçâîäíîé.

Íà Ω̄ = [0, ω] × [0, T ] ðàññìàòðèâàåòñÿ ïîëóïåðèîäè÷åñêàÿ êðàåâàÿ çà-
äà÷à äëÿ íåëèíåéíîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ äâóìÿ íåçàâèñèìûìè
ïåðåìåííûìè:

∂2u

∂x∂t
= f

(
x, t, u,

∂u

∂t
,
∂u

∂x

)
, (1)

u(x, 0) = u(x, T ), x ∈ [0, ω], (2)

u(0, t) = ψ(t), t ∈ [0, T ], (3)

ãäå f : Ω × R3 → R � íåïðåðûâíàÿ íà Ω̄, ψ(t) � íåïðåðûâíî äèôôåðåíöè-
ðóåìàÿ íà [0, T ] è óäîâëåòâîðÿþùàÿ óñëîâèþ ψ(0) = ψ(T ) ôóíêöèè.

Ôóíêöèÿ u(x, t) ∈ C(Ω), èìåþùàÿ ÷àñòíûå ïðîèçâîäíûå
∂u(x, t)

∂x
∈

∈ C(Ω),
∂u(x, t)

∂t
∈ C(Ω),

∂2u(x, t)

∂x∂t
∈ C(Ω), íàçûâàåòñÿ êëàññè÷åñêèì ðåøå-

íèåì çàäà÷è (1)-(3), åñëè îíà óäîâëåòâîðÿåò óðàâíåíèþ (1) ïðè âñåõ (x, t) ∈
∈ Ω è âûïîëíåíû êðàåâûå óñëîâèÿ (2)�(3).

Ââåäåì íîâûå íåèçâåñòíûå ôóíêöèè v(x, t) =
∂u(x, t)

∂x
, w(x, t) =

∂u(x, t)

∂t
è çàäà÷ó (1)�(3) ñâåäåì ê ñëåäóþùåé ýêâèâàëåíòíîé çàäà÷å:

∂v

∂t
= f(x, t, u(x, t), w(x, t), v), (4)

v(x, 0) = v(x, T ), x ∈ [0, ω], (5)
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u(x, t) = ψ(t) +

∫ x

0
v(ξ, t)dξ, w(x, t) = ψ̇(t) +

∫ x

0
vt(ξ, t)dξ. (6)

Òðîéêà ôóíêöèé {u(x, t), w(x, t), v(x, t)}, íåïðåðûâíûõ íà Ω̄, íàçûâà-
åòñÿ ðåøåíèåì çàäà÷è (4)�(6), åñëè ôóíêöèÿ v(x, t) ∈ C(Ω̄) èìååò íåïðå-
ðûâíóþ íà Ω̄ ïðîèçâîäíóþ ïî t è óäîâëåòâîðÿåò ñåìåéñòâó ïåðèîäè÷åñêèõ

êðàåâûõ çàäà÷ (4), (5), ãäå ôóíêöèè u(x, t), w(x, t) ñâÿçàíû ñ v(x, t),
∂v(x, t)

∂t
ôóíêöèîíàëüíûìè ñîîòíîøåíèÿìè (6).

Çàäà÷è (1)�(3) è (4)�(6) ýêâèâàëåíòíû â òîì ñìûñëå, ÷òî åñëè
òðîéêà {u(x, t), w(x, t), v(x, t)} áóäåò ðåøåíèåì çàäà÷è (4)�(6), òî ôóíê-
öèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)�(3) è, íàîáîðîò, åñëè òðîéêà
{u∗(x, t), w∗(x, t), v∗(x, t)} � ðåøåíèå çàäà÷è (4)�(6), òî u∗(x, t) áóäåò ðå-
øåíèåì çàäà÷è (1)�(3).

Â ðàáîòå [5] ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ èçîëèðî-
âàííîãî ðåøåíèÿ ïîëóïåðèîäè÷åñêîé êðàåâîé çàäà÷è äëÿ íåëèíåéíîãî ãè-
ïåðáîëè÷åñêîãî óðàâíåíèÿ ñî ñìåøàííîé ïðîèçâîäíîé íà îñíîâå ìåòîäà
ïàðàìåòðèçàöèè, à â ðàáîòå [6] ìîäèôèêàöèÿ ìåòîäà ëîìàíûõ Ýéëåðà
ïðèìåíÿåòñÿ äëÿ íàõîæäåíèÿ ðåøåíèÿ (1)�(3). Óñòàíîâëåíû äîñòàòî÷íûå
óñëîâèÿ ñóùåñòâîâàíèÿ èçîëèðîâàííîãî ðåøåíèÿ çàäà÷è è îöåíêè ðàçíî-
ñòè ìåæäó ðåøåíèåì è íà÷àëüíûì ïðèáëèæåíèåì. Â íàñòîÿùåé ðàáîòå
äîêàçûâàåòñÿ ñõîäèìîñòü ìîäèôèêàöèè ìåòîäà ìåòîäà ëîìàíûõ Ýéëåðà ê
ðåøåíèþ çàäà÷è (1)�(3).

2. Ñõîäèìîñòü ìîäèôèêàöèè ìåòîäà ëîìàíûõ Ýéëåðà

×òîáû ïîêàçàòü ñõîäèìîñòü ìîäèôèêàöèè ìåòîäà ìåòîäà ëîìàíûõ Ýé-

ëåðà ê ðåøåíèþ çàäà÷è (1)�(3), âîçüìåì øàã h =
ω

mN0
=
h0
m
, m = 1, 2, . . . ,

îòðåçîê [0, ω] ðàçîáüåì íà mN0 ÷àñòåé è íà êàæäîì øàãå ðåøàåì ïåðèîäè-
÷åñêèå êðàåâûå çàäà÷è äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ôóíêöèè v(0)(t), v̇(0)(t), u(0)(t), w(0)(t) îïðåäåëèì ðàâåíñòâàìè:

v(0)(t) = 0, v̇(0)(t) = 0, u(0)(t) = ψ(t), w(0)(t) = ψ̇(t), t ∈ [0, T ]

è ðåøàÿ ïåðèîäè÷åñêóþ êðàåâóþ çàäà÷ó

dv(1)

dt
= f(0, t, u(0)(t), w(0)(t), v(1)), t ∈ [0, T ], v(1)(0) = v(1)(T ).
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íàéäåì ôóíêöèþ v(1)(t). Ïî v(1)(t), v̇(1)(t) îïðåäåëèì ôóíêöèè:

u(1)(t) = ψ(t) + hv(1)(t), w(1)(t) = ψ̇(t) + hv̇(1)(t), t ∈ [0, T ].

Ôóíêöèþ v(2)(t), íàéäåì ðåøàÿ ïåðèîäè÷åñêóþ êðàåâóþ çàäà÷ó

dv(2)

dt
= f(h, t, u(1)(t), w(1)(t), v(2)), t ∈ [0, T ], v(2)(0) = v(2)(T ).

Ïî v(1)(t), v̇(1)(t) è v(2)(t), v̇(2)(t) îïðåäåëèì ôóíêöèè:

u(2)(t) = ψ(t) + h[v(1)(t) + v(2)(t)], t ∈ [0, T ],

w(2)(t) = ψ̇(t) + h[v̇(1)(t) + v(2)(t)], t ∈ [0, T ].

Ñ÷èòàÿ èçâåñòíûìè v(i)(t), u(i)(t), w(i)(t), ôóíêöèþ v(i+1)(t) íàõîäèì, ïå-
ðèîäè÷åñêóþ êðàåâóþ çàäà÷ó

dv(i+1)

dt
= f(ih0, t, u

(i)(t), w(i)(t), v(i+1)), t ∈ [0, T ],

v(i+1)(0) = v(i+1)(T ), i = 1, N.

Ôóíêöèè u(i+1)(t), w(i+1)(t) ïî v(i+1)(t), v̇(i+1)(t) îïðåäåëèì ðàâåíñòâàìè

u(i+1)(t) = ψ(t) + h

i+1∑
j=0

v(j)(t), t ∈ [0, T ], i = 1, N,

w(i+1)(t) = ψ̇(t) + h

i+1∑
j=0

v̇(j)(t), t ∈ [0, T ], i = 1, N.

Ðàññìîòðèì ñèñòåìó ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé

dv(i+1)

dt
= f(ih, t, ψ(t) + h

i∑
j=0

v(j)(t), ψ̇(t) + h

i∑
j=0

v̇(j), v(i+1)), (7)

v(i+1)(0) = v(i+1)(T ), t ∈ [0, T ], i = 1,mN0. (8)
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Íà Ω ïîñòðîèì ôóíêöèè

Uh(x, t) = ψ(t) + h

i−1∑
j=1

v(j)(t) + v(i)(t)(x− (i− 1)h), x ∈ [(i− 1)h, ih), (9)

Wh(x, t) = ψ̇(t) + h

i−1∑
j=1

v̇(j)(t) + v̇(i)(t)(x− (i− 1)h), x ∈ [(i− 1)h, ih), (10)

Vh(x, t) = v(i+1)(t)
x− (i− 1)h

h
+ v(i)(t)

ih− x

h
, x ∈ [(i− 1)h, ih). (11)

Âçÿâ â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ {Uh(x, t), Wh(x, t), Vh(x, t)}
ðåøåíèå çàäà÷è (4)-(6) íàéäåì êàê ïðåäåë ïîñëåäîâàòåëüíîñòè òðîåê
{u(k)(x, t), w(k)(x, t), V (k)(x, t)}, k = 1, 2, 3, . . . , îïðåäåëÿåìûõ ïî ñëåäóþùå-
ìó àëãîðèòìó

1-øàã. À) Ôóíêöèþ v(1)(x, t) íàõîäèì, ðåøàÿ êðàåâóþ çàäà÷ó (4), (5)
ïðè u(x, t) = Uh(x, t), w(x, t) =Wh(x, t).
Á) Ïåðâûå ïðèáëèæåíèÿ u(x, t), w(x, t) îïðåäåëÿþòñÿ ÷åðåç

v(1)(x, t), v
(1)
t (x, t) ðàâåíñòâàìè: u(1)(x, t) = ψ(t)+

∫ x
0 v

(1)(ξ, t)dξ è

w(1)(x, t) = ψ̇(t) +
∫ x
0 v

(1)
t (ξ, t)dξ.

2-øàã. A) Ðåøàÿ êðàåâóþ çàäà÷ó (4), (5) ïðè u(x, t) = u(1)(x, t),
w(x, t) = w(1)(x, t) íàõîäèì ôóíêöèþ v(2)(x, t).
Á) ×åðåç v(2)(x, t) îïðåäåëèì ôóíêöèè u(2)(x, t) = ψ(t) +

∫ x
0 v

(2)(ξ, t)dξ è

w(2)(x, t) = ψ̇(t) +
∫ x
0 v

(2)
t (ξ, t)dξ.

Ïðîäîëæàÿ ïðîöåññ, íà k- îì øàãå àëãîðèòìà ïîëó÷àåì ñèñòåìó òðîåê
{u(k)(x, t), w(k)(x, t), v(k)(x, t)}, k = 1, 2, 3, ....

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

d1h(x) = max
{
∥f(x, ·, ψ(·) + h

i∑
j=1

v(j)(·), ψ̇(·) + h
i∑

j=1
v̇(j)(·), v(i+1)(·))−

−f(ih, ·, ψ(·) + h
i∑

j=1
v(j)(·), ψ̇(·) + h

i∑
j=1

v̇(j)(·), v(i+1)(·))∥1, ∥f(x, ·, ψ(·)+

+h
i−1∑
j=1

v(j)(·), ψ̇(·) + h
i−1∑
j=1

v̇(j)(·), v(i)(·))− f((i− 1)h, ·, ψ(·) + h
i−1∑
j=1

v(j)(·),

ψ̇(·) + h
i−1∑
j=1

v̇(j)(·), v(i)(·))∥1
}
+ 2L3(x)∥v(i+1)(·) − v(i)(·)∥1

∣∣∣x−(i−1)h
h

∣∣∣∣∣∣ ih−x
h

∣∣∣ +
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+2
(
L1(x) + L2(x)

)
max

(
∥v(i)(·)∥1, ∥v̇(i)(·)∥1

)
h, x ∈ [(i− 1)h, ih), i = 1, N,

ch(γ, x) = max
(
γ, 1 + γL3(x)

)[
L1(x) + L2(x)

]
, d2h(x) =

(
1 + 2γL3(x)

)
d1h(x),

dh(x) = max(γ, 1 + 2γL3(x))d
1
h(x), Bh(x) = 3hmax

(
max
i=1,N0

∥v(i)(·)∥1,

max
i=1,N0

∥v̇(i)(·)∥1
)
+max

( ∫ x
0 d

1
h(ξ)dξ,

∫ x
0 d

2
h(ξ)dξ

)
, x ∈ [(i− 1)h, ih),

max
(
δ̂
(s,j)
0 , δ̂

(s,j)
1

)
= max

(
∥V ((s−1)m+j)(·)− V ((s−1)m+j−1)(·)∥1,

∥V̇ ((s−1)m+j)(·) − V̇ ((s−1)m+j−1)(·)∥1
)
, ε(h0) = ∥f

(
((s − 1)m + j)h, ·, ψ(·) +

+h
j−1∑
k=1

v(k)(·), ψ̇(·) + h
j−1∑
k=1

v̇(k)(·), j−1
m V̇ (s+2)(·) + m−(j−1)

m V̇ (s+1)(·)
)
−

−f((s− 1)m+ j − 1)h, ψ(·) + h
j−1∑
k=1

v(k)(·), ψ̇(·) + h
j−1∑
k=1

v̇(k)(·), j−1
m V̇ (s+2)(·)+

+m−(j−1)
m V̇ (s+1)(·)

)
∥1, A = max

(
γ̃, 1 + γ̃L3(h0)

)[
L1(h0) + L2(h0)

]
,

B = Amax
(
δ̂
(s,j)
0 , δ̂

(s,j)
1

)
h+max

(
γ̃, 2 + γ̃L3(h0)

)
·
[
L1(h0) +L2(h0)

]j − 1

m
×

×[m− (j − 1)]hmax
(
∥V (s+1)(·)∥1, ∥V̇ (s+1)(·)∥1

)
+max

(
γ̃, 2 + γ̃L3(h0)

)
×

× j−1
m · L3(h0)

m−(j−1)
m ∥V (s+2)(·)− V (s+1)(·)∥1 +max

(
γ̃, 1 + γ̃L3(h0)

)
ε(h0).

Ñïðàâåäëèâà

Òåîðåìà. Ïóñòü ïðè íåêîòîðîì N0, (h0 = ω/N0) çàäà÷à (7), (8) èìååò

ðåøåíèå {V (1)(t), V (2)(t) . . . , V (N0+1)(t)}, âûïîëíÿåòñÿ óñëîâèå A âî ìíî-

æåñòâå G0
h0

è ñëåäóþùèå íåðàâåíñòâà:

1)
∣∣∣ ∫ T

0
fv(x, t, u, w, v)dt

∣∣∣ ≥ δ > 0 äëÿ ëþáûõ (x, t, u, w, v) ∈ G0
h0
;

2)
[
B+Ah∆(1)

](
1+Ah

)ω
h+dh(x)+ch(γ, x)Bh(x) exp

(∫ x

0
ch(γ, ξ)dξ

)
< ρ1,h(x),

3)
[
B +Ah∆(1)

](
1 +Ah

)ω
hω +Bh(x) · exp

(∫ x

0
ch(γ, ξ)dξ

)
< ρ2,h(x).

