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МАТЕМАТИЧЕСКАЯ ЖИЗНЬ

УМИРЗАК МАХМУТОВИЧ СУЛТАНГАЗИН
(к 80-летию со дня рождения)

Султангазин Умирзак Махму-
тович родился 4 октября 1936 года
в пос. Кара-Оба Урицкого района
Кустанайской области. С 1944 г.
по 1953 г. учился в Кара-Обинской
средней школе.

В 1953 г. он поступил на
физико-математический факуль-
тет Казахского государственного
университета им. С.М. Кирова,
который окончил с отличием в
1958 г. по специальности "Мате-
матика" и был рекомендован на
преподавательскую деятельность

в том же университете, где проработал более двадцати лет, пройдя путь
от ассистента до заведующего кафедрой Вычислительной математики.

В период с 1964 г. по 1965 г. Султангазин У.М. являлся стажером-
исследователем Вычислительного центра Сибирского отделения Академии
наук СССР в г. Новосибирске, а в 1968-1970 г.г. работал в этом научном
центре в должности старшего научного сотрудника. В 1966 г. защитил кан-
дидатскую диссертацию по специальности "Вычислительная математика"
на тему: "Метод расщепления для кинетического уравнения переноса" на
Ученом совете Института математики Сибирского отделения Академии
наук СССР, а в 1972 г. в этом же совете защитил докторскую диссерта-
цию по специальности "Дифференциальные и интегральные уравнения"
на тему: "Метод сферических гармоник для нестационарного кинетиче-
ского уравнения переноса".

В 1974 г. Султангазину У.М. присвоено звание профессора, в 1975г. он
избран членом-корреспондентом, в 1983 г. – академиком Академии наук
Казахской ССР.
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С 1978 года научная и организационная деятельность Султангазина
У.М. неразрывно связана с Национальной Академией наук Казахстана.

С 1978 по 1989 годы, находясь на посту директора Института матема-
тики и механики Академии наук Казахской ССР, Султангазин У.М. внес
весомый вклад в развитие теоретической и прикладной математики в Ка-
захстане. Под руководством У.М. Султангазина Институт математики и
механики в то время представлял собой крупный научный центр с акту-
альными направлениями в области математики, механики, вычислитель-
ной и прикладной математики; был организован Вычислительный центр
коллективного пользования (ВЦКП) для всех академических институтов.

Академик У.М. Султангазин – талантливый организатор науки, что
подтверждает его активная деятельность в Академии наук, снискав-
шая ему заслуженное уважение и огромный авторитет среди казахстан-
ских ученых и зарубежных коллег. В 1985-1986 г.г. Султангазин У.М. –
академик-секретарь Отделения физико-математических наук и член Пре-
зидиума Академии наук Казахской ССР; в 1986-1988 г.г. – вице-президент
Академии наук Казахской ССР.

В 1988-1994 г.г. Султангазин У.М. – Президент Национальной акаде-
мии наук Республики Казахстан. Возглавляя науку Казахстана, он внес
существенный вклад в коренную перестройку научно-организационной
деятельности Академии наук, разработку концепции развития академи-
ческих институтов, создание опытно-экспериментальной и укрепление
материально-технической баз исследований, в процесс демократизации
управления наукой. Под его непосредственным руководством были от-
крыты три региональных отделения Академии наук в Южном, Западном
и Восточном Казахстане, ряд новых институтов и научных центров. В
2002 году Султангазин У.М., как руководитель рабочей группы Межве-
домственной комиссии для выработки предложений по совершенствова-
нию деятельности Национальной академии наук РК, провел большую ор-
ганизационную работу по сохранению статуса НАН РК в рамках Закона
Республики Казахстан "О науке".

В 1996-1998 г.г. Султангазин У.М. – первый заместитель министра,
вице-президент Министерства науки – Академии наук Республики Ка-
захстан; в 2002-2003 г.г. – вице-президент Национальной Академии наук
Республики Казахстан. В 1991 году был создан Институт космических ис-
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следований, основателем и первым директором которого в течение 15 лет
являлся академик Султангазин У.М., возглавляя его до последних дней
жизни. Под его непосредственным руководством в 1994 году в Институте
был организован Центр приема и обработки спутниковой информации, а в
2003 году на базе Евразийского национального университета им. Л.Н. Гу-
милева был создан филиал Института – Центр космического мониторинга
с лицензионным приемом и обработкой данных с индийских спутников се-
рии IRS и данных с канадского спутника RADARSAT-1.

Высока роль академика Султангазина У.М. в становлении казахстан-
ской космической отрасли. Султангазин Умирзак Махмутович являлся на-
учным руководителем четырех казахстанских программ научных исследо-
ваний и экспериментов на борту орбитального комплекса "Мир" с участи-
ем космонавтов Т.О. Аубакирова и Т.А. Мусабаева (1991 г., 1994 г., 1998
г.) и Программы научных исследований и экспериментов Республики Ка-
захстан на борту Международной космической станции с участием Т.А.
Мусабаева (2001 г.), которые были разработаны учеными и специалиста-
ми ведущих академических и отраслевых институтов.

Султангазин У.М. внес большой вклад в разработку проекта Государ-
ственной Программы развития космической отрасли в Казахстане на 2005-
2007 годы, утвержденной в 2005 году Указом Президента Республики Ка-
захстан Назарбаева Н.А.

Академик НАН РК Султангазин У.М. – выдающийся ученый-
математик с мировым именем, создатель казахстанской научной школы
в области кинетической теории переноса. Под его руководством подготов-
лено 6 докторов и более 30 кандидатов наук. Академиком Султангазиным
У.М. опубликовано более 300 научных работ. Его научные результаты по-
лучили практическое воплощение в решении задач расчета ядерных реак-
торов, атмосферной оптики, дистанционного зондирования, устойчивого
развития и других актуальных для республики задач.

Много сил Султангазин У.М. уделял подготовке высококвалифициро-
ванных научных кадров для республики. Он являлся руководителем широ-
ко известных научных семинаров "Математическое моделирование и кос-
мические исследования" и "Научные проблемы дистанционного зондиро-
вания" при Институте космических исследований, городского научного
семинара "Современные научные проблемы математики и механики" в
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Казахском национальном университете им. Аль-Фараби, а также научных
семинаров в АГУ им. Абая, ЕНУ им. Л.Н. Гумилева и др.

С большим вниманием Умирзак Махмутович относился к работе с ода-
ренными детьми. Будучи Президентом Малой академии наук Казахстана,
а также возглавляя конкурсы, проводимые Центром "Дарын", и интел-
лектуальные конкурсы "Лидер XXI века", он с большой ответственностью
подходил и к этой деятельности.

Научная и педагогическая деятельность У.М. Султангазина получили
широкую известность и признание не только в Казахстане, но и за ру-
бежом. Он был избран член-корреспондентом Российской Академии кос-
монавтики, член-корреспондентом URSI (Международного союза научных
работников радио, Бельгия). Являлся членом Управляющего совета IIASA
(Международного института прикладного системного анализа, Австрия)
от Республики Казахстан, членом Канадского научного общества по ди-
станционному зондированию. В 2001 г. решением Исполкома Международ-
ной Ассоциации участников космических полетов (ASE) за заслуги в раз-
витии новой отрасли – космических исследований в Казахстане академик
Султангазин У.М. был награжден Большой бронзовой медалью между-
народной Ассоциации. В 2002 г. решением Бюро Президиума Российской
Академии космонавтики им. К.Э. Циолковского за большие заслуги в об-
ласти космонавтики награжден Почетной грамотой. С 2004 года Султан-
газин У.М. работал в качестве национального эксперта по линии INTAS.

В качестве приглашенного профессора он читал лекции в ведущих за-
рубежных университетах и научных центрах: Карлов университет (г. Пра-
га, 1972 г.), Электротехнический институт (г. Пльзень, 1972 г.), Стэнфорд-
ский и Мэрилендский университеты (США, 1978-1979 г.г.), Международ-
ная математическая школа им. Банаха (г. Варшава, 1985 г.), Парижский
университет, Парижский институт автоматики и кибернетики, Колледж де
Франц (г. Париж, 1986 г.), Киото университет (г. Киото, Япония, 1994-1995
г.г., 1999-2000 г.г.). В 1999 г. был приглашен Департаментом науки и но-
вых технологий Правительства Индии в университеты г. Дели и г. Мадрас
для чтения лекций по математическим проблемам нелинейного уравнения
Больцмана и научным основам дистанционного зондирования, а также для
участия в качестве Почетного гостя и выступления с пленарным докладом
на VI Симпозиуме Рамануджан по алгебре и ее применению. В 1999 г. был
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приглашен в Университет Западной Богемии и Академию наук Чехии (г.
Пльзень) для участия в работе Летней математической школы и выступ-
ления с лекциями по проблемам математического моделирования.

В 1987 г. за цикл работ по теории переноса Султангазин У.М. в составе
авторского коллектива был удостоен Государственной премии СССР, а в
1989 г. – премии Академии наук СССР и Чехословацкой академии наук в
области естественных наук. Султангазин У.М. – лауреат Премии "Тарлан-
2002". Академик Султангазин У.М. проводил большую общественную ра-
боту, неоднократно избирался депутатом Верховного Совета Казахской
ССР, народным депутатом СССР, являлся членом Совета президентов
Академий наук СНГ, председателем Казахского республиканского Фон-
да мира.

За выдающиеся заслуги Султангазин У.М. был награжден орде-
ном Ленина, орденом Трудового Красного Знамени, орденом "Парасат",
юбилейной медалью к 10-летию независимости Казахстана, Почетны-
ми грамотами Президиума Верховного Совета Казахской ССР. Научно-
организационная деятельность академика Султангазина У.М. отмечена ме-
далью им. С.П. Королева и медалью им. П.Л. Капицы.

Султангазин У.М. скончался 23 мая 2005 года ...
Работы Султангазина У.М., посвященные созданию научных основ кос-

мических и информационных технологий и применению методов дистан-
ционного зондирования в исследовании природных ресурсов Земли, оста-
ются востребованными и в настоящее время. Начатые академиком Сул-
тангазиным У.М. научные исследования сегодня активно развиваются его
учениками. Полученные новые результаты имеют важное теоретическое
и прикладное значение для дальнейшего развития космической отрасли,
эффективно используются при решении задач космического мониторин-
га сельскохозяйственного производства, чрезвычайных ситуаций (павод-
ков, наводнений, лесных и степных пожаров, нефтяных разливов в аква-
тории Каспийского моря) и других важнейших для республики природно-
ресурсных и экологических проблем.

Проведенная 4-5 октября 2016 года в г. Алматы Международная на-
учная конференция "Математические методы и современные космические
технологии", посвященная 80-летию академика Султангазина У.М., свиде-
тельствует об успешном продолжении сформированных им научных на-
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правлений. На пленарных и секционных заседаниях Конференции с уча-
стием ведущих ученых и специалистов из России и стран СНГ, Респуб-
лики Казахстан, были обсуждены актуальные проблемы в области диф-
ференциальных уравнений и их приложений, космических исследований
и современных технологий, малых космических аппаратов и космической
энергетики.
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МЕЖДУНАРОДНАЯ НАУЧНАЯ КОНФЕРЕНЦИЯ
"МАТЕМАТИЧЕСКИЕ МЕТОДЫ И СОВРЕМЕННЫЕ

КОСМИЧЕСКИЕ ТЕХНОЛОГИИ"

В Алматы 4-5 октября 2016 года проведена Международная научная
конференция "Математические методы и современные космические техно-
логии" , посвященная 80-летию академика У.М. Султангазина, основателя
и первого директора казахстанского Института космических исследова-
ний (1991-2005 г.г.), президента Национальной академии наук Республики
Казахстан (1988-1994 г.г.).

Организаторами и участниками конференции выступили целый ряд
казахстанских и российских институтов и организаций: Институт матема-
тики и математического моделирования МОН РК, Казахский националь-
ный университет имени аль-Фараби, Институт информационных и вычис-
лительных технологий МОН РК, Научно-производственное объединение
имени С.А. Лавочкина, Московский авиационный институт, Казахский на-
циональный исследовательский технический университет имени К.И. Сат-
паева, Национальный центр космических исследований и технологий Каз-
космоса.

Программный и организационный комитеты Конференции возглавил
академик НАН РК Кальменов Т.Ш.

Конференция была посвящена актуальным проблемам в области диф-
ференциальных уравнений и их приложений, космических исследований
и современных технологий, малых космических аппаратов и космической
энергетики.

На пленарных и секционных заседаниях Конференции приняли уча-
стие крупные ученые и специалисты из Новосибирска и Москвы: Инсти-
тута гидродинамики им. М.А. Лаврентьева СО РАН, Института вычис-
лительной математики и математической геофизики СО РАН, Института
систем информатики им. А.П. Ершова СО РАН, Новосибирского государ-
ственного университета, НПО имени С.А. Лавочкина, а также известные
ученые ведущих научных центров и ВУЗов Казахстана: Института мате-
матики и математического моделирования, Института информационных
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и вычислительных технологий, Казахского национального университета
имени аль-Фараби, Казахского национального исследовательского техни-
ческого университета имени К.И. Сатпаева, Евразийского национального
университета имени Л.Н. Гумилева, Национального центра космических
исследований и технологий и др.

К Конференции была приурочена выставка научных трудов академи-
ка Султангазина У.М., организованная сотрудниками Научной библиотеки
"Ғылым Ордасы".

Открытие Конференции состоялось под председательством академика
НАН РК Сагадиева К.А., который подчеркнул выдающийся вклад акаде-
мика, лауреата Государственной премии СССР, создателя казахстанской
научной школы в области теории переноса излучения У.М. Султангазина
в развитие казахстанской науки в целом.

С приветственным словом выступил Президент Национальной акаде-
мии наук РК академик Журинов М.Ж., огласивший пожелание плодо-
творной работы и интересных научных дискуссий участникам Конферен-
ции от Министра образования и науки Республики Казахстан Сагадиева
Е.К.

Пленарное заседание открылось докладом о научной и организаци-
онной деятельности академика Султангазина У.М., с которым высту-
пил один из первых учеников Умирзака Махмутовича, доктор физико-
математических наук, профессор Казахского национального исследова-
тельского технического университета имени К.И. Сатпаева Сакабеков А.С.

Огромный интерес вызвали пленарные доклады: "Задача протекания
для уравнений Навье-Стокса" (член-корр. РАН Пухначев В.В., Институт
гидродинамики им. М.А. Лаврентьева СО РАН), "Перспективы развития
космической энергетики" (доктор технических наук Сысоев В.К., НПО
имени С.А. Лавочкина), "Обобщенные аналитические функции в дробных
пространствах" (академик НАН РК Блиев Н.К., Институт математики и
математического моделирования), "Современные космические исследова-
ния в Казахстане" (член-корр. НАН РК Жантаев Ж.Ш., Национальный
центр космических исследований и технологий), "On the classical solvability
of the multidimensional two-phase free boundary problems for the system of
the parabolic equations" (доктор физико-математических наук, профессор
Бижанова Г.И., Институт математики и математического моделирования).
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На секциях "Дифференциальные уравнения и их приложения", "Ин-
формационные и космические технологии, фундаментальные космические
исследования" , "Малые космические аппараты. Космическая энергетика"
были представлены 49 устных докладов, вызвавшие большой интерес и
оживленную дискуссию участников Конференции. Также было заявлено
38 стендовых докладов. Все доклады были предварительно опубликованы
в Сборнике тезисов докладов.

Завершилась Конференция Пленарным заседанием под председатель-
ством академика Кальменова Т.Ш. На заседании были представлены
чрезвычайно интересные пленарные доклады: "Прямые и обратные зада-
чи природоохранного прогнозирования с усвоением данных наблюдений"
(кандидат физико-математических наук Пененко А.В., Институт вычисли-
тельной математики и математической геофизики СО РАН), "Вращение
Вселенной и космологический принцип" (член-корр. НАН РК Чечин Л.М.,
Астрофизический институт имени В.Г. Фесенкова Национального центра
космических исследований и технологий), "Международный молодежный
центр по запуску малых космических аппаратов с космодрома Байконур"
(доктор технических наук Суйменбаев Б.Т., Казахский национальный ис-
следовательский технический университет имени К.И. Сатпаева).
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Àííîòàöèÿ: Â ðàáîòå ìåòîäîì ôóíêöèé Ëÿïóíîâà èçó÷åíû âîïðîñû óñòîé-

÷èâîñòè ðåøåíèé äèñêðåòíûõ ìîäåëåé Ãîäóíîâà-Ñóëòàíãàçèíà è Êàðëåìàíà, à

òàêæå íåêîòîðûõ ïðîñòðàíñòâåííî-îäíîðîäíûõ ìîäåëåé óðàâíåíèÿ Áîëüöìàíà.

Ïîëó÷åíû íåðàâåíñòâà äëÿ àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèé è ðàâíîâåñíîå

ðàñïðåäåëåíèå ïî âðåìåíè ïðè t → ∞ è óñòàíîâëåíû íåîáõîäèìûå àïðèîðíûå

îöåíêè äëÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: Ìîäåëè Ãîäóíîâà-Ñóëòàíãàçèíà äëÿ óðàâíåíèÿ Áîëüöìàíà, ìå-

òîäû ôóíêöèé Ëÿïóíîâà, àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé, ñóùåñòâîâàíèå è

åäèíñòâåííîñòü ðåøåíèÿ ìîäåëåé óðàâíåíèÿ Áîëüöìàíà.

1. Ââåäåíèå

Ñî âðåìåí ïîÿâëåíèÿ ðàáîòû [1] èçó÷àåòñÿ êà÷åñòâåííàÿ òåîðèÿ ðàç-
íîîáðàçíûõ äèñêðåòíûõ ìîäåëåé íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà [3],
ñðåäè êîòîðûõ íàèáîëåå ðàñïðîñòðàíåííûìè ÿâëÿþòñÿ äèñêðåòíûå ìîäåëè
Êàðëåìàíà è Áðîäóýëëà. Êàê èçâåñòíî, ñèñòåìû Êàðëåìàíà è Áðîäóýëëà
îáëàäàþò íåêîòîðûìè îáùèìè ñâîéñòâàìè, íî ïîñëåäíÿÿ, áóäó÷è ñîäåðæà-
òåëüíîé ñ ôèçè÷åñêîé òî÷êè çðåíèÿ, òðóäíî èçó÷àåìà ñ ìàòåìàòè÷åñêîé
ñòîðîíû. Ñîâðåìåííîå ñîñòîÿíèå òåîðèè äèñêðåòíûõ ìîäåëåé óðàâíåíèÿ
Áîëüöìàíà è áèáëèîãðàôèÿ ñîäåðæàòñÿ, íàïðèìåð, â ðàáîòàõ [1]�[5] è äð.
Òåîðåìû ñóùåñòâîâàíèÿ ãëîáàëüíûõ ðåøåíèé ñèñòåì Áðîäóýëëà äîêàçû-
âàëèñü äëÿ óçêèõ êëàññîâ íà÷àëüíûõ ôóíêöèé.

Keywords: Godunov-Sultangazin model for Boltzmann equation, methods of Lyapunov

functions, asymptotic behavior of solutions, existence and uniqueness of solutions of models

Boltzmann equations.

2010 Mathematics Subject Classi�cation: 27.31; 27.35;27.41.
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Â ðàáîòàõ [6], [7] îáíàðóæåíû ðàíåå íåèçâåñòíûå ñâîéñòâà ñèñòåì íåëè-
íåéíûõ óðàâíåíèé Êàðëåìàíà, ïðåäñòàâëÿþùèå îïðåäåëåííûé èíòåðåñ ñ
òî÷êè çðåíèÿ ìàòåìàòè÷åñêîé òåîðèè ýòèõ ñèñòåì è ïðè ðàçðàáîòêå êëàññà
äâóõñëîéíûõ ðàçíîñòíûõ ñõåì, óñòîé÷èâû â ïðîñòðàíñòâå ℓp, ∀p ≥ 2, äëÿ
îáîáùåííîé ìíîãîñêîðîñòíîé òðåõìåðíîé ìîäåëè Êàðëåìàíà. Â [4] ïîñòðî-
åíû àïðèîðíûå îöåíêè â ïðîñòðàíñòâå Lp äëÿ ðåøåíèé øåñòè-ñêîðîñòíîé
ìîäåëè Áðîäóýëëà ìåòîäîì ðàñùåïëåíèÿ è ïîêàçàíà ðàçðåøèìîñòü â öå-
ëîì ïî âðåìåíè t.

Â ïîñëåäóþùåì [8], íà îñíîâå ñõåìû ìåòîäà ðàñùåïëåíèÿ äëÿ ïîëíî-
ãî íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà ïîëó÷åíà îãðàíè÷åííîñòü ïîëîæè-
òåëüíûõ ðåøåíèé â ïðîñòðàíñòâå C. Ñ ïîìîùüþ ïîñëåäíåãî è óñòàíîâëåí-
íûõ àïðèîðíûõ îöåíîê äîêàçàíû ñõîäèìîñòü ñõåìû ìåòîäà ðàñùåïëåíèÿ è
åäèíñòâåííîñòü ïðåäåëüíîãî ýëåìåíòà. Íàéäåííûé ýëåìåíò óäîâëåòâîðÿåò
ýêâèâàëåíòíîìó èíòåãðàëüíîìó óðàâíåíèþ Áîëüöìàíà. È, òåì ñàìûì, ïî-
êàçàíà ðàçðåøèìîñòü ïîëíîãî íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà â öåëîì
ïî âðåìåíè t. Ïðè÷åì ìàêñâåëëîâñêîå ðàñïðåäåëåíèå äîñòèãàåòñÿ â òî÷êàõ
ëîêàëüíîãî ìàêñèìóìà ðåøåíèÿ.

Öåëü äàííîé ðàáîòû: âûïèñàòü ôóíêöèîíàë Ëÿïóíîâà äëÿ ìîäåëè
Ãîäóíîâà-Ñóëòàíãàçèíà è ïîëó÷èòü ïîëîæèòåëüíûå îòâåòû íà íåêîòî-
ðûå àêòóàëüíûå ìàòåìàòè÷åñêèå âîïðîñû (òåîðåìà ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè, àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ, ðàâíîâåñíîå ðàñïðåäåëå-
íèå ïî âðåìåíè ïðè t → ∞ è ðàçðàáîòêà âû÷èñëèòåëüíûõ ìåòîäîâ).

Â ðåçóëüòàòå ðàçâèòèÿ äàííîé ìåòîäîëîãèè íàéäåíû ôóíêöèè Ëÿïó-
íîâà äëÿ ìîäåëè Êàðëåìàíà è äëÿ äðóãèõ ïðîñòðàíñòâåííî-îäíîðîäíûõ
ìîäåëåé óðàâíåíèÿ Áîëüöìàíà.

2. Çàäà÷à Êîøè äëÿ äèñêðåòíîé ìîäåëè Ãîäóíîâà-
Ñóëòàíãàçèíà [1] â îáëàñòè Q = (0,∞) × G îòíîñèòåëüíî âåêòîð-
ôóíêöèè f = (f1, f2, f3) çàïèøåòñÿ â âèäå

∂f1
∂t + c∂f1

∂x = f2
2 − f1f3 ≡ F (f),

∂f2
∂t = −2(f2

2 − f1f3),

∂f3
∂t − c∂f3

∂x = f2
2 − f1f3

(1)
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c íà÷àëüíûìè óñëîâèÿìè

fk(0, x) = φk(x) (2)

è êðàåâûìè óñëîâèÿìè

fk(t, 0) = fk(t, 1), k = 1, 3, (3)

ãäå G = [0, 1], x ∈ G, t ∈ (0,∞).

Íà÷àëüíûå ôóíêöèè {φk} ÿâëÿþòñÿ òàêèìè, ÷òî
i) φk(x) > 0 ∧ φk(x) ∈ L1(G), k = 1, 3,

ii) ôóíêöèè φk(x) ÿâëÿþòñÿ ïåðèîäè÷åñêèìè ôóíêöèÿìè ïî x, ò. å.
óäîâëåòâîðÿþò ãðàíè÷íîìó óñëîâèþ (3).

Ìíîæåñòâî âåêòîð-ôóíêöèé f = (f1, f2, f3) îáëàäàþùèõ ñâîéñòâàìè
i)− ii), è íà÷àëüíûõ ôóíêöèé {φk} îáîçíà÷èì ÷åðåç I.

Åñëè ðåøåíèå çàäà÷è (1)�(3) ñóùåñòâóåò, òîãäà ðåøåíèÿ f1, f2, f3 ÿâ-
ëÿþòñÿ ïîëîæèòåëüíûìè. Äåéñòâèòåëüíî, åñëè ïðîèíòåãðèðóåì ñèñòåìó
óðàâíåíèé (1) âäîëü òðàåêòîðèè, òî èìååì

f1(t, x) = f1(t
′, x′) exp

(
−
∫ t

t′
f3(τ, x− (t− τ))dτ

)
+

+

∫ t

t′
exp

(
−
∫ t

s
f3(τ, x− (t− τ))dτ

)
f2
2 (s, x− (t− s))ds, (4)

f3(t, x) = f3(t
′, x′) exp

(
−
∫ t

t′
f1(τ, x+ (t− τ))dτ

)
+

+

∫ t

t′
exp

(
−
∫ t

s
f1(τ, x+ (t− τ))dτ

)
f2
2 (s, x+ (t− s))ds, (5)

ãäå
(
t′, x′)

)
� êîîðäèíàòû òî÷êè ïåðåñå÷åíèÿ õàðàêòåðèñòè÷åñêîé ëèíèè ñ

ãðàíèöåé îáëàñòè Q.
Îòñþäà ñëåäóåò, ÷òî f1, f3 ÿâëÿþòñÿ ïîëîæèòåëüíûìè ïî÷òè âñþäó â

G. Èç âòîðîãî óðàâíåíèÿ ñèñòåìû (1) íàõîäèì f2:

f2(t, x) = φ2(x) exp
(
−
∫ t

0
f2(τ, x)dτ)

)
+
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+

∫ t

0
exp

(
−
∫ t

s
f2(τ, x)dτ

)
f1(s, x)f3(s, x)ds. (6)

Îòêóäà, c ó÷åòîì (4), (5), ñëåäóåò ïîëîæèòåëüíîñòü f2 ïî÷òè âñþäó â
G.

Äàëåå áóäåì ïîëüçîâàòüñÿ ýëåìåíòàðíûì íåðàâåíñòâîì äëÿ ïîëîæè-
òåëüíîé ôóíêöèè W (x) ∈ L2(0, 1):(∫ 1

0
W (x)dx

)2
≤

∫ 1

0
W 2(x)dx (7)

è íåðàâåíñòâîì ×åáûøåâà [9], êîòîðîå ñôîðìóëèðóåì íèæå.
Åñëè U(x) � íåóáûâàþùàÿ (íåâîçðàñòàþùàÿ), à V (x) � íåâîçðàñòàþùàÿ

(íåóáûâàþùàÿ) ñóììèðóåìûå ôóíêöèè, çàäàííûå íà [0,1], òî∫ 1

0
U(x)V (x)dx ≤

∫ 1

0
U(x)dx

∫ 1

0
V (x)dx. (8)

Èç (4) è (5) íåòðóäíî çàìåòèòü, ÷òî åñëè â îêðåñòíîñòè ïðîèçâîëüíîé
òî÷êèM îáëàñòèG ïðè êàæäîì t ∈ (0,∞)ôóíêöèÿ f1(t, x) � íåóáûâàþùàÿ
(íåâîçðàñòàþùàÿ), òî ôóíêöèÿ f3(t, x) � íåâîçðàñòàþùàÿ (íåóáûâàþùàÿ)
â òîé æå îêðåñòíîñòè òî÷êè M , òåì ñàìûì, ôóíêöèè f1(t, x) è f3(t, x) îá-
ëàäàþò ýòèì ñâîéñòâîì â îêðåñòíîñòè ëþáîé òî÷êè îáëàñòè G ïðè êàæäîì
t ∈ (0,∞).

