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^ =D�TBDW\OjKL� ^ =DFAFAK�=�W ^ E$Y+=DOAKhFdZ [�@9=�S/X9MVBDb
>�=
Q

]�W ^ Odc$KRO ^ H$��SUM$[V�'F4� O�H$W ^ BTKoY
H$[?Z9O�E ^ OA� ^ =DKLEJ>$Z E$H$�

2π
XVC9= ^ =?Z$Z9OdZ ´TH$��KRE�M�BTB ^ > E$H9=�WTH$��KÕBTF
I$K�f

5�6�7�6"896 ¦:6<;>=>?Hµ_�A@�B>CED&6 FABTF�W\BDE$W'YQH9=?c�BGP_>9O�H$E$E�H O�E$�AY\OAF�WTH$�acE*
Y\O�M$W\B ^ F�M�B ^ BTFdWTE u(t, x) = (u1(t, x), u2(t, x), u3(t, x))

X
F�MV=?Z I ^ H9=�I�� [�H$M<�$E$I�]R>�=�YDZ9O�H$E O

p(t, x)Y�W\BD@$M$=?c
x ∈ Q

YõKRBTKRO�H$WõY ^ OAKRO�H$E t ∈ (0, a)
XR[?>9BDYDZ9O�WTY\B ^ IVò;±jEVcmF�E F�W\OAKRO

[ ^ =�YTH O�H$E$S





∂uj

∂t +
3∑

k=1

uk
∂uj

∂xk
= 4uj − ∂p

∂xj
+ fj , (t, x) ∈ Ω, j = 1, 2, 3;

div u ≡
3∑

k=1

∂uk

∂xk
= 0, (t, x) ∈ Ω.

p¶ºTf�º?�

< >�O�F�´
f(t, x) = (f1(t, x), f2(t, x), f3(t, x))

]�YTH O�²jH$E O2Y\BD��>9O�S F�WTYTE$I-X 4 =∑3
k=1

∂2

∂x2
k

]�Z�=�CVZ�=DF�E9=�HUC B)C ^ BTF�W ^ =�H F�WTY+O�H$H$��KhC O ^ OAKRO�H$H$��K�X-=)M�BD�G�`� E<�$E O�H$W
YTI��AMVBTF�WTE

ν
XVH O [VKRO�H$´T²Q=�IJBT�D±jH BTF�WTE/X$YT�AIVW ^ =�YTH$��KmOd> E$H$E<� OTf

n F�E F�W\O�KRO�[ ^ =�YTH O�H$E$S2p¶ºTf�º?�;>9BT�\=�YDZ IVò;W\FeIõb ^ =�H$E$@$H$��OUp%KL�«C BJC ^ BTF�W ^ =�HV]
FdWTY\O�H$H ��KoC O ^ OAKRO�H$H$��Ko�?=?>�=DOAKoC O ^ E BA> E$@ OAF�M E OýM ^ =DO�YT��Oý[+FdZ9BDYTE$I9�aE�H9=A@9=?Z ´D]
H$��O)[+FdZ9BDYTE$I-f"³ O)[VKRO�H$´T²Q=�I¹BT�D±jH BTF�WTE/X1H9=G@9=?Z ´TH BTO'[+FdZ9BDYTE O�KRBGPQH BNF�@$E WD=�WT´
H$[?Z9O�YT��KF*

u(t, x)|t=0 = 0, x ∈ Q;
p¶ºTf i\�
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� î [+cVWT= ^ �\=�Sðï�W\OdZ9�\=DO�Y

u(t, x)|xk=−π = u(t, x)|xk=π ,

p(t, x)|xk=−π = p(t, x)|xk=π ,

∂u
∂xk

(t, x)
∣∣∣
xk=−π

= ∂u
∂xk

(t, x)
∣∣∣
xk=π

.

k = 1, 2, 3; 0 ≤ t ≤ a.
p¶ºTf �\�

µ·E F�W\OAK�=�[ ^ =�YTH O�H$E$Sôp¶ºTf�º?�'E�H9=A@9=?Z ´TH B�]lM ^ =TO�YT��Oq[+FdZ9BDYTE$I p¶ºTf i\�dX`p¶ºTf �\��H O
C BD�AY\B�Z IVò;W;BDC ^ Od>9OdZ E$WT´ BA> H BD�AH9=G@$H B�>�=�YDZ9O�H$E O p(t, x) f # BD�AW\BTKL[ýKL�q>9BT�\=�YDZ I$OAK
[\FdZ9BDYTE O

∫

Q
p (t, x) dx = p0, p0 = const > 0.

p¶ºTf ���

gõ�?=?>�=G@ O�E F�M�BTKL��KLE'I�YDZ9I�ò�W\F
I_Y\O�M$W\B ^ ]�� [�H$M<�$E$I)F�M�B ^ BTF�WTE u = (u1, u2, u3)EhF�MV=?Z I ^ H9=�Ih� [�H$M<�$E$I>�=�YDZ9O�H$E$I
p
fHG��+�U�"IL�"�D�KJV�ML��9�/� �D[?>9OAK H9=��A��Y+=�WT´

C9= ^ [ (u; p) = (u1, u2, u3; p)
f

î �2KRBDbeZ EJ�D� ^ =DFAFAKRBDW ^ O�WT´�FdZ [�@9=�S/XVMVBDb
>�=jY\KROAF�W\BON �TO ^ O�W\FeI�>9BTF�WT=�W\BD@$H B
BT�D±Q=�IøBT��Z�=DF�WT´ X9=jY\KROAF�W\BQC O ^ E BA> E @ OAFdM EVcøb ^ =�H$E$@$H$�acø[+FdZ9BDYTE$Sõp¶ºTf �\�·]R> ^ [�bAE O
[\FdZ9BDYTE$Ihp¦H9=�C ^ E KRO ^ X"[+FdZ9BDYTE$IQPlC ^ EVZ E$C9=�H$E$I�R¶�df î � WD=�M$E KLE ^ =DFAFAKRBDW ^ O�H$E$I$KLE
H OJc�BDWTE KôBTFdZ9BGPQH$IVWT´H9=DF�W\B?IV±j[�ò ^ =D�TBDWT[oW\B�Z ´TMVB¹E$��]l�?=¹W\OdcVH$E$@ OAF�M$EVco>9O�WT=?]
Z9O�S/f�gaFAO�H9=�²jE�BTF�H BDYTH$��O;H BDY+=�W\B ^ F�M$E O�EV>9O�E�Eø=�H9=?Z E$WTE$@ OAF�MV=DI�W\OdcVH$E$MV=j�D[?> [�W
C ^ BA>9OAKRBDH F�W ^ E ^ BDY+=DH$� Y��AW\BDS ^ =D�TBDW\OU>$Z IhFdZ [�@9=�IhC O ^ E BA> E$@ OAF�M EVc2M ^ =DO�YT�ac
[\FdZ9BDYTE$S/f

+aB�Z9OAO W\BDbGB$X IJFABT�DE ^ =�ò�F�´'H9=�C$E FG=�WT´�O�±_O C BQM ^ =�S$H O�SNBG> H$[ ^ =D�TBDWT[\X C BTF�YTI�]
±_O�H$H$[�ò FdZ [�@9=�ò BT�D±jEVc�H9=G@9=?Z ´TH B�]lM ^ =DO�YT��c�?=?>�=A@>$Z IF�E F�W\OAKL�ó[ ^ =�YTH O�H$E$S
bAEV> ^ B�]lb�=��GBG> E$H9=TKLE$M$E/f

�$#TSVU)� 4"6�W/4���!R8;:j�q4"6�491\�/*
3L� �"!"02!o4"5"( ������7·� �L!10
X O ^ O�� L2 (Ω)

X9MV=�M�BT�D��@$H B$X�BT�TBD�AH9=G@$E KhbAEVZ ´\�TO ^ W\BDY\B÷C ^ BTF�W ^ =�H F�WTY\B÷ü`OA�TOd]
b�=øY\O�M$W\B ^ ]�� [�H$M<�$E$S f(t, x) = (f1(t, x), f2(t, x), f3(t, x)) ∈ R3 FABJF�M$=?Z I ^ H$��K
C ^ BDE$�AY\Od>9O�H$E OAK

(f, g) =

∫

Ω
〈f (t, x) , g(t, x)〉 dxdt ≡

∫ a

0

(∫

Q
〈f (t, x) , g(t, x)〉 dx

)
dt

EmH B ^ KRBDS ‖f‖ =
√

(f, f)
f�<9>9OAF�´õE>�=?Z9OAO 〈f, g〉 ]_F�MV=?Z I ^ H BTO�C ^ BDE$�AY\Od>9O�H$E O

Y\O�M$W\B ^ BDY f E
g
Y)O�YTMVZ EV>9BDY\BTKmC ^ BTFdW ^ =�H F�WTY\O R3 f
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µ�[�±jOAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²_O�H$E$Iø[ ^ =�YTH O�H$E$IJ³`=�YT´\Od]¶µ·W\BDMVFG= �

Y Z IøFABDM ^ =�±_O�H$E$IJ�?=�C$E F�EJE F�C B�Z ´T�A[+OAKmF�WT=�HV>�= ^ WTH$��OýBT�TBD�AH9=G@ O�H$E$IE*

∇ =

(
∂

∂x1
,
∂

∂x2
,
∂

∂x3

)
; 〈u,∇〉u =




3∑

j=1

uj
∂u1

∂xj
,

3∑

j=1

uj
∂u2

∂xj
,

3∑

j=1

uj
∂u3

∂xj


 ;

grad p ≡ ∇ p =

(
∂p

∂x1
,
∂p

∂x2
,
∂p

∂x3

)
.

Z 5"( ������7��9�"!L�«�$#�[F\>]
f ∈ L2(Ω)

\M^_`^a�]>^
(u; p) = (u1, u2, u3; p) b c�d c�e ]p¶ºTf�º?�4f÷p¶ºTf ���hg i d ^kjla cmb n�o c�prq �+� �ts IL�;�vu ^wkx�]

∂u

∂t
,4u, 〈u,∇〉u, grad p ∈ L2(Ω).

Z 5"( ������7��9�"!L�l-�#Ay i d ^%j{z}| o |}\>] prq u e�p | b c�d c�e�c ³`=�YT´\Od]¶µ·W\BDMVFG= �+� �ts I"�
�9�<JD�"�+���"�'� o L2(Ω)

u ^w~x�] d x��rx�� g | �
f ∈ L2 (Ω) b c�d c�e�c p¶ºTf�º?��fýp¶ºTf ��� ]�j4^�^ p^ d ]�a�w p`o ^a�a�|�^hw�]�x q a�|�^F\M^_`^a�]>^m�

-��ø4"(98H�V7�!"( 4"��./*h4"3��"4"���L49�+42( ��1 �V7��$,9*-, *
� B ^ BD²_BqE$�AY\OAF�W\O�HhMVZ�=DFAF�E$@ OAF�M$E$S ^ O���[?Z ´�WT=�W�)�f � BDC �ý=m¸�ºTºd»�X·M�BDW\B ^ ��SÕ>9BDMV=?]
�G=?Z"X @$W\B)�?=?>�=A@9=Np¶ºTf�º?��]�p¶ºTf ����E KROAO�W�BT�TBT�D±_O�H$H BTO ^ O�²_O�H$E OTX [?>9BDYDZ�OdWTY\B ^ IVò;±_OAO
B�� O�H$M�O
3∑

k=1

(
‖uk(t, ·)‖2

L2(Q) +

∫ t

0
‖grad uk(η, ·)‖2

L2(Q) dη

)
≤

3∑

k=1

∫ t

0
‖fk(η, ·)‖2

L2(Q) dη.

p×iVf�º?�
ù"=�M$=�I�B�� O�H$MV=�Z9O�bAMVB÷C B�Z [�@9=DO�W\FeI-X/OAFdZ E

k
]�BTO_[ ^ =�YTH O�H$E O)F�E F�W\OAKL� p¶ºTf�º?�;[VKLH B�]

PQE$WT´�H9=
uk

E/XA[�@$E$WT��Y+=�I ^ =�Y\O�H F�WTY\B div u = 0
X�=aWT=�M$PjO·H9=A@9=?Z ´TH$��O p¶ºTf i\��E`b ^ =?]

H$E$@$H$��O_p¶ºTf �\�R[\FdZ9BDYTE$I-X+EVc)C ^ BDE$H$W\O�b ^ E ^ BDY�=�WT´_E�FdZ9B?PQE$WT´jC ^ E�Y\FAOdc
k = 1, 2, 3

�
g�FdZ [�@9=DOTX9MVBDb
>�='M�B�Z E$@ OAF�WTY\B÷C ^ BTF�W ^ =�H F�WTY\O�H$H$��cNC O ^ OAKRO�H$H$�acNH OjKRO�H$´T²_O

W ^�� c-X9B�� O�H$MV=Np×iVf�º?��BDM$=��A��Y+=DO�W\F
INH O >9BTF�WT=�W\BD@$H BDSN>$Z IJE F�C B�Z ´T�GBDY+=�H$E$INW\OAB ^ E$E
Y\BD�AKL[�±_O�H$E$S1f�� KRO�H$H B_�AW\B_BT�TF�W\BGIVW\OdZ ´\F�W\Y\B$XVC B_KRBTOAKL[�KLH O�H$E$ò_X$BDMV=��?=?Z9BTF�´)BG>$]
H BDS�E$�÷Y+=�PQH$�ac�C ^ E$@$E$HY\BD�AH$E$M$H BDY\O�H$E$ImBG> H BDS�E$�JFAOAKLE�� # ^ BT��Z9OAK WT��F
IV@ Od]
Z9O�WTE$I
�õ]�C ^ BT��Z9OAKL�«BøF�EVZ ´TH BDS ^ =�� ^ O�²jE KRBTF�WTEõ�?=?>�=A@$Eõ³`=�YT´\Od]¶µ·W\BDMVFG=õp¶ºTf�º?��]
p¶ºTf ���df

ï;F�H BDYTH$��K ^ O��A[?Z ´?WT=�W\BTK ^ =D�TBDWT� IVYDZ I$O�W\F
I
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ºGk î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

� � 4"( �98�* �$#�[F\>]�x�� g | �
f ∈ L2 (Ω) b c�d c�e�c p¶ºTf�º?�4f�p¶ºTf ��� ]�j4^�^ p ^ d ]�a�w p`o ^a��a�|�^4w]�x q a�|�^F\M^_`^a�]>^

(u; p)
] d x��va>^�z}| o ^%\�a c | �>^a�� c

∥∥∥∥
∂u

∂t

∥∥∥∥+ ‖4u‖ + ‖(u,∇)u‖ + ‖grad p‖ ≤ C
(
1 + ‖f‖ + ‖f‖l

)
,

p×iVf i\�

z d ^ ‖·‖ �ra�|}\"j c�o L2 (Ω)
u c�� | w p |���a�a n ^ C > 0

]
l ≥ 1

a>^ b c$o ]�w}� p | p
f ∈ L2 (Ω)

�
�·WD=�W\OAB ^ OAK�=a>�=DO�W;C B�Z H BTO ^ Od²_O�H$E O;�U�\�+�U���q���"� �+� ���������;�\�1�-� � �+���"�

pG /¡$¢J£�¤¦¥¦¥u¢d§ § ¤¦¨�© ª�¬d¤u?¢Jª�¬�®+¯d¥u¢d©j°D�'B¹F�[�±_OAF�WTY\BDY+=�H$E$E2EÕb
Z�=?> MVBTF�WTE ^ O�²_O�H$E$S
[ ^ =�YTH O�H$E$S2³`=�YT´\Od]¶µ·W\BDMVFG=¹>$Z IÕH OAF
PQE K�=DOAKRBDS�YTIV�AM�BDS2PQEV> M�BTF�WTE ¸�ºd»�faùL=�M$P_O
�AW\BDW ^ O��A[?Z ´?WT=�WJC BD�AY\B�Z I$O�W�E F�C B�Z ´T�GBDY+=�W\´�W\OAB ^ E$òôY\BD�GKL[�±_O�H$E$S/X/E�C BDYT��²Q=�WT´
b
Z�=?> MVBTF�WT´ ^ O�²_O�H$E$IøC ^ EøC BDYT��²_O�H$E$E�b
Z�=?> M�BTF�WTEJ>�=�H$H$�acø�?=?>�=A@$E/f

<-=DKRO�WTE K�X�@$W\B_OAFdZ E ^ =��GKRO ^ H BTF�WT´QC ^ BTF�W ^ =�H F�WTY+=_�TB�Z ´T²_O;C$IVWTE/X+W\BjF�EVZ ´TH9=�I
^ =�� ^ O�²jE KRBTF�WT´ Y�FAKL��FdZ9O�C ^ E$H$IVW\BDbGB;H9=DKLEQBDC ^ Od>9OdZ9O�H$E$I_H O�C BD�AY\B�Z I$O�W�E F�C B�Z ´D]
�GBDY+=�WT´)W\OAB ^ E$ò Y\BD�GKL[�±_O�H$E$S/f

gN�AW\BDS ^ =D�TBDW\ORI H9= � OdZ9O�H`W\B�Z ´TMVB�H9=aW ^ Odc$KRO ^ H$��SýFdZ [�@9=�S/f # BD�AW\BTKL[ C ^ E$H$I�Z
[?>9BT�DH BTOýKLH OýBDC ^ Od>9OdZ9O�H$E O\f-µ�Z [�@9=�E/X9M�BDbe>�= ^ =��GKRO ^ H BTF�W\´�C ^ BTF�W ^ =�H F�WTY+='YT��²_O
W ^�� c-XR�D[?> [�W ^ =DFAF�KRBDW ^ OdH � YU> ^ [�bGBDSoKRBTO�S ^ =D�TBDW\OTX�Y�MVBDW\B ^ [�ò WT=�M$PjO��D[?> [�W
YTMVZ ò;@ O�H$��H O�MVBDW\B ^ ��OýFdZ [�@9=�E�BT�D±jEVc÷b ^ =�H$E$@$H$�acø[+FdZ9BDYTE$S/f

S��ø4"(98H�V7�!"( 4L��./*ô*"6�3�,-(+*".",-�"4���1D*-�L*
3"!ô,-!"5/*�Uj*L�M��������,-4".-39*ó!
4"3��"4"���L49�Õ,-� 4"( �98;: �"7R0h�"� �

# B�Z H BTON>9BDM$=��?=�W\OdZ ´\F�WTY\BoBTF�H BDYTH BDS�W\OAB ^ OAKL� ºN>9BTF�WT=�W\BD@$H BmBT�Dö/OAKLH B$f Y BDM$=?]
�?=�W\OdZ ´\F�WTY\B ^ =��GBT�D´\OAK H9=mH OAF�M�B�Z ´TMVBo�AWT=�C BDY f ï;F�H BDYTH$[�ò @9=DF�WT´o>9BDM$=��?=�W\OdZ ´D]
F�WTY+=�FABTF�WD=�YDZ9IVO�WjBT�TBTF�H BDY+=�H$E O�W\OAB ^ OAKL�>$Z I)=D�TF�W ^ =�M$WTH BDS'�?=?>�=A@$E)WTE$C9=�³`=�YT´\Od]
µ·W\BDM�FG=VfTgõ�AW\BTK ^ =���>9OdZ9O�KL�FA�`B ^ KL[?Z E ^ [+OAKN�AWT[ý�?=?>�=A@$[jE_C ^ E$Y\Od>9OAK�BTF�H BDYTH BDS
^ O��A[?Z ´?WT=�WQ>$Z IøH OAOTf

# [\F�WT´
H

]�FAOdC�= ^ =D�TOdZ ´TH BTO)bAEVZ ´\�TO ^ W\BDY\BøC ^ BTF�W ^ =�H F�WTY+B$f ñ =DFAFAKRBDW ^ E K BDC Od]
^ =�W\B ^ A XV[?>9BDYDZ9O�WTY\B ^ IVò;±jE$S�FdZ9Od> [�ò;±_OAKL[÷[\FdZ9BDYTE$òr*

��D���B>;>�9?¡ 0¢A£ � ^%\ c�p |}\
A

��x�]�a>^��a n �(w c jh| w�| � \��<¤�^a�a n � � |}x i |�z!\ c a�]��
e ^a�a n �Vw�a�] b i | � ^�\ c�p |}\ o H w�| o � |�x�a>^4a>^ � \M^%\ n�o a�| �`\M^ b |�x q"o ^a p | ���

X O ^ O�� µ0 > −∞ BT�TBD�AH9=G@$E K W\BD@$H$[�ò H$E$PQH$ò;ò b ^ =�H$´õF�C O�M$W ^ =�BDC O ^ =�W\B�]
^ = A

f � B ^ BD²_B�E$�AY\OAF�WTH B$X·@$W\B
µ0

�D[?>9O�WõH9=�E KRO�H$´T²jE K FABT�TF�WTY\O�H$H$��K @$E FdZ9BTK
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= ºTº

BDC O ^ =�W\B ^ = A E÷>$Z I÷Z ò��TBDbGB
ϕ ∈ D (A)

YT��C B�Z H O�H B)H O ^ =�Y\O�H F�WTY\B

〈Aϕ,ϕ〉H ≥ µ0 ‖ϕ‖2 ,

b
>9O
D (A)

]aBT��Z�=DF�WT´øBDC ^ Od>9OdZ9O�H$E$I�BDC O ^ =�W\B ^ = A ¥ 〈ϕ,ψ〉H ]�F�MV=?Z I ^ H BTOjC ^ BDE$��]
Y\Oe>�OdH E O Y

H
��Z9OAKRO�H$W\BDY

ϕ,ψ ∈ H
f

X O ^ O�� {ej}∞j=1

BT�TBD�AH9=A@$E K C B�Z H$[�ò B ^ W\BDH B ^ KLE ^ BDY�=�H$H$[�ò F�E F�W\OAKL[
F�BT�TF�WTY\O�H$H$��c Y\O�M$W\B ^ BDY BDC O ^ =�W\B ^ = A

XóFABTBDWTY\O�W\F�WTYT[�ò;±jEVc FABT�TF�WTY\O�H$H$��K
@$E FdZ�=DK

λj
X$C ^ BDH$[VKRO ^ BDY+=�H$H$��KoYQC B ^ I�> M�O H O�[V�D��Y+=�H$E$IE* µ0 = λ1 ≤ λ2 . . .

f
gÕ�AW\BTKm�\=��AE FAO�>9O�S F�WTYTE OýBDC O ^ =�W\B ^ = A KRBGP_O�W'�D��WT´)C ^ Od>9F�WT=�YDZ9O�H B)Y)YTEV>9O

Aϕ =
∞∑

j=1

λjϕjej ,

b
>9O
ϕj

]�MVBD�G�`� E<�$E O�H$WT�§¦ý[ ^ ´\O ^ =���Z9B?PjO�H$E$IJ��Z9OAKRO�H$WT=
ϕ
C B)�\=��AE F�[ {ej}∞j=1

*

ϕ =
∞∑

j=1

ϕjej .

# B�Z9´T��[\I$F�´��AWTE KNC ^ Od>9F�WT=�YDZ9O�H$E OAK�XTBDC ^ Od>9OdZ E K�F�W\O�C O�H$EJpÝ> ^ BT�DH ��O�EVZ EQBDW ^ E<�9=?]
W\OeZ9´TH$��O?�/BDC O ^ =�W\B ^ = Aµ = A−µ0E+E

Y;FAKL��FdZ9O�F�C O�M$W ^ =?Z ´TH BDbGB ^ =���Z9B?PjO�H$E$IE*

Aα
µϕ =

∞∑

j=1

(λj − µ0 + 1) αϕjej , α ∈ R.

# [\F�WT´
B(·, ·) ]1�DEVZ E$H O�S$H ��S�BDC O ^ =�W\B ^ Y

H
X�>$Z9I_MVBDW\B ^ BDbGB`YT��C B�Z H O�H$�ÕFdZ9Od]

> [�ò;±jE O�[\FdZ9BDYTE$I-f
��D���B>;>�9?¡¨ª©>¢`« i&¬ ^w p`o i ^ pprc �&|�^ e ]�w~x�| 0 < γ < 1/2

u e�p | d x�� o w�^}®
u, v ∈ D(A) o n�� |�x�a>^a�|`a>^%\ c$o ^a�w p`o |

‖B (u, v)‖H ≤ Kγ

{∥∥∥Aγ+1/2
µ u

∥∥∥
H

∥∥Aγ
µv
∥∥

H
+
∥∥Aγ

µu
∥∥

H

∥∥∥Aγ+1/2
µ v

∥∥∥
H

}
,

p¯�Vf�º?�
z d ^ Kγ

� � | w p |���a�a c � u a>^ b c$o ]�w}� ¬ c �O| p u, v ∈ D(A)
�

��D���B>;>�9?°¨,±�¢�« i&¬ ^w p`o i ^ p²prc �&|�^ e ]�w~x�| θ ∈ (−3/2,−3/4)
u e�p | d x��

o w�^³® u, v ∈ D(A) o n�� |�x�a>^a�|ra>^%\ c$o ^a�w p`o |
∥∥∥AθB (u, v)

∥∥∥
H

≤ Kθ

{∥∥∥A1/2
µ u

∥∥∥
H
‖v‖H + ‖u‖H

∥∥∥A1/2
µ v

∥∥∥
H

}
,

p¯�Vf i\�
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z d ^ Kθ
� � | w p |���a�a c � u a>^ b c$o ]�w³� ¬ c �O| p u, v ∈ D(A)

�
´ FdZ9BDYTE$IÕp¯�Vf�º?�;EÕp¯�Vf i\�;IVYDZ IVò;W\FeI�[+FdZ9BDYTE$I$KLE/X-YT� ^ =�P_=�ò;±jE KLEõH O�MVBDW\B ^ [�ò

C BA> @$E$H O�H$H BTFAWT´��DEVZ E$H O�S$H BDbGB'BDC O ^ =�W\B ^ = B(·, ·) BDC O ^ =�W\B ^ [ A f# BA> @$E$H E KmBDC O ^ =�W\B ^ B(·, ·) [+FdZ9BDYTE$ò�µ�B ^ W\BDbGBDH9=?Z ´\H BTF�WTE
¶�f
��D���B>;>�9?·¨`¸E¢&¹ x�� o w�^}® u ∈ D(A) o n�� |�x�a>^a�| i wkx�| o ]>^�|}\ p |�z}| a c x q a�| w p ]

〈B (u, u) , u〉H = 0.
p¯�Vf �\�

X O ^ O�� H1 (0, a)
BT�TBD�AH9=G@$E KhbAEVZ ´\�TO ^ W\BDY+BøC ^ BTF�W ^ =�H F�WTY\BøY\O�M$W\B ^ ]�� [�H$M<�$E$S/X

C B�Z [�@ O�H$H BTO C BDC B�Z H9OdH E OAKmM�BDH O�@$H$�ac�F�[VKRK�YTEV>�=

u (t) =
∑

(j)

cj(t)ej

C B_H B ^ KRO

‖u (·)‖H1
=




∑

(j)

∫ a

0
|cj(t)|2 dt





1/2

,

b
>9O
cj(t)

]��TOAF�M�BDH O�@$H B)beZ�=?> M$E O H9=QFAO�bGKRO�H$W\O
[0, a]

� [�H$M<�$E$E/f
µ E F�C B�Z ´T�GBDY+=�H E OAK YTY\Od>9O�H$H$�ac¹BDC O ^ =�W\B ^ BDYN�?=?>�=G@$[�³`=�YT´\Od]¶µ·W\BDMVFG=¹p�ºTfÊº?�;]

p¶ºTf ���aKRBGPQH B)C ^ Od>9F�WD=�YTE$WT´'Y)YTEV>9O

{
u′ (t) +Au+B (u, u) = f (t) ∈ H1 (0, a) ,

u(0) = 0.

p¯�Vf ���

ù"=�M$[�ò Y\BD�GKRB?PQH BTF�WT´�KL�2C ^ BG>9OAKRBDH F�W ^ E ^ [\OAKmY ^ =���>9OdZ9Oh� f <-=?>�=G@$EJYTEV>�=Jp¯�Vf ���
KL�h�D[?>9OAK¹H9=��A��Y+=�WT´ø� � �+�÷���>º��OIL�;���»JV�ML��9�-� ���2���L�"�v¼J�>½ s �+��¾;�U��º9�A�E¿

# BA> @$E$H E KmBDC O ^ =�W\B ^ B (·, ·) O�±_O`BA> H BTKL[÷[+FdZ9BDYTE$ò_f
ï;�TBD�AH9=A@$E Ko@ O ^ O�� P ]�B ^ W\BDbGBDH9=?Z ´TH$��SNC ^ BTO�M$W\B ^ H9=)FABT�TF�WTY\O�H$H BTOýC BA> C ^ B�]

F�W ^ =�H F�WTY\B
Gµ0 = {x : Ax = µ0x} ,

b
>9O
µ0

])H9=�E KRO�H$´T²_OAOqFABT�TF�WTY\O�H$H BTOq@$E FdZ9BBDC O ^ =�W\B ^ = A
faùL=�M2M$=�M

A
E KROAO�W

M�BTKLC9=�M$WTH$[�ò ^ O��GB�Z ´TY\O�H$WT[\X W\B_C ^ BTO�M$W\B ^ P �D[?>9O�W)MVBDH O�@$H BTKRO ^ H$��K�f
ï�C ^ Od>9OdZ E KmC ^ OABT� ^ =��GBDY+=�H$E9O B̂P

X�>9O�S F�WTYT[�ò;±_OAO C BQ�`B ^ KL[?Z9O

B̂P (u) =
(
E − P

)
B
(
(E − P )u, (E − P )u

)
−B (u, u) .
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= º��

# BDW ^ OA�D[\OAK>$Z IøBDC O ^ =�W\B ^ = B (·, ·) C BG> @$E$H O�H$E OýFdZ9Od> [�ò;±_OAKL[÷[\FdZ9BDYTE$ò_f
��D���B>;>�9?À¨rÁ
¢ÃÂ w~x�]

u(t)
a>^ � \M^%\ n�o a�| d ]>Ä
Ä�^%\M^a���]$\ i ^kj c � o ^� p |}\>�

Ä i a��&��]��vw�| b a c�e ^a�]���jh] o D(A) prc � c � u e�p |
u(0) = 0, p |

∥∥∥B̂P (u)
∥∥∥

H1

≤ C
∥∥u′ +Au+B(u, u)

∥∥2

H1
.

�·W\B�[\FdZ9BDYTE O�KL�õE F�C B�Z ´T�A[\OAK�W\B�Z ´TMVB ^ =?> Ej[VKRO�H$´T²_O�H$E$IýBT�Dö/OAKRBDY;YT��@$E FdZ9O�H$E$S/f
Y Z I÷�?=?>�=G@$E¹p¯�Vf ����H9=DKLEø>9BDM$=��?=�H�FdZ9Od> [�ò;±jE$S ^ O��A[?Z ´?WT=�W�f

� � 4"( �98�*¡-�#E[ i w prq A �Åx�]�a>^���a n �V]
B(·, ·) � g ]�x�]�a>^��a n �V| � ^%\ c�p |}\ n u d x���$| p |}\ n ® o n�� |�x�a>^a n i wkx�| o ]���ÆÇ]ÉÈ�Ê(�,È�ËM�:Ì<|�z d c»o ^%\>a n wkx>^ d i � ¬ ]>^ d�o ci p,o ^%\<¤ d ^a�]���ÍÎ!Ï ¹ x��Ðx�� g | �,Ä i a��$��]�]

f (t) ∈ H1 (0, a) b c�d c�e�c p¯�Vf ��� ]�j4^�^ p ^ d ]�a�w p`o ^a�a�|�^\>^_`^a�]>^
u (t) ,

]0Ñ p |�\M^_`^a�]>^ i d | o x>^ p`o |}\��>^ p a>^%\ c$o ^a�w p`o i

sup
0≤t≤a

∥∥∥A1/2
µ u (t)

∥∥∥
H

+‖u‖H1
+
∥∥u′
∥∥

H1
+
∥∥u′ +Au

∥∥
H1

+‖u‖H1
+‖B (u, u)‖H1

≤

≤ C
(
1 + ‖f‖H1

+ ‖f‖l
H1

)
,

z d ^ C ]
l
a>^ b c$o ]�w}� p | p f

�
Î~Î!ÏvÒ ^%\M^ b uf (t)

]
ug(t)

| g | b a c�e ]�j¡\M^_`^a�]�� b c�d c�e ] p¯�Vf ��� w � \ c$o n jh] e�c w��
p ��jh]

f (t)
]
g(t)

w�| | p`o ^ p w p`o ^a�a�|&�ªÌ<|�z d c�d x��Éx�� g |�z}|
δ > 0

a c � d ^ p w}�
prc �&|�^ ε > 0

u e�p | d x�� o w�^}® f (t) , g(t) ∈ H1 (0, a)
uÅi d | o x>^ p`o |}\���� ¬ ]�®Oa>^%\ c �

o ^a�w p,o i ‖f − g‖H1
< ε

u�g i d ^ p ]�j4^ prq j4^w p |`a>^%\ c$o ^a�w p`o |

‖Av‖H1
+
∥∥v′ +Av

∥∥
H1

< δ,

z d ^ v (t) = uf (t) − ug(t)
�

Y BDMV=��?=�W\OdZ ´\F�W\Y\B)�AW\BDSJW\OAB ^ OAKL� C ^ E$Y\Od>9O�H B)Y ^ =���>9OdZ�=?c í E���f
ï�W\KRO�WTE K�X1@$W\BJ[+FdZ9BDYTE OªÓ�ºTX/H9=?Z�=�b�=DOAKRBTO�H9=JBDC O ^ =�W\B ^ � A

E
B,

IVYDZ I$O�W\F
I
Fd[�±_OAF�WTY\O�H$H$��K�f�g�H9=�²_O�S ^ =D�TBDW\O�¸ �Vºd»LC ^ E$Y\Od>9O�HUC ^ E KRO ^ �?=?>�=G@$ENWTE$C9='³`=�YT´\Od]
µ·W\BDM�FG=VXV>$Z I�MVBDW\B ^ BDSJYT��C B�Z H O�H$��[\FdZ9BDYTE$I-X$BT�TOAF�C O�@$E$Y+=Dò;±jE O`F�[�±_OAF�WTY\BDY+=�H$E O
FeZ�=D�TBDbAB ^ O�²_O�H$E$I��?=?>�=G@$Eqp¯�Vf ����X�H BjH O�YT��C B�Z H O�H BQ[\FdZ9BDYTE O�Ó�ºTf # BDM$=��?=�H B$XV@$W\B
��WT=_�?=?>�=A@9=QH O�IVYDZ I$O�W\FeIJF�EVZ ´TH B ^ =�� ^ O�²jE KRBDS/f
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Ô ��:j��4���4"3��"4"���L49�Õ,-� 4"( �98;: ��!91ø,-� 4"( �98;:Õ-
# [�WTE�YT��Y\BA>�=÷W\OAB ^ OAKL� º_E$�QW\OAB ^ OAKhWTE$C9=Ji'E$�AY\OAF�WTH$� p%FAK�f�X�H9=�C ^ E KRO ^ ¸ i&�G»�E
¸ i$�?»-EVZ E�¸ i$�?»¦��f X W\BT�D�h@$E$WT=�W\OdZ ´QKRBDb�C ^ Od>9F�WT=�YTE$WT´QM÷@ OAKL[)H$[�PQH B_F�W ^ OAKLE$WT´\FeI-X
Y'�AW\BTK ^ =���>9OdZ9OjKL� >9BDMV=�P_OAKÕF�C ^ =�Y\Od>$Z E$Y\B\F�WT´÷W\OAB ^ OAKL� ºTX9F�@$E$WT=�IJW\OAB ^ OAKL[Ni
>9BDMV=��?=�H$H BDS/f

ñ O�²_O�H$E O
u(t, x) ∈ L2 (Ω)

�?=?>�=G@$Eqp¶ºTf�º?�R]�p¶ºTf ���·�D[?>9OAK¹E F�MV=�WT´_YjYTE$>9O ^ =���Z9B�]
PjO�H$E$I

u (t, x) =
∑

{m}

um(t)ei〈m,x〉, um = (um1, um2, um3) ,
pÖ� f�º?�

b
>9O�F�[VKRK�= �TO ^ O�W\FeI)C B Y\FAOAKqW ^ Odc$KRO ^ H$��K�� OdZ ��KqY\O�M$W\B ^ =DK m = (m1,m2,m3)
f

Y Z I W\BDbGB$XN@$W\BT�D� W ^ Odc$KRO ^ H9=�IðY\O�M$W\B ^ ]�� [�H$M<�$E$I u = (u1, u2, u3)
�D�aZ�=

>9O�S F�WTYTE$W\OdZ ´TH BDS1XTC BDW ^ OA�D[+OAK um (t) = u−m(t)
XDb
>9O

(−m) = (−m1,−m2,−m3)
f

Y Z I�F�M$=?Z I ^ H BDSm� [�H$M<�$E$E
ϕ(x) ∈ L2 (Q)

BDC ^ Od>9OdZ E K BDC O ^ =�W\B ^ (−4̃)−1 X
�?=?>�=�Y+=�IJO�bGB_>9O�S F�WTYTE O`�`B ^ KL[?Z9BDS
(
−4̃

)−1
ϕ(x) =

∑

m6=(0,0,0)

ϕm

|m|2
ei〈m,x〉, |m|2 = |m1|2 + |m2|2 + |m3|2 ,

pÖ� f i\�

b
>9O
ϕm

]-MVBD�A�ý� E<�$E O�H$WT�×¦ý[ ^ ´\O ^ =���Z9B?PjO�H$E$I)� [�H$M<�$E$E ϕ(x)
Y�W ^ E$bGBDH BTKRO�W ^ EV]

@ OAF�M$E$S ^ I�>

ϕ(x) =
∑

{m}

ϕme
i〈m,x〉, ϕm =

1

(2π)3

∫

Q
ϕ (x) e−i〈m,x〉dx.

# ^ E α ≥ 0
X�@ O ^ O�� (−4 + E)α BDC ^ Od>9OdZ E KóF�W\O�C O�H$E�BDC O ^ =�W\B ^ = (−4 +

E)
X$M$=�MJ�?=DKL��M$=�H$E O`Y

L2 (Q)
BDC O ^ =�W\B ^ =VX9�?=?>�=�H$H BDbGB)H9=_W ^ E$bGBDH BTKRO�W ^ E$@ OAF�M EVc

C B�Z E$H BTK�=?c
u(x) =

∑
{m} ume

i〈m,x〉 C B)�`B ^ KL[?Z9O
(
(−4 + E)α

)
u(x) =

∑

{m}

(
|m|2 + 1

)α
ume

i〈m,x〉.

ï�C ^ Od>9OdZ E K C ^ BTF�W ^ =�H F�WTY+=Õµ�BT�TB�Z9O�Y+=
W

(α)
2 (Q)

XaC BDC B�Z H$IVIhC ^ BTF�W ^ =�H F�WTY\B
W ^ E$bGBDH BTKRO�W ^ E$@ OGF�M$EVcJC B�Z E$H BTKRBDY'C BQH B ^ KRO

‖u‖
W

(α)
2 (Q)

=
∥∥∥(−4 + E)α/2u(·)

∥∥∥
L2(Q)

=


∑

{m}

(
|m|2 + 1

)α
|um|2




1/2

.
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= ºGþ

ù"=DK�X�b
>9Oj�AW\B÷H OABT�Ac�BA> E KRB$X-@$W\BT�D� H OjYT���A��Y+=�WT´JC$[�WD=�H$E<�$�ýX�E$H BDbe>�=÷�D[?>9OAK
BT�TBD��H�=A@9=�WT´qBDC O ^ =�W\B ^ üý=�CVZ�=DFG=�YNC ^ BTF�W ^ =�H F�WTY\O÷Y\O�M$W\B ^ ]�� [�H$M<�$E$S�@ O ^ O�� 43

X
W�f OTf OAFdZ E

u = (u1, u2, u3)
XVW\B 43u = (4u1,4u2,4u3)

f
g�Y\Od>9OAK Y ^ =DFAFAKRBDW ^ O�H$E O�BDC O ^ =�W\B ^ F

X"IVYDZ IVò;±jE$S FeI��?=DKL��MV=�H$E OAK Y�C ^ B�]
FdW ^ =�H F�WTY\OýY\O�M$W\B ^ ]�� [�H$M<�$E$S L2(Q)

BDC O ^ =�W\B ^ =VX9C O ^ Y\BDH9=G@9=?Z ´TH B��?=?>�=�H$H BDbGB�H9=
W ^ E$bGBDH BTKRO�W ^ E$@ OAFAM$EVcJC B�Z E$H BTK�=?c-X$YT� ^ =�PjO�H$E OAK

F = E + grad (−4̃)−1 div.
pÖ� f �\�

µ·C ^ =�Y\Od>$Z E$YT� FdZ9Od> [�ò;±jE O�Z9OAKRKL�`f
Ø �98�8�* Ô #%�$# £ � ^%\ c�p |³\

F
� o x��>^ p w}�'x�]�a>^��a n jÙ|�z!\ c a�] e ^a�a n jÙw c j�| w�| � \����¤É^a�a n jÃ|}\ p |�z}| a c x q a n j � \>|�^� p |}\>|}jÕÚ

F 2 = F
Ï oª� \>| w p \ c a�w p`o ^ o ^� p |}\>�

Ä i a��&��]��
L2(Q)

�
Ø �98�8�* Ô #.-�# ¹ x��Ûx�� g | �Ùw�� c x��$\>a�| �ÜÄ i a��&��]�]

p (x) ∈ W 1
2 (Q) o ^� p |}\>�

Ä i a��&��]��
grad p (x) � \>]�a c�d x>^�¤É] p � d \ i | � ^%\ c�p |}\ c F u p |,^w prq

F (grad p(x)) = 0.

Ø �98�8�* Ô #TS-# £ � ^%\ c�p |}\
F

� o x��>^ p w}� � ^%\M^w prc a�| o | e a n j§w p \M^}®"j4^%\>a n j§| � ^�\ c�p |}\>|�jÞÝ c�� x c w c 43
a c x�� g n ® o ^� p |}\>�%Ä i a��&��]���®

u(x) ∈W 2
2 (Q)

Í

F (43 u(x)) = 43F ( u(x)) .

X O ^ O�� L̃2 (Q)
BT�TBD�AH9=G@$E K�C BG> C ^ BTF�W ^ =�H F�WTY+B L2 (Q)

Y\O�M$W\B ^ ]�� [�H$M<�$E$S u(x) X>$Z IM�BDW\B ^ �ac (E − F )u (x) = 0
f�g FdE$Z [õZ�O�KRKL�Ù� f�ºJBDC O ^ =�W\B ^ F

IVYDZ I$O�W\FeI
B ^ W\BDbGBDH9=?Z ´TH$��K C ^ BTO�M$W\B ^ BTK�f # BD�AW\BTKL[õEBDC O ^ =�W\B ^ E − F

WT=�M$P_O�IVYDZ I$O�W\F
I
C ^ BTO�M$W\B ^ BTK Y

L2 (Q)
f�ù"=�MmM$=�Mm��W\BDWõC ^ BTO�M$W\B ^ IVYDZ I$O�W\FeIH O�C ^ O ^ ��YTH$��K�X�W\B

Y\F�O C ^ BTF�W ^ =�H F�WTY\B L2 (Q)
KRBGP_O�W'�D��WT´)C ^ Od>9F�WT=�YDZ9O�H B)YQYTEV>9O C ^ I$KRBDS�F�[VKRKL�

L2 (Q) = Ker (E − F )
⊕

KerF.

ù"=�M$E KmBT� ^ =��GBTK�X L̃2 (Q) = Ker (E − F )
f

Ø �98�8�* Ô # Ô #�[ i w prq u (x) ∈ W 1
2 (Q)

��Ì<|�z d c div u = 0
u ^w~x�]�] p |�x q �&|�^w~x�]

u (x) ∈ L̃2 (Q)
�

��7����R3�,-��!"�/# Â wkx�]
u (x) ∈ W 1

2 (Q)
]
div u = 0

Ú d \ i z}]�jh]×w~x�| o c jh] u ^w~x�]
u (x) ∈W 1

2 (Q)
⋂
L̃2 (Q)

Ï u p |
Fu = u

�
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Y BDMV=��?=�W\OdZ ´\FAWTY+=��AWTEVcÕZ9OAKRKôC ^ BTF�WT� E2YT��W\O�MV=�ò;WmE$��BDC ^ Od>9OdZ9O�H$E$S C ^ B�]
F�W ^ =�H F�WTYhµ�BT�TB�Z9O�Y+=

W 1
2 (Q)

E�BDC O ^ =�W\B ^ BDY F
X 4 X

grad
FU[�@ O�W\BTK�Xa@$W\BmBDH$E

C O ^ Y\BDH9=A@9=?Z ´\H BqBDC ^ Od>9OdZ9O�H$�óH9=�W ^ E$bGBDH BTKRO�W ^ E @ OAF�M$E$c�C B�Z E$H BTK�=?c-f�ï�H$EF�WT=?]
H BDYTIVW\F
I�C BD@$WTEøBD@ O�YTEV> H ��KLEõp%FAK�f�H9=�C ^ E KRO ^ ¸ �"�?»%�dXVOAFdZ E÷[�@ OAF�WT´ X�@$W\BjMVZ�=DFAF;C Od]
^ E BA> E$@ OAF�M$EVcõ� [�H$M<�$E$S�H9=÷M$[V�TOQKRB?PQH B ^ =DFAFAK�=�W ^ E$Y+=DWT´�M$=�M�MVZ�=DFAF'� [�H$M<�$E$S
H9=�W\B ^ Oqp¦H9=NKLH B?PjOAF�WTY\OJ�TO��øb ^ =�H$E<���dfR³ B�>$Z9I¹C B�Z H BDWT� E$��Z9B?PjO�H$E$I�>9BDMV=��?=?]
W\OdZ ´\F�WTY+=_�AWTEVc�Z9OAKRK�C ^ E$Y\Od>9O�H$� Y ^ =���>9OdZ9OA�øp¦YQY+= ^ E9=�H$W\OTX$C ^ Od>$Z9B?PjO�H$H BTKmC B
KRBTO�SJC ^ BTF�´\�TO î f9µa=?> ���TO�MVBDYT��K·�df

µ·E F�W\OAKL[p¶ºTf�º?���?=�C$E$²_OAKÕY÷BA> H BDSUE$�_BT�D±_O�C ^ E$H$IVWT�acU�`B ^ K]aY�Y\O�M$W\B ^ H BDS
�`B ^ KRO$*

{
∂u
∂t −4u+ 〈u,∇〉u+ grad p = f,

div u = 0.

pÖ� f ���
ù"=�M¹M$=�M¹KL� E ±jOAK ^ O�²_O�H$E O'�?=?>�=A@$E¹YNMVZ�=DFAFAO�F�EVZ ´TH$�ac ^ O�²_O�H$E$S/X1W\B�KL�

KRBGP_OAKmC BD@VZ9O�H$H B'C BA>9O�S F�WTY\BDY+=�W\´�H9=_C O ^ Y\BTOý[ ^ =�YTH O�H$E OýF�E F�W\OAKL� pÖ� f ���aBDC9O ^ =?]
W\B ^ BTK F

f$ù"BDb
>�=VX9F�[�@ O�W\BTK�Z9OAKRKL��� f i_EJFdZ9Od>9F�WTYTE$IJE$��Z9OAKRKL�°� f � XVC B�Z [�@9=DOAK
{

∂u
∂t −4u+ F 〈u,∇〉u = Ff ;
div u = 0.

pÖ� f þ\�

ù"=�M$E KBT� ^ =��GBTK�X$KL�2E F�MVZ ò;@$EVZ E÷>�=�YDZ9O�H$E O
p(t, x)

E$� F�E F�W\OAKL�`f9ï�W\KRO�WTE K�X$@$W\B
WD=�M$E OQBDC O ^ = �$E$E�C B÷E F�MVZ ò;@ O�H$E$ò >�=�YDZ9O�H$E$I ^ =�H OAOj[�P_OjC ^ BA>9OdZ ��Y+=?Z E9F�´¹p%FAK�f�X
H9=�C ^ E KRO ^ X1¸ i$�?»�X/¸ �"�?»%�df

g F�EVZ [ÕZ9OAKRKL�ß� f �VX�O�FdZ E
u ∈ L̃2 (Q)

X�W\B 4u ∈ L̃2 (Q)
f�ù"BmOAF�WT´oC ^ B�]

F�W ^ =�H F�WTY\B L̃2 (Q)
IVYDZ I$O�W\F
I÷E$H$Y+= ^ E9=�H$WTH$��KmBDWTH BTF�E$W\OdZ ´TH B)BDC O ^ =�W\B ^ =jüý=�CVZ�=?]

FG= 4 f\ùL=�M'MV=�M'C ^ =�Y+=�I)@9=DF�WT´jC O ^ Y\BDbGB`[ ^ =�YTH O�H$E$I)Y÷pÖ� f þ\�LWD=�M$P_O�C ^ E$H9=?>$Z9O�PQE$W
L̃2 (Q)

X$W\B)C B�Z [�@9=DOAK�X9@$W\B)E F�c�BG> H9=�IJ�?=?>�=A@9='³`=�YT´\Od]¶µ·W\BDMVFG=Np¶ºTf�º?�a]�p¶ºTf �\����M YTEV]
Y+=?Z9O�H$WTH B ^ Od> [��$E ^ BDY+=�H9=QMø�?=?>�=A@ O

{
∂u
∂t −4u+ F 〈u,∇〉u = f, (t, x) ∈ Ω;

u|t=0 = 0, x ∈ Q,

pÖ� f í �

^ =DFAFAK�=�W ^ E$Y+=DOAKRBTS�YQC ^ BTF�W ^ =�H F�WTY+O L̃2 (Q)
f

gh�AW\BTKm[ ^ =�YTH O�H$E$ENF
>9OdZ�=DOAKm�?=DKRO�H$[øE F�MVBTKRBDSN� [�H$M<�$E$E
u(x, t) = v(x, t)et f

ù1BDbe>�=_H BDY+=�IøE F�M�BTK�=�I�� [�H$M<�$E$I
v
IVYDZ I$O�W\FeI ^ O�²_OdH E OAK�?=?>�=A@$E

{
∂v
∂t −4v + v + etF 〈v,∇〉 v = etf, (t, x) ∈ Ω;

v|t=0 = 0, x ∈ Q,

pÖ� f �T�
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= ºm�

g����DE ^ =�I

• YQM$=A@ OAF�WTY\O
H

]�C ^ BTF�W ^ =�H F�WTY\B L̃2 (Q)
X

• Y)M$=A@ OAF�WTY\O
A
]�BDC O ^ =�W\B ^ üý=�CVZ�=DFG=

(−4 + E)
F`BT��Z�=DF�WT´Tò BDC ^ Od>9OdZ9O�H$E$I

D (A) = W 2
2 (Q)

⋂
L̃2 (Q)

X

• YQM$=A@ OAF�WTY\O
B (u, v)

]�C ^ OABT� ^ =��GBDY+=�H E O etF 〈u,∇〉 v X
C B�Z [�@9=DOAK Y\BD�GKRBGPQH BTF�WT´��?=�C$E FG=�WT´hE F
c+BG> H$[�ò �?=?>�=G@$[ ³`=�YT´\Od]¶µ·W\BDMVFG= p¶ºTf�º?�ø]
p¶ºTf �\�ýY�YTEV>9Oø�?=?>�=G@$E p¯�Vf ����XLM�BDW\B ^ [�ò KL� H9=��AY+=?Z E�� � �+�÷���>º��OI"���ÃJV�ML��9�-�"�
�U�R�"�Q¼J�>½ s �+��¾;�U��º9�A��f

Y Z INC ^ E KRO�H O�H$E$I�W\OAB ^ OAKL� i'H9=DK2BTF�WD=DO�W\FeIUC ^ BDY\O ^ E$WT´ø[+FdZ9BDYTE$Ivà EOÓ�ºý]
ÓÅ� f

¢rá`â9B<��ã9?"ã9�9?`äMD���B>;>�
å�  IVYDZ I$O�W\FeI'BD@ O�YTEV> H$��K�f Y Z IQYT��� ^ =�H$H BDbGBjH9=DKLE
BDC O ^ =�W\B ^ = µ0 = 1

f�µ�Z9Od>9BDY+=�W\OdZ ´TH B X
Aµ = A

f # BD��W\BTKL[JC ^ BDY\O ^ M$[ø[+FdZ9BDYTE$S�Ó�º
]ÅÓF�_KL��C ^ BDY\Od>9OAK>$Z IøBDC O ^ =�W\B ^ = Aµ = A

f
æ:ç B>;>? ç CE6'äMD���B>;>�
åÉ¨ª©>¢ # BDM$=�PjOAK�X-@$W\B'>$Z INY\FAOdc

u, v ∈ D(A)
YT��C B�Z$]

H O�H B_H O ^ =�Y\O�H F�WTY\B

‖B (u, v)‖H ≤ eaKγ

{∥∥∥Aγ+1/2u
∥∥∥

H
‖Aγv‖H +

∥∥∥Aγ+1/2v
∥∥∥

H
‖Aγu‖H

} pÖ� f �\�
C ^ EøH O�MVBDW\B ^ BTK 0 < γ < 1/2

f
� B ^ BD²_BoE$�AY\OAF�WTH B$X;@$W\BÕYhF�EVZ [�[\FdZ9BDYTE$I

div u = 0
H OdZ E$H O�S$H$��S @VZ9O�H

〈u,∇〉 v KRBGP_O�W'�D��WT´)C ^ Od>9F�WT=�YDZ9O�H�Y)F�E KRKRO�W ^ E$@$H B\KmYTEV>9O

〈u,∇〉 v =
3∑

j=1

∂

∂xj
(ujv) .

