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МАТЕМАТИЧЕСКАЯ ЖИЗНЬ

ВАСИЛИЙ ГРИГОРЬЕВИЧ ВОИНОВ
(К 75-летию со дня рождения)

Исполнилось 75 лет со дня
рождения известного казах-
станского математика, доктора
физико-математических наук,
профессора Василия Григорьеви-
ча Воинова. Василий Григорьевич
Воинов родился 14 января 1941
года в Китайской Народной
Республике. В 1954 году вместе
с родителями репатриировал в
СССР и проживал в Алтайском
крае до 1956 года. В 1956 году
вместе с родителями переехал
в город Омск, где в 1958 году
с серебряной медалью закончил
среднюю школу и в том же году

поступил в Томский государственный университет им. Куйбышева на
радиофизический факультет, который окончил в 1963 году. В 1964 году
переехал в г. Алма-Ату.

Работал в Институте ядерной физики и затем в Институте физики
высоких энергий АН КазССР. В 1973 году защитил кандидатскую дис-
сертацию по физике высоких энергий и космических лучей. В 1989 году в
Объединенном Институте ядерных исследований в г. Дубна защитил док-
торскую диссертацию по теории вероятностей и математической статисти-
ки. В 1996 году получил звание профессора по информатике и управлению.
С 1996 по 1998 годы работал в Казахском государственном университете,
где преподавал математическую статистику для бакалавров и магистран-
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тов. С 1999 года работает в КИМЭП, где в 2005 году получил должность
полного профессора.

С 1999 по 2016 годы читал 12 различных курсов по математической
статистике для бакалавров, магистрантов и соискателей докторских сте-
пеней в бизнесе.

Работает по совместительству в Институте математики и математиче-
ского моделирования МОН РК, в течение многих лет является руководи-
телем научной темы по теории вероятностей.

Им получены фундаментальные результаты по теории вероятностей и
математической статистике.

Результаты научных исследований опубликованы в 6 монографиях,
в том числе в издательствах ELSEVIER, New York; Kluwer Netherlands;
"Наука" , Москва и Казахстан; им опубликовано более 100 научных ста-
тей, в том числе 40 статей в высокорейтинговых журналах.

В.Г. Воинов неоднократно проводил научную работу совместно с раз-
личными научными учреждениями Дальнего зарубежья, в частности, с
университетом Бордо-2 (Франция), Кингстонским университетом (Лон-
дон), университетом McMaster (Канада), с университетом Technion (Изра-
иль) и с университетом Bath (Англия). Им получено много новых научных
результатов международного уровня.

Неоднократно выступал с докладами, в том числе приглашенными, на
Международных конференциях США, Италии, Франции, Австрии, Нор-
вегии, Греции, Канады, Португалии, Казахстана, в Сингапуре.

Коллектив Института математики и математического моделирования
МОН РК поздравляет Василия Григорьевича Воинова со славным юбиле-
ем. Желает крепкого здоровья, счастья, радостей, огромных творческих
успехов.

Редакционная коллегия "Математического журнала"

Математический журнал. — 2016. — Т. 16, № 1
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1. Ââåäåíèå

Èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ âñòðå÷àþòñÿ âî ìíîãèõ ðàçäå-
ëàõ ïðèêëàäíîé ìàòåìàòèêè, ÿâëÿÿñü ìàòåìàòè÷åñêèìè ìîäåëÿìè ðàç-
ëè÷íûõ ïðîöåññîâ ìåõàíèêè, ôèçèêè, õèìèè, òåõíèêè, áèîëîãèè, ìå-
äèöèíû, ýêîíîìèêè è äð. Âîïðîñàì ðàçðåøèìîñòè è ïîñòðîåíèÿ ïðè-
áëèæåííûõ ìåòîäîâ íàõîæäåíèÿ ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ïîñâÿùåíû ðàáîòû ìíîãèõ àâòîðîâ [1]�[6].

Ïðè îòûñêàíèè ïðèáëèæåííîãî ðåøåíèÿ èíòåãðî-äèôôåðåíöèàëüíûõ
óðàâíåíèé âîçíèêàþò íàãðóæåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ,
ïîëó÷àåìûå ïðè èíòåðïîëèðîâàíèè èíòåãðàëüíîãî ÷ëåíà èíòåãðî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Â ìîíîãðàôèè [7] ïðèâîäèòñÿ îáçîð ìåòî-
äîâ ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé.
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Â íàñòîÿùåé ñòàòüå ïðåäëàãàåòñÿ ìåòîä íàõîæäåíèÿ ðåøåíèÿ ëèíåéíîé
êðàåâîé çàäà÷è äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ñ
èíòåãðàëüíûì óñëîâèåì, îñíîâàííûé íà ïðèìåíåíèè ñïëàéíîâ [8] è ìåòî-
äà ïàðàìåòðèçàöèè [9]. Èíòåãðàëüíûé ÷ëåí èíòåãðî-äèôôåðåíöèàëüíîãî
óðàâíåíèÿ àïïðîêñèìèðóåòñÿ êóáè÷åñêèì ñïëàéíîì è èññëåäóåìàÿ êðàåâàÿ
çàäà÷à çàìåíÿåòñÿ ëèíåéíîé êðàåâîé çàäà÷åé äëÿ íàãðóæåííûõ îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Íà îñíîâå ìåòîäà ïàðàìåòðèçàöèè
äëÿ àïïðîêñèìèðóþùåé êðàåâîé çàäà÷è ïîñòðîåí àëãîðèòì íàõîæäåíèÿ åå
÷èñëåííîãî ðåøåíèÿ.

Ïîñòàíîâêà çàäà÷è. Íà îòðåçêå [0, T ] ðàññìàòðèâàåòñÿ ëèíåéíàÿ
äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ
Ôðåäãîëüìà ñ èíòåãðàëüíûì óñëîâèåì

dx

dt
= A(t)x+

T∫
0

K(t, s)x(s)ds+ f(t), x ∈ Rn, t ∈ (0, T ), (1)

T∫
0

B(t)x(t)dt = d, d ∈ Rn, (2)

ãäå (n × n)-ìàòðèöû A(t), B(t) è n-âåêòîð-ôóíêöèÿ f(t) íåïðåðûâíû íà
[0, T ], (n× n)-ìàòðèöà K(t, s) íåïðåðûâíà íà [0, T ]× [0, T ].

Ðåøåíèåì çàäà÷è (1), (2) ÿâëÿåòñÿ íåïðåðûâíàÿ íà [0, T ], íåïðåðûâ-
íî äèôôåðåíöèðóåìàÿ íà (0, T ) âåêòîð-ôóíêöèÿ x(t), óäîâëåòâîðÿþùàÿ
èíòåãðî-äèôôåðåíöèàëüíîìó óðàâíåíèþ (1) è èíòåãðàëüíîìó êðàåâîìó
óñëîâèþ (2).

Âîçüìåì h0 > 0 : mh0 = T, (m ∈ N), è ïî íåìó ïðîèçâåäåì ðàçáèåíèå

[0, T ] =
m∪
r=1

[tr−1, tr].

Ïðè ýòîì çàäà÷à (1),(2) ñâåäåòñÿ ê ýêâèâàëåíòíîé ìíîãîòî÷å÷íîé êðàåâîé
çàäà÷å

dxr
dt

= A(t)xr +
m∑
r=1

tr∫
tr−1

K(t, s)xr(s)ds+ f(t), t ∈ [tr−1, tr], r = 1,m, (3)

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



Àëãîðèòìû íàõîæäåíèÿ ðåøåíèÿ ëèíåéíîé êðàåâîé çàäà÷è ... 19

m∑
p=1

tp∫
tp−1

B(t)xp(t)dt = d, d ∈ Rn, (4)

lim
t→ts−0

xs(t) = xs+1(ts), s = 1,m− 1, (5)

ãäå (5) � óñëîâèÿ ñêëåèâàíèÿ ðåøåíèÿ â òî÷êàõ ðàçáèåíèÿ èíòåðâàëà (0, T ).

2. Ñïëàéí-àïïðîêñèìàöèÿ èíòåãðàëüíîãî ÷ëåíà ëèíåéíîãî

èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà

Ïóñòü h > 0 : Nh = h0 (N ∈ N). Íà îòðåçêå [tr−1, tr], r = 1,m, ñ øàãîì
h âûáåðåì òî÷êè tr,i, i = 1, N :

tr−1 = tr,0 < tr,1 < tr,2 < ... < tr,N−1 < tr,N = tr, r = 1,m,

ãäå t1,0 = 0, tr,0 = tr−1,N , r = 2,m, tm,N = T, h = tr,i − tr,i−1, è îáîçíà÷èì
K̂r,i(t) = K(t, tr,i) · xr(tr,i), r = 1,m, i = 1, N.

Íà [tr,i−1, tr,i], r = 1,m, i = 1, ..., N, áóäåì èñêàòü ôóíêöèþ Sr(t, s) =
Sr,i(t, s) â âèäå ìíîãî÷ëåíà òðåòüåé ñòåïåíè

Sr,i(t, s) = âr,i + b̂r,i(s− tr,i) +
ĉr,i
2

(s− tr,i)
2 +

d̂r,i
6

(s− tr,i)
3, (6)

tr,i−1 ≤ s ≤ tr,i, r = 1,m, i = 1, N.

Â (6) êîýôôèöèåíòû âr,i, b̂r,i, ĉr,i, d̂r,i îïðåäåëÿþòñÿ ïî ôîðìóëàì

ĉr,i−1 + 4ĉr,i + ĉr,i+1 =

=
6

h2

(
K̂r,i−1(t)− 2K̂r,i(t) + K̂r,i+1(t)

)
, r = 1,m, i = 1, N − 1,

âr,i = K̂r,i(t), r = 1,m, i = 1, N,

d̂r,i =
ĉr,i − ĉr,i−1

h
, r = 1,m, i = 1, N,

b̂r,i =
h

2
· ĉr,i −

h2

6
· d̂r,i +

K̂r,i(t)− K̂r,i−1(t)

h
, r = 1,m, i = 1, N,

(7)

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



20 Ý.À. Áàêèðîâà, Í.Á. Èñêàêîâà

ïðè÷åì ĉr,0 = ĉr,N = 0, K̂1,0(t) = K(t, 0) · x1(0), K̂r,0(t) = K(t, tr−1,N ) ·
xr(tr−1,N ), r = 2,m.

Èíòåãðèðóÿ ôóíêöèþ Sr,i(t, s) íà îòðåçêå [tr,i−1, tr,i], r = 1,m, i =
1, ..., N, è ó÷èòûâàÿ ôîðìóëû (7), ïîëó÷èì

tr,i∫
tr,i−1

Sr,i(t, s)ds =

N+1∑
j=1

M
(r)
j ·K(t, tr,j−1) · xr(tr,j−1), r = 1,m, i = 1, N,

ãäå

M
(r)
j =


h

2

(
1−

N−1∑
i=1

pi,j

)
ïðè j = 1, j = N + 1, r = 1,m,

h

2

(
2−

N−1∑
i=1

pi,j

)
ïðè j = 2, N, r = 1,m,

(8)

à pi,j , i = 1, N − 1, j = 1, N + 1, � ýòî ýëåìåíòû ìàòðèöû, êîòîðàÿ îïðåäå-
ëÿåòñÿ êàê ïðîèçâåäåíèå êâàäðàòíîé ìàòðèöû (N − 1)-ãî ïîðÿäêà âèäà

4 1 0 0 . . . 0 0 0
1 4 1 0 . . . 0 0 0
0 1 4 1 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . 1 4 1
0 0 0 0 . . . 0 1 4



−1

è ïðÿìîóãîëüíîé ìàòðèöû

1 −2 1 0 . . . 0 0 0
0 1 −2 1 . . . 0 0 0
0 0 1 −2 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . −2 1 0
0 0 0 0 . . . 1 −2 1


ðàçìåðíîñòè (N − 1)× (N + 1).
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Òîãäà çàäà÷à (3)�(5) àïïðîêñèìèðóåòñÿ äâóõòî÷å÷íîé êðàåâîé çàäà÷åé
äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dxr,i
dt

= A(t)xr,i +M
(1)
1 K(t, t1,0)x1,1(t1,0)+

+

m∑
r=1

N−1∑
j=1

M
(r)
j+1 ·K(t, tr,j) · xr,j+1(tr,j)+

+
m−1∑
r=1

(M
(r)
N+1 +M

(r+1)
1 ) ·K(t, tr,N ) · xr+1,1(tr,N )+

+M
(m)
N+1·K(t, tm,N )·xm,N (tm,N )+f(t), t ∈ [tr,i−1, tr,i], r = 1,m, i = 1, N, (9)

m∑
p=1

N∑
i=1

tp,i∫
tp,i−1

B(t)xp,i(t)dt = d, d ∈ RnmN, (10)

lim
t→tr,i−0

xr,i(t) = xr,i+1(tr,i), r = 1,m, i = 1, N − 1, (11)

lim
t→tr,N−0

xr,N (t) = xr+1,1(tr,N ), r = 1,m− 1, (12)

xm,N (T ) = lim
t→T−0

xm,N (t), (13)

ãäå (11), (12), (13) � óñëîâèÿ ñêëåèâàíèÿ ðåøåíèÿ â òî÷êàõ ðàçáèåíèÿ èí-
òåðâàëà (0, T ).

Â çàäà÷å (9)�(13) ôóíêöèè xr,i(t), r = 1,m, i = 1, N, ÿâëÿþòñÿ ñóæåíè-
ÿìè ôóíêöèé xr(t) íà èíòåðâàëàõ [tr,i−1, tr,i].

3. Àëãîðèòìû íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ ëèíåéíîé êðà-

åâîé çàäà÷è äëÿ àïïðîêñèìèðóþùåãî íàãðóæåííîãî äèôôå-

ðåíöèàëüíîãî óðàâíåíèÿ

Ââåäåì äîïîëíèòåëüíûå ïàðàìåòðû λr,i = xr,i(tr,i−1), r = 1,m, i =
1, N, λm,N+1 = xm,N (tm,N ) è íà êàæäîì èíòåðâàëå [tr,i−1, tr,i] ïðîèçâåäåì
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çàìåíó ôóíêöèè ur,i(t) = xr,i−λr,i. Òîãäà êðàåâàÿ çàäà÷à (9)�(13) ñâåäåòñÿ
ê ýêâèâàëåíòíîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å ñ ïàðàìåòðàìè:

dur,i
dt

= A(t)(ur,i(t) + λr,i) +
m∑
r=1

N+1∑
j=1

K̃r,j(t)λr,j + f(t), t ∈ [tr,i−1, tr,i], (14)

ur,i(tr,i−1) = 0, r = 1,m, i = 1, N, (15)

m∑
p=1

N∑
i=1

tp,i∫
tp,i−1

B(t)(up,i(t) + λp,i)dt = d, (16)

λr,i + lim
t→tr,i−0

ur,i(t) = λr,i+1, r = 1,m, i = 1, N − 1, (17)

λr,N + lim
t→tr,N−0

ur,N (t) = λr+1,1, r = 1,m− 1, (18)

λm,N + lim
t→tm,N−0

um,N (t) = λm,N+1, (19)

ãäå K̃r,j(t) =

{
M

(r)
j K(t, tr,j−1) ïðè j = 1, N − 1, j = N + 1, r = 1,m,

(M
(r)
j+1 +M

(r+1)
j )K(t, tr,j) ïðè j = N, r = 1,m− 1.

Çàäà÷è (1),(2) è (14)�(19) ýêâèâàëåíòíû. Åñëè ôóíêöèÿ x∗(t) � ðåøåíèå
çàäà÷è (1),(2), òî ïàðà (λ∗, u∗[t]) ñ ýëåìåíòàìè λ∗ = (λ∗

1,1, λ
∗
1,2, . . . , λm,N+1),

λ∗
r,i = x∗(tr,i−1), r = 1,m, i = 1, N, λ∗

m,N+1 = x∗(tm,N ), u∗[t] =
(u∗1,1(t), u

∗
1,2(t), . . . , u

∗
m,N (t)), u∗r,i(t) = x∗(t) − x∗(tr,i−1), t ∈ [tr,i−1, tr,i],

r = 1,m, i = 1, N, áóäåò ðåøåíèåì çàäà÷è (14)-(19).
È íàîáîðîò, åñëè ïàðà (λ̃, ũ[t]) � ðåøåíèå çàäà÷è (14)�(19), òî ôóíê-

öèÿ x̃(t), îïðåäåëÿåìàÿ ðàâåíñòâàìè x̃(t) = λ̃r,i + ũr,i(t), t ∈ [tr,i−1, tr,i],

r = 1,m, i = 1, N, x̃(T ) = λ̃m,N+1, óäîâëåòâîðÿåò ñèñòåìå èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé (1) è êðàåâûì óñëîâèÿì (2).

Èñïîëüçîâàíèå ôóíäàìåíòàëüíîé ìàòðèöû X(t) îáûêíîâåííîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ

dx

dt
= A(t)x, t ∈ [0, T ],
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ïîçâîëÿåò ïîëó÷èòü åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè (14),(15) ïðè ôèê-
ñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòðîâ:

ur,i(t) = X(t)

t∫
tr,i−1

X−1(τ)
[
A(τ)λr,i +

m∑
r=1

N+1∑
j=1

K̃r,j(τ)λr,j + f(τ)
]
dτ,

ãäå t ∈ [tr,i−1, tr,i], r = 1,m, i = 1, N.
Ââåäåì îáîçíà÷åíèÿ

Dr,i(t) = X(tr,i)

t∫
tr,i−1

X−1(τ)A(τ)dτ, r = 1,m, i = 1, N, (20)

Hk,j
r,i (t) = X(tr,i)

t∫
tr,i−1

X−1(τ)K̃k,j(τ)dτ, (21)

k, r = 1,m, i = 1, N, j = 1, N + 1,

Fr,i(t) = X(tr,i)

t∫
tr,i−1

X−1(τ)f(τ)dτ, r = 1,m, i = 1, N. (22)

Ó÷èòûâàÿ îáîçíà÷åíèÿ (20)�(22), îïðåäåëèì lim
t→tr,i−0

ur,i(t), r = 1,m, i =

1, N, è, ïîäñòàâèâ èõ â (16),(17),(18),(19), ïîëó÷èì ñèñòåìó óðàâíåíèé îò-
íîñèòåëüíî íåèçâåñòíûõ ïàðàìåòðîâ λr,i, r = 1,m, i = 1, N + 1 :

m∑
p=1

N∑
i=1

[ tp,i∫
tp,i−1

B(t)Dp,i(t)dt · λp,i +

tp,i∫
tp,i−1

B(t)dt · λp,i+

+

tp,i∫
tp,i−1

B(t)
m∑
k=1

N+1∑
j=1

Hk,j
p,i (t)λk,jdt

]
= d−

m∑
p=1

N∑
i=1

tp,i∫
tp,i−1

B(t)Fp,i(t)dt, (23)

(I +Dr,i(tr,i))λr,i +H1,1
r,i (tr,i)λ1,1 +

m∑
k=1

N−1∑
j=1

Hk,j+1
r,i (tr,i)λk,j+1+
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+Hm,N+1
r,i (tr,i)λm,N+1 +

m−1∑
k=1

(Hk,N+1
r,i (tr,i)+

+Hk+1,1
r,i (tr,i))λk+1,1 − λr,i+1 = −Fr,i(tr,i), r = 1,m, i = 1, N − 1, (24)

(I +Dr,N (tr,i))λr,N +H1,1
r,N (tr,i)λ1,1 +

m∑
k=1

N−1∑
j=1

Hk,j+1
r,N (tr,i)λk,j+1+

+Hm,N+1
r,N (tr,i)λm,N+1 +

m−1∑
k=1

(Hk,N+1
r,N (tr,i)+

+Hk+1,1
r,i (tr,i))λk+1,1 − λr+1,1 = −FrN (tr,i), r = 1,m, (25)

(I +Dm,N (tr,i)λm,N +H1,1
m,N (tr,i)λ1,1+

+

m∑
k=1

N−1∑
j=1

Hk,j+1
m,N (tr,i)λk,j+1 +Hm,N+1

m,N (tr,i)λm,N+1+

+

m−1∑
k=1

(Hk,N+1
m,N (tr,i) +Hk+1,1

m,i (tr,i))λk+1,1 − λm,N+1 = −Fm,N (tr,i). (26)

×åðåç Q∗(h) îáîçíà÷èì ìàòðèöó, ñîîòâåòñòâóþùóþ ëåâîé ÷àñòè ñèñòå-
ìû óðàâíåíèé (23)�(26). Òîãäà ýòó ñèñòåìó çàïèøåì â âèäå

Q∗(h) · λ = −F∗(h), λ ∈ Rnm(N+1), (27)

ãäå

F∗(h)=
(
− d+

m∑
p=1

N∑
i=1

tp,i∫
tp,i−1

B(t)Fp,i(t)dt, F1,1(0), F1,2(t1,1), . . . , Fm,N (tm,N−1)
)′

∈

Rnm(N+1).

Ëåììà 1. Ïóñòü m ∈ N è N ∈ N òàêèå, ÷òî mh0 = T, Nh = h0. Òîãäà
âåðíî ñëåäóþùåå:

à) âåêòîð λ∗ = (λ∗
1, λ

∗
2, ..., λ

∗
m,N ) ∈ Rnm(N+1), ñîñòàâëåííûé èç çíà÷åíèé

ðåøåíèÿ x∗(t) çàäà÷è (1), (2) â òî÷êàõ ðàçáèåíèÿ λ∗
r,i = x∗(tr,i−1), r = 1,m,

i = 1, N + 1, óäîâëåòâîðÿåò ñèñòåìå (27);
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á) åñëè λ̃ = (λ̃1, λ̃2, ..., λ̃mN ) ∈ Rnm(N+1) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû

óðàâíåíèé (27), à ñèñòåìà ôóíêöèé ũ[t] = (ũ1(t), ũ2(t), ..., ũm,N (t)) � ðåøå-

íèåì ñïåöèàëüíîé çàäà÷è Êîøè (14), (15) ïðè λr,i = λ̃r,i, r = 1,m, i =

1, N + 1, òî ôóíêöèÿ x̃(t), îïðåäåëÿåìàÿ ðàâåíñòâàìè x̃(t) = λ̃r,i + ũr,i(t),

t ∈ [tr,i−1, tr,i), r = 1,m, i = 1, N + 1, x̃(T ) = λ̃,mN+ lim
t→T−0

ũm,N (t), ÿâëÿåòñÿ

ðåøåíèåì çàäà÷è (1), (2).

Äîêàçàòåëüñòâî ñ íåçíà÷èòåëüíûìè èçìåíåíèÿìè ïðîâîäèòñÿ àíàëî-
ãè÷íî äîêàçàòåëüñòâó ëåììû 1 èç [4].

Èñïîëüçóÿ äàííóþ ëåììó, ìîæíî óñòàíîâèòü, ÷òî îáðàòèìîñòü ìàòðè-
öû Q∗(h) ñèñòåìû óðàâíåíèé (27) ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì
óñëîâèåì îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (9)�(13).

Àëãîðèòì íàõîæäåíèÿ ðåøåíèÿ àïïðîêñèìèðóþùåé êðàåâîé çàäà÷è
äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (14)�(19) îñíîâàí íà ïî-
ñòðîåíèè è ðåøåíèè ñèñòåìû (27). Äëÿ ýòîãî ðåøàåì çàäà÷è Êîøè äëÿ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé íà ïîäèíòåðâàëàõ:

dx

dt
= A(t)x+ P (t), x(tr,i−1) = 0, t ∈ [tr,i−1, tr,i], r = 1,m, i = 1, N. (28)

Çäåñü P (t) ëèáî (n×n)-ìàòðèöà, ëèáî n-âåêòîð, íåïðåðûâíûé íà [tr,i−1, tr,i],
r = 1,m. Ðåøåíèåì çàäà÷è (28) áóäåò ëèáî êâàäðàòíàÿ ìàòðèöà, ëèáî
âåêòîð ðàçìåðíîñòè n.

×åðåç E∗,r,i(A(·), P (·), t) îáîçíà÷èì ðåøåíèå çàäà÷è Êîøè (14),(15) è

E∗,r,i(A(·), P (·), t) = X(t)

t∫
tr,i−1

X−1(τ)P (τ)dτ, t ∈ [tr,i−1, tr,i]. (29)

1 øàã. Ïóñòü âûáðàíû ÷èñëà m ∈ N è N ∈ N òàêèå, ÷òî mh0 = T,
Nh = h0, ãäå h0 � øàã ðàçáèåíèÿ îòðåçêà [0, T ], à h � âíóòðåííèé øàã
ðàçáèåíèÿ ÷àñòè÷íûõ îòðåçêîâ [tr−1, tr], r = 1,m.

Ðåøàÿ mN çàäà÷ Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé

dx

dt
= A(t)x+A(t), x(tr,i−1) = 0, t ∈ [tr,i−1, tr,i], r = 1,m, i = 1, N, (30)
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dx

dt
= A(t)x+ K̃k,j(t), x(tr,i−1) = 0, t ∈ [tr,i−1, tr,i],

r, k = 1,m, i = 1, N, j = 1, N + 1, (31)

dx

dt
= A(t)x+ f(t), x(tr,i−1) = 0, t ∈ [tr,i−1, tr,i], r = 1,m, i = 1, N, (32)

ïîëó÷èì E∗,r,i(A(·), A(·), t), E∗,r,i(A(·), K̃k,j(·), t), E∗,r,i(A(·), f(·), t),
r, k = 1,m, i = 1, N, j = 1, N + 1.

2 øàã. Âû÷èñëèì èíòåãðàëû

βr,i =

tr,i∫
tr,i−1

B(t)dt, r = 1,m, i = 1, N, (33)

βr,i(A) =

tr,i∫
tr,i−1

B(t)E∗,r,i(A(·), A(·), t)dt, r = 1,m, i = 1, N, (34)

βr,i(f) =

tr,i∫
tr,i−1

B(t)E∗,r,i(A(·), f(·), t)dt, r = 1,m, i = 1, N, (35)

βr,i(K̃k,j) =

tr,i∫
tr,i−1

B(t)E∗,r,i(A(·), K̃k,j(·), t)dt,

r, k = 1,m, i = 1, N, j = 1, N + 1. (36)

3 øàã. Ñîñòàâèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíî-
ñèòåëüíî ïàðàìåòðîâ:

Q∗(h) · λ = −F∗(h), λ ∈ Rnm(N+1).

Ýëåìåíòû ìàòðèöû Q∗(h) : Rnm(N+1) → Rnm(N+1) è âåêòîðà F∗(h) ∈
Rnm(N+1) îïðåäåëÿþòñÿ ðàâåíñòâàìè (20), (21), (22), ãäå âìåñòî

X(tr,i)

tr,i∫
tr,i−1

X−1(τ)A(τ)dτ,
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X(tr,i)

tr,i∫
tr,i−1

X−1(τ)K̃k,j(τ)dτ, r, k = 1,m, i = 1, N, j = 1, N + 1,

X(tr,i)

tr,i∫
tr,i−1

X−1(τ)f(τ)dτ

â ñèëó (29) ìîæíî ïîñòàâèòü

E∗,r,i(A(·), A(·), t), E∗,r,i(A(·), K̃k,j(·), t), E∗,r,i(A(·), f(·), t),

r, k = 1,m, i = 1, N, j = 1, N + 1.

Ðåøàÿ ñèñòåìó (27), íàéäåì λ∗
r,i, r = 1,m, i = 1, N. Òåì ñàìûì íàõîäèì

çíà÷åíèÿ ôóíêöèè x∗(t) â òî÷êàõ íàãðóæåíèÿ.
4 øàã. Çíà÷åíèÿ ôóíêöèè x∗(t) â îñòàëüíûõ òî÷êàõ ïîäèíòåðâàëà

[tr,i−1, tr,i] îïðåäåëÿþòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè äëÿ îáûêíî-
âåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

dx

dt
= A(t)x+

m∑
r=1

N+1∑
j=1

K̃r,j(t)λ
∗
r,j + f(t), t ∈ [tr,i−1, tr,i],

x(tr,i−1) = λ∗
r,i, r = 1,m, i = 1, N. (37)

Êàê èçâåñòíî, ôóíäàìåíòàëüíóþ ìàòðèöó óäàåòñÿ ïîñòðîèòü íå âñå-
ãäà, ïîýòîìó ïðåäëàãàåòñÿ ÷èñëåííàÿ ðåàëèçàöèÿ àëãîðèòìà íàõîæäåíèÿ
ðåøåíèÿ çàäà÷è (14)�(19), îñíîâàííàÿ íà ìåòîäå Ðóíãå-Êóòòà ÷åòâåðòîãî
ïîðÿäêà òî÷íîñòè è ôîðìóëå Ñèìïñîíà.

Êàæäûé èíòåðâàë [tr,i−1, tr,i], r = 1,m, i = 1, N, äåëèì íà ÷åòíûå Ñ

÷àñòè ñ øàãîì h̃ = (tr,i − tr,i−1)/Ñ.

Ïðåäïîëîæèì, ÷òî ïåðåìåííàÿ t̂ íà êàæäîì èíòåðâàëå [tr,i−1, tr,i] ïðè-
íèìàåò äèñêðåòíûå çíà÷åíèÿ: t̂ = tr,i−1, t̂ = tr,i−1 + h̃, . . . , t̂ = tr,i−1 + (Ñ −
1)h̃, t̂ = tr,i, è ìíîæåñòâî òàêèõ òî÷åê îáîçíà÷èì ÷åðåç {tr,i−1, tr,i}.

Ìåòîäîì Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà òî÷íîñòè íàé-
äåì ÷èñëåííîå ðåøåíèå çàäà÷ Êîøè (30)�(32) íà ìíîæåñòâå
{tr,i−1, tr,i}, r = 1,m, i = 1, N, è îïðåäåëèì çíà÷åíèÿ (n × n)-ìàòðèö
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Eh̃
∗,r,i(A(·), A(·), t), Eh̃

∗,r,i(A(·), K̃k,j(·), t), Eh̃
∗,r,i(A(·), f(·), t), r, k = 1,m,

i = 1, N, j = 1, N + 1.

Èñïîëüçóÿ çíà÷åíèÿ (n × n)-ìàòðèö Eh̃
∗,r,i(A(·), A(·), t),

Eh̃
∗,r,i(A(·), K̃k,j(·), t), Eh̃

∗,r,i(A(·), f(·), t), r, k = 1,m, i = 1, N, j = 1, N + 1,
íà {tr,i−1, tr,i} ñ ïîìîùüþ ôîðìóëû Ñèìïñîíà âû÷èñëèì îïðåäåëåííûå
èíòåãðàëû

βh̃
r,i =

tr,i∫
tr,i−1

B(t)dt, r = 1,m, i = 1, N,

βh̃
r,i(A) =

tr,i∫
tr,i−1

B(t)Eh̃
∗,r,i(A(·), A(·), t)dt, r = 1,m, i = 1, N,

βh̃
r,i(f) =

tr,i∫
tr,i−1

B(t)Eh̃
∗,r,i(A(·), f(·), t)dt, r = 1,m, i = 1, N,

βh̃
r,i(K̃k,j) =

tr,i∫
tr,i−1

B(t)Eh̃
∗,r,i(A(·), K̃k,j(·), t)dt, r, k = 1,m, i = 1, N, j = 1, N + 1.

Ïîñòðîèâ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî
ïàðàìåòðîâ:

Qh̃
∗(h) · λ = −F h̃

∗ (h), λ ∈ Rnm(N+1),

íàéäåì λh̃ = (λh̃
1 , λ

h̃
2 , ..., λ

h̃
m,N ), ÿâëÿþùèåñÿ çíà÷åíèÿìè ðåøåíèÿ çàäà÷è

(14)�(19) â íà÷àëüíûõ òî÷êàõ ïîäèíòåðâàëîâ, ò.å. xh̃(tr,i−1) = λh̃
r,i, r = 1,m,

i = 1, N.

Çíà÷åíèÿ ÷èñëåííîãî ðåøåíèÿ â îñòàëüíûõ òî÷êàõ ïîäèíòåðâàëîâ íàé-
äåì, ïðèìåíÿÿ ìåòîä Ðóíãå - Êóòòà ÷åòâåðòîãî ïîðÿäêà òî÷íîñòè ê çàäà÷å
Êîøè

dx

dt
= A(t)x+

m∑
r=1

N+1∑
j=1

K̃r,j(t) · λh̃
r,j + f(t), t ∈ [tr,i−1, tr,i],
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x(tr,i−1) = λh̃
r,i, r = 1,m, i = 1, N.

Ïðèìåð. Ðàññìîòðèì íà [0,1] êðàåâóþ çàäà÷ó äëÿ èíòåãðî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà

dx

dt
= A(t)x+

1∫
0

K(t, s)x(s)ds+ f(t), x ∈ (0, 1), x ∈ R2, (38)

1∫
0

B(t)x(t)dt = d, (39)

ãäå

A(t) =

(
0 t
t2 0

)
, K(t, s) =

(
1 t

0 2t3e
ts
2

)
,

f(t) =

(
−t(t2 − 1) + 1 + 2t

3

2t− 3t2 + 16e
t
2 t− 32e

t
2 + 32

)
,

B(t) =

(
et 0
0 1

)
, d =

(
1− e
−2

3

)
.

Ðåøåíèåì çàäà÷è (38),(39) ÿâëÿåòñÿ âåêòîð x∗(t) =

(
−1

t2 − 1

)
.

Ïóñòü m = 1, N = 5 (h0 = 1, h = 0.2).
Íà îòðåçêå [0, 1] âûáåðåì òî÷êè tj−1 = (j − 1) · 0.2, j = 1, 6. Ôóíêöèþ

K(t, s)x(s) ïðåäñòàâèì â âèäå êóáè÷åñêîãî ñïëàéíà. Òîãäà êðàåâàÿ çàäà-
÷à (38),(39) ñâåäåòñÿ ê êðàåâîé çàäà÷å äëÿ íàãðóæåííîãî îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ

dx

dt
= A(t)x+

6∑
j=1

Mj ·K(t, tj−1) · x(tj−1) + f(t), t ∈ (0, 1),

5∑
i=1

ti∫
ti−1

B(t)x(t)dt = d, d ∈ R2,
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ãäå

M1 = M6 =
3

38
, M2 = M5 =

43

190
, M3 = M4 =

37

190
,

� êîýôôèöèåíòû, íàéäåííûå ïî ôîðìóëå (8).
Ââåäåì ïàðàìåòðû λj = x(tj−1), j = 1, 6, è ïðîèçâåäÿ çàìåíó ui(t) =

x(t)− λi, i = 1, 5, ïîëó÷èì êðàåâóþ çàäà÷ó âèäà

dui
dt

= A(t)(ui + λi) +

6∑
j=1

Mj ·K(t, tj−1)λj + f(t), t ∈ [ti−1, ti], i = 1, 5,

ui(ti−1) = 0, i = 1, 5,

5∑
i=1

ti∫
ti−1

B(t)(ui(t) + λi)dt = d,

λs + lim
t→ts−0

us(t) = λs+1, s = 1, 5.

Ê ïîëó÷åííîé àïïðîêñèìèðóþùåé êðàåâîé çàäà÷å äëÿ íàãðóæåííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïðèìåíèì ÷èñëåííóþ ðåàëèçàöèþ ïðåäëî-
æåííîãî àëãîðèòìà.

Êàæäûé èíòåðâàë [ti−1, ti], i = 1, 5, äåëèì íà ÷åòíûå Ñ ÷àñòè ñ øà-
ãîì h̃ = h/Ñ. Ìåòîäîì Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà òî÷íîñòè ðåøàåì
çàäà÷è Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dx

dt
= A(t)x+A(t), x(ti−1) = 0, t ∈ [ti−1, ti], i = 1, 5, (40)

dx

dt
= A(t)x+ K̃j(t), x(ti−1) = 0, t ∈ [ti−1, ti], i = 1, 5, j = 1, 6, (41)

dx

dt
= A(t)x+ f(t), x(ti−1) = 0, t ∈ [ti−1, ti], i = 1, 5, (42)

ãäå K̃j(t) = Mj ·K(t, tj−1), j = 1, 6.

×èñëåííîå ðåøåíèå çàäà÷ (40)�(42) îáîçíà÷èì ÷åðåç Eh̃
∗,i(A(·), A(·), t),

Eh̃
∗,i(A(·), K̃j(·), t), Eh̃

∗,i(A(·), f(·), t), i = 1, 5, j = 1, 6, ñîîòâåòñòâåííî.
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Ñ ïîìîùüþ ôîðìóëû Ñèìïñîíà âû÷èñëèì îïðåäåëåííûå èíòåãðàëû

βh̃
i =

ti∫
ti−1

B(t)dt, i = 1, 5,

βh̃
i (A) =

ti∫
ti−1

B(t)Eh̃
∗,i(A(·), A(·), t)dt, i = 1, 5,

βh̃
i (f) =

ti∫
ti−1

B(t)Eh̃
∗,i(A(·), f(·), t)dt, i = 1, 5,

βh̃
i (K̃j) =

ti∫
ti−1

B(t)Eh̃
∗,i(A(·), K̃j(·), t)dt, i = 1, 5, j = 1, 6.

Ñîñòàâèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî
ïàðàìåòðîâ:

Qh̃
∗(0.2) · λh̃ = −F h̃

∗ (0.2), λh̃ ∈ R12. (43)

Ðåøàÿ ñèñòåìó óðàâíåíèé (43), ïîëó÷èì ÷èñëåííûå çíà÷åíèÿ ïàðàìåòðîâ

λh̃
1 =

(
−1.0001427
−1.0001268

)
, λh̃

2 =

(
−1.0001376
−0.9601265

)
, λh̃

3 =

(
−1.0001064
−0.8401167

)
,

λh̃
4 =

(
−1.0000462
−0.6400609

)
, λh̃

5 =

(
−0.9999429
−0.3598749

)
, λh̃

6 =

(
−0.9997505
0.0006007

)
.