Óðàâíåíèÿ ñèñòåìû (1) ïðîèíòåãðèðóåì ïî îáëàñòè G è, ñ ó÷åòîì (3),
ïåðåõîäèì ê ñèñòåìå ôóíêöèîíàëüíûõ óðàâíåíèé:

d
dt

1∫
0

f1(t, x)dx =
1∫
0

(f2
2 − f1f3)dx ≡

1∫
0

F (f)dx,

d
dt

1∫
0

f2(t, x)dx = −2
1∫
0

F (f)dx,

d
dt

1∫
0

f3(t, x)dx =
1∫
0

F (f)dx

(9)

ñ íà÷àëüíûìè óñëîâèÿìè

1∫
0

fk(0, x)dx =

1∫
0

φk(x)dx, k = 1, 3. (10)
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Ñêëàäûâàÿ óðàâíåíèÿ ñèñòåìû (9), ïîëó÷èì çàêîí ñîõðàíåíèÿ ìàññû

3∑
k=1

∫ 1

0
fk(t, x)dx =

3∑
k=1

∫ 1

0
φk(x)dx = ρ = const. (11)

Ïðèâåäåì èçâåñòíóþ òåîðåìó Ëÿïóíîâà îá àñèìïòîòè÷åñêîé óñòîé÷è-

âîñòè ðåøåíèé ñèñòåìû íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé:

dy

dt
= F (y), ãäå y = (y1, y2, · · · , yn), F = (F1, F2, · · · , Fn). (12)

Òåîðåìà 1. Åñëè äëÿ ñèñòåìû óðàâíåíèé (12) ñóùåñòâóåò çíàêîîïðåäåëåí-

íàÿ ôóíêöèÿ Ëÿïóíîâà V (y), ïðîèçâîäíàÿ ïî âðåìåíè dV
dt êîòîðîé, ñîñòàâ-

ëåííàÿ â ñèëó óðàâíåíèé (12), ÿâëÿåòñÿ òàêæå çíàêîîïðåäåëåííîé ôóíê-

öèåé è èìååò çíàê, ïðîòèâîïîëîæíûé çíàêó ôóíêöèè V (y), òî íóëåâîå

ðåøåíèå ñèñòåìû óðàâíåíèé (12) àñèìïòîòè÷åñêè óñòîé÷èâî.

Îáîçíà÷èì f̃k(t) =
1∫
0

fk(t, x)dx, k = 1, 3, è ââåäåì ôóíêöèîíàë

P (f̃) =
((

f̃2(t)
)2 − (f̃1(t)f̃3(t)

)2
≡ F̃ 2 (13)

äëÿ çàäà÷è (9)-(10) ñî ñâîéñòâàìè ôóíêöèè Ëÿïóíîâà V (y).
Äåéñòâèòåëüíî, âûïîëíÿÿ âû÷èñëåíèå ïðîèçâîäíîé ôóíêöèîíàëà P (f̃)

ïî âðåìåíè t è èñïîëüçóÿ óðàâíåíèÿ ñèñòåìû (9), íàõîäèì

dP (f̃)

dt
= 2F̃

dF̃

dt
= −2F̃ (t)

((
4f̃2 + f̃3 + f̃1

) ∫ 1

0
Fdx

)
. (14)

Ïðîèçâîäÿ îöåíêó èíòåãðàëà

−
∫ 1

0
F (t, x)dx,

èç ïðàâîé ÷àñòè (14) ñ ïîìîùüþ íåðàâåíñòâ (7), (8) íàéäåì

−
∫ 1

0
F (t, x)dx = −

∫ 1

0

(
f2
2−f1f3

)
dx ≤ −

(∫ 1

0
f2dx

)2
+

∫ 1

0
f1dx

∫ 1

0
f3dx = −F̃ .

(15)
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Ñîîòíîøåíèå (14) ñ ó÷åòîì (15) ïåðåïèøåì:

dP (f̃)

dt
≤ −2F̃ 2(t)

(
4f̃2 + f̃3 + f̃1

)
≤ −2P (f̃)

(
4f̃2 + f̃3 + f̃1

)
.

Îòñþäà ïîñëå íåêîòîðîãî óñèëåíèÿ ïðàâîé ÷àñòè, ó÷èòûâàÿ (11), èìååì

dP (f̃)

dt
≤ −2ρP (f̃) < 0.

Îòêóäà, ñ ó÷åòîì ïîëîæèòåëüíîñòè P (f̃), çàïèøåì:
dlnP (f̃)

dt
≤ −2ρ. Èíòå-

ãðèðóÿ ýòî íåðàâåíñòâî ïî âðåìåíè îò 0 äî t, íàõîäèì

P (f̃) ≤ P (φ̃)exp(−2ρt) ∀t ∈ (0,∞), (16)

ãäå P (φ̃) =
(
(φ̃)2 − φ̃1φ̃3

)2
.

Â èòîãå ïîêàçàëè, ÷òî ââåäåííûé ôóíêöèîíàë (13) P (f̃) îáëàäàåò îñ-

íîâíûìè ñâîéñòâàìè ôóíêöèè Ëÿïóíîâà V (y) è ïî Òåîðåìå 1 íóëåâîå ðå-

øåíèå çàäà÷è (9)�(10) â ïðîñòðàíñòâå L1(G) àñèìïòîòè÷åñêè óñòîé÷èâî.

Êðîìå òîãî, èç (13) ñëåäóåò ïðåäåëüíîå ðàâåíñòâî

lim
t→∞

P (f̃) = lim
t→∞

((
f̃2(t)

)2 − f̃1(t)f̃3(t)
)2

= 0.

Îòñþäà ïðè t → ∞ ïîëó÷èì ðàâíîâåñíîå ðàñïðåäåëåíèå â ïðîñòðàíñòâå
L1(G), ò. å.

f̃2(t) =

√
f̃1(t)

√
f̃3(t).

Óòâåðæäåíèå 1.Óñòàíîâëåííîå íåðàâåíñòâî (16) äëÿ ôóíêöèîíàëà (13)

ïîçâîëÿåò ïîëó÷èòü íåîáõîäèìûå àïðèîðíûå îöåíêè äëÿ ñóùåñòâîâàíèÿ è

åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (9)�(10) â ïðîñòðàíñòâå C1
(
0,∞;L1(G)

)
.

Â ñàìîì äåëå, âîçâåäåì â êâàäðàò îáå ÷àñòè âòîðîãî óðàâíåíèÿ ñèñòåìû
(9): (df̃2(t)

dt

)2
= 4

(∫ 1

0
(f1f3 − f2

2 )dx
)2
,
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Îòñþäà, îöåíèâàÿ ïðàâóþ ÷àñòü ñ ïîìîùüþ íåðàâåíñòâ (7), (8), ïîëó÷èì
öåïî÷êó ñîîòíîøåíèé:

4
(∫ 1

0
f1f3dx−

∫ 1

0
f2
2dx

)2
≤ 4

(
f̃1f̃3 − f̃2

2

)2
= 4P (f).

Îòêóäà íà îñíîâàíèè (16) èìååì îöåíêó(df̃2(t)
dt

)2
≤ 4P (φ̃)exp(−2ρt)

èëè ∣∣df̃2(t)
dt

∣∣ ≤ 2
√

P (φ̃)exp(−ρt). (17)

Îòñþäà ñëåäóåò äâóñòîðîííåå íåðàâåíñòâî

−2
√

P (φ̃)exp(−ρt) ≤ d

dt
f̃2(t) ≤ 2

√
P (φ̃)exp(−ρt) = C(t).

Ýòî ñîîòíîøåíèå ïðîèíòåãðèðóåì ïî âðåìåíè îò 0 äî t è â èòîãå, ñ
ó÷åòîì ïîëîæèòåëüíîñòè f2, ïîëó÷èì

f̃2(t) ≤ φ̃2 −
2

ρ

√
P (φ̃)

(
1− exp(−ρt)

)
= C2(t) ∀t ∈ (0,∞). (18)

Äàëåå, âîçâåäÿ â êâàäðàò îáå ÷àñòè ïåðâîãî è òðåòüåãî óðàâíåíèé ñèñòåìû
(9), çàïèøåì (df̃k(t)

dt

)2
=

(∫ 1

0
(f1f3 − f2

2 )dx
)2

, k = 1, 3.

Îòñþäà, èñïîëüçóÿ íåðàâåíñòâà (7) è (8), ïîëó÷èì(df̃k(t)
dt

)2
≤ P (φ̃)exp(−2ρt), èëè

∣∣df̃k(t)
dt

∣∣ ≤ √
P (φ̃)exp(−ρt), k = 1, 3.

(19)
Îòêóäà íàéäåì îöåíêè

f̃k(t) ≤ φ̃k +
1

ρ

√
P (φ̃)

(
1− exp(−ρt)

)
= Ck(t), (20)
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ãäå k = 1, 3; ∀t ∈ (0,∞).
Òåïåðü ñíîâà èç âòîðîãî óðàâíåíèÿ ñèñòåìû (9) íàõîäèì∫ 1

0
f2
2dx ≤ 1

2

∣∣ d
dt
f̃2
∣∣+ ∫ 1

0
f1f3dx.

Îòêóäà, ñ ó÷åòîì íåðàâåíñòâà (8) è îöåíîê (17), (20), ïîëó÷èì

∥f2(t)∥2C(0,∞;L2(0,1))
≤ 1

2

∣∣ d
dt
f̃2
∣∣+ ∫ 1

0
f1f3dx ≤

≤ max
t

(1
2
C(t) + C1(t)C3(t)

)
= C4. (21)

Â èòîãå ñ ïîìîùüþ îöåíîê (17)�(21) ìîæíî ïðèäòè ê òåîðåìå ñóùå-
ñòâîâàíèÿ è åäèíñòâåííîñòè ïðè t ∈ (0,∞).

3. Çàäà÷à Êîøè äëÿ ñèñòåìû Êàðëåìàíà â îáëàñòè Q = (0,∞)×
G, G = [0, 1] çàïèøåòñÿ â âèäå

∂f1
∂t + ∂f1

∂x = f2
2 − f2

1 ≡ F (f),

∂f2
∂t − ∂f2

∂x = −F (f)

(22)

ñ íà÷àëüíûìè óñëîâèÿìè

f1(0, x) = φ1(x); f2(0, x) = φ2(x) (23)

è êðàåâûìè óñëîâèÿìè

f1(t, 0) = f1(t, 1); f2(t, 0) = f2(t, 1). (24)

Äëÿ çàäà÷è (22)�(24) èìååò ìåñòî çàêîí ñîõðàíåíèÿ ìàññû

f̃1(t) + f̃2(t) = φ̃1 + φ̃2 = ρ = const, ãäå f̃(t) =

∫ 1

0
f(t, x)dx.

Íà÷àëüíûå ôóíêöèè {φk} ÿâëÿþòñÿ òàêèìè, ÷òî
i) φk(x) > 0 ∧ φk(x) ∈ Lp(G), k = 1, 2; 1 < p ≤ ∞;
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ii) ôóíêöèè φk(x) ÿâëÿþòñÿ ïåðèîäè÷åñêèìè ôóíêöèÿìè ïî x, ò. å.
óäîâëåòâîðÿþò ãðàíè÷íîìó óñëîâèþ (24).

Óòâåðæäåíèå 2 [6]. Ïðè óñëîâèÿõ i), ii) íà íà÷àëüíûå ôóíêöèè {φk}
ðåøåíèÿ çàäà÷è (22)�(24) ïîëîæèòåëüíûå è èìåþò ìåñòî îöåíêè

∥fk∥Lp(G) ≤
(
∥ φ1 ∥Lp(G) + ∥ φ2 ∥Lp(G)

)
, k = 1, 2; 1 < p < ∞; (25)

∥fk∥L∞(G) ≤
(
∥ φ1 ∥L∞(G) + ∥ φ2 ∥L∞(G)

)
= C5, k = 1, 2; p = ∞; (26)

Èç (22) ïåðåõîäèì ê ñèñòåìå ôóíêöèîíàëüíûõ óðàâíåíèé â ïðîñòðàí-
ñòâå L2(G) : 

d
dt f̃

2
1 (t) = 2

1∫
0

f1F (f)dx,

d
dt f̃

2
2 (t) = −2

1∫
0

f2F (f)dx

(27)

ñ íà÷àëüíûìè óñëîâèÿìè

f̃1(0) = φ̃1; f̃2(0) = φ̃2. (28)

Ôóíêöèîíàë äëÿ çàäà÷è (27)�(28) çàïèøåì â âèäå

P (f) =
( 1∫
0

F (f)dx
)2

≡ F̃ 2(f). (29)

Îòêóäà, c ó÷åòîì (26), íàéäåì

d

dt
P (f) = 2F̃

d

dt
F̃ (f) ≤ −4δ0P (f) < 0, (30)

ãäå 0 < δ0 = inf
t,x

(
f2(t, x)+f1(t, x)

)
< ρ, ò. å. ôóíêöèîíàë (29) îáëàäàåò ñâîé-

ñòâàìè ôóíêöèè Ëÿïóíîâà V (y) è ïî Òåîðåìå 1 íóëåâîå ðåøåíèå çàäà÷è

(27)�(28) â ïðîñòðàíñòâå L1(G) ∪ L2(G) àñèìïòîòè÷åñêè óñòîé÷èâî.

Èç (30) èìååì

P (f) ≤ P (φ)exp(−4δ0t) ∀t ∈ (0,∞), (31)
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ãäå P (φ) =
( 1∫

0

(φ2
2 − φ2

1)dx
)2

.

Îòêóäà ïîëó÷àåì ðàâíîâåñíîå ðàñïðåäåëåíèå â ïðîñòðàíñòâå L2(G) ïðè
t → ∞ :

f̃2
1 (t) = f̃2

2 (t).

Èç ñèñòåìû (22) èìååì

d

dt
f̃k(t) = (−1)(3−k)

1∫
0

F (f)dx, k = 1, 2.

Îòêóäà, ñ ó÷åòîì (31), ïîëó÷èì îöåíêó:

( d

dt
f̃k(t)

)2
=

( 1∫
0

F (f)dx
)2

≤ P (φ)exp(−4δ0t)

èëè

−
√

P (φ)exp(−2δ0t) ≤
d

dt
f̃k(t) ≤

≤
√

P (φ)exp(−2δ0t), k = 1, 2; t ∈ (0,∞). (32)

Îòñþäà ∥∥∥dfk(t, x)
dt

∥∥∥
L1(G)

≤
√

P (φ)exp(−2δ0t), k = 1, 2; t ∈ (0,∞).

Èíòåãðèðóÿ (32) ïî âðåìåíè îò 0 äî t, ñ ó÷åòîì ïîëîæèòåëüíîñòè fk ïîëó-
÷àåì

∥ fk(t) ∥L1(G)≤∥ φk ∥L1(G) −

−(−1)k

2δ0

√
P (φ)

(
1− exp(−2δ0t)

)
= Ck(t), k = 1, 2; ∀t ∈ (0,∞).
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4. Ôóíêöèè Ëÿïóíîâà äëÿ íåêîòîðûõ ïðîñòàíñòâåííî-
îäíîðîäíûõ ìîäåëåé óðàâíåíèÿ Áîëüöìàíà.

4a. Çàäà÷à Êîøè äëÿ ïðîñòðàíñòâåííî-îäíîðîäíîé ìîäåëè Áðîäóýëëà

îòíîñèòåëüíî âåêòîð-ôóíêöèè f = (f1, f2, f3, f4) çàïèøåòñÿ â âèäå

∂f1
∂t = σ(f3f4 − f1f2) ≡ σF (f),

∂f2
∂t = σF (f),

∂f3
∂t = −σF (f),

∂f4
∂t = −σF (f), 0 < σ − const; ∀t ∈ (0,∞)

(33)

c íà÷àëüíûìè äàííûìè

fk(0) = φk, k = 1, 4. (34)

Åñëè ðåøåíèÿ çàäà÷è (33)�(34) ñóùåñòâóþò ïðè ïîëîæèòåëüíûõ äàííûõ
{φk}, òî {fk} ÿâëÿþòñÿ ïîëîæèòåëüíûìè.

Ñêëàäûâàÿ óðàâíåíèÿ ñèñòåìû (33) è èíòåãðèðóÿ ïî âðåìåíè îò 0 äî
t, ïîëó÷èì çàêîí ñîõðàíåíèÿ ìàññû

4∑
k=1

fk(t) =

4∑
k=1

φk = ρ = const.

Ââåäåì ôóíêöèþ Ëÿïóíîâà äëÿ çàäà÷è (33)�(34) â ñëåäóùåì âèäå
P (f) = F 2(f) è âû÷èñëèì ïðîèçâîäíóþ ôóíêöèè P (f) ïî âðåìåíè t, èñ-
ïîëüçóÿ óðàâíåíèÿ ñèñòåìû (33). Èìååì

d

dt
P (f) = 2F (f)

d

dt
F (f) = −2σρP (f) < 0, (35)

ò. å. ââåäåííàÿ ôóíêöèÿ P (f) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû Ëÿïóíîâà,

òåì ñàìûì, íóëåâîå ðåøåíèå çàäà÷è (33)�(34) àñèìïòîòè÷åñêè óñòîé÷èâî.

Èç (35) èìååì
P (f) = P (φ) exp(−2σρt).
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Îòñþäà ïîëó÷àåì ðàâíîâåñíîå ðàñïðåäåëåíèå ïðè t → ∞ :

f3(t)f4(t) = f1(t)f2(t).

Èç óðàâíåíèé ñèñòåìû (33) ñ ïîìîùüþ ôóíêöèè Ëÿïóíîâà ïîëó÷èì

∂fk

∂t
= σ

√
P (φ) exp(−σρt), k = 1, 2;

∂fk

∂t
= −σ

√
P (φ) exp(−σρt), k = 3, 4.

Îòêóäà
fk(t) = φk −

√
P (φ)/ρ(1− exp(−σρt)); k = 1, 2;

fk(t) = φk +
√

P (φ)/ρ(1− exp(−σρt)); k = 3, 4.

4b. Çàäà÷à Êîøè äëÿ ïðîñòðàíñòâåííî-îäíîðîäíîé ìîäåëè Ãîäóíîâà-

Ñóëòàíãàçèíà îòíîñèòåëüíî âåêòîð-ôóíêöèè f = (f1, f2, f3) çàïèøåòñÿ â
âèäå 

∂f1
∂t = f2

2 − f1f3) ≡ F (f),

∂f2
∂t = −2F (f),

∂f3
∂t = F (f) ∀t ∈ (0,∞)

(36)

c íà÷àëüíûìè äàííûìè

fk(0) = φk, k = 1, 3. (37)

Îòêóäà èìååì çàêîí ñîõðàíåíèÿ ìàññû

3∑
k=1

fk(t) =

3∑
k=1

φk = ρ = const.

Ôóíêöèÿ Ëÿïóíîâà äëÿ çàäà÷è (36)�(37) çàïèøåòñÿ: P (f) = F 2(f); ïðîèç-
âîäíàÿ P (f) ïî âðåìåíè t:

d

dt
P (f) = 2F (f)

d

dt
F (f) = −2F 2(f1 + 4f2 + f3) ≤ −2ρP (f) < 0, (38)
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ò. å. ôóíêöèÿ P (f) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû Ëÿïóíîâà è íóëåâîå

ðåøåíèå çàäà÷è (36)�(37) àñèìïòîòè÷åñêè óñòîé÷èâî.

Èç (38) èìååì
P (f) ≤ P (φ) exp(−2ρt).

Îòêóäà ñëåäóåò ðàâíîâåñíîå ðàñïðåäåëåíèå ïðè t → ∞ :

f2(t) =
√

f1(t)
√

f3(t).

Èç óðàâíåíèé (36) ñ ïîìîùüþ ôóíêöèè Ëÿïóíîâà ïîëó÷àåì îöåíêè:

|∂fk

∂t
| ≤

√
P (φ) exp(−ρt), k = 1, 3; |∂f2

∂t
| ≤ 2

√
P (φ) exp(−ρt).

Îòñþäà èìååì îöåíêè äëÿ ðåøåíèé:

fk(t) ≤ φk +
√

P (φ)/ρ(1− exp(−ρt)); k = 1, 3;

f2(t) ≤ φ2 − 2
√

P (φ)/ρ(1− exp(−ρt)).

4c. Çàäà÷à Êîøè äëÿ ïðîñòðàíñòâåííî-îäíîðîäíîé ìîäåëè Êàðëåìàíà

îòíîñèòåëüíî âåêòîð-ôóíêöèè f = (f1, f2) çàïèñûâàåòñÿ
∂f1
∂t = f2

2 − f2
1 ) ≡ F (f),

∂f2
∂t = −F (f) ∀t ∈ (0,∞)

(39)

c íà÷àëüíûìè äàííûìè

fk(0) = φk, k = 1, 2. (40)

Çàêîí ñîõðàíåíèÿ ìàññû:

f1(t) + f2(t) = φ1 + φ2 = ρ = const.

Ôóíêöèÿ Ëÿïóíîâà äëÿ çàäà÷è (39)�(40): P (f) = F 2(f); ïðîèçâîäíàÿ P (f)
ïî âðåìåíè t:

d

dt
P (f) == −4ρP (f) < 0, (41)
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ò. å. ôóíêöèÿ P (f) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû Ëÿïóíîâà è íóëåâîå

ðåøåíèå çàäà÷è (39)�(40) àñèìïòîòè÷åñêè óñòîé÷èâî.

Èç (41) ñëåäóåò, ÷òî

P (f) =
√

P (φ) exp(−4ρt).

Ðàâíîâåñíîå ðàñïðåäåëåíèå ïðè t → ∞ :

f2
1 (t) = f2

2 (t).

Ïðîèçâîäíûå ðåøåíèé:

∂f1

∂t
=

√
P (φ) exp(−2ρt);

∂f2

∂t
= −

√
P (φ) exp(−2ρt).

Òî÷íûå ðåøåíèÿ:

f1(t) = φ1 −
√

P (φ)/(2ρ)(1− exp(−2ρt));

f2(t) = φ2 +
√

P (φ)/(2ρ)(1− exp(−2ρt)).
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êèíåòè÷åñêèé ìîìåíò ðîòèðóþùåãî ýëåìåíòà:

h⃗ = J ∗ ω⃗; (2)

óðàâíåíèå Ýéëåðà:

JcΩ⃗c
α = M⃗ c

óïð
+ M⃗ c

âîç
− Ω⃗c

α × (JcΩ⃗c
α + h⃗cα). (3)

Íàõîæäåíèå ýòèõ ôèçèêî-ìåõàíè÷åñêèõ ïàðàìåòðîâ äëÿ ñáîðíîé êîí-
ñòðóêöèè èç ðàçíîðîäíûõ ýëåìåíòîâ, êàêèì ÿâëÿåòñÿ ÊÀ, ÿâëÿåòñÿ äî-
ñòàòî÷íî ñëîæíîé èíæåíåðíî-òåõíè÷åñêîé çàäà÷åé, ðåøåíèþ êîòîðîé ïî-
ñâÿùåíà íàñòîÿùàÿ ðàáîòà. Ïîìèìî ýòîãî, çäåñü èçëàãàåòñÿ ìåòîäè-
êà êîíñòðóèðîâàíèÿ ÊÀ ñ èñïîëüçîâàíèåì ïðîãðàììíîãî îáåñïå÷åíèÿ
"SolidWorks" ñ öåëüþ îçíàêîìëåíèÿ è ïðèîáðåòåíèÿ ñòóäåíòàìè òåõíè÷å-
ñêèõ âóçîâ ïðàêòè÷åñêîãî îïûòà êîíñòðóèðîâàíèÿ íàíîñïóòíèêîâ ïîäîá-
íîãî êëàññà è îïðåäåëåíèÿ èõ ôèçèêî-ìåõàíè÷åñêèõ ïàðàìåòðîâ.

1. Íàçíà÷åíèå ÊÀ. Êðàòêîå îïèñàíèå ñòðóêòóðíûõ ýëåìåíòîâ

ÊÀ

Íàó÷íî-îáðàçîâàòåëüíûé ñòóäåí÷åñêèé íàíîñïóòíèê "Ïîëèòåõ-1"
ïðåäíàçíà÷åí äëÿ èññëåäîâàíèÿ ìàãíèòíîãî ïîëÿ Çåìëè. ÊÀ "Ïîëèòåõ-
1" äîëæåí ðåøàòü ñëåäóþùèå çàäà÷è:

� èçìåðåíèå ìàãíèòíîãî ïîëÿ Çåìëè,
� ôîðìèðîâàíèå òåëåìåòðè÷åñêèõ êàäðîâ ñ öåëåâîé èíôîðìàöèåé,
� ôîðìèðîâàíèå òåëåìåòðè÷åñêèõ êàäðîâ ñëóæåáíîé èíôîðìàöèè,
� ïåðåäà÷à òåëåìåòðè÷åñêîé èíôîðìàöèè ïî ðàäèîëèíèè "áîðò-

Çåìëÿ",
� ïðèåì êîìàíäíîé èíôîðìàöèè,
� îòðàáîòêà öèêëîãðàììû íà êàæäûé âèòîê.

"Ïîëèòåõ-1" ñîñòîèò èç ñëóæåáíîé ïëàòôîðìû è ïîëåçíîé íàãðóçêè.
Ïîëåçíîé íàãðóçêîé ÿâëÿåòñÿ íàó÷íûé âûñîêîòî÷íûé òðåõêîìïîíåíòíûé
ôåððîçîíäîâûé ìàãíèòîìåòð äëÿ èçìåðåíèÿ ïàðàìåòðîâ ïîñòîÿííîãî ìàã-
íèòíîãî ïîëÿ Çåìëè. Ýëåìåíòû ñëóæåáíûõ áëîêîâ è ñèñòåì ïëàòôîðìû
ìàêñèìàëüíî óíèôèöèðîâàíû ñ ýëåìåíòàìè ñëóæåáíûõ áëîêîâ ñòàíäàðòà
CubeSat.

Â ñîñòàâ ñëóæåáíîé ïëàòôîðìû âõîäÿò:
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� êîíñòðóêöèÿ ïëàòôîðìû, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé àëþìèíèåâûé
êàðêàñ ñ íåîáõîäèìûìè òåõíîëîãè÷åñêèìè îòâåðñòèÿìè,

� àíòåííî-ôèäåðíîå óñòðîéñòâî (ÀÔÓ) äèàïàçîíà ÓÂ×/ÎÂ× � ñèñòåìà
èç ÷åòûðåõ àíòåíí äëÿ ñâÿçè ñ öåíòðîì óïðàâëåíèÿ ïîëåòàìè,

� áîðòîâîé ïðèåìîïåðåäàò÷èê äèàïàçîíà ÓÂ×/ÎÂ× � âíóòðåííèé êîì-
ïîíåíò ÊÀ, ïîäêëþ÷àåìûé ê áîðòîâîìó öèôðîâîìó âû÷èñëèòåëüíîìó êîì-
ïëåêñó, îòâå÷àþùèé çà ïðèåì-ïåðåäà÷ó äàííûõ,

� áîðòîâàÿ öèôðîâàÿ âû÷èñëèòåëüíàÿ ìàøèíà ñ èíòåðôåéñàìè äëÿ ðà-
áîòû ñî ñëóæåáíûìè áëîêàìè è ñèñòåìàìè, ïîëåçíîé íàãðóçêîé,

� ñîëíå÷íûå áàòàðåè ñòàíäàðòà CubeSat 3U, îáåñïå÷èâàþùèå ÊÀ ýëåê-
òðîýíåðãèåé,

� ïðèáîðû ñèñòåìû óïðàâëåíèÿ äâèæåíèåì; â íàøåì ñëó÷àå ýëåêòðî-
ìàãíèòíûå ìàãíèòíî-èñïîëíèòåëüíûå îðãàíû (ÝÌÈÎ), ïðåäñòàâëåííûå â
âèäå ìåòàëëè÷åñêèõ ðàìîê.

