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CYIIIECTBOBAHUWE CNJIbHOT'O PEIHTEHUN A
YPABHEHUA HABBE-CTOKCA

B paGore mamo pemenue mrectoii mpobsembr Thicadenerus (The Millennium
Prize Problems): nqoka3anbl CymecTBOBAHUE U €IMHCTBEHHOCTD CUIBHOTO Pere-
HUs TpexMepHoi 3a1a4un Hasbe-CToKCa € IEPUOAUYECKUMU KPAEBBIMU YCJIOBU-
AMU 110 TIPDOCTPAHCTBEHHBIM TIE€PEMEHHBIM.

Konouesbie cioBa: wecman npobaema muicavesemusn, ypasnenue Hasve-
Cmoxca, cuavHoe pewenue.

1 BBEJIEHUE

1.1 KPATKAS UCTOPHUS IIPOBJIEMBI

3a/1aua onmucaHus JUHAMWKU HECXKUMAEMON JKUJIKOCTH, B CUJIy CBOEH Teo-
PeTUYecKOl U MPUKJIAHON BayKHOCTH, TPUBJIEKAET BHUMAHIE MHOTUX UCCTIEI0-
Bareseii. B cepequne 2000-ro roga maremarnyeckum uncruryrom Kies (Clay
Mathematics Institute) sTa 3amaqa 6b11a CHOPMYIUPOBAHA KAK ULECTNAS NPO-
baema mocavweaemus (The Millennium Prize Problems) o cymecrsoBanum
¥ TaJKoCTH pernenunit ypaBuenuii Hasbe-CTokca i HECXKUMAEMO BSI3KOi
xKugkocru [1].

© Myxrapbait Orenbaes, 2013.
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6 Myxrapbait Orenbaes

Pemmennto 310it pobsiembr u 10 00bsiBIeHUS ee MPoOJIEMO ThICTIE/IeTUS
OBLIO TIOCBSIIIIEHO OTPOMHOE MHOXKeCTBO paboT. Tak kKak mx HE0DO3PUMO MHO-
T0, S UX CIUCOK TIPOCTO He MpUBOXKY. [J1yboKMe pe3ynbTarhl, 0 MOEMY MHe-
H1I0, T1oJ1y4enbl B paborax O.A. Jlagsikenckoii [2-5] u R. Temam [6, 7]. Droii
npo0IeMOil MHTEPECOBATUCH MHOTHE TMEPBOKJIACCHBIE MAaTEMATHUKH, KOTOPBIM
yIaBAIOCh PENUTH BaKHBIE MATEMATHIECKIE TTPOOJIEMbI, B TOM UUCTIE 3aaTH
razo-ruapoguHaMuku. CyIiecTBeHHbIe PE3YIBTAThI IOy YeHbl B pA00TAX TaKUX
kpynHeiinmix mMaremarnkoB XX Beka, kak A.H. Koswmoropos [8], J. Leray [9,
10|, E. Hopf [11], J.-L. Lions [12, 13], M.W. Bumux [14|, B.A. Cononnuxos
[15] u muOrMX apyrux. KoHewno ke, 9TOT CHUCOK JajieKo He ToJHbI. ¢ He
cTaBus cebe 3ajadeit TPUBECTU TIOJHBINH 0030p CyIecTByONuX pabor. 3a uc-
KJIIOYEHNEM TeX TMyOJUKAInil, pe3yIbTaThl KOTOPBIX s HEMMOCPEJICTBEHHO SIBHO
WJIM HEesIBHO MCIIOJIb30BaJI MPU HamnucaHum 31oil paborel (cM. [16-49]). B nx
YUCI0 BXOJST MOUM COOCTBEHHBIE PabOThI (BO3MOXKHO C COABTOPAMMU), & TaKiKe
paboThl MHOTHX Ka3aXCKUX MaTeMAaTHKOB, MOJOKUTEILHOE BAWSHUE KOTOPBIX
s UCTIBITBIBAJI HEPEPBIBHO.

Ilonmoe pemrenne mpobseMbl i aByMepHoro ciaydas maxo O.A. Jlagb-
JKeHCKO B [2]. B [5] ero npuBejen 10CTaTOMHO MOJIHBIA aHAIN3 COBPEMEHHOTO
COCTOSIHIA TIPOOIEMBI M 0030p UMEIOIENHCs INTEPATY PhI, IPEIIOKEHB METOIbI
pemenus 3aa49n. B wacTHocTH, OCHOBHAA TP0OJIEMa, TI00A/IHHOM OTHOZHATHOM
pasperuMocTn TpexMepHoi 3amadn Hapre-CToKca cBeieHa K BOIPOCY O HAXO-
KJICHUW CIEUAAJIbHONW alPUOPHON ONEHKH! JIJIA BCEX BO3MOXKHBIX PEIIEeHUN.

Cﬂe,zgyeT UMETH B BUAY TaKKE HAJINYINE 60.HBH_IOFO KOJIN4YEeCTBaA OH_II/I6OLIHBIX
WK HE COMIEPXKAIIUX JT0KA3ATE/IbCTBA pabOT, KOTOPhIE OMyOJTMKOBAHBI B MAaJIO-
M3BECTHBIX KYPHAJIAX WU 3AC/IYKUIN JEKTPOHHYI0 myOaukanuio. Hecmorps
Ha, OIMO0YHOCTD, 3T PAbOThI 3AC/YKUBAIOT YBaYKEHUS.

4 sToit mpobemoit 3annMarock, naunnasg ¢ 1980 roma. Bo Bcex moux pa-
0oTax, HAMCAHHBIX MHOIO €JUHOJINYHO WJIA C COABTOPAMU, OMyOINKOBAHHBIX
mocsie 1982 rojia, 1 MOCBSIIEHHBIX HEJIMHEHHBIM YPaBHEHUIM, TTPUOIUKEHHBIM
MEeTO/IaM PeIeHusl ypaBHeHuit n (huHaAILHON 00paTHOH 3a/1a19e, ObLIN UCITOThb-
30BaHbl UJEU ¥ TEXHUYECKHE MPUEMbl, BOZHUKINUE MTPH MOUX (A TaKyKe HEKO-
TOPBIX MOMX yYE€HUKOB M COABTOPOB) HEYJAYHBIX MOMBITKAX PEIUTEL TPOOIEMY
cuIbHO# paspenmiMocTu ypauenns Hapbe-Crokca (cm., Hanpumep, [16-37]).

Ilonb3ysicy ciryuaem, BbipaxKato OjaroapuocTh mnpodeccopy M. Cajbibe-
KOBY 3a BHUMaTe/bHOe uTeHne paborbl. OH TakKe Mepens3/ioKuI KOPOTKO U3~
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CymecTBoBaHue CUIbHOTO perenns ypapuenns Hasbe-Crokca 7

JIOYKEHHBIN MHOIO pasjes 4 u moHOCThIO Hanucaa paszen 8. Ero 3ameuanus
0Ka3aJINCh OYeHb MMOJIE3HBIMI TTPW OPOPMIEHNN OKOHYIATETHHOTO BHIA JAHHOMN
CTaTbHU.

Pabory mocBgamar mamMsaTH MOUX JIOPOTUX yduTeseil: mpodeccopos mare-
varuku AmanoBa T.U., Taceimosa M.I., Kocriouenko A.T., Jlesurana B.M.,
JImzopkuna [1.11., a Tak:ke MOUMX TIKOJBHBIX yunTeseii Ambikeesa U. u Ilamu-
Bauoa A.M.

1.2 TTOCTAHOBKA 3AAYU

IIycrs Q C R? - Tpexmepnas obaacts, 2 = (0,a) X Q, a > 0. B mactogmeit
paboTe MBI paccMaTpWBaeM Ciydaii, korga () - TpexMepHbIil Ky0 ¢ IeHTPOM B
HyJle ¥ pedpaMu JUIHHBI 27, TapasiIeIbHBIMA KOOPIUHATHBIM OCSIM.

3agaya HaBbe-CToOKca COCTONT B HAXOXKIEHNN HEM3BECTHBIX:
BekTOp ckopoctu u(t, z) = (uy(t, x), us(t, x), us(t, x)),

crangpHas pyHKug - gapaenne p(t, )
B TOukax T € () B MomenT Bpemenu t € (0,a), yJOBJIETBOPAIONIMX CUCTEME
ypaBHeHU

2 2 up gt = Auj — Ztf, G e, =123
(1.1)
div u = Z ue (t,x) € .

sz

31ec f(t x) = (fi(t,z), fa(t,x), f3(t,x)) - BHemEHMe BO3AeiicTBHA, A =
Zk 1 3 9,7 - VIAILTACHAH [0 NPOCTPAHCTBEHHBIM NEPEMOHIBIM, & ko3 durment
BIIKOCTH v, HE yMeHbINasd OOUTHOCTH, B3AT PABHBIM €JIUHHUIIE.

K cucreme ypasuennii (1.1) nobaBiasgiorcst rpaHudHble (MBI TI0 TIPOCTPAH-
CTBEHHBIM TI€PEMEHHBIM 3a/Ja€M TIePUOJNICCKNE KPaeBble yC.HOBI/Iﬂ) 1 HAa4YaJIb-
Hble ycaoBus. He ymeHbInasg OGIIHOCTH, HAYATLHOE YCJIOBHE MOXKHO CYAUTATH
HYJIEBBIM:

u(t,z)_g =0, x€Q; (1.2)

MATEMATUYECKUN 2KYPHAJ 2013. Tom 13. N 4 (50)



8 Myxrap6ait Orenbaes

u(t7m)|xk:—7r = u(t7 x)|g}k:7r7

Pt @) ye e = P )4, = s k=1,2,3; 0<t<a  (1.3)
0 _ 0
B_;;(t’ x) — = a_;k(t:‘r) —

Cucrema ypasuenuit (1.1) u navanbro-kpaesbie ycsosus (1.2), (1.3) ne
TI03BOJISIIOT OIIPEIEINTE OHO3HATHO JaBenue p(t, x). IlosTomy Mbr mo6aBisem
YCJIOBHE

/ p (t,x)dx = py, po = const > 0. (1.4)
Q

B 3ajaue ucKOMBIME ABJISIOTCSA BEKTOP-(DYHKITHSA CKOPOCTH U = (U1, U2, U3)
" ckaJsipHas byHKIus Aasienuss p. Pewenuem 3adauwu OyrneMm Ha3bIBaTh
napy (u;p) = (u1, uz, uz; p).

Mg Mory 661 pacCMOTPETH CJIyuaii, Korjga BMecTo () Gepercs: J0CTaTOqHO
o6mast 061aCTh, a BMECTO TIEPUOMYECKUX MPaHNIHbIX ycaosuii (1.3) - apyrue
ycaoBus (Hanpumep, ycaosus ‘npusmnanus’). Mbl TakuMu paccMOTPEHUsIMU
HE XOTHUM OCJIOXKHATH HACTOSIIYI0 PAbOTy TOJIBKO M3-3a TEXHUYECKUX JIeTa-
JIEA. BCQ HaIlli OCHOBHBIEC HOBATOPCKHNE MOEU N aHAJIUTUICCKad TeXHUKA 6y,Z[yT
MPO/IEMOHCTPUPOBAHBI B 3TOI paboTe i ciaydas TMepUoSuIecKUX KPaeBbIX
YCJIOBUA.

Bousee Toro, s cobupatoch HammcaTh erie Mo KpaiiHneit oiHy paboTy, TIOCBs-
IIEHHYIO CJIyYaio OOIINX HAYaJbHO-KPAEBBIX 3aJad JJIsi CHCTeMbl ypaBHEHU
TUIPO-TA30IUHAMUKH.

1.3 HEOBXO/JIMMBIE OBO3HAUYEHUS U ONMPEAEJEHUS

Yepes Ly (), kak 0061900, 0603HAYNM THILOEPTOBO TMPOCTPAHCTBO J1ebe-
ra Bextop-byuxuuit f(t,z) = (f1(t, ), f2(t,z), f3(t,x)) € R co ckanapubiM
IPOM3BEICHAEM

o= [ ) gttapasa= [ /Q () g(t.0) o ) a

u wopmoit ||f|| = /(f, f). Baecy u gamnee (f,g) - cKamgpHOEe MPOW3BEIEHUE
BEKTOPOB [ U ¢ B €BKJIMJIOBOM HPOCTPAHCTBE R3.

MATEMATUYECKUN 2KYPHAJ 2013. Tom 18. N 4 (50)



CymecTBoBaHue CUIbHOTO perenns ypapuenns Hasbe-Crokca 9

JList cCOKpalleHunst 3aMncCh UCIOJIb3yeM CTaHIapPTHBIE 0003HAUEHNUSI:
3 3
R P 28“128“228“3
_ (9 9 9. " .
Oz, Oxo’ Ox3 )’ J 1 i ’

Op Op Op
dp=Vp=|(—,—,=— |.
graa p p <al‘1’ 8{1?2’ 81’3
OnPEAENEHUE 1. Ilpu f € Lo(Q) pewenue (u;p) = (ui,us,us;p) 3adawu
(1.1) = (1.4) 6ydem nasvisams CUABHBLM, €CAL

ou
ot’
ONPEAEJEHUE 2. Bydem zosopumsb, wmo 3adawa HaBbe-CTokca cuabHO

paspewuma 6 La(QQ), ecau das 10601 f € Lo (Q) 3adana (1.1) — (1.4) umeem
COUHCTNEEHHOE CUNDHOE PEULEHUE.

Au, (u, V) u, gradp € La(Q).

2 @OPMYJIMPOBKA OCHOBHOTO PE3VJIBTATA

Xopormo uzBecren kiaccuueckuii pesynvrar E. Xonda [11], xkoropsiii jgoka-
zast, ato 3aa4a (1.1) - (1.4) nmeer 0600IIEHHOE PeEleHNE, YI0BIETBOPSIOIIEe
OIeHKE

i(um Wi+ [ llorad wnta 2 g ) < 2 / AT

k=1
(2.1)

Takast oljeHKa JIerKO T10J1y4aercs, ecan k-oe ypaBuenue cucrembl (1.1) ymHO-
JKUTDH HA Uk, U, YIUTHIBag paBeHCTBO div u = 0, a Takke HauaabHbIe (1.2) 1 Tpa-
auunbie (1.3) ycioBust, UX TPOMHTErPUPOBATH U CJIOKUTH npn Beex k = 1,2, 3.

B ciyuae, Korjia Koim4ecTBO MPOCTPAHCTBEHHBIX TTEPEMEHHBIX HE MEHbBIIE
Tpéx, onenka (2.1) okasbBaeTcs He JOCTATOYHO IS MCTOIL30BAHMS TEOPUN
Bo3mytrennii. ViMenHo 310 06CTOATENHCTBO, 10 MOEMY MHEHUIO, 0KA3aJI0Ch O/
HO# M3 BaXHBIX MPUYIUH BO3HUKHOBEHUs OjHON u3 cemu "lIpobiem Thicse-
netust" - npobsiemMbl 0 cubHO paspemmmoctn 3agaun Haswe-Crokca (1.1) -
(1.4).

OCHOBHBIM Pe3yJIETATOM PADOTHI SIBJISIETCSI

MATEMATUYECKUN 2KYPHAJ 2013. Tom 13. N 4 (50)



10 Myxtapbait Otenbaes

TEOPEMA 1. ITpu aoboti f € Ly (Q) 3adaua (1.1) — (1.4) umeem eduncmeen-
noe cuavnoe pewenue (u;p) U 0AA HE20 6EPHA OUEHKA

ou
HEH +|Aul| + || (u, V) ul| + |lgrad p|| < 0(1 +|If]l + Hful), (2.2)

2de ||| - mopma 6 L2 (), a nocmoannwe C > 0 u | > 1 ne sasucam om
f € Ly ().

DTa TeopeMa JIAeT TIOJTHOE PEIIeHIe UWeCMOUT NPObAEMBL MBICAYENETNUS
(The Millennium Prize Problems) o CynmecTBOBAaHMU W TJIQJIKOCTH PeNIeHU
ypasuennit HaBbe-Crokca s Hecxkmmaemoii Bs3koit xuakoctn [1]. Takxe
9TOT PE3Y/IbTAT TTO3BOJIET UCIIOJIb30BATH TEOPUIO BO3MYIIEHU, U TIOBBIIIATD
TJIAAKOCTH PEIIEeHUA TTPU TMOBBIIMMEHNUN TJIQJKOCTH JaHHBIX 3a/a49u.

3aMeTnM, 9TO eCIM Pa3MEePHOCTH MTPOCTPAHCTBA OOJIBITE TIATH, TO CHIbHAS
Pa3peImMOCTh B CMBIC/IE TPUHITOTO HAME OTIPE/IeIeHUs He TI03BOJISIET UCIIO -
30BaTb TEOPUIO BO3MYIICHUNA.

B s70i1 pabore g mareien TOIbKO Ha TPpeXMepHbI ciayuait. [losTomy npursa
yobuoe mue ompejenerne. Ciydan, KOTJa pa3MepPHOCTh MPOCTPAHCTBA BBIIIE
TPEx, OyAyT PacCMOTPEHBI B APYroit mMoeil paboTe, B KOTOPYIO Tak:Ke OyIyT
BKJIIOYEHBI HEKOTOPbIE CIyYIan OOINX TPAHUIHBIX YCIOBUIA.

3 ®DOPMYJIMPOBKA ABCTPAKTHOW 3AJAYU TUINIA HABBE-CTOKCA U
OCHOBHOW TEOPEMBI [IJisl HEE

ITostHOE MOKA3aTENHLCTBO OCHOBHOI TeopeMbl 1 JocTaTovyHo oO0bemHO. Jloka-
3aTeLCTBO pa300beM Ha HECKOJbKO 3TamnoB. OCHOBHYIO YacTh JOKA3aTeh-
CTBa COCTaBjIsieT 000CHOBAHME TEOPEMBI JIJIsI abCTPaKTHOM 3amaun Tuna Hapbe-
Croxkca. B aTom pazjese Mbl chopMyanpyeM 3Ty 3aJady U TPUBEAEM OCHOBHOM
pe3yabTaT T Hee.

Ilycts H - cemapabenbHoe TuibOepTOBO TTPOCTpaHCTBO. Paccmorpum orre-
parop A, yIOBIETBOPSIONIHH CIEAYIOMEMY YCIOBHUIO:

YcnoBue A. Onepamop A - Aunetinvil CAMOCONDANCEHHIT NOAYOLPAHU-
wennoili cnusy onepamop 6 H co eénoane nenpepuienot pe3aosbeenmot.

Yepes 9 > —o0 0003HAYNM TOUYHYIO HUKHIOIO T'DAHb CIEKTPA OMEPATO-
pa A. Xoporo uzBecTHO, 9TO g OyJeT HAUMEHBITUM COOCTBEHHBIM YHUC/IOM

MATEMATUYECKUN 2KYPHAJ 2013. Tom 18. N 4 (50)



CymecTBoBaHue CUILHOTO perienns ypapaenns Hasbe-Crokca 11

oneparopa A u jst 06oro ¢ € D (A) BBIIIOJIHEHO HEPABEHCTBO

(Ap, @)y > o |lol?,

rae D (A) - obnacte onpejenenus oneparopa A; (@, 1))y - CKaIgpHOe Ipom3-
Begerue B H snementoB ¢,y € H.

Yepes {e; };’il 0003HAUNM  TIOJIHYIO OPTOHOPMUPOBAHHYIO —CHCTEMY
COOCTBEHHBIX BEKTOPOB omeparopa A, COOTBETCTBYIOMIMX COOCTBEHHBIM
9pcIaM \j, IPOHYMEPOBAaHHLIM B HOPS/IKe HeyObIBaHUSA: fig = A1 < Ag....

B sTom 6asuce peiictBue oneparopa A MOXKeT ObITh IIPEJICTABIEHO B BUJIE

o]
Ag@ = Z )\jgojej,
j=1

rae ¢; - koaddunuenter Pypbe pas3iozKeHus 37IeMeHTa @ 10 basucy {e; }]0.11:

[ee]
0= pje;.
e

Tob3ysch 3TUM PEJICTABIEHNEM, ONPEETUM CTenenn (IpOOHbIE NN OTPHIIA-
TebHble) onepaTopa A, = A—joE+E B cMBIC/Ie CIIEKTPATBEHOTO PA3/IOKEHNMS:

(e e}

Aggp = Z ()\] — lo + 1) agpjej, a € R.
j=1

[Tycts B(:, ) - bununeiinsiii oneparop B H, 171 KOTOPOTO BBITIOJTHEHBI CJie-
JIYIOIIINE YCJIOBUSI.

Yeaosue Bl. Cywecmeyem maxoe wucao 0 < v < 1/2, wmo daa ecex
u,v € D(A) svinoaneno nepasencmeo

1B (w o)l < 6 {|| 42| ARy + 4l || 4372} 30

ede K - nocmoannas, ne sasucawan om u,v € D(A).
VYcaosue B2. Cywecmsyem makoe wucao 0 € (—=3/2,—3/4), wmo Odan
scer u,v € D(A) svinoaneno nepasencmeo

el <o (fayl, bt ol }. o

MATEMATUYECKUN 2KYPHAJ 2013. Tom 13. N 4 (50)



12 Myxtapbait Otenbaes

2de Ky - nocmosnnas, ne 3asucawas om u,v € D(A).

Yeaosust (3.1) u (3.2) ABAAIOTCS yCIOBUSIMU, BBIPAYKAIOIIMMU HEKOTOPYIO
HOTMMHEHHOCTH OmnHeiHoro oneparopa B(-, ) oneparopy A.

Ioguuunum omeparop B(-, ) yCIOBHIO «OPTOrOHATBHOCTH .

Yeaosue B3. Jlaa ecex u € D(A) gunoaneno ycrosue opmo2onaibHoCmu

(B (u,u),u)y =0. (3.3)

Yepes Hi (0,a) o6o3HaunM ruibOEpTOBO MPOCTPAHCTBO BEKTOP-DYHKIIHMIA,
TIOJIYy9I€HHOE TIOTIOJTHEHUEM KOHEYHBIX CYyMM BHUIOA

u(t) =Y ¢t)e
G

0 HOpMe
1/2

Ol =43 [ leoPars
! (j)/o

e c;(t) - beckoneuno rnaakue Ha cermente [0, a] byHKImw.
C ucnosib3oBaHneM BBeJIEHHBIX oneparopor 3ajady Haebe-Crokca (1.1) -
(1.4) MOXKHO TIPEJICTABUTEL B BUJIE

{ u' (t) + Au+ B (u,u) = f (t) € H1 (0,0a), (3.4)

u(0) = 0.

Taxkyto BO3MOKHOCTH MBI TPOJIEMOHCTPHUPYEM B paszene 4. Sanaun suga (3.4)
MBI Oy/ieM Ha3bIBaThL abcmpaxmuvimu 3adavamu muna Hasve-Cmoxca.
Ioguuaum omeparop B (-, -) ere 0IHOMY YCJIOBUIO.
Ob6o3uaunM depe3 P - opTOrOHAIBHBIN MTPOEKTOP HA COOCTBEHHOE TOJIPO-
CTPaHCTBO

Gy ={z: Az = poz},

T7e po - HamMeHbIee cobcTBenHoe wmcso omeparopa A. Tak xak A mmeer
KOMIIAKTHYIO PE30JIbBEHTY, TO MPOEKTOP P Oyaer KOHETHOMEPHBIM.
Onpenenum npeobpazoBanue Bp, aefictByioriee mo ¢hopMmyJie

Bp (u) = (E — P)B((E — P)u,(E — P)u) — B (u,u).

MATEMATUYECKUN 2KYPHAJ 2013. Tom 18. N 4 (50)



CymecTBoBaHue CUILHOTO perienns ypapaenns Hasbe-Crokca 13

IMorpebyem mast oneparopa B (-, ) NOAYMHEHNE CIEAYIOMEMY yCIOBHIO.
Ycaosue B4. Ecau u(t) nenpepwieno duddepenyupyemasn eexmop-
bynryua co snavenuamu 6 D(A) maxas, wmo u(0) =0, mo

Hé}(u)” < C’Hu'+Au—|—B(u,u)HZl.

Hi
TO yCJI0BUE MBI UCITOIB3YEM TOJBKO PAJIN YMEHbITEHUS 00bEMOB BHIYUCICHUIA.
Hnga 3amaun (3.4) HaMu JOKa3aH CJIEIYIONHN Pe3y/IbTaT.
TEOPEMA 2. ITycmv A - aunetinwd u B(-, -) - 6usunetinvid onepamopol, 0is
KOmopur evinosnensvt yeaosus A u Bl - B4. Toeda eepuvi caedyrowue dea
ymeepotcoeHuA:
I) Jlaa mobot pynxyuu f (t) € Hy (0,a) sadaua (3.4) umeem eduncmeenroe
pewenue u (t), u 2mo pewenue YooBACMEOPAEM HEPAGEHCMEY

sup A2 ) +lullg, + 1], + [+ Aull g, + il g, + 1B )], <

0<t<a

<O+ £y, +I£05,),

2de C u | ne sasucam om f.

II) Yepes ug(t) u ug(t) obosnavwum pewenus sadavu (3.4) ¢ npasvimu wac-
mamu f(t) u g(t) coomsememeenno. Tozda das aobozo 6 > 0 natidemcs
maxoe € > 0, wmo das ecex f(t), g(t) € Hy(0,a), ydosaemesoparowuzr nepa-
sencmey ||f — gl g, <e, 6ydem umemv mecmo nepasercmeo

Aol + [[o' + Av][ , <.

ede v (t) = uy () — ug(t).

JlokazaTepCTBO 3TOM TeOpeMbl TPUBEIEHO B pazzenax 6 u 7.

Ormernm, uro yciosue Bl, manaraemoe Ha oneparopsl A u B, amisercs
cymecrBeHubIM. B Hameit pabore [31] mpusenen mpumep 3agaun tuna Habbe-
Croxkca, [Ijist KOTOPOil BBITIOJIHEHBI YCIOBUST, 00ECIeUNBAIOIINE CYIIIECTBOBAHNE
ciaboro permenns 3amaun (3.4), Ho He BhIMOIHEHO yeaosue Bl. Tlokazano, aTo
9Ta 33393 He ABJISIeTCs CUJIHHO Pa3PEITuMOii.
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14 Myxtapbait Otenbaes

4 BBIBOJ OCHOBHOW TEOPEMBI 1 U3 TEOPEMBI 2

ITyrn BeiBOMA Teopembl 1 n3 Teopem Tuna 2 u3BecTHbl (CM., Hanpumep [27] u
[28] mm [29]). UT06BI UnTaTEH MOT IPEACTABUTDL K Y€MYy HY’KHO CTPEMUTHCH,
B 9TOM paszjieJie Mbl JIOKayKeM CIIPaBeINBOCTh T€OPeMbl 1, caurast TeopeMy 2
JTOKQ3aHHOI.

