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2. ÏÅÐÂÀß ÊÐÀÅÂÀß ÇÀÄÀ×À ÑÒÀÖÈÎÍÀÐÍÛÕ
ÊÎËÅÁÀÍÈÉ

Ðàññìàòðèâàåòñÿ äèíàìèêà òåðìîóïðóãîãî ñòåðæíÿ êîíå÷íîé äëèíû ïðè

ïåðèîäè÷åñêèõ âíåøíèõ ñèëîâûõ è òåïëîâûõ âîçäåéñòâèÿõ ñ ôèêñè-

ðîâàííîé ÷àñòîòîé. Äëÿ åå îïèñàíèÿ èñïîëüçóþòñÿ óðàâíåíèÿ ñâÿçàííîé

òåðìîóïðóãîñòè, ó÷èòûâàþùèå âëèÿíèå òåìïåðàòóðû íà óïðóãèå äåôîð-

ìàöèè è íàïðÿæåíèÿ, à òàêæå âëèÿíèå ñêîðîñòè óïðóãîé äåôîðìàöèè íà

òåìïåðàòóðíîå ïîëå â ñòåðæíå. Íà îñíîâå ìåòîäà îáîáùåííûõ ôóíêöèé ïî-

ñòðîåíû àíàëèòè÷åñêèå ðåøåíèÿ êðàåâûõ çàäà÷ äèíàìèêè òåðìîóïðóãîãî

ñòåðæíÿ ïðè ðàçëè÷íîì òèïå ãðàíè÷íûõ óñëîâèé. Ïðîâåäåíà êîìïüþòåð-

íàÿ ðåàëèçàöèÿ ðåøåíèÿ ïåðâîé êðàåâîé çàäà÷è ïðè çàäàííûõ ïåðåìåùå-

íèÿõ è òåìïåðàòóðå íà êîíöàõ ñòåðæíÿ è äåéñòâóþùèõ ïåðèîäè÷åñêèõ ïî

âðåìåíè ìàññîâûõ ñèëàõ è òåïëîâûõ èñòî÷íèêàõ. Ïðèâåäåíû ðåçóëüòàòû

ðàñ÷åòîâ ïåðåìåùåíèé è òåìïåðàòóðû ñòåðæíÿ ïðè ðàçíûõ ÷àñòîòàõ è ïðî-

âåäåí ñðàâíèòåëüíûé àíàëèç ðåøåíèé.

Êëþ÷åâûå ñëîâà: òåðìîóïðóãîñòü, ñòàöèîíàðíûå êîëåáàíèå, ñòåðæåíü, êðà-

åâàÿ çàäà÷à.

Ñòåðæíåâûå êîíñòðóêöèè øèðîêî èñïîëüçóþòñÿ â ìàøèíîñòðîåíèè â
êà÷åñòâå ñîåäèíèòåëüíûõ è ïåðåäàòî÷íûõ çâåíüåâ äëÿ êîíñòðóêòèâíûõ

c⃝ Ë.À. Àëåêñååâà, Ì.Ì. Àõìåòæàíîâà, 2015.

Keywords: thermoelasticity, stationary vibration, corner, boundary value problem
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ýëåìåíòîâ ñàìûõ ðàçíûõ ìàøèí è ìåõàíèçìîâ. Â ïðîöåññå ýêñïëóàòàöèè
îíè ïîäâåðãàþòñÿ ïåðåìåííûì ìåõàíè÷åñêèì è òåðìè÷åñêèì âîçäåéñòâè-
ÿì, êîòîðûå ñîçäàþò ñëîæíîå íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå â
êîíñòðóêòèâíûõ ýëåìåíòàõ, çàâèñÿùåå îò èõ òåìïåðàòóðû è âëèÿþùåå íà
èõ ïðî÷íîñòü è íàäåæíîñòü. Ïîýòîìó îïðåäåëåíèå òåðìî-íàïðÿæåííîãî
ñîñòîÿíèÿ ñòåðæíåâûõ êîíñòðóêöèé ñ ó÷åòîì èõ ìåõàíè÷åñêèõ ñâîéñòâ (â
÷àñòíîñòè, óïðóãîñòè) îòíîñèòñÿ ê ÷èñëó àêòóàëüíûõ íàó÷íî-òåõíè÷åñêèõ
ïðîáëåì.

Èçó÷åíèå òåðìîäèíàìè÷åñêèõ ïðîöåññîâ ìåòîäîì ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ ïðèâîäèò ê êðàåâûì çàäà÷àì äëÿ òåðìîóïðóãèõ ñðåä. Ñó-
ùåñòâóþò ðàçëè÷íûå ìîäåëè òåðìîóïðóãèõ ñðåä. Ïðè èçó÷åíèè ìåäëåííûõ
äèíàìè÷åñêèõ ïðîöåññîâ ÷àùå èñïîëüçóåòñÿ ìîäåëü íåñâÿçàííîé òåðìî-
óïðóãîñòè, â êîòîðîé íå ó÷èòûâàåòñÿ âëèÿíèå äâèæåíèÿ ñðåäû íà åå òåì-
ïåðàòóðíîå ïîëå. Áûñòðûå âèáðàöèîííûå ïðîöåññû â êîíñòðóêöèÿõ âëèÿ-
þò íà òåìïåðàòóðíîå ïîëå â íèõ. Ïðè èçó÷åíèè òàêèõ ïðîöåññîâ ñëåäóåò
èñïîëüçîâàòü ìîäåëü ñâÿçàííîé òåðìîóïðóãîñòè, êîòîðàÿ çäåñü ðàññìàò-
ðèâàåòñÿ äëÿ ìîäåëèðîâàíèÿ äèíàìèêè òåðìîóïðóãèõ ñòåðæíåé.

Â ïðåäûäóùåé ñòàòüå [1] ïîñòðîåíû ôóíäàìåíòàëüíûå è îáîáùåí-
íûå ðåøåíèÿ óðàâíåíèé òåðìîóïðóãîñòè â ïðîñòðàíñòâåííî-îäíîìåðíîì
ñëó÷àå, êîòîðûå îïðåäåëÿþò íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå è
òåìïåðàòóðó áåñêîíå÷íîãî òåðìîóïðóãîãî ñòåðæíÿ ïðè äåéñòâèè ðàçëè÷-
íûõ ñèëîâûõ è òåïëîâûõ èñòî÷íèêîâ ñòàöèîíàðíûõ êîëåáàíèé, îïèñûâà-
åìûõ îáîáùåííûìè ôóíêöèÿìè êàê ðåãóëÿðíûìè, òàê è ñèíãóëÿðíûìè,
ïîçâîëÿþùèìè èññëåäîâàòü äåéñòâèå ñîñðåäîòî÷åííûõ èñòî÷íèêîâ ðàç-
ëè÷íîãî òèïà.

Çäåñü ðåøàþòñÿ êðàåâûå çàäà÷è äèíàìèêè òåðìîóïðóãîãî ñòåðæíÿ êî-
íå÷íîé äëèíû ïðè ñòàöèîíàðíûõ êîëåáàíèÿõ. Ðàññìîòðåíû ÷åòûðå òèïà
êðàåâûõ óñëîâèé íà êàæäîì èç êîíöîâ ñòåðæíÿ, çàäàþùèõ êîìïëåêñíóþ
àìïëèòóäó êîëåáàíèé ïåðåìåùåíèé, íàïðÿæåíèé, òåìïåðàòóðû è òåïëîâî-
ãî ïîòîêà. Íà îñíîâå ìåòîäà îáîáùåííûõ ôóíêöèé ïîñòðîåíû àíàëèòè÷å-
ñêèå ðåøåíèÿ êðàåâûõ çàäà÷ ïðè çàäàííûõ ÷åòûðåõ êðàåâûõ óñëîâèÿõ èç
âîçìîæíûõ âîñüìè íà äâóõ êîíöàõ ñòåðæíÿ.

Ïðîâåäåíà êîìïüþòåðíàÿ ðåàëèçàöèÿ ðåøåíèÿ 1-îé êðàåâîé çàäà÷è ïðè
çàäàííûõ ïåðåìåùåíèÿõ è òåìïåðàòóðå íà êîíöàõ ñòåðæíÿ. Äëÿ èëëþñòðà-
öèè ïðèâåäåíû ãðàôèêè ðåøåíèé.

Ìàòåìàòè÷åñêèé æóðíàë 2015. Òîì 15. � 3 (57)
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1. Ïîñòàíîâêà êðàåâûõ çàäà÷.

Ðàññìîòðèì òåðìîóïðóãèé ñòåðæåíü äëèíû 2L, êîòîðûé õàðàêòåðèçó-
åòñÿ ïëîòíîñòüþ ρ, æåñòêîñòüþ EJ è òåðìîóïðóãèìè êîíñòàíòàìè γ, η è
κ. Ïåðåìåùåíèÿ ñå÷åíèé ñòåðæíÿ è òåìïåðàòóðíîå ïîëå ñòåðæíÿ îïèñû-
âàþòñÿ ñèñòåìîé ãèïåðáîëî-ïàðàáîëè÷åñêèõ óðàâíåíèé âèäà [2]

ρc2u,xx−ρu,tt−γθ,x+ρF1 = 0,

θ,xx−κ−1θ,t−ηu,xt+F2 = 0.
(1)

Çäåñü u(x, t) � ïðîäîëüíûå ïåðåìåùåíèÿ ñòåðæíÿ, θ(x, t) � îòíîñèòåëüíàÿ
òåìïåðàòóðà (θ = T (x, t)− T (x, 0)) , Ò � àáñîëþòíàÿ òåìïåðàòóðà, c � ñêî-

ðîñòü ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí â ñòåðæíå, c =
√

EJ
ρ .

Ïðåäïîëàãàåòñÿ, ÷òî íà ñòåðæåíü ìîãóò äåéñòâîâàòü ïåðèîäè÷åñêèå âî
âðåìåíè ïðîäîëüíàÿ ñèëà è òåïëîâîé èñòî÷íèê âèäà

Fj(x, t) = Fj(x) exp(−iωt), j = 1, 2, (2)

F2 = (λ0κ)
−1W (x, t), W (x, t) = W (x) exp(−iωt), ãäå W � êîëè÷åñòâî âûäå-

ëåííîãî (ïîãëîùåííîãî) òåïëà íà åäèíèöó äëèíû ñòåðæíÿ çà åäèíèöó
âðåìåíè, λ0 � êîýôôèöèåíò òåïëîïðîâîäíîñòè.

Òåðìîóïðóãèå íàïðÿæåíèÿ â ñòåðæíå îïðåäåëÿþòñÿ ôîðìóëîé
Äþàìåëÿ-Íåéìàíà:

σ = ρc2u,x−γθ. (3)

Âñþäó ñèìâîë ïîñëå çàïÿòîé îáîçíà÷àåò ÷àñòíóþ ïðîèçâîäíóþ ïî óêàçàí-
íîé â èíäåêñå ïåðåìåííîé (u,x=

∂u
∂x , u,xx=

∂2u
∂x2 è ò.ï.).

Êðàåâûå óñëîâèÿ íà êîíöàõ ñòåðæíÿ (x = x1 = −L, x = x2 = L) ìîãóò
áûòü ðàçëè÷íûìè. Çäåñü ñôîðìóëèðóåì èõ äëÿ ÷åòûðåõ êðàåâûõ çàäà÷,
îáû÷íî ðàññìàòðèâàåìûõ â êëàññè÷åñêîé òåîðèè òåðìîóïðóãîñòè [2]:

1ÊÇ

u (xj , t) = wj exp (−iωt) , θ(xj , t) = θj exp(−iωt); j = 1, 2, (4)

2ÊÇ

σ (xj , t) = Pj exp (−iωt) , θx(xj , t) = qj exp(−iωt); j = 1, 2, (5)
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3ÊÇ

u (xj , t) = wj exp (−iωt) , θx(xj , t) = qj exp(−iωt); j = 1, 2, (6)

4ÊÇ

σ (xj , t) = Pj exp (−iωt) , θ(xj , t) = θj exp(−iωt); j = 1, 2, (7)

ãäå wj , θj , Pj , qj � êîìïëåêñíûå àìïëèòóäû ïåðåìåùåíèé, òåìïåðàòóðû, íà-
ïðÿæåíèé è òåïëîâûõ ïîòîêîâ ñîîòâåòñòâåííî, ω � ÷àñòîòà êîëåáàíèé.

Íàðÿäó ñ íèìè ìîæíî ïîñòàâèòü êðàåâûå çàäà÷è, êîãäà íà îäíîì êîíöå
ñòåðæíÿ çàäàþòñÿ óñëîâèÿ îäíîé êðàåâîé çàäà÷è, à íà âòîðîì � óñëîâèÿ
äðóãîé. Çäåñü ïîñòðîèì ðåøåíèå ïåðâîé êðàåâîé çàäà÷è.

Â ñèëó ãàðìîíè÷íîñòè ïî âðåìåíè äåéñòâóþùèõ ñèë è ãðàíè÷íûõ óñëî-
âèé, ðåøåíèå çàäà÷è ìîæíî èñêàòü â âèäå

(u, θ) = (u(x), θ(x)) exp(−iωt),

ãäå êîìïëåêñíûå àìïëèòóäû (u(x), θ(x)) óäîâëåòâîðÿþò ñëåäóþùåé ñèñòå-
ìå äèôôåðåíöèàëüíûõ óðàâíåíèé:

ρc2u,xx+ρω2u− γθ,x+ρF1(x) = 0,

θ,xx+iωκ−1θ + iωηu,x+F2(x) = 0.
(8)

Îïðåäåëèì êîìïëåêñíûå àìïëèòóäû ðåøåíèÿ, óäîâëåòâîðÿþùèå (5) è
îäíîìó èç óñëîâèé (4)-(7) ñîîòâåòñòâåííî ðåøàåìîé ÊÇ.

Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçóåì òåîðèþ îáîáùåííûõ ôóíêöèé [3]. Íà
åå îñíîâå, ñ èñïîëüçîâàíèåì ìàòðèöû ôóíäàìåíòàëüíûõ ðåøåíèé U(x, ω),
ïîëó÷èì àíàëèòè÷åñêîå ðåøåíèå ÊÇ, êîòîðîå èìååò âèä [4] äëÿ |x| < L:

u (x) = F1 ∗U1
1 + F2 ∗U2

1+

+c2
2∑

k=1

(−1)k+1
{
(pk − γ̌θk)U

1
1 (x− (−1)kL, ω) + uk(ω)U

1
1 ,x (x− (−1)kL, ω)

}
+

+

2∑
k=1

(−1)k+1
{
(qk + iωη wk)U

2
1

(
x− (−1)kL, ω

)
+ θk(ω)U

2
1 ,x

(
x− (−1)kL, ω

)}
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θ (x) = F1 ∗U1
2 + F2 ∗U2

2+

+c2
2∑

k=1

(−1)k+1
{
(pk − γ̌θk)U

1
2 (x− (−1)kL, ω) + wkU

1
2 ,x (x− (−1)kL, ω)

}
+

+
2∑

k=1

(−1)k+1 (qk + iωηwk)U
2
2

(
x− (−1)kL, ω

)
+ θkU

2
2 ,x

(
x− (−1)kL, ω

)
,

ãäå γ̌ = γ/ρc2.
Câåðòêè äëÿ ðåãóëÿðíûõ ñèë è òåïëîâûõ èñòî÷íèêîâ èìåþò âèä:

Fj ∗U j
k = H(L− ∥x∥)

L∫
−L

Fj(y)U
j
k(x− y, ω)dy.

Äëÿ ñèíãóëÿðíûõ F̂1, F̂2 ñëåäóåò ïîëüçîâàòüñÿ îïðåäåëåíèåì ñâåðòêè [3].
Ôîðìóëû (9), (10) îïðåäåëÿþò ïåðåìåùåíèå è òåìïåðàòóðó âíóòðè

ñòåðæíÿ ïî èçâåñòíûì ïåðåìåùåíèÿì, íàïðÿæåíèÿì, òåìïåðàòóðå è òåïëî-
âûì ïîòîêàì íà åãî êîíöàõ. Îäíàêî, äëÿ êàæäîé êðàåâîé çàäà÷è èçâåñòíû
òîëüêî ÷åòûðå ãðàíè÷íûõ çíà÷åíèÿ êîìïëåêñíûõ àìïëèòóä. Äëÿ îñòàâ-
øèõcÿ ÷åòûðåõ íåèçâåñòíûõ êðàåâûõ óñëîâèé èç ýòîé ñèñòåìû íåòðóäíî
ïîëó÷èòü ðàçðåøàþùóþ ñèñòåìó óðàâíåíèé, èñõîäÿ èç óñëîâèé íà êîíöàõ
ñòåðæíÿ è àñèìïòîòè÷åñêèõ óñëîâèé U è åå ïðîèçâîäíîé â íóëå.

2. Ìàòðèöà ôóíäàìåíòàëüíûõ ðåøåíèé U(x, ω)

Ôóíäàìåíòàëüíàÿ ìàòðèöà U(x, ω) ðàíåå ïîñòðîåíà íàìè â [1] c èñïîëü-
çîâàíèåì ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ ôóíêöèé. Îíà èìååò ñëåäó-
þùèé âèä:

U j
1 (x, ω) =

δj1sgn(x)

2(λ1 − λ2)

{
iωκ−1(

sinx
√
λ2√

λ2
− sinx

√
λ1√

λ1
)

+(
√

λ1 sinx
√

λ1 −
√

λ2 sinx
√

λ2)
}

− γ̌δj2sgn(x)

2(λ1 − λ2)

(
cosx

√
λ1 − cosx

√
λ2

)
, j = 1, 2,

Ìàòåìàòè÷åñêèé æóðíàë 2015. Òîì 15. � 3 (57)



10 Ë.À. Àëåêñååâà, Ì.Ì. Àõìåòæàíîâà

U j
2 (x, ω) =

=
sgn(x)

2(λ1 − λ2)

{
iωηδj1

(
cosx

√
λ1 − cosx

√
λ2

)
−ω2

(
sinx

√
λ1√

λ1
− sinx

√
λ2√

λ2

)
δj2+

+c2
(√

λ1 sinx
√

λ1 −
√

λ2 sinx
√

λ2

)
δj2

}
, j = 1, 2,

ãäå

λ1,2=
ω

2c2

{
(ω + iγη)+ic2k−1 ±

√
(ω + i (γη + c2k−1))2 − 4iωc2k−1

}
çàâèñÿò òîëüêî îò òðåõ òåðìîóïðóãèõ êîíñòàíò ñðåäû:

c, α = γη, β = c2k−1.

Ðàçìåðíîñòü [α] = [β] = [ω]. Åå êîìïîíåíòû U j
k íåïðåðûâíû â òî÷êå x = 0,

à èõ ïðîèçâîäíûå â ýòîé òî÷êå òåðïÿò ðàçðûâ ïåðâîãî ðîäà:

Ũ j
1,x (±0, ω) = ±1

2
δj1, Ũ

j
2,x (±0, ω) = ±c2

2
δj1.

Åå àñèìïòîòè÷åñêèå ñâîéñòâà ïîäðîáíî îïèñàíû â [4]. Íà èõ îñíîâå è ôîð-
ìóë (9), (10) â ñòàòüå [3] ïîñòðîåíà îáùàÿ ðàçðåøàþùàÿ ñèñòåìà óðàâíåíèé
äëÿ îïðåäåëåíèÿ àìïëèòóä íåèçâåñòíûõ ãðàíè÷íûõ ôóíêöèé ñ èñïîëüçî-
âàíèåì ãðàíè÷íûõ óñëîâèé ñîîòâåòñòâåííî ðåøàåìîé êðàåâîé çàäà÷å.

3. Ðàçðåøàþùèå óðàâíåíèÿ êðàåâûõ çàäà÷

Ðàçðåøàþùàÿ ñèñòåìà óðàâíåíèé íà êîíöàõ ñòåðæíÿ ïðåäñòàâèìà â
ìàòðè÷íîì âèäå:

A1×


w1

p1
θ1
q1

+A2


w2

p2
θ2
q2

 = b, (9)

ãäå

A1=


0.5 0 0 0

−
(
U1
1 ,x−iωηU2

1

)
(2L)

−U1
1 (2L, ω)

(
−⌣
γU1

1 − U2
1 ,x

)
(2L)

−U2
1 (2L, ω)

0 0 0.5 0(
−U1

2 ,x+iωηU2
2

)
(2L)

−U1
2 (2L, ω) −

(⌣
γU1

2 − U2
2 ,x

)
(2L)

−U2
2 (2L, ω)

 ,
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A2=


(
U1
1 ,x+iωηU2

1

)
(−2L)

U1
1 (−2L, ω)

(
−⌣
γU1

1 + U2
1 ,x

)
(−2L)

U2
1 (−2L, ω)

0.5 0 0 0(
U1
2 ,x+iωηU2

2

)
(−2L)

U1
2 (−2L, ω) −

(⌣
γU1

2 + U2
2 ,x

)
(−2L)

U2
2 (−2L, ω)

0 0 0.5 0

 ,

b =



(
F1 ∗

x
Ū1
1 + F2 ∗

x
Ū2
1

)
x=−L(

F1 ∗
x
Ū1
1 + F2 ∗

x
Ū2
1

)
x=−L(

F1 ∗
x
Ū1
2 + F2 ∗

x
Ū2
2

)
x=L(

F1 ∗
x
Ū1
2 + F2 ∗

x
Ū2
2

)
x=L


.

Çäåñü â íèæíèõ èíäåêñàõ çà ñêîáêîé óêàçàíû çíà÷åíèÿ x, äëÿ êîòîðîãî
âû÷èñëÿþòñÿ âûðàæåíèÿ â ñêîáêàõ. Èç ýòîé ñèñòåìû ëåãêî ïîñòðîèòü ëè-
íåéíóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ ëþáîé èç ðàññìîòðåííûõ
êðàåâûõ çàäà÷, îñòàâëÿÿ â ëåâîé ÷àñòè ñëàãàåìûå ñ íåèçâåñòíûìè êðàåâû-
ìè çíà÷åíèÿìè èñêîìûõ ôóíêöèé è ïåðåíîñÿ â ïðàâóþ ÷àñòü ñ èçâåñòíûìè.

4. Êðàåâàÿ çàäà÷à 1 è åå ðåøåíèå

Ðàññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó: èçâåñòíû òåìïåðàòóðà è ïåðåìå-
ùåíèÿ íà êîíöàõ ñòåðæíÿ (4). Â ýòîì ñëó÷àå ðàçðåøàþùàÿ ñèñòåìà óðàâ-
íåíèé èìååò âèä

{Aij (L, ω)}4×4


p1
q1
p2
q2

 = −{Bij (L, ω)}


w1

θ1
w2

θ2

+


b1
b2
b3
b4

 ,

ãäå ýëåìåíòû ìàòðèö À è Â âûðàæàþòñÿ ÷åðåç ýëåìåíòû ìàòðèö À1 è À2
ôîðìóëàìè:

A =


A112 A114 A212 A214
A122 A124 A222 A224
A132 A134 A232 A234
A142 A144 A242 A244

 , B =


A111 A113 A211 A213
A121 A123 A221 A223
A131 A133 A231 A233
A141 A143 A241 A243

 .
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Ðåøåíèå çàäà÷è 1 ðåàëèçîâàíî â ñèñòåìå ÌathCad. Çäåñü ðàññìîòðåí
çàêðåïëåííûé íà êîíöàõ ñòåðæåíü, òåìïåðàòóðà êîòîðîãî íà êîíöàõ êîëåá-
ëåòñÿ ñ îïðåäåëåííîé ÷àñòîòîé. Ðàñ÷åòû ïðîâåäåíû äëÿ ñðåäû ñ áåçðàçìåð-
íûìè ïàðàìåòðàìè: L = 1, γ = 1, η = 1, k = 1, c = 3, ρ = 1.

Íà ðèñóíêàõ 1, 3, 5, 7 (à,á) ïðåäñòàâëåíû àìïëèòóäû ïåðåìåùåíèé è
òåìïåðàòóðû ïî äëèíå ñòåðæíÿ äëÿ ðàçíûõ ÷àñòîò: w = 0.1, 1, 10, 100.

Íà ðèñóíêàõ 2, 4, 6, 8 (à,á) èçîáðàæåíû äåéñòâèòåëüíûå è ìíèìûå ÷àñòè
êîìïëåêñíûõ àìïëèòóä ïåðåìåùåíèé è òåìïåðàòóðû, êîòîðûå îïèñûâàþò
ðåàëüíîå ñîñòîÿíèå ñòåðæíÿ ïðè t = 0 + 2πn/ω (÷åðåç ÷åòâåðòü ïåðèîäà).

Ïî ïåðåìåùåíèÿì íàáëþäàåòñÿ îáðàçîâàíèå ñòîÿ÷èõ âîëí. Ïðè íèçêèõ
÷àñòîòàõ (ω = 0.1) ñåðåäèíà ñòåðæíÿ íåïîäâèæíà, ìàêñèìàëüíûå ïðîäîëü-
íûå ñìåùåíèÿ íàáëþäàþòñÿ íà ÷åòâåðòè äëèíû îò êîíöîâ ñòåðæíÿ. À
ìàêñèìàëüíàÿ òåìïåðàòóðà � â ñåðåäèíå ñòåðæíÿ.

Ïðè íèçêèõ ÷àñòîòàõ ìàêñèìàëüíàÿ òåìïåðàòóðà â ñåðåäèíå ñòåðæíÿ
âûøå, ÷åì òåìïåðàòóðà íà åãî êîíöàõ. Ïðè ïîâûøåíèè ÷àñòîòû êîëè÷åñòâî
ëîêàëüíûõ ýêñòðåìóìîâ âîçðàñòàåò è àìïëèòóäà òåìïåðàòóðû óâåëè÷èâà-
åòñÿ â ñðàâíåíèè ñ åå çíà÷åíèåì íà êîíöàõ ñòåðæíÿ, ïîÿâëÿþòñÿ óçëîâûå
òî÷êè, ãäå è ïåðåìåùåíèÿ, è òåìïåðàòóðà áëèçêè èëè ðàâíû íóëþ. Íî
ýêñòðåìóìû àìïëèòóä ïåðåìåùåíèé è òåìïåðàòóð ñäâèíóòû îòíîñèòåëüíî
äðóã äðóãà (òàì, ãäå ïåðåìåùåíèÿ íóëåâûå, íàáëþäàåòñÿ ìàêñèìóì àìïëè-
òóäû òåìïåðàòóðû).

Â òàáëèöå 1 ïðåäñòàâëåíû ìàêñèìàëüíûå àìïëèòóäû ïåðåìåùåíèé è
òåìïåðàòóðû â ðàññìîòðåííîì äèàïàçîíå ÷àñòîò. Ñ ðîñòîì ÷àñòîòû àì-
ïëèòóäà ïåðåìåùåíèé ðåçêî âîçðàñòàåò, à çàòåì íà÷èíàåò ïàäàòü. Ýòî æå
íàáëþäàåòñÿ è äëÿ òåìïåðàòóðû. Ïðè êîëåáàíèÿõ òåìïåðàòóðû íà êîíöàõ
ìàêñèìàëüíàÿ àìïëèòóäà êîëåáàíèé òåìïåðàòóðû â ñòåðæíå ïîâûøàåòñÿ
íà 20%.

Òàáëèöà 1 � Ìàêñèìàëüíûå àìïëèòóäû ïåðåìåùåíèé è òåìïåðàòóðû

w U max T max

0.1 0.0022 1.001

1 0.032 1.168

10 0.443 1.2

100 0.28 1.04
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à

á

Ðèñóíîê 1 � Àìïëèòóäû ïåðåìåùåíèé (à) è òåìïåðàòóðû (á)

ïî äëèíå ñòåðæíÿ: ω=0.1
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Ðèñóíîê 2 � Ïåðåìåùåíèÿ è òåìïåðàòóðà ïî äëèíå ñòåðæíÿ ïðè t = 2πn/ω

è t = 2πn/ω + π/2ω : ω=0.1
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à

á

Ðèñóíîê 3 � Àìïëèòóäû ïåðåìåùåíèé (à) è òåìïåðàòóðû (á) ïî

äëèíå ñòåðæíÿ: ω=1
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à

á

Ðèñóíîê 4 � Ïåðåìåùåíèÿ è òåìïåðàòóðà ïî äëèíå ñòåðæíÿ ïðè

t = 2πn/ω è t = 2πn/ω + π/2ω : ω=1
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à

Ðèñóíîê 5 � Àìïëèòóäû ïåðåìåùåíèé (à) è òåìïåðàòóðû (á) ïî

äëèíå ñòåðæíÿ: ω=10
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Ðèñóíîê 6 � Ïåðåìåùåíèÿ è òåìïåðàòóðà ïî äëèíå ñòåðæíÿ ïðè

t = 2πn/ω è t = 2πn/ω + π/2ω: ω=10
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à

á

Ðèñóíîê 7 � Àìïëèòóäû ïåðåìåùåíèé (à) è òåìïåðàòóðû (á) ïî

äëèíå ñòåðæíÿ: ω=100
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Ðèñóíîê 8 � Ïåðåìåùåíèÿ è òåìïåðàòóðà ïî äëèíå ñòåðæíÿ ïðè

t = 2πn/ω è t = 2πn/ω + π/2ω: ω=100
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Àëåêñååâà Ë.À., Àõìåòæàíîâà Ì.Ì. ÒÅÐÌÎÑÅÐÏIÌÄI �ÇÅÊÒÅÃI
�ÎÇ�ÀËÛÑ ÒÅ�ÄÅÓIËÅÐIÍI� ÔÓÍÄÀÌÅÍÒÀËÄÛ Æ�ÍÅ ÆÀË-
ÏÛËÀÌÀ ØÅØIÌÄÅÐI. 2. ÑÒÀÖÈÎÍÀÐËÛ ÒÅÐÁÅËIÑÒÅÐÄI�
ÁIÐIÍØI ØÅÒÒIÊ ÅÑÅÁI.

�çûíäû¡û à©ûðëû òåðìîñåðïiìäi °çåêòi áåêiòiëãåí æèiëiêòåãi ïåðè-
îäòû ñûðò©û ê³øòiê æºíå æûëóëû© ºñåðëåð êåçiíäåãi ©îç¡àëûñû ©àðàñ-
òûðûëàäû. Îíû ñèïàòòàó ³øií áàéëàíûñòûðûë¡àí òåðìîñåðïiìäiëiê òå-
äåóëåð ©îëäàíûëàäû, ì³íäà òåìïåðàòóðàíû ñåðïiìäi äåôîðìàöèÿëàð¡à
æºíå êåðíåóëåðãå ºñåði, î¡àí ©îñà ñåðïiìäi äåôîðìàöèÿ æûëäàìäû¡ûíû
°çåêòi òåìïåðàòóðà °ðiñiíå ºñåði åñêåðiëãåí. �ð ò³ðëi øåêàðàëû© øàðòòàð
³øií òåðìîñåðïiìäiëiê °çåê ©îç¡àëûñûíû øåòòiê åñåáiíi àíàëèòèêàëû©
øåøiìi æàëïûëàìà ôóíêöèÿñûíû òºñiëi íåãiçiíäå ©´ðàñòûðûëäû. �çåê
´øòàðûíäà¡û áåðiëãåí îðûí àóûñòûðóëàð ìåí òåìïåðàòóðà æºíå ìàññà-
ëû© ê³øòåð ìåí æûëó ê°çäåðiíi óà©ûò áîéûíøà ïåðèîäòû ºñåð åòåòií
æà¡äàéëàðû ³øií áiðiíøi øåòòiê åñåïòi êîìïüòåðëiê æ³çåãå àñûðûëóû
îðûíäàëäû. �çåêòi îðûí àóûñòûðóëàðû ìåí òåìïåðàòóðàñûíû ºð ò³ðëi
æèiëiêòåði ³øií åñåïòåóëåð íºòèæåëåði êåëòiðiëäi æºíå øåøiìäåðäi ñà-
ëûñòûðìàëû òàëäàóû æ³ðãiçiëäi.

Ìàòåìàòè÷åñêèé æóðíàë 2015. Òîì 15. � 3 (57)



22 Ë.À. Àëåêñååâà, Ì.Ì. Àõìåòæàíîâà

Alexeyeva L.A., Ahmedzhanova M.M. FUNDAMENTAL AND
GENERALIZED SOLUTIONS OF THE EQUATIONS OF THE DYNAMICS
OF THERMOELASTIC RODS. 2. THE FIRST BOUNDARY VALUE
PROBLEM OF STATIONARY VIBRATIONS

Here the dynamics of thermoelastic rods of a �nite length under the
action of periodic external force and thermal impacts with a �xed frequency
is considered. To describe this the model of connected thermoelasticity
is used which is taking into account the impact of temperature on the
elastic deformation and stresses, as well as the e�ect of elastic deformation
in the temperature �eld in the rod. Based on the method of generalized
functions the analytical solutions of boundary value problems of the dynamics
of thermoelastic rod with di�erent type of boundary conditions has been
constructed. The computer implementation of the solution of the �rst
boundary value problem has been elaborated when the displacements and the
temperature at the ends of the rod and acting periodic by time mass forces and
heat sources are given. The results of calculations of the displacements and the
temperature of the rod at various frequencies are presented and comparative
analysis of the solutions are performed.
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÑÅÌÅÉÑÒÂÀ ÊÐÀÅÂÛÕ ÇÀÄÀ×
ÂÀËËÅ-ÏÓÑÑÅÍÀ ÄËß ÎÁÛÊÍÎÂÅÍÍÛÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

Ðàññìàòðèâàåòñÿ ñåìåéñòâî êðàåâûõ çàäà÷ Âàëëå-Ïóññåíà äëÿ îáûêíîâåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà ñ ïåðåìåííûìè êî-

ýôôèöèåíòàìè. Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ åäèí-

ñòâåííîãî ðåøåíèÿ èññëåäóåìîé çàäà÷è â òåðìèíàõ èñõîäíûõ äàííûõ.

Ïðåäëîæåí àëãîðèòì íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ ñåìåéñòâà êðà-

åâûõ çàäà÷ Âàëëå-Ïóññåíà äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-

íèé âûñîêîãî ïîðÿäêà.

Êëþ÷åâûå ñëîâà: ñåìåéñòâî çàäà÷ Âàëëå-Ïóññåíà, äèôôåðåíöèàëüíîå

óðàâíåíèå âûñîêîãî ïîðÿäêà, îäíîçíà÷íàÿ ðàçðåøèìîñòü, ìåòîä ðåøåíèÿ.

Ðàññìàòðèâàåòñÿ ñåìåéñòâî êðàåâûõ çàäà÷ Âàëëå-Ïóññåíà äëÿ îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà ñ ïåðåìåííûìè
êîýôôèöèåíòàìè â ïðÿìîóãîëüíîé îáëàñòè [0, T ]× [0, ω]:

∂nu

∂tn
=

n−1∑
i=1

Ai(t, x)
∂n−iu

∂tn−i
+An(t, x)u+ f(t, x), (1)

c⃝ À.Ò. Àñàíîâà, À.Å. Èìàí÷èåâ, 2015.