µ�BTBDWTY\O�W\FdWTY+O�H$H B;Eý�DEVZ E H O�S$H$��S_BDC O ^ =�W\B ^ B (u, v)
KRBGP_O�W;�D��WT´��?=�C$E FG=�HjY�> ^ [+]

bABTKYTEV>9OTf # BD�AW\BTKL[øE KROAO�K

‖B (u, v)‖2
H =

∥∥etF 〈∇, u〉 v
∥∥2

L2(Q)
≤ ea ‖F 〈∇, u〉 v‖2

L2(Q) .

ù"=�MJMV=�M
F
]·BDb ^ =�H E$@ O�H$H$��S�C ^ BTO�M$W\B ^ X W\B ‖F‖ = 1

f9µ�Z9Od>9BDY+=�W\OdZ ´TH9B$X

e−a ‖B (u, v)‖2
H ≤ ‖〈∇, u〉 v‖2

L2(Q) =

∫

Q
|〈∇, u(x)〉 v (x)|2 dx =
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=

∫

Q

3∑

k=1

|〈∇, u(x)〉 vk (x)|2 dx =
3∑

k=1

3∑

j=1

∫

Q

∣∣∣∣
∂

∂xj
(uj (x) vk (x))

∣∣∣∣
2

dx =

=
3∑

k=1

3∑

j=1

∫

Q

∣∣∣∣
∂uj (x)

∂xj
vk (x) + uj (x)

∂vk (x)

∂xj

∣∣∣∣
2

dx.

# ^ E KRO�H O�H$E OAKm��Z9OAKRO�H$WT= ^ H$�acJH O ^ =�Y\O�H F�WTY�BDW\F�ò�>�=jC B�Z [�@9=DOAK

e−a ‖B (u, v)‖2
H ≤2

3∑

k=1

3∑

j=1

∫ {∣∣∣∣
∂uj (x)

∂xj

∣∣∣∣
2

|vk (x)|2 + |uj (x)|2
∣∣∣∣
∂vk (x)

∂xj

∣∣∣∣
2
}
dx ≤

≤2
3∑

k=1

3∑

j=1





(∫

Q

∣∣∣∣
∂uj (x)

∂xj

∣∣∣∣
4

dx

)1/2(∫

Q
|vk (x)|4 dx

)1/2

+

+

(∫

Q
|uj (x)|4 dx

)1/2
(∫

Q

∣∣∣∣
∂vk (x)

∂xj

∣∣∣∣
4

dx

)1/2


 ≤ pÖ� f �\�

≤
{(∫

Q
|∇u(x)|4 dx

)1/2(∫

Q
|v (x)|4 dx

)1/2

+

+

(∫

Q
|u(x)|4 dx

)1/2(∫

Q
|∇v(x)|4 dx

)1/2
}
.

µ�BDb
Z�=DF�H BýW\OAB ^ OAK�=DKõYDZ9B?PjO�H$E$IN¸ þTk?»9>$Z IQY\FAOdc'� [�H$M<�$E$S
u
E$��C ^ BTF�W ^ =�H F�WTY+=

H2γ
2 (T 3)

p¦M�BDW\B ^ BTO)EõOAF�WT´JH9=øFG=DKRBTK2>9OdZ9O)BDC ^ Od>9OdZ9O�H$H BTO'H9=DKLEqC ^ BTF�W ^ =�H F�WTY\B
W 2γ

2 (Q)
�dX$Y\O ^ H BQH O ^ =�Y\O�H F�WTY\B

∫

Q
|u(x)|4 dx ≤ C ‖u‖2

W 2γ
2 (Q)

= C

{∫

Q
|(−4 + E)γ u(x)|2 dx

}2
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= º��

C ^ EøY\FAOdc
2γ > 3(1/2 − 1/4) = 3/4

f # BD�AW\BTKL[÷E$��pÖ� f �\��C B�Z [�@9=DOAK

e−a ‖B (u, v)‖2
H ≤

≤ C

{ (∫
Q

∣∣∣(−4 + E)γ+1/2 u (x)
∣∣∣
2
dx

)(∫
Q |(−4 + E)γ v (x)|2 dx

)
+

+

(∫

Q
|(−4 + E)γ u(x)|2 dx

)(∫

Q

∣∣∣(−4 + E)γ+1/2 v(x)
∣∣∣
2
dx

)}
=

=C

{∥∥∥(−4 + E)γ+1/2 u (x)
∥∥∥

2

L2(Q)
‖(−4 + E)γ v (x)‖2

L2(Q) +

+
∥∥∥(−4 + E)γ+1/2 v (x)

∥∥∥
2

L2(Q)
‖(−4 + E)γ u (x)‖2

L2(Q)

}
,

b
>9O
γ
]RZ ò��TBTO @$E FdZ9B$X$[?>9BDYDZ9O�WTY\B ^ IVò;±_OAO H O ^ =�Y\O�H F�WTYT[ γ > 3/8

f
ù"=�M$E K BT� ^ =��GBTK�X�[\FdZ9BDYTE OèÓ�º YT��C B�Z H O�H B C ^ E Y\FAOdc

γ
E$� E$H$W\O ^ Y+=?Z�=

(3/8, 1/2)
f

æ:ç B>;>? ç CE6OäMD���B>;>�
å»¨,±�¢ # BDM$=�PjOAK�X9@$W\BQ>$Z IøY\FAOdc
u, v ∈ D(A)

YT��C B�Z$]
H O�H B_H O ^ =�Y\O�H F�WTY\B

∥∥∥AθB (u, v)
∥∥∥

H
≤ eaKθ

{∥∥∥A1/2u
∥∥∥

H
‖v‖H +

∥∥∥A1/2v
∥∥∥

H
‖u‖H

}
,

pÖ� f�ºGk\�
b
>9O −3/2 < θ < −3/4

f
Ø �98�8�* Ô #.é�# £ � ^%\ c�p |}\

F
� o x��>^ p w}� � ^%\M^w prc a�| o | e a n j2w � \�| ] b�o |}x q a�| �,w p ^�

� ^�a q � p \M^}®"j4^%\>a�|�z}|Q| � ^%\ c�p |}\ c Ý c�� x c w c (−43 + E)−α , α ≥ 0
a c x�� g n ®

o ^� p |³\>�%Ä i a��&��]���®
u(x) ∈ L2 (Q)

Í

F
(
(−43 + E)−α u(x)

)
= (−43 + E)−α F ( u(x)) .

Y BDMV=��?=�W\OdZ ´\F�W\Y\BJ=�H9=?Z9BDbAE$@$H B�>9BDM$=��?=�W\OdZ ´\F�WTYT[�Z9OAKRKL�ê� f �'E�>$Z INC B�Z H BDWT�
E$��Z9BGP_O�H$E$IøC ^ E$Y\Od>9O�H B)Y ^ =���>9OdZ9OA�Vf

# BD�AW\BTKL[÷E KROAOAK
∥∥∥AθB (u, v)

∥∥∥
H

=

= et
∥∥∥(−43 + E)θ F 〈u,∇〉 v

∥∥∥
L2(Q)

= et
∥∥∥F (−43 + E)θ 〈u,∇〉 v

∥∥∥
L2(Q)

.

ù"=�M)M$=�M ‖F‖ = 1
E

3 > −2θ > 3(1−1/2) = 3/2
XTW\B C B�Z ´T�A[TI$F�´ýE$H$W\O�b ^ =?Z ´TH$��K

C ^ Od>9F�WD=�YDZ9O�H$E OGK>9O�S F�WTYTE$I
(−43 + E)θ XVC B�Z [�@9=DOAK
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∥∥∥AθB (u, v)
∥∥∥

2

H
≤ e2a

∥∥∥(−43 + E)θ 〈u,∇〉 v
∥∥∥

2

L2(Q)
=

= e2a

∫

Q



∫

Q

m̂(x, y)

|x− y|α |〈u,∇〉ϑ| dy




2

dx,

b
>9O
m̂(·, ·) ]LH O�C ^ O ^ ��YTH9=�I÷� [�H$M<�$E$IQ> YT[+c�= ^ bA[VKRO�H$W\BDY X$= α = 3+2θ ∈ (0, 3/2)C ^ E −3/2 < θ < −3/4

f
ï�W\F�òa>�=_E KROAOAK

∥∥∥AθB (u, v)
∥∥∥

2

H
≤

≤ e2a

∫

Q

dx
(∫

Q

m̂(x, y) |(u,∇)ϑ (y)|
|x− y|α dy ·

∫

Q

m̂(x, η) |(u,∇)ϑ (η)|
|x− η|α dη

)
.

ù1O�C O ^ ´'C BTKRO�H$I$OAKC B ^ I�>9BDMJE$H$W\O�b ^ E ^ BDY+=�H E$I
∥∥∥AθB (u, v)

∥∥∥
2

H
≤

≤ e2a

∫

Q

∫

Q

(
|〈u,∇〉ϑ (y)| |〈u,∇〉ϑ (η)|

∫

Q

m̂(x, y)m̂(x, η)

|x− y|α |x− η|αdx
)
dydη.

ï�W\F�òa>�=VX$WT=�MJMV=�M
m̂(·, ·) ]�BDb ^ =�H$E$@ O�H9=VX�= α ∈ (0, 3/2) ,

C B�Z [�@9=DOAK�X$@$W\B

∥∥∥AθB (u, v)
∥∥∥

2

H
≤ Kθ((u,∇)ϑ (dy))2 ≤ Kθ ‖u‖L2(Q) ‖∇, ϑ‖L2(Q) .

���;�AW\BDbGBýH O ^ =�Y\O�H F�WTY+=jYT��W\O�M$=DO�W_YT��C B�Z H O�H$E O;[+FdZ9BDYTE$IUp¯�Vf i\��C ^ E�Y\FAOdc −3/2 <
θ < −3/4

f$ù"BQOAF�WT´)[\FdZ9BDYTE9O4Ó�ijYT��C B�Z H O�H B$f
æ:ç B>;>? ç CE60äMD���B>;>�
å�¨`¸E¢ # BDM$=�PjOAK�X�@$W\B`>$Z I'Y\FAOdc

u ∈ D(A)
YT��C B�Z H9OdH9B

[\FdZ9BDYTE O`B ^ W\BDbGBDH9=?Z ´TH9BTF�WTE

〈B (u, u) , u〉H = 0.
pÖ� f�ºTº?�

µo[�@ O�W\BTKmFG=DKRBTFABDC ^ IVPjO�H$H9BTF�WTENBDC9O ^ =�W\B ^ = F pÝZ9OAKRK�=r� f�º?��E KROAOAK

〈B (u, u) , u〉H = et (F 〈u,∇〉u, u)L2(Q) = et (〈u,∇〉u, Fu)L2(Q) .
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= iVº

�;�ýFdZ9Od>9F�WTYTE$IøZ9OAKRKL��� f �)E KROAOAK
Fu = u

>$Z IøY\FAOdc
u ∈ L̃2 (Q)

f # BD�AW\BTKL[

e−t 〈B (u, u) , u〉H = (〈u,∇〉u, u)L2(Q) .

ñ =DF�M ^ ��Y+=�I�F�M$=?Z I ^ H$��O C ^ BDE$�AY\Od>9O�H$E I-X9�D[?>9OAK�E KRO�WT´

e−t 〈B (u, u) , u〉H =

=

∫

Q
〈u (x) , 〈u,∇〉u(x)〉 dx =

∫

Q

3∑

j=1

uj (x) (〈u,∇〉uj(x)) dx =

=

3∑

j=1

∫

Q

3∑

k=1

uj (x)uk(x)
∂uj (x)

∂xk
dx =

3∑

j=1

∫

Q

3∑

k=1

uk (x)
∂

∂xk

(uj (x))2

2
dx.

�;H W\Odb ^ E ^ [TI�C BTFdZ9Od> H$E$SUE$H$W\O�b ^ =?Z�C B)@9=DF�W�I$K�X�F`[�@ O�W\BTKoC O ^ E BG> E$@ OAF�M$EVcNM ^ =?]
OdYT��c÷[\FdZ9BDYTE S¹p¶ºTf �\�dX$C B�Z [�@$E K

e−t 〈B (u, u) , u〉H = −
3∑

j=1

∫

Q

3∑

k=1

(uj (x))2

2

∂

∂xk
uk (x) dx =

= −
3∑

j=1

∫

Q

(
(uj (x))2

2
div u(x)

)
dx.

ù"=�MjMV=�Mý>$Z IýY\FAOdcý� [�H$M<�$E$S
u ∈ L̃2 (Q)

E KROAO�W�KROAF�W\B
div u (x) = 0

p¦Z9OAKRK�=H� f ���dX
W\BJE$�'C BTFdZ9Od> H O�bGB ^ =�Y\O�H F�WTY+=�C B�Z [�@9=DOAK 〈B (u, u) , u〉H = 0

f1ùL=�M$E K BT� ^ =��GBTK�X
[\FdZ9BDYTE O4ÓF�jYT��C B�Z H O�H B$f

æ:ç B>;>? ç CE6väMD���B>;>�
å(¨rÁ
¢ � KROAOAK

B̂P (u) = (E − P )B
(
(E − P )u, (E − P )u

)
−B (u, u) =

= −B
(
(E−P )u, Pu

)
+PB

(
(E−P )u, Pu

)
−B(Pu, u)−PB(u, u)+PB(Pu, u).

# BG>9F�WT=�YDZ IVIJF�ò�>�=jY\KROAF�W\B
B (u, v)

C ^ OABT� ^ =��GBDY+=�H$E O etF 〈u,∇〉 v XVC B�Z [�@9=DOAK

B̂P (u) e−t = −F 〈[E − P ]u,∇〉Pu+ PF 〈[E − P ]u,∇〉Pu−

−F 〈Pu,∇〉u− PF 〈u,∇〉u+ PF 〈Pu,∇〉u.
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iTi î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

³`=�E KRO�H$´T²_OAOQFABT�TF�WTY\O�H$H BTOQ@$E FdZ9BøBDC O ^ =�W\B ^ =�üý=�CVZ�=DFG= ^ =�YTH B�H$[?Z ò_f/µ�BTBDWTY\O�WD]
F�WTYT[�ò;±jE KLEõFABT�TF�WTY\O�H$H$��KRE¹Y\O�M$W\B ^ =DKLE��D[?> [�WJW ^ OdcVM�BTKLC BDH O�H$WTH ��O'Y\O�M$W\B ^ =JF
C BTF�W\BGIVH$H$��KLE�p¦H O·�?=�YTE F
IV±jE KLEQBDW

x
��MVBTKLC BDH O�H$WD=DKRE/f��ÕBD@ O�YTEV> H B$X�@$W\B�C O ^ YT��O

> Y+=QFdZ�=�b�=DOAKL�ac�BT� ^ =�±Q=�ò;W\F
IøYQH$[?Z ´ X$C BD�AW\BTKL[

B̂P (u) e−t = − (E − P )F 〈Pu,∇〉u− PF 〈u,∇〉u. pÖ� f�ºGi\�
# BDMV=�P_OAK�Xõ@$W\B YTW\B ^ BTO FdZ�=�b�=DOAKRBTO ��>9OAF�´ BT� ^ =�±Q=DO�W\FeI Y H$[?Z ´ f¹ù"=�M MV=�M
PF 〈u,∇〉u ]aY\O�M$W\B ^ FýC BTF�W\BGIVH$H$��KLEop¦H Oj�?=�YTE F
IV±jE KLE�BDW

x
��M�BTKLC BDH O�H$WT=DKLE/X

W\B

PF 〈u,∇〉u =
3∑

k=1

〈F 〈u,∇〉u, ek〉L2(Q) ek.

ù"=�MJM$=�M
F
]·FG=DKRBTFABDC ^ IVP_O�H$H$��S�C ^ BTO�M$W\B ^ X W\B

PF 〈u,∇〉u =
3∑

k=1

〈〈u,∇〉u, Fek〉L2(Q) ek.

´ @$E$WT��Y+=�I-X9@$W\B
Fek = ek

p%FAK�f�BDC ^ Od>9OdZ9O�H$E OJpÖ� f �\��C ^ BTO�M$W\B ^ = F �dX�BDW\F�ò�>�=)C B�]Z [�@9=DOAK
PF 〈u,∇〉u =

=

3∑

k=1

〈〈u,∇〉u, ek〉L2(Q) ek =

3∑

k=1

〈
3∑

j=1

∂

∂xj
(ujuk) , ek

〉

L2(Q)

ek = 0.

# BTFdZ9Od> H OAO ^ =�Y\O�H F�WTY\BQZ�OdbAMVB)C B�Z [�@9=DO�W\FeIJE$H$W\O�b ^ E ^ BDY+=�H$E9OAKoC B)@9=DF�W?I$KmY'F�M$=?]
Z I ^ H BTK�C ^ BDE$�AY\Od>9O�H$E$E/X$WT=�MøMV=�M

ek
]RY\O�M$W\B ^ F;C9BTFdW\B?IVH$H$��KLE¹p¦H O��?=�YTE F
IV±jE KLE

BDW
x
�·MVBTKLC BDH O�H$WT=DKLE/f
ù"=�M$E KoBT� ^ =��GBTK�X

B̂P (u) e−t = − (E − P )F 〈Pu,∇〉u. pÖ� f�º��\�
# ^ E F�WT[�C9=DOAKMøC B�Z [�@ O�H$E$ò B�� O�H$M$E¹p×iVf i\�df ù"=�MøM$=�M

P
E
F
]RC ^ BTO�M$W\B ^ �`X$W\B

C B�Z [�@9=DOAK

a∫

0

dt

∫

Q

‖(E − P )F 〈Pu,∇〉u‖2 dx ≤
a∫

0

dt

∫

Q

‖〈Pu,∇〉u‖2 dx.
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= i$�

ù"=�M�MV=�M
Pu

]·Y\O�M$W\B ^ F C BTF�W\BGIVH$H$��KLEp¦H O`�G=�YTE9F
IV±jE KLENBDW
x
��M�BTKLC BDH O�H$WT=DKLE/X

W\B

Pu =
3∑

k=1

Ck(t)ek ≡
3∑

k=1

〈u, ek〉L2(Q) ek,

b
>9O
ek

]��\=��AE F�Y_C O ^ Y\BTKFABT�TF�WTY\O�H$H BTKmC BA> C ^ BTF�W ^ =�H FAWTY\O {u : 4u = 0} f$<-=jWD=?]M�BDS��\=��AE F`KRBGPQH B)YT�AIVWT´)Y\O�M$W\B ^ � (1, 0, 0) , (0, 1, 0)
E

(0, 0, 1)
f

# BD�AW\BTKL[÷E KROAOAK
a∫

0

dt

∫

Q

‖〈Pu,∇〉u‖2 dx ≤

≤
{

max
0≤t≤a

max
1≤k≤3

‖Puk(t, ·)‖2
L2(Q)

}{∫ a

0

3∑

k=1

‖grad uk(η, ·)‖2
L2(Q) dη

}
≤

≤
{

max
0≤t≤a

max
1≤k≤3

‖uk(t, ·)‖2
L2(Q)

}{∫ a

0

3∑

k=1

‖grad uk(η, ·)‖2
L2(Q) dη

}
.

ï�W\F�òa>�=_EøE �`B�� O�H$M$EV)�f � BDC �ý=øp×iVf�º?��C B�Z [�@9=DOAK

a∫

0

dt

∫

Q

‖(E − P )F 〈Pu,∇〉u‖2 dx ≤
{

3∑

k=1

∫ a

0
‖fk(η, ·)‖2

L2(Q) dη

}2

.

ï�W\F�òa>�=_EøE �'pÖ� f�º��\��FdZ9Od> [\O�W)YT��C B�Z H O�H$E O`[+FdZ9BDYTE$I0Óë� f
��WD=�M/X?Y\FAO·[+FdZ9BDYTE$I`W\OAB ^ OAKL�`X�W\B;OAF�WT´;[\FdZ9BDYTE$IÐà�EÐÓ�º�]�Óë��YT��C B�Z H9OdH �`f # B�]

��W\BTKL[JE$�jW\O�B ^ O�KL� iQC B�Z [�@9=DOAKÕF�[�±_OAF�WTY\BDY+=�H$E O ^ O�²_O�H$E$I u(t, x) �?=?>�=A@$EpÖ� f í �
EõB�� O�H$M$Eõ>$Z I�H O�bGB$f Y =�YDZ9O�H$E O

p(t, x)
Y\BTFAF�WT=�H9=�YDZ E$Y+=TO�W\FeIõY�F�EVZ [�[ ^ =�YTH O�H$E$I

pÖ� f ���"E)[\FdZ9BDYTE$INp¶ºTf ����f+ïì� O�H$M$E)>$Z I
p(t, x)

YT��W\O�M$=�ò;WýE$�jpÖ� f ����p%F�[�@ O�W\BTKop¶ºTf ���
�df
ù"=�M$E KmBT� ^ =��GBTK�X W\OAB ^ OAK�=Jº�YT��W\O�M$=DO�W)E$�`W\OAB ^ OAKL� iVf

�

é�&j7�ív3"� ��:j�Õ!-��� ! (+*"6�41,-:î�'4"3��"4"���L:j�28;4L8;� �1,-: ��4"./*91D*-,/��7����
3�,-� *o,-� 4"( �98;:Õ-

g��AW\BTK ^ =���>9OdZ9O�KL�ÕBDC$E$²_OAKÕp¦H O�YTC B�Z H O�F�W ^ BDbGB+�LMVZ ò;@ O�YT��O�EV>9O�E/X\H9=�MVBDW\B ^ ��O
BDC$E ^ =DO�W\F
I�>9BDM$=��?=�W\OdZ ´\F�WTY\B�W\OAB ^ OAKL�ôiqp¦E ^ =D�TBDWD=øY0� OdZ9BTK·�df # B�Z H BTOQ>9BDMV=��?=?]
W\OeZ9´\FdWTY\B)W\OAB ^ OAKL� ijC ^ E$Y\Od>9O�H B)Y)FdZ9Od> [�ò�±ýE$c�> YT[+c ^ =���>9OdZ�=?c-f
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i � î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

Y Z I÷[�C ^ BD±_OdH E$I÷E$��Z9B?PjO�H$E$IJYQ�AW\BTK ^ =���>9OdZ9OýF�@$E$WT=DO�K�X @$W\B A ≥ E
f

����p¯�Vf ����C O ^ O�SV>9OAKmMø�AM$YTE$Y+=?Z9O�H$WTH BTKR[÷[ ^ =�YTH9OdH E$ò

◦
v + L(

◦
v,

◦
v) =

◦
f,

p×þVf�º?�

b
>9O ◦
v(t) = u′(t) +Au(t)

X

L(
◦
v,

◦
v) = B(T

◦
v, T

◦
v), T

◦
v =

∫ t

0
e−A(t−η)◦v(η)dη.

<9>9OAF�´'BDC O ^ =�W\B ^ e−A(t−η) C BDH$E K�=DO�W\FeIJY)FAKL��FdZ9O`F�C O�M$W ^ =?Z ´TH BTbGB ^ =���Z9B?PjO�H$E$IE*

e−A(t−η)ϕ(η) =
∞∑

j=1

eλj(t−η)ϕj(η)ej .

ù1O�C O ^ ´QF�W ^ OAKLE KRFeI÷B�� O�H$E$WT´_H B ^ KL[ ◦
v
Y
H1(0, a)

@ O ^ O��;H B ^ KL[ ◦
f
Y
H1(0, a)

f
# B�Z9BGPQE K

R(v) = A2θv −
∥∥Aθv

∥∥2

H1

‖v‖2
H1

v,

D∗
vf(v) = f + L∗

vf, p×þVf i\�

S(v) = D∗
vf −

〈D∗
vf, v〉H1

‖v‖2
H1

v −
〈D∗

vf,R〉H1

‖R‖2
H1

R,

b
>9O
θ
]�@$E FdZ9B�E$��[\FdZ9BDYTE$IÐÓ�iVX�=

L∗
v

]�OAF�WT´�BDC O ^ =�W\B ^ X�FABDC ^ IVPjO�H$H$��S_MjBDC O ^ =�W\B ^ [
Lv

XVM�BDW\B ^ ��SJ>9O�S F�WTYT[\O�W'C BQ�`B ^ KL[?Z9O

Lvg = L(v, g) + L(g, v).

# [\F�WT´
ξ ∈ [0,∞) ï C9= ^ =DKRO�W ^ f ñ =DFAFAKRBDW ^ E K¹FAOAKRO�S F�WTY\Bý� [�H$M<�$E S

v(ξ, ·) FAB�AH9=A@ O�H$E$I$KLE)Y
H1 = H1(0, a)

X�IVYDZ IVò;±jEVc+FeIýC B;C9= ^ =DKRO�W ^ [ ξ ^ O�²_O�H$E OAKU�?=?>�=A@$E
{

dv
dξ = −α(ξ)R(v(ξ)) − β(ξ)S(ξ) + d(ξ),

v|ξ=0 =
◦
v ∈ H1(0, a).

p×þVf �\�
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= iTþ

< >�O�F�´
α(ξ) ≥ 0

E
β(ξ)

]�F�M$=?Z I ^ H$��OQ� [�H$M<�$E$E/X�= d(ξ) ï Y\O�M$W\B ^ ]�� [�H$M<�$E$IUFAB
��H�=A@ O�H$E$I$KLE�Y

H1(0, a)
XVWD=�M$=�I-X$@$W\B

〈d(ξ), v(ξ)〉H1
= 〈d(ξ), R(ξ)〉H1

= 〈d(ξ), S(ξ)〉H1
= 0.

p×þVf ���
Y Z I'BT�TOAF�C O�@ O�H$E$I ^ =�Y\O�H F�WTYøp×þVf ����X+OAFdZ E

R(ξ) 6= 0
E
S(ξ) 6= 0,

KRBGPQH BýYT�AIVWT´
d(ξ)

E � ^ =�Y\O�H F�WTY+=

d(ξ) = g(ξ)−
〈g(ξ), v(ξ)〉H1

v (ξ)

‖v (ξ)‖2
H1

−
〈g(ξ), R(ξ)〉H1

R (ξ)

‖R (ξ)‖2
H1

−
〈g(ξ), S(ξ)〉H1

S (ξ)

‖S (ξ)‖2
H1

,

b
>9O
g(ξ)

]�C ^ BDE$�AY\B�Z ´TH9=DI�� [�H$M<�$E$IøFAB_�AH9=G@ O�H$E$I$KLEJY
H1(0, a)

f
ï;�TBD�AH9=A@$E K

f (ϑ(ξ)) = v(ξ) + L (v(ξ), v(ξ)) .
plþVf þ\�

ï�W\KRO�WTE K�X$@ W\B_C BQC BTF�W ^ BTO�H$E$ò p%FAK�f/p×þVf i\�
�

〈v(ξ), R(ξ)〉H1
= 〈v(ξ), S(ξ)〉H1

= 〈R(ξ), S(ξ)〉H1
= 0.

p×þVf í �

# BD�AW\BTKL[\X1C B�Z ´T�A[TI$F�´ ^ =�Y\O�H F�WTY+=DKLE�p×þVf ����X�p×þVf í ��Eõ[ ^ =�YTH O�H$E$I$KLEõ>$Z I
v (ξ)

X
H9=?c+BG> E K

(
‖v(ξ)‖2

H1

)
ξ

= 2 〈v(ξ), vξ(ξ)〉H1
= 0,

(∥∥∥Aθv(ξ)
∥∥∥

2

H1

)

ξ

= 2
〈
A2θv(ξ), vξ

〉
H1

=
p×þVf �T�

= 2

〈
A2θv(ξ) −

∥∥Aθv(ξ)
∥∥2

H1

‖v(ξ)‖2
H1

v(ξ), vξ

〉

H1

=

= 2 〈R(v(ξ)), vξ〉H1
= −2α(ξ) ‖R(v(ξ))‖2

H1
,

(
‖f (v(ξ))‖2

H1

)
ξ

=
(
‖v(ξ) + L(v(ξ), v(ξ))‖2

H1

)
ξ

= 2 〈D∗
ϑf(v), vξ〉 =

= −2 〈D∗
vf,R〉H1

α(ξ) + β(ξ) ‖S(v(ξ))‖2
H1
.

p×þVf �\�
Y =?Z9OAO�BT�TBTF�H BDYT��Y+=DO�W\FeI�p Ñ p | d | w prc�p | e a�| p \ i d a�| �LY\BD�GKRB?PQH BTF�WT´QYT���TB ^ =WD=�M$EVcM$[\FABD@$H B�]lH O�C ^ O ^ ��YTH$��co� [�H$M<�$E$S

α(ξ), β(ξ)
EY\O�M$W\B ^ ]�� [�H$M<�$E$E d(ξ)

X
@$W\BT�D�2>$Z I÷H O�MVBDW\B ^ BDbGB ξ1 ∈ (0,∞]

YT��C B�Z H I+Z9E F�´'[\FdZ9BDYTE$I
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i í î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

Ú ¤ Ï ‖v(ξ)‖H1
=
∥∥∥◦v
∥∥∥

H1

C ^ E ξ ∈ (0, ξ1] ¥Ú ¤¦¤ Ï
lim
ξ→ξ1

‖R(v(ξ))‖H1
= 0 ¥

Ú ¤¦¤¦¤ Ï ∥∥Aθv(ξ)
∥∥

H1

H O Y\BD� ^ =DF�WD=DO�W'Y
(0, ξ1) ¥

(iiii) ‖f(v(ξ))‖2
H1

≡ ‖v(ξ) + L(v(ξ), v(ξ))‖2
H1

≤
∥∥∥∥
◦
f

∥∥∥∥
2

H1

+ C
∥∥∥Aθ ◦v

∥∥∥
m

H1

∥∥∥◦v
∥∥∥

2−ε

H1

,

b
>9O
C
X
m

E
ε ∈ (0, 1)

]·H O��?=�YTE FeIVW'BDW ◦
v
f

Y =?Z9OAOTX E$�
R (v (ξ1)) = 0

YT��W\O�M$=DO�W�X9@$W\BQC ^ E�H O�M�BDW\B ^ BTKÕFABT�TF�WTY\O�H$H BTKo�AH9=?]
@ O�H$E$E

λ̂
BDC O ^ =�W\B ^ = A E KROAO�W_KROAF�W\B

A2θv (ξ1) = λ̂2βv (ξ1)
p¦YjFAKL��FdZ9O

H1(0, a)
�df

# ^ BTF�WT��KLE ^ =DFAF�[�P_>9O�H$E$I$KLEÕFdZ [�@9=�SmM ^ =�WTH BDbGBqFABT�TF�WTY\O�H$H BDbGBõ�AH9=A@ O�H$E$I
λ̂F�Y\BA> E$W\FeIøM�FdZ [�@9=�ò BDC O ^ =�W\B ^ BDY�F�C ^ BTFdWT��KLE�FABT�TF�WTY\O�H$H$��KRE��AH9=G@ O�H$E$I$KLE/f

)�FdZ E BDC O ^ =�W\B ^ A
Y
H

H OõE KROAO�WhM ^ =�WTH$�ac FABT�TF�WTY\O�H$H$�ac @$E FAOdZ1X;W\BoE$�
C BTFdZ9Od> H O�bGB ^ =�Y\O�H F�WTY+=¹YT��W\O�MV=DO�WDX�@$W\B

v(ξ1) = Ψ(t)e
X·b
>9O

e
]QFABT�TF�WTY\O�H$H$��S

Y\O�M$W\B ^ A Y)C ^ BTF�W ^ =�H F�WTY\O H X
Ψ(t) ∈ L2(0, a)

f�ï�W\F�òa>�=_EJE$� Ú ¤ Ï E KROAOAK
∥∥∥◦v
∥∥∥

2

H1

= ‖v(ξ1)‖2
H1

≤ ‖v(ξ1)‖2
H1

+ ‖L(v(ξ1), v(ξ1))‖2
H1

+

+2 〈L(v(ξ1), v(ξ1)), v(ξ1)〉H1
− 2 〈L(v(ξ1), v(ξ1)), v(ξ1)〉H1

=

= ‖v(ξ1) + L(v(ξ1), v(ξ1))‖2
H1

− 2 〈L(v(ξ1), v(ξ1)), v(ξ1)〉H1
.

³ B
v(ξ1) = Ψ(t)e

XVC BD�AW\BTKL[

(Tv(ξ1))(t) =

∫ t

0
e−A(t−η)Ψ(η)edη =

(∫ t

0
e−λ̂(t−η)Ψ(η)dη

)
e = Ψ̃(t)e,

L (v(ξ1), v(ξ1)) =B((Tv(ξ1))(t), (Tv(ξ1))(t)) = B(Ψ̃(t)e, Ψ̃(t)e) = Ψ̃2(t)B(e, e).

µ�Z9Od>9BDY+=�W\OdZ ´TH B$X

∥∥∥◦v
∥∥∥

2

H1

≤‖v(ξ1) + L(v(ξ1), v(ξ1))‖2
H1

− 2
〈
Ψ̃2(t)B(e, e),Ψ(t)e

〉
H1

=

= ‖f (v(ξ1))‖2
H1

− 2

a∫

0

Ψ̃2(t)Ψ(t) 〈B(e, e), e〉H dt.
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= i&�

ù1O�C O ^ ´øY\BTF�C B�Z ´T�A[\OAKRFeIU[\FdZ9BDYTE OAK2B ^ W\BDbGBDH9=?Z ´TH BTFAWTEQÓF�VX-='�?=�W\OAK Ú ¤¦¤¦¤¦¤ Ï f9ù"BDb
>�=
C B�Z [�@9=DOAK

∥∥∥◦v
∥∥∥

2

H1

≤ ‖f(v(ξ1))‖2
H1

≤
∥∥∥∥
◦
f

∥∥∥∥
2

H1

+ C
∥∥∥Aθ ◦v

∥∥∥
m

H1

·
∥∥∥◦v
∥∥∥

2−ε

H1

.
p×þVf �\�

����[\FdZ9BDYTE$I¡Ó�iUEoE$�N��H9O ^ bAO�WTE$@9O�FAM�BTbGB¹H O ^ =�Y\O�H F�WTY+=Õp%FdZ�=D�TBDS�=�C ^ E B ^ H BDS
B�� O�H$M$E�WTE$C9= � BDC �j=)p×iVf�º?�
�dX\M$=�M��D[?>9O�WjC BA> ^ BT�DH BjC BDMV=��?=�H BjY ^ =���>9OdZ9Oh��X\YT��W\Od]
MV=DO�WDXV@ W\B

∥∥∥Aθv
∥∥∥

H1(0,a)
≤ Cθ ‖f(v)‖2

H1
.

ï�W\F�ò�>�=_EøE$�ýB�� O�H$M$E¹p×þVf �\��C B�Z [�@9=DOAKoB�� O�H$M$[
∥∥∥◦v
∥∥∥

2

H1

≤ C

(
1 +

∥∥∥∥
◦
f

∥∥∥∥
2

H1(0,a)

+

∥∥∥∥
◦
f

∥∥∥∥
l

H1(0,a)

)
,

p×þVf�ºGk\�

b
>9O
C

E
l
]�H O��?=�YTE FeIVW'BDW ◦

v
E ◦
f
f

û�C ^ E B ^ H9=�I�B�� O�H$M$=�p×þVf�ºGk\��OAF�WT´_B�� O�H$M$=
u′ +Au

@ O ^ O��;C ^ =�YT[�ò2@9=DF�WT´_[ ^ =�YD]
H O�H$E$I�p¯�Vf ����fM���j�AW\BDSUB�� O�H$M$E�KL� Y ^ =���>9OdZ9O,�QC B�Z [�@9=DOAKÕW\OAB ^ OAKL[NiVf�ùL=�MNM$=�M
��WT=�B�� O�H$MV=op¦W�f OTf�plþVfÊºGk\�
�_OAF�WT´õF�EVZ ´TH9=�ImB�� O�H$M$=VX�W\B�F�[�±_OAF�WTYT[+O�WõKLH BDbGB�C$[�W\O�S
p%FAK�fÊX H9=�C ^ E KRO ^ X Y ^ =D�TBDWD=?cNïjf ûjf$üý=?> ��P_O�H F�M�BDS��aYT��Y\BG>�=_W\OAB ^ OAKL� i_E$�`B�� O�HV]
M$Eõp×þVf�ºGk\��f

î � Y ^ =���>9OdZ9Oª�'C ^ Od>$Z�=�bA=DOAK�F�Y\BDSqC$[�WT´øYT��Y\BG>�=÷E$�)B�� O�H$M$EÕp×þVf�ºGk\�;W\OAB ^ Od]
KL� iVX C ^ E F�C BTFABT��Z9O�H$H ��SNM�²jE ^ BDM�BTKL[øMVZ�=DFAF�[�=D�TF�W ^ =�M$WTH$�ac�C9= ^ =D�TB�Z E$@ OAF�M$E$c
[ ^ =�YTH O�H$E$S/f # B�Z H$��S�YT��Y\BA>NB�� O�H$M$E�p×þVf�ºGk\�aKL��C ^ E$Y\Od>9OAKY ^ =���>9OdZ9O í f

ï;F�H BDYTH$��O�W ^ [?> H$��O�KRBTKRO�H$WT� ^ =D�TBDWT� FABTF ^ Od>9BDW\BD@ O�H$� E KRO�H$H BY ^ =���>9Od]
Z9O í *�b
Z�=�YTH$��O_W\OdcVH$E$@ OAF�M$E O_W ^ [?> H BTF�WTE��?=�MVZ ò;@9=�ò;W\F
INY÷YT���TB ^ OjC BG>$c�BA> IV±jEVc
α(ξ), β(ξ)

E
d(ξ)

f � BDW?I�KL� C B'F�[�±_OAF�WTYT[JFdZ9Od> [+OAKmE$��Z9B?PjO�H$H BTKR[JY'�AW\BTK ^ =���]
>9OdZ9O�C BG>$c�BA> [+X\H9=DKõC ^ EVc�BA> E$W\FeI ^ =?> E�W\OdcVH$E$@ OAF�M$EVc'[?>9BT�TF�WTYjH OAF�MVB�Z ´TM�B_BDWTMVZ9B�]
H$E$WT´\F
IJBDW)[�MV=��?=�H$E$SJ�AW\BDbGB ^ =��d>�OeZ�=_C ^ E ^ OG=?Z E$�?= �$E$ENO�bGBQEV>9O�S/f

ðVñ_5"( !"4"( �/*"0 49ò"� �"./* ( ��óU� �"!9� 4����"49�+4 .-7L*/3�39*�"(+*"���"� �"!�� �
�+!-7���6�� ($,/4"��4R8«5"( 4"3�,-(+*L�"3�,-���

# [+F�WT´
Ĥ

]LbAEVZ ´\�TO ^ W\BDY\BjC ^ BTF�W ^ =�H F�WTY\BQFABjFdM$=?Z I ^ H$��K¹C ^ BDE$�AY\Od>9O�H$E OGK 〈·, ·〉 X A]aFG=DKRBTFABDC ^ IVPjO�H$H ��SUZ E$H O�S$H$��S�BDC O ^ =�W\B ^ Y
Ĥ,

=
L(·, ·) ]a�DE$Z E$H O�S$H BTOjH O�C ^ Od]^ ��YTH BTO�C ^ OABT� ^ =��GBDY+=�H$E OTfaù"BõOAF�WT´ X�OAFdZ E

g
E
v ∈ Ĥ

X�W\B
L(g, v)

]ýZ E$H9OdS H BTO
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i$� î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

C ^ OABT� ^ =��GBDY+=�H$E OjC B_Z ò��TBTKL[øE$�ýF�Y\BDEVcN= ^ bA[VKRO�H$W\BDY'C ^ EN� E$MVF�E ^ BDY+=�H$H BTK> ^ [+]
bGBTK�f # ^ E u ∈ Ĥ

@ O ^ O�� Lu
BT�TBD�AH9=G@$E KhBDC O ^ =�W\B ^ X9>9O�S F�WTYT[�ò;±jE$SNH9=

g ∈ Ĥ
C B

�`B ^ KL[?Z9O
Lug = L (u, g) + L(g, u),

=j@ O ^ O�� L∗
u

]·FABDC ^ IVP_O�H$H$��S�M
Lu

BDC O ^ =�W\B ^ f+�[?>9OAK E F�C B�Z ´T�GBDY+=�WT´2H$E$PjO¹YT��C$E FG=�H$H$��O�[\FdZ9BDYTE$I p ´ f�º?�dX_p ´ f i\�dX_p ´ f �\�øE
p ´ f ���df

ô �Ð¢õ©�ö4¹ x��(a>^�&| p |}\>|�z}| −∞ < β < 0, � \>]Ox�� g n ® v, u ∈ Ĥ o n�� |�x�a>^a na>^%\ c$o ^a�w p`o c
〈Au, u〉 ≥ ‖u‖2 ,

‖L(u, ϑ)‖ ≤ Cβ

∥∥∥Aβu
∥∥∥
∥∥∥Aβϑ

∥∥∥ ,
z d ^ Cβ

� � | w p |���a�a�|�^ e ]�wkx�| u a>^ b c$o ]�w}� ¬ ^�^�| p u
]
ϑ
u c 〈·, ·〉 ] ‖·‖ b d ^w q ]

d c x>^�^A��w�� c x��$\>a�|�^ � \>| ] b�o ^ d ^a�]>^h]�a�|}\&j c·o Ĥ �
ô �Ð¢÷±Mö4Â w~x�]

u
�Fw�| g w p`o ^a�a n � o ^� p |}\O| � ^%\ c�p |}\ c A Ú p |·^w prq Au = λu

Ï u
p | 〈u, L (u, u)〉 = 0

�
ô �Ð¢�¸�ö�« � ^� p \�| � ^%\ c�p |}\ crø w�| w p | ] p ] b`� | w~x>^ d | o c�p ^kx q a�| w p ] e ]�w�^kx

1 ≡ λ1 < λ2 < λ3 < ... < λn < λn+1 < ..., 16 ≤ λ2 ≤ 100

prc �&| � u e�p | � \>| w p \ c a�w p`o | Ĥ jh|m¤�^ p g n�prq�� \M^ d w prc$o x>^a�| oªo ] d ^A|}\ p |�z}| �
a c x q a�| �»w i jìj n w�| g w p`o ^a�a n ® � | d � \>| w p \ c a�w pro Ĥ =

⊗M
j=0Gλj

u z d ^ Gλj
�

w�| g w p`o ^a�a n ^ � | d � \>| w p \ c a�w p`o c Gλj ≡ {x : Ax = λjx}
Ú!�&| a>^ e a�|�j4^%\>a n ^ì]�x�]

g ^w��&| a>^ e a�|}j4^%\>a n ^ Ï | � ^%\ c�p |}\ c A u
M = dimĤ ≤ ∞ �E[F\>]0Ñ p |}j

dimGλ1 ≥ 20.

ù d ^w q dim �9\ cmb j4^%\>a�|mw prq �ô �Ð¢.ÁEöhÂ w~x�]
u ∈ Ĥ, e ∈ Gλ1 ≡ G1 = {x : Ax = x} u p |

L(e, u) = L(u, e) = Lue = L∗
ue = Leu = L∗

eu = 0.

# ^ EÕE F�C B�Z ´T�GBDY+=�H$E Eh[+FdZ9BDYTE$S p ´ f i\�QE p ´ f ���Q@$E$WT=�W\OdZ ´��?=DKRO�WTE$WDX�@$W\Bõ�AWTE
[\FdZ9BDYTE$INKRBGPQH B�BTFdZ�=D�DE$WT´ f î �`X @$W\BT�D� [VKRO�H$´T²jE$WT´÷BT�Dö/OAK ^ =D�TBDWT�`X9�AWTEN[\FdZ9B�]
YTE$Iø�TO ^ OAKY)H9=�C$E FG=�H$H BDS�YT��²_O`�`B ^ KROTf� KROAO�W'KROAF�W\B
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= i$�

� � 4"( �98�*�ð-#%�$#"[ i w prq`o n�� |}x�a>^a n i w~x�| o ]��OÚú
�÷Ê Ï u ÚúE�.û Ï u ÚúE��ü Ï ]OÚúE� Ë Ï ��[F\M^ d �
� |}x�|m¤É]�j u e�p | d x��va>^�&| p |}\>|�z}| ◦

u ∈ Ĥ o n�� |�x�a>^a c wkx c g c �O|m�>^a�� c

∥∥∥Aθ ◦
u
∥∥∥ ≤ Cθ,

z d ^ θ < min
(
−3

4 , β
)
, c β �Ð] b i w~x�| o ]��êÚúE�ÖÊ Ï �ÐÌ<|�z d cvd x�� ◦

u o ^%\>a c w�]�x q a c �|m�>^a�� c

∥∥∥◦u
∥∥∥ ≤ C1

(
1 +

∥∥∥∥
◦
f

∥∥∥∥+

∥∥∥∥
◦
f

∥∥∥∥
l
)
,

z d ^ ◦
f =

◦
u+ L

(
◦
u,

◦
u
)
.

p í f�º?�

ù d ^w q C1
]
l b c$o ]�w}� pp |}x q �&|V| p Cβ

]
β

] b i wkx�| o ]��°ÚúE�ÖÊ Ï u c�prc �$¤�^ª| p
Cθ

]
θ
�

³ OABT�Ac�BA> E KRB�F ^ =��A[JBDbGBDY\B ^ E$WT´\F
I-X�@$W\B)WD=�M�M$=�M�H9=DF E$H$W\O ^ OAF�[+O�Wø=�C ^ E B ^ H9=�I
B�� O�H$MV=�C ^ E�H O_K�=?Z �acU�AH9=A@ O�H$E$I�c ∥∥∥∥

◦
f

∥∥∥∥
X�W\B÷Y÷H O ^ =�Y\O�H F�WTY\O�p í f�º?��YøF�M�BT�DMVOj>$Z I

[G>�BT�TFdWTY+=_>9BT�\=�YDZ9O�H9=)Od> E$H$E$@$MV=Vf

�·WT[JW\OAB ^ OAKL[NKL� F�H9=G@9=?Z�='>9BDMV=�P_OAKÕYøFdZ [�@9=DOTX�MVBDb
>�=
Ĥ

]aMVBDH O�@$H BTKRO ^ H BTO
C ^ BTF�W ^ =�H F�WTY\B$f # ^ EJ�AW\BTKm�D[?>9OAKC B�Z [�@9=�WT´�B�� O�H$M$E/X H O �?=�YTE F
IV±jE OýBDW ^ =��GKRO ^ ]
H BTF�WTEmC ^ BTF�W ^ =�H F�WTY+= Ĥ f·<-=�W\OAK >9BDM$=�PjOAK W\OAB ^ OAKL[ í f�ºøYqC B�Z H BTK BT�Dö/OAKROTf·g
M�BDH<� O;�AW\BDbGB ^ =���>9OdZ�=_KL�hC B�Z [�@$E K¹W\OAB ^ OAKL[ í f iVX�Y_MVBDW\B ^ BDSø�D[?>9O�WQF�H$IVW\Bj[+FdZ9B�]
YTE O)p ´ f ���df

Y Z IQ>9BDMV=��?=�W\OdZ ´\F�W\Y+=ýW\OAB ^ OAKL�ÕH9=DKqH$[�PQH$�oH O�MVBDW\B ^ ��O�C BTF�W ^ BTO�H$E$I�E)Z9OAK"]
KL�`f
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�Tk î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

g�Y\Od>9OAKY ^ =DFAFAKRBDW ^ O�H$E9OýFdZ9Od> [�ò;±jE O Y\O�M$W\B ^ =�*

R (u) = A2θu− ‖Aθu‖2

‖u‖2 u,

D∗
uf = f + L∗

uf,

S (u) = D∗
uf − <D∗

uf,u>

‖u‖2 u− <D∗
uf,R>

‖R‖2 R,

E�F�MV=?Z I ^ �4*
K (u) = − < D∗

uf,R > ‖R‖−2 ,

µ̃(u) = − 〈D∗
uf,u〉

‖u‖2 ,

µ(u) =
‖Aθu‖2

‖u‖2 .





p í f i\�

<9>9OAF�´ p¦E2Y\F�ò�> [oY�>�=?Z ´TH O�S$²_OAK�X�OAFdZ E2H O�BDbGBDY\B ^ O�H BC ^ BDWTE$YTH BTO?� θ ]QE$�
[\FdZ9BDYTE$SJW\OAB ^ OAKL� í f�ºTf

�·WTEQY\O�M$W\B ^ = E)F�MV=?Z I ^ �oBDC ^ Od>9OdZ9O�H$�`X+OAFdZ E u 6= 0, R 6= 0
fDü`O�bAM�B�>9BDM$=��?=�WT´ X

@$W\BQYT��C B�Z H O�H$� FdZ9Od> [�ò;±jE O�[+FdZ9BDYTE$IøB ^ W\BDbABDH�=?Z ´TH BTF�WTEt*

〈u, s〉 = 〈u,R〉 = 〈R, s〉 = 0.

g�>�=?Z ´TH O�S$²_OAK
u
KRBGP_O�W��D��WT´�Y\O�M$W\B ^ ]�� [�H$M<�$E O�SQBDW;C9= ^ =DKRO�W ^ = ξ ∈ (0,∞)

f
ù1BDbe>�=

S, R, f
X
D∗

uf
E
K

WT=�M$PjO �?=�YTE FeIVW'BDW
ξ
f î �2@9=DF�W\BQY\KROAF�W\B

K(u(ξ)), µ̃(u(ξ)), µ(u(ξ)), S (u (ξ)) , R (u(ξ)) , f(u(ξ))

�D[?>9OAK�C$E FG=�WT´
K(ξ), µ̃(ξ), µ(ξ), S (ξ) , R(ξ), f(ξ),

=÷E$H BDbe>�=JFABDY\FAOAK�H O'BDW\KRO�@9=DOAK �?=�YTE F�E KRBTF�WT´UBDW
ξ
EõBDW

u(ξ)
]�C$E$²_OAK�C ^ BTF�W\B

K, µ̃, µ, S, R, f
f

gaF�òa> [õYN�AW\BTK ^ =���>9OdZ9OTXROAFdZ E�H O÷BDbGBDY\B ^ O�H BUC ^ BDWTE$YTH BTOTXRF�@$E$WT=DOAK YT��C B�Z$]
H O�H$H$��KLEJ[+FdZ9BDYTE$Iõp ´ f�º?�dX1p ´ f i\�dX1p ´ f �\�·Eõp ´ f ���df
Ø �98�8�*¡ð-#×�$# Â w~x�]

u1, u2, . . . , uk ∈ Ĥ, 1 ≤ k < 20
u ]Q^w~x�]

λ = λ1
� � ^%\ o |�^w�| g w p`o ^a�a�|�^ b a c�e ^a�]>^·| � ^%\ c�p |}\ c A u p |:a c � d ^ p w}�'w�| g w p`o ^a�a n � o ^� p |}\

e

���������������������! ���"¬#&%�'�(���) +.-�/	021 3�5768/	021é9 :E<>=�-7?



µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �Vº

| � ^%\ c�p |}\ c A : Ae = λ1e
u prc �&| � u e�p | ‖e‖ = 1

] 〈uj , e〉 = 0 d x�� o w�^}®
j = 1, 2, . . . , k

�
¹ |m� cmb�c�p ^%x q w p`o |&� ñ =��GKRO ^ H BTF�WT´ FABT�TF�WTY\O�H$H BDb?B C BA>9C ^ BTF�W ^ =�H F�WTY+=$XJFABTBDWTY\O�WD]
FdWTYT[�ò�±jO�bGB FABT�TF�WTY\O�H$H BTKL[ @$E FdZ [

λ1
]�H OmKRO�H OAOÕiTkVf ´ FdZ9BDYTE$I 〈uj , e〉 = 0>$Z IqY\FAOdc

j = 1, 2, . . . , k,
>�=�ò;W

k
[ ^ =�YTH O�H$E$SBDWTH BTF�E$W\OdZ ´TH BUM�BD�G�`� E<�$E O�H$W\BDY

c1, . . . , c20
H O�E$�AY\OAF�WTH BDb?B�FABT�TF�WTY\O�H$H BDbGB¹Y\O�M$W\B ^ =VX�M�BDW\B ^ ��ShKL� E$±_OAK Y¹YTEV>9O

e = c1e1 + c2e2 + · · ·+ c20e20
X\b
>9O

e1, e2, . . . , e20
]LB ^ W\BDH B ^ K�=?Z ´\H9=�I÷F�E F�W\OAK�=`E$�

Gλ1

f&����MVZ�=DFAF�E$@ OAF�M�BDS÷W\OAB ^ E$E)Z E$H O�S$H$�ac�=?Z bGOA� ^ =�E$@ OAF�M EVc'[ ^ =�YTH O�H$E$S'E$�AY\OAF�WD]
H B$X�@$W\B�WT=�M$=�IUF�E F�W\OAK�=�E KROAO�WøH O�W ^ E$YTE9=?Z ´TH9BTO ^ O�²_O�H$E OTX�WD=�M�MV=�M�M�B�Z E$@ OAF�WTY\B
H O�E$�AY\O�F�WTH$��cJ�TB�Z ´T²_O MVB�Z E$@ OAF�WTY+=Q[ ^ =�YTH O�H$E$S/f # BD�AW\BTKL[�Z9OAKRK�=j>9BDM$=��G=�H�=Vf

�Y Z I÷H9=DF`�D[?>9O�W)Y+=�PQH BDS�FdZ9Od> [�ò;±Q=�I÷E$H$W\O ^ C B�Z I��$E9BDH$H9=�I
Ø �98�8�*�ð-#.-�# Â wkx�]

θ < β < 0
u p | d x��·x�� g |�z}|

u ∈ Ĥ o n�� |�x�a>^a�|4a>^%\ c$o ^a�w p`o |

∥∥∥Aβu
∥∥∥

2
≤ 2 ‖u‖2(1−β/θ)

∥∥∥Aβu
∥∥∥

2β
θ
.