Òîãäà à) çàäà÷à (1)�(3) â S
(
Uh0(x, t), ρ2,h0(x)

)
èìååò åäèíñòâåííîå ðå-

øåíèå u∗(x, t), á) äëÿ ëþáîãî N = mN0,m = 1, 2, 3, . . . , (h =
ω

N
);
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çàäà÷à (7), (8) èìååò åäèíñòâåííîå ðåøåíèå {v(1)(t), . . . , v(mN0+1)(t)}, ãäå
{v(k)(t)} ∈

(
Vh0((k − 1)h, t), ρ1,h0((k − 1)h)

)
, k = 1, 2, . . . ,mN0 + 1 è ñïðàâå-

äëèâû îöåíêè

max
(
∥u∗(x, ·)− Uh(x, ·)∥1,

∥∥∥∂u∗
∂t

(x, ·)−Wh(x, ·)
∥∥∥
1

)
≤

≤ Bh(x) · exp
(∫ x

0
ch(γ, ξ)dξ

)
, (12)∥∥∥∂u∗

∂x
(x, ·)− Vh(x, ·)

∥∥∥
1
≤ dh(x) + ch(γ, x)Bh(x) exp

(∫ x

0
ch(γ, ξ)dξ

)
. (13)

Äîêàçàòåëüñòâî. Ïðè ïðåäïîëîæåíèÿõ Òåîðåìû ïîêàæåì, ÷òî äëÿ
ëþáîãî m ∈ N ïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à (7), (8) èìååò ðåøåíèÿ
{v(1)(t), v(2)(t), . . . , v(mN0)(t)}. Èç (7), (8) ïðè i = 1 ïîëó÷èì ïåðèîäè÷å-
ñêóþ êðàåâóþ çàäà÷ó

dv(2)

dt
= f(h, t, ψ(t) + hv(1)(t), ψ̇(t) + hv̇(1)(t)), v(2)(0) = v(2)(T ).

×òîáû íàéòè ôóíêöèþ v(2)(t) â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âîçü-

ìåì Vh0(h, t), ò. å. v
(2,0)(t) = Vh0(h, t) =

h

h0
V (2)(t) +

h0 − h

h0
V (1)(t).

Ïîñêîëüêó h0 = mh, òî v(2,0)(t) =
1

m
V (2)(t) +

m− 1

m
V (1)(t). Òàê êàê óñëî-

âèÿ Òåîðåìû îáåñïå÷èâàþò âûïîëíåíèÿ óñëîâèé ëîêàëüíîãî âàðèàíòà òåî-
ðåìû Àäàìàðà [7], òî çàäà÷à (7), (8) ïðè i = 1 â S

(
Vh0(h, t), ρ1,h0

)
èìååò

èçîëèðîâàííîå ðåøåíèå v(2)(t) è ñïðàâåäëèâà îöåíêà

∆
(2)
0 = ∥v(2)(·)−v(2,0)(·)∥1 ≤ γ̃ ·∥v̇(2,0)(·)−f

(
h, ·, ψ(·)+hv(1)(·), ψ̇(·)+hv̇(1)(·),

v(2,0)(·)
)
∥1 ≤ γ̃

(m− 1

m
h
[
L1(h0)+L1(0)

]
∥V (1)(·)∥1+

m− 1

m
·h·

[
L1(h0)+L2(0)

]
×

×∥V̇ (1)(·)∥1 +
1

m
· m− 1

m

[
L3(h0) + L3(0)

]
∥V (2)(·)− V (1)(·)∥1+

+
1

m
∥f

(
mh, ·, ψ(·) + hV (1)(·), ψ̇(·) + hV̇ (1)(·), 1

m
V (2)(·) + m− 1

m
V (1)(·)

)
−
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−f
(
h, ·, ψ(·) + hV (1)(·), ψ̇(·) + hV̇ (1)(·), 1

m
V (2)(·) + m− 1

m
V (1)(·)

)
∥1+

+
m− 1

m
∥f

(
0, ·, ψ(·) + hV (1)(·), ψ̇(·) + hV̇ (1)(·), 1

m
V (2)(·) + m− 1

m
V (1)(·)

)
−

−f
(
h, ·, ψ(·) + hV (1)(·), ψ̇(·) + hV̇ (1)(·), 1

m
V (2)(·) + m− 1

m
V (1)(·)

)
∥1. (14)

Íàéäåì v(3)(t). Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âîçüìåì Vh0(2h, t), ò.
å.

v(3,0)(t) = Vh0(2h, t) =
2

m
V (2)(t) +

m− 2

m
V (1)(t).

Èìååò ìåñòî ñëåäóþùàÿ îöåíêà:

∆
(3)
0 = ∥v(3)(·)− v(3,0)(·)∥1 ≤

≤ γ̃ · ∥v̇(3,0)(·)− f
(
h, ·, ψ(·) + hv(1)(·), ψ̇(·) + hv̇(1)(·), v(3,0)(·)

)
∥1 ≤

≤ γ̃
{2(m− 2)h

m
[L1(0) + L1(h0)]∥V (1)(·)∥1 +

2(m− 2)h

m
[L2(0) + L2(h0)]×

×∥V̇ (1)(·)∥1 +
2

m
· h

[m− 2

m
L1(0) +

2

m
L1(h0)

]
∥V (2)(·)− V (1)(·)∥1+

+
2

m
·h
[m− 2

m
L2(0)+

2

m
L2(h0)

]
∥V̇ (2)(·)−V̇ (1)(·)∥1+

2

m
·m− 2

m

[
L3(0)+L3(h0)

]
×

×∥V (2)(·)−V (1)(·)∥1+
[ 2

m
L1(h0)+

m− 2

m
L1(0)

]
·h·∆2

0+
[ 2

m
L2(h0)+

m− 2

m
L2(0)

]
×

×h·∆2
1+

2

m
∥f(mh, ·, ψ(·)+mhV (1)(·), ψ̇(·)+mhV̇ (1)(·), V (2)(·))−f(2h, ·, ψ(·)+

+mhV (1)(·), ψ̇(·) +mhV̇ (1)(·), V (2)(·))∥1+

+
m− 2

m
∥f(0, ·, ψ(·) + h[v(1)(·) + v(2)(·)], ψ̇(·)+

+h[v̇(1)(·) + v̇(2)(·)], 2
m
V (2)(·) + m− 2

m
V (1)(·))− f(2h, ·, ψ(·)+

+mhV (1)(·), ψ̇(·) +mhV̇ (1)(·), 2
m
V (2)(·) + m− 2

m
V (1)(·))∥1

}
. (15)
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Òîãäà äëÿ ðàçíîñòåé ∆
(j)
0 = ∥v(j+1)(t)− v(j+1,0)(t)∥1,∆(j)

1 = ∥v̇(j)(·)−

−v̇(j,0)(·)∥1, j = 1, 2, 3, . . . ,m, ãäå v(j+1,0)(t) = Vh0(jh0, t) =
j − 1

m
V (2)(t)+

+m−(j−1)
m V (1)(t), ñïðàâåäëèâà îöåíêà

∆(j) = max
(
∆

(j)
0 ,∆

(j)
1

)
≤ max

(
1, 1 + γ̃L3(h0)

)[
L1(h0) + L2(h0)

]
· h×

×
j−1∑
k=2

max
(
∆

(k)
0 ,∆

(k)
1

)
+max

(
1, 1 + γ̃L3(h0)

)[
L1(h0) + L2(h0)

]
· h×

×max
(
∥V (2)(·)− V (1)(·)∥1, ∥V̇ (2)(·)− V̇ (1)(·)∥1

)
+max

(
1, 2 + γ̃L3(h0)

)
×

×j − 1

m
· h ·

[
m− (j − 1)h

][
L1(h0) + L2(h0)

]
max

(
∥V (1)(·)∥1, ∥V̇ (1)(·)∥1

)
+

+max
(
1, 2 + γ̃L3(h0)

)j − 1

m
· m− (j − 1)

m
· L3(h0)∥V (2)(·)− V (1)(·)∥1+

+max
(
1, 1 + γ̃L3(h0)

)
ε(h0).

Òàêèì îáðàçîì, äëÿ ëþáîãî s = 1, N0, j = 2, 3, . . . , èìååì îöåíêó

∆((s−1)m+j) = max
(
∥v((s−1)m+j)(·)− v((s−1)m+j,0)(·)∥1,

∥v̇((s−1)m+j)(·)− v̇(s−1)m+j,0)(·)∥1
)
≤

≤ max
(
γ̃, 1 + γ̃L3(h0)

)[
L1(h0) + L2(h0)

]
· h ·

(s−1)m+j−1∑
k=1

∆(k)+

+max
(
γ̃, 1 + γ̃L3(h0)

)[
L1(h0) + L2(h0)

]
max

(
δ̂
(s,j)
0 , δ̂

(s,j)
1

)
· h +

+max
(
γ̃, 2 + γ̃L3(h0)

)
·
[
L1(h0) + L2(h0)

]j − 1

m
[m− (j − 1)] · h×

×max
(
∥V (s+1)(·)∥1, ∥V̇ (s+1)(·)∥1

)
+max

(
γ̃, 2 + γ̃L3(h0)

)j − 1

m
· L3(h0)×

×m− (j − 1)

m
∥V (s+2)(·)− V (s+1)(·)∥1 +max

(
γ̃, 1 + γ̃L3(h0)

)
ε(h0) =
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= B +A · h ·
(s−1)m+j−1∑

k=1

∆(k). (16)

Èç îöåíêè (16) ïîëó÷èì

∆((s−1)m+j) <
[
B +Ah∆(1)

](
1 +Ah

)ω
h , s = 1, N0 + 1, j = 1,m. (17)

Òåïåðü óñòàíîâèì îöåíêè ∥Vh(x, ·)− Vh0(·)∥1, ∥Uh(x, ·)− Uh0(·)∥1,
∥Wh(x, ·)−Wh0(·)∥1.

Åñëè x ∈
[(
(s− 1)m+ j − 1

)
h,

(
(s− 1)m+ j

)
h
)
, s = 1, N0, j = 1,m, òî

ôóíêöèè Uh(x, t),Wh(x, t), Vh(x, t) èìåþò âèä

Vh(x, t) = v((s−1)m+j+1)×

×x− ((s− 1)m+ j − 1)h

h
+ v((s−1)m+j)(t)

((s− 1)m+ j)h− x

h
, (18)

Uh(x, t) = ψ(t) + h

(s−1)m+j−1∑
k=0

v(k)(t)+

+v((s−1)m+j)(t)[x− ((s− 1)m+ j − 1)h], (19)

Wh(x, t) = ψ̇(t) + h

(s−1)m+j−1∑
k=0

v̇(k)(t)+

+v̇((s−1)m+j)(t)[x− ((s− 1)m+ j − 1)h], (20)

Äëÿ ôóíêöèè u(i)(·), w(i)(·) èìååò ìåñòî ñëåäóþùàÿ îöåíêà

max
(
∥u(i)(·)− ψ(·)∥1, ∥w(i)(·)− ψ̇(·)∥1

)
≤

≤ h0

i∑
j=1

max
(
∥v(j)(·)∥1, ∥v̇(j)(·)∥1

)
≤ h0

i∑
j=1

max
(
∥v(j)(·)− v(1)(·)∥1,

∥v̇(j)(·)− v̇(1)(·)∥1
)
+ h0

i∑
j=1

max
(
∥v(1)(·)∥1, ∥v̇(1)(·)∥1

)
. (21)
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Ó÷èòûâàÿ âûðàæåíèÿ (18) è îöåíêó (21), èìååì

∥Vh(x, ·)− Vh0(·)∥1 ≤

≤ ∥v(s−1)m+j+1)(·)− v((s−1)m+j+1,0)(·)∥1
∣∣∣x− ((s− 1)m+ j − 1)h

h

∣∣∣+
+∥v((s−1)m+j)(·)− v(s−1)m+j),0)(·)∥1

∣∣∣((s− 1)m+ j))h− x

h

∣∣∣ ≤
≤ max

(
∆((s−1)m+j+1),∆(s−1)m+j)

)
<

[
B +Ah∆(1)

](
1 +Ah

)ω
h . (22)

Ó÷èòûâàÿ (19), (20), (21), ïîëó÷èì îöåíêó äëÿ ðàçíîñòåé Uh(x, t)−Uh0(x, t)
è Wh(x, t)−Wh0(x, t) :

max
(
∥Uh(x, ·)− Uh0(x, ·)∥1, ∥Wh(x, ·)−Wh0(x, ·)∥1

)
≤

≤
[
B +Ah∆(1)

](
1 +Ah

)ω
h · ((s− 1)m+ j)h+

m+ 2

2m
· (j − 1)h×

×max
(
∥V (s+1)(·)− V (s)(·)∥1, ∥V̇ (s+1)(·)− V̇ (s)(·)∥1

)
+

+
m− 1

2
· h ·max

(
∥V (s)(·)− V (1)(·)∥1, ∥V̇ (s)(·)− V̇ (1)(·)∥1

)
. (23)

Òåïåðü óñòàíîâèì îöåíêè ∥v∗(x, ·)− Vh(x, ·)∥, ∥u∗(x, ·)− Uh(x, ·)∥,
∥w∗ −Wh(x, ·)∥.
Äëÿ ýòîãî ðàññìîòðèì ïåðèîäè÷åñêóþ êðàåâóþ çàäà÷ó

∂v

∂t
= f(x, t, Uh(x, t),Wh(x, t), v), (24)

v(x, 0) = v(x, T ). (25)

Òàê êàê óñëîâèÿ Òåîðåìû îáåñïå÷èâàþò âûïîëíåíèå óñëîâèé óñèëå-
íèÿ ëîêàëüíîãî âàðèàíòà òåîðåìû Àäàìàðà [7], òî çàäà÷à (24), (25) â

S
(
Vh(x, t), ρ1,h(x)

)
èìååò èçîëèðîâàííîå ðåøåíèå v(1)(x, t), êîòîðîå óäî-

âëåòâîðÿåò óðàâíåíèþ (4) ïðè u = Uh(x, t), w =Wh(x, t) è Vh(x, t) îïðåäå-
ëÿåòñÿ èç ðàâåíñòâà (13), è ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

max
(
∥v(1)(x, ·)− Vh(x, ·)∥1, ∥v

(1)
t (x, ·)− Vht(x, ·)∥1

)
≤
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≤ max
(
γ, 1 + 2γL3

)
d1h(x) = dh(x). (26)

Ó÷èòûâàÿ îöåíêó (26), ïîëó÷èì îöåíêó

max
(
∥u(1)(x, ·)− Uh(x, ·)∥1, ∥w(1)(x, ·)−Wh(x, ·)∥1

)
≤ max

(∫ x

0
d1h(ξ)dξ,

∫ x

0
d2h(ξ)dξ

)
+ 3hmax

(
max

i=1,N+1
∥v(i)(·)∥1, max

i=1,N+1
∥v̇(i)(·)∥1

)
= Bh(x). (27)

Âîçüìåì

ρ
(1)
1,h(x) = ch(γ, x)Bh(x) + ε1, ρ

(1)
2,h(x) = Bh(x)

∫ x

0
ch(γ, ξ)dξ + ε2,

ãäå ÷èñëà ε1 > 0, ε2 > 0 ñîîòâåòñòâåííî óäîâëåòâîðÿþò íåðàâåíñòâàì

[
B+Ah∆(1)

](
1+Ah

)ω
h+dh(x)+ch(γ, x) exp

(∫ x

0
ch(γ, ξ)dξ

)
·Bh(x)+ε1 < ρ1,h(x),

[
B +Ah∆(1)

](
1 +A · h

)ω
hω + exp

(∫ x

0
ch(γ, ξ)dξ

)
Bh(x) + ε2 < ρ2,h(x).

Ïîñòðîèì ìíîæåñòâà

S
(
v(1)(x, t), ρ

(1)
1,h(x)

)
, S

(
u(1)(x, t), ρ

(1)
2,h(x)

)
, S

(
w(1)(x, t), ρ

(1)
2,h(x)

)
.

Ïîêàæåì, ÷òî

S
(
v(1)(x, t), ρ

(1)
1,h(x)

)
⊂ S

(
Vh(x, t), ρ1,h(x)

)
, S

(
u(1)(x, t), ρ

(1)
2,h(x)

)
⊂

⊂ S
(
Uh(x, t), ρ2,h(x)

)
, S

(
w(1)(x, t), ρ

(1)
2,h(x)

)
⊂ S

(
Wh(x, t), ρ2,h(x)

)
.