Pemenne u(t,z) € Ly () 3agaun (1.1) - (1.4) Gyuem nckarh B BUJe pasiio-
JKEHUsT

u(t,z) = Zum(t)ei<m7x>, U, = (U1, Um2, Um3), (4.1)

{m}
rjie cymMMa 6epercs o BCeM TPEXMEPHBIM IeJIbIM BeKTOpaMm m = (mq, ma, ms).
Hnst toro, urobel TpexmepHasi BekTOp-byHKIMs u = (ui,ug,us) Oblia

TeHCTBUTeTbHOM, TOTpeGyeM U, (t) = u_p(t), Tae (—m) = (—m1, —ma, —ms3).
Jlns ckansproit bynxmun p(x) € Lo (Q) onpenemum omepatop (—A)~L,

3aj1aBas ero jeiicteue hopMysioit

~\ —1 .
(F2) @ = > Emema mp =l + fmal + mal”, (4:2)
m=#(0,0,0)

TJ1e P, - Koaddurmentsr Pypoe paznoxenus: GyHKIUN () B TPUTOHOMETPH-
YEeCKUN paf

. 1 :
o(x) = Z (pmez(m,@’ Om = - / o (2) e~ Hm.x) g
(2m)" Jo
{m}
Ipu « > 0, uepes (—A + E)* onpenenum crenenn oneparopa (—A +
E), xak 3ambikanue B Lo ((Q) omeparopa, 3aJaHHOTO HAa TPUTOHOMETPHUUECKUX
nommHoMax u(z) =3 0 U, ™) 110 hopmye

((—A + E)a)u(x) — Z (\m]Q I 1)”‘ O
{m}

(0%
Onpenesmm nipocrpanctea Cobosiesa WQ( )(Q), TIOTIOJTHAST TTPOCTPAHCTEO
TPUTOHOMETPUYECKUX TIOJTUHOMOB 110 HOpMe

1/2

o= | 2 (1P 1)

{m}

A+ E)a/2u(.))

lullyy o0 0 = |

Lo
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CymecTBoBaHue CUILHOTO perienns ypapaenns Hasbe-Crokca 15

Tawm, rae 570 HE0O6XOAMMO, 9TOOBI HE BBI3BIBATH IyTAHUILI, WHOTAA Oy1em
obo3HauaTh omneparop Jlamraca B mpocTpaHCTBe BEeKTOP-PYHKIWI uepes Ag,
re. ecan u = (uq,ug, us), 7o Agu = (Aug, Aug, Aus).

Beegmem B paccmorpenue omepartop [, sSBISONACS 3aMBbIKAaHUEM B TTPO-
cTpancTBe BeKTOp-dyHKIHil Lo(()) omeparopa, mepBOHAYAILHO 33 JAHHOTO Ha
TPUTOHOMETPUIECKUX TOJMHOMAX, BBIPAKEHUEM

F=E+grad (-A)7" div. (4.3)

CrpaBeI/IUBBI CJIETYIOIIHE JIEMMBI.
JIEMMA 4.1. Onepamop F asasemca sunetiHbM 02PAHUYEHHBIM CAMOCONDA-
orcentoLM 0pmozonaivhvim npoexmopom (F? = F) 6 npocmpancmee sexmop-
dynryut Lo (Q).
JIEMMA 4.2, Jlaa m060t craasapnot dynruyuu p(z) € Wi (Q) eexmop-
dynrxyua grad p (x) npunadaescum adpy onepamopa F, mo ecmo

F (grad p(z)) = 0.

JIEMMA 4.3. Onepamop F aeasemcsa nepecmano80uHbM ¢ MPETMEPHBIM ONe-
pamopom Janaaca N3 na mobwz eexmop-dynxyuar u(r) € Wi (Q):

F (Asz u(z)) = AsF (u(x)).

Yepes Lo (Q) obozraunm noanpocrpancTso Lo ((Q)) BekTop-dyHkumit u(z),
st KoTopeixX (B — F)u(z) = 0. B cuny nemmsr 4.1 omeparop F' sBisgercs
OpTOrOHAJBHBIM TpoeKkTOpoM. [losTomy m omeparop F — F' Takxke daBjsieTcs
mpoekTopoM B Lo (Q)). Tak Kak 9TOT MPOEKTOp SABJSIETCS HEMPEPBIBHBIM, TO
BCe MPOCTPAHCTBO Lo (Q)) MoxkKeT ObITh MPEJCTABIEHO B BUJIE HPSMOIl CyMMBbI

Ly (Q) = Ker (E — F) (P KerF.

Takum o6pasom, Ly (Q)=Ker(E—-F).

JIEMMA 4.4. ITIyemy u(z) € W4 (Q). Tozda div u = 0, ecau u moavko ecau
u(z) € > (Q).

CHEACTBUE. Ecau u(z) € Wi (Q) u div u = 0 (dpyeumu caosamu, ecau
u(@) € Wi Q)N L2(Q)), mo Fu =u.
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16 Myxtapbait Otenbaes

ﬂOKaBaTe.H])CTBa ITUX JIEMM TIDOCTBI M BBITEKAIOT W3 OHpe,Z[e.HeHI/Iﬁ Ipo-
crpancts CoGonesa Wi (Q) m onepatopos F, /A, grad ¢ ywerom, 9To OHH
TEPBOHAYAILHO OTPeJIeIeHbl Ha TPUTOHOMETPUYECKUX mojuHomax. OHu cra-
HOBSITCsI TI0YTH OYeBHIHBbIMU (CM. Hanpumep [49]), ecin yuecTs, 9To K/acc 1e-
puoandeckux (PyHKIM HA KyOe MOYKHO PACCMATPUBATH KAaK KJacC (PyHKIHi
Ha Tope (Ha MHOXkecTBe 0€3 rpanun). HO st MOJHOTHI M3/I03KEHHsT JT0KA3a~
TEJHCTBA STHUX JIEMM MIPUBEJIEHBI B pasjese 8 (B BapuaHTe, IPEIIOKEHHOM 10
moeit pocsbe M. CapibexoBbiM).

Cucremy (1.1) 3anumem B 0JfHON U3 OOIMIENPUHATHIX (DOPM - B BEKTOPHOI

dopwme:

div u=0. (44)

Tax Kax MBI WIEM pelleHne 33/1a97 B KJIaCCe CUIBHBIX DENIeHUil, TO MBI
MOZKEM TIOYUJIEHHO TI0/IefiCTBOBATL Ha NepBoe ypasHerue cucrembl (4.4) onepa-

{ %—?—Au—i—(u,V)u%—gmdp:f,

TopoMm F'. Torga, ¢ yuerom jiemmbl 4.2 u ciieacTBust u3 jgeMmbl 4.4, mogydaem

{ % — Au+ F (u,V)u=Ff; (4.5)

div u = 0.

Taxkum 06paszoM, Mbl uCKIOYMIN jgaBiaenue p(t, x) n3 cucrembl. Ormernm, 9ro
TaK¥e OMepaIii 0 MCKIYEHNI0 JaBJIeHNs] PaHee yKe MPOJIe/IbIBAINCh (CM.,
Hanpumep, [28], [49]).

B cuny nemmbr 4.3, ecm u € j)vg(Q), T0 Au € E;(Q) To ecth mpo-
CTPAHCTBO Ly (Q) siBIsIeTCsl MHBAPMAHTHBIM OTHOCHTEJILHO oneparopa Jlaria-
ca A. Tak Kak mpaBasg 4acTh TIEPBOTO ypaBHeHUs B (4.5) TakKe MPUHAIEKUT
Ly (Q), To mosmyuaem, uro ucxognas 3anada Haspe-Crokca (1.1) - (1.3) sxBu-
BAJIEHTHO DEJyIIMPOBaHA K 3a/a4e

{ %—Au+F<u,V)u:f, (t,x) € &

= 4.
ul,_g =0,z €Q, (4.6)

paccmarpuBaemoii B npocrpancrse Lo (Q).
B 3ToM ypaBHEHHH ciiefaeM 3aMeny nckomoit dyakmmn u(z,t) = v(x,t)el
Torma HOBast nckoMmast (DYHKINS U ABJISIETCS PEIICHUEM 331a9h

{ P — Av+v+elF (v, Vyv=elf, (t,z)€;

— 4.
v|t:0 = 07 T e Qa ( 7)
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Brioupas
e B KauecTBe H - IPOCTPAHCTBO Ly (Q),

e B kauectBe A - omeparop Jlamnaca (—A + E) ¢ 06/1aCTBIO ONpe/Ie/IeHusT
D (A)=W; (Q)NL2(Q),
e B kauectse B (u,v) - npeobpazosannue e'F (u, V) v,

MoJTy9aeM BO3MOXKHOCTH 3ammucarh MCxoAHyio 3amady Hasbe-Crokca (1.1) -
(1.3) B Buze 3amaun (3.4), KOTOPYI0 MbI Ha3BaIW abcmpaxmmot 3adaved
muna Haseve-Cmoxca.

Jns mpuMeHenust TeopeMbl 2 HaM OCTaeTcst TpoBepuTh yeaosusd A u Bl -
B4.

Boinosinenue ycsoBus A gBiisgercs o9eBuIHbIM. /{19 BEIOpaHHOTO HAMU
oneparopa pg = 1. Crenosarensno, A, = A. Ilostomy mposepky ycnosuit Bl
- B3 mm1 mpoBegem g1 onepatopa A, = A.

IIposepka ycsoBus B1. Tlokaxewm, uro qis seex u,v € D(A) Bbmos-
HEHO HEPABEHCTBO

1B (w,0) g < ek { [ 47+1720]| Aol + [A4420]| a4l @)
nupu HekoTopom 0 < 7y < 1/2.

Xopomo W3BeCTHO, YTO B CHIy ycaoBud div u = () HeIMHEHHDLIH djieH
(u, V) v MoxkeT ObITH NPEJICTaBJIEH B CHMMETPUYHOM BUJIE

9
(u,V)v = Z Y (ujv).
j=1""7

CoorBercTBenHo 1 OunHeitHbIi orneparop B (u, v) MOXKeT GbITH 3alucaH B Ipy-
rom Bugze. [losromy mmeem

2 a
1B (w,0)|% = || F (V) o2 ) < e I {9, u) oll2, gy

Tak kak F' - orpaHwdeHHblii poexTop, 1o ||F|| = 1. CaemoBarenbho,

e 1B (u, )l < IV, 0) vll1,q) = /Q (Y, u(@)) v (@) de =
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IIpunvenennem 31eMEHTAPHBIX HEPABEHCTB OTCIOA MOy YaeM

e~ 1B (u, )% <2ZZ/

Ou; (z) vy, ()

o @ o+ fus ()| 5

2
{ }dazg
k=1 j=1

QZZ{(/Q ) ([ lectortas)” +
<QUJ >1/2 </Q 4dm>1/2}< (4.9)
{ Ve 'dw>1/2(/|v |dx>”2+
(

/u K d:v)l/2 (/ Vo(a)| d:v>1/2}.

8u]
Ox;

IN

vy ()
8&?]'

_l’_

IN

_|_

Cornacho Teopemanm Biioxenus [50] muist Bcex dbyHKuunit © n3 TpocTpaHCcTBA
2v (3
Hy7(T?) (koTopoe m eCTh Ha CaMOM Jiejie OTpejieJieHHOe HaMU ITPOCTPAHCTBO

W22 7(Q)), BepHO HEpaBEHCTBO

/\u dr < C uly ) = {/\ “A 1 B u(@)| dac}
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upu Beex 2y > 3(1/2 — 1/4) = 3/4. Tlosromy u3 (4.9) nonyvaem
B (w )|l <

{(fQ\ (—A+ E)H/2y x‘ )(fQ A+ E) (w)]de>+

+ (/C?\(—A+E)7u(:r)]2dx> (/Q ‘(—A+E)V+1/%<x)fdx>} _

—c{|car Bl -0+ B @I+

o+ By @|

Lo

BB @ )

rze 7y - JI000€e YuCI0, YI0BIETBOPSIONIEe HEPABEHCTRY Y > 3/8.
Takum obpasom, ycioBue Bl BbIoSHEHO TpM BCEX Y W3 WHTEPBAJIA

(3/8,1/2).
IIposepka ycaoBus B2. Tlokaxkewm, uro st Becex u,v € D(A) Bbinos-
HEHO HepaBeHCTBO

o, <okl o+ ], . 420

rae —3/2 <60 < —3/4.

JIEMMA 4.5. Onepamop F' asaaemca nepecmanosounvim ¢ npouseosvhoti cme-
nenvio mpexmephozo onepamopa Jlanaaca (—N3+ E)" %, a > 0 na aobvz
sexmop-pynryuar u(z) € Lo (Q):

F((-A3+E)® u(z)) = (-As+ E) “F(u(z)).

JlokazaTeIbCTBO aHAJOTUIHO JTOKA3ATEIbCTBY JIeMMBI 4.3 U JIJId TTOJTHOTHI
W3JI0’KEeHUS TIPUBEJIEHO B pasjene 8.
TlosTomy mmeem

s ol -

:etH(—AngE)‘)mu,vw‘

— ¢t HF(—A3+E)9 (u, V>v‘

L2(Q)

Tak kak |[F||=1u3> —20 > 3(1—1/2) = 3/2, T0 mOJIB3ysCh HHTETPATHLHBIM
npezicrapiennem geicreus (—Ag + E)e, TIOJTy 9aeM

L2(Q)
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2

HABB (u, “)Hj{ < L2(Q)

(=D + B (u, V) u(

2

/ |x (u,V)9ldy | duz,

rje m(-,-) - HempepbIBHAsI d)yHKuI/Iﬂ JIBYX aprymenToB, a « = 3426 € (0,3/2)
upu —3/2 < 6§ < —3/4.
OTcrona mmeem

2
HA9 uv)H <

Qa/d /mxy d mxn )ﬂ(n)’dn>
m—m u—m

Temepn moMensgeM TOPSIIOK WHTETPUPOBAHU

2
uAe woll

// (u, V) 9 ()] |{w, V) 9 |/ |x_y| |) dx)dydn

Orciona, Tak kKak m(-,+) - orpannvena, a « € (0,3/2), noayvaem, 4ro

2
|48 (w,0)||| < Ko, 9) 0 (@))* < Ko llull () IV Pl 1)

W3 sTOTO0 HEpaBeHCTBA BBHITEKAET BLINOIHEHNE ycaoBus (3.2) mpu Bcex —3/2 <
0 < —3/4. To ecrb ycaoeue B2 BblnosaeHo.

IIposepka ycsioBus B3. Ilokaxkewm, uro mis Bcex u € D(A) BBITOTHEHO
yCJI0BU€ OPTOTOHAJIBLHOCTHI

(B (u,u) ,u)y = 0. (4.11)
C yuerom camoconpsizkeHHOCTH omepaTopa F' (nemwma 4.1) nmeem

(B (u,u) u)y = €' (F (u, V) u,u) o) = € (u, V) u, Fu) ) -
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U3 crencreus mevvbt 4.4 mveem Fu = u jis seex u € Ly (Q). Tostomy

e <B (uv u) au>H = (<uv v) u, U)LQ(Q) :
PackpriBas ckansgpHble Tpou3BeieHus, OyaeM UMeTh

eit <B (uvu) ,U>H -

Qj:l
_ , Oui (2) N~ [Ny () 2 (5 (0)
—jz::l/Q;u] () ug(x) B dm—j:1/Q;uk (x) B ]2 dz.

Wurerpupyst nocaeauii HHTErpas 1Mo 4acTsM, ¢ y9eTOM HePUOMIeCKUX Kpa-
eBbIx ycaoBuit (1.3), mosyuanm

3 . 2
= _Z/ (7(%(2 ) div u(x)) dx.

Tak Kak 1st Beex byHKImii u € Ly (Q) mmeet mecto div u (x) = 0 (remma 4.4),
TO W3 MOCTIEeLHEr0 paBeHcTBa moaydaeM (B (u,u),u); = 0. Takum obpasowm,
ycaosue B3 BoImosHeHoO.

IIposepka ycaoBus B4. Nveem

Bp (u) = (E — P)B((E — P)u, (E — P)u) — B (u,u) =
= —B((E—P)u, Pu)+PB((E—P)u, Pu) — B(Pu,u)— PB(u,u)+PB(Pu,u).
Toacrasassa cioma BMecto B (u,v) mpeobpazosanme el F (u, V) v, nomydaem
Bp(u)e ' = —F ([E — P|u,V) Pu+ PF ([E — Plu,V) Pu—

—F (Pu,V)u— PF (u,V)u+ PF (Pu,V)u.

MATEMATUYECKUN 2KYPHAJ 2013. Tom 13. N 4 (50)



22 Myxtapbait Otenbaes

Hawnwmenbiee cobcrBenHoe uncio oneparopa Jlamnaca pasuo myso. CooTBer-
CTByIOH_H/IMI/I CO6CTB€HHBIMI/I BEKTOPpaMu" 6yﬂyT TPEXKOMIIOHEHTHBIEC BEKTOPa C
MOCTOSTHHBIMY (He 3aBUCSIIUMY OT &) KOMIIOHeHTaMu. 1 0ueBmIHO, 9TO TIepBbIe
JIBa CJaraeMbIX OOpallaioTCs B HYJb, TIO9TOMY

Bp(u)e ™ = —(E — P)F(Pu,V)u— PF (u, V) u. (4.12)

Tlokaxxkem, uTO BTOpPOE cCjaraemMoe 37ech oOpaImaercs B HyJdb. Tak Kak
PF (u,V)u - BEKTOp C IOCTOSHHBIMA (HEe 3aBUCAIINMA OT ) KOMIIOHEHTAMIN,
TO

NE

F <u7 V> U= <F <’LL, v> u, €k>L2(Q) €k

e
Il
—

Tak kak F' - caMOCONPSAKEHHBI! TTPOEKTOP, TO

NE

F{u,Vyu= ((u, V) u, Fek>L2(Q) ex.

>
Il
—

Vuursisasg, uro Fep = ey, (cm. ompeenenne (4.3) mpoektopa F'), orcioja 1mo-
JIydaeM

F{u,V)u=
3 3
Z ((u, V) u,ex) L2(Q Z<Za (ujug), > er = 0.
=1 k=1 L2(Q)

[MoceiHee paBeHCTBO JIETKO TIOJIyYaeTCsi MHTErPUPOBAHUEM 110 YacTsIM B CKa-
JISPHOM TIPOU3BEJIEHUN, TaK KAK €} - BEKTOD C MOCTOAHHBIMY (HE 3aBUCIIIMI
OT ) KOMIIOHEHTAMH.

Takum obpazowm,

Bp(u)e ' = —(E — P)F (Pu,V)u. (4.13)

Ipucrynaem k noxyvenuto onenku (2.2). Tak kak P u F' - npoekTopsI, TO
TOJTy9aeM
a a

/dt/\|(E—P)F<Pu,V>u|2dx§ /dt/||(Pu,V)u||2da:.
Q

0 Q 0
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Tak kak Pu - BEKTOD € TIOCTOSIHHBIMY (He 3aBUCAIIMMU OT &) KOMIIOHEHTAMH,

3 3
Pu:E EE uekL2 ) €k

k=1 k=1

TO

e ey - 6a3uc B mepBoM coberBennoM noanpocrpanctee {u: Au = 0}. 3a ta-
Koii 6a3uc MoxKHO B3aTh BekTOpHI (1,0,0), (0,1,0) u (0,0,1).

TlosTomy mmeem
a
/dt/H(Pu, V) u|)? de <
0 Q

5{&?&52,3‘53”13”16( .o }{/ > lgad wn, g dn}g
a 3
2 2
= {o@?éi Jmax u(t 7')HL2(Q)} {/ )~ llgrad we(n, )17, dn}.

0 k=1

Orciona n u3 ouenku E. Xonda (2.1) nosyuaem

a 3 a 2
— U u|? dx I3 .
/dtQ/|(E P)F (Pu,V)ul*dz < {;/0 | £ (, )I\L2(Q)dn}

0

Otciona n 3 (4.13) ciexyer BoimosiHenne yciosus B4.

Wrak, BCe ycaoBus Teopembl, 70 ecTh yciosust A u B1 - B4 Beimosaenst. [To-
9TOMY U3 Teopembl 2 Mojyvaem cyliecrBoBanue pertennst u(t, x) samaqn (4.6)
u oreHku jjisg vero. [lapyenue p(t,r) BOCCTAHABIMBAECTCA B CUIY yPABHEHUS
(4.4) w ycnosus (1.4). Ouenkn jgist p(t, ) Borrekator u3 (4.4) (c yuerom (1.4)).

Takum obpazom, Teopema 1 BLITEKAET U3 TEOPEMBI 2. Il

5 KJIFOUYEBBIE UAEW PABOTHI - OCHOBHBIE MOMEHTH JOKABATEJIb-
CTBA TEOPEMHI 2

B sTom paszgene Mbl onmiem (He BIOJTHE CTPOTO) KJIIOYEBbIE UJIeU, Ha KOTOPBIE
OIIMPAETCsI JIOKA3ATEILCTBO TeopeMbl 2 (1 pabora B mesiom). ITosHoe mokasza-
TEJTHCTBO TEOPEMBI 2 TIPUBEJIEHO B CJEAYIOMNX JIBYX pa3feax.
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Jlist yrpolieHust M3JI02KEHUsI B 9TOM pasjiesie cauraeM, uto A > F.
3 (3.4) nepeiigem K 9KBUBAJIEHTHOMY yPABHEHUIO

o o O o

v+ L(v,v) = f, (5.1)

e 0(t) = u'(t) + Au(t),
t
L(5,5) = B(TS, TY), ﬁ:/gA@%wm.
0
31ech oneparop e~ Al nopmmaercs B embicie CIICKTPAJILHOT'O PA3JIO?KCHUS:

e A (n) =Y " Mg (n)e;.

(o)
=1

o
Temepb CTPEMEMCS OLEHUTH HOpMY U B Hy (0, a) uepes wopmy f B Hi(0,a).
Tlonoxum

Aby)?
o) = amy 171

)

lvll%,
Dif(v) = f+ L3 f,
(5.2)
(sz,le _ (Dy f, R>H1
Ivll3, IR,

rze ¢ - aucyo u3 ycnosug B2, a Ly - ecTs onepaTop, CONPSAZKEHHBIN K OEPaTOPY
L, xoTopsiit geiictByer 1o opmyie

S(w) =Dy f -

)

Lyg = L(v,g9) + L(g,v).

Iycts € € [0, 00) — mapamerp. Paccmorpum cemeiictso dbyukuuii v(€, +) co
suadennsivu B H1 = H;(0, a), aBistionuxcst o napamerpy & pereHneM 3a/1a9u

{%:—a@Rw@»—moa@+a@,

o (5.3)
Vlg_g =v € H1(0,a).
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Baecy a(§) > 0 m (&) - ckanspubie dbyuxiyn, a d(§) — BekTOp-hyHKIHS CO
suadennsimu B H1(0, a), Takas, aro

(d(€), v(&)) g, = (d(&), R(€)) g, = (d(&), S(€)) g, = O (5.4)

Hna obecniewenus pasencts (5.4), ecmn R(E) # 0un S(§) # 0, MOXKHO B3ATH
d(§) u3 paBencTBa

d(f) _ g(g) B <g(£)7v(£)>H1 v (5) - <g(§)’R(£)>H1 R(f) B <g(£)’s(£)>H1 S(g)’

v @11, IR ()7, 15 )l
rae (&) - npoussosbHas dyuknus co snadenusmu 8 Hp (0, a).
Ob6o3nadnM
F(0(€)) = (&) + L (v(E),v(€)) - (5.5)

Ormerum, 910 110 nocrpoennio (cm. (5.2))

(0(€), R(E)) pr, = (v(€), 5(E)) g, = (R(E),5()) g, = 0. (5.6)

[MTosTomy, mob3ysick pasencrBamu (5.4), (5.6) u ypasuenusmu s v (§),
HAXOIUM

(Ilo@1, ), =20, ve(@)y, =0

(ZC ;)g =2(470(6). ), = (57)
_ |4%(©), B
=2 <A29v(f) - WMU(O,U§>H1 =

2(R(v(€)), ve) gy, = —2a(&) [ R(0(€) Iz, -
[v(§) + L(U(§)7U(f))||12111>£ = 2(Dyf(v),ve) =
~2(D} f, R) gy, (&) + BE) IS 17, - (5.8)

Hanee obocHoBbIBaeTcs (amo docmamouno mpyoro) BOZMOXKHOCTE BHIGOPA
TAKWX KyCOUYHO-HempepbIBHbIX dyukimit «(&), 5(§) u Bekrop-dynkuun d(§),
4106bI 117151 HeKoTOporo &1 € (0, 00] BBINOIHSINCE YCIO0BUST

l
—_— |l

(17 ek,
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(1) 1(©)l, = |3, mom & € (0. &)
(i1) Jim | R(0(©))] 1, =0

(iii) || A%(€)

£ HHI ue Bospacraer B (0, &1);

oll2—¢

(%

o 2 m
i) £y, = 10(6) + L@ (@l < 7]+ ,
0 Hy Il Hy

rne C, mue e (0,1) - me 3aBucaT ot v.

Hanee, u3 R (v (§1)) = 0 BhITEKaeT, 9TO IPH HEKOTOPOM COGCTBEHHOM 3HA-
denun \ oneparopa A umeer Mecto A2‘9 (&) = A28y (&1) (B embicaie Hy(0,a)).

IIpocThiMu paccy)aeHusiME Caydail KPATHOTO COOCTBEHHOTO 3HAYEHMUST h)
CBOAUTCS K CJIyYar0 OMEpPaToOpPOB € MPOCTBIME COOCTBEHHBIME 3HAYCHUSIM.

Ecmm oneparop A B8 H He mMeeT KpaTHBIX COOCTBEHHBIX YHCEN, TO U3
HocsIe/iHer0 paseHcTBa BhITeKaer, 4T0 v(&1) = VU(t)e, rme e - coOCTBEHHBINH
BekTop A B mpoctpanctee H, ¥(t) € L2(0,a). Orciona n u3 (i) nmeem

o]

U, = lo€N, < lv(En)liF, + IL(u(E), v(E) I, +

+2(L(v(&1), v(€1)), v(&1)) g, — 2{L(v(&0), v(&0)), 0(E0)) g, =
= [lo(é1) + L&), v(Ea)) 7, — 2{L(0(&r), v(&0)), v(€) gy,

Ho v(&1) = ¥(t)e, mosTomy

t t ~
(Telen)(0) = [ e edn—( [ dn) — F(1)e,
L (0(€2).0(€1)) =B((To(e))(0), (To(€)(1) = BF(D)e, F(t)e) = T2(1)Ble, o).

