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МАТЕМАТИЧЕСКАЯ ЖИЗНЬ

ДЖУМАДИЛЬДАЕВ АСКАР СЕРКУЛОВИЧ
(к 60-летию со дня рождения)

Джумадильдаеву Аскару
Серкуловичу 25 февраля
2016 года исполнилось 60 лет
со дня рождения. Джума-
дильдаев Аскар Серкулович,
академик Национальной
Академии наук Респуб-
лики Казахстан, доктор
физико-математических
наук, профессор, на протя-
жении многих лет успешно
занимается педагогиче-
ской и научной деятельно-
стью. Окончил в 1977 году
механико-математический

факультет Московского государственного университета с красным ди-
пломом. Был Ленинским стипендиатом. В 1981 году в Математическом
институте АН СССР защитил диссертацию на соискание ученой степени
кандидата физико-математических наук. В 1988 году в Ленинградском
отделении Математического института АН СССР защитил диссертацию
на соискание ученой степени доктора физико-математических наук. С
1980 года работает в Институте Математики НАН РК.

В 1995-2003 годах работал в различных научно-исследовательских цен-
трах и университетах Европы, в частности, в Институте высших исследо-
ваний (Париж), Институте Макса Планка (Бонн), Международном цен-
тре теоретической физики (Триест), институте Филдса (Торонто), Коро-
левском Институте математики Миттаг-Лефлер (Стокгольм), Институте
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Ньютона (Кэмбридж), а также в университетах Мюнхена, Билефельда,
Киото, Стокгольма и других. Получал гранты Фонда Сороса (дважды),
Фонда ИНТАС (трижды), Японского Фонда поддержки науки и техно-
логии, Королевской Академии Наук Швеции. Получал стипендии Фонда
Гумбольдта (Германия) и стипендию Американского математического об-
щества. Неоднократно получал государственные научные стипендии для
ученых и специалистов, внесших выдающийся вклад в развитие науки и
техники. Он – лауреат Государственной премии Республики Казахстан в
области науки и техники 2011 года, лауреат 25-ой международной премии
им. аль-Хорезми Исламской Республики Иран в 2012 году.

На протяжении многих лет Джумадильдаев А.С. читает общие курсы
по дискретной математике, дифференциальной геометрии и дифференци-
альным уравнениям, по линейной алгебре и аналитической геометрии. Его
методы по привлечению студентов к научной работе вызвали большой ин-
терес у студентов. Так, в 2004 г. и 2006 г. по опросам студентов он был
избран самым лучшим профессором КБТУ. В 2007 году получил Государ-
ственный грант "Лучший преподователь вуза".

Джумадильдаев А.С. является председателем жюри Республиканской
математической олимпиады, неизменным председателем жюри Жауты-
ковских олимпиад по математике и членом жюри конкурса научных проек-
тов корпорации Интел. Под его руководством были защищены 8 кандидат-
ских диссертаций, 1 ученик защитил докторскую диссертацию, 2 ученика
– доктора PhD. Среди его учеников есть лауреаты молодежной премии
"Дарын"и независимой премии "Тарлан". В 1993 году он и его коллегии
и ученики были награждены стипендией фонда Сороса, как лучший кол-
лектив ученых, работающих в кризисное время в области науки. Он – ав-
тор учебника по дискретной математике, член редколлегии ряда научных
журналов.

Джумадильдаев А.С. занимает активную общественную позицию. Его
выступления на телевидении и в печати пользуются большой популяр-
ностью. Особый интерес среди молодежи вызвали его выступления на
дискуссионных передачах клуба "Култобе" , "Бiз айтсақ" , "Көзқарас" ,
теле и радио компаний Казахстан и Хабар. Он написал четыре научно-
популярные книжки для детей.

Джумадильдаев А.С. дважды избирался депутатом Верховного Сове-
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та Республики Казахстан (1990-95 гг). Будучи самым молодым доктором
наук, первый раз он прошел в депутаты, как представитель совета мо-
лодых ученых. Второй раз он успешно провел выборную компанию по
Кзыл-Ординскому городскому округу и выиграл конкурс из 13 претен-
дентов. Он был одним из 360 депутатов, принимавших судьбоносные за-
коны Республики Казахстан. Он принимал Декларацию Независимости,
Закон о Независимости, первую конституцию и Государственные симво-
лы: герб, флаг и гимны Республики Казахстан. Он принимал участие в
выборе первого президента Республики Казахстан, он был первым пред-
седателем счетной комиссии Верховного Совета независимого Казахстана
и заместителем комитета по науке и образованию Верховного Совета РК.
Как член комитета по науке и образованию, он принимал активное уча-
стие при принятии законов РК по науке и образованию. Создание фонда
Болашак было пунктом номер один в его предвыборной программе и он
был инициатором создания этого фонда.

Аскар Серкулович владеет четырьмя языками: казахским, русским, ан-
глийским и немецким. Он – отец четверых детей.

Основное поле научной деятельности Джумадильдаева Аскара Серку-
ловича – теория неассоциативных алгебр. В этой области им опубликовано
более 80 работ в известных реферируемых западных журналах. По дан-
ным Американского Математического общества его работы цитируются
160 раз 100 авторами. Его научные работы в этой области получили ши-
рокое признание математической общественности.

Коллектив Института математики и математического моделирования
Комитета науки МОН РК желает Джумадильдаеву Аскар Серкуловичу
крепкого здоровья, долгих и счастливых лет жизни, полных творчества и
созидания, покорения всех вершин и в науке и в жизни, счастья и успехов.

Редакционная коллегия "Математического журнала"

Основные научные результаты и публикации
А.С. Джумадильдаева

Научные интересы Джумадильдаева Аскара Серкуловича разнообраз-
ны: теория алгебр Ли, теория неассоциативных алгебр и комбинаторика.
Им получены фундаментальные результаты в следующих направлениях:

Математический журнал. — 2016. — Т. 16, № 2
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1) когомологические результаты (в частности, решение гипотезы Се-
лигмана. Отметим также вычисления, связанные с проблемой Картана, и
вычисления третьей группы когомологий с тривиальными коэффициента-
ми);

2) полиномиальные тождества дифференциальных операторов (алгеб-
ры Винберга-Кошуля, алгебра Витта);

3) обобщенные коммутаторы для дифференциальных операторов;
4) правосимметрические алгебры (базисы, тождества, алгебры Нови-

кова);
5) алгебры, построенные с помощью дифференциальных операторов

(аналог теоремы Энгеля для алгебр Новикова);
6) алгебры, построенные с помощью операторов интегрирования (тож-

дества алгебры Цинбиела);
7) алгебры Лейбница (тождества);
8) алгебры с кососимметрическим тождеством степени 3;
9) коммутативные циклы и Алиа-алгебры;
10) алгебры с кососимметрическим тождеством степени 4;
11) n-лиевские алгебры (установлен ряд свойств алгебр Филиппова);
12) n-коммутаторы (исследованы свойства п-коммутаторов);
13) лиевы элементы и комбинаторика перестановок (отмечены связи

различных подходов);
14) бикоммутативные алгебры;
15) q-ассосимметрические алгебры;
16) статистика на перестановках (в русле развития теорем МакМаго-

на и Фоата-Шутценберже установлены свойства распределений главных
кодов и кодов инверсии).

Отметим наиболее важные результаты. В основе теории алгебр Ли над
полем нулевой характеристики лежит теорема Леви-Мальцева об отщеп-
ляемости радикала. Она, в свою очередь, следует из леммы Уайтхеда, ко-
торая гласит, что когомологии полупростых алгебр Ли с коэффициентами
в неприводимом модуле тривиальны, если модуль нетривиален. В случае
положительной характеристики лемма Уайтхеда неверна. Джекобсон до-
казал, что любая модулярная алгебра Ли имеет неразложимый модуль.
Селигман высказал гипотезу о том, что любая модулярная конечномерная
алгебра Ли имеет модуль с нетривиальной когомологией. Джумадильдаев
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доказал гипотезу Селигмана. Он показал, что когомологическая картина
в модулярном случае богаче и интереснее, чем в случае характеристики
нуль. Софус Ли ввел в рассмотрение коммутаторы более ста лет назад и
нахождение в нем новых нетривиальных операций кажется особенно уди-
вительным. Последние работы связаны с тождествами алгебр, построен-
ных с помощью дифференцирования и интегрирования. Эти алгебры –
новые и обладают интересными свойствами, связанными с интегрируемы-
ми системами. Когомологии и деформации правосимметрических алгебр
– активно развиваемая современная область математики. Работа Джума-
дильдаева о когомологиях правосимметрических алгебр является особенно
цитируемой. Более ста лет назад Софус Ли заметил, что композиция двух
векторных полей не обязательно является векторным полем, но их ком-
мутатор – обязательно таковой. Это наблюдение лежит в основе теории
алгебр и групп Ли. Аскар Джумадильдаев заметил, что конструкция Ли
обобщается и на многомерный случай. Этот удивительный факт, откры-
тый через 150 лет после Ли, показывает, что многомерные версии алгебр
Ли допустимы в геометрии и физике и что они могут служить источником
новых открытий.

Алгебры Новикова определяются тождеством правосимметричности
ассоциатора и тождеством левокоммутативности. Джумадильдаев начал
изучать тождества алгебр многочленов относительно умножений, постро-
енных с помощью операций дифференцирования и интегрирования. Он
построил ряд новых классов алгебр, обобщающих алгебры Новикова. Ба-
зис Джумадильдаева-Лофволла алгебры Новикова имеют такую же роль,
что и базисы Холла и Ширшова в алгебрах Ли.
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КУДАЙБЕРГЕНОВ КАНАТ ЖАНЗАКОВИЧ
(к 60-летию со дня рождения)

Исполнилось 60 лет со дня
рождения Кудайбергенова Кана-
та Жанзаковича, известного ка-
захстанского математика, докто-
ра физико-математических наук,
профессора. Кудайбергенов Ка-
нат Жанзакович родился 5 нояб-
ря 1955 года в городе Чимкент
КазССР. В 1973 году поступил
на механико-математический фа-
культет Казахского государствен-
ного университета им. С.М. Киро-
ва (КазГУ) и в 1978 году окончил
его с красным дипломом. Был Ле-

нинским стипендиатом. В 1982 году в Новосибирском государственном
университете защитил диссертацию на соискание ученой степени канди-
дата физико-математических наук, а в 1992 году в Институте математики
СО РАН – диссертацию на соискание ученой степени доктора физико-
математических наук. С 1981 года работает в Институте математики НАН
РК, а с 2002 года – в Казахстанском институте менеджмента, экономики и
прогнозирования (КИМЭП). Кудайбергенов Канат Жанзакович на протя-
жении многих лет занимается научной и педагогической деятельностью. В
1990-2004 годах проводил научные исследования в различных университе-
тах Европы, в частности, в Университете Париж-7, Оксфордском универ-
ситете, Университете Лидса. Он является лауреатом Независимой премии
"Тарлан" за 2001 год. В 2011 году награжден серебряным значком семи-
нара "Алгебра и Логика" (объединенный семинар Новосибирского госу-
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дарственного университета и Института математики имени С.Л. Соболева
СО РАН).

На протяжении многих лет К.Ж. Кудайбергенов читал спецкурсы по
теории моделей и теории групп в КазНУ и Алматинском государственном
университете. В настоящее время в КИМЭП он читает такие курсы, как
Математика для бизнеса и экономики, Математика для юристов.

Научная деятельность К.Ж. Кудайбергенова связана, в основном, с
теорией моделей. Он опубликовал 50 работ в реферируемых научных жур-
налах. Полученные им результаты получили признание специалистов.

Коллектив Института математики и математического моделирования
Комитета науки МОН РК желает Кудайбергенову Канату Жанзаковичу
крепкого здоровья, долгих и счастливых лет жизни, полных творчества и
созидания, неугасаемого интереса к новым задачам, которые ставит перед
нами жизнь.

Редакционная коллегия "Математического журнала"

Основные научные результаты и публикации
К.Ж. Кудайбергенова

Изучались конструктивные модели полных теорий. Построена полная
разрешимая теория, имеющая ровно две сильно конструктивизируемые
модели [1]; это контрастирует с известной теоремой Воота о том, что пол-
ная счетная теория не может иметь ровно две счетные модели. Доказано,
что для любого натурального числа n существует ω1-категоричная теория,
имеющая ровно n конструктивизируемых моделей [2]. Построена сильно
конструктивизируемая однородная модель, не являющаяся эффективно
однородной ни в какой конструктивизации [3].

Изучались однородные модели. Решена проблема Кейслера и Морли
о числе однородных моделей в различных мощностях [4]. Опровергнуты
гипотезаШелаха о мощности абсолютно однородных моделей и некоторым
образом связанная с ней гипотеза Кейслера и Морли [5].

Всесторонне исследовались однородные модели стабильных теорий [6],
в том числе однородные модели одноразмерностных теорий [7], локально
модулярных теорий конечного ранга [8], слабо минимальных теорий [9].
Описан спектр однородных моделей тотально трансцендентных немуль-
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тиразмерностных теорий [10]. Исследованы однородные модели при более
слабом, чем стабильность теории, условии стабильности диаграммы [11].

Изучались генерические автоморфизмы моделей. Доказано, что непо-
движное поле генерического автоморфизма сепарабельно замкнутого поля
является регулярно замкнутым и вычислена его абсолютная группа Галуа
[12]; этот результат обобщает соответствующие результаты Макинтайра
для алгебраически замкнутых полей. Исследованы генерические последо-
вательности автоморфизмов [13]; они были применены для доказатель-
ства существования плотных свободных подгрупп групп автоморфизмов
однородных моделей [14], что дополняет результаты Меллеса и Шелаха,
полученные для насыщенных моделей.

Исследовалось понятие о-минимальности и различные его обобще-
ния. Усилены результаты Маркера о малых расширениях моделей о-
минимальных теорий [15]. Введено и изучено понятие слабо квази-о-
минимальной модели и теории [16]. Введены и изучены различные обоб-
щения о-минимальности на частичные порядки [17].

Изучалось классическое понятие модельного компаньона. Получены
результаты общего вида о существовании и несуществовании модельно-
го компаньона для теорий структур с выделенным автоморфизмом, а так-
же соответствующие результаты для некоторых конкретных структур [18].
Дан ответ на вопрос Кикио и Цубои о существовании модельного компа-
ньона для теории С-минимальных моделей с выделенным автоморфизмом
специального вида [19].

Изучались вопросы однородности для конкретных алгебраических си-
стем. Изучалась однородность для модулей [20] и линейных порядков [21].
Построена счетная строго 2-однородная дистрибутивная решетка [22], во-
прос о существовании которой был поставлен Макферсоном и Дростом.

Понятие однородности изучалось с самых разных сторон. В ответ на
вопрос Перетятькина доказано, что понятие однородности не является аб-
солютным в смысле теории множеств [23]. Исследовался вопрос о сохра-
нении и несохранении однородности при специальном обогащении модели;
получены условия, при которых однородность модели M влечет однород-
ность модели M eq, а также показано, что в общем случае однородность
модели M не влечет однородность модели M eq [24].

Введено общее понятие надстройки над моделью, обобщающее понятие
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наследственно конечной надстройки, и получены результаты о мощности
множеств, интерпретируемых в надстройке над моделью [25], аналогичные
результатам Ю.Л. Ершова для наследственно конечной надстройки.

Изучалось свойство независимости для теорий первого порядка. Опро-
вергнута сильная форма гипотезы Шелаха о существовании бесконечных
неразличимых последовательностей в моделях большой мощности теорий
без свойства независимости [26]. Построена теория со свойством независи-
мости, атомные формулы которой не имеют свойства независимости [27],
что опровергает утверждение Адлера.
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ðàñòûðûë¡àí. Åðêií êîììóòàòèâòi n-àëãåáðàíû áàçèñòiê ýëåìåíòòåði ò³áiðëi
íîíïëàíàð n-àðëû à¡àøòàðìåí òóûíäàòûëàäû. Åðêií êîììóòàòèâòi n-àëãåáðàíû
êåéáið n-àðëû à¡àøòàðûíû Sn-ìîäóëüãå æiêòåëói òîëû¡ûìåí ñèïàòòàë¡àí.

Êiëòòiê ñ°çäåð: n-àðëû àëãåáðà, n-àðëû à¡àøòàð, åðêií àëãåáðà, Sn-ìîäóëü, Êîñò-
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ïëýòèçì, òîïòàðäû °ðìåê ê°áåéòiíäiñi (wreath product), òîïòàðäû òiê ê°áåéòií-
äiñi, ãðàôòàðäû àâòîìîðôèçìäåð òîáû.

1. Êiðiñïå

Àëãåáðàíû ê°ïáåéíåëåðií çåðòòåó çàìàíàóè àëãåáðàíû ìàûçäû
åñåïòåðiíi áiði. Áåðiëãåí àëãåáðàíû ê°ïáåéíåëåð åñåái àëãåáðàíû åðêií
ºði ìóëüòè-ñûçû©òû á°ëiãií Sn-ìîäóëüãå æiêòåó åñåáiíå àëûï êåëåäi.

�ûëûìäà êåéáið åðêií àëãåáðàëàðäû Sn-ìîäóëüãå æiêòåëói áåëãiëi.
Ìûñàë¡à, àéòàëû© F assoc

n , F leib
n , F zinb

n ñºéêåñiíøå åðêií àññîöèàòèâòi, åð-
êií Ëåéáíèö æºíå åðêií Öèíáèåë àëãåáðàëàðûíû ìóëüòè-ñûçû©òû á°ëiê-
òåði áîëñûí. Îíäà á´ë åðêií àëãåáðàëàðäû ìóëüòè-ñûçû©òû á°ëiêòåði Sn-
ìîäóëü ðåòiíäå CSn-ãå èçîìîðôòû.

Àéòàëû© F lie
n åðêií Ëè àëãåáðàñûíû ìóëüòè-ñûçû©òû á°ëiãi áîëñûí.

Îíäà á´ë åðêií àëãåáðàíû êåëòiðiëìåéòií (æiêòåëìåéòií) Sn-ìîäóëüäåðãå
æiêòåëói [1] æ´ìûñûíäà òîëû¡ûìåí ñèïàòòàë¡àí.

Êëþ÷åâûå ñëîâà: n-àðíàÿ àëãåáðà, n-àðíîå äåðåâî, ñâîáîäíàÿ àëãåáðà, Sn-ìîäóëü,

÷èñëà Êîñòêè, êîýôôèöèåíòû Ëèòòëâóäà-Ðè÷àðäñîíà, èíäóöèðîâàííûå ìîäóëè,

ïëýòèçì, ñïëåòåíèå ãðóïï, ïðÿìîå ïðîèçâåäåíèå ãðóïï, ãðóïïà àâòîìîðôèçìîâ ãðàôà.
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Àéòàëû© F bicom
n , Fnov

n åðêií áèêîììóòàòèâòi æºíå åðêií Íîâèêîâ àë-
ãåáðàëàðûíû ìóëüòè-ñûçû©òû á°ëiêòåði áîëñûí. Îíäà á´ë åðêií àë-
ãåáðàëàðûíû Sn-ìîäóëüäiê ©´ðûëûìû òîëû¡ûìåí [2], [3] æ´ìûñûíäà ñè-
ïàòòàë¡àí.

Åðêií àíòè-êîììóòàòèâòi àëãåáðàíû F acom
n ìóëüòè-ñûçû©òû á°ëiãiíi

Sn-ìîäóëüäiê ©´ðûëûìäàðû òóûíäàòóøûëûð ñàíû 1 ≤ n ≤ 7 áîë¡àíäà [1]
æ´ìûñûíäà çåðòòåëãåí.

Àë M. Bremner-äi [5] ìà©àëàñûíäà åðêií àíòè-êîììóòàòèâòi n-àðëû
àëãåáðàíû ìóëòè-ñûçû©òû á°ëiãi Sn-ìîäóëü ðåòiíäå ©àðàñòûðûëãàí.
Ì´íäà áiðäåé òèïòi æà©øàëàð iøêi âåêòîðëû© êåiñòiê ©´ðàéäû æºíå Sn-
ìîäóëü áîëàäû. Êåéáið òèïòi æà©øàëàð ³øií Sn-ìîäóëüäiê ©´ðûëûìû òî-
ëû¡ûìåí ñèïàòòàë¡àí.

Á´ë æ´ìûñòà åðêií êîììóòàòèâòi n-àðëû àëãåáðàíû Sn-ìîäóëü ðåòiíäå
©àðàñòûðàìûç. Ì´íäà äà áiðäåé òèïòi æà©øàëàð iøêi âåêòîðëû© êåiñòiê
©´ðàéäû æºíå Sn-ìîäóëü. Êåéáið áiðäåé òèïòi æà©øàëàðäàí òóûíäàòûë-
¡àí âåêòîðëû© êåiñòiêòåðäi Sn-ìîäóëü ðåòiíäå ©àðàñòûðàìûç æºíå æiê-
òåëìåéòií ìîäóëüäåðiíi åñåëiêòåðií òîëû¡ûìåí ñèïàòòàéìûç.

2. Áàçèñ åðåæåñi

Àíû©òàìà: Àéòàëû© A âåêòîðëû© êåiñòiê áîëñûí æºíå À-äà ω : An → A
îïåðàöèÿñû àíû©òàëñûí. Îíäà (A,ω) æ´áûí n-àðëû àëãåáðà íåìåñå n-
àëãåáðà äåï àòàéìûç.

Åãåð n = 2 áîëñà æºíå ò°ìåíäåãi òåïå-òåäiê îðûíäàëñà

ω(a, b) = ω(b, a),

îíäà á´ë àëãåáðàíû 2-àðëû íåìåñå áèíàðëû êîììóòàòèâòi àëãåáðà äåï
àòàéìûç.

Åãåð n = 3 áîëñà æºíå ò°ìåíäåãi òåïå-òåäiê îðûíäàëñà

ω(a, b, c) = ω(a, c, b) = ω(b, a, c) = ω(b, c, a) = ω(c, a, b) = ω(c, b, a),

îíäà á´ë àëãåáðàíû 3-àðëû íåìåñå òåðíàðëû êîììóòàòèâòi àëãåáðà äåï
àòàéìûç.

Åãåð n = k áîëñà æºíå êåç êåëãåí σ ∈ Sk, ³øií ò°ìåíäåãi òåïå-òåäiê
îðûíäàëñà

ω(a1, a2, . . . , ak) = ω(aσ(1), aσ(2), . . . , aσ(k)),
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îíäà á´ë àëãåáðàíû k-àðëû êîììóòàòèâòi àëãåáðà äåï àòàéìûç.
F k
n = F k

n (X) àð©ûëû åðêií n-àðëû êîììóòàòèâòi àëãåáðàíû ìóëüòè-
ñûçû©òû âåêòîðëû© á°ëiãií áåëãiëåéìiç, ì´íäà¡û k ìîíîìäà¡û ê°-
áåéòóëåð ñàíû íåìåñå n-àðëû êîììóòàòèâòi æà©øàëàð ñàíû, X =
{a1, a2, . . . , akn−(k−1)} ºðiïòåð íåìåñå òóûíäàòóøûëàð æèûíû. Á´ë æ´-
ìûñòà k = 1, 2, 3, 4 òå n-àðëû êîììóòàòèâòi àëãåáðàëàð ©àðàñòûðûëàäû.

Àéòàëû© X = {a1, a2, . . . , an} áîëñûí. Îíäà F 1
n âåêòîðëû© ©åíiñòiãiíi

áàçèñòiê ýëåìåíòi ò°ìåíäåãiäåé ìîíîììåí áåðiëåäi

(a1a2 . . . an).

Àéòàëû© X = {a1, a2, . . . , a2n−1} áîëñûí. Îíäà F 2
n âåêòîðëû© êåiñòi-

ãiíi áàçèñòiê ýëåìåíòòåði ò°ìåíäåãiäåé ìîíîìäàðìåí áåðiëåäi

(ai1ai2 . . . ain−1(aj1aj2 . . . ajn))

ì´íäà i1 < i2 · · · < in−1 æºíå j1 < j2 · · · < jn, im, jm ∈ {1, 2, 3, . . . , 2n− 1}.
Àéòàëû© X = {a1, a2, . . . , a3n−2} áîëñûí. Îíäà F 3

n âåêòîðëû© êåiñòi-
ãiíi áàçèñòiê ýëåìåíòòåði ò°ìåíäåãiäåé ìîíîìäàðìåí áåðiëåäi

Áiðiíøi òèï:

(ai1ai2 . . . ain−1(aj1ai2 . . . ajn−1(ak1ak2 · · · akn)))

ì´íäà i1 < i2 · · · < in−1, j1 < j2 · · · < jn−1 æºíå k1 < k2 · · · < kn,
im, jm, km ∈ {1, 2, 3, . . . , 3n− 2}.

Åêiíøi òèï:

(ai1ai2 . . . ain−2((aj1ai2 . . . ajn)(ak1ak2 · · · akn))

ì´íäà i1 < i2 · · · < in−2, j1 < j2 · · · < jn, k1 < k2 · · · < kn æºíå j1 < k1,
im, jm, km ∈ {1, 2, 3, . . . , 3n− 2}.

Àéòàëû© X = {a1, a2, . . . , a4n−3} áîëñûí. Îíäà F 4
n âåêòîðëû© êåiñòi-

ãiíi áàçèñòiê ýëåìåíòòåði ò°ìåíäåãiäåé ìîíîìäàðìåí áåðiëåäi

Áiðiíøi òèï:

(ai1ai2 . . . ain−1(aj1aj2 . . . ajn−1(ak1ak2 · · · akn−1(al1al2 . . . aln))))
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ì´íäà i1 < i2 · · · < in−1, j1 < j2 · · · < jn−1, k1 < k2 · · · < kn−1 æºíå
l1 < l2 · · · < ln, im, jm, km, lm ∈ {1, 2, 3, . . . , 4n− 3}.

Åêiíøi òèï:

(ai1ai2 . . . ain−2(aj1aj2 . . . ajn)(ak1ak2 . . . akn−1(al1al2 · · · aln)))

ì´íäà i1 < i2 · · · < in−2, j1 < j2 · · · < jn, k1 < k2 · · · < kn−1 æºíå l1 <
l2 · · · < ln, im, jm, km, lm ∈ {1, 2, 3, . . . , 4n− 3}.

�øiíøi òèï:

(ai1ai2 . . . ain−1(aj1aj2 . . . ajn−2(ak1ak2 . . . akn)(al1al2 · · · aln)))

ì´íäà i1 < i2 · · · < in−1, j1 < j2 · · · < jn−2, k1 < k2 · · · < kn, l1 < l2 · · · < ln
æºíå k1 < l1, im, jm, km, lm ∈ {1, 2, 3, . . . , 4n− 3}.

Ìûñàëû:

Àéòàëû© X = {a, b} áîëñûí. Îíäà F 1
2 êåiñòiãiíi áàçèñòiê ýëåìåíòòåði

(ab)

áîëàäû.
Àéòàëû© X = {a, b, c} áîëñûí. Îíäà F 2

2 êåiñòiãiíi áàçèñòiê ýëåìåíò-
òåði

(a(bc)), (b(ac)), (c(ab))

áîëàäû.
Àéòàëû©X = {a, b, c, d} áîëñûí. Îíäà F 3

2 êåiñòiãiíi áàçèñòiê ýëåìåíò-
òåði

(a(b(cd))), (a(c(bd))), (a(d(bc))), (b(a(cd))), (b(c(ad))), (b(d(ac))),

(c(a(bd))), (c(b(ad))), (c(d(ab))), (d(a(bc))), (d(b(ac))), (d(c(ab))),

((ab)(cd)), ((ac)(bd)), ((ad)(bc))

áîëàäû.
Àéòàëû© X = {a, b, c} áîëñûí. Îíäà F 1

3 êåiñòiãiíi áàçèñòiê ýëåìåíò-
òåði

(abc)
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áîëàäû.
Àéòàëû© X = {a, b, c, d, e} áîëñûí. Îíäà F 2

3 êåiñòiãiíi áàçèñòiê ýëå-
ìåíòòåði

(ab(cde)), (ac(bde)), (ad(bce)), (ae(bcd)), (bc(ade)),

(bd(ace)), (be(acd)), (cd(abe)), (ce(abd)), (de(abc))

áîëàäû.
Êåç êåëãåí n ≥ 1 æºíå k ≥ 1 ³øií F k

n âåêòîðëû© êåiñòiãiíi °ëøåìi
ò°ìåíäåãi ôîðìóëàìåí åñåïòåëiíåäi

(kn)!

k!(n!)k
.

Á´ë ôîðìóëàíû äºëåëäåói [5] æ´ìûñòà êåëòiðiëãåí.
F k
n êåiñòiãiíi ºð ýëåìåíòiíå k iøêi ò°áåäåí ò´ðàòûí n-àðëû íîíïëàíàð

áîÿë¡àí ò³áiðëi à¡àøòàðäû ñºéêåñ ©îþ¡à áîëàäû.

Ìûñàëû: Åãåð (abc) ∈ F 1
3 áîëñà, îíäà

(abc) ↔ crr r
@�
a b c

.

Åãåð (ab(cde)) ∈ F 2
3 áîëñà, îíäà

(ab(cde)) ↔ cr r rr r r
@�

@�a b

c d e

.

Åãåð (ab(cd(efg))), (a(bcd)(efg)) ∈ F 3
3 áîëñà, îíäà

(ab(cd(efg))) ↔ cr r br r br r r
@�
@�
@�

a b

c d

e f g

, (a(bcd)(efg)) ↔ cbr r r r r rbr
@HH �

HH@ ���
a

b c d e f g

.

Åãåð (ab(cd(ef(ghi)))), (a(bcd)(ef(ghi))), (ab(c(def)(ghi))) ∈ F 4
3 áîëñà,

îíäà

(ab(cd(ef(ghi)))) ↔ cr r cr r cr r cr r r
@�
@�
@�

@�

a b

c d

e f

g h i

, (a(bcd)(ef(ghi))) ↔ cr c cr r r r r cr r r
@@��@� ���@�
a

b c d e f

g h i

,
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(ab(c(def)(ghi))) ↔ cr r cr c cr r r r r r
@�

@��@� ���
a b

c

d e f g h i

.

Ñîíûìåí F 1
n âåêòîðëû© êåiñòiãiìiçäi ýëåìåíòòåði

crr p p p r
@��

òèïòi à¡àøïåí òóûíäàòûë¡àí. Ì´íäà ò³ïòåí øû©©àí æàïûðà©òàð ñàíû
n-ãå òå.

Àë F 2
n âåêòîðëû© êåiñòiãiìiçäi ýëåìåíòòåði

cr p p rp cr r rp p p
HH �
@��

òèïòi à¡àøïåí òóûíäàòûë¡àí. Ì´íäà áiðiíøi iøêi ò°áåäåí (ò³ï) øû©©àí
æàïûðà©òàð ñàíû n−1, àë åêiíøi iøêi ò°áåäåí øû©©àí æàïûðà©òàð ñàíû
n-ãå òå.

Àë F 3
n âåêòîðëû© êåiñòiãiìiçäi ýëåìåíòòåði

T1 = cr rp pp pr rcp p pp cr r rp p p
HH �

HH �
@��

, T2 = ccr p p p r r p p p rcr p p p r
HH@XXXX

�
HH ��

,

òèïòi à¡àøòàðìåí òóûíäàòûë¡àí. T1 æºíå T2 à¡àøòàðûìåí òóûíäàòû-
ë¡àí âåêòîðëû© êåiñòiêòåðiìiçäi ñºéêåñiíøåMT1 ,MT2 àð©ûëû áåëãiëåéiê.
Ì´íäàMT1 ìåíMT2 ©èûëûñóû áîñ æèûí æºíå èíâàðèàíòòû iøêi êåiñòiê-
òåð. Ñîíäû©òàí F 3

n êåiñòiãií

F 3
n = MT1 ⊕MT2

àð©ûëû æàçà àëàìûç. Ì´íäà T1 áiðiíøi òèïòi à¡àøûíû áiðiíøi iøêi ò°-
áåñiíåí (ò³ïòåí) øû©©àí æàïûðà©òàð ñàíû n− 1, àë åêiíøi iøêi ò°áåñiíåí
øû©©àí æàïûðà©òàð ñàíû n − 1, àë ³øiíøi iøêi ò°áåñiíåí øû©©àí æà-
ïûðà©òàð ñàíû n-ãå òå. T2 åêiíøi òèïòi à¡àøûíû áiðiíøi iøêi ò°áåñiíåí
(ò³ïòåí) øû©©àí æàïûðà©òàð ñàíû n−2, àë åêiíøi iøêi ò°áåñiíåí øû©©àí
æàïûðà©òàð ñàíû n, àë ³øiíøi iøêi ò°áåñiíåí øû©©àí æàïûðà©òàð ñàíû
n-ãå òå.
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Àë F 4
n âåêòîðëû© êåiñòiãiìiçäi ýëåìåíòòåði

T1 = cr r cr r cr r cr p r
p p p
HH

p p pp p p p p p
�
HH �
HH �

HH �

, T2 = cr r c cr r r r cr rp pp p
PPP
p p p p p p p p p
@��@� ���@�

, T3 = cr r cr c cr r r rp p pr p p p p p p p p p
HH �
PPP
@��@� ��

.

òèïòi à¡àøòàðìåí òóûíäàòûë¡àí. T1, T2 æºíå T3 à¡àøòàðûìåí òóûíäàòûë-
¡àí âåêòîðëû© êåiñòiêòåðiìiçäi ñºéêåñiíøå MT1 , MT2 æºíå MT3 àð©ûëû
áåëãiëåéiê. Ì´íäà - MT1 , MT2 æºíå MT3 âåêòîðëû© êåiñòiêòåðiíi °çàðà
©èûëûñóû áîñ æèûí æºíå èíâàðèàíòòû iøêi êåiñòiêòåð. Ñîíäû©òàí F 4

n

êåiñòiãií

F 4
n = MT1 ⊕MT2 ⊕MT3

àð©ûëû æàçà àëàìûç.

3. Íåãiçãi íºòèæåëåð

Íåãiçãi òåîðåìàíû êåëòiðìåñ á´ðûí, ñèììåòðèÿëû© òîïòû âåêòîðëû©
êåiñòiêêå ºñåðií àíû©òàï àëàéû©. Á´ë æ´ìûñòà òîïòû ºñåði òàáè¡è ò³ðäå
àíû©òàë¡àí. Ìûñàëû, àéòàëû© m = (a1a2(a3a4a5)) ∈ F 2

3 , σ = (123)(45) ∈
S5 áîëñûí, îíäà ºñåð ò°ìåíäåãiäåé àíû©òàëàäû

σ(m) = (a2a3(a1a5a4)).

Åíäi íåãiçãi íºòèæåëåðäi êåëòiðåéiê.

Òåîðåìà: Àéòàëû© n = 1, 2, 3, ... áîëñûí. Îíäà
à) F 1

n
∼= S(n),

b) F 2
n
∼=

⊕
λ⊢2n−1Kλ(n,n−1)S

λ,

c) F 3
n
∼=

⊕
λ⊢3n−2(Kλ(n,n−1,n−1) +

∑
i=0 c

λ
(n−2)(2n−2i,2i))S

λ,

d) F 4
n

∼= (Kλ(n,n−1,n−1,n−1) + Kλ(n,n,n−1,n−2) +∑n−2
i=0

∑
j=0 c

λ
(2n−3−i,i)(2n−2j,2j))S

λ áîëàäû,

ì´íäà¡û Kλµ � Êîñòêà ñàíû, cνλµ � Ëèòòëâóä-Ðè÷àðäñîí êîýôôèöèåíòi.

Êîñòêà ñàíäàðû æºíå Ëèòòëâóä-Ðè÷àðäñîí êîýôôèöèåíòòåði æàéëû
ìºëiìåòòi òîëû¡ûðà© [6] æ´ìûñûíàí ê°ðóãå áîëàäû.
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Äºëåëäåói:

a) Áið ò°áåäåí øû©©àí æàïûðà©òàðäû îðûí àóûñòûðóû æºíå áið ò°-
áåäåí øû©©àí òå iøêi à¡àøòàðäû îðûí àóûñòûðóû ìîíîìíû òîëòûðû-
ëóûí (áàçèñ åðåæåñi) °çãåðòïåéäi. Äåìåê, ò°ìåíäåãi n-æàïûðà©òàí ò´ðà-
òûí ò³áiðëi à¡àøòû

T = crr p p p r
@��

ñèììåòðèÿëàð òîáû íåìåñå T -íû àâòîìîðôèçìäåð òîáû

Γ(T ) = Sn

ò³ðiíäå àíû©òàëàäû. Ì´íäà æàïûðà©òàð ñàíû n-ãå òå. Îíäà Sn-ìîäóëüãå
æiêòåëói ò°ìåíäåãi ôîðìóëàìåí åñåïòåëiíåäi

IndSn
Sn
(S(n)),

ì´íäà¡û S(n) (n) ⊢ n á°ëiêòåóiíå ñºéêåñ êåëåòií Øïåõò ìîäóëi [6]. Äåìåê

F 1
n
∼= S(n).

b) F 2
n âåêòîðëû© êåiñòiãi

T = cr p p rp cr r rp p p
HH �
@��

ò³áiðëi à¡àøûìåí òóûíäàòûë¡àí. Ì´íäà æàïûðà©òàð ñàíû 2n− 1-ãå òå.
Á´ë T ò³áiðëi à¡àøûíû àâòîìîðôèçìäåð òîáû

Γ(T ) = Sn × Sn−1

ò³ðiíäå àíû©òàëàäû. Ì´íäà¡û G×H äåãåíiìiç G ìåí H òîïòàðûíû òiê
ê°áåéòiíäiñi (direct product). Îíäà F 2

n êåiñòiãiíi S2n−1-ìîäóëüãå æiêòåëói
ò°ìåíäåãi ôîðìóëàìåí åñåïòåëiíåäi

Ind
S2n−1

Sn×Sn−1
(S(n) ⊗ S(n−1)).

ß¡íè
F 2
n
∼=

⊕
λ⊢2n−1

Kλ(n,n−1)S
λ.
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c) F 3
n âåêòîðëû© êåiñòiãi

T1 = cr rp pp pr rcp p pp cr r rp p p
HH �
HH �

@��

æºíå T2 = ccr p p p r r p p p rcr p p p r
HH@XXXX
�

HH ��

ò³áiðëi à¡àøòàðûìåí òóûíäàòûë¡àí. Ì´íäà T1 ìåí T2 à¡àøòàðûíû æà-
ïûðà©òàð ñàíû 3n − 2-ãå òå. T1 ìåí T2 ò³áiðëi à¡àøòàðûíû àâòîìîð-
ôèçìäåð òîáû ñºéêåñiíøå

Γ(T1) = Sn × Sn−1 × Sn−1, Γ(T2) = S2[Sn]× Sn−2

ò³ðiíäå àíû©òàëàäû . Ì´íäà¡û G[H] äåãåíiìiç G ìåí H òîïòàðûíû °ð-
ìåê ê°áåéòiíäiñi (wreath product). Îíäà MT1 êåiñòiãiíi S3n−2 � ìîäóëüãå
æiêòåëói ò°ìåíäåãiäåé åñåïòåëiíåäi

Ind
S3n−2

Sn×Sn−1×Sn−1
(S(n) ⊗ S(n−1) ⊗ S(n−1)).

ß¡íè
MT1 ∼=

⊕
λ⊢3n−2

Kλ(n,n−1,n−1)S
λ.

Àë MT2 êåiñòiãiíi S3n−2-ìîäóëüãå æiêòåëói ò°ìåíäåãiäåé åñåïòåëiíåäi

Ind
S3n−2

S2[Sn]×Sn−2
(S(n) ⊗ S(n) ⊗ S(n−2)).

[7] æ´ìûñòà

IndS2n

S2[Sn]
(S(n) ⊗ S(n)) = S(2n) ⊕ S(2n−2,2) ⊕ S(2n−4,4) ⊕ . . .

ïëýòèçì ôîðìóëàñû äºëåëäåíãåí. Ñîíäû©òàí

MT2 =
⊕

λ⊢3n−2

(cλ(n−2)(2n) + cλ(n−2)(2n−2,2) + cλ(n−2)(2n−4,4) + . . . )Sλ.

Äåìåê,
F 3
n = MT1 ⊕MT2 ∼=

∼=
⊕

λ⊢3n−2

(Kλ(n,n−1,n−1) + cλ(n−2)(2n) + cλ(n−2)(2n−2,2) + cλ(n−2)(2n−4,4) + . . . )Sλ.
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d) F 4
n âåêòîðëû© êåiñòiãi

T1 = cr r cr r cr r cr p r
p p p
HH

p p pp p p p p p
�
HH �
HH �

HH �

, T2 = cr r c cr r r r cr rp pp p
PPP
p p p p p p p p p
@��@� ���@�

, T3 = cr r cr c cr r r rp p pr p p p p p p p p p
HH �

PPP
@��@� ��

.

ò³áiðëi à¡àøòàðûìåí òóûíäàòûë¡àí. Ì´íäà T1, T2 æºíå T3 à¡àøòàðûíû
æàïûðà©òàð ñàíû 4n − 3 áîëàäû. T1, T2 æºíå T3 ò³áiðëi à¡àøòàðûíû
àâòîìîðôèçìäåð òîáû ñºéêåñiíøå

Γ(T1) = Sn × Sn−1 × Sn−1 × Sn−1, Γ(T2) = Sn × Sn × Sn−1 × Sn−2,

Γ(T2) = S2[Sn]× Sn−1 × Sn−2

ò³ðiíäå àíû©òàëàäû. Îíäà MT1 êåiñòiãiíi S4n−3-ìîäóëüãå æiêòåëói ò°-
ìåíäåãiäåé åñåïòåëiíåäi

Ind
S4n−3

Sn×Sn−1×Sn−1×Sn−1
(S(n) ⊗ S(n−1) ⊗ S(n−1) ⊗ S(n−1)).

ß¡íè
MT1 ∼=

⊕
λ⊢4n−3

Kλ(n,n−1,n−1,n−1)S
λ

áîëàäû.
MT2 êåiñòiãiíi S4n−3-ìîäóëüãå æiêòåëói ò°ìåíäåãiäåé åñåïòåëiíåäi

Ind
S4n−3

Sn×Sn×Sn−1×Sn−2
(S(n) ⊗ S(n) ⊗ S(n−1) ⊗ S(n−2)).

ß¡íè
MT2 ∼=

⊕
λ⊢4n−3

Kλ(n,n,n−1,n−2)S
λ

áîëàäû.
ÀëMT3 êåiñòiãiíi S4n−3-ìîäóëüãå æiêòåëói ò°ìåíäåãiäåé åñåïòåëiíåäi

Ind
S4n−3

S2[Sn]×Sn−1×Sn−2
(S(n) ⊗ S(n) ⊗ S(n−1) ⊗ S(n−2)).

Áiçãå

IndS2n

S2[Sn]
(S(n) ⊗ S(n)) = S(2n) ⊕ S(2n−2,2) ⊕ S(2n−4,4) ⊕ . . .
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ïëýòèçì ôîðìóëàñû æºíå

Ind2n−3
Sn−1×Sn−2

(S(n−1)⊗S(n−2)) = S(2n−3)⊕S(2n−4,1)⊕S(2n−5,2)⊕· · ·⊕S(n−1,n−2)

ôîðìóëàñû áåëãiëi.
Ñîíäû©òàí

MT3 =
⊕

λ⊢4n−3

(cλ(2n−3)(2n) + cλ(2n−3)(2n−2,2) + cλ(2n−3)(2n−4,4) + . . .

+cλ(2n−4,1)(2n) + cλ(2n−4,1)(2n−2,2) + cλ(2n−4,1)(2n−4,4) + . . .

+cλ(2n−5,2)(2n) + cλ(2n−5,2)(2n−2,2) + cλ(2n−5,2)(2n−4,4) + . . .

· · ·+ cλ(n−1,n−2)(2n) + cλ(n−1,n−2)(2n−2,2) + cλ(n−1,n−2)(2n−4,4) + . . . )Sλ =

= (
n−2∑
i=0

∑
j=0

cλ(2n−3−i,i)(2n−2j,2j))S
λ.

Äåìåê,
F 4
n
∼= MT1 ⊕MT2 ⊕MT3 ∼=

∼= (Kλ(n,n−1,n−1,n−1) +Kλ(n,n,n−1,n−2) +
n−2∑
i=0

∑
j=0

cλ(2n−3−i,i)(2n−2j,2j))S
λ. �

Ãðàôòàðäû àâòîìîðôèçìäåð òîáû ìåí òîïòàðäû °ðìåê ê°áåéòiíäiñi
(wreath product) òóðàëû ìºëiìåòòåðäi [8], [9] æ´ìûñòàðûíàí òîëû¡ûðà©
ê°ðóãå áîëàäû.

Ìûñàëû: Àéòàëû© n = 3, k = 2 áîëñûí. Îíäà F 2
3 êåiñòiãi

T1 = cr r br r br r r
@�
@�
@�

æàíå T2 = cbr r r r r rbr
@HH �

HH@ ���

ò³áiðëi à¡àøòàðûìåí òóûíäàòûëàäû. Äåìåê,

F 2
3
∼= MT1 ⊕MT2 ,

ì´íäà¡û
MT1 ∼=

⊕
λ⊢7

Kλ(3,2,2)S
λ =
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S(7) ⊕ 2S(6,1) ⊕ 3S(5,2) ⊕ S(5,1,1) ⊕ 2S(4,3) ⊕ 2S(4,2,1) ⊕ S(3,3,1) ⊕ S(3,2,2),

MT2 ∼=
⊕
λ⊢7

(cλ(1)(6) + cλ(1)(4,2))S
λ =

= S(7) ⊕ S(6,1) ⊕ S(5,2) ⊕ S(4,3) ⊕ S(4,2,1).
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Æàõàåâ Á.Ê. ÏÐÅÄÑÒÀÂËÅÍÈß ÃÐÓÏÏÛ Sn ÍÀ ÍÅÊÎÒÎÐÛÕ
ÄÅÐÅÂÜßÕ Â ÑÂÎÁÎÄÍÎÉ ÊÎÌÌÓÒÀÒÈÂÍÎÉ n-ÀËÃÅÁÐÅ

Â ðàáîòå ñâîáîäíàÿ êîììóòàòèâíàÿ n-àðíàÿ àëãåáðà ðàññìàòðèâàåò-
ñÿ êàê Sn-ìîäóëü. Áàçèñíûå ýëåìåíòû ñâîáîäíîé êîììóòàòèâíîé n-àðíîé
àëãåáðû ïîðîæäàþòñÿ íîí-ïëàíàðíûìè n-àðíûìè äåðåâüÿìè. Ïîëíîñòüþ
îïèñûâàþòñÿ Sn-ìîäóëüíûå ðàçëîæåíèÿ íåêîòîðûõ n-àðíûõ äåðåâüåâ â
ñâîáîäíîé êîììóòàòèâíîé n-àëãåáðå.

Zhakhayev B.K. REPRESENTATIONS OF Sn ON SOME TREES IN
FREE COMMUTATIVE n-ALGEBRA

In this work free commutative n-ary algebra is considered as Sn-module.
Basic elements of free commutative n-ary algebra are generated by non-planar
n-ary trees. Sn-module decompositions of some n-ary trees in free commutative
n-algebra are fully described.
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ðàäèêàë B. Àëãåáðû Ëè B è U ñîîòâåòñòâåííî îáîçíà÷èì ÷åðåç u è b.
ßäðî ìîðôèçìà Ôðîáåíèóñà

F : G → G,
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ðàññìàòðèâàåìîå êàê ÿäðî ìîðôèçìà ãðóïïîâûõ ñõåì, îáîçíà÷àåòñÿ ÷åðåç
G1. ßäðà ìîðôèçìà Ôðîáåíèóñà äëÿ B, U è T ñîîòâåòñòâåííî îáîçíà÷à-
þòñÿ ÷åðåç B1, U1 è T1. Èçâåñòíî, ÷òî òåîðèÿ ïðåäñòàâëåíèÿ G1 è òåîðèÿ
ïðåäñòàâëåíèÿ àëãåáðû Ëè g ãðóïïû G ýêâèâàëåíòíû.

Îáîçíà÷èì ÷åðåç Φ ñèñòåìó êîðíåé ãðóïïû G îòíîñèòåëüíî (G,T ).
Ìíîæåñòâî ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ êîðíåé ñîîòâåòñòâåííî îáîç-
íà÷èì ÷åðåç Φ+ è Φ− è ïóñòü∆ � ìíîæåñòâî ïðîñòûõ êîðíåé. Äëÿ ñèñòåìû
êîðíåé ðàíãà l ïóñòü α1, · · · , αl � ïðîñòûå êîðíè è λ1, · · · , λl � ôóíäàìåí-
òàëüíûå âåñà. Îáîçíà÷èì öåëî÷èñëåííóþ ðåùåòêó âåñîâ, ïîðîæäåííóþ
ôóíäàìåíòàëüíûìè âåñàìè, ÷åðåç X(T ) (àääèòèâíàÿ ãðóïïà õàðàêòåðîâ
ìàêñèìàëüíîãî òîðà T ) è ïóñòü X+(T ) � ìíîæåñòâî äîìèíàíòíûõ âåñîâ,
X1(T ) � ìíîæåñòâî îãðàíè÷åííûõ âåñîâ.

Ñêàëÿðíîå ïðîèçâåäåíèå íà åâêëèäîâîì ïðîñòðàíñòâå E, ïîðîæäåííîå
ñèñòåìîé êîðíåé Φ, îáîçíà÷àåòñÿ ÷åðåç ⟨, ⟩. Äâîéñòâåííûì ê α ∈ Φ êîðíåì
ÿâëÿåòñÿ α∨ = 2α

⟨α,α⟩ .

Ïóñòü α0 � ìàêñèìàëüíûé êîðåíü è α̃0 � ìàêñèìàëüíûé êîðîòêèé êî-
ðåíü. Äåéñòâèå ãðóïïû Âåéëÿ W ñèñòåìû Φ íà ãðóïïó õàðàêòåðîâ X(T )
îïðåäåëÿåòñÿ ïî ïðàâèëó sα(λ) = λ − ⟨λ, α∨⟩α, ãäå sα ∈ W, α ∈ Φ. Åñëè
îáîçíà÷èòü ïîëóñóììó ïîëîæèòåëüíûõ êîðíåé ÷åðåç ρ, òî äðóãîå äåéñòâèå
ãðóïïû Âåéëÿ, ÷àñòî èñïîëüçóåìîå â òåîðèè ïðåäñòàâëåíèé, çàäàåòñÿ ïî
ôîðìóëå w · λ = w(λ+ ρ)− ρ, ãäå w ∈ W, λ ∈ X(T ).

Àôôèííàÿ ãðóïïà Âåéëÿ Wp ïîðîæäàåòñÿ âñåìè àôôèííûìè îòðàæå-
íèÿìè sα,np, ãäå α ∈ Φ+, n ∈ Z. Â äàëüíåéøåì ìû áóäåì ïîëüçîâàòüñÿ
äåéñòâèåì Wp íà X(T ), îïðåäåëÿåìûì ôîðìóëîé

sα,np · λ = λ− ⟨λ+ ρ, α∨⟩α+ npα.

Äëÿ ëþáîãî λ ∈ X(T ) ñóùåñòâóåò îäíîìåðíûé B-ìîäóëü kλ è
èíäóöèðîâàííûé G-ìîäóëü H0(λ) = IndGB(kλ); H

0(λ) ̸= 0 òîãäà è òîëüêî
òîãäà, êîãäà λ ∈ X+(T ). Ïóñòü V (λ) � ìîäóëü Âåéëÿ íàä G ñî ñòàðøèì
âåñîì λ, òîãäà H0(λ) ∼= V (−w0λ)

∗, ò.å. èíäóöèðîâàííûé ìîäóëü H0(λ) ÿâ-
ëÿåòñÿG-ìîäóëåì, äâîéñòâåííûì ìîäóëþ Âåéëÿ ñî ñòàðøèì âåñîì−w0(λ).
Ïðè ýòîì ïðîñòîé G-ìîäóëü L(λ) áóäåò ïðîñòûì öîêîëåì H0(λ) èëè ïðî-
ñòûì ôàêòîð-ìîäóëåì V (λ) ïî ìàêñèìàëüíîìó ïîäìîäóëþ [1, ï. 5.7].

Ïóñòü V � ðàöèîíàëüíûé G-ìîäóëü. Îáîçíà÷èì ÷åðåç V (r) êðó÷åíèå
Ôðîáåíèóñà V ñòåïåíè r. Áîëåå òîãî, ñóùåñòâóåò åäèíñòâåííûé r ≥ 1 òàêîé,
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÷òî V (−r) åñòü G-ìîäóëü, íà êîòîðîì G1 äåéñòâóåò íåòðèâèàëüíî.
Åñëè âåñ ν ëåæèò â çàìûêàíèè íèæíåãî ôóíäàìåíòàëüíîãî àëüêîâà

àôôèííîé ãðóïïû Âåéëÿ, òî äëÿ íåãî áóäåì èñïîëüçîâàòü çàïèñü ÷åðåç
ôóíäàìåíòàëüíûå âåñà: ν = m1λ1 + m2λ2, ãäå λ1, λ2 � ôóíäàìåíòàëüíûå
âåñà è m1,m2 ∈ ZZ.

Â îñíîâíîì, èññëåäîâàíèÿ êîãîìîëîãèé ïðîñòûõ ìîäóëåé ïðîñòûõ
îäíîñâÿçíûõ àëãåáðàè÷åñêèõ ãðóïï è èõ àëãåáð Ëè â ïîëîæèòåëüíîé õà-
ðàêòåðèñòèêå ïðîâîäèëèñü â ñëåäóþùåé ïîñëåäîâàòåëüíîñòè:

1) âû÷èñëåíèå Hn(u, k);

2) âû÷èñëåíèå Hn(B1, kλ);

3) âû÷èñëåíèå Hn(G1,H
0(λ));

4) âû÷èñëåíèå Hn(g,H0(λ));

5) îïèñàíèå ñòðóêòóðû H0(λ);

6) âû÷èñëåíèå Hn(G,L(λ));

7) âû÷èñëåíèå Hn(g, L(λ)).

1.2. Íàä ïîëåì õàðàêòåðèñòèêè íóëü Hn(u, k) áûë âû÷èñëåí Á. Êîñòàí-
òîì â [2]. Â ïîëîæèòåëüíîé õàðàêòåðèñòèêå, åñëè p ≥ h, ãäå h = ⟨ρ, α̃∨

0 ⟩+1
� ÷èñëî Êîêñòåðà, èç ðåçóëüòàòîâ ðàáîò Ý. Ì. Ôðèäëàíäåðà è Á. Äæ. Ïàð-
øàëÿ [3], Ï. Ïîëî è Äæ. Òèëîóèíà [4] ñëåäóåò, ÷òî ôîðìàëüíûå õàðàêòå-
ðû ýòèõ êîãîìîëîãè÷åñêèõ ãðóïï ñîâïàäàþò ñ ôîðìàëüíûìè õàðàêòåðà-
ìè ñîîòâåòñòâóþùèõ ãðóïï õàðàêòåðèñòèêè íóëü. Â ìàëûõ õàðàêòåðèñòè-
êàõ èçâåñòíû òîëüêî ñòðóêòóðû ìàëûõ êîãîìîëîãè÷åñêèõ ãðóïï H1(u, k)
è H2(u, k). H1(u, k) ïîëíîñòüþ âû÷èñëåíû Å. Ê. ßíöåíîì â [5]. Äëÿ íåñïå-
öèàëüíûõ õàðàêòåðèñòèê ïîëÿ H2(u, k) áûë îïèñàí â äèññåðòàöèè àâòîðà
[6] è äîïîëíåíû â ðàáîòàõ Ê. Ï. Áåíäåëÿ, Ä. Ê. Íàêàíî è Ê. Ïèëëåíà [7]
(p > 2), Ê. Á. Ðàéòà [8] (p = 2).

Äëÿ áîëüøèõ õàðàêòåðèñòèê ïîëÿ, êîãäà p ≥ h, íà÷àëüíûå òðè ýòàïà
ðåàëèçîâàíû ïîëíîñòüþ â èçâåñòíûõ ðàáîòàõ Õ. Õ. Àíäåðñåíà è Å. Ê. ßí-
öåíà [9], Ý. Ôðèäëàíäåðà è Á. Ïàðøàëëÿ [10], Ñ. Êóìàðà, Í. Ëàóðèöåíà
è Äæ. Òîìñåíà [11]. Â ìàëûõ õàðàêòåðèñòèêàõ ïîëÿ âû÷èñëåíèÿ ïðîâîäè-
ëèñü äëÿ n = 1, 2. Êîãîìîëîãè÷åñêèå ãðóïïû

H1(u, k), H1(B1, kλ), H
1(G1, H

0(λ)) ∼= H1(g,H0(λ))

âû÷èñëåíû Å. Ê. ßíöåíîì â [5] äëÿ âñåõ ïîëîæèòåëüíûõ õàðàêòåðèñòèê.
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Âòîðûå ãðóïïû êîãîìîëîãèè

H2(u, k), H2(B1, kλ), H
2(G1,H

0(λ))

âû÷èñëåíû â äèññåðòàöèè Ø. Ø. Èáðàåâà [6] (íåñïåöèàëüíûå ïîëîæèòåëü-
íûå õàðàêòåðèñòèêè) è â ðàáîòàõ Ê. Ï. Áåíäåëÿ, Ä. Ê. Íàêàíî è Ê. Ïèë-
ëåíà [7] (p > 2), Ê. Á. Ðàéòà [8] (p = 2).

Â îáùåì ñëó÷àå, ñòðóêòóðà êîãîìîëîãèè Hn(g,H0(λ)) ìàëî èçó÷åíû.
Êàê óæå îòìå÷àëîñü âûøå, êîãîìîëîãèé H1(g,H0(λ)) âû÷èñëåíû ïîëíî-
ñòüþ Å. Ê. ßíöåíîì â [5]. Äðóãèå ðåçóëüòàòû ñâÿçàíû ñ êîíêðåòíûìè ìî-
äóëÿìè.

Íàèáîëåå ïðîñòûì ÿâëÿåòñÿ ñëó÷àé, êîãäà H0(λ) ÿâëÿåòñÿ íåïðèâî-
äèìûì G-ìîäóëåì. Õîðîøî èçâåñòíî, ÷òî îãðàíè÷åííûé G-ìîäóëü H0(λ)
íåïðèâîäèì, åñëè λ ëåæèò âíóòðè íèæíåãî ôóíäàìåíòàëüíîãî àëüêîâà.
Òîãäà êîãîìîëîãèÿ Hn(g,H0(λ)) íåòðèâèàëüíà òîëüêî â ñëåäóþùèõ ñëó-
÷àÿõ:

• λ = (p− 2)λ1 è Φ = A1, p > 2;
• λ = 0.
Ïåðâûé ñëó÷àé ñîîòâåòñòâóåò êëàññè÷åñêîé ïðîñòîé òðåõìåðíîé àëãåá-

ðå Ëè sl2(k) è åå êîãîìîëîãèè ñ êîýôôèöèåíòàìè â H0((p−2)λ1) è â H0(0)
è ïîëíîñòüþ îïèñàí À. Ñ. Äæóìàäèëüäàåâûì ïðè p > 3 [12].

Ïóñòü λ = 0. Ïåðâàÿ ãðóïïà êîãîìîëîãèé òðèâèàëüíîãî îäíîìåðíîãî
ìîäóëÿ ïîäðîáíî ðàññìîòðåíà â [5]. Êîãîìîëîãèÿ H2(g, k) ýêâèâàëåíòíà
ïðîñòðàíñòâó êëàññîâ ýêâèâàëåíòíûõ öåíòðàëüíûõ ðàñøèðåíèé àëãåáðû
Ëè g. Ýòè êîãîìîëîãèè âû÷èñëåíû Âàí äåð Êàëëåíîì [13] è Ø. Ø. Èáðà-
åâûì [14].