Äåéñòâèòåëüíî, åñëè

v(x, t) ∈ S
(
v(1)(x, t), ρ

(1)
1,h(x)

)
, u(x, t) ∈ S

(
u(1)(x, t), ρ

(1)
2,h(x)

)
, w(x, t) ∈

∈ S
(
w(1)(x, t), ρ

(1)
2,h(x)

)
,
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òî, ó÷èòûâàÿ íåðàâåíñòâî (27) ïîëó÷èì

max
(
∥v(x, ·)− Vh(x, ·)∥1, ∥vt(x, ·)− Vht(x, ·)∥1

)
≤

≤ max
(
∥v(x, ·)− v(1)(x, ·)∥1, ∥vt(x, ·)− v

(1)
t (x, ·)∥1

)
+max

(
∥V (1)(x, ·)−

−Vh(x, ·)∥1, ∥v
(1)
t (x, ·)− Vht(x, ·)∥1

)
≤ ρ

(1)
1,h(x) + max

(
∥v(1)(x, ·)− Vh(x, ·)∥1,

∥v(1)t (x, ·)− Vht(x, ·)∥1
)
≤ dh(x) + ch(γ, x)Bh(x) + ε1 < ρ1,h(x), (28)

Èñïîëüçóÿ íåðàâåíñòâî (28), èìååì

max(∥u(x, ·)− Uh(x, ·)∥1, ∥w(x, ·)−Wh(x, ·)∥1) ≤ max(∥u(x, ·)− U (1)(x, ·)∥1,

∥w(x, ·)−w(1)(x, ·)∥1)+max(∥u(1)(x, ·)−Uh(x, ·)∥1, ∥w(1)(x, ·)−Wh(x, ·)∥1) ≤

≤ ρ
(1)
2,h(x) +Bh(x) ≤

[
1 +

∫ x

0
ch(γ, ξ)dξ

]
Bh(x) + ε2 < ρ2,h(x). (29)

Âçÿâ çà íà÷àëüíîå ïðèáëèæåíèå v(1)(x, t) è â ìíîæåñòâå S
(
v(1)(x, t),

ρ
(1)
1,h(x)

)
âíîâü ïðèìåíÿÿ óñèëåíèå ëîêàëüíîãî âàðèàíòà òåîðåìû Àäà-

ìàðà, ïîëó÷èì ñóùåñòâîâàíèå èçîëèðîâàííîãî ðåøåíèÿ v(2)(x, t) ∈ ∈
S
(
v(1)(x, t), ρ

(1)
1,h(x)

)
çàäà÷è (4), (5) ïðè u = u(1)(x, t), w = w(1)(x, t) è îöåí-

êó

∥v(2)(x, ·)−v(1)(x, ·)∥1 ≤ γ∥v(1)t (x, ·)−f(x, ·, u(1)(x, ·), w(1)(x, ·), v(1)(x, ·))∥1 ≤

≤ γf(x, ·, Uh(x, ·),Wh(x, ·), v(1)(x, ·))−f(x, ·, u(1)(x, ·), w(1)(x, ·), v(1)(x, ·))∥1 ≤

≤ γ
[
L1(x) + L2(x)

]
max(∥u(1)(x, ·)− Uh(x, ·)∥1, ∥w(1)(x, ·)−Wh(x, ·)∥1) ≤

≤ γ
[
L1(x) + L2(x)

]
Bh(x). (30)

Ó÷èòûâàÿ, ÷òî ôóíêöèÿ v(2)(x, t) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó
óðàâíåíèþ (4), ïðè u = u(1)(x, t), w = w(1)(x, t) è èñïîëüçóÿ îöåíêó (30),
ïîëó÷èì

∥v(2)t (x, ·)− v
(1)
t (x, ·)∥1 ≤

≤
(
L1(x) + L2(x)

)
max(∥u(1)(x, ·)− Uh(x, ·)∥1, ∥w(1)(x, ·)−Wh(x, ·)∥1)+
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+L3(x)∥v(2)(x, ·)− v(1)(x, ·)∥1 ≤
(
1 + γL3(x)

)[
L1(x) + L2(x)

]
Bh(x). (31)

Èç îöåíîê (30), (31) èìååì

max
(
∥v(2)(x, ·)− v(1)(x, ·)∥1, ∥v(2)t (x, ·)− v

(1)
t (x, ·)∥1

)
≤

≤ max
(
γ, 1 + γL3(x)

)[
L1(x) + L2(x)

]
Bh(x) = ch(γ, x)Bh(x). (32)

Íàéäåííûå v(2)(x, t), v(2)t (x, t) ïîäñòàâëÿÿ â èíòåãðàëüíûå ñîîòíîøåíèÿ (6)
è ó÷èòûâàÿ îöåíêó (32), ïîëó÷èì

max(∥u(2)(x, ·)− u(1)(x, ·)∥1, ∥w(2)(x, ·)− w(1)(x, ·)∥1) ≤

≤
∫ x

0
max

(
∥v(2)(ξ, ·)− v(1)(ξ, ·)∥1, ∥v(2)t (ξ, ·)− v

(1)
t (ξ, ·)∥1

)
dξ ≤

≤ Bh(x)

∫ x

0
ch(γ, ξ)dξ. (33)

Òàêèì îáðàçîì, èìååò ìåñòî îöåíêà

max(∥u(k)(x, ·)− u(k−1)(x, ·)∥1, ∥w(k)(x, ·)− w(k−1)(x, ·)∥1) ≤

≤ Bh(x)

∫ x

0
ch(γ, ξ1)dξ1

∫ ξ1

0
ch(γ, ξ2)dξ2 . . .

∫ ξk−2

0
ch(γ, ξk−1)dξk−1 ≤

≤ 1

(k − 1)!

(∫ x

0
ch(γ, ξ)dξ

)k−1
Bh(x), k = 2, 3, . . . , (34)

max(∥v(k−1)(ξ, ·)− v(k−2)(ξ, ·)∥1, ∥v(k−1)
t (ξ, ·)− v

(k−2)
t (ξ, ·)∥1) ≤

≤ ch(γ, x)
1

(k − 3)!

(∫ x

0
ch(γ, ξ)dξ

)k−3
, k = 3, 4, . . . . (35)

Ïðåäïîëàãàÿ, ÷òî u(k)(x, t), w(k)(x, t), v(k)(x, t), k = 2, 3, . . . , èçâåñòíû
è óñòàíîâëåíà îöåíêà

max(∥v(k)(x, ·)− v(k−1)(x, ·)∥1, ∥v(k)t (x, ·)− v
(k−1)
t (x, ·)∥1) ≤ Bh(x)×

×
∫ x

0
max(∥v(k−1)(ξ, ·)− v(k−2)(ξ, ·)∥1, ∥v(k−1)

t (ξ, ·)− v
(k−2)
t (ξ, ·)∥1), (36)
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ñëåäóþùåå ïðèáëèæåíèå ïî V íàéäåì, ðåøàÿ ñåìåéñòâî ïåðèîäè÷åñêèõ
êðàåâûõ çàäà÷

∂v(k+1)

∂t
= f(x, t, u(k)(x, t), w(k)(x, t), v(k+1)),

v(k+1)(x, 0) = v(k+1)(x, T ), (x, t) ∈ Ω,

Ôóíêöèè u(k+1)(x, t), w(k+1)(x, t) îïðåäåëÿþòñÿ èç ôóíêöèîíàëüíûõ ñîîò-
íîøåíèé

u(k+1)(x, t) = ψ(t) +

∫ x

0
v(k+1)(ξ, t)dξ,

w(k+1)(x, t) = ψ̇(t) +

∫ x

0
v
(k+1)
t (ξ, t)dξ, k = 1, 2, . . . .

Âîçüìåì ρ
(k)
1,h(x) = ch(γ, x)

1

(k − 1)!

(∫ x

0
ch(γ, ξ)dξ

)k−1
·Bh(x) + ε1,

ρ
(k)
2,h(x) =

1

k!

(∫ x

0
ch(γ, ξ)dξ

)k
·Bh(x) + ε2 è ïîñòðîèì ìíîæåñòâà

S
(
v(k)(x, t), ρ

(k)
1,h(x)

)
, S

(
u(k)(x, t), ρ

(k)
2,h(x)

)
, S

(
w(k)(x, t), ρ

(k)
2,h(x)

)
.

Äëÿ ëþáûõ v(x, t) ∈ S
(
v(k)(x, t), ρ

(k)
1,h0

(x)
)
, u(x, t) ∈ S

(
u(k)(x, t), ρ

(k)
2,h(x)

)
,

w(x, t) ∈ S
(
w(k)(x, t), ρ

(k)
2,h(x)

)
àíàëîãè÷íî (28), (29) óñòàíàâëèâàþòñÿ íåðà-

âåíñòâà, îáåñïå÷èâàþùèå ñîîòíîøåíèÿ

S
(
v(k)(x, t), ρ

(k)
1,h(x)

)
⊂ S

(
Vh(x, t), ρ1,h(x)

)
, S

(
u(k)(x, t), ρ

(k)
2,h(x)

)
⊂

⊂ S
(
Uh(x, t), ρ2,h(x)

)
, S

(
w(k)(x, t), ρ

(k)
2,h(x)

)
⊂ S

(
Wh(x, t), ρ2,h(x)

)
.

Âçÿâ çà íà÷àëüíîå ïðèáëèæåíèå ôóíêöèþ v(k)(x, t) è â ìíîæåñòâå

S
(
v(k)(x, t), ρ

(k)
1,h(x)

)
âíîâü ïðèìåíÿÿ óñèëåíèå ëîêàëüíîãî âàðèàíòà òåîðå-

ìû Àäàìàðà ïðè u = u(k)(x, t), w(x, t) = w(k)(x, t), ïîëó÷èì ñóùåñòâîâà-

íèå èçîëèðîâàííîãî ðåøåíèÿ v(k+1)(x, t) ∈ S
(
v(k)(x, t), ρ

(k)
1,h(x)

)
. Ïîäñòàâ-

ëÿÿ íàéäåííûå v(k+1)(x, t), v(k)(x, t) â ôóíêöèîíàëüíîå ñîîòíîøåíèå (6) è
îöåíèâàÿ èõ ðàçíîñòü äëÿ âñåõ k = 1, 2, . . . , èìååì

max(∥u(k+1)(x, ·)− u(k)(x, ·)∥1, ∥w(k+1)(x, ·)− w(k)(x, ·)∥1) ≤
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≤
∫ x

0
max(∥v(k)(ξ, ·)− v(k−1)(ξ, ·)∥1, ∥v(k)t (ξ, t)− v

(k−1)
t (ξ, t)∥1)dξ (37)

è, àíàëîãè÷íî íåðàâåíñòâó (36), äëÿ âñåõ k = 1, 2, . . . , ïîëó÷èì îöåíêó

max(∥v(k+1)(x, ·)− v(k)(x, ·)∥1, ∥v(k+1)
t (x, ·)− v

(k)
t (x, ·)∥1) ≤ Bh(x)×

×
∫ x

0
max(∥v(k)(ξ, ·)− v(k−1)(ξ, ·)∥1, ∥v(k)t (ξ, ·)− v

(k−1)
t (ξ, ·)∥1)dξ. (38)

Ó÷èòûâàÿ îöåíêè (26), (27), (32)�(34), ïîëó÷èì

max
(
∥v(k+1)(x, ·)−Vh(x, ·)∥1, ∥v

(k+1)
t (x, ·)−Vht(x, ·)∥1

)
≤ max

(
∥v(k+1)(x, ·)−

−v(k)(x, ·)∥1, ∥v(k+1)
t (x, ·)− v

(k)
t (x, ·)

)
∥1 + . . .+max

(
∥v(2)(x, ·)− v(1)(x, ·)∥1,

∥v(2)t (x, ·)− v
(1)
t (x, ·)∥1

)
+max

(
∥v(1)(x, ·)− Vh(x, ·)∥1,

∥v(1)t (x, ·)− Vht(x, ·)∥1
)
≤ dh(x) +B1

h(x) exp
(∫ x

0
ch(γ, ξ)dξ

)
, (39)

max(∥u(k+1)(x, ·)− Uh(x, ·)∥1, ∥w(k+1)(x, ·)−Wh(x, ·)∥1) ≤

≤ max(∥u(k+1)(x, ·)− u(k)(x, ·)∥1, ∥w(k+1)(x, ·)− w(k)(x, ·)∥1) + . . .+

+max(∥u(2)(x, ·)− u(1)(x, ·)∥1, ∥w(2)(x, ·)− w(1)(x, ·)∥1) + max(∥u(1)(x, ·)−

−Uh(x, ·)∥1, ∥w(1)(x, ·)−Wh(x, ·)∥1) ≤ Bh(x) exp
(∫ x

0
ch(γ, ξ)dξ

)
. (40)

Ó÷èòûâàÿ ðàâíîìåðíóþ íåïðåðûâíîñòü ôóíêöèè f(x, t, u, w, v) íà Ω è
ñòðóêòóðó ôóíêöèé dh(x), B

1
h(x), ïðè h → 0 èç îöåíîê (37)�(40) ïîëó-

÷èì, ÷òî ïîñëåäîâàòåëüíîñòü ôóíêöèé {u(k)(x, t), w(k)(x, t), v(k)(x, t)}, k =
1, 2, . . . íà Ω ðàâíîìåðíî ñõîäèòñÿ ê {u∗(x, t), w∗(x, t), v∗(x, t)} � ðåøåíèþ
çàäà÷è (1)�(3). Îòñþäà âûòåêàåò, ÷òî ïîëóïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à
(1)�(3) èìååò ðåøåíèå u∗(x, t). Óñòàíîâèì ñëåäóþùèå îöåíêè, îáåñïå÷èâà-
þùèå ïðèíàäëåæíîñòü {u∗(x, t), w∗(x, t), v∗(x, t)} ê S

(
Uh0(x, t), ρ2,h(x)

)
×

S
(
Wh0(x, t), ρ2,h(x)

)
× S

(
Vh0(x, t), ρ1,h(x)

)
:

∥v∗(x, ·)− Vh0(x, ·)∥1 ≤ ∥v∗(x, ·)− Vh(x, ·)∥1 + ∥Vh(x, ·)− Vh0(x, ·)∥1,

max
(
∥u∗(x, ·)− Uh0(x, ·)∥1, ∥w∗(x, ·)−Wh0(x, ·)∥1

)
≤
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≤ max
(
∥u∗(x, ·)− Uh(x, ·)∥1, ∥w∗(x, ·)−Wh(x, ·)∥1

)
+

+max
(
∥Uh(x, ·)− Uh0(x, ·)∥1, ∥Wh(x, ·)−Wh0(x, ·)∥1

)
. (41)

Ïîäñòàâëÿÿ îöåíêè (22), (39) è (23), (41) ñîîòâåòñòâåííî â ïðàâóþ ÷àñòü
(41), èìååì

∥v∗(x, ·)− Vh0(x, ·)∥1 ≤

≤
[
B +Ah∆(1)

](
1 +Ah

)ω
h + dh(x) + ch(γ, x)Bh(x) exp

(∫ x

0
ch(γ, ξ)dξ

)
,

max(∥u∗(x, ·)− Uh0(x, ·)∥1, ∥w∗(x, ·)−Wh0∥1) ≤

≤
[
B +A · h∆(1)

](
1 +A · h

)ω
hω +Bh(x) exp

(∫ x

0
ch(γ, ξ)dξ

)
.
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1. The primary definitions and the statement of problem

1.1 Group theory

Let G be a group written multiplicatively. For x, y ∈ G (the group and
its universe are designated by uniform sign), the commutator of x and y is
[x, y] = x−1y−1xy. If H and K are subgroups of G, then [H,K] is the subgroup
generated by the commutators [h, k] with h ∈ H and k ∈ K, i.e, [H,K] =
gr({[h, k] |h∈H, k∈K}). As usually, the entry H EG denotes that the H is
normal subgroup in the G.
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Definition 1. The lower central series of a group G is G = γ1G D γ2G D
γ3GD . . . de�ned inductively by γ1G=G and γi+1G=[γiG,G]. A group G is

a class r nilpotent, if γr+1G=1, and γrG ̸=1. The second term γ2G=[G,G]
is also named as the (�rst) commutant of the group G, and it is denoted by

G′; the i-th term γiG is sometimes termed the i-th central of the group G.

The simple commutators are de�ned inductively by [x1, x2, . . . , xn+1] =
[[x1, x2, . . . , xn], xn+1]. A group G is nilpotent i� there is an r > 1 such that
[x1, x2, . . . , xr+1]=1 for all x1, . . . , xr+1∈G. For the least such r, G is class r
nilpotent. Thus all groups that are the class no more than r nilpotent constitute
a variety Nr of groups given by the identity [x1, x2, . . . , xr+1]=1 [3].