Keywords: family of Vallee-Poussin problem, high order di�erential equation, unique

solvability
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u(ti, x) = d
(0)
i (x),

∂u(ti, x)

∂t
= d

(1)
i (x), . . . ,

∂νi−1u(ti, x)

∂tνi−1
= d

(νi−1)
i (x), (2)

i = 1,m, x ∈ [0, ω], ãäå êîýôôèöèåíòû Ak(t, x) � íåïðåðûâíûå íà Ω =
[0, T ] × [0, ω] ôóíêöèè, k = 1, n, ïðàâàÿ ÷àñòü f(t, x) � íåïðåðûâíàÿ íà Ω

ôóíêöèÿ, 0 = t1 < t2 < ... < tm−1 < tm = T ,
m∑
i=1

νi = n.

Ðåøåíèåì ñåìåéñòâà çàäà÷ Âàëëå-Ïóññåíà (1), (2) íàçûâàåòñÿ ôóíêöèÿ
u(t, x), íåïðåðûâíàÿ íà Ω, èìåþùàÿ íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå
äî n-ãî ïîðÿäêà íà Ω è óäîâëåòâîðÿþùàÿ äèôôåðåíöèàëüíîìó óðàâíåíèþ
âûñîêîãî ïîðÿäêà (1) ïðè âñåõ (t, x) ∈ Ω, êðàåâûì óñëîâèÿì (2) íà ëèíèÿõ
ti, i = 1,m.

Ìíîãîòî÷å÷íûå êðàåâûå çàäà÷è îòíîñÿòñÿ ê îäíîé èç âàæíûõ è àê-
òèâíî ðàçâèâàþùèõñÿ îáëàñòåé êà÷åñòâåííîé òåîðèè äèôôåðåíöèàëüíûõ
óðàâíåíèé â ñâÿçè ñ ìíîãî÷èñëåííûìè ïðèëîæåíèÿìè â òåîðèè êîëåáà-
íèé, â òåîðèè èìïóëüñíûõ ñèñòåì, âàðèàöèîííîì èñ÷èñëåíèè, îïòèìàëü-
íîì óïðàâëåíèè è òåîðèè ñïëàéíîâ. Ðàññìàòðèâàåìàÿ ìíîãîòî÷å÷íàÿ êðà-
åâàÿ çàäà÷à äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âûñîêîãî
ïîðÿäêà � çàäà÷à Âàëëå-Ïóññåíà (1), (2) èìååò ïðÿìîå îòíîøåíèå ê òåîðèè
èíòåðïîëèðîâàíèÿ è èñïîëüçóåòñÿ â òåîðèè ìíîãîîïîðíûõ áàëîê [1]�[4].
Ïðè èññëåäîâàíèè ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà âîçíèêàåò ðÿä òðóäíîñòåé,
ñâÿçàííûõ ñ ïðîìåæóòî÷íûìè òî÷êàìè, âõîäÿùèìè â êðàåâûå óñëîâèÿ,
íàïðèìåð, íàðóøåíèå ãëàäêîñòè ôóíêöèè Ãðèíà, îòñóòñòâèå ñîïðÿæåííîé
çàäà÷è è äð. Äëÿ ðåøåíèÿ óêàçàííûõ ïðîáëåì ïðåäëàãàþòñÿ ðàçíûå ïîä-
õîäû è ñïîñîáû [1]�[5]. Îäíèì èç ïóòåé ïðåîäîëåíèÿ òðóäíîñòåé ÿâëÿåòñÿ
ðàçðàáîòêà êîíñòðóêòèâíûõ ìåòîäîâ èññëåäîâàíèÿ ìíîãîòî÷å÷íûõ êðàå-
âûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, íå ïðèáåãàÿ
ê ôóíäàìåíòàëüíîé ìàòðèöå è ôóíêöèè Ãðèíà. Â ðàáîòàõ [6], [7] ìíîãî-
òî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé èññëåäîâàëàñü ìåòîäîì ïàðàìåòðèçàöèè [8]. Íà åãî îñíîâå áû-
ëè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé êîððåêò-
íîé ðàçðåøèìîñòè ðàññìàòðèâàåìîé çàäà÷è â òåðìèíàõ èñõîäíûõ äàííûõ
è ïîñòðîåíû àëãîðèòìû íàõîæäåíèÿ åå ðåøåíèÿ.

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ñåìåéñòâî êðàåâûõ çàäà÷ Âàëëå-Ïóññå-
íà äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà,
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ãäå ðîëü ïàðàìåòðà èãðàåò ïåðåìåííàÿ x, íåïðåðûâíî èçìåíÿþùàÿñÿ íà
îòðåçêå [0, ω]. Ñåìåéñòâà êðàåâûõ çàäà÷ Âàëëå-Ïóññåíà äëÿ îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà ÷àñòî âñòðå÷àþòñÿ
ïðè ðåøåíèè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ âûñîêîãî ïîðÿäêà [9]�[11]. Íàõîæäåíèå ýôôåêòèâ-
íûõ ïðèçíàêîâ ðàçðåøèìîñòè ñåìåéñòâà êðàåâûõ çàäà÷ Âàëëå-Ïóññåíà îò-
íîñèòñÿ ê àêòóàëüíîé ïðîáëåìå òåîðèè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâ-
íåíèé â ÷àñòíûõ ïðîèçâîäíûõ âûñîêîãî ïîðÿäêà. Íà îñíîâå ìåòîäà ââå-
äåíèÿ ôóíêöèîíàëüíûõ ïàðàìåòðîâ [12] ïîñòðîåíû àëãîðèòìû íàõîæäå-
íèÿ ïðèáëèæåííîãî ðåøåíèÿ èññëåäóåìîé çàäà÷è. Ïîëó÷åíû äîñòàòî÷íûå
óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè ñåìåéñòâà êðàåâûõ çàäà÷ Âàëëå-Ïóñ-
ñåíà (1), (2) â òåðìèíàõ êîýôôèöèåíòîâ äèôôåðåíöèàëüíîãî óðàâíåíèÿ.
Ðåçóëüòàòû äàííîé ðàáîòû ïðè îòñóòñòâèè ïåðåìåííîé x, àíîíñèðîâàíû â
[13]. Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðå-
øåíèÿ â òåðìèíàõ êîýôôèöèåíòîâ äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ñõåìà ìåòîäà ââåäåíèÿ äîïîëíèòåëüíûõ ïàðàìåòðîâ.

Ïóñòü λ1(x) = u(t1, x), λ2(x) =
∂u(t1,x)

∂t , ..., λn(x) =
∂n−1u(t1,x)

∂tn−1 .

Â çàäà÷å (1), (2) îñóùåñòâèì ñëåäóþùóþ çàìåíó ôóíêöèè u(t, x):

u(t, x) = z(t, x) +
n∑

k=1

(t−t1)k−1

(k−1)! λk(x)

è ïåðåõîäèì ê ýêâèâàëåíòíîé çàäà÷å:

∂nz

∂tn
=

n∑
i=1

Ai(t, x)
∂n−iz

∂tn−i
+

n∑
i=1

Ai(t, x)
i∑

k=1

(t− t1)
k−1

(k − 1)!
λk(x) + f(t, x), (3)

z(t1, x) = 0,
∂z(t1, x)

∂t
= 0,

∂2z(t1, x)

∂t2
= 0, ...,

∂n−1z(t1, x)

∂tn−1
= 0, (4)

z(ti, x) +

n∑
k=1

(ti − t1)
k−1

(k − 1)!
λk(x) = d

(0)
i (x),

∂z(ti, x)

∂t
+

n−1∑
k=1

(ti − t1)
k−1

(k − 1)!
λk+1(x) = d

(1)
i (x), . . . ,
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∂νi−1z(ti, x)

∂tνi−1
+

n−νi+1∑
k=1

(ti − t1)
k−1

(k − 1)!
λk+νi−1(x) = d

(νi−1)
i (x), i = 1,m. (5)

Ðåøåíèåì çàäà÷è (3)�(5) ÿâëÿåòñÿ (n + 1)-êîìïîíåíòíàÿ ñèñòåìà
(z(t, x), λ1(x), λ2(x), ..., λn(x)), ãäå ôóíêöèÿ z(t, x) íåïðåðûâíà ïî t, x íà
Ω, èìååò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïî t äî n-ãî ïîðÿäêà íà Ω,
ôóíêöèè λi(x), i = 1, n, íåïðåðûâíû ïî x íà [0, ω], óäîâëåòâîðÿåò ñåìåé-
ñòâó äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ôóíêöèîíàëüíûìè ïàðàìåòðàìè (3),
íà÷àëüíûì óñëîâèÿì (4), êðàåâûì óñëîâèÿì (5).

Çàäà÷è (1), (2) è (3)�(5) ýêâèâàëåíòíû. Åñëè ôóíêöèÿ z(t, x) � ðåøå-
íèå ñåìåéñòâà êðàåâûõ çàäà÷ (1), (2), òî (n + 1) � êîìïîíåíòíàÿ ñèñòåìà
(z(t, x), λ1(x), λ2(x), ..., λn(x)), ãäå

λ1(x) = u(t1, x), λ2(x) =
∂u(t1,x)

∂t , ..., λn(x) =
∂n−1u(t1,x)

∂tn−1 ,
áóäåò ðåøåíèåì çàäà÷è (3)-(5). È íàîáîðîò, åñëè (n + 1) � êîìïîíåíòíàÿ
ñèñòåìà (z̃(t, x), λ̃1(x), λ̃2(x), ..., λ̃n(x)) � ðåøåíèå çàäà÷è (3)�(5), òî ôóíê-
öèÿ

ũ(t, x) = z̃(t, x) +

n∑
k=1

(t− t1)
k−1

(k − 1)!
λ̃k(x)

áóäåò ðåøåíèåì èñõîäíîãî ñåìåéñòâà êðàåâûõ çàäà÷ (1), (2).
Ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòðîâ λi(x), i = 1, n, çàäà÷à (3),

(4) ÿâëÿåòñÿ ñåìåéñòâîì çàäà÷ Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé n-ãî ïîðÿäêà ñ íà÷àëüíûìè óñëîâèÿìè íà ëèíèè t = t1.
Ñîîòíîøåíèÿ (5) ïîçâîëÿþò îïðåäåëèòü íåèçâåñòíûå ïàðàìåòðû λ1, λ2,
..., λn.

Ðåøåíèå çàäà÷è Êîøè � ôóíêöèÿ z(t, x) óäîâëåòâîðÿåò èíòåãðàëüíîìó
ñîîòíîøåíèþ

z(t, x) =
1

(n− 1)!

∫ t

t1

(t− s)n−1φ(s, x)ds, (t, x) ∈ Ω, (6)

ãäå φ(t, x) = ∂nz
∂tn .

Èç ïðåäñòàâëåíèÿ (6) ìîæåì îïðåäåëèòü ïðîèçâîäíûå

∂lz(t, x)

∂tl
=

1

(n− l − 1)!

∫ t

t1

(t− s)n−l−1φ(s, x)ds, (t, x) ∈ Ω, l = 1, n. (7)
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Ôóíêöèÿ φ(t, x) óäîâëåòâîðÿåò ñåìåéñòâó èíòåãðàëüíûõ óðàâíåíèé
Âîëüòåððà âòîðîãî ðîäà

φ(t, x) =

∫ t

t1

K(t, s, x)φ(s, x)ds+ F (t, x), (t, x) ∈ Ω, (8)

ãäå ÿäðî K(t, s, x) è ôóíêöèÿ F (t, x) îïðåäåëåíû ñîîòâåòñòâåííî âûðàæå-
íèÿìè

K(t, s, x) =

n∑
i=1

Ai(t, x)
(t− s)i−1

(i− 1)!
, (t, x) ∈ Ω, s ∈ [0, T ], (9)

F (t, x) = f(t, x) +
n∑

i=1

Ai(t, x)
i∑

k=1

(t− t1)
k−1

(k − 1)!
λk(x), (t, x) ∈ Ω. (10)

Âìåñòî φ(s, x) â (6), (7) ïîäñòàâèâ ñîîòâåòñòâóþùåå âûðàæåíèå èç (8), ïðè
t = s ïîëó÷èì

z(t, x) =
1

(n− 1)!

∫ t

t1

(t− s)n−1

∫ s

t1

K(s, s1, x)φ(s1, x)ds1ds+

+
1

(n− 1)!

∫ t

t1

(t− s)n−1F (s, x)ds, (t, x) ∈ Ω. (11)

∂lz(t, x)

∂tl
=

1

(n− l − 1)!

∫ t

t1

(t− s)n−l−1

∫ s

t1

K(s, s1, x)φ(s1, x)ds1ds+

+
1

(n− l − 1)!

∫ t

t1

(t− s)n−l−1F (s, x)ds, (t, x) ∈ Ω, l = 1, n. (12)

Îïðåäåëèì èç (11), (12) çíà÷åíèÿ ôóíêöèè u(t, x) è åå ïðîèçâîäíûõ äî
(νi − 1)-ãî ïîðÿäêà íà ëèíèè t = ti è, ïîäñòàâèâ â ñîîòâåòñòâóþùèå ñîîò-
íîøåíèÿ èç (5), ïîëó÷èì ñèñòåìó ëèíåéíûõ ôóíêöèîíàëüíûõ óðàâíåíèé
îòíîñèòåëüíî λ1, λ2, ..., λn:∫ ti

t1

(ti − s)n−1

(n− 1)!

n∑
j=1

Aj(s, x)

j∑
k=1

(s− t1)
k−1

(k − 1)!
λk(x)ds+
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+
n∑

k=1

(ti − t1)
k−1

(k − 1)!
λk(x) = d

(0)
i (x)−

∫ ti

t1

(ti − s)n−1

(n− 1)!
f(s, x)ds−

−
∫ ti

t1

(ti − s)n−1

(n− 1)!

∫ s

t1

K(s, s1, x)φ(s1, x)ds1ds,

∫ ti

t1

(ti − s)n−2

(n− 2)!

n∑
j=1

Aj(s, x)

j∑
k=1

(s− t1)
k−1

(k − 1)!
λk(x)ds+

+

n−1∑
k=1

(ti − t1)
k−1

(k − 1)!
λk+1(x) = d

(1)
i (x)−

∫ ti

t1

(ti − s)n−2

(n− 2)!
f(s, x)ds−

−
∫ ti

t1

(ti − s)n−2

(n− 2)!

∫ s

t1

K(s, s1, x)φ(s1, x)ds1ds, . . . ,

1

(n− νi)!

∫ ti

t1

(ti − s)n−νi

(n− νi)!

n∑
j=1

Aj(s, x)

j∑
k=1

(s− t1)
k−1

(k − 1)!
λk(x)ds+

+

n−νi+1∑
k=1

(ti − t1)
k−1

(k − 1)!
λk+νi−1(x) = d

(νi−1)
i (x)−

∫ ti

t1

(ti − s)n−νi

(n− νi)!
f(s, x)ds−

−
∫ ti

t1

(ti − s)n−νi

(n− νi)!

∫ s

t1

K(s, s1, x)φ(s1, x)ds1ds, i = 1,m. (13)

Â ñîîòíîøåíèÿõ (13) ìàòðèöó, ñîñòàâëåííóþ èç êîýôôèöèåíòîâ ïðè λi(x),
i = 1, n, îáîçíà÷èì ÷åðåç Q(t1, t2, ..., tm, x). Òîãäà ñèñòåìó óðàâíåíèé (13)
ìîæíî ïåðåïèñàòü â âèäå

Q(t1, t2, ..., tm, x)λ(x) = −F (t1, t2, ..., tm, x)−G(t1, t2, ..., tm, x, φ), (14)

ãäå x ∈ [0, ω], F (t1, t2, ..., tm, x) � n-âåêòîð-ôóíêöèÿ, ñîñòàâëåííàÿ èç

d
(j−1)
i (x), j = 1, νi, è èíòåãðàëîâ ôóíêöèè f(t, x), G(t1, t2, ..., tm, x, φ) � n-
âåêòîð-ôóíêöèÿ, ñîñòàâëåííàÿ èç ñëàãàåìûõ, ñîäåðæàùèõ èíòåãðàëû íåèç-
âåñòíîé ôóíêöèè φ(t, x).

Ñîîòíîøåíèÿ (8) è (14) ñîñòàâëÿþò çàìêíóòóþ (n + 1)-êîìïîíåíòíóþ
ñèñòåìó óðàâíåíèé îòíîñèòåëüíî φ(t, x), λj(x), j = 1, n.
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Åñëè èçâåñòíà ôóíêöèÿ φ(t, x), òî èç (14) ìîæíî îïðåäåëèòü ïàðàìåò-
ðû λj(x), j = 1, n, ïðè îáðàòèìîñòè ìàòðèöû Q(t1, t2, ..., tm, x) äëÿ âñåõ
x ∈ [0, ω], à èç ñîîòíîøåíèÿ (6) � ôóíêöèþ z(t, x) è, ñîñòàâëÿÿ ñóììó

z(t, x) +
n∑

k=1

(t−t1)k−1

(k−1)! λk(x), íàõîäèì u(t, x) � ðåøåíèå èñõîäíîé çàäà÷è (1),

(2). Îáðàòíî, åñëè èçâåñòíû ïàðàìåòðû λj(x), j = 1, n, òî èç ñåìåéñòâà
èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà âòîðîãî ðîäà (8) íàõîäèì ôóíêöèþ
φ(t, x), çàòåì èç ñîîòíîøåíèÿ (6) îïðåäåëÿåì ôóíêöèþ z(t, x) è, ñíîâà ñî-

ñòàâëÿÿ ñóììó z(t, x) +
n∑

k=1

(t−t1)k−1

(k−1)! λk(x), îïðåäåëÿåì u(t, x) � ðåøåíèå çà-

äà÷è (1), (2).
Òàê êàê íåèçâåñòíûìè ÿâëÿþòñÿ êàê ôóíêöèÿ φ(t, x), òàê è ïàðàìåò-

ðû λj(x), j = 1, n, äëÿ íàõîæäåíèÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé (8), (14)
ïðèìåíÿåòñÿ èòåðàöèîííûé ïðîöåññ íà îñíîâå ñëåäóþùåãî àëãîðèòìà.

0-øàã. Ïóñòü ìàòðèöà Q(t1, t2, ..., tm, x) îáðàòèìà äëÿ âñåõ x ∈ [0, ω].

Èç ñèñòåìû (14) ïðè φ(t, x) = 0 íàõîäèì íà÷àëüíûå ïðèáëèæåíèÿ λ
(0)
j (x),

j = 1, n. Èç ñåìåéñòâà èíòåãðàëüíûõ óðàâíåíèé (8) ïðè λj(x) = λ
(0)
j (x),

j = 1, n, íàõîäèì φ(0)(t, x) äëÿ âñåõ (t, x) ∈ Ω, çàòåì èç ñîîòíîøåíèÿ (6)
îïðåäåëÿåì z(0)(t, x) äëÿ âñåõ (t, x) ∈ Ω.

1-øàã. Èç ñèñòåìû (14) ïðè φ(t, x) = φ(0)(t, x) íàõîäèì λ
(1)
j (x), j = 1, n.

Èç ñåìåéñòâà èíòåãðàëüíûõ óðàâíåíèé (8) ïðè λj(x) = λ
(1)
j (x), j = 1, n,

íàõîäèì φ(1)(t, x) äëÿ âñåõ (t, x) ∈ Ω, ñíîâà èç ñîîòíîøåíèÿ (6) îïðåäåëÿåì
z(1)(t, x) äëÿ âñåõ (t, x) ∈ Ω è ò.ä.

k-øàã. Èç ñèñòåìû (14) ïðè φ(t, x) = φ(k−1)(t, x) íàõîäèì λ
(k)
j (x),

j = 1, n. Èç ñåìåéñòâà èíòåãðàëüíûõ óðàâíåíèé (8) ïðè λj(x) = λ
(k)
j (x),

j = 1, n, íàõîäèì φ(k)(t, x) äëÿ âñåõ (t, x) ∈ Ω, ñíîâà èç ñîîòíîøåíèÿ (6)
îïðåäåëÿåì z(k)(t, x) äëÿ âñåõ (t, x) ∈ Ω.

Ââåäåì îáîçíà÷åíèÿ

α(t, x) = max
s∈[0,T ]

|K(t, s, x)|, β(x) = max
t∈[0,T ]

n∑
i=1

|Ai(t, x)|
i∑

k=1

(t−t1)k−1

(k−1)! ,

θ = max
i=1,m

max
j=1,νi

(ti−t1)n−j+1

(n−j+1)! .

Ñëåäóþùåå óòâåðæäåíèå îáåñïå÷èâàåò ðåàëèçóåìîñòü è ñõîäèìîñòü
ïðåäëîæåííîãî àëãîðèòìà, óñëîâèÿ êîòîðîãî îäíîâðåìåííî ãàðàíòèðóþò
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ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ çàäà÷è (1), (2).

Òåîðåìà 1. Ïóñòü (n × n)-ìàòðèöà Q(t1, t2, ..., tm, x) îáðàòèìà äëÿ âñåõ

x ∈ [0, ω] è âûïîëíÿþòñÿ óñëîâèÿ

1) ||[Q(t1, t2, ..., tm, x)]−1|| ≤ γ(x), ãäå γ(x) � ïîëîæèòåëüíàÿ, íåïðåðûâ-

íàÿ íà [0, ω] ôóíêöèÿ;

2) q(x) = γ(x) · θ · β(x) · max
i=1,m

[
eα(ti,x)(ti−t1) − 1

]
≤ χ < 1, ãäå χ � const.

Òîãäà ñåìåéñòâî êðàåâûõ çàäà÷ Âàëëå-Ïóññåíà äëÿ îáûêíîâåííûõ äèô-

ôåðåíöèàëüíûõ óðàâíåíèé (1), (2) èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ ïî ñõåìå äîêàçàòåëüñòâà òåîðåìû
1 èç [6] è ïðåäëîæåííîãî àëãîðèòìà.

Òàêèì îáðàçîì, òåîðåìà óñòàíàâëèâàåò óñëîâèÿ îäíîçíà÷íîé ðàçðåøè-
ìîñòè ñåìåéñòâà êðàåâûõ çàäà÷ Âàëëå-Ïóññåíà äëÿ îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà â òåðìèíàõ êîýôôèöèåíòîâ
Ai(t, x), i = 1, n, ðàññòîÿíèé ìåæäó ëèíèÿìè t = tj è t = t1, ãäå j = 1,m.
Ïðåäëàãàåìûé àëãîðèòì ïîçâîëÿåò íàéòè ïðèáëèæåííîå ðåøåíèå ôóíê-
öèîíàëüíîãî óðàâíåíèÿ (14) ïðè íàéäåííûõ ïðèáëèæåíèÿõ ðåøåíèé ñå-
ìåéñòâ çàäà÷ Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
ïàðàìåòðàìè (3), (4). Óñëîâèÿ òåîðåìû îáåñïå÷èâàþò ñõîäèìîñòü ïîñòðî-
åííûõ ïðèáëèæåííûõ ðåøåíèé ê òî÷íîìó ðåøåíèþ ñåìåéñòâ êðàåâûõ çà-
äà÷ Âàëëå-Ïóññåíà (1), (2).

Çàìå÷àíèå 1. Ðàññìàòðèâàåìîå ñåìåéñòâî êðàåâûõ çàäà÷ Âàëëå-
Ïóññåíà ìîæíî ñâåñòè ê ñåìåéñòâó ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ ñè-
ñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñî ñïåöèàëüíûìè êî-
ýôôèöèåíòíîé ìàòðèöåé è ìàòðèöàìè â ãðàíè÷íîì óñëîâèè. Ê ïîëó÷åííîé
çàäà÷å ìîæíî ïðèìåíèòü ðåçóëüòàòû ðàáîòû [12].

Çàìå÷àíèå 2. Èñïîëüçóÿ êëàññè÷åñêèé ïîäõîä � ïðåäñòàâëåíèå ðåøå-
íèÿ ñåìåéñòâà èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà âòîðîãî ðîäà (8) ÷åðåç
åå ðåçîëüâåíòó, îïðåäåëåíèå ôóíêöèîíàëüíûõ ïàðàìåòðîâ λi(x), i = 1, n,
ìîæíî ñâåñòè ê ðåøåíèþ íåêîòîðîãî ôóíêöèîíàëüíîãî óðàâíåíèÿ, ïîñòðî-
åííîãî àíàëîãè÷íî (14) ñ èçâåñòíîé ïðàâîé ÷àñòüþ. Òàêîé ïîäõîä áûë ðåà-
ëèçîâàí ïðèìåíèòåëüíî ê çàäà÷å Âàëëå-Ïóññåíà äëÿ îáûêíîâåííîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ âûñîêîãî ïîðÿäêà ïðè îòñóòñòâèè ïåðåìåííîé
x â ðàáîòå [14].
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Asanova A.T., Imanchiev A.E. ON SOLVABILITY OF VALLE-POUSSIN
BOUNDARY VALUE PROBLEM FOR ORDINARY DIFFERENTIAL
EQUATIONS

The family of Valle-Poussin boundary value problems for high order
ordinary di�erential equations with variable coe�cients is considered. The
su�cient conditions of the existence of a unique solution of the problem in
the terms of the initial data are established. The algorithm of obtaining the
approximate solution of the family of Valle-Poussin boundary value problem
for high order ordinary di�erential equations is proposed.
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SIMILARITY ESTIMATION ALGORITHMS FOR NATURAL

LANGUAGE SENTENCES

The article examines the problem of creating algorithms for estimation of

semantic similarity between sentences of a text and a search query. One of

the methods described in this work allows to match paraphrased variants of

sentences based on analysis of their syntactic structure. The algorithm is based

on processing and using link diagrams created by Link Grammar Parser. The

second method allows to estimate relevance of sentences by representing them

as �rst order predicate calculus formulae. On the basis of this representation it

is possible to check a number of logical properties of these sentences allowing

to determine their similarity.

Êëþ÷åâûå ñëîâà: Information retrieval system; Link Grammar Parser;

syntactic analysis; semantics; relevance

1 Introduction

Under conditions of rapid growth of volumes of information resources,
there is a necessity of quality improvement of information search. It forces the
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developers of search systems to improve the algorithms of search and document
ranking so that they be capable to consider the query semantics.

Many researchers tend to the necessity of carrying out deep semantic
analysis in order to make some semantic images of texts on the basis of
which it is possible to carry out ranking of documents [1, 2]. This approach,
undoubtedly, is the most reasonable; however, it requires careful and long-
term work on creation of suitable tools for automatic text processing [3].
In particular, the detailed description of various �elds of knowledge can be
required. Therefore, search of partial solutions, one of which is presented in
this work, is also expedient.

The main goal is to construct algorithms which can deduce an adequate
estimation of the text relevance by getting into its structure. It is important
that the given estimation would be deduced on the basis of the context of
search query, and would not be limited only by keywords, their similarity or
frequency.

The method described in this work allows us to compare the natural
language constructions and in some cases to identify even the paraphrased
variants of sentences on the basis of the analysis of their syntactic structures.
Thus we can compare a search query with a text in order to �nd out its
relevance to this search query. The method is based on processing and using
the diagrams of links created by Link Grammar Parser software [4], [5].

The basic algorithm for calculating the degree of correspondence between
link diagrams and natural language constructions was described in [6], [7]. The
studies were completely focused on the English-language sources. Based on the
above ideas, the information retrieval system ViNet Search was implemented.
Testing has shown that the proposed algorithm e�ciently solve the problems
of information retrieval.

Then the approach was essentially generalized. Here were considered
methods based on using logical rules. It was shown that the basic algorithm
considers only the so-called invariant connectors, not taking into consideration
more complicated logics. For the English language, we have 19 rules. Thus,
some of them allow three to �ve modi�cations. As a result, approximately 30
rules may be used.

But it is also possible to make a conclusion that further development of
this method will not lead to substantial improvement of the obtained results.
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One of the reasons is that the possibilities of Link Grammar Parser at the
current stage of work are almost completely exhausted. And, in spite of the
fact that Link Grammar Parser possesses a number of advantages (high speed,
partial coverage of semantics, many examples of its successful application
in the systems of Internet texts �ltration), it makes us to stay at the level
of syntax with partial semantics coverage. Therefore, if we want to have
essential advancement, it is necessary to move to a higher level, to knowledge
engineering.

2 Metasearch system iNetSearch

The system iNetSearch is installed on the user part and requires the
Internet connection. It uses the results of inquiries to existing search systems
(for example, the search service nigma.ru was used for testing, because this
system forwards an query to other search systems, thereby increasing the
possible area of search). The implemented system iNetSearch corrects the
search results and speci�es (�lters) them.

The search base of iNetSearch contains the text content of Internet-pages,
which are taken from the download manager built into the system. The input
sentences are translated into syntactic diagrams. The compiler carries out
lemmatization of words adding some meta-information and adds syntactic links
between them attributing types to these links. The syntactic parser allows
us to consider attributing dependences between subordinate sentences. Thus
we obtain rather essential information about a sentence. The syntactic parser
generates the diagrams of syntactic analysis used in the system. They re�ect
the syntactic interrelation between words.

The main goal consists of estimating the relevance of the text to the search
query. It becomes as follows. There are the available diagrams of a syntactic
analysis for the given query and for a speci�c proposal from the text. In the
basic algorithm it is supposed, that if these diagrams are similar on a lexicon
and on a structure of links than we suppose, that sentences (and as a whole
the text) are relevant to query. In a case when the rephrasing are considered,
the generalized algorithm on the basis of the logic approach has a more re�ned
form, but basically the same idea is used.
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3 A software system Link Grammar Parser

Link Grammar Parser is a syntactic analyzer of the English language
developed in 1990th at the Carnegie Mellon University, USA. Note that, in
general, the underlying theory di�ers from the classical theory of syntax.
Having received a sentence, the system attributes it with a syntactic structure
which consists of a set of marked links connecting the pairs of words. The
detailed description of the system can be found in [4], [5].

Link Grammar Parser includes approximately 60000 dictionary forms. It
allows us to analyze a huge part of syntactic constructions, including numerous
rare expressions and idioms. The parser work is stable; it can skip a part of
a sentence, it cannot understand and de�ne some structure for the rest of
the sentence. It is capable to process an unknown lexicon, and do reasonable
assumptions about the syntactic category of unknown words based on the
context and writing. The parser contains data about various names, numerical
expressions, and punctuation marks.

The rules of words connection are described in the set of dictionaries. For
each word in a dictionary, it is �xed what are its connectors with other words
in a sentence. A connector has a name with which the considered unit (word)
can enter a sentence. For example, the mark S corresponds to communication
between a subject and a predicate, O is a connector between an object and a
predicate. There are more than one hundred most important basic connectors.
To denote the direction of a connector, the sign ”�” is used to indicate a
right connector and the sign ”�” to indicate a left connector. Left-directed and
right-directed connectors of the same type (see Fig. 1) make up a connection
(link).

Figure 1 � An example of syntactic analysis of a sentence

The obtained diagrams, as a matter of fact, are analogues to the so-called
trees of submission of sentences. In the trees of submission, it is possible to
raise a question from the main word in the sentence to the minor one. Thus,
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words are built in a treelike structure. The syntactic analyzer can give out two
or more diagrams of analysis of the same sentence. This phenomenon is called
a syntactic synonym.

The main reason why the analyzer is called a semantic system is the unique
set of connectors (about 100 basic ones, and some of them have three or four
variants). In some cases, the authors of the system pass on to almost semantic
classi�cations constructed exclusively on syntactic principles.

For example, the following classes of English adverbs are allocated in the
system: situational adverbs concerning the whole sentence (clausal adverbs);
time adverbs; introductory adverbs which stand in the beginning of the
sentence and are separated by a comma (openers); the adverbs modifying
adjectives, etc. As for the advantages of the system, it is necessary to notice that
the procedure of �nding the variants of the syntactic representation is organized
very e�ectively. The process of construction is not top-down or bottom-up,
but all the hypotheses about the relations are considered simultaneously: at
the beginning, all possible connections are constructed by dictionary formulas,
and then the possible subsets of these communications are allocated.

Of course, it leads to some algorithmic opacity of the system, because it is
very di�cult to track all relations at once. Secondly, it leads not to a linear
dependence of the speed of the algorithm on the number of words, but to
exponential one, because the set of all variants of syntactic structures of the
sentence containing N words in the worst case is equipotent to the set of all
spanning trees of the full graph with N nodes.

The last feature of the algorithm forces the developers to use a timer
to stop the procedure which works too long. However, all these lacks are
compensated by a linguistic transparency of the system in which rather simple
valences of words may be registered, and the order of gathering the valences
in the algorithm is not strictly �xed, i.e. the connections are constructed
simultaneously, which completely corresponds to our linguistic intuition.

Let us note also the negative moments.

1. The practical testing of the system shows that, during the analysis
of complicated sentences of length more than 25�30 words, a combinatorial
explosion is possible, and in this case the result of the analyzer work is the
"panic" graph which, as a rule, has several variants of syntactic structures,
which is inadequate from the linguistic point of view.
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2. The application of the ideas described above is complicated for in�ective
languages, such as the Russian language, in view of the considerably increasing
volume of dictionaries because of the morphological complexity of in�ective
languages. Each morphological form should be described by a separate formula,
where the bottom index of a connector name should provide a coordination
procedure. This leads to an increasing number of connectors. For agglutinative
languages (for example, Turkic), the system becomes even more complicated.

4 The basic algorithm of the comparison of sentences

We assume that two sentences x̄ =< x1, . . . , xn >,ȳ =< y1, . . . , ym > are
given, i.e. the sentences are considered as vectors whose components are words.
We suppose that their analysis is made by means of the system Link Grammar
Parser. Let us consider the set of all pairs < i1, i2 >,< j1, j2 > such that the
words xi1 , xi2 and yj1 , yj2 are connected by links of the same type. Thereby the
words xi1 , yj1 and xi2 , yj2 are close according to some criterion, for example,
their normalized forms are identical, they are synonyms, words are similar
by writing, etc. Some variability of the algorithm is possible here. Also, it is
possible to ignore the auxiliary words: articles, unions, pretexts, interjections,
etc. Let us assume now that I is a set of the pairs mentioned above and taken
into consideration, and its cardinality |I| = n.

Next, let n1, n2 be the numbers of links obtained as the result of
the analysis of the sentences x̄, ȳ, respectively. As a measure of similarity
of two sentences, it is possible to introduce µ0(x̄, ȳ) = n/max(n1, n2) or
µ1(x̄, ȳ) = 2n/(n1 + n2). In the following section, the approach will be
essentially generalized. It will be shown that the basic algorithm considers
only the so-called invariant connectors, not taking into consideration more
complicated logics.

Thus, the method described above allows us to introduce certain measures
of the closeness (similarity) between sentences. These measures take into
account both lexicon and syntactic relations between words. The minimum
variant giving good results is when only eight connectors are used (see Table
1).

Six links have been allocated that can dramatically aggravate the situation.
Therefore it is useful to omit them. Approximately 45 connectors were
analyzed.
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Experiments with di�erent types of sentences and links took almost one
year. It was observed that there is no need to use too many links. First, the
use of some links leads us to the analysis of diagrams which correspond badly
to intuition and principles of classical linguistics, and it is not clear what we
can do with them further. Second, there is also a complexity aspect. If there are
fewer links, the algorithm works faster. Therefore, a compromise is necessary.

