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æåñòâîì ìîäåëè óïîðÿäî÷åííî λ-ñòàáèëüíîé òåîðèè è äàí êðèòåðèé.
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1. Ââåäåíèå

Ïóñòü M = (M,<, . . . ) � ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà, a � ýëå-
ìåíò èç M , à A è B � ïîäìíîæåñòâà äëÿ M . Êàê îáû÷íî, áóäåì ïèñàòü
a < A, åñëè a < b äëÿ ëþáîãî b ∈ A, è áóäåì ïèñàòü A < B, åñëè a < b äëÿ
ëþáûõ a ∈ A è b ∈ B. Ðàçáèåíèå ⟨C,D⟩ ìíîæåñòâà M íàçûâàåòñÿ ñå÷åíè-

åì, åñëè C < D. Åñëè äàíî ñå÷åíèå ⟨C,D⟩, òî ìîæíî ïîñòðîèòü ÷àñòè÷íûé
òèï {c < x < d : c ∈ C, d ∈ D}, êîòîðûé òàê æå áóäåì íàçûâàòü ñå÷åíèåì
è îáîçíà÷àòü òåì æå ñèìâîëîì ⟨C,D⟩. Åñëè ìíîæåñòâî C ôîðìóëüíî, òî
äàííîå ñå÷åíèå íàçîâåì êâàçèðàöèîíàëüíûì, à åñëè â äîïîëíåíèå åùå è
supC ëåæèò â M , òî ñå÷åíèå ⟨C,D⟩ íàçîâåì ðàöèîíàëüíûì. Íåîïðåäåëè-
ìîå ñå÷åíèå íàçûâàåòñÿ èððàöèîíàëüíûì. Åñëè C = (−∞, c), òî îáîçíà-
÷èì ýòî ñå÷åíèå ñèìâîëîì c−, åñëè æå C = (−∞, c], òî ñèìâîëîì c+. Åñëè

Keywords: Model Theory, o-minimal, ordered structure, de�nability of a type.
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C =M , òî îáîçíà÷èì ýòî ñå÷åíèå ñèìâîëîì +∞. Îáîçíà÷åíèå supA áóäåì
ïðèìåíÿòü äëÿ òàêîãî ñå÷åíèÿ ⟨C,D⟩, ÷òî C = {c ∈ M : c < supA}. Åñëè
ìíîæåñòâî C ôîðìóëüíî, òî èíîãäà áóäåì ðàçëè÷àòü ñå÷åíèÿ, îïðåäåëåí-
íûå supC è infD ñëåäóþùèì îáðàçîì: supC áóäåò îáîçíà÷àòü ÷àñòè÷íûé
òèï ⟨C,D⟩ ∪ {C(x)}, à infD � ⟨C,D⟩ ∪ {¬C(x)}.

Ïîäìíîæåñòâî A ëèíåéíî óïîðÿäî÷åííîãî ìíîæåñòâà M íàçûâàåòñÿ
âûïóêëûì, åñëè äëÿ ëþáûõ a è b ∈ A îòðåçîê [a, b] ëåæèò â A. Îïðåäåëèì
äëèíó âûïóêëîãî ìíîæåñòâà A, êàê sup{a− b : a, b ∈ A}. Âûïóêëûì êîì-

ïîíåíòîì ìíîæåñòâà A íàçûâàåòñÿ ìàêñèìàëüíîå âûïóêëîå ïîäìíîæåñòâî
äëÿ A. Îïðåäåëèì âûïóêëîå çàìûêàíèå Ac ìíîæåñòâà A ñëåäóþùèì îá-
ðàçîì: Ac = {b ∈ M : ∃a1, a2 ∈ A(a1 ≤ b ≤ a2)}, òî åñòü ýòî � íàèìåíüøåå
âûïóêëîå ìíîæåñòâî, ñîäåðæàùåå A.

Ïóñòü A � íåêîòîðîå ïîäìíîæåñòâî ëèíåéíî óïîðÿäî÷åííîé ñòðóê-
òóðû M. Áóäåì ïèñàòü A+ = (supA,+∞) = {b ∈ M : A < b} è
A− = (−∞, inf A) = {b ∈ M : A > b}.

Óïîðÿäî÷åííàÿ ñòðóêòóðà íàçûâàåòñÿ ñëàáî î-ìèíèìàëüíîé, åñëè ëþ-
áîå ôîðìóëüíîå ïîäìíîæåñòâî ñîñòîèò èç êîíå÷íîãî ÷èñëà âûïóêëûõ êîì-
ïîíåíò [1].

Ôîðìóëó ϕ(x, b̄) áóäåì íàçûâàòü âûïóêëîé, åñëè ìíîæåñòâî âñåõ åå ðå-
àëèçàöèé âûïóêëî. Ôîðìóëó ϕ(x, ȳ) íàçîâåì âûïóêëîé ïî x, åñëè âûïóêëà
ôîðìóëà ϕ(x, b̄) äëÿ âñåõ b̄ ∈M .

Çàìåòèì, ÷òî åñëè ìíîæåñòâî îïðåäåëèìî, òî è åãî âûïóêëîå çàìûêà-
íèå îïðåäåëèìî, ïðè÷åì íàä òåìè æå ïàðàìåòðàìè. Òàêèì îáðàçîì, áóäåì
ïèñàòü F c(x) äëÿ âûïóêëîãî çàìûêàíèÿ ôîðìóëû F (x). Î÷åâèäíî, ÷òî

F c(x) = ∃y∃z(F (y) ∧ F (z) ∧ y ≤ x ≤ z).

Ïóñòü p � íåêîòîðûé òèï íàä ìíîæåñòâîì A. Âûïóêëûì çàìûêàíèåì

òèïà p ìû íàçîâåì ñëåäóþùèé ÷àñòè÷íûé òèï pc:

pc = {F c(x) : F (x) ∈ p}.

Ìíîæåñòâî ðåàëèçàöèé â M òèïà pc áóäåò âûïóêëûì ìíîæåñòâîì, òàê
êàê ïåðåñå÷åíèå âûïóêëûõ ìíîæåñòâ ñàìî âûïóêëî. Åãî áóäåì íàçûâàòü
âûïóêëûì íîñèòåëåì òèïà p è îáîçíà÷àòü êàê pc(M).

Ìàòåìàòè÷åñêèé æóðíàë. � 2015. � Ò. 15, � 4
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C ëþáîé âûïóêëîé ôîðìóëîé ϕ(x) ñâÿçàíû äâå âûïóêëûå ôîðìóëû,
îïðåäåëèìûå ñ òåìè æå ïàðàìåòðàìè:

ϕl(x) , ∀y(ϕ(y) → x < y), ϕr(x) , ∀y(ϕ(y) → y < x).

Íåàëãåáðàè÷åñêèé ÷àñòè÷íûé òèï q íàä A íàçîâåì âûïóêëî-ïîëíûì

1-òèïîì, åñëè äëÿ ëþáîé âûïóêëîé A-ôîðìóëû F (x) ëèáî F (x) ∈ q, ëèáî
Fl(x) ∈ q, ëèáî Fr(x) ∈ q. Ñëåäóþùàÿ ëåììà î÷åâèäíà.

Ëåììà 1. Ïóñòü òèï q áóäåò âûïóêëî-ïîëíûì 1-òèïîì íàä ìíîæåñòâîì

A, à p � ëþáûì åãî ïîïîëíåíèåì â S1(A). Òîãäà pc = q.

Â ñîîòâåòñòâèè ñ êëàññèôèêàöèåé 1-òèïîâ â ñëàáî î-ìèíèìàëüíûõ òåî-
ðèÿõ [2], [3], â êîòîðûõ, êàê èçâåñòíî èç ðàáîòû [1], ìíîæåñòâà ðåàëèçàöèé
âñåõ íåàëãåáðàè÷åñêèõ 1-òèïîâ âûïóêëû, âñå âûïóêëî-ïîëíûå 1-òèïû ðàç-
îáúåì íà òðè âèäà: èçîëèðîâàííûå, êâàçèðàöèîíàëüíûå è èððàöèîíàëü-
íûå.

Ïóñòü A � âûïóêëîå ìíîæåñòâî. Áóäåì ãîâîðèòü, ÷òî ëåâàÿ ãðàíèöà
ìíîæåñòâà A îïðåäåëèìà, åñëè îïðåäåëèìî ìíîæåñòâî (−∞, inf A) , {c ∈
M : c < A}. Àíàëîãè÷íî áóäåì ãîâîðèòü, ÷òî ïðàâàÿ ãðàíèöà ìíîæåñòâà
A îïðåäåëèìà, åñëè îïðåäåëèìî ìíîæåñòâî (supA,∞) , {d ∈M : d > A}.

Êàê îáû÷íî â òåîðèè ìîäåëåé, íàçîâåì âûïóêëî-ïîëíûé 1-òèï pc íàä
A èçîëèðîâàííûì, åñëè ñóùåñòâóåò âûïóêëàÿ A-ôîðìóëà F (x) ∈ pc òàêàÿ,
÷òî äëÿ ëþáîé A-ôîðìóëû ϕ(x) ∈ pc âûïîëíÿåòñÿ: M |= ∀x(F (x) → ϕ(x)).
Çàìåòèì, ÷òî â ýòîì ñëó÷àå îáå ãðàíèöû âûïóêëîãî íîñèòåëÿ pcM) îïðå-
äåëèìû.

Âûïóêëî-ïîëíûé òèï pc áóäåì íàçûâàòü êâàçèðàöèîíàëüíûé íàïðàâî,
åñëè ïðàâàÿ ãðàíèöà åãî âûïóêëîãî íîñèòåëÿ îïðåäåëèìà, òî åñòü ñóùå-
ñòâóåò A-ôîðìóëà H(x) ∈ pc òàêàÿ, ÷òî äëÿ ëþáîé A-ôîðìóëû ϕ èç pc

âûïîëíÿåòñÿ:

M |= ∀x[(H(x) ∧ ϕ(x)) → ∀y((x < y ∧H(y)) → ϕ(y)))].

Àíàëîãè÷íî îïðåäåëèì êâàçèðàöèîíàëüíûé íàëåâî âûïóêëî-ïîëíûé
òèï pc: ëåâàÿ ãðàíèöà åãî âûïóêëîãî íîñèòåëÿ îïðåäåëèìà.

Êâàçèðàöèîíàëüíûé íàïðàâî (íàëåâî) âûïóêëî-ïîëíûé òèï pc íàçî-
âåì ðàöèîíàëüíûì íàïðàâî (ðàöèîíàëüíûì íàëåâî), åñëè âûøåóïîìÿíó-
òàÿ ôîðìóëà H(x) èìååò âèä x < a (a < x) äëÿ íåêîòîðîãî ýëåìåíòà
a ∈ acl(A).
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Ñêàæåì, ÷òî âûïóêëî-ïîëíûé 1-òèï èððàöèîíàëüíûé, åñëè îí íå èçî-
ëèðîâàííûé è íåêâàçèðàöèîíàëüíûé. Äðóãèìè ñëîâàìè, åñëè íè îäíà èç
ãðàíèö åãî âûïóêëîãî íîñèòåëÿ íå ÿâëÿåòñÿ îïðåäåëèìîé.

Ïóñòü s � ÷àñòè÷íûé n-òèï, A � ìíîæåñòâî. Òîãäà Sns (A) , {p ∈ Sn(A) :
p ∪ s ñîâìåñòíî}. Çàìåòèì, ÷òî s ìîæåò è íå áûòü ÷àñòè÷íûì òèïîì íàä
ìíîæåñòâîì A.

Îïðåäåëåíèå 1. 1. Ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà M íàçûâàåòñÿ
óïîðÿäî÷åííî ñòàáèëüíîé â λ, åñëè äëÿ ëþáîãî ïîäìíîæåñòâà A ⊆M
ìîùíîñòè íå áîëüøå λ è äëÿ ëþáîãî ñå÷åíèÿ ⟨C,D⟩ â M ñóùåñòâóåò
ñàìîå áîëüøåå λ 1-òèïîâ íàä A, êîòîðûå ñîâìåñòíû ñ ñå÷åíèåì ⟨C,D⟩,
òî åñòü |S1

⟨C,D⟩(A)| ≤ λ.

2. Òåîðèÿ T íàçûâàåòñÿ óïîðÿäî÷åííî ñòàáèëüíîé â λ, åñëè êàæäàÿ åå
ìîäåëü òàêîâà. Èíîãäà áóäåì ïèñàòü, ÷òî T óïîðÿäî÷åííî λ-ñòàáèëü-
íà.

3. Òåîðèÿ T íàçûâàåòñÿ óïîðÿäî÷åííî ñòàáèëüíîé, åñëè ñóùåñòâóåò áåñ-
êîíå÷íûé êàðäèíàë λ â êîòîðîì òåîðèÿ T óïîðÿäî÷åííî ñòàáèëüíà.

4. Òåîðèÿ T óïîðÿäî÷åííî ñóïåðñòàáèëüíà, åñëè ñóùåñòâóåò òàêîé êàð-
äèíàë λ, ÷òî òåîðèÿ T óïîðÿäî÷åííî ñòàáèëüíà âî âñåõ µ ≥ λ.

5. Òåîðèÿ T íàçûâàåòñÿ ñèëüíî óïîðÿäî÷åííî ñòàáèëüíîé, åñëè, â äî-
ïîëíåíèå, ëþáîå îïðåäåëèìîå ñå÷åíèå â ëþáîé ìîäåëè M òåîðèè T
òàê æå îïðåäåëèìî â ÿçûêå ÷èñòîãî ïîðÿäêà, èëè, ÷òî ýêâèâàëåíòíî,
åñëè supA ∈ M äëÿ ëþáîãî ôîðìóëüíîãî îãðàíè÷åííîãî ïîäìíîæå-
ñòâà A ìíîæåñòâà M .

Îïðåäåëåíèå 2. 1. Ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà M íàçûâàåòñÿ
óïîðÿäî÷åííî ñòàáèëüíîé â λ, åñëè äëÿ êàæäîãî ïîäìíîæåñòâà A ⊆
M ìîùíîñòè íå áîëåå λ, äëÿ êàæäîãî ïîëíîãî òèïà p íàä A âåðíî
íåðàâåíñòâî |Spc(A| ≤ λ.

2. Òåîðèÿ T óïîðÿäî÷åííî ñòàáèëüíà â λ, åñëè êàæäàÿ åå ìîäåëü òàêîâà.
Èíîãäà áóäåì ïèñàòü òàêæå, ÷òî T óïîðÿäî÷åííî λ-ñòàáèëüíà.

3. Òåîðèÿ T óïîðÿäî÷åííî ñòàáèëüíà, åñëè T óïîðÿäî÷åííî ñòàáèëüíà
â íåêîòîðîé áåñêîíå÷íîé ìîùíîñòè.
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4. Òåîðèÿ T óïîðÿäî÷åííî ñóïåðñòàáèëüíà, åñëè ñóùåñòâóåò êàðäèíàë
λ òàêîé, ÷òî T óïîðÿäî÷åííî ñòàáèëüíà âî âñåõ µ ≥ λ.

Ëåììà 2. [4] Ïóñòü M � íåêîòîðàÿ ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà.

Òîãäà M óïîðÿäî÷åííî λ � ñòàáèëüíà ïî âòîðîìó îïðåäåëåíèþ òîãäà è

òîëüêî òîãäà, êîãäà M óïîðÿäî÷åííî λ � ñòàáèëüíà ïî ïåðâîìó îïðåäåëå-

íèþ.

2. Îñíîâíîé ðåçóëüòàò

Ïóñòü M = (M,<, . . .) áóäåò ìîäåëüþ óïîðÿäî÷åííî ñòàáèëüíîé òåîðèè, à
A � íåêîòîðûì ïîäìíîæåñòâîì åå íîñèòåëÿ. Ìû áóäåì ñ÷èòàòü, ÷òî ìîäåëü
M ÿâëÿåòñÿ |A|+ � íàñûùåííîé.

Ðàññìîòðèì òèï p(x) ∈ S1(A). Íàøà öåëü: íàéòè êðèòåðèé îïðåäåëè-
ìîñòè òèïà p.

Â êà÷åñòâå îòïðàâíîé òî÷êè ìû âîñïîëüçóåìñÿ êðèòåðèåì îïðåäåëèìî-
ñòè 1-òèïà íàä ìíîæåñòâîì â ìîäåëè ñëàáî î-ìèíèìàëüíîé òåîðèè, íàéäåí-
íûì Á.Ñ. Áàéæàíîâûì â ðàáîòå [3]. Äëÿ ýòîãî âñïîìíèì îñíîâíûå îïðå-
äåëåíèÿ èç òîé ðàáîòû.

Ãîâîðèì, ÷òî A-ôîðìóëà ϕ(x̄, ȳ) ñëàáî ñõîäèòñÿ ê òèïó q(x̄) ∈ S(A) è
îáîçíà÷àåì ñèþ ñõîäèìîñòü WEC(ϕ(x̄, ȳ), q(x̄)), åñëè äëÿ ëþáîé ôîðìóëû
Θ ∈ q ñóùåñòâóåò òàêîé êîðòåæ ā ∈ A, ÷òî ϕ(x̄, ā) äåëèò Θ(N).

Ãîâîðèì, ÷òî A-ôîðìóëà ϕ(x̄, ȳ) ñèëüíî ñõîäèòñÿ ê òèïó q(x̄) è îáî-
çíà÷àåì ñèþ ñõîäèìîñòü STC(ϕ(x̄, ȳ), q(x̄)), åñëè ëþáîé ôîðìóëû Θ ∈ q
ñóùåñòâóåò òàêîé ā ∈ A, ÷òî ϕ(N, ā) ⊂ Θ(N). Ïî÷òè âñåãäà ìû áóäåì
îïóñêàòü x̄ ïðè íàïèñàíèè q(x̄).

Îïðåäåëåíèå 3. Ïóñòü q ∈ S(A). Òîãäà ìû ãîâîðèì, ÷òî òèï q ñòðîãî
îïðåäåëèì, åñëè äëÿ ëþáîé A-ôîðìóëû H(ȳ, ū) èìååì ¬WEC(H(ȳ, ū), q).

Îïðåäåëåíèå 4. Ïóñòü q ∈ S(A), à ϕ(ȳ, ū) � A-ôîðìóëà. Áóäåì ãîâîðèòü,
÷òî òèï q ÿâëÿåòñÿ ñëàáî ϕ(ȳ, ū) � èçîëèðîâàííûì, åñëè ñóùåñòâóåò A-
ôîðìóëà Θϕ(ȳ) èç òèïà q òàêàÿ, ÷òî äëÿ ëþáîãî ā ∈ Al(ū) âåðíî:

[M |= ∃ȳ(Θϕ(ȳ) ∧ ϕ(ȳ, ā)) → ∀ȳ(Θϕ(ȳ) → ϕ(ȳ, ā))].

Ìû ãîâîðèì, ÷òî q ÿâëÿåòñÿ ñëàáî èçîëèðîâàííûì, åñëè q ÿâëÿåòñÿ
ñëàáî ϕ(ȳ, ū)-èçîëèðîâàííûì äëÿ ëþáîé A-îïðåäåëèìîé ôîðìóëû ϕ(ȳ, ū).
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Ëåììà 3. [3] Ïóñòü q ∈ S(A). Ñëåäóþùåå èñòèííî:

(i) åñëè q èçîëèðîâàííûé, òî q ñëàáî èçîëèðîâàííûé;

(ii) òèï q ñëàáî èçîëèðîâàííûé òîãäà è òîëüêî òîãäà, êîãäà q ñòðîãî

îïðåäåëèìûé.

Îïðåäåëèì

L(q) := {G(x) | G(M) < q(M), ãäå G(x) � A-ôîðìóëà},
R(q) := {D(x) | q(M) < D(M), ãäå D(x) � A-ôîðìóëà}.

Çàìåòèì, ÷òî q(M)+ =
∪

D∈R(q)

D(M), q(M)− =
∪

G∈L(q)
G(M).

Îïðåäåëåíèå 5. [3] Ïóñòü q ∈ S1(A), A ⊂ M, H(y, ū) � A-ôîðìóëà.
Ìû ãîâîðèì, ÷òî âûïîëíÿåòñÿ óñëîâèå ëåâîé ñõîäèìîñòè H(y, ū) ê q è

îáîçíà÷àåì ýòó øòóêó ÷åðåç LC(H(y, ū), q), åñëè èìååò ìåñòî ñëåäóþùåå:
äëÿ ëþáîé ôîðìóëû G ∈ L(q) ñóùåñòâóåò êîðòåæ ā ∈ A òàêîé, ÷òî

G(M) < H(M, ā)+ and H(M, ā) < q(M).

Ìû ãîâîðèì, ÷òî âûïîëíÿåòñÿ óñëîâèå ïðàâîé ñõîäèìîñòè H(y, ū) ê q
è îáîçíà÷àåì ñèþ âåùü ÷åðåç RC(H(y, ū), q), åñëè èìååò ìåñòî ñëåäóþùåå:
äëÿ ëþáîé ôîðìóëû D ∈ R(q) ñóùåñòâóåò êîðòåæ ā ∈ A òàêîé, ÷òî

H(M, ā) < D(M) and q(M) < H(M, ā)+.

Òàêæå ìû ãîâîðèì, ÷òî âûïîëíÿåòñÿ óñëîâèå äâóñòîðîííåé ñõîäèìîñòè

ôîðìóëû H(x, ȳ) íà ìíîæåñòâàõ X èëè θ(ȳ) ê òèïó q, è îáîçíà÷àåì ýòî ÷å-
ðåç C(H(x, ȳ), X, q) èëè C(H(x, ȳ), θ(ȳ), q), åñëè LC(H,X, q) è RC(H,X, q)
èìåþò ìåñòî îäíîâðåìåííî.

Òåîðåìà 1. [3] Ïóñòü A ⊂ M |= T , T � ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ,

q ∈ S1(A). Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. òèï q íåîïðåäåëèì;
2. ñóùåñòâóåò A-ôîðìóëàH(x, ȳ) òàêàÿ, ÷òî äëÿ ëþáîé A-ôîðìóëû θ(ȳ)

âûïîëíÿåòñÿ

[C(H(x, ȳ), θ(ȳ), q)
∨
C(H(x, ȳ),¬θ(ȳ), q)].

.
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Äîêàçàòåëüñòâî ñëåäóþùåé òåîðåìû ïîâòîðÿåò äîêàçàòåëüñòâî òåîðå-
ìû 1.

Òåîðåìà 2. Ïóñòü A ⊂ M |= T , T � óïîðÿäî÷åííî ñòàáèëüíàÿ òåîðèÿ,

q ∈ S1(A). Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. ÷àñòè÷íûé, âûïóêëî-ïîëíûé òèï qc íåîïðåäåëèì;

2. ñóùåñòâóåò A-ôîðìóëàH(x, ȳ) òàêàÿ, ÷òî äëÿ ëþáîé A-ôîðìóëû θ(ȳ)
âûïîëíÿåòñÿ

[C(H(x, ȳ), θ(ȳ), qc)
∨
C(H(x, ȳ),¬θ(ȳ), qc)].

Îïðåäåëåíèå 6. Ïóñòü ψ(x, z̄) è θ(z̄) � íåêîòîðûå ôîðìóëû. Îïðåäåëèì
(φ,ψ, θ)-ðàíã ôîðìóëû ρ(x).

1. (φ,ψ, θ)rank(ρ) = −1, åñëè ∃z̄(θ(z̄) ∧ ¬∃x(ψ(x, z̄) ∧ ρ(x))).

2. (φ,ψ, θ)rank(ρ) ≥ 0, åñëè ∀z̄(θ(z̄) → ∃x(ψ(x, z̄) ∧ ρ(x))).

3. (φ,ψ, θ)rank(ρ) ≥ 1, åñëè ñóùåñòâóåò ā òàêîé, ÷òî (φ,ψ, θ)-ðàíã êàæ-
äîé èç ôîðìóë ρ(x) ∧ φ(x, ā) è ρ(x) ∧ ¬φ(x, ā) íåîòðèöàòåëüíûé, òî
åñòü

∃ȳ∀z̄(θ(z̄) → ∃x0, x1(φ(x0, ȳ) ∧ ¬φ(x1, ȳ) ∧
∧
i<2

ψ(xi, z̄) ∧ ρ(xi)).

4. (φ,ψ, θ)rank(ρ) ≥ n + 1, åñëè ñóùåñòâóåò ā òàêîé, ÷òî (φ,ψ, θ)-ðàíã
êàæäîé èç ôîðìóë ρ(x) ∧ φ(x, ā) è ρ(x) ∧ ¬φ(x, ā) íå ìåíüøå, ÷åì n.

Êàê îáû÷íî, (φ,ψ, θ)rank(s) = min{(φ,ψ, θ)rank(ρ) : ρ ∈ s}.

Çàìåòèì, ÷òî, êàê è â òåîðèè ñòàáèëüíîñòè, ñóùåñòâóåò ôîðìóëà, êî-
òîðàÿ óòâåðæäàåò, ÷òî (φ,ψ, θ) � ðàíã ôîðìóëû (èëè òèïà) ðàâåí n.

Êðîìå òîãî, åñëè ψ(x, z̄) , (x = x) è θ(z̄) , (z̄ = z̄), òî (φ,ψ, θ) � ðàíã
ñîâïàäàåò ñ ëîêàëüíûì φ-ðàíãîì Øåëàõà.

Òåîðåìà 3. Ïóñòü T � óïîðÿäî÷åííî ñòàáèëüíàÿ òåîðèÿ, à M � åå ìîäåëü.

Ïóñòü A � ôîðìóëüíîå ïîäìíîæåñòâî äëÿ M. Òîãäà ïîëíûé 1-òèï p íàä A
îïðåäåëèì òîãäà è òîëüêî òîãäà, êîãäà åãî âûïóêëàÿ ÷àñòü pc îïðåäåëèìà.
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Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî åñëè ïîëíûé òèï p ∈ S1(A) îïðåäåëèì,
òî îïðåäåëèìà è åãî ÷àñòü pc. Ïîýòîìó ìû ïðåäïîëîæèì, ÷òî îïðåäåëèìà
åãî ÷àñòü pc. Íàøà öåëü: äîêàçàòü îïðåäåëèìîñòü òèïà p.

Ïóñòü φ(x, ȳ) � ïðîèçâîëüíàÿ ôîðìóëà. Ìû ïîñòðîèì êîíòðîëëåð dφ(ȳ)
äëÿ ýòîé ôîðìóëû: äëÿ ëþáîãî ā ∈ A èìååò ìåñòî ïðèíàäëåæíîñòü ôîð-
ìóëû φ(x, ā) òèïó p(x) òîãäà è òîëüêî òîãäà, êîãäà èñòèííà ôîðìóëà dφ(ȳ).

Â ñèëó óïîðÿäî÷åííîé ñòàáèëüíîñòè ïîëíîå äâà-âåòâÿùååñÿ φ-äåðåâî
êîíå÷íî, ÷òî ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì. Ïóñòü τi : {0, 1, . . . , n−
1} → {0, 1}, ãäå i < 2n, � âñå ôóíêöèè èç n � ýëåìåíòíîãî ìíîæåñòâà
{0, 1, . . . , n − 1} â {0, 1}. Êàê îáû÷íî, φ1 = φ è φ0 = ¬φ. Êðîìå òîãî,
ïóñòü āi ∈ A, ãäå i < n. Îáîçíà÷èì ÷åðåç Γn(x0, x1, . . . , x2n−1, ā0, . . . , ān−1)
ñëåäóþøóþ ôîðìóëó:

∧
j<2n

∧
i<n φ

τj(i)(xj , āi).

Ëåììà 4. Ñóùåñòâóåò òàêîå íàòóðàëüíîå ÷èñëî n, ÷òî äëÿ ëþáûõ ā0, . . . ,
ān ∈ A òèï Γn+1(x0, x1, . . . , x2n+1−1, ā0, . . . , ān)∪

∪
i<2n+1 pc(xi) íåñîâìåñòåí.

Äîêàçàòåëüñòâî. Èíà÷å ïî êîìïàêòíîñòè äëÿ êàæäîãî áåñêîíå÷íîãî
êàðäèíàëà λ áóäåò ñóùåñòâîâàòü 2λ òèïîâ íàä ìíîæåñòâîì ìîùíîñòè λ,
êîòîðûå áóäóò ñîâìåñòíû ñ íåêîòîðûì ÷àñòè÷íûì âûïóêëî-ïîëíûì òè-
ïîì pc.

Ñëó÷àé 1. Òèï pc èçîëèðîâàí, ñêàæåì, ôîðìóëîé Θ(x).
Òîãäà íåñîâìåñòíîñòü âûøåîïðåäåëåííîãî òèïà
Γn+1(x0, x1, . . . , x2n+1−1, ā0, . . . , ān) ∪

∪
i<2n+1 pc(xi) âûðàçèìà ïðè ïîìîùè

ôîðìóëû: Γn+1(x0, x1, . . . , x2n+1−1, ā0, . . . , ān) ∪
∪
i<2n+1 Θ(xi), ÷òî äàåò

âîçìîæíîñòü ïðèìåíèòü äëÿ íàõîæäåíèÿ êîíòðîëëåðà dφ ñòàíäàðòíóþ
òåõíèêó òåîðèè ñòàáèëüíîñòè, îñíîâàííóþ íà ëîêàëüíîì ðàíãå Øåëàõà.
Èíà÷å ãîâîðÿ, ìû ïîëó÷àåì, ÷òî ôîðìóëà φ(x; ȳ) ∧Θ(x) ñòàáèëüíà.

Ñëó÷àé 2. Òèï pc íåèçîëèðîâàí.
Ñëó÷àé 2.1. Òèï pc ñòðîãî îïðåäåëèì. Ýòîò ñëó÷àé ïîõîæ íà ñëó÷àé

1. Äåéñòâèòåëüíî, â ýòîì ñëó÷àå ïîëó÷àåì, ÷òî íå ñóùåñòâóåò òàêîé ôîð-
ìóëû Ψ(x, z̄), âûïóêëîé ïî x ïðè êàæäîì z̄, ÷òî pc(M) =

∩
i∈I Ψ(M, āi),

ãäå āi ∈ A äëÿ âñåõ i ∈ I. Òîãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ðàçíûõ
âûïóêëûõ ôîðìóë Fj(x), ãäå j ∈ J , ÷òî pc(M) =

∩
j∈J Fj(M). Íå óìàëÿÿ

îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî ìíîæåñòâî èíäåêñîâ J ëèíåéíî óïîðÿäî÷åíî
è ïðè ëþáûõ j1 < j2 èìååò ìåñòî: Fj1(M) ⊇ Fj2(M). Òîãäà â ñèëó êîìïàêò-
íîñòè ñóùåñòâóåò òàêàÿ âûïóêëàÿ ôîðìóëà F (x) (òî åñòü Fj0 äëÿ íåêîòî-
ðîãî j0), ÷òî ôîðìóëà Γn+1(x0, x1, . . . , x2n+1−1, ā0, . . . , ān) ∪

∪
i<2n+1 F (xi)
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íåñîâìåñòíà, ÷òî âíîâü äàåò íàì âîçìîæíîñòü ïðèìåíèòü äëÿ íàõîæäåíèÿ
êîíòðîëëåðà dφ ñòàíäàðòíóþ òåõíèêó òåîðèè ñòàáèëüíîñòè, îñíîâàííóþ
íà ëîêàëüíîì ðàíãå Øåëàõà. Èíà÷å ãîâîðÿ, ìû ïîëó÷àåì, ÷òî ôîðìóëà
φ(x; ȳ) ∧ F (x) ñòàáèëüíà.