For any normal subgroup H of a group G, there is a natural projection
πH : G → G/H given by πH(g) = gH. The center of G, denoted C(G), is
de�ned by g∈C(G) i� gh=hg for all h∈G. Since C(G) is a normal subgroup;
therefore taking the center of G/C(G) and pulling back to G by π−1

C(G), one
gets another normal subgroup of G.

Definition 2. The upper central series of a group G is 1 = ζ0G E ζ1G E
ζ2GE . . . de�ned inductively by ζ0G=1 and ζi+1G = π−1

ζiG
(C(G/(ζiG))). The

i-th term ζiG is sometimes termed the i-th hypercenter of the group G.

A group G is a class r nilpotent i� ζrG = G, and r is the least number
with such property. It is well known, that if 1 = G0EG1EG2E . . .EGr = G
is some central series of a class r nilpotent group G, then we have the following
scheme of inclusions:

ζ0G ▹ ζ1G ▹ . . . ▹ ζr−1G ▹ ζrG

∥ = E E = ∥

1 = G0 ▹ G1 ▹ . . . ▹ Gr−1 ▹ Gr = G

∥ = E E = ∥

γr+1G ▹ γrG ▹ . . . ▹ γ2G ▹ γ1G

(1)

The class 1 nilpotent groups are exactly the abelian groups, so the nilpotent
class can be thought of as giving a measure of closeness to being abelian.

We recall that a periodic part τG of the group G is a set that consists of
the elements g∈G for which there is an integer n>0 such that gn=1; the least
such n is called an order of element g. When the periodic part τG is trivial,
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then the group G will named torsion-free. It is known that the periodic part
of a nilpotent group is a normal subgroup [1]�[3].

1.2 Constructive groups

Let G= ⟨G, ·,−1 , 1⟩ be a countable group. A mapping ν : D → G of
the computable subset D of all natural numbers N onto universe G is called a

numbering of G, and a pair (G, ν) is called an enumerated group.

Definition 3. An enumerated group (G, ν) is named constructive (or com-

putable numbered), if there are computable functions f, g such that for all

n,m∈D, the equalities ν(n)·ν(m)=νf(n,m) and (ν(n))−1=νg(n) hold, and
a set ν−1(1) is computable. If the set ν−1(1) is computably enumerable, then

the numbering ν will be positive. A numbering ν of group G such that (G, ν) is
constructive, is called a constructivization (or computable numbering) of the

group G. The group, which has a constructivization, is termed computable.

Let (G, ν) be an enumerated group, M be a subset in G. This subset is
computable (or computably enumerable) if its numeral set ν−1(M) is the same.

Given the computably enumerable (c.e.) subgroup H of the enumerated
group (G, ν), one can de�ne a numbering µ of H with the help of computable
function f that enumerates the numeral set ν−1(H): µ(x) = νf(x). If the
numbering ν is constructive, then so will be µ [6]. Since the periodic part and all
terms of lower central series are computably enumerable in every constructive
group according to their de�nition, therefore these subgroups of the computable
group are the computable group.

If H E G, then for every numbering ν of the G, one can de�ne a canonical

(or natural) numbering ν/H of the quotient group G/H by (ν/H)(m) =
ν(m)/H for any m ∈ N. The numbering ν/H will be positive (computable),
when H is computably enumerable (computable) in G under ν [6].

1.3 Problem definition

The problem of occurrence into the terms of the central series and the
computability of their quotient groups for constructive groups is interesting
because many algebraical properties of nilpotent groups are proved by
induction on class nilpotent. The terms of upper or lower series and factor
group by them are often considered for this purpose. It is quite natural to
expect that this method is applicable for the computable groups, too. These
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hopes are partly reasonable for R-groups with some additional conditions �
see [8]. Furthermore the scheme of inclusions (1) creates the illusion that the
ability to solve the problem of occurrence for any of the term of these central
series will enable us easily to solve such issues for the others.

It is true for �nitely generated groups. Really, let (G, ν) be such a positive
enumerated group. Then ν/γnG is a positive numbering of the �nitely genera-
ted nilpotent group G/γnG. Because the word problem for positive enumerated
�nitely generated nilpotent groups is soluble, the group (G/γnG, ν/γnG) is
constructive. Moreover, an element g of G belongs to center i� the equality
[g, x] = 1 holds for each generator x of G. Therefore, one can easily prove by
induction on parameter i that the every term ζiG in the upper central series
can be e�ectively calculated in computable �nitely generated group G.

Thus, we focus our attention on in�nitely generated nilpotent computable
groups. We know that the centrals of a constructive group are computably
enumerable. Furthermore, the hypercenters are Π0

1-sets, because [g ∈ ζ1G ⇔
∀h(gh = hg)] & [g ∈ ζi+1G ⇔ ∀h([g, h] ∈ ζiG)] holds. Hence, the terms in the
upper and lower central series of a computable group have c.e. Turing degree.

Definition 4. Let ⟨G, ν⟩ be a numbered group and H⊆G. The Turing degree

of unsolvability of the set ν−1(H) is called the algorithmic complexity of the

occurrence problem in the H in the group ⟨G, ν⟩ and is denoted by T (G,H, ν).

Everywhere in the sequel, by a degree of set we mean the Turing degree [7].
It is obvious that if the upper central series of a computable group G coincides
with its lower one, then T (G, γnG, ν) = T (G, ζnG, ν) = 0 for all n and every
constructivization ν. In particular, this is true for free nilpotent groups.

Nevertheless, the complexity of the problem of occurrence into the centrals
and hypercenters is intricate enough in the general case.

Theorem 1 ([9]). For each natural number n > 2 there exists a torsion-

free nilpotent group G(n) of class n such that for each set of c.e. degrees

â = ⟨a2, . . . , an⟩ there exists a constructivization ν(â) of this group for wich

T (G(n), γ2G(n), ν(â)) = a2,. . . ,T (G(n), γnG(n), ν(â)) = an.

Theorem 2 ([9]). For each natural number n> 2 and an arbitrary set â =
⟨a2, . . . , an⟩ of c.e. degrees there exists a computable nilpotent group G(â), of
class n, possessing the following properties:
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(i) T (G(â), γ2G(â), ν)=a2,. . . ,T (G(â), γnG(â), ν)=an for each constructi-

vization ν of G(â); the quotient-group G(â)/γiG(â) is computable i� ai=0;

(ii) for each c.e. degree b there exists a constructivization µ of the group

G(â) such that T (G(â), τG(â), µ)=b, where τG(â) is the periodic part of G(â).
In particular, this group is non-autostable.

Theorem 3 ([10]). Fix n > 2 and c.e. Turing degrees d1, . . . , dn−1 and

e2, . . . , en. There is a constructive torsion-free group (G,α) which is class n
nilpotent with T (G, ζiG,α) = di for 16 i6 n−1 and T (G, γiG,α) = ei for
26 i6n. Furthermore, (G,α) admits a computable order so this computational

independence property holds for computable ordered nilpotent groups as well.

There is the following comment in [10]: "The construction of G(â) in
Theorem 2 uses torsion elements and hence G(â) does not admit an order
(computable or otherwise). This observation raises the question of whether
one can obtain a similar result using a torsion-free nilpotent group, and if so,
whether such a group could admit a computable order (in some or possibly all
computable copies). Theorem 2 also raises the natural question of whether one
can obtain a similar result for the terms in the upper central series, and if so,
whether one can do it with a torsion-free (or possibly computably orderable)
nilpotent computable group".

Furthermore, it is rather easy to see that the computability of the members
of the lower central series is the necessary condition for the computability of
nilpotent product in many cases; for instance, the nilpotent product of in�nite
cyclic group with the computable class two nilpotent group G(a2) constructed
in the proof of Theorem 2 is not computable for every a2 > 0 [11].

1.4 The main result

We will give a partial answer at the second question in [10] with the
following below theorem. But let us notice at the beginning that for every
constructivization of group G, the complexity of the occurrence problem
into a normal subgroup H cannot be equal to zero, if the H or the factor
group G/H is not computable. This observation necessitates of the following
de�nition. The tuple ⟨d1, . . . , dn−1⟩ of degrees is termed coordinated with the
set (α1, . . . , αn−1;β1, . . . , βn−1) consisting of zeroes and unities, if for every
16j6n−1, the condition αj=βj=0 ↔ dj=0 holds.
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Theorem 4. Fix n>2 and a set (α̂, β̂)=(α1, . . . , αn−1;β1, . . . , βn−1) of zeroes
and unities. Let d1, . . . , dn−1 and e2, . . . , en be c.e. degrees such that the tuple

⟨d1, . . . , dn−1⟩ coordinated with (α̂, β̂). Then there exists a computable class n
nilpotent group H(d̂, ê), possessing the following properties:

1) for every computable numbering ν, T (H(d̂, ê), γiH(d̂, ê), ν) = ei holds
for 26 i6n; the quotient-group H(d̂, ê)/γiH(d̂, ê) is computable i� ei=0;

2) for every computable numbering ν, T (H(d̂, ê), ζiH(d̂, ê), α)=di holds

for 16 i6n−1;

3) for each c.e. degree b, there exists a constructivization µ of the group

H(d̂, ê) such that T (H(d̂, ê), τH(d̂, ê), µ)=b; so this group is non-autostable;

4) if αj=1, then the hypercenter ζjH(d̂, ê) is non-computable; when βj=1,

then factor-group H(d̂, ê)/ζjH(d̂, ê) is non-computable for 16j6n−1.

Proof. See Sections 3�5. As in [9], [10], we break the proof of Theorem 4 into
smaller steps, using Proposition 2, its corollary (Subsection 2.3), and the fact
that a periodic part and the terms in the upper and lower central series interact
nicely with direct products: for any groups G and H, γi(G×H)=γiG× γiH;
ζi(G×H)=ζiG× ζiH; and τ(G×H)=τG× τH.

Therefore, we will start with the constructing of group Gu(d̂), which have
Properties 2) and 4) (Sections 3,4, and 5.2); then we will build a group Gl(ê)
with Property 1) and 3), modifying the consruction of group G(â) from [9].
Finally, we will 'assemble' the group H(d̂, ê) in Subsection 5.3.

2. Necessary information from Combinatorial Group theory

2.1 The symbol-combinatoric and numeric approaches to the

study of algorithmic problems

Let M be a set of words over some alphabet A. A G�odel numbering of the
M is a biunivocal mapping γ of the set M into the set of natural numbers N
such that one can e�ectively recognize if a given natural integer is the number
of an element of M , and from a number, one can recover the structure of the
corresponding word [6].

Let Gen(G) = {g0, g1, . . .} be a set of the generators of the group G; and
Rel(G)= {R0(ḡ), R1(ḡ), . . .} be a set of its de�ning relations; so the group G
has presentation

G = ⟨Gen(G)|Rel(G)⟩ = ⟨g0, g1, . . . |R0(ḡ), R1(ḡ), . . .⟩, (2)
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� see [4]�[5] for further details. One can de�ne the G�odel numbering of the set
of all word in an alphabet {g0, g−1

0 , g1, g
−1
1 , . . .}. Consider an inverse mapping

ν(γ) = γ−1; it already is the numbering of the group G. Such a numbering
is named natural, constructed by G�odel numbering of the words in the given

presentation; or brie�y, natural (G�odel) numbering of given presentation.
It is obvious that when the set Gen(G) is computable, in particular �nite,

and the set Rel(G) is computably enumerable, in particular �nite, then the
numbering ν(γ) will be positive. The word problem is soluble for given group
presentation ⟨Gen(G)|Rel(G)⟩ i� its natural numbering ν(γ) is constructive.
Therefore, it will be convenient for us to describe the group by specifying its
sets of generators and de�ning relations in order to obtain a numbering of
group with the requisite algorithmic properties as is done in [9], [10].

We will always consider the quotient-group G/N with the same set of
generators as the group G, but with 'additional' de�ning relations. Namely,
if a group G has presentation of the kind (2), and N =grG{S0(ḡ), S1(ḡ), . . .},
then G/N ∼= ⟨g0, g1, . . . |R0(ḡ), R1(ḡ), . . . ;S0(ḡ, S1(ḡ), . . .⟩ hold [5]. So, every
word in the generators of group G can regarded as both an element of the G
and an element of its factor-group. We will always specify these cases below.

Nevertheless, we will apply the Hall-Witt commutator identities [1]�[5] as
a rule without special comment.

2.2 Basic commutators

We recall the de�nition of the basic commutators for the free (or free class
r nilpotent) group F on the set X={x0, x1, x2, . . .} [1], [5]. Fix an order on X,
for instance, x0<x1<x2< . . ..

We generate a set BC(X) =
∪

i∈NBCi(X) of basic commutators, assign
weights to these basic commutators and de�ne an order on them. The weight
of a basic commutator c is denoted by w(c).

1. The letters in X are the basic commutators of weight 1, i.e., BC1(X)=X.
2. Assume that the basic commutators of weight j6k have been de�ned and

we have produced an order of them. A commutator [c, d] is a basic commutator
of weight k+1 (i.e., [c, d]∈BCk+1(X)) i� (i) c and d are basic commutators
and w(c)+w(d)=k+1; (ii) d<c ; (iii) if c=[u, v], then v6d.

We assign x<y, when x and y are the basic commutators, w(x)6 k, and
w(y)=k+1. We de�ne the order on the basic commutators of weight k+1 by
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[c, d]< [u, v] ⇔ (c, d)<lex (u, v), where <lex is the lexicographic order.
Let us notice that �rstly, if [a, b(1)] 
 [a, b] is the basic commutator, then

for any j, the commutator of the kind [a, b(j+1)] 
 [[[a, b(j)], b] will be basic
too; we de�ne [a, b(0)] 
 a; secondly, for G�odel numbering of group F , a
set of numbers of all the basic commutators and a set of numbers of basic
commutators of weight j are computable sets.

The following normal form theorem was stated for �nitely generated free
nilpotent groups [1], [5], but it holds for in�nitely generated groups too.

Theorem 5 ([1], [5]). Let F be a free class r nilpotent group on the set of

generators x0, x1, . . . with a �xed order on the basic commutators. Each y∈F
can be uniquely written as a �nite product cm0

0 ·cm1
1 · · · cml

l , where ci is a basic

commutator, ci<ci+1, and mi∈Z\{0}. Furthermore, each lower central factor

γiF/γi+1F is a free abelian group on the basic commutators of weight i.

2.3 Auxiliary statements

Let F be a free nilpotent group; BC>j(X) be a set of the basic
commutators, whose weight is not less than j.

Proposition 2.1 (The generalized Hall, Jr. theorem). Let BCk(R) be a set

BCk(X)∩grF (R), where grF (R) is a normal subgroup generated by the subset

R in the F , and R⊂BC>j(X).
(i) If k > j > 2, then BCk(R) = {d | d ∈ BCk(X) and record of d
contains some commutator c∈R}; and BCk(R)=∅ for k<j.
(ii) Each y ∈ F/grF (R) can be uniquely written as a �nite product cm0

0 ·
cm1
1 · · · cml

l , where ci∈BC(X) \BC(R); ci<ci+1; and mi∈Z \ {0}.
(iii) Each lower central factor Hk = γk(F/grF (R))/γk+1(F/grF (R)) is a free

abelian group on the set BCk(X) \BCk(R).

Proof. (i) We have g ∈ grF (R) i� there are c1, . . . , ct ∈R and h1, . . . , ht ∈F
such that g= ch1

1 · · · cht
t . Further, ch= c · [c, h]; c−h=h−1c−1h=[c, h]−1 · c−1;

ch
−1

= c · [c, h(2)] · [c, h(4)] · . . . · [c, h(3)]−1 · [c, h]−1; and c−h−1
= hc−1h−1 =

[c, h] · [c, h(3)] · . . . · [c, h(4)]−1 · [c, h(2)]−1 · c−1 (the products in the third and
fourth equations are �nite because [x, y(k)]=1 for all k greater than or equal to
the class of the nilpotent group) � sees Subsection 11.1 in [1] or Lemma 2.4 in
[10]. Moreover, if h∈X and c∈BC>2, then each commutator [c, h(k)] is basic.
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(ii) and (iii). Let y be a word in the generators X. Consider this word
as an element of the free group F , then by Theorem 5, it can be uniquely
written in the form cm0

0 · cm1
1 · · · cml

l , where ci is a basic commutator, ci<ci+1,
and mi∈Z \ {0}. In accordance with homomorphism theorems, we have that
Hk

∼=γkF/(γk+1F · (grF (R)∩γkF )). Thus, the Hk arrises from the free abelian
group γkF/γk+1F , when all generators that belong to the set BCk(R) are
'unwritten' in the last group. It is clear that the remaining generators form a
free basis of the group Hk. Therefore, we can remain in the record of element
y only the basic commutators that do not belong to the BC(R).