×èñëåííûå ðåøåíèÿ â îñòàëüíûõ òî÷êàõ ïîäèíòåðâàëîâ íàéäåì, âíîâü
ïðèìåíÿÿ ìåòîä Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà ê çàäà÷å Êîøè,

dx

dt
= A(t)x+ F∗(t), x(ti−1) = λh̃

i , ∈ [ti−1, ti], i = 1, 5,

ãäå

F∗(t) =
3

38
K(t, 0)λh̃

1 +
43

190
K(t, 0.2)λh̃

2 +
37

190
K(t, 0.4)λh̃

3+

+
37

190
K(t, 0.6)λh̃

4 +
43

190
K(t, 0.8)λh̃

5 +
3

38
K(t, 1)λh̃

6 + f(t).
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Òàáëèöà 1 � Ðåçóëüòàòû ÷èñëåííîé ðåàëèçàöèè ïîñòðîåííîãî àëãîðèòìà

ïðè âûáîðå ÷èñåë m = 1, N = 5, Ñ = 8 è ðàçíîñòü

ìåæäó òî÷íûì è ÷èñëåííûì ðåøåíèÿìè êðàåâîé çàäà÷è (38), (39).

t xh̃1(t) |x∗1(t)− xh̃1(t)| xh̃2(t) |x∗2(t)− xh̃2(t)|
0 -1.0001427 0.0001427 -1.0001268 0.0001268

0.025 -1.0001435 0.0001435 -0.9995018 0.0001268
0.05 -1.0001438 0.0001438 -0.9976268 0.0001268
0.075 -1.0001438 0.0001438 -0.9945018 0.0001268
0.1 -1.0001434 0.0001434 -0.9901268 0.0001268
0.125 -1.0001426 0.0001426 -0.9845018 0.0001268
0.15 -1.0001413 0.0001413 -0.9776267 0.0001267
0.175 -1.0001397 0.0001397 -0.9695016 0.0001266
0.2 -1.0001376 0.0001376 -0.9601265 0.0001265
0.225 -1.0001352 0.0001352 -0.9495012 0.0001262
0.25 -1.0001323 0.0001323 -0.9376257 0.0001257
0.275 -1.0001290 0.0001290 -0.9245001 0.0001251
0.3 -1.0001254 0.0001254 -0.9101242 0.0001242
0.325 -1.0001213 0.0001213 -0.8944980 0.0001230
0.35 -1.0001167 0.0001167 -0.8776214 0.0001214
0.375 -1.0001118 0.0001118 -0.8594944 0.0001194
0.4 -1.0001064 0.0001064 -0.8401167 0.0001167
0.425 -1.0001006 0.0001006 -0.8194885 0.0001135
0.45 -1.0000944 0.0000944 -0.7976094 0.0001094
0.475 -1.0000876 0.0000876 -0.7744795 0.0001045
0.5 -1.0000804 0.0000804 -0.7500985 0.0000985
0.525 -1.0000727 0.0000727 -0.7244663 0.0000913
0.55 -1.0000645 0.0000645 -0.6975827 0.0000827
0.575 -1.0000556 0.0000556 -0.6694477 0.0000727
0.6 -1.0000462 0.0000462 -0.6400609 0.0000609
0.625 -1.0000362 0.0000362 -0.6094221 0.0000471
0.65 -1.0000255 0.0000255 -0.5775312 0.0000312
0.675 -1.0000140 0.0000140 -0.5443879 0.0000129
0.7 -1.0000017 0.0000017 -0.5099919 0.0000081
0.725 -0.9999886 0.0000114 -0.4743429 0.0000321
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0.75 -0.9999744 0.0000256 -0.4374407 0.0000593
0.775 -0.9999592 0.0000408 -0.3992848 0.0000902
0.8 -0.9999429 0.0000571 -0.3598749 0.0001251
0.825 -0.9999252 0.0000748 -0.3192107 0.0001643
0.85 -0.9999061 0.0000939 -0.2772917 0.0002083
0.875 -0.9998853 0.0001147 -0.2.41174 0.0002576
0.9 -0.9998628 0.0001372 -0.1896874 0.0003126
0.925 -0.9998383 0.0001617 -0.1440012 0.0003738
0.95 -0.9998116 0.0001884 -0.0970582 0.0004418
0.975 -0.9997824 0.0002176 -0.0488578 0.0005172
1 -0.9997505 0.0002495 0.0006007 0.0006007
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ÓI �ØIÍ ÑÛÇÛ�ÒÛ ØÅÒÒIÊ ÅÑÅÏÒI� ØÅØIÌIÍ ÑÏËÀÉÍ-
ÀÏÏÐÎÊÑÈÌÀÖÈßËÀÓ ÍÅÃIÇIÍÄÅ ÒÀÁÓÄÛ� ÀËÃÎÐÈÒÌÄÅÐI
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Bakirova E.A., Iskakova N.B. ALGORITHMS FOR FINDING
SOLUTIONS OF LINEAR BOUNDARY VALUE PROBLEM FOR
FREDHOLM INTEGRAL-DIFFERENTIAL EQUATION WITH
INTEGRAL CONDITION BASED ON SPLINE-APPROXIMATION

Method for �nding numerical solution of linear boundary value problem
for Fredholm integral-di�erential equation with integral condition is proposed.
The method is based on approximation of the integral term by cubic spline
and reducing initial problem to linear boundary value problem for loaded
di�erential equations.
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1. Ââåäåíèå. Ïîñòàíîâêà çàäà÷è
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ïîäðîáíóþ áèáëèîãðàôèþ ìîæíî íàéòè â [2].

Ïðè ðåøåíèè êðàåâûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèè â ïðî-
ñòðàíñòâàõ Ãåëüäåðà òðåáóåòñÿ âûïîëíåíèå óñëîâèé ñîãëàñîâàíèÿ ãðàíè÷-
íûõ è íà÷àëüíûõ äàííûõ, êîòîðûå ãàðàíòèðóþò íåïðåðûâíîñòü ðåøåíèÿ è
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åãî äîïóñòèìûõ ïðîèçâîäíûõ â çàìûêàíèè îáëàñòè. Â ðàáîòå ðàññìàòðèâà-
åòñÿ ñëó÷àé, êîãäà â çàäà÷å íå âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ êðàåâûõ
è íà÷àëüíûõ äàííûõ âñåõ íåîáõîäèìûõ ïîðÿäêîâ.

Ðàíåå â [3]�[6] áûëè èçó÷åíû ïåðâàÿ, âòîðàÿ êðàåâûå çàäà÷è è çàäà÷à
ñîïðÿæåíèÿ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ïðè íåâûïîëíåííûõ óñëîâèÿõ
ñîãëàñîâàíèÿ.

Â íàñòîÿùåé ñòàòüå â ðàçäåëàõ 1�3 ïðèâîäÿòñÿ ïîñòàíîâêà çàäà÷è, îñ-
íîâíûå îïðåäåëåíèÿ è ñôîðìóëèðîâàíû òåîðåìû 1�3. Â ðàçäåëå 4 íàéäåíî
ðåøåíèå çàäà÷è â ÿâíîì âèäå ïðè ïîìîùè èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ
Ëàïëàñà, ïîëó÷åíû ñèíãóëÿðíûå ðåøåíèÿ çàäà÷è, êîòîðûå âîçíèêëè çà
ñ÷åò íåâûïîëíåíèÿ óñëîâèé ñîãëàñîâàíèÿ. Îñíîâíûå òåîðåìû 1�3 î ðàçðå-
øèìîñòè çàäà÷è, óñòàíîâëåíèè ïîðÿäêà îñîáåííîñòåé ñèíãóëÿðíûõ ðåøå-
íèé ïðèâåäåíû â ðàçäåëå 5.

Ïóñòü Ω := (0,∞), ΩT := Ω× (0, T ), σT := (0, T ).
Òðåáóåòñÿ íàéòè ôóíêöèþ u(x, t), óäîâëåòâîðÿþùóþ ïàðàáîëè÷åñêîìó

óðàâíåíèþ

∂tu− a∂2
xu = f(x, t) â ΩT , (1)

íà÷àëüíîìó óñëîâèþ

u |t=0= u0(x) â Ω (2)

è ãðàíè÷íîìó óñëîâèþ

(∂tu− b∂xu) |x=0= φ(t), t ∈ σT . (3)

Çäåñü a, b � ïîëîæèòåëüíûå ïîñòîÿííûå, ∂k
t = ∂k/∂tk, ∂k

x = ∂k/∂xk,
k=1,2,... .

Â äàëüíåéøåì áóäåì ïîëüçîâàòüñÿ îáîçíà÷åíèåì Dk
t u = u(k). ×åðåç

C1, C2, ... áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå ïîñòîÿííûå, ïðè÷åì â êàæäîì
ðàçäåëå èõ íóìåðàöèÿ áóäåò íà÷èíàòüñÿ ñ åäèíèöû.

2. Îñíîâíûå îïðåäåëåíèÿ

Çàäà÷ó (1)�(3) áóäåì èçó÷àòü â êëàññè÷åñêîì ïðîñòðàíñòâå Ãåëüäåðà
[7].

Ïóñòü l � íåöåëîå ïîëîæèòåëüíîå ÷èñëî, α = l − [l] ∈ (0, 1).
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Ïîä C
2+l,1+l/2
x t (Ω̄T ) áóäåì ïîíèìàòü áàíàõîâî ïðîñòðàíñòâî ôóíêöèé

u(x, t), èìåþùèõ íîðìó

| u |(2+l)
ΩT

=

2+[l]∑
2j0+j=0

| ∂j0
t ∂j

xu |ΩT
+

∑
2j0+j=2+[l]

(
[∂j0

t ∂j
xu]

(α)

x,ΩT
+ [∂j0

t ∂j
xu]

(α/2)

t,ΩT

)
+

+
∑

2j0+j=1+[l]

[
∂j0
t ∂j

xu
]( 1+α

2
)

t,ΩT
,

ãäå | υ |ΩT
= sup

(x,t)∈ΩT

| υ |,

[υ]
(α)
x,ΩT

= sup
(x,t),(z,t)∈ΩT

| υ(x, t)− υ(z, t) |
| x− z |α

,

[υ]
(α)
t,ΩT

= sup
(x,t),(x,τ)∈ΩT

| υ(x, t)− υ(x, τ) |
| t− τ |α

.

×åðåç C l(σ̄T ) îáîçíà÷èì áàíàõîâî ïðîñòðàíñòâî ôóíêöèé u(t) ñ íîðìîé

| u |(l)σT
=

[l]∑
j0=0

|Dj0
t u|σT +

[
D

[l]]
t u

](l−[l])

t,σT

.

Ïðè ðåøåíèè êðàåâûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé â ïðî-
ñòðàíñòâå Ãåëüäåðà òðåáóåòñÿ âûïîëíåíèå óñëîâèé ñîãëàñîâàíèÿ íà÷àëü-
íûõ è êðàåâûõ äàííûõ.

Îïðåäåëèì óñëîâèÿ ñîãëàñîâàíèÿ íà÷àëüíûõ è ãðàíè÷íûõ äàííûõ äëÿ
çàäà÷è (1)�(3) [7]. Îíè íàõîäÿòñÿ èç ãðàíè÷íîãî óñëîâèÿ (3) ïóòåì åãî
äèôôåðåíöèðîâàíèÿ ïî t, èñêëþ÷åíèÿ ïðîèçâîäíûõ ∂k

t u, íàéäåííûõ èç
óðàâíåíèÿ (1), è èñïîëüçîâàíèÿ íà÷àëüíîãî óñëîâèÿ (2). Íàéäåì èõ.

Èç óðàâíåíèÿ òåïëîïðîâîäíîñòè (1) íàõîäèì ïðîèçâîäíóþ ïî âðåìåíè

∂tu = a∂2
xu+ f(x, t), (4)

ïîäñòàâèì åå â ãðàíè÷íîå óñëîâèå (3)

(a∂2
xu+ f(x, t)− b∂xu)|x=0 = φ(t)
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è ïðè t = 0 ïîëó÷èì

(a∂2
xu+ f(x, t)− b∂xu)|x=0,t=0 = φ(t)|t=0. (5)

Â ñèëó íà÷àëüíîãî óñëîâèÿ (2) èìååì ∂2
xu(x, t)|t=0 =

u′′0(x), ∂xu(x, t)|t=0 = u′0(x).
Ïîäñòàâèì ïîëó÷åííûå âûðàæåíèÿ â ãðàíè÷íîå óñëîâèå (5), òîãäà áó-

äåì èìåòü
(au′′0(x) + f(x, 0)− bu′0(x))|x=0 = φ(0). (6)

Äëÿ ïîëó÷åíèÿ óñëîâèÿ ñîãëàñîâàíèÿ ïåðâîãî ïîðÿäêà ïðîäèôôåðåí-
öèðóåì ãðàíè÷íîå óñëîâèå (3) ïî ïåðåìåííîé t

(∂t∂tu− b∂t∂xu)|x=0 = φ′(t). (7)

Âìåñòî ïðîèçâîäíîé ïî âðåìåíè ∂tu â ãðàíè÷íîì óñëîâèè (7) ïîäñòàâ-
ëÿåì ïîëó÷åííîå èç óðàâíåíèÿ (1) âûðàæåíèå (4) äâàæäû

(a2∂4
xu+ a∂2

xf(x, t) + ∂tf(x, t)− ab∂3
xu− b∂xf(x, t))|x=0 = φ′(t).

Îòñþäà ïðè t = 0 ïîëó÷èì

(a2u
(4)
0 (x) + a∂2

xf(x, 0) + ∂tf(x, 0)− abu′′′0 (x)− b∂xf(x, 0))|x=0 = φ′(0). (8)

Áóäåì ãîâîðèòü, ÷òî äëÿ çàäà÷è (1)�(3) âûïîëíåíû óñëîâèÿ ñîãëàñîâà-
íèÿ ïîðÿäêà n = 0, 1, 2, ... åñëè èìååò ìåñòî ðàâåíñòâî

(∂n+1
t u− b∂x∂

n
t u)|x=0,t=0 = φ(n)(0),

ãäå ïðîèçâîäíûå ∂n
t u îïðåäåëÿþòñÿ ïî ðåêóððåíòíûì ôîðìóëàì: ∂tu =

a∂2
xu + f(x, t), ∂2

t u = ∂t(a∂
2
xu + f(x, t)) = a2∂4

xu + a∂2
xf(x, t) +

∂tf(x, t), ..., ∂n
t u = ∂n−1

t ∂tu = a∂2
x∂

n−1
t u+ f

(n−1)
t (x, t).

Â ÷àñòíîñòè, óñëîâèÿ ñîãëàñîâàíèÿ íóëåâîãî è ïåðâîãî ïîðÿäêà èìåþò
âèä (6) è (8) ñîîòâåòñâåííî.

Ââåäåì îáîçíà÷åíèÿ

A0 := φ(0)− au′′0(0)− f(0, 0) + bu′0(0), (9)

A1 := φ′(0)− a2u
(4)
0 (0) + abu′′′0 (0)− a∂2

xf(0, 0)− ∂tf(0, 0) + b∂xf(0, 0), (10)
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An := φ(n)(0)− (∂n+1
t u− b∂x∂

n
t u)|x=0,t=0. (11)

Î÷åâèäíî, âûïîëíåíèå óñëîâèÿ ñîãëàñîâàíèÿ k0 ïîðÿäêà íà ãðàíèöå
x = 0 îçíà÷àåò, ÷òî Ak0 = 0, à ïðè íåâûïîëíåíèè óñëîâèÿ ñîãëàñîâàíèÿ k0
ïîðÿäêà Ak0 ̸= 0.

Â äàëüíåéøåì ìû áóäåì èñïîëüçîâàòü ïîâòîðíûé èíòåãðàë âåðîÿòíî-
ñòè inerfcz [8]. Îí îïðåäåëÿåòñÿ ïî ôîðìóëàì

inerfcz :=

∫ ∞

z
in−1erfcζdζ, n = 0, 1, 2, ..., (12)

i−1erfcz :=
2√
π
e−z2 , i0erfcz := erfcz =

∫ ∞

z
i−1erfcζdζ =

2√
π

∫ ∞

z
e−ζ2dζ

(13)
Äëÿ ïîâòîðíûõ èíòåãðàëîâ âåðîÿòíîñòè inerfcz ñïðàâåäëèâû ñëåäóþ-

ùèå ñîîòíîøåíèÿ [8]:

Dzi
nerfcz = −in−1erfcz, n = 0, 1, 2, ..., (Dz =

d

dz
);

inerfc0 =

∫ ∞

0
in−1erfcζdζ =

1

2nÃ(n/2 + 1)
, n = 0, 1, 2, ..., (14)

â ÷àñòíîñòè,

erfc 0 =

∫ ∞

0
i−1erfc ζdζ =

2

Ã(1/2)
=

2√
π
,

ãäå Ã(·) � ãàììà-ôóíêöèÿ Ýéëåðà;

inerfcz =
1

2n
in−2erfcz − z

n
in−1erfcz, n = 1, 2, ... .

Êàê âèäíî èç ôîðìóë (12), (14), ôóíêöèè inerfcz ÿâëÿþòñÿ îãðàíè÷åí-
íûìè ïðè z ≥ 0:

inerfcz ≤ inerfc0, n = −1, 0, 1, ....
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3. Îñíîâíûå ðåçóëüòàòû

Ïðèâåäåì îñíîâíûå òåîðåìû íàñòîÿùåé ðàáîòû.

Òåîðåìà 1. Ïóñòü α ∈ (0, 1), b > 0. Äëÿ ëþáûõ ôóíêöèé u0(x) ∈
C2+α(Ω̄), f(x, t) ∈ Cα(Ω̄T ), φ(t) ∈ C

1+α
2 (σ̄T ), íå óäîâëåòâîðÿþùèõ íà ãðà-

íèöå x = 0 óñëîâèþ ñîãëàñîâàíèÿ íóëåâîãî ïîðÿäêà (òî åñòü A0 ̸= 0, ãäå A0

îïðåäåëÿåòñÿ ïî ôîðìóëå (9)), çàäà÷à (1)-(3) èìååò åäèíñòâåííîå ðåøåíèå

u(x, t) = V0(x, t)+ v(x, t), ãäå v(x, t) ∈ C
2+α,1+α/2
x t (Ω̄T ), ∂tv(0, t) ∈ C

1+α
2 (σ̄T ),

è ñïðàâåäëèâà îöåíêà

|v|(2+α)
ΩT

+ |∂tv(0, t)|
( 1+α

2
)

σT ≤ C1

(
|u0|(2+α)

Ω + |f |(α)ΩT
+ |φ−A0|

( 1+α
2

)
σT

)
,

ôóíêöèÿ

V0(x, t) = A0

∫ t

0
erfc

x+ bσ

2
√

a(t− σ)
dσ,

è åå ïðîèçâîäíàÿ ∂xV0(x, t) íåïðåðûâíû è îãðàíè÷åíû â ΩT , à ïðîèçâîäíûå
∂tV0(x, t), ∂2

xV0(x, t) îïðåäåëÿþòñÿ ïî ôîðìóëàì

∂tV0(x, t) = a∂2
xV0(x, t) = A0erfc

x

2
√
at

−A0J(x, t),

J(x, t) =
b√
aπ

∫ t

0

1√
t− σ

e
− (x+bσ)2

4a(t−σ) dσ (15)

è ÿâëÿþòñÿ îãðàíè÷åííûìè â ΩT , ðàçðûâíûìè ôóíêöèÿìè â òî÷êå x =
0, t = 0.

Òåîðåìà 2. Ïóñòü α ∈ (0, 1), k = 0, 1, 2, .... Äëÿ ëþáûõ ôóíêöèé u0(x) ∈
C2+k+α(Ω̄), f(x, t) ∈ C

k+α, k+α
2

x t (Ω̄T ), φ(t) ∈ C
1+k+α

2 (σ̄T ), íå óäîâëåòâîðÿþ-

ùèõ íà ãðàíèöå x = 0 óñëîâèÿì ñîãëàñîâàíèÿ ïîðÿäêîâ 0, ...,
[
1+k
2

]
(òî åñòü

An ̸= 0, n = 0, ...,
[
1+k
2

]
, ãäå An îïðåäåëÿåòñÿ ïî ôîðìóëàì (9) � (11)),

çàäà÷à (1) � (3) èìååò åäèíñòâåííîå ðåøåíèå u(x, t) = V (x, t) + v(x, t), ãäå

v(x, t) ∈ C
2+k+α,1+ k+α

2
x t (Ω̄T ), ∂tv(0, t) ∈ C

1+k+α
2 (σ̄T ), è ñïðàâåäëèâà îöåíêà
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|v|(2+k+α)
ΩT

+ |∂tv(0, t)|
( 1+k+α

2
)

σT ≤

≤ C2

(
|u0|(2+k+α)

Ω + |f |(k+α)
ΩT

+
∣∣φ− Σ

[ 1+k
2

]

n=0

An

n!
tn
∣∣( 1+k+α

2
)

σT

)
,

à ôóíêöèÿ V (x, t) îïðåäåëÿåòñÿ ïî ôîðìóëàì

V (x, t) =

[ 1+k
2

]∑
n=0

Vn(x, t), (16)

Vn(x, t) =
An

n!i2nerfc0

∫ t

0
(t− σ)ni2nerfc

x+ bσ

2
√

a(t− σ)
dσ. (17)

Òåîðåìà 3. Ïóñòü b > 0. Ïðîèçâîäíûå ∂j0
t ∂j

xVn(x, t) = aj0∂2j0+j
x Vn(x, t),

2j0 + j = 0, 1, ..., ôóíêöèè Vn(x, t), îïðåäåëÿåìîé ïî ôîðóìóëå (17),

1. íåïðåðûâíû è îãðàíè÷åíû â Ω̄T ïðè 2j0 + j = 0, 1, ..., 2n+ 1;
2. ïðè 2j0 + j = 2n+ 2 ðàçðûâíû â òî÷êå x = 0, t = 0 è îãðàíè÷åíû â

Ω̄T ;
3. èìåþò îñîáåííîñòü â îêðåñòíîñòè òî÷êè x = 0, t = 0 ïðè 2j0 + j =

2n+ 3

∂j0
t ∂j

xVn(x, t) = Ana
j0−n−1(−2Ã(x, t) +

b

a
erfc

x

2
√
at

− b

a
J(x, t))

è ïðè 2j0 + j = 2n+ 2 + p, p = 2, 3, ...,

∂j0
t ∂j

xVn(x, t) = Ana
j0−n−1

(
−2∂p−1

x Ã(x, t)−
p−2∑
q=0

( b

a

)p−1−q

∂q
xÃ(x, t)+

+
( b

a

)p

erfc
x

2
√
at

−
( b

a

)p

J(x, t)
)
,

ãäå èíòåãðàë J(x, t) îïðåäåëÿåòñÿ ïî ôîðìóëå (15), Ã(x, t) = 1
2
√
aπt

e−
x2

4at �

ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1);
4. ïðè 2j0 + j = 2n+ 2 + p, p = 0, 1, ..., óäîâëåòâîðÿþò îöåíêå

|∂j0
t ∂j

xVn(x, t)| ≤ C3
1

tp/2
e−

x2

8at . (18)
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Çàìå÷àíèå 1. Êàê âèäíî èç ôîðìóë (16), (17), åñëè âûïîëíåíî óñëîâèÿ

ñîãëàñîâàíèÿ k0 ïîðÿäêà, òî åñòü Ak0 = 0, òî Vk0(x, t) = 0.

4. Âñïîìîãàòåëüíûå çàäà÷è

Â äàëüíåéøåì íàì ïîòðåáóåòñÿ ðåøåíèå ñëåäóþùèé çàäà÷è ñ íåèçâåñò-
íîé ôóíêöèåé v(x, t):

∂tv − a∂2
xv = 0 â ΩT , (19)

v|t=0 = 0 â Ω, (20)

(∂tv − b∂xv)|x=0 = φ(t), t ∈ σT , (21)

ãäå b > 0.

Ëåììà 1. Ïóñòü b > 0. Äëÿ ëþáîé ôóíêöèè φ(t) ∈ C
1+α
2 (σ̄T ), α ∈ (0, 1),

ðåøåíèå çàäà÷è (19)�(21) èìååò âèä

v(x, t) =

∫ t

0
φ(τ)G(x, t− τ)dτ, (22)

ãäå

G(x, t− τ) =

∫ t−τ

0

x+ bσ

2
√

aπ(t− τ − σ)3
e
− (x+bσ)2

4a(t−τ−σ)dσ ≡

≡ −2a

∫ t−τ

0
∂xÃ(x+ bσ, t− τ − σ). (23)

Äîêàçàòåëüñòâî. Äëÿ íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (19)�(21) ïðèìåíèì
ê çàäà÷å èíòåãðàëüíîå ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé t.

×åðåç ṽ(x, p) = L[v] áóäåì îáîçíà÷àòü ïðåîáðàçîâàíèå Ëàïëàñà ïî ïå-
ðåìåííîé t ôóíêöèè v(x, t):

ṽ(x, p) =

∫ ∞

0
v(x, t)e−ptdt.

Ó÷èòûâàÿ íà÷àëüíîå óñëîâèå (20) è ôîðìóëó L[∂tv] = pṽ(x, p) −
v(x, 0) = pṽ(x, p), çàïèøåì óðàâíåíèå òåïëîïðîâîäíîñòè (19) è ãðàíè÷íîå
óñëîâèå çàäà÷è (21) â îáëàñòè èçîáðàæåíèé Ëàïëàñà

aṽ′′x − pṽ = 0, (pṽ − bṽ′x)|x=0 = φ̃, (24)
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ãäå φ̃(p) = L[φ(t)].
Îãðàíè÷åííîå â îáëàñòè (0,∞) ðåøåíèå óðàíåíèÿ (24) ïðè x > 0 èìååò

âèä
ṽ = A(p)e−rx, r =

√
p/

√
a, (25)

ãäå A(p) � íåèçâåñòíàÿ ôóíêöèÿ îò p, ïîäëåæàùàÿ îïðåäåëåíèþ èç ãðàíè÷-
íîãî óñëîâèÿ. Ïîäñòàâèâ â ãðàíè÷íîå óñëîâèå (24) ôóíêöèþ (25), íàéäåì

A(p) =
φ(p)

p+ br

è âìåñòå ñ íèì ðåøåíèå çàäà÷è (24) â îáëàñòè èçîáðàæåíèé Ëàïëàñà

ṽ =
φ(p)

p+ br
e−rx.

Â ñèëó óñëîâèé Re p ≥ c0 > 0, Re r ≥ c1 > 0 è b > 0 ïðåäñòàâèì äðîáü
1

p+br â âèäå
1

p+ br
=

∫ ∞

0
e−(p+br)σdσ,

òîãäà

ṽ = φ̃(p)

∫ ∞

0
e−(p+br)σ−rxdσ ≡ φ̃(p)G̃(x, p),

ãäå

G̃(x, p) =

∫ ∞

0
e−(p+br)σ−rxdσ, G(x, t) = L−1[G̃(x, p)] =

= L−1

[∫ ∞

0
e−(p+br)σ−rxdσ

]
.

Ïîëüçóÿñü ôîðìóëîé ñâåðòêè

L−1[f̃1f̃2] =

∫ t

0
f1(τ)f2(t− τ)dτ, (26)

ðåøåíèå v(x, t) ìîæåì çàïèñàòü ñëåäóþùèì îáðàçîì:

v(x, t) = L−1[ṽ] =

∫ t

0
L−1[φ̃(p)](τ)L−1

[
G̃(x, p)

]
(x, t− τ)dτ =
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=

∫ t

0
φ(τ)G(x, t− τ)dτ. (27)

Äëÿ íàõîæäåíèÿ îáðàòíîãî ïðåîáðàçîâàíèÿ ÿäðà G̃(x, p) =

e−pσe
−x+br√

a

√
p ñíà÷àëà ïîëó÷èì îáðàòíîå ïðåîáðàçîâàíèå ôóíêöèè

e
−x+br√

a

√
p.

Ïðèìåíÿÿ òàáëè÷íóþ ôîðìóëó [9]

L−1[e−γ
√
p] =

γ

2
√
πt3

e−
γ2

4t , γ > 0,

íàéäåì

L−1
[
e
−x+br√

a

√
p
]
=

x+ bσ

2
√
aπt3

e−
(x+bσ)2

4at .

Äàëåå, òàê êàê [10]

L−1[e−pσ] = η(t− σ)δ(t− σ),

ãäå δ(t) � äåëüòà ôóíêöèÿ Äèðàêà, äåéñòâóþùàÿ ïî ôîðìóëå

(δ(t− σ), f(t)) =

∫ ∞

−∞
f(t)δ(t− σ)dt = f(σ), η(t− σ) =

{
1, t ≥ σ,

0, t < σ,
(28)

ïî ôîðìóëå ñâåðòêè (26) áóäåì èìåòü

G(x, t) = L−1[G̃(x, p)] = L−1

[∫ ∞

0
e−pσe

−x+bσ√
a

√
p
dσ

]
=

=

∫ t

0
dτ1

∫ ∞

0

x+ bσ

2
√

aπ(t− τ1)
3
e
− (x+bσ)2

4a(t−τ1) η(τ1 − σ)δ(τ1 − σ)dσ.

Òàê êàê ñòóïåí÷àòàÿ ôóíêöèÿ η(τ1 − σ) ðàâíà åäèíèöå ïðè τ1 − σ ≥ 0,
σ ≤ τ1 è íóëþ ïðè σ ≥ τ1 è

x+ bσ

2
√

aπ(t− τ1)
3
e
− (x+bσ)2

4a(t−τ1) = −2a∂xÃ(x+ bσ, t− τ1),

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



Ðåøåíèå íåðåãóëÿðíîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè... 45

òî

G(x, t) = −2a

∫ t

0
dτ1

∫ τ1

0
∂xÃ(x+ bσ, t− τ1)δ(τ1 − σ)dσ =

= −2a

∫ t

0
dσ

∫ t

σ
∂xÃ(x+ bσ, t− τ1)δ(τ1 − σ)dτ1.

Ó÷èòûâàÿ ôîðìóëó (28) äëÿ δ(τ1 − σ), ïîëó÷èì âûðàæåíèå (23).
Èç ôîðìóëû (27) íàéäåì ðåøåíèå çàäà÷è (19)�(21) â âèäå (22)

v(x, t) =

∫ t

0
φ(τ)G(x, t− τ)dτ =

= −2a

∫ t

0
φ(τ)dτ

∫ t−τ

0
∂xÃ(x+ bσ, t− τ − σ)dσ.

Ëåììà 1 äîêàçàíà. �

Äëÿ âûäåëåíèÿ èç ðåøåíèÿ çàäà÷è (1)� (3) ñèíãóëÿðíûõ ïðè t = 0
ôóíêöèé, êîòîðûå âîçíèêàþò èç-çà íåâûïîëíåíèÿ óñëîâèé ñîãëàñîâàíèÿ,
ðàññìîòðèì ìîäåëüíóþ çàäà÷ó ñ íåèçâåñòíîé ôóíêöèåé Vn(x, t), n =
0, 1, 2, ...,

∂tVn − a∂2
xVn = 0 â ΩT := (0,∞)× (0, T ), (29)

Vn|t=0 = 0 â Ω, (∂tVn − b∂xVn)|x=0 =
An

n!
tn, t ∈ σT , (30)

ãäå êîýôôèöèåíò An îïðåäåëÿåòñÿ ïî ôîðìóëå (11), ïðè÷åì An ̸= 0. Î÷å-
âèäíî, â êàæäîé èç ýòèõ çàäà÷ íå âûïîëíåíî óñëîâèå ñîãëàñîâàíèÿ ïîðÿä-
êà 0 ïðè n = 0 è ïðè n ≥ 1 âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ ïîðÿäêîâ
0, .., n− 1 è íå âûïîëíåíî � ïîðÿäêà n.

Ëåììà 2. Ðåøåíèå Vn(x, t), n = 0, 1, ..., çàäà÷è (29), (30) èìååò âèä

Vn(x, t) =
An

n!i2nerfc0

∫ t

0
(t− σ)ni2nerfc

x+ bσ

2
√

a(t− σ)
dσ, (31)

ãäå ïîâòîðíûé èíòåãðàë âåðîÿòíîñòè inerfcz îïðåäåëÿåòñÿ ïî ôîðìóëàì

(12), (13).
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Äîêàçàòåëüñòâî. (29), (30) åñòü çàäà÷à (19)�(21), ðåøåíèå êîòîðîé ñî-
ãëàñíî ëåììå 1 èìååò âèä (22), (23)

Vn(x, t) =
An

n!
Jn(x, t), (32)

Jn(x, t) =

∫ t

0
τndτ

∫ t−τ

0

x+ bσ

2
√

aπ(t− τ − σ)3
e
− (x+bσ)2

4a(t−τ−σ)dσ =

=

∫ t

0
dσ

∫ t−σ

0
τn

x+ bσ

2
√

aπ(t− τ − σ)3
e
− (x+bσ)2

4a(t−τ−σ)dσ. (33)

Âû÷èñëèì èíòåãðàë Jn(x, t). Äëÿ ýòîãî ñíà÷àëà ðàññìîòðèì èíòåãðàë

in(x, t) =

∫ t

0
τn

c√
π(t− τ)3

e−
c2

t−τ dτ, c =
x+ bσ

2
√
a

.

Â èíòåãðàëå in ïðîèçâåäåì çàìåíó ïåðåìåííîé èíòåãðèðîâàíèÿ τ
t−τ = ζ,

òîãäà ïîëó÷èì

in =
ctn−1/2

√
π

∫ ∞

0

ζn

(1 + ζ)n+
1
2

e−
c2(1+ζ)

t dζ.

Âîñïîëüçóåìñÿ òàáëè÷íîé ôîðìóëîé [11, ñ. 333, �3. 383, 6]∫ ∞

0
xν−1(x+ β)−ν+1/2e−µxdx = 2ν−1/2Ã(ν)µ−1/2e−

βµ
2 D1−2ν(

√
2βµ),

ãäå β ≥ 0, µ > 0, ν > 0, Ã(ν) � ãàììà-ôóíêöèÿ Ýéëåðà, D1−2ν(
√
2βµ) �

ôóíêöèÿ ïàðàáîëè÷åñêîãî öèëèíäðà. Ïîëîæèì ν = n+1, β = 1, µ = c2/t,
òîãäà

in =
ctn−1/2

√
π

2n+1/2Ã(n+ 1)
(c2
t

)−1/2
e−

c2

t D−2n−1

(√
2
c√
t

)
=

= 2n+1/2Ã(n+ 1)
tn√
π
e−

c2

2t D−2n−1

(√
2
c√
t

)
.
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Ïðèìåíèì ôîðìóëó, ñâÿçûâàþùóþ ôóíêöèþ ïàðàáîëè÷åñêîãî öèëèí-
äðà è ïîâòîðíûé èíòåãðàë âåðîÿòíîñòè [8, ñ. 300, �7.2.13],

imerfcz=
e−z2/2

(2m−1π)1/2
D−m−1(

√
2 z), D−m−1(

√
2 z)=(2m−1π)

1/2
imerfcz ez

2/2,

ñ m = 2n, z = c/
√
t, òîãäà ïîëó÷èì

in = 22nn!tni2nerfc
c√
t
.

Ïîäñòàâèâ íàéäåííûé èíòåãðàë in â ôîðìóëó (33), ó÷èòûâàÿ, ÷òî c =
(x+ bσ)/2

√
a è âìåñòî t çàïèñàâ t− σ, áóäåì èìåòü

Jn = 22nn!

∫ t

0
(t− σ)ni2nerfc

x+ bσ

2
√

a(t− σ)
dσ,

è òîãäà ðåøåíèå (32) çàäà÷è (29), (30) çàïèøåòñÿ â âèäå

Vn(x, t) = 22nAn

∫ t

0
(t− σ)ni2nerfc

x+ bσ

2
√

a(t− σ)
dσ.

Ïðèìåíèâ ôîðìóëó (14): i2nerfc0 = 1
22nÃ(n+1)

= 1
22nn!

, íàéäåì

Vn(x, t) =
An

n!i2nerfc0

∫ t

0
(t− σ)ni2nerfc

x+ bσ

2
√

a(t− σ)
dσ.

Ìû ïîëó÷èëè ðåøåíèå (31) çàäà÷è (29), (30).
Ôóíêöèÿ (22) ñ φ(t) = An

n! t
n, êîòîðóþ ìû ñâåëè ê âèäó (31), óäîâëåòâî-

ðÿåò óðàâíåíèþ òåïëîïðîâîäíîñòè (19) çà ñ÷åò ïðîèçâîäíîé ∂xÃ.
Ïîêàæåì, ÷òî ïîñòðîåííàÿ ôóíêöèÿ Vn(x, t) óäîâëåòâîðÿåò ãðàíè÷íîìó

óñëîâèþ (30). Äåéñòâèòåëüíî,

∂tVn−b∂xVn=
An

n!i2nerfc0

∫ t

0
(∂t−b∂x)

(
(t− σ1)

ni2nerfc
x+ bσ2

2
√

a(t− σ1)

)∣∣∣
σ1=σ2=σ

dσ =

= − An

n!i2nerfc0

∫ t

0
(∂σ1 + ∂σ2)

(
(t− σ1)

ni2nerfc
x+ bσ2

2
√

a(t− σ1)

)∣∣∣
σ1=σ2=σ

dσ =
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= − An

n!i2nerfc0

∫ t

0

d

dσ

(
(t− σ)ni2nerfc

x+ bσ

2
√

a(t− σ)

)∣∣∣
σ1=σ2=σ

dσ =

=
An

n!i2nerfc0
tni2nerfc

x

2
√
at
.

Îòñþäà ïîëó÷èì

(∂tVn − b∂xVn)|x=0 =
An

n!
tn.

Òàêèì îáðàçîì, ôóíêöèÿ Vn óäîâëåòâîðÿåò ãðàíè÷íîìó óñëîâèþ (30),
à òàêæå íóëåâîìó íà÷àëüíîìó óñëîâèþ.

Ëåììà 2 äîêàçàíà. �

Äëÿ îïðåäåëåíèÿ ïîðÿäêà îñîáåííîñòè ïðîèçâîäíûõ ñèíãóëÿðíûõ
ôóíêöèé Vn(x, t), êîòîðûå âîçíèêàþò èç-çà íåâûïîëíåíèÿ óñëîâèé ñîãëà-
ñîâàíèÿ, èçó÷èì ïîòåíöèàë äâîéíîãî ñëîÿ â ñëåäóþùåé ëåììå.

Ëåììà 3. Ïóñòü b > 0. Ïðîèçâîäíûå ôóíêöèè

w(x, t) =

∫ t

0

x+ bσ

2
√

aπ(t− σ)3
e
− (x+bσ)2

4a(t−σ) dσ = erfc
x

2
√
at

− J(x, t), (34)

J(x, t) =
b√
aπ

∫ t

0

1√
t− σ

e
− (x+bσ)2

4a(t−σ) dσ, b > 0, (35)

ìîãóò áûòü ïðåäñòàâëåíû â âèäå

∂xw(x, t) = −2Ã(x, t) +
b

a
erfc

x

2
√
at

− b

a
J(x, t), (36)

∂2j0+j
x w(x, t) = −2∂2j0+j−1

x Ã(x, t)− 2

2j0+j−2∑
q=0

( b

a

)2j0+j−1−q

∂q
xÃ(x, t)+

+
( b

a

)2j0+j

erfc
x

2
√
at

−
( b

a

)2j0+j

J(x, t), 2j0 + j = 2, 3, ..., (37)

è äëÿ íèõ ñïðàâåäëèâà îöåíêà

|∂j0
t ∂j

tw(x, t)| ≤ C1
1

t
2j0+j

2

e−
x2

8at , (x, t) ∈ Ω̄T , 2j0 + j = 0, 1, ..., (38)

ãäå Ã(x, t) � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè (1).
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Äîêàçàòåëüñòâî. Â èíòåãðàëå (34) ïðîèçâåäåì çàìåíó x+bσ

2
√

a(t−σ)
= ζ, òî-

ãäà ïîëó÷èì

w(x, t) = erfc
x

2
√
at

− J(x, t), (39)

ãäå J(x, t) îïðåäåëÿåòñÿ ïî ôîðìóëå (35). Íåïîñðåäñòâåííûìè îöåíêà-
ìè êîíñòàíò Ãåëüäåðà èíòåãðàëà J(x, t) ìîæíî ïîêàçàòü, ÷òî J(x, t) ∈
Cβ,γ
x t (Ω̄T ), β ∈ (0, 1), γ ∈ (0, 1/2) â Ω̄T è J(x, t) ≤ C2

√
te−

x2

8at .
Îöåíèì ïðîèçâîäíûå èíòåãðàëà J(x, t), ó÷èòûâàÿ, ÷òî Jt − aJxx = 0.
Èòàê, èìååì

Jx = − b

a

∫ t

0

x+ bσ

2
√

aπ(t− σ)3
e
− (x+bσ)2

4a(t−σ) dσ = − b

a

(
erfc

x

2
√
at

− J(x, t)
)
, (40)

Jxx = 2
b

a
Ã(x, t)−

( b

a

)2

erfc
x

2
√
at

+
b2

a2
J(x, t),

ãäå Ã(x, t) = 1
2
√
aπt

e−
x2

2 - ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëå-
òâîðÿò îöåíêå

|∂j0
t ∂j

xÃ(x, t)| ≤
C3

t
1+2j0+j

2

e−
x2

8at . (41)

Äîêàæåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ðåêóððåíòíóþ ôîðìóëó

∂p
xJ(x, t)=2

p−2∑
q=0

( b

a

)p−1−q

∂q
xÃ(x, t)−

( b

a

)p

erfc
x

2
√
at

+
( b

a

)p

J(x, t), p = 2, 3, ... .