Table 1 � The list of the most important links of the system Link Grammar Parser

(ðàçíîñòåé ïëîòíîñòè) îò ÷èñëà óçëîâ äëÿ WENO è ENO ñõåìû

Link Description

C connects subordinating conjunctions, verbs or adjectives with
the subjects of subordinated sentences

CC is used to connect coordinating conjunctions
S connects subject-nouns to verbs
SI connects a subject to a verb in the sentences with an inversion

of the main parts of a sentence
SF connects a subject expressed by ”it” or ”there” to a verb
SFI connects a subject expressed by ”it” or ”there” to a verb in

a question sentence with an inversion of the main parts of a
sentence

SX is used to connect the pronoun ”I” to the verbs ”was” and
”am”

SXI is used to connect the pronoun ”I” to the verbs ”was” and
”am” in the cases of a subject-verb permutation

5 Logical methods of evaluation of the sentence similarity

As before, we suppose that L is a set of words in a natural language. For
any word x ∈ L we will denote its normalized form by Norm(x). The formula
Syn(x, y) means that x, y are synonyms.

There are two forms of equivalence:
1) x1 ≈ x2 ↔ x1 = x2 ∨ Syn(x1, x2)
2)x1 ≡ x2 ↔ Norm(x1) = Norm(x2).
A sentence may be considered as a vector with words as its components,

x̄ =< x1, . . . , xn >. The function Norm can be naturally extended onto
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sentences: Norm(x̄) =< Norm(x1), . . . , Norm(xn) >.
The text T =< x̄1, . . . , x̄n > is a sequence of sentences.
Let the formula x̄ |= P (xi, xj) mean that, in the link diagram of the

sentence x̄ =< x1, . . . , xn > obtained by Link Grammar Parser, there is a
connector of the type P going from the word xi to the word xj . The sign |=
means that we consider a model. The basic set of the model is the set of pairs
{< 1, x1 >, . . . , < n, xn >}. Because the same word can occur in the sentence
two or more times, it is necessary to consider the pairs instead of separate
words. This imply that x̄ |= φ, where φ is, for example, a formula of the �rst
order logic, is a correct designation. Indeed, x̄ is a designation both for a vector
and a model at the same time.

Let us assume that two sentences are given: x̄ =< x1, . . . , xn > and ȳ =<
y1, . . . , ym >. It is interesting to consider the function f such that dom(f) ⊆
{1, . . . , n}, range(f) ⊆ {1, . . . ,m} with additional properties of the form:
f(i) = j → xi ≈ yj and f(i) = j → xi ≡ yj , and others. When comparing two
sentences, or more exactly, when performing the analysis of their similarity,
veri�cation of some logic properties is carried out. For example, let us consider
f(i1) = j1, f(i2) = j2. The examples of such properties are given below.

1. The invariance of a connector
x̄ |= P (xi1 , xi2) → ȳ |= P (yj1 , yj2).

2. The replacement of a connector by a disjunction of others
x̄ |= P (xi1 , xi2) → ȳ |= ∨

t
Qt(yj1 , yj2).

3. The splitting of a connector into two connectors
x̄ |= P (xi1 , xi2) → ∃k (ȳ |= Q(yj1 , yk) ∧R(yk, yj2)).

4. The splitting of a connector into two connectors with an inversion
x̄ |= P (xi1 , xi2) → ∃k (ȳ |= Q(yj2 , yk) ∧R(yk, yj1)).

Taking into consideration that ȳ is a designation for a corresponding model,
the third formula can be rewritten in the form x̄ |= P (xi1 , xi2) → ȳ |=
∃yQ(yj1 , y) ∧ R(y, yj2). Analogously, the fourth formula can be written in a
similar form.

An example of analysis of two sentences, one of which is the paraphrased
variant of another, is shown below (see Fig. 2).
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Figure 2 � The results obtained by Link Grammar Parser

Thus, we havef(1) = 6, f(2) = 7, f(3) = 4, f(4) = 1, f(5) = 2.
As a result, we obtain:
1) Norm(ate) = Norm(eaten) or ate ≡ eaten;
2) the connectors Ds and D*u remain, i.e. they are invariant;
3) x̄ |= Ss(fox, ate) → ȳ |= MVp(eaten, by)∧ Js(by, fox), i.e. a splitting of

the connectors Ss with an inversion takes place;
4) x̄ |= Os(ate, rabbit) → ȳ |= Ss(rabbit, was) ∧ Pv(was, fox), i.e. there is

a splitting with an inversion, but of another connector Os.
To summarize, it is possible to say that there are rules of the form

Ri : x̄ |= φi(x1, x2) → ȳ |= ψi(y1, y2).
Further, a function f is constructed and it is veri�ed whether there are

indexes i1, i2, j1 = f(i1), j2 = f(i2) such that the rule Ri is satis�ed
on the concrete words from the sentences x̄, ȳ, i.e. x̄ |= φi(xi1 , xi2) → ȳ |=
ψi(yj1 , yj2). For simplicity, it is possible to say that the rule is satis�ed on the
pair < i1, i2 >.

Let us consider a set of all such pairs < i1, i2 > on which one rule is
satis�ed. We denote this set by I, and its cardinality is |I| = n. Let us notice
that the analyzer Link Grammar Parser assumes the presence of only one
connector between two words. Therefore, no more than one rule is satis�ed.
Let n1, n2 be the number of connectors obtained as a result of the analysis of
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the sentences x̄, ȳ, respectively. As a measure of similarity of two sentences, it
is possible to introduce µ0(x̄, ȳ) = n/max(n1, n2) or µ1(x̄, ȳ) = 2n/(n1 + n2).
This approach generalizes the approach used in the basic algorithm. More
exactly, the basic algorithm takes into account only invariant connectors, not
considering more complicated logics.

Let us consider an example of the comparison of two sentences (see Fig. 3).

Figure 3 � The comparison of two sentences

It is easy to see that n1 = 4, n2 = 6. Further we see that all the four
connectors Ss, MVp, Ds, and Js from the �rst sentence remain (are invariant),
therefore n = 4. As a result, we obtain µ0(x̄, ȳ) = 4/max(4, 6) = 4/ 6 = 2/ 3
and µ1(x̄, ȳ) = 2 · 4/(4 + 6) = 8/10 = 4/5. Thus we see that these measures of
similarity are di�erent.

For the English language, we have 15 rules in addition to the three rules
mentioned above. Thus, some of them allow three to �ve modi�cations. As a
result, approximately 30 rules may be used.

With respect to other languages, it is expedient to speak about classes of
languages. For example, the types of links and rules are practically identical
for the Russian and Polish languages. In the Polish language, in addition to six
cases (the same as in Russian), there is an additional vocative case. Thus, it is
possible to enter additional types of links. And for example, the types of links
and rules are essentially di�erent for the Russian and German languages. There
are German constructions which are absent in Russian, but it is desirable to
consider them.

According to the morphological typology, there are analytic and synthetic
languages. Synthetic languages are divided into agglutinative, fusional, and
polysynthetic. Omitting the details, we say that the considered approach is
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most easily implemented for analytic languages, for example, English. The
situation is more complicated for synthetic languages, in particular for fusional
(for example, Russian) and agglutinative (for example, Turkic) languages.
There are two variants for these types of languages. The �rst variant is to
use a small set of links that is enough for retrieval systems. The second, more
di�cult variant is to use a large number of links. It is appropriate to use the
second variant in translators. Polysynthetic languages include Paleo-Asiatic
(for example, Chukchi and Eskimo) and some African languages. In this case,
the situation is even more di�cult, but the described approach is applicable.

Taking into consideration possible errors, it would be desirable to know how
the algorithm itself will perform the analysis of similarity of such sentences:
"the fox eats rabbits" and "the fox does not eat rabbits" . Will the second
sentence be considered equivalent to the �rst one?

It is a very interesting question how to di�er automatically the positive
and negative statements about the same thing. Omitting the details, we can
say that the above two sentences will not be considered as similar. But if the
sentences are long and the words in these sentences are the same except for
their beginnings (”the fox eats” and ”the fox does not eat”), then the proposed
algorithm will identify these statements as equivalent. Certainly, it is possible
to modify the formula for the evaluation of the similarity of sentences, for
example, to assign a heavy weight to a link connecting a particle ”not” with
the verb entering the denominator of the formula. It is clear that further in-
depth investigation is necessary.

To summarize, we notice that [8] and [9], where various measures of
proximity between logical formulas are considered, have appreciably a�ected
our research considered in this section.

6 Conclusion

To demonstrate e�ciency of iNetSearch, experiments have been made using
this system. Ten simple inquiries from the �eld of inorganic chemistry have been
generated. For each query, the lists of addresses with their description, usually
returned to the user by a search system, have been loaded. On the basis of
these short snippets, the resource estimation has been made. For comparison
with another search system (namely, with the system nigma.ru, since it can
readdress inquiries to other systems), the statistics of queries relative to ten
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sentences of inquiries has been made. The system left relevant references,
rejecting irrelevant by its estimation. As a result of testing, on the average,
the system allocated 5-15 qualitative relevant references out of 100 references
received from nigma.ru, accepted about 5 incorrect references as relevant and
rejected others as irrelevant, which corresponds to reality. This demonstrates
that the system could make �ltration at a good level.

Further, two methods for natural language constructions have been
compared the basic, used in the initial version of the iNetSearch system,
and a new one, which takes into account the sentences rephrasing. The
original method is based on comparison of links diagrams for an query and
a phrase from the document under estimation, and comparison uses some
generalizations and simpli�cations for taking into account the possibilities of
paraphrasing. The inquiries, paraphrases of which had to be found, were made
on various subjects. The sources of the inquiries are as follows: a collection
of scienti�c papers on more than 20 subjects and a collection of educational
texts.

As a result, we see high e�ciency of the approach here presented. On
the other hand, the method that uses rephrasing allowed us to improve the
results of the iNetSearch system, but testing showed that this improvement
is insigni�cant in comparison with the basic algorithm. It is also possible to
make a conclusion that further development of this method will not lead to
substantial improvement of the obtained results. One of the reasons is that the
possibilities of Link Grammar Parser at the current stage of work are almost
completely exhausted. And, in spite of the fact that Link Grammar Parser
possesses a number of advantages (high speed, partial coverage of semantics,
many examples of its successful application in the systems of Internet texts
�ltration), it makes us to stay at the level of syntax with partial semantics
coverage. Therefore, if we want to have essential advancement, it is necessary
to move to a higher level, to knowledge engineering.
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Áàéæàíîâ Á.Ñ., Áàòóðà Ò.Â., Ìóðçèí Ô.À., Íåì÷åíêî Ì.Þ., Ïåðôè-
ëüåâ À.À. ÀËÃÎÐÈÒÌÛ ÎÖÅÍÊÈ ÑÕÎÄÑÒÂÀ ÏÐÅÄËÎÆÅÍÈÉ ÍÀ
ÅÑÒÅÒÑÂÅÍÍÎÌ ßÇÛÊÅ

Â ñòàòüå ðàññìîòðåíà çàäà÷à ïîñòðîåíèÿ àëãîðèòìîâ äëÿ îöåíêè ñå-
ìàíòè÷åñêîé áëèçîñòè ïðåäëîæåíèé òåêñòà è ïîèñêîâîãî çàïðîñà. Îäèí èç
ìåòîäîâ, îïèñàííûõ â äàííîé ðàáîòå, ïîçâîëÿåò ñîïîñòàâëÿòü ïåðåôðàçè-
ðîâàííûå âàðèàíòû ïðåäëîæåíèé, îñíîâûâàÿñü íà àíàëèçå èõ ñèíòàêñè-
÷åñêèõ ñòðóêòóð. Àëãîðèòì îñíîâàí íà îáðàáîòêå è èñïîëüçîâàíèè äèà-
ãðàìì ñâÿçåé, ñîçäàâàåìûõ ñèñòåìîé Link Grammar Parser. Âòîðîé ìåòîä
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ïîçâîëÿåò îöåíèâàòü ðåëåâàíòíîñòü ïðåäëîæåíèé ïîñðåäñòâîì ïðåäñòàâëå-
íèÿ èõ â âèäå ôîðìóë èñ÷èñëåíèÿ ïðåäèêàòîâ ïåðâîãî ïîðÿäêà. Íà îñíîâå
òàêîãî ïðåäñòàâëåíèÿ îñóùåñòâëÿåòñÿ ïðîâåðêà ðÿäà ëîãè÷åñêèõ ñâîéñòâ
ýòèõ ïðåäëîæåíèé, ïîçâîëÿþùèõ ãîâîðèòü îá èõ ñõîäñòâå.

Áàéæàíîâ Á.Ñ., Áàòóðà Ò.Â., Ìóðçèí Ô.À., Íåì÷åíêî Ì.Þ., Ïåð-
ôèëüåâ À.À. ÒÀÁÈ�È ÒIËÄÅÃI Ñ�ÉËÅÌÄÅÐÄI ��ÑÀÑÒÛ�ÒÀÐÛÍ
ÁÀ�ÀËÀÓ ÀËÃÎÐÈÒÌÄÅÐI Ìà©àëàäà ìºòií ñ°éëåìäåði ìåí içäåó ñ´ðà-

íûñûíû ñåìàíòèêàëû© æà©ûíäû¡ûí áà¡àëàó¡à àðíàë¡àí àëãîðèòìäåð
©´ðàñòûðó åñåái ©àðàñòûðûë¡àí. Îñû æ´ìûñòà ñèïàòòàë¡àí ºäiñòåðäè
áiði ñ°éëåìäåðäi áàñ©àøà ò´æûðûìäàë¡àí í´ñ©àëàðûí, îëàðäû ñèíòàê-
ñèñòiê ©´ðûëûìäàðûí òàëäàó àð©ûëû ñºéêåñòåíäiðóãå ì³ìêiíäiê áåðåäi.
Àëãîðèòì Link Grammar Parser æ³éåñi æàñà¡àí áàéëàíûñòàð äèàãðàììà-
ëàðûí °äåóãå æºíå ïàéäàëàíó¡à íåãiçäåëãåí. Åêiíøi ºäiñ ñ°éëåìäåðäi
ñºéêåñòiãií áiðiíøi ðåòòi ïðåäèêàòòàðäû åñåïòåó ôîðìóëàëàðû ò³ðiíäå-
ãi êåéiïòåìåëåði àð©ûëû áà¡àëàó¡à ì³ìêiíäiê áåðåäi. Îñûíäàé êåéiïòåìå
íåãiçiíäå îñûíäàé ñ°éëåìäåðäi áið©àòàð ëîãèêàëû© ©àñèåòòåðiíi ´©ñà-
ñòû©òàðû òóðàëû àéòó¡à ì³ìêiíäiê áåðåòií òåêñåðó æ³çåãå àñûðûëàäû.
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÇÀÄÀ×È ÊÎØÈ ÄËß
ÍÅËÈÍÅÉÍÛÕ ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÓÐÀÂÍÅÍÈÉ Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ ÒÐÅÒÜÅÃÎ
ÏÎÐßÄÊÀ

Íàéäåíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ íåëè-

íåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

òðåòüåãî ïîðÿäêà è ïîñòðîåíî èíòåãðàëüíîå ïðåäñòàâëåíèå òàêèõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: èíòåãðàëüíîå óðàâíåíèå, íåëèíåéíîå èíòåãðî-

äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà,

ïðèíöèï ñæàòûõ îòîáðàæåíèé, óñëîâèå Ëèïøèöà.

Â äàííîé ðàáîòå èññëåäóåòñÿ ðàçðåøèìîñòü çàäà÷è Êîøè äëÿ íåëèíåé-

íûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðå-

òüåãî ïîðÿäêà âèäà

ut(t, x) + α[u(t, x)− uxx(t, x)]− uxxt(t, x) = f(t, x, u, ut, ux)

+

∫ t

0
N(t, s, x, u(s, x))ds (1)

ñ íà÷àëüíûì óñëîâèåì

u(0, x) = φ(x). (2)

c⃝ À.Á. Áàéçàêîâ, Äæ.À. Àêåðîâà, 2015.

Keywords: integral equation, nonlinear third order partial integro-di�erential equations,

contraction mapping principle, Lipchitz condition.
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Óñëîâèå (À). Ïðåäïîëîæèì, ÷òî â îáëàñòÿõ G = {(t, x, u, w, v) : t ∈
[0, T ], −∞ < x, u,w, v < ∞}, G1 = {(t, x, u) : t ∈ [0, T ], −∞ < x, u <
∞ T > 0}, ôóíêöèè f(t, x, u, ut, ux),N(t, s, x, u ) íåïðåðûâíû è îãðàíè÷åíû,

∥f(t, x, u, ut, ux)∥ ≤ M, N(t, s, x, u) ≤ N̄ (3)

è óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà ïî ïåðåìåííûì u, ut, ux:

∥f(t, x, ū, ūt, ūx)− f(t, x, u, ut, ux)∥ ≤ L (∥ū− u∥+ ∥ūt − ut∥+ ∥ūx − ux∥) ,

N ∥(t, x, ū)−N(t, x, u)∥ ≤ L1 (∥ū− u∥) , (4)

L, L1 � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå; íà÷àëüíàÿ ôóíêöèÿ φ(x) ∈
C̄2(R), α ≥ 1.
Ðåøåíèå çàäà÷è Êîøè (1)�(2) áóäåì èñêàòü â âèäå

u(t, x) = φ(x) +

∫ t

0

∫ x

−∞
e−α(t−s)K(x− ρ)Q(s, ρ)dρds, (5)

ãäå K(x− ρ) � íåêîòîðàÿ èçâåñòíàÿ ôóíêöèÿ, êîòîðàÿ óäîâëåòâîðÿåò ñëå-
äóþùèì óñëîâèÿì:

K(0) ̸= 0, K ′(0)
/
K(0) > 0, (6)

Q(t, x) � íîâàÿ èñêîìàÿ ôóíêöèÿ. Èç (5) ïîñëåäîâàòåëüíî íàõîäèì ÷àñòíûå

ïðîèçâîäíûå ïî t è x :

ut =

∫ x

−∞
K(x− ρ)Q(t, ρ)dρ− α

∫ t

0

∫ x

−∞
e−α(t−s)K(x− ρ)Q(s, ρ)dρds =

=

∫ x

−∞
K(x− ρ)Q(t, ρ)dρ− α[u(t, x)− φ(x)]; (7)

ux = φ′(x) +

∫ t

0
e−α(t−s)K(0)Q(s, x)ds+

+

∫ t

0

∫ x

−∞
e−α(t−s)K ′

x(x− ρ)Q(s, ρ)dρds; (8)

uxx=φ
′′(x) +

∫ t

0
e−α(t−s)K(0)Q′

x(s, x)ds+

∫ t

0
e−α(t−s)K ′

x(0)Q(s, x)ds+
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+

∫ t

0

∫ x

−∞
e−α(t−s)K ′′

xx(x− ρ)Q(s, ρ)dρds; (9)

uxxt = K(0)Q′
x(t, x)− α

∫ t

0
e−α(t−s)K(0)Q′

x(s, x)ds+K ′
x(0)Q(t, x)−

−α

∫ t

0
e−α(t−s)K ′

x(0)Q(s, x)ds+

∫ x

−∞
K ′′

xx(x− ρ)Q(t, ρ)dρ−

−α

∫ t

0

∫ x

−∞
e−α(t−s)K ′′

xx(x− ρ)Q(s, ρ)dρds = K(0)Q′
x(t, x) +K ′(0)Q(t, x)−

−α

[∫ t

0
e−α(t−s)K(0)Q′

x(s, x)ds+

∫ t

0
e−α(t−s)K ′

x(0)Q(s, x)ds+

+

∫ t

0

∫ x

−∞
e−α(t−s)K ′′

xx(x− ρ)Q(s, ρ)dρds

]
+

∫ x

−∞
K ′′

xx(x− ρ)Q(t, ρ)dρ =

= K(0)Q′
x(t, x) +K ′(0)Q(t, x)− α

[
uxx − φ′′(x)

]
+

+

∫ x

−∞
K ′′

xx(x− ρ)Q(t, ρ)dρ. (10)

Òîãäà èç (10), ó÷èòûâàÿ (9), ïîëó÷èì

−uxxt − αuxx = −
[
K(0)Q′

x(t, x) +K ′(0)Q(t, x)
]
− αφ′′(x)−

−
∫ x

−∞
K ′′

xx(x− ρ)Q(t, ρ)dρ. (11)

Èç (8) èìååì

ut + αu =

∫ x

−∞
K(x− ρ)Q(t, ρ)dρ+ αφ(x). (12)

Ñëåäîâàòåëüíî, ñêëàäûâàÿ ïî÷ëåííî (11) è (12), ïîëó÷àåì

ut + α[u− uxx]− uxxt =

= −
[
K(0)Q′

x(t, x) +K ′(0)Q(t, x)
]
+ αφ(x)− αφ′′(x)+

+

∫ x

−∞

[
K(x− ρ)−K ′′(x− ρ)

]
Q(t, ρ)dρ =
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= f(t, x, u, ut, ux) +

∫ t

0
N(t, s, x, u)ds.

Îòñþäà, ó÷èòûâàÿ (5), (7), (8), èìååì

K(0)Q′
x(t, x)+K ′(0)Q(t, x) = −f(t, x, u, ut, ux)−

∫ t

0
N(t, s, x, u )ds+αφ(x)−

−αφ′′(x) +

∫ x

−∞

[
K(x− ρ)−K ′′(x− ρ)

]
Q(t, ρ)dρ = −f [t, x, φ(x)+

+

∫ t

0

∫ x

−∞
e−α(t−s)K(x− ρ)Q(s, ρ)dρds,

∫ x

−∞
K(x− t)Q(t, ρ)dρ−

−
∫ t

0

∫ x

−∞
e−α(t−s)K(x− ρ)Q(s, ρ)dρds, φ′(x) +

∫ t

0
e−α(t−s)K(0)Q(s, x)ds+

+

∫ t

0

∫ x

−∞
e−α(t−s)K ′

x(x− ρ)Q(s, ρ)dρds

]
+ αφ(x)− αφ′′(x)+

+

∫ x

−∞

[
K(x− ρ)−K ′′

xx(x− ρ)
]
Q(t, ρ)dρ−

∫ t

0
N [t, s, x, φ(x)+

+

∫ t

0

∫ x

−∞
e−α(t−s)K(x− ρ)Q(s, ρ)dρds].

Ïîñëåäíåå óðàâíåíèå áóäåì ðàññìàòðèâàòü êàê îáûêíîâåííîå äèôôåðåí-

öèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà îòíîñèòåëüíî Q(t, x) ñ èçâåñòíîé ïðà-
âîé ÷àñòüþ. Òîãäà èìååì

Q(t, x)=−
∫ x

−∞
e
−K′(0)

K(0)
(x−γ){f [t, γ, φ(γ)+

∫ t

0

∫ γ

−∞
e−α(t−s)K(γ − ρ)Q(s, ρ)dρds+

+

∫ γ

−∞
K(γ − ρ)Q(t, ρ)dρ−

∫ t

0

∫ γ

0
e−α(t−s)K(γ − ρ)Q(s, ρ)dρds(γ)+

+

∫ t

0
e−α(t−s)K(0)Q(s, γ)ds+

∫ t

0

∫ γ

−∞
e−α(t−s)K ′(γ − ρ)Q(s, ρ)dρds]+

+αφ(γ)− αφ′′(γ) +

∫ γ

−∞
[K(γ − ρ)−K ′′(γ − ρ)]Q(t, ρ)dρ−

Ìàòåìàòè÷åñêèé æóðíàë 2015. Òîì 15. � 3 (57)



Î ðàçðåøèìîñòè ñåìåéñòâà êðàåâûõ çàäà÷ Âàëëå-Ïóññåíà ... 51

−
∫ t

0
N [t, s, γ, φ(x)+

∫ t

0

∫ γ

−∞
e−α(t−s)K(γ− ρ)Q(s, ρ)dρd s]} dγ ≡ PQ. (13)

Ïóñòü Ω � ìíîæåñòâî íåïðåðûâíûõ ïî îáîèì àðãóìåíòàì ôóíêöèé Q(t, x)
â ïîëîñå {t ∈ [0, T ] , −∞ < x < +∞}, ïðè÷åì ∥Q∥ ≤ h, ãäå h � íåêîòîðîå

ïîëîæèòåëüíîå ÷èñëî, êîòîðîå îïðåäåëÿåòñÿ ïîçæå, ∥ · ∥ îáîçíà÷àåò íîðìó,
îïðåäåëåííóþ â ïðîñòðàíñòâå C {[0, T ] , x ∈ R}.

Ñóùåñòâîâàíèå ðåøåíèé íåëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ Âîëü-

òåððà II ðîäà (13) áóäåì äîêàçûâàòü, èñïîëüçóÿ ïðèíöèï ñæàòûõ îòîáðà-

æåíèé. Ïðàâóþ ÷àñòü (13) ðàññìîòðèì êàê îïåðàòîð PQ, äåéñòâóþùèé íà
ôóíêöèþ Q(t, x) â Ω.
Èç (13), ó÷èòûâàÿ (4), ïðîâåäåì îöåíêè

∥PQ∥ ≤
∣∣∣∣∫ x

−∞
e
−K′(0)

K(0)
(x−γ)

(M̄ + dh)dγ

∣∣∣∣ ,
ãäå M̄ = max

G

∣∣f(t, x, u, ut, ux) + αφ(x)− αφ′′(x) + N̄T0

∣∣,
d =

∥∥∥∥∫ x

−∞

[
K(x− ρ)−K ′′(x− ρ)

]
dρ

∥∥∥∥ , T0 ≤ T.

Ïóñòü

d
|K(0)|
|K ′(0)|

<
1

2
. (14)

Òîãäà âûáåðåì h, T0 òàê, ÷òîáû âûïîëíÿëîñü ñîîòíîøåíèå

M̄
|K(0)|
|K ′(0)|

+ d
|K(0)|
|K ′(0)|

h ≤ h. (15)

Ïðè òàêîì âûáîðå h îïåðàòîð PQ ïåðåâîäèò øàð ∥Q∥ ≤ h â ñåáÿ:PQ : Ω →
Ω.

Èñïîëüçóÿ (4), îöåíèì ðàçíîñòü

∥PQ1 − PQ2∥ ≤ {|
∫ x

−∞
e
−K′(0)

K(0)
(x−γ)

L[

∫ t

0

∫ x

−∞
e−α(t−s)|K(γ − ρ)|dρds+

+

∫ γ

−∞
|K(γ− ρ)|dρ+

∫ t

0

∫ γ

−∞
e−α(t−s)|K(γ− ρ)|dρds+

∫ t

0
e−α(t−s)|K(0)|ds+
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+

∫ t

0

∫ γ

−∞
e−α(t−s)|K ′(γ − ρ)|dρds]dγ+

+

∫ x

−∞
|K(x−ρ)−K ′′(x−ρ)|dρ+L1T0

∫ T0

0

∫ x

−∞
e−α(t−s)|K(γ−ρ)|dρds}∥Q1−Q2∥.

Ïóñòü T0 ≤ T . Íàëîæèì íà ôóíêöèþ K(x − ρ) åùå îäíî äîïîëíèòåëüíîå
óñëîâèå∫ x

−∞
|e−

K′(0)
K(0)

(x−γ)
L[

∫ T0

0

∫ x

−∞
e−α(T0−s)|K(γ − ρ)|dρds+

∫ γ

−∞
|K(γ − ρ)|dρ+

+

∫ T0

0

∫ γ

−∞
e−α(T0−s)|K(γ − ρ)|dρds+

∫ T0

0
e−α(T0−s)|K(0)|ds+

+

∫ T0

0

∫ x

−∞
e−α(T0−s)|K ′(γ − ρ)|dρds]dγ+

+

∫ x

−∞
|K(x− ρ)−K ′′(x− ρ)|dρ+

+L1T0

∫ T0

0

∫ x

−∞
e−α(T0−s)|K(γ − ρ)|dρds| < 1. (16)

Â ÷àñòíîñòè, òðåáîâàíèÿì (6), (14), (16) óäîâëåòâîðÿåò ôóíêöèÿK(x−ρ) =
e−β(x−ρ), β > 0, ïðè÷åì β óäîâëåòâîðÿåò íåêîòîðîìó íåðàâåíñòâó, êîòîðîå

ñëåäóåò èç (16).

Â ñàìîì äåëå,

K ′
x(x− ρ) = −βe−β(x−β),

|K(0)| = 1,

∣∣∣∣K ′
x(0)

K(0)

∣∣∣∣ = β > 0.

Èç (16) èìååì∫ x

−∞

∣∣∣∣∣e−β(x−γ)L

[
2

∫ T0

0

∫ γ

−∞
e−α(T0−s)e−β(γ−ρ)dρds+

+

∫ γ

−∞
e−β(γ−ρ)dρ+

1

α
(1− e−αT0)+
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+

∫ T0

0

∫ x

−∞
e−α(T0−s)βe−β(γ−ρ)dρds

]
dγ+

+

∫ x

−∞
(1− β2)e−β(x−ρ)dρ+ L1T0

∫ T0

0

∫ x

−∞
e−α(T0−s)e−β(γ−ρ)dρds

]
=

= L

∫ x

−∞
e−β(x−γ)

[
2
1− e−αT0

αβ
+

1

β
+

1

α
(1− e−αT0) +

1

α
+

+
1− β2

β
+ L1T0

1

αβ

]
dγ ≤ L

β
[2
1− e−αT0

αβ
+

+
1

β
+

1

α
(1− e−αT0) +

1

β
+ L1T0

1

αβ
≡ B(α, β, T0).

Â äàííîì ñëó÷àå óñëîâèå (14) èìååò âèä∫ x

−∞

(
1− β2

)
e−β(x−ρ)dρ× 1

β
=

1− β2

β2
<

1

β2
.

Î÷åâèäíî, ÷òî äëÿ äîñòàòî÷íî áîëüøèõ β > β0 ïðåäïîëîæåíèå (14)

âûïîëíåíî. Òàêæå ÿñíî, ÷òî ñóùåñòâóåò β0 > 0 òàêîå, ÷òî ïðè β > β0, T0 ≤
T èìååì B(α, β, T0) < 1. ×òî è òðåáîâàëîñü äîêàçàòü.

Ñîãëàñíî ïðèíöèïó ñæàòûõ îòîáðàæåíèé èç (16) ñëåäóåò, ÷òî íåëèíåé-

íîå èíòåãðàëüíîå óðàâíåíèå (13) ïðè óñëîâèÿõ (14), (15) èìååò åäèíñòâåí-

íîå è îãðàíè÷åííîå ðåøåíèå Q(t, x). Ïîäñòàâèâ íàéäåííóþ ôóíêöèþ â (5),

èìååì ðåøåíèå çàäà÷è Êîøè (1)�(2).

Èññëåäóåì òåïåðü äèôôåðåíöèàëüíûå ñâîéñòâà ðåøåíèé çàäà÷è Êîøè (1)�

(2). Äëÿ âñåõ {t ∈ [0, T0] , −∞ < x < +∞} èç ðàâåíñòâà (5) âûòåêàåò íåðà-
âåíñòâî

∥u(t, x)t∥ ≤ ∥φ(x)∥+ ∥
∫ t

0

∫ x

−∞
e−α(t−s)K(x− ρ)Q(s, ρ)dρds∥ ≤

≤ φ0 +
Kh

α
= M0 = const,

ãäå K = max
∫ x
−∞ |K(x− ρ| dρ.
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Àíàëîãè÷íî èç (7)�(10) ìîæíî äîêàçàòü, ÷òî âñå ïðîèçâîäíûå, âõîäÿ-

ùèå â óðàâíåíèå (1), ðàâíîìåðíî îãðàíè÷åíû.

Òåïåðü ñôîðìóëèðóåì ïîëó÷åííûé ðåçóëüòàò.

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå (À). Òîãäà çàäà÷à Êîøè äëÿ íåëè-

íåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ

òðåòüåãî ïîðÿäêà (1)�(2) ðàçðåøèìà è èìååò èíòåãðàëüíîå ïðåäñòàâëåíèå

â âèäå (5). Êðîìå òîãî, âñå ïðîèçâîäíûå, âõîäÿùèå â óðàâíåíèå (1), ðàâ-

íîìåðíî îãðàíè÷åíû.
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Baizakov A.B., Akerova Dzh.A. SOLVABILITY OF THE CAUCHY

PROBLEM FOR NONLINEAR THIRD ORDER PARTIAL INTEGRO-

DIFFERENTIAL EQUATIONS

The su�cient conditions of solvability of the Cauchy problem for nonlinear

third order partial integro-di�erential equations are established and the integral

representation of such solutions is constructed.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÂÇÀÈÌÎÄÅÉÑÒÂÈß ÏÀÄÀÞÙÅÉ
ÓÄÀÐÍÎÉ ÂÎËÍÛ Ñ ÏÎÃÐÀÍÈ×ÍÛÌ ÑËÎÅÌ

Ñ ïîìîùüþ ïðåäëîæåííîãî àëãîðèòìà ðåøåíèÿ îñðåäíåííûõ ïî Ôàâðó

óðàâíåíèé Íàâüå-Ñòîêñà äëÿ òå÷åíèÿ ñîâåðøåííîãî ìíîãîêîìïîíåíòíîãî

ãàçà íà îñíîâå WENO-ñõåìû ÷èñëåííî ìîäåëèðóåòñÿ âçàèìîäåéñòâèå ïà-

äàþùåé óäàðíîé âîëíû ñ ïîãðàíè÷íûì ñëîåì. Äëÿ ìîäåëèðîâàíèÿ ïàäàþ-

ùåãî ñêà÷êà óïëîòíåíèÿ âî âõîäíîì ñå÷åíèè ñòàâÿòñÿ óñëîâèÿ èç ðåøåíèÿ

íåâÿçêîé çàäà÷è î êîñîé óäàðíîé âîëíå. Ïðîèçâåäåíî ñðàâíåíèå ñ îïûòíû-

ìè äàííûìè. Èçó÷åíî âçàèìîäåéñòâèå ïàäàþùåé óäàðíîé âîëíû ñ ïîãðà-

íè÷íûì ñëîåì â óñëîâèÿõ îòðûâíîãî è áåçîòðûâíîãî òå÷åíèÿ â çàâèñèìî-

ñòè îò ÷èñëà Ìàõà íàáåãàþùåãî ïîòîêà.

Êëþ÷åâûå ñëîâà: ñâåðõçâóêîâîå òå÷åíèå, ñîâåðøåííûé ãàç, ïîãðàíè÷íûé

ñëîé, óðàâíåíèÿ Íàâüå-Ñòîêñà, óäàðíàÿ âîëíà.

1 Ââåäåíèå

Âçàèìîäåéñòâèå óäàðíîé âîëíû ñ ïîãðàíè÷íûì ñëîåì ÿâëÿåòñÿ âàæíîé
òåîðåòè÷åñêîé è ïðèêëàäíîé ïðîáëåìîé, àêòóàëüíîé äëÿ ñâåðõçâóêîâûõ
ëåòàòåëüíûõ àïïàðàòîâ. Â ñëó÷àå äîñòàòî÷íî ñèëüíîãî âçàèìîäåéñòâèÿ
âîçíèêàþò îáëàñòè îòðûâà ïîòîêà, èçìåíÿþùèå äèíàìè÷åñêèå è òåïëîâûå
íàãðóçêè, ÷òî ÿâëÿåòñÿ êðèòè÷åñêèì äëÿ ëåòàòåëüíîãî àïïàðàòà. Ñòðóê-
òóðà ïîòîêà â îáëàñòè âçàèìîäåéñòâèÿ ñóùåñòâåííî çàâèñèò îò ðåæèìíûõ

c⃝ À.Î.Áåêåòàåâà, 2015.