Ñëó÷àé λ = α0 òàêæå ïðåäñòâàëÿåò îñîáûé èíòåðåñ â ñâÿçè ñ ñòðóêòóð-
íûìè âîïðîñàìè è âîïðîñàìè êëàññèôèêàöèè êîíå÷íîìåðíûõ ìîäóëÿðíûõ
àëãåáð Ëè. Äåéñòâèòåëüíî, íåòðóäíî çàìåòèòü, ÷òî H0(λ) èçîìîðôåí êî-
ïðèñîåäèíåííîìó ìîäóëþ g∗. À òàêæå èçâåñòíî, ÷òî g∗ ∼= g, åñëè g � ïðî-
ñòàÿ àëãåáðà Ëè. Òîãäà êîãîìîëîãèè H1(g,H0(α0)) è H2(g,H0(α0)) ñîîò-
âåòñòâåííî ìîãóò áûòü èíòåðïðåòèðîâàíû êàê ïðîñòðàíñòâà âíåøíèõ äèô-
ôåðåíöèðîâàíèé è ëîêàëüíûõ äåôîðìàöèé àëãåáðû Ëè g. Îíè èçó÷àëèñü
â ðàáîòàõ Ð. Áëîêà [15], Á. Þ. Âåéñôåëëåðà è Â. Ã. Êàöà [16], À. Í. Ðóäà-
êîâà [17], À. Ñ. Äæóìàäèëüäàåâà [18], Ñ. À. Êèðèëëîâà, Ì. È. Êóçíåöîâà
è Í. Ã. ×åáî÷êî [19, 20, 21] è Ø. Ø. Èáðàåâà [22]. Ñîãëàñíî ðåçóëüòà-
òàì ýòèõ ðàáîò äëÿ ïðîñòîé êëàññè÷åñêîé àëãåáðû Ëè g (ôàêòîðàëãåáðû
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Ëè èñêëþ÷àþòñÿ) êîãîìîëîãèè H1(g,H0(α0)) è H2(g,H0(α0)) òðèâèàëüíû
êðîìå ñëó÷àÿ, êîãäà H2(g,H0(α0))

(−1) ∼= H0(λ1) äëÿ êëàññè÷åñêîé àëãåá-
ðû Ëè òèïà B2 íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì õàðàêòåðèñòèêè 3.
Çàìåòèì, ÷òî ïðîñòàÿ ôàêòîðàëãåáðà Ëè êëàññè÷åñêîé ìîäóëÿðíîé àëãåá-
ðû Ëè ïî öåíòðó ñîîòâåòñòâóåò ïðîñòîìó ìîäóëþ L(α0) íàä G è áóäåò
ðàññìîòðåíà íèæå â ñâÿçè ñ êîãîìîëîãèÿìè ïðîñòûõ ìîäóëåé.

Î ñòðóêòóðå ìîäóëÿ H0(λ). Ïóñòü V (λ) � ìîäóëü Âåéëÿ íàä G ñî
ñòàðøèì âåñîì λ, òîãäà H0(λ) ∼= V (−w0(λ))

∗, ò.å. èíäóöèðîâàííûé ìî-
äóëü H0(λ) ÿâëÿåòñÿ G-ìîäóëåì, äâîéñòâåííûì ìîäóëþ Âåéëÿ ñî ñòàð-
øèì âåñîì −w0(λ). Ñîãëàñíî [23, ÷àñòü II, ï. 4.14] êîãîìîëîãèè îäíîñâÿç-
íûõ ïðîñòûõ àëãåáðàè÷åñêèõ ãðóïï è èõ àëãåáð Ëè íàä àëãåáðàè÷åñêè çà-
ìêíóòûì ïîëåì ïîëîæèòåëüíîé õàðàêòåðèñòèêè ñ êîýôôèöèåíòàìè â ïðî-
ñòûõ êîíå÷íîìåðíûõ ìîäóëÿõ çàâèñÿò îò ñòðóêòóð ìîäóëÿ Âåéëÿ. Êëàñ-
ñèôèêàöèÿ êîíå÷íîìåðíûõ ïðîñòûõ ìîäóëåé áûëà ïîëó÷åíà Ê. Øåâàëëå
[24] (ñì. òàêæå [23, ÷àñòü II, ï. 2.7]). Êàæäûé ïðîñòîé ìîäóëü îäíîçíà÷íî
(ñ òî÷íîñòüþ äî èçîìîðôèçìà) îïðåäåëÿåòñÿ ñâîèì ñòàðøèì âåñîì. Åãî
ìîæíî îïèñàòü êàê ôàêòîð-ìîäóëü ìîäóëÿ Âåéëÿ ñîîòâåòñòâóþùåãî ñòàð-
øåãî âåñà ïî ìàêñèìàëüíîìó ïîäìîäóëþ. Â îáùåì ñëó÷àå õàðàêòåðû ïðîñ-
òûõ ìîäóëåé èçâåñòíû äëÿ äîñòàòî÷íî áîëüøèõ õàðàêòåðèñòèê ïîëÿ. Äëÿ
ïîäðîáíîãî îçíàêîìëåíèÿ ìîæíî èçó÷èòü ðàáîòû Äæ. Ëþñòèãà [25, 26],
Õ. Àíäåðñåíà, Å. Ê. ßíöåíà è Â. Çåðãåëÿ [27], Ì. Êàøèâàðà è Ò. Òàíèñàêè
[28, 29], Ì. Êàæäàíà è Äæ. Ëþñòèãà [30, 31], Ð. Áåçðóêàâíèêîâà, È. Ìèð-
êîâè÷à è Ä. Ðóìûíèíà [32], Ï. Ôèáèãà [33, 34] è íåäàâíèå êîíòðïðèìåðû Ã.
Âèëüÿìñîíà ê ãèïîòåçå Ëþñòèãà â áîëüøèõ õàðàêòåðèñòèêàõ. ßâíîå îïè-
ñàíèå ñòðóêòóðû ìîäóëåé Âåéëÿ ïîëó÷åíî ëèáî äëÿ ìàëûõ àëãåáðàè÷åñêèõ
ãðóïï, ëèáî äëÿ íåêîòîðûõ êëàññîâ ìîäóëåé Âåéëÿ. Ïðîñòûå ìîäóëè íàä
SL2 áûëè îïèñàíû À. Í. Ðóäàêîâûì è È. Ð. Øàôàðåâè÷åì [35], Ð. Êàðòå-
ðîì è Ý. Êëàéíîì [36]. Êîìïîçèöèîííûå ôàêòîðû ìîäóëÿ Âåéëÿ äëÿ SL3

è Sp4 ÷àñòè÷íî âû÷èñëåíû Á. Áðàäåíîì â [37]. Äëÿ àëãåáðàè÷åñêèõ ãðóïï
Sp4 (p > 0), G2 (p > 5) è SL4 (p > 3) õàðàêòåðû è ñòðóêòóðà ìàêñèìàëüíûõ
ïîäìîäóëåé ìîäóëåé Âåéëÿ, ñòàðøèå âåñà êîòîðûõ ñèëüíî ñâÿçàíû ñ äî-
ìèíàíòíûìè âåñàìè âíóòðè íèæíåãî ôóíäàìåíòàëüíîãî àëüêîâà àôôèí-
íîé ãðóïïû Âåéëÿ, âû÷èñëåíû Å. Ê. ßíöåíîì ñîîòâåòñòâåííî â ðàáîòàõ
[38, ñòð.139�141], [39, ñòð.294�298] (çàìåòèì, ÷òî ïðîñòûå ìîäóëè îãðàíè-
÷åííûìè ñòàðøèìè âåñàìè íå èñ÷åðïûâàþòñÿ ýòèìè ìîäóëÿìè). Ñëó÷àé
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p = 3 äëÿ ãðóïïû G2 îïèñàí Ò. Ñïðèíãåðîì â ðàáîòå [40]. Ìîäóëè Âåéëÿ ñ
ïðîñòûìè ìàêñèìàëüíûìè ïîäìîäóëÿìè ïîëó÷åíû â ðàáîòàõ Å. Ê. ßíöåíà
[41] è Äæ. Î'Õýëëîðàí [42, òåîðåìà 1.3]. Êîìïîçèöèîííûå ôàêòîðû ìîäó-
ëåé Âåéëÿ íàä Spn ñî ñòàðøèìè ôóíäàìåíòàëüíûìè âåñàìè âû÷èñëåíû â
ðàáîòàõ À. Ïðåìåòà è È. Ñóïðóíåíêî [43], À. Ì. Àäàìîâè÷à [44].

Êîãîìîëîãèè Hn(G,L(λ)). Ïîëíîå îïèñàíèå êîãîìîëîãèé ïðîñòûõ
ìîäóëåé ïîëó÷åíû ëèáî äëÿ ìàëûõ ãðóïï, ëèáî äëÿ íåêîòîðûõ ìàëûõ ìî-
äóëåé. Íàïðèìåð, âû÷èñëåíû êîãîìîëîãèè ïåðâîé ñòåïåíè SL2 (Ý. Êëàéí
[45]), SL3 (Ñ. Éåõèÿ [46]), Sp4 (Äæ. Éå [47]), G2, p ≥ 13 (Äæ. Ëèó, Äæ. Éå
[48]), SO7 (Ø. Ø. Èáðàåâ [49]); êîãîìîëîãèè âòîðîé ñòåïåíè SL2 è SL3

(Ä. Ñòþàðò [50], [51]), Sp4, p > 7, G2, p ≥ 7 è SO7 (Ø. Ø. Èáðàåâ [52],
[53], [54]). Êîãîìîëîãèè ïðîñòûõ ìîäóëåé òðåòüåé ñòåïåíè îïèñàíû äëÿ
SL2, p > 3 (Ø. Ø. Èáðàåâ [55]), SL3, p > 3, Sp4, p > 5 è G2, p > 11
(À. Ñ. Äæóìàäèëüäàåâ, Ø. Ø. Èáðàåâ [66]). Ïðèìåðû íåòðèâèàëüíûõ òðå-
òüèõ êîãîìîëîãèé ïðîñòûõ ìîäóëåé ñîäåðæàòñÿ â ðàáîòå Äæ. Î'Õýëëîðàí
[42, ïðåäë. 2.1], â êîòîðîé îïèñàíû êîãîìîëîãèè ïðîñòûõ ìîäóëåé, ñâÿçàí-
íûå ñ ìîäóëÿìè Âåéëÿ ñ ïðîñòûìè ìàêñèìàëüíûìè ïîäìîäóëÿìè â îáëàñòè
îãðàíè÷åííûõ âåñîâ.

Â îáùåì ñëó÷àå ìëàäøèå êîãîìîëîãèè ïðîñòûõ ìîäóëåé èçâåñòíû ëèáî
äëÿ äîñòàòî÷íî áîëüøèõ õàðàêòåðèñòèê ïîëÿ, ëèáî äëÿ íåêîòîðûõ êëàñ-
ñîâ ïðîñòûõ ìîäóëåé ìàëûõ ðàçìåðíîñòåé. Ôîðìóëû âû÷èñëåíèÿ ðàñøè-
ðåíèÿ ïðîñòûõ ìîäóëåé, âêëþ÷àÿ òðèâèàëüíûé îäíîìåðíûé ìîäóëü, ïî-
ëó÷åíû Õ. Àíäåðñåíîì [56], Ê. Áåíäåëåì, Ä. Íàêàíî è Ê. Ïèëëåíîì â
[57, Òåîðåìà 2.5] äëÿ áîëüøèõ õàðàêòåðèñòèê p ≥ 3h − 3, ãäå h � ÷èñëî
Êîêñòåðà. Êîãîìîëîãèè ïåðâîé ñòåïåíè ïðîñòûõ ìîäóëåé íàä Sp2n ñ ôóí-
äàìåíòàëüíûìè ñòàðøèìè âåñàìè âû÷èñëåíû â ðàáîòàõ À. Ñ. Êëåùåâà è
Äæ. Øåòà [58, 59]. Ïåðâûå êîãîìîëîãèè ïðîñòûõ ìîäóëåé ñ ìèíèìàëüíûìè
äîìèíàíòíûìè ñòàðøèìè âåñàìè áûëè âû÷èñëåíû Ý. Êëàéíîì, Á. Ïàð-
øàëëîì è Ë. Ñêîòòîì [60, 61]. Â [62] êîëëåêòèâîì àâòîðîâ ïîñëåäíèé ðå-
çóëüòàò áûë ðàñøèðåí äëÿ âñåõ äîìèíàíòíûõ ñòàðøèõ âåñîâ, ìåíüøèõ èëè
ðàâíûõ ôèêñèðîâàííîìó ôóíäàìåíòàëüíîìó âåñó, çà èñêëþ÷åíèåì íåêîòî-
ðûõ ìàëûõ õàðàêòåðèñòèê ïîëÿ, çàâèñÿùèõ îò òèïîâ ñèñòåì êîðíåé. Ðàç-
âèâàÿ ìåòîäèêó, ïðèìåíåííóþ â ïðåäûäóùåé ðàáîòå, òåìè æå àâòîðàìè
áûëè ïîëó÷åíû àíàëîãè÷íûå ðåçóëüòàòû äëÿ âòîðûõ ãðóïï êîãîìîëîãèé
[63]. Â ðàáîòå Äæ. ÌàêÍèí÷à âû÷èñëåíû âòîðûå êîãîìîëîãèè ïðîñòûõ
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ìîäóëåé, ðàçìåðíîñòè êîòîðûõ íå ïðåâûøàþò õàðàêòåðèñòèêó ïîëÿ [64].
Êîãîìîëîãèè Hn(g, L(λ)). Ýòè êîãîìîëîãèè èçâåñòíû òîëüêî äëÿ àë-

ãåáð Ëè ðàíãà 1 è 2, à òàêæå äëÿ íåêîòîðûõ ïðîñòûõ ìîäóëåé. Êîãîìîëî-
ãèè g = sl2(k) ñ êîýôôèöèåíòàìè â ïðîñòûõ ìîäóëÿõ ïðè p > 3 âû÷èñëåíû
À.Ñ. Äæóìàäèëüäàåâûì [12]. Â õàðàêòåðèñòèêå p = 3 êîãîìîëîãèè íåòðè-
âèàëüíû òàêæå äëÿ ïðîñòûõ ìîäóëåé L(0) = H0(0) ∼= k è L(λ1) = H0(λ1).
Àíàëîãè÷íûå âû÷èñëåíèÿ êîãîìîëîãèè g = sl3(k) ñ êîýôôèöèåíòàìè â
ïðîñòûõ ìîäóëÿõ ïðè p > 3 áûëè ïðîäåëàíû Ø. Ø. Èáðàåâûì (íå îïóá-
ëèêîâàíî). Âòîðûå êîãîìîëîãèè ïðîñòûõ ìîäóëåé äëÿ êëàññè÷åñêèõ àëãåáð
Ëè ðàíãà 2 áûëè âû÷èñëåíû À. Ñ. Äæóìàäèëüäàåâûì è Ø. Ø. Èáðàåâûì
[65] (ñ èñïðàâëåíèÿìè â [66, 1.2]).

Êîãîìîëîãèè H1(g, L(λ)) èçâåñòíû â ñëåäóþùèõ ñëó÷àÿõ (Å. Ê. ßíöåí
è Ø. Ø. Èáðàåâ):

• Φ = A2, A3, p ≥ 3 è n = 1 [5, 6.10)];
• õàðàêòåðèñòêà ïîëÿ íå ñïåöèàëüíà è íå äåëèò èíäåêñà ñâÿçàííîñòè,

λ � êðîõîòíûé âåñ [5, ïðåäë.4.9(b)],;
• Φ = Al è λ ∈ {pλ1 − α1, pλl − αl} [5, ïðåäë.4.10(b)];
• Φ = G2 è p = 2 [5, ïðåäë.5.3];
• Φ = G2, p = 3 è λ = λ2 [5, ïðåäë.5.10];
• Φ = Cl, l ≥ 1, p = 2 è λ = 0 [5, ïðåäë.6.2];
• Φ = A1, p = 2 è λ = λ1 [5, ïðåäë.6.4(a)];
• Φ = Al, l ≥ 2, p = 2 è λ ∈ {λ2, λl−2} [5, ïðåäë.6.4(b)];
• Φ = A3,, p = 2 è λ = λ2 [5, ïðåäë.6.4(c)];
• Φ = Al è λ = rλ1, 0 ≤ r < p [5, ïðåäë.6.5];
• n = 1 è λ = α̃0 [5, ïðåäë.6.6];
• λ = α0 [5, ïðåäë.6.7 � 6.9];
• λ = sα̃0,p · 0 è p ≥ h [14, ïðåäë.3.1].
Ïóñòü g � êëàññè÷åñêàÿ àëãåáðà Ëè íàä àëãåáðàè÷åñêè çàìêíóòûì ïî-

ëåì k õàðàêòåðèñòèêè p > 0 è Cg � åå öåíòð.

Ëåììà 1. Ïóñòü g � ïðîñòàÿ ôàêòîðàëãåáðà Ëè àëãåáðû Ëè g ïî öåíòðó

Cg. Òîãäà Hn(g, g) ∼= Hn(g, g).

Äîêàçàòåëüñòâî. Â ïðîñòðàíñòâå g ìîæíî ââåñòè ñòðóêòóðó ìîäóëÿ íàä
àëãåáðàìè Ëè Cg, g è g :

Cg × g → g, (c, a) 7→ µ(c)a, ãäå µ � íåíóëåâàÿ ëèíåéíàÿ ôîðìà íà Cg;
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g× g → g, (a1, a2) 7→ [a1, a2], a1 ∈ g, a2 ∈ g;
g× g → g, (a1, a2) 7→ [a1, a2], a1, a2 ∈ g.
Êîðîòêàÿ òî÷íàÿ ïîñëåäîâàòåëüíîñòü êîöåïíûõ êîìïëåêñîâ

0 → (C∗(Cg, g), d) → (C∗(g, g), d) → (C∗(g, g), d) → 0

äàåò äëèííóþ òî÷íóþ êîãîìîëîãè÷åñêóþ ïîñëåäîâàòåëüíîñòü

· · · → H0(Cg, g) → H1(g, g) → H1(g, g) → H1(Cg, g) → · · · .

Òàê êàê Hj(Cg, g) = 0 äëÿ âñåõ j ≥ 0 [67, ëåììà 4.2], òî èç òî÷íî-
ñòè ïîñëåäíåé äëèííîé êîãîìîëîãè÷åñêîé ïîñëåäîâàòåëüíîñòè ñëåäóåò, ÷òî
Hn(g, g) ∼= Hn(g, g). Ëåììà 1 äîêàçàíà.

Ñîãëàñíî Ëåììå 1 âû÷èñëåíèå êîãîìîëîãèè Hn(g, g) ïðèâîäèòñÿ
ê âû÷èñëåíèþ Hn(g, g). Êîãîìîëîãèè H1(g, g) âû÷èñëåíû â ðàáîòàõ
Ä. Ñ. Ïåðìÿêîâà [68] è â [14, ïðåäë.4.2]. Êîãîìîëîãèè H2(g, g) âû÷èñëå-
íû â ðàáîòå Í. Ã. ×åáî÷êî [21].

2. Êîãîìîëîãèè Hn(u, k)

Îñíîâîé ìåòîäèêè âû÷èñëåíèÿ êîãîìîëîãèè Hn(G,L(λ)) è Hn(g, L(λ))
ÿâëÿåòñÿ ñòðóêòóðà êîãîìîëîãèè Hn(u, k).

Òåîðåìà 1 [3, 4]. Åñëè p ≥ h− 1, òî èìåþò ìåñòî ñëåäóþùèå èçîìîðôèçì
T -ìîäóëåé:

Hn(u, k) ∼=
⊕

w∈W, l(w)=n

−w · 0.

Â ìàëûõ õàðàêòåðèñòèêàõ ðåçóëüòàòû ïîëó÷åíû äëÿ n = 1, 2.

Ïðåäëîæåíèå 1 [5, ïðåäë. 2.1]. Èìåþò ìåñòî ñëåäóþùèå èçîìîðôèçì

B-ìîäóëåé:
H1(U1, k) ∼= H1(u, k) ∼= (u/[u, u])∗.

Ïðåäëîæåíèå 1 äîêàçàíî äëÿ âñåõ õàðàêòåðèñòèê ïîëÿ. Åñëè p > 3,
òî âòîðîé èçîìîðôèçì õîðîøî èçâåñòíûé ôàêò. Ïåðâûé èçîìîðôèçì è
óòâåðæäåíèÿ ñëåäóþùåãî ïðåäëîæåíèÿ ìîæíî ëåãêî ïîëó÷èòü, èñïîëü-
çóÿ ïåðâûé êâàäðàíò ñïåêòðàëüíîé ïîñëåäîâàòåëüíîñòè Ôðèäëàíäåðà�
Ïàðøàëÿ

Ei,j
2 = Si(u∗)(1) ⊗Hj(u, k) =⇒ H2i+j(U1, k).
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Ïðåäëîæåíèå 2 [6, 3, 4]. Åñëè p > 3, òî èìåþò ìåñòî ñëåäóþùèå èçîìîð-
ôèçì T -ìîäóëåé:

H2(u, k) ∼=
⊕

w∈W, l(w)=2

−w · 0.

Òàêèì îáðàçîì, åñëè p > 3, òî ñîãëàñíî Ïðåäëîæåíèÿì 1 è 2 Òåîðåìà 1
âåðíà è ïðè n = 1, 2. Â õàðàêòåðèñòèêàõ p = 2 è p = 3 ïîÿâëÿþòñÿ äî-
ïîëíèòåëüíûå 2-êîöèêëû. Îíè ïîëó÷åíû â ðàáîòàõ [6, 7, 8]. Åñëè p = 3, òî
äîïîëíèòåëüíûå êëàññû íåòðèâèàëüíûõ êîöèêëîâ èìåþòñÿ â ñëåäóþùèõ
ñëó÷àÿõ:

Φ = Bl, l ≥ 3 : αn−2 + 2αn−1 + 3αn;
Φ = Cl, l ≥ 3 : αn−2 + 3αn−1 + αn;
Φ = F4 : α1 + 2α2 + 3α3, α2 + 3α3 + α4;
Φ = G2 : 3α1 + α2, 3α1 + 3α2, 6α1 + 3α2, 4α1 + 3α2.
Â ñëó÷àå õàðàêòåðèñòèêè p = 2 äîïîëíèòåëüíûå êëàññû êîöèêëîâ ìîæ-

íî íàéòè â ðàáîòàõ [6, òåîðåìà 2.1] (íåñïåöèàëüíûå õàðàêòåðèñòèêè) [8,
ïðèëîæåíèå À].

3. Êîãîìîëîãèè Hn(G,L(λ))

Äëÿ âû÷èñëåíèÿ êîãîìîëîãèé L(λ) èñïîëüçóåòñÿ ñïåêòðàëüíàÿ
ïîñëåäîâàòåëüíîñòü Ëèíäîíà-Õîõøèëüäà-Ñåððà îòíîñèòåëüíî ðàñøèðå-
íèÿ ãðóïï 1 → G1 → G → G/G1 → 1 :

Eij
2 = H i(G/G1, Hj(G1, L(λ))) ⇒ H i+j(G,L(λ)). (1)

Ñîãëàñíî Ñàëëèâàíó [69, ï.1, ñ. 768]

H i(G/G1,Hj(G1, L(λ))) ∼= H i(G,Hj(G1, L(λ))(−1)).

Ñëåäîâàòåëüíî,
Eij

2
∼= H i(G,Hj(G1, L(λ))(−1)). (2)

Ïóñòü X1(T ) � ìíîæåñòâî îãðàíè÷åííûõ äîìèíàíòíûõ âåñîâ. Åñëè λ ∈
X+(T ), òî åãî ìîæíî ïðåäñòàâèòü â âèäå λ = λ0 + pµ, ãäå λ0 ∈ X1(T ), µ ∈
X+(T ) è ïî òåîðåìå Ñòåéíáåðãà î òåíçîðíîì ïðîèçâåäåíèè L(λ) = L(λ0)⊗
L(µ)(1). Òîãäà Hj(G1, L(λ))(−1) = Hj(G1, L(λ0)⊗ L(µ)(1))(−1). Òàê êàê äëÿ
G-ìîäóëåé V è W èìååò ìåñòî èçîìîðôèçì G-ìîäóëåé [69, ï.1, ñ. 767]

Hj(G1, V ⊗W (1)) ∼= Hj(G1, V )⊗W (1),
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òî
Hj(G1, L(λ))(−1) ∼= Hj(G1, L(λ0))(−1) ⊗ L(µ).

Èñïîëüçóÿ ïîëó÷åííûé èçîìîðôèçì äëÿ Hj(G1, L(λ))(−1) â ôîðìóëå (2),
ïîëó÷èì

Eij
2

∼= H i(G,Hj(G1, L(λ0))(−1) ⊗ L(µ)). (3)

Åñëè Enm
∞ � ñòàáèëüíîå çíà÷åíèå òî÷êè (n,m) ñïåêòðàëüíîé

ïîñëåäîâàòåëüíîñòè (1), òî

Hn(G,L(λ)) =
⊕

i+j=n

Eij
∞. (4)

Ìåòîäèêà âû÷èñëåíèÿ êîãîìîëîãèè Hn(G,L(λ)), îñíîâàíííàÿ íà ôîð-
ìóëàõ (3) è (4), âïåðâûå áûëà ïðèìåíåíà Ý. Ôðèäëàíäåðîì è Á. Ïàð-
øàëëîì äëÿ âû÷èñëåíèÿ êîãîìîëîãèé Hn(G,V (1)), ãäå G � îäíîñâÿçíàÿ
ïðîñòàÿ àëãåáðàè÷åñêàÿ ãðóïïà íàä ïîëåì ïîëîæèòåëüíîé õàðàêòåðèñòè-
êè, è V � êîíå÷íîìåðíûé ðàöèîíàëüíûé G-ìîäóëü, äîïóñêàþùèé õîðîøóþ
ôèëüòðàöèþ [10].

Îïðåäåëèì ñëåäóþùèå ìíîæåñòâà ïðîñòûõ êîíå÷íîìåðíûõ G-ìîäóëåé:

M(λ0) = {L(λ) |Ext1G(L(λ
0), L(λ)) ̸= 0, λ ∈ X+(T )}, λ0 ∈ X1(T );

Mi = {L(λ0 + pµ) |E2−i,i
2 = H2−i(G,H i(G1, L(λ0))(−1) ⊗ L(µ)) ̸= 0,

λ0 ∈ X1(T ), µ ∈ X+(T )}, i = 0, 1, 2;

Ni = {L(λ0 + pµ) |E3−i,i
2 = H3−i(G,H i(G1, L(λ0))(−1) ⊗ L(µ)) ̸= 0,

λ0 ∈ X1(T ), µ ∈ X+(T )}, i = 0, 1, 2, 3.

Â ñëó÷àå îäíîñâÿçíûõ ïðîñòûõ àëãåáðàè÷åñêèõ ãðóïï ðàíãà 2 ÿâíûå
îïèñàíèÿ ìíîæåñòâ M(µ0), µ0 ∈ X1(T ), Mi, i = 0, 1, 2; Ni, i = 0, 1, 2, 3,
èçâåñòíû.

Ïóñòü G = SL3 è p > 3. Ïîðÿäîê ôóíäàìåíòàëüíîé ãðóïïû ñèñòå-
ìû R ðàâåí |π| = 3. Ïîýòîìó â îáëàñòè îãðàíè÷åííûõ âåñîâ ñóùåñòâóþò
|W |/|π| = 2 àëüêîâà àôôèííîé ãðóïïû Âåéëÿ Wp. Îáîçíà÷èì èõ ÷åðåç C1

è C2. Òîãäà
C1 = {ν ∈ X(T ) | 0 < ⟨ν + ρ, α∨⟩ < p äëÿ âñåõα ∈ R+},
C2 = {ω0(ν) = sα̃0,p · ν | ν ∈ C1}.
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Ïóñòü G = Sp4 è p > 5. Â îáëàñòè îãðàíè÷åííûõ âåñîâ ñóùåñòâóþò 4
àëüêîâà àôôèííîé ãðóïïû Âåéëÿ Wp. Îáîçíà÷èì èõ ÷åðåç C1, C2, C3 è C4

[38, ñ. 139]. Òîãäà
C1 = {ν ∈ X(T ) | 0 < ⟨ν + ρ, α∨⟩ < p äëÿ âñåõα ∈ R+},
C2 = {ω0(ν) = sα̃0,p · ν | ν ∈ C1},
C3 = {ω1(ν) = sα̃0,psα2,0 · ν | ν ∈ C1},
C4 = {ω2(ν) = sα̃0,psα2,0sα1,0 · ν | ν ∈ C1}.
Áóäåì ðàññìàòðèâàòü ýëåìåíòû åùå äâóõ àëüêîâîâ, íå âõîäÿùèõ â îá-

ëàñòü îãðàíè÷åííûõ âåñîâ:
C5 = {β0(ν) = sα̃0,psα2,0sα̃0,p · ν | ν ∈ C1},
C6 = {δ0(ν) = sα̃0,psα2,0sα1,0sα̃0,p · ν | ν ∈ C1}.
Ïóñòü G = G2 è p > 7. Â îáëàñòè îãðàíè÷åííûõ âåñîâ ñóùåñòâóþò

12 àëüêîâà àôôèííîé ãðóïïû Âåéëÿ Wp. Ñëåäóÿ ßíöåíó [38, ñ. 139-140],
îáîçíà÷èì èõ ÷åðåç C1 � C8, C11, C13, C15, C16. Àëüêîâû C9, C10, C12, C14 íå
âõîäÿò â îáëàñòü îãðàíè÷åííûõ âåñîâ. Ðàññìîòðèì ñëåäóþùèå ýëåìåíòû
Wp :

w0 = sα̃0,p, w
1 = sα̃0,psα1,0, w

2 = sα̃0,psα1,0sα2,0, w
3 = sα̃0,psα1,0sα2,0sα1,0,

w4 = sα̃0,psα1,0sα2,0sα1,0sα2,0, w
5 = sα̃0,psα1,0sα2,0sα1,0sα2,0sα1,0.

Òîãäà ïî îïðåäåëåíèþ
C1 = {ν ∈ X(T ) | 0 < ⟨ν + ρ, α∨⟩ < p äëÿ âñåõα ∈ R+},
Ci+2 = {ωi(ν) = wi · ν | ν ∈ C1}, i = 0, 1, 2, 3;

C6 = {β0(ν) = w3w0 · ν | ν ∈ C1};
C7 = {ω4(ν) = w4 · ν | ν ∈ C1};
C8 = {δ0(ν) = w4w0 · ν | ν ∈ C1};
C9 = {ω5(ν) = w5 · ν | ν ∈ C1};
C2i+9 = {δi(ν) = w4wi · ν | ν ∈ C1}, i = 1, 2, 3;

C2i+10 = {γi(ν) = w5wi · ν | ν ∈ C1}, i = 0, 1, 2;

C16 = {β1(ν) = w4w3w0 · ν | ν ∈ C1}.
Ìû òàêæå áóäåì ðàññìàòðèâàòü ýëåìåíòû ñëåäóþùèõ äâóõ àëüêîâîâ:
C17 = {γ3(ν) = w5w3 · ν | ν ∈ C1}, C18 = {β2(ν) = w5w3w0 · ν | ν ∈ C1}.

3.1. Ðàñøèðåíèÿ ïðîñòûõ ìîäóëåé äëÿ G. Äëÿ àëãåáðàè÷åñêèõ
ãðóïï ðàíãà 2 èçâåñòíû ñëåäóþùèå ðåçóëüòàòû.

Ïðåäëîæåíèå 3 [51]. Ïóñòü G � îäíîñâÿçíàÿ ïðîñòàÿ àëãåáðàè÷åñêàÿ

ãðóïïà SL3 íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > 3,
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λ0 ∈ {0, λ1, λ2, α0}, µ ∈ X+(T ), λ1, λ2 � ôóíäàìåíòàëüíûå âåñà. Òîãäà

Ext1G(L(λ
0), L(µ)) ∼=

{
k, åñëè µ ∈ M(λ0);
0 â îñòàëüíûõ ñëó÷àÿõ,

ãäå

M(0) = {L(ω0(0))
(r), L(ω0((p−3)λ2))

(r)⊗L(λ1)
(r+1), L(ω0((p−3)λ1))

(r)⊗L(λ2)
(r+1), r ≥ 0},

M(λ1) = {L(ω0(λ1)), L(ω0((p−4)λ2))⊗L(λ1)
(1), L(ω0((p−4)λ1+λ2))⊗L(λ2)

(1)}∪

∪{L(λ1)⊗ L(γ)(1) |L(γ) ∈ M(0)},

M(λ2) = {L(γ)∗ |L(γ) ∈ M(λ1)},

M(α0) = {L(ω0(λ1 + λ2)), L(ω0(λ1 + (p− 5)λ2))⊗ L(λ1)
(1),

L(ω0((p− 5)λ1 + λ2))⊗ L(λ2)
(1)} ∪ {L(α0)⊗ L(γ)(1) |L(γ) ∈ M(0)}.

Ïðåäëîæåíèå 4 [47]. Ïóñòü G � îäíîñâÿçíàÿ ïðîñòàÿ àëãåáðàè÷åñêàÿ

ãðóïïà Sp4 íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > 5,
λ0 ∈ {0, λ1, λ2, α0} è µ ∈ X+(T ), λ1, λ2 � ôóíäàìåíòàëüíûå âåñà. Òîãäà

Ext1G(L(λ
0), L(µ)) ∼=

{
k, åñëè µ ∈ M(λ0);
0 â îñòàëüíûõ ñëó÷àÿõ,

ãäå

M(0) = {L(ω0(0))
(r), L(ω2(0))

(r)⊗L(λ2)
(r+1), L(ω1((p−4)λ1))

(r)⊗L(λ1)
(r+1), r ≥ 0},

M(λ1) = {L(ω0(λ1)), L(ω2(λ1))⊗ L(λ2)
(1), L(ω1((p− 5)λ1))⊗ L(λ1)

(1)}∪

∪{L(λ1)⊗ L(µ)(1) |L(µ) ∈ M(0)},

M(λ2) = {L(ω0(λ2)), L(ω2(λ2))⊗L(λ2)
(1), L(ω1((p−6)λ1+λ2))⊗L(λ1)

(1)}∪

∪{L(λ2)⊗ L(µ)(1) |L(µ) ∈ M(0)},

M(α0) = {L(ω0(α0)), L(ω2(α0))⊗ L(λ2)
(1), L(ω1((p− 6)λ1))⊗ L(λ1)

(1)}∪

∪{L(α0)⊗ L(µ)(1) |L(µ) ∈ M(0)}.
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Ïðåäëîæåíèå 5 [48, 53]. Ïóñòü G � îäíîñâÿçíàÿ ïðîñòàÿ àëãåáðàè÷åñêàÿ

ãðóïïà G2 íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > 7,
λ0 ∈ {0, λ1, λ2} è µ ∈ X+(T ), λ1, λ2 � ôóíäàìåíòàëüíûå âåñà. Òîãäà

Ext1G(L(λ
0), L(µ)) ∼=

{
k, åñëè µ ∈ M(λ0);
0 â îñòàëüíûõ ñëó÷àÿõ,

ãäå

M(0) = {L(ω0(0))
(r), L(δ3(0))

(r), L(δ3(0))
(r) ⊗ L(λ2)

(r+1),

L(ω4(0))
(r) ⊗ L(λ1)

(r+1), L(δ1(0))
(r) ⊗ L(λ1)

(r+1), r ≥ 0},

M(λ1) = {L(ω0(λ1)), L(δ3(λ1)), L(δ3(λ1))⊗ L(λ2)
(1), L(ω4(λ1))⊗ L(λ1)

(1),

L(δ1(λ1))⊗ L(λ1)
(1)} ∪ {L(λ1)⊗ L(µ)(1) |L(µ) ∈ M(0)},

M(λ2) = {L(ω0(λ2)), L(δ3(λ2)), L(δ3(λ2))⊗ L(λ2)
(1), L(ω4(λ2))⊗ L(λ1)

(1),

L(δ1(λ2))⊗ L(λ1)
(1)} ∪ {L(λ2)⊗ L(µ)(1) |L(µ) ∈ M(0)}.

3.2. Âòîðûå êîãîìîëîãèè ïðîñòûõ ìîäóëåé äëÿ G. Ýòè êîãîìî-
ëîãèè ïîëíîñòüþ îïèñàíû äëÿ ãðóïï ðàíãà 1 è 2.

Òåîðåìà 2 [51]. Ïóñòü G � îäíîñâÿçíàÿ ïðîñòàÿ àëãåáðàè÷åñêàÿ ãðóïïà

SL3 íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > 3 è L(λ) �
ïðîñòîé G-ìîäóëü ñî ñòàðøèì âåñîì λ ∈ X+(T ), λ1, λ2 � ôóíäàìåíòàëüíûå

âåñà. Òîãäà

H2(G,L(λ)) ∼=
{

k, åñëè λ ∈
∪2

i=0Mi,
0 â îñòàëüíûõ ñëó÷àÿõ,

ãäå

M2 = {L(α0)
(1), L((p− 3)λ1)⊗ L(λ2)

(1), L((p− 3)λ1)⊗ L(λ1)
(1)},

M1 = {L(ω0(0))⊗ L(µ)(1) |L(µ) ∈ M(0)}∪

∪{L(ω0((p− 3)λ1))⊗ L(µ)(1) |L(µ) ∈ M(λ2)}∪

∪{L(ω0((p− 3)λ2))⊗ L(µ)(1) |L(µ) ∈ M(λ1)},

M0 = {L(µ)(d) |L(µ) ∈ M1 ∪M2, d ≥ 1}.
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Òåîðåìà 3 [52]. Ïóñòü G � îäíîñâÿçíàÿ ïðîñòàÿ àëãåáðàè÷åñêàÿ ãðóïïà

Sp4 íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > 5 è L(λ) �
ïðîñòîé G-ìîäóëü ñî ñòàðøèì âåñîì λ ∈ X+(T ), λ1, λ2 � ôóíäàìåíòàëüíûå

âåñà. Òîãäà

H2(G,L(λ)) ∼=
{

k, åñëè λ ∈
∪2

i=0Mi,
0 â îñòàëüíûõ ñëó÷àÿõ,

ãäå

M2 = {L(α0)
(1), L(ω0((p− 4)λ1))⊗ L(λ1)

(1), L(ω1(0)),

L(ω1(0))⊗ L(λ2)
(1), L(ω2((p− 4)λ1))⊗ L(λ1)

(1)},

M1 = {L(ω0(0))⊗L(µ)(1) |L(µ) ∈ M(0)}∪{L(ω2(0))⊗L(µ)(1) |L(µ) ∈ M(λ2)}∪

∪{L(ω1((p− 4)λ1))⊗ L(µ)(1) |L(µ) ∈ M(λ1)},

M0 = {L(µ)(d) |L(µ) ∈ M1 ∪M2, d ≥ 1}.

Òåîðåìà 4 [53]. Ïóñòü G � îäíîñâÿçíàÿ ïðîñòàÿ àëãåáðàè÷åñêàÿ ãðóïïà

G2 íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > 7 è L(λ) �
ïðîñòîé G-ìîäóëü ñî ñòàðøèì âåñîì λ ∈ X+(T ), λ1, λ2 � ôóíäàìåíòàëüíûå

âåñà. Òîãäà

H2(G,L(λ)) ∼=


k, åñëè λ ∈

∪2
i=0Mi \ {L(β1(0))(d), d ≥ 0},

k ⊕ k, åñëè λ ∈ {L(β1(0))(d), d ≥ 0},
0 â îñòàëüíûõ ñëó÷àÿõ,

ãäå

M2 = {L(λ2)
(1), L(ω1(0)), L(ω3(0))⊗ L(λ1)

(1), L(δ0(0))⊗ L(λ1)
(1), L(δ2(0)),

L(δ2(0))⊗ L(λ1)
(1), L(δ2(0))⊗ L(λ2)

(1), L(β1(0)), L(β1(0))⊗ L(λ2)
(1)},

M1 = {L(ω0(0))⊗L(µ)(1) |L(µ) ∈ M(0)}∪{L(ω4(0))⊗L(µ)(1) |L(µ) ∈ M(λ1)}∪

∪{L(δ1(0))⊗L(µ)(1) |L(µ) ∈ M(λ1)}∪{L(δ3(0))⊗L(µ)(1) |L(µ) ∈ M(0)∪M(λ2)},

M0 = {L(µ)(d) |L(µ) ∈ M1 ∪M2, d ≥ 1}.

3.3. Êîãîìîëîãèè H3(G,L(λ)). Ýòè êîãîìîëîãèè ïîëíîñòüþ îïèñàíû
äëÿ ïðîñòûõ àëãåáðàè÷åñêèõ ãðóïï ðàíãà 2.
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Òåîðåìà 5 [66]. Ïóñòü G � îäíîñâÿçíàÿ ïðîñòàÿ àëãåáðàè÷åñêàÿ ãðóïïà

SL3 íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > 3 è L(λ)
� ïðîñòîé G-ìîäóëü. Òîãäà

H3(G,L(λ)) ∼=


k, åñëè L(λ) ∈

∪3
i=0Ni \ {L(ω0(0))

(s) ⊗ L(α0)
(s+1), s ≥ 0};

k ⊕ k, åñëè L(λ) ∈ {L(ω0(0))
(s) ⊗ L(α0)

(s+1), s ≥ 0};
0 â îñòàëüíûõ ñëó÷àÿõ.

Òåîðåìà 6 [66]. Ïóñòü G � îäíîñâÿçíàÿ ïðîñòàÿ àëãåáðàè÷åñêàÿ ãðóïïà

Sp4 íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > 5 è L(λ)
� ïðîñòîé G-ìîäóëü. Òîãäà

H3(G,L(λ)) ∼=
{

k, åñëè L(λ) ∈
∪3

i=0Ni;
0 â îñòàëüíûõ ñëó÷àÿõ.

Îïðåäåëèì ñëåäóþùèå ìíîæåñòâà ïðîñòûõ G-ìîäóëåé:

L3 = {L(δ1(0))⊗ L(λ2)
(1), L(δ1(0))⊗ L(λ1)

(1), L(δ3(0))},

L2 = {L(β1(0))⊗ L(µ)(1) |L(µ) ∈ M(0)},

L1 = {L(ω0(0))⊗ L(β1(0))
(d+2), d ≥ 0}∪

∪{L(µ)⊗ L(λ1)
(1) ⊗ L(β1(0))

(d+2) |µ = ω4(0), δ1(0), d ≥ 0}∪

∪{L(δ3(0))⊗L(λ2)
(1)⊗L(β1(0))

(d+2), d ≥ 0}∪{L(δ3(0))⊗L(β1(0))
(d+2), d ≥ 0},

L0 = {L(µ)(s) |L(µ) ∈ ∪3
i=1Li, s ≥ 1}.

Èñïîëüçóÿ ýòè îáîçíà÷åíèÿ, ìû ìîæåì òåïåðü ñôîðìóëèðîâàòü îñíîâ-
íîé ðåçóëüòàò íàñòîÿùåé ðàáîòû äëÿ ãðóïïû òèïà G2.

Òåîðåìà 7 [66]. Ïóñòü G � îäíîñâÿçíàÿ ïðîñòàÿ àëãåáðàè÷åñêàÿ ãðóïïà

G2 íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì k õàðàêòåðèñòèêè p > 11 è L(λ)
� ïðîñòîé G-ìîäóëü. Òîãäà

H3(G,L(λ)) ∼=


k, åñëè L(λ) ∈

∪3
i=0Ni \

∪3
i=0 Li;

k ⊕ k, åñëè L(λ) ∈
∪3

i=0 Li;
0 â îñòàëüíûõ ñëó÷àÿõ.
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4. Êîãîìîëîãèè Hn(g, L(λ))

Â êàòåãîðèè îãðàíè÷åííûõ ìîäóëåé òåîðèÿ ïðåäñòàâëåíèé G1 è òåîðèÿ
ïðåäñòàâëåíèé àëãåáðû Ëè g ýêâèâàëåíòíû [23, ÷àñòü I, ï. 9.6]. Ñëåäî-
âàòåëüíî, êîãîìîëîãèè îãðàíè÷åííîãî ìîäóëÿ äëÿ G1 è ñîîòâåòñòâóþùèå
îãðàíè÷åííûå êîãîìîëîãèè àëãåáðû Ëè g òàêæå ýêâèâàëåíòíû. Îãðàíè-
÷åííûå êîãîìîëîãèè àëãåáð Ëè äëÿ îãðàíè÷åííûõ ìîäóëåé áûëè ââåäåíû
Õîõøèëüäîì â [70]. Â ýòîé æå ðàáîòå áûëà ïîñòðîåíà òî÷íàÿ ïîñëåäî-
âàòåëüíîñòü, óñòàíàâëèâàþùàÿ câÿçü ìåæäó îãðàíè÷åííûìè è îáû÷íûìè
êîãîìîëîãèÿìè àëãåáð Ëè. Èçâåñòíî, ÷òî îñîáûå ìîäóëè (ìîäóëè ñ íåòðè-
âèàëüíûìè êîãîìîëîãèÿìè) îãðàíè÷åííûõ àëãåáð Ëè îãðàíè÷åíû [12]. Ïî-
ýòîìó ïîñëåäîâàòåëüíîñòü Õîõøèëüäà òàêæå óñòàíàâëèâàåò ñâÿçü ìåæäó
êîãîìîëîãèÿìè G1 ñ êîýôôèöèåíòàìè â îãðàíè÷åííûõ ìîäóëÿõ è ñîîòâåò-
ñòâóþùèìè êîãîìîëîãèÿìè àëãåáðû Ëè g ãðóïïû G. Äëÿ ëþáîé îãðàíè-
÷åííîé àëãåáðû Ëè ñóùåñòâóåò ïî êðàéíåé ìåðå îäèí ìîäóëü ñ íåòðèâè-
àëüíîé îáû÷íîé âòîðîé êîãîìîëîãèåé [71].

Òåîðåìà 8 [12]. Ïóñòü g = A1 (p > 2) è V � íåïðèâîäèìûé g-ìîäóëü.
Òîãäà H2(g, V ) = 0, êðîìå ñëåäóþùèõ ñëó÷àåâ:

H1(g, L((p−2)λ1)) ∼= H2(g, L((p−2)λ1)) ∼= L(λ1)
(1), H0(g, k) ∼= H3(g, k) ∼= k.

Òåîðåìà 9 [65, 66]. Ïóñòü g = A2, B2, G2 (p > h) è V � íåïðèâîäèìûé

g-ìîäóëü. Òîãäà H2(g, V ) = 0, êðîìå ñëåäóþùèõ ñëó÷àåâ:

(a) g = A2, H
2(g, L((p−3)λ1)) ∼= L(λ1)

(1), H2(g, L((p−3)λ2)) ∼= L(λ2)
(1);

(b) g = B2, H
2(g, L((p− 3)λ1 + 2λ2)) ∼= L(λ1)

(1) ⊕ L(0)(1),

H2(g, L(λ1 + (p− 4)λ2)) ∼= L(λ2)
(1),H2(g, L((p− 2)(λ1 + λ2))) ∼= L(λ2)

(1);

(c) g = G2, H
2(g, L((p− 6)λ1 + λ2)) ∼= L(0)(1),

H2(g, L((p− 5)λ1 + 2λ2)) ∼= L(λ1)
(1),

H2(g, L(4λ1 + (p− 3)λ2)) ∼= L(λ1)
(1) ⊕ L(λ2)

(1) ⊕ L(0)(1),

H2(g, L(3λ1 + (p− 4)λ2)) ∼= L(λ1)
(1),

H2(g, L((p− 2)(λ1 + λ2))) ∼= L(λ2)
(1) ⊕ L(0)(1) ⊕ L(0)(1).
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Ñîãëàñíî ýòîé òåîðåìå â ñëó÷àå íåòðèâèàëüíîãî ïðîñòîãî îãðàíè÷åí-
íîãî ìîäóëÿ ñîîòâåòñòâóþùèå âòîðûå êîãîìîëîãèè G1 è g ñîâïàäàþò.
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Î ñèïàòòàìàäà¡û àëãåáðàëû© òîïòàð ìåí îëàðäû Ëè àëãåáðàëàðû-
íû êîãîìîëîãèÿëû© òåîðèÿñû ©àçiðãi àëãåáðàäà¡û ©àð©ûíäû çåðòòåëiï
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©òàë¡àí °ðiñòåãi æºé áiðáàéëàíûñòû àëãåáðàëû© òîïòàð ìåí îëàðäû Ëè
àëãåáðàëàðûíû ©àðàïàéûì ìîäóëüäåðiíi êîãîìîëîãèÿëàðûíû äàìóû-
íû íåãiçãi íºòèæåëåðiíå øîëó æàñàë¡àí.

Ibraev Sh.Sh. ON THE COHOMOLOGY OF ALGEBRAIC GROUPS
AND THEIR LIE ALGEBRAS IN POSITIVE CHARACTERISTIC

The cohomology theory of algebraic groups and their Lie algebras in
positive characteristic is one of the intensively studied areas of the modern
algebra. There are a lot of important and interesting results. In this paper
we give a short overview of the main results of the cohomology theory of
simple modules for simple and simply connected algebraic groups and their
Lie algebras over an algebraically closed �eld of positive characteristic.
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Â íàñòîÿùèõ çàìåòêàõ ìû ðàññìîòðèì ðÿä âîïðîñîâ î ãàìèëüòîíîâûõ
àëãåáðàõ Ëè íàä ïîëåì õàðàêòåðèñòèêè 2, èìåþùèõ, â ÷àñòíîñòè, îòíî-
øåíèå ê ôèëüòðîâàííûì äåôîðìàöèÿì ãðàäóèðîâàííûõ àëãåáð Ëè. Èí-
òåðåñ ê òàêèì àëãåáðàì îáóñëîâëåí ðÿäîì ïðè÷èí. Âî-ïåðâûõ, íàä ïî-
ëåì ÷åòíîé õàðàêòåðèñòèêè ñóùåñòâóþò íåîáû÷íûå ãàìèëüòîíîâû àëãåá-
ðû � íåàëüòåðíèðóþùèå, ñîîòâåòñòâóþùèå ñèììåòðè÷åñêèì äèôôåðåíöè-
àëüíûì ôîðìàì. Ñåðèÿ ãðàäóèðîâàííûõ àëãåáð Ëè òàêîãî òèïà áûëà ïî-
ñòðîåíà â ðàáîòå [5]. Âî-âòîðûõ, ïîñòðîåíèå ôèëüòðîâàííûõ äåôîðìàöèé
ãðàäóèðîâàííûõ àëãåáð Ëè è èõ ðåàëèçàöèé ÿâëÿåòñÿ ñîñòàâíîé ÷àñòüþ
ïðîáëåìû êëàññèôèêàöèè ïðîñòûõ ìîäóëÿðíûõ àëãåáð Ëè. Êðîìå òîãî,
ãàìèëüòîíîâû àëãåáðû Ëè ÿâëÿþòñÿ îäíîé èç óíèâåðñàëüíûõ ìàòåìàòè-
÷åñêèõ ñòðóêòóð, èìåþùåé âàæíîå çíà÷åíèå â ìàòåìàòèêå. Óäèâèòåëüíûì
îáðàçîì îíè íàõîäÿò ïðèìåíåíèå äàæå â äàëåêèõ, íà ïåðâûé âçãëÿä, îáëà-
ñòÿõ. Òàê, ïîñëå ðàáîò À. Øàëåâà è Å.È. Çåëüìàíîâà [6], [7], ïîñâÿùåííûõ
ãèïîòåçàì î êîêëàññàõ, ãàìèëüòîíîâû àëãåáðû Ëè ñòàëè èãðàòü âàæíóþ
ðîëü â òåîðèè êîíå÷íûõ p-ãðóïï è ïðî-p-ãðóïï. Ðàçâèòèå òåõíèêè, ñâÿ-
çàííîé ñ àëãåáðàìè Ëè, ïðèâåëî ê âîçíèêíîâåíèþ íîâîãî íàïðàâëåíèÿ â
òåîðèè ãðàäóèðîâàííûõ àëãåáð Ëè íàä ïîëÿìè õàðàêòåðèñòèêè p ([8]-[9]).
Îñîáûé èíòåðåñ â ýòîé îáëàñòè ïðåäñòàâëÿþò ïðîñòûå ìîäóëÿðíûå àë-
ãåáðû Ëè, äîïóñêàþùèå íåâûðîæäåííîå äèôôåðåíöèðîâàíèå. Ñ ó÷åòîì
êëàññèôèêàöèè ïðîñòûõ ìîäóëÿðíûõ àëãåáð Ëè õàðàêòåðèñòèêè p > 3 (Ð.
Áëîê, Ð. Âèëñîí, Ã. Øòðàäå, À. Ïðåìåò è äð.) âñå ïðîñòûå àëãåáðû Ëè
õàðàêòåðèñòèêè p > 3, èìåþùèå íåâûðîæäåííûå äèôôåðåíöèðîâàíèÿ, ê
íàñòîÿùåìó âðåìÿ èçâåñòíû (ñì. [10]-[12]), òàêæå êàê è ñðåäè àëãåáð òåõ
æå òèïîâ â ñëó÷àå õàðàêòåðèñòèê 2 è 3.

Íåàëüòåðíèðóþùèå ãàìèëüòîíîâû àëãåáðû Ëè èíòåíñèâíî èññëåäîâà-
ëèñü øêîëîé Ä. Ëåéòåñà (S. Bouarrouj, U. Yier, M. Messaoudene, Ï. Ãðîç-
ìàí, À. Ëåáåäåâ, È. Ùåïî÷êèíà) â íàïðàâëåíèè ðàñïðîñòðàíåíèÿ èäåé è
ìåòîäîâ òåîðèè ñóïåðàëãåáð Ëè íà ñëó÷àé àëãåáð Ëè ÷åòíîé õàðàêòåðè-
ñòèêè. Áûë ïîñòðîåí êîìïëåêñ ñèììåòðè÷åñêèõ äèôôåðåíöèàëüíûõ ôîðì
â ðàçäåëåííûõ ñòåïåíÿõ, ÷òî ïðèâåëî ê áîëåå åñòåñòâåííîìó îïðåäåëåíèþ
ãðàäóèðîâàííûõ íåàëüòåðíèðóþùèõ ãàìèëüòîíîâûõ àëãåáð Ëè, ïðîâåäåí
àíàëèç íåàëüòåðíèðóþùèõ àëãåáð ñ òî÷êè çðåíèÿ ïðîäîëæåíèé Êàðòàíà,
ðàññìîòðåíû íåêîòîðûå àëãåáðû Âîëè÷åíêî (ñì. [13]-[15]).

Â íàñòîÿùèõ çàìåòêàõ äàåòñÿ îáùåå ãåîìåòðè÷åñêîå, ò.å. íåçàâèñÿùåå
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îò êîîðäèíàò èëè, èíà÷å, îò êîíêðåòíûõ îáðàçóþùèõ àëãåáðû ðàçäåëåí-
íûõ ñòåïåíåé, îïðåäåëåíèå êîìïëåêñà ðàçäåëåííûõ ñòåïåíåé ñèììåòðè÷å-
ñêèõ äèôôåðåíöèàëüíûõ ôîðì. Åñòåñòâåííîñòü ðàçäåëåííûõ, à íå îáû÷-
íûõ ñòåïåíåé äëÿ äèôôåðåíöèàëüíûõ ôîðì îáúÿñíÿåòñÿ íàëè÷èåì ñòðóê-
òóðû àëãåáðû Õîïôà íà ñèììåòðè÷åñêîé àëãåáðå ñâîáîäíîãî A-ìîäóëÿ W
ñïåöèàëüíûõ äèôôåðåíöèðîâàíèé èñõîäíîé àëãåáðû ðàçäåëåííûõ ñòåïå-
íåé A = A(n : m). Ìû âû÷èñëÿåì êîãîìîëîãèè êîìïëåêñà ñèììåòðè÷å-
ñêèõ äèôôåðåíöèàëüíûõ ôîðì. Äàëåå äàåòñÿ îïðåäåëåíèå îáùèõ íåàëü-
òåðíèðóþùèõ ãàìèëüòîíîâûõ ôîðì è ñîîòâåòñòâóþùèõ àëãåð Ëè. Èäåÿ
ãåîìåòðèçàöèè íåêëàññè÷åñêèõ ïðîñòûõ ìîäóëÿðíûõ àëãåáð Ëè ðàçðàáà-
òûâàëàñü ïåðâûì àâòîðîì ñ êîíöà 80-õ ãîäîâ, íà÷èíàÿ ñ ðàññìîòðåíèÿ
àëãåáðû ðàçäåëåííûõ ñòåïåíåé êàê åñòåñòâåííîé ñòðóêòóðû, ñâÿçàííîé ñ
ðàñïðåäåëåíèÿìè íàä àëãåáðîé ñðåçàííûõ ìíîãî÷ëåíîâ [16]. Áîëüøîå âëè-
ÿíèå çäåñü îêàçàëà ðàáîòà Â.Ã. Êàöà î ôèëüòðîâàííûõ àëãåáðàõ Ëè êàð-
òàíîâñêîãî òèïà [17], â êîòîðîé áûëî ïîêàçàíî, ÷òî âñå ôèëüòðîâàííûå
äåôîðìàöèè àëãåáð Ëè êàðòàíîâñêîãî òèïà, ñîîòâåòñòâóþùèõ ñòàíäàðò-
íûì äèôôåðåíöèàëüíûì ôîðìàì, ÿâëÿþòñÿ àëãåáðàìè, ñîîòâåòñòâóþùè-
ìè áîëåå îáùèì ôîðìàì òîãî æå âèäà. Äëÿ ãàìèëüòîíîâûõ àëãåáð Ëè
ãåîìåòðè÷åñêèé ïîäõîä ïîçâîëèë âûäåëèòü èíâàðèàíòíûå õàðàêòåðèñòè-
êè ãàìèëüòîíîâîé ôîðìû ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè, îïðåäå-
ëÿþùèå êëàññ èçîìîðôèçìà îáùèõ ãàìèëüòîíîâûõ àëãåáð Ëè, � çíà÷åíèå
ôîðìû â íóëå è åå êîãîìîëîãè÷åñêèé êëàññ [18]. Ïîëíîñòüþ çàäà÷ó êëàññè-
ôèêàöèè ãàìèëüòîíîâûõ ôîðì ðåøèë Ñ.Ì. Ñêðÿáèí (ñì. [19] äëÿ ñëó÷àÿ
ïîëèíîìèàëüíûõ ôîðì). Çäåñü ìû óñòàíàâëèâàåì ïðîñòîòó îáùèõ íåàëü-
òåðíèðóþùèõ àëãåáð Ëè P (n : m,ω) â ñòàáèëüíîì ñëó÷àå m ̸= 1.

Ïîñëåäíÿÿ ÷àñòü çàìåòîê ïîñâÿùåíà ïîñòðîåíèþ íåâûðîæäåííûõ äèô-
ôåðåíöèðîâàíèé íåàëüòåðíèðóþùèõ ãàìèëüòîíîâûõ àëãåáð Ëè. Çäåñü ïðè-
âîäèòñÿ îáùàÿ êîíñòðóêöèÿ, îñíîâàííàÿ íà îïèñàíèè ìàêñèìàëüíûõ òîðîâ
àëãåáðû W [20]. Ðàçëîæåíèå íåàëüòåðíèðóþùåé àëãåáðû Ëè íà êîðíåâûå
ïðîñòðàíñòâà îòíîñèòåëüíî íåâûðîæäåííîãî äèôôåðåíöèðîâàíèÿ óêàçû-
âàåò íà ñâÿçü íåàëüòåðíèðóþùèõ àëãåáð ñ àëãåáðàìè Áëîêà [21]. Ïîäðîá-
íîå èññëåäîâàíèå îáùèõ íåàëüòåðíèðóþùèõ àëãåáð Ëè áóäåò èçëîæåíî â
ïîñëåäóþùèõ ðàáîòàõ.

Âñþäó â äàëüíåéøåì îñíîâíîå ïîëå F ïðåäïîëàãàåòñÿ àëãåáðàè÷åñêè
çàìêíóòûì õàðàêòåðèñòèêè p = 2.
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2. Ñèììåòðè÷åñêèå äèôôåðåíöèàëüíûå ôîðìû

Íàä ïîëåì õàðàêòåðèñòèêè 2 êîìïëåêñ ñèììåòðè÷åñêèõ äèôôåðåíöè-
àëüíûõ ôîðì ïîñòðîåí â [13], [15]. Çäåñü ìû èñïîëüçóåì ýëåìåíòàðíóþ
òåõíèêó àëãåáð Õîïôà äëÿ îáîñíîâàíèÿ ñòðóêòóðû àëãåáðû ðàçäåëåííûõ
ñòåïåíåé. Ïóñòü W = W (n : m) � àëãåáðà Ëè ñïåöèàëüíûõ äèôôåðåíöè-
ðîâàíèé àëãåáðû ðàçäåëåííûõ ñòåïåíåé A = A(n : m). Îáîçíà÷èì ÷åðåç
S(W ) = S0 + S1 + S2 + . . . ñèììåòðè÷åñêóþ àëãåáðó ñâîáîäíîãî A-ìîäóëÿ
W ñî ñòàíäàðòíîé ãðàäóèðîâêîé. Íà S(W ) èìååòñÿ ñòðóêòóðà àëãåáðû
Õîïôà íàä A ñ êîóìíîæåíèåì δ(D) = D ⊗ 1 + 1 ⊗ D, àíòèïîäàëüíûì
îòîáðàæåíèåì S(D) = −D è êîåäèíèöåé ε(D) = 0, D ∈ W . Ïðîñòðàíñòâî
Ωs, äâîéñòâåííîå ê S(W) è ñîñòîÿùåå èç ëèíåéíûõ ôóíêöèîíàëîâ, íåïðå-
ðûâíûõ îòíîñèòåëüíî m-àäè÷åñêîé òîïîëîãèè, ãäå m � ÿäðî ε, ÿâëÿåòñÿ
êîììóòàòèâíîé àëãåáðîé ðàçäåëåííûõ ñòåïåíåé. Íàïðèìåð, äëÿ áàçèñà A-
ìîäóëÿ W , ñîñòîÿùåãî èç ÷àñòíûõ ïðîèçâîäíûõ ∂1, . . . , ∂n, ïîëó÷àåì áà-
çèñ ∂α = ∂α1

1 · · · ∂αn
n ñèììåòðè÷åñêîé àëãåáðû S(W ) è äâîéñòâåííûé áàçèñ

dx(β) = dx
(β1)
1 · · · dx(βn)

n àëãåáðû Ωs,

dx(α)dx(β) =

(
α+ β

α

)
dx(α+β).