(42)
Ïðè p = 2 ôîðìóëà (42) âåðíà. Ïóñòü îíà ñïðàâåäëèâà ïðè p−1, p ≥ 3,

∂p−1
x J(x, t) = 2

p−3∑
q=0

( b

a

)p−2−q

∂q
xÃ(x, t)−

( b

a

)p−1

erfc
x

2
√
at

+
( b

a

)p−1

J(x, t).

Ïðîäèôôåðåíöèðóåì ýòî ðàâåíñòâî ïî x è ïðèìåì âî âíèìàíèå ñîîò-
íîøåíèå (40), òîãäà

∂p
xJ = 2

p−3∑
q=0

( b

a

)p−2−q

∂q+1
x Ã(x, t)+2

( b

a

)p−1

Ã(x, t)−
( b

a

)p(
erfc

x

2
√
at
−J(x, t)

)
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è ïîñëå çàìåíû q1 = 1 + q â ñóììå ìû ïîëó÷èì ôîðìóëó (42).
Îáðàòèìñÿ ê ôóíêöèè (39). Òàê êàê w(x, t) óäîâëåòâîðÿåò óðàâíåíèþ

òåïëîïðîâîäíîñòè wt = awxx, òî

∂j0
t ∂j

xw(x, t) = aj0∂2j0+j
x w(x, t), 2j0 + j = 0, 1, ...,

wx(x, t) = −2Ã(x, t) +
b

a
erfc

x

2
√
at

− b

a
J(x, t), (43)

wxx(x, t) = −2Ãx(x, t)− 2
b

a
Ã(x, t) +

( b

a

)2

erfc
x

2
√
at

−
( b

a

)2

J(x, t),

∂2j0+j
x w(x, t) = −2∂2j0+j−1

x Ã(x, t)− ∂2j0+j
x J(x, t), 2j0 + j = 1, 2, ... .

Ïðèìåíèì ê ïðîèçâîäíîé èíòåãðàëà J(x, t) ôîðìóëó (42) ñ p = 2j0+j =
2, 3, ..., òîãäà ìû ïîëó÷èì

∂2j0+j
x w(x, t) = −2∂2j0+j−1

x Ã(x, t)− 2

2j0+j−2∑
q=0

( b

a

)2j0+j−1−q

∂q
xÃ(x, t)+

+
( b

a

)2j0+j

erfc
x

2
√
at

−
( b

a

)2j0+j

J(x, t).

Ó÷èòûâàÿ îöåíêè (41) äëÿ Ã(x, t),

erfcz ≤ 2√
π
e−

z2

2

∫ ∞

z
e−

ζ2

2 dζ ≤
√
2e−

z2

2 ,

à òàêæå îöåíêó èíòåãðàëà J(x, t) ≤ C2

√
te−

x2

8at â Ω̄T , áóäåì èìåòü

|∂2j0+j
x w(x, t)| ≤ C4

1

t
2j0+j

2

e−
x2

8at + C5

2j0+j−2∑
q=0

( b

a

)2j0+j−1−q 1

t
q+1
2

e−
x2

8at+

+
√
2
( b

a

)2j0+j

e−
x2

8at + C6

√
te−

x2

8at .

Îòñþäà è èç (39), (43) áóäåò ñëåäîâàòü

|∂2j0+j
x w(x, t)| ≤

(
C7

1

t
2j0+j

2

+ C8 + C6

√
t
)
e−

x2

8at , 2j0 + j = 2, 3, ...,
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|wx(x, t)| ≤
(
C9

1

t1/2
+ C10 + C11

√
t
)
e−

x2

8at ,

|w(x, t)| ≤
(
C12 + C13

√
t
)
e−

x2

8at .

Îáúåäèíèâ òðè ïîñëåäíèå îöåíêè, ïîëó÷èì

|∂j0
t ∂j

xw(x, t)| = aj0 |∂2j0+j
x w(x, t)| ≤ C1

1

t
2j0+j

2

e−
x2

8at , 2j0 + j = 0, 1, ...,

à ýòî åñòü òðåáóåìàÿ îöåíêà (38).
Ëåììà 3 äîêàçàíà. �

5. Äîêàçàòåëüñòâî òåîðåì 1�3

Â ðàçäåëå 4 ìû ïîñòðîèëè ôóíêöèè Vn(x, t), n = 0, 1, 2, ..., (ñì. (31)) �
ðåøåíèÿ âñïîìîãàòåëüíûõ çàäà÷ (29)�(30), â êîòîðûõ íå âûïîëíåíû óñëî-
âèÿ ñîãëàñîâàíèÿ ïîðÿäêà n. Ýòè ôóíêöèè ïîçâîëÿò íàì ñâåñòè çàäà÷ó
(1)�(3) ê çàäà÷å, â êîòîðûé çàäàííûå ôóíêöèè áóäóò ïîä÷èíÿòüñÿ âñåì
óñëîâèÿì ñîãëàñîâàíèÿ.
Äîêàçàòåëüñòâî òåîðåìû 1. Â çàäà÷å (1)�(3) ïðîèçâåäåì çàìåíó

u(x, t) = V0(x, t) + v(x, t),

ãäå v(x, t) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ,

V0(x, t) = A0

∫ t

0
erfc

x+ bσ

2
√

a(t− σ)
dσ

� ðåøåíèå çàäà÷è (29), (30) c n = 0, A0 := φ(0)− au′′(0)− f(0, 0) + bu′0(0),
òîãäà äëÿ ôóíêöèè v(x, t) ìû ïîëó÷èì çàäà÷ó

∂tv − a∂2
xv = f â ΩT , (44)

v|t=0 = u0(x) â Ω, (45)

(∂tv − b∂xv)|x=0 = φ(t)−A0, t ∈ σT . (46)

Ïîêàæåì, ÷òî â çàäà÷å (44)�(46) âûïîëíåíî óñëîâèå ñîãëàñîâàíèÿ íó-
ëåâîãî ïîðÿäêà. Ïîäñòàâèâ ∂tv = f + a∂2

xv â ãðàíè÷íîå óñëîâèå (46)
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(f(x, t) + a∂2
xv(x, t) − b∂xv(x, t))|x=0 = φ(t) − A0 è èñïîëüçóÿ íà÷àëüíîå

óñëîâèå (45), ìû ïîëó÷èì ïðè t = 0 ðàâåíñòâî

f(0, 0) + au′′0(0)− bu′0(0) = φ(0)− φ(0) + au′′0(0) + f(0, 0)− bu′′0(0).

Òàêèì îáðàçîì, â çàäà÷å (44)�(46) âûïîëíåíî óñëîâèå ñîãëàñîâàíèÿ
íóëåâîãî ïîðÿäêà è ñîãëàñíî [2] ïðè óñëîâèÿõ òåîðåìû 1 çàäà÷à (44)�

(46) èìååò åäèíñòâåííîå ðåøåíèå v(x, t) ∈ C
2+α,1+α/2
x t (Ω̄T ), ∂tv(0, t) ∈

C
1+k+α

2 (σ̄T ), è äëÿ íåãî ñïðàâåäëèâà îöåíêà

|v|(2+α)
ΩT

+ |∂tv(0, t)|
( 1+α

2
)

σT ≤ C1

(
|u0|(2+α)

Ω + |f |(α)ΩT
+ |φ−A0|

( 1+α
2

)
σT

)
.

Òåîðåìà 1 äîêàçàíà. �

Äîêàçàòåëüñòâî òåîðåìû 2. Â çàäà÷å (1)�(3) ïðîèçâåäåì çàìåíó

u(x, t) = V (x, t) + v(x, t),

ãäå v(x, t) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ,

V (x, t) =

[ 1+k
2

]∑
n=0

Vn(x, t),

Vn(x, t) =
An

n!i2nerfc0

∫ t

0
(t− σ)ni2nerfc

x+ bσ

2
√

a(t− σ)
dσ,

Vn(x, t) � ðåøåíèå çàäà÷è (29), (30), n = 0, ..., [1+k
2 ], âåëè÷èíà An îïðåäåëÿ-

åòñÿ ïî ôîðìóëàì (9)�(11). Òîãäà äëÿ ôóíêöèè v(x, t) ìû ïîëó÷èì çàäà÷ó

∂tv − a∂2
xv = f â ΩT , (47)

v|t=0 = u0(x) â Ω, (48)

(∂tv − b∂xv)|x=0 = φ(t)−
[ 1+k

2
]∑

n=0

An

n!
tn, t ∈ σT . (49)

Ïîêàæåì, ÷òî â çàäà÷å (47)�(49) âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ ïî-
ðÿäêîâ n = 0, ..., [1+k

2 ].
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Ïîäñòàâèâ ∂tv = f+a∂2
xv â ãðàíè÷íîå óñëîâèå (49) (f(x, t)+a∂2

xv(x, t)−
b∂xv(x, t))|x=0 = φ(t)− Σ

[ 1+k
2

]

n=0
An
n! t

n, ìû ïîëó÷èì ïðè t = 0 ðàâåíñòâî

f(0, 0) + au′′0(0)− bu′0(0) = φ(0)−A0,

êîòîðîå îçíà÷àåò, ÷òî óñëîâèå ñîãëàñîâàíèÿ íóëåâîãî ïîðÿäêà âûïîëíåíî.
Ïðîäèôôåðåíöèðóåì ïî t ãðàíè÷íîå óñëîâèå (49), âîñïîëüçóåìñÿ óðàâ-

íåíèåì (47) è íà÷àëüíûì óñëîâèåì (48), òîãäà ïîëó÷èì òîæäåñòâî

a2u40 + a∂2
xf(0, 0) + ∂tf(0, 0)− abu′′′0 (0)− f(0, 0) = φ′(0)−A1,

çäåñü A1 îïðåäåëÿåòñÿ ïî ôîðìóëå (10)
Óñëîâèå ñîãëàñîâàíèÿ n-ãî ïîðÿäêà èìååò âèä

(∂n+1
t u− b∂x∂

n
t u)|x=0,t=0 = φ(n)(0)−An,

ãäå An := (φ(n)(0)− (∂n+1
t u−b∂x∂

n
t u))|x=0,t=0, ýòî îçíà÷àåò, ÷òî óñëîâèå ñî-

ãëàñîâàíèÿ n-ãî ïîðÿäêà äëÿ çàäà÷è (47)�(49) âûïîëíåíî, n = 0, 1, ..., [1+k
2 ].

Ìû âèäèì, ÷òî â çàäà÷å (47) � (49) âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ
ïîðÿäêîâ 0, 1, ..., [1+k

2 ], òîãäà ïðè âûïîëíåíèè óñëîâèé òåîðåìû 2 [2] çà-

äà÷à (47)�(49) èìååò åäèíñòâåííîå ðåøåíèå v(x, t) ∈ C
2+k+α,1+ k+α

2
x t (Ω̄T ),

∂tv(0, t) ∈ C
1+k+α

2 (σ̄T ), è äëÿ íåãî ñïðàâåäëèâà îöåíêà

|v|(2+k+α)
ΩT

+ |∂t(0, t)|
( 1+k+α

2
)

σT ≤

≤ C2

(
|u0|(2+k+α)

Ω + |f |(k+α)
ΩT

+
∣∣φ− Σ

[ 1+k
2

]

n=0

An

n!
tn
∣∣( 1+k+α

2
)

σT

)
.

Òåîðåìà 2 äîêàçàíà. �

Äîêàçàòåëüñòâî òåîðåìû 3. Ï.1. Ôóíêöèÿ Vn(x, t) óäîâëåòâîðÿåò óðàâ-
íåíèþ òåïëîïðîâîäíîñòè ∂tVn = a∂2

xVn. Ðàññìîòðèì åå ïðîèçâîä-
íûå ∂j0

t ∂j
xVn(x, t) = aj0∂2j0+j

x Vn(x, t). Ó÷èòûâàÿ ôîðìóëû Dzi
nerfcz =

−in−1erfcz, i2nerfc0 = 1
22nn!

, ïðè 2j0 + j = p, p = 0, 1, ..., 2n, ïîëó÷èì

∂p
xVn(x, t) = (−1)p

22n−p

ap/2
An

∫ 0

t
(t− σ)n−p/2i2n−perfc

x+ bσ

2
√

a(t− σ)
dσ,
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∂2n
x Vn(x, t) =

An

an

∫ t

0
erfc

x+ bσ

2
√
a(t− σ)

dσ,

∂2n+1
x Vn(x, t) = − An

an
√
aπ

∫ t

0

1√
t− σ

e
− (x+bσ)2

4a(t−σ) dσ.

Èç ýòèõ ôîðìóë ñëåäóåò, ÷òî ïðè 2j0 + j = 0, 1, . . . , 2n+1 ïðîèçâîäíûå
∂j0
t ∂j

xVn(x, t) íåïðåðûâíû è îãðàíè÷åíû â Ω̄T .

Ï.2. Ðàññìîòðèì ïðîèçâîäíóþ

∂2n+2
x Vn(x, t) =

An

an+1

∫ t

0

x+ bσ

2
√

aπ(t− σ)3
e
− (x+bσ)2

4a(t−σ) dσ ≡

≡ An

an+1
w(x, t) = Ana

−n−1
(
erfc

x

2
√
at

− J(x, t)
)
, (50)

J(x, t) =
b√
aπ

∫ t

0

1√
t− σ

e
− (x+bσ)2

4a(t−σ) dσ.

Ôóíêöèÿ

erfc
x

2
√
at

=
2√
π

∫ ∞

x
2
√

at

e−ζ2dζ â ΩT

ÿâëÿåòñÿ îãðàíè÷åííîé â ΩT , ðàçðûâíîé â òî÷êå x = 0, t = 0, äåéñòâè-
òåëüíî,

lim
t→0

lim
x→0

erfc
x

2
√
at

= 1, lim
x→0

lim
t→0

erfc
x

2
√
at

= 0,

à èíòåãðàë J(x, t) íåïðåðûâåí è îãðàíè÷åí â ΩT .

Ï.3. Ïîñëåäóþùèå ïðîèçâîäíûå ôóíêöèè (50), êîòîðàÿ âûðàæàåòñÿ ÷å-
ðåç ôóíêöèþ w(x, t), âû÷èñëèì ïî ôîðìóëàì (36), (37).

Ïðè 2j0 + j = 2n+ 3 (p = 1) â ñèëó (43) èìååì

∂j0
t ∂j

xVn(x, t) = Ana
j0−n−1∂xw(x, t) =

= Ana
j0−n−1

(
−2Ã(x, t) +

b

a
erfc

x

2
√
at

− b

a
J(x, t)

)
(51)
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è ïðè 2j0 + j = 2n+ 2 + p, p = 2, 3, ..., íàéäåì

∂j0
t ∂j

xVn(x, t) = aj0∂2j0+jVn(x, t) = aj0∂2n+2+p
x Vn(x, t) =

= An a
j0−n−1∂p

xw(x, t) = Ana
j0−n−1

(
−2∂p−1

x Ã(x, t)−2

p−2∑
q=0

( b

a

)p−1−q

∂q
xÃ(x, t)+

+
( b

a

)p

erfc
x

2
√
at

−
( b

a

)p

J(x, t)
)
. (52)

Â âûðàæåíèÿõ (51), (52) ñîäåðæèòñÿ ôóíäàìåíòàëüíîå ðåøåíèå óðàâ-

íåíèÿ (1) Ã(x, t) = 1
2
√
aπt

e−
x2

4at è åãî ïðîèçâîäíûå, ò.å. ïðîèçâîäíûå

∂j0
t ∂j

xVn(x, t) íå îãðàíè÷åíû â òî÷êå x = 0, t = 0.
Ï.4. Ïðèâëåêàÿ îöåíêó (38) ïðîèçâîäíîé ôóíêöèè w(x, t), èç ôîðìóë (50),
(51), (52) ïîëó÷èì òðåáóåìîå íåðàâåíñòâî

|∂j0
t ∂j

xVn(x, t)| ≤ C3
1

tp/2
e−

x2

8at . (53)

Èç ýòîé îöåíêè âèäíî, ÷òî îñîáåííîñòü ïðîèçâîäíûõ ñèíãóëÿðíûõ ðå-
øåíèé ∂j0

t ∂j
xV (x, t) ïðè 2j0+ j = 2n+2+p, p = 1, 2, ... íàõîäèòñÿ â îêðåñò-

íîñòè òî÷êè x = 0 ïðè t → 0. Äåéñòâèòåëüíî, ïóñòü x ≥ r0 > 0. Ïðèìåíèâ
ôîðìóëó

|ξ|αe−ξ2 ≤ Cαe
−ξ2/2, α > 0,

èç îöåíêè (53) ïîëó÷èì

|∂j0
t ∂j

xVn(x, t)| ≤ C3
1

tp/2
e−

x2

8at ≤ C3
1

tp/2
e−

r0
2

8at ≤ C4
1

r0p
e−

r0
2

16at .

Ýòî íåðàâåíñòâî ïîêàçûâàåò, ÷òî ïðè x0 ≥ r0 ïðîèçâîäíûå îãðàíè÷åíû
ïðè ëþáîì t è ñòðåìÿòñÿ ê íóëþ ïðè t → 0.

Òåîðåìà 3 äîêàçàíà. �

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



56 Áèæàíîâà Ã. È., Øàéìàðäàíîâà Ì. Í.

Ëèòåðàòóðà

1 Òåìèðáóëàòîâ Ñ.È. Çàäà÷à òåïëîïðîâîäíîñòè ñ ïðîèçâîäíîé ïî âðåìåíè â
ãðàíè÷íîì óñëîâèè // Äèôôåðíö. óðàâíåíèÿ. � 1993. � � 10. � C. 666-673.

2 Áèæàíîâà Ã.È., Ñîëîííèêîâ Â.À. Î ðàçðåøèìîñòè íà÷àëüíî-êðàåâîé çàäà-
÷è äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ïðîèçâîäíîé ïî âðåìåíè â
ãðàíè÷íîì óñëîâèè // Àëãåáðà è àíàëèç. � 1993. � Ò. 5, � 1. � C. 109-142 (English
transl. St-Petersburg Math.J. � 1994. � V. 5. � � 1. � P. 97-124).

3 Áèæàíîâà Ã.È. Ðåøåíèå à ïðîñòðàíñòâàõ Ãåëäåðà êðàåâûõ çàäà÷ äëÿ ïà-
ðàáîëè÷åñêèõ óðàâíåíèé ïðè ðàññîãëàññîâàíèè íà÷àëüíûõ è êðàåâûõ äàííûõ //
Ñîâðåìåííàÿ ìàòåìàòèêà. Ôóíäàìåíòàëüíûå íàïðàâëåíèÿ. � 2010. � Ò. 36. � C.
12-30.

4 Bizhanova G.I. Classical solution of nonregular conjunction problem for the
heat equation // Ìàòåìàòè÷åñêèé æóðíàë. � Àëìàòû. � 2010. � Ò. 10. � C. 37-48.

5 Bizhanova G.I. On the classical solvability of boundary value problems for
parabolic equations with incompatible initial and boundary data // Progress in
nonlinear di�erential equations and their applications. � 2011. � Ò. 80. � Ñ. 57-80.

6 Áèæàíîâà Ã.È. Ñèíãóëÿðíûå ðåøåíèÿ â çàäà÷àõ äëÿ ïàðàáîëè÷åñêèõ óðàâ-
íåíèé ïðè ðàññîãëàñîâàíèè íà÷àëüíûõ è êðàåâûõ äàííûõ // Ìàòåìàòè÷åñêèé
æóðíàë. � Àëìàòû. � 2012. � Ò. 12. � � 3. � C 55-64.

7 Ëàäûæåíñêàÿ Î.À., Ñîëîííèêîâ Â.À., Óðàëüöåâà Í.Í. Ëèíåéíûå è êâàçè-
ëèíåéíûå óðàíåíèÿ ïàðàáîëè÷åñêîãî òèïà // Ìîñêâà, 1967. � 736 c.

8 Àáðàìîâèö Ì. è Ñòèãàí È. Ñïðàâî÷íèê ïî ñïåöèàëüíûì ôóíêöèÿì //
Ìîñêâà, 1979. � 832 c.

9 Ëàâðåíòüåâ Ì.À., Øàáàò Á.Â. Ìåòîäû òåîðèé ôóíêöèé êîìïëåêñíîãî ïå-
ðåìåííîãî. � Ìîñêâà, 1958. � 678 c.

10 Áèæàíîâà Ã.È. Ïðèìåíåíèå èíòåãðàëüíûõ ïðåîáðàçîâàíèé ê ðåøåíèþ êðà-
åâûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé // Àëìàòû. Èíñòèòóò ìàòåìàòèêè
ÌÎÍ ÐÊ. � 1997. � 52 c.

11 Ãðàäøòåéí Ì.Ñ., Ðûæèê È.Ì. Òàáëèöû èíòåãðàëîâ, ñóìì, ðÿäîâ è ïðîèç-
âåäåíèé // Ìîñêâà, 1971. � 1108 ñ.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 30.03.2016

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



Ðåøåíèå íåðåãóëÿðíîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè... 57

Áèæàíîâà Ã.È., Øàéìàðäàíîâà Ì.Í. ØÅÊÀÐÀËÛ� ØÀÐÒÛÍÄÀ
ÓÀ�ÛÒ ÁÎÉÛÍØÀ ÒÓÛÍÄÛÑÛ ÁÀÐ ÆÛËÓ�ÒÊIÇÃIØÒIÊ ÒÅ�-
ÄÅÓI �ØIÍ ÐÅÃÓËßÐËÛ ÅÌÅÑ ÅÑÅÏÒI� ØÅØIÌI

Øåêàðàëû© øàðòûíäà óà©ûò áîéûíøà òóûíäûñû áàð ïàðàáîëàëû©
òå­äåó ³øií áið°ëøåìäi åñåï áàðëû© ©àæåòòi ðåòòi êåëiñiì øàðòòàðû îðûí-
äàëìà¡àí æà¡äàéäà çåðòòåëåäi. Ñîë ñåáåïòi øåêàðàíû­ àéìà¡ûíäà òóûí-
äûëàðûíû­ óà©ûòòû­ áàñòàï©û ìåçåòiíäå åðåêøåëiêòåði áàð ñèíãóëÿðëû
øåøiìäåð òóûíäàéòûíû ê°ðñåòiëãåí. Ãåëüäåð êå­iñòiãiíäåãi åñåïòi­ ðåãó-
ëÿðëû øåøiìiíi­ áàð áîëóû, æàë¡ûçäû¡û ìåí áà¡àëàóû äºëåëäåíãåí.

Bizhanova G.I., Shaimardanova M.N. SOLUTION OF THE
NONREGULAR PROBLEM FOR THE HEAT EQUATION WITH THE
TIME DERIVATIVE IN THE BOUNDARY CONDITIONS

There is studied one dimensional problem for a parabolic equation with
a time derivative in the boundary condition with non ful�llment of the
compatibility conditions of all necessary orders. It is shown due to this there
are appeared singular solutions, the derivatives of which have the singularities
at an initial moment in the vicinity of a boundary. Existence, uniqueness,
estimate of the regular solution is proved in the H�older space.
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−y(4)(x, λ) + q(x)y(x, λ) = λy, x ∈ (0,∞). (1.1)

Àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè x → ∞ ÔÑÐ òàêèõ óðàâíåíèé õîðîøî
èçó÷åíî â ñëó÷àå, êîãäà ïîòåíöèàë q(x) èìååò íåêîòîðîå "ïðàâèëüíîå" èëè
"ðåãóëÿðíîå" ïîâåäåíèå ïðè áîëüøèõ çíà÷åíèÿõ x.

Ïîä ðåãóëÿðíîñòüþ ïîíèìàåòñÿ ñëåäóþùåå: ôóíêöèÿ q(x) ÿâëÿåòñÿ
äâàæäû íåïðåðûâíî-äèôôåðåíöèðóåìîé, ôóíêöèè q′(x) è q′′(x) íå ìåíÿþò
çíàê äëÿ x ∈ [c,+∞), ãäå c � ôèêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî, à òàê
æå âûïîëíÿåòñÿ

q(x) → +∞, x → ∞,

q′(x) = o(qγ(x)), 0 < γ <
5

4
, x → ∞.

Â ñîâîêóïíîñòè òàêèå óñëîâèÿ ïðèíÿòî íàçûâàòü óñëîâèÿìè Òèò÷ìàðøà-
Ëåâèòàíà.

Èçâåñòíî [1], ÷òî äëÿ òàêèõ ïîòåíöèàëîâ ÔÑÐ óðàâíåíèÿ (1.1) èìååò
ñëåäóþùóþ àñèìïòîòèêó

yk(x, λ) ∼
1

[µk(x, λ)]
3
2

exp
{ x∫
x0

µk(t, λ)dt
}
, (1.2)

ãäå µk(x, λ), k = 1, 2, 3, 4, � êîðíè óðàâíåíèÿ µ4(x, λ) = q(x)− λ.

Çíà÷èòåëüíî ìåíüøå èçó÷åí ñëó÷àé, êîãäà ïîòåíöèàë q(x) íå óäî-
âëåòâîðÿåò óñëîâèÿì ðåãóëÿðíîñòè Òèò÷ìàðøà-Ëåâèòàíà. Ïðèìåðîì òà-
êèõ íåðåãóëÿðíûõ ïîòåíöèàëîâ ìîãóò, íàïðèìåð, ñëóæèòü ôóíêöèè âèäà
q(x) = q1(x) + f(x), ãäå q1(x) � ðåãóëÿðíàÿ ôóíêöèÿ, à f(x)

f(x) =
∑

ak(x) · Sk (φk(x)) , (1.3)

ãäå Sk(t) � ïåðèîäè÷åñêàÿ ôóíêöèÿ, à ak(x), φk(x) � äîñòàòî÷íî ãëàäêèå
ìîíîòîííûå ôóíêöèè.

Óðàâíåíèÿ òèïà (1.1) ñ ïîäîáíûìè ïîòåíöèàëàìè ðàíåå èçó÷àëèñü â
ðàáîòàõ: [2], [1], [3], [4] è äð. Â ÷àñòíîñòè, äëÿ óðàâíåíèé

−y′′ + (q(x) + h(x))y = λy
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õàðàêòåðíûì òðåáîâàíèåì äëÿ ïîñòðîåíèÿ àñèìïòîòèêè ÿâëÿëîñü ñëåäóþ-
ùåå: ôóíêöèÿ

g(x) =

∞∫
x

h(t)√
q(t)

dt

äîëæíà áûòü ñóììèðóåìà íà íåêîòîðîì èíòåðâàëå [x0,+∞). Ïðè ýòîì
óñëîâèè â ðàáîòàõ [5], [6] àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ÔÑÐ áûëè ïî-
ñòðîåíû ñ ïîìîùüþ ñâåäåíèÿ èñõîäíîãî óðàâíåíèÿ ê ñèñòåìå èíòåãðàëü-
íûõ óðàâíåíèé è ïðèìåíåíèÿ ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé. Â ðà-
áîòå [4] äëÿ èññëåäîâàíèÿ àñèìïòîòè÷åñêèõ ôîðìóë ÔÑÐ áûë ïðèìåíåí
ñóùåñòâåííî èíîé ïîäõîä, îñíîâàííûé íà ïîñëåäîâàòåëüíûõ ìàòðè÷íûõ
ïðåîáðàçîâàíèÿõ, ïîçâîëÿþùèõ ïðèâîäèòü óðàâíåíèå (1.1) ê ñèñòåìå äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà, îáëàäàþùåé ñâîéñòâîì L-
äèàãîíàëüíîñòè (ñì. [7]).

Öåëüþ íàøåé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå àñèìïòîòè÷åñêèõ ôîðìóë
ïðè x → ∞ äëÿ ÔÑÐ óðàâíåíèÿ

−y(4) + (q(x) + h(x))y = λy,

ãäå q(x) � ðåãóëÿðíûé ïîòåíöèàë, h(x) � òàê íàçûâàåìîå "áûñòðî îñöèë-
ëèðóþùåå" âîçìóùåíèå âèäà (1.3). Äëÿ ïîñòðîåíèÿ àñèìïòîòèê ìû âîñ-
ïîëüçóåìñÿ ìåòîäîì, ïðåäëîæåííûì â ðàáîòå [4].

2. Îñíîâíîé ðåçóëüòàò

Ðàññìîòðèì ñëåäóþùåå óðàâíåíèå

−y(4)(x, λ) + (q(x) + h(x))y(x, λ) = λy(x, λ), (2.1)

ãäå λ ∈ C, x ∈ (0,∞).
Ôóíêöèÿ q(x) ÿâëÿåòñÿ äâàæäû íåïðåðûâíî-äèôôåðåíöèðóåìîé ôóíê-

öèåé è óäîâëåòâîðÿåò óñëîâèÿì ðåãóëÿðíîñòè òèïà Òèò÷ìàðøà�Ëåâèòàíà,
à èìåííî: q′′(x), q′(x) íå ìåíÿþò çíàê äëÿ äîñòàòî÷íî áîëüøèõ x è

q(x) → +∞, q′(x) = o(qγ(x)), 0 < γ < 5/4, x → +∞.

Äàëåå äëÿ ïîñòðîåíèÿ àñèìïòîòè÷åñêèõ ôîðìóë äëÿ ÔÑÐ óðàâíåíèÿ
(2.1) ïðè x → ∞ ìû ïðåîáðàçóåì èñõîäíîå óðàâíåíèå ê òàê íàçûâàåìîé L-
äèàãîíàëüíîé ñèñòåìå ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ñì. [7]) (ñ
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"ïî÷òè" äèàãîíàëüíîé ïðàâîé ÷àñòüþ). Ïðè ïðîâåäåíèè ïðåîáðàçîâàíèé
áóäóò ñôîðìóëèðîâàíû óñëîâèÿ íà ôóíêöèþ h(x). Çàòåì â êîíöå ïóíêòà
ñôîðìóëèðóåì îñíîâíîå óòâåðæäåíèå ðàáîòû � òåîðåìó îá àñèìïòîòèêå
ðåøåíèé óðàâíåíèÿ (2.1).

Ïåðåéäåì îò óðàâíåíèÿ (2.1) ê ñèñòåìå ëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ïåðâîãî ïîðÿäêà, ââåäÿ â ðàññìîòðåíèå âåêòîð-ñòîëáåö

Y =


y
y′

y′′

y′′′

 ,

Y ′ = A · Y = (A0 +A1)Y, (2.2)

A0(x, λ) =


0 1 0 0
0 0 1 0
0 0 0 1

q(x)− λ 0 0 0

 , A1(x, λ) =


0 0 0 0
0 0 0 0
0 0 0 0

h(x) 0 0 0

 .

Íàéäåì ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A0(x, λ). Îáîçíà÷èì ÷åðåç
µ(x, λ) ãëàâíîå çíà÷åíèå êîðíÿ µ(x, λ) = 4

√
q(x)− λ.

Òîãäà ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A0 ñóòü

µ1(x, λ) = µ(x, λ), µ2(x, λ) = iµ(x, λ),

µ3(x, λ) = −µ(x, λ), µ4(x, λ) = −iµ(x, λ).

Îáîçíà÷èì

µ0(x, λ) =
4

√
1− λ

q(x)
.

Çàìåòèì, ÷òî

µ0(x, λ) = 1 + o(1) ïðè x → +∞.

Ïóñòü

T (x, λ) =


µ−3 0 0 0
0 µ−2 0 0
0 0 µ−1 0
0 0 0 1

 ·


1 i −1 −i
1 −1 1 −1
1 −i −1 i
1 1 1 1

 .
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Òîãäà T (x, λ) ïðèâîäèò A0(x, λ) ê äèàãîíàëüíîìó âèäó

T−1A0T = Λ(x, λ),

Λ(x, λ) = diag{µ1(x, λ), µ2(x, λ), µ3(x, λ), µ4(x, λ)} = µ(x, λ)Λ0,

ãäå

Λ0 =


1 0 0 0
0 i 0 0
0 0 −1 0
0 0 0 −i

 .

Çàìåíà

Y = T · Z, Z =


z1
z2
z3
z4

 (2.3)

ïðåîáðàçóåò ñèñòåìó (2.2) ê âèäó

Z ′(x, λ) =

(
µ(x, λ)Λ0 +

h(x)

4µ3(x, λ)
M0 +

µ′(x, λ)

2µ(x, λ)
K0

)
Z(x, λ), (2.4)

ãäå
h(x)

4µ3(x, λ)
M0 = T−1A1T,

µ′(x, λ)

2µ(x, λ)
K0 = T−1T ′,

M0 =


1 i −1 −i
1 i −1 −i
1 i −1 −i
1 i −1 −i

 , K0 =


3 −1 + i −1 −1− i

−1− i 3 −1 + i −1
−1 −1− i 3 −1 + i

−1 + i −1 −1− i 3

 .

Äàëåå â ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé (2.4) ïåðåéäåì ê íîâûì
ïåðåìåííûì, ïîëàãàÿ

ξ =

x∫
0

q
1
4 (t)dt, x = g(ξ), Z(x) = U(ξ). (2.5)

Îáîçíà÷èì

ϕ(ξ, λ) =
h(x)

4q(x)µ3
0

, ω(ξ, λ) =
q′(x)

8(q(x)− λ)q
1
4 (x)

.
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Òîãäà ïîëó÷èì íîâóþ ñèñòåìó ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé

U ′
ξ(ξ, λ) = (µ0Λ0 + ϕ(ξ, λ)M0 + ω(ξ, λ)K0)U(ξ, λ). (2.6)

Êëàññè÷åñ÷êèå ìåòîäû ïîñòðîåíèÿ àñèìïòîòèêè ÔÑÐ äëÿ ñèñòåì äèô-
ôåðåíöèàëüíûõ óðàâíåíèé âèäà (2.6) îñíîâàíû íà ïîâòîðíîé äèàãîíàëè-
çàöèè ïðàâîé ÷àñòè ñèñòåìû óðàâíåíèé ñ çàìåíîé âèäà (2.3). Â äàííîì
ñëó÷àå ýòè ìåòîäû ïðèâåäóò ñèñòåìó (2.6) ê L-äèàãîíàëüíîìó âèäó ïðè
óñëîâèè ϕ′(ξ, λ) ∈ L1(ξ0,+∞), ξ0 > 0. Çàäà÷à ïîñòðîåíèÿ àñèìïòîòèêè
ÔÑÐ (2.1), êîãäà ϕ′(ξ, λ) ∈ L1(ξ0,+∞), � õîðîøî èçó÷åíà, àñèìïòîòèêó
ÔÑÐ óðàâíåíèÿ (2.1) ñ áûñòðîîñöèëëèðóþùèì âîçìóùåíèåì

h(x) =
∑

ak(x) · Sk (φk(x))

ýòèì ìåòîäîì ïîñòðîèòü íå óäàåòñÿ.

Äëÿ ïîñòðîåíèÿ àñèìïòîòèêè ÔÑÐ óðàâíåíèÿ (2.1) ñ áûñòðîîñöèëëè-
ðóþùèì âîçìóùåíèåì h(x) âèäà (1.3) ìû ïðåäëàãàåì íîâûé ïîäõîä.

Íàëîæèì íà ϕ(ξ, λ) óñëîâèå∣∣∣∣∣∣∣
∞∫
ξ

ϕ(s, λ)ds

∣∣∣∣∣∣∣ < ∞ (2.7)

è îïðåäåëèì ôóíêöèþ

ϕ1(ξ, λ) :=

∞∫
ξ

ϕ(s, λ)ds. (2.8)

Ïîëîæèì

U(ξ, λ) = e−ϕ1(ξ,λ)M0 ·B(ξ, λ). (2.9)

Ïîñëå çàìåíû ïîëó÷àåì

B′
ξ(ξ, λ) = µ0 · eϕ1(ξ,λ)M0 · Λ0 · e−ϕ1(ξ,λ)M0B(ξ, λ)+

+ω(ξ, λ) · eϕ1(ξ,λ)M0 ·K0 · e−ϕ1(ξ,λ)M0B(ξ, λ).
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Èñïîëüçóåì èçâåñòíóþ ôîðìóëó Õàóñäîðôà [8]

eεABe−εA = B + ε[A,B] +
ε2

2!
[A, [A,B]] + ... .

Òîãäà

eϕ1(ξ,λ)M0 ·Λ0 ·e−ϕ1(ξ,λ)M0 = Λ0+ϕ1(ξ, λ)[M0,Λ0]+
ϕ2
1(ξ, λ)

2!
[M0, [M0,Λ0]]+ ... ,

M11 = [M0,Λ0], M12 = [M0,M11], ...,M1n = [M0,M1n−1], ... ,

eϕ1(ξ,λ)M0 ·K0·e−ϕ1(ξ,λ)M0 = K0+ϕ1(ξ, λ)[M0,K0]+
ϕ2
1(ξ, λ)

2!
[M0, [M0,K0]]+... ,

K11 = [M0,K0], K12 = [M0,K11], ...,K1n = [M0,K1n−1], ... .

Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè ïîëó÷àåì

M11 =


0 −1− i 2 −1 + i

1− i 0 i+ 1 −2
2 i− 1 0 −1− i

1 + i −2 −1− i 0

 , M1n = 0, ∀n ≥ 2,

K11 = 6


1 i −1 −i
1 i −1 −i
1 i −1 −i
1 i −1 −i

 , K1n = 0, ∀n ≥ 2.

Ñ ó÷åòîì ïîñëåäíèõ ðàâåíñòâ èìååì

B′
ξ(ξ, λ) = (µ0Λ0 + µ0ϕ1(ξ, λ)M11+

+ω(ξ, λ)K0 + ω(ξ, λ)ϕ1(ξ, λ)K11)B(ξ, λ). (2.10)

Ïîòðåáóåì âûïîëíåíèÿ ñëåäóþùèõ óñëîâèé:∣∣∣∣∣
∞∫
ξ

µ0ϕ1(t, λ)dt

∣∣∣∣∣ < ∞, ξ > 0, (2.11)
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ϕ1(ξ, λ)ω(ξ, λ) ∈ L1(0,∞). (2.12)

Ïåðåïèøåì ñèñòåìó (2.10) â áîëåå óäîáíîì âèäå:

B′
ξ(ξ, λ) = (µ0Λ0 + µ0ϕ1(ξ, λ)M11 + ω(ξ, λ)K0 +K1(ξ, λ))B(ξ, λ),

ãäå ýëåìåíòû ìàòðèöû K1(ξ, λ) = ω(ξ, λ)ϕ1(ξ, λ)K11 ïðèíàäëåæàò L1(0,∞)
ïðè âûïîëíåíèè óñëîâèé (2.7), (2.11), (2.12). Çàìåòèì, ÷òî ñëó÷àé, êîãäà
µ0ϕ1(ξ, λ) ∈ L1(0,+∞), èçó÷åí â ðàáîòå [6], ïîýòîìó äàëåå áóäåì ðàññìàò-
ðèâàòü ñëó÷àé µ0ϕ1(ξ, λ)M11 /∈ L1(0,+∞).