Keywords: Supersonic �ow, ideal gas, boundary layer, Navier-Stokes equations, shock

wave

2010 Mathematics Subject Classi�cation: 42À10
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ïàðàìåòðîâ òàêèõ, êàê, íàïðèìåð, ÷èñëà Ìàõà íàáåãàþùåãî ïîòîêà è èí-
òåíñèâíîñòü ñêà÷êà óïëîòíåíèÿ. Çàäà÷à âçàèìîäåéñòâèÿ ïàäàþùåé óäàð-
íîé âîëíû ñ ïîãðàíè÷íûì ñëîåì èçó÷åíà äîñòàòî÷íî õîðîøî [1]�[7]. Ê ýêñ-
ïåðèìåíòàëüíûì ðàáîòàì îòíîñèòñÿ [1], ãäå âûïîëíåíî èññëåäîâàíèå îò-
ðûâíîãî òå÷åíèÿ â çîíå âçàèìîäåéñòâèÿ ïàäàþùåé êîñîé óäàðíîé âîëíû ñ
òóðáóëåíòíûì ïîãðàíè÷íûì ñëîåì ïðè ÷èñëå Ìàõà M∞ = 2 è ÷èñëå Ðåé-
íîëüäñà Re = 2, 7− 3, 5 ∗ 103. Ïîëó÷åíû äàííûå î ðàñïðåäåëåíèè äàâëåíèÿ
âäîëü ïîâåðõíîñòè ìîäåëè. Â ðàáîòå ïðèâîäÿòñÿ äàííûå äåòàëüíûõ òåð-
ìîàíåìîìåòðè÷åñêèõ èçìåðåíèé â íàáåãàþùåì ïîãðàíè÷íîì ñëîå, îáëàñòè
âçàèìîäåéñòâèÿ è â çîíå âîññòàíîâëåíèÿ. Îáíàðóæåíà íåñòàöèîíàðíîñòü
îòðûâíîé çîíû è îòðàæåííîé óäàðíîé âîëíû. Ïîêàçàíî âëèÿíèå êðàåâûõ
ýôôåêòîâ íà êâàçèäâóìåðíóþ ñòðóêòóðó îòðûâíîãî òå÷åíèÿ. Â ðàáîòå [4]
ýêñïåðèìåíòàëüíî èññëåäîâàëîñü âçàèìîäåéñòâèå ñêà÷êà óïëîòíåíèÿ ñ òóð-
áóëåíòíûì ïîãðàíè÷íûì ñëîåì. Äèàãíîñòèêà ïîòîêà ïðîâîäèëàñü ñ ïîìî-
ùüþ áåñêîíòàêòíîãî îïòè÷åñêîãî ìåòîäà âèçóàëèçàöèè � øëèðåí-ìåòîäà.
Â õîäå èññëåäîâàíèÿ áûëî èçó÷åíî âëèÿíèå íàãðåâà ïîâåðõíîñòè íà äëèíó
îòðûâà ïîãðàíè÷íîãî ñëîÿ. Âûÿâëåíî, ÷òî ïðè íàãðåâå ïîâåðõíîñòè çàâè-
ñèìîñòü äëèíû îòðûâà îò òåìïåðàòóðíîãî îòíîøåíèÿ àïïðîêñèìèðóåòñÿ
ëèíåéíûì çàêîíîì. Ñðåäè òåîðåòè÷åñêèõ ðàáîò ñëåäóåò îòìåòèòü [5], ãäå
ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòîâ, ïîëó÷åííûõ ìåòîäîì êðóïíûõ âèõðåé.
Îñíîâíîå âíèìàíèå óäåëÿåòñÿ èçó÷åíèþ ñòðóêòóðû òå÷åíèÿ, ðàçìåðîâ îò-
ðûâíîé çîíû, à òàêæå äèíàìè÷åñêèõ è òåïëîâûõ íàãðóçîê, ðåàëèçóþùèõñÿ
ïðè ýòîì âçàèìîäåéñòâèè. Âëèÿíèå ïàäàþùåé óäàðíîé âîëíû íà òóðáó-
ëåíòíûé ïîãðàíè÷íûé ñëîé ÷èñëåííî èññëåäîâàíî â [6], ãäå èíòåíñèâíîñòü
óäàðíîé âîëíû èçìåíÿëàñü ñ ïîìîùüþ ðåãóëèðîâêè óãëà ãåíåðàòîðà ñêà÷êà
óïëîòíåíèÿ. Â ðàáîòå ðåàëèçîâûâàëèñü òàêèå ìîäåëè òóðáóëåíòíîñòè, êàê
k−ε, k−ε/k−ω ãèáðèäíàÿ ìîäåëü è ìîäåëü ñ îäíèì óðàâíåíèåì äëÿ òóð-
áóëåíòíîé âÿçêîñòè. Àâòîðàìè ðàáîòû [7] ðàññìîòðåíî ÷èñëåííîå ìîäåëè-
ðîâàíèå âçàèìîäåéñòâèÿ ñêà÷êà óïëîòíåíèÿ ñ òóðáóëåíòíûì ïîãðàíè÷íûì
ñëîåì íà ïëàñòèíå. Èññëåäîâàíî âëèÿíèå íà âçàèìîäåéñòâèå òàêèõ ôàêòî-
ðîâ, êàê ñòåïåíü òóðáóëåíòíîñòè âíåøíåãî ïîòîêà è òîëùèíà ïîãðàíè÷íîãî
ñëîÿ íà áîêîâûõ ñòåíêàõ êàíàëà. ×èñëåííîå ìîäåëèðîâàíèå âûïîëíÿëîñü
íà îñíîâå èíòåãðèðîâàíèÿ ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà, îñðåäíåííûõ
ïî Ðåéíîëüäñó, è äâóõïàðàìåòðè÷åñêîé ìîäåëè òóðáóëåíòíîñòè SST k−ω.
Êàê èçâåñòíî, ïðè âçàèìîäåéñòâèè ïîãðàíè÷íîãî ñëîÿ ñ ïàäàþùåé óäàðíîé
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âîëíîé â îñíîâàíèè ñêà÷êà ôîðìèðóåòñÿ ñëîæíàÿ λ -îáðàçíàÿ ñòðóêòóðà
[8] è ïðîèñõîäèò îòðûâ ïîãðàíè÷íîãî ñëîÿ. Ñõåìàòè÷åñêàÿ êàðòèíà âçàè-
ìîäåéñòâèÿ óäàðíîé âîëíû ñ ïîãðàíè÷íûì ñëîåì íà ñòåíêå ïðèâåäåíà íà
ðèñóíêå 1. Çäåñü 1 � ãîëîâíîé ñêà÷îê óïëîòíåíèÿ, ïàäàþùèé íà ñòåíêó, 2
� âîëíà ñæàòèÿ, 3 - îòðàæåííûé ñêà÷îê óïëîòíåíèÿ, 4 � âååð âîëí ðàçðÿ-
æåíèÿ, 5 � âîëíà ñæàòèÿ, âîçíèêàþùàÿ â ìåñòå ïðèñîåäèíåíèÿ îòðûâíîãî
ïîòîêà, S � òî÷êà îòðûâà ïîòîêà, R � òî÷êà ïðèñîåäèíåíèÿ ïîòîêà. Èç
ðèñóíêà ñëåäóåò, ÷òî ãîëîâíîé ñêà÷îê 1, äîñòèãàÿ âåðõíåé ãðàíèöû, ñî-
çäàåò ïîëîæèòåëüíûé ãðàäèåíò äàâëåíèÿ, êîòîðûé îêàçûâàåòñÿ äîñòàòî÷-
íûì äëÿ îòðûâà ïîãðàíñëîÿ íà âåðõíåé ñòåíêå. Ïðè ýòîì ñâåðõçâóêîâàÿ
îáëàñòü ïîãðàíè÷íîãî ñëîÿ îòêëîíÿåòñÿ è ïîðîæäàåò âîëíó ñæàòèÿ 4, êî-
òîðàÿ ðàñïðîñòðàíÿåòñÿ â âèäå îòðàæåííîãî ñêà÷êà 5. Ïðè ðàññìîòðåíèè
òóðáóëåíòíîãî îòðûâà îñîáîå âíèìàíèå íåîáõîäèìî óäåëÿòü ìåõàíèçìàì
îòðûâà è ïðèñîåäèíåíèÿ ïîòîêà, èíòåíñèâíîñòè ñêà÷êà óïëîòíåíèÿ è âëè-
ÿíèþ ðåæèìíûõ ïàðàìåòðîâ íà õàðàêòåðèñòèêè ïîòîêà. Öåëü äàííîé ðàáî-
òû � ÷èñëåííîå ìîäåëèðîâàíèå âçàèìîäåéñòâèÿ ïàäàþùåé óäàðíîé âîëíû ñ
ïîãðàíè÷íûì ñëîåì íà ñòåíêå, à òàêæå èçó÷åíèå âëèÿíèÿ ÷èñëà Ìàõà íàáå-
ãàþùåãî ïîòîêà è óãëà ãåíåðàòîðà ñêà÷êà óïëîòíåíèÿ íà óäàðíî-âîëíîâóþ
ñòðóêòóðó.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ñâåðõçâóêîâîå òå÷åíèå âîçäóõà â êàíàëå ïðè íàëè-
÷èè ïàäàþùåé óäàðíîé âîëíû, äëÿ óäîáñòâà âû÷èñëåíèÿ ðàññìàòðèâàåòñÿ
òîëüêî íèæíÿÿ ñòåíêà (ðèñóíîê 1). Ñèñòåìà äâóìåðíûõ îñðåäíåííûõ ïî
Ôàâðó óðàâíåíèé Íàâüå-Ñòîêñà äëÿ ìíîãîêîìïîíåíòíîé ãàçîâîé ñìåñè îò-
íîñèòåëüíî äåêàðòîâûõ êîîðäèíàò â êîíñåðâàòèâíîé ôîðìå ïðåäñòàâëÿåò-
ñÿ â âèäå

∂U⃗

∂t
+

∂
(
E⃗ − E⃗v

)
∂x

+
∂
(
F⃗ − F⃗v

)
∂z

= 0, (1)

U⃗ = (ρ, ρu, ρw,Et, ρYk)
T ,

E⃗ =
(
ρu, ρu2 + P, ρuw, (Et + P )u, ρuYk

)T
,
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Ðèñóíîê 1 � Ñõåìà òå÷åíèÿ

F⃗ =
(
ρw, ρuw, ρw2 + P, (Et + P )w, ρwYk

)T
,

E⃗v = (0, τxx, τxz, uτxx + wτxz − qx, Jxk)
T ,

F⃗v = (0, τxz, τzz, uτxz + wτzz − qz, Jzk)
T ,

P =
ρT

γ∞M2
∞W

, W =

 Np∑
k=1

Yk
Wk

−1

,

Np∑
k=1

Yk = 1,

Et =
ρ

γ∞M2
∞
h− P +

1

2
ρ
(
u2 + w2

)
, h =

Np∑
k=1

Ykhk, hk = h0k +

T∫
T0

cpkdT ,

cpk = Cpk/Wk, τxx =
µ

Re

(
2ux −

2

3
(ux + wz)

)
,
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τxx =
µ

Re

(
2wz −

2

3
(ux + wz)

)
, τxz = τzx =

µ

Re
(uz + wx) ,

qx =
( µ

PrRe

) ∂T

∂x
+

1

γ∞M2
∞

Np∑
k=1

hkJxk, qz =
( µ

PrRe

) ∂T

∂z
+

1

γ∞M2
∞

Np∑
k=1

hkJzk,

Jxk = − µ

ScRe

∂Yk
∂x

, Jzk = − µ

ScRe

∂Yk
∂z

.

Ñèñòåìà óðàâíåíèé (1) çàïèñàíà â áåçðàçìåðíîì âèäå â îáùåïðèíÿ-
òûõ îáîçíà÷åíèÿõ, â êà÷åñòâå îïðåäåëÿþùèõ ïðèíÿòû ïàðàìåòðû ïîòîêà
u∞, ρ∞, T∞; äàâëåíèå P è ïîëíàÿ ýíåðãèÿ Et îòíåñåíû ê çíà÷åíèþ ρ∞u2∞;
óäåëüíàÿ ýíòàëüïèÿ hk � ê R0T∞/W∞; ìîëÿðíûå óäåëüíûå òåïëîåìêîñòè
Cpk � ê R0; õàðàêòåðíûì ïàðàìåòðîì äëèíû ÿâëÿåòñÿ äèàìåòð ñîïëà. Âå-
ëè÷èíà Yk � ìàññîâàÿ êîíöåíòðàöèÿ k-îé êîìïîíåíòû; èíäåêñ ìàññîâîé
êîíöåíòðàöèè k = 1 ñîîòâåòñòâóåò O2, k = 2 � H2, k = 3 � N2; Np = 3
� ÷èñëî êîìïîíåíò ñìåñè ãàçîâ. Wk � ìîëåêóëÿðíûé âåñ k-îé êîìïîíåí-
òû; Re, Pr, Sc � ÷èñëà Ðåéíîëüäñà, Ïðàíäòëÿ è Øìèäòà, ñîîòâåòñòâåííî;
τxx, τzz, τxz, τzx � òåíçîðû âÿçêèõ íàïðÿæåíèé; qx, qz, Jxk, Jzk � òåïëîâûå
è äèôôóçèîííûå ïîòîêè (äèôôóçèîííûå ïîòîêè âû÷èñëÿþòñÿ ïî çàêîíó
Ôèêà); µ = µl + µt � ýôôåêòèâíàÿ âÿçêîñòü (îïðåäåëÿåòñÿ ÷åðåç ñóììó
ëàìèíàðíîé è òóðáóëåíòíîé âÿçêîñòè). Äëÿ îïðåäåëåíèÿ µt èñïîëüçóåòñÿ
ìîäåëü Áîëäóèíà-Ëîìàêñà.

2. Ãðàíè÷íûå óñëîâèÿ

Íà âõîäå:

Yk = Yk∞,Wk = Wk∞, P = P∞, T = T∞,

u = M∞
√

γ∞R0T∞/W∞, w = 0, x = 0, 0 ≤ z ≤ H.

Íà íèæíåé ñòåíêå çàäàåòñÿ óñëîâèå ïðèëèïàíèÿ è òåïëîèçîëÿöèè. Âî âõîä-
íîì ñå÷åíèè âáëèçè ñòåíêè êàíàëà çàäàåòñÿ ïîãðàíè÷íûé ñëîé, òîëùèíà
êîòîðîãî îïðåäåëÿåòñÿ ïî ôîðìóëå: δ1 = 0, 37x (Re)−0,2. Òàêæå çàäàåòñÿ

Ìàòåìàòè÷åñêèé æóðíàë 2015. Òîì 15. � 3 (57)



Ìîäåëèðîâàíèå âçàèìîäåéñòâèÿ ïàäàþùåé óäàðíîé âîëíû ... 61

ïðèñòåííûé ñëîé δ2 = 0, 1δ1. Ïðîäîëüíàÿ ñîñòàâëÿþùàÿ ñêîðîñòè ïðèíè-
ìàåò ñëåäóþùèé âèä:

u = 0, 1

(
z

δ2

)
+ 0, 9

(
z

δ2

)2

, x = 0, 0 ≤ z ≤ δ2,

â ðàçâèòîì òóðáóëåíòíîì ïîãðàíè÷íîì ñëîå ïðîôèëü ïðîäîëüíîé ñêîðîñòè
çàäàåòñÿ ñòåïåííûì çàêîíîì:

u =

(
z

δ1

)1/7
x = 0, x = 0, δ2 ≤ z ≤ δ1.

Â çàâèñèìîñòè îò ðàñïðåäåëåíèÿ ñêîðîñòè çíà÷åíèÿ òåìïåðàòóðû è ïëîò-
íîñòè ïðèìóò âèä

T = Tw + u (1− Tw) , ρ =
1

T
,

ãäå Tw =
(
1 + r (γ−1)

2 M2
∞

)
� òåìïåðàòóðà íà ñòåíêå, r = 0, 88.

Íà âåðõíåé ãðàíèöå � óñëîâèå ñèììåòðèè, è íà âûõîäíîé ãðàíèöå çà-
äàþòñÿ óñëîâèÿ íåîòðàæåíèÿ [9]. Ïðè çàäàíèè ïàäàþùåé óäàðíîé âîëíû
âî âõîäíîì ñå÷åíèè âáëèçè âåðõíåé ãðàíèöû äëÿ ãàçîäèíàìè÷åñêèõ ïàðà-
ìåòðîâ ñòàâèëèñü óñëîâèÿ èç ðåøåíèÿ çàäà÷è î êîñîì ñêà÷êå óïëîòíåíèÿ:

P = P∞
2γ

γ + 1
M2

∞ (sinβ)2 − γ − 1

γ + 1
, ρ =

γ+1
2 M2

∞ (sinβ)2

1 + γ−1
2 M2

∞ (sinβ)2
,

ãäå θ � óãîë íàêëîíà ãåíåðàòîðà ñêà÷êà óïëîòíåíèÿ , β � óãîë, îáðàçî-
âàííûé ëèíèåé ñêà÷êà ñ íàïðàâëåíèåì íàáåãàþùåãî ïîòîêà (íàéäåí èç çà-
âèñèìîñòè θ îò β äëÿ ñåìåéñòâà ëèíèé ñ ðàçëè÷íûìè çíà÷åíèÿìè Ìàõà
ïîòîêà [10]).

3. Ìåòîä ðåøåíèÿ

Íà ñòåíêå â ïîãðàíè÷íîì ñëîå ââîäèòñÿ ñãóùåíèå ñåòêè äëÿ áîëåå òî÷-
íîãî ÷èñëåííîãî ðåøåíèÿ. Òîãäà ñèñòåìà óðàâíåíèé (1) â ïðåîáðàçîâàííîé
ñèñòåìå êîîðäèíàò çàïèøåòñÿ â âèäå
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∂ Ũ

∂t
+

∂ Ẽ

∂ξ
+

∂ F̃

∂η
=

∂Ẽv2

∂ξ
+

∂Ẽvm

∂ξ
+

∂F̃v2

∂η
+

∂F̃vm

∂η
, (2)

ãäå Ũ = U⃗/J , Ẽ = ξxE⃗/J , F̃ = ηzF⃗ /J , Ẽv2 = ξxE⃗v2/J , Ẽvm = ξxE⃗vm/J ,
F̃v2 = ηzF⃗v2/J , F̃vm = ηzF⃗vm/J . J = ∂(ξ, η)/∂(x, z) � ßêîáèàí ïðåîáðàçî-
âàíèÿ.

Ïàðàìåòðû ïðåîáðàçîâàíèÿ êîîðäèíàò ïîäðîáíî îïèñàíû â [11].
Êîíâåêòèâíûå ÷ëåíû àïïðîêñèìèðóþòñÿ ñ èñïîëüçîâàíèåì WENO-

ñõåìû, èäåÿ ïîñòðîåíèÿ êîòîðîé îñíîâàíà íà ENO-ñõåìå, ïîäðîáíî èçëî-
æåííîé â ðàáîòå [11]. Â ïðåäëàãàåìîé WENO-ñõåìå ïðè èíòåðïîëèðîâà-
íèè êóñî÷íî-ïîñòîÿííîé ïîëèíîìèàëüíîé ôóíêöèè ïðèìåíÿþòñÿ ïîëèíî-
ìû Íüþòîíà òðåòüåãî ïîðÿäêà, ïîñòðîåííûå ñ èñïîëüçîâàíèåì âûïóêëîé
êîìáèíàöèè øàáëîíîâ. Â ðåçóëüòàòå ÷åãî ïîðÿäîê àïïðîêñèìàöèè WENO-
ñõåìû âîçðàñòàåò äî ÷åòâåðòîãî. Ðåøåíèå ñèñòåìû óðàâíåíèé (2) è îïðå-
äåëåíèå òåìïåðàòóðû îñóùåñòâëÿþòñÿ â ñîîòâåòñâèè ñ ðàáîòîé [11].

4. Ðåçóëüòàòû ðàñ÷åòîâ è èõ àíàëèç

Ïàðàìåòðû âû÷èñëèòåëüíîé îáëàñòè ñëåäóþùèå: âûñîòà è øèðèíà
H = 20cm è L = 120cm. Ïðè ÷èñëåííîì ðàñ÷åòå âî âõîäíîì ñå÷åíèè çà-
äàåòñÿ òîëùèíà ïîãðàíè÷íîãî ñëîÿ δ1 = 3.5, âû÷èñëåííàÿ äëÿ x = 300cm.
Ñãóùåíèå ñåòêè âáëèçè ñòåíêè îñóùåñòâëÿåòñÿ òàêèì îáðàçîì, ÷òî äëÿ
ïåðâîãî îò ñòåíêè óçëà ñåòêè âûïîëíÿåòñÿ óñëîâèå: z+ = 1.5, äëÿ ïðèñòåí-
íîãî ñëîÿ ïðèõîäèòñÿ 5-8 óçëîâûõ òî÷åê ïî íàïðàâëåíèþ îñè z, à ðàñ÷åò
âñåãî ïîãðàíè÷íîãî ñëîÿ âûïîëíÿåòñÿ ñ èñïîëüçîâàíèåì 35-40 óçëîâ ðàñ-
÷åòíîé ñåòêè. Ðàñ÷åò âñåé îáëàñòè ïðîèçâîäèòñÿ íà ñåòêå ñ óçëàìè 401x281.
Äëÿ àïðîáàöèè ÷èñëåííîãî ìåòîäà áûë âûïîëíåí ñëåäóþùèé ýêñïåðèìåíò:
ðàññìàòðèâàåòñÿ ñâåðõçâóêîâîå òå÷åíèå âîçäóõà âäîëü òîíêîé ïëàñòèíû ñ
ãåíåðàòîðîì ñêà÷êà óïëîòíåíèÿ íà âåðõíåé ãðàíèöå ñ ïàðàìåòðàìè çàäà-
÷è, ñîîòâåòñòâóþùèìè ýêñïåðèìåíòàì ðàáîòû [6], ãäå ÷èñëî Ìàõà íàáå-
ãàþùåãî ïîòîêà M∞ = 5 , ÷èñëî Ðåéíîëüäñà Re = 40 · 106, òåìïåðàòóðà
ñòåíêè Tw = 300K. Ýêñïåðèìåíò ïðîâîäèëñÿ äëÿ óãëà ãåíåðàòîðà ñêà÷-
êà α = 100, êîòîðûé ñîîòâåòñòâîâàë áåçîòðûâíîìó òå÷åíèþ ïîãðàíè÷íîãî
ñëîÿ. Íà ðèñóíêå 2 ïðåäñòàâëåíû ðåçóëüòàòû ñðàâíåíèÿ ñ ýêñïåðèìåíòà-
ìè êîýôôèöèåíòà òðåíèÿ (ðèñ. 2à) è äàâëåíèÿ (ðèñ. 2á) íà ñòåíêå; çäåñü
÷åðíûå êâàäðàòû � ýêñïåðèìåíò è ñïëîøíàÿ ëèíèÿ � ðåçóëüòàòû äàííîé
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ðàáîòû. Èç ãðàôèêîâ ìîæíî îòìåòèòü óäîâëåòâîðèòåëüíîå ñîãëàñèå ýêñïå-
ðèìåíòîâ è ðàñ÷åòîâ. Òàêæå íà ôèãóðå 3 ïîêàçàíû øëèðåí ôîòîãðàôèè è
ðàñïðåäåëåíèÿ ïëîòíîñòè äëÿ óãëîâ ãåíåðàòîðà ñêà÷êà α = 100 è α = 140.
Òàê ïðè, áåçîòðûâíîì òå÷åíèè äëÿ α = 100 âèäíî ïàäåíèå óäàðíîé âîëíû
1 íà ñòåíêó è åå îòðàæåíèå. Ïðè α = 140 äëÿ îòðûâíîãî òå÷åíèÿ íàáëþäà-
åòñÿ ôîðìèðîâàíèå ñëîæíîé λ -îáðàçíîé ñòðóêòóðû îòðûâà ïîãðàíè÷íîãî
ñëîÿ. Çäåñü 1 � ãîëîâíîé ñêà÷îê óïëîòíåíèÿ, ïàäàþùèé íà ñòåíêó, 2 �
âîëíà ñæàòèÿ, 3 � îòðàæåííûé ñêà÷îê óïëîòíåíèÿ, 5 � âîëíà ñæàòèÿ, âîç-
íèêàþùàÿ â ìåñòå ïðèñîåäèíåíèÿ îòðûâíîãî ïîòîêà. Èç ãðàôèêîâ ñëåäóåò
êà÷åñòâåííîå ñîãëàñîâàíèå ðàñ÷åòíûõ è ýêñïåðèìåíòàëüíûõ äàííûõ. Äà-
ëåå ïðîèçâîäèëîñü èññëåäîâàíèå âçàèìîäåéñòâèÿ ñêà÷êà óïëîòíåíèÿ (óãîë
ãåíåðàòîðà α = 100) ñ ïîãðàíè÷íûì ñëîåì íà ñòåíêå ïðè èçìåíåíèè ÷èñëà
Ìàõà íàáåãàþùåãî ïîòîêà. Àíàëèç âëèÿíèÿ ÷èñëà Ìàõà ïîòîêà íà ïîëå
âåêòîðà ñêîðîñòè îòðàæåí íà ðèñóíêå 4 (4à � M∞ = 5 , 4á � M∞ = 4, 5,
4â-M∞ = 4, 4ã � M∞ = 3, 5). Ðåçóëüòàòû ïîêàçûâàþò, ÷òî ïðè ÷èñëàõ
Ìàõà, ðàâíûõ 5 è 4.5, ïðîèñõîäèò áåçîòðûâíîå âçàèìîäåéñòâèå ïàäàþùåé
óäàðíîé âîëíû ñ ïîãðàíè÷íûì ñëîåì (ôèãóðû 4à è 4á) . Ïðè óìåíüøåíèè
÷èñëà Ìàõà ïîòîêà äî 4 è íèæå óæå ìîæíî íàáëþäàòü âîçâðàòíîå òå÷åíèå
íà ñòåíêå (ðèñ. 4à è 4á). Óâåëè÷åíèå ÷èñëà Ìàõà ïîòîêà çàìåòíî óìåíüøà-
åò äîçâóêîâóþ îáëàñòü âáëèçè ñòåíêè è èíòåíñèâíîñòè ñêà÷êà óïëîòíåíèÿ
íåäîñòàòî÷íî äëÿ ôîðìèðîâàíèÿ îáëàñòè îòðûâà. Óìåíüøåíèå ÷èñëà Ìà-
õà ïîòîêà ñ 4 äî 3,5 ïðèâîäèò ê óâåëè÷åíèþ çîíû îòðûâà ïîòîêà íà ñòåíêå,
÷òî ìîæíî íàáëþäàòü èç ðàñïðåäåëåíèÿ ëèíèé òîêà, ïðåäñòàâëåííûõ íà
ãðàôèêå 5 ( 5à � M∞ = 4, 5á � M∞ = 3, 5). Ïðè èçìåíåíèè ÷èñëà Ìàõà ñ 4
äî 3.5 çîíà îòðûâà óâåëè÷èâàåòñÿ ïî äëèíå â 1,55, à ïî âûñîòå � â 1,2 ðàçà.
Ïðè óìåíüøåíèè ñêîðîñòè îñíîâíîãî ïîòîêà óãîë íàêëîíà êîñîãî ñêà÷êà
óïëîòíåíèÿ óâåëè÷èâàåòñÿ, ÷òî, â ñâîþ î÷åðåäü, âëå÷åò áîëåå èíòåíñèâíîå
âçàèìîäåéñòâèå óäàðíîé âîëíû ñ ïîãðàíè÷íûì ñëîåì. Êàðòèíà ðàñïðåäå-
ëåíèÿ èçîáàð, ïðåäñòàâëåííàÿ íà ðèñóíêå 6 (6à � M∞ = 5, 6á � M∞ = 4, 5,
6â � M∞ = 4, 6ã � M∞ = 3, 5), äåìîíñòðèðóåò óäàðíî-âîëíîâóþ ñòðóêòóðó
òå÷åíèÿ. Çäåñü âèäíî, ÷òî ïðè M∞ = 5 è M∞ = 4, 5 ïðîèñõîäèò ïàäåíèå è
îòðàæåíèå ñêà÷êà óïëîòíåíèÿ îò ñòåíêè (1 è 5 íà ãðàôèêàõ 6à è 6á). Òî-
ãäà êàê äëÿ ñëó÷àåâ M∞ = 4 è M∞ = 3, 5 (ôèãóðû 6â è 6ã) óæå âîçíèêàåò
λ -îáðàçíàÿ óäàðíî-âîëíîâàÿ ñòðóêòóðà òå÷åíèÿ. Ðàñïðåäåëåíèå äàâëåíèÿ
íà ñòåíêå, ïðåäñòàâëåííîå íà ðèñóíêå 7 (ëèíèÿ 1 − M∞ = 5, ëèíèÿ 2 −−−
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Ðèñóíîê 2 � Êîýôôèöèåíò òðåíèÿ è ðàñïðåäåëåíèå äàâëåíèÿ íà ñòåíêå

M∞ = 4, ëèíèÿ 3 − · ·− M∞ = 4, è ëèíèÿ 4 − · − M∞ = 3, 5) ïîêàçûâàåò,
÷òî äàâëåíèå íà ñòåíêå ðàñòåò ñ âîçðàñòàíèåì ÷èñëà Ìàõà ïîòîêà. Äëÿ îò-
ðûâíûõ òå÷åíèé ïðîèñõîäèò äîïîëíèòåëüíîå ïîâûøåíèå äàâëåíèÿ çà ñ÷åò
îòðûâà ïîãðàíè÷íîãî ñëîÿ íà ñòåíêå.

Çàêëþ÷åíèå

Ðàçðàáîòàííàÿ ÷èñëåííàÿ ìîäåëü äëÿ ðàñ÷åòà òóðáóëåíòíûõ òå÷åíèé
íà îñíîâå WENO-ñõåìû ïîçâîëÿåò ìîäåëèðîâàòü òå÷åíèå ñâåðõçâóêîâîãî
ìíîãîêîìïîíåíòíîãî ãàçà ïðè íàëè÷èè ïàäàþùåé óäàðíîé âîëíû. Ñîïî-
ñòàâëåíèå ðàñ÷åòîâ ñ îïûòíûìè äàííûìè ïîêàçûâàåò óäîâëåòâîðèòåëüíîå
ñîãëàñîâàíèå ðåçóëüòàòîâ. Ñ ïîìîùüþ ïðîâåäåííûõ ÷èñëåííûõ ýêñïåðè-
ìåíòîâ âûÿâëåíî, ÷òî äëÿ óãëà ãåíåðàòîðà ñêà÷êà óïëîòíåíèÿ α = 100 ñ
óâåëè÷åíèå ÷èñëà Ìàõà ïîòîêà ñ M∞ = 4, 5 è âûøå ôîðìèðóåòñÿ áåçîò-
ðûâíîå âçàèìîäåéñòâèå ïàäàþùåé óäàðíîé âîëíû ñ ïîãðàíè÷íûì ñëîåì
âñëåäñòâèå óìåíüøåíèÿ äîçâóêîâîé îáëàñòè âáëèçè ñòåíêè, â ðåçóëüòàòå
÷åãî èíòåíñèâíîñòè ñêà÷êà óïëîòíåíèÿ íåäîñòàòî÷íî äëÿ ôîðìèðîâàíèÿ
îáëàñòè îòðûâà. Èçó÷åíà äèíàìèêà îáðàçîâàíèÿ çîíû îòðûâà â çàâèñèìî-
ñòè îò óâåëè÷åíèÿ ñêîðîñòè íàáåãàþùåãî ïîòîêà, à òàêæå ïðîâåäåí àíàëèç
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Ðèñóíîê 3 � Òåíåâûå ôîòîãðàôèè òå÷åíèÿ è ðàñïðåäåëåíèå ïëîòíîñòè
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Ðèñóíîê 4 � Ïîëå âåêòîðà ñêîðîñòè
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Ðèñóíîê 5 � Ðàñïðåäåëåíèå ëèíèé òîêà

Ìàòåìàòè÷åñêèé æóðíàë 2015. Òîì 15. � 3 (57)



68 À.Î.Áåêåòàåâà

Ðèñóíîê 6 � Ðàñïðåäåëåíèå èçîáàð
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Ðèñóíîê 7 � Äàâëåíèå íà ñòåíêå

èçáûòî÷íîãî äàâëåíèÿ íà ñòåíêå â çàâèñèìîñòè îò ÷èñëà Ìàõà ñâåðõçâó-
êîâîãî òå÷åíèÿ.
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Áåêåòàåâà �.Î. ØÅÊÀÐÀËÛ� �ÀÁÀÒ ÏÅÍ ��ËÀÌÀËÛ ÒÎË�ÛÍ
ÑÎ��ÛÑÛÍÛ� �ÇÀÐÀ �ÐÅÊÅÒÒÅÑÓIÍ ÌÎÄÅËÜÄÅÓ

Æåòiëäiðiëãåí ê°ïêîìïîíåíòòi ãàç à¡ûíäàðû ³øií Ôàâð áîéûíøà îð-
òàøàëàí¡àí Íàâüå-Ñòîêñ òåäåóií øåøóäi ³ñûíûë¡àí àëãîðèòìi ê°ìåãi-
ìåí øåêàðàëû© ©àáàò ïåí ©´ëàìàëû òîë©ûí ñî©©ûñûíû °çàðà ºðåêåòòå-
ñóiíi ñàíäûê ìîäåëi WENO-ñ´ëáàñû íåãiçiíäå æ³çåãå àñàäû. Êiðå áåðiñ
©èìàñûíäà¡û íû¡ûçäàìàíû ©´ëàìàëû ñåêiðiñií ìîäåëüäåó ³øií ©è¡àø
òîë©ûí òóðàëû ³éêåëiññiç åñåïòi øåøiìiíåí àëûí¡àí øàðòòàð ©îéûë-
äû. Òºæiðèáåäåí àëûí¡àí áåðiëiìäåðìåí ñàëûñòûðó æàñàëäû. �³ëàìàëû
òîë©ûí ñî©©ûñûíû øåêàðàëû© ©àáàòïåí °çàðà ºðåêåòòåñói åêïiíäi à¡ûí-
íû Ìàõ ñàíûíà òºóåëäi áîëàòûí ³çiëìåëi æºíå ³çiëìåéòií à¡ûí æà¡äàé-
ëàðûíäà çåðòòåëäi.

Beketaeva A.O. SIMULATION OF THE SHOCK WAVE AND
BOUNDARY LAYER INTERACTION

Numerical simulation of 2-d supersonic shock wave and boundary layer
interaction have been carried out by solving the Favre averaged Navier-Stokes
equations for the �ow of a perfect multi-component gas using WENO-scheme.
To simulate the shock wave in the inlet section the conditions for the solution
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of a non-viscous problem on a oblique shock wave are set. The results are
compared with the experimental data. The shock wave and boundary layer
interaction under the conditions of separated and unseparated �ow, depending
on the free-stream Mach number are studied.
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ÃÐÀÍÈÖÅ ÎÁËÀÑÒÈ ÄËß ÎÄÍÎÌÅÐÍÎÃÎ ÂÎËÍÎÂÎÃÎ

ÓÐÀÂÍÅÍÈß

Â íàñòîÿùåé ðàáîòå íàìè ïðåäëàãàþòñÿ äâå íîâûå ïîñòàíîâêè êðàåâûõ

çàäà÷ äëÿ âîëíîâîãî óðàâíåíèÿ â ïðÿìîóãîëüíîé îáëàñòè, â êîòîðîé êðà-

åâûå óñëîâèÿ çàäàþòñÿ íà âñåé ãðàíèöå îáëàñòè. Äîêàçûâàåòñÿ êîððåêò-

íîñòü ñôîðìóëèðîâàííûõ çàäà÷ â êëàññè÷åñêîì è îáîáùåííîì ñìûñëàõ.

