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ÇÀÄÀ×È ÄËß ÑÈÑÒÅÌÛ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÓÐÀÂÍÅÍÈÉ ÒÈÏÀ ÀËËÅÐÀ

À.Ò. Àñàíîâà

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ çàäà÷à äëÿ ñèñòåìû íàãðóæåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà

òèïà Àëëåðà. Äëÿ ðåøåíèÿ óêàçàííîé çàäà÷è ïðåäëàãàåòñÿ íîâûé ïîäõîä,

îñíîâàííûé íà ââåäåíèè íîâûõ íåèçâåñòíûõ ôóíêöèé â âèäå èíòåãðàëüíîãî

ñîîòíîøåíèÿ. Èññëåäîâàí âîïðîñ ñóùåñòâîâàíèÿ åäèíñòâåííîãî êëàññè÷åñêîãî

ðåøåíèÿ íåëîêàëüíîé çàäà÷è è ïðåäëîæåíû ñïîñîáû ïîñòðîåíèÿ åå ïðèáëèæåí-

íûõ ðåøåíèé. Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè

íåëîêàëüíîé çàäà÷è äëÿ ñèñòåìû íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â

÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà òèïà Àëëåðà â òåðìèíàõ èñõîäíûõ äàííûõ.

Êëþ÷åâûå ñëîâà. Óðàâíåíèå òèïà Àëëåðà, ñèñòåìà íàãðóæåííûõ äèôôåðåíöè-

àëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà, íåëîêàëüíàÿ çàäà÷à,

ðàçðåøèìîñòü, àëãîðèòì.

1 Ââåäåíèå, ïîñòàíîâêà çàäà÷è

Â îáëàñòè Ω = [0, T ] × [0, ω] ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ çàäà÷à äëÿ
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî
ïîðÿäêà òèïà Àëëåðà

∂3u

∂x2∂t
= A(t, x)

∂2u

∂x2
+B(t, x)

∂u

∂x
+

∂

∂t

b∫
a

u(t, x)dx+ C(t, x)u+ f(t, x), (1)

u(0, x) = φ(x), x ∈ [0, ω], (2)

2010 Mathematics Subject Classi�cation: 34A30, 34B10, 35G16, 35Q92.

Funding: Êîìèòåò íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, Ãðàíò

�AP05131220.

c⃝ À.Ò. Àñàíîâà, 2018.



6 À.Ò. Àñàíîâà

α1(t)
∂2u(t, x)

∂x2

∣∣∣
x=0

+α2(t)
∂2u(t, x)

∂x2

∣∣∣
x=ω

+α3(t)
∂u(t, x)

∂x

∣∣∣
x=0

+

+α4(t)
∂u(t, x)

∂x

∣∣∣
x=ω

+α5(t)u(t, 0) + α6(t)u(t, ω) = d1(t), t ∈ [0, T ], (3)

β1(t)
∂2u(t, x)

∂x2

∣∣∣
x=0

+β2(t)
∂2u(t, x)

∂x2

∣∣∣
x=ω

+β3(t)
∂u(t, x)

∂x

∣∣∣
x=0

+

+β4(t)
∂u(t, x)

∂x

∣∣∣
x=ω

+β5(t)u(t, 0) + β6(t)u(t, ω) = d2(t), t ∈ [0, T ], (4)

ãäå u(t, x) = col(u1(t, x), u2(t, x), ..., un(t, x)) � íåèçâåñòíàÿ ôóíêöèÿ, (n×n)-
ìàòðèöû A(t, x), B(t, x), C(t, x) è n-âåêòîð-ôóíêöèÿ f(t, x) íåïðåðûâíû íà
Ω, 0 ≤ a < b ≤ ω, n-âåêòîð-ôóíêöèÿ φ(x) äâàæäû íåïðåðûâíî äèôôåðåí-
öèðóåìà íà [0, ω], (n×n)-ìàòðèöû αi(t), βi(t), j = 1, 6, è n-âåêòîð-ôóíêöèè
dj(t), j = 1, 2, íåïðåðûâíî äèôôåðåíöèðóåìû íà [0, T ].

Ôóíêöèÿ u(t, x) ∈ C(Ω, Rn), èìåþùàÿ ÷àñòíûå ïðîèçâîäíûå
∂u(t, x)

∂x
∈

C(Ω, Rn),
∂u(t, x)

∂t
∈ C(Ω, Rn),

∂2u(t, x)

∂x2
∈ C(Ω, Rn),

∂2u(t, x)

∂x∂t
∈ C(Ω, Rn),

∂3u(t, x)

∂x2∂t
∈ C(Ω, Rn), íàçûâàåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(4),

åñëè îíà óäîâëåòâîðÿåò ñèñòåìå íàãðóæåííûõ óðàâíåíèé (1) äëÿ âñåõ
(t, x) ∈ Ω, êðàåâîìó óñëîâèþ (2) äëÿ âñåõ x ∈ [0, ω] è íåëîêàëüíûì óñëî-
âèÿì (3), (4) äëÿ âñåõ t ∈ [0, T ].

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äâèæåíèÿ âëàãè â ïî÷âå, ôèçè÷åñêèõ
ïðîöåññîâ õèìèè, áèîëîãèè è äð. ïðèâîäèò ê èññëåäîâàíèþ íåëîêàëüíûõ
çàäà÷ äëÿ ñèñòåì íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ òèïà Àëëåðà [1]�[15]. Çàäà÷à Ãóðñà è íåêîòîðûå òèïû íåëî-
êàëüíûõ çàäà÷ äëÿ ÷àñòíûõ ñëó÷àåâ óðàâíåíèÿ òèïà Àëëåðà, â îñíîâíîì,
èññëåäîâàëèñü ñ ïîìîùüþ ìåòîäà Ðèìàíà, ãäå îò êîýôôèöèåíòîâ óðàâíå-
íèÿ òðåáîâàëàñü íåïðåðûâíàÿ äèôôåðåíöèðóåìîñòü ïî îäíîé èëè äâóì ïå-
ðåìåííûì [6], [8]�[12], [14]�[15]. Òàêæå èñïîëüçîâàëèñü ìåòîäû êà÷åñòâåí-
íîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé è ìàòåìàòè÷åñêîé ôèçèêè, ïðè
êîòîðûõ ó÷èòûâàëèñü ðàçëè÷íûå ôèçè÷åñêèå ñâîéñòâà è çàêîíû [1]�[5], [7],
[13].

Â íàñòîÿùåé ðàáîòå èññëåäóþòñÿ âîïðîñû ñóùåñòâîâàíèÿ êëàññè÷åñêî-
ãî ðåøåíèÿ íåëîêàëüíîé çàäà÷è äëÿ ñèñòåìû íàãðóæåííûõ äèôôåðåíöè-

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 2
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àëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà òèïà Àëëåðà
(1)�(4) è ñïîñîáû ïîñòðîåíèÿ åå ïðèáëèæåííîãî ðåøåíèÿ. Ïðåäëàãàåòñÿ
íîâûé ïîäõîä äëÿ ðåøåíèÿ óêàçàííîé çàäà÷è, îñíîâàííûé íà ââåäåíèè íî-
âûõ íåèçâåñòíûõ ôóíêöèé [16] ÷åðåç èíòåãðàëüíîå ñîîòíîøåíèå, ñâÿçûâà-
þùåå èñõîäíóþ è íîâûå ôóíêöèè. Â êà÷åñòâå âñïîìîãàòåëüíîé çàäà÷è ðàñ-
ñìîòðåíà íåëîêàëüíàÿ çàäà÷à äëÿ ñèñòåìû íàãðóæåííûõ ãèïåðáîëè÷åñêèõ
óðàâíåíèé âòîðîãî ïîðÿäêà, óñòàíîâëåíû óñëîâèÿ åå îäíîçíà÷íîé ðàçðåøè-
ìîñòè. Ïðåäëîæåí àëãîðèòì íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ èññëå-
äóåìîé çàäà÷è è äîêàçàíà åãî ñõîäèìîñòü. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ íåëîêàëüíîé çà-
äà÷è äëÿ ñèñòåìû íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà òèïà Àëëåðà â òåðìèíàõ èñõîäíûõ äàííûõ.

Ðåçóëüòàòû äàííîé ðàáîòû áûëè ÷àñòè÷íî àíîíñèðîâàíû â [17].

2 Ñâåäåíèå ê ýêâèâàëåíòíîé çàäà÷å ñ ïàðàìåòðîì

Ïóñòü λ(t) = u(t, 0) è ââåäåì íîâóþ íåèçâåñòíóþ ôóíêöèþ ũ(t, x). Â
çàäà÷å (1)�(4) îñóùåñòâèì çàìåíó ôóíêöèè u(t, x) ñëåäóþùèì îáðàçîì:

u(t, x) = λ(t) +

x∫
0

ũ(t, ξ)dξ, (t, x) ∈ Ω.

Òîãäà çàäà÷à (1)�(4) ïåðåõîäèò ê ýêâèâàëåíòíîé çàäà÷å

∂2ũ

∂x∂t
= A(t, x)

∂ũ

∂x
+B(t, x)ũ+

∂

∂t

b∫
a

x∫
0

ũ(t, ξ)dξdx+

+C(t, x)

x∫
0

ũ(t, ξ)dξ + (b− a)λ̇(t) + C(t, x)λ(t) + f(t, x), (5)

ũ(0, x) = φ̇(x), x ∈ [0, ω], (6)

α1(t)
∂ũ(t, x)

∂x

∣∣∣
x=0

+α2(t)
∂ũ(t, x)

∂x

∣∣∣
x=ω

+α3(t)ũ(t, 0) + α4(t)ũ(t, ω)+

+α6(t)

ω∫
0

ũ(t, ξ)dξ + [α5(t) + α6(t)]λ(t) = d1(t), t ∈ [0, T ], (7)
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β1(t)
∂ũ(t, x)

∂x

∣∣∣
x=0

+β2(t)
∂ũ(t, x)

∂x

∣∣∣
x=ω

+β3(t)ũ(t, 0) + β4(t)ũ(t, ω)+

+β6(t)

ω∫
0

ũ(t, ξ)dξ + [β5(t) + β6(t)]λ(t) = d2(t), t ∈ [0, T ], (8)

λ(0) = φ(0). (9)

Çäåñü ó÷òåíû ñîîòíîøåíèÿ

u(t, 0) = λ(t), u(t, ω) = λ(t) +

ω∫
0

ũ(t, ξ)dξ,
∂u(t, x)

∂x
= ũ(t, x),

∂2u(t, x)

∂x2
=

∂ũ(t, x)

∂x
,

∂3u(t, x)

∂x2∂t
=

∂2ũ(t, x)

∂x∂t
, (t, x) ∈ Ω,

è óñëîâèå ñîãëàñîâàíèÿ äàííûõ â òî÷êå (0, 0).
Ðåøåíèåì çàäà÷è (5)�(9) íàçûâàåòñÿ ïàðà ôóíêöèé (ũ(t, x), λ(t)), ãäå

ôóíêöèÿ ũ(t, x) ∈ C(Ω, R) èìååò ÷àñòíûå ïðîèçâîäíûå
∂ũ(t, x)

∂x
∈ C(Ω, Rn),

∂ũ(t, x)

∂t
∈ C(Ω, Rn),

∂2ũ(t, x)

∂x∂t
∈ C(Ω, Rn), à ôóíêöèÿ λ(t) ∈ C([0, T ], Rn)

èìååò ïðîèçâîäíóþ λ̇(t) ∈ C([0, T ], Rn) : è óäîâëåòâîðÿåò ñèñòåìå íàãðó-
æåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé (5) äëÿ âñåõ (t, x) ∈ Ω è óñëîâèÿì
(6)�(9). Ôóíêöèÿ u(t, x) îïðåäåëÿåòñÿ ÷åðåç ôóíêöèþ ũ(t, x) èç èíòåãðàëü-
íîãî ñîîòíîøåíèÿ

u(t, x) = λ(t) +

x∫
0

ũ(t, ξ)dξ, (t, x) ∈ Ω. (10)

Çàäà÷è (1)�(4) è (5)�(9) ýêâèâàëåíòíû. Åñëè ôóíêöèÿ u∗(t, x) ÿâëÿåòñÿ
êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(4), òî ïàðà ôóíêöèé (ũ∗(t, x), λ∗(t)),

ãäå ũ∗(t, x) =
∂u∗(t, x)

∂x
äëÿ âñåõ (t, x) ∈ Ω, λ∗(t) = u∗(t, 0) äëÿ âñåõ

t ∈ [0, T ], áóäåò ðåøåíèåì çàäà÷è (5)�(9). È íàîáîðîò, åñëè ïàðà ôóíêöèé
(ũ∗∗(t, x), λ∗∗(t)) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (5)�(9), òî ôóíêöèÿ u∗∗(t, x),
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îïðåäåëÿåìàÿ èíòåãðàëüíûì ñîîòíîøåíèåì

u∗∗(t, x) = λ∗∗(t) +

x∫
0

ũ∗∗(t, ξ)dξ, (t, x) ∈ Ω,

áóäåò êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(4).
Ïðè ôèêñèðîâàííîì λ(t) çàäà÷à (5)�(7) ÿâëÿåòñÿ íåëîêàëüíîé çàäà÷åé

äëÿ ñèñòåìû íàãðóæåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà.
Íåëîêàëüíîå ñîîòíîøåíèå (8) âìåñòå ñ óñëîâèåì (9) ïîçâîëÿþò îïðåäåëèòü
íåèçâåñòíûé ïàðàìåòð λ(t).

Òàêèì îáðàçîì, çàäà÷ó (5)�(9) ìîæíî òðàêòîâàòü, êàê çàäà÷ó óïðàâ-
ëåíèÿ äëÿ ñèñòåìû íàãðóæåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ óïðàâëÿ-
þùèì ïàðàìåòðîì λ(t) èëè îáðàòíóþ çàäà÷ó äëÿ ñèñòåìû íàãðóæåííûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ íåèçâåñòíîé ôóíêöèåé λ(t) [17].

3 Íåëîêàëüíàÿ çàäà÷à äëÿ ñèñòåìû íàãðóæåííûõ ãèïåðáî-

ëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà

Òàêèì îáðàçîì, èñõîäíàÿ çàäà÷à (1)�(4) ðåäóöèðîâàíà ê ýêâèâàëåíòíîé
çàäà÷å (5)�(9), ñîñòîÿùåé èç íåëîêàëüíîé çàäà÷è äëÿ ñèñòåìû íàãðóæåí-
íûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ïàðàìåòðîì è ôóíêöè-
îíàëüíûõ ñîîòíîøåíèé îòíîñèòåëüíî ïàðàìåòðà. Â äàííîì ðàçäåëå áóäóò
ïðèâåäåíû óñëîâèÿ ðàçðåøèìîñòè íåëîêàëüíîé çàäà÷è äëÿ ñèñòåìû íàãðó-
æåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà â òåðìèíàõ êîýôôè-
öèåíòîâ ñèñòåìû (5) è ãðàíè÷íûõ ìàòðèö óñëîâèÿ (7).

Ðàññìîòðèì çàäà÷ó

∂2ũ

∂x∂t
= A(t, x)

∂ũ

∂x
+B(t, x)ũ+

∂

∂t

b∫
a

x∫
0

ũ(t, ξ)dξdx+C(t, x)

x∫
0

ũ(t, ξ)dξ+F (t, x),

(11)
ũ(0, x) = φ̇(x), x ∈ [0, ω], (12)

α1(t)
∂ũ(t, x)

∂x

∣∣∣
x=0

+α2(t)
∂ũ(t, x)

∂x

∣∣∣
x=ω

+α3(t)ũ(t, 0) + α4(t)ũ(t, ω)+

+α6(t)

ω∫
0

ũ(t, ξ)dξ = D(t), t ∈ [0, T ], (13)
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ãäå F (t, x) ∈ C(Ω, Rn), D(t) ∈ C1([0, T ], Rn).

Ïóñòü µ(t) = ũ(t, 0) è â çàäà÷å (11)�(13) îñóùåñòâèì çàìåíó ũ(t, x) ñëå-
äóþùèì îáðàçîì: ũ(t, x) = û(t, x) + µ(t) äëÿ âñåõ (t, x) ∈ Ω. Òîãäà çàäà÷à
(11)�(13) ïåðåõîäèò ê ñëåäóþùåé ýêâèâàëåíòíîé çàäà÷å:

∂2û

∂x∂t
= A(t, x)

∂û

∂x
+B(t, x)û+

∂

∂t

b∫
a

x∫
0

û(t, ξ)dξdx+ C(t, x)

x∫
0

û(t, ξ)dξ+

+
1

2
(b− a)2µ̇(t) + [B(t, x) + C(t, x)x]µ(t) + F (t, x), (14)

û(t, 0) = 0, t ∈ [0, T ], (15)

û(0, x) = φ̇(x)− µ(0), x ∈ [0, ω], (16)

α1(t)
∂û(t, x)

∂x

∣∣∣
x=0

+α2(t)
∂û(t, x)

∂x

∣∣∣
x=ω

+α4(t)û(t, ω) + α6(t)

ω∫
0

û(t, ξ)dξ+

+[α3(t) + α4(t) + α6(t)ω]µ(t) = D(t), t ∈ [0, T ]. (17)

Ñ ó÷åòîì óñëîâèÿ (12) è ñîãëàñîâàíèÿ äàííûõ â òî÷êå (0, 0) ïîëó÷èì

µ(0) = φ̇(0). (18)

Ðåøåíèåì çàäà÷è (14)�(17) íàçûâàåòñÿ ïàðà ôóíêöèé (û(t, x), µ(t)),

ãäå ôóíêöèÿ û(t, x) ∈ C(Ω, Rn) èìååò ÷àñòíûå ïðîèçâîäíûå
∂û(t, x)

∂x
∈

C(Ω, Rn),
∂û(t, x)

∂t
∈ C(Ω, Rn),

∂2û(t, x)

∂x∂t
∈ C(Ω, Rn), à ôóíêöèÿ µ(t) ∈

C([0, T ], Rn) èìååò ïðîèçâîäíóþ µ̇(t) ∈ C([0, T ], Rn) : è óäîâëåòâîðÿåò ñè-
ñòåìå íàãðóæåííûõ óðàâíåíèé (14) äëÿ âñåõ (t, x) ∈ Ω, óñëîâèÿì íà õàðàê-
òåðèñòèêàõ (15), (16) è íåëîêàëüíîìó óñëîâèþ (17).

Çàäà÷è (11)�(13) è (14)�(17) ýêâèâàëåíòíû. Åñëè ôóíêöèÿ ũ∗(t, x)
ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (11)�(13), òî ïàðà ôóíêöèé
(û∗(t, x), µ∗(t)), ãäå û∗(t, x) = ũ∗(t, x) − ũ∗(t, 0) äëÿ âñåõ (t, x) ∈ Ω,
µ∗(t) = ũ∗(t, 0) äëÿ âñåõ t ∈ [0, T ], áóäåò ðåøåíèåì çàäà÷è (14)�(17). È
íàîáîðîò, åñëè ïàðà ôóíêöèé (û∗∗(t, x), µ∗∗(t)) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
(14)�(17), òî ôóíêöèÿ ũ∗∗(t, x), îïðåäåëÿåìàÿ ðàâåíñòâîì
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ũ∗∗(t, x) = û∗∗(t, x) + µ∗∗(t)

äëÿ âñåõ (t, x) ∈ Ω, áóäåò êëàññè÷åñêèì ðåøåíèåì çàäà÷è (14)�(17).
Ïðè ôèêñèðîâàííîì µ(t) çàäà÷à (14)�(16) ÿâëÿåòñÿ çàäà÷åé Ãóðñà äëÿ

ñèñòåìû íàãðóæåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé. Âîïðîñû ðàçðåøèìî-
ñòè çàäà÷è Ãóðñà äëÿ íàãðóæåííîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî
ïîðÿäêà èññëåäîâàíû â ðàáîòàõ [8], [12], [15]. Ïðè ïðåäïîëîæåíèÿõ îòíîñè-
òåëüíî äàííûõ çàäà÷è è ó÷èòûâàÿ èíòåãðàëüíîå ïðåäñòàâëåíèå íàãðóæåí-
íûõ ñëàãàåìûõ â ñèñòåìå (11), çàäà÷à Ãóðñà äëÿ ñèñòåìû íàãðóæåííûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé (14)�(16): èìååò åäèíñòâåííîå êëàññè÷åñêîå
ðåøåíèå ïðè ôèêñèðîâàííîì µ(t) [18].

Ïóñòü v̂(t, x) =
∂û(t, x)

∂x
, ŵ(t, x) =

∂û(t, x)

∂t
. Çàäà÷à Ãóðñà (14)�(16) áóäåò

ýêâèâàëåíòíà ñèñòåìå òðåõ èíòåãðàëüíûõ óðàâíåíèé:

ŵ(t, x) =

x∫
0

{
A(t, ξ)v̂(t, ξ) +B(t, ξ)û(t, ξ)

}
dξ+

+x
∂

∂t

b∫
a

ξ∫
0

û(t, ξ1)dξ1dξ +

x∫
0

C(t, ξ)

ξ∫
0

û(t, ξ1)dξ1dξ + x
1

2
(b− a)2µ̇(t)+

+

x∫
0

[B(t, ξ) + C(t, ξ)ξ]dξµ(t) +

x∫
0

F (t, ξ)dξ, (19)

v̂(t, x) = φ̈(x) +

t∫
0

{
A(τ, x)v̂(τ, x) +B(τ, x)û(τ, x)

}
dτ+

+

b∫
a

x∫
0

û(t, ξ)dξdx−
b∫

a

φ(x)dx+

t∫
0

C(τ, x)

x∫
0

û(τ, ξ)dξdτ+

+
(b− a)2

2
µ(t) +

t∫
0

[B(τ, x) + C(τ, x)x]µ(τ)dτ +

t∫
0

F (τ, x)dτ, (20)
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û(t, x) = φ̇(x)− φ̇(0) +

x∫
0

t∫
0

{
A(τ, ξ)v̂(τ, ξ) +B(τ, ξ)û(τ, ξ)

}
dτdξ+

+x

b∫
a

ξ∫
0

û(t, ξ1)dξ1dξ − x

b∫
a

φ(ξ)dξ +

x∫
0

t∫
0

C(τ, ξ)

ξ∫
0

û(τ, ξ1)dξ1dτdξ+

+x
(b− a)2

2
µ(t) +

x∫
0

t∫
0

[B(τ, ξ) +C(τ, ξ)ξ]µ(τ)dτdξ+

x∫
0

t∫
0

F (τ, ξ)dτdξ. (21)

Ïðîäèôôåðåíöèðîâàâ ñîîòíîøåíèå (17) ïî t è ïîäñòàâëÿÿ ïðàâóþ ÷àñòü

ñèñòåìû (14) âìåñòî ∂2û(t,x)
∂x∂t ïðè x = 0 è x = ω, ñ ó÷åòîì óñëîâèé (15), (16),

ïîëó÷èì

Q1(t)µ̇(t) = −E1(t)µ(t)−G1(t, û, v̂, ŵ) +H1(t, F,D), t ∈ [0, T ], (22)

ãäå Q1(t) = [α1(t) + α2(t)]
(b− a)2

2
+ α3(t) + α4(t) + α6(t)ω,

E1(t) = α1(t)B(t, 0) + α2(t)[B(t, ω) + C(t, ω)ω] + α̇3(t) + α̇4(t) + α̇6(t)ω,

G1(t, û, v̂, ŵ) = [α2(t)B(t, ω) + α̇4(t)]û(t, ω)+

+[α1(t) + α2(t)]
∂

∂t

b∫
a

x∫
0

û(t, ξ)dξdx+ [α2(t)C(t, ω) + α̇6(t)]

ω∫
0

û(t, ξ)dξ+

+[α1(t)A(t, 0) + α̇1(t)]v̂(t, 0) + [α2(t)A(t, ω) + α̇2(t)]v̂(t, ω)+

+α4(t)ŵ(t, ω) + α6(t)

ω∫
0

ŵ(t, ξ)dξ,

H1(t, F,D) = Ḋ(t)− α1(t)F (t, 0)− α2(t)F (t, ω).

Êàê áûëî îòìå÷åíî âûøå, ôóíêöèÿ µ(t) óäîâëåòâîðÿåò íà÷àëüíîìó
óñëîâèþ (18).
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Ñèñòåìà óðàâíåíèé (22) âìåñòå ñ óñëîâèåì (18) ÿâëÿåòñÿ çàäà÷åé Êîøè
äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿä-
êà îòíîñèòåëüíî ôóíêöèè µ(t).

Ïðè ôèêñèðîâàííûõ û, v̂, ŵ è ñïðàâåäëèâîñòè âûøåïðèâåäåííûõ ïðåä-
ïîëîæåíèé îòíîñèòåëüíî èñõîäíûõ äàííûõ, à òàêæå îáðàòèìîñòè (n× n)-
ìàòðèöû Q1(t) äëÿ âñåõ t ∈ [0, T ] çàäà÷à Êîøè (22), (18) èìååò åäèíñòâåí-
íîå ðåøåíèå.

Ñïðàâåäëèâî óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü
i) (n × n)-ìàòðèöû A(t, x), B(t, x), C(t, x) è n-âåêòîð-ôóíêöèÿ F (t, x)

íåïðåðûâíû íà Ω è 0 ≤ a < b ≤ ω;
ii) n-âåêòîð-ôóíêöèÿ φ(x) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà íà

[0, ω], (n × n)-ìàòðèöû αi(t), i = 1, 6, i ̸= 5, è n-âåêòîð-ôóíêöèÿ D(t)
íåïðåðûâíî äèôôåðåíöèðóåìû íà [0, T ];

iii) (n× n)-ìàòðèöà Q1(t) = [α1(t) +α2(t)]
(b−a)2

2 +α3(t) +α4(t) +α6(t)ω
îáðàòèìà äëÿ âñåõ t ∈ [0, T ].

Òîãäà íåëîêàëüíàÿ çàäà÷à äëÿ ñèñòåìû íàãðóæåííûõ ãèïåðáîëè÷åñêèõ

óðàâíåíèé (11)�(13) èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå ũ∗(t, x) ∈
C(Ω, Rn) è ñïðàâåäëèâà îöåíêà

max
(
max
x∈[0,ω]

||ũ∗(t, x)||, max
x∈[0,ω]

∣∣∣∣∣∣∂ũ∗(t, x)
∂x

∣∣∣∣∣∣, max
x∈[0,ω]

∣∣∣∣∣∣∂ũ∗(t, x)
∂t

∣∣∣∣∣∣) ≤

≤ Kmax
(
max

(t,x)∈Ω
||F (t, x)||, max

x∈[0,ω]
||φ̇(x)||, max

t∈[0,T ]
||D(t)||

)
,

ãäå K � ïîñòîÿííàÿ, êîòîðàÿ âû÷èñëÿåòñÿ ñ ïîìîùüþ êîýôôèöèåíòîâ ñè-

ñòåìû (11), ãðàíè÷íûõ ìàòðèö óñëîâèÿ (13) è ÷èñåë T , ω, a, b.

Äîêàçàòåëüñòâî òåîðåìû àíàëîãè÷íî ñõåìå äîêàçàòåëüñòâà òåîðåìû 2
èç [18].

4 Àëãîðèòì íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (5)�(9)

Ïðîäèôôåðåíöèðóåì ñîîòíîøåíèå (8) ïî t è ïîäñòàâèâ ïðàâóþ ÷àñòü

ñèñòåìû (5) âìåñòî
∂2ũ(t, x)

∂x∂t
ïðè x = 0 è x = ω, ïîëó÷èì

Q2(t)λ̇(t) = −E2(t)λ(t)−G2

(
t, ũ,

∂ũ

∂x
,
∂ũ

∂t

)
+H2(t, f, d2), t ∈ [0, T ], (23)
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ãäå Q2(t) = [β1(t) + β2(t)](b− a) + β5(t) + β6(t),

E2(t) = β1(t)C(t, 0) + β2(t)C(t, ω) + β̇5(t) + β̇6(t),

G2

(
t, ũ,

∂ũ

∂x
,
∂ũ

∂t

)
= [β1(t)B(t, 0)+ β̇3(t)]ũ(t, 0)+ [β2(t)B(t, ω)+ β̇4(t)]ũ(t, ω)+

+[β1(t) + β2(t)]
∂

∂t

b∫
a

x∫
0

ũ(t, ξ)dξdx+ [β2(t)C(t, ω) + β̇6(t)]

ω∫
0

ũ(t, ξ)dξ+

+[β1(t)A(t, 0) + β̇1(t)]
∂ũ(t, x)

∂x

∣∣∣
x=0

+[β2(t)A(t, ω) + β̇2(t)]
∂ũ(t, x)

∂x

∣∣∣
x=ω

+

+β3(t)
∂ũ(t, 0)

∂t
+ β4(t)

∂ũ(t, ω)

∂t
+ β6(t)

ω∫
0

∂ũ(t, ξ)

∂t
dξ,

H2(t, f, d2) = ḋ2(t)− β1(t)f(t, 0)− β2(t)f(t, ω).

Ñèñòåìà óðàâíåíèé (23) âìåñòå ñ óñëîâèåì (9) ÿâëÿåòñÿ çàäà÷åé Êîøè
äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿä-
êà îòíîñèòåëüíî ôóíêöèè λ(t).

Åñëè èçâåñòíà ôóíêöèÿ ũ(t, x) è åå ïðîèçâîäíûå
∂ũ(t, x)

∂x
,
∂ũ(t, x)

∂t
, òî

èç çàäà÷è Êîøè (23), (9) íàõîäèì ôóíêöèþ λ(t) äëÿ âñåõ t ∈ [0, T ]. Åñëè
èçâåñòíà ôóíêöèÿ λ(t), òî èç íåëîêàëüíîé çàäà÷è äëÿ ñèñòåìû íàãðóæåí-
íûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé (5)�(8) íàõîäèì ôóíêöèþ ũ(t, x) äëÿ âñåõ
(t, x) ∈ Ω.

Åñëè èçâåñòíû ôóíêöèè ũ(t, x), λ(t), òî èç èíòåãðàëüíîãî ñîîòíîøåíèÿ
(10) îïðåäåëÿåì èñõîäíóþ íåèçâåñòíóþ ôóíêöèþ u(t, x).

Òàê êàê íåèçâåñòíûìè ÿâëÿþòñÿ êàê ôóíêöèÿ ũ(t, x), òàê è ôóíêöèÿ
λ(t), ïðèìåíÿåòñÿ èòåðàöèîííûé ìåòîä è ðåøåíèå çàäà÷è (5)�(8) � ïàðà
ôóíêöèé (ũ∗(t, x), λ∗(t)) îïðåäåëÿåòñÿ, êàê ïðåäåë ïîñëåäîâàòåëüíîñòè ïàð
ôóíêöèé (ũ(k)(t, x), λ(k)(t, x)) ïî ñëåäóþùåìó àëãîðèòìó.

1-øàã. Èñïîëüçóåì çíà÷åíèå ôóíêöèè ũ(t, x) ïðè t = 0. Ïîëàãàÿ

ũ(t, x) = ũ(0)(t, x) = φ̇(x),
∂ũ(t, x)

∂x
=

∂ũ(0)(t, x)

∂x
= φ̈(x),

∂ũ(t, x)

∂t
=
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∂ũ(0)(t, x)

∂t
= 0 â ïðàâîé ÷àñòè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (23),

è ðåøàÿ çàäà÷ó Êîøè (23), (9), íàõîäèì ïåðâîå ïðèáëèæåíèå λ(1)(t) äëÿ
âñåõ t ∈ [0, T ]. Èç íåëîêàëüíîé çàäà÷è äëÿ ñèñòåìû íàãðóæåííûõ ãèïåð-
áîëè÷åñêèõ óðàâíåíèé (5)�(7) ïðè λ(t) = λ(1)(t), λ̇(t) = λ̇(1)(t) îïðåäåëÿåì
ũ(1)(t, x) äëÿ âñåõ (t, x) ∈ Ω.

2-øàã. Ïîëàãàÿ ũ(t, x) = ũ(1)(t, x),
∂ũ(t, x)

∂x
=

∂ũ(1)(t, x)

∂x
,
∂ũ(t, x)

∂t
=

∂ũ(1)(t, x)

∂t
â ïðàâîé ÷àñòè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (23),

è ðåøàÿ çàäà÷ó Êîøè (23), (9), íàõîäèì âòîðîå ïðèáëèæåíèå λ(2)(t) äëÿ
âñåõ t ∈ [0, T ]. Èç íåëîêàëüíîé çàäà÷è äëÿ ñèñòåìû íàãðóæåííûõ ãèïåð-
áîëè÷åñêèõ óðàâíåíèé (5)�(7) ïðè λ(t) = λ(2)(t), λ̇(t) = λ̇(2)(t) îïðåäåëÿåì
ũ(2)(t, x) äëÿ âñåõ (t, x) ∈ Ω.

È òàê äàëåå äî (k − 1)-ãî øàãà.

k-øàã. Ïîëàãàÿ ũ(t, x) = ũ(k−1)(t, x),
∂ũ(t, x)

∂x
=

∂ũ(k−1)(t, x)

∂x
,
∂ũ(t, x)

∂t
=

∂ũ(k−1)(t, x)

∂t
â ïðàâîé ÷àñòè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (23)

è ðåøàÿ çàäà÷ó Êîøè (23), (9), íàõîäèì k-îå ïðèáëèæåíèå λ(k)(t) äëÿ âñåõ
t ∈ [0, T ]. Èç íåëîêàëüíîé çàäà÷è äëÿ ñèñòåìû íàãðóæåííûõ ãèïåðáîëè-
÷åñêèõ óðàâíåíèé (5)�(7) ïðè λ(t) = λ(k)(t), λ̇(t) = λ̇(k)(t) îïðåäåëÿåì
ũ(k)(t, x) äëÿ âñåõ (t, x) ∈ Ω, k = 1, 2, ... .

5 Óñëîâèÿ ðàçðåøèìîñòè çàäà÷è (1)�(4)

Òàêèì îáðàçîì, èòåðàöèîííûé ïðîöåññ ñòðîèòñÿ â ñëåäóþùèì âèäå:

u(0)(t, x) = φ(x), u(k)(t, x) = λ(k)(t) +

x∫
0

ũ(k)(t, ξ)dξ, (24)

ãäå ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ ôóíêöèé {λ(k)(t)} îïðåäåëÿþòñÿ èç
çàäà÷è Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

(23), (9) ïðè ũ(t, x) = ũ(k−1)(t, x),
∂ũ(t, x)

∂x
=

∂ũ(k−1)(t, x)

∂x
,
∂ũ(t, x)

∂t
=

∂ũ(k−1)(t, x)

∂t
äëÿ âñåõ (t, x) ∈ Ω, à ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ ôóíê-
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öèé {ũ(k)(t, x)} îïðåäåëÿþòñÿ èç íåëîêàëüíîé çàäà÷è äëÿ ñèñòåìû íàãðó-
æåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé (5)�(7) ïðè λ(t) = λ(k)(t), λ̇(t) =
λ̇(k)(t) äëÿ âñåõ t ∈ [0, T ], k = 1, 2, 3, ... .

Ñëåäóþùåå óòâåðæäåíèå äàåò óñëîâèÿ ñõîäèìîñòè ïðåäëîæåííîãî àë-
ãîðèòìà è îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (1)�(4) â òåðìèíàõ èñõîäíûõ
äàííûõ.

Òåîðåìà 2. Ïóñòü
i) (n × n)-ìàòðèöû A(t, x), B(t, x), C(t, x) è n-âåêòîð-ôóíêöèÿ f(t, x)

íåïðåðûâíû íà Ω è 0 ≤ a < b ≤ ω;
ii) n-âåêòîð-ôóíêöèÿ φ(x) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà íà

[0, ω], (n×n)-ìàòðèöû αi(t), βi(t), i = 1, 6, è n-âåêòîð-ôóíêöèè d1(t), d2(t)
íåïðåðûâíî äèôôåðåíöèðóåìû íà [0, T ];

iii) (n× n)-ìàòðèöà Q1(t) = [α1(t) +α2(t)]
(b−a)2

2 +α3(t) +α4(t) +α6(t)ω
îáðàòèìà äëÿ âñåõ t ∈ [0, T ];

iv) (n×n)-ìàòðèöà Q2(t) = [β1(t)+β2(t)](b−a)+β5(t)+β6(t) îáðàòèìà
äëÿ âñåõ t ∈ [0, T ].

Òîãäà íåëîêàëüíàÿ çàäà÷à äëÿ ñèñòåìû íàãðóæåííûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà òèïà Àëëåðà

(1)�(4) èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå u∗(t, x) ∈ C(Ω, Rn), ê
êîòîðîìó ñõîäèòñÿ ïîñëåäîâàòåëüíîñòü ôóíêöèé {u(k)(t, x)}, k = 1, 2, ...,
îïðåäåëÿåìàÿ èòåðàöèîííûì ïðîöåññîì (24), ãäå ïîñëåäîâàòåëüíûå ïðè-

áëèæåíèÿ {λ(k)(t)} è {ũ(k)(t, x)} íàõîäÿòñÿ èç çàäà÷è ñ ïàðàìåòðîì (5)�(8)

ñ ïîìîùüþ ïîñòðîåííîãî âûøå àëãîðèòìà.

Äîêàçàòåëüñòâî Òåîðåìû 2 ïðîâîäèòñÿ íà îñíîâå âûøåïðèâåäåííîãî
àëãîðèòìà è ðåçóëüòàòîâ ïî íåëîêàëüíîé çàäà÷å äëÿ ñèñòåìû íàãðóæåííûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé.
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Êëþ÷åâûå ñëîâà. Ðàçíîñòíî-äèíàìè÷åñêàÿ ñèñòåìà, ñóììèðóåìûå ìíîãîîáðà-

çèÿ.

1 Ââåäåíèå

Îñíîâíîé çàäà÷åé êà÷åñòâåííîé òåîðèè äèíàìè÷åñêèõ ñèñòåì èëè êàñ-
êàäîâ (â òîì ÷èñëå ðàçíîñòíûõ äèíàìè÷åñêèõ ñèñòåì) ÿâëÿåòñÿ èõ ðàçóì-
íàÿ êëàññèôèêàöèÿ. Ýòî ïîëîæåíèå âûñêàçûâàë Ñ. Ñìåéë â ñâîåé ðàáîòå
[1]. Îäíî âðåìÿ êàçàëîñü, ÷òî îòíîøåíèåì ýêâèâàëåíòíîñòè, íà êîòîðîì
äîëæíà îñíîâûâàòüñÿ òàêàÿ êëàññèôèêàöèÿ, ìîæåò ñëóæèòü òîïîëîãè÷å-
ñêàÿ ýêâèâàëåíòíîñòü. Ïðåäñòàâëÿëîñü, ÷òî åñëè îãðàíè÷èòüñÿ ïîòîêàìè
èëè êàñêàäîì â êîíå÷íîìåðíûõ ïðîñòðàíñòâàõ èëè íà êîíå÷íîìåðíûõ ìíî-
ãîîáðàçèÿõ, òî âñþäó ïëîòíîå ìíîæåñòâî â ïðîñòðàíñòâå ïîòîêîâ ñîñòàâëÿ-
åò òàê íàçûâàåìûå ãðóáûå ïîòîêè, îñòàþùèåñÿ òîïîëîãè÷åñêè ýêâèâàëåíò-
íûìè èñõîäíîìó ïðè ìàëûõ âîçìóùåíèÿõ. Îäíàêî, âïîñëåäñòâèè âûÿâè-
ëîñü, ÷òî ýòî íå òàê. Ãðóáûå ïîòîêè (êàñêàäû) [1]�[5] íå îáðàçóþò âñþäó
ïëîòíûå ìíîæåñòâà â ïðîñòðàíñòâå ïîòîêîâ (êàñêàäîâ). Ïîýòîìó ïîíÿòèå
ãðóáîñòè, à òåì ñàìûì, è ïîíÿòèå òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè îêà-
çàëîñü íà ïåðâûé âçãëÿä ìåíåå âàæíûì, ÷åì ýòî ïðåäïîëàãàëîñü âíà÷àëå
[5]�[7].

2010 Mathematics Subject Classi�cation: 39A10, 39A30.

Funding: Êîìèòåò íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ïðîåêò

� AP05131369.
c⃝ Ê.Á. Áàïàåâ, Ã.Ê. Âàñèëèíà, Ñ.Ñ. Ñëàìæàíîâà, 2018.



20 Ê.Á. Áàïàåâ, Ã.Ê. Âàñèëèíà, Ñ.Ñ. Ñëàìæàíîâà

Îäíàêî, ïðè ðàññìîòðåíèè ëîêàëüíîé çàäà÷è, ò.å. ïðè ðàññìîòðåíèè
ðàçíîñòíî-äèíàìè÷åñêîé ñèñòåìû (ÐÄÑ) íå âî âñåé îáëàñòè îïðåäåëåíèÿ,
à ëèøü â äîñòàòî÷íî ìàëîé îêðåñòíîñòè òî÷êè ïîêîÿ èëè êàêîãî-ëèáî äðó-
ãîãî èíâàðèàíòíîãî ìíîæåñòâà, ïîíÿòèå òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè
äàåò âîçìîæíîñòü ïðîâåñòè óäîâëåòâîðèòåëüíóþ êëàññèôèêàöèþ ýëåìåí-
òàðíûõ òî÷åê ïîêîÿ è ìíîãîîáðàçèé.

Ïðåäëàãàåìàÿ ðàáîòà ïîñâÿùåíà â îñíîâíîì çàäà÷àì ëîêàëüíîé òîïî-
ëîãè÷åñêîé ýêâèâàëåíòíîñòè êàñêàäà ïðåäñòàâëåííûõ ÐÄÑ, óäîâëåòâîðÿ-
þùèõ óñëîâèÿì ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ. Ïðè ýòîì ðå-
çóëüòàòû, ïîëó÷åííûå ðàíåå äëÿ ýëåìåíòàðíûõ òî÷åê ïîêîÿ è çàìêíóòûõ
òðàåêòîðèé, îáîáùàþòñÿ è íà òàêèå íåýëåìåíòàðíûå òî÷êè ïîêîÿ è ìíîãî-
îáðàçèÿ.

Â ðàáîòå ìåòîäîì ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ÿâëÿåòñÿ ìåòîä ñðàâ-
íåíèÿ, èñïîëüçóþùèé ðàíåå èçâåñòíûå, à òàêæå íîâûå, ïîëó÷åííûå â ðà-
áîòå äèñêðåòíûå íåðàâåíñòâà.

2 Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ðàçíîñòíî-äèíàìè÷åñêóþ ñèñòåìó (ÐÄÑ)

xn+1 = Λxn +X(n, xn, yn, zn),

zn+1 = A(n)zn + zn + Z(n, xn, yn, zn),
(1)

ãäå Λ =
(
δsje

iφj
)m
1
� äèàãîíàëüíàÿ ìàòðèöà, xn = ȳn −m-ìåðíûå âåêòîðû

(÷åðòà îçíà÷àåò êîìïëåêñíóþ ñîïðÿæåííîñòü), A(n) � k × k-ìàòðèöà, ñîá-
ñòâåííûå ÷èñëà êîòîðîé îòäåëåíû (ïî ìîäóëþ) îò åäèíèöû, ñðåäè êîòîðûõ
åñòü ïî ìîäóëþ áîëüøå è ìåíüøå åäèíèöû, X(n, xn, yn, zn), Z(n, xn, yn, zn)
ÿâëÿþòñÿ ôóíêöèÿìè, óäîâëåòâîðÿþùèìè óñëîâèÿì Ëèïøèöà ñ ìàëîé
êîíñòàíòîé.

Ñ ïîìîùüþ äèñêðåòíûõ íåðàâåíñòâ äîêàçûâàåòñÿ ñóùåñòâîâàíèå 2m-
ïàðàìåòðè÷åñêèõ ñóììèðóåìûõ ìíîãîîáðàçèé äëÿ ÐÄÑ (1); ðåçóëüòàòû â
îïðåäåëåííîì ñìûñëå ÿâëÿþòñÿ îáîáùåíèÿìè íà ÐÄÑ íåêîòîðûõ ðåçóëü-
òàòîâ èç [5], [8].

Ïóñòü ìàòðèöà A(n) óäîâëåòâîðÿåò óñëîâèÿì ñëåäóþùåãî òèïà [9]: äëÿ
∀n, n ∈ Z, ñóùåñòâóþò îïåðàòîð ïðîåêöèè P

(
P 2 = P

)
è ïîñòîÿííûå s, ρ
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òàêèå, ÷òî ∣∣Z(n) · P · Z−1(n)
∣∣ ≤ sρ2(n−j), n > j∣∣Z(n) · (I − P ) · Z−1(n)

∣∣ ≤ ρ(n−j), j ≥ n,

(2)

ãäå Z(n) � ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû

Zn+1 = A(n)zn. (3)

Îïðåäåëåíèå 1. Îãðàíè÷åííûå ôóíêöèè φ(n, xn, yn) : Z × Rzm → Rk

íàçûâàþòñÿ ñóììèðóåìûìè ìíîãîîáðàçèÿìè ÐÄÑ (1), åñëè äëÿ íåêîòîðûõ
ðåøåíèé ÐÄÑ

xn+1 = Λxn +X(n, xn, yn, φ(n, xn, yn)), (4)

xn, yn, zn ÿâëÿþòñÿ ðåøåíèÿìè (1) â Z òàêèìè, ÷òî sup {|zn|} < ∞, ãäå

zn = φ(n, xn, yn) ∀n : n ∈ Z.

Òåîðåìà 1 (Î ñóùåñòâîâàíèè ðåøåíèé ÐÄÑ). Ðàññìîòðèì ñèñòåìó

xn+1 = F (n, xn), (5)

ãäå F (n, xn) : Z ×Rl → Rl � ôóíêöèè òàêèå, ÷òî∣∣∣F (n, x
′
)− F (n, x

′′
)
∣∣∣ ≤ q

∣∣∣x′ − x
′′
∣∣∣

∀n : n ∈ Z;x
′
, x

′′ ∈ Rl, 0 < q < 1.
Òîãäà ïðè íåêîòîðîì n0, n0 ∈ Z, ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

xn0 ∈ Rl ÐÄÑ (4), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì xn0 = x0.

Äîêàçàòåëüñòâî. Èç-çà ðåêóðñèè ÿñíî, ÷òî ÐÄÑ (4) èìååò åäèíñòâåííîå
ðåøåíèå x(n) òàêîå, ÷òî xn0 = x0 äëÿ n ≥ n0. Ïîëîæèì s ≤ n0. Ðàññìîòðèì
ìíîæåñòâî I = {s, s+ 1, ..., n0}.

Ïóñòü E � ìíîæåñòâî âñåõ ôóíêöèé X : I → Rl òàêîå, ÷òî

|x| = sup
{
|xn| · ρn0−n, n ∈ I

}
, ρ < 1− q.

Îïðåäåëèì îïåðàòîð M íà E ñëåäóþùèì îáðàçîì:

Mx(n) = x0 −
n0−1∑
j=n

(F (j, x(j))− x(j)) , n ∈ I.
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Òîãäà, åñëè x1, x2 ∈ E, òî èìååì

ρn0−n |Mx1(n)−Mx2(n)| ≤ q
∑

|x1(j)− x2(j)| ρj−nρn0−j ,

èç êîòîðîãî ïîëó÷èì

|Mx1 −Mx2| ≤
r

1− ρ
|x1 − x2| .

Èç òîãî, ÷òî ρ < 1− q, ñëåäóåò ñæèìàåìîñòü îïåðàòîðà M â ïðîñòðàíñòâå
E. Ïîýòîìó ñóùåñòâóåò åäèíñòâåííûé ýëåìåíò x ∈ E òàêîé, ÷òî Mx = x.
×òî äîêàçûâàåò òåîðåìó.

Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî ÐÄÑ (3) óäîâëåòâîðÿåò óñëîâèþ (2) íà Z.
Ðàññìîòðèì ôóíêöèþ Z(n, zn) : Z ×Rk → Rk òàêóþ, ÷òî

|Z(n, z(n))| ≤ α

è ∣∣∣Z(n, z
′
)− Z(n, z

′′
)
∣∣∣ ≤ β

∣∣∣z′ − z
′′
∣∣∣ ,

ãäå n ∈ Z, α, β > 0, zn, z
′
n, z

′′
n ∈ Rk è 2sβ

1−ρ2
< 1. Òîãäà ÐÄÑ

zn+1 = A(n)zn + Z(n, zn)

èìååò åäèíñòâåííîå îãðàíè÷åííîå ðåøåíèå zn, n ∈ Z.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç C ïðîñòðàíñòâî îãðàíè÷åííûõ
ôóíêöèé zn : Z → Rk ñ |zn| = sup {|zn|} , n ∈ Z. Ðàññìîòðèì îïåðàòîð
M, îïðåäåëÿåìûé ðàâåíñòâîì

Mzn =
n−1∑

s=−∞
Z̃(n)Z̄−1(s+ 1)Z(s, zs)−

∞∑
s=n

Z̃(s)(I − P )Z̄−1(s+ 1) · Z(s, zs).

Îòñþäà ìû ïîëó÷èì

|Mzn| =
n−1∑

j=−∞
αsρ2(n−j−1) +

∞∑
j=1

αsρ2(j+1−n) ≤ 2s · α
1− ρr

,
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ò.å. M : C → B ⊂ C. Åñëè Z
′
, Z

′′ ∈ C, òî ïîëó÷èì∣∣∣Mz
′ −Mz

′′
∣∣∣ ≤ 2s · β

1− ρ2

∣∣∣z′ − z
′′
∣∣∣ .

Èç òîãî, ÷òî 2s·β
1−ρ2

< 1, ñëåäóåò, ÷òî M � ñæèìàþùèé îïåðàòîð. Ïîýòîìó
ñóùåñòâóåò åäèíñòâåííûé ýëåìåíò zn ∈ C òàêîé, ÷òî Mzn = zn. Îòñþäà
ëåãêî óáåäèòüñÿ, ÷òî zn ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (5).