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ

ϕ2(ξ, λ) =

∞∫
ξ

µ0ϕ1(s, λ)ds. (2.13)

Ñäåëàåì äàëåå çàìåíó àíàëîãè÷íóþ (2.9):

B(ξ, λ) = e−ϕ2(ξ,λ)M11 · S(ξ, λ), (2.14)

òîãäà äëÿ S(ξ, λ) ïîëó÷àåì

S′
ξ(ξ, λ) = eϕ2(ξ,λ)M11 · (µ0Λ0 + ω(ξ, λ) ·K0 +K1(ξ, λ)) · e−ϕ2(ξ)M11S(ξ, λ).

Âíîâü ïðèìåíèâ ôîðìóëó Õàóñäîðôà, ñ ó÷åòîì M2
11 = 0 ïðèõîäèì ê

ñèñòåìå

S′
ξ(ξ, λ) = (µ0Λ0 + µ0ϕ2(ξ, λ)M21 + ω(ξ, λ)K0 +K2(ξ, λ))S(ξ, λ), (2.15)

ãäå
K2(ξ, λ) = eϕ2(ξ,λ)M11 ·K1(ξ, λ) · e−ϕ2(ξ,λ)M11+

+µ0
(ϕ2(ξ, λ))

2

2!
M22 + ϕ2(ξ, λ)ω(ξ, λ)K21.

Ìàòðèöû M21, M22, K21 èìåþò âèä

M21 =


0 −2 4 −2
2i 0 2i −4i
−4 2 0 2
−2i 4i −2i 0

 , M22 =


8 8i −8 −8i
8 8i −8 −8i
8 8i −8 −8i
8 8i −8 −8i

 ,
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M2n = 0, ∀n ≥ 3,

K21 = 4 ·


0 −1− i 2 −1 + i

1− i 0 1 + i −2
2 −1 + i 0 −1− i

−1 + i −2 1− i 0

 , K2n = 0, ∀n ≥ 2.

Çàìåòèì, ÷òî ìàòðèöà eϕ2(ξ,λ)M11 ·K1(ξ, λ) · e−ϕ2(ξ,λ)M11 ñîñòîèò èç ñóì-
ìèðóåìûõ ýëåìåíòîâ ïðè âûïîëíåíèè óñëîâèé (2.11), (2.12).

Ïîòðåáóåì òàêæå âûïîëíåíèå ñëåäóþùèõ óñëîâèé:∣∣∣∣∣
∞∫
ξ

µ0ϕ2(s, λ)ds

∣∣∣∣∣ < ∞, (2.16)

ϕ2
2(ξ, λ) ∈ L1(0,∞). (2.17)

Ïðè âûïîëíåíèè óñëîâèé (2.16), (2.17) ýëåìåíòû ìàòðèöû K2(ξ, λ) �
ñóììèðóåìû íà (0,∞).

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ

ϕ3(ξ, λ) =

∞∫
ξ

µ0ϕ2(s, λ)ds. (2.18)

Ñäåëàåì äàëåå çàìåíó àíàëîãè÷íóþ (2.14):

S(ξ, λ) = e−ϕ3(ξ,λ)M21 · P (ξ, λ), (2.19)

òîãäà äëÿ P (ξ, λ) ïîëó÷àåì

P ′
ξ(ξ, λ) = eϕ3(ξ,λ)M21 · (µ0Λ0 + ω(ξ, λ) ·K0) · e−ϕ3(ξ,λ)M21P (ξ, λ)+

+eϕ3(ξ,λ)M21 ·K2(ξ, λ) · e−ϕ3(ξ,λ)M21P (ξ, λ). (2.20)

Âíîâü ïî ôîðìóëå Õàóñäîðôà

eϕ3(ξ,λ)M21 · µ0Λ0 · e−ϕ3(ξ,λ)M21 = µ0Λ0 + µ0ϕ3(ξ, λ)M31+

+µ0
ϕ2
3(ξ, λ)

2!
M32 + µ0

ϕ3
3(ξ, λ)

3!
M33 + µ0

ϕ4
3(ξ, λ)

4!
M34,
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M31 =


0 2− 2i −8 2 + 2i

2 + 2i 0 2− 2i −8
−8 2 + 2i 0 2− 2i

2− 2i −8 2 + 2i 0

 ,

M32 =


−80 48 −16 48
−48 80i −48i 16i
16 −48 80 −48
48i −16i 48i −80i

 ,

M33 = 102 ·


0 −3, 2− 3, 2i 6, 4 −3, 2 + 3, 2i

3, 2− 3, 2i 0 3, 2 + 3, 2i −6, 4
6, 4 −3, 2 + 3, 2i 0 −3, 2− 3, 2i

3, 2 + 3, 2i −6, 4 3, 2− 3, 2i 0

 ,

M34 = 103 ·


2, 56 2, 56i −2, 56 −2, 56i
2, 56 2, 56i −2, 56 −2, 56i
2, 56 2, 56i −2, 56 −2, 56i
2, 56 2, 56i −2, 56 −2, 56i

 , M3n = 0 ∀n ≥ 5,

eϕ3(ξ,λ)M21 · ω(ξ, λ)K0 · e−ϕ3(ξ,λ)M21 = ω(ξ, λ)K0 + ω(ξ, λ)ϕ3(ξ, λ)K31,

K31 = 4 ·


0 −1 2 −1
i 0 i −2i
−2 1 0 1
−i 2i −i 0

 , K3n = 0 ∀n ≥ 2.

Ïóñòü

K3(ξ, λ) = µ0ϕ3(ξ, λ)M31 + µ0
ϕ2
3(ξ, λ)

2!
M32 + µ0

ϕ3
3(ξ, λ)

3!
M33+

+µ0
ϕ4
3(ξ, λ)

4!
M34 + ω(ξ, λ)ϕ3(ξ, λ)K31 + eϕ3(ξ,λ)M21K2(ξ, λ)e

−ϕ3(ξ,λ)M21 .

Ïîâåäåíèå ýëåìåíòîâ ìàòðèöû K3(ξ, λ) îïðåäåëÿåòñÿ ñëàãàåìûì
µ0ϕ3(ξ, λ)M31, ïîýòîìó ïîòðåáóåì âûïîëíåíèÿ ñëåäóþùåãî óñëîâèÿ:

ϕ3(ξ, λ) ∈ L1(0,∞). (2.21)
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Òîãäà K3(ξ, λ) ∈ L1(0,∞) è ñèñòåìà (2.20) ïðèíèìàåò âèä

P ′
ξ(ξ, λ) = (µ0Λ0 + ω(ξ, λ)K0 +K3(ξ, λ)) · P (ξ, λ). (2.22)

Çàïèøåì ìàòðèöó µ0Λ0 + ω(ξ, λ)K0 â âèäå

µ0Λ0 + ω(ξ, λ)K0 = Λ̃0 + ω(ξ, λ)K̃0,

Λ̃0=


µ0 + 3ω(ξ, λ) 0 0 0

0 iµ0 + 3ω(ξ, λ) 0 0
0 0 −µ0 + 3ω(ξ, λ) 0
0 0 0 −iµ0 + 3ω(ξ, λ)

 ,

K̃0 = K0 −


3 0 0 0
0 3 0 0
0 0 3 0
0 0 0 3

 .

Cèñòåìà (2.22) ïðèìåò ñëåäóþùèé âèä:

P ′
ξ(ξ, λ) =

(
Λ̃0(ξ, λ) + ω(ξ, λ)K̃0 +K3(ξ, λ)

)
P (ξ, λ).

Ñäåëàåì äàëåå çàìåíó

P = (I + T1(ξ, λ))W, T1Λ̃0 = Λ̃0T1 + ω(ξ, λ)K̃0, (2.23)

îòêóäà íàõîäèì

T1(ξ, λ) =
ω(ξ, λ)

µ0


0 1 1/2 1
−i 0 −i −i/2

−1/2 −1 0 −1
i i/2 i 0

 .

Ïîñëå ïðåîáðàçîâàíèé ïðèõîäèì ê ñèñòåìå

W ′
ξ = Λ̃0W − (I + T1)

−1T ′
1W + (I + T1)

−1K3(I + T1)W, (2.24)

T ′
1(ξ, λ) =

d

dξ

(
ω(ξ, λ)

µ0

)
0 1 1/2 1
−i 0 −i −i/2

−1/2 −1 0 −1
i i/2 i 0

 ,
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d

dξ

(
ω(ξ, λ)

µ0

)
=

d

dx

 q′(x)

8(q(x)− λ)q
1
4 (x)

(
1− λ

q(x)

) 1
4

 · 1

ξ′x
=

=
d

dx

(
q′(x)

8(q(x)− λ)
5
4

)
· 1

q
1
4 (x)

=

=
q′′(x)

8q
1
4 (x)(q(x)− λ)

5
4

− 5q′(x)

32q
1
4 (x)(q(x)− λ)

9
4

.

Çàìåòèì, ÷òî ïðè âûïîëíåíèè óñëîâèé ðåãóëÿðíîñòè äëÿ ôóíêöèè q(x)
ñîãëàñíî [[1], c. 330] ω′ ∈ L1(0,∞), òàê ÷òî â ñèëó óñëîâèé (2.7), (2.11),
(2.12), (2.16), (2.17) è (2.21) ñèñòåìà (2.24) ÿâëÿåòñÿ L-äèàãîíàëüíîé, à ñòà-
ëî áûòü, ê ýòîé ñèñòåìå ìîæåò áûòü ïðèìåíåíà òåîðåìà Ëåâèíñîíà [ñì. [1],
ñ. 292], ñîãëàñíî êîòîðîé îñíîâíîé âêëàä â àñèìïòîòèêè ÔÑÐ ïðè x → +∞
âíîñèò äèàãîíàëüíàÿ ìàòðèöà Λ̃0. Ïîýòîìó ñèñòåìà äèôôåðåíöèàëüíûõ
óðàâíåíèé (2.24) ïðè x → +∞ èìååò ñëåäóþùóþ àñèìïîòèêó ÔÑÐ:

W (ξ, λ) = exp

{ ξ∫
0

Λ̃0(t, λ)dt

}
· (I +D · o(1)),

ãäå ìàòðèöà D èìååò âèä

D =


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 .

Äàëåå, âîçâðàùàÿñü îò ñèñòåìû (2.24) ê ñèñòåìå (2.2), ñ ó÷åòîì ôîðìóë
äëÿ çàìåí ïåðåìåííûõ (2.3), (2.5), (2.9), (2.14), (2.19), (2.23) ïîëó÷èì ñëå-
äóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü â óðàâíåíèè (2.1) q(x) � äâàæäû íåïðåðûâíî-

äèôôåðåíöèðóåìàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì: q′′(x), q′(x) íå
ìåíÿþò çíàê äëÿ äîñòàòî÷íî áîëüøèõ x è

q(x) → +∞, q′(x) = o(qγ(x)), 0 < γ < 5/4,
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à ôóíêöèè ϕ1(ξ, λ), ϕ2(ξ, λ), ϕ3(ξ, λ), îïðåäåëÿåìûå ñîîòíîøåíèÿìè (2.8),

(2.13), (2.18), óäîâëåòâîðÿþò óñëîâèÿì

ϕ1(ξ, λ)ω(ξ, λ) ∈ L1(0,+∞), ϕ2(ξ, λ) · ω(ξ, λ) ∈ L1(0,+∞),

ϕ2
2(ξ, λ) ∈ L1(0,+∞), ϕ3(ξ, λ) ∈ L1(0,∞).

Òîãäà óðàâíåíèå (2.1) èìååò ÔÑÐ òàêóþ, ÷òî ïðè x → +∞ è ïðè êàæäîì

ôèêñèðîâàííîì λ ̸= 0 äëÿ

Y (x, λ) =


y(x, λ)
y′(x, λ)
y′′(x, λ)
y′′′(x, λ)


ñïðàâåäëèâû àñèìïòîòè÷åñêèå ôîðìóëû:

Y (x, λ) = T (x, λ) · e−ϕ1(ξ,λ)M0e−ϕ2(ξ,λ)M11e−ϕ3(ξ,λ)M21(I + T1(ξ, λ))×

e
−

ξ∫
0

Λ̃0(t,λ)dt
· (I +D · o(1)),

ãäå ìàòðèöû T, T1, M0, M11, M21, Λ̃0, D îïðåäåëåíû âûøå.

3. Ïðèìåð

Â ýòîì ïóíêòå ïðèâåäåì õàðàêòåðíûé ïðèìåð ôóíêöèé q(x), h(x), äëÿ
êîòîðûõ âûïîëíåíû âñå óñëîâèÿ äîêàçàííîé òåîðåìû. Ïðè ýòîì âñå èçâåñò-
íûå äî íàñ ìåòîäû èññëåäîâàíèÿ íå ïîçâîëÿëè ïîëó÷èòü àñèìïòîòè÷åñêèå
ôîðìóëû äëÿ ðåøåíèé óðàâíåíèÿ (2.1) ñ òàêèìè êîýôôèöèåíòàìè.

Ïóñòü
h(x) = xα sinxβ, q(x) = xα,

ξ =

x∫
0

q
1
4 (t)dt =

x∫
0

t
α
4 dt =

4

α+ 4
x

α+4
4 , x =

α+ 4

4
ξ

4
α+4 = c · ξ

4
α+4 ,

ϕ(ξ, λ) =
h(x)

4q(x)µ3
0(x, λ)

=
xα sinxβ

4xα ·
(

4

√
1− λ

xα

)3 =
sin
(
c · ξ

4β
α+4

)
4

(
1− λ

cαξ
4α
α+4

) 3
4

,
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ω(ξ, λ) =
q′(x)

8(q(x)− λ)q
1
4 (x)

=
α

8x
α+4
4

(
1− λ

xα

) =
α

8cξ

(
1− λ

ξ
4α
α+4

) .

Äàëåå âñå ïîñòîÿííûå, âîçíèêàþùèå â îöåíêàõ, äîãîâîðèìñÿ îáîçíà-
÷àòü êîíñòàíòîé c, c > 0, à ñàìè îöåíêè ðàññìàòðèâàþòñÿ ïðè äîñòàòî÷íî
áîëüøîì x.

Âûÿñíèì ïðè êàêèõ α, β âûïîëíÿåòñÿ óñëîâèå∣∣∣∣∣
∞∫
ξ

ϕ(s, λ)ds

∣∣∣∣∣ < ∞, ξ > 0.

Ó÷èòûâàÿ, ÷òî

ξ =
1

α/4 + 1
x

α
4
+1, dξ = x

α
4 dx,

è èíòåãðèðóÿ ïî ÷àñòÿì ñ ó÷åòîì òîãî, ÷òî d
dxµ0(x, λ) = O

(
1
x

)
, ïîëó÷èì∣∣∣∣∣∣∣

∞∫
ξ

ϕ(s, λ)ds

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣
∞∫
x

sin tβ

4µ3
0(t, λ)

t
α
4 dt

∣∣∣∣∣∣ =
∣∣∣∣∣∣ 14β

∞∫
x

x
α
4
−β+1

µ3
0(x, λ)

· βtβ−1 sin tβdt

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣ 14β · x
α
4
−β+1

µ3
0(x, λ)

cosxβ +
1

4β

∞∫
x

(
t
α
4
−β+1

µ3
0(t, λ)

)′

cos tβdt

∣∣∣∣∣∣ ≤ cx
α
4
−β+1 < ∞,

åñëè β > α
4 + 1.

Ïðîâåðèì ñëåäóþùåå óñëîâèå:∣∣∣∣∣∣∣
∞∫
ξ

µ0ϕ1(s, λ)ds

∣∣∣∣∣∣∣ < ∞, ξ > 0,

ϕ1(ξ, λ) =

∞∫
ξ

ϕ(s, λ)ds =
1

4β
· x

α
4
+1−β

µ3
0(x, λ)

cosxβ + f1(x, λ),
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ãäå

f1(x, λ) =
1

4β

∞∫
x

(
t
α
4
−β+1

µ3
0(t, λ)

)′

cos tβdt = O
(
x

α
4
−2β+1

)
.

Èìååì∣∣∣∣∣
∞∫
ξ

µ0ϕ1(s, λ)ds

∣∣∣∣∣ =
∣∣∣∣∣∣
∞∫
x

(
1

4β
· t

α
4
+1−β

µ2
0(t, λ)

cos tβ + µ0(t, λ)f1(t, λ)

)
t
α
4 dt

∣∣∣∣∣∣ ≤
≤ c · x

α
2
+2−2β < ∞.

Ïîñëåäíåå íåðàâåíñòâî áóäåò âûïîëíåíî, åñëè

α

2
+ 2− 2β < 0 èëè β >

α

4
+ 1.

Ïðîâåðèì òåïåðü ñëåäóþùåå óñëîâèå: ϕ1(ξ, λ)ω(ξ, λ) ∈ L1(0,∞).

Èìååì

|ϕ1(ξ, λ)ω(ξ, λ)| =

∣∣∣∣∣
(
c · x

α
4
+1−β

µ3
0(x, λ)

· cosxβ + f1(x, λ)

)
· αxα−1

8(xα − λ)x
α
4

∣∣∣∣∣ <
< c · x

α
4
−β+1 · x−

α
4
−1 = c · x−β.

Òîãäà ïîëó÷èì ñëåäóþùóþ îöåíêó:

∞∫
a

|ϕ1(ξ, λ)ω(ξ, λ)|dξ < c

∞∫
a

x
α
4
−βdx < ∞, a > 0,

îòñþäà
α

4
− β < −1 èëè β >

α

4
+ 1.

Ïðîâåðèì óñëîâèå (2.16):∣∣∣∣∣
∞∫
ξ

µ0ϕ2(s, λ)ds

∣∣∣∣∣ < ∞.
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Èìååì

ϕ2(ξ, λ) = −c · x
α
2
+2−2β

µ2
0(x, λ)

· sinxβ + f2(x, λ), x = g(ξ),

ãäå

f2(x, λ)=

∞∫
x

µ0(t, λ)f1(t, λ)t
α
4 dt− c

∞∫
x

(
t
α
2
+2−2β

µ2
0(t, λ)

)′

sin tβdt = O
(
x

α
2
+2−3β

)
.

Òîãäà∣∣∣∣∣
∞∫
ξ

µ0ϕ2(s, λ)ds

∣∣∣∣∣ =
∣∣∣∣∣∣
∞∫
x

(
c · t

α
2
+2−2β

µ0(t, λ)
· sin tβ + µ0(t, λ)f2(t, λ)

)
t
α
4 dt

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣ c4β
∞∫
x

t
3α
4
+3−3β

µ0(t, λ)
· βtβ−1 sin tβdt+

∞∫
x

µ0(t, λ)f2(t, λ)t
α
4 dt

∣∣∣∣∣∣ ≤
≤ c · x

3α
4
+3−3β < ∞,

îòñþäà
3α

4
+ 3− 3β < 0 èëè β >

α

4
+ 1.

Ïðîâåðèì óñëîâèå (2.17): ϕ2
2(ξ, λ) ∈ L1(0,∞). Äëÿ ýòîãî çàìåòèì, ÷òî

∣∣ϕ2
2(ξ, λ)

∣∣ =
∣∣∣∣∣∣
(
c · x

α
2
+2−2β

µ2
0(x, λ)

· sinxβ + f2(x, λ)

)2
∣∣∣∣∣∣ <

< c · xα+4−4β,

è ïîëó÷èì ñëåäóþùóþ îöåíêó

∞∫
a

∣∣ϕ2
2(ξ, λ)

∣∣ dξ <

∞∫
a

c · xα+4−4βx
α
4 dx < ∞, a > 0.

Ýòî îçíà÷àåò, ÷òî

5α

4
+ 4− 4β < −1 èëè β >

5α

16
+

5

4
.
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Ïðîâåðèì óñëîâèå (2.21): ϕ3(ξ, λ) ∈ L1(0,∞). Îöåíèì ïîâåäåíèå ϕ3(ξ, λ)
ïðè ξ → ∞ :

|ϕ3(ξ, λ)| =

∣∣∣∣∣∣∣
∞∫
ξ

µ0ϕ2(s, λ)ds

∣∣∣∣∣∣∣ =
∣∣∣∣∣c · x

3α
4
+3−3β

µ0(x, λ)
· cosxβ + f3(x, λ)

∣∣∣∣∣ <
< c · x

3α
4
+3−3β,

ãäå

f3(x, λ) =

∞∫
x

µ0(t, λ)f2(t, λ)t
α
4 dt+c

∞∫
x

(
t
3α
4
+3−3β

µ0(t, λ)

)′

cos tβdt = O
(
x

3α
4
+3−4β

)
,

òîãäà
∞∫
a

|ϕ3(ξ, λ)|dξ <

∞∫
a

x
3α
4
−3β+3 · x

α
4 dx < ∞, a > 0,

α− 3β + 3 < −1 èëè β >
α

3
+

4

3
.

Òîãäà óñëîâèÿ òåîðåìû ïðåäûäóùåãî ïóíêòà âûïîëíåíû, åñëè

β >
α

3
+

4

3
,

à àñèìïòîòè÷åñêèå ïðè x → +∞ ôîðìóëû äëÿ ÔÑÐ ñèñòåìû (2.2) èìåþò
âèä

Y (x, λ) ∼ (xα − λ)−
3
8 T (x, λ)e−Λ0ξe−ϕ1(ξ,λ)M0e−ϕ2(ξ,λ)M11e−ϕ3(ξ,λ)M21 ,

ãäå

ξ =
xα/4+1

α/4 + 1
.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



Îá àñèìïòîòèêå ðåøåíèé ñèíãóëÿðíîãî äèôôåðåíöèàëüíîãî ... 75

Ëèòåðàòóðà

1 Ôåäîðþê Ì.Â. Àñèìïòîòè÷åñêèå ìåòîäû äëÿ ëèíåéíûõ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé. � Ì: Íàóêà, 1983. � 354 ñ.

2 Êîñòþ÷åíêî À.Ã., Ñàðãñÿí È.Ñ. Ðàñïðåäåëåíèå ñîáñòâåííûõ çíà÷åíèé (ñà-
ìîñîïðÿæåííûå îáûêíîâåííûå äèôôåðåíöèàëüíûå îïåðàòîðû). � Ì.: Íàóêà,
1979. � 400 ñ.

3 Ìóðòàçèí Õ.Õ, Ñóëòàíàåâ ß.Ò. Ê ôîðìóëàì ðàñïðåäåëåíèÿ ñîáñòâåííûõ
÷èñåë íåïîëóîãðàíè÷åííîãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ// Ìàòåìàòè÷åñêèå çà-
ìåòêè. � 1980. � Ò. 28:4, Ñ. 545-553.

4 Âàëååâ Í.Ô., Íàçèðîâà Ý.À., Ñóëòàíàåâ ß.Ò. Î íîâîì ïîäõîäå ê èçó÷åíèþ
àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèé ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé // Óôèìñêèé ìàòåìàòè÷åñêèé æóðíàë. � 2015. � Ò. 7, � 3. � Ñ. 9-15.

5 Ìàêèíà Í.Ê., Íàçèðîâà Ý.À., Ñóëòàíàåâ ß.Ò. Î ìåòîäàõ èññëåäîâàíèÿ
àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé// Ìà-
òåìàòè÷åñêèå çàìåòêè. � 2014. � Ò. 96. � Ñ. 627-632

6 Âàëååâ Í.Ô., Íàçèðîâà Ý.À., Ñóëòàíàåâ ß.Ò. Î ðàñïðåäåëåíèè ñîáñòâåííûõ
çíà÷åíèé ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â ïðîñòðàíñòâå âåêòîð-
ôóíêöèé // Òð. ÌÌÎ. � 2014. � Âûï. 2. � Ñ. 107-123

7 Íàéìàðê Ì.À. Ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû. � Ì.: Íàóêà,
1969. � 526 ñ.

8 Áîãàåâñêèé Â.Í., Ïîâçíåð À.ß. Àëãåáðàè÷åñêèå ìåòîäû â íåëèíåéíîé òåî-
ðèè âîçìóùåíèé. � Ì.: Íàóêà, 1987. � 255 ñ.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 17.11.2016

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



76 Í.Ô. Âàëååâ, À. Åñêåðìåñóëû, Ý.À. Íàçèðîâà

Âàëååâ Í.Ô., Åñêåðìåñ´ëû �., Íàçèðîâà Ý.À. ÐÅÃÓËßÐËÛÅÌÅÑ ÊÎ-
ÝÔÔÈÖÈÅÍÒÒÅÐI ÁÀÐ Ò�ÐÒIÍØI ÐÅÒÒI ÑÈÍÃÓËßÐËÛ� ÄÈÔÔÅ-
ÐÅÍÖÈÀËÄÛ� ÒÅ�ÄÅÓÄI� ØÅØIÌÄÅÐIÍI� ÀÑÈÌÏÒÎÒÈÊÀÑÛ
ÒÓÐÀËÛ

Á´ë æ´ìûñòà x → ∞ æà¡äàéäà ðåãóëÿðñûç °ñåòií q(x) ïîòåíöèàëû áàð

− dn

dxn
y(x, λ) + q(x)y(x, λ) = λy

ò³ðiíäåãi ñèíãóëÿðëû© ñûçû©òû äèôôåðåíöèàëäû© òå­äåóëåðäi­ øåøiì-
äåðiíi­ x-òi­ ³ëêåí ìºíäåðiíäåãi àñèìïòîòàëû© °çãåðiñií çåðòòåóãå ©àòû-
ñòû æà­à òºñië ´ñûíûëàäû. Ñèíãóëÿðëû© ñûçû©òû äèôôåðåíöèàëäû©
òå­äåóëåðäi­ øåøiìäåðiíi­ àñèìïòîòèêàñûí ©´ðó èäåÿñû ìåí îíû­ òèiì-
äiëiãi òåðáåëiìäi ïîòåíöèàëäàðû áàð 4-øi ðåòòi òå­äåóëåð àð©ûëû ê°ð-
ñåòiëãåí.

Valeev N., Yeskermessuly A., Nazirova E. ON THE ASYMPTOTICS OF
THE SOLUTIONS OF A SINGULAR FOURTHORDER DIFFERENTIAL
EQUATION WITH NONREGULAR COEFFICIENTS

The paper proposes a new approach to the study the asymptotic behavior
of solutions of singular linear di�erential equations at large values of x of the
form:

− dn

dxn
y(x, λ) + q(x)y(x, λ) = λy

with irregular growing potential q(x) when x → ∞. The idea of constructing
the asymptotic behavior of solutions of singular linear di�erential equations and
its e�ectiveness are demonstrated by the example of the fourth order di�erential
equation with oscillating potential.
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+E

T∫
0

[(N(t)u(t), u(t)) + (R(t)x(t), x(t))]dt→ inf,

ãäå x ∈ Rn, u ∈ Rm, w(t) � îäíîìåðíûé ïðîöåññ Âèíåðà, ν̃(t, A) = ν(t, A)−
tΠ(A), ν(t, A) � ïóàññîíîâñêàÿ ìåðà íà R1, ïðîöåññ w(t) è ìåðà ν(t, A)
íåçàâèñèìû ìåæäó ñîáîé, A,B,C,D,M,G,N,R � íåïðåðûâíûå íà [0,T]
ìàòðèöû, A,C,M,K,R � n×n-ìåðíûå, B,D,G � n×m-ìåðíûå, N �m×m-
ìåðíàÿ, K,R(t) � ñèììåòðè÷íûå, íåîòðèöàòåëüíî îïðåäåëåííûå, N(t) �
ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöû. È â íåëèíåéíîì ñëó÷àå

dx = [f(x) +B(x)u]dt+ g(x)dw(t) + εD(x)udw1(t),

x(0) = y, (2)

I(y, u) = Eφ(x(τ)) + E

τ∫
0

[(ψ(x(t)) + (N(x(t))u(t), u(t))]dt→ inf,

ãäå x ∈ Q, Q � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé, èìåþùåé îïðåäåëåííóþ
ãëàäêîñòü, ε � ìàëûé ïàðàìåòð, y ∈ Q, τ � ìîìåíò ïåðâîãî âûõîäà èç Q.
w1(t), w(t) � ñòàíäàðòíûå îäíîìåðíûé è n-ìåðíûé âèíåðîâñêèå ïðîöåññû ñ
íåçàâèñèìûìè êîìïîíåíòàìè. Áîëåå òî÷íàÿ ïîñòàíîâêà çàäà÷è áóäåò äàíà
â îñíîâíîé ÷àñòè ðàáîòû.

Çàäà÷à (1) (òàê íàçûâàåìàÿ (LQ)-çàäà÷à) ðàññìàòðèâàëàñü â ðàáîòàõ
ìíîãèõ àâòîðîâ. Îòìåòèì ëèøü íåêîòîðûõ èç íèõ, â êîòîðûõ èìååòñÿ îá-
øèðíàÿ áèáëèîãðàôèÿ.

Îäíèìè èç ïåðâûõ ðàáîò, ãäå èçó÷àëàñü äàííàÿ çàäà÷à â êëàññè÷åñêîé
ïîñòàíîâêå (1), ÿâëÿþòñÿ ðàáîòû [1, 2]. Â íèõ ïîêàçàíî, ÷òî (LQ)-çàäà÷à ýê-
âèâàëåíòíà ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ íåêîòîðîãî ìàòðè÷íîãî îáîá-
ùåííîãî óðàâíåíèÿ Ðèêêàòè. Â äàëüíåéøåì çàäà÷à (1) îáîáùàëàñü ìíî-
ãèìè àâòîðàìè â ðàçëè÷íûõ íàïðàâëåíèÿõ. Â [3] ðàññìàòðèâàëàñü çàäà÷à
ñòàáèëèçàöèè ðåøåíèé ñèñòåìû (1), êîòîðàÿ àâòîðîì ñâåäåíà ê ìèíèìèçà-
öèè àíàëîãè÷íîãî ôóíêöèîíàëà, íî ñ áåñêîíå÷íûì ïðåäåëîì èíòåãðèðîâà-
íèÿ, ÷òî ïðèâåëî ê àíàëîãè÷íîìó îáîáùåííîìó óðàâíåíèþ Ðèêêàòè. Ïðè
ýòîì, â ñëó÷àå îäíîìåðíîãî óïðàâëåíèÿ, àâòîð èñïîëüçîâàë ìåòîä àïïðîê-
ñèìàöèè Áåëëìàíà.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



Îïòèìàëüíîå óïðàâëåíèå ñòîõàñòè÷åñêèìè ñèñòåìàìè ... 79

Â ðàáîòàõ [4]-[6] ðàññìàòðèâàëîñü îáîáùåíèå LQ-çàäà÷è íà áåñêîíå÷-
íîìåðíûå ñòîõàñòè÷åñêèå ñèñòåìû. Ïðè ýòîì îïåðàòîðû A è B áûëè ïî-
ñòîÿííûìè, A � èíôèíèòåçèìàëüíûé ãåíåðàòîð C0-ïîëóãðóïïû, óäîâëå-
òâîðÿþùèé ëèáî îöåíêå ∥ exp(tA) ∥ ≤ Ke−αt, K > 0, α > 0, t ≥ 0, ëèáî
ðåãóëÿðíî äèññèïàòèâíûé. Â [7] ðàññìîòðåíà LQ-çàäà÷à â ïðåäïîëîæåíè-
ÿõ, ÷òî ìàòðèöû A(t), B(t), C(t), D(t) � ñëó÷àéíûå. Â ýòîé ðàáîòå äîêàçàíà
ýêâèâàëåíòíîñòü çàäà÷è óïðàâëåíèÿ ðåøåíèþ îáîáùåííîãî ñòîõàñòè÷åñêî-
ãî óðàâíåíèÿ Ðèêêàòè.

Â [8] ðàññìîòðåíà LQ-çàäà÷à, êîãäà êðèòåðèé êà÷åñòâà èìååò âèä

I(s, y, u) =

= E

T∫
s

[x∗(t)Q(t)x(t) + 2u∗(t)S(t)x(t) + u∗(t)R(t)u(t)]dt+ x∗(T )Hx(T ),

ãäå ìàòðèöû Q,R,H íå îáÿçàòåëüíî íåîòðèöàòåëüíî îïðåäåëåííûå. Çäåñü
òàêæå äîêàçàíà ýêâèâàëåíòíîñòü çàäà÷è îïòèìèçàöèè ðàçðåøèìîñòè
îáîáùåííîãî óðàâíåíèÿ Ðèêêàòè. Îäíàêî âîïðîñ, î ðàçðåøèìîñòè ñîîò-
âåòñòâóþùèõ îáîáùåííûõ óðàâíåíèé Ðèêêàòè åùå äî êîíöà íå èññëåäîâàí.
Â ðàáîòå [9], èñïîëüçóÿ ìåòîä ëèíåàðèçàöèè Áåëëìàíà, Âîíýì äîêàçàë
ñóùåñòâîâàíèå íóæíîãî ðåøåíèÿ ó òàêîãî òèïà óðàâíåíèé â ñëó÷àå, êîãäà
â çàäà÷å (1) C(t) ≡ 0. Äëÿ ñëó÷àÿ C(t) ̸= 0 ïîëó÷àåòñÿ íåñêîëüêî èíîå, ÷åì
â [9], óðàâíåíèå, ê êîòîðîìó ìåòîä Âîíýìà, ïî-âèäèìîìó, íå ïðèìåíèì. Â
ðàáîòå [4] óðàâíåíèå òèïà Ðèêêàòè ðåøåíî â ãèëüáåðòîâîì ïðîñòðàíñòâå.
Îäíàêî, îòñþäà, âîîáùå ãîâîðÿ, íå ñëåäóåò ñîîòâåòñòâóþùèé ðåçóëüòàò
äëÿ çàäà÷è (1), ïîñêîëüêó â óêàçàííîé ðàáîòå A è B � ïîñòîÿííûå
îïåðàòîðû, ïðè÷åì ýâîëþöèîííûé îïåðàòîð, ïîðîæäåííûé À, äîïóñêàåò
îöåíêó

∥ exp(tA) ∥ ≤ Ke−αt,K > 0, α > 0, t ≥ 0.

Â çàäà÷å (1) òàêèå îãðàíè÷åíèÿ íà A(t), B(t) íå íàêëàäûâàþòñÿ.
Ìåòîä, ïðåäëîæåííûé â [3], ïî-âèäèìîìó, ïðèìåíèì äëÿ äîêàçàòåëü-

ñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ îáîáùåííîãî óðàâíåíèÿ Ðèêêàòè è â ñëó÷àå
ìíîãîìåðíîãî óïðàâëåíèÿ. Îäíàêî, âî âñåõ ðàáîòàõ ðàçðåøèìîñòü óêàçàí-
íîãî óðàâíåíèÿ èññëåäîâàëàñü ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé
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Áåëëìàíà ïóòåì ïîñòðîåíèÿ ìîíîòîííî íåâîçðàñòàþùåé ïîñëåäîâàòåëüíî-
ñòè ðåøåíèé ëèíåéíûõ çàäà÷, ïðåäåë êîòîðîé ÿâëÿåòñÿ ðåøåíèåì íåëèíåé-
íîé çàäà÷è. Â äàííîé ðàáîòå ìû ïðåäëàãàåì äðóãîé ìåòîä äîêàçàòåëüñòâà
ðàçðåøèìîñòè îáîáùåííîãî óðàâíåíèÿ Ðèêàòòè, èäåÿ êîòîðîãî áàçèðóåòñÿ
íå íà ìåòîäå Áåëëìàíà, à íà ïðÿìîì ïðèìåíåíèè îáùèõ òåîðåì ñóùåñòâî-
âàíèÿ ðåøåíèé íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Äëÿ íåëèíåéíîé çàäà÷è (2) ñêîëüêî-íèáóäü ñóùåñòâåííûå ðåçóëüòàòû
ïîëó÷åíû â ñëó÷àå, êîãäà óïðàâëåíèå íå âõîäèò â ñòîõàñòè÷åñêóþ ÷àñòü.
Â ýòîé ñèòóàöèè ñîîòâåòñòâóþùåå óðàâíåíèå Áåëëìàíà ÿâëÿåòñÿ êâàçè-
ëèíåéíûì, òî åñòü ñòàðøèå ïðîèçâîäíûå âõîäÿò â íåãî ëèíåéíî. Ïîñëåä-
íåå äåëàåò âîçìîæíûì ïðèìåíåíèå îáùèõ òåîðèé ñóùåñòâîâàíèÿ ðåøåíèé
êâàçèëèíåéíûõ óðàâíåíèé (ñì., íàïð., [3]). Ñèòóàöèÿ ñòàíîâèòñÿ ïðèíöè-
ïèàëüíî äðóãîé, êîãäà óïðàâëåíèå âõîäèò â ñòîõàñòè÷åñêóþ ÷àñòü. Â ýòîì
ñëó÷àå óðàâíåíèå Áåëëìàíà â íåëèíåéíîé ÷àñòè óæå ñîäåðæèò ñòàðøèå
ïðîèçâîäíûå, ÷òî äåëàåò íåâîçìîæíûì ïðèìåíåíèå êâàçèëèíåéíîé òåî-
ðèè. Èìåííî òàêîé ñëó÷àé è ðàññìàòðèâàåòñÿ â äàííîé ñòàòüå.

Ðàáîòà ñîñòîèò èç äâóõ ÷àñòåé. Ïåðâàÿ ÷àñòü êàñàåòñÿ LQ-çàäà÷è (1).
Çäåñü äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è Êîøè äëÿ îáîáùåííîãî
óðàâíåíèÿ Ðèêêàòè ìåòîäîì, îòëè÷íûì îò ìåòîäà ðàáîò [3, 4, 9], êîòî-
ðûé áàçèðóåòñÿ íà èäåå ñõåìû ëèíåàðèçàöèè Áåëëìàíà. Íàøå äîêàçàòåëü-
ñòâî ñîñòîèò â íåïîñðåäñòâåííîì ïðèìåíåíèè òåîðåì ñóùåñòâîâàíèÿ äëÿ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ê îáîáùåííîìó óðàâíåíèþ
Ðèêêàòè.

Îñíîâíóþ ÷àñòü ðàáîòû ñîñòàâëÿåò åå âòîðàÿ ÷àñòü, êîòîðàÿ êàñàåòñÿ
èññëåäîâàíèÿ íåëèíåéíîé çàäà÷è (2). Ê ñîæàëåíèþ, àâòîðàì ïîêà óäàëîñü
ïîëó÷èòü ñîäåðæàòåëüíûé ðåçóëüòàò òîëüêî â ñëó÷àå, êîãäà óïðàâëåíèå
â ñòîõàñòè÷åñêóþ ÷àñòü âõîäèò ñ ìàëûì ïàðàìåòðîì. Ñ èñïîëüçîâàíèåì
àáñòðàêòíîé òåîðåìû î íåÿâíîé ôóíêöèè óäàëîñü äîêàçàòü ñóùåñòâîâàíèå
ïðè ìàëûõ ε ðåøåíèÿ óðàâíåíèÿ Áåëëìàíà, ñîîòâåòñòâóþùåãî çàäà÷å (2).

2. ËÈÍÅÉÍÛÉ ÑËÓ×ÀÉ

Â äàííîì ðàçäåëå äàäèì ñòðîãóþ ïîñòàíîâêó àíîíñèðîâàííîé âî ââåäå-
íèè ñòîõàñòè÷åñêîé ëèíåéíî-êâàäðàòè÷åñêîé çàäà÷è îïòèìàëüíîãî óïðàâ-
ëåíèÿ (LQ), à çàòåì ïîêàæåì, ÷òî ïîëó÷åííîå ïðè ýòîì ìàòðè÷íîå äèôôå-
ðåíöèàëüíîå óðàâíåíèå òèïà Ðèêêàòè èìååò íóæíîå íåîòðèöàòåëüíî îïðå-
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äåëåííîå ðåøåíèå. Òåì ñàìûì áóäåò äîêàçàíî, ÷òî LQ-çàäà÷à ðàçðåøèìà.
Èòàê, ðàññìîòðèì çàäà÷ó (1) îïòèìàëüíîãî óïðàâëåíèÿ (LQ-çàäà÷ó).