CrenoBaTesbHO,

v jﬁ < |lw(&1) + L(v(&r), v({l))H]qu —2 <\T12(t)B(e, €); \Il(t)e>H1 -

=1f wENF, - 2/‘52(15)\1’(15) (Ble,e), e)p di.

0
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Tenepsb BOCTIONB3yeMCsl yCI0BUEM OpToroHaabuocTH B3, a 3arem (1744). Tora
[OJIy4aeM

° 2—e¢

v

o
v

(5.9)

m
H Hy

2 o 2 o
< IfwE)Z, < Hf” o .
. H1 1

U3 ycnosus B2 u u3 smepreTmueckoro mepaseHcTsa (c1aboii anpuopHOit
onenku Tuna Xonda (2.1)), kak Oyger mogpobHO MOKa3aHO B pasjese 7, BbITe-
KaeT, u4TO

< Gy | f()II3, -

Orciona n n3 onenku (5.9) moJydIaeM OIEHKY

4%
Hi(0,a)

2 l

2
<C|1+
Hy

o

f

o

f

o
v

+
H1 (0,(1)

, (5.10)

H1 (0,&)

(o]
rae C u | - He 3aBucsT o1 U W f.

Anpuopnas onenka (5.10) ects onenka v’ + Au uepe3 mpaByio 4acTh ypas-
nenus (3.4). U3 sroii onenku Mbl B pasgene 7 noaydaem teopemy 2. Tak xak
sTa omenka (r.e. (5.10)) ecTh CHIBHAS OIEHKA, TO CYIIECTBYET MHOTO IIyTeii
(cm., manpumep, B padorax O.A. JlaabKeHCKOT) BBIBOIA TEOPEMBI 2 U3 OIIEH-
ku (5.10).

Me1 B pazgene 7 npegnaraem CBoi myTh BbiBoga u3 onenku (5.10) reope-
MBI 2, IPUCIOCOOIEHHBIN K MIUPOKOMY KJIACCy abCTPaKTHBIX MapabOIMIecKuX
ypasuenuii. [lommbiii BeiBos onenku (5.10) mbl mpuBesiem B paszesne 6.

OcCHOBHBIE TPYJAHBIE MOMEHTHI PA0OTHI COCPENOTOYEHBI UMEHHO B pPasje-
Jie 6: TIaBHBIe TEXHUYECKHe TPYIHOCTH 3aKJII0UA0TC B BBIOOPE TOAXOIAIINX
a(§), B(&) u d(€). Xorst MBI IO CYIIECTBY CJIeJlyeM M3JI0’KEHHOMY B 9TOM pas-
JieJie TIOJIXOTY, HaM TIPUXOUTCS Pail TEXHUIECKUX YA0OCTB HECKOIBKO OTKJIO-
HUTBHCS OT YKa3aHUil 9TOr0 pasjiesa Mpu peaan3aiuu ero ueii.

6 ATIPUOPHASI OIIEHKA PEIIEHUI OJHOI'O KJIACCA YPABHEHUI B
I'MJIbBEPTOBOM MPOCTPAHCTBE

Ilycts H - ruin0epTOBO IPOCTPAHCTBO CO CKaJISIPHEIM TPOM3BE/IeHIEeM (,), A
- CaMOCOTIPAKEHHBIN JIMHeHHbIi ontepaTtop B H, a L&, -) - bunuHeHOe Herpe-
peiBHOe Tipeobpasosanue. To ects, ecim g u v € H, 1o L(g,v) - suneiinoe
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28 Myxtapbait Otenbaes

npeobpazoBanue 10 JIF0O0OMYy U3 CBOMX apryMEHTOB Ipu (DUKCUPOBAHHOM JIPY-
rom. Ilpu u € H qepe3 L, 0603HaUMM OmrepaTop, JeWCTBYOmMMl HA § € H 1o
dopwmyte

Lug =L (u7g) + L(97 u),

a gyepe3 L7 - coupsizkeHHBIN K L, oneparop.
Byaem mcnons3oBarh Hurke Bimucannbele yciosms (Y.1), (V.2), (V.3) m
(VA4).
(Y.l) s nexomopozo —oo < 3 < 0, npu a0bwzr v, u € fI 6BHINOAHEH DL
HEPABEHCMBa
(Au,u) > [|u]?,

I

IL(u, 0)|| < Cg HA%H HA%

2de Cg - nocmoanmnoe wucao, ne 3asucauee om uw u ¥, a (-,-) u ||| 3decv u
danee - cranapnoe npouseedenue u nopma 6 H.

(¥.2) Ecau u - cobecmeennwiii sexmop onepamopa A (mo ecmv Au = Au),
mo (u, L (u,u)) = 0.

(¥.3) Cnexmp onepamopa A cocmoum u3 nocaedo6amesvHOCTIU YUCEN

I1=M <A <A< <A < Apg1 < ooy 16 <22 <100

maxoti, wmo npocmparcmeo H mooicem boims npedcmasaeno 6 eude opmozo-
. 77 M

HAALHOU CYMMBL CObCmEeHHLT nodnpocmpancms H = ®j:0 Gyj, 2de Gyj -

cobemeennvie nodnpocmpancmea Gy; = {x zfl\x = \jzr} (Konewnomeprvie uiu

beckoneunomepnvie) onepamopa A, M = dimH < oo. IIpu amom
dim Gy, > 20.

3decv dim - PA3MEPHOCINY.
(V4) Ecauue Hy e € Gy, =G ={z: Az =z}, mo

L(e,u) = L(u,e) = Lye = Lye = Leu = Liu = 0.

ITpu ucnosp3zoBannn ycmosmit (Y.2) u (V.4) durarens 3aMeTHT, UTO ITH
YCJIOBHS MOXKHO OC/Ia0NTh. Mbl, 4T0OBI yMEHbIINTH 00beM paboThl, 3TH YyCJIO-
Bus OepeM B HAIMCAHHON BbIIe dhopMe.

Mmeer mecTo
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TEOPEMA 6.1. ITycmo GUNOANENDL YCAOGUS (V.1), (V.2), (¥V.8) u (¥.4). IIpeo-

NOAOAHCUM, HTNO ona HEKOTMOPO20 ’LL S H 6HINOAHENRA CAADAA ouerHKa

|47 < o

2de < min (—%,B), a B - us yeaosua (Y.1). Tozda das m 6EPHA CUNDHAA
ouenka

l

(o]

f

[¢]

+ |/

Hachl 1+ , eae}:a+L(a,a). (6.1)

3deco C1 u | sasucam moavko om Cg u [ us ycaosua (Y.1), a maxoce om

Cou 6.

Heobxoanmo cpasy oroBopurhCsi, 9T0 TaK KaK HAC MHTEPECYET AlpPUOPHALd
[e]

OllEHKA TIPM He MaJibIX 3HadeHusx ||f|[, To B nepasencrse (6.1) B cKOOKe st

y1o6cTBa J00aBIeHA €THHIYIKA.

OTy TeopeMy Mbl CHadYaja JIOKaXKeM B Caydae, KOrja H - KOHETHOMEPHOE
npoctpaucTBo. Ilpu 3TOoM Oymem mosiyvaTh OIEHKW, HE 3aBUCIIINE OT Pa3Mep-
HOCTHU TIPOCTPAHCTBA H. Barem Jokaxkem Teopemy 6.1 B mosiHOM oObeme. B
KOHIIE 9TOT0 Pa3/esia MbI MOIyduM Teopemy 6.2, B KOTOPOit OyIeT CHATO yCJI0-

Bue (V.4).

s mokazaTesbCcTBa TeOPEMBI HAM HYYKHBI HEKOTOPBIE TTOCTPOEHUS W JIEM-
MBI.
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Bgemem B paccmorpenue cieyionine BEKTOPa:

LA

2
flal® ™7

R (u) = A%y

DLf=[f+Luf,

S (u) = D* f — <Difu>, _ <DifR>p
(W) =Duf == v — g &

(6.2)

¥ CKaJIAPBI:

K (u)=—<D:if,R>|R| >,

7 —_ <Duf7u>

(u) Tull®
Abqy 2

p(u) = [ 4]

31ecy (n BCIOZY B JasbHEiineM, ecjou He OrOBOPEHO MpOTHBHOE) 6 - u3
ycaoBuit TeopeMs! 6.1.

OTH BEKTOpA U CKAJISIPHI onpesiesiensl, ecim u # 0, R # 0. Jlerko 1oka3aTs,
Y9TO BBITIOJIHEHB! CJIEIVIONINE YCAOBUSI OPTOTOHATBHOCTH]:

(u,s) = (u, R) = (R,s) =0.

B nasbheiiniem u Moxer 6biTh BekTOp-byHKIMei or napamerpa & € (0, 00).
Torma S, R, f, D} f n K Takxe 3aBucar ot . Mbl 9acTo BMeCTO

K(u(§)), p(u(€)), m(u(§)), S (u(€)), R(u(§)), f(u))

OyaeM mHucaTh
K (&), a(§), n§), S(&), R(E), £(S),

a MHOT/Ia COBCEM He OTMedaeM 3aBHCHMOCTL OT & u oT u(£) - mmImeM mpocTo
K7 /’L7 M’ S’ R7 f'

Bcerogy B 9TOM paszese, ecam He OrOBOPEHO IPOTHUBHOE, CUUTAEM BBIIOJI-
nenubiMu ycsiosust (V.1), (V.2), (V.3) u (V.4).

JIEMMA 6.1. Ecau uy,uo,...,up € H, 1<k <20, u ecau A\ = Ay - nepsoe
cobcmeentoe 3navenue onepamopa A, mo natidemcsa cobcmeentvil eKmMop e
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onepamopa A : Ae = Aie, makot, wmo |e|| = 1 u (uj,e) = 0 dan ecex
j=12 ... k.

Zloxazameavcmeo. Pa3zMepHOCTH COOCTBEHHOTO MMOAIIPOCTPAHCTBA, COOTBET-
CTBYIOIIEro COOGCTBeHHOMY duciay A; - He Mmemee 20. Yciosua (uj,e) = 0
ang Bcex §j = 1,2,...,k, nator k ypaBHEHUI OTHOCHTEIHLHO KO PUITHEHTOB
Cl,...,Co0 HEM3BECTHOTO COOCTBEHHOTO BEKTOPA, KOTOPBIA MBI WINEM B BHJIE
€ = c1€1 + Cgo€eg + - - - + Cope20, TE €1, €9, ..., €29 - OPTOHOPMAJIbHAA CUCTEMa U3
G, . I3 kmaccudeckoil Teopun JTHHEHHBIX aareOpandecKuX ypaBHEHUI H3BECT-
HO, 9TO TaKad CHUCTE€Ma UMEET HETPUBUAJILHOE PEMICHNE, TaK KaK KOJINYIeCTBO
HEM3BECTHBIX OOJIBIIE KOJMIeCcTBa ypaBHenuit. [losromy jsemma jpokasana. [

Jns mac 6yer BaxKHOM CJIeAyIONast NHTEPIIOISITIMOHHAS

JIEMMA 6.2. Ecau § < 3 < 0, mo daa a106020 u € H evmonneno HEPAGEHCMEO

HABUHQ < 2 [[ul20-0/9) HAﬁu

Jokazameawvcmeo. Cornacuo ycnosuio (V.3) Bce mpocrpanctBo H Moxer ObITH
pa36I/ITO Ha OPTOTOHAJILHYIO CyMMY COOCTBEHHBIX IOJIPOCTPAHCTB

H= ®n 0 Gn- IloaToMy IpOU3BOIBLHLIA 3/IEMEHT U € H moxer 651D peJI-
CTABJIEH B BUJE

M
U= g un)\;e,
n=1

e uy € Gy,,. Torna
N M 2 M
sl = 3 ]| = 3
n=1 n=1
0
]| ZHunH A

M
ABy = Z up AP0,

n=1
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32 Myxtapbait Otenbaes

Tlostomy i mpom3BoibHOTO A > 1 mMmeem

M
A = Sl X0 = 3 X0+ 3l 0 <
n= A>N, A<

~ 2
RO 40"+ 37 flun 2 22N <
A<Hn

~ 2 -
<22(6-0) HA%H 28 2.
Bribupaem tenepn A 13 yCJIOBUSA
T-26 2|| 40, || 72
A2 = |[u| HA uH .
Ho u3 ycmoBus Ag = 1 jierko BuieTh, 410 A > 1. ITosTomy
2 32 2
HA%H < 2026 ||u|?.

C.He‘Zl;OBaTe.HbHO, TIoJIyvaemM

28

2 2 —20 28
|47 s2||u||2< lu] 2> =2 )%
[4%0]

28
0

‘Aeu

JlemMma goKasaHa. O
JIEMMA 6.3. Ecau u # 0, R(u) =0, mo u - cobcmsennwiii 6exmop onepamopa
A% (m.e. cywecmeyem maxoe wucio /)\\, wmo A%y = Xu), NPUEM BBINOAHEHO
HEPABEHCTNEO

Jull < lu+ Lu, w)l| = | £ (w)]] -

Jokxazameavcmeo. U3 onpenenenust R(u) B (6.2) cpady umeem, 910 u - €06-

cTBeHHBIH BeKTOp omepaTopa A% mpuaém X = HA‘QuH2 Hu||_2 Bocmonszyemcest
yesosuem (V.2): (u, L (u,u)) = 0. Torpa nosyanm

ull < al® + 1L (s ) |* = [fu® +IIL (v, U)II; +2(L (u,u), u) =
= [lu+ L (w,w)[|” = [ £ ()"

MATEMATUYECKUN 2KYPHAJ 2013. Tom 18. N 4 (50)



CymecTBoBaHue CUILHOTO perienns ypapaenns Hasbe-Crokca 33

JlemMMma JoKa3aHa. O
JIEMMA 6.4. ITycmo npocmparcmeo H - xoneunomepro. Ecau nocaedosamens-
nocmo uj € H  (j =1,2,...) maxosa, wmo

sl = flull, w fim, [ + L (), uj)|| = foo, lim [|R (uy)]| =0,

j—00
mo cywecmeyem ug € H maxol, ¥mo
[uoll = llull < foo = lluo + L (uo, uo)ll -

3decwy lim - osnauaem nusrcrut npeden.

Jokasameavemeso. Tax kak lim [|R (uj)|| = 0, ||u;]| = |Ju||, To B cuay komeu-
J—00

HOMepHOCTH H MOXKHO BHIOPATH MOJIIOC/IEA0BATENLHOCTD {Uj 1}, CXOASIILYTOCST
K HEKOTOPOMY U, TAKyI0, ITO

. H
dim R (ujp)| =0, ujr — uo.
Jyk—00

Orcrofa n u3 HenpepbIBHOCTH OuinHeitHoro oneparopa L (-, -) uMeem

i
L (uj g, ujr) — L (uo, uo) -

IlosTomy pe3ynbpTaT mO0Ka3LIBAEMOM JTEMMBI BHITEKAET U3 JIEeMMHEI 6.3.
JlemmMa gokasaHa. O
Mpg1 gacTo OyaeM UCIOIB30BATH CJIEIYIONIYI0 OUEBUIHYIO JIEMMY.
JIEMMA 6.5. ITycmo C > 1. Tozda dasa npouseosvrozo u € H ewnoansemes
00no u3 yeaosuti (6.3), (6.4), (6.5) u (6.6):

R(u)#0, K (u) <C, (6.3)

R(u) #0, K (u) > C, S(u) #0, [|S@)|| |Ru)| 7> > 107", (6.4)
R(u) #0, K (u) > C, S| < 107" ||R (u)]?, (6.5)
R(u) =0, (6.6)

20e K (u), R(u) u S (u) - us (6.2), a snavenue C 6ydem ewbpano 6 cacdyroweti
AEMME.
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B caeayromeii semMe NPUBOAMM CHCTEMATHYECKH WCIIOJb3yeMble B JIaJlb-
HENNnIeM OIEeHKH.
JIEMMA 6.6. Cnpasedausv. ymeepoicdenua a), b) u c):

a) dan f(u), Lyg, Lug, Lyg = Lyf, Ly Lug, (L}, f,u) |ul| ™2 cnpasedauso
OUEHKU

’ rruH?(l—ﬁ/“

a2 f’”)

_ B/o
|Zugll < 4Cs llull =7 || 4% ™ gl

I @ < flull +2C; HA%

il = WDss ™ <16 (14 63 4%

3/6
|Zig]l < 4Cs lull =7 || 4% ™ gl

26
6
lgll

%
2(1—
]2 ﬁ/ﬂ ,

1L Lugl| < 16C3 ||ul* 5/ HAeu

< 4y gl 1l +203 4%

L5 £l < CallgllI1£1-
3decv Cg - us ycaosua (Y.1).
b) Hycmo U - us meopemvi 6.1 u K(u) = (1 + ji(u) 4+ (1 — p) K (u)). Ecau

~ oll7/8 (o 1-B/0 ) 01802
CZA2494000(1+CQ)2< + @ HA% > :
90 1 (0]
| B e I I

~

1< a0 K (w) > C,

1 5
§K(u) < K(u) < 2K (u).
¢) Ecau evinoanenv, ycaosus nynwkma b), mo

IR(u)l| < 2K~2/T(u).
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Jlokazameavcmeo. Tlonbsysces yeaosuem (V.1) u nemmoit 6.2, nmeem
2
I @)l =l + £ ()]l < el + 12 ()] < lull +C | 4% <

< Jlull + 2C; HA" ~B/9)

HUH

IlepBoe HepaBeHCTBO JOKa3aHO.
Hamee nmeem

(Duf] I+ Laf )l ‘<f, 2+ 2L(u,u) — u) ‘<f, 2 — u)
ull? ull? ull? ull?
20If1_ 2011 _ 2(an >
<l el =2\

Wcnonn3yem 371ech mpeablayIumit pe3y/abTaT, TOTIa,

B __5 2
] <
,ﬁ
7 Jul ) .

Ternepsb, yauThbiBas OrPAHUYIEHHOCTH OTIEPATOPA A?: HAQH < 1, momyanm

Dutwl <2+2CﬁHA9

]

<16 (1+Cﬁ |a%| "

H Ay 2(1-5/6)

2—— 0
T

HUH
OTCIOL[& BBITEKACT CIIPaBEAJINBOCTHL BTOPOT'O HEPaBEHCTBA.

ITepexomuM K JI0Ka3aTeNIbCIBY TPETHEro HepaBeHCTBA. Vcmonb3yem yciio-
Bue (V.1) u nemmy 6.2:

[Lugll < 1 L(uw, 9|l + ([ L(g, w)l| <

<] [ < s Lt

Tperbe HEPABEHCTBO JOKA3AHO.
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Hanee, nyst onenku LY g , m0/Ib3ysICh y2Ke TOJIyY€HHBIMU OIIEHKAMM, NMeeM

I Lugll = sup (Lypg,v) = sup (g, Lyv) <
vl||=1

[loll=1

B/o
—-8/6
< sup gl |1 Zvl] < g4 llul @~ 4%

[lvll=1

Yerseproe HEPABEHCTBO JOKA3AHO.
AHaOTUYHO JIJIS TMSATOTO HEPABEHCTBA MMEEM

| Ly Lyugll = Isup (LyLug, v) = sup (Lug, Lyv) =
vl=1 =

= [[Lugll sup [|Lyo] -
f[oll=1

Tenepn mpuMennM panee TOKa3aHHOE TPeThe HEPABEHCTBO, TOTA

” _ 3/6 _ 3/0
1252l < 405l ™ o s, (a5 = lavul " ol ) -

28
0

28
— 2
=16 C3 ||u® gl -

‘Aeu

IIaToe HepaBeHCTBO JTOKA3AHO.
T _ Tx
Hns Lyg = Ly f mveem

|

= sup (Lyf, v) = sup (f, Lyv) < [|f(u)]| sup ||Lgv| <

[lvll=1 [loll=1 [loll=1

i}g

¥ s
< (hal+2a A%l Jul2t=5) acs ol

Bce nepaBencTBa MyHKTA &) JIEMMBI JIOKA3aHBL.
Hokaxkem nynkr b). Nmeem

K(u)= (1= p) K(u) +1— (D} fu)lul %,

(Dif,u) = (fou+2L(u,u)) = 2| fI* = (f,u).
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Tokaxem onenky s K (u). Tak kax |jul| > 1, a u3 yciosus jemmsl
%] < ||a%] < 1/2|f

) , TO TIOJTyYaeM

A%

2
[l

p=p(u) =

F

<

Hcnosib3yeM 0Ka3aHHOE BTOPOE HEPABEHCTBO TYHKTA a), TOTIA

D%l < 16 1+ €3 [

28
o ||u||2(1ﬂ/9)) <

ol 22 11 o112(1=8/6
§16<1+C§HA% el ”)g
ol 10112(1—8/6
§16(1+C5)2<1+HA91L " el ”)g
o||8 olfﬁe oﬁe 2 O
§16(1+C@)2<1+ all® + % /HA% /) =2—§0§I§§5).

OTcrofia JIErKO BBITEKAET YTBEPIKJIEHUE MYHKTA D) JIEMMBI.

Hoxaxem myHKT ¢). Vcnonmb3ys yCaoBust myHKTa b) JIEMMBI U JIOKA3aHHBIE
B IIyHKTE &) HEPABEHCTBA, MOJIyYaeM

N — (DL, Rw)) DLl Il (L ACs [[u] P | A% )
C u) =
SEW="kwr SIR@I S IR(u)] =

< Nl (1 -+ 4Cs = | A% ) 1R <

v 9) IR@)|™ <

I

1/4

o
u

o
u

<4(1+Cp) <1+

5/4—0/0 ‘

(o]
‘Aeu

1/4
_|_

o
u

o
u

S4(1+Cg) (1+

5/4 I B
) IR < ET R~
Orciozia n u3 nyHKTa b) JIerko moJydaem

IR(w)|| < C¥TK Y (u) < K~ (u) < 22/"K~2/"(u) < 2K2/7(u).
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Jlemma 6.6 joka3aHa.

JIEMMA 6.7. Ilyemv uy - mexomopwiti eexmop ||ui| = , OAad KOMOPO2o

svnoaneno (6.3), 2de C - us aemmvi 6. 6, a i - us meopemw. 6.1. Onpedeum
u (), xax pewenue 3adavu Kowu:

u ’5151 = UL
2()6 52 - Camas neeasa movwka, 6 Komopm'i BbINOAHAECTNCA TOMA 6bt oduo us3 Yycao-
euti

K (u(€)) > 2C wm R(u(€)) =

Tozda das a0boti mouru &, makod, umo & < & < & 6VINOAHEHDL PABEHCTNEA

@] = frt?,

HAGU H —HA9u1 —2/ IR (u(n))||? dn,

U HEPaceHCMmMae0o

|7 (@)] < nrn? +4C{/ I a ) i
2de C - us aemmnl 6.6, 0 - uz meopemui 6.1.
s & — & ewnoanena ouenka o — & > p(rg), ede 19 =
min< 1, inf ||R(E)] ¢, a ¢(-) - nenpepwsnas na [0,00) dynkyua, maras
£€(81.€2)

umo ¢ (0) =0, ¢(t) # 0 npu t > 0.
Zloxazameavcmeo. Nmeem

(@), =2 u(©). ue (€)),

(HA@U(QW)& =9 <A9u, A9u€> —9 <A29u(§), u£>, (6.8)

(I7@)I”), = 2(f () e + Lugeyue) = 2(DLf (), ue)
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Teneps, ucnons3ys onpegenenus R, S, a takxe pasenctsa (R, u) = (s, u) =
(R, s) =0, B cuiy ypasaenust juist u (§) u3 (6.8) nmosyuaem

(lu©IF), =2 Ry =0

(GRSl

(IF (@), =2(Dif () ue) = ~2(Dif (w), B) =
Dif(u), R ~
= -2 P T R = 21€ () R < 4C A
IIpu BBIBOJIE TTOC/IEIHETO HEPABEHCTBA yUTeHO, UTO IpH & € (&1, &2) BBIMOTHEHO
nepasenctso K (u(€)) < 2C (13)

Wurerpupys 11 paBeHCTBa, s ||u|| u HAGUH TOJTyIaeM PABEHCTBA

@)l =l [ 4%ute) | = 4% 2 5 | (o) .

A s || f(u (€))|| moayaaem mepaBeHCTBO

1 (@) < IIf (u)]? +4c/ IR (u(€))]2de.

Onennm pasuocts & — &1. [lpu 9 = 0 HE0OXOIMMOE HEPABEHCTBO OYEBUJIHO.
Ecmu rg # 0, 1o Tak xak R (§) > ro mpu £ € [£1, &2], TO B cuty HempepbiB-
Hocrn u (§) u K (u (§)) seinonneno pasencrso K (u (&2)) = 2C. Ho

&2

&2
K (u(&)) =K (&) = K (&) +/ [K ()] ndn < K (&1) +/ (K ()] yldn <

1

K(€)+ / (v 1mi + sioes 2 ) an

Teneps, packpoisast (D} f)n u R, , nHaxoaum

(D3 f)y = () + (Luf)y = ug + Luuy + (Lyu + Ly L(u, u)), =
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= Uy + Lyuy + Lyuy + Ly Lyuy + L, f.

Aby|?
R, = <A29u— Mu> :A29u,7_ ||A9u“2 (H uH )n
n

2 7 Unp — 2 =
] (|| (||
AG 2 2
_ o0 A% 2| R||
= n 7 Un 7 U
[[ull ]

Tenepn, mop3yack Jlemmoit 6.6, momyaaem

K (u(@)) = K (€) < K (&) + (& — &) mlul) -,

0

rme m(-) > 0 - menpepoiBHag dyskims. OTCIOma, TaK KaK B IPOMEXKYTKe
(€1, &2] bdyukums ||u(§)]| - nocrosinHa, TO B CHly COOTHOIIEHUT

K (u(&)) =20, K(u(&)) < C

TIOJTyIaeM, 9To

2
~
-6 >C OO = 2¢(r9).
m(||ul|)
JlemMma goKasaHa. O
JIEMMA 6.8. ITyemo uy - nexomopwiti éexmop makoti, wmo ||uy|| = H& , U OAA

Komopozo ewvinoaneno (6.4), 2de C - us aemmvl 6.6, a U - us meopemnt 6.1.
Onpedeaum u (§) npu § > & Kak pewenue 3adawu Kowu

- _ D* S

u§|§=€1 = Ut

do mex nop: &1 < € < &, noka ne b6ydem 6vIMOAHEHO TOMA bVl 00HO U3 MpPeET
ycaoeuil:

unu K (u(&)) < 1/2C,

2
un [[S(&) < Mg, (6.10)

usu R (u(&2)) = R(&) = 0.
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Tozda npu &1 < € < & 6VNOAHAIOMCA PABEHCMNEE

Jaoue]| = vl 2 [ 1P an. e = pul?.