Ñëó÷àé 2.2. Òèï pc íå ÿâëÿåòñÿ ñòðîãî îïðåäåëèìûì (íî ïðè
ýòîì îí îïðåäåëèì). Ìîæíî ñ÷èòàòü, ÷òî äëÿ ëþáîé ôîðìóëû
F (x) èç òèïà pc è äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà n ôîðìóëà
Γn+1(x0, x1, . . . , x2n+1−1, ā0, . . . , ān) ∪

∪
i<2n+1 F (xi) ñîâìåñòíà, èíà÷å ìû

ñìîæåì çàêîí÷èòü äîêàçàòåëüñòâî òàê æå, êàê è â ñëó÷àå 2.1.

Ïîñêîëüêó òèï pc íå ÿâëÿåòñÿ ñòðîãî îïðåäåëèìûì, ñóùåñòâóåò ôîð-
ìóëà ψ(x, z̄), âûïóêëàÿ ïðè êàæäîì z̄, ÷òî äëÿ ëþáîé ôîðìóëû F (x) ∈ pc

ñóùåñòâóåò òàêîé êîðòåæ ā ∈ A, ÷òî M |= ∀x(ψ(x, ā) → F (x)).

Ñëåäîâàòåëüíî, ïåðåñå÷åíèå âñåõ ìíîæåñòâ ψ(M, ā), ãäå ā ∈ A è ôîð-
ìóëà ψ(M, ā) ëåæèò â òèïå pc, åñòü â òî÷íîñòè pc(M).

Ïðåäïîëîæèì, ÷òî ìíîæåñòâî A ôîðìóëüíî íàä A, äëÿ ïðîñòîòû îáî-
çíà÷èì ôîðìóëó, âûäåëÿþùóþ ìíîæåñòâî A, ñèìâîëîì A(x).

Ïîñêîëüêó òèï pc îïðåäåëèì, ó ôîðìóëû ψ(x, z̄) åñòü êîíòðîëëåð dψ(z̄).
Òîãäà â ìîäåëèM âåðíî ñëåäóþùåå: ìíîæåñòâî pc(M) ñîâïàäàåò ñ ìíîæå-
ñòâîì, îïðåäåëÿåìûì ôîðìóëîé ∀z1 . . . ∀zn(

∧
i=1 nA(zi) ∧ dψ(z1, . . . , zn) →

ψ(x, z1, . . . , zn), òî åñòü âûÿñíÿåòñÿ, ÷òî òèï pc â ìîäåëè M èçîëèðîâàí.
Ñëåäîâàòåëüíî, ìîæíî ïðèìåíèòü ðàññóæäåíèÿ èç ïåðâîãî ñëó÷àÿ. Íî
çäåñü ìû âîñïîëüçîâàëèñü òåì ôàêòîì, ÷òî ìîäåëü M ÿâëÿåòñÿ äîñòà-
òî÷íî íàñûùåííîé, â îáùåì æå ñëó÷àå òèï pc ìîæåò áûòü îïóùåí, ïî-
ýòîìó òàêîå ðàññóæäåíèå íå ïðîõîäèò. Èìåííî ïîýòîìó ìû âîñïîëüçóåìñÿ
(φ,ψ, θ)-ðàíãîì, ãäå ôîðìóëà θ(z1, . . . , zn) ,

∧
i=1 nA(zi) ∧ dψ(z1, . . . , zn).

Ëåãêî ïîíÿòü, ÷òî òèï Γn(x0, x1, . . . , x2n−1, ā0, . . . , ān−1) ∪
∪
i<2n p

c(xi)
ñîâìåñòåí òîãäà è òîëüêî òîãäà, êîãäà (φ,ψ, θ)-ðàíã ôîðìóëû x = x áîëüøå
n ëèáî ðàâåí åìó.

Äåéñòâèòåëüíî, ïîñêîëüêó ïðè êàæäîì ā ∈ θ ∩ A ôîðìóëà ψ(x, ā) ñîâ-
ìåñòíà ñ òèïîì pc, ïîëó÷àåì, ÷òî (φ,ψ, θ) � ðàíã ôîðìóëû x = x áîëüøå
ëèáî ðàâåí n, ãäå n � ìàêñèìàëüíîå íàòóðàëüíîå ÷èñëî òàêîå, ÷òî òèï
Γn(x0, x1, . . . , x2n−1, ā0, . . . , ān−1) ∪

∪
i<2n p

c(xi) ñîâìåñòåí.

Íî åñëè ïðåäïîëîæèòü, ÷òî (φ,ψ, θ)-ðàíã ôîðìóëû x = x ñòðîãî áîëü-
øå n, òî ïî êîìïàêòíîñòè è â ñèëó òîãî, ÷òî ìíîæåñòâî pc(M) ñîâ-
ïàäàåò ñ ìíîæåñòâîì, îïðåäåëÿåìûì ôîðìóëîé ∀z1 . . . ∀zn(

∧
i=1 nA(zi) ∧
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dψ(z1, . . . , zn) → ψ(x, z1, . . . , zn), ìîæíî ðåàëèçîâàòü â òèïå p
c ïîëíîå äâà-

âåòâÿùååñÿ äåðåâî âûñîòû n+ 1, ÷òî ïðèâîäèò ê ïðîòèâîðå÷èþ.
À òåïåðü âîñïîëüçóåìñÿ êîíå÷íîñòüþ (φ,ψ, θ)-ðàíã ôîðìóëû x = x. Îò-

ñþäà ñðàçó ñëåäóåò êîíå÷íîñòü (φ,ψ, θ)-ðàíãà ëþáîé ôîðìóëû. Äàëåå ìû
ïðèìåíÿåì ñòàíäàðòíóþ òåõíèêó èç òåîðèè ñòàáèëüíîñòè äëÿ ïîñòðîåíèÿ
êîíòðîëëåðà dφ.

Òåîðåìà 4. Ïóñòü A ⊂ M |= T , ïðè÷åì ìíîæåñòâî A ôîðìóëüíîå, T
� óïîðÿäî÷åííî ñòàáèëüíàÿ òåîðèÿ, p ∈ S1(A). Òîãäà ñëåäóþùèå óñëîâèÿ

ýêâèâàëåíòíû:

1. òèï p íåîïðåäåëèì;

2. ÷àñòè÷íûé âûïóêëî-ïîëíûé òèï pc íåîïðåäåëèì;
3. ñóùåñòâóåò A-ôîðìóëàH(x, ȳ) òàêàÿ, ÷òî äëÿ ëþáîé A-ôîðìóëû θ(ȳ)

âûïîëíÿåòñÿ:

[C(H(x, ȳ), θ(ȳ), pc)
∨
C(H(x, ȳ),¬θ(ȳ), pc)].

Äîêàçàòåëüñòâî. Î÷åâèäíûì îáðàçîì ñëåäóåò èç òåîðåì 2 è 3.
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Áàéæàíîâ Á.Ñ., Âåðáîâñêèé Â.Â. ÐÅÒÒÅËÃÅÍ Ò�ÐÀ�ÒÛ ÒÅÎÐÈß-
ËÀÐÄÀ�Û 1-ÒÈÏÒÅÐIÍI� ÀÍÛ�ÒÀËÛÌÄÛ�Û ÒÓÐÀËÛ

Ñûçû©òû ðåòòåëãåí ©´ðûëûì λ-ò´ðà©òû ðåòòåëiìäi äåï àòàëàäû, åãåð
îñû ©´ðûëûìíû êåç êåëãåí ⟨C,D⟩ äåäåêèíä ©èìàëàðû æºíå ©óàòû λ-äàí
àñïàéòûí êåç êåëãåí A iøêi æèûíäàðû ³øií ⟨C,D⟩ ©èìàñûìåí ³éëåñiìäi
å ³ëêåí λ 1-òèïòåði áàð áîëàòûí áîëñà. Áiðiíøi ðåòòi ïðåäèêàòòàð ëîãè-
êàñûíû òîëû© òåîðèÿñû λ-ò´ðà©òû ðåòòåëiìäi äåï àòàëàäû, åãåð îíû
êåç êåëãåí ìîäåëi λ-ò´ðà©òû ðåòòåëiìäi áîëàòûí áîëñà. Îñû æ´ìûñòà λ-
ò´ðà©òû ðåòòåëiìäi òåîðèÿíû ìîäåëiíi iøêi æèûíûíäà¡û 1-òèïòi àíû-
©òàëûìäû© ìºñåëåñi çåðòòåëãåí æºíå êðèòåðèé áåðiëãåí.

Baizhanov B.S., Verbovskiy V.V. ON DEFINABILITY OF 1-TYPES ON
O-STABLE THEORIES

A linearly ordered structure is called o-λ-stable if for any Dedekind cut
⟨C,D⟩ in this structure and any subset A of cardinality at most λ there exist at
most λ 1-types which are consistent with the cut ⟨C,D⟩. A Complete �rst order
theory is called o-λ-stable, if any its model is. In this article we investigate the
question of de�nability of 1-type over a set of a model of an o-λ-stable theory
and give a criteria.
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Àííîòàöèÿ: New Wald's type chi-squared invariant goodness-of-�t tests for

binormality are introduced. The tests are based on a linear transformation of a

two-dimensional sample from a population that diagonalizes the sample covariance

matrix, and a modi�cation of Moore and Stubblebine technique for construction

chi-squared type tests proposed in 1981. More precise formulation of the well-known

Moore's 1977 theorem given by Voinov in 2013 permitted to get these new results. A

comparison of simulated power of these tests with respect to numerous alternatives

is presented. The simulated power of the proposed modi�ed McCulloch's test with

respect to nine di�erent alternatives is comparable with the power of the well known

Anderson-Darling, Cramer-von Mises, Henze and Zirkler, Doornik and Hansen, and,

modi�ed by Royston in 1992 the Shapiro-Wilk's W tests. The overall conclusion of

this research is that all seven tests considered can be used in practice.

Keywords: Modi�ed chi-squared goodness-of-�t tests, new tests for binormality, power

of tests.

1. Introduction

The assumption of multivariate normality (MVN), in particular of binormality,
is of great importance for applied multivariate statistics, e.g., for analysis
of variance, discriminant analysis, canonical correlation and factor analysis,
analysis of regression residuals and residuals in time-series models, etc. To
check that assumption the most powerful tests should be used, because tests
with low power cannot discriminate for sure between the null hypothesis of
binormality and supposed alternatives. Several examples of such a situation in
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of tests.
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the univariate case can be mentioned (see, e.g., Voinov et al. [1], Sec. 3.10.1,
and Sec. 3.9). Henze [2, p.468] stated that those tests of MVN, and binormality
must be invariant with respect to a�ne transformations of sample data.

Two nice surveys of the state of art are known: Henze [2], and Mecklin
and Mundfrom [3]. Those surveys list tenth of publications devoted to testing
of MVN , and binormality in particular. It is almost impossible to �nd out
and cite all existing papers on tests for binormality. We would like to mention
here the papers of Szkutnik [4], Versluis [5], Bogdan [6], Székely and Rizzo
[7], Sürücü [8], Doornik and Hansen [9], Villasenor Alva and Estrada [10],
and Hanusz and Tarasińka [11]. In this article we introduce new invariant
chi-squared goodness-of-�t tests for binormality. Section 1 is devoted to the
theoretical background. Closed form expressions for the tests proposed are
derived in Section 2. In Section 3 a Monte-Carlo study of power comparison
of di�erent tests is presented. A conclusion and recommendations are given in
Section 4.

2. Theoretical background

The theory of modi�ed chi-squared Wald's type tests of �t ( Moore and
Spruill [12], Moore [13], and Nikulin [14]) is brie�y described in [15]. Denote

V (n)(θ̂n) the r-vector of standardized frequencies with components [N
(n)
i −

npi(θ̂n)]/[npi(θ̂n)]
1/2 , i=1,...,r , where N (n)

i are observed frequencies and θ̂n is
the maximum likelihood estimator of a parameter θ. The Wald's type statistic
is then written as [16]

Yn(θ̂n) = V (n)T (θ̂n)Σ
−
n V

(n)(θ̂n), (1)

where Σ−
n is an estimate of Σ− that is any generalized matrix inverse

of Σ, Σ being the limit covariance matrix of V (n)(θ̂n). Let X1, ..., Xn be
independent identically distributed two-dimensional normal random vectors
with the following joint probability density function

f(x|θ) = (2π)−1|Σ0|−1/2 exp

[
−1

2
(x− µ)TΣ−1

0 (x− µ)

]
,

where µ is a two-dimensional vector of means and Σ0 is a positive-de�nite
covariance matrix. Let a given vector of unknown parameters be θ =
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(µ11, µ12, σ11, σ12, σ22)
T . Given 0 = c0 < c1 < · · · < cr = ∞, the r grouping

cells can be de�ned as (Moore and Stubblebine [16])

Ein(θ̂n) = {X ∈ R2 : ci−1 ≤ (X − X̄)TS−1(X − X̄) < ci}, i = 1, ..., r,

where X̄ and S are maximum likelihood estimators of µ and Σ0

correspondingly. The estimated probability to fall into each cell is pin(θ̂n) =∫
Ein(θ̂n)

f(x|θ̂n)dx. If ci is the i/r point of the central chi-squared distribution
with 2 degrees of freedom, then the cells are equiprobable under the estimated
parameter value θ̂n and pin(θ̂n) = 1/r, i = 1, ..., r. Denote by V (θ̂n) a

vector of standardized cell frequencies with components Vin(θ̂n) = (N
(n)
i −

n/r)/
√

n/r, i = 1, ..., r, where N
(n)
i is the number of random vectors

X1, ..., Xn falling in Ein(θ̂n). The (5 × 5) Fisher information matrix J(θ) for
one observation can be presented as (see [16])

J(θ) =

(
Σ−1
0 0
0 Q−1

)
,

where Q is the (3× 3) covariance matrix of r = (s11, s12, s22)
T , a vector of the

entries of
√
nS. The elements of Q can be written down as [17]

V ar(sij) = σ2
ij + σiiσjj , i, j = 1, 2, i ≤ j,

Cov(sik, skl) = σikσjl + σilσjk i, j, k, l = 1, 2, i ≤ j, k ≤ l,

where σij , i, j = 1, 2, are elements of Σ0. In our case the matrix Q will be

Q =

 2σ2
11 2σ11σ12 2σ2

12

2σ11σ12 σ11σ22 + σ2
12 2σ12σ22

2σ2
12 2σ12σ22 2σ2

22

 . (2)

Following [16] for a speci�ed θ0 de�ne pi(θ, θ0) =
∫
Ei(θ0)

f(x|θ)dx, where
Ei(θ0) = {X ∈ R2 : ci−1 ≤ (X − µ)TΣ−1

0 (X − µ) < ci}, i = 1, ..., r.

De�ne (r × 5) � matrix B = B(θ, θ0) with its elements being

Bij =
1√

pi(θ, θ0)

∂pi(θ, θ0)

∂θj
, i = 1, 2, ..., r, j = 1, 2, ..., 5.
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From Lemma 1 of [16] it follows that for any ci and θ0

∂pi(θ, θ0)

∂µj

∣∣∣∣
θ=θ0

= 0, 1 ≤ i ≤ r, 1 ≤ j ≤ 2,

∂pi(θ, θ0)

∂σjk

∣∣∣∣
θ=θ0

= diσ
jk, 1 ≤ i ≤ r, 1 ≤ j ≤ k ≤ 2,

where σjk are the elements of Σ−1
0 and

di =
1

4

(
ci−1e

−ci−1/2 − cie
−ci/2

)
, i = 1, ..., r.

As per [16] the Wald ' s type Nikulin-Rao-Robson (NRR) statistic based on the
MLEs (see [1]) can be presented as

Y 2
n (θ̂n) = V (n)T (θ̂n)Σ

−
n V

(n)(θ̂n), (3)

where Σn is the estimate of the limiting covariance matrix Σ = I − qqT −
BJ−1BT of standardized frequencies Vn(θ̂n), q being the r-vector with its
entries as 1/

√
r. The statistic (3) can be presented also as (see [12], p. 610)

Y 2
n (θ̂n) = V (n)T (θ̂n)(I −BnJ

−1
n BT

n )
−1V (n)θ̂n, (4)

where Bn and Jn are MLEs of matrices B and J respectively. Statistics (3)
and (4) are known as NRR test (see e.g, [1]). The Fisher's information matrix

for one observation is J =

(
Σ−1
0 0
0 Q−1

)
and J−1 =

(
Σ0 0
0 Q

)
, where Q is

de�ned by formula (2). The matrix B can be blocked as (0 B̃) , where [15]

B̃ =


d1

√
rσ22

δ −d1
√
rσ12

δ d1
√
rσ11

δ

d2
√
rσ22

δ −d2
√
rσ12

δ d2
√
rσ11

δ
· · · · · · · · ·

dr
√
rσ22

δ −dr
√
rσ12

δ dr
√
rσ11

δ

 ,

σij , i, j=1,2, being elements of Σ0, and δ = σ11σ22 − σ2
12. After simple matrix

algebra one gets BJ−1BT = B̃QB̃T , where [15]

B̃QB̃T =
r[4σ2

11σ
2
22 − 3σ11σ

2
12σ22 + σ4

12]

δ2


d21 d1d2 · · · d1dr
d1d2 d22 · · · d2dr
· · · · · · · · · · · ·

dMd1 dMd2 · · · d2r

 , (5)
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and the statistic (4) becomes

Y 2
n (θ̂n) = V T

n (θ̂n)( Ir − B̃nQnB̃
T
n )

−1Vn(θ̂n). (6)

The limit covariance matrix Σ = I − qqT − BJ−1BT of the standardized
frequencies Vn(θ̂n) can be written down as Σ = I − qqT − B̃QB̃T . Because of
(5) the matrix Σ = I − qqT − BJ−1BT depends on unknown parameters
σ11, σ12, σ22, and, in accordance with the Theorem 2 of [15], the limit
distribution of the statistic Y 2

n (θ̂n) cannot be chi-squared and will depend
on unknown parameters. From (5) we see that the limit covariance matrix
Σ = I − qqT − B̃QB̃T will not depend on unknown parameters if σ12=0 i.e., if
Σ0 is a diagonal matrix.

3. New tests suggested

We are now ready to construct chi-squared Wald's type goodness-of-�t tests
for the two-dimensional normal distribution if Σ0 is a diagonal matrix. Since

Q =

(
2σ2

11 0
0 2σ2

22

)
, the Fisher information matrix for one observation J(θ) =

(
Σ−1
0 0
0 Q−1

)
is J(θ) =


1/σ11 0 0 0
0 1/σ22 0 0
0 0 1/(2σ2

11) 0
0 0 0 1/(2σ2

22)

 .

The matrix B̃ =


d1/σ11 d1/σ22
d2/σ11 d2/σ22
· · · · · ·

dr/σ11 dr/σ22

, and, correspondingly,

B̃T B̃ = r
∑

d2i

(
1/σ2

11 1/(σ11σ22)
1/(σ11σ22) 1/σ2

22

)
. (7)

The matrix D = Q−1 − B̃T B̃ equals

D =

(
(1− 2r

∑
d2i )/(2σ

2
11) −r

∑
d2i /(σ11σ22)

−r
∑

d2i /(σ11σ22) (1− 2r
∑

d2i )/(2σ
2
22)

)
,

and

D−1 =
4

1− 4r
∑

d2i

(
(1− 2r

∑
d2i )σ

2
11/2 r

∑
d2iσ11σ22

r
∑

d2iσ11σ22 (1− 2r
∑

d2i )σ
2
22/2

)
. (8)
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Since B̃D−1 = 2
√
r

1−4r
∑

d2i


d1σ11 d1σ22
d2σ11 d2σ22
· · · · · ·
drσ11 drσ22

, then

B̃D−1B̃T =
4

1− 4r
∑

d2i

 d21 d1d2 · · · d1dr
· · · · · · · · · · · ·
drd1 drd2 · · · d2r

 .

Denoting Vi = (N
(n)
i − n/r)/

√
n/r, i = 1, ..., r, from all the above it follows

that for any positive de�nite covariance matrix Σ0 of the null hypothesis f(x, θ)
the closed form of the NRR statistic (4) becomes

Y 2
n (θ̂n) =

∑
V 2
i +

4r(
∑

Vidi)
2

1− 4r
∑

d2i
. (9)

In our case the limit covariance matrix Σ = I−qqT −BJ−1BT of standardized
frequencies V (n)(θn) does not depend on parameters, and the NRR statistic
(9) will follow in the limit the chi-squared distribution with r − 1 degrees of
freedom.

McCulloch [18] proposed a useful decomposition of Y 2
n (θ̂n), namely

Y 2
n ( θ̂n) = U2

n(θ̂n) + S2
n(θ̂n), where

U2
n(θ̂n) = V T

n (θ̂n)[I −Bn(B
T
nBn)

−1BT
n ]Vn(θ̂n) (10)

is the Dzhaparidze-Nikulin (DN) [19] statistic, and

S2
n(θ̂n) = Y 2

n (θ̂n)− U2
n(θ̂n) = V T

n (θ̂n)Bn[(Jn −BT
nBn)

−1

+(BT
nBn)

−1]BT
n Vn(θ̂n). (11)

McCulloch ([18], theorem 4.2) showed that if the rank of B is s, then U2
n(θ̂n)

and S2
n(θ̂n) are asymptotically independent and distributed in the limit as

χ2
r−s−1 and χ2

s respectively.
Since in our case the �rst two columns of Bn are columns of zeros and the

rest columns are linearly dependent, the matrix Bn has rank 1. From this it
follows that (BT

nBn)
−1 does not exist, but, using the well known facts from the

theory of multivariate normal distribution (e.g., [13], p. 132), we may replace
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A−1
n = (BT

nBn)
−1 by A−

n = (BT
nBn)

−, where A−
n is any generalized matrix

inverse of An. Thus, for testing binormality with cells Ein(θ̂n) we may use: the
NRR test de�ned by (9), the DN statistic

U2
n(θ̂n) = V T

n (θ̂n)[I −Bn(B
T
nBn)

−BT
n ]Vn(θ̂n), (12)

and the statistic S2
n(θ̂n) (McCull test in the sequel)

V T
n (θ̂n)Bn[(Jn −BT

nBn)
−1 + (BT

nBn)
−]BT

n Vn(θ̂n) (13)

that have asymptotically χ2
r−1, χ

2
r−2, and χ2

1 distributions correspondingly.

It is easily veri�ed that (B̃T B̃)− = 1
r
∑

d2i

(
σ2
11 0
0 0

)
is a generalized matrix

inverse for B̃T B̃ de�ned by formula (7). After some matrix algebra from (12)
and (13) one gets the following closed form expressions:

U2
n(θ̂n) =

∑
V 2
i − (

∑
Vidi)

2∑
d2i

, (14)

and

S2
n(θ̂n) =

(
∑

Vidi)
2

(1− 4r
∑

d2i )
∑

d2i
. (15)

The above approach for a diagonal positive de�nite covariance matrix Σ0

suggests the following procedure for developing tests for binormality for any

positive de�nite matrix Σ0 =

(
σ11 σ12
σ21 σ22

)
. Let X1, ..., Xn be a set of two-

dimensional random vectors, and S be a corresponding sample covariance
matrix. Let e1 and e2 be orthogonal normalized eigen-vectors of S, then the
Karhunen-Lo�ev transform Y = (e1 e2)

TXi, i = 1, ..., n, will give a set Y1, ..., Yn
of two-dimensional random vectors with the diagonal sample covariance matrix
Sy. Denote Vi = (N (n)

i − n/r)/
√

n/r, i = 1, ..., n, where N (n)
i is the number

of vectors Y1, ..., Yn that fall into intervals Ẽin(θ̂n) = {Y ∈ R2 : ci−1 ≤
(Y − Ȳ )TS−1

y (Y − Ȳ ) < ci}, i = 1, ..., r. Formulas (9), (14), and (15) for
our new NRR, DN, and McCull tests become:

Y 2
n (θ̂n) =

∑
V2
i +

4r(
∑

Vidi)
2

1− 4r
∑

d2i
, (16)
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U2
n(θ̂n) =

∑
V2
i − (

∑
Vidi)

2∑
d2i

, (17)

and

S2
n(θ̂n) =

(
∑

Vidi)
2

(1− 4r
∑

d2i )
∑

d2i
. (18)

Note that Vi based on Y1, ..., Yn in formulas (16)�(18) are not the same as Vi

based on X1, ..., Xn in formulas (9) and (14)�(15).

4. A simulation study of proposed tests

A simulation study was conducted to compare the power of the Doornik and
Hansen (DH) [9], Henze and Zirkler (HZ) [20], Royston (R92) [21], Nikulin-Rao-
Robson (NRR) test (9), McCulloch's (McCull) test (18), Anderson-Darling
(AD), and Cramer von Mises (CM) tests. To simulate DH, HZ, and R92 tests
the R-scripts provided by Matias Saliban-Barrera were used. AD and CM tests
were simulated using corresponding formulas of Henze ([2], p. 483). We do not
consider the Dzhaparidze-Nikulin (DN) and Cherno�-Lehmann (ChLeh) tests
of Moore and Stubblebine ([16], p. 718), because of their low power (see Figures
1a-1d). From Fig. 1 one sees that the power of McCull test almost does not

Figure 1a � Power w.r.t. two-dimensional logistic with independent

standard logistic components (n = 250)

depend on the number of equiprobable grouping intervals and that power of DN
(U^2) and ChLeh tests is noticeably less than that of NRR (Y^2) and McCull
(S^2) tests. The same lack of power for the DN and Cherno�-Lehmann tests
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Figure 1b � Power w.r.t. two-dimensional Student t (10 d.f.)

with independent components (n = 250)

Figure 1c � Power w.r.t. two-dimensional Student t (10 d.f.) with dependent

components for n = 250 (formula (5) of Farrell et al. [22] was used)

was observed in the univariate case (see Voinov et al. [22]). Because of this
in the sequel we shall not consider the ChLeh and DN tests. Because of weak
dependence of the power of McCull test on the number of grouping intervals,
the powers of NRR and McCull tests in Tables 2-5 were simulated for r = 5
that seems to be optimal. We considered 9 alternatives. Namely: Pearson Type
II (m = 10, and m = 0 (uniform)), two-dimensional Student t (10 and 5 d.f.),
two-dimensional Khinchine distribution, and 4 di�erent mixtures of normal
distributions.
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Figure 1d � Power w.r.t. two-dimensional Khinchine distribution for n = 250

To construct graphs in Fig. 1 and Tables 2-5 we used simulated critical
values of level α=0.05 that are given in Table 1.

It is not easy to compare di�erent tests with respect to (w.r.t.) di�erent
alternatives. The simplest way is to compare average (w.r.t. 9 alternatives
selected) power of all 7 tests under consideration. The results of our simulations
are presented in Fig. 2.

Figure 2 � Average powers of HZ, AD, CM, R92, McCull, NRR,

and DH tests as functions of the sample size

From this Figure one sees that, evidently, HZ, AD, and CM tests seem to
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Table 1 � Simulated critical values for the right-tailed rejection region of size α=0.05

r n McCull NRR ChLeh

3 250 3.882 6.018 N/A
5 250 3.830 9.490 8.033
10 250 3.730 16.890 15.635
15 250 3.650 23.640 22.344
20 250 3.620 30.100 28.924
25 250 3.600 36.400 35.190
30 250 3.560 42.550 41.350
40 250 3.530 54.550 53.140
3 100 3.868 5.959
5 100 3.780 9.400
10 100 3.550 16.750
15 100 3.430 23.510
20 100 3.330 30.020
3 50 3.887 6.133
5 50 3.690 9.350
10 50 3.300 16.640
3 25 4.000 6.100
5 25 3.570 9.240

be the best. At the same time it can be concluded that all tests have a right
to be used in practice. We see also that much depends on an alternative. From
Tables 2 and 3, e.g., we see that AD, CM, and McCull tests are the best w.r.t.
Pearson Type II (m = 0) alternative, and that HZ test is preferable w.r.t.
Khinchine alternative and mixtures of normal distributions for small samples
of size n = 25 and n = 50. From Table 5 we see that HZ, R92, AD, CM,
and McCull tests are perfect w.r.t. the mixture of normal distributions 0.5N(
0,I)+0.5N( 3,I) if n=250.

Remark

It is of interest to compare simulated powers of AD, CM, HZ, and McCull
tests with those for Z2, C2, R2, b1,2, and W2 tests of Sürücü [8], Table 1, p.
1325 for n = 50 (Table 6).
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n HZ DH R92 AD CM

250 1.058 9.594 5.948 1.314 0.221
100 0.957 9.560 5.868 1.293 0.221
50 0.859 9.513 6.018 1.323 0.224
25 0.737 9.411 4.968 1.298 0.223

Table 2 � Simulated powers of tests with respect to alternatives considered for n=25,

N=20,000 replications. In the sequel µ = 3 denotes the mean vector (3, 3)T ,

B denotes 1 on diagonal and 0.9 o� diagonal, I is the identity matrix

Alternative HZ AD CM R92 McCull NRR DH

PearsonTypeII(m = 10) 0.045 0.059 0.066 0.067 0.056 0.055 0.028
PearsonTypeII(m = 0) 0.223 0.637 0.592 0.223 0.418 0.143 0.038
MultivariateT (10d.f.) 0.122 0.325 0.313 0.188 0.071 0.090 0.154
MultivariateT (5d.f.) 0.203 0.520 0.520 0.303 0.168 0.206 0.326

Khinchine 0.111 0.087 0.068 0.082 0.058 0.065 0.038
0.5N(0, I) + 0.5N(3, I) 0.311 0.274 0.294 0.309 0.173 0.055 0.027
0.79N(0, I) + 0.21N(3, I) 0.570 0.080 0.075 0.556 0.060 0.057 0.076
0.5N(0, B) + 0.5N(0, I) 0.189 0.110 0.089 0.087 0.066 0.072 0.068
0.9N(0, B) + 0.1N(0, I) 0.221 0.127 0.117 0.065 0.100 0.147 0.128

Average 0.22 0.25 0.24 0.21 0.13 0.10 0.10

From this Table we see that as Sürücü [8], p.1324 wrote "as an omnibus
goodness-of-�t test the C2 test is clearly most powerful overall" . This is
clear indeed, but we have to note that AD, CM, and McCull tests are quite
comparable with the C2 test.

4. Conclusion and recommendations

To conclude the research we have to note that no one of seven tests
considered can be a panacea when testing for two-dimensional normality. Any
of them can be used in practice. But, before selecting a proper test, it is highly
desirable to have some imagination about possible alternative.
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Table 3 � Simulated powers of tests with respect to speci�ed

alternatives for n = 50, N=20,000

Alternative HZ AD CM R92 McCull NRR DH

PearsonTypeII(m = 10) 0.029 0.065 0.073 0.036 0.060 0.067 0.022
PearsonTypeII(m = 0) 0.581 0.952 0.960 0.490 0.824 0.407 0.192
MultivariateT (10d.f.) 0.160 0.317 0.312 0.211 0.135 0.173 0.263
MultivariateT (5d.f.) 0.457 0.507 0.496 0.503 0.417 0.478 0.568

Khinchine 0.153 0.149 0.128 0.049 0.092 0.100 0.042
0.5N(0, I) + 0.5N(3, I) 0.805 0.585 0.587 0.535 0.369 0.072 0.020
0.79N(0, I) + 0.21N(3, I) 0.929 0.094 0.089 0.813 0.068 0.069 0.116
0.5N(0,B) + 0.5N(0, I) 0.335 0.219 0.195 0.056 0.131 0.134 0.090
0.9N(0, B) + 0.1N(0, I) 0.326 0.257 0.251 0.044 0.243 0.327 0.266

Average 0.42 0.35 0.34 0.30 0.26 0.20 0.18

Table 4 � Simulated powers of tests with respect to speci�ed

alternatives for n = 100, N=20,000

Alternative HZ AD CM R92 McCull NRR DH

PearsonTypeII(m = 10) 0.058 0.090 0.100 0.036 0.073 0.087 0.016
PearsonTypeII(m = 0) 0.977 1.000 1.000 0.979 0.997 0.843 0.837
MultivariateT (10d.f.) 0.215 0.327 0.319 0.331 0.254 0.320 0.410
MultivariateT (5d.f.) 0.690 0.819 0.815 0.755 0.734 0.772 0.816

Khinchine 0.262 0.291 0.256 0.052 0.167 0.158 0.049
0.5N(0, I) + 0.5N(3, I) 0.998 0.924 0.911 0.932 0.728 0.109 0.025
0.79N(0, I) + 0.21N(3, I) 0.999 0.119 0.113 0.992 0.083 0.069 0.243
0.5N(0, B) + 0.5N(0, I) 0.634 0.448 0.418 0.055 0.269 0.246 0.106
0.9N(0, B) + 0.1N(0, I) 0.495 0.494 0.481 0.047 0.465 0.577 0.466

Average 0.59 0.50 0.49 0.46 0.42 0.35 0.33

Acknowledgements

The author is grateful to Matias Saliban-Barrera for providing an access to
R-codes used in Farrell et al. [23].