Äàííóþ çàäà÷ó áóäåì ðåøàòü ìåòîäîì äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ.
Îïòèìàëüíîå óïðàâëåíèå èùåì â âèäå óïðàâëåíèÿ ñ îáðàòíîé ñâÿçüþ u =
= u(t, x) ∈ Rm. Îáîçíà÷èì ÷åðåç Lu ïðîèçâîäÿùèé îïåðàòîð ìàðêîâñêîãî
ïðîöåññà, à ÷åðåç xu(t) � ðåøåíèÿ ñèñòåìû (1) ïðè ïîäñòàíîâêå âìåñòî
u− u(t, x).

Åñëè V (s, x) � ôóíêöèÿ Áåëëìàíà íàøåé çàäà÷è, òî

LuV (t, x) =
∂

∂t
V (t, x) + (A(t)x+B(t)u,

∂

∂x
)V (t, x)+

+
1

2
(C(t)x+D(t)u,

∂

∂x
)
2

V (t, x)+

+

∫ [
V (t, x+M(t, v)x+G(t, v)u)− V (t, x)−

−
(
M(t, v)x+G(t, v)u,

∂

∂x

)
V (t, x)

]
Π(dv).

Èçâåñòíî (ñì., íàïð., [10], ñ. 222), ÷òî ïðè óñëîâèè íåïðåðûâíîñòè ÷àñòíûõ
ïðîèçâîäíûõ Vs, Vxi , Vxixj i, j = 1, n, óñëîâèè ïîëèíîìèàëüíîãî ïî x ðîñòà
V (s, x), îíà óäîâëåòâîðÿåò óðàâíåíèþ äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ

min
u∈Rm

[LuV (s, x) + (N(s)u, u) + (R(s)x, x)] = 0 (3)

Ïðè ýòîì V (s, y) ≤ I(s, y, u) äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ u ñ
îáðàòíîé ñâÿçüþ, (s, y) � íà÷àëüíîå çíà÷åíèå çàäà÷è (1) (x(s) = y). È åñëè
u∗ = u∗(t, x) äîñòàâëÿåò ìèíèìóì â (2), òî îíî îïòèìàëüíî è V (s, y) =
I(s, y, u∗). Î÷åâèäíî òàêæå, ÷òî

V (T, x) = K. (4)

Åñëè èñêàòü ðåøåíèå óðàâíåíèÿ (3) â âèäå íåîòðèöàòåëüíî îïðåäåëåí-
íîé êâàäðàòè÷íîé ôîðìû

V (t, x) = (F (t)x, x), (5)
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ãäå F (t) � ãëàäêàÿ, ñèììåòðè÷åñêàÿ, íåîòðèöàòåëüíî îïðåäåëåííàÿ n× n-
ìàòðèöà, òî, êàê îòìå÷àëîñü âûøå, óðàâíåíèå (3) ñâîäèòñÿ ê ìàòðè÷íîìó
óðàâíåíèþ òèïà Ðèêêàòè âèäà

Ḟ +A∗F + FA+ C∗FC +

∫
M∗(t, v)F (t)M(t, v)Π(dv) +R−

−
(
FB + C∗FD +

∫
M∗(t, v)F (t)G(t, v)Π(dv)

)
× (6)

×
(
N +D∗FD +

∫
G∗(t, v)F (t)G(t, v)Π(dv)

)−1
×

×
(
B∗F +D∗FC +

∫
G∗(t, v)F (t)M(t, v)Π(dv)

)
= 0

ñ íà÷àëüíûì óñëîâèåì
F (T ) = K. (7)

(* îçíà÷àåò òðàíñïîíèðîâàíèå.) È åñëè çàäà÷à Êîøè (6), (7) èìååò íåîò-
ðèöàòåëüíî îïðåäåëåííîå ðåøåíèå íà [0, T ], òî îïòèìàëüíîå óïðàâëåíèå
ñóùåñòâóåò è äàåòñÿ ôîðìóëîé

u∗(t, x) = −
(
N +D∗FD +

∫
G∗(t, v)F (t)G(t, v)Π(dv)

)−1
×

·
(
B∗F +D∗FC +

∫
G∗(t, v)F (t)M(t, v)Π(dv)

)
x. (8)

Óðàâíåíèå (6) èìååò äîâîëüíî ñëîæíûé âèä, ïîñêîëüêó îíî íåëè-
íåéíîå è ñèíãóëÿðíîå. Îòìåòèì, ÷òî äàæå â äåòåðìèíèðîâàííîì ñëó÷àå
(C ≡ 0, D ≡ 0,M ≡ 0, G ≡ 0) îíî ñòàíîâèòñÿ ìàòðè÷íûì óðàâíåíèåì
Ðèêêàòè. Åùå çàìåòèì, ÷òî äëÿ ðåøåíèÿ (1) òðåáóåòñÿ óñòàíîâèòü ñóùå-
ñòâîâàíèå íåîòðèöàòåëüíî îïðåäåëåííîãî ðåøåíèÿ çàäà÷è Êîøè (6),(7).

Ïðèâîäèìàÿ íèæå òåîðåìà ãàðàíòèðóåò ñóùåñòâîâàíèå òàêîãî ðåøå-
íèÿ, à ïîýòîìó è ðàçðåøèìîñòü (LQ-çàäà÷è) â óêàçàííîé ïîñòàíîâêå.

Òåîðåìà 1. Çàäà÷à Êîøè (6), (7) èìååò íåîòðèöàòåëüíî îïðåäåëåííîå íà

[0, T ] ðåøåíèå.
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Äîêàçàòåëüñòâî. Ïîñêîëüêó F (T ) = K íåîòðèöàòåëüíî îïðåäåëåíà, òî
ìàòðèöà D∗(T )F (T )D(T ) + N(T ) +

∫
G∗(T, v)F (T )G(T, v)Π(dv) ïîëîæè-

òåëüíî îïðåäåëåíà. Ïîýòîìó, åñëè ìàòðèöà F ìàëî îòëè÷àåòñÿ îò ìàòðèöû
K (ìàòðè÷íàÿ íîðìà ∥ F −K ∥ � ìàëà), òî â ñèëó íåïðåðûâíîñòè ìàòðèö
D(t), N(t) è G(t) ìàòðèöà D∗(t)F (t)D(t)+N(t)+

∫
G∗(t, v)F (t)G(t, v)Π(dv)

ïîëîæèòåëüíî îïðåäåëåíà äëÿ |t−T | ≤ ε, ∥ F −K ∥ ≤ ε è íåêîòîðîãî ε > 0.
À ïîýòîìó äëÿ äàííûõ t è F ýòà ìàòðèöà íåâûðîæäåíà è ïðàâàÿ ÷àñòü (6)
ÿâëÿåòñÿ ãëàäêîé â ýòîé îáëàñòè ôóíêöèåé ñ îãðàíè÷åííûìè ïî êîìïîíåí-
òàì ìàòðèöû F ÷àñòíûìè ïðîèçâîäíûìè. Ñëåäîâàòåëüíî, â ñèëó òåîðåìû
Ïèêàðà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè ñèñòåìà
(1) èìååò åäèíñòâåííîå ðåøåíèå ïðè t ∈ [τ, T ] äëÿ íåêîòîðîãî τ ∈ [0, T ].
Ñëåäîâàòåëüíî, ïðè t ∈ [τ, T ] ôóíêöèÿ V (t, x) = (F (t)x, x) � ðåøåíèå óðàâ-
íåíèÿ Áåëëìàíà (3). Ïîýòîìó â ñèëó òåîðåìû 4.1 [10, ñ. 222] íà ýòîì îòðåçêå
(F (t)x, x) � ìèíèìàëüíîå çíà÷åíèå ôóíêöèîíàëà çàäà÷è (1) ñ íà÷àëüíûì
óñëîâèåì x(t) = x äëÿ x ∈ Rn. A ïîñêîëüêó I(t, x, u) ≥ 0, òî (F (t)x, x) ≥ 0
äëÿ ëþáîãî x ∈ Rn è t ∈ [τ, T ]. Ïîâòîðÿÿ â òî÷êå τ àíàëîãè÷íóþ ïðîöåäó-
ðó, ðåøåíèå óðàâíåíèÿ (6) åùå ïðîäîëæàåì âëåâî äî ìîìåíòà åãî âûõîäà
íà ãðàíèöó îáëàñòè îïðåäåëåíèÿ óðàâíåíèÿ (6). Ïîýòîìó òåîðåìà áóäåò
äîêàçàíà, åñëè ìû ïîêàæåì, ÷òî ∥ F (t) ∥ íå óõîäèò íà áåñêîíå÷íîñòü çà
êîíå÷íîå âðåìÿ. Èíûìè ñëîâàìè, íåâîçìîæíà ñëåäóþùàÿ ñèòóàöèÿ: ñóùå-
ñòâóåò t0 ∈ [0, τ ] òàêîå, ÷òî ïðè t→ t0 + 0 ∥ F (t) ∥ → ∞.

Ïóñòü òàêîå t0 ñóùåñòâóåò. Îòìåòèì, ÷òî ïðè t ∈ (t0, T ] ôóíêöèÿ
(F (t)x, x) äàåò ìèíèìàëüíîå çíà÷åíèå ôóíêöèîíàëà I(t, x, u). Èç íåîòðèöà-
òåëüíîé îïðåäåëåííîñòè ìàòðèöK, N(t) è R(t) ñëåäóåò íåîòðèöàòåëüíîñòü
ôóíêöèîíàëà I, à ñëåäîâàòåëüíî, îãðàíè÷åííîñòü ñíèçó (F (t)x, x). Î÷åâèä-
íî, ÷òî ïðè u ≡ 0 çíà÷åíèå êðèòåðèÿ äàåò âåðõíþþ ãðàíèöó äëÿ ôóíêöèè
Áåëëìàíà. Ñòàíäàðòíûìè îöåíêàìè âòîðûõ ìîìåíòîâ äëÿ ðåøåíèÿ ëèíåé-
íîé ñòîõàñòè÷åñêîé ñèñòåìû

dx = A(t)xdt+ C(t)xdw(t) +
∫
M(t, v)x ν̃(dt, dv),

x(s) = y

íåòðóäíî ïîëó÷èòü äëÿ I(s, y, 0) îöåíêó :

I(s, y, 0) ≤ K∥ y ∥2

äëÿ s ∈ [0, T ], ãäå K > 0 íå çàâèñèò îò s è y. Ïîýòîìó äëÿ V (t, x)
ñïðàâåäëèâà àïðèîðíàÿ îöåíêà
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V (t, x) = (F (t)x, x) ≤ K∥ x ∥2, t ∈ (t0, T ].

Îòñþäà ñëåäóåò îãðàíè÷åííîñòü ìàòðèöû F (t) â ëþáîé îêðåñòíîñòè òî÷êè
t0. Ïîñëåäíåå ïðîòèâîðå÷èò îïðåäåëåíèþ òî÷êè t0. Òåîðåìà äîêàçàíà.

Òåîðåìà 2. Çàäà÷à îïòèìèçàöèè (1) èìååò ðåøåíèå, ïðè ýòîì îïòèìàëü-

íîå óïðàâëåíèå äàåòñÿ ôîðìóëîé (8).

3. Íåëèíåéíûé ñëó÷àé
Ïåðåéäåì ê ðàññìîòðåíèþ íåëèíåéíîé çàäà÷è óïðàâëåíèÿ, àíîíñèðî-

âàííîé âî ââåäåíèè. Äàäèì å¼ òî÷íóþ ïîñòàíîâêó. Â ïðîñòðàíñòâå Rn ðàñ-
ñìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñòîõàñòè÷åñêîé ñèñòåìîé ñ
êâàäðàòè÷íûì ïî óïðàâëåíèþ êðèòåðèåì êà÷åñòâà:

dx = [f(x) +B(x)u]dt+ g(x)dw(t) + εD(x)udw1(t),

x(0) = y, (9)

I(y, u) = Eφ(x(τ)) + E

τ∫
0

[ψ(x(t)) + [N(x(t))u(t), u(t)]dt→ inf,

ε � ìàëûé ïàðàìåòð, x ∈ Q, Q � îãðàíè÷åííàÿ îáëàñòü èç Rn. Îòíîñèòåëü-
íî äàííîé çàäà÷è áóäåì ïðåäïîëàãàòü âûïîëíåíèå ñëåäóþùèõ óñëîâèé:
1) w(t) � ñòàíäàðòíûé n-ìåðíûé âèíåðîâñêèé ïðîöåññ ñ íåçàâèñèìûìè êîì-
ïîíåíòàìè, w1(t) � îäíîìåðíûé âèíåðîâñêèé ïðîöåññ, íåçàâèñÿùèé îò w(t);
2) âåêòîð-ôóíêöèÿ f , n×m-ìåðíûå ìàòðèöû B è D � ëèïøèöåâû ïî x ∈ Q̄
( Q̄ � çàìûêàíèå îáëàñòè);
3) n × n-ìåðíàÿ ìàòðèöà g(x) ∈ C1,1(Q̄), m × m-ìåðíàÿ ìàòðèöà N(x) ∈
C0,1(Q̄), ôóíêöèè φ ∈ C2,1(∂Q), ψ(x) ∈ C0,1(Q̄), ∂Q ∈ C2,1.

Çäåñü Cl,1(Q̄) � ïðîñòðàíñòâî l ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ â
Q̄ ôóíêöèé, l-ÿ ïðîèçâîäíàÿ êîòîðûõ ëèïøèöåâà â Q̄. Íîðìà â íåì îïðå-
äåëÿåòñÿ ñòàíäàðòíûì îáðàçîì (ñì., íàïð., [11], ñ. 21);
4) ìàòðèöà g(x) èìååò îáðàòíóþ ïðè x ∈ Q̄;
5) ψ(x) > 0, N(x) � ïîëîæèòåëüíî îïðåäåëåííàÿ ïðè x ∈ Q̄.

Êàê óæå ãîâîðèëîñü, τ ≥ 0 � ìîìåíò ïåðâîãî âûõîäà ðåøåíèÿ x(t) èç
îáëàñòè Q. Óïðàâëåíèå u ∈ Rn áóäåì èñêàòü, êàê óïðàâëåíèå ñ îáðàòíîé
ñâÿçüþ u = u(x), êîòîðîå áóäåì ñ÷èòàòü äîïóñòèìûì, åñëè u(x) ëèïøèöåâà
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â Q. Ïðè ýòèõ ïðåäïîëîæåíèÿõ ðåøåíèå çàäà÷è Êîøè xyu(t) ñóùåñòâóåò
ïðè t ≥ 0 è ñèëüíî åäèíñòâåííî äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ
u(x). Â ñèëó óñëîâèÿ 4) äèôôóçèîííàÿ ìàòðèöà, îòâå÷àþùàÿ ìàðêîâ-
ñêîìó ïðîöåññó xyu(t), ïîëîæèòåëüíî îïðåäåëåíà è, ïîñêîëüêó îáëàñòü
Q îãðàíè÷åíà, à ôóíêöèè, âõîäÿùèå â (9), íåïðåðûâíû, òî, êàê ñëåäóåò
èç [3] (ñ. 132), ìîìåíò τ ïåðâîãî âûõîäà ðåøåíèÿ èç Q ñ âåðîÿòíîñòüþ
1 êîíå÷åí äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ. Áîëåå òîãî, êîíå÷íûì
ÿâëÿåòñÿ è Eτ . À ïîýòîìó â ñèëó îãðàíè÷åííîñòè Q è íåïðåðûâíîñòè φ, ψ
è N âåëè÷èíà I(y, u) òàêæå êîíå÷íà äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ.
Ïîñëåäíåå äåëàåò âîçìîæíûì äëÿ ðåøåíèÿ çàäà÷è (9) ïðèìåíèòü ìåòîä
äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ, â ÷àñòíîñòè, òåîðåìó 4.2 èç [10]
(ñ. 228). Ïðîèçâîäÿùèé äèôôåðåíöèàëüíûé îïåðàòîð äëÿ xyu(t) èìååò
ñëåäóþùèé âèä

Lu = (f(x) +B(x)u,
∂

∂x
) +

1

2

n∑
i,j=1

gij(x)
∂2

∂xi∂xj
+

1

2

(
εD(x)u,

∂

∂x

)2
,

ãäå gij � êîìïîíåíòà ìàòðèöû gg∗,
∂

∂x
=

( ∂

∂x1
, ...,

∂

∂xn

)∗
. Ñîãëàñíî óêà-

çàííîé òåîðåìå 4.2, óðàâíåíèå Áåëëìàíà äàííîé çàäà÷è èìååò âèä

min
u∈Rm

[LuV (x) + ψ(x) + (N(x)u, u)] = 0 (10)

ñ ãðàíè÷íûì óñëîâèåì V (x) = φ(x), x ∈ ∂Q. Èëè, â áîëåå ðàçâåðíóòîì
âèäå,

(
f(x),

∂V

∂x
) +

1

2

n∑
i,j=1

gij(x)
∂2V

∂xi∂xj
+ ψ(x) + min

u∈Rm
{(B(x)u,

∂V

∂x

)
+

+
1

2
(εD(x)u,

∂

∂x
)2V + (N(x)u, u)} = 0. (11)

Íàéäåì ìèíèìóì ïî u âûðàæåíèÿ â ôèãóðíûõ ñêîáêàõ. Äëÿ ýòîãî âû÷èñ-
ëèì ïðîèçâîäíóþ ïî u ýòîãî âûðàæåíèÿ. Íåòðóäíî âèäåòü, ÷òî îíà èìååò
âèä:

B∗∂V

∂x
+ ε2(D(x)u,

∂

∂x
)D∗∂V

∂x
+ 2N(x)u.
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Ïðèðàâíèâàÿ ïîñëåäíåå âûðàæåíèå ê íóëþ, ïîëó÷èì

ε2(D(x)u,
∂

∂x
)D∗(x)

∂V

∂x
+ 2N(x)u = −B∗∂V

∂x

èëè

(ε2D∗(x)
∂2V

∂x2
D(x) + 2N(x))u = −B∗∂V

∂x
.

Îòêóäà

u = −(ε2D∗(x)
∂2V

∂x2
D(x) + 2N(x))−1B∗(x)

∂V

∂x
. (12)

Çäåñü
∂2V

∂x2
� ìàòðèöà âòîðûõ ïðîèçâîäíûõ. Âòîðàÿ ïðîèçâîäíàÿ Ôðåøå ïî

u ðàâíà âûðàæåíèþ 2N(x) + ε2D∗(x)
∂2V

∂x2
D(x) è, åñëè îíà ïîëîæèòåëüíî

îïðåäåëåíà, òî âûðàæåíèå (12) äîñòàâëÿåò ìèíèìóì â (10) èëè (11). Ïîä-
ñòàâëÿÿ (12) â (11), ïîëó÷èì óðàâíåíèå Áåëëìàíà â âèäå, ÿâíî íå âêëþ÷à-
þùåì óïðàâëåíèÿ(

f(x),
∂V

∂x

)
+

1

2

n∑
i,j=1

gij(x)
∂2V

∂xi∂xj
+ ψ(x)−

−
(
B(x)(ε2D∗(x)

∂2V

∂x2
D(x) + 2N(x))−1B∗(x)

∂V

∂x
,
∂V

∂x

)
+

+
1

2
ε2(D(x)(ε2D∗(x)

∂2V

∂x2
D(x) + 2N(x))−1B∗(x)

∂V

∂x
,
∂

∂x
)2V+ (13)

+(N(x)(ε2D∗(x)
∂2V

∂x2
D(x) + 2N(x))−1×

×B∗(x)
∂V

∂x
, (ε2D∗(x)

∂2V

∂x2
D(x) + 2N(x))−1B∗(x)

∂V

∂x
) = 0.

Ê íåìó ñëåäóåò ïðèñîåäèíèòü ãðàíè÷íîå óñëîâèå

V (x) = φ(x), x ∈ ∂Q. (14)

Òàêèì îáðàçîì, çàäà÷à (9) ñâåëàñü ê íàõîæäåíèþ äâàæäû íåïðåðûâíî
äèôôåðåíöèðóåìîãî ðåøåíèÿ (13), (14) Vε(x) òàêîãî, ÷òî ïðè ìàëûõ ε ìàò-

ðèöà 2N(x) + ε2D∗(x)
∂2Vε(x)

∂x2
D(x)) ïîëîæèòåëüíî îïðåäåëåíà. Î÷åâèäíî,
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÷òî äëÿ ðåøåíèÿ çàäà÷è (9) äîñòàòî÷íî îãðàíè÷èòüñÿ íóëåâûìè ãðàíè÷-
íûìè óñëîâèÿìè (â ïðîòèâíîì ñëó÷àå îò èñõîäíîãî ôóíêöèîíàëà ïåðåéäåì
ê I1(y, u) = I(y, u) − φ(y)). Èòàê, áóäåì â äàëüíåéøåì ðåøàòü óðàâíåíèå
(13) ñ íóëåâûìè ãðàíè÷íûìè óñëîâèÿìè

V (x) = 0, x ∈ ∂Q. (15)

Ïðè ε = 0 äàííàÿ çàäà÷à ïðèíèìàåò âèä

1

2

n∑
i,j=1

gij(x)
∂2V

∂xi∂xj
+

(
f(x),

∂V

∂x

)
−

−1

4

(
B(x)N−1(x)B∗(x)

∂V

∂x
,
∂V

∂x

)
+ ψ(x) = 0, (16)

V (x) = 0, x ∈ ∂Q (17)

è ÿâëÿåòñÿ çàäà÷åé Äèðèõëå äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ ýëëèïòè÷å-
ñêîãî òèïà. Ïðè ýòîì óñëîâèå 4) â ñèëó êîìïàêòíîñòè îáåñïå÷èâàåò ðàâíî-
ìåðíóþ ýëëèïòè÷íîñòü ýòîãî óðàâíåíèÿ. Äëÿ äàëüíåéøèõ âûêëàäîê íàì
ïîíàäîáèòñÿ ëåììà.

Ëåììà 1. Ïðè âûïîëíåíèè óñëîâèé 1)-5) çàäà÷à Äèðèõëå (16), (17) èìååò

ðåøåíèå V0(x) ∈ C2,1(Q̄).

Äîêàçàòåëüñòâî. Êàê óæå îòìå÷àëîñü âûøå, óðàâíåíèå (16) åñòü êâà-
çèëèíåéíîå óðàâíåíèå ýëëèïòè÷åñêîãî òèïà ñ ðàâíîìåðíî ýëëèïòè÷åñêîé
ãëàâíîé ÷àñòüþ. À ïîýòîìó äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè çàäà÷è (16),
(17) ìîæíî âîñïîëüçîâàòüñÿ îáùèìè òåîðåìàìè î íåëèíåéíûõ ýëëèïòè÷å-
ñêèõ óðàâíåíèÿõ, â ÷àñòíîñòè, òåîðåìîé 8.4 ([11], ñ. 341). Äëÿ ýòîãî ïåðå-
ïèøåì (16) â äèâåðãåíòíîì âèäå

1

2

n∑
i=1

d

dxi
(gi1(x)V

′
x1

+ ...+ gin(x)V
′
xn
)−

−1

2

n∑
i=1

(
∂

∂xi
(gi1(x))V

′
x1

+ ...+
∂

∂xi
(gin(x))V

′
xn
)+ (18)
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+(f(x),
∂V

∂x
)− 1

4
(B(x)N−1(x)B∗(x)

∂V

∂x
,
∂V

∂x
) + ψ(x) = 0

è ïðîâåðèì âûïîëíåíèå äëÿ íåãî óñëîâèé óêàçàííîé òåîðåìû. Â êà÷åñòâå
ôóíêöèè w(x), ôèãóðèðóþùåé â óñëîâèè (8.24), âîçüìåì w(x) = −em(x1+a).
Ïîäñòàâëÿÿ åå â (16), ïîëó÷èì

−1

2
g11(x)m

2em(x1+a) −mem(x1+a)f1(x)−
1

4
l11(x)m

2e2m(x1+a) + ψ(x),

ãäå l11 � ïåðâûé ýëåìåíò íåîòðèöàòåëüíî îïðåäåëåííîé ìàòðèöû
B(x)N−1(x)B∗(x). Âûáîðîì äîñòàòî÷íî áîëüøèõ ïîëîæèòåëüíûõ m è a
ïîñëåäíåå âûðàæåíèå ìîæíî ñäåëàòü ìåíüøå íóëÿ äëÿ âñåõ ðàññìàòðèâàå-
ìûõ çíà÷åíèé x, ÷òî ïðèâîäèò ê âûïîëíåíèþ íåðàâåíñòâà (8.24) óêàçàííîé
òåîðåìû 8.4.

Âçÿâ â êà÷åñòâå ŵ(t) ôóíêöèþ e−m(x1+a) è ïîäñòàâèâ åå â (16), ïîëó÷èì

1

2
m2e−m(x1+a)g11(x)−me−m(x1+a)f1(x)−

1

4
m2e−2m(x1+a)l11(x) + ψ(x) = 0.

Îòêóäà îïÿòü âûáîðîì äîñòàòî÷íî áîëüøèõ ïîëîæèòåëüíûõ m è a, ñ ó÷å-
òîì óñëîâèÿ 5), ïðèäåì ê âûïîëíåíèþ íåðàâåíñòâà (8.25) òåîðåìû 8.4.
Ó÷èòûâàÿ ïîëîæèòåëüíóþ îïðåäåëåííîñòü äèôôóçèîííîé ìàòðèöû gg∗,
à òàêæå òî, ÷òî âñå ñëàãàåìûå â (18) èìåþò ðîñò ïî V ′

x íå âûøå êâàäðà-
òè÷íîãî, ïðèäåì ê âûïîëíåíèþ îñòàëüíûõ óñëîâèé òåîðåìû 8.4. Ëåììà
äîêàçàíà.

Òåïåðü ïåðåéäåì ê îñíîâíîìó ðåçóëüòàòó äàííîé ðàáîòû, êàñàþùåìóñÿ
ðàçðåøèìîñòè çàäà÷è Äèðèõëå (13), (15).

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3. Ïðè âûïîëíåíèè óñëîâèé 1)-5) ñóùåñòâóåò ε0 > 0, ÷òî ïðè

|ε| < ε0 çàäà÷à (13), (15) èìååò åäèíñòâåííîå ðåøåíèå Vε(x) ∈ C2,1(Q̄)
òàêîå, ÷òî

∥ Vε(x)− V0(x) ∥2,1 → 0, ε→ 0, (19)

ãäå V0(x) � ðåøåíèå çàäà÷è (16), (17).

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà òåîðåìû âîñïîëüçóåìñÿ àáñòðàêò-
íîé òåîðåìîé î íåÿâíîé ôóíêöèè (ñì., íàïð., [12], ñ. 569). Äëÿ ýòîãî
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ââåäåì äâà áàíàõîâûõ ïðîñòðàíñòâà X è Y. Ïóñòü X = C0
2,1(Q̄) � áà-

íàõîâî ïðîñòðàíñòâî ôóíêöèé èç C2,1(Q̄), ïðèíèìàþùèõ íóëåâîå çíà÷å-
íèå íà ∂Q, Y = C0,1(Q̄). Òîãäà çàäà÷à (13), (15) ïîðîæäàåò îòîáðàæåíèå
F : X×R1 → Y . Òàêèì îáðàçîì, çàäà÷à (13), (15) ñâîäèòñÿ ê ðàçðåøèìîñòè
îïåðàòîðíîãî óðàâíåíèÿ

F (V, ε) = 0 (20)

â îêðåñòíîñòè òî÷êè (V0, 0) â óêàçàííûõ ïðîñòðàíñòâàõ. Ïîêàæåì, ÷òî äëÿ
îòîáðàæåíèÿ (20) âûïîëíåíû óñëîâèÿ òåîðåìû î íåÿâíîé ôóíêöèè.

Äåéñòâèòåëüíî, êàê ñëåäóåò èç äîêàçàííîé âûøå ëåììû, óðàâíåíèå (20)
èìååò ðåøåíèå V = V0, ε = 0. Èç âèäà îòîáðàæåíèÿ F ñëåäóåò, ÷òî îíî
îïðåäåëåíî íà ôóíêöèÿõ èç íåêîòîðîé îêðåñòíîñòè V0 è ε èç îêðåñòíî-
ñòè íóëÿ. Îáîçíà÷èì ÷åðåç W îêðåñòíîñòü â X × R1, ãäå V ïðèíàäëåæàò
îêðåñòíîñòè V0, à ε � îêðåñòíîñòè íóëÿ.

Ïîêàæåì, ÷òî F ∈ C1(W ) (â ñìûñëå ñòðîãîé äèôôåðåíöèðóåìîñòè).
Íåïðåðûâíàÿ äèôôåðåíöèðóåìîñòü F ïî V ñëåäóåò èç ñëåäóþùèõ ðàñ-

ñóæäåíèé. Ïðåäñòàâèì îòîáðàæåíèå F ïî V, êàê ñóïåðïîçèöèþ äâóõ îòîá-
ðàæåíèé

F (V, ε) = F (G(V ), ε), (21)

ãäå G : X → Y × Y åñòü ëèíåéíîå îòîáðàæåíèå,

G(V ) =

(
V ′

V ′′

)
, (22)

à FG : Y 2 → Y ïîñòðîåíî ïî ëåâîé ÷àñòè (13). Ãëàäêîñòü âíåøíåãî îòîá-
ðàæåíèÿ ñëåäóåò èç òîãî, ÷òî îíî äðîáíî-ðàöèîíàëüíîå ïî V ′ è V ′′. Ãëàä-
êîñòü æå îòîáðàæåíèÿ (22) î÷åâèäíà. Î÷åâèäíà òàêæå è ãëàäêîñòü èñõîä-
íîãî îòîáðàæåíèÿ ïî ε. Òîãäà ïðèíàäëåæíîñòü F êëàññó C1(W ) ñëåäóåò
èç èçâåñòíûõ òåîðåì àíàëèçà.

Äëÿ ïðîâåðêè ïîñëåäíåãî óñëîâèÿ òåîðåìû î íåÿâíîé ôóíêöèè, à èìåí-
íî: îáðàòèìîñòè îïåðàòîðà F ′

V (V0, 0), âûïèøåì åãî äåéñòâèå íà ôóíêöèè
h ∈ C0

2,1(Q̄). Èìååì

F ′
V (V0, 0)h =

1

2

n∑
i,j=1

gij(x)
∂2h

∂xi∂xj
+
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+
(
f(x),

∂h

∂x

)
− 1

2

(
B(x)N−1(x)B∗(x)

∂V0
∂x

,
∂h

∂x

)
. (23)

Òàêèì îáðàçîì, îáðàòèìîñòü îïåðàòîðà F ′
V (V0, 0) ñâîäèòñÿ ê ïðîâåð-

êå îäíîçíà÷íîé ðàçðåøèìîñòè â ïðîñòðàíñòâå C0
2,1(Q̄) ëèíåéíîé êðàåâîé

çàäà÷è Äèðèõëå

1

2

n∑
i,j=1

gij(x)
∂2h

∂xi∂xj
+

(
f(x),

∂h

∂x

)
−

−1

2

(
B(x)N−1(x)B∗(x)

∂V0
∂x

,
∂h

∂x

)
= r(x), (24)

h(x) = 0, x ∈ ∂Q, (25)

äëÿ êàæäîé ôóíêöèè r(x) èç C0,1(Q̄). Îäíàêî, â ñèëó óñëîâèé 1)-5) ïðèíàä-
ëåæíîñòè V0(x)) ïðîñòðàíñòâó C0

2,1(Q̄), òàêàÿ ðàçðåøèìîñòü èìååò ìåñòî
â ñèëó òåîðåìû 18 èç [13] (ñ. 113). Òàêèì îáðàçîì, âñå óñëîâèÿ òåîðåìû
î íåÿâíîé ôóíêöèè âûïîëíåíû, îòêóäà è ñëåäóåò äîêàçàòåëüñòâî òåîðåìû
ñî ñâîéñòâîì (19).

Ó÷èòûâàÿ òåïåðü ôîðìóëó (12) äëÿ îïòèìàëüíîãî óïðàâëåíèÿ, ïðèíàä-
ëåæíîñòü ôóíêöèè Vε(x) êëàññó C0

2,1(Q̄), à òàêæå (19), ìîæíî ãàðàíòèðî-
âàòü äëÿ ìàëûõ ε ñóùåñòâîâàíèå îïòèìàëüíîãî óïðàâëåíèÿ uε(x) èñõîäíîé
çàäà÷è (9). Ïðè ýòîì ôóíêöèÿ uε(x) ÿâëÿåòñÿ ëèïøèöåâîé ïî x è

∥ uε(x)− u0(x) ∥0,1 → 0, ε→ 0. (26)

Ó÷èòûâàÿ òàêæå äèôôåðåíöèðóåìîñòü ôóíêöèè Vε(x) ïî ε, äëÿ íåå
ìîæíî ïîëó÷èòü àñèìïòîòè÷åñêîå ðàçëîæåíèå ïî ïàðàìåòðó ε. À èìåííî:

Vε(x) = V0 + εL+ ō(ε), ε→ 0, (27)

ãäå
L(x) = −[F ′

V (V0, 0)]
−1F ′

ε(V0, 0). (28)

Òàêèì îáðàçîì, ñïðàâåäëèâà òåîðåìà.

Òåîðåìà 4. Ïðè âûïîëíåíèè óñëîâèé 1)-5) çàäà÷à (9) èìååò ðåøåíèå.

Ïðè ýòîì ñïðàâåäëèâà ôîðìóëà (26). Ìèíèìàëüíîå çíà÷åíèå ôóíêöèîíàëà

Vε(x) äîïóñêàåò ðàâíîìåðíîå ïî x ∈ Q̄ ïðåäñòàâëåíèå (27), ãäå ôóíêöèÿ

L(x) îïðåäåëÿåòñÿ ôîðìóëîé (28).
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Ñêàçàííîå âûøå äåëàåò âîçìîæíûì ïðèáëèæåííûé ñèíòåç îïòèìàëü-
íîãî óïðàâëåíèÿ, àíàëîãè÷íî ðåçóëüòàòàì [14] äëÿ áîëåå øèðîêîãî êëàññà
ñèñòåì ïðè ìåíåå îãðàíè÷èòåëüíûõ ïðåäïîëîæåíèÿõ.
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CONTROL OF STOCHASTIC SYSTEMS WITH QUADRATIC CONTROL
CRITERION

The control problems of the linear and nonlinear stochastic systems with
quadratic control criterion are studied. For these problems the existence of
optimal control in the feedback control form is proved using the dynamic
programming method.
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Àííîòàöèÿ: Â ðàáîòàõ [1], [2] áûëà ðàññìîòðåíà ãðàíè÷íàÿ çàäà÷à Äèðèõëå
äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â áåñêîíå÷íîé óãëîâîé îáëàñòè (ω = 1),
ãäå óñòàíîâëåíî íàëè÷èå íåòðèâèàëüíîãî ðåøåíèÿ. Çäåñü èçó÷àþòñÿ ñâîéñòâà
÷åòíîñòè èëè íå÷åòíîñòè ðåøåíèé èñõîäíîé è ñîïðÿæåííîé ãðàíè÷íûõ çàäà÷ â
áîëåå îáùåé áåñêîíå÷íîé âûðîæäàþùåéñÿ îáëàñòè.

Êëþ÷åâûå ñëîâà: Óðàâíåíèå òåïëîïðîâîäíîñòè, ïîäâèæíàÿ ãðàíèöà, ñîïðÿæåí-
íàÿ çàäà÷à.

1. Ïîñòàíîâêè çàäà÷

Â ñåìåéñòâå îáëàñòåé Gω = {(x, t) : t > 0, 0 < x < tω}, ω > 1/2
ðàññìîòðèì óðàâíåíèå òåïëîïðîâîäíîñòè

ut(x, t) = a2uxx(x, t) (1)

ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè

u(x, t)|x=0 = 0, u(x, t)|x=tω = 0 (2)

è ñîîòâåòñòâóþùóþ åé ñîïðÿæåííóþ ãðàíè÷íóþ çàäà÷ó

−u∗t (x, t) = a2u∗xx(x, t) (3)

ñ îäíîðîäíûì ïðåäåëüíûì è îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè

u∗(x, t)|t=∞ = 0, u∗(x, t)|x=0 = u∗(x, t)|x=tω = 0. (4)

Ñòàâèòñÿ ñëåäóþùàÿ çàäà÷à. Âûÿñíèòü ñâîéñòâà ÷¼òíîñòè èëè íå÷¼ò-
íîñòè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé x ðåøåíèé çàäà÷ (1)�(2) è (3)�(4).
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2. Ôîðìóëèðîâêà îñíîâíûõ ëåìì

Îñíîâíûå ðåçóëüòàòû ðàáîòû ñôîðìóëèðóåì â âèäå ñëåäóþùèõ ëåìì.

Ëåììà 1. Äëÿ êàæäîãî ω > 1/2 ðåøåíèå uω(x, t) ãðàíè÷íîé çàäà÷è (1)�(2)
â îáëàñòè Gω íå÷¼òíî ïðîäîëæàåòñÿ â îáëàñòü G−

ω = {(x, t) : t > 0,−tω <
x < 0}, ò.å.

u(x, t) = −u(−x, t), (x, t) ∈ Gω, ω > 1/2. (5)

Ëåììà 2. Äëÿ êàæäîãî ω > 1/2 ðåøåíèå u∗ω(x, t) ãðàíè÷íîé çàäà÷è (3)�(4)
â îáëàñòè Gω íå÷¼òíî ïðîäîëæàåòñÿ â îáëàñòü G−

ω = {(x, t) : t > 0,−tω <
x < 0}, ò.å.

u∗(x, t) = −u∗(−x, t), (x, t) ∈ Gω, ω > 1/2. (6)

Äîêàçàòåëüñòâî Ëåììû 1. Ðåøåíèå ãðàíè÷íîé çàäà÷è (1)�(2) ïðåäñòà-
âèì â âèäå òåïëîâîãî ïîòåíöèàëà äâîéíîãî ñëîÿ [3]:

u(x, t) =
1

4a3
√
π

∫ t

0

x

(t− τ)3/2
exp

{
− x2

4a2(t− τ)

}
ν(τ)dτ+

+
1

4a3
√
π

∫ t

0

x− τω

(t− τ)3/2
exp

{
− (x− τω)2

4a2(t− τ)

}
φ(τ)dτ. (7)

Èñïîëüçóÿ óñëîâèÿ (2) è ñâîéñòâà òåïëîâîãî ïîòåíöèàëà [3, ñ. 480], ïî-
ëó÷àåì ñëåäóþùåå èíòåãðàëüíîå ñîîòíîøåíèå îòíîñèòåëüíî íåèçâåñòíîé
ïëîòíîñòè ν(t), ãäå ν(t) ïîêà íåèçâåñòíàÿ ôóíêöèÿ, ïîäëåæàùàÿ îïðåäå-
ëåíèþ:

ν(t)

2a2
− 1

4a3
√
π

∫ t

0

τω

(t− τ)3/2
exp

{
− τ2ω

4a2(t− τ)

}
φ(τ)dτ = 0. (8)

Èç (8) íàõîäèì

ν(t) =
1

2a
√
π

∫ t

0

τω

(t− τ)3/2
exp

{
− τ2ω

4a2(t− τ)

}
φ(τ)dτ. (9)

Ïîäñòàâëÿÿ çíà÷åíèå ν(t) (9) â (7), ïîëó÷àåì

u(x, t) =
1

8a4π

∫ t

0

x

(t− τ)3/2
exp

{
− x2

4a2(t− τ)

}
×
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×
∫ τ

0

τω1
(τ − τ1)3/2

exp
{
− τ2ω1
4a2(τ − τ1)

}
φ(τ1)dτ1dτ+

+
1

4a3
√
π

∫ t

0

x− τω

(t− τ)3/2
exp

{
− (x− τω)2

4a2(t− τ)

}
φ(τ)dτ = u1(x, t) + u2(x, t). (10)

Äàëåå, ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ â ïåðâîì ñëàãàåìîì, èç (10) èìååì

u1(x, t) =
1

8a4π

∫ t

0

x

(t− τ)3/2
exp

{
− x2

4a2(t− τ)

}
×

×
∫ τ

0

τω1
(τ − τ1)3/2

exp
{
− τ2ω1
4a2(τ − τ1)

}
φ(τ1)dτ1dτ =

=
1

8a4π

∫ t

0
xτω1 φ(τ1)I(x, t, τ1)dτ1, (11)

ãäå

I(x, t, τ1) =

∫ t

τ1

1

[(t− τ)(τ − τ1)]3/2
exp

{
− x2

4a2(t− τ)
− τ2ω1

4a2(τ − τ1)

}
dτ.