L (w ) = [1f (u)]*,

2de 0 - uz meopemw 6.1, a & - camaa aeeas mouka, daa KOMOPOU GHINONHA-
1omes xoma 6o 0010 uz yeaosuti (6.10).

s &o — & eunoaneno nepasencmso o — &1 > ¢1(ro), 20e w1 (+) - nenpe-
poenas Pynkyus, makas, wmo p1(0) = 0 u pi1(t) # 0 nput > 0, a

ro=minq 1, inf [R(E)]
56(51752)
Jlokasameavcmeo. YunteiBas pasenctsa (u, R) = (u,s) = (R,s) =0u

u_ (Duf, R)
bl IR

Dyf = (Dyf, w) R+,

no3ysich (6.8), moayuaem

(@), =0 (HA%<£>H2)£——2R, (@), =

Hurerpupys a1u paBeHcrBa, IPUXOAUM K PABEHCTBAM 9TOI JIEMMBI.
Ormennm pasaocts o —&. Ilpu rg = 0 HEOOXOAUMOE HEPABEHCTBO OYEBHTHO.
Eciu rg # 0, 1o umeem nwmn K (u(§2)) = 1/2C w nm ||S (u(&2))| =
2
5 IR (@) )
B cayuae K (u(&2)) = 1/2C ouenka mis pasuoctu o — &1 JI0Ka3bIBAETCS
TaK »Ke, KaK JIOKa3aHa aHAJOTMYHAas OIeHKa B JeMMe 6.7.
B cayuae ||S (u(&))] = 5 R (u (€2))]|* oBosmaunm wepes £, Takyio TOU-
Ky Ha OTpQBKe [€1,&2], HAUMHAs ¢ KOTOPOIl BCIOJY BBITIOJHEHO HEPABEHCTBO

1S (@) < 15 1R (u (&2))I*, &1 < € < &. Toraa umeen

1 _ sl - IS¢ & (1S(ue) ||
20 [R(u(&)]* = ||R(( | (HR ©) || (|2

1 e |( s
=10 ‘(nR( o) ‘dg'
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Brraucinm n oniernm mopmaTErpabHOe BhipaxKenne g & < € < &, yun-
ThIBas onpejenenne S u ypasaenue st u (§),

IS (DI _ =208, Re) o (IS (u (E))e

(IIR(U(S))II2> 1R (u (€))II* [l IR (u ()]

Hecnoxno ycranoButh, 9T0
u o u 2 3 _ <S’ S§>
s @@= ((I5eO1)°) = i
Orcrona momydaem
|<\|S(u(£))ll> ‘ (R, Fe) | g ”' ‘ (. 5¢) |

1R (u (€))]? IR (u (D] 1R (w (€)1 (u ()]

a1 Re mveem oreHK
€ Yy

0,12 20
”REH _ H(AQH o HA U2H )Uf o 2<A U, u§>u

D) < 4””5” .
[Jull [[ull

Host [(S, S¢)| nmeem omenky
(S, Se)| = ‘<5 (D% f)e + igu + fiug + KeR + KR5>‘ -

= ‘<S <u§ + Lyuge + Liug + L Lyue + L;igf) + fiue + KR§>’ .

IIpumennm ortenkn u3 gemMmbr 6.6. Torga, yanTeBag, 9To HAGH < 1, momy-
qaem

(S, Se)| < 1811 [ (14 4Cs lull +4C3 ull® +2C5 11 ) luell | +

2
11811 [16 (1 -+ 4C3 [ull) lluell + | K Rel] <
Ncnonszyem, aTo

DL 1|
1Rell < 1Pulll gy <
HRII H =R

|KRe| = K | Re]| = H
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(L 4G [l ] (14 4C5 Jull) (1 + 20 Jul)
< 1] IR -

Torma 6ymemM mMeTh ¢ MCIOJIL30BAHUEM OIEHKH s f u3 jgeMMbl 6.6

|uell < 4

(S, Se)l < 1151 llugl (1 +4Cs [|ull + 4CF ul® + 2G5 Jull (1 +2Cp ||ul) )+

<

(1 +4C [[ul)) (1 +2C5 HUH)>

+ 1S el (16(1+4CEHUHQ)+4 o

g S
< ”HTM(H +30C;5 ||ul + 104C3 [[u]*) < ””TM(BO (1+2C [[ul)?).
0 0

N3 stux omenok BhITeKaeT s Beex &1 < € < &o

'( 15 (u () ) < Aluell IS (EDI 30 (1 +2C [|ul)* flue|l _
IR (u () ¢

T R@@)IP rollR (@)
Aluell 30 (1 +2C5 [|ull)* fluell _
~ 10[|R (u (&) rollR@@)*

1/4 9
< (= +30(1+20 ) .
< (3 #3001+ 25 ul)*)

U3 ypasuenns (6.9) 3ameHseM ug, TOrIa
‘( IS (u () )
IR (u () ¢

< = (55 +30 0 +2C5 Jul)? ) (Iu (@l + 1511+ Ca Jul) ) <

< io(f—o +30 (1 +2C5 Jull)? ) (IR (w ()] + D21 ) <

7“8’ 10
1 /4 ) oy mE)
< (35300 +2Ca 1ul)? ) (Ju (@l + 1l 1+ Caul?) =

Orciona n u3 (6.11) mveem
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Otkyga u morydaeM OneHky paszuoctu o — & > &g — §~1:

1 7‘8
~T-
20 m(||u||)
Jlemma mokazaHa. O
B nmanbmeiimem Mbl yBUIAWM, 9TO «IJIOXOM C/ydaily - 9TO TOT CJaydail, KO-
raa S (+) obpamaercs B Hy b, [losToMy HaM Gy/er HyKHA CIEAYIOMAs JeMMa,

(2 —&1) >

«BbIBOAAIIAs S () U3 HYJIsI».

[¢]
JIEMMA 6.9. ITyemo uy - nexomopuiti 6exmop maxot, wmo ||ui|| = HUH u 0

Komopozo ewvinoaneno (6.5), 2de C - us aemmwl 6.6, a U - us meopemnt 6.1.
Toz0a, ecau S (u1) =0 u
I

mo MmootcHo evbpams marot ssemenm e € H max, umobv daa pewenus u(&)

npu £ > &1 3adanu
{ ug = e — (e,u)u _ {e,R) R,

1 o
[l < g 4] < %

] IRII?
u(f)’g:gl =u

natidemes € > 0 maxoe, wmo npu & € (£1, &1 + €) 6vinoanenv. coommowenus

)

S @) #0. (@l = lutll,  |[4%u(©)]| = ||4%

LF@I? < 1 ()2 4+ Ca (€ — &0)2,
15 () Lo

lee, = 3¢
3decw 0 - us meopemw, 6.1, a C7 < 00.
Jlokasameavcmeo. Pasencrea s |[u (€|, HAau(ﬁ) || momyuarorcs na Beem ot-
pe3Ke, Tjie mMeer CMbICT ypaBHenue st u (§). VIx 060CHOBaHWME aHATOTWYIHO
JI0KA3aTe/ILCTBY TAKUX YK€ PABEHCTB B jieMMax 6.7 u 6.8.
Hanee, nmeem
(Dyf,w) — (DLf, R)

S(€)=Dif - - R,
R A VT
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5c(6) =D - (Dt b p)
3

7 u+ 2
] Rl

Dif, u
=ug + Lyug + Lyue + Ly, f + Ly Lyug — <%> u—  (6.12)
u
3

(D3 f, u) (waf)waJa
> T\ RE /. IR

Re.
Bribepem e Tak, 9T00BI BBHITIOJTHSIUCH YCIOBUS
”6“ =1, Ae = €, <U1,6> = <R(U1),€> =0,
((D2f ). BRI Jemes =0, (6.13)

((Daf ).l ) lemgs =0

9TO BO3MOXKHO B cujy jeMMbl 6.1.
Teneps, yunteiBasi Boi6op (6.13), pasencrsa (6.12) u

u£‘§:€1:€’
B, |12 B, |2
Relop = [ 4290 12200 (HA o ) D e
] lull™ /. .
—G1

B cuny yenous (Y.4) mns Se(§) |e=¢, momydaem

Se (€) le=e1 =
=e+ Ly, e+ Lye+ Ly, Lyje + L f(u1) — fi(ur)e + K(u1)(1 — p)e = (6.14)
= 1= i) + K(ur)(1 — )] e = Re.

Tax kak mo ycaoBusgMm jgemmbl 0 < g < 1/2, 10, UCIIOTH30BAB OTEHKHU JIJIsI
f(uy) m K w3 memmbr 6.6, momyuaem

1

15¢(€) le=eu | = S B (u) = C.

N |

1o JO0KaA3bIBaET TIOC/IeJHEEC HEPABEHCTBO JIEMMDBI.
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W3 noaydwennoro mst Sg(§1) HepaBeHCTBA W PaBEHCTBA

S(€) =(E—&)Se (&) +(E—&a)*oQ) (6.15)

BLITEKAET CyIecTBOBaHme Takoro £ > 0, uro Benmunmua ||S(€)| oramana or

HYyJId, ec/in 5 S (517 51 + g]
Mg onenkn f(u (€)) nveem

£
1 @) = 1 (w2 +2 / (DL, 1wy () dy =

— s )l +2 5 (¢ <D|fj]2“>u+ <D|f£]|2R>R+ 5. ) ) o -

3
= 1f ()2 + 2 / (S(u(n)), € dn.

&1
3/1eCh UCIOIB30BAHO ypaBHEHUE /I U (-).
Orcrona n u3 (6.15) pu masbix £ — &1 MOJIydaeM HEPABEHCTBO JIEMMBI JIJIst
f(u(§)). Jlemma moxasana. O
JIEMMA 6.10. ITycmov uy € H - Hexomopuili s6exmop maroti, 4mo

)

ol =[] 4] < "

0AA KOMOPO20 6unoaneno ycaosue (6.5) us aemmol 6.5, mo ecmo
R(w) #0, K (w1) > C, |S(ur)|| < 107" ||R ()|, (6.16)

2de C - us nynxma b) aemmvi 6.6, a 1 u 0 - us meopemw, 6.1. Mycmv S(up) # 0.
IIpedcmasum ezo 6 6ude

S(ur) = [|S(ui)l (re + 2),

2de r - ckaaap, e - HOpmuposannwlii cobcmeennvili sexkmop: e € Gy, =
{z: Az =z}, z - sexmop us opmozonasvrozo donosnenus x Gy, : z € fI@G)\l,
npusem r2 + ||z))* = 1.

Tozda z # 0 u natidemca makotl saemenm U € fI, YImMo

(all = el (|| 4% = [ A%a)) 0 (L @I < £ -
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ITpu smom R (u) #0 u
1S @)[| > (15 (un)} -

Jlokasameavcmeo pa3zobbeM Ha HECKOJIBKO YTBEDIKICHHIA.
YTBEPK/JIEHUE 6.1. z # 0.

Hokazkem or mporusHoro. Ilycrs z = 0, Torga S(ui) = ||S(u1) e, rme e €
G, - llpesncraBum uy B Bujie uy = c€+u, rje ¢ - ckausap, € € Gy, U € ITIGG,\I.
Torga, ucnoss3ys yeaosus (Y.4), nvmeem

Dy, f (u1) = f(u1) + Ly, f (u1) = ur + L (ur,u1) + Ly ur + Ly, L (ur,u1) =
= [cé + u] + [L (cé,ce) + Lacé + L (a,a)] 4+ [Licé + Liu+ Liscé + L} u] +
+[L;L (cé,cé) + LyLgcé + L3 L (a,u) + L, L (cé,cé) + LisLycé + L:L (4, a)] =
= cé+ i+ L(4,a)+ Lia+ LLL (i, a) = cé + f (@) + LLf (@) =
=cée+ D;f (a). (6.17)
Taxzke ucnonb3ys ycaopust (Y.4), moaydunM

fi(u) ur = cfi(ur) e + fi (u1) 4,

K (u1) R(w) = K (u1) (1 — o (1)) e + K (u1) (A% — (1) u) . (6.18)
3 stux paBencTs OymeM MMeTh

<D} four > <D f,R>
Uy — 3 =
||l

[S(ui)l e = S(ur) = Dy, f -

ua ]
=Dy, f+i(w)u + K (u1) R (u1) =
=cé+ Dif (a)+ cii(ur) e+ i (ur) u+
+K (ur) (1 —p(ur))e+ K (ur) (A%ﬁ —p (lu)ﬁ) =
= cK (u1) &+ DLf (@) + fi (ur) @+ K (uy) (AQ% i (un) a) -

= cK (u1) é+ N (d,u1),
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rae N (du) € HO Gy, , a obosnadenne K (u1) - u3 semmbr 6.6. Taxum o6pa-
30M, MbI TIOJIyYUJIN

1S(ur)]| e = cK (uy) é+ N (du),

rJie € U € - U3 OJHOI'0 HOANPOCTPAHCTBA G, a N (d,u1) - W3 €ro OPTOroHAb-
noro pomnosuenus. [Tosromy N (d,u1) =0 n cK (u1) € = S(uy).
Ho (S (u1) ,u1) =0, mosromy

0= cK (u1) (e,u1) = cK (uy) (e, ce + i) = K (u1) .

Tak kak 1o ycsosuio jiemMmmbl K (u1) > 6, TO, UCTIOB3YS OIEHKY W3 JIEMMBI
6.6, mueem K (u;) # 0. CremoBarensmo, ¢ = 0.

Ho rorpa S(up) = 0. 9o nporusopeunt ycaoeuio S(uy) # 0. [onyuennoe
TMPOTUBOpEYHE JOKA3bIBAET, UTO z # 0.

Vreepxkaenne 6.1 moxazano. |

JlokazkeM Terepb, 9TO CyNIECTBYeT HeOOXOAMMBbIH HaM BEKTOp U.

Yepez M,, obo3HAUYNM JIMHEHHBIN OMEPATOD, ACHCTBYIONINN TPU KaXKIOM U

o dopmyJie
Mug =g+ i(u) g+ K (u) (A% = 1) g+ (Lu + L+ LiLu) g + Lyf (u).

Omnpenermm ipu € > £ BekTOp-dyHKINIO U (§), KaK PElleHne 3a/1a4n

u :/e\—<au>u—<g’R>Ru u =u
¢ () ||U”2 ||R||2 (u), (5)‘5251 1

e

<61’u1>u1 _ (€1, R (u1))
[ IR (ur))*

a BEeKTOp e1 Oymer BLIOpaH B OymyIeM.
Torya, yunreiBast pasencrsa (u, R) = (u, S) = (R, S) = 0, nomy4aem

_ _ s lew) —(&R) _
(Iel’?), = 2w ue) = —2 <u,e R TERT T R(u)> =0,

(), =2 ) =2 (- ) =

e=-¢e; —

R(u1),
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)

— 2 (R (u),ug) = ~2 <R(u) e low <€’R>R(u)>

o U 2
[l | Rl

wl?) =2(D:f u :2<DZ,€—<€’U>U—<€’R>RU>:
(17 @)I?), = 2(D5f, ue) fE T TR
<Difiu> <D:f,R>_ _ (&u) (&R) >
(s + e SR (u) )=
<(“(§” Wl> R AT

=2(S (u(©)).2).
(ISt ENI?), = 2(S ((€). 5 w(©)) =

= 2(8 (u(§) ,ue + i (w) ug + K (u) (A% — ) ug) +
+2 (S (w(€)), (Lu+ Ly + LiL) g + Ly f (u) ) =
)

=2(S (u(8)), Myeyue (§)) = 2 (PuMye)S (u(€)),€),

e P, - oneparop, gefictBytormtuit 1o dhopmyJie:

lpw) o B)p
ul|? IR )

Pup=¢—

13 stux PaBEHCTB IIOCJ/IE MHTETPUPOBaHUA BBIBOJIUM

lu (N = lluall

buio] =

)

1w @IP = [ fun)]? +2 (€ — &) (S (u1),8) + (€ — &1)* O (1),
1S (w (N7 = IS (w)||* + 2 (€ = &1) (Puy M, S (u1) ,€) + (€ — &1)° O (1).

Yuureisag onpenenenune P,, yciaosusi oproronansuoctn (u, R) = (u,S) =
(R, S) =0 u onpenenenne e depes ey, aas f(u(€)) n S(u(§)) momyaaem

LF(@)IP = [ fu)]? +2 (€ — &) (S (u1) ,ex) + (€= &)°O(1);

1S Cu (EDIZ = 118 (wa) * + 2 (€ = &1) (Puy My S (w1) 1) + (€ = €1)* O (1) .
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Bosbmém Temeps Touky £o > &1 m nonokuMm uy = u (&2). Beibepem &y Tak,
9TOOBI PA3HOCTD o — &1 ObLIA HACTOILKO MaJIa, 9TO [T Uy (TaKKe, KakK U JJIst
u1) BBIIOIHSIOTCA yeoBud (6.16), To ecThb

R(u2) # 0, K (u) > C, [|S(u2)|| < 107 ||R (u2)||? .
Torja 3 mocjaeHUX PaBEHCTB MMeeM
usl| = [,

e =

9

1 (u)l? = [ (a)l* +2 (&2 = &) (S (w) 1) + (€ =€) O (1), (6.19)
1S (u2) | = IS (un)[* + 2 (€2 = &) (Puy Muy S (wa) 1) + (€ = £1)* O (1).

Teneps, Tak kak R (u2) # 0, To pn & < € onpegennum BeKTOP-(yHKINIO
u (§), KaKk pereHne 3a/1a4n

_ . Gw),  @&R)
ug =€ — v T Rp (6.20)
w(E)le_g, = uz,

e ug - u3 (6.19), a é € Gy, = {x: Azxr = x} u € rakoit, 410

HéH =1, <é7 u2> = <évR(u2)> = <é,S(u2)> =0,

pu(€)e] = K(u(€))e

= =6

Takoii BeIGOP € BO3MOXKeH B cuity ycsosust (V.3) (cm. semwma 6.1).
Beraucmmam Sg(u (€)) mpu € = &». Kax u B (6.14), B cuny ycnosus (V.4) ¢
yUeToOM BBIOOpA € TOJIydaeM

Se (&) |e=¢, = €+ L}y, + Luy€ + L}, Luy€ + LEf (u2) — fi(ug)é+  (6.21)

VI (up)(1 — p)é = (1 — fiun) + K (ug)(1 — ,u))é — K(up)e.
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Host £ (u (€)1 1 115 (u (€))[|* maeest

£
£ = 1w +2 [ (Dif (w) ) d =

&2

13
= u2)||? + 2 S(u ,eydn =
17 (u)ll? + /£2<((77)) ) dn

= I (u2)l* + (&5 — €2)* (5, (0),&) + (& — &)° O (1) = (6.22)
= | f(u2)|” + (& — &) K (u2) + (& — £)° 0 (1),
1S ( @)II* = 115 (u2)l|* + 2 (& — &) (S(u (), Sy(u (?7)))‘

n=E2

 +(&B-e)’o) =
n=&2

(& = €0 [ISalu ) + (S (), Sy ()|
= 118 (w2) I* + (& = €0)° (K (w2)? + (S(u (), Sl () )|+

n=&2
+(&5-6)P00).

IIpu BBIBOE 9THX PABEHCTB WCIOJIB30BAHBI BHIOOP € U3 yCJAOBUSI
(S(u1), &) = 0 u pasenctso S,(0) = K.

IMomumo & BeIGepem emte {3 > &9 u nosioxkuM us = u (€3). Boibop & u &3
TIOTIUHUM YCJIOBUSIM

—2 (& — &) (S (w),e1) > (& — &) (9,(0),8) = (&3 — &)° K (ug),  (6.23)
—2(8a — &) (Puy My, S (ur) s e1) <
< (& = &) (I1Sy(wmI” + (S ). Syn(w )], e, )-
Taxoii BbIGOp & 1 &3 BosMOKeH (3a cuer BpGOpa &3 1 €1), ecin
—2(&— &) (S (u1),e1) > (& — &)° K (ug) =

= (&3~ &)” (K (u2)? + (S(u (), Sy (M), ¢, ) %
_ K (UQ)
K (u2) + (S(u (), Sy ()], e,

X >
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>g- (_2 (52 _51) <PU1MU1S(U1)?61>)7 (6-24)
rje R
_ K (UQ) '
K (u2)? + (S(u (1)), Sy (1 ()],

HeiictBuTe b0, mycThb € > 0 - Masoe uncio. BmecTo mepBoTro HEpaBeHCTBA
B (6.23) Bo3bMéEM &3 M3 paBeHCTBA

g= (6.25)

—2(& — &) (S (u1), e1) = (& — &) [Kz (ug) +€} .

Orcroma maitnem (&3 —52)2 W €ro TOJCTABAM BO BTOPOE HEPABEHCTBO B
(6.23). Torma y6exaemMcsi, 9TO MpU BBIMOIHEHNN ycioBus (6.24), 6epst € > 0
JIOCTATOYHO MaJIbIM, MOYXKHO yJIOBJIETBOPUTEL BTOPOE HepaBeHcTBO (6.23).

Temneps BhIICHUM, KOT/1a MOYXKHO BRIOpaTh & U €3 TakK, 9TO0BI BHITIOIHSIOCH
(6.24).

VTBEPXKAEHUE 6.2. ITpu evnoanernuu ycaosus (6.16) ckarapras eeaununa
g u3 (6.25) ecmpozo noaoowcumenva.
Hoxazamesvcmeo. Heiicreurensuo, seraucaum (S(u(n)), Syy(u (1)) npu n =
&2

(S0 (1)), Sy (1 (), g, =

+
n=E§2

= <S (u), {Un (n) + <Lu(n) + Ly + LZ(H)L“(W))U77 (ﬁ)}n>

+ (S (). Ly f )} )

n=~&2

— <S (ug) s Uy (1) + (Lu2 + Ly, + LZ2Lu2)“nn () + Ly, oS (U2)> ‘n=€2 +

+ (S (u2), 1 (uz) ugy + K (uz) Ryy (u (), —, - (6.26)

[Tpu BBIBOJIE STOTO PABEHCTBA MbI BOCIOJB30BAINCH ycaoBueM (VY.4), paBeH-
creamu (u, S) = (R, S) = 0 u BeiGopom € B ypasuenun (6.20).
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Hanee, mst Uy (n) 1 Ry (w(n)) mpu n = & u3 (6.20) BoBOANM

iy ()], e, = — {< >u+(é,R2>R}

lul® IR
o
s SR
] 2] =t

Ry (0 ()], = [A% = p(w2)] gy ()], e,

Teneps, nogcrasus noaydentoe B (6.26) ¢ nCnob30BaHUEM OIEHOK U3 JIEMMbI
6.6, maxomum

Mn=¢&2

U _1—,u(u2)Ru
lual® IR (u2)|? (e,

(S (u (), Sy (w (M),

1 1
< o (u2) |18 (ua)| (- + )
[uzll  [|R (u2)ll/”
rae Cp 3asucur ot kKouctanTtsl Cg u3 ycaosus (V.1).
Orciona, ncnonb3yst ouenky K (ug) uepes K (ug2) w3 semmbl 6.6, a Takxke
yeaosust (6.5) u3 lemMbl 6.5, moydaem

(S (1)), Sy ()], =g, < C1E (u2),

rne C7 - KOHCTaHTa (3aBI/ICHIHaH or xoHcrautsl Cg m3 ycaosua (V.1)), maa
rotopoit Cp < 106’ a C - xoncranTa m3 emub1 6.6. OTMeTnM, 9TO HEPABEHCTBO
vexay Ch u C ecrb cejicrBre BhIOOpa C & nemwvie 6.6.
U3 nostyvennoii oneHkn BoiTekaer (B cuny K > C’), gTo g > 0.
Yreepxkaenne 6.2 mokazaHo. O
IMokaxkem, uTo BbIIOIHEHNE HEPaBEHCTE (6.24) BO3MOXKHO 3a CYeT BHIOOpPA
e1, ecm 2 > 0,5. JIas 5T0ro Heo6X0IIMO BLIIOTHEHNE HePABEHCTBa (CpaBHH-
BaeM JIeBble U TIpaBble JacTH HepaBeHCTB (6.24))

—2(& — &) (S (w),e1) > g (=2(& — &) (Puy My, S (u1) ,e1)) . (6.27)

Ecau Py, M,, S (u1) = 0, To B KayecrBe e; MOXkKeM BbIOPaTh, HAIPUMED,
€1 = —re, TJe T - U3 MPeJICTaBIeHNs]

S(ur) = [|S(ua)| (re + 2).
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Ecin xe Py, My, S (u1) # 0, To 3anmimem mnpejcraBjieHne
PM,,S (u1) = are + agz + d,

e (d,e) = (d,z) = 0.
Paccmorpum crawana caygait d # 0.
B srom cayuae Beibupaem e = ﬁ. Tora HepaBencTBo (6.27) mpeBpaTuTCst

B CJleylolee:
0> —2g-(&—&)|d],

KOTOPO€ OYE€BUAHO BBITIOJIHAECTCA B CUJIY TTOJIO2KUTEJIBHOCTHA (.
Teneps paccmorpum cayuait d = 0. Torga

Py, My, S (u1) = are + asz.

B stom cayuae e; 6ymem mckarh B Buge e; = (Bie + (oz. Torma nepaBeHCTBO
(6.27) mpesparaercs B

ISl (Bir + B2 1217) > =g+ (@161 + a2 l2I7) (6.28)

B cnydgae, ecm oTmmden ot Hysd ONpenenTeNDb

2
r HZII2
a1 Bzl

10 uncna (im B3 MOXKHO BBIOpATH Tak, 4TOObI JeBas dacTh (6.28) Obuia 1mo-
JIOKUTENHHOM, a TpaBasg 4acTh PaBHAIACH HY/I0. B 3T0M ciiydae HEpaBeHCTBO

p:

)

(6.27) Gyer BBIOJHEHO.