Äåéñòâèòåëüíî, ïóñòü zn � íåêîòîðîå äðóãîå îãðàíè÷åíèå ðåøåíèå ÐÄÑ
(5). Òîãäà zn = Mzn � îãðàíè÷åííîå ðåøåíèå ÐÄÑ (2). Êàê èçâåñòíî èç
[9], åäèíñòâåííîå îãðàíè÷åííîå ðåøåíèå (3) � ýòî íóëåâîå ðåøåíèå. Òàêèì
îáðàçîì, zn = Mzn äëÿ íåêîòîðûõ n ∈ Z. Ïîýòîìó ÐÄÑ (5) èìååò åäèí-
ñòâåííîå îãðàíè÷åííîå ðåøåíèå.

Òåîðåìà 3. Ïóñòü ÐÄÑ (1) X óäîâëåòâîðÿåò íåðàâåíñòâó

|X(n, x1, y1, z1)−X(n, x2, y2, z2)− Λx1 + Λx2| ≤ L1 |x1 − x2|+ L2 |z1 − z2| ,
(6)

A(n) ñî ñâîåé îáðàòíîé ìàòðèöåé ∀n ∈ Z óäîâëåòâîðÿåò óñëîâèþ (2) è

ôóíêöèè Z(n, x, y, z) òàêèå, ÷òî âûïîëíÿåòñÿ óñëîâèå

|Z(n, x1, y1, z1)− Z(n, x2, y2, z2)| ≤ L3 (|x1 − x2|+ |z1 − z2|) (7)

∀ (n, x1, y1, z1, x2, y2, z2) è |Z| ≤ α.
Äëÿ ∀n ∈ Z (xn, yn) ∈ Rrm, zn ∈ Rk. Òîãäà, åñëè

ρk̄ < 1, L1 <
1

4
, L3 <

1− ρ2k̄

8L
, L3 <

(1− ρk̄)ρ

32LL3
,

òî ñóùåñòâóåò ôóíêöèÿ φ : Z × R2m → Rk ìíîãîîáðàçèÿ ñèñòåìû (1)

êîòîðàÿ óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

|φ(n, xn, yn)| ≤
2Lα

1− ρr
; |φ(n, x1, y1)− φ(n, x2, y2)| <

8LL3

1− ρrk
|x1 − x2| .

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîñòðàíñòâî

B = {φ(n, x, y)} : Z ×R2m → Rk
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òàêîå, ÷òî

|φ(n, x, y)| ≤ 2Lα

1− ρr
; |φ(n, x1, y1)− φ(n, x2, y2)| ≤ d |x1 − x2| ; d =

8LL3

1− ρ2e
.

Ïóñòü M � îïåðàòîð íà B, îïðåäåëåííûé ñëåäóþùèì îáðàçîì:

Mφ(n, x, y) =
n−1∑

j=−∞
Z̃(n)ρZ̃−1(j−1)Z(j, n, x(j), y(j)), y(j, n, x(j), y(j)),

φ(j, n, x(j), y(j), y(j, n, x(j), y(j)))−
∞∑
j=n

Z̃(n)(I − P )Z̃−1(j + 1),

ãäå x(j, n, x(j), y(j)), y(j, n, x(j), y(j)) � ðåøåíèå ÐÄÑ

xj+1 = Λxj +X(j, x(j), y(j), φ(j), x(j), y(j)) (8)

òàêîå, ÷òî x(n) = x, y(n) = y. Äîêàæåì, ÷òî çíà÷åíèå îïåðàòîðà M ïðè-
íàäëåæèò B. Äåéñòâèòåëüíî,

Mφ(n, x, y) ≤
n−1∑

j=−∞
Lρ2(n−j−1)α+

∞∑
j=n

Lρ2(−n+j+1)α ≤ 2Lα

1− ρr
. (9)

Åñëè x1, y1, x2, y2 ∈ R2m, èç (7) ìû èìååì

|Mφ(n, x1, y1)−Mφ(n, x2, y2)| ≤

≤
n−1∑

j=−∞
Lρ2(n−j−1)L3(2|x1(j)− x2(j)|+

+|φ(j, x1(j), y1(j))− φ(j, x2(j), y2(j))|+

+

∞∑
j=n

Lρ2(j+1+n)L3(2|x1(j)−x2(j)|+

+|φ(j, x1(j), y1(j))−φ(j, x2(j), y2(j))|)), (10)
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ãäå xν(n) = xν , yν(n) = yν , ν = 1, 2. Äëÿ ëþáîãî ðåøåíèÿ x(j, n, x, y),
y(j, n, x, y) ÐÄÑ (8) âûïîëíÿåòñÿ

x(j) = x+
n−1∑
τ=1

((I − Λ)x(τ)−X(τ, x(τ), y(τ), φ(τ, x(τ), y(τ))))

è

x(j) = x+

j−1∑
τ=1

(X(τ, x(τ), y(τ), φ(τ, x(τ), y(τ)))− (I − Λ)x(τ)) . (11)

Ïîýòîìó èç (6) è φ ∈ B äëÿ j < n ïîëó÷èì

|x1(j)− x2(j)| = |x1 − x2|+

+

n−1∑
τ=j

(L1 |x1(τ)− x2(τ)|+ L2 |φ(τ, x1(τ), y1(τ))− φ(τ, x2(τ), y2(τ))|) ≤

≤ |x1(τ)− x2(τ)|+
n−1∑
τ=j

(L1 + L2d) |x1(τ)− x2(τ)| ,

ãäå d = 8LL3
1−ρ2k

.

Èç óñëîâèé Òåîðåìû èìååì L1 +L2d < 1
2 . Ïîýòîìó èç ïîñëåäíåãî ñîîò-

íîøåíèÿ ïîëó÷èì

|x1(s)− x2(s)| ≤
1

1− L1 + L2d
(x1−x2)+

n−1∑
τ=j+1

L1 + L2d

1− L1 − L2d
|x1(τ)− x2(τ)| .

Ïî Ëåììå 1 èç [3] ∀n > s èìååì

|x1(j)− x2(j)| ≤
1

1− L1 − L2d
(x1 − x2)

j∏
τ=1

[
1 +

L1 + L2d

1− L1 − L2d

]
(n− τ − 1) ≤

≤ 1

1− L1 − L2d
|x1 − x2| exp

(
L1 + L2d

1− L1 − L2d

)
(n− τ − 1). (12)
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Òåïåðü ðàññìîòðèì ñëó÷àé n < j. Ýòî äàåò

|x1(j)− x2(j)| ≤ |x1 − x2|+
j−1∑
τ=n

(L1 + L2d) |x1(τ)− x2(τ)| .

Ïî òîé æå Ëåììå 1 èç [3] ïîëó÷èì

|x1(j)− x2(j)| ≤ |x1 − x2|
j∏

τ=n

[L1 + L2d]
τ−n ≤

≤ |x1 − x2| exp (L1 + L2d) · (j − n). (13)

Èñïîëüçóÿ (10)�(12), ïîëó÷èì

|Mφ(n, x1(n), y1(n))−Mφ(n, x2(n), y2(n))| ≤

≤
LL3(1+d)

1− L1 − L2d
|x1 − x2|·

 n−1∑
j=−∞

ρ2(n−j−1) · exp
(

2L1 + L2d

1− 2L1 − L2d

)
(n− j − 1)+

+

α∑
j=n

ρ2(j+1−n) exp

(
2L1 + L2d

1− 2L1 − L2d

)
(j + 1− n)

 .

È òàê êàê L1 + L2d < 1
2 è ρrl < 1, èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî:

|Mφ(n, x1(n), y1(n))−Mφ(n, x2(n), y2(n))| ≤
4LL3

1− ρ2e
(1+d) |x1 − x2| . (14)

Òàêèì îáðàçîì, èç (7), (12) ñëåäóåò, ÷òî M èç B.
Òåïåðü äîêàæåì, ÷òîM � ñæèìàþùèé îïåðàòîð. Ðàññìîòðèì äâå ôóíê-

öèè φ1, φ2 ∈ C. Ïóñòü

x1(j) = x1(j, φ1) = x1(j, n, x, y),

x2(j) = x2(j, φ2) = x2(j, n, x, y)

ÿâëÿþòñÿ ðåøåíèÿìè

x(j + 1) = Λx(j) +X(j, x(j), y(j);φ1(j, x(j), y(j)))
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è
x(j + 1) = Λx(j) +X(j, x(j), y(j);φ2(j, x(j), y(j))).

Ñîîòâåòñòâåííî èç (6) è (10) äëÿ n > j ïîëó÷èì

|x1(j)− x2(j)| ≤
n−1∑
τ=i

(L1 |x1(τ)− x2(τ)|+ L2(φ1 − φ2)) .

Ïîëîæèâ |φ1 − φ2| = sup
{
|φ1 − φ2| , n ∈ Z, (x, y) ∈ R2m

}
, èç φ1, φ2 ∈ C

èìååì

|φ1(τ, x1τ, y1τ)− φ2(τ, x2τ, y2τ)| ≤ |φ1(τ, x1τ, y1τ)− φ2(τ, x2τ, y2τ)|+

+ |φ1(τ, x1τ, y1τ)− φ2(τ, x2τ, y2τ)| ≤ C · |x1(τ)− x2(τ)|+ |φ1 − φ2| .
(15)

Åñëè ïîëîæèì L4 = L1 + L2C, òî ïîëó÷èì

|x1(j)− x2(j)| ≤

≤ L4 |x1(j)− x2(j)|+
n−1∑

τ=j+1

L4 |x1(τ)− x2(τ)|+ L2 |φ1 − φ2| (n− j).

Òàê êàê L4 < 1, èìååì

|x1(j)− x2(j)| ≤
L2 |φ1 − φ2| (n− j)

1− L4
+

n−1∑
τ=j+1

L3

1− L3
|x1(τ)− x2(τ)| .

Cëåäîâàòåëüíî,

ρn−j−1 |x1(j)− x2(j)| ≤
L2ρ

n−j−1(n− j)

1− L4
|φ1 − φ2|+

+
L4

1− L3

n−1∑
τ=j+1

ρτ−jρn−τ−1 |x1(τ)− x2(τ)| .

Ó÷èòûâàÿ, ÷òî exp (−(n− j) ln ρ) > 1 + (n− j) ln ρ−1 èëè òî æå ñàìîå
ρ(n−j)(n− j) ≤ 1

ln ρ−1 , ïîëó÷èì

ρn−j−1 |x1(j)− x2(j)| ≤
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≤ L2ρ
−1

(1− L4) ln ρ−1
|φ1 − φ2|+

n−1∑
τ=j+1

L4

1− L4
ρn−τ−1 |x1(τ)− x2(τ)| .

Ïðèìåíÿÿ Ëåììó 1 èç [10], èìååì

n > j : ρn−j−1 |x1(j)− x2(j)| ≤
L2ρ

−1

(1− L4) ln ρ−1
(φ1 − φ2) exp

L4

1− L4
(n−j−1).

(16)
Èç (6) è (11) äëÿ n ≤ j óáåäèìñÿ, ÷òî

|x1(j)− x2(j)| ≤
j−1∑
τ=n

L1 |x1(τ)− x2(τ)|+L2 |φ1(τ, x1(τ), y1(τ))− φ2(τ, x2(τ), y2(τ))| .

Ñëåäîâàòåëüíî, ïî Ëåììå 1 èç [10] è ðàññóæäàÿ êàê âûøå, ïîëó÷èì

ρ−n+j+1 |x1(j)− x2(j)| ≤
L2

ln ρ−1
(φ1 − φ2) exp((j − n)L4).

Îòñþäà, èç (12),(13),(16) è èç íåðàâåíñòâà ρ exp L4
1−L4

< ρl èìååì

|Mφ1(n, x1, y1)−Mφ2(n, x2, y2)| ≤
2LL2L3ρ

3(1 + c)

(1− L4)(1− ρe) ln ρ−1
+

2LL3

1− ρ2
|φ1 − φ2| .

Èç òîãî, ÷òî 2LL3
1−ρ2

< 1
4 è ρk < 1, ïîëó÷èì

2LL2L3(1 + c)

(1− L4)(1− ρk̄) ln ρ−1
≤ 1

4 ln ρ−1
<

1

4
.

Îòñþäà ïîëó÷àåì, ÷òî M � ñæèìàþùèé îïåðàòîð. Ïîýòîìó ñóùåñòâóåò
åäèíñòâåííîå φ ∈ C òàêîå, ÷òî Mφ = φ. Ýòî ïîêàçûâàåò, ÷òî åñëè x(n)
ÿâëÿþòñÿ ðåøåíèÿìè xn + 1 = Λxn + X(n, xn, yn, φ), òîãäà xn, yn, φ ÿâ-
ëÿþòñÿ ðåøåíèÿìè ñèñòåìû (1). Ïóñòü òåïåðü xn, yn, zn â Z òàêèå, ÷òî
sup {|zn| , n ∈ Z} < α. Òîãäà ïî Òåîðåìå 2 èìååì zn = φ(n, xn, yn). Ñëåäî-
âàòåëüíî, ôóíêöèè φ(n, xn, yn) ÿâëÿþòñÿ ñóììèðóåìûìè ìíîãîîáðàçèÿìè
ÐÄÑ (1). Òåîðåìà äîêàçàíà.
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Î ÊÎÍÓÑÀÕ ÌÎÍÎÒÎÍÍÛÕ ÔÓÍÊÖÈÉ ÍÀ
ÏÎËÎÆÈÒÅËÜÍÎÉ ÏÎËÓÎÑÈ

Í.À. Áîêàåâ, Ì.Ë. Ãîëüäìàí, Ã.Æ. Êàðøûãèíà

Àííîòàöèÿ. Ðàññìàòðèâàþòñÿ ðàçëè÷íûå êîíóñû ìîíîòîííûõ ôóíêöèé íà

ïîëîæèòåëüíîé ïîëóîñè. Óñòàíàâëèâàþòñÿ óñëîâèÿ ïîòî÷å÷íîãî è ïîðÿäêîâîãî

íàêðûâàíèÿ ðàññìàòðèâàåìûõ êîíóñîâ ïðè îòíîøåíèè îïðåäåëåííîãî ïîðÿäêà.

Êëþ÷åâûå ñëîâà. Êîíóñû óáûâàþùèõ ïåðåñòàíîâîê, íàêðûâàíèå êîíóñîâ, ïåðå-

ñòàíîâî÷íî èíâàðèàíòíûå ïðîñòðàíñòâà, áàíàõîâû ôóíêöèîíàëüíûå ïðîñòðàíñòâà.

1 Ââåäåíèå

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñâîéñòâ êîíóñîâ ìîíîòîííûõ ôóíêöèé
íà ïîëîæèòåëüíîé ïîëóîñè. Ïðè èññëåäîâàíèè âîïðîñîâ âëîæåíèÿ ïðî-
ñòðàíñòâà ïîòåíöèàëîâ â ïåðåñòàíîâî÷íî èíâàðèàíòíûå ïðîñòðàíñòâà âîç-
íèêàåò íåîáõîäèìîñòü ðàññìîòðåíèÿ êîíóñîâ óáûâàþùèõ ïåðåñòàíîâîê äëÿ
ïîòåíöèàëîâ [1]�[5]. Â òåðìèíàõ âëå÷åíèÿ òàêèõ êîíóñîâ ìîæíî ñôîðìóëè-
ðîâàòü êðèòåðèè âëîæåíèÿ ïîòåíöèàëîâ â ïåðåñòàíîâî÷íî èíâàðèàíòíûå
ïðîñòðàíñòâà. Îòìåòèì, ÷òî êîíóñû óáûâàþùèõ ïåðåñòàíîâîê ïîòåíöèà-
ëîâ óñòðîåíû äîâîëüíî ñëîæíî. Ïîýòîìó àêòóàëåí âîïðîñ îá èõ ýêâèâà-
ëåíòíûõ îïèñàíèÿõ â áîëåå ïðîçðà÷íûõ òåðìèíàõ.

Ïðèâåäåì íåîáõîäèìûå â äàëüíåéøåì ïîíÿòèÿ áàíàõîâà ôóíêöèîíàëü-
íîãî ïðîñòðàíñòâà, ïåðåñòàíîâî÷íî èíâàðèàíòíîãî ïðîñòðàíñòâà è ïîðÿä-
êîâîãî íàêðûâàíèÿ êîíóñîâ íåîòðèöàòåëüíûõ èçìåðèìûõ ôóíêöèé. Ìû
îïèðàåìñÿ íà ïîíÿòèÿ, ââåäåííûå â êíèãàõ Ñ.Ã. Êðåéíà, Þ.È. Ïåòóíèíà
è Å.Ì. Ñåìåíîâà [6] è Ê. Áåííåòòà è Ð. Øàðïëè [7], à òàêæå íà ïîíÿòèÿ,
ïðèâåäåííûå â ðàáîòå [5].

Ïóñòü (S,Σ, µ) åñòü ïðîñòðàíñòâî ñ ìåðîé. Çäåñü Σ−σ-àëãåáðà ïîäìíî-
æåñòâ ìíîæåñòâà S, íà êîòîðûõ îïðåäåëåíà íåîòðèöàòåëüíàÿ σ-êîíå÷íàÿ,

2010 Mathematics Subject Classi�cation: 46E30, 42A16.
c⃝ Í.À. Áîêàåâ, Ì.Ë. Ãîëüäìàí, Ã.Æ. Êàðøûãèíà, 2018.
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σ-àääèòèâíàÿ ìåðà µ. ×åðåç L0 = L0(S,Σ, µ) îáîçíà÷èì ìíîæåñòâî µ-
èçìåðèìûõ âåùåñòâåííîçíà÷íûõ ôóíêöèé

f : S → R,L+
0 = {f ∈ L0 : f ≥ 0}.

Îïðåäåëåíèå 1 (ñì. [4]). Îòîáðàæåíèå ρ : L+
0 → [0,∞] íàçûâàåòñÿ ôóíê-

öèîíàëüíîé íîðìîé (êðàòêî: ÔÍ), åñëè äëÿ âñåõ f, g, fn ∈ L+
0 , n ∈ N

âûïîëíåíû óñëîâèÿ:

(P1) ρ(f) = 0 ⇒ f = 0, µ− ïî÷òè âñþäó (êðàòêî: µ− ï.â);

ρ(αf) = αρ(f), α ≥ 0; ρ(f + g) ≤ ρ(f) + ρ(g) (ñâîéñòâà íîðìû);

(P2) f ≤ g, (µ− ï.â.) ⇒ ρ(f) ≤ ρ(g) (ìîíîòîííîñòü íîðìû);

(P3) fn ↑ f ⇒ ρ(fn) → ρ(f)(n → ∞) (ñâîéñòâî Ôàòó);

(P4) 0 < µ(σ) < ∞ ⇒
∫
σ
fdµ ≤ cσρ(f), f ∈ L+

0 (ëîêàëüíàÿ èíòåãðèðóå-

ìîñòü);

(P5) 0 < µ(σ) < ∞ ⇒ ρ(χσ) < ∞ (êîíå÷íîñòü ÔÍ äëÿ õàðàêòåðèñòè-

÷åñêèõ ôóíêöèé (χσ) ìíîæåñòâ êîíå÷íîé ìåðû).

Çäåñü fn ↑ f îçíà÷àåò, ÷òî fn ≤ fn+1, lim
n→∞

fn = f (µ− ï.â).

Îïðåäåëåíèå 2. Ïóñòü ρ åñòü ÔÍ. Ìíîæåñòâî X = X(ρ) ôóíêöèé èç L0,

äëÿ êîòîðûõ ρ(|f |) < ∞, íàçûâàåòñÿ áàíàõîâûì ôóíêöèîíàëüíûì ïðî-

ñòðàíñòâîì (êðàòêî: ÁÔÏ), ïîðîæäåííûì ÔÍ ρ. Äëÿ f ∈ X ïîëàãàåì

∥f∥X = ρ(|f |).

Ïóñòü íà L+
0 ââåäåíû îòíîøåíèÿ ÷àñòè÷íîãî ïîðÿäêà è ýêâèâàëåíòíîñòè:

f ≺ g ñî ñâîéñòâàìè òðàíçèòèâíîñòè, ò.å. f ≺ f,

f ≺ g, g ≺ h ⇒ f ≺ h; f ≈ g ⇔ f ≺ g ≺ f.

Ñ÷èòàåì, ÷òî îòíîøåíèå ïîðÿäêà ïî÷èíåíî ïîòî÷å÷íîé îöåíêå µ-ï.â.,
ò.å.

1) f ≤ g, (µ− ï.â.) ⇒ f ≺ g; 2) fn ↑ f ⇒ fn↑ f.

Çäåñü fn↑ f îçíà÷àåò, ÷òî fn ≺ fn+1; f = [sup]fn, ò.å. fn ≺ f, n ∈ N,

è, åñëè fn ≺ f̂ , n ∈ N, òî f ≺ f̂ .

Áàçîâûé ïðèìåð îòíîøåíèÿ ïîðÿäêà: f ≺ g ⇔ f ≤ g, µ-ï.â.⇒ ρ(f) ≤
ρ(g).
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Íàñ áóäóò èíòåðåñîâàòü îòíîøåíèÿ ïîðÿäêà, ñâÿçàííûå ñ óáûâàþùèìè
ïåðåñòàíîâêàìè ôóíêöèé. Îáîçíà÷èì äëÿ f ∈ L0

λf (y) = µ {x ∈ S : |f(x)| > y} , y ∈ [0,∞)

Ëåáåãîâà ôóíêöèÿ ðàñïðåäåëåíèÿ. ×åðåç
•
L0 îáîçíà÷èì ìíîæåñòâî ôóíê-

öèé f ∈ L0, äëÿ êîòîðûõ λf (y) íå òîæäåñòâåííà áåñêîíå÷íîñòè, ò.å.

∃ y0 ∈ [0,∞) : λf (y0) < ∞. Äëÿ f ∈
•
L0 ââåäåì óáûâàþùóþ ïåðåñòàíîâ-

êó f∗, êàê ïðàâóþ îáðàòíóþ ôóíêöèþ ê óáûâàþùåé ôóíêöèè λf , ò.å.

f∗(t) = inf {y ∈ [0,∞) : λf (y) ≤ t} , t ∈ R+ = (0,∞).

Èçâåñòíî, ÷òî 0 ≤ f∗ ↓; f∗(t + 0) = f∗(t), t ∈ R+; f
∗ ðàâíîèçìåðèìà ñ

|f |, ò.å. µ1 {t ∈ R+ : f∗(t) > y} = λf (y), y ∈ [0,∞), êðîìå òîãî, äëÿ f ∈
•
L0

èìååì λf (y) → 0, (y → +∞) ⇔ |f(x)| < ∞, (µ − ï.â.) íà S. Îïðåäåëèì

îòíîøåíèÿ ïîðÿäêà äëÿ ôóíêöèé èç
•
L
+

0 :

1) f ≺ g ⇔ f∗(t) ≤ g∗(t); t ∈ (0, µ(S)), (1)

2) f ≺ g ⇔
t∫

0

f∗dτ ≤
t∫

0

g∗dτ ; t ∈ (0, µ(S)). (2)

Îòíîøåíèÿ (1) è (2) ïîä÷èíåíû ïîòî÷å÷íîé îöåíêå µ-ï.â. Ýêâèâàëåíò-
íîñòü ôóíêöèé â ñìûñëå îòíîøåíèÿ (1) îçíà÷àåò èõ ðàâíîèçìåðèìîñòü.

Îïðåäåëåíèå 3. Ïóñòü ρ åñòü ôóíêöèîíàëüíàÿ íîðìà. Ñêàæåì, ÷òî ρ
ñîãëàñîâàíà ñ îòíîøåíèåì ïîðÿäêà ≺, åñëè äëÿ f, g ∈ L+

0 , f ≺ g èìååì

ρ(f) ≤ ρ(g).
Îòìåòèì, ÷òî ïî ñâîéñòâó (P2) ëþáàÿ ÔÍ ñîãëàñîâàíà ñ ïîòî÷å÷íîé

îöåíêîé

f ≤ g (µ− ï.â.) ⇒ ρ(f) ≤ ρ(g).

Îïðåäåëåíèå 4. ÔÍ ρ íàçûâàåòñÿ ïåðåñòàíîâî÷íî èíâàðèàíòíîé, åñëè

îíà ñîãëàñîâàíà ñ îòíîøåíèåì ïîðÿäêà (1), ò.å.

f∗ ≤ g∗ ⇒ ρ(f) ≤ ρ(g).
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ÁÔÏ X = X(ρ), ïîðîæäåííîå ïåðåñòàíîâî÷íî èíâàðèàíòíîé ÔÍ ρ,
áóäåì íàçûâàòü ïåðåñòàíîâî÷íî èíâàðèàíòíûì ïðîñòðàíñòâîì (êðàòêî:

ÏÈÏ).

Ïóñòü T ∈ (0,∞]. ×åðåç Ω(T ) îáîçíà÷èì ìíîæåñòâî ôóíêöèé φ íà
R+ = (0,∞) ñî ñâîéñòâàìè1) 0 < φ(t) ↓, φ(t+ 0) = φ(t),

t∫
0

φdξ < ∞; t ∈ (0, T );

2) åñëè T < ∞, òî φ(t) = 0, t ∈ [T,∞).

(3)

Ïðè n ∈ N, φ ∈ Ω(T ) ââåäåì ôóíêöèè

fφ(t, τ) = φ(max{t, τ}) =

{
φ(t), 0 < τ ≤ t,

φ(τ), t < τ < ∞;
(4)

f̌φ(t, τ) = φ(max{2nt, 2nτ}) =

{
φ(2nt), 0 < τ ≤ t,

φ(2nτ), t < τ < ∞;
(5)

f̃φ(t, τ) =


1
t

t∫
0

φ(ξ)dξ, 0 < τ ≤ t, ;

φ(τ), t < τ < ∞.

(6)

Îòìåòèì, ÷òî ïðè T < ∞

fφ(t, τ) = 0, t ≥ T, τ ∈ R+ f̌φ(t, τ) = 0, t ≥ 2−nT, τ ∈ R+.

Ïóñòü Ẽ(R+) åñòü ÏÈÏ ñ íîðìîé ∥ · ∥Ẽ(R+), Ẽ′(R+) � àññîöèèðîâàííîå
ÏÈÏ (ñì. [7]),

Ẽ↓(R+) =
{
g ∈ Ẽ↓(R+) : 0 ≤ g ↓; g(t+ 0) = g(t), t ∈ R+

}
è ïðè T < ∞

Ẽ↓(0, T ) =
{
g ∈ Ẽ↓(R+) : g(t) = 0, t ∈ [T,∞)

}
.
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Ââåäåì êîíóñû íåîòðèöàòåëüíûõ ôóíêöèé íà R+ :

K(T ) = Kφ,Ẽ(T ) =

h(t) ≡ h(g; t) :=

∞∫
0

fφ(t, τ)g(τ)dτ : g ∈ Ẽ↓(0, T )

 ; (7)

Ǩ(T ) = Ǩφ,E(T ) =

ȟ(t) ≡ ȟ(g; t) :=

T∫
0

f̌φ(t, τ)ǧ(τ)dτ : ǧ ∈ E↓(0, T )

 ; (8)

K̃(T ) = K̃φ,Ẽ(T ) =

h̃(t) ≡ h̃(g; t) :=

∞∫
0

f̃φ(t, τ)g̃(τ)dτ : g̃ ∈ E↓(0, T )

 , (9)

ñíàáäèâ èõ ïîëîæèòåëüíî îäíîðîäíûìè ôóíêöèîíàëàìè (ñîîòâåòñòâåííî)

ρK(T )(h) = inf
{
∥g∥Ẽ : g ∈ Ẽ↓(0, T ); h(g; t) = h(t), t ∈ R+

}
; (10)

ρǨ(ȟ) = inf
{
∥ǧ∥Ẽ : ǧ ∈ Ẽ↓(0, T ); ȟ(ǧ; t) = ȟ(t), t ∈ R+

}
; (11)

ρK̃(h̃) = inf
{
∥g̃∥Ẽ : g̃ ∈ Ẽ↓(0, T ); h̃(g̃; t) = h̃(t), t ∈ R+

}
. (12)

Â ôóíêöèîíàëå (10) íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì ôóíêöèÿì g ∈ Ẽ↓(0, T ),
äëÿ êîòîðûõ ïðåäñòàâëåíèå h(g; t) â âèäå èíòåãðàëà (7) ñîâïàäàåò ñ äàííîé
ôóíêöèåé h ∈ K(T ). Àíàëîãè÷íî ïîíèìàþòñÿ ôóíêöèîíàëû (11), (12).
Ïîëîæèòåëüíàÿ îäíîðîäíîñòü ôóíêöèîíàëîâ îçíà÷àåò, ÷òî h ∈ K(T ), α ≥
0 ⇒ ρK(T )(αh) = αρK(T )(h); àíàëîãè÷íî äëÿ ρǨ è ρK̃ .

Çàìå÷àíèå 1. Äëÿ φ ∈ Ω(T ) ñïðàâåäëèâû íåðàâåíñòâà

φ(2nt) ≤ φ(t); φ(t) ≤ 1

t

∫ t

0
φdξ, t ∈ R+. (13)

Ïîýòîìó

f̌φ(t, τ) ≤ fφ(t, τ) ≤ f̃φ(t, τ), t, τ ∈ R+. (14)
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Çàìå÷àíèå 2. Âñþäó â äàííîé ðàáîòå ìû òðåáóåì, ÷òîáû ïðè ëþáîì

t ∈ R+ ïî ïåðåìåííîé τ èìåëè ìåñòî âêëþ÷åíèÿ

fφ(t, ·) ∈ Ẽ′(R+), f̌φ(t, ·) ∈ Ẽ′(R+), f̃φ(t, ·) ∈ Ẽ′(R+). (15)

Â ñëó÷àå T < ∞ óñëîâèÿ (15) âûïîëíåíû äëÿ ëþáîé φ ∈ Ω(T ) è ïðè
ëþáîì ÏÈÏ Ẽ(R+), ò.ê. â ýòîì ñëó÷àå 0 ≤ fφ(t, τ), f̌φ(t, τ), f̃φ(t, τ) � îãðà-
íè÷åííûå óáûâàþùèå ôóíêöèè ïåðåìåííîé τ ñ êîìïàêòíûì íîñèòåëåì.

Òàêèå ôóíêöèè ïðèíàäëåæàò L1(R+) ∩ L∞(R+) à, çíà÷èò, è ëþáîìó
ÏÈÏ Ẽ′(R+).

Â ñëó÷àå T = ∞ êàæäîå èç óñëîâèé (15) ýêâèâàëåíòíî òîìó, ÷òî ïðè
t ∈ R+

φ(τ)χ(t,∞)(τ) ∈ Ẽ′(R+). (16)

Èç óñëîâèé (15) ñëåäóþò îöåíêè ïðè t ∈ R+:

0 ≤ h(t) ≤∥ fφ(t, ·) ∥Ẽ′(R+) ρK(T )(h), h ∈ K(T ); (17)

0 ≤ ȟ(t) ≤∥ f̌φ(t, ·) ∥Ẽ′(R+) ρǨ(T )(ȟ), ȟ ∈ Ǩ(T ); (18)

0 ≤ h̃(t) ≤∥ f̃φ(t, ·) ∥Ẽ′(R+) ρK̃(T )(h̃), h̃ ∈ K̃(T ). (19)

Äåéñòâèòåëüíî, äëÿ h ∈ K(T ) èç ïðåäñòàâëåíèÿ (7) ïî íåðàâåíñòâó
Ãåëüäåðà ñëåäóåò, ÷òî

0 ≤ h(t) ≤∥ fφ(t, ·) ∥Ẽ′(R+)∥ g ∥Ẽ(R+) ∀g ∈ E↓(0, T ).

Ïåðåõîäÿ ê íèæíåé ãðàíè ïî âñåì g ∈ Ẽ↓(0, T ), äëÿ êîòîðûõ h(g; t) =
h(t) ïîëó÷èì, â ñèëó (10) íåðàâåíñòâî (17). Àíàëîãè÷íî âûâîäÿòñÿ íåðà-
âåíñòâà (18) è (19).

Çàìå÷àíèå 3. Èç îöåíîê (17)�(19) ñëåäóåò íåâûðîæäåííîñòü ôóíêöèîíà-

ëîâ (10)�(12). Äåéñòâèòåëüíî, åñëè h ∈ K(T ) äëÿ ρK(T )(h) = 0, òî èç (17)

ñëåäóåò, ÷òî h(t) = 0, t ∈ R+. Àíàëîãè÷íî äëÿ ȟ ∈ Ǩ(T ) è h̃ ∈ K̃(T ).

2 Î íàêðûâàíèè êîíóñîâ ìîíîòîííûõ ôóíêöèé íà ïîëîæè-

òåëüíîé ïîëóîñè

Ñëåäóÿ [5], ïðèâåäåì îïðåäåëåíèå ïîðÿäêîâ. Ïóñòü íà ïîäìíîæåñòâå
L ⊂ L+

0 (R+) ââåäåíî îòíîøåíèå ÷àñòè÷íîãî ïîðÿäêà ≺, ïîä÷èíåííîå ïî-
òî÷å÷íîé îöåíêå ïî÷òè âñþäó: h1, h2 ∈ L, h1 ≤ h2 ï.â. íà R+ âëå÷åò, ÷òî
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h1 ≺ h2. Ïóñòü K, M ⊂ L � íåêîòîðûå êîíóñû, ñíàáæåííûå íåâûðîæäåí-
íûìè ïîëîæèòåëüíî îäíîðîäíûìè ôóíêöèîíàëàìè ρK è ρM .

Îïðåäåëåíèå 5. Êîíóñ M ïîðÿäêîâî íàêðûâàåò êîíóñ K ïðè îòíîøåíèè

ïîðÿäêà ≺ ñ êîíñòàíòàìè íàêðûâàíèÿ c0 ∈ (0,∞), c1 ∈ [0,∞), åñëè äëÿ

ëþáîé h1 ∈ K íàéäåòñÿ h2 ∈ M , òàêàÿ ÷òî

ρM (h2) ≤ c0ρK(h1); h1 ≺ h2 + c1ρK(h1). (20)

Â ñëó÷àå, êîãäà îòíîøåíèå ïîðÿäêà îïðåäåëÿåòñÿ ïîòî÷å÷íîé îöåíêîé,
ìû ãîâîðèì î ïîòî÷å÷íîì íàêðûâàíèè êîíóñîâ ñ êîíñòàíòàìè íàêðûâàíèÿ
c0, c1.

Îáîçíà÷åíèÿ: K ≺ M � êîíóñ M ïîðÿäêîâî íàêðûâàåò êîíóñ K; K ≈
M ⇔ K ≺ M ≺ K � ïîðÿäêîâàÿ ýêâèâàëåíòíîñòü êîíóñîâ.

Îïðåäåëåíèå 6. Êîíóñ M ïîòî÷å÷íî íàêðûâàåò êîíóñ K ñ êîíñòàíòàìè

íàêðûâàíèÿ c0 ∈ (0,∞), c1 ∈ [0,∞), åñëè äëÿ ëþáîé h1 ∈ K íàéäåòñÿ

h2 ∈ M , òàêàÿ ÷òî

ρM (h2) ≤ c0ρK(h1), h1(t) ≤ h2(t) + c1ρK(h1) (ï.â.). (21)

Ïîòî÷å÷íîå íàêðûâàíèå: K ≤ M , ïîòî÷å÷íàÿ ýêâèâàëåíòíîñòü: K ∼= M .
Ïðè îòíîøåíèè ïîðÿäêà, ïîä÷èíåííîì ïîòî÷å÷íîé îöåíêå, èìååì

K ≤ M ⇒ K ≺ M ; K ∼= M ⇒ K ≈ M. (22)

Íàñ áóäåò èíòåðåñîâàòü, â ïåðâóþ î÷åðåäü, îòíîøåíèå ïîðÿäêà ñ ïî-
òî÷å÷íîé îöåíêîé: äëÿ f1, f2 ∈ L+

0 (R+) èìååì f1 ≺ f2 ⇔ f1 ≤ f2 ï.â. íà
R+.

Ðàññìîòðèì òàêæå ìíîæåñòâî L ôóíêöèé f ∈ L+
0 (R+), äëÿ êîòîðûõ èõ

ëåáåãîâû ôóíêöèè ðàñïðåäåëåíèÿ

λf (y) = µ{x ∈ R+ : (x) > y}, y ∈ [0,∞),

íå òîæäåñòâåííû áåñêîíå÷íîñòè, ò.å. ∃y0 ∈ [0,∞) : λf (y0) < ∞. Äëÿ f ∈ L
ââåäåì óáûâàþùóþ ïåðåñòàíîâêó f∗, êàê ïðàâóþ îáðàòíóþ ôóíêöèþ ê
óáûâàþùåé ôóíêöèè λf , ò.å.

f∗(t) = inf{y ∈ [0,∞) : λf (y) ≤ t}, t ∈ R+.
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Îïðåäåëèì îòíîøåíèå ïîðÿäêà äëÿ f1, f2 ∈ L(R+): ñ÷èòàåì, ÷òî f1 ≺
f2, åñëè

t∫
0

f∗
1dτ ≤

t∫
0

f∗
2dτ, t ∈ R+. (23)

Îíî ïîä÷èíåíî îòíîøåíèþ ïîðÿäêà ñ ïîòî÷å÷íîé îöåíêîé:

0 ≤ f1 ≤ f2 ï.â. íà R+ ⇒ f∗
1 ≤ f∗

2 ï.â. íà R+ ⇒ (23).

Ïðèâåäåì ðåçóëüòàò î âçàèìíîì ïîòî÷å÷íîì íàêðûâàíèè êîíóñîâ
K(T ), Ǩ(T ), K̃(T ).

Òåîðåìà 1.

1. Â îáîçíà÷åíèÿõ è óñëîâèÿõ (3)�(15) ñïðàâåäëèâû ïîòî÷å÷íûå íàêðû-

âàíèÿ

(A) : Ǩ(T ) ≤ K(T ); K(T ) ≤ K̃(T ) (24)

ñ êîíñòàíòàìè íàêðûâàíèÿ c0(A) ≤ 1 + ε ∀ε > 0; c1(A) = 0.

2. Ïóñòü, âûïîëíåíû óñëîâèÿ ÷àñòè 1 è åùå ñóùåñòâóåò ïîñòîÿííàÿ

c ∈ [1,∞) òàêàÿ, ÷òî

φ(t) ≤ cφ(2nt), t ∈ (0, 2−nT ) (25)

(ïðè T = ∞ â (25) ïðè ëþáîì t ∈ R+). Òîãäà ñïðàâåäëèâî ïîòî÷å÷íîå

íàêðûâàíèå

(B) : K(T ) ≤ Ǩ(T ) (26)

ñ êîíñòàíòàìè íàêðûâàíèÿ c0(B) ≤ c2n ∥ σ2n ∥,

c1(B) = 0, åñëè T = ∞; c1(B) =∥ fφ(2
−nT, ·) ∥Ẽ′(R+), åñëè T < ∞. (27)

Çäåñü (σ2ng; τ) = g(2nτ), τ ∈ R+ � îïåðàòîð ðàñòÿæåíèÿ, ∥ σ2n ∥ �

íîðìà îïåðàòîðà σ2n : Ẽ(R+) → Ẽ(R+).

3. Ïóñòü âûïîëíåíû óñëîâèÿ ÷àñòè 1 è

Aφ ≡ Aφ(T ) := sup
t∈(0,T )

t∫
0

φdτ

tφ(t)
< ∞. (28)
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Òîãäà èìååò ìåñòî ïîòî÷å÷íîå íàêðûâàíèå

(D) : K̃(T ) ≤ K(T ) (29)

ñ êîíñòàíòàìè íàêðûâàíèÿ

c0(D) ≤ (1 + ε)Aφ ∀ε > 0; (30)

c1(D) = 0, åñëè T = ∞; c1(D) =∥ f̃φ(T, ·) ∥Ẽ′(R+), åñëè T < ∞. (31)

Çàìå÷àíèå 4. Â óñëîâèÿõ ÷àñòè 3 Òåîðåìû 1 ñïðàâåäëèâà îöåíêà (25)

ñ ïîñòîÿííîé c = 2nAφ è ñîîòâåòñòâåííî èìååò ìåñòî íàêðûâàíèå (26) ñ

êîíñòàíòàìè íàêðûâàíèÿ c0(B) ≤ Aφ2
2n ∥ σ2n ∥ è c1(B) âèäà (27).

Ïðèâåäåì ðåçóëüòàò î ïîðÿäêîâîì íàêðûâàíèè êîíóñîâ K(T ), Ǩ(T ).

Òåîðåìà 2. Â îáîçíà÷åíèÿõ è óñëîâèÿõ (3)�(15) ñïðàâåäëèâî ïîðÿäêîâîå

íàêðûâàíèå

(E) : K(T ) ≺ Ǩ(T ) (32)

ïðè îòíîøåíèè ïîðÿäêà (23) ñ êîíñòàíòàìè íàêðûâàíèÿ

c0(E) ≤ 22n+1 ∥ σ2n ∥; c1(E) = 0. (33)

Ñëåäñòâèå 1. Â óñëîâèÿõ ÷àñòè 3 Òåîðåìû 1 èìååò ìåñòî ïîòî÷å÷íàÿ

ýêâèâàëåíòíîñòü êîíóñîâ

Ǩ(T ) ∼= K̃(T ) ∼= K(T ). (34)

Äåéñòâèòåëüíî, ñ ó÷åòîì Çàìå÷àíèÿ 4 èìååì íàêðûâàíèÿ

K̃(T ) ≤ K(T ) ≤ Ǩ(T ),

êîòîðûå âìåñòå ñ íàêðûâàíèåì (24) äàþò ýêâèâàëåíòíîñòè (34).

Ñëåäñòâèå 2. Â óñëîâèÿõ ÷àñòè 2 Òåîðåìû 1 èìååò ìåñòî ïîòî÷å÷íàÿ

ýêâèâàëåíòíîñòü êîíóñîâ

Ǩ(T ) ∼= K(T ). (35)

Îíà ñëåäóåò èç íàêðûâàíèé (24) è (26).
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Ñëåäñòâèå 3. Â óñëîâèÿõ Òåîðåìû 2 èìååò ìåñòî ïîðÿäêîâàÿ ýêâèâàëåíò-

íîñòü êîíóñîâ

Ǩ(T ) ≈ K(T ) (36)

ïðè îòíîøåíèè ïîðÿäêà (23).

Ýòî ñëåäóåò èç èñòî÷å÷íîãî íàêðûâàíèÿ Ǩ(T ) ≤ K(T ) è ïîðÿäêîâîãî
íàêðûâàíèÿ (32).

3 Äîêàçàòåëüñòâî Òåîðåì 1 è 2

3.1 Äîêàçàòåëüñòâî Òåîðåìû 1, ÷àñòü 1

Äîêàæåì ïåðâîå íàêðûâàíèå (24). Äëÿ ȟ ∈ Ǩ(T ) ïðè ëþáîé ïîñòîÿííîé
c > 1 íàéäåì ôóíêöèþ ǧ ∈ Ẽ↓(0, T ) òàêóþ, ÷òî ȟ(t) = ȟ(ǧ; t), t ∈ R+ è
∥ ǧ ∥Ẽ(R+)≤ cρǨ(T )(ȟ) (ñì. (8), (11)). Ïîëîæèì h(t) := h(ǧ; t) ò.å. h(t) =
∞∫
0

fφ(t, τ)ǧ(τ)dτ ∈ K(T ); ρK(T )(h) ≤∥ ǧ ∥Ẽ(R+) (ñì. (7), (10)). Ïðè ýòîì èç

(14) ñëåäóåò íåðàâåíñòâî

ȟ(t) =

∫ ∞

0
f̌φ(t, τ)ǧ(τ)dτ ≤

∫ ∞

0
fφ(t, τ)ǧ(τ)dτ = h(t), t ∈ R+,

êðîìå òîãî, ρK(T )(h) ≤∥ ǧ ∥Ẽ(R+)≤ cρǨ(T )(ȟ).

Ýòè îöåíêè äîêàçûâàþò íàêðûâàíèå Ǩ(T ) ≤ K(T ) ñ êîíñòàíòàìè íà-
êðûâàíèÿ c0(A) > 1 � ëþáàÿ; c1(A) = 0.

Àíàëîãè÷íî äîêàçûâàåòñÿ âòîðîå íàêðûâàíèå â (24):K(T ) ≤ K̃(T ) ñ òà-
êèìè æå êîíñòàíòàìè íàêðûâàíèÿ (èñïîëüçóåì âòîðîå íåðàâåíñòâî â (14)).

3.2 Äîêàçàòåëüñòâî Òåîðåìû 1, ÷àñòü 2

Ïóñòü h ∈ K(T ). Òîãäà ∃g ∈ Ẽ↓(0, T ) : h(t) = h(g; t), ∥ g ∥Ẽ(R+)≤
2ρK(T )(h). Ââåäåì

ǧ(τ) = c2ng(2nτ) ∈ Ẽ↓(0, 2−nT ). (37)

Çäåñü c ∈ [1,∞) � ïîñòîÿííàÿ èç óñëîâèÿ (25).
Èìååì â ñèëó (7)

h ∈ K(T ) ⇒ h(t) =

∞∫
0

fφ(t, τ)g(τ)dτ =

∞∫
0

f̌φ(2
−nt, 2−nτ)g(τ)dτ =
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= 2n
∞∫
0

f̌φ(2
−nt, s)g(2ns)ds =

1

c

∞∫
0

f̌φ(2
−nt, s)ǧ(s)ds. (38)

Îáîçíà÷èì

ȟ(t) =

∞∫
0

f̌φ(t, s)ǧ(s)ds ∈ Ǩ(T ), (39)

Òîãäà â ñèëó (37)

ρǨ(T )(ȟ) ≤∥ ǧ ∥Ẽ(R+)= c2n ∥ σ2n(g) ∥Ẽ(R+)≤

≤ c2n ∥ σ2n ∥∥ g ∥Ẽ(R+)≤ c2n+1 ∥ σ2n ∥ ρK(T )(h). (40)

Çäåñü σ2n(g, s) = g(2ns); σ2n : Ẽ(R+) → Ẽ(R+) � îãðàíè÷åííûé îïå-
ðàòîð, ∥ σ2n ∥< ∞.

Èòàê, äëÿ ëþáîé h ∈ K(T ) íàøëè ȟ ∈ Ǩ(T ) òàêóþ, ÷òî ρǨ(T )(ȟ) ≤
c0ρK(T )(h), ãäå

c0 = c2n+1 ∥ σ2n ∥∈ R+.

Äàëåå èç (38) è (39) ñëåäóåò, ÷òî

h(t) =
1

c
ȟ(2−nt) =

1

c

∞∫
0

f̌φ(2
−nt, s)ǧ(s)ds ∀t ∈ R+,

ò.å.

1

c
ȟ(t) = h(2nt) =

∞∫
0

fφ(2
nt, τ)g(τ)dτ, t ∈ R+. (41)

Ïîêàæåì, ÷òî ïðè t ∈ (0, 2−nT ) âåðíà îöåíêà äëÿ âñåõ τ ∈ R+

fφ(2
nt, τ) ≥ 1

c
fφ(t, τ). (42)

Äåéñòâèòåëüíî, ïðè t ∈ (0, 2−nT ) èìååì

fφ(2
nt, τ) =

{
φ(2nt), 0 < τ ≤ 2nt

φ(τ), τ > 2nt

}
≥

{
1
cφ(t), 0 < τ ≤ 2nt

φ(τ), τ > 2nt

}
≥
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≥ 1

c
fφ(t, τ).

Èç (41) è (42) ñëåäóåò, ÷òî 1
c ȟ(t) ≥

1
c

∞∫
0

fφ(t, τ)g(τ)dτ = 1
ch(t), ò.å.

h(t) ≤ ȟ(t), t ∈ (0, 2−nT ). (43)

Ïðè T = ∞ ýòî íåðàâåíñòâî âåðíî äëÿ âñåõ t ∈ R+.
Ïóñòü òåïåðü T < ∞.
Ïðè t ∈ [2−nT, T ) èìååì ȟ(t) = 0 (ò.ê. f̌φ(t, τ) = 0, τ ∈ R+) è â ñèëó

(17) ïðè âñåõ t ∈ R+

h(t) ≤ h(2−nT ) ≤∥ fφ(2
−nT, ·) ∥Ẽ′(R+) ρK(T )(h) = ȟ(t) + c1ρK(T )(h). (44)

Íåðàâåíñòâî (43) ïðè T = ∞ èëè (3.8) ïðè T < ∞ âìåñòå ñ (40) äîêà-
çûâàåò (26)�(27).

Äîêàçàòåëüñòâî ÷àñòè 3 Òåîðåìû 1

Ïóñòü h̃ ∈ K̃(T ). Ñîãëàñíî (9), (12) äëÿ ëþáîãî ε > 0 ñóùåñòâóåò g̃ ∈
Ẽ↓(0, T ) òàêàÿ, ÷òî

h̃(t) = h̃(g̃; t) =

∞∫
0

f̃φ(t, τ)g̃(τ)dτ ; ∥ g̃ ∥Ẽ(R+)∈ (1 + ε)ρK̃(T )(h̃).

Îïðåäåëèì òîãäà h ∈ K(T ) ôîðìóëîé

h(t) = h(g̃; t) =

∞∫
0

fφ(t, τ)Aφg̃(τ)dτ.

Çäåñü Aφg̃ ∈ Ẽ↓(0, T ) è

ρK(T )(h) ≤∥ Aφg̃ ∥Ẽ(R+)= Aφ ∥ g̃ ∥Ẽ(R+)≤ (1 + ε)AφρK̃(T )(h̃). (45)

Îòìåòèì, ÷òî Aφ ≥ 1 â ñèëó íåðàâåíñòâà (13), òàê ÷òî èç (6) ïîëó÷àåì
ïðè t ∈ (0, T )

f̃φ(t, τ) ≤

{
Aφφ(t), 0 < τ ≤ t,

φ(τ), t < τ < ∞

}
≤ Aφ

{
φ(t), 0 < τ ≤ t,

φ(τ), t < τ < ∞

}
= Aφfφ(t, τ).
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Çíà÷èò, ïðè t ∈ (0, T )

h̃(t) =

∫ ∞

0
f̃φ(t, τ)g̃(τ)dτ ≤ Aφ

∫ ∞

0
fφ(t, τ)g̃(τ)dτ = h(t). (46)

Ïîëó÷åííûå îöåíêè ïðè T = ∞ äîêàçûâàþò íàêðûâàíèå K̃(∞) ≤
K(∞) ñ êîíñòàíòàìè íàêðûâàíèÿ c0 ≤ (1+ε)Aφ, c1 = 0 (ïðè ëþáîì ε > 0).