2. Ïðîãðàììíîå îáåñïå÷åíèå "SolidWorks"

SolidWorks (Ñîëèäâîðêñ) � ïðîãðàììíûé êîìïëåêñ ÑÀÏÐ äëÿ àâòîìà-
òèçàöèè ðàáîò íà ýòàïàõ êîíñòðóêòîðñêîé è òåõíîëîãè÷åñêîé ïîäãîòîâêè
èçäåëèÿ. Îí îáåñïå÷èâàåò ðàçðàáîòêó èçäåëèé âûñîêîé ñòåïåíè ñëîæíî-
ñòè è íàçíà÷åíèÿ, îáëàäàåò áîëüøèì íàáîðîì ñðåäñòâ äëÿ êîíñòðóèðî-
âàíèÿ ðàçëè÷íûõ äåòàëåé è èõ ñáîðêè, àíàëèçà èõ ôèçèêî-ìåõàíè÷åñêèõ
ñâîéñòâ.

Âûáîð äàííîãî ïðîãðàììíîãî îáåñïå÷åíèÿ îáóñëîâëåí íå òîëüêî åãî
øèðîêèìè ôóíêöèîíàëüíûìè âîçìîæíîñòÿìè, íî è åãî ðàñïðîñòðàíåí-
íîñòüþ, ÷òî îáåñïå÷èâàåò áîëüøîå êîëè÷åñòâî ñïðàâî÷íîé ëèòåðàòóðû, à
òàêæå íàëè÷èå êðóïíîãî èíòåðíåò-ñîîáùåñòâà äëÿ ïîëó÷åíèÿ îïåðàòèâíîé
êîíñóëüòàöèè ïî âîïðîñàì ðàáîòû ñ ïðîãðàììîé. Òàêæå çíàíèå è âëàäåíèå
ýòèì ïðîãðàììíûì îáåñïå÷åíèåì æåëàòåëüíî äëÿ ìîëîäûõ ñïåöèàëèñòîâ
è íåñîìíåííî íàéäåò ïðèìåíåíèå è â èõ äàëüíåéøåé äåÿòåëüíîñòè.

3. Ñáîðêà ÊÀ â SolidWorks

Ïðèíöèï ðàáîòû SolidWorks ïîäðàçóìåâàåò ñîçäàíèå ñëîæíûõ ìåõà-
íèçìîâ èç áîëåå ìåëêèõ, çàðàíåå ïîñòðîåííûõ îòäåëüíûõ äåòàëåé. Ðàñ-
ñìîòðèì àëãîðèòì íà ïðèìåðå ïîñòðîåíèÿ ìîäåëè ñîëíå÷íîé áàòàðåè. ×åð-
òåæè, êàê ïðàâèëî, íàõîäÿòñÿ â ñâîáîäíîì äîñòóïå íà ñàéòå ïðîèçâîäèòå-
ëåé èëè ñîäåðæàòñÿ â ñîïðîâîäèòåëüíîé äîêóìåíòàöèè êîìïîíåíòîâ.
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3.1. Êîíñòðóèðîâàíèå äåòàëåé

Øàã 3.1.1. Íà÷èíàåì, êàê áûëî ñêàçàíî âûøå, ñ ñîçäàíèÿ ïðîñòûõ ýëå-
ìåíòîâ, â ïðîãðàììå íàçûâàåìûõ "Äåòàëü" . Ïðîöåññ ñîçäàíèÿ äåòàëè íà-
÷èíàåòñÿ ñ "ýñêèçà". ×åðòèì êîíòóðû äåòàëè (÷åðòåæè âçÿòû ñ ñàéòà ïðî-
èçâîäèòåëÿ ïàíåëè). Â èòîãå ïîëó÷àåì âîò òàêîé ðèñóíîê (Ðèñ. 3.1.1.).

Ðèñóíîê 3.1.1 � Ýñêèç îñíîâû ñîëíå÷íîé áàòàðåè ÊÀ

Øàã 3.1.2. Äàëåå ñ ïîìîùüþ êîìàíäû "âûòÿíóòàÿ áîáûøêà" ïðèäà-
åì äåòàëè îáúåì, âûáèðàÿ: íà êàêîå ðàññòîÿíèå è â êàêîì íàïðàâëåíèè
íåîáõîäèìî åå âûòÿíóòü (Ðèñ. 3.1.2).

Ðèñóíîê 3.1.2 � Ïðèäàíèå îáúåìà îñíîâå ñîëíå÷íîé áàòàðåè ÊÀ
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Øàã 3.1.3. Ïîñëå ýòîé îïåðàöèè ïîëó÷àåì îáúåìíîå òåëî, êîòîðîå ïðåä-
ñòîèò ïðåâðàòèòü â îñíîâàíèå ñîëíå÷íîé áàòàðåè, ñäåëàâ íåîáõîäèìûå âû-
ðåçû è óãëóáëåíèÿ ïî àíàëîãèè ñ ïðèäàíèåì îáúåìà. Äëÿ ýòîãî ïîñëå íà-
íåñåíèÿ ýñêèçà íà ïîâåðõíîñòü äåòàëè íåîáõîäèìî ïðîäåëàòü îïåðàöèþ,
îáðàòíóþ ïðîâåäåííîé âûøå, "âûòÿíóòûé âûðåç". Ïîñëå ÷åãî ïîëó÷èì ãî-
òîâîå îñíîâàíèå äëÿ íàøåé ñîëíå÷íîé áàòàðåè (Ðèñ. 3.1.3).

Ðèñóíîê 3.1.3 � Îáùèé âèä îñíîâû ñîëíå÷íîé áàòàðåè ÊÀ

Øàã 3.1.4. Äàëåå ïîäîáíûì îáðàçîì ÷åðòèì âòîðîé ýëåìåíò íàøåé ñîë-
íå÷íîé ïàíåëè � ôîòîýëåìåíò (Ðèñ. 3.1.4).

Ðèñóíîê 3.1.4 � Îáùèé âèä ôîòîýëåìåíòà
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Èìåÿ âñå ñîñòàâëÿþùèå êîìïîíåíòû, ñîõðàíÿåì èõ â îòäåëüíûõ ôàé-
ëàõ.

3.2. Ñáîðêà äåòàëåé

Äàëåå ñîçäàåì íîâûé ôàéë � "ñáîðêó", â êîòîðîì ñîåäèíèì èõ âìåñòå.
Øàã 3.2.1. Âíà÷àëå ðàçìå÷àåì ðàñïîëîæåíèå ôîòîýëåìåíòîâ íà îñíî-

âàíèè ñ ïîìîùüþ ýñêèçà (Ðèñ. 3.2.1).

Ðèñóíîê 3.2.1 � Îïðåäåëåíèå ðàñïîëîæåíèÿ ôîòîýëåìåíòîâ

Øàã 3.2.2. Äàëåå ñ ïîìîùüþ "óñëîâèé ñîïðÿæåíèÿ" çàäàåì òî÷êè è
ëèíèè ñîïðèêîñíîâåíèÿ ýëåìåíòîâ ñáîðêè. Äëÿ äàííîé ñáîðêè èñïîëüçó-
åì òàêèå óñëîâèÿ ñîïðÿæåíèÿ, êàê "ñîâïàäåíèå" è "ïàðàëëåëüíîñòü" . Â
ðåçóëüòàòå ïîëó÷àåì ìîäåëü íàøåé ñîëíå÷íîé ïàíåëè (Ðèñ.3.2.2).

Ðèñóíîê 3.2.2 � Îáùèé âèä ñîëíå÷íîé ïàíåëè ÊÀ

Øàã 3.2.3. Îñòàëüíûå êîìïîíåíòû ÷åðòèì àíàëîãè÷íî.
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Øàã 3.2.4. Ãîòîâûå ñáîðêè äåòàëåé ñîáèðàåì â ôèíàëüíóþ ñáîðêó íàíî-
ñïóòíèêà (ñáîðêó ñáîðîê). Äåéñòâèÿ íåîáõîäèìû äëÿ âûïîëíåíèÿ äàííîãî
øàãà è ïîëíîñòüþ àíàëîãè÷íû äåéñòâèÿì, îïèñàííûì â øàãå 3.2.2.

4. 3D ìîäåëü ÊÀ è âû÷èñëåíèå ôèçèêî-ìåõàíè÷åñêèõ ïàðàìåò-

ðîâ

Èòàê, çäåñü ñïóòíèê èìååòâèä, èçîáðàæåííûé íà Ðèñ. 4.1.

Ðèñóíîê 4.1 � Îáùèé âèä ÊÀ

5. Îïðåäåëåíèå ôèçèêî-ìåõàíè÷åñêèõ ïàðàìåòðîâ ÊÀ

Íåîáõîäèìîé íàì ôóíêöèåé ÿâëÿåòñÿ ôóíêöèÿ, ïîçâîëÿþùàÿ îïðå-
äåëÿòü ìàññîâûå õàðàêòåðèñòèêè ìîäåëåé ñ çàäàííîé ïëîòíîñòüþ ìàññû
ρ(x) (x = (x1, x2, x3)) â äåêàðòîâîé ñèñòåìå êîîðäèíàò X1, X2, X3.

Äëÿ îïðåäåëåíèÿ öåíòðà ìàññ xC = (xC1 , x
C
2 , x

C
3 ) èñïîëüçóåòñÿ ôîðìóëà:

xC =

 xC1
xC2
xC3

 =
1

M

∫
V

ρ(x1, x2, x3)

 x1
x2
x3

 dx1dx2dx3, (5.1)

ãäå V � çàíèìàåìàÿ îáëàñòü ïðîñòðàíñòâà, M � ìàññà ÊÀ,

M =

∫
V

ρ(x1, x2, x3)dx1dx2dx3. (5.2)
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Êîìïîíåíòû òåíçîðà èíåðöèè Jkl â èñõîäíîé ñèñòåìå X1, X2, X3 âû÷èñ-
ëÿþòñÿ ïî ôîðìóëàì:

Iij =

∫
V

ρ(x1, x2, x3)(δij∥x∥2 − xixj)dx1dx2dx3, (5.3)

∥x∥ =
√

x21 + x22 + x23, δij � ñèìâîë Êðîíåêåðà. Ýòî � ñèììåòðè÷åñêàÿ, ïîëî-
æèòåëüíî îïðåäåëåííàÿ ìàòðèöà. Äëÿ îïðåäåëåíèÿ ãëàâíûõ îñåé èíåðöèè
ÊÀ îïðåäåëÿþòñÿ òðè ïîëîæèòåëüíûõ õàðàêòåðèñòè÷åñêèõ ÷èñëà ìàòðè-
öû {Ikl}3×3 ïî ôîðìóëå:

det{Iij − λkδij}3×3 = 0, k = 1, 2, 3. (5.4)

Ñîáñòâåííûå âåêòîðû ýòîé ìàòðèöû

ξk =

3∑
i=1

ξki ei (5.5)

îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè

3∑
i=1

Iijξ
k
j = λkξ

k
i , i = 1, 2, 3. (5.6)

Îíè äàþò íàïðàâëåíèå ãëàâíûõ îñåé èíåðöèè ÊÀ:
Â ãëàâíûõ îñÿõ èíåðöèè e1, e2, e3 èñêîìûé òåíçîð èíåðöèè Jkm èìååò

äèàãîíàëüíûé âèä:

{Jkm}3×3 =

{ 3∑
i,j=1

Iije
i
ke

j
m

}
3×3

=


A 0 0
0 B 0
0 0 C

, k,m = 1, 2, 3, (5.8)

ãäå eik � äåêàðòîâû êîîðäèíàòû îðòîâ ek, A,B,C � ãëàâíûå ìîìåíòû èíåð-
öèè ÊÀ, êîòîðûå âñåãäà ïîëîæèòåëüíûå.

6. Ðàñ÷åò ôèçèêî-ìåõàíè÷åñêèõ ïàðàìåòðîâ â "SolidWorks"

Äëÿ ñîçäàííîé êîíñòðóêöèè ïðîèçâåäåí ðàñ÷åò íåîáõîäèìûõ ïàðàìåò-
ðîâ â "SolidWorks".
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Øàã 6.1. Âíà÷àëå îáðàòèìñÿ ê âêëàäêå "Àíàëèç" íà ïàíåëè èíñòðó-
ìåíòîâ, ãäå ïðåäñòàâëåíû âñå äîñòóïíûå âèäû àíàëèçà. Âûáèðàåì "Ìàñ-

ñîâûå õàðàêòåðèñòèêè". Äàííûé èíñòðóìåíò ïîçâîëèò ðàññ÷èòàòü êîîðäè-
íàòû öåíòðà ìàññ è ìîìåíòû èíåðöèè â ëþáîé çàäàííîé ñèñòåìå êîîðäè-
íàò íà îñíîâå âûøåïðèâåäåííûõ ôîðìóë. Ðåçóëüòàòû ðàñ÷åòîâ âûâîäÿòñÿ
â îòäåëüíîì îêíå (Ðèñ. 6.2), äîïîëíèòåëüíî öåíòð ìàññ ÊÀ è íàïðàâëåíèå
îñíîâíûõ îñåé èíåðöèè èçîáðàæàþòñÿ íà ìîäåëè ÊÀ (Ðèñ. 6.1).

Ðèñóíîê 6.1 � Öåíòð ìàññ è îñíîâíûå îñè èíåðöèè, ïîêàçàííûå íà ìîäåëè ÊÀ
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Ðèñóíîê 6.2 � Äàííûå ðàñ÷åòîâ, âûïîëíåííûõ ïðîãðàììîé

Ïîñòðîåíû 3D-ìîäåëè êîìïëåêòóþùèõ èçäåëèé êîñìè÷åñêîãî àïïàðà-
òà, à òàêæå ìîäåëü êîñìè÷åñêîãî àïïàðàòà â ñáîðå â ñðåäå Solidworks. Ñ
èñïîëüçîâàíèåì ïîëó÷åííûõ ìîäåëåé âû÷èñëåíû ôèçèêî-ìåõàíè÷åñêèå ïà-
ðàìåòðû êîñìè÷åñêîãî àïïàðàòà "Ïîëèòåõ-1" ïðè ïîìîùè ÏÎ Solidworks.
Ïðèâåäåíî îïèñàíèå ìàòåìàòè÷åñêîãî àïïàðàòà, èñïîëüçóåìîãî ïðîãðàì-
ìîé Solidworks äëÿ âû÷èñëåíèé.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 29.11.2016
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Alexeyeva L.A., Suimenbayeva Z.B., Suleyev T.A. 3D-MODEL OF NANO-
SATELLITE "POLYTECH-1" AND CALCULATION OF ITS PHYSICO-
MECHANICAL PARAMETERS BY SOFTWARE SOLIDWORKS

A simulation technology of weight and size parameters of nanosatellite
is developed on the sample of student's satellite Politech-1, the results of
the development of 3D-model of solar batteries and nanosatellite design are
given. The possibility of nanosatellite's con�guration with the restrictions
on weight and size parameters of nanosatellite has shown, as well as the
alignment of satellite, the technique of the construction of spacecraft using
software "SolidWorks" is presented. The results allow to simulate various
options for alignment nanosatellite so that to develop control algorithms during
seminatural testing.

Àëåêñååâà Ë.À., Ñóéìåíáàåâà Æ.Á., Ñóëååâ Ò.À. "ÏÎËÈÒÅÕ-
1"ÍÀÍÎÑÅÐIÃIÍI� 3D-ÌÎÄÅËI Æ�ÍÅ ÎÍÛ� ÔÈÇÈÊÀËÛ�-
ÌÅÕÀÍÈÊÀËÛ� ÏÀÐÀÌÅÒÐËÅÐIÍ "SOLIDWORKS" Ï� ÏÀÉÄÀ-
ËÀÍÀ ÎÒÛÐÛÏ ÅÑÅÏÒÅÓ

"Ïîëèòåõ-1" ñòóäåíòòiê æåð ñåðiãiíi ³ëãiñiíäå íàíîñåðiêòi ìàññàëû©-
ãàáàðèòòiê ïàðàìåòðëåðií ìîäåëäåó òåõíîëîãèÿñû ºçiðëåíãåí, ê³í áàòà-
ðåÿëàðûíû æºíå íàíîñåðiêòi ©´ðûëûìûíû 3D-ìîäåëäåðiíºçiðëåóäi
íºòèæåëåði êåëòiðiëãåí. Íàíîñåðiêòi ñàëìà©òû© æºíå ãàáàðèòòiê ïà-
ðàìåòðëåðiíå ©îéûëàòûí øåêòåóëåðäi, ºði æåð ñåðiãií îðòàëû©òàíäû-
ðóäû åñêåðå îòûðûï íàíîñåðiêòi æèíà©òàóäû ì³ìêiíäiãi ê°ðñåòiëãåí,
"SolidWorks" ïðîãðàììàëû© ©àìñûçäàíäûðóûí ïàéäàëàíûï �àðûøòû©
àïïàðàòòû ©´ðàñòûðó ºäiñòåìåñi áåðiëãåí. Àëûí¡àí íºòèæåëåð æàðòûëàé
áîëìûñòû© òºæiðèáåëåð êåçiíäåãi áàñ©àðó àëãîðèòìäåði ©´ðàñòûðó ³øií
íàíîñåðiêòi îðòàëû©òàíäûðóäû ºðò³ðëi í´ñ©àëàðûí ìîäåëäåóãå ì³ìêií-
äiê áåðåäi.
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â ïðîöåññîð, ãäå ïðîèçâîäèòñÿ ïîèñê íàâèãàöèîííîãî ðåøåíèÿ è åãî âûäà÷à

ïîòðåáèòåëþ.

Êëþ÷åâûå ñëîâà: Öèôðîâàÿ îáðàáîòêà ñèãíàëîâ, GPS, èìèòàöèîííîå ìîäåëèðî-

âàíèå, Software De�ned Radio.

1. Ââåäåíèå

Áûñòðî ðàçâèâàþùàÿñÿ òåõíîëîãèÿ Software De�ned Radio (SDR) ïîëó-
÷èëà øèðîêîå ïðèçíàíèå è ïðèâëåêàåò ïîñòîÿííî ðàñòóùèé èíòåðåñ â îá-
ëàñòè ðàçðàáîòêè ðàäèîýëåêòðîííîãî îáîðóäîâàíèÿ. Òåõíîëîãèÿ SDR íà-
ïðàâëåíà íà ñîçäàíèå ïðèåìíèêîâ ñ ãèáêîé îòêðûòîé àðõèòåêòóðîé, êîòî-
ðàÿ ñïîñîáñòâóåò ïîñòðîåíèþ SDR ñ èçìåíÿåìîé êîíôèãóðàöèåé, ãäå âîç-
ìîæåí äèíàìè÷åñêèé âûáîð ïàðàìåòðîâ äëÿ îòäåëüíûõ ìîäóëåé [1]�[2].
Ïðèåìíèê íà áàçå òåõíîëîãèè SDR èñïîëüçóåò øèðîêîïîëîñíûé àíàëîãî-
öèôðîâîé ïðåîáðàçîâàòåëü (A/D-êîíâåðòåð), êîòîðûé ñïîñîáåí çàõâàòû-
âàòü âñå êàíàëû ïðîãðàììèðóåìûõ ðàäèîïåðåäàþùèõ óçëîâ. Ïðèåìíèê

Keywords: Digital signal processing, GPS, simulation modeling, Software De�ned

Radio.
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çàòåì âûäåëÿåò, ïðåîáðàçóåò ñ ïîíèæåíèåì ÷àñòîòû è äåìîäóëèðóåò âõîä-
íîé ñèãíàë â êàíàëå, èñïîëüçóÿ ïðîãðàììíîå îáåñïå÷åíèå óíèâåðñàëüíîãî
ìèêðîïðîöåññîðà. Òåõíîëîãè÷åñêàÿ èäåÿ ñîñòîèò â ðàçìåùåíèè øèðîêîïî-
ëîñíîãî àíàëîãî-öèôðîâîãî ïðåîáðàçîâàòåëÿ (A/D-êîíâåðòåðà) íàñòîëüêî
áëèçêî ê àíòåííå, íàñêîëüêî ýòî òåõíîëîãè÷åñêè öåëåñîîáðàçíî, à òàêæå
â ïåðåäà÷å ïîëó÷àåìûõ ñýìïëîâ â ïðîãðàììèðóåìûé ýëåìåíò è â ïðèìå-
íåíèè òåõíîëîãèé öèôðîâîé îáðàáîòêè ñèãíàëà äëÿ ïîëó÷åíèÿ æåëàåìîãî
ðåçóëüòàòà. SDR ïðèåìíèê ÿâëÿåòñÿ èäåàëüíîé ïëàòôîðìîé äëÿ ñîçäàíèÿ
è ïðîâåðêè àëãîðèòìîâ, à òàêæå äëÿ âîçìîæíîé èíòåãðàöèè ðàçðàáîòàí-
íûõ àëãîðèòìîâ â äðóãèå óñòðîéñòâà [3]�[4].

Ïðîãðàììèðóåìûé ïðèåìíèê GPS íà áàçå SDR âûçûâàåò ÿâíûé èíòå-
ðåñ ó èññëåäîâàòåëåé â îáëàñòè òåîðèè ñïóòíèêîâûõ íàâèãàöèîííûõ ñè-
ñòåì. GPS ïðèåìíèê, êîòîðûé îïèñûâàåòñÿ â äàííîì ðàçäåëå, ÿâëÿåòñÿ
îäíî÷àñòîòíûì ïðèåìíèêîì, èñïîëüçóþùèì êîä C/A â äèàïàçîíå L1. Ïî-
äîáíîå óñòðîéñòâî áûëî âûáðàíî äëÿ èññëåäîâàíèÿ â ñâÿçè ñ òåì, ÷òî îíî
ïîçâîëÿåò ñîõðàíÿòü àðõèòåêòóðó ïðèåìíèêà î÷åíü ïðîñòîé è ïîíÿòíîé
äëÿ ñëó÷àÿ ðåàëèçàöèè îäíîêàíàëüíîãî êîððåëÿòîðà.

Â äàííîì äîêëàäå ïðåäñòàâëåíà èìèòàöèîííàÿ ìîäåëü êîððåëÿòîðà
äëÿ ïðîãðàììèðóåìîãî ïðèåìíèêà GPS, êîòîðàÿ ðåàëèçîâàíà íà ïðî-
ãðàììíîì îáåñïå÷åíèè â ñðåäå MATLAB. Â êà÷åñòâå ÿçûêà ïðîãðàììè-
ðîâàíèÿ âûáðàí ïðîãðàììíûé ïðîäóêò MATLAB, ïîòîìó ÷òî îí ÿâëÿåò-
ñÿ äå-ôàêòî ñðåäîé ðàçðàáîòêè è ïðîåêòèðîâàíèÿ â íàó÷íî-òåõíè÷åñêèõ
èíñòèòóòàõ è óíèâåðñèòåòàõ. Ýòî ãèáêèé ÿçûê, åãî î÷åíü ëåãêî èçó÷èòü.
Êðîìå òîãî, îí ïðåäîñòàâëÿåò õîðîøèå ñðåäñòâà äëÿ îòîáðàæåíèÿ ãðàôè-
÷åñêèõ ðåçóëüòàòîâ [5].

Îïèñûâàåìàÿ èìèòàöèîííàÿ ìîäåëü êîððåëÿòîðà ñïîñîáíà îñóùåñòâ-
ëÿòü ïîëó÷åíèå íàâèãàöèîííîãî ñèãíàëà, ñëåæåíèå çà êîäîì è íåñóùåé
÷àñòîòîé, âûäåëåíèå íàâèãàöèîííîãî áèòà, äåêîäèðîâàíèå íàâèãàöèîííûõ
äàííûõ, îïðåäåëåíèå ïñåâäîäàëüíîñòè, à òàêæå âû÷èñëåíèå ìåñòîïîëîæå-
íèÿ ñ ïîìîùüþ ðåøåíèÿ îñíîâíîé íàâèãàöèîííîé çàäà÷è. Êðîìå òîãî, èìè-
òàöèîííàÿ ìîäåëü ïîçâîëÿåò èçìåíÿòü êëþ÷åâûå ïàðàìåòðû êîððåëÿòîðà
òàêèå, êàê êîíòóð øèðèíû øóìîâîé ïîëîñû ÷àñòîò, êîýôôèöèåíò çàòóõà-
íèÿ è äåêðåìåíò äëÿ DLL (DLL � öèêë ñèíõðîíèçàöèè ïî çàäåðæêå, delay
lock loop) è/èëè PLL (ñèñòåìà ôàçîâîé àâòîïîäñòðîéêè ÷àñòîòû � ÔÀÏÑ)
ñîñòàâëÿþùèõ, ãðàíèöû âûäåëåíèÿ è ñýìïëèðîâàíèÿ ñèãíàëà, ïðîìåæó-
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òî÷íóþ ÷àñòîòó (Ï×), ìàñêó âûñîòû ñïóòíèêà íàä ãîðèçîíòîì, ïîëîñó
ïðîïóñêàíèÿ ñèãíàëà è ò.ä.

Â çàêëþ÷èòåëüíîì ðàçäåëå äîêëàäà ïðèâîäÿòñÿ ðåçóëüòàòû òåñòèðî-
âàíèÿ è âåðèôèêàöèè èìèòàöèîííîé ìîäåëè îäíî÷àñòîòíîãî êîððåëÿòîðà
äëÿ âõîäíûõ äàííûõ ìîäåëè, êîòîðûå áûëè çàïèñàíû ñ ïîìîùüþ ôðîíòåí-
äà (frontend) ñïóòíèêîâûõ íàâèãàöèîííûõ ñèãíàëîâ â ðåæèìå ñòàòè÷åñêîãî
ïîëîæåíèÿ àíòåííû ïðèåìíèêà GPS. Äàííûå ðåçóëüòàòû ïîäòâåðæäàþò
ïðèåìëåìóþ ðàáîòîñïîñîáíîñòü ðàçðàáîòàííîé èìèòàöèîííîé ìîäåëè.

2. Ñòðóêòóðà èìèòàöèîííîé ìîäåëè

Èñõîäíûé îäíîêàíàëüíûé ïðèåìíèê GPS, ðàçðàáàòûâàåìûé íà îñíîâå
òåõíîëîãèè Software De�ned Radio, ïðåäñòàâëåí íà ðèñóíêå 1.

Ðèñóíîê 1 � Îäíîêàíàëüíûé êîððåëÿòîð ïðèåìíèêà GPS

Ïîèñê è ïðèåì (çàõâàò) ñèãíàëà äàåò ãðóáîå îïðåäåëåíèå ïàðàìåòðîâ
íàâèãàöèîííîãî ñèãíàëà. Ýòè ïàðàìåòðû óòî÷íÿþòñÿ äâóìÿ áëîêàìè îò-
ñëåæèâàíèÿ ñèãíàëîâ (òðåêèíãà). Ïîñëå îòñëåæèâàíèÿ âûäåëÿþòñÿ (äåêî-
äèðóþòñÿ) íàâèãàöèîííûå äàííûå è âû÷èñëÿåòñÿ ïñåâäîäàëüíîñòü.

Îáðàáàòûâàåìûé êîððåëÿòîðîì ïîòîê äàííûõ è ôóíêöèè MATLAB,
êîòîðûå ñîñòàâëÿþò èìèòàöèîííóþ ìîäåëü ïðèåìíèêà, îòîáðàæåíû íà ðè-
ñóíêå 2.

Íèæå ïðèâåäåíû êðàòêîå îïèñàíèå åäèíîé ñòðóêòóðû èìèòàöèîííîé
ìîäåëè è ïåðåìåííûå, êîòîðûå íàäåëÿþò ìîäåëü íåîáõîäèìûìè ñâîéñòâà-
ìè îäíîêàíàëüíîãî êîððåëÿòîðà.