¹ |m� cmb�c�p ^%x q w p`o |&� µ�BDb
Z�=DF�H B`[+FdZ9BDYTE$ò p ´ f �\�1Y\FAO�C ^ BTF�W ^ =�H F�WTY\B Ĥ KRB?PjO�Wý�D��WT´
^ =��G�DE$W\BQH9=QB ^ W\BDbGBDH9=?Z ´TH$[�ò F�[VKRKL[øFABT�TF�WTY\O�H$H$�acJC BA> C ^ BTF�W ^ =�H F�W\Y
Ĥ =

⊗M
n=0Gλn

f # BD�AW\BTKL[JC ^ BDE$�AY\B�Z ´TH$��SU��Z9OAKRO�H$W
u ∈ Ĥ

KRB?PjO�W÷�D��WT´'C ^ Od>$]
FdWT=�YDZ9O�H�YQYTEV>9O

u =
M∑

n=1

unλ
−θ
n ,

b
>9O
un ∈ Gλn

f$ù"BDb
>�=

∥∥∥Aθu
∥∥∥

2
=

∥∥∥∥∥
M∑

n=1

un

∥∥∥∥∥

2

=
M∑

n=1

‖un‖2 ,

‖u‖2 =
M∑

n=1

‖un‖2 λ−2θ
n ,

Aβu =
M∑

n=1

unλ
(β−θ)
n .
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�Ti î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

# BD�AW\BTKL[�>$Z I÷C ^ BDE$�AY\B�Z ´TH BTbGB λ̃ ≥ 1
E KROAOAK

∥∥∥Aβu
∥∥∥

2
=

M∑

n=0

‖un‖2 λ2(β−θ)
n =

∑

λ̃≥λn

‖un‖2 λ2(β−θ)
n +

∑

λ̃<λn

‖un‖2 λ2(β−θ)
n ≤

≤λ̃2(β−θ)
∥∥∥Aθu

∥∥∥
2
+
∑

λ̃<λn

‖un‖2 λ−2θ
n λ2β

n ≤

≤λ̃2(β−θ)
∥∥∥Aθu

∥∥∥
2
+ λ̃2β ‖u‖2 .

g����DE ^ =DOAKW\O�C O ^ ´ λ̃ E$� [+FdZ9BDYTE$I

λ̃−2θ = ‖u‖2
∥∥∥Aθu

∥∥∥
−2
.

³ B_E$�`[\FdZ9BDYTE$I
λ0 = 1

Z9O�bAMVBQYTEV>9O�WT´ X$@$W\B
λ̃ ≥ 1

f # BD�AW\BTKL[
∥∥∥Aβu

∥∥∥
2
≤ 2λ̃2β ‖u‖2 .

µ�Z9Od>9BDY+=�W\OdZ ´TH B X C B�Z [�@9=DOAK

∥∥∥Aβu
∥∥∥

2
≤ 2 ‖u‖2

(
‖u‖2

‖Aθu‖2

) 2β
−2θ

= 2 ‖u‖2− 2β
θ

∥∥∥Aθu
∥∥∥

2β
θ
.

ü`OAKRK�=j>9BDM$=��?=�H9=Vf
�Ø �98�8�*'ð-#TS-# Â wkx�]

u 6= 0
u
R (u) = 0

u p |
u

�Åw�| g w p`o ^a�a n � o ^� p |}\0| � ^%\ c�p |}\ c
A2θ Ú p ��^m��w i&¬ ^w p`o i ^ pÃprc �&|�^ e ]�w~x�| λ̂ u e�p |

A2θu = λ̂u
Ï u � \>] e<ý j o n�� |�x�a>^a�|a>^%\ c$o ^a�w p`o |

‖u‖ ≤ ‖u+ L(u, u)‖ ≡ ‖f(u)‖ .
¹ | � cmb c�p ^%x q w p`o |&� ���÷BDC ^ Od>9OdZ9O�H$E$I R(u)

Y�p í f i\�ýF ^ =��A[qE KROAOAK�X"@$W\B
u
] FABT��]

F�WTY\O�H$H$��S�Y\O�M$W\B ^ BDC O ^ =�W\B ^ = A2θ XTC ^ E$@ � K λ̂ =
∥∥Aθu

∥∥2 ‖u‖−2 f\gaBTF�C B�Z ´T�A[\OAKRFeI
[\FdZ9BDYTE OAK p ´ f i\��* 〈u, L (u, u)〉 = 0

f$ù"BDb
>�=QC B�Z [�@$E K

‖u‖2 ≤ ‖u‖2 + ‖L (u, u)‖2 = ‖u‖2 + ‖L (u, u)‖2 + 2 〈L (u, u) , u〉 =

= ‖u+ L (u, u)‖2 ≡ ‖f(u)‖2 .
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �$�

ü OAKRK�=_>9BDMV=��?=�H9=Vf
�Ø �98�8�*�ð-# Ô # [ i w prqh� \>| w p \ c a�w p`o | Ĥ �
�&| a>^ e a�|�j4^%\>a�|&� Â w~x�] � | w~x>^ d | o c�p ^%x q �a�|mw prq uj ∈ Ĥ (j = 1, 2, ...) prc �&| o c u e�p |

‖uj‖ = ‖u‖ , ]
lim

j→∞
‖uj + L (uj , uj)‖ = f∞, lim

j→∞
‖R (uj)‖ = 0,

p |rw i&¬ ^w p`o i ^ p u0 ∈ Ĥ prc �&| � u e�p |

‖u0‖ = ‖u‖ ≤ f∞ = ‖u0 + L (u0, u0)‖ .
ù d ^w q lim

�F| b a c�e�c ^ p a�]<¤Éa�]�� � \M^ d ^kx��¹ |m� cmb�c�p ^%x q w p`o |&� ù"=�MNM$=�M
lim

j→∞
‖R (uj)‖ = 0

X ‖uj‖ = ‖u‖ X9W\B'Y÷F�EVZ [JMVBDH O�@V]
H BTKRO ^ H BTF�WTE Ĥ KRBGPQH BýYT��� ^ =�WT´_C BA> C BTFdZ9Od>9BDY+=�W+OdZ ´TH B\F�WT´ {uj,k} ,

F�c�BA> IV±j[�ò�FeI
MøH O�M�BDW\B ^ BTKL[ u0

XVWD=�M$[�ò_X$@$W\B

lim
j,k→∞

‖R (uj,k)‖ = 0, uj,k
Ĥ−→ u0.

ï�W\F�ò�>�=_EøE$�`H O�C ^ O ^ ��YTH BTF�WTEU�DEVZ E$H O�S$H BDbGB'BDC O ^ =�W\B ^ = L (·, ·) E KROAOAK

L (uj,k, uj,k)
Ĥ−→ L (u0, u0) .

# BD�AW\BTKL[ ^ O��A[?Z ´?WT=�WQ>9BDM$=��A��Y+=DOAKRBDSJZ9OAKRKL��YT��W\O�M$=DO�W'E$��Z9OAKRKL� í f �Vf
ü`OAKRK�=j>9BDM$=��?=�H9=Vf

�î �2@9=DF�W\B)�D[?>9OAKE F�C B�Z ´T�GBDY+=�WT´�FdZ9Od> [�ò;±j[�ò BD@ O�YTEV> H$[�ò Z9OAKRKL[\f
Ø �98�8�*�ð-#.é�#
[ i w prq Ĉ ≥ 1

��Ì<|�z d c�d x�� � \>| ] b�o |}x q a�|�z}| u ∈ Ĥ o n�� |�x�a��>^ p w}�
| d a�|`] b i wkx�| o ]�� p í f �\�³u�p í f ���}u�p í f þ\� ] p í f í � Í

R (u) 6= 0, K (u) ≤ Ĉ,
p í f �\�

R (u) 6= 0, K (u) > Ĉ, S(u) 6= 0, ‖S(u)‖ ‖R(u)‖−2 ≥ 10−1,
p í f ���

R (u) 6= 0, K (u) > Ĉ, ‖S(u)‖ < 10−1 ‖R (u)‖2 ,
p í f þ\�

R (u) = 0,
p í f í �

z d ^ K (u) , R (u)
]
S (u)

�
] b p í f i\�}u cìb a c�e ^a�]>^ Ĉ g i d ^ p§o n g \ c a�| o wkx>^ d i � ¬ ^�
x>^%jìj4^m�
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� � î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

g FdZ9Od> [�ò;±_O�S¹Z9OAKRKRO÷C ^ E$Y\BG> E K F�E F�W\OAK�=�WTE$@ OAF�M$EmE F�C B�Z ´T�A[+O�KL��O÷YN>�=?Z ´D]
H O�S$²_OAKmB�� O�H$M$E/f
Ø �98�8�*»ð-#Tð-# « � \ c$o ^ d x�] o n i p`o ^%\�¤ d ^a�]��Oþ Ï ua¯ Ï ]Oÿ Ï Í

c Ï d x�� f(u), L∗
ug, Lug, L̃

∗
fg = L∗

gf
u
L∗

uLug, 〈L∗
uf, u〉 ‖u‖−2 w � \ c$o ^ d x�] o n| �>^a��&]

‖f (u)‖ ≤‖u‖ + 2Cβ

∥∥∥Aθu
∥∥∥

2β
θ ‖u‖2(1−β/θ) ,

|µ̃| ≡ ‖〈D∗
uf, u〉‖ ‖u‖−2 ≤16

(
1 + C2

β

∥∥∥Aθu
∥∥∥

2β
θ ‖u‖2(1−β/θ)

)
,

‖Lug‖ ≤ 4Cβ ‖u‖1−β/θ
∥∥∥Aθu

∥∥∥
β/θ

‖g‖ ,

‖L∗
ug‖ ≤ 4Cβ ‖u‖1−β/θ

∥∥∥Aθu
∥∥∥

β/θ
‖g‖ ,

‖L∗
uLug‖ ≤ 16C2

β ‖u‖2(1−β/θ)
∥∥∥Aθu

∥∥∥
2β
θ ‖g‖ ,

∥∥∥L̃∗
fg
∥∥∥=

∥∥L∗
gf
∥∥ ≤ 4Cβ ‖g‖

[
‖u‖+2Cβ

∥∥∥Aθu
∥∥∥

2β
θ ‖u‖2(1−β/θ)

]
,

∥∥L∗
gf
∥∥ ≤ Cβ ‖g‖ ‖f‖ .ù d ^w q Cβ

�F] b i w~x�| o ]��(ÚúE�ÖÊ Ï �
¯ Ï [ i w p`q ◦

u
�F] b`p ^|}\M^kj n�� �ÖÊ`]

K̃(u) = (1 + µ̃(u) + (1 − µ)K(u))
� Â wkx�]

Ĉ = λ−4θ
2 4000 (1 + Cβ)2

(
1 +

∥∥∥◦u
∥∥∥

7/8
+
∥∥∥◦u
∥∥∥

1−β/θ ∥∥∥Aθ ◦
u
∥∥∥

β/θ
)2

,

‖u‖ =
∥∥∥◦u
∥∥∥ ,
∥∥∥Aθu

∥∥∥ ≤
∥∥∥Aθ ◦

u
∥∥∥ ≤ 1

2

∥∥∥◦u
∥∥∥ ,
∥∥∥◦u
∥∥∥ ≥ 1,

‖f‖ ≤ ‖u‖1/4 E K(u) ≥ Ĉ,

p |
1

2
K(u) < K̃(u) < 2K(u).

w Ï Â w~x�] o n�� |�x�a>^a n i wkx�| o ]�� � i a�� prc ¯ Ï u p |

‖R(u)‖ < 2K̃−2/7(u).
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �Tþ

¹ |m� cmb�c�p ^%x q w p`o | f # B�Z ´T�A[\I$F�´)[+FdZ9BDYTE OAK p ´ f�º?��E÷Z9OAKRKRBDS í f iVXVE KROAOAK

‖f (u)‖ = ‖u+ L (u, u)‖ ≤ ‖u‖+ ‖L (u, u)‖ ≤ ‖u‖+Cβ

∥∥∥Aβu
∥∥∥

2
≤

≤ ‖u‖ + 2Cβ

∥∥∥Aθu
∥∥∥

2β
θ ‖u‖2(1−β/θ) .

# O ^ Y\BTO H O ^ =�Y\O�H F�WTY\BQ>9BDM$=��?=�H B$fY =?Z9OAO E KROAOAK

|〈D∗
uf, u〉|
‖u‖2 =

|〈f + L∗
uf, u〉|

‖u‖2 =

∣∣∣∣
〈f, 2u+ 2L(u, u) − u〉

‖u‖2

∣∣∣∣=
∣∣∣∣
〈f, 2f − u〉

‖u‖2

∣∣∣∣ ≤

≤ 2 ‖f‖2

‖u‖2 +
2 ‖f‖
‖u‖ ≤ 2

(‖f‖
‖u‖ +

1

2

)2

.

��F�C B�Z9´T��[+OAKm��>9OAF�´)C ^ Od> �a> [�±jE$S ^ O��A[?Z ´�WD=�WDX$W\BDbe>�=

|〈D∗
uf, u〉|
‖u‖2 ≤ 2

(
2 + 2Cβ

∥∥∥Aθu
∥∥∥

2β
θ ‖u‖1− 2β

θ

)2

≤

≤ 16

(
1+C2

β

∥∥∥Aθu
∥∥∥

4β
θ ‖u‖2− 4β

θ

)
.

ù1O�C O ^ ´ X [�@$E$WT��Y+=�IJBDb ^ =�H$E$@ O�H$H BTF�WT´÷BDC O ^ =�W\B ^ = Aθ * ∥∥Aθ
∥∥ ≤ 1,

C B�Z [�@$E K

∥∥∥Aθu
∥∥∥

4β
θ ‖u‖2− 4β

θ ≤
∥∥∥Aθu

∥∥∥
2β
θ ‖u‖2(1−β/θ) .

ï�W\F�ò�>�=_YT��W\O�M$=DO�W'F�C ^ =�Y\Od>$Z E$Y\BTFAWT´'YTW\B ^ BDbGB)H O ^ =�Y\O�H F�WTY+=Vf# O ^ Odc+BG> E K Mq>9BDM$=��?=�W\OdZ ´\F�WTY\[õW ^ O�WT´\O�bGBNH O ^ =�Y\O�H F�WTY+=Vf�� F�C B�Z ´T�A[\OAK [+FdZ9B�]
YTE O)p ´ f�º?�·EøZ9OAKRKL[ í f i�*

‖Lug‖ ≤ ‖L(u, g)‖ + ‖L(g, u)‖ ≤

≤ 2Cβ

∥∥∥Aβu
∥∥∥
∥∥∥Aβg

∥∥∥ ≤ 4Cβ ‖u‖(1−β/θ)
∥∥∥Aθu

∥∥∥
β/θ

‖g‖ .
ù ^ O�WT´\O H O ^ =�Y\O�H F�WTY\BQ>9BDM$=��?=�H B$f

���������������������! ���"$#&%�'�(���)¹+.-�/	021 3�5�6þ/	021é9 :E<>=�-7?



� í î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

Y =?Z9OAOTX+>$Z I�B�� O�H$M$E
L∗

ug
X+C B�Z ´T�A[\I$F�´j[�P_O�C B�Z [�@ O�H$H$��KLEøB�� O�H$M$=DKLE/X�E KROAOAK

‖L∗
ug‖ = sup

‖v‖=1

〈L∗
ug, v〉 = sup

‖v‖=1

〈g, Luv〉 ≤

≤ sup
‖v‖=1

‖g‖ ‖Luv‖ ≤ ‖g‖ 4Cβ ‖u‖(1−β/θ)
∥∥∥Aθu

∥∥∥
β/θ

.

X O�WTY\O ^ W\BTO`H O ^ =�Y\O�H F�WTY\BQ>9BDM$=��?=�H B$f
û�H9=?Z9BDbAE$@$H BQ>$Z I÷C$IVW\BDbGBQH O ^ =�Y\O�H F�WTY+=)E KROAO�K

‖L∗
uLug‖ = sup

|v|=1
〈L∗

uLug, v〉 = sup
|v|=1

〈Lug, Luv〉 =

= ‖Lug‖ sup
‖v‖=1

‖Luv‖ .

ù1O�C O ^ ´'C ^ E KRO�H$E K ^ =�H OAO�>9BDMV=��?=�H$H BTO`W ^ O�WT´\O`H O ^ =�Y\O�H F�WTY\B$X W\BDbe>�=

‖L∗
uLug‖ ≤ 4Cβ ‖u‖1−β/θ

∥∥∥Aθu
∥∥∥

β/θ
‖g‖ sup

‖v‖=1

(
4Cβ ‖u‖1−β/θ

∥∥∥Aθu
∥∥∥

β/θ
‖g‖
)

=

= 16C2
β ‖u‖2− 2β

θ

∥∥∥Aθu
∥∥∥

2β
θ ‖g‖ .

# IVW\BTO H O ^ =�Y\O�H F�WTY\BQ>9BDM$=��?=�H B$f
Y Z I

L̃∗
fg = L∗

gf
E KROAOAK

∥∥∥L̃∗
fg
∥∥∥ = sup

‖v‖=1

〈
L∗

gf, v
〉

= sup
‖v‖=1

〈f, Lgv〉 ≤ ‖f(u)‖ sup
‖v‖=1

‖Lgv‖ ≤

≤
(
‖u‖+2Cβ

∥∥∥Aθu
∥∥∥

2β
θ ‖u‖2(1−β

θ
)

)
4Cβ ‖g‖ .

gaFAO�H O ^ =�Y\O�H F�WTY+=)C$[�H$M$WD=)=\��Z9OAKRKL��>9BDMV=��?=�H$�`f
Y BDMV=�P_OAKmC$[�H$M$W����df�� KROAOAK

K̃(u) = (1 − µ)K(u) + 1 − 〈D∗
uf, u〉 ‖u‖−2 ,

〈D∗
uf, u〉 = 〈f, u+ 2L(u, u)〉 = 2 ‖f‖2 − 〈f, u〉 .
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �&�

Y BDMV=�P_OAK B�� O�H$M$[h>$Z I
K̃(u)

f�ùL=�M MV=�M ‖u‖ ≥ 1
X�=E$�q[+FdZ9BDYTE$I2Z9OAKRKL�

∥∥Aθu
∥∥ ≤

∥∥∥Aθ ◦
u
∥∥∥ ≤ 1/2

∥∥∥◦u
∥∥∥ XVW\BQC B�Z [�@9=DOAK

µ = µ(u) =

∥∥Aθu
∥∥2

‖u‖2 <
1

4
.

��F�C B�Z9´T��[+OAK>9BDMV=��?=�H$H BTO`YTW\B ^ BTO`H O ^ =�Y\O�H F�WTY\B)C$[�H$M$WT=Qt\�dX$W\BDbe>�=

‖〈D∗
uf, u〉‖ ‖u‖−2 ≤ 16

(
1 + C2

β

∥∥∥Aθu
∥∥∥

2β
θ ‖u‖2(1−β/θ)

)
≤

≤ 16

(
1 + C2

β

∥∥∥Aθ ◦
u
∥∥∥

2β
θ
∥∥∥◦u
∥∥∥

2(1−β/θ)
)

≤

≤ 16 (1 + Cβ)2
(

1 +
∥∥∥Aθ ◦

u
∥∥∥

2β
θ
∥∥∥◦u
∥∥∥

2(1−β/θ)
)

≤

≤ 16(1 + Cβ)2
(

1 +
∥∥∥◦u
∥∥∥

7
8

+
∥∥∥◦u
∥∥∥

1−β/θ ∥∥∥Aθ ◦
u
∥∥∥

β/θ
)2

=
Ĉ

250
≤ K(u)

250
.

ï�W\F�ò�>�=jZ9O�bAMVBQYT��W\O�MV=DO�W'[�WTY\O ^ P_>9O�H$E O`C$[�H$M$WT=�����Z9OAKRKL�`fY BDMV=�P_OAKC$[�H$M$W)F?�df<� F�C B�Z ´T�A[TIø[+FdZ9BDYTE$I÷C$[�H$M$WD=�����Z9OAKRKL��E÷>9BDMV=��?=�H$H$��O
YQC$[�H$M$W\Oý=\�·H O ^ =�Y\O�H F�WTY+=VX9C B�Z [�@9=DOAK

Ĉ ≤ K(u) =
−〈D∗

uf,R(u)〉
‖R(u)‖2 ≤ ‖D∗

uf‖
‖R(u)‖ ≤ ‖f‖ (1 + 4Cβ ‖u‖1−β/θ

∥∥Aθu
∥∥β/θ

)

‖R(u)‖ ≤

≤ ‖u‖1/4 (1 + 4Cβ ‖u‖1−β/θ
∥∥∥Aθu

∥∥∥
β/θ

) ‖R(u)‖−1 ≤

≤ 4 (1 + Cβ)

(
1 +

∥∥∥◦u
∥∥∥

1/4
+
∥∥∥◦u
∥∥∥

5/4−β/θ ∥∥∥Aθ ◦
u
∥∥∥

β/θ
)
‖R(u)‖−1 ≤

≤ 4 (1 + Cβ)

(
1 +

∥∥∥◦u
∥∥∥

1/4
+
∥∥∥◦u
∥∥∥

5/4
)
‖R(u)‖−1 ≤ Ĉ5/7 ‖R(u)‖−1

ï�W\F�òa>�=_EøE � C$[�H$M$WT=����·Z9O�bAM�B)C B�Z [�@9=DOAK
‖R(u)‖ ≤ Ĉ5/7K−1(u) ≤ K−2/7(u) < 22/7K̃−2/7(u) ≤ 2K̃−2/7(u).
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ü`OAKRK�= í f í >9BDMV=��?=�H9=Vf
�Ø �98�8�*Ûð-#���#h[ i w prq u1

�·a>^�&| p |}\ n � o ^� p |}\ ‖u1‖ =
∥∥∥◦u
∥∥∥ u d x��°�&| p |}\>|�z}|

o n�� |}x�a>^a�| p í f �\�}u z d ^ Ĉ ��] b x>^kjìj n�� � � u c ◦
u

�ì] bªp ^|}\M^kj n	� �ÖÊ&� £ � \M^ d ^%x�]�j
u (ξ)

u � c �Ð\M^_`^a�]>^ b c�d c�e ]�
4| _r]�Í
{
uξ = −R (u) , ξ1 < ξ < ξ2;

u |ξ=ξ1
= u1,

p í f �T�
z d ^ ξ2 ��w c j c �·x>^ o�c � p | e � c u o �&| p |}\>| � o n�� |}x�a��>^ p w}�ª®<| p � g n | d a�|h] b i w~x�| �
o ]��

K(u(ξ)) ≥ 2Ĉ
EVZ E

R(u(ξ)) = 0.
Ì<|�z d c,d x��0x�� g | � p | e �&] ξ̂ u prc �&| � u e�p |

ξ1 ≤ ξ̂ ≤ ξ2 o n�� |�x�a>^a n \ c$o ^a�w p`o c
∥∥∥u(ξ̂)

∥∥∥
2

= ‖u1‖2 ,

∥∥∥Aθu(ξ̂)
∥∥∥

2
=
∥∥∥Aθu1

∥∥∥
2
− 2

∫ ξ̂

ξ1

‖R (u (η))‖2 dη,

]�a>^%\ c$o ^a�w p`o |
∥∥∥f
(
u(ξ̂)

)∥∥∥
2
≤ ‖f(u1)‖2 + 4Ĉ

∫ ξ̂

ξ1

‖R (u (η))‖2 dη,

z d ^ Ĉ ��] b x>^%jìj n�� � � u θ ��] b,p ^|}\M^%j n�� �ÖÊ&�¹ x��
ξ2 − ξ1 o n�� |�x�a>^a c | �>^a�� c ξ2 − ξ1 ≥ ϕ(r0)

u z d ^ r0 =

min

{
1, inf

ξ∈(ξ1,ξ2)
‖R(ξ)‖

} u c ϕ(·) �Ða>^ � \M^%\ n�o a c �»a c [0,∞)
Ä i a��$��]�� u prc � c �

e�p |
ϕ (0) = 0

u
ϕ(t) 6= 0 � \>] t > 0

�
¹ | � cmb c�p ^%x q w p`o |&� � KROAOAK

(
‖u(ξ)‖2

)
ξ

= 2 〈u (ξ) , uξ (ξ)〉 ,
(∥∥∥Aθu(ξ)

∥∥∥
2
)

ξ

= 2
〈
Aθu, Aθuξ

〉
= 2

〈
A2θu(ξ), uξ

〉
,

p í f �\�
(
‖f(u)‖2

)
ξ

= 2
〈
f (u) , uξ + Lu(ξ)uξ

〉
= 2 〈D∗

uf (u) , uξ〉 .
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �$�

ù1O�C O ^ ´ X E F�C B�Z ´T�A[\I�BDC ^ Od>9OdZ9O�H$E$I R u
S
u1=QWD=�M$P_O ^ =�Y\O�H F�WTY+= 〈R, u〉 = 〈s, u〉 =

〈R, s〉 = 0
X$Y)F�EVZ [÷[ ^ =�YTH O�H$E$I÷>$Z I

u (ξ)
E$��p í f �\��C B�Z [�@9=DOAK

(
‖u (ξ)‖2

)
ξ

= −2 〈u,R〉 = 0,

(∥∥∥Aθu (ξ)
∥∥∥

2
)

ξ

= −2 ‖R‖2 ,

(
‖f (u (ξ))‖2

)
ξ

= 2 〈D∗
uf (u) , uξ〉 = −2 〈D∗

uf (u) , R〉 =

= −2
〈D∗

uf (u) , R〉
‖R‖2 ‖R‖2 = 2K (u) ‖R‖2 ≤ 4Ĉ ‖R‖2 .

# ^ EjYT��Y\BG>9O�C BTFdZ9Od> H O�bGB H O ^ =�Y\O�H F�WTY+=;[�@$W\O�H B$X�@$W\B;C ^ E ξ ∈ (ξ1, ξ2)
YT��C B�Z9H O�H B

H O ^ =�Y\O�H F�WTY\B K(u(ξ)) < 2Ĉ
(
◦
u
) f

��H$W\O�b ^ E ^ [TIJ�AWTE ^ =�Y\O�H F�WTY+=VX$>$Z I ‖u‖ E ∥∥Aθu
∥∥ C B�Z [�@9=DOAK ^ =�Y\O�H F�WTY+=

‖u(ξ)‖ = ‖u1‖ ,
∥∥∥Aθu(ξ)

∥∥∥
2

=
∥∥∥Aθu1

∥∥∥
2
− 2

∫ ξ

ξ1

‖Ru (η)‖2 dη.

û2>$Z I ‖f(u (ξ))‖ C B�Z [�@9=DOAKmH O ^ =�Y\O�H F�WTY\B

‖f (u (ξ))‖2 ≤ ‖f (u1)‖2 + 4Ĉ

∫ ξ

ξ1

‖R (u (ξ))‖2 dξ.

ïH�9OdH E K ^ =��AH BTF�WT´ ξ2 − ξ1
f # ^ E r0 = 0

H OABT�Gc�BA> E KRBTO`H O ^ =�Y\O�H F�WTY\B'BD@ O�YTEV> H B$f
)�FdZ E

r0 6= 0
X$W\BQWD=�MJM$=�M

R (ξ) ≥ r0
C ^ E ξ ∈ [ξ1, ξ2]

X$W\BQY'F�EVZ [÷H O�C ^ O ^ ��YD]
H BTF�WTE

u (ξ)
E
K (u (ξ))

YT��C B�Z H O�H B ^ =�Y\O�H F�WTY\B K (u (ξ2)) = 2Ĉ
f ³ B

K (u (ξ2)) ≡K (ξ2) = K (ξ1) +

∫ ξ2

ξ1

[K (η)] ηdη ≤ K (ξ1) +

∫ ξ2

ξ1

|[K (η)] η| dη ≤

≤K (ξ1) +

∫ ξ2

ξ1

(∥∥∥(D∗
uf)η

∥∥∥ ‖R‖−1 + 3 ‖D∗
uf‖

‖Rη‖
‖R‖2

)
dη.

ù1O�C O ^ ´ X ^ =DF�M ^ ��Y+=�I (D∗
uf)η

E
Rη

XVH9=?c�BA> E K

(D∗
uf)η = (f)η + (L∗

uf)η = uη + Luuη + (L∗
uu+ L∗

uL(u, u))η =
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= uη + Luuη + L∗
uuη + L∗

uLuuη + L∗
uη
f.

Rη =

(
A2θu−

∥∥Aθu
∥∥2

‖u‖2 u

)

η

= A2θuη −
∥∥Aθu

∥∥2

‖u‖2 uη −

(∥∥Aθu
∥∥2
)

η

‖u‖2 u =

= A2θuη −
∥∥Aθu

∥∥2

‖u‖2 uη +
2 ‖R‖2

‖u‖2 u

ù1O�C O ^ ´ X C B�Z ´T�A[TI$F�´'ü`O�KRKRBDS í f í X$C B�Z [�@9=DOAK

K (u (ξ2)) ≡ K (ξ2) ≤ K (ξ1) + (ξ2 − ξ1) ·m(‖u‖) 1

r20
,

b
>9O
m (·) > 0

]'H O�C ^ O ^ ��YTH9=�I � [�H$M<�$E$I-f�ï�W\F�òa>�=VX�WT=�M�MV=�M�YC ^ BTKRO�PQ[�WTMVO
[ξ1, ξ2]

� [�H$M<�$E$I ‖u(ξ)‖ ]�C BTF�W\B?IVH$H9=VX$W\BQY)F�EVZ [øFABTBDWTH BD²_O�H$E$S

K (u (ξ2)) = 2Ĉ, K(u(ξ1)) ≤ Ĉ

C B�Z [�@9=DOAK�X$@$W\B

ξ2 − ξ1 ≥ Ĉ
r20

m(
∥∥∥◦u
∥∥∥)

≡ 2ϕ(r0).

ü`OAKRK�=j>9BDM$=��?=�H9=Vf
�Ø �98�8�*'ð-#�-#<[ i w prq u1

��a>^�&| p |}\ n � o ^�� p |}\ prc �&| � u e�p | ‖u1‖ =
∥∥∥◦u
∥∥∥ u ] d x��

�&| p |}\>|�z}| o n�� |�x�a>^a�| p í f ���}u z d ^ Ĉ �Ð] b x>^%jìj n�� � � u c ◦
u

�Ð] bvp ^|}\M^%j n�� �ÖÊ&�£ � \M^ d ^%x�]�j u (ξ) � \>] ξ > ξ1
� c �Ð\M^_`^a�]>^ b c�d c�e ]�
4| _r]

{
uξ = −R+ < D∗

uf,R > S
‖S‖2 ,

uξ|ξ=ξ1
= u1,

p í f �\�

d | p ^}® � |}\EÍ ξ1 ≤ ξ ≤ ξ2
X � | � c a>^ g i d ^ p o n�� |}x�a>^a�|,®<| p � g n | d a�|·] bªp \M^}®

i wkx�| o ]���Í 



]�x�]
K(u(ξ2)) ≤ 1/2Ĉ,]�x�] ‖S(ξ2)‖ ≤ ‖R(ξ2)‖2

20 ,]�x�]
R (u (ξ2)) ≡ R(ξ2) = 0.

p í f�ºGk\�
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Ì<|�z d c,� \>] ξ1 ≤ ξ ≤ ξ2 o n�� |�x�a���� p w}�ª\ c$o ^a�w p`o c
∥∥∥Aθu(ξ)

∥∥∥
2

=
∥∥∥Aθu1

∥∥∥
2
− 2

∫ ξ2

ξ1

‖R(η)‖2 dη, ‖u(ξ)‖ = ‖u1‖2 ,

‖f(u (ξ))‖2 = ‖f (u1)‖2 ,
z d ^ θ ��] b�p ^|}\M^kj n�� �ÖÊ u c ξ2 ��w c j c �Ox>^ o c � p | e � c u d x����&| p |}\>| � o n�� |�x�a����� p w}�0®<| p � g n | d a�|r] b i wkx�| o ]�� p í f�ºGk\� �

¹ x��
ξ2 − ξ1 o n�� |�x�a>^a�|`a>^%\ c$o ^a�w p`o | ξ2 − ξ1 ≥ ϕ1(r0)

u z d ^ ϕ1 (·) �Fa>^ � \M^�\ n�o a c �ÛÄ i a��&��]�� u prc � c � u e�p |
ϕ1 (0) = 0

]
ϕ1(t) 6= 0 � \>] t > 0

u c
r0 = min

{
1, inf

ξ∈(ξ1,ξ2)
‖R(ξ)‖

}
�

¹ |m� cmb�c�p ^%x q w p`o |&� ´ @$E$WT��Y+=�I ^ =�Y\O�H F�WTY+= 〈u,R〉 = 〈u, s〉 = 〈R, s〉 = 0
E

D∗
uf = 〈D∗

uf, u〉
u

‖u‖2 +
〈D∗

uf, R〉
‖R‖2 R+ S,

C B�Z ´T�A[TI$F�´Np í f �\��XVC B�Z [�@9=DOAK
(
‖u (ξ)‖2

)
ξ

= 0,

(∥∥∥Aθu (ξ)
∥∥∥

2
)

ξ

= −2R,
(
‖f(u (ξ))‖2

)
ξ

= 0.

�;H W\Odb ^ E ^ [TIø�AWTE ^ =�Y\O�H F�WTY+=VX C ^ EVc�BA> E KmM ^ =�Y\O�H F�WTY+=DKm�AW\BDSøZ9OAKRKL�`f
ïì� O�H$E K ^ =��AH BTF�WT´ ξ2−ξ1 f # ^ E r0 = 0

H OABT�Ac�BA> E KRBTO�H O ^ =�Y\O�H F�WTY\B�BD@ O�YTEV> H9B$f)�FdZ E
r0 6= 0

XaW\BE KROAOAKóEVZ E
K (u (ξ2)) = 1/2Ĉ

E�EVZ E ‖S (u (ξ2))‖ =
1
20 ‖R (u (ξ2))‖2 f

g FdZ [�@9=DO
K (u (ξ2)) = 1/2Ĉ

B�� O�H$MV=�>$Z I ^ =��AH BTF�WTE ξ2 − ξ1
>9BDM$=��A��Y+=DO�W\F
I

WD=�MJPjOTX$M$=�M÷>9BDM$=��?=�H9='=�H9=?Z9BDbAE$@$H9=�I�B�� O�H$MV=_YQZ9OAKRKRO í f ��f
g FdZ [�@9=DO ‖S (u (ξ2))‖ = 1

20 ‖R (u (ξ2))‖2 BT�TBD�AH9=A@$E K2@ O ^ O�� ξ̃1 WD=�M$[�ò«W\BD@V]
M$[oH9=�BDW ^ O��AM�O [ξ1, ξ2]

XaH9=A@$E$H9=�I�FUM�BDW\B ^ BDS�Y\F�òa> [ÕYT��C B�Z H O�H BH O ^ =�Y\O�H F�WTY\B
‖S (u (ξ))‖ ≤ 1

10 ‖R (u (ξ2))‖2 , ξ̃1 ≤ ξ < ξ2
f$ù1BDbe>�=_E KROAOAK

1
20 = ‖S(u(ξ2))‖

‖R(u(ξ2))‖
2 ≥ ‖S(u(ξ̃1))‖

‖R(u(ξ̃1))‖2 −
∣∣∣∣
∫ ξ2
ξ̃1

(
‖S(u(ξ))‖

‖R(u(ξ))‖2

)
ξ
dξ

∣∣∣∣ ≥

≥ 1
10 −

∫ ξ2
ξ̃1

∣∣∣∣
(

‖S(u(ξ))‖

‖R(u(ξ))‖2

)
ξ

∣∣∣∣ dξ.
p í f�ºTº?�
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g���@$E FdZ E K�EøB�� O�H$E K�C BA> E$H$W\O�b ^ =?Z ´\H BTO YT� ^ =�PjO�H$E O�>$Z I ξ̃1 ≤ ξ < ξ2
X+[�@$EV]

WT��Y+=�IJBDC ^ Od>9OdZ9O�H$E O S EJ[ ^ =�YTH O�H$E O�>$Z I u (ξ)
X

( ‖S (u (ξ))‖
‖R (u (ξ))‖2

)

ξ

=
−2 〈R, Rξ〉
‖R (u (ξ))‖4 ‖S (u (ξ))‖ +

(‖S (u (ξ))‖)ξ

‖R (u (ξ))‖2 .

³ OAFdZ9BGPQH B)[+F�WD=�H BDYTE$WT´ X @$W\B

(‖S (u (ξ))‖)ξ =

((
‖S (u (ξ))‖2

) 1
2

)

ξ

=
〈S, Sξ〉

‖S (u (ξ))‖ .

ï�W\F�òa>�=_C B�Z [�@9=DOAK
∣∣∣∣∣

( ‖S (u (ξ))‖
‖R (u (ξ))‖2

)

ξ

∣∣∣∣∣ ≤
∣∣∣∣
−2 〈R, Rξ〉
‖R (u (ξ))‖4 ‖S (u (ξ))‖

∣∣∣∣+
∣∣∣∣

〈S, Sξ〉
‖R (u (ξ))‖2 ‖S (u (ξ))‖

∣∣∣∣ .

Y Z I
Rξ

E KROAOAKoB�� O�H$M$[

‖Rξ‖ =

∥∥∥∥∥

(
A2θ −

∥∥Aθu
∥∥2

‖u‖2

)
uξ −

2
〈
A2θu, uξ

〉

‖u‖2 u

∥∥∥∥∥ ≤ 4 ‖uξ‖ .

Y Z I |〈S, Sξ〉|
E KROAOAKmB�� O�H$M$[

|〈S, Sξ〉| =
∣∣∣
〈
S, (D∗

uf)ξ + µ̃ξu+ µ̃uξ +KξR+KRξ

〉∣∣∣ =

=
∣∣∣
〈
S,
(
uξ + Luuξ + L∗

uuξ + L∗
uLuuξ + L∗

uξ
f
)

+ µ̃uξ +KRξ

〉∣∣∣ .
# ^ E KRO�H$E KB�� O�H$M$EøE$�;Z9OAKRKL� í f í fVù"BDb
>�=VX�[�@$E$WT��Y+=�I-XV@$W\B ∥∥Aθ

∥∥ ≤ 1
X�C B�Z [+]

@9=DOAK

|〈S, Sξ〉| ≤ ‖S‖
[(

1 + 4Cβ ‖u‖ + 4C2
β ‖u‖2 + 2Cβ ‖f‖

)
‖uξ‖

]
+

+ ‖S‖
[
16
(
1 + 4C2

β ‖u‖2
)
‖uξ‖ + ‖KRξ‖

]
≤

� F�C B�Z ´T�A[\OAK�X @$W\B

‖KRξ‖ = K ‖Rξ‖ =

∥∥∥∥
〈D∗

uf, R〉
‖R‖2

∥∥∥∥ ‖Rξ‖ ≤ ‖D∗
uf‖

‖R‖ 4 ‖uξ‖ ≤
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≤ 4
(1 + 4Cβ ‖u‖) ‖f‖

‖R‖ ‖uξ‖ ≤ 4
(1 + 4Cβ ‖u‖) (1 + 2Cβ ‖u‖)

‖R‖ ‖uξ‖ .
ù1BDbe>�=Q�D[?>9OAK�E9KROdWT´�F�E F�C B�Z ´T�GBDY+=�H$E OGKoB�� O�H$M$Eø>$Z I

f
E$� Z9OAKRKL� í f í

|〈S, Sξ〉| ≤ ‖S‖ ‖uξ‖
(
1 + 4Cβ ‖u‖ + 4C2

β ‖u‖2 + 2Cβ ‖u‖ (1 + 2Cβ ‖u‖)
)
+

+ ‖S‖ ‖uξ‖
(
16(1 + 4C2

β ‖u‖2) + 4
(1 + 4Cβ ‖u‖) (1 + 2Cβ ‖u‖)

r0

)
≤

≤ ‖S‖ ‖uξ‖
r0

(
21 + 30Cβ ‖u‖ + 104C2

β ‖u‖2 ) ≤ ‖S‖ ‖uξ‖
r0

(
30 (1 + 2Cβ ‖u‖)2

)
.

��� �AWTEVcJB�� O�H BDMJYT��W\O�M$=DO�WQ>$Z IøY\FAOdc
ξ̃1 ≤ ξ < ξ2

∣∣∣∣∣

( ‖S (u (ξ))‖
‖R (u (ξ))‖2

)

ξ

∣∣∣∣∣ ≤
4 ‖uξ‖ ‖S (u (ξ))‖

‖R (u (ξ))‖3 +
30 (1 + 2Cβ ‖u‖)2 ‖uξ‖

r0 ‖R (u (ξ))‖2 ≤

≤ 4 ‖uξ‖
10 ‖R (u (ξ))‖ +

30 (1 + 2Cβ ‖u‖)2 ‖uξ‖
r0 ‖R (u (ξ))‖2 ≤

≤ 1

r30

( 4

10
+ 30 (1 + 2Cβ ‖u‖)2

)
‖uξ‖ .

��� [ ^ =�YTH O�H$E$Iõp í f �\���?=DKRO�H$I$OAK
uξ
XVW\BDbe>�=

∣∣∣∣∣

( ‖S (u (ξ))‖
‖R (u (ξ))‖2

)

ξ

∣∣∣∣∣ ≤
1

r30

( 4

10
+ 30 (1 + 2Cβ ‖u‖)2

)(
‖R (u (ξ))‖ + ‖D∗

uf‖
)
≤

≤ 1

r30

( 4

10
+ 30 (1 + 2Cβ ‖u‖)2

)(
‖u (ξ)‖ + ‖f‖ (1 + Cβ ‖u‖)

)
≤

≤ 1

r30

( 4

10
+ 30 (1 + 2Cβ ‖u‖)2

)(
‖u (ξ)‖ + ‖u‖ (1 + Cβ ‖u‖)2

)
=:

m(
∥∥∥◦u
∥∥∥)

r30
.

ï�W\F�òa>�=_EøE �'p í f�ºTº?�aE KROAOAK

1

20
≥ 1

10
−
(
ξ2 − ξ̃1

) m
( ∥∥∥◦u

∥∥∥
)

r30
.
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�$� î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

ï�WTM$[?>�=_EøC B�Z [�@9=DOAKmB�� O�H$M$[ ^ =��AH BTF�WTE ξ2 − ξ1 ≥ ξ2 − ξ̃1
*

(ξ2 − ξ1) ≥
1

20

r30

m(
∥∥∥◦u
∥∥∥)
.

ü`OAKRK�=j>9BDM$=��?=�H9=Vf
�g2>�=?Z ´TH O�S$²_OAK2KL� [�YTEV> E K�X�@$W\BQµ?CVZ9BAc�BDS�FdZ [�@9=�SE¶÷]��AW\B�W\BDWøFdZ [�@9=�S/X�M�B�]

b
>�=
S (·) BT� ^ =�±Q=DO�W\F
I÷Y_H$[?Z ´ f # BD�AW\BTKL['H9=DK��D[?>9O�W_H$[�PQH9=jFdZ9Od> [�ò�±_=�I'Z9OAKRK�=VX

µ?YT��Y\BA> IV±Q=�I
S (·) E$� H$[?Z I�¶DfØ �98�8�*»ð-#�� f [ i w prq u1

��a>^�&| p |}\ n � o ^� p |}\ prc �&| � u e�p | ‖u1‖ =
∥∥∥◦u
∥∥∥ ] d x��

�&| p |}\>|�z}| o n�� |�x�a>^a�| p í f þ\�}u z d ^ Ĉ �Ð] b x>^%jìj n�� � � u c ◦
u

�Ð] bvp ^|}\M^%j n�� �ÖÊ&�Ì<|�z d c u ^wkx�] S (u1) = 0
]

∥∥∥Aθu1

∥∥∥ < 1

2
‖u1‖

E ∥∥∥Aθu1

∥∥∥ ≤
∥∥∥Aθ ◦

u
∥∥∥ ,

p |Ðjh|m¤Éa�| o n g \ c�prq�prc �&| ��Ñ³x>^kj4^a p e ∈ Ĥ prc � u e�p | g n¡d x���\M^_`^a�]��
u(ξ)

� \>] ξ ≥ ξ1 b c�d c�e ] {
uξ = e− 〈e,u〉

‖u‖2u− 〈e,R〉

‖R‖2R,

u(ξ)|ξ=ξ1
= u1

a c � d ^ p w}�
ε̃ > 0 prc �&|�^ u e�p | � \>] ξ ∈ (ξ1, ξ1 + ε̃) o n�� |�x�a>^a n w�| | p a�| _`^a�]��

S (u (ξ)) 6= 0, ‖u(ξ)‖ = ‖u1‖ ,
∥∥∥Aθu(ξ)

∥∥∥ =
∥∥∥Aθu1

∥∥∥ ,

‖f(u(ξ))‖2 ≤ ‖f(u1)‖2 + C1 (ξ − ξ1)
2 ,

‖Sξ(ξ)‖|ξ=ξ1
≥ 1

2
Ĉ.

ù d ^w q θ �F] b,p ^|}\M^%j n�� �ÖÊ u c C1 <∞.¹ | � cmb c�p ^%x q w p`o | f ñ =�Y\O�H F�WTY+= >$Z I ‖u (ξ)‖ ,
∥∥Aθu(ξ)

∥∥ C B�Z [�@9=�ò;W\FeIQH9=�Y\FAOAKõBDWD]
^ O��AM�OTX"be>9O'E KROAO�W�F�KL��FeZ[ ^ =�YTH O�H$E O'>$Z I

u (ξ)
f9�;c¹BT�TBTF�H BDY+=�H$E Oø=�H9=?Z9BDbAE$@$H9B

>9BDMV=��?=�W\OdZ ´\F�W\YT[øWD=�M$EVcøPjO ^ =�Y\O�H F�WTY'Y_Z9OAKRK�=?c í f �jE í f �Vf
Y =?Z9OAOTX$E KROAOAK

S (ξ) = D∗
uf − 〈D∗

uf, u〉
‖u‖2 u− 〈D∗

uf, R〉
‖R‖2 R,
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �+þ

Sξ (ξ) = (D∗
uf)ξ −

(〈D∗
uf, u〉
‖u‖2 u+

〈D∗
uf, R〉
‖R‖2 R

)

ξ

=

=uξ + Luuξ + L∗
uuξ + L∗

uξ
f + L∗

uLuuξ −
(〈D∗

uf, u〉
‖u‖2

)

ξ

u− p í f�ºGi\�

−〈D∗
uf, u〉
‖u‖2 uξ −

(〈D∗
uf, R〉
‖R‖2

)

ξ

R− 〈D∗
uf, R〉
‖R‖2 Rξ.

g����TO ^ OAK e
WD=�M/X$@$W\BT�D��YT��C B�Z H$I�Z E F�´'[+FdZ9BDYTE$I

‖e‖ = 1, Ae = e, 〈u1, e〉 = 〈R(u1), e〉 = 0,

(
〈D∗

uf(u), R〉 ‖R‖−1
)

ξ
|ξ=ξ1 = 0,

p í f�º��\�
(
〈D∗

uf(u), u〉 ‖u‖−2
)

ξ
|ξ=ξ1 = 0 .

�·W\B_Y\BD�GKRB?PQH B)Y)F�EVZ ['Z9OAKRKL� í f�ºTf
ù1O�C O ^ ´ X [�@$E$WT��Y+=�IøYT���TB ^ p í f�º��\��X ^ =�Y\O�H F�WTY+=�p í f�ºGi\��E

uξ|ξ=ξ1
= e,

Rξ|ξ=ξ1
=


A2βuξ −

∥∥Aβu
∥∥2

‖u‖2 uξ −
(∥∥Aβu

∥∥2

‖u‖2

)

ξ

u




ξ=ξ1

= (1 − µ) e,

Y)F�EVZ [�[+FdZ9BDYTE$Iõp ´ f ���·>$Z I
Sξ(ξ) |ξ=ξ1

C B�Z [�@9=DOAK

Sξ (ξ) |ξ=ξ1 =

= e+ L∗
u1
e+ Lu1e+ L∗

u1
Lu1e+ L∗

ef(u1) − µ̃(u1)e+K(u1)(1 − µ)e =
p í f�º���

= [1 − µ̃(u1) +K(u1)(1 − µ)] e = K̃e.
ù"=�MUM$=�MNC B�[\FdZ9BDYTE$I$KoZ�O�KRKL�

0 < µ ≤ 1/2
X9W\B$X�E F�C B�Z ´T�GBDY+=�YJB�� O�H$M$EN>$Z I

µ̃(u1)
E
K̃

E$��Z9OAKRKL� í f í XVC B�Z [�@9=DOAK

‖Sξ(ξ) |ξ=ξ1 ‖ ≥ 1

2
K (u) ≥ 1

2
Ĉ.

�·W\Bj>9BDM$=��A��Y+=DO�W'C BTFdZ9Od> H OAO`H O ^ =�Y\O�H F�WTY\BQZ9OAKRKL�`f
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� í î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

��� C B�Z9[�@ O�H$H BDbGB_>$Z I
Sξ(ξ1)

H O ^ =�Y\O�H F�WTY+=)E ^ =�Y\O�H F�WTY+=

S (ξ) = (ξ − ξ1)Sξ (ξ1) + (ξ − ξ1)
2O(1)

p í f�ºGþ\�
YT��W\O�MV=DO�WF�[�±_OAF�WTY\BDY+=�H$E O�WT=�MVBDbAB

ε̃ > 0
X�@$W\BõY\OdZ E$@$E$H9= ‖S(ξ)‖ BDWGZ E$@$H9=¹BDW

H$[?Z I-X$OAFdZ E
ξ ∈ (ξ1, ξ1 + ε̃]

f
Y Z IøB��9OdH M$E

f(u (ξ))
E KROAO�K

‖f (u (ξ))‖2 = ‖f (u1)‖2 + 2

∫ ξ

ξ1

〈D∗
uf, uη (η)〉 dη =

= ‖f (u (ξ1))‖2 + 2

∫ ξ

ξ1

(〈〈D∗
uf, u〉
‖u‖2 u+

〈D∗
uf, R〉
‖R‖2 R+ S, uη

〉)
dη =

= ‖f (u1)‖2 + 2

∫ ξ

ξ1

〈S(u(η)), e〉 dη.
<9>9OAF�´)E F�C B�Z ´T�GBDY+=�H B)[ ^ =�YTH O�H$E9O�>$Z I u (·) fï�W\F�òa>�=jE�E$�)p í f�ºGþ\�·C ^ E÷K�=?Z ��c

ξ− ξ1
C B�Z [�@9=DOAK¹H O ^ =�Y\O�H F�WTY\B_Z9OAKRKL�Õ>$Z I

f(u(ξ))
fVü`OAKRK�=_>9BDMV=��?=�H9=Vf

�Ø �98�8�*»ð-#%���-#>[ i w prq u1 ∈ Ĥ
��a>^�&| p |}\ n � o ^� p |}\ prc �&| � u e�p |

‖u1‖ =
∥∥∥◦u
∥∥∥ ,
∥∥∥Aθu1

∥∥∥ ≤
∥∥∥Aθ ◦

u
∥∥∥ ,

d x��v�&| p |}\>|�z}| o n�� |�x�a>^a�| i w~x�| o ]>^ p í f þ\� ] b x>^kjìj n�� ��� u p |,^w prq
R (u1) 6= 0, K (u1) > Ĉ, ‖S(u1)‖ < 10−1 ‖R (u1)‖2 ,

p í f�º í �

z d ^ Ĉ �
] b�� i a�� prc ¯ Ï x>^kjìj n�� � � u c ◦
u
]
θ
�
] b�p ^|}\M^kj n�� �ÖÊ&�"[ i w prq S(u1) 6= 0

�
[F\M^ d w prc$o ]�jè^�z}| o·o ] d ^

S(u1) = ‖S(u1)‖ (re+ z) ,

z d ^ r
�Qw�� c x��$\ u e �Qa�|}\&jh]$\>| o c a�a n �èw�| g w p`o ^a�a n � o ^� p |}\EÍ

e ∈ Gλ1 =
{x : Ax = x} u z � o ^� p |}\`] b |}\ p |�z}| a c x q a�|�z}| d | � |�x�a>^a�]��Ð�

Gλ1

Í
z ∈ Ĥ	Gλ1

u
� \>] e ^%j r2 + ‖z‖2 = 1

�
Ì<|�z d c z 6= 0

]�a c � d ^ p w}� prc �&| �0Ñ}x>^%j4^a p û ∈ Ĥ
u e�p |

(‖û‖ = ‖u1‖) ∩
(∥∥∥Aθû

∥∥∥ =
∥∥∥Aθu1

∥∥∥
)
∩ (‖f (û)‖ ≤ ‖f(u1)‖) .
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= ���

[F\�]0Ñ p |�j
R (û) 6= 0

]
‖S (û)‖ > ‖S(u1)‖ .