Ìàòåìàòè÷åñêèé æóðíàë. � 2015. � Ò. 15, � 4



Two new Wald's type goodness-of-�t ... 29

Table 5 � Simulated powers of tests with respect to speci�ed

alternatives for n = 250, N=20,000

Alternative HZ AD CM R92 McCull NRR DH

PearsonTypeII(m = 10) 0.072 0.151 0.164 0.050 0.118 0.164 0.030
PearsonTypeII(m = 0) 1.000 1.000 1.000 1.000 1.000 1.000 1.000
MultivariateT (10d.f.) 0.408 0.671 0.676 0.597 0.580 0.660 0.701
MultivariateT (5d.f.) 0.962 0.995 0.995 0.977 0.986 0.987 0.988

Khinchine 0.614 0.610 0.580 0.050 0.398 0.355 0.048
0.5N(0, I) + 0.5N(3, I) 1.000 1.000 1.000 1.000 0.995 0.219 0.075
0.79N(0, I) + 0.21N(3, I) 1.000 0.154 0.157 1.000 0.105 0.068 0.678
0.5N(0, B) + 0.5N(0, I) 0.980 0.848 0.833 0.055 0.670 0.562 0.148
0.9N(0, B) + 0.1N(0, I) 0.805 0.856 0.854 0.045 0.844 0.914 0.789

Average 0.76 0.70 0.70 0.53 0.63 0.55 0.50

Table 6 � Simulated powers of tests with respect to speci�ed

alternatives for n = 50, N=20,000

Alternative Z2 C2 R2 b1,2 W2 AD CM HZ McCull

St.t (2 d.f.) 0.74 0.97 0.99 0.94 0.96 0.98 0.98 0.97 0.96
St.t (6 d.f.) 0.30 0.45 0.58 0.53 0.49 0.39 0.38 0.34 0.31
Uniform 0.07 0.97 0.41 0 0.07 0.95 0.96 0.58 0.83
Average 0.37 0.80 0.66 0.49 0.51 0.77 0.77 0.63 0.70

References

1 Voinov V., Nikulin M., Balakrishnan N. Chi-Squared Goodness of Fit Tests with
Applications.�Amsterdam, Boston, Heidelberg, London, New York, Oxford, Paris, San
Diego, San Francisco, Singapore, Sydney, Tokyo: Academic Press, Elsevier. � 2013. �
229 p.

2 Henze N. Invariant tests for multivariate normality: a critical review //
Statistical papers. � 2002.� V. 43. � P. 467-506.

3 Mecklin C.J., Mundfrom D.J. An appraisal and Bibliography of Tests for
Multivariate Normality // International Statistical Review. � 2004. � V. 72. � P.
123-138.

4 Szkutnik Z. Most powerful invariant tests for binormality // The Annals of
Statistics. � 1988. � V. 16. � P. 292-301.

Ìàòåìàòè÷åñêèé æóðíàë. � 2015. � Ò. 15, � 4



30 Voinov Ye.

5 Versluis C. Comparison of tests for bivariate normality with unknown
parameters by transformation to a univariate statistic // Communications in
Statistics. � Theory and Methods. � 1996. � V. 25.� P. 647-665.

6 Bogdan M. Data driven smooth tests for bivariate normality // J. of
Multivariate Analysis. � 1999. � V. 68. � P. 26-53.
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Âîèíîâ Å. ÅÊI �ËØÅÌÄI �ÀËÛÏÒÛËÛ��À ÀÐÍÀË�ÀÍÆÀ�À
ÅÊI ÂÀËÜÄ ÒÅÊÒÅÑ ÊÅËIÑÈÌ ÊÐÈÒÅÐÈÉI

Åêi °ëøåìäi ©àëûïòûëû©©à åêi æàà Âàëüä òåêòåñ õè-êâàäðàò èíâà-
ðèàíòòû êåëiñiìiíi êðèòåðèéi ´ñûíûë¡àí. Êðèòåðèéëåð 1981 æûëû ´ñû-
íûë¡àí õè-êâàäðàò êðèòåðèéëåðií ©´ðàñòûðó ³øií iøiíàðà êîâàðèàöèÿ-
ëû© ìàòðèöàíû äèàãîíàëüäû ò³ðãå àéíàëäûðàòûí æèûíòû©òàí åêi °ë-
øåìäi iðiêòåóëåðäi æºíå Ìóð ìåí Ñòàáëáàéííû ºäiñií ìîäèôèêàöèÿ-
ëàóäû ñûçû©òû ò³ðëåíäiðóiíå íåãiçäåëãåí. Îñû æàà íºòèæåëåðãå æåòó
³øií 1977 æûë¡û ºéãiëi Ìóð òåîðåìàñûíû 2013 æûëû Âîèíîâ äºëåëäåãåí
íà©òûëàí¡àí ò´æûðûìäàìàñû ïàéäàëàíûëàäû. Áåðiëãåí êðèòåðèéëåðäi
ìîäåëüäåéòií ©óàòûíû ºð ò³ðëi áàëàìàëû© í´ñ©àëàðìåí ñàëûñòûðìàñû
ê°ðñåòiëãåí. �ñûíûë¡àí ò³ðëåíäiðiëãåí McCulloch êðèòåðèèiíi ºð ò³ðëi
òî¡ûç áàëàìàëû© í´ñ©àëàð¡à ©àòûñòû ìîäåëüäåéòií ©óàòû °òå òàíûìàë
Anderson-Darling, Cramer-von Mises, Henze, Zirkler, Doornik æºíå Hansen,
î¡àí ©îñà 1992æ. Royston °çãåðòêåí Shapiro-Wilk's W òåñòiñiíi êðèòå-
ðèéëåðiíi ©óàòòàðûìåí ñàëûñòûðûëàäû. Æåòi êðèòåðèéäi áàðëû¡ûí äà
iñ æ³çiíäå ïàéäàëàíó¡à áîëàòûíûíäû¡û çåðòòåóäi æàëïû ©îðûòûíäûñû
áîëûï òàáûëàäû.
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Âîèíîâ Å. ÄÂÀ ÍÎÂÛÕ ÊÐÈÒÅÐÈß ÑÎÃËÀÑÈß ÒÈÏÀ ÂÀËÜÄÀ
ÄËß ÄÂÓÌÅÐÍÎÉ ÍÎÐÌÀËÜÍÎÑÒÈ

Ïðåäëîæåíû äâà íîâûõ èíâàðèàíòíûõ êðèòåðèÿ ñîãëàñèÿ õè-êâàäðàò
òèïà Âàëüäà äëÿ äâóìåðíîé íîðìàëüíîñòè. Êðèòåðèè îñíîâàíû íà ëèíåé-
íîì ïðåîáðàçîâàíèè äâóìåðíîé âûáîðêè èç ñîâîêóïíîñòè, êîòîðîå äèàãî-
íàëèçèðóåò âûáîðî÷íóþ êîâàðèàöèîííóþ ìàòðèöó, è ìîäèôèêàöèè ìåòîäà
Ìóðà è Ñòàáëáàéíà äëÿ ïîñòðîåíèÿ êðèòåðèåâ õè-êâàäðàò, ïðåäëîæåííîì
â 1981 ãîäó. Äëÿ ïîëó÷åíèÿ ýòèõ íîâûõ ðåçóëüòàòîâ èñïîëüçóåòñÿ áîëåå
òî÷íàÿ ôîðìóëèðîâêà õîðîøî èçâåñòíîé òåîðåìû Ìóðà 1977 ãîäà, äîêà-
çàííàÿ Âîèíîâûì â 2013 ãîäó. Ïîêàçàíî ñðàâíåíèå ìîäåëèðóåìîé ìîù-
íîñòè äàííûõ êðèòåðèåâ ñ ðàçëè÷íûìè àëüòåðíàòèâàìè. Ìîäåëèðóåìàÿ
ìîùíîñòü ïðåäëîæåííîãî ìîäèôèöèðîâàííîãî êðèòåðèÿ McCulloch â îò-
íîøåíèè äåâÿòè ðàçëè÷íûõ àëüòåðíàòèâ ñðàâíèâàåòñÿ ñ ìîùíîñòÿìè õî-
ðîøî èçâåñòíûõ êðèòåðèåâ Anderson-Darling, Cramer-von Mises, Henze è
Zirkler, Doornik è Hansen, è, èçìåíåííûé Royston â 1992, W òåñò Shapiro-
Wilk's. Îáùèé âûâîä èññëåäîâàíèÿ ñîñòîèò â òîì, ÷òî âñå ñåìü êðèòåðèåâ
ìîãóò áûòü èñïîëüçîâàíû íà ïðàêòèêå.

Ìàòåìàòè÷åñêèé æóðíàë. � 2015. � Ò. 15, � 4



Ìàòåìàòè÷åñêèé æóðíàë ISSN 1682�0525

2015. � Òîì 15, � 4. � Ñ. 33�53.
ÓÄÊ 517.946

ÑÒÀÁÈËÈÇÀÖÈß ÐÅØÅÍÈß ÓÐÀÂÍÅÍÈß
ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ, ÍÀÃÐÓÆÅÍÍÎÃÎ ÏÎ

ÍÓËÜÌÅÐÍÛÌ ÌÍÎÃÎÎÁÐÀÇÈßÌ, Ñ ÏÎÌÎÙÜÞ
ÃÐÀÍÈ×ÍÛÕ ÓÏÐÀÂËÅÍÈÉ

Ì.Ò. Äæåíàëèåâ1, Ì.È. Ðàìàçàíîâ2

1Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
050010, Àëìàòû, óë. Ïóøêèíà, 125, e-mail: muvasharkhan@gmail.com

2Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè
100028, Êàðàãàíäà, óë. Óíèâåðñèòåòñêàÿ, 28, e-mail: ramamur@mail.ru

Àííîòàöèÿ: Â ðàáîòå èçó÷àþòñÿ âîïðîñû ðàçðåøèìîñòè çàäà÷è ñòàáèëèçàöèè
äëÿ íàãðóæåííîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè â çàäàííîé ïîëóïîëîñå. Ïðåä-
ëîæåí àëãîðèòì âûáîðà ãðàíè÷íûõ ôóíêöèé (óïðàâëåíèé), îáåñïå÷èâàþùèõ
ñòàáèëèçàöèþ ðåøåíèÿ ãðàíè÷íîé çàäà÷è ïðè t → ∞ ê çàäàííîìó ñòàöèîíàðíîìó
ðåæèìó ñ ïðåäïèñàííîé ñêîðîñòüþ exp(−σ0t).

Êëþ÷åâûå ñëîâà: Íàãðóæåííîå óðàâíåíèå òåïëîïðîâîäíîñòè, ãðàíè÷íûå óïðàâ-
ëåíèÿ, ñòàáèëèçàöèÿ, ñïåêòðàëüíàÿ çàäà÷à.

1. Ïîñòàíîâêà çàäà÷è

Íàéòè òàêèå ãðàíè÷íûå óïðàâëåíèÿ u1(t), u2(t) ∈ L2(0,∞), ÷òîáû ðåøå-
íèå y(x, t) íà÷àëüíî-ãðàíè÷íîé çàäà÷è

yt(x, t)− yxx(x, t) +
M∑

m=1

αm · y(xm, t) = 0, {x, t} ∈ Q, (1)

y(−π/2, t) = u1(t), y(π/2, t) = u2(t), (2)

y(x, 0) = y0(x) (3)

ñòðåìèëîñü ê íóëþ ïðè t→ ∞ ñëåäóþùèì îáðàçîì:

∥y(x, t)∥L2(−π/2,π/2) ≤ C0e
−σ0t, (4)
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ãäå Q = {x, t| − π/2 < x < π/2, t > 0}, {αm, m = 1, ...,M} ⊂ C � çà-
äàííûå êîìïëåêñíûå ÷èñëà, {xm, m = 1, ...,M} ⊂ (−π/2, π/2) � ôèêñèðî-
âàííûå òî÷êè, σ0 � çàäàííîå ïîëîæèòåëüíîå ÷èñëî, y0(x) ∈ L2(−π/2, π/2)
� çàäàííàÿ ôóíêöèÿ. Óðàâíåíèå (1) íàçûâàþò íàãðóæåííûì [1], [2]. Îò-
ìåòèì, ÷òî çàäà÷à (1)�(4) ñ îäíîé òî÷êîé íàãðóçêè áûëà èññëåäîâàíà â
[3].

Ïîñòàâëåííóþ çàäà÷ó ìîæíî èíòåðïðåòèðîâàòü êàê îáðàòíóþ: òðåáóåò-
ñÿ íàéòè òðîéêó ôóíêöèé {y(x, t), u1(t), u2(t)} ïðè äîïîëíèòåëüíîì óñëî-
âèè (4).

2. Î ðàçðåøèìîñòè ãðàíè÷íîé çàäà÷è (1)�(3)

Çàïèøåì çàäà÷ó (1)�(3) â îïåðàòîðíîé ôîðìå

Ly = {y0, u1, u2}, ãäå L : L2(Q) → E ≡ L2(−π/2, π/2)×L2(0,∞)×L2(0,∞),

è äàäèì îïðåäåëåíèå ñèëüíîãî ðåøåíèÿ.

Îïðåäåëåíèå 1. Ôóíêöèþ y(x, t) ∈ L2(Q) áóäåì íàçûâàòü ñèëüíûì ðå-

øåíèåì ãðàíè÷íîé çàäà÷è (1)�(3), åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü

{ys(x, t)}∞s=1 ⊂ C2,1
x,t (Q) ∩ C(Q)

òàêàÿ, ÷òî

ys(x, t) → y(x, t) â L2(Q) ïðè s→ ∞,

Lys → {y0, u1, u2} ∈ E ïðè s→ ∞.

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Äëÿ ëþáûõ çàäàííûõ óïðàâëåíèé u1(t), u2(t) ∈ L2(0,∞) è

ëþáîé íà÷àëüíîé ôóíêöèè y0(x) ∈ L2(−π/2, π/2) ãðàíè÷íàÿ çàäà÷à (1)�

(3) èìååò åäèíñòâåííîå ñèëüíîå ðåøåíèå

y(x, t) ∈ L2(Q),

ïðè÷åì y(x, t) ∈W (0,∞), ãäå

W (0,∞) = {v| v ∈ L2(0,∞;W 1
2 (−π/2, π/2)), vt ∈ L2(0,∞;W−1

2 (−π/2, π/2))}.
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Äîêàçàòåëüñòâî. Ñâåäåíèå ê èíòåãðàëüíîìó óðàâíåíèþ. Ãðàíè÷íàÿ çà-
äà÷à (1)�(3) ñâîäèòñÿ ê èçó÷åíèþ ñëåäóþùåãî íàãðóæåííîãî èíòåãðàëüíî-
ãî óðàâíåíèÿ:

y(x, t) =

π/2∫
−π/2

y0(ξ)G(x, ξ, t)dξ −
t∫

0

M∑
m=1

αm y(xm, τ)

π/2∫
−π/2

G(x, ξ, t− τ)dξ dτ+

+

t∫
0

u1(τ)H1(x, t− τ)dτ −
t∫

0

u2(τ)H2(x, t− τ)dτ, (5)

ãäå ôóíêöèÿ Ãðèíà G èìååò âèä:

G(x, ξ, t) =
2

π

∞∑
n=1

sinn(x+ π/2) sinn(ξ + π/2) exp{−n2t},

à ôóíêöèè H1 è H2 âûðàæàþòñÿ ÷åðåç ôóíêöèþ Ãðèíà ïî ôîðìóëàì:

H1(x, t) =
∂

∂ξ
G(x, ξ, t)|ξ=−π/2, H2(x, t) =

∂

∂ξ
G(x, ξ, t)|ξ=π/2.

Èç (5) äëÿ íåèçâåñòíîé ôóíêöèè µ(t) =
M∑

m=1
αm y(xm, t) ïîëó÷àåì èíòå-

ãðàëüíîå óðàâíåíèå

µ(t) +

t∫
0

K(t− τ)µ(τ)dτ = F (t), t > 0, (6)

ãäå ÿäðî èíòåãðàëüíîãî îïåðàòîðà èìååò âèä

K(t) =
4

π

M∑
m=1

∞∑
n=1

αm
sin{(2n− 1)(xm + π/2)}

2n− 1
exp{−(2n− 1)2t}, (7)

ïðàâàÿ ÷àñòü óðàâíåíèÿ ïðåäñòàâëÿåò ñîáîé ñóììó F (t) = F0(t) + F1(t) +
F2(t), êîòîðûå îïðåäåëÿþòñÿ ôóíêöèÿìè y0(x), u1(t), u2(t), G(x, ξ, t) ñîîò-
âåòñòâåííî.
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Î÷åâèäíî, ÷òî ôóíêöèè K(t) ∈ L1(0,∞), à ôóíêöèè Fj(t), j = 0, 1, 2,
ïðèíàäëåæàò ïðîñòðàíñòâó L2(0,∞). Îñòàåòñÿ ïðèìåíèòü èçâåñòíóþ òåî-
ðèþ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà âòîðîãî ðîäà äëÿ óñòàíîâëåíèÿ
ðàçðåøèìîñòè â ïðîñòðàíñòâå L2(0,∞) èíòåãðàëüíîãî óðàâíåíèÿ (6) äëÿ
ëþáûõ ôóíêöèé y0(x), uj(t), j = 1, 2, èç âûøå îïðåäåëåííûõ êëàññîâ.

3. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ñèëüíîãî ðåøåíèÿ

Ïóñòü äëÿ çàäàííûõ ôóíêöèé y0(x), uj(t), j = 1, 2, óäîâëåòâîðÿþùèõ
óñëîâèÿì òåîðåìû 1, çàäà÷à (1)�(3) èìååò äâà, íåðàâíûõ äðóã äðóãó, ðå-
øåíèÿ y1(x, t) è y2(x, t). Òîãäà ðàçíîñòü ỹ(x, t) = y1(x, t) − y2(x, t) áóäåò
ðåøåíèåì ñëåäóþùåé îäíîðîäíîé ãðàíè÷íîé çàäà÷è: ỹt(x, t)− ỹxx(x, t) +

M∑
m=1

αmỹ(xm, t) = 0, x, t ∈ Q,

ỹ(x, 0) = 0, ỹ(−π/2, t) = ỹ(π/2, t) = 0.

(8)

Óìíîæàÿ óðàâíåíèå èç (8) ñêàëÿðíî â L2(−π/2, π/2) íà ỹ(x, t), ïîëó÷èì

1

2

d

dt
∥ỹ(x, t)∥20 + ∥ỹx(x, t)∥20 ≤

M∑
m=1

|αm|
√
π|ỹ(xm, t)| · ∥ỹ(x, t)∥0. (9)

Çäåñü è â äàëüíåéøåì ÷åðåç ∥·∥0 è (·, ·)0 îáîçíà÷åíû ñîîòâåòñòâåííî íîðìà
è ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå L2(−π/2, π/2). Äàëåå, èñïîëüçóÿ
íåðàâåíñòâî Êîøè äëÿ ïðàâîé ÷àñòè (9), èìååì

d

dt
∥ỹ(x, t)∥20 + ∥ỹx(x, t)∥20 ≤

M∑
m=1

|αm|2π2∥ỹ(x, t)∥20.

Îòñþäà íà îñíîâå íåðàâåíñòâà Ãðîíóîëëà ñëåäóåò, ÷òî

ỹ(x, t) ≡ 0 ∈ L∞((0,∞);L2(−π/2, π/2)) ∩ L2((0,∞); �W
1
2 (−π/2, π/2)), (10)

ò.å. ãðàíè÷íàÿ çàäà÷à (1)�(3) ìîæåò èìåòü íå áîëåå îäíîãî ðåøåíèÿ.
Îòñþäà ñëåäóåò, ÷òî èíòåãðàëüíîå óðàâíåíèå (6) ìîæåò èìåòü íå áîëåå

îäíîãî ðåøåíèÿ. Â ïðîòèâíîì ñëó÷àå, åñëè áû èíòåãðàëüíîå óðàâíåíèå
(6) èìåëî áîëåå îäíîãî ðåøåíèÿ, òî ãðàíè÷íàÿ çàäà÷à (1)�(3), ñîãëàñíî
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ñîîòíîøåíèþ (5), òàêæå èìåëà áû áîëåå îäíîãî ðåøåíèÿ, ÷òî íåâîçìîæíî,
êàê áûëî òîëüêî ÷òî äîêàçàíî. Ýòî îçíà÷àåò, ÷òî èíòåãðàëüíîå óðàâíåíèå
(6) â êëàññå L2(0,∞) ìîæåò èìåòü òîëüêî îäíî ðåøåíèå. Åäèíñòâåííîñòü
äîêàçàíà.

Çàìå÷àíèå 1. Âûøåïðèâåäåííîå äîêàçàòåëüñòâî åäèíñòâåííîñòè áåç èç-

ìåíåíèé ïðîõîäèò è äëÿ ñîïðÿæåííîé ê (8) îäíîðîäíîé ãðàíè÷íîé çàäà÷è:
−p̃t(x, t)− p̃xx(x, t) +

M∑
m=1

αm · δ(x− xm)⊗
π/2∫

−π/2

p̃(ξ, t)dξ = 0, {x, t} ∈ Q,

p̃(x,∞) = 0, p̃(−π/2, t) = p̃(π/2, t) = 0.
(11)

Ãðàíè÷íàÿ çàäà÷à (11) òàêæå ñâîäèòñÿ ê èçó÷åíèþ ñîîòâåòñòâóþùåãî

èíòåãðàëüíîãî óðàâíåíèÿ, ðàçðåøèìîñòü êîòîðîãî óñòàíàâëèâàåòñÿ, êàê â

ñëó÷àå ïðÿìîé çàäà÷è.

Òàê êàê äëÿ ñîïðÿæåííîé ãðàíè÷íîé çàäà÷è (11) èìååò ìåñòî åäèí-

ñòâåííîñòü, òî ñîîòâåòñòâóþùåå åìó èíòåãðàëüíîå óðàâíåíèå â êëàññå

L2(0,∞) ìîæåò èìåòü òîëüêî òðèâèàëüíîå ðåøåíèå.

Ñîãëàñíî òåîðèè èíòåãðàëüíûõ óðàâíåíèé ìû ïîëó÷àåì, ÷òî â êëàñ-
ñå L2(0,∞) èíòåãðàëüíîå óðàâíåíèå (6) èìååò åäèíñòâåííîå ðåøåíèå äëÿ
ëþáûõ ïðàâûõ ÷àñòåé F (t) ∈ L2(0,∞). Îòñþäà ñðàçó æå ñëåäóåò ñóùåñòâî-
âàíèå åäèíñòâåííîãî ñèëüíîãî ðåøåíèÿ ãðàíè÷íîé çàäà÷è (1)�(3).

Òàêèì îáðàçîì, íàìè ïîëíîñòüþ äîêàçàíî ïåðâîå óòâåðæäåíèå òåîðåìû
1.

Äîêàçàòåëüñòâó âòîðîãî óòâåðæäåíèÿ òåîðåìû 1, ò.å. óñòàíîâëåíèþ äî-
ïîëíèòåëüíûõ äèôôåðåíöèàëüíûõ ñâîéñòâ ðåøåíèÿ çàäà÷è (1)�(3), ïîñâÿ-
ùåí ñëåäóþùèé ïóíêò.

4. Î äîïîëíèòåëüíîé ãëàäêîñòè ðåøåíèÿ

Çàìåòèì, ÷òî ñîãëàñíî òåîðåìå î ñëåäàõ [4, ñ. 32-33, 265-269] äëÿ çà-
äàííûõ ôóíêöèé uj(t) ∈ L2(0,∞), j = 1, 2, ñóùåñòâóåò ôóíêöèÿ w(x, t) ∈
W (0,∞), ãäå

W (0,∞) = {v| v ∈ L2(0,∞;W 1
2 (−π/2, π/2)), vt ∈ L2(0,∞;W−1

2 (−π/2, π/2))},
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òàêàÿ, ÷òî w(−π/2, t) = u1(t), w(π/2, t) = u2(t).

Ñ ó÷åòîì ýòîãî ãðàíè÷íàÿ çàäà÷à (1)�(3) ïðèíèìàåò âèä (y − w)t(x, t)− (y − w)xx(x, t) +
M∑

m=1
αm(y − w)(xm, t) = f1(x, t), {x, t} ∈ Q,

(y − w)(x, 0) = y1(x), (y − w)(−π/2, t) = (y − w)(π/2, t) = 0,
(12)

ãäå f1 = −wt(x, t) + wxx(x, t)−
M∑

m=1
αmw(xm, t) ∈ L2(0,∞;W−1

2 (−π/2, π/2)),

y1 = y0(x)− w(x, 0) ∈ L2(−π/2, π/2).
(13)

Ðàíåå, â ðàáîòå [5], íà îñíîâå óñòàíîâëåííûõ òàì àïðèîðíûõ îöåíîê è
ïðèìåíåíèÿ ìåòîäà Ãàëåðêèíà áûëî äîêàçàíî, ÷òî ãðàíè÷íàÿ çàäà÷à (12)
äëÿ ëþáûõ çàäàííûõ ôóíêöèé f1(x, t) è y1(x), óäîâëåòâîðÿþùèõ óñëîâèÿì
(13), èìååò ðåøåíèå (y−w)(x, t) ∈W (0,∞), ò.å. ñîîòâåòñòâóþùàÿ (12) ãðà-
íè÷íàÿ çàäà÷à (1)�(3) èìååò ðåøåíèå y(x, t) ∈ W (0,∞). Îòñþäà ñëåäóåò
ñïðàâåäëèâîñòü âòîðîãî óòâåðæäåíèÿ òåîðåìû 1. Òàêèì îáðàçîì, çàâåð-
øåíî äîêàçàòåëüñòâî òåîðåìû 1.

Ïîñòðîåíèþ è îáîñíîâàíèþ àëãîðèòìà âûáîðà íóæíûõ ãðàíè÷íûõ
óïðàâëÿþùèõ ôóíêöèé uj(t), j = 1, 2, â çàäà÷å (1)�(4) è åãî ÷èñëåííîé
ðåàëèçàöèè ïîñâÿùåí ñëåäóþùèé ïóíêò.

5. Ðåøåíèå çàäà÷è ñòàáèëèçàöèè ðàñøèðåíèåì îáëàñòè

Ðàññìîòðèì â îáëàñòè Q1 = {x, t|−π < x < π, t > 0} âñïîìîãàòåëüíóþ
çàäà÷ó

zt(x, t)− zxx(x, t) +

M∑
m=1

αm · z(xm, t) = 0, {x, t} ∈ Q1, (14)

z(−π, t) = z(π, t), zx(−π, t) = zx(π, t), (15)

z(x, t)|t=0 = z0(x), (16)

ãäå z0(x) � ôóíêöèÿ, òðåáóþùàÿ ñâîåãî îïðåäåëåíèÿ.
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Ðåøåíèå çàäà÷è (14)�(16) áóäåì èñêàòü â âèäå

z(x, t) =
∑
k∈Z

Zk(t)φk(x). (17)

ãäå {φk(x), k ∈ Z} � áàçèñ ïðîñòðàíñòâà L2(−π, π) è Z = {0,±1,±2, ...}.
Äëÿ ýòîãî ðàññìîòðèì ñîîòâåòñòâóþùóþ çàäà÷å (14)�(16) ñïåêòðàëü-

íóþ çàäà÷ó

−φ′′(x) +
M∑

m=1
αm · φ(xm) = λφ(x), (18)

φ(−π) = φ(π), φ′(−π) = φ′(π). (19)

Ââåäåì ñëåäóþùåå îáîçíà÷åíèå: Z′ = Z\{0}. Äëÿ çàäà÷è (18)�(19) ðàñ-
ñìîòðèì ñëåäóþùèå äâà ñëó÷àÿ.

10. Ñëó÷àé, êîãäà íå ñóùåñòâóåò òàêîãî k ∈ Z, ÷òî
M∑

m=1
αm = k2. Îáùåå

ðåøåíèå ñïåêòðàëüíîé çàäà÷è (18)�(19) èìååò âèä

φk(x) = Ake
i
√
λkx +Dk, (20)

è, ïîäñòàâëÿÿ (20) â (18), íàõîäèì

Dk = Ak

M∑
m=1

αm exp{i
√
λkxm}

λk −
M∑

m=1
αm

,

çäåñü ïðèíèìàåì Ak = 1. Òîãäà íåîáõîäèìî ïðèíÿòü λk = k2, ÷òîáû óäî-
âëåòâîðÿëèñü óñëîâèÿ (19). Îòñþäà çàïèøåì îêîí÷àòåëüíûé âèä ðåøåíèÿ
óðàâíåíèÿ (18)

φk(x) = eikx +

M∑
m=1

αm exp{i
√
λkxm}

λk −
M∑

m=1
αm

, k ∈ Z′. (21)
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Äëÿ k = 0: φ0(x) = const, λ0 =
M∑

m=1
αm, ò.å. äëÿ ñîáñòâåííîãî çíà÷åíèÿ

λ0 =
M∑

m=1
αm ìîæíî ïðèíÿòü ñîáñòâåííóþ ôóíêöèþ φ0(x) = 1.

Òàêèì îáðàçîì, èìååì ñëåäóþùóþ ñèñòåìó ñîáñòâåííûõ ôóíêöèé è
ñîáñòâåííûõ ÷èñåë:

{φk(x), λk; k ∈ Z} =

=

{
1, λ0 =

M∑
m=1

αm; eikx +

M∑
m=1

αm exp{i
√
λkxm}

λk −
M∑

m=1
αm

, λk = k2, k ∈ Z′

}
. (22)

Çàìåòèì, ÷òî ïîëó÷åííàÿ ñèñòåìà ñîáñòâåííûõ ôóíêöèé (22) ïîëíà â
ïðîñòðàíñòâå L2(−π, π), ñîñòàâëÿåò áàçèñ, íî íå ÿâëÿåòñÿ îðòîãîíàëüíîé.
Ïîëíîòà ñèñòåìû ñîáñòâåííûõ ôóíêöèé (22) ñëåäóåò èç òåîðåìû Ïýëè-
Âèíåðà [6, c. 224-227].

Äëÿ (22) íàéäåì áèîðòîãîíàëüíóþ ïîñëåäîâàòåëüíîñòü. Îíà áóäåò
èìåòü âèä

{ψk(x), k ∈ Z} =
{
f0(x), e

ikx, k ∈ Z′
}
,

â êîòîðîé íåèçâåñòíîé ÿâëÿåòñÿ òîëüêî ôóíêöèÿ f0(x).
Íåèçâåñòíóþ ôóíêöèþ f0(x) èñïîëüçóÿ áàçèñ (22), áóäåì èñêàòü â âèäå

f0(x) = C0 +
∑
n∈Z′

Cn

(
einx +

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

)

èç óñëîâèé áèîðòîãîíàëüíîñòè:

(1, f0(x)) = 1;

(
eikx +

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

, f0(x)

)
= 0, k ∈ Z′.
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Èç ýòèõ óñëîâèé èìååì

(1, f0(x)) =

π∫
−π

[
C0 +

∑
n∈Z′

Cn

(
einx +

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

)]
dx =

= 2π

[
C0 +

∑
n∈Z′

Cn ·

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

]
.