Ïðè çàïóñêå ìîäåëè íåáîëüøàÿ ñåêöèÿ (íåñêîëüêî ìèëëèñåêóíä) â íà-
÷àëå ôàéëà âõîäíûõ äàííûõ ãëîáàëüíûõ íàâèãàöèîííûõ ñïóòíèêîâûõ ñè-
ñòåì (ÃÍÑÑ) ñ÷èòûâàåòñÿ è ïåðåäàåòñÿ â ôàéë acquisition.m äëÿ èìèòàöèè
çàõâàòà ñèãíàëà; m-ôàéë çàõâàòà ïðîñìàòðèâàåò åå íà ïðèñóòñòâèå ñèã-
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Ðèñóíîê 2 � Äèàãðàììà îáðàáîòêè ïîòîêà äàííûõ â èìèòàöèîííîé ìîäåëè

íàëîâ GPS. Îí îïðåäåëÿåò ÷àñòîòó è âðåìåííîé ñäâèã êîäà Ñ/À (coarse
acquisition, ãðóáûé çàõâàò) äëÿ êàæäîãî íîìåðà îáíàðóæåííîãî ñèãíàëà
GPS. Äàííûå ðåçóëüòàòû îáðàáîòêè ñîõðàíÿþòñÿ â ìàññèâå acqResults.

Çàòåì ôóíêöèÿ preRun ñ÷èòûâàåò ðåçóëüòàòû çàõâàòà è èíèöèèðóåò
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çàïóñê âñåõ êàíàëîâ ïðîãðàììíîãî îáåñïå÷åíèÿ. Åñëè ÷èñëî äîñòóïíûõ
ñïóòíèêîâ ìåíüøå, ÷åì ÷èñëî êàíàëîâ, òî íåíóæíûå êàíàëû îòêëþ÷àþòñÿ.
Êðîìå òîãî, ýòà ôóíêöèÿ óäàëÿåò âñå ðåçóëüòàòû îáðàáîòêè îò âîçìîæíûõ
ïðåäûäóùèõ çàïóñêîâ. Òàêèì îáðàçîì, îíà ïîäãîòàâëèâàåò ÷èñòóþ ñðåäó
äëÿ ïîñëåäóþùåãî çàïóñêà.

Ïîñëå èíèöèàëèçàöèè êàíàëîâ áëîê ñýìïëîâ ñèãíàëà ñ÷èòûâàåòñÿ èç
çàïèñàííîãî ôàéëà è ïåðåäàåòñÿ ôóíêöèè ñëåæåíèÿ çà ñèãíàëîì track.m.
Ôóíêöèÿ ñëåæåíèÿ îñóùåñòâëÿåò îòñëåæèâàíèå ñèãíàëîâ ïî âñåì âîçìîæ-
íûì êàíàëàì, îïðåäåëÿåò ãðàíèöû áèòîâ, ñîõðàíÿåò áèòû íàâèãàöèîí-
íûõ äàííûõ è äåêîäèðóåò äàííûå. Äåêîäèðîâàííûå ýôåìåðèäû ñîõðàíÿ-
þòñÿ â ìàññèâå ýôåìåðèä (Ýô � eph). Ðåçóëüòàòû ñëåæåíèÿ (âûõîäíûå
äàííûå ñ êîððåëÿòîðîâ, äèñêðèìèíàòîðîâ è ò.ä.) ñîõðàíÿþòñÿ â ìàññèâå
trackResults. Â íàñòðîéêàõ ìîæíî óêàçàòü, êàê äîëãî äîëæíî îñóùåñòâ-
ëÿòüñÿ îòñëåæèâàíèå.

Ïîñëå îêîí÷àíèÿ îòñëåæèâàíèÿ çàïóñêàåòñÿ ôóíêöèÿ postNavigation
äëÿ îáðàáîòêè ñèãíàëà. Îíà èäåíòèôèöèðóåò íà÷àëî ñóáôðåéìà, îïðåäå-
ëÿåò âðåìÿ ïåðåäà÷è ñèãíàëà è âñå ïñåâäîäàëüíîñòè.

Çàòåì ýòîò æå m-ôàéë âû÷èñëÿåò êîîðäèíàòû ECEF àíòåííû ïðèåì-
íèêà GPS, ïîñëå ÷åãî êîîðäèíàòû ECEF ïðåîáðàçóþòñÿ â çàäàâàåìóþ ñè-
ñòåìó êîîðäèíàò, íàïðèìåð, UTM èëè WGS84.

3. Ìàññèâ íàñòðîåê èìèòàöèîííîé ìîäåëè (Settings)

Âñå ïåðåìåííûå, ïðèñóùèå ñðàçó âñåì áëîêàì èìèòàöèîííîé ìîäåëè,
ðàâíî êàê ïðèñóùèå êîíêðåòíîìó áëîêó, ñîõðàíÿþòñÿ â îäíîì ìàññèâå íà-
ñòðîåê (Settings). Ýòîò ïîäõîä îáåñïå÷èâàåò öåíòðàëèçîâàííîå è ãèáêîå
óïðàâëåíèå èìèòàöèîííîé ìîäåëüþ. Íàïðèìåð, ñýìïëèðîâàíèå îñíîâàí-
íûõ íà ÷àñòîòå ïàðàìåòðîâ èñïîëüçóåòñÿ ìíîãèìè ôàéëàìè: îò ïîëó÷åíèÿ
(çàõâàòà) äî âû÷èñëåíèÿ ïñåâäîäàëüíîñòåé. Ïîñêîëüêó ïàðàìåòðû îáíîâ-
ëÿþòñÿ â íàñòðàèâàåìûõ ïåðåìåííûõ, âñå ôàéëû áóäóò èñïîëüçîâàòü èç-
ìåíåííûå çíà÷åíèÿ.

Åùå îäíèì ïðåèìóùåñòâîì ÿâëÿåòñÿ òî, ÷òî ñïèñîê ïàðàìåòðîâ ôóíê-
öèé íå çàâèñèò îò òîãî, ñêîëüêî ïàðàìåòðîâ ôóíêöèÿ ôàêòè÷åñêè èñïîëü-
çóåò. Èçìåíåíèÿ âíóòðè ôóíêöèè íå ñêàçûâàþòñÿ íà êîäå âûçîâà ôóíêöèè.

Íàèáîëåå ÷àñòî èñïîëüçóåìûìè ïåðåìåííûìè â ìàññèâå íàñòðîåê èìè-
òàöèîííîé ìîäåëè ÿâëÿþòñÿ:
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IFfrequency � ïðîìåæóòî÷íàÿ ÷àñòîòà ñèãíàëà GPS, Ãö;

samplingFrequency � ÷àñòîòà, íà êîòîðîé ñèãíàë GPS ñýìïëèðóåòñÿ, Ãö;

msToProcess � ýòà ïåðåìåííàÿ óñòàíîâëåíà ðàâíîé 37000 äëÿ òîãî, ÷òî-
áû îáåñïå÷èòü îáðàáîòêó âñåõ ïÿòè øåñòèñåêóíäíûõ ñóáôðåéìîâ, ïðè÷åì
ïåðâûå 1000 ìñ ìîãóò áûòü èñêëþ÷åíû èç-çà ïåðåõîäà â ñîñòîÿíèÿ ñëåæå-
íèÿ çà ñèãíàëîì;

processBlockSize � â ýòîé ïåðåìåííîé óêàçàíû pàçìåðû áëîêîâ äëÿ îá-
ðàáîòêè ôóíêöèåé ñëåæåíèÿ çà ñèãíàëîì;

numberOfChannels óñòàíàâëèâàåò ÷èñëî ïîñëåäîâàòåëüíî îáðàáàòûâàå-
ìûõ êàíàëîâ èìèòàöèîííîé ìîäåëè êîððåëÿòîðà.

Ôóíêöèÿ initSettings ñîçäàåò ìàññèâ íàñòðîåê (Settings). Â ñàìûé ïåð-
âûé ðàç äàííàÿ ôóíêöèÿ èñïîëíÿåòñÿ ñêðèïòîì init. Ôóíêöèÿ äîëæíà èñ-
ïîëíÿòüñÿ êàæäûé ðàç, êîãäà èçìåíÿþòñÿ ïåðåìåííûå. Îïûòíûé ïîëü-
çîâàòåëü ìîæåò èçìåíÿòü íåêîòîðûå ïåðåìåííûå íàïðÿìóþ â ìàññèâå íà-
ñòðîåê. Îäíàêî, äåëàòü ýòî ñëåäóåò îñòîðîæíî, òàê êàê íåêîòîðûå ïåðåìåí-
íûå èìåþò âíóòðåííèå çàâèñèìîñòè è ïåðåñ÷èòûâàþòñÿ àâòîìàòè÷åñêè.
Ïîýòîìó íàèáîëåå áåçîïàñíûì ñïîñîáîì ÿâëÿåòñÿ èçìåíåíèå ïåðåìåííûõ
÷åðåç ôóíêöèþ initSettings, êîòîðàÿ äîëæíà áûòü ïîñëå ýòîãî ïîâòîðíî
èñïîëíåíà.

Ïåðåìåííûå, ÷üÿ çàâèñèìîñòü ïðîïèñàíà â îñíîâíûõ áëîêàõ îáðàáîòêè
öèôðîâîãî ñèãíàëà, îïèñàíû â ñëåäóþùèõ ðàçäåëàõ äîêëàäà.

4. Ôóíêöèÿ çàõâàòà è âûäåëåíèÿ ñèãíàëà (Acquisition function)

Ôóíêöèÿ çàõâàòà è âûäåëåíèÿ ñèãíàëà èñïîëüçóåò àëãîðèòì âûäåëå-
íèÿ ïàðàëëåëüíûì ïîèñêîì ïî âðåìåííîìó ñäâèãó êîäà. Öåëüþ ÿâëÿåòñÿ
óñòàíîâëåíèå ïàðàìåòðîâ ñèãíàëà äëÿ âñåõ äîñòóïíûõ ñïóòíèêîâ â çàïèñè
äàííûõ äëèíîé íåñêîëüêèõ ìñ (ìèëëèñåêóíä). Áëîê-äèàãðàììà èñïîëíå-
íèÿ ðåàëèçîâàííîãî àëãîðèòìà ïðåäñòàâëåíà íà ðèñóíêå 3.

Ôóíêöèÿ çàõâàòà è âûäåëåíèÿ èùåò ñèãíàë GPS ñ øàãîì ÷àñòîòû 0.5
êÃö. Äëÿ êàæäîãî øàãà ÷àñòîòû îñóùåñòâëÿåòñÿ ïàðàëëåëüíûé ïîèñê ôà-
çû êîäà. Ðåçóëüòàòû êîððåëÿöèè ñîõðàíÿþòñÿ è ôóíêöèÿ ïåðåõîäèò ê ñëå-
äóþùåìó øàãó ÷àñòîòû. Òàêèì îáðàçîì, ôóíêöèÿ ïîøàãîâî ïðîõîäèò ÷å-
ðåç âñå ÷àñòîòíûå äèàïàçîíû (â îïðåäåëåííîì ïîëüçîâàòåëåì ïðîñòðàí-
ñòâå Äîïëåðà). Çàòåì ôóíêöèÿ èùåò âåëè÷èíó ìàêñèìàëüíîé êîððåëÿöèè
(ïèê êîððåëÿöèè) â ðåçóëüòàòàõ âñåõ ýëåìåíòîâ ðàçðåøåíèÿ ïî ÷àñòîòå.
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Ïîñëå òîãî êàê ïèê îáíàðóæåí, ôóíêöèÿ èùåò ñëåäóþùèé ïî âûñîòå ïèê
êîððåëÿöèè íà ýòîì æå ýëåìåíòå ðàçðåøåíèÿ ïî ÷àñòîòå, â êîòîðîì ðàñïî-
ëîæåí ìàêñèìàëüíûé ïî âûñîòå ïèê. Çàòåì ñîîòíîøåíèå ýòèõ äâóõ ïèêîâ
èñïîëüçóåòñÿ äëÿ óñòàíîâëåíèÿ ïðàâèëà îáíàðóæåíèÿ ñèãíàëà. Ñîîòíîøå-
íèå ñðàâíèâàåòñÿ ñ âåëè÷èíîé, ïðåäâàðèòåëüíî óêàçàííîé â íàñòðîéêàõ
èìèòàöèîííîé ìîäåëè, acqthreshold. Ýòî ïîðîãîâîå çíà÷åíèå íå çàâèñèò îò
÷àñòîòû ñýìïëèðîâàíèÿ è, òàêèì îáðàçîì, íå çàâèñèò îò ðàçìåðà ïèêà è
óðîâíÿ øóìà.

Åñëè âåëè÷èíà ñîîòíîøåíèÿ ïèêîâ áîëüøå, ÷åì óêàçàííàÿ âåëè÷èíà,
óòî÷íåííàÿ ÷àñòîòà çàõâàòà ñèãíàëà óñòàíàâëèâàåòñÿ ÷åðåç ïðåäâàðèòåëü-
íî êîððåëèðîâàííûé FFT ïîäõîä. Ýòî íåîáõîäèìî ñäåëàòü äëÿ òîãî ÷òîáû
çàäàòü âõîäíûå çíà÷åíèÿ äëÿ ôóíêöèè PLL â áëîêå òðåêèíãà äëÿ íà÷à-
ëà ñëåæåíèÿ çà ñèãíàëîì. Òî÷íîñòü ÷àñòîòû 0,5 êÃö ÿâëÿåòñÿ ñëèøêîì
ãðóáîé äëÿ òîãî, ÷òîáû PLL íà÷àëà ïðîöåäóðó ñëåæåíèÿ.

Ïàðàìåòðàìè ôóíêöèè çàõâàòà è âûäåëåíèÿ ÿâëÿþòñÿ íà÷àëüíûå çàïè-
ñàííûå äàííûå, òàáëèöà ñ ïðåäâàðèòåëüíî ãåíåðèðîâàííûìè C/A êîäàìè
è ìàññèâ íàñòðîåê.

Ñïèñîê ñïåöèàëüíûõ ïåðåìåííûõ èç ôóíêöèè ïîëó÷åíèÿ (çàõâàòà) ñèã-
íàëà, ñîäåðæàùèéñÿ â ìàññèâå íàñòðîåê, èìååò ñëåäóþùèé âèä:

acq_satelliteList � â ýòîé ïåðåìåííîé óêàçàí PRN ñïóòíèêà. Çàõâàò áó-
äåò îñóùåñòâëÿòüñÿ òîëüêî ïî êîíêðåòíûì ñïóòíèêàì. Ïóñòîé ñïèñîê â
ïåðåìåííîé (ïî óìîë÷àíèþ) çàïóñêàåò ïîèñê äëÿ âñåõ äîñòóïíûõ ñïóòíè-
êîâ;

acq_searchBand óêàçûâàåò ïîëîñó ÷àñòîò, â êîòîðîé íåîáõîäèìî îñó-
ùåñòâëÿòü ïîèñê ñèãíàëîâ, è ÿâëÿåòñÿ öåëûì ÷èñëîì êÃö. Îíà öåíòðè-
ðîâàíà îêîëî Ï× (Intermediate Frequency). Âî âðåìÿ ïîèñêà äîñòóïíûõ
ñèãíàëîâ ôóíêöèÿ çàõâàòà èñïîëüçóåò øàãè ïî 0.5 êÃö;

acq_threshold îïðåäåëÿåò ïîðîã ñðàáàòûâàíèÿ ïðè îáíàðóæåíèè ñèã-
íàëà.

Ðåçóëüòàòîì èñïîëíåíèÿ áëîêà çàõâàòà è âûäåëåíèÿ ÿâëÿåòñÿ ñòðî÷-
íûé ìàññèâ acqResults, ñîäåðæàùèé ðåçóëüòàòû ïîèñêà äëÿ âñåõ ñïóòíè-
êîâ, óêàçàííûõ â acq_satelliteList. Åñëè ñèãíàë ñïóòíèêà îáíàðóæåí, ïî-
ëå signalDetected óñòàíàâëèâàåòñÿ íà åäèíè÷êó äëÿ äàííîãî êîíêðåòíîãî
ñïóòíèêà.
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Ðèñóíîê 3 � Áëîê-ñõåìà ïîñëåäîâàòåëüíîñòè îïåðàöèé

ïàðàëëåëüíîãî àëãîðèòìà çàõâàòà ñèãíàëà ñ âðåìåííûì ñäâèãîì êîäà

5. Ôóíêöèÿ ñëåæåíèÿ çà ñèãíàëîì (Tracking function)

Äàííûé áëîê èìèòàöèîííîé ìîäåëè îñóùåñòâëÿåò ñëåæåíèå çà ñèãíà-
ëàìè GPS, ðàñïîëîæåííûìè â êàæäîì èç êàíàëîâ ñîãëàñíî ðèñóíêó 4.
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Ôóíêöèÿ íà âõîäå ïðèíèìàåò ñëåäóþùèå ïàðàìåòðû: ôàéë ñ çàïèñàí-
íûì ñèãíàëîì ñ ôðîíòåíäà, ìàññèâ channel, ñèíóñîèäàëüíûå, êîñèíóñî-
èäàëüíûå òàáëèöû è òàáëèöû êîäîâ C/A. Ôóíêöèÿ îáðàáàòûâàåò áëîê
ñýìïëîâ è âîçâðàùàåò äâà ìàññèâà: ðåçóëüòàòû ñëåæåíèÿ çà ñèãíàëîì
trackResults è îáíîâëåííûé ìàññèâ channel.

Ìàññèâ channel èñïîëüçóåòñÿ äëÿ ïåðåäà÷è íà÷àëüíîé èíôîðìàöèè äëÿ
êàæäîãî êàíàëà, à òàêæå äëÿ ñîõðàíåíèÿ èíôîðìàöèè ïî òåêóùåìó êàíà-
ëó. Âòîðàÿ öåëü äàííîãî ìàññèâà � îáåñïå÷åíèå íåïðåðûâíîãî ñëåæåíèÿ
çà ñèãíàëîì. Òàêèì îáðàçîì, îáðàáîòêà äâóõ è áîëåå áëîêîâ ñèãíàëîâ ìî-
æåò ïðîèçâîäèòüñÿ íåïðåðûâíî. Äàííûé ìàññèâ ñîäåðæèò òåêóùóþ (èç
ïîñëåäíåé îáðàáîòàííîé ìèëëèñåêóíäû, ìñ) èíôîðìàöèþ ïî íåñóùåé ÷à-
ñòîòå, âðåìåííîìó ñäâèãó êîäà, íîìåðó PRN îòñëåæèâàåìîãî ñïóòíèêà,
âðåìåííûå çíà÷åíèÿ öèêëè÷íûõ ôèëüòðîâ è èíôîðìàöèþ ïî îïîðíûì ãå-
íåðàòîðàì ñèãíàëîâ.

Ñëåäóþùèå ïàðàìåòðû äëÿ ñëåæåíèÿ çà ñèãíàëîì íåñóùåé ñîäåðæàòñÿ
â ìàññèâå íàñòðîåê:

PLL_dampingRatio � êîýôôèöèåíò çàòóõàíèÿ;

PLL_noiseBandwidth � øèðèíà øóìîâîé ïîëîñû ÷àñòîò PLL.

Ñëåäóþùèé ñïèñîê ïðåäñòàâëÿåò ñïåöèôè÷åñêèå ïåðåìåííûå, ñîäåðæà-
ùèåñÿ â ñòðóêòóðå óñòàíîâêè:

DLL_CACorrellatorSpacing � ðàññòîÿíèå ìåæäó ñèãíàëàìè óïðåæäàþ-
ùåãî è çàïàçäûâàþùåãî êîððåëÿòîðà â åäèíèöàõ ñåìïëîâ C/A êîäà;

DLL_dampingRatio � êîýôôèöèåíò çàòóõàíèÿ äëÿ öèêëà ñèíõðîíèçà-
öèè ïî çàäåðæêå;

DLL_noiseBandwidth � øèðèíà øóìîâîé ïîëîñû ÷àñòîò äëÿ öèêëà ñèí-
õðîíèçàöèè ïî çàäåðæêå.

Ìàññèâ trackResults ÿâëÿåòñÿ îñíîâíûì ðåçóëüòàòîì èñïîëíåíèÿ ôóíê-
öèè ñëåæåíèÿ. Îíà ñîäåðæèò ðåçóëüòàòû äëÿ âñåõ êàíàëîâ è äëÿ êàæäîé
ìèëëèñåêóíäû (ìñ) îáðàáîòàííîãî áëîêà: èíôîðìàöèþ î ñâîéñòâàõ ñèã-
íàëà (íåñóùàÿ ÷àñòîòà è âðåìåííîé ñäâèã êîäà), à òàêæå âûõîäû ñî âñåõ
øåñòè êîððåëÿòîðîâ è öèêëà äèñêðèìèíàòîðà.

Ðåçóëüòàò ðàáîòû áëîêà ñëåæåíèÿ çà ñèãíàëîì èñïîëüçóåòñÿ êàê âõîä-
íîå çíà÷åíèå äëÿ ôóíêöèè íàâèãàöèè â ïîñòîáðàáîòêå (postNavigation
function). Äîïîëíèòåëüíàÿ èíôîðìàöèÿ èñïîëüçóåòñÿ äëÿ ïîñòðîåíèÿ ãðà-
ôèêà ðåçóëüòàòîâ ñëåæåíèÿ è äëÿ àíàëèçà ïðîèçâîäèòåëüíîñòè èìèòàöè-
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Ðèñóíîê 4 � Áëîê-ñõåìà ïîñëåäîâàòåëüíîñòè îïåðàöèé â èìèòàöèîííîé ìîäåëè

îííîé ìîäåëè ïðèåìíèêà GPS. Íàïðèìåð, ìîæíî âîñïîëüçîâàòüñÿ ôóíêöè-
åé plotTracking äëÿ ïîñòðîåíèÿ ãðàôèêà ñëåæåíèÿ çà ñèãíàëîì ïî ëþáîìó
îòäåëüíîìó êàíàëó.
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6. Ôóíêöèÿ íàâèãàöèè â ïîñòîáðàáîòêå (postNavigation

function)

Ôóíêöèÿ çàïóñêàåòñÿ ïðè îáíàðóæåíèè ñìåíû áèòîâ è ìåñòîïîëîæåíèé
ïðåàìáóë, çàòåì ïîëó÷àåò çíà÷åíèÿ áèòîâ, äàëåå äåêîäèðóåò ýôåìåðèäû. Â
ýòîì ó÷àñòâóåò òîëüêî èíôîðìàöèÿ èç ñóáôðåéìîâ 1, 2 è 3. Òàêæå ìîæåò
áûòü ïðîèçâåäåíî äåêîäèðîâàíèå ñóáôðåéìîâ 4 è 5, êàê ïðåäñòàâëåíî íà
ðèñóíêå 5.

Ðèñóíîê 5 � Áëîê-ñõåìà ïîñëåäîâàòåëüíîñòè îïåðàöèé

âû÷èñëåíèÿ ìåñòîïîëîæåíèÿ àíòåííû GPS

Ïîñëå äåêîäèðîâàíèÿ äàííàÿ ôóíêöèÿ âûçûâàåò ôóíêöèþ èçìåðåíèÿ
ïñåâäîäàëüíîñòè, à òàêæå ôóíêöèþ äëÿ âû÷èñëåíèÿ êîîðäèíàò àíòåííû
GPS. Âû÷èñëåíèÿ ïñåâäîäàëüíîñòè è ìåñòîïîëîæåíèÿ ïðîèçâîäÿòñÿ â ïå-
ðèîä âðåìåíè, êîòîðîå óêàçàíî â ìàññèâå íàñòðîåê èìèòàöèîííîé ìîäåëè.

Âõîäîì äëÿ ôóíêöèè postNavigation ÿâëÿþòñÿ ðåçóëüòàòû ñëåæåíèÿ çà
ñèãíàëîì è òåêóùèé ìàññèâ íàñòðîåê, à âûõîäîì ÿâëÿþòñÿ ïñåâäîäàëüíî-
ñòè è ïîëó÷åííûå êîîðäèíàòû. Ôóíêöèÿ postNavigation ñ÷èòûâàåò ñëåäó-
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þùèå ïåðåìåííûå:
navSolPeriod � óêàçûâàåò èìèòàöèîííîé ìîäåëè ÷àñòîòó âû÷èñëåíèé

ïñåâäîäàëüíîñòè è êîîðäèíàò àíòåííû GPS;
elevationMask � ìàñêà âîñõîæäåíèÿ ñïóòíèêà. Óñòàíàâëèâàåò ìèíè-

ìàëüíûé óãîë âîñõîæäåíèÿ äëÿ ñïóòíèêà, èíôîðìàöèÿ ïî êîòîðîìó èñ-
ïîëüçóåòñÿ ïðè ðåøåíèè îñíîâíîé íàâèãàöèîííîé çàäà÷è. Ýòî îãðàíè÷åíèå
ââîäèòñÿ, ïîòîìó ÷òî ñèãíàëû îò ñïóòíèêîâ ñ íèçêèìè óãëàìè âîñõîæäå-
íèÿ ïîäâåðæåíû áîëüøèì àòìîñôåðíûì îøèáêàì;

UTMzone � çîíà UTM, êîòîðàÿ äîëæíà èñïîëüçîâàòüñÿ ïðè ïðåîáðà-
çîâàíèè êîîðäèíàò èç ECEF â UTM. Ýòî öåëî÷èñëåííîå çíà÷åíèå, êîòîðîå
çàâèñèò îò ìåñòîïîëîæåíèÿ àíòåííû ïðèåìíèêà;

truePosition � åñëè òî÷íîå ïîëîæåíèå àíòåííû ïðèåìíèêà èçâåñòíî, òî-
ãäà â íàñòðîéêàõ ìîãóò áûòü óêàçàíû òîïîöåíòðè÷åñêèå êîîðäèíàòû àí-
òåííû â ñèñòåìå East�North�Up (ENU - Âîñòîê, Ñåâåð è Ââåðõ). Ýòè êî-
îðäèíàòû áóäóò âû÷òåíû èç êîîðäèíàò, âû÷èñëåííûõ èìèòàöèîííîé ìî-
äåëüþ êîððåëÿòîðà, çàòåì ðåçóëüòàò áóäåò ïîêàçàí íà ãðàôèêå. Ìîæíî
ââåñòè ïàðàìåòðû èìèòàöèîííîé ìîäåëè êàê ïðèáëèçèòåëüíûå êîîðäèíà-
òû èëè æå ïðèðàâíÿòü èõ ê íóëÿì.

6.1 Âû÷èñëåíèå ïñåâäîäàëüíîñòåé (Pseudorange

ñomputation)

Ýòà ôóíêöèÿ âû÷èñëÿåò ïñåâäîäàëüíîñòè ïî âñåì ñïóòíèêàì, îáðàáî-
òàííûì ôóíêöèåé ñëåæåíèÿ. Ïñåâäîäàëüíîñòè íå âû÷èñëÿþòñÿ äëÿ íà-
âèãàöèîííûõ êàíàëîâ, íåîáðàáîòàííûõ ôóíêöèåé ñëåæåíèÿ, äëÿ êàíàëîâ,
êîòîðûå èìåþò íåîáíàðóæåííûå ïðåàìáóëû, èëè äëÿ êàíàëîâ, êîòîðûå
èìåþò îáíàðóæåííóþ îøèáêó, âûÿâëåííóþ êîíòðîëåì ïî ÷åòíîñòè â íà-
âèãàöèîííûõ äàííûõ â ñîîòâåòñòâèè ñ ðèñóíêîì 6.

Âõîäîì äëÿ ôóíêöèè ÿâëÿåòñÿ âûõîä ñèíôàçíîé ñîñòàâëÿþùåé êîð-
ðåëÿòîðà. Ôóíêöèè òàêæå íóæíà óòî÷íåííàÿ èíôîðìàöèÿ ïî âðåìåííîìó
ñäâèãó êîäà. Îáû÷íî îáå ýòè âõîäíûå ïåðåìåííûå ñ÷èòûâàþòñÿ èç ìàññèâà
trackResults.