We identify an external direct product G1× . . . ×Gk with inner direct

product (as that is understood in [3]), speci�cally each e�cient Gi is identi�ed
with its copy in the group G.

Proposition 2.2. LetG be a direct productG1×. . .×Gk; andH be a subdirect

decomposible subgroup in G, i.e., there exist subgroup H16G1, . . . , Hk 6Gk

such that H =H1× . . . ×Hk. Suppose that λ is a computable numbering of

G, and the numeral set λ−1(Gi) of every multiplier Gi is computable. Then

T (G,H, λ) = sup{T (Gi,Hi, λi)| 1 6 i 6 k}, where λi = λ � (λ−1(Gi)) is the

restriction of numbering λ; in particular, the complexity of periodic part and

each term in the lower and upper central series is the join of degrees the

corresponding subgroups in the Gi for every such constructivization λ.

Proof. For each given element, whose number is m, one can e�ectively
�nd the numbers m1, . . . ,mk such that λm = λm1 · . . . · λmk, since all
the set λ−1(Gi) are computable. These elements λm1, . . . , λmk are found
unambiguously, because G1× . . . ×Gk is the direct product. So, the problem
of whether an element belongs to the subgroup H reduces to k the questiens
of whether the element λmj belongs to subgroup Hj .

Corollary 1. Suppose that H is a subdirect decomposible subgroup in a

group G = G1× . . . ×Gk. Let Bi be a set of pseudo-generators of the group

Gi for 1 6 i 6 k, i.e., Bi = {bmj · h| j ∈ Ti; Ri(m, j); h ∈ γ2Gi for bj /∈
ζGi; and h = 1 for bj ∈ ζGi}, where Ri is some predicat, Ti is any set;

and Bi contains a generating set {bj | j ∈ Ti} of group Gi. If µ is computable

numbering of G and each of the numeral sets µ−1(Bi) is c.e., then T (G,H, µ)=
sup{T (Gi,Hi, µi)| 16 i6k}.
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Proof. Since the set of pseudo-generators for every subgroup Gi is c.e., one
can enumerate the whole of this subgroup and its complement; therefore each
numeral sets µ−1(Gi) is computable.

3. Computable group, whose factor-group by the last proper

hypercenter is non-computable

Theorem 6. For each natural r > 2 and every c.e. degree d, there exists

a computable metabelian class r nilpotent group Gr(M) such that for each

of its constructivization λ, T (Gr(M), τGr(M), λ) = T (Gr(M), γjGr(M), λ) =
T (Gr(M), ζiGr(M), λ) = 0, where 1 6 i 6 r− 2, 2 6 j 6 r; Nevertheless,

T (Gr(M), ζr−1Gr(M), λ)= d, and a factor group Gr(M)/ζr−1Gr(M) is com-

putable i� d=0. However, the hypercenter ζr−1Gr(M) is a computable group.

Proof. Let U and W be in�nite computable set, and F (C,A) be a free class
r nilpotent group on the set C ∪A, where A={an|n∈U} and C={zk| k∈W}.
We specify the following order on C ∪A: zi0 <zi1 <zi2 < . . . < aj0 <aj1 < . . ..
Since F (C,A) is class r nilpotent, all commutators of weight >r are equivalent
to the identity, so we consider only basic commutators of weight 6r.

Let us consider the following set of the basic commutators:

R 
 {[an, am]|n,m∈U} ∪ {[zn, zk]|n, k∈W} ∪
∪ {c| c contains more than two di�erent generators} ∪
∪ {[d, e] | both d and e contains a generator from set A}.

(3)

It is easy to see that for i > 2, BCi(H) 
 BCi(C,A) \ BCi(R) =

{[an, z(i−1)
k ]| k∈W, n∈U} and BC1(H)=A ∪ C; furthermore, the BCi(H) is

a basis of free abelian group γiHr/γi+1Hr according to Proposition 2.1, where
Hr 
 F (C,A)/grF (C,A)(R).

Lemma 1. Let (A) and (C) be subgroups, which are respectively generated by

the sets A and C in the group Hr.

(i) (A) and (C) are the free abelian group on the sets A and C, accordingly.

(ii) The mutual commutant [A,C] of the subgroups (A) and (C) has trivial

intersection with each of these groups; and [A,C] ∼= γ2Hr is abelian group.

(iii) For 16 i6r, ζr−i+1Hr=γiHr.

Proof. (i) Consider a natural projection φ : Hr → Hr/grHr(C). According
to Subsection 2.1, we must add the de�ning relations {zk | k∈N} to the set R
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in order to obtain a presentation of factor group Hr/grHr(C). Now we apply
the Tietze transformations to obtained presentation [5]: �rstly, we replace each
generator zk with 1 in all other relations, which contain this generators. All
these relations are the commutators, therefore they become trivial. Secondly,
we delete the trivial generators zk and trivial relations. Finally, we obtain that
the group Hr/grHr(C) is isomorphic to Ã 
 ⟨A | {[ai, aj ] | i, j ∈U}⟩, which is
free abelian group. It is isomorphic to the (A), because the φ images the latter
onto the Ã, and the φ � (A) is a biunique function.

The statement about the group (C) can be proved in a like manner.

(ii) We again consider a canonical homomorphism of the group Hr onto its
quotient-group Hr/[A,C]. Using the Tietze transformations, we obtain that
this factor group is isomorphic to ⟨A ∪ C | {[ai, aj ] | i, j ∈ U} ∪ {[zk, zl] | k, l ∈
W}⟩ ∼= (A)× (C). Hence, (A) ∩ [A,C]=(C) ∩ [A,C]=1 and γ2Hr6 [A,C]. It
is easy to see that the last group is abelian.

(iii) According to scheme of inclusions (1), γi+1Hr 6 ζr−iHr. Let g be
an element in γiHr \ γi+1Hr for i < r. By Proposition 2.1, there is a basic

commutator h=[an, z
(i−1)
k ], which occurs in the record of g and [h, z

(r−i)
k ] ̸=1.

Therefore, [g, z(r−i)
k ] ̸=1 too, and g /∈ζr−iHr. Lemma is proved.

Let d be c.e. degree. We select so in�nite a subset M in the set U that the
M belongs to the class Π0

1 of the arithmetical hierarchy, has a degree d, and
U \M is in�nite [7]. There exists a biunique partially computable function f
that maps the set W onto the U \M ; so ∀n∈U(n∈U \M ⇔ ∃j(f(j)=n)).

We suppose that r is the least element in M , and U ∩ W = ∅. Let Dr

be a subgroup (in the Hr) that are generated by the set {[an, z(r−1)
k ]pn |n ̸=

r ∧ f(k) ̸=n} ∪ {[ar, z(r−1)
k ]pk |k∈W}, where pk is (k+1)-th prime number.

The Dr is a subgroup in γrHr 6 ζ1Hr, therefore it is normal. Since
the subgroups (A) and (C) have trivial intersection with the mutual
commutant [A,C], these subgroups are isomorphically embedded into factor-
group Gr(M) 
 Hr/Dr. According to usual algebraical practice, we will
identify the groups (A) and (C) themselves with their images in Gr(M).

Since the γrHr is a free abelian group on the set BCr(H)={[an, z(r−1)
k ]| k∈

W, n ∈ U} in accordance with Proposition 2.1(iii), and the group Dr is
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generated by the degrees of these generators, therefore

τGr(M) =
∏

f(k)̸=n

Bn,k; γrGr(M) = τGr(M)×
∏

n=f(k)

[an, z
(r−1)
k ], (4)

where Bn,k = gr([an, z
(r−1)
k ])/([an, z

(r−1)
k ]pn) ∼= Zpn for n ∈ U ∧ k ∈W ∧ n ̸=

r ∧ f(k) ̸=n; and Bn,k=gr([ar, z
(r−1)
k ])/([ar, z

(r−1)
k ]pk) ∼= Zpk for k∈W .

Lemma 2. Let r > 3 and Dr−1 be a subgroup (in Gr(M)) generated by the

set {[an, z(r−2)
k ]pn |n ̸= r ∧ f(k) ̸=n} ∪ {[ar, z(r−2)

k ]pk |k∈W}. Then ζGr(M)=
Dr−1 · γrGr(M) for r > 2; ζG2(M) = (A)M · γ2G2(M), where (A)M is the

subgroup generated by the set {apnn |n∈M \ {r}}.

Proof. We show that the center of the group Gr(M) contains all the
elements of the last central γrGr(M) and Dr−1 (or (A)M ). Indeed, the equality

[[an, z
(r−2)
k ]pn , x] = [an, z

(r−2)
k ], x]pn holds, because Hr is the class r nilpotent

group. Now for r>2 and n ̸=r, if x=zk, and n ̸=f(k), then [an, z
(r−2)
k ], x]pn =1,

since it is a relation of group Gr(M); when x ̸= zk, then the [an, z
(r−2)
k ], x]

contains three generators or two the entries of the generators from the set A,
and so it belongs to the set R. The case when n= r is investigated similarly.
If r=2 and n∈M \ {r}, then ∀k(n ̸=f(k)) holds; therefore, for every l, n∈U
and k∈W , [an, al]=[apnn , zk]=[an, zk]

pn =1 are the relations of group Gr(M).
Let g be an element of the ζGr(M) and x be a generator. Then the

commutator [g, x] belongs to subgroup Dr < γrHr, if it is considered as an
element in group Hr. Hence, g∈γr−1Hr. By Proposition 2.1, we can uniquely
write it through the basic commutators from BC>r−1(H): g= vα1

1 · · · vαt
t · h,

where h∈γrHr. We have [g, x]=[vα1
1 , x] · · · [vαt

t , x]=[v1, x]
α1 · · · [vt, x]αt .

Case r>2. If x ̸=zk, where zk is generator occurring in the record vi, then
the commutator [vi, x] contains more than two generators or two the entries of
the generators from the set A, and so it equals to 1.

Let x=zk be included in two or more commutators vi and vj . When they
contain the di�erent elements as the second generators, then between the basic
commutators [vi, x] and [vj , x] will not occur nontrivial relations in accordance
with Decomposition (4). If the second generators are uniform, then vi and
vj will be equal too. Thus, for each vi, one can choose a generator x such
that the commutator [vi, x] is basic, and it is di�erent from the other basic
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commutators [vj , x]. Therefore for these vi and x, the inclusion [g, x] ∈ Dr

implies [vi, x]αi ∈Dr. This means that either [vi, x]= [an, z
(r−1)
k ] and n ̸= r for

f(k) ̸=n or [vi, x]=[ar, z
(r−1)
k ]. Moreover, it follows from [vi, x]

αi ∈Dr, (4) and
(5) that αi is divisible by pn or pk (brie�y: pn|αi ∨ pk|α).

Case r=2. When some vi is an for n∈U \ M , then there is a natural k,
such that f(k)=n, and hence [g, zk] = [an, zk]

αi /∈D2. If there are an i and a
k such that vi=zk, then f(k)=n, and so [g, an]=[an, zk]

−αi /∈D2 again, since
the function f : W → U \M is total on the W . For vi=ar, we choose a k such
that pk - αi; now [g, zk]=[ar, zk]

αi /∈D2 holds.
Thus, all the elements zk have in�nite order in the factor group ofG2(M) by

its center; and the element an has order pn in this factor group, i� n∈M \{r}.

Corollary 2. For every r>3, Gr(M)/ζGr(M) ∼= Gr−1(M).

Proof. In order to obtain a presentation of quotient-group Gr(M)/ζGr(M),
we must add the generators of the subgroup Dr−1 · γrGr(M) to the de�ning
relations of the group Gr(M).

Corollary 3. For every r>2, Gr(M)/ζr−1Gr(M) ∼=
(
(A)/(AM )

)
× (C).

Proof. It is evident from the previous corollary and the last paragraph of
the lemma proof.

Lemma 3. The group Gr(M) has a soluble word problem, when it is presented

by the generating set A ∪ C and the de�ning relations R ∪ {[an, z(r−1)
k ]pn |n ̸=

r ∧ f(k) ̸=n} ∪ {[ar, z(r−1)
k ]pk |k∈W} in the variety Nr.

Proof. Every word g in the generators an and zk can be considered as an
element of the group Hr. We can write it uniquely and e�ectively in the form
g = bch2 . . . hr, where b ∈ (A), c ∈ (C), and hi ∈ γiHr is a �nite product of
the integer degrees of the basic commutators from BCi(H). Moreover, g = 1
i� b= 1, c= 1, and h2 = h3 = . . .= hr = 1. The �rst r equalities are veri�ed
simply, because the (A),(C), and each γiHr/γi+1Hr (for 26 i6 r−1) are free
abelian groups by Proposition 2.1 and Lemma 1(i). We have seen in the proof
of Lemma 2 that the question of whether hr belongs to the group Dr reduces
to the veri�cation of �nite number of equations of the kind f(k)=n.
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Lemma 4. The quotient-group Gr(M)/ζr−1Gr(M) is non-computable, if d ̸=0.

Proof. It is easy to see that if G is a computable group and U is a computable
set, then L1(G;U) 
 {n∈U |∃y(ypn =1∧∀k(16k6pn−1 → yk ̸= 1))} is a c.e.
set. However, we have L1

(
Gr(M)/ζr−1Gr(M)

)
=M \ {r} by Corollary 3; and

the set M is the complement to computably enumerable,but non-computable
set, when the degree d is not equal to 0 [7]. Lemma is proved.

Notice that the product ζr−1Gr(M)=(A)M ·γ2Gr(M), is direct; a commu-
tant is a computable group, if so is the whole of group; and (A)M =gr({apnn |n∈
M \ {r}}) ∼=

∑
k∈N Z(k) is computable, where Z(k) ∼= Z for each k. Therefore,

ζr−1Gr(M) is computable, since it is the direct product of computable groups.
Let λ be a constructivization of group Gr(M). We �x one of the λ-numbers

of element ar, for example v. One can enumerate all the elements of the kind
zjk · h0 for pk - j and h0 ∈ γ2Gr(M), because they must obey the conditions:
[λv, (zjk · h0)(r−1)]pk = 1, but [λv, (zjk · h0)(r−1)] ̸= 1. Now, it is possible to
enumerate all the elements that are of the form ain · h for pn - i and n ̸= r,
where h∈γ2Gr(M). To this purpose, we search a number k such that f(k) ̸=n
for given n. Then the required elements commute with λv and [ain · h, (zjk ·
h0)

(r−1)]pn =1, but [ain · h, (zjk · h0)
(r−1)] ̸=1, provided that pn - j.

It is obvious that [ainh, (z
j
kh0)

(t−1)] = [an, z
(t−1)
k ]ij

t−1 · g ∈ γtGr(M) \
γt+1Gr(M) for some g∈γt+1Gr(M). Hence, it is easy to obtain an algorithm
that enumerates all the elements, which of the form gh, where g /∈γt+1Gr(M)
and h∈ γt+1Gr(M), i.e., all elements, which are not included in the (t+1)th
central of group Gr(M), and so T (Gr(M), γt+1Gr(M), λ)=0 for 16 t6r−1.

Furthermore, one can design an algorithm, which enumerates each subgroup
Dm−1 · γmGr(M) for 3 6 m 6 r, using the elements ain · h and zjk · h0 and
checking the equality f(k) = n sometimes. Because this subgroup coincides
with the hypercenter ζr−m+1Gr(M), which is the complement to c.e. set, we
have T (Gr(M), ζr−m+1Gr(M), λ)=0 for these m.