¹ |m� cmb�c�p ^%x q w p`o | ^ =��GBT�D´\OAKmH9=jH OAF�MVB�Z ´TM�B)[�WTY\O ^ P_>9O�H$E$S/f� ,-��� (��¹�R� �"!L��ð-#%�$#
z 6= 0

f
Y BDMV=�P_OAKÕBDW)C ^ BDWTE$YTH BDbGB$f # [\F�WT´ z = 0

X$W\BDbe>�=
S(u1) = ‖S(u1)‖ e

X b
>9O
e ∈

Gλ1

f # ^ Od>9F�WD=�YTE K u1
Y YTEV>9O

u1 = cẽ+ ũ
XDb
>9O

c
]1F�MV=?Z I ^ X ẽ ∈ Gλ1 , ũ ∈ Ĥ	Gλ1 .ù1BDbe>�=VX$E F�C B�Z ´T�A[TIø[+FdZ9BDYTE$Iõp ´ f ���dX$E KROAOAK

D∗
u1
f (u1) = f (u1) + L∗

u1
f (u1) = u1 + L (u1, u1) + L∗

u1
u1 + L∗

u1
L (u1, u1) =

= [cẽ+ ũ] + [L (cẽ, cẽ) + Lũcẽ+ L (ũ, ũ)] + [L∗
ũcẽ+ L∗

ũũ+ L∗
cẽcẽ+ L∗

ceũ] +

+ [L∗
ũL (cẽ, cẽ) + L∗

ũLũcẽ+ L∗
ũL (ũ, ũ) + L∗

ceL (cẽ, cẽ) + L∗
cẽLũcẽ+ L∗

cẽL (ũ, ũ)] =

= cẽ+ ũ+ L (ũ, ũ) + L∗
ũũ+ L∗

ũL (ũ, ũ) = cẽ+ f (ũ) + L∗
ũf (ũ) =

= cẽ+D∗
ũf (ũ) .

p í f�ºm�T�
ù"=�M$P_O E F�C B�Z ´T�A[TIJ[\FdZ9BDYTE$Iõp ´ f ���dX$C B�Z [�@$E K

µ̃ (u1)u1 = cµ̃ (u1) e+ µ̃ (u1) ũ,

K (u1)R (u1) = K (u1) (1 − µ (u1)) e+K (u1)
(
A2θũ− µ (u1) ũ

)
.

p í f�º��\�
��� �AWTEVc ^ =�Y\O�H F�WTY'�D[?>9OAKE KRO�WT´

‖S(u1)‖ e = S(u1) = D∗
u1
f − < D∗

u1
f, u1 >

‖u1‖2 u1 −
< D∗

u1
f,R >

‖R‖2 R =

= D∗
u1
f + µ̃ (u1)u1 +K (u1)R (u1) =

= cẽ+D∗
ũf (ũ) + cµ̃ (u1) e+ µ̃ (u1) ũ+

+K (u1) (1 − µ (u1)) e+K (u1)
(
A2θũ− µ (u1) ũ

)
=

= cK̃ (u1) ẽ+D∗
ũf (ũ) + µ̃ (u1) ũ+K (u1)

(
A2θũ− µ (u1) ũ

)
=

≡ cK̃ (u1) ẽ+ Ñ (ũ,u1) ,
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b
>9O
Ñ (ũ,u1) ∈ Ĥ 	Gλ1

X =_BT�TBD�AH9=G@ O�H$E O
K̃ (u1)

]�E$� Z9OAKRKL� í f í f ù"=�M$E KoBT� ^ =?]
�GBTK�X KL�2C B�Z [�@$EVZ E

‖S(u1)‖ e = cK̃ (u1) ẽ+ Ñ (ũ,u1) ,

b
>9O
e
E
ẽ
]�E$�`BG> H BDbGBQC BG> C ^ BTF�W ^ =�H F�WTY+= Gλ1

X =
Ñ (ũ,u1)

]�E$�ýO�bGBQB ^ W\BDbGBDH9=?Z ´D]
H BDbGB_>9BDC B�Z H O�H$E$I-f # BD�AW\BTKL[

Ñ (ũ,u1) = 0
E
cK̃ (u1) ẽ = S(u1)

f
³ B 〈S (u1) , u1〉 = 0

XVC BD�AW\BTKL[

0 = cK̃ (u1) 〈e, u1〉 = cK̃ (u1) 〈e, ce+ ũ〉 = c2K̃ (u1) .

ù"=�M¹M$=�M¹C B�[\FdZ9BDYTE$ò Z9OAKRKL�
K (u1) > Ĉ

X1W\B$X/E F�C B�Z ´T�A[\I¹B�� O�H$M$[õE$�)Z9OAKRKL�
í f í X$E KROAOAK

K̃ (u1) 6= 0
f9µ·Z9Od>9BDY+=�W\OdZ ´TH B$X

c = 0.³ B_W\BDb
>�=
S(u1) = 0

f��·W\B_C ^ BDWTE$Y\B ^ O�@$E$W'[\FdZ9BDYTE$ò
S(u1) 6= 0

f # B�Z [�@ O�H$H BTO
C ^ BDWTE$Y\B ^ O�@$E O >9BDM$=��A��Y+=DO�W�X9@$W\B z 6= 0

f
´ WTY\O ^ P_>9O�H$E9O í f�º�>9BDM$=��?=�H B$f

�Y BDMV=�P_OAKmW\O�C O ^ ´ X$@$W\B)F�[�±_OAF�WTYT[\O�W)H OABT�Gc+BG> E KL��SJH9=DKY\O�M$W\B ^ û fX O ^ O�� Mu
BT�TBD�AH9=G@$E K�Z E$H O�S$H$��S�BDC O ^ =�W\B ^ X$>9O�S F�WTYT[�ò;±jE$SøC ^ EøM$=�P_>9BTK

uC BQ�`B ^ KL[?Z9O

Mug = g + µ̃ (u) g +K (u)
(
A2θ − µ

)
g + (Lu + L∗

u + L∗
uLu) g + L∗

gf (u) .

ï�C ^ Od>9OdZ E KmC ^ E ξ ≥ ξ1
Y\O�M$W\B ^ ]�� [�H$M<�$E$ò u (ξ)

XVM$=�M ^ O�²_O�H$E O �?=?>�=A@$E

uξ (ξ) = ê− 〈ê, u〉
‖u‖2 u− 〈ê, R〉

‖R‖2 R (u) , u (ξ)|ξ=ξ1
= u1,

b
>9O

ê = e1 −
〈e1, u1〉
‖u1‖2 u1 −

〈e1, R (u1)〉
‖R (u1)‖2 R (u1) ,

=jY\O�M$W\B ^ e1 �D[?>9O�W)YT��� ^ =�HJY'�D[?> [�±_OAK�f
ù1BDbe>�=VX$[�@$E$WT��Y+=�I ^ =�Y\O�H F�WTY+= 〈u,R〉 = 〈u, S〉 = 〈R,S〉 = 0

XVC B�Z [�@9=DOAK

(
‖u‖2

)
ξ

= 2 〈u, uξ〉 = −2

〈
u, ê− 〈ê, u〉

‖u‖2 u− 〈ê, R〉
‖R‖2 R (u)

〉
= 0,

(∥∥∥Aθ(u)
∥∥∥

2
)

ξ

= 2
〈
A2θu, uξ

〉
= 2

〈
A2θu− µu, uξ

〉
=
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �"�

= 2 〈R (u) , uξ〉 = −2

〈
R (u) , ê− 〈ê, u〉

‖u‖2 u− 〈ê, R〉
‖R‖2 R (u)

〉
= 0,

(
‖f(u)‖2

)
ξ

= 2 〈D∗
uf, uξ〉 = 2

〈
D∗

uf, ê−
〈ê, u〉
‖u‖2 u− 〈ê, R〉

‖R‖2 R (u)

〉
=

=2

〈
S (u (ξ)) +

< D∗
u1
f, u >

‖u‖2 u+
< D∗

uf,R >

‖R‖2 R, ê−〈ê, u〉
‖u‖2 u−〈ê, R〉

‖R‖2 R (u)

〉
=

= 2 〈S (u (ξ)) , ê〉 ,
(
‖S(u (ξ))‖2

)
ξ

= 2
〈
S (u (ξ)) , S (u (ξ))ξ

〉
=

= 2
〈
S (u (ξ)) , uξ + µ̃ (u)uξ +K (u)

(
A2θ − µ

)
uξ

〉
+

+2
〈
S (u (ξ)) , (Lu + L∗

u + L∗
uLu)uξ + L∗

uξ
f (u)

〉
=

= 2
〈
S (u (ξ)) ,Mu(ξ)uξ (ξ)

〉
= 2

〈
PuMu(ξ)S (u (ξ)) , ê

〉
,

b
>9O
Pu

]·BDC9O ^ =�W\B ^ XV>9O�S F�WTYT[�ò;±jE$SJC B)�`B ^ KL[?Z9O$*

Puϕ = ϕ− 〈ϕ, u〉
‖u‖2 u− 〈ϕ,R〉

‖R‖2 R (u) .

��� �AWTEVc ^ =�Y\O�H F�WTY)C BTFdZ9O`E$H$W\O�b ^ E ^ BDY+=�H$E$IJYT��Y\BG> E K

‖u (ξ)‖ = ‖u1‖ ,
∥∥∥Aθu (ξ)

∥∥∥ =
∥∥∥Aθu1

∥∥∥ ,

‖f(u (ξ))‖2 = ‖f(u1)‖2 + 2 (ξ − ξ1) 〈S (u1) , ê〉 + (ξ − ξ1)
2O (1) ,

‖S(u (ξ))‖2 = ‖S (u1)‖2 + 2 (ξ − ξ1) 〈Pu1Mu1S (u1) , ê〉 + (ξ − ξ1)
2O (1) .

´ @$E$WT��Y+=�I BDC ^ Od>9OdZ9O�H$E O Pu
X�[\FdZ9BDYTE$I B ^ W\BDbGBDH9=?Z ´TH9BTF�WTE 〈u,R〉 = 〈u, S〉 =

〈R,S〉 = 0
EJBDC ^ Od>9OdZ9O�H$E O ê @ O ^ O�� e1 X�>$Z9I f(u (ξ))

E
S(u (ξ))

C B�Z [�@9=DOAK

‖f(u (ξ))‖2 = ‖f(u1)‖2 + 2 (ξ − ξ1) 〈S (u1) , e1〉 + (ξ − ξ1)
2O (1) ;

‖S(u (ξ))‖2 = ‖S (u1)‖2 + 2 (ξ − ξ1) 〈Pu1Mu1S (u1) , e1〉 + (ξ − ξ1)
2O (1) .
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þTk î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

gaBD�A´\K � KoW\O�C O ^ ´�W\BD@$M$[
ξ2 > ξ1

E�C B�Z9BGPQE K
u2 = u (ξ2)

f9g����TO ^ OAK ξ2
WT=�M/X

@$W\BT�D� ^ =��AH BTF�WT´ ξ2 − ξ1 �D�aZ�=`H9=DF�W\B�Z ´TMVBjK�=?Z�=VX+@$W\B >$Z I u2
p¦WT=�M$PjOTX+M$=�M'E)>$Z I

u1
��YT��C B�Z H$IVò;W\F
IJ[\FdZ9BDYTE$Iõp í f�º í ��XVW\B)OAF�WT´

R (u2) 6= 0, K (u2) > Ĉ, ‖S(u2)‖ < 10−1 ‖R (u2)‖2 .

ù1BDbe>�=_E$� C BTFdZ9Od> H EVc ^ =�Y\O�H F�WTY'E KROAOAK

‖u2‖ = ‖u1‖ ,
∥∥∥Aθu2

∥∥∥ =
∥∥∥Aθu1

∥∥∥ ,

‖f(u2)‖2 = ‖f(u1)‖2 + 2 (ξ2 − ξ1) 〈S (u1) , e1〉 + (ξ − ξ1)
2O (1) ,

p í f�º��\�

‖S(u2)‖2 = ‖S (u1)‖2 + 2 (ξ2 − ξ1) 〈Pu1Mu1S (u1) , e1〉 + (ξ − ξ1)
2O (1) .

ù1O�C O ^ ´ X�WD=�MUM$=�M
R (u2) 6= 0

X9W\B�C ^ E ξ2 ≤ ξ
BDC ^ Od>9OdZ E KhY\O�M$W\B ^ ]�� [�H$M<�$E$ò

u (ξ)
X$MV=�M ^ O�²_O�H$E O �?=?>�=G@$E





uξ = ẽ− 〈ẽ,u〉

‖u‖2u− 〈ẽ,R〉

‖R‖2R,

u(ξ)|ξ=ξ2
= u2,

p í f iTk\�

b
>9O
u2

]�E$��p í f�º��\��X =
ẽ ∈ Gλ1 = {x : Ax = x} E

ẽ
WD=�MVBDS/X$@$W\B

‖ẽ‖ = 1, 〈ẽ, u2〉 = 〈ẽ, R (u2)〉 = 〈ẽ, S (u2)〉 = 0,

µ̃ (u (ξ))ξ

∣∣∣
ξ=ξ2

= K (u (ξ))ξ

∣∣∣
ξ=ξ2

= 0.

ù"=�MVBDSJYT���TB ^ ẽ Y\BD�AKRB?P_O�HJY'F�EVZ [�[+FdZ9BDYTE$Iqp ´ f �\��p%FAK�fVZ9OAKRK�= í f�º?�df
g���@$E FdZ E K

Sξ(u (ξ))
C ^ E ξ = ξ2

f�n`=�M�EUY�p í f�º����X�YøF�EVZ [�[+FdZ9BDYTE$Ip ´ f ����F
[�@ O�W\BTKYT���TB ^ = ẽ C B�Z [�@9=DOAK

Sξ (ξ)
∣∣
ξ=ξ2 = ẽ+ L∗

u2
ẽ+ Lu2 ẽ+ L∗

u2
Lu2 ẽ+ L∗

ẽf(u2) − µ̃(u2)ẽ+
p í f iVº?�

+K(u2)(1 − µ)ẽ =
(
1 − µ̃(u2) +K(u2)(1 − µ)

)
ẽ = K̃(u2)ẽ.
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= þVº

Y Z I ‖f(u (ξ))‖2 E ‖S(u (ξ))‖2 E KROAOAK

‖f(u (ξ))‖2 = ‖f(u2)‖2 + 2

∫ ξ

ξ2

〈D∗
uf (u) , uη〉 dη =

= ‖f(u2)‖2 + 2

∫ ξ

ξ2

〈S(u(η)), ẽ〉 dη =

= ‖f(u2)‖2 + (ξ3 − ξ2)
2 〈Sη (0) , ẽ〉 + (ξ3 − ξ2)

3O (1) =
p í f iTi\�

= ‖f(u2)‖2 + (ξ3 − ξ2)
2 K̃ (u2) + (ξ3 − ξ2)

3O (1) ,

‖S(u (ξ))‖2 = ‖S (u2)‖2 + 2 (ξ3 − ξ2) 〈S(u (η)), Sη(u (η))〉
∣∣∣
η=ξ2

+ (ξ3 − ξ1)
2
[
‖Sη(u (η))‖2 + 〈S(u (η)), Sηη(u (η))〉

]∣∣∣
η=ξ2

+ (ξ3 − ξ2)
3O (1) =

= ‖S (u2)‖2 + (ξ3 − ξ1)
2
(
K̃ (u2)

2 + 〈S(u (η)), Sηη(u (η))〉
)∣∣∣

η=ξ2
+

+ (ξ3 − ξ2)
3O (1) .

# ^ E YT��Y\BA>9O �AWTEVc ^ =�Y\O�H F�WTY E F�C B�Z ´T�GBDY+=�H$� YT���TB ^ ẽ
E$� [+FdZ9BDYTE$I

〈S(u1), ẽ〉 = 0
E ^ =�Y\O�H F�WTY\B Sη(0) = K̃ẽ

f
# BTKLE KRB

ξ2
YT���TO ^ OAK2O�±_O

ξ3 > ξ2
ENC B�Z9B?PQE K

u3 = u (ξ3)
f�g����TB ^ ξ2 E

ξ3C BA> @$E$H$E Km[\FdZ9BDYTE$I$K

−2 (ξ2 − ξ1) 〈S (u1) , e1〉 > 〈ξ3 − ξ2〉2 〈Sη(0), ẽ〉 = (ξ3 − ξ2)
2 K̃ (u2) ,

p í f i$�\�

−2 (ξ2 − ξ1) 〈Pu1Mu1S (u1) , e1〉 <

< (ξ3 − ξ2)
2
(
‖Sη(u (η))‖2 + 〈S(u (η)), Sηη(u (η))〉|η=ξ2

)
.

ù"=�MVBDSJYT���TB ^ ξ2 E
ξ3

Y\BD�GKRB?PjO�H�p¦�?=QFd@9OdW)YT���TB ^ = ξ3 E
e1
�dX OAFdZ E

−2 (ξ2 − ξ1) 〈S (u1) , e1〉 > (ξ3 − ξ2)
2 K̃ (u2) =

= (ξ3 − ξ2)
2
(
K̃ (u2)

2 + 〈S(u (η)), Sηη(u (η))〉|η=ξ2

)
×

× K̃ (u2)

K̃ (u2)
2 + 〈S(u (η)), Sηη(u (η))〉|η=ξ2

>
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þTi î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

> g · (−2 (ξ2 − ξ1) 〈Pu1Mu1S (u1) , e1〉) ,
p í f i ���

b
>9O

g =
K̃ (u2)

K̃ (u2)
2 + 〈S(u (η)), Sηη(u (η))〉|η=ξ2

.
p í f iTþ\�

Y O�S F�WTYTE$W\OdZ ´TH B X+C$[+F�WT´
ε > 0

]"K�=?Z9BTO�@$E FdZ9B$f+gaKROAF�W\BýC O ^ Y\BDbGB`H O ^ =�Y\O�H F�WTY+=
Y�p í f i$�\��Y\BD�A´\K � K ξ3

E$� ^ =�Y\O�H F�WTY+=

−2 (ξ2 − ξ1) 〈S (u1) , e1〉 = (ξ3 − ξ2)
2
[
K̃2 (u2) + ε

]
.

ï�W\F�òa>�=oH9=�SV>9OAK
(ξ3 − ξ2)

2 E O�bGBoC BG>9F�WD=�YTE K Y\BoYTW\B ^ BTO¹H O ^ =�Y\O�H F�WTY\BhY
p í f i$�\��f�ù1BDbe>�=)[V�TO�P_>�=DOAKRFeI-X�@$W\B'C ^ ENYT��C B�Z H O�H$E$E�[+FdZ9BDYTE$I�p í f i ����X��TO ^ I ε > 0>9BTF�WD=�W\BD@$H B'K�=?Z ��K�X9KRBGPQH B)[?>9BDYDZ9O�WTY\B ^ E$WT´'YTW\B ^ BTO H O ^ =�Y\O�H F�WTY\BUp í f i$�\��f

ù1O�C O ^ ´jYT��I$F�H$E K�X\MVBDb
>�=`KRB?PQH B`YT��� ^ =�WT´ ξ2 E ξ3 WT=�M/XT@$W\BT�D�ÕYT��C B�Z H$I�Z9BTF�´
p í f i ����f
� ,-��� (��¹��� �"!"�¡ð-#.-�#9[F\>] o n�� |�x�a>^a�]�] i w~x�| o ]�� p í fÊº í � w�� c x��$\>a c � o ^kx�] e ]�a c
g
] b p í f iTþ\� w p \�|�z}| � |}x�|m¤É] p ^kx q a c �¹ | � cmb c�p ^%x q w p`o |&� Y O�S F�WTYTE$W\OdZ ´TH B X-YT��@$E FdZ E K 〈S(u (η)), Sηη(u (η))〉 C ^ E η =

ξ2
〈S(u (η)), Sηη(u (η))〉|η=ξ2

=

=

〈
S (u) ,

{
uη (η) +

(
Lu(η) + L∗

u(η) + L∗
u(η)Lu(η)

)
uη (η)

}
η

〉∣∣∣∣
η=ξ2

+

+
〈
S (u) , L∗

uη(η)f (u (η))
}

η

〉∣∣∣∣
η=ξ2

+

+

〈
S (u) ,

{
(µ̃ (u (η))u)η + (K (u (η))R (u (η)))η

}
η

〉∣∣∣∣
η=ξ2

=

=
〈
S (u2) , uηη (η) +

(
Lu2 + L∗

u2
+ L∗

u2
Lu2

)
uηη (η) + L∗

uηη(η)f (u2)
〉∣∣∣

η=ξ2
+

+ 〈S (u2) , µ̃ (u2)uηη +K (u2)Rηη (u (η))〉|η=ξ2
.

p í f i í �
# ^ EYT��Y\BG>9O÷�AW\BDbGB ^ =�Y\O�H F�WTY+=�KL� Y\BTF�C B�Z ´T�GBDY+=?Z9E F�´õ[\FdZ9BDYTE OAK p ´ f ���dX ^ =�Y\OdH$]
F�WTY+=DKLE 〈u, S〉 = 〈R,S〉 = 0

EJYT���TB ^ BTK ẽ
YQ[ ^ =�YTH O�H$E$E�p í f iTk\��f
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= þ$�

Y =?Z9OAOTXV>$Z I
uηη (η)

E
Rηη (u (η))

C ^ E η = ξ2
E$��p í f iTk\��YT��Y\BA> E9K

uηη (η)|η=ξ2
= −

{〈ẽ, u〉
‖u‖2 u+

〈ẽ, R〉
‖R‖2 R

}

η

∣∣∣∣∣
η=ξ2

=

= −
{

1

‖u‖2u+
〈ẽ, Rη〉
‖R‖2 R

}∣∣∣∣
η=ξ2

= − u2

‖u2‖2 − 1 − µ (u2)

‖R (u2)‖2R (u2) ,

Rηη (u (η))|η=ξ2
=
[
A2θ − µ (u2)

]
uηη (η)|η=ξ2

.

ù1O�C O ^ ´ XVC BG>9F�WD=�YTE$Y)C B�Z [�@ O�H$H BTO�YJp í f i í ��F;E F�C B�Z ´T�GBDY+=�H$E OAKmB�� O�H BDMøE$�;Z9OAKRKL�
í f í X$H9=?c�BA> E K

∣∣∣〈S(u (η)), Sηη(u (η))〉|η=ξ2

∣∣∣ ≤ C0K (u2) ‖S (u2)‖
( 1

‖u2‖
+

1

‖R (u2)‖
)
,

b
>9O
C0

�?=�YTE F�E$W�BDWQMVBDH F�WD=�H$WT�
Cβ

E$� [+FdZ9BDYTE$Iqp ´ f�º?�df
ï�W\F�òa>�=VX�E F�C B�Z ´T�A[\I�B�� O�H$M$[

K (u2)
@ O ^ O�� K̃ (u2)

E$�jZ�O�KRKL� í f í X/='WT=�M$PjO
[\FdZ9BDYTE$Iõp í f þ\��E$��Z9OAKRKL� í f þVXVC B�Z [�@9=DOAK

〈S(u (η)), Sηη(u (η))〉|η=ξ2
≤ C1K̃ (u2) ,

b
>9O
C1

]_MVBDH F�WD=�H$WT=hp¦�?=�YTE F
IV±Q=�IhBDW¹MVBDH F�WD=�H$WT�
Cβ

E$�N[+FdZ9BDYTE$I p ´ f�º?���dX�>$Z I
M�BDW\B ^ BDS C1 ≤ 1

10 Ĉ
X?=
Ĉ
]9MVBDH F�WD=�H$WT=�E$��Z9OAKRKL� í f í fDï�W\KRO�WTE K�X?@$W\B�H O ^ =�Y\O�H F�WTY\B

KROdP_>9[
C1

E
Ĉ

OAF�WT´'FdZ9Od>9F�WTYTE O`YT���TB ^ = Ĉ Y_Z9OAKRKRO í f í f
��� C B�Z [�@ O�H$H BDSNB�� O�H$M$EJYT��W\O�M$=DO�WUp¦Y)F�EVZ [

K > Ĉ
�dXV@$W\B

g > 0
f

´ WTY\O ^ P_>9O�H$E O í f ij>9BDMV=��?=�H B$f
�# BDMV=�P_OAK�X9@$W\B)YT��C B�Z H O�H$E OýH O ^ =�Y\O�H F�WTY�p í f i ����Y\BD�GKRBGPQH B'�?=)F�@ O�W'YT���TB ^ =

e1
X$OAFdZ E

r2 ≥ 0, 5
f Y Z I÷�AW\BDbGB_H OABT�Gc+BG> E KRBQYT��C B�Z H O�H$E O H O ^ =�Y\O�H F�WTY+=�p%F ^ =�YTH$EV]

Y+=DO�K�Z9O�YT��O`EøC ^ =�YT��O @9=DF�WTE�H O ^ =�Y\O�H F�WTYUp í f i ���
�

−2 (ξ2 − ξ1) 〈S (u1) , e1〉 > g · (−2 (ξ2 − ξ1) 〈Pu1Mu1S (u1) , e1〉) .
p í f i&�T�

)�FdZ E
Pu1Mu1S (u1) = 0

XRW\B�Y�M$=A@9O�F�WTY\O
e1

KRBGP_OAK YT��� ^ =�WT´ X�H9=�C ^ E KRO ^ X
e1 = −re XVbe>9O r ]�E$�`C ^ Od>9F�WD=�YDZ9O�H E$I

S(u1) = ‖S(u1)‖ (re+ z) .
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þ � î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

)�FdZ EJP_O
Pu1Mu1S (u1) 6= 0

XVW\BQ�?=�C$E$²_OAKC ^ Od>9F�WD=�YDZ9O�H$E9O

PMu1S (u1) = α1e+ α2z + d,

b
>9O 〈d, e〉 = 〈d, z〉 = 0
f

ñ =DFAFAKRBDW ^ E9KoF�H9=A@9=?Z�=)FdZ [�@9=�S
d 6= 0

f
gU�AW\BTKNFdZ [�@9=DO�YT���DE ^ =DOAK e1 = d

‖d‖

f?ù1BDbe>�=�H O ^ =�Y\O�H F�WTY\BQp í f i&�T��C ^ O�Y ^ =�WTE$W\FeI
Y)FdZ9Od> [�ò;±_OAO$*

0 > −2g · (ξ2 − ξ1) ‖d‖ ,
M�BDW\B ^ BTOýBD@ O�YTEV> H B)YT��C B�Z H$I$O�W\F
IJY)F�EVZ [÷C B�Z9BGPQE$W\OdZ ´TH9BTF�WTE

g
f

ù1O�C O ^ ´ ^ =DFAFAKRBDW ^ E KoFdZ [�@9=�S
d = 0

f$ù1BDbe>�=

Pu1Mu1S (u1) = α1e+ α2z.

g �AW\BTK�FdZ [�@9=DO
e1

�D[G>�O�K2E F�M$=�WT´JYøYTEV>9O
e1 = β1e + β2z

f-ù"BDb
>�=÷H O ^ =�Y\O�H F�WTY\B
p í f i&�T��C ^ O�Y ^ =�±Q=DO�W\F
IJY

−‖S(u1)‖
(
β1r + β2 ‖z‖2

)
> −g ·

(
α1β1 + α2β2 ‖z‖2

)
.

p í f i$�\�
ghFdZ [�@9=DOTX OAFdZ E�BDWGZ E$@ O�HNBDWQH$[?Z IJBDC ^ Od>9OdZ E$W\OdZ ´

ρ =

∣∣∣∣
r ‖z‖2

α1 β2 ‖z‖2

∣∣∣∣ ,

W\BN@$E FdZ�=
β1
E
β2

KRB?PQH BNYT��� ^ =�WT´�WD=�M/XL@$W\BT�D�«Z�OdY+=�I�@9=DF�WT´op í f i$�\�ý�D�aZ�=NC B�]
Z9BGPQE$W\OdZ ´TH BDS1X9=ýC ^ =�Y+=�I÷@9=DF�WT´ ^ =�YTH$I�Z�=DF�´QH$[?Z ò_fVgÕ�AW\BTKFdZ [�@9=DO;H O ^ =�Y\O�H F�WTY\B
p í f i&�T�a�D[?>9O�W)YT��C B�Z H O�H B$f

# BDMV=�P_OAK�X @$W\BQBDC ^ Od>9OdZ E$W\OdZ ´ ρ 6= 0
f

� ,-��� (��¹��� �"!"��ð-#TS-#>[F\>]
r2 ≥ 0, 5

| � \M^ d ^kx�] p ^kx q ρ 6= 0
f

¹ | � cmb c�p ^%x q w p`o |&� Y BDMV=�P_OAKmBDWQC ^ BDWTE$YTH BDbGB$f # [+F�WT´)BDC ^ Od>9OdZ E$W\OdZ ´ ρ = 0
f$ù"B�]

b
>�=)Y\O�M$W\B ^ = S(u1)
E
Pu1Mu1S (u1)

BDM$=�PQ[�W\F
I�C ^ BDC B ^ �$E BDH9=?Z ´TH ��KLE/f�ù"B'OAF�WT´
F�[�±_OAF�WTYT[\O�W)M�BDH F�WT=�H$WT=

γ1
XV@$W\B

Pu1Mu1S (u1) = γ1S(u1).
p í f i$�\�

# ^ Od>9F�WD=�YTE K u1
Y�YTEV>9O

u1 = Cẽ + ũ
X be>9O

C
]NF�MV=?Z I ^ X ẽ ∈ Gλ1 =

{x : Ax = x} X ũ ∈ Ĥ 	Gλ1

f$ù"BDb
>�=_E$��p í f�º��\��E¹p í f iTk\��E KROAOAK

S (u1) = C [ẽ+ µ̃ (u1) ẽ+K (u1) (1 − µ (u1)) ẽ] +N (u1) ,
p í f �Tk\�
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= þTþ

b
>9O
N (u1) ∈ Ĥ 	Gλ1

f9ï�W\F�òa>�=

‖S (u1)‖ r = CK̃ (u1)
EVZ E

C =
‖S (u1)‖ r
K̃ (u1)

.
p í f �Vº?�

�;��p í f �Tk\�_Z9O�bAM�Bq�?=DKRO�WTE$WT´ X·@$W\B
ẽ = e

XRb
>9O
e
]jE$�JC ^ Od>9F�WT=�YDZ9O�H$E$I S (u1) =

‖S (u1)‖ (re+ z)
f # BD�AW\BTKL[

u1 = Ce+ ũ
f

ù1O�C O ^ ´'[VKLH BGPQE K
Pu1Mu1S (u1)

F�M$=?Z I ^ H BQH9= e X$W\BDb
>�=

〈Pu1Mu1S (u1) , e〉 = 〈Mu1S (u1) , Pu1e〉 .
g·��@$E FdZ E K

Pu1e

Pu1e = e−〈e, u1〉
‖u1‖2 u1−

〈e,R (u1)〉
‖R (u1)‖2 R (u1) = e− C2

‖u1‖2 e−
C2 (1 − µ)2

‖R (u1)‖2 e+M̃ (u1) =

=
(
1 − ‖S (u1)‖2 r2

‖u1‖2 K̃ (u1)
2
− ‖S (u1)‖2 r2 (1 − µ)2

‖R (u1)‖2 K̃ (u1)
2

)
e+ M̃ (u1) ,

b
>9O
M̃ (u1) ∈ Ĥ 	Gλ1

f
� F�C B�Z ´T�A[TI��AW\B ^ =�Y\O�H F�WTY\B$XLWT=�M�M$=�M

K (u1) > Ĉ
X ‖u1‖ ≥ ‖R (u1)‖

X"W\BNY
FdE$Z [�[+FeZ�BDYTE$Iqp í f þ\��E$� Z9OAKRKL� í f þ_C B�Z [�@9=DOAK

Pu1e =
(
1 − 1

5Ĉ

)
e+ M̂ (u1) ,

be>9O ∥∥∥M̂ (u1)
∥∥∥ ≤ 1

2Ĉ
.

# BD�AW\BTKL[+X?E F�C B�Z ´T�A[TIjB�� O�H$M$EýE$��Z9OAKRKL� í f í EýC B�Z [�@ O�H$H$��O·YT��²_O·FABTBDWTH BD²_O�H$E$I-X
�D[G>�O�KE KRO�WT´

〈Pu1Mu1S (u1) , e〉 =

=
〈
S (u1) +

(
Lu1 + L∗

u1
+ L∗

u1
Lu1

)
S (u1) + L∗

S(u1)f (u1) , Pu1e
〉

+

+
〈
µ̃ (u1)S (u1) +K (u1)

(
A2θ − µ (u1)

)
S (u1) , Pu1e

〉
≥

≥ ‖S (u1)‖ K̃ (u1) r 〈e, Pu1e〉 − ‖S (u1)‖
∣∣∣
〈
K (u1)

(
A2θ − µ (u1)

)
z, Pu1e

〉∣∣∣−

−‖Pu1e‖ ‖S (u1)‖
K (u1)

100
≥
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þ í î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

≥ ‖S (u1)‖
(
K̃ (u1) r

(
1 − 1

2Ĉ

)
−K (u1)λ

2θ
2 − K (u1)

100

)
≥

≥ ‖S (u1)‖
4

K̃ (u1) .
p í f �Ti\�

g�C BTFdZ9Od> H OAKNH9O ^ =�Y\OdH9FdWTY\OaE F�C B�Z ´T�GBDY+=�H B�[�WTY\O ^ P_>9O�H$E9O·Z9OAKRKL� í f í B�YT�?=�E KLH BDS
B�� O�H$M�O

K (u1)
E
K̃ (u1)

X =_WD=�M$P_O C ^ Od> C B�Z9B?PjO�H$E I-X @$W\B λ2θ
2 < 1

16

E
r2 ≥ 0, 5

f
Y =?Z9OAOTX$[VKLH B?P_=DOAK

Pu1Mu1S (u1)
F�MV=?Z I ^ H B)H9= z XVW\BDb
>�=

|〈Pu1Mu1S (u1) , z〉| = |〈Mu1S (u1) , Pu1z〉| ≤

≤
∣∣∣
〈
S (u1) +

[
Lu1 + L∗

u1
+ L∗

u1
Lu1

]
S (u1) + L∗

S(u1)f (u1) , Pu1z
〉∣∣∣+

+
∣∣∣
〈
µ̃ (u1)S (u1) +K (u1)

(
A2θ − µ (u1)

)
S (u1) , Pu1e

〉∣∣∣ ≤

≤ C0 ‖z‖
∥∥∥
[
Lu1 + L∗

u1
+ L∗

u1
Lu1

]
S (u1) + L∗

S(u1)f (u1)
∥∥∥+

+
∣∣∣
〈
µ̃ (u1) z +K (u1)

(
A2θ − µ (u1)

)
z, Pu1e

〉∣∣∣ ‖S (u1)‖+

+ |〈e, Pu1z〉| K̃ (u1) ‖S (u1)‖ r.
p í f �$�\�

ù1O�C O ^ ´'E F�C B�Z ´T�A[\OAKmH O ^ =�Y\O�H F�WTY+=
∥∥∥A2θz

∥∥∥ ≤ λ2θ
2 ‖z‖ ,

∥∥∥M̂ (u1)
∥∥∥ ≤ 1

2Ĉ
,

^ =�Y\O�H F�WTY\B Pu1e =
(
1− 1

5Ĉ

)
e+M̂ (u1)

XD=�WT=�M$PjO�H O ^ =�Y\O�H F�WTY+=�Z9OAKRKL� í f í X?W\BDbe>�=
E$��p í f �$�\��YT��Y\BA> E K

|〈Pu1Mu1S (u1) , z〉| ≤
1

5
K̃ (u1) ‖S (u1)‖ ‖z‖2 .

p í f � ���
����p í f �Ti\��Eõp í f � ���aH9=?c+BG> E KmFABTBDWTH BD²_O�H$E O

|〈Pu1Mu1S (u1) , z〉|
|〈Pu1Mu1S (u1) , e〉|

≤ 1/5K̃ (u1) ‖S (u1)‖ ‖z‖2

‖S(u1)‖
4 K̃ (u1)

≤ 4

5
‖z‖2 .

p í f �Tþ\�

Y Z IøF�M$=?Z I ^ H$�acøC ^ BDE$�AY\Od>9O�H$E S 〈S (u1) , e〉
E 〈S (u1) , z〉

Y\O ^ H$� ^ =�Y\O�H F�WTY+=

〈S (u1) , e〉 = ‖S (u1)‖ r, 〈S (u1) , z〉 = ‖S (u1)‖ ‖z‖2 .
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= þ&�

ï�W\F�ò�>�=
〈S (u1) , z〉
〈S (u1) , e〉

=
‖z‖2

r
>

√
2 ‖z‖2 .

µ ^ =�YTH$E$Y+=DOAKC B�Z9[�@ O�H$H BTO`F)p í f �Tþ\��f�� KROAOAKmF�[�@ O�W\BTKC ^ BDC B ^ �$E BDH9=?Z ´TH9BTF�WTE
Y\OdM W\B ^ BDY S(u1)

E
Pu1Mu1S (u1)

p%FAK�f1p í f i$�\���
√

2 ‖z‖2 <
〈S (u1) , z〉
〈S (u1) , e〉

=
|〈Pu1Mu1S (u1) , z〉|
|〈Pu1Mu1S (u1) , e〉|

≤ 4

5
‖z‖2 .

# BTFdZ9Od> H9O�O�KRB?PjO�Wõ�D��WT´�YT��C B�Z H O�H BqW\B�Z ´TMVBUC ^ E z = 0
fÅ�·W\B�C ^ BDWTE$Y\B ^ O�@$E$W´ WTY\O ^ P_>9O�H$E$ò í f�ºTf

# B�Z [�@ O�H$H BTO C ^ BDWTE$Y\B ^ O�@$E9O >9BDMV=��A��Y+=DO�W ´ WTY\O ^ P_>9O�H$E O í f �Vf
�ù"=�M$E KmBT� ^ =��GBTK�X$H9=DKLEJC BDM$=��?=�H B$X$@$W\B_YT��C B�Z H O�H$E O`H O ^ =�Y\O�H F�WTYUp í f i ����Y\BD��]

KRBGPQH BQ�?=QF�@ O�W)YT���TB ^ = e1 X$OAFdZ E r2 ≥ 0, 5
f

µ�Z9Od>9BDY+=�W\OdZ ´TH B$X1C ^ E r2 ≥ 0, 5
KRB?PQH BøYT��� ^ =�WT´ e1 WT=�M/X-@$W\BT�D� YT��C B�Z H$I�]

Z9BTF�´�p í f i$�\�`p¦C ^ E�K�=?Z �ac
ξ2 − ξ1

E
ξ3 − ξ2

�df
ù1O�C O ^ ´�Yp í f iTi\�`Y\BD�A´\KROAK

ξ = ξ3
fLù1BDbe>�=VX"[VKRO�H$´T²jE$YUC ^ E�H OABT�Ac�BA> E KRBTF�WTE

ξ2 − ξ1
EJC B�Z9BGPQE$Y

û = u (ξ3)
XVE$�`C O ^ YT�ac ^ =�Y\O�H F�WTYNp í f�º��\�aEõp í f iTi\��C B�Z [�@9=DOAK

‖f (û)‖ = ‖f (u (ξ3))‖ ≤ ‖f (u1)‖ ,
=jE$� YTW\B ^ �ac ^ =�Y\O�H F�WTYUp í f�º��\��E¹p í f iTi\��YT��Y\BA> E KoF�W ^ BDbGBTO H O ^ =�Y\O�H F�WTY\B

‖S (û)‖ = ‖S (u (ξ3))‖ > ‖S (u1)‖ .
ù"=�M$E KmBT� ^ =��GBTK�X C ^ E r2 ≥ 0, 5

[�WTY\O ^ P_>9O�H$E O Z9OAKRKL�2>9BDM$=��?=�H B$f
ñ =DFAFAKRBDW ^ E KoW\O�C O ^ ´'FdZ [�@9=�S

r2 < 0, 5
f$ù"BDb
>�= ‖z‖2 ≥ 0, 5

f
gó�AW\BTKôFdZ [�@9=DO�Y\BD�A´\K � K 0 6= ẽ ∈ Gλ1

X ‖ẽ‖ = 1
E2BDC ^ Od>9OdZ E KôY\O�M$W\B ^ ]

� [�H$M<�$E$ò
u (ξ)

C ^ E ξ ≥ ξ1
X$MV=�M ^ O�²_O�H$E O`FdZ9Od> [�ò;±_O�SJ�?=?>�=A@$E





uξ = ẽ− 〈ẽ,u〉

‖u‖2u− 〈ẽ,R〉

‖R‖2R− 〈ẽ,S〉

‖S‖2S,

u(ξ)|ξ=ξ1
= u1.

p í f � í �

g����TB ^ ẽ C BG> @$E$H$E K�>9BDC B�Z H E$W\OdZ ´TH$��Ko[\FdZ9BDYTE$I$K

〈ẽ, u1〉 = 〈ẽ, R (u1)〉 = 〈ẽ, S (u1)〉 = (µ̃ (u (ξ)))ξ

∣∣∣ξ=ξ1 = (K (u (ξ)))ξ |ξ=ξ1 = 0p í f �&�T�
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þ$� î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

�·W\BQY\BD�GKRBGPQH B)Y)F�EVZ [�Z9OAKRKL� í f�ºTf
´ @$E$WT��Y+=�I�YT���TB ^ p í f �&�T��X [+FdZ9BDYTE O�p ´ f ���dX�=QWD=�M$P_O`[+FdZ9BDYTE$I�B ^ W\BDbGBDH9=?Z ´TH BD]

F�WTE 〈u,R〉 = 〈u, S〉 = 〈R,S〉 = 0
X$Y\O ^ H$��O C BQC BTF�W ^ BTO�H$E$ò_X E KROAO�K

Sη (u (η)) |η=ξ1 =

=
(
uη +

(
L∗

u1
+ Lu1 + L∗

u1
Lu1

)
uη +L∗

uη
f (u1)+ µ̃uη +(KR)η

)
|η=ξ1 =

p í f �$�\�

= ẽ+ µ̃ẽ+K (R (u (η)))η |η=ξ1 = ẽ+ µ̃ (ũ) ẽ+K (1 − µ) ẽ = K̃ẽ.
Y Z I

Sηη (u (η)) |η=ξ1 = 0
C B�Z [�@9=DOAK

Sηη (u (η)) |η=ξ1 =

=
(
uηη + (L∗

u + Lu + L∗
uLu)uηη + L∗

uηη
f (u) + (µ̃u)ηη + (KR)ηη

)
|η=ξ1+

+
(

(L∗
u + Lu + L∗

uLu) ηuη + L∗uη (f (u))η

)
|η=ξ1 .

ù1O�C O ^ ´ X$E F�C B�Z ´T�A[TI÷[+FdZ9BDYTE$I�p ´ f ���dX ^ =�Y\O�H F�WTY+= 〈S, u〉 = 〈S,R〉 = 0
E÷YT���TB ^

p í f �$�\��XVC B�Z [�@9=DOAK

〈S, Sηη〉
∣∣∣η=ξ1 =

〈
S (u) , uηη + µ̃ (u)uηη +K (u) (R (u))ηη

〉
|η=ξ1+

+
〈
S (u) , (L∗

u + Lu + L∗
uLu)uηη + L∗

uηη
f (u)

〉
|η=ξ1 =

=
〈
S (u) , uηη + µ̃ (u)uηη +K (u)

(
A2θ − µ

)
uηη

〉
|η=ξ1+

p í f �$�\�

+
〈
S (u) , (L∗

u + Lu + L∗
uLu)uηη + L∗

uηη
f (u)

〉
|η=ξ1 .

Y Z I
uηη

E$�`[ ^ =�YTH O�H$E$I÷>$Z I
u (η)

XV[�@$E$WT��Y+=�IøYT���TB ^ p í f �&�T��X$H9=�SV>9OAK

uηη

∣∣∣∣∣η=ξ1 =

(
−〈ẽ, u〉

‖u‖2 u− 〈ẽ, R〉
‖R‖2 R− 〈ẽ, S〉

‖S‖2 S

)

η

|η=0 =

= − u1

‖u‖2 − (1 − µ)R (u1)

‖R‖2 − 〈ẽ, Sη (u)〉
∣∣∣∣η=0

S (u1)

‖S (u1)‖2 .
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= þ$�

# BA>9F�WT=�YDZ IVI
uηη

Y ^ =�Y\O�H F�WTY\B¹p í f �$�\��X�[�@$E$WT��Y+=�I-X-@$W\B 〈S, u〉 = 〈S,R〉 = 0
X

S (ũ) = ‖S (ũ)‖ X z ∈ H 	Gλ1

X$E KROAOAKmF�E F�C B�Z ´T�GBDY+=�H E OAKoB�� O�H BDMJZ9OAKRKL� í f í

〈S, Sηη〉 |η=ξ1 =

−K̃ (u1)
[
1 + µ̃ (u1) +K (u1) (

〈
A2θz, z

〉
− µ (u1) ‖z‖2)

]
− C1K (u1) ≥

≥ −K̃ (u1)
(
1 + µ̃ (u1) +Kλ2θ

2

)
− C1K (u1) ≥

≥ −K̃ (u1)

(
1 + µ̃ (u1) +

1

16
K (u1)

)
− C1K (u1) ,

b
>9O`C BTF�W\BGIVH$H9=�I
C1

�?=�YTE F�E$W÷BDW
Cβ

E$�ý[\FdZ9BDYTE$I¹p ´ f�º?��E�WD=�MVBDY+=VX @$W\B
0 < C1 ≤

100
f
# BD�AW\BTKL[ C ^ EjK�=?Z �ac ξ−ξ1 XA[�@$E$WT��Y+=�IýYT���TB ^ Ĉ p%FAK�fAZ9OAKRKL[ í f í ��E

K (u1) >
Ĉ
XVE KROAOAK

‖S (u (ξ))‖2 = ‖S (u1)‖2 + 2 〈S (u) , Sη (u (η))〉 |η=ξ1 (ξ − ξ1) +

+2

ξ∫

ξ1

( τ∫

ξ1

‖Sη (u (η))‖2 + 〈S (u (η)) , Sηηη〉 dη
)
dτ =

= ‖S (u1)‖2 + (ξ − ξ1)
2
(
K̃2 (u1) − K̃ (u1) (1 + µ̃ (u1) +K (u1))

)
+

+ (ξ − ξ1)
3O (1) ≥ ‖S (u1)‖2 +

1

4
(ξ − ξ1)

2 K̃2 (u1) + (ξ − ξ1)
3O (1) .

ï�W\F�òa>�=�YT��W\O�MV=DO�WDX�@$W\B�C ^ EqK�=?Z �ac
ξ − ξ1

Y\OdZ E$@$E$H9= ‖S (u (ξ))‖ YøFdZ [�@9=DO
r2 < 0, 5

F�W ^ BDbGBQY\BD� ^ =DF�WT=DO�W�f# BD�AW\BTKL[\X�WD=�M2MV=�M2[ ^ =�YTH O�H$E Oop í f � í ��FABGc ^ =�H$I$O�WH B ^ KL� u (ξ)
X
Aθu (ξ)

E
f (u (ξ))

XVW\B)KRB?PQH BQYT��� ^ =�WT´)W\BD@$M$[ ξ2 > ξ1
WT=�M$[�ò_XV@$W\B

‖S (u (ξ2))‖ > ‖S (u (ξ1))‖ , ‖u (ξ2)‖ = ‖u (ξ1)‖ ,
∥∥∥Aθu (ξ2)

∥∥∥ =
∥∥∥Aθu (ξ1)

∥∥∥ , ‖f (u (ξ2))‖ = ‖f (u (ξ1))‖ .
µ�Z9Od>9BDY+=�W\OdZ ´TH B$X?YT���DE ^ =�I û = u (ξ2)

XAC B�Z [�@9=DOAKø[�WTY\O ^ P_>9O�H$E O�Z9OAKRKL�õY�FdZ [�@9=DO
r2 < 0, 5

f
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í k î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

ü`OAKRK�= í f�ºGkj>9BDM$=��?=�H9=_C B�Z H BTF�WT´Tò_f
�# [\F�WT´

u1 ∈ Ĥ
]ýH O�M�BDW\B ^ ��SoY\O�M$W\B ^ WD=�MVBDS/XR@$W\B ‖u1‖ =

∥∥∥◦u
∥∥∥ fRg�Y\Od>9OAK Y

^ =DFAFAKRBDW ^ O�H$E O`@$E FdZ9B r(u1)
FdZ9Od> [�ò;±jE KmBT� ^ =��GBTKF*

r(u1) = sup {‖S(u)‖} , p í f �+k\�
b
>9O

supremum
�TO ^ O�W�C B�Y\FAOAKNWD=�M$E K

u ∈ Ĥ
XG>$Z IýMVBDW\B ^ �acýYT��C B�Z H O�H B�[+FdZ9BDYTE O

(‖u‖ = ‖u1‖) ∩
(∥∥∥Aθu

∥∥∥ =
∥∥∥Aθu1

∥∥∥
)
∩ (‖f (u)‖ ≤ ‖f(u1)‖) .

p í f � º?�
µ·C ^ =�Y\Od>$Z E$Y+=Ø �98�8�*2ð-#%�$�$#9[ i w prq Ĥ �ì�&| a>^ e a�|�j4^%\�a�| u p |�z d c ]�j4^� p j4^w p |·wkx>^ d i � ¬ ]>^

i p`o ^%\�¤ d ^a�]�� c Ï ] ¯ Ï Í
c Ï « i&¬ ^w p`o i ^ pÃo ^� p |}\

û ∈ Ĥ
u�i d | o x>^ p`o |}\���� ¬ ]�� i w~x�| o ]���j p í f � º?� prc ��&| � u e�p |

‖S(û)‖ = r(u1);
¯ Ï Â wkx�]

r(u1) = +∞ u p |
R (û) = 0

�
¹ | � cmb c�p ^%x q w p`o |&� ����BDC ^ Oe>�OeZ�OdH E$I r(u1)

FdZ9Od> [+O�W�XD@$W\B�H9=�SV>9O�W\F
IQWD=�M$=�IjC BTFdZ9Od]
>9BDY+=�W\OdZ ´TH BTF�WT´

u2, u3, ..., un, ...
XT@$W\B`M$=�P_> ��S���Z9OAKRO�H$Wý�AW\BDS�C BTFdZ9Od>9BDY+=�W\OdZ ´TH BD]

F�WTEJ[G>�BDYDZ9O�WTY\B ^ I$O�W'[\FdZ9BDYTE ò p í f � º?��EJYT��C B�Z H$I$O�W\F
I ^ =�Y\O�H F�WTY\B

lim
n→∞

‖S(un)‖ = r(u1).
p í f �+i\�

ù"=�MÕM$=�MÕC ^ BTF�W ^ =�H F�WTY\B Ĥ
MVBDH O�@$H BTKRO ^ H B$XaW\BÕp%OAFdZ EÕH$[�PQH B$X·C O ^ Odc�BA> IoM

C BA> C BTFdZ9Od>9BDY�=�W\OdZ ´TH9BTF�WTE��;KRB?PQH B�F�@$E$WT=�WT´ X�@$W\B'C BTFdZ9Od>9BDY+=�W\OdZ ´TH9BTF�WT´
un

� [�HV]
>�=DKRO�H$WD=?Z ´TH9=¹Y

Ĥ
EoC BD�AW\BTKL[oE KROAO�W¹C ^ Od>9OdZ ´TH$��S2��Z9OAKRO�H$W�f�ï;�TBD�AH9=G@$E KôO�bGB

û ∈ Ĥ
f<� KROAOAK

un → û
Y
Ĥ

�
# BD�AW\BTKL[¹YUF�EVZ [õH9OdC ^ O ^ ��YTH BTF�WTE f(·) EBDb ^ =�H$E$@ O�H$H BTF�WTE Aθ E$�õp í f �+i\�`E

p í f �+k\��C BTF�W ^ BTO�H�H OABT�Ac�BA> E KL��S���Z9OAKRO�H$WDXV>9BDM$=��A��Y+=�ò;±jE$S�C$[�H$M$W c Ï Z9OAKRKL�`fX E FdZ9B
r(u1)

KRBGP_O�W �D��WT´ ^ =�YTH$��K +∞ f�n`=�MjZ9O�bAMVB;YTEV>9O�WT´�E$�aBDC ^ Od>9OdZ9O�H$E$I
Y\O�M$W\B ^ = S XA�AW\B�KRBGP_O�W ^ OG=?Z E$�GBDY+=�WT´\FeIýW\B�Z ´TM�B�Y�FdZ [�@�=DO ‖R(un)‖ → 0

f # BD�AW\BTKL[
C$[�H$M$WN¯ Ï WT=�MJPjO�>9BDMV=��?=�H/f

ü`OAKRK�= í f�ºTº�>9BDM$=��?=�H9=_C B�Z H BTF�WT´Tò_f
�Y Z IJ[?>9BT�TF�WTY+=_>�=?Z ´TH O�S$²jEVc�FAF��aZ9BDMNC ^ E$Y\Od>9OAKmYT��W\O�M$=�ò;±_OAO`E$�`Z9OAKRK í f�ºGk

E í f�ºTº
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= í º

��7����R3�,-��!"�2ð-#%�$#�[ i w prq Ĥ �4�&| a>^ e a�|�j4^%\>a�| u ] d x��'Ñ}x>^%j4^a prc u1 ∈ Ĥ o n �
� |}x�a>^a�| i wkx�| o ]>^ p í f þ\� ] b x>^kjìj n�� ���"�FÌ<|�z d c u ^wkx�]

‖u1‖ =
∥∥∥◦u
∥∥∥ ,
∥∥∥Aθu1

∥∥∥ < λθ
2

2
‖u1‖ ,

∥∥∥Aθu1

∥∥∥ ≤
∥∥∥Aθ ◦

u
∥∥∥ ,

z d ^ ◦
u

�Ð] bvp ^|}\M^%j n�� �ÖÊ u p | d x��(x�� g |�z}|
ε � 0

jh|m¤Éa�| � | w p \>| ] prq uε ∈ Ĥ
prc �&| � u e�p |

(‖uε‖ = ‖u1‖) ∩
(∥∥∥Aθuε

∥∥∥ =
∥∥∥Aθu1

∥∥∥
)
∩
(
‖f(uε)‖2 ≤ ‖f(u1)‖2 + ε

)

]Vx�] g | ‖R(uε)‖ = 0
u x�] g | d x�� uε o n�� |�x�a��>^ p w³��| d a�|ª] b i w~x�| o ]�� p í f �\��X ]�x�]

p í f ���dX ]�x�] p í f í �df
¹ |m� cmb�c�p ^%x q w p`o |&� )�FdZ E S(u1) = 0

E
ε � 0

X?W\B;F·C BTKRBD±j´TòZ9OAKRKL� í f ��C BTF�W ^ BDE K
ũε

WT=�MVBDS/X$@$W\B {‖S(ũε)‖ 6= 0} EøYT��C9B�Z H O�H B)[\FdZ9BDYTE O

(‖ũε‖ = ‖u1‖) ∩
(∥∥∥Aθũε

∥∥∥ =
∥∥∥Aθu1

∥∥∥
)
∩
(
‖f(ũε)‖2 ≤ ‖f(u1)‖2 + ε

)
.