Èòàê,

C0 =
1

2π
−
∑
n∈Z′

Cn ·

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

.

Äàëåå äëÿ k ∈ Z′:

(
eikx +

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

, f0(x)

)
=

=

(
eikx+

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

, C0+
∑
n∈Z′

Cn

(
einx+

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

))
= 0.

Îòñþäà ñëåäóåò

C0 ·

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

+Ck +

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

·
(

1

2π
− C0

)
= 0, k ∈ Z′.
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Çäåñü ìû íàõîäèì Ck :

Ck = − 1

2π
· α

k2 − α
, k ∈ Z′.

Èñïîëüçóÿ çíà÷åíèÿ Ck, ïåðåïèøåì C0 :

C0 =
1

2π
·

[
1 +

∑
n∈Z′

( M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

)2]
.

Äàëåå, èñïîëüçóÿ çíà÷åíèÿ C0, çàïèøåì èñêîìóþ ôóíêöèþ f0 :

f0(x) =
1

2π
·

[
1 +

∑
n∈Z′

( M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

)2]
−

−
∑
n∈Z′

1

2π
·

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

·

(
einx +

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

)
.

Îòñþäà èñêîìàÿ ôóíêöèÿ f0(x) îïðåäåëÿåòñÿ ñîîòíîøåíèåì:

f0(x) =
1

2π
·

[
1−

∑
n∈Z′

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

· einx
]
=

= − 1

2π
·
∑
n∈Z

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

· einx.

Òàêèì îáðàçîì, äëÿ áàçèñà (22) áèîðòîãîíàëüíîé ïîñëåäîâàòåëüíîñòüþ
ÿâëÿåòñÿ ñëåäóþùàÿ:

{ψk(x), k ∈ Z} =
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=

{
− 1

2π

∑
n∈Z

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

· einx, eikx, k ∈ Z′

}
, (23)

êîòîðàÿ îïðåäåëÿåò â ïðîñòðàíñòâå L2(−π, π) áèîðòîãîíàëüíûé áàçèñ.

20. Ñëó÷àé, êîãäà ñóùåñòâóåò òàêîå ÷èñëî k ∈ Z, ÷òî
M∑

m=1
αm = k2.

Ïóñòü k0 � òàêîå ÷èñëî, ÷òî
M∑

m=1
αm = k20. Îáùåå ðåøåíèå ñïåêòðàëüíîé

çàäà÷è (18)�(19) èìååò âèä

φk(x) = Ake
i
√
λkx +Dk (24)

è, ïîäñòàâëÿÿ (24) â (18), íàõîäèì

Dk = Ak

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

,

çäåñü ïðèíèìàåì Ak = 1. Òîãäà íåîáõîäèìî ïðèíÿòü λk = k2, ÷òîáû óäî-
âëåòâîðÿëèñü óñëîâèÿ (19). Îòñþäà çàïèøåì îêîí÷àòåëüíûé âèä ðåøåíèÿ
óðàâíåíèÿ (18)

φk(x) = eikx +

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

, k ∈ Z′\{±k0}.

Äëÿ k0: φk0(x) = const, λk0 =
M∑

m=1
αm = k20, ò.å. äëÿ ñîáñòâåííîãî çíà÷å-

íèÿ λk0 =
M∑

m=1
αm = k20, ìîæíî ïðèíÿòü ñîáñòâåííóþ ôóíêöèþ φk0(x) = 1.

Äàëåå íàõîäèì ïðèñîåäèíåííûå ôóíêöèè ñëåäóþùèì îáðàçîì:

−φ′′
k0
(x) +

M∑
m=1

αm · φk0(xm)− k20φk0(x) = k20, (25)

φk0(−π) = φk0(π), φ
′
k0
(−π) = φ′

k0
(π). (26)
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Îáùåå ðåøåíèå ñïåêòðàëüíîé çàäà÷è (25)�(26) èìååò âèä

φk0(x) = C+A1e
ik0x +A2e

−ik0x. (27)

Ïîäñòàâëÿÿ îáùåå ðåøåíèå (27) â (25), íàõîäèì

M∑
m=1

αm [A1 exp{i k0xm}+A2 exp{−i k0xm)}] = k20.

Ïîëàãàÿ, íàïðèìåð,

A1 =
1

2
exp{−i k0 xm}, A2 =

1

2
exp{i k0 xm},

îòñþäà íàõîäèì, ÷òî ïðèñîåäèíåííûìè ôóíêöèÿìè ÿâëÿþòñÿ {e±ik0x}.
Èòàê, èìååì ñîáñòâåííûå ÷èñëà è ñîîòâåòñòâóþùèå èì ñîáñòâåííûå

ôóíêöèè
{φk(x), λk; k ∈ Z\{±k0}} =

=

{
1, λ0 = k20; e

ikx +

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

, λk = k2, k ∈ Z′\{±k0}

}
(28)

è ïðèñîåäèíåííûå ôóíêöèè

{φ±k0(x), λ0} =

{
e±ik0x, λ0 = k20 =

M∑
m=1

αm

}
. (29)

Çäåñü ïîñòîÿííàÿ ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé, ñîîòâåòñòâóþùåé

ñîáñòâåííîìó çíà÷åíèþ λ0 = k20 =
M∑

m=1
αm (ýòî îçíà÷àåò, ÷òî íàéäåòñÿ

òàêîå öåëîå ÷èñëî, êâàäðàò êîòîðîãî ðàâåí ÷èñëó
M∑

m=1
αm). Êðîìå òîãî,

çàìåòèì, ÷òî íóëü íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì. Â ýòîì ñëó÷àå ñè-
ñòåìà ñîáñòâåííûõ ôóíêöèé îêàçûâàåòñÿ íåïîëíîé è íåîðòîãîíàëüíîé â
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ïðîñòðàíñòâå L2(−π, π). Îáúåäèíÿÿ ñ (28) ïðèñîåäèíåííûå ôóíêöèè (29),
ïîëó÷àåì ïîëíóþ ñèñòåìó (ñîãëàñíî òåîðåìû Ïýëè-Âèíåðà [6, ñ. 224-227]):

{φk(x), λk; k ∈ Z} =

{
1, λ0 = k20; e

±ik0x, λ0 = k20 =
M∑

m=1

αm;

eikx +

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

, λk = k2, k ∈ Z′\{±k0}
}
. (30)

Äëÿ (30) áèîðòîãîíàëüíîé ïîñëåäîâàòåëüíîñòüþ ÿâëÿåòñÿ

{ψk(x); k ∈ Z} =
{
f0(x), e

ikx, k ∈ Z′
}
,

ãäå íóæíî íàéòè íåèçâåñòíóþ ôóíêöèþ f0(x) ñëåäóþùèì îáðàçîì:

f0(x) = C0+
∑

n∈Z′\{±k0}

Cn

(
einx+

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

)
+Ck0e

ik0x+C−k0e
−ik0x,

èç óñëîâèÿ áèîðòîãîíàëüíîñòè (1, f0(x)) = 1 èìååì

(
eikx +

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

, f0(x)

)
= 0; k ∈ Z′\{±k0}; (e±ik0x, f0(x)) = 0.

È äàëåå

(1, f0(x)) = 2π

[
C0 +

∑
n∈Z′\{±k0}

Cn ·

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

]
= 1.
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Èòàê,

C0 =
1

2π
−

∑
n∈Z′\{±k0}

Cn ·

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

.

Äàëåå äëÿ k ∈ Z′\{±k0}

(
eikx +

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

, f0(x)

)
=

(
eikx +

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

, C0+

+
∑

n∈Z′\{±k0}

Cn

(
einx +

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

))
= 0.

Îòñþäà ñëåäóåò, ÷òî

C0 ·

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

+ Ck+

+

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

·
(

1

2π
− C0

)
= 0, k ∈ Z′\{±k0}.

Çäåñü ìû íàõîäèì Ck :

Ck = − 1

2π
·

M∑
m=1

αm exp{i k xm}

k2 −
M∑

m=1
αm

, k ∈ Z′\{±k0}.
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Èñïîëüçóÿ çíà÷åíèÿ Ck, ïåðåïèøåì C0 :

C0 =
1

2π
·

[
1 +

∑
n∈Z′\{±k0}

( M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

)2]
.

Äàëåå, èñïîëüçóÿ çíà÷åíèÿ C0, çàïèøåì èñêîìóþ ôóíêöèþ f0 :

f0(x) =
1

2π

[
1 +

∑
n∈Z′\{±k0}

( M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

)2]
−

−
∑

n∈Z′\{±k0}

1

2π
·

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

einx +
M∑

m=1
αm exp{i n xm}

n2 −
M∑

m=1
αm

 .

Îòñþäà ñëåäóåò, ÷òî èñêîìàÿ ôóíêöèÿ f0(x) îïðåäåëÿåòñÿ ñîîòíîøå-
íèåì:

f0(x) =
1

2π
·

[
1−

∑
n∈Z′\{±k0}

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

· einx
]
=

= − 1

2π

∑
n∈Z\{±k0}

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

· einx.

Èòàê, äëÿ (30) áèîðòîãîíàëüíîé ñèñòåìîé ÿâëÿåòñÿ

{ψk(x), k ∈ Z} =

Ìàòåìàòè÷åñêèé æóðíàë. � 2015. � Ò. 15, � 4



48 Ì.Ò. Äæåíàëèåâ, Ì.È. Ðàìàçàíîâ

=

{
− 1

2π

∑
n∈Z\{±k0}

M∑
m=1

αm exp{i n xm}

n2 −
M∑

m=1
αm

· einx, eikx, k ∈ Z′

}
. (31)

Ýòà ñèñòåìà òàêæå îïðåäåëÿåò â ïðîñòðàíñòâå L2(−π, π) áèîðòîãîíàëüíûé
áàçèñ.

Äëÿ îïðåäåëåíèÿ Ôóðüå-êîýôôèöèåíòîâ ðàçëîæåíèÿ (17) èìååì çàäà÷ó
Êîøè:

Z ′
k(t) + λkZk(t) = 0, Zk(0) = z0k, k ∈ Z, (32)

ãäå z0k � êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè z0(x) ïî ñèñòåìå {φk(x)}.
Ðåøåíèå çàäà÷è Êîøè (32) èìååò âèä: Zk(t) = z0ke

−λkt, k ∈ Z.
Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî â ïðîñòðàíñòâå L2(−π, π) èìååì:
� áàçèñ {φk(x), k ∈ Z}, ñîñòàâëåííûé èç ñèñòåìû ñîáñòâåííûõ ôóíê-

öèé (22) èëè èç ñèñòåìû ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé (30);
� è ñîîòâåòñòâóþùèé áèîðòîãîíàëüíûé áàçèñ {ψk(x), k ∈ Z}, îïðåäå-

ëåííûé ñîîòíîøåíèÿìè (23) èëè (31).
Òîãäà ðåøåíèå èñõîäíîé íà÷àëüíî-ãðàíè÷íîé çàäà÷è (14)�(16) ìîæåì

çàïèñàòü â âèäå (17):

z(x, t) = z00e
−αtφ0(x) +

∑
k∈Z′

z0ke
−k2tφk(x), (33)

ãäå

z0k =

π∫
−π

ψk(x)z0(x)dx, k ∈ Z,

� êîýôôèöèåíòû Ôóðüå ôóíêöèè z0(x); ψk(x), k ∈ Z, îïðåäåëåíû ñîîòâåò-
ñòâåííî ôîðìóëàìè (23) èëè (31). Èç (32) è (33) íåïîñðåäñòâåííî ñëåäóåò,
÷òî åñëè

z0k = 0 ïðè k2 < σ0, (34)

z00 ̸= 0 ïðè Reα > σ0; z00 = 0 ïðè Reα < σ0, (35)

òî ðåøåíèå (33) çàäà÷è (14)�(16) áóäåò óäîâëåòâîðÿòü íåðàâåíñòâó

∥z(x, t)∥L2(−π,π) ≤ Ce−σ0t.
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Îáîçíà÷èì ìíîæåñòâî èíäåêñîâ k, äëÿ êîòîðûõ âûïîëíåíû óñëîâèÿ (34)
è (35), ÷åðåç Z0 ⊂ Z.

Ñ ïîìîùüþ îïåðàòîðîâ ñóæåíèÿ ζ−π/2 è ζπ/2 íàõîäèì èñêîìûå óïðàâ-
ëåíèÿ:

u1(t) = ζ−π/2{z(x, t)}, u2(t) = ζπ/2{z(x, t)}.

Îñòàåòñÿ ïîñòðîèòü îïåðàòîð ïðîäîëæåíèÿ ôóíêöèè y0(x) äî ôóíêöèè
z0(x), îïðåäåëåííûé íà èíòåðâàëå (−π, π):

S : L2(−π/2, π/2) → L2(−π, π), ò.å. (ζ(−π/2,π/2)Sy0)(x) ≡ y0(x), (36)

òàê, ÷òîáû êîýôôèöèåíòû Ôóðüå z0k ôóíêöèè z0 = Sy0 (36) óäîâëåòâî-
ðÿëè óñëîâèÿì (34) è (35). Çäåñü èñïîëüçîâàíî îáîçíà÷åíèå ζ(−π/2,π/2) äëÿ
îïåðàòîðà ñóæåíèÿ ζ(−π/2,π/2): L2(−π, π) → L2(−π/2, π/2).

Ïîêàæåì ñïðàâåäëèâîñòü àíàëîãà ëåììû èç ðàáîòû [7].

Ëåììà 1. Äëÿ ∀ σ0 > 0 ∃ òàêîé îïåðàòîð ïðîäîëæåíèÿ S (36), ÷òî ïðè

∀ y0(x) ∈ L2(−π/2, π/2) âûïîëíåíî ñîîòíîøåíèå
π∫

−π

ψk(x)(Sy0)(x)dx = 0 ∀ k ∈ Z0. (37)

Äîêàçàòåëüñòâî. Îïðåäåëèì îïåðàòîð S (36) ôîðìóëîé:

Sy0(x) =

{
y0(x), x ∈ (−π/2, π/2),

z1(x), x ∈ (−π,−π/2) ∪ (π/2, π),
(38)

ãäå ôóíêöèÿ z1(x) ïîäëåæèò îïðåäåëåíèþ. Â ñèëó (37) z1(x) äîëæíà óäî-
âëåòâîðÿòü ñèñòåìå óðàâíåíèé:

∫
(−π,−π/2)∪(π/2,π)

ψk(x) · z1(x)dx = −
∫

(−π/2,π/2)

ψk(x) · y0(x)dx ≡ −ŷ0(k), k ∈ Z0. (39)

Áóäåì èñêàòü ôóíêöèþ z1(x) â âèäå

z1(x) =
∑
j∈Z0

ẑ1(j)ψj(x). (40)
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Ïîäñòàâëÿÿ (40) â (39), ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ
ẑ1(j): ∑

j∈Z0

akj ẑ1(j) = −ŷ0(k), k ∈ Z0, (41)

ãäå ŷ0(k) îïðåäåëåíî â (39), à êîýôôèöèåíòû akj îïðåäåëÿþòñÿ ñîîòíîøå-
íèÿìè

akj =

∫
(−π,−π/2)∪(π/2,π)

ψk(x) · ψj(x)dx, k, j ∈ Z0. (42)

Ìàòðèöà A = ∥akj∥ ïîëîæèòåëüíî îïðåäåëåíà. Äåéñòâèòåëüíî, åñëè

Ψ = {ψ̂k, k ∈ Z0} è ψ =
∑
k∈Z0

ψ̂k · ψk(x),

òî â ñèëó (42)

(AΨ,Ψ) =
∑

k,j∈Z0

akj · ψ̂j · ψ̂k =

=
∑

k,j∈Z0

∫
(−π,−π/2)∪(π/2,π)

ψj(x) · ψk(x)dx · ψ̂j · ψ̂k =

=

∫
(−π,−π/2)∪(π/2,π)

∑
j∈Z0

ψj(x) · ψ̂j ·
∑
k∈Z0

ψ̂k · ψk(x)dx =

=

∫
(−π,−π/2)∪(π/2,π)

ψ(x) · ψ(x)dx =

∫
(−π,−π/2)∪(π/2,π)

|ψ(x)|2dx ≥ 0. (43)

Åñëè ïðè íåêîòîðîì Ψ â (43) äîñòèãàåòñÿ ðàâåíñòâî, òî

ψ(x) =
∑
k∈Z0

ψ̂kψk(x) ≡ 0 è, çíà÷èò, ψ̂k = 0 ∀ k ∈ Z0.

Ñëåäîâàòåëüíî, det ∥akj∥ ̸= 0 è ïîýòîìó ñèñòåìà (41) è ôîðìóëà (40)
îäíîçíà÷íî îïðåäåëÿþò îïåðàòîð (38), óäîâëåòâîðÿþùèé âñåì óñëîâèÿì
ëåììû.
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6. Àëãîðèòì ðåøåíèÿ çàäà÷è ñòàáèëèçàöèè

Ðåçóëüòàòû ïðåäûäóùèõ ïóíêòîâ ïîçâîëÿþò ðåàëèçîâàòü ñëåäóþùèé
àëãîðèòì ïðèáëèæåííîãî ïîñòðîåíèÿ ãðàíè÷íûõ óïðàâëÿþùèõ ôóíêöèé
(è äàæå â ôîðìå ñèíòåçà, îòðàáàòûâàþùèõ ñëó÷àéíûå âîçìóùåíèÿ), îáåñ-
ïå÷èâàþùèõ ìîíîòîííîå è íå ìåäëåííåå çàäàííîé ýêñïîíåíòû óáûâàíèå
(ñòàáèëèçàöèþ ðåøåíèÿ) ïî âðåìåíè ñîãëàñíî ôîðìóëå (4) L2(−π/2, π/2)-
íîðìû ðåøåíèÿ. Ïîñëåäíåå äîñòèãàåòñÿ âûïîëíåíèåì òðåáîâàíèé (34) è
(35).

Øàã 1. Â ñîîòâåòñòâèå ñ èñõîäíîé ãðàíè÷íîé çàäà÷åé (1)�(3) íà ïî-
ëóïîëîñå øèðèíû π ñ íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå è
íà÷àëüíûì óñëîâèåì íà îòðåçêå (−π/2, π/2), çàäàâàåìîé ôóíêöèåé y0(x),
ñòàâèòñÿ âñïîìîãàòåëüíàÿ ãðàíè÷íàÿ çàäà÷à (14)�(16) íà ðàñøèðåííîé ïî-
ëóïîëîñå øèðèíîé, ðàâíîé 2π, ñ óñëîâèÿìè ïåðèîäè÷íîñòè (âìåñòî óñëîâèé
Äèðèõëå) è íà÷àëüíîé ôóíêöèåé z0(x) íà îòðåçêå (−π, π). Ôóíêöèþ z0(x)
áóäåì îïðåäåëÿòü, êàê ïðîäîëæåíèå çàäàííîé ôóíêöèè y0(x).

Òàêèì îáðàçîì, âî âñïîìîãàòåëüíîé ãðàíè÷íîé çàäà÷å (14)�(16) íåîá-
õîäèìî äîîïðåäåëèòü ôóíêöèþ z0(x) íà îòðåçêå (−π, π) òàê, ÷òîáû äëÿ
ðåøåíèÿ z(x, t) çàäà÷è (14)�(16) áûëî âûïîëíåíî òðåáîâàíèå (4). Â ýòîì
ñëó÷àå óñëîâèå (4) áóäåò âûïîëíåíî è äëÿ åãî ñóæåíèÿ y(x, t) è òðåáóåìûå
ãðàíè÷íûå óïðàâëåíèÿ u1(t) è u2(t) áóäóò îïðåäåëåíû, êàê ñëåäû ôóíêöèè
z(x, t) ïðè x = ±π/2.

Øàã 2. Ðåøàåì ñïåêòðàëüíóþ çàäà÷ó äëÿ íàãðóæåííîãî îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî ïîðÿäêà è ñòðîèì ïîëíóþ áèîðòî-
ãîíàëüíóþ ñèñòåìó ôóíêöèé íà îòðåçêå (−π, π).

Øàã 3. Íàõîäèì êîýôôèöèåíòû ðàçëîæåíèÿ èñêîìîé ôóíêöèè z0(x) íà
îòðåçêå (−π, π) ïî ïîñòðîåííîé â ïðåäûäóùåì øàãå ïîëíîé áèîðòîãîíàëü-
íîé ñèñòåìå òàê, ÷òîáû áûëè âûïîëíåíû óñëîâèÿ (34) è (35). Çàìåòèì, ÷òî
óñëîâèÿ (34) è (35) îáåñïå÷èâàþò âûïîëíåíèå òðåáîâàíèÿ (4) äëÿ ðåøåíèÿ
âñïîìîãàòåëüíîé ãðàíè÷íîé çàäà÷è (14)�(16).

Øàã 4. Ïî íàéäåííîìó ðåøåíèþ z(x, t) âñïîìîãàòåëüíîé ãðàíè÷íîé çà-
äà÷è (14)�(16), êàê åãî ñóæåíèþ íà ïîëóïîëîñó Q, íàõîäèì ðåøåíèå y(x, t)
ïåðâîíà÷àëüíîé ãðàíè÷íîé çàäà÷è (1)�(3), óäîâëåòâîðÿþùåå òðåáóåìîìó
óñëîâèþ (4). Ãðàíè÷íûå óïðàâëåíèÿ u1(t) è u2(t) íàéäåì, êàê ñëåäû ðåøå-
íèÿ z(x, t), ò.å.

u1(t) = z(x, t)|x=−π/2, u2(t) = z(x, t)|x=π/2.
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Òðåòèé øàã àëãîðèòìà ÿâëÿåòñÿ îñíîâíûì. Êîíñòðóêòèâíàÿ ðåàëèçóå-
ìîñòü øàãà 3 ìàòåìàòè÷åñêè îáîñíîâûâàåòñÿ ëåììîé 1.

7. Çàêëþ÷åíèå

Â ðàáîòå ïðåäëîæåíà ïîñòàíîâêà çàäà÷è ïî ñòàáèëèçàöèè ðåøåíèÿ íà-
ãðóæåííîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè, íàãðóæåííîãî ïî íóëü-ìåðíûì
ìíîãîîáðàçèÿì ïðîñòðàíñòâåííîãî èíòåðâàëà ïðè ïîìîùè ãðàíè÷íûõ
óñëîâèé. Äîêàçàíà òåîðåìà î ðàçðåøèìîñòè ïîñòàâëåííîé îáðàòíîé çàäà÷è
è ðàçðàáîòàí àëãîðèòì ïðèáëèæåííîãî ïîñòðîåíèÿ ãðàíè÷íûõ óïðàâëåíèé
â ôîðìå ñèíòåçà.
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Äæåíàëèåâ Ì.Ò., Ðàìàçàíîâ Ì.È. Í�Ë-�ËØÅÌÄI Ê�ÏÁÅÉÍÅËIÊ-
ÒÅÐ ÁÎÉÛÍØÀÆ�ÊÒÅËÃÅÍÆÛËÓ�ÒÊIÇÃIØ ÒÅ�ÄÅÓIÍI�ØÅ-
ØIÌIÍ ØÅÊÀÐÀËÛ� ÁÀÑ�ÀÐÓËÀÐ ÀÐ�ÛËÛ Ò�ÐÀ�ÒÀÍÄÛÐÓ

Á´ë æ´ìûñòà æàðòûëàé æîëà©òà áåðiëãåí æ³êòåëãåí æûëó°òêiçãiø
òåäåói ³øií ò´ðà©òàíäûðó åñåáiíi øåøiëiìäiëiãè ìºñåëåëåði ©àðàñòûðû-
ëàäû. Øåêàðàëû© åñåïòi øåøiìií t → ∞ áîë¡àíäà áåðiëãåí ñòàöèîíàð
ò³çiìãå áåëãiëåíãåí exp(−σ0t) æûëäàìäû¡û áîéûíøà ò´ðà©òàíóûí ©àìòà-
ìàñûç åòåòií øåêàðàëû© ôóêöèÿëàðäû (áàñ©àðóëàðäû) iðiêòåó àëãîðèòìi
´ñûíûë¡àí.

Jenaliyev M.T., Ramazanov M.I. STABILIZATION OF SOLUTIONS
OF LOADED ON ZERO-DIMENSIONAL MANIFOLDS HEAT EQUATION
WITH USING BOUNDARY CONTROLS

In this paper we study the solvability of the stabilization problem for the
loaded heat equation in a given half-strip. It is proposed the algorithm selection
of the boundary functions (controls) ensuring the stabilization of the solution
of the boundary value problem at t → ∞ to a given stationary state with the
prescribed velocity exp(−σ0t).
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Àííîòàöèÿ: Íà êîíå÷íîì èíòåðâàëå ðàññìàòðèâàåòñÿ ñèñòåìà íàãðóæåííûõ

ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ êîýôôèöèåíòàìè è

ïðàâîé ÷àñòüþ, èìåþùèìè ñóùåñòâåííûå îñîáåííîñòè íà êîíöàõ èíòåðâàëà. Â

òåðìèíàõ äâóñòîðîííå-áåñêîíå÷íûõ ìàòðèö ñïåöèàëüíîé ñòðóêòóðû óñòàíîâëåíû

íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè îãðàíè-

÷åííîãî ðåøåíèÿ ðàññìàòðèâàåìîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: Íàãðóæåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, îãðàíè÷åííîå ðå-
øåíèå, îäíîçíà÷íàÿ ðàçðåøèìîñòü.

1. Ââåäåíèå

Îãðàíè÷åííûå íà âñåé îñè ðåøåíèÿ ëèíåéíûõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé è èõ ñâÿçü ñ ýêñïîíåíöèàëüíîé äèõîòîìè÷íîñòüþ
èññëåäîâàíû â [1]�[4]. Îãðàíè÷åííûå íà êîíå÷íîì èíòåðâàëå ðåøåíèÿ äëÿ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ñóùåñòâåííûìè îñîáåííî-
ñòÿìè íà êîíöàõ èíòåðâàëà èçó÷àëèñü â [5]�[9].

Â íàñòîÿùåé ðàáîòå íà (0, Ò) ðàññìàòðèâàåòñÿ ñèñòåìà ëèíåéíûõ íà-
ãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Íà (0, T ) ðàññìîòðèì ëèíåéíîå íàãðóæåííîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå

dx

dt
= A(t)x+

m∑
j=1

Kj(t)x(θj) + f(t), t ∈ (0, T ), (1)

Keywords: Loaded di�erential equations, bounded solution, unique solvability.

2010 Mathematics Subject Classi�cation: 34B05.
Funding: Êîìèòåò íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, Ãðàíòû

� 3362/ÃÔ4, 4057/ÃÔ4.
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Îãðàíè÷åííûå ðåøåíèÿ ëèíåéíûõ íàãðóæåííûõ ... 55

ãäå 0 < θ1 < θ2 < ... < θm < T, A(t),Kj(t), j = 1,m, f(t) íåïðåðûâíû íà
(0, T ),

∥A(t)∥ = max
i

n∑
j=1

|aij(t)| = α(t), ∥Kj(t)∥ ≤ α(t), j = 1,m,

α(t) � íåïðåðûâíàÿ íà (0, T ) ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì

lim
a→0+0

T/2∫
a

α(t)dt = ∞, lim
b→T−0

b∫
T/2

α(t)dt = ∞. (2)

Èç óñëîâèé (2) ñëåäóåò, ÷òî ôóíêöèÿ α(t) íåîãðàíè÷åíà â îêðåñòíîñòè
îñîáûõ òî÷åê:

lim
t→0+0

α(t) = ∞, lim
t→T−0

α(t) = ∞.

Îòìåòèì, ÷òî íàãðóæåííûå ÷ëåíû óðàâíåíèÿ îêàçûâàþò ñóùåñòâåííîå
âëèÿíèå íà åãî ñâîéñòâà.

Â êà÷åñòâå ïîäòâåðæäåíèÿ íà (0,3) ðàññìîòðèì ëèíåéíîå íàãðóæåííîå
äèôôåðåíöèàëüíîå óðàâíåíèå

dx

dt
= a(t)x+ b(t)x(1) + c(t)x(2) + f(t), (3)

ãäå

a(t) =


1/t2, t ∈ (0, 1),
1, t ∈ [1, 2],
1/(t− 3)2, t ∈ (2, 3)

b(t) = − e2

e− 1
a(t), c(t) =

e

e− 1
a(t), f(t) =

e

e− 1
a(t).

Êîýôôèöèåíòû è ïðàâàÿ ÷àñòü óðàâíåíèÿ (3) èìåþò ñóùåñòâåííûå îñî-
áåííîñòè â òî÷êàõ t0 = 0 è T = 3. Îäíàêî, èç-çà íàëè÷èÿ íàãðóæåííûõ
÷ëåíîâ óðàâíåíèå (3) íå èìååò ðåøåíèé. Äåéñòâèòåëüíî, åñëè x∗(t) ÿâëÿ-
åòñÿ ðåøåíèåì óðàâíåíèÿ (3), òî èìååò ìåñòî ðàâåíñòâî

ẋ∗(t) = x∗(t)− e2

e− 1
x∗(1) +

e

e− 1
x∗(2) +

e

e− 1
, t ∈ [1, 2].
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Èíòåãðèðóÿ ýòî óðàâíåíèå íà èíòåðâàëå (1,2), èìååì

x∗(t) = et−1x∗(1) +

t∫
1

[
− e2

e− 1
x∗(1) +

e

e− 1
x∗(2) +

e

e− 1

]
e
−

t∫
τ
ds
dτ =

= et−1x∗(1) +

[
− e2

e− 1
x∗(1) +

e

e− 1
x∗(2) +

e

e− 1

]
et − e

et
.

Ïðè t = 2 ïîëó÷èì

x∗(2) = ex∗(1) +
e

e− 1
· e

2 − e

e2
[−ex∗(1) + x∗(2) + 1],

÷òî ïðèâîäèò ê ïðîòèâîðå÷èþ: 0=1.

Ââåäåì ñëåäóþùèå ïðîñòðàíñòâà:
C̃((0, T ), Rn) � ïðîñòðàíñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ ôóíêöèé
x : (0, T ) → Rn ñ íîðìîé

∥x∥1 = sup
t∈(0,T )

∥x(t)∥;

mn � ïðîñòðàíñòâî îãðàíè÷åííûõ äâóñòîðîííå-áåñêîíå÷íûõ ïîñëåäîâà-
òåëüíîñòåé λr ∈ Rn ñ íîðìîé

∥λ∥2 = ∥(. . . , λr, λr+1, . . .)∥2 = sup
r

∥λr∥, r ∈ Z;

C̃1/α((0, T ), R
n) � ïðîñòðàíñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ ñ âåñîì

1/α(t) ôóíêöèé f : (0, T ) → Rn ñ íîðìîé

∥f∥α = sup
t∈(0,T )

∥f(t)/α(t)∥;

L(mn) � ïðîñòðàíñòâî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, îòîáðàæàþ-
ùèõ mn â ñåáÿ, ñ èíäóöèðîâàííîé íîðìîé.

Íà îñíîâå ìåòîäà ïàðàìåòðèçàöèè [10] èññëåäóåì âîïðîñû ñóùåñòâîâà-
íèÿ è åäèíñòâåííîñòè îãðàíè÷åííîãî íà (0, T ) ðåøåíèÿ óðàâíåíèÿ (1) ïðè
óñëîâèè

f(t) ∈ C̃1/α((0, T ), R
n).
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Îáîçíà÷èì a = max
i=0,m−1

{
i+1∫
i

α(t)dt} è ïðîèçâåäåì ðàçáèåíèå (0, T ) =

∞∪
r=−∞

[tr−1, tr), ãäå òî÷êè tr, r ∈ Z, îïðåäåëèì èç cîîòíîøåíèé

tr+1∫
tr

α(t)dt = a, r = 0,−1,−2, . . . ,

tr = θr, r = 1, 2, . . . ,m,

tr∫
tr−1

α(t)dt = a, r = m+ 1,m+ 2, . . . .