Äëÿ f ∈ A ïîëàãàåì (fdxi)
(k) = fkdx

(k)
i è ðàñïðîñòðàíÿåì îïåðàöèè

âîçâåäåíèÿ â ðàçäåëåííûå ñòåïåíè íà ïðîèçâîëüíûå 1-ôîðìû òàê, ÷òî-

áû âûïîëíÿëîñü ñîîòíîøåíèå (ω1 + ω2)
(k) =

∑k
s=0 ω

(s)
1 ω

(k−s)
2 . Î÷åâèäíî,

Ωs = S0∗ + S1∗ + S2∗ + . . . � ãðàäóèðîâàííàÿ àëãåáðà, S0∗ = Aε, ε � åäè-
íèöà â Ωs è â äàëüíåéøåì îáîçíà÷àåòñÿ ÷åðåç 1. Ïî îïðåäåëåíèþ ñèììåò-
ðè÷åñêîìó k-ëèíåéíîìó íàä A îòîáðàæåíèþ ψ èç W â A ñîîòâåòñòâóåò
åäèíñòâåííîå A-ëèíåéíîå îòîáðàæåíèå ϕ ∈ Sk∗. Òàêèì îáðàçîì, Sk∗ ìîæ-
íî ðàññìàòðèâàòü êàê A-ìîäóëü ñèììåòðè÷åñêèõ k-ïîëèëèíåéíûõ íàä A
îòîáðàæåíèé èç W â A. Íàïîìíèì, ÷òî óìíîæåíèå â Ωs ñîïðÿæåíî êî-
óìíîæåíèþ â S(W ), â ÷àñòíîñòè, äëÿ 1-ôîðì ω1, ω2 ∈ S1∗

ω1ω2(D1, D2) = ω1⊗ω2(δ(D1D2)) = ω1⊗ω2((D1⊗1+1⊗D1)(D2⊗1+1⊗D2)) =

= ω1 ⊗ ω2(D1D2 ⊗ 1 +D1 ⊗D2 +D2 ⊗D1 + 1⊗D1D2) =

= ω1(D1)ω2(D2) + ω1(D2)ω2(D1).
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Ïðè p = 2 ïîëó÷àåì ω2 = 0. Äëÿ 1-ôîðìû ω, D1, . . . , Dk ∈ W, ìîæíî
ïîêàçàòü, ÷òî ω(k)(D1, . . . , Dk) = ω(D1) . . . ω(Dk).

Àëãåáðà Ëè W äåéñòâóåò ñòàíäàðòíûì îáðàçîì íà S(W ) è íà äâîé-
ñòâåííîì ìîäóëå Ωs. Ïðè p = 2 îïðåäåëåí âíåøíèé äèôôåðåíöèàë d, êî-
òîðûé ÿâëÿåòñÿ äèôôåðåíöèðîâàíèåì àëãåáðû Ωs:

df(D) = D(f), D ∈W, d(ω(k)) = ω(k−1)dω, d2 = 0.

Íàä ïîëåì õàðàêòåðèñòèêè 2 ìû ðàññìàòðèâàåì êîñîñèììåòðè÷åñêèå
ôîðìû êàê ñèììåòðè÷åñêèå ôîðìû òàêèå, ÷òî ω(D1, . . . , Dk) = 0, åñëè
Di = Dj äëÿ íåêîòîðûõ i ̸= j. Ïîýòîìó êîìïëåêñ (Ωs, d) ñîäåðæèò â
êà÷åñòâå ïîäêîìïëåêñà ñòàíäàðòíûé êîìïëåêñ äå Ðàìà (Ω, d) íàä àëãåáðîé
ðàçäåëåííûõ ñòåïåíåé A. Äëÿ ñèììåòðè÷åñêèõ äèôôåðåíöèàëüíûõ ôîðì
òàêæå èìååò ìåñòî ôîðìóëà ãîìîòîïèè Êàðòàíà:

Dω = (dω)yD + d(ωyD).

Òåîðåìà 1. Ïóñòü xi, i = 1, . . . , n, � ñòàíäàðòíûå ïåðåìåííûå àëãåá-

ðû ðàçäåëåííûõ ñòåïåíåé A = A(n : m) íàä ïîëåì F õàðàêòåðèñòèêè

2, xi = x
(2mi−1)
i , (Ωs, d) � êîìïëåêñ ñèììåòðè÷åñêèõ äèôôåðåíöèàëüíûõ

ôîðì íàä A, B(n) � ãðàäóèðîâàííàÿ àëãåáðà ðàçäåëåííûõ ñòåïåíåé íàä

ïîëåì F îò ïåðåìåííûõ (dxi)
(2), i = 1, . . . , n, ñòåïåíè 2, (Ω, d) � êîìïëåêñ

äå Ðàìà íàä A.
i) Êîëüöî êîãîìîëîãèé H∗(Ωs) ÿâëÿåòñÿ òåíçîðíûì ïðîèçâåäåíèåì ãðàäó-

èðîâàííûõ àëãåáð

H∗(Ωs) = B(n)⊗F H
∗(Ω),

ii) dimH i(Ωs) =
(
n+i−1

i

)
,

iii) H1(Ωs) =< [xidxi], i = 1, . . . , n >,
iv)H2(Ωs) =< [(dxi)

(2)], i = 1, . . . , n, [xixjdxidxj ], 1 ≤ i < j ≤ n > .

Èç ñòðîåíèÿ êîìïëåêñà (Ωs, d) ïîëó÷àåì i). Òåïåðü ëåãêî íàéòè ðÿä
Ïóàíêàðå êîìïëåêñà Ωs:

P (t) =
∑
i≥0

dimH i(Ωs)t
i = (1− t)−n,

îòêóäà ñëåäóåò ii). iii)-iv) ñëåäóþò èç i) è õîðîøî èçâåñòíîãî îïè-
ñàíèÿ êîãîìîëîãèé äå Ðàìà íàä àëãåáðîé ðàçäåëåííûõ ñòåïåíåé:

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 2



Î ãàìèëüòîíîâûõ àëãåáðàõ Ëè õàðàêòåðèñòèêè 2* 59

Hk(Ω) =< [XIdXI ], I = {i1, . . . , ik} ⊂ {1, . . . , n}, i1 < . . . < ik > .
Çäåñü XI = xi1 . . . xik , dXI = dxi1 . . . dxik .

Çàìå÷àíèå. Îïèñàíèå êîãîìîëîãèé äå Ðàìà íàä àëãåáðîé ðàçäåëåííûõ
ñòåïåíåé ìîæåò áûòü ïîëó÷åíî èç ëåììû Ïóàíêàðå è èçâåñòíî, ïî êðàé-
íåé ìåðå, ñ 70-õ ãîäîâ XX âåêà. Íàïðèìåð, â êàíäèäàòñêîé äèññåðòàöèè
ß.Ñ. Êðûëþêà (1978) âû÷èñëåíû êîãîìîëîãèè ïîäêðó÷åííîãî (â ÷àñòíî-
ñòè, ñòàíäàðòíîãî) êîìïëåêñà äå Ðàìà [22, Ëåììà 1.1]. Â êà÷åñòâå ññûëêè
ìîæíî óêàçàòü ìîíîãðàôèþ Õ. Øòðàäå [23, Proposition 6.4.4], ãäå ðàññìàò-
ðèâàåòñÿ ñëó÷àé ÷åòíîãî ÷èñëà ïåðåìåííûõ, ÷òî íåñóùåñòâåííî.

3. Ãàìèëüòîíîâû àëãåáðû Ëè

Ãàìèëüòîíîâîé ôîðìîé íàä ïîëåì õàðàêòåðèñòèêè 2 áóäåì íàçûâàòü
ñèììåòðè÷åñêóþ çàìêíóòóþ 2-ôîðìó ω íàä àëãåáðîé ðàçäåëåííûõ ñòå-
ïåíåé A = A(n : m), ω =

∑
i≤j ωijdx

(εi+εj), ωij ∈ A. Îòìåòèì, ÷òî ìû
ðàññìàòðèâàåì êîñîñèììåòðè÷åñêèå ôîðìû êàê ÷àñòíûé ñëó÷àé ñèììåò-
ðè÷åñêèõ ôîðì. Ñèììåòðè÷åñêàÿ, íî íå êîñîñèììåòðè÷åñêàÿ ôîðìà áó-
äåò íàçûâàòüñÿ íåàëüòåðíèðóþùåé. Ïóñòü aij = ωij(0) � ñâîáîäíûé ÷ëåí
ìíîãî÷ëåíà ωij , ω(0) � ñèììåòðè÷åñêàÿ äèôôåðåíöèàëüíàÿ ôîðìà ñ ïî-
ñòîÿííûìè êîýôôèöèåíòàìè aij . Ñîãëàñíî òåîðåìå 1 iii) 2-ôîðìà ω çà-
ìêíóòà òîãäà è òîëüêî òîãäà, êîãäà ωii = aii è êîñîñèììåòðè÷åñêàÿ ôîðìà∑

i<j ωijdx
(εi+εj) çàìêíóòà. Ìàòðèöà ôîðìû ω â áàçèñå {∂i} ñâîáîäíîãî A-

ìîäóëÿ W = W (n : m) èìååò âèä (ω) = (ω(∂i, ∂j)) = (ωij), ωij = ωji ïðè
i > j. Ôîðìà íåâûðîæäåíà, åñëè åå ìàòðèöà îáðàòèìà. Íåâûðîæäåííîñòü
ω ðàâíîñèëüíà íåâûðîæäåííîñòè ω(0). Êàê èçâåñòíî, íåâûðîæäåííàÿ ñèì-
ìåòðè÷åñêàÿ ôîðìà íà âåêòîðíîì ïðîñòðàíñòâå íàä ñîâåðøåííûì ïîëåì
õàðàêòåðèñòèêè 2 â êîñîñèììåòðè÷åñêîì ñëó÷àå äîïóñêàåò ñèìïëåêòè÷å-
ñêèé áàçèñ è ïðîñòðàíñòâî ÷åòíîìåðíî, à â íåàëüòåðíèðóþùåì ñëó÷àå � îð-
òîíîðìèðîâàííûé áàçèñ [20]. Ïîýòîìó áóäåì ñ÷èòàòü, ÷òî ëèíåéíàÿ ÷àñòü
ω(0) ñèììåòðè÷åñêîé äèôôåðåíöèàëüíîé ôîðìû ω èìååò êàíîíè÷åñêèé
âèä.

Ãàìèëüòîíîâà àëãåáðà Ëè P̃ (n : m,ω) ñîñòîèò èç âåêòîðíûõ ïîëåé,
ñîõðàíÿþùèõ íåàëüòåðíèðóþùóþ ãàìèëüòîíîâó ôîðìó ω, P̃ (n : m,ω) =
{D ∈ W (n : m)| Dω = 0}. Òàê æå, êàê â êëàññè÷åñêîì ñëó÷àå, ãàìèëü-
òîíîâî âåêòîðíîå ïîëå D ∈ P̃ (n : m,ω) îïðåäåëÿåòñÿ ãàìèëüòîíèàíîì
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F ∈ Ã = A+ < x
(2mi )
i , i = 1, . . . , n >, êîòîðûé îïðåäåëåí ñ òî÷íîñòüþ

äî êîíñòàíòû,

D = DF =

n∑
i,j=1

ω̃ij∂iF∂j .

[DF , DG] = D{F,G}, {F,G} = DF (G) =
n∑

i,j=1

ω̃ij∂iF∂jG.

Çäåñü (ω̃ij) = (ωij)−1. Àëãåáðà Ëè P̃ (n : m,ω)) îòîæäåñòâëÿåòñÿ ñ ïðî-
ñòðàíñòâîì Ã/F ñî ñêîáêîé Ïóàññîíà {F,G}. Îòìåòèì, ÷òî äëÿ íåàëü-
òåðíèðóþùåé ãàìèëüòîíîâîé ôîðìû àëãåáðà Ïóàíêàðå (Ã, { , }), âîîá-
ùå ãîâîðÿ, ÿâëÿåòñÿ àëãåáðîé Ëåéáíèöà, íî íå àëãåáðîé Ëè. Àëãåáðà Ëè
P̃ (n : m,ω) èìååò ôèëüòðàöèþ, èíäóöèðîâàííóþ åñòåñòâåííîé ôèëüòðà-
öèåé àëãåáðû W . Ñîîòâåòñòâóþùàÿ àññîöèèðîâàííàÿ ãðàäóèðîâàííàÿ àë-
ãåáðà Ëè èçîìîðôíà ãðàäóèðîâàííîé àëãåáðå Ëè P ′′(n : m) ðàáîòû [5].
Àëãåáðà Ëè P (n : m,ω) = A/F ÿâëÿåòñÿ èäåàëîì êîðàçìåðíîñòè n â àë-
ãåáðå P̃ (n : m,ω), äëÿ êîòîðîãî àññîöèèðîâàííàÿ ãðàäóèðîâàííàÿ àëãåáðà
Ëè èçîìîðôíà àëãåáðå Ëè P (n : m). Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ íåïî-
ñðåäñòâåííûì ñëåäñòâèåì òåîðåìû 2.2 ðàáîòû [5].

Òåîðåìà 2. Ïóñòü ω � çàìêíóòàÿ íåâûðîæäåííàÿ íåàëüòåðíèðóþùàÿ ãà-

ìèëüòîíîâà ôîðìà. Åñëè m ̸= 1, òî P (n : m,ω) � ïðîñòàÿ àëãåáðà Ëè

ðàçìåðíîñòè 2|m| − 1.

Ðàññìîòðèì ïðèìåðû íåàëüòåðíèðóþùèõ ãàìèëüòîíîâûõ àëãåáð Ëè
äëÿ ìàëûõ n è m = 1. Ëåãêî ïðîâåðèòü íåïîñðåäñòâåííî, ÷òî P (2 :
1, ω), ω = (dx1)

2 + (dx2)
2 + x1x2dx1dx2 � ïðîñòàÿ òðåõìåðíàÿ àëãåáðà Ëè,

èçîìîðôíàÿ àëüòåðíèðóþùåé ãàìèëüòîíîâîé àëãåáðå H(2 : 1, ω), ñîîòâåò-
ñòâóþùåé ôîðìå ω = (1+x1x2)dx1dx2 à òàêæå àëãåáðå ËèW (1 : 2)′. Ïóñòü
n = 3, m = (1, 1, 1),

ω = dx1dx2 + dx
(2)
3 + ax1x2dx1dx2 + bx1x3dx1dx3 + cx2x3dx2dx3,

(ω) =

 0 1 + ax1x2 bx1x3

1 + ax1x2 0 cx2x3

bx1x3 cx2x3 1

 ,
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ω−1 =

 0 1 + ax1x2 cx2x3

1 + ax1x2 0 bx1x3

cx2x3 bx1x3 1

 .

Ïîëó÷àåì àëãåáðó P (3, 1, ω) ðàçìåðíîñòè 7 ñ óìíîæåíèåì

{f, g} = (1 + ax1x2)(∂1f∂2g + ∂2f∂1g) + cx2x3(∂1f∂3g + ∂3f∂1g)+

+bx1x3(∂2f∂3g + ∂3f∂2g) + ∂3f∂3g.

Âû÷èñëåíèÿ, âûïîëíåííûå âòîðûì àâòîðîì, ïîêàçûâàþò, ÷òî åñëè b ̸= 0
èëè c ̸= 0, òî P (3, 1, ω) � ïðîñòàÿ àëãåáðà Ëè. Ñîãëàñíî êîìïüþòåðíûì
âû÷èñëåíèÿì, ïðîâåäåííûì Á. Ýéê [25], çäåñü, êàê è â ñëó÷àå n = 2, íîâûõ
ïðîñòûõ àëãåáð Ëè íåò.

4. Íåâûðîæäåííûå äèôôåðåíöèðîâàíèÿ íåàëüòåðíèðóþùèõ ãà-

ìèëüòîíîâûõ àëãåáð Ëè

Âîïðîñ î ñóùåñòâîâàíèè íåâûðîæäåííûõ äèôôåðåíöèðîâàíèé àëãåáð
Ëè êàðòàíîâñêîãî òèïà (è àëãåáð Ìåëèêÿíà), â ÷àñòíîñòè, ãàìèëüòîíîâûõ
àëãåáð Ëè, ñîîòâåòñòâóþùèõ êîñîñèììåòðè÷åñêèì ãàìèëüòîíîâûì ôîð-
ìàì, ðàññìàòðèâàëñÿ â ðàáîòàõ [10]-[12]. Áûëî äîêàçàíî, ÷òî ãàìèëüòîíîâà
àëãåáðà äîïóñêàåò íåâûðîæäåííîå äèôôåðåíöèðîâàíèå òîãäà è òîëüêî òî-
ãäà, êîãäà êîãîìîëîãè÷åñêèé êëàññ ñîîòâåòñòâóþùåé ãàìèëüòîíîâîé ôîð-
ìû

∑
aijxixj íåâûðîæäåí, ò.å. det(aij) ̸= 0.

Â êà÷åñòâå ïðèìåðà, ïðèâåäåì ïîñòðîåíèå íåàëüòåðíèðóþùèõ ãàìèëü-
òîíîâûõ àëãåáð Ëè õàðàêòåðèñòèêè 2, äîïóñêàþùèõ íåâûðîæäåííîå äèô-
ôåðåíöèðîâàíèå. Ñîãëàñíî [12] àëãåáðà Ëè L äîïóñêàåò íåâûðîæäåííîå
äèôôåðåíöèðîâàíèå òîãäà è òîëüêî òîãäà, êîãäà p-àëãåáðà Ëè DerL ñî-
äåðæèò òîð T ìàêñèìàëüíîé ðàçìåðíîñòè, âñå âåñà êîòîðîãî â àëãåáðå L
îòëè÷íû îò íóëÿ. Ïî ïîñòðîåíèþ íåàëüòåðíèðóþùèå ãàìèëüòîíîâû àëãåá-
ðû Ëè ÿâëÿþòñÿ òðàíçèòèâíûìè ïîäàëãåáðàìè àëãåáðû ËèW =W (n : m).
Ïîýòîìó åñòåñòâåííî íà÷àòü ïîñòðîåíèå ñ ìàêñèìàëüíîãî òîðà àëãåáðû
W . Ïîëíîå îïèñàíèå ìàêñèìàëüíûõ òîðîâ â p-çàìûêàíèè àëãåáðû Ëè
W = W (n : m) ïîëó÷åíî â [20]. Ñëåäóÿ òåîðåìå 4 [20], âûáåðåì çà-
ìêíóòûå 1-ôîðìû ω1, . . . , ωn ∈ Ω1(A) íàä A = A(n : m) òàêèå, ÷òî
{ω1(0), . . . , ωn(0)} îáðàçóþò áàçèñ ïðîñòðàíñòâà Ω1(0), à èõ êëàññû êî-
ãîìîëîãèé {[ω1], . . . , [ωn]} � áàçèñ ïåðâîé ãðóïïû êîãîìîëîãèé äå Ðàìà
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H1(Ω). Î÷åâèäíî, {ω1, . . . , ωn} � áàçèñ ñâîáîäíîãî A-ìîäóëÿ Ω1. Ïóñòü
{D1, . . . , Dn} � äâîéñòâåííûé áàçèñ A-ìîäóëÿ W , V � ëèíåéíàÿ îáîëî÷-
êà ýòîãî áàçèñà íàä ïîëåì F . Ñîãëàñíî òåîðåìå 4 [20] V � àáåëåâà òðàí-
çèòèâíàÿ ïîäàëãåáðà â W è åå p-çàìûêûíèå V â DerW ÿâëÿåòñÿ òîðîì
ìàêñèìàëüíîé ðàçìåðíîñòè |m| = m1 + · · · +mn. Êðîìå òîãî, àëãåáðà èí-
âàðèàíòîâ òîðà V ñîñòîèò èç êîíñòàíò, A0 = F . Â ÷àñòíîñòè, âñå äèôôå-
ðåíöèðîâàíèÿ Di ïîëóïðîñòû è àëãåáðà A ÿâëÿåòñÿ ïðÿìîé ñóììîé îäíî-
ìåðíûõ âåñîâûõ ïîäïðîñòðàíñòâ îòíîñèòåëüíî V , âñå âåñà îáðàçóþò ýëå-
ìåíòàðíóþ àáåëåâó ãðóïïó Γ ïîðÿäêà q = 2|m|, A = ⊕β∈ΓAβ (ïîäðîáíî-
ñòè ñì â [20]). Î÷åâèäíî, òîð V ñîäåðæèò ýëåìåíò D òàêîé, ÷òî Dq = D,
Aβ = Ab, D|Ab

= b · id, b ∈ Fq.
Ïåðåéäåì ê ïîñòðîåíèþ íåàëüòåðíèðóþùåé ãàìèëüòîíîâîé àëãåáðû

Ëè. Ïîëîæèì ω = ω
(2)
1 + . . . + ω

(2)
n , òîãäà ω � íåàëüòåðíèðóþùàÿ ãàìèëü-

òîíîâà ôîðìà è P̃ (n : m,ω)) = V ⊕ P (n : m,ω). Óìíîæåíèå â P (n : m,ω)
ìîæíî çàïèñàòü òàê:

{F,G} =

n∑
i=1

Di(F )Di(G).

Àëãåáðà Ëè P (1)(n : m,ω) � ïðîñòàÿ àëãåáðà Ëè ñ íåâûðîæäåííûì äèô-
ôåðåíöèðîâàíèåì D. Äåéñòâèòåëüíî, âûáåðåì áàçèñ {ub} â A/F,

A/F = ⊕b∈F∗Ab, Ab =< ub > .

Òàê êàê D ñîäåðæèòñÿ â p-îáîëî÷êå àáåëåâîé ïîäàëãåáðû V ⊂ P̃ (n : m,ω),
à ïðè îòîæäåñòâëåíèè P̃ (n : m,ω) ñ A/F ïðèñîåäèíåííîå äåéñòâèå ýëå-
ìåíòîâ èç V ñîâïàäàåò ñ äåéñòâèåì ñîîòâåòñòâóþùèõ äèôôåðåíöèðîâà-
íèé èç V ⊂ W íà A/F , òî è ýëåìåíòû èç p-îáîëî÷êè V äåéñòâóþò íà
P (n : m,ω), êàê íà ñîîòâåòñòâóþùèå ãàìèëüòîíèàíû: [D,DG] = DD(G).
Äðóãèìè ñëîâàìè, äëÿ ub ∈ P (n : m,ω)D(ub) = bub, ñëåäîâàòåëüíî, D �
íåâûðîæäåííîå äèôôåðåíöèðîâàíèå. Â ýòó ñõåìó âêëþ÷àþòñÿ òàêæå ãðà-
äóèðîâàííûå àëãåáðû Ëè P (n : m). Äåéñòâèòåëüíî, ñòàíäàðòíóþ ôîðìó
ω = (dx1)

(2) + . . . + (dxn)
(2) ìîæíî çàïèñàòü â âèäå ω = (ω1)

(2) + . . . +

(ωn)
(2), ωi = (1 + x

(2mi−1)
i )dxi. Îòìåòèì, ÷òî äëÿ ñëó÷àÿ m = 1 ïîëó÷àåì

ñòðóêòóðó àëãåáðû Êàïëàíñêîãî [26] íà P (1)(n : 1), êàê äîêàçàíî â [5].
Â áàçèñå {ub} óìíîæåíèå â P (n : m,ω) çàäàåòñÿ ïðàâèëîì {ua, ub} =

f(a, b)ua+b, ãäå f(a, b) � ñèììåòðè÷åñêàÿ ôóíêöèÿ íà F∗
q ñî çíà÷åíèÿìè â F .
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Ìîæåò îêàçàòüñÿ, ÷òî ôóíêöèÿ f(a, b) áèàääèòèâíà è òîãäà P (1)(n : m,ω) �
àëãåáðà Áëîêà [21]. Ñâÿçü ìåæäó íåàëüòåðíèðóþùåé ãàìèëüòîíîâîé ôîð-
ìîé ω è ñîîòâåòñòâóþùèìè åé ôóíêöèÿìè f(a, b) ÿâëÿåòñÿ áîëåå òîíêèì
âîïðîñîì.
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ÍÛ� ÃÀÌÈËÜÒÎÍÄÛ ËÈ ÀËÃÅÁÐÀËÀÐÛ ÒÓÐÀËÛ

Ïîëèíîìèàëäû êîýôôèöèåíòòåði áàð æàëïû ãàìèëüòîíäû© ôîðìà-
ëàð¡à ñºéêåñ êåëåòií æ´ï ñèïàòòàìàëû àëìàñïàéòûí ãàìèëüòîíäû Ëè àë-
ãåáðàëàðûíû èíâàðèàíòòû ò´ð¡ûçûëóû êåëòiðiëåäi. Ñèììåòðèÿëû äèô-
ôåðåíöèàëäû© ôîðìàëàðäû àéûðûë¡àí äºðåæåëåðiíi êåøåíiíi êîãî-
ìîëîãèÿëàðû åñåïòåëiíåäi. Ñ³çãiëåíãåí àëìàñïàéòûí ãàìèëüòîíäû Ëè àë-
ãåáðàëàðûíû ìûñàëäàðû, àòàï àéò©àíäà, àç¡ûíáà¡àí äèôôåðåíöèàëäà-
óäû ð´©ñàò åòåòií àëãåáðàëàð ©àðàñòûðûëàäû.

Kuznetsov M.I., Kondratyeva A.V., Chebochko N.G. ON HAMILTONIAN
LIE ALGEBRAS OF CHARACTERISTIC 2*

The invariant construction of nonalternating Hamiltonian Lie algebras of
even characteristic is given. Cohomology of complex of divided powers of
symmetric di�erential forms is calculated. The examples of simple �ltered
nonalternating Hamiltonian Lie algebras including those admitting non-
singular derivations are considered.
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Annotation: In this paper we study bent functions which are linear on elements of

spreads in a�ne planes. In particular, we study bent functions of spreads related

to symplectic presemi�elds. We also study such functions from the viewpoint of

pseudo-planar functions.
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1. Introduction

Bent functions were introduced by Rothaus [1] but were already studied by
Dillon [2] as di�erence sets. A bent function is a Boolean function with an even
number of variables which achieves the maximum possible distance from a�ne
functions [3]. Bent functions have relations to coding theory, cryptography,
sequences, combinatorics and designs theory [3, 4, 5].

Dillon [2] introduced bent functions related to partial spreads of F2m×F2m.
He constructed bent functions that are constant on elements of a spread. This
approach was further studied in [6, 7]. Dillon also introduced a class H of bent
functions that are linear on elements of a Desarguesian spread. In [8] it is shown
that there is one-to-one correspondence between these bent functions and oval
polynomials (o-polynomials) from �nite geometry. In [9, 10] this approach was
extended to other types of spreads, and bent functions which are a�ne on the
elements of spreads, were studied. In this paper we study bent functions which
are linear on elements of spreads and calculate their duals.
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The paper is organised as follows. We �rstly recall in Section 2 de�nitions
and notations concerning semi�elds, spreads and bent functions. Next, in
Section 3 we investigate bent functions which are linear on the elements of
spreads. In Section 4 we consider bent functions related to pseudo-planar
functions. Finally, in Section 5 we study equivalence of bent functions obtained
from isotopic semi�elds. In particular, we show that semi�elds isotopic to �nite
�elds produce EA-equivalent bent functions.

2. Preliminary considerations and notations

Let Fpm and Fp be �nite �elds of orders pm and p respectively. Consider
Fpm × Fpm as a 2m-dimensional vector space over Fp. A spread of Fpm × Fpm

is a family of pm + 1 subspaces of dimension m such that every nonzero point
of Fpm × Fpm lies in a unique subspace.

Spreads can be constructed using (pre)-semi�elds [11]. A presemi�eld
(S,+, ∗) is a vector space under operation +, with additional operation ∗,
satisfying the following axioms:

(S1) x ∗ (y + z) = x ∗ y + x ∗ z and (x+ y) ∗ z = x ∗ z + y ∗ z, for all x, y,
z ∈ S.

(S2) x ∗ y = 0 implies x = 0 or y = 0.
Presemi�eld is a semi�eld if it has a multiplicative identity. One can de�ne
a presemi�eld S by taking elements of a �nite �eld Fp and introducing new
multiplication operation ∗ :

x ∗ y = xy +
∑
i<j

aij(x
2iy2

j
+ x2

j
y2

i
).

Two presemi�elds (S,+, ∗) and (S′,+, ⋆) are called isotopic if there exist
three bijective linear mappings L, M , N : S → S′ such that

L(x ∗ y) = M(x) ⋆ N(y)

for any x, y ∈ S. If M = N then presemi�elds are called strongly isotopic.
Every presemi�eld is isotopic to a semi�eld.

Let F = Fp, a �nite �eld of pm elements. We de�ne a Fp-bilinear form B :
F×F → Fp by B(x, y) = Tr(xy), and an alternating form on (F×F )×(F×F )
by

⟨(x, y), (x′, y′)⟩ = B(x, y′)−B(y, x′).
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Let S = (F,+, ∗) be a presemi�eld with respect to operation ∗. Dual
presemi�eld Sd = (F,+, ⋆) is de�ned by operation

x ⋆ y = y ∗ x.

With presemi�eld S = (F,+, ∗) one can associate a spread, a collection
of subspaces {(0, y) | y ∈ F} and {(x, x ∗ z) | m ∈ F}, z ∈ F . Transpose
presemi�eld St = (F,+, ◦) of the presemi�eld S is de�ned as a presemi�eld
whose associated spread is orthogonal (dual) to the spread of S with respect
to the alternating form ⟨·, ·⟩, that is,

⟨(x, x ∗ z), (y, y ◦ z)⟩ = 0

for any x, y, z ∈ F . It is equivalent to

B(x, y ◦ z) = B(x ∗ z, y).

A presemi�eld is called symplectic, if its associated spread is symplectic
(that is, every subspace from spread is isotropic with respect to the alternating
form ⟨·, ·⟩). This means

0 = ⟨(x, x ◦ z), (y, y ◦ z)⟩ = B(x, y ◦ z)−B(x ◦ z, y)

for any x, y, z ∈ F . Equivalently,

B(x, y ◦ z) = B(x ◦ z, y) (1)

for any x, y, z ∈ F .
Using operations Sd and St one can get at most 6 isotopy classes of

presemi�elds, which is called the Knuth [12, 13] orbit K(S) of the presemi�eld
S:

K(S) = {[S], [Sd], [St], [Sdt], [Std], [Sdtd] = [Stdt]}.

A presemi�eld S = (F,+, ∗) is called commutative, if the operation ∗ of
multiplication is commutative. A presemi�eld S is commutative if and only if
S = Sd, and a presemi�eld S is symplectic if and only if S = St. Therefore,
Knuth orbit of a commutative (symplectic) presemi�eld contains at most three
classes. If presemi�eld S is commutative then Std is symplectic, and if S is
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symplectic then Sdt is commutative. If presemi�eld S is commutative then its
transpose St is dual to symplectic presemi�eld Std.

If L : F → F is a Fp-linear map, its adjoint operator L∗ with respect to the
form B is de�ned as a unique linear operator satisfying the following condition:

B(L(x), y) = B(x, L∗(y)), for all x, y ∈ F.

Equality (1) means that all right multiplication mappings Rz(x) = x ◦ z of
a symplectic presemi�eld are self-adjoint with respect to B.

Starting from a symplectic presemi�eld (F,+, ◦), one can construct a
commutative presemi�eld in the following way [14, 15]. Consider the linear
map Lz : F → F , Lz(x) = z ◦ x. Let L∗

z be the adjoint operator of Lz with
respect to the form B:

B(z ◦ x, y) = B(Lz(x), y) = B(x, L∗
z(y)).

We introduce new operation ∗ by

z ∗ y = L∗
z(y),

so
B(z ◦ x, y) = B(x, z ∗ y).

Then (F,+, ∗) is a commutative presemi�eld. Similarly, starting from
commutative presemi�eld (F,+, ∗) and putting Lz(x) = z ∗ x, one can get
a symplectic presemi�eld (F,+, ◦):

B(z ∗ x, y) = B(Lz(x), y) = B(x, L∗
z(y)) = B(x, z ◦ y).

From now on we consider only even characteristic case and put F = Fp,
the Galois �eld with 2n elements. Let Fn

2 be the F2-vector space of dimension
n. We shall endow Fn

2 with the structure of �eld F2n . A Boolean function on
F2n is a mapping from F2n to the prime �eld F2.

If f is a Boolean function de�ned on F2n , then the Walsh transform of f
is de�ned as follows:

Wf (u) =
∑

x∈F2n

(−1)f(x)+Tr(ux).
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Bent functions can be de�ned in terms of the Walsh transform as follows.
Let n be an even integer. A Boolean function f on F2n is said to be bent if its
Walsh transform satis�es Wf (u) = ±2n/2 for all u ∈ F2n .

Given a bent function f over F2n , we can always de�ne its dual function,
denoted by f̃ , when considering the signs of the values of the Walsh transform
Wf (u) of f . More precisely, f̃ is de�ned by the equation:

(−1)f̃(x)2n/2 = Wf (x).

The dual of a bent function is bent again, and ˜̃
f = f .

Boolean functions f, g : F2n → F2 are extended-a�ne equivalent (in brief,
EA-equivalent) if there exist an a�ne permutation L of F2n and an a�ne
function ℓ : F2n → F2 such that g(x) = (f ◦ L)(x) + ℓ(x).

If Boolean functions f and g are EA-equivalent and f is bent then g is bent
too.

The bivariate representation of Boolean functions makes sense only when n
is an even integer, which is the case for bent functions. For n = 2m we identify
F2n with F2m × F2m and consider the input to f as an ordered pair (x, y) of
elements of F2m . The function f being Boolean, its bivariate representation
can be written in the (non unique) form f(x, y) = Tr(P (x, y)), where P (x, y)
is a polynomial in two variables over F2m . In this paper we shall only consider
functions in their bivariate representation.

3. Spreads and bent functions

We recall the construction of bent functions from [16]. Let Lz : F2m → F2m

be a linear function for any z ∈ F2m . Consider a spread whose elements are
the subspace {(0, y) | y ∈ F2m} and 2m subspaces {(x, Lz(x)) | x ∈ F2m}.
These subspaces form a spread if and only if the mapping z 7→ Lz(x) = y
is a permutation of F2m . Denote by Γx the inverse of this bijection, that is,
Γx(y) = z. A Boolean function on F2m × F2m is linear on the elements of the
spread if and only if there exists a function G : F2m → F2m and an element
µ ∈ F2m such that, for every y ∈ F2m ,

f(0, y) = Tr(µy), (2)

and for every x, z ∈ F2m ,

f(x, Lz(x)) = Tr(G(z)x). (3)
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Up to EA-equivalence, one can assume that µ = 0. Indeed, one can add
the linear function g(x, y) = Tr(µy) to f ; this changes µ into 0 and G(z) into
G(z) + L∗

z(µ), where L∗
z is the adjoint operator of Lz, since for y = Lz(x) one

has Tr(µy) = B(µ, y) = B(µ,Lz(x)) = B(L∗
z(µ), x) = Tr(L∗

z(µ)x).
We take µ = 0 in expression (2), and relation (3) becomes

f(x, y) = Tr(G(z)x) = Tr(G(Γx(y))x). (4)

We recall that a function H : F → F is called 2-to-1, if preimage H−1(y)
of any element y ∈ F consists of 0 or 2 points.

Theorem 3.1 ([16], Theorem 2). Consider a spread of F2m × F2m whose

elements are 2m subspaces of the form {(x, Lz(x)) | x ∈ F2m}, where, for every
z ∈ F2m , function Lz is linear, and the subspace {(0, y) | y ∈ F2m}. For every
x ∈ F∗

2m , let us denote by Γx the inverse of the permutation z 7→ Lz(x) = y.
A boolean function de�ned by equation (4) is bent if and only if G is a

permutation and, for every b ̸= 0 the function G(z)+L∗
z(b) is 2-to-1, where L

∗
z

is the adjoint operator of Lz.

An example of such function G(x) was introduced in [9] in a particular
case of spreads related to symplectic semi�elds. We calculate the dual of the
corresponding bent function.

Theorem 3.2 [24]. Let (F,+, ◦) be a symplectic presemi�eld, and (F,+, ∗) be
its corresponding commutative presemi�eld. Consider a spread of F2m × F2m

whose elements are subspaces {(0, y) | y ∈ F2m} and {(x, z ◦ x) | x ∈ F2m},
z ∈ F2m . For every x ∈ F∗

2m , denote by Γx the inverse of the permutation

z 7→ z ◦ x = y, and put G(z) = z ∗ z. For every c ∈ F2m , let Zc be the image

of the map z 7→ z ∗ (z + c), and χc be the characteristic function of the set

Zc×{c}. Then a boolean function de�ned by equation (4) is bent, and its dual

function is

f̃ = 1 +
∑

c∈F2m

χc.

Denote Rx(z) = z ◦ x = y. Let Γx = R−1
x be the inverse function, so

z = R−1
x (y). Let G(z) = z ∗ z. Then function from (4) can be rewritten as

f(x, y) = Tr(G(z)x) = B(z ∗ z, x) = B(z, z ◦ x) =
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= B(z, y) = B(Γx(y), y) = Tr(R−1
x (y)y). (5)

If the multiplication * in a commutative presemi�eld (F,+, ∗) is given by

x ∗ y = xy +
∑
i<j

aij(x
2iy2

j
+ x2

j
y2

i
)

then G(z) = z ∗ z = z2.
Now we consider spreads of symplectic presemi�elds and present a result

similar to Theorem 3.

Theorem 3.3 [24]. Let (F,+, ◦) be a symplectic presemi�eld. Consider a

spread of F2m × F2m whose elements are subspaces {(0, y) | y ∈ F2m} and

{(x, x ◦ z) | x ∈ F2m}, z ∈ F2m . For every x ∈ F∗
2m , denote by Γx the inverse of

the permutation z 7→ x ◦ z = y, and put G(z) =
√
z. For every c ∈ F2m , let Zc

be the image of the map z 7→
√
z+ c ◦ z, and χc be the characteristic function

of the set Zc × {c}. Then a boolean function de�ned by equation (4) is bent,
and its dual function is

f̃ = 1 +
∑

c∈F2m

χc.

We recall that, in case of �nite �elds F , a function G(x) : F → F is an
o-polynomial if G is a permutation and G(x) + xb is a 2-to-1 function for any
nonzero b. We call a function G : F → F an o-polynomial for the presemi�eld
S = (F,+, ∗) if G is a permutation and G(x) + x ∗ b is a 2-to-1 function for
any nonzero b. Consider a�ne semi�eld plane {(x, y) | x, y ∈ F}. If G(x) is
o-polynomial then "curve"y = G(x) intersects with "line"y = x ∗ b+ a in one
point if b = 0, and 0 or 2 points if b ̸= 0.

Theorem 3.4 [24]. Let S = (F2m ,+, ∗) be a presemi�eld, and St = (F2m ,+, ◦)
be its corresponding transpose presemi�eld. Let G : F2m → F2m be a linear o-

polynomial for the presemi�eld S. Then the adjoint map G∗ is an o-polynomial

for the presemi�eld St.

Example 3.1. Recall the construction of Kantor-Williams presemi�elds [14,
17]. Let F = F2m and let m > 1 be odd. Let F = F0 ⊃ F1 ⊃ · · · ⊃ Fn be chain
of sub�elds, Ti be trace map from F to Fi, and ζi ∈ F ∗. The commutative
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Kantor presemi�eld is given by operation

x ∗ y = xy +

(
x

n∑
i=1

Ti(ζiy) + y

n∑
i=1

Ti(ζix)

)2

,

and the corresponding Kantor-Williams symplectic presemi�eld is given by
operation

x ◦ y = xy + y2
m−1

n∑
i=1

Ti(ζix) +

n∑
i=1

ζiTi(xy
2m−1

).

If we take G(z) = z ∗ z = z2, then function f(x, y) = Tr(Γx(y)y) is bent. This
expression is in implicit form, to make it explicit we have to �nd the explicit
expression for Γx(y). Let us calculate Γx for the simplest case n = 1. Denote
T = T1, F1 = F2k , ζ = ζ1. Then

z ◦ x = zx+
√
xT (ζz) + ζT (z

√
x) = y,

z =
y

x
+

√
x

x
T (ζz) +

ζ

x
T (z

√
x),

T (ζz) = T (
ζy

x
) + T (

ζ
√
x

x
)T (ζz) + T (

ζ2

x
)T (z

√
x),

T (z
√
x) = T (

y
√
x

x
) + T (ζz) + T (

ζ
√
x

x
)T (z

√
x).

Therefore,{
[T ( ζ

√
x

x ) + 1]T (ζz) + T ( ζ
2

x )T (z
√
x) = T ( ζyx ),

1 · T (ζz) + [T ( ζ
√
x

x ) + 1]T (z
√
x) = T (y

√
x

x ).

Determinant of this linear system is equal to

[T (
ζ
√
x

x
) + 1]2 + T (

ζ2

x
) = 1,

so

T (ζz) = T (
ζy

x
)[T (

ζ
√
x

x
) + 1] + T (

y
√
x

x
)T (

ζ2

x
),

T (z
√
x) = [T (

ζ
√
x

x
) + 1]T (

y
√
x

x
) + 1 · T (ζy

x
).
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Therefore,

Γx(y) = z =
y

x
+

√
x

x

(
T (

ζy

x
)T (

ζ
√
x

x
) + T (

ζy

x
) + T (

y
√
x

x
)T (

ζ2

x
)

)
+
ζ

x

(
T (

ζ
√
x

x
)T (

y
√
x

x
) + T (

y
√
x

x
) + T (

ζy

x
)

)
.

For the general case we could use Theorem 4 below.

Remark 3.1. For �nite �elds an o-polynomial corresponds to a hyperoval. It
is generally known that the function G(z) = z ∗ z from Theorem 3 determines
a hyperoval for commutative semi�eld planes (see, for example, [18]). The
function G(z) =

√
z from Theorem 3 corresponds to hyperovals for semi�elds

which are transpose to commutative semi�elds (and equivalently they are dual
to symplectic semi�elds [14, 15] ).

Remark 3.2. Computations show that for the case of Knuth [12] commutative
presemi�eld (F25 ,+, ∗), where the product is given by

x ∗ y = xy + x2Tr(y) + y2Tr(x),

the functions G1(z) = z8, G2(x) = z + z2 + z4 and G3(x) = z2 + z4 + z8

give other examples of o-polynomials. The corresponding Kantor-Williams
symplectic presemi�eld (F25 ,+, ◦) is given by operation

x ◦ y = xy + y2
m−1

Tr(x) + Tr(xy2
m−1

).

Then by Theorem 3 the adjacent maps G∗
1(z) = z4, G∗

2(z) = z + z8 + z16

and G∗
3(z) = z4 + z8 + z16 give examples of o-polynomials for the transpose of

Knuth presemi�eld (i. e. dual presemi�eld of the mentioned Kantor-Williams
symplectic presemi�eld).

Remark 3.3. In the �nite �eld case, if G(z) is an o-polynomial, then the
function G−1(z) is an o-polynomial as well [8]. Using examples from Remark 2
we see that, in general, in case of proper semi�eld, i. e. a �nite semi�eld which
is not a �eld, the polynomial G−1(z) might not to be o-polynomial neither for
the semi�eld or its transpose.
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4. Pseudo-planar functions

Commutative semi�elds of odd characteristics are in one-to-one
correspondence with planar functions [11]. There are no planar functions over
�elds of even characteristic, however one can de�ne modi�ed planar functions
which carry similar properties in some sense [19, 20]. Let F be a �nite �eld of
characteristic two. We call a function f : F → F pseudo-planar if the map

x 7→ f(x+ a) + f(x) + ax

is a permutation of F for each a ∈ F ∗.

Theorem 4.1 ([4], Theorem 9). Let F be a �nite �eld of characteristic two.

1. If (F,+, ∗) is a commutative presemi�eld with multiplication given by

x ∗ y = xy +
∑
i<j

aij(x
2iy2

j
+ x2

j
y2

i
)

then f(x) =
∑

i<j aijx
2i+2j is a pseudo-planar function and x∗y = xy+f(x+

y) + f(x) + f(y).
2. If (F,+, ∗) is a commutative presemi�eld then there exist strongly

isotopic commutative presemi�eld (F,+, ⋆) and pseudo-planar function f such

that x ⋆ y = xy + f(x + y) + f(x) + f(y). Therefore, up to isotopism, any

commutative semi�eld can be described by pseudo-planar functions.

3. Let f be a pseudo-planar function. Then (F,+, ∗) with multiplication

x ∗ y = xy + f(x + y) + f(x) + f(y) is a presemi�eld if and only if f is a

quadratic function.

Since every commutative presemi�eld can be obtained from a pseudo-planar
function, we study now spreads and related bent functions from the viewpoint
of pseudo-planar functions.

Theorem 4.2. Let f(x) =
∑

aijx
2i+2j be a pseudo-planar function, aii = 0

for all i. Then the operation

x ∗ y = xy +
∑

aij(x
2iy2

j
+ x2

j
y2

i
)

de�nes the corresponding commutative presemi�eld (S,+, ∗), and the

operation

x ◦ y = xy +
∑

a2
−j

ij x2
i−j

y2
−j

+
∑

a2
−i

ij x2
j−i

y2
−i
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de�nes the corresponding symplectic presemi�eld (S,+, ◦).
Proof. Expression for x ∗ y follows from Theorem 4. Furthermore,

B(x ∗ z, y) = B(xz +
∑

aij(x
2iz2

j
+ x2

j
z2

i
), y) =

= Tr(xzy +
∑

aij(x
2iz2

j
y + x2

j
z2

i
)y) =

= Tr(zxy + z
∑

a2
−j

ij x2
i−j

y2
−j

+ z
∑

a2
−i

ij x2
j−i

y2
−i
) =

= B(z, xy +
∑

a2
−j

ij x2
i−j

y2
−j

+
∑

a2
−i

ij x2
j−i

y2
−i
).

Therefore,

x ◦ y = xy +
∑

a2
−j

ij x2
i−j

y2
−j

+
∑

a2
−i

ij x2
j−i

y2
−i
. �

In the following we study appropriate bent functions for all remaining
known pseudo-planar functions [21].

Example 4.1. Let us consider pseudo-planar function f(x) = ax2
k+1,m = 2k,

a ∈ F∗
2k
, Trk(a) = 0, where Trk is the trace function from F2k to F2 (see [19]).

By Theorem 4 corresponding commutative presemi�eld gives G(z) = z∗z = z2

and we also get symplectic presemi�eld with operation

x ◦ y = xy + ax2
k
y2

k
+ ax2

k
y.

If z ◦ x = zx+ az2
k
x2

k
+ az2

k
x = y, then{

xz + (ax2
k
+ ax)z2

k
= y,

(ax2
k
+ ax)z + x2

k
z2

k
= y2

k
.

Therefore,

Γx(y) = z =

∣∣∣∣∣ y ax2
k
+ ax

y2
k

x2
k

∣∣∣∣∣∣∣∣∣∣ x ax2
k
+ ax

ax2
k
+ ax x2

k

∣∣∣∣∣
=

x2
k
y + (ax2

k
+ ax)y2

k

x2k+1 + (ax2k + ax)2
,
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f(x, y) = Tr(Γx(y)y) = Tr

([
x2

k
y + (ax2

k
+ ax)y2

k

x2k+1 + (ax2k + ax)2

]
y

)
.

Symplectic presemi�eld S = (F,+, ◦) from this example is isotopic to a
�nite �eld. We show now that corresponding bent function is EA-equivalent to
a bent function obtained from a �nite �eld.

We recall that quadratic equation at2+bt+c = 0 has two roots in F2k if and
only if b ̸= 0 and Trk(ac/b

2) = 0. Therefore, quadratic equation at2+ t+a = 0
has two roots and we denote one root by e, so ae2 + e+ a = 0. Denote ρ = 2k

and de�ne
L(x) = ex+ xρ,

M(x) = ax+
a

e
xρ,

N(x) = e2x+ xρ.

Then

L(x ◦ y) = L(xy + axρyρ + axρy) =

= e(xy + axρyρ + axρy) + (xρyρ + axy + axyρ) =

= (e+ a)xy + (ea+ 1)xρyρ + eaxρy + axyρ,

M(x) ·N(y) = (ax+
a

e
xρ)(e2y + yρ) =

= ae2xy +
a

e
xρyρ + eaxρy + axyρ.

Therefore, M,N,L is an isotopism from S = (F,+, ◦) into the �nite �eld F :

L(x ◦ y) = M(x) ·N(x).

We see thatM∗ = M since B(M∗(x), y) = B(x,M(y)) = B(x, ay+ a
ey

ρ) =
Tr(x(ay+ a

ey
ρ)) = Tr((ax+ a

ex
ρ)y) = B(ax+ a

ex
ρ, y). Then (M∗)−1 = L since

LM∗(x) = L(ax+
a

e
xρ) = e(ax+

a

e
xρ) + (ax+

a

e
xρ) = x.

Consider a bent function

f(x, y) = B(z, y) = B(
y

x
, y).

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 2



78 K.S. Abdukhalikov

Since

z ◦ x = L−1(M(z) ·N(x)) = y, z = M−1 1

N(x)
L(y),

we have

f̂(x, y) = B(z, y) = B(M−1 1

N(x)
L(y), y) =

= B(
1

N(x)
L(y), (M∗)−1(y)) = B(

1

N(x)
L(y), L(y)).

So the maps x 7→ N(x), y 7→ L(y) determine EA-equivalence of functions f
and f̂ .

Example 4.2. Consider pseudo-planar function f(x) = ax2
2k+24k , m = 6k,

a ∈ F∗
2m , a is a (4k − 1)-th power but not a 3(4k − 1)-th power [22]. Denote

ρ = 22k. By Theorem 4 corresponding commutative presemi�eld gives G(z) =
z ∗ z = z2 and we also get symplectic presemi�eld with operation

x ◦ y = xy + aρ
2
xρyρ

2
+ aρxρ

2
yρ.

If z ◦ x = zx+ aρ
2
zρxρ

2
+ aρzρ

2
xρ = y, then

xz + aρ
2
xρ

2
zρ + aρxρzρ

2
= y,

aρ
2
xρ

2
z + xρzρ + axzρ

2
= yρ,

aρxρz + axzρ + xρ
2
zρ

2
= yρ

2
,

Therefore,

Γx(y) = z =

∣∣∣∣∣∣
y aρ

2
xρ

2
aρxρ

yρ xρ ax

yρ
2

ax xρ
2

∣∣∣∣∣∣∣∣∣∣∣∣∣
x aρ

2
xρ

2
aρxρ

aρ
2
xρ

2
xρ ax

aρxρ ax xρ
2

∣∣∣∣∣∣∣
=

=
(a2x2 + xρ+ρ2)y + (a1+ρx1+ρ + aρ

2
x2ρ

2
)yρ + (aρx2ρ + a1+ρ2x1+ρ2)yρ

2

a2x3 + a2ρx3ρ + a2ρ2x3ρ2 + x1+ρ+ρ2
,

f(x, y) = Tr(Γx(y)y) =
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=Tr

([
(a2x2 + xρ+ρ2)y + (a1+ρx1+ρ + aρ

2
x2ρ

2
)yρ + (aρx2ρ + a1+ρ2x1+ρ2)yρ

2

a2x3 + a2ρx3ρ + a2ρ2x3ρ2 + x1+ρ+ρ2

]
y

)
.

Example 4.3. We consider pseudo-planar function f(x) = x2
k+1 + x2

2k+2k ,
m = 3k, k ̸≡ 2 (mod 3) (see [23]). Denote ρ = 2k. By Theorem 4 the
corresponding commutative presemi�eld gives G(z) = z ∗ z = z2 and the
symplectic presemi�eld is given by operation

x ◦ y = xy + xρ(y + yρ
2
) + xρ

2
(yρ + yρ

2
).

If z ◦ x = zx+ zρ(x+ xρ
2
) + zρ

2
(xρ + xρ

2
) = y, then


xz + (x+ xρ

2
)zρ + (xρ + xρ

2
)zρ

2
= y,

(x+ xρ
2
)z + xρzρ + (x+ xρ)zρ

2
= yρ,

(xρ + xρ
2
)z + (x+ xρ)zρ + xρ

2
zρ

2
= yρ

2
,

Therefore,

Γx(y) = z =

∣∣∣∣∣∣
y x+ xρ

2
xρ + xρ

2

yρ xρ x+ xρ

yρ
2

x+ xρ xρ
2

∣∣∣∣∣∣∣∣∣∣∣∣∣
x x+ xρ

2
xρ + xρ

2

x+ xρ
2

xρ x+ xρ

xρ + xρ
2

x+ xρ xρ
2

∣∣∣∣∣∣∣
=

=
(x2 + x2ρ + xρ+ρ2)y + (x1+ρ + x2ρ + x2ρ

2
+ xρ+ρ2)yρ + (x2 + x1+ρ + x1+ρ2 + x2ρ)yρ

2

x3 + x3ρ + x3ρ2 + x1+2ρ + x2+ρ2 + xρ+2ρ2 + x1+ρ+ρ2
,

f(x, y) = Tr(Γx(y)y).

Example 4.4. Let us consider pseudo-planar function f(x) = x2
2k+1+x2

2k+2k ,
m = 3k, k ̸≡ 1 (mod 3) (see [23]). Denote ρ = 2k. By Theorem 4 corresponding
commutative presemi�eld gives G(z) = z ∗ z = z2 and the symplectic
presemi�eld is given by operation

x ◦ y = xy + xρ(yρ + yρ
2
) + xρ

2
(y + yρ).
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If z ◦ x = zx+ zρ(xρ + xρ
2
) + zρ

2
(x+ xρ) = y, then


xz + (xρ + xρ

2
)zρ + (x+ xρ)zρ

2
= y,

(xρ + xρ
2
)z + xρzρ + (x+ xρ

2
)zρ

2
= yρ,

(x+ xρ)z + (x+ xρ
2
)zρ + xρ

2
zρ

2
= yρ

2
,

Therefore,

Γx(y) = z =

∣∣∣∣∣∣∣
y xρ + xρ

2
x+ xρ

yρ xρ x+ xρ
2

yρ
2

x+ xρ
2

xρ
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
x xρ + xρ

2
x+ xρ

xρ + xρ
2

xρ x+ xρ
2

x+ xρ x+ xρ
2

xρ
2

∣∣∣∣∣∣∣
=

=
(x2 + x2ρ

2
+ xρ+ρ2)y + (x2 + x1+ρ + x2ρ

2
+ x1+ρ2)yρ + (x2ρ + x1+ρ2 + xρ+ρ2 + x2ρ

2
)yρ

2

x3 + x3ρ + x3ρ2 + x2+ρ + x1+2ρ2 + x2ρ+ρ2 + x1+ρ+ρ2
,

f(x, y) = Tr(Γx(y)y).

Example 4.5. Consider a function f(x) = a2
2k+1x2

2k+1+a−(2k+1)x2
k+1, m =

3k. It is pseudo-planar [23] if and only if

Tr3kk ((a2
2k+2k + a−22k−2k−2)(a2

k+1 + ϵ2
k−1)ϵ2

k+2 + a2
k−22kϵ3 + ϵ) ̸= 0

for all ϵ ∈ F∗
23k

, where Tr3kk is the trace function from F23k to F2k .
Denote ρ = 2k. By Theorem 4 corresponding commutative presemi�eld

gives G(x) = x ∗ x = x2 and we get symplectic presemi�eld with operation

x ◦ y = xy + a1+ρxρyρ + a1+ρ2xρ
2
y + a−(1+ρ2)xρ

2
yρ

2
+ a−(1+ρ)xρ

2
y =

= xy + (a1+ρyρ + a−(1+ρ)y)xρ + (a1+ρ2y + a−(1+ρ2)yρ
2
)xρ

2
.

Therefore,

z ◦ x = xz + (a1+ρxρ + a−(1+ρ)x)zρ + (a1+ρ2x+ a−(1+ρ2)xρ
2
)zρ

2
= y,
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and then


xz + (a1+ρxρ + a−(1+ρ)x)zρ + (a1+ρ2x+ a−(1+ρ2)xρ

2
)zρ

2
= y,

(a1+ρxρ + a−(1+ρ)x)z + xρzρ + (aρ+ρ2xρ
2
+ a−(ρ+ρ2)xρ)zρ

2
= yρ,

(a1+ρ2x+ a−(1+ρ2)xρ
2
)z + (aρ+ρ2xρ

2
+ a−(ρ+ρ2)xρ)zρ + xρ

2
zρ

2
= yρ

2
,

Denoting

∆=

 x a1+ρxρ + a−(1+ρ)x a1+ρ2x+ a−(1+ρ2)xρ
2

a1+ρxρ + a−(1+ρ)x xρ aρ+ρ2xρ
2
+ a−(ρ+ρ2)xρ

a1+ρ2x+ a−(1+ρ2)xρ
2

aρ+ρ2xρ
2
+ a−(ρ+ρ2)xρ xρ

2

 ,

∆1=

 y a1+ρxρ + a−(1+ρ)x a1+ρ2x+ a−(1+ρ2)xρ
2

yρ xρ aρ+ρ2xρ
2
+ a−(ρ+ρ2)xρ

yρ
2

aρ+ρ2xρ
2
+ a−(ρ+ρ2)xρ xρ

2

 ,

we have

Γx(y) =
det(∆1)

det(∆)
,

f(x, y) = Tr(Γx(y)y).

Now we consider the general case. Let f(x) =
∑

i<j aijx
2i+2j be a pseudo-

planar function and let (F,+, ◦) be the corresponding symplectic presemi�eld.
Let Lz(x) = z ◦ x. Let us to �nd the compositional inverse Γx of the map
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Lz : z 7→ Lz(x) = y. One has

z ◦ x = zx+
∑
i<j

a2
m−j

ij z2
m+i−j

x2
m−j

+
∑
i<j

a2
m−i

ij z2
j−i

x2
m−i

=

= zx+
∑

1 ≤ j ≤ m− 1
1 ≤ s ≤ m− 1
s+ j ≥ m

a2
m−j

s−m+j,jz
2sx2

m−j
+

∑
0 ≤ i ≤ m− 2
1 ≤ s ≤ m− 1
s+ i ≤ m− 1

a2
m−i

i,i+s z
2sx2

m−i
=

= zx+
∑

1 ≤ s ≤ m− 1
1 ≤ t ≤ m− 1
t ≤ s

a2
t

s−t,m−tz
2sx2

t
+

∑
1 ≤ s ≤ m− 1
2 ≤ t ≤ m
t ≥ s+ 1

a2
t

m−t,s+m−tz
2sx2

t
=

= xz +
m−1∑
s=1

 ∑
1≤t≤s

a2
t

s−t,m−tx
2t +

∑
s+1≤t≤m

a2
t

m−t,s+m−tx
2t

 z2
s
.

We have to get z from the equation z ◦ x = y. Denote

b0 = x,

bs =
∑

1≤t≤s

a2
t

s−t,m−tx
2t +

∑
s+1≤t≤m

a2
t

m−t,s+m−tx
2t , 1 ≤ s ≤ m− 1.

Then

b0z + b1z
21 + b2z

22 + · · ·+ bm−1z
2m−1

= y.