Âû÷èñëèì èíòåãðàë I(x, t, τ1). Ââåäåì çàìåíó z =
√

t−τ
τ−τ1

, òîãäà

τ =
t+ z2τ1
1 + z2

, dτ = −2z(t− τ1)

(1 + z2)2
dz,

t− τ =
z2(t− τ1)

1 + z2
, τ − τ1 =

t− τ1
1 + z2

.

Äàëåå èìååì

I(x, t, τ1) = −
∫ 0

∞

2z(t− τ1)(1 + z2)3

(1 + z2)2z3(t− τ1)3
×

× exp
{
− x2(1 + z2)

4a2(t− τ1)z2
− τ2ω1 (1 + z2)

4a2(t− τ1)

}
dz =

=
2

(t− τ1)2
exp

{
− x2 + τ2ω1

4a2(t− τ1)

}
×

×
∫ ∞

0

1 + z2

z2
exp

{
− x2

4a2(t− τ1)z2
− τ2ω1 z2

4a2(t− τ1)

}
dz.
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Â ïîñëåäíåì èíòåãðàëå èñïîëüçóåì èçâåñòíîå ðàâåíñòâî [4, ñ. 321, 325]∫ ∞

0
exp

{
− αz2 − β

1

z2

}
dz =

1

2

√
π√
α
exp

{
− 2

√
αβ

}
. (12)

Òîãäà

I(x, t, τ1) =
2

(t− τ1)2
exp

{ x2 + τ2ω1
4a2(t− τ1)

}(√π2a(t− τ1)
1/2

2x
×

× exp
{
− 2

x

2a(t− τ1)1/2
τω1

2a(t− τ1)1/2

}
+

√
π2a(t− τ1)

1/2

2τω1
×

× exp
{
−2

x

2a(t− τ1)1/2
τω1

2a(t− τ1)1/2

})
=

2a
√
π(x+ τω1 )

xτω1 (t− τ1)3/2
exp

{
− (x+ τω1 )

2

4a2(t− τ1)

}
.

Ïîäñòàâëÿÿ I(x, t, τ1) â (11), ïîëó÷àåì

u1(x, t) =
1

4a3
√
π

∫ t

0

x+ τω1
(t− τ1)3/2

exp
{
− (x+ τω1 )

2

4a2(t− τ1)

}
φ(τ1)dτ1. (13)

Èñïîëüçóÿ ïîëó÷åííîå âûðàæåíèå äëÿ u1(x, t) (13) è (10), ïîëó÷àåì

u(x, t) =
1

4a3
√
π

∫ t

0

[ x+ τω

(t− τ)3/2
exp

{
− (x+ τω)2

4a2(t− τ)

}
+

+
x− τω

(t− τ)3/2
exp

{
− (x− τω)2

4a2(t− τ)

}]
φ(τ)dτ. (14)

Èç (14) íåïîñðåäñòâåííî ñëåäóåò ñïðàâåäëèâîñòü ñâîéñòâà (5) äëÿ ðå-
øåíèÿ u(x, t) ãðàíè÷íîé çàäà÷è (1)�(2). Ëåììà 1 äîêàçàíà.
Äîêàçàòåëüñòâî Ëåììû 2. Ðåøåíèå ãðàíè÷íîé çàäà÷è (3)�(4) ïðåäñòà-
âèì â âèäå òåïëîâîãî ïîòåíöèàëà äâîéíîãî ñëîÿ [3]:

u∗(x, t) =
1

4a3
√
π

∫ ∞

t

x

(τ − t)3/2
exp

{
− (−x)2

4a2(τ − t)

}
ν∗(τ)dτ+

+
1

4a3
√
π

∫ ∞

t

x− τω

(τ − t)3/2
exp

{
− (τω − x)2

4a2(τ − t)

}
φ∗(τ)dτ. (15)

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



Îá îäíîì ñâîéñòâå ðåøåíèÿ çàäà÷è Äèðèõëå ... 97

Èñïîëüçóÿ óñëîâèÿ (4) è ñâîéñòâà òåïëîâîãî ïîòåíöèàëà [3, ñ. 480], ïî-
ëó÷àåì ñëåäóþùåå èíòåãðàëüíîå ñîîòíîøåíèå îòíîñèòåëüíî íåèçâåñòíîé
ïëîòíîñòè ν∗(t), ãäå ν∗(t) ïîêà íåèçâåñòíàÿ ôóíêöèÿ, ïîäëåæàùàÿ îïðåäå-
ëåíèþ:

−ν∗(t)

2a2
− 1

4a3
√
π

∫ ∞

t

τω

(τ − t)3/2
exp

{
− τ2ω

4a2(τ − t)

}
φ∗(τ)dτ = 0. (16)

Èç (16) íàõîäèì

ν∗(t) = − 1

2a
√
π

∫ ∞

t

τω

(τ − t)3/2
exp

{
− τ2ω

4a2(τ − t)

}
φ∗(τ)dτ. (17)

Ïîäñòàâëÿÿ çíà÷åíèå ν∗(t) (17) â (15), ïîëó÷àåì

u∗(x, t) = − 1

8a4π

∫ ∞

t

x

(τ − t)3/2
exp

{
− (−x)2

4a2(τ − t)

}
×

×
∫ ∞

τ

τω1
(τ1 − τ)3/2

exp
{
− τ2ω1
4a2(τ1 − τ)

}
φ∗(τ1)dτ1dτ+

+
1

4a3
√
π

∫ ∞

t

x− τω

(τ − t)3/2
exp

{
− (x− τω)2

4a2(τ − t)

}
φ(τ)dτ = u∗1(x, t)+u∗2(x, t). (18)

Äàëåå, ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ â ïåðâîì ñëàãàåìîì, èç (18) èìååì

u∗1(x, t) = − 1

8a4π

∫ ∞

t

x

(τ − t)3/2
exp

{
− (−x)2

4a2(τ − t)

}
×

×
∫ ∞

τ

τω1
(τ1 − τ)3/2

exp
{
− τ2ω1
4a2(τ1 − τ)

}
φ∗(τ1)dτ1dτ =

= − 1

8a4π

∫ ∞

t
xτω1 φ

∗(τ1)I
∗(x, t, τ1)dτ1, (19)

ãäå

I∗(x, t, τ1) =

∫ τ1

t

1

[(τ − t)(τ1 − τ)]3/2
exp

{
− (−x)2

4a2(τ − t)
− τ2ω1

4a2(τ1 − τ)

}
dτ.
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Âû÷èñëèì èíòåãðàë I∗(x, t, τ1). Ââåäåì çàìåíó z =
√

τ−t
τ1−τ , òîãäà

τ =
t+ z2τ1
1 + z2

, dτ =
2z(τ1 − t)

(1 + z2)2
dz

τ − t =
z2(τ1 − t)

1 + z2
, τ1 − τ =

τ1 − t

1 + z2
.

Äàëåå èìååì

I∗(x, t, τ1) =

∫ ∞

0

2z(τ1 − t)(1 + z2)3

(1 + z2)2z3(τ1 − t)3
×

× exp
{
−(−x)2(1 + z2)

4a2(τ1 − t)z2
− τ2ω1 (1 + z2)

4a2(τ1 − t)

}
dz =

=
2

(τ1 − t)2
exp

{
− x2 + τ2ω1

4a2(τ1 − t)

}
×

×
∫ ∞

0

1 + z2

z2
exp

{
− x2

4a2(τ1 − t)z2
− τ2ω1 z2

4a2(τ1 − t)

}
dz.

Ïîñëåäíèé èíòåãðàë âû÷èñëÿåì àíàëîãè÷íî, êàê ïðè äîêàçàòåëüñòâå ëåì-
ìû 1. Ïîëó÷àåì

I∗(x, t, τ1) =
2

(τ1 − t)2
exp

{
− x2 + τ2ω1

4a2(τ1 − t)

}(√π2a(τ1 − t)1/2

2x
×

× exp
{
− 2

x

2a(τ1 − t)1/2
τω1

2a(τ1 − t)1/2

}
+

√
π2a(τ1 − t)1/2

2τω1
×

× exp
{
−2

x

2a(τ1 − t)1/2
τω1

2a(τ1 − t)1/2

})
=

2a
√
π(x+ τω1 )

xτω1 (τ1 − t)3/2
exp

{
− (x+ τω1 )

2

4a2(τ1 − t)

}
.

Ïîäñòàâëÿåì I∗(x, t, τ1) â (19):

u∗1(x, t) = − 1

4a3
√
π

∫ ∞

t

x+ τω1
(τ1 − t)3/2

exp
{
− (x+ τω1 )

2

4a2(τ1 − t)

}
φ∗(τ1)dτ1. (20)
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Èñïîëüçóÿ ïîëó÷åííîå âûðàæåíèå äëÿ u∗1(x, t) (20) è (18), ïîëó÷àåì ïðåä-
ñòàâëåíèå ðåøåíèÿ çàäà÷è (3)�(4):

u∗(x, t) =
1

4a3
√
π

∫ ∞

t

[
− x+ τω

(τ − t)3/2
exp

{
− (x+ τω)2

4a2(τ − t)

}
+

+
x− τω

(τ − t)3/2
exp

{
− (x− τω)2

4a2(τ − t)

}]
φ∗(τ)dτ. (21)

Èç (21) íåïîñðåäñòâåííî ñëåäóåò ñïðàâåäëèâîñòü ñâîéñòâà (6) äëÿ ðåøåíèÿ
u∗(x, t) ãðàíè÷íîé çàäà÷è (3)�(4). Ëåììà 2 äîêàçàíà.

Çàìå÷àíèå 1. Óòâåðæäåíèÿ ëåìì 1 è 2 îñòàþòñÿ â ñèëå, åñëè îäíîðîäíûå

ãðàíè÷íûå óñëîâèÿ èç (2) è (4) ñîîòâåòñòâåííî çàìåíèì íà íåîäíîðîäíûå.

Çàìå÷àíèå 2. Èç ïðåäñòàâëåíèé ðåøåíèé (14) è (21) íàõîäèì èíòåãðàëü-

íûå óðàâíåíèÿ îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé φ(t) è φ∗(t) ñîîòâåò-
ñòâåííî:

φ(t) =
1

2a
√
π

∫ t

0

( tω − τω

(t− τ)3/2
exp

{
−(tω − τω)2

4a2(t− τ)

}
+

+
tω + τω

(t− τ)3/2
exp

{
−(tω + τω)2

4a2(t− τ)

})
φ(τ)dτ, ω > 1/2,

φ∗(t) = − 1

2a
√
π

∫ ∞

t

( tω − τω

(τ − t)3/2
exp

{
−(tω − τω)2

4a2(τ − t)

}
+

+
tω + τω

(τ − t)3/2
exp

{
−(tω + τω)2

4a2(τ − t)

})
φ∗(τ)dτ, ω > 1/2.

Èññëåäîâàíèþ âîïðîñîâ ðàçðåøèìîñòè ýòèõ èíòåãðàëüíûõ óðàâíåíèé
áóäåò ïîñâÿùåíà îòäåëüíàÿ ðàáîòà.

Çàêëþ÷åíèå.

Â ðàáîòå óñòàíîâëåíû ñâîéñòâà íå÷åòíîãî ïðîäîëæåíèÿ ïî ïðîñòðàí-
ñòâåííîé ïåðåìåííîé ðåøåíèé èñõîäíîé è ñîïðÿæåííîé ãðàíè÷íûõ çàäà÷
òåïëîïðîâîäíîñòè â âûðîæäàþùåéñÿ íåîãðàíè÷åííîé îáëàñòè.
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Äæåíàëèåâ Ì.Ò., Åðãàëèåâ Ì.Ã. ÀÇ�ÛÍÄÀËÀÒÛÍØÅÊÑIÇ ÎÁËÛ-
ÑÒÀ�ÛÆÛËÓ�ÒÊIÇÃIØÒIÊ ÒÅ�ÄÅÓI �ØIÍ ÄÈÐÈÕËÅ ÅÑÅÁIÍI�
ØÅØIÌIÍI� ÁIÐ �ÀÑÈÅÒI ÒÓÐÀËÛ

[1], [2] æ´ìûñòàðûíäà øåêñiç á´ðûøòû© îáëûñòà¡û (ω = 1) æûëó°òêiç-
ãiøòiê òå­äåói ³øií øåêàðàëû© Äèðèõëå åñåái ©àðàñòûðûëûï, îíû­ í°ëäiê
åìåñ øåøiìiíi­ áàð åêåíäiãi òà¡àéûíäàë¡àí. Á´ë æ´ìûñòà îäàí ã°ði æàë-
ïû àç¡ûíäàëàòûí øåêñiç îáëûñòà¡û áàñòàï©û æºíå ò³éiíäåñ øåêàðàëû©
åñåïòåðäi­ øåøiìäåðiíi­ æ´ï íåìåñå òà© áîëóû ©àñèåòòåði çåðòòåëåäi.

Jenaliyev M.T., Yergaliyev M.G. ON A PROPERTY OF THE SOLUTION
OF THE DIRICHLET PROBLEM FOR THE HEAT EQUATION IN THE
DEGENERATE AND UNBOUNDED DOMAIN

In papers [1], [2] a boundary value problem for the heat equation was
studied in the unbounded angular domain (ω = 1) and it was found that the
problem had non-trivial solution. In this work we study even-odd properties
of solutions of primary and conjugated boundary value problems in the more
general unbounded and degenerate domain.
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ìè óðàâíåíèÿìè [1�4]. Âàæíûì ïðèìåðîì íàãðóæåííûõ äèôôåðåíöèàëü-
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ýâîëþöèîííûõ ñèñòåìàõ ñ ïàìÿòüþ ïîÿâëÿþòñÿ êðàòêîâðåìåííûå âîçìó-
ùåíèÿ, äëèòåëüíîñòüþ êîòîðûõ ìîæíî ïðåíåáðå÷ü, òî âîçíèêàþò äèôôå-
ðåíöèàëüíûå è èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ èìïóëüñíûì âîç-
äåéñòâèåì. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå çàäà÷ òåîðèè àâòîìàòè÷åñêîãî
óïðàâëåíèÿ, òåîðèè ÿäåðíûõ ðåàêòîðîâ, ýëåêòðè÷åñêîé è ìåõàíè÷åñêîé èí-
æåíåðèè, ìîíèòîðèíãà çåìëåòðÿñåíèé, äèíàìè÷åñêèõ ñèñòåì òàêæå ÷àñòî
ïðèâîäÿò ê ïåðèîäè÷åñêèì è äâóõòî÷å÷íûì êðàåâûì çàäà÷àì äëÿ äèô-
ôåðåíöèàëüíûõ è èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûìè
âîçäåéñòâèÿìè [8�23]. Íàëè÷èå èìïóëüñà îêàçûâàåò ñóùåñòâåííîå âëèÿ-
íèå íà ñâîéñòâà ðåøåíèé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ è èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé [8�10, 12, 16]. Îòìåòèì, ÷òî ïîñòðîåíèå
ïðèáëèæåííûõ è ÷èñëåííûõ ðåøåíèé èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíå-
íèé [13�23] òåñíî ñâÿçàíî ñ íàãðóæåííûìè äèôôåðåíöèàëüíûìè óðàâíå-
íèÿìè, êîòîðûå ïîÿâëÿþòñÿ ïðè àïïðîêñèìàöèè èíòåãðàëüíûõ ñëàãàåìûõ
[1, 2, 4]. Ýòî ïðèâîäèò ê íåîáõîäèìîñòè ðàçðàáîòêè êîíñòðóêòèâíûõ ìåòî-
äîâ ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ ñèñòåì íàãðóæåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé è íàõîæäåíèþ ýôôåêòèâíûõ ïðèçíàêîâ ñóùåñòâîâàíèÿ èõ ðå-
øåíèé. Â ýòèõ öåëÿõ äëÿ ðåøåíèÿ ïåðèîäè÷åñêèõ è äâóõòî÷å÷íûõ êðàåâûõ
çàäà÷ äëÿ ñèñòåì íàãðóæåííûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé áûë ïðèìåíåí ìåòîä ïàðàìåòðèçàöèè [24]. Íà åãî îñíîâå áûëè ïî-
ñòðîåíû àëãîðèòìû íàõîæäåíèÿ ïðèáëèæåííûõ ðåøåíèé è èõ ñõîäèìîñòè
ê òî÷íîìó ðåøåíèþ óêàçàííûõ çàäà÷, óñòàíîâëåíû êðèòåðèè îäíîçíà÷íîé,
êîððåêòíîé ðàçðåøèìîñòè ðàññìàòðèâàåìûõ çàäà÷ â òåðìèíàõ êîýôôèöè-
åíòîâ ñèñòåìû è ãðàíè÷íûõ ìàòðèö [25�28]. Ìåòîä ïàðàìåòðèçàöèè òàêæå
áûë ðàçâèò íà ëèíåéíûå êðàåâûå çàäà÷è äëÿ ñèñòåì îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûìè âîçäåéñòâèÿìè [29], áûëè ïîëó-
÷åíû êîýôôèöèåíòíûå ïðèçíàêè îäíîçíà÷íîé ðàçðåøèìîñòè è ïîñòðîåíû
àëãîðèòìû íàõîæäåíèÿ ðåøåíèÿ ýòîé çàäà÷è.

Ðàçâèòèå âû÷èñëèòåëüíûõ òåõíîëîãèé è ðàñøèðåíèå ñôåðû èõ ïðèìå-
íåíèÿ â ïðèêëàäíûõ çàäà÷àõ òðåáóþò ðàçðàáîòêè ÷èñëåííûõ ìåòîäîâ ðå-
øåíèÿ êðàåâûõ çàäà÷ äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Â
ðàáîòàõ [30, 31] áûë ïðåäëîæåí ÷èñëåííûé ìåòîä ðåøåíèÿ ñèñòåìû ëèíåé-
íûõ îáûêíîâåííûõ íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íåðàç-
äåëåííûìè ìíîãîòî÷å÷íûìè è èíòåãðàëüíûìè óñëîâèÿìè. Ïðè ýòîì áûëè
ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû äëÿ ìîäåëüíûõ çàäà÷. Â ðàáîòå [32]
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ìåòîäîì ïàðàìåòðèçàöèè áûëè óñòàíîâëåíû êðèòåðèè êîððåêòíîé ðàçðå-
øèìîñòè ëèíåéíûõ êðàåâûõ çàäà÷ äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâ-
íåíèé Ôðåäãîëüìà è ïðåäëîæåíû àëãîðèòìû íàõîæäåíèÿ ïðèáëèæåííûõ
ðåøåíèé. Òàêæå áûë ðàçðàáîòàí ÷èñëåííûé ìåòîä ðåøåíèÿ ðàññìàòðèâàå-
ìîé çàäà÷è íà îñíîâå àëãîðèòìîâ ìåòîäà ïàðàìåòðèçàöèè ïðè ðåãóëÿðíîì
ðàçáèåíèè îòðåçêà. Äàííûé ïîäõîä áûë ïðèìåíåí ê ðåøåíèþ äâóõòî÷å÷-
íîé êðàåâîé çàäà÷è äëÿ ñèñòåìû íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ èìïóëüñíûì âîçäåéñòâèåì [33]. Íà îñíîâå ðåçóëüòàòîâ ðàáîòû [32]
áûëà ïðåäëîæåíà ÷èñëåííàÿ ðåàëèçàöèÿ àëãîðèòìîâ ìåòîäà ïàðàìåòðèçà-
öèè ðåøåíèÿ óêàçàííîé çàäà÷è.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ
ñèñòåìû íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîç-
äåéñòâèåì. Òî÷êè íàãðóæåíèÿ â äèôôåðåíöèàëüíîì óðàâíåíèè ÿâëÿþòñÿ
òàêæå òî÷êàìè èìïóëüñíîãî âîçäåéñòâèÿ, à óñëîâèÿ èìïóëüñíîãî âîçäåé-
ñòâèÿ ó÷èòûâàþò çíà÷åíèÿ â ïðåäûäóùèõ òî÷êàõ èìïóëüñà. Óñëîâèÿ òà-
êîãî âèäà ðàññìàòðèâàëèñü â ðàáîòå [16] äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî
óðàâíåíèÿ. Ìåòîäîì ïàðàìåòðèçàöèè èíòåðâàë ðàçáèâàåòñÿ íà ÷àñòè è ââî-
äÿòñÿ äîïîëíèòåëüíûå ïàðàìåòðû, êàê çíà÷åíèÿ ðåøåíèÿ â íà÷àëüíûõ
òî÷êàõ ïîäèíòåðâàëîâ. Ïî ìàòðèöàì íàãðóæåííûõ ñëàãàåìûõ êðàåâîãî
óñëîâèÿ è óñëîâèé èìïóëüñíîãî âîçäåéñòâèÿ ñîñòàâëÿåòñÿ ñèñòåìà ëèíåé-
íûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ïàðàìåòðîâ. Êîýôôèöèåíòû
è ïðàâàÿ ÷àñòü ñèñòåìû îïðåäåëÿþòñÿ ðåøåíèÿìè çàäà÷ Êîøè äëÿ ëè-
íåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ðåøåíèÿ ñèñòåìû
íàõîäÿòñÿ ÷åðåç çíà÷åíèÿ èñêîìîé ôóíêöèè â íà÷àëüíûõ òî÷êàõ ïîäèíòåð-
âàëîâ. ×èñëåííîå ðåøåíèå çàäà÷è Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé íà ïîäèíòåðâàëàõ îïðåäåëÿåòñÿ ìåòîäîì Ðóíãå-Êóòòà
4-ãî ïîðÿäêà òî÷íîñòè. Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû ïðåäëàãàåìî-
ãî ïîäõîäà íà ïðèìåðàõ.

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåì
íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì
íà îòðåçêå [0, T ]

dx

dt
= A0(t)x+

m∑
j=1

Aj(t) lim
t→θj+0

x(t) + f(t), t ∈ (0, T )\
{
θ1, θ2, ..., θm

}
, (1)

B0x(0) + C0x(T ) = d, d ∈ Rn, x ∈ Rn, (2)
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Bi lim
t→θi−0

x(t)− Ci lim
t→θi+0

x(t) =
i−1∑
k=1

Dk lim
t→θk−0

x(t) + φi, (3)

φi ∈ Rn, i = 1,m.

Çäåñü (n × n)-ìàòðèöû Aj(t), j = 0,m, è n-âåêòîð-ôóíêöèÿ f(t)
êóñî÷íî-íåïðåðûâíû íà [0, T ] ñ âîçìîæíûìè ðàçðûâàìè ïåðâîãî ðîäà â
òî÷êàõ t = θi, i = 1,m. Bj , Cj , j = 0,m, Dk, k = 1,m− 1, � ïîñòîÿííûå
ìàòðèöû ðàçìåðíîñòè (n× n), 0 = θ0 < θ1 < θ2 < ... < θm < θm+1 = T ,

||x|| = max
i

|xi|, ||A(t)|| = max
i

n∑
k=1

|aik(t)|.

Ïóñòü PC([0, T ], θi,Rn) � ïðîñòðàíñòâî êóñî÷íî-íåïðåðûâíûõ ôóíêöèé
x(t) ñ íîðìîé ||x||1 = max

i=0,m
sup

t∈[θi,θi+1)
||x(t)||.

Ðåøåíèåì çàäà÷è (1)�(3) ÿâëÿåòñÿ êóñî÷íî-íåïðåðûâíî äèôôåðåíöè-
ðóåìàÿ íà [0, T ] âåêòîð-ôóíêöèÿ x(t), êîòîðàÿ óäîâëåòâîðÿåò ñèñòåìå íà-
ãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (1) íà [0, T ] êðîìå òî÷åê t = θi,
i = 1,m, ãðàíè÷íîìó óñëîâèþ (2) è óñëîâèÿì èìïóëüñíûõ âîçäåéñòâèé â
ôèêñèðîâàííûå ìîìåíòû âðåìåíè (3).

Ñõåìà ìåòîäà. Èíòåðâàë [0, T ] ðàçáèâàåòñÿ íà ïîäèíòåðâàëû òî÷êàìè

íàãðóæåíèÿ: [0, T ) =
m+1∪
r=1

[θr−1, θr).

Ââåäåì ïðîñòðàíñòâî C([0, T ], θr, Rn(m+1)) ñèñòåì ôóíêöèé x[t] =
(x1(t), x2(t), ..., xm+1(t)), ãäå ôóíêöèè xr(t), r = 1,m+ 1, íåïðåðûâíû
íà [θr−1, θr) è èìåþò êîíå÷íûé ëåâîñòîðîííèé ïðåäåë lim

t→θr−0
xr(t), r =

1,m+ 1, ñ íîðìîé ||x[·]||2 = max
r=1,m+1

sup
t∈[θr−1,θr)

||xr(t)||.

Ñóæåíèå ôóíêöèè x(t) íà [θr−1, θr), r = 1,m+ 1, îáîçíà÷èì ÷åðåç
xr(t), r = 1,m+ 1.

Ïóñòü λr = xr(θr−1), r = 1,m+ 1.
Íà êàæäîì èíòåðâàëå [θr−1, θr), r = 1,m+ 1 â çàäà÷å (1)�(3) ïðîèçâå-

äåì çàìåíó xr(t) = ur(t) + λr, r = 1,m+ 1, è ïîëó÷èì êðàåâóþ çàäà÷ó ñ
ïàðàìåòðàìè λr:

dur
dt

= A0(t)[ur(t) + λr] +

m∑
j=1

Aj(t)λj+1 + f(t), t ∈ [θr−1, θr), (4)
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ur(θr−1) = 0, r = 1,m+ 1, (5)

B0λ1 + C0λm+1 + C0 lim
t→T−0

um+1(t) = d, (6)

Bi lim
t→θi−0

ui(t) +Biλi − Ciλi+1 =

=
i−1∑
k=1

Dk

[
lim

t→θk−0
uk(t) + λk

]
+ φi, i = 1,m. (7)

Ðåøåíèåì çàäà÷è (4)�(7) ÿâëÿåòñÿ ïàðà (λ, u[t]) ñ ýëåìåíòàìè
λ = (λ1, λ2, ..., λm+1) ∈ Rn(m+1), u[t] = (u1(t), u2(t), ..., um+1(t)) ∈
C([0, T ], θr,Rn(m+1)), ãäå ôóíêöèè ur(t) íåïðåðûâíî äèôôåðåíöèðóå-
ìû íà [θr−1, θr), r = 1,m+ 1, è ïðè λr = λ∗

r óäîâëåòâîðÿþò ñèñòåìå
íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (4) è óñëîâèÿì (5)�(7).

Çàäà÷è (1)�(3) è (4)�(7) ýêâèâàëåíòíû. Åñëè ïàðà (λ̃, ũ[t]), ãäå
λ̃ = (λ̃1, λ̃2, ..., λ̃m+1) ∈ Rn(m+1), ũ[t] = (ũ1(t), ũ2(t), ..., ũm+1(t)) ∈
C([0, T ], θr,Rn(m+1)) � ðåøåíèå çàäà÷è (4)�(7), òî ôóíêöèÿ x̃(t), îïðåäå-
ëÿåìàÿ ðàâåíñòâàìè x̃(t) = ũr(t) + λ̃r, t ∈ [θr−1, θr), r = 1,m+ 1, x̃(T ) =
λ̃m+1+ lim

t→T−0
ũm+1(t), áóäåò ðåøåíèåì èñõîäíîé çàäà÷è (1)�(3). È íàîáîðîò,

åñëè ôóíêöèÿ x(t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (4)�(7), òî ïàðà (λ, u[t]), ãäå
λ = (x(θ0), x(θ1), ..., x(θm)), u[t] = (x(t)−x(θ0), x(t)−x(θ1), , ..., x(t)−x(θm)),
áóäåò ðåøåíèåì çàäà÷è (4)�(7).

Ïóñòü Xr(t) � ôóíäàìåíòàëüíàÿ ìàòðèöà äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ
dx

dt
= A(t)x íà [θr−1, θr), r = 1,m+ 1.

Òîãäà ðåøåíèå çàäà÷è Êîøè (4), (5) ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

ur(t) = Xr(t)

∫ t

θr−1

X−1
r (τ)

{
A0(τ)λr +

m∑
j=1

Aj(τ)λj+1

}
dτ+

+Xr(t)

∫ t

θr−1

X−1
r (τ)f(τ)dτ, t ∈ [θr−1, θr), r = 1,m+ 1. (8)

Ïîäñòàâèâ ïðàâóþ ÷àñòü (8) â êðàåâîå óñëîâèå (6) è óñëîâèÿ èìïóëüñà (7)
ïðè ñîîòâåòñòâóþùèõ ïðåäåëüíûõ çíà÷åíèÿõ, ïîëó÷èì ñëåäóþùóþ ñèñòå-
ìó àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ïàðàìåòðîâ λr, r = 1,m+ 1 :
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B0λ1 + C0

[
I +Xm+1(T )

∫ T

θm

X−1
m+1(τ)A0(τ)dτ

]
λm+1+

+C0Xm+1(T )

∫ T

θm

X−1
m+1(τ)

m∑
j=1

Aj(τ)λj+1dτ =

= d− C0Xm+1(T )

∫ T

θm

X−1
m+1(τ)f(τ)dτ, (9)

BiXi(θi)

∫ θi

θi−1

X−1
i (τ)

{
A0(τ)λi +

m∑
j=1

Aj(τ)λj+1

}
dτ +Biλi−

−Ciλi+1 −
i−1∑
k=1

DkXk(θk)

∫ θk

θk−1

X−1
k (τ)

{
A0(τ)λk +

m∑
j=1

Aj(τ)λj+1

}
dτ−

−
i−1∑
k=1

Dkλk = φi −BiXi(θi)

∫ θi

θi−1

X−1
i (τ)f(τ)dτ+

+

i−1∑
k=1

DkXk(θk)

∫ θk

θk−1

X−1
k (τ)f(τ)dτ, i = 1,m. (10)

Îáîçíà÷èâ ÷åðåç Q∗(θ) ìàòðèöó, ñîîòâåòñòâóþùóþ ëåâîé ÷àñòè ñèñòå-
ìû (9), (10) è ñîñòàâëåííóþ èç êîýôôèöèåíòîâ ïðè ïàðàìåòðàõ λr, r =
1,m+ 1, à òàêæå ââåäÿ âåêòîð

F∗(θ) =

(
d− C0Xm+1(T )

∫ T

θm

X−1
m+1(τ)f(τ)dτ,

φ1 −B1X1(θ1)

∫ θ1

θ0

X−1
1 (τ)f(τ)dτ,

φ2 −B2X2(θ2)

∫ θ2

θ1

X−1
2 (τ)f(τ)dτ +D1X1(θ1)

∫ θ1

θ0

X−1
1 (τ)f(τ)dτ, . . . ,

φm −BmXm(θm)

∫ θm

θm−1

X−1
m (τ)f(τ)dτ+
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+

m−1∑
k=1

DkXk(θk)

∫ θk

θk−1

X−1
k (τ)f(τ)dτ

)′
,

çàïèøåì ñèñòåìó (9), (10) â âèäå

Q∗(θ)λ = F∗(θ). (11)

Íåòðóäíî óñòàíîâèòü, ÷òî ðàçðåøèìîñòü êðàåâîé çàäà÷è (1)�(3) ýêâèâà-
ëåíòíà ðàçðåøèìîñòè ñèñòåìû (11) [32]. Ðåøåíèå ñèñòåìû (11), âåêòîð
λ∗ = (λ∗

1, λ
∗
2, ..., λ

∗
m+1) ∈ Rn(m+1), ñîñòîèò èç çíà÷åíèé ðåøåíèé èñõîä-

íîé çàäà÷è (1)�(3) â íà÷àëüíûõ òî÷êàõ ïîäèíòåðâàëîâ, ò.å. λ∗
r = x∗(θr−1),

r = 1,m+ 1.
Åñëè èçâåñòíî λ∗ = (λ∗

1, λ
∗
2, ..., λ

∗
m+1) � ðåøåíèå ñèñòåìû (11), òî ðåøå-

íèå êðàåâîé çàäà÷è (1)�(3) îïðåäåëÿåòñÿ ðàâåíñòâàìè

x∗(t) = Xr(t)X
−1
r (θr−1)λ

∗
r +Xr(t)

∫ t

θr−1

X−1
r (τ)

m∑
j=1

Aj(τ)dτλ
∗
j+1+

+Xr(t)

∫ t

θr−1

X−1
r (τ)f(τ)dτ, t ∈ [θr−1, θr), r = 1,m+ 1, (12)

x∗(T ) = Xm+1(T )

[
X−1

m+1(θm)λ∗
m+1 +

∫ T

θm

X−1
m+1(τ)dτ

m∑
j=1

Aj(τ)λ
∗
j+1

]
+

+Xm+1(T )

T∫
θm

X−1
m+1(τ)f(τ)dτ. (13)

Ïðåäñòàâëåíèÿ (12), (13) äàþò àíàëèòè÷åñêóþ ôîðìó ðåøåíèÿ ëèíåéíîé
äâóõòî÷å÷íîé êðàåâîé çàäà÷è äëÿ ñèñòåì íàãðóæåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì (1)�(3).

×èñëåííàÿ ðåàëèçàöèÿ ìåòîäà ïàðàìåòðèçàöèè. Êàê âèäíî èç óðàâíå-
íèé (9), (10), êîýôôèöèåíòû è ïðàâàÿ ÷àñòü ñèñòåìû (11) ñîñòàâëÿþòñÿ èç
ðåøåíèé çàäà÷ Êîøè

dz

dt
= A0(t)z +Aj(t), z(θr−1) = 0, j = 0,m, r = 1,m+ 1, (14)
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dz

dt
= A0(t)z + f(t), z(θr−1) = 0, r = 1,m+ 1. (15)

Ïðèìåíÿÿ ìåòîä Ðóíãå-Êóòòà 4-ãî ïîðÿäêà òî÷íîñòè äëÿ ÷èñëåííîãî
ðåøåíèÿ çàäà÷ Êîøè (14), (15), ñòðîèòñÿ ñëåäóþùèé àëãîðèòì ÷èñëåííîãî
ðåøåíèÿ äâóõòî÷å÷íîé êðàåâîé çàäà÷è äëÿ ñèñòåì íàãðóæåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì (1)�(3).

Ïóñòü èìååòñÿ ðàçáèåíèå 0 = θ0 < θ1 < θ2 < ... < θm < θm+1 = T .
Êàæäûé ïîäèíòåðâàë [θi−1, θi), i = 1,m+ 1, äåëèòñÿ íà Ni ÷àñòåé, ïðè-
áëèæåííûå çíà÷åíèÿ êîýôôèöèåíòîâ è ïðàâîé ÷àñòè (11) îïðåäåëÿþòñÿ
÷åðåç ðåøåíèÿ ìàòðè÷íûõ è âåêòîðíûõ çàäà÷ Êîøè ìåòîäîì Ðóíãå-Êóòòà
4-ãî ïîðÿäêà òî÷íîñòè ñ øàãîì hi = (θi − θi−1)/Ni, i = 1,m+ 1, íà êàæ-
äîì i-îì èíòåðâàëå. Òîãäà ïîëó÷àåì ñëåäóþùóþ ïðèáëèæåííóþ ñèñòåìó
àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ïàðàìåòðîâ λ:

Qh̃
∗(θ)λ = −F h̃

∗ (θ), λ ∈ Rn(m+1), h̃ = (h1, h2, ..., hm+1). (16)

Ðåøàÿ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé (16), íàéäåì λh̃ ∈ Rn(m+1). Êàê

áûëî îòìå÷åíî âûøå, êîìïîíåíòû λh̃ = (λh̃
1 , λ

h̃
2 , . . . , λ

h̃
m+1) ∈ Rn(m+1) ÿâ-

ëÿþòñÿ çíà÷åíèÿìè ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (1)�(3) â íà÷àëüíûõ

òî÷êàõ ïîäèíòåðâàëîâ xh̃r(θ0) = λh̃
1 , xh̃r(θ1) = λh̃

2 ,...,xh̃r(θm) = λh̃
m+1. Èç

ôîðìóë (12), (13) ñëåäóåò, ÷òî ïðèáëèæåííûå çíà÷åíèÿ ðåøåíèÿ â îñòàëü-
íûõ òî÷êàõ ïîäèíòåðâàëîâ îïðåäåëÿþòñÿ ÷åðåç ðåøåíèÿ çàäà÷ Êîøè

dx

dt
= A0(t)x+

m∑
j=1

Aj(t)λ
h̃
j+1 + f(t), t ∈ [θr−1, θr), r = 1,m+ 1, (17)

x(θr−1) = λh̃
r , r = 1,m+ 1. (18)

Ñíîâà ïðèìåíÿÿ ìåòîä Ðóíãå-Êóòòà 4-ãî ïîðÿäêà òî÷íîñòè äëÿ ÷èñëåííî-
ãî ðåøåíèÿ çàäà÷ Êîøè (17), (18), áóäåò îïðåäåëåíî ÷èñëåííîå ðåøåíèå
çàäà÷è (1)�(3).

Äëÿ èëëþñòðàöèè ïðåäëîæåííîãî ïîäõîäà ÷èñëåííîãî ðåøåíèÿ äâóõòî-
÷å÷íîé êðàåâîé çàäà÷è äëÿ ñèñòåì íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ èìïóëüñíûì âîçäåéñòâèåì (1)�(3) íà îñíîâå ìåòîäà ïàðàìåòðèçà-
öèè ðàññìîòðèì ñëåäóþùèå ïðèìåðû.
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Íà [0, T ] ðàññìîòðèì ëèíåéíóþ äâóõòî÷å÷íóþ êðàåâóþ çàäà÷ó äëÿ ñè-
ñòåì íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåé-
ñòâèåì

dx

dt
= A0(t)x+

2∑
j=1

Aj(t) lim
t→θj+0

x(t) + f(t), t ∈ [0, T ]\
{
θ1, θ2

}
, (19)

B0x(0) + C0x(T ) = d, d ∈ R2, x ∈ R2, (20)

B1 lim
t→θ1−0

x(t)− C1 lim
t→θ1+0

x(t) = φ1, φ1 ∈ R2. (21)

B2 lim
t→θ2−0

x(t)− C2 lim
t→θ2+0

x(t) = φ2 +D1 lim
t→θ1−0

x(t), φ2 ∈ R2. (22)

Ïðèìåð 1.