Ïðèìåì ñëåäóþùèå îáîçíà÷åíèÿ: h(a) � äâóñòîðîííå-áåñêîíå÷íàÿ
ïîñëåäîâàòåëüíîñòü ÷èñåë hr(a) = tr − tr−1, r ∈ Z; x̂[t] =
(. . . , x̂r(t), x̂r+1(t), . . .), ãäå xr(t) � ñóæåíèå ôóíêöèè x(t) ∈ C̃((0, T ), Rn)
íà èíòåðâàë [tr−1, tr), r ∈ Z.

Ââåäåì mn(h(a)) � ïðîñòðàíñòâî îãðàíè÷åííûõ äâóñòîðîííå-
áåñêîíå÷íûõ ïîñëåäîâàòåëüíîñòåé íåïðåðûâíûõ íà [tr−1, tr) ôóíêöèé
xr(t), r ∈ Z, èìåþùèõ êîíå÷íûé ëåâîñòîðîííèé ïðåäåë â òî÷êå tr, ñ
íîðìîé

∥x[.]∥3 = ∥(. . . , xr(t), xr+1(t), . . .)∥3 = sup
s

sup
t∈[tr−1,tr)

∥xr(t)∥.

Îãðàíè÷åííîå íà (0, T ) ðåøåíèå óðàâíåíèÿ (1) íàçûâàåòñÿ ðåøåíèåì
çàäà÷è 1α.

Ðàçðåøèìîñòü çàäà÷è 1α ýêâèâàëåíòíà ñóùåñòâîâàíèþ ðåøåíèÿ x[t] ∈
mn(h(a)) ñèñòåì óðàâíåíèé

dxr
dt

= A(t)xr +
m∑
j=1

Kj(t)xj+1(tj) + f(t), t ∈ [tr−1, tr),

ñ óñëîâèÿìè ñêëåèâàíèÿ ðåøåíèÿ â òî÷êàõ ðàçáèåíèÿ

lim
t→tr−0

xr(t) = xr+1(tr), r ∈ Z.

Ìàòåìàòè÷åñêèé æóðíàë. � 2015. � Ò. 15, � 4



58 Ä.Ñ. Äæóìàáàåâ, Ð.Å. Óòåøîâà

Ââåäåì äîïîëíèòåëüíûå ïàðàìåòðû λr, êàê çíà÷åíèÿ ôóíêöèé xr(t) â
íà÷àëüíûõ òî÷êàõ ïîäèíòåðâàëîâ: λr=̂xr(tr−1). Ïðîèçâåäÿ çàìåíó ur(t) =
xr(t) − λr íà êàæäîì èíòåðâàëå [tr−1, tr), ïîëó÷èì ñèíãóëÿðíóþ çàäà÷ó ñ
ïàðàìåòðîì:

dur
dt

= A(t)[ur + λr] +

m−1∑
j=0

Kj+1(t)λj+1 + f(t),

t ∈ [tr−1, tr), ur(tr−1) = 0, r ∈ Z, (4)

lim
t→tr−0

ur(t) + λr = λr+1, r ∈ Z, (5)

(λ, u[t]) ∈ mn ×mn(h(a)). (6)

Åñëè ïàðà (λ∗, u∗[t]) ∈ mn × mn(h(a)) � ðåøåíèå çàäà÷è (4)�(6), òî
ôóíêöèÿ x∗(t), îïðåäåëÿåìàÿ ðàâåíñòâàìè x∗(t) = λ∗

r + u∗r(t)), t ∈ [tr−1, tr)
r ∈ Z, ïðèíàäëåæèò ïðîñòðàíñòâó C̃((0, T ), Rn) è óäîâëåòâîðÿåò äèôôå-
ðåíöèàëüíîìó óðàâíåíèþ (1) ïðè âñåõ t ∈ (0, T ). È, íàîáîðîò, åñëè x(t) �
ðåøåíèå çàäà÷è 1α, òî ïàðà (λ, u[t]), ãäå

λ = (. . . , xr(tr−1), xr+1(tr), . . .),

u[t] = (. . . , xr(t)− xr(tr−1), xr+1(t)− xr+1(tr), . . .),

xr(t) � ñóæåíèå ôóíêöèè x(t) íà r-é èíòåðâàë, ïðèíàäëåæèòmn×mn(h(a))
è ÿâëÿåòñÿ ðåøåíèåì ñèíãóëÿðíîé çàäà÷è ñ ïàðàìåòðîì (4)�(6).

Ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòðà λr ôóíêöèÿ ur(t) îïðåäåëÿ-
åòñÿ èç èíòåãðàëüíîãî óðàâíåíèÿ

ur(t) =

t∫
tr−1

A(τ)[ur(τ) + λr]dτ +

m−1∑
j=0

t∫
tr−1

Kj+1(τ)λj+1 +

t∫
tr−1

f(τ)dτ, r ∈ Z.

(7)
Âìåñòî ur(τ) ïîäñòàâèâ ñîîòâåòñòâóþùóþ ïðàâóþ ÷àñòü (7) è ïîâòîðèâ

ýòîò ïðîöåññ ν (ν = 1, 2, . . .) ðàç, ïîëó÷èì

ur(t) = Dν,r(t)λr+

m∑
i=1

H i
ν,r(t)λi+1+Fν,r(t)+Gν,r(u, t), t ∈ [tr−1, tr), (8)
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ãäå

Dν,r(t) =

ν−1∑
j=0

t∫
tr−1

A(τ1) . . .

τj∫
tr−1

A(τj+1)dτj+1 . . . dτ1,

H i
ν,r(t) =

t∫
tr−1

Ki(τ1)dτ1+

+

ν−1∑
j=1

t∫
tr−1

A(τ1) . . .

τj−1∫
tr−1

A(τj)

τj∫
tr−1

Ki(τj+1)dτj+1dτj . . . dτ1,

Fν,r(t) =

t∫
tr−1

f(τ1)dτ1+

ν−1∑
j=1

t∫
tr−1

A(τ1) . . .

τj−1∫
tr−1

A(τj)

τj∫
tr−1

f(τj+1)dτj+1dτj . . . dτ1,

Gν,r(u, t) =

t∫
tr−1

A(τ1) . . .

τν−1∫
tr−1

A(τν)ur(τν)dτj+1 . . . dτ1, τ0 = t, r ∈ Z.

Èç (8) íàéäåì lim
t→tr−0

ur(t),r ∈ Z. Ïîäñòàâëÿÿ ñîîòâåòñòâóþùèå èì âû-

ðàæåíèÿ â (5), ïîëó÷èì äâóñòîðîííå-áåñêîíå÷íóþ ñèñòåìó óðàâíåíèé îò-
íîñèòåëüíî ïàðàìåòðîâ λr:

[I +Dν,r(hr(a))]λr +
m∑
i=1

H i
ν,r(hr(a))λi+1 − λr+1 =

= −Fν,r(hr(a))−Gν,r(u, hr(a)), r ∈ Z, (9)

ãäå
Dν,r(hr(a)) = Dν,r(tr), H i

ν,r(hr(a)) = H i
ν,r(tr),

Fν,r(hr(a)) = Fν,r(tr), Gν,r(u, hr(a)) = Gν,r(u, tr) r ∈ Z,

I � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n.

Äâóñòîðîííå-áåñêîíå÷íóþ ìàòðèöó, ñîîòâåòñòâóþùóþ ëåâîé ÷àñòè ñè-
ñòåìû (9), îáîçíà÷èì ÷åðåç Qν,h(a).
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Ñèñòåìó óðàâíåíèé (9) çàïèøåì â âèäå

Qν,h(a)λ = −Fν(h(a))−Gν(u, h(a)), λ ∈ mn, (10)

ãäå
Fν(h(a)) = (. . . , Fν,r(hr(a)), Fν,r+1(hr+1(a)), . . .),

Gν(u, h(a)) = (. . . , Gν,r(u, hr(a)), Gν,r+1(u, hr+1(a)), . . .).

Ó÷èòûâàÿ îöåíêè

∥Fν,r(hr(a))∥ ≤ ∥f∥α
ν∑

j=1

aj

j!
, r ∈ Z,

∥Gν,r(u, hr(a))∥ ≤ aν

ν!
∥u[t]∥3, r ∈ Z,

ïîëó÷èì, ÷òî
Fν(h(a)) ∈ mn, Gν(u, h(a)) ∈ mn

äëÿ ëþáûõ u[t] ∈ mn(h(a)) è h(a).

Ðåøåíèå ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è (4)�(6) íàéäåì, êàê ïðåäåë ïî-
ñëåäîâàòåëüíîñòè ïàð (λ(k), u(k)[t]), îïðåäåëÿåìûé ïî ñëåäóþùåìó àëãî-
ðèòìó.

Ø à ã 0. Â ïðåäïîëîæåíèè, ÷òî ìàòðèöà Qν,h(a) : mn → mn îãðàíè÷åííî
îáðàòèìà, èç óðàâíåíèÿ

Qν,h(a)λ = −Fν(h(a)) (11)

îïðåäåëèì íà÷àëüíîå ïðèáëèæåíèå ïî ïàðàìåòðó λ(0) ∈ mn. Íà îòðåçêàõ
[tr−1, tr), r ∈ Z, ðåøàÿ çàäà÷è Êîøè (4) ïðè λr = λ

(0)
r , íàõîäèì

u(0)[t] = (..., u(0)r (t), u
(0)
r+1(t), ...) ∈ mn(h(a)).

Ø à ã 1. Ïîäñòàâëÿÿ íàéäåííûå u
(0)
r (t), r ∈ Z, â ïðàâóþ ÷àñòü (10), èç

óðàâíåíèÿ
Qν,h(a)λ = −Fν(h(a))−Gν(u

(0), h(a))
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îïðåäåëèì λ(1) ∈ mn. Íà îòðåçêàõ [tr−1, tr), r ∈ Z, ðåøàÿ çàäà÷è Êîøè (4)

ïðè λr = λ
(1)
r , íàõîäèì u

(0)
r (t). Ïðè íàøèõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî

êîýôôèöèåíòîâ è ïðàâîé ÷àñòè(1), ëåãêî óñòàíàâëèâàåòñÿ, ÷òî

u(1)[t] = (..., u(0)r (t), u
(0)
r+1(t), ...) ∈ mn(h(a)).

È ò.ä.

Òåîðåìà 1. Ïóñòü äëÿ íåêîòîðûõ a > 0 è ν(ν = 1, 2, . . .) ìàòðèöà Qν,h(a) :
mn → mn îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà

∥Q−1
ν,h(a)

∥L(mn) ≤ γν(h(a)), (12)

qν(h(a)) = γν(h(a))(m+ 1)

(
ea − 1− a− . . .− aν

ν!

)
< 1. (13)

Tîãäà àëãîðèòì ñõîäèòñÿ ê åäèíñòâåííîìó ðåøåíèþ (λ∗, u∗[t])) ñèíãó-
ëÿðíîé çàäà÷è ñ ïàðàìåòðîì (4)�(6) è ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

sup
r

sup
t∈[tr−1,tr)

∥λ∗ + u∗r(t)∥ ≤

≤
[
γν(h(a))e

a 1

1− qν(h(a))

aν

ν!
M(h(a)) + γν(h(a))

ν∑
j=1

aj

j!
+M(h(a))

]
∥f∥α,

(14)

ãäå M(h(a)) =

[
aea + (ea − 1)(m+ 1)γν(h(a))

ν∑
j=1

aj

j!

]
.

Äîêàçàòåëüñòâî. Ââèäó îãðàíè÷åííîé îáðàòèìîñòè äâóñòîðîííå-
áåñêîíå÷íîé ìàòðèöû Qν,h(a) èç (11) íàéäåì

λ(0) = −[Qν,h(a)]
−1Fν(h(a)),

ãäå λ(0) = (. . . , λ
(0)
r , λ

(0)
r+1, . . .) ∈ mn, ïðè÷åì

∥λ(0)∥2 ≤ γν(h(a))∥f∥α
ν∑

j=1

aj

j!
. (15)
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Ðåøàÿ çàäà÷è Êîøè (4) ïðè λr = λ
(0)
r , r ∈ Z, íàõîäèì

u(0)[t] = (. . . , u(0)r (t), u
(0)
r+1(t), . . .).

Òàê êàê λ(0) ∈ mn, òî ëåãêî óñòàíàâëèâàåòñÿ, ÷òî u(0)[t] ∈ mn(h(a)). Ïðè-
ìåíÿÿ íåðàâåíñòâî Ãðîíóîëëà-Áåëëìàíà, ïîëó÷èì

∥u(0)r (t)∥ ≤
t∫

tr−1

α(τ)∥u(0)r (τ)∥dτ +

t∫
tr−1

α(τ)dτ∥λ(0)
r ∥+

+

m−1∑
j=0

t∫
tr−1

α(τ)dτ∥λ(0)
j+1∥+

t∫
tr−1

∥f(τ)∥dτ ≤

≤
t∫

tr−1

α(τ)∥u(0)r (τ)∥dτ + (m+ 1)

t∫
tr−1

α(τ)dτ∥λ(0)∥2 +
t∫

tr−1

∥f(τ)∥dτ ≤

≤ (m+ 1)(ea − 1)∥λ(0)∥2 + aea∥f∥α ,

îòêóäà ñ ó÷åòîì (15) èìååì

∥u(0)[t]∥3 ≤ M(h(a))∥f∥α.

Äàëåå ïî àëãîðèòìó íàéäåì λ(1) è îöåíèì ∥λ(1) − λ(0)∥2 :

∥λ(1) − λ(0)∥2 ≤ γν(h(a))∥Gν(u
(0), h(a))∥2 ≤ γν(h(a))

aν

ν!
M(h(a))∥f∥α. (16)

Ïðîäîëæàÿ èòåðàöèîííûé ïðîöåññ, íàéäåì ïîñëåäîâàòåëüíîñòü ñèñòåìû
ïàð (λ

(k)
r , u

(k)
r (t)), r ∈ Z, k = 1, 2, . . . .

Âíîâü âîñïîëüçîâàâøèñü íåðàâåíñòâîì Ãðîíóîëëà-Áåëëìàíà, èç íåðà-
âåíñòâ

∥u(k+1)
r (t)− u(k)r (t)∥ ≤

t∫
tr−1

α(τ)∥u(k+1)
r (τ)− u(k)r (τ)∥dτ+
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+(m+ 1)

t∫
tr−1

α(τ)dτ∥λ(k+1) − λ(k)∥, t ∈ [tr−1, tr), r ∈ Z,

ïîëó÷èì îöåíêó ðàçíîñòè ðåøåíèé çàäà÷ Êîøè ÷åðåç ðàçíîñòü ïàðàìåò-
ðîâ:

∥u(k+1)
r (t)− u(k)r (t)∥ ≤ (m+ 1)(e

t∫
tr−1

α(τ)dτ

− 1)∥λ(k+1) − λ(k)∥,

t ∈ [tr−1, tr), r ∈ Z. (17)

Èç óðàâíåíèÿ (10) è îöåíêè (16) ñëåäóåò,÷òî

∥λ(k+1) − λ(k)∥2 ≤ qν(h(a))∥λ(k) − λ(k−1)∥2, k = 1, 2, . . . . (18)

Â ñèëó óñëîâèÿ (13) è íåðàâåíñòâ (16)�(18) ïîñëåäîâàòåëüíîñòü
(λ(k), u(k)[t]) ïðè k → ∞ ñõîäèòñÿ ê ðåøåíèþ (λ∗, u∗[t]) çàäà÷è (4)�(6),
ïðè÷åì ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

∥λ∗ − λ(k)∥2 ≤
[
qν(h(a))

]k
1− qν(h(a))

γν(h(a))
aν

ν!
M(h(a)),

∥u∗[t]− u(k)[t]∥3 ≤
(
ea − 1

) [
qν(h(a))

]k
1− qν(h(a))

γν(h(a))
aν

ν!
M(h(a)).

Â ñèëó òîãî, ÷òî (λ∗, u∗[t]) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (4)�(6), ôóíêöèÿ
x∗(t), îïðåäåëÿåìàÿ ðàâåíñòâàìè

x∗(t) = λ∗
r + u∗r(t), t ∈ [tr−1, tr), r ∈ Z,

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è 1α è ñïðàâåäëèâà îöåíêà (14).
Ïîêàæåì åäèíñòâåííîñòü. Ïðåäïîëîæèì, ÷òî x∗(t), x̃(t) � äâà ðåøåíèÿ

çàäà÷è 1α. Òîãäà ñîîòâåòñòâóþùèå èì ñèñòåìû ïàð (λ∗, u∗[t]), (λ, u[t]) ÿâ-
ëÿþòñÿ ðåøåíèÿìè êðàåâîé çàäà÷è ñ ïàðàìåòðîì (4)�(6), ïðè÷åì

∥u∗[t]− u[t]∥3 ≤
(
ea − 1

)
(m+ 1)∥λ∗ − λ∥2,

∥λ∗ − λ∥2 ≤ qν(h(a))∥λ∗ − λ∥2, qν(h(a)) < 1.

Ñëåäîâàòåëüíî, λ∗ = λ̃, u∗[t] = u[t]. Òåîðåìà äîêàçàíà.
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Îïðåäåëåíèå 1. Çàäà÷à 1α íàçûâàåòñÿ êîððåêòíî ðàçðåøèìîé, åñëè äëÿ

ëþáîé ôóíêöèè f(t) ∈ C̃1/α((0, T ), R
n) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

x(t) ∈ C̃((0, T ), Rn) è äëÿ íåãî ñïðàâåäëèâà îöåíêà

∥x∥1 ≤ K∥f∥α,

ãäå K � êîíñòàíòà, íåçàâèñÿùàÿ îò f(t).

Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 1, òî èç åäèíñòâåííîñòè ðåøåíèÿ
çàäà÷è (4)�(6) è îöåíêè (14) ñëåäóåò êîððåêòíàÿ ðàçðåøèìîñòè çàäà÷è 1α.

Ñëåäóþùåå óòâåðæäåíèå ïîêàçûâàåò, ÷òî óñëîâèÿ òåîðåìû 1 íå òîëüêî
äîñòàòî÷íû, íî è íåîáõîäèìû äëÿ êîððåêòíîé ðàçðåøèìîñòè çàäà÷è 1α.

Òåîðåìà 2. Çàäà÷à 1α êîððåêòíî ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà

ïðè íåêîòîðîì ν(ν = 1, 2, . . .) ìàòðèöà Qν,h(a) : mn → mn îáðàòèìà è

âûïîëíÿþòñÿ íåðàâåíñòâà (12),(13).
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ðû àðíàéû ©´ðûëûìäû åêi æà©òû øåêñiç ìàòðèöàëàðäû òåðìèíäåðiíäå
òà¡àéûíäàë¡àí.

Dzhumabaev D.S., Uteshova R.E. BOUNDED SOLUTIONS OF
LOADED LINEAR ORDINARY DIFFERENTIAL EQUATIONS WITH
SINGULARITIES AT THE ENDPOINTS OF THE INTERVAL

On a �nite interval a system of loaded linear ordinary di�erential equations
is considered. It is supposed, that the coe�cients and the right part of the
system possess the singularity at the endpoints of the interval. Necessary and
su�cient conditions of the existence of a bounded solution of the system in the
terms of two-sided in�nite matrices of special structure are established.
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íèÿ, èíòåãðàëüíîå ìíîãîîáðàçèå.

1. Ââåäåíèå, ïîñòàíîâêà çàäà÷è

Îñíîâû òåîðèè è îáùèå ìåòîäû ðåøåíèÿ îáðàòíûõ çàäà÷ äëÿ
äèôôåðåíöèàëüíûõ ñèñòåì ðàçðàáîòàíû â [1]�[7] è äð., äëÿ äåòåðìèíè-
ðîâàííûõ ñèñòåì, óðàâíåíèÿ êîòîðûõ ÿâëÿþòñÿ îáûêíîâåííûìè äèôôå-
ðåíöèàëüíûìè óðàâíåíèÿìè (ÎÄÓ). Òàê, â ðàáîòå Åðóãèíà [1] ñòðîèòñÿ
ìíîæåñòâî ÎÄÓ, êîòîðûå èìåþò çàäàííóþ èíòåãðàëüíóþ êðèâóþ. Ýòà ðà-
áîòà âïîñëåäñòâèè îêàçàëàñü îñíîâîïîëàãàþùåé â ñòàíîâëåíèè è ðàçâèòèè
òåîðèè îáðàòíûõ çàäà÷ äèíàìèêè ñèñòåì, îïèñûâàåìûõ ÎÄÓ. Â ðàáîòàõ
[2]�[7] èçëîæåíû ïîñòàíîâêà, êëàññèôèêàöèÿ îáðàòíûõ çàäà÷ äëÿ äèôôå-
ðåíöèàëüíûõ ñèñòåì è èõ ðåøåíèå â êëàññå ÎÄÓ. Ñëåäóåò îòìåòèòü, ÷òî
îäèí èç îáùèõ ìåòîäîâ ðåøåíèÿ îáðàòíûõ çàäà÷ äèíàìèêè â êëàññå ÎÄÓ,

Keywords: Inverse problems, stochastic di�erential equations, integral manyfold.

2010 Mathematics Subject Classi�cation: 34K29,60H10.
Funding: Êîìèòåò íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, Ãðàíò � 1170/ÃÔ2.
c⃝ Ã.Ò. Èáðàåâà, Ì.È. Òëåóáåðãåíîâ, 2015.



Î ðåøåíèè ìåòîäîì êâàçèîáðàùåíèÿ îáðàòíîé ... 67

ìåòîä êâàçèîáðàùåíèÿ, ïðåäëîæåí â ðàáîòå [7], ïîçâîëÿþùèé ïîëó÷èòü
íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè.

Â ðàáîòàõ [8]�[10] îáðàòíûå çàäà÷è äèíàìèêè ðàññìàòðèâàþòñÿ ïðè äî-
ïîëíèòåëüíîì ïðåäïîëîæåíèè î íàëè÷èè ñëó÷àéíûõ âîçìóùåíèé èç êëàññà
âèíåðîâñêèõ ïðîöåññîâ è, â ÷àñòíîñòè, ìåòîäîì êâàçèîáðàùåíèÿ ðåøåíû
1) îñíîâíàÿ îáðàòíàÿ çàäà÷à äèíàìèêè: ïîñòðîåíèå ìíîæåñòâà ñòîõàñòè÷å-
ñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà òèïà Èòî, îáëàäàþ-
ùèõ çàäàííûì èíòåãðàëüíûì ìíîãîîáðàçèåì; 2) çàäà÷à âîññòàíîâëåíèÿ

óðàâíåíèé äâèæåíèÿ: ïîñòðîåíèå ìíîæåñòâà óïðàâëÿþùèõ ïàðàìåòðîâ,
âõîäÿùèõ â çàäàííóþ ñèñòåìó ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé âòîðîãî ïîðÿäêà òèïà Èòî, ïî çàäàííîìó èíòåãðàëüíîìó ìíîãîîá-
ðàçèþ è 3) çàäà÷à çàìûêàíèÿ óðàâíåíèé äâèæåíèÿ: ïîñòðîåíèå ìíîæå-
ñòâà çàìûêàþùèõ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî
ïîðÿäêà òèïà Èòî ïî çàäàííîé ñèñòåìå óðàâíåíèé è çàäàííîìó èíòåãðàëü-
íîìó ìíîãîîáðàçèþ.

Ðàçëè÷íûå âàðèàíòû ñòîõàñòè÷åñêèõ çàäà÷ âîññòàíîâëåíèÿ ñ ïðÿìûì
óïðàâëåíèåì ïîìèìî [9] ðàññìîòðåíû òàêæå â [11]�[13]. Íàðÿäó ñ ïðÿìûì
óïðàâëåíèåì âàæíûì, ñ òî÷êè çðåíèÿ ïðèëîæåíèé, ïðåäñòàâëÿåòñÿ ðàñ-
ñìîòðåíèå îáðàòíûõ çàäà÷ âîññòàíîâëåíèÿ ñ íåïðÿìûì óïðàâëåíèåì.

Çàäà÷à 1. Ñòîõàñòè÷åñêàÿ çàäà÷à âîññòàíîâëåíèÿ ñ óïðàâ-

ëåíèåì ïî ïðîèçâîäíûì ïåðâîãî ïîðÿäêà. Ïóñòü çàäàíà ñèñòåìà
äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà Èòî:{

ẋ = f(x, y, t), x ∈ Rn,

ẏ = g1(x, y, t) + σ1 (x, y, t) ξ̇, ξ ∈ Rk.
(1)

Òðåáóåòñÿ ïîñòðîèòü óðàâíåíèå ðåãóëÿòîðà (âòîðîå óðàâíåíèå ñèñòåìû
(1)), òî åñòü îïðåäåëèòü êîýôôèöèåíòû g1(x, y, t) è σ1 (x, y, t) òàê, ÷òîáû
ìíîæåñòâî

Λ(t) : λ(x, t) = 0, ãäå λ ∈ C22
xt , λ ∈ Rm, (2)

áûëî èíòåãðàëüíûì ìíîãîîáðàçèåì ñèñòåìû óðàâíåíèé (1).

Çàäà÷à 2. Ñòîõàñòè÷åñêàÿ çàäà÷à âîññòàíîâëåíèÿ ñ óïðàâ-

ëåíèåì ïî ïðîèçâîäíûì âòîðîãî ïîðÿäêà. Ïóñòü çàäàíà ñèñòåìà
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äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà Èòî{
ẋ = f(x, y, t),

ÿ = g2(x, y, t) + σ2 (x, y, t) ξ̇, y ∈ Rr.
(3)

Òðåáóåòñÿ ïîñòðîèòü óðàâíåíèå ðåãóëÿòîðà (âòîðîå óðàâíåíèå ñèñòåìû
(3)) ïî çàäàííîìó èíòåãðàëüíîìó ìíîãîîáðàçèþ

Λ(t) : λ(x, t) = 0, ãäå λ ∈ C33
xt . (4)

Èíà÷å ãîâîðÿ, ïî çàäàííûì âåêòîð-ôóíêöèÿì f, λ îïðåäåëèì êîýôôè-
öèåíòû g2(x, y, t) è σ2(x, y, t) òàê, ÷òîáû ìíîæåñòâî (4) áûëî èíòåãðàëüíûì
ìíîãîîáðàçèåì ñèñòåìû óðàâíåíèé (3).
Çäåñü x ∈ Rn, y ∈ Rr, ξ ∈ Rk, à σ � ìàòðèöà ðàçìåðíîñòè (r × k).

Áóäåì ãîâîðèòü, ÷òî íåêîòîðàÿ ôóíêöèÿ f(z, t) ïðèíàäëåæèò êëàññó
K, f ∈ K, åñëè z íåïðåðûâíà ïî t, t ∈ [0,∞], ëèïøèöåâà ïî x è y âî âñåì
ïðîñòðàíñòâå z = (xT , yT )T ∈ Rn+r:

∥f(z, t)− f(z̃, t)∥ ≤ B ∥z − z̃∥ (5)

è óäîâëåòâîðÿåò óñëîâèþ ëèíåéíîãî ðîñòà ïîz

∥f(z, t)∥ ≤ B(1 + ∥z∥) (6)

ñ íåêîòîðîé ïîñòîÿííîé B, ÷òî îáåñïå÷èâàåò â Rn+r ∋ z ñóùåñòâîâàíèå è
åäèíñòâåííîñòü ñ òî÷íîñòüþ äî ñòîõàñòè÷åñêîé ýêâèâàëåíòíîñòè ðåøåíèÿ(
x(t)T , y(t)T

)T
óðàâíåíèÿ (1) ñ íà÷àëüíûì óñëîâèåì

(
x(t0)

T , y(t0)
T
)T

=(
xT0 , y

T
0

)
, ÿâëÿþùåãîñÿ íåïðåðûâíûì ñ âåðîÿòíîñòüþ 1 ñòðîãî ìàðêîâñêèì

ïðîöåññîì [14].
Ïðåäïîëîæèì, ÷òî

{
ξ1(t, ω), ..., ξk(t, ω)

}
� ñèñòåìà ñëó÷àéíûõ ïðîöåññîâ

ñ íåçàâèñèìûìè ïðèðàùåíèÿìè, êîòîðóþ, ñëåäóÿ [15], ìîæíî ïðåäñòàâèòü
â âèäå ñóììû ïðîöåññîâ: ξ = ξ0+ +

∫
c(z)P 0(t, dz), ξ0 � âèíåðîâñêèé ïðî-

öåññ; P 0 � ïóàññîíîâñêèé ïðîöåññ; P 0(t, dz) � ÷èñëî ñêà÷êîâ ïðîöåññà P 0 â
èíòåðâàëå [0, t], ïîïàäàþùèõ íà ìíîæåñòâî dz; c(z) � âåêòîðíàÿ ôóíêöèÿ,
îòîáðàæàþùàÿ ïðîñòðàíñòâî Rn+r â ïðîñòðàíñòâî çíà÷åíèé Rk ïðîöåññà
ξ(t) ïðè ëþáîì t.

Âåêòîð íåïðÿìîãî óïðàâëåíèÿ y ∈ Rr èçìåíÿåòñÿ â ñîîòâåòñòâèè ñ
óðàâíåíèåì äèíàìèêè ðåãóëÿòîðà â âèäå ñòîõàñòè÷åñêîãî óðàâíåíèÿ Èòî
ïåðâîãî ïîðÿäêà â çàäà÷å 1 è âòîðîãî ïîðÿäêà â çàäà÷å 2.
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Óêàçàííûå çàäà÷è â ñëó÷àå îòñóòñòâèÿ ñëó÷àéíûõ âîçìóùåíèé (σ1 ≡
σ2 ≡ 0) äîñòàòî÷íî ïîëíî èññëåäîâàíû â [5], [7]. ×àñòíûé ñëó÷àé çàäà÷
1 è 2 ðàññìîòðåí â [16] â ïðåäïîëîæåíèè, ÷òî ñëó÷àéíûå âîçìóùåíèÿ èç
êëàññà âèíåðîâñêèõ ïðîöåññîâ (êàê ïîäêëàññà ïðîöåññîâ ñ íåçàâèñèìûìè
ïðèðàùåíèÿìè). Äëÿ ðåøåíèÿ ïîñòàâëåííûõ âûøå çàäà÷ â äàííîé ðàáîòå
èñïîëüçóåòñÿ ìåòîä êâàçèîáðàùåíèÿ [7], â îñíîâå êîòîðîãî ëåæèò

Ëåììà 1 (7, ñ. 12�13). Ñîâîêóïíîñòü âñåõ ðåøåíèé ëèíåéíîé ñèñòåìû

Hϑ = g, H = (hµk) , ϑ = (ϑk), g = (gµ), µ = 1,m, k = 1, n, m ≤ n, (7)

ãäå ìàòðèöà H èìååò ðàíã, ðàâíûé m, îïðåäåëÿåòñÿ âûðàæåíèåì

ϑ = s [H C] +H+g. (8)

Çäåñü s � ïðîèçâîëüíàÿ ñêàëÿðíàÿ âåëè÷èíà,

[H C] = [h1 . . . hm cm+1 . . . cn−1]

åñòü âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ hµ = (hµk) è ïðîèçâîëüíûõ âåê-

òîðîâ cρ = (cρk),ρ = m+ 1, n− 1; H+ = HT
(
HHT

)−1
, HT � ìàòðèöà,

òðàíñïîíèðîâàííàÿ ê H.