ITokazkem, aro onpeneauTesns p # 0.
VTBEPYKJIEHUE 6.3. ITpu r% > 0,5 onpedeaumens p # 0.
Zoxazameavcmeo. Jokaxxem ot mpotusHoro. [lycth onpenemmrens p = 0. To-
rjaa Bekropa S(ui) u Py, My, S (u1) okaxyrcst nponopunonaababivMu. To ecrhb
CyIIeCTByeT KOHCTAHTA 71, UTO

PulMulS (ul) = ’ylS(ul). (629)

Hpencrasum ui B Buge uy = Ce + u, tne C - cransp, € € Gy, =
{z: Az ==z}, u € Ho G)y,. Torga u3 (6.19) n (6.20) nmeem

S(u) =Cle+a(ur)eé+ K (ur) (1 —p(ur)) el + N (u1), (6.30)
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rae N (up) € Heo Gy, - Orcriona

IS ()7

1S (u1)||r = CK (uy) wm C = o)

(6.31)

"3 (6.30) serko 3ameruTh, 4T0 € = €, Ty € - u3 npejacrasiaenus S (uy) =
IS (u1)]| (re + 2z). Hosromy u; = Ce + .
Teneps ymuoxkum Py, My, S (u1) ckansipHo Ha e, Torja

<PU1MU15 (ul) 7e> = <Mu15 (ul) 7Pu16> :
Beraucmum P, e

<6,U1> <67R(u1)> C? _C2 (1 _N)Q

u € = €— U — R(uy) =e— e e+M (uy) =
fal? R ) = P R T M
IS w)l?r? 1S @) Pr2(1— >y | —
=(1- = — = e ui),

( P K (w)? R )P K (w)? Jes M ()

e M(ul)efl@GM. R
Ucnosb3yst sro pasencrso, Tak Kak K (u1) > C, [Jui] > ||R (u1)]|, 0 B
cuiy yenosus (6.5) u3 semmbl 6.5 moydaem

1

P, e= (1 - %)e—i—]\?(ul), re HM(M)H < vl

TTosToMmy, rCIIOIB3YsT OIEHKHN U3 JIEeMMBI 6.6 11 TT0JTyY€HHBIE BBITIE COOTHOITIEHWS,
OyaeM MMeTh

(Pyy My, S (uy),e) =
= (S () + (Luy + Ly + L3 Ly ) S (w1) + L) f (), Pge ) +
+ (7 (1) 8 (w) + K (w) (4% = pu(un) ) S (ur) , Puye) >

> 118 ()]l K (un) 7 (e, Puye) = IS ()]l | (K () (4% = p(w) )2 Pue)| -

K (u1)
100

= [[Puyel 15 (ur)] >
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> 118 (un)]| (K () <1 _ %) K ) A2 — %> §
- ”S(ziﬂf{(“l)' (6.32)

B nociiennem nepaBencTBe NCTIOIB30BAHO YTBEPKAEHNE JIeMMBI 6.6 0 B3amMHO
onenke K (u1) u K (u1), a taxske npesnooxenns, uto A3 < 1—16 ur?>0,5.
Hanee, ymuoxkaem Py, M,, S (u1) cKaqgpHO Ha 2z, TOrIA

[(Puy My S (u1) , 2)| = [(Mu, S (u1) , Puy 2)| <
< (8 ) + [Buy + Ly + Ly Lua) S (1) + Ly S (1), Pusz )| +
(7 ) 8 () + K () (4% = i (1) )8 () Puse)| <
< Coll2l || [Lus + Ly + L Lan] S (1) + L f ()| +

() = + 5 () (4% = ) )2, P18 () +

e, Puy2) | K (ur) |18 (wn)] - (6.33)
Teneps ncnosb3yeM HEPABEHCTBA
— 1
4202 < 280 a1, |37 )| < =,
2C

paBercrBo P, e = (1 — %) e+ M (u1), a Tak:ke HepaBeHCTBa JieMMbl 6.6, Tora

u3 (6.33) BbIBOAMM

(P Moy S (1) 2)] < 2K () ||S ()| []2]* (6.34)

o] =

W3 (6.32) u (6.34) HAXOIMM COOTHOIIEHHE

[(Puy M, S (1), 2)| _ 1/5K (ur) |IS ()|l [|=]*

— <
[(Puy Mu, S (ua) , €)| — SCOIE (uy)

[ (6.35)

4
5

Jnst crkansipabix mponssegenwit (S (uq),e) u (S (u1),2) BepHBI paBeHCTBA

(S (u1) €)= IS (ua)l| 7, (S (w1),2) = |15 (wr)]| |12
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Orcrona

2
34

CpasauBaem nosyuennoe ¢ (6.35). Vimeem ¢ yueTom mpomopruoHaILHOCTH
BekTOpoB S(u1) n Py, My, S (u1) (cm. (6.29))

s (S@).2)  [(PuMuS(m). A 4
V2 < gy e T Pt St g) =51

Ilocnenree MoxkeT OBITH BBITOJTHEHO TOJBKO Tipu z = (. DTO TPOTUBOPEUUT
YrBepxaenuio 6.1.

Tlosryaennoe mpoTuBopedne jgoka3biBaeT Y TBEpKIeHue 6.3. O

Takum 06pazom, HAMU TIOKA3aHO, UTO BBIMOJTHEHNE HepaBeHCTB (6.24) Bo3-
MOKHO 3a cdeT BeIGOpa €1, ecau 12 > 0, 5.

CnesoBaTesnbno, npu 72 > 0,5 MOXKHO BEIOPATh €] TAK, YTOGBI BLIIO/IHS-
sock (6.23) (npu manbix o — &1 u &3 — &2).

Tenepn B (6.22) BozbMem & = 3. Torma, yMEeHBIIUB PH HEOOXOMMOCTH
& — &1 m nonoxkus U = u (€3), u3 nepseix paseHcts (6.19) u (6.22) noayvaem

1f @I = 11 (w (&) < [1f (@)l

a n3 BTOpbIxX paBeHcTB (6.19) u (6.22) BHIBOAMM CTPOroe HEPABEHCTBO

1S @)l = 1[5 (w (€I > (1S (ua)] -

Taxum obpaszom, mpu 72 > 0,5 yTBepKIeHnIe JeMMbI JT0Ka3aHo.

Pacemorpnm Teneps cayuait 2 < 0,5. Torma ||z]|2 > 0, 5.

B srom ciyuae BozpMéM 0 # € € Gy, ||€]| = 1 u oupemenmnm BekTOp-
dyuaxmmo u (§) mpu £ > &1, Kak pemenne ciaeayoomeil 3azaan

— 5 <é7u> _ <évR> _ <é’S>
YT CT Y T R T ISP
(6.36)
U(f)’g:gl = u1-

Bwibop € mogunHuM JOTOTHUTETBHBIM YCIOBUIM

(€ u1) = (& R(u1)) = (6,5 (w1)) = (1 (u(§)))g le=e; = (K (u(§)))¢ le=e, =0
(6.37)
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DTO BO3MOYXKHO B CrTy JieMMbl 6.1.
YuanreiBast Be160p (6.37), ycaosue (V.4), a Takxke yCJ0BHsI OPTOIOHATBHO-
cru (u, R) = (u, S) = (R, S) = 0, BepHBIE 110 TOCTPOEHUIO, NMEEM
Sn (u(n)) ln=¢, =
- (u,, (L5, + Luy + L, Ly ) ug+ Ly f (u) + fiug + (KR)n) =g, = (6.38)
e i+ K (R (u (), ey =&+ i (@) + K (1 - p)é = Ke.
Hnst Sy (w (1)) |n=¢, = 0 momyaaem
Sy (w(n)) In=¢, =
= (t + (L + L+ LiLa) gy + L f () + (i), + (KR) ., ) by +
(Lo L+ LiLa) g + Ly (F (@), ) Ity -

Teneps, ucnonbsys yceaosus (Y.4), pasercrsa (S, u) = (S, R) = 0 u Boi6op
(6.38), mosryuaem

(S, Syy) ‘n:& - <s (W), gy + fi (1) gy + K (u) (R (u)),m> e, +
(S (), (Li+ L+ LiLa) gy + L (1)) by =
= <S (), Upy + i (w) wyy + K (u) (A29 — ,u) Unn> |ln=e,+ (6.39)

+ (S (W) (L5 + Lu+ LiLa) g + L f (@) gy

st wyy, u3 ypasHenus st u (1), yanrsisas Bei6op (6.37), naiigem

n_&:< Eu) (@GR, @S) S) e

o TR SE ),
__wm _(1—M)R(u1)_gs " - S (uy) .
lull? IRIP (&S () 1075 )P
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IMoacramsist Uy, B paserncTso (6.39), yuureiBas, aro (S,u) = (S, R) = 0,
S(a) =S (a)], z € Ho G),, nMeeM ¢ UCHOIB30BAHIEM OILEHOK JieMMbI 6.6

<5> Snn) ‘77:61 =
R () [1 i ) + K () ((A%2,2) = () [ 21P)| = CLK (n) >

> K () (14 () + KN) = O () >

> () (147 ) + (5K () = GO (),

rae nocrosinnasi Cy 3asucnut ot Cg u3 yenosust (V.1) u Takosa, aro 0 < Cp <
100. R

IMosromy npu Masbix £—&;, yanrsiBas Bei6op C' (cm. emmy 6.6) u K (uy) >
6’, nMeeM

15 Cu (NP = 115 (wn) I” +2¢S (), Sy (w () =gy (€ = €1) +

e .
#2 [ ([ 150 0 448 (1 (). Sy i) =
& &

= 118 ()| + (€ = €0 (K (wn) = K (wn) (1 + o (wn) + K (wn) )+

HE- PO 2 IS @) + 5 (€~ & K2 (m) + (€~ &) 0 1),

Orcroma BeITeKaer, uro mpu Maabix & — & Beqmunna ||S (u (§))| B cayuae
r2 < 0,5 cTPOro BO3paCTaer.

IlosTomy, Tak Kak ypasuenume (6.36) coxpamser mopmbr u(€), A%u (&) n
f(u(§)), To moxkuO BBHIOPATH TOUKY &3 > £ TAKyI0, 4TO

1 (@) > IS (w DI ()l = llu €],
| A% (&) = || A% €| 15 el = I el

CrnienoBareibHO, BbIOUpas U = u (€2), MOJIyUaeM yTBEPIKICHIE JIEMMbI B CJTydae
r? <0,5.
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Jlemma 6.10 qoka3aHa IOJIHOCTHIO. U

~

- - [e)
IMycrs w; € H - mexoropslii BekTop Takoil, 4rto ||ui|] = ||u||. Beemem B

paccmorpenune aucyo 7(u1) Caeayommum 00pa3om:

r(u1) = sup {[|S(u)]}, (6.40)

e supremum O6epeT mo BceM TakuM « € H, 1jisi KOTOPBIX BBIMOJTHEHO YCJIOBUE

(ull =l 0 (|| 4% = || A%i]|) 0 (L @B < PN . ©41)

CupaseinBa
JIEMMA 6.11. ITycmo H - KOHEUHOMEPHO, M0204 UMEIOM, MECTNO CAEIYI0ULUE
ymeeporcderua a) u b):

a) Cywecmeyem eexmop U € H, ydosaemeoparouuti yeaosusm (6.41) ma-
K0U, 4mo

[S@)I| = r(u1);

b) Ecau r(uy) = 400, mo R (u) = 0.
Jokazameavcmeo. U3 onpeenienns r(uq) Caeyer, 9To Haii1eTcs Takas mocie-
JIOBATEJILHOCTD Uy U,y +vvy Uy, .oy UTO KAXKJIBIN SJIEMEHT ITOW T10C/IEA0BATENHHO-
CTH yIoBIeTBOpsieT ycyaoBuio (6.41) u BBITIOJHAETCS PABEHCTBO

lim ||S(un)|| = r(u1). (6.42)

n—oo

Tak Kak OpOCTPaHCTBO H KOHEIHOMEPHO, TO (ecam Hy»KHO, IEpexos K
MOJIMOC/IEIOBATENLHOCTH) MOKHO CUUTATH, U9TO MOCAEI0BATETHHOCTD Uy QyH-
JaMenTaibHa B H 1 I0STOMY HMeeT HpeiebHbl s/1eMent. OGO3HATHM €ro
4 € H. Nveem un—>ﬂBI?I.

Mostomy B cmmy merpepoisroctn f(-) n orpammdennoctn A% u3 (6.42) n
(6.40) mocTpoeH HEOOXOAMMBIIl 9JIEMEHT, JTOKA3BIBAIOIIHI TyHKT @) JIEMMBI.

Yucsto (1) MOXKeT OBITH paBHBIM +00. Kak JIerko BUIETH W3 ONpe/Ie/IeH s
BEKTOPA S, 9T0 MOXKET Peaan30BaThCs TOILKO B cay4dae ||R(uy,)| — 0. ITosromy
MYHKT b) Tak Ke JOKa3aH.

Jlemma 6.11 mokazama IIOJIHOCTLIO. |

st ynobcTBa JAaIbHENIINX CCHIIOK IIPHBEIEeM BbITeKaromee n3 jgeMM 6.10
u 6.11
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CAEACTBUE 6.1. Ilyemv H - xoneunomepro, u das ssemenma uy € H 6wvi-
noaneno ycaosue (6.5) us semmv, 6.5. Tozda, ecau
I

o
2de u - u3 meopemot 6.1, mo das mobozo >0 moocho nocmpoums u. € H
maxou, 4mo

)\9
el =[] %] < 5 ol

] <

(el = ) 0 (| 47

= A}y 1 (15w? < U 1P +)

u aubo ||R(ug)|| = 0, aubo das ue évinosnsemea odno us ycaosut (6.3), uau
(6.4), uau (6.6).

Jokazameavcmeo. Ecin S(uq) = 0 u e>0, T0 ¢ moMoIpio JemMmb 6.9 mocTponm
e Takoit, uro {||S(7.)|| # 0} u BBIIOIHEHO yCIOBHE

(e = ffua ) 0 (|4

= [A%u])) 0 (1@ < 1 p)l? +2)

Ecmum S(up) # 0, T0 B najbHeiiem B KadecTse . Gepem wui. Ilpm sTom,
ecan S (uy) # 0, T0 MOXKHO B3siTh £ = (.

Ecmu qna @, mmbo |R(4.)|| = 0, 6o BeimoIHSAETCS 0HO 3 yeaosuii (6.3),
i (6.4), win (6.6), To caencTBre OKaxKeTCst JoKa3aHHbIM. [Ipu 9TOM B Kade-
CcTBe Us OepeM ..

B nporusrOoM coiyuae, npumenus jgemmy 6.11 (npurnumas 3a uy HailjeHHbBI
Uz ), MBI TIOCTPOMM BEKTOP-(DYHKITHIO U, /I KOTOPOii BBITIOJIHAETCS YTBEPIK Ie-
nue a) nemmbr 6.11

15 (@)] = (ae)-

Ecau r (@) = oo, To cormacuo nynkry b) aemmbr 6.11 moaygaem, uro
I|IR(@)|| = 0. CrnexcTBue moKa3aHO, €CIM MPUHATDH 32 U. HANIEHHBIH .

Ecam r (i) < 00, TO Jyist IOCTPOEHHOTO U MPOBEPSIEM BbITIOJIHEHNE YCJI0BUi
|R(@)|| = 0, wmm (6.3), win (6.4), wan (6.6). Eciu xora 6b1 01HO W3 3THX
YCJIOBU#i BBIIIOJIHEHO, TO JI0OKA3aTeIbCTBO CJIEJICTBHSI 3aBEPIIeHO, eCJIN TIPUHSThH
32 Ue HANJEHHBINA U.

B nporuBHOM ciiyaae paccMmorpum

S (@) =S (@) (ne+z2),e€ Gy, z€ HS Gy, 0> + ||2)* = 1.
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Cayuait [|z]| = 0 ve BO3MOKeH B cuty slemmbr 6.10.

Ecm 0 < ||z|| €1, To no iemme 6.10, coxpanus nopmer @ n A%4, we ysesm-
anBag HOpMY f (@), MOXKHO CTPOTO yBETHIUTE HOPMY S (1). DTO IPOTUBOPEUUT
OIPEJIESIEHNTO U, KAK 3JIEMEHTa, Ha KOTOPOM JIOCTUTAETCsA supremum. Ilosromy,

JIJIsT TIOCTPOEHHOTO U BCeraa Oy/ieT BBIIOIHEHO oxHO m3 ycnosuii ||R(4)|| = 0,
win (6.3), win (6.4), i (6.6).
CiefcTBue TOKA3aHO. O

Tlepexoum Terneph HEMMOCPEACTBEHHO K JI0KA3ATEILCTBY Teopembl 6.1.
Zloxazameavcmeo meopemvi 6.1 6 KOHEWHOMEPHOM CAYHAE.

‘AO&H < Cy.
Hawm meobxoanmo notyunts onenky (6.1) u3 reopembr 6.1, B kotopoit Cq u

[ 3aBHUCAT TOJBKO OT MOCTOSHHBIX, (hurypupyitonmmx B ycaosuu (Y.1) u or Cy,
HO He 3aBUCAT OT pa3MEPHOCTU MpocTpaHcTBa H.

o ~ 0 9 00
Mycrs w € H n f = u+ L(u,u). ITo yciosuto Teopembl

0 o
31ech yMeCcTHO OTMeTHuTh, uTo u3 orenkn ||A%u|| < Cy, B Culy KOHETHOMED-

noctn H , BCerjla MOKHO TI0JIydarh onenky Buaa (6.1), B KOTOPOi KOHCTAHTHI
3aBHUCAT OT Pa3MEpPHOCTH MPOCTPAHCTBA. LleHHOCTH Halrelr TeopeMbl COCTOUT
MMEHHO B TOM, 4TO B Heill nocrosinnble C7 U [ He 3aBUCAT OT Pa3sMEPHOCTH
MIPOCTPAHCTBA.

Ecan BeITOTHEHO HEpPaBEHCTBO

<1, (6.43)

0
u

10 HepasencTro (6.1) cnpasemmso npu BeiGope C1 =1 u [ = 0.
Ecu BHIIOHEHO HEPABEHCTBO

3| < 10154 HAG”E, , (6.44)
To HepaBencTBo (6.1) cupaseauso mpu BeiGope C7 = 105 0y ul=0.
Ecan Beimonnero
o
5] <|/7] (6.45)

10 HepasencTro (6.1) cnpasemmio npu BeiGope C1 =1 u [ = 0.
[Tycts He BBIMOSIHEHO HE O1HO 13 HepaBeHCTB (6.43), (6.44), (6.45). Torga

) (>
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Hepagencrsa (6.46) Bmecre ¢ ycaosusivm (V.1) - (V.4) nossossitor npume-
HATH JOKa3aHHbIE JeMMbl U ciiejcTBue 6.1.

0 .
Coryracuo jilemme 6.5 91€EMEHT U yJ0BIETBOPSAET OJHOMY U3 ycaoBuii (6.3),

wm (6.4), min (6.5), wn (6.6).

0
Ecmu g v semosaeno (6.6), To B cuty jeMMbl 6.3 TOTydaeM HYZKHYIO
CHJIBHYTO OIEHKY

0 .
Ecau qsa w Beimosaeno (6.3), To mop3yscsh gemmoit 6.7 (BbiOupas B reMme

o
u

< |

0
U] = U), CTPOMM BEKTOD 4= u (&2), yIOBIETBOPSIOMIAI OJHOMY W3 YCJIOBHI
(6.4), wm (6.5), mm (6.6).

0
Ecmu nisa u semosnneno (6.4), To moab3ysacs gemmoii 6.8 (BoiOupast B ieMme

0 1
uy = u), crpouM u = u (£2), yoBaeTBopsiouii oxqHOMy 13 ycaosuit (6.3), niam
(6.5), mm (6.6).

0
Ecu s u Bpimosaeno (6.5), To mons3ysacs caencrsueM 6.1 (Bpibupas up =
0 1 1
u), CTPOUM U = Ug, YJIOBJIETBOPSIOIINI OJHOMY U3 YCJIOBUI HR(U)H = 0, wm
(6.3), mm (6.4), mn (6.6).

1
Ecmu pns w Bomosueno(6.6), To B cuiy JieMMbl 6.3 mOJIydaeM HYZKHYIO
CHJIBHYIO OIEHKY

o
u

=[] = s

1 2 3
Ecym e (6.6) He BRINOTHSIETCS, TO 1O U AHAJOTUYHO CTPOUM U, U, ... U T.JI.
n
ITpomece moKeH 6BITH OCTAHOBJIEH HA N-HOM IIATY, €CIH JII U BBIIOTHEHO
(6.6), 6o mapymeno ycaosue tuna (6.46)

(= 2 o (] < xteno= i) o (r () < ) oo

TTpeoI0KIM, 9TO TIOCTPOEH 1, KOTOPHIf Y/I0BIETBOPSET OHOMY U3 YCIO-
Buit (6.3), min (6.4), mwm (6.5) u me yaoBrerBopser (6.47). Torga mpomecc me

n+1
OCTAHABJINBACTCS U TIEPEXOJUM K MOCTPOCHUIO U .
n
Ecmu g u semosmeno (6.3), To ¢ nomomeio temmbl 6.7 (Boibupast B ieMme
1

n n+1 n-+
U] = ) CTPOMM BeKTOp « = u (&2) ¥ MOJIydnM, 9TO JIIsi U BBINOJIHEHO OJHO
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u3 ycaosuit (6.4), win (6.5), win (6.6) u

(13- i) (Jari = Jaaf =2 f 1o
Ap1
Hf €5 H Hf +4c/ IR(u(e))||? d¢ | (6.48)

rae A1 - HEKOTODBIl OTpe3oK, it JUHHBL d(/\, 1) KOTOPOrO CIpaBein-

Ba orenka cumzy d(A, 1) > (ry). 3mecs C - nocrosHaas u3 jemMbl 6.6,

Ty = ¢ 12f | R(w(&))|l, tae u(€) - pemenne 3azaan Komnm (6.7) ¢ HagaapHBIME
€

JTAHHBIMA u7 ©(+) - CTPOTO MOHOTOHHASI HEOTPULIATETbHASA (DYHKIIMS, TAKAST ITO
©(0) =0mu ¢ (t) # 0 mpu t # 0.

n
Ecan p1a u Beimosteno yeaosue (6.4), To ¢ momontsio gemMbl 6.8 (BeiOmpast

n n+1 n+1
B JleMMe uj = u) crpouM  u = u(&2), U TOJyYIUM, UTO JJisl U BBITOJTHEHO

onHo w3 ycaoswii (6.3), nm (6.5), wim (6.6) u
/ IR de | o

(i) < sl (649
rae Ap2 - HEKOTOPBIl OTPe30K, Uil JUIMHBI KOTOPOrO CIIPABE/IMBA OIEHKA
crmsy d(An1) = o (||S ()
dyukums, rakas aro p(0) = 0wm ¢ (t) #0 npu t # 0. Baecy u(§) - permenne

n
= [|u

u

n+1H

o112 _ || 4o
Jo| i = i

), rJie o(+) - Crporo MOHOTOHHASI HEOTPHIIATEIbHAST

zamaun Komm (6. 9) C HAYAIIBHBIME JAHHBIMY U,
Ecim e 151 U BBITIOTHEHO ycaosue (6.5), To monb3ysacek caegcreuem 6.1

n n+1 n+1
(BbIOMpas u; = U), CTPOMM U = Uz ¥ TIOJIyYUM, 9TO JJIsi U BBIIOJHEHO OJIHO
n3 yeaoswuit (6.3), win (6.4), win (6.6) u

(P =l o (sl = ai]) o (i) < il +2.) 50

U

n+1H
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rze €, - 3apaHee BHIOPAHHOE MasIoe 9HCIIo.
OuesnyiHo, uTo MoxkHO cuntarh oTpe3kn Aj; (j =1,2,3,...; i = 1,2) Here-
PEeCeKAIOITIMHACS.

n+1
Crenyer oOpaTuTh BHUMAHUE, YTO BO BCEX CJIYYAAX U CTPOUTCI C CO-

|| (em. (6.48), (6.49), (6.50)), a mopma A%u me

n+1
XPaHEHUEM HOPMBI: || U || =
BO3PACTAET.
Bribupaem €, = 27", tme 0 < € < 1 - HEKOTOPOE Majoe UNCI0, TOTAA
TTOJTy 9aeM

o R ey 3 R i
| = il (00 [ imwienias+ > @ [ Iroeni? ae).
=1 A0 =oAL,

(6.51)
n+1

) < o] +45’i“)/\|R<u<a>>u2ds+2e,
=1 A

rae C - 9uC/10, BRIOpanHoe B jiemme 6.6.

3nech 2?21 (1) ozHagaer, 4TO CyMMMpOBAHME PACIPOCTPAHSETCH TOIBKO
Ha Te j , KOTOphIE TAKOBBI, YTO HA J-TOM IIIary Jjist TTOCTPOEHUS JZI WCITIOTB30-
Bana Jiemma 6.7, a 22:1 ) o3mauaer, 4TO CyMMMpOBAHME PACIPOCTPAHSIETCH
TOJIKO HA T€ j , KOTOPbIE TAKOBBI, YTO HA J-TOM IIATY JJisi TTOCTPOCHUS %1
WCIIOTb30BaHa JemMa 6.8.

U3 (6.51) mia H f (n#) H Cpa3y BBITEKAET OIEHKA

S O R P T

B mamux mocTpoenusax BO3MOYXKHO JBa CJIydast:
(i) mportecc KOHeUeH, TO ecTh O6GPBIBAETCS HA HEKOTOPOM IV
(ii) nporecc GeckoneueH.

. 2 3
B nepBom ciryuae (i) nmporecc nocTpoenust i, u, ... 00PBIBAETCS, €CJIU TIPU

()=o) ) = -
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N
Ecmu nonyannocs, aro R (v ) = 0, To u3 jgemmbr 6.3 caeayer omeHka

=<l @

o
u

IMosTomy B ciyuae (i) Bcerma mveem oueHKyH f (Z’z\{) H > Hﬁ” CrreoBarennHo,
oll2 2 N2~ olI2
i <l @ <l @F el v e
rue
~ o|[T/8 (1o lI1B/0 | g0 |B/0\7
C = 2;%74000 (1 + Cp)* <1+ u u HA% > :

o
Tak Kak 1o TpeamoIOKeHNnIM TeopeMbl 6.1 HAeuH < Cpy, a 10 yCJIOBUIO

H&H > 1, To u3 (6.53) mosygaem

7/8
+

o
u

o
u

(o}

1-8/6 2
U Cg/e) +2e <

2§Hf (u) H2+A;4916000 (1+Cp)°C2 <1+

<lal™ ( Hf () H2 + 27716000 (1 + C)* CF (2 + Cﬁ“’)z +2¢), (654)

rae o = max {7/8, 1 — §/0}. Ouerngno, uro 0 < a < 1. TTosromy u3 (6.54)
HAXOUM

o
u

< (7 (@) + 10000 1+ (2+€5°) " + ),

CeroBaTeIbHO, IMEET MECTO OIEHKA

i <e(eflr ™),

rae xkorucranta Cq 3aBucnT 1016K0 0T Cg, 6 u [ m3 ycaosust (V.1), a Takxke oT

Cy, HO He 3aBUCUT OT PA3MEPHOCTH TpocTpancTBa H.
Takum o6pazom onenka (6.1) momyuena B cayqae (i).
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Paccmorpum Teneps ciryuait (ii), Korga mporece mocTpoeHus 12L, 132, ... bec-
KOHEYEH.