)�FdZ E
S(u1) 6= 0

X1W\BNY�>�=?Z ´TH O�S$²_OAK YNM$=A@ OAF�WTY\O
ũε

�TO ^ OAK u1
f # ^ E¹�AW\BTK�X

O�FdZ E
S (u1) 6= 0

XVW\B)KRB?PQH BQYT�AIVWT´
ε = 0

f
)�FdZ EQ>$Z I

ũε
Z E �TB ‖R(ũε)‖ = 0

XDZ E �TB YT��C B�Z H$I$O�W\F
I'BG> H B E$��[+FdZ9BDYTE$SNp í f �\��X
EVZ Eõp í f ����XVEVZ E¹p í f í ��XVW\BQFdZ9Od>9F�WTYTE OýBDM$=�PjO�W\FeI÷>9BDMV=��?=�H$H ��K�f # ^ Eø�AW\BTKYQM$=A@9Oe]
FdWTY\O

uε
�TO ^ OAK ũε

f
g�C ^ BDWTE$YTH BTK�FdZ [�@9=DOTX\C ^ E KRO�H$E$YjZ9OAKRKL[ í f�ºTºjp¦C ^ E$H$E K�=�I'�?=

u1
H9=�SV>�OdH H$��S

ũε
�dX+KL�oC BTF�W ^ BDE KõY\O�M$W\B ^ ]�� [�H$M<�$E$ò ũ

XD>$Z I)MVBDW\B ^ BDS�YT��C B�Z H$I$O�W\F
I'[�WTY\O ^ P_>9Od]
H$E O þ Ï Z9OAKRKL� í f�ºTº

‖S (ũ)‖ = r (ũε) .)�FdZ E
r (ũε) = ∞ XaW\BmFABDbeZ�=DF�H BmC$[�H$M$WT[ ¯ Ï Z9OAKRKL� í f�ºTºqC B�Z [�@9=DOAK�X�@$W\B

‖R(ũ)‖ = 0
f9µ�Z9Od>9F�WTYTE O >9BDM$=��?=�H B$X9OAFdZ EJC ^ E$H$IVWT´)�?= uε

H9=�SV>9O�H$H$��S
ũ
f

)�FdZ E
r (ũε) <∞ X�W\B�>$Z IjC BTF�W ^ BTO�H$H BDb?B ũ C ^ BDY\O ^ I$OAK�YT��C B�Z H O�H$E O�[\FdZ9BDYTE$S

‖R(ũ)‖ = 0,
EVZ E p í f �\��X·EVZ E p í f ����X·EVZ E p í f í ��fë)�FdZ EÕc+BDW�Io�D� BG> H BõE$�N�AWTEVc

[\FdZ9BDYTE$SQYT��C B�Z H O�H B$X\W\B;>9BDMV=��?=�W\OdZ ´\F�WTY+B`FdZ9Od>9F�WTYTE$IQ�?=�Y\O ^ ²_O�H B$X\OAFdZ EQC ^ E$H$IVWT´
�G=
uε

H9=�SV>9O�H$H$��S
ũ
f

gÕC ^ BDWTE$YTH BTKoFdZ [�@9=DO ^ =DFAFAKRBDW ^ E K

S (ũ) = ‖S (ũ)‖ (ηe+ z) , e ∈ Gλ1 , z ∈ H 	Gλ1 , η
2 + ‖z‖2 = 1.
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í i î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

µ�Z [�@9=�S ‖z‖ = 0
H O Y\BD�GKRBGP_O�H�Y)F�EVZ [�Z9OAKRKL� í f�ºGkVf

)�FdZ E
0 < ‖z‖ ≤ 1

XDW\B C B;Z9OAKRKRO í f�ºGkVX\FABGc ^ =�H$E$Y`H B ^ KL� ũ
E
Aθũ

XDH O�[�Y\OdZ EV]
@$E$Y+=�I`H B ^ KL[ f (ũ)

X?KRB?PQH B;F�W ^ BDbGB�[�Y\OeZ9E$@$E$WT´;H B ^ KL[ S (ũ)
f��·W\B�C ^ BDWTE$Y\B ^ O�@$E$W

BDC ^ Od>9OdZ9O�H$E$ò ũ
XAM$=�M`��Z9OAKRO�H$WT=VXGH9=�M�BDW\B ^ BTKø>9BTF�WTE$bA=DO�W\F
I

supremum
f # BD�AW\BTKL[+X

>$Z INC BTF�W ^ BTO�H$H BDbGB ũ Y\FAO�be>�=÷�D[?>9O�W÷YT��C B�Z H O�H BJBA> H B÷E$�_[+FdZ9BDYTE$S ‖R(ũ)‖ = 0
X

EVZ E¹p í f �\�dX$EVZ Eõp í f ����X$EVZ Eõp í f í ��f
µ�Z9Od>9F�WTYTE O >9BDMV=��?=�H B$f

�# O ^ Odc+BG> E KW\O�C O ^ ´'H O�C BTF ^ Od>9F�WTY\O�H$H9B)M÷>9BDM$=��?=�W\OdZ ´\F�WTYT[øW\OAB ^ OAKL� í f�ºTf
¹ | � cmb c�p ^%x q w p`o | p ^|}\M^%j n�� �ÖÊ o �&| a>^ e a�|�j4^%\>a�|}j w~x i e�c ^m�

# [\F�WT´ 0
u ∈ Ĥ

E 0
f =

0
u+ L(

0
u,

0
u)
f # B_[+FdZ9BDYTE$ò W\OAB ^ OAKL� ∥∥∥Aθ �u∥∥∥ ≤ Cθ

f
³`=DK�H OABT�Ac�BA> E KRBQC B�Z [�@$E$WT´)B�� O�H$M$[qp í f�º?�·E$� W\OAB ^ OAKL� í f�ºTX�YQM�BDW\B ^ BDS C1

E
l
�G=�YTE9F
IVW÷W\B�Z ´TMVB÷BDW�C BTF�W\BGIVH$H$�ac-X-� E$bA[ ^ E ^ [�ò;±jEVcJY�[+FdZ9BDYTE$Ep ´ f�º?��EUBDW

Cθ
X

H B_H O �?=�YTE F
IVW�BDW ^ =��GKRO ^ H BTF�WTENC ^ BTF�W ^ =�H F�WTY+= Ĥ f
<9>9OAF�´;[VKROAF�WTH B;BDW\KRO�WTE$WT´ X?@$W\B�E$��B�� O�H$M$E ∥∥∥Aθ �u∥∥∥ ≤ Cθ,

Y;F�EVZ [ M�BDH9Od@ H BTKRO ^ ]
H BTF�WTE

Ĥ,
Y\FAO�b
>�=�KRB?PQH B�C B�Z [�@9=�WT´øB�� O�H$M$[JYTEV>�=Up í f�º?��X9Y�M�BDW\B ^ BDSUM�BDH F�WT=�H$WT�

�?=�YTE F
IVWqBDW ^ =��GKRO ^ H BTF�WTEmC ^ BTF�W ^ =�H F�WTY+=Vf�� O�H$H BTF�WT´�H9=�²_O�S�W\OAB ^ OAKL�óFABTF�W\BDE$W
E KRO�H$H B¹Y¹W\BTK�X·@$W\BõY¹H O�SÕC BTF�W\B?IVH$H$��O

C1
E
l
H O��?=�YTE F
IVWBDW ^ =��GKRO ^ H BTF�WTE

C ^ BTF�W ^ =�H F�WTY+=Vf)�FdZ EJYT��C B�Z H O�H B)H O ^ =�Y\O�H F�WTY\B
∥∥∥ �u∥∥∥ ≤ 1,

p í f �"�\�
W\B_H O ^ =�Y\O�H F�WTY\BUp í f�º?�aF�C ^ =�Y\Od>$Z E$Y\B)C ^ EJYT���TB ^ O C1 = 1

]
l = 0

f
)�FdZ EJYT��C B�Z H O�H B)H O ^ =�Y\O�H F�WTY\B

∥∥∥ �u∥∥∥ ≤ 10λ−4θ
2

∥∥∥Aθ �u∥∥∥ , p í f �$���
W\B_H O ^ =�Y\O�H F�WTY\BUp í f�º?�aF�C ^ =�Y\Od>$Z E$Y\B)C ^ EJYT���TB ^ O C1 = 10λ−4θ

2 Cθ
]
l = 0

f
)�FdZ EJYT��C B�Z H O�H B

∥∥∥ �u∥∥∥ ≤
∥∥∥∥
�
f

∥∥∥∥ ,
p í f �+þ\�

W\B_H O ^ =�Y\O�H F�WTY\BUp í f�º?�aF�C ^ =�Y\Od>$Z E$Y\B)C ^ EJYT���TB ^ O C1 = 1
]
l = 0

f
# [\F�WT´'H9O YT��C B�Z9H O�H B'H$ENBG> H B)E$�ýH O ^ =�Y\O�H F�WTY�p í f �"�\��X"p í f �$����X"p í f �+þ\��f9ù1BDbe>�=

YT��C B�Z H O�H B
(∥∥∥ �u∥∥∥ ≥ 1

)
∩
(∥∥∥ �u∥∥∥ > 10λ−4θ

2

∥∥∥Aθ �u∥∥∥) ∩
(∥∥∥ �u∥∥∥ >

∥∥∥∥
�
f

∥∥∥∥
)
.

p í f � í �
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= í �

³ O ^ =�Y\O�H F�WTY+=Np í f � í ��Y\KROAF�W\OýF`[+FdZ9BDYTE$I$KLE�p ´ f�º?��]�p ´ f ���aC BD�AY\B�Z IVò;W'C ^ E KROd]
H$IVWT´_>9BDM$=��?=�H$H$��O Z9OAKRKL��E�FdZ9Od>9F�WTYTE O í fÊºTf

µ�BDb
Z�=DF�H B'Z9OAKRKRO í f þ)��Z9OAKRO�H$W 0
u
[?>9BDYDZ9O�WTY\B ^ IVO�WJBA> H BTKL[JE$�j[\FdZ9BDYTE$Sp í f �\��X

EVZ Eõp í f ����XVEVZ E¹p í f þ\��XVEVZ E¹p í f í ��f
)�FdZ E�>$Z I 0

u
YT��C B�Z H O�H Bop í f í ��X"W\BUY�F�EVZ [qZ9OAKRKL� í f ��C B�Z [�@9=DOAK H$[�PQH$[�ò

FdE$Z ´TH$[�ò B�� O�H$M$[
∥∥∥◦u
∥∥∥ ≤

∥∥∥f(
◦
u)
∥∥∥ .

)�FdZ E_>$Z I 0
u
YT��C9B�Z H O�H B'p í f �\��X�W\B�C B�Z ´T�A[\I$F�´�Z9OAKRKRBDS í f �_p¦YT���DE ^ =�IQY;Z9OAKRKRO

u1 =
0
u
�dX1F�W ^ BDE K Y\O�M$W\B ^ 1

u = u (ξ2)
X/[?>9BDYDZ9O�WTY\B ^ IVò;±jE$SBA> H BTKL[qE$�'[\FdZ9BDYTE$S

p í f ���dX$EVZ Eõp í f þ\��X$EVZ Eõp í f í ��f
)�FdZ E_>$Z I 0

u
YT��C9B�Z H O�H B'p í f ����X�W\B�C B�Z ´T�A[\I$F�´�Z9OAKRKRBDS í f �Qp¦YT���DE ^ =�IQY;Z9OAKRKRO

u1 =
0
u
�dX�F�W ^ BDE K 1

u = u (ξ2)
X+[?>9BDYDZ9O�WTY\B ^ IVò;±jE$SøBA> H BTKL[)E$�;[\FdZ9BDYTE$Sqp í f �\�dX+EVZ E

p í f þ\�dX$EVZ Eõp í f í ��f
)�FdZ Eý>$Z I 0

u
YT��C B�Z H O�H BQp í f þ\��XGW\B�C B�Z ´T�A[TI$F�´�FdZ9Od>9F�WTYTE OAK í f�º;p¦YT���DE ^ =�I u1 =

0
u
�dX�F�W ^ BDE K 1

u = uε
X9[?>9BDYDZ9O�WTY\B ^ IVò;±jE$S�BG> H BTKL[�E$�j[+FdZ9BDYTE$S ∥∥∥R(

1
u)
∥∥∥ = 0

X�EVZ E
p í f �\�dX$EVZ Eõp í f ����X$EVZ Eõp í f í ��f

)�FdZ EÕ>$Z I 1
u
YT��C B�Z H O�H B p í f í �AX·W\BõY�F�EVZ [mZ9OAKRKL� í f �qC B�Z [�@9=DOAK«H$[�PQH$[�ò

FdE$Z ´TH$[�ò B�� O�H$M$[
∥∥∥◦u
∥∥∥ =

∥∥∥1
u
∥∥∥ ≤

∥∥∥f(
1
u)
∥∥∥ .

)RFdZ E�PjO'p í f í ��H O�YT��C B�Z H IVO�W\FeI-X W\B_C B 1
u
=�H9=?Z9BDbAE$@$H B'F�W ^ BDE K 2

u,
3
u, ...

EøW�f >1f
# ^ B�� OAFAFa>9B�Z PjO�H'�D��WT´`BTF�WT=�H BDYDZ9O�H'H9=

n
]lH BTKU²Q=�bA[+XTO�FdZ EQ>$Z I n

u
YT��C B�Z9H O�H B

p í f í �dXVZ E �TBQH9= ^ [�²_O�H B_[+FdZ9BDYTE O WTE$C9=Jp í f � í �
(∥∥∥n
u
∥∥∥ ≥ 1

)
∩
(∥∥∥Aθn

u
∥∥∥ ≤ λ4θ

1 10−1
∥∥∥n
u
∥∥∥
)
∩
(∥∥∥f

(
n
u
)∥∥∥ � ∥∥∥n

u
∥∥∥
)
.

p í f ���T�

# ^ Od> C B�Z9BGPQE K�XT@$W\B C BTF�W ^ BTO�H n
u
XDM�BDW\B ^ ��S)[?>9BDYDZ9O�WTY\B ^ I$O�WýBG> H BTKL[jE$��[+FdZ9B�]

YTE$S�p í f �\��X EVZ Ep í f ����X EVZ Ep í f þ\��E�H Oý[?>9BDYDZ9O�WTY\B ^ I$O�Wqp í f ���T��f9ù"BDb
>�=)C ^ B�� OAFAFýH O
BTFdWT=�H9=�YDZ E$Y+=DO�W+F
IJEJC O ^ Odc+BG> E KMJC BTF�W ^ BTO�H$E$ò n+1

u
f

)�FdZ Ej>$Z I n
u
YT��C B�Z H O�H B)p í f �\��X�W\B�F·C9BTKRBD±ý´TòoZ9OAKRKL� í f �jp%YT���DE ^ =�IjY;Z9OAKRKRO

u1 =
n
u
�"F�W ^ BDE KqY\O�M$W\B ^ n+1

u = u (ξ2)
EQC B�Z [�@$E K�XT@$W\B�>$Z I n+1

u
YT��C B�Z H O�H BýBG> H B
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í � î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

E$� [+FdZ9BDYTE$S¹p í f ����XVEVZ E¹p í f þ\��XVEVZ E¹p í f í ��E

(∥∥∥n+1
u
∥∥∥ =

∥∥∥n
u
∥∥∥
)
∩



∥∥∥Aθn+1

u
∥∥∥

2
=
∥∥∥Aθn

u
∥∥∥

2
− 2

∫

4n,1

‖R(u(ξ))‖2 dξ


∩

∩



∥∥∥f(

n+1
u )
∥∥∥

2
≤
∥∥∥f(

n
u)
∥∥∥

2
+ 4Ĉ

∫

4n,1

‖R(u(ξ))‖2 dξ


 ,

p í f �"�\�

b
>9O 4n,1
]�H O�M�BDW\B ^ ��S BDW ^ O��GBDM/X�>$Z I2>$Z E$H$�

d(4n,1)
MVBDW\B ^ BDbGBÕF�C ^ =�Y\Od>$Z EV]

Y+=�B�� O�H$M$=F�H$E$�A[
d(4n,1) ≥ ϕ(rn)

f�<9>9OAF�´
Ĉ

])C BTF�W\B?IVH$H9=�I2E$��Z9OAKRKL� í f í X
rn = inf

ξ∈4n,1

‖R(u(ξ))‖ XVb
>9O u(ξ) ] ^ O�²_O�H$E O �?=?>�=A@$E�n BD²jEõp í f �T�aF;H9=G@9=?Z ´TH$��KLE
>�=�H$H$��KLE n

u ¥ ϕ(·) ]/F�W ^ BDbGB`KRBDH BDW\BDH$H9=�IQH OABDW ^ E<�9=�W\OdZ ´\H9=�I)� [�H$M<�$E$I-XDWD=�M$=�I_@$W\B
ϕ(0) = 0

E
ϕ (t) 6= 0

C ^ E t 6= 0
f

)�FdZ E_>$Z I n
u
YT��C B�Z H O�H B [\FdZ9BDYTE O`p í f ����X�W\B�F�C BTKRBD±j´TòoZ9OAKRKL� í f �_p¦YT���DE ^ =�I

YøZ9OAKRKRO
u1 =

n
u
��F�W ^ BDE K n+1

u = u (ξ2)
X�EqC B�Z [�@$E K�X/@$W\B÷>$Z I n+1

u
YT��C B�Z H O�H B

BA> H BQE$�`[\FdZ9BDYTE$S¹p í f �\��XVEVZ E¹p í f þ\��XVEVZ E¹p í f í ��E

(∥∥∥n+1
u
∥∥∥ =

∥∥∥n
u
∥∥∥
)
∩



∥∥∥Aθn+1

u
∥∥∥

2
=
∥∥∥Aθn

u
∥∥∥

2
−
∫

4n,2

‖R(u(ξ))‖2 dξ


∩

∩
(∥∥∥f(

n+1
u )
∥∥∥ ≤

∥∥∥f(
n
u)
∥∥∥
) p í f �"�\�

b
>9O 4n,2
]jH O�M�BDW\B ^ ��S2BDW ^ O��GBDM/X·>$Z I>$Z E$H$� MVBDW\B ^ BDbGB�F�C ^ =�Y\Od>$Z E$Y+=¹B�� O�H$M$=

F�H$E$�A[
d(4n,1) ≥ ϕ

(∥∥∥S(
n
u)
∥∥∥
) X?b
>9O

ϕ(·) ]-F�W ^ BDbGB�KRBDH BDW\BDH$H9=�I_H OABDW ^ E<�9=�W\OdZ ´TH9=DI� [�H$M<�$E$I-X�WT=�MV=�IU@$W\B
ϕ(0) = 0

E
ϕ (t) 6= 0

C ^ E t 6= 0
f-<9>9OAF�´

u(ξ)
] ^ O�²jO�H$E9O

�?=?>�=A@$ENn BD²jEõp í f �\�aF H9=A@9=?Z ´TH$��KLEJ>�=�H$H$��KLE n
u
f

)�FdZ E¹PjOQ>$Z I n
u
YT��C B�Z H O�H B�[+FeZ�BDYTE ONp í f þ\��X-W\BJC B�Z ´T�A[\I$F�´NFdZ9Od>9F�WTYTE OAK í f�º

p¦YT���DE ^ =�I u1 =
n
u
�dXTF�W ^ BDE K n+1

u = uε
E_C9B�Z [�@$E K�XD@$W\B;>$Z I n+1

u
YT��C B�Z H O�H B`BG> H B

E$� [+FdZ9BDYTE$S¹p í f �\��XVEVZ E¹p í f ����XVEVZ E¹p í f í ��E
(∥∥∥n+1

u
∥∥∥ =

∥∥∥n
u
∥∥∥
)
∩
(∥∥∥Aθn+1

u
∥∥∥ =

∥∥∥Aθn
u
∥∥∥
)
∩
(∥∥∥f(

n+1
u )
∥∥∥ ≤

∥∥∥f(
n
u)
∥∥∥+ εn

)
,
p í f þTk\�
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= í þ

b
>9O
εn

]��?= ^ =�H OAO`YT��� ^ =�H$H BTOýK�=?Z9BTO @$E FdZ9B$f
ï�@ O�YTEV> H B$X+@$W\BýKRB?PQH BjF�@$E$WD=�WT´_BDW ^ O��AM$E 4j,i (j = 1, 2, 3, ...; i = 1, 2)

H O�C Od]
^ OAF�O�M$=�ò;±jE KLE FeI-f

µ�Z9Od> [\O�W�BT� ^ =�WTE$WT´�YTH$E K�=�H$E OTX·@$W\BõY\BqY\FAOdcoFdZ [�@9=�I�c n+1
u

F�W ^ BDE$W\FeIÕF�FAB�]
c ^ =�H O�H$E OAKoH B ^ KL�4* ∥∥∥n+1

u
∥∥∥ =

∥∥∥n
u
∥∥∥ p×F�K�fLp í f �"�\��X"p í f �"�\��X1p í f þTk\�e�dX�=_H B ^ K�= Aθu

H O
Y\BD� ^ =DFdWT=DO�W�f

g����DE ^ =DOAK εn = 2−nε
XLbe>9O

0 < ε < 1
]`H O�M�BDW\B ^ BTO�K�=?Z9BTOø@$E FdZ9B$XRW\BDb
>�=

C B�Z [�@9=DOAK
∥∥∥n+1
u
∥∥∥ =

∥∥∥n
u
∥∥∥ = ... =

∥∥∥1
u
∥∥∥ =

∥∥∥◦u
∥∥∥ ,

∥∥∥Aθn+1
u
∥∥∥

2
=
∥∥∥Aθ ◦

u
∥∥∥

2
−
( n∑

j=1

(1)

∫

4j,1

‖R(u(ξ))‖2 dξ +
n∑

j=1

(2)

∫

4j,2

‖R(u(ξ))‖2 dξ
)
,

p í f þVº?�
∥∥∥f(

n+1
u )
∥∥∥

2
≤
∥∥∥f(

◦
u)
∥∥∥

2
+ 4Ĉ

n∑

j=1

(1)

∫

4j,1

‖R(u(ξ))‖2 dξ + 2ε,

b
>9O
Ĉ
]·@$E FdZ9B$X$YT��� ^ =�H$H BTO`Y_Z9OAKRKRO í f í f

<9>9OAF�´ ∑n
j=1

(1) BD�AH9=A@9=DO�WDX�@$W\BõF�[VKRKLE ^ BDY+=�H$E O ^ =DF�C ^ BTF�W ^ =�H I$O�W\FeIÕW\B�Z ´TM�B
H9=`W\O

j
X+MVBDW\B ^ ��O;WT=�M�BDYT�`XV@$W\BjH9= j ]lW\BTK¹²Q=�bA[Q>$Z I�C BTF�W ^ BTO�H$E$I j+1

u
E F�C B�Z ´T�GB�]

Y+=�H9='Z9OAKRK�= í f ��X/= ∑n
j=1

(2) BD�AH9=A@9=DO�WDX-@$W\BøF�[VKRKLE ^ BDY+=�H$E O ^ =DF�C ^ BTF�W ^ =�H$I$OAW\F
I
W\B�Z ´TM�BNH9=øW\O

j
X/MVBDW\B ^ ��O�WD=�MVBDYT�`X1@$W\B�H9=

j
]lW\BTK ²Q=�bA[U>$Z IõC BTF�W ^ BTO�H$E$I j+1

uE F�C B�Z ´T�GBDY+=�H9=_Z9OAKRK�= í f �Vf
����p í f þVº?�·>$Z I ∥∥∥f

(
n+1
u
)∥∥∥ F ^ =��A[÷YT��W\O�M$=DO�W'B�� O�H$M$=

∥∥∥f
(

n+1
u
)∥∥∥

2
≤
∥∥∥f
(
◦
u
)∥∥∥

2
+ 4Ĉ

∥∥∥Aθ ◦
u
∥∥∥

2
+ 2ε.

p í f þTi\�

gÕH9=�²jEVc÷C BTF�W ^ BTO�H$E$I�cJY\BD�GKRBGPQH BQ> Y+=QFdZ [�@9=�IE*
ô! ö C ^ B�� OAF�F`MVBDH O�@ O�H/X$W\B)OAF�WT´'BT� ^ ��Y+=DO�W\F
IJH9=_H O�M�BDW\B ^ BTK N ¥ô! " ö C ^ B�� OAFAFý�TOAF�M�BDH O�@ O�H/f
¢ â9? ç ;>B$#�D���ä
896<? ô! ö C ^ B�� OAFAFaC BTF�W ^ BTO�H$E$I 2

u,
3
u, ...

BT� ^ ��Y+=DO�W\FeI-X\OAFdZ EQC ^ E
H O�M�BDW\B ^ BTK N ≥ 2

{
R
(

N
u
)

= 0
}
∪
{∥∥∥f

(
N
u
)∥∥∥ ≥

∥∥∥◦u
∥∥∥
}
.
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íTí î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

)�FdZ EJC B�Z [�@$EVZ9BTF�´ X @$W\B
R
(

N
u
)

= 0
XVW\BQE$��Z9OAKRKL� í f �QFdZ9Od> [+O�W'B�� O�H$MV=

∥∥∥◦u
∥∥∥

2
=
∥∥∥N
u
∥∥∥

2

≤
∥∥∥f
(

N
u
)∥∥∥

2

.

# BD�AW\BTKL[÷Y)FdZ [�@9=DO ô! ö Y\FAO�b
>�=_E KROAOAKoB�� O�H$M$[ ∥∥∥f
(

N
u
)∥∥∥ ≥

∥∥∥◦u
∥∥∥ f9µ�Z9Od>9BDY+=�W\OdZ ´TH B X

∥∥∥◦u
∥∥∥

2
≤
∥∥∥f
(

N
u
)∥∥∥

2

≤
∥∥∥f
(
◦
u
)∥∥∥

2
+ 4Ĉ

∥∥∥Aθ ◦
u
∥∥∥

2
+ 2ε,

p í f þ$�\�
b
>9O

Ĉ = λ−4θ
2 4000 (1 + Cβ)2

(
1 +

∥∥∥◦u
∥∥∥

7/8
+
∥∥∥◦u
∥∥∥

1−β/θ ∥∥∥Aθ ◦
u
∥∥∥

β/θ
)2

.

ù"=�MMV=�MC BNC ^ Od> C B�Z9B?PjO�H E$I$K W\OAB ^ OAKL� í f�º ∥∥∥Aθ ◦
u
∥∥∥ ≤ Cθ

XR=�C BU[\FdZ9BDYTE$ò
∥∥∥ �u∥∥∥ ≥ 1

X$W\B_E$��p í f þ$�\��C B�Z [�@9=DOAK

∥∥∥◦u
∥∥∥

2
≤
∥∥∥f
(
◦
u
)∥∥∥

2
+λ−4θ

2 16000 (1 + Cβ)2C2
θ

(
1+
∥∥∥◦u
∥∥∥

7/8
+
∥∥∥◦u
∥∥∥

1−β/θ
C

β/θ
θ

)2

+2ε ≤

≤
∥∥∥◦u
∥∥∥

2α (∥∥∥f
(
◦
u
)∥∥∥

2
+ λ−4θ

2 16000 (1 + Cβ)2C2
θ

(
2 + C

β/θ
θ

)2
+ 2ε

)
,

p í f þ ���
b
>9O

α = max {7/8, 1 − β/θ} f1ï�@ O�YTEV> H B$X/@$W\B 0 < α < 1
f # BD�AW\BTKL[NE ��p í f þ ���

H9=?c+BG> E K

∥∥∥◦u
∥∥∥ ≤

(∥∥∥f
(
◦
u
)∥∥∥

2
+ λ−4θ

1 16000 (1 + Cβ)2C2
θ

(
2 + C

β/θ
θ

)2
+ 2ε

) 1
2(1−α)

.

µ�Z9Od>9BDY+=�W\OdZ ´TH B$X9E KROAO�W'KROAF�W\B)B�� O�H$M$=
∥∥∥◦u
∥∥∥ ≤ C1

(
1 +

∥∥∥f
(
◦
u
)∥∥∥

1
(1−α)

)
,

b
>9O;MVBDH F�WD=�H$WT=
C1

�?=�YTE F�E$WQW\B�Z ´TM�BQBDW
Cβ

X
θ
E
β
E$��[\FdZ9BDYTE$Iqp ´ f�º?�dX$=ýWD=�M$P_O�BDW

Cθ
XVH BQH O��?=�YTE F�E$W�BDW ^ =��GKRO ^ H BTF�WTENC ^ BTF�W ^ =�H F�WTY+= Ĥ f
ù"=�M$E KoBT� ^ =��GBTKmB�� O�H$M$=Jp í f�º?��C B�Z [�@ O�H9=_Y'FdZ [�@9=DO ô% ö�¢
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= í �

ñ =DFAFAKRBDW ^ E KoW\O�C O ^ ´ D���ä
896�& ô! " ö X$MVBDb
>�=QC ^ B�� OAFAF`C BTF�W ^ BTO�H$E$I 2
u,

3
u, ...

�TOAFd]
M�BDH O�@ O�H/f

ù1BDbe>�=VX�C B'M ^ =�S$H O�S�KRO ^ OTX�BG> H9='E$�ýZ9OAKRK í f �QEVZ E í f �)E F�C B�Z ´T�A[+O�W\F
I��TOAF�M�B�]
H O�@$H BTO·@$E FdZ9B ^ =��\f$�·W\B;FdZ9Od> [+O�W;E$�·W\BDbGB$X�@$W\B��?=�M$=�P_> ��KNFdZ [�@9=DOAKNC ^ E KRO�H O�H$E$I
FeZ�Oe>�FdWTYTE I í f�º`C ^ E KRO�H$I$O�W\FeINBG> H9=QE$� Z9OAKRK í f �_EVZ E í f �Vf9ù"=�M$E KÕBT� ^ =��GBTK�X9Y\BD��]
KRBGPQH$� iQFdZ [�@9=�IE*

ô! " ¢õ©�ö ]·FdZ [�@9=�S/X$MVBDb
>�=Q�TOAF�MVBDH O�@$H BTO`@$E FdZ9B ^ =��`E F�C B�Z ´T�A[+O�W\F
IøZ9OAKRK�= í f � ¥ô! " ¢÷±Mö ]QFdZ [�@9=�S/X·MVBDb
>�=qZ9OAKRK�= í f ��E F�C B�Z ´T�A[+O�W\F
IÕMVBDH O�@$H BTON@$E FdZ9B ^ =��\Xa=
Z9OAKRK�= í f �ý]��TOAF�M�BDH O�@$H BTOý@$E FdZ9B ^ =��\f

ñ =��G�TO ^ OAK¹F�H9=G@9=?Z�=`FdZ [�@9=�S ô! " ¢õ©�ö X\W\BýOAFdWT´jFdZ [�@�=�S/X\M�BDbe>�=`�TOAF�M�BDH O�@$H BTO;@$E Fd]
Z9B ^ =��`E F�C B�Z ´T�A[\O�W\FeIøZ9OAKRK�= í f ��f ù1BDbe>�=_E$��p í f �"�\��E KROAOAK

∥∥∥Aθ ◦
u
∥∥∥

2
≥

∞∑

j=1

(1)

∫

4j,1

‖R(u(ξ))‖2 dξ.

ï;�TBD�AH9=A@$E K
δj ≡ inf

ξ∈4j,1

‖R(u(ξ))‖ , r0 j = min {1, δj}
fDù"BDb
>�=;Y`F�EVZ [`Z9OAKRKL�

í f �jE KROAOAK�X @$W\B
∥∥∥Aθ ◦

u
∥∥∥

2
≥

∞∑

j≥1

(1)ϕ(r0 j)δ
2
j ,

b
>9O
ϕ (·) ]�H OABDW ^ E<�9=�W\OdZ ´TH9=DIjKRBDH BDW\BDH$H B;Y\BD� ^ =DF�WT=�ò;±Q=�Ij� [�H$M<�$E$I-f?<9>9OAF�´�BT� ^ =?]±_=DOAKUYTH$E K�=�H$E OaH9=;W\B$X�@$W\B;E �a�AW\BDSQB�� O�H$M$E)FdZ9Od> [+O�W`F�c�BA> E KRBTF�WT´ý�TOAFdMVBDH O�@$H BDbGB

^ I�>�=QF�C ^ =�Y+=Vf # BD�AW\BTKL[+X BD@ O�YTEV> H B$X δj → 0
C ^ E j → ∞ f

ï�W\F�òa>�=�YT��W\O�M$=DO�W�XL@$W\BNH�=�SV>9O�W\F
I�WD=�M$=�I¹C BTFdZ9Od>9BDY+=�W\OdZ ´\H BTF�WT´q@$E FAOdZ
ξ' ∈

4j,1
XV@$W\B

lim
j→∞

‖R(u(ξj))‖ = 0.
p í f þTþ\�

µ�Z9Od>9BDY+=�W\OdZ ´TH B$X9E$��Z9OAKRKL� í f �)C B�Z [�@9=DOAK�X$@ W\B
∥∥∥◦u
∥∥∥

2
= lim

n→∞

∥∥∥n
u
∥∥∥

2
≤ lim

n→∞

∥∥∥f
(

n
u
)∥∥∥

2
.

ù1BDbe>�=_Y)F�EVZ [õp í f þTi\��YT��C B�Z H O�H B)H O ^ =�Y\O�H F�WTY\B

∥∥∥◦u
∥∥∥

2
≤
∥∥∥f
(
◦
u
)∥∥∥

2
+ 4Ĉ

∥∥∥Aθ ◦
u
∥∥∥

2
+ 2ε.
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í � î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

ï�W\F�òa>�=VX9>9O�S F�WTYT[\I-X�M$=�MNEUY÷FdZ [�@9=DO ô! ö X�C B�Z [�@9=DOAKhB�� O�H$M$[p í f�º?��X9be>9OýMVBDHV]
F�WD=�H$WT=

C1
�?=�YTE F�E$WUW\B�Z ´TMVBUBDW

Cβ
X
θ
E
β
E$��[+FdZ9BDYTE$Ihp ´ f�º?�dXL=JWT=�M$PjO÷BDW

Cθ
X

H B�H Oj�?=�YTE F�E$W�BDW ^ =��GKRO ^ H BTF�WTEqC ^ BTF�W ^ =�H F�WTY+= Ĥ f/µ�Z [�@9=�S ô! " ¢õ©�ö ^ =DFAFAKRBDW ^ O�H
C B�Z H BTF�WT´Tò_f

ñ =��G�TO ^ OAKqW\O�C O ^ ´ýFdZ [�@9=�S ô! " ¢÷±Mö XDW\B OAF�WT´ýFdZ [�@9=�S/XDMVBDb
>�= �TOAF�MVBDH O�@$H BTO�@$E FdZ9B
^ =��`E F�C B�Z ´T�A[\O�W\FeI÷Z9OAKRK�= í f �Vf ù"BDb
>�=_E$��p í f þVº?��E KROAOAK

∥∥∥Aθ ◦
u
∥∥∥

2
≥

∞∑

j≥1

(2)

∫

4j,2

‖R(u(ξ))‖2 dξ.

Y =?Z9OAOýc+BG>UC B�Z [�@ O�H$E$IUB�� O�H$M$EUC B�Z H BTF�WT´TòôF�BDYTC�=?>�=DO�WøF ^ =DFAF�[�P_>9O�H$E$I$KLEqFdZ [+]
@9=�I ô! " ¢õ©�ö f

ù"=�M$E KhBT� ^ =��GBTK�X�KL� ^ =DFAFAKRBDW ^ OdZ E�Y\FAOýY\BD�GKRB?PQH$��O_FdZ [�@9=�EUC ^ B�� OAFAFABDY÷C B�]
F�W ^ BTO�H$E$I�C BTFdZ9Od>9BDY+=�W\OdZ ´\H BTF�W\OAS 2

u,
3
u, ...

fE� Y\B÷Y\FAOdc�FdZ [�@9=�I�cUH9=DKLEqE$�)FdZ�=D�TBDS
B�� O�H$M$EJC B�Z [�@ O�H9=QF�EVZ ´TH9=�I�B�� O�H$MV=�p í f�º?�df

ù1OAB ^ OAK�= í f�º YQMVBDH O�@$H BTKRO ^ H BTKoFdZ [�@9=DO�>9BDM$=��?=�H9=Vf
# ^ E÷�AW\BTKO�±_O ^ =�� C BA> @ O ^ M$H OAK�X$@$W\B_M�BDH F�WT=�H$WD= C1

�?=�YTE F�E$W)W\B�Z ´TM�BQBDW
CβE

β
E$�J[\FdZ9BDYTE$I p ´ f�º?�dX�=UWD=�M$P_OJBDW

θ
E
Cθ

XLH B�H O÷�?=�YTE F�E$W¹BDW ^ =��GKRO ^ H BTF�WTE
C ^ BTF�W ^ =�H F�WTY+= Ĥ f

µ·[�±_OAF�WTYT[�ò;WNBD@ O�H$´�KLH BDbGBNF�WD=�HV>�= ^ WTH$�ac�KRO�W\BG>9BDY X"M�BDW\B ^ ��O�E$��C B�Z [�@ O�HV]
H BDSJYQMVBDH O�@$H BTKRO ^ H BTKÕFdZ [�@9=DO`B�� O�H$M$EJC BD�AY\B�Z IVò;W'YT��Y\OAF�WTEN=�C ^ E9B ^ H$[�ò B�� O�HV]
M$[_YjBT�D±_OAKõFdZ [�@9=DOTX+M�BDW\B ^ ��O;KLH BDbAE O;=�YTW\B ^ �ÕH9=��A��Y+=�ò;W_KRO�W\BG>9BTK¹úV=?Z ��^ M E$H9=Vf# BD�AW\BTKL[N>�=?Z ´TH O�S$²jE$S¹C$[�WT´ø>9BDMV=��?=�W\OdZ ´\F�W\Y+=÷Z�O�KRKL� í f�º)BDC$E ^ =DO�W\F
IqH9=øF�WT=�HV]
>�= ^ WTH$��O E$�AY\OAF�WTH$��O`C ^ E OAKL�`fY BDMV=�P_OAKmW\O�C O ^ ´)W\OAB ^ OAKL[ í f�º Y)�TOAF�M�BDH9Od@ H BTKRO ^ H B\KoFdZ [�@9=DOTf

# [\F�WT´
PN

] O�F�WT´
N
]�KRO ^ H$��OUp

N < ∞ �`B ^ W\BDbGBDH9=?Z ´TH$��O÷C ^ BTO�M$W\B ^ �ôY
Ĥ
X

C O ^ OAF�WD=�H BDY\BD@ H$��OQFjBDC O ^ =�W\B ^ BTK A
X WT=�M$E OTX�@$W\B

PN
C ^ E N → ∞ F�EVZ ´TH B÷F
c+B�]

> E$W\F
I�M÷Od> E$H$E$@$H BTKL[�BDC O ^ =�W\B ^ [+fVù"BjOAF�WT´ X PNx→ x
C ^ E N → ∞ >$Z I)Z ò��TBDbGB

x ∈ Ĥ
f

ï;�TBD�AH9=A@$E KN@ O ^ O�� H(N) bAEVZ ´\�TO ^ W\BDY\B;C ^ BTF�W ^ =�H F�WTY+B ^ =��GKRO ^ H BTF�WTE N E ^ =�YD]
H BTO

H(N) ≡ PNĤ
f·g

H(N) Y¹MV=G@ OAF�WTY\ONF�M$=?Z I ^ H BDbGB¹C ^ BDE$�AY\Od>9O�H$E$Ih�TO ^ O�W\F
I
E$HV> [��$E ^ BDY+=�H$H BTOJE$�

Ĥ
F�MV=?Z I ^ H BTOJC ^ BDE$�AY\Od>9O�H$E OTX�W�f OTf�OAFdZ E x, y ∈ H(N) XLW\B

〈x, y〉H(N) = 〈x, y〉
Ĥ

f
g
H(N) BDC ^ Od>9OdZ E KoFG=DKRBTFABDC ^ IVPjO�H H$��SNBDC O ^ =�W\B ^ AN

*$OAFdZ E
x ∈ H(N) XVW\B

ANx = PNAx = PNAPNx.
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= í �

ï�C ^ Od>9OdZ E K �DEVZ E$H O�S$H BTO2C ^ OABT� ^ =��GBDY+=�H$E O L(N) X_C B�Z9BGPQE$Y X)OAFdZ E x, y ∈
H(N),

W\B
L(N)(x, y) = PNL(x, y) = PNL (PNx, PNy) .# ^ BTO�M$W\B ^ PN
Y\BD�A´\KROAK WT=�M/X�@$W\BT�D� ^ =��GKRO ^ H BTF�WT´FABT�TF�WTY\O�H$H BDbGB¹C9BA> C ^ B�]

FdW ^ =�H F�WTY+= G1,N =
{
x ∈ H(N), ANx = x

} �D�aZ�=_H O�H$E$P_O @ OAK�X9iTkVf
# BDMV=�P_OAK�XG@$W\B�Y

H(N) >$Z I C9= ^ � AN
E
L(N)(·, ·) YT��C B�Z H O�H$�õ[+FdZ9BDYTE$I'p ´ f�º?�dX

p ´ f i\�dX1p ´ f �\��Eõp ´ f ���·EøC ^ E$@ OAKmM�BDH F�WT=�H$WT� YQ�AWTEVcø[\FdZ9BDYTE$I�cøH O��?=�YTE FeIVW'BDW
N
f

gqF�EVZ [ YT���TB ^ = PN
E
N <∞ YT��C9B�Z H O�H$E O�[\FdZ9BDYTE$Søp ´ f i\��E÷p ´ f �\�-BD@ O�YTEV> H B$f

ï�F�WT=DO�W\F
IJC ^ BDY\O ^ E$WT´'[\FdZ9BDYTE Iqp ´ f ���·E¹p ´ f�º?�df
# BDMV=�P_OAK�X$@$W\BQYT��C B�Z H O�H$� [+FdZ9BDYTE$Iõp ´ f ���df
)�FdZ E

u ∈ H(N) E e [?>9BDYDZ9O�WTY\B ^ I$O�W_[ ^ =�YTH O�H$E$ò ANe = e
X\W\BýE KROAOAK

PNu =
u
X
PNe = e

E
Ae = e

f # BD�AW\BTKL[

L(N) (e, u) = PNL (PNe, PNe) = PNL (e, u) = 0,

L(N) (u, e) = PNL (PNu, PNe) = PNL (u, e) = 0,

L(N)
e u = L(N)

u e = L(N)(u, e) + L(N)(e, u) = 0.
Y Z I÷C ^ BDE$�AY\B�Z ´TH BDb?B g ∈ H(N) E KROAOAK

〈
L(N)∗

e u, g
〉

=
〈
u, L(N)

e g
〉

= 0,

〈
L(N)∗

u e, g
〉

=
〈
e, L(N)

u g
〉

= 〈e, PNL (PNu, PNg)〉+

+ 〈e, PNL (PNg, PNu)〉 = 〈e, L(u, g) + L(g, u)〉 = 〈e, Lug〉 = 〈L∗
ue, g〉 = 0.

ghF�EVZ [�C ^ BDE$�AY\B�Z ´TH BTFAWTE g ∈ H(N) E KROAOAK L
(N)∗
e u = L

(N)∗
u e = 0

f
g���C B�Z H O�H$H BTF�WT´'[+FdZ9BDYTE$Iõp ´ f ���·>9BDMV=��?=�H9=Vf
Y BDMV=�P_OAKYT��C B�Z H9OdH E O`[\FdZ9BDYTE$Iõp ´ f�º?�df�� KROAOAKF* OAFdZ E

g, u ∈ H(N) XVW\B

〈ANu, u〉H(N) = 〈PNAPNu, PNu〉Ĥ = 〈APNu, PNu〉 ≥ ‖PNu‖2
Ĥ

= ‖u‖2
H(N) ,

∥∥∥L(N) (g, u)
∥∥∥

H(N)
= ‖PNL (PNg, PNu)‖Ĥ

≤ ‖L (PNg, PNu)‖Ĥ
≤

≤ Cβ

∥∥∥AβPNg
∥∥∥

Ĥ

∥∥∥AβPNu
∥∥∥

Ĥ
= Cβ

∥∥∥Aβ
Ng
∥∥∥

H(N)

∥∥∥Aβu
∥∥∥

H(N)
.

î �h>9BDMV=��?=?Z E�YT��C B�Z H O�H$E O`H O ^ =�Y\O�H F�WTY'[+FdZ9BDYTE$Iõp ´ f�º?�df
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�Dk î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

ù"=�M$E KõBT� ^ =��GBTK�X�OAFdZ E)Y Ĥ YT��C B�Z H O�H$�Õ[+FdZ9BDYTE$I�p ´ f�º?�dX9p ´ f i\�dX�p ´ f �\�"EUp ´ f ���dX
W\Ba>$Z I`M�BDH O�@$H9BTKRO ^ H$�acjBDC O ^ =�W\B ^ BDY AN

E
L(N)(·, ·) Y H(N) �AWTEý[+FdZ9BDYTE$I`WD=�M$P_O

YT��C B�Z H$IVò;W\F
IJEJF�W\OAKLEJP_O M�BDH F�WT=�H$WD=DKLE/f
# [\F�WT´Q>$Z I ◦

u ∈ Ĥ
YT��C B�Z H O�H B)[\FdZ9BDYTE O

∥∥∥Aθ ◦
u
∥∥∥ ≤ Cθ.

ù1BDbe>�=_C B_C9BTFdW ^ BTOdH E$ò C ^ BTO�M$W\B ^ BDY PN
E KROAOAK

PN
◦
u→ ◦

u,

Aθ
N

◦
u ≡ PNA

θPN
◦
u→ Aθ ◦

u.
<9>9OAF�´'�AH9=�M(� → �qBD�AH9=G@9=DO�W÷F�EVZ ´TH$[�ò F�c�BG> E KRBTF�WT´�C ^ E N → ∞ f # BD�AW\BTKL[ø>$Z I
Z ò��TBDbGB

ε > 0
F�[�±_OAF�WTYT[\O�WQ>9BTF�WT=�W\BD@$H B'�TB�Z ´T²_BTO

Nε
WD=�MVBTOTX$@$W\B_>$Z IøY\FAOdc

N >
Nε

E KROAO�W'KROAF�W\B

−ε
∥∥∥Aθ ◦

u
∥∥∥ ≤

∥∥∥Aθ ◦
u
∥∥∥−

∥∥∥Aθ
N

◦
u
∥∥∥ ≤ ε

∥∥∥Aθ ◦
u
∥∥∥ , p í f þ í �

−ε
∥∥∥◦u
∥∥∥ ≤

∥∥∥◦u
∥∥∥−

∥∥∥PN
◦
u
∥∥∥ ≤ ε

∥∥∥◦u
∥∥∥ . p í f þ&�T�

���Jp í f þ í ��YT��W\O�M$=DO�W�X�@$W\B'>$Z IN�TB�Z ´T²jEVc
N

E KROAO�WøKROAF�W\B÷B�� O�H$M$= ∥∥∥Aθ
N

0
u
∥∥∥ ≤

(1 − ε)
∥∥∥Aθ 0

u
∥∥∥ ≤ Cθ

f ù1B'OAF�WT´)YT��C B�Z H O�H$� Y\FAO [+FdZ9BDYTE$IøW\OAB ^ OAKL� í f�ºTf # BD�AW\BTKL[
E$��W\OAB ^ OAKL� í f�ºTX/>9BDM$=��?=�H$H BDSYNMVBDH O�@$H BTKRO ^ H BTK FdZ [�@9=DOTX"C B�Z [�@9=DOAK F�EVZ ´TH$[�ò
B�� O�H$M$[

∥∥∥PN
◦
u
∥∥∥ ≤ C1

(
1 +

∥∥∥PNf
(
PN

◦
u
)∥∥∥+

∥∥∥PNf
(
PN

◦
u
)∥∥∥

l
)
,

b
>9O M�BDH9FdWT=�H$WT�
C1

E
l
H O��?=�YTE FeIVW'BDW

N
f

ï�W\F�òa>�=_EJE$��p í f þ&�T��H9=?c+BG> E K
∥∥∥◦u
∥∥∥ ≤ C1

1 − ε

(
1 +

∥∥∥PNf
(
PN

◦
u
)∥∥∥+

∥∥∥PNf
(
PN

◦
u
)∥∥∥

l
)
.

# O ^ Odc+BG> I�M�C ^ Od>9OdZ ['Yj�AW\BTK¹H O ^ =�Y\O�H F�WTY\OTXVYQFdE$Z [)H O�C ^ O ^ ��YTH BTF�WTE f (·) X+C B�Z [+]@9=DOAKmF�EVZ ´TH$[�ò B�� O�H$M$[÷W\OAB ^ OAKL� í f�º Y)�TOAF�M�BDH O�@$H BTK�O ^ H BTKÕFdZ [�@9=DOTf
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= ��º

ù1OAB ^ OAK�= í f�º;>9BDM$=��?=�H9=QC B�Z H BTF�WT´Tò_f
�ù1O�C O ^ ´'H9=DK�H OABT�Gc+BG> E KRB)E$�G�\=�YTE$WT´\F
I�BDWQ[+FdZ9BDYTE$Iõp ´ f ���df

# ^ Od> C B�Z9BGPQE K�X-@$W\B÷YT��C B�Z H O�H$� [\FdZ9BDYTE$Imp ´ f�º?�dXRp ´ f i\��Eop ´ f �\�df # [\F�WT´
P

]
B ^ W\BDbGBDH9=?Z ´TH$��S�C ^ BTO�M$W\B ^ H9=QFABT�TF�WTY\O�H$H BTO`C BG> C ^ BTF�W ^ =�H F�WTY\B

Gλ1 = {x : Ax = x} .
Y Z I

f (u) = u+ L(u, u)
E KROAOAK

f (u) = u+ (E − P )L ((E − P )u, (E − P )u) +

+
(
L (u, u) − (E − P )L ((E − P )u, (E − P )u)

)
=

= u+ L̃(u, u) +
(

(E − P )L (Pu, u) + L (u, Pu) + L (Pu, Pu)
)

+ PL(u, u).