Äëÿ îáîñíîâàíèÿ èõ êîððåêòíîñòè íåîáõîäèìî èìåòü ýôôåêòèâíîå ïðåä-

ñòàâëåíèå îáùåãî ðåøåíèÿ çàäà÷è. Â ýòîì íàïðàâëåíèè íàìè ïîëó÷åíà

óäîáíàÿ ôîðìóëà ïðåäñòàâëåíèÿ îáùåãî ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ â

ïðÿìîóãîëüíîé îáëàñòè, îñíîâàííàÿ íà êëàññè÷åñêîé ôîðìóëå Äàëàìáåðà.

Ïðè ýòîì ïîñòðîåííîå îáùåå ðåøåíèå óæå çàâåäîìî óäîâëåòâîðÿåò êðàå-

âûì óñëîâèÿì ïî ïðîñòðàíñòâåííîé ïåðåìåííîé. Äàëåå, çàäàâàÿ ðàçëè÷-

íûå êðàåâûå óñëîâèÿ ïî âðåìåííîé ïåðåìåííîé, ìû ïîëó÷àåì íåêîòîðûå

ôóíêöèîíàëüíûå èëè ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå óðàâíåíèÿ. Òà-

êèì îáðàçîì, äîêàçàòåëüñòâî êîððåêòíîñòè ñôîðìóëèðîâàííûõ çàäà÷ ñâå-

äåíî ê âîïðîñó ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ñîîòâåòñòâóþ-

ùåãî ôóíêöèîíàëüíîãî óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: Âîëíîâîå óðàâíåíèå, êîððåêòíîñòü çàäà÷, êëàññè÷åñêîå

ðåøåíèå, ñèëüíîå ðåøåíèå, ôîðìóëà Äàëàìáåðà.
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Keywords: Wave equation, well-posedness of problems, classic solution, strong solution,

formula of d'Alembert
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1. Ââåäåíèå

Ïóñòü Ω ⊂ R2 � ïðÿìîóãîëüíàÿ îáëàñòü, îãðàíè÷åííàÿ ïðÿìûìè: AB :
0 ≤ x ≤ a, y = 0; BC : x = a, 0 ≤ y ≤ b; CD : 0 ≤ x ≤ a, y = b è AD : x = 0,
0 ≤ y ≤ b.

Â îáëàñòè Ω ðàññìîòðèì íåîäíîðîäíîå âîëíîâîå óðàâíåíèå

uxx − uyy = f(x, y). (1)

Õîðîøî èçâåñòíî, ÷òî çàäà÷à Äèðèõëå äëÿ âîëíîâîãî óðàâíåíèÿ (1) â
ïðÿìîóãîëüíîé îáëàñòè íå ÿâëÿåòñÿ êîððåêòíîé [1]. Êîíêðåòíî, â ñëó÷àå
îáëàñòè Ω ëåãêî âèäåòü, ÷òî îäíîðîäíîå óðàâíåíèå (1) ñ óñëîâèÿìè Äèðè-
õëå

u|AB∪BC∪AD = 0, (2)

u|CD = 0 (3)

èìååò ñ÷åòíîå ÷èñëî íåíóëåâûõ ðåøåíèé âèäà umn(x, y) =
sin mπx

a sin nπy
b ,m, n = 1, 2, ... ïðè âûïîëíåíèè óñëîâèé na = mb.

Çàäà÷à Äèðèõëå äëÿ âîëíîâîãî óðàâíåíèÿ ÿâëÿåòñÿ îäíîé èç íàèáîëåå
ñëîæíûõ ìîäåëåé ìàòåìàòè÷åñêîé ôèçèêè. Âîëíîâîå óðàâíåíèå îïèñûâà-
åò ïî÷òè âñå ðàçíîâèäíîñòè ìàëûõ êîëåáàíèé â ðàñïðåäåëåííûõ ìåõàíè-
÷åñêèõ ñèñòåìàõ òàêèõ, êàê ïðîäîëüíûå çâóêîâûå êîëåáàíèÿ â ãàçå, æèä-
êîñòè, òâåðäîì òåëå; ïîïåðå÷íûå êîëåáàíèÿ â ñòðóíàõ è ò.ï. Êîìïîíåíòû
ýëåêòðîìàãíèòíûõ âåêòîðîâ è ïîòåíöèàëîâ è, ñëåäîâàòåëüíî, ìíîãèå ýëåê-
òðîìàãíèòíûå ÿâëåíèÿ (îò êâàçèñòàòèêè äî îïòèêè) â òîé èëè èíîé ìåðå
îáúÿñíÿþòñÿ ñâîéñòâàìè ðåøåíèé âîëíîâîãî óðàâíåíèÿ.

Âïåðâûå íååäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ âîëíîâîãî
óðàâíåíèÿ áûëà îòìå÷åíà â ðàáîòàõ Æ. Àäàìàðà [2], À. Ãóáåðà [3]. Â ñâî-
åé ðàáîòå Ä. Áîðæèí è Ð. Äàôôèí [4] ðàññìîòðåëè çàäà÷ó Äèðèõëå äëÿ
îäíîðîäíîãî óðàâíåíèÿ (1) â ïðÿìîóãîëüíèêå {0 ≤ t ≤ T, 0 ≤ x ≤ X}.
Èñïîëüçóÿ ïðåîáðàçîâàíèå Ëàïëàñà, îíè ïîêàçàëè, ÷òî åñëè ÷èñëî T/X �
èððàöèîíàëüíîå, òî èìååò ìåñòî åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è â êëàññå
íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé ñ ñóììèðóåìûìè ïî Ëåáåãó âòî-
ðûìè ïðîèçâîäíûìè. À â ðàáîòå [5], êîãäà T/X ÿâëÿåòñÿ àëãåáðàè÷åñêèì
÷èñëîì ñòåïåíè n ≥ 2, ïîëó÷åíî óñëîâèå ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ðåøåíèÿ çàäà÷è Äèðèõëå.
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Â ðàáîòå [6] äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ èíòå-
ãðàëüíûìè óñëîâèÿìè â ïðÿìîóãîëüíèêå äîêàçàíû ñóùåñòâîâàíèå è åäèí-
ñòâåííîñòü îáîáùåííîãî ðåøåíèÿ.

Â ðàáîòå [7] äîêàçàíà êîððåêòíîñòü êðàåâûõ çàäà÷ äëÿ âîëíîâîãî óðàâ-
íåíèÿ â ïðÿìîóãîëüíîé îáëàñòè â ñëó÷àå a/b = 2, â êîòîðîé êðàåâûå óñëî-
âèÿ çàäàþòñÿ íà âñåé ãðàíèöå îáëàñòè.

Îòìåòèì òàêæå, ÷òî â ïîñëåäíåå âðåìÿ óñèëèëñÿ èíòåðåñ ê èññëåäî-
âàíèþ êëàññè÷åñêèõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ âîëíîâîãî óðàâíåíèÿ â
ïðÿìîóãîëüíûõ îáëàñòÿõ â ñâÿçè ñ çàäà÷àìè ïî èññëåäîâàíèþ îïòèìèçà-
öèè ãðàíè÷íîãî óïðàâëåíèÿ ïðîöåññàìè êîëåáàíèé ñòðóíû (ñì., íàïðèìåð,
[8]-[10]).

2. Ïðåäñòàâëåíèå ðåøåíèÿ ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è

Çàäà÷à 1. Â îáëàñòè Ω ïðè a/b = 2 íàéòè ðåøåíèå óðàâíåíèÿ (1),

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u(x, 0) = τ(x), 0 ≤ x ≤ a, (4)

uy(x, 0) = ν(x), 0 ≤ x ≤ a (5)

è êðàåâûì óñëîâèÿì

u(0, y) = 0, u(a, y) = 0, 0 ≤ y ≤ a

2
. (6)

Çàäà÷à 1 ÿâëÿåòñÿ êëàññè÷åñêîé ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷åé.

Ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (1) ñ íà÷àëüíûìè óñëîâèÿìè (4)
è (5) ñóùåñòâóåò è åäèíñòâåííî. Íî îíî îäíîçíà÷íî îïðåäåëÿåòñÿ íå âî
âñåé îáëàñòè Ω, à òîëüêî â åå ÷àñòè Ω1 = {(x, y) : (x, y) ∈ Ω, y ≤ x ≤ a−y}.
À â îáëàñòè Ω\Ω1 ðåøåíèå íå îïðåäåëÿåòñÿ îäíîçíà÷íî èç äàííûõ Êîøè
(4), (5). Îíî îïðåäåëÿåòñÿ îäíîçíà÷íî òîëüêî ñ èñïîëüçîâàíèåì êðàåâûõ
óñëîâèé ðàññìàòðèâàåìûõ çàäà÷.

Ïóñòü u(x, y) � ðåøåíèå Çàäà÷è 1. Ââåäåì â ðàññìîòðåíèå íîâóþ ôóíê-
öèþ ũ(x, y), îïðåäåëåííóþ â îáëàñòè Ω̃, êîòîðàÿ ñîäåðæèò â ñåáå èñõîäíóþ
îáëàñòü Ω: Ω̃ = {(x, y) : 0 ≤ y ≤ a

2 , y −
a
2 ≤ x ≤ 3a

2 − y}.
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Ôóíêöèþ ũ(x, y) çàäàäèì ïî ôîðìóëå

ũ(x, y) =


−u(−x, y), −a

2 ≤ x ≤ 0;

u(x, y), 0 ≤ x ≤ a;

−u(2a− x, y), a ≤ x ≤ 3a
2 .

(7)

Ó÷èòûâàÿ êðàåâûå óñëîâèÿ (6), íåòðóäíî óáåäèòüñÿ â òîì, ÷òî ôóíêöèÿ
ũ(x, y) áóäåò íåïðåðûâíîé è íåïðåðûâíî äèôôåðåíöèðóåìîé ïðè ïåðåõîäå
ëèíèé x = 0 è x = a. À òàê êàê ôóíêöèÿ u(x, y) ÿâëÿåòñÿ ãëàäêîé â îáëàñòè
Ω, òî ôóíêöèÿ ũ(x, y) áóäåò ãëàäêîé â îáëàñòè Ω̃.

Íàéäåì óðàâíåíèå, êîòîðîìó óäîâëåòâîðÿåò â îáëàñòè Ω̃ ôóíêöèÿ
ũ(x, y). Íåòðóäíî óáåäèòüñÿ íåïîñðåäñòâåííûì âû÷èñëåíèåì â òîì, ÷òî ýòà
ôóíêöèÿ óäîâëåòâîðÿåò â îáëàñòè Ω̃ íåîäíîðîäíîìó âîëíîâîìó óðàâíåíèþ

ũxx − ũyy = f̃(x, y), (8)

ãäå

f̃(x, y) =


−f(−x, y), −a

2 ≤ x ≤ 0;

f(x, y), 0 ≤ x ≤ a;

−f(2a− x, y), a ≤ x ≤ 3a
2 .

(9)

Èç íà÷àëüíûõ óñëîâèé (4) è (5) ñ ó÷åòîì (7) ïîëó÷àåì íà÷àëüíûå óñëî-
âèÿ äëÿ ôóíêöèè ũ(x, y) â îáëàñòè Ω̃:

ũ(x, 0) = τ̃(x), 0 ≤ x ≤ a, (10)

ũy(x, 0) = ν̃(x), 0 ≤ x ≤ a, (11)

ãäå ôóíêöèè τ̃(x) è ν̃(x) çàäàþòñÿ ðàâåíñòâàìè

τ̃(x) =


−τ(−x), −a

2 ≤ x ≤ 0;

τ(x), 0 ≤ x ≤ a;

−τ(2a− x), a ≤ x ≤ 3a
2 .

(12)

ν̃(x) =


−ν(−x), −a

2 ≤ x ≤ 0;

ν(x), 0 ≤ x ≤ a;

−ν(2a− x), a ≤ x ≤ 3a
2 .

(13)
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Â îáëàñòè Ω̃ ðåøåíèå çàäà÷è Êîøè (8), (10), (11) ñóùåñòâóåò, åäèí-
ñòâåííî è âûðàæàåòñÿ êëàññè÷åñêîé ôîðìóëîé Äàëàìáåðà:

ũ(x, y) =
τ̃(x+ y) + τ̃(x− y)

2
+
1

2

∫ x+y

x−y
ν̃(ξ)dξ−1

2

∫ y

0

{∫ x+y−η

x−y+η
f̃(ξ, η)dξ

}
dη.

(14)
Íåïîñðåäñòâåííûì âû÷èñëåíèåì ëåãêî ïðîâåðèòü, ÷òî ôóíêöèÿ ũ(x, y)

óäîâëåòâîðÿåò óðàâíåíèþ (8) è íà÷àëüíûì óñëîâèÿì (10) è (11).
Ïîêàæåì òåïåðü, ÷òî â ñèëó (12) è (13), à òàêæå ñ ó÷åòîì (9) ôóíêöèÿ

ũ(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì (6) Çàäà÷è 1.
Âû÷èñëÿåì

ũ(0, y) =
τ̃(y) + τ̃(−y)

2
+

1

2

∫ y

−y
ν̃(ξ)dξ − 1

2

∫ y

0

{∫ y−η

−y+η
f̃(ξ, η)dξ

}
dη. (15)

Â ñèëó (12) ëåãêî ïîëó÷èòü

τ̃(y) + τ̃(−y) = τ(y)− τ(y) = 0. (16)

Èç (13) ïðîñòîé çàìåíîé ïåðåìåííîé â èíòåãðàëå íàõîäèì∫ y

−y
ν̃(ξ)dξ =

∫ 0

−y
ν̃(ξ)dξ +

∫ y

0
ν̃(ξ)dξ =

∫ 0

y
ν(ξ)dξ +

∫ y

0
ν(ξ)dξ = 0. (17)

Â òðåòüåì ñëàãàåìîì èç (15) äåëàåì î÷åâèäíûå çàìåíû ïåðåìåííûõ.
Òàê êàê 0 ≤ y − η ≤ a/2,−a/2 ≤ η − y ≤ 0, òî ïîëó÷àåì

−
∫ y

0

{∫ y−η

−y+η
f̃(ξ, η)dξ

}
dη = −

∫ y

0

{∫ 0

−y+η
f̃(ξ, η)dξ

}
dη−

∫ y

0

{∫ y−η

0
f̃(ξ, η)dξ

}
dη =

= −
∫ y

0

{∫ 0

y−η
f(ξ, η)dξ

}
dη −

∫ y

0

{∫ y−η

0
f(ξ, η)dξ

}
dη = 0. (18)

Ñóììèðóÿ íàéäåííîå â (16)-(18), ïîëó÷àåì èç (15), ÷òî ũ(0, y) = 0. Òî
åñòü, ïåðâîå èç êðàåâûõ óñëîâèé (6) âûïîëíåíî.

Àíàëîãè÷íî ïðîâåðÿåòñÿ âûïîëíåíèå âòîðîãî êðàåâîãî óñëîâèÿ èç (6).
Ñëåäîâàòåëüíî, ôîðìóëà (14) äàåò ðåøåíèå Çàäà÷è 1. Âûïèøåì åå ðå-

øåíèå â îáëàñòè Ω ÷åðåç ôóíêöèè f, τ, ν. Äëÿ ýòîãî â ôîðìóëó (14) ïîä-
ñòàâèì çíà÷åíèÿ f̃ , τ̃ , ν̃, âûðàæàåìûå ïî ôîðìóëàì (9),(12) è (13).
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Ââåäåì îáîçíà÷åíèÿ: Ω1 = {(x, y) : (x, y) ∈ Ω, y < x < a − y}, Ω2 =
{(x, y) : (x, y) ∈ Ω, x < y} è Ω3 = {(x, y) : (x, y) ∈ Ω, x+ y > a}.

Òîãäà íåïîñðåäñòâåííûì âû÷èñëåíèåì ïîëó÷àåì ïðåäñòàâëåíèÿ ðåøå-
íèÿ Çàäà÷è 1.

Â îáëàñòè Ω2

ũ(x, y) =
τ(x+ y)− τ(y − x)

2
+
1

2

∫ x+y

y−x
ν(ξ)dξ−1

2

∫ y−x

0

{∫ x+y−η

y−x−η
f(ξ, η)dξ

}
dη−

−1

2

∫ y

y−x

{∫ x+y−η

x−y+η
f(ξ, η)dξ

}
dη. (19)

Â îáëàñòè Ω1

ũ(x, y) =
τ(x+ y) + τ(x− y)

2
+
1

2

∫ x+y

x−y
ν(ξ)dξ−1

2

∫ y

0

{∫ x+y−η

x−y+η
f(ξ, η)dξ

}
dη.

(20)
Â îáëàñòè Ω3

ũ(x, y) =
τ(x− y)− τ(2a− x− y)

2
+

1

2

∫ 2a−x−y

x−y
ν(ξ)dξ−

−1

2

∫ x+y−a

0

{∫ 2a−x−y+η

x−y+η
f(ξ, η)dξ

}
dη−

−1

2

∫ y

x+y−a

{∫ x+y−η

x−y+η
f(ξ, η)dξ

}
dη. (21)

3. Ôîðìóëèðîâêà è äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà.

Ïóñòü E = (b, b), F = (a− b, b) � òî÷êè íà ãðàíèöå CD.
Çàäà÷à 2. Íàéòè ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå êðàåâûì

óñëîâèÿì (2) è óñëîâèÿì íà ãðàíèöå CD:

u|CE = 0, (22)

uy|DE = 0. (23)

Íàðÿäó ñ Çàäà÷åé 2 ðàññìîòðèì ñëåäóþùóþ Çàäà÷ó 3.
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Çàäà÷à 3. Íàéòè ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå êðàåâûì

óñëîâèÿì (2) è óñëîâèÿì íà ãðàíèöå CD:

uy|CF = 0, (24)

u|DF = 0. (25)

Êàê îáû÷íî, ôóíêöèþ u ∈ L2(Ω) íàçîâåì ñèëüíûì ðåøåíèåì Çàäà÷è
2 (Çàäà÷è 3), åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ôóíêöèé un ∈ W 2

2 (Ω),
óäîâëåòâîðÿþùèõ êðàåâûì óñëîâèÿì çàäà÷è, òàêàÿ, ÷òî un è Lun ñõîäÿòñÿ
â L2(Ω) ê u è f ñîîòâåòñòâåííî.

Òåîðåìà 1. Ïóñòü b = 1, a = n ∈ N è n ≥ 2. à) Òîãäà êëàññè÷åñêîå ðå-

øåíèå çàäà÷è (1), (2), (22) è (23) ñóùåñòâóåò, åäèíñòâåííî, ïðèíàäëåæèò

êëàññó u ∈ C2(Ω)
∩

C1(Ω) è óñòîé÷èâî ïî íîðìå ïðîñòðàíñòâà C1(Ω) äëÿ
ôóíêöèè f ∈ C1(Ω), óäîâëåòâîðÿþùåé íåîáõîäèìîìó óñëîâèþ ñîãëàñîâà-

íèÿ: ∫ 1

0
f(y, y)dt = 0; (26)

f(n, 0) = 0; (27)

f(n, 1) = 0. (28)

á) Äëÿ ëþáîé ôóíêöèè f ∈ L2(Ω) çàäà÷à (1), (2), (22) è (23) èìå-

åò åäèíñòâåííîå ñèëüíîå ðåøåíèå. Ýòî ðåøåíèå ïðèíàäëåæèò êëàññó u ∈
W 1

2 (Ω)
∩

C(Ω) è óäîâëåòâîðÿåò îöåíêå:

∥u∥W 1
2 (Ω) ≤ C∥f∥L2(Ω). (29)

Òåîðåìà 2. Ïóñòü b = 1, n ∈ N è n ≥ 2. à) Êëàññè÷åñêîå ðåøåíèå çà-

äà÷è (1), (2), (24) è (25) ñóùåñòâóåò, åäèíñòâåííî, ïðèíàäëåæèò êëàññó

u ∈ C2(Ω)∩C1(Ω̄) è óñòîé÷èâî ïî íîðìå ïðîñòðàíñòâà C1(Ω̄) äëÿ ôóíêöèè
f ∈ C1(Ω), óäîâëåòâîðÿþùåé íåîáõîäèìîìó óñëîâèþ ñîãëàñîâàíèÿ:∫ 1

0
f(n− y, y)dy = 0; (30)

f(0, 0) = 0; (31)
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f(0, 1) = 0. (32)

á) Äëÿ ëþáîé ôóíêöèè f ∈ L2(Ω) çàäà÷à (1), (2), (24) è (25) èìå-

åò åäèíñòâåííîå ñèëüíîå ðåøåíèå. Ýòî ðåøåíèå ïðèíàäëåæèò êëàññó u ∈
W 1

2 (Ω)
∩

C(Ω) è óäîâëåòâîðÿåò îöåíêå:

∥u∥W 1
2 (Ω) ≤ C∥f∥L2(Ω). (33)

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðèâåäåì òîëüêî äëÿ òåîðåìû 1. Äîêà-
çàòåëüñòâî òåîðåìû 2 ïðîâîäèòñÿ àíàëîãè÷íî. Òàê êàê a = n ≥ 2, b = 1,
ìû èñïîëüçóåì ïðåäñòàâëåíèÿ ðåøåíèÿ (19)�(21) â õîäå äîêàçàòåëüñòâà
òåîðåìû 1.

à) Ó÷èòûâàÿ èç (2), ÷òî u|AB = τ(x) = 0, ïîäñòàâèì ïðåäñòàâëåíèå
ðåøåíèÿ (19) â êðàåâîå óñëîâèå (23). Òîãäà:

ν(x+ 1)− ν(1− x) + F
′
1y(x, 1) = 0, 0 ≤ x ≤ 1, (34)

ãäå

F1(x, y) = −
∫ y−x

0

{∫ x+y−η

y−x−η
f(ξ, η)dξ

}
dη −

∫ y

y−x

{∫ x+y−η

x−y+η
f(ξ, η)dξ

}
dη.

Òåïåðü ïîäñòàâèì ïðåäñòàâëåíèå ðåøåíèÿ (20) â êðàåâîå óñëîâèå (22).
Òîãäà ∫ x+1

x−1
ν(ξ)dξ + F2(x, 1) = 0, 1 ≤ x ≤ n− 1.

Áåðåì ïðîèçâîäíóþ ïî x, òîãäà ïîëó÷àåì

ν(x+ 1)− ν(x− 1) + F
′
2x(x, 1) = 0, 1 ≤ x ≤ n− 1, (35)

ãäå

F2(x, t) = −
∫ y

0

{∫ x+y−η

x−y+η
f(ξ, η)dξ

}
dη.

Â óðàâíåíèè (35) äëÿ êàæäîãî èç n − 2 îòðåçêîâ [i, i + 1], i = 1, n− 2
äåëàåì çàìåíó x = i+ 1− t, 0 ≤ t ≤ 1:

ν(i+ 2− t)− ν(i− t) + F
′
2x(i+ 1− t, 1) = 0, 0 ≤ t ≤ 1, i = 1, n− 2. (36)
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Òåïåðü ïîäñòàâèì ïðåäñòàâëåíèå ðåøåíèÿ (21) â êðàåâîå óñëîâèå (22).
Òîãäà ∫ 2n−x−1

x−1
ν(ξ)dξ + F3(x, 1) = 0, n− 1 ≤ x ≤ n.

Áåðåì ïðîèçâîäíóþ ïî x, òîãäà ïîëó÷àåì

−ν(2n− x− 1)− ν(x− 1) + F
′
3x(x, 1) = 0, n− 1 ≤ x ≤ n, (37)

ãäå

F3(x, t) =−
∫ x+y−n

0

{∫ 2n−x−y+η

x−y+η
f(ξ, η)dξ

}
dη −

∫ y

x+y−n
{
∫ x+y−η

x−y+η
f(ξ, η)dξ}dη.

Â óðàâíåíèè (37) äåëàåì çàìåíó x = n− t, 0 ≤ t ≤ 1:

−ν(n+ t− 1)− ν(n− t− 1) + F
′
3x(n− t, 1) = 0, 0 ≤ t ≤ 1. (38)

Òàêèì îáðàçîì, ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1),
(2), (22), (23) ýêâèâàëåíòíî ñóùåñòâîâàíèþ è åäèíñòâåííîñòè ôóíêöèè
ν(x) = uy(x, 0), óäîâëåòâîðÿþùåé óðàâíåíèÿì (34), (36) è (38).

Ìû èìååì n íåîäíîðîäíûõ óðàâíåíèé äëÿ n íåèçâåñòíûõ ôóíêöèé
ν(xi), i − 1 ≤ xi ≤ i, i = 1, n. Òîãäà ñóùåñòâîâàíèå è åäèíñòâåííîñòü
ôóíêöèè ν(x) ýêâèâàëåíòíû ñëåäóþùåìó:

detA =det



1 0 −1 0 ... ... ... 0 0 0
0 1 0 −1 0 ... ... 0 0 0
0 0 1 0 −1 0 ... 0 0 0
0 ... 0 . . . 0 ... 0 0
0 ... ... 0 . . . 0 ... 0
0 0 0 ... 0 . . . ... 0
0 0 ... ... ... 0 1 0 −1 0
0 0 ... ... ... 0 0 1 0 −1
0 0 ... ... ... ... ... 0 −1 −1
−1 1 0 ... ... ... ... ... 0 0


=2(−1)n−1̸= 0.

Èòàê, ìû äîêàçàëè ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷ (1),
(2), (22) è (23).
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Òåïåðü ïîêàæåì óñòîé÷èâîñòü ïî íîðìå ïðîñòðàíñòâà C1(Ω). Â ñèëó
(26)�(28) è èç óðàâíåíèé (34), (36), (38) ïîëó÷èì, ÷òî

ν(i− 0) = ν(i+ 0), i = 1, n− 1; (39)

νx(i− 0) = νx(i+ 0), i = 1, n− 1. (40)

Ïîýòîìó ðåøåíèå çàäà÷è (1), (2), (22) è (23) óñòîé÷èâî ïî íîðìå ïðî-
ñòðàíñòâà C1(Ω).

á) Èç ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ çàäà-
÷è (1), (2), (22) è (23) ñòàíäàðòíûìè ìåòîäàìè ïîëó÷àåì ñóùåñòâîâàíèå
åäèíñòâåííîãî ñèëüíîãî ðåøåíèÿ çàäà÷è (1), (2), (22) è (23).

Èç ïðåäñòàâëåíèÿ ðåøåíèÿ çàäà÷è ëåãêî çàìåòèòü, ÷òî ñèëüíîå ðåøå-
íèå çàâèñèò îò ν(x) è f(x, y). Òàê êàê detA ̸= 0, òî èç óðàâíåíèé (34), (36)
è (38) âèäíî ÷òî, ôóíêöèÿ ν(x) çàâèñèò òîëüêî îò f(x, y).

Òîãäà

∥u∥W 1
2 (Ω) ≤ C1∥ν(x)∥L2(Ω) + C2∥f∥L2(Ω) = C1∥A−1f∥L2(Ω) + C2∥f∥L2(Ω) ≤

≤ C3|A−1|∥f∥L2(Ω) ≤ C∥f∥L2(Ω).

Òåîðåìà äîêàçàíà. �
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâîãî ôèíàíñèðîâàíèÿ ÊÍ

ÌÎÍ ÐÊ, ãðàíò � 0824/ÃÔ4.
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Åñèðêåãåíîâ Í.À., Ñàäûáåêîâ Ì.À. ÁIÐ �ËØÅÌÄI ÒÎË�ÛÍ ÒÅ�-
ÄÅÓI �ØIÍ ÎÁËÛÑ ØÅÊÀÐÀÑÛÍÛ� ÁÀÐËÛ�ÛÍÄÀ ÁÅÐIËIÌ-
ÄÅÐI ÁÀÐ ÊÎÐÐÅÊÒIËI ÅÑÅÏ

Á´ë æ´ìûñòà òiêò°ðá´ðûøòû îáëûñòà¡û òîë©ûí òåäåói ³øií øåò-
òiê øàðòòàðû îíû øåêàðàñûíû áàðëû¡ûíäà áåðiëãåí åêi æàà øåò-
òiê åñåïòi ´ñûíàìûç. Îñû åñåïòi ©èñûíäûëû¡û êëàññèêàëû© æºíå æàë-
ïûëàí¡àí ìà¡ûíàäà äºëåëäåíäi. Îëàðäû ©èñûíäûëû¡ûí íåãiçäåó ³øií
åñåïòi æàëïû øåøiìiíi òèiìäi êåéiïòåìåñi áîëóû êåðåê. Îñû áà¡ûòòà
òiêò°ðòá³ðûøòû îáëûñòà¡û òîë©ûí òåäåóiíi æàëïû øåøiìiíi êåéiïòå-
ìåñiíi û©øàìäû ôîðìóëàñû êëàññèêàëû© Äàëàìáåð ôîðìóëàñûíà íåãiç-
äåëiï àëûíäû. �´ðàñòûðûë¡àí æàëïû øåøiì êåiñòiê àéíûìàëûñû áîé-
ûíøà øåòòiê øàðòòàðäû àëäûí àëà ©àíà¡àòòàíäûðûï îòûð. Óà©ûò áîéûí-
øà ºðò³ðëi øåòòiê øàðòòàð ©îéûï, áiç áåëãiëè áið ôóíêöèîíàëäû© íåìå-
ñå ôóíêöèîíàëäû©-äèôôåðåíöèàëäû© òåäåóëåð àëàìûç. Ñîíûìåí ò³æû-
ðûìäàë¡àí åñåïòåðäi ©èñûíäûëû¡ûí äºëåëäåó ñºéêåñ ôóíêöèîíàëäû©
òåäåóäi øåøiìiíi áàð æºíå æàë¡ûç áîëó ìºñåëåñiíå àëûï êåëåäi.
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Yessirkegenov N.A., Sadybekov M.A. A PROBLEM FOR THE ONE-
DIMENSIONAL WAVE EQUATION WITH DATA ON THE WHOLE
BOUNDARY OF THE DOMAIN

In this paper we propose two new boundary value problems for the wave
equation in a rectangular domain in which boundary conditions are given on
the whole boundary. We prove the correctness of boundary value problems
in the classical and generalized senses. In order to show the correctness of
these problems it is necessary to have an e�ective representation of the general
solution of the problem. In this direction we obtain a convenient representation
of the general solution for the wave equation in a rectangular domain based on
D'Alembert classical formula. The constructed general solution automatically
satis�es the boundary conditions by the spatial variable. Further, assigning
di�erent boundary conditions for temporary variable, we get some functional
or functional-di�erential equations. Thus, the proof of the correctness of the
problems is reduced to the question of the existence and the uniqueness of
solutions of the corresponding functional equations.
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ÏÎÂÅÐÕÍÎÑÒÜ Ê ÎÄÍÎÑÎËÈÒÎÍÍÎÌÓ ÐÅØÅÍÈÞ
ÍÅËÈÍÅÉÍÎÃÎ ÓÐÀÂÍÅÍÈß ØÐÅÄÈÍÃÅÐÀ

Ðàññìîòðåíî íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà. Íàéäåíà ïîâåðõíîñòü â

ñìûñëå Ôîêàñà-Ãåëüôàíäà, ñîîòâåòñòâóþùàÿ îäíîñîëèòîííîìó ðåøåíèþ

íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà â ñëó÷àå êîíå÷íîé ïëîòíîñòè.

Êëþ÷åâûå ñëîâà: íåëèíåéíîå óðàâíåíèå, èììåðñèÿ, êîíå÷íàÿ ïëîòíîñòü,

îäíîñîëèòîííîå ðåøåíèå.

1 Ââåäåíèå

Çà ïîñëåäíèå äâàäöàòü ëåò áîëüøîå êîëè÷åñòâî èññëåäîâàíèé ïîñâÿ-
ùåíî èçó÷åíèþ íåëèíåéíûõ óðàâíåíèé. Íåêîòîðûå íåëèíåéíûå âîëíîâûå
óðàâíåíèÿ ìîãóò ïîÿâëÿòüñÿ â ðàçëè÷íûõ çàäà÷àõ ôèçèêè [1]-[5]. Íàïðè-
ìåð, òàêèìè óðàâíåíèÿìè ÿâëÿþòñÿ õîðîøî èçâåñòíûå óðàâíåíèÿ Êîðòå-
âåãà äå Âðèçà, Øðåäèíãåðà, sin-Ãîðäîíà.

Òåîðèÿ ñîëèòîíîâ ÿâëÿåòñÿ ìîùíûì àïïàðàòîì äëÿ èçó÷åíèÿ íåëè-
íåéíûõ óðàâíåíèé, âêëþ÷àÿ èõ ãåîìåòðè÷åñêèé ñìûñë. Ñ ãåîìåòðè÷åñêîé
òî÷êè çðåíèÿ ñîëèòîííûå ñèñòåìû ðàññìàòðèâàþòñÿ, êàê èììåðñèè áåñêî-
íå÷íîìåðíûõ ïðîñòðàíñòâ. Äðóãèìè ñëîâàìè, èåðàðõèÿ ñîëèòîííûõ óðàâ-
íåíèé ðàññìàòðèâàåòñÿ êàê ñèñòåìà, îïðåäåëÿþùàÿ èììåðñèþ (èëè ïî-
ãðóæåíèå) ìíîãîîáðàçèÿ V n â ïðîñòðàíñòâî V m, ãäå n < m. Ñâÿçü ìåæäó

c⃝ Æ.Õ. Æóíóñîâà, 2015.

Keywords: nonliner equation, immersion, �nite density, onesoliton solution
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òåîðèåé ñîëèòîíîâ è òåîðèåé ïîâåðõíîñòåé óñòàíàâëèâàåòñÿ ââåäåíèåì ýâî-
ëþöèîííûõ óðàâíåíèé, àññîöèèðîâàííûõ ñ àëãåáðîé. Ñâÿçü (1+1)-ìåðíûõ
ñîëèòîííûõ óðàâíåíèé ñ òåîðèåé ïîâåðõíîñòåé äàåòñÿ óðàâíåíèåì Ãàóññà-
Êîäàööè-Ìàéíàðäè. Â ýòîì ñëó÷àå ñîëèòîííûå óðàâíåíèÿ ðàññìàòðèâà-
þòñÿ, êàê íåêîòîðûå èíòåãðèðóåìûå ðåäóêöèè óðàâíåíèÿ Ãàóññà-Êîäàööè-
Ìàéíàðäè.