We know how to list the elements of the kind ain · h or zjk · h0, where i is

not divisible by pn. If the n /∈ M , then [ain · h, z(r−1)
k ]pn = [an, z

(r−1)
k ]ipn ̸= 1

holds for f(k) = n. Therefore, when n /∈ M , there exists an element g

such that [ainh, g
(r−1)]pn ̸= 1. Since the elements of the form [an, z

(r−1)
k ]i =

[ainh, (zkh0)
(r−1)], where f(k) = n and pn - i, generate the di�erence between

γrGr(M) and τGr(M), we obtain that T (Gr(M), τGr(M), λ)=0.
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Suppose, we can solve the question of whether any number belongs to the
set M . The occurence problem into the last hypercenter reduces to the same
questiens about the elements of the kind ainh by Corollary 3. The element of
the form ainh belongs to the ζr−1Gr(M) i� n /∈M \ {r}. So, in this case, this
hypercenter is c.e. subgroup, because it is generated by all such elements and
commutant, i.e., T (Gr(M), ζr−1Gr(M), λ) 6T d. Conversely, if we can solve
the question of whether the ζr−1Gr(M) contains the elements of the kind ainh,
then the set M is converted into computable.

4. The computable nilpotent group, whose the last proper

hypercenters are non computable

The particular case of the following theorem was proved for r=2 in [12].

Theorem 7. For each natural r > 2 and every c.e. degree e there exists

a computable metabelian class r nilpotent group Gr(K) such that for each

of its constructivization λ, T (Gr(K), τGr(K), λ) = T (Gr(K), γjGr(K), λ) =
T (Gr(K), ζiGr(K), λ) = 0, where 1 6 i 6 r− 2, 2 6 j 6 r. At the same

time, T (Gr(K), ζr−1Gr(K), λ) = e, and the last hypercenter ζr−1Gr(K) is

computable i� e=0, but the factor group by this hypercenter is a computable

group.

Proof. Let us consider a free class r nilpotent group F (xn, yn, zk) on the
set {xn, yn, zk} for some k, n∈N and de�ne the following subset of the basic
commutators: S 
 {c| c contains generator yn twice} ∪ {[xn, yn], [xn, zk]}.

Let Ê be a quotient-group of F (xn, yn, zk) by grF (xn,y,zk)(S). As before
(see Lemma 1), it is su�ciently simply proved that the subgroup generated by
the set {xn, yn} in the Ê is the free abelian group; each group γiÊ/γi+1Ê is

in�nite cyclic, its generator is [yn, z
(i−1)
k ] by Proposition 2.1.

We introduce the additional relations Ŝ 
 {xp2n+1p2n
n , y

p22n
n , x

−p2n+1
n yp2nn }.

If En,k 
 Ê/grÊ(Ŝ), and φ : En,k → En,k/grEn,k
(z) is a canonical homomor-

phism, then the subgroup generated by set {xn, yn} in En,k is isomorphically

mapped onto ⟨xn, yn| [xn, yn], xp2n+1p2n
n , yp

22n
n , x

−p2n+1
n yp2nn ⟩, which is the direct

product of the �nite cyclic groups (xn) and (yn) with the amalgamated sub-
group generated by the element x−p2n+1

n yp2nn ; and so the orders of the elements
xn and yn are accordingly equal to p2n+1p2n and p22n in group En,k, too.
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Lemma 5. Each central γcEn,k of group En,k is a cyclic group of order p2n.

Proof. Really, [yn, z
(c−1)
k ]p2n = [yp2nn , z

(c−1)
k ] = [x

p2n+1
n , z

(c−1)
k ] = 1. Let us

show that [yn, z
(c−1)
k ] ̸= 1 for 1 6 c 6 r by induction on the parametr

c. This is true for c = 1, because En,k/grEn,k
(zk) |= yn ̸= 1. Suppose

that this is true for c = i. We have En,k/grEn,k
(xn) ∼= ⟨yn, zk | {yp2nn } ∪

{d | d is basic commutator and contains generator yn twice}⟩ in the variety

Nr, and also En,k/grEn,k
(xn) |= [yn, z

(i−1)
k ]p2n =1. The subgroup Hi, of group

En,k/grEn,k
(xn), generated by the [yn, z

(i−1)
k ] and zk is class r−i+1 nilpotent.

Let us consider the following (3× 3)-matrices

Ŷ =

 1 Y Zi−1 0
0 1 0
0 0 1

 ; Ẑ =

 1 0 0
0 1 Z
0 0 1


over the ring Zp2n [Y,Z]. The group (Ŷ , Ẑ) is class two nilpotent and the
equalities Ŷ p2n = Ẑp2n = 1 hold, i.e., the stronger identities and relations
hold true in this group than in group Hi. Therefore the mapping zk 7→ Ẑ,
[yn, z

(i−1)
k ] 7→ Ŷ extends to a homomorphism φ of the group Hi onto (Ŷ , Ẑ)

[5]. Hence, we obtain that

φ([yn, z
(i)
k ])=φ([[yn, z

(i−1)
k ], zk])=[Ŷ , Ẑ]=

 1 0 Y Zi

0 1 0
0 0 1

 ̸=

 1 0 0
0 1 0
0 0 1

 .

It follows from this that the inequality [yn, z
(i)
k ] ̸=1 holds too.

Lemma 6. For 16m6r−1, ζmEn,k=gr(xn)× γr−m+1En,k.

Proof. It is obvios that ζmEn,k>gr(xn)× γr−m+1En,k. If an element g does

not belong to gr(xn)×γr−m+1En,k, then one can simply prove that [g, z
(m)
k ] ̸=1,

using the inequalities [yn, z
(c−1)
k ] ̸=1 for 16c6r.

Corollary 4. Every proper hypercenter ζmEn,k contains only elements,

whose orders are the products of the di�erent primes in the �rst degree.
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Let V and W be computable in�nite sets, and (V ⊕ V ) ∩ W = ({2n |n ∈
V } ∪ {2n+ 1 |n∈V }) ∩W =∅. We select such a c.e. subset K in V that has
given degree e; then for every natural number n, n∈K i� (∃j∈W )(g(j)=n),
where g is a biunique partially computable function from the W onto K [7].

Finally, we de�ne the desired group Gr(K) by a generator set, which is an
union of the sets {ar}, X = {xi| i∈ V }, Y = {yi| i∈ V }, and C = {zk| k ∈W},
and the following de�ning relations in the variety Nr:

{c | c is a basic commutator, w(c)>2, and c is di�erent from

[yn, z
(j−1)
k ] or [ar, z

(j−1)
k ] for 26j6r, n∈V, and k ∈ W} ∪ (5)

∪ {the de�ning relations of all the groups En,k for n∈V and k∈W} ∪ (6)

∪ {[ar, z(r−1)
k ]pk |k∈W} ∪ {[yn, z(r−1)

k ]|n∈V ∧ k∈W ∧ g(k) ̸=n}. (7)

From this it follows that the relations {[ar, xm]|m∈ V } ∪ {[ar, ym]|m∈ V } ∪
{[xn, xm]|n,m∈V } ∪ {[yn, ym]|n,m∈V } ∪ {[xn, yk]|n, k∈V } ∪ {[xn, zk] |n∈
V, k∈W} ∪ {[zn, zk]|n, k∈W} hold true in the Gr(K), too.

It is easy to see that each subgroup Bn,k generated by the elements xn, yn,
and zk is isomorphic to group En,k for g(k) = n; and Bn,k

∼= En,k/γrEn,k =

En,k/grEn,k
([yn, z

(r−1)
k ]) for g(k) ̸=n. Hence, we obtain that

γrGr(K) =
∏

n∈K,g(k)=n

([yn, z
(r−1)
k ])×

∏
k∈W

([ar, z
(r−1)
k ])/([ar, z

(r−1)
k ]pk); (8)

γjGr(K)/γj+1Gr(K) ∼=
∏

n∈V,k∈W
([yn, z

(j−1)
k ])×

∏
k∈W

([ar, z
(j−1)
k ]); (9)

ζr−jGr(K) = γj+1Gr(K)×
∏

n∈V \K,k∈W

([yn, z
(j−1)
k ])×

∏
n∈V

(xn), (10)

for 26j6r−1. Moreover,

ζr−1Gr(K)=γ2Gr(K)×
[ ∏
n∈V \K

(yn) ·
∏
k∈V

(xk)
]
. (11)

In accordance with Decompositions (8),(9) and Lemma 5, the commutant
γ2Gr(K) contains only the elements, whose orders are either the products
of the various prime numbers in the �rst degrees or in�nite. The orders of
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the elements in group
∏

n∈V (xn) are the products of the di�erent primes
in the �rst degrees, too. However, an order of element yn is p22n � see the
paragraph before Lemma 5. Therefore, the set L2(ζr−1Gr(K);V ) = {n ∈
V | there exists an element y, in ζr−1Gr(K), such that its order equals to p22n}
coincides with V \K. At the same time it is clear that the set L2(G,V ) will
be c.e., if the group G and the set V are computable. Consequently, the last
proper hypercenter of Gr(K) is non-computable, provided that e ̸=0.

Lemma 7. The group Gr(K) has a soluble word problem, when it is presented

by the generating set {ar} ∪X ∪ Y ∪ C and the de�ning relations (5)�(7) in

the variety Nr, i.e., its G�odel numbering is computable.

Proof. Let us consider a word g in the generators of the Gr(K) as an element
of the group that has a presentation ⟨{ar}∪X ∪Y ∪C|de�ning relations (5)⟩ in
the variety Nr. The element g of this group can be represented as a product of
the powers of the basic commutators of the kind xn, zl, [ar, z

(j−1)
k ], [ym, z

(j−1)
t ]

for 16 j6 r; and such a presentation can be done e�ciently and uniquely by
Proposition 2.1. Now, a test for equality g=1 reduces to the questions about
the validity of relations of the kind p2np2n+1|αn, ηl=0, pk|δk, εr=0, p22m|βm,
p2m|γm,t, and g(t) = m according to Lemmata 5, 6, Corollary 4, Relations
(6),(7), and Decompositions (8)�(10). Lemma is proved.

It follows from Decomposition (11) that Gr(K)/ζr−1Gr(K) ∼= (ar)×(X)×∏
n∈K

(yn)× (C) ∼= Z⊕
∑
i∈V

Zp2ip2i+1 ⊕
∑
n∈K

Zp22n
⊕

∑
k∈W

Z(k), where Z(k) ∼= Z for

each k. So, this factor group is isomorphic to c.e. subgroup of the computable
group

∑
i∈V

Zp2ip2i+1 ⊕
∑
n∈V

Zp22n
⊕

∑
k∈N

Z(k), since the latter is the direct sum

(in additive notation) of the computable sequence of computable groups [6].
Therefore, the quotient group Gr(K)/ζr−1Gr(K) is computable too.

Let λ be a constructivization of group Gr(K). We �x one of the λ-numbers
of element ar as in proof of Theorem 6. One again can enumerate all the
elements of the kind zjk · h0 for pk - j and h0∈γ2Gr(K) as it is done there. In
addition, it is possible to enumerate all elements xjn and yln for n∈V , p2n+1 - j,
and p2n - j, l, based on the fact that only these elements have orders of p2np2n+1

and p22n respectively. Now it is no longer di�cult to build algorithms that list
every hypercenter ζmGr(K) for 16m6r−2 as well as all complements to the
periodic part and to each central in accordance with Decompositions (8)�(10).
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Hence, T (Gr(K), τGr(K), λ) = T (Gr(K), γjGr, λ) = T (G(K), ζmG(K), λ) = 0
for 16m6r−2 and 26j6r.

The problem of whether an element g belongs to the ζr−1Gr(K) reduces to
the questions of whether certain of the yn belong to this subgroup according to
Decomposition (11). Because the belonging yn ∈ ζr−1Gr(K) is tantamount to
n∈V \K and the set V is computable, we obtain T (Gr(K), ζr−1Gr(K), λ)6
deg(K). The inverse inequality is also proved simply.

5. Independence of the complexity of the occurrence problems

into hypercenters and centrals from each other

5.1 Independence of the complexity of the structures of the last

hypercenter and factor by it from each other

Let U , V and W be in�nite computable sets such that V ⊕ V 
 {2n |n∈
V } ∪ {2n + 1 |n ∈ V }, U , and W are the pairwise disjoint subsets of N. We
de�ne the sets A, C, X, and Y just as it is done in the proofs of Theorems 6
and 7. We after that choose a c.e. in�nite subset K of the V and such a subset
M in the U that the subset U \M is c.e. and in�nite.

Let us consider a group Gr(M,K), which is given by its presentation with
the generating set A∪C ∪X ∪Y and the union of the sets of de�ning relations
of groups Gr(M) and Gr(K) and the set {[an, xm|n∈U,m∈V }{[an, ym]|n∈
U,m∈V } in the variety Nr � see Sections 3 and 4, or more precisely

Gr(M,K) = ⟨A ∪ C ∪X ∪ Y |
R̂ ∪ {generators of group Dr} ∪ {Relations (6) and (7)}⟩, (12)

where R̂
{c | c is a basic commutator; w(c) > 2; and c is di�erent from

[yn, z
(j−1)
k ] or [am, z

(j−1)
k ] for 26j6r, m∈U, n∈V, and k ∈ W}.

It is easy to see that its subgroups (A ∪ C) and (X ∪ Y ∪ {ar} ∪
C) generated by corresponding sets are isomorphic to Gr(M) and Gr(K)
respectively. In order to establish this point it is enough to consider
the natural homomorphisms of the Gr(M,K) onto its factor-groups
Gr(M,K)/grGr(M,K)(X∪Y ) and Gr(M,K)/grGr(M,K)(A\{ar}) and to apply
the Tietze transformations to the obtained presentations of these quotient
group [5]. Therefore according to the usual algebraic practice, we identify the
groups Gr(M) and Gr(K) themselves with their images in group Gr(M,K).
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Since Gr(M,K)=Gr(M) ·Gr(K), we obtain immediately that

ζr−1Gr(M,K)=γ2Gr(M,K)×
[ ∏
n∈V \K

(yn) ·
∏
k∈V

(xk)
]
×

∏
m∈M\{r}

(am)pm . (13)

The group Gr(M,K) is computable, since its presentation (12) has soluble
word problem. Really, if g is a word in generators of this group, then we consider
it as an element of group ⟨A ∪ C ∪ X ∪ Y | R̂⟩ in the variety Nr. Then this
element can be uniquely represented as a product of the powers of the basic
commutators of the form xn, zl, [an, z

(j−1)
k ], [ym, z

(j−1)
t ] for 16j6r; and such a

presentation can be done e�ciently by Proposition 2.1. A further veri�cation
of the equality g=1 is also carried out as in the proof of Lemmata 3 and 7.

Let λ be a constructivization of group Gr(M,K). We �x one of the λ-
numbers of element ar again as in proof of Theorems 6 and 7. One can again
enumerate all the elements of the kind zjk ·h0 for pk - j and h0∈γ2Gr(M,K). It
is possible after that to enumerate all the elements that are of the form aim·h for
pm - i andm ̸=r, where h∈γ2Gr(M,K), as it is done there. In addition, one can
list all elements xjn and yln for n∈V , GCD(p2np2n+1, j)=1, and GCD(p22n, l)=
1, based on the fact that only these elements have orders of p2np2n+1 and
p22n respectively. Now it is no longer di�cult to build algorithms that list
every hypercenter ζmGr(M,K) for 1 6m 6 r−2 as well as all complements
to the periodic part and to each central as in the proofs of those theorems.
Hence, we obtain that T (Gr(M,K), τGr(M,K), λ)=T (Gr(M,K), γjGr, λ)=
T (G(M,K), ζmG(M,K), λ)=0 for 16m6r−2 and 26j6r.

The problem of the occurence of any element to the last hypercenter
reduces to the same questiens about the elements of the kind aimh and yjn
according to Decomposition (13). It is easy to see, using this fact, that
T (Gr(M,K), ζr−1Gr(M,K), λ)=sup(deg(M), deg(K))=deg(M ⊕K).

It follows from Decomposition (13) also that L2(ζr−1Gr(M,K);V )= (V \
K) (see the paragraph before Lemma 7), therefore the last proper hypercenter
of Gr(M,K) is computable i� deg(K)=0. Again using this decomposition, we
obtain Gr(K)/ζr−1Gr(K) ∼= (ar)×(X)×

∏
n∈K

(yn)×(C)×
∏

m∈M\{r}
(am)/(am)pm .