î BGPQH B ^ =DFAFAK�=�W ^ E$Y+=�WT´÷�DEVZ E$H O�S$H$��SNBDC O ^ =�W\B ^

L̃(u, v) = (E − P )L((E − P )u, (E − P ) v),

MV=�MJb
Z�=�YTH$[�ò H OdZ E$H O�S$H BTF�WT´�BDC O ^ =�W\B ^ = L(u, v)
X =jYT� ^ =�P_O�H$E O

LP (u, v) = (E − P )
(
L(Pu, v) + L(u, Pv) + L(Pu, Pv)

)
+ PL(u, v)

^ =DFAF�K�=�W ^ E$Y+=�WT´ X M$=�M�O�bGB_Y\BD�GKL[�±_O�H$E OTf
[4| � c ¤�^%j u e�p | d x�� L̃(·, ·) o n�� |�x�a��>^ p w³� i w~x�| o ]>^�ÚúE� Ë Ï � Y O�S F�WTYTE$W\OdZ ´TH B

C$[\F�WT´
e ∈ Gλ1 = (x : Ax = x)

E
u ∈ Ĥ.

ù"BDb
>�=_E9KRO�OAK

L̃(e, u) = (E − P )L((E − P ) e, (E − P )u) = 0,

WD=�MJMV=�M
(E − P ) e = 0

f
û�H9=?Z9BDbAE$@$H B

L̃(u, e) = 0
f # BD�AW\BTKL[

L̃ue = L̃(e, u) + L̃(u, e) = 0, L̃eu = L̃(e, u) + L̃(u, e) = 0.
ù"=�MJM$=�M

(E − P ) e = 0
XVW\B_>$Z I÷C ^ BDE$�AY\B�Z ´TH BTbGB g ∈ Ĥ

E KROAOAK
〈
L̃∗

ue, g
〉

=
〈
e, L̃ug

〉
=

=
〈
e, (E − P )

(
L((E − P )u, (E − P ) g) + L ((E − P ) g, (E − P )u)

)〉
=
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�Di î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

=
〈
(E − P ) e,

(
L((E − P )u, (E − P ) g) + L ((E − P ) g, (E − P )u)

)〉
= 0.

û�>$Z I 〈
L̃∗

eu, g
〉 Y)F�EVZ [

(E − P ) e = 0
F ^ =��A[�E KROAOAK

〈
L̃∗

eu, g
〉

=
〈
u, L̃eg

〉
= 0.

ù"=�M$E KoBT� ^ =��GBTK�X$YT��C B�Z H O�H$H B\F�WT´'[+FdZ9BDYTE$Iqp ´ f ����>$Z9I
L̃(·, ·) >9BDMV=��?=�H9=Vf[4| � c ¤�^kj u e�p | d x�� L̃(·, ·) o n�� |�x�a��>^ p w}� i w~x�| o ]>^�ÚúE�ÖÊ Ï � ùL=�M�M$=�M

P
]aB ^ ]

W\BDbGBDH9=?Z ´TH$��SqC ^ BTO�M$W\B ^ H9=�FABT�TF�WTY\O�H$H BTO)C BA> C ^ BTF�W ^ =�H F�W\Y\B$X-W\BøBDHUC O ^ OAF�WT=�H B�]
Y\BD@ O�H�F BDC O ^ =�W\B ^ BTK A

EJF;Z ò��TBDS�O�bGB)F�W\O�C O�H$´Tò_f # BD�AW\BTKL[
∥∥∥(E − P ) L̃(u, v)

∥∥∥ ≤ ‖L ((E − P )u, (E − P ) v)‖ ≤

≤ Cβ

∥∥∥Aβ (E − P )u
∥∥∥
∥∥∥Aβ (E − P ) v

∥∥∥ ≤ Cβ

∥∥∥Aβu
∥∥∥
∥∥∥Aβv

∥∥∥ .
ù1B OAF�WT´`KL��>9BDMV=��?=?Z E)YTW\B ^ BTO�H O ^ =�Y\O�H F�WTY\B E$��[+FdZ9BDYTE$IJp ´ f�º?�df # O ^ Y\BTOaP_OaH O ^ =?]
Y\O�H F�WTY\BQE$�`[\FdZ9BDYTE$Iõp ´ f�º?�·M$=DFG=DO�W\F
IJW\B�Z ´TM�B)BDC O ^ =�W\B ^ = A f

ù"=�M$E KoBT� ^ =��GBTK�X$YT��C B�Z H O�H$H B\F�WT´'[+FdZ9BDYTE$Iqp ´ f�º?��>$Z9I
L̃(·, ·) >9BDMV=��?=�H9=Vf( n�� |�x�a>^a�a�| w p`q i wkx�| o ]��vÚúE�.û Ï >$Z I

L̃(·, ·) WT=�M$PjO�IVYDZ I$O�W\F
IýC ^ BTFdWT��KUFeZ�Oe> ]
F�WTYTE OAKC O ^ OAF�WT=�H BDY\BD@$H BTFAWTENBDC O ^ =�W\B ^ BDY P E

A
f

ú>w~x�| o ]>^·ÚúE��ü Ï BDC O ^ =�W\B ^ = L̃(·, ·) H O�M$=DFG=DO�W\F
I-fù"=�M$E KóBT� ^ =��GBTK�X�OAFdZ Eh>$Z I2�DEVZ E$H O�S$H BDbGBoBDC O ^ =�W\B ^ = L(u, v)
YT��C B�Z H9OdH �

W ^ E_[+FdZ9BDYTE$Iøp ´ f�º?�dX$p ´ f i\�/EJp ´ f �\�dX�W\B;>$Z I_BDC O ^ =�W\B ^ = L̃(·, ·) YT��C B�Z H O�H$�m@ O�WT� ^ O
[\FdZ9BDYTE$Iõp ´ f�º?�dX/p ´ f i\�dX/p ´ f �\�·E¹p ´ f ���df

ï�W
LP (·, ·) C BDW ^ OA�D[\OAK�X @$W\BT�D��YT��C B�Z H$I�Z9BTF�´

� 3 7�4"��!"�*) � #.é�+�# # ^ E�H O�MVBDW\B ^ �ac�C BTF�W\BGIVH$H$�ac
n ≥ 0

E
CP > 0

YT��C B�Z H O�H9=
B�� O�H$MV=

‖LP (u, u)‖ ≤ CP (‖u+ L (u, u)‖ + ‖u+ L (u, u)‖n) .
p í f þ$�\�

µ·C ^ =�Y\Od>$Z E$Y+=
� � 4"( �98�*�ð-#.-�#"[ i w prq`o n�� |�x�a>^a n i wkx�| o ]��QÚúE�ÖÊ Ï u ÚúE�.û Ï u ÚúE��ü Ï ]vÚúE��� Ï �<[F\M^ d �
� |}x�|m¤É]�j u e�p | d x���a>^�&| p |}\>|�z}| ◦

u ∈ Ĥ o n�� |}x�a>^a c wkx c g c �O| �>^a�� c
∥∥∥Aθ ◦

u
∥∥∥ ≤ Cθ,
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= ���

z d ^ θ < min (−3/4, β)
u c β �h] b i w~x�| o ]��ÉÚúE�ÖÊ Ï ��Ì<|�z d c0d x�� ◦

u o ^%\>a c w�]�x q a c �|m�>^a�� c
∥∥∥◦u
∥∥∥ ≤ C2

(
1 +

∥∥∥∥
◦
f

∥∥∥∥+

∥∥∥∥
◦
f

∥∥∥∥
m)

,
b
>9O ◦

f =
◦
u+ L

(
◦
u,

◦
u
)
.

p í f þ$�\�

ù d ^w q C2
]
m

� b c$o ]�w}� p p |�x q �&|ª| p Cβ
]
β

] b i w~x�| o ]��¡ÚúE�ÖÊ Ï u | p CP
]
n] b i w~x�| o ]��(ÚúE��� Ï u c·prc �$¤�^A| p Cθ

]
θ
�

¹ |m� cmb�c�p ^%x q w p`o |&� Y Z I L̃(·, ·) E A YT��C B�Z H O�H$��Y\FAO�[\FdZ9BDYTE$I÷W\OAB ^ OAKL� í f�ºTf # B�]
��W\BTKL[�>$Z I ◦

u ∈ Ĥ
C B�Z [�@9=DOAK

∥∥∥◦u
∥∥∥ ≤ C1

(
1 +

∥∥∥◦u+ L̃
(
◦
u,

◦
u
)∥∥∥+

∥∥∥◦u+ L̃
(
◦
u,

◦
u
)∥∥∥

l
)
,

p í f í k\�

b
>9O
C1

E
l
]��?=�YTE F
IVW'W\B�Z ´TM�B'BDW

Cβ
E
β
E$�`[\FdZ9BDYTE$Iõp ´ f�º?�dX9=jWT=�M$PjOýBDW

Cθ
E
θ
f

µ�Z9Od> [�ò;±_OAO�H O ^ =�Y\O�H F�WTY\B�BD@ O�YTEV> H B<*
∥∥∥◦u+ L̃(

◦
u,

◦
u)
∥∥∥ =

∥∥∥◦u+ L(
◦
u,

◦
u) − LP

(
◦
u,

◦
u
)∥∥∥ ≤

∥∥∥◦u+ L(
◦
u,

◦
u)
∥∥∥+

∥∥∥LP

(
◦
u,

◦
u
)∥∥∥ .

gaBTF�C B�Z ´T�A[\OAKRFeIø��>9OAF�´'B��9OdH M�BDS�p í f þ$�\��[\FdZ9BDYTE$Iõp ´ f þ\�dXVW\BDbe>�=
∥∥∥◦u+ L̃(

◦
u,

◦
u)
∥∥∥ ≤ (CP + 1)

(∥∥∥◦u+ L(
◦
u,

◦
u)
∥∥∥+

∥∥∥◦u+ L(
◦
u,

◦
u)
∥∥∥

n)
.

# BG>9F�WT=�YDZ IVIøC B�Z [�@ O�H$H BTO`Y�p í f í k\��X$C B�Z [�@9=DOAK p í f þ$�\��f
ù1OAB ^ OAK�= í f iý>9BDM$=��?=�H9=Vf

�ï�W\KRO�WTE K�X\@$W\B�>$Z I)KLH BDbAEVc)�?=?>�=A@'[+FeZ�BDYTE Oýp ´ f þ\�R=�YTW\BTK�=�WTE$@ OAF�M$E�YT��C B�Z H$I�]
OdW\FeI-f�ï�> H9=�M�B�=�YTW\B ^ F�@$E$WD=DO�W'E$H$W\O ^ OAF�H$��K ^ =DFAFAKRBDW ^ O�WT´�FdZ9Od> [�ò;±j[�ò �?=?>�=G@$[\f
, *-�L*
3-*�-��$# ¹ | � cmb c�prq�p ^|}\M^kj i � �.û u a>^4]�w � |�x q�b i � i wkx�| o ]>^ªÚúE��� Ï �

� Z ò"� �"."! ( ��óU� �"!9� *"6�3�,-(\*L.1,-�L:4WÀ�"(+*"���"� �L!9� ,-!"5/* U_*"�M�����
��,-4"./39*Õ!�R4"./*91D*/,-��7Å� 3�,/��4Õ,-� 4"( �98;:Õ-

g �AW\BTK ^ =���>9OdZ9O)KL� W\OAB ^ OAKL[�i�YT��Y\Od>9OAK2E$�QW\OAB ^ OAKL� í f iVf1ï�W\KRO�WTE K�X-@$W\BøKL�
KRBDb
Z EN�D� �AH9=A@$E$W\OdZ ´TH B÷FABDM ^ =�WTE$WT´�p¦EVZ E�Y\BTBT�D±_O H O`C$E FG=�WT´��a�AW\BDW ^ =���>9OdZ1X�BDWD]
>9OdZ�=�YT²jE F�´ FAF��aZ MVBDSQH9=�YT��M$Z�=?> M$EQE$� ^ =D�TBDW)¸ i í ]%�Tk?»$EVZ E_E$� ^ =D�TBDWT� ñ f µ;f+µa=�M�FG=
¸ �"�?»�X$EVZ EJE$� ^ =D�TBDW÷ïjf ûjfVüý=?> ��P_O�H F�M�BTS¹¸ i?]�þ?»�f
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�m� î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

# [\F�WT´
H

]_FAO�C9= ^ =D�TOdZ ´TH9BTONbAEVZ ´\�TO ^ W\BDY\B¹C ^ BTF�W ^ =�H F�WTY\B$X�= A = A∗ ]_FG=?]
KRBTFABDC ^ IVP_O�H$H$��ShBDC O ^ =�W\B ^ Y

H
XLWT=�M�BDS/X�@$W\B

A ≥ µE
XLW\BqOAF�WT´�>$Z I�Z ò��TBDbGB

x ∈ H
YT��C B�Z H O�H B 〈Ax, x〉 ≥ µ |x|2 X$E�C$[\F�WT´

(A− (µ− 1)E))−1 = A−1
µ ∈ σ∞

f
<9>9OAF�´

E
];Od> E$H$E<�9=?]�BDC O ^ =�W+B ^ XL= σ∞ ]�M$Z�=DFAFQYTC B�Z H O)H O�C ^ O ^ ��YTH$��cõBDC O ^ =�W\B�]

^ BDY fLï;�TBD�AH9=G@$E K @ O ^ O�� λ1, ≤ λ2, ≤ . . . , λj ≤ . . .
]�FABT�TF�WTY\O�H$H$��O�@$E FdZ�=�BDC Od]

^ =�W\B ^ = A u��?=�H$[VKRO ^ BDY+=�H$H$��O�YNC B ^ I�> MVO'H O�[V�D��Y+=�H$E$I¹F)[�@9OdW\BTK M ^ =�WTH BTF�WTE/XR=
@ O ^ O�� e1, e2, . . . , ej , . . . ]�FABTBDWTY\O�W\FdWTY\[�ò;±j[�ò«C B�Z H$[�òôB ^ W\BDH B ^ KLE ^ BDY�=�H$H$[�ò
F�E F�W\OAKL[øFABT�TF�WTY\O�H$H$�acJY\O�M$W\B ^ BDY fX O ^ O�� H1 = H1 [0, a]

BT�TBD�AH9=G@$E KobAEVZ ´\�TO ^ W\BDY\B'C ^ BTF�W ^ =�H F�WTY\B X9C B�Z [�@ O�H$H BTO
C BDC B�Z H O�H$E OAKoKLH B?PjOAF�WTY+=QY\O�M$W\B ^ ]�� [�H$M<�$E$S/X C ^ Od>9F�WT=�YTE KL�acJYQYTEV>9O M�BDH O�@$H$��c
F�[VKRK

ω (t) =
∑

{j}

ωj(t)ej
p!��f�º?�

C B_H B ^ KRO

‖ω (·)‖H1
=

(∫ a

0
‖ω(t)‖2

H dt

)1/2

=


∑

{j}

∫ a

0
|ω(t)|2 dt




1/2

,

b
>9O
ωj(t)

]�H O�C ^ O ^ ��YTH BQ> E �`�`O ^ O�H<�$E ^ [+OAKL��O H9= [0,
t
]
F�MV=?Z I ^ H ��O`� [�H$M<�$E$E/f# [\F�WT´mO�±_O

B0(·, ·)
])�DEVZ E$H O�S$H$��S BDC O ^ =�W\B ^ X�BDC ^ Od>9OdZ9O�H$H$��S�C ^ E u, v ∈

D(A)
X?b
>9O

D(·) ]�BT��Z�=DF�WT´�BDC ^ Od>9OdZ9O�H$E I�f$+�[?>9OAKJC ^ Od> C B�Z�=�bA=�WT´ XD@$W\B�YT��C B�Z H O�H$�
[\FdZ9BDYTE$IJg�ºTX gaiVX gF�jE�gë��p%FAK�f ^ =���>9OdZv�\�df

ù1O�C O ^ ´ ^ =DFAFAKRBDW ^ E Km�?=?>�=G@$[
{
vt +Av +B (v, v) = f (t) ∈ H1 = H1 [0, a] ,

v(t)|t=0 = 0,

p!��f i\�
b
>9O

B (v, v) = ϕ(t)B0 (v, v)
X
ϕ(t)

]·H O�C ^ O ^ ��YTH9=�I�H9=
[0, a]

� [�H$M<�$E$I-f ³`=?Z E$@$E O
ϕ(t)

Fd[�±_OAF�WTY\O�H$H BDS ^ B�Z EJH O�E$b ^ =DO�W�X$H BQH9=DK�[?>9BT�DH BQE F�C B�Z ´T�GBDY+=�WT´'[ ^ =�YTH O�H$E O
YQMVBDW\B ^ BTKC ^ E F�[�W\F�WTYT[+O�W ϕ(t)

f
ï�@ O�YTEV> H B$X @$W\B

B (·, ·) [?>9BDYDZ9O�WTY\B ^ I$O�W'[+FdZ9BDYTE$I$Kmg�ºd]�gë� f
g >�=?Z ´TH O�S$²_OAK Y\F�ò�> [qYN�AW\BTK ^ =���>9OdZ9OTX"H O'[VKRO�H$´T²Q=�I�BT�D±jH BTF�WTE/XLKRBGPQH9B

F�@$E$WD=�WT´ X"@$W\B
A ≥ E

f"g C ^ BDWTE$YTH BTK FdZ [�@9=DO'Y ^ =DFAFAK�=�W ^ E$Y+=DOAKRB\K [ ^ =�YTH O�H$E$E
KRBGPQH B�F�>9OdZ�=�WT´��?=DKRO�H$[

v (t) = e(−µ+1)tṽ(t)
f9ù1BDbe>�=QY\KROAF�W\BNp!��f i\��C B�Z [�@$E Km�?=?]

>�=A@$[
{
ṽt + (A− (µ− 1)E)ṽ + e(−µ+1)tB (ṽ, ṽ) = Ba−(µ−1)tf (t) ,

ṽ|t=0 = 0.
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �Dþ

gm�AW\BTK¹[ ^ =�YTH O�H$E$EøY\KROAF�W\B
B (·, ·) YT��F�WT[�C9=DO�W e(−µ+1)tB (·, ·) XV=ýY\KROAF�W\B A ]

BDC O ^ =�W\B ^ A− (µ− 1)E ≥ E
f # BD�AW\BTKL[QY\F�ò�> [_Y >�=?Z ´TH O�S$²_OAKõF�@$E$WT=DOAK

A ≥ E
f

ï;�TBD�AH9=A@$E$Y
vt + Av = u(t)

�?=�C$E$²_OAKóp!��f i\�`Y×µ�BDb ^ =�H$E$@ O�H$H BDSo�`B ^ KRO�¶mp¦Y
YTEV>9O�E$H$W\O�b ^ =?Z ´TH9BDbGB)[ ^ =�YTH O�H$E$I9��*

u+ B̃ (u, u) = f(t) ∈ H1,
p!��f �\�

b
>9O

B̃ (u, u) = B (Tu, Tu) , Tu =

∫ t

0
e−A(t−η)u(η)dη.

< >�O�F�´
e−A(t−η) C BDH$E K�=DO�W\FeIJY)FAKL��FdZ9O`F�C O�M$W ^ =?Z ´TH BTbGB ^ =���Z9B?PjO�H$E$I-f

gUW\OAB ^ OAKRO í f i�E$� ^ =���>9OdZ�= í C B�Z [�@ O�H9=�B�� O�H$MV=�>$Z I ^ O�²_O�H$E$I u(·) [ ^ =�YTH O�H$E$IYTEV>�=÷p!��f �\��f�³ B
u = vt +Av

X+be>9O
v
]LE$�'p!��f i\�df # BD�AW\BTKL[÷�ý=�M$WTE$@ OAF�M$E÷Y_W\OAB ^ OAKRO

í f i_C B�Z [�@ O�H9=QF�EVZ ´TH9=�I�B�� O�H$MV= ^ O�²_O�H$E$Iø�?=?>�=A@$E¹p!��f i\��f
µ�Z9Od>9BDY+=�W\OdZ ´TH B$X"Y\FAO)��Z9OAKRO�H$WT� >�=?Z ´TH O�S$²_O�bGBJ>9BDMV=��?=�W\OdZ ´\FAWTY+=JW\OAB ^ OAKL� i

YýW\BDS÷EVZ E�E$H BDS÷�`B ^ KRO�E$�AY\OAF�WTH$�`f µ�[�±jOAF�WTYT[+O�W_KLH B?PjOAF�WTY\B ^ =D�TBDW�X�YjM�BDW\B ^ �ac-X
C ^ Od> C B�Z�=�b�=�I-X�@$W\B ^ O�²_O�H$E Or)�f � BDC �ý=)BT��Z�=?>�=DO�W÷H9OdMVBDW\B ^ BDSU>9BDC B�Z H$E$W\OdZ ´TH BDS
b
Z�=?> MVBTF�WT´Tò_X$C BDYT��²Q=�ò;W)beZ�=?> M�BTF�WT´ ^ O�²_O�H$E$I÷>9BQW\Odc÷C B ^ X$C BDMV=_H O C B�Z [�@$E$W\F
I
b
Z�=?> MVBTF�WT´ ^ O�²_O�H$E$IøWT=�M�BDS/X MV=�M$=�IJBDH9=_OAF�WT´)Y)KRBDEVcøW\OAB ^ OAK�=?c-f
Ø �98�8�*���#%�$#ë[ i w prq ω(t)

� o ^� p |}\>�%Ä i a��&��]�� u � \M^ d w prc$o ]�j c � o�o ] d ^ p!��f�º?�}u
prc � c � u e�p |

ω (0) = 0
�FÌ�|�z d c

‖ω(t)‖2
H +

∫ t

0

∥∥∥A1/2ω(η)
∥∥∥

2

H
dη ≤

∫ t

0

∥∥∥A−1/2
[
ω′ (η) +Aω (η) +B(ω, ω)

]∥∥∥
2

H
dη.

�·W\BqOAF�WT´õ��H9O ^ bAO�WTE$@9OAF�MV=DIoB�� O�H$M$=VX�M�BDW\B ^ =�ImY ^ =�H OAOJE$�AY\OAF�WTH$�ac ^ =D�TBDWT=?c
E F�C B�Z ´T�GBDY+=?Z�=DF�´)>$Z I÷>9BDM$=��G=�W\OdZ ´\FAWTY+=)F�[�±_OAF�WTY\BDY+=�H$E$I�FdZ�=D�TBDbGB ^ O�²_O�H$E$I-f

Y Z IJ>9BDM$=��?=�W\OdZ ´\F�WTY�=��AW\BDSNZ9OAKRKL� BT�TBD�AH9=A@$E K
f (t) = ω′ + Aω + B(ω, ω)

f
ù1BDbe>�=_E KROAOAK

∫ t

0
< ω′ +Aω +B (ω, ω) , ω >H dη =

∫ t

0
< f, ω >H dη ≤

≤
∫ t

0
< A−1/2f,A1/2ω >H dη ≤ 1

2

∫ t

0

∥∥∥A−1/2f
∥∥∥

2

H
dη + 1/2

∫ t

0

∥∥∥A1/2ω
∥∥∥

2

H
dη.
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� í î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

³ BQF [�@ O�W\BTK[\FdZ9BDYTE$IJgF�jE KROAOAK
∫ t

0
< ω

′
+Aω +B (ω, ω) , ω >H=

‖ω(t)‖2
H

2
+

∫ t

0

∥∥∥A1/2ω(η)
∥∥∥

2

H
dη.

���N�AWTEVcm> YT[+cÕFABTBDWTH BD²_O�H$E$S/XaWD=�MhMV=�M
A ≥ E, A−1/2 ≤ E

X·YT��W\O�M$=DO�W
Z9OAKRK�=Vf

�³ O ^ =�Y\O�H F�WTY\B÷Z9OAKRKL�`X�>9BDMV=��?=�H$H BTO_>$Z I
ω (t)

X�C ^ Od>9F�WT=�YTE KL�acUY÷YTEV>9OJp!��f�º?�dX
^ =DF�C ^ BTF�W ^ =�H$IVò;W\FeIJH9=jY\FAO WD=�M$E O

ω (t)
XVMVBDW\B ^ ��O WT=�M�BDYT�`X @$W\B

ω = lim
j→∞

ωj ,

A−1/2(ω
′
+Aω +B (ω, ω)) = lim

j→∞
A−1/2(ω

′

j +Aωj +B (ωj , ωj)).

<9>9OAF�´�C ^ Od>9OdZ � C BDH$E K�=�ò;W\F
INY�FAKL��FdZ9O
H1[0, a]

X�=
ωj(t)

]�E$�jMVZ�=DFAFG=)Y\O�M$W\B ^ ]
� [�H$M<�$E$S/X"C ^ Od>9F�WT=�YTE KL�acYUYTEV>9Oqp!��f�º?��fRù"=�MVBDSmBT�D±_O�E$�AY\OAF�WTH$��SmC ^ E9O�K H9=DKLE
�D[?>9O�WQC ^ E KRO�H$IVWT´\FeIJ@9=DF�W\B�p¦Y\BD�GKRBGPQH B'�TO��ýBDbGBDY\B ^ BDM��dfØ �98�8�*.��#.-�#Å[ i w prq ω (0) = 0

]
ω′ (t) + Aω (t) = g(t)

�rÌ<|�z d cOd x��(x�� g |�z}|
α ∈ (−∞,∞) � \>] t ≥ 0 o ^%\>a c | �>^a�� c

‖Aαω(t)‖2 +

∫ t

0

∥∥∥Aα+1/2ω(η)
∥∥∥

2
dη ≤

∫ t

0

∥∥∥Aα−1/2g(η)
∥∥∥

2
dη.

¹ | � cmb c�p ^%x q w p`o |&� ´ KLH9BGPQE K F�MV=?Z I ^ H9B�[ ^ =�YTH O�H$E O ω′ (t) + Aω (t) = g(t)
H�=

A2αω(t)
EøC ^ BDE$H$W\O�b ^ E ^ [\OAK�X9W\BDb
>�=_E KROAOAK

‖Aαω(t)‖2

2
+

∫ t

0

∥∥∥Aα+1/2ω(η)
∥∥∥

2
dη =

∫ t

0
< Aα+1/2ω (η) , Aα−1/2g (η) > dη ≤

≤ 1

2

∫ t

0

∥∥∥A1/2+αω(η)
∥∥∥

2
dη + 1/2

∫ t

0

∥∥∥Aα−1/2g (η)
∥∥∥

2
dη.

µ ^ =�YTH$E$Y+=�IJM�BDH O�JEJH9=A@9=?Z9B)�AWTEVc÷H O ^ =�Y\O�H F�WTY X C B�Z [�@9=DOAKZ9OAKRKL[\f
�Ø �98�8�*���#TS-#9[ i w prq ω (0) = 0

]
ω′ + Aω = g ∈ H1[0, a]

�hÌ<|�z d cVo n�� |�x�a>^a�|a>^%\ c$o ^a�w p`o |
∥∥∥Aθ(ω′ +Aω)

∥∥∥
2

H1

≤2
(
K2

θ

∥∥ω′ +Aω +B (ω, ω)
∥∥4

H1
+
∥∥ω′ +Aω +B (ω, ω)

∥∥2

H1

)
,
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �$�

z d ^ θ u Kθ
��] b i w~x�| o ]�� ( ûOÚ!wkjÐ��\ cmb d ^kxOü Ï �

¹ |m� cmb�c�p ^%x q w p`o |&� � KROAOAK
∥∥∥Aθ

(
ω′ +Aω

)∥∥∥
2

H
≤ 2

∥∥∥Aθ
(
ω′ +Aω +B (ω, ω)

)∥∥∥
2

H
+ 2

∥∥∥AθB (ω, ω)
∥∥∥

2
≤

≤ 2
∥∥∥Aθ

(
ω′ +Aω +B (ω, ω)

)∥∥∥
2
+ 2K2

θ

∥∥∥A1/2ω
∥∥∥

2
‖ω‖2 .

g¹C BTFdZ9Od> H OAKqC O ^ Odc�BA>9O�KL�mE F�C B�Z ´T�GBDY+=?Z E'[+FdZ9BDYTE O�g�iVf\ù"O�C O ^ ´`C ^ BDE$H$W\O�b ^ E ^ [+]
O�Kq�AW\B`H O ^ =�Y\O�H F�WTY\B$f�ù"BDb
>�=VX\C B�Z ´T�A[\I$F�´`Z9OAKRKRBDS0��f i�E'W\OAK�XT@$W\B

θ < 0
E
A ≥ E

X
C B�Z [�@9=DOAKH$[�PQH BTO H O ^ =�Y\O�H F�WTY\B$f

�Ø �98�8�*/��# Ô # Â w~x�]
u+ B̃ (u, u) = f

u p | o ^%\>a�|`a>^%\ c$o ^a�w p`o |
∥∥∥Aθu

∥∥∥
2

H
≤ 2K2

θ

[
‖f(·)‖2

H1
+ ‖f(·)‖4

H1

]
.

ù d ^w q Kθ
�F] b i w~x�| o ]�� ( û u c B̃ (u, u) = B (Tu, Tu)

�
¹ |m� cmb�c�p ^%x q w p`o |&� �·WT=NZ9OAKRK�=qC B�Z [�@9=DO�W\F
IoE$�JZ9OAKRKL� ��f �VX·OAFdZ EÕBT�TBD�AH9=A@$E$WT´
Tu = ω

p¦WDf OTf�X OAFdZ E�BT�TBD�AH9=A@$E$WT´
ω′ +Aω = u

�df
�Ø �98�8�*/��#.é�# Â w~x�]

B̃ (u, v) = B (Tu, Tv)
u p |`w � \ c$o ^ d x�] o c | �>^a�� c

∥∥∥B̃ (u, v)
∥∥∥

2

H1

≤ 2K2
γ

∥∥∥Aγ−1/2u
∥∥∥

2

H1

∥∥∥Aγ−1/2v
∥∥∥

2

H1

.

ù d ^w q Kγ
��] b i wkx�| o ]���È�Ê u c B̃ (·, ·) �F] b p���f �\��f

¹ |m� cmb�c�p ^%x q w p`o |&� � KROAOAK
∥∥∥B̃ (u, v)

∥∥∥
2

H1

=

∫ a

0
‖B (Tu, Tv)‖2

H (η)dη ≤

≤ K2
γ

∫ a

0

[∥∥∥Aγ+1/2Tu
∥∥∥

2
‖AγTv‖2 + ‖AγTu‖2

∥∥∥Aγ+1/2Tv
∥∥∥

2
]

(η)dη.

î �2C BA>�E$H$W\O�b ^ =?Z9BTKmE F�C B�Z ´T�GBDY+=?Z EN[\FdZ9BDYTE O4Ó�ºTf
ù1O�C O ^ ´ X$Y)F�EVZ [ ^ =�Y\O�H F�WTY ( d

dt +A
)
T u = u, (T u) (0) = 0

X$KRBGPQH9B_C ^ E KROd]
H$E$WT´_Z9OAKRKL[V��f iVX$E$�`M�BDW\B ^ BDSNFdZ9Od> [\O�W

∫ a

0

∥∥∥Aγ+1/2Tu
∥∥∥

2
dη ≤

∫ a

0

∥∥∥Aγ−1/2u
∥∥∥

2
dη,
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��� î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

sup
0≤t≤1

‖AγTu‖2 (t) ≤
∫ a

0

∥∥∥Aγ−1/2u
∥∥∥

2
(η)dη.

g W\BD@$H BTF�WTEõWT=�M�BTO)PjOQH O ^ =�Y\O�H F�WTY\B�Y\O ^ H B$X/OAFdZ EõC BTKRO�H$IVWT´
u
H9=

v
f # BD�AW\BTKL[\X

C BA>9F�WT=�YDZ IVIU�AWTE�B�� O�H$M$E�Y÷C ^ Od> �a> [�±_OAO_H O ^ =�Y\O�H F�WTY\B$X-C B�Z [�@9=DOAKÕ>9BDM$=��?=�W\OdZ ´D]
F�WTY\B_Z9OAKRKL�`f

�Ø �98�8�*���#Tð-#�[ i w prq | � ^%\ c�p |}\
A o H

a>^0]�j4^�^ p ��\ c�p a n ®¡w�| g w p`o ^a�a n ®
e ]�w�^%x���Ì<|�z d c u ^w~x�]

Aω (t) = µω (t) , ω (t) ∈ H1
u p |

ω (t) = ψ (t) e
]
Ae =

µe
u z d ^ e ∈ H

u c ψ (·) �Fw�� c x��$\>a c �QÄ i a��&��]��v] b L2(0, a)
�

¹ | � cmb c�p ^%x q w p`o |&� gaO�M$W\B ^ ]�� [�H$M<�$E$I ω (t)
>9BDC$[\F�M$=DO�W)C ^ Od>9F�WT=�YDZ9O�H$E O

ω (t) =
∞∑

j=1

ωj (t) ej ,
∞∑

j=1

∫ a

0
|ωj (t)|2 dt ≡ ‖ω‖2

H1
.

Y Z I
Aω

E KROAOAK
Aω =

∑∞
j=1 λjωj (t) ej

XVC BD�AW\BTKL[

0 = Aω − µω =
∞∑

j=1

(λj − µ)ωj (t) ej ,

0 = ‖Aω − µω‖2
H1

=
∞∑

j=1

(λj − µ)2
∫ a

0
|ωj (t)|2 dt.

ù"=�MVBTO ^ =�Y\O�H F�WTY\B_p¦WD=�MýM$=�MýBDC O ^ =�W\B ^ A H ORE KROAO�W;M ^ =�WTH$�acýFABT�TF�WTY\O�H$H$�ac`@$E FAOdZ��
Y\BD�GKRBGPQH B$X�OAFdZ E�E�W\B�Z ´TM�B�OAFdZ E

µ = λj0

C ^ E�H O�MVBDW\B ^ BTK H9=�WT[ ^ =?Z ´TH BTK j0
E

ωj(t) = 0
C ^ E j 6= j0

X =jC ^ E j = j0
X
Aej0 = µej0

X
ωj0(t) = ψ (t) ej0

f
ü`OAKRK�=j>9BDM$=��?=�H9=Vf

�Ø �98�8�*0��#���#F[ i w prq | � ^%\ c�p |}\
A o H

Ú = a>^ Y
H1

Ï a>^V]�j4^�^ p ��\ c�p a n ®w�| g w p`o ^a�a n ® e ]�w�^kx��FÌ<|�z d c u ^w~x�] Aω (t) = µω(t) o H1
u p |

〈
B̃ (ω, ω) , ω

〉
H1 = 0.

¹ | � cmb c�p ^%x q w p`o |&� � KROAOAK
〈
B̃ (ω, ω) , ω

〉
H1 =

∫ a

0
〈B (Tω, Tω) , ω〉H(η)dη.
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= ���

³�BQY)F�EVZ ['Z9OAKRKL�ê��f í E KROAOAK�X$@$W\B
ω (t) = ϕ̃ (t) e

XVbe>9O
e
]·FABT�TF�WTY\O�H$H$��S�Y\O�M$W\B ^

BDC O ^ =�W\B ^ = A Y
H
f # BD�AW\BTKL[

(Tω) (t) =

∫ t

0
e−A(t−η)ω (η) dη =

∫ t

0
e−µ(t−η)ϕ̃ (η) edη ≡ ψ (t) e,

b
>9O
ψ (t)

]·F�M$=?Z I ^ H9=�IJ� [�H$M<�$E$I÷E$�
L2 (0, a)

f
# BD�AW\BTKL[

〈
B̃ (ω, ω) , ω

〉
H1 =

∫ a

0
〈B (ψ(η)e, ψ(η)e) , ϕ(η)e〉H(η)dη =

=

∫ a

0
ψ2 (η)ϕ (η) 〈B (e, e) , e〉 dη = 0.

< >�O�F�´'YQC BTFdZ9Od> H OAKmC O ^ Odc+BG>9O E F�C B�Z ´T�GBDY+=�H B�gF�Vf
ü`OAKRK�=j>9BDM$=��?=�H9=Vf

�Ø �98�8�*���#�-# Â w~x�]
Ae = λe

u
e ∈ H

u p |
λ

� g i d ^ p w�| g w p`o ^a�a n j e ]�w~x�|�jg ^w��&| a>^ e a�| ����\ c�p a�| w p ]V| � ^%\ c�p |}\ c A X \ c w�w~j c�p \>] o c ^kjh|�z}| o H1 [0, a]
�

¹ |m� cmb�c�p ^%x q w p`o |&� )�FdZ E ψ (t) ∈ L2 (0, a)
E
Ae = λe

X�W\B
ψ (t) e

�D[?>9O�W`FABT�TF�WTY\O�HV]
H$��KUY\O�M$W\B ^ BTK A Y

H1
f # BD�AW\BTKL[+XTWD=�M)MV=�M

L2 (0, a)
]1�TOAF�M�BDH O�@$H BTKRO ^ H B$XTZ9OAKRK�=

p¦M�BDW\B ^ =�IJW ^ E$YTE9=?Z ´TH9=21 ��>9BDM$=��?=�H9=Vf
�# BTKLE KRB'BDC O ^ =�W\B ^ = T YTY\Od>9OAKoO�±_O`BDC O ^ =�W\B ^ Tα p

0 < α ≤ 1
�dXV>9O�S F�WTYT[�ò�]

±ýE SøY
H1

C B)�`B ^ KL[?Z9O

(Tα$) (t) =
1

Γ (α)

∫ t

0
(t− η)α−1 e−A(t−η)$ (η) dη, $ (·) ∈ H1,

p!��f ���

b
>9O
Γ(α)

OAF�WT´ MVZ�=DFAF�E$@ OAF�M$=�IQbA=DKRK�=?]�� [�H$M<�$E$I-f # ^ E α = 0
BDC O ^ =�W\B ^ T 0 KRBGPQH B

C BDH$E K�=�WT´ X?MV=�M_F�EVZ ´TH$��SjC ^ Od>9OdZQBDC O ^ =�W\B ^ BDY Tα C ^ E α→ 0
f î B?PQH B�C BDM$=��G=�WT´ X

@$W\BQF�EVZ ´TH$��S�C ^ Od>9OdZ Tα C ^ E α→ 0 ^ =�Y\O�H E ]�Od> E$H$E<�9=?]�BDC O ^ =�W\B ^ [\fØ �98�8�*/��#��-# Â w~x�]
α, β ∈ (0, 1)

]
α+ β ≤ 1

u p |
TαT β = Tα+β �¹ |m� cmb�c�p ^%x q w p`o | f>� KROAOAK

(TαT βv) (t) =

=
1

Γ (α) Γ (β)

∫ t

0

(
(t− η)α−1 e−A(t−η)

∫ η

0
(η − ξ)β−1 e−A(η−ξ)v(ξ)dξ

)
dη =

=
1

Γ (α) Γ (β)

∫ t

0
e−A(t−η)v(η)

(∫ t

η
(t− ξ)α−1 (ξ − η)β−1 dξ

)
dη.
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�Tk î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

³ B
Γ (1) = 1

E
∫ t

η
(t− ξ)α−1 (ξ − η)β−1 dξ =

∫ t−η

0
(t− η − r)α−1 rβ−1dr =

=

∫ t−η

0
(t− η)α−1

(
1 − r

t− η

)
α−1

(
r

t+ η

)
β−1 (t− η) βd

r

t− η
=

=
Γ (α) Γ (β)

Γ(α+ β)
(t− ξ)α+β−1 .

# BD�AW\BTKL[
TαT β = Tα+β f$ü`OAKRK�=j>9BDMV=��?=�H9=Vf

�Ø �98�8�*���#%���-#E[ i w prq 0 < α ≤ 1
]
λ > 0

u c y (·) ∈ L2 (0, a)
� � \>| ] b�o |}x q a c �Ä i a��&��]����FÌ<|�z d c

∫ a

0

∣∣∣∣
∫ t

0
e−λ(t−η) (t− η) α−1y (η) dη

∣∣∣∣
2

dη ≤ Cαλ
−2α

∫ a

0
|y (η)|2 dη.

¹ | � cmb c�p ^%x q w p`o |&� # ^ BA>9B�Z PQE K�� [�H$M<�$E$ò
y (η)

H$[?Z9OAK�E$�aBDW ^ O��AMV= [0, a]
H9=�Y\F�ò

BTF�´
(−∞,+∞)

f ù1BDbe>�=_E KROAOAK

S ≡
∫ a

0

∣∣∣∣
∫ t

0
e−λ(t−η) (t− η) α−1y (η) dη

∣∣∣∣
2

dt ≤

≤
∫ ∞

−∞

(∫ ∞

−∞
e−λ|t−η| |t− η| α−1 |y (η)| dη

)2

dt.

g�H$[�W ^ O�H$H$E$SJE$H$W\O�b ^ =?Z���>9OAF�´)OAF�WT´'F�Y\O ^ WTMV=Q� [�H$M<�$E$E e−λ|t| |t|α−1 F�� [�H$M<�$E O�S
|y (t)| f # BD�AW\BTKL[

S ≤
∫ ∞

−∞

∣∣∣Ft→ξ

(
e−λ|t| |t|α−1

)
Ft→ξ (|y (t)|)

∣∣∣
2
dξ,

b
>9O�3 ]�C ^ OABT� ^ =��GBDY+=DH$E Or¦ý[ ^ ´\OTf ³ B
∣∣∣Ft→ξe

−λ|t| |t|α−1
∣∣∣ ≤ Cαλ

−α.

# BD�AW\BTKL[\X$WT=�MJMV=�MJE KROAO�W'KROAF�W\B ^ =�Y\O�H F�WTY\B # = ^ FAO�Y+=?Z I

‖F (y)‖L2(−∞,∞) = ‖y(·)‖L2(−∞,∞) = ‖y‖L2(0,a) ,
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �Vº

C B�Z [�@9=DOAK�Z9OAKRKL[\f
�Ø �98�8�*/��#%�$�$# Â wkx�]

0 < α ≤ 1
u p |`| � ^%\ c�p |}\

Tα o � |}x�a>^Aa>^ � \M^%\ n�o ^a o H1
�

¹ |m� cmb�c�p ^%x q w p`o |&� # [\F�WT´ {ej}∞j=1

]1C B�Z H9=�I)B ^ W\BDH B ^ KLE ^ BDY+=�H$H�=�I'F�E F�W\OAK�=ýFABT��]
FdWTY\O�H$H �acJY\O�M$W\B ^ BDY÷BDC9O ^ =�W\B ^ = A E

λ1 ≤ λ2 ≤ · · · ≤ λn ≤ . . .
]aF�BTBDWTY\O�W\F�WTY\[+]

ò;±jE O`FABT�TF�WTY\O�H$H$��Oj@$E FdZ�=Np%BDH$E��?=�H$[VKRO ^ BDY+=�H$� Y'C B ^ I+>9M�OýH O�[V�D��Y+=�H$E$I9�df�ùL=�M
MV=�M

A−1 ∈ σ∞
XVW\BQE KROAOAK�X$@$W\B

λj → +∞ C ^ E j → ∞ f
)�FdZ E

ω (t) ∈ H1
XVW\B

ω (t) =
∞∑

j=1

ωj (t) ej , ‖ω(t)‖2
H1

=
∞∑

j=1

∫ a

0
|ωj (η)|2 dη,

E

(Tαω) (t) =
∞∑

j=1

[∫ t

0
ωj (η) (t− η) α−1e−λj(t−η)dη

]
ej .

ï�W\F�ò�>�=_EøE$� Z9OAKRKL�ê��f�ºGk_YT��W\O�M$=�ò;W'BDb ^ =�H$E$@ O�H$H BTF�W\´ Tα C ^ E 0 < α ≤ 1
f

ù"=�MhMV=�MhBDC9O ^ =�W\B ^ � F�I�> ^ BTK (t− η) α−1e−λj(t−η) Y
L2 (0, 1)

OAF�WT´¹E$H$W\Od]
b ^ =?Z ´TH$��OøBDC O ^ =�W\B ^ � FABUFdZ�=D�TBDSmBTFABT�TO�H$H BTF�WT´Tò_XLW\Bmp%FABDb
Z�=DF�H BUM$Z�=DFAFdE @ OAFdMVBDS
W\O�B ^ O�KRO_BT�)E$H$W\O�b ^ =?Z ´TH$�acUBDC O ^ =�W\B ^ =?c9��BDH$E�MVBTKLC9=�M$WTH$�`f # BD�AW\BTKL[�BDC O ^ =�W\B ^
Tα

N

X�>9O�S F�WTYT[�ò;±jE$SJC B)�`B ^ KL[?Z9O

(Tα
Nω) (t) =

N∑

j=1

[∫ t

0
ωj (η) (t− η)α−1e−λj(t−η)dη

]
ej

C ^ E�Z ò��TBTK H9=�WT[ ^ =?Z ´TH9BTK N,
YTC B�Z H OøH O�C ^ O ^ ��Y\O�H/faµ�BDb
Z�=DF�H BqMVZ�=DFAF�E$@ OAF�M$E K

^ O���[?Z ´�WT=�WD=DK�BýYTC B�Z H O;H O�C ^ O ^ ��YTH$�acøBDC O ^ =�W\B ^ =?c-X�H9=DKq>9BTF�WT=�W\BD@$H BjC BDM$=��?=�WT´ X
@$W\B

‖Tα − Tα
N‖H1→H1

→ 0
C ^ E N → ∞ f

³ B

‖(Tα − Tα
N )$H1‖2 =

∑

j≥N

∫ a

0

∣∣∣∣
∫ t

0
ωj (η) (t− η)α−1e−λj(t−η)dη)

∣∣∣∣
2

dt ≤

≤ Cα

∑

j≥N

λ−2α
j

∫ a

0
|ωj (η)|2 dη ≤ Cαλ

−2α
N

∞∑

j=1

∫ 1

0
|ωj (η)|2 dη =
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�Ti î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

= Cαλ
−2α
N ‖ω‖2

H1
.

gõ�AWTEVcjC O ^ Odc+BG>�=?cjE F�C B�Z ´T�GBDY+=�H�=;Z9OAKRK�=4��f�ºGkVf\ï�W\F�ò�>�=;Y F�EVZ [ýC ^ BDE$�AY\B�Z ´TH BTF�WTE
ω ∈ H1

EøWD=�MJMV=�M
λN → +∞ YT��W\O�M$=DO�W

Tα
N → Tα Y)BDC O ^ =�W\B ^ H9BDS�W\BDC B�Z9BDbAE$E/f

# BD�AW\BTKL[�Z9OAKRK�=j>9BDM$=��?=�H9=Vf
�Ø �98�8�*���#%�&-�# Â wkx�]

β < α
u p |·| � ^%\ c�p |}\

AβTα |�z!\ c a�] e ^a o H1 = H1 [0, a]
u

c ^w~x�]V¤�^
β < α− 1/2 (α > 1/2)

u p |

sup
t∈(0,a)

∥∥∥AβTαV (·)
∥∥∥H ≤ C ‖V ‖H1 .

¹ | � cmb c�p ^%x q w p`o |&� � KROAOAK

S =
1

Γ2(α)

∫ a

0

∥∥∥∥Aβ

∫ t

0
eA(t−η) (t− η) α−1V (η) dη

∥∥∥∥
2

H

dt ≤

≤
(

1

Γ(α)

)2 ∫ a

0

(∫ t

0

∥∥∥∥Aβ (t− η) βe−A(t−η) V (η)

(t− η) 1−α+β

∥∥∥∥
H

dη

)2

dt.

���`F�C O�M$W ^ =?Z ´TH BTbGB ^ =���Z9B?PjO�H$E$IJC B�Z [�@9=DOAK
∥∥∥Aβ(t− η)βe−A(t−η)

∥∥∥
H→H

≤ sup
x>0

(
xβ e−x

)
= Rβ <∞.

p!��f þ\�

# BD�AW\BTKL[

S ≤ Rβ

Γ(α)2

∫ a

0

(∫ t

0

‖V (η)‖H

(t− η)1−α+β
dη

)2

dt.

ù1O�C O ^ ´ X�OAFdZ E α > β
X W\B)E$�ýMVZ�=DFAF�E$@ OAF�MVBDSUW\OAB ^ OAKL� E$H$W\O�b ^ =?Z ´TH �acNBDC O ^ =?]

W\B ^ BDY'F�I�> ^ BTKmFAB)FdZ�=D�TBDS�BTFABT�TO�H$H BTF�WT´Tò E KROAOAK�X$@$W\B

S ≤ R̃β,α ‖V (·)‖ 2
H1
.

ï�W\F�òa>�=_YT��W\O�M$=DO�W�BDb ^ =�H$E$@ O�H$H BTF�WT´�BDC O ^ =�W\B ^ = AβTα E$�
H1

Y
H1

f
)�FdZ EJP_O

0 ≤ β < α− 1/2 (α > 1/2)
X$W\B_E$�ýB�� O�H$M$E¹p!��f þ\��YT��W\O�MV=DO�W

∥∥∥AβTαV (·)
∥∥∥H ≤ sup

t
C

∫ t

0

‖V (η)‖H

(t− η)1−α+β
dη ≤

≤ C

(∫ t

0
‖V (η)‖ 2

Hdη

)1/2
(∫ t

0

(
1

(t− η)1−α+β

)2

dη

)1/2

≤ C̃α,β ‖V (·)‖H1 .
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �$�

ü`OAKRK�=j>9BDM$=��?=�H9=Vf
�Ø �98�8�*4��#%� Ô #$[ i w prqA� |mw~x>^ d | o c�p ^kx q a�| w prq u1, u2, ..., uj , ...

] b H1 � \>] j → ∞wkx c g |:w�®<| d ] p w}� o j4^ p \>]��"^
H1

�0Ñ³x>^kj4^a p i
v ∈ H1

��Ì<|�z d c:� | w~x>^ d | o c�p ^%x q �a�|mw prq�o ^� p |}\>�%Ä i a��&��]��
B̃ (uj , uj) � \>] j → ∞ w�]�x q a�|`w�®<| d ] p w}�V�

B̃ (v, v) ojh^ p \>]��"^
H1.

ù d ^w q B̃ (·, ·) ] b p!��f �\� �
¹ |m� cmb�c�p ^%x q w p`o |&� gaBD�A´\KROAKmK�=?Z9BTO @$E FdZ9B

δ > 0
f<� KROAOAK

B̃ (uj , uj) ≡ B (Tuj , Tuj) = B
(
T 1−δT δuj , T

1−δT δuj

)
.

ghF�EVZ [�Z9OAKRKL�ê��f�ºTº C BTFdZ9Od>9BDY+=�W\OdZ9´TH BTF�W\´'Y\O�M$W\B ^ ]�� [�H$M<�$E$S gj = T δuj
F�EVZ ´TH B

F�c�BA> E$W\FeIhM2H O�M�BDW\B ^ BTKL[h��Z9OAKRO�H$WT[
g ∈ H1.

# BDMV=�P_OAK�X�@$W\B
g = T δv.

Y Z I
C ^ BDE$�AY\B�Z ´TH BDbGB ω ∈ H1

E KROAOAK

lim
j→∞

〈ω, gj〉H1 = 〈ω, g〉H1

E

lim
j→∞

〈ω, gj〉H1 = lim
j→+∞

〈(
T δ
)∗
ω, uj

〉
H1 =

〈(
T δ
)∗
ω, v

〉
H1 =

〈
ω, T δv

〉
H1 .

ï�W\F�ò�>�=_YT��W\O�M$=DO�W�X @$W\B
g = T δv

f
Y =?Z9OAO

γj ≡
∥∥∥B(T 1−δgj , T

1−δgj) −B(T 1−δg, T 1−δg)
∥∥∥H =

=
∥∥∥B(T 1−δ(gj − g), T 1−δgj) +B(T 1−δg, T 1−δ(gj − g))

∥∥∥H ≤

≤
∥∥∥B(T 1−δ(gj − g), T 1−δgj)

∥∥∥H +
∥∥∥B(T 1−δg, T 1−δ(gj − g))

∥∥∥H .

�;�`C BTFdZ9Od> H O�bGB)H O ^ =�Y\O�H F�WTY+=QEJ[\FdZ9BDYTE$Iõp%g�f�º?��YT��Y\BA> E9K

γj ≤Kγ

∥∥∥|Aγ+1/2T 1−δ (gj − g)
∥∥∥H

(∥∥∥AγT 1−δgj

∥∥∥H +
∥∥∥AγT 1−δg

∥∥∥H

)
+

+
∥∥∥AγT 1−δ (gj − g)

∥∥∥H

(∥∥∥Aγ+1/2T 1−δgj

∥∥∥H +
∥∥∥Aγ+1/2T 1−δg

∥∥∥H

)
.