Therefore,


b0 b1 b2 . . . bm−1

b2m−1 b20 b21 . . . b2m−2

b2
2

m−2 b2
2

m−1 b2
2

0 . . . b2
2

m−3

. . . . . . . . . . . . . . .

b2
m−1

1 b2
m−1

2 b2
m−1

3 . . . b2
m−1

0




z

z2
1

z2
2

. . .

z2
m−1

 =


y

y2
1

y2
2

. . .

y2
m−1

 .
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Denote

∆ =


b0 b1 b2 . . . bm−1

b2m−1 b20 b21 . . . b2m−2

b2
2

m−2 b2
2

m−1 b2
2

0 . . . b2
2

m−3

. . . . . . . . . . . . . . .

b2
m−1

1 b2
m−1

2 b2
m−1

3 . . . b2
m−1

0

 ,

∆1 =


y b1 b2 . . . bm−1

y2 b20 b21 . . . b2m−2

y2
2

b2
2

m−1 b2
2

0 . . . b2
2

m−3

. . . . . . . . . . . . . . .

y2
m−1

b2
m−1

2 b2
m−1

3 . . . b2
m−1

0

 .

Then

Γx(y) =
det(∆1)

det(∆)
. (6)

The above discussion leads to the following result.

Theorem 4.3. Let f(x) =
∑

i<j aijx
2i+2j be a pseudo-planar function. Then

the operation

x ◦ y = xy +
∑
i<j

a2
m−j

ij x2
m+i−j

y2
m−j

+
∑
i<j

a2
m−i

ij x2
j−i

y2
m−i

de�nes the corresponding symplectic presemi�eld (F,+, ◦). Consider a spread

of F2m×F2m whose elements are the subspace {(0, y) | y ∈ F2m} and subspaces

{(x, z ◦ x) | x ∈ F2m}, z ∈ F2m . Then the Boolean function de�ned by (3) and

(6) is bent.

5. Equivalence of bent functions

In this section we consider equivalence questions. We study weather we get
EA-equivalent bent functions if we change symplectic semi�eld to an isotopic
symplectic semi�eld. We recall some facts from [24]. Let Ŝ = (F,+, ◦̂) and
S = (F,+, ◦) be isotopic symplectic presemi�elds:

L(x◦̂y) = M(x) ◦N(y),

B(x ◦ y, z) = B(x, z ◦ y),
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B(x◦̂y, z) = B(x, z◦̂y).

For the sake of readability, let us denote by L̄ the adjoint operator of L. Then
we have

B(L−1(M(x) ◦N(y)), z) = B(x◦̂y, z) =
= B(x, z◦̂y) =

= B(x, L−1(M(z) ◦N(y)) =

= B(L̄−1(x),M(z) ◦N(y)) =

= B(L̄−1(x) ◦N(y),M(z)) =

= B(M̄(L̄−1(x) ◦N(y)), z).

Therefore,
L−1(M(x) ◦N(y)) = M̄(L̄−1(x) ◦N(y)),

M(x) ◦N(y) = LM̄(L̄−1(x) ◦N(y)).

Denoting φ = ML̄, a = L̄−1(x), b = N(y), we have

φ(a) ◦ b = φ̄(a ◦ b).

De�ne

K+(S) = {φ ∈ EndFp(S) | φ(a) ◦ b = φ̄(a ◦ b) for all a, b ∈ S}.

So we proved the following

Lemma 5.1. Let S be a symplectic presemi�eld with respect to a form ⟨·, ·⟩.
Let Ŝ and S be isotopic presemi�elds with isotopism (M,N,L). Then Ŝ is

symplectic with respect to the form ⟨·, ·⟩ if and only if ML̄ ∈ K+(S).
We recall that the left nucles of a semi�eld (S,+, ◦) is de�ned as

Nl(S) = {c ∈ S | c ◦ (x ◦ y) = (c ◦ x) ◦ y for all x, y ∈ S}.

Lemma 5.2. Let S be a symplectic semi�eld, c ∈ Nl(S), Lc(y) = c ◦ y. Then
the map φ = Lc is self-adjoint with respect to the form B, that is, φ̄ = φ.
Proof. We have

B(x, φ̄(y)) = B(φ(x), y) = B(c ◦ x, y) = B(c, y ◦ x) = B(c ◦ (y ◦ x), 1) =
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= B((c ◦ y) ◦ x, 1) = B(c ◦ y, x) = B(x, c ◦ y).

Hence φ̄(y) = c ◦ y = φ(y), which completes the proof. �
An immediate consequence is the following.

Corollary 5.1. Let S be a symplectic semi�eld, c ∈ Nl(S), Lc(y) = c ◦ y.
Then

K+(S) ⊇ {Lc | c ∈ Nl(S)}.

Proof. Let c ∈ Nl(S). We have Lc(a)◦ b = (c◦a)◦ b = c◦ (a◦ b) = Lc(a◦ b) =
L̄c(a ◦ b), according to Lemma 5. �

The previous lemma shows that the set K+(S) is a nonzero subspace.
Consider bent function

f(x, y) = B(z, y) = B(R−1
x (y), y).

Since
z◦̂x = L−1(M(z) ◦N(x)) = y, z = M−1R−1

N(x)L(y),

we have

f̂(x, y) = B(z, y) = B(M−1R−1
N(x)L(y), y) = B(R−1

N(x)L(y), M̄
−1(y)).

It seems that in general functions f and f̂ should not be EA-equivalent,
but it does hold under some suitable assumption:

Corollary 5.2. If LM̄ = id then f and f̂ are EA-equivalent bent functions.

Proof. We have

f̂(x, y) = B(R−1
N(x)L(y), M̄

−1(y)) =

= B(R−1
N(x)L(y), (LM̄)−1L(y)) = B(R−1

N(x)L(y), L(y)),

so the maps x 7→ N(x), y 7→ L(y) determine EA-equivalence of functions f
and f̂ . �

Now we consider the case of presemi�elds isotopic to �nite �elds.

Theorem 5.1. Let Ŝ = (F,+, ◦̂) be a symplectic presemi�eld isotopic to a

�nite �eld S = (F,+, ◦). If LM̄ = λ · id for some λ ∈ F then f and f̂ are

EA-equivalent bent functions.
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Proof. Let S = (F,+, ◦) is a �nite �eld F . Let's calculate the subspace
K+(F ). Let linear function φ be de�ned by linearized polynomial

φ(a) =

m−1∑
i=0

βia
pi ,

where βi ∈ F . We show that

φ̄(a) =
m−1∑
i=0

βpm−i

i ap
m−i

.

Indeed,

B(φ̄(a), b) = B(a, φ(b)) = Tr

(
a

m−1∑
i=0

βib
pi

)
=

= Tr

(
m−1∑
i=0

bβpm−i

i ap
m−i

)
=

= B

(
m−1∑
i=0

βpm−i

i ap
m−i

, b

)
.

For φ ∈ K+(S) = K+(F ) we have

φ(a) · b = φ̄(ab),

which means
m−1∑
i=0

βia
pi · b =

m−1∑
i=0

βpm−i

i (ab)p
m−i

.

Then we have βi = 0 for all i ̸= 0, hence φ(a) = φ̄(a) = β0a. Therefore,

K+(F ) = {λ · id | λ ∈ F}.

Now we consider the function f̂(x, y). Since LM̄ ∈ K+(F ) we have LM̄ =
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ML̄ = λ · id for some λ ∈ F . Let λ−1 = α2. Then we have

f̂(x, y) = B(R−1
N(x)L(y), M̄

−1(y)) =

= B(R−1
N(x)L(y), (LM̄)−1L(y)) =

= B(R−1
N(x)L(y), α

2L(y)) =

= B(
1

N(x)
· αL(y), αL(y)),

so, the maps x 7→ N(x), y 7→ αL(y) determine EA-equivalence of functions f
and f̂ . �
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�áäiõàëû©îâ �àíàò Ñåðiê´ëû ÆÀÐÒÛËÀÉ �ÐIÑÒÅÐÄÅÍ ÒÓÛÍ-
ÄÀ�ÀÍ �ÀÁÀÒÒÀÑÓËÀÐ Æ�ÍÅ ÁÅÍÒ-ÔÓÍÊÖÈßËÀÐ

Á´ë ìà©àëàäà àôôèíäiê æàçû©òû©òàðûíû ©àáàòòàñóëàðûíû ýëå-
ìåíòòåðiíäå ñûçû©òû áîëàòûí áåíò-ôóíêöèÿëàðäû çåðòòåéìiç. Ñîíû
iøiíäå, áiç ñèìïëåêñòiê æàðòûëàé °ðiñòåðäåí òóûíäà¡àí ©àáàòòàñóëàðìåí
áàéëàíûñ©àí áåíò-ôóíêöèÿëàðäû ©àðàñòûðàìûç. Ñîíûìåí ©àòàð, áiç ì´í-
äàé ôóíêöèÿëàðäû ïñåâäî-ïëàíàðëû ôóíêöèÿëàð ò´ð¡ûñûíàí çåðòòåéìiç.

Àáäóõàëèêîâ Êàíàò Ñåðèêîâè÷ ÐÀÑÑËÎÅÍÈß, ÏÎÐÎÆÄÅÍÍÛÅ
ÏÎËÓÏÎËßÌÈ È ÁÅÍÒ-ÔÓÍÊÖÈÈ

Â äàííîé ðàáîòå ìû èññëåäóåì áåíò-ôóíêöèè, ëèíåéíûå íà ýëåìåí-
òàõ ðàññëîåíèé â àôôèííûõ ïëîñêîñòÿõ. Â ÷àñòíîñòè, ìû èçó÷àåì áåíò-
ôóíêöèè, ñâÿçàííûå ñ ðàññëîåíèÿìè, ïîðîæäåííûìè ñèìïëåêòè÷åñêèìè
ïîëóïîëÿìè. Ìû òàêæå èçó÷àåì òàêèå ôóíêöèè ñ òî÷êè çðåíèÿ ïñåâäî-
ïëàíàðíûõ ôóíêöèé.
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by use the hamiltonian form. From this form it is easy to make a transition
to a biquaternionic form MEqs in which this system is equivalent to one
biquaternionic wave equation. This feature is noticed long ago and many works
are devoted to representation of MEqs in algebras of hypercomplex numbers
[1-6]. However, all these equations possess a number of mathematical features
which do this system poorly connected and of a mixed hyperbolic-elliptic type,
that contradict the wave nature of distribution of electromagnetic waves in
environments. Besides they don't describe longitudinal electromagnetic waves,
which are observed in practice. Therefore various attempts of improvement of
this system for the description of the observed electromagnetic phenomena are
made [7-8].

In this article some imperfection of the system of Maxwell equations
(MEqs.) are discussed and their modi�cation on the basis of a biquaternionic
form of these equations has been o�ered, which liquidates these shortcomings.
Introduction of scalar α-�elds in biquaternion of intensity of electromagnetic
�eld (EM-�eld) allows to unite the vector and scalar MEqs in one connected
system 8 equations. Modi�ed Maxwell equations are the new strong hyperbolic
system and we construct their solutions by use biquaternionic potentials and
generalized function theory [9].

Solutions of modi�ed MEqs possess the di�erent new properties which
are considered here. In particular, they describe longitudinal electromagnetic
waves. Also longitudinal EM-waves of di�erent polarization for the modi�ed
Maxwell equations are constructed and some of their properties are described.
Moreover, the shock EM-waves with jump of tension on wave fronts are
considered and conditions on fronts of shock waves are presented.

1. Maxwell equations

The classic system of Maxwell equations has the form:

rotE = −∂B
∂t
,

rotH =
∂D

∂t
+ jE(x, t),

(1)

div D = ρE(x, t), D = εE,

div H = 0, B = µH,
(2)
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x ∈ R3, t ∈ R1. Here electric conductivity ε and magnetic permeability µ are
constants in isotropic EM-medium. VectorsE,H are the tentions of electric and
magnetic �elds, B is magnetic induction, D is electric displacement, jE(x, t)
is the density of electric currents, ρE is the density of electric charges.

In the theory of boundary value problems of electrodynamics the symmetric
form of MEqs is commonly used which is invariant to exchange

E ↔ H, −ε↔ µ

symmetric form of Maxwell equations:

−ε∂tE + rotH = jE(x, t), µ ∂tH + rotE = jH(x, t), (3)

εdivE = ρE(x, t), −µ divH = ρH(x, t). (4)

It's equivalent to MEqs when magnetic charges and currents are equal to zero:

ρH = 0, jH = 0. (5)

The divergence in MEqs (3) gives charges conservation law:

∂ρE

∂t
+ divjE = 0,

∂ρH

∂t
+ divjH = 0. (6)

Note that vectorial equations (3) of this system aren't connected with scalar
equations (4). They are su�cient for determination EM-�eld, if electric currents
are known.

2. Vectorial Maxwell equations for currents.

Shock electromagnetic waves and their properties

Matrix form of two vectorial MEqs for electric currents are written in the
form:

M(∂x, ∂t)

(
E
H

)
=

(
−ε∂tI Φ
Φ µ∂tI

) (
E
H

)
=

(
jE

jH

)
,

Φ =

 0 −∂3 ∂2
∂3 0 −∂1
−∂2 ∂1 0

 , I =

 1 0 0
0 1 0
0 0 1

 . (7)
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From here follow that by given (known) currents this system is closed relative
E,H and su�cient for their de�nition. It is hyperbolic and its characteristic
equation has the form

ν2t (ν
2
t /c

2 − ν21 − ν22 − ν23)
2 = 0, (8)

where light speed c = 1√
εµ , (ν, νt)

∆
= (ν1, ν2, ν3, νt) is a normal to characteristic

surface F in Minkowski spaceM . Consequently we have two type of conditions
on F :

ν2t = 0 or (ν2t /c
2 − ν21 − ν22 − ν23)

2 = 0. (9)

In the �rst case, any �xed Lyapunov's surface (F (x) = const) in R3 is
characteristic surface and Cauchy problem for this system doesn't resolved
in its vicinity.

In the second case, it de�nes a moving surface Ft in R3 and the solutions
of (7) can have jumps of intensities ([E]F , [H]F ) of EM -�elds on F . Such
waves are called shock EM-waves. Vector ν = (ν1, ν2, ν3) is a normal to a wave

front Ft in R3, which is moving with light speed . Wave vector m
∆
= ν/ ∥ν∥ is

directed towards the front movement and from (9) it follows

c = − νt
∥ν∥

.

In the space of distributions the classical decision of (7) (considered as
generalized vector-function û ) satis�es the following system [10]:

M û+ (c2 + 1)−0,5G [u]F δF (x, t) = Ĵ , (10)

G =

(
εcI Γ
Γ −µcI

)
, Γ =

 0 −m3 m2

m3 0 −m1

−m2 m1 0

 ,

u =

(
E
H

)
, J =

(
jE

jH

)
, m =

ν

∥ν∥
.

Here singular generalized function [u]F δF (x, t) is a simple layer on F
(generalized singular function), gap [u]F is a vectorial density of simple layer.
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It follows from (10) that û is the generalized solution of Eqs.(7) only if
this density is equal to 0. Then the next conditions on EM- waves fronts are
performed:

3∑
j=1

Gij [uj ]F = 0, i, j = 1, 2, 3.

From here next corollaries follow.
Corollary 1. On fronts of shock EM-waves the gaps of intensities satisfy the

next conditions:

[E]Ft
=

√
µ

ε
[H]Ft

×m, [H]Ft
= −

√
ε

µ
[E]Ft

×m.

Here the sigh ”× ” denotes the vector product.
Corollary 2. Shock electromagnetic waves are transverse:

([E]Ft
,m) = 0, ([H]Ft

,m) = 0.

About construction of solutions of Maxwell Eqs (7) and solving the boundary
value problems for them see [10, 11].

3. Scalar Maxwell equation for charges. Coulomb's potential

Maxwell equations for electric charges have the next form:

εdivE = ρE(x, t),

divH = 0.
(11)

From the second equation follow that magnetic charges don't exist.
If to enter potentials of E-�eld:

E = gradu+ rotU

then from the �rst Eq.(11) follow the elliptic equation for Coulomb's potential
u:

△u = ρE(x, t), (12)
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where ∆ is Laplace operator. If the support over x of ρ(x, τ) is limited, we get
from (12) its damped on in�nity solution [9]:

u(x, t) = − 1

4π

∫
supp ρ(y)

ρE(y, t)

∥y − x∥
dy1dy2dy3. (13)

But it contradicts to wave nature of EM-wave expansion at alternating electric
charges. By this cause this equation is usually used only for description of
static electric �elds generated by static charges ρE(x).

4. Biquuaternions, biwave equation

So, you see that classic system of MEqs is not connected and not hyperbolic.
Here we'll give biform of MEqs following to [4]. For this purpose we give some
de�nitions from biquaternions algebra [12].

We consider the functional space of biquaternions (Bqs.) in Hamilton's form
of quaternions representation [13]:

B (M) = {F = f (τ, x) + F (τ, x)}

on Minkowski space M = {(τ, x) : x =
∑3

j=1 xjej}, f(τ, x) is a complex
functions , F (τ, x) is a three-dimensional complex vector-function. They
are locally integrable and di�erentiable on M or, in general case, they are
generalized functions [9]; 1, e1, e2, e3 are the basic elements in biquaternions
algebra.

Summation and multiplication on B (M) have the forms:

F +B = (f + F ) + (b+B)
∆
= (f + b) + (F +B),

F ◦B = (f + F ) ◦ (b+B)
∆
= fb− (F,B) + fB + bF + [F,B],

where

(F,B) =

3∑
k=1

FkBk, [F,B] =

3∑
j,k,l=1

ϵjklFjBkel,

are usual scalar and vector products in R3, ϵjkl is a symbol of Leavy-Civitta.
We denote

f = scalF, F = V ectF.
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This algebra is associative but not commutative. We call
mutual biquaternion F− = f − F ,
complexconjugate F̄ = f̄ + F̄ ,
conjugate F ∗ = f̄ − F̄ .

4.1 Mutual bigradients and their properties

We will use the di�erential operators (mutual bigradients):

∇±B
∆
= (∂τ ± i∇) ◦ (b+B)

∆
= ∂τ b∓ i(∇, B)± i∇b± ∂τB ± i[∇, B]

⇒
∇±B = ∂τ b∓ i divB ± i grad b± ∂τB ± i rotB.

Their composition poses the useful property:

∇+∇− = ∇−∇+ = ∂2τ −∆ = � (dalambertian),

which gives possibility easy to construct the solutions of biquaternionic wave
equation(biwave Eq.)

∇+B = G ⇒ �B = ∇−G. (14)

The solutions of (14) are presented in the form

B = ∇− (ψ ∗G) +B0 = ∇−
∫

∥y−x∥≤τ

G(y, τ − ∥y − x∥)
4π∥y − x∥

dy1dy2dy3 +B0 (15)

where the �rst summand is the convolution G(x, τ) with the fundamental
solution of D'Alembert equation

ψ = (4π ∥x∥)−1δ(τ − ∥x∥).

Singular function ψ(x, τ) is the simple layer on light cone (τ = ∥x∥):

�ψ = δ(τ)δ(x),

B0 is arbitrary solution of homogeneous D'Alembert equation.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 2



Maxwell equations,their hamiltonian and biquaternionic forms... 97

5. Biquaternionic and hamiltonian form of MEqs

If to introduce the biquaternions of EM -�eld:
EM-tension

A = 0 +A =
√
εE + i

√
µH,

charge-current

Θ = (iρ+ J) = iρE/
√
ε+

√
µjE ,

energy-impuls

Ξ = 0, 5A∗ ◦A = 0, 5 (Ā, A)− 0, 5 [A, Ā] =W + iP,

where

W =
1

2

(
ε ∥E∥2 + µ ∥H∥2

)
is adensityofenergyofEM − field,

P = c−1 [E,H] isPointingvector,

then the Maxwell equations can be written in the form of the biwave equation:
Biquaternonic form of Maxwell equations

∇+A = −Θ. (16)

From here it follows that charges and currents are physical manifestation of
the bigradient of tension of EM-�eld! At their absence bigradient of tensions
is equal to zero!

If to write the scalar and vector part of (16) separately, we get
Hamiltonian form of Maxwell equations [14]:

divA = ρ,

−∂τA− irotA = J.
(17)

If to take mutual bigradients from (16) we get the wave equation for A:

�A = −∇−Θ.

From here it follows (as scalA = 0) well known charges conservation law:

∂τρ+ div J = 0, (18)

and wave equation for tensions:

� A = −∇ρ− ∂τJ + i rot J. (19)
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6. Generalized solutions of MEqs biform

Solutions of MEqs biform are

A = −∇− (ψ ∗Θ) +A0, (20)

where spinor A0 is arbitrary solution of homogeneous Maxwell equation:

A0 = ∇−ψ0 + i
3∑

j=1

∇−(ψjej), (21)

�ψj = 0, j = 0, 1, 2, 3, 4, (22)

ψj =

∫
R3

φj(ξ) exp(−i(ξ, x)− i ∥ξ∥ t) dξ1dξ2dξ3 ∀φj(ξ) ∈ L1(R
3).

As for Maxwell equations scalA = 0 then for potentials ψj we have
Lorentz calibrations:

∂tψ
0 =

3∑
j=1

∂jψ
j .

Let consider some examples of spinors.
1. Plane waves in the direction of a vector e are generated by the potentials

ψj(x, τ) = f((e, x)− τ), ∥e∥ = 1,

where f(τ) is arbitrary generalized function.
2. Elementary harmonic spherical ω-spinor, ω is a frequency of vibration.

Its potentials in spherical coordinates (r, θ, φ) ) is

ψj(n, k, l) = jn(r)P
l
k(cos θ)e

i(lφ−ωτ),

jn are spherical Bessel functions, P l
k are associated Legendre polynomials.

3. Spinors �eld

A0 = ∇−

ψ0 + i

3∑
j=1

ψjej

 ∗ C(τ, x) ∀C(τ, x).

Here C(τ, x) are arbitrary biquaternions which admit such convolutions.
So, there are EM-�elds without electric charges and currents.
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7. Maxwell-Dirac equations and their properties

We introduce a complex scalar �eld

α(τ, x) =
ia1√
ε
+

a2√
µ

(23)

in the tension Bq. of EM-�eld

A = α+A (24)

and gravymagnetic charge and currents ρH , jH in Θ:

Θ = iρ+ J, (25)

ρ =
ρE√
ε
+ i

ρH
√
µ
, J =

√
µjE + i

√
εjH .

Then the biform of MEqs. (16) conserves the kind but its hamiltonian form
is changed. It contains scalar α-�eld which is connected, to the system:

∂τα− divA = −ρ,
∂τA+ gradα+ irotA = −J.

(26)

It is the hyperbolic system of di�erential equations and its solutions can be
presented in the form:

α = −i∂τ (ψ ∗ ρ) + i
3∑

j=1

∂jψ
j ,

A = i∇ (ψ ∗ ρ)− (ψ ∗ J) ,τ +irot (ψ ∗ J) + i

3∑
j=1

∂τψ
jej + rot

3∑
j=1

ψjej .

(27)

From hamiltonian form (25) it's easy to get the connective system of
Maxwell-Dirac equations

rotH − ε
∂E

∂t
+ c2grad α1 = jE ,

rotE + µ
∂H

∂t
− c2grad α2 = jH ,

εdivE + ∂tα1 = ρE ,

−µdivH + ∂tα2 = ρH .

(28)
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We call this system so because its di�erential operator coincides with
di�erential part of Dirac equations [15]. The solutions of this system can be
obtained from (27) if to write separately their real and imaginary parts.

8. Plane spinors of different polarization

consider some plane waves generated by scalar potentials of the kind:

ψj = f (η) , η = (k, x)− ωt, ∥k∥ = ω,

where f is arbitrary function which describes the plane wave, moving in the
direction of wave vector k with speed c = ω/∥k∥ = 1. They are the solutions of
classic homogeneous wave equation. On its base it's easy to build plane waves
of di�erent polarizations.

1. Longitudanal magnetic wave in direction H:

A0 = ∇−ψ0 = (∂τ − i∇) (f (η) + 0) = −ωf ′ (η)− ikf ′ (η) .

2. Longitudanal electric wave in direction E:

A0 = ∇−ψ0 = (∂τ − i∇) (if (η) + 0) = −ωf ′ (η)− kf ′ (η) .

3. Tesla's wave - EM-wave in direction E with torsion component H:

A1 = (∂τ − i∇) (0 + f (η) e1) = ik1f
′ (η)−ωe1f

′ (η)− ik3e2f
′ (η)+ ik2e3f

′ (η)

as (E,H) = 0 and

(E, k) = −ωk1√
ε
f ′ (η) , (H, k) =

(
−k3k2√

µ
+
k3k2√
µ

)
f ′ (η) = 0.

4. Torsion wave - EM-wave in direction H with torsion component E.

A1 = ∇−ψ1e1 = (∂τ − i∇) (0 + if (η) e1) = iωe1f
′ (η)+k3e2f

′ (η)−k2e3f ′ (η) ,

(H, k) =
ωk1√
µ
f ′ (η) , (E, k) = 0, (E,H) = 0.

Here waves, names correspond to the ones in paper [8, Etkin V.A.].
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9. Shock EM-wave and condition on wave front

The equation for such waves in the distribution space is as follows:

∇+Â = Θ̂ + {ντ [α]F +( [A]F , ν)− iντ [A]F + ν × [A]F + i [α]F ν} δF .

To be generalized solutions of (16) the second part in the right side must be
equal to 0. By analogy to (9) we get

Conditions on fronts of EM-waves:

( [A]Fτ
,m) = [α]Fτ

, [A]Fτ
= im× [A]Fτ

− [α]Fτ
m.

EM-waves are transverse only if [α]F = 0 , i.e when α-�eld is continues.

10. Conclusion

Biform of Maxwell equations (16) constructed here is mathematically and
physically inherently consistent. But it is unclosed. How to close this system
by use the material equations for charges and currents see [16, 17].

In paper [16] it was shown that ϱH , jH describe the gravymagnetic charges
and currents and there the biwave equation is constructed for free charges and
currents, which encloses the system for their de�nition.

In paper [17] the system of biwave equations were constructed, which
describe electro-gravimagnetic interaction of mass, charges and currents on
the base of analogues of Newton laws. There it was shown that a scalar α-�eld
describes property of resistance-absorption of electro-gravimagnetic �eld to the
movement of external electric and gravimagnetic charges and currents.
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Àëåêñååâà Ë.À. ÌÀÊÑÂÅËË ÒÅ�ÄÅÓËÅÐI, ÎËÀÐÄÛ� ÃÀÌÈËÜ-
ÒÎÍÄÛ Æ�ÍÅ ÁÈÊÂÀÒÅÐÍÈÎÍÄÛ ÔÎÐÌÀËÀÐÛ ÌÅÍ ØÅØIÌ-
ÄÅÐIÍI� �ÀÑÈÅÒÒÅÐI

Êëàññèêàëû© ýëåêòðîäèíàìèêàíû Ìàêñâåëë òåäåóëåðiíi ©àñèåò-
òåði ©àðàñòûðûëàäû æºíå îëàðäû êåéáið êåìøiëiêòåði òàë©ûëàíàäû.
Ìàêñâåëë òåäåóëåðiíi ãàìèëüòîíäû æºíå áèêâàðòåíèîíäû ôîðìàëàðû
íåãiçiíäåãi îñû òåäåóëåðäi ìîäèôèêàöèÿñû ´ñûíûë¡àí, îë àòàë¡àí êåì-
øiëiêòåð îðûí àëìàéòûí áàéëàíûñ©àí òåäåóëåð æ³éåñií áåðåäi. Ìîäè-
ôèêàöèÿëàí¡àí òåäåóëåðäi áið©àòàð æàà ©àñèåòòåðäi èåëåíãåí øåøiì-
äåði ò´ð¡ûçûë¡àí. Àòàï àéò©àíäà, îëàð iñ æ³çiíäå áà©ûëàíàòûí, áiðà©
êëàññèêàëû© ýëåêòðîäèíàìèêàäà ò³ñiíiêòåìåñií òàïïà¡àí, ºðàëóàí ïîëÿð-
ëàí¡àí áîéëû© ýëåêòðîìàãíèòòiê òîë©ûíäàðäû ñèïàòòàé àëàäû. Ñîíûìåí
©àòàð, òîë©ûí áà¡ûòûíäà ýëåêòðëiê æºíå ìàãíèòòiê êåðíåóëiãiíi à©ûðëû
ñåêiðiñi áàð ñî©©ûëû ýëåêòðîìàãíèòòiê òîë©ûíäàð ©àðàñòûðûë¡àí. Øå-
øiìäåðäi ò´ð¡ûçó¡à æàëïûëàí¡àí ôóíêöèÿëàð òåîðèÿñû ïàéäàëàíûëà-
äû.

Àëåêñååâà Ë.À. ÓÐÀÂÍÅÍÈß ÌÀÊÑÂÅËËÀ, ÈÕ ÃÀÌÈËÜÒÎÍÎÂÀ
È ÁÈÊÂÀÒÅÐÍÈÎÍÍÀß ÔÎÐÌÛ È ÑÂÎÉÑÒÂÀ ÈÕ ÐÅØÅÍÈÉ

Ðàññìàòðèâàþòñÿ ñâîéñòâà óðàâíåíèé Ìàêñâåëëà êëàññè÷åñêîé ýëåê-
òðîäèíàìèêè è îáñóæäàþòñÿ èõ íåêîòîðûå íåäîñòàòêè. Ïðåäëîæåíà ìîäè-
ôèêàöèÿ óðàâíåíèé Ìàêñâåëëà íà îñíîâå ãàìèëüòîíîâîé è áèêâàòåðíèîí-
íîé ôîðì ýòèõ óðàâíåíèé, êîòîðàÿ äàåò ñâÿçàííóþ ñèñòåìó óðàâíåíèé, ëè-
øåííóþ ýòèõ íåäîñòàòêîâ. Ïîñòðîåíû ðåøåíèÿ ìîäèôèöèðîâàííûõ óðàâ-
íåíèé, êîòîðûå îáëàäàþò ðÿäîì íîâûõ ñâîéñòâ. Â ÷àñòíîñòè, îíè ìîãóò
îïèñûâàòü ïðîäîëüíûå ýëåêòðîìàãíèòíûå âîëíû ðàçëè÷íîé ïîëÿðèçàöèè,
êîòîðûå íàáëþäàþòñÿ íà ïðàêòèêå, íî íå íàõîäÿò îáúÿñíåíèÿ â êëàññè-
÷åñêîé ýëåêòðîäèíàìèêå. Ðàññìîòðåíû òàêæå óäàðíûå ýëåêòðîìàãíèòíûå
âîëíû ñ êîíå÷íûì ñêà÷êîì ýëåêòðè÷åñêîé è ìàãíèòíîé íàïðÿæåííîñòåé íà
ôðîíòå âîëíû. Äëÿ ïîñòðîåíèÿ ðåøåíèé èñïîëüçóåòñÿ òåîðèÿ îáîáùåííûõ
ôóíêöèé.
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1. Introduction

In this paper we study 1-formulas and 1-types in theories with an ∅-
de�nable binary relation of linear order (ordered theories). Denote by N a
countable saturated model of a given linearly ordered theory. For two formulas
H(x) and Θ(x) such that H(N) ⊂ Θ(N) we can introduce in a natural
way a convex equivalence relation, equivalence classes of which are maximal
convex subsets of H(N) separated by a complement of this formula. In the
�rst section we study the properties of linear orders de�ned on the classes of
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convex equivalence of 1-formula in others 1-formulas. In particular, we give
a description of 1-formulas for the class of small ordered theories with the
property of �niteness of discrete chains of convex equivalences of two arbitrary
1-formulas (Theorem 2). As a corollary we obtain that restriction of a small
ordered theory with few countable models to a signature of a pure linear order
is ℵ0-categorical (Corollary 5).

Let A be a subset of a saturated enough model N of T . The analysis of
one-types is based on using the properties of A-de�nable family of 1-formulas
(Points A, B), of 2-formulas (Point C) and properties of interactions of one-
types (Point D). Taking into consideration the points A, B, C it is possible to
show the existence of 18 kinds of one-types in ordered theories. The properties
of 1-formulas permits to give an example complete ordered theory with two
non-orthogonal 1-types one is de�nable, second is non-de�nable (Theorem 6).

2. The Properties of Linear Orders Defined On the Classes of

Convex Equivalence of 1-Formula

A complete countable theory T is called small if |
∪
n<ω Sn(T )| = ω, where

Sn(T ) is the set of all n-types over ∅. A complete countable theory T has a few

number of countable models if the number of countable non-isomorphic models
I(T, ω) is less than 2ω. It is clear that a theory with few countable models is
small.

Notice that for any countable model M of a small theory T , for any �nite
A ⊂ M , |S1(A)| ≤ ω there is countable saturated model N(M ≺ N). Here,
S1(A) is the set of all one-types over A. Always, in Section N will stand for
a countable saturated model of given small theory. We will consider ordered
theories and we will suppose that < is an ∅−de�nable relation of linear order.

Often we will write �rst order formulas through relations on de�nable sets.
For example:

x < ϕ(N) ≡ ∀y(ϕ(y) → x < y),
x ∈ (β1, β2) ≡ β1 < x < β2,
ϕ(N)

∩
θ(N) ̸= ∅ ≡ N |= ∃(ϕ(x) ∧ θ(x)),

ϕ(N) < θ(N)+ ≡ N |= ∀t(∀y(θ(y) → y < t) → ∀x(ϕ(x) → x < t)).

For any A ⊂ N (not necessary de�nable) denote

A+ := {γ ∈ N |∀a ∈ A : N |= a < γ};
A− := {γ ∈ N |∀a ∈ A : N |= γ < a}.
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Let A,B ⊆ N . Then A ⊂ B means A ⊆ B and A ̸= B. Let A ⊂ B. A is
said to be is convex in B, if ∀x, y ∈ A(x < y), ∀z ∈ B(x < z < y → z ∈ B). If
A is convex in N , we say that A is convex.

Let B be an ordered set and Γ be a family of convex subsets of B such that
∀C1 ̸= C2 ∈ Γ, C1 ∩C2 = ∅. Then Γ is an ordered structure with the following
ordering <c:

∀C1, C2 ∈ Γ [C1 <
c C2 ⇐⇒ ∀x ∈ C1, ∀y ∈ C2(x < y)].

Denote RA := {ϕ(x)|ϕ(x) is an A-de�nable 1-formula (i.e. 1-formula with
parameters from A), such that N |= ∃y(ϕ(N) < y)}.

Let ϕ, ψ ∈ RA, then put

[ϕ <r ψ ⇐⇒ ψ(N)+ ⊂ ϕ(N)+];
[ϕ ∼r ψ ⇐⇒ ϕ(N)+ = ψ(N)+];

and denote ϕ/ ∼r:= {Θ ∈ RA|Θ ∼r ϕ}, RA/ ∼r:= {ϕ/ ∼r |ϕ ∈ RA}.
Denote LA := {ϕ(x)|ϕ(x) be an A-de�nable 1-formula, such that N |=

∃y(y < ϕ(N))}. Let ϕ, ψ ∈ LA, then put

[ϕ <l ψ ⇐⇒ ϕ(N)− ⊂ ψ(N)−];
[ϕ ∼l ψ ⇐⇒ ϕ(N)− = ψ(N)−]

and denote ϕ/ ∼l:= {Θ ∈ LA|Θ ∼l ϕ}, RA/ ∼l:= {ϕ/ ∼l |ϕ ∈ LA}.

Proposition 1. Let T be a small ordered theory, A be a �nite subset of

a model of T . Then ⟨RA/ ∼r;<r⟩ and ⟨LA/ ∼l;<l⟩ do not contain dense

intervals.

Let A be a �nite subset of a saturated model N of a small theory T with an
∅-de�nable relation of a linear order, H(x) and Θ(x) be A-de�nable 1-formulas
such that H(N) ⊂ Θ(N). De�ne

EH,Θ(x, y) := H(x) ∧H(y) ∧ (x < y → ∀z((x < z < y ∧Θ(z)) → H(z))) ∧
(y < x→ ∀z((y < z < x ∧Θ(z)) → H(z))).

EH,Θ(x, y) is an A-de�nable relation of equivalence on H(N) such that
any EH,Θ-class is convex in Θ(N). This equivalence is said to be the convex

equivalence of H(x) in Θ(x). On the set of all EH,Θ-classes {EH,Θ(N,α)|α ∈
H(N)} there is A-de�nable linear order <c such that for any α, β ∈
H(N), E(N,α) ̸= E(N, β) the following holds:
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EH,Θ(N,α) <
c EH,Θ(N, β) i� ∀γ ∈ EH,Θ(N,α), ∀δ ∈ EH,Θ(N, β) we have

N |= γ < δ.
Let ϕ(x) and ψ(x),Θ(x) be A-de�nable formulas such that

ϕ(N) ∩ ψ(N) = ∅, ϕ(N) ∪ ψ(N) ⊆ Θ(N).

We say that ϕ(x) is a dense subformula of Θ(x) if the A-de�nable relation
of equivalence Eϕ,Θ(x, y) on ϕ(N) satis�es the condition of density, i.e. the
order on the set of these Eϕ,Θ-classes is dense: ∀a, b ∈ ϕ(N)

(Eϕ,Θ(x, a) <
c Eϕ,Θ(x, b) → ∃c ∈ ϕ(N)(Eϕ,Θ(N, a) <

c Eϕ,Θ(N, c) <
c

Eϕ,Θ(N, b))).

We say that ϕ(x) and ψ(x) are mutually dense in Θ(x) if ϕ(x) and ψ(x)
are dense subformulas of Θ(x) and for every two Eϕ,Θ-classes (Eϕ,Θ(x, a),
Eϕ,Θ(x, b), Eϕ,Θ(N, a) <

c Eϕ,Θ(N, b)) there is Eψ,Θ-class such that

Eϕ,Θ(N, a) <
c Eψ,Θ(N, c) <

c Eϕ,Θ(N, b)

and the same is true for two di�erent arbitrary Eψ,Θ-classes.
Notice, that if ϕ(x) is dense subformula of Θ(x) then ¬ϕ(x) ∧ Θ(x) is

dense subformula of Θ(x) and the pair of formulas ϕ(x) and ¬ϕ(x)∧Θ(x) are
mutually dense in Θ(x).

Introduce [1] the notion of a convex hull (closure) of a one-formula ϕ(x):

ϕc(x) := ∃y1∃y2(ϕ(y1) ∧ ϕ(y2) ∧ y1 ≤ x ≤ y2)).

Fact 1. Let ϕ(x) and ψ(x) be two one-formulas which are mutually dense in

a formula Θ(x). Then the formulas ϕ and ψ are mutually dense in the formula

ϕc(x) ∧ ψc(x) ∧Θc(x).

In this Section for any A ⊂finite N , for any A-de�nable one-formulas H(x),
Θ(x), (H(N) ⊂ Θ(N)) we will study the properties of a linear order of

⟨{EH,Θ(N,α)|α ∈ H(N)}; =, <c⟩.

The following A-de�nable formulas Dk
0 [H,Θ](x), Dk

1 [H,Θ](x) determine
the �rst and last convex subsets of �nite discrete chains of �xed length k < ω
of convex EH,Θ-classes.
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Let k(1 < k < ω), then denote
Dk

0 [H,Θ](x) := H(x) ∧ ∃x1 · · · ∃xk−1(∧iH(xi) ∧
EH,Θ(N, x) <

c EH,Θ(N, x1) <
c · · · <c EH,Θ(N, xk−1) ∧ ∀t((H(t) ∧

EH,Θ(N, x) <c EH,Θ(N, t) <c EH,Θ(N, xk−1) → ∨i<k−1EH,Θ(N, t) =
EH,Θ(N, xi)) ∧ ∀t[(H(t) ∧ EH,Θ(N, t) <c EH,Θ(N, x)) → ∃z(H(z) ∧
EH,Θ(N, t) <

c EH,Θ(N, z) <
c EH,Θ(N, x))] ∧ ∀t[H(t) ∧

EH,Θ(N, xk−1) <
c EH,Θ(N, t)) → ∃z(H(z)∧EH,Θ(N, xk−1) <

c EH,Θ(N, z) <
c

EH,Θ(N, t)];
Dk

1 [H,Θ](x) := H(x) ∧ ∃x1 · · · ∃xk−1(∧iH(xi) ∧
EH,Θ(N, x1) <

c · · · <c EH,Θ(N, xk−1) <
c EH,Θ(N, x) ∧ ∀t((H(t) ∧

EH,Θ(N, x1) <c EH,Θ(N, t) <c EH,Θ(N, x) → ∨1<i<k−1EH,Θ(N, t) =
EH,Θ(N, xi)) ∧ ∀t[(H(t) ∧ EH,Θ(N,x) <c EH,Θ(N, t)) → ∃z(H(z) ∧
EH,Θ(N, x) <

c EH,Θ(N, z) <
c EH,Θ(N, t))] ∧ ∀t[H(t) ∧

EH,Θ(N, t) <c EH,Θ(N, x1)) → ∃z(H(z) ∧ EH,Θ(N, t) <c EH,Θ(N, z) <c

EH,Θ(N, x1)].

The next observation follows from the above de�nition:

Observation 1. (i) i ∈ {0, 1}, ∀ α ∈ Dk
i [H,Θ](N), EH,Θ(N,α) ⊆

Dk
i [H,Θ](N).
(ii) ⟨{EH,Θ(N,α)| α ∈ Dk

0 [H,Θ](N)}; <c⟩ ∼= ⟨{EH,Θ(N,α)| α ∈
Dk

1 [H,Θ](N)}; <c⟩ and this isomorphism is A-de�nable.
(iii) 1 < k < ω, Dk

1 [H,Θ](N) ∩Dk
0 [H,Θ](N) = ∅.

(iv) 1 < k ̸= k′ < ω; i, j ∈ {0, 1}, Dk
i [H,Θ](N) ∩Dk′

j [H,Θ](N) = ∅.

Denote for every l(0 < l < ω), 2l := {τ |τ = (τ(1), τ(2), . . . , τ(l)),
τ(1), τ(2), . . . , τ(l) ∈ {0, 1}}, 2<ω :=

∪
l<ω 2

l and
2ω := {τ |τ = (τ(1), . . . , τ(n), . . . )n<ω, τ(n) ∈ {0, 1}}.

De�ne by induction on l (0 < l < ω), for any k (1 < k < ω), for any
σ ∈ (ω \ {0, 1})l := {< n1, . . . , nl > |ni ∈ ω \ {0, 1}}, for any τ ∈ 2l, the family
of A-de�nable 1-formulas.

l=1 F k0 [H,Θ, 1](x) := Dk
0 [H,Θ](x), F k1 [H,Θ, 1](x) := Dk

1 [H,Θ](x).
l+1 Suppose for σ ∈ (ω \ {0, 1})l , for τ ∈ 2l, F στ [H,Θ, l](x) is de�ned.

Then ∀k(1 < k < ω), ∀i ∈ {0, 1} put
F σkτi [H,Θ, l + 1](x) := Dk

i (F
σ
τ [H,Θ, l],Θ)(x).

Example. Let ⟨C; =, <⟩ be an arbitrary linearly ordered structure. De�ne
NC := ⟨N ; =, <1⟩ in the following way
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N := C × ({I, II, III} ∪Q ∪ {IV, V, V I}) ∪ (C × C)D ×Q× {I, II, III}.
Here, (C × C)D := {(c1, c2)|c1, c2 ∈ C,C |= c1 < c2 ∧ ¬∃y(c1 < y < c2)}

and Q is the set of all rational numbers.
We assume that I < II < III < Q < IV < V < V I and <1 is a

lexicographical linear order on C × ({I, II, III} ∪Q ∪ {IV, V, V I}) as well as
on (C×C)D×Q×{I, II, III}. To �nish the de�nition of the relation of order on
N we de�ne the relation between elements of C×({I, II, III}∪Q∪{IV, V, V I})
and (C × C)D ×Q× {I, II, III}.

For every c ∈ C, q ∈ Q, (c1, c2) ∈ (C × C)D we assume
NC |= (c, I) <1 (c, II) <1 (c, III) <1 (c, q) <1 (c, IV ) <1 (c, V ) <1

(c, V I) ∧ (c1, V I) <1 (c1, c2, q, I) <1 (c1, c2, q, II) <1 (c1, c2, q, III) <1 (c2, I).
Consider the following de�nable sets:
F 3
0 [x = x, x = x, 1](N) = C × {I} ∪ C × {IV } ∪ (C × C)D ×Q× {I},
F 3
1 [x = x, x = x, 1](N) = C × {III} ∪C × {V I} ∪ (C ×C)D ×Q× {III},
F 32
00 [x = x, x = x, 2](N) = C × {I},
F 32
01 [x = x, x = x, 2](N) = C × {IV },
F 32
10 [x = x, x = x, 2](N) = C × {III},
F 32
11 [x = x, x = x, 2](N) = C × {V I}.

It is clear that ⟨F 3
0 [x = x, x = x, 1](N);<1⟩ ∼= ⟨F 3

1 [x = x, x = x, 1](N);<1⟩
and for every τ, τ ′ ∈ 22,

⟨F 32
τ [x = x, x = x, 2](N);<1⟩ ∼= ⟨F 32

τ ′ [x = x, x = x, 2](N);<1⟩.

Observation 2. For any A-de�nable formulas H(x) and Θ(x) such that

H(N) ⊂ Θ(n), ∀l < ω, ∀σ ∈ (ω \ {0, 1})l, ∀τ ∈ 2l the following is true:

(i) ∀α ∈ F στ [H,Θ, l](N), EH,Θ(N,α) ⊂ F στ [H,Θ, l](N)
(ii) ∀k < ω,∀i ∈ {0, 1}, F σkτi [H,Θ, l + 1](N) ⊂ F στ [H,Θ, l](N),
F σkτ0 [H,Θ, l + 1](N) ∩ F σkτ1 [H,Θ, l + 1](N) = ∅
(iii) ⟨{EH,Θ(N,α)|α ∈ F σkτ0 [H,Θ, l + 1](N)};<c⟩ ∼=

⟨{EH,Θ(N,α)|α ∈ F σkτ1 [H,Θ, l + 1](N)};<c⟩ and this isomorphism is A-
de�nable.

(iv) ∀k ̸= k′ < ω, ∀i, j ∈ {0, 1} F σkτi [H,Θ, l+1](N)∩F σk′τj [H,Θ, l+1](N) =
∅.

Proposition 2. Let T be a small ordered theory. Let H(x),Θ(x) be A-
de�nable formulas such that H(N) ⊂ Θ(N). Then the following holds:

(i) ∀l < ω,∀σ ∈ (ω \ {0, 1})l, ∀τ ∈ 2l the following is true:

If F στ [H,Θ, l](N) ̸= ∅ then ∀τ ′ ∈ 2l, F στ ′ [H,Θ, l](N) ̸= ∅,
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F στ [H,Θ, l](N) ∩ F στ ′ [H,Θ, l](N) = ∅;
⟨{EH,Θ(N,α)|α ∈ F στ [H,Θ, l](N)};<c⟩ ∼=
⟨{EH,Θ(N,α)|α ∈ F στ ′ [H,Θ, l](N)};<c⟩.

(ii) ∃l0 < ω, such that ∀l > l0,∀σ ∈ (ω \ {0, 1})l, ∀τ ∈ 2l

F στ [H,Θ, l](N) = ∅.

Proof of Proposition 2. (i) It follows from the de�nition of F στ [H,Θ, l](x)
and Observation 2.

(ii) If we suppose that such l0 does not exist then we obtain a contradiction
with our assumption that T is small. Indeed, then there is an ω-consequence
of natural numbers σ :=< n1, n2, . . . , nl, · · · >l<ω (nl ∈ ω \ {0, 1}) such that

∀l < ω,∀τ ∈ 2l, F σ(l)τ [H,Θ, l](N) ̸= ∅,

where σ(l) =< n1, . . . , nl > . This means by (i) that we have 2ω one-types
over A. �

Let H(x),H1(x), . . . ,Hn(x),Θ(x) be A-de�nable 1-formulas such that
H(N),H1(N), . . . , Hn(N) ⊂ Θ(N), ∀i ̸= j < n+ 1,
Hi(N) ∩Hj(N) = ∅, H(N) ∩Hi(N) = ∅.

Let l, l1, . . . , ln ∈ ω; σ ∈ (ω\{0, 1})l, i < n, σi ∈ (ω\{0, 1})li ; τ ∈ 2l, i < n, τi ∈
2li .

Introduce by induction on i < n the notion of an A-de�nable 1-formula
F σσ1...σnττ1...τn [H,Θ;H1, . . . , Hn; l, l1, . . . , ln](x):

F σσ1ττ1 [H,Θ;H1; l, l1](x) := F σ1τ1 [F
σ
τ [H,Θ, l],H ∨H1, l1](x),

F σσ1...σiττ1...τi [H,Θ;H1, . . . , Hi; l, l1, . . . , li](x) :=
F σiτi [F

σσ1...σi−1
ττ1...τi−1 [H,Θ;H1, . . . ,Hi−1; l, l1, . . . , li−1],H ∨Hi, li](x) for i < n.

Proposition 3. Let T be a small ordered theory. Let H(x),H1(x), . . . ,
Hn(x),Θ(x) be A-de�nable 1-formulas such that H(N),H1(N), . . . , Hn(N) ⊂
Θ(N), ∀i ̸= j, Hi(N) ∩ Hj(N) = ∅, H(N) ∩ Hi(N) = ∅. Then the following

holds:

(i) ∀l, l1, . . . , ln < ω, ∀i < n, ∀σ ∈ (ω \ {0, 1})l, ∀τ ∈ 2l,
∀σi ∈ (ω \ {0, 1})li , ∀τi ∈ 2li the following is true:

If F σσ1...σnττ1...τn [H,Θ;H1, . . . , Hn; l, l1, . . . , ln](N) ̸= ∅ then ∀τ ′ ∈ 2l, ∀i < n,
∀τ ′i ∈ 2li , F σσ1...σn

τ ′τ ′1...τ
′
n
[H,Θ;H1, . . . ,Hn; l, l1, . . . , ln](N) ̸= ∅, and if τ ̸= τ ′ or

there exists i < n such that τi ̸= τ ′i then
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F σσ1...σnττ1...τn [H,Θ;H1, . . . ,Hn; l, l1, . . . , ln](N)∩
F σσ1...σn
τ ′τ ′1...τ

′
n
[H,Θ;H1, . . . ,Hn; l, l1, . . . , ln](N) = ∅.

(ii) ∃l0 < ω, such that ∀l, l1, . . . , ln < ω, if

l > l0 ∨ l1 > l0 ∨ · · · ∨ ln > l0

then ∀i < n, ∀σ ∈ (ω \ {0, 1})l,
∀τ ∈ 2l, ∀σi ∈ (ω \ {0, 1})li ,∀τi ∈ 2li ,

F σσ1...σnττ1...τn [H,Θ;H1, . . . ,Hn; l, l1, . . . , ln](N) = ∅.

Proof of Proposition 3 (i) It follows from de�nition of F στ [H,Θ, l](x) and
Proposition 2(i)

(ii) It follows from the proof of Proposition 2(ii). �
We say that an ordered theory T has the property of �niteness of discrete

chains of convex equivalences (FDCCE) if for any �nite A ⊂ N , for every two
one-A-formulas H(x),Θ(x) such that H(N) ⊂ Θ(N), every discrete chain of
convex EH,Θ-classes is �nite.

It follows from the compactness theorem that if an ordered theory T has
the FDCCE property then for any two formulas H(x, ȳ) and Θ(x, z̄), there is
a natural number k < ω such that for any ā, b̄ ∈ N , if H(N, ā) ⊂ Θ(N, b̄) then
every discrete chain of convex EH(x,ā),Θ(x,b̄)-classes has cardinality less or equal
to k ([2]).

Recall, that an ordered structure M is weakly o-minimal [3] if for any
M -de�nable 1-formula H(x) the structure ⟨{EH,x=x(M,a)|a ∈ H(M)};<c⟩ is
�nite and M is o-minimal [4] if this structure is �nite and every such convex
EH,x=x-class is an interval (opened, closed, semi-closed) or a singleton. An
ordered theory T is weakly o-minimal [3], if any model of T is weakly o-minimal.

It follows from the de�nition that any weakly o-minimal theory has the
FDCCE property.

In [5] the following notion was introduced:

Definition 1. An A-de�nable increasing (decreasing) on B 2-formula ϕ(x, y)
is a quasi-successor on B, if ∀α ∈ B, ∃β ∈ ϕ(α,N) ∩B,

ϕ(β,N) \ ϕ(α,N) ̸= ∅.
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Theorem 1. [5] Let A be a �nite subset of a countable saturated model N of

a small ordered theory T , p ∈ S1(A), ϕ(x, y) be an A-de�nable quasi-successor
on p(N). Then T has 2ω countable non-isomorphic models.

Corollary 1. If T is a complete ordered theory with a few number of

countable models then T has the FDCCE property.

Proof of Corollary 1. Towards a contradiction suppose that there exist
two one-formulas H(x) and Θ(x) (H(N) ⊂ Θ(N)) with an in�nite chain of
convex EH,Θ-classes. Then a formula-quasi-successor can be constructed, and
by the Theorem 1 T has 2ω countable models. �

Corollary 2. If T is an ordered, non weakly o-minimal theory having weakly

o-minimal model, then T has continuum countable models.

Let ϕ1(x), ϕ2(x) be two A-de�nable one-formulas. Then for every k(1 < k <
ω), for every i(0 < i < k+1) de�ne an A-de�nable one-formula ϕ1(x) ▹

i
k ϕ2(x)

by induction:

ϕ1(x) ▹
1
k ϕ2(x) := Dk

0 [ϕ1(x) ∧ ϕ2(x), ϕ2(x)](x);

0 < i < k + 1, ϕ1(x) ▹
i
k ϕ2(x) := ∃x1, . . . , xk(∧j<k((ϕ1 ∧ ϕ2)(xj) ∧

¬Eϕ1∧ϕ2,ϕ2(xj , xj+1)∧xj < xj+1)∧Dk
0 [ϕ1 ∧ϕ2, ϕ2](x1)∧Dk

1 [ϕ1 ∧ϕ2, ϕ2](xk)∧
Eϕ1∧ϕ2,ϕ2(x, xi) ∧ ∀y((ϕ1(y) ∧ ϕ2(y)) → ∨0<j<k+1y = xj);

ϕ1(x) ▹
k
k ϕ2(x) := Dk

1 [ϕ1(x) ∧ ϕ2(x), ϕ2(x)](x).

Let F1(x), F2(x
′) be two 1-formulas, E2

1(x, y), E
2
2(x

′, y′) be two de�nable
relations of equivalence on F1(N) and F2(N) respectively. We say that formulas
F1 and F2 are mutually attached, if there exists 2-formula L2(x, x′) such that
∃x′L(x, x′) ≡ F1(x), ∃xL(x, x′) ≡ F2(x

′) and the following holds:

|= ∀x∀x′[(F1(x) ∧ F2(x
′) ∧ L2(x, x′)) → ∀y∀y′((E2

1(x, y) ∧ E2
2(x

′, y′)) →
L2(y, y′))].

It follows from de�nition that for any ϕ1(x), ϕ2(x), for any k < ω, for any
i, j ≤ k two 1-formulas ϕ1(x)▹

i
kϕ2(x) and ϕ1(x)▹

j
kϕ2(x) are mutually attached.

We say that the formula H(x̄) divides the formula Θ(x̄) if the following is
true:
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|= ∃x̄(H(x̄) ∧Θ(x̄)) ∧ ∃ȳ(¬H(ȳ) ∧ θ(ȳ)).

Suppose that the formula H(x) divides the formula F (x) and E2 is a
relation of equivalence on F (N). We say that the formula H respects the
relation of equivalence E2, if the following holds:

|= ∀x∀y((F (x) ∧ F (y) ∧ E2(x, y)) → (H(x) ⇐⇒ H(y))).

Proposition 4. Let F1(x) and F2(x
′) be mutually attached one-A-formulas.

If there exists one-A-formula H(x) such that H(x) divides F1(x) and respects

the relation of equivalence E2
1 on F1(N) then there exists one-A-formula H ′(x′)

such that H ′ divides F2 and respects E2
2 . Moreover, if two mutually attached

one-formulasH1 andH2 divide F1 and respect E
2
1 then there exist two mutually

attached one-formulas H ′
1 and H ′

2 that both (H ′
1,H

′
2) divide F2 and respect

E2
2 .

We will denote the formula H ′ from Proposition 4 by
Att(F 1

1 , E
2
1 ;F

1
2 , E

2
2 ;L

2,H1) = H ′. So, the logical operation de�ned on
three one-formulas and three two-formulas with above conditions has as a
result a one-formula.

Let B be an ordered structure, C ⊂ B be a convex subset. There is a
partition of all convex subsets into 10 next parts, kinds of convexity. For some
a ̸= b ∈ B consider:

1. C = (a, b) is ab open interval. We will write Kind(C) = (oi, oi);
2. C = [a, b] is a closed interval. We will write Kind(C) = (ci, ci);
3. C = [a, b) is a semi-closed interval. We will write Kind(C) = (ci, oi);
4. C = (a, b] is a semi-closed interval. We will write Kind(C) = (oi, ci);
5. C = [a, .) is a convex set with in�mum and without supremum. We will

write Kind(C) = (ci, c);
6. C = (., b] is a convex set with supremum and without in�mum. We will

write Kind(C) = (c, ci);
7. C = (a, .) is a convex set with in�mum which does not belong to the set

and without supremum. We will write Kind(C) = (oi, c);
8. C = (., b) is a convex set with supremum which does not belong to the

set and without in�mum. We will write Kind(C) = (c, oi);
9. C = (., .) is a convex set without supremum and in�mum. We will write

Kind(C) = (c, c);
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10. C = [a, a] is a singleton. We will write Kind(C) = (ci, ci,=).

Denote by KC a set of all kinds of convexity. Notice that |KC| = 10 and if
C is de�nable in Language {=, <} then any kind of convexity is de�nable.The
last is also true if B is a family of disjoint convex sets and relation of order is
<c.

Let A be a �nite subset of a saturated model N of a small theory T with an
∅-de�nable relation of a linear order, H(x) and Θ(x) be one-A-formulas such
that H(N) ⊂ Θ(N). Consider family of EH,Θ-classes of convex equivalence.
Since any kind of convex set is de�nable, denote by F (x) a one-A-formula such
that F (N) is de�nable set of convex EH,Θ classes having Kind of convexity
(ci, ci). Then denote Fl(x) := F (x)∧¬∃y(y < x∧F (y)∧EH,Θ(x, y)), Fr(x) :=
F (x)∧¬∃y(x < y∧F (y)∧EH,Θ(x, y)), Fm(x) := F (x)∧¬Fl(x)∧¬Fr(x). The
formulas Fl(x), Fr(x) and Fm(x) are mutually attached because for any element
a from Fl(N) there exists only one element b ∈ Fr(N) such that |= EH,Θ(a, b).
Thus Kind of Convexity (ci, ci) gives three mutually attached one-formulas,
other cases of Kind of Convexity containing ci give the pairs of mutually
attached formulas. More exact, for any one-formula F (x) containing convex
E-classes the same Kind of convexity we have F (x) ≡ (Fl(x)∨Fm(x)∨Fr(x)).
So, we have three logical operations for the formula F (x), such that any two
results give mutually attached pair of one-formulas. The same consideration
give us three logical operations Fc,l, Fc,m, Fc,r on the formulas containing <c-
convex sets of convex E-classes.

Let H =< H1,H2, ..., Hk > be a �nite sequence of convex 1-formulas (into
some formula K(x)) such that

H1(N) <c H2(N) <c ... <c Hk(N)

and µ ∈ KCk then we say that H satis�es µ if for any i(1 ≤ i ≤ k) we
have µ(i) = Kind(Hi(N)) and denote it by µ(H1,H2, ...,Hk). Notice that
µ(H1,H2, ..., Hk) is de�nable.

Let ϕ1(x), ϕ2(x) be two one-A-formulas. Then for every k(1 < k < ω), for
every i(0 < i ≤ k), for any µ ∈ KCk de�ne an one-A-formula as ϕ1(x) ▹

i,µ
k

ϕ2(x) := ϕ1(x) ▹
i
k ϕ2(x) ∧ µ(ϕ1(x) ▹1k ϕ2(x), ..., ϕ1(x) ▹kk ϕ2(x)).

It follows from de�nition that ϕ1(x) ▹
i
k ϕ2(x) ≡ ∨µϕ1(x) ▹i,µk ϕ2(x).

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



One-formulas and one-types in ordered theories 115

Proposition 5. Let ϕ1(x), ϕ2(x) be two one-A-formulas, k < ω, i(1 ≤ i ≤ k).
Suppose for some µ ∈ KCk one-A-formula ϕ1(x) ▹

i,µ
k ϕ2(x) divides one-A-

formula ϕ1(x) ▹
i
k ϕ2(x) then the following holds:

(i) for any j(1 ≤ j ≤ k), ϕ1(x) ▹
j,µ
k ϕ2(x) divides ϕ1(x) ▹

j
k ϕ2(x).