Hence, L1(G(M,K)/ζr−1Gr(M,K);U)=M \{r} � see the proof of Lemma 4;
and the factor group (G(M,K)/ζr−1Gr(M,K) is computable i� deg(M)=0.
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5.2 Independence of the complexity of the problems of

occurrence in hypercenters from each other

We now construct the group Gu(d̂) possessing the properties 2) and 4) in
Theorem 4.

Let d1, . . . , dn−1 be c.e. degrees such that the tuple ⟨d1, . . . , dn−1⟩
coordinated with the given set (α̂, β̂) = (α1, . . . , αn−1;β1, . . . , βn−1) of
zeroes and unities. First, we choose the computable in�nite subsets U2, . . . ,
Un, V2, . . . , Vn, andW2, . . . ,Wn of N such that the U2, . . . , Un, V2⊕V2, . . . , Vn⊕
Vn, and W2, . . . ,Wn are the pairwise disjoint sets.

Second, if αr = βr for 1 6 r 6 n−1, then we take a subset Mr+1 in the
Ur+1 and a subset Kr+1 in the Vr+1 so that the degree of both of these subsets
equals dr. When αr = 0 and βr = 1, i.e., the r-th hypercenter has a simple
structure, but the quotient group by it is complicated, then we select a subset
Mr+1 of degree dr in Ur+1 and a computable subset Kr+1 in Vr+1. And vice
versa, for αr = 1 and βr = 0, i.e., if the r-th hypercenter has a complicated
construction, but the quotient group by it is simple, we select a computable
subset Mr+1 in Ur+1 and a subset Kr+1 of degree dr in Vr+1. However, the
Kr+1 and Ur+1 \Mr+1 must be c.e. in�nite sets in any case.

Then we construct the groups Gr(Mr,Kr) for 26r6n in exactly the same
way as described in Subsection 5.1, using the selected sets Ur, Vr,Wr,Mr, and
Kr in the capacity of U, V,W,M , and K. Naturally, each of these groups has
its own computable set of generators that does not intersect the generating
sets of other groups.

Last we de�ne Gu(d̂) 

∏

26r6nGr(Mr,Kr). This group is computable,
since it is the direct product of �nite numbers of the computable groups [6].

We recall that r is the least element in the subsetMr of the set Ur. Because
the sets U2, . . . , Un are the pairwise disjoint sets, we obtain that ai ̸= aj for
26 i, j6n and i ̸=j.

Let λ be a computable numbering of group Gu(d̂). We again �x one of the
λ-numbers of each element ar for 26r6n, for instance vr as it is done in proof
of Theorems 6 and 7 and in Subsection 5.1. One can afresh enumerate all the
elements of the kind zjk ·h0 for k∈Wr, pk - j, and h0∈γ2Gr(M,K), since these
elements commute with 'else's' λvi (i.e., with those ai, for which i ̸= r holds),
but [λvr, (z

j
k · h0)

(r−1)]pk =1 and [λvr, (z
j
k · h0)

(r−1)] ̸=1 hold. After that, it is
possible to enumerate all the elements that are of the form aim · h for m∈Ur
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pm - i and m ̸=r, where h∈γ2Gr(M,K), as it is done in the proof of Theorem
6, because these elements are also permutable with 'else's' zjk · h0. In addition,
one can enumerate all elements xjt and ylt for t ∈ Vr, GCD(p2tp2t+1, j) = 1,
and GCD(p22t, l)=1, based on the fact that only these elements have orders of
p2tp2t+1 and p22t respectively.

We have learned how to enumerate the sets of pseudo-generators for each
direct e�cient of the group Gu(d̂) for given constructivization λ. Therefore,
we obtain in accordance with Corollary 1 and the results of Subsecton 5.1
that T (Gu(d̂), τGu(d̂), λ) = sup{T (Gr(Mr,Kr), τGr(Mr,Kr), λr)| 2 6 r 6
n}= 0; T (Gu(d̂), γjGu(d̂), λ) = sup{T (Gr(Mr,Kr), γjGr, λr)| 26 r 6 n}= 0;
T (Gu(d̂), ζmGu(d̂), λ) = sup{T (G(Mr,Kr), ζmG(Mr,Kr), λr)| 26 r 6 n}= dm
for 16m6n−1 and 26j6n.

5.3 The ending of the proof of Theorem 4

We need some more details of the construction of the group G(â) in
Theorem 2. It is de�ned as the direct product of n−1 auxiliary groups Hj

for 2 6 j 6 n, the group Hj is denoted as H(Aj) for 2 6 j 6 n−1 in [9],
and Hn is G(An) there; a degree of each c.e. set Aj equals to given degree
aj . Every group Hj is the direct product of groups Hj(Xj) and Hj(Yj),
which are accordingly generated by the sets Xj and Yj , with an amalgamated
central subgroup. All the set X2, . . . , Xn, Y2, . . . , Yn are computable, in�nite,
and pairwise disjoint. Each subgroupHj(Yj) is class j−1 nilpotent, and for j>2,
its factor group Hj(Yj)/γjHj(Yj) is free nilpotent; every susgroup Hj(Xj) is
class j nilpotent, and its factor group Hj(Xj)/γjHk(Yj) is free nilpotent. The
periodic parts of all subgroups Hk(Yk) and Hj(Xj) coincide with their centers
and τHj(Xj) = γjHj(Xj) for 26 k6 n and 26 j 6 n−1; and if k > 2, then
τHk(Yk)=γk−1Hk(Yk) holds, too � this is Corollary 3.2 in [9]. But τHn(Xn) is
a proper subgroup of ζHn(Xn)=γnHn(Xn)=γnG(â)� this is used in the proof
of Property (ii) in Theorem 2 (Lemma 3.5 in [9]). Hence ζG(â)=τG(â)·γnG(â),
and so T (G(â), τG(â), λ)=0 for every constructivization of G(â).

Notice that the periodic part of all subgroups of the group G(â), including
it itself, consists of only the elements whose orders are the product of distinct
prime numbers. More precisely, the numbers of these primes constitute the
union of the in�nite computable sets R2, . . . , Rn;S2, . . . , Sn;T 2, . . . , Tn−1 that
are pairwise disjoint.
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Finally we begin to build the group H(d̂, ê) in Theorem 4. Let d1, . . . , dn−1

and e2, . . . , en be c.e. degrees such that the tuple ⟨d1, . . . , dn−1⟩ coordinated
with the given set (α̂, β̂)=(α1, . . . , αn−1;β1, . . . , βn−1) of zeroes and unities.

First, we choose the computable in�nite sets R2, . . . , Rn;S2, . . . , Sn;
T 2, . . . , Tn−1;U2, . . . , Un, V2 ⊕ V2, . . . , Vn ⊕ Vn, and W2, . . . ,Wn that are
pairwise disjoint subsets of N. Then we construct a group Gu(d̂) just as
described in Subsection 5.2 for given d1, . . . , dn−1 and (α̂, β̂). Next we specify
a group Gl(ê), whose generating set does not intersect the generating set of
group Gu(d̂); this group Gl(ê) is de�ned as G(â) in [9] for â= ê. However, we
single out one 'particular' element, for instance xj,o, in each generating set Xj ,
and the same generator yk,o in every set Yk for k>2.

Last we de�ne H(d̂, ê) 
 Gu(d̂)×Gl(ê). It is computable, since so are its
direct multipliers.

Let λ be a computable numbering of group H(d̂, ê). We again �x one of
the λ-numbers of each element ar for 26 r6 n, for example vr, as it is done
above in Subsections 5.1 and 5.2. We also choose one of the λ-numbers of every
'particular' generator xj,o and a λ-number of each element yk,o, for instance
uj and wk correspondingly. Using these choosen λ-numbers, one can afresh
enumerate the sets of pseudo-generators of every direct e�cient Gr(Mr,Kr)
of the group Gu(d̂) as it is done above. Furthermore, one can also enumerate
the sets of pseudo-generators of each direct multiplier Hj =Hj(Yj) · Hj(Xj),
because, �rstly, any of the generators in Y2 has an order pt for t ∈ R2 ∪ S2;
secondly, each generator x in Xk is permutable with all of the λvr, λuj , and

'else's' λwi, but [x, λw
(k−1)
k ] ̸=1 holds; thirdly, a statement similar to the second

is also true for all generators in Yj for j>3.
Consequently, we obtain in accordance with Corollary 4 that

T (H(d̂, ê), κH(d̂, ê), λ)=sup{T (Gu(d̂), κG(d̂), µ);T (Gl(ê), κGl(ê), ν)}

for every constructivization λ of the H(d̂, ê), where κG is the periodic part, or
any central, or some hypercenter of a group G, and µ and ν are the restrictions
of numbering λ; moreover, T (Gl(ê), ζmGl(ê), ν) = sup{T (Hr, ζmHr, νr)| 2 6
r 6 n} = 0 for 1 6 m 6 n−1, since each center ζHr = γrHr(Xr) · τHr(Yr)
is computable, and every factor Hr/ζHr is the direct product of two the free
nilpotent groups. This completes the proof of Theorem 4 on the basis of the
established above properties of groups Gl(ê) and Gu(d̂).
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Notice that the proof, of property (i) in Theorem 2, given in [9] (see the
proof of Theorem 3.1 in [9]), can be signi�cantly simpli�ed, if we apply the
described method of the enumeration of the pseudo-generating sets for this
purpose. Furthermore, the generalized Hall, Jr. theorem (Proposition 1) is
enable to simplify the proof of Theorem 3 in [10] (it is Theorem 1.3 in [10]).

References

1 Hall M. The Theory of Groups. � New York: Macmillan, 1959. � 434 p.
2 Hall P. Nilpotent Groups. � in Queen Mary College Math. Notes, �London:

Queen Mary Coll. (Univ. London), 1969. � 128 p.
3 Kargapolov M. I. and Merzljakov Yu. I. Fundamentals of the Theory of Groups.

� translations of Osnovy theorii grupp, 2nd. Edn., 1977, translated by R.G. Burns. �
New York, Heidelberg, Berlin: Springer, Grad. Texts in Math., 62, 1979. � 324 p.

4 Lyndon R.C. and Schupp P.E. Combinatorial Group Theory. � Berlin,
Heidelberg, New York: Springer-Verlag, 1977. � 448 p.

5 Magnus W., Karrass A., and Solitar D. Combinatorial Group Theory:
Presentations of Groups in Terms of Generators and Relations. � New York, London,
Sydney: Interscience Publishers, A division of Wiley & Sons, Inc., Interscience, 1966.
� 512 p.

6 Ershov Y. L. and Goncharov S. S. Constructive Models. (in Russian). �
Novosibirsk: Nauch. Kniga, Ser. Siberian School of Algebra and Logic, 1996. �
[translated in: Consultants Bureau, New York, 2000.] � 346 p.

7 Soare R. I. Recursively Enumerable Sets and Degrees. � Heidelberg: Springer-
Verlag, 1987. � 564 p.

8 Khisamiev N.G. On positive and constructive groups (in Russian) // Sibirsk.
Mat. Zh. � 2012. � V. 53, � 5. � P. 1133-1146; [translated in: Siberian Math. J. �
2012. � V. 53, No. 5, � P. 906-917].

9 Latkin I. V. Algorithmic complexity of the problem of occurrence in
commutants and the members of the lower central series (in Russian) // Sibirsk.
Math. Zh. � 1987. � V. 28, � 5. � P. 102-110. [translated in: Siberian J. Math. � 1987.
� V. 28, No. 5. � P. 772-779].

10 Csima B. F. and Solomon R. The complexity of central series in nilpotent
computable groups // Annals of Pure and Appl. Logic � 2011. � V. 162 � P. 667-
678.

11 Latkin I. V. Constructive groups, nilpotent product of which is not
constructivizable (in Russian) // 8-th Union. Conf. Math. Logic. � Moscow, 1986.
� P. 101.

12 Latkin I. V. Constructive nilpotent groups with a non-constructivizable center
(in Russian) // Bulletin of the East Kazakhstan State Technical University � 2004. �
V. 23, � 1. � P. 82-84.

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 2



174 I.V. Latkin

Received 25.04.2017

Ëàòêèí È.Â. ÅÑÅÏÒÅËIÌÄI ÒÎÏÒÀÐÄÛ� ÆÎ�ÀÐ�Û Æ�ÍÅ
Ò�ÌÅÍÃI ÎÐÒÀËÛ� �ÀÒÀÐËÀÐÛÍÄÀ�Û Ì�ØÅËÅÐ ÌÅÍ ÎËÀÐ
ÁÎÉÛÍØÀ ÔÀÊÒÎÐ ÒÎÏÒÀÐÄÛ� ÅÑÅÏÒÅËIÌÄIËIÃI ÒÓÐÀËÛ

Áiçäi åñåïòåëiìäi òîïòàðäû æî¡àð¡û æºíå ò°ìåíãi îðòàëû© ©àòàðëà-
ðûíäà¡û ì³øåëåðäi åñåïòåóäi ê³ðäåëiëiãi ©ûçû©òûðàòûí áîëàäû. Íà©òû-
ðà© àéòñà©, êîíñòðóêòèâòi íèëüïîòåíòòi òîïòàðäà¡û îñû îðòàëû© ©àòàð-
ëàðäû êîììóòàíòòàð ìåí ì³øåëåðãå åíó ìºñåëåëåðií ©àðàñòûðàìûç. Áiç
ñîíäàé-à©, ôàêòîð òîïòàðäû îñû iøêi òîïòàð áîéûíøà åñåïòåëiìäiëiãií
çåðòòåéìiç.

Ëàòêèí È.Â. Î ÂÛ×ÈÑËÈÌÎÑÒÈ ×ËÅÍÎÂ È ÔÀÊÒÎÐ ÃÐÓÏÏ
ÏÎ ÍÈÌ Â ÂÅÐÕÍÅÌ È ÍÈÆÍÅÌ ÖÅÍÒÐÀËÜÍÛÕ ÐßÄÀÕ
ÂÛ×ÈÑËÈÌÛÕ ÃÐÓÏÏ

Íàñ áóäåò èíòåðåñîâàòü ñëîæíîñòü âû÷èñëåíèÿ ÷ëåíîâ â âåðõíåì è
íèæíåì öåíòðàëüíûõ ðÿäàõ âû÷èñëèìîé ãðóïïû. Òî÷íåå, ìû ðàññìîò-
ðèì ïðîáëåìó âõîæäåíèÿ â êîììóòàíòû è ÷ëåíû ýòèõ öåíòðàëüíûõ ðÿäîâ
ó êîíñòðóêòèâíûõ íèëüïîòåíòíûõ ãðóïï. Ìû òàêæå èññëåäóåì âû÷èñëè-
ìîñòü ôàêòîð ãðóïï ïî ýòèì ïîäãðóïïàì.
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Àííîòàöèÿ: Â ðàáîòå ïîêàçàíà ïîëíîòà è áàçèñíîñòü íåîðòîãîíàëüíûõ ñîá-

ñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è äëÿ îäíîìåðíîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ èíâîëþöèåé ñ íåñàìîñîïðÿæåííûìè êðàåâûìè

óñëîâèÿìè.

Êëþ÷åâûå ñëîâà: Óðàâíåíèå ñ èíâîëþöèåé, ôóíêöèÿ Ãðèíà, ðàçëîæåíèå ïî ñîá-

ñòâåííûì ôóíêöèÿì, áàçèñ, ìåòîä Ôóðüå.

1. Ââåäåíèå

Èññëåäîâàíèþ ðàçëè÷íûõ âîïðîñîâ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
èíâîëþöèåé ïîñâÿùåíî íåìàëî ðàáîò (ñì., íàïðèìåð, [1]�[3]. Èññëåäîâà-
íèþ ñïåêòðàëüíûõ ñâîéñòâ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ èíâîëþöè-
åé ïîñâÿùåíû ðàáîòû [4]�[7]. Òåîðèÿ ôóíêöèè Ãðèíà êðàåâûõ çàäà÷ äëÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èíâîëþöèåé ðàññìàòðèâàåòñÿ â ðàáîòàõ
[8]�[9]. Âîïðîñû ðàçðåøèìîñòè çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ ñ èíâîëþöèåé èçó÷àþòñÿ â ðàáîòå [10]. Â êà÷åñòâå
ïðèìåðà âîçíèêíîâåíèÿ ñïåêòðàëüíîé çàäà÷è äëÿ äèôôåðåíöèàëüíûõ îïå-
ðàòîðîâ ñ èíâîëþöèåé ìîæíî ïðèâåñòè ñëåäóþùóþ çàäà÷ó. Äëÿ óðàâíåíèÿ
ãèïåðáîëè÷åñêîãî òèïà ñ èíâîëþöèåé

utt (x, t) = uxx (−x, t) , −1 < x < 1, −∞ < t < T,

Keywords: Equation with involution, Green's function, eigenfunction expansion, basis,

Fourier method.