Torma, mo kpaiineit Mmepe, ogHa u3 jemm 6.7 win 6.8 ucmosbp3yercs 6ecko-
HEYHOE YHCJI0 Pa3. DTO CJIEILYeT U3 TOTO, 9TO 38 KAXKJIBIM CJIydaeM MTPUMEHEHUST
caenctBus 6.1 mpumensiercss onna u3 jgemM 6.7 wau 6.8. Takum obpazom, BO3-
MOXKHBI 2 CITydast:

(ii.1) - coayuaii, Korma 6eCKOHEUHOE YHCIO0 pa3 UCIOIb3yercs jemva 6.7;

(ii.2) - coywaii, koryja jsemma 6.7 UCHOB3yeTCsl KOHEYHOE YUCI0 Pa3, a
semMMa 6.8 - GeCKOHEUHOe YUC/I0 pas.

Pasz6epem cuauana cayuqait (ii.1), To ecth ciyuait, kKorja 6eCKOHETHOE TUC-
J10 pa3 ucnosb3yercs gemma 6.7. Torma n3 (6.49) mmeem

e it [ I1rGe? e

O6oznaunm 0; = ¢ irAlf |R(w(&))], roj = min{l, d;}. Torga B cury aemmbI
[SVAVS]

6.7 mmeem, 9TO
2

> Wo(rg;)3,

j>1

HA%

rze o (+) - HeoTpunaTebHAs MOHOTOHHO BO3pacTaomas byHKnus. 31ech o0pa-
IaeM BHUMAHHUE Ha, TO, YTO U3 3TOM ONEHKH CJIEAYEeT CXOANMOCTEL DECKOHEIHOrO
pana cupasa. Ilostomy, ouesnano, 6; — 0 mpu j — oo.
Orcrofa BbITEKaeT, ITO HANJETCA TaKas MOCAE0BATENBHOCTD duces & €
AJJ, qTOo
Jim | Ru(&)] = 0. (6.55)

CiretoBaresbio, u3 jieMMbl 6.4 mosiydaeM, 910

' i < o 9

n—oo n—oo

o
u

Torna B cuny (6.52) BBITOIHEHO HEPABEHCTBO

o

u ’ < Hf (1(1) H2 +4C HAHZ,H2 + 2e.
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Orcrona, neiicteys, kak u B caydae (1), moaygaem onenky (6.1), rae Kon-
cranta C) 3asucnt T0a6K0 OT Cp, O m [ w3 ycaosus (V.1), a takxke or Cy,
HO He 3aBUCUT OT Pa3MEpPHOCTH IIPOCTPAHCTBA H. Cayuait (ii.1) paccmorpen
MOJTHOCTBIO.

Pasbepem Temeps cayuaii (ii.2), To ecThb cirydaii, Korga 6€CKOHETHOE THCTIO
pa3 ucnoJb3yercs jgemmva 6.8. Torga uz (6.51) nmeem

%] > 2@ [ireni?a
N

Jlaee xo/1 moTydeHUs OTEHKY TIOJTHOCTHIO COBIAJIAET C PACCYKICHUAMU CJTy-
qag (ii.1).

Taxum ob6pazoM, MbI pPaCCMOTPENN BCE BO3MOXKHBIE CJIydal MPOIECCOB TO-
CTPOEHUsT TIOCJIEI0BATEILHOCTEMN 73,1?1, .... I Bo BCcex cayuagx HaMu u3 CIadOi
OIEHKN TOJTyUeHa CUIbHas omeHka (6.1).

Teopema 6.1 B KOHEIHOMEPHOM CJIydae TOKABAHA.

IIpm sToMm eme pa3 mogdepkueM, 910 KoHcTaHTa (1 3aBucHT ToabKO oT Cg
u (3 u3 ycnosus (Y.1), a takxke or 6 u Cy, HO He 3aBUCUT OT PA3MEPHOCTH
MPOCTPAHCTBA H.

CyIecTByIOT 0YeHh MHOTO CTaHJIAPTHBIX METOJOB, KOTOPbIE W3 IOJIYYeH-
HOIl B KOHEYHOMEDPHOM CJIyYae OIEHKU TO3BOJISIOT BHIBECTU AlPUOPHYIO OTIEH-
Ky B 00I11eM C/Iydae, KOTOPbIe MHOTHE aBTOPhI HA3BIBAIOT METO0M lajnépkuna.
IlosTomy pmanpmeilimuii TyTh HOKA3aTENIHCTBA JeMMBI 6.1 ommpaercsa Ha CTaH-
JIAPTHBIE W3BECTHBIE MTPUEMBI.

Hoxkakem Tenepsb Teopemy 6.1 B HeCKOHETHOMEPHOM CJIydae.

ITycts Py - ectb N-mepubie (N < 00) OPTOTOHAJTBHBIE MTPOEKTOPHI B H ,
MEPECTAHOBOYHBIE ¢ ortepaTopoM A, Takue, uto Py npu N — 00 CHJIBHO CXO-
JUTCS K eIUHUIHOMY omepatopy. 1o ectb, Pyx — x ipu N — oo jjist 1106010
zeH.

0603naunm vepes H ™) ruanbeproso mpocrpancrso pazmeprocr N u pas-
noe HW) = PNﬁ . B H®) B kauecrse CKaJISIPHOTO TIPOM3BENEHNsT OepeTcst
WHIYIIUPOBAHHOE W3 H cKaJIgpHOe mpoussesenue, Te. ecan z,y € HW)
(T, y) g = (T, 9) -

B HWN) OIPEJIeINM CaMOCONPsi>KEeHHbI oneparop An: ecim x € H (v ), TO

, TO

ANac = PNA;L' = PNAPN$.
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Onpenenum Guuneiinoe mpeobpasosanme LWY) monoxus, ecm z,y €
HW) 10
L") (z,y) = PyL(z,y) = PxL (Pyz, Pyy).

IIpoexkTtop Py BO3bMEM Tak, YTOOBI PAa3MEPHOCTH COOCTBEHHOTO TIOAITPO-
crpancTBa G N = {33 e HN) Anz = x} ObL1a He ke dem, 20.

Hokazxem, aro 8 HN) nst maper Ay w LV (-, ) Beimosens: yerosms (V.1),
(¥V.2), (V.3) m (V.4) n npnuem KOHCTAHTBI B 9TUX YCJIOBUSAX He 3aBUCAT OT N.

B cuny Bei6opa Py u N < oo Beinosinenue yeaosuit (¥V.2) u (V.3) ouesuHo.
Ocraercs mposeputs yeaosus (Y.4) u (V.1).

IMokarkem, uro BbioaHEHBI yesoBust (V.4).

Ecmmue HNM pe YIOBJIETBOpsIET ypaBHeHUIo A e = e, T0 numeeM Pyu =
u, Pye = e u Ae = e. IlosTomy

LW (e,u) = PyL (Pye, Pye) = PyL (e,u) =0,

LW (u,e) = Py L (Pyu, Pye) = PyL (u,e) =0,
LMy =LWMe = LM (u,e) + L™ (e,u) = 0.

e

Jnst mpomssoasaoro g € HNY) mueenm

(L4, g) = (u, LMg) = 0,

< > <e L > (e, PN L (Pyu, Pxg)) +

+ (e, PN L (Png, Pyu)) = (e, L(u, g) + L(g,u)) = (e, Lug) = (Lye,g) = 0.
B cuny mpomsBossHOCTH g € HW) pyeem Lg Py = L&N)*e = 0.
Beinosrennocrs yeaosust (V.4) jokasana.

Toxkazkem BoinosHenne yemosus (Y.1). Mveem: ecim g, u € HN) | 1o

(v ) gov) = (PyAPyu, Pau) g = (APwu, Pvu) = | Pl =l
|2 @)\, = IPVL (Pyg, Pyw)l < I (Prg, Pau)ll <

e e e e

H®N) H HN)

Mpb1 j0Ka3a/11 BBINOJIHEHWE HepaBeHCTB ycaosus (VY.1).
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Takum 06pazom, eciu & H soimosnenst yesosns (V.1), (V.2), (¥.3) n (Y.4),
10 151 Komeunomeprbix ormeparopos Ay 1 LIV (-, -) 8 HN) st yenosust takxe
BBITIOJTHSIIOTCS 1 C TEMH K€ KOHCTAHTAMIL.

Iycrs gzt 1, € H semonneno yenosue

HA‘){} < Cp.

Torja mo mMoCcTpoeHMI0 TPOEKTOPOB Py nMeeM
o [¢]
Pyu — u,
[¢] [¢] o
A?Vu = PNAGPNu — A%,

3nech 3nak "—" o3Havaer cuabHY0O cxoauMocTh nipu N — oo. [losromy mmg
sroboro € > 0 cymecrByer gocrarouno 6osbmoe N. takoe, uTo gad Bcex N >
N, nMeeT MecTo

o] < flati] - [l < <]} %

, (6.56)

o

o
—e|lul| < ||u

o]
— HPNU

< 5HUH (6.57)

0
"3 (6.56) BbiTekaer, uro st 6oabimux N MMeeT MecTo OleHKa HA?\,UH <

0
(1—¢) HAeuH < Cy. To ecTnb BBITIONHEHBI BCe yeaoBus TeopeMbl 6.1. TToaromy
u3 Teopembl 6.1, 0Ka3aHHON B KOHEYHOMEPHOM CJIydae, MOJIydaeM CHILHYIO
OIEHKY

il < (1+ s (i) s (53

e koucrauTel Chu [ He 3apucar or N.
Orciona n u3 (6.57) Haxoaum

o

C
ol < =L

—1-—¢

(0] [e) l
(1 + |[Pas (Puit)|| + [ Pus (Pait)| ) .
[Tepexosst K TIpejiely B 9TOM HEPABEHCTBE, B CHJIy HempepbiBHOCTH f (), TOJTY-
4YaeM CHJIbHYIO OIleHKY TeopeMbl 6.1 B 6ECKOHEUHOMEPHOM CJlydae.
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Teopema 6.1 moxazaHa TOJHOCTHIO. ]

Tenepb HaM HE0OX0 MO n36aBUTHCsT OT ycaoBust (VY.4).

[Tpeamonoxkum, aro BeimosHens! yeaosus (Y.1), (V.2) u (V.3). Ilycts P -
OPTOTOHAJILHBIl TPOEKTOP Ha COOCTBEHHOE TI0/IIPOCTPAHCTBO

Gy, ={x: Az =1x}.
Hns f (u) = u+ L(u,u) nmeem
fu)=u+(E—-P)L((E—P)u,(E—P)u)+
+(L(u,u) - (E—P)L((E—P)u,(E—P)u)) -
= u+ L(u,u) + ((E — PYL(Pu,u) + L (u, Pu) + L (Pu, Pu) ) + PL(u, ).
MoxkHO paccMaTpuBaTh OUINHENHHBIN OTIEPATOP
L(u,v) = (E — P)L((E — P)u, (E — P)v),
KaK TJIABHYIO HEJUHEHHOCTH omneparopa L(u,v), a BeIpaKeHue

Lp (u,0) = (E — P) (L(Pu, v) + L(u, Pv) + L(Pu, Pv)) + PL(u,v)

paccMaTpHBaTh, KaK €ro BO3MYyIIeHNe.
Ioxascem, wmo das L(-,-) ewnoansemes ycaosue (Y.4). HeiicTBurenbHo
nycrs € € Gy, = (v : Az = z) n u € H. Torna umeem

L(e,u) = (E — P)L((E — P)e,(E — P)u) =0,

Tax Kax(E — P)e = 0.
Ananormano L(u,e) = 0. Ilostomy

Lue = L(e,u) + L(u,e) = 0, Lou = L(e,u) + L(u, e) = 0.

Tak kak (FE — P)e =0, TO /i TPOU3BOJILHOTO g € H uveen

(Lie.g) = (e Lug) =

= (e.(E = P) (L(E~P)u,(E~P)g) + L((E~P)g,(E~P)u) ) ) =
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:<(E—P)e, (L((E—P)u,(E—P)g)+L((E—P)g,(E—P)u)>>:0.

A s <EZu,g> B cuity (E — P)e = 0 cpa3sy umeem

<z:u,g> = <u,1ieg> =0.

Takum 06paszoM, BITOMHEHHOCTS yeaosus (Y.4) pus L(-,-) jokazana.

Hokaorcem, wmo daa L(-,-) evnoansemea ycaosue (Y.1). Tak kax P - op-
TOPOHAJIBHBIN POEKTOP Ha COOCTBEHHOE MOANPOCTPAHCTBO, TO OH HEPECTaHO-
BOUeH ¢ onepaTopoM A u ¢ 060it ero cremensio. IlosTomy

|(B=P)Lwv)| < IL(E-P)u (E-P)v)| <

< a5 o a5 o] <]

To ecTh MBI T0Ka3aIM BTOPOE HepaBeHcTBO u3 ycyosus (V.1). Ilepsoe xe Hepa-
BeHCTBO U3 ycsoBus (V.1) kacaercss Tosibko oneparopa A .

Taxum o6pasoM, BeoMHeHHOCTS yeaosus (Y.1) mrs L(-, ) moxazana.

Buinoanennocms ycaosua (V.2) s L+, -) TaKKe sBISETCS TPOCTBIM CIIEI-
CTBHEM T1ePecTaHOBOYHOCTH oneparopos P u A.

Venoeue (V.3) onepatopa L(-,-) He kacaercs,

Taxkum obpasom, ecsm juist GuimHeitnoro oneparopa L(u,v) BbINOJIHEHBI
tpu yemosus (V.1), (¥.2) u (V.3), To st omeparopa L(-, -) BEIIOTHEHB! GeTHIpe
yenosust (V.1), (V.2), (V.3) u (V.4).

Ot Lp(-,-) morpebyem, 9T00BI BBITOTHSIIOCH
YcnoBUE (V.5). Tlpu nekoropeix nocrosaabix 1 > 0 u Cp > 0 BeIMOTHEHA
OIeHKA

ILp (u,w)l| < Cp ([lu+ L (u,w)l| + lu+ L (u,u)["). (6.58)

Cupaseymmsa
TEOPEMA 6.2. IIycmov ewnoanens ycaosusa (Y.1), (¥.2), (¥.3) u (¥.5). Ilpeo-

° ~
NoAOIHCUM, "INO ona HEKOMOPo20 U € H ewnoanena caabas ouerHKa

i <
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2de 0 < min (—3/4,3), a B - us yeaosua (Y.1). Tozda dan U eepra cuavnas
ouenKa

o

f

o

i cce(ae ] + 7). mei-ier(ad).  @s

3decv Cy u m - 3asucam moavko om Cg u 8 us ycaosusa (Y.1), om Cp un
ug yeaosus (¥Y.5), a maxorce om Cyu 6.
Hokazameavcmeo. st L(-,-) u A Beimossens! Bce ycioBust Teopems 6.1. TTo-

3TOMY JJIA ueH TOJIy9aeM
o e] = o O [e] = o O l
R (A N RO

rae Cp n | - 3aBucsar Toasko or Cg u 3 u3 yenosus (¥.1), a rakxe or Cou 6.
Crepytoriee HepABEHCTBO OYEBHIHO:

Ha+i@ﬁw:Ha+u&ay4@(a@HgHa+L@ﬁm+Hm{&aﬂy
Bocnos3ayemcs 31ecnh onenkoii (6.58) yeaosus (V.5), Torma

U+ L(u, )

| < @+ 1) |8+ 260 |+ [Ji+ £ )

)
TMoxcrapass nosydentoe B (6.60), nonyaaem (6.59).
Teopema 6.2 mokazana. O
OTmernm, 9To 111 MHOTHX 3a71a4 yCaosue (VY.5) aBTOMATUYECKHN BBITIOJTHSI-
ercsd. OJTHAKO aBTOP CUUTAET WHTEPECHBIM PACCMOTPETh CJEAYIONIYIO 3a/1aty.
3AJIAYA N1. Joxasams meopemy 6.2, ne ucnoavsys ycaosue (Y.5).

7 OLIEHKU PEIIEHUA ABCTPAKTHBIX YPABHEHWIN TUIIA HABBE-
CTOKCA U JTOKA3ATEJIbCTBO TEOPEMBI 2

B sTom paznene Mbl Teopemy 2 BhIBeJeM u3 Teopembl 6.2. OTMETHM, YTO MBI
MOTIM Obl 3HAYNTEJNHLHO COKPATUTh (MM BOOOIIE He TMCATh) ITOT PasJies, OT-
JIeJIABINUCEH CCBIIKO} Ha BBIKIAAKH U3 pabor [26-30] nam u3 padorer P.C. Caxkca
[49], win u3 pabor O.A. Jlagbikenckoit [2-5].
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Ilycte H - cenmapabenbrOe ruinbepToBO mpocTpancTBo, a A = A* - ca-
MOCOTIPSIXKEHHBIN orepaTop B H, Takoit, uro A > pukF, 10 ectb ajsa J060ro
x € H somonmeno (Az,z) > plz, u nycrs (A — (u—1)E))~! = Al € 0.
8nech E - eIMHATIA-0TIEPATOP, & Too - KJIACC BIIOJHE HEMPEPHIBHBIX OMEPATO-
poB. O6osznaumm wepes A\; < Ag < ..., \j < ... - COOCTBEHHBIE YHC/IA OIe-
paropa A, 3aHyMepOBaHHBIE B TIOPsKEe HEYOBIBAHWS C yIETOM KPATHOCTH, a
gepes ey, €2, ..., €j,... - COOTBETCTBYIOINILYIO HMOJTHYIO OPTOHOPMHUPOBAHHYIO
crucTeMy COOCTBEHHBIX BEKTOPOB.

Yepes Hy = H; [0, a] 0603HaunM rusib6€pTOBO TIPOCTPAHCTBO, MOJIYYeHHOE
IIOIIOJITHEHUEM MHOZKECTBaA BeKTOp—d)yHK]_[I/II‘/JI7 IpeacTaBUMbIX B BUJIE KOHEYHBIX
CyMM

w(t) = wjt)e (7.1)
{5}
110 HOpMe
1/2

o (), = ( IOl dt)m - % [ wora)

rie wj(t) - menpepsiBio quddepentmpyemsle Ha [0, a] cKaagpHbIe QYHKINL.
Mycre eme By(-, ) - Ouamueinblii onepaTop, ONpejeseHHblii pu u, v €
D(A), tne D(-) - obnacrs onpejenennst. Byem npenosarats, 9T0 BBITIOJIHEHB
yeaosust B1l, B2, B3 u B4 (cm. pazzen 3).
Temnepp paccMorpum 3agady

{ v+ Av+ B (v,v) = f (t) € Hy = H;[0,a],
v(t)]i=o = 0,

e B (v,v) = ¢(t)Bo (v,v), ¢(t) - menpepsiBuas #a [0, a] bysxnusa. Hanmane

©(t) cymecTBeHHO POJIM HE UTPaeT, HO HaM Y00HO UCIOJIb30BaTh yPaBHEHNe

B KOTOPOM TIPHCYTCTBYET ¢(t).

Ouernno, uro B (-, -) ynosiaersopsier yciosusiv B1-B4.

B jasbHefimeM BCIOLy B 9TOM pasjiesie, He yMeHbInasi OBIHOCTH, MOYKHO
canrarh, uto A > E. B nporusHOM Cilyuae B paccMaTpHBaeMOM yDaBHEHUH
MOKHO cenaTs 3ameny v (t) = e(~H+DE(t), Torma BvecTo (7.2) mosydmM 3a-
Jady

(7.2)

{ B+ (A= (= 1) B)o + e#+ DB (5,5) = Ba~0=Dif (1),
Ul =0.
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B srom ypasrerun Bmecto B (-, ) Beicrymaer el"HHDIB (1)1), a Bmecto A -
oneparop A— (u — 1) E > E. Ilosromy Beroy B Jasbreiinem cantaem A > FE.

O6oznaune vy + Av = u(t) 3anumewm (7.2) B «orpanndennoii dopmes (B
BUJI€ MHTErPAIBLHOTO YPABHEHNUS):

u+ B (u,u) = f(t) € Hy, (7.3)

e

¢
B (u,u) = B(Tu,Tu), Tu= / e~ A=y (n)dn.
0

Brecs e~ AU moEmMaeTcs B CMBICTE CIIEKTPATBHOTO PA3JIOKEHMSL.

B reopeme 6.2 u3 pasjena 6 nosydeHa oreHKa Jiis pentenust u(-) ypaBHeHust
Buza (7.3). Ho u = v + Av, tae v - u3 (7.2). Ilosromy dbaxtuaeckn B Teopeme
6.2 nosiyueHa cusibHas OleHKa pernenus 3agaqan (7.2).

CrieioBaTeIbHO, BCE JIEMEHTBI JJAJIbHEHIero J0Ka3aTe bCTBa TeOPEMbl 2
B TO# min wHOit popme m3pecTHBI. CyIIecTByeT MHOXKECTBO paboT, B KOTOPHIX,
npesnoaras, uro pemenre E. Xonda o6aamaer HEKOTOPOit JONOTHATENLHON
TJIaJJKOCTBHIO, TIOBBITIAIOT TVIAAKOCTH DEIMEHUA O TEX TI0P, MOKa HE TTOJIyYUTCA
[JI8JIKOCTh DEIeHns] TAKOi, KaKas OHA €CThb B MOMX TEOPEMax.

JIEMMA 7.1. ITyemv w(t) - eexmop-dynxyus, npedcmasumasn 6 sude (7.1),
maxas, wmo w (0) = 0. Tozda

Hw(t)qu+/0t HA1/2w(n)Hj{ dn < /Ot HA71/2 [w’ (n) + Aw (n) + B(w,w)] Hj{ dn.

DT0 ecTh IHEpreTuvecKkas OIEHKa, KOTOPasi B PaHee M3BECTHBIX paborax
HCIIO/IB30BAIACH JJIST JIOKA3ATeJIbCTBA CYIIECTBOBAHMS CJIA00T0 PeIIeHus.

Jns pokasarenscrea 91oit gemmbl 0603uaunm f (1) = w’' + Aw + B(w,w).
Torma nmeeMm

t t
/ <w’+Aw+B(w,w),w>Hdn:/ < fyw>gdn <
0 0

< /t < ATV2f AV g dn < l/t HA‘”QfH2 d77+1/2/tHA1/2wH2 dn
) ’ ~ 2/ H 0 H
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Ho ¢ ygerom yciosus B3 nmeem
t 2 ¢
’ t 2
/ <w +Aw+ B (w,w) ,w >H:%+/ HAI/Zw(n)HHdn.
0 0

13 stux aByx coorHomennii, Tak kak A > E, A~Y2 < E, Boirexaer
JemMMa. (]

Hepagencreo JjieMMbl, jlokazanHoe jis w (1), npejcraBumbix B Buje (7.1),
PACIIPOCTPAHSIIOTCS Ha BCe Takue w (t), KOTOpbIe TAKOBBI, UTO

w= lim wj,
Jj—o0

A2 (W + Aw + B (w,w)) = lim A~ 1/2(w + Awj + B (wj,wj)).
j—00

3zech npenensr mornMatorcst B embicae Hq[0,a] , a w;(t) - u3 Kaacca BeKTOp-
dyukmmit, npegcraBumbix B Buge (7.1). Takoii obImen3BecTHBIN MpHEM HAMU
Oy/JleT TPUMEHATHCA 9acTO (BO3MOXKHO 6€3 0rOBOPOK ).

JIEMMA 7.2. ITyemo w (0) = 0 u ' (t) + Aw (t) = g(t). Tozda daa arbozo
a € (—o00,00) npu t > 0 eepra ouenka

raiol + [ ow]fan < [ fa o] a

Joxasamesvcmeo. YMHOKEM CKaJsgpHO ypasHenue ' (t) + Aw (t) = g(t) na
Azaw(t) W TIPOMHTETPUPYEM, TOTIa UMEEM

<;/tHAerrdww/tHAawgmwrdn
0 0

CpaBunBag KOHEIl W HAYAJIO ITUX HEPABEHCTB, MOJYyIaEM JIEMMY. (]
JIEMMA 7.3. ITycmv w (0) = 0 v o' + Aw = g € H1[0,a]. Tozda ewinoamrero
Hepasercmeo

HAG(M’—{—Aw)HQ <2(K9 Hw + Aw + B (w,w HH —}—Hw + Aw + B (w,w HH)
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2de 0 u Ky - us ycaosus B2 (cm. paszden 3).
Zloxazameavcmeo. Nmeem

e sl 22 o pis, 2ol

2 2
<2 HAG (W' + Aw + B (w,w)) H + 2K} HAl/QwH lw]|?.

B nocneanem nepexome mbl ncnosib3oBasu yeaosue B2, Temeps nmpounTerpupy-
eM 9To HepaBeHCTBO. Torma, moas3ysich Jemmoit 7.2 m tem, uto § < 0w A > E,
MOJTy9aeM HYKHOE HEPABEHCTBO. O
JIEMMA 7.4. Ecau u+ B (u,u) = f , mo eepho nepasencmeo

4|} <253 [1FOZ, +1700,].

Bdecv Ky - us yeaosus B2, a B (u,u) = B (Tu, Tu).

Jokxaszameavcmeo. dra jJemMma TOJIydaeTcss U3 JeMMbl 7.3, ecjin 0003HAUINTH
Tu = w (1.€., eciu 0603HaINTH W + Aw = u). O
JIEMMA 7.5. Ecau B (u,v) = B (Tu,Tv), mo cnpasedausa ouenka

2 2

A”‘l/zv’

~ 2
B, <an |

H; Hi

8decv K., - us yeaosua B, a B (-,-) - us (7.3).
Zloxazameavcmeo. Nmeem

~ 2 a
|8, = [ 18 @wTol i<

a 2 2
< Kg/ [HAV“/?TUH |AYT o) + || A7 Tul|? HAWH/QTUH } (n)dn.
0
Mpsr1 1oz nHTErpaoM nCHoIb30Ba N yciosue Bl.

Teneps, B culy paBeHCTB (% +A)T u=wu, (T u)(0) =0, MOKHO TpHMe-
HUTH JIEMMY 7.2, W3 KOTOPOW CJie/IyeT

a 2 a
/ HA%LI/QTUH dn < /
0 0
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a 2
sup 47wl 0 < [ |42
0<t<1 0

B TouHOCTH Takoe Ke HEepaBEHCTBO BEPHO, €CJIM MOMEHATH U Ha v. IloaTomy,
MOJICTABJIAST ITU OIEHKU B TIPEJIbLIYIIEe HEPABEHCTBO, NMOIy9aeM J0KA3aTe b
CTBO JIEMMBI. (]
JIEMMA 7.6. Ilycmo onepamop A 6 H ne umeem kpamuus cOGCMEEHHHT
wucea. Tozda, ecau Aw (t) = pw (), w(t) € Hy, mow (t) =Y (t)e u Ae =
ue, 2de e € H, a 1 (-) - ckanapraa dynxyua uz La(0,a).