(ii) there exists µ′ ∈ KCk, µ′ ̸= µ such that ϕ1(x) ▹
i,µ′

k ϕ2(x) divides one-
A-formula ϕ1(x) ▹

i
k ϕ2(x).

Proof of Proposition 5

(i) Notice that two one-formulas ϕ1(x) ▹
j
k ϕ2(x) and ϕ1(x) ▹

i
k ϕ2(x) are

mutually attached.
(ii) Since the set of realization of one-formula ϕ1(x) ▹

i
k ϕ2(x)∧¬(ϕ1(x) ▹i,µk

ϕ2(x)) in N is not empty set and because ϕ1(x) ▹
i
k ϕ2(x) is equivalent to

disjunction by all µ, we have the existence of such µ′. �
We say that the set of A-de�nable one-formulas Γ ⊂ F1(A) is a BH-algebra

if it is closed under the following logical operations: ∧,∨,¬, ▹ik, ▹
i,µ
k (0 < i <

k, 1 < k < ω, µ ∈ KCk), Att, Fl, Fm, Fr, Fc,l, Fc,m, Fc,r, ϕ
c.

Notice that if we take �nite family of formulas with one free variable
and close it under the standard logical operations ∧,∨. →,¬ and the logical
operation ϕc we obtain �nite family of non equivalent one-formulas and
in the condition of a small theory the second part of Proposition 4 do
not give the possibility to use in�nitely many times the logical operations
▹ik, ▹

i,µ
k , Att, Fl, Fm, Fr, Fc,l, Fc,m, Fc,r.
Thus by using the Proposition 2, Proposition 3, Proposition 4 and

Proposition 5 we can formulate the following theorem:

Theorem 2. Let T be a small ordered theory with the FDCCE property, A
be a �nite subset of a countable saturated model N of the theory T . Then
for every �nite set of A-de�nable one-formulas {ϕ1(x), . . . , ϕn(x)}, n < ω the

BH-algebra generated by this set is �nite.

We say that an ordered theory T is a theory of a pure order if it is a theory
of the language L = {=, <}.

Theorem 3. Let T be a small theory of a pure order. Then T is ω-categorical
if and only if T has the FDCCE property.

Proof of Theorem 3. If the theory T is ω-categorical, then it has a few
number of countable models and consequently, T has the FDCCE property.
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Let the theory T has the FDCCE property. Then there exist natural
numbers n1, n2, ..., nk (1 ≤ n1 < n2 < ... < nk < ω) such that any discrete
chain of elements lies in discrete chain of elements of a length ni for some i ≤ k.
Denote by F jni(x) (1 ≤ j ≤ ni) a formula which distinguishes j-th element in
the chains of length ni.

Also denote

F (x) := ∀y(y < x→ ∃z(y < z < x)) ∧ (x < y → ∃z(x < z < y)).

Consider kind of convexity of EF (x),x=x(x, y)-classes. There are 10 de�nable
cases. Suppose that all convex classes of F (x) in x = x are the same kind
of convexity. Consider the partition F (x) on three parts (left, middle, right)
F (x) ≡ Fl(x) ∨ Fm(x) ∨ Fr(x).

In any case for arbitrary α ∈ F (N), if EFl(x),x=x(N,α) ̸= ∅ then
|EFl(x),x=x(N,α)| = 1 and if EFr(x),x=x(N,α) ̸= ∅ then |EFr(x),x=x(N,α)| = 1.
If EFm(x),x=x(N,α) ̸= ∅ then EFm(x),x=x(N,α) is in�nite dense subset of N .
In this case, for any n < ω, for any α1 < α2 < ... < αn, for any β1 <
β2 < ... < βn, for any subset B ⊂ N , if {α1, αn, β1, βn} ⊂ EFm(x),x=x(N,α),
B ∩ EFm(x),x=x(N,α) = ∅, then tp(α1, α2, ..., αn|B) = tp(β1, β,..., βn|B).
Indeed, since EFm(x),x=x(N,α) is countable dense convex subset without ends
there is automorphism f of N such that for any 1 ≤ j ≤ n f(αj) = βj and for
any b ∈ N \EFm(x),x=x(N,α), f(b) = b.

Thus without constants from EFm(x),x=x(N,α) for any one-N -formula
H(x), if H(x) divides Fm(x), then H(x) respects the relation of convex
equivalence EFm(x),x=x(x, y).

Applying to the obtained �nite set of formulas the following operations:
∧,∨,¬, ▹ik, ▹

i,µ
k (0 < i < k, 1 < k < ω, µ ∈ KCk), Att, Fl, Fm, Fr, Fc,l, Fc,m,

Fc,r, ϕ
c; we obtain a BH-algebra which is �nite by the Theorem 2. Thus there is

a �nite set {A1(x), ..., An(x)} of atomic formulas of BH-algebra considered as
Boolean algebra. For any atom of BH-algebra Ai(x) there are four possibities:

(i) Ai(N) is convex and |Ai(N)| = 1.

(ii) Ai(N) is convex and ⟨Ai(N);<⟩ is a countable dense order without
endpoints.

(iii) There is convex set Θ(x) such that Ai(x) is a dense subformula of Θ(x)
such that any convex EAi(x),Θ(x)(x, y)-class is singlton.

(iv) There is convex set Θ(x) such that Ai(x) is a dense subformula of Θ(x)
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such that any convex EAi(x),Θ(x)(x, y)-class is countable dense order without
endpoints.

Notice that in constructed �nite BH-algebra there is a partition of N on
�nite number of de�nable convex subset. For any de�nable minimal convex
subset there exists partition of this convex set on �nite number of atomic
formulas Ai(x) mutually attached and mutually dense.

Now take two arbitrary countable models M1 and M2 of the theory T .
These two models have the same sets {Ai} of atomic formulas. Since any two
dense linear orders without endpoints are isomorphic we can construct step by
step an order-preserving bijection between M1 and M2. �

Corollary 3. Let T be an ω-categorical theory of a pure order. Then T is

�nitely axiomatizable.

Proof of Corollary 3 Description of a BH-algebra constructed in the proof
of the Theorem 3 constitute axioms of the ω-categorical theory. �

Corollary 4. Let T be a non-ω-categorical small theory of a pure order. Then

there is ∅-de�nable 1-formula ϕ(x) such that for some two elements α, β ∈ ϕ(N)
(α < β), (α, β) ∩ ϕ(N) is an in�nite discrete chain.

In the articles [6] and [7] the following was discussed:

Corollary 5. Let T be a small ordered theory with a few number of countable

models. Then the restriction T ′ := T � {=, <} of T to a pure linear order is

ω-categorical.

Proof of Corollary 5 Since T has a few number of countable models,
it follows from the Corollary 1 that T has the FDCCE property and so do T ′.
Hence, by the Theorem 3 T ′ is ω-categorical. �

3. One-Types in Ordered Theories

Let A be a subset of a saturated model N of T . The analysis of one-types is
based on the using the properties of A-de�nable family of 1-formulas (Points A,
B), of 2-formulas (Point C) and properties of interactions of one-types (Point
D).
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Point A Let ϕ(x),Θ(x) be the A-de�nable formulas. We say that ϕ(x) is
convex in Θ(x) if ϕ(x) is subformula of Θ(x)(ϕ(N) ⊆ Θ(N)) and for every
α, β ∈ ϕ(N)

(α < β → ∀γ ∈ Θ(N)(α < γ < β → γ ∈ ϕ(N))).

We say that ϕ(x) is convex if ϕ(x) is convex in x = x.
Let p ∈ S1(A),Θ(x) ∈ p. Then denote

Γp,Θ(x) := {ϕ(x) ∈ p|ϕ(x) is convex in Θ(x)}.

We say that p is quasirational to the right if Γp.Θ(N)+ = ϕ(N)+ for some
ϕ(x) ∈ Γp,Θ(x).

We say that p is quasirational to the left if Γp,Θ(N)− = ϕ(N)− for some
ϕ(x) ∈ Γp,Θ(x).

Notice, that Γp,Θ(N) is convex subset in Θ(N).
Let p := tp(γ|A),Θ(x) ∈ p. Then denote

tpc(γ|A,Θ)(x) := Γp,Θ(x).

Claim 1. If for some Θ(x) ∈ p, ϕ(x) ∈ Γp,Θ(x),Γp,Θ(N)+ = ϕ(N)+ then for

any Θ′(x) ∈ p there exists ϕ′(x) ∈ Γp,Θ′ such that Γp,Θ′(N)+ = ϕ′(N)+ =
ϕ(N)+ = p(N)+. The same is true for Γp,Θ(N)−.

A1. We say that p is quasirational if either p is quasirational to the left
and non-quasirational to the right or p is quasirational to the right and non-
quasirational to the left.

A2. We say that p is bi-quasirational if p is quasirational to the right and
quasirational to the left.

A3. We say that p is irrational if p is non-quasirational and p is non-bi-
quasirational.

Notice that in weakly o-minimal theory Γp,x=x(N) = p(N) for every one-
type and every bi-quasirational one�type is isolated.

Point B. Let Θ(x) be an A-de�nable 1-formula from one-type p ∈ S1(A),
A be a �nite subset of N .

Consider Kp,Θ := {¬ϕ(x)|(Θ(x) ∧ ϕ(x)) ∈ p and for Eϕ∧Θ,Θ(x, y) there
exists in�nite set {ai|ai ∈ Γp,Θ(N), i < ω} such that Eϕ∧Θ,Θ(N, ai) ∩
Eϕ∧Θ(N, aj) = ∅ for i ̸= j < ω},
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Kd
p,Θ := {¬ϕ(x) ∈ Kp,Θ| ⟨{Eϕ∧Θ,Θ(N, ai)|i < ω, ai are from de�nition of

Kp,Θ};<c⟩ is dense order}.
Notice, that for every Θ(x), ϕ(x), ⟨{Eϕ∧Θ,Θ(N, a)|a ∈ Θ(N)};<c⟩ is

densely ordered structure i� ⟨{E¬ϕ∧Θ,Θ(N, a)|a ∈ Θ(N)};<c⟩ is densely
ordered structure.

B1. We say that p is convex in some formula Θ(x) ∈ p if Kp,Θ = ∅. In this
case Γp,Θ(N) = p(N) and Γp,Θ(N) is convex in Θ(N).

If p ∈ S1(A) is convex in some formula, we say that p is convex.
B2. We say that p is non-convex, if for every Θ(x) ∈ p Kp,Θ ̸= ∅.
Consider an arbitrary ¬ϕ(x) ∈ Kp,Θ for non-convex one-type p ∈ S1(A)

and an arbitrary Θ(x) ∈ p. Let α ∈ (¬ϕ(N) ∩ Γp,Θ(N)).
Denote F r¬ϕ∧Θ(x, α) := E¬ϕ∧Θ,Θ(N,α) < x ∧ ∀y((E¬ϕ∧Θ,Θ(N,α) < y <

x ∧Θ(y)) → ϕ(x)) and
F l¬ϕ∧Θ(x, α) := E¬ϕ∧Θ,Θ(N,α) > x ∧ ∀y((E¬ϕ∧Θ,Θ(N,α) > y > x ∧

Θ(y)) → ϕ(x)).
B2.1. We say that a non-convex p ∈ S1(A) (A ⊂finite N) is strictly

non-convex if there exists Θ(x) ∈ p such that for every A-de�nable ϕ(x)
such that Θ(x) ∧ ϕ(x) ∈ p, for (some) every α ∈ ϕ(N) ∩ Γp,Θ(N) we have
(∗) F r¬ϕ∧Θ(N,α) = ∅ ∨ F r¬ϕ∧Θ(N,α) ∩ p(N) = ∅ and

F l¬ϕ∧Θ(N,α) = ∅ ∨ F l¬ϕ∧Θ(N,α) ∩ p(N) = ∅.
B2.2. We say that non-convex p is limite of in�nite family of mutually dense

A-de�nable 1-formulas if it is non-strictly non-convex i.e.
for very Θ(x) ∈ p there is A-de�nable ¬ϕ(x) ∈ Kp,Θ such that

∀α ∈ ϕ(N) ∩ Γp,Θ(N), ¬(∗).

Claim 2. Suppose ¬(∗) then if F r¬ϕ∧Θ(N,α) ∩ p(N) ̸= ∅,
F l¬ϕ∧Θ(N,α) ∩ p(N) = ∅

Proof of Claim 2. Consider A-de�nable 1-formulas Sr¬ϕ∧Θ(x) := ∃y
(F r¬ϕ∧Θ(x, y)∧Θ0(y)) and S

l
¬ϕ∧Θ(x) := ∃y(F l¬ϕ∧Θ(x, y)∧ Θ0(y)) with Θ0(y) ∈

p(y). We can �nd Θ0 such that Sr¬ϕ∧Θ(N) ∩ Sl¬ϕ∧Θ(N) = ∅. Then we have

Sr¬ϕ∧Θ(x) ∈ p and Sl¬ϕ∧Θ(x) ̸∈ p. �
Point C. Notice that Γp,Θ(N)(N) ∩Kp,Θ(N) = p(N).
We consider the ordered structure ⟨p(N);<⟩.
We say that an A-de�nable 2-formula ϕ(x, y) is convex to the right in p(N)

if ∀α ∈ p(N), ∀β ∈ ϕ(N,α) ∩ p(N) we have
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(α ≤ β and ∀γ ∈ p(N)(α ≤ γ < β → γ ∈ ϕ(N,α))).

It is clear that for every A-de�nable 2-formula ϕ(x, y), if ϕ(x, y) is convex
to the right in p(N) then ϕ(x, y) is convex to the right in some Θϕ ∈ p.

The de�nition of convex to the left in p(N) A-de�nable 2-formula is
analogous.

Denote Vp(α) := {γ ∈ p(N)| There exists a convex to the right in p(N), A-
de�nable 2-formula ϕ(x, y) such that γ ∈ ϕ(N,α) or there exists a convex to
the left in p(N), A-de�nable 2-formula ϕ(x, y) such that γ ∈ ϕ(N,α)}, Vp(α)
is said to be neighbourhood of α in p.

C1. We say that α ∈ N \ A is solitary over A if for p := tp(α|A) we have
|Vp(α)| = 1 and in this case we say that p ∈ S1(A) is solitary because it is true
for any element β ∈ p(N).

We say that p ∈ S1(A) is quasisolitary if Vp(α) is (A ∪ {α})-de�nable.
C2. We say that p ∈ S1(A) is semi-quasisolitary if either Vp(α)

+ is (A ∪
{α})-de�nable and Vp(α)− is non-de�nable or Vp(α)

− is (A ∪ {α})-de�nable
and Vp(α)

+ is non-de�nable.
C3. We say that p ∈ S1(A) is social if ∀α ∈ p(N), Vp(α)

+ and Vp(α)
− are

both non-de�nable.
Thus, taking into consideration the points A, B, C it is possible to show the

existence of 3*3*2=18 kinds of one-types in small ordered theories (in further
we show non-existence C2 for theories such that any one-type over �nite set is
convex i.e. of kinds bf B1).

Point D. Let p, q ∈ S1(A). The type p is said to be weakly orthogonal to q
(p ⊥w q) if if p(x) ∪ q(y) is complete two-type over A [8].

We say that p is almost orthogonal to q (p ⊥a q) if there is no any A-
de�nable formula H(x, y) such that

∀α ∈ p(N), ∅ ̸= H(N,α) ⊂ q(N).

We say that p is densely orthogonal to q ( p ⊥d q) if p and q are non
mutually dense in some Θ(x) i.e. there do not exist ϕ1(x), ϕ2(x) such that
¬ϕ1(x) ∈ Kp,Θ, ¬ϕ2(y) ∈ Kq,Θ and ϕ1 and ϕ2 are mutually dense in Θ(N).

We say that p is splitely orthogonal to q (p ⊥s q) if there is no A-de�nable 2-
formulaH(x, y) such that ∀α ∈ p(N), H(N,α)∩q(N) ̸= ∅, H(N,α)+∩q(N) ̸=
∅.
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Let p, q ∈ S1(A), p ̸⊥s q by A-de�nable 2-formula H(x, y). Then for some
α ∈ p(N) let H0(x, α) be an (A ∪ {α})-de�nable formula such that

H0(N,α) = (H(N,α)+)−.

Then the following holds: H(N0, α) ∩ q(N) ̸= ∅, H0(N,α)
− ∩ q(N) ̸= ∅.

We say that H0(x) is left frontier of H. Thus also we can de�ne split e ly
orthogonality by left frontier of formula H.

Notice that

1) any one of last three kinds of non-orthogonality of two one-types implies
non-weakly orthogonality of these two types;

2) in weakly o-minimal theory the notion of weakly orthogonality of two
one-types coincides with notion of split ely orthogonality, because the notion
of densely orthogonality without sense;

3) in o-minimal theory the notion of weakly orthogonality coincides with
notion of almost orthogonality [4], [9], [10], [11].

Theorem 4. Let p, q ∈ S1(A), p ̸⊥s q. Then

p is bi-quasirational i� q is bi-quasirational.

From the de�nition of almost orthogonality of one-types it follows

Fact 2. Let A be a subset of a |A|+-saturated model N of a complete theory

T , p, q ∈ S1(A) be the one-type over A such that p is isolated and q is non-

isolated. Then p ⊥a q.

So, we will use these three kinds of orthogonality to describe the interactions
between one-types and during in constructions of models.

Definition 2. Type p is de�nable if and only if ∀φ(x, ȳ) ∃ψφ(ȳ, ā), such that

A |= ψφ(b̄, ā) ⇔ φ(x, b̄) ∈ p

Fact 3. Let p, q ∈ S1(A). p is weakly orthogonal to q (p ⊥w q) if for any

H(x, y, ā), ā ∈ A, for any α ∈ p(M
′
) the following holds:

[H(M
′
, α, ā) ∩ q(M ′

) ̸= ∅ ⇒ q(M
′
) ⊆ H(M

′
, α, ā)].
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Let T be a weakly o-minimal theory, p ∈ S1(A), A ⊂ N , N be |A|+-
saturated model T . Any ā-de�nable set ϕ(N, ā) ⊂ N is union �nite number
ā-de�nable convex sets ϕ(N, ā) = ϕ1(N, ā)∪...∪ϕn(N, ā), consequently for any
ϕ(x, ȳ), for any ā ∈ A the following: ϕ(x, ā) ∈ p ⇐⇒ ∃i(1 ≤ i ≤ n)ϕi(x, ā) ∈
p. Thus p(N) = ∩ϕ(x,ā∈p)ϕ(N, ā) = ∩ϕ(x,ā∈p)ϕc(N, ā) and the set of realizations
of p in any model of T is convex set [3], [12]. If two 1-types q, p ∈ S1(A) are
non-weakly orthogonal there is by Fact 3 2-A-formula H(x, y) such that for
any α ∈ q(N), H(N,α)∩p(N) ̸= ∅ and ¬H(N,α)∩p(N) ̸= ∅. We can suppose
that for any α, H(x, α) ∈ R(Aα) and H(x, α) ̸∈ L(Aα)). We say, that H(x, y)
is monotone increasing (decreasing) 2-formula on Θ(N), if b, c ∈ ∃xH(x,N)
and b < c then H(N, c)+ ⊆ H(N, b)+. By [13], [14], [15], [16], [17] it follows
that H(x, y) is monotone 2-formulas on some convex 1-A-formula Θ(y) ∈ q.

Suppose q ̸⊥w p, H(x, y, ā) is monotone increasing on convex Θ(y, ā) ∈ q
and q is de�nable. Consider arbitrary formula ϕ(x, z̄) and b̄ ∈ A. Then ϕ(x, b̄) ∈
p ⇐⇒ ∃y1∃y2(y1 < y < y2 ∧ Θ(y) ∧ Θ(y2) ∧ (∅ ̸= (H(N, y2) \ H(N, y1) ⊂
ϕ(N, b̄)) ∈ q). Since q is de�nable the last is equivalent to |= ψ(b̄, ā, c̄), here
c̄ ∈ A. Thus if q is de�nable then p is de�nable and because the relation ̸⊥w is
symmetric we have

Theorem 5. [14] Let T be an weakly o-minimal theory. For any model M of

theory T , A ⊆ M , p, q ∈ S1(A), if p ̸⊥w q then p is de�nable if and only if q
is de�nable

In contrast with weakly o-minimal theory we have

Theorem 6. There exist a linearly ordered structurelM = ⟨M ; =, <,E2, S2⟩,
in�nite set A ⊂ N , two one-types over A, p, q ∈ S1(A) such that p ̸⊥w q, p is

de�nable and q is non-de�nable.

Proof of Theorem 6. Let R be a set of all real numbers, Q be a set of all
rational numbers, B = {βα ∈ R \Q|α ∈ Q} be algebraic (linear) independent
set of irrational numbers indexed by all rational numbers. Pose

Cα = { n
m

+ βα|
n

m
∈ Q} = Q+ βα.

Let M = ∪α∈QCα. Then the following hold:

(i) For any α ̸= γ ∈ Q, Cα ∩ Cγ = ∅.
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(ii) For any a, b ∈ M , for any α ∈ Q if ⟨R; =, <⟩ |= a < b then there is
c ∈ Cα such that ⟨R; =, <⟩ |= a < c < b.

De�ne structure < M ; =, <,E2, S2 >. For any a, b ∈ M , M |= a < b ⇐⇒
R |= a < b.

M |= E2(a, b) ⇐⇒ ∃α ∈ Q, a ∈ Cα, b ∈ Cα.

M |= S2(a, b) ⇐⇒ ∃α ∈ Q, a ∈ Cα, ∃γ ∈ Q, b ∈ Cγ , Q |= α < γ.

From de�nition of the structure ⟨M ; =, <,E2, S2 >⟩ it follows that the
binary relation E2 is a relation of equivalence on M , binary relation S2 is a
relation of linear order on the set of E2-classes and this order is dense order
without ends.

Let A be an in�nite subset of M such that A is subset of open interval
(1, 0) if it consider as subset of set all real numbers R with next condition: for
any α ∈ Q, |Cα ∩ A| = 1. Denote by aα the element from this intersection.
Consider locally consistent set of A-1-formulas r = {a < x|a ∈ A}. Consider
for arbitrary α ∈ Q its extension pα = r ∪ {E2(x, aα)}. For any α ∈ Q, 1-type
pα is de�nable and if A has maximal element then r and pα are isolated. If A
has not maximal element then pα is non-isolated.

Let δ ∈ R \ Q. De�ne 1-type over A, qδ = r ∪ {S2(aα, x) ∧ S2(x, aγ)|R |=
α < δ < γ}. For any δ ∈ R \Q 1-type qδ is non-de�nable.

Fix δ(0) ∈ R \ Q. Consider arbitrary realization of pδ(0) |= bδ(0). Any pα
has two extensions over A∪{bδ(0)}: pα∪{x < bδ(0)} and pα∪{x > bδ(0)}. This
means qδ(0) ̸⊥w pα. �
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Áaéæaíîâ Á.Ñ., Áaéæaíîâ Ñ.Ñ., Ñaóëåáaåâa Ò., Çaìáaðíaÿ Ò.Ñ. ÐÅÒ-
ÒÅËÃÅÍ ÒÅÎÐÈßËÀÐÄÀ�Û ÁIÐ-ÔÎÐÌÓËÀËÀÐ ÌÅÍ ÁIÐ-ÒÈÏÒÅÐ

Ìa©aëaäa æåëiëiê ðåòòi ∅-aíû©òaë¡aí ©aòûíañû áað òåîðèÿëað
©aðaë¡aí. Ä°åñ ýêâèâaëåíòòiëiêòåãi êåç êåëãåí äèñêðåòòi ðåò ña-
íû a©ûð¡û êiøi òåîðèÿëaðû çåðòòåëãåí. 1-òèïòåðäi áåðiëãåí æiêòå-
ói 2-ôîðìóëaëàðäû ©añèåòòåðiíäå, 1-ôîðìóëaðäû aíû©òaë¡aí ò´©ûì-
äañòaðûíäa æºíå 1-òèïòåðäií ðåêåòòåñó ©àñèåòòåðiíäå íåãiçäåëãåí.

Áaéæaíîâ Á.Ñ., Áaéæaíîâ Ñ.Ñ., Ñaóëåáaåâa Ò., Çaìáaðíaÿ Ò.Ñ. ÎÄÈÍ-
ÔÎÐÌÓËÛ È ÎÄÈÍ-ÒÈÏÛ Â ÓÏÎÐßÄÎ×ÅÍÍÛÕ ÒÅÎÐÈßÕ

Â ñòaòüå ðaññìîòðåíû òåîðèè ñ ∅-îïðåäåëèìûì îòíîøåíèåì ëèíåéíîãî
ïîðÿäêa. Èçó÷åíû ìaëûå òåîðèè, äëÿ êîòîðûõ ëþáîé äèñêðåòíûé ïîðÿäîê
ía âûïóêëûõ ýêâèâaëåíòíîñòÿõ êîíå÷åí. Äaía êëaññèôèêaöèÿ 1-òèïîâ, îñ-
íîâaííaÿ ía ñâîéñòâaõ 2-ôîðìóë, îïðåäåëèìûõ ñåìåéñòâ 1-ôîðìóë è ñâîé-
ñòâaõ âçaèìîäåéñòâèÿ 1-òèïîâ.
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Annotation: Algebras with the polynomial identity (x1, x2, x3) = (x1, x3, x2), where
(x1, x2, x3) = x1(x2x3) − (x1x2)x3 is the associator, are called right-symmetric.

Novikov algebras are right-symmetric algebras satisfying additionally the polynomial

identity x1(x2x3) = x2(x1x3). We consider the free right-symmetric algebra Fd(R)
and the free Novikov algebra Fd(N) freely generated by Xd = {x1, . . . , xd} over a

�led K of characteristic 0. The general linear group GLd(K) with its canonical action

on the d-dimensional vector space KXd acts on Fd(R) and Fd(N) as a group of linear

automorphisms. For a subgroup G of GLd(K) we study the algebras of G-invariants

Fd(R)G and Fd(N)G. For a large class of groups G we show that the algebras Fd(R)G

and Fd(N)G are never �nitely generated. The same result holds for any subvariety

of the variety R of right-symmetric algebras which contains the subvariety L of

left-nilpotent of class 3 algebras in R.

Keywords: Free right-symmetric algebras, free Novikov algebras, noncommutative

invariant theory.

1. Introduction

In this paper we �x a �eld K of characteristic 0 and consider nonassociative
K-algebras. An algebra A is called right-symmetric if it satis�es the polynomial
identity

(x1, x2, x3) = (x1, x3, x2), (1)
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where (x1, x2, x3) = x1(x2x3) − (x1x2)x3 is the associator, i.e.,

(a1, a2, a3) = (a1, a3, a2) for all a1, a2, a3 ∈ A.

A right-symmetric algebra is Novikov if it satis�es additionally the polynomial
identity of left-commutativity

x1(x2x3) = x2(x1x3). (2)

We denote by R and N the varieties of all right-symmetric algebras and
all Novikov algebras, respectively. For details on the history of right-
symmetric and Novikov algebras we refer to the introductions of the paper
by Dzhumadil'daev and L�ofwall [1] and the recent preprint by Bokut, Chen,
and Zhang [2]. The origins of the right-symmetric algebras can be traced
back till the paper by Cayley [3] in 1857. Translated in modern language,
Cayley mentioned an identity which implies the right-symmetric identity for
the associators and holds for the right-symmetric Witt algebra in d variables

W rsym
d =

{
d∑

i=1

fi
∂

∂xi
| fi ∈ K[Xd]

}
equipped with the multiplication(

fi
∂

∂xi

)
∗
(
fj

∂

∂xj

)
=

(
fj

∂fi
∂xj

)
∂

∂xi
.

Cayley also considered the realization of W rsym
d in terms of rooted trees. Later

right-symmetric algebras were studied under di�erent names: Vinberg, Koszul,
Gerstenhaber, and pre-Lie algebras, see the references in [1]. The opposite
algebras of Novikov algebras (satisfying the left-symmetric identity for the
associators and right commutativity) appeared in the paper by Gel'fand and
Dorfman [4]. There the authors gave an algebraic approach to the notion of
Hamiltonian operator in �nite-dimensional mechanics and the formal calculus
of variations. Independently, later Novikov algebras were rediscovered by
Balinskii and Novikov in the study of equations of hydrodynamics [5], see also
the survey article by Novikov [6]. (Due to the contributions in [4, 5] and [6]
Bokut, Chen, and Zhang [2] suggest to call these algebras Gel'fand-Dorfman-
Novikov algebras. We shall continue to keep the name Novikov algebras.) An
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example of a Novikov algebra is the right-symmetric Witt algebra W rsym
1 in

one variable. In a series of papers, see, e.g., [1, 7, 8] Dzhumadil'daev, with
coauthors or alone, has studied free right-symmetric and free Novikov algebras,
with applications to nonassociative algebras with polynomial identities.

In commutative invariant theory one usually considers the general linear
group GLd(K) with its canonical action on the d-dimensional vector space
Vd with basis {e1, . . . , ed}. This induces an action on the polynomial algebra
K[Xd] = K[x1, . . . , xd] in d variables

g(f(v)) = f(g−1(v)), g ∈ GLd(K), v ∈ Vd,

where the linear functions xi : Vd → K are de�ned by

xi(ej) = δij , i, j = 1, . . . , d,

and δij is the Kronecker symbol. For our noncommutative considerations it is
more convenient to suppress one step and, replacing V with its dual space V ∗,
to assume that GLd(K) acts canonically on the vector space KXd with basis
Xd = {x1, . . . , xd}. Then, identifying the polynomial algebra K[Xd] with the
symmetric algebra of KXd, we extend diagonally this action of GLd(K) on
K[Xd]:

g(f(Xd)) = g(f(x1, . . . , xd)) = f(g(x1), . . . , g(xd)), (3)

g ∈ GLd(K), f(Xd) ∈ K[Xd]. In this way GLd(K) acts as the group of linear
automorphisms of K[Xd]. For a subgroup G of GLd(K) the algebra of G-

invariants is

K[Xd]G = {f ∈ K[Xd] | g(f) = f for all g ∈ G}.

This is a Z-graded vector space and its Hilbert (or Poincar�e) series is the formal
power series

H(K[Xd]G, z) =
∑
n≥0

dim(K[Xd]G)nz
n,

where (K[Xd]G)n is the homogeneous component of degree n in K[Xd]G.
The following are among the main problems related with the description of
the algebra K[Xd]G for di�erent groups or classes of groups G. For details
concerning also computational and algorithmic problems see [9] or [10].
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• Is the algebra K[Xd]G �nitely generated? This problem was the
main motivation for the Hilbert 14th problem in his famous lecture
�Mathematische Probleme� given at the International Congress of
Mathematicians held in 1900 in Paris [11]. It is known that K[Xd]G is
�nitely generated for �nite groups (the theorem of Emmy Noether [12]),
for reductive groups (the Hilbert-Nagata theorem, see e.g., [13]), and for
groups close to reductive (see e.g., Grosshans [14] and Had�ziev [15]). The
�rst example of an algebra of invariants K[Xd]G which is not �nitely
generated is due to Nagata [16].

• If K[Xd]G is �nitely generated, describe it in terms of generators and

de�ning relations. In di�erent degree of generality this problem is solved
for classes of groups. For example, the theorem of Emmy Noether [12]
gives that for �nite groups the algebra K[Xd]G is generated by invariants
of degree ≤ |G|. Also for �nite groups, the Chevalley-Shephard-Todd
theorem [17, 18] states that the algebra K[Xd]G is isomorphic to the
polynomial algebra in d variables (i.e., it is generated by a set of d
algebraically independent invariants) if and only if G is generated by
pseudo-re�ections.

• Calculate the Hilbert series H(K[Xd]G, z). For �nite groups the answer
is given by the Molien formula [19]

H(K[Xd]G, z) =
1

|G|
∑
g∈G

1

det(1 − gz)
.

The analogue for reductive and close to them groups is the Molien-Weyl
integral formula [20], see also [21].

In noncommutative invariant theory one replaces the polynomial algebras
K[Xd] with other noncommutative or nonassociative algebras still keeping
some of the typical features of polynomial algebras. One such feature is the
universal property that for an arbitrary commutative algebra A every mapping
Xd → A is extended to a homomorphism K[Xd] → A. In the noncommutative
set-up the class of commutative algebras is replaced by an arbitrary variety
of algebras V and instead on K[Xd]G one studies the algebra of G-invariants
Fd(V)G of the d-generated relatively free algebra Fd(V) in V, d ≥ 2. For a
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background see the surveys [22, 23]. Comparing with commutative invariant
theory, when K[Xd]G is �nitely generated for all �nice� groups, the main
di�erence in the noncommutative case is that Fd(V)G is �nitely generated quite
rarely. For a survey on invariants of �nite groups G acting on relatively free
associative algebras see [22, 23] and [24]. For �nite groups G ̸= ⟨1⟩ and varieties
of Lie algebras Fd(V)G is �nitely generated if and only if V is nilpotent, see
[25, 26].

Concerning the Hilbert series of Fd(V)G, for G �nite there is an analogue
of the Molien formula, see Formanek [22]. Let

H(Fd(V), z1, . . . , zd) =
∑
ni≥0

dimFd(V)(n1,...,nd)z
n1
1 · · · znd

d

be the Hilbert series of Fd(V) as a multigraded vector space. It is equal to the
generating function of the dimensions of the vector spaces Fd(V)(n1,...,nd) of the
elements in Fd(V) which are homogeneous of degree ni in xi. If ξ1(g), . . . , ξd(g)
are the eigenvalues of g ∈ G, then the Hilbert series of the algebra of invariants
Fd(V)G is

H(Fd(V)G; z) =
1

|G|
∑
g∈G

H(Fd(V); ξ1(g)z, . . . , ξd(g)z).

There is also an analogue of the Molien-Weyl formula for the Hilbert series of
Fd(V)G which combines ideas of De Concini, Eisenbud, and Procesi [27] and
Almkvist, Dicks, and Formanek [28]. Evaluating the corresponding multiple
integral one uses the Hilbert series of Fd(V) instead of the Hilbert series of
K[Xd]

H(K[Xd], z1, . . . , zd) =

d∏
i=1

1

1 − zi
.

We refer to [29] for other methods for computing the Hilbert series of Fd(V)G

when G is isomorphic to the special linear group SLm(K) or to the group
UTm(K) of the m×m unitriangular matrices.

In this paper we study invariant theory of relatively free right-symmetric
and Novikov algebras. Let L be the variety of right-symmetric algebras which
are left-nilpotent of class 3, i.e., L is the subvariety of R satisfying the
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polynomial identity
x1(x2x3) = 0. (4)

For a large class of subgroups G of GLd(K), G ̸= ⟨1⟩, d > 1, we show that
Fd(V)G is not �nitely generated for any varietyV containing L. More precisely,
let Ad = K[Xd]+ be the algebra of polynomials without constant term and let
(Ad)G1 = (KXd)G be the vector space of linear polynomials �xed by G. Clearly,
(A2

d)G is a K[(Ad)G1 ]-module. If (A2
d)G is not �nitely generated as a K[(Ad)G1 ]-

module, then Fd(V)G is not �nitely generated for any V containing L. The
class of such groups G contains all �nite groups. It contains also the classical
and close to them groups under some natural restrictions on the embedding
into GLd(K). In particular, if (Ad)G1 = 0 and (A2

d)G ̸= 0, then Fd(V)G is not
�nitely generated. Results in the same spirit hold if we replace the polynomial
algebra K[Xd] with the free metabelian Lie algebra Fd(A2) = Ld/L

′′
d, where

Ld is the free Lie algebra freely generated by Xd and A2 is the variety of all
metabelian (solvable of class 2) Lie algebras. If (KXd)G = (Ad)G1 = 0 and
dimFd(A2)G = ∞, then again Fd(V)G is not �nitely generated.

2. Preliminaries

We �x a �eld K of characteristic 0. All vector spaces and algebras will be
over K. Let

F (X) = K{X} = K{x1, x2, . . .}

be the (absolutely) free nonassociative algebra freely generated by the
countable set X = {x1, x2, . . .}. Recall that the polynomial f(x1, . . . , xm) ∈
K{X} is a polynomial identity for the algebra A if f(a1, . . . , am) = 0 for all
a1, . . . , am ∈ A. The class of all algebras satisfying a given set U ⊂ K{X} of
polynomial identities is called the variety of associative algebras de�ned by the
system U . If V is a variety, then T (V) is the ideal of K{X} consisting of all
polynomial identities of V. Let Xd = {x1, . . . , xd} ⊂ X. Then the algebra

Fd(V) = K{x1, . . . , xd}/(K{x1, . . . , xd} ∩ T (V)) = K{Xd}/(K{Xd} ∩ T (V))

is the relatively free algebra of rank d in V. We shall denote the generators
of Fd(V) with the same symbols Xd. The ideals K{Xd} ∩ T (V) of K{Xd}
are preserved by all endomorphisms φ of K{Xd}, i.e., φ(K{Xd} ∩ T (V)) ⊆
K{Xd}∩T (V). In particular, GLd(K)(K{Xd}∩T (V)) = K{Xd}∩T (V). Here
the general linear groupGLd(K) acts canonically on the vector spaceKXd with
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basis Xd and this action is extended diagonally on the whole Fd(V) as in (3).
Hence Fd(V) has a natural structure of a GLd(K)-module. For a background
on representation theory of GLd(K) see, e.g., [30, 21]. Since char(K) = 0, the
algebra Fd(V) is a direct sum of irreducible GLd(K)-modules and

Fd(V) =
∑

mλ(V)Wd(λ),

where Wd(λ) is the irreducible polynomial GLd(K)-module corresponding to
the partition λ = (λ1, . . . , λd), λ1 ≥ · · · ≥ λd ≥ 0, and mλ(V) is the
multiplicity of Wd(λ) in the decomposition of Fd(V). Then the Hilbert series
of Fd(V) is

H(Fd(V), z1, . . . , zd) =
∑

mλ(V)Sλ(z1, . . . , zd),

where Sλ(z1, . . . , zd) is the Schur function corresponding to λ. Since the Schur
functions form a basis of the vector space K[Xd]Sn of symmetric polynomials
in d variables, the Hilbert series H(Fd(V), z1, . . . , zd) determines the GLd(K)-
module structure of Fd(V).

In the sequel we shall need some well known information for two relatively
free algebras: the polynomial algebraK[Xd] and the free metabelian Lie algebra
Fd(A2) = Ld/L

′′
d.

Lemma 1. (i) The GLd(K)-module structure of the polynomial algebra K[Xd]
is

K[Xd] =
∑
n≥0

Wd(n).

(ii) The free metabelian Lie algebra Fd(A2) has a basis

{xi, [[· · · [xi1 , xi2 ], . . .], xin ] | i, ij = 1, . . . , d, i1 > i2 ≤ · · · ≤ in}.

The GLd(K)-module structure of Fd(A2) is

Fd(A2) = Wd(1) +
∑
n≥2

Wd(n− 1, 1).

Part (i) of the lemma is well known. Part (ii) is also well known, see e.g.,
[31, �52, pp. 274-276 of the English translation] for the basis of Fd(A2) and
[32, the proof of Lemma 2.5] for its GLd(K)-module structure.
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The product of two Schur functions Sλ(z1, . . . , zd)Sµ(z1, . . . , zd) can be
expressed as a sum of Schur functions using the Littlewood-Richardson rule. A
very special case of this rule is the Branching theorem, when µ = (1). It states
that

Sλ(z1, . . . , zd)S(1)(z1, . . . , zd) =
∑

Sν(z1, . . . , zd), (5)

where the sum runs on all partitions ν = (ν1, . . . , νd) obtained by adding 1
to one of the components λi of λ = (λ1, . . . , λd). In other words, the Young
diagram of ν is obtained by adding a box to the diagram of λ. Since the product
of two Schur functions corresponds to the tensor product of the corresponding
irreducible GLd(K)-modules, we obtain equivalently

Wd(λ) ⊗K Wd(1) =
∑

Wd(ν), (6)

with the same summation on ν as in (5).
If G is a subgroup of GLd(K), then the GLd(K)-action on the irreducible

GLd(K)-moduleWd(λ) induces aG-action onWd(λ). LetWd(λ)G be the vector
space of the elements of Wd(λ) �xed by G, i.e., of the G-invariants of Wd(λ).
If W is a graded GLd(K)-module with polynomial homogeneous components,

W =
⊕
k≥0

Wk, Wk =
∑
λ

mλ(k)Wd(λ), (7)

then its Hilbert series is

H(W, z1, . . . , zd, z) =
∑
k≥0

∑
ni≥0

dim(Wk)(n1,...,nd)z
n1
1 · · · znd

d

 zk

=
∑
k≥0

∑
λ

mλ(k)Sλ(z1, . . . , zd)zk.

(8)

Lemma 2. Let W be a graded GLd(K)-module with polynomial homogeneous

components, as in (7), and let G be a subgroup of GLd(K). Then the Hilbert

series of the G-invariants of W

H(WG, z) =
∑
k≥0

dimWG
k zk

is determined from the Hilbert series (8) of W .
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Proof. We follow the main ideas of the recent preprint [33] which contains
more applications in the spirit of the lemma. Since the dimension of Wd(λ)G

depends on Wd(λ) only, and the Schur functions Sλ(z1, . . . , zd) are in 1-1
correspondence with the modules Wd(λ), we conclude that dimWd(λ)G is a
function of Sλ(z1, . . . , zd). This immediately completes the proof because

H(WG, z) =
∑
k≥0

(∑
λ

mλ(k) dimWd(λ)G

)
zk.

The proof of the next statement can be found in [34, Proposition 4.2] in
the case of homomorphic images of the free associative algebra K⟨Xd⟩. The
proof in the case below is exactly the same.

Proposition 1. Let I be an ideal of the relatively free algebra Fd(W) of the
variety W and let I be preserved under the GLd(K)-action on Fd(W). If G is a

subgroup of GLd(K), then every G-invariant of the factor algebra Fd(W)/I can
be lifted to a G-invariant of Fd(W), i.e., under the canonical homomorphism

π : Fd(W) → Fd(W)/I

Fd(W)G maps onto (Fd(W)/I)G. In particular, if V is a subvariety of the

variety W and π : Fd(W) → Fd(V), then

π(Fd(W)G) = Fd(V)G.

For more details on varieties of algebras (in the associative case) and the
applications of representation theory of GLd(K) to PI-algebras we refer to the
book [35].

3. The main result

Let L be the subvariety of the variety of right-symmetric algebrasR de�ned
by the identity (4) of left-nilpotency of class 3. Since the identity (2) of left-
commutativity is a consequence of (4), L is also a subvariety of the variety
N of Novikov algebras. Working in L, the only nonzero products are left-
normed. We shall omit the parentheses and shall write a1a2 · · · an instead of
(· · · (a1a2) · · · )an and a1a

k
2 instead of a1 a2 · · · a2︸ ︷︷ ︸

k times

.
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Lemma 3. (i) The relatively free algebra Fd(L) has a basis

{xi1xi2 · · ·xin | i1 = 1, . . . , d, 1 ≤ i2 ≤ · · · ≤ in ≤ d}. (9)

(ii) The GLd(K)-module structure of Fd(L) is

Fd(L) = Wd(1) +
∑
n≥2

(Wd(n) + Wd(n− 1, 1)). (10)

Proof. (i) Modulo the identity (4) the right-symmetric identity (1) reduces
to

x1x2x3 = x1x3x2. (11)

Hence L satis�es the identity

x1x2 · · ·xn = x1xσ(2) · · ·xσ(n), σ ∈ Sn, σ(1) = 1,

and the algebra Fd(L) is spanned as a vector space on the elements (9). In
order to show that (9) is a basis of Fd(L) it is su�cient to construct an algebra
A in L which is generated by a1, . . . , ad and has a basis

{aian1
1 · · · and

d | i1 = 1, . . . , d, nj ≥ 0}. (12)

Since A is a homomorphic image of Fd(L), this would imply that (9) is a basis of
Fd(L). Consider the vector space A with basis (12) and de�ne a multiplication
there by the rule

(aia
n1
1 · · · and

d ) ∗ aj = aia
n1
1 · · · anj+1

j · · · and
d ,

(aia
n1
1 · · · and

d ) ∗ (aia
m1
1 · · · amd

d ) = 0, if mj > 0 for some j.

Obviously A satis�es the identities (4) and (11), and hence belongs to L.
(ii) For n ≥ 2 we divide the basis elements from (9) in two groups. The

�rst group contains the monomials xi1xi2 · · ·xin with i1 ≤ i2 and the second
group the monomials with i1 > i2. Obviously, the monomials in the �rst group
are in 1-1 correspondence with the monomials of degree ≥ 2 in K[Xd]. By
Lemma 1 (ii), the same holds for the monomials from the second group and
the elements of degree ≥ 2 in Fd(A2). Hence the Hilbert series of Fd(L) is a
sum of the Hilbert series of the algebra of polynomials without constant term
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and the commutator ideal of the Lie algebra Fd(A2). Now the proof follows
from Lemma 1.

The construction in the proof of Lemma 3 (i) suggests that the algebra
Fd(L) has the structure of a right K[Xd]-module with action de�ned by

(xpx
n1
1 · · ·xdnd)◦(xm1

1 · · ·xmd
d ) = xpx

n1+m1
1 · · ·xnd+md

d , p = 1, . . . , d, nj ,mj ≥ 0.

Clearly, the ideal F 2
d (L) of the elements in Fd(L) without linear term is a

K[Xd]-submodule. We shall denote by (Ad)1 the vector space KXd and shall
identify K[Xd] and K[(Ad)1].

The following theorem and its consequences together with the examples in
the next section are the main results of the paper.

Theorem 1. Let V be a subvariety of the variety R of all right-symmetric

algebras and let V contain the variety L of left-nilpotent of class 3 algebras

in R. If G ̸= ⟨1⟩ is a subgroup of GLd(K) such that the ideal F 2
d (L)G of the

algebra of invariants Fd(L)G is not �nitely generated as a K[(Ad)G1 ]-module,

then the algebra of G-invariants Fd(V)G is not �nitely generated.

Proof. By Proposition 1 the canonical homomorphism Fd(V) → Fd(L) maps
Fd(V)G onto Fd(L)G and if Fd(V)G is �nitely generated, the same is Fd(L)G.
Hence it is su�cient to show that Fd(L)G is not �nitely generated. Therefore
we may work in Fd(L) and assume that Fd(L)G is �nitely generated. As a
vector space Fd(L)G is a direct sum of the invariants of �rst degree (KXd)G =
(Ad)G1 and the invariants F 2

d (L)G without linear term. We may assume that
Fd(L)G is generated by U = {u1, . . . , uk} ⊂ (Ad)G1 and W = {w1, . . . , wl} ⊂
F 2
d (L)G. Since Fd(L)GF 2

d (L)G = 0, the only nonzero products of the generators
of Fd(L)G are upui1 · · ·uum , and wqui1 · · ·uum , m ≥ 0. Hence KU = (Ad)G1 ,

F 2
d (L)G =

k∑
i=1

up1up2 ◦K[(Ad)G1 ] +

l∑
j=1

wq ◦K[(Ad)G1 ]

and F 2
d (L)G is a �nitely generated K[(Ad)G1 ]-module which is a contradiction.

Corollary 1. Let Ad = K[Xd]+ be the algebra of polynomials without

constant term and let G be a subgroup of GLd(K). If (A2
d)G is not �nitely

generated as a K[(Ad)G1 ]-module, then Fd(V)G is not �nitely generated for

any variety V containing L.
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Proof. By the Branching theorem (6)

Wd(n− 1, 1) ⊗K Wd(1) = Wd(n, 1) ⊕Wd(n− 1, 2) ⊕Wd(n− 1, 1, 1). (13)

Consider the GLd(K)-module decomposition of Fd(L) given in Lemma 3 (ii).
Since Fd(L)F 2

d (L) = 0, the only nonzero products Wd(λ)Wd(µ) with λ or µ
equal to (n− 1, 1), n ≥ 2, come from

Wd(n−1, 1)Wd(1) = Wd(n−1, 1)Fd(L) = Wd(n−1, 1)(KXd) = Wd(n−1, 1)(Ad)1.

This is a homomorphic image in Fd(L) of Wd(n− 1, 1) ⊗K Wd(1). By (13) we
derive that Wd(n− 1, 1)Fd(L) ⊂ Wd(n, 1). This implies that

I =
∑
n≥2

Wd(n− 1, 1) ⊂ Fd(L)

is an ideal of Fd(L) and the GLd(K)-module structure of the factor algebra is

Fd(L)/I =
∑
n≥1

Wd(n) ∼= Ad.

Hence the algebras Fd(L)/I and Ad have the same Hilbert series and by
Lemma 2 the same holds for their algebras of invariants. Since (A2

d)G is not
�nitely generated as a K[(Ad)G1 ]-module, the same is true for the K[(Ad)G1 ]-
module F 2

d (L)/I. By Proposition 1, the K[(Ad)G1 ]-module F 2
d (L) is not �nitely

generated and the application of Theorem 1 completes the proof.

Corollary 2. Let Fd(A2) be the free metabelian Lie algebra and let G be a

subgroup of GLd(K). If (KXd)G = (Ad)G1 = 0 and dimFd(A2)G = ∞, then

Fd(V)G is not �nitely generated for any variety V containing L.

Proof. Since (KXd)G = (Ad)G1 = 0 we obtain that Fd(L)G = F 2
d (L)G. Hence

the algebra Fd(L)G is with trivial multiplication and the �nite generation
is equivalent to the �nite dimensionality. As a GLd(K)-module Fd(A2)
is a homomorphic image of Fd(L). Hence the vector space Fd(A2)G is a
homomorphic image of Fd(L)G. This implies that dimF 2

d (L)G = ∞, i.e., both
the algebras Fd(L)G and Fd(V)G are not �nitely generated.
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Remark 3.1. In Corollary 2 we cannot remove directly the restriction

(KXd)G = 0, as in Corollary 1, because the GLd(K)-submodule I =∑
n≥2Wd(n) of Fd(L) is not an ideal. For example, one can show that

Wd(2)(KXd) = Wd(3) ⊕Wd(2, 1). Hence we cannot use the property that the

Lie algebra Fd(A2)G is not �nitely generated to show that the algebra Fd(L)
is also not �nitely generated. On the other hand, we do not know examples

of groups G when (KXd)G = 0, K[Xd]G = K, and dimFd(A2)G = ∞. Such

an example would show that we may apply Corollary 2 when we cannot apply

Corollary 1.

4. Examples

All examples in this section use the following statement which is a
consequence of Corollary 1.

Proposition 2. If for a subgroup G of GLd(K)

transcend.deg(K[Xd]G) > dim(KXd)G,

then the algebra Fd(V)G is not �nitely generated for any variety V containing

L.

Proof. Let t = transcend.deg(K[Xd]G). Since K[Xd]G is graded, we may
choose t algebraically independent homogeneous elements in AG

d = (K[Xd]+)G.
If m = dim(KXd)G, changing linearly the variables Xd we assume that
(KXd)G has a basis Xm = {x1, . . . , xm} and K[(Ad)G1 ] = K[Xm]. Since
t > m, we obtain that ((Ad)2)G contains an element f(Xd), such that the
system Xm ∪ {f(Xd)} is algebraically independent. Hence the K[Xm]-module
generated by the powers fk(Xd), k = 1, 2, . . ., is not �nitely generated. Now
the proof follows from Corollary 1.

3.1. Finite groups.

Theorem 2. Let G be a �nite subgroup of GLd(K) and G ̸= ⟨1⟩. Then the

algebra Fd(V)G is not �nitely generated for any variety V containing L.

Proof. It is well known that for a �nite group G

transcend.deg(K[Xd]G) = transcend.deg(K[Xd]) = d. (14)
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For self-containedness of the exposition, every element f(Xd) ∈ K[Xd] satis�es
the equation

uf (z) =
∏
g∈G

(z − g(f(Xd))) = z|G| − c1z
|G|−1 + c2z

|G|−2 − · · · ± c|G|

where the coe�cients ck are equal to the elementary symmetric polynomials
in {g(f(Xd)) | g ∈ G}. Hence ck ∈ K[Xd]G and as a K[Xd]G-module K[Xd] is
generated by

xa11 · · ·xadd , 0 ≤ ai < |G|.
The �nite generation of the K[Xd]G-module K[Xd] implies (14) and the
theorem follows from Proposition 2.

3.2. Reductive groups. If G ⊂ GLd(K) is a reductive group then there
exists a G-submodule W of KXd such that KXd = (KXd)G ⊕W .

Proposition 3. In the above notation, if K[W ]G ̸= K, then Fd(V)G is not

�nitely generated for all V containing L.

Proof. Since the elements of K[W ] cannot be expressed as polynomials in
(KXd)G, the condition K[W ]G ̸= K implies that

transcend.deg(K[Xd]G) = dim(KXd)G+transcend.deg(K[W ]G) > dim(KXd)G

and this completes the proof in virtue of Proposition 2.
Example. For each k ≥ 1 there is a unique irreducible rational k-dimensional

SL2(K)-module Wk. Let the subgroup G of GLd(K) be isomorphic to SL2(K)
and

KXd
∼= Wk1 ⊕ · · · ⊕Wkp

as an SL2(K)-module. It is well known that if k1 ≥ 3, then K[Wk1 ] contains
nontrivial SL2(K)-invariants. Similarly, K[W2 ⊕ W2]

SL2(K) ̸= K. Hence the

only cases whenK[Xd]SL2(K) = K[(KXd)SL2(K)] are k1 = 2, k2 = · · · = kp = 1
when K[Xd]SL2(K) = K[(KXd)SL2(K)] ∼= K[Xd−1] and k1 = · · · = kp = 1 with

the trivial action of SL2(K) on KXd (and the latter case is impossible because

G ∼= SL2(K) is a nontrivial subgroup of GLd(K)).

3.3. Weitzenb�ock derivations. A linear operator δ of an algebra A is a
derivation if

δ(uv) = δ(u)v + uδ(v), u, v ∈ A.
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If V is a variety of algebras, then every mapping δ : Xd → Fd(V) can be
uniquely extended to a derivation of Fd(V) which we shall denote by the
same symbol δ. If δ is a nilpotent linear operator on KXd, then the induced
derivation is called a Weitzenb�ock derivation. Weitzenb�ock [36] proved that in
the case of polynomial algebras the algebra of constants

K[Xd]δ = {f(Xd) ∈ K[Xd] | δ(f(Xd)) = 0}

is �nitely generated. Details on the algebra of constants K[Xd]δ can be found
in the book by Nowicki [37]. For varieties V of unitary associative algebras
(and δ ̸= 0) the algebra Fd(V)δ is �nitely generated if and only if V does not
contain the algebra T2(K) of 2 × 2 upper triangular matrices, see [38, 34]. Up
to a change of the basis of KXd the Weitzenb�ock derivation δ is determined by
the Jordan normal form J(δ) of the linear operator δ acting on KXd. Since δ
acts nilpotently on KXd, the matrix J(δ) consists of Jordan blocks with zero
diagonals.

Proposition 4. If d > 2 and the Jordan normal form J(δ) of the Weitzenb�ock

derivation consists of less than d − 1 blocks, then the algebra Fd(V)δ is not

�nitely generated for any variety V containing the variety L.

Proof. Since αδ, α ∈ K, is nilpotent on KXd, it is a locally nilpotent

derivation of Fd(V), i.e., for every f(Xd) ∈ Fd(V) there exists an n ≥ 1
such that (αδ)n(f(Xd)) = 0. Hence

exp(αδ) = 1 +
αδ

1!
+

(αδ)2

2!
+ · · ·

is a well de�ned linear automorphism of Fd(V). It is well known that the group

{exp(αδ) | α ∈ K}

is isomorphic to the unipotent group UT2(K) and

Fd(V)δ = Fd(V)UT2(K).

If the matrix J(δ) consists of p blocks, then the dimension of the vector space
(KXd)δ of the linear constants is equal to the number of the blocks p. Reading
carefully [37, Proposition 6.5.1, p. 65] we can see that

transcend.deg(K[Xd]δ) = d− 1
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which is larger than p = dim(KXd)δ. Now the proof follows from Proposition
2 applied for UT2(K) ⊂ GLd(K).

Remark 4.2. If in Proposition 4 the Jordan normal form of δ consists of d−1
blocks, then the algebra of constants K[Xd]δ is generated by linear constants.

In this case we may assume that δ(x1) = x2 and δ(xi) = 0 for i = 2, . . . , d.
It is easy to see that Fd(L)δ is generated by x1x2 − x2x1, x2, . . . , xd. We do

not know how far can be lifted to Fd(V) the �nite generation property of the

algebra of constants and do not have a description of the varieties V containing

L such that the algebra Fd(V)δ is �nitely generated.
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Äðåíñêè Â.Ñ. ÅÐÊIÍ Î�-ÑÈÌÌÅÒÐÈßËÛ ÀËÃÅÁÐÀËÀÐ ÌÅÍ
ÍÎÂÈÊÎÂ ÀËÃÅÁÐÀËÀÐÛÍÀ �ÀÒÛÑÒÛ ÈÍÂÀÐÈÀÍÒÒÀÐ ÒÅÎ-
ÐÈßÑÛ

(x1; x2; x3) = (x1;x3; x2) ïîëèíîìèàëäû òåïå-òåäiãi áàð àëãåáðà-
ëàð î-ñèììåòðèÿëû àëãåáðàëàð äåï àòàëàäû, ì´íäà (x1; x2; x3) =
x1(x2x3)..(x1x2)x3 - àññîöèàòîð áîëûï òàáûëàäû. Íîâèêîâ àëãåáðàëàðû
- á´ë ©îñûìøà x1(x2x3) = x2(x1x3) ïîëèíîìèàëäû òåïå-òåäiãií ©àíà¡àò-
òàíäûðàòûí î-ñèììåòðèÿëû àëãåáðàëàð áîëûï òàáûëàäû. Áiç 0 ñèïàòòà-
ìàëû K °ðiñiíi ê°ïòåãåí åðêií Xd = fx1; : : : ; xdg òóûíäàóøûëàðû áàð

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 2



144 V.S. Drensky

åðêií î-ñèììåòðèÿëû Fd(R) àëãåáðàñûí æºíå åðêií Fd(N) Íîâèêîâ àë-
ãåáðàñûí ©àðàñòûðàìûç. d-°ëøåìäi ñûçû©òû KXd êåiñòiãiíå êàíîíäû©
ºñåði áàð òîëû© ñûçû©òû GLd(K) òîáû Fd(R) ìåí Fd(N) ñûçû©òû àâòî-
èçèìîðôèçìäåð òîáû ðåòiíäå ºñåð åòåäi. GLd(K) òîáûíû G iøêi òîáû
³øií áiç Fd(R)G æºíå Fd(N)G G- èíâàðèàíòòàð àëãåáðàñûí çåðòòåéìiç.
Äëÿ áîëüøîãî êëàññà ãðóïï G òîïòàðûíû ê°ïòåãåí êëàñòàðû ³øií áiç
ìû ïîêàçûâàåì, ÷òî àëãåáðû Fd(R)G æºíå Fd(N)G àëãåáðàëàðû åø©à-
øàí à©ûðëû òóûíäà¡àí àëãåáðàëàð åêåíií ê°ðñåòåìiç. Îñûíäàé íºòèæå
î-ñèììåòðèÿëû àëãåáðàëàðäû R ê°ïáåéíåëåãiíi R-äåãi àëãåáðàëàðäû
3 ñîë-íèëüïîòåíòòi êëàñûíû L iøêiê°ïáåéíåëiãií ©àìòèòûí ºðáið iøêiê°-
ïáåéíåëiê ³øií äå îðûíäû áîëàäû.