Â äàííîé ðàáîòå ìû ðàññìàòðèâàåì ïðîñòåéøèå àñïåêòû ñîëèòîííûõ
èììåðñèé â ìíîãîìåðíîì ïðîñòðàíñòâå â ñìûñëå Ôîêàñà-Ãåëüôàíäà [1].
Â ñîâðåìåííîé ëèòåðàòóðå ïîíÿòèå èììåðñèè äîñòàòî÷íî øèðîêî ðàñïðî-
ñòðàíåíî è îòíîñèòñÿ íå òîëüêî ê òåîðèè ñîëèòîíîâ. Ïåðåõîä îò èñõîäíîé
çàäà÷è ê áîëåå ïðîñòîé çàäà÷å íàçûâàåòñÿ èììåðñèåé. Ñëîâî ”èììåðñèÿ”
ïðîèñõîäèò îò ëàòèíñêîãî ñëîâà immersio è ïåðåâîäèòñÿ íà ðóññêèé ÿçûê,
êàê ”ïîãðóæåíèå” [6]. Ñòðîãîãî îïðåäåëåíèÿ äàííîãî ïîíÿòèÿ íåò.

Ñîãëàñíî ðàáîòå Ôîêàñà-Ãåëüôàíäà [1] ïðèâåäåì îïèñàíèå ñîëèòîííîé
èììåðñèè. Â (1+1)-ìåðíîì ñëó÷àå íåëèíåéíûå äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ äàþòñÿ â âèäå óñëîâèé íóëåâîé êðèâèçíû:

Ut − Vx + [U, V ] = 0,

ãäå [U, V ] = UV − V U , ìàòðèöà U çàäàíà, à ìàòðèöà V âûðàæàåòñÿ â
òåðìèíàõ ýëåìåíòîâ ìàòðèöû U . Òàêæå íåëèíåéíûå äèôôåðåíöèàëüíûå
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ÿâëÿþòñÿ óñëîâèåì ñîâìåñòíîñòè ñè-
ñòåìû ëèíåéíûõ óðàâíåíèé

ϕx = Uϕ, ϕt = V ϕ.

Â ýòîì ñëó÷àå ñóùåñòâóåò ïîâåðõíîñòü ñ èììåðñèîííîé ôóíêöèåé P (x, t),
îïðåäåëÿåìàÿ ñëåäóþùèìè ôîðìóëàìè:

∂P

∂x
= ϕ−1Xϕ,

∂P

∂t
= ϕ−1Y ϕ.

Ïîâåðõíîñòü, îïðåäåëåííàÿ ïîñðåäñòâîì P (x, t), èäåíòèôèöèðóåòñÿ ñ ïî-
âåðõíîñòüþ â òðåõìåðíîì ïðîñòðàíñòâå, îïðåäåëåííîé êîîðäèíàòàìè xj =
Pj(x, t), j = 1, 2, 3 [1]. Ðåïåð íà ïîâåðõíîñòè äàåòñÿ òðîéêîé [1]:

∂P

∂x
= ϕ−1Xϕ,

∂P

∂t
= ϕ−1Y ϕ, N = ϕ−1Jϕ,
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ãäå J = [X,Y ]
|[X,Y ]| , | X |=

√
< X,X >. Çäåñü ïî îïðåäåëåíèþ

< X,Y >= −1

2
tr(XY ),

ãäå X,Y ÿâëÿþòñÿ íåêîòîðûìè ìàòðèöàìè. Ïåðâàÿ è âòîðàÿ ôóíäàìåí-
òàëüíûå ôîðìû â ñìûñëå Ôîêàñà-Ãåëüôàíäà äàþòñÿ êàê [1]

I =< X,X > dx2 + 2 < X,Y > dxdt+ < Y, Y > dt2, (1)

II =<
∂X

∂x
+ [X,U ], J > dx2 + 2 <

∂X

∂t
+ [X,V ],

J > dxdt+ <
∂Y

∂t
+ [Y, V ], J > dt2. (2)

Êàê ïîêàçàíî â ðàáîòå [1], ôóíêöèÿ èììåðñèè P ìîæåò áûòü îïðåäåëåíà,
êàê

P = γ0ϕ
−1ϕλ + ϕ−1M1ϕ =

3∑
j=1

Pjfj ,

ãäå M1 ÿâëÿåòñÿ ìàòðè÷íîé ôóíêöèåé, îïðåäåëåííîé ïî λ, x, t. Çäåñü fj =
− i

2σj ÿâëÿåòñÿ áàçèñîì ñîîòâåòñòâóþùåé àëãåáðû, σj ÿâëÿþòñÿ ìàòðèöàìè
Ïàóëè è [fi, fj ] = fk. Â ýòîì ñëó÷àå X,Y ìîæíî çàïèñàòü, êàê

X = γ0Uλ +M1x + [M1, U ], Y = γ0Vλ +M1t + [M1, V ].

2. Ñîëèòîííûå èììåðñèè â (1+1)-èçìåðåíèè

Ïóñòü ìàòðèöû X,Y, J èìåþò âèä

X =

(
a11 a12
a21 a22

)
, Y =

(
b11 b12
b21 b22

)
, J =

(
c11 c12
c21 c22

)
. (3)

Â ýòîì ñëó÷àå ýëåìåíòû ìàòðèöû J âûðàæàþòñÿ ÷åðåç ýëåìåíòû ìàòðèö
X è Y â ñîîòâåòñòâèè ñî ñëåäóþùèìè ôîðìóëàìè:

c11 =
a12b21 − b12a21

| [X,Y ] |
, c21 =

a21(b11 − b22) + b21(a22 − a11)

| [X,Y ] |
,
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c12 =
b12(a11 − a22) + a12(b22 − b11)

| [X,Y ] |
, c22 =

a21b12 − b21a12
| [X,Y ] |

. (4)

Òîãäà ïåðâàÿ ôóíäàìåíòàëüíàÿ ôîðìà (1) äâóìåðíîé ïîâåðõíîñòè áóäåò

I = Edx2 + 2Fdxdt+Gdt2,

ãäå

E = −1

2
(a211+2a12a21+a

2
22), F = −1

2
(a11b11+a12b21+a21b12+a22b22), (5)

G = −1

2
(b211 + 2b12b21 + b222). (6)

Â êà÷åñòâå ïðèìåðà ñîëèòîííîãî óðàâíåíèÿ, ïðèâîäÿùåãî ê òàêîé èììåð-
ñèè, ðàññìîòðèì íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà

iψt + ψxx + 2β|ψ|2ψ = 0,

ãäå β = +1, ψ ÿâëÿåòñÿ êîìïëåêñíîé ôóíêöèåé. Â ýòîì ñëó÷àå ìàòðèöû
U, V èìåþò âèä [3]

U =
λσ3
2i

+ U0, U0 = i

(
0 q̄
q 0

)
,

V =
iλ2

2
σ3 + i|q|2σ3 − iλ

(
0 q̄
q 0

)
+

(
0 q̄x

−qx 0

)
. (7)

Ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà 1. Âòîðàÿ ôóíäàìåíòàëüíàÿ ôîðìà â ñìûñëå Ôîêàñà-Ãåëüôàíäà,

ñîîòâåòñòâóþùàÿ ñîëèòîííîìó ðåøåíèþ q íåëèíåéíîãî óðàâíåíèÿ Øðå-

äèíãåðà â ñëó÷àå êîíå÷íîé ïëîòíîñòè, èìååò âèä

II = Ldx2 + 2Mdxdt+Ndt2, (8)

ãäå

L = −1

2
{a11xc11 + a12xc21 + a21xc12 + a22xc22 − λi(a21c12 − a12c21)+
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+iq(a12c11 + a22c12 − a11c12 − a12c22)+

iq̄(a21c22 + a11c21 − a22c21 − a21c11)}, (9a)

M = −1

2
{a11tc11 + a12tc21 + a21tc12 + a22tc22 + i(λ2 +2|q|2)(a21c12 − a12c21)+

+(qx + λiq)(a11c12 + a12c22 − a12c11 − a22c12)+

+(q̄x − λiq̄)(a11c21 + a21c22 − a21c11 − a22c21)}, (9b)

N = −1

2
{b11tc11 + b12tc21 + b21tc12 + b22tc22 + i(λ2 + 2|q|2)(b21c12 − b12c21)+

+(qx + λiq)(b11c12 + b12c22 − b12c11 − b22c12)+

+(q̄x − λiq̄)(b11c21 + b21c22 − b21c11 − b22c21)}, (9c)

Äîêàçàòåëüñòâî. Ïîäñòàâëÿåì ìàòðèöû (3), (7) â (2). Ïîñëå íåêîòî-
ðûõ âû÷èñëåíèé ïîëó÷èì (8), (9). Ëåììà äîêàçàíà.

3. Îäíîñîëèòîííîå ðåøåíèå íåëèíåéíîãî óðàâíåíèÿ Øðå-

äèíãåðà, ñîîòâåòñòâóþùåå ïîâåðõíîñòè

Ðàññìîòðèì ÷àñòíûé ñëó÷àé èììåðñèè ïðè γ0 = 1, M1 = 0. Â äàí-
íîì ñëó÷àå èìååì

X = Uλ =
1

2i

(
1 0
0 −1

)
, Y = Vλ = −i

(
−λ q̄
q λ

)
, J =

(
0 − q̄√

qq̄
q√
qq̄

0

)
(10)

è P = ϕ−1ϕλ. ×òîáû âû÷èñëèòü ÿâíûå âûðàæåíèÿ äëÿ ôóíêöèé èììåðñèè
P , ðàññìîòðèì îäíîñîëèòîííîå ðåøåíèå íåëèíåéíîãî óðàâíåíèÿ Øðåäèí-
ãåðà â ñëó÷àå êîíå÷íîé ïëîòíîñòè, êîòîðîå èìååò âèä

q(x, t) = ρ
1 + eiθexp{ν1(x− vt− x0)}
1 + exp{ν1(x− vt− x0)}

, (11)

ãäå v = −ωcos θ2 , x0 = 1
ν1
lniγ1; ω, θ, γ1, ν1 ÿâëÿþòñÿ íåêîòîðûìè ïàðàìåò-

ðàìè ìîäåëè.
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Òåîðåìà 1. Îäíîñîëèòîííîìó ðåøåíèþ íåëèíåéíîãî óðàâíåíèÿ Øðåäèí-

ãåðà â ñëó÷àå êîíå÷íîé ïëîòíîñòè ñîîòâåòñòâóåò ïîâåðõíîñòü â ñìûñëå

Ôîêàñà-Ãåëüôàíäà ñî ñëåäóþùèìè êîýôôèöèåíòàìè ïåðâîé ôóíäàìåí-

òàëüíîé ôîðìû:

E =
ν21exp

2{ν1(x− vt− x0)}
(1 + exp{ν1(x− vt− x0)})4

[
4ρ2x2

(λ− λ̄1)4
(2− eiθ − e−iθ)+

+
4(eiθ − 1)2[1 + ν1x(1− eiθexp2{ν1(x− vt− x0)})]2

(1 + eiθexp{ν1(x− vt− x0)})4
], (12a)

F =
2ρ2ν21vxexp{ν1(x− vt− x0)}(eiθ + e−iθ − 2)

(λ− λ̄1)4(1 + exp{ν1(x− vt− x0)})3
+

+
4ν31vxexp

2{ν1(x− vt− x0)}(eiθ − 1)2(eiθ − exp2{ν1(x− vt− x0)} − 1)

(λ− λ̄1)2(1 + exp{ν1(x− vt− x0)})4(1 + eiθexp{ν1(x− vt− x0)})4
×

×(1 + ν1x− ν1xe
iθexp2{ν1(x− vt− x0)}), (12b)

G =
v2ν21exp{ν1(x− vt− x0)}

(λ− λ̄1)4(1 + exp{ν1(x− vt− x0)})4
[ρ2(eiθ − e−iθ)2(1+

+2exp{ν1(x− vt− x0)})2 + ρ2(eiθ − e−iθ − 2)2+

+
4ν21x

2(eiθ − 1)2(eiθexp{ν1(x− vt− x0)} − 1)2

(1 + eiθexp{ν1(x− vt− x0)})4
], (12c)

ãäå λ1 = const.

Äîêàçàòåëüñòâî. Ðåøåíèå ëèíåéíîé ñèñòåìû íàéäåì â âèäå

ψ = ϕe−(
λσ3
2i

x+ iλ2

2
σ3t). (13)

Ó÷èòûâàÿ (13) è ïðèìåíÿÿ (7), èìååì

ψx = (
λσ3
2i

+ U0)ψ − ψ
λσ3
2i

=
λσ3
2i

ψ − ψ
λσ3
2i

+ U0ψ = [
λσ3
2i

, ψ] + U0ψ. (14)

Âîçüìåì

ψ = I − Ã

λ− λ∗1
, Ã =

(
ã b̃

c̃ d̃

)
, I =

(
1 0
0 1

)
, λ∗1 − const. (15)
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Ïîäñòàâèì (15) â (14), ïîëó÷èì

ψx = U0 −
U0Ã

λ− λ∗1
− 1

2i
[σ3, Ã]−

λ∗1
2i(λ− λ∗1)

[σ3, Ã]. (16)

Ñ äðóãîé ñòîðîíû, èç (15) ñëåäóåò

ψx = − Ãx

λ− λ∗1
. (17)

Èç (16) è (17) èìååì

− Ãx

λ− λ∗1
= U0 −

U0Ã

λ− λ∗1
− 1

2i
[σ3, Ã]−

λ∗1
2i(λ− λ∗1)

[σ3, Ã]. (18)

Òàêèì îáðàçîì,

Ãx = U0Ã+
λ∗1
2i

[σ3, Ã], U0 =
1

2i
[σ3, A]. (19)

Çàìåòèì, ÷òî

[σ3, Ã] = σ3Ã− Ãσ3 = 2

(
0 b̃
−c̃ 0

)
. (20)

Çàòåì, ïîäñòàâëÿÿ (20) â (35), ïîëó÷èì

U0 =
1

i

(
0 b̃
−c̃ 0

)
. (21)

Ïîäñòàâëÿÿ (20) â (19), èìååì(
ãx b̃x
c̃x d̃x

)
=

1

i

(
b̃c̃ b̃d̃

−c̃ã −c̃b̃

)
+
λ∗1
i

(
0 b̃
−c̃ 0

)
. (22)

Èç (7) è (21) ïîëó÷èì

i

(
0 q̄
q 0

)
=

1

i

(
0 b
−c 0

)
⇒
{

iq̄ = 1
i b

iq = −1
i c

⇒
{
b = −q̄
c = q.

(23)
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Òàêèì îáðàçîì, ìû íàøëè ìàòðèöó Ã â ÿâíîì âèäå ñ êîìïîíåíòàìè (22).
Èñïîëüçóÿ (11), ïîëó÷èì

ã = − iν1xexp{ν1(x− vt− x0)}(eiθ − 1)

(1 + exp{ν1(x− vt− x0)})(1 + eiθexp{ν1(x− vt− x0)})
− λ∗1. (24)

Èç (22) ñëåäóåò: ã = − ic̃x
c − λ∗1 ⇒ ã = −1

i

∫
q̄qdx. Èñïîëüçóÿ (11), ïîëó÷èì

ãx =
1

i
b̃c̃⇒ ãx =

1

i
(−q̄)q. (25)

Òîãäà

ã = − iqx
q

− λ∗1. (26)

Ïîýòîìó, èç (22), (23) ñëåäóåò

d̃ =
ib̃x

b̃
− λ∗1 ⇒ d̃ =

i(−q̄)x
(−q̄)

− λ∗1 ⇒ d̃ =
iq̄x
q̄

− λ∗1. (27)

Èñïîëüçóÿ (11), ïîëó÷èì

d̃ =
iν1xexp{ν1(x− vt− x0)}(e−iθ − 1)

(1 + exp{ν1(x− vt− x0)})(1 + e−iθexp{ν1(x− vt− x0)})
− λ∗1. (28)

Èç (22), (23) ñëåäóåò

d̃x = −1

i
c̃b̃, (29)

Áîëåå òîãî, èç (28), (29) ñëåäóåò

d̃ =
1

i

∫
qq̄dx. (30)

Ó÷èòûâàÿ (30), ïîëó÷èì (25) â âèäå

d̃ = −ã. (31)

Òàêèì îáðàçîì, ìàòðèöà Ã äëÿ îäíîñîëèòîííîãî ðåøåíèÿ (11) íåëèíåéíîãî
óðàâíåíèÿ Øðåäèíãåðà ïðèíèìàåò âèä

Ã =

 − iν1xexp{ν1(x−vt−x0)}(eiθ−1)
(1+exp{ν1(x−vt−x0)})(1+eiθexp{ν1(x−vt−x0)})

− λ∗1

ρ1+eiθexp{ν1(x−vt−x0)}
1+exp{ν1(x−vt−x0)}
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−ρ1+e−iθexp{ν1(x−vt−x0)}
1+exp{ν1(x−vt−x0)}

iν1xexp{ν1(x−vt−x0)}(e−iθ−1)
(1+exp{ν1(x−vt−x0)})(1+e−iθexp{ν1(x−vt−x0)})

− λ∗1

 . (32)

Òåïåðü âîçüìåì ϕ = I − A
(λ−λ̄1)2

, ãäå λ1 ÿâëÿåòñÿ ïîñòîÿííîé, òîãäà èç

(10) èìååì

P = ϕ−1ϕλ = (I +
Ã

λ− λ1
)

Ã

(λ− λ̄1)2
. (33)

Ñ äðóãîé ñòîðîíû, ïîëó÷èì

P =
3∑

j=1

Pjfj = − i

2

3∑
j=1

Pjσj =

(
− i

2P3 − i
2P1 − 1

2P2

− i
2P1 +

1
2P2

i
2P3

)
. (34)

Èç (33), (34) ïîñðåäñòâîì (29) èìååì P3 =
2iã

(λ−λ̄1)2
. Òåïåðü ñ ïîìîùüþ (31)

íàéäåì P3 â ÿâíîì âèäå äëÿ ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà
â ñëó÷àå êîíå÷íîé ïëîòíîñòè:

P3 =
2ν1xexp{ν1(x− vt− x0)}(eiθ − 1)

(λ− λ̄1)2(1 + exp{ν1(x− vt− x0)})(1 + eiθexp{ν1(x− vt− x0)})
−

− 2iλ∗1
(λ− λ̄1)2

. (35)

Èç (33), (34) èìååì P2 =
c̃−b̃

(λ−λ̄1)2
. Òàêèì îáðàçîì,

P1 =
i(c̃+ b̃)

(λ− λ̄1)2
, P2 =

(c̃− b̃)

(λ− λ̄1)2
, P3 =

2iã

(λ− λ̄1)2
.

Èç (33), (11), èñïîëüçóÿ èçâåñòíûå ôîðìóëû

shζ =
eζ − e−ζ

2
; chζ =

eζ + e−ζ

2
; cosζ =

eiζ + e−iζ

2
; sinζ =

eiζ − e−iζ

2i
, (36)

ãäå ζ = ν1(x− vt− x0), ïîëó÷èì ÿâíûå çíà÷åíèÿ P1, P2, P3 ìàòðèöû P :

P1 =
iρ(eiθ − e−iθ)exp{ν1(x− vt− x0)}
(λ− λ̄1)2(1 + exp{ν1(x− vt− x0)})

, (37a)
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P2 =
ρ(2 + eiθexp{ν1(x− vt− x0)}+ e−iθexp{ν1(x− vt− x0)})

(λ− λ̄1)2(1 + exp{ν1(x− vt− x0)})
. (37b)

Òåïåðü âû÷èñëèì êîýôôèöèåíòû ïåðâîé ôóíäàìåíòàëüíîé ôîðìû, ò.å.

E = P 2
1x + P 2

2x + P 2
3x. (38)

Äëÿ ýòîãî âû÷èñëèì P1x, P2x, P3x. Òåïåðü âîçâîäèì â êâàäðàò ïåðâûå ïðî-
èçâîäíûå è ïîäñòàâèì â (38), òîãäà

E =
ν21exp

2{ν1(x− vt− x0)}
(1 + exp{ν1(x− vt− x0)})4

[
4ρ2x2

(λ− λ̄1)4
(2− eiθ − e−iθ)+

+
4(eiθ − 1)2[1 + ν1x(1− eiθexp2{ν1(x− vt− x0)})]2

(1 + eiθexp{ν1(x− vt− x0)})4
].

Ïîäîáíûì îáðàçîì, ñîãëàñíî ôîðìóëàì

F = P1xP1t + P2xP2t + P3xP3t, G = P 2
1t + P 2

2t + P 2
3t,

ïîëó÷èì çíà÷åíèå F :

F =
2ρ2ν21vxexp{ν1(x− vt− x0)}(eiθ + e−iθ − 2)

(λ− λ̄1)4(1 + exp{ν1(x− vt− x0)})3
+

+
4ν31vxexp

2{ν1(x− vt− x0)}(eiθ − 1)2(eiθ − exp2{ν1(x− vt− x0)} − 1)

(λ− λ̄1)2(1 + exp{ν1(x− vt− x0)})4(1 + eiθexp{ν1(x− vt− x0)})4
×

×(1 + ν1x− ν1xe
iθexp2{ν1(x− vt− x0)}),

G =
v2ν21exp{ν1(x− vt− x0)}

(λ− λ̄1)4(1 + exp{ν1(x− vt− x0)})4
[ρ2(eiθ − e−iθ)2(1+

+2exp{ν1(x− vt− x0)})2 + ρ2(eiθ − e−iθ − 2)2+

+
4ν21x

2(eiθ − 1)2(eiθexp{ν1(x− vt− x0)} − 1)2

(1 + eiθexp{ν1(x− vt− x0)})4
]. (39)

Èñïîëüçóÿ (35), (37a), (37b, íàéäåì êîýôôèöèåíòû âòîðîé ôóíäàìåíòàëü-
íîé ôîðìû L,M,N . Äëÿ ýòîãî íàì íóæíî âû÷èñëèòü

n =
rx × rt√

Λ
,

√
Λ =

√
EG− F 2. (40)
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Íåïîñðåäñòâåííîé ïîäñòàíîâêîé çíà÷åíèé (35), (37a), (37b) â (40) íàéäåì
êîìïîíåíòû âåêòîðà n. Âû÷èñëèì ñ ïîìîùüþ (39) çíà÷åíèå

√
Λ = (EG− F 2)

1
2 .

Òåïåðü íàéäåì
P1xx, P2xx, P3xx.

Çàòåì ìîæåì íàéòè L. Ïîäîáíûì îáðàçîì íàõîäèì M,N. Äàëåå ìîæåì
íàéòè ãàóññîâó è ñðåäíþþ êðèâèçíû K è H. Òåïåðü èç (5), (6), èñïîëüçóÿ
(10), äëÿ äàííîãî ñëó÷àÿ γ0, M1 = 0 ìû èìååì êîýôôèöèåíòû ïåðâîé
ôóíäàìåíòàëüíîé ôîðìû, ñîîòâåòñòâóþùåé (11), êàê

E =
1

4
, F = −λ

2
, G = λ2 + q̄q.

Ñîîòâåòñòâåííî èç (9), èñïîëüçóÿ (10), ìû íàéäåì êîýôôèöèåíòû âòîðîé
ôóíäàìåíòàëüíîé ôîðìû. Òåïåðü ìîæåì âû÷èñëèòü

Λ = EG− F 2 =
1

4
q̄q.

Òåîðåìà äîêàçàíà.

4. Çàêëþ÷åíèå

Òàêèì îáðàçîì, ìû èññëåäîâàëè ñîëèòîííóþ èììåðñèþ â (1+1)-
èçìåðåíèè. Â êà÷åñòâå ïðèìåðà, çàäàþùåãî òàêóþ èììåðñèþ, ðàññìîò-
ðåëè (1+1)-ìåðíîå íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà. Íàéäåíà ïåðâàÿ
ôóíäàìåíòàëüíàÿ ôîðìà ñ ñîîòâåòñòâóþùèìè êîýôôèöèåíòàìè (12) äëÿ
èíòåãðèðóåìîé ïîâåðõíîñòè, ñîîòâåòñòâóþùåé îäíîñîëèòîííîìó ðåøåíèþ
íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà â ñëó÷àå êîíå÷íîé ïëîòíîñòè. Îïðå-
äåëåíà ãàóññîâà è ñðåäíÿÿ êðèâèçíû äàííîé ïîâåðõíîñòè. Áîëåå òîãî, ïðåä-
ïîëîæèëè, ÷òî èììåðñèÿ 3- è 4-ìåðíîãî ìíîãîîáðàçèÿ, ïðîèçâîëüíî âëî-
æåííîãî â Rµ, äîïóñêàåò èíòåãðèðóåìûå ñëó÷àè.
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1 Ââåäåíèå

Ðàññìàòðèâàåì äèôôåðåíöèàëüíûé îïåðàòîð, çàäàííûé äèôôåðåíöè-
àëüíûì âûðàæåíèåì

L0(u) = −u′′(x) + q(x)u(x) = λu(x), q(x) ∈ C[0, 1], 0 < x < 1, (1)

è êðàåâûìè óñëîâèÿìè îáùåãî âèäà

U1(u) = a11u
′(0) + a12u

′(1) + a13u(0) + a14u(1) = 0, (2)

U2(u) = a21u
′(0) + a22u

′(1) + a23u(0) + a24u(1) = 0. (3)

Â ñëó÷àå, êîãäà êðàåâûå óñëîâèÿ (2), (3) ÿâëÿþòñÿ óñèëåííî ðåãóëÿð-
íûìè, èç ðåçóëüòàòîâ Â.Ï. Ìèõàéëîâà [1] è Ã.Ì. Êåñåëüìàíà [2] ñëåäóåò áà-
çèñíîñòü Ðèññà â L2(0, 1) ñèñòåì ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé
(ÑèÏÔ) çàäà÷è. Â ñëó÷àå, êîãäà êðàåâûå óñëîâèÿ ÿâëÿþòñÿ ðåãóëÿðíûìè,
íî íå óñèëåííî ðåãóëÿðíûìè, âîïðîñ î áàçèñíîñòè ñèñòåì ÑèÏÔ äî êîíöà
îêîí÷àòåëüíî åùå íå ðåøåí.

Ââåäåì â ðàññìîòðåíèå ìàòðèöó èç êîýôôèöèåíòîâ êðàåâûõ óñëîâèé
(2), (3):

A =

(
a11 a12 a13 a14
a21 a22 a23 a24

)
.

×åðåç A(ij) áóäåì îáîçíà÷àòü ìàòðèöó, ñîñòàâëåííóþ èç i-ãî è j-ãî ñòîëá-
öîâ ìàòðèöû A,Aij = detA(ij). Ïóñòü êðàåâûå óñëîâèÿ (2), (3) ÿâëÿþòñÿ
ðåãóëÿðíûìè, íî íå óñèëåííî ðåãóëÿðíûìè. Ñîãëàñíî [3, c. 73] ïðè âûïîë-
íåíèè óñëîâèé:

A12 = 0, A14 +A23 ̸= 0, A14 +A23 = ∓(A13 +A24), (4)

êðàåâûå óñëîâèÿ (2), (3) áóäóò ýêâèâàëåíòíû ðåãóëÿðíûì, íî íå óñèëåííî
ðåãóëÿðíûì êðàåâûì óñëîâèÿì.

Â [4] À.Ñ. Ìàêèíûì ïðåäëîæåíî âñå ðåãóëÿðíûå, íî íå óñèëåííî ðåãó-
ëÿðíûå êðàåâûå óñëîâèÿ ðàçäåëèòü íà ÷åòûðå òèïà. Ïðè ýòîì èì âûäåëåí
îäèí òèï íå óñèëåííî ðåãóëÿðíûõ êðàåâûõ óñëîâèé, ïðè êîòîðûõ ñèñòåìà
ÑèÏÔ çàäà÷è (1)�(3) îáðàçóåò áàçèñ Ðèññà ïðè ëþáûõ ïîòåíöèàëàõ q(x).
Â ñëó÷àå q(x) ≡ 0 çàäà÷à î áàçèñíîñòè ñèñòåìû ÑèÏÔ çàäà÷è ñ îáùèìè
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ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè ïîëíîñòüþ ðåøåíà â [5]. Â ðàáîòå [4]
III-òèï êðàåâûõ óñëîâèé îïðåäåëåí â ñëåäóþùåì âèäå:

A14 ̸= A23, A34 = 0.

Ýòè óñëîâèÿ âñåãäà ýêâèâàëåíòíû êðàåâûì óñëîâèÿì, çàäàâàåìûì ìàò-
ðèöåé A:

A =

(
1 −1 0 0
0 0 1 0

)
.

Ýòîò ñëó÷àé è áóäåò ïðåäìåòîì íàøèõ èññëåäîâàíèé â íàñòîÿùåé ðàáîòå.

2 Ïîñòàíîâêà çàäà÷è è îñíîâíûå ðåçóëüòàòû

Çàäà÷à (1)�(3) ñ êðàåâûìè óñëîâèÿìè III- òèïà ïðè q(x) ≡ 0 ÿâëÿåòñÿ
íåñàìîñîïðÿæåííîé çàäà÷åé â L2(0, 1). Äëÿ ñëó÷àÿ íåñàìîñîïðÿæåííîãî
èñõîäíîãî îïåðàòîðà âîïðîñ î ñîõðàíåíèè ñâîéñòâ áàçèñíîñòè ïðè íåêîòî-
ðîì (ñëàáîì â îïðåäåëåííîì ñìûñëå) âîçìóùåíèè èññëåäîâàëñÿ â [6].

Ñâîéñòâî áàçèñíîñòè Ðèññà ñèñòåìû ñîáñòâåííûõ è ïðèñîåäèíåííûõ
ôóíêöèé ïåðèîäè÷åñêèõ è àíòè-ïåðèîäè÷åñêèõ çàäà÷ Øòóðìà-Ëèóâèëëÿ
èññëåäîâàëîñü â [7]. Â ýòîé ðàáîòå ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû
äëÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé ïåðèîäè÷åñêèõ è àíòè-
ïåðèîäè÷åñêèõ çàäà÷Øòóðìà-Ëèóâèëëÿ � çàäà÷ ñ ãðàíè÷íûìè óñëîâèÿìè,
êîòîðûå ÿâëÿþòñÿ íå óñèëåííî ðåãóëÿðíûìè â ñëó÷àÿõ, êîãäà q(x) ÿâëÿåò-
ñÿ êîìïëåêñíîçíà÷íîé, àáñîëþòíî íåïðåðûâíîé ôóíêöèåé è q(0) ̸= q(1). Ñ
ïîìîùüþ ýòèõ àñèìïòîòè÷åñêèõ ôîðìóë äîêàçàíî, ÷òî êîðíåâûå ôóíêöèè
ýòèõ îïåðàòîðîâ îáðàçóþò áàçèñ Ðèññà â ïðîñòðàíñòâå L2(0, 1) [8], [9].

Â [10], [11] èññëåäîâàíû âîïðîñû óñòîé÷èâîñòè áàçèñíûõ ñâîéñòâ ïåðèî-
äè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (1) ïðè èíòåãðàëüíîì âîçìóùåíèè êðàåâî-
ãî óñëîâèÿ (2) I-ãî òèïà, òî åñòü ïðè âûïîëíåíèè óñëîâèé A14 = A23, A34 =
0. À òàêæå â ðàáîòå [12] àíàëîãè÷íûå âîïðîñû èçó÷åíû ïðè q(x) ≡ 0. Â íà-
ñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ áëèçêàÿ ê èññëåäîâàíèÿì [12] ñïåêòðàëü-
íàÿ çàäà÷à ïðè q(x) ≡ 0 ñ èíòåãðàëüíûì âîçìóùåíèåì êðàåâîãî óñëîâèÿ
(3), êîòîðîå îòíîñèòñÿ ê III-ìó òèïó:

L1(u) ≡ −u′′(x) = λu(x), 0 < x < 1, (1′)

U1(u) ≡ u′(0)− u′(1) = 0, (2′)
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U2(u) ≡ u(0) =

∫ 1

0
p(x)u(x)dx, p(x) ∈ L2(0, 1). (3′)

Åñëè p(x) ≡ 0, òî çàäà÷à (1′)�(3′) íàçûâàåòñÿ çàäà÷åé Ñàìàðñêîãî-
Èîíêèíà [6].

Èç ðàáîòû [13] ñëåäóåò, ÷òî ñèñòåìà ÑèÏÔ çàäà÷è (1′)�(3′) ïîëíà è ìè-
íèìàëüíà â L2(0, 1). Ïðè ýòîì ñèñòåìà ÑèÏÔ ïðè ëþáûõ p(x) îáðàçóåò
áàçèñ Ðèññà ñî ñêîáêàìè. Íàøåé çàäà÷åé ÿâëÿåòñÿ äåìîíñòðàöèÿ òîãî, ÷òî
ñâîéñòâî áàçèñíîñòè â L2(0, 1) ñèñòåìû ÑèÏÔ çàäà÷è (1′)�(3′) ÿâëÿåòñÿ
íåóñòîé÷èâûì ïðè ìàëûõ èçìåíåíèÿõ ÿäðà p(x) èíòåãðàëüíîãî âîçìóùå-
íèÿ.

Â [14] ïðåäëîæåíà ìåòîäèêà ïîñòðîåíèÿ õàðàêòåðèñòè÷åñêîãî îïðåäå-
ëèòåëÿ ñïåêòðàëüíîé çàäà÷è ïðè èíòåãðàëüíîì âîçìóùåíèè êðàåâîãî óñëî-
âèÿ. Âîïðîñû óñëîâíîé áàçèñíîñòè è èññëåäîâàíèå ñïåêòðàëüíûõ ñâîéñòâ
íåëîêàëüíûõ çàäà÷ ðàññìîòðåíû â [15]. Ñâîéñòâà áàçèñíîñòè â Lp(−1, 1)
êîðíåâûõ ôóíêöèé íåëîêàëüíîé çàäà÷è äëÿ óðàâíåíèÿ ñ èíâîëþöèåé èçó-
÷åíû â [16]. Íåóñòîé÷èâîñòü ñâîéñòâ áàçèñíîñòè êîðíåâûõ ôóíêöèé îïåðà-
òîðà Øðåäèíãåðà ñ íåëîêàëüíûì âîçìóùåíèåì êðàåâîãî óñëîâèÿ èññëåäî-
âàëàñü â [17].

Â [18], [19] ðàññìîòðåíû íåêîòîðûå ñïåêòðàëüíûå ñâîéñòâà ðåãóëÿð-
íûõ çàäà÷ Øòóðìà-Ëèóâèëëÿ ñî ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íûõ
óñëîâèÿõ. Äîêàçàíû òåîðåìû î ðàçëîæåíèè ïî ñîáñòâåííûì ôóíêöèÿì â
ìîäèôèöèðîâàííîì ãèëüáåðòîâîì ïðîñòðàíñòâå L2(a, b).

3 Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü çàäà÷è

Çäåñü âîñïîëüçóåìñÿ ìåòîäèêîé íàøåé ðàáîòû [14] ïîñòðîåíèÿ õàðàêòå-
ðèñòè÷åñêîãî îïðåäåëèòåëÿ çàäà÷è ñ èíòåãðàëüíûì âîçìóùåíèåì êðàåâîãî
óñëîâèÿ.