ù"=�M
γ < 1/2

X�W\B�@$E FdZ9B
δ > 0

KRB?PQH B÷YT�AIVWT´÷WT=�M/X�@$W\BT�D�
γ + 1/2 < 1 − δ.# BD�AW\BTKL[øE$��Z9OAKRKL�ê��f�ºGi_YT��W\O�M$=DO�W

γj ≤ Kγ,δ ‖gj − g‖H1(‖gj‖H1 + ‖g‖H1).
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# BD�AW\BTKL[\X$WT=�MJMV=�M
gj → g

F�EVZ ´TH B$X$W\B)BDW\F�òa>�=_C B�Z [�@9=DOAK
γj → 0

C ^ E j → ∞.ü`OAKRK�=j>9BDM$=��?=�H9=Vf
�Ø �98�8�*	��#%�&é�#t[ i w prq | � ^%\ c�p |}\

A ≥ E, A−1 ∈ σ∞
u
A

a>^`]�j4^�^ p ��\ c�p a n ®w�| g w p`o ^a�a n ® e ]�w�^kx o H ] o n�� |}x�a>^a n i wkx�| o ]�� ( ÊA� ( ËM��[F\M^ d � |}x�|m¤É]�j u e�p |
λ1 = 1

u
λ2 ≥ 16

�FÌ<|�z d c u ^w~x�] v (0) = 0, p |`]�j4^�^ p j4^w p |`| �>^a�� c
∥∥v′ +Av

∥∥
H1 +

∥∥v′
∥∥

H1
+ ‖Av‖H1 + ‖B (v, v)‖H1 ≤

≤ C
(
1 +

∥∥v′ +Av +B (v, v)
∥∥

H1 +
∥∥v′ +Av +B (v, v)

∥∥ l
H1

)
,

z d ^ C ]
l b c$o ]�w}� pÙp |�x q �&|`| p�� | w p |���a�a n ®V] b i w~x�| o ]�� ( Ê,] ( û��

¹ | � cmb c�p ^%x q w p`o |&� Y BTF�WT=�W\BD@$H Bý>9BDM$=��?=�WT´QB�� O�H$M$[Q>$Z I ‖v′ +Av‖H1 ,
WT=�M�MV=�M�Y

F�EVZ [�Z9OAKRKL�Ã��f iVX-YøMVBDW\B ^ BDSõ�TO ^ OAK α = 1/2,
Y\OdZ E$@$E$H9= ‖Av‖H1

B�� O�H$E$Y+=DO�W\FeI
@ O ^ O�� ‖v′ +Av‖H1 .

³ BQW\BDb
>�=
v′
WT=�M$PjO`B�� O�H$E$Y+=DO�W\FeIJ@ O ^ O�� ‖v′ +Av‖H1 .Y Z ImB�� O�H$M$E ‖B (v, v)‖H1

Y\F�C BTKLH$E K [\FdZ9BDYTE O�g�ºøEmW\BDbe>�=VX�WD=�MmM$=�M
v =

T (v′ +Av) ,
W\B�E$�UZ9OAKRKL���f�ºGi�C B�Z [�@9=DOAK B�� O�H$M$[ ‖B (v, v)‖H1

@ O ^ O�� v′ +
Av (v (0) = 0) .Y Z I_C B�Z [�@ O�H$E$I)B�� O�H$M$EQ>$Z I

v′+Av
BT�TBD�AH9=A@$E K

v′+Av = u, (v (0) = 0) .ù1BDbe>�=ø>9BTF�WT=�W\BD@$H BUB�� O�H$E$WT´
u
Y
H1

@ O ^ O�� ∥∥∥u+ B̃ (u, u)
∥∥∥H1 ,

be>9O
B̃ (·, ·) ];E$�

p!��f �\��f # BD�AW\BTKL[2H9=DK >9BTF�WT=�W\BD@$H BoC ^ BDY\O ^ E$WT´ÕYT��C B�Z H$E KRBTF�W\´Õ[\FdZ9BDYTE$S p ´ f�º?�dX
p ´ f i\�dX-p ´ f �\��E�p ´ f þ\��E$� ^ =���>9OdZ�= í X�M�BDbe>�=ýY\KROAF�W\B L (·, ·) �TO ^ O�W\FeI B̃ (·, ·) . ù"BDbe>�=H$[�PQH9=�IøB�� O�H$M$=Q�D[?>9O�W)YT��W\O�M$=�WT´)E$�`W\OAB ^ OAKL� í f iVf

´ FdZ9BDYTE Oõp ´ f�º?�ýYT��W\O�MV=DO�WqE$�÷Z9OAKRKL�Ü��f þ�] C9B�Z [�@9=DOAK YTW\B ^ BTO÷H O ^ =�Y\O�H F�WTY\B
[\FdZ9BDYTE$Iõp ´ f�º?�dX =_C O ^ Y\BTO H O ^ =�Y\O�H F�WTY\B'BD@ O�YTEV> H B$f

´ FdZ9BDYTE O'p ´ f i\�·YT��W\O�M$=DO�W'E$��Z9OAKRKL�ê��f ��X9=j[+FdZ9BDYTE O'p ´ f �\�·]�E$� Z9OAKRKL�ê��f �jE
E$�

λ1 = 1
E
λ2 ≥ 16

f
´ FdZ9BDYTE O p ´ f þ\�/FdZ9Od> [\O�W;E$�·Z9OAKRKL�»��f � X�OAFdZ Ej[�@ OAF�WT´�BDC ^ Od>9OdZ9O�H$E OaC ^ BTO�M$W\B ^ =

P
f
ù"=�M$E KõBT� ^ =��GBTK�X+Y\FAO�[+FdZ9BDYTE$IQW\OAB ^ OAKL� í f i YT��C B�Z H$IVò;W\F
I-f # BD�AW\BTKL[_Z9OAKRK�=

YT��W\O�MV=DO�W'E$�`W\OAB ^ OAKL� í f iVf
g2H$E$P_OAFdZ9Od> [�ò;±_O�S�Z9OAKRKRO_KL� E$�G�\=�YTE KRF
IUBDW�H O�H$[�PQH$�acNBDb ^ =�H$E$@ O�H$E$SUH9=

BDC O ^ =�W\B ^ A f �Ø �98�8�*.��#%�$ð-#�[ i w prq A �Ðw c jh| w�| � \��<¤�^a�a n �»| � ^%\ c�p |}\ u prc �&| � u e�p |
A ≥

E, A−1 ∈ σ∞, c B (·, ·) � g ]�x�]�a>^��a n �Q| � ^%\ c$p |}\ o w�^ ��c \ c g ^%x q a�|�jÜz}]�x q g ^%\��
p | o |}j � \>| w p \ c a�w p`o ^ H �M[F\M^ d � |�x�|m¤É]�j u e�p | o n�� |}x�a>^a n i wkx�| o ]�� ( Êr� ( ËM�
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �Tþ

Ì<|�z d c u ^w~x�] v (0) = 0
u p | o ^%\>a c | �>^a�� c

∥∥v′(·)
∥∥

H1 +
∥∥v′ +Av

∥∥
H1 + ‖Av‖H1 + ‖B(v, v)‖H1 ≤

≤ C̃
(
1 + ‖f‖H1 + ‖f‖ l

H1

) (
f = v′ +Av +B (v, v)

)
,

p!��f í �
z d ^ C̃ <∞ ]

l <∞ b c$o ]�w}� pÜp |}x q �&|,| p�� | w p |���a�a n ®0] b i wkx�| o ]�� ( Ê,] ( û��
¹ |m� cmb�c�p ^%x q w p`o |&� # [\F�WT´ 1 = λ1 ≤ λ2 ≤ ...

]�FABT�TF�WTY\O�H$H$��O)@$E FdZ�=�BDC O ^ =�W\B ^ =
A
X+�?=�H$[VKRO ^ BDY+=�H$H ��O Y_C B ^ I�> MVO;H O�[V�D��Y+=�H$E$IJF�[�@ O�W\BTK�M ^ =�WTH BTF�WTEøE

e1, e2, ...
]

F�BTBDWTY\O�W\F�WTYT[�ò;±jE OýFABT�TF�WTY\O�H$H$��OýY\O�M$W\B ^ =Vf
gaBD�A´\KROAKoMVBDH F�WD=�H WT[

C > 16
f-ï;�TBD�AH9=A@$E Kh@ O ^ O�� AC

BDC O ^ =�W\B ^ X�>9O�S F�WTYT[�ò�]
±ýE SøC BQ�`B ^ KL[GZ�O

ACϕ = 〈ϕ, e1〉 e1 + C
∑

λj≤C, j 6=1

〈ϕ, ej〉 ej +
∑

λj>C

λj 〈ϕ, ej〉 ej .

)RFdZ E
µ̃1, µ̃2, ..., µ̃j , ...

]�FABT�TF�WTY\O�H$H$��OQ@$E FdZ�=��AW\BDbGBøBDC O ^ =�W\B ^ =VX-W\B÷E KROAO�K
µ̃1 =

λ1 = 1
E
µ̃j ≥ C,

OAFdZ E
j ≥ 2

f
# [\F�WT´

Aε
FdZ9Od> [�ò;±jE$S�BDC O ^ =�W\B ^ *

Aεϕ =
∞∑

j=2

εj 〈ϕ, ej〉 ej ,

b
>9O
εj > 0

]�K�=?Z ��O @$E FdZ�=
(j = 1, 2, . . . )

f
# B�Z9BGPQE K

AC,ε = AC + Aε.
ï��TBD�AH9=G@$E KÕ@ O ^ O�� µ1, µ2, ..., µi, ...

]aFABT�TF�WTY\O�HV]
H$��O�@$E FdZ�=�BDC O ^ =�W\B ^ = AC,ε.

ù"=�MM$=�MFABT�TF�WTY\O�H$H$��Oø@$E FdZ�=
Aε

^ =�YTH$� εj
C ^ E

j ≥ 2
E÷H$[?Z ò C ^ E j = 1

X$=jFABT�TF�WTY\O�H$H$��O`Y\O�M$W\B ^ =_FABDYTC9=?>�=�ò;W)F�FABT�TF�WTY\O�H$H$��KRE
Y\OdM W\B ^ =DKLE AC

p¦E
A
�dX�KRBGPQH BøK�=?Z ��O_@$E FdZ�=

εj (j = 1, 2, . . . )
C BA>9BT� ^ =�WT´JWD=�M/X

@$W\BT�D�
εj > 0

C ^ E j ≥ 2
E
AC,ε

H O�E KROdZøM ^ =�WTH$�ac÷FABT�TF�WTY\O�H$H$�ac�@$E FAOdZ1fVn ^ BTKRO
W\BDbAB$X EVcøKRBGPQH BQYT��� ^ =�WT´'WT=�M/XV@$W\BT�D� �D�aZ9B

µj ≥ C
C ^ E j ≥ 2.ï�@ O�YTEV> H B$X @$W\BQBDC O ^ =�W\B ^ AC,ε 5 A BDb ^ =�H$E @ O�H/X C ^ E$@ OAK AC,ε ≥ A.´ FdZ9BDYTE$I-X\H9=?Z9BGP_O�H$H$��O�H9=

A
XTYT��C B�Z H$IVò;W\FeI)E_>$Z I)BDC O ^ =�W\B ^ = AC,ε.

n ^ BTKRO
W\BDbAB$X�BDC O ^ =�W\B ^ AC,ε

C ^ E C � 1
[?>9BDYDZ9O�WTY\B ^ I$O�W�Y\FAOAKo[\FdZ9BDYTE$I$KmZ9OAKRKL�Þ��f�ºGþVf

# BD�AW\BTKL[�C B�Z [�@9=DOAK�B�� O�H$M$['E$�;Z9OAKRKL�§��f�ºGþVX�YjMVBDW\B ^ BDSøY\KROAF�W\B
A
� E$bA[ ^ E ^ [\O�W

AC,ε
f$³ B

‖vt +AC,εv +B (v, v)‖H1
= ‖vt +Av +B (v, v) + (AC,ε −A) v‖H1

≤
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≤ ‖(AC,ε −A)v‖H1
+ ‖vt +Av +B (v, v)‖H1

.
ï�C O ^ =�W\B ^ AC,ε 5 A BDb ^ =�H$E$@ O�H/XRW�f OTf ‖AC,ε −A‖ ≤ KC,ε < ∞ XLbe>9O

KC,ε�?=�YTE F�E$W'BDW
C

E
ε
f # BD�AW\BTKL[

‖(AC,ε −A) v‖H1
≤ KC,ε ‖v‖H1

≤ ‖KC,ε‖H1
‖vt +Av +B (v, v)‖H1

.

g«C BTFdZ9Od> H OAK C O ^ Odc+BG>9OJKL�óE F�C B�Z ´T�GBDY+=?Z EÕ�AH O ^ bGO�WTE$@ OAF�M [�ò B�� O�H$M$[WTE$C9=O)�f
� BDC �ý=jE$��Z9OAKRKL�ê��f�ºTf

ü`OAKRK�=j>9BDM$=��?=�H9=Vf
�ù"=�MoM$=�Mm[ ^ =�YTH O�H$E O�p!��f i\�j]ýC9= ^ =D�TB�Z E$@ OAF�MVBTO�p×=D�TF�W ^ =�M$WTH BTO?��X·W\B�H9=?Z E$@$E O

B�� O�H$M$E�WTE$C9=�p!��f í �RC BD�AY\B�Z I$O�Wj>9BDMV=��?=�WT´QOd> E$H F�WTY\O�H$H BTF�W\´_E�F�[�±_OAF�WTY\BDY+=�H$E O ^ Od]
²_O�H$E$I`�?=?>�=G@$Eøp!��f i\�/Y

H1[0, a]
f # [�WTEýYT��Y\BG>�=�W\OAB ^ OAKL��WTE$C9=�F�[�±_OAF�WTY\BDY+=�H$E$IjE$�

=�C ^ E B ^ H$�acNB�� O�H BDM�c+B ^ BD²_B ^ =�� ^ =D�TBDWD=�H$�óp%FAK�f�¸ þ?»LEVZ E¹¸ i&�G»%�df # BD�AW\BTKL[�KL� KRB�]
PjOAKõBDW?>9OdZ�=�WT´\FeI-X�BDW\F��aZ�=�I'@$E$WD=�W\OdZ I'M'[�PjO�E$�AY\OAF�WTH$��K ^ =D�TBDWT=DK�f�³ BýKL� ^ =?> E
C B�Z H BDWT�ôE$��Z9BGP_O�H$E$I¹C ^ E$Y\BG> E K >9BDMV=��?=�W\OdZ ´\F�W\Y+=VfR³;E PjO�KL� FdZ9Od> [\OAK ^ =D�TBDW\O
¸ i&�G»�f
Ø �98�8�*���#%�6��#ë[ i w prq(o n�� |�x�a>^a n i w~x�| o ]��×x>^%jìj n87 �ÖÊ � �`Ì<|�z d c�d x��»x�� g |�z}|
f ∈ H1 [0, 1] b c�d c�e�c p!��f i\� ]�j4^�^ p \M^_`^a�]>^ u d | � i w�� c � ¬ ^�^,| �>^a��&]�] b x>^kjHj n
7 �ÖÊ � �¹ | � cmb c�p ^%x q w p`o |&� # [+F�WT´;>$Z I f0 ∈ H1 = H1 [0, a]

�?=?>�=A@9=Qp!��f i\�/E KROAO�W ^ O�²_O�H$E O
υ0
X9>$Z INM�BDW\B ^ BDbGBøYT��C B�Z H O�H$� B�� O�H$M$EUZ9OAKRKL�l��f�º í f Y Z IUK�=?Z9BDbGB

ε > 0
E
g ∈

H1
X
0 < ||g||H1

≤ 1 ^ =DFAFAKRBDW ^ E KmY\BD�GKL[�±_O�H$H$[�ò �?=?>�=G@$[

v′ +Av +B (v, v) = f0 + εg, v (0) = 0.

��±_OAK
v (t)

Y;YTE$>9O
v (t) = v0+ε$

f�ù"BDb
>�=�C9BA>9F�WT=�YDZ IVIjY)p!��f i\��XG>$Z I
$
C B�Z [�@9=DOAK

[ ^ =�YTH O�H$E O
{
$′ +A$ +Bυ0$ +B ($,$) = g,
$ (0) = 0.

gaBD�A´\KROAK
λ > 0

EøC B�Z9B?PQE K
$ = eλtω

f$ù1BDbe>�=j>$Z I
ω (t)

C B�Z [�@9=DOAK�?=?>�=G@$[
{
ω′ + (A+ λE)ω +Bυ0ω + εeλtB (ω, ω) = e−λtg,
ω (0) = 0.

ï;�TBD�AH9=A@$E K
ω′ + ((A+ λE)ω = u

XVW\BDbe>�=_E KROAOAK

u+Bv0Tλu+ εeλtB(Tλu, Tλu) = g.
p!��f �T�
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �&�

< >�O�F�´
Tλ

]�BDC O ^ =�W\B ^ X BDC ^ Od>9OdZ I$OAKL��SN�`B ^ KL[?Z9BDS

Tλ =

∫ t

0
e−(A+λE)(t−η)r(η)dη.

´ ^ =�YTH O�H$E O'p!��f �T���?=�C$E$²_OAKY)YTEV>9O

u = Fλ,υ0(u) =: g −Bυ0Tλu+ εeλtB(Tλu, Tλu).

# BDMV=�P_OAK�X"@$W\B
λ
E
ε
KRBGPQH BNYT��� ^ =�WT´NWT=�M/X1@$W\BT�D�«C ^ OABT� ^ =��GBDY+=�H$E9O Fλ,v0�D�aZ9B)F
PQE K�=�ò;±jE K�f # [+F�WT´
u1
E
u2

]�E$�`H O�M�BDW\B ^ BDbAB'²_= ^ =jE$� H1
f<� KROAOAK

‖Fλ,v0(u1) − Fλ,v0(u2)‖H ≤ ‖Bv0Tλ(u2 − u1)‖H +

+ε
∥∥∥eλt (B (TλBv0Tλ(u2 − u1), Tλu1) +B (Tλu2, Tλ (u2 − u1)))

∥∥∥
H
.

g�BTF�C B�Z9´T��[+OAKRF
IJ[+FdZ9BDYTE OAKmg�ºTX$W\BDb
>�=

‖Fλ,v0(u1) − Fλ,v0(u2)‖H ≤

≤ C
(∥∥∥Aγ+1/2v0

∥∥∥
H
‖AγTλ(u1 − u2)‖H + ‖Aγv0‖H

∥∥∥Aγ+1/2Tλ(u1 − u2)
∥∥∥

H

)
+

+εeλt
(∥∥∥Aγ+1/2Tλ(u1 − u2)

∥∥∥
H

(‖AγTλu1‖H + ‖AγTλu2‖H) +

+ ‖AγTλ(u1 − u2)‖H

( ∥∥∥Aγ+1/2Tλu1

∥∥∥
H

+
∥∥∥Aγ+1/2Tλu2

∥∥∥
H

))
.
p���f �\�

Y =?Z�O�OTXqY\BD�A´\KROAK
δ

WT=�M�BTOTXq@$W\B
γ + δ < 1/2

E B�� O�H$E K ‖AγTλr‖H

E
∥∥Aγ+1/2Tλr

∥∥
H1

C ^ E r ∈ H1
f<� KROAOAK

‖AγTλr‖H =

∥∥∥∥
∫ t

0
e−(A+λE)(t−η)Aγr(η)dη

∥∥∥∥ ≤

≤
∥∥∥∥(A+ λ)−δ

∫ t

0
e−(A+λE)(t−η)Aγ(A+ λE)δr(η)dη

∥∥∥∥
H

≤

≤
∥∥∥(A+ λE)−δ

∥∥∥
H→H

∥∥∥∥
∫ t

0
e−(A+λ)(t−η)Aγ(A+ λ)δr(η)dη

∥∥∥∥
H→H

≤
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≤ 1

λδ
Cγ+δ

∫ t

0

‖r(η)‖H

‖t− η‖γ+δ
dη ≤

≤ Cγ+δ

λδ

(∫ t

0
‖t− η‖−2(γ+δ) dη

)1/2(∫ t

0
‖r(η)‖2

H dη

)
≤ Cλ−δ ‖r‖H1

,
p!��f �\�

b
>9O
C

H O��?=�YTE F�E$W�BDW
r ∈ H1

E
λ > 0

f
î � C ^ E�B�� O�H$M�OjH B ^ KL� BDC O ^ =�W\B ^ = e−(A+λE)(t−η)Aγ (A+ λE)δ E F�C B�Z ´T�GB�]

Y+=?Z EJH O ^ =�Y\O�H F�WTY\B
∥∥∥Aγ (A+ λE)δ e−(A+λE)(t−η)

∥∥∥
H→H

≤ sup
µ>0

∣∣∣µγ (µ+ λ)δ e−(µ+λ)(t−η)
∣∣∣ ≤

≤ 1

(t− η)γ+δ
sup
ξ>0

(
ξγ+δ (t− η)γ+δ e−ξ(γ+δ)

)
=

1

(t− η) γ+δ
sup
ξ>0

ξγ+δe−ξ ≤

≤ Cγ+δ
1

(t− η) γ+δ
, γ + δ ∈

(
0,

1

2

)
,

b
>9O
Cγ+δ <∞ C ^ E γ + δ ∈ (0, 1/2)

f
Y Z I'B�� O�H$M$E ∥∥∥Aγ+ 1

2Tλr
∥∥∥

H1

XTE F�C B�Z ´T�A[\I)WD=�M$E9O�PjO�H O ^ =�Y\O�H F�WTY+=VX�M�BDbe>�= Y\KROd]
F�W\B

γ
� E$bA[ ^ E ^ [\O�W γ + 1/2

XVC B�Z [�@9=DOAKmB�� O�H$M$[

∥∥∥Aγ+ 1
2Tλr

∥∥∥
H1

≤ 1

λδ
C
( 1∫

0

(∫ t

0

|r (η)|H
(t− η) γ+ 1

2
+δ
dη

)2

dt
)1/2

,

b
>9O
C

H O��?=�YTE F�E$W�BDW
r(η)

E
λ
f

ù"=�MõMV=�M
γ + 1/2 + δ < 1

X-W\BøI�> ^ B (t − η)−γ−1/2−δ OAF�WT´�I�> ^ BJFABJFdZ�=D�TBDS
BTFABT�TO�H$H BTF�WT´Tò_f�ï�W\F�òa>�=_C B�Z [�@9=DOAK

∥∥∥Aγ+1/2Tλr
∥∥∥

H1

≤ C̃λ−δ ‖r‖H1
.

p!��f�ºGk\�

����p!��f þ\��YT��W\O�MV=DO�WDX @$W\B

‖Fλ,v0 (u1) − Fλ,v0 (u2)‖H1
≤
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �$�

≤C
(∫ 1

0

∥∥∥Aγ+1/2v0

∥∥∥
2
‖AγTλ (u1−u2)‖2 + ‖Aγv0‖2

∥∥∥Aγ+1/2Tλ (u1−u2)
∥∥∥

2
)
dy+

+ε2e2λ

∫ 1

0

∥∥∥Aγ+1/2Tλ (u1 − u2)
∥∥∥

2 (
‖AγTλu1‖2 + ‖AγTλu2‖2

)
×

×‖AγTλ (u1 − u2)‖2

(∥∥∥Aγ+1/2Tλu1

∥∥∥
2
+
∥∥∥Aγ+1/2Tλu2

∥∥∥
2
)
dη.

ù1O�C O ^ ´_E F�C B�Z ´T�A[+OAK¹C B�Z [�@ O�H$H$��O;>$Z I'C ^ BDE$�AY\B�Z ´TH BDb?B r ∈ H1
B�� O�H$M$Eõp!��f �\�

Ep!��f�ºGk\�_p¦M�BDW\B ^ ��O_C ^ EUC ^ E KRO�H O�H$E$EqM
Aγ+1/2v0

E
A1/2v0

E F�C B�Z ´T�A[�ò;W\F
IUC ^ E
λ = 0

�dXVW\BDbe>�=_C B�Z [�@9=DOAK

‖Fλ,v0 (u1) − Fλ,v0 (u2)‖H1
≤

≤ C
(
λ−δ ‖v0‖H1

‖u1 − u2‖H1
+ ε2eλ

(
‖u1‖H1

+ ‖u2‖H1

)
‖u1 − u2‖H1

)
.

ù1O�C O ^ ´¹YT���TO ^ OAKôF�H9=G@9=?Z�=
λ ≥ 0

>9BTF�WD=�W\BD@$H B��TB�Z ´T²jE K�X�=��?=�W\OAK
ε > 0>9BTF�WD=�W\BD@$H B'K�=?Z ��K�X WD=�MJ@$W\BT�D� �D�aZ9B

‖F1 (u) − F2 (u)‖H1
<

1

2
‖u1 − u2‖ .

³ B�W\BDbe>�=VX�FABDb
Z�=DF�H B;MVZ�=DFAF�E$@ OAF�MVBTKL[ýC ^ E$H<�$E$C$[ýFePQE K�=�ò;±jEVcýBDW\BT� ^ =�P_O�H$E$S/X
C ^ E ‖g‖H1

≤ 1
[ ^ =�YTH O�H$E Op!��f �T�_E KROAO�W ^ O�²_O�H$E OTf # BD�AW\BTKL[mE KROAO�W ^ O�²_O�H$E O

p!��f �\�df�µ�Z9Od>9BDY+=�W\OdZ ´TH B$X9E KROAO�W ^ O�²_O�H$E O'p!��f i\��f
µ�Z9Od>9BDY+=�W\OdZ ´TH B$XLKLH BGP_OAF�WTY\B

M
Y\FAOdc

f ∈ H1
X->$Z I�MVBDW\B ^ �acq�?=?>�=G@9=¹p!��f i\�

E KROAOdW ^ O�²_O�H$E OTX BDWTM ^ ��W\B)YQW\BDC B�Z9BDbAE$E H1
f

n ^ BTKRO�W\BDbGB$X'KLH B?PjOAF�WTY\B
M

]õ�?=DKLM$H [�W\B$f Y O�S F�WTYTE$W\OdZ ´TH9B$X�OAFdZ E
fj ∈

H1(j = 1, 2, ...)
X
fj → f0 ∈ H1

X"W\BJ>$Z IõZ ò��TBDbGBUK�=?Z9BDbGBN@ E FdZ�=
ε > 0

E¹>$Z I
>9BTF�WD=�W\BD@$H B'�TB�Z ´T²jEVc

j ≥ jε
�D[?>9OAKE KRO�WT´

‖fj‖H1
≤ 2

∥∥∥∥
◦
f

∥∥∥∥
H1

+ ε.

³�BJW\BDbe>�=JFABDbeZ�=DF�H BJ>9BDMV=��?=�H$H BDS�@9=DF�WTEqZ9OAKRKL�«E KROAOAK ‖uj‖H1
≤ C1

b
>9O
C1

]
C BTF�W\BGIVH$H BTO`@$E FdZ9B

0 < C1 <∞ X
uj

]·E$� ^ =�Y\O�H F�WTY+= uj + B̃(uj , uj) = fj
f

ù"=�M�M$=�M
H1

]·bAEVZ ´\�TO ^ W\BDY\B'C ^ BTFdW ^ =�H F�WTY\B$X9W\B ujk
FdZ�=D�TB'F
c+BG> E$W\F
IJM�H O�M�B�]

W\B ^ BTKL[ v ∈ H1
X�MVBDb
>�=

jk
F�W ^ OAKLE$W\FeIøM

+∞ C B_H O�MVBDW\B ^ BDSøC BG> C BTFdZ9Od>9BDY+=�W+OdZ ´D]
H BTF�WTE/f-³ B÷W\BDb
>�=

B̃(ujk
, ujk

)
F�c�BA> E$W\FeI�F�EVZ ´TH B÷M

B(v, v)
YøF�EVZ9[JZ9OAKRKL�è��f�º� f
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�Tk î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

# BD�AW\BTKL[
ujk

F�EVZ ´TH BUF�c�BA>9E$W\F
I¹M
v ∈ H1

X1WT=�M¹M$=�M
ujk

+ B̃(ujk
, ujk

)
F�EVZ ´TH B

F�c�BA> E$W\FeI�M
f0
f-µ�Z9Od>9BDY+=�W\OdZ ´TH B$X

v + B̃(v, v) = f0
fE�·W\B'�AH9=A@$E$WDX9@$W\B

f0 ∈ M
E

M = M
f

ù"=�MQMV=�M
M

BG> H BDY ^ OAKRO�H$H B`BDWTM ^ ��W\B�E_�?=DKLM$H$[�W\B$XDW\B�BDH B�>9B�Z PQH B �D��WT´ EVZ E
C$[\F�WT��K KLH BGP_OAF�WTY\BTK EVZ E2FABDYTC9=?>�=�WT´mFAB�Y\F�OAKôC ^ BTF�W ^ =�H F�WTY\BTK H1

f # [+F�WT��K
BDH BNH OøKRB?PjO�Wq�D��WT´ XLWT=�MMV=�MmFABA>9O ^ PQE$W�XRC BUM ^ =�S$H O�SmKRO ^ OTXLH$[?Z ´U] ��Z9OAKRO�H$W
C ^ BTF�W ^ =�H F�WTY+= H1

f # BD��W\BTKL[÷Z9OAKRK�=j>9BDMV=��?=�H9=Vf
�, *L8;��3/*"�"!"�9��#%�$#;: bQd | � cmb c�p ^kx q w p`o c x>^kjìj n wkx>^ d i ^ p u e�p |Vj c x�|�j i o | b �j i&¬ ^a�]�� � \ c$o | � e�c w p ] b c�d c�e ] p!��f i\� w�| | p`o ^ p w p`o i � p j c x n ^ o | b j i&¬ ^a�]��

v′ +Av
u
Av

u
v′

]
B(v, v)

u z d ^ v ��\M^_`^a�]>^ b c�d c�e ] p!��f i\� �
# ^ E F�WT[�C$E KqW\O�C O ^ ´jMQ>9BDM$=��?=�W\OdZ ´\F�WTYT[)W\OAB ^ OAKL�hi E$� ^ =���>9OdZ�=Ð�;]"BTF�H BDYTH BDS

W\OAB ^ OAKL�2>$Z I�=D�TF�W ^ =�M$WTH BDbGB)[ ^ =�YTH9OdH E$I-f¹ | � cmb c�p ^%x q w p`o | p ^|}\M^kj n û f ´ FdZ9BDYTE$I)Z9OAKRK(��f�º í E0��f�ºm� YT��C B�Z H O�H$�`f # BD�AW\B�]
KL[÷F�[�±jOAF�WTY\BDY+=�H$E O ^ O�²_O�H$E$I÷EJB��9OdH M$EJYT��W\O�MV=�ò;W)E$��Z9OAKRK¡��f�º í Ev��fÊºm��f Y BDM$=?]
PjOAKhOd> E$H F�WTY\O�H$H BTF�WT´ ^ O�²jO�H$E I�f�)�FdZ E v1 E

v2
]�> Y+= ^ =��AH$�ac ^ O�²_O�H$E$IN�?=?>�=A@$E

p!��f i\��XVW\B_C B�Z9B?PQE$Y
ω = v1 − v2

XVE KROAOAK
{
ω′ +Aω +B(ω, v1) +B(ω, v2) = 0,
ω(t) |t=0 = 0.

# B�Z9BGPQE K
ω = eλtv (t) , v +Av + λv = u

f ù1BDbe>�=_C B�Z [�@$E K

u (t) = Tλv =

∫ t

0
e−(A+λE)(t−η)eληω(η)dη, u = −B (Tλu, v1) −B (v2, Tλu) .

ï�W\F�òa>�=VX$[�@$E WT��Y+=�Iø[\FdZ9BDYTE$IJg�ºTXVE KROAOAK

‖u‖H ≤ C
[(∥∥∥Aγ+1/2v1

∥∥∥
H

+
∥∥∥Aγ+1/2v2

∥∥∥
H

)
‖AγTλu‖H +

+
∥∥∥Aγ+1/2Tλu

∥∥∥
H

(‖Aγv1‖H + ‖Aγv2‖H)
]
.

ù1O�C O ^ ´�>$Z I AγTλu
X
Aγ+1/2Tλu

X
Aγvj

X
Aγ+1/2vj , (j = 1, 2)

C ^ E KRO�H$E KNB�� O�HV]
M$Eõp!��f �\��E¹p!��f�ºGk\��X�>9BDM$=��G=�H H$��O >$Z I÷C ^ BDE$�AY\B�Z ´TH BTbGB r ∈ H1

XVW\BDbe>�=_C B�Z [�@$E K

‖u‖H1
≤ 1

λδ
C ‖u‖H1

[
‖Av1‖H1

+ n ‖Av2‖H1

]
,
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �Vº

b
>9O
δ > 0

X
γ + 1/2 + δ < 1

f
ï�W\F�òa>�=VX�YT��� ^ =�Y λ �TB�Z ´T²jE K�X�[V�TO�P_>�=DOAKRFeI-X�@ W\B�WT=�M�BTO�H O ^ =�Y\O�H F�WTY\B�YT��C B�Z$]H$I$OdW\FeIøW\B�Z ´TM�B$X9OAFdZ E

u = 0
f$ù"B)OAFdWT´ X9OAFdZ E

v1 = v2
f

)L> E$H F�WTY\O�H$H BTF�W\´ ^ O�²_O�H$E$I'>9BDM$=��?=�H9=Vf # BD�AW\BTKL['>9BDM$=��?=�W\OeZ9´\F�WTY\BQC$[�H$M$WT=_=\�
W\O�B ^ O�KL� iý�?=�Y\O ^ ²_OdH9B$f # [�H$M$W����·FdZ9Od> [\O�W_E$���?=DKRO�@9=�H$E$IV��fÊºTX�WDf OTf�YT��W\O�MV=DO�WQE$�
>9BDMV=��?=�W\OdZ ´\F�WTY�=_Z9OAKRKL�ê��f�ºm��f ù"OAB ^ OAK�=)ij>9BDMV=��?=�H9=QC B�Z H BTF�WT´Tò_f

�

=<÷4"./*91D*-,-��7Å� 3�,/��4m7��98�8 !91ø(+*91�����7L* Ô
gÕ�AW\BTK ^ =���>9OdZ9O�>�=?> E K�>9BDM$=��?=�W\OdZ ´\F�WTY+=QZ9OAKRK(� f�º;]Å� f þVf
Ø �98�8�* Ô #%�$# £ � ^%\ c�p |³\

F
� o x��>^ p w}�'x�]�a>^��a n jÙ|�z!\ c a�] e ^a�a n jÙw c j�| w�| � \����¤É^a�a n j � \>|�^� p |}\>|�j�Ú

F 2 = F
Ï o,� \>| w p \ c a�w p`o ^ o ^� p |}\>�%Ä i a��&��]��

L2 (Q)
f

¹ |m� cmb�c�p ^%x q w p`o |&� # ^ BDE$�AY\B�Z ´TH$[�ò Y\O�M$W\B ^ ]�� [�H$M<�$E$ò f(x)
C ^ Od>9F�WD=�YTE K�YýYTEV>9O

^ =���Z9BGP_O�H$E$IJYQW ^ E$bGBDH BTKRO�W ^ E$@9OAF�M$E$S ^ I�>

f (x) =
∑

{m}

fme
i〈m,x〉,

p¯�Vf�º?�

fm = (fm1, fm2, fm3) , fk (x) =
∑

{m}

fmke
i〈m,x〉 , k = 1, 2, 3.

# [\F�WT´'F�H9=A@9=?Z�=
f (x) ∈W 1

2 (Q)
f$ù1BDbe>�=

div f (x) =
∑

{m}

[fm1m1 + fm2m2 + fm3m3] ie
i〈m,x〉 =

=
∑

{m}

〈fm, m〉 iei〈m,x〉,

(
−4̃

)−1
div f (x) =

∑

m6=(0,0,0)

〈fm, m〉
|m|2

iei〈m,x〉,

grad
(
−4̃

)−1
div f (x) =




−∑m6=(0,0,0)
〈fm, m〉

|m|2
m1e

i〈m,x〉

−∑m6=(0,0,0)
〈fm, m〉

|m|2
m2e

i〈m,x〉

−∑m6=(0,0,0)
〈fm, m〉

|m|2
m3e

i〈m,x〉


 .
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�Ti î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

ï�W\F�òa>�=QF�[�@ O�W\BTK pÖ� f i\�·>9O�S F�WTYTE OýBDC O ^ =�W\B ^ = F Y)C BDM�BTB ^ > E$H9=�WTH BDSN�`B ^ KRO
E KROAO�W)YTEV>

Ff (x) =




∑
{m} fm1e

i〈m,x〉 −∑m6=(0,0,0)
〈fm, m〉

|m|2
m1e

i〈m,x〉

∑
{m} fm2e

i〈m,x〉 −∑m6=(0,0,0)
〈fm, m〉

|m|2
m2e

i〈m,x〉

∑
{m} fm3e

i〈m,x〉 −∑m6=(0,0,0)
〈fm, m〉

|m|2
m3e

i〈m,x〉


 .

p¯�Vf i\�

��� �AW\BDbGB C ^ Od>9F�WD=�YDZ9O�H$E$I BD@ O�YTEV> H B$X�@$W\B BDC O ^ =�W\B ^ F
XJ�?=?>�=�H$H$��SðH9=

Y\O�M$W\B ^ 5 � [�H$M<�$E$I�c f (x) ∈ W 1
2 (Q)

X�IVYDZ I$O�W\F
I�Z E$H O�S$H$��K BDb ^ =�H E$@ O�H$H$��K Y
C ^ BTF�W ^ =�H F�WTY\O÷Y\O�M$W\B ^ 5 � [�H$M<�$E$S L2 (Q)

f Y O�S F�WTYTE O��?=DKL��M$=�H$E$I�BDC O ^ =�W\B ^ = FBDC ^ Od>9OdZ I$O�W\F
I��`B ^ KL[?Z9BDS¹p¯�Vf i\�·>$Z I�Z ò��D�ac÷Y\O�M$W\B ^ 5 � [�H$M<�$E$S f (x) ∈ L2 (Q)
f

³ O�C BTF ^ Od>9F�WTY\O�H H$��KUYT��@$E FdZ9O�H$E OAKUE$� p¯�Vf i\�/H O�W ^ [?> H B;[V�TOd> E$WT´\F
IjY;W\BTK�X?@$W\B
>$Z I�Z ò��D�ac÷> YT[+cø� [�H$M<�$E$S

f (x) , g(x) ∈ L2 (Q)
E KROAO�W'KROAF�W\B ^ =�Y\O�H F�WTY\B

(Ff, g)L2(Q) = (f, g)L2(Q) −
∑

m6=(0,0,0)

〈fm, m〉 〈gm, m〉
|m|2

ei〈m,x〉,

BDWTM$[?>�=QFdZ9Od> [\O�W'FG=DKRBTFABDC ^ IVPjO�H$H9BTF�WT´�BDC9O ^ =�W\B ^ = F fY Z Io�?=�Y\O ^ ²_O�H$E$IÕ>9BDM$=��?=�W\OeZ9´\F�WTY+=õZ9OAKRKL� C BDMV=�P_OAK�Xa@$W\B
F 2 = F

f Y Z I
b
Z�=?> M$EVcJ� [�H$M<�$E$S

f (x) ∈W 1
2 (Q)

�AW\B)BD@ O�YTEV> H B$X WT=�MøM$=�M

F 2f =

(
E + grad

(
−4̃

)−1
div

)2

f =

= f + 2grad
(
−4̃

)−1
divf + grad (−4̃)−1 div grad (−4̃)−1 div f,

div grad
(
−4̃

)−1
ϕ (x) = −ϕ (x) , ∀ϕ (x) ∈ L2 (Q) ,

F 2f = f + 2grad
(
−4̃

)−1
divf − grad

(
−4̃

)−1
divf = Ff.

Y Z I W\BDbGB$X2@$W\BT�D� >9BDM$=��?=�WT´ F�C ^ =�Y\Od>$Z E$Y\BTF�W\´ �AW\BDbGB ^ =�Y\O�H F�WTY+= >$Z I
C ^ BDE$�AY\B�Z ´TH$�achY\O�M$W\B ^ 5 � [�H$M��$E$S f (x) ∈ L2 (Q)

X�Y\BTF�C B�Z ´T�A[\OAKRFeIhC ^ Od>9F�WT=�YD]
Z9O�H$E OAK p¯�Vf i\��f # [\F�WT´ (

F 2f
)
k

]
k
]lIJMVBTB ^ > E$H9=�WT=)Y\O�M$W\B ^ 5 �`[�H$M<�$E$E F 2f

f9ù1BDbe>�=
E$��p¯�Vf i\��YT��@$E FdZ I$OAK

(
F 2f

)
k

=
∑

{m}

fmke
i〈m,x〉 −

∑

m6=(0,0,0)

〈fm, m〉
|m|2

mke
i〈m,x〉−

���������������������! ���"¬#&%�'�(���) +.-�/	021 3�5768/	021é9 :E<>=�-7?



µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �$�

−
∑

m6=(0,0,0)

mk

|m|2





3∑

j=1

(
fmjmj −

〈fm, m〉
|m|2

m2
j

)
 ei〈m,x〉 =

= (Ff)k −
∑

m6=(0,0,0)

mk

|m|2



〈fm, m〉 − 〈fm, m〉

|m|2
3∑

j=1

(
m2

j

)


 ei〈m,x〉 = (Ff)k .

ù"=�M$E KÕBT� ^ =��GBTK�X F 2f = Ff
>$Z IJY\FAOdcJY\O�M$W\B ^ 5 � [�H$M<�$E$S f (x) ∈ L2 (Q)

f û
��H�=A@$E$WJBDC O ^ =�W\B ^ F IVYDZ I$O�W\FeINC ^ BTO�M$W\B ^ BTKhY÷C ^ BTF�W ^ =�H F�WTY\OQY\O�M$W\B ^ ]�� [�H$M<�$E$S
L2 (Q)

f
ü`OAKRK�=r� f�º�>9BDMV=��?=�H9=QC B�Z H BTF�WT´Tò_f

�Ø �98�8�* Ô #.-�# ¹ x��Ûx�� g | �Ùw�� c x��$\>a�| �ÜÄ i a��&��]�]
p (x) ∈ W 1

2 (Q) o ^� p |}\>�
Ä i a��&��]��

grad p (x) � \>]�a c�d x>^�¤É] p � d \ i | � ^%\ c�p |}\ c F u p |,^w prq
F (grad p(x)) = 0.

p¯�Vf �\�
¹ |m� cmb�c�p ^%x q w p`o |&� # [+F�WT´ÕF�H9=A@�=?Z�=

p (x) ∈ W 2
2 (Q)

f�ù"BDb
>�=oBD@ O�YTEV> H B$X;@$W\B
div grad p (x) = 4p(x) f # BD�AW\BTKL[)Z9O�Y+=�I'@9=DF�WT´_YT� ^ =�P_O�H$E$I�p¯�Vf �\��C ^ Od>9F�WD=�YTE K�=
YQYTEV>9O

F (grad p(x)) = grad p (x) + grad (−4̃)−14p(x).
)RFdZ E� [�H$M<�$E$I

p (x)
[?>9BDYDZ9O�WTY\B ^ I$O�W�C O ^ E BA> E$@ OAF�M$E9K M ^ =DO�YT��K [\FdZ9BDYTE$I$K H9=

b ^ =�H$E<� OjBT��Z�=DF�WTE Q X W\B (−4̃
)−1

4p (x) = −p (x)
f�g2�AW\BTKÕFdZ [�@9=DO ^ =�Y\O�H F�WTY\B

p¯�Vf �\�aBD@ O�YTEV> H B$f
Y Z I�W\BDbGB$X/@$W\BT�D�«BT�TBTF�H BDY+=�WT´p¯�Vf �\�;>$Z I�C ^ BDE$�AY\B�Z ´TH$��cõ� [�H$M<�$E$S

p (x) ∈
W 1

2 (Q)
X$Y\BTF�C B�Z ´T�A[\OAKRFeIJC ^ Od>9F�WT=�YDZ9O�H$E OAKÕBDC O ^ =�W\B ^ = F Y'�`B ^ KRO'p¯�Vf i\�df # [+F�WT´

pm
]aM�BD�G�`� E<�$E O�H$WT� ¦ý[ ^ ´\O ^ =��dZ�BGP_O�H$E$INY'W ^ E$bGBDH BTKRO�W ^ E$@ OAF�M E$S ^ I�>�� [�H$MV]

�$E$E
p (x)

*
p (x) =

∑

{m}

pme
i〈m,x〉.

ù1BDbe>�=
grad p(x)

]·�AW\B_Y\O�M$W\B ^ F�MVBTB ^ > E$H9=�WT=DKLE

grad p (x) =


∑

{m}

pmm1e
i〈m,x〉,

∑

{m}

pmm2e
i〈m,x〉,

∑

{m}

pmm3e
i〈m,x〉


 .

p¯�Vf ���
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� � î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

X O ^ O�� (grad p (x))m

BT�TBD�AH9=A@$E K M�BD�G�`� E<�$E O�H$WT� ^ =���Z9B?PjO�H$E$I Y\O�M$W\B ^ ]
� [�H$M<�$E$E

grad p (x)
YQW ^ E$bGBDH BTKRO�W ^ E$@ OAF�M E$S ^ I�>t*

(grad p (x))m = (pmm1, pmm2, pmm3) .

# BD�AW\BTKL[ 〈(grad p (x))m , m〉 = pm |m|2# ^ E KRO�H$IVIøM¹p¯�Vf ���aBDC O ^ =�W\B ^ F Y)�`B ^ KRO)p¯�Vf i\��XVC B�Z [�@9=DOAK

Fgrad p (x) =




∑
{m} pmm1e

i〈m,x〉 −∑m6=(0,0,0)
pm|m|2

|m|2
m1e

i〈m,x〉

∑
{m} pmm2e

i〈m,x〉 −∑m6=(0,0,0)
pm|m|2

|m|2
m2e

i〈m,x〉

∑
{m} pmm3e

i〈m,x〉 −∑m6=(0,0,0)
pm|m|2

|m|2
m3e

i〈m,x〉


 = 0.

ü`OAKRK�=r� f ij>9BDMV=��?=�H9=QC B�Z H BTF�WT´Tò_f
�Ø �98�8�* Ô #TS-# £ � ^%\ c�p |}\

F
� o x��>^ p w}� � ^%\M^w prc a�| o | e a n jêw p \M^}®"j4^%\>a n j§| � ^�\ c�p |}\>|�jÞÝ c�� x c w c 43

a c x�� g n ® o ^� p |}\ f Ä i a��&��]���®
u(x) ∈W 2

2 (Q)
Í

F (43 u(x)) = 43F ( u(x)) .
p¯�Vf þ\�

¹ | � cmb c�p ^%x q w p`o |&� n`=�M�E�YøC ^ Od> �a> [�±jEVcNZ9OAKRK�=?c-X ^ =�Y\O�H F�WTY\Bõp¯�Vf þ\��IVYDZ I$O�W\FeI
BD@ O�YTEV> H$��K�>$Z9Ij�TB�Z9OAO·[��AMVBDbGB�MVZ�=DFAFG=;� [�H$M<�$E$S/f Y O�S F�WTYTE$W\OdZ ´\H B$XTOAFdZ EjY\O�M$W\B ^ ]
� [�H$M<�$E$I

u(x) ∈ W 3
2 (Q)

EJ[?>9BDYDZ9O�WTY\B ^ I$O�W�C O ^ E BA> E$@ OAF�M E KoM ^ =DO�YT��Ko[+FdZ9BDYTEV]
I$K�XVW\B

F (43 u(x)) = 43 u (x) + grad
(
−4̃1

)−1
div 43 u (x) =

= 43 u (x) + grad
(
−4̃1

)−1
41 div u (x) =

= 43 u (x) + grad 41

(
−4̃1

)−1
div u (x) =

= 43 u (x) + 43grad
(
−4̃1

)−1
div u (x) = 43F ( u(x)) .

<9>9OAF�´ E F�C B�Z ´T�GBDY+=�H�= C O ^ OAF�WT=�H BDY\BD@$H B\F�WT´ BDC O ^ =�W\B ^ BDY (
−4̃1

)−1
41 =

41

(
−4̃1

)−1 X+M�BDW\B ^ =�I�E KROAO�WQKROAF�W\BýH9= Z ò��D�ac�F�M$=?Z I ^ H$�ac��`[�H$M<�$E$I�c
ϕ(x) ∈

W 2
2 (Q)

X$[?>9BDYDZ9O�WTY\B ^ IVò;±jEVcøC O ^ E BG> E$@ OAF�M$E KmM ^ =DO�YT��Km[+FdZ9BDYTE$I$K�f
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �Tþ

Y Z IÕW\BDbAB$Xa@$W\BT�D� BT�TBTF�H BDY+=�WT´ p¯�Vf þ\�Q>$Z IhFdZ [�@9=�IÕC ^ BDE$�AY\B�Z ´TH$�achY\O�M$W\B ^ ]
� [�H$M<�$E$S

u(x) ∈ W 2
2 (Q)

X�Y\BTF�C B�Z ´T�A[\OAKRFeI2C ^ Od>9F�WT=�YDZ9O�H$E OAK BDC O ^ =�W\B ^ = F
Y

�`B ^ KRO)p¯�Vf i\��f # [\F�WT´

u (x) =
∑

{m}

ume
i〈m,x〉, um = (um1, um2, um3) ,

W\BDb
>�=

Fu (x) =




∑
{m} um1e

i〈m,x〉 −∑m6=(0,0,0)
〈um, m〉

|m|2
m1e

i〈m,x〉

∑
{m} um2e

i〈m,x〉 −∑m6=(0,0,0)
〈um, m〉

|m|2
m2e

i〈m,x〉

∑
{m} um3e

i〈m,x〉 −∑m6=(0,0,0)
〈um, m〉

|m|2
m3e

i〈m,x〉


 ,

43u (x) = −
∑

{m}

|m|2 ume
i〈m,x〉,

F (43 u(x))=




−∑{m} |m|2 um1e
i〈m,x〉 +

∑
m6=(0,0,0)

〈|m|2um, m〉
|m|2

m1e
i〈m,x〉

∑
{m} |m|2 um2e

i〈m,x〉 −
∑

m6=(0,0,0)
〈|m|2um, m〉

|m|2
m2e

i〈m,x〉

∑
{m} |m|2 um3e

i〈m,x〉 −∑m6=(0,0,0)
〈|m|2um, m〉

|m|2
m3e

i〈m,x〉



,

43Fu (x) =




∑
{m} |m|2 um1e

i〈m,x〉 −∑m6=(0,0,0)
〈um, m〉

|m|2
m1 |m|2 ei〈m,x〉

∑
{m} |m|2 um2e

i〈m,x〉 −∑m6=(0,0,0)
〈um, m〉

|m|2
m2 |m|2 ei〈m,x〉

∑
{m} |m|2 um3e

i〈m,x〉 −∑m6=(0,0,0)
〈um, m〉

|m|2
m3 |m|2 ei〈m,x〉


 .

µ ^ =�YTH O�H$E O > YT[+cøC BTFdZ9Od> H$EVc��`B ^ KL[?Z�C ^ E$Y\BA> E$W�M�F�C ^ =�Y\Od>$Z E$Y\BTF�WTE ^ =�Y\O�HV]
FdWTY+=Jp¯�Vf þ\�·>$Z IøC ^ BDE$�AY\B�Z ´TH$�acJY\O�M$W\B ^ 5 � [�H$M<�$E$S u(x) ∈W 2

2 (Q)
f

ü`OAKRK�=r� f �j>9BDMV=��?=�H9=QC B�Z H BTF�WT´Tò_f
�Ø �98�8�* Ô # Ô #�[ i w prq u (x) ∈ W 1

2 (Q)
��Ì<|�z d c div u = 0

u ^w~x�]�] p |�x q �&|�^w~x�]
u (x) ∈ L̃2 (Ω)

�
¹ |m� cmb�c�p ^%x q w p`o |&� ¦ý[�H$M<�$E ò

u (x) ∈ W 1
2 (Q)

C ^ Od>9F�WT=�YTE KôYõYTEV>9ONW ^ E$bGBDH B�]
KROdW ^ E$@ OAF�M�BDbGB ^ I�>�=

u (x) =
∑

{m}

ume
i〈m,x〉, um = (um1, um2, um3) .

���������������������! ���"$#&%�'�(���)¹+.-�/	021 3�5�6þ/	021é9 :E<>=�-7?



� í î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

ù1BDbe>�=
div u =

∑
{m} 〈um, m〉 iei〈m,x〉 E ^ =�Y\O�H F�WTY\B div u = 0

�AM$YTE$Y+=?Z9O�H$WTH B
^ =�Y\O�H F�WTYT[

〈um, m〉 = 0
p!�Vf í �

>$Z I÷Y\FAOdcø�AH9=A@ O�H$E$SNKL[?Z ´?WTE E$HV>9O�M�FG=
m
f

µ�> ^ [�bGBDSøF�W\B ^ BDH$�`X�YTMVZ ò;@9OdH E O u ∈ L̃2 (Ω)
��M YTE$Y+=?Z9O�H$WTH B

Fu = u
f<�·W\BjH9=

BTF�H BDY+=�H$E$E�C ^ Od>9F�WD=�YDZ9O�H$E I¹p¯�Vf i\���AM$YTE$Y+=?Z9O�H$WTH B)C BDMVBTB ^ > E$H9=�W\H BTKL[ ^ =�Y\O�H F�WTYT[

∑

m6=(0,0,0)

〈um, m〉
|m|2

mke
i〈m,x〉 = 0, k = 1, 2, 3.