T = 1, θ1 =
1

4
, θ2 =

1

2
, A0 =

(
1 1
1 1

)
, A1(t) =

(
0 t
1 0

)
,

B0 =

(
1 0
0 1

)
, B1 =

(
1 0
0 1

)
, B2 =

(
1 0
0 1

)
, d =

(
−1
−2

)
,

C0 =

(
−1 0
0 −1

)
, C1 =

(
1 0
0 1

)
, C2 =

(
1 0
0 1

)
,

A2(t) =

(
1 t
0 0

)
, D1 =

(
0 1
2 1

)
, φ1 =

(
−1/16

0

)
, φ2 =

(
−1/2
−5/4

)
,

f(t) =

(
−1/2− 11t/4
15/16− t

)
ïðè t ∈ [0, 1/4) ,

f(t) =

(
−t2 − 3t/4− 1/2
−t2 − t+ 15/16

)
ïðè t ∈ [1/4, 1/2) ,

f(t) =

(
−1/2− 15t/4
−1/16− 2t

)
ïðè t ∈ [1/2, 1] .

Â ðàññìàòðèâàåìîé çàäà÷å ôóíäàìåíòàëüíîé ìàòðèöåé äèôôåðåíöèàëü-
íîé ÷àñòè ÿâëÿåòñÿ

X(t) =

(
1 e2t

−1 e2t

)
.
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Äîïîëíèòåëüíûå ïàðàìåòðû λr, r = 1, 3, ââåäåì êàê çíà÷åíèÿ ðåøåíèÿ
â íà÷àëüíûõ òî÷êàõ ïîäèíòåðâàëîâ λ1=̂x(0), λ2=̂x(14), λ3=̂x(12) è îñóùå-
ñòâèì çàìåíó x(s) = u1(s) + λ1, s ∈ [0, 14), x(s) = u2(s) + λ2, s ∈ [14 ,

1
2),

x(s) = u3(s) + λ3, s ∈ [12 , 1).
Òîãäà äëÿ ôóíêöèè ur(t), r = 1, 3, èìåþò ìåñòî ðàâåíñòâà

u1(t) =

 −1

2
+

1

2
e2t −1

2
+

1

2
e2t

−1

2
+

1

2
e2t −1

2
+

1

2
e2t

λ1+

+

 − t

2
− 1

4
+

1

4
e2t

t2

4
− t

4
− 1

8
+

1

8
e2t

t

2
− 1

4
+

1

4
e2t − t2

4
− t

4
− 1

8
+

1

8
e2t

λ2+

+


t

2
− 1

4
+

1

4
e2t

t2

4
− t

4
− 1

8
+

1

8
e2t

− t

2
− 1

4
+

1

4
e2t − t2

4
− t

4
− 1

8
+

1

8
e2t

λ3+

+

 −7t2

16
+

7t

32
+

23

64
− 23

64
e2t

7t2

16
+

53t

32
+

23

64
− 23

64
e2t

 , t ∈
[
0,

1

4

)
,

u2(t) =

 − t

2
− 5

8
+

3

4
e2t−

1
2

t2

4
− t

4
− 41

64
+

11

16
e2t−

1
2

t

2
− 7

8
+

3

4
e2t−

1
2 − t2

4
− t

4
− 39

64
+

11

16
e2t−

1
2

λ2+

+


t

2
− 3

8
+

1

4
e2t−

1
2

t2

4
− t

4
− 9

64
+

3

16
e2t−

1
2

− t

2
− 1

8
+

1

4
e2t−

1
2 − t2

4
− t

4
− 7

64
+

3

16
e2t−

1
2

λ3+

+


9t2

16
+

7t

32
+

137

256
− 5

8
e2t−

1
2

7t2

16
+

53t

32
+

47

256
− 5

8
e2t−

1
2

 , t ∈
[
1

4
,
1

2

)
,
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u3(t) =

 − t

2
+

1

4
e2t−1 t2

4
− t

4
− 3

16
+

1

4
e2t−1

t

2
− 1

2
+

1

4
e2t−1 − t2

4
− t

4
− 1

16
+

1

4
e2t−1

λ2+

+


t

2
− 1 +

3

4
e2t−1 t2

4
− t

4
− 11

64
+

3

4
e2t−1

− t

2
− 1

2
+

3

4
e2t−1 − t2

4
− t

4
− 9

16
+

3

4
e2t−1

λ3+

+

 −7t2

16
+

39t

32
+

69

64
− 101

64
e2t−1

7t2

16
+

53t

64
+

41

64
− 101

64
e2t−1

 , t ∈
[
1

2
, 1

]
,

Êðàåâîå óñëîâèå è óñëîâèè èìïóëüñíîãî âîçäåéñòâèÿ ïðè t = 1/4, t =
1/2 ïðèâîäèò ê ñëåäóþùåé ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
îòíîñèòåëüíî ïàðàìåòðîâ:

1 0 1
2
− 1

4
e 3

16
− 1

4
e − 1

2
− 3

4
e 11

16
− 3

4
e

0 1 − 1
4
e 9

16
− 1

4
e 1− 3

4
e 1

16
− 3

4
e

1
2
+ 1

2
e

1
2 − 1

2
+ 1

2
e

1
2 − 11

8
+ 1

4
e

1
2 − 11

64
+ 1

8
e

1
2 − 1

8
+ 1

4
e

1
2 − 11

64
+ 1

8
e

1
2

− 1
2
+ 1

2
e

1
2 1

2
+ 1

2
e

1
2 − 1

8
+ 1

4
e

1
2 − 77

64
+ 1

8
e

1
2 − 3

8
+ 1

4
e

1
2 − 13

64
+ 1

8
e

1
2

1
2
− 1

2
e

1
2 − 1

2
− 1

2
e

1
2 11

4
+ 1

2
e

1
2 − 1

2
+ 9

16
e

1
2 − 3

4
1
16

e
1
2

− 1
2
− 3

2
e

1
2 1

2
− 3

2
e

1
2 1

4
3
4
+ 5

16
e

1
2 1

4
− 1

2
e

1
2 − 3

4
− 3

16
e

1
2





λ11

λ12

λ21

λ22

λ31

λ32


=

=



55
64

− 101
64

e

47
64

− 101
64

e

− 115
256

− 23
64

e
1
2

− 205
256

− 92
256

e
1
2

− 31
64

+ 17
64

e
1
2

− 51
64

− 29
64

e
1
2


.

Îòñþäà íàéäåì çíà÷åíèÿ ïàðàìåòðîâ

λ∗
11 = 0, λ∗

12 = 0, λ∗
21 = 1/16, λ∗

22 = 1/4, λ∗
31 = 1/2, λ∗

32 = 3/2.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



112 Æ.Ì. Êàäèðáàåâà, À.Ò. Àñàíîâà

Åäèíñòâåííûì ðåøåíèåì çàäà÷è (19)�(22) ÿâëÿåòñÿ

x∗(t)=

(
0
0

)
+

(
1 e2t

−1 e2t

) t∫
0

(
−1/2

(1−2τ)e−2τ

2

)
dτ=

(
0
t

)
, t ∈

[
0,

1

4

)
,

x∗(t) =

 −32
3 + 5

32e
2t−1/2

3
32 + 5

32e
2t−1/2

+

+

(
1 e2t

−1 e2t

) t∫
1/4

(
τ − 1/2

(1−2τ2)e−2τ

2

)
dτ =

(
t2

t

)
, t ∈

[
1

4
,
1

2

)
,

x∗(t) =

(
−1

2 + e2t−1

1
2 + e2t−1

)
+

+

(
1 e2t

−1 e2t

) t∫
1/2

(
0

−2τe−2τ

)
dτ =

(
t

t+ 1

)
, t ∈

[
1

2
, 1

]
.

Â ýòîì ïðèìåðå íàì óäàëîñü ïîñòðîèòü ôóíäàìåíòàëüíóþ ìàòðèöó
äèôôåðåíöèàëüíîé ÷àñòè ðàññìàòðèâàåìîãî îáûêíîâåííîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ. Ýòî â ñîâîêóïíîñòè ñ âû÷èñëÿåìûìè èíòåãðàëàìè
ïîçâîëèëî ïîñòðîèòü ðåøåíèå çàäà÷è â ÿâíîì âèäå íà îñíîâå àëãîðèòìà
ìåòîäà ïàðàìåòðèçàöèè.

Ïðèìåð 2.

T = 1, θ1 =
1

4
, θ2 =

1

2
, A0 =

(
0 t
t 1

)
, A1(t) =

(
0 t
1 0

)
,

B0 =

(
1 0
0 1

)
, B1 =

(
1 0
0 1

)
, B2 =

(
1 0
0 1

)
, d =

(
−1
−2

)
,

C0 =

(
−1 0
0 −1

)
, C1 =

(
1 0
0 1

)
, C2 =

(
1 0
0 1

)
,
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A2(t) =

(
1 t
0 0

)
, D1 =

(
0 1
2 1

)
, φ1 =

(
−1/16

0

)
, φ2 =

(
−1/2
−5/4

)
,

f(t) =

(
−t2 − 7t/4− 1/2

15/16− t

)
ïðè t ∈ [0, 1/4) ,

f(t) =

(
−t2 + t/4− 1/2
−t3 − t+ 15/16

)
ïðè t ∈ [1/4, 1/2) ,

f(t) =

(
−t2 − 11t/4 + 1/2
−t2 − t− 1/16

)
ïðè t ∈ [1/2, 1] .

Â ýòîì ïðèìåðå ìàòðèöà äèôôåðåíöèàëüíîé ÷àñòè ÿâëÿåòñÿ ïåðåìåííîé
è ïîñòðîèòü ôóíäàìåíòàëüíóþ ìàòðèöó íå óäàåòñÿ.

Òàáëèöà 1 � Ðåçóëüòàòû ÷èñëåííîé ðåàëèçàöèè àëãîðèòìà

ïðè ðàçáèåíèè èíòåðâàëîâ [0, 0.25], [0.25, 0.5], [0.5, 1]

ñ øàãîì h1 = h2 = 0.025, h3 = 0.05

t x̃1(t) x̃2(t) t x̃1(t) x̃2(t) t x̃1(t) x̃2(t)

0 0 0 0.25 0.06249999 0.25 0.5 0.5 1.5
0.025 0 0.025 0.275 0.07562499 0.275 0.55 0.55 1.55
0.05 0 0.05 0.3 0.08999999 0.3 0.6 0.6 1.6
0.075 0 0.075 0.325 0.10562499 0.325 0.65 0.65 1.65
0.1 0 0.1 0.35 0.12249999 0.35 0.7 0.7 1.7
0.125 0 0.125 0.375 0.14062499 0.375 0.75 0.75 1.75
0.15 0 0.15 0.4 0.15999999 0.4 0.8 0.8 1.8
0.175 0 0.175 0.425 0.18062499 0.425 0.85 0.85 1.85
0.2 0 0.2 0.0.45 0.20249999 0.45 0.9 0.9 1.9
0.225 0 0.225 0.475 0.22562499 0.475 0.95 0.95 1.95
0.25 0 0.25 0.5 0.24999999 0.5 1 1 2

Ðåøåíèåì çàäà÷è â ïðèìåðå 2 ÿâëÿåòñÿ

x∗(t) =

(
0
t

)
ïðè t ∈ [0, 1/4), x∗(t) =

(
t2

t

)
ïðè t ∈ [1/4, 1/2),

x∗(t) =

(
t

t+ 1

)
ïðè t ∈ [1/2, 1].
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Äëÿ ðàçíîñòè ñîîòâåòñòâóþùèõ çíà÷åíèé òî÷íîãî è ïîñòðîåííîãî ðå-
øåíèé çàäà÷è ïðèìåðà 2 ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

max
j=1,30

∥x∗(tj)− x̃(tj)∥ < 0.000000001.
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Kadirbayeva Zh.M., Assanova A.T. ON NUMERICAL SOLVING
OF TWO-POINT BOUNDARY VALUE PROBLEM FOR IMPULSIVE
SYSTEMS OF LOADED DIFFERENTIAL EQUATIONS

The linear two-point boundary value problem for the system of loaded
di�erential equations with impulse e�ect is investigated.

The problem considered is reduced to the equivalent multi-point boundary
value problem for systems of ordinary di�erential equations with parameters.
The conditions of impulse e�ects take into account the values of the
previous impulse points. Using Runge-Kutta 4th-order accuracy method for
solving Cauchy problems for ordinary di�erential equations, the numerical
implementation of the parametrization method is proposed. Numerical
algorithms are illustrated by the examples.
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Ðàñïðåäåëåíèÿ ïîòåíöèàëà ýëåêòðîñòàòè÷åñêîãî ïîëÿ îïèñûâàþòñÿ ñ
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Ðàññìîòðåíèÿ, êàñàþùèåñÿ ãðàíè÷íûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ îïå-
ðàòîðîâ, ìîæíî ðàñïðîñòðàíèòü íà íåêîòîðûå âåñîâûå ïðîñòðàíñòâà òèïà
Ñîáîëåâà-Áåñîâà.

Îäíàêî, èíòåðåñíûå ñ òî÷êè çðåíèÿ ïðèëîæåíèÿ ãðàíè÷íûå çàäà÷è íå
îõâàòûâàþòñÿ óêàçàííûìè òåîðèÿìè. Ê òàêèì çàäà÷àì îòíîñèòñÿ èçó÷åíèå
ðåøåíèé íåîäíîðîäíîãî óðàâíåíèÿ Ïóàññîíà è áèãàðìîíè÷åñêîãî óðàâíå-
íèÿ â íåîãðàíè÷åííîé îáëàñòè. Çäåñü ïîÿâëÿåòñÿ íåîáõîäèìîñòü ââåäåíèÿ
äîïîëíèòåëüíûõ óñëîâèé íà áåñêîíå÷íîñòè, îäíîçíà÷íî îïðåäåëÿþùèõ ðå-
øåíèå óðàâíåíèÿ Ïóàññîíà. Òàêèå òðåáîâàíèÿ óñëîâèÿìè èçëó÷åíèÿ òèïà
Çîììåðôåëüäà [4] ìîãóò áûòü ôèçè÷åñêè èíòåðïðåòèðîâàíû. Ïîäîáíàÿ æå
ïðîáëåìà ââåäåíèÿ äîïîëíèòåëüíûõ óñëîâèé âîçíèêàåò, êîãäà ðàññìàòðè-
âàþòñÿ íåîãðàíè÷åííûå ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà è áèãàðìîíè÷åñêîãî
óðàâíåíèÿ. Ðåçóëüòàòû ðàáîòû ñâÿçàíû ñ ââåäåíèåì âåñîâîãî ïðîñòðàí-
ñòâà, êîòîðîå ìîæåò âîñïðèíèìàòüñÿ, êàê íåêîòîðîå èíòåãðàëüíîå óñëîâèå
íà áåñêîíå÷íîñòè è â êîòîðîì îïåðàòîðû Ëàïëàñà è áè-Ëàïëàñà èìåþò
êîíå÷íîìåðíûé äåôåêò.

1. ßäðî îïåðàòîðà Ëàïëàñà â ìíîãîìåðíûõ âåñîâûõ ïðîñòðàí-

ñòâàõ â íåîãðàíè÷åííîé îáëàñòè

Â äàííîì ðàçäåëå ðàáîòû èçó÷èì ãðàíè÷íûå çàäà÷è äëÿ îïåðàòîðà Ëà-
ïëàñà â íåîãðàíè÷åííûõ îáëàñòÿõ Ω ⊂ Rn.

Èññëåäóþòñÿ ðåøåíèÿ u(x) óðàâíåíèÿ Ëàïëàñà

△u(x) ≡
n∑

i=1

∂2u

∂x2i
= 0, x ∈ Ω ≡ Rn \G, (1)

âíå êîìïàêòà G, ñîäåðæàùåãî íà÷àëî êîîðäèíàò,

D(u,Ω) =

∫
Ω

|∇u|2dx, Dα(u,Ω) ≡
∫
Ω

ρα|∇u|2dx, (2)

ãäå ρ = |x| =
√
x21 + ...+ x2n, α ∈ R1.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:
C∞
0 (Ω) � ïðîñòðàíñòâî ôóíêöèé èç C∞(Ω), èìåþùèõ êîìïàêòíûé íîñè-

òåëü â Ω;
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W 1
2 (Ω) � ïðîñòðàíñòâî ôóíêöèé, ïîëó÷åííîå ïîïîëíåíèåì C

∞(Ω) ïî íîðìå

||u||W 1
2 (Ω) =

[∫
Ω

(|∇u|2 + |u|2)dx
] 1

2

, ∇u =

(
∂u

∂x1
, ...,

∂u

∂xn

)
;

◦
W

1

2 (Ω) � ïðîñòðàíñòâî ôóíêöèé, ïîëó÷åííîå ïîïîëíåíèåì C∞
0 (Ω) ïî ýòîé

æå íîðìå;
W 1

2,loc(Ω) � ïðîñòðàíñòâî ôóíêöèé u(x) òàêèõ, ÷òî u(x) ∈W 1
2 (Ω∩QR) äëÿ

ëþáîãî øàðà QR = {x ∈ Rn : |x| < R};
◦
W

1

2,loc (Ω) � ïðîñòðàíñòâî ôóíêöèé u(x) ∈W 1
2,loc(Ω) òàêèõ, ÷òî u(x)

∣∣
∂Ω

= 0.
Èìååò ìåñòî ñëåäóþùàÿ ëåììà.

Ëåììà 1. Ïóñòü ôóíêöèÿ u(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ△u(x) = 0 â
Ω, óäîâëåòâîðÿþùåå óñëîâèþ Dα(u,Ω) <∞. Òîãäà ïðè n ≥ 3 äëÿ ôóíêöèè
u(x) ñïðàâåäëèâî ïðåäñòàâëåíèå

u(x) = P (x) + C0Γ(x) +
n∑

j=1

Cj
∂Γ(x)

∂xj
+ u1(x), (3)

ãäå P (x) � ìíîãî÷ëåí ñòåïåíè íèæå

d0 = max{1; 1− α+ n

2
},

Γ(x) = − 1

(n− 2)σn
|x|2−n � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà

[4], σn � ïëîùàäü ïîâåðõíîñòè åäèíè÷íîé ñôåðû â Rn, Ci, i = 0, 1, ..., n, �
íåêîòîðûå êîíñòàíòû, à äëÿ ôóíêöèè u1(x) ñïðàâåäëèâà îöåíêà

|∂γxu1(x)| ≤ bγ |x|−n−|γ|, (4)

γ = (γ1, γ2, ..., γn), γi, i = 1, ..., n, � öåëûå íåîòðèöàòåëüíûå ÷èñëà, bγ =

const, ∂x = (∂xi , ..., ∂xn), ∂xj =
∂

∂xj

, j = 1, ..., n.

Äîêàçàòåëüñòâî. Òàê êàê îáëàñòü G îãðàíè÷åíà, òî ìîæíî ñ÷èòàòü, ÷òî
îíà ñîäåðæèòñÿ â øàðå QR = {x ∈ Rn : |x| < R}.
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Ïóñòü θ(|x|) ∈ C∞(R1), θ = 1 ïðè |x| > R + 2 è θ = 0 ïðè |x| < R + 1,
òîãäà ôóíêöèÿ v(x) = θ(|x|) · u(x) óäîâëåòâîðÿåò óðàâíåíèþ △v(x) = f(x)
â Rn, ãäå f(x) ∈ C∞

0 (Rn).
Ïîëîæèì

w(x) = v(x)−
∫
Rn

Γ(x− y) · f(y) · dy, (5)

ãäå Γ(x) � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà. Î÷åâèäíî, ÷òî

△w(x) = 0 â Rn. (6)

Ïðèìåíèâ ê óðàâíåíèþ (6) ïðåîáðàçîâàíèå Ôóðüå, ïîëó÷èì

|η|2 · w̃(η) = 0, (7)

ãäå w̃(η) � îáðàç Ôóðüå ôóíêöèè w(x).
Èç (7) ñëåäóåò, ÷òî íîñèòåëü ôóíêöèè w̃(η) ñîäåðæèòñÿ â îäíîòî÷å÷íîì

ìíîæåñòâå {0}. Ñëåäîâàòåëüíî, w̃(η) ÿâëÿåòñÿ êîíå÷íîé ëèíåéíîé êîìáè-
íàöèåé δ(x)-ôóíêöèè è å¼ ïðîèçâîäíûõ [4]. Îòñþäà ñëåäóåò, ÷òî w(x) ÿâ-
ëÿåòñÿ ìíîãî÷ëåíîì.

Èç (5) ïîëó÷èì
v(x) = P (x) + v1(x), (8)

ãäå P (x) ≡ w(x) � ìíîãî÷ëåí, à

v1(x) =

∫
Rn

Γ(x− y) · f(y) · dy, (9)

Ïóñòü d � ïîðÿäîê ìíîãî÷ëåíà P (x). Ïîêàæåì, ÷òî d < d0.

Ïðåäïîëîæèì, ÷òî d ≥ d0 ≥ 1. Òîãäà ñóùåñòâóåò êîíóñ K â Rn ñ âåð-
øèíîé â íà÷àëå êîîðäèíàò è ÷èñëî N > 0 òàêèå, ÷òî

|∇P (x)| ≥ constρd−1 (10)

ïðè x ∈ K ∩ {x ∈ Rn : ρ > N}. Ïîä êîíóñîì K â Rn ñ âåðøèíîé â íà÷àëå
êîîðäèíàò áóäåì ïîíèìàòü òàêóþ îáëàñòü, ÷òî åñëè x ∈ K, òî µ · x ∈ K
ïðè âñåõ µ > 0.
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Ñ äðóãîé ñòîðîíû, òàê êàê

f(x) ∈ C∞
0 (Rn), a |∇xΓ(x− y)| ≤ c · |x− y|1−n,

òî
|∇v1(x)| ≤ const ρ1−n.

Îòñþäà è èç (10) ñëåäóåò, ÷òî

|∇v(x)| ≥ const ρd−1 (11)

ïðè x ∈ K ∩ {x ∈ Rn : ρ > N}. Èç îïðåäåëåíèÿ ôóíêöèè v(x) ñëåäóåò, ÷òî
Dα(v(x),Ω) <∞. Ñ äðóãîé ñòîðîíû, â ñèëó íåðàâåíñòâà (11) ñëåäóåò, ÷òî

Dα(v(x),Ω) ≥
∫

K∩{ρ>N}

ρ2(d−1)+αdx.

Äëÿ ñõîäèìîñòè ïîëó÷åííîãî èíòåãðàëà íåîáõîäèìî, ÷òîáû

2(d− 1) + α+ n < 0,

îòêóäà ñëåäóåò, ÷òî

d < 1− (α+ n)

2
≤ d0.

Èòàê,
d < d0.

Äîêàæåì òåïåðü, ÷òî

v1(x) = a0 · Γ(x) +
n∑

j=1

aj
∂Γ(x)

∂xj
+ v2(x), (12)

ãäå a0, ..., an � íåêîòîðûå êîíñòàíòû, à ôóíêöèÿ v2(x) óäîâëåòâîðÿåò íåðà-
âåíñòâó (4).

Ïî ôîðìóëå Òåéëîðà [6] èìååì

Γ(x− y) = Γ(x)−
n∑

j=1

∂Γ(x)

∂xj
yj +

∫ 1

0
(1− t) ·

n∑
i,j=1

∂2Γ(x+ t · y)
∂xi∂xj

dt · yi · yj .

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 1



Ïîâåäåíèå ðåøåíèé óðàâíåíèÿ Ïóàññîíà è áèãàðìîíè÷åñêîãî ... 123

Ïîäñòàâëÿÿ ýòî ðàâåíñòâî â (9), ïîëó÷èì

v1(x) = Γ(x) ·
∫
Rn

f(y) · dy −
n∑

j=1

∫
Rn

yj · f(y) · dy
∂Γ(x)

∂xj
+

+

∫
Rn

∫ 1

0
(1− t) ·

n∑
i,j=1

∂2Γ(x+ t · y)
∂xi∂xj

dt · yi · yj · f(y) · dy.

Îòñþäà ñëåäóåò ôîðìóëà (12) ñ

a0 =

∫
Rn

f(y)dy, aj = −
∫
Rn

f(y) · yjdy,

v2(x) =

∫
Rn

∫ 1

0
(1− t) ·

n∑
i,j=1

∂2Γ(x+ t · y)
∂xi∂xj

dt · yi · yj · f(y) · dy.

Âûïîëíåíèå íåðàâåíñòâ (4) äëÿ ôóíêöèè v2(x) ïðîâåðÿåòñÿ íåïîñðåäñòâåí-
íî. Òàê êàê u(x) = v(x) = P (x) + v1(x) ïðè |x| > R+ 2, òî îòñþäà ñëåäóåò
ïðåäñòàâëåíèå (3) äëÿ ôóíêöèè u(x). Ëåììà äîêàçàíà.

2. Ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ Ëàïëàñà â íåîãðàíè-

÷åííîé îáëàñòè

Â îáëàñòè Ω = Rn \G ðàññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ óðàâíå-
íèÿ (1) ñ ãðàíè÷íûì óñëîâèåì

u(x)|∂Ω = 0. (13)

Îïðåäåëåíèå 1. [7].Ôóíêöèþ u(x) íàçûâàþò îáîáùåííûì ðåøåíèåì çà-

äà÷è (1), (13), åñëè u(x) ∈
◦
W

1

2,loc (Ω) è äëÿ ëþáîé ôóíêöèè ψ(x) ∈ C∞
0 (Ω)

èìååò ìåñòî èíòåãðàëüíîå òîæäåñòâî∫
Ω

n∑
i=1

∂u

∂xi
· ∂ψ
∂xi

dx = 0. (14)
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Çäåñü ìû áóäåì âû÷èñëÿòü ðàçìåðíîñòü ïðîñòðàíñòâà ðåøåíèé çà-
äà÷è (1), (13), óäîâëåòâîðÿþùèõ óñëîâèþ

Dα(u,Ω) ≡
∫
Ω

ρα|∇u|2dx <∞,

ãäå α ∈ R1.
Ïóñòü Π1(α) = {u(x)|u(x) � îáîáùåííîå ðåøåíèå çàäà÷è (1), (13) ñ óñëî-

âèåì Dα(u,Ω) < ∞}. Îáîçíà÷èì ÷åðåç m1(α) ðàçìåðíîñòü ïðîñòðàíñòâà
Π1(α), ò.å. m1(α) = dimΠ1(α).

Íèæå áóäóò ïîëó÷åíû ôîðìóëû äëÿ âû÷èñëåíèÿ âåëè÷èíû m1(α) â
çàâèñèìîñòè îò ÷èñëà α ∈ R1. Âñå òåîðåìû áóäóò ñôîðìóëèðîâàíû è äî-
êàçàíû äëÿ çàäà÷è (1), (13) ñ óñëîâèåì

Dα(u,Ω) <∞.

Ñíà÷àëà ðàññìîòðèì ñëåäóþùóþ âñïîìîãàòåëüíóþ çàäà÷ó:

△u = 0, (15)

u(x)|∂Ω = φ(x), (16)

F (u) ≡
∫
Ω

[
|x|−2|u|2 + |∇u|2

]
dx <∞. (17)

Ëåììà 2. Äëÿ ëþáîé ôóíêöèè φ ∈ C1(∂Ω) çàäà÷à (15),(16),(17) èìååò
åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî. Äîêàæåì ñíà÷àëà åäèíñòâåííîñòü ðåøåíèÿ.
Ïóñòü u1(x), u2(x) � äâà ðåøåíèÿ çàäà÷è (15),(16),(17). Òîãäà ôóíêöèÿ

u(x) = u1(x)− u2(x)

òîæå ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (15),(16),(17) c

φ(x) = 0,

ò.å. ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (15), (13), (17). Ïóñòü

v(x) = θN (x) · u(x),
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ãäå

θN = θ(
| x |
N

), θ ∈ C∞(Rn), 0 ≤ θ ≤ 1,

θ(t) = 0 ïðè t > 2 è θ(t) = 1 ïðè t < 1.

Òîãäà, óìíîæàÿ óðàâíåíèå (15) íà ôóíêöèþ v(x) è èíòåãðèðóÿ ïî Ω
ïðè äîñòàòî÷íî áîëüøîì N , ïîëó÷èì

0 =

∫
Ω

∆u · v(x)dx ≡ −
∫
Ω

| ∇u |2 ·θN (x)dx−
∫
Ω

(∇u) · (∇θN (x)) · udx =

= −
∫
Ω

| ∇u |2 ·θN (x)dx− 1

N

∫
N<|x|<2N

(∇u) · ∇θ( | x |
N

) · u(x)dx. (18)

Îöåíèì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (18), ïðèìåíÿÿ íåðàâåíñòâî
Øâàðöà,∣∣∣∣ 1N

∫
N<|x|<2N

(∇u) · ∇θ( |x|
N

) · u(x)dx
∣∣∣∣ ≤ C ·

∫
|x|>N

|∇u| |u|
x

· dx ≤

≤ C

[ ∫
|x|>N

|∇u|2dx
] 1

2

·
[ ∫
|x|>N

|u|2

|x|2
dx

] 1
2

→ 0 ïðè N → ∞

â ñèëó óñëîâèÿ (17). Ïåðåõîäÿ ê ïðåäåëó ïðè N → ∞ â (18), ïîëó÷èì∫
Ω

|∇u|2dx = 0,

îòêóäà ñëåäóåò, ÷òî u(x) ≡ const. Òàê êàê u(x) |∂Ω= 0, òî u(x) ≡ 0 â Ω.

Äîêàæåì òåïåðü, ÷òî çàäà÷à (15),(16),(17) èìååò ðåøåíèå. Îáîçíà÷èì
÷åðåç W 1

2,F çàìûêàíèå ïðîñòðàíñòâà C∞
0 (Ω) ïî íîðìå

∥u(x)∥W 1
2,F

= [F (u)]
1
2 .
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Îïðåäåëèì ìíîæåñòâî M = {v(x) ∈ W 1
2,F , v(x) |∂Ω= φ(x)} è ðàññìîòðèì

ôóíêöèîíàë

I(v) =

∫
Ω

|∇v(x)|2dx.

Òàê êàê I(v) ≥ 0 äëÿ ëþáîãî v(x) ∈M , òî ìíîæåñòâî çíà÷åíèé I íà M
îãðàíè÷åíî ñíèçó. Âñÿêîå ìíîæåñòâî, îãðàíè÷åííîå ñíèçó, èìååò òî÷íóþ
íèæíþþ ãðàíü [6]. Ïîëîæèì inf

v∈M
I(v) = µ, µ ≥ 0. Èç ìíîæåñòâà M ìîæíî

âûäåëèòü ïîñëåäîâàòåëüíîñòü {uk}, äëÿ êîòîðîé I(uk) → µ ïðè k → ∞,
÷òî ñëåäóåò èç îïðåäåëåíèÿ òî÷íîé íèæíåé ãðàíè. Ïîñëåäîâàòåëüíîñòü
{uk} íàçîâåì ìèíèìèçèðóþùåé [8].

Äîêàæåì ñíà÷àëà, ÷òî ñóùåñòâóåò ôóíêöèÿ u0 ∈M òàêàÿ, ÷òî I(u0) =
µ. Ïóñòü çàäàíî ε > 0. Íàéäåòñÿ òàêîå N >> 1, ÷òî I(uk) < µ + ε, åñëè
k > N .

Ïóñòü k,m > N . Òàê êàê uk, um ∈M , òî
uk + um

2
∈M, ïîýòîìó

I(
uk + um

2
) ≥ µ.

Èç ðàâåíñòâà ïàðàëëåëîãðàììà

I(
uk + um

2
) + I(

uk − um
2

) =
1

2
· I(uk) +

1

2
· I(um)

ñëåäóåò íåðàâåíñòâî

µ+ I(
uk + um

2
) ≤ (

µ+ ε

2
) + (

µ+ ε

2
) = µ+ ε,

ò.å.

I(
uk − um

2
) ≤ ε ïðè I(uk − um) ≤ 4ε.

Òàêèì îáðàçîì, I(uk − um) → 0 ïðè k,m → ∞. Êðîìå òîãî, òàê êàê
(uk − um)|∂Ω = 0, òî ïî ëåììå Õàðäè [9] èìååì∫

Ω

|uk − um|2 · |x|−2dx ≤ C ·
∫
Ω

|∇(uk − um)|2dx.

Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü {uk} ôóíäàìåíòàëüíà â W 1
2,F .
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Îáîçíà÷èì ïðåäåëüíóþ ôóíêöèþ ÷åðåç u0(x). Òàê êàê ôóíêöèîíàë I(v)
ÿâëÿåòñÿ íåïðåðûâíûì íà W 1

2,F , òî

I(u0) = lim
k→∞

I(uk) = µ.

Êðîìå òîãî, î÷åâèäíî, ÷òî ïðîñòðàíñòâî W 1
2,F íåïðåðûâíî âëîæåíî â

W 1
2,loc(Ω). Îòñþäà è èç ðàâåíñòâà uk|∂Ω = φ ñëåäóåò, ÷òî u0|∂Ω = φ. Òà-

êèì îáðàçîì, u0(x) ∈M è I(u0) = µ.

Ïîêàæåì, ÷òî ôóíêöèÿ u0(x) ∈ M óäîâëåòâîðÿåò óñëîâèþ (15). Ïóñòü
v ∈ C∞

0 (Ω). Òîãäà ôóíêöèÿ f(t) = I(u0 + v · t), îïðåäåëåííàÿ íà R1, èìååò
ëîêàëüíûé ìèíèìóì â òî÷êå t = 0. Òàê êàê ôóíêöèÿ

f(t) = I(u0) + 2 · t ·
∫
Ω

∇u0 · ∇vdx+ t2 · I(v)

äèôôåðåíöèðóåìà ïî t, òî f ′(0) = 0. Ñëåäîâàòåëüíî,
∫
Ω

∇u0 · ∇vdx = 0 äëÿ

ëþáîé ôóíêöèè v ∈ C∞
0 (Ω). Ýòî îçíà÷àåò, ÷òî ôóíêöèÿ u0(x) ÿâëÿåòñÿ

îáîáùåííûì ðåøåíèåì óðàâíåíèÿ (15). Ëåììà 2.1 ïîëíîñòüþ äîêàçàíà.

Òåïåðü ïåðåéäåì ê âû÷èñëåíèþ ðàçìåðíîñòè ïðîñòðàíñòâà ðåøåíèé çà-
äà÷è (15), (13) ñ óñëîâèåì Dα(u,Ω) <∞.

Òåîðåìà 1. Ïóñòü n > 2 è −n ≤ α < n− 2. Òîãäà m1(α) = 1.

Äîêàçàòåëüñòâî. Ïîêàæåì ñíà÷àëà, ÷òî m1(0) = 1. Ïóñòü u0 � ðåøåíèå
çàäà÷è (15), (16), (17) ñ φ ≡ 1. Òàêîå ðåøåíèå ñóùåñòâóåò è åäèíñòâåííî
ñîãëàñíî ëåììå 1.1.

Ðàññìîòðèì ôóíêöèþ u(x) = u0(x)− 1. Î÷åâèäíî, ÷òî u(x) óäîâëåòâî-
ðÿåò óðàâíåíèþ (15) è ãðàíè÷íîìó óñëîâèþ (13). Êðîìå òîãî, â ñèëó (17)
Dα(u,Ω) <∞. Ñëåäîâàòåëüíî, u(x) ∈ Π1(0). Òàêèì îáðàçîì, m1(0) ≥ 1.

Äîêàæåì, ÷òî ëþáàÿ äðóãàÿ ôóíêöèÿ v(x) èç ïðîñòðàíñòâà Π1(0) ïðåä-
ñòàâëÿåòñÿ â âèäå v(x) = s·u(x), ãäå s ∈ R � íåêîòîðàÿ êîíñòàíòà. Ñîãëàñíî
ëåììå 1.1 äëÿ ôóíêöèè u(x) ñïðàâåäëèâî ïðåäñòàâëåíèå:

u(x) = P (x) + C0Γ(x) +

n∑
j=1

Cj
∂Γ(x)

∂xj
+ u1(x), (19)
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ãäå P (x) � ìíîãî÷ëåí, degP (x) ≤ 1 è ôóíêöèÿ u1(x) óäîâëåòâîðÿåò íåðà-
âåíñòâó (4). Ïîêàæåì, ÷òî P (x) ≡ a0 ̸= 0. Äîïóñòèì ïðîòèâíîå. Ïóñòü
a0 = 0. Òîãäà

|u(x)| ≤ |c0Γ(x)|+
n∑

j=1

|cj ·
∂Γ(x)

∂xj
|+ |u1(x)| ≤ const · |x|2−n, (20)

|∇u(x)| ≤ |c0∇Γ(x)|+
n∑

j=1

|cj · ∇
∂Γ(x)

∂xj
|+ |∇u1(x)| ≤ const · |x|1−n.

Óìíîæèì óðàâíåíèå (15) íà ôóíêöèþ Φ(x) = θN (x) · u(x), ãäå θN =

θ(
| x |
N

), θ ∈ C∞(R1), 0 ≤ θ ≤ 1, θ(s) = 1 ïðè s < 1 è θ(s) = 0 ïðè s > 2, è

ïðîèíòåãðèðóåì ïî Ω, ïîëó÷èì

0 =

∫
Ω

∆u(x) · Φ(x)dx ≡
∫
Ω

△u(x) · θN (x) · u(x)d(x) ≡

≡ −
∫
Ω

θN (x)· | ∇u(x) |2 dx− 1

N

∫
Ω

∇u(x) · θN (x) · u(x)dx. (21)

Îöåíèì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè ïîëó÷åííîãî ðàâåíñòâà (21).
Â ñèëó íåðàâåíñòâ (20) èìååì∣∣∣∣ 1N

∫
Ω

∇u(x) · θN (x) · u(x)dx
∣∣∣∣ ≤ C · 1

N

∫
Ω
∩
{|x|>N}

|∇u(x)| · |u(x)| · |x|−1dx ≤

≤ C ·
∫

|x|>N

|x|2−2ndx→ 0

ïðè N → ∞. Îòñþäà è èç (21) ñëåäóåò, ÷òî
∫
Ω

|∇u(x)|2dx = 0 , ñëåäîâàòåëü-

íî, u(x) = const. Â ñèëó ãðàíè÷íîãî óñëîâèÿ (13) u(x) ≡ 0. Ïîëó÷åííîå
ïðîòèâîðå÷èå ïîêàçûâàåò, ÷òî â ïðåäñòàâëåíèè (19) ïîñòîÿííàÿ a0 ̸= 0.

Ïóñòü òåïåðü v(x) � ïðîèçâîëüíàÿ ôóíêöèÿ èç Π1(0). Òîãäà â ñèëó ëåì-
ìû 1.1 èìååì

v(x) = a′0 + c′0Γ(x) +

n∑
j=1

c′j
∂Γ(x)

∂xj
+ v1(x), (22)
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ãäå ôóíêöèÿ v1(x) óäîâëåòâîðÿåò îöåíêàì (17).

Ïîëîæèì s =
a′0
a0

è ðàññìîòðèì ôóíêöèþ w(x) = v(x)−s ·u(x). Î÷åâèä-
íî, ÷òî △w = 0 â Ω è w(x) |∂Ω= 0. Êðîìå òîãî, â ñèëó (19), (22) è âûáîðà
÷èñëà s ôóíêöèÿ w(x) óäîâëåòâîðÿåò íåðàâåíñòâàì (21). Îòñþäà, êàê áûëî
ïîêàçàíî âûøå, ñëåäóåò, ÷òî w(x) = 0. Òàêèì îáðàçîì, m1(0) = 1.