Ïðè T < ∞ íåðàâåíñòâî (46) íóæíî äîïîëíèòü ñîîòâåòñòâóþùåé îöåí-
êîé äëÿ t ∈ [T,∞). Äëÿ òàêèõ çíà÷åíèé t èìååì fφ(t, τ) = 0, τ ∈ R+,
òàê ÷òî h(t) = 0, t ∈ [T,∞). Â òîæå âðåìÿ g̃(τ) = 0, τ ∈ [T,∞), òàê ÷òî

h̃(t) =
T∫
0

f̃φ(t, τ)g(τ)dτ .

Â ôîðìóëå (6) ïðè τ ∈ (0, T ), t ∈ [T,∞) ó÷òåì, ÷òî φ(ξ) = 0, ξ ∈ [T, t],
òàê ÷òî

f̃φ(t, τ) =
1

t

T∫
0

φ(ξ)dξ ≤ 1

T

T∫
0

φ(ξ)dξ = f̃φ(T, τ) ⇒ h̃(t) ≤ h̃(T ).

Îòñþäà è èç (19) ñëåäóåò, ÷òî ïðè t ∈ [T,∞)

h̃(t) ≤∥ f̃φ(T, ·) ∥Ẽ′(R+) ρK̃(T )(h̃) = h(t)+ ∥ f̃φ(T, ·) ∥Ẽ′(R+) ρK̃(T )(h̃).

Âìåñòå ñ íåðàâåíñòâîì (46) ýòî äàåò

h̃(t) ≤ h(t)+ ∥ f̃φ(T, ·) ∥Ẽ′(R+) ρK̃(T )(h̃), t ∈ R+. (47)

Èç (45) è (47) ñëåäóåò íàêðûâàíèå (29) ñ êîíñòàíòàìè íàêðûâàíèÿ (30),
(31).

3.3 Äîêàçàòåëüñòâî Òåîðåìû 2

Äëÿ ëþáîé h ∈ K(T ) íàéäåì g ∈ Ẽ↓(0, T ) òàêóþ, ÷òî (ñì. (7), (10))

h(g; t) = h(t), t ∈ R+; ∥ g ∥Ẽ(R+)≤ 2ρK(T )(h). (48)

Ïîëîæèì

ǧ(τ) = 22ng(2nτ), τ ∈ R+; ȟ(t) = ȟ(ǧ; t) =

∞∫
0

f̌φ(t, τ)ǧ(τ)dτ. (49)
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Òîãäà 0 ≤ ǧ(τ) ↓, ǧ(τ + 0) = ǧ(τ), τ ∈ R+; ǧ(τ) = 0, τ ∈ [2−nT,∞)
(ïîñëåäíåå, åñëè T < ∞), ïðè÷åì

∥ ǧ ∥Ẽ(R+)= 22n ∥ g(2n·) ∥Ẽ(R+)≤ 22n ∥ σ2n ∥∥ g ∥Ẽ(R+)≤ 22n+1 ∥ σ2n ∥ ρK(T )(h).

Òàêèì îáðàçîì, ǧ ∈ Ẽ↓(0, 2−nT ) è ȟ(t) = ȟ(g; t) ∈ Ǩ(T ), ïðè÷åì

ρǨ(T )(ȟ) ≤∥ ǧ ∥Ẽ(R+)≤ 22n+1 ∥ σ2n ∥ ρK(T )(h). (50)

Äàëåå
0 ≤ h ↓; h(t+ 0) = h(t), t ∈ R+ ⇒ h∗ = h;

0 ≤ ȟ ↓; ȟ(t+ 0) = ȟ(t), t ∈ R+ ⇒ (ȟ)∗ = ȟ.

Ïîýòîìó äëÿ äîêàçàòåëüñòâà ïîðÿäêîâîãî íàêðûâàíèÿ ïðè îòíîøåíèè
ïîðÿäêà (23) äîñòàòî÷íî ïðîâåðèòü, ÷òî∫ t

0
hdξ ≤

∫ t

0
ȟdξ, t ∈ R+. (51)

Âìåñòå ñ (47) ýòî äîêàæåò íàêðûâàíèå K(T ) ≺ Ǩ(T ) ñ êîíñòàíòàìè
íàêðûâàíèÿ c0(E) ≤ 22n+1 ∥ σ2n ∥, c1(E) = 0 (ñì. (30)).

Ñîãëàñíî (7) äëÿ h ∈ K(T )

H(t) :=

∫ t

0
h(ξ)dξ =

∫ t

0

(∫ ∞

0
fφ(ξ, τ)g(τ)dτ

)
dξ =

=

t∫
0

 ∞∫
0

f̌φ(2
−nξ, 2−nτ)g(τ)dτ

 dξ.

Â èíòåãðàëå ïî ξ äåëàåì çàìåíó λ = 2−nξ; dξ = 2ndλ, â èíòåãðàëå ïî
τ � çàìåíó s = 2−nτ, dτ = 2ndξ. Òîãäà ñ ó÷åòîì ðàâåíñòâà (46)

H(t) = 2n
2−nt∫
0

(∫ ∞

0
f̌φ(λ, 2

−nτ)g(τ)dτ

)
dλ =
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= 22n
2−nt∫
0

 ∞∫
0

f̌φ(λ, s)g(2
ns)ds

 dλ =

=

2−nt∫
0

 ∞∫
0

f̌φ(λ, s)ǧ(s)ds

 dλ =

2−nt∫
0

ȟ(λ)dλ.

Èòàê, äëÿ h ∈ K(T ) íàøëè ȟ ∈ Ǩ(T ) òàêóþ, ÷òî ñïðàâåäëèâà îöåíêà
(47) è

t∫
0

h(ξ)dξ =

2−nt∫
0

ȟ(λ)dλ ≤
∫ t

0
ȟ(λ)dλ, t ∈ R+.

Â êîíöå ìû ó÷ëè, ÷òî ȟ(λ) ≥ 0, λ ∈ R+. Èòàê, ñïðàâåäëèâû íåðàâåíñòâà
(47) è (48), ïðè÷åì äëÿ h ∈ K(T ), ȟ ∈ Ǩ(T ) (48) ñîâïàäàåò ñ óñëîâèåì,
÷òî h ≺ ȟ ïðè îòíîøåíèè ïîðÿäêà (23). Òåì ñàìûì äîêàçàíî ïîðÿäêîâîå
íàêðûâàíèå (30) ñ êîíñòàíòàìè íàêðûâàíèÿ

c0(E) ≤ 22n+1 ∥ σ2n ∥, c1(E) = 0.
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Î� ÆÀ�ÛÍÄÀ ÎÐÍÀËÀÑ�ÀÍ ÌÎÍÎÒÎÍÄÛ ÔÓÍÊÖÈßËÀÐÄÛ�
ÊÎÍÓÑÒÀÐÛ ÒÓÐÀËÛ

Æàðòûëàé °ñòi î æà¡ûíäà îðíàëàñ©àí ìîíîòîíäû ôóíêöèÿëàðäû
ºðò³ðëi êîíóñòàðû ©àðàñòûðûë¡àí. Àíû©òàë¡àí ðåòòiê ©àòûíàñ©à áàéëà-
íûñòû ©àðàñòûðûëûï îòûð¡àí êîíóñòàðäû í³êòåëiê æºíå ðåòòiê ê°ìêåði-
ëó (æàáûëó) øàðòòàðû òà¡àéûíäàë¡àí.

Êiëòòiê ñ°çäåð. Êåìiìåëi àóûñòûðûëûìäàðäû êîíóñòàðû, êî-
íóñòàðäû ê°ìêåðiëióëåði (æàáûëóëàðû), àóûñòûðûëûìäû èíâàðèàíòòû
êåiñòiêòåð, Áàíàõ ôóíêöèîíàëäû© êåiñòiêòåði.

Bokaev N.A., Goldman M.L., Karshygina G.Zh. ON CONES OF
MONOTONE FUNCTIONS ON THE POSITIVE SEMIAXIS

Various cones of monotonic functions on the positive semiaxis are
considered. The conditions for the pointwise and ordinal covering of the cones
under consideration are established for a certain order.
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POLYNOMIAL IN TIME NONNEGATIVE INTEGER

SOLUTIONS OF KNAPSACKS AND SIMILAR PROBLEMS IN

R: P=NP?

Vassilly Voinov, Natalya Pya Arnqvist, Yevgeniy Voinov

"A new result is the well forgotten old one"(A Russian proverb)

Annotation. An R-package "nilde" [1] for the enumeration of all existing nonnegative
integer solutions of linear Diophantine equations and inequalities and related problems
is presented. The software uses the approach based on a generating function of Hardy
and Littlewood [2] introduced in 1966 and the algorithm proposed by Voinov and
Nikulin [3] in 1997. The package proves to be useful for solving 0-1, bounded and
unbounded knapsacks, subset sum problems, integer linear programs, partitioning of
natural numbers, etc. The main advantage of the proposed software is that it solves
all the above problems in polynomial time. Numerous examples illustrate applications
of the package. Strong theoretical and empirical arguments in favor of equality P=NP
are presented.

Keywords. Linear Diophantine equations, Combinatorial optimization, Polynomial in
time algorithms, Knapsack-type problems, P=NP.

1 Introduction

Three basic approaches for solving nonnegative integer combinatorial
optimization problems such as knapsack, subset sum, integer program, and
others are known. They are: Branch-and-Bound (BB) (see the classical book
of Martello and Toth [4], Babayev et al [5], Martello et al [6], Mansini and
Speranza [7], Martello and Toth [8], Seong et al [9], Lodi et al [10], and many
others), dynamic programming (DP) (Andonov et al [11], Poirriez et al [12],
and others), and hybrid BB and DP (He et al [13]). It has to be noted that
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both BB and DP approaches usually cannot �nd all existing optimal solutions
of a particular problem in polynomial time.

The other known but well forgotten method uses generating functions
(Voinov and Nikulin [3]). We revisit the algorithm for the enumeration of
all existing nonnegative integer solutions of a linear Diophantine equation
suggested by Voinov and Nikulin [3]. The authors of that paper published in
1997 erroneously thought (see [3], p. 159) that their algorithm is exponential
in time. More than 20 years later using preliminary scripts for the R-package
"nilde" Voinov [14] has empirically showed that the algorithm is actually
polynomial in time. Moreover, compared to BB and DP approaches this
algorithm being enumerative in its nature is able to �nd all existing solutions
of a problem.

Section 2 provides the main R-functions of the package "nilde" [1] with
applications.

The discussion and the overall conclusion are provided in Section 3.

2 Basic functions of "nilde"

The R-package "nilde" provides routines for enumerating all existing
nonnegative integer solutions of a linear Diophantine equation. Based on
the implementation of that enumeration the package provides also functions
for partitioning of natural numbers, solving 0-1, bounded and unbounded
knapsacks, subset sum problems, integer programs, etc.

2.1 Function "get.knapsack"

This function solves the unbounded, bounded and 0-1 knapsack problems
that can be written mathematically as

maximize c1s1 + c2s2 + · · ·+ clsl,

subject to a1s1 + a2s2 + · · ·+ alsl ≤ n, (1)

si ≥ 0, integers, i = 1, 2, ..., l,

where ai, i = 1, 2, ..., l, and n are positive integers. The bounded knapsack
problem has additional constraints: 0 ≤ si ≤ bi, 0 < bi ≤ [n/ai], and integer.
The 0-1 knapsack problem arises when si = 0 or 1.

The usage of the function is de�ned by "get.knapsack (objective, a,
n, problem="uknap bounds=NULL) where "objective" is the l-vector of the
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objective function to be maximized, a is the l-vector of weights, n is the
capacity of the knapsack, argument "problem" can be "uknap" (by default)
for the unbounded problem, "bknap" for the bounded knapsack, and "knap01"
for 0-1 problem.

Consider the most interesting, intriguing and important example of an
unbounded knapsack problem (UKP) known as "hard" intractable NP-
problem

maximize C = 200s1 + 201s2 + · · ·+ 206s7,

subject to 100s1 + 101s2 + · · ·+ 106s7 ≤ n, (2)

si ≥ 0, integers, i = 1, ..., 7,

where p = (p1, p2, ..., p7) = (200, 201, ..., 206) are pro�ts, w = (w1, w2, ..., w7) =
(100, 101, ..., 106) are weights, and n is the capacity of the knapsack. Note that
weights and pro�ts are strongly correlated (Pearson's correlation coe�cient is
1). Martello and Toth ([4], p. 91) noted that "the optimal solution of such
problems appears to be practically impossible".

The application of "nilde" for the problem in (2) if n=1999 (get.
knapsack(objective
=c(200:206), a=c(100:106), n=1999, problem="uknap")) gives all 110 optimal
solutions of it. It is of great importance to note that several other known
approaches (BB, DP and a hybrid algorithm EDUK2 [12]) cannot �nd all
those solutions. The IBM CPLEX version 12.2.0.0 gives only 51 with C =
3899 [15]. The EDUK2 and "pyasukp" give by one di�erent solution each
({2, 0, 0, 0, 1, 1, 15} and {1, 0, 0, 0, 4, 1, 13} respectively) [16]. The R-package
"Rglpk" gives the unique solution {2, 0, 0, 1, 0, 0, 16}. Note that all three single
solutions are optimal but di�erent. At the same time all of them are in the list
of all 110 solutions that are easily and fast obtained by "nilde".

From the above it follows that BB and DP searching algorithms cannot
enumerate all optimal solutions of the problem in (2). On the contrary the
enumerative algorithm of "nilde" permits to get all optimal solutions. For
example, lines
b5<-get.knapsack(objective
=c(200:206), a=c(100:106), n=2999, problem="uknap")
b5$p.n
options(max.print=5E5)
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print(b5)
enumerate on a standard PC 24,354 optimal solutions of (2) with C = 5899
for 153.4 seconds (0.0063 sec. per one solution). Note that under the default
settings CPLEX 12.7.1 gives only one optimal solution {10, 1, 1, 1, 1, 1, 14} for
0.06 sec.

2.2 Function "get.partitions"

This function solves the problem of additive partitioning of natural
numbers. It enumerates all partitions of a positive integer n on at most (or
exactly) M ≤ n parts.

The usage of the function is de�ned by "get.partitions
(n,M,at.most=TRUE) where n is a natural number to be partitioned,
M , the number of parts of n, is a positive integer. If "at.most=TRUE then n
will be partitioned into at most M parts, if FALSE, then on exactly M parts.

For example, the line
b<-get.partitions(8,6,at.most=FALSE)
gives two solutions: {3, 1, 1, 1, 1, 1} and {2, 2, 1, 1, 1, 1}.

2.3 Function "get.subsetsum"

By default this function solves the following 0-1 subset sum problem. Given
the set of positive integers {a1, a2, ..., al} and a natural number n, it �nds all
non-empty subsets that sum to n so that each of the integers ai, i = 1, ..., l,
either appears in the subset or does not and the total number of summands
does not exceed M, M ≤ l. The bounded option possesses the additional
constraints on the number of times the term ai can appear in the subset.

The usage of the function is de�ned by "get.subsetsum(a,n,M=NULL,
problem= "subsetsum01 bounds=NULL) where a is the l - vector of positive
integers, l ≥ 2, n is a natural number, M being a positive integer that
de�nes the maximum number of summands. The argument "problem" can
be "subsetsum01" (default) for a 0-1 subset sum problem or "bsubsetsum"for
a bounded option. The argument "bounds" is the l � vector of positive integers
bi that de�nes the number of ai to appear in the subset.

Let one need to get all subsets for the vector a = {30, 29, 32, 31, 33} that
will be summed up to n = 91. The following lines:
b3<-get.subsetsum(a=c(30,29,32,31,33),M=5, n=91, problem="subsetsum01")
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b3
colSums(b3$solutions*c(30,29,32,31,33))
give only one solution {1, 1, 1, 0, 0}.

Since the subset sum problem is a particular case of the knapsack one
when pro�ts equal to weights, the same result can be obtained using the
"get.knapsack" -function as follows:
b31<-get.knapsack(objective=c(30,29,32,31,33), a=c(30,29,32,31,33), n=91,
problem=
"knap01")
b31.

An example of a bounded problem is presented below:
b4<-get.subsetsum(a=c(30,29,32,31,33),M=5, n=91, problem="bsubsetsum bounds
=c(1,2,1,3,4))
b4
colSums(b4$solutions*c(30,29,32,31,33)).

There are three solutions of the problem: {0, 1, 0, 2, 0}, {1, 1, 1, 0, 0}, and
{0, 2, 0, 0, 1}. Alternatively, one may get the same results as follows:
b41<-get.knapsack(objective=c(30,29,32,31,33), a=c(30,29,32,31,33), n=91, problem=
"bknap bounds=c(1,2,1,3,4))
b41.

Consider the following 0-1 subset sum problem of Chv�atal ([17], p. 1408)
that turns up to be "hard"for both BB and DP approaches

maximize C =

10∑
j=1

ajsj ,

subject to
10∑
j=1

ajsj ≤ n, (3)

si = 0, 1, i = 1, 2, ..., 10,

where aj = 212 + 21+j + 1, j = 1, 2, ..., 10.
The following lines:

b5<-get.subsetsum(a=c(4101, 4105, 4113, 4129, 4161, 4225, 4353, 4609, 5121,
6145), M=10, n=26582, problem="subsetsum01")
b5
colSums(b5$solutions*c(4101, 4105, 4113, 4129, 4161, 4225, 4353, 4609, 5121,

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 2



52 Vassilly Voinov, Natalya Pya Arnqvist, Yevgeniy Voinov

6145))
easily and fast give one solution {0, 0, 1, 0, 1, 1, 1, 1, 1, 0}. Replacing n by 26,583
one will get "no solutions".

2.4 Function "nlde"

This function enumerates all existing nonnegative integer solutions of a
linear Diophantine equation (NLDE)

a1s1 + a2s2 + · · ·+ alsl = n, (4)

where a1 ≤ a2 ≤ · · · ≤ al, ai > 0, n > 0, si ≥ 0, i = 1, ..., l, and all the
variables involved are integers.

The usage of the function is de�ned by "nlde (a, n, M=NULL, at.
most=TRUE, option=0)" , where a is the l ≥ 2 � vector of positive integers
(coe�cients of the left-hand-side of NLDE (4)), n is the positive integer,M ≤ n
is the number of parts of n. The argument "at. most" can be TRUE for
partitioning of n into at most M parts or FALSE for partitioning on exactly
M parts. If the argument "option" is set to 1 (or any positive integer), then
only 0-1 solutions will be enumerated.

The solutions of the equation (4) represent a natural number n as a sum of
positive integers ai. that may, in particular, be prime numbers. For example,
the command nlde (a=c (2, 3, 5, 7, 11, 13, 17, 19), n=20, at most=T) produces
29 representations of n=20 as a sum of prime numbers.

3 A discussion and concluding remarks

All results of the package "nilde" are based on the function of Hardy
and Littlewood [2] ψa = (za1 + za2 + · · ·+ zal)[n/a1] that generates all existing
nonnegative integer solutions of the equation in (4) and the technique of Voinov
and Nikulin [3] based on the results published in [18]. The most important point
of the above is that the algorithm of Voinov and Nikulin [3] (see, e.g., [14], p.
14) is a deterministic one. It produces absolutely all solutions of (4), if they
exist, or returns "no solutions". It is naturally to assume that this algorithm is
polynomial in time. Using the instance given in (2) (the numerical example that
is considered in [17] to be very hard for BB and DP approaches) Voinov [14],
p. 18 showed that the example is easily solved by "nilde" and that the time
complexity of the solution is approximately O(n2). It can also be empirically
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shown that the algorithm is still polynomial in time of complexity O(n5) if the
number of terms l in (2) is considered as a size of the problem (see Figure 1).

Figure 1 � Empirical dependence of computing time (solid line with

black squares for assessed times) on the number of terms in problem (2).

The dashed line corresponds to the exponential �t of data

At this point it is of interest to note that the number N of solutions of
the inequality

∑l
i=1 aisi ≤ n, where ai's and n being naturals and si ≥ 0 are

integers, in the most worst case is bounded above by a polynomial function
(n+ a1+ · · ·+ al)

l/(l!
∏l

i=1 ai) (see formula (17) of Mahmoudvand et al. [21]).
Since the veri�cation of candidates for a solution can evidently be done in
polynomial time, one may expect that there should be an algorithm (e.g., used
in "nilde") that solves the whole problem in polynomial time. Our numerical
example in (2) con�rms this, because the empirical number of solutions in that
example is bounded above by the polynomial of order 4 (see Figure 2).

We may consider the above result as a weak theoretical justi�cation of
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Figure 2 � Empirical dependence of the number of solutions of problem (2) on n.

The dashed line corresponds to the exponential �t of data
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the fact that "nilde" uses polynomial in time algorithm for solving linear
optimization problems in nonnegative integers.

The results of this note can be summarized as follows:
1) It is well known (see, e.g., [9]) that the performance of BB and DP

searching approaches for solving knapsack problems essentially depends on
the correlation of weights and values of items. On the contrary, there is
no such problem for R-package "nilde" (based on enumerative algorithm)
that is absolutely insensitive for that correlation. Actually, all "hard" linear
optimization problems in nonnegative integers are solved easily and fast.

2) It was shown numerically (see [14]) that partition, knapsack, subset sum
and related problems are solved in polynomial time.

3) Due to classical results of Karp [22] and Garey and Johnson [20] from
the above it follows that all NP-complete problems are solvable in polynomial
time, and, hence, P=NP.
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22 Karp R.M. Reducibility among combinatorial problems. Miller R. E., Thatcher
J. W., eds. Complexity of Computer Computations. � New York: Plenum Press, 1972.
� P. 85-103.
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Âàñèëèé Âîèíîâ, Íàòàëüÿ Ïÿ À., Åâãåíèé Âîèíîâ R-äåãi ÐÀÍÅÖÒI
ÆÀÉ�ÀÑÒÛÐÓ ÅÑÅÏÒÅÐIÍI�Æ�ÍÅ ÑÎ�ÀÍ ��ÑÀÑ Ì�ÑÅËÅËÅÐ-
ÄI� ÓÀ�ÛÒ ÁÎÉÛÍØÀ ÏÎËÈÍÎÌÄÛ� ÒÅÐIÑ ÅÌÅÑ Á�ÒIÍ ÑÀÍ-
ÄÛ� ØÅØIÌÄÅÐI: P=NP?

Ñûçû©òû© Äèîôàíòòû© òåäåóëåð ìåí òåñiçäiêòåðäi æºíå ñî¡àí ´©-
ñàñ åñåïòåðäi á´ðûííàí áàð áàðëû© òåðiñ åìåñ á³òií ñàíäû© øåøiìäåðií
ñàíàìàëàó¡à àðíàë¡àí "nilde" R-ïàêåòi ´ñûíûë¡àí. Ïðîãðàììàëû© ©àì-
ñûçäàíäûðó 1966 æûëû åíãiçiëãåí Õàðäè ìåí Ëèòòëâóäòû òóûíäàóøû
ôóíêöèÿñûíà æºíå 1997 æûëû Âîèíîâ ïåí Íèêóëèí ´ñûí¡àí àëãîðèòì-
ãå íåãiçäåëãåí òºñiëäi ©îëäàíàäû. Ïàêåò 0-1, øåêòåóëi æºíå øåêòåóñiç
æîë©àïøû©òàðäû æàé¡àñòûðó åñåïòåðií øåøóãå, ©îñàë©û æèûíòû©òàð-
äû, á³òií ñàíäû© ñûçû©òû© ïðîãðàììàëàðäû ©îñûíäûëàó, íàòóðàë ñàí-
äàðäû á°ëiêòåó ³øií æºíå ò.ò. ïàéäàëû. ´ñûíûëûï îòûð¡àí ïðîãðàììàëû©
©àìñûçäàíäûðóäû íåãiçãi àðòû©øûëû¡û îë æî¡àðûäà àòàë¡àí åñåïòåð-
äi áàðëû¡ûí ïîëèíîìäû© óà©ûò àðàëû¡ûíäà øåøåäi. Ê°ïòåãåí ìûñàëäàð
ïàêåòòi ©îëäàíûñòàðûí ê°ðñåòåäi. P=NP òåiãiíi ïàéäàñûíà áàéûïòû
òåîðèÿëû© æºíå ýìïèðèêàëû© äºëåëäåð ´ñûíûë¡àí.

Êiëòòiê ñ°çäåð. Ñûçû©òû© Äèîôàíòòû© òåäåóëåð, êîìáèíàòîðëû©
îòàéëàíäûðó, óà©ûò áîéûíøà ïîëèíîìäû àëãîðèòìäåð, ðàíåöòi æàé¡à-
ñòûðó òåêòåñ åñåïòåð, P=NP.
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Âàñèëèé Âîèíîâ, Íàòàëüÿ Ïÿ À., Åâãåíèé Âîèíîâ ÏÎËÈÍÎÌÈÀËÜ-
ÍÛÅ ÏÎ ÂÐÅÌÅÍÈ ÍÅÎÒÐÈÖÀÒÅËÜÍÛÅ ÖÅËÎ×ÈÑËÅÍÍÛÅ ÐÅ-
ØÅÍÈß ÇÀÄÀ×È ÓÊËÀÄÊÈ ÐÀÍÖÀ È ÏÎÄÎÁÍÛÕ ÏÐÎÁËÅÌ Â R:
P=NP?

Ïðåäñòàâëåí R-ïàêåò "nilde" äëÿ ïåðå÷èñëåíèÿ âñåõ ñóùåñòâóþùèõ
íåîòðèöàòåëüíûõ öåëî÷èñëåííûõ ðåøåíèé ëèíåéíûõ Äèîôàíòîâûõ óðàâ-
íåíèé è íåðàâåíñòâ è ïîäîáíûõ çàäà÷. Ïðîãðàììíîå îáåñïå÷åíèå èñïîëü-
çóåò ïîäõîä, îñíîâàííûé íà ïðîèçâîäÿùåé ôóíêöèè Õàðäè è Ëèòòëâóäà,
ââåäåííîé â 1966 ãîäó, è àëãîðèòìå, ïðåäëîæåííîì Âîèíîâûì è Íèêóëè-
íûì â 1997 ãîäó. Ïàêåò ïîëåçåí äëÿ ðåøåíèÿ çàäà÷ óêëàäêè 0-1, îãðàíè-
÷åííûõ è íåîãðàíè÷åííûõ ðþêçàêîâ, ñóììèðîâàíèÿ ïîäìíîæåñòâ, öåëî-
÷èñëåííûõ ëèíåéíûõ ïðîãðàìì, ðàçáèåíèé íàòóðàëüíûõ ÷èñåë è ò.ï. Îñ-
íîâíîå ïðåèìóùåñòâî ïðåäëîæåííîãî ïðîãðàììíîãî îáåñïå÷åíèÿ ñîñòîèò
â òîì, ÷òî îíî ðåøàåò âñå âûøåïåðå÷èñëåííûå çàäà÷è çà ïîëèíîìèàëü-
íîå âðåìÿ. Ìíîãî÷èñëåííûå ïðèìåðû èëëþñòðèðóþò ïðèìåíåíèÿ ïàêåòà.
Ïðåäñòàâëåíû ñåðüåçíûå òåîðåòè÷åñêèå è ýìïèðè÷åñêèå àðãóìåíòû â ïîëü-
çó ðàâåíñòâà P=NP.

Êëþ÷åâûå ñëîâà. Ëèíåéíûå Äèîôàíòîâû óðàâíåíèÿ, êîìáèíàòîðíàÿ
îïòèìèçàöèÿ, ïîëèíîìèàëüíûå ïî âðåìåíè àëãîðèòìû, çàäà÷è òèïà óêëàä-
êè ðàíöà, P=NP.
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Î ÃËÀÄÊÎÑÒÈ ÐÅØÅÍÈß ÎÄÍÎÉ ÍÅËÎÊÀËÜÍÎÉ
ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß ÌÍÎÃÎÌÅÐÍÎÃÎ ÓÐÀÂÍÅÍÈß

×ÀÏËÛÃÈÍÀ Â ÏÐÎÑÒÐÀÍÑÒÂÅ

Ñ.Ç. Äæàìàëîâ, Ð.Ð. Àøóðîâ

Àííîòàöèÿ. Â äàííîé ðàáîòå ïðè âûïîëíåíèè íåêîòîðûõ óñëîâèé íà êîýô-

ôèöèåíòû ìíîãîìåðíîãî óðàâíåíèÿ ×àïëûãèíà äîêàçûâàþòñÿ îäíîçíà÷íàÿ

ðàçðåøèìîñòü è ãëàäêîñòü ðåøåíèÿ îäíîé íåëîêàëüíîé êðàåâîé çàäà÷è ñ

ïîñòîÿííûìè êîýôôèöèåíòàìè â ïðîñòðàíñòâàõ Ñîáîëåâà.

Êëþ÷åâûå ñëîâà. Ìíîãîìåðíûå óðàâíåíèÿ ×àïëûãèíà, îäíîçíà÷íàÿ ðàçðåøè-

ìîñòü è ãëàäêîñòü ðåøåíèÿ à ïðîñòðàíñòâàõ Ñîáîëåâà.

1 Ââåäåíèå è ïîñòàíîâêè çàäà÷è

Êðàåâûå çàäà÷è ñ íåëîêàëüíûìè óñëîâèÿìè äëÿ óðàâíåíèÿ ×àïëûãèíà
âïåðâûå áûëè ïðåäëîæåíû è èçó÷åíû â ðàáîòå Ô.È. Ôðàíêëÿ ïðè èçó÷å-
íèè ãàçîäèíàìè÷åñêîé çàäà÷è îá îáòåêàíèè ïðîôèëåé ïîòîêîì äîçâóêîâîé
ñêîðîñòè ñî ñâåðõçâóêîâîé çîíîé, îêàí÷èâàþùåéñÿ ïðÿìûì ñêà÷êîì óïëîò-
íåíèÿ [1]. Ñ äðóãîé ñòîðîíû, â îòëè÷èå îò çàäà÷è Äèðèõëå, èìåííî òàêèå
çàäà÷è, îõâàòûâàþùèå âñþ ãðàíèöó, îêàçàëèñü êîððåêòíûìè äëÿ óðàâíå-
íèÿ ñìåøàííîãî òèïà ïåðâîãî ðîäà â ÷àñòíîñòè äëÿ óðàâíåíèÿ ×àïëûãèíà.

Ýòî áûëî îáíàðóæåíî â ðàáîòå À.Â. Áèöàäçå [2]. Äàëåå àíàëîãè÷íûå
êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ïåðâîãî ðîäà áûëè èçó÷å-
íû â ðàáîòå Ò.Ø. Êàëüìåíîâà [3]. Êàê áëèçêèå ïî ïîñòàíîâêå èçó÷àåìûõ
çàäà÷ îòìåòèì òàêæå ðàáîòû [4], [5], [6], [7].

Â äàííîé ðàáîòå äëÿ óðàâíåíèÿ ìíîãîìåðíîãî óðàâíåíèÿ ×àïëûãèíà â
ïðîñòðàíñòâå èçó÷àåòñÿ êîððåêòíîñòü íåêîòîðîé äðóãîé íåëîêàëüíîé êðà-
åâîé çàäà÷è ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

2010 Mathematics Subject Classi�cation: 35Ì10,35Ì20.

c⃝ Ñ.Ç. Äæàìàëîâ, Ð.Ð. Àøóðîâ, 2018.
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Ïóñòü Ω =
n∏

i=1
(αi, βi), n−ìåðíûé ïàðàëëåëåïèïåä åâêëèäîâà ïðîñòðàí-

ñòâà Rn òî÷åê (x1, ..., xn), α1 < 0 < β1, 0 < αi < xi < βi < +∞ ∀i = 2, n.
Îáîçíà÷èì ÷åðåç Q = Ω × (0, T ) × (0, ℓ) = Q 1 × (0, ℓ) = {(x, t, y);x ∈
Ω, 0 < y < ℓ, 0 < t < T < +∞} îáëàñòü c êóñî÷íî-ãëàäêîé ãðàíèöåé
∂Q = ∂Q1 × (0, ℓ), ∂Q1 = ∂Ω× (0, T ).

Â îáëàñòè Q ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿä-
êà

Lu=K(x)utt−(aij(x)uxi)xj
−a(x, t)uyy+α(x, t)ut+c(x, t)u=f(x, t, y), (1)

çäåñü x1 ·K(x) > 0 ïðè x1 ̸= 0, ãäå x1 ∈ (α1, β1).
Âñþäó íèæå ïî ïîâòîðÿþùèìñÿ èíäåêñàì ïðåäïîëàãàåòñÿ ñóììèðîâà-

íèå îò 1 äî n è áóäåì ïðåäïîëàãàòü, ÷òî âñå ôóíêöèè, âñòðå÷àþùèåñÿ â
ñòàòüå, âåùåñòâåííî çíà÷íûå è äîñòàòî÷íî ãëàäêèå.

Ïðåäïîëîæèì

aij(x) = aji(x), aij(αk) = aji(βk) ∀k = 1, n; x ∈ Ω, ξ ∈ Rn, |ξ|2 =
n∑

i=1
ξ2i .

Êðîìå òîãî, ïóñòü âûïîëíåíî îäíî èç óñëîâèé äëÿ ëþáîãî ξ ∈ Rn è x ∈ Ω :
(a) aij(x)ξiξj ≥ a0|ξ|2, ãäå a0 − const > 0,
(b) aij(x)ξiξj ≤ a 1|ξ |2, ãäå a1 − const < 0.
×åðåç W l

2(Q) (2 ≤ l � íàòóðàëüíîå ÷èñëî) îáîçíà÷èì ïðîñòðàíñòâî
Ñîáîëåâà ñî ñêàëÿðíûì ïðîèçâåäåíèåì (, )l è íîðìîé ∥·∥W l

2(Q), W
0
2(Q ) =

L2(Q ) � ïðîñòðàíñòâî êâàäðàòè÷íî ñóììèðóåìûõ ôóíêöèé.
Ïðè ïîëó÷åíèè ðàçëè÷íûõ àïðèîðíûõ îöåíîê ìû ÷àñòî èñïîëüçóåì

íåðàâåíñòâî Êîøè ñ σ:

∀u, v > 0 ∀σ > 0, u · v ≤ σu2

2
+

v2

2σ
.

Äëÿ ïðîèçâîäíûõ ïîðÿäêà p óäîáíî ïðèíÿòü îáîçíà÷åíèå: D p
zu =

∂ pu

∂ z p
;

ïðè ýòîì D 0
z u = u.

2 Íåëîêàëüíàÿ êðàåâàÿ çàäà÷à

Íàéòè ðåøåíèå u(x, t, y) óðàâíåíèÿ (1) èç ïðîñòðàíñòâà Ñîáîëåâà
Wm+2

2 (Q) (m = 0, 1, 2, ...), óäîâëåòâîðÿþùåå íåëîêàëüíûì êðàåâûì óñëî-
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âèÿì
γDp

t u|t=0 = Dp
t u|t=T , (2)

ηiD
p
xi
u|xi=αi

= Dp
xi
u|xi=βi

, (3)

u(x, t, 0) = u(x, t, ℓ) = 0 , (4)

ïðè p = 0, 1; ηi ∀i = 1, n è γ � íåêîòîðûå ïîñòîÿííûå ÷èñëà, îòëè÷íûå îò
íóëÿ, âåëè÷èíû êîòîðûõ áóäóò óòî÷íåíû íèæå.

Ðàíåå îäíîçíà÷íàÿ ðàçðåøèìîñòü è ãëàäêîñòü ðåøåíèÿ íåëîêàëüíîé
êðàåâîé çàäà÷è (2)�(3) äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ïåðâîãî ðîäà (1)
â ñëó÷àå a(x, t) = 0 áûëè èçó÷åíû â ðàáîòàõ [4], [5]. Â íàñòîÿùåé ðàáîòå â
ñëó÷àå a(x, t) ̸= 0 è ïðè âûïîëíåíèè óñëîâèÿ (4) íà ðåøåíèè óðàâíåíèÿ (1),
èñïîëüçóÿ ðåçóëüòàòû ðàáîò [4], [5], èçó÷àåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü è
ãëàäêîñòü ðåøåíèÿ çàäà÷è (1)�(4) â ìíîãîìåðíûõ ïðîñòðàíñòâàõ Ñîáîëåâà
Wm+2

2 (Q) (m = 0, 1, 2, ...).

Ñíà÷àëà ðàññìîòðèì ñëó÷àé m = 0.

3 Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è

Òåîðåìà 1. Ïóñòü âûïîëíåíû âûøåóêàçàííûå óñëîâèÿ äëÿ êîýôôèöè-

åíòîâ óðàâíåíèÿ (1); êðîìå òîãî, ïóñòü 2α(x, t) + λK(x) ≥ δ 1 > 0,
λ c(x, t)− ct(x, t) ≥ δ2 > 0 , λ a(x, t)− at(x, t) ≥ δ3 > 0 äëÿ âñåõ (x, t) ∈ Q,
ãäå λ = 2

T ln |γ| > 0 è | γ | > 1 â ñëó÷àå a) è λ = 2
T ln |γ| < 0 è | γ | < 1

â ñëó÷àå b), |ηi| ≥ 1 , ∀i = 1, n, c (x, 0) ≤ c (x, T ), a (x, 0) ≤ a (x, T ) äëÿ

âñåõ x ∈ Ω . Òîãäà äëÿ ëþáîé ôóíêöèè f(x, t, y) ∈ L2(Q), åñëè ñóùåñòâóåò

ðåøåíèå çàäà÷è (1)�(4) â ïðîñòðàíñòâå W 2
2 (Q), òî îíî åäèíñòâåííî.

Äîêàçàòåëüñòâî. Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)�(4) ñ ïî-
ìîùüþ èíòåãðàëà ýíåðãèè. Ïóñòü ñóùåñòâóåò ðåøåíèå çàäà÷è (1)�(4) èç
W 2

2 (Q).

Ðàññìîòðèì òîæäåñòâî:

2 (Lu, ρ(x, t)ut)0 = 2 (f, ρ(x, t)ut)0, (5)

ãäå ρ(x, t)=exp(−λt−
n∑

i=1
τixi), ãäå λ, τi (∀i = 1, n) � consts, òàêèå ÷òî, λ > 0

â ñëó÷àå âûïîëíåíèå óñëîâèå (a), λ < 0 â ñëó÷àå âûïîëíåíèå óñëîâèå (b),
τi ≥ 0.
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Â ñèëó óñëîâèé Òåîðåìû 1, èíòåãðèðóÿ ïî ÷àñòÿì òîæäåñòâî (5), ëåãêî
ïîëó÷èòü ñëåäóþùåå òîæäåñòâî:

2

∫
Q

Lu · ρ(x, t)·ut dxdt =

∫
Q

ρ(x, t){(2a+λK)·u2t+λaij uxiuxj+(λa−at)·u2y+

+(λ c− ct) · u2} d x d tdy − τj

∫
Q

ρ(x, t) aijuxiutd x d tdy+

+

∫
∂Q

ρ(x, t) {K(x)u 2
t et − 2aijuxi ut exi + aijuxiuxj et + c · u2 et+

+au2yet − 2auyutey} d s, (6)

ãäå −→e = (exi = cos(e, xi), et = cos(e, t), ey = cos(e, y)) � åäèíè÷íûé âåêòîð
âíåøíåé íîðìàëè ê ãðàíèöå ∂Q, 0 ≤ τi =

2
θi
ln |ηi| , 0 < θi = (βi − αi) ∀i =

1, n. Òåïåðü ðàññìîòðèì ãðàíè÷íûå èíòåãðàëû. Òàê êàê u ∈ W 2
2 (Q) óäî-

âëåòâîðÿåò êðàåâûì óñëîâèÿì (2), (3), òî∫
∂Q

ρ(x, t){K(x)u 2
t et−aijuxiuxj et+c u2 et+au2yet−2 aijuxi ut exi−2auyutey} ds =

= [e−λTγ2 − 1] ×
ℓ∫

0

∫
Ω

e
−

n∑
i=1

τixi

{K(x)u2t (x, 0, y) + aij(x)u
2
xi
(x, 0, y)}dxdy+

+

ℓ∫
0

∫
Ω

e
−

n∑
i=1

τixi

{[c(x, T )− c(x, 0)]u2(x, 0, y)+[a(x, T )−a(x, 0)]u2y(x, 0, y)}d xdy−

−2

∫
∂Q

a uy utey ds− 2 · [e−τjβjη2j − e−τjαj ]×

×
β1∫

α1

...

βj−1∫
αj−1

βj+1∫
αj+1

...

βn∫
αn

T∫
0

ℓ∫
0

e−λte

n∑
i=1;i ̸=j

−τixi

uxi(x, t, y)ut(x, t, y)dx dt dy =

4∑
i=1

Ji,
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ãäå x = (x1, ..., xj−1, αj , xj+1, ..., xn), dx = dx1dx2, ..., dxj−1dxj+1, ..., dxn,
Ji(i = 1, 2, 3, 4) � ãðàíè÷íûå èíòåãðàëû. Ó÷èòûâàÿ óñëîâèÿ Òåîðåìû 1,
êðàåâûå óñëîâèÿ (2)�(4) è γ2 = eλT , η2i = e−τiθi , ïîëó÷èì, ÷òî ãðàíè÷íûå
èíòåãðàëû J1, J3, J4 ðàâíû íóëþ, à ãðàíè÷íûé èíòåãðàë J2 ≥ 0. Óñëîâèÿ
Òåîðåìû 1 îáåñïå÷èâàþò íåîòðèöàòåëüíîñòü èíòåãðàëà ïî îáëàñòè Q. Îò-
áðàñûâàÿ ïîëîæèòåëüíûé ãðàíè÷íûé èíòåãðàë â òîæäåñòâå (6) è ó÷èòûâàÿ
âûøåñêàçàííîå, èç òîæäåñòâà (6), ïðèìåíÿÿ íåðàâåíñòâà Êîøè ñ σ, ïîëó-
÷èì ñëåäóþùåå íåðàâåíñòâî:

2

∫
∂Q

Lu· ρ(x, t) · utdxdtdy ≥
∫
Q

ρ(x, t){(2a+ λK(x)) · u2t + λaκ u2x +

+(λ a− at) · u2y + (λ c− ct) · u2} dxdtdy − σ ∥ux∥20 − c(σ) · ∥ut∥20 , (7)

ãäå ak = a0 â ñëó÷àå a), ak = a1 â ñëó÷àå b); τ = max{τ1, ..., τn}; σ è
c(σ) = τ2σ−1∥aij∥C(Ω) � êîýôôèöèåíòû íåðàâåíñòâà Êîøè ñ σ.

Âûáèðàÿ êîýôôèöèåíòû λak − σ ≥ λ0 > 0, δ1 − c(σ) > δ0 > 0, èç
íåðàâåíñòâà (7) ïîëó÷èì íåîáõîäèìóþ ïåðâóþ àïðèîðíóþ îöåíêó

∥u∥2W 1
2 (Q) ≤ c1 ∥f∥2L2(Q) . (8)

Òåïåðü äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)�(4) èç W 2
2 (Q). Ïóñòü

ñóøåñòâóþò u1(x, t, y) è u2(x, t, y) � äâà ðåøåíèÿ çàäà÷è (1)�(4) èç W 2
2 (Q),

òîãäà äëÿ u = u1−u2 èç íåðàâåíñòâà (8) ïîëó÷èì ∥u∥2W 1
2 (Q) ≤ 0, èç êîòîðîé

ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)�(4) èç W 2
2 (Q).

×åðåç ci çäåñü è äàëåå îáîçíà÷èì ïîëîæèòåëüíûå, âîîáùå ãîâîðÿ, ðàç-
íûå ïîñòîÿííûå. Òåîðåìà 1 äîêàçàíà.

Äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè çàäà÷è (1)�(4) ñíà÷àëà èñïîëüçóåì
ìåòîä Ôóðüå. À èìåííî: ðåøåíèå çàäà÷è (1)�(4) èùåì â âèäå

u(x, t, y) =

∞∑
s=1

us(x, t)Ys(y), (A)

ãäå ôóíêöèè Ys(y) = {
√

2
ℓ sinµsy}, µs = (πsℓ )

2, s = 1, 2, 3, ..., ÿâëÿþòñÿ ðå-
øåíèÿìè ñïåêòðàëüíîé çàäà÷è Øòóðìà-Ëèóâèëëÿ ñ óñëîâèÿìè Äèðèõëå.
Èçâåñòíî, ÷òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé {Ys(y)} ïîëíà â ïðîñòðàíñòâå
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L2(0, ℓ) è â íåì îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ [8], [9], [10], à äëÿ îïðå-
äåëåíèÿ ôóíêöèè us(x, t), s = 1, 2, 3, ..., ïîëó÷èì â îáëàñòè Q1 = Ω× (0, T )
áåñêîíå÷íîå ÷èñëî ñèñòåì óðàâíåíèé ñìåøàííîãî òèïà âòîðîãî ïîðÿäêà:

Lus = K(x)ustt − (aij(x)usxi)xj
+ α(x, t)ust+

+(c(x, t) + a(x, t)µ2
s)us = fs(x, t), (9)

γDp
t us|t=0 = Dp

t us|t=T , (10)

ηiD
p
xi
us|xi=αi

= Dp
xi
us|xi=βi

, (11)

çäåñü fs(x, t) =
√

2
ℓ ·

ℓ∫
0

f(x, t, y) sinµsydy.

Îòìåòèì, ÷òî â ðàáîòàõ [4], [5] ïðè ôèêñèðîâàííîì s â ñëó÷àå, êîãäà
a(x, t) = 0, ïðè âûïîëíåíèè óñëîâèÿ Òåîðåìû 1 èññëåäîâàíà îäíîçíà÷íàÿ
ðàçðåøèìîñòü çàäà÷è (9)�(11) â ïðîñòðàíñòâå Wm+2

2 (Q1) (m = 0, 1, ...).

4 Óðàâíåíèå òðåòüåãî ïîðÿäêà ñ ìàëûì ïàðàìåòðîì

Ðàçðåøèìîñòü çàäà÷è (9)�(11) äîêàæåì ìåòîäàìè "ε � ðåãóëÿðèçàöèè",
à èìåííî: â îáëàñòè Q1 = Ω × (0, T ) ðàññìîòðèì ñåìåéñòâî áåñêîíå÷íûõ
óðàâíåíèé òðåòüåãî ïîðÿäêà ñ ìàëûì ïàðàìåòðîì:

Lεus,ε = −ε
∂3us,ε
∂t3

+ Lus,ε = fs(x, t), (12)

γDq
t us,ε|t=0 = Dq

t us,ε|t=T , q = 0, 1, 2; (13)

ηiD
p
xi
us,ε|xi=αi

= Dp
xi
us,ε|xi=βi

, p = 0, 1, (14)

ãäå ε � ìàëîå ïîëîæèòåëüíîå ÷èñëî, Dq
zw = ∂qw

∂zq , q = 1, 2; D0
zw = w.

Íèæå èñïîëüçóåì ñèñòåìû óðàâíåíèé òðåòüåãî ïîðÿäêà ñ ìàëûì ïàðà-
ìåòðîì (12) â êà÷åñòâå "ε � ðåãóëÿðèçèðóþùåãî" óðàâíåíèÿ äëÿ ñèñòåìû
óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî ïîðÿäêà (9) [4], [5], [11], [12].

×åðåç W (Q1) íèæå áóäåì îáîçíà÷àòü ïðîñòðàíñòâî âåêòîð-ôóíêöèé
{ϑs(x, t)}∞s=1 òàêèõ, êàê {ϑs(x, t)}∞s=1 ∈ W 2

2 (Q1), {ϑsttt}∞1 ∈ L2(Q1) è óäî-
âëåòâîðÿþùèõ ñîîòâåòñòâóþùèì óñëîâèÿì (13), (14).

Íîðìó â ýòîì ïðîñòðàíñòâå îïðåäåëèì ñëåäóþùèì îáðàçîì:

∥ϑs∥2W (Q1)
= ∥ϑs∥2W 2

2 (Q1)
+ ε ∥ϑsttt∥2L2(Q1)

.
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Î÷åâèäíî, ÷òî ïðîñòðàíñòâî W (Q1) ñ çàäàííîé íîðìîé ÿâëÿåòñÿ áàíà-
õîâûì [9], [10].

Îïðåäåëåíèå. Ðåøåíèåì çàäà÷è (12)�(14) áóäåì íàçûâàòü âåêòîð-

ôóíêöèþ {us,ε(x, t)} ∈ W (Q1), óäîâëåòâîðÿþùóþ óðàâíåíèþ (12).

Òåîðåìà 2. Ïóñòü âûïîëíåíû âûøåóêàçàííûå óñëîâèÿ äëÿ êîýôôèöè-

åíòîâ óðàâíåíèÿ (12); êðîìå òîãî, ïóñòü 2α(x, t) + λK(x) ≥ δ 1 > 0,
λ c(x, t)−ct(x, t) ≥ δ2 > 0, λ a(x, t)−at(x, t) ≥ δ3 > 0 äëÿ âñåõ (x, t) ∈ Q, ãäå
λ = 2

T ln |γ| > 0 è | γ | > 1 â ñëó÷àå a) è λ = 2
T ln |γ| < 0 è | γ | < 1 â ñëó÷àå

b), |ηi| ≥ 1 ∀i = 1, n, α(x, 0) = α(x, T ), c(x, 0) = c(x, T ), a(x, 0) = a(x, T )
äëÿ âñåõ x ∈ Ω . Òîãäà äëÿ ëþáîé ôóíêöèè fs(x, t) ∈ L2(Q1) òàêîé, ÷òî

fst(x, t) ∈ L2(Q1), γ · fs(x, 0) = fs(x, T ), ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

çàäà÷è (12)�(14) â ïðîñòðàíñòâå W (Q1) è äëÿ ðåøåíèÿ çàäà÷è (12)�(14)

ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

I) ε ∥us,εtt∥20 + ∥us,ε∥21 ≤ c2 ∥fs∥20 ,

II) ε ∥us,εttt∥20 + ∥us,ε∥22 ≤ c3[∥fs∥20 + ∥fst∥20].

Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì ïåðâóþ îöåíêó.

2

∫
Q1

ρ(x, t) · Lεus,ε · us,εt d x d t = 2

∫
Q1

ρ(x, t) · fs·us,εt d x d t. (15)

Èíòåãðèðóÿ ïî ÷àñòÿì òîæäåñòâî (15) è ó÷èòûâàÿ óñëîâèå Òåîðåìû 2,
íåòðóäíî ïîëó÷èòü I) � ïåðâóþ îöåíêó àíàëîãè÷íóþ îöåíêå (8), èç êîòîðîé
ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (12)�(14) ïðè ôèêñèðîâàííîì s.

Òåïåðü äîêàæåì ñïðàâåäëèâîñòü âòîðîé îöåíêè.
Äëÿ ýòîãî ðàññìîòðèì òîæäåñòâî

−2

∫
Q1

ρ(x, t) · Lεus,ε · ℓus,ε d x d t = −2

∫
Q1

ρ(x, t) · fs · ℓus,ε d x d t , (16)

ãäå ℓus,ε = (us,εttt − λus,εtt +
λ
2us,εxx − λus,εt).

Èíòåãðèðóÿ ïî ÷àñòÿì (16) ñ ó÷åòîì óñëîâèé Òåîðåìû 2 è êðàåâûõ óñëîâèé
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(13), (14), ïîëó÷èì ñëåäóþùåå íåðàâåíñòâî:∣∣∣2(fs, ρ(x, t)ℓus,ε)0∣∣∣ ≥ ε
∥∥us,εttt ∥∥20 + ∫

Q1

ρ(x, t){( 2a+ λK)u2s,εtt+

+λak(u
2
s,εtx+u2s,εxx)}dxdt+b0

∥∥∥u
s,ε

∥∥∥2
1
+

∫
∂Q1

ρ(x, t)[(K(x)u2s,εtt−2αus,εt us,εtt+

+2akus,εxitus,εtxj
+ 2aijxjuxiutt − 2(c+ aµ2

s)us,ε(us,εtt + us,εxx))et−

−2aijus,εttus,εxit exi ]ds− σ(
∥∥∥u

s,εxx

∥∥∥2
0
+

∥∥∥us,εxt∥∥∥20)− c(σ)
∥∥∥us,εtt∥∥∥20−

−c1(σ)
∥∥us,ε∥∥21 = 6∑

i=1

Ji, (17)

ãäå Ji(i = 1, 2, 3, 5, 6) � èíòåãðàëû ïî îáëàñòè, J4 � èíòåãðàë ïî ãðàíèöå, σ
è c(σ) = τ2σ−1max{ ∥aij∥C1(Ω)}, c1(σ) = σ−1max{∥α∥C1(Q1)

, ∥aij∥C1(Ω),

∥c∥C1(Q1)
, ∥a∥C1(Q1)

} � êîýôôèöèåíòû íåðàâåíñòâà Êîøè ñ σ. Âûáèðàÿ êî-
ýôôèöèåíòû λak − 2σ ≥ λ0 > 0, δ1 − c(σ) > δ0 > 0, b0 = min{δ0, λ0, δ2 +
δ3 · (πℓ )

2} è ó÷èòûâàÿ óñëîâèÿ Òåîðåìû 2 è êðàåâûå óñëîâèÿ (13), (14),
ïîëó÷èì, ÷òî J4 = 0, Ji > 0 (i = 1, 2, 3), èç íåðàâåíñòâà (17) ïîëó÷èì
íåîáõîäèìóþ âòîðóþ îöåíêó. Èç ïîëó÷åííûõ îöåíîê ïîëó÷èì îäíîçíà÷-
íóþ ðàçðåøèìîñòü çàäà÷è (12)�(14) èç ïðîñòðàíñòâà W (Q1). Òåîðåìà 2
äîêàçàíà.

Ïåðåéäåì ê äîêàçàòåëüñòâó ðàçðåøèìîñòè çàäà÷è (9)�(11).

5 Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è

Òåîðåìà 3. Ïóñòü âûïîëíåíû âñå óñëîâèÿ Òåîðåìû 2. Òîãäà ðåøåíèå

çàäà÷è (9)�(11) ñóùåñòâóåò è åäèíñòâåííî â W 2
2 (Q1).

Äîêàçàòåëüñòâî. Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (9)�(11) â ïðîñòðàí-
ñòâå W 2

2 (Q1) äîêàçûâàåòñÿ àíîëîãè÷íî êàê â Òåîðåìå 1. Òåïåðü äîêàæåì
ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (9)�(11) â W 2

2 (Q1). Äëÿ ýòîãî ðàññìîòðèì
â îáëàñòè Q1 óðàâíåíèå (12) è êðàåâûå óñëîâèÿ (13), (14) ïðè ε > 0. Òàê
êàê âûïîëíåíû âñå óñëîâèÿ Òåîðåìû 2, òî ñóùåñòâóåò åäèíñòâåííîå ðåøå-
íèå çàäà÷è (12)�(14) èç W (Q1) ïðè ε > 0 è äëÿ íåãî ñïðàâåäëèâû ïåð-
âàÿ è âòîðàÿ îöåíêè. Îòñþäà ñëåäóåò, ÷òî èç ìíîæåñòâà âåêòîð-ôóíêöèé
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{us,ε(x, t)} ε > 0, ïðè ôèêñèðîâàííîì s ìîæíî èçâëå÷ü ñëàáî ñõîäÿùóþñÿ
ïîäïîñëåäîâàòåëüíîñòü ôóíêöèé òàêóþ, ÷òî {us,εi(x, t) } → us (x, t) ïðè
εi → 0 â W (Q1).

Ïîêàæåì, ÷òî ïðåäåëüíàÿ ôóíêöèÿ us(x, t) óäîâëåòâîðÿåò óðàâíåíèþ
Lus = fs (óðàâíåíèþ (9)) ïî÷òè âñþäó. Â ñàìîì äåëå, òàê êàê ïîñëåäî-
âàòåëüíîñòü {us,εi(x, t)} ñëàáî ñõîäèòñÿ â W 2

2 (Q1), à ïîñëåäîâàòåëüíîñòü

{ ∂3 u s,ε i (x,t)

∂ t3
} ðàâíîìåðíî îãðàíè÷åíà â L2(Q1) è îïåðàòîð L ëèíåéíûé, òî

èìååì

Lus − fs = Lus − Lu s,εi + εi
∂3u εi

∂ t3
= L (us − u s,εi) + εi

∂3u εi

∂ t3
. (18)

Èç ðàâåíñòâà (18), ïåðåõîäÿ ê ïðåäåëó ïðè εi → 0 è ïðè ôèêñèðîâàííîì s,
ïîëó÷èì åäèíñòâåííîå ðåøåíèå çàäà÷è (9)�(11). Òàêèì îáðàçîì, Òåîðåìà
3 äîêàçàíà.

Òåïåðü ïåðåéäåì ê äîêàçàòåëüñòâó ðàçðåøèìîñòè çàäà÷è (1)�(4).

Òåîðåìà 4. Ïóñòü âûïîëíåíû âñå óñëîâèÿ Òåîðåì 2 è 3. Òîãäà ðåøåíèå

çàäà÷è (1)�(4) ñóùåñòâóåò è åäèíñòâåííî â W 2
2 (Q).

Äîêàçàòåëüñòâî. Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)�(4) â ïðîñòðàí-
ñòâå W 2

2 (Q) äîêàçàíî â Òåîðåìå 1. Âî âòîðîì ïóíêòå ñòàòüè ìû äîêàçûâà-
ëè îäíîçíà÷íóþ ðàçðåøèìîñòü çàäà÷è (9)�(11) â ïðîñòðàíñòâå W 2

2 (Q1) è
äëÿ ðåøåíèÿ çàäà÷è (9)�(11) äîêàçàíà ñîîòâåòñòâóþùàÿ îöåíêà:

∥us∥2W 2
2 (Q1)

≤ c3 · ∥fs∥2W 1
2 (Q1)

.

Òàê êàê ñèñòåìà ñîáñòâåííûõ ôóíêöèé {
√

2
ℓ sinµsy} ïîëíà â ïðîñòðàíñòâå

L2(0, ℓ) è â íåì îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ, èñïîëüçóÿ ðàâåíñòâà
Ïàðñåâàëÿ-Ñòåêëîâà [9], [10] äëÿ ðåøåíèÿ çàäà÷è (1)�(4), ïîëó÷èì ñëåäó-
þùèå îöåíêè:

∥u∥2W 2
2 (Q) =

∞∑
s=1

∥us∥2W 2
2 (Q1)

< c3 ·
∞∑
s=1

∥fs∥2W 1
2 (Q1)

= c3 · ∥f∥21 . (19)

Îòñþäà ïîëó÷èì ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ çàäà÷è (1)�(4) èç
ïðîñòðàíñòâà W 2

2 (Q). Òåîðåìà 4 äîêàçàíà.
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6 Ãëàäêîñòü ðåøåíèÿ

Òåïåðü îáðàòèìñÿ ê èññëåäîâàíèþ ãëàäêîñòè ðåøåíèÿ çàäà÷è (1)�(4),
êîãäà m ≥ 1. Íèæå äëÿ ïðîñòîòû ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû óðàâ-
íåíèÿ (1) áåñêîíå÷íî äèôôåðåíöèðóåìû â çàìêíóòîé îáëàñòè Q.

Òåîðåìà 5. Ïóñòü âûïîëíåíû óñëîâèÿ Òåîðåìû 1, êðîìå òîãî, ïóñòü,
D q

t α |t=0 = D q
t α |t=T , D q

t c |t=0 = D q
t c |t=T , D q

t a |t=0 = D q
t a |t=T . f ∈

W m
2 (Q), Dm+1

t f ∈ L2(Q), D q
t f |t=0 = γ · D q

t f |t=T , (q = 0, 1, 2, 3, ...,m).
Òîãäà ñóùåñòâóåò, ïðè÷åì åäèíñòâåííîå ðåøåíèå çàäà÷è (1)�(4) â ïðî-
ñòðàíñòâàõ Ñîáîëåâà W m+2

2 (Q), ãäå m = 1, 2, 3, ... .

Äîêàçàòåëüñòâî. Îòìåòèì òàêæå, ÷òî â ðàáîòàõ [4], [5] ïðè ôèêñèðîâàí-
íîì s â áîëåå îáùåì ñëó÷àå, êîãäà a(x, t) = 0, è ïðè îñëàáëåííûõ óñëîâèÿõ
íà êîýôôèöèåíòû óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî ïîðÿäêà (9) èñ-
ñëåäîâàíà ãëàäêîñòü ðåøåíèÿ íåëîêàëüíîé êðàåâîé çàäà÷è (9)�(11) â ïðî-
ñòðàíñòâàõ ÑîáîëåâàWm+2

2 (Q1), 1 ≤ m ∈ N , è äîêàçàíû ñîîòâåòñòâóþùèå
îöåíêè

∥us∥2Wm+2
2 (Q1)

≤ cm+3 · ∥fs∥2Wm+1
2 (Q1)

(m = 1, 2, 3, 4, ...). (20)

Àíàëîãè÷íûìè ðàññóæäåíèÿìè ïðè ôèêñèðîâàííîì s, â ñëó÷àå a(x, t) ̸= 0
äëÿ ðåøåíèÿ íåëîêàëüíîé êðàåâîé çàäà÷è (9)�(11), ìîæíî äîêàçàòü àïðè-
îðíûå îöåíêè (20).

Òàê êàê ñèñòåìà ñîáñòâåííûõ ôóíêöèé
{√2

ℓ
sinµsy

}
ïîëíà â ïðîñòðàí-

ñòâå L2(0, ℓ) è â íåì îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ, èñïîëüçóÿ ðàâåí-
ñòâà Ïàðñåâàëÿ-Ñòåêëîâà [9], [10] äëÿ ðåøåíèÿ çàäà÷è (9)�(11), ïîëó÷èì
ñëåäóþùèå îöåíêè:

∥u∥2
Wm+2

2 (Q)
=

∞∑
s=1

∥us∥2Wm+2
2 (Q1)

<

< cm+3

∞∑
s=1

∥fs∥2Wm+1
2 (Q1)

=cm+3 ∥f∥2Wm+1
2 (Q)

. (21)

Îòñþäà ïîëó÷èì ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)�(4)
èç ïðîñòðàíñòâà Wm+2

2 (Q), 1 ≤ m ∈ N. Òåîðåìà 5 äîêàçàíà.

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 2



Î ãëàäêîñòè ðåøåíèÿ íåëîêàëüíîé êðàåâîé çàäà÷è ... 69

Ëèòåðàòóðà

1 Ôðàíêëü Ô.È. Î çàäà÷àõ Ñ.À. ×àïëûãèíà äëÿ ñìåøàííûõ äî è ñâåðõçâó-
êîâûõ òå÷åíèé // Èçâ. ÀÍ ÑÑÑÐ. Ñåð. ìàòåì., 1945. � Ò. 9, � 2. � Ñ. 121-143.

2 Áèöàäçå À.Â. Íåêîððåêòíîñòü çàäà÷è Äèðèõëå äëÿ óðàâíåíèé ñìåøàííîãî
òèïà // ÄÀÍ ÑÑÑÐ, 1953. � Ò. 122, � 2. � C. 167-170.

3 Êàëüìåíîâ Ò.Ø. Î ïîëóïåðèîäè÷åñêîé çàäà÷å äëÿ ìíîãîìåðíîãî óðàâíå-
íèÿ ñìåøàííîãî òèïà // Äèôôåðåíöèàëüíûå óðàâíåíèÿ, 1978. � Ò. 14,� 3. � Ñ.
546-548.

4 Dzhamalov S.Z. The nonlocal boundary value problem with constant
coe�cients for the mixed type of equation of the �rst kind in a plane // Malaysian
journal of mathematical sciences. � 2018. � Ò. 12, No. 1. � P. 49-62.

5 Äæàìàëîâ Ñ.Ç. Îá îäíîé íåëîêàëüíîé êðàåâîé çàäà÷å ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè äëÿ ìíîãîìåðíîãî óðàâíåíèÿ ñìåøàííîãî òèïà ïåðâîãî ðîäà //
Âåñòíèê Ñàì. ãîñ. òåõí. óí-òà. Ñåð. ôèç.-ìàò.íàóêè, 2017. � Ò. 21, � 4. � Ñ. 1-14.

6 Ñàáèòîâ Ê.Á. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèé ñìåøàííîãî òèïà â ïðÿìî-
óãîëüíîé îáëàñòè // Äîêë. ÐÀÍ, 2007. � Ò. 413, � 1. � Ñ. 23-26.

7 Öûáèêîâ Á.Í. Î êîððåêòíîñòè ïåðèîäè÷åñêîé çàäà÷è äëÿ ìíîãîìåðíîãî
óðàâíåíèÿ ñìåøàííîãî òèïà // Â. êí: Íåêëàññè÷åñêèå óðàâíåíèÿ ìàòåìàòè÷åñêîé
ôèçèêè. � Íîâîñèáèðñê, 1986. � Ñ. 201-206.

8 Áåðåçèíñêèé Þ.Ì. Ðàçëîæåíèå ïî ñîáñòâåííûì ôóíêöèÿì ñàìîñîïðÿæåí-
íûõ îïåðàòîðîâ. � Êèåâ: Íàóê. äóìêà, 1965.

9 Ëàäûæåíñêàÿ Î.À. Êðàåâûå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè. � Ì. 1973. �
Ñ. 407.

10 Òðåíîãèí Â.À. Ôóíêöèîíàëüíûé àíàëèç. � Ì. Íàóêà, 1980. � Ñ. 495.
11 Âðàãîâ Â.Í. Êðàåâûå çàäà÷è äëÿ íåêëàññè÷åñêèõ óðàâíåíèé ìàòåìàòè÷å-

ñêîé ôèçèêè. Íîâîñèáèðñê. � ÍÃÓ, 1983. � 84 c.
12 Êîæàíîâ À.È. Êðàåâûå çàäà÷è äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè

íå÷åòíîãî ïîðÿäêà. Ó÷åáíîå ïîñîáèå. � Íîâîñèáèðñê. ÍÃÓ, 1990. � Ñ. 130.

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 2



70 Ñ.Ç. Äæàìàëîâ, Ð.Ð. Àøóðîâ

Äæàìàëîâ Ñ.Ç., Àøóðîâ Ð.Ð. Ê�Ï�ËØÅÌÄI ×ÀÏËÛÃÈÍ ÒÅ�ÄÅ-
ÓI �ØIÍ ÊÅ�IÑÒIÊÒÅÃI ÁIÐ ÁÅÉËÎÊÀËØÅÒÒIÊ ÅÑÅÏÒI�ØÅØI-
ÌIÍI� ÒÅÃIÑÒIÃI ÒÓÐÀËÛ

Á´ë æ´ìûñòà ê°ï°ëøåìäi ×àïëûãèí òåäåóiíi êîýôôèöèåíòòåði ³øií
áåëãiëi áið øàðòòàð îðûíäàë¡àíäà Ñîáîëåâ êåiñòiêòåðiíäåãi ò´ðà©òû êî-
ýôôèöèåíòòi áåéëîêàë áið øåòòiê åñåïòi áiðìºíäi øåøiëiìäiëiãi æºíå øå-
øiìiíi òåãiñòiãi äºëåëäåíåäi.

Êiëòòiê ñ°çäåð. Ê°ï°ëøåìäi ×àïëûãèí òåäåóëåði, Ñîáîëåâ êåiñòiê-
òåðiíäåãi áiðìºíäi øåøiëiìäiëi æºíå øåøiìíi òåãiñòiãi.

Dzhamalov S.Z., Ashurov R.R. ON THE SMOOTHNESS OF THE
SOLUTION OF A NONLOCAL BOUNDARY VALUE PROBLEM FOR THE
MULTIDIMENSIONAL CHAPLYGIN'S EQUATION

In the present paper under some conditions on coe�cients of the
multidimensional Chaplygin's equation, the unique solvability and a
smoothness of the solution of a nonlocal boundary value problem with constant
coe�cients in Sobolev's spaces are proved.

Keywords. Multidimensional Chaplygin's equations, unique solvability and
smoothness of the solution in Sobolev's spaces.

Äæàìàëîâ Ñ.Ç.

Èíñòèòóò ìàòåìàòèêè Àêàäåìèè Íàóê Ðåñïóáëèê Óçáåêèñòàí

100170, ã. Òàøêåíò, Óçáåêèñòàí, óë. Ìèðçî Óëóãáåê, 81

E-mail: siroj63@mail.ru

Àøóðîâ Ð.Ð.

Èíñòèòóò ìàòåìàòèêè Àêàäåìèè Íàóê Ðåñïóáëèê Óçáåêèñòàí

100170, ã. Òàøêåíò, Óçáåêèñòàí, óë. Ìèðçî Óëóãáåê, 81

E-mail: ashurovr@gmail.com

Ñòaòüÿ ïîñòóïèëa â ðåäaêöèþ 02.06.2018

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 2



Ìàòåìàòè÷åñêèé æóðíàë ISSN 1682�0525

2018. � Òîì 18, � 2. � Ñ. 71�86.

ÌÐÍÒÈ 27.31.44, 27.35.21, 27.35.59

ÎÖÅÍÊÈ ÐÅØÅÍÈß ÌÎÄÅËÜÍÎÉ ÇÀÄÀ×È ÄËß
ÑÈÑÒÅÌÛ ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ Â

ÏÐÎÑÒÐÀÍÑÒÂÅ ÃÅËÜÄÅÐÀ
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Àííîòàöèÿ. Èçó÷åíà ìîäåëüíàÿ çàäà÷à äëÿ ñèñòåìû ïàðàáîëè÷åñêèõ óðàâíåíèé.

Èñõîäíàÿ íåëèíåéíàÿ çàäà÷à ñî ñâîáîäíîé ãðàíèöåé òèïà Ôëîðèíà îïèñûâàåò

ïðîöåññ ôèëüòðàöèè æèäêîñòåé è ãàçîâ â ïîðèñòîé ñðåäå. Â ïðîñòðàíñòâå

Ãåëüäåðà äîêàçàíû ñóùåñòâîâàíèå, åäèíñòâåííîñòü è êîýðöèòèâíûå îöåíêè

ðåøåíèÿ ñ êîíñòàíòàìè, íå çàâèñÿùèìè îò ìàëûõ ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà. Ïàðàáîëè÷åñêèå óðàâíåíèÿ, ìàëûå ïàðàìåòðû, êîýðöèòèâíûå

îöåíêè, ïðîñòðàíñòâî Ãåëüäåðà.

1 Ââåäåíèå. Ïîñòàíîâêà çàäà÷è.

Â ðàáîòå èçó÷àåòñÿ çàäà÷à òèïà Ôëîðèíà äëÿ ñèñòåìû ïàðàáîëè÷åñêèé
óðàâíåíèé â ïðîñòðàíñòâàõ Ãåëüäåðà. Ýòà çàäà÷à ÿâëÿåòñÿ ìàòåìàòè÷å-
ñêîé ìîäåëüþ, îïèñûâàþùåé ïðîöåññ ôèëüòðàöèè æèäêîñòåé è ãàçîâ â
ïîðèñòîé ñðåäå.

Ëèíåéíûå çàäà÷è ñ ìàëûìè ïàðàìåòðàìè ïðè ïðîèçâîäíûõ ïî âðåìåíè
ôóíêöèè ñâîáîäíîé ãðàíèöû áûëè èçó÷åíû â ðàáîòàõ [1]�[7]. Â íàñòîÿùåé
ñòàòüå èçó÷àåòñÿ çàäà÷à áåç ïðîèçâîäíûõ ïî âðåìåíè ôóíêöèè ñâîáîäíîé
ãðàíèöû ψ(t) â ïðàâûõ ÷àñòÿõ óñëîâèé (6), (7), êîòîðàÿ ñîîòâåòñòâóåò âû-
ðîæäåííîé íåëèíåéíîé çàäà÷å ñî ñâîáîäíîé ãðàíèöåé î ïëàâëåíèè áèíàð-
íûõ ñïëàâîâ è â êîòîðîé ñâîáîäíàÿ ãðàíèöà çàäàåòñÿ êàê íåÿâíàÿ ôóíê-
öèÿ. Â îòëè÷èå îò çàäà÷ â [1]�[7], ãäå ñâîáîäíàÿ ãðàíèöà çàäàíà â ÿâíîì
âèäå.

2010 Mathematics Subject Classi�cation: 35K20, 35B45, 35B30, 35C15, 35R35.
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Çàäà÷à ñî ñâîáîäíîé ãðàíèöåé òèïà Ôëîðèíà áóäåò èçó÷åíà â ïðîñòðàí-

ñòâå Ãåëüäåðà
◦
C

2+l,1+l/2

x t (DjT ), j = 1, 2, ãäå l � íåöåëîå ïîëîæèòåëüíîå
÷èñëî. Áóäóò äîêàçàíû ñóùåñòâîâàíèå, åäèíñòâåííîñòü, îöåíêè ðåøåíèÿ
çàäà÷è c êîíñòàíòàìè, íå çàâèñÿùèìè îò ìàëûõ ïàðàìåòðîâ â ïðîñòðàí-
ñòâå Ãåëüäåðà. Ýòî äàåò íàì âîçìîæíîñòü óñòàíîâèòü ñóùåñòâîâàíèå, åäèí-
ñòâåííîñòü è îöåíêè ðåøåíèÿ çàäà÷è áåç ïîòåðè ãëàäêîñòè çàäàííûõ ôóíê-
öèé ïðè κ = 0, ε > 0; κ > 0, ε = 0 è κ = 0, ε = 0.

Ïóñòü D1 = {x | x < 0}, D2 = {x | x > 0}, DjT = Dj × (0, T ), j =
1, 2, σT = (0, T ).

Òðåáóåòñÿ îïðåäåëèòü ôóíêöèè uj(x, t), cj(x, t), j = 1, 2, è ψ(t), óäî-
âëåòâîðÿþùèå ïàðàáîëè÷åñêèì óðàâíåíèÿì

∂tuj − aj∂
2
xuj − αjψ

′ = fj(x, t) â DjT , j = 1, 2, (1)

∂tcj − aj+2∂
2
xcj − βjψ

′ = fj+2(x, t) â DjT , j = 1, 2, (2)

íà÷àëüíûì óñëîâèÿì

ψ
∣∣
t=0

= 0, uj
∣∣
t=0

= 0, cj
∣∣
t=0

= 0 â Dj , j = 1, 2, (3)

è óñëîâèÿì ñîïðÿæåíèÿ íà ãðàíèöå x = 0, t ∈ (0, T )

(u1 − u2)
∣∣
x=0

= φ1(t), (4)

(c1 − γ1u1)
∣∣
x=0

= φ2(t), (c2 − γ2u2)
∣∣
x=0

= φ3(t), (5)

(λ1∂xu1 − κλ2∂xu2)
∣∣
x=0

= g1(t) + κg2(t), (6)

(k1∂xc1 − εk2∂xc2)
∣∣
x=0

= g3(t) + εg4(t), (7)

ãäå âñå êîýôôèöèåíòû ïîñòîÿííûå, aj , aj+2, αj , βj , γj , λj , kj > 0, j =
1, 2, κ, ε � ïîëîæèòåëüíûå; ∂t = ∂/∂t, ∂x = ∂/∂x, ∂

2
x = ∂2/∂x2 , Dk

t =
dk/dtk.

Çàäà÷à (1)�(7) ëåæèò â îñíîâå ðåøåíèÿ íåëèíåéíîé çàäà÷è ñî ñâîáîäíîé
ãðàíèöåé äëÿ ñèñòåìû ïàðàáîëè÷åñêèõ óðàâíåíèé, â êîòîðîé ñâîáîäíàÿ
ãðàíèöà çàäàåòñÿ êàê íåÿâíàÿ ôóíêöèÿ.

Çàäà÷à (1)�(7) áóäåò èçó÷åíà â ïðîñòðàíñòâå Ãåëüäåðà [8]. Ïóñòü l �
íåöåëîå ïîëîæèòåëüíîå ÷èñëî, α = l − [l] ∈ (0, 1).
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Ïîä C 2+l,1+l/2
x t (DjT ) è C

l/2
t (σT ) áóäåì ïîíèìàòü áàíàõîâû ïðîñòðàí-

ñòâà ôóíêöèé u(x, t) è ψ(t), èìåþùèõ íîðìû

|u|(2+l)
DT

:=

2+[l]∑
2m0+m=0

|∂m0
t ∂mx u|DT

+
∑

2m0+m=2+[l]

(
[∂m0

t ∂mx u]
(α)
x,DT

+ [∂m0
t ∂mx u]

(α/2)
t,DT

)
+

+
∑

2m0+m=1+[l]

[∂m0
t ∂mx u]

( 1+α
2

)

t,DT
,

|ψ|(l/2)σT
:=

[l/2]∑
m0=0

|Dm0
t ψ|σT + [D

[l/2]
t ψ](l/2−[l/2])

σT
, (8)

ãäå
|v|DT

= sup
(x,t)∈DT

|v|,

[v]
(α)
x,DT

= sup
(x,t),(z,t)∈DT

|v(x, t)− v(z, t)|
|x− z|α

, [v]
(α)
t,DT

= sup
(x,t),(x,t1)∈DT

|v(x, t)− v(x, t1)|
|t− t1|α

.

×åðåç
◦
C

l, l/2

x t (DT ) áóäåì îáîçíà÷àòü ïîäïðîñòðàíñòâà ôóíêöèé u(x, t),

ïðèíàäëåæàùèõ C l, l/2
x t (DT ) è óäîâëåòâîðÿþùèõ óñëîâèÿì

∂kt u
∣∣
t=0

= 0, k = 0, ..., [l/2].

Ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà 1. Â ïðîñòðàíñòâå
◦
C

1+l
2

t (σT ), l � íåöåëîå ïîëîæèòåëüíîå ÷èñëî,

íîðìà |ψ|(1+l/2)
σT

, îïðåäåëåííàÿ ïî ôîðìóëå (8), ýêâèâàëåíòíà íîðìå

∥ψ∥(
1+l
2

)

σT
= sup

t∈σT

t−
1+l
2 |ψ|σT +

[
D

[(1+l)/2]
t ψ

]( 1+l
2

−[ 1+l
2

]
)

σT

.
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2 Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1. Ïóñòü 0 ≤ κ ≤ κ0, 0 < ε ≤ ε0 èëè 0 < κ ≤ κ0, 0 ≤ ε ≤ ε0 è

âûïîëíÿþòñÿ óñëîâèÿ

α1 − α2 > 0, βj − γjαj > 0, β3−j − γ3−jαj > 0, j = 1, 2.

Äëÿ ëþáûõ ôóíêöèé fj ∈
◦
C

l, l/2

x t (DjT ), fj+2 ∈
◦
C

l, l/2

x t (DjT ), j = 1, 2; φk ∈
◦
C

1+l/2

t (σT ), k = 1, 2, 3; g1, κg2, g3, εg4 ∈
◦
C

1+l
2

t (σT ), çàäà÷à (1)�(7) èìååò åäèí-

ñòâåííîå ðåøåíèå uj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), cj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), ψ(t) ∈
◦
C

1+l/2

t (σT ) è äëÿ ðåøåíèÿ ñïðàâåäëèâà îöåíêà

2∑
j=1

(|uj |(2+l)
DjT

+ |cj |(2+l)
DjT

) + |ψ|(1+l/2)
σT

≤

≤ C1

(
2∑

j=1

(
|fj |(l)DjT

+ |fj+2|(l)DjT

)
+

3∑
k=1

|φk|(1+l/2)
σT

+ (9)

+|g1|
( 1+l

2
)

σT + κ|g2|
( 1+l

2
)

σT + |g3|
( 1+l

2
)

σT + ε|g4|
( 1+l

2
)

σT

)
,

ãäå ïîñòîÿííàÿ C1 íå çàâèñèò îò κ è ε.

Äëÿ ñâåäåíèÿ çàäà÷ó (1)�(7) ê áîëåå óäîáíîé ôîðìå ïîñòðîèì âñïî-
ìîãàòåëüíûå ôóíêöèè Vj , Zj , j = 1, 2, êàê ðåøåíèÿ ñëåäóþùèõ êðàåâûõ
çàäà÷:

∂tVj(x, t)− aj∂
2
xVj(x, t) = fj(x, t) â DjT , j = 1, 2,

Vj
∣∣
t=0

= 0 â Dj , j = 1, 2,

(V1 − V2)
∣∣
x=0

= φ1(t),

∂tZ1(x, t)− a3∂
2
xZ1(x, t) = f3(x, t) â D1T ,

Z1

∣∣
t=0

= 0 â D1, Z2

∣∣
x=0

= φ2(t) + γ1V1
∣∣
x=0

,

∂tZ2(x, t)− a4∂
2
xZ2(x, t) = f4(x, t) â D2T ,

Z2

∣∣
t=0

= 0 â D2, Z2

∣∣
x=0

= φ3(t) + γ2V2
∣∣
x=0

.
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Êàæäàÿ èç ýòèõ çàäà÷ â ñèëó [8] èìååò åäèíñòâåííîå ðåøåíèå

Vj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), Zj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), j = 1, 2,

óäîâëåòâîðÿþùåå îöåíêàì

|Vj |(2+l)
DjT

≤ C2

(
|fj |(l)D1T

+ |φ1|(1+l/2)
σT

)
, j = 1, 2, (10)

|Z1|(2+l)
D1T

≤ C3

(
|f3|(l)D1T

+ |φ2|(1+l/2)
σT

+ |V1|(2+l)
D1T

)
, (11)

|Z2|(2+l)
D2T

≤ C4

(
|f4|(l)D2T

+ |φ3|(1+l/2)
σT

+ |V2|(2+l)
D2T

)
. (12)

Ñ ïîìîùüþ çàìåíû â çàäà÷å (1)�(7)

uj(x, t) = vj(x, t) + Vj(x, t) + αjψ(t), j = 1, 2,

cj(x, t) = zj(x, t) + Zj(x, t) + βjψ(t), j = 1, 2,
(13)

ìû ïîëó÷èì çàäà÷ó äëÿ íàõîæäåíèÿ íîâûõ íåèçâåñòíûõ ôóíêöèé
vj(x, t), zj(x, t), j = 1, 2, è ψ(t):

∂tvj − aj∂
2
xvj = 0 â DjT , j = 1, 2, (14)

∂tzj − aj+2∂
2
xzj = 0 â DjT , j = 1, 2, (15)

óäîâëåòâîðÿþùèõ íóëåâûì íà÷àëüíûì óñëîâèÿì

ψ
∣∣
t=0

= 0, vj
∣∣
t=0

= 0, zj
∣∣
t=0

= 0 â Dj , j = 1, 2, (16)

è óñëîâèÿì ñîïðÿæåíèÿ íà ãðàíèöå x = 0, t ∈ (0, T ):

(v1 − v2)
∣∣
x=0

+ (α1 − α2)ψ = 0, (17)

(z1−γ1v1)
∣∣
x=0

+(β1−γ1α1)ψ = 0, (z2−γ2v2)
∣∣
x=0

+(β2−γ2α2)ψ = 0, (18)

(λ1∂xv1 − κλ2∂xv2)
∣∣
x=0

= Φ1(t), (19)

(k1∂xz1 − εk2∂xz2)
∣∣
x=0

= Φ2(t), (20)
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ãäå Φ1(t) := g1(t) + κg2(t)− (λ1∂xV1 − κλ2∂xV2)
∣∣
x=0

∈
◦
C

1+l
2

t (σT ),

Φ2(t) := g3(t) + εg4(t)− (k1∂xZ1 − εk2∂xZ2)
∣∣
x=0

∈
◦
C

1+l
2

t (σT ) è

|Φ1|
( 1+l

2
)

σT ≤ C5

( 2∑
j=1

|fj |(l)DjT
+

3∑
k=1

|φk|(1+l/2)
σT

+ |g1|
( 1+l

2
)

σT + κ|g2|
( 1+l

2
)

σT

)
, (21)

|Φ2|
( 1+l

2
)

σT ≤ C6

( 2∑
j=1

|fj+2|(l)DjT
+

3∑
k=2

|φk|(1+l/2)
σT

+ |g3|
( 1+l

2
)

σT + ε|g4|
( 1+l

2
)

σT

)
. (22)

Ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà 2. Ïóñòü 0 ≤ κ ≤ κ0, 0 < ε ≤ ε0 èëè 0 < κ ≤ κ0, 0 ≤ ε ≤ ε0
è α1 − α2 > 0, βj − γjαj > 0, β3−j − γ3−jαj > 0, j = 1, 2, l � íåöåëîå

ïîëîæèòåëüíîå ÷èñëî.

Ïðè ëþáûõ Φj(t) ∈
◦
C

1+l
2

t (σT ), j = 1, 2, ðåøåíèå çàäà÷è (14)�(20) ìîæåò

áûòü ïðåäñòàâëåíî â âèäå

ψ(t) =
2
(

λ1√
a1

+ κ λ2√
a2

)
k01

t∫
0

Φ2(τ)dτ

t−τ∫
0

Γx(x+ σ, t− τ − σ)
∣∣
x=0

dσ−

−
2
(
k1γ1√
a3

+ εk2γ2√
a4

)
k01

t∫
0

Φ1(τ)dτ

t−τ∫
0

Γx(x+ σ, t− τ − σ)
∣∣
x=0

dσ, x > 0, (23)

v1(x, t)=
2a1

(
k1(β1−γ1α1)√

a3
+εk2(β2−γ2α1)√

a4

)
k01

t∫
0

Φ1(τ)dτ

t−τ∫
0

Γ1x(−x+
√
a1σ, t−τ−σ)

∣∣
x=0

dσ+

+
2a1κλ2(α1 − α2)

k01
√
a2

t∫
0

Φ2(τ)dτ

t−τ∫
0

Γ1x(·, t− τ − σ)
∣∣
x=0

dσ, x < 0. (24)

v2(x, t)=−
2a2

(
k1(β1−α2γ1)√

a3
+ εk2(β2−α2γ2)√

a4

)
k01

t∫
0

Φ1(τ)dτ

t−τ∫
0

Γ2x(x+
√
a2σ, t−τ−σ)

∣∣
x=0

dσ−
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−2a2λ1(α2 − α1)

k01
√
a1

t∫
0

Φ2(τ)dτ

t−τ∫
0

Γ2x(·, t− τ − σ)
∣∣
x=0

dσ, (25)

z1(x, t)=
2a3εk2(γ1β2 − γ2β1)

k01
√
a4

t∫
0

Φ1(τ)dτ

t−τ∫
0

Γ3x(−x+
√
a3σ, t− τ − σ)dσ+

+
2a3

(
κλ2(β1−γ1α2)√

a2
+ λ1(β1−γ1α1)√

a1

)
k01

t∫
0

Φ2(τ)dτ

t−τ∫
0

Γ3x(·, t− τ − σ)dσ, x < 0, (26)

z2(x, t)= −2a4k1(β1γ2 − β2γ1)

k01
√
a3

t∫
0

Φ1(τ)dτ

t−τ∫
0

Γ4x(x+
√
a4σ, t− τ − σ)dσ−

−
2a4

(
κλ2(β2−γ2α2)√

a2
+ λ1(β2−γ2α1)√

a1

)
k01

t∫
0

Φ2(τ)dτ

t−τ∫
0

Γ4x(·, t−τ −σ)dσ, x > 0, (27)

ãäå

k01 = κ
k1λ2(β1 − α2γ1)√

a3
√
a2

+ εκ
k2λ2(β2 − α2γ2)√

a4
√
a2

+

+
k1λ1(β1 − α1γ1)√

a3
√
a1

+ ε
k2λ1(β2 − α1γ2)√

a4
√
a1

, (28)

Γi(x, t) = 1
2
√
aiπt

e
− x2

4ait , i = 1 − 4, � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ

òåïëîïðîâîäíîñòè ∂tw − ai∂
2
xw = 0, óäîâëåòâîðÿþùåå îöåíêå

|∂kt ∂mx Γi(x, t)| ≤ C7
1

t
1+2k+m

2

e
− x2

8ait , i = 1− 4. (29)

Çàìå÷àíèå. Êàê âèäíî èç ôîðìóëû (28), ìàëûå ïàðàìåòðû κ è ε ñîäåð-
æàòñÿ â k01, â çíàìåíàòåëÿõ ðåøåíèÿ (23)�(27), íî âåëè÷èíà 1

k01
îãðàíè÷å-

íà, äåéñòâèòåëüíî

k01 ≥
k1λ1(β1 − α1γ1)√

a3
√
a1

> 0,
1

k01
≤

√
a3
√
a1

k1λ1(β1 − α1γ1)
∀κ, ε ≥ 0. (30)
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Äîêàçàòåëüñòâî Ëåììû 2. Â çàäà÷å (14)�(20) ïðèìåíèì ïðåîáðàçîâà-

íèå Ëàïëàñà ïî ïåðåìåííîé t : F̃ (p) ≡ L[F ] =

t∫
0

F (t)e−ptdt è ïîñëå íåêî-

òîðûõ ïðåîáðàçîâàíèé ðåøåíèå çàäà÷è (14)�(20) â îáëàñòè èçîáðàæåíèé
Ëàïëàñà çàïèøåòñÿ â âèäå

ψ̃ = −

(
λ1√
a1

+ κ λ2√
a2

)
Φ̃2(p)

√
pk01

+

(
k1γ1√
a3

+ εk2γ2√
a4

)
Φ̃1(p)

√
pk01

,

ṽ1=

((k1(β1−γ1α1)√
a3

+ εk2(β2−γ2α2)√
a4

)
Φ̃1(p)

√
pk01

+
κ λ2√

a2
(α1 − α2)Φ̃2(p)
√
pk01

)
e

√
p
a1

x
, x < 0,

ṽ2=

((k1(β1−α2γ1)√
a3

+ εk2(β2−α2γ2)√
a4

)
Φ̃1(p)

√
pk01

+

λ1(α2−α1)√
a1

Φ̃2(p)
√
pk01

)
e
−
√

p
a2

x
, x > 0,

z̃1=

(
εk2(γ1β2−γ2β1)√

a4
Φ̃1(p)

√
pk01

+

(
κλ2(β1−γ1α2)√

a2
+ λ1(β1−γ1α1)√

a1

)
Φ̃2(p)

√
pk01

)
e

√
p
a3

x
, x < 0,

z̃2=

( k1(β1γ2−β2γ1)√
a3

Φ̃1(p)
√
pk01

+

(
κλ2(β2−γ2α2)√

a2
+ λ1(β2−γ2α1)√

a1

)
Φ̃2(p)

√
pk01

)
e
−
√

p
a4

x
, x > 0.

Ïðèìåíèì ê ôóíêöèÿì ψ̃, ṽj , z̃j , j = 1, 2, ôîðìóëû îáðàòíûõ ïðåîáðàçî-
âàíèé Ëàïëàñà [9] ïðè x < 0:

e

√
p√
a
x

√
p

+
t∫

0

−x+
√
aσ

2
√
aπ(t− σ)3

e
− (−x+

√
aσ)2

4a(t−σ) dσ = 2a

t∫
0

∂xΓ(−x+
√
aσ, t− σ)dσ,

Φ̃j(p)
e−

√
p
a
(−x)

√
p

+ 2a

t∫
0

Φj(τ)dτ

t−τ∫
0

Γx(−x+
√
aσ, t− τ − σ)dσ =

=

t∫
0

Φj(τ)dτ

t−τ∫
0

−x+
√
aσ

2
√
πa(t− τ − σ)3

e
− (−x+

√
aσ)2

4a(t−τ−σ) dσ, j = 1, 2,
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è àíàëîãè÷íûå ïðè x > 0. È ìû ïîëó÷èì ðåøåíèå çàäà÷è (14)�(20) â âèäå
(23)�(27).

3 Äîêàçàòåëüñòâî Òåîðåìû 1

Ìû ñâåëè çàäà÷ó (1)�(7) ê ýêâèâàëåíòíîé çàäà÷å (14)�(20). Äëÿ äîêà-
çàòåëüñòâà Òåîðåìû 1 äëÿ çàäà÷è (1)�(7) óñòàíîâèì ñíà÷àëà òåîðåìó äëÿ
çàäà÷è (14)�(20).

Òåîðåìà 2. Ïóñòü 0 ≤ κ ≤ κ0, 0 < ε ≤ ε0 èëè 0 < κ ≤ κ0, 0 ≤ ε ≤ ε0 è

α1 − α2 > 0, βj − γjαj > 0, β3−j − γ3−jαj > 0, j = 1, 2.

Äëÿ ëþáûõ ôóíêöèé Φj(t) ∈
◦
C

1+l
2

t (σT ), j = 1, 2, çàäà÷à (14)�

(20) èìååò åäèíñòâåííîå ðåøåíèå vj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), zj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), ψ(t) ∈
◦
C

1+l/2

t (σT ) è äëÿ ðåøåíèÿ ñïðàâåäëèâà îöåíêà

2∑
j=1

(
|vj |(2+l)

DjT
+ |zj |(2+l)

DjT

)
+ |ψ|(1+l/2)

σT
≤ C8

2∑
j=1

|Φj |
( 1+l

2
)

σT , j = 1, 2, (31)

ãäå ïîñòîÿííàÿ C8 íå çàâèñèò îò κ è ε.

Äëÿ äîêàçàòåëüñòâà Òåîðåìû 2 óñòàíîâèì ñíà÷àëà ñëåäóþùóþ ëåììó.

Ëåììà 3. Ïóñòü âûïîëíåíû óñëîâèÿ Òåîðåìû 2. Òîãäà ïðîèçâîäíûå

∂xvj(x, t)
∣∣
x=0

, ∂xzj(x, t)|x=0, j = 1, 2, ïðèíàäëåæàò ïðîñòðàíñòâó
◦
C

1+l
2

t (σT )
è ïîä÷èíÿþòñÿ îöåíêàì

|∂xvj(x, t)|x=0|
( 1+l

2
)

σT ≤ C9

2∑
j=1

|Φj |
( 1+l

2
)

σT , j = 1, 2,

|∂xzj(x, t)|x=0|
( 1+l

2
)

σT ≤ C10

2∑
j=1

|Φj |
( 1+l

2
)

σT , j = 1, 2,

ãäå ïîñòîÿííûå C9, C10 íå çàâèñÿò îò κ è ε.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì, äëÿ îïðåäåëåííîñòè, ïðîèçâîäíóþ ôóíê-
öèè v1(x, t),

∂xv1(x, t)
∣∣
x=0

:= w1(t) + w2(t) + w3(t) + w4(t) ≡

≡
2a1

(
k1(β1−γ1α1)√

a3
+ εk2(β2−γ2α1)√

a1

)
k01

(
− 1
√
a1

t∫
0

Φ1(τ)dτ

t−τ∫
0

Γ1x(−x+
√
a1σ, t−τ−σ)

∣∣
x=0

dσ+

+
1

a1

t∫
0

Φ1(τ)Γ1(−x, t− τ)
∣∣
x=0

dτ

)
+ (32)

+
2a1κλ2(α1 − α2)√

a2k01

(
− 1

√
a1

t∫
0

Φ2(τ)dτ

t−τ∫
0

Γ1x(−x+
√
a1σ, t− τ − σ)

∣∣
x=0

dσ+

+
1

a1

t∫
0

Φ2(τ)Γ1(−x, t− τ)
∣∣
x=0

dτ

)
, j = 1, 2.

Îöåíèì íîðìó ïðîèçâîäíîé ∂xv1(x, t)
∣∣
x=0

.

Òåïëîâîé ïîòåíöèàë ïðîñòîãî ñëîÿ
t∫
0

Φj(τ)Γ1(−x, t− τ)
∣∣
x=0

dτ, j = 1, 2,

â ôîðìóëå (32) ñîãëàñíî îáùåé òåîðèè [8] ïðèíàäëåæèò ïðîñòðàíñòâó
◦
C

2+l,1+l/2

x t (DjT ), l � íåöåëîå ïîëîæèòåëüíîå ÷èñëî, è ïîä÷èíÿåòñÿ îöåíêå

∑
j=2,4

|wj |
( 1+l

2
)

σT ≤ C11

k01

∑
j=2,4

|wj |(1+l/2)
σT

≤ C12

k01

2∑
j=1

|Φj |
( 1+l

2
)

σT , (33)

ãäå ïîñòîÿííàÿ C12 íå çàâèñèò îò κ è ε.
Îöåíèì ôóíêöèþ w1(t) â (32), äëÿ îïðåäåëåííîñòè. Ïðîèçâåäÿ çàìåíó

t− τ − σ = t− τ1 ïî σ è ïîìåíÿâ ïîðÿäîê èíòåãðèðîâàíèÿ, ïîëó÷èì

w1(t) =
2
(
k1(β1−γ1α1)√

a3
+ εk2(β2−γ2α1)√

a1

)
k01

×
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×

( t∫
0

dτ1

τ1∫
0

[Φ1(τ1 − σ)− Φ1(τ1)]Γ1x(−x+
√
a1σ, t− τ1)

∣∣
x=0

dσ+

+

t∫
0

Φ1(τ1)dτ1

τ1∫
0

Γ1x(−x+
√
a1σ, t− τ1)

∣∣
x=0

dσ

)
.

Äëÿ Φj(t) ∈
◦
C

( 1+l
2

)

t (σT ), j = 1, 2, ñïðàâåäëèâû íåðàâåíñòâà

|Φj(τ1)| ≤Mτ
1+l
2

1 , ãäå M = |Φj |
( 1+l

2
)

σT ,

|Φj(τ1 − σ)− Φj(τ1)| ≤ [Φj ]
( 1+α

2
)

σT σ
1+α
2 , [l] = 0, l = α ∈ (0, 1),

|Φj(τ1 − σ)− Φj(τ1)| ≤Mστ
l−1
2

1 , [l] ≥ 1.

Ïðè [l] = 0 ìû ïîëó÷èì

|w1(t)| ≤
C13M

k01

( t∫
0

dτ

t− τ

τ∫
0

σ
1+α
2 e

− σ2

4(t−τ)dσ+

+

t∫
0

τ
1+α
2

t− τ
dτ

τ∫
0

e
− σ2

4(t−τ)dσ

)
≤ C14M

k01
t1+

α
2 , (34)

ãäå C14 íå çàâèñèò îò κ è ε, à âìåñòî τ1 ìû ñíîâà çàïèñàëè τ .
Ïðè [l] ≥ 1 ïðèìåíèì íåðàâåíñòâî

|ξ|γe−ξ2 ≤ Cγe
−ξ2/2, γ ≥ 0,

òîãäà

|w1(t)| ≤
C15M

k01

( t∫
0

τ
l−1
2

t− τ
dτ

τ∫
0

σe
− σ2

4(t−τ)dσ+

+

t∫
0

τ
1+l
2

t− τ
dτ

τ∫
0

e
− σ2

4(t−τ)dσ

)
≤ C16M

k01

(
t
1+l
2 + t1+

l
2

)
=
C16M

k01
t
1+l
2

(
1+

√
T
)
, (35)
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ãäå C16 íå çàâèñèò îò κ è ε.
Îöåíèì êîíñòàíòó Ãåëüäåðà ñòàðøåé ïðîèçâîäíîé, äëÿ ýòîãî

Dk
t w1(t), k =

[
1+l
2

]
ïîòåíöèàë ïðîèíòåãðèðóåì ïî ÷àñòÿì k ðàç, òîãäà

∂kt w1(t) =

=
2a1

(
k1(β1−γ1α1)√

a3
+ εk2(β2−γ2α1)√

a1

)
k01

t∫
0

Φ(τ)dτ

t−τ∫
0

Γ1x(−x+
√
a1σ, t−τ−σ)

∣∣
x=0

dσ. (36)

Òàê êàê Φ1(τ) ∈
◦
C

1+l
2

τ (σT ), òî Φ(τ) := Dk
τΦ1(τ) ∈

◦
C

1+l
2

−
[
1+l
2

]
τ (σT ), k =[

1+l
2

]
. Äëÿ óäîáñòâà îáîçíà÷èì α = l − [l], β

2 = 1+l
2 −

[
1+l
2

]
, î÷åâèäíî

β =

{
1 + α,

[
1+l
2

]
� ÷åòíîå ÷èñëî èëè 0,

α,
[
1+l
2

]
� íå÷åòíîå ÷èñëî.

Ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà ïðè t1 < t:

|Φ(t)− Φ(t1)| ≤ N(t− t1)
β/2, |Φ(t)| ≤ Ntβ/2, N = [Φ]

(β/2)
σT

. (37)

Ðàññìîòðèì ïðîèçâîäíóþ (36), ïîìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ,
ïðîèçâåäåì çàìåíó t − τ − σ = t − τ1 â èíòåãðàëå ïî τ è çàïèøåì ïðî-
èçâîäíóþ ∂kt w1(t) â ñëåäóþùåì âèäå:

∂kt w1(t) =
2a1

(
k1(β1−γ1α1)√

a3
+ εk2(β2−γ2α1)√

a1

)
k01

×

×

( t∫
0

dτ1

τ1∫
0

[Φ(τ1 − σ)− Φ(t− σ)]Γ1x(−x+
√
a1σ, t− τ1)

∣∣
x=0

dσ+

+

t∫
0

dτ1

τ1∫
0

Φ(t− σ)Γ1x(−x+
√
a1σ, t− τ1)

∣∣
x=0

dσ

)
.

Ñôîðìèðóåì ðàçíîñòü ïðîèçâîäíîé ∂kt w1(t), ïîëîæèâ äëÿ îïðåäåëåí-
íîñòè 0 < t1 < t < T,

∆ = ∂kt w1(t)− ∂kt1w1(t1) ≡
2a1

(
k1(β1−γ1α1)√

a3
+ εk2(β2−γ2α1)√

a1

)
k01

×
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×

( t1∫
0

dτ

τ∫
0

[Φ(τ − σ)− Φ(t1 − σ)]dσ

t∫
t1

∂t2Γ1x(−x+
√
a1σ, t2 − τ)

∣∣
x=0

dt2+

+

t∫
t1

dτ

τ∫
0

[Φ(τ − σ)− Φ(t− σ)]Γ1x(−x+
√
a1σ, t− τ)

∣∣
x=0

dσ+

+

t1∫
0

dτ

τ∫
0

Φ(t1 − σ)dσ

t∫
t1

∂t2Γ1x(−x+
√
a1σ, t2 − τ)

∣∣
x=0

dt2+

+

t∫
t1

dτ

τ∫
0

Φ(t− σ)Γ1x(−x+
√
a1σ, t− τ)

∣∣
x=0

dσ

)
,

ãäå âìåñòî τ1 ìû çàïèñàëè τ .
Îöåíèì ∆, èñïîëüçóÿ ôîðìóëû (29) è (37), áóäåì èìåòü

|∆| ≤ C17N

k01

( t∫
t1

dt2

t1∫
0

(t1 − τ)β/2

(t2 − τ)2
dτ

τ∫
0

e
− σ2

4(t2−τ)dσ+

+

t∫
t1

(t− τ)β/2

t− τ
dτ

τ∫
0

e
− σ2

4(t2−τ)dσ+

t∫
t1

dt2

t1∫
0

dτ

(t2 − τ)2

τ∫
0

(t1−σ)β/2e
− σ2

4(t2−τ)dσ+

+

t∫
t1

dτ1

τ∫
0

(t− σ)β/2

t− τ
e
− σ2

4(t−τ)dσ

)
.

Â ïåðâîì è âî âòîðîì èíòåãðàëå ïðîèíòåãðèðóåì ïî σ è èñïîëüçóåì
íåðàâåíñòâà (t1 − τ)β/2 ≤ (t2 − τ)β/2 â ïåðâîì, (t − τ)β/2 ≤ (t − t1)

β/2 âî
âòîðîì, (t1 − σ)β/2 ≤ (t1 − τ)β/2 â òðåòüåì è (t− σ)β/2 ≤ tβ/2 â ïîñëåäíåì
èíòåãðàëå, òîãäà ìû ïîëó÷èì

|∆| ≤ C18N

k01
(t− t1)

1+β
2 , [∂kt w1(t)]

(β/2)
t,σT

≤ C18

k01
[Φ](β/2)σT

≤ C19

k01
|Φ1|

( 1+l
2

)
σT , (38)

ãäå ïîñòîÿííàÿ C19 íå çàâèñèò îò κ è ε.
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Èç îöåíîê (34), (35), (38) ñëåäóåò, ÷òî ñîãëàñíî Ëåììå 1 w1(t) ∈
◦
C

1+l
2

t (σT ) è

|w1(t)|
( 1+l

2
)

σT ≤ C20∥w1(t)∥
( 1+l

2
)

σt ≤ C21

k01
|Φ1|

( 1+l
2

)
σT , (39)

ãäå ïîñòîÿííàÿ C21 íå çàâèñèò îò κ è ε.
Êàê âèäíî èç ôîðìóëû (32), ïîòåíöèàë w3(t) òàêîé æå, êàê w1(t). Ïî-

ýòîìó îí ïîä÷èíÿåòñÿ òàêîé æå îöåíêå (39)

|w3(t)|
( 1+l

2
)

σT ≤ C22

k01
|Φ2|

( 1+l
2

)
σT , (40)

ãäå ïîñòîÿííàÿ C22 íå çàâèñèò îò κ è ε.
Èç ôîðìóëû (32): ∂xv1(x, t)

∣∣
x=0

:= w1(t)+w2(t)+w3(t)+w4(t) è îöåíîê
(33), (39), (40) è (30) äëÿ k01 áóäåì èìåòü

|∂xv1(x, t)|x=0|
( 1+l

2
)

σT ≤ C23

k01

2∑
j=1

|Φj |
( 1+l

2
)

σT ≤ C24

2∑
j=1

|Φj |
( 1+l

2
)

σT ,

ãäå ïîñòîÿííàÿ C24 íå çàâèñèò îò κ è ε.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî ∂xv2|x=0, ∂xz1|x=0, ∂xz2|x=0 ∈
◦
C

1+l
2

t (σT )
è

|∂xv2|x=0|
( 1+l

2
)

σT ≤ C25|Φj(t)|
( 1+l

2
)

σT , |∂xzj |x=0|
( 1+l

2
)

σT ≤ C26|Φj(t)|
( 1+l

2
)

σT , j = 1, 2.

�
Ïî Ëåììå 3 ïðîèçâîäíàÿ ∂xvj |x=0, ∂xzj |x=0, j = 1, 2, ïðèíàäëåæèò ïðî-

ñòðàíñòâó
◦
C

1+l
2
(σT ), òîãäà ïî òåîðåìå î ñëåäàõ ôóíêöèé îáùåé òåîðèè ïà-

ðàáîëè÷åñêèõ óðàâíåíèé ìû èìååì, ÷òî vj(x, t)∈
◦
C

2+l,1+l/2

x t (DjT ), zj(x, t)∈
◦
C

2+l,1+l/2

x t (DjT ), j = 1, 2, è

|vj |(2+l)
DjT

≤C27|∂xvj(x, t)|x=0|
( 1+l

2
)

σT ≤ C28|Φj(t)|
( 1+l

2
)

σT ,

|zj |(2+l)
DjT

≤C29|∂xzj(x, t)|x=0|
( 1+l

2
)

σT ≤ C30|Φj(t)|
( 1+l

2
)

σT , j = 1, 2.

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 2



Îöåíêè ðåøåíèÿ ìîäåëüíîé çàäà÷è ... 85

Èç óñëîâèé (17) âûòåêàåò, ÷òî ôóíêöèÿ ψ(t) = (v1 − v2)|x=0 ïðèíàäëåæèò

ïðîñòðàíñòâó
◦
C

1+l/2

t (σT ) è ïîä÷èíÿåòñÿ îöåíêå

|ψ(t)|(1+l/2)
σT

≤ C31
1

α1 − α2

2∑
j=1

|vj |(2+l)
RT

≤ C32

2∑
j=1

|Φj(t)|
( 1+l

2
)

σT ,

ãäå ïîñòîÿííûå C25�C32 íå çàâèñÿò îò κ, ε, α1−α2 > 0. Èòàê, ìû äîêàçàëè
Òåîðåìó 3 è íåðàâåíñòâî (31). �

Äîêàçàòåëüñòâî Òåîðåìû 1. Èç ôîðìóë (13)

uj(x, t) = vj(x, t)+Vj(x, t)+αjψ(t), cj(x, t) = zj(x, t)+Zj(x, t)+βjψ(t), j = 1, 2,

íà îñíîâàíèè Òåîðåìû 2 è îöåíîê (31), (10)�(12), (21), (22) äëÿ ôóíêöèé
Vj(x, t), j = 1, 2, Z1(x, t), Z2(x, t) è Φj(t), j = 1, 2, ïîëó÷èì Òåîðåìó 1 è
îöåíêó (9). �

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü ïðîôåññîðó Ã.È. Áèæàíîâîé
çà âíèìàíèå è ïîìîùü ïðè íàïèñàíèè ýòîé ðàáîòû.

Ëèòåðàòóðà

1 Äæîáóëàåâà Æ.Ê. Îöåíêè ðåøåíèÿ äâóõôàçíîé çàäà÷è ñ äâóìÿ ìàëûìè
ïàðàìåòðàìè â óñëîâèÿõ ñîïðÿæåíèÿ äëÿ ñèñòåìû ïàðàáîëè÷åñêèõ óðàâíåíèé //
Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 2. � Ñ. 83-109.

2 Rodrigues J.F., Solonnikov V.A., Yi F. On a parabolic system with time
derivative in the boundary conditions and related free boundary problems // Math.
Ann. � 1999. � V. 315. � P. 61-95.

3 Bizhanova G.I. On the Stefan problem with the small parameter // Banach
Center Publications. � 2008. � V. 81. � P. 43-63.

4 Bizhanova G.I. On the solutions of the linear free boundary problems of Stefan
type with a small parameter. II // Matem. zhurnal. � 2012. � No. 1. � P. 70-86.

5 Àëèìæàíîâ Å.Ñ. Ðåøåíèå ìîäåëüíîé çàäà÷è Âåðèãèíà ñ ìàëûì ïàðàìåò-
ðîì â ïðîñòðàíñòâå Ãåëüäåðà // Âåñòíèê ÊàçÍÓ, ñåð. ìàò.,ìåõ., èíô. � 2013. � �
3(78). � C. 19-32.

6 Bizhanova G.I. Solution of a model problem related to singularly perturbed,
free boubdary, Stefan type problems // Zapiski nauchn. semin. POMI. � 2008. � V.
362. � P. 64-91.

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 2



86 Æ.Ê. Äæîáóëàåâà

7 Bizhanova G.I. On the solutions of the linear free boundary problems of Stefan
type with a small parameter I // Ìàòåìàòè÷åñêèé æóðíàë. Àëìàòû. � 2012. � V.
12, No. 1(43). � P. 24-37.

8 Ëàäûæåíñêàÿ Î.À., Ñîëîííèêîâ B.A., Óðàëüöåâà Í.Í. Ëèíåéíûå è êâà-
çèëèíåéíûå óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà. � Ì.: Íàóêà, 1967. � 736 c.

9 Áåéòìåí Ã., Ýðäåéè À. Òàáëèöû èíòåãðàëüíûõ ïðåîáðàçîâàíèé. � Ì.:
Íàóêà, 1969. � Ò. 1. � 344 c.

Äæîáóëàåâà Æ.Ê. ÃÅËÜÄÅÐ ÊÅ�IÑÒIÃIÍÄÅ ÏÀÐÀÁÎËÀËÛ�
ÒÅ�ÄÅÓËÅÐ Æ�ÉÅÑI �ØIÍ ÌÎÄÅËÜÄIÊ ÅÑÅÏÒI� ØÅØIÌIÍI�
ÁÀ�ÀËÀÓËÀÐÛ

Ïàðàáîëàëû© òåäåóëåð æ³éåñi ³øií ìîäåëüäiê åñåï çåðòòåëäi. Àë¡à-
ø©û åðêií øåêàðàëû ñûçû©ñûç Ôëîðèí òèïòi åñåái êåóåêòi îðòàäà¡û ñ´é-
û©òû©òàðäû æºíå ãàçäàðäû ïðîöåñií ñèïàòòàéäû. Ãåëüäåð êåiñòiãiíäå
øåøiìíi áàð áîëóû, æàë¡ûçäû¡û æºíå øåøiìíi êiøi ïàðàìåòðëåðäåí
òºóåëñiç êîýðöèòèâòiê áà¡àëàóëàðû äºëåëäåíäi.

Êiëòòiê ñ°çäåð. Ïàðàáîëàëû© òåäåóëåð, êiøi ïàðàìåòðëåð, êîýðöèòèâ-
òiê áà¡àëàóëàð, Ãåëüäåð êåiñòiãi.

Dzhobulaeva Zh.K. THE ESTIMATES OF THE SOLUTION OF
THE MODEL PROBLEM FOR THE SYSTEM OF THE PARABOLIC
EQUATIONS IN THE H�OLDER SPACE

There is studied the model problem for the system of the parabolic
equations. The original nonlinear free boundary problem of Florin type
describes the process of �ltration of liquids and gases in the porous medium.
There are proved in the H�older space the existence, uniqueness and uniform
coercive estimates of the solution with respect to the small parameters.

Keywords. Parabolic equations, small parameters, coercitive estimates,
H�older space.

Äæîáóëàåâà Æ.Ê.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

050100, Àëìàòû, óë. Ïóøêèíà, 125

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè

050010, Àëìàòû, Êàçàõñòàí, ïð. àë-Ôàðàáè, 71

E-mail: zhanat-78@mail.ru

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 10.05.2018

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 2



Ìaòåìaòè÷åñêèé æóðíaë ISSN 1682�0525

2018. � Òîì 18, � 2. � Ñ. 87�106.

ÌÐÍÒÈ 27.31.19

ON A CLASS OF INVERSE PROBLEMS ON A SOURCE

RESTORATION IN THE HEAT CONDUCTION PROCESS

FROM NONLOCAL DATA

G. Dildabek, M.B. Ivanova

Annotation. In this article we consider an inverse problem for one-dimensional heat
equation with involution and with periodic boundary conditions with respect to a
spatial variable. This problem simulates the process of heat propagation in a thin closed
wire wrapped around a weakly permeable insulation. The inverse problem consists in
the restoration (simultaneously with the solution) of an unknown right-hand side of the
equation, which depends only on the spatial variable. The conditions for rede�nition
are initial and �nal states. Existence and uniqueness results for the given problem are
obtained via the method of separation of variables.

Keywords. Inverse problem, heat equation, equation with involution, periodic boundary
conditions, method of separation of variables.

1 Introduction

The problems that imply the determination of coe�cients or the right-hand
side of a di�erential equation (together with its solution) are commonly referred
to inverse problems of mathematical physics. In this paper we consider one
family of problems implying the determination of the density distribution and
of heat sources from given values of initial and �nal distributions. This problem
simulates the process of heat propagation in a thin closed wire wrapped around
a weakly permeable insulation. The mathematical statement of such problems
leads to an inverse problem for the heat equation, where it is required to �nd
not only a solution of the problem, but also its right-hand side that depends
only on the spatial variable.
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In this paper, we will consider the inverse problem close to that investigated
in [1], [2]. Together with the solution it is necessary to �nd an unknown right-
hand side of the equation. The equation contains the usual time derivative
and an involution with respect to the spatial variable. In contrast to [1], we
investigate the problem under nonlocal boundary conditions with respect to
the spatial variable. The conditions for overdetermination are initial and �nal
states.

The second of the main di�erences in the investigated inverse problem being
studied is that the unknown function enters, both in the right-hand side of the
equation, and in the conditions of the initial and �nal overdetermination.

Let us consider a problem of modeling the thermal di�usion process which is
close to that described in the report of Cabada and Tojo [2], where the example
that describes a concrete situation in physics is given. Consider a closed metal
wire (length 2π) wrapped around a thin sheet of insulation material in the
manner shown in Figure 1.

 

 

 

 (!") =  (") 

 (!#)  (#) 

 (0) 

Figure 1 � The closed metal wire wrapped around

a thin sheet of insulation material

Assuming that the position x = 0 is the lowest of the wire, and the
insulation goes up to the left at −π and to the right up to π. Since the wire is
closed, points −π and π coincide.

The layer of insulation is assumed to be slightly permeable. Therefore, the
temperature value from one side a�ects the di�usion process on the other side.
For this reason, the standard heat equation is modi�ed and to its right-hand
side ∂2Φ

∂x2 (x, t) a third term ε∂
2Φ

∂x2 (−x, t) (where |ε| < 1) is added. Here Φ(x, t)
is the temperature at point x of the wire at time t.
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Thus, this process is described by the equation

Φt (x, t)− Φxx (x, t) + εΦxx (−x, t) = f (x) (1)

in the domain Ω = {(x, t) : −π < x < π, 0 < t < T}. Here f(x) is the
in�uence of an internal source that does not change with time; t = 0 is an
initial time point and t = T is a �nal one.

As the additional information we take values of the initial and �nal
conditions of the temperature

Φ(x, 0) = ϕ (x) , Φ(x, T ) = ψ(x), x ∈ [−π, π]. (2)

Since the wire is closed, it is natural to assume that the temperature at the
ends of the wire is the same at all times:

Φ(−π, t) = Φ (π, t) , t ∈ [0, T ] . (3)

Since Φ(x, t) is the temperature at point x of the wire at time t, average
temperature along the entire length of the wire at time t can be calculated from

formula Φ̃(t) =
π∫

−π
Φ(ξ, t) dξ. If additional heating (cooling) is applied through

the boundary point x = −π, then the average temperature of the wire Φ̃(t)
increases (decreases). The greater the importance of this heating (cooling), the
faster the average temperature of the wire Φ̃(t) changes.

Consider a process in which the temperature at one end at every time point
t is proportional to the change speed of the average value of the temperature
throughout the wire. Then,

Φ(−π, t) = γ
d

dt

∫ π

−π
Φ(ξ, t) dξ, t ∈ [0, T ] . (4)

Here γ is a proportionality coe�cient.
Thus the investigated process is reduced to the following mathematical

inverse problem: Find the right-hand side f(x) of the heat equation (1), and
its solution Φ(x, t) subject to the initial and �nal conditions (2), the boundary
condition (3), and condition (4).
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2 Reduction to a mathematical problem

Condition (4) is signi�cantly nonlocal (i.e. values of the unknown function
over the entire domain are used). The integral along inner lines of the domain
is present in this condition. Using the idea of A.A. Samarskii, we transform
this condition. Taking into account Eq. (1) from (4), we get

Φ(−π, t) = γ

∫ π

−π

{
Φξξ (ξ, t)− εΦξξ (−ξ, t) + f (ξ)

}
dξ, t ∈ [0, T ] .

Hence

Φ(−π, t) = γ(1− ε)[Φx (π, t)− Φx (−π, t)] + γ

∫ π

−π
f (ξ) dξ, t ∈ [0, T ] .

Let us introduce the notations

u(x, t) = Φ(x, t)− γ

∫ π

−π
f (ξ) dξ. (5)

Then in terms of a new function u(x, t) we get the following inverse problem:
In the domain Ω = {(x, t) : −π < x < π, 0 < t < T} �nd the right-hand side

f(x) of the heat equation with involution

ut (x, t)− uxx (x, t) + εuxx (−x, t) = f (x) , (6)

and its solution u(x, t) satisfying the initial conditions

u (x, 0) = ϕ (x)− γ

∫ π

−π
f (ξ) dξ, x ∈ [−π, π], (7)

and the �nal conditions

u(x, T ) = ψ(x)− γ

∫ π

−π
f (ξ) dξ, x ∈ [−π, π], (8)

and the boundary ones{
ux (−π, t)− ux (π, t)− au (π, t) = 0,

u (−π, t)− u (π, t) = 0,
t ∈ [0, T ] . (9)
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Where ϕ(x) and ψ (x) are given su�ciently smooth functions; ε is a nonzero
real number such that |ε| < 1; and a = 1

γ(ε−1) .

In the physical sense, the second of conditions (9) means the equality of the
distribution densities at the ends of the interval. And the �rst of conditions (9)
means the proportionality of the di�erence of �uxes across opposite boundaries
to the density value at the boundary. We note that in [1] the Dirichlet boundary
conditions u (−π, t) = u (π, t) = 0 were used instead of condition (9).

The well-posedness of direct and inverse problems for parabolic equations
with involution was considered in [3]�[5].

The solvability of various inverse problems for parabolic equations was
studied in papers of Anikonov Yu.E. and Belov Yu.Ya., Bubnov B.A., Prilepko
A.I. and Kostin A.B., Monakhov V.N., Kozhanov A.I., Kaliev I. A., Sabitov
K.B. and many others. These citations can be seen in our papers [6],
[7]. In [1] there are good references to publications on related issues. We
note [8]�[29] from recent papers close to the theme of our article. In these
papers di�erent variants of direct and inverse initial-boundary value problems
for evolutionary equations are considered, including problems with nonlocal
boundary conditions and problems for equations with fractional derivatives.

In this paper we shall use a spectral problem for an ordinary di�erential
operators with involution. Such and similar spectral problems were considered
in [30]�[42].

Definition 1. By a regular solution of the inverse problem (6)�(9) we mean a

pair of functions (u(x, t), f(x)) of the class u(x, t) ∈ C2,1
x,t (Ω), f(x) ∈ C[−π, π]

that inverts Eq. (6) and conditions (7)�(9) into an identity.

Definition 2. By a generalized solution of the inverse problem (6)-(9) we

mean a pair of functions (u(x, t), f(x)) of the class u(x, t) ∈W 2,1
2 (Ω) ∩C

(
Ω
)
,

f(x) ∈ L2 (−π, π) that satis�es Eq. (6) and conditions (7)�(9) almost

everywhere.

When one uses the method of separation of variables to solve the problem,
a spectral problem appears, which is mentioned in the next section.
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3 Spectral problem

The use of the Fourier method for solving problem (6)�(9) leads to a
spectral problem for an operator L given by the di�erential expression

LX (x) ≡ −X ′′ (x) + εX ′′ (−x) = λX (x) , −π < x < π, (10)

and the boundary conditions{
X ′ (−π)−X ′ (π)− aX (π) = 0,

X (−π)−X (π) = 0,
(11)

where λ is a spectral parameter.
The spectral problems for Eq. (10) were �rst considered, apparently in [38].

There was considered a case of Dirichlet and Neumann boundary conditions,
and cases of conditions in the form (11) for a = 0. Here we consider the case
a ̸= 0. We assume that a > 0.

A general solution of Eq. (10) we represent in the form:

X (x) = A sin (µ1x) +B cos (µ2x) , µ1 =

√
λ

1 + ε
, µ2 =

√
λ

1− ε
,

where A and B are arbitrary complex numbers. Satisfying the boundary
conditions (11) for �nding eigenvalues, we obtain equations

sin (µ1π)= 0 , tan (µ2π)=
a

2µ2
.

Therefore, the spectral problem (10)�(11) has two series of eigenvalues

λk,1 = (1 + ε) k2, k ∈ N;

λk,2 = (1− ε) (k + δk)
2, k ∈ N0 ≡ N ∪ {0} ;

where δk = O

(
a

k + 1

)
> 0, as k → ∞,

with corresponding normalized eigenfunctions given by

Xk,1 (x) =
1√
π
sin (kx) , k ∈ N; Xk,2 (x) = νk cos ((k + δk)x) , k ∈ N0. (12)
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Here νk is a normalization coe�cient:

ν−2
k = ∥ cos ((k + δk)x) ∥2L2(−π,π) = π +

a2

(k + δk)
[
a2 + (k + δk)

2 π2
] .

Lemma 1. The system of functions (12) are complete and orthonormal in

L2 (−π, π).

Proof. We note that the system of eigenfunctions (12) does not depend on
the parameter ε. Only the eigenvalues of problem (10)�(11) depend on ε.

In the case when ε = 0, system (12) is a system of eigenfunctions of the
classical Strum-Liouville problem

−X ′′ (x) = λX (x) , −π < x < π,

with the self-adjoint boundary conditions (11).
Consequently, system (12) forms the complete orthonormal system in

L2 (−π, π), that is, is the orthonormal basis of the space. �

4 Uniqueness of the solution of the problem

Let the pair of functions (u(x, t), f(x)) be a solution of the inverse problem
(6)�(9). Let us introduce notations

uk,i (t) =

∫ π

−π
u(x, t)Xk,i (x) dx, fk,i =

∫ π

−π
f(x)Xk,i (x) dx, i = 1, 2. (13)

We apply the operator d
dt to uk,i (t). Then, using Eq. (6), by integrating by

parts, we obtain the problem

u′k,i (t) + λk,iuk,i (t) = fk,i, 0 < t < T, i = 1, 2, (14)

uk,i (0) = ϕk,i − σk,i, i = 1, 2, (15)

uk,i (T ) = ψk,i − σk,i, i = 1, 2. (16)

Here we use notations

ϕk,i =

∫ π

−π
ϕ(x)Xk,i (x) dx, ψk,i =

∫ π

−π
ψ(x)Xk,i (x) dx,
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σk,i = γ

∫ π

−π
f (ξ) dξ

∫ π

−π
Xk,i (x) dx.

It is easy to see that the function ũk,1 (t) = (λk,i)
−1fk,i is a partial solution

of the inhomogeneous equation (14). Therefore, we obtain a unique solution of
the Cauchy problem (14)�(15) in the form

uk,i (t) =

(
ϕk,i − σk,i −

fk,i
λk,i

)
e−λk,it +

fk,i
λk,i

. (17)

Since |ε| < 1, a > 0, we have λk,i > 0 for all k, i. Consequently,

1− e−λk,iT ≥ 1− e−λ0,2T > 0 for all the values of the indexes k, i. (18)

Therefore, using the condition of "�nal overdetermination" (16), we get

fk,i = λk,i
ψk,i − ϕk,ie

−λk,iT

1− e−λk,iT
− λk,iσk,i. (19)

Lemma 2. If a > 0, then the generalized solution (u(x, t), f(x)) of the inverse

problem (6)�(9) is unique.

Proof. Suppose that there are two generalized solutions of the inverse problem
(6)�(9): (u1(x, t), f1(x)) and (u2(x, t), f2(x)). Denote

u (x, t) = u1 (x, t)− u2 (x, t) , f (x) = f1 (x)− f2 (x) .

Then the functions u(x, t) and f(x) satisfy Eq. (6), the boundary conditions
(9) and the homogeneous conditions (7) and (8):

u (x, 0) = −γ
∫ π

−π
f (ξ) dξ, x ∈ [−π, π],

u(x, T ) = −γ
∫ π

−π
f (ξ) dξ, x ∈ [−π, π].

Therefore, by using the notations (13) from (19), we �nd

fk,i = −λk,iσk,i ≡ −λk,iγ
∫ π

−π
f (ξ) dξ

∫ π

−π
Xk,i (x) dx.
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Since

λk,i

∫ π

−π
Xk,i (x) dx =

∫ π

−π

{
−X ′′

k,i (x) + εX ′′
k,i (−x)

}
dx =

= (1− ε)
{
X ′

k,i (−π)−X ′
k,i (π)

}
= a(1− ε)Xk,i (π) ,

this gives

fk,i = −a(1− ε)

(
γ

∫ π

−π
f (ξ) dξ

)
Xk,i (π) . (20)

Since Xk,1 (π) = 0, then for i = 1 from Eq. (20) we have fk,1 = 0.

For the generalized solution of the problem (6)�(9) it is necessary that
f ∈ L2 (−π, π). From this, by virtue of Parseval's equality for orthogonal bases,
we have that

∞∑
k=1

|fk,2|2 ≤ ∥f∥2 <∞ (21)

is necessary.

Since a(1− ε) ̸= 0,

Xk,2 (π) = νk cos ((k + δk)π) , lim
k→∞

νk =
1√
π
, lim
k→∞

δk = 0,

then Eq. (20) and inequality (21) are possible only at
(
γ
∫ π
−π f (ξ) dξ

)
= 0.

Hence we obtain fk,2 = 0.

Therefore, using this result, from (17) and (19) we �nd

uk,i (t) ≡
∫ π

−π
u(x, t)Xk,i (x) dx = 0, fk,i ≡

∫ π

−π
f(x)Xk,i (x) dx = 0

for all values of the indexes k ∈ N for i = 1 and k ∈ N0 for i = 2. Further, by
the completeness of system (12) in L2 (−π, π) we obtain

u (x, t) ≡ 0, f (x) ≡ 0 ∀ (x, t) ∈ Ω.

The uniqueness of the generalized solution of the inverse problem (6)�(9) is
proved. �
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Corollary 1. If a > 0, then the regular solution (u(x, t), f(x)) of the inverse
problem (6)�(9) is unique.

5 Construction of a formal solution of the problem

As the eigenfunctions system (12) forms the orthonormal basis in
L2 (−π, π), then the unknown functions u(x, t) and f (x) can be represented
as

u (x, t) =
∞∑
k=1

uk,1 (t)Xk,1 (x) +
∞∑
k=0

uk,2 (t)Xk,2 (x), (22)

f (x) =

∞∑
k=1

fk,1Xk,1 (x) +

∞∑
k=0

fk,2Xk,2 (x), (23)

where uk,1 (t) and uk,2 (t) are unknown functions; fk,1 and fk,2 are unknown
constants.

Substituting (22) and (23) into Eq. (6), we obtain the inverse problems
(14)�(16). If the constants σk,i are assumed to be given, then the solutions of
these inverse problems exist, are unique and are represented by formulas (17)
and (19). Substituting (17) and (19) into series (22) and (23), we obtain a
formal solution of the inverse problem (6)�(9).

Let ϕ(x), ψ(x) ∈ W 2
2 (−π, π) and satisfy the boundary conditions (11).

Since λk,i > 0, then

∞∑
k=1

∣∣∣∣λk,iψk,i − ϕk,ie
−λk,iT

1− e−λk,iT

∣∣∣∣2 ≤ C
{
∥ϕ∥2W 2

2 (−π,π) + ∥ψ∥2W 2
2 (−π,π)

}
, i = 1, 2.

Therefore, from the analysis of formula (19) it is easy to see that in order
for the formal solution (22) of the problem (6)�(9) to be a generalized solution,
it is necessary that

lim
k→∞

λk,iσk,i = 0, i = 1, 2, (24)

holds.
As above, we calculate

λk,iσk,i ≡ a(1− ε)

(
γ

∫ π

−π
f (ξ) dξ

)
Xk,i (π) ,

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 2



On a class of inverse problems on a source restoration ... 97

where Xk,1 (π) = 0 and

Xk,2 (π) = νk cos ((k + δk)π) , lim
k→∞

νk =
1√
π
, lim
k→∞

δk = 0.

Thus, (24) holds if and only if σk,i = 0 for all values of the indexes k, i.
This is possible only in the case∫ π

−π
f (ξ) dξ = 0. (25)

Thus, condition (25) is a necessary condition for the existence of the
generalized solution of the inverse problem (6)�(9). In this case, problems (6)�
(9) and (1)�(4) coincide. Indeed, from (25) and Eq. (1) we have

0 =

∫ π

−π
f (ξ) dξ =

∫ π

−π
Φt (ξ, t) dξ −

∫ π

−π

{
Φξξ (ξ, t) + εΦξξ (−ξ, t)

}
dξ.

For the �rst integral we apply condition (4), and calculate the second
integral. Then we obtain

0 = (1− ε)

[
Φx (−π, t)− Φx (π, t) +

1

γ(1− ε)
Φ (−π, t)

]
.

This means that the boundary conditions (4) and (9) coincide. Hence, the
problems (6)-(9) and (1)�(4) also coincide.

Thus, in what follows we shall consider problem (1)�(3) with the boundary
condition

Φx (−π, t)− Φx (π, t)− aΦ(−π, t) = 0. (26)

Thus, in what follows we will consider the inverse problem (1)�(3), (26).
Similarly, as before, the formal solution of this problem can be constructed

in the form of series

Φ (x, t) =

∞∑
k=1

Φk,1 (t)Xk,1 (x) +

∞∑
k=0

Φk,2 (t)Xk,2 (x), (27)

f (x) =

∞∑
k=1

fk,1Xk,1 (x) +

∞∑
k=0

fk,2Xk,2 (x), (28)

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 2



98 G. Dildabek, M.B. Ivanova

where

Φk,i (t) =

(
ϕk,i −

fk,i
λk,i

)
e−λk,it +

fk,i
λk,i

, (29)

fk,i = λk,i
ψk,i − ϕk,ie

−λk,iT

1− e−λk,iT
. (30)

In order to complete our study, it is necessary, as in the Fourier method,
to justify the smoothness of the resulting formal solutions and the convergence
of all appearing series.

6 Main results

Here we present the existence and uniqueness results for our inverse
problem.

Theorem 1. Let a > 0.
(A) Let ϕ(x), ψ(x) ∈ W 2

2 (−π, π) and let the functions ϕ(x), ψ(x) satisfy the

boundary conditions (11). Then for a real number ε such that |ε| < 1 the

inverse problem (1)�(3), (26) has a unique generalized solution, which is stable

in norm:

∥Φt∥2L2(Ω) + ∥Φxx∥2L2(Ω) + ∥f∥2L2(−π,π) ≤

≤ C
{
∥ϕ∥2W 2

2 (−π,π) + ∥ψ∥2W 2
2 (−π,π)

}
, (31)

where the constant C does not depend on ϕ(x) and ψ(x).
(B) Let ϕ(x), ψ(x) ∈ C4 [−π, π] and the functions ϕ(x), ψ(x) and ϕ′′(x), ψ′′(x)
satisfy the boundary conditions (11), then for a real number ε such that |ε| < 1
the inverse problem (1)�(3), (26) has a unique regular solution.

Proof. Since |ε| < 1, a > 0, we have λk,i > 0 for all k, i. Consequently, there
exists a constant β > 0, such that for all the values of the indexes k, i we have

1− e−λk,iT ≥ 1− e−λ0,2T ≥ β > 0.

Since λk,i > 0, then e−λk,iT ≤ e−λk,it < 1. Therefore, from representations
(29) and (30) we get estimates

|fk,i| ≤
|λk,i|
β

{|ϕk,i|+ |ψk,i|} , (32)
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|Φk,i (t)| ≤
(
1 +

2

β

)
{|ϕk,i|+ |ψk,i|} , (33)

where the constant β does not depend on the indexes k, i and on the functions
ϕ(x) and ψ(x).

As proved in Lemma 1, the eigenfunctions system (12) forms the
orthonormal basis in L2 (−π, π). Therefore, we have an expansion

ϕ (x) =

∞∑
k=1

ϕk,1Xk,1 (x) +

∞∑
k=0

ϕk,2Xk,2 (x).

Taking into account Eq. (10), we obtain

−ϕ′′ (x) + εϕ′′ (−x) =
∞∑
k=1

λk,1ϕk,1Xk,1 (x) +
∞∑
k=0

λk,2ϕk,2Xk,2 (x).

From this, by Parseval's equality, it is easy to obtain an estimate

∞∑
k=1

|λk,1|2 |ϕk,1|2 +
∞∑
k=1

|λk,2|2 |ϕk,2|2 ≤ 2
(
1 + ε2

) ∥∥ϕ′′∥∥2
L2(−π,π)

. (34)

Similarly, for the coe�cients of the expansion

ψ (x) =

∞∑
k=1

ψk,1Xk,1 (x) +

∞∑
k=0

ψk,2Xk,2 (x)

we have the inequality

∞∑
k=1

|λk,1|2 |ψk,1|2 +
∞∑
k=1

|λk,2|2 |ψk,2|2 ≤ 2
(
1 + ε2

) ∥∥ψ′′∥∥2
L2(−π,π)

. (35)

Now, from (32), (34) and (35) we see that the series (28) converges and the
estimate

∥f∥2L2(−π,π) ≤ 2
1 + ε2

β2

{∥∥ϕ′′∥∥2
L2(−π,π)

+
∥∥ψ′′∥∥2

L2(−π,π)

}
(36)

holds.
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Taking into account Eq. (10), from (27) we obtain

−Φxx (x, t) + εΦxx (−x, t) =

=

∞∑
k=1

λk,1Φk,1(t)Xk,1 (x) +

∞∑
k=0

λk,2Φk,2(t)Xk,2 (x). (37)

Substituting the value (−x) instead of x, we �nd

−Φxx (−x, t) + εΦxx (x, t) =

= −
∞∑
k=1

λk,1Φk,1(t)Xk,1 (x) +

∞∑
k=0

λk,2Φk,2(t)Xk,2 (x). (38)

Here we use the properties Xk,1 (−x) = −Xk,1 (x), Xk,2 (−x) = Xk,2 (x)
obtained from the explicit form (10) of the eigenfunctions.

Multiplying Eq. (38) by ε and summing with Eq. (37), we have

(−1+ε2)Φxx (x, t) = (1−ε)
∞∑
k=1

λk,1Φk,1(t)Xk,1 (x)+(1+ε)

∞∑
k=0

λk,2Φk,2(t)Xk,2 (x).

Since |ε| < 1, from this, by Parseval's equality, we �nd

∥Φxx (·, t)∥2L2(−π,π) =
1

(1 + ε)2

∞∑
k=1

|λk,1|2 |Φk,1(t)|2+
1

(1− ε)2

∞∑
k=0

|λk,2|2 |Φk,2(t)|2

for each t ∈ [0, T ]. Integrating this equation with respect to t ∈ [0, T ], taking
(33) into account, we have

∥Φxx∥2L2(Ω) ≤
8T

(1− ε2)2

(
1 +

2

β

)2 2∑
i=1

{ ∞∑
k=1

|λk,i|2
{
|ϕk,i|2 + |ψk,i|2

}}
.

Hence, using (34) and (35), we obtain

∥Φxx∥2L2(Ω) ≤ 16T
1 + ε2

(1− ε2)2

(
1 +

2

β

)2 {∥∥ϕ′′∥∥2
L2(−π,π)

+
∥∥ψ′′∥∥2

L2(−π,π)

}
. (39)
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Now we can easily obtain an estimate for Ψt (x, t) from Eq. (1). This fact
together with (36) and (39) gives the necessary estimate (31) for the solution.

From the obtained estimates it also follows that in the constructed by us
formal solution of the inverse problem all the series converge, they can be
term-by-term di�erentiated, and the series obtained during di�erentiation also
converge in sense of the metrics L2.

From (27) and (33), by using the Holder's inequality, it is easy to justify
the inequality

max
(x,t)∈Ω

|Φ(x, t)|2 ≤ C
{∥∥ϕ′′∥∥2

L2(−π,π)
+

∥∥ψ′′∥∥2
L2(−π,π)

}
,

which justi�es the continuity of Φ(x, t) in the closed domain Ω.
From the representation of the solution in the form of series (22), (23) and

inequalities (32), (33) it is easy to justify the estimates

|Φxx (x, t)|+ |Φt (x, t)|+ |f (x)| ≤ C

∞∑
k=1

|λk,i|2 {|ϕk,i|+ |ψk,i|}. (40)

Let ϕ(x), ψ(x) ∈ C4 [−π, π] and let the functions ϕ(x), ψ(x) and ϕ′′(x), ψ′′(x)
satisfy the boundary conditions (11), then the number series in the right-hand
side of (40) converges. Therefore, in such case the constructed by us formal
solution gives the regular solution of the inverse problem (1)�(3), (26).

The uniqueness of this constructed solution follows from Lemma 2.
The Theorem is completely proved. �
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Äèëäàáåê Ã., Èâàíîâà Ì.Á. ËÎÊÀËÄÛ ÅÌÅÑ ÄÅÐÅÊÒÅÐÌÅÍ
ÁÅÐIËÃÅÍ ÆÛËÓ�ÒÊIÇÃIØÒIÊ ÏÐÎÖÅÑÑ Ê�ÇÄÅÐIÍ �ÀËÏÛÍÀ
ÊÅËÒIÐÓ ÊÅÐI ÅÑÅÏÒÅÐIÍI� ÁIÐ ÊËÀÑÛ ÒÓÐÀËÛ

Îñû ìà©àëàäà èíâîëþöèÿëû æºíå êåiñòiêòåãi àéíûìàëûñûíà ©àòû-
ñòû ïåðèîäòû øåêàðàëû© øàðòòû áið°ëøåìäi æûëó°òêiçãiø òåäåói ³øií
áið êåði åñåï ©àðàñòûðûë¡àí. Á´ë åñåï � ºëñiç °òêiçåòií î©øàóëàóøûíû
ñûðòûíàí îðàë¡àí æiiøêå ò´éû©òàë¡àí ñûìäà¡û æûëóäû òàðàó ïðî-
öåñií ´©ñàòûï ê°ðñåòåäi. Êåði åñåï òåäåóäi òåê êåiñòiêòiê àéíûìàëû¡à
òºóåëäi áîëàòûí áåëãiñiç î æà© á°ëiãií (øåøiììåí áið ìåçãiëäå) òàáóäàí
ò´ðàäû. �àéòà àíû©òàó øàðòòàðû ðåòiíäå áàñòàï©û æºíå ñî¡û æà¡äàéû
àëûí¡àí. Áåðiëãåí åñåïòi øåøiìiíi áàð áîëóû æºíå îíû æàë¡ûçäû¡û
àéíûìàëûëàðäû àæûðàòó ºäiñiìåí àëûí¡àí.

Êiëòòiê ñ°çäåð. Êåði åñåï, æûëó°òêiçãiøòiê òåäåói, èíâîëþöèÿëû òå-
äåó, ïåðèîäòû© øåêàðàëû© øàðòòàð, àéíûìàëûëàðäû àæûðàòó ºäiñi.
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Äèëäàáåê Ã., Èâàíîâà Ì.Á. ÎÁ ÎÄÍÎÌ ÊËÀÑÑÅ ÎÁÐÀÒÍÛÕ ÇÀ-
ÄÀ× ÂÎÑÑÒÀÍÎÂËÅÍÈß ÈÑÒÎ×ÍÈÊÀ ÏÐÎÖÅÑÑÀ ÒÅÏËÎÏÐÎ-
ÂÎÄÍÎÑÒÈ ÏÎ ÍÅËÎÊÀËÜÍÛÌ ÄÀÍÍÛÌ

Â ýòîé ñòàòüå ðàññìàòðèâàåòñÿ îäíà îáðàòíàÿ çàäà÷à äëÿ îäíîìåðíîãî
óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ èíâîëþöèåé è ñ ïåðèîäè÷åñêèìè ãðàíè÷íû-
ìè óñëîâèÿìè îòíîñèòåëüíî ïðîñòðàíñòâåííîé ïåðåìåííîé. Ýòà ïðîáëåìà
èìèòèðóåò ïðîöåññ ðàñïðîñòðàíåíèÿ òåïëà â òîíêîé çàìêíóòîé ïðîâîëîêå,
îáåðíóòîé âîêðóã ñëàáî ïðîíèöàåìîé èçîëÿöèè. Îáðàòíàÿ çàäà÷à ñîñòîèò
â âîññòàíîâëåíèè (îäíîâðåìåííî ñ ðåøåíèåì) íåèçâåñòíîé ïðàâîé ÷àñòè
óðàâíåíèÿ, çàâèñÿùåé òîëüêî îò ïðîñòðàíñòâåííîé ïåðåìåííîé. Óñëîâèÿ-
ìè ïåðåîïðåäåëåíèÿ ÿâëÿþòñÿ íà÷àëüíîå è êîíå÷íîå ñîñòîÿíèÿ. Ðåçóëüòà-
òû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè äëÿ äàííîé çàäà÷è ïîëó÷åíû ìåòîäîì
ðàçäåëåíèÿ ïåðåìåííûõ.

Êëþ÷åâûå ñëîâà. Îáðàòíàÿ çàäà÷à, óðàâíåíèå òåïëîïðîâîäíîñòè, óðàâ-
íåíèå ñ èíâîëþöèåé, ïåðèîäè÷åñêèå ãðàíè÷íûå óñëîâèÿ, ìåòîä ðàçäåëåíèÿ
ïåðåìåííûõ.
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Àííîòàöèÿ. Â ðàáîòå äëÿ îïåðàòîðà äâóõêðàòíîãî äèôôåðåíöèðîâàíèÿ íà

ãðàôå-çâåçäå âûäåëåíû íåâûðîæäåííûå ïî Â.À. Ìàð÷åíêî è ðåãóëÿðíûå ïî

Áèðêãîôó êðàåâûå óñëîâèÿ. Çàòåì ñòðîèòñÿ àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé

îïåðàòîðà äâóõêðàòíîãî äèôôåðåíöèðîâàíèÿ íà ãðàôå-çâåçäå ñ ðåãóëÿðíûìè ïî

Áèðêãîôó êðàåâûìè óñëîâèÿìè è äîêàçàíà ïîëíîòà ñèñòåìû êîðíåâûõ ôóíêöèé

ðàññìàòðèâàåìîãî îïåðàòîðà â ïðîñòðàíñòâå L2(ℑ). Îïåðàòîð ñ íåâûðîæäåííûìè
ãðàíè÷íûìè óñëîâèÿìè ìîæåò èìåòü íåïîëíóþ â L2(ℑ) ñèñòåìó êîðíåâûõ ôóíê-
öèé. Â òî æå âðåìÿ îïåðàòîð ñ ðåãóëÿðíûìè ïî Áèðêãîôó ãðàíè÷íûìè óñëîâèÿìè

èìååò ïîëíóþ â L2(ℑ) ñèñòåìó êîðíåâûõ ôóíêöèé. Ïðèâåäåíû èëëþñòðàòèâíûå

ïðèìåðû.

Êëþ÷åâûå ñëîâà. Ðåãóëÿðíûå ïî Áèðêãîôó ãðàíè÷íûå óñëîâèÿ, ñîáñòâåííûå çíà-

÷åíèÿ, óñëîâèÿ Êèðõãîôà, ãðàô-çâåçäà, àñèìïòîòèêà.

1 Ââåäåíèå

Ïóñòü m− ôèêñèðîâàííîå íàòóðàëüíîå ÷èñëî.
Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ äëÿ ñèñòåìû

äèôôåðåíöèàëüíûõ óðàâíåíèé:
−y

′′
m+1(xm+1) = ρ2ym+1(xm+1), 0 < xm+1 < 1,

−y
′′
m(xm) = ρ2ym(xm), 0 < xm < 1,

. . . . . . . . . . . .

−y
′′
1 (x1) = ρ2y1(x1), 0 < x1 < 1

(1)
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ñ óñëîâèÿìè âèäà (a)

ym+1(1) = y1(0) = . . . = ym(0),
y′m+1(1) = y′1(0) + . . .+ y′m(0)

(2)

è óñëîâèÿìè âèäà (b)

Us(y1, y2, . . . , ym+1) = (3)

=

2∑
j=1

[
asjy

(j−1)
1 (1) + as(2+j)y

(j−1)
2 (1) + . . .+ as(2m−2+j)y

(j−1)
m (1)+

+as(2m+j)y
(j−1)
m+1 (0)

]
= 0, s = 1, . . . ,m+ 1.

Ìàòðèöó èç êîýôôèöèåíòîâ óñëîâèé âèäà (b) îáîçíà÷èì ÷åðåç À,

A =

∥∥∥∥∥∥∥∥∥
a1,1 a1,2 . . . a1,2m+1 a1,2m+2

a2,1 a2,2 . . . a2,2m+1 a2,2m+2
...

...
. . .

...
...

am+1,1 am+1,2 . . . am+1,2m+1 am+1,2m+2

∥∥∥∥∥∥∥∥∥ ,
ãäå asp � íåêîòîðûå, áûòü ìîæåò, êîìïëåêñíûå ÷èñëà. Ñ÷èòàåì, ÷òî
rank A = m+ 1.

Ñîãëàñíî ðåçóëüòàòàì ðàáîò [1], [2] çàäà÷à (1), (2), (3) ìîæåò áûòü èí-
òåðïðåòèðîâàíà, êàê çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà äâóõêðàò-
íîãî äèôôåðåíöèðîâàíèÿ íà ãðàôå-çâåçäå ℑ = {V, E}.

Çäåñü V ïðåäñòàâëÿåò ìíîæåñòâî âåðøèí, çàíóìåðîâàííûõ îò 0 äî
m + 1, à ìíîæåñòâî E îçíà÷àåò ìíîæåñòâî äóã e1, . . . , em [3]. Íà êàæäîé
äóãå ej âûïîëíÿåòñÿ îäíî èç äèôôåðåíöèàëüíûõ óðàâíåíèé ñèñòåìû (1).
Âåðøèíà m+1 ∈ V íàçûâàåòñÿ âíóòðåííåé âåðøèíîé ãðàôà-çâåçäû. Óñëî-
âèÿ âèäà (a) îçíà÷àþò, ÷òî âî âíóòðåííåé âåðøèíå âûïîëíÿþòñÿ çàêîíû
Êèðõãîôà [4]. Âåðøèíû 0, 1, . . . ,m íàçûâàþòñÿ ãðàíè÷íûìè âåðøèíàìè
ãðàôà-çâåçäû (Ðèñ. 1). Óñëîâèÿ âèäà (b) ïðåäñòàâëÿþò íàáîð ãðàíè÷íûõ
óñëîâèé. Ïðè m = 1 çàäà÷à (1), (2), (3) ñîâïàäàåò ñ çàäà÷åé Øòóðìà-
Ëèóâèëëÿ

−u
′′
(x) = ρ2u(x), 0 < x < 2, (4)

Uj(u) =

2∑
k=1

ajku
(k−1)(0) +

2∑
k=1

aj(k+2)u
(k−1)(2), j = 1, 2. (5)
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Ðèñóíîê 1 � Ãðàô-çâåçäà

Â ýòîì ñëó÷àå ìàòðèöà A ïðèìåò âèä

A =

(
a11 a12 a13 a14
a21 a22 a23 a24

)
. (6)

Ñîãëàñíî ìîíîãðàôèè Â.À. Ìàð÷åíêî [5] óñëîâèÿ (5) íàçûâàþòñÿ íåâû-
ðîæäåííûìè ãðàíè÷íûìè óñëîâèÿìè, åñëè âûïîëíåíî îäíî èç ñëåäóþùèõ
òðåáîâàíèé:

1)A34 ̸= 0, 2)A34 = 0, A14 +A23 ̸= 0, 3)A34 = 0, A14 +A23 = 0, A12 ̸= 0.

Çäåñü Aij îçíà÷àåò ìèíîð ìàòðèöû (6), ñîñòàâëåííûé èç ñòîëáöîâ ìàòðè-
öû A ñ íîìåðàìè i è j.