2. Ðåøåíèå çàäà÷è 1

Ñëåäóÿ ïðàâèëó ñòîõàñòè÷åñêîãî äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíê-
öèè â ñëó÷àå ñëó÷àéíûõ ïðîöåññîâ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè λ =
λ(x, t) [15, c. 200], ñîñòàâèì óðàâíåíèå âîçìóùåííîãî äâèæåíèÿ

λ̈ = λxḟ + fTλxxf + 2λxtf + λtt, (9)

ãäå ḟ = fxf + fy ·
(
g1 + σ1ξ̇

)
+ ft +

1
2fyy : σ1σ

T
1 + ft, S1 =

1
2fyy : σ1σ

T
1 ,

S2 =
∫
{fyy(x, y + σ1c(z), t) − fyy(x, y, t) + fyyσ1c(z)}dz, S3 =

∫
[fyy(x, y+

+σ1c(z), t) − fyy(x, y, t)]P
0(t, dz), à ïîä fyy : D, ñëåäóÿ [15], ïîíèìàåòñÿ

âåêòîð, ýëåìåíòàìè êîòîðîãî ñëóæàò ñëåäû ïðîèçâåäåíèé ìàòðèö âòîðûõ
ïðîèçâîäíûõ ñîîòâåòñòâóþùèõ ýëåìåíòîâ fµ(x, y, t) âåêòîðà f(x, y, t) ïî
êîìïîíåíòàì y íà ìàòðèöó D:
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fyy : D =

 tr
(
f1yyD

)
...

tr
(
fmyyD

)
 .

Ñ ïîìîùüþ îáîçíà÷åíèÿ:

G1 = λx [fxf + S1 + S2 + S3 + ft] + fTλxxf + 2λxtf + λtt

ïåðåïèøåì (9) â âèäå

λ̈ = G1 + λxfyg1 + λxfyσ1ξ̇. (10)

Äàëåå, ñëåäóÿ ìåòîäó Í.Ï. Åðóãèíà [1], ââåäåì ïðîèçâîëüíûå ôóíêöèè:
m-ìåðíóþ âåêòîð-ôóíêöèþ A1 è (m × k) � ìàòðèöó B1, êîòîðûå óäîâëå-
òâîðÿþò óñëîâèþ A1(0, 0, x, y, t) ≡ 0, B1(0, 0, x, y, t) ≡ 0 è òàêèå, ÷òî

λ̈ = A1(λ, λ̇, x, y, t) +B1(λ, λ̇, x, y, t)ξ̇. (11)

Íà îñíîâå óðàâíåíèé (10) è (11) ïðèõîäèì ê ñîîòíîøåíèÿì{
λxfyg1 = A1 −G1,
λxfyσ1 = B1,

(12)

èç êîòîðûõ íóæíî îïðåäåëèòü ìíîæåñòâî óïðàâëÿþùèõ ïàðàìåòðîâ {g1}
è ìíîæåñòâî ìàòðèö äèôôóçèé {σ1}. Îáîçíà÷èì H1 = λxfy è èç ñîîòíî-
øåíèé (12) îïðåäåëèì âåêòîð-ôóíêöèþ g1:

g1 = s1[H1C] + (H1)
+ (A1 −G1) (13)

è ñòîëáöû ìàòðèöû äèôôóçèé {σ1i} â âèäå

σ1i = s2i[H1C] + (H1)
+ (B1i) , i = 1, k, (14)

ãäå s1, s2i � ïðîèçâîëüíûå ñêàëÿðíûå âåëè÷èíû.
Ñëåäîâàòåëüíî, ñïðàâåäëèâà

Òåîðåìà 1. Äëÿ òîãî ÷òîáû ñèñòåìà óðàâíåíèé (1) èìåëà çàäàííîå èí-

òåãðàëüíîå ìíîãîîáðàçèå (2), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ìíîæåñòâî

âåêòîð-ôóíêöèé {g1} èìåëî âèä (13), à ñòîëáöû ìíîæåñòâà ìàòðèö äèô-

ôóçèé {σ1} � âèä (14).
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Çàìå÷àíèå 1. Â ñêàëÿðíîì ñëó÷àå çàäà÷è 1 x ∈ R1, y ∈ R1, λ ∈ R1, λ ∈
C22

xt è óðàâíåíèå âîçìóùåííîãî äâèæåíèÿ â ðåçóëüòàòå äâóêðàòíîãî ñòîõà-
ñòè÷åñêîãî äèôôåðåíöèðîâàíèÿ ïðèìåò âèä

λ̈ =

(
∂2λ

∂x2
f +

∂2λ

∂x∂t

)
f +

∂λ

∂x
ḟ +

∂2λ

∂t∂x
f +

∂2λ

∂t2
, (15)

ãäå ḟ =
∂f

∂x
f +

∂f

∂y

(
g1 + σ1ξ̇

)
+

∂f

∂t
+

σ2
1

2

∂2f

∂y2
. Îáîçíà÷èì

G̃1 =

(
∂2λ

∂x2
f +

∂2λ

∂x∂t

)
f +

∂λ

∂x

∂f

∂x
f +

∂λ

∂x

∂f

∂t
+

∂λ

∂x

σ2
1

2

∂2f

∂y2
+

∂2λ

∂t∂x
f +

∂2λ

∂t2
,

òîãäà (15) çàïèøåòñÿ â âèäå

λ̈ = G̃1 +
∂λ

∂x

∂f

∂y
g1 +

∂λ

∂x

∂f

∂y
σ1ξ̇. (16)

Ââåäåì ïðîèçâîëüíûå ñêàëÿðíûå ôóíêöèè Í.Ï. Åðóãèíà [1]

a1

(
λ, λ̇, x, y, t

)
, b1

(
λ, λ̇, x, y, t

)
, êîòîðûå óäîâëåòâîðÿþò óñëîâèÿì

a1(0, 0, x, y, t) ≡ b1 (0, 0, x, y, t) ≡ 0 è òàêèå, ÷òî

λ̈ = a1(λ, λ̇, x, y, t) + b1(λ, λ̇, x, y, t)ξ̇. (17)

Ñðàâíèâàÿ (16) è (17), ïðèõîäèì ê ñîîòíîøåíèÿì

a1 = G̃1 +
∂λ

∂x

∂f

∂y
g1, (18)

b1 =
∂λ

∂x

∂f

∂y
σ1, (19)

èç êîòîðûõ íóæíî îïðåäåëèòü óïðàâëÿþùèé ïàðàìåòð g1 è êîýôôèöèåíò
äèôôóçèè σ1.

Èç ñîîòíîøåíèé (18) è (19) ïîëó÷àåì

g1 =

(
∂λ

∂x

∂f

∂y

)−1 (
a1 − G̃1

)
, (20)
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σ1 =

(
∂λ

∂x

∂f

∂y

)−1

b1. (21)

Ñëåäîâàòåëüíî, ñïðàâåäëèâî óòâåðæäåíèå

Ñëåäñòâèå 1. Äëÿ òîãî ÷òîáû ñèñòåìà óðàâíåíèé (1) â ñêàëÿðíîì ñëó÷àå

x ∈ R1, y ∈ ∈ R1, λ ∈ R1, λ ∈ C22
xt îáëàäàëà èíòåãðàëüíûì ìíîãîîáðà-

çèåì (2), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû êîýôôèöèåíò ñíîñà g1 èìåë âèä

(20), à êîýôôèöèåíò äèôôóçèè σ1 � âèä (21).

3. Ðåøåíèå çàäà÷è 2

Â ñèëó ñòîõàñòè÷åñêîãî äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè íàéäåì
ïîñëåäîâàòåëüíî âòîðóþ è òðåòüþ ïðîèçâîäíûå ôóíêöèè λ = λ(x, t):

λ̈ = λxḟ + f tλxxf + 2λxtf + λtt,

...
λ = (λxx + λxt) ḟ + λxf̈ + ḟTλxxf + fT (λxxx + λxxt) f + fTλxxḟ+

+2λxxtf + 2λxtḟ + λxtt + λttt, (22)

ãäå ḟ = fxf + fyẏ + ft, f̈ = (fxxf + fxyẏ + fxt)f + fxḟ + (fyxf + fyyẏ+
+fyt) · ẏ + fyÿ + ftxf + ftyẏ + ftt.

Ââåäåì îáîçíà÷åíèå

G2 = (λxx + λxt) ḟ + λx[(fxxf + fxyy + fxt) f + fxḟ + (fyxf + fyyẏ + fyt) ẏ+

+ftxf + ftyẏ + ftt] + ḟTλxxf + fT (λxxx + λxxt) f+

+fTλxxḟ + 2λxxtf + 2λxtḟ + λxtt + λttt,

òîãäà óðàâíåíèå âîçìóùåííîãî äâèæåíèÿ (22) çàïèøåòñÿ â âèäå

...
λ = G2 + λxfyg2 + λxfyσ2ξ̇. (23)

Äàëåå, ñëåäóÿ ìåòîäó Í.Ï. Åðóãèíà [1], ââåäåì ïðîèçâîëüíóþ m-ìåðíóþ
âåêòîð-ôóíêöèþ A2(λ, λ̇, λ̈, x, y, t) è ìàòðèöó B2(λ, λ̇, λ̈, x, y, t), êîòîðûå
óäîâëåòâîðÿþò óñëîâèÿì

A2(0, 0, 0, x, y, t) ≡ 0, B2(0, 0, 0, x, y, t) ≡ 0
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è òàêèå, ÷òî èìååò ìåñòî ñîîòíîøåíèå

...
λ = A2(λ, λ̇, λ̈, x, y, t) +B2(λ, λ̇, λ̈, x, y, t)ξ̇. (24)

Ñðàâíèâàÿ (23) è (24), ïîëó÷àåì ñîîòíîøåíèÿ{
λxfyg2 = A2 −G2,
λxfyσ2 = B2,

(25)

èç êîòîðûõ íóæíî îïðåäåëèòü ìíîæåñòâà êàê êîýôôèöèåíòîâ ñíîñà {g2} ,
òàê è ìàòðèö äèôôóçèé {σ2}.

Îáîçíà÷èâ ÷åðåç H2 = λxfy, èç ñîîòíîøåíèé (25) îïðåäåëèì ìíîæåñòâî
{g2} â âèäå

g2 = s3[H2C] + (H2)
+ (A2 −G2) , (26)

à ñòîëáöû ìíîæåñòâà ìàòðèö äèôôóçèé {σ2} â âèäå

σ2i = s4i(E − λT
xΓ

−1λx)c+ (H2)
+ (B2i) , i = 1, k, (27)

ãäå s3, s4i � ïðîèçâîëüíûå ñêàëÿðíûå âåëè÷èíû.
Ñëåäîâàòåëüíî, ñïðàâåäëèâà

Òåîðåìà 2. Äëÿ òîãî ÷òîáû ñèñòåìà óðàâíåíèé (3) èìåëà çàäàííîå èí-

òåãðàëüíîå ìíîãîîáðàçèå (4), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ìíîæåñòâî

âåêòîð-ôóíêöèé {g2} èìåëî âèä (26), à ñòîëáöû ìíîæåñòâà ìàòðèö äèô-

ôóçèé {σ2} � âèä (27).

Çàìå÷àíèå 2. Â ñêàëÿðíîì ñëó÷àå çàäà÷è 2 x ∈ R1, y ∈ R1, λ ∈ R1, λ ∈
C22
xt , óðàâíåíèå âîçìóùåííîãî äâèæåíèÿ â ðåçóëüòàòå òðåõêðàòíîãî ñòîõà-

ñòè÷åñêîãî äèôôåðåíöèðîâàíèÿ ïðèìåò âèä

...
λ =

((
∂3λ

∂x3
f +

∂3λ

∂x2∂t

)
f +

∂2λ

∂x2
ḟ +

∂3λ

∂x∂t∂x
f +

∂3λ

∂x∂t2

)
f+

+2

(
∂2λ

∂x2
f +

∂2λ

∂x∂t

)
ḟ +

∂λ

∂x
f̈ +

(
∂3λ

∂t∂x2
f +

∂3λ

∂t∂x∂t

)
f+ (28)

+
∂2λ

∂t∂x
ḟ +

∂3λ

∂t2∂x
f +

∂3λ

∂t3
,
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ãäå f̈ =
(
∂2f
∂x2 f + ∂2f

∂x∂y ẏ +
∂2f
∂x∂t

)
f + ∂f

∂x ḟ +
(

∂2f
∂y∂xf + ∂2f

∂y2
ẏ + ∂2f

∂y∂t

)
ẏ + ∂f

∂y ÿ +

∂2f
∂t∂xf + ∂2f

∂t∂y ẏ +
∂2f
∂t2

.

Îáîçíà÷èì

G̃2 =

((
∂3λ

∂x3
f +

∂3λ

∂x2∂t

)
f +

∂2λ

∂x2
ḟ +

∂3λ

∂x∂t∂x
f +

∂3λ

∂x∂t2

)
f+

+2

(
∂2λ

∂x2
f +

∂2λ

∂x∂t

)
ḟ +

(
∂3λ

∂t∂x2
f +

∂3λ

∂t∂x∂t

)
f +

∂2λ

∂t∂x
ḟ +

∂3λ

∂t2∂x
f +

∂3λ

∂t3
+

+
∂λ

∂x

[(
∂2f

∂x2
f +

∂2f

∂x∂y
ẏ +

∂2f

∂x∂t

)
f +

∂f

∂x
ḟ +

(
∂2f

∂y∂x
f +

∂2f

∂y2
ẏ +

∂2f

∂y∂t

)
ẏ+

+
∂2f

∂t∂x
f +

∂2f

∂t∂y
ẏ +

∂2f

∂t2

]
,

è ïåðåïèøåì (28) â âèäå

λ̈ = G̃2 +
∂λ

∂x

∂f

∂y
g2 +

∂λ

∂x

∂f

∂y
σ2ξ̇. (29)

Äàëåå, ñëåäóÿ ìåòîäó Í.Ï. Åðóãèíà [1], ââåäåì ïðîèçâîëüíûå ñêàëÿð-

íûå ôóíêöèè a2

(
λ, λ̇, λ̈, x, y, t

)
, b2

(
λ, λ̇, λ̈, x, y, t

)
, êîòîðûå óäîâëåòâîðÿþò

ñëåäóþùåìó óñëîâèþ: a2(0, 0, 0, x, y, t) ≡ b2 (0, 0, 0, x, y, t) ≡ 0 è òàêèå, ÷òî

...
λ = a2(λ, λ̇, λ̈, x, y, t) + b2(λ, λ̇, λ̈, x, y, t)ξ̇. (30)

Ñðàâíèâàÿ (29) è (30), ïðèõîäèì ê ñîîòíîøåíèÿì

a2 = G̃2 +
∂λ

∂x

∂f

∂y
g2, b2 =

∂λ

∂x

∂f

∂y
σ2, (31)

èç êîòîðûõ íóæíî îïðåäåëèòü óïðàâëÿþùèé ïàðàìåòð g2 è êîýôôèöèåíò
äèôôóçèè σ2.

Èç ñîîòíîøåíèé (31) ïîëó÷àåì

g2 =

(
∂λ

∂x

∂f

∂y

)−1 (
a2 − G̃2

)
, (32)
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σ2 =

(
∂λ

∂x

∂f

∂y

)−1

b2. (33)

Ñëåäîâàòåëüíî, ñïðàâåäëèâî óòâåðæäåíèå

Ñëåäñòâèå 2. Äëÿ òîãî, ÷òîáû ñèñòåìà óðàâíåíèé (3) â ñêàëÿðíîì ñëó÷àå

x ∈ R1, y ∈ R1, λ ∈ R1, λ ∈ C22
xt îáëàäàëà èíòåãðàëüíûì ìíîãîîáðàçèåì

(4), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû êîýôôèöèåíò ñíîñà g2 èìåë âèä (32),

à êîýôôèöèåíò äèôôóçèè σ2 � âèä (33).

Ïîëó÷åííûå ðåçóëüòàòû îáîáùàþò íà ñòîõàñòè÷åñêèé ñëó÷àé èçâåñò-
íûå â êëàññå ÎÄÓ óòâåðæäåíèÿ È.À. Ìóõàìåòçÿíîâà, Ð.Ã. Ìóõàðëÿìîâà
[7].
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Ibraeva G.T., Tleubergenov M.I. ON THE SOLVING THE INVERSE
STOCHASTIC PROBLEM WITH INDIRECT CONTROL BY THE QUASI-
INVERSION METHOD

The inverse problems in the class of stochastic di�erential Ito's equations by
the given properties of motion, depending on the part of variables and with the
control by the �rst derivative (problem 1) and with the control by the second
derivative (problem 2), are considered. The set of regulator's equations, which
ensures necessary and su�cient conditions of the existence of the given integral
manifold is de�ned in these problems by the quasi-inversion method.
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ðàçìàçûâàíèþ ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: ENO-ñõåìà, íåðàâíîìåðíàÿ ñåòêà, îãðàíè÷èòåëè íàêëîíà,

ñâåðõçâóêîâîå òå÷åíèå, ïîïåðå÷íûé âäóâ, ìíîãîêîìïîíåíòíûé ãàç.

1. Ââåäåíèå

Â íàñòîÿùåå âðåìÿ èçó÷åíèå âçàèìîäåéñòâèÿ ïîïåðå÷íî-âäóâàåìîé ñòðóè
è ñâåðõçâóêîâîãî ïîòîêà ÿâëÿåòñÿ âàæíîé ïðîáëåìîé â ìîäåëèðîâàíèè ãî-
ðåíèÿ â ñâåðõçâóêîâûõ ÏÂÐÄ. Ïðè ýòîì ôîðìèðóåòñÿ äîñòàòî÷íî ñëîæíàÿ
êàðòèíà òå÷åíèÿ, ñõåìàòè÷åñêè îíà ïîêàçàíà íà ðèñ.1 [1], [2]. Ïåðåä ñòðóåé
ôîðìèðóåòñÿ òðåõìåðíûé ãîëîâíîé ñêà÷îê óïëîòíåíèÿ 1, êîòîðûé âçàè-
ìîäåéñòâóåò ñ ïîãðàíè÷íûì ñëîåì, ÷òî ïðèâîäèò ê ïîÿâëåíèþ áîëåå ñëà-
áîãî êîñîãî ñêà÷êà óïëîòíåíèÿ 2. Äàëåå ïîñëåäóþùåå òîðìîæåíèå ñâåðõ-
çâóêîâîãî ó÷àñòêà òå÷åíèÿ â îáëàñòè îòðûâà ñîïðîâîæäàåòñÿ ïîÿâëåíè-

Keywords: ENO scheme, non-uniform grid, slope limiters, supersonic �ow, transverse

injection, multispecies gas.

2010 Mathematics Subject Classi�cation: 65M06, 76J20.
Funding: Êîìèòåò íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, Ãðàíò � 0827/ÃÔ4.
c⃝ Å.Ñ.Ìîèñååâà, À.Î.Áåêåòàåâà, 2015.
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à á
Ðèñóíîê 1 � Ñõåìà òå÷åíèÿ [1] (à), â ïëîñêîñòè ñèììåòðèè xz [2] (á)

åì çàìûêàþùåãî ñêà÷êà óïëîòíåíèÿ 3. Âûøåîïèñàííûå òðè ñêà÷êà îá-
ðàçóþò èçâåñòíóþ λ-îáðàçíóþ óäàðíî-âîëíîâóþ ñòðóêòóðó 4. Ïðè âäóâå
íåäîðàñøèðåííîé ñòðóè ïðîèñõîäèò åå ðàñøèðåíèå. Âîëíû ðàçðÿæåíèÿ,
âîçíèêàþùèå ó êðîìêè ñîïëà, îòðàæàÿñü îò ãðàíèö ñòðóè, îáðàçóþò áî÷-
êîîáðàçíóþ óäàðíî-âîëíîâóþ ñòðóêòóðó, çàìûêàþùóþñÿ ïðÿìûì ñêà÷êîì
óïëîòíåíèÿ � äèñêîì Ìàõà, çà êîòîðûì òå÷åíèå ñòàíîâèòñÿ äîçâóêîâûì è
çàòåì óñêîðÿåòñÿ äî çíà÷åíèÿ ñêîðîñòè îñíîâíîãî ïîòîêà. Ãðàíèöû ñòðóè
íà íåêîòîðîì ðàññòîÿíèè îò öåíòðà âäóâà ïðèíèìàþò ôîðìó ïàðû ïðîòè-
âîïîëîæíî âðàùàþùèõñÿ âèõðåé. Åùå îäíà âèõðåâàÿ ñòðóêòóðà âîçíèêàåò
ïåðåä ñòðóåé � ïîäêîâîîáðàçíûå âèõðè, êîòîðûå îãèáàþò ñòðóþ è îáðàçó-
þò óñòîé÷èâûé âèõðåâîé ñëåä çà ñòðóåé. Òàêæå çà ñòðóåé íàõîäèòñÿ åùå
îäíà ðåöèðêóëÿöèîííàÿ çîíà âñëåäñòâèå íàëè÷èÿ çîíû ðàçðÿæåíèÿ.

Äëÿ òîãî, ÷òîáû ó÷åñòü âñå âûøåîïèñàííûå ñëîæíûå ñòðóêòóðû, âîçíè-
êàþùèå ïðè èñòå÷åíèè çâóêîâîé ñòðóè â ñâåðõçâóêîâîé ïîòîê, â îáëàñòÿõ
áîëüøèõ ãðàäèåíòîâ (â ïîãðàíè÷íîì ñëîå, ó ñòåíêè, íà óðîâíå âäóâà ñòðóè)
ââîäèòñÿ ñãóùåíèå ñåòêè è èñïîëüçóþòñÿ ñõåìû âûñîêîãî ïîðÿäêà òî÷íî-
ñòè. Â íàñòîÿùåå âðåìÿ îñíîâíûì èíñòðóìåíòîì ïðåîäîëåíèÿ òðóäíîñòåé
÷èñëåííîãî ðåøåíèÿ îñðåäíåííûõ ïî Ðåéíîëüäñó óðàâíåíèé Íàâüå-Ñòîêñà
ïðè ìîäåëèðîâàíèè ñâåðõçâóêîâûõ òå÷åíèé òàêèõ, êàê âîçíèêíîâåíèå îñ-
öèëëÿöèé è ðàçðûâîâ â ðåøåíèè, ÿâëÿþòñÿ ñóùåñòâåííî íåîñöèëëèðóþùèå
ñõåìû � ENO (essentially non-oscillatory) è WENO (weighted essentially non-
oscillatory) ñõåìû. Îáû÷íî ýòè ñõåìû ïðèìåíÿþòñÿ íà ðàâíîìåðíîé ñåòêå
ñ èñïîëüçîâàíèåì ïðåîáðàçîâàíèÿ êîîðäèíàò [3]�[5], îäíàêî, â ïîñëåäíåå
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âðåìÿ ïîÿâèëèñü ðàáîòû [6], [7], â êîòîðûõ ðàçðàáàòûâàþòñÿ è èçó÷àþòñÿ
TVD-ñõåìû è ñîîòâåòñòâóþùèå ôóíêöèè îãðàíè÷èòåëåé íàêëîíà íà íåðàâ-
íîìåðíîé ñåòêå.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà êîíå÷íî-ðàçíîñòíîé ENO-
ñõåìû òðåòüåãî ïîðÿäêà òî÷íîñòè íà íåðàâíîìåðíîé ñåòêå. Ñïîñîá ïîñòðî-
åíèÿ ENO-ñõåìû îñíîâàí íà ìåòîäîëîãèè, ïðåäëîæåííîé àâòîðàìè [8] äëÿ
ðàâíîìåðíîé ñåòêè. Ïðè ýòîì äëÿ ïîñòðîåíèÿ ñóùåñòâåííî íåîñöèëëèðó-
þùåé êóñî÷íî-ïîëèíîìèàëüíîé ôóíêöèè ïîëèíîì Íüþòîíà òðåòüåé ñòå-
ïåíè àäàïòèðóåòñÿ äëÿ íåðàâíîìåðíîé ñåòêè. Ýôôåêòèâíîñòü ðàçðàáîòàí-
íîãî àëãîðèòìà ïîêàçûâàåòñÿ íà ïðèìåðå ìîäåëèðîâàíèÿ ïðîñòðàíñòâåí-
íîãî ñâåðõçâóêîâîãî òå÷åíèÿ âîçäóõà ñ ïîïåðå÷íûì âäóâîì ñòðóè âîäî-
ðîäà ïóòåì ÷èñëåííîãî ðåøåíèÿ îñðåäíåííûõ ïî Ðåéíîëüäñó óðàâíåíèé
Íàâüå-Ñòîêñà, çàìêíóòûõ k− ω ìîäåëüþ òóðáóëåíòíîñòè. Äîïîëíèòåëüíî
ââîäèòñÿ ýôôåêòèâíûé ïîêàçàòåëü àäèàáàòû ãàçîâîé ñìåñè, êîòîðûé ïîç-
âîëÿåò âû÷èñëèòü ïðîèçâîäíûå îò äàâëåíèÿ ïî íåçàâèñèìûì ïåðåìåííûì
ïðè îïðåäåëåíèè ìàòðèö ßêîáè è òàêèì îáðàçîì ïîñòðîèòü ýôôåêòèâ-
íûé íåÿâíûé àëãîðèòì ðåøåíèÿ. Èçó÷àåòñÿ âëèÿíèå âûáîðà îãðàíè÷èòå-
ëåé â ðàçðàáîòàííîì ÷èñëåííîì àëãîðèòìå íà äèíàìèêó ñëîÿ ñìåøåíèÿ,
ïîñêîëüêó òî÷íûé ðàñ÷åò ðàñïðîñòðàíåíèÿ ìàññîâûõ êîíöåíòðàöèé ÿâëÿ-
åòñÿ âàæíûì ïðè ìîäåëèðîâàíèè çàäà÷ ãîðåíèÿ.

2. Ïîñòàíîâêà çàäà÷è

Èñõîäíûìè óðàâíåíèÿìè äëÿ ðàññìàòðèâàåìîé çàäà÷è ÿâëÿåòñÿ ñèñòå-
ìà òðåõìåðíûõ îñðåäíåííûõ ïî Ðåéíîëüäñó óðàâíåíèé Íàâüå-Ñòîêñà äëÿ
ñæèìàåìîãî òóðáóëåíòíîãî ãàçà, çàïèñàííàÿ â äåêàðòîâîé ñèñòåìå êîîðäè-
íàò â êîíñåðâàòèâíîé ôîðìå:

∂U⃗

∂t
+

∂
(
E⃗ − E⃗v

)
∂x

+
∂
(
F⃗ − F⃗v

)
∂y

+
∂
(
G⃗− G⃗v

)
∂z

= 0 . (1)

Âåêòîðû U⃗ , E⃗, F⃗ , G⃗ îïðåäåëÿþòñÿ âûðÿæåíèÿìè

U⃗ = (ρ, ρu, ρv, ρw,Et, ρYk)
T ,

E⃗ =
(
ρu, ρu2 + p, ρuv, ρuw, (Et + p)u, ρuYk

)T
,

F⃗ =
(
ρv, ρuv, ρv2 + p, ρvw, (Et + p) v, ρvYk

)T
,

G⃗ =
(
ρw, ρuw, ρvw, ρw2 + p, (Et + p)w, ρwYk

)T
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è âåêòîðû E⃗v, F⃗v, G⃗v ñâÿçàíû ñ âÿçêèìè íàïðÿæåíèÿìè:

E⃗v = (0, τxx, τxy, τxz, uτxx + vτxy + wτxz − qx, Jkx)
T ,

F⃗v = (0, τxy, τyy, τyz, uτxy + vτyy + wτyz − qy, Jky)
T ,

G⃗v = (0, τxz, τyz, τzz, uτxz + vτyz + wτzz − qz, Jkz)
T .

Êîìïîíåíòû òåíçîðà âÿçêèõ íàïðÿæåíèé èìåþò âèä:

τxx =
2µ

3Re
(2ux − vy − wz) , τyy =

2µ

3Re
(2vy − ux − wz) ,

τzz =
2µ

3Re
(2wz − ux − vy) , τxy = τyx =

µ

Re
(uy + vx) ,

τxz = τzx =
µ

Re
(uz + wx) , τyz = τzy =

µ

Re
(vz + wy) .

Êîìïîíåíòû äèôôóçèîííîãî è òåïëîâîãî ïîòîêîâ çàäàþòñÿ âûðàæåíèÿìè

Jkx = − µ

ScRe

∂Yk
∂x

, Jky = − µ

ScRe

∂Yk
∂y

, Jkz = − µ

ScRe

∂Yk
∂z

,

qx =
µ

PrRe

∂T

∂x
+

1

γ∞M2
∞

N∑
k=1

hkJxk ,

qy =
µ

PrRe

∂T

∂y
+

1

γ∞M2
∞

N∑
k=1

hkJyk ,

qz =
µ

PrRe

∂T

∂z
+

1

γ∞M2
∞

N∑
k=1

hkJzk .

Äëÿ äàâëåíèÿ è ïîëíîé ýíåðãèè çàïèøóòñÿ ñëåäóþùèå ôîðìóëû:

p =
ρT

γ∞M2
∞

N∑
k=1

Yk
Wk

, Et =
ρ

γ∞M2
∞

N∑
k=1

Ykhk − p+
1

2
ρ(u2 + v2 + w2) .

Óäåëüíàÿ ýíòàëüïèÿ è óäåëüíàÿ òåïëîåìêîñòü k-îé êîìïîíåíòû îïðåäåëÿ-
þòñÿ êàê

hk = h0k +

∫ T

T0

cpkdT , cpk = Cpk

(
N∑
k=1

Yk
Wk

)
,

Ìàòåìàòè÷åñêèé æóðíàë. � 2015. � Ò. 15, � 4



82 Å.Ñ.Ìîèñååâà, À.Î.Áåêåòàåâà

ãäå ìîëÿðíàÿ òåïëîåìêîñòü çàïèñûâàåòñÿ â ïîëèíîìèàëüíîé ôîðìå

Cpk =
5∑

i=1

ākiT
i−1 ,

à êîýôôèöèåíòû āki îïðåäåëÿþòñÿ èç òåðìîäèíàìè÷åñêèõ òàáëèö JANAF
[9].

Êîýôôèöèåíò âÿçêîñòè îïðåäåëÿåòñÿ êàê ñóììà êîýôôèöèåíòîâ ëàìè-
íàðíîé è òóðáóëåíòíîé âÿçêîñòåé: µ = µl+µt, µt îïðåäåëÿåòñÿ ñ ïîìîùüþ
k − ω ìîäåëè òóðáóëåíòíîñòè [10], µl � èç ôîðìóëû Óèëêå.

Â ñèñòåìå (1) u, v, w, ρ, T � êîìïîíåíòû âåêòîðà ñêîðîñòè, ïëîòíîñòü
è òåìïåðàòóðà ñîîòâåòñòâåííî. Yk è Wk � ìàññîâàÿ êîíöåíòðàöèÿ è ìîëå-
êóëÿðíûé âåñ k-îé êîìïîíåíòû, ãäå Y1 � ìàññîâàÿ êîíöåíòðàöèÿ H2, Y2 �
ìàññîâàÿ êîíöåíòðàöèÿ O2, Y3 � ìàññîâàÿ êîíöåíòðàöèÿ N2. γ � ïàðàìåòð
àäèàáàòû, M � ÷èñëî Ìàõà. Èíäåêñ 0 ñîîòâåòñòâóåò ïàðàìåòðàì ñòðóè è
èíäåêñ ∞ ñîîòâåòñòâóåò ïàðàìåòðàì îñíîâíîãî ïîòîêà.