Jlokazameavcmeo. Bexrop-byHkims w () T0mycKaeT mpecTaBIeHne

o= w0 3 [l @fde= ol
i=1 =170

Ana Aw mueem Aw = 3772, A\jw; (t) ej, osTOMY

0=Aw — pw = Z()\j — pwj (t) ej,
j=1
0= [ Aw— ol = S (0 — p)? /0 w; (B) dt.
j=1

Taxoe paBeHCTBO (Tak Kak oneparop A He nMeeT KpaTHbIX COOCTBEHHBIX YUCEN)
BO3MOZKHO, €C/IH U TOJBKO €C/IU fi = Mj, IPU HEKOTOPOM HaTypasbHOM jo H
w;(t) =0 mpu j # jo, a mpu j = jo, Aej, = pejy, wi,(t) = ¥ (t) ejo-

JlemMa JokaszaHa. O
JIEMMA 7.7. IIycmv onepamop A 6 H (a me B Hi) ne umeem kpammoiz
cobecmeennuir wucea. Tozda, ecau Aw (t) = pw(t) 6 Hy, mo

<E (w,w) ,w> m = 0.

Zloxazameavcmeo. Nmeem

<§ (w,w) ,w> H = /Oa (B(Tw, Tw) ,w) g(n)dn.
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Ho B cuy nemmnr 7.6 nmeem, uro w (t) = ¢ (t) e, tae e - cOGCTBEHHBIN BEKTOP
oneparopa A 8 H. Tlosromy

(Tw) (1) = /0 Ay () dy = /0 e 1N G (1) edn = o (t) e,

rie ¢ (t) - ckansipaas dbyukiusa u3 Lo (0, a).
TTosTomy

:/O“¢2<n>w<n><3<e,e>,e>dn=o.

31ech B mocaeaHeM IIepexojie UCIoJIb30BaHo B3.

JlemmMa gokasaHa. O
JIEMMA 7.8. Ecau Ae = Xe, e € H, mo A - 6ydem cobcmennvim “uciom
beckoneunoti kpammocmu, onepamopa A, paccmampusaemozo ¢ Hy [0, a).
Hokazameavcmeo. Ecim ¢ (t) € Lo (0,a) n Ae = Ae, 1o ¥ (t) e Oyzner cobcTBen-
ubeiM BekTOpoM A B Hj. ITosTomy, Tak kak Lo (0, a) - 6eCKOHETHOMEPHO, JTeMMa
(koTopast TpuBnasibHal) JOKa3aHa. O

ITommmo omepartopa T BBemeMm emre onepatop 7% (0 < o < 1), neiicTByo-
mwit B8 H; o dpopmyte

(Tw) (1) = ﬁ/o (t=m e N Ve ()dn, w(-)eH, (74)

e I'(a) ects knaccmdeckas ramMa-dyakmsa. Ipun a = 0 omepatop T MoxkmO
MOHUMATh, KaK CUJIBHBIN TIpees oneparoposB T nmpu o — 0. Moxxno moxa3ars,
970 CUILHBIN Tipesen T mpu o« — 0 paBen E - enwHUIA-0mIEPaTOpy.

JIEMMA 7.9. Ecau o, B € (0,1) u o+ B <1, mo TTP = T+5.
Zloxazamenvcmeo. meem

(T*T7) (1) =

-t (ﬁ)/o o /n e e
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HoT'(1)=1m

t t=n
/ e —n)Plae = / (t—n—r) 1 dr =
U

D@ e
I(a+7)

Hosromy TTP = TP, Jlemma nokazama. O
JIEMMA 7.10. ITyemv 0 < a <1 u X >0, a y(-) € Ly(0,a) - npoussosvras
dynxuyua. Tozda

a t
/ / e M (¢ — ) Ly () d
0 0

Jokazameavcmeo. Ipomomxkum dbyukimio y (1) Hyem u3 orpeska [0, a] Ha BCio
ochb (—00, 4+00). Torma nmeem

2

dn < Ca)\_2a/0 ly ()| dn.

2

e M (1 — )Ly (n) dn| dt <

[e's) 2
S/ (/ Al et !y(n)\dn) dt.

BryTpennuii nuTerpan 31ech ects cpepria dynxmun e M 27 ¢ dynxnmeit
ly (t)]. TTosromy

S [ e () P (w0 e

e F' - npeobpazosanue @ypre. Ho
‘Ft%e”ltl \t\a—l‘ < Car 7O,
[Toatomy, Tak Kak mmeer mecTo pasercTBo [lapcesas

HF<y)HL2(foo,oo) = Hy(')HLg(foo,oo) = ”yHLQ(O,a)’
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TOJIy9aeM JIEMMY. ]
JIEMMA 7.11. Ecau 0 < a < 1, mo onepamop T enoane nenpepween ¢ Hy.
Aokasameavcmeo. Iycrs {e; };’;1 - TIOJTHASI OPTOHOPMUPOBAHHAA CUCTEMA, COD-
CTBEHHBIX BeKTOpOB omepaTopa A mw Ay < Ao < --- < A\, < ... - COOTBETCIBY-
fo1re cOOCTBeHHbIe Uncia (OHM 3aHyMEepPOBAHBI B MOPs/IKe HeyObBanus ). Tak
kak A7l € 04, TO MMeeM, uTO \j — +00 1Ipu j — 00.

Ecmm w (t) € Hy, 10

o) = S0 es, Ol =Y [ oy () dn,
j=1 j=1"0

[e.o]

(Tw) () = { /0 t wj (n) (t—n)*le N (t‘”)dn] ej.

j=1

Orciona n u3 jgemmbl 7.10 BeiTeKaoT orpanuderrocts 1< mpu 0 < a < 1.

Tak kak omepartops ¢ sapom (t — 1)@ Le=2(=" 5 L, (0,1) ects umnre-
rpaJibHBIE OMEPATOPBI €O €1ab0ii 0COOEHHOCTHIO, TO (COTIACHO KJIACCHIECKOit
TeopemMe 00 MHTErpaILHBIX ONMEPATOPax) OHM KOMIAKTHBL. [TosTomy omepaTop
T% , neiictByromuii mo dhopmyre

N

@50 =3[ [ oy () (¢ = mp=te 20Dy
i ;[/0 " " n

npu Ji00oM HaTypajabHOM N, BrojiHe HenpepbiBeH. COTIACHO KJIACCHIECKUM
pe3yabTaTaM O BIIOJIHE HEMPEPBIBHBIX OMEPATOPax, HaAM JIOCTATOYHO TIOKA3ATh,
910
a o
T Mg, g, 7 0mpn N — oo
Ho

1T — 1) i, |1 =Z/Oa

jzN

2

t
/0 w; () (¢ — )2 Te N0 dn)| dt <

a 0 1
S S NETUIUECR T o MO
j=1

j>N 0
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- 2
= O A" w7, -

B stux nepexomax ucnosb3osana jgemma 7.10. Orcroia B CHIy TpOU3BOJIHHOCTH
w € Hy m tak Kax Ay — +00 BeITeKkaer Ty — T' B onepaTopHOil TOO/IOTHN.
Ilosromy nmemma nmokazana. O
JIEMMA 7.12. Eeau 3 < a, mo onepamop APT® oepanunen ¢ Hy = Hy [0, a],
a ecau orce f < a—1/2 (a>1/2), mo

sup
te(0,a)

ATV ()| 1 < CIV Iy

Zloxazameavcmeo. Nmeem

1 a t 2

S = / Aﬂ/ A (t — )2V () dn|| dt <

I2(a) Jo 0 ( ) ) H
1 2 /a </t o % (’I’]) 2

<(— AP (t — )P Al D dn> dt.
<F(0<)> o \Jo (t—mn) =ty
3 criekTpaabHOTO Pa3JIOKEHUs MOJTy9aeM
Bt _ p)\Be—Alt—n) < B~z —

HA (t—mn)’e HH—»H < :Scl;% (m e ) Rjg < 0. (7.5)

IToaTomy

Teneps, ecu a > (B, T0 U3 KJIACCUIECKON TEOPEMBI HHTEIPAJBHBIX ONEpa-
TOPOB C sIJTPOM CO CJ1a00H 0COOEHHOCTHIO UMEEM, UTO

S<Raa VO %,

OTcro/ia BEITEKAET OrpaHmIeHHOCTD omeparopa APT® u3 Hy B Hj.
Ecmm ke 0 < f<a—1/2 (a>1/2), o u3 onenku (7.5) BbiTeKaer

HAﬁTaV(.)H < slzpC/Ot %dn <

<o ([ o) " ( A (W)an) " v,
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Jlemma goKasaHa. O
JIEMMA 7.14. ITycmv nocaedosamesbHocms Uy, ug, ..., U, ... U3 Hy npu j — oo
crabo cxodumes 6 mempure Hy x anemenmy v € Hy. Toeda nocaedosamenn-
nocmv eexmop-@dynkuyuti B (uj,uj) npu j — 00 cuavho crodumca B (v,v) 6
mempure Hy. 3decv B (-,-) us (7.3).

Zoxazameavcmeo. Bosbmem maigioe uncio § > 0. meem

B (uj, uj) = B (Tuy, Tu) = B (T' =T u;, T 0Tu;).

s oo T,
B cuny nemmbr 7.11 mocieioBaresbHOCTD BeKTOp-byHKImit g; = T°u; cuabHo
cXofuTCs K HEKOTOpoMy ssementy g € Hi. Ioxawem, uro g = Tov. Ins
Mpom3BOJILHOTO W € Hi mmeem

.hm <W> gj> Hy — <w7 g> H,
j—o00

"

lim (w, g;) 7, = .liin <<T5>*w, uj> o = <(T‘$)*w, v> H = <w, T‘Sv> -
j—o00 j—+oo

Otciona BeiTeKaer, uto g = T0v.
Hamee

;= HB(TI“sgj, T'%g;) — B(T* g, Tl“;g)H v =
= HB(Tl"S(gj —9), T °g;) + B(T" %9, 7" (g; — 9))“ "<

< HB(TI_(S(gj — 9)’T1‘59j)H "+ HB(TI_J!J,TI_(S(QJ' — 9))‘ H-

U3 nocennero Hepasencrsa u yciaosusi (B.1) BeiBogum

286 L0105l (7S ] )

Flm o (et far ety ).

Tax v < 1/2, 10 unciao § > 0 MOXKHO B34Th Tak, 4TOOBI ¥ + 1/2 < 1 — 4.
Tlosromy u3 stemmbr 7.12 BBITEKAET

Vi < K’y,5 ng - gH Hl(ngH Hy T+ HgH Hl)‘
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ITosTomy, Tak Kak g; — g CUIBHO, TO OTCIOAA notydaem v; — 0 mpu j — oo.

JlemMa joka3aHa. O
JIEMMA 7.15. ITycmw onepamop A > E, A7 € 04, A ne umeem xpammolx
cobcmeennvix wucea 6 H u evinoanenv, yeaosus B1 - B4. IIpednonoosicum, wmo
A1 =1, Ay > 16. Tozda, ecau v (0) = 0, mo umeem mecmo ouenxra

HU/ -+ AUH H; + H'U,HHl + ||AUH H, + HB(U,U)H Hy <

< C(l—i— |v" + Av+ B (v,v)]| &, + HUI+AU+B(UaU)HlHl>a

20e C' u | 3a6ucam moavko om nocmosnnux us ycaoeut B1 u B2.
Joxasameavcmeo. Jlocratouno nokaszath onenky s |[v' + Av|| g, , Tak Kak B
cuity JieMMbl 7.2, B KoTopoii Gepem o = 1/2, Besmunna ||Av|| g, onennBaercs
qepes [[v/ 4+ Av|| g,. Ho Torma v’ rakxke onennsaerca uepes |[v' + Avl| g, -

Hnga onenxu ||B (v,v)| g, BcmomanM ycmosue Bl m Torma, Tak Kak v =
T (v + Av), To w3 memmbr 7.12 nomyqaem onenky ||B (v,v)| g, wepes v’ +
Av (v (0)=0).

st mostyuenust onenkn jyist v’ + Av o6oznaunm v’ + Av = u, (v (0) =0).
u+ B (u, u)’
(7.3). Tlosromy HaM JIOCTATOYHO NPOBEPUTH BBLIMOJHUMOCTEL yCaoBuii (V.1),
(V.2), (V.3) u (V.5) u3 pasaena 6, xorga symecto L (-, -) Gepercs B (-, -) . Toraa
Hy’KHas OlleHKa OyjieT BhITEKATH U3 TeopeMbl 6.2.

Torma mocraTouno omenuth u B Hp 1gepes iy, tae B(-,-) - u3

Yenosue (V.1) BoTekaer u3 jgemMmbl 7.5 - TOIy9aeM BTOPOE HEPABEHCTBO
yeaosust (V.1), a mepBoe HEPABEHCTBO OYEBUIHO.

Yenosue (VY.2) BBITEKaeT U3 jJeMMbl 7.7, a ycaosue (VY.3) - u3 geMMbl 7.8 u
I/I3/\1:11/I)\2216.

Yenosue (V.5) ciaepyer u3 nemmbl 7.4, €Ciu yuecTh Onpe/iesienne mpoeKTopa
P.

Takwum ob6pazom, Bce ycaoBus TeopeMbl 6.2 BoimoiagoTcd. [losromy gemma
BBITEKAET U3 TeopeMbl 6.2.

B amxecneayromeit jeMMe Mbl n36aBUMCST OT HEHYKHBIX OTPAHWYEHUH Ha
oneparop A. O
JIEMMA 7.16. Ilycmv A - camoconpasicennvili onepamop, maxot, wmo A >
E, A7' € 04, a B(-,") - buaunetinodi onepamop 6 cenapabeavnom 2uabbep-
mosom npocmpancmee H . IIpednoaootcum, wmo evinosnenvs ycaosus B1 - B4.
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Tozda, ecau v (0) = 0, mo eepha ouenka

[0 Ol 1, + |+ Av[| 1y + 1AV 1, + B0, )l a1, <

<C(1+Iflam +171%) (=0 +Av+Bo), (76

20e C' < 00 ul < 0O 3a6UCAM MOABEO 0M NOCMOANHWE U3 ycaosuti B1 u B2.
AHoxaszamenvcmeo. Ilycts 1 = A < Ag < ... - cOOCTBEHHBIE YHCJIA OTEPATOPA
A, 3aHyMepOBaHHBIE B MOPsiJIKe HEYOBIBAHWS C YIETOM KPATHOCTH U €1, €9, ... -
COOTBETCTBYIOIIHE COOCTBEHHBIE BEKTOPA.

Bozbmem xoucTanty C' > 16. Obo3naunm depe3 Ao omneparop, AeiCTBYIO-
it mo opmysie

Aco=(per)er +C > Apeei+ Y. Alpe)e;.
N<CLj#1 2>C

Ecin fi1, fi2, ..., fij, ... - COOCTBEHHBIE YKCJIA ITOIO OINEPATOPA, TO UMEEM [i] =
M=1up;>C, ecmnj > 2.
Ilyctn A. ciemyromuii omeparop:

)
AESD = 28] <3078]> €5,
=2

rae €5 > 0 - manble uncaa (j =1,2,...).

[Monoxum Ac,. = Ac + A.. Obo3HaumM 9epes fi1, (42, ..., i, ... -~ COOCTBEH-
Hple umcaa oneparopa Ac.. Tak xax cobcTBenHBIe Wnciaa A paBHBI € TIpH
J > 2 wnuymo npu j = 1, a cobCcTBeHHbIE BEKTOPA COBIA/AI0T C CODCTBEHHBIMHI
BekTOpamu Ac (1 A), MozkHO Masble uncia €5 (j = 1,2,...) mog06parh Tak,
910081 €; > 0 mpu j > 2 m Ac, He MMes KPaTHBIX cOOCTBeHHBIX umcea. Kpome
TOTO, UX MOXKHO BBIOpaTh Tak, 4T0OBI Obl10 ; > C mpn j > 2.

Ouerngno, uro oneparop Ac,. — A orpanmuen, mpudem Ac, > A.

YeoBuA, HaJIOXKEHHBIE Ha A, BBIIOIHAIOTCA U /74 omeparopa Ac .. Kpoume
roro, oneparop Ac,. npu C >> 1 yjnoBierBopser BCeM yCJIOBUSIM JeMMbl 7.15.
TTosTomy mosiyuaem oreHky u3 jgemMmbl 7.15, B KoTopoii BMecTto A durypupyer
Aas. Ho

|ve + Acev + B (0,0)[ly, = v + Av+ B (v,0) + (Ace — A)vlly, <
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< I(Ace = Al gy, + llve + Av + B (v, 0)[| g, -

Omnepatop Ac. — A orpammten, Te. ||[Ac: — Al < Ko < o0, t1e Kc¢
zasucut ot C' u €. [Toatomy

I(Ace = A)olly, < Keelvllg, < [Kee

m v+ Av+ B (0,0)]| g, -

B nocnegneM mepexojie MbI MCTIOIB30BAIA SHEPTETHUECKYI0 OLEHKY Tura, E.
Xomda u3 jgemmbr 7.1.
JlemMa jJokas3aHa. O
Tak kak ypasuenue (7.2) - mapabosnmdeckoe (abCTpaKTHOE), TO HAJTUUNE
onenku Tuna (7.6) MO3BOIET JOKA3ATH €JIMHCTBEHHOCTD U CYIIECTBOBAHUE Pe-
menns 33a49u (7.2) B H1[0, a. IlyTu BeIBOIA TEOpPEMBI THIIA CYIIECTBOBAHUS 13
AIPUOPHBIX OIEHOK X0oporo pazpaboranbl (cm.[5] wan [27]). TTosromy mMbr MO-
JKeM OTJIeIAThCs, OTChLIAas YUTATeIsd K yKe n3BeCTHbIM paboram. Ho MBI paju
TTOJTHOTHI M3JI0YKEHUsT TIPUBOINM JI0KA3aTe/1bCTBA. Huke Mbl ciemyem pabore
[27].
JIEMMA 7.17. Ilycmo ewvinoanensv. ycaosus semmos 7.16. Tozda dasa aobozo
f € H1]0,1] 3adaqa (7.2) umeem pewenue, donycraowee OUEHKU U3 AEMMDL
7.16.
Joxasameavcmeo. Ilycrs s fo € Hi = Hy [0, a] 3amava (7.2) umeer perenne
Vg, I KOTOPOTO BBLITIOJTHEHBI OTIeHKN JieMMbI 7.16. Ing mamgoro € > 0um g €
Hy, 0 < ||g|lg, <1 paccMoTpuM BO3MYTITEHHYIO 33,124y

v+ Av + B (v,v) = fo +eg, v(0) = 0.

Wmem v (t) B Buge v (t) = vo+ew. Torma moacrasnss B (7.2), 11a w nosydaeMm
ypaBHeHMe
w' 4+ Aw + By,w + B (w,w) = g,
{ w (0) = 0.

A

BozbmeM A > 0 u mostoxum @ = eMw. Torma mis w (t) moaydaem 3a1ady

W+ (A+ AE)w + Byyw + eeMB (w,w) = e Mg,
w(0)=0.

O6oznraunm w’' + ((A + AE)w = u, Torga nvmeem

u+ By, Thu + seAtB(T)\u, Thu) = g. (7.7)
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3necs T)\ - omeparop, onpee/isieMblit hopMyJ10it

t
7= [ AREE gy,
0

Vpaguenue (7.7) 3anumem B BujE
u=F),(u) =1 g — By,Thu+ 56MB(T>\U, Thu).

IMokaxkem, 9T0 A\ ¥ € MOXKHO BHIOpaTh Tak, 4T0ObI Hmpeobpazosanue [
ObL10 cakUMatomuM. 1IycTh ui1m ug - m3 HeKOTOporo Imapa u3 Hi. meem

00 (u1) = Fx o (u2) | g < ([ BugTa(ug — wr)l|  +

te HeM (B (TxBuy T(u2 — u1), Tur) + B (Taus, T (1 — ul)))HH

Bocnonp3yemcs yciosuem Bl, Torma
1 (1) = P (w2)] gy <
< O( |47 2u|| 1A T3~ w2) g+ | A0l [ A7 T =) )+
e (|| A7 2T (= o) | (1A T gy + A7 Tl ) +

AT (g — ua)ll 4 ( HAV“/?TWHH + HA7H/2T>\u2HH )).(7.8)

Hanee, Bozbmem ¢ Takoe, uto v + 0 < 1/2 u oumennm |[[AVThr||,; u
HAVJFl/ZT,w"‘H1 npu r € Hy. Nmeem

t
|L4vzxrnﬂ=:Hjﬁ e-<A+AE>“—”>AVr<n>dnH <

t
< H(A +)7? / e (ATAENE=) g7 (A + AE)ér(n)dnH <
0 H
t
< H(A+>\E)—6HH . ‘ / 6—(A+)\)(75—77)A’Y(A+ A)ér(n)dnH <
- 0 H—H
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/ Al
< 5 Cvts | o
)‘ It — "7||7+

1/2 t
) _
G ( / ¢ — =20+ dn) (0 ||r<n>||zdn)s N ol (7.9)

rne C nme 3asucur or r € Hy m A > 0.
Mb! TIpH OmeHKe HOpMBI omepaTopa e~ (ATAE) =M A7 (4 4+ AE)® ucnomnsso-
BAJIN HEPABEHCTBO

|47 (A Ay AR < sup i (ot 2) )| <
1 o _— 5 1 5 —
S ———— Sup §7+5 t— n Y+ e E(v+9) =— " _sup é.,-y+ e 13 S
(t=n)""" &0 < = ) (t—m) 7+ exo

1 1
< C'w_(sm, v+0€ (0, 5) )
rae Cyq5 < oo mpu v+ 6 € (0,1/2).
st orienkm “A7+%T>\r‘ "

, UCIIOJIB3yd TaKNeE K€ HEPaBEHCTBA, KOT/Ia BMe-
1

cto vy dburypupyer v + 1/2, mosiydaem oreHky

1 2
HAW‘%TATHHI < %0(0/ (/Ot : Ygi’é”dn) dt)l/g’

re C e 3aBucut ot r(n) u A.
Tak xax 74+ 1/2 4+ < 1, To spo (t — n)~7~1/279 ect sapo co craboit
ocobennocThio. OTCIONa MOy YaeM

HA'YH/QT)\THHI <O ey, - (7.10)

3 (7.5) BBITEKAET, ITO

[F 300 (1) = Fxwp (u2) ]|, <
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1 2 2
§C(/ “A7+1/200” HA’YT)\ (Ul—UQ)HQ + HA’Y’U()H2 “A7+1/2T)\ (ul—uz)H > dy+
0
1 2
422 [y G = )| (10T + 0Tl )
0

X |AYTy (ug — u2)||2 <HA7+1/2TAU1H2 n HA7+1/2TWQH2> i

Tenepnb ncrnoL3yeM moJydenHbie JAyist npoussobaoro r € Hy onenku (7.9)
u (7.10) (xoropsie mpu mpumenennn k AYH1/2yy u A2y menonssyrores mpu
A = 0), Torga noaydaem

||F)\,v() (ul) - F/\,vo (u2)||H1 <

< € (W7 ol s — wall g, + €26 (g, + Nzl ) N = 2], ) -

Tenepnr BBIOEpeM cHavasa A > 0 jgocraTodHo OOJbIINM, a 3aTeM € > ()
JIOCTATOYHO MAJIBIM, TaK 9TOOBI OBLIO

1
171 (u) = B2 (W)ll g, < 5 llur = wal-

Ho Torja, cornacno K1accnaeckoMy NPUHIIAIY CKUMAIOIIUX 0TOOparKeHuii,
npu ||gllg, < 1 ypasmenne (7.7) nmeer pemrerue. [losTomy mmeer permenue
(7.3). CaiennoBaresibHo, nmeer permienue (7.2).

CaenoBarenbao, mMuoxkectBo M Beex f € Hp, just KoTopbix 3amada (7.2)
nMeeT perenne, OTKPBITO B Tonosiornn Hy.

Kpome Toro, mmoxkectso M - zamxmyTto. leiicTBuTensHO, ecam f; €
Hi(j=12,..), fj = fo € Hi, o gns moboro masnoro gmncaa € > 0 n gz
JIOCTATOYHO OOJIBINNX j > j. OyneM nMern

HM@S%M\+a
Hy

Ho Torga coryiacHO JOKa3aHHOM 4YacTu JeMMbl uMeeM ||u;l| o < Ci rne Cy -
nocrosgiHHOe uncyao 0 < Cp < 00 , u; - u3 paBeHcTsa u; + B(uj,u;) = fj.

Tax xak Hp - ruab0epTOBO MPOCTPAHCTBO, TO Ujk C/1AO0 CXOAUTCS K HEKO-
TopoMy v € Hy, KOTJIa jg CTPEMUTCS K 400 TI0 HEKOTOPOii MOIIOCIeI0BATE b
wocrn. Ho torma B(uj,, uj,) cxomurcst cunbio K B(v,v) B ety nemmbr 7.14.
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Hostomy wj, cuibno cxopures x v € Hy, Tax kax uj, + B’(ujk,ujk) CUJTEHO
exomurest K fo. CaegoBarensro, v + B(v,v) = fp. D710 3naunt, uro fo € M u
M =M.

Tak kak M OJHOBPEMEHHO OTKPBITO U 3aMKHYTO, TO OHO JOJIXKHO ObITH UK
MyCTBIM MHOYKECTBOM WJIM COBIAJaTh CO BceMm mpocrpanctsoMm Hip. TlycThiM
OHO He MOXKET OBIThb, TaK KaK COJEpXKWT, M0 KpaiiHeii Mepe, HY/Ib - 3JIEMEHT
npoctpaucrBa Hi. Ilosromy siemma jgoxkazana. O
S3AMEYAHUE 7.1. M3 dokazameavbcmea aemmvi CACOYEm, 4mo Masomy 603-
Myweruro npasoti wacmu 3adavy (7.2) coOMEEMCMEYIOM MAABIE BO3MYULLHUSA
v+ Av, Av, v' u B(v,v), 2de v - pewenue sadauu (7.2).

IIpucrynum Teneps K 10Ka3aTEILCTBY TEOPEMBI 2 U3 pa3jiesia 3 - OCHOBHO
TEOPEMBI JIjist aOCTPAKTHOTO YpPABHEHUS.
Zloxazameavcmeo meopemot 2. YVemosust jgemm 7.16 n 7.17 Beimosraensr. [TosTo-
MY CYIIIECTBOBAHWE PEIEHNs M OIEHKW BBITEKAroT u3 jeMMm 7.16 m 7.17. Toxa-
KeM eJMHCTBEHHOCTH PeIeHmd. EC.HI/I V1 ¥ Vg - ABa PA3HBIX PEIIEeHUAd 3a/Ja9n
(7.2), TO MONIOKUB w = V] — V2, IMEEM

{ W'+ Aw + B(w,v1) + B(w,vy) =0,
w(t) [t=0 = 0.