Â ïåðâîé ÷àñòè äàííîé ðàáîòû îïðåäåëåíû íåâûðîæäåííûå ïî Â.À.
Ìàð÷åíêî ãðàíè÷íûå óñëîâèÿ äëÿ îïåðàòîðà äâóõêðàòíîãî äèôôåðåíöè-
ðîâàíèÿ íà ãðàôå-çâåçäå.

Â ìîíîãðàôèè Ì.À. Íàéìàðêà [6] ñðåäè óñëîâèé âèäà (5) âûäåëåíû
ðåãóëÿðíûå ïî Áèðêãîôó êðàåâûå óñëîâèÿ. Â íàñòîÿùåé ðàáîòå äëÿ îïå-
ðàòîðà äâóõêðàòíîãî äèôôåðåíöèðîâàíèÿ íà ãðàôå-çâåçäå âûäåëåíû ðå-
ãóëÿðíûå ïî Áèðêãîôó êðàåâûå óñëîâèÿ. Çàòåì âû÷èñëåíà àñèìïòîòèêà
ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà äâóõêðàòíîãî äèôôåðåíöèðîâàíèÿ íà
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ãðàôå-çâåçäå ñ ðåãóëÿðíûìè ïî Áèðêãîôó êðàåâûìè óñëîâèÿìè è äîêà-
çàíà ïîëíîòà ñèñòåìû êîðíåâûõ ôóíêöèé ðàññìàòðèâàåìîãî îïåðàòîðà â
ïðîñòðàíñòâå L2(ℑ).

Â íàñòîÿùåé ðàáîòå âàðüèðóþòñÿ òîëüêî ãðàíè÷íûå óñëîâèÿ òèïà (b).
Â ðàáîòå Ì.Ã. Çàâãîðîäíåãî [7] èçó÷åíû íîðìèðîâàííûå êðàåâûå óñëî-
âèÿ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé íà ãðàôàõ, êîãäà âàðüèðóþòñÿ êàê
óñëîâèÿ òèïà (a), òàê è óñëîâèÿ òèïà (b). Â òî æå âðåìÿ â ìîíîãðàôèè
Þ.Â. Ïîêîðíîãî [8] ñòàâèëàñü çàäà÷à èññëåäîâàíèÿ äèôôåðåíöèàëüíûõ
îïåðàòîðîâ íà ãðàôàõ, êîãäà âàðüèðóþòñÿ òîëüêî óñëîâèÿ â ãðàíè÷íûõ
âåðøèíàõ. Òàê ÷òî äàííàÿ ñòàòüÿ ñîîòâåòñòâóåò ïðîáëåìå, ïîñòàâëåííîé â
ìîíîãðàôèè [5].

2 Çàâèñèìîñòü ðåøåíèé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíå-

íèé (1) ñ óñëîâèÿìè (2) îò ñïåêòðàëüíîãî ïàðàìåòðà

Â ðàáîòå [1] äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1. Ïóñòü ym+1(xm+1) = eiρxm+1 ïðè xm+1 ∈ em+1. Òîãäà

ðåøåíèå ñèñòåìû (1) ñ óñëîâèÿìè (2) îïðåäåëÿåòñÿ ïî ôîðìóëàì

ys(xs) = eiρ(xs+1) −Bsie
iρ sin ρxs, xs ∈ es, s = 1, . . . ,m, (7)

ïðè÷åì ïîñòîÿííûå B1, B2, . . . , Bm óäîâëåòâîðÿþò ñîîòíîøåíèþ

B1 +B2 + . . .+Bm = m− 1, (8)

à â îñòàëüíîì − ïðîèçâîëüíûå.

Óòâåðæäåíèå îñòàåòñÿ ñïðàâåäëèâûì, åñëè ρ çàìåíèòü íà −ρ. Ïðè ýòîì
íàáîð ÷èñåë B1, B2, . . . , Bm íå ìåíÿåòñÿ.

3 Íåâûðîæäåííûå ïî Â.À. Ìàð÷åíêî êðàåâûå óñëîâèÿ âèäà

(3)

Â äàííîì ïóíêòå ïîëîæèì m = 2 è îïðåäåëèì íåâûðîæäåííûå ïî Â.À.
Ìàð÷åíêî êðàåâûå óñëîâèÿ.

Îáùåå ðåøåíèå ïåðâîãî óðàâíåíèÿ ñèñòåìû (1) èìååò âèä

y3(x3, ρ) = α1 cos ρx3 + α2
sin ρx3

ρ
, (9)
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ãäå α1 è α2 � ïðîèçâîëüíûå âåëè÷èíû, íåçàâèñÿùèå îò x3.
Òîãäà ñîãëàñíî óòâåðæäåíèþ ïóíêòà 2 äëÿ ôóíêöèé y1(x1, ρ), y2(x2, ρ),

óäîâëåòâîðÿþùèõ (1), (2), ïîëó÷èì ñëåäóþùèå ïðåäñòàâëåíèÿ:
y1(x1, ρ) = α1 (cos ρ(x1 + 1) + β1 sin ρ sin ρx1)+

+α2

(
sin ρ(x1+1)

ρ − β1 cos ρ
sin ρx1

ρ

)
,

y2(x2, ρ) = α1 (cos ρ(x2 + 1) + β2 sin ρ sin ρx2)+

+α2

(
sin ρ(x2+1)

ρ − β2 cos ρ
sin ρx2

ρ

)
,

(10)

ïðè÷åì ÷èñëà β1 è β2 óäîâëåòâîðÿþò ñîîòíîøåíèþ

β1 + β2 = 1.

Ââåäåì âåêòîð T⃗ (ρ), îïðåäåëåííûé ïî ôîðìóëå

T⃗ (ρ) =



t1(1, ρ)
t2(1, ρ)
t3(0, ρ)
t′1(1, ρ)
t′2(1, ρ)
t′3(0, ρ)

 ,

ãäå

t1(x1, ρ) = cos ρ(x1 + 1) + β1 sin ρ sin ρx1,

t2(x2, ρ) = cos ρ(x2 + 1) + β2 sin ρ sin ρx2,

t3(x3, ρ) = cos ρx3.

Ëåãêî ïðåîáðàçîâàòü âåêòîð T⃗ (ρ) ê ñëåäóþùåìó âèäó:

T⃗ (ρ) =



cos 2ρ
1
2 + 1

2 cos 2ρ
1

−ρ sin 2ρ
−1

2ρ sin 2ρ
0

+ β1



1
2 − 1

2 cos 2ρ
−1

2 + 1
2 cos 2ρ
0

1
2ρ sin 2ρ
−1

2ρ sin 2ρ
0

 . (11)
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Çäåñü ó÷òåíî, ÷òî β2 = 1− β1. Óäîáíî ââåñòè îáîçíà÷åíèÿ

T⃗0(ρ) =



cos 2ρ
1
2 + 1

2 cos 2ρ
1

−ρ sin 2ρ
−1

2ρ sin 2ρ
0

 è T⃗1(ρ) =



1
2 − 1

2 cos 2ρ
−1

2 + 1
2 cos 2ρ
0

1
2ρ sin 2ρ
−1

2ρ sin 2ρ
0

 .

Àíàëîãè÷íî âåêòîðó T⃗ (ρ) îïðåäåëèì âåêòîð R⃗(ρ) ïî ôîðìóëå

R⃗(ρ) =



τ1(1, ρ)
τ2(1, ρ)
τ3(0, ρ)
τ ′1(1, ρ)
τ ′2(1, ρ)
τ ′3(0, ρ)

 ,

ãäå

τ1(x1, ρ) =
sin ρ(x1 + 1)

ρ
− β1 cos ρ

sin ρx1
ρ

,

τ2(x2, ρ) =
sin ρ(x2 + 1)

ρ
− β2 cos ρ

sin ρx2
ρ

,

τ3(x3, ρ) =
sin ρx3

ρ
.

Âåêòîðû R⃗0(ρ) è R⃗1(ρ) îïðåäåëÿþòñÿ ïî àíàëîãèè ñ âåêòîðàìè T⃗0(ρ) è
T⃗1(ρ):

R⃗0(ρ) =



sin 2ρ
ρ

1
2
sin 2ρ

ρ

0
cos 2ρ

−1
2 + 1

2 cos 2ρ
1


è R⃗1(ρ) =



1
2
sin 2ρ

ρ

−1
2
sin 2ρ

ρ

0
1
2 + 1

2 cos 2ρ
−1

2 − 1
2 cos 2ρ
0


.
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Ñïðàâåäëèâî âåêòîðíîå ðàâåíñòâî

R⃗(ρ) = R⃗0(ρ)− β1R⃗1(ρ). (12)

Òåïåðü ïîäñòàâèì ïðåäñòàâëåíèÿ (9) è (10) â ãðàíè÷íûå óñëîâèÿ (3). Â
ðåçóëüòàòå ïîëó÷èì ñëåäóþùóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé, çàïè-
ñàííóþ â ìàòðè÷íî-âåêòîðíîé ôîðìå:

α1

[
AT⃗0(ρ) + β1AT⃗1(ρ)

]
+ α2

[
AR⃗0(ρ)− β1AR⃗1(ρ)

]
= 0. (13)

Çäåñü A � çàäàííàÿ ïðÿìîóãîëüíàÿ ìàòðèöà ðàçìåðíîñòè 3 × 6. Ñòðîêè
ìàòðèöû A óäîáíî îáîçíà÷àòü ÷åðåç a⃗1, a⃗2, a⃗3, ãäå a⃗i − i-àÿ ñòðîêà. Èç ñè-
ñòåìû (13) èñêëþ÷èì íåèçâåñòíûå α1 è α2. Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó
äâóõ óðàâíåíèé∣∣∣∣∣ a⃗1T⃗0(ρ) + β1a⃗1T⃗1(ρ) a⃗1R⃗0(ρ)− β1a⃗1R⃗1(ρ)

a⃗kT⃗0(ρ) + β1a⃗kT⃗1(ρ) a⃗kR⃗0(ρ)− β1a⃗kR⃗1(ρ)

∣∣∣∣∣ = 0, k = 2, 3. (14)

Èç ñèñòåìû (14) íàäî èñêëþ÷èòü íåèçâåñòíûé ïàðàìåòð β1. Äëÿ ýòîãî ñíà-
÷àëà ïåðåïèøåì (14) â ñëåäóþùåì âèäå:∣∣∣∣∣ a⃗1T⃗0(ρ) a⃗1R⃗0(ρ)

a⃗kT⃗0(ρ) a⃗kR⃗0(ρ)

∣∣∣∣∣+ (15)

+β1

(∣∣∣∣∣ a⃗1T⃗1(ρ) a⃗1R⃗0(ρ)

a⃗kT⃗1(ρ) a⃗kR⃗0(ρ)

∣∣∣∣∣−
∣∣∣∣∣ a⃗1T⃗0(ρ) a⃗1R⃗1(ρ)

a⃗kT⃗0(ρ) a⃗kR⃗1(ρ)

∣∣∣∣∣
)

= 0

ïðè k = 2, 3. Çäåñü ó÷òåíî, ÷òî îïðåäåëèòåëü∣∣∣∣∣ a⃗1T⃗1(ρ) a⃗1R⃗1(ρ)

a⃗kT⃗1(ρ) a⃗kR⃗1(ρ)

∣∣∣∣∣ = 0, k = 2, 3,

òàê êàê T⃗1(ρ) cos ρ = R⃗1(ρ)ρ sin ρ.
Èñêëþ÷àÿ èç ñèñòåìû (15) âåëè÷èíó β1, ïîëó÷èì ðàâåíñòâî∣∣∣∣ γ2 ε2

γ3 ε3

∣∣∣∣ = 0, (16)
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ãäå

γk =

∣∣∣∣∣ a⃗1T⃗0(ρ) a⃗1R⃗0(ρ)

a⃗kT⃗0(ρ) a⃗kR⃗0(ρ)

∣∣∣∣∣ , k = 2, 3,

εk =

∣∣∣∣∣ a⃗1T⃗1(ρ) a⃗1R⃗0(ρ)

a⃗kT⃗1(ρ) a⃗kR⃗0(ρ)

∣∣∣∣∣−
∣∣∣∣∣ a⃗1T⃗0(ρ) a⃗1R⃗1(ρ)

a⃗kT⃗0(ρ) a⃗kR⃗1(ρ)

∣∣∣∣∣ , k = 2, 3.

Ïðàâóþ ÷àñòü ðàâåíñòâà (16) îáû÷íî îáîçíà÷àþò ÷åðåç ∆(ρ) è íàçûâàþò
õàðàêòåðèñòè÷åñêèì îïðåäåëèòåëåì çàäà÷è (1), (2), (3) ïðè m = 2.

Òàê êàê

γk = det

{(
a⃗1
a⃗k

)(
T⃗0(ρ)|R⃗0(ρ)

)}
, k = 2, 3,

ïðåäñòàâëÿåò îïðåäåëèòåëü ïðîèçâåäåíèÿ äâóõ ìàòðèö, òî âû÷èñëèì åãî ñ
ïîìîùüþ ôîðìóëû Áèíå-Êîøè. Ñíà÷àëà ðàññìîòðèì ìàòðèöó ðàçìåðíî-
ñòè 6× 2:

[
T⃗0(ρ)|R⃗0(ρ)

]
=



cos 2ρ sin 2ρ
ρ

1
2 + 1

2 cos 2ρ
1
2
sin 2ρ

ρ

1 0
−ρ sin 2ρ cos 2ρ
−1

2ρ sin 2ρ −1
2 + 1

2 cos 2ρ
0 1


è âû÷èñëèì åå ìèíîðû ðàçìåðíîñòè äâà:

m12 = −sin 2ρ

2ρ
, m13 = −sin 2ρ

ρ
, m14 = 1,

m15 =
1

2
− 1

2
cos 2ρ, m16 = cos 2ρ, m23 = −sin 2ρ

2ρ
,

m24 =
1

2
+

1

2
cos 2ρ, m25 = 0, m26 =

1

2
+

1

2
cos 2ρ,

m34 = cos 2ρ, m35 = −1

2
+

1

2
cos 2ρ, m36 = 1,

m45 =
1

2
ρ sin 2ρ, m46 = −ρ sin 2ρ, m56 = −1

2
ρ sin 2ρ.
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Ñëåäîâàòåëüíî, ïðè k = 2, 3 ìîæíî çàïèñàòü ïðåäñòàâëåíèå äëÿ γk:

γk = h
(k)
1 ρ sin 2ρ+ h

(k)
2 cos 2ρ+ h

(k)
3

sin 2ρ

ρ
+ h

(k)
4 , (17)

ãäå

h
(k)
1 =

1

2
A

(k)
45 −A

(k)
46 − 1

2
A

(k)
56 ,

h
(k)
2 = −1

2
A

(k)
15 +A

(k)
16 +

1

2
A

(k)
24 +

1

2
A

(k)
26 +A

(k)
34 +

1

2
A

(k)
35 ,

h
(k)
3 = −1

2
A

(k)
12 −A

(k)
13 − 1

2
A

(k)
23 ,

h
(k)
4 = A

(k)
14 +

1

2
A

(k)
15 +

1

2
A

(k)
24 +

1

2
A

(k)
26 − 1

2
A

(k)
35 +A

(k)
36 .

Òåïåðü âû÷èñëèì εk ïðè k = 2, 3. Äëÿ ýòîãî ñîñòàâèì ìàòðèöó ðàçìåð-
íîñòè 6× 2:

[
T⃗1(ρ)|R⃗0(ρ)

]
=



1
2 − 1

2 cos 2ρ
sin 2ρ

ρ

−1
2 + 1

2 cos 2ρ
1
2
sin 2ρ

ρ

0 0
1
2ρ sin 2ρ cos 2ρ
−1

2ρ sin 2ρ −1
2 + 1

2 cos 2ρ
0 1


è âû÷èñëèì âñå åå ìèíîðû âòîðîãî ïîðÿäêà:

m̂12 =
3

4

sin 2ρ

ρ
− 3

8

sin 4ρ

ρ
, m̂13 = 0, m̂14 = −1

2
+

1

2
cos 2ρ,

m̂15 = −1

8
+

1

2
cos 2ρ− 3

8
cos 4ρ, m̂16 =

1

2
− 1

2
cos 2ρ,

m̂23 = 0, m̂24 =
1

8
− 1

2
cos 2ρ+

3

8
cos 4ρ,

m̂25 = −1

2
cos 2ρ+

1

2
, m̂26 = −1

2
+

1

2
cos 2ρ, m̂34 = 0,

m̂35 = 0, m̂36 = 0, m̂45 =
3

8
ρ sin 4ρ− 1

4
ρ sin 2ρ,

m̂46 =
1

2
ρ sin 2ρ, m̂56 = −1

2
ρ sin 2ρ.
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Ñîñòàâèì ìàòðèöó ðàçìåðíîñòè 6× 2:

[
T⃗0(ρ)|R⃗1(ρ)

]
=



cos 2ρ 1
2
sin 2ρ

ρ
1
2 + 1

2 cos 2ρ −1
2
sin 2ρ

ρ

1 0
−ρ sin 2ρ 1

2 + 1
2 cos 2ρ

−1
2ρ sin 2ρ −1

2 − 1
2 cos 2ρ

0 0


è âû÷èñëèì âñå åå ìèíîðû âòîðîãî ïîðÿäêà:

m̌12 = −3

8

sin 4ρ

ρ
− 1

4

sin 2ρ

ρ
, m̌13 = −1

2

sin 2ρ

ρ
,

m̌14 =
1

2
+

1

2
cos 2ρ, m̌15 = −1

8
− 1

2
cos 2ρ− 3

8
cos 4ρ,

m̌16 = 0, m̌23 =
1

2

sin 2ρ

ρ
,

m̌24 =
1

8
+

1

2
cos 2ρ+

3

8
cos 4ρ, m̌25 = −1

2
− 1

2
cos 2ρ,

m̌26 = 0, m̌34 =
1

2
+

1

2
cos 2ρ, m̌35 = −1

2
− 1

2
cos 2ρ,

m̌36 = 0, m̌45 =
3

4
ρ sin 2ρ+

3

8
ρ sin 4ρ, m̌46 = 0, m̌56 = 0.

Íàõîäèì ðàçíîñòè ìèíîðîâ m̂ln è m̌ln:

m̂12 − m̌12 =
sin 2ρ

ρ
, m̂13 − m̌13 =

1

2

sin 2ρ

ρ
,

m̂14 − m̌14 = −1, m̂15 − m̌15 = cos 2ρ,

m̂16 − m̌16 =
1

2
− 1

2
cos 2ρ, m̂23 − m̌23 = −1

2

sin 2ρ

ρ
,

m̂24 − m̌24 = − cos 2ρ, m̂25 − m̌25 = 1,
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m̂26 − m̌26 = −1

2
+

1

2
cos 2ρ,

m̂34 − m̌34 = −1

2
− 1

2
cos 2ρ,

m̂35 − m̌35 =
1

2
+

1

2
cos 2ρ, m̂36 − m̌36 = 0,

m̂45 − m̌45 = −ρ sin 2ρ, m̂46 − m̌46 =
1

2
ρ sin 2ρ,

m̂56 − m̌56 = −1

2
ρ sin 2ρ.

Ñëåäîâàòåëüíî, ïðè k = 2, 3 ìîæíî çàïèñàòü îêîí÷àòåëüíîå ïðåäñòàâëåíèå
äëÿ εk:

εk = g
(k)
1 ρ sin 2ρ+ g

(k)
2 cos 2ρ+ g

(k)
3

sin 2ρ

ρ
+ g

(k)
4 , (18)

ãäå

g
(k)
1 = −A

(k)
45 +

1

2
A

(k)
46 − 1

2
A

(k)
56 ,

g
(k)
2 = A

(k)
15 − 1

2
A

(k)
16 −A

(k)
24 +

1

2
A

(k)
26 − 1

2
A

(k)
34 ,

g
(k)
3 = A

(k)
12 +

1

2
A

(k)
13 − 1

2
A

(k)
23 ,

g
(k)
4 = −A

(k)
14 +

1

2
A

(k)
16 +A

(k)
25 − 1

2
A

(k)
26 − 1

2
A

(k)
34 +

1

2
A

(k)
35 .

Òåïåðü ìû ãîòîâû âû÷èñëèòü ∆(ρ). Ïîäñòàâèì â (16) ñîîòíîøåíèÿ (17) è
(18) ïðè k = 2, 3. Îáîçíà÷èì s1(ρ) = ρ sin 2ρ, s2(ρ) = cos 2ρ, s3(ρ) =

sin 2ρ
ρ ,

s4(ρ) = 1. Â ðåçóëüòàòå ïîëó÷èì

∆(ρ) =

∣∣∣∣ γ2(ρ) ε2(ρ)
γ3(ρ) ε3(ρ)

∣∣∣∣ =
∣∣∣∣∣
∑4

k=1 h
(2)
k sk(ρ)

∑4
k=1 g

(2)
k sk(ρ)∑4

k=1 h
(3)
k sk(ρ)

∑4
k=1 g

(3)
k sk(ρ)

∣∣∣∣∣
èëè

∆(ρ) = f1ρ
2 cos 4ρ+ f2ρ sin 4ρ+ f3 cos 4ρ+ (19)

+f4ρ sin 2ρ+ f5 cos 2ρ+ f6
sin 2ρ

ρ
+ f7,
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ãäå f1, f2, . . . , f7 âûðàæàþòñÿ ÷åðåç {h(2)j , g
(2)
k , h

(3)
j , g

(3)
k , j = 1, . . . , 4, k =

1, . . . , 4} â âèäå ñóìì îïðåäåëèòåëåé âèäà∣∣∣∣∣ h
(2)
j g

(2)
k

h
(3)
j g

(3)
k

∣∣∣∣∣ .
Óòâåðæäåíèå 2. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ∆(ρ) çàäà÷è íà ñîá-

ñòâåííûå çíà÷åíèÿ (1), (2), (3) ïðè m = 2 èìååò âèä (19), ãäå êîýôôèöè-

åíòû f1, f2, . . . , f7 âûðàæàþòñÿ ÷åðåç ìèíîðû âòîðîãî ïîðÿäêà ìàòðèöû

A =

 a11 a12 a13 a14 a15 a16
a21 a22 a23 a24 a25 a26
a31 a32 a33 a34 a35 a36

 .

Ê ïðèìåðó ïðèâåäåì ôîðìóëó äëÿ êîýôôèöèåíòà f1:

f1 = − 3

16

∣∣∣∣∣ A(2)
45 A

(2)
46

A
(3)
45 A

(3)
56

∣∣∣∣∣+ 3

16

∣∣∣∣∣ A(2)
45 A

(2)
56

A
(3)
45 A

(3)
56

∣∣∣∣∣+ 3

16

∣∣∣∣∣ A(2)
46 A

(2)
56

A
(3)
46 A

(3)
56

∣∣∣∣∣ .
Ñëåäóÿ Â.À. Ìàð÷åíêî ââåäåì îïðåäåëåíèå.

Îïðåäåëåíèå 1. Ãðàíè÷íûå óñëîâèÿ (3) ïðè m = 2 íàçûâàþòñÿ âûðîæ-

äåííûìè, åñëè f1 = . . . = f6 = 0. Â ïðîòèâíîì ñëó÷àå ãðàíè÷íûå óñëîâèÿ

(3) áóäåì íàçûâàòü íåâûðîæäåííûìè.

Ïðèìåð 1. Ïóñòü m = 2 è U1(y1, y2, y3) = y1(1), U2(y1, y2, y3) = y′1(1),
U3(y1, y2, y3) = y2(1). Â ýòîì ñëó÷àå ìàòðèöà A ïðèìåò âèä

A =

 1 0 0 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0

 ,

ïðè÷åì âñå ìèíîðû âòîðîãî ïîðÿäêà ìàòðèö

(
1 0 0 0 0 0
0 0 0 0 1 0

)
è(

1 0 0 0 0 0
0 1 0 0 0 0

)
ðàâíû íóëþ, êðîìå A(2)

15 ̸= 0, A(3)
12 ̸= 0.

Â ýòîì ñëó÷àå ∆(ρ) = sin ρ
ρ , y1(x1, ρ) ≡ 0, y2(x2, ρ) = β2

sin ρ(x2+1)
ρ ,

y3(x3, ρ) = β2
sin ρx3

ρ , ãäå β2 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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Ðàññìàòðèâàåìûå â äàííîì ïðèìåðå ãðàíè÷íûå óñëîâèÿ ÿâëÿ-
þòñÿ íåâûðîæäåííûìè. Çàìåòèì, ÷òî ñïåêòð çàäà÷è � äèñêðåò-
íûé,

{
(nπ)2, n = 1, 2, . . .

}
, ñèñòåìà ñîáñòâåííûõ ôóíêöèé {y1(x1, n) ≡ 0 ,

y2(x2, n) = (−1)n sinnπx2, y3(x3, n) = sinnπx3, n = 1, 2, . . .} íå ÿâëÿåòñÿ
ïîëíîé ñèñòåìîé â ïðîñòðàíñòâå L2(ℑ). Ðàññìàòðèâàåìàÿ çàäà÷à íà ñîá-
ñòâåííûå çíà÷åíèÿ íà ãðàôå-çâåçäå â íåêîòîðîì ñìûñëå ýêâèâàëåíòíà ñëå-
äóþùåé çàäà÷å íà ñîáñòâåííûå çíà÷åíèÿ íà îòðåçêå [0, 2]:

−u
′′
(x) = ρ2u(x), 0 < x < 2, u(1) = 0, u(2) = 0. (20)

Äåéñòâèòåëüíî, ïîñêîëüêó y1(x1, ρ) ≡ 0, òî äîñòàòî÷íî îáîçíà÷èòü
u(x, ρ) = y3(x3, ρ) ïðè 0 < x < 1, u(x, ρ) = y2(x2 − 1, ρ) ïðè 1 < x < 2.

Çàäà÷à (20) ðàññìàòðèâàåòñÿ íà îòðåçêå [0, 2], à êðàåâûå óñëîâèÿ çàäà-
íû â òî÷êàõ x = 1 è x = 2. Ïîýòîìó åå ñïåêòð äèñêðåòåí, îäíàêî, ñèñòåìà
ñîáñòâåííûõ ôóíêöèé íå ÿâëÿåòñÿ ïîëíîé â ïðîñòðàíñòâå L2(0, 2).

Ïðèìåð 2. Ïóñòüm = 3 è U1(y1, y2, y3, y4) = y1(1), U2(y1, y2, y3, y4) = y′1(1),
U3(y1, y2, y3, y4) = y2(1), U4(y1, y2, y3, y4) = y′2(1). Â ýòîì ñëó÷àå ìàòðèöà A
ïðèìåò âèä

A =


1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0

 .

Â äàííîì ïðèìåðå ∆(ρ) ≡ 0, y1(x1, ρ) ≡ 0, y2(x2, ρ) ≡ 0. Òàêæå ìîæ-
íî çàìåòèòü, ÷òî y3(0, ρ) = 0, y4(1, ρ) = 0. Ñëåäîâàòåëüíî, ïðîèçâîëüíîå
λ = ρ2 ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì ðàññìàòðèâàåìîé çàäà÷è. Ñîá-
ñòâåííûå ôóíêöèè ñîîòâåòñòâóþùèå λ = ρ2, èìåþò âèä (0, 0, β sin ρ(x3 +
1), β sin ρx4). Ðàññìàòðèâàåìàÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ íà ãðàôå-
çâåçäå ýêâèâàëåíòíà ñëåäóþùåé çàäà÷å íà ñîáñòâåííûå çíà÷åíèÿ íà îòðåç-
êå [0, 2]:

−u
′′
(x) = ρ2u(x), 0 < x < 2, u(1) = 0. (21)

Äåéñòâèòåëüíî, ïîñêîëüêó y1(x1, ρ) ≡ y2(x2, ρ) ≡ 0, òî äîñòàòî÷íî ïîëî-
æèòü u(x, ρ) = y4(x4, ρ) ïðè 0 < x < 1, u(x, ρ) = y3(x3−1, ρ) ïðè 1 < x < 2.

Çàìå÷àíèå 1. Èçëîæåíèå ïðåäûäóùåãî ìàòåðèàëà ïðîâåäåíî ïðè m =
2. Ïðåäëîæåííàÿ ñõåìà ðàñïðîñòðàíÿåòñÿ íà ïðîèçâîëüíîå íàòóðàëüíîå

÷èñëî m.
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Çàìå÷àíèå 2. Ìîäèôèöèðóÿ Ïðèìåð 2, ìîæíî ïîëó÷èòü çàäà÷ó íà ñîá-

ñòâåííûå çíà÷åíèÿ íà ãðàôå-çâåçäå ñ ïóñòûì ñïåêòðîì.

Ïðèìåð 3. Ïóñòü m = 5 è U1(y1, y2, y3, y4, y5, y6) = y1(1),
U2(y1, y2, y3, y4, y5, y6) = y′1(1), U3(y1, y2, y3, y4, y5, y6) = y2(1),
U4(y1, y2, y3, y4, y5, y6) = y′2(1), U5(y1, y2, y3, y4, y5, y6) = y6(0),
U6(y1, y2, y3, y4, y5, y6) = y3(1). Ýòà çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ
íà ãðàôå-çâåçäå ýêâèâàëåíòíà çàäà÷å íà ñîáñòâåííûå çíà÷åíèÿ íà îòðåçêå:

−u
′′
(x) = ρ2u(x), 0 < x < 2, u(0) = 0, u(2) = 0, u(1) = 0.

Ïîíÿòíî, ÷òî ðàññìàòðèâàåìàÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ íà ãðàôå-
çâåçäå íåâûðîæäåíà, ïîñêîëüêó ñïåêòð äèñêðåòåí.

Ñëåãêà ìîäèôèöèðóÿ Ïðèìåð 3, ìîæíî ïîëó÷èòü âûðîæäåííóþ çàäà÷ó
íà ñîáñòâåííûå çíà÷åíèÿ íà ãðàôå-çâåçäå, êîòîðàÿ ýêâèâàëåíòíà ñëåäóþ-
ùåé çàäà÷å íà ñîáñòâåííûå çíà÷åíèÿ:

−u
′′
(x) = ρ2u(x), 0 < x < 2, u(0) = 0, u(

√
2) = 0, u(2) = 0.

Ñïåêòð ïîñëåäíåé çàäà÷è − ïóñòîå ìíîæåñòâî. Ñëåäîâàòåëüíî, â ýòîì ñëó-
÷àå õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ íà
ãðàôå-çâåçäå ïðåäñòàâëÿåò ïîñòîÿííóþ ôóíêöèþ, òî åñòü ∆(ρ) ≡ const.

4 Ðåãóëÿðíûå ïî Áèðêãîôó êðàåâûå óñëîâèÿ âèäà (3)

Â ïðåäûäóùåì ïóíêòå ïðè m = 2 äàíî ïðåäñòàâëåíèå õàðàêòåðèñòè÷å-
ñêîãî îïðåäåëèòåëÿ çàäà÷è (1), (2), (3):

∆(ρ) = f1ρ
2 cos 4ρ+ f2ρ sin 4ρ+ f3 cos 4ρ+

+f4ρ sin 2ρ+ f5 cos 2ρ+ f6
sin 2ρ

ρ
+ f7,

ãäå êîýôôèöèåíòû fi çàâèñÿò îò ìèíîðîâ âòîðîãî ïîðÿäêà ìàòðèöû A.
Ñëåäóÿ Áèðêãîôó [6], äàäèì îïðåäåëåíèå ðåãóëÿðíûõ êðàåâûõ óñëîâèé.

Îïðåäåëåíèå 2. Ãðàíè÷íûå óñëîâèÿ (3) ïðè m = 2 íàçûâàþòñÿ ðåãóëÿð-

íûìè ïî Áèðêãîôó êðàåâûìè óñëîâèÿìè, åñëè âûïîëíÿåòñÿ õîòÿ áû îäíî

èç ñëåäóþùèõ òðåáîâàíèé:

1)f1 ̸= 0,

2)f1 = 0, f2 ̸= 0,

3)f1 = 0, f2 = 0, f3 ̸= 0.
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Ïðèìåð 4. Ïóñòü m = 2, U1(y1, y2, y3) = y1(1), U2(y1, y2, y3) = y0(1),
U3(y1, y2, y3) = y3(0). Â ýòîì ñëó÷àå f1 = ... ̸= 0, òî åñòü ðàññìàòðèâàåìûå
â ýòîì ïðèìåðå ãðàíè÷íûå óñëîâèÿ ÿâëÿþòñÿ ðåãóëÿðíûìè ïî Áèðêãîôó.

Â çàêëþ÷åíèè ïðèâåäåì îñíîâíîé ðåçóëüòàò ðàáîòû.

Òåîðåìà 1. Çàäà÷à (1), (2), (3) ïðè m = 2 ñ ðåãóëÿðíûìè ïî Áèðêãî-

ôó êðàåâûìè óñëîâèÿìè èìååò ïîëíóþ ñèñòåìó êîðíåâûõ ôóíêöèé â ïðî-

ñòðàíñòâå L2(ℑ), áîëåå òîãî ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1), (2), (3), çà-

íóìåðîâàííûå â ïîðÿäêå íåóáûâàíèÿ èõ ìîäóëåé, óäîâëåòâîðÿþò ïðåäåëü-

íîìó ñîîòíîøåíèþ

lim
n→∞

λn

(nπ)2
=

1

16
.

Ïðèâåäåííàÿ òåîðåìà äîêàçûâàåòñÿ ïî òîé æå ñõåìå, ïî êîòîðîé äîêà-
çàíà Òåîðåìà 1.3.1 èç ìîíîãðàôèè [5].
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Æàïñàðáàåâà Ë.�., �àíãóæèí Á.Å., Ñåèòîâà À.À. ÁÈÐÊÃÎÔ
ÁÎÉÛÍØÀ ÐÅÃÓËßÐËÛ ØÅÊÀÐÀËÛ� ØÀÐÒÒÀÐÛ ÃÐÀÔ-
Æ�ËÄÛÇÄÀ ÁÅÐIËÃÅÍ ÅÊI ÅÑÅËI ÄÈÔÔÅÐÅÍÖÈÀËÄÛ� ÎÏÅ-
ÐÀÒÎÐÄÛ� ÌÅÍØIÊÒI Ì�ÍÄÅÐIÍI� ÀÑÈÌÏÒÎÒÈÊÀÑÛ

Æ´ìûñòà ãðàô-æ´ëäûçäà àíû©òàë¡àí åêiåñåëi äèôôåðåíöèàëäàó îïå-
ðàòîðû ³øií Â.À. Ìàð÷åíêî áîéûíøà àçûíáà¡àí æºíå Áèðêãîô áîéûíøà
ðåãóëÿðëû øåêàðàëû© øàðòòàðû á°ëiï àëûíàäû. Ñîíûìåí ©àòàð ãðàô-
æ´ëäûçäà Áèðêãîô áîéûíøà ðåãóëÿðëû øåêàðàëû© øàðòòàðû áåðiëãåí
åêiåñåëi äèôôåðåíöèàëäàó îïåðàòîðûíû ìåíøiêòi ìºíäåðiíi àñèìïòî-
òèêàñû ò´ð¡ûçûëàäû æºíå ©àðàñòûðûëûï îòûð¡àí îïåðàòîðäû ò³áiðëiê
ôóíêöèÿëàð æ³èéåñiíi L2(ℑ) êåiñòiãiíäå òîëû©òû¡û äºëåëäåíäi. Àçûí-
áà¡àí øåêàðàëû© øàðòòàðìåí áåðiëãåí îïåðàòîðäû L2(ℑ) êåiñòiãiíäå òî-
ëû© åìåñ ò³áiðëiê ôóíêöèÿëàð æ³éåñi áàð áîëà àëàäû. Áiðà© Áèðêãîô
áîéûíøà ðåãóëÿðëû øåêàðàëû© øàðòòàðûìåí áåðiëãåí îïåðàòîð L2(ℑ)
êåiñòiãiíäå òîëû© ò³áiðëiê ôóíêöèÿëàð æ³éåñiíå èå áîëàäû. Æ´ìûñòà
ê°ðíåêi ìûñàëäàð êåëòiðiëãåí.

Êiëòòiê ñ°çäåð. Áèðêãîô áîéûíøà ðåãóëÿðëû øåêàðàëû© øàðòòàð,
ìåíøiêòi ìºíäåð, Êèðõãîô øàðòòàðû, ãðàô-æ´ëäûç, àñèìïòîòèêà.
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Zhapsarbayeva L.K., Kanguzhin B.E., Seitova A.A. ASYMPTOTICS OF
EIGENVALUES OF DOUBLE DIFFERENTIATION OPERATOR WITH
BIRKHOFF REGULAR BOUNDARY CONDITIONS ON GRAPH-STAR

In this paper nondegenerated by V.A. Marchenko and Birkho� regular
boundary conditions for double di�erentiation operator on a graph-star are
highlighted. Moreover asymptotics of eigenvalues of double di�erentiation
operator on graph-star with Birkho� regular boundary conditions are
constructed and the completeness of the system of root functions of considering
operator in the space L2(ℑ) is proved. An operator with nondegenerated
boundary conditions may have non complete system of root functions in L2(ℑ).
At the same time an operator with Birkho� regular boundary conditions has
complete system of root functions in L2(ℑ). Illustrative examples are presented.

Key words. Birkho� regular boundary conditions, eigenvalues, Kirchho�
conditions, graph-star, asymptotics.
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ON ZEROS OF A QUASI-POLYNOMIAL OF EXPONENTIAL

TYPE CONNECTED WITH A REGULAR THIRD ORDER

DIFFERENTIAL OPERATOR

N.S. Imanbaev

Annotation. In this paper we consider the spectral problem for a third-order di�erential

operator with regular boundary conditions of periodic type. Adjoint operator and

characteristic determinant of the spectral problem are constructed. The characteristic

determinant will be an entire analytic function in the quasipolynomial form of

exponential type. Zeros of the entire function that are adequately eigenvalues of the

original operator are found.

Keywords. Spectral problem, third order di�erential operator, regular boundary value

conditions, zeros of an entire function, quasi-polinomial.

1 Introduction

In the space L2 (0, 1) we consider an operator L0, generated by the ordinary
di�erential equation

l (u) = u′′′ (x) + P1 (x)u
′′ (x) + P2 (x)u

′ (x) + P3 (x)u (x) (1)

and the boundary conditions

U1 (u) ≡ u (0) = 0, U2 (u) ≡ u (1) = 0, U3 (u) ≡ u′ (0)− u′ (1) = 0. (2)

Let L0 be an operator in L2 (0, 1), given by the expression (1) and the
boundary conditions (2), where U1 (u), U2 (u), U3 (u) are linear forms, that
are regular by G.D. Birkho� [1], [2]. The important result, established by
Birkho�, consisted in estimating the resolvent of a regular di�erential operator

2010 Mathematics Subject Classi�cation: 34B05, 34B09, 34B10, 34L05, 34L10.

Funding: The paper was supported by the state grant "The Best Teacher of the
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and in establishing the asymptotic behavior of spectrum. In the monograph of
M.A. Naimark ([3], p. 67), a subclass of regular boundary conditions, so-called
strongly regular boundary conditions, is distinguished, where it is noted that
for an odd-order equation all regular conditions are strongly regular. Therefore,
according to [3], the boundary conditions (2) are strongly regular boundary
conditions.

2 Adjoint problem

We consider a case when P1 (x) = P2 (x) = P3 (x) = 0, that is

L0u ≡ l (u) = u′′′ (x) . (3)

Using integration by parts, we obtain the Lagrange formula:

1∫
0

l (u) v (x)dx+

1∫
0

u (x) l∗ (v)dx = u′′ (1) v (1)− u′′ (0) v (0)−

−
[
v′ (0)− v′ (1)

]
· u′ (0) + u (1) v′′ (1)− u (0) v′′ (0).

Here l∗ (v) is the adjoint di�erential expression:

l∗ (v) = −v′′′ (x) , 0 < x < 1. (4)

Consequently, the operator L∗
0 which is adjoint to the operator L0, is given

by the di�erential expression (4) and boundary conditions

V1 (v) ≡ v (1) = 0, V2 (v) ≡ v (0) = 0, V3 (v) ≡ v′ (0)− v′ (1) = 0. (5)

3 Statement of the problem and the main result

In this paper we consider a spectral problem close to the investigation [4]:

L0u ≡ l (u) = u′′′ (x) = −λu (x) , 0 < x < 1 (6)

with the boundary conditions (2).
In [4] stability questions of basis properties of root vectors of a n-th order

di�erential operator under integral perturbation of boundary condition are
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investigated. And also in [5] these questions were studied for the Sturm-
Liouville operator, with integral perturbation of one of boundary conditions of
the antiperiodic type.

The adjoint problem has the following form:

L∗
0v ≡ l∗ (v) = −v′′′ (x) = λv (x) , 0 < x < 1 (7)

with the boundary conditions (5).
In the case when λ = 0, representing the general solution of (6) in the

form u (x) = ax2+ bx+ c, and satisfying the boundary conditions (2), we have
u (x) ≡ 0. That is, λ = 0 is not eigenvalues of the operator L0. Consequently,
λ = 0 is a regular point and belongs to the resolvent set of the operator L0,
that is 0 ∈ ρ (L0). Then there exists an inverse operator (L0 − λE)−1, where
E is a unit operator.

In the case λ ̸= 0, general solution of the equation (6) can be represented
by the formula

u (x) =

3∑
j=1

Cje
kj

3√
λx,

where
(
kj

3
√
λ
)3

= λ.

Hence, it follows, that k3j = 1; j = 1, 3, i.e.

k1 = 1, k2 = −1

2
+ i

√
3

2
, k3 = −1

2
− i

√
3

2
.

Satisfying the general solution of the equation (6) by the boundary conditions
(2), we obtain a linear system with respect to the coe�cients Cj :

C1 + C2 + C3 = 0,

C1e
k1

3√
λ + C2e

k2
3√
λ + C3e

k3
3√
λ = 0,

C1k1
3
√
λ
(
1− ek1

3√
λ
)
+ C2k2

3
√
λ
(
1− ek2

3√
λ
)
+ C3k3

3
√
λ
(
1− ek3

3√
λ
)
= 0.

Its determinant will be the characteristic determinant of the problem (6), (2):

∆(λ) =

∣∣∣∣∣∣∣
1 1 1

ek1
3√
λ ek2

3√
λ ek3

3√
λ

k1
3
√
λ
(
1− ek1

3√
λ
)

k2
3
√
λ
(
1− ek2

3√
λ
)

k3
3
√
λ
(
1− ek3

3√
λ
)
∣∣∣∣∣∣∣ .
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Whence by standard computations and transformations the characteristic
determinant of the problem (6), (2) reduces to the form:

∆(λ) =
3
√
λ
(
(k2 − k3) e

k1
3√
λ + (k1 − k2) e

(k2+k1)
3√
λ+ (8)

+(k3 − k1) e
k2

3√
λ + (k3 − k1) e

(k3+k1)
3√
λ+

+ (k1 − k2) e
k3

3√
λ + (k2 − k3) e

(k2+k3)
3√
λ
)
.

Let us formulate the obtained result in the form of a theorem.

Theorem 1. The characteristic determinant of the spectral problem (6), (2)

can be represented in the form of the exponential quasipolynomial (8), where

k1 = 1, k2 = −1
2 + i

√
3
2 , k3 = −1

2 − i
√
3
2 , and is an entire analytic function of

the variable λ.

The connection between zeros of quasipolynomials with spectral problems is
re�ected in [6]�[10]. The papers [3] and [11]�[13] are devoted to the investigation
of zeros of entire functions, having an integral representation and coinciding
with quasipolynomials.

Consider a problem of zeros distribution of the entire function

∆1 (λ) =
∆ (λ)

3
√
λ

on the complex plane λ. Thus, we consider the distribution of zeros of the
quasipolynomial

∆1 (λ) = (k2 − k3) e
k1

3√
λ + (k1 − k2) e

(k2+k1)
3√
λ+

+(k3 − k1) e
k2

3√
λ + (k3 − k1) e

(k3+k1)
3√
λ + (k1 − k2) e

k3
3√
λ+

+(k2 − k3) e
(k2+k3)

3√
λ = 0. (9)

Conjugate indicator diagram of the function ∆1 (λ) will be a right hexagon
on the complex plane λ. Sides of the hexagon consist of the following segments:(

k1, k3 + k1
)
;
(
k3, k3 + k1

)
;
(
k2 + k3, k3

)
;
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(
k2, k2 + k3

)
;
(
k2, k2 + k1

)
;
(
k2 + k1, k1

)
,

where the bar denotes complex conjugation, and are commensurable numbers,
that is, they satisfy the conditions: there exists d such that

k1 − (k2 + k3) = S1d, (k2 + k1)− (k2 + k3) = S2d, k2 − (k2 + k3) = S3d,

(k3 + k1)− (k2 + k3) = S4d, k3 − (k2 + k3) = S5d,

Sj are some natural numbers.
Along the ray, perpendicular to the segment that passes through the points(

k1, k3 + k1
)
, there lie zeros of the quasipolynomial ek1

3√
λ+ e(k3+k1)

3√
λ, which

are the majorizing exponents from (9).
Rays, which are perpendicular to the indicator diagram, are called critical.

According to the result of the monograph [7], the critical rays on the plane λ
are exactly six, that is, arg 3

√
λ = π

6 + πn
3 , n = 0, 1, 2, 4, 5.

Similarly, along the other rays, the corresponding exponential
quasipolynomials in (9) will be majorized. We multiply both sides of

the equation (9) by e−(k2+k3)
3√
λ, according to the commensurability condition,

k1 − (k2 + k3) = S1d, instead of (k2 + k1) − (k2 + k3) we put S2d, ..., instead
of k3 − (k2 + k3) we put S5d. Then

(k2 − k3) e
S1d

3√
λ + (k1 − k2) e

S2d
3√
λ + (k3 − k1) e

S3d
3√
λ+

+(k3 − k1) e
S4d

3√
λ + (k1 − k2) e

S5d
3√
λ + (k2 − k3) = 0.

We denote ed
3√
λ by Z. Therefore:

i
√
3 · ZS1 +

1

2

(
3− i

√
3
)
ZS2 − 1

2

(
3 + i

√
3
)
ZS3−

−1

2

(
3 + i

√
3
)
ZS4 +

1

2

(
3− i

√
3
)
ZS5 + i

√
3 = 0.

This is an algebraic equation, it has exactly as many solutions as the greatest
degree of the equation. Denote this degree by m = max (S1, S2, S3, S4, S5) . Let
Z1, Z2, ..., Zm be a solution of the algebraic equation. Now we �nd 3

√
λ from

the equation:

ed
3√
λ = zj , j = (1;m),
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Lne
d

3√
λ = Lnzjd

3
√
λ = Lnzj = ln |zj |+ i (Arg (zj) + 2πk) ,

3
√
λjk =

ln |zj |+ i (Arg (zj) + 2πk)

d
, k = 0,±1,±2, ...; j = (1,m),

λjk =
(ln |zj |+ i (Arg (zj) + 2πk))3

d3
, k = 0,±1,±2, ...; j = (1;m).

Thus, we have

Proposition. 1. Here in�nitely many eigenvalues of the operator L0 exist.

2. Distance between two neighboring eigenvalues of one series (j is a constant)

is exactly equal to 2π
|d| .

3. Eigenvalues of each series lie on the rays, perpendicular to the segment that
contain the numbers(

k1, k3 + k1
)
;
(
k3, k3 + k1

)
;
(
k2 + k3, k3

)
;(

k2 k2 + k3
)
;
(
k2, k2 + k1

)
;
(
k2 + k1, k1

)
.

In particular, we consider in detail each case of �nding zeros of the entire
function (8):

ek1
3√
λ + e(k3+k1)

3√
λ = 0,

that is

i
√
3 e

3√
λ +

(
−3

2
− i

√
3

2

)
e

(
1
2
−i

√
3

2

)
3√
λ
= 0,

3
√
λk =

ln
∣∣∣ 2√3 ·i
3+

√
3i

∣∣∣+ i arg
(

2
√
3 i

3+
√
3i

)
−
(
1
2 +

√
3
2

) +
2πki

−
(
1
2 + i

√
3
2

) ,
k = 0, ±1, ±2, ±3, ....

They coincide with zeros
(
−3

2 − i
√
3
2

)
e

(
− 1

2
+i

√
3

2

)
3√
λ
+ i

√
3 e−

3√
λ. Other terms

from (8) do not contribute to these rays.
Similarly,

i
√
3 e

3√
λ +

(
3

2
− i

√
3

2

)
e

(
1
2
+i

√
3

2

)
3√
λ
= 0,
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3
√

λk =
ln
∣∣∣ 2

√
3

3−
√
3 i

∣∣∣− iarg
(

2
√
3 i

3−
√
3 i

)
1
2 + i

√
3
2

+
2kπi

1
2 + i

√
3
2

,

where k = 0,±1,±2,±3, ..., which adequately coincide with zeros ek3
3√
λ +

e(k2+k3)
3√
λ.

Quasipolynomials, coinciding along the imaginary axis:(
3

2
− i

√
3

2

)
e
−
(

1
2
+i

√
3

2

)
3√
λ −

(
3

2
+ i

√
3

2

)
e

(
1
2
−i

√
3

2

)
3√
λ
= 0

and

−

(
3

2
+ i

√
3

2

)
e

(
− 1

2
+i

√
3

2

)
3√
λ
+

(
3

2
− i

√
3

2

)
e

(
1
2
+i

√
3

2

)
3√
λ
= 0,

have the same zeros 3
√
λk = ln

(
1
2 −

√
3
2 i
)
+ 2kπi, k = 0, ±1, ±2, ±3, ....