Ñèñòåìà (1) çàïèñàíà â áåçðàçìåðíîé ôîðìå â îáùåïðèíÿòûõ îáîçíà÷å-
íèÿõ. Â êà÷åñòâå îïðåäåëÿþùèõ ïàðàìåòðîâ ïðèíÿòû ïàðàìåòðû ïîòîêà
íà âõîäå (u∞, ρ∞, T∞), õàðàêòåðíûì ðàçìåðîì äëèíû ÿâëÿåòñÿ äèàìåòð
êðóãëîãî îòâåðñòèÿ d. Äàâëåíèå p è ïîëíàÿ ýíåðãèÿ Et îòíåñåíû ê çíà-
÷åíèþ ρ∞u2∞, óäåëüíàÿ ýíòàëüïèÿ hk � ê R0T∞/W∞, ìîëÿðíûå óäåëüíûå
òåïëîåìêîñòè Cpk � ê R0.

Ãðàíè÷íûå óñëîâèÿ èìåþò ñëåäóþùèé âèä:
íà âõîäå çàäàþòñÿ ïàðàìåòðû ïîòîêà

p = p∞, T = T∞, u = M∞

√
γ∞R0T∞

W∞
, v = w = 0, Yk = Yk∞, Wk = Wk∞,

x = 0, 0 ≤ y ≤ Hy, 0 ≤ z ≤ Hz.

Òàêæå âî âõîäíîì ñå÷åíèè âáëèçè ñòåíêè çàäàåòñÿ ïîãðàíè÷íûé ñëîé, ïðî-
äîëüíàÿ ñîñòàâëÿþùàÿ ñêîðîñòè àïïðîêñèìèðóåòñÿ ïî ñòåïåííîìó çàêîíó;

â ñòðóå çàäàþòñÿ ïàðàìåòðû ñòðóè

p = np∞, T = T0, u = v = 0, w = M0

√
γ0R0T0

W0
, Yk = Yk0, Wk = Wk0,

z = 0, |x2 + y2| ≤ R,
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ãäå n = p0/p∞ � ïàðàìåòð íåðàñ÷åòíîñòè.

Íà âûõîäíîé ãðàíèöå çàäàåòñÿ óñëîâèå íåîòðàæåíèÿ [11]. Íà íèæíåé
ñòåíêå çàäàåòñÿ óñëîâèÿ ïðèëèïàíèÿ è òåïëîèçîëÿöèè; íà âåðõíåé è íà
áîêîâûõ ãðàíèöàõ âûïîëíÿåòñÿ óñëîâèå ñèììåòðèè. Çäåñü Hx � äëèíà, Hy

� øèðèíà, Hz � âûñîòà ðàñ÷åòíîé îáëàñòè, R � ðàäèóñ êðóãëîãî îòâåðñòèÿ.

3. Ìåòîä ðåøåíèÿ

Çàäà÷à ðåøàåòñÿ íåÿâíî è àíàëîãè÷íî ìåòîäîëîãèè äëÿ ðàâíîìåðíîé ñåò-
êè, ðàçðàáîòàííîé àâòîðàìè â [8], [12]. ×èñëåííîå ðåøåíèå îñóùåñòâëÿåòñÿ
â äâà ýòàïà. Íà ïåðâîì ýòàïå âû÷èñëÿþòñÿ òåðìîäèíàìè÷åñêèå ïàðàìåò-
ðû è íà âòîðîì îïðåäåëÿþòñÿ ìàññîâûå êîíöåíòðàöèè. Äëÿ àïïðîêñèìà-
öèè ïåðâûõ ïðîèçâîäíûõ èñïîëüçóþòñÿ êîíå÷íûå ðàçíîñòè ïðîòèâ ïîòîêà
ïåðâîãî ïîðÿäêà òî÷íîñòè, äëÿ àïïðîêñèìàöèè âòîðûõ ïðîèçâîäíûõ � öåí-
òðàëüíûå ðàçíîñòè ïåðâîãî ïîðÿäêà òî÷íîñòè. Äëÿ àïïðîêñèìàöèè êîíâåê-
òèâíûõ ÷ëåíîâ èñïîëüçóåòñÿ ENO-ñõåìà òðåòüåãî ïîðÿäêà òî÷íîñòè, êîòî-
ðàÿ áóäåò îïèñàíà íèæå. Ðåøåíèå ïîëó÷åííîé ñèñòåìû ðàçíîñòíûõ óðàâ-
íåíèé îñóùåñòâëÿåòñÿ ñîãëàñíî ïðèíöèïó ðàñùåïëåíèÿ ïî íàïðàâëåíèÿì
äëÿ âåêòîðà òåðìîäèíàìè÷åñêèõ ïàðàìåòðîâ ìåòîäîì ìàòðè÷íîé ïðîãîí-
êè, à äëÿ ìàññîâûõ êîíöåíòðàöèé � ìåòîäîì ñêàëÿðíîé ïðîãîíêè.

×èñëåííîå ðåøåíèå ñèñòåìû (1) îñóùåñòâëÿåòñÿ íà îñíîâå ENO-ñõåìû
òðåòüåãî ïîðÿäêà òî÷íîñòè. Çäåñü áóäóò ïîêàçàíû îñíîâíûå ýòàïû ïîñòðî-
åíèÿ äàííîé ñõåìû íà íåðàâíîìåðíîé ñåòêå íà ïðèìåðå îäíîìåðíîãî íåâÿç-
êîãî ñëó÷àÿ. Çàòåì äàííûé ìåòîä îáîáùàåòñÿ íà òðåõìåðíûé ñëó÷àé.

Ýòàï 1. Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à Êîøè:

∂u⃗

∂t
+

∂f (u⃗)

∂x
=

∂u⃗

∂t
+A

∂u⃗

∂x
= 0, u⃗ (x, 0) = u⃗0,

ãäå A = ∂f(u⃗)
∂u⃗ � ìàòðèöà ßêîáè.

Â ïîëîñå tn ≤ t < tn+1 çíà÷åíèÿ ôóíêöèè u⃗ (x, tn) çàìåíÿþòñÿ êóñî÷íî-
ïîñòîÿííûìè, à èìåííî: åå ñðåäíèìè

v⃗h = ⃗̄uj =
1

h̄j

∫
Ij

u⃗ (x, tn) dx,

ãäå Ij =
[
xj−1/2, xj+1/2

]
, h̄j = (hj + hj−1)/2, hj = xj+1 − xj .
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Òîãäà èñêîìàÿ çàäà÷à íà ýòîì ìàëîì îòðåçêå ïî âðåìåíè äëÿ λ > 0 �
ñîáñòâåííîãî çíà÷åíèÿ ìàòðèöû A � áóäåò èìåòü âèä

∂v⃗h
∂t

+A
∂v⃗h
∂x

= 0 (2)

ñ íà÷àëüíûì óñëîâèåì

v⃗h (x, tn) = R
(
x; ¯⃗vn

)
,

ãäå R
(
x; ¯⃗vn

)
åñòü êóñî÷íî-ïîëèíîìèàëüíàÿ ôóíêöèÿ. Òî÷íîå ðåøåíèå çà-

äà÷è (2) äëÿ äîñòàòî÷íî ìàëîãî ∆t áóäåò èìåòü âèä

v⃗h(, t) = E(t− tn)v⃗h(, tn + 0),

ãäå E(t) � îïåðàòîð òî÷íîãî ðåøåíèÿ (2). Òîãäà

v⃗n+1
j = ⃗̄vh(x, tn+1) =

1

h̄j

∫
Ij

v⃗h (x, tn) dx. (3)

Ýòàï 2. Â òåðìèíàõ èíâàðèàíòîâ Ðèìàíà w = R−1v , ãäå R � ñîáñòâåí-
íûé âåêòîð ìàòðèöû äëÿ ñîáñòâåííîãî çíà÷åíèÿ λ, ïîêîìïîíåíòíàÿ ôîð-
ìà òî÷íîãî ðåøåíèÿ (2) â ïîëîñå tn ≤ t < tn+1 ïðåäñòàâëÿåòñÿ ñëåäóþùèì
îáðàçîì:

w (x, t) = R (x− λt; w̄n) .

Òîãäà ñõåìà (3) çàïèøåòñÿ â âèäå

w̄n+1
j =

1

h̄j

∫ xj+1/2

xj−1/2

R(x− λt; w̄n)dx =

=
1

h̄j

(
Hm(xj+1/2 − λt;W )−Hm(xj−1/2 − λt;W )

)
, (4)

ãäå W (x) � ïåðâîîáðàçíàÿ äëÿ w(x), à ïîëèíîì Hm (x;W ) ñòðîèòñÿ íà
îñíîâå ôîðìóëû Íüþòîíà òðåòüåé ñòåïåíè, àëãîðèòì ïîñòðîåíèÿ àíàëî-
ãè÷åí ðàáîòå [8]. Îêîí÷àòåëüíîå ðåøåíèå äëÿ ïîëîæèòåëüíûõ (λ > 0) è
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îòðèöàòåëüíûõ (λ < 0) ñîáñòâåííûõ çíà÷åíèé ìàòðèöû ßêîáè çàïèøåòñÿ
â âèäå:

w̄n+1
j = w̄n

j −

−σ+
j ∆−w̄

n
j − σ+

j ∆−

[
h̄j

(
1− σ+

j

)
limiter1

(
∆−w̄

n
j

sj
,
∆+w̄

n
j

sj+1

)
+
(
σ+
j − 1

)
×

·



h̄jsj

(
σ̄+
j − 1

)
limiter2

(
dj∆−

(
∆−w̄n

j

sj

)
, dj+1∆−

(
∆+w̄n

j

sj+1

))
åñëè

∣∣∣∆−

(
∆−w̄n

j

sj

)∣∣∣ ≤ ∣∣∣∆−

(
∆+w̄n

j

sj+1

)∣∣∣
h̄j+1h̄j

(
σ+
j + 1

)
limiter2

(
dj+1∆+

(
∆−w̄n

j

sj

)
, dj+2∆+

(
∆+w̄n

j

sj+1

))
åñëè

∣∣∣∆−

(
∆−w̄n

j

sj

)∣∣∣ > ∣∣∣∆−

(
∆+w̄n

j

sj+1

)∣∣∣

−

−σ−
j ∆+w̄

n
j − σ−

j ∆+

[
h̄j

(
1 + σ−

j

)
limiter1

(
∆−w̄

n
j

sj
,
∆+w̄

n
j

sj+1

)
−
(
σ−
j + 1

)
× (5)

·



h̄j h̄j−1

(
σ−
j−1 − 1

)
limiter2

(
dj∆−

(
∆−w̄n

j

sj

)
, dj+1∆−

(
∆+w̄n

j

sj+1

))
åñëè

∣∣∣∆+

(
∆−w̄n

j

sj

)∣∣∣ ≤ ∣∣∣∆+

(
∆+w̄n

j

sj+1

)∣∣∣
h̄jsj+1

(
1 + σ̄−

j+1

)
limiter2

(
dj+1∆+

(
∆−w̄n

j

sj

)
, dj+2∆+

(
∆+w̄n

j

sj+1

))
åñëè

∣∣∣∆+

(
∆−w̄n

j

sj

)∣∣∣ > ∣∣∣∆+

(
∆+w̄n

j

sj+1

)∣∣∣

 ,

ãäå σ±
j = λ±∆t/hj , λ± = (λ±|λ|)/2, ∆±wj = ±(wj±1−wj), sj = h̄j+ h̄j−1,

dj = 1/(h̄j + h̄j−1 + h̄j−2), à ôóíêöèè limiter1(a,b) è limiter2(a,b) ÿâëÿþòñÿ
îãðàíè÷èòåëÿìè, ñîîòâåòñòâóþùèìè ÷ëåíàì âòîðîãî è òðåòüåãî ïîðÿäêîâ
òî÷íîñòè. Çäåñü â êà÷åñòâå îãðàíè÷èòåëÿ limiter1(a,b) âûáèðàþòñÿ èçâåñò-
íûå ôóíêöèè minmod(a,b) èëè superbee(a,b), à â êà÷åñòâå îãðàíè÷èòåëÿ
limiter2(a,b) � èçâåñòíàÿ ôóíêöèÿ ṁ(a, b):

limiter1(a, b) = minmod(a, b) =

{
s·min(|a| , |b|), if sign(a) = sign(b) = s,
0, else;

limiter1(a, b) = superbee(a, b) =

{
minmod(2a, b), if |a| ≤ |b| ,
minmod(a, 2b), if |a| > |b| ; (6)

limiter2(a, b) = ṁ(a, b) =

{
1/2 a, if |a| ≤ |b| ,
1/2 b, if |a| > |b| .
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Ïîñëå îñóùåñòâëåíèÿ ïåðåõîäà îò ïåðåìåííûõ w̄n � èíâàðèàíòîâ Ðè-
ìàíà � ê ïåðåìåííûì vn, ñõåìó (5) ìîæíî ïðåäñòàâèòü ñëåäóþùèì îòíî-
øåíèåì:

v⃗n+1
j = v⃗nj − ∆t

hj
Â+

j−1/2∆−f⃗
m
j − ∆t

hj
Â−

j+1/2∆+f⃗
m
j . (7)

Çäåñü ïîòîê f⃗m
j ïðåäñòàâëÿåòñÿ â âèäå

f⃗m
j = f⃗j + E⃗j + D⃗j , (8)

ãäå âåêòîðû E⃗j , D⃗j îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì (âåðõíèå èíäåê-
ñû + è − ñîîòâåòñòâóþò ïîëîæèòåëüíûì è îòðèöàòåëüíûì ñîáñòâåííûì
çíà÷åíèÿì ìàòðèöû ßêîáè):

E⃗±
j = ±limiter1(Ēj−1/2, Ēj+1/2),

D⃗+
j =


limiter2(djD̄

+
j−1/2, dj+1D̄

+
j+1/2), åñëè

∣∣∣∣∆−

(
∆−f⃗n

j

sj

)∣∣∣∣≤∣∣∣∣∆+

(
∆−f⃗n

j

sj

)∣∣∣∣ ,
limiter2(dj+1D̂

+
j+1/2, dj+2D̂

+
j+3/2), åñëè

∣∣∣∣∆−

(
∆−f⃗n

j

sj

)∣∣∣∣>∣∣∣∣∆+

(
∆−f⃗n

j

sj

)∣∣∣∣ ;
D⃗−

j =


limiter2(djD̂

−
j−3/2, dj+1D̂

−
j−1/2), åñëè

∣∣∣∣∆−

(
∆+f⃗n

j

sj+1

)∣∣∣∣≤∣∣∣∣∆+

(
∆+f⃗n

j

sj+1

)∣∣∣∣ ,
limiter2(dj+1D̄

−
j−1/2, dj+2D̄

−
j+1/2), åñëè

∣∣∣∣∆−

(
∆+f⃗n

j

sj+1

)∣∣∣∣>∣∣∣∣∆+

(
∆+f⃗n

j

sj+1

)∣∣∣∣ ,
ãäå Ēj−1/2 = h̄j

(
I − ∆t

h̄j

∣∣Aj−1/2

∣∣) ∆−f⃗n
j

sj
, Ēj+1/2 = h̄j

(
I − ∆t

h̄j

∣∣Aj+1/2

∣∣)×
× ∆+f⃗n

j

sj+1
,

D̄±
j−1/2 = h̄jαj

(
I − ∆t

αj

∣∣Aj−1/2

∣∣) (I − ∆t
h̄j

∣∣Aj−1/2

∣∣)∆∓

(
∆−f⃗n

j

sj

)
,

D̄±
j+1/2 = h̄jαj

(
I − ∆t

αj

∣∣Aj+1/2

∣∣) (I − ∆t
h̄j

∣∣Aj+1/2

∣∣)∆∓

(
∆+f⃗n

j

sj+1

)
,

D̂±
j−1/2 = h̄j h̄j∓1

(
∆t

h̄j∓1

∣∣Aj−1/2

∣∣− I
)(

∆t
h̄j

∣∣Aj−1/2

∣∣+ I
)
∆∓

(
∆−f⃗n

j

sj

)
,

D̂±
j+1/2 = h̄j h̄j∓1

(
∆t

h̄j∓1

∣∣Aj+1/2

∣∣− I
)(

∆t
h̄j

∣∣Aj+1/2

∣∣+ I
)
∆∓

(
∆+f⃗n

j

sj+1

)
.
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Çäåñü αj = sj äëÿ A+ è αj = sj+1 äëÿ A−, à ìàòðèöû Â± = A±A−1 ,

ïðè÷åì Â++Â− = I, ãäå A± = RΛ±R−1 = R

(
Λ± |Λ|

2

)
R−1, I � åäèíè÷íàÿ

ìàòðèöà.
Òîãäà (7) ìîæíî ðàññìàòðèâàòü êàê îäíîñòîðîííþþ ñõåìó ñ ðàçíîñòÿ-

ìè ïðîòèâ ïîòîêà äëÿ ñëåäóþùåãî ìîäèôèöèðîâàííîãî óðàâíåíèÿ:

∂v⃗

∂t
+
(
Â+ + Â−

) ∂f⃗m

∂x
= 0. (9)

Íèæå ïðèâîäèòñÿ îáîáùåíèå îïèñàííîãî ìåòîäà äëÿ èñõîäíîé ñèñòå-
ìû óðàâíåíèé (1). Ïðåäâàðèòåëüíî â îáëàñòÿõ áîëüøèõ ãðàäèåíòîâ, ò.å. â
ïîãðàíè÷íîì ñëîå, âáëèçè ñòåíêè è íà óðîâíå ñòðóè, ââîäèòñÿ ñãóùåíèå
ñåòêè.

Îäíîøàãîâàÿ êîíå÷íî-ðàçíîñòíàÿ ñõåìà Ýéëåðà äëÿ èíòåãðèðîâàíèÿ
ïî âðåìåíè ñèñòåìû (1) àíàëîãè÷íî (9) ôîðìàëüíî çàïèñûâàåòñÿ â âèäå:

∆U⃗n+1+∆t

{(
Â+ + Â−

)∂E⃗m

∂x
+
(
B̂++B̂−

)∂F⃗m

∂y
+
(
Ĉ++Ĉ−

)∂G⃗m

∂z
−

−

[
∂E⃗n+1

v

∂x
+

∂F⃗n+1
v

∂y
+

∂G⃗n+1
v

∂z

]}
= O

(
1

2
∆t2

)
, (10)

çäåñü E⃗m, F⃗m, G⃗m � ìîäèôèöèðîâàííûå ïîòîêè íà óçëîâûõ òî÷êàõ
(i, j, k), ñîñòîÿùèå èç èñõîäíûõ êîíâåêòèâíûõ âåêòîðîâ (E⃗, F⃗ , G⃗) è äî-
áàâî÷íûõ ÷ëåíîâ âûñîêîãî ïîðÿäêà òî÷íîñòè (E⃗x, D⃗x, E⃗y, D⃗y, E⃗z, D⃗z), à
èìåííî:

E⃗m = E⃗n+1 +
(
E⃗x + D⃗x

)n
,

ãäå E⃗x, D⃗x îïðåäåëÿþòñÿ èç (8). Âûðàæåíèÿ äëÿ ïîòîêîâ F⃗m è G⃗m çàïè-
ñûâàþòñÿ àíàëîãè÷íûì îáðàçîì. Ìàòðèöû Â+ + Â− = I, B̂+ + B̂− = I,
Ĉ+ + Ĉ− = I; Â± = A±A−1, B̂± = B±B−1, Ĉ± = C±C−1. A = ∂E⃗/∂U⃗ ,
B = ∂F⃗/∂U⃗ , C = ∂G⃗/∂U⃗ � ìàòðèöû ßêîáè.

4. Àíàëèç ðåçóëüòàòîâ

×èñëåííûå ðàñ÷åòû ïîñòàâëåííîé çàäà÷è (1) ïðîâîäèëèñü íà ðàçíåñåí-
íîé ñåòêå ðàçìåðîì 241×201×201 ñ øàãîì ïî âðåìåíè ∆t = 0.01. Ðàçìåðû

Ìàòåìàòè÷åñêèé æóðíàë. � 2015. � Ò. 15, � 4



88 Å.Ñ.Ìîèñååâà, À.Î.Áåêåòàåâà

âû÷èñëèòåëüíîé îáëàñòè: Hx = 20, Hy = 15 è Hz = 10 êàëèáðîâ. Ñîïëî
ðàñïîëîæåíî â öåíòðå íèæíåé ñòåíêè. Ïàðàìåòðû ñòðóè è ïîòîêà çàäàâà-
ëèñü ñëåäóþùèìè: Pr = 0.9, M0 = 1, M∞ = 4, T0 = 800K, T∞ = 1000K,
Re = 104, ïàðàìåòð íåðàñ÷åòíîñòè n = 11.72.

Ïîñêîëüêó öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà è ïðèìåíåíèå
êîíå÷íî-ðàçíîñòíîé ENO-ñõåìû òðåòüåãî ïîðÿäêà òî÷íîñòè íà íåðàâíî-
ìåðíîé ñåòêå, ïðåäâàðèòåëüíî â ðàáîòå àâòîðîâ [13] áûëî ïðîâåäåíî ñðàâ-
íåíèå ÷èñëåííîãî ðåøåíèÿ çàäà÷è íà ðàâíîìåðíîé ñåòêå ñ èñïîëüçîâàíèåì
ïðåîáðàçîâàíèÿ êîîðäèíàò è íà íåðàâíîìåðíîé ñåòêå. Áûëî ïîëó÷åíî óäî-
âëåòâîðèòåëüíîå ñîãëàñîâàíèå ðåçóëüòàòîâ ìåæäó ñîáîé è ñ ýêñïåðèìåí-
òàëüíûìè äàííûìè.

Äàëåå, òàê êàê â ïîñòðîåííîé ENO-ñõåìå ïðèìåíÿþòñÿ îãðàíè÷èòåëè,
â êà÷åñòâå êîòîðûõ ìîæåò âûñòóïèòü ìíîæåñòâî ñïåöèàëüíûõ ôóíêöèé
[6], äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (1) âûáèðàþòñÿ äâå ñëåäóþùèå ôîð-
ìû îãðàíè÷èòåëåé èç (6) äëÿ èçó÷åíèÿ èõ âëèÿíèÿ íà óäàðíî-âîëíîâóþ
ñòðóêòóðó è äèíàìèêó ñëîÿ ñìåøåíèÿ:

limiter1(a, b) = minmod(a, b), limiter2(a, b) = ṁ(a, b); (11)

limiter1(a, b) = 1.1superbee(a, b), limiter2(a, b) = ṁ(a, b). (12)

Âûáîð äàííûõ îãðàíè÷èòåëåé îïðåäåëÿåòñÿ òåñòîâûìè ðàñ÷åòàìè íà ðàâ-
íîìåðíîé ñåòêå, ïðîâåäåííûìè àâòîðàìè â [12], ñóòü êîòîðûõ çàêëþ÷àëàñü
â ðåøåíèè çàäà÷è ïåðåíîñà êóáè÷åñêîãî îáëàêà âîäîðîäà â âîçäóøíîé ñðå-
äå (O2 −N2) ñ öåëüþ îïðåäåëèòü îïòèìàëüíûé îãðàíè÷èòåëü. Áûëî ïîêà-
çàíî, ÷òî èñïîëüçîâàíèå (11) çàìåòíî ðàçìàçûâàåò ðåøåíèå, â òî âðåìÿ êàê
íåçíà÷èòåëüíîå èçìåíåíèå îãðàíè÷èòåëÿ âòîðîãî ïîðÿäêà (12) ïðèâîäèò ê
ñóùåñòâåííîìó ñîêðàùåíèþ äèññèïàòèâíûõ ýôôåêòîâ.

Âëèÿíèå îãðàíè÷èòåëåé íà äèíàìèêó ñëîÿ ñìåøåíèÿ õîðîøî èëëþñòðè-
ðóåòñÿ êàðòèíîé èçîëèíèé ìàññîâûõ êîíöåíòðàöèé. Íà ðèñ. 2, 3 ïðèâåäåíû
ðåçóëüòàòû ñðàâíåíèÿ ÷èñëåííîãî ýêñïåðèìåíòà äëÿ ïîñòàâëåííîé çàäà÷è
(1), ãäå â ëåâîé ÷àñòè ïðåäñòàâëåíû ðåçóëüòàòû, ïîëó÷åííûå ñ îãðàíè÷è-
òåëåì (11), â ïðàâîé � ñ (12). Êàê âèäíî èç êàðòèíû ðàñïðîñòðàíåíèÿ ìàñ-
ñîâûõ êîíöåíòðàöèé, ðàçìàçûâàíèå ðåøåíèÿ õîðîøî çàìåòíî ïî îáëàñòè
ìàêñèìàëüíûõ è ìèíèìàëüíûõ çíà÷åíèé (Y1 = 0.99, Y1 = 0.0003).

Ñðàâíåíèå ðèñ. 2 è 3 ïîêàçûâàåò, ÷òî ðàñøèðåíèå ñòðóè â ïëîñêîñòè
xz ñóùåñòâåííî ìåíüøå, ÷åì â ïëîñêîñòè xy, ÷òî îáúÿñíÿåòñÿ çíà÷èòåëü-
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à á

Ðèñóíîê 2 � Ðàñ÷åò ðàñïðåäåëåíèÿ ìàññîâîé êîíöåíòðàöèè âîäîðîäà

â ïëîñêîñòè ñèììåòðèè xz ñ èñïîëüçîâàíèåì ðàçëè÷íûõ îãðàíè÷èòåëåé:

à � îãðàíè÷èòåëè (11); á � îãðàíè÷èòåëè (12)

íûì ñíîñîì âäóâàåìîãî ãàçà íàòåêàþùèì ïîòîêîì âîçäóõà. Ïðè ýòîì âèä-
íî, ÷òî èñïîëüçîâàíèå îãðàíè÷èòåëåé (11) ïðèâîäèò ê çàìåòíîìó ðàçìà-
çûâàíèþ ðåøåíèÿ. Òàê, ìàêñèìàëüíàÿ âûñîòà, íà êîòîðóþ ïîäíèìàåòñÿ
ëèíèÿ ìàññîâîé êîíöåíòðàöèè âîäîðîäà Y1 = 0.0003, äëÿ (11) ðàâíÿåòñÿ
zmax = 4.94, à äëÿ (12) zmax = 4.902.

Ðèñ. 3, à-á ïîêàçûâàåò, ÷òî ïðîíèêíîâåíèå âîäîðîäà â îáëàñòü ïåðåä
ñòðóåé íåçíà÷èòåëüíî ðàñïðîñòðàíÿåòñÿ âáëèçè ñòåíêè, òî åñòü â äîçâó-
êîâîé çîíå, áîêîâîå ïåðåòåêàíèå ñòðóè ïîòîêîì èìååò ïîäêîâîîáðàçíóþ
ôîðìó. Âûøå, â òðîéíîé òî÷êå λ-îáðàçíîé óäàðíî-âîëíîâîé ñòðóêòóðû,
îáëàñòü îòðûâíîé çîíû ïåðåä ñòðóåé óìåíüøàåòñÿ âñëåäñòâèå óìåíüøå-
íèÿ äîçâóêîâîãî ïîãðàíè÷íîãî ñëîÿ è ïî÷òè âïëîòíóþ ïîäõîäèò ê ãðàíèöå
ñòðóè, îáëàñòü îáòåêàíèÿ ñòðóè ïîòîêîì ñóæàåòñÿ (ðèñ. 3, â-ã). Çàòåì îò-
ðûâíàÿ çîíà ïåðåä ñòðóåé ïîëíîñòüþ èñ÷åçàåò (ðèñ. 4, ä-å), ïîñêîëüêó èìå-
åò ìåñòî êàê áîêîâîå ïåðåòåêàíèå, òàê è îáòåêàíèå ñòðóè ïîòîêîì ñâåðõó.
Ïðè èñïîëüçîâàíèè îãðàíè÷èòåëåé (11) â ñå÷åíèè xy òàê æå íàáëþäàåòñÿ
ðàçìàçûâàíèå ðåøåíèÿ ïî ñðàâíåíèþ ñ ðåøåíèåì, ïîëó÷åííûì ñ èñïîëü-
çîâàíèåì îãðàíè÷èòåëåé (12).

Íà ðèñ. 3 ïðèâåäåí îáîáùàþùèé ãðàôèê çàâèñèìîñòè ãëóáèíû
ïðîíèêíîâåíèÿ âîäîðîäà îò îòíîøåíèÿ äèíàìè÷åñêîãî äàâëåíèÿ q =
(ρV⃗ 2)0/(ρV⃗

2)∞, ðàñ÷åòû ïðîèçâîäèëèñü ñ ïàðàìåòðàìè ýêñïåðèìåíòà [14]
â äèàïàçîíå 4 < q < 16, ÷òî ñîîòâåòñòâóåò çíà÷åíèÿì ïàðàìåòðà íåðàñ-
÷åòíîñòè 7 < n < 24, ïðè ýòîì Re = 9.47 · 104 äëÿ n = 7.81 è n = 11.72,
Re = 6.31 · 104 äëÿ n = 15.61 è n = 23.356. Âåðõíèå êðèâûå ïîêàçûâà-
þò ãëóáèíó ïðîíèêíîâåíèÿ âîäîðîäà (Y1 = 0.0003) â ñå÷åíèè x/d = 17,
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à á

â ã

ä å

Ðèñóíîê 3 � Ðàñ÷åò ðàñïðåäåëåíèÿ ìàññîâîé êîíöåíòðàöèè âîäîðîäà â ðàçëè÷-

íûõ ñå÷åíèÿõ ïëîñêîñòè xy ñ èñïîëüçîâàíèåì ðàçëè÷íûõ îãðàíè÷èòåëåé:

à � îãðàíè÷èòåëè (11), z/d = 0.01; á � îãðàíè÷èòåëè (12), z/d = 0.01;

â � îãðàíè÷èòåëè (11), z/d = 0.75; ã � îãðàíè÷èòåëè (12), z/d = 0.75;

ä � îãðàíè÷èòåëè (11), z/d = 1.3; å � îãðàíè÷èòåëè (12), z/d = 1.3
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íèæíèå îáîçíà÷àþò ìàêñèìàëüíóþ âûñîòó îò ñòåíêè êàíàëà, íà êîòîðóþ
ïîäíÿëàñü ëèíèÿ ìàêñèìàëüíîãî çíà÷åíèÿ êîíöåíòðàöèè âîäîðîäà â äàí-
íîì ñå÷åíèè. Âèäíî, ÷òî ðàçìàçûâàíèå ðåøåíèÿ ïðè èñïîëüçîâàíèè (11)
ïðîèñõîäèò ñóùåñòâåííî ñèëüíåå, ÷åì â ñëó÷àå (12).