Äðåíñêè Â.Ñ. ÒÅÎÐÈß ÈÍÂÀÐÈÀÍÒÎÂ ÎÒÍÎÑÈÒÅËÜÍÎ ÑÂÎ-
ÁÎÄÍÛÕ ÏÐÀÂÎ-ÑÈÌÌÅÒÐÈ×ÅÑÊÈÕ ÀËÃÅÁÐ È ÀËÃÅÁÐ ÍÎÂÈ-
ÊÎÂÀ

Àëãåáðû ñ ïîëèíîìèàëüíûì òîæäåñòâîì (x1, x2, x3) = (x1, x3, x2),
ãäå (x1, x2, x3) = x1(x2x3) − (x1x2)x3 � àññîöèàòîð, íàçûâàþòñÿ
ïðàâî-ñèììåòðè÷åñêèìè. Àëãåáðû Íîâèêîâà � ýòî ïðàâî-ñèììåòðè÷åñêèå
àëãåáðû, äîïîëíèòåëüíî óäîâëåòâîðÿþùèå ïîëèíîìèàëüíîìó òîæäå-
ñòâó x1(x2x3) = x2(x1x3). Ìû ðàññìàòðèâàåì ñâîáîäíóþ ïðàâî-
ñèììåòðè÷åñêóþ àëãåáðó Fd(R) è ñâîáîäíóþ àëãåáðó Íîâèêîâà Fd(N) ñ
ìíîæåñòâîì ñâîáîäíûõ ïîðîæäàþùèõ Xd = {x1, . . . , xd} íàä ïîëåì K
õàðàêòåðèñòèêè 0. Ïîëíàÿ ëèíåéíàÿ ãðóïïà GLd(K) ñ åå êàíîíè÷åñêèì
äåéñòâèåì íà d-ìåðíîå ëèíåéíîå ïðîñòðàíñòâî KXd äåéñòâóåò íà Fd(R)
è Fd(N) êàê ãðóïïà ëèíåéíûõ àâòîìîðôèçìîâ. Äëÿ ïîäãðóïïû G ãðóï-
ïû GLd(K) ìû èçó÷àåì àëãåáðó G-èíâàðèàíòîâ Fd(R)G è Fd(N)G. Äëÿ
áîëüøîãî êëàññà ãðóïï G ìû ïîêàçûâàåì, ÷òî àëãåáðû Fd(R)G è Fd(N)G

íèêîãäà íå ÿâëÿþòñÿ êîíå÷íî ïîðîæäåííûìè. Òàêîé-æå ðåçóëüòàò âåðåí
äëÿ êàæäîãî ïîäìíîãîîáðàçèÿ ìíîãîîáðàçèÿ R ïðàâî-ñèììåòðè÷åñêèõ àë-
ãåáð, êîòîðîå ñîäåðæèò ïîäìíîãîîáðàçèå L ëåâî-íèëüïîòåíòíûõ êëàññà 3
àëãåáð èç R.
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Annotation: We consider a class of anti-commutative algebras embeddable into
pre-commutative algebras (Zinbiel algebras) relative to the commutator product. It is
proved that this class is not a variety. An analogous approach shows that the class
of commutative algebras embeddable into pre-commutative algebras relative to the
anti-commutator is not a variety as well.
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1. Introduction

One of the most common problems in algebra is a description of the class
M(ω) of algebraic systems obtained from a given class M by means of new
operations on the same base set. These operations are assumed to be expressed
in some way (denoted as ω) via the initial operations of the class M. In what
follows, we will only consider linear algebras, i.e., linear spaces equipped with a
family of polylinear operations in arbitrary number of arguments. An algebra
of the form A(ω), A ∈ M, is supposed to be the same linear space A equipped
with new family of operations.

For example, if M = As is the variety of all associative algebras with
multiplication µ : (x, y) → xy then the new commutator operation [x, y] =
xy − yx on the space of algebra A ∈ As turns A into a Lie algebra A(−).

Moreover, every Lie algebra may be embedded into an appropriate A(−),
A ∈ As, therefore, S(As(−)) is a variety (equal to Lie). Here S(K) stands for
the class of all subalgebras of all algebras from the class K. In the sequel, we
will denote by H(K) the class of all homomorphic images of algebras from K.
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On the other hand, it is well known that the anti-commutator operation
x ◦ y = xy + yx turns an algebra A ∈ As into a Jordan algebra A(+), but
S(As(+)) is not a variety: this class is not closed with respect to homomorphic
images [1].

Generally speaking, letM and N be two varieties of linear algebras de�ned
by polylinear identities. Then an algebra A ∈ M may be represented as a
morphism from the operad CM governing the variety M (see [2]) to the multi-
category of Vec of linear spaces [3]:

A : CM → Vec.

Every morphism of operads ω : CN → CM naturally de�nes a functor M → N :

A(ω) : CN
ω→ CM

A→ Vec.

The kernel of ω in CN is the collection of those polylinear identities in the
variety N that hold on all algebras of the form A(ω), A ∈ M.

Algebras of the class S(M(ω)) are called special N -algebras (relative to the
morphism ω). Denote the closure of this class with respect to homomorphic
images by S(ω)N .

For every triple (M,N , ω) as above, one may pose the following questions.

• Find the kernel of ω in CN , or at least determine whether it is trivial.
The operad CN /Kerω governs the variety S(ω)N .

• Whether S(M(ω)) coincides with N ?

• If the previous question meets negative answer, decide whether
S(M(ω)) ⊆ N is a variety.

The �rst two questions are known as the problem of �nding special
identities and speciality problem. A study of functors of this type as well
as a study of speciality problems was performed, in particular, in [4]. To
solve the last question it is enough to check whether we have S(ω)N =
S(M(ω)) (since the Cartesian products preserve speciality). A general method
of counterexample construction (non-special homomorphic images of special
N -algebras) is given by the following analogue of P.M. Cohn's lemma [1].
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Let X be a set, and let M⟨X⟩, N⟨X⟩ be the free algebras (generated by
X) in the varieties M, N , respectively. Denote Nω⟨X⟩ the subalgebra in the
N -algebra M⟨X⟩(ω) generated by X. For a subset B ⊂ Nω⟨X⟩ denote Iω(B)
and I(B) the ideals of Nω⟨X⟩ and M⟨X⟩ generated by B.

Lemma 1. Algebra Nω⟨X⟩/Iω(B) is special relative to the morphism ω if and

only if Iω(B) = I(B) ∩Nω⟨X⟩.

The proof is completely similar to what is stated in [5, Ch. 3].
If S(M(ω)) and N coincide then there is a more precise question on the

properties of the triple (M,N , ω): whether this triple has PBW-property [6],
i.e., whether an analogue of the Poicar�e�Birkho��Witt Theorem holds for
the universal enveloping algebra Uω(L) ∈ M, L ∈ N . As shown in [6], the
PBW-property allows to transfer many combinatorial properties from M to
N .

In the present work we consider a series of varieties obtained from classical
varieties As, Com, and Lie of associative, associative-commutative, and Lie
algebras by means of splitting procedure. The classes obtained are related
with Novikov algebras and with Tortken- and Tortkara-algebras introduced by
A.S. Dzhumadil'daev.

2. Splitting of operads and corresponding morphisms

Denote by Perm the variety of associative algebras satisfying the identity
xyz = yxz [7].

LetM be a variety of algebras with one bilinear operation of multiplication
µ : (x, y) 7→ xy de�ned by a family of polylinear identities. Denote by CM the
operad governing the variety M.

Definition 1 ([8]). Denote by preM the class of linear spaces A equipped

with two bilinear operations µ≻ : (x, y) 7→ x ≻ y and µ≺ : (x, y) 7→ x ≺ y such

that for every algebra P ∈ Perm the space P ⊗A relative to the operation

(p⊗ a)(q ⊗ b) = pq ⊗ a ≻ b+ qp⊗ a ≺ b, p, q ∈ P, a, b ∈ A, (1)

belongs to the variety M.

It follows immediately from de�nition that preM is a variety, its de�ning
identities may be obtained from the de�ning identities of M by comparing
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similar terms in the expression

t(p1 ⊗ a1, . . . , pn ⊗ an) = 0, pi ∈ P, ai ∈ A,

where t(x1, . . . , xn) is a de�ning identity of M. Here it is enough to choose P
equal to the free Perm-algebra generated by countable set {p1, p2, . . . }. The
same identities are obtained as a result of the splitting procedure described in
[9], [10].

Example 1 (Pre-associative algebras). For M = As, the class of pre-
associative algebras consists of linear spaces equipped with two operations ≻
and ≺ such that

x ≻ (y ≻ z) = (x ≻ y) ≻ z + (x ≺ y) ≻ z,

x ≻ (y ≺ z) = (x ≻ y) ≺ z,

x ≺ (y ≻ z) + x ≺ (y ≺ z) = (x ≺ y) ≺ z.

(2)

This is exactly the system of de�ning identities of dendriform di-algebras [11].

Example 2 (Pre-commutative algebras). For M = Com, the class of pre-
commutative algebras is de�ned by the identities 2 and

x ≻ y = y ≺ x.

These identities, being rewritten in terms of one product x ◦ y = x ≻ y (x ≺
y = y ◦ x), turn into single expression

x ◦ (y ◦ z) = (x ◦ y) ◦ z + (y ◦ x) ◦ z. (3)

This is the de�nig identity of the class of Zinbiel algebras [11].
Note that (3) implies

x ◦ [y, z] + y ◦ [z, x] + z ◦ [x, y] = 0, (4)

where [x, y] = x ◦ y − y ◦ x

Example 3 (Pre-Lie algebras). For M = Lie, the class of pre-Lie algebras
is de�ned by identities

x ≻ y = −y ≺ x,

x ≻ (y ≻ z)− y ≻ (x ≻ z) = (x ≻ y + x ≺ y)z,

x ≻ (y ≺ z)− y ≺ (x ≻ z + x ≺ z) = (x ≻ y) ≺ z,

x ≺ (y ≺ z + y ≻ z)− y ≻ (x ≺ z) = (x ≺ y) ≺ z.
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Relative to the operation x ◦ y = x ≺ y these identities turn into single
expression

x ◦ (y ◦ z)− (x ◦ y) ◦ z = x ◦ (z ◦ y)− (x ◦ z) ◦ y.

This relation de�nes the variety of right-symmetric algebras [12]�[14].

The study of splitting varieties is essentially motivated by their relation to
Rota�Baxter operators. The latter represent constant solutions of the classical
Yang�Baxter equation (CYBE) on semisimple �nite-dimensional Lie algebras
[15].

Namely, a Rota�Baxter operator on an algebra U is a linear operator
R : U → U such that

R(u)R(v) = R(R(u)v) +R(uR(v)), u, v ∈ U.

Theorem 1 ([10]). 1. An algebra A ∈ M with a Rota�Baxter operator R
is a system of the class pre M relative to the operations

a ≻ b = R(a)b, a ≺ b = aR(b), a, b ∈ A.

2. Every algebra B ∈ pre M embeds into an appropriate algebra A ∈ M
with a Rota�Baxter operator.

This theorem implies every algebra A ∈ pre M to be embedded into
its universal enveloping M-algebra with a Rota�Baxter operator. Standard
universal algebra reasonings allow to derive the main result of [16] (where it
was proved for M = As).

Corollary 1 [c.f. with [16]]. The universal enveloping Rota�Baxter M-
algebra of the free pre M-algebra is isomorphic to the free system in the
variety of M-algebras with Rota�Baxter operator.

Corollary 2. For a binary quadratic operad CM we have Cpre M = Cpre Lie •
CM, where • stands for the black Manin product of operads [2], [17].

De�nition 1 implies that for every algebra A ∈ pre M with operations ≻,
≺ the same space A is an algebra of the variety M relative to the product

a ∗ b = a ≻ b+ a ≺ b.
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Indeed, it is enough to consider P = k ∈ Com ⊂ Perm. The M-algebra
obtained is denoted by A(∗).

Therefore, we have a morphism of operads FM → Fpre M inducing the
functor (∗) : pre M → M, A 7→ A(∗).

Theorem 2. LetM = As,Lie. Then the triple (pre M,M, (∗)) has the PBW-

property.

For M = Lie, this statement was proved in [18], where the Gr�obner�
Shirshov bases method was developed for the class pre Lie: there is a basis
of the universal enveloping Lie algebra of a pre-Lie algebra L that does not
depend on the multiplication table of L.

The same approach was developed in pre-associative case in [19], where
the Gr�obner�Shirshov bases theory for pre-associative algebras was developed.
Calculation of bases of universal envelopes shows the triple (pre As,As, (∗))
has the PBW-property.

3. Splitting morphisms of operads

Let M, N be two varieties of linear algebras, and let ω : CN → CM be
a morphism of the corresponding operads; ω induces the functor M → N ,
A 7→ A(ω). Then there exists a morphism pre ω : Cpre N → Cpre M inducing
the functor pre M → pre N , A 7→ A(pre ω) compatible with the splitting
procedure:

(P ⊗A)(ω) = P ⊗A(pre ω)

for A ∈ pre M, P ∈ Perm.

Example 4. Let N = Lie, M = As, and let ω be the morphism sending x1x2
to [x1, x2] = x1x2 − x2x1. The induced functor turns an associative algebra
into its commutator Lie algebra. Consider P = Perm⟨p, q, . . . ⟩, A ∈ pre As,
and compute

[p⊗ a, q ⊗ b] = pq ⊗ (a ≺ b− b ≻ a) + qp⊗ (a ≻ b− b ≺ a)

for a, b ∈ A. Obviously, the morphism pre ω maps x1 ≺ x2 to [x1 ≺ x2] = x1 ≺
x2 − x2 ≻ x1 and x1 ≻ x2 to [x1 ≻ x2] = x1 ≻ x2 − x2 ≺ x1. These operations
are related to each other: [x1 ≺ x2] = −[x2 ≻ x1].
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Example 5. Let Diff be the variety of di�erential algebras, i.e., associative
and commutative algebras with a derivation ∂. Consider the functor sending
A ∈ Diff to a system with new binary operation x ·y = ∂(x)y. It is well-known
that this new operation satis�es Novikov algebra axioms:

(x, y, z) = (x, z, y), x(yz) = y(xz). (5)

Splitting of the corresponding morphism of operads allows to construct a
functor from the variety of pre-commutative algebras with a derivation ∂ to
the variety pre Nov, whose de�ning identities may be obtained from (5) in a
procedure described by De�nition 1. This functor is described by the following
relations:

x ≻ y = ∂(x)y, x ≺ y = y∂(x).

Splitting morphisms of operads are compatible with embeddings into
algebras with Rota�Baxter operators: if A ∈ pre M, A ⊆ B, where B is a
M-algebra with a Rota�Baxter operator R then R is a Rota�Baxter operator
on B(ω) ∈ N and A(pre ω) ⊆ B(ω).

On the other hand, the properties of pre ω may di�er from the properties
of ω. Even if ω : CN → CM is a �nice� morphism in a sense that S(M(ω))
coincides with N , the splitting morphism pre ω may have a nonzero kernel.

For example, consider the variety D2 of associative algebras with a
derivation ∂ such that ∂2 = 0, over a �eld of characteristic ̸= 2. The morphism
ω : x1x2 7→ x1 ◦ x2 = ∂(x1x2) induces a functor from D2 to the variety N3 of
all 3-nilpotent algebras. Indeed, it is easy to see that x ◦ (y ◦ z) = (x ◦ y) ◦ z
for all x, y, z ∈ A ∈ D2.

Lemma 2. For every algebra N ∈ N3 there exists its envelope from D2.

Proof. Let X be a basis of N , and let Y be a basis of N2 such that Y ⊂ X.
Denote by x ◦ y ∈ kY , x, y ∈ X, linear forms determining the multiplication
in N . Add a new variable p /∈ X and consider associative algebra de�ned by
generators and relations as follows:

A = As⟨X, p | pxy − xyp− x ◦ y, pup, u ∈ X∗, x, y ∈ X⟩.

Here X∗ denotes the set of all (including empty) words in the alphabet X.
The algebra A may be considered as a system in D2 assuming ∂(a) = pa− ap.
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Moreover, N → A(ω). To prove injectivity of this homomorphism it is enough
to �nd a Gr�obner�Shirshov basis (see, e.g., [20]) of the ideal I of As⟨X, p⟩
generated by pxy − xyp − x ◦ y, pup. It is not hard to see that the con�uent
system of relations is obtained by adding puy and yup, y ∈ Y , u ∈ X∗. Hence,
I ∩ kX = {0}, i.e., N embeds into A.

Consider the splitting morphism. The variety pre N3 is de�ned by a family
of six identities obtained from (x ◦ y) ◦ z, x ◦ (y ◦ z) as shown in De�nition 1:

(x ≺◦ y + x ≻◦ y) ≻◦ z, (x ≻◦ y) ≺◦ z, (x ≺◦ y) ≺◦ z,

x ≻◦ (y ≻◦ z), x ≻◦ (y ≺◦ z), x ≻◦ (y ≺◦ z + y ≻◦ z).
(6)

Variety pre D2 consists of systems with two binary operations satisfying (2)
and with a derivation ∂ (relative to the both operations), such that ∂2 = 0.
The functor induced by morphism pre ω turns A ∈ pre D2 into A(pre ω) with
operations

x ≻◦ y = ∂(x ≻ y), x ≺◦ y = ∂(x ≺ y).

Here, in particular, x ≺◦ (y ≻◦ z) = 0, but this identity does not follow from
(6). Therefore, 0 ̸= x1 ≺ (x2 ≻ x3) ∈ CN3 belongs to the kernel of pre ω.

4. Commutator pre-commutative algebras

In this section, we consider commutator algebras of pre-commutative
(Zinbiel) algebras. Recall that the variety pre Com consists of linear spaces
equipped with one bilinear operation satisfying the identity

x(yz) = (xy)z + (yx)z.

A basis of the free algebra Zn = pre Com⟨x1, x2, . . . , xn⟩ is given by all
monomials of the form (. . . ((xi1xi2)xi3) . . . xik), k ≥ 1, i1, . . . , ik ∈ {1, . . . , n}.

As above, let A(−) stands for the commutator algebra of A ∈ pre Com.
Denote by K the class of all subalgebras of all algebras A(−). It was mentioned
in [21] that all algebras in K satisfy (besides anti-commutativity) the identity

[[t1, t2], [t3, t4]] + [[t1, t4], [t3, t2]]− [J(t1, t2, t3), t4]− [J(t1, t4, t3), t2] = 0, (7)

where J(x, y, z) = [[x, y], z] + [[y, z], x] + [[z, x], y] is the Jacobian of elements
in an anti-commutative algebra.
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Following [21], let us call tortkara-algebra an anti-commutative algebra
with operation [·, ·] satisfying (7). Denote by Tort the class of all tortkara-
algebras. Then K is the class of all special Tort-algebras relative to the
morphism (−): Tortkara = S(pre Com(−)).

Theorem 3. The algebra Z
(−)
4 ∈ K has a homomorphic image A /∈ K.

Proof. Use notations from Lemma (1). Consider B = {f1, . . . , f4}, where

f1 = [x1, [x3, x4]], f2 = [x2, [x3, x4]], f3 = [x3, [x1, x2]], f4 = [x4, [x1, x2]].

Relation (4) for x = [x1, x2], y = x3, z = x4 implies [x1, x2][x3, x4] ∈ I(B).
Analogously, for x = [x3, x4], y = x1, z = x2 we obtain [x3, x4][x1, x2] ∈ I(B).
Therefore, f = [[x1, x2], [x3, x4]] ∈ I(B) ∩ Tort(−)⟨x1, x2, x3, x4⟩.

On the other hand, if f belongs to the ideal I(−)(B) then

f = α1[x2, f1] + α2[x1, f2] + α3[x4, f3] + α4[x3, f4] (8)

in Z
(−)
4 for some αi ∈ k (it follows from the homogeneity of all elements).

However, it is not hard to show that f , [x2, f1], [x1, f2], [x4, f3], [x3, f4] are
linearly independent in Z4. Indeed, if they were linearly dependent then so
are their images in every homomorphic image of Z4. Consider, for example,
the commutative algebra tk[t] with Rota�Baxter operator tn 7→ 1

n t
n and

associated pre-commutative algebra with operation tntm = t
n t

n+m. Evaluating
(8) with xi = tmi for arbitrary mi ≥ 1, i = 1, . . . , 4, we obtain a set of
conditions on the constants α1, . . . , α4. To obtain α1 = · · · = α4 = 0, it is
enough to consider the following values (m1, . . . ,m4): (1, 1, 1,m), (1,m, 1, 1),
(1,m, 1,m), (2,m, 2,m), where m ≥ 1.

Corollary 3. The class of all special Tort-algebras is not a variety.

It worths mentioning that an analogous approach shows the class of
subalgebras of anti-commutator algebras for pre-commutative algebras is
not a variety. As above, let Z1 stand for the free pre-commutative algebra

pre Com⟨x⟩ in one generator. Anti-commutator algebra Z
(+)
1 is also generated

by x relative to the operation a ◦ b = ab+ ba. It is not hard to note that Z
(+)
1

as a commutative algebra is isomorphic to the ideal tk[t] of the polynomial
algebra. Denote by A the class S(pre Com(+)).
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Theorem 4. Algebra Z
(+)
1 has a homomorphic image H /∈ A.

Proof. Use notations of Lemma (1). Consider the set B = {f} in Z
(+)
1 , where

f = x ◦ x− x = 2xx− x.

It follows from (3) that

xf = 2x(xx)− xx = 4(xx)x− xx = 2fx+
1

2
f +

1

2
x,

i.e., x ∈ I(B) è I(B) = Z1.

On the other hand, the image of ideal I(+)(B) in tk[t] is generated by t2−t,
so it is a proper ideal and I(+)(B) ̸= I(B).

Remark. The kernel of the morphism (+) is obviously trivial (otherwise, all
algebras of the form pre Com(+) belong to a proper subvariety of Com, but all
such varieties are nilpotent).

5. Open questions

1. Let ω : CN → CN be a morphism of operads governing varieties N
and M. Example 3 shows that the variety generated by special (relative to
pre ω) pre N -algebras may not coincide with the splitting class of the variety
generated by special (relative to ω) N -algebras. Note that in Example 3 the
triple (M,N , ω) does not meet the PBW-property in the sense of [6]. This
circumstance causes the following questions.

• Whether

S(pre ω)pre N = pre S(ω)N

provided that (M,N , ω) is a PBW-triple?

• Whether (pre M, pre N , pre ω) is a PBW-triple provided that so is
(M,N , ω)?

2. Consider the morphism (−) and the corresponding functor pre Com →
Tortkara. The following questions remain open.
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• Wheher the kernel of this morphism is trivial? In other words, we are
interested in polylinear identities that hold on all algebras in pre Com(−)

but does not follow from anti-commutativity and tortkara-identity (7) (an
analogue of the Glennie identity on Jordan algebras)?

• Does there exist a simple non-special Tort-algebra (an analogue of the
simple exceptional Jordan algebra, Albert algebra)?

• What is the maximal number of generators n for which all homomorphic
images of Tort(−)⟨x1, . . . , xn⟩ are special? Theorem 3 states n < 4.

3. Recall that the variety of Novikov algebras Nov is de�ned by identities
(5). A basis of the free Novikov algebra was found in [22]. For A ∈ Nov, let
A(+) denote the anti-commutator algebra of A, x ◦ y = xy + yx. Denote by A
the class of all subalgebras of all algebras A(+), A ∈ Nov.

It was shown in [23] that all algebras in A satisfy (besides commutativity)
the identity tortken:

(t1, t2, t3) ◦ t4 + (t1 ◦ t2) ◦ (t3 ◦ t4)− (t1 ◦ t4) ◦ (t2 ◦ t3)− (t1, t4, t3) ◦ t2 = 0. (9)

Following [23], call commutative algebras with identity (9) by Novikov�Jordan
algebras (NJ). Consider the morphism (+) and the corresponding functor
Nov → NJ. Special NJ-algebras relative to (+) are subalgebras of anti-
commutator algebras of Novikov algebras.

The following questions remain open.

• What are the generators (as of operadic ideal) of the kernel of (+)? In
other words, we are interested in those polylinear identities ofNJ-algebras
that imply all other identities holding on the class Nov(+). One of such
identities (besken) was found in [24].

• Whether the class of all special NJ-algebras is a variety?

• Does there exist a simple non-special NJ-algebra?

• What is the maximal number of generators n, for which all homomorphic
images of NJ(+)⟨x1, . . . , xn⟩ are special?
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4. Since the class of Novikov algebras is embedded into the variety pre Lie,
the commutator morphism (−) determines a functor Nov → Lie. As it was
mentioned in [24], all algebras in the class Nov(−) satisfy the identity∑

σ∈S4

(−1)σ[xσ(1), [xσ(2), [xσ(3), [xσ(4), x5]]]] = 0.

This causes the following questions.

• Describe the kernel of (−) : CLie → CNov.

• Whether S(Nov(−)) is a variety?
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Êîëåñíèêîâ Ï.Ñ. ÀËÄÛ��Û-ÊÎÌÌÓÒÀÒÈÂÒI ÀËÃÅÁÐÀËÀÐÄÛ�
ÊÎÌÌÓÒÀÒÎÐËÛ ÀËÃÅÁÐÀËÀÐÛ

Á´ë æ´ìûñòà êîììóòàòîð ê°áåéòiíäiñi àð©ûëû ïðå-êîììóòàòèâòi àë-
ãåáðàëàð¡à (Öèíáèëü àëãåáðàëàðûíà) åíãiçiëåòií àíòèêîììóòàòèâòi àë-
ãåáðàëàð êëàñû ©àðàñòûðûëàäû. Á´ë êëàñòû ê°ïáåéíå áîëìàéòûíäû-
¡û äºëåëäåíäi. Äºë ñîëàé, àíòè-êîììóòàòîð ê°áåéòiíäiñi àð©ûëû ïðå-
êîììóòàòèâòi àëãåáðàëàð¡à (Öèíáèëü àëãåáðàëàðûíà) åíãiçiëåòií êîììó-
òàòèâòi àëãåáðàëàð êëàñû ê°ïáåéíå áîëìàéòûíäû¡û äºëåëäåíäi.

Êîëåñíèêîâ Ï.Ñ. ÊÎÌÌÓÒÀÒÎÐÍÛÅ ÀËÃÅÁÐÛ ÏÐÅ-
ÊÎÌÌÓÒÀÒÈÂÍÛÕ ÀËÃÅÁÐ

Ðàññìàòðèâàåòñÿ êëàññ àíòèêîììóòàòèâíûõ àëãåáð, âêëàäûâàþùèõñÿ
â ïðå-êîììóòàòèâíûå àëãåáðû ( àëãåáðû Öèíáèëÿ) îòíîñèòåëüíî êîììóòà-
òîðà. Äîêàçàíî, ÷òî ýòîò êëàññ íå ÿâëÿåòñÿ ìíîãîîáðàçèåì. Àíàëîãè÷íûì
îáðàçîì ïîêàçûâàåòñÿ, ÷òî êëàññ êîììóòàòèâíûõ àëãåáð, âêëàäûâàþùèõ-
ñÿ â ïðå-êîììóòàòèâíûå àëãåáðû îòíîñèòåëüíî àíòè-êîììóòàòîðà, òîæå íå
ÿâëÿåòñÿ ìíîãîîáðàçèåì.
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Abstract: The Amitsur-Levitzki identity for matrices was generalized in several
directions: by Kostant for simple �nite-dimensional Lie algebras, by Kirillov (with
Kontsevich, Molev, Ovsienko, and Udalova) for simple vectorial Lie algebras with
polynomial coe�cients, and by Gie, Pinczon, and Ushirobira for the orthosymplectic
Lie superalgebra osp(1|n). Dzhumadildaev switched the focus of attention in these
results by considering the algebra formed by antisymmetrizors and discovered a
hidden supersymmetry of commutators. We overview these results and their possible
generalizations (open problems).
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1. Introduction

Hereafter, the ground �eld is C, although several statements are true over
�elds K of characteristic p > 2. We are thankful to A. Dzhumadildaev for help
and inspiring comments.

1.1 On an experience of superizing

Consciously superizing various notions and statements since 1971, people
observed that there are, usually, several ways and results of superizations:
a straightforward one (usually, not a breath-catching one) and one or
several other, often quite amazing, ways bringing up totally new notions
(examples: the Poisson and anti-brackets, the supertrace and the queer trace

Êëþ÷åâûå ñëîâà: Cóïåðàëãåáðà Ëè, êîììóòàòîð, òîæäåñòâî Àìèöóðà-Ëåâèöêîãî.
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on supermatrices, and the "quasi-classical limit" of these traces, and the
corresponding superdeterminants, see [1] and [2], 476 p.).

A di�culty to be able to superize something by at least one method (to say
nothing of several) usually indicates that we do not understand, actually, even
the allegedly well-understood "nonsuper" situation. A prime example is the
integration theory on supermanifolds, which is still far from being completely
constructed, see [1] and [3]. Other examples are two somewhat related topics
expressed by the following two theorems:

Theorem 1.2 (Cayley-Hamilton). Every n × n-matrix X satis�es its
characteristic polynomial

det(X − λ1n) = 0. (1)

Its �rst superization is due to Yastrebov [4]. For various (seemingly completely
unrelated) super versions of the Cayley-Hamilton Theorem, see [5, 6, 7, 8, 9].

Theorem 1.3 (Amitsur-Levitzki). Let C be a commutative and associative
algebra. For any X1, . . . , Xr ∈ Mat(n; C), de�ne antisymmetrizors ar by
setting

ar(X1, . . . , Xr) :=
∑
σ∈Sn

(−1)sign σXσ(1) . . . Xσ(r). (2)

Then the Amitsur-Levitzki Identity (ALI) takes place:

ar(X1, . . . , Xr) = 0 for any r ≥ 2n. (3)

An interesting paper [10] was allegedly the �nal word concerning superization
of ALI, but later a no less interesting paper [11] appeared. In this note, we also
discuss superizations of ALI; for the proof of the classical ALI with the help
of a Grassmann superalgebra, see �5.

1.3.1 Amitsur-Levitzki type theorem for vectorial Lie

algebras

A.A. Kirillov formulated the following analog of the Amitsur-Levitzki
theorem, for its proof, see Preprints of Keldysh Inst. of Applied Math. in
1980s; for a translation of one such preprint, see [12]; the other preprints with
related results by Kirillov, Kontsevich and Molev had not been translated;
Molev reviewed them in [13].
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Theorem ([14]). Let g be a simple Lie algebra of vector �elds over a �eld of
characteristic 0. Let

Ak(x1, . . . , xk) :=
∑
σ∈Sk

(−1)sign σadxσ(1)
. . . adxσ(k)

. (4)

For any x1, . . . , xk ∈ g, the identity Ak(x1, . . . , xk) ≡ 0 holds

a) for k ≥ (n+ 1)2 if g = vect(n),

b) for k ≥ n(2n+ 5) if g = h(2n),

c) for k ≥ 2n2 + 5n+ 5 if g = k(2n+ 1).

1.4. Facts that inspired us

Let vect(n) be the Lie algebra of vector �elds (for simplicity, with
polynomial coe�cients).

Fact. The product of two vector �elds is not a vector �eld (unless is equal
to 0), but their commutator always is.

(5)
In [16], Dzhumadildaev revealed a hidden supersymmetry of this well-

known Fact(5) and posed a problem natural from this super point of view:
quest for "higher" supersymmetries on the good old Lie algebras. Let us recall
the less popular de�nitions and Dzhumadildaev's construction.

Dzhumadildaev called the antisymmetrizor (2) of vector �elds
X1, . . . , XN ∈ vect(n) an N -commutator if aN (X1, . . . , XN ) ∈ vect(n)
for any X1, . . . , XN ∈ vect(n) and aN does not vanish identically. If
aN (X1, . . . , XN ) is an N -commutator, the number N = N(n) is said to be
critical.

The N -commutator is subcritical if AN (X1, . . . , XN ) := aN (adX1 , . . .
. . . , adXN

) is multiplication by a function for any X1, . . . , XN ∈ vect(n). For
example, in [12], it is shown that for vect(1), the antisymmetrizor a3 acts as
an operator of multiplication by a function:

a3(adX1 , . . . , adX3)(Y ) = −2 det

x1 x2 x3
x′1 x′2 x′3
x′′1 x′′2 x′′3

 · Y, (6)

where Xi = xi(t)
d
dt for i = 1, 2, 3, f ′ := df

dt , and Y = y(t) d
dt .
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1.4.1. Problems

1) Is the following analog to the case for n = 1 true?

If AN (X1, . . . , XN ) = 0, then degAN−1(X1, . . . , XN−1) = 0.

2) The number N(n) = 2 is always critical for any n; we will call it the
standard critical number. In [16], Dzhumadildaev conjectured that the numbers
N(n) = (n+1)2− 3 are also critical for n > 1, proved the conjecture for n = 2
and 3, and raised a natural problem: List all critical numbers. The problem
is open, except n = 3, where Dzhumadildaev established that N = 10 is also
critical, and there are no more critical numbers.

Before we start considering this problem, let us discuss one more of
Dzhumadildaev's results. To present it, we need one more fact. Although we
are sure that this fact was known since at least 1960 s (for example, to I. Kantor
and/or M. Gerstenhaber), the �rst reference we know is due to Dzhumadildaev
[17]:

Fact. The antisymmetrizors form an algebra with respect to the product
de�ned to be

(ak ∗ al)(X1, . . . , Xk+l−1) :=∑
σ ∈ Sk+l−1 such that

σ(1) < · · · < σ(l) and

σ(l + 1) < · · · < σ(k + l − 1)

sign(σ) ak(al(Xσ(1) . . . Xσ(l)), Xσ(l+1) . . . Xσ(k+l−1)). (7)

More precisely, we have ([17])

ak ∗ al =


0 if k, l are even,

kak+l−1 if l is odd,

ak+l−1 if l is even and k is odd.

(8)

Thus, the antisymmetrizors de�ne a Z-graded superring A = ⊕Ai, where
Ai = Span(ai), such that A0̄ = ⊕

i≡1 mod 2
Ai and the product of any two

odd elements of A1̄ = ⊕
i≡0 mod 2

Ai is zero. Clearly, A can be considered

as a superalgebra over any �eld. What is the meaning of the superring or
superalgebra A?
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1.5. Dzhumadildaev's approach to antisymmetrizors

In a series of papers, Dzhumadildaev changed the emphasis of the
interpretation of the result by Amitsur and Levitzki from the search of the
identity of the least order to the description of the superalgebra or the
superring constructed from the antisymmetrizors in the classical Lie algebras.
This approach revealed a hidden relation of the commutators with a certain
universal odd superderivation. We overview various possible generalizations of
Dzhumadildaev's result.

Let F be an associative commutative algebra, A = End F the associative
algebra of its endomorphisms, and AL the Lie algebra constructed by replacing
the associative product by the bracket. If F = K[x1, ..., xn], one can identify
the elements of End F with di�erential operators. If End F is considered as
associative algebra, its elements satisfy no identity except associativity. The
Lie algebra L = Der F is a Lie subalgebra of (End F)L naturally identi�ed
with the Lie algebra vect(n) of vector �elds with polynomial coe�cients.

Among numerous irreducible representations of L (for their overview, super
setting including, see [15]), there are two "smallest" ones: in the space of
functions (or, more generally, λ-densities) and the adjoint representation.

Initially, people were interested in polynomial identities in the adjoint
representations, see Theorem 1. Dzhumadildaev considered polynomial
identities in the "smallest" representation, which for vect(n) is the
representation in the space of functions F . It is very interesting to generalize
Dzhumadildaev's approach on the representations in the space of λ-densities,
which is a rank 1 module over the algebra F generated by the λ-th power of
the volume element with the following vect(n)-action (here λ ∈ C is �xed):

X(f volλ) = (X(f) + fλ div(X)) volλ for any f ∈ F and X ∈ vect(n).

It seems that this approach is more natural than the initial one for the
following reasons:

1) If one knows identities in the "natural" representation (of the smallest
dimension or � for in�nite-dimensional algebras � its analog), then it is easy
to construct identities in other representations, in particular in the adjoint

In Geometry, F is the algebra of functions on an n-dimensional manifold; it is interesting
to generalize Dzhumadildaev's approach to such cases, e.g., to the algebra of Laurent
polynomials, i.e., the algebra of functions on the torus.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 2



164 A. Lebedev, D. Leites

representation. For example, an2+2n−1 = 0 is identity in the space of functions
F , and since adX = rX−lX , where rX and lX are right and left actions in F , it
is easy to deduce that an2+2n+1 = 0 is an identity in the adjoint representation
of vect(n).

2) If aN = 0 is identity, then one can ask if the "pre-identity" aN−1 is a
new operation on vect(n).

To consider aN−1 as a multi-operation on vect(n) is meaningless: aN−1

maps ∧N−1vect(n) to the whole A = End F , not just to vect(n).
Dzhumadildaev suggested to consider aN on the space of di�erential

operators, making the question "is the pre-identity aN−1 a new operation on
vect(n)?" meaningful: in some special cases aN−1 maps ∧N−1vect(n) to vect(n)
once again!

Now consider eq. (6). It means that 3-antisymmetric sum of the adjoint
derivations on vect(1) is a multiplication operator (not the adjoint operator).
Certainly, it is an interesting observation, but it is another topic. It has no
connection with N -commutators: in this setting to speak about N -commutator
is meaningless. Under the natural action

a3(X1, X2, X3) = 0 is an identity.

Let us retell Dzhumadildaev's comments on observations due to Kirillov,
Molev, Razmuslov, Bergman, and others on identities in vect(n). The identities

aN ≡ 0 if N ≥ (n+ 1)2 for vect(n)
aN ≡ 0 if N ≥ n(2n+ 5) for h(2n)

are not of the smallest degree. Moreover, these are "easy" identities. For
example, for the Lie algebra h(2) of Hamiltonian vector �elds in two
indeterminates, there are two identities in degree 7. Kirillov's identity is
not minimal and it is a consequence of these two identities. A similar
situation with vect(n). Dzhumadildaev conjectured that the minimal identity
for representation of vect(n) in the space of functions is of degree (n+ 1)2 − 2
whereas the degree of Kirillov's identity is (n+ 1)2.

1.6. Antisymmetrizors for simple finite dimensional Lie

algebras. Exponents

The classical Amitsur-Levitzki theorem states that a2n = 0 is the minimal
identity for gl(n). For o(2n + 1) and sp(2n), the minimal identity is a4n = 0;
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for o(2n), the minimal identity is a4n−2 = 0 (see [18, 19, 20]). Dzhumadildaev
formulated the following theorem (known for the serial algebras) and gave
explicit formulas for 10-antisymmetrisors in terms of the Chevalley basis for
the 7-dimensional representation of g2.
Theorem([21]). Let A(g) be the algebra with respect to (8). Then

A(sl(n)) = Span{a2k | k = 1, 2, . . . , n− 1},

in particular, a2k+1 ≡ 0 for any k;

A(o(2n+ 1)) = Span({a4k+1 | k = 1, 2, . . . , n− 1}∪

∪{a4k+2 | k = 0, 1, 2, . . . , n− 1}),
A(sp(2n)) = Span({a4k+1 | k = 1, 2, . . . , n− 1}∪

∪{a4k+2 | k = 0, 1, 2, . . . , n− 1}), (9)

A(o(2n)) = Span({a4k+1 | k = 1, 2, . . . , n− 1}∪

∪{a4k+2 | k = 0, 1, 2, . . . , n− 2} ∪ {a4n−2}),

A(g2) = Span({a2; a10}).

1.6.1. Problem

1) The indices of the antisymmetrizors are doubled exponents of the
respective Lie algebras in the cases sl(n) and g2, but not for o or sp:

The Coxeter group or Lie algebra its exponents mi

An or sl(n+ 1) 1, 2, 3, . . . , n

Bn or o(2n+ 1)

Cn or sp(2n)
for n ≥ 2 1, 3, . . . , 2n− 1

Dn or o(2n) 1, 3, . . . , 2n− 3; n− 1

I
(4)
2 or g2 1, 5

F4 or f4 1, 5, 7, 11

E6 or e6 1, 4, 5, 7, 8, 11

E7 or e7 1, 5, 7, 9, 11, 13, 17

E8 or e8 1, 7, 11, 13, 17, 19, 23, 29

(10)

What is precisely the relation between the indices of the nonvanishing
identically operations ai and the exponents?
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2) For the matrix realizations in the irreducible module R(π1) of the least
dimension (see the right column in table (11)), is the following conjectural left
column in table (11) correct?

A(f4) = Span({a2, a10, a14, a22}) dimR(π1) = 26

A(e6) = Span({a2, a8, a10, a14, a16, a22}) dimR(π1) = 27

A(e7) = Span({a2, a10, a14, a18, a22, a26, a34}) dimR(π1) = 56

A(e8) = Span({a2, a14, a22, a26, a34, a38, a46, a58}) dimR(π1) = 248

(11)

3) Clearly, the algebras A(g) may depend on the realization of g, i.e., on
the representation. And this does happen: the algebras A(sl(4)) (corresponding
to R(π1)) and A(o(6)) (corresponding to R(π2)) are di�erent. Theorem 1
corresponds to matrix realizations of the Lie algebras g in the irreducible
module of the least (except for o(6)) dimension.

1.6.1a. Conjecture. For the Lie algebras with the natural matrix
realization, the above approach is reasonable. However, it seems no less
reasonable to consider Lie algebra g embedded into their universal enveloping
algebras and look for k-commutators on g inside U(g), not inside a particular
representation. For the �nite-dimensional simple Lie algebras, only k = 2
remains.

The proof of Theorem 1 is based on the particular cases of Lemma 2 and
[19, 20].

2. Superizations of Theorem 1

First, let us superize the notions involved. For details of superization, see
[1]; we only recall here some basics. The supermatrices are considered in the
standard format. The associative algebra Mat(n) of n × n matrices has two
super analogs: Mat(n|m) and

Q(n) = {X ∈ Mat(n|n) | [X, J ] = 0 for the odd invertible operator J} ={(
A B

B A

)
| A,B ∈ Mat(n)

}
.

(12)

Accordingly, the general linear Lie algebra gl(n) has two superanalogs: the Lie
superalgebras gl(n|m) and q(n) obtained from the associative superalgebras
Mat(n|m) and Q(n), respectively, by replacing the dot product by the super-
bracket.
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On q(n), the queer trace is de�ned:

qtr :

(
A B

B A

)
7−→ trB. (13)

The Lie superalgebra sq(n) is the subalgebra of q(n) consisting of queertraceless
supermatrices.

The Lie superalgebras osp(n|2m) and pe(n) preserve the nondegenerate
symmetric bilinear form (even and odd, respectively) whose Gram matrices are
diag(1n, J2m), where J2m = antidiag(1m,−1m), and Jn|n = antidiag(1n,−1n),
respectively (i.e., Jn|n coincides with J2n but is odd). The same Lie
superalgebras preserve antisymmetric nondegenerate bilinear forms. The
supermatrix X is said to preserve the bilinear form B if

BX + (−1)p(X)p(B)XstB = 0,

where the supertransposition st describing the matrix of the dual operator, see
[1], is de�ned as follows (in the standard format):

st :

(
A B
C D

)
7−→

(
At −Ct

Bt Dt

)
.

Thanks to linearity, it su�ces to consider only homogeneous with respect to
parity elements.

For the composition X1 . . . Xk of any k operators X1, . . . , Xk

(supermatrices or vector �elds, or whatever) of parities P = (p1, . . . , pk) ∈
(Z/2Z)k, de�ne its antisymmetrizor to be

aN (X1, . . . , XN ) :=
∑
s∈SN

sign(s, P )Xs(1) . . . Xs(N), (14)

where sign(s, P ) = sign(s)sign(s′) and s′ is the permutation induced by s
on the ordered subset of odd elements among X1, . . . , Xk. In other words, if
x1, . . . , xk are elements of a supercommutative superalgebra whose respective
parities are p1 + 1̄, . . . , pk + 1̄, then xs(1) . . . xs(k) = sign(s, P )x1 . . . xk. One
can express sign(s, P ) in another form, more convenient for computations. We
de�ne

sign(s, P ) =
∏

1≤i<j≤k, s(i)>s(j)

(−1)pipj . (15)
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De�ne the composition of permutations by setting

s1 ◦ s2 = (s1(s2(1)), . . . , s1(s2(k))).

The function sign(s, P ) is a 1-cocycle on Sk ([22]):

sign(s1◦s2, P ) = sign(s1, P )sign(s2, s1(P )), where s1(P ) = (ps1(1), . . . , ps1(k)).

Lemma 2.1. The Lie superalgebra sl(m|n) is closed under the a2l for any
m,n ≥ 0 and l > 0. Moreover, a2l(X1, . . . , X2l) ∈ sl(m|n) for anyX1, . . . , X2l ∈
Mat(m|n). For mn = 0, the nonvanishing identically operations ak are listed
in Theorem 1.

Proof. We need to prove that str a2l(X1, . . . , X2l) = 0. Let P = (p1, . . . , p2l)
be the vector of parities of X1, . . . , X2l.

For s ∈ S2l, set s′ = (s(2), . . . , s(2l), s(1)) (i.e., s′ = s ◦ s0, where s0 =
(2, . . . , 2l, 1). Then the terms in the sum (14) corresponding to s and s′ have
opposite supertraces:

sign(s′)sign(s′, P )str(Xs′(1) . . . Xs′(2l)) =

sign(s)sign(s0)sign(s, P )sign(s0, s(P ))str(Xs(2) . . . Xs(2l)Xs(1)) =

−(−1)p1(p2+···+p2l)sign(s)sign(s, P )×

(−1)ps(1)(ps(2)+···+ps(2l))str((−1)ps(1)(ps(2)+···+ps(2l))Xs(1) . . . Xs(2l)) =

−sign(s)sign(s, P )str(Xs(1) . . . Xs(2l)).

Since 2l � the order of s0 � is even, S2l can be represented as the disjoint union
of two sets of equal cardinalities; and the set of elements of S2l can be divided
in pairs of the form (s, s ◦ s0). Thus, the total supertrace of the sum (14) is
equal to 0.

Lemma 2.2. The Lie superalgebras osp(m|2n) and pe(n) are closed under ak
for k = 4l + 1 and 4l + 2 for any m,n, l ≥ 0.

For osp(m|2n) and mn = 0, the nonvanishing identically operations ak are
listed in Theorem 1; for osp(1|2n), we have a4n = 0 ([10]). For osp(m|2n) and
mn ̸= 0 but not osp(1|2n), and for pe(n), the ak for k = 4l+1 and 4l+2 never
vanish identically.
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Proof. Let B be the Gram matrix of the bilinear form. Let X1, . . . , Xk ∈
aut(B) be of parities p1, . . . , pk. Then BXi + (−1)piXst

i B = 0, and we need to
show that

Bak(X1, . . . , Xk) + (−1)p1+···+pkak(X1, . . . , Xk)
stB = 0.

Set sI = (k, k − 1, . . . , 1). Then we can rewrite (14) as

ak(X1, . . . , Xk) =
∑
s∈Sk

sign(s ◦ sI)sign(s ◦ sI , P )X(s◦sI)(1) . . . X(s◦sI)(k) =∑
s∈Sk

sign(s)sign(sI)sign(s, P )sign(sI , s(P ))Xs(k) . . . Xs(1).

Since
BXs(k) . . . Xs(1) = −(−1)ps(k)Xst

s(k)BXs(k−1) . . . Xs(1) = . . .

· · · = (−1)k+p1+···+pkXst
s(k) . . . X

st
s(1)B,

we have

Bak(X1, . . . , Xk) =∑
s∈Sk

sign(s)sign(sI)sign(s, P )sign(sI , s(P ))(−1)k+p1+···+pkXst
s(k) . . . X

st
s(1)B.

On the other hand,

(Xs(1) . . . Xs(k))
st = sign(sI , s(P ))Xst

s(k) . . . X
st
s(1),

so
ak(X1, . . . , Xk)

stB =

=
∑
s∈Sk

sign(s)sign(s, P )sign(sI , s(P ))(−1)p1+···+pkXst
s(k) . . . X

st
s(1)B.

The two sums are opposite if sign(sI)(−1)k = −1, and then

Bak(X1, . . . , Xk) + (−1)p1+···+pkak(X1, . . . , Xk)
stB = 0.

Since sign(sI) = (−1)[k/2], this is true for k = 4l + 1, 4l + 2.

Problem 2.2.1. What is the analog of Lemma 2 for spe(n)?
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Lemma 2.3. The Lie superalgebra q(n) is closed under ak and sq(n) is closed
under a2k for any n and k.

Proof. The associative algebra Q(n) is closed with respect to the dot product;
hence the result about q.

Since qtr(XY ) = (−1)p(X)p(Y )qtr(Y X) (= qtr(Y X), since X and Y should
be of di�erent parities in order to have qtr(XY ) ̸= 0) and so the same
arguments as for sl are applicable.

Questions 2.4. What is the super analog of eq. (8) for the super-
antisymmetrizor (14)?

3. Vectorial Lie algebras

3.1. vect(n). In [23], Feigin and Fuchs proved, among other things, that for
n = 1, the only critical pair is the standard one: (1, 2).

In [16], Dzhumadildaev showed that for n = 2, the complete list consists
only of the standard pairs (2, 2) and (2, 6). The precise expression of the 6-
commutator is as follows. The 6-tuple (X1, X2, X3, X4, X5, X6), where Xi =
ui,1∂1 + ui,2∂2 for i = 1, . . . , 6, goes to∣∣∣∣∣∣∣∣∣∣

u1,1 u2,1 u3,1 u4,1 u5,1 u6,1

u1,2 u2,2 u3,2 u4,2 u5,2 u6,2

∂2u1,1 ∂2u2,1 ∂2u3,1 ∂2u4,1 ∂2u5,1 ∂2u6,1

∂1u1,2 ∂1u2,2 ∂1u3,2 ∂1u4,2 ∂1u5,2 ∂1u6,2

∂2u1,2 ∂2u2,2 ∂2u3,2 ∂2u4,2 ∂2u5,2 ∂2u6,2

∂2
2u1,2 ∂2

2u2,2 ∂2
2u3,2 ∂2

2u4,2 ∂2
2u5,2 ∂2

2u6,2

∣∣∣∣∣∣∣∣∣∣
∂1 − (...)∂2+

+

∣∣∣∣∣∣∣∣∣∣

u1,1 u2,1 u3,1 u4,1 u5,1 u6,1

u1,2 u2,2 u3,2 u4,2 u5,2 u6,2

∂1u1,1 ∂1u2,1 ∂1u3,1 ∂1u4,1 ∂1u5,1 ∂1u6,1

∂2u1,1 ∂2u2,1 ∂2u3,1 ∂2u4,1 ∂2u5,1 ∂2u6,1

∂2u1,2 ∂2u2,2 ∂2u3,2 ∂2u4,2 ∂2u5,2 ∂2u6,2

∂2
1u1,1 ∂2

1u2,1 ∂2
1u3,1 ∂2

1u4,1 ∂2
1u5,1 ∂2

1u6,1

∣∣∣∣∣∣∣∣∣∣
∂1 − (...)∂2+

+

∣∣∣∣∣∣∣∣∣∣

u1,1 u2,1 u3,1 u4,1 u5,1 u6,1

u1,2 u2,2 u3,2 u4,2 u5,2 u6,2

∂1u1,1 ∂1u2,1 ∂1u3,1 ∂1u4,1 ∂1u5,1 ∂1u6,1

∂2u1,1 ∂2u2,1 ∂2u3,1 ∂2u4,1 ∂2u5,1 ∂2u6,1

∂1u1,2 ∂1u2,2 ∂1u3,2 ∂1u4,2 ∂1u5,2 ∂1u6,2

∂2
2u1,2 ∂2

2u2,2 ∂2
2u3,2 ∂2

2u4,2 ∂2
2u5,2 ∂2

2u6,2

∣∣∣∣∣∣∣∣∣∣
∂1 − (...)∂2−
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−2

∣∣∣∣∣∣∣∣∣∣

u1,1 u2,1 u3,1 u4,1 u5,1 u6,1

u1,2 u2,2 u3,2 u4,2 u5,2 u6,2

∂2u1,1 ∂2u2,1 ∂2u3,1 ∂2u4,1 ∂2u5,1 ∂2u6,1

∂1u1,2 ∂1u2,2 ∂1u3,2 ∂1u4,2 ∂1u5,2 ∂1u6,2

∂2u1,2 ∂2u2,2 ∂2u3,2 ∂2u4,2 ∂2u5,2 ∂2u6,2

∂12u1,1 ∂12u2,1 ∂12u3,1 ∂12u4,1 ∂12u5,1 ∂12u6,1

∣∣∣∣∣∣∣∣∣∣
∂1 − (...)∂2−

−2

∣∣∣∣∣∣∣∣∣∣

u1,1 u2,1 u3,1 u4,1 u5,1 u6,1

u1,2 u2,2 u3,2 u4,2 u5,2 u6,2

∂1u1,1 ∂1u2,1 ∂1u3,1 ∂1u4,1 ∂1u5,1 ∂1u6,1

∂2u1,1 ∂2u2,1 ∂2u3,1 ∂2u4,1 ∂2u5,1 ∂2u6,1

∂1u1,2 ∂1u2,2 ∂1u3,2 ∂1u4,2 ∂1u5,2 ∂1u6,2

∂12u1,1 ∂12u2,1 ∂12u3,1 ∂12u4,1 ∂12u5,1 ∂12u6,1

∣∣∣∣∣∣∣∣∣∣
∂1 − (...)∂2+

+3

∣∣∣∣∣∣∣∣∣∣

u1,1 u2,1 u3,1 u4,1 u5,1 u6,1

u1,2 u2,2 u3,2 u4,2 u5,2 u6,2

∂1u1,1 ∂1u2,1 ∂1u3,1 ∂1u4,1 ∂1u5,1 ∂1u6,1

∂1u1,2 ∂1u2,2 ∂1u3,2 ∂1u4,2 ∂1u5,2 ∂1u6,2

∂2u1,2 ∂2u2,2 ∂2u3,2 ∂2u4,2 ∂2u5,2 ∂2u6,2

∂2
2u1,1 ∂2

2u2,1 ∂2
2u3,1 ∂2

2u4,1 ∂2
2u5,1 ∂2

2u6,1

∣∣∣∣∣∣∣∣∣∣
∂1 − (...)∂2−

−2

∣∣∣∣∣∣∣∣∣∣

u1,1 u2,1 u3,1 u4,1 u5,1 u6,1

u1,2 u2,2 u3,2 u4,2 u5,2 u6,2

∂1u1,1 ∂1u2,1 ∂1u3,1 ∂1u4,1 ∂1u5,1 ∂1u6,1

∂2u1,1 ∂2u2,1 ∂2u3,1 ∂2u4,1 ∂2u5,1 ∂2u6,1

∂2u1,2 ∂2u2,2 ∂2u3,2 ∂2u4,2 ∂2u5,2 ∂2u6,2

∂12u1,2 ∂12u2,2 ∂12u3,2 ∂12u4,2 ∂12u5,2 ∂12u6,2

∣∣∣∣∣∣∣∣∣∣
∂1 − (...)∂2,

where the coe�cient of ∂2 is obtained from that of ∂1 by interchanging the
subscripts 1 and 2 if there is only one subscript, only second subscripts 1 and
2 when dealing with uij .

3.2. How to write the k-commutator for any n?
Let X1, ..., Xk ∈ vect(n) with coe�cients ui,j (i.e., Xi =

∑
1≤j≤n

ui,j∂j). Let

a = (a1, . . . , ak), where the ai are integers 1 to n, let (bij) be a k×nmatrix with
elements in Z≥0; let D((ai), (bij)) be the determinant of the k×k matrix whose
(i, j)-th slot is occupied by ∂bi1

1 ...∂bin
n uj,ai . Considering the k-commutator of

the �elds X1, ..., Xk as a di�erential operator, its 1-st degree component is
equal to

n∑
a1=1

. . .

n∑
ak=1

k∑
s1=2

k∑
s2=3

. . .

k∑
sk−1=k

D

(ai),
∑

1≤i≤k−1

Esi,ai

 ∂ak , (16)
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where the Ei,j are matrix units.
Accordingly, if the k-commutator is a �rst order operator, then (16) is its

expression. Unfortunately, this expression is not user-friendly: �rst, it is longish
(nk × (k− 1)! summands) which even for n = 2, k = 6 is > 7000), second, it is
very redundant: some of the summands vanish, some are equal to each other,
some are equal in absolute value but are of di�erent signs (so there are just 14
distinct types of summands for n = 2, not > 7000).

In [24], Dzhumadildaev showed that for n = 3, in addition to the standard
pairs (3, 2) and (3, 13), there is exactly one more critical pair, (3, 10).

3.3. The other series of simple vectorial Lie algebras with

polynomial coefficients

It is equally natural to list all critical pairs for the other types of simple
vectorial Lie algebras. For these Lie algebras, only the pairs (n, 2) will be called
standard.

For the Lie algebras svect(n) of divergence-free vector �elds,
Dzhumadildaev proved [16, 24] that the only nonstandard critical pairs
are (2, 5) and (3, 10) (for n = 2 and 3, respectively). Since svect(2) ≃ h(2)
the result for this Lie algebra might be pertaining to the Hamiltonian series,
rather than to the divergence-free one.

For the Lie algebras h(2n) of Hamiltonian vector �elds, Dzhumadildaev
proved [16] that the only nonstandard critical pair for n = 1 is (2, 5). In terms
of generating functions in p and q, the 5-commutator is proportional to the
following beautiful map

(f1, f2, f3, f4, f5) 7→ det



∂q(f1) ∂q(f2) ∂q(f3) ∂q(f4) ∂q(f5)

∂p(f1) ∂p(f2) ∂p(f3) ∂p(f4) ∂p(f5)

∂2
p(f1) ∂2

p(f2) ∂2
p(f3) ∂2

p(f4) ∂2
p(f5)

∂2
q (f1) ∂2

q (f2) ∂2
q (f3) ∂2

q (f4) ∂2
q (f5)

∂p∂q(f1) ∂p∂q(f2) ∂p∂q(f3) ∂p∂q(f4) ∂p∂q(f5)


. (17)

Dzhumadildaev's arguments are somewhat involved and lengthy, and the
reader is sometimes mysti�ed by typos, but the underlying idea is very simple
and brought to the title of [24]: it is a certain odd derivation of a certain
superalgebra associated with the problem, which is in the heart of this matter.

Problem 3.3.1. What are the N -commutators for the Lie algebra of contact
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vector �elds k(2n+ 1)?

4. The universal odd derivation and N-commutators

Let L be a Lie (super)algebra, U(L) its enveloping algebra, Π the
change of parity functor. Take the associative supercommutative superalgebra
K = S·(Π(L)); in particular, if L is purely even, then K is a Grassmann
superalgebra. In L, select an arbitrary basis B and set

D =
∑
b∈B

Π(b)⊗ b ∈ K ⊗ L ⊂ K ⊗ U(L).

Lemma 4.1. The N -commutator on L yields an element of L if and only if

DN ∈ K ⊗ L. The N -commutator does not vanish identically if and only if
DN ̸= 0.

In particular, for L ⊂ vect(n) = der(K[x]), we clearly have

D ∈ K ⊗ L ⊂ vect(n|n) = der(K[x,Π(x)]).

TheN -commutator on L yields an element of L if and only ifDN ∈ vect(n|n) =
der(K[x,Π(x)]).

Comment. For superspaces, the following modi�cation of Fact (5) takes place:

Fact. The product of two nonproportional odd vector �elds is usually not
a vector �eld, but the square of any odd �eld is always a vector �eld.

(18)
Fact (5) is, therefore, a corollary of Fact (18) for N = 2. This is the hidden
supersymmetry of the anticommutator mentioned in the title of the paper.

Conjecture 4.1.1. We only considered Lie superalgebras of vector �elds
with polynomial coe�cients. We conjecture that the answer will be same for
any type of coe�cients (at least, if polynomials are dense in the space of
coe�cients).

4.2. Discussion and setting of the problem

Usually, attempts to superize a problem or a notion reveal two roads: a
straightforward one (not of much interest) and a totally unexpected one. Let
us, therefore, consider Dzhumadildaev's problem (describe all critical pairs)
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for all simple Lie superalgebras of vector �elds (with polynomial coe�cients to
begin with) and see where it will lead us.

To begin with, let us recall steps of Dzhumadildaev's proof.
Let l be the length function on Diffn de�ned by Dzhumadildaev, namely:

l((ηi1, α1del
β1) . . . (ηik, αk

delβk)) := k.

Let us extend l to a grading (Dzhumadildaev's de�nition is slightly di�erent but
equivalent). Note that the possibility of such extension is a little less evident
than in the case of Ln because the elements ηij ,αjdel

β
j do not supercommute.

Let X1, . . . , Xk be some abstract vector �elds (considered as variables here)

of n indeterminates. De�ne the following map F from Diff
[k]
n to the algebra of

di�erential operators (of arbitrary degree) in n indeterminates:

F ((ηi1, α1del
β
1 ) . . . (ηik, αk

delβk)) =

=
∑
s∈Sk

(−1)sign(s)((delα1Xs(1), i1)del
β1) . . . ((delαkXs(k), ik)del

βk).

Here (delαjXs(j), ij ) is a function, (del
αjXs(j), ij )del

βj is a di�erential operator
(possibly of zero degree, if βj = 0), and the whole term is the composition of
di�erential operators.

Statement 4.3. The map F is faithful.

The idea of a proof: the map preserves commutation relations. Note that
a) F (Dk) is just the k-commutator of the Xj (considered as a di�erential

operator of arbitrary degree);
b) the map F preserves the degree of the di�erential operator (for generic

Xi).
So the k-commutator is of degree 1 for any Xj if and only if degDk = 1.