Ïîêàæåì òåïåðü, ÷òî m1(α) = m1(0) ïðè −n ≤ α < n− 2. Ïóñòü
u(x) ∈ Π1(0) ïðè íåêîòîðîì α ∈ [−n; 0). Òîãäà èç ëåììû 1.1 ñëåäóåò, ÷òî

u(x) = a0 + c0Γ(x) +
n∑

j=1

Cj
∂Γ(x)

∂xj
+ u1(x). (23)

Ïîýòîìó

|∇u(x)| ≤ |c0∇Γ(x)|+
n∑

j=1

|cj · ∇
∂Γ(x)

∂xj
|+

+|∇u1(x)| ≤ const · |x|1−n. (23a)

Îòñþäà ñëåäóåò, ÷òî

D0(u,Ω) ≡
∫
Ω

|∇u|2dx ≤ const ·
∫
Ω

|x|2−2ndx <∞,

ò.å. u(x) ∈ Π1(0).
Òàêèì îáðàçîì, ïðîñòðàíñòâî Π1(0) ⊂ Π1(α) ïðè −n ≤ α < 0. Ñ äðóãîé

ñòîðîíû, Π1(α) ⊂ Π1(0) ïðè α < 0. Ñëåäîâàòåëüíî, m1(α) = m1(0) = 1
ïðè −n ≤ α < 0.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà 0 ≤ α < n− 2. Äîñòàòî÷íî ïîêàçàòü,
÷òî Π1(0) ⊂ Π1(α) ïðè óêàçàííûõ çíà÷åíèÿõ ïàðàìåòðà α.

Ïóñòü u(x) ∈ Π1(0). Òîãäà ôóíêöèþ u(x) ìîæíî ïðåäñòàâèòü â âèäå
(23) è äëÿ íåå ñïðàâåäëèâà îöåíêà (23a). Çíà÷èò,

Dα(u,Ω) =

∫
Ω

ρα|∇u|2dx ≤ const ·
∫
Ω

|x|2−2n+αdx <∞

ïðè α < n− 2, ò.å. u(x) ∈ Π1(α). Òàêèì îáðàçîì, Π1(0) ⊂ Π1(α) è m1(α) =
m1(0) = 1, åñëè −0 ≤ α < n− 2. Òåîðåìà äîêàçàíà.
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Òåîðåìà 2. Ïóñòü n > 2 è n− 2 ≤ α <∞. Òîãäà m1(α) = 0.

Äîêàçàòåëüñòâî òåîðåìû ìû íå áóäåì ïðîâîäèòü.

3. ßäðî îïåðàòîðà Áè-Ëàïëàñà â ìíîãîìåðíûõ âåñîâûõ ïðî-

ñòðàíñòâàõ â íåîãðàíè÷åííîé îáëàñòè

Â ðàáîòå [5] ïîñòðîåíà â ÿâíîì âèäå ôóíêöèÿ Ãðèíà çàäà÷è Äèðèõëå â
êðóãå, à â ðàáîòàõ [11, 12] ïîñòðîåíà ôóíêöèÿ Ãðèíà çàäà÷è Äèðèõëå äëÿ
ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ â øàðå ïðîèçâîëüíîé ðàçìåðíîñòè.

Â äàëüíåéøåì áóäåì èññëåäîâàòü ðåøåíèÿ u(x) çàäà÷è Äèðèõëå äëÿ
áèãàðìîíè÷åñêîãî óðàâíåíèÿ

△2u(x) ≡
n∑

i,j=1

∂4u

∂x2i ∂x
2
j

= 0, x ∈ Ω ≡ Rn \G, (24)

u(x)|∂Ω = 0,
∂u

∂n

∣∣∣∣
∂Ω

= 0 (25)

âíå êîìïàêòà G, ñîäåðæàùåãî íà÷àëî êîîðäèíàò,

D(u,Ω) ≡
∫
Ω

[
|∇(△u)|2 + |u|2

]
dx, Dα(u,Ω) ≡

∫
Ω

ρα
[
|∇(△u)|2 + |u|2

]
dx, (26)

ãäå ρ = |x| =
√
x21 + ...+ x2n, α ∈ R1.

Ñîîòâåòñòâåííî äëÿ ñëó÷àÿ îïåðàòîðà áè-Ëàïëàñà ââåäåì ñëåäóþùèå
îáîçíà÷åíèÿ:
C∞
0 (Ω) � ïðîñòðàíñòâî ôóíêöèé èç C∞(Ω), èìåþùèõ êîìïàêòíûé íîñè-

òåëü â Ω;
W 3

2 (Ω) � ïðîñòðàíñòâî ôóíêöèé, ïîëó÷åííîå ïîïîëíåíèåì C
∞(Ω) ïî íîðìå

||u||W 3
2 (Ω) =

[∫
Ω

(
|∇(△u)|2 + |u|2

)
dx

] 1
2

,

∇u =

(
∂u

∂x1
, ...,

∂u

∂xn

)
, △u =

∂2u

∂x21
+ ...+

∂2u

∂x2n
;
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◦
W

3

2 (Ω) � ïðîñòðàíñòâî ôóíêöèé, ïîëó÷åííîå ïîïîëíåíèåì C∞
0 (Ω) ïî ýòîé

æå íîðìå;
W 3

2,loc(Ω) � ïðîñòðàíñòâî ôóíêöèé u(x) òàêèõ, ÷òî u(x) ∈W 3
2 (Ω∩QR) äëÿ

ëþáîãî øàðà QR = {x ∈ Rn : |x| < R};
◦
W

3

2,loc (Ω) � ïðîñòðàíñòâî ôóíêöèé u(x) ∈W 3
2,loc(Ω) òàêèõ, ÷òî u(x)

∣∣
∂Ω

= 0,

∂u

∂n

∣∣∣∣
∂Ω

= 0.

Îïðåäåëåíèå 2. Ôóíêöèþ u(x) íàçûâàþò îáîáùåííûì ðåøåíèåì çàäà÷è

(24), (25), åñëè u(x) ∈
◦
W

3

2,loc (Ω) è äëÿ ëþáîé ôóíêöèè ψ(x) ∈ C∞
0 (Ω) èìååò

ìåñòî èíòåãðàëüíîå òîæäåñòâî∫
Ω

n∑
i=1

∂(△u)
∂xi

· ∂ψ
∂xi

dx = 0. (27)

Äàëåå ìû áóäåì âû÷èñëÿòü ðàçìåðíîñòü ïðîñòðàíñòâà ðåøåíèé çàäà÷è
(24), (25), óäîâëåòâîðÿþùèõ óñëîâèþ

Dα(u,Ω) ≡
∫
Ω

ρα
[
|∇(△u)|2 + |u|2

]
dx <∞.

Ëåììà 3. Ïóñòü n � íå÷åòíîå, à òàêæå n � ÷åòíûõ åñëè n > 4. Ïóñòü ôóíê-
öèÿ u(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ △2u(x) = 0 â Ω, óäîâëåòâîðÿþùèì
óñëîâèþ Dα(u,Ω) < ∞. Òîãäà ïðè n ≥ 3 äëÿ ôóíêöèè u(x) ñïðàâåäëèâî
ïðåäñòàâëåíèå

u(x) = P (x) + C0Γ(x) +

n∑
j=1

Cj
∂Γ(x)

∂xj
+ u1(x), (28)

ãäå P (x) � ìíîãî÷ëåí ñòåïåíè íèæå

d0 = max{1; 2− α+ n

2
},

Γ(x) =
1

(4− n)4 · (2− n)
· 1

σn
|x|4−n � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà

áè-Ëàïëàñà [4], σn = (2π)n � ïëîùàäü ïîâåðõíîñòè åäèíè÷íîé ñôåðû â Rn,
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Ci, i = 0, 1, ..., n � íåêîòîðûå êîíñòàíòû, à äëÿ ôóíêöèè u1(x) ñïðàâåäëèâà
îöåíêà:

|∂γx △ u1(x)| ≤ bγ |x|−n−|γ|, (29)

γ = (γ1, γ2, ..., γn), γi, i = 1, ..., n, � öåëûå íåîòðèöàòåëüíûå ÷èñëà, bγ =

const, ∂x = (∂xi , ..., ∂xn), ∂xj =
∂

∂xj

, j = 1, ..., n.

Ïóñòü Π1(α) = {u(x)|u(x) � îáîáùåííîå ðåøåíèå çàäà÷è (24), (25) ñ
óñëîâèåì Dα(u,Ω) < ∞}. Îáîçíà÷èì ÷åðåç m1(α) ðàçìåðíîñòü ïðîñòðàí-
ñòâà Π1(α), ò.å. m1(α) = dimΠ1(α).

Â çàâèñèìîñòè îò ÷èñëà α ∈ R1 ìû ñôîðìóëèðóåì âñå óòâåðæäåíèÿ
ëåììû è òåîðåìû äëÿ çàäà÷è Äèðèõëå áèãàðìîíè÷åñêîãî óðàâíåíèÿ ñ óñëî-
âèåì Dα(u,Ω) < ∞. Çäåñü ìû íå áóäåì ïðèâîäèòü äîêàçàòåëüñòâî óòâåð-
æäåíèé, òàê êàê îíè àíàëîãè÷íû ñëó÷àþ îïåðàòîðà Ëàïëàñà.

Ðàññìàòðèâàåòñÿ âñïîìîãàòåëüíàÿ çàäà÷à

△2u = 0, x ∈ Ω, (30)

u(x)|∂Ω = φ0(x), x ∈ ∂Ω, (31)

∂u

∂n

∣∣∣∣
∂Ω

= φ1(x), x ∈ ∂Ω, (32)

F (u) ≡
∫
Ω

[
|x|−2|u|2 + |∇(△u)|2

]
dx <∞. (33)

Ëåììà 4. Äëÿ ëþáûõ ôóíêöèé φ0 ∈ C3(∂Ω), φ1 ∈ C2(∂Ω) çàäà÷à (30)-(33)
èìååò åäèíñòâåííîå ðåøåíèå.

Òåîðåìà 3. Ïóñòü n > 4 è 2− n ≤ α < n− 4. Òîãäà m1(α) = 1.

Òåîðåìà 4. Ïóñòü n > 4 è n− 4 ≤ α <∞. Òîãäà m1(α) = 0.
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Êîøàíîâ Á.Ä., Ê³ëiìáåê Æ.Ê. ØÅÊÒÅËÌÅÃÅÍ ÎÁËÛÑÒÀ�Û
ÏÓÀÑÑÎÍ ÒÅ�ÄÅÓI ÌÅÍ ÁÈÃÀÐÌÎÍÈßËÛ ÒÅ�ÄÅÓÄI� ØÅØIÌ-
ÄÅÐIÍI� Ò�ÐÒIÁI

Á´ë ìà©àëàäà Ïóàññîí òå­äåóè ìåí áiðòåêñiç áèãàðìîíèÿëû òå­äåóäi­
øåêòåëìåãåí îáëûñòà¡û øåøiìäåði çåðòòåëäi. Îñûíäàé çåðòòåóëåðäå ©à-
ðàñòûðûëàòûí òå­äåóëåðäi­ øåøiìií áiðìºíäi àíû©òàéòûí ©îñûìøà øàð-
òòû øåêñiçäiêòå åíãiçó ©àæåòòiëiãi òóûíäàéäû. �îñûìøà øåêñiçäiêòåãi
øàðòû áàð æî¡àðûäà ê°ðñåòiëãåí åñåïòåðäi­ øåøiìäåð êå­iñòiêòåðiíi­ °ë-
øåìäåði åñåïòåëiíãåí.

Koshanov B.D., Kulimbåk Zh.K. THE BEHAVIOR OF THE SOLUTIONS
OF POISSON EQUATION AND BIHARMONIC EQUATION IN
UNBOUNDED DOMAIN

In this paper we study the solutions of Poisson equation and
nonhomogeneous biharmonic equation in unbounded domain. In the study,
there is a need to add the additional conditions at in�nity, which uniquely
determine the solutions of investigated equations. Dimensions of the spaces
of the solutions of the problems with additional condition at in�nity are
calculated.
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ôèçèêè ñ íåëîêàëüíûìè (íåêëàññè÷åñêèìè) äîïîëíèòåëüíûìè óñëîâèÿ-
ìè. Íåëîêàëüíûìè êðàåâûìè çàäà÷àìè ïðèíÿòî íàçûâàòü çàäà÷è, â êî-
òîðûõ âìåñòî çàäàíèÿ çíà÷åíèé ðåøåíèÿ èëè åãî ïðîèçâîäíûõ íà ôèê-
ñèðîâàííîé ÷àñòè ãðàíèöû çàäàåòñÿ ñâÿçü ýòèõ çíà÷åíèé ñî çíà÷åíèÿìè
òåõ æå ôóíêöèé íà èíûõ âíóòðåííèõ èëè ãðàíè÷íûõ ìíîãîîáðàçèÿõ. Ê
íèì îòíîñÿòñÿ êðàåâûå çàäà÷è ñ óñëîâèÿìè òèïà ïåðèîäè÷íîñòè, ñ óñëîâè-
åì Áèöàäçå-Ñàìàðñêîãî, Ñàìàðñêîãî-Èîíêèíà, ñ óñëîâèÿìè èíòåãðàëüíîãî
òèïà, à òàêæå çàäà÷è ñ ìíîãîòî÷å÷íûìè ãðàíè÷íûìè óñëîâèÿìè îáùåãî
âèäà. Àêòóàëüíîñòü èçó÷åíèÿ ýòèõ çàäà÷ îáóñëîâëåíà òàêæå íàëè÷èåì ðÿ-
äà ôèçè÷åñêèõ ïðèëîæåíèé â îáëàñòè ýëåêòðîñòàòèêè, ýëåêòðîäèíàìèêè,
òåîðèè óïðóãîñòè, ôèçèêè ïëàçìû, ìíîãîñëîéíîé îïòèêè è ò.ï. Âîçìîæ-
íîñòü ïðåäñòàâëåíèÿ ðåøåíèÿ çàäà÷è â èíòåãðàëüíîì âèäå, îñíîâàííîì íà
ôóíêöèè Ãðèíà íà÷àëüíî-êðàåâîé çàäà÷è, èìååò ñóùåñòâåííûå ïðèìóùå-
ñòâà äëÿ ïðàêòèêè. Èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ ïîçâîëÿåò äàòü
ôèçè÷åñêóþ èíòåðïðåòàöèþ: ñîïðÿæåííàÿ ôóíêöèÿ Ãðèíà â òî÷êå ñ êî-
îðäèíàòîé y0 â ìîìåíò âðåìåíè s0 ïðè íàáëþäåíèè òåìïåðàòóðû â òî÷êå
(x0, t0) åñòü òåìïåðàòóðà â òî÷êå x0 â ìîìåíò âðåìåíè t0, åñëè â òî÷êó
y0 â ìîìåíò âðåìåíè s0 ïîìåùåí èìïóëüñíûé òåïëîâîé èñòî÷íèê åäèíè÷-
íîé ìîùíîñòè. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ êðàå-
âàÿ çàäà÷à äëÿ íåîäíîðîäíîãî îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè.
Îáëàñòü ðàññìîòðåíèÿ � ïðÿìîóãîëüíèê. Ñòàâèòñÿ êëàññè÷åñêîå íà÷àëü-
íîå óñëîâèå ïî ïåðåìåííîé t. Ïî ïðîñòðàíñòâåííîé ïåðåìåííîé x ñòàâèòñÿ
íåëîêàëüíîå ïåðèîäè÷åñêîå êðàåâîå óñëîâèå. Õîðîøî èçâåñòíî, ÷òî ðåøå-
íèå ýòîé çàäà÷è ìîæåò áûòü ïîñòðîåíî â âèäå ñõîäÿùåãîñÿ îðòîãîíàëüíîãî
ðÿäà ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è äëÿ îïåðàòîðà êðàò-
íîãî äèôôåðåíöèðîâàíèÿ ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè. Ïîýòî-
ìó ôóíêöèÿ Ãðèíà çàäà÷è ìîæåò áûòü òàêæå âûïèñàíà â âèäå áåñêîíå÷-
íîãî ðÿäà ïî òðèãîíîìåòðè÷åñêèì ôóíêöèÿì (ðÿäà Ôóðüå).
Äëÿ êëàññè÷åñêèõ ïåðâîé è âòîðîé íà÷àëüíî-êðàåâûõ çàäà÷ ñóùåñòâóåò
òàêæå è âòîðîå ïðåäñòàâëåíèå ôóíêöèè Ãðèíà � ÷åðåç ôóíêöèþ ßêîáè.
Â íàñòîÿùåé ðàáîòå íàéäåíî ïðåäñòàâëåíèå ôóíêöèè Ãðèíà íåëîêàëüíîé
íà÷àëüíî-êðàåâîé çàäà÷è ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè â âèäå
ðÿäà ïî ýêñïîíåíòàì.
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2. Ïîñòàíîâêà çàäà÷è

Â îáëàñòè Ω = {0 < x < 1, 0 < t < T} ðàññìîòðèì óðàâíåíèå òåïëî-
ïðîâîäíîñòè

ut − uxx = f(x, t). (1)

Ê êëàññè÷åñêèì çàäà÷àì òåîðèè òåïëîïðîâîäíîñòè îòíîñÿò ïåðâóþ è âòî-
ðóþ íà÷àëüíî-êðàåâûå çàäà÷è. Ýòî � çàäà÷è íàõîæäåíèÿ ðåøåíèÿ óðàâíå-
íèÿ (1), óäîâëåòâîðÿþùåãî íà÷àëüíîìó óñëîâèþ

u∣∣t=0
= τ(x), 0 ≤ x ≤ 1, (2)

è îäíîðîäíûì êðàåâûì óñëîâèÿì

u∣∣x=0
= 0, u∣∣x=1

= 0, 0 ≤ t ≤ T, (3)

èëè
ux∣∣x=0

= 0, ux∣∣x=1
= 0, 0 ≤ t ≤ T, (4)

ñîîòâåòñòâåííî.
Òàêæå õîðîøî èçâåñòíîé è øèðîêî ïðèìåíÿåìîé ÿâëÿåòñÿ íà÷àëüíî-

êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) ñ íà÷àëüíûìè óñëîâèÿìè (2) è ñ ïåðèî-
äè÷åñêèìè êðàåâûìè óñëîâèÿìè

ux(0, t) = ux(1, t), u(0, t) = u(1, t), 0 ≤ t ≤ T. (5)

Ýòè çàäà÷è õîðîøî èññëåäîâàíû, èõ ðåøåíèÿ (â êëàññè÷åñêîì è îáîá-
ùåííîì ñìûñëàõ) ñóùåñòâóþò, åäèíñòâåííû è ìîãóò áûòü ïîñòðîåíû ìå-
òîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Ðåøåíèå ìîæåò áûòü ïðåäñòàâëåíî ñ ïîìî-
ùüþ ôóíêöèè Ãðèíà â âèäå

u(x, t) =

∫ t

0
ds

∫ 1

0
G(x, ξ, t− s)f(ξ, s)dξ +

∫ 1

0
G(x, ξ, t)τ(ξ)dξ. (6)

Ôóíêöèÿ Ãðèíà íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîä-
íîñòè (1) ñ ïðîèçâîëüíûìè ñàìîñîïðÿæåííûìè êðàåâûìè óñëîâèÿìè ïî
ïåðåìåííîé x ñòðîèòñÿ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ â âèäå [1, ñ. 194]

G(x, ξ, t− s) =

∞∑
n=1

e−λn(t−s) 1

∥yn∥2
yn(x)yn(ξ), (7)
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ãäå yn(x) � îðòîãîíàëüíûå ñîáñòâåííûå ôóíêöèè, ñîîòâåòñòâóþùèå ñîá-
ñòâåííûì çíà÷åíèÿì λn.

Ïîýòîìó ôóíêöèè Ãðèíà ïåðâîé, âòîðîé è ïåðèîäè÷åñêîé íà÷àëüíî-
êðàåâûõ çàäà÷ ñîîòâåòñòâåííî èìåþò âèä [1, ñ. 196]:

GD(x, ξ, t− s) = 2

∞∑
n=1

e−(nπ)2(t−s) sin(nπx) sin(nπξ), (8)

GN (x, ξ, t− s) = 1 + 2

∞∑
n=1

e−(nπ)2(t−s) cos(nπx) cos(nπξ), (9)

Gπ(x, ξ, t− s) = 1 + 2
∞∑
n=1

e−(2nπ)2(t−s) cos(2nπ(x− ξ)). (10)

Ôóíêöèÿ Ãðèíà ìîæåò áûòü ïîñòðîåíà ìåòîäîì îòðàæåíèé [2, ñòð. 116].
Ýòî äàåò íàì âòîðîé (ýêâèâàëåíòíûé) âèä ôóíêöèè Ãðèíà. Äëÿ ïåðâîé è
âòîðîé íà÷àëüíî-êðàåâûõ çàäà÷ ñîîòâåòñòâåííî ôóíêöèè Ãðèíà èìåþò âèä

GD(x, ξ, t− s) =
1

2
√

π(t− s)

+∞∑
n=−∞

[
e
− (x−ξ+2n)2

4(t−s) − e
− (x+ξ+2n)2

4(t−s)

]
, (11)

GN (x, ξ, t− s) =
1

2
√

π(t− s)

+∞∑
n=−∞

[
e
− (x−ξ+2n)2

4(t−s) + e
− (x+ξ+2n)2

4(t−s)

]
. (12)

Ýòî ïðåäñòàâëåíèå òàêæå ìîæåò áûòü ïîëó÷åíî ÷åðåç ôóíêöèþ ßêî-
áè [1, ñ. 197]. Êàæäîå èç ïðåäñòàâëåíèé èìååò ñâîè ïðåèìóùåñòâà. Äëÿ
íà÷àëüíî-êðàåâîé çàäà÷è ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè ïî ïðî-
ñòðàíñòâåííîé ïåðåìåííîé ïîäîáíîãî ýêñïîíåíöèàëüíîãî ïðåäñòàâëåíèÿ
ôóíêöèè Ãðèíà ïîëó÷åíî íå áûëî. Â íàñòîÿùåé ðàáîòå íàìè íàéäåíî ïðåä-
ñòàâëåíèå ôóíêöèè Ãðèíà íåëîêàëüíûõ íà÷àëüíî-êðàåâûõ çàäà÷ ñ ïåðèî-
äè÷åñêèìè è àíòèïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè â âèäå ðÿäà ïî
ýêñïîíåíòàì.

3. Ôóíêöèÿ Ãðèíà ïåðèîäè÷åñêîé çàäà÷è

Òåîðåìà 1. Ôóíêöèÿ Ãðèíà íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (1)
ñ íà÷àëüíûìè óñëîâèÿìè (2) è ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè (5)
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èìååò âèä

Gπ(x, ξ, t− s) =
1

2
√
π(t− s)

+∞∑
n=−∞

e
− (x−ξ+n)2

4(t−s) . (13)

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà âîñïîëüçóåìñÿ ñïîñîáîì ðåøåíèÿ
çàäà÷ òåïëîïðîâîäíîñòè ñ íåóñèëåííî ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè,
ïðåäëîæåííûì â [3]. Ðåøåíèå çàäà÷è (1), (2), (5) ïðåäñòàâèì â âèäå

u (x, t) = C (x, t) + S (x, t) , (14)

ãäå C (x, t) è S (x, t) � ÷åòíûå è íå÷åòíûå ïî ïåðåìåííîé x íà èíòåðâàëå
(0, 1) ÷àñòè ôóíêöèè u (x, t):

2C (x, t) = u (x, t) + u (1− x, t) , 2S (x, t) = u (x, t)− u (1− x, t) . (15)

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî ôóíêöèè C (x, t) è S (x, t) ÿâëÿþòñÿ â
îáëàñòè Ω ðåøåíèÿìè óðàâíåíèé òåïëîïðîâîäíîñòè

Ct (x, t)− Cxx (x, t) = f0 (x, t) , (16)

St (x, t)− Sxx (x, t) = f1(x, t) (17)

è óäîâëåòâîðÿþò îäíîðîäíûì íà÷àëüíûì óñëîâèÿì

C (x, 0) = τ0(x), 0 ≤ x ≤ 1, (18)

S (x, 0) = τ1(x), 0 ≤ x ≤ 1, (19)

ãäå îáîçíà÷åíî

2f0 (x, t) = f (x, t) + f (1− x, t) ,

2f1 (x, t) = f (x, t)− f (1− x, t) , (20)

2τ0(x) = τ(x) + τ(1− x), 2τ1(x) = τ(x)− τ(1− x).

Íàéäåì êðàåâûå óñëîâèÿ ïî ïåðåìåííîé x, êîòîðûì íà ãðàíèöå îáëà-
ñòè Ω óäîâëåòâîðÿþò ôóíêöèè C (x, t) è S (x, t). Ïîä÷èíÿÿ ôóíêöèþ (14)
êðàåâûì óñëîâèÿì (5), ñ ó÷åòîì ñîîòíîøåíèé (15) ïîëó÷àåì

Cx (x, 0) = Cx (x, 1) = 0, 0 ≤ x ≤ 1, (21)
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S (x, 0) = S (x, 1) = 0, 0 ≤ x ≤ 1. (22)

Òàêèì îáðàçîì, ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (1) ñ
íà÷àëüíûìè óñëîâèÿìè (2) è ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè (5)
ñâåäåíî ê ðåøåíèþ äâóõ çàäà÷ ñ áîëåå ïðîñòûìè êðàåâûìè óñëîâèÿìè.
Ýòî � âòîðàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (16) ñ íà÷àëüíûì
óñëîâèåì (18) è ñ êðàåâûìè óñëîâèÿìè Íåéìàíà (21) è ïåðâàÿ íà÷àëüíî-
êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (17) ñ íà÷àëüíûì óñëîâèåì (19) è ñ êðàåâû-
ìè óñëîâèÿìè Äèðèõëå (22). Ýòè çàäà÷è õîðîøî èññëåäîâàíû, èõ ðåøåíèÿ
(â êëàññè÷åñêîì è îáîáùåííîì ñìûñëàõ) ñóùåñòâóþò, åäèíñòâåííû è ìî-
ãóò áûòü ïðåäñòàâëåíû ñ ïîìîùüþ ôóíêöèé Ãðèíà (11) è (12) ïî ôîðìóëå
(6).

Äëÿ C (x, t) ïîëó÷àåì ïðåäñòàâëåíèå

C(x, t) =

∫ t

0
ds

∫ 1

0
GN (x, ξ, t− s)f0(ξ, s)dξ +

∫ 1

0
GN (x, ξ, t)τ0(ξ)dξ. (23)

Ó÷èòûâàÿ îáîçíà÷åíèÿ (20), îòñþäà ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé áó-
äåì èìåòü

C(x, t) =
1

2

∫ t

0
ds

∫ 1

0

{
GN (x, ξ, t− s) +GN (x, 1− ξ, t− s)

}
f(ξ, s)dξ+

+
1

2

∫ 1

0

{
GN (x, ξ, t) +GN (x, 1− ξ, t)

}
τ(ξ)dξ. (24)

Àíàëîãè÷íî äëÿ S (x, t) ïîëó÷èì

S(x, t) =
1

2

∫ t

0
ds

∫ 1

0

{
GD(x, ξ, t− s)−GD(x, 1− ξ, t− s)

}
f(ξ, s)dξ+

+
1

2

∫ 1

0

{
GD(x, ξ, t)−GD(x, 1− ξ, t)

}
τ(ξ)dξ. (25)

Ñóììèðóÿ ïîëó÷åííîå â (24) è (25) ñ ó÷åòîì (14) áóäåì èìåòü

u(x, t) =

∫ t

0
ds

∫ 1

0
Gπ(x, ξ, t− s)f(ξ, s)dξ +

∫ 1

0
Gπ(x, ξ, t)τ(ξ)dξ, (26)
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ãäå îáîçíà÷åíî

Gπ(x, ξ, t− s) =
1

2

{
GN (x, ξ, t− s) +GN (x, 1− ξ, t− s)

}
+

+
1

2

{
GD(x, ξ, t− s)−GD(x, 1− ξ, t− s)

}
. (27)

Òåïåðü çäåñü èñïîëüçóåì ÿâíûé âèä ôóíêöèé Ãðèíà èç (11) è (12).
Òîãäà

Gπ(x, ξ, t− s) =
1

2
√

π(t− s)

+∞∑
n=−∞

[
e
− (x−ξ+2n)2

4(t−s) + e
− (x−ξ+2n+1)2

4(t−s)

]
, (28)

îòêóäà ëåãêî ïîëó÷àåì (11). Òåîðåìà äîêàçàíà. �

4. Ôóíêöèÿ Ãðèíà àíòèïåðèîäè÷åñêîé çàäà÷è

Íàðÿäó ñ ðàññìîòðåííûìè âûøå çàäà÷àìè òàêæå õîðîøî èçâåñòíîé è
øèðîêî ïðèìåíÿåìîé ÿâëÿåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1)
ñ íà÷àëüíûìè óñëîâèÿìè (2) è ñ àíòèïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè

ux(0, t) = −ux(1, t), u(0, t) = −u(1, t), 0 ≤ t ≤ T. (29)

Å¼ ðåøåíèå (â êëàññè÷åñêîì è îáîáùåííîì ñìûñëàõ) ñóùåñòâóåò, åäèí-
ñòâåííî è ìîæåò áûòü ïîñòðîåíî ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, à òàêæå
ìîæåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ ôóíêöèè Ãðèíà. Â íàñòîÿùåì ðàç-
äåëå ìû ïîñòðîèì ÿâíûé âèä ôóíêöèè Ãðèíà çàäà÷è â ýêñïîíåíöèàëüíîé
ôîðìå.

Òåîðåìà 2. Ôóíêöèÿ Ãðèíà íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (1) ñ
íà÷àëüíûìè óñëîâèÿìè (2) è ñ àíòèïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè

(29) èìååò âèä

Gaπ(x, ξ, t− s) =
1

2
√

π(t− s)

+∞∑
n=−∞

(−1)ne
− (x−ξ+n)2

4(t−s) . (30)

Äîêàçàòåëüñòâî. Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1 è èñïîëüçóåò
ñïîñîá ðåøåíèÿ çàäà÷ òåïëîïðîâîäíîñòè ñ íåóñèëåííî ðåãóëÿðíûìè êðàå-
âûìè óñëîâèÿìè, ïðåäëîæåííûé â [3]. Ðåøåíèå çàäà÷è (1), (2), (29) ïðåä-
ñòàâèì â âèäå (14), ãäå C (x, t) è S (x, t) � ÷åòíûå è íå÷åòíûå ïî ïåðå-
ìåííîé x íà èíòåðâàëå (0, 1) ÷àñòè ôóíêöèè u (x, t). Íåòðóäíî óáåäèòüñÿ
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â òîì, ÷òî ôóíêöèè C (x, t) è S (x, t) ÿâëÿþòñÿ â îáëàñòè Ω ðåøåíèÿìè
óðàâíåíèé òåïëîïðîâîäíîñòè (16) è (17) ñîîòâåòñòâåííî è óäîâëåòâîðÿþò
îäíîðîäíûì íà÷àëüíûì óñëîâèÿì (18) è (19).

Íàéäåì êðàåâûå óñëîâèÿ ïî ïåðåìåííîé x, êîòîðûì íà ãðàíèöå îáëà-
ñòè Ω óäîâëåòâîðÿþò ôóíêöèè C (x, t) è S (x, t). Ïîä÷èíÿÿ ôóíêöèþ (14)
êðàåâûì óñëîâèÿì (29), ñ ó÷åòîì ñîîòíîøåíèé (15) ïîëó÷àåì

C (x, 0) = C (x, 1) = 0, 0 ≤ x ≤ 1, (31)

Sx (x, 0) = Sx (x, 1) = 0, 0 ≤ x ≤ 1. (32)

Òàêèì îáðàçîì, ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (1) ñ
íà÷àëüíûìè óñëîâèÿìè (2) è ñ àíòèïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè
(5) ñâåäåíî ê ðåøåíèþ äâóõ çàäà÷ ñ áîëåå ïðîñòûìè êðàåâûìè óñëîâèÿìè.
Ýòî � ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (16) ñ íà÷àëüíûì
óñëîâèåì (18) è ñ êðàåâûìè óñëîâèÿìè Äèðèõëå (31) è âòîðàÿ íà÷àëüíî-
êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (17) ñ íà÷àëüíûì óñëîâèåì (19) è ñ êðàåâû-
ìè óñëîâèÿìè Íåéìàíà (32). Ðåøåíèå ýòèõ çàäà÷ ïðåäñòàâëÿåì ñ ïîìîùüþ
ôóíêöèé Ãðèíà (11) è (12) ïî ôîðìóëå (6).

Äëÿ C (x, t) ïîëó÷àåì ïðåäñòàâëåíèå

C(x, t) =

∫ t

0
ds

∫ 1

0
GD(x, ξ, t− s)f0(ξ, s)dξ +

∫ 1

0
GD(x, ξ, t)τ0(ξ)dξ. (33)

Ó÷èòûâàÿ îáîçíà÷åíèÿ (20), îòñþäà ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé áó-
äåì èìåòü

C(x, t) =
1

2

∫ t

0
ds

∫ 1

0

{
GD(x, ξ, t− s) +GD(x, 1− ξ, t− s)

}
f(ξ, s)dξ+

+
1

2

∫ 1

0

{
GD(x, ξ, t) +GD(x, 1− ξ, t)

}
τ(ξ)dξ. (34)

Àíàëîãè÷íî äëÿ S (x, t) ïîëó÷èì

S(x, t) =
1

2

∫ t

0
ds

∫ 1

0

{
GN (x, ξ, t− s)−GN (x, 1− ξ, t− s)

}
f(ξ, s)dξ+

+
1

2

∫ 1

0

{
GN (x, ξ, t)−GN (x, 1− ξ, t)

}
τ(ξ)dξ. (35)
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Ñóììèðóÿ ïîëó÷åííîå â (34) è (35), ñ ó÷åòîì (14) áóäåì èìåòü

u(x, t) =

∫ t

0
ds

∫ 1

0
Gaπ(x, ξ, t− s)f(ξ, s)dξ +

∫ 1

0
Gaπ(x, ξ, t)τ(ξ)dξ, (36)

ãäå îáîçíà÷åíî

Gaπ(x, ξ, t− s) =
1

2

{
GD(x, ξ, t− s) +GD(x, 1− ξ, t− s)

}
+

+
1

2

{
GN (x, ξ, t− s)−GN (x, 1− ξ, t− s)

}
. (37)

Òåïåðü çäåñü èñïîëüçóåì ÿâíûé âèä ôóíêöèé Ãðèíà èç (11) è (12).
Òîãäà

Gaπ(x, ξ, t− s) =
1

2
√

π(t− s)

+∞∑
n=−∞

[
e
− (x−ξ+2n)2

4(t−s) − e
− (x−ξ+2n+1)2

4(t−s)

]
, (38)

îòêóäà ëåãêî ïîëó÷àåì (30). Òåîðåìà äîêàçàíà. �
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íåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. Ïîä. ðåä. Ìèõëèíà Ñ.Ã. � Ì.: Íàóêà, 1964. � 368 ñ.

2 Áåðñ Ë., Äæîí Ô., Øåõòåð Ì. Óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè. Ïåð.
ñ àíãë. Þ.Â. Åãîðîâà, ïîä ðåä. Î.À. Îëåéíèê. � Ì.: Ìèð, 1966. � 352 ñ.

3 Îðàçîâ È., Ñàäûáåêîâ Ì.À. Îá îäíîì êëàññå çàäà÷ îïðåäåëåíèÿ òåìïåðà-
òóðû è ïëîòíîñòè èñòî÷íèêîâ òåïëà ïî íà÷àëüíîé è êîíå÷íîé òåìïåðàòóðàì //
Ñèáèðñêèé ìàòåìàòè÷åñêèé æóðíàë. � 2012. � Ò. 53, � 1. � Ñ. 180-186.
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Ñàäûáåêîâ Ì.À., Äiëäºáåê Ã., Òåíãàåâà À.À. ÏÅÐÈÎÄÒÛ ØÅÊÀÐÀ-
ËÛ� ØÀÐÒÛ ÁÀÐ ÆÛËÓ�ÒÊIÇÃIØÒIÊ ÅÑÅÁIÍI� ÃÐÈÍ ÔÓÍÊ-
ÖÈßÑÛ

Á´ë æ´ìûñòà áiðòåêòi åìåñ áið °ëøåìäi æûëó°òêiçãiøòiê òå­äåói ³øií
áåéëîêàë áàñòàï©û-øåòòiê åñåï ©àðàñòûðûëàäû. �àðàñòûðûëó îáëûñû -
òiêò°ðòá´ðûø áîëûï òàáûëàäû. t àéíûìàëûñû áîéûíøà êëàññèêàëû© áà-
ñòàï©û øàðò ©îéûë¡àí. Êå­iñòiêòiê x àéíûìàëûñû áîéûíøà áåéëîêàë
ïåðèîäòû øåòòiê øàðò ©îéûë¡àí. Á´ë åñåïòi­ øåøiìií ïåðèîäòû øåò-
òiê øàðòòàðû áàð åñåëi äèôôåðåíöèàëäàó îïåðàòîðû ³øií ñïåêòðàëäû©
åñåïòi­ ìåíøiêòi ôóíêöèÿëàðû áîéûíøà îðòîãîíàëüäû© æèíà©òàëàòûí
©àòàð ò³ðiíäå ò´ð¡ûçó¡à áîëàòûíäû¡û áåëãiëi. Ñîë ñåáåïòi îñû åñåïòi­
Ãðèí ôóíêöèÿñûí äà òðèãîíîìåòðèÿëû© ôóíêöèÿëàð áîéûíøà øåêñiç ©à-
òàð (Ôóðüå ©àòàðû) ò³ðiíäå æàçó¡à áîëàäû. Êëàññèêàëû© áiðiíøi æºíå
åêiíøi áàñòàï©û-øåòòiê åñåïòåð ³øií Ãðèí ôóíêöèÿñûíû­ åêiíøi êåéiï-
òåìåñi - ßêîáè ôóíêöèÿñû äà áàð åêåíi áåëãiëi. Áiçäi­ æ´ìûñòà ïåðèîäòû
øåòòiê øàðòòàðû áàð áåéëîêàë áàñòàï©û-øåòòiê åñåïòi­ Ãðèí ôóíêöèÿ-
ñûíû­ êåéiïòåìåñi ýêñïîíåíòàëàð áîéûíøà ©àòàð ò³ðiíäå òàáûëûï îòûð.

Sadybekov M.A., Dildabek G., Tengayeva A.A. GREEN FUNCTION OF
THE HEAT EQUATION WITH PERIODIC BOUNDARY CONDITION

This work deals with nonlocal initial boundary value problem for the
inhomogeneous one-dimensional heat equation. Viewing area is rectangle.
We consider classic initial condition in the variable t and nonlocal periodic
boundary conditions in the spatial variable x. It is well known that the solution
of the problem can be constructed in the form of a convergent orthogonal
series of eigenfunctions of a spectral problem for the operator of multiple
di�erentiation with periodic boundary conditions. Therefore, Green's function
of this problem may also be represented in the form of an in�nite series of trig
functions (Fourier series). For the �rst and the second classic initial boundary
value problems there is also a second representation of Green's function, i.e.
through Jacobi function. In our work, we obtain the representation of Green's
function of nonlocal initial boundary value problem with periodic boundary
conditions in the form of exponential series.
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