Âûõîäîì äàííîé ôóíêöèè ÿâëÿåòñÿ ñïèñîê ïñåâäîäàëüíîñòåé è ñîîò-
âåòñòâóþùèå èì äëèòåëüíîñòè ïåðåäà÷è ñèãíàëà (SOW) äëÿ èçìåðåííûõ
ïñåâäîäàëüíîñòåé.
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Ðèñóíîê 6 � Áëîê-ñõåìà ïîñëåäîâàòåëüíîñòè îïåðàöèé

âû÷èñëåíèÿ ïñåâäîäàëüíîñòåé

6.2. Âû÷èñëåíèå ìåñòîïîëîæåíèÿ (Position ñomputation)

Ôóíêöèÿ leastSquaresPos âû÷èñëÿåò ïîëîæåíèå àíòåííû GPS èç ðà-
íåå âû÷èñëåííûõ èçìåðåíèé ïñåâäîäàëüíîñòåé. Åñëè ïî êàêîé-ëèáî ïðè-
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÷èíå ïîëíûå ýôåìåðèäû ñïóòíèêà íåäîñòóïíû, òî ñîîòâåòñòâóþùàÿ ïñåâ-
äîäàëüíîñòü èñêëþ÷àåòñÿ èç âû÷èñëåíèÿ ñîãëàñíî ðèñóíêó 7.

Ïðè ïåðâîì âû÷èñëåíèè óãëû âîñõîæäåíèÿ âñåõ ñïóòíèêîâ óñòàíàâëè-
âàþòñÿ íà ìàêñèìóì. Ýòî íåîáõîäèìî äëÿ îïðåäåëåíèÿ êîîðäèíàò àíòåííû
è äëÿ âû÷èñëåíèÿ èñòèííûõ óãëîâ âîñõîæäåíèÿ âñåõ ñïóòíèêîâ. Âñå ïî-
ñëåäóþùèå âû÷èñëåíèÿ ïîëîæåíèÿ àíòåííû áóäóò èñêëþ÷àòü èçìåðåíèÿ
ïñåâäîäàëüíîñòåé îò ñïóòíèêîâ ñ óãëàìè âîñõîæäåíèÿ íèæå, ÷åì ìàñêà
âîñõîæäåíèÿ (elevationMask).

Íà ôèíàëüíîé ñòàäèè ôóíêöèÿ postNavigation ïðåîáðàçóåò êîîðäèíàòû
ECEF â ãåîäåçè÷åñêóþ ñèñòåìó êîîðäèíàò UTM. Ðåçóëüòàòû ñîõðàíÿþòñÿ
â ìàññèâå navSolutions.

7. Òåñòèðîâàíèå èìèòàöèîííîé ìîäåëè êîððåëÿòîðà â ðåæèìå

ïîñòîáðàáîòêè

Äëÿ ïðîâåðêè àäåêâàòíîñòè èìèòàöèîííîé ìîäåëè öèôðîâîãî êîððåëÿ-
òîðà ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû. Äëÿ ýòîãî â ñðåäó ìîäåëèðîâà-
íèÿ MATLAB èìïîðòèðîâàíû âõîäíûå äàííûå äëÿ èìèòàöèîííîé ìîäåëè,
êîòîðûå ïðåäñòàâëÿþò ñîáîé ôàéë ñ ñîõðàíåííûìè äèñêðåòíûìè îò÷åòà-
ìè ñèãíàëîâ GPS íà ïðîìåæóòî÷íîé ÷àñòîòå. Â äàííîì ôàéëå õðàíèòñÿ
ïîñëåäîâàòåëüíîñòü îöèôðîâàííûõ îò÷åòîâ, êîòîðûå ïðèíèìàþò îäíî èç
÷åòûðåõ øåñòíàäöàòåðè÷íûõ çíà÷åíèé, à èìåííî: 0x01, 0xFF, 0xFD è 0x03
â ñîîòâåòñòâèè ñ ðèñóíêîì 8. Âõîäíûå äàííûå áûëè çàïèñàíû ñ ïîìîùüþ
ôðîíòåíäà (front-end) è ÃÍÑÑ àíòåííû, ðàñïîëîæåííîé â òî÷êå ñ õîðîøî
èçâåñòíûìè êîîðäèíàòàìè äëÿ âåðèôèêàöèè ðåçóëüòàòîâ îáðàáîòêè äàí-
íûõ íà îñíîâå èìèòàöèîííîé ìîäåëè. Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåí-
òîâ ïðåäñòàâëåíû íà ðèñóíêå 9. Ïîëó÷åííûå ðåçóëüòàòû ïîäòâåðæäàþòñÿ
ýêñïåðèìåíòàëüíûìè èçìåðåíèÿìè, ïîëó÷åííûìè ñ ïîìîùüþ âûñîêîòî÷-
íîãî äâóõ÷àñòîòíîãî ÃÍÑÑ ïðèåìíèêà Novatel 628.

Â âåðõíåé ÷àñòè ðèñóíêà 9 ïðåäñòàâëåí ãðàôèê, íà êîòîðîì â ðåæèìå
ïîñòîáðàáîòêè ñ ïîìîùüþ èìèòàöèîííîé ìîäåëè öèôðîâîãî êîððåëÿòîðà
áûëè ðàññ÷èòàíû êîîðäèíàòû àíòåííû GPS. Âõîäíûå äàííûå ñ ôðîíòåí-
äà ïîñòóïàëè íà âõîä èìèòàöèîííîé ìîäåëè â òå÷åíèå 500 ìñ. Íà ãðàôè-
êå ïðåäñòàâëåíî îòêëîíåíèå ðàññ÷èòàííûõ êîîðäèíàò àíòåííû îò èñòèí-
íûõ çíà÷åíèé ìåñòîïîëîæåíèÿ â ñèñòåìå êîîðäèíàò ENU (Âîñòîê-Ñåâåð-
Ââåðõ).
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Ðèñóíîê 7 � Áëîê-ñõåìà ïîñëåäîâàòåëüíîñòè îïåðàöèé

âû÷èñëåíèÿ ìåñòîïîëîæåíèÿ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ

Íà âòîðîì ãðàôèêå â íèæíåé ëåâîé ÷àñòè ðèñóíêà 9 ïðåäñòàâëåíû ðå-
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Ðèñóíîê 8 � Âõîäíûå äàííûå äëÿ èìèòàöèîííîé ìîäåëè öèôðîâîãî êîððåëÿòîðà

çóëüòàòû òîãî æå ýêñïåðèìåíòà, â êîòîðîì âñå ðàñ÷åòíûå êîîðäèíàòû è
êîîðäèíàòû èñòèííîãî ìåñòîïîëîæåíèÿ àíòåííû (êðàñíûé êðåñòèê) ñïðî-
åöèðîâàíû íà ïëîñêîñòü Ñåâåð (North) Âîñòîê (East).

Â íèæíåé ïðàâîé ÷àñòè ðèñóíêà 9 ïðèâåäåí ãðàôèê ðàñïîëîæåíèÿ GPS
ñïóòíèêîâ ïðè ïðîåöèðîâàíèè íà ïëîñêîñòü ãîðèçîíòà îòíîñèòåëüíî òî÷êè
íàáëþäåíèÿ, êîòîðàÿ íàõîäèòñÿ â öåíòðå àíòåííû ÃÍÑÑ.

Òåñòèðîâàíèå ýêñïåðèìåíòàëüíîãî îáðàçöà öèôðîâîãî êîððåëÿòîðà
ïðîõîäèëî â Ëàáîðàòîðèè ñïóòíèêîâûõ íàâèãàöèîííûõ òåõíîëîãèé Èí-
ñòèòóòà êîñìè÷åñêîé òåõíèêè è òåõíîëîãèé â ñîîòâåòñòâèè ñ ìåòîäèêîé
èñïûòàíèé.

Ðåçóëüòàòû èñïûòàíèé ïîäòâåðäèëè ñîîòâåòñòâèå ðàçðàáîòàííîé èìè-
òàöèîííîé ìîäåëè öèôðîâîãî êîððåëÿòîðà òðåáîâàíèÿì ÒÇ íà ðàçðàáîò-
êó èìèòàöèîííîé ìîäåëè öèôðîâîãî êîððåëÿòîðà ìîäóëÿ îáðàáîòêè ðà-
äèîñèãíàëîâ ÃÍÑÑ äëÿ èñïîëüçîâàíèÿ â êîñìè÷åñêèõ àïïàðàòàõ (ÊÀ) è
ôóíêöèîíàëüíûõ äîïîëíåíèÿõ. Ðàçðàáîòàííàÿ èìèòàöèîííàÿ ìîäåëü ïîç-
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Ðèñóíîê 9 � Ðåçóëüòàòû ðåøåíèÿ íàâèãàöèîííîé

çàäà÷è ñ ïîìîùüþ èìèòàöèîííîé ìîäåëè

âîëÿåò âåñòè ïàðàëëåëüíîå ñëåæåíèå çà ñïóòíèêîâûìè ñèãíàëàìè ðàçíûõ
ÊÀ è âû÷èñëÿòü âðåìÿ çàäåðæêè ìåæäó ñïóòíèêîâûìè ñèãíàëàìè ðàç-
íûõ ÊÀ, à òàêæå ñèíõðîíèçèðîâàòü âðåìÿ äëÿ ïàðàëëåëüíîãî âûäåëåíèÿ
(äåìîäóëÿöèè) íàâèãàöèîííûõ ñîîáùåíèé îòñëåæèâàåìûõ ÊÀ.
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Àõìåäîâ Ä.Ø., Áîãóñïàåâ Í.Á., Ðàñêàëèåâ À.Ñ., Àâåðüÿíîâ À.À. SDR
ÒÅÕÍÎËÎÃÈßÑÛ ÍÅÃIÇIÍÄÅÃI GPS �ÀÁÛËÄÀ�ÛØÛÍÛ� ÁIÐ-
ÆÅËIËI ÊÎÐÐÅËßÒÎÐÛÍ ÈÌÈÒÀÖÈßËÛ� ÌÎÄÅËÄÅÓ

GPS îðáèòàëäû© òîáûíû ºðò³ðëi íàâèãàöèÿëû© æåðñåðiêòåðiíi òà-
ðàòàòûí æåðñåðiêòiê ñèãíàëäàðûí áiðòiíäåï içäåñòiðóãå àðíàë¡àí öèôð-
ëû© êîððåëÿòîðäû èìèòàöèÿëû© ìîäåëiíi ñèïàòòàìàñû ´ñûíûëàäû.
Öèôðëû© êîððåëÿòîðäû æàñàë¡àí èìèòàöèÿëû© ìîäåëi íàâèãàöèÿëû©
ñèãíàëäàí îäàí ºði íàâèãàöèÿëû© øåøiìäi içäåñòiðó æºíå îíû ò´òûíó-
øû¡à æåòêiçó æ³çåãå àñûðûëàòûí ïðîöåññîð¡à ò³ñåòií à©ïàðàòòû á°ëiï
øû¡àðàäû.

Akhmedov D.Sh., Boguspaev N.B., Raskaliyev A.S., Averyanov A.A.
SIMULATION MODELING OF A SINGLE-CHANNEL BACKEND FOR
GPS RECEIVER BASED ON SDR TECHNOLOGY

Description of simulation model of software backend designed for sequential
search of satellite signals transmitted by di�erent navigation satellites of
the orbital GPS constellation is proposed. The simulation model of software
backend decodes information from navigational signal, which is then fed into
processor that searches for the navigation solution and delivers it to consumer.
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1. Ââåäåíèå

Ðàññìàòðèâàåòñÿ îäíîðîäíàÿ ãðàíè÷íàÿ çàäà÷à

∂u(x, t)

∂t
− a2

∂2u(x, t)

∂x2
= 0, {x, t} ∈ G = {x, t : 0 < x < t, t > 0}; (1)

∂u(x, t)

∂x
|x=0 = 0,

∂u(x, t)

∂x
|x=t +

dũ(t)

dt
= 0, (2)

ãäå ũ(t) = u(t, t).
Îòìåòèì, ÷òî çàäà÷à (1)�(2) ÿâëÿåòñÿ îäíîðîäíûì ñëó÷àåì çàäà÷è, èçó-

÷åííîé â ðàáîòå [1], ïðè÷åì äëÿ ïðîñòîòû êîýôôèöèåíòû èç óêàçàííîé
ðàáîòû ïðèíÿòû ðàâíûìè: k = b = 1. Ýòè èçìåíåíèÿ íå ïðîòèâîðå÷àò
ïîñòàíîâêå çàäà÷è èç [1]. Êàê îòìå÷åíî â ðàáîòå [1], ñëó÷àé íåîäíîðîä-
íîé ãðàíè÷íîé çàäà÷è "... îêàçûâàåòñÿ ïîëåçíûì ïðè èçó÷åíèè íåêîòîðûõ
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çàäà÷ ñî ñâîáîäíûìè ãðàíèöàìè". Íàïðèìåð, äëÿ îäíîôàçíîé çàäà÷è "...
Ñòåôàíà ïðè ñëåäóþùèõ ïðåäïîëîæåíèÿõ: æèäêàÿ ôàçà ñ ïîëîæèòåëüíîé
òåìïåðàòóðîé u(x, t) çàíèìàåò îòðåçîê 0 < x < s(t), ïðè x = 0 çàäàåòñÿ
ïîëîæèòåëüíûé ïîòîê òåïëà, à ñâîáîäíàÿ ãðàíèöà x = s(t) íà÷èíàåòñÿ ó
òâåðäîé ñòåíêè x = 0, ò.å. âûïîëíÿåòñÿ óñëîâèå s(0) = 0". Â ðàáîòå [1]
óñòàíîâëåíà òåîðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè ðàññìàòðèâàåìîé òàì
ãðàíè÷íîé çàäà÷è â âåñîâûõ ãåëüäåðîâñêèõ ïðîñòðàíñòâàõ.

Â íàñòîÿùåé ðàáîòå íàðÿäó ñ òðèâèàëüíûì ðåøåíèåì ìû óñòàíàâëèâà-
åì â êëàññå ñóùåñòâåííî îãðàíè÷åííûõ ôóíêöèé ñ çàäàííûì âåñîì ñóùå-
ñòâîâàíèå íåòðèâèàëüíîãî ðåøåíèÿ ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòå-
ëÿ è ïîñòîÿííîãî ñëàãàåìîãî. Ââåäåì ýòîò êëàññ ñëåäóþùèì îáðàçîì:

(x+ t1/2)−1 u(x, t) ∈ L∞(G), ò.å. u(x, t) ∈ L∞(G; (x+ t1/2)−1). (3)

2. Ïðåîáðàçîâàíèå çàäà÷è (1)�(2) è ñâåäåíèå åå ê èíòåãðàëüíî-

ìó óðàâíåíèþ

Ïðåîáðàçóåì çàäà÷ó (1)�(2). Äëÿ ýòîãî ââåäåì ôóíêöèþ v(x, t) =
∂u(x, t)

∂x
. Äàëåå, ôîðìàëüíî äèôôåðåíöèðóÿ ïî ïåðåìåííîé x óðàâíåíèå

(1), ïîëó÷àåì

∂v(x, t)

∂t
− a2

∂2v(x, t)

∂x2
= 0, 0 < x < t, t > 0; (4)

v(x, t)|x=0 = 0,

(
∂v(x, t)

∂x
+

2

a2
v(x, t

)
|x=t = 0. (5)

Ðåøåíèå çàäà÷è (4)�(5) èùåì â âèäå ñóììû ïîòåíöèàëîâ äâîéíîãî è
ïðîñòîãî ñëîåâ [2, ñ. 476-479]:

v(x, t) =
1

4a3
√
π

t∫
0

x

(t− τ)3/2
exp

{
− x2

4a2(t− τ)

}
ν(τ)dτ+

+
1

2a
√
π

t∫
0

1

(t− τ)1/2
exp

{
− (x− τ)2

4a2(t− τ)

}
φ(τ)dτ, (6)
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ãäå ôóíêöèè ν(t) è φ(t) ÿâëÿþòñÿ íåèçâåñòíûìè è ïîäëåæàò îïðåäåëåíèþ.
Óäîâëåòâîðèì ðåøåíèå (6) ïåðâîìó èç óñëîâèé (5). Èìååì

v(x, t)
∣∣
x=0

=
ν(t)

2a2
+

1

2a
√
π

t∫
0

1

(t− τ)1/2
exp

{
− τ2

4a2(t− τ)

}
φ(τ)dτ = 0. (7)

Îòñþäà âûðàçèì ôóíêöèþ ν(t) ÷åðåç φ(t):

ν(t) = − a√
π

t∫
0

1

(t− τ)1/2
exp

{
− τ2

4a2(t− τ)

}
φ(τ)dτ. (8)

Èñïîëüçóÿ ïðåäñòàâëåíèå (6) è ðàâåíñòâî (8), ïîëó÷èì ñëåäóþùåå âû-
ðàæåíèå äëÿ ðåøåíèÿ çàäà÷è (4)�(5):

v(x, t) =
1

2a
√
π

t∫
0

1

(t− τ)1/2
[− exp

{
− (x+ τ)2

4a2(t− τ)

}
+

+exp

{
− (x− τ)2

4a2(t− τ)

}
]φ(τ)dτ. (9)

Äëÿ òîãî, ÷òîáû óäîâëåòâîðèòü âòîðîìó ãðàíè÷íîìó óñëîâèþ èç (5),
íàéäåì èç (9) ïðîèçâîäíóþ îò v(x, t) ïî ïåðåìåííîé x:

∂v(x, t)

∂x
=

1

4a3
√
π

t∫
0

[
x+ τ

(t− τ)3/2
exp

{
− (x+ τ)2

4a2(t− τ)

}
−

− x− τ

(t− τ)3/2
exp

{
− (x− τ)2

4a2(t− τ)

}]
φ(τ)dτ. (10)

Ñîãëàñíî âòîðîìó ãðàíè÷íîìó óñëîâèþ èç (5) èìååì(
∂v(x, t)

∂x
+

2

a2
v(x, t

) ∣∣∣∣
x=t

=
φ(t)

2a2
+

+
1

4a3
√
π

t∫
0

t+ τ

(t− τ)3/2
exp

{
− (t+ τ)2

4a2(t− τ)

}
φ(τ)dτ−
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− 1

4a3
√
π

t∫
0

1

(t− τ)1/2
exp

{
− t− τ

4a2

}
φ(τ)dτ−

− 1

a3
√
π

t∫
0

1

(t− τ)1/2
exp

{
− (t+ τ)2

4a2(t− τ)

}
φ(τ)dτ+

+
1

a3
√
π

t∫
0

1

(t− τ)1/2
exp

{
− t− τ

4a2

}
φ(τ)dτ = 0. (11)

Èñïîëüçóÿ ðàâåíñòâà

t+ τ = 2t− (t− τ), (t+ τ)2 = (t− τ)2 + 4tτ,

èç (11) ïîëó÷èì èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîé ôóíê-
öèè φ(t):

φ(t) +
1

2a
√
π

t∫
0

2t

(t− τ)3/2
exp

{
− tτ

a2(t− τ)
− t− τ

4a2

}
φ(τ)dτ−

− 5

2a
√
π

t∫
0

1

(t− τ)1/2
exp

{
− tτ

a2(t− τ)
− t− τ

4a2

}
φ(τ)dτ+

+
3

2a
√
π

t∫
0

1

(t− τ)1/2
exp

{
− t− τ

4a2

}
φ(τ)dτ = 0, t > 0. (12)

Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (12) ìû áóäåì èñêàòü â êëàññå

√
t exp

{
t/(4a2)

}
φ(t) ∈ L∞(G), ò.å. φ(t) ∈ L∞

(
G;

√
t exp

{
t/(4a2)

})
.

(13)

Îòìåòèì, ÷òî ïîäîáíûå èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà âòîðîãî
ðîäà íàìè áûëè èññëåäîâàíû â ðàáîòàõ [3]�[5].
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3. Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (12)

Åñëè ââåñòè íîâóþ íåèçâåñòíóþ ôóíêöèþ

φ1(t) = φ(t) exp

{
t

4a2

}
,

òî èç (12) ñëåäóåò

φ1(t) +
1

a
√
π

t∫
0

t

(t− τ)3/2
exp

{
− tτ

a2(t− τ)

}
φ1(τ)dτ−

− 5

2a
√
π

t∫
0

1

(t− τ)1/2
exp

{
− tτ

a2(t− τ)

}
φ1(τ)dτ+

+
3

2a
√
π

t∫
0

1

(t− τ)1/2
φ1(τ)dτ = 0. (14)

Â èíòåãðàëüíîì óðàâíåíèè (14) ïðîèçâåäåì çàìåíó íåçàâèñèìîé ïåðå-
ìåííîé è ââåäåì íîâóþ íåèçâåñòíóþ ôóíêöèþ:

t =
1

t1
, τ =

1

τ1
, φ2(t1) =

1√
t1
φ1(1/t1),

â ðåçóëüòàòå ýòîãî èç (14) ïîëó÷èì

φ2(t1) +
1

a
√
π

∞∫
t1

1

(τ1 − t1)3/2
exp

{
− 1

a2(τ1 − t1)

}
φ2(τ1)dτ1−

− 1

2a
√
π

∞∫
t1

1

(τ1 − t1)1/2

[
5 exp

{
− 1

a2(τ1 − t1)

}
− 3

]
1

τ1
φ2(τ1)dτ1 = 0. (15)

Îòìåòèì, ÷òî èç ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ (15), âîçâðàùàÿñü
ê ïåðâîíà÷àëüíîìó íåçàâèñèìîìó ïåðåìåííîìó è èñõîäíîé íåèçâåñòíîé
ôóíêöèè, ìû ìîæåì ïîëó÷èòü ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíå-
íèÿ (12).
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Äëÿ ðåøåíèÿ óðàâíåíèÿ (15) áóäåì èñïîëüçîâàòü ïðåîáðàçîâàíèå Ëà-
ïëàñà. Èìååì [

1 + exp

{
−2

a

√
−p
}]

φ̂2(p)−

− 1

2a
√
−p

[
5 exp

{
−2

a

√
−p
}
− 3

] ∞∫
p

φ̂2(q)dq = 0, (16)

çäåñü áûëè èñïîëüçîâàíû ñëåäóþùèå ôîðìóëû ïðåîáðàçîâàíèÿ Ëàïëàñà
[6, ñ.472.] è [7, ñ.158.]:

L
[∫ ∞

t1

k(t1 − τ1)φ2(τ1)dτ1

]
= k̂(−p) · φ̂2(p),

L
[
1

t1
· φ2(t1)

]
=

∞∫
p

φ̂2(q)dq,

Ïåðåéäåì îò èíòåãðàëüíîãî óðàâíåíèÿ (16) ê äèôôåðåíöèàëüíîìó
óðàâíåíèþ, ââîäÿ íîâóþ íåèçâåñòíóþ ôóíêöèþ-îáðàç:

ψ̂(p) =

∞∫
p

φ̂2(q)dq, ò.å. φ̂2(p) = −dψ̂(p)
dp

, (17)

[
1 + exp

{
−2

a

√
−p
}]

dψ̂(p)

dp
+

1

2a
√
−p

[
5 exp

{
−2

a

√
−p
}
− 3

]
ψ̂(p) = 0

èëè
dψ̂(p)

ψ̂(p)
= −

5 exp
{
− 2

a

√
−p
}
− 3

2a
√
−p
[
1 + exp

{
− 2

a

√
−p
}]dp. (18)

Èíòåãðèðóÿ óðàâíåíèå (18), ïîëó÷àåì

ln

(
ψ̂(p)

C

)
= −

∫
5 exp

{
− 2

a

√
−p
}
− 3

2a
√
−p
[
1 + exp

{
− 2

a

√
−p
}]dp =

=

∥∥∥∥−2

a

√
−p = z, dz =

dp

a
√
−p

∥∥∥∥ =
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= −1

2

∫
(5 exp{z}+ 5)− 8

1 + exp{z}
dz = −5

2
z + 4

∫
exp{−z}dz
1 + exp{−z}

=

= −5

2
z − 4

∫
d(1 + exp{−z})
1 + exp{−z}

= −5

2
z − 4 ln (1 + exp{−z}) =

=

∥∥∥∥z = −2

a

√
−p,

∥∥∥∥ =
5

a

√
−p+ ln

[(
1 + exp

{
2

a

√
−p
})−4

]
. (19)

Èç (19) áóäåì èìåòü

ψ̂(p) = C ·
exp

{
5
a

√
−p
}(

1 + exp
{
2
a

√
−p
})4 = C ·

exp
{
− 3

a

√
−p
}(

1 + exp
{
− 2

a

√
−p
})4 . (20)

Èñïîëüçóÿ ôîðìóëó (17), èç ðàâåíñòâà (20) íàõîäèì ðåøåíèå èíòå-
ãðàëüíîãî óðàâíåíèÿ (16):

φ̂2(p) = − 3

2a
√
−p

·
exp

{
− 3

a

√
−p
}(

1 + exp
{
− 2

a

√
−p
})4+

+4
exp

{
− 3

a

√
−p
}(

1 + exp
{
− 2

a

√
−p
})5 ·

exp
{
− 2

a

√
−p
}

a
√
−p

=

=
exp

{
− 3

a

√
−p
}

a
√
−p
(
1 + exp

{
− 2

a

√
−p
})5×

×
[
− 3

2

(
1 + exp

{
− 2

a

√
−p
})

+ 4 exp

{
− 2

a

√
−p
}]

=

=

[
−3

2
+

5

2
exp

{
−2

a

√
−p
}]

·
exp

{
− 3

a

√
−p
}

a
√
−p
(
1 + exp

{
− 2

a

√
−p
})5 . (21)

Äàëåå äëÿ íàõîæäåíèÿ îðèãèíàëà äëÿ ôóíêöèè φ̂2(p) áóäåì ïîëüçîâàòüñÿ
ñëåäóþùèì ðàçëîæåíèåì:

1

(1 + z)5
=

∞∑
k=0

(−1)kAkz
k, z = exp

{
−2

a

√
−p
}
, |z| < 1, (22)
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ãäå

Ak =
(k + 1)(k + 2)(k + 3)(k + 4)

4!
.

Îòìåòèì, ÷òî åñëè z = 1, òî âåðíî ðàâåíñòâî

1

(1 + z)5

∣∣∣∣
z=1

=
1

32
.

Èñïîëüçóÿ ðàçëîæåíèå (22), èç (21) ïîëó÷èì ïðåäñòàâëåíèå ôóíêöèè φ̂2(p)
â âèäå ðÿäà:

φ̂2(p) =
1

2a

∞∑
k=0

(−1)kAk

[
5√
−p

exp

{
−
(
k +

5

2

)
2

a

√
−p
}
−

− 3√
−p

exp

{
−
(
k +

3

2

)
2

a

√
−p
}]

∀ p ∈ {p : Re {
√
−p} > 0. (23)

Òàê êàê èìååò ìåñòî ôîðìóëà îáðàùåíèÿ äëÿ îáðàçà Ëàïëàñà [6, ñ. 497]:

L−1

[
exp{−α√q}

√
q

]
=

exp{−α2/(4t1)}√
πt1

, 0 < t1 <∞,

òî èç (23) èìååì ôóíêöèþ-îðèãèíàë φ2(t1) äëÿ âñåõ 0 < t1 <∞:

φ2(t1) =
1

2a
√
πt1

∞∑
k=0

(−1)kAk

[
5 exp

{
−
(
k +

5

2

)2 1

a2t1

}
−

−3 exp

{
−
(
k +

3

2

)2 1

a2t1

}]
.