Îäíîé èç îñîáåííîñòåé ðàññìàòðèâàåìîé çàäà÷è ÿâëÿåòñÿ òî, ÷òî ñî-
ïðÿæåííîé ê (1′)�(3′) ÿâëÿåòñÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ íàãðóæåííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

L∗
1(v) = −v′′(x) + p(x)v′(0) = λv(x),

V1(v) ≡ v′(1) = 0, V2(v) ≡ v(0)− v(1) = 0. (5)
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Ïîñòðîèì ñíà÷àëà õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñïåêòðàëüíîé çà-
äà÷è. Ïðåäñòàâëÿÿ îáùåå ðåøåíèå óðàâíåíèÿ (1′) ïðè λ ̸= 0 ïî ôîðìóëå

u(x, λ) = C1 cos
√
λx+ C2 sin

√
λx

è óäîâëåòâîðÿÿ åãî êðàåâûì óñëîâèÿì (2′), (3′), ïîëó÷àåì ëèíåéíóþ ñèñòå-
ìó îòíîñèòåëüíî êîýôôèöèåíòîâ C1, C2: C1 sin

√
λ+ C2

(
1− cos

√
λ
)
= 0,

C1

[
1−

∫ 1
0 p(x) cos

√
λxdx

]
− C2

∫ 1
0 p(x) sin

√
λxdx = 0.

Åå îïðåäåëèòåëü è áóäåò õàðàêòåðèñòè÷åñêèì îïðåäåëèòåëåì çàäà÷è (1′)�
(3′):

∆1(λ) =

∣∣∣∣∣ sin
√
λ

(
1− cos

√
λ
)

1−
∫ 1
0 p(x) cos

√
λxdx −

∫ 1
0 p(x) sin

√
λxdx

∣∣∣∣∣ . (6)

Ïðè p(x) = 0 ïîëó÷àåòñÿ õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü íåâîçìóùåí-
íîé çàäà÷è Ñàìàðñêîãî-Èîíêèíà. Îáîçíà÷èì åãî ÷åðåç ∆0(λ) = 1−cos

√
λ.

×èñëî λ0
0 = 0 ÿâëÿåòñÿ îäíîêðàòíûì ñîáñòâåííûì çíà÷åíèåì íåâîçìó-

ùåííîé çàäà÷è Ñàìàðñêîãî-Èîíêèíà, à u0(x) = +
√
3x � ñîîòâåòñòâóþùåé

ñîáñòâåííîé ôóíêöèåé.
Îñòàëüíûå ñîáñòâåííûå çíà÷åíèÿ íåâîçìóùåííîé çàäà÷è (1′)�(3′) ÿâ-

ëÿþòñÿ äâóêðàòíûìè: λ0
k = (2kπ)2, k = 1, 2, 3, ..., à u0k0 =

√
2 sin 2kπx �

ñîîòâåòñòâóþùàÿ èì ñîáñòâåííàÿ ôóíêöèÿ, u0k1 =
√
2
2 x cos 2kπx � ïðèñî-

åäèíåííàÿ ôóíêöèÿ. Ñ ó÷åòîì óñëîâèÿ áèîðòîãîíàëüíîñòè
(
u0k1, v

0
k1

)
= 1

èìååì v0k1 = 4
√
2 cos 2kπx ñîáñòâåííóþ è v0k0 = 2

√
2(1−x) sin 2kπx � ïðèñî-

åäèíåííóþ ôóíêöèè ñîïðÿæåííîé çàäà÷è ê çàäà÷å Ñàìàðñêîãî-Èîíêèíà.
Ôóíêöèþ p(x) ïðåäñòàâèì â âèäå áèîðòîãîíàëüíîãî ðàçëîæåíèÿ â ðÿä

Ôóðüå ïî ñèñòåìå
{
v0k0, v

0
k1

}
:

p(x) =

∞∑
k=1

ak0v
0
k0 +

∞∑
k=0

ak1v
0
k1 =

=

∞∑
k=1

ak02
√
2(1− x) sin 2kπx+

∞∑
k=0

ak14
√
2(1− x) cos 2kπx. (7)
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Èñïîëüçóÿ (7), íàéäåì áîëåå óäîáíîå ïðåäñòàâëåíèå îïðåäåëèòåëÿ
∆1(λ). Äëÿ ýòîãî ñíà÷àëà âû÷èñëèì âõîäÿùèå â (6) èíòåãðàëû. Íåñëîæíûå
âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî∫ 1

0
p(x) cos

√
λxdx = 4

√
2λ sin

√
λ

∞∑
k=0

ak1
λ− (2kπ)2

+

+2
√
2

∞∑
k=1

(
2kπak0

λ− (2kπ)2

[
1− 2

√
λ sin

√
λ

λ− (2kπ)2

])
,

∫ 1

0
p(x) sin

√
λxdx = −2

√
2λ sin

√
λ

∞∑
k=0

ak0
λ− (2kπ)2

−2
√
2 sin

√
λ

∞∑
k=1

2kπak0
λ− (2kπ)2

+

+4
√
2λ(1− cos

√
λ)

∞∑
k=0

ak1
λ− (2kπ)2

.

Èñïîëüçóÿ ïîëó÷åííîå, îïðåäåëèòåëü (6) ñòàíäàðòíûìè ïðåîáðàçîâà-
íèÿìè ïðèâîäèòñÿ ê âèäó:

∆1(λ) = ∆0(λ) ·A(λ), ãäå A(λ) =

[
1 + 4

√
2π

∞∑
k=1

ak0
k

λ− (2kπ)2

]
. (8)

Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 1. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñïåêòðàëüíîé çàäà÷è (1)�
(3) ïðè q(x) ≡ 0, òî åñòü (1′)�(3′) ñ âîçìóùåííûìè êðàåâûìè óñëîâèÿ-

ìè, ïðåäñòàâèì â âèäå (8), ãäå ∆0(λ) � õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü

íåâîçìóùåííîé ñïåêòðàëüíîé çàäà÷è Ñàìàðñêîãî-Èîíêèíà, ak0 � êîýôôè-
öèåíòû Ôóðüå áèîðòîãîíàëüíîãî ðàçëîæåíèÿ (7) ôóíêöèè p(x) ïî ñèñòå-

ìå ÑèÏÔ ñîïðÿæåííîé íåâîçìóùåííîé ñïåêòðàëüíîé çàäà÷è Ñàìàðñêîãî-

Èîíêèíà.

Ôóíêöèÿ A(λ) èç (8) èìååò ïîëþñà ïåðâîãî ïîðÿäêà â òî÷êàõ λ = λ0
k,

à ôóíêöèÿ ∆0(λ) èìååò íóëè âòîðîãî ïîðÿäêà â ýòèõ æå òî÷êàõ. Ïîýòîìó
ôóíêöèÿ ∆1(λ), ïðåäñòàâëåííàÿ ïî ôîðìóëå (8), ÿâëÿåòñÿ öåëîé àíàëèòè-
÷åñêîé ôóíêöèåé ïåðåìåííîãî λ.
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Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü, êîòîðûé ÿâëÿåòñÿ öåëîé àíàëèòè-
÷åñêîé ôóíêöèåé, ñâÿçàííîé ñ çàäà÷åé íà ñîáñòâåííûå çíà÷åíèÿ äëÿ äèô-
ôåðåíöèàëüíîãî îïåðàòîðà òðåòüåãî ïîðÿäêà ñ íåëîêàëüíûìè êðàåâûìè
óñëîâèÿìè, èññëåäîâàëñÿ â ðàáîòå [20].

4 ×àñòíûå ñëó÷àè õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ

Î÷åâèäíî, ÷òî, åñëè ïðè íåêîòîðîì èíäåêñå j êîýôôèöèåíòû ðàçëîæå-
íèÿ (7) aj0 = 0, òîãäà λ1

j = λ0
j ÿâëÿåòñÿ äâóêðàòíûì ñîáñòâåííûì çíà÷å-

íèåì âîçìóùåííîé çàäà÷è (1′)�(3′). Ïîýòîìó áîëåå ïðîñòî õàðàêòåðèñòè-
÷åñêèé îïðåäåëèòåëü (8) âûãëÿäèò â ñëó÷àå, êîãäà p(x) ïðåäñòàâëÿåòñÿ â
âèäå (7) ñ êîíå÷íîé ïåðâîé ñóììîé. Òî åñòü, êîãäà ñóùåñòâóåò òàêîé íîìåð
N , ÷òî ak0 = 0 äëÿ âñåõ k > N . Â ýòîì ñëó÷àå ôîðìóëà (8) ïðèíèìàåò âèä

∆1(λ) = ∆0(λ)

[
1 + 4

√
2π

N∑
k=1

ak0
k

λ− (2kπ)2

]
(9)

Èç ýòîãî ÷àñòíîãî ñëó÷àÿ ôîðìóëû (8) íåñëîæíî îáîñíîâàòü ñëåäóþùåå

Ñëåäñòâèå 1. Äëÿ ëþáûõ íàïåðåä çàäàííûõ ÷èñåë: êîìïëåêñíîãî λ̂ è íà-

òóðàëüíîãî m̂ âñåãäà ñóùåñòâóåò òàêàÿ ôóíêöèÿ p(x), ÷òî λ̂ áóäåò ÿâëÿòüñÿ

ñîáñòâåííûì çíà÷åíèåì çàäà÷è (1′)�(3′) êðàòíîñòè m̂.

Èç ôîðìóëû (8) èìååì äâå ñåðèè ñîáñòâåííûõ çíà÷åíèé âîçìóùåííîé
çàäà÷è (1′)�(3′):

λ
(1)
k = λ0

k =
(
2kπ

)2
; λ

(2)
k =

[
2kπ + ak0

(√
2 +O

(
1√
k

))]2
.

Èç àíàëèçà ôîðìóëû (9) òàêæå ëåãêî âèäåòü, ÷òî ∆1

(
λ0
k

)
= 0 äëÿ

âñåõ k > N . Òî åñòü âñå ñîáñòâåííûå çíà÷åíèÿ λ0
k, k > N , íåâîçìóùåí-

íîé çàäà÷è Ñàìàðñêîãî-Èîíêèíà ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè âîç-
ìóùåííîé ñïåêòðàëüíîé çàäà÷è (1′)�(3′). Òàêæå íåòðóäíî óáåäèòüñÿ, ÷òî
ñîõðàíÿåòñÿ è êðàòíîñòü ñîáñòâåííûõ çíà÷åíèé λ0

k, k > N .
Áîëåå òîãî, èç óñëîâèé îðòîãîíàëüíîñòè p(x) ⊥ u0j0, p(x) ⊥ u0j1 ïðè âñåõ

j > N ñëåäóåò, ÷òî â ýòîì ñëó÷àå∫ 1

0
p(x)u0j0(x)dx =

∫ 1

0
p(x)u0j1(x)dx = 0.
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Ïîýòîìó ñîáñòâåííûå u0j0(x) è ïðèñîåäèíåííûå u0j1(x) ôóíêöèè íåâîçìó-
ùåííîé çàäà÷è Ñàìàðñêîãî-Èîíêèíà ïðè âñåõ j > N óäîâëåòâîðÿþò êðàå-
âûì óñëîâèÿì (2′), (3′) è, ñëåäîâàòåëüíî, ÿâëÿþòñÿ ñîáñòâåííûìè è ïðèñî-
åäèíåííûìè ôóíêöèÿìè âîçìóùåííîé çàäà÷è (1′)�(3′). Çíà÷èò, â ýòîì ñëó-
÷àå ñèñòåìà ÑèÏÔ âîçìóùåííîé çàäà÷è (1′)�(3′) è ñèñòåìà ÑèÏÔ íåâîçìó-
ùåííîé çàäà÷è Ñàìàðñêîãî-Èîíêèíà (îáðàçóþùàÿ áàçèñ Ðèññà) îòëè÷àþò-
ñÿ äðóã îò äðóãà ëèøü ïî êîíå÷íîìó ÷èñëó ïåðâûõ ÷ëåíîâ. Ñëåäîâàòåëüíî,
ñèñòåìà ÑèÏÔ âîçìóùåííîé çàäà÷è (1′)�(3′) òàêæå îáðàçóåò áàçèñ Ðèññà
â L2(0, 1).

Ìíîæåñòâî ôóíêöèé p(x), ïðåäñòàâèìûõ â âèäå êîíå÷íîãî ðÿäà (7),
ÿâëÿåòñÿ ïëîòíûì â L2(0, 1). Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 2. Ïóñòü A14 ̸= A23, A34 = 0, òî åñòü êðàåâûå óñëîâèÿ (2′), (3′)
ïðèíàäëåæàò òèïó III. Òîãäà ìíîæåñòâî ôóíêöèé p(x) ∈ L2(0, 1) òàêèõ,

÷òî ñèñòåìà ÑèÏÔ âîçìóùåííîé çàäà÷è Ñàìàðñêîãî-Èîíêèíà (1′)�(3′) îá-
ðàçóåò áàçèñ Ðèññà â L2(0, 1), ÿâëÿåòñÿ ïëîòíûì â L2(0, 1).

5 Íåóñòîé÷èâîñòü ñâîéñòâà áàçèñíîñòè

Ïîêàæåì òåïåðü, ÷òî ñâîéñòâî áàçèñíîñòè ñèñòåìû ÑèÏÔ âîçìóùåííîé
çàäà÷è Ñàìàðñêîãî-Èîíêèíà (1′)�(3′) ÿâëÿåòñÿ íåóñòîé÷èâûì ïðè ñêîëü
óãîäíî ìàëîì èíòåãðàëüíîì âîçìóùåíèè êðàåâîãî óñëîâèÿ (3′).

Òåîðåìà 3. Åñëè A14 ̸= A23, A34 = 0, òî åñòü êðàåâûå óñëîâèÿ (2′), (3′)
ïðèíàäëåæàò òèïó III, òîãäà ìíîæåñòâî ôóíêöèé p(x) ∈ L2(0, 1) òàêèõ, ÷òî
ñèñòåìà ÑèÏÔ âîçìóùåííîé çàäà÷è Ñàìàðñêîãî-Èîíêèíà (1′)�(3′) íå îáðà-
çóåò äàæå îáû÷íîãî áàçèñà â L2(0, 1), òàêæå ÿâëÿåòñÿ ïëîòíûì â L2(0, 1).

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ìíîæåñòâî ôóíêöèé p(x) ∈ L2(0, 1),
ïðåäñòàâèìûõ â âèäå ðÿäà (7), êîýôôèöèåíòû êîòîðîãî àñèìïòîòè÷åñêè
(òî åñòü, íà÷èíàÿ ñ íåêîòîðîãî íîìåðà) îáëàäàþò ñâîéñòâîì ak0 ̸= 0, ak1 =
0, áóäåò ïëîòíûì â L2(0, 1). Ïîýòîìó äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòà-
òî÷íî ïîêàçàòü, ÷òî äëÿ òàêèõ ôóíêöèé p(x) ñèñòåìà ÑèÏÔ çàäà÷è íå
îáðàçóåò îáû÷íîãî áàçèñà.

Ïóñòü j � äîñòàòî÷íî áîëüøîé íîìåð òàê, ÷òî aj0 ̸= 0, aj1 = 0. Òîãäà èç

(8) íåòðóäíî âèäåòü, ÷òî λ0
j =

(
2jπ
)2

ÿâëÿåòñÿ ïðîñòûì ñîáñòâåííûì çíà-

÷åíèåì çàäà÷è (1′)�(3′). Íåïîñðåäñòâåííûì âû÷èñëåíèåì ëåãêî ïîëó÷èòü,
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÷òî ñîîòâåòñòâóþùåé ýòîìó çíà÷åíèþ ñîáñòâåííîé ôóíêöèåé ñîïðÿæåííîé

çàäà÷è (5) ÿâëÿåòñÿ v1j (x) =
√
2 cos

(
2jπx

)
è
∥∥∥v1j (x)∥∥∥2 = 1.

Íàéäåì ñîáñòâåííóþ ôóíêöèþ çàäà÷è (1′)�(3′). Äëÿ äîñòàòî÷íî áîëü-

øèõ λ = λ0
j =

(
2jπ
)2

ïåðâîå óðàâíåíèå ñèñòåìû èç ïóíêòà 3 îáðàùàåòñÿ

â òîæäåñòâî, à âòîðîå óðàâíåíèå ïðåîáðàçóåòñÿ ê âèäó

C1

1− √
2

4π

aj0
j

+

√
2

π

∞∑
k=1,k ̸=j

ak0
k

j2 − k2

− C2
aj0√
2
= 0.

Òàê êàê aj0 ̸= 0, òî îòñþäà âûðàæàåì C2 ÷åðåç C1. Ïîýòîìó ñîáñòâåííàÿ
ôóíêöèÿ çàäà÷è (1′)�(3′) èìååò âèä:

u1j (x) = C1

cos
(
2jπx

)
+

√
2

aj0

1− √
2

4π

aj0
j

+

√
2

π

∞∑
k=1,k ̸=j

ak0
k

j2 − k2

 sin
(
2jπx

) .

Êîíñòàíòó C1 âûáèðàåì èç óñëîâèÿ áèîðòîãîíàëüíîñòè
(
u1j (x), v

1
j (x)

)
= 1.

Ëåãêî âèäåòü, ÷òî C1 =
√
2. Îêîí÷àòåëüíî íàøëè ñîáñòâåííóþ ôóíêöèþ

çàäà÷è (1′)�(3′):

u1j (x) =
√
2 cos

(
2jπx

)
−

 1√
2jπ

− 2

aj0

1−
√
2

π

∞∑
k=1,k ̸=j

ak0
k

j2 − k2

 sin
(
2jπx

)
.

Íåïîñðåäñòâåííûì âû÷èñëåíèåì íàõîäèì åå íîðìó â L2(0, 1):

∥∥u1j (x)∥∥2 = 1 +
1

2

∣∣∣∣∣∣ 1√
2jπ

− 2

aj0

1−
√
2

π

∞∑
k=1,k ̸=j

ak0
k

j2 − k2

∣∣∣∣∣∣
2

.

Èç òåîðåìû Þíãà [21, òåîðåìà 276, ñ. 240] ñëåäóåò, ÷òî

lim
j→+∞

∞∑
k=1,k ̸=j

ak0
k

j2 − k2
= 0,
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ïîýòîìó

lim
j→+∞

∥∥u1j (x)∥∥2 = 1 + 2 lim
j→+∞

∣∣∣∣ 1

aj0

∣∣∣∣2 = +∞.

Ñëåäîâàòåëüíî,
lim
j→∞

∥∥u1j∥∥ · ∥∥v1j∥∥ = ∞.

Òî åñòü íå âûïîëíåíî óñëîâèå ðàâíîìåðíîé ìèíèìàëüíîñòè [22, c. 66] ñè-
ñòåìû è, ñëåäîâàòåëüíî, îíà íå îáðàçóåò äàæå îáû÷íîãî áàçèñà â L2(0, 1).
Òåîðåìà 3 äîêàçàíà.

Òàê êàê ñîïðÿæåííûå îïåðàòîðû îäíîâðåìåííî îáëàäàþò ñâîéñòâîì
áàçèñíîñòè Ðèññà êîðíåâûõ ôóíêöèé, òî îòñþäà ïîëó÷àåì

Ñëåäñòâèå 2. Ïóñòü A14 ̸= A23, A34 = 0, òî åñòü êðàåâûå óñëîâèÿ (2′),
(3′) ïðèíàäëåæàò òèïó-III. Òîãäà ìíîæåñòâî P ôóíêöèé p(x) ∈ L2(0, 1),
äëÿ êîòîðûõ ñèñòåìà ñîáñòâåííûõ ôóíêöèé çàäà÷è (5) äëÿ íàãðóæåííî-

ãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ îáðàçóåò áàçèñ Ðèññà â L2(0, 1), âñþäó
ïëîòíî â L2(0, 1). Ìíîæåñòâî L2(0, 1)\P òàêæå âñþäó ïëîòíî â L2(0, 1).

Ðåçóëüòàòû íàñòîÿùåé ðàáîòû, â îòëè÷èå îò [13], äåìîíñòðèðóþò
íåóñòîé÷èâîñòü ñâîéñòâ áàçèñíîñòè êîðíåâûõ ôóíêöèé çàäà÷è ïðè èíòå-
ãðàëüíîì âîçìóùåíèè êðàåâûõ óñëîâèé òèïà-III, ÿâëÿþùèõñÿ ðåãóëÿðíû-
ìè, íî íå óñèëåííî ðåãóëÿðíûìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâîãî ôèíàíñèðîâàíèÿ ÊÍ
ÌÎÍ ÐÊ, ãðàíò � 0825/ÃÔ4.
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Imanbaev N.S. ON STABILITY OF THE BASIS PROPERTY OF
THE SYSTEM OF ROOT VECTORS OF THE STURM-LIOUVILLE
OPERATOR WITH AN INTEGRAL PERTURBATION OF THE
BOUNDARY CONDITIONS IN A NOT STRENGTHENED REGULAR
PROBLEM OF THE SAMARSKII-IONKIN TYPE

In this paper we consider an operator given by the di�erential expression of
twofold di�erentiation and boundary conditions of the Samarskii-Ionkin type.
These conditions are regular but not strengthened regular. We investigate the
problem of stability and instability of the basis property of the system of
eigenfunctions and associated functions of a perturbed operator obtained by
integral perturbation of one of the boundary conditions.
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O ÐÀÇÐÅØÈÌÎÑÒÈ ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÌÀÃÍÈÒÍÎÉ
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Â äàííîé ðàáîòå èññëåäóþòñÿ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèé äâè-
æåíèÿ âÿçêîãî òåïëîïðîâîäíîãî ãàçà ñ ó÷åòîì ìàãíèòíîãî ïîëÿ. Êðîìå
òîãî, äåòàëüíî ïîêàçàí ïåðåõîä îò îñíîâíîãî òðåõìåðíîãî óðàâíåíèÿ ê ýé-
ëåðîâîé ïåðåìåííîé è ïîñëåäóþùåé ëàãðàíæåâîé êîîðäèíàòå. Äëÿ óðàâ-
íåíèé òåïëîïðîâîäíîãî ãàçà â ìàãíèòíîì ïîëå äîêàçûâàåòñÿ îäíîçíà÷íàÿ
ðàçðåøèìîñòü â ñëó÷àå, êîãäà îáëàñòü òå÷åíèÿ íå âêëþ÷àåò îñü (òî÷êó)
ñèììåòðèè. Îäíîâðåìåííî ðàññìàòðèâàþòñÿ äâèæåíèÿ ñ öèëèíäðè÷åñêè-
ìè è ñôåðè÷åñêèìè âîëíàìè.
Êëþ÷åâûå ñëîâà: ãàçîäèíàìè÷åñêèå óðàâíåíèÿ, êðàåâûå çàäà÷è, ñôåðè÷å-

ñêàÿ ñèììåòðèÿ

1. Óðàâíåíèÿ âÿçêîãî òåïëîïðîâîäíîãî ãàçà â ìàãíèòíîì

ïîëå

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî êîððåêòíîñòè ”â
öåëîì” ïî âðåìåíè íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèé, îïèñûâàþ-
ùèõ îäíîìåðíûå òå÷åíèÿ âÿçêîãî òåïëîïðîâîäíîãî ãàçà ñ ó÷åòîì ìàãíèò-
íîãî ïîëÿ. Èçâåñòíû ðåçóëüòàòû äëÿ äâèæåíèÿ âÿçêîãî òåïëîïðîâîäíîãî

c⃝ Á.Ä. Êîøàíîâ, Ò.Á. Óòååâ, 2015.
Keywords: gas dynamics equation, boundary value problem, spherical symmetry
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ãàçà áåç ó÷åòà âëèÿíèÿ ìàãíèòíîãî ïîëÿ [1], ñ ó÷åòîì âëèÿíèÿ ìàãíèòíîãî
ïîëÿ äëÿ äâèæåíèÿ ñ ïëîñêèìè âîëíàìè [2].

1.1 Ïîñòàíîâêà çàäà÷è è îñíîâíûå ðåçóëüòàòû

Îñíîâíûå óðàâíåíèÿ ìàãíèòíîé ãàçîâîé äèíàìèêè [1]-[3]:

∂ρ

∂t
+ div(ρū) = 0, P = Rρθ,

ρ[
∂ū

∂t
+ (ū · ∇)ū]− µe(H̄ · ∇)H̄ = −∇(P +

µe

2
H̄2) + (∇ · τ), (1)

cνρ[
∂θ

∂t
+ (ū · ∇)θ] = div(æ∇θ)− Pdivū+ µeµH(∇× H̄)2 + (τ · ∇) · ū,

∂H̄

∂t
= ∇× (ū× H̄)−∇× [µH(∇× H̄)],

ãäå

τij = (
∂ui
∂xj

+
∂uj
∂xi

) + µ1
∂uk
∂xk

δij

� òåíçîð íàïðÿæåíèÿ îòíîñèòåëüíî êîýôôèöèåíòîâ âÿçêîñòè, òåïëîïðî-
âîäíîñòè, ïðîíèöàåìîñòè è íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ áóäåì ïðåä-
ïîëàãàòü ïîñòîÿííûìè,

µ1 +
1

3
µ = 0, (µ, µe, R, cν ,æ, µH) > 0.

Ïóñòü x � ðàäèàëüíàÿ êîîðäèíàòà â öèëèíäðè÷åñêîé (ñôåðè÷åñêîé) ñèñòå-
ìå êîîðäèíàò è ïåðåìåííàÿ, âäîëü êîòîðîé ïðîèñõîäèò äâèæåíèå ïëîñêèõ
âîëí â äåêàðòîâîé ïðÿìîóãîëüíîé ñèñòåìå. Òå÷åíèå ÷àñòèöû ïàðàëëåëüíî
îñè x è èìååò òîëüêî îäíó êîìïîíåíòó ñêîðîñòè u. Íàïðÿæåííîñòü ìàãíèò-
íîãî ïîëÿ H ÿâëÿåòñÿ ïëîñêèì è ïåðïåíäèêóëÿðíûì ê ïîëþ ñêîðîñòè u.
Åñëè áû H áûëî ïàðàëëåëüíî ñêîðîñòè u, òî îíî íå âëèÿëî áû íà ãàçîäèíà-
ìè÷åñêèå óðàâíåíèÿ. Â ýòîì ñëó÷àå íå áûëî áû ÿâëåíèÿ âçàèìîäåéñòâèÿ.

Âñå âåëè÷èíû â ñèñòåìå (1) ÿâëÿþòñÿ ôóíêöèÿìè ïðîñòðàíñòâåííîé
(ðàäèàëüíîé) êîîðäèíàòû x è âðåìåíè t. Òîãäà óðàâíåíèÿ (1) äëÿ îäíî-
ìåðíûõ äâèæåíèé ïðèìóò âèä:

dρ

dt
+

ρ

xm
∂

∂x
(xmu) = 0, P = Rρθ,
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ρ
du

dt
+ µe

H2

x
= − ∂

∂x
(P + µe

H2

2
) + µ

∂

∂x

(
1

xm
∂(xmu)

∂x

)
, (2)

ρ
dθ

dt
= − P

xm
∂(xmu)

∂x
+

1

xm
∂

∂x

(
æxm

∂θ

∂x

)
+

+µ

[
1

xm
∂(xmu)

∂x

]2
+

µeµH

x2

[
∂(xH)

∂x

]2
− 3m

2

µ

xm
∂(xm−1u2)

∂x
,

xm−1∂H

∂t
+

∂

∂x
(xm−1uH) =

∂

∂x

(
µHxm−2∂(xH)

∂x

)
,

ãäå m = 1,m = 2 ñîîòâåòñòâóþò äâèæåíèþ ñ öèëèíäðè÷åñêèìè è ñôåðè-
÷åñêèìè âîëíàìè.

Äëÿ óáåäèòåëüíîñòè ïîêàæåì âûâîä ÷åòâåðòîãî óðàâíåíèÿ (2) èç
íà÷àëüíîãî óðàâíåíèÿ (1). Áóäåì ïîëàãàòü êîîðäèíàòû âåêòîðà H =
(Hr,Hθ,Hz) â öèëèíäðè÷åñêèõ êîîðäèíàòàõ. Òîãäà êîìïîíåíòû ÷åòâåðòî-
ãî óðàâíåíèÿ (1) ïðèìóò âèä:

∂Hr

∂t
=

1

r
{ ∂

∂θ
(urHθ − uθHr)−

∂

∂z
(ruzHr − rurHz)}−

−1

r
{ ∂

∂θ
[
µH

r
(
∂

∂r
(rHθ)−

∂Hr

∂θ
)]− ∂

∂z
[rµH(

∂Hr

∂z
− ∂Hz

∂r
)]},

∂Hθ

∂t
=

∂

∂z
(uθHz − uzHθ)−

∂

∂r
(urHθ − uθHr)−

− ∂

∂z
{µH

r
[
∂Hz

∂θ
− ∂(rHθ)

∂z
]}+ ∂

∂r
{µH

r
[
∂

∂r
(rHθ −

∂(Hr)

∂θ
)]},

∂Hz

∂t
=

1

r
{ ∂

∂r
[r(uzHr − urHz)]−

∂

∂θ
(uθHz − uzHθ)}−

−1

r
{ ∂

∂r
[µH(

∂Hr

∂z
− ∂Hz

∂r
)]− ∂

∂θ
[
µH

r
(
∂Hz

∂θ
− ∂(rHθ)

∂z
)]}.

Â äàííîì ñëó÷àå u = (ur = u, 0, 0), H = (0,Hθ = H, 0), r = x, òîãäà èç
âòîðîãî óðàâíåíèÿ âûøå ïðèâåäåííûõ ôîðìóë èìååì äëÿ öèëèíäðè÷åñêèõ
êîîðäèíàò

∂H

∂t
+

∂

∂x
(uH) =

∂

∂x
(
µH

x

∂(xH)

∂x
).
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Àíàëîãè÷íûì îáðàçîì âûâîäèòñÿ è äëÿ ñôåðè÷åñêèõ êîîðäèíàò:

∂H

∂t
+

1

x

∂

∂x
(xuH) =

1

x

∂

∂x
(µH

∂(xH)

∂x
).

Âåðíåìñÿ ê óðàâíåíèþ (2). Íåêîòîðûå êîíñòàíòû, èìåþùèåñÿ â ñèñòå-
ìå (2), áåç îãðàíè÷åíèÿ îáùíîñòè ïîëîæèì çà 1. Ñèñòåìà óðàâíåíèé (2)
ðàññìàòðèâàåòñÿ íà ïðîèçâîëüíîì êîíå÷íîì îòðåçêå âðåìåíè t ∈ [0, T ], 0 <
T < ∞ â îáëàñòè x ∈ [a, b], a > 0, áåç ëèíèè âûðîæäåíèÿ x = 0.

Â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 ñ÷èòàþòñÿ çàäàííûìè ñêîðîñòü,
ïëîòíîñòü, àáñîëþòíàÿ òåìïåðàòóðà è íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ:

(u, ρ, θ,H)(x, 0) = (u0(x), ρ0(x), θ0(x),H0(x)), x ∈ [a, b], (3)

ïðè÷åì íà÷àëüíàÿ ïëîòíîñòü è àáñîëþòíàÿ òåìïåðàòóðà � ñòðîãî ïîëî-
æèòåëüíûå è îãðàíè÷åííûå ôóíêöèè.

Ãðàíè÷íûå óñëîâèÿ ïðèíèìàþò ñëåäóþùèå çíà÷åíèÿ:

(u,
∂θ

∂x
,H)(a, t) = (u,

∂θ

∂x
,H)(b, t) = 0, t ∈ [0, T ]. (4)

Êàê è â ñëó÷àå ïëîñêèõ îäíîìåðíûõ äâèæåíèé [6], çàäà÷ó (2)�(4) óäîá-
íî ðàññìàòðèâàòü â ìàññîâûõ ëàãðàíæåâûõ ïåðåìåííûõ. Ïóñòü ïðè t = 0
ïîëîæåíèå ÷àñòèöû îïðåäåëÿëîñü êîîðäèíàòîé r, òîãäà äëÿ ýéëåðîâîé êî-
îðäèíàòû x(r, t) ýòîé ÷àñòèöû ñïðàâåäëèâî ïðåäñòàâëåíèå

x(r, t) = r +

t∫
0

u(r, τ) dτ. (5)

Ìàññà ãàçà, çàêëþ÷åííàÿ â îáúåìå, îñòàåòñÿ ïîñòîÿííîé âî âðåìåíè, ïî-
ýòîìó èìååì

∂x(r, t)

∂r
=

rm

xm
ρ0(r)

ρ(r, t)
.

Ñîãëàñíî ôîðìóëå (5)
∂x(r, t)

∂t
= u(r, t). (6)
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Ïåðåéäåì â çàäà÷å (2)�(4) ê ëàãðàíæåâûì êîîðäèíàòàì (r, t). Ñèñòåìà
óðàâíåíèé íåñêîëüêî óïðîùàåòñÿ, åñëè ââåñòè îáîçíà÷åíèå

q = q(r) =

r∫
0

ρ0(r)r
mdr.

Òîãäà óðàâíåíèÿ è êðàåâûå óñëîâèÿ â íîâûõ ìàññîâûõ ëàãðàíæåâûõ
ïåðåìåííûõ ïðèìóò âèä (ïîëàãàåì äëÿ ïðîñòîòû µ = µe = µH = cν = 1):

∂ρ

∂t
+ ρ2

∂(xmu)

∂q
= 0, P = Rρθ, (7)

∂u

∂t
+

H2

xρ
= xm

∂

∂q

(
ρ
∂(xmu)

∂q

)
− xm

∂P

∂q
− xmH

∂H

∂q
, (8)

∂θ

∂t
= æ

∂

∂q

(
x2mρ

∂θ

∂q

)
+ ρ

[
∂(xmu)

∂q

]2
+

+ρx2(m−1)

[
∂(xH)

∂q

]2
− P

∂(xmu)

∂q
− 3m

2

∂(xm−1u2)

∂q
, (9)

∂H

∂t
+ xρH

∂(xm−1u)

∂q
= xρ

∂

∂q

(
ρx2(m−1)∂(xH)

∂q

)
, (10)

(u, ρ, θ,H)(q, 0) = (u0, ρ0, θ0,H0)(q), q ∈ [0, b], (11)

(u,
∂θ

∂q
,H)(0, t) = (u,

∂θ

∂q
,H)(b, t) = 0, t ∈ [0, T ]. (12)

Ôóíêöèÿ x(r, t) ÿâëÿåòñÿ èñêîìîé è ïîýòîìó â ñèñòåìó âìåñòå ñ (7)-(10)
âõîäèò óðàâíåíèå (6), äëÿ êîòîðîãî íà÷àëüíûì óñëîâèåì ñëóæèò ñîâïàäå-
íèå ýéëåðîâîé è ëàãðàíæåâîé êîîðäèíàò â íà÷àëüíûé ìîìåíò:

x(q, 0) = r(q), q ∈ [0, b]. (13)

Èç åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (6), (11), (13) âûòåêàþò ñâîéñòâà ýé-
ëåðîâîé êîîðäèíàòû:

x = x(r(q), t) = x(q, t),

x(q, t) ∈ [a, 1] ïðè t ∈ [0, T ], q ∈ [0, b].
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Îïðåäåëåíèå 1. Ïîä ñèëüíûì ðåøåíèåì çàäà÷è (6)-(13) áóäåì ïîíèìàòü

ôóíêöèè ρ, u, θ,H, P, x, ó êîòîðûõ ñóùåñòâóþò ïðîèçâîäíûå, âõîäÿùèå â

óðàâíåíèÿ (6)-(10), ñóììèðóåìûå â Q = (0, b) × (0, T ) è óäîâëåòâîðÿþùèå

äàííûì óðàâíåíèÿì è êðàåâûì óñëîâèÿì (11)-(13) ïî÷òè âñþäó. Ïðè ýòîì

ρ(q, t) è θ(q, t) � ñòðîãî ïîëîæèòåëüíûå è îãðàíè÷åííûå ôóíêöèè.