In this case, representatives of the other series do not contribute. And
|d| = 1, j = (1, 6).
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Èìàíáàåâ Í.C. �ØIÍØI ÐÅÒÒI ÐÅÃÓËßÐËÛ ÄÈÔÔÅÐÅÍÖÈÀË-
ÄÛ� ÎÏÅÐÀÒÎÐÌÅÍ ÁÀÉËÀÍÛÑ�ÀÍ ÝÊÑÏÎÍÅÍÖÈÀËÄÛ ÒÅÊ-
ÒÅÑ ÊÂÀÇÈÏÎËÈÍÎÌÍÛ� Í�ËÄÅÐI ÒÓÐÀËÛ

Á´ë æ´ìûñòà ïåðèîäòû© òåêòåñ ðåãóëÿðëû øåòòiê øàðòòàðìåí áåðië-
ãåí ³øiíøi ðåòòi äèôôåðåíöèàëäû© îïåðàòîð ³øií ñïåêòðàëäû© åñåï ©à-
ðàñòûðûëàäû. Ñïåêòðàëäû© åñåïòi ò³éiíäåñ îïåðàòîðû ìåí õàðàêòåðè-
ñòèêàëû© àíû©òàóûøû ©´ðûë¡àí. Õàðàêòåðèñòèêàëû© àíû©òàóûø ýêñïî-
íåíöèàëäû òåêòåñ êâàçèïîëèíîì ò³ðiíäåãi á³òií ôóíêöèÿ áîëàäû. Á³òií
ôóíêöèÿíû í°ëäåði òàáûëûï, îëàðäû ©àðàñòûðûëûï îòûð¡àí ³øiíøi
ðåòòi äèôôåðåíöèàëäû© îïåðàòîðäû ìåíøiêòi ìºíäåði áîëàòûíäû¡û ñè-
ïàòòàë¡àí.

Êiëòòiê ñ°çäåð. Cïåêòðàëäû© åñåï, ³øiíøi ðåòòi äèôôåðåíöèàëäû©
îïåðàòîð, ê³øåéòiëãåí ðåãóëÿðëû øåòòiê øàðòòàð, á³òií ôóíêöèÿëàðäû
í°ëäåði, êâàçèïîëèíîì.
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Èìàíáàåâ Í.Ñ. Î ÍÓËßÕ ÊÂÀÇÈÏÎËÈÍÎÌÀ ÝÊÑÏÎÍÅÍÖÈÀËÜ-
ÍÎÃÎ ÒÈÏÀ, ÑÂßÇÀÍÍÎÃÎ Ñ ÐÅÃÓËßÐÍÛÌ ÄÈÔÔÅÐÅÍÖÈÀËÜ-
ÍÛÌ ÎÏÅÐÀÒÎÐÎÌ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

Â ðàáîòå ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ äèôôåðåíöèàëüíî-
ãî îïåðàòîðà òðåòüåãî ïîðÿäêà ñ ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè ïåðè-
îäè÷åñêîãî òèïà. Ïîñòðîåí ñîïðÿæåííûé îïåðàòîð è õàðàêòåðèñòè÷åñêèé
îïðåäåëèòåëü ñïåêòðàëüíîé çàäà÷è. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü áó-
äåò öåëîé àíàëèòè÷åñêîé ôóíêöèåé â âèäå êâàçèïîëèíîìà ýêñïîíåíöèàëü-
íîãî òèïà. Íàéäåíû íóëè öåëîé ôóíêöèè, êîòîðûå ÿâëÿþòñÿ ñîáñòâåííûìè
çíà÷åíèÿìè èñõîäíîãî îïåðàòîðà.

Êëþ÷åâûå ñëîâà. Ñïåêòðàëüíàÿ çàäà÷à, äèôôåðåíöèàëüíûé îïåðàòîð
òðåòüåãî ïîðÿäêà, óñèëåííî ðåãóëÿðíûå êðàåâûå óñëîâèÿ, íóëè öåëûõ
ôóíêöèé, êâàçèïîëèíîì.
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ON HARDY AND RELLICH TYPE INEQUALITIES FOR

THE GRUSHIN OPERATOR

T.Sh. Kalmenov, B.M. Sabitbek

Annotation. In this paper we use the properties of the fundamental solution to prove

versions of inequalities of Hardy and Rellich type for known two-tier operator Grushin.

Keywords. Hardy inequality, Grushin operator, Rellich inequality.

1 Introduction

In the recent paper [1] by Ruzhansky and Suragan it was proved that
improved versions of Hardy's and Rellich's inequalities as well as of uncertainty
principles for sums of squares of vector �elds on bounded sets of smooth
manifolds under certain assumptions on the vector �elds, in particular, the
obtained results were valid for sums of squares of vector �elds on Euclidean
spaces and for sub-Laplacians on strati�ed Lie groups. The main ingredient in
their proof was to use properties of the fundamental solution of the di�erential
operators. In this paper we follow their ideas, that is, by using properties of the
fundamental solution, we prove versions of Hardy and Rellich type inequalities
for the well-known two step Grushin operator. The obtained results remain
unchanged for higher step Grushin operators since their fundamental solutions
are known in an explicit form (see [2]).

Let us consider vector �elds {X1, X2} associated with the Grushin operator
on R2 by the formulae

X1 =
∂

∂x
and X2 = x

∂

∂y
,

2010 Mathematics Subject Classi�cation: 35A23, 35H20.
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so that we have the following well-known step two Grushin operator

LG = −X2
1 −X2

2 .

Then operator LG has a fundamental solution

−LGΓ(x, y) = δ(x− y),

where δ(x− y) is the Dirac distribution.
The fundamental solution of step two Grushin operator LG was found in

an explicit form by Biagi and Bon�glioli [3] and Greiner [4]

Γ(x; y) =
c
√
2

4
√

(x21 + y21)
2 + 4(x2 − y2)2

·K

(
1

2
+

x1y1
4
√

(x21 + y21)
2 + 4(x2 − y2)2

)
,

where K denotes the complete elliptic integral of the �rst kind, that is,

K(m) :=

∫ π/2

0
(1−m sin2(t))−1/2dt, for− 1 < m < 1.

This explicit formula plays a key role in our proofs (see, e.g. (4)). For simplicity,
we may write the fundamental solution as Γ(x, y) = Γ. We will also use the
notation of the gradient associated with the Grushin operator in the following
form

∇X = (X1, X2).

It is worth to mention that the two step Grushin operator is descended
from a sub-Laplacian on the three dimensional Heisenberg group (see, e.g. [5]
for Heisenberg group discussions). For further discussions on Grushin operators
and their fundamental solutions we refer to [6], [7] and [2] as well as references
therein. In addition, we refer recent papers [8] and [9] for analysis on Hardy
and Rellich type inequalities.

In Section 2 Hardy type inequalities and uncertainty principles for the
Grushin operator are analysed. In Section 3 Rellich type inequalities are given.

2 Hardy type inequalities and uncertainty principles

The proof of Theorem 1 relies on properties of the fundamental solution of
LG.
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Theorem 1. Let α ∈ R, α > 2− β, β > 2. Then the following version of the

Hardy inequality is valid:∫
R2

Γ
α

2−β |∇Xu|2 dµ ≥
(
β + α− 2

2

)2 ∫
R2

Γ
α−2
2−β |∇XΓ

1
2−β |2|u|2 dµ, (1)

for any u ∈ C∞
0 (R2), where ∇X = (X1, X2).

Proof of Theorem 1. Let (∇̃Xf)g := X1fX1g + X2fX2g for any
di�erentiable functions f and g. Setting u = dγq for some (real-valued)
functions d > 0, q, and a constant γ ̸= 0 to be chosen later, we have

(∇̃Xu)u = (∇̃Xdγq)dγq =

2∑
k=1

Xk(d
γq)Xk(d

γq) =

= γ2d2γ−2
2∑

k=1

(Xkd)
2q2 + 2γd2γ−1q

2∑
k=1

XkdXkq + d2γ =

= γ2d2γ−2((∇̃Xd)d)q2 + 2γd2γ−1q(∇̃Xd)q + d2γ(∇̃Xq)q
2∑

k=1

(Xkq)
2.

Integrating by parts, we observe that

2γ

∫
R2

dα+2γ−1q(∇̃Xd)qdµ =
γ

α+ 2γ

∫
R2

(∇̃Xdα+2γ)q2dµ =

=
γ

α+ 2γ

∫
R2

(∇̃Xq2)dα+2γdµ = − γ

α+ 2γ

∫
R2

q2LGd
α+2γdµ,

where we note that later on we will choose γ so that dα+2γ = Γ. Consequently,
we get∫
R2

dα(∇̃Xu)udµ = γ2
∫
R2

dα+2γ−2((∇̃Xd)d) q2dµ+
γ

α+ 2γ

∫
R2

(∇̃Xdα+2γ)q2dµ+

+

∫
R2

dα+2γ(∇̃Xq)qdµ = γ2
∫
R2

dα+2γ−2((∇̃Xd)d) q2dµ−
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− γ

α+ 2γ

∫
R2

q2LGd
α+2γdµ+

∫
R2

dα+2γ(∇̃Xq)qdµ ≥

≥ γ2
∫
R2

dα+2γ−2((∇̃Xd)d) q2dµ− γ

α+ 2γ

∫
R2

q2LGd
α+2γdµ, (2)

since d > 0 and (∇̃Xq)q = |∇Xq|2 ≥ 0. On the other hand, it can be readily
checked that for a vector �eld X, we have

γ

α+ 2γ
X2(dα+2γ) = γX(dα+2γ−1Xd) =

γ

2− β
X(dα+2γ+β−2X(d2−β)) =

=
γ

2− β
(α+ 2γ + β − 2)dα+2γ+β−3(Xd)X(d2−β)+

+
γ

2− β
dα+2γ+β−2X2(d2−β) =

= γ(α+ 2γ + β − 2)dα+2γ−2(Xd)2+

+
γ

2− β
dα+2γ+β−2X2(d2−β).

Consequently, we get the equality

− γ

α+ 2γ
LGd

α+2γ =

= −γ(α+ 2γ + β − 2)dα+2γ−2(∇̃Xd)d− γ

2− β
dα+2γ+β−2LGd

2−β. (3)

Since q2 = d−2γu2, substituting (3) into (2) we obtain∫
R2

dα(∇̃Xu)udµ ≥ (−γ2 − γ(α+ β − 2))

∫
R2

dα−2((∇̃Xd)d)u2dµ−

− γ

2− β

∫
R2

(LGd
2−β)dα+β−2u2dx.

Taking d = Γ
1

2−β , β > 2, concerning the second term, we observe that∫
R2

(LGΓ)Γ
α+β−2
2−β u2dx =

(
1

Γ(e)

)α+β−2
β−2

u2(e) = 0, α > 2− β, β > 2, (4)
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since Γ is the fundamental solution to LG. Thus, with d = Γ
1

2−β , β > 2,, we
obtain∫

R2

Γ
α

2−β (∇̃Xu)u dµ ≥ (−γ2−γ(α+β−2))

∫
R2

Γ
α−2
2−β (∇̃XΓ

1
2−β )Γ

1
2−β u2 dµ. (5)

Now taking γ = 2−β−α
2 , we obtain (1).

Theorem 1 implies the following uncertainty principles:

Corollary 1. Let β > 2. Then for any u ∈ C∞
0 (R2) we have

∫
R2

Γ
2

2−β |∇XΓ
1

2−β |2|u|2dν
∫
R2

|∇Xu|2dν ≥
(
β − 2

2

)2
(∫
R2

|∇XΓ
1

2−β |2|u|2dν

)2

, (6)

and also∫
R2

Γ
2

2−β

|∇XΓ
1

2−β |2
|u|2dν

∫
R2

|∇Xu|2dν ≥
(
β − 2

2

)2(∫
R2

|u|2dν
)2

. (7)

Proof of Corollary 1. By taking α = 0 in the inequality (1), we get∫
R2

Γ
2

2−β |∇XΓ
1

2−β |2|u|2dν
∫
R2

|∇Xu|2dν

≥
(
β − 2

2

)2 ∫
R2

Γ
2

2−β |∇XΓ
1

2−β |2|u|2dν
∫
R2

|∇XΓ
1

2−β |2

Γ
2

2−β

|u|2 dν ≥

≥
(
β − 2

2

)2(∫
R2

|∇XΓ
1

2−β |2|u|2dν
)2

,

where we have used the H�older inequality in the last line. This proves (6). The
proof of (7) is similar.

3 Rellich type inequalities

In this section, we present a version of the Rellich inequality.
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Theorem 2. Let α ∈ R, β > α > 4−β and β > 2. Then the following version

of the Rellich inequality is valid:∫
R2

Γ
α

2−β

|∇XΓ
1

2−β |2
|LGu|2dµ ≥

≥ (β + α− 4)2(β − α)2

16

∫
R2

Γ
α−4
2−β |∇XΓ

1
2−β |2|u|2 dµ, (8)

for any u ∈ C∞
0 (R2), where ∇X is the gradient and LG is the Grushin on R2

as de�ned in the introduction.

Proof of Theorem 2.

A direct calculation shows that

LGΓ
α−2
2−β =

2∑
k=1

X2
kΓ

α−2
2−β = (α− 2)

2∑
k=1

Xk

(
Γ

α−3
2−β XkΓ

1
2−β

)
=

= (α− 2)(α− 3)Γ
α−4
2−β

2∑
k=1

∣∣∣XkΓ
1

2−β

∣∣∣2 + (α− 2)Γ
α−3
2−β

2∑
k=1

Xk

(
XkΓ

1
2−β

)
=

= (α− 2)(α− 3)Γ
α−4
2−β

2∑
k=1

∣∣∣XkΓ
1

2−β

∣∣∣2 + α− 2

2− β
Γ

α−3
2−β

2∑
k=1

Xk

(
Γ

β−1
2−βXkΓ

)
=

= (α−2)(α−3)Γ
α−4
2−β

2∑
k=1

∣∣∣XkΓ
1

2−β

∣∣∣2+(α− 2)(β − 1)

2− β
Γ

α−3
2−β Γ−1

2∑
k=1

(XkΓ
1

2−β )(XkΓ)+

+
α− 2

2− β
Γ

β+α−4
2−β LGΓ = (α− 2)(α− 3)Γ

α−4
2−β

2∑
k=1

∣∣∣XkΓ
1

2−β

∣∣∣2+
+(α− 2)(β − 1)Γ

α−4
2−β

2∑
k=1

(XkΓ
1

2−β )(XkΓ
1

2−β ) +
α− 2

2− β
Γ

β+α−4
2−β LGΓ =

= (β + α− 4)(α− 2)Γ
α−4
2−β |∇XΓ

1
2−β |2 + α− 2

2− β
Γ

β+α−4
2−β LGΓ.
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That is,

LGΓ
α−2
2−β = (β + α− 4)(α− 2)Γ

α−4
2−β |∇XΓ

1
2−β |2 + α− 2

2− β
Γ

β+α−4
2−β LGΓ. (9)

As before we can assume that u is real-valued. Multiplying both sides of
(9) by u2 and integrating over R2, since u is the fundamental solution of LG
and β + α− 4 > 0, we get∫

R2

u2LGΓ
α−2
2−β dµ = (β + α− 4)(α− 2)

∫
R2

Γ
α−4
2−β |∇XΓ

1
2−β |2u2 dµ. (10)

On the other hand, integrating by parts, we have∫
R2

u2LGΓ
α−2
2−β dµ =

∫
R2

Γ
α−2
2−β LGu

2 dµ =

∫
R2

Γ
α−2
2−β (2uLGu+ 2|∇Xu|2) dµ, (11)

Combining (10) and (11), we obtain

−2

∫
R2

Γ
α−2
2−β uLGudµ+ (β + α− 4)(α− 2)

∫
R2

Γ
α−4
2−β |∇XΓ

1
2−β |2 u2dµ =

= 2

∫
R2

Γ
α−2
2−β |∇Xu|2dµ. (12)

By using (1), we establish

−2

∫
R2

Γ
α−2
2−β uLGudµ+ (β + α− 4)(α− 2)

∫
R2

Γ
α−4
2−β |∇XΓ

1
2−β |2 |u|2dµ ≥

≥ 2

(
β + α− 4

2

)2 ∫
R2

Γ
α−4
2−β |∇XΓ

1
2−β |2|u|2 dµ. (13)

It follows that

−
∫
R2

Γ
α−2
2−β uLGudµ ≥

(
β + α− 4

2

)(
β − α

2

)∫
R2

Γ
α−4
2−β |∇XΓ

1
2−β |2|u|2 dµ. (14)
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On the other hand, for any ϵ > 0 H�older's and Young's inequalities give

−
∫
R2

Γ
α−2
2−β uLGudµ ≤

≤

∫
R2

Γ
α−4
2−β |∇XΓ

1
2−β |2|u|2dµ

 1
2 (∫

R2

Γ
α

2−β

|∇XΓ
1

2−β |2
|LGu|2dµ

) 1
2

≤

≤ ϵ

∫
R2

Γ
α−4
2−β |∇XΓ

1
2−β |2|u|2dµ+

1

4ϵ

∫
R2

Γ
α

2−β

|∇XΓ
1

2−β |2
|LGu|2dµ. (15)

Inequalities (15) and (14) imply that∫
R2

Γ
α

2−β

|∇XΓ
1

2−β |2
|LGu|2dµ ≥

≥
(
−4ϵ2 + (β + α− 4)(β − α)ϵ

) ∫
R2

Γ
α−4
2−β |∇XΓ

1
2−β |2|u|2 dµ.

Taking ϵ = (β+α−4)(β−α)
8 , we arrive at∫

R2

Γ
α

2−β

|∇XΓ
1

2−β |2
|LGu|2dµ ≥ (β + α− 4)2(β − α)2

16

∫
R2

Γ
α−4
2−β |∇XΓ

1
2−β |2|u|2 dµ.
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Àííîòàöèÿ. Â ðàáîòå îáñóæäàåòñÿ íåêîððåêòíîñòü ñìåøàííûõ çàäà÷ äëÿ

óðàâíåíèÿ ïàðàáîëè÷åñêîãî âèäà ñ èíâîëþöèåé. Íàéäåíû äîñòàòî÷íûå óñëîâèÿ

íà íà÷àëüíûå äàííûå, êîãäà èçó÷àåìàÿ çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå.

Èñïîëüçóåòñÿ ìåòîä Ôóðüå.

Êëþ÷åâûå ñëîâà. Ìåòîä Ôóðüå, ñìåøàííàÿ çàäà÷à, èíâîëþöèÿ, ñîáñòâåííûå

ôóíêöèè, áàçèñ.

1 Ââåäåíèå

Â íàñòîÿùåé ðàáîòå áóäåò èçó÷åí âîïðîñ ðàçðåøèìîñòè ñëåäóþùåé çà-
äà÷è:

ut(x, t) = uxx(−x, t), −1 ≤ x ≤ 1, t ≥ 0, (1)

u (−1, t) = 0, ux (−1, t) = ux (1, t) , u (x, 0) = φ (x) . (2)

Ïðåîáðàçîâàíèå S ôóíêöèè f (x) èç êëàññà L2 (−1, 1) íàçûâàþò èí-
âîëþöèåé, åñëè

(
S2f

)
(x) = f (x). Â ÷àñòíîñòè, ïðåîáðàçîâàíèå âèäà

(Sf) (x) = f (−x) ÿâëÿåòñÿ èíâîëþöèåé. Óðàâíåíèå (1) ìû íàçûâàåì óðàâ-
íåíèåì ïàðàáîëè÷åñêîãî âèäà ñ èíâîëþöèåé. Äàííîå íàçâàíèå íå èìååò íè-
÷åãî îáùåãî ñ èçâåñòíîé êëàññèôèêàöèåé óðàâíåíèé ìàòåìàòè÷åñêîé ôè-
çèêè.

Íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (1), (2) ÿâëÿ-
åòñÿ ñîãëàñîâàííîñòü íà÷àëüíûõ äàííûõ ñ óðàâíåíèåì (1) è êðàåâûìè
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óñëîâèÿìè (2). Ïîýòîìó ìû áóäåì òðåáîâàòü, ÷òî φ (x) ∈ C2 [−1, 1] è
φ (−1) = 0, φ′ (−1) = φ′ (1) .

Áóäåì ãîâîðèòü, ÷òî çàäà÷à (1), (2) ïîñòàâëåíà êîððåêòíî, åñëè 1) ðåøå-
íèå çàäà÷è ñóùåñòâóåò, 2) ðåøåíèå çàäà÷è åäèíñòâåííî, 3) ðåøåíèå çàäà÷è
íåïðåðûâíî çàâèñèò îò íà÷àëüíûõ äàííûõ (óñòîé÷èâî).

Ïðèìåíåíèå ìåòîäà Ôóðüå ê çàäà÷å (1), (2) ïðèâîäèò ê íåñàìîñïðÿæåí-
íîé ñïåêòðàëüíîé çàäà÷å ñ èíâîëþöèåé

−X ′′ (−x) = λX (x) , X (−1) = 0, X ′ (−1) = X ′ (1) . (3)

Ñîïðÿæåííàÿ ñïåêòðàëüíàÿ çàäà÷à èìååò âèä

−Y ′′ (−x) = λY (x) , Y ′ (−1) = 0, Y (−1) = Y (1) . (3∗)
Âîïðîñàì êîððåêòíîñòè ñìåøàííûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ èíâîëþöèåé ïîñâÿùåíû ðàáîòû [1]�[3]. Â ðàáîòàõ [4]�[5] ðàñ-
ñìîòðåíû îáðàòíûå çàäà÷è äëÿ óðàâíåíèé ñ èíâîëþöèåé. Ñïåêòðàëüíûå
çàäà÷è ñ èíâîëþöèåé èññëåäîâàíû â ðàáîòàõ [6]�[15]. Ñìåøàííûå çàäà÷è
äëÿ óðàâíåíèÿ âèäà (1) ñ íåñàìîñîïðÿæåííûìè êðàåâûìè óñëîâèÿìè, ïî-
âèäèìîìó, âïåðâûå ðàññìàòðèâàþòñÿ â äàííîé ðàáîòå.

2 Íåêîððåêòíîñòü ñìåøàííîé çàäà÷è (1), (2)

Èçâåñòíî [6], ÷òî ñïåêòðàëüíàÿ çàäà÷à (3)� íåñàìîñîïðÿæåííàÿ, èìååò
äâå ñåðèè ñîáñòâåííûõ çíà÷åíèé λk1 = −k2π2, λk2 = k2π2. Èì ñîîòâåò-
ñòâóþò ñîáñòâåííûå ôóíêöèè

X0 (x) = x+ 1, Xk1 (x) = sinkπx, k = 1, 2, ... ;

Xk2 (x) = (−1)k
ekπx − e−kπx

ekπ − e−kπ
+coskπx, k = 1, 2, .., (4)

êîòîðûå îáðàçóþò áàçèñ Ðèññà â êëàññå L2 (−1, 1) [6]. Áèîðòîãîíàëüíî ñî-
ïðÿæåííàÿ ñèñòåìà ñîñòîèò èç ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è
(3*) è çàïèñûâàåòñÿ â âèäå [6]

Yk1 (x) = (−1)k
ekπx + e−kπx

ekπ − e−kπ
+ sinkπx, k = 1, 2, ...;

Y0 (x) =
1

2
, Yk2 (x) = cos kπx, k = 1, 2, ... . (4∗)
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Ñîáñòâåííûå ôóíêöèè X0, Y0 ñîîòâåòñòâóþò ñîáñòâåííîìó çíà÷åíèþ
λ = 0. Âûïèñàííûå ñèñòåìû áèîðòîãîíàëüíû â ñìûñëå ñêàëÿðíîãî ïðîèç-
âåäåíèÿ ïðîñòðàíñòâà L2 (−1, 1):

(X0, Y0) = 1, (Xk1, Yk1) = 1, (Xk2, Yk2) = 1,

à âñå îñòàëüíûå êîìáèíàöèè ñêàëÿðíûõ ïðîèçâåäåíèé ýëåìåíòîâ ñèñòåì
(4), (4*) ðàâíû íóëþ.

Çäåñü æå õîòèì îáðàòèòü âíèìàíèå íà òî, ÷òî ñïåêòðàëüíàÿ çàäà÷à (3)
èìååò áåñêîíå÷íîå ÷èñëî îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé, îïåðàòîð
äâóêðàòíîãî äèôôåðåíöèðîâàíèÿ â ëåâîé ÷àñòè äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ (3) (èëè îïåðàòîð äâóêðàòíîãî äèôôåðåíöèðîâàíèÿ ïî x â ïðàâîé
÷àñòè äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1)) íå ÿâëÿåòñÿ ïîëóîãðàíè÷åííûì.
Â ýòîì ïðèíöèïèàëüíàÿ ðàçíèöà èçó÷àåìîãî óðàâíåíèÿ îò ìíîãèõ äðóãèõ
óðàâíåíèé.

Ñòàíäàðòíûì ñïîñîáîì âûïèñûâàåòñÿ ôîðìàëüíîå ðåøåíèå ñìåøàííîé
çàäà÷è (1), (2) â âèäå ðÿäà

u (x, t) = A0 (x+ 1) +
∑

λk1 ̸=0

Ake
−λk1tsinkπx+

+
∑
λk2

Bke
−λk2t

(
(−1)k

ekπx − e−kπx

ekπ − e−kπ
+ coskπx

)
, (5)

ãäå

Ak =

1∫
−1

φ(x)((−1)k
ekπx + e−kπx

ekπ − e−kπ
+ sinkπx)dx,

Bk =

1∫
−1

φ(x) cos kπxdx, A0 =
1

2

1∫
−1

φ(x)dx.

Åñëè ôóíêöèÿ φ (x) íå ÿâëÿåòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìîé, ò.å. åñëè
êîýôôèöèåíòû Ôóðüå Ak ôóíêöèè φ (x) íå óáûâàþò ñ äîñòàòî÷íîé áûñò-
ðîòîé, òî ïåðâîå ñëàãàåìîå â (5) ðàñõîäèòñÿ, ò.ê. λk1 < 0. Ïîýòîìó, â ñëó÷àå
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îáùèõ íà÷àëüíûõ äàííûõ ñìåøàííàÿ çàäà÷à (1), (2) ìîæåò íå èìåòü ðåøå-
íèÿ. Â ñëó÷àå ñóùåñòâîâàíèÿ ðåøåíèÿ îíî íå îáëàäàåò ñâîéñòâîì óñòîé-
÷èâîñòè, ò.å. íå çàâèñèò íåïðåðûâíî îò íà÷àëüíûõ äàííûõ. Íàïðèìåð, âîç-
ìóùåíèå

uδ (x, t) = εe−λk1t sin kπx

íå ïðåâîñõîäèò ÷èñëà ε ïðè t = 0, íî áóäåò áîëüøèì ëþáîãî íàïåðåä çàäàí-
íîãî ÷èñëà C0 äëÿ t = δ ïðè äîñòàòî÷íî ìàëûõ ε è δ è äîñòàòî÷íî áîëüøîì
k. Òàêèì îáðàçîì, ñìåøàííàÿ çàäà÷à (2) äëÿ óðàâíåíèÿ ïàðàáîëè÷åñêîãî
âèäà ñ èíâîëþöèåé (1) ïîñòàâëåíà íåêîððåêòíî. Òåì íå ìåíåå, ìû ïîêàæåì,
÷òî ðåøåíèå èçó÷àåìîé ñìåøàííîé çàäà÷è ñóùåñòâóåò è åäèíñòâåííî.

3 Êëàññû ðàçðåøèìîñòè ñìåøàííîé çàäà÷è (1), (2)

Ïðåæäå âñåãî ïîêàæåì åäèíñòâåííîñòü ðåøåíèÿ ñìåøàííîé çàäà÷è.

Òåîðåìà 1. Åñëè ðåøåíèå ñìåøàííîé çàäà÷è (1), (2) ñóùåñòâóåò, òî îíî

åäèíñòâåííî.

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíåíî óñëîâèå òåîðåìû. Ëþáîå ðåøåíèå
u (x, t) çàäà÷è (1), (2), êàê ôóíêöèÿ îò x, ïðåäñòàâèìî â âèäå ðÿäà Ôóðüå

u (x, t) = T0 (x+ 1) +
∑

λk1 ̸=0

Tk1 (t) sinkπx+

+
∑
λk2

Tk2 (t)

(
(−1)k

ekπx − e−kπx

ekπ − e−kπ
+ coskπx

)
,

u (x, t) =
∞∑
k=0

Tk1 (t) cos kπx+
∞∑
k=0

Tk2 (t) sin

(
k +

1

2

)
πx

ïî áàçèñó Ðèññà

{Xk (x)} = {X0 (x) = x+ 1, Xk1 (x) = sinkπx, k = 1, 2, ...;

Xk2 (x) = (−1)k
ekπx − e−kπx

ekπ − e−kπ
+ coskπx, k = 1, 2, ....

}
.

Òàê êàê ýòîò ðÿä ñõîäèòñÿ â ñìûñëå íîðìû ïðîñòðàíñòâà L2 (−1, 1), òî
îí ñõîäèòñÿ è â ñìûñëå ñêàëÿðíîãî ïðîèçâåäåíèÿ. Ïîýòîìó

Tk1 (t) =

(
u (x, t) , (−1)k

ekπx + e−kπx

ekπ − e−kπ
+ sinkπx

)
, Tk2 (t) = (u (x, t), coskπx).
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Ýòè äâà ðàâåíñòâà çàïèøåì âêðàòöå â âèäå

Tk (t) = (u (x, t), Yk (x)). (6)

Îáå ÷àñòè óðàâíåíèÿ (1) óìíîæàÿ ñêàëÿðíî íà áèîðòîãîíàëüíî ñîïðÿæåí-
íóþ ñèñòåìó Yk (x), ïîëó÷àåì ðàâåíñòâî

(ut, Yk) = (uxx (−x, t), Yk).

Ïðàâóþ ÷àñòü ïîëó÷åííîãî ðàâåíñòâà äâà ðàçà èíòåãðèðóåì ïî ÷àñòÿì, à
â ëåâîé ÷àñòè èñïîëüçóåì ïðàâèëî äèôôåðåíöèðîâàíèÿ ïî ïàðàìåòðó t
ïîä çíàêîì èíòåãðàëà. Ó÷èòûâàÿ óðàâíåíèå (3*), ïîëó÷èì ñîîòíîøåíèå
∂
∂t (u, Yk) = λk1 (u (x, t) , Yk). Â ïîëó÷åííîå ðàâåíñòâî ïîäñòàâèì (6). Â ðå-
çóëüòàòå ïîëó÷èì çàäà÷ó Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ïåðâîãî ïîðÿäêà

T ′
k (t) = −λkTk (t) , Tk (0) = (φ, Yk) .

Íà÷àëüíîå óñëîâèå ïîëó÷åíî èç (6) ïðè t = 0. Â ñèëó åäèíñòâåííîñòè ðå-
øåíèÿ çàäà÷è Êîøè, Tk (t) îïðåäåëÿþòñÿ åäèíñòâåííûì îáðàçîì. Ýòèì
äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1), (2). Òåîðåìà 1 äîêàçà-
íà.

Ïîêàæåì êëàññû äîïóñòèìûõ íà÷àëüíûõ ôóíêöèé φ (x), äëÿ êîòîðûõ
çàäà÷à (1), (2) èìååò ðåøåíèå.

Òåîðåìà 2. Åñëè íà÷àëüíàÿ ôóíêöèÿ φ (x) ÿâëÿåòñÿ ïîëèíîìîì ïî

ñèñòåìå {Xk (x)} âèäà

φ (x) = A0 (x+ 1) +
N1∑
k=1

aksinkπx+
N2∑
k=1

bk

(
(−1)k ekπx−e−kπx

ekπ−e−kπ + coskπx
)
,

òî ðåøåíèå çàäà÷è (1), (2) ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâèìî â

âèäå

u (x, t) = A0 (x+ 1) +

N1∑
k=1

Ake
−λk1tsinkπx+

+

N2∑
k=1

Bke
−λk2t

(
(−1)k

ekπx − e−kπx

ekπ − e−kπ
+ coskπx

)
,
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ãäå

Ak =

1∫
−1

φ (x)

(
(−1)k

ekπx + e−kπx

ekπ − e−kπ
+ sinkπx

)
dx, k = 1, 2, ..., N1;

Bk =

1∫
−1

φ (x) cos kπxdx, k = 1, 2, ..., N2; A0 =
1

2

1∫
−1

φ (x) dx.

Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü òåîðåìû âûòåêàåò èç ðàâåíñòâà íóëþ
êîýôôèöèåíòîâ Ak = 0, k = N1 + 1, ..., Bk = 0, k = N2 + 1, ..., â ñèëó
áèîðòîãîíàëüíîñòè ñèñòåì {Xk} è {Yk}. Òåîðåìà 2 äîêàçàíà.

Òàê êàê ìíîæåñòâî ïîëèíîìîâ ïî ñèñòåìå {Xk}, îáðàçóþùåé áàçèñ
Ðèññà, âñþäó ïëîòíî â L2(−1, 1), òî èç Òåîðåìû 2 âûòåêàåò

Òåîðåìà 3.Ìíîæåñòâî äîïóñòèìûõ íà÷àëüíûõ ôóíêöèé â Òåîðåìå 2, äëÿ
êîòîðûõ ñìåøàííàÿ çàäà÷à (1), (2) ðàçðåøèìà, âñþäó ïëîòíî â L2 (−1, 1).

4 Áàçèñíîñòü ñîáñòâåííûõ ôóíêöèé

Ðàññìîòðèì ñìåøàííóþ çàäà÷ó (2) äëÿ óðàâíåíèÿ ñ íåïðåðûâíûì êî-
ýôôèöèåíòîì q (x) :

ut (x, t) = uxx (−x, t)+ q (x)u (x, t) , −1 ≤ x ≤ 1, t ≥ 0. (7)

Ïðèìåíåíèå ìåòîäà Ôóðüå ê çàäà÷å (7), (2) ïðèâîäèò ê ñïåêòðàëüíîé çà-
äà÷å ñ èíâîëþöèåé:

−X ′′ (−x)+q (x)X (x) = λX (x) , X (−1) = 0, X ′ (−1) = X ′ (1) . (8)

Ôóíêöèåé Ãðèíà êðàåâîé çàäà÷è (3) áóäåì íàçûâàòü òàêóþ ôóíêöèþ
G (x, t, λ), ÷òî ôóíêöèÿ

u (x, t) =

1∫
−1

G (x, t, λ) f (t) dt
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ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è

−X ′′ (−x) = λX (x) + f (x) , X (−1) = 0, X ′ (−1) = X ′ (1)

äëÿ ëþáîé íåïðåðûâíîé ôóíêöèè f (x). Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæ-
íî óáåäèòüñÿ â òîì, ÷òî ôóíêöèÿ Ãðèíà êðàåâîé çàäà÷è (3) èìååò âèä

G (x, t, λ) =
−4i(8ρ)−1

(eρ − e−ρ) (eiρ − e−iρ)

(
eiρt + e−iρt

) (
eρx − e−ρx

)
+

+(8ρ)−1 e
ρ + e−ρ

eρ − e−ρ

(
eρt − e−ρt

) (
eρx − e−ρx

)
−

−i(8ρ)−1

(
eiρ + e−iρ

)
(eiρ − e−iρ)

(
eiρt + e−iρt

) (
eiρx + e−iρx

)
+ g (x, t, λ) ,

ãäå

g (x, t, λ) =
1

8ρ


−i

(
eiρx+e−iρx

) (
eiρt−e−iρt

)
+(eρx−e−ρx)

(
eρt + e−ρt

)
, t < −x;

i
(
eiρt+e−iρt

)(
eiρx−e−iρx

)
−
(
eρt−e−ρt

)
(eρx+e−ρx) ,−x < t < x;

i
(
eiρx+e−iρx

)(
eiρt−e−iρt

)
−(eρx−e−ρx)

(
eρt+e−ρt

)
, t > x.

Ñ ïîìîùüþ ôóíêöèè Ãðèíà ìû ìîæåì íàïèñàòü, ðàçëîæåíèå ïðî-
èçâîëüíîé ôóíêöèè èç êëàññàL1(−1, 1) ïî ñîáñòâåííûì ôóíêöèÿì ñïåê-
òðàëüíîé çàäà÷è (3).

Ïîëþñàìè ôóíêöèè Ãðèíà (5) ñëóæàò íóëè ôóíêöèé eρ − e−ρ è eiρ −
e−iρ :

eρ − e−ρ = 0 ⇒ e2ρ = 12ρ = 2kπi, ρk1 = kπi, k = 0, 1, 2, ...,

eiρ − e−iρ = 0 ⇒ e2iρ = 12iρ = 2kπi ⇒ ρk2 = kπ, k = 0, 1, 2, ...,

Â êîìïëåêñíîé λ-ïëîñêîñòè ðàññìîòðèì îêðóæíîñòè Ck, k = 0, 1, 2, ..., ñ
îáùèì öåíòðîì â íà÷àëå êîîðäèíàò: Ck : |ρ| = kπ + 1

4 .
Ýòè îêðóæíîñòè íå ïåðåñåêàþòñÿ è íå ïðîõîäÿò ÷åðåç òî÷êè ρk1 è ρk2.

Ïðè λ = ρ2 îêðóæíîñòè Ck ñîîòâåòñòâåííî ïåðåõîäÿò â îêðóæíîñòè C̃k

â λ-ïëîñêîñòè. Âíóòðè êàæäîé îêðóæíîñòè Ck, k ̸= 0, ñîäåðæèòñÿ ïî äâà
ïîëþñà ôóíêöèè Ãðèíà. Îêðóæíîñòü C0 ñîäåðæèò îäèí ïîëþñ.

Äëÿ âûïèñàííîé ôóíêöèè Ãðèíà êðàåâîé çàäà÷è (3) èìååò ìåñòî ñëå-
äóþùèé ôàêò, êîòîðûé ëåãêî âûòåêàåò èç ÿâíîãî âèäà ôóíêöèè Ãðèíà.
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Ëåììà. Äëÿ ôóíêöèè Ãðèíà êðàåâîé çàäà÷è (3) ñïðàâåäëèâà îöåíêà

|G (x, t, λ)| ≤ C

|ρ|

(
e−ρ0||x|−|t| | + e−ρ0(2−| |x|−|t||)

)
äëÿ äîñòàòî÷íî áîëüøèõ |ρ|, ëåæàùèõ âíå ìàëûõ îêðåñòíîñòåé òî÷åê ρk1
è ρk2, ãäå

ρ = ρ1 + iρ2,

ρ0 =

{
|ρ1| , if |ρ1| < |ρ2| ,
|ρ2| , if |ρ2| < |ρ1| ,

C � íåêîòîðàÿ ïîñòîÿííàÿ.

Äëÿ ëþáîé ôóíêöèè f (x) ∈ L1 (−1.1) ÷àñòè÷íûå ñóììû ðàçëîæåíèÿ ïî
ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è (3) ìîæíî çàïèñàòü â âèäå

σm (f) = − 1

2πi

∫
C̃m

 1∫
−1

G (x, t, λ) f (t) dt

 dλ =

= − 1

2πi

∫
Cm

 1∫
−1

G (x, t, λ) f (t) dt

 2ρdρ.

Äàëåå ìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ è äëÿ âû÷èñëåíèÿ èíòåãðàëà
ïî îêðóæíîñòè Cm èñïîëüçóåì òåîðåìó î âû÷åòàõ. Òîãäà ðàçëîæåíèå ïî
áàçèñó Ðèññà ïðèíèìàåò âèä

σm (f) = − 1

2πi

1∫
−1

∫
Cm

G (x, t, λ) 2ρdp

 f (t) dt.

Îáîçíà÷èì ÷åðåç Gq (x, t, λ) ôóíêöèþ Ãðèíà çàäà÷è (8), à G (x, t, λ) åñòü
ôóíêöèÿ Ãðèíà çàäà÷è (3). Òàê êàê ïî÷òè âñþäó íà èíòåðâàëå (-1,1)

−∂2G (−x, t, λ)

∂x2
= λG (x, t, λ) ,

−∂2Gq (−x, t, λ)

∂x2
+ q (x)G (x, t, λ) = λG (x, t, λ) ,
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òî

+(Gq (x, t, λ)−G (x, t, λ))
′′

x=−x+λ (Gq (x, t, λ)−G (x, t, λ)) = −q (x)G (x, t, λ) .

Ôóíêöèÿ Gq (x, t, λ) − G (x, t, λ) óäîâëåòâîðÿåò íåñàìîñîïðÿæåííûì
êðàåâûì óñëîâèÿì (8).

Ïîýòîìó âíå ïîëþñîâ ôóíêöèé G (x, t, λ)è Gq (x, t, λ) èìååò ìåñòî ïðåä-
ñòàâëåíèå

Gq (x, t, λ)−G (x, t, λ) = −
1∫

−1

G (x, s, λ) q (s)Gq (s, t, λ) ds. (9)

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 4. Äëÿ âñåõ äîñòàòî÷íî áîëüøèõ ρ, ρ ̸= ρk1, ρ ̸= ρk2, ðåøåíèå
èíòåãðàëüíîãî óðàâíåíèÿ (9) cóùåñòâóåò.

Îáîçíà÷èì ÷åðåç

Sm (f) = − 1

2πi

1∫
−1

∫
Cm

Gq(x, t, λ)2ρdρ

f(t)dt
÷àñòè÷íûå ñóììû ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé
çàäà÷è (8).

Ïîñëåäîâàòåëüíîñòü Sm (f) íàçîâåì ðàâíîñõîäÿùåé ñ ïîñëåäîâàòåëüíî-
ñòüþ σm (f) íà ïðîìåæóòêå −1 ≤ x ≤ 1, åñëè Sm − σm → 0 ðàâíîìåðíî íà
ýòîì ïðîìåæóòêå ïðè m → ∞.

Ñôîðìóëèðóåì Òåîðåìó î ðàâíîñõîäèìîñòè.

Òåîðåìà 5. Äëÿ ëþáîé ôóíêöèè f (x) ∈ L1 (−1, 1) ïîñëåäîâàòåëüíîñòü

Sm (f) ðàâíîñõîäèòñÿ ñ ïîñëåäîâàòåëüíîñòüþ σm (f) .

Äîêàçàòåëüñòâà Òåîðåì 4 è 5 îñíîâàíû íà îöåíêå ôóíêöèè Ãðèíà
G (x, t, λ), ïðîâîäÿòñÿ ïîâòîðåíèåì äîêàçàòåëüñòâà àíàëîãè÷íûõ òåîðåì èç
ðàáîòû [15], òàê êàê îöåíêè ôóíêöèè Ãðèíà â ðàññìàòðèâàåìûõ ñëó÷àÿõ
ñîâïàäàþò. Èç Òåîðåìû 5 ñëåäóåò áàçèñíîñòü â L2(−1, 1) ñèñòåìû ñîáñòâåí-
íûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è (8).
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Òåîðåìà 6. Ñèñòåìà ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è (8) îá-

ðàçóåò áàçèñ ïðîñòðàíñòâà L2 (−1, 1).

Äîêàçàòåëüñòâî. Äëÿ ëþáîé ôóíêöèè f (x) ∈ L2 (−1, 1) ðàññìîòðèì
ðàçíîñòü ∥f (x)− Sm (f)∥ â ñìûñëå íîðìû ïðîñòðàíñòâà L2 (−1, 1). Òàê êàê

∥f (x)− Sm (f)∥ ≤ ∥f (x)− σm (f)∥+ ∥σm (f)− Sm (f)∥ ,

ãäå â ïðàâîé ÷àñòè ïåðâîå ñëàãàåìîå ìåíüøå ε
2 â ñèëó áàçèñíîñòè Ðèññà

ñèñòåìû ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è (3), âòîðîå ñëàãàåìîå
ìåíüøå ε

2 â ñèëó Òåîðåìû 5, òî

∥f (x)− Sm (f)∥ < ε.

Â ñèëó ïðîèçâîëüíîñòè ôóíêöèè f (x), ïîñëåäíåå íåðàâåíñòâî îçíà÷à-
åò áàçèñíîñòü ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è (8). Òåîðåìà 6
äîêàçàíà.

5 Ñìåøàííàÿ çàäà÷à äëÿ óðàâíåíèÿ ñ ïåðåìåííûì êîýôôè-

öèåíòîì

Îáîçíà÷èì ñèñòåìó ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è (8) ÷å-
ðåç {yk (x)}, à áèîðòîãîíàëüíî ñîïðÿæåííóþ åé ñèñòåìó {zk (x)}.

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 7. Åñëè â óðàâíåíèè (7) êîýôôèöèåíò q (x) � íåïðåðûâíàÿ ôóíê-
öèÿ, íà÷àëüíàÿ ôóíêöèÿ φ (x) ÿâëÿåòñÿ ïîëèíîìîì âèäà

u (x, t) =
N∑
k=1

akyk (x),

òî ðåøåíèå çàäà÷è (7), (2) ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâèìî â âèäå

u (x, t) =

N∑
k=1

(φ, zk) e
−λktyk (x).

Äîêàçàòåëüñòâî òåîðåìû î÷åâèäíî.
Â ñèëó ïëîòíîñòè ìíîæåñòâà ïîëèíîìîâ ïî ñèñòåìå, îáðàçóþùåé áàçèñ

â êëàññå L2 (−1, 1), äëÿ ñìåøàííîé çàäà÷è (7), (2) ñïðàâåäëèâî óòâåðæäå-
íèå Òåîðåìû 3.

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 2



152 À.À. Ñàðñåíáè

Ëèòåðàòóðà

1 Ashyralyev A., Sarsenbi A.M. Well-posedness of an elliptic equation with
involution // Electronic Journal of Di�erential Equations. � 2015. � V. 284. � P.
1-8.

2 Ashyralyev A., Sarsenbi A.M. Well-Posedness of a Parabolic Equation with
Involution // Numerical Functional Analysis and Optimization. � 2017. � V. 38:10. �
P. 1295-1304. � https://doi.org/10.1080/01630563.2017.1316997.

3 Allaberen Ashyralyev, Sarsenbi A.M. Stability of a Hyperbolic Equation
with the Involution // Springer Proceedings in Mathematics and Statistics, Ed s.:
Kalmenov T.S., Nursultanov E.D., Ruzhansky M.V., Sadybekov M.A. � Springer. �
2016. � P. 217-226.

4 Kirane M., Al-Salti N. Inverse problems for a nonlocal wave equation with an
involution perturbation // J. Nonlinear Sci. Appl. � 2016. � V. 9. � P. 1243-1251.

5 Sarsenbi A.A. On a class of inverse problems for a parabolic equation with
involution // AIP Conference Proceedings. � 2017. � V. 1880. � P. 040021. � doi:
10.1063/1.5000637.

6 Ñàðñåíáè À.À. Ïîëíîòà è áàçèñíîñòü ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé
çàäà÷è ñ èíâîëþöèåé // Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � V. 17, � 2(64). � C.
175-183.

7 Kritskov L.V., Sarsenbi A.M. Spectral Properties of a Nonlocal Problem for
Second Order Di�erential Equation with an Involution // Di�erential Equations. �
2015. � V. 51, No. 8. � P. 990-996.

8 Kritskov L.V., Sarsenbi A.M. Basicity in Lp of root functions for di�erential
equations with involution // Electronic Journal of Di�erential Equations. � 2015. �
V. 278. � P. 1-9.

9 Kritskov L.V., Sarsenbi A.M. Riesz basis property of system of root functions
of second-order di�erential operator with involution // Di�erential Equations. � 2017.
� V. 53, No. 1. � P. 33-46.

10 Burlutskaya M.Sh., Khromov A.P. Fourier method in an initial-boundary value
problem for a �rst-order partial di�erential equation with involution // Comput.
Mathematics and Math. Physics. � 2011. � V. 51, No. 12. � P. 2102-2114.

11 Burlutskaya M. Sh. Mixed problem for a �rst order partial di�erential equations
with involution and periodic boundary conditions // Comput. Mathematics and Math.
Physics. � 2014. � V. 54, No. 1. � P. 1-10.

12 Baskakov A.G., Krishtal I.A., Romanova E.Y. Spectral analysis of a di�erential
operator with an involution // Journal of Evolution Equations. � 2017. � V. 17, No. 2.
� P. 669-684.

13 Sarsenbi A.M. Unconditional bases related to a nonclassical second-order
di�erential operator // Di�erential Equations. � 2010. � V. 46, No. 4. � P. 509-514.

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 2



Óñëîâèÿ ðàçðåøèìîñòè ñìåøàííûõ çàäà÷ ... 153

14 Sadybekov M.A., Sarsenbi A.M. Criterion for the basis property of the
eigenfunctions system of a multiple di�erentiation operator with an involution //
Di�erential Equations. � 2012. � V. 48, No. 8. � P. 1112-1118.

15 Sarsenbi A.M. The theorem on the basis property of eigenfunctions of second
order di�erential operators with involution // AIP Conference Proceedings. � 2017.
� V. 050015. � doi: 0.1063/1.5000652.

Ñºðñåíái �.�. ÈÍÂÎËÞÖÈßÑÛ ÁÀÐ ÏÀÐÀÁÎËÀËÛ� Ò�ÐÄÅÃI
ÒÅ�ÄÅÓËÅÐ �ØIÍ ÀÐÀËÀÑ ÅÑÅÏÒÅÐÄI�ØÅØIÌÄIËIÊØÀÐÒÒÀ-
ÐÛ

Èíâîëþöèÿñû áàð ïàðàáîëàëû© ò³ðäåãi òåäåó ³øií àðàëàñ åñåïòåðäi
©îéûëûìû êîððåêòiëi åìåñ áîëàòûíäû¡û òàë©ûëàíàäû. �àðàñòûðûëûï
îòûð¡àí åñåïòi æàë¡ûç øåøiìi áàð áîëóû ³øií áàñòàï©û áåðiëiìäåðãå
©îéûëàòûí æåòêiëiêòi øàðòòàð êåëòiðiëãåí. Ôóðüå òºñiëi ©îëäàíûë¡àí.

Êiëòòiê ñ°çäåð. Ôóðüå òºñiëi, àðàëàñ åñåï, èíâîëþöèÿ, ìåíøiêòi ôóíê-
öèÿëàð, áàçèñ.

Sarsenbi A.A. A SOLVABILITY CONDITIONS OF MIXED PROBLEMS
FOR EQUATIONS OF PARABOLIC FORM WITH INVOLUTION
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Àííîòàöèÿ. Äàåòñÿ êðàòêèé îáçîð ðåçóëüòàòîâ àâòîðà ïî ïðèáëèæåíèþ ôóíêöèé

ñðåäíèìè ×åçàðî íà êëàññ C2π. Íà êëàññå äèôôåðåíöèðóåìûõ ôóíêöèé óñòàíîâ-

ëåíû àñèìïòîòè÷åñêè òî÷íûå êîíñòàíòû äëÿ âûñîêèõ ïîðÿäêîâ ïðèáëèæåíèÿ.