Ðèñóíîê 4 � Çàâèñèìîñòü ãëóáèíû ïðîíèêíîâåíèÿ âîäîðîäà îò îòíîøåíèÿ äèíà-

ìè÷åñêîãî äàâëåíèÿ q â ñå÷åíèè x/d = 17: êðèâàÿ 1 - Y1 = 0.0003, îãðàíè÷èòåëè (11);

êðèâàÿ 2 - y1 = 0.0003, îãðàíè÷èòåëè (12); êðèâàÿ 3 - ìàêñèìàëüíîå çíà÷åíèå Y1,

îãðàíè÷èòåëè (11) (Y1 = 0.541, n = 7.81; Y1 = 0.693, n = 11.72; Y1 = 0.817, n = 15.61;

Y1 = 0.93, n = 23.356); êðèâàÿ 4 - ìàêñèìàëüíîå çíà÷åíèå Y1, îãðàíè÷èòåëè (12)

(Y1 = 0.297, n = 7.81; Y1 = 0.382, n = 11.72; Y1 = 0.476, n = 15.61; Y1 = 0.61,

n = 23.356); ⃝, � - ýêñïåðèìåíò [14]

5. Çàêëþ÷åíèå

Â äàííîé ðàáîòå ïîñòðîåíà ñóùåñòâåííî - íåîñöèëëèðóþùàÿ ENO-
ñõåìà òðåòüåãî ïîðÿäêà òî÷íîñòè íà íåðàâíîìåðíîé ñåòêå. Îñíîâíîå ïðå-
èìóùåñòâî àëãîðèòìà çàêëþ÷àåòñÿ â òîì, ÷òî åãî ìîäèôèêàöèÿ ñ ðàâíî-
ìåðíîé íà íåðàâíîìåðíóþ ñåòêè îñóùåñòâëÿåòñÿ äîñòàòî÷íî ïðîñòî, à ýòà-
ïû ïîñòðîåíèÿ ENO-ñõåìû ïðè ýòîì ñîîòâåòñòâóþò ýòàïàì ïîñòðîåíèÿ ñõå-
ìû íà ðàâíîìåðíîé ñåòêå [12]. Ðàçðàáîòàííàÿ ìåòîäîëîãèÿ ðåøåíèÿ ïðèìå-
íÿåòñÿ äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ òðåõìåðíîãî ñâåðõçâóêîâîãî òóðáó-
ëåíòíîãî òå÷åíèÿ ìíîãîêîìïîíåíòíîé ãàçîâîé ñìåñè ïðè íàëè÷èè ïîïåðå÷-
íîãî âäóâà çâóêîâîé ñòðóè. Ðàçëè÷íûå âàðèàíòû îãðàíè÷èòåëåé íàêëîíà,
èñïîëüçóþùèõñÿ â ENO-ñõåìå, àäàïòèðîâàíû äëÿ íåðàâíîìåðíîé ñåòêè.
Ïðîâåäåí àíàëèç âëèÿíèÿ âûáîðà îãðàíè÷èòåëåé íà ñëîé ñìåøåíèÿ. Óñòà-
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íîâëåíî, ÷òî íåóäà÷íûé âûáîð ôóíêöèé îãðàíè÷èòåëåé ìîæåò ïðèâåñòè ê
÷ðåçìåðíîìó ðàñøèðåíèþ ñëîÿ ñìåøåíèÿ.
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Ìîèñååâà Å.Ñ., Áåêåòàåâà �.Î. Ê�ÏÊÎÌÏÎÍÅÍÒÒI ÃÀÇ �ÎÑÏÀ-
ÑÛÍÛ� ÆÛËÄÀÌÄÛ�Û ÄÛÁÛÑ ÆÛËÄÀÌÄÛ�ÛÍÀÍ ÆÎ�À-
ÐÛ À�ÛÍÛÍ ÌÎÄÅËÜÄÅÓ �ØIÍ ÁIÐÊÅËÊI ÅÌÅÑ ÒÎÐÄÀ ENO-
Ñ�ËÁÀÑÛÍ Ò�Ð�ÛÇÓ

Áiðêåëêi åìåñ òîðäà ³øiíøi ðåòòi äºëäiêïåí ENO-ñ´ëáàñû ©´ðàñòûðû-
ëàäû. ENO-ñ´ëáàñûí ©´ðàñòûðó òºñiëi áiðòåêòi òîð ³øií æàñàë¡àí ºäiñ-
íàìà¡à íåãiçäåëãåí. �´ðàñòûðûë¡àí àëãîðèòìíi òèiìäiëiãi à¡ûíøàñûíû
ê°ëäåíå ³ðëåìåñi áàð ê°ïêîìïîíåíòòi ãàç ©îñïàñûíû êåiñòiêòåãi æûë-
äàìäû¡û äûáûñ æûëäàìäû¡ûíàí æî¡àðû à¡ûíû ñàíäû© ìîäåëüäåó ìû-
ñàëûíäà ê°ðñåòiëãåí. Ñîíûìåí áiðãå øåøiìíi áàðûíøà àç æà¡ûëóûíà
àëûï êåëåòií å òèiìäi ôóíêöèÿíû àíû©òàó ìà©ñàòûíäà ê°ëáåóäi øåêòå-
ãiøòåðiíi ºð ò³ðëi ôóíêöèÿëàðûíà òàëäàó æàñàëàäû.

Moisseyeva Ye., Beketaeva A. DEVELOPMENT OF ENO SCHEME ON
NON-UNIFORM GRID FOR SIMULATION OF SUPERSONIC FLOW OF
MULTISPECIES GAS MIXTURE

The ENO scheme of the third order accuracy is developed on the non-
uniform grid. The method of constructing the ENO scheme is based on the
methodology for a uniform grid. The e�ciency of the algorithm is shown by
the example of the numerical simulation of the supersonic multispecies gas
mixture �ow with the transverse injected jet. Also, the analysis of the various
slope limiter functions is done to de�ne the most optimal function leading to
the smallest spread of the solution.
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1. Ââåäåíèå

Ïóñòü Ω = {x ∈ Rn : |x| < 1}− åäèíè÷íûé øàð, ∂Ω− åäèíè÷íàÿ ñôåðà,
r = |x|− ðàäèóñ âåêòîð. Îáîçíà÷èì x̃ = (x2, ..., xn), x = (x1, x̃) ∈ Rn. Äëÿ
ëþáîé òî÷êè x = (x1, x̃) ∈ Ω ñîïîñòàâèì "ïðîòèâîïîëîæíóþ" åé òî÷êó
x∗ = (−x1, αx̃) ∈ Ω, ãäå αj , j = 2, ..., n, ïðèíèìàþò îäíî èç çíà÷åíèé ±1.

Ââåäåì îáîçíà÷åíèÿ

∂Ω+ = ∂Ω ∩ {x ∈ Rn : x1 ≥ 0}, ∂Ω− = ∂Ω ∩ {x ∈ Rn : x1 ≤ 0},

I = ∂Ω ∩ {x ∈ Rn : x1 = 0}.

Ïóñòü k = 1, 2, ν− âåêòîð íîðìàëè ê ãðàíèöå îáëàñòè Ω. Ðàññìîòðèì
â Ω ñëåäóþùèå òðè òèïà çàäà÷.

Keywords: Biharmonic equation, periodic boundary value problem, solvability,

existence and uniqueness of solutions.
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Çàäà÷à 1. Íàéòè ôóíêöèþ u(x) ∈ C4(Ω)∩C2(Ω̄), óäîâëåòâîðÿþùóþ óñëî-
âèÿì

∆2u(x) = f(x), x ∈ ∂Ω, (1)

u(x) = g0(x), x ∈ ∂Ω, (2)

∂u(x)

∂ν
− (−1)k

∂u(x∗)

∂ν
= g1(x), x ∈ ∂Ω+, (3)

∂2u(x)

∂ν2
+ (−1)k

∂2u(x∗)

∂ν2
= g2(x), x ∈ ∂Ω+. (4)

Çàäà÷à 2. Íàéòè ôóíêöèþ u(x) ∈ C4(Ω)∩C2(Ω̄), óäîâëåòâîðÿþùóþ óðàâ-
íåíèþ (1) è óñëîâèÿì

u(x)− (−1)ku(x∗) = g0(x), x ∈ ∂Ω+, (5)

∂u(x)

∂ν
= g1(x), x ∈ ∂Ω, (6)

∂2u(x)

∂ν2
+ (−1)k

∂2u(x∗)

∂ν2
= g2(x), x ∈ ∂Ω+. (7)

Çàäà÷à 3. Íàéòè ôóíêöèþ u(x) ∈ C4(Ω)∩C2(Ω̄), óäîâëåòâîðÿþùóþ óðàâ-
íåíèþ (1) è óñëîâèÿì

u(x)− (−1)ku(x∗) = g0(x), x ∈ ∂Ω+, (8)

∂u(x)

∂ν
+ (−1)k

∂u(x∗)

∂ν
= g1(x), x ∈ ∂Ω+, (9)

∂2u(x)

∂ν2
= g2(x), x ∈ ∂Ω. (10)

Çàìåòèì, ÷òî åñëè x = (0, x̃) ∈ I, òî x∗ = (0, αx̃) ∈ I è ïîýòîìó èç óñëî-
âèÿ (3) ñëåäóåò, ÷òî äëÿ ôóíêöèè g1(x) íåîáõîäèìî âûïîëíåíèå óñëîâèÿ
ñîãëàñîâàíèÿ âèäà

g1(0, x̃) = −(−1)k
[
∂u(0, αx̃)

∂ν
− (−1)k

∂u(0, x̃)

∂ν

]
= −(−1)kg1(0, αx̃), (0, x̃) ∈ I.
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Ïðèâåäåì íåîáõîäèìûå óñëîâèÿ ñîãëàñîâàíèÿ â çàäà÷àõ 1-3 äëÿ îñòàëüíûõ
ñëó÷àåâ.

Ïóñòü β = (β1, ..., βn), βj ≥ 0− ìóëüòèèíäåêñ ñ |β| = |β1| + ... + |βn|,
Dβ = ∂|β|

∂x
β1
1 ...∂xβn

n

, Dβu(x) = u(x), åñëè |β| = 0. Íåîáõîäèìûì óñëîâèåì ñó-

ùåñòâîâàíèÿ ðåøåíèÿ çàäà÷ 1,2 è 3 èç êëàññà C2(Ω̄) ÿâëÿþòñÿ âûïîëíåíèÿ
óñëîâèé ñîãëàñîâàíèÿ

à) äëÿ çàäà÷è 1:

Dβg1(0, x̃) + (−1)kDβg1(0, αx̃) = 0, (0, x̃) ∈ I, |β| = 0, 1 (11)

è
g2(0, x̃)− (−1)kg2(0, αx̃) = 0, (0, x̃) ∈ I; (12)

b) äëÿ çàäà÷è 2:

Dβg0(0, x̃) + (−1)kDβg0(0, αx̃) = 0, (0, x̃) ∈ I, |β| = 0, 1, 2 (13)

è (12);
c) äëÿ çàäà÷è 3: óñëîâèÿ (11) è (13).
Âñþäó â äàëüíåéøåì áóäåì ñ÷èòàòü ýòè óñëîâèÿ âûïîëíåííûìè.
Îòìåòèì, ÷òî àíàëîãè÷íûå çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà è Ïóàññîíà

èññëåäîâàëèñü â ðàáîòàõ [1]�[4].

2. Åäèíñòâåííîñòü ðåøåíèÿ

Òåîðåìà 1. Åñëè ðåøåíèå çàäà÷è 1 ñóùåñòâóåò, òî îíî åäèíñòâåííî.

Äîêàçàòåëüñòâî. Â ñèëó èäåíòè÷íîñòè äîêàçàòåëüñòâ, ïðèâåäåì äî-
êàçàòåëüñòâî òîëüêî äëÿ ñëó÷àÿ k = 1. Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò äâå
ôóíêöèè u1(x) è u2(x), óäîâëåòâîðÿþùèå óñëîâèÿì çàäà÷è (1)-(4). Ïîêà-
æåì, ÷òî ôóíêöèÿ u(x) = u1(x) − u2(x) òîæäåñòâåííî ðàâíÿåòñÿ íóëþ.
Î÷åâèäíî, ÷òî u(x) � áèãàðìîíè÷åñêàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ îäíî-
ðîäíûì óñëîâèÿì (2)�(4), ò.å.

u(x) = 0, x ∈ ∂Ω, (14)

∂u(x)

∂ν
=

∂u(x∗)

∂ν
, x ∈ ∂Ω+, (15)
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∂2u(x)

∂ν2
= −∂2u(x∗)

∂ν2
, x ∈ ∂Ω+. (16)

Äàëåå, åñëè x = (x1, x̃) è x ∈ ∂Ω−, òî x∗ = (−x1, αx̃) è x∗ ∈ ∂Ω+.
Ïîýòîìó èç ðàâåíñòâà (15) ñëåäóåò, ÷òî

∂u(x∗)

∂ν
=

∂u(x)

∂ν
, x ∈ ∂Ω−.

Ñëåäîâàòåëüíî, äëÿ âñåõ x ∈ ∂Ω âûïîëíÿåòñÿ ðàâåíñòâî

∂u(x∗)

∂ν
=

∂u(x)

∂ν
, x ∈ ∂Ω.

Îòñþäà ïîëó÷àåì

∂2u(x)

∂ν2
=

∂2u(x∗)

∂ν2
, x ∈ ∂Ω. (17)

Òîãäà èç óñëîâèé (16) è (17) ñëåäóåò, ÷òî

∂2u(x)

∂ν2
= 0, x ∈ ∂Ω.

Çíà÷èò, ðåøåíèå çàäà÷è 1 ÿâëÿåòñÿ è ðåøåíèåì ñëåäóþùåé çàäà÷è òèïà
Äèðèõëå:

∆2u(x) = 0, x ∈ Ω, u(x) = 0, x ∈ ∂Ω,
∂2u(x)

∂ν2
= 0, x ∈ ∂Ω. (18)

Òàê êàê ðåøåíèå çàäà÷è (18) åäèíñòâåííî (cì., íàïðèìåð, [5]), òî u(x) ≡
0, x ∈ Ω̄. Òåîðåìà äîêàçàíà.

Òåîðåìà 2. Ïóñòü ðåøåíèå çàäà÷è 2 ñóùåñòâóåò. Òîãäà

1) åñëè k = 1, òî ðåøåíèå åäèíñòâåííî,

2) åñëè k = 2, òî ðåøåíèå åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿííîãî

ñëàãàåìîãî.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðèâåäåì äëÿ ñëó÷àÿ k = 2. Ïóñòü
u(x) � áèãàðìîíè÷åñêàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ îäíîðîäíûì óñëîâè-
ÿì (5)�(7), ò.å.

u(x) = u(x∗), x ∈ ∂Ω+, (19)
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∂u(x)

∂ν
= 0, x ∈ ∂Ω, (20)

∂2u(x)

∂ν2
= −∂2u(x∗)

∂ν2
, x ∈ ∂Ω+. (21)

Äàëåå, åñëè x ∈ ∂Ω−, òî x∗ ∈ ∂Ω+. Ïîýòîìó èç ðàâåíñòâà (19) ñëåäóåò,
÷òî

u(x∗) = u(x), x ∈ ∂Ω−.

Ñëåäîâàòåëüíî, äëÿ âñåõ x ∈ ∂Ω âûïîëíÿåòñÿ ðàâåíñòâî

u(x) = u(x∗), x ∈ ∂Ω.

Îòñþäà ïîëó÷àåì

∂2u(x)

∂ν2
=

∂2u(x∗)

∂ν2
, x ∈ ∂Ω. (22)

Òîãäà èç óñëîâèé (21) è (22) ñëåäóåò, ÷òî

∂2u(x)

∂ν2
= 0, x ∈ ∂Ω.

Çíà÷èò, ðåøåíèå çàäà÷è 2 ÿâëÿåòñÿ è ðåøåíèåì ñëåäóþùåé çàäà÷è òèïà
Íåéìàíà:

∆2u(x) = 0, x ∈ Ω,
∂u(x)

∂ν
= 0, x ∈ ∂Ω,

∂2u(x)

∂ν2
= 0, x ∈ ∂Ω.

Èçâåñòíî (ñì., íàïðèìåð, [6]), ÷òî ðåøåíèå ýòîé çàäà÷è åäèíñòâåííî ñ òî÷-
íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî, ò.å. u(x) ≡ C, x ∈ Ω̄. Òåîðåìà äîêàçàíà.

Àíàëîãè÷íî äîêàçûâàåòñÿ ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà 3. Ïóñòü ðåøåíèå çàäà÷è 3 ñóùåñòâóåò. Òîãäà

1) åñëè k = 1, òî ðåøåíèå åäèíñòâåííî,

2) åñëè k = 2, òî ðåøåíèå åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿííîãî

ñëàãàåìîãî.
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3. Èññëåäîâàíèå ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è 1

Â ýòîì ïóíêòå îáîñíóåì ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è 1. Ââåäåì â
ðàññìîòðåíèå âñïîìîãàòåëüíûå ôóíêöèè:

v(x) =
1

2
(u(x) + u(x∗)) , w(x) =

1

2
(u(x)− u(x∗)) .

Î÷åâèäíî, ÷òî u(x) = v(x) + w(x). Êðîìå òîãî,

v(x) =
1

2
(u(x) + u(x∗)) =

1

2
(u(x∗) + u(x)) = v(x∗),

w(x) =
1

2
(u(x)− u(x∗)) = −1

2
(u(x∗)− u(x)) = −w(x∗).

Ïóñòü k = 1. Íàõîäèì çàäà÷è, êîòîðûì óäîâëåòâîðÿþò ýòè ôóíêöèè. Ïðè-
ìåíÿÿ ê ôóíêöèÿì v(x) è w(x) îïåðàòîð ∆2, èìååì

∆2v(x) =
1

2

[
∆2u(x) + ∆2u(x∗)

]
=

1

2
[f(x) + f(x∗)] ≡ f+(x),

∆2w(x) =
1

2

[
∆2u(x)−∆2u(x∗)

]
=

1

2
[f(x)− f(x∗)] ≡ f−(x).

Äàëåå èç êðàåâîãî óñëîâèÿ (2) ïîëó÷àåì

v(x)|∂Ω =
1

2
[u(x) + u(x∗)]

∣∣∣∣
∂Ω+

=
1

2
[g0(x) + g0(x

∗)] ≡ g+0 (x),

w(x)|∂Ω =
1

2
[u(x)− u(x∗)]

∣∣∣∣
∂Ω+

=
1

2
[g0(x)− g0(x

∗)] ≡ g−0 (x),

Èç óñëîâèÿ (4) äëÿ ôóíêöèè v(x) èìååì

∂2v(x)

∂ν2

∣∣∣∣
∂Ω+

=
1

2

[
∂2u(x)

∂ν2
+

∂2u(x∗)

∂ν2

]∣∣∣∣
∂Ω+

=
g2(x)

2
.

Åñëè x ∈ ∂Ω−, òî x∗ ∈ ∂Ω+ è ïîýòîìó èç ðàâåíñòâà (4) ñëåäóåò

∂2v(x)

∂ν2

∣∣∣∣
∂Ω−

=
1

2

[
∂2u(x∗)

∂ν2
+

∂2u(x)

∂ν2

]∣∣∣∣
∂Ω+

=
g2(x

∗)

2
.
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Ââåäåì ôóíêöèþ

2g̃2(x) =

{
g2(x), x ∈ ∂Ω+

g2(x
∗), x ∈ ∂Ω−.

Òîãäà
∂2v(x)

∂ν2

∣∣∣∣
∂Ω

= g̃2(x).

Òàêèì îáðàçîì, ôóíêöèÿ v(x) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è òèïà
Äèðèõëå:

∆2v(x) = f+(x), x ∈ Ω; v(x)|∂Ω = g+0 (x),
∂2v(x)

∂ν2

∣∣∣∣
∂Ω

= g̃2(x). (23)

Àíàëîãè÷íûì îáðàçîì èç óñëîâèÿ (3) äëÿ ôóíêöèè w(x) ïîëó÷àåì

∂w(x)

∂ν

∣∣∣∣
∂Ω+

=
1

2

[
∂u(x)

∂ν
− ∂u(x∗)

∂ν

]∣∣∣∣
∂Ω+

=
g1(x)

2
.

Åñëè x ∈ ∂Ω−, òî x∗ ∈ ∂Ω+ è ïîýòîìó èç ðàâåíñòâà (3) ñëåäóåò, ÷òî

∂w(x)

∂ν

∣∣∣∣
∂Ω−

= −1

2

[
∂u(x∗)

∂ν
− ∂u(x)

∂ν

]∣∣∣∣
∂Ω+

= −g1(x
∗)

2
.

Îáîçíà÷èì

2g̃1(x) =

{
g1(x), x ∈ ∂Ω+

−g1(x
∗), x ∈ ∂Ω−.

Òîãäà ôóíêöèÿ w(x) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Äèðèõëå:

∆2w(x) = f−(x), x ∈ Ω; w(x)|∂Ω = g−0 (x),
∂v(x)

∂ν

∣∣∣∣
∂Ω

= g̃1(x). (24)

Çàìåòèì, ÷òî åñëè ôóíêöèÿ f(x) ÿâëÿåòñÿ äîñòàòî÷íî ãëàäêîé â îáëà-
ñòè Ω̄, à ôóíêöèÿ g0(x) � íà ñôåðå ∂Ω, òî î÷åâèäíî, ÷òî ýòèìè æå ñâîé-
ñòâàìè îáëàäàþò ôóíêöèè f+(x), f−(x), g+0 (x) è g−0 (x). Äàëåå, åñëè ôóíê-
öèè g1(x) è g2(x) ÿâëÿþòñÿ ãëàäêèìè íà ∂Ω+, òî ïðè âûïîëíåíèè óñëî-
âèé ñîãëàñîâàíèÿ (8),(9) òàêèìè æå ñâîéñòâàìè áóäóò îáëàäàòü ôóíêöèè
g̃1(x) è g̃2(x). À ïðè äîñòàòî÷íî ãëàäêèõ ôóíêöèÿõ f+(x), f−(x), g+0 (x),
g−0 (x), g̃1(x) è g̃2(x) ðåøåíèÿ çàäà÷ (23) è (24) ñóùåñòâóþò è åäèíñòâåííû.

Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò îòíîñèòåëüíî çàäà÷è 1.
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Òåîðåìà 4. Ïóñòü k = 1, 2, 0 < α < 1, f(x) ∈ Cα(Ω̄), g0(x) ∈ C2+α(∂Ω),
g1(x) ∈ C1+α(∂Ω+), g2(x) ∈ Cα(∂Ω+) è âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâà-

íèÿ (11), (12). Òîãäà ðåøåíèå çàäà÷è 1 ñóùåñòâóåò è åäèíñòâåííî.

4. Èññëåäîâàíèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è 2

Êàê è â ñëó÷àå çàäà÷è 1, ðàññìîòðèì âñïîìîãàòåëüíûå ôóíêöèè
v(x), w(x). Èç óñëîâèÿ (6) äëÿ ýòèõ ôóíêöèé â îáåèõ ñëó÷àÿõ k = 1, 2
ïîëó÷àåì êðàåâûå óñëîâèÿ âèäà

∂v(x)

∂ν

∣∣∣∣
∂Ω

=
1

2

[
∂u(x)

∂ν
+

∂u(x∗)

∂ν

]∣∣∣∣
∂Ω

=
1

2
[g1(x) + g1(x

∗)] ≡ g+1 (x),

∂w(x)

∂ν

∣∣∣∣
∂Ω

=
1

2

[
∂u(x)

∂ν
− ∂u(x∗)

∂ν

]∣∣∣∣
∂Ω

=
1

2
[g1(x)− g1(x

∗)] ≡ g−1 (x).

Ïóñòü k = 1. Èç óñëîâèÿ (5), êàê è â ñëó÷àå çàäà÷è 1, äëÿ ôóíêöèè
v(x) ïîëó÷àåì

v(x)|∂Ω = g̃0(x), 2g̃0(x) =

{
g0(x), x ∈ ∂Ω+

g0(x
∗), x ∈ ∂Ω−.

Òîãäà ôóíêöèÿ v(x) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Äèðèõëå:

∆2v(x) = f+(x), x ∈ Ω, v(x)|∂Ω = g̃0(x),
∂v(x)

∂ν

∣∣∣∣
∂Ω

= g+1 (x). (25)

Ïðè ãëàäêèõ äàííûõ f+(x), g̃0(x) è g+1 (x) ðåøåíèå çàäà÷è (25) ñóùå-
ñòâóåò è åäèíñòâåííî.

Äàëåå èç óñëîâèÿ (7) ñëåäóåò, ÷òî

∂2w(x)

∂ν2

∣∣∣∣
∂Ω+

=
1

2

[
∂u(x)

∂ν
− ∂u(x∗)

∂ν

]∣∣∣∣
∂Ω+

=
g2(x)

2
,

∂2w(x)

∂ν2

∣∣∣∣
∂Ω−

= − 1

2

[
∂u(x∗)

∂ν
− ∂u(x)

∂ν

]∣∣∣∣
∂Ω+

= −g2(x
∗)

2

è ïîýòîìó âûïîëíÿåòñÿ ðàâåíñòâî

∂2w(x)

∂ν2

∣∣∣∣
∂Ω

= g̃2(x), 2g̃2(x) =

{
g2(x), x ∈ ∂Ω+

−g2(x
∗), x ∈ ∂Ω−.
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Òàêèì îáðàçîì, ôóíêöèÿ w(x) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è
òèïà Íåéìàíà:

∆2w(x) = f−(x), x ∈ Ω;
∂w(x)

∂ν

∣∣∣∣
∂Ω

= g−1 (x),
∂2w(x)

∂ν2

∣∣∣∣
∂Ω

= g̃2(x). (26)

Â ðàáîòå [6] äîêàçàíî, ÷òî íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ðàçðå-
øèìîñòè çàäà÷è (26) ÿâëÿåòñÿ âûïîëíåíèå óñëîâèÿ∫

Ω

1− |x|2

2
f−(x)dx =

∫
∂Ω

[
g̃2(x)− g−1 (x)

]
dSx. (27)

Â íàøåì ñëó÷àå äëÿ èíòåãðàëîâ èç ðàâåíñòâà (27) èìååì∫
Ω

1− |x|2

2
f−(x)dx =

1

2

∫
Ω

1− |x|2

2
f(x)dx−

∫
Ω

1− |x|2

2
f(x∗)dx

 =

=
1

2

∫
Ω

1− |x|2

2
f(x)dx−

∫
Ω

1− |x∗|2

2
f(x)dx

 = 0,

∫
∂Ω

g̃2(x)dSx =
1

2

∫
∂Ω+

g2(x)dSx −
1

2

∫
∂Ω+

g2(x)dSx = 0,

∫
∂Ω

g−1 (x)dSx =
1

2

∫
∂Ω+

g1(x)dSx −
1

2

∫
∂Ω+

g1(x)dSx = 0,

Ñëåäîâàòåëüíî, óñëîâèå ðàçðåøèìîñòè (27) âñåãäà âûïîëíÿåòñÿ è ïî-
ýòîìó ðåøåíèå çàäà÷è äëÿ ãëàäêèõ äàííûõ ñóùåñòâóåò è åäèíñòâåííî.

Â ñëó÷àå k = 2 àíàëîãè÷íûìè âû÷èñëåíèÿìè ìîæíî ïîêàçàòü, ÷òî
ôóíêöèè v(x) è w(x) ÿâëÿþòñÿ ðåøåíèÿìè ñëåäóþùèõ çàäà÷:

∆2v(x) = f+(x), x ∈ Ω;
∂v(x)

∂ν

∣∣∣∣
∂Ω

= g+1 (x),
∂2v(x)

∂ν2

∣∣∣∣
∂Ω

= g̃2(x) (28)

è

∆2w(x) = f−(x), x ∈ Ω, w(x)|∂Ω = g̃0(x),
∂w(x)

∂ν

∣∣∣∣
∂Ω

= g−1 (x). (29)
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Â ýòîì ñëó÷àå ïðè ãëàäêèõ äàííûõ ðåøåíèå çàäà÷è (29) âñåãäà ñóùå-
ñòâóåò, à óñëîâèå ðàçðåøèìîñòè çàäà÷è (28) èìååò âèä∫

Ω

1− |x|2

2
f(x)dx =

∫
∂Ω+

g2(x)dSx −
∫
∂Ω

g1(x)dSx.

Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò îòíîñèòåëüíî çàäà÷è 2.

Òåîðåìà 5. Ïóñòü f(x) ∈ Cα(Ω̄), g0(x) ∈ C2+α(∂Ω+), g1(x) ∈ C1+α(∂Ω),
g2(x) ∈ Cα(∂Ω+), 0 < α < 1 è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ (12), (13).
Òîãäà

1) åñëè k = 1, òî ðåøåíèå çàäà÷è 2 ñóùåñòâóåò è åäèíñòâåííî,

2) åñëè k = 2, òî äëÿ ðàçðåøèìîñòè çàäà÷è 2 íåîáõîäèìî è äîñòàòî÷íî

âûïîëíåíèå óñëîâèÿ∫
Ω

1− |x|2

2
f(x)dx =

∫
∂Ω+

g2(x)dSx −
∫
∂Ω

g1(x)dSx.

Åñëè ðåøåíèå ñóùåñòâóåò, òî îíî åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿí-

íîãî ñëàãàåìîãî.

5. Èññëåäîâàíèå ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è 3

Ïðè èññëåäîâàíèè ðàçðåøèìîñòè çàäà÷è 3 äëÿ âñïîìîãàòåëüíûõ ôóíê-
öèé v(x) è w(x) â ñëó÷àå k = 1 ïîëó÷àåì çàäà÷è

∆2v(x) = f+(x), x ∈ Ω, v(x)|∂Ω = g̃0(x),
∂2v(x)

∂ν2

∣∣∣∣
∂Ω

= g+2 (x),

∆2w(x) = f−(x), x ∈ Ω;
∂w(x)

∂ν

∣∣∣∣
∂Ω

= g̃1(x),
∂2w(x)

∂ν2

∣∣∣∣
∂Ω

= g−2 (x),

à â ñëó÷àå k = 2 ïîëó÷àåì çàäà÷è

∆2v(x) = f+(x), x ∈ Ω;
∂v(x)

∂ν

∣∣∣∣
∂Ω

= g̃1(x),
∂2v(x)

∂ν2

∣∣∣∣
∂Ω

= g+2 (x)

è

∆2w(x) = f−(x), x ∈ Ω, w(x)|∂Ω = g̃0(x),
∂2w(x)

∂ν2

∣∣∣∣
∂Ω

= g−2 (x).
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Ýòè çàäà÷è èññëåäóþòñÿ òàêæå, êàê è â ñëó÷àå çàäà÷ 1 è 2. Îòñþäà ïîëó-
÷àåì îñíîâíîé ðåçóëüòàò îòíîñèòåëüíî çàäà÷è 3.

Òåîðåìà 6. Ïóñòü f(x) ∈ Cα(Ω̄), g0(x) ∈ C2+α(∂Ω+), g1(x) ∈ C1+α(∂Ω),
g2(x) ∈ Cα(∂Ω+), 0 < α < 1 è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ (11), (13).
Òîãäà

1) åñëè k = 1, òî ðåøåíèå çàäà÷è 3 ñóùåñòâóåò è åäèíñòâåííî,

2) åñëè k = 2, òî äëÿ ðàçðåøèìîñòè çàäà÷è 3 íåîáõîäèìî è äîñòàòî÷íî

âûïîëíåíèå óñëîâèÿ∫
Ω

1− |x|2

2
f(x)dx =

∫
∂Ω

g2(x)dSx −
∫

∂Ω+

g1(x)dSx.

Åñëè ðåøåíèå ñóùåñòâóåò, òî îíî åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿí-

íîãî ñëàãàåìîãî.
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Òóðìåòîâ Á.Õ. ÏÅÐÈÎÄÒÛØÀÐÒÒÀÐÛ ÁÀÐ ÁÈÃÀÐÌÎÍÈßËÛ�
ÒÅÍÄÅÓ �ØIÍ ÊÅÉÁIÐ ØÅÒÒIÊ ÅÑÅÏÒÅÐÄIÍ ØÅØIËIÌÄIËIÃI
ÆÀÉËÛ

Á´ë æ´ìûñòà ê°ï °ëøåìäi øàðäà áiðòåêòi åìåñ áèãàðìîíèÿëû© òå-
äåó óøií øåòòiê åñåïòåðäi æàà êëàñû çåðòòåëiíåäi. �àðàñòûðûëàòûí
åñåïòåð ä°íãåëåê àéìà©òàð ³øií ïåðèîäòû øåòòiê åñåïòåðäi àíàëîãû áî-
ëûï òàáûëàäû. Çåðòòåëiíåòií åñåïòåði øåøiìiíi áàð æºíå æàë¡ûç áîëóû
æàéëû òåîðåìàëàð äºëåëäåíãåí.

Turmetov B.Kh. ÎN THE SOLVABILITY OF SOME BOUNDARY
VALUE PROBLEMS FOR THE BIHARMONIC EQUATION WITH
PERIODIC CONDITIONS

In this paper new classes of boundary value problems are studied for
an inhomogeneous biharmonic equation in a multidimensional ball. These
problems are analogous of periodic problems for circular domains. We proved
theorems on the existence and the uniqueness of the solutions of the problems.
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