µ ^ =�YTH$E$Y+=�IjC B�Z [�@ O�H$H BTOaF�p¯�Vf í ��XG[V�TO�P_>�=DOAKRFeIjY;F�C ^ =�Y\Oe> Z E$Y\BTF�WTEQ[�WTY\O ^ P_>9Od]
H$E$I�Z9OAKRKL�°� f � f Y BDM$=��?=�W\OdZ ´\F�WTY+B)�?=�Y\O ^ ²_O�H B$f

�Ø �98�8�* Ô #.é�# £ � ^%\ c�p |}\
F

� o x��>^ p w}� � ^%\M^w prc a�| o | e a n j2w � \>| ] b�o |}x q a�| �,w p ^�
� ^a q � p \M^}®"j4^%\>a�|�z}|v| � ^%\ c�p |}\ c Ý c�� x c w c (−43 + E)−α , α ≥ 0

a c x�� g n ®
o ^� p |}\ f Ä i a��&��]���®

u(x) ∈ L2 (Q)
Í

F
(
(−43 + E)−α u(x)

)
= (−43 + E)−α F (u(x)) .

p¯�Vf �T�
¹ | � cmb c�p ^%x q w p`o |&� n`=�M E C ^ E >9BDM$=��?=�W\OdZ ´\F�WTY\OZ9OAKRKL�Ç� f �VX�Y\BTF�C B�Z ´T�A[\OAKRFeI
C ^ Od>9F�WD=�YDZ9O�H$E9OAKoBDC O ^ =�W\B ^ = F Y'�`B ^ KRO)p¯�Vf i\��f # [+F�WT´

u (x) =
∑

{m}

ume
i〈m,x〉, um = (um1, um2, um3) ,

W\BDb
>�=

Fu (x) =




∑
{m} um1e

i〈m,x〉 −∑m6=(0,0,0)
〈um, m〉

|m|2
m1e

i〈m,x〉

∑
{m} um2e

i〈m,x〉 −∑m6=(0,0,0)
〈um, m〉

|m|2
m2e

i〈m,x〉

∑
{m} um3e

i〈m,x〉 −∑m6=(0,0,0)
〈um, m〉

|m|2
m3e

i〈m,x〉


 ,

(−43 + E)−α u (x) =
∑

{m}

(
|m|2 + 1

)−α
ume

i〈m,x〉,

F
(
(−43 + E)−α u (x)

)
=
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �&�

=




−∑{m}

(
|m|2+1

)−α
um1e

i〈m,x〉+
∑

m6=(0,0,0)

〈
(|m|2+1)

−α
um, m

〉

|m|2
m1e

i〈m,x〉

∑
{m}

(
|m|2+1

)−α
um2e

i〈m,x〉−∑m6=(0,0,0)

〈
(|m|2+1)

−α
um, m

〉

|m|2
m2e

i〈m,x〉

∑
{m}

(
|m|2 + 1

)−α
um3e

i〈m,x〉 −∑m6=(0,0,0)

〈
(|m|2+1)

−α
um, m

〉

|m|2
m3e

i〈m,x〉




(−43 + E)−α Fu (x) =

=




∑
{m}

(
|m|2+1

)−α
um1e

i〈m,x〉−∑m6=(0,0,0)
〈um, m〉

|m|2
m1

(
|m|2+1

)−α
ei〈m,x〉

∑
{m}

(
|m|2+1

)−α
um2e

i〈m,x〉−∑m6=(0,0,0)
〈um, m〉

|m|2
m2

(
|m|2+1

)−α
ei〈m,x〉

∑
{m}

(
|m|2+ 1

)−α
um3e

i〈m,x〉−∑m6=(0,0,0)
〈um, m〉

|m|2
m3

(
|m|2+1

)−α
ei〈m,x〉



.

µ ^ =�YTH O�H$E O > YT[+c�C9BTFeZ�Oe>9H$EVcJ�`B ^ KL[?ZJC ^ E$Y\BG> E$W)M�F�C ^ =�Y\Od>$Z E$Y\BTF�WTE ^ =�Y\O�H F�WTY+=
p¯�Vf �T�·>$Z I÷C ^ BDE$�AY\B�Z ´TH$�acJY\O�M$W\B ^ ]�� [�H$M<�$E$S u(x) ∈W 2

2 (Q)
f

ü`OAKRK�=r� f þj>9BDMV=��?=�H9=QC B�Z H BTF�WT´Tò_f
�

Ø !1,-� (+*-,M�"(+*

º?> zA@-z��{'t��ør·y/f"�CBV|u~�x
z�� }Az;t��ED)~�{,���Dx�y$� zA~
~Å� �-x�y zGF�tIH�|uz�¶]%J+x³�LK+zA~·zIM+�9t�x�|��D�/f
y+x�x~�
* N�N�}�sÝtGv�{'t�x�y/f ���!O2N�{Q|�s�suz��$�$|��${PN�F�tQH�|uz�¶]%J+x³�LK\zA~IRH��M+�9t�x�|��D� ~Gf 5 rat�{S�<��|TD2O\zTX
w àÐ* r·sÝtGv w t�x�y z�{'t�x�|u}A~;��� ~�x�|�x��$x
zTX iTkTkTkVf 5PU f/ºd]�þVfi_üý=?> ��PjO�H F�M$=�Iðïjf ûjf ñ O�²_O�H$E OÜ�dYÛ� OdZ9BTKH�ðM ^ =DO�Y\BDS �?=?>�=A@$E ³`=�YT´\Od]
µ·W\BDM�FG=�Y FdZ [�@9=DOm> YT[+c C ^ BTF�W ^ =�H F�WTY\O�H H$�ac C O ^ OAKRO�H$H$�ac0N�N Y BDMVZ�=?> � û;³
µ�µ�µ ñ f 5 º��Tþ$�Vf 5 ù�f-ºGi$�VX2Vß�Vf 5 µ;f��+i&�G]!�+i$�Vf�_üý=?> ��PjO�H F�M$=�Iøïjf+ûjf�X�µ�B�Z9BDH$H$E$MVBDY_g�f\ûjf ñ O�²_O�H$E O�H O�MVBDW\B ^ �ac)H OAF�WT= �$EV]
BDH9= ^ H$�acJ�?=?>�=G@UK�=�bAH$E$WTH BDSUbAEV> ^ BA> E$H9=DKLE M$EN>$Z IJYTIV�AMVBDSNH OAF
PQE K�=DOAKRBDS�PQEV>$]
M�BTF�WTEWN�N_ù ^ [?> � î � û;³«µ�µ�µ ñ f 5 º�� í kVf 5 ù�f9þ$�Vf 5 µ;f/ºTºGþ?]eºm���Vf�)üý=?> ��PjO�H F�M$=�Ioïjf ûjf î =�W\OAK�=�WTE$@ OAF�M$E O÷Y\BDC ^ BTF�� YTIV�AM�BDS�H OAFePQE K�=DOAKRBDS
PQEV> M�BTF�WTE/f 5 î f.* ³`=A[�M$=VX-º��&�DkVf 5 i$�$�_FTfþ_üý=?> ��PjO�H F�M$=�I ïjf ûjf�X OAF�WD=�I C ^ BT��Z9OAK�= WT��F
IV@ OdZ9O�WTE$IE*2[ ^ =�YTH O�H$E$I
³ =�YT´\Od]�µ·W\BDM�FG=VXaF�[�±_OAF�WTY\BDY+=�H$E ONEobeZ�=?> M�BTF�WT´YN�N ´ î ³Qf 5 iTkTk$�Vf 5 ù·faþ$�VX�V
iøp¯�TþTk\�df 5 µ;f<�+þ?]k���Vfí �1z�{'t�{ ÿýf2Z���x�y zì��y z�����v�t��EDPF��${)z��|u}Gt�s�à��9t�s�vV~�|u~ë� �/x�y z[F�t��$|uz�¶]%J+x³�LK+zA~
�\M+��t�x�|��D� ~Gf�rë�Ds�suz]O\z U t �!K�*�^�� |�H�f�� � w t ��v�sÝt��ED-f 5 �/zA}�x��<�
z?F��Dx
zTX/º��&���Vf 5`_ f��Vf
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�$� î [+cVWT= ^ �\=�S ï�W\OdZ9�\=DO�Y

�Ð�1z�{'t�{ ÿýfCF�t��$|uz�¶]%J+x³�LK\zA~,��M+�9t�x�|��D� ~Gf��ay z�����vt��EDaF��${)z��|u}Gt�sHà��9t�s�vV~�|u~Gf
J+x��EDV|uzA~/|�� w t�x�y/f?t��ED |�x
~tàì�<�$slf 5 à�{)~�x
z�bD t�{JXcF;z]d4eë���!K�XcZfB��¯���bDE*cF�����x�yA���Ds�sÝt��ED
U ���/f�rë�D{`�/f�X/º��&���Vf 5g_ f iVf�_n B�Z9KRBDbGB ^ BDYýûjf ³Qf ´ ^ =�YTH O�H$E$I_WT[ ^ �D[?Z9O�H$WTH BDbGB�> YTE$PjO�H$E$IQH OAF
PQE K�=DOAKRBDS
PQEV> M�BTF�WTE�N�N,���AY\OAF�WTE$IUû;³ôµ�µ�µ ñ f/µ�O ^ E$IN� E$�AE$@ OAF�MV=�I-f 5 º�� �+iVf 5 ù�f í X�V ºTf
5 µ;f9þ í ]�þ$�Vf�r�/z�etAvl	 fA��~
~et�|�~��<�õsuzA~õ{,�D��H\z�{)z���x
~��$sÝt�� ~aDih �$� s�|TM+�$|TDjH�|u~bM+� z��2BjM+�9z
s�|�{Q|�x
z��EDYD$zA~,�9t �³�D|u~kN�Nv	T�<���9t�s w t�x�y/f U v��
zA~·àì�<�$slf 5 º��$� � f 5�_ fÅ�Vf 5lU fë�$�Vºd]� º��Vf

ºGk`�/z�etAv:	 fmJ+�<��suz�{,�D��H+z�{)zd��xGDih �$�Js�|TM+�$|TD$znH�|u~bM+� z��2B÷z�{`�$s�|u~
~et��+x�soh zA~~�9tD~
zTf 5à�}�xet w t�x�y/X-º��$� � f 5g_ f í �Vf 5PU f/º��$�?]�i �"�VfºTº4����������f�p^G��z�.DV|uzÙà����lt���O\~!d�z��xet����"O+tq��zÛ� p�<�.DV|uzÙ��v2D��³�rDV|��9t�{Q|u~
}
y z��
s����$�ED2OTsuz�|u}
y��$��O\z��1f 5 w t�x�y/fEF�tD}
y<�Gf�X/º��TþVºTf 5g_ f�� f 5gU f9iVº��?]�i$�VºTfºGi`�-|��D� ~O	 f ]���fWt��M+�9t�x�|��D� ~uDV|�@ tz�
z��+x�|uz�s�suzA~���� tz�et�x�|��D�$� z�s�suzA~õz�xv�<�³�L�$s tz�{)~õt��2B
s�|�{Q|�x
zA~Gf 5 Óaz��s�|��
*$J"�<��|���O\z��V] _ z��sÝtqO X1º�� í º'pos����$�EDVsuz�y<�
z�� w t�x�y/f�vÕ|u~
~Gf�X _ f-ºTºTº?�dfº��`�-|��D� ~A	 f ]���fCw�� z�sTM+� zA~`{ tz�x�y��xD$~�D$z`� tzA~³�Ds��$x�|��D�lD$zA~4�<�³�L�$s tz�{)zA~jt��2B�s�|�{Q|�x
zA~
���D�øs�|�� tzGt�|.�
zA~Gf 5gU t ��|u~�*�y;� ���Dx[N`s t��$x�y$|uz�¶] _ |�s�sÝt �
~GX/º�� í �Vf 5 þ$�$�r�/f

º�'g�E$²jE$M î f��Qf�X�¦ý[ ^ F�E$MVBDY)ûjfVg�f î =�W\OAK�=�WTE$@ OAF�M$E O C ^ BT��Z9OAKL��}�WT=�WTE F�WTEV]
@ OAF�M�BDS�bAEV> ^ BTKROdc�=�H$E$M$E/f 5 î f.*$³`=G[�MV=VX/º��$�TkVf 5 �$�+kQ}Tf

ºGþ'µ�B�Z9BDH$H$E$MVBDYýg�f ûjf+ï;� B�� O�H$MV=?c ^ O�²_O�H$E$SQH OAF�WT= �$E BDH9= ^ H BTS)�?=?>�=G@$E÷µ·W\BDMV]
FG=aY�=�H$E$�GBDW ^ BDC$H$�ac`C ^ BTF�W ^ =�H F�WTY�=?c_µ;fAü)f?µ�BT�TB�Z9O�Y+=�EýBT��B�� O�H$MV=?c ^ O��GB�Z ´TY\O�H$WT�
BDC O ^ =�W\B ^ =÷µ·W\BDMVFG=kN�N ´ F�C OdcVENK�=�W\OAK�=�WTE$@ OAF�M$E$c�H9=A[�M/f 5 iTkTk$�Vf 5 ù·f�þ$�VX�V iVf 5µ;f-ºGi$�?]eºGþ í f

º í ï�W\OdZ9�\=DO�Y î f�Xì+�E ^ bGOA�\=DOdY2ûjf;ï ^ =���>9OdZ E KRBTF�WTE H OdZ E$H O�S$H BDbGBm> E �`�`Od]
^ O�H<�$E9=?Z ´TH BDbGBÕBDC O ^ =�W\B ^ =¡�?]lbGBC B ^ I�> MV=/N�N(���AY\OAFdWTE I û;³ n`=���µ�µ ñ f µ�O ^ E$I
� E$�AE$M�B�]�K�=�W\OAK�=�WTE$@9OAF�M$=�I-f 5 º��$� � f 5 Vß�Vf 5 µ;f/ºTºd]eº��Vfºm�)ï�W\OdZ9�\=DO�Y î f�X`ú ^ E$H$²jC$[�HÃ�;f <Lf_ï b
Z�=?> MVBTF�WTE ^ O�²_O�H$E$I H OdZ E$H O�S$H BDbGB
[ ^ =�YTH O�H$E$IYX WT[ ^ K�=?]lü E$[�YTEVZ$Z I�N�Nv���AY\OAF�WTE$IÕû;³ n`=���µ�µ ñ f�µ�O ^ E$Io� E$�AE$M�B�]
K�=�W\OAK�=�WTE$@ OAF�M$=�I-f 5 º��$� � f 5 V þVf 5 µ;f9i í ]�i$�Vfº��'ï�W\OdZ9�\=DO�Y î f�XQï�S$H9= ^ BDY ñ f_n ^ E$W\O ^ E$EôZ E$C$²jE<�9OdY\BTF�WTEóEôFePQE K�=DOAKRB�]
F�WTEJH OdZ E$H O�S$H$�acJE$H$W\O�b ^ =?Z ´TH$�acNBDC O ^ =�W\B ^ BDY=N�N)µ·E �DE ^ F�M$E$SUK�=�W\OAK�=�WTE$@ OAF�M$E$S
PQ[ ^ H9=?Z1f 5 º��$� � f 5 ù·f9iTþVXrV í f 5 µ;f-ºTº í ]eºGi&��fº��'ï�W\OdZ9�\=DO�Y î f ï2MVBD� ^ �$E$WTE$YTH$�acøB�� O�H$M$=?c ^ O�²_O�H$E$I ^ =��AH BTF�WTH$�ac÷[ ^ =�YTH Od]
H$E$SWN�Njù ^ [?> � î � û;³ µ�µ�µ ñ f 5 º��$�$�Vf 5 ù·f/º��VºTf 5 µ;f9i � ºd]�i �"�Vf
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²jO�H$E I÷[ ^ =�YTH O�H$E$I�³`=�YT´\Od]¶µ·W\BDM�FG= �$�

iTk'ï�W\OdZ9�\=DO�Y î f�XM+�=�SV>�OeZ9´D> E$H BDY0+�f ü)f�ú$=A[+FAFABDYT� KRO ^ � Eq=�C$C ^ BDMVF�E K�=�WTE$YD]
H$��O�cV= ^ =�M$W\O ^ E F�WTE$M$E�BDC O ^ =�W\B ^ BDYkN�NÐ���AY\OAF�WTE$Iøû;³ n`=���µ�µ ñ f�µ�O ^ E$I÷� E$�AE$MVB�]
K�=�W\O�K�=�WTE @ OAF�M$=�I-f 5 º��$�$�Vf 5 V þVf 5 µ;f í ]%�VfiVºjï�W\OdZ9�\=DO�Y î f�X î [+cV=DKR�TO�WTP_=�H BDY¹ûjf ù·f�X�µ�K�=�bA[?Z9BDYlXóf µ;f�ï;�qBA> H BTK KROd]
W\BA>9O)�`E$M$WTE$YTH BDSõBT��Z�=DF�WTEõH OdZ E$H O�S$H$�acõM ^ =DO�YT�ac��?=?>�=G@zN�N÷g���@$E FdZ E$W\OdZ ´TH$��O
W\OecVH9B�Z9BDbAE$E/f 5 ³ BDY\BTF�E �DE ^ F�M/X1º��$�$�Vf 5 � f��VX2VÕ� f 5 r;f<� ºd] í � fiTi'ï�x
z�s��9tDz]H î f�X-ÿ�~!�9t�|��$s�vUg�f{Z�� z�HTt ��|Ýt�x�|��D�9t�s�{)z�x�y��rDQ� ��t÷~³�Ds��$x�|��D��� �ax�y z
���D�$s�|�� zGt �?���D�$�ED t ��vWHTt�s�� z`�<�³�L�$suz�{)~�N�N}|9y������9t�së� ��~
}�|uz�� }Az't��EDqz���OT|��$|uz�|.��|���O f 5�LsÝtD~�|�O X1º��$�$�Vf 5 ñ f>�TiVºd]%�Ti$�Vfi$�'ï�W\OdZ9�\=DO�Y î f�X-n�[+FG=�E$H BDY+=÷ü)f1ïì� O�H$M$EõF�C O�M$W ^ =øBG> H BDbGBøMVZ�=DFAFG=�> E �`�`Od]
^ O�H<�$E9=?Z ´TH$�acoBDC O ^ =�W\B ^ BDYzN�N�<��D| ^ H$E$MoC ^ = �$´õE$H F�WTE$WT[�WT[K�=�W\OAK�=�WTE$M$Eh³ û;³
´ M ^ =�|�H9=Vf 5 iTkTk$�Vf 5 � f í XrV ºTf 5 r;f-º í þ?]eº��TkVfi �÷ï�W\OdZ9�\=DO�Y î f�X�µ�K�=�bA[?Z9BDY�XófVïÕH BDY\BTKõKRO�W\BG>9O�C ^ E ��Z E$PjO�H$H �ac ^ O�²_O�H$E$S
M ^ =DO�YT�ac��?=?>�=A@øYjC ^ BDE$�AY\B�Z ´TH BTSJBT��Z�=DF�WTE�N�N Y BDMVZ�=?> � ñ û;³Qf 5 iTkTkVºTf 5 ù�f<�&���VXVÕ� f 5 r;f<�+þTi?]!�+þTþVfiTþ'ï�W\OdZ9�\=DO�Y î f�X�+�=?Z$> ���TO�M�~ f�X9µ�K�=�bA[?Z9BDY`Xóf ï;�QBA> H BTK�C ^ E ��Z E$P_O�H$H BTK
KROdW\BG>9O ^ O�²_O�H$E$I�H9=A@9=?Z ´TH B�]lM ^ =TO�Y\BDSø�?=?>�=G@$E÷[ ^ =�YTH O�H$E$Sø³`=�YT´\Od]¶µ·W\BDM�F?=`N�N Y B�]
MVZ�=?> � ñ û;³Qf 5 iTkTkTiVf 5 ù·f>�$� í X2VÕ� f 5 r;f<�"�$�?]!�$�+iVfi í ï�W\OdZ9�\=DO�Y î f�X Y [ ^ K�=�b�=�H �TO�W\BDYõûjf ûjf�X�µ�O�S$WTM$[?Z9BDY�)�f ³Qf ´ FdZ9BDYTE$I�F�[�±_Od]
FdWTY\BDY+=�H E$INF�EVZ ´TH BDbGB ^ O�²_O�H$E$I¹p%Y·� OdZ9BTK·��BG> H BDbGB'MVZ�=DFAFG=)H OdZ E$H O�S$H$�acN�AY\B�Z ò�]
�$E BDH$H$�ac`[ ^ =�YTH O�H$E$SjY�bAEVZ ´\�TO ^ W\BDY\BTKNC ^ BTF�W ^ =�H F�WTY\OfN�N Y BDMVZ�=?>9� ñ û;³Qf 5 iTkTk í f
5 ù·f<�+k$�VX2VÕ� f 5 µ;f<�$� í ]!�$�"�Vfi&�)ï�W\OdZ9�\=DO�Y î f�X Y [ ^ K�=�b�=DKR�TO�W\BDYqûjf ûjf�XRµ�O�S$WTM$[?Z9BDYO)�f ³Qf ´ FdZ9BDYTE$I¹F�[�±_Od]
FdWTY\BDY+=�H E$I÷F�EVZ ´TH BDbGB ^ O�²_O�H$E$I�Yr� OdZ9BTK�BA> H9BDbAB_MVZ�=DFAFG=ýH OdZ E$H O�S$H$�ac÷�AY\B�Z ò��$EV]
BDH$H$�acQ[ ^ =�YTH O�H$E$S'Y`bAEVZ ´\�TO ^ W\BDY\BTKõC ^ BTF�W ^ =�H F�WTY\O\f+��N�N`µ·E �DE ^ F�M$E$S÷K�=�W\O�K�=�WTE$]
@ OAFdM E$SJPQ[ ^ H9=?Z1f 5 iTkTk$�Vf 5 ù·f<�"�VXrVß�Vf 5 µ;f í iTk?] í � � fi$�'ï�W\OdZ9�\=DO�Y î f�X Y [ ^ K�=�b�=DKR�TO�W\BDYqûjf ûjf�XRµ�O�S$WTM$[?Z9BDYO)�f ³Qf ´ FdZ9BDYTE$I¹F�[�±_Od]
FdWTY\BDY+=�H E$I÷F�EVZ ´TH BDbGB ^ O�²_O�H$E$I�Yr� OdZ9BTK�BA> H9BDbAB_MVZ�=DFAFG=ýH OdZ E$H O�S$H$�ac÷�AY\B�Z ò��$EV]
BDH$H$�ac�[ ^ =�YTH O�H$E$S�Y÷bAEVZ ´\�TO ^ W\BDY\BTKhC ^ BTF�W ^ =�H F�WTY\O\f-�
�GN�N÷µ·E �DE ^ F�M$E$SqK�=�W\OAK�=?]
WTE$@ OAF�M$E$SJPQ[ ^ H9=?Z1f 5 iTkTk$�Vf 5 ù�f��"�VX2V � f 5 µ;f>�TþTþ?]%� í � fi$�'ï�W\OdZ9�\=DO�Y î f�X Y [ ^ K�=�b�=DKR�TO�W\BDYqûjf ûjf�XRµ�O�S$WTM$[?Z9BDYO)�f ³Qf ´ FdZ9BDYTE$I¹F�[�±_Od]
FdWTY\BDY+=�H E$I÷F�EVZ ´TH BDbGB ^ O�²_O�H$E$I�Yr� OdZ9BTK�BA> H9BDbAB_MVZ�=DFAFG=ýH OdZ E$H O�S$H$�ac÷�AY\B�Z ò��$EV]
BDH$H$�ac'[ ^ =�YTH9OdH E$S÷Y_bAEVZ ´\�TO ^ W\BDY\BTKC ^ BTF�W ^ =�H F�WTY\OTf$�
���;N�N`ù ^ [?> � î � ñ û;³ E K�f
g;f ûjf�µ·W\O�MVZ9BDY+=Vf 5 iTkTk$�Vf 5 ù�f i í kVf 5 µ�f iTkTi?]�iVºGiVf�Tk'ï�W\OdZ9�\=DO�Y î Xx~ =�C FG= ^ �\=DOAY+=`ü)f nQf�³�O�C ^ O ^ ��YTH9=�I'�?=�YTE F�E KRBTF�WT´ ^ O�²_O�H$E$I
C9= ^ =D�TB�Z E$@ OAF�MVBDbGBý[ ^ =�YTH O�H$E$IQY`bAEVZ ´\�TO ^ W\BDY\BTKõC ^ BTF�W ^ =�H F�WTY+O�BDW`C9= ^ =DKRO�W ^ BDYjE
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ºGkTk î [+cVWD= ^ �\=�Sðï�W\OdZ9�\=DO�Y

BDWøH9=A@�=?Z ´TH$�acU>�=�H$H$�ac�N�N Y E �`�`O ^ O�H<�$E�=?Z ´TH$��OQ[ ^ =�YTH O�H$E$I-f 5 iTkTk$�Vf 5 ù�f��+þVX
V í f 5 µ;f>�Vº��?]%� �"�Vf�Vºjï�W\OdZ9�\=DO�Y î f # ^ E9KRO ^ � H OøF�EVZ9´TH B ^ =�� ^ O�²jE KL�acmYQ� OdZ9BTK [ ^ =�YTH O�H$E$S
WTE$C9=)³`=�YT´\Od]¶µ·W\BDM�FG==N�N î =�W\OAK�=�WTE$@ OAF�M$E Oý�?=DKRO�WTM$E/f 5 iTkVºTºTf 5 ù�f>�$�VX�V þVf 5 µ;f�$��ºd]k�$���Vf

�Ti'ï�W\OdZ9�\=DO�Y î f�X9ï;F�C9=�H BDY�nQf ³Qf n ^ =DO�YT��O`�?=?>�=A@$EJ>$Z IJBT�TBT�D±_O�H$H BDSNF�E F�W\Od]
KL� n BD²jEV] ñ E K�=�H9='F H O�beZ�=?> M$E KLE�MVBD�G�`� E<�$E O�H$WT=DKLEWN�N Y BDMVZ�=?> � û;³«µ�µ�µ ñ f
5 º��$�TþVf 5 ù�f i$�$�VX2V ºTf 5 µ;f�� í ]!�"�Vf�$�'ï�W\OdZ9�\=DO�Y î f�X$ï;F�C9=�H BDYQnQf ³Qf ï;�jBT�TBT�D±_O�H$H BDSøF�E F�W\OAKRO�n BD²jEV] ñ E K�=�H9=jF
H O�b
Z�=?> M$E KLEøM�BD�G�`� E<�$E O�H$WT=DKLE}N�N4���AY\OAF�WTE$I�YT[��GBDY f î =�W\OAK�=�WTE$MV=Vf 5 º��$�$�Vf 5 V�Vf 5 µ;f��"�?]�þ í f� �÷ï�W\OdZ9�\=DO�Y î f�X î [ ^ =�W\�TO�MVBDY î f +�fGú+Z�=?> M�BTF�WT´;E_=�C$C ^ BDM�F�E K�=�WTE YTH$��OaF�Y\BDSV]
F�WTY+= ^ O�²_O�H$E$SqBA> H BDbGB÷MVZ�=DF�FG=÷H OdZ E$H O�S$H$�acU[ ^ =�YTH O�H$E$SqWTE$C9=kX ^ Od> E$H$bGO ^ =�N�N���AY\OAF�WTE$IøYT[��GBDY f î =�W\OAK�=�WTE$M$=Vf 5 º��$�$�Vf 5 Vß�Vf 5 µ;f��$�D]!����f�Tþ'ï�W\OdZ9�\=DO�Y î f�X�ú$=DFG=�H BDY�ûjf�X·û�M$C9=DO�Y'+�f�ï;�õBG> H BDSo�?=?>�=G@ OJ[�C ^ =�YDZ9O�H$E$I
W\BD@ O�@$H$��KoE F�W\BD@$H$E$MVBTKoW\O�CVZ�=PN�N Y BDMVZ�=?> � ñ û;³Qf 5 iTkVºGkVf 5 ù�f��"�TþVX�Vî�Vf 5 µ;f�Vºm�G]%�Vº��Vf

� í ��tD~et����LOTs�� põ��tD~et����cH � àjf�X�Z�x
z�s��9tDz]H w f9J�z�{Q|�O$�³�D�<� t �<�<�³�\tD}ey �¯���
|TD$z��+x�|��9}Gt�x�|��D�×� ��t����$��K����Qd��~³�D���
}Az'x
z��{ð|��mtV�9t �etq�M�Ds�|u}øzIM+�9t�x�|��D�'�õ�³�D{�� �9t�s
�QH+z�bD$z�x
z��{Q|��9t�x�|��D�/N�N:��y zg>"|T�%x�y����+x
z����t�x�|��D�9t�s�rë�D���×z�
z�� }AzO�����rH\z�
~
z,�<�³�L� s�z�{)~�*
w �xD$z�s�|���O�t��ED�J+|�{j�$sÝt�x�|��D�t�Df 5 à���xet�s�v+tVX9iTkVºGkVf 5gU f/º í �?]eº í � f�&�`Z�x
z�s��9tDz]H w f�X>��tD~et����cH0àjf�XMàGK��9tGv\z]H0Ó�fMà ~³�D�<�e}�zj|TD$z��+x�|��9}Gt�x�|��D�O�<�³�L�$suz�{
�
z�sÝt�x
zID`x³��{'t�x�y z�{'t�x�|u}Gt�sV{,�xD$z�s�� �$sÝtD~
z�"~��<�k�ltD}Az�y zGt�x�|���OnN�NFàì�<�$s�|uzID w t�x�y z�{'t�x�|u}A~
�/z�x�x
z�
~Gf 5 iTkVºGiVf 5g_ f iTþVXrV ºGkVf 5 ñ f-º�"�Tk?]eº�"�TþVf�$�'ra=?c�=DO�YlXóf�X�µ�B�Z9BDH$H$E$M�BDY�g�f ûjfaï H O�MVBDW\B ^ �acoF�WT= �$E BDH9= ^ H$�aco�?=?>�=G@9=?c
K�=�bAH$E$WTH BDSNbAEV> ^ BA> E$H9=DKLE M$ENY�KLH BDbGBTF�YTIV�AH$�acNBT��Z�=DF�W?I�cWN�N)<-=�C$E F�M$ENH9=A[�@$H$�ac
FAOAKLE$H9= ^ BDY # ï î �Qf 5 iTkVºTºTf 5 ù�f��$�&��f 5 µ;f-ºGi í ]eº�"�Vf�$�Qû�M$��²«ûjf2Xóf ´ F�W\BDS$@$E$Y\BTF�WT´)Y

lp
H O�MVBDW\B ^ �ac ^ =��AH BTF�WTH$�acøF
c+OAK¹>$Z IøBA>$]

H BDS¹F�E F�W\OAKL� H OdZ E$H O�S$H$�acõC9= ^ =D�TB�Z E$@ OAF�M EVcõ[ ^ =�YTH O�H$E$SzN�N�µ·E �DE ^ F�M$E$S¹PQ[ ^ ]
H9=?ZJYT��@$E FdZ E$W\OdZ ´TH BDSUK�=�W\OAK�=�WTE$M$E/f 5 iTkTkTþVf 5 ù·f>�VXrV � f 5 µ;f i&���?]�i$�TkVf�+k Y P_=�M$[�C BDYõnQf +�f�XLúVBDH$@9= ^ BDYõûjf �Qf X E FdZ9O�H$H BTOJKRBA>9OdZ E ^ BDY+=�H$E9O÷> E �`� [+]
�AE BDH$H BDbGBýbGB ^ O�H$E$I'Y`�?=�M ^ [�@ O�H$H$�ac'C BDW\BDM$=?cQ> YT[+c$�ý=�MVOdZ ´TH BDS'W\BDC$M$E=N�Nýµ·E �DE ^ ]
F�M$E$S�� E$�AE$M�B�]lW\OdcVH$E$@ OAF�M$E$S�PQ[ ^ H9=?Z1f 5 º��$�VºTf 5 g���C/f í f 5 µ;f��$�?]%�$�Vf� º`û;�D�aZ M$=�E ^ BDY ´ f ´ f/û�C$C ^ BDM�F�E K�= �$E$Iõ[ ^ =�YTH O�H$E$SõH OABG> H B ^ BG> H BDS¹PQEV> M�B�]
F�WTE�N�N�³ O�MVZ�=DFAF�E$@ OAF�M$E9O�[ ^ =�YTH O�H$E$IjK�=�W\OAK�=�WTE$@ OAF�MVBDSQ� E$�AE$M$E/f 5 ³ BDY\BTF�E �DE ^ F�M1Xº��$� í f 5 µ;f/ºGi&�G]eº��VºTf
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²_O�H$E$Iø[ ^ =�YTH O�H$E$IJ³`=�YT´\Od]¶µ·W\BDMVFG= ºGkVº

�+iQû;�D�aZ MV=�E ^ BDY ´ f ´ f$ï;� ^ =�WTH9=�I��?=?>�=G@9=`>$Z I�[ ^ =�YTH O�H$E$I÷³`=�YT´\Od]�µ·W\BDMVFG=�N�N
´ FdZ9BDYTH B�]lMVB ^$^ O�M$WTH$��O��?=?>�=G@$E K�=�W\OAK�=�WTE$@ OAF�MVBDS � E$�AE$M$E
*aW\O��\f�Y\FAOAFTf�M�BDH �)f 5û�Z9K�=?]�ûaWT=VX-º��$�$�Vf 5 µ;f í f�"�Qû;�D�aZ MV=�E ^ BDY ´ f ´ fýï�> H BD�AH9=G@$H9=�I ^ =�� ^ O�²jE KRBTF�WT´ �?=?>�=G@$E C ^ BDW\O�M$=�H$E$I
>$Z I�iLy�]%�Ly F�E F�W\OAKL�2³`=�YT´\Od]¶µ·W\BDM�FG=$fV��N�N î =�W\OAK�=�WTE$@ OAF�M$E$S÷PQ[ ^ H9=?Z1f 5 iTkTkTþVf 5ù·f9þVXrV iVf 5 r;f þ?]eºTºTf�$�'û;�D�aZ MV=�E ^ BDY ´ f ´ f�ï;� ^ =�WTH9=�I`�?=?>�=G@9=�C ^ BDW\O�M$=�H$E$I`>$Z I�Z E$H OG= ^ E$�GBDY+=DH$H BDS
iLy�]%�Ly F�E F�W\OAKL� ³`=�YT´\Od]¶µ·W\BDMVFG=Vf�����N�N î =�W\OAK�=�WTE$@ OAF�M$E$SNPQ[ ^ H9=?Z1f 5 iTkTk í f 5 ù·fí XrV iVf 5 µ;f-º�D]�iTiVf�+þQû;�D�aZ MV=�E ^ BDY ´ f ´ f�X�û�S$WTP_=�H BDYÕµ;f )�f�ï�> H BD�AH9=A@ H9=�I ^ =�� ^ O�²jE KRBTF�WT´mBT��]
^ =�WTH BDS��?=?>�=G@$EqK�=�bAH$E$WTH BDSõbAEV> ^ BA> E$H9=DKLE M$E�>$Z IUYTIV�AMVBDS�H OAFePQE K�=DOAKRBDSõPQEV>$]
M�BTF�WTEWN�N î =�W\OAK�=�WTE$@ OAF�M$E$S�PQ[ ^ H9=?Z1f 5 iTkVºGkVf 5 ù�f-ºGkVX2V ºTf 5 µ;f/º��?]�iTiVf� í û�S$WTP_=�H BDY µ;f )�fhï;� ^ =�WTH9=�I �?=?>�=A@9=ð>$Z9I Z E$H O�S$H BDS F�E F�W\OAKL� W\O�CV]
Z9BDY\BDS M�BDH$Y\O�M<�$E E�N�N gaOAF�WTH$E$M n`=��G³ #�´ E KRO�H$E û;�\=�I-fµ�O ^ E$I � E$�AE$MVB�]
K�=�W\O�K�=�WTE @ OAF�M$E OýH9=A[�M$E/f 5 iTkVºGkVf 5 V ºTf 5 µ;f/ºm�G]�i$�Vf���r+�=�S$WT[?Z9O�H BDYP~ f +�f n B ^$^ O�M$WTH BTF�WT´�F�WD= �$E9BDH9= ^ H BDS��?=?>�=A@$EJY)BG> H BDSø> E ��]
� [��AE BDH$H BDSJKRBA>9OdZ EJH OABG> H B ^ BA> H BDS�PQEV> MVBTF�WTEWN�NjgaOAF�WTH$E$M�n`=��Gú ´ f9µ�O ^ E$IJK�=?]
W\O�K�=�WTE MV=VX9KROdc�=�H$E$M$=VX$E$H �`B ^ K�=�WTE$M$=Vf 5 º��$�$�Vf 5 V ��p¶º��\�df 5 µ;f��?]%�Vf�"�'µ�B�Z9BDH$H$E$M�BDYõg�f ûjfRïô> E9�`�`O ^ O�H<�$E9=?Z ´TH$�ac�F�Y\BDS F�WTY+=?c¹C O ^ Y\BDSM ^ =DO�Y\BDS
�G=?>�=A@$E>$Z IH OAF�W ^ �$E BDH9= ^ H BDShF�E F�W\O�KL� [ ^ =�YTH O�H$E$So³`=�YT´\Od]¶µ·W\BDMVFG=lN�NUù ^ [?> �
î � û;³ µ�µ�µ ñ f 5 º�� í � f 5 ù·f>���Vf 5 µ;f iTiVºd]�i$�VºTf�"�'µa=�M�F ñ f µ;f�<-=?>�=A@9='n BD²jE�>$Z IJ[ ^ =�YTH O�H$E$SU³`=�YT´\Od]¶µ·W\BDM�F?=VX�KRO�W\BG>�¦ý[ ^ ´\ON�N ´ � E KRF�M$E$S�K�=�W\OAK�=�WTE$@ OAF�M$E$SNPQ[ ^ H9=?Z1f 5 iTkVºTºTf 5 ù�f��VX2V ºTf 5 µ;f9þ$�?]k���VfþTkgJ�}
y${)z�|u~
~
z�V�jf ]�	 f�XF�t��|���z�sA�jfF�t���$|u}A~J|��*>��D�<��|uz�Và��9t�s�vV~�|u~Jt��ED*>$�$� }�x�|��D�
J"�9tD}AzA~Gf 5 r·y$|u}
y zA~�x
z�GXEvÕ|�suz�v\X/º��$�&��f 5 �TkTkr�/f

þVºjï�W\OdZ9�\=DO�Y î f µ·[�±_OAF�WTY\BDY+=�H$E OY2� OdZ9BTK F�EVZ ´TH BDbGB ^ O�²jO�H$E I F�E F�W\OAKL�
[ ^ =�YTH O�H$E$S�³`=�YT´\Od]¶µ·W\BDMVFG=�N�N�gaOAF�WTH$E$M�)RY ^ =��AE$S F�MVBDbGBýH9= �$E9BDH9=?Z ´TH BDbGBj[�H$E$Y\O ^ ]
FdE W\OdWT=_E KRO�H$E�ü)f ³Qf ú-[VKLEVZ9O�Y+=Vf 5 iTkVº��Vf 5 V i$p¯�$�\�df 5 µ;f>�$�?]!�$� f

« prc�prq � � | w p i � ]�x c·o \M^ d c �&��]��§û"ü����&Ê&�ÖÊ û u
| �&| a e�c�p ^kx q a n � o c \>] c a p f û2�&�ÖÊ û��ÖÊ�ü��
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ºGkTi î [+cVWD= ^ �\=�Sðï�W\OdZ9�\=DO�Y

ï�W\OdZ9�\=DO�Y î f;µ ´�� )�µ�ù�g�ï;gaû;³h�h) µë��ü?�a³ýï;ú"ï ñ )�X )�³h�4� ´�ñ û�g�]
³h)�³h�4� ³ û;g���)L]¶µ�ù�ï;n µ�û

g ^ =D�TBDW\Oø>�=�H B�C B�Z H BTO ^ O�²_O�H$E Oq�U�\�+�U���ó���"� �+� ����� ���;�\�1�-� � �+���"�
pG /¡$¢J£�¤¦¥¦¥u¢d§ § ¤¦¨�© ª�¬d¤u?¢Jª�¬�®+¯d¥u¢d©j°D�'B¹F�[�±_OAF�WTY\BDY+=�H$E$E2EÕb
Z�=?> MVBTF�WTE ^ O�²_O�H$E$S
[ ^ =�YTH O�H$E$S ³`=�YT´\Od]¶µ·W\BDMVFG=>$Z I�H OAF
PQE K�=DOAKRBDS YTIV�AMVBDS PQEV> MVBTF�WTE
*�>9BDM$=��?=�H$�
F�[�±_OAF�WTY\BDY+=�H$E OE Od> E$H F�WTY\O�H$H BTF�WT´ F�EVZ ´TH BDbGB ^ O�²_O�H$E$I W ^ Odc$KRO ^ H BDS �?=?>�=A@$E
³`=�YT´\Od]¶µ·W\BDM�FG=UF'C O ^ E BA> E$@ OAF�M E KLEM ^ =DO�YT��KLE�[\FdZ9BDYTE$I$KLE�C B�C ^ BTF�W ^ =�H F�WTY\O�H$]
H$��KC O ^ OAKRO�H$H$��K�f# [\F�WT´

Q ≡ (0, 2π)3 ⊂ R3 5 W ^ Odc$KRO ^ H9=�IJBT��Z�=DF�WT´ X
Ω = (0, a) ×Q

X
a > 0

f
5�6�7�6"896þ¦:6<;>=>?Hµ_�A@�B>CED&6 FABTF�W\BDE$WqYUH9=?c+B?P_>9O�H$E$EH O�E$�AY\OAF�WTH$�acE*RY\O�M$W\B ^ =

F�M�B ^ BTF�WTE u(t, x) = (u1(t, x), u2(t, x), u3(t, x))
E�F�M$=?Z I ^ H BDSN� [�H$M<�$E$E÷]�>�=�YDZ9Od]

H$E$I
p(t, x)

X Y)W\BD@$M$=?c
x ∈ Q

Y'KRBTKRO�H$W�Y ^ OAKRO�H$E t ∈ (0, a)
X$[?>9BDYDZ9O�WTY\B ^ IVò;±jEVc

F�E F�W\OAKRO [ ^ =�YTH O�H$E$S

∂

∂t
uj +

3∑

k=1

uk
∂uj

∂xk
= 4uj −

∂p

∂xj
+ fj , (t, x) ∈ Ω, j = 1, 2, 3;

div u ≡
3∑

k=1

∂uk

∂xk
= 0, (t, x) ∈ Ω,

H9=A@9=?Z ´TH$��K
u(t, x)|t=0 = 0, x ∈ Q

Eøb ^ =�H$E$@$H$��Km[+FdZ9BDYTE$I$K

u(t, x)|xk=−π = u(t, x)|xk=π ,
∂u

∂xk
(t, x)

∣∣∣∣
xk=−π

=
∂u

∂xk
(t, x)

∣∣∣∣
xk=π

, k = 1, 2, 3;

p(t, x)|xk=−π = p(t, x)|xk=π ,

∫

Q
p (t, x) dx = p0 = const ≥ 0.

g ^ =D�TBDW\O�>9BDMV=��A��Y+=DO�W\FeI-X+@$W\B C ^ E)Z ò��TBDS f ∈ L2 (Ω)
�?=?>�=G@9=`³`=�YT´\Od]¶µ·W\BDM�FG=

E KROAO�W'Od> E$H F�WTY\O�H$H BTOýF�EVZ ´TH BTO ^ O�²_O�H$E O (u; p) ,
Eø>$Z I÷H O�bGBQY\O ^ H9=QB�� O�H$M$=

∥∥∥∥
∂u

∂t

∥∥∥∥+ ‖4u‖ + ‖(u,∇)u‖ + ‖grad p‖ ≤ C
(
1 + ‖f‖ + ‖f‖l

)
,

b
>9O ‖·‖ ]�H B ^ K�=JY
L2 (Ω)

XL=øC BTF�W\B?IVH$H$��O
C > 0

E
l ≥ 1

H O)�?=�YTE FeIVWUBDW
f ∈

L2 (Ω)
f
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µ·[�±_OAF�WTY\BDY+=�H$E OýF�EVZ ´TH BDbGB ^ O�²_O�H$E$Iø[ ^ =�YTH O�H$E$IJ³`=�YT´\Od]¶µ·W\BDMVFG= ºGk$�

��W\OdZ9�\=DO�Y î fa³ û;g���)L]¶µ�ù�ï;n µ ùF)�� Y ) ´ ��³ ��� n[�nX ù��PX )�X � î ��³ ���
+�û ñ +�ï�ü ´��

~��$KL��F�WD=k�$��F��aZ9K�=�S$WT��H¹OAF�[?Z |RFA�VS$���W�V²j|�H�³`=�YT´\Od]¶µ·W\BDMVFQW\O]�V>9O�[?Z9O ^ |�H$|��
²jO�²j|uKL|�H$|����\= ^ P��GH O��$=�P_O�WTWT|/WT[���HV> �aZ � O�M�O�H$|/WT[ ^ =?Z � ������� � � LV���������
� � ����IL��� �g�\�\� � �\�x��IC��� pG /¡$¢j£�¤¦¥¦¥u¢d§ § ¤¦¨�© ª�¬d¤u?¢ýª�¬�®+¯d¥u¢d©j°D��W\B�Z ����²_O�²j|uKL|
�TO ^ | Z9bAO�H
*\M�O]�$|uF�WT|�M÷=�S$H$��K�=?Z �aZ�= ^ �Õ�TBDS$��H$²Q=�C O ^ E BA> WT�o²_O�MV= ^ =?Z ���)²Q= ^ WTWT�a]
Z �Õ³`=�YT´\Od]¶µ·W\BDMVF�WT���k�V²���Z ²_OAK"> |�OAFAOA�D|�H$|��k�AZ$> |�²_O�²j|uKL|�H$|��÷�\= ^ P��GH O;P_=?ZE�A���
OdMVO�HV> |�bA|/>E�AZ9OdZ$>9O�HV> |lf

Q ≡ (0, 2π)3 ⊂ R3 ]\�V²���Z ²_OAK"> |1BT��Z ��F`�TB�Z9F���H/X
Ω = (0, a) ×Q

X
a > 0

f
¦:6<;>=>?Hµ_�A@�B>CED,?"D&?x�  MVOdZ9OAF�|��TOdZ bA|uF�|���>9O ^ > |�WT=D�D[?>�=�Hg�2� ^ =?Z�=?> �4*

x ∈ Q
H2�VMV]

W\OeZ�O ^ |�KRO�H t ∈ (0, a)
[�=q�$��WT��H9=õW��G[+OdZ$> |;PQ�aZ$>�=DK"> �f�hY\O�M$W\B ^ ��H u(t, x) =

(u1(t, x), u2(t, x), u3(t, x))
P��?H OøF�M$=?Z I ^ Z � �$��F�[�� [�H$M<�$E$I$F���H

p(t, x)
XRKL��H9=

W\OA�$>9O�[GZ�O ^ P��VS OAF�|�H
∂

∂t
uj +

3∑

k=1

uk
∂uj

∂xk
= 4uj −

∂p

∂xj
+ fj , (t, x) ∈ Ω, j = 1, 2, 3;

div u ≡
3∑

k=1

∂uk

∂xk
= 0, (t, x) ∈ Ω,

�\=DFdWT=�C��$�
u(t, x)|t=0 = 0, x ∈ Q

P��GH O ²_O�M$= ^ =?Z ���J²Q= ^ WTWT= ^ ��H

u(t, x)|xk=−π = u(t, x)|xk=π ,
∂u

∂xk
(t, x)

∣∣∣∣
xk=−π

=
∂u

∂xk
(t, x)

∣∣∣∣
xk=π

, k = 1, 2, 3;

p(t, x)|xk=−π = p(t, x)|xk=π ,

∫

Q
p (t, x) dx = p0 = const ≥ 0.

�9=�H9=q�?=�WTWD=�HV> � ^ =�WT��H$>�=�SNO�WT|�C/f
~��$KL��F�WD=õMVO��NM�OdZ bGO�H

f ∈ L2 (Ω)
]�� [�H$M<�$E$I$F��¡�V²j|�HÕ³`=�YT´\Od]¶µ·W\BDMVFUOAFAOA�D|

�AZ$> |RPQ=?ZE�A���
(u; p)

²_O�²j|uK"> |�O�MVO�HV> |�bA|R>E�AZ9OdZ$>9O�HV> |�P��GH O)B�Z4�V²j|�H�M�OdZ9OAF�|·�\=q�?=
B ^ ��HV>�=?Z�=?> �

∥∥∥∥
∂u

∂t

∥∥∥∥+ ‖4u‖ + ‖(u,∇)u‖ + ‖grad p‖ ≤ C
(
1 + ‖f‖ + ‖f‖l

)
,

�q��ZNP_O ^ >9O ‖·‖ ]
L2 (Ω)

]lM�O]�$|uF�WT|�bA|�HV>9O�bG|LH B ^ K�=VX-=?Z C > 0
P��GH O

l ≥ 1
WL� ^ =q�$WT�

FA=�H$>�= ^ � f ∈ L2 (Ω)
]�� [�H$M<�$E$I$F���H9=_W��G[+OdZ$> |1OAKROAFTf
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ºGk � î [+cVWD= ^ �\=�Sðï�W\OdZ9�\=DO�Y

Z�x
z�s��9tDz]H w f'�����!J��F��F rë�¢Z[> à£J���ÿfZ[Fns¤J�Z��¥^����!Z[F¤Z[> �F���
F�à _ �%��ÿ�]%J��GZ[¦h�;J��;w[^�à����!Z[F

���'x�y$|u~;dë���!K`d�zGOT|�H\z�tý}��D{`�$suzdxez;~³�Ds��$x�|��D�:� �[§%¨i©�ªq�¬«m§%¨u���®�®�©x¯C¯C��°¥±³²�´��¬µx©
²�´I¶¸·6®�©x±4ªÉ�D� zABV|u~�x
z�� }Azmt��ED ~�{,���Dx�y$� zA~
~Q� �÷~³�Ds��$x�|��D� ~O� �÷x�y zaF�tQH�|uz�¶]%J+x³�LK\zA~
zIM+�9t�x�|��D� ~��¯���qt�� |�� }��D{`�<�ez�~
~�|��$suzzH�|u~
}��D� ~�¹ �$|TDE*�zABV|u~�x
z�� }Azmt��ED �$�$|TM+� z�� zA~
~O� �
tõ~�x~�³�D��O�~³�Ds��$x�|��D�É� �`x�y<�
zAzd]�DV|�{)z�� ~�|��D��t�snF tIH�|uz�¶]%J+x³�LK+zA~ª�<�³�L�$suz�{ºd�|�x�y¡��z��|��xDV|u}
�M�D�$�ED t ��vø}��D�ED$|Êx
|.�D�9~�|��J~~�9tD}AznHTt ��|Ýtq�$suzA~Gf

�/z�x
Q ≡ (0, 2π)3 ⊂ R3 ��zøtJx�y<�
zAzd]�DV|�{)z�� ~�|��D��t�sfD<�D{'t�|��/X

Ω = (0, a) × Q
X

a > 0
f

»=¼6½  �¾x¿ µIÀ¸ÁQÂmÃ ¾xÄuÅ�¿ ÂmÆCÇ ¾rÈ |u~_x³��� �ED¹� ��K����Qd�� ~�*�tN~~��z�zIDaH\zA}�x³���
u(t, x) =

(u1(t, x), u2(t, x), u3(t, x))
t��ED�t�~
}Gt�sÝt �h�<�
zA~
~��<�
zA�%�$� }�x�|��D�

p(t, x)
t�x�x�y zr�M�D|���x
~

x ∈ Q
t��ED÷x�|�{)z

t ∈ (0, a)
~et�x�|u~k�%v�|���O_x
y z ~�vV~�x
z�{�� �Lx�y z`zIM+�9t�x�|��D� ~

∂

∂t
uj +

3∑

k=1

uk
∂uj

∂xk
= 4uj −

∂p

∂xj
+ fj , (t, x) ∈ Ω, j = 1, 2, 3;

div u ≡
3∑

k=1

∂uk

∂xk
= 0, (t, x) ∈ Ω,

|��$|�x�|Ýt�s
u(t, x)|t=0 = 0, x ∈ Q

t��EDk���D�$�ED t ��vø}��D�EDV|�x�|��D� ~

u(t, x)|xk=−π = u(t, x)|xk=π ,
∂u

∂xk
(t, x)

∣∣∣∣
xk=−π

=
∂u

∂xk
(t, x)

∣∣∣∣
xk=π

, k = 1, 2, 3;

p(t, x)|xk=−π = p(t, x)|xk=π ,

∫

Q
p (t, x) dx = p0 = const ≥ 0.

���Qx�y zfdë���!K�dazF�<�³�QH+z�x�y9t�x��¯����t�s�s
f ∈ L2 (Ω)

x�y zfF�tQH�|uz�¶]%J+x³�LK\zA~��<�³�L�$suz�{ y9tD~
x�y z��$� |�M+�9z ~�x~�³�D��O'~³�Ds��$x�|��D�

(u; p)
t��EDøx�y z zA~�x�|�{'t�x
z4� �L|�x�|u~�HTt�s�|TD

∥∥∥∥
∂u

∂t

∥∥∥∥+ ‖4u‖ + ‖(u,∇)u‖ + ‖grad p‖ ≤ C
(
1 + ‖f‖ + ‖f‖l

)
,

d�y z�
z ‖·‖ |u~�t_������{ |��
L2 (Ω)

X�t��ED�}��D� ~�xet���x
~
C > 0

t��ED
l ≥ 1

D<�)���Dx[D$z��z��ED
�D�

f ∈ L2 (Ω)
f
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