5. Appendix: A proof of the classical Amitsur�Levitzki identity

Let A be a supercommutative superalgebra and X ∈ Mat(n|0; A)1̄. It is
clear that Xr = 0 for any r > n2. It turns out that r may be diminished
considerably.

Proposition 5.1. X2n = 0 for X ∈ Mat(n|0; A)1̄.
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First of all, let us discuss what does this identity mean from the "ordinary" ,
i.e., nonsuper, algebra point of view. Let C be commutative algebra and
X1, . . . , Xr ∈ Mat(n; C). Set A = C[ξ1, . . . , ξr], where the ξi are odd and
let X :=

∑
ξiXi ∈ Mat(n|0; A)1̄. Clearly,

Xr = ar(X1, . . . , Xr)ξ1 . . . ξr, (19)

where ar(X1, . . . , Xr) =
∑

σ∈Sn
(−1)sgn σXσ(1) . . . Xσ(r).

Hence, Proposition 5 implies the Amitsur�Levitzki identity (3).

Exercise. The Amitsur�Levitzki identity implies Proposition 5.

Proof of Proposition 5. Set Y = X2. The elements of Y belong to the
commutative algebra A0̄, and therefore, we may consider the characteristic
polynomial P (λ) = det(λ1n − Y ) with coe�cients in A0̄. Let us prove that
P (λ) = λn. Since the Cayley�Hamilton theorem implies P (Y ) = 0, we have
Y n = 0, i.e., X2n = 0. We will prove that P (λ) = λn by three di�erent
methods.

1) If char k = 0, then the coe�cients of P (λ) can be expressed in terms of
tr Y r for r = 1, 2, . . .. Therefore, it su�ces to verify that tr Y r = 0. Indeed,

tr Y r = str X2r = str X ·X2r−1 = −str X2r−1 ·X = −tr Y r. (20)

Hence, tr Y r = 0 for r = 1, 2, . . ..
2) Let us show that P (λ)2 = λ2n. If 2 is invertible in A, we see that

P (λ) = λn. We have to show that det2(1n − λX2) = 1. This follows from
a more general statement.

Lemma. Let U ∈ Mat (p × q; A) and V ∈ Mat (q × p; A) be matrices whose
entries are odd elements of A. Then

det (1p − UV ) = det (1q − V U)−1. (21)

This proof is due to J. Bernstein, 1975. At about the same time V. Drinfeld also noticed
the equivalence proved here.
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Proof. Let Z =

(
1p U
V 1q

)
∈ GL(p|q; A) and

(
A B
C D

)Π

:=

(
D C
B A

)
.

From [1] we know that Ber ZΠ = (Ber Z)−1, so Ber ZΠ = det(1q − V U)
because Ber Z = det (1p − UV ).

3) Let Z =

(
1n λX
λX 1n

)
⊂ GQ(n; A[λ]). From [1] we know that Ber Z =

1. But Ber Z = det (1n − λ2X2), hence, det (1n − λ2Y ) = 1, and we have
det (1n − λY ) = 1. Thus, det (λ1n − Y ) = λn.

5.2. How to superize the Cayley-Hamilton theorem?

The degree of the polynomial equation (which) a given n×nmatrix satis�es
can be diminished even more compared to what is given by the Amitsur-
Levitzki identity (Cayley�Hamilton theorem, see (1)).

Problem 5.2.1. The analog of the Cayley-Hamilton theorem for supermatrices
was unknown, except for small values of n (equal to 2 or 1|1), until recently.
Now we have a conjectural formula suggested by the study of quantum algebras
and passage to the appropriate "super" limit [9].
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Àëåêñåé Ëåáåäåâ, Äìèòðèé Ëåéòåñ ÑÊÎÁÊÈ ÄÆÓÌÀÄÈËÜÄÀÅÂÀ:
ÑÊÐÛÒÀß ÑÓÏÅÐÑÈÌÌÅÒÐÈß ÊÎÌÌÓÒÀÒÎÐÎÂ È ÒÎÆÄÅÑÒÂÀ
ÀÌÈÖÓÐÀ-ËÅÂÈÖÊÎÃÎ

Òîæäåñòâî Àìèöóðà-Ëåâèöêîãî äëÿ ìàòðèö áûëî îáîáùåíî â íåñêîëü-
êèõ íàïðàâëåíèÿõ: Êîñòàíòîì äëÿ ïðîñòûõ êîíå÷íîìåðíûõ àëãåáð Ëè,
Êèðèëëîâûì (ñ Êîíöåâè÷åì, Ìîëåâûì, Îâñèåíêî è Óäàëîâîé) äëÿ ïðî-
ñòûõ àëãåáð Ëè âåêòîðíûõ ïîëåé ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè
è Ãèå, Ïèíêçîíîì è Óøèðîáèðîé äëÿ îðòîñèìïëåêòè÷åñêîé ñóïåðàëãåá-
ðû Ëè osp(1|n). Äæóìàäèëüäàåâ ñäâèíóë öåíòð èíòåðåñà â ýòèõ ðåçóëüòà-
òàõ, ðàññìîòðåâ àëãåáðó, îáðàçîâàííóþ àíòèñèììåòðèçàòîðàìè, è îòêðûë
ñêðûòóþ ñóïåðñèììåòðèþ êîììóòàòîðîâ. Ìû äàåì îáçîð ýòèõ ðåçóëüòàòîâ
è ðàññìàòðèâàåì èõ âîçìîæíûå îáîáùåíèÿ (îòêðûòûå ïðîáëåìû).

Àëåêñåé Ëåáåäåâ, Äìèòðèé Ëåéòåñ Æ�ÌÀÄIËÄÀÅÂÒI� ÆÀ�ØÀ-
ËÀÐÛ: ÊÎÌÌÓÒÀÒÎÐËÀÐÄÛ� ÆÀÑÛÐÛÍ ÑÓÏÅÐÑÈÌÌÅÒÐÈß-
ÑÛ Æ�ÍÅ ÀÌÈÖÓÐ-ËÅÂÈÖÊÈÉÄI� ÒÅÏÅ-ÒÅ�ÄIÊÒÅÐI

Ìàòðèöàëàð ³øií Àìèöóð-Ëåâèöêèéäi òåïå-òåäiãi áiðíåøå áà¡ûòòàð-
äà æàëïûëàí¡àí áîëàòûí: æºé à©ûðëû°ëøåìäi Ëè àëãåáðàëàðû ³øií Êî-
ñòàíò, ïîëèíîìèàëäû êîýôôèöèåíòòåði áàð âåêòîðëû© °ðiñòåðäi æºé Ëè
àëãåáðàëàðû ³øií Êèðèëëîâ (Êîíöåâè÷, Ìîëåâ, Îâñèåíêî æºíå Óäàëî-
âàìåí áiðãå), àë osp(1|n) îðòîñèìïëåêñòi Ëè ñóïåðàëãåáðàñû ³øií Ãèå,
Ïèíêçîí æºíå Óøèðîáèðà æàñàäû. Æ´ìàäiëäàåâ àíòèñèììåòðèçàòîðëàð-
äàí ©´ðûë¡àí àëãåáðàíû ©àðàñòûðûï á´ë íºòèæåëåðäåãi ì³ääå îðòàëû¡ûí
æûëæûòòû æºíå êîììóòàòîðëàðäû æàñûðûí ñóïåðñèììåòðèÿñûí àøòû.
Áiç îñû íºòèæåëåðãå øîëó æàñàéìûç æºíå îëàðäû ì³ìêií æàëïûëàóëà-
ðûí (àøû© ìºñåëåëåðäi) ©àðàñòûðàìûç.
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Annotation: For about a century, a great challenge for theoretical physics consisted
in understanding the role of quantum mode of description of our Universe (�quantum
gravity�). Einstein space�times on the scale of observable Universe do not easily submit
to any naive quantization scheme. There are better chances to concoct a satisfying
quantum picture of the very early space�time, near the Big Bang, where natural scales
of events like in�ation extrapolated from current observations resist any purely classical
description and rather require quantum input. Many physicists and mathematicians
tried to understand the quantum early Universe, sometimes unaware of input of the
other community. One of the goals of this article is to contribute to the communication
of the two communities. In the main text, I present some ideas and results contained
in the recent survey/research papers [1] (physicists) and [2], [3] (mathematicians).

Keywords: Big Bang, Bianchi IX cosmology, geodesic billiards.

Introduction and survey

0.1. Relativistic models of space�time: Minkowski signature.

Most modern mathematical models in cosmology start with description of
space-time as a 4-dimensional pseudo-Riemannian manifold M endowed with
metric

ds2 =
∑

gikdx
idxk

of signature (+,−,−,−) where + refers to time-like tangent vectors, whereas
the in�nitesimal light-cone consists of null-directions. Each such manifold is a
point in the in�nite-dimensional con�guration space of cosmological models.

Êëþ÷åâûå ñëîâà: Áîëüøîé Âçðûâ, êîñìîëîãè÷åñêèå ìîäåëè Áüÿíêè IX, ãåîäåçè-
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2010 Mathematics Subject Classi�cation: 37N20

c⃝ Yu.I. Manin, 2016.



Time between real and imaginary ... 181

Basic cosmological models are constrained by Einstein equations

Rik −
1

2
Rgik + Λgik = 8πGTik

and/or additional symmetry postulates, of which the most essential for us here
are the so called Bianchi IX space-times, here with symmetry group SO(3), cf.
[4] and [5] for a recent context.

In this model, the space�time is �bered over the semi-axis of a global
(�cosmological�) time t. Fibres are homogeneous spaces over SO(3), and the
negative Einstein metric −ds2 induces on them a metric of constant curvature.
In order to write ds2 in convenient coordinates, we choose a �xed time-like
geodesic (�observer's history�) along which ds2 is dt2, and coordinatize each
space section at the time t by the invariant distance r from the observer and
two natural angle coordinates θ, ϕ on the sphere of radius r. By rescaling the
radial coordinate, we may assume that the curvature constant k takes one of
three values: k = ±1 or 0.

This rescaling produces the natural unit of length, when k ̸= 0, and the
respective unit of time is always chosen so that the speed of light is c = 1.

The Friedman-Robertson-Walker (FRW) metric is then given by the
formula

ds2 := dt2 −R(t)2
[

dr2

1− kr2
+ r2(dθ2 + sin2θ dϕ2)

]
(0.1)

0.2. Input of observations. One of the most counter-intuitive
discoveries of the XX-th century cosmology was the �observability� of
cosmological time t and possibility to estimate its natural scale (�age of our
Universe�). We now know that it is about 14 · 109 years, or �ve million
times longer than the age of human civilisation. Together with considerable
homogeneity of the observable space section (local metric disturbances caused
by galaxies are counted as negligible) this gives considerable weight to the
results of mathematical studies of Bianchi IX SO(3)-models.

A robust version of observable global time is the inverse temperature 1/kT
of the cosmic microwave background (CMB) radiation. It is accepted that the
current value of it measures the global age of our Universe starting from the
time when it stopped to be opaque for light, about 38 · 104 years after the Big
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Bang. Near the Big Bang our Universe was extremely hot, and its evolution is
measured by its cooling.

Another version of time is furnished by measurements of the redshift
of �standard candles� in observable galaxies, thus putting their current
appearance on various cosmological time sections of our Universe (Hubble's
Law).

Remarkably, generally accepted physical pictures of the Universe involve
also unimaginably small periods of cosmological time: between 10−40 and 10−30

seconds after the Big Bang the radius of space sections has grown 1030 times
(�in�ation era�), with speed many orders of magnitude exceeding the speed of
light. The in�ation period is postulated in order to explain the homogeneity
of space-time sections of observable Universe (on the scale where galaxies are
negligible perturbations).

Last but not least: dynamical equations which must be satis�ed by metrics
of space-time are de�ned by the choice of Lagrangian (or Hamiltonian as soon
as cosmological time variable is introduced). Besides the metric curvature,
this Lagrangian may contain contributions from (models of) massive matter,
electro-magnetic �eld etc. Observations led to the picture of the so called �dark
matter� and �dark energy� participating only in gravitational interaction. Their
cosmological in�uence far exceeds that of usual matter, say, content of galaxies.
In particular, non�vanishing Einstein's cosmological constant Λ responsible for
the �dark energy� e�ect must explain the observable accelerating expansion of
the Universe.

For more details, see [6], [7].

0.3. Primeval chaos: going backwards in time. As we have already
stressed, in mathematical models of general relativity, the notion of time is
local: along each oriented geodesic whose tangent vectors lie inside respective
light cones, the di�erential of its time function dt is ds restricted to this
geodesic. Applying this prescription formally, we see that even in a �at space-
time, along space-like geodesics time becomes purely imaginary, whereas light-
like geodesics along which time �stays still�, form a wall. The respective wall-
crossing in the space of geodesics produces the Wick rotation of time, from
real axis to the pure imaginary axis. Along any light�like geodesic, �real� time
stops, however �pure imaginary time �ow� makes perfect sense appearing e. g.,
as a variable in wave-functions of photons.
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In the main text, we will describe models (suggested in [2]�[3]) in which
cosmological time becomes imaginary also at the past boundary of the universe
t = 0. However, in these models the reverse Wick rotation does not happen
instantly. Instead, it includes the movement of time along a random geodesic
curve in the complex half plane endowed with its standard hyperbolic metric.

Moreover, the set of all such geodesics (modulo a subgroup of PSL(2, Z))
is endowed with much studied invariant measure, and we regard the resulting
classical statistical system as an approximation to an (unknown) quantum
description of the early Universe.

Our primary motivation (cf. [2]) was the desire to explain the pure formal
coincidence of the dynamics of two very di�erent systems:

A. Mixmaster Universe. In this model, one studies Bianchi IX SO(3) with
metric that in appropriate coordinates takes form ds2 = dt2 − a(t)dx2 −
b(t)dy2−c(t)dz2, t > 0. It turns out that the respective Einstein equations have
a family of Kasner's exact solutions a(t) = tpa , b(t) = tpb , c(t) = tpc . Moreover,
mathematical methods of qualitative studies of dynamical systems suggest that
a generic solution of the relevant Einstein equations, traced backwards in time
towards the Big Bang moment t = 0, can be approximated by an in�nite
sequence of Kasner's solutions.

B. Hyperbolic billiard. The relevant dynamical system is the hyperbolic
billiard on a standard fundamental domain for PSL(2, Z) (or a �nite index
subgroup), encoded in the Poincar�e return map with respect to the boards of
this billiard: see [1], [3], [8], [9].

However, accommodating Mixmaster Universe in the hyperbolic billiard
picture seems to require an analytic continuation of Kasner's solutions. It is
not known, and according to some computer assisted studies, time in Kasner's
models does not admit the necessary analytic continuation involving space�like
coordinates as well, cf. [10].

In [3], we avoided this obstacle by looking at the geometry of space�
times from the perspective of imaginary time axis. This means that we start
with space-times with metrics of the Euclidean signature (+,+,+,+). In the
framework of cosmology, they correspond to Bianchi IX SU(2)-symmetric
space�times, where all coordinates generally can take complex values, so that
it makes sense to trace time �ow along the relevant geodesics.
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0.4. Relativistic models of space�time: Euclidean signature.

In these models, space�times satisfying a complexi�ed version of Einstein
equations are Bianchi IX four-dimensional manifolds, �bered over domains of
complex plane of time, whose �bres are SU(2)-homogeneous spaces (rather
than SO(3)-homogeneous spaces in the cases of Minkowski signature). By
analogy with Yang-Mills instantons, they are sometimes called gravitational
instantons.

More precisely, consider the SU(2) Bianchi IX model with metric of the
form

g = F

(
dµ2 +

σ2
1

W 2
1

+
σ2
2

W 2
2

+
σ2
3

W 2
3

)
. (0.2)

Here µ is the relevant version of the cosmological time, (σj) are SU(2)-invariant
forms along space-sections with dσi = σj ∧ σk for all cyclic permutations of
(1, 2, 3), and F is a conformal factor.

By analogy with the SO(3) case and metric dt2 − a(t)2dx2 − b(t)2dy2 −
c(t)2dz2, in the main text we will treat Wi (as well as some natural monomials
in Wi and F ) as SU(2)-scaling factors.

It is important that, contrary to the SO(3)-case, generic anti-self-dual
Einstein metrics (solutions of Einstein equations) in the SU(2)-case can be
written explicitly in terms of elliptic modular functions whereas their chaotic
behaviour along geodesics in the complex half-plane of time becomes only a
re�ection of the chaotic behaviour of the respective billiard ball trajectories.

A natural quantisation scheme of gravitational instantons involves non-
commutative deformations of their toric space sections. Focussing on this
quantisation scheme, in [3] we gave additional arguments about relationship
between Mixmaster chaos and quantum mechanics of the Big Bang, but this
time not involving Kasner's solutions at all: see section 2 of the main text.

0.5. Boundaries of space-times. The statement invoked above that
the generic SO(3) space-times traced back to t → 0 can be approximated
by an in�nite sequence of Kasner's solutions is mathematically formulated
and proved by considering a partial compacti�cation of the respective phase-
spaces and studying the geometry of separatrices on the boundary of a partial
compacti�cation of these phase spaces: see [11], [12].
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Another type of boundaries was considered in [2], where we tried to produce
algebraic�geometric models of Roger Penrose's �aeons�: see [13] and [14]�[16].
According to his scheme, the moment t = 0 of our cosmological time might
have been preceded by evolution of another Universe, the cold death of which
was a prequel of our Big Bang. According to Penrose, conformal classes of the
respective metrics furnish a continuous transition from the previous aeon to
the next one.

Since a conformal change of the metric does not change the relevant
light cone in the tangent space at any point of space-time, we suggested
in [2] matching pairs of boundaries between aeons, in which the projective
compacti�cation of cold Minkowski space-time of previous aeon matches the
blown up divisor over the Big Bang point of the next aeon.

***

Cosmology has its own singular place in the body of scienti�c knowledge:
the same quest for the meaning of Universe in�uences philosophy, poetry, faith
(cf. two remarkable books [17], [18] about life, faith and research of Canon
Georges Lemaitre, the �rst discoverer of Hubble's Law and Big Bang picture).
I will therefore close this introduction quoting the wonderful lines by Steven
Weinberg ([19]):

As I write this I happen to be in an airplane at 30,000 feet, �ying over
Wyoming en route home from San Francisco to Boston. Below, the earth looks
very soft and comfortable��u�y clouds here and there, snow turning pink as the
sun sets, roads stretching straight across the country from one town to another.
It is very hard to realize that this is just a tiny part of an overwhelmingly hostile
universe. It is even harder to realise that this present universe has evolved from
an unspeakably unfamiliar early condition, and faces a future extinction of
endless cold or intolerable heat. The more the universe seems comprehensible,
the more it also seems pointless.

But if there is no solace in the fruits of our research, there is at least some
consolation in the research itself. Men and women are not content to comfort
themselves with tales of gods and giants, or to con�ne their thoughts to the
daily a�airs of life; they also build telescopes and satellites and accelerators,
and sit at their desks for endless hours working out the meaning of the data
they gather. The e�ort to understand the universe is one of the very few things
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that lifts human life a little above the level of farce, and gives it some of the
grace of tragedy.

Steven Weinberg. �The �rst three minutes.�

1. Cosmological time, elliptic integrals, and upper complex half-

plane

1.1. Minkowski signature: late Universe. Following [4] and [5], we
consider the cosmological time at the late stage of the FRW model (0.1).

It is convenient to replace r in (0.1) by the third dimensionless �angle�
coordinate χ := r/R(t). Then (0.1) becomes

ds2 := dt2 −R(t)2
[
dχ2 + S2

k(χ)(dθ
2 + sin2θ dϕ2)

]
, (1.1)

where Sk(χ) = sinχ for k = 1; χ for k = 0; and sinhχ for k = −1.

This rescaling produces the natural unit of length, when k ̸= 0, and the
respective unit of time is always chosen so that the speed of light is c = 1.

Dynamic in this model is described by one real function R(t): it increases
from zero at the Big Bang of one aeon to in�nity.

We scale R(t) by putting R = 1 �now�, as in [4]. Notations in [4] slightly
di�er from ours. In his formula for metric (2), r is our χ, and fk(r) is our
Sk(χ).

This function is constrained by the Einstein-Friedman equations (here with
cosmological constant Λ = 3), which leads to the introduction of the elliptic
curve given by the equation in the (Y,R)�plane

Y 2 = R4 + aR+ b (1.2)

(see [4], equation (3), and [5], eq. (9), where their S is the same as our R).

Besides the proper time t, and the scale factor R(t), global time may be
measured by its conformal version τ , which according to, formula (3), may be
given as the Abelian integral along a real curve on the complex torus, Riemann
surface of the elliptic curve (1.2):

τ ∼=
∫ R(t)

0

dR

Y
. (1.3)
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Physical interpretation of the coe�cients a, b as characterising matter and
radiation sources in Einstein equations for this model for which we refer
the reader to [4] and [20], shows that in principle a, b also depend on time.
Then (1.2) describes a family of elliptic curves parametrized in a way that is
classic and well known to algebraic geometers. In particular, cosmological time
variable moves along one of the versions of base families of elliptic curves.

Universal families of elliptic curves are parametrized by upper complex
half�plane and its quotients (modular curves), and we see now that a family
of elliptic curves (1.2) naturally emerges in the description of a late stage
of evolution of the FRW model. In a pure mathematical context, the reader
is invited to compare our suggestion with the treatment of the Painlev�e VI
equation in [21] and the whole hierarchy of Painlev�e equations in [22].

Now we will discuss a totally di�erent way in which the chaotic evolution in
Mixmaster early Universe leads to the appearance of modular curves as well.

1.2. Minkowski signature: early Universe and Mixmaster chaos.

As a model of the early universe emerging after the Big Bang we take here the
Bianchi IX space�time, admitting SO(3)-symmetry of its space-like sections.
We will choose coordinates in which its metric takes the following form:

ds2 = dt2 − a(t)2dx2 − b(t)2dy2 − c(t)2dz2, (1.4)

where the coe�cients a(t), b(t), c(t) are called scaling factors. A family of such

metrics satisfying Einstein equations is given by Kasner solutions,

a(t) = tp1 , b(t) = tp2 , c(t) = tp3 (1.5)

in which pi are points on the real algebraic curve∑
pi =

∑
p2i = 1. (1.6)

These metrics become singular at t = 0 which is the Big Bang moment.

Around 1970, V. Belinskii, I. M. Khalatnikov, E. M. Lifshitz and
I. M. Lifshitz argued that almost every solution of the Einstein equations
for (1.4) traced backwards in time t → +0 can be approximately described
by a sequence of solutions (1.5) or equivalently, of points (1.6): see [23] for a
later and more comprehensive study. The n�th point of this sequence begins
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the respective n�th Kasner era, at the end of which a jump to the next point
occurs, see below.

A mathematically careful treatment of this discovery in [11] has shown
that this encoding is certainly applicable to another dynamical system which
is de�ned on the boundary of a certain compacti�cation of the phase space of
this Bianchi IX model and in a sense is its limit.

Construction of this boundary involves a nontrivial real blow up at the
t = 0, see details in [12]. The resulting boundary is an attractor, it supports
an array of �xed points and separatrices, and the jumps between separatrices
which result from subtle instabilities account for jumps between successive
Kasner's regimes, corresponding to di�erent points of (1.6).

In what sense this picture approximates the actual trajectories, is a not
quite trivial question: cf. the last three paragraphs of the section 2 of [23],
where it is explained that among these trajectories there can exist �anomalous�
cases when the description in terms of Kasner eras does not make sense, but
that they are, in a sense, in�nitely rare. See also the recent critical discussion
in [10].

Here are some details of the classical description.

(a) Continued fractions. We denote by Z, resp. Z+, the set of integers,
resp. positive integers; Q, resp. R is the �eld of rational, resp. real numbers.
For x ∈ R, we put [x] := rmax {m ∈ Z |m ≤ x}. Irrational numbers x > 1

admit the canonical in�nite continued fraction representation

x = k0 +
1

k1 +
1

k2+...

=: [k0, k1, k2, . . . ], ks ∈ Z+ (1.7)

in which k0 := [x], k1 = [1/(x − k0)] etc. Notice that our convention di�ers
from that of [23]: their [k1, k2, . . . ] means our [0, k1, k2, . . . ].

(b) Transformation T . The (partial) map T̃ : [0, 1]2 → [0, 1]2 is de�ned by

T̃ : (x, y) 7→
(
1

x
−
[
1

x

]
,

1

y + [1/x]

)
, (1.8)

If both coordinates (x, y) ∈ [0, 1]2 are irrational (the complement is a subset
of measure zero), we have for uniquely de�ned ks ∈ Z+:

x = [0, k0, k1, k2, . . . ], y = [0, k−1, k−2, . . . ].
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Then

1

x
−
[
1

x

]
= [0, k1, k2, . . . ],

1

y + [1/x]
=

1

k0 + y
= [0, k0, k−1, k−2, . . . ].

On this subset, T̃ is bijective and has invariant density

dx dy

rln 2 · (1 + xy)2

(cf. [24]). Thus we may and will bijectively encode irrational pairs (x, y) ∈
[0, 1]2 by doubly in�nite sequences

(k) := [. . . k−2, k−1, k0, k1, k2, . . . ], ki ∈ Z+

in such a way that the map T̃ above becomes the shift of such a sequence
denoted T :

T (k)s = ks+1. (1.9)

(c) Continued fractions and Mixmaster chaos. Any point (pa, pb, pc) in (1.6)
can be obtained by choosing a unique u ∈ [1,∞], putting

p
(u)
1 := − u

1 + u+ u2
∈ [−1/3, 0], p

(u)
2 :=

1 + u

1 + u+ u2
∈ [0, 2/3],

p
(u)
3 :=

u(1 + u)

1 + u+ u2
∈ [2/3, 1] (1.10)

and then rearranging the exponents p(u)1 ≤ p
(u)
2 ≤ p

(u)
3 by a bijection (1, 2, 3) →

(a, b, c).

As we have already explained, a �typical� solution γ of Einstein equations
(vacuum, or with various energy momentum tensors) with SO(3)�symmetry
of the Bianchi IX type, followed from an arbitrary (small) value t0 > 0 in the
reverse time direction t → +0, oscillates close to a sequence of Kasner type
solutions.

Somewhat more precisely, introduce the local logarithmic time Ω along

this trajectory with inverted orientation. Its di�erential is dΩ := − dt

abc
, and
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the time itself is counted from an arbitrary but �xed moment. Then Ω → +∞
approximately as −log t as t → +0, and we have the following picture.

As Ω ∼= −log t → +∞, a �typical� solution γ of the Einstein equations
determines a sequence of in�nitely increasing moments Ω0 < Ω1 < · · · < Ωn <
. . . and a sequence of irrational real numbers un ∈ (1,+∞), n = 0, 1, 2, . . . .

The time semi�interval [Ωn,Ωn+1) is called the n�th Kasner era for the
trajectory γ (in [1], our eras are called epochs). Within the n�th era, the
evolution of a, b, c is approximately described by several consecutive Kasner's
formulas. Time intervals where scaling powers (pi) are constant are called
Kasner's cycles (in [1], our cycles are called eras).

The evolution in the n�th era starts at time Ωn with a certain value u =
un > 1 which determines the sequence of respective scaling powers during the
�rst cycle (1.10):

p1 = − u

1 + u+ u2
, p2 =

1 + u

1 + u+ u2
, p3 =

u(1 + u)

1 + u+ u2

The next cycles inside the same era start with values u = un − 1, un −
2, . . . , and scaling powers (1.10) corresponding to these numbers, rearranged
corresponding to a bijection (1, 2, 3) → (a, b, c) which is in turn identical
to the previous one, or interchanges b and c (see [1] or [25] for a modular
interpretation).

After kn := [un] cycles inside the current era, a jump to the next era comes,
with parameter

un+1 =
1

un − [un]
. (1.11)

Moreover, ensuing encoding of γ's and respective sequences (ui)'s by
continued fractions (1.7) of real irrational numbers x > 1 is bijective on the
set of full measure.

Finally, when we want to include into this picture also the sequence of
logarithmic times Ωn starting new eras, we naturally pass to the two�sided
continued fractions and the transformationn T . Here are some details.

(d) Doubly in�nite sequences and modular geodesics. Let H := {z ∈
C, rImz > 0} be the upper complex half�plane with its Poincar�e metric
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|dz|2/|rImz|2. Denote also by H := H ∪{Q∪{∞}} this half�plane completed
with cusps.

The vertical lines rRe z = n, n ∈ Z, and semicircles in H connecting pairs
of �nite cusps (p/q, p′/q′) with pq′−p′q = ±1, cut H into the union of geodesic
ideal triangles which is called the Farey tessellation.

Following [8], [9], consider the set of oriented geodesics β's in H with ideal
irrational endpoints in R. Let β−∞, resp. β∞ be the initial, resp. the �nal point
of β. Let B be the set of such geodesics with β−∞ ∈ (−1, 0), β∞ ∈ (1,∞). Put

β−∞ = −[0, k0, k−1, k−2, . . . ], β∞ = [k1, k2, k3, . . . ], ki ∈ Z+, (1.12)

and encode β by the doubly in�nite continued fraction

[. . . k−2, k−1, k0, k1, k2, . . . ]. (1.13)

The geometric meaning of this encoding can be explained as follows. Consider
the intersection point x = x(β) of β with the imaginary semiaxis in H. Moving
along β from x to β∞, one will intersect an in�nite sequence of Farey triangles.
Each triangle is entered through a side and left through another side, leaving
the ideal intersection point (a cusp) of these sides either to the left, or to the
right. Then the in�nite word in the alphabet {L,R} encoding the consecutive
positions of these cusps wrt β will be Lk1Rk2Lk3Rk4 . . . Similarly, moving from
β−∞ to x, we will get the word (in�nite to the left) . . . Lk−1Rk0 .

We can enrich the new notation . . . Lk−1Rk0Lk1Rk2Lk3Rk4 . . . (called
cutting sequence of our geodesic in [9]) by inserting between the consecutive
powers of L,R notations for the respective intersection points of β with the
sides of Farey triangles. So x0 := x = x(β) will be put between Rk0 and Lk1 ,
and generally we can imagine the word

. . . Lk−1x−1R
k0x0L

k1x1R
k2x2L

k3x3R
k4 . . . (1.14)

Since the Farey tessellation is acted upon by the modular group PSL(2, Z)
and its hyperbolic extension including orientation changing isometries of H, we
may present another version of the geometric description of geodesic �ow. This
is an equivalent dynamical system which is the triangular hyperbolic billiard
with in�nitely distant corners (�pockets�): see [1], [3], [8], [9].
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Here we use the term �hyperbolic� in order to indicate that sides (boards)
of the billiard and trajectories of the ball (�particle�) are geodesics with respect
to the hyperbolic metric of constant curvature −1 of the billiard table. This is
not the standard meaning of the hyperbolicity in this context, where it usually
refers to non�vanishing Lyapunov exponents.

(e) Proposition. All hyperbolic triangles of the Farey tessellation of H
are isomorphic as metric spaces.

For any two closed triangles having a common side there exists unique
metric isomorphism of them identical along this side. It inverts orientation
induced by H. Starting with the basic triangle ∆ with vertices {0, 1, i∞} and
consecutively using these identi�cations, one can unambiguously de�ne the
map b : H → ∆.

Any oriented geodesic on H with irrational end�points in R is sent by the
map b to a billiard ball trajectory on the table ∆ never hitting corners.

All this is essentially well known since at least [8].

It is also worth noticing that although all three sides of ∆ are of in�nite
length, this triangle is equilateral in the following sense: there exists a group
S6 of hyperbolic isometries of ∆ acting on vertices by arbitrary permutations.
This group has a unique �xed point ρ := exp(πi/3) in ∆, the centroid of ∆.

In fact, this group is generated by two isometries: z 7→ 1−z−1 and symmetry
with respect to the imaginary axis.

Three �nite geodesics connecting the centre ρ with points i, 1 + i, 1+i
2

respectively, subdivide ∆ into three geodesic quadrangles, each having one
in�nite (cusp) corner. We will call these points centroids of the respective sides
of ∆, and the geodesics (ρ, i) etc. medians of ∆.

Each quadrangle is the fundamental domain for PSL(2, Z).

(f) Billiard encoding of oriented geodesics. Consider the �rst stretch of the
geodesic β encoded by (1.14) that starts at the point x0 in (0, i∞). If k0 = 1,the
ball along β reaches the opposite side (1, i∞) and gets re�ected to the third
side (0, 1). If k0 = 2, it reaches the opposite side, then returns to the initial
side (0, i∞), and only afterwards gets re�ected to (0, 1).

More generally, the ball always spends k0 unobstructed stretches of its
trajectory between (0, i∞) and (1, i∞), but then is re�ected to (0, 1) either
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from (1, i∞) (if k0 is odd), or from (0, i∞) (if k0 is even). We can encode this
sequence of stretches by the formal word∞k0 showing exactly how many times
the ball is re�ected �in the vicinity� of the pocket i∞, that is, does not cross
any of the medians.

A contemplation will convince the reader that this allows one to de�ne
an alternative encoding of β by the double in�nite word in three letters , say
a, b, c, serving as names of the vertices {0, 1, i∞}.

(g) Kasner's eras in logarithmic time and doubly in�nite continued
fractions. Now we will explain, how the double in�nite continued fractions
enter the Mixmaster formalism when we want to mark the consecutive Kasner
eras upon the t�axis, or rather upon the Ω-axis, where Ω := − rlog

∫
dt/abc

In the process of construction, these continued fractions will also come with
their enrichments.

We start with �xing a �typical� space-time γ whose evolution with t → +0
undergoes (approximately) a series of Kasner's eras described by a continued
fraction [k0, k1, k2, . . . ], where ks is the number of Kasner's cycles within s�th
era [Ωs,Ωs+1). We have enriched this encoding by introducing parameters us
which determine the Kasner exponents within the �rst cycle of the era number
s by (1.5). A further enrichment comes with putting these eras on the Ω�axis.
According to [11], [12], [23], if one de�nes the sequence of numbers δs from the
relations

Ωs+1 = [1 + δsks(us + 1/{us})]Ωs,

then complete information about these numbers can be encoded by the
extension to the left of our initial continued fraction:

[. . . , k−1, k0, k1, k2, . . . ] (1.15)

in such a way that
δs = x+s /(x

+
s + x−s )

where
x+s = [0, ks, ks+1, . . . ], x−s = [0, ks−1, ks−2, . . . ]. (1.16)

The following result established in [3] shows that cosmological time can be
approximately measured in terms of geodesic length of path of the billiard
ball.
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1.3. Theorem. Let a �typical� Bianchi IX Mixmaster Universe be encoded
by the double�sided sequence (1.15). Consider also the respective geodesic in
H with its enriched encoding (1.14).

Then we have �asymptotically� as s → ∞, s ∈ Z+:

rlog Ω2s/Ω0 ≃ 2

s−1∑
r=0

rdist (x2r, x2r+1), (1.17)

where rdist denotes the hyperbolic distance between the consecutive
intersection points of the geodesic with sides of the Farey tesselation as in
(1.14).

The formula (1.17) shows that the distance measured along a geodesic can
be compared to (doubly) logarithmic cosmological time.

During the stretch of time/geodesic length which such a geodesic spends in
the vicinity of a vertex of ∆, the respective space�time in a certain sense can
be approximated by its degenerate version, corresponding to the vertex itself,
and this will justify considering below the respective segments of geodesics as
the �instanton Kasner eras�.

1.4. Riemannian signature: Bianchi IX models with SU(2)�
symmetry. Consider the SU(2) Bianchi IX model with metric of the form

g = F

(
dµ2 +

σ2
1

W 2
1

+
σ2
2

W 2
2

+
σ2
3

W 2
3

)
. (1.18)

Here µ is cosmological time, (σj) are SU(2)�invariant forms along space�
sections with dσi = σj ∧ σk for all cyclic permutations of (1, 2, 3), and F
is a conformal factor.

By analogy with the SO(3)-case and metric dt2 − a(t)2dx2 − b(t)2dy2 −
c(t)2dz2, we may and will treat Wi (as well as some natural monomials in Wi

and F ) as SU(2)-scaling factors.

However, contrary to the SO(3)-case, generic solutions of Einstein
equations in the SU(2)-case can be written explicitly in terms of elliptic
modular functions, whereas their chaotic behaviour along geodesics in the
complex half-plane of time is only a re�ection of the chaotic behaviour of
the respective billiard ball trajectories.
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We will use explicit formulas given in [26], where they were deduced from
the basic results of [27]. The central role in them is played by theta-functions
depending on the the complex arguments iµ ∈ H, z ∈ C, with parameters
(p, q) called theta�characteristics:

ϑ[p, q](z, iµ) :=
∑
m∈Z

exp{−π(m+ p)2µ+ 2πi(m+ p)(z + q)}. (1.19)

It can be expressed through the theta-function with vanishing characteristics:

ϑ[p, q](z, iµ) = exp {−πp2µ+ 2πipq} · ϑ[0, 0](z + piµ+ q, iµ). (1.20)

All these functions satisfy classical automorphy identities with respect to the
action of PGL(2, Z).

Theorem 1 ([26], [27], [28]). Put

ϑ[p, q] := ϑ[p, q](0, iµ) (1.21)

and
ϑ2 := ϑ[1/2, 0], ϑ3 := ϑ[0, 0], ϑ4 := ϑ[0, 1/2]. (1.22)

(A) Consider the following scaling factors as functions of µ with parameters
(p, q):

W1 :=
i

2
ϑ3ϑ4

δ
δqϑ[p, q + 1/2]

eπipϑ[p, q]
, W2 :=

i

2
ϑ2ϑ4

δ
δqϑ[p+ 1/2, q + 1/2]

eπipϑ[p, q]
,

W3 := −1

2
ϑ2ϑ3

δ
δqϑ[p+ 1/2, q]

ϑ[p, q]
, (1.23)

Moreover, de�ne the conformal factor F with non-zero cosmological constant
Λ by

F :=
2

πΛ

W1W2W3

( δ
δq log ϑ[p, q])

2
. (1.24)

The metric (1.18) with these scaling factors for real µ > 0 is real and satis�es
the Einstein equations if either

Λ < 0, p ∈ R, q ∈ 1

2
+ iR, (1.25)

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 2



196 Yu.I. Manin

or

Λ > 0, q ∈ R, p ∈ 1

2
+ iR. (1.26)

(B) Consider now a di�erent system of scaling factors

W ′
1 :=

1

µ+ q0
+ 2

d

dµ
log ϑ2, W ′

2 :=
1

µ+ q0
+ 2

d

dµ
log ϑ3,

W ′
3 :=

1

µ+ q0
+ 2

d

dµ
log ϑ4 (1.27)

and
F ′ := −C(µ+ q0)

2W ′
1W

′
2W

′
3, (1.28)

where q0, C ∈ R, C > 0. The metric (1.18) with these scaling factors for real

µ > 0 is real and satis�es the Einstein equations with vanishing cosmological
constant.

We will now consider values of iµ ∈ ∆ ⊂ H in the vicinity of i∞ but not
necessarily lying on the imaginary axis. Since we are interested in the instanton
analogs of Kasner's solutions, we will collect basic facts about asymptotics of
scaling factors for iµ → i∞.

For brevity, we will call a number r ∈ R general, if r /∈ Z ∪ (1/2 + Z).

For such r, denote by ⟨r⟩ ∈ (−1/2, 0) ∪ (0, 1/2) such real number that
r +m0 = ⟨r⟩ for a certain (unique) m0 ∈ Z.

Theorem 2. The scaling factors of the Bianchi IX spaces listed in Theorem
1.5 have the following asymptotics near µ = +∞:

(i) For Λ = 0:

W ′
1 ∼ −π

2
, W ′

2 ∼ W ′
3 ∼

1

µ+ q0
. (1.29)

(ii) For Λ < 0 and general p:

W1 ∼ −π⟨p⟩ exp {πi(⟨p⟩ − p)}, W2 ∼ ±W3,

W3 ∼ −2πi ⟨p+ 1/2⟩ · exp {πi sgn ⟨p⟩q} · exp{πµ(|⟨p⟩| − 1/2)}. (1.30)

(iii) For Λ > 0, real q and p = 1/2 + ip0, p0 ∈ R:
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W1 ∼ πp0 tan{π(q − p0µ)} −
1

2
, W2 ∼ −W3,

W3 ∼ 2πp0 · (cosπ(q − p0µ))
−1. (1.31)

Theorem 1.6 (proved in [3]) shows that for general members of all solution
families from [26], after eventual sign changes of some Wi's and outside of the
pole singularities on the real time axis, we have asymptotically W2 = W3,
W1 ̸= W2.

In the next section, we will show that precisely such a condition allows
one to quantize the respective geometric picture in terms of Connes�Landi
[29]. This gives additional substance to our vision that chaotic Mixmaster
evolution along hyperbolic geodesics re�ects a certain �dequantization� of the
hot quantum early Universe.

1.7. Gravitational instantons and Painlev�e VI.

Hitchin's classi�cation of gravitational instantons that led to Theorem 1.5
was based upon the reduction of the relevant Einstein equations to a Painlev�e
VI equation. We will brie�y recall basics facts about them; see [22] for a more
general context.

Equations of the type Painlev�e VI form a four-parametric family. Denote
parameters (α, β, γ, δ), and the independent variable by t. The corresponding
equation for a function X(t) looks as follows:

d2X

dt2
=

1

2

(
1

X
+

1

X − 1
+

1

X − t

)(
dX

dt

)2

−
(
1

t
+

1

t− 1
+

1

X − t

)
dX

dt
+

+
X(X − 1)(X − t)

t2(t− 1)2

[
α+ β

t

X2
+ γ

t− 1

(X − 1)2
+ δ

t(t− 1)

(X − t)2

]
.

Gravitational instantons correspond to the case

(α, β, γ, δ) = (
1

8
,−1

8
,
1

8
,
3

8
).

Solutions in elliptic functions of this equation describe Bianchi IX space-
times with SU(2)-symmetry: see [27].
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One more interesting case is (α, β, γ, δ) = (92 , 0, 0,
1
2). According to

B. Dubrovin, a speci�c solution of this equation describes �the mirror of P 2�
in a general context of Mirror Symmetry.

In 1907, R. Fuchs has rewritten PVI in the form

t(1− t)

[
t(1− t)

d2

dt2
+ (1− 2t)

d

dt
− 1

4

] ∫ (X,Y )

∞

dx√
x(x− 1)(x− t)

=

= αY + β
tY

X2
+ γ

(t− 1)Y

(X − 1)2
+ (δ − 1

2
)
t(t− 1)Y

(X − t)2
. (1.32)

Here he enhanced X := X(t) to (X,Y ) := (X(t), Y (t)) treating the latter pair
as a section P := (X(t), Y (t)) of the generic elliptic curve E = E(t) : Y 2 =
X(X − 1)(X − t).

Up to a simple change of notations, the abelian integral
∫ (X,Y )
∞ in (1.32)

can be directly identi�ed with the abelian integral
∫ R(t)
0 in (1.3) so that this

integral is a version of cosmological time. The meaning of the right hand side
of (1.32) was clari�ed in my paper [21]. After having noticed that Painlev�e VI
can be written on any one�dimensional family of elliptic curves (its dependent
variable becoming a (multi)section of such a family), I have applied this remark
to the analytic family Eτ := C/(Z + Zτ) 7→ τ ∈ H. Denoting by z a �xed
coordinate on C, we can rewrite (1.32) in the form

d2z

dτ2
=

1

(2πi)2

3∑
j=0

αj℘z(z +
Tj

2
, τ) (1.33)

Here (α0, . . . , α3) := (α,−β, γ, 12 − δ), (T0, T1, T2, T3) := (0, 1, τ, 1 + τ), and

℘(z, τ) :=
1

z2
+

∑
(m,n)̸=(0,0)

(
1

(z −mτ − n)2
− 1

(mτ + n)2

)
.

Moreover, equation of the generic elliptic curve becomes

℘z(z, τ)
2 = 4(℘(z, τ)− e1(τ))(℘(z, τ)− e2(τ))(℘(z, τ)− e3(τ))

where

ei(τ) = ℘(
Ti

2
, τ),
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so that e1 + e2 + e3 = 0.

Since PGL(2, Z) acts on the total space of this family, the �time variable�
τ (an abelian integral along closed path on a curve) can be restricted to the
fundamental domain of this group or its �nite index subgroup, and this leads
to the hyperbolic billiard picture.

2. Quantum Big Bang?

2.1. Canonical quantisation of the billiard system and Maass

forms. The most straightforward way to produce from the Mixmaster chaotic
system its quantum version consists in applying canonical quantisation to the
billiard ball moving in one of the version of hyperbolic billiard table discussed
above.

This immediately leads to the consideration of Maass wave functions:
eigenvectors Ψ of the Laplace-Beltrami operator on the hyperbolic half-plane,
invariant with respect to an appropriate subgroup of the (extended) modular
group. They play now role of quantum wave-functions of early hot Universe.

We refer to [1], sec. VI and VII, for a detailed discussion of this quantisation
scheme and relevant references. See also [30].

Below we will discuss a di�erent quantisation scheme, developed in the
framework of non commutative geometry (cf. [29]). We will then connect it
with the complex geometry of gravitational instantons, described in subsections
1.4-1.6 above. This was done in our article [3].

2.2. Theta deformations. In Section 5 of [2] we showed that the
gluing of space-times across the singularity using an algebro-geometric blowup
can be made compatible with the idea of spacetime coordinates becoming
noncommutative in a neighborhood of the initial singularity where quantum
gravity e�ects begin to dominate.

This compatibility is described there in terms of Connes-Landi theta
deformations [29] and Cirio-Landi-Szabo toric deformations [31]�[33] of
Grassmannians.

It turns out that the Bianchi IX models with SU(2)-symmetry can be made
compatible with the hypothesis of noncommutativity at the Planck scale, using
isospectral theta deformations.

The metrics on the S3 sections, in this case, are only left SU(2)-invariant.
It turns out that among all the SU(2) Bianchi IX spacetime, the only ones
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that admit isospectral theta�deformations of their spatial S3-sections are those
where the metric tensor

g = w1w2w3 dµ
2 +

w2w3

w1
σ2
1 +

w1w3

w2
σ2
2 +

w1w2

w3
σ2
3 (2.2)

is of the special form satisfying w1 ̸= w2 = w3 (the two directions σ2 and σ3
have equal magnitude). In these metrics, the S3 sections are Berger spheres.
This class includes the general Taub-NUT family [34], [35], and the Eguchi�
Hanson metrics [36], [37]. The theta�deformations are obtained, as in the case
of the deformations S3

θ of [29] of the round 3-sphere, by deforming all the tori
of the Hopf �bration to noncommutative tori.

In other words, a Bianchi IX Euclidean spacetime X with SU(2)-symmetry
admits a noncommutative theta-deformation Xθ, obtained by deforming the
tori of the Hopf �bration of each spacial section S3 to noncommutative tori, if
and only if its metric has the SU(2)× U(1)-symmetric form

g = w1w
2
3 dµ

2 +
w2
3

w1
σ2
1 + w1 (σ

2
2 + σ2

3). (2.3)

(see [3], Proposition 4.2).

This is in stark contrast with the situation described in [38], where
(Lorentzian and Euclidean) Mixmaster cosmologies of the form

∓dt2 + a(t)2dx2 + b(t)2dy2 + c(t)2dz2

were considered, with T 3-spatial sections, which always admit isospectral
theta-deformations (see also [39], [40]).

We have recalled in the previous section how the general self-dual solutions
(with w1 ̸= w2 ̸= w3) can be written explicitly in terms of theta constants
[26], and are obtained from a Darboux-Halphen type system [41]. In the case
of the family of Bianchi IX models with SU(2)× U(1)-symmetry, this system
has algebraic solutions that give

w2 = w3 =
1

µ− µ0
, w1 =

µ− µ∗
(µ− µ0)2

, (2.4)

with singularities at µ∗ (curvature singularity), µ0 (Taubian in�nity) and
∞ (nut). The condition µ∗ < µ0 avoids naked singularities, by hiding the

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 2



Time between real and imaginary ... 201

curvature singularity at µ∗ behind the Taubian in�nity, see the discussion in
Section 5.2 of [41].

Consider the operator

DB = −i

(
1
λX1 X2 + iX3

X2 − iX3 − 1
λX1

)
, (2.5)

where {X1, X2, X3} constitute a basis of the Lie algebra orthogonal for the
bi-invariant metric. Assume moreover that the left-invariant metric on S3 is
diagonal in this basis, with eigenvalues {w2/w1, w1, w1}, with w = w2 = w3

and λ = w/w1, and where the wi are as in (4.4). Consider also the operator

D =
1

w
1/2
1 w

(
γ0
(

∂

∂µ
+

1

2
(
ẇ

w
+

1

2

ẇ1

w1
)

)
+ w1 DB|λ= w

w1

)
. (2.6)

2.3. Proposition. The operators D of (2.6) give Dirac operators for
isospectral theta deformations of the SU(2)× U(1)-symmetric space-times.

As in [38], the Dirac operator of Proposition 2.3 can be seen as involving
an anisotropic Hubble parameter H. In the case of the metrics of [38] this was
of the form

H =
1

3

(
ȧ

a
+

ḃ

b
+

ċ

c

)
with a, b, c the scaling factors in (2.3).

In the case of the SU(2) Bianchi IX models, the anisotropic Hubble
parameter is again of the form H = 1

3(H1 + H2 + H3), where now the Hi

correspond to the three directions of the vectors dual to the SU(2)-forms σi in
(2.2). For a metric of the form (2.3), or equivalently

g = uw dµ2 + u2λ2 σ2
1 + u2σ2

2 + u2σ2
3,

we take the anisotropic Hubble parameter to be

H =
1

3

(
u̇λ+ uλ̇

uλ
+ 2

u̇

u

)
=

1

3

(
3
u̇

u
+

λ̇

λ

)
,

where
u̇

u
=

1

2

ẇ1

w1
,

λ̇

λ
=

ẇ

w
− ẇ1

w1
,
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so that

H =
1

3

(
ẇ

w
+

1

2

ẇ1

w1

)
,

so that we can write the 4�dimensional Dirac operator in the form

D = γ0
1

uw

(
∂

∂µ
+

3

2
H

)
+DB,

where DB = (w
1/2
1 /w) DB|λ= w

w1
is the Dirac operator on the spatial sections

S3 with the left SU(2)-invariant metric.

Notice that in the construction above, we have considered the same
modulus θ for the noncommutative deformation of all the spatial sections S3 of
the Bianchi IX spacetime, but one could also consider a more general situation
where the parameter θ of the deformation is itself a function of the cosmological
time µ.

This would allow the dependence of the noncommutativity parameter θ
on the energy scale (or on the cosmological timeline), with θ = 0 away
from the singularity where classical gravity dominates and noncommutativity
only appearing near the singularity. Since a non-constant, continuously
varying parameter θ crosses rational and irrational values, this would give
rise to a Hofstadter butter�y type picture, with both commutativity (up
to Morita equivalence, as in the rational noncommutative tori) and true
noncommutativity (irrational noncommutative tori), cf. also [42].

Another interesting aspect of these noncommutative deformations is the
fact that, when we consider a geodesic in the upper half plane encoding Kasner
eras in a mixmaster dynamics, the points along the geodesic also determine
a family of complex structures on the noncommutative tori T 2

θ of the theta-
deformation of the respective spatial section.
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Ìàíèí Þðèé Èâàí´ëû ÆÀË�ÀÍ Æ�ÍÅ ÍÀ�ÒÛ ÓÀ�ÛÒ ÀÐÀËÛ-
�ÛÍÄÀ: �ÀÍÄÀÉ ÃÅÎÌÅÒÐÈßËÀÐ �ËÊÅÍ ÆÀÐÛËÛÑ ÌÀ�ÛÍ-
ÄÀ�Û �ÀËÀÌÄÛ ÑÈÏÀÒÒÀÉÄÛ?

Ñî¡û æ³ç æûë iøiíäå òåîðèÿëû© ôèçèêàíû áàñòû ìºñåëåëåðiíi áiði
ñàëûñòûðìàëûëû©òû æàëïû òåîðèÿñû ìåí êâàíòòû© òåîðèÿíû áiðiãói
áîëûï îòûð, îë àòàï àéò©àíäà, åðòåäåãi ¡àëàìíû ©´ðûëûìû ìåí ýâî-
ëþöèÿñûí ´¡ûíó ³øií æºíå îíû á³ãiíãi æà¡äàéûíà ê°øó ³øií ©àæåò.
Á´ë ìà©àëàíû ìà©ñàòòàðûíû áiði - îñû ìºñåëåìåí àéíàëûñàòûí ôèçèê-
òåð ìåí ìàòåìàòèêòåðäi û©ïàëäàñóûíà ³ëåñ ©îñó áîëûï ñàíàëàäû. Æ´-
ìûñòû ìàçì´íäû á°ëiãi åðòåäåãi "òàçà êâàíòòû©" ñàòûäàí Ýéíøòåéí
òåäåóiìåí àíû©òàëàòûí, ©àçiðãi çàìàí¡û êëàññèêàëû© ýâîëþöèÿ¡à ê°øó
ìîäåëií ò´ð¡ûçóäàí ò´ðàäû.

Ìàíèí Þðèé Èâàíîâè÷ ÌÅÆÄÓ ÌÍÈÌÛÌ È ÂÅÙÅÑÒÂÅÍÍÛÌ
ÂÐÅÌÅÍÅÌ: ÊÀÊÈÅ ÃÅÎÌÅÒÐÈÈ ÎÏÈÑÛÂÀÞÒ ÂÑÅËÅÍÍÓÞ
ÂÁËÈÇÈ ÁÎËÜØÎÃÎ ÂÇÐÛÂÀ?

Â òå÷åíèå ïîñëåäíèõ ñòà ëåò, îäíîé èç öåíòðàëüíûõ çàäà÷ òåîðåòè÷å-
ñêîé ôèçèêè îñòàåòñÿ ñîåäèíåíèå îáùåé òåîðèè îò÷îñèòåëüíîñòè è êâàí-
òîâîé òåîðèè, íåîáõîäèìîå, â ÷àñòíîñòè, äëÿ ïîíèìàíèÿ ñòðóêðóðû è ýâî-
ëþöèè ðàííåé Âñåëåííîé è ïåðåõîäà ê åå íûíåøíåìó ñîñòîÿíèþ. Îäíà èç
öåëåé ýòîé ñòàòüè - âíåñòè âêëàä â ñîòðóäíè÷åñòâî ôèçèêîâ è ìàòåìàòèêîâ,
çàíèìàþùèõñÿ ýòîé ïðîáëåìîé. Ñîäåðæàòåëüíàÿ ÷àñòü ðàáîòû ñîñòîèò â
ïîñòðîåíèè ìîäåëè ïåðåõîäà îò ðàííåé "÷èñòî êâàíòîâîé"ôàçû ê ñîâðå-
ìåííîé êëàññè÷åñêîé ýâîëþöèè, îïðåäåëÿåìîé óðàâíåíèåì Ýéíøòåéíà.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 2



Ìàòåìàòè÷åñêèé æóðíàë ISSN 1682�0525

2016. � Òîì 16, � 2. � Ñ. 206�213.
ÓÄÊ 512.554.5, 512.554.38

SKEW-SYMMETRIC IDENTITIES OF FINITELY

GENERATED MALCEV ALGEBRAS

I. Shestakov

Dedicated to Prof. Askar Dzhumadildaev on the occasion

of his 60-th anyversary

Annotation: We prove that every multilinear skew-symmetric polynomial on more then
3+C1

n +C2
n +C3

n variables vanishes in any n-generated Malcev algebra over a �eld of
characteristic 0. Before a similar result was known only for a series of skew-symmetric
polynomials gm of special type on 2m + 1 variables constructed by the author in [1],

where m > [n
3+5n
12

]

Keywords: Malcev algebra, basic rank, superalgebra, skew-symmetric identities.

1. Introduction

Let V Denote by Vn the subvariety of V generated by the V-free algebra on
n free generators; then we have

V1 ⊆ V2 ⊆ · · · ⊆ Vn ⊆ · · · , V = ∪nVn.

A minimal number n for which Vn = V (if such a number exists) is called the

basic rank of the variety V and is denoted as rb(V) (see [2]). If V ̸= Vn for any
n then the basic rank of V is called to be in�nite.

It was �rst shown by A.I. Malcev that the basic rank of the variety of
associative algebras is equal to 2 [3, p. 331]. A.I. Shirshov proved that the same
result is true for the variety of Lie algebras [4] and the variety generated by the
special Jordan algebras [5]. In [6, problem 1.159], A.I. Shirshov posed a problem
on the basic rank of the varieties of alternative Alt, Jordan Jord, Malcev Mal,
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and other algebras. In [1] the author constructed a series of multilinear skew-
symmetric polynomials gm on 2m+1 variables over a �eld of characteristic ̸= 2
which vanish in any n-generated alternative or Malcev algebra form > [n

3+5n
12 ],

but do not vanish in free alternative and free Malcev algebras of in�nite rank.
In particular, this implies that rb(Alt) and rb(Mal) are in�nite.

Here we prove more general result for Malcev algebras. Namely, let N =
3 + C1

n + C2
n + C3

n, then EVERY multilinear skew-symmetric polynomial on
more then N variables vanishes in any n-generated Malcev algebra.

Observe that in case of Lie algebras any skew-symmetric multilinear
polynomial on 3 or more variables vanishes in any Lie algebra. In case of
Malcev algebras, the condition of �nite generation cannot be omitted since the
polynomials gm mentioned above do not vanish in the free Malcev algebra of
in�nite rank for any m.

For the proof, we use the properties of the polynomials gm from [1] and the
base of the free Malcev superalgebra on one odd generator constructed in [7].

Throughout the paper, if otherwise is not stated, all algebras are considered
over a �eld of characteristic 0.

2. Skew-symmetric elements and one-odd-generated

superalgebras

Let us recall the de�nition of a superalgebra in a given variety of algebras
V. In general, a superalgebra A is just a Z2-graded algebra: A = A0 ⊕ A1,
where AiAj ⊆ Ai+j (mod 2). Let G = alg⟨1, e1, . . . , en, . . . | eiej = −ejei⟩ be the
Grassmann superalgebra, where G0 is spanned by 1 and the even products
ei1ei2 · · · eik , 1 < i1 < i2 < · · · < ik, k even, and G1 is spanned by the odd
products ei1ei2 · · · eik , 1 < i1 < i2 < · · · < ik, k odd. Then a superalgebra
A = A0 + A1 is called a V-superalgebra if its Grassmann envelope G(A) =
G0 ⊗A0 +G1 ⊗A1, considered as an algebra, belongs to V.

When working with superalgebras, we always assume that considered
elements are homogeneous, that is, even (belonging to A0) or odd (belonging
to A1). If the de�ning identities of the variety V are known, one can easily
write down the de�ning super-identites for the variety of V-superalgebras. For
example, an algebra A is called alternative (see [8]) if it satis�es the identities

(x, y, y) = 0, (x, x, y) = 0,
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where (x, y, z) = (xy)z − x(yz) denotes the associator of the elements x, y, z.
Now, a superalgebra A = A0 ⊕ A1 is called an alternative superalgebra if it
satis�es the super-identities

(x, y, z) + (−1)|y||z|(x, z, y) = 0,

(x, y, z) + (−1)|x||y|(y, x, z) = 0,

where |u| = i if u ∈ Ai denotes the parity of a homogeneous element u. An
algebra M is called Malcev algebra if it satis�es the identities

xx = 0,

J(x, xy, z) = J(x, y, z)x,

where J(x, y, z) = (xy)z+ (yz)x+ (zx)y denotes the Jacobian of the elements
x, y, z. Clearly, every Lie algebra is Malcev algebra. If A is an alternative
algebra then the commutator algebra A(−) obtained by introducing on the
vector space A a new product [x, y] = xy − yx is a Malcev algebra.

Now, a superalgebra M = M0 ⊕ M1 is called a Malcev superalgebra if it
satis�es the super-identities

xy + (−1)|x||y|yx = 0,

J(x, ty, z) + (−1)|x||t|J(t, xy, z) =

= (−1)|t|(|y|+|z|)J(x, y, z)t+ (−1)|x|(|t|+|y|+|z|)J(t, y, z)x.

As for usual (non-graded) algebras, the commutator superalgebra A(−) for
an alternative superalgebra A, with the product given by super-commutator
[x, y]s = xy − (−1)|x||y|yx, is a Malcev superalgebra.

For a variety V , denote by V[X;Y ] the free V-superalgebra over a �eld F
generated by a set X of even generators and a set Y of odd generators.

Recall some results on relation between the space of skew-symmetric
elements in the free V-algebra of countable rank V[X; ∅] and the free V-
superalgebra V[∅;x] generated by one odd element x (see [7, 9, 10]).