Homorxny w = eMo (1), v+ Av + Av = u. Torma moryuamv

t
u(t) =T = / e_(A+)‘E)(t_’7)e>‘"w(77)dn, u=—B(Thu,v1) — B (ve, Thu) .
0

Orciona, yauTsiBag ycioBus Bl, umeem

ot < (], + ], )

+ [ m| (0wl + 140w )] -

Teneps st AYThu, AV 2Ty\u, Avv;, A¥H/20; (j = 1,2) npumennm oren-
ku (7.9) u (7.10), noxazanubIe /19 TPOU3BOALHOTO 7 € H1, Torma momydnm

1
leller, < 55C Null, (A0, +nllAvallg, ]
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rge 6 >0, v+1/24+0 < 1.

Orcrona, BEIOpaB A 60bIITNM, yOEKTAEMCs, ITO TAKOE HEPABEHCTBO BHITIOJI-
Hstercst Tobpko, ecan u = 0. To ecTh, ecim v = vs.

EuncrBennocTs perennst Joka3ana. [1o9ToMy /10Ka3aTeIbCTBO MyHKTA a)
Teopembl 2 3aBepmeno. IlyukT b) ciegyer u3 sameuanus 7.1, T.e. BhITeKaer u3
JOKa3aTebCTBA JIeMMbI 7.17. Teopema 2 mokazaHa MOJTHOCTHIO. [l

8 JJOKABATEJIBLCTBO JIEMM U3 PA3IEJIA 4

B stom pazgene magnm gokazaTenbcTBa gemMm 4.1 - 4.5.

JIEMMA 4.1. Onepamop F asasemcs AUHETHDIM 02PAHUMEHHDIM CAMOCOND -
orcenmnvim npoexmopom (F2 = F) 6 npocmpancmee sexmop-dynxuuti Lo (Q).
Jokazameanvcmeo. IlponsBonbayio BeKTOp-QyHKIMIO f(2) IpejcTaBuM B BUIE
Pa3JIOKeHusl B TPUTOHOMETPUYECKUN P/l

F@) =" fmetm), (8.1)
{m}

fm = (fmlv fm27 fm3)7 fk (IE) = mekez<m,z> ) k= 17273‘
{m}

Mycrs crnavana f (z) € W (Q). Torna

div f(z) = Z [fmimi1 + frmama + fmams] jetma) —

{m}
= Z (fm, m) i€i<m7x>’
{m}
~\ —1 i
(-2) div f@@) = Y o F1) it
|m|
m=#£(0,0,0)
~ Ctoo0) Lt
d (-R) " ai = -2 et et
gra v f(z) m#(0,0,0) " |mF T2

<fm7 m) z(m,x)

— 2m#(0,0,0) im[2 3¢

MATEMATUYECKUN 2KYPHAJ 2013. Tom 13. N 4 (50)



92 Myxtapbait Otenbaes

Orcrona ¢ yuerom (4.2) neiicrBue oneparopa F' B mokoopauaaTHOl hopme
MMeeT BU/I

Z{m} fmlei<m,a:) _ Zm¢(0’070) (fm, ;n>m16i<m,:c)

m|

Ff(z) = Z{m} fm2€i<m’x> - Zm;ﬁ(0,0,0) <f|7:T;|2m> m2€i<m’w> . (8.2)
i(m,x) __ (fm, m) (m,x
Z{m} fm3€ < ) Zm#(O,QO) |m|2 mse { )

M3 sTOro mpeacTaBiaeHus OYEBWIHO, |WTO omneparop F, 3azanmbii Ha
BexTOp—byrknuax f (z) € Wi (Q), aABigeTcs THHEHHBIM OTPAHUYeHHBIM B
mpocTtpaHcTBe BeKTOp—hyHKIHit Lo (Q). HeiictBue 3ambikanusi omeparopa F'
onpezessiercst popmyioii (8.2) st si06bix BekTOp—yHKumii f () € Lo (Q).

HemocpeacrBeHubIM BhraucieHneM u3 (8.2) HeTPyAHO YOeAUTHCS B TOM, UTO
Juist 006X aByx dyukimit f (), g(x) € L (Q) nmeer MeCcTo PaBEeHCTBO

Jms M) (Gmy M) s
(Ffa g)LQ(Q):(f7 g)LQ(Q)_ E < ><2 >€< ' >7
m#(0,0,0) Im]

OTKY/Ia CJIEJIyeT CaMOCOTPSKeHHOCTh oreparTopa F.
Jjis 3aBepIeHus JIOKA3aTeILCTBA JIEMMbl TOKaxKeM, uro F2 = F. Jlna
rnagxux byakmmit f (r) € W4 (Q) 3To oueBnIHO, TaK KaK

F2f = <E—|—grad <—£>_1 div>2f:

N1 ~ ~
= [+ 2grad (7A> divf + grad (—A)™ div grad (=A)7F div f,

div grad (—A) p(r)=—p(x), Vo(x) € L2 (Q),

F2f — f +2grad (—A)fl divf — grad (—A)fl divf = FF.

Jlng Toro, 9TOOBI JIOKA3aTh CIIPABEJUBOCTH 3TOrO PABEHCTBA  JIIA
npou3BoIbHBIX BekTOp—dyHKunii f (x) € Lo (Q), BOCHONb3yeMCsl pejcTas-
nernem (8.2). Ilycrn (F 2 f)k - k-2 xooprunara BexTop—dyukimu F2f. Torma
u3 (8.2) Bbruncisiem

<F2f)k = Z fmk€i<m’m> — Z UmTmekei(m,x>_

{m} m#(0,0,0)

MATEMATUYECKUN 2KYPHAJ 2013. Tom 18. N 4 (50)



CymecTBoBaHue CUILHOTO perienns ypapaenns Hasbe-Crokca 93

-

m=£(0,0,0)

3
fma > iW(m,x
> (fmjma mp? Egtmy ) o el =

P =

3
—(Ff— 3 ’171_% (fon, m. f’"’ ™S (m2) b eftmn) = (),

m#(0,0,0) Jj=1

Taxum obpazom, F2f = Ff nna Bcex sexTop-bynxmuii f (z) € L2 (Q). A
3HAYUT omeparop F' dB/IgeTCd TPOEKTOPOM B MPOCTPAHCTBE BEKTOP-(QYHKITUI

Ly (Q).

Jlemma 4.1 noxkaszana IOJHOCTHIO. [l
JIEMMA 4.2, Jlaa m060th craaspnot dynruyuu p(z) € Wi (Q) eexmop-
dynrxyua grad p (x) npunadaescum adpy onepamopa F, mo ecmo

F (grad p(x)) = 0. (8.3)

Joxasameavemeo. Ilycts cmauama p(z) € W2 (Q). Toraa odeBmmamo, |TO
div gradp (z) = Ap(z). [Tosromy seBas qacTh Boipakenns (8.3) mpeacTaBuma
B BUjE

F (grad p(z)) = grad p (z) + grad (—A) " Ap(z).
Ecmu dyuknus p (:U) YJ0BJIETBOPsIET MEPUOJNYECKNM KpaeBbIM YCJOBUAM Ha

rpamnute obaactu ), TO (—&) ' Ap(z) = —p(x). B sT0M C1yuae paBeHCTBO
(8.3) oueBmamo.

g Toro, urobbr obocuoBaTh (8.3) I MPOM3BOIBHBIX (DyHKIWHI p () €
W3 (Q), Bocriobsyemcst ipesicTasaeruem onepatopa F B dopue (8.2). Tlycrs
DPm - K03 dunnentsl Pypbe pazioKeHus B TPUTOHOMETPUUIECKUH Pt (DyHK-

uu p (z):
x) = mee’<m’x>.
{m}

Torga grad p(x) - 9T0 BEKTOP ¢ KOOPAWHATAMHA

grad p (z memle’ m,z) memgel ™) Z:pmmgeZ mT) | (8.4)
{m} {m} {m}
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Yepes (grad p(x)),, obo3HaumMm KOIDDUIMEHTH PA3IOKEHUST BEKTOP-
dysknmn grad p () B TpUrOHOMETPUYIECKAN PsiJT:

(grad p (‘T))m - (pmmla Pmimnaz, pmm3) .

Hostomy ((grad p(x)),,, m) = pm m|*
Ipumensia k (8.4) oneparop F' & dopme (8.2), nomyugaem

. 2 .
3 (my P — 37 000) p—’mé' myet{m®)
. 2 .
Forad p(@) = | Sy prmac ™ — 3y B macttna) | <o
. 2 .
Z{m} pm’m3el<m,x) _ Em;é((]’o’o) %mgel(m,ﬁ
Jlemma 4.2 joka3ana IIOJHOCTHIO. O

JIEMMA 4.3. Onepamop F asaaemca nepecmano8oOuHvM ¢ MPeTMepHbim One-
pamopom Jlanaaca N3 na mobwz sexmop—dynxyuar u(xr) € Wi (Q):

F (A3 u(x)) = AzF (u(z)). (8.5)

Jokazameavcmeo. Kak u B mpeaplIynux jJeMmax, paBeHcTBO (8.5) aBigercs
0YEBUTHBIM JIjTs D0J1ee y3KOro KJacca dpyHkimii. JleficTBuTe/IbHO, €Cin BEKTOD-
bynkmms u(z) € W3 (Q) n ynoBIeTBOpsAeT TephouaecKiM KPAeBBIM YCIOBH-
M, TO

~ N1
F (Asz u(z)) = As u(x) + grad (—A1> div Az u(x) =

= 8y ue) +grad (~A) " Ay div u(z) =
= 8 ue) +grad Ay (<A) " div u(z) =
= Az u () + Asgrad (—£1>_1 div u(x) = AzF (u(z)).

~ \-1
31ech  UCHOJIB30BAHA IEPECTAHOBOYHOCTH OIEPATOPOB <—A1) N =

~ \—1
AN (—Al) , KOTOpas MMeeT MeCTO Ha JIIOObIX CKAIAPHBIX (DYHKIUAX ©(T) €

W2 (Q), y0BIETBOPAIONIAX TEPHOTMIECKAM KPACBBIM YCIOBHSM.
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Hns Toro, urobbl 060cHOBATH (8.5) M1 CIydasi MPOM3BOBHBIX BEKTOD-

bynxmmit u(r) € W3 (Q), Bocmonbayemcst TpesicTaBienemM omepartopa F B
dopme (8.2). Ilycts

u (IE) = Zumei<m’x>7um = (Uml, Um?2, um3) 3

{m}
TOrIA
Z{m} umlei(m,x> _ Zm#(0,0,0) <“|7:r;|2m>mlei<m,z>
Fu(r) = Z{m} Umae' ") — Zm#(O,O,O) <u|7;;|2m> mael ) ;
Z{m} um3ei<ma$> — Zm#(0,0,0) <u|:;|2m>m et{m,z)
Agzu (x Z )2 e )
{m}
_ 2 i(m,z) <|m|2um, m> i(m,x)
Z{m} |m‘ Um1€ + Zm#(O,O,O) |m|2 mie s
m2 ms -
F (Ag U(.’L')): Z{m} ‘m| U 261 (m,x) _ Zm¢(0’070) ngeﬂm’w ,
m,r |m|“um, m ilm.z
5 my [l umse ™ =32 0.00) %mSe( ’>

Z{m} \m[Q U1 €477 — Zm;ﬁ(0,0,0) <u|n;ni|

DsPu(@) = | Xy Iml® wmac ™ =5, ,0.0) Hptims ml? eltme)

Z{m} |m’2 um36i<m,2¢> _ Zm;ﬁ(0,0,0) <u|7:n—|m3 ‘m|2 i(m,z)

m ‘m|2 i(m,z)

Cpasnenne nByx mocaeganx hOpMyJ IPUBOANAT K CIIPABEIIUBOCTH PABEH-
crBa (8.5) ma mpomsBoILHBIX BekTOp—ynxmit u(r) € W3 (Q).

Jlemma 4.3 moxazaHa MOJHOCTHIO. O
JIEMMA 4.4. ITyemo u (z) € W34 (Q). Tozda div u = 0, ecau u moavko ecau
u(z) € Ly (Q).

Joxasameavcmeo. @ymxmmio u(r) € Wi (Q) mpeicTaBuM B BUjge TPHTOHO-
METPUIECKOTO PsiJIa

u (l‘) = Z um6i<m,x>’ Um = (Umla Um2, um3) .
{m}
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m,x)

Torpa div w = 1,y (Um, m) il
PaBEHCTRY

u papeHcTBO div u = 0 KBUBAJIEHTHO

(U, m) =0 (8.6)

JIIS BCeX 3HAYCHWIT MyIbTHHHJIEKCA 1.
C apyroit croponsl, Brtouenne u € Lo () sksuBanentro Fu = u. 910 Ha
OCHOBAHWU TIpeJICTaB/enns (8.2) SKBUBAJIEHTHO TIOKOODAUHATHOMY DABEHCTBY

> <“m%;mmke“mf@:0, k=1,2,3.

CpasnuBas nony4aennoe ¢ (8.6), ybexkjaemMcst B CIPaBeI/IMBOCTH Y TBEPIK 1€~
aug jeMMbl 4.4. JToka3aTeIbCTBO 3aBEPITIEHO. O
JIEMMA 4.5. Onepamop F asaaemca nepecmanogouHviM ¢ NPou3eosbHot cme-
nenvio mpexmeprozo onepamopa Jlanaaca (—As+ E)" %, a > 0 na aobvz
sexmop—pynryuar u(zr) € Lo (Q):

F((=As3+E) u(@) = (-As+ E)"“F (u()). (8.7)

Zoxazameavcmeo. Kak m mpm jmokazaTenbcTBe JeMMBI 4.3, BOCIOTB3yeMCH
npejcrasiaennem oneparopa F 8 dopwme (8.2). Iycrn

U (ZE) = Zumei<m7x>7um = (umla Um2, umS) ,
{m}

TOTIa
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- i(m,x (Im|*+1) ™ “um, m ilm,x
= 2qm) (\m12+1> w1 €4S 0,00) < ]2 >m1€< “

= e i{m,x (|m\2+1)_aum, m i{m,z
o Z{m} (’m\2+1) Uz >_Zm75(0,0,0) < imP >m26< <)
- i(m,x (‘m|2+1)_aum, m Y
Z{m} (|m|2 + 1) Uz €T — Zm¢(07070) < o >m36< )

(A3 + E) “Fu(z) =

Im

)
- Z{m} (|m|2+1) Um2€i<m’x>—zm¢(o,o,o) —<u|7:r;|2m>m2 ]m|2—|—1> etm.z)
2 {m) (|m\2—|— 1) um3€i<m’x>_zm;&(o,0,o) 7@'7;;';@ m3 (]m|2+1> ei{msz)

CpasHenue JByX 1ocsieHuX hOpMyJ IPUBOJUT K CIPABEJIHBOCTH DABEHCTBA
(8.7) anma mpomsBOMBHLIX BekTOp-byHKImit u(z) € Wi (Q).

> (m} (!m\Q—i-l) - umlei<m,m>_zm#(0’0’0 <Um,|2m>m1 (,m‘2+1> Y im.a)
(
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Orenbaes M. CYIIIECTBOBAHUE CUMJIbHOI'O PEIIEHNSA YPAB-
HEHNA HABBE-CTOKCA

B pabote JaHO TOJHOE pElIeHNe UWLECTOT NPOBAEMBL MBICAYEACTNUS
(The Millennium Prize Problems) 0 CyneCTBOBAaHWM W TJIQJIKOCTH PeNIeHU
ypaBuenuii HaBbe-CrTokca misg HeCKHMaeMOl BA3KON KUIAKOCTH: JOKA3AHDI
CyIIeCTBOBaHNE W €JUHCTBEHHOCTH CHJIBHOTO DPENIeHUA TpeXMepHOﬁ 3a/Ja491
Hapbe-CTOKCa ¢ MEPHOANYIECKUME KPAEBBIMHU YCIOBUSMHU 110 MPOCTPAHCTBEH-
HBIM TI€EPEMEHHBIM.

[yers Q = (0,27)3 C R3 — tpexmepnas obnacts, 2 = (0,a) x Q, a > 0.

3agauya HaBbe-CToOKca COCTONT B HAXOXKIEHNW HEM3BECTHBIX: BEKTOPA
cxopoctr u(t, ) = (ui(t,x), ua(t, =), uz(t, x)) n crkanapuoit GyHKIWMHT - TaBITE-
wus p(t, x), B Toukax ¢ € Q B moment Bpemenn ¢ € (0, a), yJ0BIETBOPAIONINX
cucremMe ypaBHeHui

3

%uj—F;ukg—Z—Auj—%—i-fj, (t,z) € Q, i=123;

divu = Z guk (t,z) € Q,
T,

HAYaIbHBIM
u(t,z),.o=0, ze€Q@
7 TPAHUIHBIM YCJIOBUSAM

Uty =ty pn)| = )| k=123

Tp=T

Tp=—T

Pt @)y = P T) |y /Qp (t,z)dx = pg = const > 0.

B paGore mokassiBaercs, uro npu jioboit f € Lo () 3amaua Hasbe-Crokca
MMeeT eJMHCTBEHHOe CUJIbHOE perienue (u;p), n JUisi Hero BepHa OleHKa

Ju

ot
rae ||-]| - Hopma B Lo (), a nocrostuasie C' > 0 u | > 1 ne 3aBucsar or f €
Ly ().

1Al + (s, V)l + llgxad pl] < O (14 7]+ 1)
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Orenbaes M. HABBE-CTOKC TEHIEYIHIH KYIIITI TEIIIMIHIH
BAP BOJIYHBI

2KyMbIcTa KBICBIIMAUTBIH ecysi cyitbik yinin HaBbe-CToke TeHeyaepinin
MEeTTMiHiH 0ap YKoHEe KaXKeTTI TYBIHJIBLIBI €KEeHI TYPAJIBl MblHHCBLABLKTbLH,
ansmuinws, maceaeciniry, (The Millennium Prize Problems) TonbIK mermimi
Oepinrer: KEHICTIK atHBIMAIBLIAPHI OOMBIHITIA TIEPUOITHI TIIEKAPATIBIK ITAPTTHI-
61 HaBbe-CTOKCTBIH yIII estmmeM Il ecebiHin, o1l MeImMinin 6ap XKoHe »KaJIrbl3
EeKeH/IIr JI9JIe/IIeHTi.

Q = (0,27)3 C R? - ymr emmenmyi o6mic 6osterrm, 2 = (0,a) x Q, a > 0.

Hasne-CTtokc ecebi kesteci Oesricizaepai Tadyaan Kypansaiasl: & € () HYK-
resiepi Men t € (0,a) yaKbITBIHA TOYEJJi KBLIZAMJIBIK BEKTOPbIH u(t,z) =
(ug(t, @), ua(t, ), us(t,x)) xome ckamapabl Kbicy byHKIUACHH p(t, T), MbIHA
TEHJIEYIED XKyhecin

3

0 Ou; Op )
— U, E — = Au; — — ; t Q =1,2,3;
6tuj +k:1ukaxk u] 8511]‘ +f]a ( 733) € ) J y Ay Dy
divu = g Our _ (t,z) € Q
o 8xk ’ ’

bacrankel u(t,z)|,_o =0, =z € Q KoHe meKapaIbIK MAPTTAPBIH

ou

ou
u(t, )]y = = w(t, )|y, —r s 8—xk(t’ x)

= —(t,x)

k=1,2,3;
al'k_ 9 =

Tp=T

Tp=—T

Pt 2) e = P )|y = s /Qp (t,z)dx = py = const > 0.

KaHaraTTaH/IbIPATHIHIAM eTill.

ZKywmbicra ke3 keqnred f € Lo (Q)-dyuknuscor ymin Hasbe-Croke ecebi
o xkasnrbi3 (u;p) memival ekeHirl Jp/iesienH/ i KoHe o1 YIniH Kejeci Gara
OPBIHIAJIAJTbI

Ou
ot

6y xepue ||| - Lo (2)-kenicriringeri Hopma, an C' > 0 xone | > 1 TypakThl
cauymapel f € Lo ()-byHKIUACHHA Ty emec.

+ 15l + [, )l + lgrad pll < € (14 A1+ A1),
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Otelbaev M. EXISTENCE OF A STRONG SOLUTION OF THE
NAVIER-STOKES EQUATION

In this work we give a complete solution of the sixth Millennium Prize
Problems on existence and smoothness of solutions of the Navier-Stokes
equations for an incompressible viscous fluid: existence and uniqueness of
a strong solution of three-dimensional Navier-Stokes problem with periodic
boundary conditions in space variables.

Let Q = (0,27)% C R3 be a three-dimensional domain, Q = (0,a) x Q,
a > 0.

Navier-Stokes problem is to find unknowns: a speed vector u(t,z) =
(uy(t, x),u2(t,x),us(t,x)) and a scalar pressure function p(t,x) at the points
x € @ and time t € (0, a) satisfying the system of the equations

3
%uj+;uk% — Auj - ;—i L (o) e j=123

dlvu—zgzk = (t,z) € Q,
k

initial
u(t,z),.o =0, ze€Q
and boundary conditions

= —(t,l') ak:17273;

Tp=T

p(lt,;z:)|mk:77r = p(t, x)\xk:ﬂ, /Qp (t,z)dx = pg = const > 0.

In the work we prove that for all f € Ly (2) the Navier-Stokes problem has
the unique strong solution (u;p) and the estimate of it is valid

where ||| is a norm in Ls (£2), and constants C' > 0 and [ > 1 do not depend
on f € Lo (Q)

ou

Sl 12ull + 16w, V) ull + llgrad pll < C(1+ 171+ 171",
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IIpaBuaa "MartemaTu4deckoro >kypHaJja'" [jisi aBTOpPOB cTaTeit

Obwgue noaoscenus

B "Maremarnueckom kypuase" myOInKyOTCS OPUTHHAIBHBIE CTATHU TI0
OCHOBHBIM pasjiejlaM COBPEMEHHOW MaTeMaTHUKU: Teopus (DyHKIIH, (OyHKIHO-
HaJIbHBIN aHam3, 0ObIKHOBEHHBIE T hepeHInaibible YPABHEHNS, YPABHEHUS
C 9aCTHBIMU TTPOU3BOHBIMMA, aredpa, MaTeMaTHIeCcKast JOTHKA, TEOPUST GUCeT,
TEeOMEeTPUsI, TOTOJIOTHUsI, TEOPUsI BEPOSITHOCTEN W MaTeMaTUYIecKas CTATHUCTHU-
Ka, BEITUCINTEIbHAT MATEMATHKA, MaTeMaTuIeckast (Ppu3nKa, MaTeMATHIECKOe
MosiesiupoBanne. 2KypHasl BBITYCKAETCS €KeKBapTaIbHO, YeThIpe HOMEpa CO-
CTaBJISTIOT TOM.

Crarbs 1o/KHA OBITH HAMMKMCAHA HA BHICOKOM HAYYHOM YPOBHE, COJEPXKATH
HOBBIE, YeTKO C(HOPMYTUPOBAHHBIE MATEMATUYECKUE PE3YIbTAThl U UX JIOKA-
3aTenbCTBa. Bo BBeZeHMN HEOOXOIMMO TTPUBECTH WMEIOTINECS PE3YIhTATHI 0
TeMme TMPEeJICTABJICHHON PabOThHI, JaTh KPATKOE COJIEPKAHIE CTAThU U OTPA3UTH
AKTYyaTbHOCTH, HOBU3HY TIOJIYIE€HHBIX aBTOPOM PE3yIbTATOB.

Crarhbu KypHaja pa3MeIaiTcsd B CBOOOJHOM JIOCTYIe Ha caiiTe
www.math.kz Macturyra MaremMaTnkym u MaTeMaTHIECKOTO MOICTUPOBAHUS
MOH PK, ux pedepupyror HIT HTU (Kaszaxcran), Zentralblatt Math (T'ep-
MaHust).

B "Maremaruaeckom kypHaJie" mybnkyorcst cratbu 00beMoM J10 25 Ky p-
HaapHBIX cTpanuIll. Ctarbu obbemoM OoJiee 25 cTpaHuI] MyOJUKYIOTCS TI0 CITe-
TMIHAJTLHOMY PEITIEHNI0 PeIKOJIETHN KypHaaa. [IpuHuMaroTes cTaThbu, HAIH-
CaHHBIE HA KA3aXCKOM, PYCCKOM U aHTJIUHCKOM si3biKaxX. CTaThu PEIeH3UPYIOT-
co.

Tpebosarua x ofopmaeruto cmamets

1. Pyxommch craThbu J0KHA OBITH IIOATOTOBJIEHA B M34ATEILCKON CHCTEME
TEX-2e u mpejcraB/ieHa B BUJE ABYX TBEPIBIX KOMHil, a TaK¥Ke B BUje tex u
pdf - daiiios Ha JT060M 3JIEKTPOHHOM HOCHUTEJIE WX TIPUCJIAHA TI0 3/IEKTPOHHOM
noure zhurnal@math.kz, mat-zhurnal@mail.ru. Cratbsa mo/KHA OBLITH IO/IIN-
cana Bcemu aBropamu. llpaBmia odopmienus PyKOMucH u CTujaeBbie (aitibt
MOKHO HAUTH Ha caiiTe VHCTUTYyTa MATEMAaTHKH ¥ MATEMATHIECKOTO MOJIEJIN-
posarnss MOH PK http://www.math.kz B paznene "Maremaruaecknii xyp-
maa".

2. B neBom BepxueMm yriiy Heobxoaumo ykazaTth uujaekc YK, naree nauimasss



u (pbaMmuinu aBTOPOB B ahaBUTHOM TIOPsIIKE, MECTO PAOOTHI C IOYTOBBIMU AJI-
pecamu, a TakKe JEKTPOHHBIE aIpeca, 3aryiasue crarbu. Ha oTaespHOM JucTe
MPWIArafoTCs HA3BaHUE CTAThU, (PAMUIUU U UHUIUAIBl aBTOPOB, KJIOUEBHIE
coBa, pedepar Ha PyCCKOM, aHIJIMIICKOM M KasaxckoMm (st asropos u3 Ka-
3axcrana) a3bikax u uajaeke Mathematics Subject Classification 2010. Pedbepar
IOJIPKEH OTparkaTh COeprKaHne CTaThu. TakKe TMPeNCTaBISIOTCS CBeIeHnst 00
aBTOpax, MeCTO PabOTHI, TOYTOBBIH &JIpec ¢ WHIEKCOM TOYTOBOTO OT/EICHUA,
Homep TesiedpoHA € YKA3aHWEM KO/ TOPOJA, aapec 3JIEKTPOHHON MOYTHI.

3. Cumcok JuTepaTyphl COCTAB/AETCS B Mopsanke ruTupoBanud. CChLIKK Ha
Heonyb/IMKOBaHHBIE PAOOTHI, PE3YJIBTATH KOTOPBIX HMCIOJIB3YIOTCSI B J0Ka3a-
TeIhCTBAX, He JomyckaoTcd. CIucoK JIMTepaTypbl MPUBOJAUTCA B CJIEIYIONIEM
BUJIE:
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