Äàëåå îòñþäà, âîçâðàùàÿñü ê èñõîäíîé íåçàâèñèìîé ïåðåìåííîé 0 < t <
∞, ïîëó÷àåì

φ1(t) =
∞∑
k=0

(−1)k
[
φ
(1)
1,k(t)− φ

(2)
1,k(t)

]
, (24)

ãäå

φ
(1)
1,k(t)=

5Ak

2a
√
π
exp

{
−
(
k +

5

2

)2 t

a2

}
, φ

(2)
1,k(t)=

3Ak

2a
√
π
exp

{
−
(
k +

3

2

)2 t

a2

}
. (25)
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Òàêèì îáðàçîì, èñêîìîå ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ
(12) îïðåäåëÿåòñÿ ïî ôîðìóëå:

φ(t) =

∞∑
k=0

(−1)k
[
φ
(1)
k (t)− φ

(2)
k (t)

]
, 0 < t <∞, (26)

ãäå

φ
(1)
k (t) = φ

(1)
1,k(t) exp

{
− t

4a2

}
, φ

(2)
k (t) = φ

(2)
1,k(t) exp

{
− t

4a2

}
. (27)

Ðåøåíèå (26) äåéñòâèòåëüíî ïðèíàäëåæèò êëàññó L∞(G;
√
t

exp
{
t/(4a2)

}
) (13).

4. Ðåøåíèå ãðàíè÷íîé çàäà÷è (1)�(2)

Ðåøåíèå v(x, t) ãðàíè÷íîé çàäà÷è (4)�(5) îïðåäåëÿåòñÿ ñîãëàñíî ôîð-
ìóëàì (9) è (26)�(27), à ðåøåíèå èñõîäíîé ãðàíè÷íîé çàäà÷è (1)�(2) áóäåò
èìåòü âèä

u(x, t) = C2

x∫
0

v(ξ, t)dξ + C1 = C2ũ(x, t) + C1, (28)

òàê êàê åå ðåøåíèå íàõîäèòñÿ ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ C2

è ïîñòîÿííîãî ñëàãàåìîãî C1, ãäå v(x, t) îïðåäåëÿþòñÿ ñîãëàñíî ôîðìóëå
(9).

Äëÿ óñòàíîâëåíèÿ îãðàíè÷åííîñòè ïîëó÷åííîãî ðåøåíèÿ u(x, t) (28) çà-
äà÷è (1)�(2) íàì íåîáõîäèìî èçó÷èòü ñâîéñòâà ðåøåíèÿ v(x, t) (9) çàäà÷è
(4)�(5). Òàê êàê φ(t) ∈ L∞

(
R+,

√
t exp

{
t/(4a2)

})
(13), òî íàì íåîáõîäèìî

îöåíèòü è ïîêàçàòü îãðàíè÷åííîñòü èíòåãðàëà I(x, t) äëÿ âñåõ {x, t} ∈ G:

I(x, t) =
1

2a
√
π

t∫
0

I1(x, t, τ)
exp

{
− τ

4a2

}
√
τ

dτ, (29)

ãäå

I1(x, t, τ) =

x∫
0

1

(t− τ)1/2

[
− exp

{
− (x1 + τ)2

4a2(t− τ)

}
+ exp

{
− (x1 − τ)2

4a2(t− τ)

}]
dx1.

(30)
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Âû÷èñëèì èíòåãðàë (29). Äëÿ ýòîãî ïîñëå çàìåíû∥∥∥∥z = x1 ± τ

2a
√
t− τ

, dz =
dx1

2a
√
t− τ

∥∥∥∥
èç (30) èìååì

I1(x, t, τ) = a
√
π

[
−erf

(
x+ τ

2a
√
t− τ

)
+ erf

(
x− τ

2a
√
t− τ

)]
. (31)

È äàëåå, ïîäñòàâëÿÿ çíà÷åíèå èíòåãðàëà I1(x, t, τ) (31) â (29), ïîëó÷àåì

I(x, t) =
1

2

t∫
0

[
−erf

(
x+ τ

2a
√
t− τ

)
+ erf

(
x− τ

2a
√
t− τ

)]
exp

{
− τ

4a2

}
√
τ

dτ. (32)

Îòñþäà íåïîñðåäñòâåííî ïîëó÷àåì îöåíêó äëÿ èíòåãðàëà (32):

I(x, t) ≤ 4a

√
t/(2a)∫
0

exp{−ξ2}dξ = 2a
√
π erf

(√
t

2a

)
. (33)

Òàêèì îáðàçîì, ìû óñòàíîâèëè ðàâíîìåðíóþ îãðàíè÷åííîñòü èíòåãðà-
ëà (29) ïî ïåðåìåííûì {x, t} ∈ G, ò.å. ìû ïîêàçàëè, ÷òî ðåøåíèå ũ(x, t)
(27) ãðàíè÷íîé çàäà÷è (1)�(2) ïðèíàäëåæèò êëàññó L∞(G). Çàìåòèì, ÷òî
ðåøåíèå ũ(x, t) îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ C2,
ò.å. ôîðìóëà

u(x, t) = C2ũ(x, t) + C1, u(x, t) ∈ L∞(G),

îïðåäåëÿåò îáùåå ðåøåíèå ãðàíè÷íîé çàäà÷è (1)�(2). Îöåíêà (33) òàêæå
ïîçâîëÿåò ïîëó÷èòü åãî ïîðÿäîê ìàëîñòè ïðè ëþáûõ {x, t} ∈ G, ò.å. èìååò
ìåñòî âêëþ÷åíèå

ũ(x, t) ∈ L∞(G; (x+ t1/2)−1).

Ýòî ñëåäóåò èç àñèìïòîòèêè äëÿ ôóíêöèè erf
(√

t
2a

)
ïðè ìàëûõ çíà÷åíèÿõ

ïåðåìåííîé t (èìåþùåå ìåñòî è äëÿ ìàëûõ çíà÷åíèé x), à äëÿ áîëüøèõ
çíà÷åíèé ïåðåìåííûõ {x, t} ∈ G ïîëó÷àåòñÿ èç ñâîéñòâà îãðàíè÷åííîñòè
ðåøåíèÿ u(x, t) íà G è îãðàíè÷åííîñòè âûðàæåíèÿ (x+

√
t)−1 ũ(x, t).
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5. Îñíîâíûå ðåçóëüòàòû

Ñôîðìóëèðóåì îñíîâíûå ðåçóëüòàòû ðàáîòû.

Òåîðåìà 1. Ãðàíè÷íàÿ çàäà÷à (1)�(2) èìååò íàðÿäó ñ òðèâèàëüíûì ðå-

øåíèåì è íåòðèâèàëüíîå ðåøåíèå u(x, t) = C2 ũ(x, t) + C1, ãäå ũ(x, t) ∈
L∞(G; (x+

√
t)−1) è C1, C2 � const.

Òåîðåìà 2. Â êëàññå ôóíêöèé L∞
(
G; [x1+α + t(1+α)/2]−1

)
ãðàíè÷íàÿ çà-

äà÷à (1)�(2) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå u(x, t) ≡ 0.

6. Ïðèëîæåíèå

v(x, t) = −v1(x, t) + v2(x, t), (34)

ãäå

v1(x, t) =
1

2a
√
π

t∫
0

1√
t− τ

exp

{
− (x+ τ)2

4a2(t− τ)

}
exp

{
− τ

4a2

}
√
τ

d τ, (35)

v2(x, t) =
1

2a
√
π

t∫
0

1√
t− τ

exp

{
(x− τ)2

4a2(t− τ)

}
exp

{
− τ

4a2

}
√
τ

d τ. (36)

Äëÿ ôóíêöèè v1(x, t) (35) áóäåì èìåòü âèä

v1(x, t) =
1

2a
√
π
exp

{
2x+ t

4a2

} t∫
0

1√
τ(t− τ)

exp

{
− (x+ t)2

4a2(t− τ)

}
dτ. (37)

Ñäåëàåì ñëåäóþùèå çàìåíû:

z =
x+ t

2a
√
t− τ

, τ = t− (x+ t)2

4a2z2
=

t

z2

[
z2 − (x+ t)2

4a2t

]
, dτ =

(x+ t)2

2a2z3
dz,

â ðåçóëüòàòå èç (37) ïîëó÷èì

v1(x, t) =
1

2a2
√
π
· x+ t√

t
exp

{
2x+ t

4a2

} ∞∫
x+t
2a

√
t

1√
z2 −

(
x+t
2a

√
t

)2 · dz
z

=
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=

∥∥∥∥ξ2 = z2 − (x+ t)2

4a2t
, ξd ξ = zd z

∥∥∥∥ =

=
1

2a2
√
π
· x+ t√

t
exp

{
2x+ t

4a2
− (x+ t)2

4a2t

} ∞∫
0

1

ξ2 +
(

x+t
2a

√
t

)2 exp{−ξ2} d ξ,
ò.å. èìååì

v1(x, t) =

√
π

2a
exp

{
2x+ t

4a2

}
erfc

(
x+ t

2a
√
t

)
. (38)

Ïðè âûâîäå ðàâåíñòâà (38) äëÿ âû÷èñëåíèÿ èíòåãðàëà èñïîëüçîâàíà ôîð-
ìóëà èç [8, 3.466.1].

Òåïåðü äëÿ ïîëó÷åíèÿ ïåðâîé ÷àñòè ðåøåíèÿ (1)�(2) u1(x, t) =

−
x∫

0

v1(ξ, t)dξ èìååì

−u1(x, t) =
√
π

2a

x∫
0

exp

{
2ξ + t

4a2

}
erfc

(
ξ + t

2a
√
t

)
dξ =

=
1

a

x∫
0

exp

{
2ξ + t

4a2

} ∞∫
ξ+t

2a
√

t

exp
{
−z2

}
d z d ξ = ∥ìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ∥ =

= 2a · exp
{

t

4a2

}
x+t
2a

√
t∫

√
t

2a

exp
{
−z2

} 2a
√
t z−t∫

0

exp

{
ξ

2a2

}
d

(
ξ

2a2

)
d z+

+

∞∫
ξ+t

2a
√

t

exp
{
−z2

} x∫
0

exp

{
ξ

2a2

}
d

(
ξ

2a2

)
d z

 =

= 2a · exp
{

t

4a2

}
x+t
2a

√
t∫

√
t

2a

exp
{
−z2

} [
exp

{√
t

a
z − t

2a2

}]
d z+
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+

∞∫
x+t
2a

√
t

exp
{
−z2

} [
exp

{ x

2a2

}
− 1
]
d z

 =

= 2a · exp
{
− t

4a2

} x+t
2a

√
t∫

√
t

2a

exp

{
−z2 +

√
t

a
z

}
d z−

−a
√
π exp

{
t

4a2

}[
erf

(
z + t

2a
√
t

)
− erf

(√
t

2a

)]
+

+a
√
π exp

{
t

4a2

}[
exp

{ x

2a2

}
− 1
]
erf

(
x+ t

2a
√
t

)
.

Òàê êàê èíòåãðàë â ïîñëåäíåì âûðàæåíèè âû÷èñëÿåòñÿ ïî ôîðìóëå (1.3.17)
èç [9, Ò. 1, Ñ. 115], òî ïîëó÷àåì

u1(x, t) = a
√
π

{
− erf

(
x

2a
√
t

)
+ exp

{
t

4a2

}
erfc

(√
t

2a

)
−

− exp

{
2x+ t

4a2

}
erfc

(
x+ t

2a
√
t

)}
. (39)

Äàëåå, àíàëîãè÷íî ïðåäûäóùåìó, äëÿ ôóíêöèè v2(x, t) (36) áóäåì
èìåòü âèä

v2(x, t) =
1

2a
√
π
exp

{
−2x− t

4a2

} t∫
0

1√
τ(t− τ)

exp

{
− (x− t)2

4a2(t− τ)

}
dτ. (40)

Ñäåëàåì ñëåäóþùèå çàìåíû:

z = − x− t

2a
√
t− τ

, τ = t− (x− t)2

4a2z2
=

t

z2

[
z2 − (x− t)2

4a2t

]
, dτ =

(x− t)2

2a2z3
dz,

â ðåçóëüòàòå èç (40) ïîëó÷èì

v2(x, t) =
1

2a2
√
π
· −(x− t)√

t
exp

{
−2x− t

4a2

} ∞∫
− x−t

2a
√

t

1√
z2 −

(
x−t
2a

√
t

)2 · dz
z

=
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=

∥∥∥∥ξ2 = z2 − (x− t)2

4a2t
, ξd ξ = z d z

∥∥∥∥ =

=
1

2a2
√
π
·−(x− t)√

t
exp

{
−2x− t

4a2
− (x− t)2

4a2t

} ∞∫
0

1

ξ2 +
(

x−t
2a

√
t

)2 exp{−ξ2} d ξ,
ò.å. èìååì

v2(x, t) =

√
π

2a
exp

{
−2x− t

4a2

}
erfc

(
−x− t

2a
√
t

)
. (41)

Ïðè âûâîäå ðàâåíñòâà (41) äëÿ âû÷èñëåíèÿ èíòåãðàëà èñïîëüçîâàíà ôîð-
ìóëà èç [8, 3.466.1].

Òåïåðü äëÿ ïîëó÷åíèÿ âòîðîé ÷àñòè ðåøåíèÿ (1)�(2) u2(x, t) =
x∫
0

v2(ξ, t)dξ èìååì

u2(x, t) =

√
π

2a

x∫
0

exp

{
−2ξ − t

4a2

}
erfc

(
− ξ − t

2a
√
t

)
dξ =

=
1

a

x∫
0

exp

{
−2ξ − t

4a2

} ∞∫
− ξ−t

2a
√

t

exp
{
−z2

}
d z =

=

∥∥∥∥ìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ

∥∥∥∥ =

= 2a · exp
{

t

4a2

}
√
t

2a∫
− x−t

2a
√

t

exp
{
−z2

}
d z

x∫
−2a

√
t z+t

exp

{
− ξ

2a2

}
d

(
ξ

2a2

)
+

+

∞∫
√
t

2a

exp
{
−z2

}
d z

x∫
0

exp

{
− ξ

2a2

}
d

(
ξ

2a2

) =
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= 2a ·exp
{

t

4a2

}
√

t
2a∫

− x−t
2a

√
t

exp
{
−z2

}[
exp

{√
t

a
z − t

2a2

}
− exp

{
− x

2a2

}]
d z−

−
∞∫

√
t

2a

exp
{
−z2

} [
exp

{
− x

2a2

}
− 1
]
d z

 =

= 2a · exp
{
− t

4a2

} √
t

2a∫
− x−t

2a
√

t

exp

{
−z2 +

√
t

a
z

}
d z−

−a
√
π exp

{
−2x− t

4a2

}[
erf

(√
t

2a

)
− erf

(
−x− t

2a
√
t

)]
−

−a
√
π exp

{
t

4a2

}[
exp

{
− x

2a2

}
− 1
]
erf

(√
t

2a

)
.

Òàê êàê èíòåãðàë â ïîñëåäíåì âûðàæåíèè âû÷èñëÿåòñÿ ïî ôîðìóëå (1.3.17)
èç [9, Ò. 1, Ñ. 115], òî ïîëó÷àåì

u2(x, t) = a
√
π

{
− erf

(
x

2a
√
t

)
− exp

{
− 2x− t

4a2

}
erfc

(
− x− t

2a
√
t

)
+

+exp

{
t

4a2

}
erfc

(√
t

2a

)}
. (42)

Èç âûðàæåíèé äëÿ ñîñòàâëÿþùèõ ðåøåíèÿ u1(x, t) (39) è u2(x, t) (42)
îêîí÷àòåëüíî ïîëó÷àåì

u(x, t) = u1(x, t)+u2(x, t) = a
√
π

{
−2erf

(
x

2a
√
t

)
+ 2 exp

{
t

4a2

}
erfc

(√
t

2a

)
−

− exp

{
2x+ t

4a2

}
erfc

(
x+ t

2a
√
t

)
− exp

{
−2x− t

4a2

}
erfc

(
−x− t

2a
√
t

)}
. (43)
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Jenaliyev M.T., Ramazanov M.I. ON THE HOMOGENEOUS
PARABOLIC PROBLEM IN INFINITE CORNER DOMAIN

In this paper we consider the heat equation for a homogeneous boundary
value problem with a time derivative in the boundary condition. It was
established that in addition to the existence of a trivial solution there exists
nontrivial solution, up to a constant factor in the space of essentially bounded
functions with a given weight function.
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Â ðàáîòå ðåøåíà çàäà÷à àïïðîêñèìàöèè îãðàíè÷åííîãî íà êîíå÷íîì
èíòåðâàëå ðåøåíèÿ è ðåøåíèÿ ñ ïðåäåëüíûìè çíà÷åíèÿìè äëÿ ñèñòåìû
íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ñóùåñòâåííû-
ìè îñîáåííîñòÿìè íà êîíöàõ êîíå÷íîãî èíòåðâàëà.

Ïîñòðîåíû ðåãóëÿðíûå äâóõòî÷å÷íûå êðàåâûå çàäà÷è, àïïðîêñèìèðó-
þùèå îãðàíè÷åííûå ðåøåíèÿ è ðåøåíèÿ ñ ïðåäåëüíûìè çíà÷åíèÿìè äëÿ
ñèñòåìû íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Äîêàçàòåëüñòâà óòâåðæäåíèé îñíîâàíû íà èñïîëüçîâàíèè èòåðàöèîí-
íûõ ìåòîäîâ äëÿ íåëèíåéíûõ óðàâíåíèé ñ íåîãðàíè÷åííûìè îïåðàòîðàìè.

Çàäà÷à 1. Íà (0, T ) ðàññìàòðèâàåòñÿ íåëèíåéíîå îáûêíîâåííîå äèôôå-
ðåíöèàëüíîå óðàâíåíèå

dx

dt
= f(t, x), t ∈ (0, T ), x ∈ Rn, ∥x∥ = max |xi|, (1)

ãäå f(t, x) : (0, T ) × Rn → Rn � íåïðåðûâíàÿ ôóíêöèÿ, èìåþùàÿ ñóùå-
ñòâåííóþ îñîáåííîñòü â íà÷àëüíîé è êîíå÷íîé òî÷êàõ èíòåðâàëà (0, T ):

lim
δ→0+0

∫ T/2

δ
∥f(t, x)∥dt = ∞,

lim
δ→0+0

∫ T−δ

T/2
∥f(t, x)∥dt = ∞.

Îãðàíè÷åííîå ðåøåíèå óðàâíåíèÿ (1) íàçûâàåòñÿ ðåøåíèåì Çàäà÷è 1.
Âûáåðåì x0 ∈ Rn è ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

C(J,Rn) � ìíîæåñòâî íåïðåðûâíûõ íà J ⊆ (0, T ) ôóíêöèé;
C̃(J,Rn) � ïðîñòðàíñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ íà J ôóíêöèé x :
J → Rn ñ íîðìîé ∥x∥1 = sup

t∈J
∥x(t)∥;

S(x0, J, r) = {x(t) ∈ C̃(J,Rn) : ∥x− x0∥1 < r};
G(x0, J, r) = {(t, x) : t ∈ J ; ∥x(t)− x0∥ < r}.

Çàäà÷ó 1 ðàññìîòðèì â ñëåäóþùèõ ïðåïîëîæåíèÿõ îòíîñèòåëüíî ïðà-
âîé ÷àñòè.

Ïðåäïîëîæåíèå 1. Ôóíêöèÿ f(t, x) íåïðåðûâíà è èìååò ðàâíîìåðíî

íåïðåðûâíóþ ïðîèçâîäíóþ f ′
x(t, x) â G(x0, (0, T ), r).
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Ïðåäïîëîæåíèå 2. Ôóíêöèÿ α0(t) = ∥f ′
x(t, x0)∥ óäîâëåòâîðÿåò ñîîòíî-

øåíèÿì

lim
δ→0+0

∫ T/2

δ
α0(t)dt = ∞,

lim
δ→0+0

∫ T−δ

T/2
α0(t)dt = ∞.

Ïðåäïîëîæåíèå 3. Äëÿ âñåõ x ∈ S(x0, (0, T ), r) èìåþò ìåñòî ïðåäåëüíûå
ñîîòíîøåíèÿ

lim
t→0+0

f(t, x)

α0(t)
= f0(x),

lim
t→T−0

f(t, x)

α0(t)
= fT (x).

Ïðåäïîëîæåíèå 4. Ñîáñòâåííûå çíà÷åíèÿ ìàòðèö A0 =
df0
dx

(x−), AT =

dfT
dx

(x+), ãäå x− è x+ � íóëè ôóíêöèé f0(x) è fT (x) ñîîòâåòñòâåííî, èìåþò

îòëè÷íûå îò íóëÿ äåéñòâèòåëüíûå ÷àñòè.

Îïðåäåëåíèå 1. Íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà (0, Ò) ôóíêöèÿ x0(t)
íàçûâàåòñÿ ïðåäåëüíûì ñ âåñîì 1/α(t) ïðè t → 0 + 0, t → 0− 0 ðåøåíèåì

óðàâíåíèÿ (1), åñëè

lim
t→0+0

∥ẋ0(t)− f(t, x0(t))∥
α(t)

= 0,

lim
t→T−0

∥ẋ0(t)− f(t, x0(t))∥
α(t)

= 0.

Âîçüìåì δ ∈ (0, T/2) è ïî x∓ ïîñòðîèì îãðàíè÷åííóþ è íåïðåðûâíî
äèôôåðåíöèðóåìóþ íà (0, T ) ôóíêöèþ x0(δ, t) ñëåäóþùèì îáðàçîì:

x0(δ, t)=


x− ïðè t ∈ (0, δ],
x+ − x−
4(T − 2δ)3

(T − 2t)3−3(x+ − x−)

4(T − 2δ)
(T − 2t)+

x++x−
2

ïðè t ∈ (δ, T − δ),

x+ ïðè t ∈ [T − δ, T ).
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Î÷åâèäíî, ÷òî â Ïðåäïîëîæåíèÿõ 3, 4 ôóíêöèÿ x0(δ, t) ÿâëÿåòñÿ ïðå-
äåëüíûì ñ âåñîì 1/α0(t) ïðè t → 0 + 0, t → T − 0 ðåøåíèåì óðàâíåíèÿ
(1).

Îïðåäåëåíèå 2. Ôóíêöèÿ x∗(t) ∈ C̃((0, T ), Rn) íàçûâàåòñÿ "èçîëèðî-

âàííûì" ðåøåíèåì Çàäà÷è 1, åñëè ñóùåñòâóåò ÷èñëî ρ0 > 0, ïðè êîòîðîì

ôóíêöèÿ f(t, x) â G∗
ρ0 = G(x∗, (0, T ), ρ0) èìååò ðàâíîìåðíî íåïðåðûâíóþ

ïðîèçâîäíóþ ïî x è ëèíåàðèçîâàííàÿ çàäà÷à

dy

dt
= f ′

x(t, x
∗(t)y + φ(t), t ∈ (0, T ), y ∈ Rn, (2)

y(t) ∈ C̃((0, T ), Rn), (3)

äëÿ ëþáîé ôóíêöèè φ(t) ∈ C̃((0, T ), Rn) èìååò åäèíñòâåííîå ðåøåíèå.

Òåîðåìà 1. Ïóñòü âûïîëíåíû Ïðåäïîëîæåíèÿ 1-4 è ïðè âñåõ x̂(t) ∈
S(x0(δ, t), (0, T ), ρ) ñèíãóëÿðíàÿ êðàåâàÿ çàäà÷à äëÿ ëèíåàðèçîâàííîãî

óðàâíåíèÿ

dy

dt
= f ′

x(t, x̂(t))y + φ(t), y ∈ Rn, φ(t)/α0(t) ∈ C̃((0, T ), Rn), (4)

êîððåêòíî ðàçðåøèìà ñ êîíñòàíòîé γ.
Òîãäà ïðè âûïîëíåíèè íåðàâåíñòâà

γ sup
t∈(0,T )

∥ẋ0(δ, t)− f(t, x0(δ, t))∥
α0(t)

< ρ

â S(x0(δ, t), (0, T ), ρ) ñóùåñòâóåò x∗(t) � "èçîëèðîâàííîå" , îãðàíè÷åííîå

íà (0, T ) ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå

ïðåäåëüíûì ñîîòíîøåíèÿì

lim
t→0+0

x∗(t) = x−, lim
t→T−0

x∗(t) = x+. (5)

Äîêàçàòåëüñòâî. Òàê êàê ôóíêöèÿ x0(δ, t) ÿâëÿåòñÿ ïðåäåëüíûì ñ âåñîì
1/α0(t) ïðè t → 0+0, t → T −0 ðåøåíèåì óðàâíåíèÿ (1), òî ñóùåñòâîâàíèå
x∗(t) � ðåøåíèÿ óðàâíåíèÿ (1), óäîâëåòâîðÿþùåãî ïðåäåëüíûì ñîîòíîøå-
íèÿì (5), âûòåêàåò èç òåîðåìû 8 èç [2, c. 23] .
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"Èçîëèðîâàííîñòü" ðåøåíèÿ x∗(t) ñëåäóåò èç ðàâíîìåðíîé íåïðåðûâ-
íîñòè f ′

x(t, x(t)) ∈ C̃((0, T ), Rn) è êîððåêòíîé ðàçðåøèìîñòè ñèíãóëÿðíîé
êðàåâîé çàäà÷è (4) äëÿ ëèíåàðèçîâàííîãî óðàâíåíèÿ.

Ïåðåéäåì ê âîïðîñó àïïðîêñèìàöèè îãðàíè÷åííîãî ðåøåíèÿ óðàâíåíèÿ
(1).

×åðåç S0,ST îáîçíà÷èì âåùåñòâåííûå íåîñîáûå (n× n)-ìàòðèöû, ïðè-
âîäÿùèå ñîîòâåòñòâåííî A0, AT ê îáîáùåííî-æîðäàíîâîé ôîðìå:

Ã0 = S0A0S
−1
0 =

∥∥∥∥ A0
11 0
0 A0

22

∥∥∥∥ ,
ÃT = STATS

−1
T =

∥∥∥∥ AT
11 0
0 AT

22

∥∥∥∥ ,
ãäå A0

11 è A0
22 (A

T
11 è AT

22) ñîñòîÿò èç îáîáùåííî-æîðäàíîâûõ êëåòîê, ñîîò-
âåòñòâóþùèõ ñîáñòâåííûì çíà÷åíèÿì ìàòðèöû A0 (AT ) ñ îòðèöàòåëüíû-
ìè è ïîëîæèòåëüíûìè äåéñòâèòåëüíûìè ÷àñòÿìè. Ïóñòü n1 � êîëè÷åñòâî
ñîáñòâåííûõ çíà÷åíèé ìàòðèöû A0 ñ îòðèöàòåëüíûìè äåéñòâèòåëüíûìè
÷àñòÿìè; n2 � êîëè÷åñòâî ñîáñòâåííûõ çíà÷åíèé ìàòðèöû AT ñ ïîëîæè-
òåëüíûìè äåéñòâèòåëüíûìè ÷àñòÿìè. Ñîñòàâèì (n× n)-ìàòðèöû

P1 =

∥∥∥∥ In1 0
0 0

∥∥∥∥ , P2 =

∥∥∥∥ 0 0
0 In2

∥∥∥∥ ,
çäåñü Inr � åäèíè÷íûå ìàòðèöû ïîðÿäêà nr, r = 1, 2.

Ðàññìîòðèì äâóõòî÷å÷íóþ êðàåâóþ çàäà÷ó

dx

dt
= f(t, x), t ∈ [δ, T − δ], x ∈ Rn, (6)

P1S0f0(x(δ)) + P2ST fT (x(T − δ)) = 0. (7)

Îáîçíà÷èì ñóæåíèå îãðàíè÷åííîãî íà (0, T ) ðåøåíèÿ óðàâíåíèÿ (1) íà
èíòåðâàë [δ, T − δ] ÷åðåç x∗δt.

Ïðåäïîëîæåíèå 5. Ôóíêöèè f0(x), fT (x) â S(x−, (0, T ), ρ), S(x+, (0, T ),
ρ) ñîîòâåòñòâåííî èìåþò ïðîèçâîäíûå f ′

0(x), f
′
T (x) è ðàâíîìåðíî îòíîñè-

òåëüíî x ñïðàâåäëèâû ïðåäåëüíûå ñîîòíîøåíèÿ

lim
t→0+0

f ′
x(t, x)

α0(t)
= f ′

0(x), x ∈ S(x−, (0, T ), ρ),
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lim
t→T−0

f ′
x(t, x)

α0(t)
= f ′

T (x), x ∈ S(x+, (0, T ), ρ).