Let u(x) be a homogeneous of degree n element from V[∅;x]. Write u(x)
in the form u(x) = v(x, x, . . . , x) where v(x1, . . . , xn) is a multilinear element.
Set

(Skew u)(x1, x2, . . . , xn) =
∑
σ∈Σn

(−1)sgn σv(xσ(1), xσ(2), . . . , xσ(n)).
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For example, if u = xx then (Skew u)(x1, x2) = [x1, x2]; if u = (xx)x then
(Skew u)(x1, x2, x3) =

∑
σ∈Σ3

(−1)sgn σ(xσ(1)xσ(2))xσ(3).

Proposition 1. [9, 7, 10]. Let F be a �eld of characteristic 0. The map

u 7→ Skewu establishes an isomorphism between the linear space V[∅;x] and
the space of skew-symmetric elements in the free V-algebra V[X] = V[X; ∅],
where X = {x1, x2, . . . , xn, . . .}. In particular, u(x) = 0 in the superalgebra

V[∅;x] if and only if Skew u = 0 in the free V-algebra V[X].

Let M = Mal[∅;x] be the free Malcev superalgebra generated by an
odd generator x. The following theorem summarizes some properties of the
superalgebra M proved in [7].

Theorem 1 [7] (i) The superalgebra M has a base formed by the elements

k, x4kx2, x4k+1x2, k > 0, (1)

where xi+1 = xix.
(ii) The nonzero products of basic elements are given by

xi · x = xi+1,

x4k+2−i · xi = −(−1)
i(i−1)

2 x4kx2, i > 1,

x4k+3−i · xi = −(−1)
i(i−1)

2 x4k+1x2, i > 1,

In [1] the author introduced the following series of multilinear skew-
symmetric polynomials gm on 2m+ 1 variables:

g1(x1, x2, x3) = J(x1, x2, x3),

and if the skew-symmetric polynomial gm−1(x1, . . . , x2m−1) is already de�ned,

gm(x1, . . . , x2m+1) =

=
∑

1≤i<j<k≤2m+1

(−1)i+j+kgm−1(J(xi, xj , xk), x1, . . . , x̌i, x̌j , x̌k, . . . , x2m+1),

where x̌i means that this variable is absent. It is clear that the polynomial gm
is skew-symmetric on the variables x1, . . . , x2m+1.
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Theorem 2 [1]. The polynomial gm is a nonzero element in the free Malcev

algebra of countable rank but it vanishes in any n-generated Malcev algebra

over a �eld of characteristic ̸= 2 for m > [n
3+5n
12 ].

Lemma 1. For any m > 0 there exist αm, α′
m, βm ∈ F such that αmα′

m ̸= 0
and

g2m = αmSkew(x
4m+1), (2)

g2m+1 = Skew(α′
mx4m+3 + βmx4m+1x2). (3)

Proof. The element gm is a skew-symmetric polynomial on 2m+1 variables in
the free Malcev algebraMalc[X]. By Proposition 1, there exists a homogeneous
element u ∈ M of degree 2m+1 such that gm = Skewu. Comparing the degrees
of elements from the base (1) of M, we see that for m even u = αx2m+1 and
for m odd u = α′x2m+1 + x

	
2m−1x2, for some α, α′, β ∈ F . Since gm ̸= 0 in

Malc[X], it is clear that α ̸= 0. Furthermore, it was proved in [1] that gm
does not vanish in the free metabelian Malcev algebra of countable rank. Since
Skewx2m−1x2 = 0 in any metabelian algebra, we have that α′ ̸= 0. �

Corollary 1. For any m > 0 there exist lm, l′m, νm ∈ F such that lml′m ̸= 0
and

Skew(x4m+1) = lmg2m, (4)

Skew(x4m+2) = ±lm
∑
i

(−1)ig2m(x1 . . . , x̌i, . . . , x4m+1)xi, (5)

Skew(x4m+3) = l′mg2m+1+

+νm
∑
i<j

(−1)i+jg2m(x1, . . . , x̌i, x̌j , . . . , x4m+3)[xi, xj ], (6)

Skew(x4m+4) = ±l′m
∑
i

(−1)ig2m+1(x1 . . . , x̌i, . . . , x4m+4)xi. (7)

Proof. The �rst equality follows from (2). For the second and the third, note
�rst that

Skew(xkx) = ±
∑
i

(−1)iSkew(xk)(x1, . . . , x̌i, . . . , xk+1)xi, (8)
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Skew(xkx2) = ±
∑
i<j

(−1)i+jSkew(xk)(x1, . . . , x̌i, x̌j , . . . , xk+2)[xi, xj ]. (9)

Now, (5) follows from (8) and (4), and (6) follows from (3), (9) and (4).
Finally, by Theorem 1 we have (xkx2)x = 0 in M, therefore

Skew(x4m+4) = Skew(x4m+3x) =

= ±
∑
i

(−1)iSkew(x4m+3)(x1, . . . , x̌i, . . . , x4m+4)xi

by (3)
= ±

∑
i

(−1)i(l′g2m+1 + '
	
mSkew(x

4m+1x2))(x1, . . . , x̌i, . . . , x4m+4)xi

= ±
∑
i

(−1)il′g2m+1(x1, . . . , x̌i, . . . , x4m+4)xi ± '
	
mSkew((x

4m+1x2)x)

= ±
∑
i

(−1)il′g2m+1(x1, . . . , x̌i, . . . , x4m+4)xi.

�
Now we can prove our main result.

Theorem 1. Every skew-symmetric multilinear polynomial on more then

N(n) = 4+C1
n+C2

n+C3
n variables vanishes in any n-generated Malcev algebra.

Proof. Let f = f(x1, . . . , xk) be a skew-symmetric polynomial from Mal[X]
on k > N(n) variables. By Proposition 1, there exists a homogeneous of degree
k element u(x) ∈ M for which f = Skewu. In view of base (1), have u(x) =
αxk + βxk−2x2 for some α, β ∈ F , where β ̸= 0 only if k ∈ {4m+ 2, 4m+ 3}.
Let Mn be the free Malcev algebra of rank n. By [1], gs = 0 is an identity in
Mn when 2s + 1 > 1 + C1

n + C2
n + Cn

3 = N(n) − 3. By Corollary 1, Skewxk

vanishes in Mn for k > N(n)− 1. Finally, for k = 4m+ 2, 4m+ 3 we have by
(7), (4)

Skew(x4mx2) = l′m−1

∑
i,j,l

±(g2m−1(x1 . . . , x̌i, x̌j , x̌l, . . . , x4m+2)xi)[xj , xl],

Skew(x4m+1x2) = lm
∑
i,j

±g2m(x1 . . . , x̌i, x̌j , . . . , x4m+3)[xi, xj ],
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212 I. Shestakov

which proves that Skew(xkx2) vanishes in Mn for k > N(n), �nishing the
proof. �

It is natural to ask whether a similar result could be proved for alternative
algebras, namely:

Is it true that there exists a natural natural number N such that every

multilinear skew-symmetric identity on more then N variables which vanishes

in the free associative algebra, vanishes in any n-generated alternative algebra?

Using the results of [1] and [11], one can prove that the question above
reduces to a question on a particular identity:

Is it true that there exists a natural natural number N such that any n-
generated alternative algebra satis�es the identity∑

i,j,k

(−1)i+j+kStN (x1, . . . , x̌i, x̌j , x̌j , . . . , xN )(xi, xj , xk) = 0,

where Stn(x1, . . . , xn) =
∑

σ∈Sn
(−1)sgn σ(· · · (xσ(1)xσ(2)) · · · )xσ(n) is the well

known standart identity?
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Øåñòàêîâ È.Ï. ÊÎÑÎÑÈÌÌÅÒÐÈ×ÅÑÊÈÅ ÒÎÆÄÅÑÒÂÀ Â ÊÎ-
ÍÅ×ÍÎÏÎÐÎÆÄÅÍÍÛÕ ÀËÃÅÁÐÀÕ ÌÀËÜÖÅÂÀ

Ìû äîêàçûâàåì, ÷òî âñÿêèé ïîëèëèíåéíûé êîñîñèììåòðè÷åñêèé íåàñ-
ñîöèàòèâíûé ìíîãî÷ëåí îò áîëåå ÷åì 3 + C1

n + C2
n + C3

n ïåðåìåííûõ îáðà-
ùàåòñÿ â íîëü â ëþáîé n-ïîðîæäåííîé àëãåáðå Ìàëüöåâà íàäïîëåì õàðàê-
òåðèñòèêè 0. Ðàíåå àíàëîãè÷íûé ðåçóëüòàò áûë èçâåñòåí òîëüêî äëÿ îäíîé
ñåðèè êîñîñèììåòðè÷åñêèõ ìíîãî÷ëåíîâ gm ñïåöèàëüíîãî âèäà îò 2m + 1
ïåðåìåííûõ, ïîñòðîåííîé àâòîðîì â [1], ãäå m > [n

3+5n
12 ].

Øåñòàêîâ È.Ï. À�ÛÐËÛ ÒÓÛÍÄÀ�ÀÍ ÌÀËÜÖÅÂ ÀËÃÅÁÐÀËÀ-
ÐÛÍÄÀ�Û ÊÎÑÎÑÈÌÌÅÒÐÈßËÛ ÒÅÏÅ-ÒÅ�ÄIÊÒÅÐ

Áiç êåç êåëãåí ïîëèñûçû©òû êîñîñèììåòðèÿëû àññîèöèàòèâòi åìåñ àé-
íûìàëû ñàíû 3+C1

n+C2
n+C3

n-íåí àðòû© áîëàòûí ê°ïì³øåëiê êåç êåëãåí
0 ñèïàòòàìàëû °ðiñòåãi n-òóûíäà¡àí Ìàëüöåâ àëãåáðàñûíäà í°ëãå àéíà-
ëàòûíûí äºëåëäåéìiç. Á´ðûí îñû òåêòåñ íºòèæå òåê 2m + 1 àéíûìàëû-
ëû àðíàéû ò³ðäåãi gm êîñîñèììåòðèÿëû ê°ïì³øåëiêòåðäi áið òîïòàìàñû
³øií ¡àíà áåëãiëi áîëàòûí, á´ë íºòèæåíi àâòîð [1] æ´ìûñûíäà m > [n

3+5n
12 ]

áîë¡àíäà ò´ð¡ûçäû.
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Annotation: Stable Grothendieck polynomials are kind of symmetric functions that can

be considered as K-theoretic analogs of Shur polynomials. In the paper deformations

of these polynomials with two additional parameters are presented. Di�erent properties

of these functions are established.
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1. Introduction

I am happy to present this note in a conference dedicated to 60th birthday
of my teacher Askar Serkulovich Dzhumadil'daev. I would like to express my
deepest thanks to him, I am very grateful for his encouragement and continuous
support of my work. I would also like to especially mention Dzhumadil'daev's
regular seminar during which I (as well as many other of his students) learn a
lot. Results in this note were reported in that seminar.

The ring Λ of symmetric functions in in�nitely many indeterminates x =
(x1, x2, . . .), is a polynomial ring with algebraically independent generators
e1, e2, . . ., where

ek =
∑

i1<···<ik

xi1 · · ·xik

are elementary symmetric functions.

Bases of Λ are indexed by partitions, that are (positive) integer sequences
λ = (λ1 ≥ · · · ≥ λℓ). One of the most important bases for Λ is given by the
Schur functions {sλ}, that (as a �nite variable polynomials) can be de�ned by

Êëþ÷åâûå ñëîâà: Ñèììåòðè÷åñêàÿ ôóíêöèÿ, ôóíêöèÿ Øóðà, ïîëèíîì Ãðîòåí-

äèêà.
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the double alternant formula

sλ(x1, . . . , xn) =
det

[
x
λj+n−j
i

]n
1∏

1≤i<j≤n(xi − xj)

or as a generating series

sλ(x1, x2, . . .) =
∑

T∈SSY T (λ)

∏
i≥1

x#i's in T
i ,

where the sum runs over semistandard Young tableaux (i.e. �lling of boxes of
the diagram of partition λ by positive integers weakly increasing in rows and
strictly in columns) of shape λ.

There is a standard involutive automorphism ω : Λ → Λ given on generators
by setting w(ek) = hk, where

hk =
∑

i1≤···≤ik

xi1 · · ·xik

are complete homogeneous symmetric functions. Under this involution, the
Schur functions are self-dual, ω(sλ) = sλ′ , where λ′ denotes the conjugate
partition of λ. For the theory of symmetric functions we refer to [5, 6].

Schur functions play important role in many areas, including representation
theory and algebraic geometry. For instance, in Schubert calculus they are
related to cohomology ring of the Grassmann variety Gr(k,Cn) of k-planes in
Cn.

There is a K-theory analog of Schur functions, the stable Grothendieck

polynomials Gλ. These are symmetric power series �rst studied by Fomin
and Kirillov [2], which arise as a stable limit of Grothendieck polynomials
introduced by Lascoux and Sch�utzenberger [4].

The functions Gλ have many similarities with sλ. For example, there is a
formula

Gλ(x1, . . . , xn) =
det

[
x
λj+n−j
i (1− xi)

j−1
]n
1∏

1≤i<j≤n(xi − xj)

and a combinatorial presentation given by the series

Gλ(x1, x2, . . .) =
∑
T

(−1)|T |−|λ|
∏
i≥1

x#i's in T
i ,
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where the sum runs over set-valued tableaux of shape λ; a generalization of
semistandard Young tableaux, where boxes may contain sets of integers [1].

Let Λ̂ be the completion of Λ which includes in�nite linear combinations
of the basis elements (in some distinguished basis of Λ, e.g. Schur functions).
Note that Gλ ∈ Λ̂, for instance G(1) = e1 − e2 + e3 − · · · . It is remarkable that
the product of stable Grothendieck polynomials has a �nite decomposition

GλGµ =
∑
ν

(−1)|ν|−|λ|−|µ|cνλµGν , cνλµ ∈ Z≥0, |ν| ≥ |λ|+ |µ|.

This result was proved by Buch [1] and he described the coe�cients
cνλµ combinatorially via set-valued tableaux, generalizing the Littlewood-
Richardson rule for Schur functions. Buch studied the Grothendieck ring
of the Grassmann variety Gr(k,Cn) of k-planes in Cn as the quotient
ring Γ/

⟨
Gλ, λ ̸⊆ (n− k)k

⟩
, where Γ =

⊕
λ Z · Gλ is a ring with a basis

of Grothendieck polynomials ((n − k)k is a partition of rectangular shape
k × (n− k)).

There is a dual family for Gλ via the Hall inner product (which makes
orthonormal the Schur basis, ⟨sλ, sµ⟩ = δλµ). These dual stable Grothendieck
polynomials gλ ∈ Λ were explicitly described by Lam and Pylyavskyy [3] via
plane partitions.

In our work we study two-parameter versions of these polynomials, the

dual families of symmetric functions G
(α,β)
λ (x1, x2, . . .), g

(α,β)
λ (x1, x2, . . .). We

call them the canonical stable Grothendieck functions and the dual canonical
stable Grothendieck polynomials. In special cases they correspond to:

(a) Schur functions sλ = G
(0,0)
λ = g

(0,0)
λ ; the case α+ β = 0 corresponds to

certain deformed Schur functions;

(b) stable Grothendieck polynomials Gλ = G
(0,−1)
λ and its dual gλ = g

(0,1)
λ ;

The functions G
(α,β)
λ ∈ Λ̂, g

(α,β)
λ ∈ Λ are non-homogeneous symmetric,

G
(α,β)
λ = sλ + higher degree terms, g

(α,β)
λ = sλ + lower degree terms.

The families {g(α,β)λ }, {G(−α,−β)
λ } are dual via the Hall inner product and the

duality map acts on them as follows:

ω(G
(α,β)
λ ) = G

(β,α)
λ′ , ω(g

(α,β)
λ ) = g

(β,α)
λ′ .
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The structure constants conserve (with scaling), we have

G
(α,β)
λ G(α,β)

µ =
∑
ν

(α+ β)|ν|−|λ|−|µ|cνλµG
(α,β)
ν .

In some sense, the �rst parameter α in G
(α,β)
λ uncovers duality (under

the involution ω) of the β-Grothendieck polynomials G
(0,β)
λ . Combining the

`unifying' and duality properties described above, the reason for calling these
symmetric functions as canonical is also the following. In the specialization

(α, β) = (q, q−1), the elements {g(α,β)ρ : ρ is a row or column} admit a similar
characterization as the Kazhdan-Lusztig canonical bases. The elements {g(α,β)(k) :

k ∈ Z>0} then characterize the dual functions g(α,β)λ as generators for Λ.
Our results (a detailed version [7] is available as a preprint) about the

functions G
(α,β)
λ , g

(α,β)
λ also include e.g.: combinatorial formulas, based on

several new types of tableaux called hook-valued tableaux (for G
(α,β)
λ ) and

rim border tableaux (for g
(α,β)
λ ); associated noncommutative operators; Schur

expansions and related combinatorics; Jacobi-Trudi type identities.

2. Dual stable Grothendieck polynomials and their deformations

We start by describing the dual stable Grothendieck polynomials {gλ}
which form an inhomogeneous basis of the ring Λ. These polynomials can
be de�ned combinatorially as follows:

gλ(x1, x2, . . .) =
∑

T∈RPP (λ)

∏
i≥1

x#columns of T containing i
i ,

where the sum is over reverse plane partitions (RPP, tableaux with entries
weakly increasing in rows and columns) of shape λ [3]. In particular,

gλ = sλ + lower degree terms.

It is easy to see that

g(k) = hk, g(1k) =
k∑

i=1

(
k − 1

i− 1

)
ei = ek(1, . . . , 1︸ ︷︷ ︸

k−1 times

, x1, x2, . . .)
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and the elements {g(k)} or {g(1k)} are algebraically independent generators of
Λ. There is an involutive automorphism τ : Λ → Λ given on generators by
setting τ(g(k)) = g(1k) for which τ(gλ) = gλ′ .

We shall now consider deformations of these polynomials with two
additional parameters α, β and coe�cients in Z[α, β]. First, we add one
parameter β. Let

gβλ(x1, x2, . . .) =
∑

T∈RPP (λ)

β|λ|−|T |
∏
i≥1

x#columns of T containing i
i .

In particular,

gβ(k) = hk, gβ
(1k)

=
k∑

i=1

βk−i

(
k − 1

i− 1

)
ei = ek(β, . . . , β︸ ︷︷ ︸

k−1 times

, x1, x2, . . .).

(Note that g0λ = sλ is Schur function.)
De�ne Z[α > β] = {

∑
0≤j<i aijα

iβj} as the set of polynomials in α, β

whose specializations (α, β) → (q, q−1) are in qZ[q].

Theorem 1 (Canonical generators). There is a unique set {Ck : k ∈ Z>0}
with coe�cients in Z[α, β] satisfying

Ck ∈ gβ(k) +
∑
i<k

Z[α > β]gβ(i), ω(Ck) ∈ gβ
(1k)

+
∑
i<k

Z[α > β]gβ
(1i)

,

where C → C is an involution switching α and β.
One can obtain that

Ck =

k∑
i=1

αk−i

(
k − 1

i− 1

)
hi = ω(gβ

(1k)
).

Let φ : Λ → Λ be a homomorphism de�ned by φ(hk) = Ck and de�ne the

polynomials g
(α,β)
λ := φ(g

(α+β)
λ ). It is not hard to see that

g
(α,β)
λ = sλ + lower degree terms

and hence {g(α,β)λ } is an inhomogeneous basis for Λ. Note also that in the

specializations α = β = 0, we obtain Schur functions sλ = g
(0,0)
λ and for α = 0
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we have gβλ . Since g
(α,β)
λ is de�ned by applying the homomorphism φ, these

polynomials inherit structural properties of the dual Grothendieck poylnomials
gλ.

Theorem 2. The symmetric functions g
(α,β)
λ satisfy the following properties:

(i) self-duality ω(g
(α,β)
λ ) = g

(β,α)
λ′ ;

(ii) g
(α,β)
λ is Schur-positive, i.e. its expansion in the Schur basis sµ has

positive coe�cients in Z>0[α, β].

Combinatorial presentation of these polynomials is based on the following
types of tableaux, which we call rim border tableaux (RBT, based on RPP).
Consider a reverse plane partition as in the �gure (a) below and let us re�ne
the `borders' of each of the equal entries, e.g. as it is shown in (b). These are
certain ribbons, which we cut by some vertical lines. The remaining parts are
regarded as `white' (or inner) parts of RPP and the resulting tableaux is shown
in (c).

The monomial weight xT for such tableaux T is given by the number of
ribbons containing an element, for example here xT = x21x

4
2x

6
3 since there are

two ribbons with 1, four ribbons with 2 and six ribbons with 3, see (c), (d).
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There is also an auxiliary (α, β)-weight wT (α, β) which keeps track of widths,
heights of the ribbons and number of boxes in inner parts. This weight easily
reads from (d), which is given by wT (α, β) = α14β9(α + β)11; here 14 is the
total width of all ribbons, 9 is the total height, and 11 is the total number of
boxes in white parts of the tableau.

Theorem 3. The following formula holds

g
(α,β)
λ (x1, x2, . . .) =

∑
T∈RBT (λ)

wT (α, β)x
T .

For example, from the �gure we have

g
(α,β)
λ = · · ·+ α14β9(α+ β)11x21x

4
2x

6
3 + · · ·

3. Stable Grothendieck polynomials G
(α,β)
λ

We can now de�ne the family {G(α,β)
λ } of symmetric functions, dual to

g
(−α,−β)
λ via the Hall inner product. That is, via a pairing ⟨·, ·⟩ : Λ×Λ̂ → Z[α, β]
(given on Schur basis as ⟨sλ, sµ⟩ = δλµ) for which ⟨g(−α,−β)

µ , G
(α,β)
λ ⟩ = δλµ

Theorem 4. The symmetric functions G
(α,β)
λ ∈ Λ̂ satisfy the following

properties:

(i) self-duality ω(G
(α,β)
λ ) = G

(β,α)
λ′ ;

(ii) product has �nite decomposition

G
(α,β)
λ G(α,β)

µ =
∑
ν

(α+ β)|λ|+|µ|−|ν|cνλµG
(α,β)
ν , cνλµ ∈ Z≥0.

More explicitly, the functions G
(α,β)
λ can be de�ned as a ratio of two

determinants, similarly as for Schur functions, which looks as follows

G
(α,β)
λ (x1, . . . , xn) =

det

[
x
λj+n−j
i

(1− βxi)
j−1

(1− αxi)λj

]n
1∏

1≤i<j≤n(xi − xj)
.

In the specialization α+ β = 0 we have G
(α,−α)
λ (x) = sλ(x/(1− αx)).
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Combinatorial presentation for these symmetric functions is based on hook-

valued tableaux (HVT). Boxes of these tableaux contain SSYT's of hook
shapes. For example, as in the �gure below, where the ordering rule is given so
that when we replace each hook by any of its elements, the resulting tableau
is always an SSYT.

Figure 1a � Power w.r.t. two-dimensional logistic with independent

standard logistic components (n = 250)

Theorem 5. We have

G
(α,β)
λ (x1, x2, . . .) =

∑
T∈HV T (λ)

αarms(T )βlegs(T )
∏
i≥1

x#i's in T
i ,

where HV T (λ) is the set of hook-valued tableaux of shape λ and arms(T )
(resp. legs(T )) are the sums of �rst rows minus one (resp. �rst columns minus

one) of all hooks in T .

4. Other properties

4.1 Pieri-type formulas

For any skew shape µ/λ de�ne:
r(µ/λ) - the number of rows;
c(µ/λ) - the number of columns;
b(µ/λ) - the number of connected components;
i(µ/λ) = |µ/λ| − c(µ/λ)− r(µ/λ) + b(µ/λ) - the number of boxes in inner

part.
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Theorem 6. The following formulas hold

(i) For G
(α,β)
λ :

Type 1:

G
(α,β)
(k) G

(α,β)
λ =

∑
µ/λ horisontal strip

(α+ β)|µ/λ|−k

(
r(µ/λ)− 1

|µ/λ| − k

)
G(α,β)

µ ;

Type 2:

hkG
(−α,−β)
λ =

∑
µ

vkµ/λ(α, β)G
(−α,−β)
µ ,

where

vkµ/λ(α, β) = βr(µ/λ)−b(µ/λ)(α+ β)i(µ/λ)αc(µ/λ)−k

(
c(µ/λ)− b(µ/λ)

c(µ/λ)− k

)
;

(ii) For g
(α,β)
λ :

Type 1:

g
(α,β)
(k) g(α,β)µ =

∑
λ/µ hor. strip

(−(α+ β))k−|λ/µ|
(

r(µ/λ̄)

k − |λ/µ|

)
g
(α,β)
λ ;

Type 2:

hkg
(α,β)
µ =

∑
λ/µ hor. strip

qλ/µ(α, β)g
(α,β)
λ ,

where

qλ/µ(α, β) =
∑
ℓ

(−(α+ β))ℓ−|λ/µ|
(

r(µ/λ̄)

ℓ− |λ/µ|

)
(−α)k−ℓ

(
k − 1

ℓ− 1

)
.

4.2 Jacobi-Trudi-type identities

Recall classical Jacobi-Trudi identities for Schur functions:

sλ = det
[
eλ′

i−i+j

]
= det [hλi−i+j ] .

For stable Grothendieck polynomials we obtain the following
generalizations.
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Theorem 7. The following formulas hold

(i) G
(α,β)
λ = det

[
ẽ
(i)
λ′
i−i+j

]
ẽ
(i)
p =

∑
k(α+ β)k

(λ′
i−1+k
k

)
ep+k

(
x

1−αx

)
;

(ii) g
(α,β)
λ = det

[
g̃
(i)
λi−i,j

]
,

g̃
(i)
p,j =

∑
k

f̃
(i)
p,khk+j f̃ (i)

p,q =
∞∑

k=−∞

(
p+ i− k − 1

i− 1

)(
k

k − q

)
(α+ β)p−kαk−q.

In particular,

g
(0,β)
λ = det

[∑
k

βk

(
k + i− 1

k

)
hλi−i+j−k

]
= det

[∑
k

βk

(
λ′
i − 1

k

)
eλ′

i−i+j−k

]
.
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Åëåóñèçîâ Ä. Ê-ÒÅÎÐÅÒÈ×ÅÑÊÈÅ ÄÅÔÎÐÌÀÖÈÈ ÌÍÎÃÎ×ËÅ-
ÍÎÂ ØÓÐÀ

Ñòàáèëüíûå ìíîãî÷ëåíû Ãðîòåíäèêà ýòî îïðåäåëåííûå ñèììåòðè÷å-
ñêèå ôóíêöèè, êîòîðûå ìîæíî ðàññìàòðèâàòü êàê Ê-òåîðåòè÷åñêèå àíà-
ëîãè ìíîãî÷ëåíîâ Øóðà. Â ðàáîòå ïðåäñòàâëåíû äåôîðìàöèè ýòèõ ìíî-
ãî÷ëåíîâ ñ äâóìÿ äîïîëíèòåëüíûìè ïàðàìåòðàìè. Ïîêàçàíû ðàçëè÷íûå
ñâîéñòâà ýòèõ ôóíêöèé.

Åëåóñèçîâ Ä. ØÓÐÄÛ� Ê�ÏÌ�ØÅËIÊÒÅÐIÍI� Ê-
ÒÅÎÐÅÒÈÊÀËÛ� ÄÅÔÎÐÌÀÖÈßËÀÐÛ

Ãðîòåíäèêòi ê°ïì³øåëiêòåði Øóðäû ê°ïì³øåëiêòåðiíi Ê-
òåîðåòèêàëû© àíàëîãòàðû ñèÿ©òû ©àðàñòûðó¡à áîëàäû. Æ´ìûñòà
îñû ñèììåòðèÿëû© ôóíêöèÿëàðûíû êåéáið äåôîðìàöèÿëàðû áåðiëãåí,
æºíå ºðò³ðëi ©àñèåòòåði ê°ðñåòiëãåí.
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Let L be a Lie algebra over a �eld F . We say that L satis�es
the Engel identity En if [. . . [a, b], b], . . . , b︸ ︷︷ ︸

n

] = 0 for arbitrary elements

a, b ∈ L.
Let p be a prime number and let G be a group of exponent p, i.e., gp = 1 for

an arbitrary element g ∈ G. Consider the lower central series G = G1 > G2 >

· · · of the group G and the associated Lie algebra L(G) =
∞⊕
i=1

Gi/Gi+1 over

the �eld F = Z/pZ (see [1], [2]). W. Magnus [3] showed that the Lie algebra
L(G) satis�es the Engel identity Ep−1. A. I. Kostrikin ([4, 5]) proved that a
Lie algebra over a �eld of characteristic p satisfying the identity Ep−1 is locally
nilpotent, thus settling the Restricted Burnside Conjecture for groups of prime
exponent p. For further developments on the Restricted Burnside Conjecture,
see [6, 7, 8, 9].

On the other hand, Yu. P. Rasmyslov [10] constructed examples of
nonsolvable Lie algebras of characteristic 5 satisfying the identity E4.

Let R(L) be the multiplication algebra of L, that is, the associative
subalgebra of the algebra EndF (L) of all linear transformations of L generated
by adjoint operators ad(a) : L → L, ad(a) : x → [a, x], a ∈ L.

Êëþ÷åâûå ñëîâà: The Burnside problem, pro-p groups, PI-algebras, Lie algebras.

2010 Mathematics Subject Classi�cation: 20E18, 20F50, 20F40, 16R99.
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We say that an associative algebra R is nil of bounded index if there exists
an n ≥ 1 such that an = 0 for an arbitrary element a ∈ R. See [11], [9] for
more information about nil algebras of bounded index.

Conjecture. Let L be a Lie Algebra over a �eld of characteristic p > 0
satisfying the identity Ep−1. Then the multiplication algebra R(L) is nil of

bounded index.

In this paper, we will prove the Conjecture for p = 5.

Theorem 1. Let L be a Lie algebra of characteristic 5 satisfying the Engel

identity E4. Then the multiplication algebra R(L) is nil of bounded index.

Notice that for Lie algebras over a �eld of characteristic 5 satisfying E4,
G. Higman [12] proved a stronger assertion than local nilpotence: an arbitrary
element of such an algebra generates a nilpotent ideal of degree ≤ 6.

Let f(x1, . . . , xn) be a nonzero element of the free associative F -algebra in
X = {xi , i ≥ 0}. We say that an associative algebra R satis�es the polynomial
identity f = 0 if f(a1, . . . , an) = 0 for arbiratry elements a1, . . . , an ∈ R. If an
algebra satis�es some polynomial identity, then we call it a PI-algebra.

Let A be a (not necessarily associative) F -algebra. Let V be the variety
generated by the algebra A (see [13]) and let FV⟨X⟩ be the free algebra in
the variety V on the countable set of free generators X = {xi, i ≥ 0}. Let Pn

be the linear span of all products xσ(1) . . . xσ(n) with arbitrary brackets, where
σ runs over the symmetric group Sn. The dimensions dn = dimF Pn, n ≥ 1,
are called codimensions of the algebra A. A. Regev [14] proved that for an
arbitrary associative PI-algebra, the sequence of codimensions is exponentially
bounded, i.e., there exists a ≥ 1 such that dn ≤ an for all n.

In [15] V. N. Latyshev gave a new proof of Regev's theorem based on a
theorem of R. P. Dilworth [16].

Fix m ≥ 2 and consider all permutations σ ∈ Sn with the following
property: there does not exist a sequence 1 ≤ i1 < i2 < · · · < im ≤ n of
length m such that σ(i1) > σ(i2) > · · · > σ(im). One of the formulations
of the Dilworth Theorem asserts that the number of such permutations is
≤ D(m)n, where D(m) is a constant that depends only on m. Codimensions
of an associative algebra satisfying an identity of degree ≤ n are bounded by
D(m)n.
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Let L be a Lie algebra over a �eld F of characteristic 5 satisfying the
identity E4.

Lemma 1. Codimensions of the algebra L are exponentially bounded.

Äîêàçàòåëüñòâî. Let L⟨X⟩ be the free algebra in the variety generated by
the algebra L on the countable set of free generators X = {xi, i ≥ 0}.

By Higman's theorem [12], every element of the algebra L⟨X⟩ generates
a nilpotent ideal of degree ≤ 6. The subspace Pn is spanned by left-normed
commutators

[xσ(1), . . . , xσ(n)] = [. . . [xσ(1), xσ(2)], xσ(3)], . . . , xσ(n)],

σ ∈ Sn.

Consider the lexicographical order in the set of all permutations: for two
distinct permutations σ and τ , we say that σ > τ if there exists k, 1 ≤ k ≤ n,
such that σ(i) = τ(i), 1 ≤ i ≤ k − 1, but σ(k) > τ(k).

Suppose that there exists a sequence 1 ≤ i1 < · · · < i6 ≤ n such
that σ(i1) > · · · > σ(i6). Denote ρ = [xσ(1), . . . , xσ(n)]. Fixing all variables
except for xσ(i1), . . . , xσ(i6), we write ρ = ρ(xσ(i1), . . . , xσ(i6)). By Higman's
theorem, ρ(x, x, . . . , x︸ ︷︷ ︸

6

) = 0. Linearizing this identity (see [11]), we get∑
s∈S6

ρ(ys(1), . . . , ys(6)) = 0. Hence,

ρ = −
∑

[xτ(1), . . . , xτ(n)],

where all permutations τ ∈ Sn on the right hand side di�er from σ only at
the positions i1, . . . , i6; the elements xσ(i1), . . . , xσ(i6) have been nontrivially
permuted. This makes all the permutations τ lexicographically smaller than σ.

We showed that Pn is spanned by left-normed commutators
[xσ(1), . . . , xσ(n)] such that there does not exist a sequence 1 ≤ i1 <
i2 < · · · < i6 ≤ n with σ(i1) > · · · > σ(i6). By Dilworth's Theorem,
dim Pn ≤ D(6)n, which completes the proof of the lemma.

Lemma 2. The multiplication algebra R(L) is a PI-algebra.
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Äîêàçàòåëüñòâî. First, we will establish existence of a nonzero multilinear
associative polynomial f(y1, . . . , yn) such that for arbitrary elements
ai, bi, ci ∈ L, 1 ≤ i ≤ n, we have

f(ad(a1)ad(b1)ad(c1), . . . , ad(an)ad(bn)ad(cn)) = 0.

Consider again the free Lie algebra L⟨X⟩ in the variety generated by the
algebra L, X = {xi, i ≥ 0}.

Denote Ui = ad(x3i−2)ad(x3i−1)ad(x3i), i ≥ 1, and consider n! elements
Uσ(1) . . . Uσ(n)x0, σ ∈ Sn. These elements lie in P3n+1. By Lemma 1,
dimF P3n+1 ≤ D(6)3n+1. Choose n ≥ 1 such that D(6)3n+1 < n! Then the
elements Uσ(1) . . . Uσ(n)x0 are linearly dependent. In other words, there exist
scalars ασ, σ ∈ Sn, not all equal to zero, such that

∑
σ
ασUσ(1) · · ·Uσ(n)x0 = 0.

Now it remains to choose f(y1, . . . , yn) =
∑
σ
ασyσ(1) · · · yσ(n).

A.I. Kostrikin [4] notices that the multiplication algebra R = R(L) is
spanned by operators ad(a1) · · · ad(ak), ai ∈ L, k ≤ 3. We claim that R3

is spanned by operators ad(a1)ad(a2)ad(a3), ai ∈ L. Indeed, R3 is spanned by
products ad(a1) . . . ad(as), ai ∈ L, s ≥ 3. This product can be rewritten as a
linear combination of operators ad(ρ1)ad(ρ2) · · · ad(ρk), k ≤ 3, where the ρi's
are commutators in a1, . . . , as and the sum of lengths of ρ1, . . . , ρk is equal to
s. If k = 1 or k = 2, then some ρi is a commutator of length ≥ 2. Using the
Jacobi identity, we can increase k.

Since R3 is a PI-algebra, it follows that R is a PI-algebra as well, which
completes the proof.

Consider the associative commutative algebra

E = ⟨ei, i ≥ 1|eiej = ejei, e
2
i = 0; i, j ≥ 1⟩.

A. R. Kemer [17] proved that for an arbitrary PI-algebra A over a �eld F
of positive characteristic, the algebra A⊗F E is nil of bounded index. Let the
algebra R⊗F E be nil of bounded index ≤ 5m.

Let w1, . . . , ws be products of adjoint operators,
wi = ad(ai1) · · · ad(airi), aij ∈ L, 1 ≤ i ≤ s. Let α1, . . . , αs ∈ F . Then,( s∑

i=1

αiwi

)5m

=
∑

βwi1 · · ·wi5m ,

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 2



Lie Algebras of ... 229

where β ∈ F and in each product wi1 . . . wi5m , at least one operator wj occurs
more than once. Iterating, we get( s∑

i=1

αiwi

)52m

=

(∑
βwi1 · · ·wi5m

)5m

=
∑

γwj1 · · ·wj52m
,

where γ ∈ F and in each product wj1 · · ·wj52m
, at least one operator wj occurs

≥ 4 times.
Finally, for any ℓ ≥ 1,( s∑

i=1

αiwi

)5ℓm

=
∑

µwk1 · · ·wk
5ℓm

,

where µ ∈ F and in each product wk1 · · ·wk
5ℓm

, at least one operator wj occurs

≥ 2ℓ times. Choose ℓ = 3. Then, 2ℓ > 6 and therefore
( s∑

i=1
αiwi

)53m

= 0, which

completes the proof of the theorem.
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15 Latyšev V.N. On Regev's theorem on identities in a tensor product of PI-
algebras // Uspehi Mat. Nauk. � 1972. � V. 27, � 4(166). � P. 213-214.

16 Dilworth R.P. A decomposition theorem for partially ordered sets // Ann. of
Math. � 1950. � V. 2, � 51. � P. 161-166.

17 Kemer A.R. The standard identity in characteristic p: a conjecture of I. B.
Volichenko // Israel J. Math. � 1993. � V. 81, � 3. � P. 343-355.

Received 08.04.2016

Çåëüìàíîâ Å. ÀËÃÅÁÐÀ ËÈ ÃÐÓÏÏÛ ÝÊÑÏÎÍÅÍÒÛ 5

Ïóñòü L � àëãåáðà Ëè óäîâëåòâîðÿþùàÿ òîæäåñòâó [[[[x, y], y], y], y] = 0
íàä ïîëåì õàðàêòåðèñòèêè 5. Ìû äîêàæåì, ÷òî àëãåáðà óìíîæåíèÿ R(L)
àëãåáðû L ÿâëÿåòñÿ íèëü-àëãåáðîé îãðàíè÷åííîãî èíäåêñà.

Çåëüìàíîâ Å. 5 ÝÊÑÏÎÍÅÍÒÒI ÒÎÏÒÛ� ËÈ ÀËÃÅÁÐÀÑÛ

L àëãåáðàñû � ñèïïàòàìàñû 5 êå òå áîëàòûí °ðiñ ³ñòiíäå àíû©òàë¡àí
[[[[x, y], y], y], y] = 0 òåïå-òåäiãií ©àíà¡àòòàíäûðàòûí Ëè àëãåáðàñû áîë-
ñûí. R(L) � L àëãåáðàñûíû ê°áåéòóëåð àëãåáðàñû áîëñûí. Á´ë æ´ìûñòà
R(L)-äi à©ûðëû èíäåêñòi íèëü-àëãåáðàñû åêåíií äºëåëäåéìiç.
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1. Introduction

I am presenting here a, perhaps, haphazard collection of questions I am
interested in. Being haphazard as it is, this collection features somewhat
unexpected and, hopefully, fascinating connections between di�erent topics.

This is a modest contribution in honor of Askar Dzhumadil'daev. I �rst met
him in 1983, when, as an undergraduate student, I started to participate in his
seminar on Lie algebras. Since then and throughout many years, I enjoyed his
wisdom, unfailing enthusiasm, friendship, and support. Most of what I know
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2. Cohomology of Lie algebras coming from Koszul dual operads

Current Lie algebras � that is, Lie algebras of the form L ⊗ A, where
L is a Lie algebra and A is a commutative associative algebra � as well as
algebras close to them, are ubiquitous in mathematics and physics (su�cient is
to mention Lie algebras of smooth functions on a manifold prominent in gauge
theory, Kac�Moody Lie algebras, modular semisimple Lie algebras, etc.). The
Lie bracket is de�ned in an obvious factor-wise way:

[x⊗ a, y ⊗ b] = [x, y] ⊗ ab,

where x, y ∈ L, a, b ∈ A. A vast generalization of this construction comes from
the operad theory: if A is an algebra over a binary quadratic operad P, and B
is an algebra over the operad Koszul dual to P, then the tensor product A⊗B
equipped with the bracket

[a⊗ b, a′ ⊗ b′] = aa′ ⊗ bb′ − a′a⊗ b′b, (1)

where a, a′ ∈ A, b, b′ ∈ B, is a Lie algebra.
Due to a big �exibility of this construction, many interesting Lie algebras

can be represented in this form, for a suitable pair of Koszul dual operads and
algebras over them. Perhaps the most remarkable examples, beyond current
Lie algebras, are various algebras appearing in physics (Schr�odinger�Virasoro,
Heisenberg�Virasoro, etc.): they are represented as tensor products of algebras
over left and right Novikov operads. This remarkable observation was implicit
already in the pioneering works of I. Gelfand and S.P. Novikov and their
collaborators ([1] and [2]); after that, Pei and Bai ([3] and references therein)
noted that Lie algebras in question admit realization as a�nizations of certain
left Novikov algebras; Dzhumadil'daev noted in [4] that left and right Novikov
operads are Koszul dual to each other; the explicit claim was made in [5, �5]
by putting all the pieces together.

Therefore, it seems to be interesting to develop a general method for
computing cohomology and other invariants of Lie algebras given by bracket
(1). By this, we mean to express cohomology or other invariants of such Lie
algebras in terms of invariants of tensor factors A and B, similarly how it was
done earlier for low-degree cohomology of current Lie algebras.

Let us try to pursue further an approach for computation of (co)homology
of current Lie algebras described in [6, �4]. (For simplicity, we will consider
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cohomology with coe�cients in the trivial module K, assume some �niteness
conditions, and zero characteristic of the base �eld, but similar considerations
may be applied in more general settings). Let us decompose the modules∧n(A⊗B) according to the well-known Cauchy formula:∧n

(A⊗B) ≃
⊕
λ⊢n

(
Yλ(A) ⊗ Yλ∼(B)

)
.

Here the direct sum of vector spaces is taken over all Young diagrams of size
n, λ∼ is the Young diagram transposed to λ, and Yλ is the Young symmetrizer
corresponding to λ. Assuming that at least one of the algebras A,B is �nite-
dimensional, passing to the decomposition of the dual vector spaces, and
decomposing the di�erential d : (

∧n(A ⊗ B))∗ → (
∧n+1(A ⊗ B))∗ in the

Chevalley�Eilenberg complex accordingly, we get the following maps on the
Young graph:

Here each Young diagram λ denotes the vector space Yλ(A)∗ ⊗ Yλ∼(B)∗,
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and arrows denote the corresponding components of the di�erential d.
Intuitively it should be clear that the more arrows here vanish, the easier it

would be to compute the corresponding cohomology. In the case of the pair of
operads (Lie, associative commutative), i.e. for current Lie algebras L ⊗ A, a
miracle happens: approximately half of the arrows vanish (roughly, those going
from "left" to "right" ), what allows to de�ne a certain spectral sequence on
the Chevalley�Eilenberg complex computing the cohomology H∗(L ⊗ A,K).
In the low cohomology degrees and/or for particular types of algebras, this
spectral sequence allows to express H∗(L⊗A,K) in terms of cohomology and
other invariants of the tensor factors L and A. Unfortunately, this miracle
fails for the other pairs of Koszul dual operads, even such a classical one as
(associative, associative).

Question 1. What makes the pair (Lie, associative commutative) special in
this regard? In which other situations (i.e., for a particular pair of Koszul dual
operads, or for a particular kind of algebras over some pair of Koszul dual
operads) "many "arrows in the corresponding Young graph (2) will vanish? In
particular, for which types of Lie algebras expressed as the tensor products of
left Novikov and right Novikov algebras, this will happen?

3. Algebras represented as the sum of subalgebras

My mathematical debut, under the guidance of Askar Dzhumadil'daev,
was the proof of the Kegel�Kostrikin conjecture about solvability of a modular
�nite-dimensional Lie algebra L represented as the vector space sum L =
N + M of two nilpotent subalgebras N,M ([7]; around the same time this
was established also by Panyukov, [8]). The statement is true over �elds of
characteristic p > 2, but in characteristic 2 there is a counterexample found
by Petravchuk, [9]. Take the 3-dimensional characteristic 2 analog of sl2: the
simple Lie algebra S, with the basis {e−1, e0, e1} subject to multiplication

[e−1, e0] = e−1, [e−1, e1] = e0, [e0, e1] = e1.

Its 2-envelope S[2] is 5-dimensional and admits the decomposition S[2] = N ⊕
M , where the 2-dimensional abelian subalgebra N is linearly spanned by e0 +

e−1 + e
[2]
−1 and e0 + e1 + e

[2]
1 , and the 3-dimensional nilpotent subalgebra M

is linearly spanned by e
[2]
−1, e0 and e

[2]
1 (the vector space sum in this case is

direct).
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Do such examples exist in higher dimensions? Of course, any (�nite- or
in�nite-dimensional) current Lie algebra S ⊗A admits such a decomposition:

S ⊗A = (N ⊗A) ⊕ (M ⊗A),

so it provides such an example provided it itself is non-solvable (for example,
when A contains a unit).

A slightly more interesting example can be obtained as an extension of the
corresponding current Lie algebras of the form S ⊗ A + D, where D acts on
A by derivations, what includes semisimple Lie algebras. Namely, we have the
decomposition

S ⊗A + D = (N ⊗A + D) ⊕ (M ⊗A). (2)

An easy induction on n proves that for a Lie algebra L = S ⊗A + D with
A unital, and for any positive integer n, we have

Ln = Sn ⊗A +
∑

i+j=n
i>1,j≥1

Si ⊗ADj(A) + S ⊗Dn−1(A) + Dn.

This implies that if N is nilpotent, and D is nilpotent as an algebra of
derivations of A (and hence is nilpotent as an abstract Lie algebra), then the
algebra N ⊗ A + D is nilpotent too. Therefore, (2) provides a decomposition
of a nonsolvable Lie algebra into the sum of nilpotent subalgebras.

Yet it would be more interesting to generalize Petravchuk's decomposition
for an arbitrary Zassenhaus algebra W ′

1(n) in characteristic 2. Zassenhaus
algebras appear prominently in ongoing e�orts of classi�cation of simple Lie
algebras in characteristic 2 (cf. [10, V. I, �7.6], [11], [12], and references therein).
In characteristic p = 2, unlike for p > 2, the Zassenhaus algebra has dimension
2n − 1 and can be de�ned as the algebra with the basis {ei| − 1 ≤ i ≤ 2n − 3}
subject to multiplication

[ei, ej ] =

{(
i+j+2
i+1

)
ei+j if − 1 ≤ i + j ≤ 2n − 2

0 otherwise.

The algebra S = W ′
1(2) is the �rst algebra in the series. The 2-

envelope W ′
1(n)[2] of W ′

1(n) coincides with the derivation algebra of W ′
1(n),

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 2



236 Zusmanovich P.

has dimension 2n + n − 1, and is spanned, in addition to elements of W ′
1(n),

by elements (ade−1)
2k , k = 1, 2, . . . , n− 1, and (ade2n−1−1)

2.

Question 2. Find a link with combinatorial interpretation of the number
2n + n − 1 as the shortest length of a sequence of 0 and 1 containing all
subsequences of length n (see [13, A052944]).

Question 3. Is it true that W ′
1(n)[2] admits a decomposition into the sum of

two nilpotent subalgebras?

Virtually nothing is known about the Kegel�Kostrikin question in the
in�nite-dimensional case � beyond almost obvious cases when one imposes
some sort of �niteness conditions on one or both of the summands; all such
cases are reduced quickly to the �nite-dimensional situation.

As a �rst step, one may wish to prove that such an algebra satis�es a
nontrivial (Lie) identity. According to [14, Corollary 2.5], a Lie algebra L does
not satisfy a nontrivial identity if and only if a free Lie algebra is embedded into
an ultraproduct of L. As the ultraproduct construction obviously commutes
with the decomposition into the sum of subalgebras, the question whether a
Lie algebra L = N + M does not satisfy a nontrivial identity is equivalent
to the question whether its ultraproduct LU = NU + MU does not contain
a free Lie subalgebra. As being nilpotent (of a �xed nilpotency index) is the
�rst-order property, by the  Lo�s theorem the Lie algebras NU and MU are also
nilpotent. Thus the question whether the sum of two nilpotent Lie algebras
satis�es a nontrivial identity, is equivalent to an apriori more special

Question 4. Is it true that an in�nite-dimensional Lie algebra represented as
the sum of two nilpotent subalgebras, cannot contain a free Lie algebra as a
subalgebra?

In the theory of (associative) PI algebras, there is a similar long-standing
open question: whether the sum of two PI algebras is PI? (See [15] and
(numerous) references therein). By the same reasonings as in the Lie case,
this question is equivalent to

Question 5. Is it true that an associative algebra represented as the sum of
two PI subalgebras, cannot contain a free associative algebra as a subalgebra?

Another interesting topic is to develop a machinery to express the
(co)homology (Chevalley�Eilenberg, Hochschild, etc.) of such algebras in terms
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of factors and their action on each other. In the case when the sum of
subalgebras is direct, one may attempt to mimic the approach of �2, albeit
in a more simple situation, as we have direct sums instead of tensor products.
If say, a Lie algebra L = M ⊕N is represented as the vector space direct sum
of subalgebras M and N , then, instead of the Cauchy formula we have a more
simple isomorphism of vector spaces:∧n

(N ⊕M) ≃
⊕

i+j=n
i,j≥0

∧i
(N) ⊗

∧j
(M).

Passing to the dual vector spaces, and decomposing the di�erentials in
the Chevalley�Eilenberg complex, as in �2, we get the following picture (now
instead of the Young graph we have a more simpler triangle):

Here each pair (i, j) denotes the vector space
∧i(N)∗ ⊗

∧j(M)∗.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 2



238 Zusmanovich P.

Question 6. Are there any patterns (vanishing or otherwise) in the graph (5)
in the general situation? In some special cases?

Ideally, a positive answer to this question should allow to develop a
cohomological machinery which would unify and generalize various situations:
some particular instances of the Hochschild�Serre spectral sequence, a stu�
related to "Tate Lie algebras" , "Japanese cocycles" (see, e.g., [16, �2.7]), etc.

A somewhat similar machinery is contained in an interesting and seemingly
entirely forgotten paper [17] (there, the author presents an alternative
derivation of the Lyndon�Hochschild�Serre spectral sequence for the semidirect
product of groups, but similar considerations seem to be applicable as well
to the group-theoretic analog of our situation, i.e. for a group G = AB
decomposed into the product of its subgroups A and B; the promised sequels
to [17] treating the Lie-algebraic and associative cases have never appeared).

4. Deformations and "commutative" cohomology in

characteristic 2

Classi�cation of �nite-dimensional simple Lie algebras over algebraically
closed �elds of characteristic zero is a classical piece of mathematics,
crystallized at the end of XIX�beginning of XX centuries. It took the mankind
another some 100 years to achieve the same classi�cation over �elds of
characteristic p > 3 (see [10]). The cases p = 2 and 3 remain widely open. In
[12], an attempt was made to advance the case p = 2 basing on earlier results
of Skryabin [11]. The general line of attack is more or less the same as in "big"
characteristics: one �rst classi�es algebras of small toral rank, and then, taking
advantage of appropriate root space decompositions, glue the results together;
also, many questions are reduced to computation of deformations of certain
classes of algebras. In particular, in [11] simple Lie algebras having a Cartan
subalgebra of toral rank 1 are characterized as certain �ltered deformations of
semisimple Lie algebras L such that

S ⊗O1(n) ⊂ L ⊆ Der(S) ⊗O1(n) + K∂, (3)

where O1(n) is the divided powers algebra, ∂ its standard derivation, and
either n = 2 and S ≃ W ′

1(n), or n = 1 and S is isomorphic to a two-variable
Hamiltonian algebra.
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In [12], these deformations were computed in the simplest case S ≃ S,
what allowed to classify simple Lie algebras of absolute toral rank 2 and
having a Cartan subalgebras of toral rank 1 � a small but necessary step
in the classi�cation program. To further advance along this road, one need to
compute these deformations in all the cases.

Question 7. Compute deformations of semisimple Lie algebras in
characteristic 2 of the form (6).

In the process of these computations, it became apparent that a new
cohomology theory peculiar to characteristic 2 plays a role. This cohomology
is de�ned via the standard formula for the coboundary map in the Chevalley�
Eilenberg complex, with the alternating cochains being replaced by symmetric
ones. Note that we can (pro�tably) consider commutative 2-cocycles of Lie
algebras in arbitrary characteristic ([18] and [19]), albeit they do not lead to
any cohomology; while in characteristic 2 we have a bona �de cohomology
theory. Unlike the usual cohomology, this complex is apriori not restricted by
the dimension of the algebra, so new interesting phenomena, similar to those
appearing in cohomology of Lie superalgebras (in any characteristic), occur.
Generally, this "commutative" cohomology is di�erent from the Chevalley�
Eilenberg cohomology. For example, while the second cohomology of the
Zassenhaus algebra W ′

1(n) with coe�cients in the trivial module is zero (note
that this is in striking di�erence with the cases of "big" characteristics; if
p > 3, the corresponding cohomology is 1-dimensional, leading to the modular
analog of the famous Virasoro algebra, cf. [20]), the analogous "commutative"
cohomology has dimension n and is generated by "commutative" 2-cocycles

ei ∨ ej 7→

{
1 if i = j = 2k − 2, or {i, j} = {−1, 2k+1 − 3}
0 otherwise.

for k = 0, . . . , n− 1.
(This can be established by considering subalgebras of W ′

1(n) spanned by
a "small" number of root vectors � what corresponds to the cases n = 2 and
3 � similarly how it was done in computation of commutative 2-cocycles on
simple Lie algebras of classical type in [18]).

Besides a few isolated computations like just presented, virtually nothing
is known about this kind of cohomology, so any result about it would be
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of interest. For example, to compute deformations in Question 4, one need
to compute low-degree �commutative� cohomology with various coe�cients of
simple Lie algebras involved � the Zassenhaus and Hamiltonian algebras.

Question 8. Compute the "commutative "cohomology for various Lie
algebras in characteristic 2.

Question 9. Is it possible to represent the "commutative" cohomology as a
derived functor?

5. Variations on a theme of Ado

The Ado Theorem, one of the cornerstones of the modern theory of
Lie algebras, says that each �nite-dimensional Lie algebra has a �nite-
dimensional faithful representation. Somewhat surprisingly, its proof is not that
straightforward as one may expect for such a basic result: it involves universal
enveloping algebras � in�nite dimensional objects, and is strikingly di�erent
for the cases of zero and positive characteristics. There exists a substantial
body of literature with variants of the proof of the Ado theorem, but all of
them follow, more or less, the same pattern. In [21] a di�erent proof was given,
not appealing to the notion of universal enveloping algebra and intrinsic to the
category of �nite-dimensional Lie algebras. Unfortunately, the proof is valid
for nilpotent Lie algebras and in characteristic zero only.

Question 10. Give a characteristic-free, "short" and "natural" (i.e., not
utilizing the notion of universal enveloping algebra or any other in�nite-
dimensional objects) proof of the full Ado Theorem.

In the standard proofs of the Ado Theorem, the case of nilpotent Lie
algebras is the most laborious part. Then, the general case is derived from
the nilpotent one via the passage to the algebraic envelope, and employing a
certain structure of a faithful module built, again, with the help of universal
enveloping algebra (and the PBW theorem).

To get a partial answer to Question 10, we may try to move along the
same route, but employing ideas of [21]. As any �nite-dimensional Lie algebra
is embedded into its algebraic envelope (�rst constructed by Malcev [22], and
independently by Goto [23] and Matsushima [24]), it is enough to prove the
Theorem for algebraic Lie algebras. In characteristic zero, the Levi�Malcev
decomposition of any algebraic Lie algebra is of the form L = S + T + N
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(direct sum of vector spaces), where S is the semisimple part, T is a torus
acting on the nilradical N , and [S, T ] = 0. As in the proof of the nilpotent
case of the Theorem in [21], it is enough to establish the existence of a faithful
representation of L not vanishing on any nonzero central element of L, and
the latters lie in N . If, say, N is N-graded, then arguing like in [21, Lemma
2.5], we may construct a representation of N in L⊗ tK[t]/(tn), for a suitable
n, with required properties. Since S and T act on N by derivations, we may
extend this representation to the whole L. In this way we get a proof of the
Theorem for Lie algebras whose algebraic envelope has an N-graded nilpotent
radical.

As for characteristic-free requirement, it is easy to see that all the reasonings
of [21] remain valid over a �eld of characteristic p, if the index of nilpotency of
the Lie algebra in question is < p. But to give a full-blown characteristic-free
proof will require, apparently, new ideas.

6. Variations on a theme of Whitehead

The Second Whitehead Lemma is another classical result saying that
the second cohomology of a �nite-dimensional semisimple Lie algebra of
characteristic zero, with coe�cients in arbitrary �nite-dimensional module,
vanishes.

In [25] a curious "almost converse" was proved: a �nite-dimensional Lie
algebra of characteristic zero such that the second cohomology in any its �nite-
dimensional module vanishes, is either semisimple, or one-dimensional, or is
the direct sum of a semisimple and one-dimensional algebra. According to [26],
over an algebraically closed �eld this is exactly the list of �nite-dimensional
Lie algebras having the tame representation type.

Question 11. What is the reason that these two classes of Lie algebras
coincide?

Note that in the modular case the situation is entirely di�erent, due to the
result of Dzhumadil'daev [20]: for any �nite-dimensional Lie algebra over a �eld
of positive characteristic, and any degree not exceeding the dimension of the
algebra, there is a �nite-dimensional module with non-vanishing cohomology
in that degree. In particular, the one-dimensional Lie algebra is the only
�nite-dimensional Lie algebra with vanishing second cohomology in any �nite-
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dimensional module.

Question 12. Is it true that over an (algebraically closed) �eld of positive
characteristic, the only �nite-dimensional Lie algebra of tame representation
type is one-dimensional?

If this question has an a�rmative answer, then one may ask for a
characteristic-free variant of Question 6; a satisfactory answer should establish
a bijection between these two classes of Lie algebras, without addressing
peculiarities related to characteristic of the base �eld.

It is known that analogs of the Second Whitehead Lemma hold for other
classes of algebraic structures: Jordan algebras, alternative algebras, Lie triple
systems, etc.

Question 13. Do some sort of converses hold for all these analogs of the
Second Whitehead Lemma?

7. Variations on a theme of Banach

In [27] an attempt was made to trace the possible origins of a (vaguely
formulated) question by Stefan Banach about ternary maps which are
superpositions of binary maps.

This is possibly the most isolated topic in the present collection, though a
nice relation with Lie theory exists: an answer to possible interpretations of the
Banach question may be obtained using an idea borrowed from a pioneering
paper by Jacobson about Lie triple systems.

In the process the following question arose. Let us count the number of
ternary maps f : X ×X ×X → X on a �nite set X of n elements, which can
be represented as a superposition of binary maps ∗ : X ×X → X. We get the
following table:

n TL(n) TLR(n) Tcomm(n)

1 1 1 1

2 14 21 5

3 19292 38472 48

Here TL(n) denotes the number of ternary maps represented in the form

f(x, y, z) = (x ∗ y) ∗ z (4)
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for some binary map ∗, TLR(n) denotes the number of ternary maps represented
either in the form (4), or in the form

f(x, y, z) = x ∗ (y ∗ z), (5)

and Tcomm(n) denotes the number of ternary symmetric maps (i.e., invariant
under any permutation in S3) represented in the form (4). In the given range,
the latter number coincides with the number of ternary symmetric maps
represented in the form (4) for some commutative ∗.

As of time of this writing, the 3-term sequences for TL(n) and TLR(n) were
absent in The Online Encyclopedia of Integer Sequences, and among a dozen
or so sequences containing the 3-term sequence for Tcomm(n), nothing seems
to be relevant.

Question 14. Continue this table. Give formulas (closed form, or recurrent)
for the numbers TL(n), TLR(n), Tcomm(n).

Question 15. Is it true that for every n, any symmetric ternary map
represented in the form (4) for some ∗, can be represented in the form (4)
for some commutative ∗?
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