Êëþ÷åâûå ñëîâà. Ðÿäû Ôóðüå, ëèíåéíûå ìåòîäû ñóììèðîâàíèÿ, òðèãîíîìåòðè-

÷åñêàÿ ñèñòåìà, ñóììû ×åçàðî.

Ïóñòü f(x) ∈ C2π ñ íîðìîé ∥f(x)∥ = max
−π≤x≤π

|f(x)|,

Lip1α = {f(x) ∈ C2π; |f(x+ h)− f(x)| ≤ |h|α, 0 < α ≤ 1}. (1)

Äëÿ ñèíãóëÿðíîãî èíòåãðàëà Ôåéåðà

σ1
n(f, x) =

1

π

∫ π

−π
f(x− t)Fn−1(t)dt (2)

ñ ïîëîæèòåëüíûì ÿäðîì

Fn−1(t) =
1

2π

(
sin n t

2

sin t
2

)2

ñòåïåíü ïðèáëèæåíèÿ îòíîñèòåëüíî êëàññà Lip1α Ñ.Ì. Íèêîëüñêèì [1]
îïðåäåëåíà ñëåäóþùèì îáðàçîì:

∆(α;n) =
2

π
M(α;n)

ñ àëãåáðàè÷åñêèì ìîìåíòîì ïîðÿäêà α:

M(α;n) ≡
∫ π

0
tαFn−1(t)dt. (3)

2010 Mathematics Subject Classi�cation: 42A10.
c⃝ Ë.Ï. Ôàëàëååâ, 2018.
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Ñ.À. Òåëÿêîâñêèé [2], èñïîëüçóÿ (3), óêàçàë ïîëíîå àñèìïòîòè÷åñêîå ðàç-
ëîæåíèå äëÿ (2). Â ñëó÷àå α = 1 îíî èìååò âèä

∆(1;n) ≈ 2

π

log n

n
+

2

π
(1 + γ + log 2)

1

n
+

+
2

π

∞∑
m=1

2m− 1

m
{1 + (−1)n(1− 22m)}B2m

1

n2m+1
, n → ∞, (4)

ïðè ýòîì γ � ïîñòîÿííàÿ Ýéëåðà è B2m ≈ (−1)m+12 (2m)!
(2π)2m

∑∞
s=1

1
s2m

, m =

1, 2, ... � ÷èñëà Áåðíóëëè [3], [4].
Çàìåòèì, ÷òî ðàçëîæåíèå (4) ìîæíî ðàññìàòðèâàòü êàê ïîäëèííîå

àñèìïòîòè÷åñêîå ðàçëîæåíèå ñâåðõ ÷ëåíà ïîðÿäêà O(n−1) â çàâèñèìîñòè
îò ÷åòíîñòè èëè íå÷åòíîñòè ïàðàìåòðà n. Â [5], [6] Ý.Ë. Øòàðêîì áûëî äà-
íî âàæíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå äëÿ ýòîé ñòåïåíè ïðèáëèæåíèÿ.
Ïðè ýòîì êîíñòàíòà, ñîäåðæàùàÿñÿ â îñòàòî÷íîì ÷ëåíå Rn, ïðèíèìàåò
ðàçëè÷íûå çíà÷åíèÿ â çàâèñèìîñòè îò ÷åòíîñòè n:

∆(1;n) =
2

π

log n

n
+

2

π
(1 + γ + log 2)

1

n
+Rn, Rn = O(n−3), n → ∞.

Ïóñòü W (r), r = 1, 2, ..., � êëàññ ïåðèîäè÷åñêèõ ôóíêöèé f, ó êîòî-
ðûõ ïðîèçâîäíàÿ ïîðÿäêà r − 1 óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ïåðâîãî
ïîðÿäêà:

|f (r−1)(x)− f (r−1)y| ≤ |x− y|.
Êëàññ ôóíêöèé, ñîïðÿæåííûõ ñ ôóíêöèÿìè èç W (r), îáîçíà÷èì ÷åðåç

W̃ (r). Â ðàáîòå [7] íàéäåíû àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ïðè n → ∞ âå-
ëè÷èí sup

f∈W (r); f∈W̃ (r)

∥f(x) − σ
′
n(f, x)∥C ïðè n → ∞, r ≥ 2, â çàâèñèìîñòè

îò ÷åòíîñòè n, íå÷åòíîñòè r è îñòàòêà ïðè äåëåíèè åãî íà 4.
Àâòîðîì [8], [9] èññëåäóþòñÿ àïðîêñèìàòèâíûå ñâîéñòâà ñðåäíèõ ×åçà-

ðî (c, β � ñðåäíèõ), êàê îáîáùåíèÿ ìåòîäà (c, 1)-Ôåéåðà. Ñâîéñòâà ÷èñåë

×åçàðî Aβ
n = (β + 1)(β + 2)...(β + n) 1

n! ìîæíî íàéòè â [10]. Óòî÷íÿþòñÿ
ðåçóëüòàòû Ï.Ë. Óëüÿíîâà, íàõîäÿòñÿ àñèìïòîòè÷åñêèå ïîñòîÿííûå áîëåå
âûñîêîãî ïîðÿäêà, ÷åì â ðàáîòàõ Ð. Òàáåðñêîãî (β = 3, 4, ...) [11].

Òåîðåìà 1 [8], [9].

E1(σ
β
n) = sup

f∈Lip 1
|f(x)− σβ

n(f, x)| =
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=
2β

π

ln n

n
+

2β

πn
(1 + γ + ln 2)− 4

π
φ(n, β) + o

( 1
n

)
, (5)

ãäå
β − 1

3

1

n
< φ(n, β) ≤ β

2(β − 1)

1

n
, 1 < β < 2, (6)

β − 1

3

1

n
< φ(n, β) ≤ β(β − 1)

2

1

n
, β ≥ 2, (7)

è äëÿ β = 2, 3, ...

φ(n, β) =
β

2n

β−1∑
µ=1

1

µ
. (8)

Òåîðåìà 2. Ñ âûñîêîé òî÷íîñòüþ îïðåäåëÿåò ïîâåäåíèå Eα(σ
β
n), 0 < α <

1, äëÿ ïðîèçâîëüíûõ (íå îáÿçàòåëüíî öåëûõ) β > 1 :

Eα(σ
β
n) =

1

cos απ
2

Γ(β + 1)

Γ(β + 1− α)

1

nα
+

β

n
Aα +O

( 1

nγ

)
,

γ = min(β, 1 + α), Aα =
2α

π

π
2∫

0

tα
( 1

sin2 t
− 1

t2

)
dt− 2

π2−α(1− α)
.

Â ðàáîòàõ [12]�[14] ðàññìàòðèâàþòñÿ âîïðîñû îöåíîê êîíñòàíò Ëåáåãà
ëèíåéíûõ ñðåäíèõ ñîïðÿæåííûõ ðÿäîâ Ôóðüå.

Ïîñêîëüêó (c, β)-ñðåäíèå (β > 1) ÿâëÿþòñÿ îáîáùåíèåì (c, 1)-ñðåäíèõ,
òî áûëî áû åñòåñòâåííûì îæèäàòü, ÷òî ðàçëè÷èå â àñèìïòîòè÷åñêèõ êîí-
ñòàíòàõ íà êëàññå Lip äëÿ ÷åçàðîâñêèõ ìåòîäîâ íàñòóïèò "÷óòü ðàíüøå".
Îêàçûâàåòñÿ, ýòî íå òàê.

Òåîðåìà 3. Äëÿ β = 1, 2... ïðè n → ∞ ñïðàâåäëèâî àñèìïòîòè÷åñêîå

ðàâåíñòâî

E1(σ
β
n) =

2

π

{β lnn

n
+

β

n

(
1 + C + ln 2−

β−1∑
k=1

1

k

)
− β(β + 1)

2
· lnn
n2

+

+
1

n2
· β(β + 1)

2

( β−1∑
k=1

1

k
− ln 2− C

)
+

β(β + 1)(2β + 1)

6
· lnn
n3

+
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+
1

n3
φ(β)

}
+ ¯̄o

( 1

n3

)
, (9)

ãäå äëÿ β = 2, 3, 4...

φ(β) =
β(β − 1)(β − 2)

36
+

β(β − 2)

12

{
(4β + 2)

(
ln 2 + C −

β−1∑
k=1

1

k

)
− 3β + 2

2

}
,

φ(1) =

{
ln 2 + C − 2

3 äëÿ íå÷¼òíûõ n,
ln 2 + C − 1

6 äëÿ ÷¼òíûõ n.

C � ïîñòîÿííàÿ Ýéëåðà.

Äëÿ äîêàçàòåëüñòâà òåîðåìû íàì íåîáõîäèìî ïðèâåñòè îäíî âñïîìîãà-
òåëüíîå àñèìïòîòè÷åñêîå ðàâåíñòâî.

Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ:

Sk =
1

(n+ 1)k
+

1

(n+ 2)k
+ ...+

1

(n+ β)k
, k = 1, 2, ..., β,

C̃1
n =

1

n+ 1
+

1

n+ 2
+ ...+

1

n+ β
,

C̃2
n =

1

n+ 1
· 1

n+ 2
+ ...+

1

n+ 1
· 1

n+ β
+ ...+

1

n+ β − 1
· 1

n+ β
,

...................................................................................................

C̃β
n =

1

(n+ 1)(n+ 2)...(n+ β)
.

Èç ðåêóððåíòíîãî ñîîòíîøåíèÿ, ñâÿçûâàþùåãî ñòåïåííûå ñóììû ñ ýëå-
ìåíòàðíûìè ñèììåòðè÷åñêèìè ìíîãî÷ëåíàìè

Sk − Sk−1C̃
1
n + Sk−2C̃

2
n + ...+ (−1)k · k · C̃k

n = 0,

ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ìîæíî óñòàíîâèòü ñëåäóþùåå àñèìï-
òîòè÷åñêîå ðàâåíñòâî.

C̃k
n =

Ck
β

nk

{
1− k(β + 1)

2n
+ (β + 1)

k
(
3k+5
2 β + k + 1

)
12n2

}
+O

( 1

nk+3

)
, (10)

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 2



158 Ë.Ï. Ôàëàëååâ

ãäå, êàê îáû÷íî,

Ck
β =

β(β − 1)...(β − k + 1)

k!
.

Òàê êàê

Si =
1

ni

∞∑
k=0

(−1)kτkA
i−1
k

nk
, i = 1, 2, ..., β,

ãäå τk = 1k + 2k + ...+ βk, à ÷èñëà Ai
k � ÷èñëà ×åçàðî, òî èç

τ0 = β, τ1 =
β(β + 1)

2
, τ2 =

β(β + 1)(β + 2)

6
,

â ÷àñòíîñòè, ñëåäóåò

C̃1
n = S1 =

C1
β

n

{
1− 1 · (β + 1)

2n
+ (β + 1)

1 ·
(
3·1+5

2 β + 2
)

12n2

}
+O

( 1

n4

)
.

Äîêàçàòåëüñòâî ðàâåíñòâà (10) â îáùåì âèäå äîâîëüíî ãðîìîçäêî è ïîýòî-
ìó íå ïðèâîäèòñÿ.

Ïåðåéä¼ì ê äîêàçàòåëüñòâó Òåîðåìû 3. Êàê âèäíî èç [7], ÿäðî ìåòîäà
ñóììèðîâàíèÿ ÿâëÿåòñÿ ïîëîæèòåëüíûì äëÿ β ≥ 1, ïîýòîìó

E1(σ
β
n) =

2

π

π∫
0

t
(1
2
+

n∑
ν=1

Aβ
n−ν

Aβ
n

cosνt
)
dt.

Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì

E1(σ
β
n) =

4

π

{
π2

8
− 1

Aβ
n

(
Aβ

n−1

1

12
+Aβ

n−3

1

32
+ ...+Aβ

0

((−1)n − 1

n2

))}
. (11)

Äîêàçàòåëüñòâî òåîðåìû áóäåì âåñòè îòäåëüíî äëÿ ÷¼òíûõ è íå÷¼òíûõ n.
Ïóñòü n = 2m−1, m = 1, 2, ... . Èç îïðåäåëåíèÿ Aβ

n ñëåäóåò ñïðàâåäëèâîñòü
ðàçëîæåíèÿ

Aβ
2m−1−ν

Aβ
2m−1

= 1− νC̃1
2m−1 + ν2C2

2m−1 − ...+ (−1)βνβC̃β
2m−1, ν = 0, ..., 2m− 1,
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ïîýòîìó ðàâåíñòâî (11) ïðèìåò âèä

E1(σ
β
n) =

4

π

{
π2

8
−

m∑
k=1

1

(2k − 1)2
+ C̃1

2m−1

m∑
k=1

1

2k − 1
·m+

+C̃3
2m−1(1 + 3 + ...+ (2m− 1))− C̃4

2m−1(1
2 + 32 + ...+ (2m− 1)2 + ...+

+C̃β
2m−1(−1)β−1(1β−2 + 3β−2) + ...+ (2m− 1)β−2)

}
. (12)

Èç (4)
∞∑

k=m

1

(2k + 1)2
=

1

4m
−

∞∑
k=1

B2k(2
2k−1 − 1)

1

(2m)2k+1
(13)

(ñì. [4]), ïóò¼ì ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïîëó÷àåì

π2

8
−

m∑
k=1

1

(2k − 1)2
=

1

2
· 1

2m− 1
− 1

2
· 1

(2m− 1)2
+

+
1

(2m− 1)3

(1
2
−B2

)
+O(

1

m4
), (14)

C̃1
2m−1

m∑
k=1

1

2k − 1
=

1

2

{
β ln(2m− 1)

2m− 1
+

β

2m− 1
(ln 2 + C)−

−β(β + 1)

2
· ln(2m− 1)

(2m− 1)2
+

1

(2m− 1)2

(
β − β(β + 1)

2
(ln 2 + C)

)
+

+
β(β + 1)(2β + 1)

6
· ln(2m− 1)

(2m− 1)3
+

1

(2m− 1)3

((ln 2 + C)β(β + 1)(2β + 1)

6
−

−β(β + 1)

2
+ β(B2 −

1

2
)
)}

+ ¯̄o
( 1

m3

)
. (15)

Êðîìå òîãî ([11], ñòð. 16), äëÿ öåëûõ q > 0 èìååò ìåñòî ðàâåíñòâî

n∑
k=1

(2k − 1)q =
2q

q + 1
nq+1 − 1

2

(
q
1

)
2q−1 ·B2 · nq−1 − ..., (16)
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ïðè èñïîëüçîâàíèè êîòîðîãî ïîñëåäíèì ñëàãàåìûì â ïðàâîé ÷àñòè íåîáõî-
äèìî áðàòü n2 èëè n1.

Èç (10) è (16) óñòàíîâèì k = 4, 5, ..., β,

C̃2
2m−1 ·m =

C2
β

2

{
1

2m− 1
+

1

(2m− 1)2

(
1− 2(β + 1)

2 · 1

)
+

+
1

(2m− 3)2

(
(β + 1)

2
(
3·2+5

2

)
β + 3

12 · 1
− 2(β + 1)

2

)}
+O

( 1

m4

)
, (17)

C̃3
2m−1(1 + 3 + ...+ (2m− 1))=

C3
β

2

{
1

2

1

2m− 1
+

1

(2m− 1)2

(
1− 3(β + 1)

2 · 2

)
+

+
1

(2m− 1)3

(
(β + 1)

3
(
3·3+5

2 β + 4
)

12 · 2
− 3

2
(β + 1) +

1

2

)}
+O

( 1

m4

)
, (18)

C̃k
2m−1(1

k−2 + 3k−2 + ...+ (2m− 1)k−2) =

=
Ck
β

2

{
1

k

1

2m− 1
+

1

(2m− 1)2

(
1− k(β + 1)

2(k − 1)

)
+

+
1

(2m− 1)3

(
β + 1)

k(3k+5
2 β + k + 1)

12(k − 1)
− k(β + 1)

2
+

+
(k − 2

2
− (k − 2)B2

))}
+O

( 1

m4

)
. (19)

Ó÷èòûâàÿ ñîîòíîøåíèÿ (14), (15), (17)�(19), íàéä¼ì çíà÷åíèå êîíñòàí-
òû ïðè 1

2m−1 â ðàâåíñòâå (12):

2

π
· 1

2m− 1

{
1 + β(ln 2 + C)− C2

β +
C3
β

2
−

C4
β

3
+ ...+ (−1)β−1

Cβ
β

β − 1

}
=

=
2

π
· β

2m− 1

{
1 + C + ln 2−

β−1∑
k=1

1

k

}
.
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Ïðè ýòîì, êàê è ïðè äîêàçàòåëüñòâå Òåîðåìû 3, ìû âîñïîëüçîâàëèñü ôîð-
ìóëîé ([11], ñòð. 17)

n∑
k=1

(−1)k+1Ck
n

k
=

n∑
k=1

1

k

è î÷åâèäíûì ñîîòíîøåíèåì Cj
β−1 + Cj+1

β−1 = Cj+1
β .

Ó÷èòûâàÿ åù¼, ÷òî kCk
β = βCk−1

β−1, ïîëó÷èì

2

π

1

(2m− 1)2

{
− β(β + 1)

2
(ln 2+C)−1+β+

β∑
k=2

(−1)k−1Ck
β

(
1− k(β + 1)

2(k − 1)

)}
=

=
2

π

1

(2m− 1)2
β(β + 1)

2

{ β−1∑
k=1

1

k
− (ln 2 + C)

}
.

Ïðîöåññ íàõîæäåíèÿ êîíñòàíòû ïðè 1
(2m−1)3

ðàçîáü¼ì íà íåñêîëüêî ÷àñòåé.

Ïðåæäå âñåãî

β + 1

2

β∑
k=1

(−1)kCk
β =

{
0, β = 2, 3, ...,
−1, β = 1.

(20)

Äàëåå, òàê êàê B2 =
1
6 , òî

1− 2B2 + β
(
B2 −

1

2

)
+ C3

β

1

2
+

β∑
k=4

(−1)k−1Ck
β

(k − 2

2
+ (k − 2)B2

)
=

=

{ 1
3 , β = 1,
β(β−1)(β−2)

6 , β = 2, 3, ... .
(21)

Íàêîíåö, äëÿ β = 2, 3, ...

β∑
k=2

(−1)k−1Ck
β

k
(
3k+5
2 β + k + 1

)
k − 1

=
3β + 2

2

β∑
k=2

(−1)k−1Ck
β · k+

+(4β + 2)

β∑
k=2

(−1)k−1Ck
β

k

k − 1
= −β(3β + 2)

2
− β(4β + 2)

β−1∑
k=1

1

k
. (22)
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Èç (20)�(22) âèäíî, ÷òî êîíñòàíòû ïðè 1
(2m−1)3

èìåþò âèä, óêàçàííûé â

ôîðìóëå (11).

Ïóñòü òåïåðü n = 2m, m = 1, 2, ... . Â ýòîì ñëó÷àå ðàâåíñòâî (11) ïðèìåò
âèä

E1(σ
β
2m) =

4

π

{π2

8
− 1

Aβ
2m

(
Aβ

2m−1

1

12
+Aβ

2m−3

1

32
+ ...+Aβ

1

1

(2m− 1)2

)}
=

=
4

π

{π2

8
−

m∑
k=1

1

(2k − 1)2
+ C̃1

2m

m∑
k=1

1

2k − 1
− C̃2

2m+

+C̃3
2m(1+3+ ...+(2m−1)− ...+(−1)β−1)C̃β

2m(1β−2+ ...+(2m−1)β−2). (23)

Èç [11] (ñòð. 17) è (13) ñëåäóåò

π2

8
−

m∑
k=1

1

(2k − 1)2
=

1

2
· 1

2m
−B2

1

(2m)3
+O

( 1

m5

)
, (24)

C̃1
2m

m∑
k=1

1

2k − 1
=

1

2

{β ln 2m

2m
+

β ln 2 + C

2m
− β(β + 1)

2
· ln 2m
(2m)2

−

−β(β + 1)

2
(ln 2 + C)

1

(2m)2
+

β(β + 1)(2β + 1)

6
· ln 2m
(2m)3

+

+
1

(2m)3

((ln 2 + C)β(β + 1)(2β + 1)

6
+ βB2

)}
+O

( 1

m4

)
, (25)

C̃2
2m ·m =

C2
β

2

{ 1

2m
− 2(β + 1)

2(2m)2
+ (β + 1)

2
(
3·2+5

2 β + 3
)

12(2m)3

}
+O

( 1

m4

)
. (26)

Èç (16) ñëåäóåò

C̃k
2m(1 + ...+ (2m− 1)) =

=
C3
β

2

{1

2

1

2m
− 3(β + 1)

2 · 2(2m)2
+

2
(
3·3+5

2 β + 4
)

12 · 2(2m)3

}
+O

( 1

m4

)
, (27)

C̃k
2m

(
1k−2 + 3k−2 + ...+ (2m− 1)k−2

)
=

Ck
β

2

{ 1

k − 1

1

2m
− k(β + 1)

2(k − 1)(2m)2
+
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+
1

(2m)3

(
(β + 1)

k
(
3·k+5

2 β + k + 1
)

12(k − 1)
− (k − 2)B2

)}
+O

( 1

m4

)
, (28)

k = 4, 5, ..., β.
Èç ðàçëîæåíèé (14), (15), (17)�(19), (24)�(28) è ðàâåíñòâà (23) çàêëþ-

÷àåì, ÷òî êîíñòàíòû ïðè 1
(2m)i

è 1
(2m−1)i

, i = 1, 2, ñîâïàäàþò äëÿ âñåõ

β = 1, 2, ... . Ïî àíàëîãèè ñ ïðåäûäóùèìè ðàññóæäåíèÿìè íàéä¼ì ñóììû

B2

(
β − 2 +

β∑
k=4

(−1)kCk
β(k − 2)

)
=

{
−1

6 , β = 1,
β(β−1)(β−2)

36 , β = 2, 3, ... .

Ïðèìåíÿÿ äëÿ ïîäñ÷¼òà îñòàâøåéñÿ ñóììû ðàâåíñòâî (22), çàêëþ÷àåì, ÷òî
â ñëó÷àå β = 1 ìíîæèòåëü ïðè 1

(2m)3
ðàâåí ln 2 + C − 1

6 , à äëÿ β = 2, 3, ...

ìíîæèòåëü èìååò âèä, óêàçàííûé â ôîðìóëå (9). Òåîðåìà äîêàçàíà ïîë-
íîñòüþ. Êàê âèäíî èç ôîðìóëèðîâêè òåîðåìû, äëÿ β = 2, 3, ... êîíñòàíòà
ïðè 1

n3 ïðèíèìàåò îäíè è òå æå çíà÷åíèÿ íåçàâèñèìî îò òîãî ÿâëÿåòñÿ ëè
n ÷¼òíûì èëè íå÷¼òíûì.
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ÎÁ ÎÄÍÎÉ ÒÅÎÐÅÌÅ Î ÌÓËÜÒÈÏËÈÊÀÒÎÐÀÕ
ÐßÄÎÂ ÔÓÐÜÅ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ËÎÐÅÍÖÀ

À.Æ. Ûäûðûñ

Àííîòàöèÿ. Èññëåäóþòñÿ ìóëüòèïëèêàòîðû ðÿäîâ Ôóðüå â ïðîñòðàíñòâàõ

Ëîðåíöà. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ äëÿ ïîñëåäîâàòåëüíîñòè êîìïëåêñíûõ

÷èñåë {λk}k∈Z, ÷òîáû áûòü ìóëüòèïëèêàòîðîì òðèãîíîìåòðè÷åñêîãî ðÿäà Ôóðüå

èç ïðîñòðàíñòâà Lp,r[0; 1] â Lq,r[0; 1]. Â ýòîé ñòàòüå ïðåäñòàâëåíà íîâàÿ òåîðåìà

î ìóëüòèïëèêàòîðàõ, êîòîðàÿ äîïîëíÿåò èçâåñòíûå òåîðåìû.

Êëþ÷åâûå ñëîâà.Ìóëüòèïëèêàòîð, ðÿä Ôóðüå, òåîðåìà Ëèçîðêèíà, ïðîñòðàíñòâî

Ëîðåíöà.

1 Ââåäåíèå

Ïóñòü 1 ≤ p ≤ q ≤ ∞, λ = {λk}k∈Z − ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ
÷èñåë.

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî λ = {λk}k∈Z ÿâëÿåòñÿ ìóëüòèïëè-
êàòîðîì òðèãîíîìåòðè÷åñêèõ ðÿäîâ Ôóðüå èç ïðîñòðàíñòâà Lp[0; 1] â ïðî-
ñòðàíñòâî Lq[0; 1], åñëè äëÿ ëþáîé ôóíêöèè f ∈ Lp[0; 1] ñ ðÿäîì Ôóðüå∑
k∈Z

f̂(k)e2πikx íàéäåòñÿ ôóíêöèÿ fλ ∈ Lq[0; 1] ñ ñîîòâåòñòâóþùèì ðÿäîì

Ôóðüå
∑
k∈Z

λkf̂(k)e
2πikx è åñëè îïåðàòîð Tλ, Tλf = fλ, ÿâëÿåòñÿ îãðàíè÷åí-

íûì îïåðàòîðîì èç Lp[0; 1] â Lq[0; 1].

Áóäåì èñêàòü óñëîâèÿ íà ïîñëåäîâàòåëüíîñòü λ = {λk}k∈Z, ïðè êîòî-
ðûõ îïåðàòîð Tλ áóäåò îãðàíè÷åííûì èç Lp[0; 1] â Lq[0; 1], ò.å. λ áóäåò
ìóëüòèïëèêàòîðîì.

Keywords. Multiplier, Fourier series, Lizorkin theorem, Lorentz space.

2010 Mathematics Subject Classi�cation: 42À45.

c⃝ À.Æ. Ûäûðûñ, 2018.
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Ìíîæåñòâî ìóëüòèïëèêàòîðîâ èç Lp â Lq îáîçíà÷èì ÷åðåç mq
p , îíî

ÿâëÿåòñÿ ëèíåéíûì ïðîñòðàíñòâîì ñ íîðìîé

∥λ∥mq
p
= sup

f ̸=0

∥fλ∥Lq

∥f∥Lp

.

Îäíèì èç ïåðâûõ ðåçóëüòàòîâ, ñâÿçàííûõ ñ ìóëüòèïëèêàòîðàìè ðÿäîâ
Ôóðüå â ïðîñòðàíñòâàõ Ëåáåãà, ÿâëÿåòñÿ òåîðåìà Ì. Ðèññà [1]. Îí äîêàçàë
îãðàíè÷åííîñòü îïåðàòîðà ÷àñòè÷íîé ñóììû Sn: åñëè 1 < p < ∞, f ∈
Lp[0; 1], òîãäà

∥Sn(f)∥Lp
≤ c ∥f∥Lp

.

Ñëåäîâàòåëüíî, õàðàêòåðèñòè÷åñêèå ôóíêöèè îòðåçêà A = [−n;n] ∩ Z ÿâ-
ëÿþòñÿ ìóëüòèïëèêàòîðàìè â ïðîñòðàíñòâå Lp[0; 1]. Çäåñü íîðìû ìóëüòè-
ïëèêàòîðîâ îãðàíè÷åíû, à êîíñòàíòà c çàâèñèò òîëüêî îò ïàðàìåòðà p.

Èçâåñòíîå íåðàâåíñòâî äëÿ ðàçíûõ ìåòðèê â ïðîñòðàíñòâàõ Ëåáåãà ãëà-
ñèò: åñëè 1 < p ≤ q ≤ ∞, òîãäà

∥Sn(f)∥Lq
≤ cn

1
p
− 1

q ∥Sn(f)∥Lp
.

Ïðèìåíÿÿ òåîðåìó Ì. Ðèññà ê ïðåäûäóùåìó íåðàâåíñòâó ïðè 1 < p ≤
q ≤ ∞, f ∈ Lp[0; 1], ïîëó÷àåì ñëåäóþùåå:

∥Sn(f)∥Lq
≤ cn

1
p
− 1

q ∥f∥Lp
. (1)

Äàäèì îïðåäåëåíèå ìóëüòèïëèêàòîðà ïðåîáðàçîâàíèÿ Ôóðüå:

Îïðåäåëåíèå 2. Ïóñòü 1 ≤ p ≤ q ≤ ∞. Ãîâîðÿò, ÷òî ôóíêöèÿ φ ÿâëÿåò-
ñÿ ìóëüòèïëèêàòîðîì ïðåîáðàçîâàíèé Ôóðüå èç Lp â Lq, åñëè ñóùåñòâóåò
êîíñòàíòà c > 0 òàêàÿ, ÷òî äëÿ ëþáîé ôóíêöèè f èç ïðîñòðàíñòâà Øâàðöà
S âûïîëíÿåòñÿ íåðàâåíñòâî

∥Tφ(f)∥Lq
≤ c ∥f∥Lp

,

ãäå Tφ(f) = F−1φFf , F è F−1 ñîîòâåòñòâåííî ïðÿìîå è îáðàòíîå ïðåîáðà-
çîâàíèÿ Ôóðüå â R :

(Ff)(ξ) :=
1

2π

∫
R
f(x)e−iξxdx,

(F−1g)(x) :=

∫
R
g(ξ)eiξxdξ.
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Ñîâîêóïíîñòü âñåõ ìóëüòèïëèêàòîðîâ ïðåîáðàçîâàíèÿ Ôóðüå èç Lp â
Lq îáîçíà÷èì ÷åðåçM q

p , êîòîðàÿ òàêæå ïðåäñòàâëÿåò ñîáîé íîðìèðîâàííîå
ïðîñòðàíñòâî ñ íîðìîé

∥φ∥Mq
p
= ∥Tφ∥Lp→Lq

.

Âàæíûì ðåçóëüòàòîì òåîðèè ðÿäîâ Ôóðüå ÿâëÿåòñÿ òåîðåìà Ìàðöèíêå-
âè÷à î ìóëüòèïëèêàòîðàõ [2]. Àíàëîã òåîðåìû Ìàðöèíêåâè÷à äëÿ ìóëüòè-
ïëèêàòîðîâ ïðåîáðàçîâàíèÿ Ôóðüå áûë äîêàçàí Ñ.Ã. Ìèõëèíûì [3]. Óñëî-
âèÿ òåîðåì Ìàðöèíêåâè÷à è Ìèõëèíà íå çàâèñÿò îò ïàðàìåòðà p. Â ñòàòüÿõ
[4], [5], [6] Å.Ä. Íóðñóëòàíîâ ïîëó÷èë óñëîâèÿ äëÿ ìóëüòèïëèêàòîðîâ ðÿäîâ
Ôóðüå, ñóùåñòâåííî çàâèñÿùèå îò ïàðàìåòðà p.

Äëÿ êëàññîâ M q
p , êîãäà p è q ðàçäåëåíû ÷èñëîì 2, èçâåñòíà òåîðåìà

Ë. Õ¼ðìàíäåðà [7]. Â ýòîì ñëó÷àå â ñëåäóþùèõ ñòàòüÿõ [4], [8] Å.Ä. Íóð-
ñóëòàíîâ è Í.Ò. Òëåóõàíîâà ïîëó÷èëè íèæíèå è âåðõíèå îöåíêè íîðìû
ìóëüòèïëèêàòîðîâ, ãäå âåðõíÿÿ îöåíêà óëó÷øàåò òåîðåìó Õ¼ðìàíäåðà.

Äëÿ ïðåîáðàçîâàíèÿ Ôóðüå èçâåñòíà òåîðåìà Ëèçîðêèíà î ìóëüòèïëè-
êàòîðàõ [9]:

Òåîðåìà À. Ïóñòü 1 < p ≤ q ≤ ∞, A > 0, β = 1
p − 1

q è ôóíêöèÿ φ
íåïðåðûâíî äèôôåðåíöèðóåìà íà R/{0}. Åñëè âûïîëíÿþòñÿ ñëåäóþùèå
óñëîâèÿ: ∣∣∣yβφ(y)∣∣∣ ≤ A,∣∣∣y1+βφ′(y)

∣∣∣ ≤ A,

òîãäà φ ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì ïðåîáðàçîâàíèÿ Ôóðüå èç Lp â Lq è

∥φ∥Mq
p
≤ cA.

Àíàëîã òåîðåìû Ëèçîðêèíà î ìóëüòèïëèêàòîðàõ äëÿ ðÿäîâ Ôóðüå áûë
ïîëó÷åí â ðàáîòå [10]:

Òåîðåìà Á. Ïóñòü 1 < p < q ≤ ∞, A > 0. Åñëè ïîñëåäîâàòåëüíîñòü
êîìïëåêñíûõ ÷èñåë λ = {λk}k∈N óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

sup
k

k
1
p
− 1

q |λk| ≤ A,

sup
k

k
1+ 1

p
− 1

q |∆λk| ≤ A,
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òîãäà λ ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì ðÿäîâ Ôóðüå èç Lp â Lq è ∥λ∥mq
p
≤ cA.

Ïóñòü f − èçìåðèìàÿ ïî Ëåáåãó ôóíêöèÿ íà R. Ôóíêöèÿ ðàñïðåäåëå-
íèÿ îïðåäåëÿåòñÿ êàê

m(σ, f) = |{x ∈ R : |f(x)| > σ}| .

Ôóíêöèÿ
f∗(t) = inf{σ ≥ 0 : m(σ, f) ≤ t}

ÿâëÿåòñÿ íåâîçðàñòàþùåé ïåðåñòàíîâêîé f.
Ñëåäóþùèé ðåçóëüòàò ÿâëÿåòñÿ óñèëåíèåì òåîðåìû Ëèçîðêèíà î ìóëü-

òèïëèêàòîðàõ äëÿ ðÿäîâ Ôóðüå [11], [12]:

Òåîðåìà Â. Ïóñòü 1 < p < q < ∞, 0 < r ≤ ∞, 0 < α < 1 − 1
p +

1
q , β = α+ 1

p−
1
q . Åñëè ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë λ = {λk}k∈N

óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

sup
k

k
1
p
− 1

q |λk| ≤ A,

sup
k

k1−α
(
mβ∆λm

)∗
(k) ≤ A,

òîãäà λ ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì ðÿäîâ Ôóðüå èç ïðîñòðàíñòâà Ëîðåí-
öà Lp,r â Lq,r è

∥λ∥mq,r
p,r

≤ c(p, q, r, α)A.

2 Âñïîìîãàòåëüíûå ëåììû

Ïóñòü SQ(f) =
∑
k∈Q

f̂ke
2πikx − ÷àñòè÷íàÿ ñóììà ôóíêöèè f ïî ìíîæå-

ñòâó Q, ãäå Q − èíòåðâàë èç Z.

Ëåììà 1. Ïóñòü 1 < p < q < ∞, 0 < r ≤ ∞, f ∈ Lp,r, òîãäà ∞∑
n=1

n
1− 1

p
+ 1

q sup
|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|

r

1

n


1
r

≤ c∥f∥Lp,r ,

ãäå M − ìíîæåñòâî èíòåðâàëîâ èç Z.
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Äîêàçàòåëüñòâî. Èñïîëüçóÿ íåðàâåíñòâî (1), ïîëó÷àåì

sup
n∈N

n
1− 1

p
+ 1

q sup
|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|
≤ c sup

n∈N
n
1− 1

p
+ 1

q sup
|Q|≥n
Q∈M

|Q|
1
p
− 1

q ∥f∥Lp

|Q|
= c∥f∥Lp .

Òàêèì îáðàçîì, ïóñòü 1 < p0 < p1 < ∞, α0 = 1− 1
p0

+ 1
q , α1 = 1− 1

p1
+ 1

q ,
òîãäà

sup
n∈N

nα0 sup
|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|
≤ c∥f∥Lp0

,

sup
n∈N

nα1 sup
|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|
≤ c∥f∥Lp1

.

Ïðåäñòàâèì ôóíêöèþ f = f0 + f1, ãäå f0 ∈ Lp0 , f1 ∈ Lp1 , òîãäà

sup
|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|
≤ sup

|Q|≥n
Q∈M

∥SQ(f0)∥Lq

|Q|
+ sup

|Q|≥n
Q∈M

∥SQ(f1)∥Lq

|Q|
.

Ñäåëàåì çàìåíó v(t) = t
1

α1−α0 , t ∈ [1;+∞), òîãäà ïîëó÷àåì

sup
1≤n≤v(t)

nα1 sup
|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|
≤

≤ sup
1≤n≤v(t)

nα1−α0nα0 sup
|Q|≥n
Q∈M

∥SQ(f0)∥Lq

|Q|
+ sup

n≥1
nα1 sup

|Q|≥n
Q∈M

∥SQ(f1)∥Lq

|Q|
≤

≤ t sup
1≤n≤v(t)

nα0 sup
|Q|≥n
Q∈M

∥SQ(f0)∥Lq

|Q|
+ sup

n≥1
nα1 sup

|Q|≥n
Q∈M

∥SQ(f1)∥Lq

|Q|
.

Òàê êàê ýòî íåðàâåíñòâî âåðíî äëÿ ëþáîãî ïðåäñòàâëåíèÿ ôóíêöèè, òî
âåðíî ñëåäóþùåå íåðàâåíñòâî:

sup
1≤n≤v(t)

nα1 sup
|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|
≤
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≤ inf
f=f0+f1

t sup
1≤n≤v(t)

nα0 sup
|Q|≥n
Q∈M

∥SQ(f0)∥Lq

|Q|
+ sup

n≥1
nα1 sup

|Q|≥n
Q∈M

∥SQ(f1)∥Lq

|Q|

 .

Äàëåå ïîëó÷èì, ÷òî( ∞∫
0

(
t−θ inf

f=f0+f1

(
t sup
1≤n≤v(t)

nα0 sup
|Q|≥n
Q∈M

∥SQ(f0)∥Lq

|Q|
+

+sup
n≥1

nα1 sup
|Q|≥n
Q∈M

∥SQ(f1)∥Lq

|Q|

))r
dt

t

) 1
r

≥

≥

( ∞∫
0

(
t−θ sup

1≤n≤v(t)
nα1 sup

|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|

)r
dt

t

) 1
r

≥

≥ C

( ∞∫
0

(
u−θ(α1−α0) sup

1≤n≤u
nα1 sup

|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|

)r
du

u

) 1
r

≥

≥ C

( ∞∑
r=0

(
2−θr(α1−α0) sup

1≤n≤2r
nα1 sup

|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|

)r
1

2r

) 1
r

≥

≥ C

( ∞∑
r=0

(
2−θr(α1−α0)+rα1 sup

|Q|≥2r

Q∈M

∥SQ(f)∥Lq

|Q|

)r
1

2r

) 1
r

=

= C

( ∞∑
r=0

(
2rα sup

|Q|≥2r

Q∈M

∥SQ(f)∥Lq

|Q|

)r
1

2r

) 1
r

= C

( ∞∑
k=1

(
kα sup

|Q|≥k
Q∈M

∥SQ(f)∥Lq

|Q|

)r
1

k

) 1
r

,

ãäå α = θα0 + (1− θ)α1, 0 < θ < 1, 1
p = θ

p0
+ 1−θ

p1
. Èñïîëüçóÿ èíòåðïîëÿöè-

îííûå ñâîéñòâà ïðîñòðàíñòâ Ëåáåãà, ïîëó÷àåì ∞∑
k=1

kα sup
|Q|≥k
Q∈M

∥SQ(f)∥Lq

|Q|

r

1

k


1
r

≤ c∥f∥Lp,r ,

ãäå α = 1− 1
p + 1

q . ×òî è òðåáîâàëîñü äîêàçàòü.
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Ñëåäñòâèå 1. Ïóñòü 1 < p < q < ∞, f ∈ Lp,1, òîãäà

∞∑
k=1

2
k(− 1

p
+ 1

q
)

∥∥∥∥∥∥
2k+1−1∑
m=2k

f̂me2πimx

∥∥∥∥∥∥
Lq

≤ C∥f∥Lp,1 .

Äîêàçàòåëüñòâî. Èñïîëüçóÿ Ëåììó 1, ïîëó÷àåì

c∥f∥Lp,r ≥

 ∞∑
n=1

n
1− 1

p
+ 1

q sup
|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|

r

1

n


1
r

=

=

 ∞∑
k=0

2k+1−1∑
n=2k

n
1− 1

p
+ 1

q sup
|Q|≥n
Q∈M

∥SQ(f)∥Lq

|Q|

r

1

n


1
r

≥

≥

 ∞∑
k=0

2
k
(
1− 1

p
+ 1

q

)
r

 sup
|Q|≥2k+1

Q∈M

∥SQ(f)∥Lq

|Q|


r
2k+1−1∑
n=2k

1

n


1
r

=

=

 ∞∑
k=0

2
k
(

1
p′+

1
q

)
sup

|Q|≥2k+1

Q∈M

∥SQ(f)∥Lq

|Q|


r

ln 2


1
r

=

= 2
−
(

1
p′+

1
q

)
(ln 2)

1
r

 ∞∑
k=0

2
(k+1)

(
1
p′+

1
q

)
sup

|Q|≥2k+1

Q∈M

∥SQ(f)∥Lq

|Q|


r

1
r

=

=
(ln 2)

1
r

2
1
p′+

1
q

 ∞∑
k=1

2
k
(

1
p′+

1
q

)
sup

|Q|≥2k

Q∈M

∥SQ(f)∥Lq

|Q|


r

1
r

.

Ñëåäîâàòåëüíî, âåðíî ñëåäóþùåå íåðàâåíñòâî: ∞∑
k=1

2
k
(

1
p′+

1
q

)
sup

|Q|≥2k

Q∈M

∥SQ(f)∥Lq

|Q|


r

1
r

≤ C∥f∥Lp,r .
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Äàëåå, åñëè âîçüìåì r = 1 è â êà÷åñòâå ìíîæåñòâî Q âîçüìåì èíòåðâàë
[2k; 2k+1 − 1], òî ïîëó÷èì èñêîìîå íåðàâåíñòâî.

3 Îñíîâíîé ðåçóëüòàò

Òåîðåìà 1. Ïóñòü 1 < p < q < ∞, 0 < r ≤ ∞, B > 0. Åñëè ïîñëåäî-
âàòåëüíîñòü êîìïëåêñíûõ ÷èñåë λ = {λk}k∈N óäîâëåòâîðÿåò ñëåäóþùèì
óñëîâèÿì:

sup
k

2
k
(

1
p
− 1

q

)
|λ2k+1−1| ≤ B,

sup
k

2
k
(

1
p
− 1

q

) 2k+1−2∑
m=2k

|∆λm| ≤ B,

òî λ ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì ðÿäîâ Ôóðüå èç Lp,r â Lq,r è

∥λ∥mq,r
p,r

≤ cB.

Äîêàçàòåëüñòâî. Ðàññìîòðèì íîðìó ñóììû ðÿäà∥∥∥∥∥
∞∑

m=1

λmame2πimx

∥∥∥∥∥
Lq

≤
∞∑
k=0

∥∥∥∥∥∥
2k+1−1∑
m=2k

λmame2πimx

∥∥∥∥∥∥
Lq

=

=
∞∑
k=0

∥∥∥∥∥∥
2k+1−2∑
m=2k

∆λm

m∑
r=2k

are
2πirx + λ2k+1−1

2k+1−1∑
r=2k

are
2πirx

∥∥∥∥∥∥
Lq

≤

≤
∞∑
k=0

∥∥∥∥∥∥
2k+1−1∑
r=2k

are
2πirx

∥∥∥∥∥∥
Lq

2k+1−2∑
m=2k

|∆λm|+
∣∣λ2k+1−1

∣∣ ≤

≤ sup
k

2
k
(

1
p
− 1

q

)2k+1−2∑
m=2k

|∆λm|+
∣∣λ2k+1−1

∣∣×

×
∞∑
k=0

2
k
(
− 1

p
+ 1

q

) ∥∥∥∥∥∥
2k+1−1∑
r=2k

are
2πirx

∥∥∥∥∥∥
Lq

≤ cB∥f∥Lp,1 .
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Ïóñòü 1 < p0 < p < p1 < ∞, 1 < q0 < q < q1 < ∞ òàêèå, ÷òî
1

p0
− 1

q0
=

1

p
− 1

q
=

1

p1
− 1

q1
. Òîãäà∥∥∥∥∥

∞∑
m=1

λmame2πimx

∥∥∥∥∥
Lq0

≤ cB ∥f∥Lp0,1
,

∥∥∥∥∥
∞∑

m=1

λmame2πimx

∥∥∥∥∥
Lq1

≤ cB ∥f∥Lp1,1
,

Âîçüìåì 0 < θ < 1 òàêèì îáðàçîì, ÷òîáû âûïîëíÿëîñü óñëîâèå
1

p
=

1− θ

p0
+

θ

p1
. Òîãäà

1

q
=

1

p
− 1

p0
+

1

q0
=

1

p0
+

1− θ

p1
+

1

q0
=

1− θ

q0
+

θ

q1
.

Äàëåå, èñïîëüçóÿ èíòåðïîëÿöèîííóþ òåîðåìó äëÿ ïðîñòðàíñòâ Ëîðåíöà è
Ëåáåãà [13], [14], ïîëó÷èì∥∥∥∥∥

∞∑
m=1

λmame2πimx

∥∥∥∥∥
Lq,r

≤ c(p, q, r)B∥f∥Lp,r .

Ñëåäîâàòåëüíî,

sup
f ̸=0

∥∥∥∥ ∞∑
m=1

λmame2πimx

∥∥∥∥
Lq,r

∥f∥Lp,r

≤ c(p, q, r)B.

×òî è òðåáîâàëîñü äîêàçàòü.

Îïðåäåëåíèå 3. Ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë a = {an}∞n=1

íàçûâàåòñÿ îáîáùåííî-ìîíîòîííîé [15], åñëè ñëåäóþùåå íåðàâåíñòâî âû-
ïîëíÿåòñÿ äëÿ âñåõ öåëûõ ÷èñåë n :

2n−1∑
ν=n

|aν − aν+1| ≤ C |an| ,

ãäå êîíñòàíñòà C íå çàâèñèò îò n.
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Ñëåäñòâèå 2. Ïóñòü 1 < p < q < ∞, 0 < r ≤ ∞, B > 0. Åñëè ïîñëå-
äîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë λ = {λk}k∈N îáîáùåííî-ìîíîòîííà è
óäîâëåòâîðÿåò óñëîâèþ

sup
k

2
k
(

1
p
− 1

q

)
|λ2k | ≤ B,

òî λ ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì ðÿäîâ Ôóðüå èç Lp,r â Lq,r è

∥λ∥mq,r
p,r

≤ cB.

Çàìå÷àíèå 1. Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü λ òàêàÿ, ÷òî

|∆λm| =

 2
−k

(
1
p
− 1

q

)
, åñëè m = 2k,

0 â îñòàëüíûõ ñëó÷àÿõ,

óäîâëåòâîðÿþùàÿ óñëîâèÿì Òåîðåìû 1, íî íå óäîâëåòâîðÿþùàÿ óñëîâèÿì
Òåîðåì Á è Â, ò.å. íàéäåòñÿ ïîñëåäîâàòåëüíîñòü λ òàêàÿ, ÷òî

sup
k

2
k
(

1
p
− 1

q

)
|λ2k+1−1| < ∞,

sup
k

2
k
(

1
p
− 1

q

) 2k+1−2∑
m=2k

|∆λm| < ∞,

íî

sup
k

k
1+ 1

p
− 1

q |∆λk| = +∞,

sup
k

k1−α
(
mβ∆λm

)∗
(k) = +∞,

ãäå 0 < α < 1− 1
p + 1

q , β = α+ 1
p − 1

q .

Çàìå÷àíèå 2. Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü λ òàêàÿ, ÷òî

∆λm =

{
2−kβ

2(k0−k)(1−α) , åñëè m ∈ [2k, 2k+1], k ≤ k0,

0 â îñòàëüíûõ ñëó÷àÿõ,
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óäîâëåòâîðÿþùàÿ óñëîâèÿì Òåîðåìû Â, íî íå óäîâëåòâîðÿþùàÿ óñëîâèÿì
Òåîðåì 1 è Á, ò.å. íàéäåòñÿ ïîñëåäîâàòåëüíîñòü λ òàêàÿ, ÷òî

sup
k

2
k
(

1
p
− 1

q

)
|λ2k+1−1| < ∞,

sup
k

k1−α
(
mβ∆λm

)∗
(k) < ∞,

ãäå 0 < α < 1− 1
p + 1

q , β = α+ 1
p − 1

q , íî

sup
k

2
k
(

1
p
− 1

q

) 2k+1−2∑
m=2k

|∆λm| = +∞,

sup
k

k
1+ 1

p
− 1

q |∆λk| = +∞.
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ÍÛ� ÌÓËÜÒÈÏËÈÊÀÒÎÐËÀÐÛ ÆÀÉËÛ ÁIÐ ÒÅÎÐÅÌÀ

Ëîðåíö êåiñòiêòåðiíäåãi Ôóðüå ©àòàðëàðûíû ìóëüòèïëèêàòîðëà-
ðû çåðòòåëãåí. {λk}k∈Z êîìïëåêñ ñàíäàð òiçáåãiíi Lp,r[0; 1] êåiñòiãiíåí
Lq,r[0; 1] åiñòiãiíå òðèãîíîìåòðèÿëû© Ôóðüå ©àòàðûíû ìóëüòèïëèêàòîðû
áîëóû ³øií ©îéûëàòûí æåòêiëiêòi øàðòòàð àëûí¡àí. Á´ë ìà©àëàäà áåëãiëi
òåîðåìàëàðäû òîëû©òûðàòûí ìóëüòèïëèêàòîðëàð òóðàëû æàà òåîðåìà
´ñûíûë¡àí.

Êiëòòiê ñ°çäåð. Ìóëüòèïëèêàòîð, Ôóðüå ©àòàðû, Ëèçîðêèí òåîðåìàñû,
Ëîðåíö êåiñòiãi.

Ydyrys A.Zh. ABOUT A THEOREM OF MULTIPLIERS OF FOURIER
SERIES ON THE LORENZ SPACES

We study the multipliers of Fourier series on the Lorentz spaces. The
su�cient conditions for the sequence of complex numbers {λk}k∈Z in order
to be the multiplier of the trigonometric Fourier series from the space Lp,r[0; 1]
in Lq,r[0; 1] are obtained. In this paper we present a new theorem on multipliers,
which completes the well-known theorems.

Keywords. Multiplier, Fourier series, Lizorkin theorem, Lorentz space.
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