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ Òåîðåìû 1, Ïðåäïîëîæåíèå 5 è

x∗(t) ∈ S(x0(δ, t), (0, T ), ρ) � "èçîëèðîâàííîå" ðåøåíèå óðàâíåíèÿ (1), óäî-

âëåòâîðÿþùåå ïðåäåëüíûì ñîîòíîøåíèÿì (5). Òîãäà ñóùåñòâóþò ÷èñëà

δ0 > 0, ρ∗ > 0 òàêèå, ÷òî äëÿ âñåõ δ ∈ (0, δ0] ðåãóëÿðíàÿ äâóõòî÷å÷íàÿ

êðàåâàÿ çàäà÷à (6), (7) â S(x∗δ(t), [δ, T − δ], ρ∗) èìååò åäèíñòâåííîå ðåøåíèå
xδ(t) è ñïðàâåäëèâà îöåíêà

max
t∈[δ,T−δ]

∥xδ(t)− x∗(t)∥ ≤ 2γ{∥S−∥ · ∥f−(x∗(δ))∥+ ∥S+∥ · ∥f+(x∗(T − δ))∥}.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ýòîãî óòâåðæäåíèÿ íåëèíåéíàÿ
äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à (6), (7) çàïèñûâàåòñÿ â âèäå îïåðàòîðíîãî
óðàâíåíèÿ

A(x) ≡ Hx+ F (x) = 0, (8)

ãäå

H =

 1

α0(t)

d

dt
0

 ,

F (x) =

 − 1

α0(t)
f(t, x(t))

P1S0f0(x(δ)) + P2ST fT (x(T − δ))

 .

Îïåðàòîð A îòîáðàæàåò áàíàõîâî ïðîñòðàíñòâî X = C([δ, T − δ], Rn)
c íîðìîé ∥x∥δ = max

t∈[δ,T−δ]
∥x(t)∥ â áàíàõîâî ïðîñòðàíñòâî Y = C̃([δ, T −

δ], Rn)+̇Rn ñ íîðìîé ∥y∥Y = max{∥f∥δ, ∥d∥}.
Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ñóùåñòâóåò ρ0 > 0 òàêîå, ÷òî

S(x∗(t), (0, T ), ρ0) ⊂ S(x0(δ, t), (0, T ), ρ) è ôóíêöèè f(t, x), f0(x), fT (x) ñîîò-
âåòñòâåííî â G(x∗, (0, T ), ρ0), S(x−, (0, T ), ρ0), S(x+, (0, T ), ρ0) èìåþò ðàâ-
íîìåðíî íåïðåðûâíûå ïðîèçâîäíûå f ′

x(t, x), f
′
−(x), f

′
+(x). Îòñþäà âûòå-

êàþò ñóùåñòâîâàíèå è ðàâíîìåðíàÿ íåïðåðûâíîñòü ïðîèçâîäíîé Ôðåøå
F ′(x) â S(x∗δ(t), [δ, T − δ], ρ∗).

Èç êîððåêòíîé ðàçðåøèìîñòè Çàäà÷è 1 äëÿ ëèíåàðèçîâàííîãî óðàâíå-
íèÿ (4) ñëåäóåò ñóùåñòâîâàíèå δ1 > 0 òàêîãî, ÷òî ëèíåéíàÿ ðåãóëÿðíàÿ
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äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à

dz

dt
= f ′

x(t, x
∗(t))z + φ(t), t ∈ [δ1, T − δ1], z ∈ Rn,

P1S0A0z(δ1) + P2STAT z(T − δ1) = d, d ∈ Rn,

äëÿ âñåõ δ ∈ (0, δ1) êîððåêòíî ðàçðåøèìà ñ íåçàâèñÿùåé îò δ êîíñòàíòîéK.
Ýòî ýêâèâàëåíòíî îáðàòèìîñòè ëèíåéíîãî îïåðàòîðà H + F ′(x∗δ) : X → Y
è âûïîëíåíèþ íåðàâåíñòâà

∥(H + F′(x∗δ))
−1∥L(Y,X) ≤ K.

Ïðèìåíèì ê îïåðàòîðíîìó óðàâíåíèþ (8) òåîðåìó 6 [2, c. 18], âçÿâ â
êà÷åñòâå x0 ôóíêöèþ x∗δ(t).

Ïåðâîå óñëîâèå òåîðåìû âûïîëíÿåòñÿ ñ γ0 = K. Âîçüìåì ÷èñëî ε = 1
2K

è â ñèëó ðàâíîìåðíîé íåïðåðûâíîñòè ïðîèçâîäíîé Ôðåøå âûáåðåì ρ∗ ∈
(0, ρ0] òàê, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

∥F ′(x)− F ′(x0)∥L(Y,X) ≤ ε =
1

2K
.

Òîãäà εγ0 =
1

2K
· K =

1

2
< 1. Òàê êàê x∗(t) óäîâëåòâîðÿåò äèôôåðåíöè-

àëüíîìó óðàâíåíèþ (1) ïðè âñåõ t ∈ (0, T ), òî

∥Hx0 + F (x0)∥Y = ∥P1S0f0(x
∗(δ)) + P2ST fT (x

∗(T − δ))∥.

Ó÷èòûâàÿ ïðåäåëüíûå ñîîòíîøåíèÿ (5), âûáåðåì δ0 ∈ (0, δ1) òàêîå, ÷òî

2K∥Hx0 + F (x0)∥Y < ρ∗.

Âñå óñëîâèÿ òåîðåìû 6 [2, c. 18] âûïîëíåíû, îòêóäà ñëåäóåò óòâåðæäå-
íèå òåîðåìû.

Ïðè Ïðåäïîëîæåíèÿõ 1-4 ïðåäåëüíîå ñ âåñîì ïðè t → 0 + 0, t → T − 0
ðåøåíèå óðàâíåíèÿ (1) îáëàäàåò ïðèòÿãèâàþùèì ñâîéñòâîì, ò.å. ñïðàâåä-
ëèâî ñëåäóþùåå óòâåðæäåíèå: äëÿ ëþáîãî ðåøåíèÿ x(t) óðàâíåíèÿ (1),
ïðèíàäëåæàùåãî S(x0(t), (δ0, T − δ0), r0), èìåþò ìåñòî ïðåäåëüíûå ñîîòíî-
øåíèÿ

lim
t→0+0

∥x(t)− x0(t)∥ = 0,
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lim
t→T−0

∥x(t)− x0(t)∥ = 0.

Òàê êàê ïðè âûïîëíåíèè óñëîâèé Òåîðåìû 1 "èçîëèðîâàííîå" îãðà-
íè÷åííîå ðåøåíèå óðàâíåíèÿ (1) � ôóíêöèÿ x∗(t) � ïðèíàäëåæèò ìíîæå-
ñòâó S(x0(δ, t), (0, T ), ρ), òî, èñïîëüçóÿ ïðèòÿãèâàþùåå ñâîéñòâî ïðåäåëü-
íîãî ïðè t → 0+0 è t → T−0 ðåøåíèÿ óðàâíåíèÿ (1), ïîëó÷èì ïðåäåëüíûå
ñîîòíîøåíèÿ (5). Â ýòîì ñëó÷àå ðåãóëÿðíàÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à
(6), (7) áóäåò àïïðîêñèìèðîâàòü ñèíãóëÿðíóþ êðàåâóþ çàäà÷ó äëÿ íåëè-
íåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1) ñ ïðåäåëüíûìè óñëîâèÿìè (5).
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Dzhumabaev D.S., Temesheva S.M., Uteshova R.E. ON
APPROXIMATION OF THE PROBLEM OF FINDING BOUNDED ON
A FINITE INTERVAL SOLUTIONS OF THE SYSTEM OF NONLINEAR
ORDINARY DIFFERENTIAL EQUATIONS WITH SINGULARITIES AT
ENDPOINTS OF THE INTERVAL

The problem of �nding bounded on the interval (0,T) solutions of
the system of nonlinear ordinary di�erential equations with singularities at
endpoints of the interval is considered. An approximating regular two-point
boundary value problem is constructed.
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ñèììåòðè÷íîãî ñïóòíèêà ïî ïîëÿðíîé ïëîñêîé êðóãîâîé îðáèòå â ãåîìàãíèòíîì

ïîëå. Ïðåäïîëàãàåòñÿ, ÷òî ïîñòîÿííûé ìàãíèòíûé ìîìåíò ñïóòíèêà íàïðàâëåí ïî

îñè åãî äèíàìè÷åñêîé ñèììåòðèè. Âðàùàòåëüíîå äâèæåíèå ñïóòíèêà îáóñëîâëåíî

âçàèìîäåéñòâèåì ìàãíèòíîãî ìîìåíòà ñïóòíèêà è ìàãíèòíîãî ïîëÿ Çåìëè,

êîòîðîå ìîäåëèðóåòñÿ ïðÿìûì äèïîëåì. Ïîñòðîåíû óðàâíåíèÿ ïðîãðàììíîãî

äâèæåíèÿ íàìàãíè÷åííîãî ñïóòíèêà â ïîëóñâÿçàííîé ñèñòåìå êîîðäèíàò. Ïîëó÷å-

íû óïðàâëÿþùèå ìîìåíòû, îáåñïå÷èâàþùèå çàäàííîå ïðîãðàììíîå äâèæåíèå.

Ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïðîãðàììíîå äâèæåíèå âîçìóùåííîãî ñïóòíèêà

íåóñòîé÷èâî. Ïîñòðîåíî ñòàáèëèçèðóþùåå óïðàâëåíèå äëÿ ïðîãðàììíîãî äâèæå-

íèÿ ñïóòíèêà, à òàêæå îïðåäåëåíà àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ïðîãðàììíîãî

äâèæåíèÿ èñõîäíîé óïðàâëÿåìîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: Íàìàãíè÷åííûé ñïóòíèê, ãåîìàãíèòíîå ïîëå, óïðàâëÿþùèé ìî-
ìåíò, ïðîãðàììíîå äâèæåíèå, àñèìòîòè÷åñêàÿ óñòîé÷èâîñòü.

1. Ââåäåíèå

Çàäà÷è îá óïðàâëÿåìûõ ïðîãðàììíûõ äâèæåíèÿõ êîñìè÷åñêèõ àïïà-
ðàòîâ (ÊÀ) è èññëåäîâàíèå ñâîéñòâ è óñòîé÷èâîñòè òàêèõ äâèæåíèé ÿâëÿ-
þòñÿ àêòóàëüíûìè [1]�[2].

Ïðîãðàììíîå äâèæåíèå ÊÀ âîêðóã öåíòðà ìàññ ìîæåò áûòü îñóùåñòâ-
ëåíî ðàçëè÷íûìè ñïîñîáàìè, íàïðèìåð: ïðèëîæåíèåì äîïîëíèòåëüíûõ

Keywords: Magnetized satellite, geomagnetic �eld, control moment, program

motion,asymptotic stability.

2010 Mathematics Subject Classi�cation: 70E15+83C50+ 90C90.
Funding: Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà � 0091/ÃÔ4 ïî ãðàíòîâîìó ôèíàíñè-

ðîâàíèþ Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí.
c⃝ Ê.Ñ. Æèëèñáàåâà, À.Ä. Ñàñïàåâà, 2016.
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ñèë (óïðàâëÿþùèõ ìîìåíòîâ) ê ÊÀ, ïîñòðîåíèåì ñïåöèàëüíûõ óïðàâëÿ-
þùèõ óñòðîéñòâ (ðåãóëÿòîðîâ), èçìåíåíèåì åãî êèíåìàòè÷åñêèõ è äèíà-
ìè÷åñêèõ ïàðàìåòðîâ â ïðîöåññå äâèæåíèÿ, à òàêæå ñî÷åòàíèåì ýòèõ è
äðóãèõ âîçìîæíîñòåé.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ïîñòðîåíèÿ ïðîãðàììíî-
ãî äâèæåíèÿ ïîëÿðíîãî íàìàãíè÷åííîãî èñêóññòâåííîãî ñïóòíèêà Çåìëè
(ÈÑÇ) â ãåîìàãíèòíîì ïîëå è èññëåäóåòñÿ åãî óñòîé÷èâîñòü. Ïîñòðîåíû
óðàâíåíèÿ âîçìóùåííîãî âðàùàòåëüíîãî äâèæåíèÿ ïîëÿðíîãî íàìàãíè-
÷åííîãî ÈÑÇ â ãåîìàãíèòíîì ïîëå. Íàéäåíû óïðàâëÿþùèå ìîìåíòû, îáåñ-
ïå÷èâàþùèå äâèæåíèå ÈÑÇ ñ çàäàííûìè ñâîéñòâàìè äâèæåíèÿ è èññëå-
äîâàíà óñòîé÷èâîñòü ïðîãðàììíîãî äâèæåíèÿ.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ âðàùàòåëüíîå äâèæåíèå äèíàìè÷åñêè íàìàãíè÷åííî-
ãî ñèììåòðè÷íîãî ñïóòíèêà Çåìëè ïî ïîëÿðíîé ïëîñêîé êðóãîâîé îðáèòå
â ãåîìàãíèòíîì ïîëå, êîòîðîå ìîäåëèðóåòñÿ ïðÿìûì äèïîëåì. Â ñïóòíèêe
óñòaíoâëeí ñèëüíûé ìaãíèò, òoãäa âðaùaòeëüíoe äâèæeíèe ñïóòíèêa â ìa-
ãíèòíoì ïoëe Çeìëè oïðeäeëÿeòñÿ, â oñíoâíoì, âçaèìoäeéñòâèeì ìaãíèò-
íoão ìoìeíòa ñïóòíèêa è ãeoìaãíèòíoão ïoëÿ. Â ýòoì ñëó÷ae ía ñïóòíèê
äeéñòâóeò ìaãíèòíûé ìoìeíò

M = m×B, (1)

ãäå m � ìàãíèòíûé ìîìåíò ñïóòíèêà, B � èíäóêöèÿ ìàãíèòíîãî ïîëÿ Çåì-
ëè, êîòîðàÿ ñîãëàñíî ìîäåëè ïðÿìîãî äèïîëÿ èíäóêöèÿ ìàãíèòíîãî ïîëÿ
Çåìëè èìååò âèä

B = µ0
3µE3E3 − µ

4πR3
, (2)

à â èíåðöèàëüíîé ñèñòåìå êîîðäèíàò çàïèñûâàåòñÿ â âèäå

B = B0

 −3r1r3
−3r2r3
1− 3r23

 , (3)

ãäå B0 =
µ0µ

4πR3
. Â ôîðìóëå (2) ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ: µ =

(0, 0 − µ)T � ìàãíèòíûé ìîìåíò Çåìëè, E3 = (r1, r2, r3) � âåêòîð ìåñòíîé
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âåðòèêàëè â ïðîåêöèÿõ íà èíåðöèàëüíûå îñè, êîòîðûå èìåþò âèä

r1 = cosu cosΩ− sinu sinΩ cos i,
r2 = cosu sinΩ + sinu cosΩ cos i,
r3 = sinu sin i.

(4)

Çäåñü u � àðãóìåíò øèðîòû, Ω � äîëãîòà âîñõîäÿùåãî óçëà, i � íàêëîíåíèå
îðáèòû.

Äëÿ îáåñïå÷åíèÿ ðàâåíñòâà íóëþ ïðîåêöèè ìåõàíè÷åñêîãî ìàãíèòíî-
ãî ìîìåíòà M3 íà îñü ñèììåòðèè áóäåì ñ÷èòàòü, ÷òî ìàãíèòíûé ìîìåíò
ñïóòíèêà íàïðàâëåí ïî îñè ñèììåòðèè m = (0, 0,m)T [3]-[4] .

Íåîáõîäèìî ðåøèòü çàäà÷ó î ñòàáèëèçàöèè ïðîãðàììíûõ äâèæåíèé
ïîëÿðíîãî íàìàãíè÷åííîãî ñïóòíèêà, ò.å. äëÿ âûáðàííîãî ïðîèçâîëüíî-
ãî äâèæåíèÿ ñïóòíèêà íàäî ïîñòðîèòü ïðîãðàììíîå óïðàâëÿþùåå âîç-
äåéñòâèå, êîòîðîå ðåàëèçóåò ýòî çàäàííîå äâèæåíèå, è äëÿ îáåñïå÷åíèÿ
àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïðîãðàììíîãî äâèæåíèÿ íàäî ñîçäàòü ïî-
çèöèîííîå ñòàáèëèçèðóþùåå óïðàâëåíèå.

Â äàííîé ðàáîòå ïðîãðàììíîå äâèæåíèå îçíà÷àåò çàäà÷ó îïðåäåëåíèÿ
àêòèâíûõ ñèë è ìîìåíòîâ, ïðèëîæåííûõ ê ñïóòíèêó, ïðè êîòîðûõ äâèæå-
íèå ñ çàäàííûìè ñâîéñòâàìè ÿâëÿåòñÿ îäíèì èç åãî âîçìîæíûõ äâèæåíèé
[5].

3. Óðàâíåíèÿ äâèæåíèÿ ñïóòíèêà

Äëÿ îïèñàíèÿ âðàùàòåëüíîãî äâèæåíèÿ ñïóòíèêà èñïîëüçóþòñÿ ñëå-
äóþùèå ñèñòåìû êîîðäèíàò: ñâÿçàííàÿ ñ Çåìëåé èíåðöèàëüíàÿ ñèñòåìà
êîîðäèíàò OaY1Y2Y3, ñâÿçàííàÿ ñî ñïóòíèêîì ñèñòåìà êîîðäèíàò Ox1x2x3
è ïîëóñâÿçàííàÿ ñèñòåìà êîîðäèíàò Ox̃1x̃2x̃3. Íà÷àëî èíåðöèàëüíîé ñèñòå-
ìû êîîðäèíàò Oa ñîâïàäàåò c öåíòðîì ìàññ Çåìëè, îñü OaY3 íàïðàâëåíà
íà Ñåâåðíûé Ïîëþñ Ìèðà, à îñè OaY1 è OaY2 ëåæàò â ýêâàòîðèàëüíîé
ïëîñêîñòè Çåìëè, ïðè÷åì îñü OaY1 íàïðàâëåíà â òî÷êó Âåñåííåãî ðàâíî-
äåíñòâèÿ. Ñâÿçàííóþ ñèñòåìó êîîðäèíàò ââîäèì ñ íà÷àëîìO â öåíòðå ìàññ
ñïóòíèêà, à îñè ñîâïàäàþò ñ åãî ãëàâíûìè îñÿìè èíåðöèè. Íà÷àëî ïîëó-
ñâÿçàííîé ñèñòåìû êîîðäèíàò òàêæå ñîâïàäàåò ñ öåíòðîì ìàññ ñïóòíèêà,
îñè íàïðàâëåíû ñëåäóþùèì îáðàçîì: îäíà èç îñåé ýòîé ñèñòåìû ñîâïàäà-
åò ñ îñüþ ñèñòåìû Ox1x2x3, äâå äðóãèå âðàùàþòñÿ îòíîñèòåëüíî àïïàðàòà
ñ íåêîòîðîé óãëîâîé ñêîðîñòüþ. Òàêèì îáðàçîì, ïîëóñâÿçàííàÿ ñèñòåìà
êîîðäèíàò íå ó÷àñòâóåò â îñåâîì âðàùåíèè ñïóòíèêà.
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Äâèæåíèå ñïóòíèêà îïèñûâàåòñÿ êèíåìàòè÷åñêèìè è äèíàìè÷åñêèìè
óðàâíåíèÿìè Ýéëåðà [5]:

ωx = θ̇, ωy = ψ̇ sin θ, ωz = ψ̇ cos θ − φ̇, (5)
Aθ̈ −Aψ̇2 sin θ cos θ + Crψ̇ sin θ =Mx,

Aψ̈ sin θ + 2Aψ̇θ̇ cos θ − Crθ̇ =My,
r = r0.

(6)

Çäåñü φ̇ � óãëîâàÿ ñêîðîñòü âðàùåíèÿ ñïóòíèêà îòíîñèòåëüíî ñèñòå-
ìû x1, y1, z1; ωx, ωy, ωz � ïðîåêöèè óãëîâîé ñêîðîñòè ω⃗ ñïóòíèêà íà îñè

x1, y1, z1; Mx,My � ïðîåêöèè ìåõàíè÷åñêîãî ìàãíèòíîãî ìîìåíòà M⃗ íà ïî-
ëóñâÿçàííûå îñè; A,C � ãëàâíûå ìîìåíòû èíåðöèè ñïóòíèêà, ψ � óãîë
ïðåöåññèè âîêðóã îñè OY3; θ � óãîë íóòàöèè è φ � óãîë ñîáñòâåííîãî âðà-
ùåíèÿ âîêðóã îñè Ox3.

Ïðîåêöèè ìåõàíè÷åñêîãî ìàãíèòíîãî ìîìåíòà íà ïîëóñâÿçàííûå îñè
îïðåäåëÿþòñÿ èç óðàâíåíèé{

Mx = B0m[(−3r1r3 sinψ + 3r2r3 cosψ) cos θ + (3r23 − 1) sin θ],
My = B0m[−3r1r3cosψ − 3r2r3sinψ].

(7)

4. Ïîñòðîåíèå ïðîãðàììíîãî äâèæåíèÿ

Ðàññìîòðèì ïîñòðîåíèå ïðîãðàììíîãî óïðàâëåíèÿ äëÿ çàäàííûõ äâè-
æåíèé ñïóòíèêà, îïèñàííîãî â ýòîé ðàáîòå. Â êà÷åñòâå ïðîãðàììíîãî äâè-
æåíèÿ âûáåðåì âðàùåíèå ñïóòíèêà âîêðóã ñîáñòâåííîé îñè ñ ïîñòîÿííîé
óãëîâîé ñêîðîñòüþ ψ̇pr = k2, ñîõðàíÿÿ ïðè ýòîì ïîñòîÿííóþ âåëè÷èíó óãëà
îòêëîíåíèÿ îñè θpr = k1, òîãäà èìååì{

θpr = k1,
ψpr = k2t.

(8)

Äëÿ ðåàëèçàöèè çàäàííîãî äâèæåíèÿ (8) äîáàâèì óïðàâëÿþùèå ìîìåí-
òû M1 è M2 â ïðàâóþ ÷àñòü óðàâíåíèé äâèæåíèÿ ñïóòíèêà (6) è ïðè ýòîì
ó÷òåì ïîëÿðíîñòü ñïóòíèêà i = π

2 :{
Aθ̈ −Aψ̇2 sin θ cos θ + Crψ̇ sin θ = −B0m sin θ +M1,

Aψ̈ sin θ + 2Aψ̇θ̇ cos θ − Crθ̇ =M2.
(9)
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Óïðàâëÿþùèå ìîìåíòû M1 è M2 è ÿâëÿþòñÿ ïðîãðàììíûì óïðàâëåíèåì.
Äëÿ èõ îïðåäåëåíèÿ ïîäñòàâèì â óðàâíåíèÿ äâèæåíèÿ çíà÷åíèÿ θpr = k1
è ψpr = k2t, ñîîòâåòñòâóþùèå çàäàííîìó äâèæåíèþ. Òîãäà ïîëó÷èì âûðà-
æåíèÿ äëÿ îïðåäåëåíèÿ óïðàâëÿþùèõ ìîìåíòîâ:{

M1 = Ak22 sin k1 cos k1 + Crk2 sin k1 +B0m sin k1,
M2 = 0.

(10)

Ñ ó÷eòîì (10) óðàâíåíèÿ äâèæåíèÿ óïðàâëÿåìîé ñèñòåìû ïðèìóò âèä{̈
θ=ψ̇2sin θcos θ−k22 sink1cos k1−C

Ar(ψ̇ sin θ−k2sin k1)−B0m
A (sin θ−sin k1),

ψ̈ = 2ψ̇θ̇ cot θ + Crθ̇
A sin θ .

(11)

Èñõîäíîå ïðîãðàììíîå äâèæåíèå ÿâëÿåòñÿ îäíèì èç ðåøåíèé ïîëó÷åííîé
ñèñòåìû è áóäåò âîçìîæíûì äëÿ ôèçè÷åñêîé ðåàëèçàöèè òîëüêî òîãäà,
êîãäà îíî áóäåò àñèìïòîòè÷åñêè óñòîé÷èâûì ïî Ëÿïóíîâó [7]�[8]. Åñëè
ýòî äâèæåíèå áóäåò íåóñòîé÷èâî, òî âîçìîæåí íåîãðàíè÷åííûé ðîñò îò-
êëîíåíèé âåëè÷èí îò èõ çàäàííûõ çíà÷åíèé. Ýòî ôàêòè÷åñêè îçíà÷àåò,
÷òî ñèñòåìà áóäåò ñîâåðøàòü íåêîíòðîëèðóåìûå äâèæåíèÿ. Â ýòîì ñëó-
÷àå ïðîãðàììíûå äâèæåíèÿ íå ðåàëèçóþòñÿ ïîëó÷åííûìè óïðàâëÿþùèìè
ìîìåíòàìè M1 è M2.

×òîáû çàïèñàòü ïîëó÷åííóþ ñèñòåìó óðàâíåíèé â íîðìàëüíîì âèäå,
ââåäåì íîâûå ïåðåìåííûå ñîãëàñíî ðàâåíñòâàì

y1 = θ,

y2 = θ̇,

y3 = ψ̇.

(12)

Â ïàðàìåòðàõ yi (i = 1, 2, 3) óðàâíåíèÿ óïðàâëÿåìîãî äâèæåíèÿ â íîðìàëü-
íîé ôîðìå áóäóò èìåòü âèä

ẏ1 = y2,

ẏ2 = (y23 sin y1 cos y1 − k22 sin k1 cos k1)− B0m
A (sin y1 − sin k1),

ẏ3 = −2y3y2 coth y1 +
Cry2

A sin y1
.

(13)
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5. Àíàëèç óñòîé÷èâîñòè çàäàííîãî äâèæåíèÿ óïðàâëÿåìîé ñè-

ñòåìû

Äëÿ àíàëèçà óñòîé÷èâîñòè ïî Ëÿïóíîâó çàäàííîãî äâèæåíèÿ óïðàâëÿ-
åìîé ñèñòåìû âûïèøåì äëÿ óðàâíåíèé (13) ñîîòâåòñòâóþùèå óðàâíåíèÿ
âîçìóùåííîãî äâèæåíèÿ. Äëÿ ýòîãî ââåäåì îòêëîíåíèÿ xi (i = 1, 2, 3) äëÿ
ïåðåìåííûõ yi (i = 1, 2, 3) ñîãëàñíî ðàâåíñòâàì

y1 = x1 + k1,
y2 = x2,
y3 = x3 + k2.

(14)

Çàïèøåì óðàâíåíèÿ (13) â îòêëîíåíèÿõ è ïîëó÷èì óðàâíåíèÿ âîçìóù¼í-
íîãî äâèæåíèÿ â íîðìàëüíîì âèäå

ẋ1 = x2,
ẋ2 = ((x3 + k2)

2 sin(x1 + k1) cos(x1 + k1)− k22 sin k1 cos k1−
−CAr((x3 + k2) sin(x1 + k1)− k2 sin k1)−B0m

A (sin(x1 + k1)−sink1),
ẋ3 = −2(x3 + k2)x2 coth(x1 + k1) +

Crx2
A sin(x1)+k1

.

(15)

Äëÿ ëèíåàðèçàöèè óðàâíåíèé (15) ðàçëîæèì ïðàâûå ÷àñòè óðàâíåíèé â
ðÿä ïî ñòåïåíÿì îòêëîíåíèé è îñòàâèì ÷ëåíû òîëüêî ïåðâîãî ïîðÿäêà ìà-
ëîñòè.

Ïîëó÷èì ëèíåéíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî
ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

ẋ1 = a12x2,
ẋ2 = a21x1 + a23x3,
ẋ3 = a32x2.