2010 Mathematics Subject Classi�cation: 34B10, 34L10.
Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÊÍ ÌÎÍ ÐÊ (ãðàíò �
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ðàññìîòðèì ñìåøàííóþ çàäà÷ó

u (x, 0) = φ (x) , ut (x, 0) = ψ (x) , u (−1, t) = 0, ux (−1, t) = ux (1, t) .

Èñïîëüçîâàíèå ìåòîäà Ôóðüå ïðèâîäèò ê èçó÷åíèþ ñïåêòðàëüíîé çà-
äà÷è

−X ′′ (−x) = λ2X (x) , (1)

X (−1) = 0, X ′ (−1) = X ′ (1) . (2)

Çàìåòèì, ÷òî êðàåâûå óñëîâèÿ (2) ÿâëÿþòñÿ íåñàìîñîïðÿæåííûìè. Ïî-
ýòîìó ñðàçó æå âûïèøåì ñîïðÿæåííóþ ñïåêòðàëüíóþ çàäà÷ó

−Y ′′ (−x) = λ̄2Y (x) , (1∗)

Y ′ (1) = 0, Y (−1) = Y (1) . (2∗)

Ïðèìåíåíèå ìåòîäà Ôóðüå ñòàâèò âîïðîñ î âîçìîæíîñòè ðàçëîæåíèÿ íåêî-
òîðûõ çàäàííûõ ôóíêöèé φ (x) è ψ (x) â ñõîäÿùèéñÿ ðÿä ïî ñîáñòâåííûì
ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è (1), (2). Õîðîøî èçâåñòíî, åñëè ñèñòåìà
ñîáñòâåííûõ ôóíêöèé {Xk (x)} ñïåêòðàëüíîé çàäà÷è (1), (2) îáðàçóåò áàçèñ
ïðîñòðàíñòâà L2 (−1, 1), òî ëþáàÿ ôóíêöèÿ èç ýòîãî êëàññà ðàçëàãàåòñÿ â
ñõîäÿùèéñÿ ðÿä Ôóðüå ïî äàííîé ñèñòåìå. Ïîýòîìó ïåðåõîäèì ê èçó÷åíèþ
áàçèñíîñòè ñèñòåìû ñîáñòâåííûõ ôóíêöèé {Xk (x)} ñïåêòðàëüíîé çàäà÷è
(1), (2).

2. Ïîëíîòà è áàçèñíîñòü ñèñòåì ñîáñòâåííûõ ôóíêöèé ñïåê-
òðàëüíîé çàäà÷è (1), (2)

Ñïåêòðàëüíàÿ çàäà÷à (1), (2) èìååò äâå ñåðèè ñîáñòâåííûõ çíà÷åíèé:
λk1 = −(kπ)2, λk2 = (kπ)2. Ñîîòâåòñòâóþùàÿ èì ñèñòåìà ñîáñòâåííûõ
ôóíêöèé âûïèñûâàåòñÿ â âèäå{
X01=x+1, Xk1=sin kπx,Xk2=(−1)k

ekπx − e−kπx

ekπ − e−kπ
+cos kπx, k=1, 2, ...

}
. (3)

Áèîðòîãîíàëüíî ñîïðÿæåííàÿ ñèñòåìà ñîñòîèò èç ñîáñòâåííûõ ôóíê-
öèé ñîïðÿæåííîé çàäà÷è (1*), (2*) è èìååò âèä

{
Y0=

1

2
, Yk2=cos kπx, Yk1=(−1)k

ekπx+e−kπx

ekπ − e−kπ
+sin kπx, k = 1, 2, ...

}
. (4)
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Òåîðåìà 2.1. Ñèñòåìà ñîáñòâåííûõ ôóíêöèé (3) ñïåêòðàëüíîé çàäà÷è

(1), (2) ïîëíà â L2 (−1, 1). Ñèñòåìà ñîáñòâåííûõ ôóíêöèé (4) ñîïðÿæåííîé

ñïåêòðàëüíîé çàäà÷è (1*), (2*) ïîëíà â L2 (−1, 1).

Äîêàçàòåëüñòâî. Ïóñòü äëÿ ëþáîé ôóíêöèè f (x) ∈ L2 (−1, 1) âûïîëíå-
íî óñëîâèå (f,Xk) = 0, k = 0, 1, 2, .... Ýòî çíà÷èò, ÷òî

1∫
−1

f (x) (x+ 1) dx = 0, (5)

1∫
−1

f (x) sin kπxdx = 0, k = 1, 2, ..., (6)

1∫
−1

f (x)

(
(−1)k

ekπx − e−kπx

ekπ − e−kπ
+ cos kπx

)
dx = 0, k = 1, 2, ... . (7)

Òàê êàê

1∫
−1

f (x) sin kπxdx =

0∫
−1

f (x) sin kπxdx+

+

1∫
0

f (x) sin kπxdx =

1∫
0

(f (x)− f (−x)) sin kπxdx = 0

è ñèñòåìà {sin kπx} , k = 1, 2, ..., ïîëíà â L2 (0, 1), òî

f (x)− f (−x) = 0. (8)

Èç (5) è (8) ñëåäóåò

1∫
−1

f (x) (x+ 1) dx =

0∫
−1

f (x) (x+ 1) dx+

1∫
0

f (x) (x+ 1) dx =
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=

1∫
0

f (−x) (−x+ 1) dx+

1∫
0

f (x) (x+ 1) dx =

=

1∫
0

(f (x)− f (−x))xdx+

1∫
0

f (x) dx =

1∫
0

f (x) dx = 0.

Òàê ÷òî,
1∫

0

f (x) dx = 0. (9)

À èç (7) è (8) ïîëó÷èì

1∫
−1

f (x)

(
(−1)k

ekπx − e−kπx

ekπ − e−kπ
+ cos kπx

)
dx =

=

0∫
−1

f (x)

(
(−1)k

ekπx − e−kπx

ekπ − e−kπ
+ cos kπx

)
dx+

+

1∫
0

f (x)

(
(−1)k

ekπx − e−kπx

ekπ − e−kπ
+ cos kπx

)
dx =

=

1∫
0

(f (x)− f (−x)) (−1)k
ekπx − e−kπx

ekπ − e−kπ
dx+

+

1∫
0

(f (x) + f (−x)) cos kπxdx = 0.

Îòñþäà â ñèëó (8) ïîëó÷àåì

1∫
0

f (x) cos kπxdx = 0. (10)
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Òàê êàê ñèñòåìà {cos kπx} , k = 0, 1, 2, ..., ïîëíà â L2 (0, 1), òî èç ðà-
âåíñòâ (9) è (10) ñëåäóåò òîæäåñòâî f (x) ≡ 0. Àíàëîãè÷íî äîêàçûâàåòñÿ
ïîëíîòà ñèñòåìû (4). Òåîðåìà 2.1 äîêàçàíà.

Òåîðåìà 2.2. Ñèñòåìà ñîáñòâåííûõ ôóíêöèé (3) ñïåêòðàëüíîé çàäà÷è (1),
(2) îáðàçóåò áàçèñ Ðèññà â ïðîñòðàíñòâå L2 (−1, 1). Ñèñòåìà ñîáñòâåííûõ

ôóíêöèé (4) ñïåêòðàëüíîé çàäà÷è (1*), (2*) îáðàçóåò áàçèñ Ðèññà â ïðî-

ñòðàíñòâå L2 (−1, 1).

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà áàçèñíîñòè Ðèññà ñèñòåìû (3), â
ñèëó òåîðåìû Í.Ê. Áàðè [11], äîñòàòî÷íî äîêàçàòü áåññåëåâîñòü êàæäîé èç
ñèñòåì (3) è (4), ò.å. ñïðàâåäëèâîñòü íåðàâåíñòâ

∞∑
k=1

|(f, sin kπx)|2 <∞,
∞∑
k=1

∣∣∣∣(f, (−1)k
ekπx − e−kπx

ekπ − e−kπ
+ cos kπx

)∣∣∣∣2<∞, (11)

∞∑
k=1

|(f, cos kπx)|2<∞,

∞∑
k=1

∣∣∣∣(f, (−1)k
ekπx + e−kπx

ekπ − e−kπ
+ sin kπx

)∣∣∣∣2 <∞ (12)

äëÿ ëþáîé ôóíêöèè f(x) ∈ L2(−1, 1), èáî, åñëè îäíà èç áèîðòîãîíàëü-
íî ñîïðÿæåííûõ ñèñòåì áåññåëåâà, òî äðóãàÿ ãèëüáåðòîâà è, íàîáîðîò. À
ñèñòåìà, êîòîðàÿ ÿâëÿåòñÿ îäíîâðåìåííî áåññåëåâîé è ãèëüáåðòîâîé ÿâëÿ-
åòñÿ áàçèñîì Ðèññà. Îòñþäà ñëåäóåò áàçèñíîñòü Ðèññà êàæäîé èç ñèñòåì
(3), (4). Ïåðâûå èç íåðàâåíñòâ è â (11), è â (12) õîðîøî èçâåñòíû, òàê êàê
îíè ïðåäñòàâëÿþò ñîáîé íåðàâåíñòâî Áåññåëÿ äëÿ îðòîíîðìèðîâàííîé ñè-
ñòåìû. Äîêàæåì âòîðîå íåðàâåíñòâî â (11), à âòîðîå íåðàâåíñòâî â (12)
äîêàçûâàåòñÿ ñîâåðøåííî àíàëîãè÷íî. Òàê êàê∣∣∣∣(f, (−1)k

ekπx − e−kπx

ekπ − e−kπ
+ cos kπx

)∣∣∣∣2 ≤
≤ 2

∣∣∣∣(f, ekπx − e−kπx

ekπ − e−kπ

)∣∣∣∣2 + 2|(f, cos kπx)|2

è âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè åñòü êîýôôèöèåíòû Ôóðüå ïî îðòîíîð-
ìèðîâàííîé ñèñòåìå, òî íàì äîñòàòî÷íî ïîêàçàòü ñõîäèìîñòü ðÿäà

∞∑
k=1

∣∣∣∣(f, ekπx − e−kπx

ekπ − e−kπ

)∣∣∣∣2. (13)
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Ðàññìîòðèì îáùèé ÷ëåí ýòîãî ðÿäà è ïðåîáðàçóåì åãî:∣∣∣∣(f, ekπx − e−kπx

ekπ − e−kπ

)∣∣∣∣ =
∣∣∣∣∣∣

1∫
−1

f(x)
ekπx − e−kπx

ekπ − e−kπ
dx

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣ 1

ekπ − e−kπ

 1∫
−1

f(x)ekπxdx−
1∫

−1

f(x)e−kπxdx

∣∣∣∣∣∣ =
=

∣∣∣∣∣ 1

ekπ − e−kπ

[ 0∫
−1

f(x)ekπxdx+

1∫
0

f(x)ekπxdx−

−
0∫

−1

f(x)e−kπxdx−
1∫

0

f(x)e−kπxdx

]∣∣∣∣∣ ≤
≤ 2

ekπ

[ 0∫
−1

f(x)ekπxdx+

1∫
0

f(x)ekπxdx−
0∫

−1

f(x)e−kπxdx−
1∫

0

f(x)e−kπxdx

]
=

= 2

∣∣∣∣∣
{ 1∫

0

[
f(−x)− f(x)

]
e−kπ(x+1)dx+

1∫
0

[
f(x)− f(−x)

]
ekπ(x−1)dx

}∣∣∣∣∣.
Òàêèì îáðàçîì,

∞∑
k=1

∣∣∣∣(f, ekπx − e−kπx

ekπ − e−kπ

)∣∣∣∣2 ≤
≤

∞∑
k=1

∣∣∣∣∣ 1

ekπ − e−kπ

( 1∫
0

[f(−x)− f(x)]e−kπ(x+1)dx+

+

1∫
0

[f(x)− f(−x)]ekπ(x−1)dx

)∣∣∣∣∣
2

. (14)

Â äàëüíåéøèõ ðàññóæäåíèÿõ ìû îïèðàåìñÿ íà ñëåäóþùèé ôàêò èç
ðàáîòû [12].
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Ëåììà 2.1 [12]. Ïóñòü f(x) ∈ L2(0, 1) è

ak =

1∫
0

f(x)e−λkxdx, bk =

1∫
0

f(x)eλk(x−1)dx,

ãäå λ � ïðîèçâîëüíîå êîìïëåêñíîå ÷èñëî ñ ïîëîæèòåëüíîé âåùåñòâåííîé

÷àñòüþ (λ = α+ iβ, α > 0). Òîãäà ðÿäû
∑

|ak|2,
∑

|bk|2 ñõîäÿòñÿ. Íà îñ-
íîâàíèè ýòîé ëåììû ìû ïîëó÷àåì ñõîäèìîñòü ðÿäà (14) èëè, ÷òî òî æå
ñàìîå, ñõîäèìîñòü ðÿäà (11). Ýòî ñëåäóåò èç òîãî, ÷òî îáùèé ÷ëåí ðÿäà
(13) ìàæîðèðóåòñÿ ñëåäóþùèìè âåëè÷èíàìè:

∣∣∣∣ 1∫
0

[f(−x)− f(x)] e−kπ(x+1)dx+
1∫
0

[f(x)− f(−x)] ekπ(x−1)dx

∣∣∣∣2 ≤
≤ 2

∣∣∣∣ 1∫
0

[f(−x)− f(x)] e−kπxdx

∣∣∣∣2 + 2

∣∣∣∣ 1∫
0

[f(x)− f(−x)] ekπ(x−1)dx

∣∣∣∣2.
Òåîðåìà 2.2 äîêàçàíà.
Òàêèì îáðàçîì, ëþáóþ ôóíêöèþ f (x) èç êëàññà L2 (−1, 1) ìîæíî ðàç-

ëîæèòü â ñõîäÿùèéñÿ ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé
çàäà÷è (1), (2).
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pj−1 = p
′
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′
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1, ...,m�. Â ïåðâîì ñîîòíîøåíèè ýòîé òåîðåìû ïðîïóùåíû óñëîâèÿ rj >
1
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) 1
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Ýòè íåòî÷íîñòè äîïóùåíû ïî âèíå àâòîðà. Íèæå ïðèâåäåíà èñïðàâëåí-
íàÿ ôîðìóëèðîâêà Òåîðåìû 1 [1].

Òåîðåìà 1. Ïóñòü 1 < pj < 2 < qj <
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pj−1 , 1 < θ
(1)
j , θ

(2)
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j = 1, ...m è max
j

qj < min
j

pj
pj−1 , 0 < r1 + 1

q1
− 1

p1
= ... = rν + 1

qν
− 1

pν
<

rν+1 +
1

qν+1
− 1

pν+1
≤ ... ≤ rm + 1

qm
− 1

pm
.

1. Åñëè rj >
1
pj
, j = 1, ...,m, (r1 − 1

p1
) 1
qj

< (rj − 1
pj
) 1
q1
, j = ν +1, ...,m, è

τj ≤ θ
(2)
j , j = 1, ...,m, èëè θ

(2)
j < τj , 2 < τj , j = 1, ...,m, òî

dTM (
◦
S

r

p,θ̄(1),τB,L∗
q̄,θ̄(2)

) ≍ M
−(r1+

1
2
− 1

p1
)
(logM)

(ν−1)(r1− 1
p1

+ 1
2
)+

ν∑
j=2

( 1
2
− 1

τj
)+

.

2. Åñëè θ
(2)
j < τj , 1 ≤ τj ≤ 2, j = 1, ...,m, òî

dTM (
◦
S

r

p,θ̄(1),τB,L∗
q̄,θ̄(2)

) ≤ CM
−(r1+

1
2
− 1

p1
)
(logM)

(ν−1)(r1− 1
p1
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2
)+

ν∑
j=2

( 1

θ
(2)
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− 1
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)+
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