Òåîðåìà 1. Ïóñòü íà÷àëüíûå äàííûå óäîâëåòâîðÿþò âêëþ÷åíèÿì:

u0(q) ∈
◦

W 1
2 (Ω), (ρ0(q), θ0(q),H0(q)) ∈ W 1

2 (Ω),

0 < m0 ≤ (ρ0(q), θ0(q)) ≤ M0 < ∞.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ñèëüíîå ðåøåíèå çàäà÷è (6)-(13) è äëÿ íåãî

èìåþò ìåñòî îöåíêè

∥u∥
L2(0,T ;W 2

2 (Ω)
∩ ◦

W 1
2 (Ω))

+ ∥ut∥L2(Q) + ∥H∥
W 2,1

2 (Q)
+ ∥θ∥

W 2,1
2 (Q)

+

+∥ρ∥L∞(0,T ;W 1
2 (Ω)) ≤ C < ∞; 0 < m ≤ (ρ, θ) ≤ M < ∞,

ãäå Q = Ω× [0, T ],Ω = (0, b).

1.2 Âñïîìîãàòåëüíûå ïðåäëîæåíèÿ è óòâåðæäåíèÿ

Äëÿ ïëîòíîñòè ρ(q, t), êàê è â ñëó÷àå ïëîñêèõ îäíîìåðíûõ ïëîòíîñòåé
[1], ñîõðàíÿþòñÿ ñëåäóþùèå ñâîéñòâà.

Ëåììà 1. 1) Äëÿ ëþáîãî t ∈ [0, T ]

b∫
0

[ρ(q, t)]−1 dq = const > 0,

2) äëÿ ëþáîãî t ∈ [0, T ] ñóùåñòâóåò òî÷êà z(t) ∈ [0, b] òàêàÿ, ÷òî

ρ(z(t), t) = α = const > 0.
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Óìíîæàÿ (8), (9), (10) íà u, 1, Hρ ñîîòâåòñòâåííî, èíòåãðèðóÿ ïî ÷àñòÿì

â Ω = [0, b] è èñïîëüçóÿ óðàâíåíèå íåðàçðûâíîñòè, ïîëó÷àåì ñëåäóþùóþ

àïðèîðíóþ îöåíêó:

b∫
0

(
u2

2
+ θ +

H2

2ρ

)
dq =

b∫
0

(
u20
2

+ θ0 +
H0

2ρ0

)
dq ≤ C1 < ∞. (14)

Èìååò ìåñòî ñëåäóþùàÿ

Ëåììà 2. Äëÿ ëþáîãî t ∈ [0, T ] ñïðàâåäëèâà îöåíêà

E(t) +

t∫
0

[V1(τ) + k1V2(τ) + k2V3(τ)] dτ ≤ E(0), (15)

ãäå

E(t) =

b∫
0

[
u2

2
+ υH2 + (υ − ln υ − 1) + (θ − ln θ − 1)

]
dq,

V1(t) =

b∫
0

{
æx2m

υθ2

[
∂θ

∂q

]2
+

x2(m−1)

υθ

[
∂(xH)

∂q

]2}
dq,

V2(t) =

b∫
0

1

υθ

[
∂(xmu)

∂q

]2
dq, V3(t) =

b∫
0

υu2

x2θ
dq, υ =

1

ρ
,

ki (i = 1, 2) � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû.

Äîêàçàòåëüñòâî. Óìíîæàÿ (7), (8), (9), (10) íà 1-
1
υ , u, 1-

1
θ , H ñîîò-

âåòñòâåííî, èíòåãðèðóÿ ïî q â Ω, â ðåçóëüòàòå èìååì

dE(t)

dt
+ V1(t) + V2(t) =

3m

2

∫ b

0

1

θ

∂(xm−1u2)

∂q
dq. (16)

Äëÿ ïîëó÷åíèÿ îöåíêè (15) èç ïîñëåäíåãî ñîîòíîøåíèÿ, ñíà÷àëà ðàññìîò-
ðèì ñëó÷àé m = 1. Ó÷èòûâàÿ ñâÿçü ìåæäó ââåäåííûìè êîîðäèíàòàìè

∂u

∂q
=

1

x

∂(xu)

∂q
− uυ

x2
,
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ïðàâàÿ ÷àñòü (16) ñ ó÷åòîì ïîñëåäíåãî âûðàæàåòñÿ êàê

3

2

∫ b

0

1

θ
(u2)qdq = 3

∫ b

0

uuq
θ

dq = 3

∫ b

0

1

θ

u

x
(xu)qdq − 3

∫ b

0

υu2

x2θ
dq.

Ïåðåãðóïïèðîâàâ, èìååì

dE(t)

dt
+ V1(t) + V2(t) + 3

∫ b

0

υu2

x2θ
dq = 3

∫ b

0

1

θ

u

x
(xu)qdq.

Èñïîëüçóÿ íåðàâåíñòâî Êîøè äëÿ ïðàâîé ÷àñòè ïîñëåäíåãî óðàâíåíèÿ, íà-
õîäèì

dE(t)

dt
+ V1(t) +

1

4
V2(t) +

3

4
V3(t) ≤ 0.

Èíòåãðèðîâàíèå ïî t äàåò ñîîòíîøåíèÿ (15).
Òåïåðü äîêàæåì (15) äëÿ ñëó÷àÿ m = 2. Èñïîëüçóÿ ñëåäóþùèå ôîðìó-

ëû

uq =
(x2u)q
x2

− 2uυ

x3
, (xu)q =

(x2u)q
x

− uυ

x2
,

ïðàâàÿ ÷àñòü (16) ïðåîáðàçóåòñÿ ê âèäó

3

∫ b

0

1

θ
(xu2)qdq = 3

∫ b

0

1

θ
[xu ·uq+u(xu)q]dq = 6

∫ b

0

u

θ

(x2u)q
x

dq−9

∫ b

0

υu2

x2θ
dq.

Îòñþäà èìååì

dE(t)

dt
+ V1(t) + V2(t) + 9

∫ b

0

υu2

x2θ
dq = 6

∫ b

0

u

θ

(x2u)q
x

dq.

Èñïîëüçóÿ íåðàâåíñòâî Þíãà (p = 9, q = 9/8) â ïðàâîé ÷àñòè ïîñëåäíåãî
óðàâíåíèÿ, ïîñëå ãðóïïèðîâêè èìååì

dE(t)

dt
+ V1(t) +

1

3
V2(t) +

11

3
V3(t) ≤ 0.

Èíòåãðèðîâàíèå ïî t ïîñëåäíåãî óðàâíåíèÿ äàåò ñîîòíîøåíèÿ (15). Òåì
ñàìûì, ëåììà 2 äîêàçàíà.
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Ëåììà 3. Ïóñòü m = 1 è íà÷àëüíûå äàííûå óäîâëåòâîðÿþò âêëþ÷å-

íèÿì, óêàçàííûì â óñëîâèè òåîðåìû 1. Òîãäà ñóùåñòâóþò ïîñòîÿííûå

m0 > 0,M0 < ∞, çàâèñÿùèå îò íà÷àëüíûõ äàííûõ çàäà÷è (7)-(10), (11),

(12) òàêèå, ÷òî (mv(t),mθ(t)) > m0, (Mv(t),Mθ(t)) ≤ M0, êðîìå òîãî,

max
0≤t≤T

||vq||+
∫ T

0
(||Hq||2 + ||(xu)q||2 + ||vt||2)dt| ≤ C < ∞,

∫ T

0
Mθ(τ)dτ +

∫ T

0
||(lnθ)q||2dτ ≤ C < ∞.

Çàìå÷àíèå 1. Óòâåðæäåíèå ëåììû 3 âåðíî è â ñëó÷àå m = 2.

1.3 Îöåíêè äëÿ ïðîèçâîäíûõ îò èñêîìûõ ôóíêöèé. Åäèí-

ñòâåííîñòü ñèëüíîãî îáîáùåííîãî ðåøåíèÿ

Îöåíêè äëÿ ïðîèçâîäíûõ îò èñêîìûõ ôóíêöèé ïðîâîäÿòñÿ ñòàíäàðò-
íûì îáðàçîì ñîîòâåòñòâóþùèìè ìàòåìàòè÷åñêèìè âûêëàäêàìè. Äëÿ ñî-
êðàùåíèÿ èçëîæåíèÿ ìàòåðèàëà ìû èõ íå ïðèâåäåì. Äîêàæåì åäèíñòâåí-
íîñòü ñèëüíîãî ðåøåíèÿ â ñëó÷àå îñåâîé ñèììåòðèè (m = 1), àíàëîãè÷íî
ïðîâîäÿòñÿ âñå âûêëàäêè äëÿ ñôåðè÷åñêîé ñèììåòðèè (m = 2). Ïðåäïî-
ëîæèì, ÷òî åñòü äâà ðàçëè÷íûõ ðåøåíèÿ (ui, θi,Hi, vi, Pi, xi), i = 1, 2, óäî-
âëåòâîðÿþùèå ñèñòåìå óðàâíåíèé è êðàåâûì óñëîâèÿì (6)-(13). Ðàçíîñòü
ýòèõ ðåøåíèé (u, θ,H, v, P, x) óäîâëåòâîðÿåò óðàâíåíèÿì

∂v

∂t
=

∂

∂q
(xu1 + x1v), (17)

∂u

∂t
= x

∂

∂q

u1
x1

+ x
∂

∂q
(
x1
v1

∂u1
∂q

) + x2
∂

∂q
(

v

v1v2

∂(x1u1)

∂q
)+

+x2
∂

∂q
(
x

v2

∂u1
∂q

) + x2
∂

∂q
(
u1
v2

v

x
) + x2

∂

∂q
(
u

x2
)+

+x2
∂

∂q
(
x2
v2

∂u

∂q
) + x

∂P1

∂q
+ x2

∂P

∂q
− xH1

∂H1

∂q
+

x2(H1
∂H1

∂q
−H2

∂H2

∂q
)− v

H2
1

x1
+ v2(

H2
1

x1
− H2

2

x2
), (18)
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∂θ

∂t
=

∂

∂q
(
x22
v2

∂θ

∂q
) +

∂

∂q
[(
x21
v1

− x22
v2

)
∂θ1
∂q

]−

−(
θ1
v1

− θ2
v2

)
∂(x1u1)

∂q
+

θ2
v2

∂

∂q
(xu1 + x2u)−

v

v1v2
[
∂(x1H1)

∂q
]2+

+
1

v2
{[ ∂
∂q

(xH1 − x2H)]2 − 2[
∂

∂q
(x2H2)]

2 + 2
∂(x1H1)

∂q
· ∂(x2H2)

∂q
}−

− v

v1v2
(
∂(x1u1)

∂q
)2 +

1

v2
{[ ∂
∂q

(xu1 − x2u)]
2−

−2[
∂

∂q
(x2u2)]

2 + 2
∂(x1u1)

∂q
· ∂(x2u2)

∂q
} − 3

2

∂

∂q
(u2 − 2u22 − 2u1u2), (19)

∂H

∂t
=

∂

∂q
(
1

v1

∂(x1H1)

∂q
)xv2 +

∂

∂q
[− v

v1v2

∂(x1H1)

∂q
+

+
1

v2

∂(xH1 − x2H)

∂q
]x2v2 − vx2

∂

∂q
(
1

v1

∂(x2H2)

∂q
)+

+u1Hx2 + uH2x2 − xu2H2 +
∂(x1u1)

∂q
Hv2+

+
∂(xu1)

∂q
H2v2 +

∂(x2u)

∂q
H2v2 − vH2

∂(x2H2)

∂q
, (20)

∂x

∂t
= u, (21)

(u, v, θ,H, x)(q, 0) = 0, (22)

(u,
∂θ

∂q
,H)(0, t) = (u,

∂θ

∂q
,H)(b, t) = 0.

Èç (17) è (21) ñ ó÷åòîì íà÷àëüíûõ óñëîâèé ñëåäóåò, ÷òî

v =

∫ t

0
(x

∂u1
∂q

+
∂x

∂q
u1 + x2

∂v

∂q
+ v

∂x2
∂q

)dτ, (23)

x =

∫ t

0
udτ,

∂x

∂q
=

∫ t

0

∂u

∂q
dτ.

Ìàòåìàòè÷åñêèé æóðíàë 2015. Òîì 15. � 3 (57)



118 Á.Ä. Êîøàíîâ, Ò.Á. Óòååâ

Óìíîæèì óðàâíåíèÿ (18), (19), (20) íà u,H ñîîòâåòñòâåííî è ïðîèíòåãðè-
ðóåì ïî q îò 0 äî b. Ïåðåãðóïïèðîâàâ ÷ëåíû è ïðèìåíèâ èíòåãðèðîâàíèå
ïî ÷àñòÿì, ïîëó÷èì

d

dt

∫ b

0
(
u2

2
+ θ +

H2

2
)dq +

∫ b

0

x22
v2

(
∂u

∂q
)2dq+

+

∫ b

0

x22
v2

(
∂H

∂q
)2dq =

∑
i=1

Ji. (24)

Äàëüíåéøèå äåéñòâèÿ ïðîâîäèòñÿ òàê. Ïðîèíòåãðèðóåì êàæäûé ÷ëåí â
ïðàâîé ÷àñòè (24) ïî ÷àñòÿì, ôóíêöèè x, u, ∂H∂q çàìåíèì ïî ôîðìóëàì (23),
ïîñëå ÷åãî ïðèìåíèì íåðàâåíñòâà Ãåëüäåðà è Êîøè. Êðîìå òîãî, áóäåì
ïîëüçîâàòüñÿ íåðàâåíñòâîì Ôðèäðèõñà∫ t

0

∫ b

0
u2dqdτ ≤ b2

2

∫ t

0

∫ b

0
(
∂u

∂q
)2dqdτ,

à ïðè ìàæîðèðîâàíèè ñëàãàåìûõ â (24) � íåðàâåíñòâîì Þíãà. Â èòîãå îò
(23) ïðèäåì ê íåðàâåíñòâó

d

dt

∫ b

0
(
u2

2
+ θ +

H2

2
)dq + a2N−1

∫ b

0
{(∂u

∂q
)2 + (

∂H

∂q
)2}dq ≤

≤ (
∑
i

εi) ·
∫ b

0
(
∂u

∂q
)2 + (

∂H

∂q
)2dq +

∫ b

0
(u2 +H2)dq+

+(
∑
i

cεi)

∫ t

0

∫ b

0
{(∂u

∂q
)2 + (

∂H

∂q
)2}dqdτ.

Âûáèðàÿ εi òàê, ÷òîáû
∑

i εi ≤
1
2a

2N−1, ïîëó÷èì äëÿ ôóíêöèè

y(t) ≡
∫ b

0
(u2 + θ +H2)dq+

+a2N−1

∫ t

0

∫ b

0
{(∂u

∂q
)2 + (

∂H

∂q
)2}dqdτ ≥ 0
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íåðàâåíñòâî ñëåäóþùåãî âèäà:

y′(t) ≤ K(t)y(t).

Çäåñü K(t) � ñóììèðóåìàÿ ïî t íà [0,T] ôóíêöèÿ. Îòñþäà ñëåäóåò, ÷òî
y(t) ≤ 0. Ïîýòîìó, íà ñàìîì äåëå, y(t) ≡ 0 è, çíà÷èò, u1 = u2, θ1 = θ2,H1 =
H2. Èç óðàâíåíèé (23) äëÿ x è v âûòåêàåò: x = x1−x2 = 0, v = v1− v2 = 0,
÷òî è îçíà÷àåò åäèíñòâåííîñòü ðåøåíèÿ. Òåîðåìà 1 ïîëíîñòüþ äîêàçàíà.

Åñëè êðàåâûå óñëîâèÿ (12) íà ãðàíèöå çàìåíèòü êðàåâûìè óñëîâèÿìè

(u,
∂θ

∂q
,H)(0, t) = (ρ

∂(xmu)

∂q
− P,

∂θ

∂q
,H)(b, t) = 0, t ∈ [0, T ], (12)

òî ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ïóñòü íà÷àëüíûå äàííûå óäîâëåòâîðÿþò âêëþ÷åíèÿì

u0(q) ∈ W 1
2 (Ω), (ρ0(q), θ0(q),H0(q)) ∈ W 1

2 (Ω),

0 < m0 ≤ (ρ0(q), θ0(q)) ≤ M0 < ∞.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ñèëüíîå ðåøåíèå çàäà÷è (6)-(13) è äëÿ íåãî

èìåþò ìåñòî îöåíêè

∥u∥
L2(0,T ;W 2

2 (Ω)
∩

W 1
2 (Ω))

+ ∥ut∥L2(Q) + ∥H∥
W 2,1

2 (Q)
+

+∥θ∥
W 2,1

2 (Q)
+ ∥ρ∥L∞(0,T ;W 1

2 (Ω)) ≤ C < ∞;

0 < m ≤ (ρ, θ) ≤ M < ∞, ãäå Q = Ω× [0, T ],Ω = (0, b).
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ëåäi. Î¡àí ©îñà íåãiçãi ³ø °ëøåìäi òåäåóäåí Ýéëåð àéíûìàëûñûíà ºði
îäàí êåéiíãi Ëàãðàíæ êîîðäèíàòòàðûíà ê°øói åêæåé-òåãæåéëi ê°ðñåòië-
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Koshanov B.D., Uteev T.B. ON SOLVABILITY OF BOUNDARY VALUE
PROBLEM OF THE MAGNETIC GAS DYNAMICS WITH CYLINDRICAL
AND SPHERICAL SYMMETRIES

In this work the correctness "as a whole" by time, of the initial-boundary
value problems for the equations of motion of the viscous heat-conductive gas
under of the magnetic �eld is proved. The transition from the basic three
dimensional Euler equation to the Euler variable and then to Lagrangian
coordinate is shown in details. The main results are proved simultaneously
for the motion with cylindrical and spherical waves.
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МАТЕМАТИЧЕСКАЯ ЖИЗНЬ

НАЗАРБАЙ КАДЫРОВИЧ БЛИЕВ
(к 80-летию со дня рождения)

Исполнилось 80 лет академику
НАН Республики Казахстан На-
зарбаю Кадыровичу Блиеву, из-
вестному ученому, специалисту в
области теории обобщенных ана-
литических функций, краевых за-
дач математической физики и
сингулярных интегральных урав-
нений.

Н.К. Блиев родился 15 сентяб-
ря 1935 года в поселке Жаркамыс
Байганинского района Актюбин-
ской области в семье служащего.
В 1952 году он поступил на ма-
тематическое отделение физико-
математического факультета Каз-
ГУ им. С.М. Кирова (ныне КазНУ

им. аль-Фараби). Под руководством академика К.П. Персидского в 1957
году он защитил дипломную работу по теории устойчивости и окончил с
отличием КазГУ им. С.М.Кирова. Был направлен на работу в Гурьевский
пединститут (ныне Атырауский университет), где работал преподавате-
лем, затем старшим преподавателем до 1960 года.

В 1960 году он поступил в аспирантуру Математического института им.
В.А. Стеклова АН СССР. Первым его научным руководителем был д.ф.-
м.н. Владимир Сергеевич Виноградов – ученик академика АН СССР Ильи
Нестеровича Векуа. Назарбай Кадырович начал заниматься изучением по-
ведения решений эллиптических систем дифференциальных уравнений в
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окрестности особых точек коэффициентов. Им были получены необходи-
мые и достаточные условия существования аналитических решений вы-
рождающихся эллиптических систем первого порядка в окрестности точек
вырождения. Эти результаты положили начало другим исследованиям о
возможности существования непрерывных решений, связанных с вопроса-
ми теории поверхностей в геометрии. Указанные результаты Н.К. Блиева
были высоко оценены И.Н. Векуа, что послужило началом дальнейшего
их тесного сотрудничества.

В 1965 году Н.К. Блиев успешно защитил кандидатскую диссертацию
"О существовании аналитических решений у вырождающихся эллиптиче-
ских систем в окрестности точки вырождения" в диссертационном совете
МИ АН СССР.

Академик АН СССР И.Н. Векуа предложил ему заниматься проблемой
о возможности продолжения теории обобщенных аналитических функ-
ций на крайние предельные случаи, а именно, на класс коэффициентов
эллиптических систем, суммируемых в степени не более, чем два. В те
годы Н.К. Блиев работал в лаборатории профессора Т.И. Аманова, яв-
ляющегося и директором института, ученика академика АН СССР С.М.
Никольского. Это навело его на мысль обратиться к шкале пространств
Никольского-Бесова, которые еще не были приспособлены для изучения
уравнений с переменными коэффициентами. Н.К. Блиеву удалось дока-
зать утверждения о мультипликаторах и получить соотношения между па-
раметрами пространств, в которых теория Векуа остается в силе. Это поз-
волило внести уточнения в условия существования классических решений
дифференциальных уравнений в частных производных, общих краевых за-
дач типа Римана-Гильберта, задач сопряжения, квазиконформных отобра-
жений, являющихся непрерывно дифференцируемыми гомеоморфизмами
Бельтрами. Им установлена нетеровость сингулярных интегральных урав-
нений в классах функций, непрерывных в терминах пространств Бесова,
что усилило возможности и расширило круг приложений обобщенных ана-
литических функций.

Результаты Н.К. Блиева, относящиеся к дифференциальным уравне-
ниям и краевым задачам в ограниченных областях, вошли в его доктор-
скую диссертацию "Эллиптические системы дифференциальных уравне-
ний первого порядка на плоскости в дробных пространствах и краевые
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задачи" , успешно защищенную в МИ АН СССР в 1980 году.
В дальнейшем исследования, касающиеся функциональных свойств

обобщенных аналитических функций, вошли в монографию "Обобщенные
аналитические функции в дробных пространствах" , Алма-Ата: Наука,
1985. Данная монография получила широкое одобрение и предложение
специалистов из дальнего зарубежья для издания на английском язы-
ке. Результаты для неограниченных областей содержатся в монографии,
изданной в престижной международной серии "Pitman Monographs and
Surveys in Pure and Applied Mathematics 86" на английском языке: N.K.
Bliev "Generalized analytic functions in fractional Spaces" , USA, Addison
Wesley Longman inc., 1997.

С 1963 года научная деятельность Н.К. Блиева связана с Институтом
(до 1965 года бывшего Сектором) математики и механики АН Казахской
ССР, в котором он последовательно проходит все ступени профессиональ-
ного роста от младшего научного сотрудника до директора института: с
октября 1963 года – МНС, с 1966 года – СНС, с 1978 года – заведующий ла-
бораторией функционального анализа и теории функций, в 1988 г. избран
директором института, с 2000 года – почетный директор, руководитель
темы (по совместительству) Института математики НАН РК.

Получив эстафету директора института из рук академика НАН РК
У.М. Султангазина, Н.К. Блиев внес свой вклад в научно-организационную
деятельность института. Несмотря на экономические трудности тех пере-
строечных лет, а также начало получения независимости Казахстаном, он
сумел организовать спокойную творческую атмосферу, активно поддер-
живая способных молодых математиков и способствуя участию ученых
института в различных международных математических форумах. Это
дало свои плоды. Институт (теоретической и прикладной математики в
1992-1999 годы) стал одним из ведущих институтов Отделения физико-
математических наук НАН РК, усилилась тенденция международной на-
учной деятельности и укрепились международные контакты. В 1995 году
11 сотрудников получили гранты СОРОСА, трое – грант INTAS. Появи-
лись стипендиаты различных международных математических обществ,
10 сотрудников института были членами международных научных ассо-
циаций. Институт в том году стал обладателем гранта INTAS. В эти годы
ряд статей и монографий сотрудников института были изданы на англий-
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ском языке.
Одновременно с научной деятельностью Н.К. Блиев много времени

уделяет преподавательской работе. С 1964 года он работал по совмести-
тельству в КазГУ (ныне КазНУ им. аль-Фараби). В сентябре 2000 года,
по приглашению ректора, Назарбай Кадырович полностью переходит на
педагогическую работу и становится заведующим кафедрой функциональ-
ного анализа и теории вероятностей КазНУ им. аль-Фараби. С 2009 года по
настоящее время он является профессором кафедры фундаментальной ма-
тематики механико-математического факультета КазНУ им. аль-Фараби.

Н.К. Блиев активно занимается научно-организаторской и обще-
ственной деятельностью. Он является членом редколлегий журналов
"Известия НАН РК. Серия физико-математическая" , "Математический
журнал" , "Вестник КазНУ им. аль-Фараби" . Неоднократно он являлся
членом диссертационных Советов по защите докторских и кандидатских
диссертаций Института математики МОН РК.

В 1999–2002 годы он работал по совместительству академиком-
секретарем Отделения физико-математических наук НАН РК. В течение
нескольких сроков он был членом президиума ВАК (ГАК), председате-
лем секции физико-математических наук Терминологического комитета
при Кабинете Министров РК, членом Комитета по государственным пре-
миям РК, Президиума НАН РК, заместителем ответственного редактора
журнала "Известия НАН РК. Серия физико-математическая" , главным
редактором "Математического журнала" , членом редколлегии журнала
"Вестник МОН РК" , Энциклопедии РК, Фонда развития науки, диссерта-
ционных советов Института математики АН Узбекистана, Актюбинского
университета им. К. Жубанова. Был одним из организаторов и активно
участвовал в организации и проведении ряда международных научных
форумов в городах Алматы, Актобе, Семей и Караганды.

Им опубликовано более 140 научных работ, среди которых 1 моно-
графия, ряд статей в таких высокорейтинговых математических издани-
ях, как "Доклады АН СССР" , "Сибирский математический журнал" ,
"Complex Variables and Elliptic Equations" и др.

Заботясь о качественном и профессиональном образовании подраста-
ющего поколения на государственном языке Н.К.Блиев написал на ка-
захском языке учебное пособие "Метрикалық кеңiстiктер" . Алматы: "Қа-
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зақ университетi 2005г. и учебник "Функционалдық анализ". Алматы:
"Университет" , КазНУ им. аль-Фараби, 2014г.

Среди его прямых учеников – 18 кандидатов и 3 доктора наук, которые
имеют свои школы и учеников.

Научные заслуги Н.К. Блиева получили достойную оценку. В 1985
году он получил звание профессора, в 1989 году был избран членом-
корреспондентом АН Казахской ССР, в 1996 году – академиком Россий-
ской академии естественных наук, а в 2004 году он становится академиком
НАН РК. В 1998 году ему присвоено почетное звание "Заслуженный де-
ятель науки и техники Республики Казахстан" , в 1999 году он удостоен
Международной премии Хорезми первой степени.

Н.К. Блиев выступал с докладами на Международном Конгрессе ма-
тематиков (1983г., Варшава, Польша), Втором европейском конгрессе ма-
тематиков (1996г., Будапешт, Венгрия), конференциях европейского ма-
тематического общества (2004г., 2006г., Bedlewo, Польша), с Пленарным
докладом на Международной конференции "Дифференциальные уравне-
ния, теория функций и приложения" (2007 г., Новосибирск, Россия) и др.

В настоящее время Назарбай Кадырович продолжает научные иссле-
дования в области обобщенных аналитических функций в Институте ма-
тематики и математического моделирования КН МОН РК: он являлся на-
учным руководителем проекта "Обобщенные аналитические векторы и их
приложения, разрешимость солитонных нелинейных уравнений размерно-
сти (1+1)" по грантовому финансированию на 2012-2014 годы. В насто-
ящее время он является научным руководителем проекта "Краевые за-
дачи и сингулярные интегральные уравнения с ядром Коши со сдвигом
Карлемана в дробных пространствах" по грантовому финансированию на
2015-2017 годы.

Академик Н.К. Блиев полон сил и энергии для осуществления своих
новых математических замыслов.

Коллектив Института и редакционная коллегия "Математического
журнала" поздравляет Назарбая Кадыровича с 80-летним Юбилеем и же-
лает ему крепкого здоровья, долгих лет жизни, новых творческих успехов
в его плодотворной деятельности!

Редакционная коллегия
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Ïðàâèëà "Ìàòåìàòè÷åñêîãî æóðíàëà" äëÿ àâòîðîâ ñòàòåé

Îáùèå ïîëîæåíèÿ

Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ îðèãèíàëüíûå ñòàòüè ïî
îñíîâíûì ðàçäåëàì ñîâðåìåííîé ìàòåìàòèêè: òåîðèÿ ôóíêöèé, ôóíêöèî-
íàëüíûé àíàëèç, îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, óðàâíåíèÿ
ñ ÷àñòíûìè ïðîèçâîäíûìè, àëãåáðà, ìàòåìàòè÷åñêàÿ ëîãèêà, òåîðèÿ ÷èñåë,
ãåîìåòðèÿ, òîïîëîãèÿ, òåîðèÿ âåðîÿòíîñòåé è ìàòåìàòè÷åñêàÿ ñòàòèñòè-
êà, âû÷èñëèòåëüíàÿ ìàòåìàòèêà, ìàòåìàòè÷åñêàÿ ôèçèêà, ìàòåìàòè÷åñêîå
ìîäåëèðîâàíèå. Æóðíàë âûïóñêàåòñÿ åæåêâàðòàëüíî, ÷åòûðå íîìåðà ñî-
ñòàâëÿþò òîì.

Ñòàòüÿ äîëæíà áûòü íàïèñàíà íà âûñîêîì íàó÷íîì óðîâíå, ñîäåðæàòü
íîâûå, ÷åòêî ñôîðìóëèðîâàííûå ìàòåìàòè÷åñêèå ðåçóëüòàòû è èõ äîêà-
çàòåëüñòâà. Âî ââåäåíèè íåîáõîäèìî ïðèâåñòè èìåþùèåñÿ ðåçóëüòàòû ïî
òåìå ïðåäñòàâëåííîé ðàáîòû, äàòü êðàòêîå ñîäåðæàíèå ñòàòüè è îòðàçèòü
àêòóàëüíîñòü, íîâèçíó ïîëó÷åííûõ àâòîðîì ðåçóëüòàòîâ.

Ñòàòüè æóðíàëà ðàçìåùàþòñÿ â ñâîáîäíîì äîñòóïå íà ñàéòå
www.math.kz Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
ÌÎÍ ÐÊ, èõ ðåôåðèðóþò ÍÖ ÍÒÈ (Êàçàõñòàí), Zentralblatt Math (Ãåð-
ìàíèÿ).

Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ ñòàòüè îáúåìîì äî 25 æóð-
íàëüíûõ ñòðàíèö. Ñòàòüè îáúåìîì áîëåå 25 ñòðàíèö ïóáëèêóþòñÿ ïî ñïå-
öèàëüíîìó ðåøåíèþ ðåäêîëëåãèè æóðíàëà. Ïðèíèìàþòñÿ ñòàòüè, íàïè-
ñàííûå íà êàçàõñêîì, ðóññêîì è àíãëèéñêîì ÿçûêàõ. Ñòàòüè ðåöåíçèðóþò-
ñÿ.

Òðåáîâàíèÿ ê îôîðìëåíèþ ñòàòåé

1. Ðóêîïèñü ñòàòüè äîëæíà áûòü ïîäãîòîâëåíà â èçäàòåëüñêîé ñèñòåìå
LATEX-2å è ïðåäñòàâëåíà â âèäå äâóõ òâåðäûõ êîïèé, à òàêæå â âèäå tex è
pdf - ôàéëîâ íà ëþáîì ýëåêòðîííîì íîñèòåëå èëè ïðèñëàíà ïî ýëåêòðîííîé
ïî÷òå zhurnal@math.kz, mat-zhurnal@mail.ru. Ñòàòüÿ äîëæíà áûòü ïîäïè-
ñàíà âñåìè àâòîðàìè. Ïðàâèëà îôîðìëåíèÿ ðóêîïèñè è ñòèëåâûå ôàéëû
ìîæíî íàéòè íà ñàéòå Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëè-
ðîâàíèÿ ÌÎÍ ÐÊ http://www.math.kz â ðàçäåëå "Ìàòåìàòè÷åñêèé æóð-
íàë".
2. Â ëåâîì âåðõíåì óãëó íåîáõîäèìî óêàçàòü èíäåêñ ÓÄÊ, äàëåå èíèöèàëû



è ôàìèëèè àâòîðîâ â àëôàâèòíîì ïîðÿäêå, ìåñòî ðàáîòû ñ ïî÷òîâûìè àä-
ðåñàìè, à òàêæå ýëåêòðîííûå àäðåñà, çàãëàâèå ñòàòüè. Íà îòäåëüíîì ëèñòå
ïðèëàãàþòñÿ íàçâàíèå ñòàòüè, ôàìèëèè è èíèöèàëû àâòîðîâ, êëþ÷åâûå
ñëîâà, ðåôåðàò íà ðóññêîì, àíãëèéñêîì è êàçàõñêîì (äëÿ àâòîðîâ èç Êà-
çàõñòàíà) ÿçûêàõ è èíäåêñ Mathematics Subject Classi�cation 2010. Ðåôåðàò
äîëæåí îòðàæàòü ñîäåðæàíèå ñòàòüè. Òàêæå ïðåäñòàâëÿþòñÿ ñâåäåíèÿ îá
àâòîðàõ, ìåñòî ðàáîòû, ïî÷òîâûé àäðåñ ñ èíäåêñîì ïî÷òîâîãî îòäåëåíèÿ,
íîìåð òåëåôîíà ñ óêàçàíèåì êîäà ãîðîäà, àäðåñ ýëåêòðîííîé ïî÷òû.
3. Ñïèñîê ëèòåðàòóðû ñîñòàâëÿåòñÿ â ïîðÿäêå öèòèðîâàíèÿ. Ññûëêè íà
íåîïóáëèêîâàííûå ðàáîòû, ðåçóëüòàòû êîòîðûõ èñïîëüçóþòñÿ â äîêàçà-
òåëüñòâàõ, íå äîïóñêàþòñÿ. Ñïèñîê ëèòåðàòóðû ïðèâîäèòñÿ â ñëåäóþùåì
âèäå:

Ëèòåðàòóðà

1 Ìûíáàåâ Ê.Ò., Îòåëáàåâ Ì.Î. Âåñîâûå ôóíêöèîíàëüíûå ïðîñòðàí-
ñòâà è ñïåêòð äèôôåðåíöèàëüíûõ îïåðàòîðîâ. � Ì.: Íàóêà, 1988. � 288 c.
(äëÿ ìîíîãðàôèé)

2 Æåíñûêáàåâ À.À. Ìîíîñïëàéíû ìèíèìàëüíîé íîðìû è íàèëó÷øèå
êâàäðàòóðíûå ôîðìóëû // Óñïåõè ìàòåì. íàóê. � 1981. � Ò. 36, âûï. (èëè
�) 4. � Ñ. 107�159.

Ðóêîïèñè, íå óäîâëåòâîðÿþùèå ïåðå÷èñëåííûì âûøå òðåáîâàíèÿì,
âîçâðàùàþòñÿ àâòîðàì íà îôîðìëåíèå, äîðàáîòêó. Ðåäàêöèÿ îñòàâëÿåò çà
ñîáîé ïðàâî íà îòêëîíåíèå ñòàòüè, åñëè åå ñîäåðæàíèå íå îòâå÷àåò òðåáî-
âàíèÿì æóðíàëà.
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