(16)

Ñèñòåìó óðàâíåíèé (16) ìîæíî çàïèñàòü â ìàòðè÷íîì âèäå, ãäå ýëåìåíòû
aij ñîîòâåòñòâóþùåé ìàòðèöû A îïðåäåëÿþòñÿ ðàâåíñòâàìè

a12 = 1,

a21 = k22 cos(2k1)− Cr
A k2 cos k1 −

B0m
A cosk1,

a23 = k2 sin(2k1)− Cr
A sin k1,

a32 = −2k2 cos k1
sin k1

+ Cr
Asink1

.

(17)
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Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ ýòîé ñèñòåìû:∣∣∣∣∣∣
−λ a12 0
a21 −λ a23
0 a32 −λ

∣∣∣∣∣∣ = 0, (18)

ðåøàÿ êîòîðóþ, èìååì îäèí íóëåâîé êîðåíü è ñîîòâåòñòâåííî äâà íåíóëå-
âûõ.

Ïðè âûïîëíåíèè íåðàâåíñòâà

a21 + a32a23 > 0 (19)

èëè

k22cos(2k1)−
Cr

A
k2 cos k1 −

B0m

A
cos k1−

−
(
2k2cosk1
sink1

+
Cr

A sin k1

)
(k2 sin(2k1)−

Cr

A
sin k1) > 0 (20)

îäèí èç êîðíåé èìååò ïîëîæèòåëüíóþ âåùåñòâåííóþ ÷àñòü. Òîãäà ñîãëàñíî
òåîðåìå î íåóñòîé÷èâîñòè ñèñòåìû óðàâíåíèé ïî åå ëèíåéíîìó ïðèáëèæå-
íèþ èìååì íåóñòîé÷èâîñòü çàäàííûõ ïðîãðàììíûõ äâèæåíèé.

Ïîëó÷èòü àíàëèòè÷åñêîå ðåøåíèå íåðàâåíñòâà (20) î÷åíü ñëîæíî. Îä-
íàêî, ìîæíî ïðîâåðèòü åãî âûïîëíåíèå äëÿ çàäàííûõ ïðîãðàììíûõ äâè-
æåíèé ïðè ñîîòâåòñòâóþùèõ çíà÷åíèÿõ k1 è k2.

Ðàññìîòðèì âîïðîñ î ðåàëèçàöèè ïðîãðàììíîãî äâèæåíèÿ ñïóòíèêà

äëÿ çíà÷åíèé k1 =
2π

3
ðàä, k2 = 0.5 ðàä/ñ. Ïðè ýòèõ çíà÷åíèÿõ íåðàâåíñòâî

(20) âûïîëíåíî, ñëåäîâàòåëüíî, ñîîòâåòñòâóþùåå ïðîãðàììíîå äâèæåíèå
ÿâëÿåòñÿ íåóñòîé÷èâûì. Çíà÷èò, ýòî ïðîãðàììíîå äâèæåíèå ôàêòè÷åñêè
íå ìîæåò áûòü ðåàëèçîâàíî îäíèì ëèøü ïðîãðàììíûì óïðàâëåíèåì.

6. ×èñëåííîå ðåøåíèå çàäà÷è

×èñëåííîå ðåøåíèå óðàâíåíèé ïðîãðàììíîãî äâèæåíèÿ ñïóòíèêà ïðî-
âåäåíî ìåòîäîì Ðóíãå-Êóòòà ñ ïîìîùüþ ïðîãðàììíîãî ïàêåòà MatLab.

Äëÿ èëëþñòðàöèè ïîëó÷åííîãî ðåçóëüòàòà ïîñòðîåíû ãðàôèêè îòêëî-
íåíèé ïðîãðàììíîãî äâèæåíèÿ óïðàâëÿåìîé ñèñòåìû äëÿ çíà÷åíèé k1 =
2π

3
ðàä, k2 = 0.5 ðàä/ñ. Èç ãðàôèêîâ íà Ðèñ. 1 âèäíî, ÷òî íàáëþäàåòñÿ
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íåîãðàíè÷åííûé ðîñò îòêëîíåíèé xi (i = 1, 2, 3), ÷òî ïîäòâåðæäàåò àíà-
ëèòè÷åñêèå ðåçóëüòàòû î íåóñòîé÷èâîñòè ïðîãðàììíîãî äâèæåíèÿ, ðåàëè-
çîâàííîãî ïîëó÷åííûì ïðîãðàììíûì óïðàâëåíèåì. Íåðàâåíñòâî (20) íå

âûïîëíÿåòñÿ äëÿ çíà÷åíèé k1 =
π

3
ðàä è k2 = 5 ðàä/c. Â ýòîì ñëó÷àå âñå

òðè êîðíÿ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ èìåþò íóëåâóþ äåéñòâèòåëü-
íóþ ÷àñòü. Òîãäà íà îñíîâàíèè àíàëèçà óðàâíåíèé ëèíåéíîãî ïðèáëèæå-
íèÿ äåëàòü âûâîäû îá óñòîé÷èâîñòè èëè íåóñòîé÷èâîñòè ðåøåíèé èñõîäíîé
íåëèíåéíîé ñèñòåìû íåëüçÿ (Ðèñ. 2).

Ðèñóíîê 1 � Ãðàôèê îòêëîíåíèÿ xi(t)

Äîáàâèì ê ñèñòåìå óðàâíåíèé ïåðâîãî ïðèáëèæåíèÿ (17) ñòàáèëèçèðó-
þùåå óïðàâëåíèå, ÷òîáû ñäåëàòü åå òðèâèàëüíîå ðåøåíèå àñèìïòîòè÷åñêè
óñòîé÷èâûì ïðè ëþáûõ çíà÷åíèÿõ ïàðàìåòðîâ k1 è k2. Âûáåðåì óïðàâëå-
íèå ñëåäóþùèì îáðàçîì:

u = Bx, (21)

ãäå B =

 b11 0 0
b21 0 0
b31 0 0

 , è ñîñòàâèì ñèñòåìó (17), êîòîðàÿ ñ óïðàâëåíèåì
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Ðèñóíîê 2 � Ãðàôèê îòêëîíåíèÿ xi(t)

(22) ïðèìåò âèä 
ẋ1 = b11x1 + a12x2,

ẋ2 = (b21 + a21)x1 + a23x3,
ẋ3 = b31x1 + a32x2.

(22)

Çàïèøåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ ýòîé ñèñòåìû:∣∣∣∣∣∣
b11 − λ a12 0
b21 + a21 −λ a23
b31 a32 −λ

∣∣∣∣∣∣ = 0. (23)

Ïîñëå ðàñêðûòèÿ îïðåäåëèòåëÿ ïîëó÷èì óðàâíåíèå òðåòüåé ñòåïåíè îòíî-
ñèòåëüíî λ.

Äëÿ òîãî, ÷òîáû òðèâèàëüíîå ðåøåíèå ñèñòåìû (22) áûëî àñèìïòîòè-
÷åñêè óñòîé÷èâî, äîñòàòî÷íî, ÷òîáû âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâ-
íåíèÿ èìåëè îòðèöàòåëüíûå âåùåñòâåííûå ÷àñòè.

Ïî ìåòîäó íåîïðåäåëåííûõ êîýôôèöèåíòîâ, ïðèðàâíèâàÿ êîýôôèöè-
åíòû ïðè îäèíàêîâûõ ñòåïåíÿõ óðàâíåíèé, ïîëó÷èì ñèñòåìó óðàâíåíèé

b11 = −3,
b21 = −(3 + a23a32 + a21),

b31 = −3a23a32+1
a23

.
(24)
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Ñîãëàñíî êðèòåðèþ óïðàâëÿåìîñòè àâòîíîìíûõ ñèñòåì, ÷òîáû ñèñòåìà âè-
äà (17) áûëà óïðàâëÿåìà, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ðàíã ñîîòâåò-
ñòâóþùåé ìàòðèöû óïðàâëÿåìîñòè ðàâíÿëñÿ ðàçìåðíîñòè ïðîñòðàíñòâà,
òî åñòü òðåì [9]�[10]. Ëåãêî ïðîâåðèòü, ÷òî ïðè âûáîðå óïðàâëåíèÿ (24)
ñ ýëåìåíòàìè ìàòðèöû, âû÷èñëåííûìè ïî ôîðìóëàì (25), ýòîò êðèòåðèé
âûïîëíåí. Òåì ñàìûì, ïîëó÷èëè åùå îäíî ïîäòâåðæäåíèå òîãî, ÷òî ñ ïî-
ìîùüþ âûáðàííîãî óïðàâëåíèÿ ñèñòåìà (23) ïîëíîñòüþ óïðàâëÿåìà, ñëå-
äîâàòåëüíî, ñòàáèëèçèðóåìà.

Äîáàâèâ ïîëó÷åííîå óïðàâëåíèå â ñèñòåìó âîçìóùåííîãî äâèæåíèÿ
(16), ïîëó÷èì ñèñòåìó óðàâíåíèé



ẋ1 = x2 + b11x1,
ẋ2 = ((x3 + k2)

2 sin(x1 + k1) cos(x1 + k1)− k22 sin k1 cos k1−
−C

Ar((x3 + k2) sin(x1 + k1)− k2 sin k1)−
−B0m

A (sin(x1 + k1)− sink1) + b21x1,

ẋ3 = −2(x3 + k2)x2 coth(x1 + k1) +
Crx2

A sin(x1)+k1
+ b31x1.

(25)

Ðåøèâ ñèñòåì (25), ïîëó÷èëè, ÷òî èìååò ìåñòî òðèâèàëüíîå ðåøåíèå x = 0,
ñîîòâåòñòâóþùåå ïðîãðàììíîìó äâèæåíèþ èñõîäíîé óïðàâëÿåìîé ñèñòå-
ìû.

Óñòàíîâèëè, ÷òî ïðè âûáîðå óïðàâëåíèÿ âèäà (22) ñ êîýôôèöèåíòàìè
(24) ñèñòåìà (23) ÿâëÿåòñÿ åå ëèíåéíûì ïðèáëèæåíèåì è èìååò âñå òðè
îòðèöàòåëüíûõ êîðíÿ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ.

Òîãäà ïî òåîðåìå îá óñòîé÷èâîñòè ïî ëèíåéíîìó ïðèáëèæåíèþ ïðè-
õîäèì ê âûâîäó, ÷òî óïðàâëåíèå (22) ñ êîýôôèöèåíòàìè (24) îáåñïå÷èâà-
åò àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü òðèâèàëüíîãî ðåøåíèÿ ñèñòåìû âîçìó-
ùåííîãî äâèæåíèÿ (25). Ñëåäîâàòåëüíî, ïðîãðàììíîå äâèæåíèå èñõîäíîé
óïðàâëÿåìîé ñèñòåìû àñèìïòîòè÷åñêè óñòîé÷èâî.

Äëÿ èëëþñòðàöèè ïîëó÷åííîãî ðåçóëüòàòà ïîñòðîèì ãðàôèêè îòêëî-
íåíèé ÷èñëåííîãî ðåøåíèÿ ñèñòåìû (25) ñ êîýôôèöèåíòàìè (24) äëÿ çíà-

÷åíèé k1 =
2π

3
ðàä, k2 = 0.5 (ðàíåå ýòè óïðàâëÿåìûå äâèæåíèÿ áûëè

íåóñòîé÷èâû) (Ðèñ. 3). Àíàëîãè÷íûå ðåçóëüòàòû ïîëó÷åíû â [11]�[12].
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Ðèñóíîê 3 � Ãðàôèê çàâèñèìîñòè îòêëîíåíèÿ ïî xi(t)

7. Çàêëþ÷åíèå

Â ðàáîòå èññëåäîâàíà óñòîé÷èâîñòü ïðîãðàììíîãî äâèæåíèÿ ñèììåò-
ðè÷íîãî ñïóòíèêà ïî ïîëÿðíîé ïëîñêîé êðóãîâîé îðáèòå â ãåîìàãíèòíîì
ïîëå.

Ïîñòðîåíû óðàâíåíèÿ ïðîãðàììíîãî äâèæåíèÿ íàìàãíè÷åííîãî ñïóò-
íèêà â ïîëóñâÿçàííîé ñèñòåìå êîîðäèíàò. Ïîëó÷åíû óïðàâëÿþùèå ìîìåí-
òû, îáåñïå÷èâàþùèå çàäàííîå ïðîãðàììíîå äâèæåíèå.

Ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïðîãðàììíîå äâèæåíèå âîçìóùåííîãî ñïóò-
íèêà íåóñòîé÷èâî. Ïîñòðîåíî ñòàáèëèçèðóþùåå óïðàâëåíèå äëÿ ïðîãðàìì-
íîãî äâèæåíèÿ ñïóòíèêà, à òàêæå îïðåäåëåíà àñèìïòîòè÷åñêàÿ óñòîé÷è-
âîñòü ïðîãðàììíîãî äâèæåíèÿ èñõîäíîé óïðàâëÿåìîé ñèñòåìû.
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Zhilisbayeva K.S., Saspayeva A.D. ABOUT ASYMPTOTIC STABILITY
OF PROGRAM MOTION OF SPACECRAFT

This paper focuses on the research of stability of program motion of
symmetric satellite in a polar circular plane orbit in geomagnetic �eld. It is
assumed that the permanent magnetic moment of the satellite is directed along
the axis of its dynamic symmetry. The rotational motion of the satellite is
caused by interaction of the magnetic moment of the satellite and the Earth's
magnetic �eld, which is modeled by the direct dipole. Equations of programmed
motion of the magnetized satellite in the semi-combined coordinate system are
derived. The control moments that ensure the speci�ed programmed motion are
obtained. Under di�erent values the programmed motion of perturbed satellite
is unstable. For program motion of satellite stabilizing control is constructed
and asymptotic stability of program motion of initial control system is de�ned.
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1. Ââåäåíèå

Äâèæåíèå ìàëîãî åñòåñòâåííîãî èëè èñêóññòâåííîãî íåáåñíîãî òåë â
ïîëå òÿãîòåíèÿ äâóõ áîëüøèõ íåáåñíûõ òåë (äàëåå � îñíîâíûå òåëà) õîðî-
øî îïèñûâàåòñÿ ìàòåìàòè÷åñêîé ìîäåëüþ øèðîêî èçâåñòíîé îãðàíè÷åííîé
çàäà÷è òðåõ òåë [1]�[8]. Ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ ìàññ îñíîâíûõ òåë
çàäà÷à èìååò ïÿòü òî÷åê ëèáðàöèè: òî÷íûå ÷àñòíûå ðåøåíèÿ. Äâå èç íèõ
� ðåøåíèå Ëàãðàíæà, êîãäà òðè òåëà âî âðåìÿ äâèæåíèÿ îáðàçóþò ðàâíî-
ñòîðîííèé òðåóãîëüíèê. Òðè � êîëëèíåàðíûå ðåøåíèÿ Ýéëåðà, êîãäà òðè
òåëà âî âðåìÿ äâèæåíèÿ ðàñïîëîæåíû íà îäíîé è òîé æå ïðÿìîé. Èçâåñò-
íû òàêæå ðåøåíèÿ â ôîðìå ðàâíîáåäðåííîãî òðåóãîëüíèêà ïðè óñëîâèè,
÷òî ìàññû îñíîâíûõ òåë, ðàñïîëîæåííûõ íà îñíîâàíèè ðàâíîáåäðåííîãî

òðåóãîëüíèêà, ðàâíû ìåæäó ñîáîé [5], [6], [8]. Îáùåå àíàëèòè÷åñêîå ðåøå-
íèå çàäà÷è â êîíå÷íîé ôîðìå íåèçâåñòíî. Ìíîãèå àñïåêòû çàäà÷è èçó÷åíû
ñ ïîìîùüþ ðàçëè÷íûõ êà÷åñòâåííûõ è ÷èñëåííûõ ìåòîäîâ [1]�[8]. Ïîèñê
íîâûõ òî÷íûõ ÷àñòíûõ àíàëèòè÷åñêèõ ðåøåíèé ïðåäñòàâëÿåòñÿ àêòóàëü-
íûì.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ íàõîæäåíèå íà÷àëüíûõ óñëîâèé â
ïëîñêîé îãðàíè÷åííîé çàäà÷å òðåõ òåë, ïðè êîòîðûõ âî âðåìÿ äâèæåíèÿ
òðè òåëà îáðàçóþò ðàâíîáåäðåííûé òðåóãîëüíèê, è ïîëó÷åíèå äèôôåðåí-
öèàëüíûõ óðàâíåíèÿ äâèæåíèÿ â ýòîì ÷àñòíîì ñëó÷àå. Â ðàáîòå ðàññìîò-
ðåíà êëàññè÷åñêàÿ ïëîñêàÿ îãðàíè÷åííàÿ çàäà÷à òðåõ òåë â áàðèöåíòðè÷å-
ñêîé ñèñòåìå êîîðäèíàò. Àíàëèòè÷åñêè íàéäåíû íà÷àëüíûå çíà÷åíèÿ êîîð-
äèíàò è íà÷àëüíûå çíà÷åíèÿ ñêîðîñòåé (äàëåå � íà÷àëüíûå óñëîâèÿ), ïðè
êîòîðûõ òðè òåëà âî âðåìÿ äâèæåíèÿ îáðàçóþò ðàâíîáåäðåííûé òðåóãîëü-
íèê, íà âåðøèíå êîòîðîãî íàõîäèòñÿ áåçìàññîâîå òåëî, òî åñòü ðàâíîáåä-
ðåííàÿ îãðàíè÷åííàÿ çàäà÷à òðåõ òåë. Ïðè ýòîì ìàññû îñíîâíûõ òåë � ïðî-
èçâîëüíûå. Ïîêàçàíî, ÷òî â ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷å òðåõ òåë,
â îáùåì ñëó÷àå, ñóììàðíàÿ íüþòîíîâñêàÿ ñèëà ïðèòÿæåíèå îñíîâíûõ òåë
(íà åäèíèöó ìàññû) � öåíòðàëüíàÿ. Èñõîäÿ èç îáùèõ äèôôåðåíöèàëüíûõ
óðàâíåíèé äâèæåíèÿ ïëîñêîé îãðàíè÷åííîé çàäà÷è òðåõ òåë â áàðèöåíòðè-
÷åñêîé ñèñòåìå êîîðäèíàò, ïîëó÷åíû äèôôåðåíöèàëüíûå óðàâíåíèÿ äâè-
æåíèÿ ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷è. Ðåøåíèå äèôôåðåíöèàëüíûõ
óðàâíåíèé äâèæåíèÿ êðóãîâîé ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷è òðåõ
òåë ñâåäåíû ê êâàäðàòóðàì. ×èñëåííûì ìåòîäîì ðåøåíà êðóãîâàÿ îãðà-
íè÷åííàÿ çàäà÷à òðåõ òåë (Çåìëÿ + Ëóíà + áåçìàññîâîå òåëî) ïðè íàéäåí-
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íûõ íà÷àëüíûõ óñëîâèÿõ. Ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ ïîêàçûâàþò,
÷òî ïðè ýòèõ íà÷àëüíûõ óñëîâèÿõ òðè òåëà âî âðåìÿ äâèæåíèÿ îáðàçóþò
ðàâíîáåäðåííûé òðåóãîëüíèê.

2. Óðàâíåíèÿ äâèæåíèÿ ïëîñêîé îãðàíè÷åííîé çàäà÷è òðåõ òåë

â íåâðàùàþùåéñÿ èíåðöèàëüíîé áàðèöåíòðè÷åñêîé ñèñòåìå

êîîðäèíàò

Ðàññìîòðèì äâèæåíèå ìàëîãî òåëà ñ èñ÷åçàþùå ìàëîé ìàññîé m2 (äà-
ëåå � áåçìàññîâîå òåëî) â ïîëå òÿãîòåíèÿ äâóõ îñíîâíûõ òåë ñ ïîñòîÿííûìè
ìàññàìè m1 è m3 â ïëîñêîì ñëó÷àå. Ïðè ýòîì òåëà ðàññìàòðèâàþòñÿ, êàê
ìàòåðèàëüíûå òî÷êè. Ìàòåìàòè÷åñêèå óñëîâèÿ îãðàíè÷åííîé ïîñòàíîâêè
çàäà÷è òðåõ òåë [1]�[5] ìîãóò áûòü çàïèñàíû â âèäå

m2 ≪ m1, m2 ≪ m3, m2 ≈ 0. (2.1)

Äèôôåðåíöèàëüíûå óðàâíåíèÿ äâèæåíèÿ ýòèõ òðåõ òåë â íåâðàùàþùåé-
ñÿ èíåðöèàëüíîé áàðèöåíòðè÷åñêîé ñèñòåìå êîîðäèíàò Gxy (ñì. Ðèñ. 1)
èìåþò èçâåñòíûé âèä

d2r⃗1
dt2

= fm3
r⃗13
r313

, r⃗13 = r⃗3 − r⃗1, (2.2)

d2r⃗3
dt2

= fm1
r⃗31
r331

, r⃗31 = r⃗1 − r⃗3, (2.3)

r31 = [(x3 − x1)
2 + (y3 − y1)

2]1/2 = r13,

d2r⃗2
dt2

= F⃗2, (2.4)

F⃗2 = f

(
m1

r⃗1 − r⃗2
∆3

21

+m3
r⃗3 − r⃗2
∆3

23

)
, (2.5)

ãäå ∆ij � ðàññòîÿíèÿ ìåæäó áåçìàññîâûì è îñíîâíûìè òåëàìè

∆21 = [(x2 − x1)
2 + (y2 − y1)

2]1/2 = ∆12, (2.6)

∆23 = [(x2 − x3)
2 + (y2 − y3)

2]1/2 = ∆32. (2.7)
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Â áàðèöåíòðè÷åñêîé ñèñòåìå êîîðäèíàò èìååò ìåñòî èíâàðèàíò öåíòðà
ìàññ çàäà÷è äâóõ îñíîâíûõ òåë:

m1r⃗1 +m3r⃗3 = 0. (2.8)

Èç óðàâíåíèé (2.2), (2.3) ñëåäóåò

d2r⃗31
dt2

= −f
m3 +m1

r331
r⃗31. (2.9)

Óðàâíåíèå (2.9) åñòü õîðîøî èçâåñòíîå óðàâíåíèå êëàññè÷åñêîé çàäà÷è
äâóõ òåë â îòíîñèòåëüíîé ñèñòåìå êîîðäèíàò ñ íà÷àëîì â òî÷êå m3. Èíòå-
ãðàë ïëîùàäåé èìååò âèä

r⃗31 ×
d r⃗31
dt

= c⃗31 =
−−−→
const. (2.10)

Îðáèòà � ïëîñêàÿ. Áóäåì ñ÷èòàòü, ÷òî îðáèòà ëåæèò íà ïëîñêîñòè Gxy.
Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ äâèæåíèÿ çàäà÷è äâóõ òåë (2.9)
çàïèøåì â âèäå [5], [6], [9]:

r31 = r31 (t) = r =
p

1 + e cos θ
, r2

dθ

dt
= c31 = const, (2.11)

c31 =
√
µp, µ = f (m1 +m3) . (2.12)

Â áàðèöåíòðè÷åñêîé ñèñòåìå êîîðäèíàò, ñ ó÷åòîì èíâàðèàíòà öåíòðà ìàññ
(2.8), èìååì

r⃗1 =
m3

m1 +m3
r⃗31, r⃗3 = − m1

m1 +m3
r⃗31. (2.13)

Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòüm3 ≥ m1. Â íàñòîÿùåé ðàáîòå ðàññìîò-
ðåí íàèáîëåå èíòåðåñíûé ñëó÷àé, êîãäà

c31 ̸= 0, c31 = const > 0. (2.14)

Â ñëó÷àå (2.14) òðàåêòîðèÿ â çàäà÷å äâóõ òåë (2.9) ìîæåò áûòü îêðóæíî-
ñòüþ (e = 0), ýëëèïñîì (0 < e < 1), ïàðàáîëîé (e = 1) èëè ãèïåðáîëîé
(e > 1). Ñëó÷àé c31 = 0 áóäåò ðàññìîòðåí â îòäåëüíîé ðàáîòå.
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3. Îïðåäåëåíèå óñëîâèé â ïëîñêîé îãðàíè÷åííîé çàäà÷å òðåõ

òåë, ïðèâîäÿùèõ ê ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷å

òðåõ òåë

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé (2.4)�
(2.5). Âûÿñíèì, ïðè êàêèõ íà÷àëüíûõ óñëîâèÿõ â ðàññìàòðèâàåìîé ïëîñ-
êîé îãðàíè÷åííîé çàäà÷å òðåõ òåë âî âðåìÿ äâèæåíèÿ òðè òåëà îáðàçóþò
ðàâíîáåäðåííûé òðåóãîëüíèê, íà âåðøèíå êîòîðîãî íàõîäèòñÿ áåçìàññîâîå
òåëî. Ñíà÷àëà äîêàæåì ñëåäóþùóþ òåîðåìó îá óñëîâèÿõ ðàñïîëîæåíèÿ
áåçìàññîâîãî òåëà îòíîñèòåëüíî îñíîâíûõ òåë â ðàññìàòðèâàåìîé ïëîñêîé
ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷å òðåõ òåë (ñì. Ðèñ. 1).

Ðèñóíîê 1 � Ïëîñêàÿ ðàâíîáåäðåííàÿ îãðàíè÷åííàÿ çàäà÷à

òðåõ òåë â áàðèöåíòðè÷åñêîé ñèñòåìå êîîðäèíàò

Òåîðåìà 3.1. Ïóñòü êîîðäèíàòû äâóõ îñíîâíûõ òåë â ïëîñêîé îãðàíè-

÷åííîé çàäà÷å òðåõ òåë â íåâðàùàþùåéñÿ èíåðöèàëüíîé áàðèöåíòðè÷åñêîé

ñèñòåìå êîîðäèíàò çàäàíû ðàâåíñòâàìè

x1 =
m3

m3 +m1
r cos θ, y1 =

m3

m3 +m1
r sin θ, (3.1)

x3 = − m1

m3 +m1
r cos θ, y3 = − m1

m3 +m1
r sin θ, (3.2)

ãäå r � ðàññòîÿíèå ìåæäó îñíîâíûìè òåëàìè, θ � èñòèííàÿ àíîìàëèÿ îò-

íîñèòåëüíîãî äâèæåíèÿ äâóõ îñíîâíûõ òåë.
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Òîãäà äëÿ òîãî, ÷òîáû òðåóãîëüíèê, îáðàçîâàííûé òðåìÿ òåëàìè, âî

âðåìÿ äâèæåíèÿ áûë ðàâíîáåäðåííûì, íà âåðøèíå êîòîðîãî íàõîäèòñÿ

áåçìàññîâîå òåëî, òî åñòü

∆21 = ∆23 = ∆, (3.3)

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû êîîðäèíàòû áåçìàññîâîãî òåëî îïðåäåëÿ-

ëèñü óðàâíåíèÿìè

x2 = ξ∗r cos θ − hr sin θ, y2 = ξ∗r sin θ + hr cos θ, (3.4)

ãäå

ξ∗ =
m3 −m1

2(m3 +m1)
= const, m3 ≥ m1 (3.5)

h = h(t) � áåçðàçìåðíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ âðåìåíè � âûñîòà

ðàâíîáåäðåííîãî òðåóãîëüíèêà.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Äîïóñòèì, ÷òî âî âðåìÿ äâèæåíèÿ
èìååò ìåñòî ðàâåíñòâî

∆21 = ∆23 = ∆. (3.6)

Äîêàæåì, ÷òî êîîðäèíàòû áåçìàññîâîãî òåëà îïðåäåëÿþòñÿ ôîðìóëàìè:

x2 = ξ∗r cos θ − hr sin θ, y2 = ξ∗r sin θ + hr cos θ. (3.7)

Ðàññìîòðèì êîîðäèíàòû òî÷êè m2 âî âðàùàòåëüíîé ñèñòåìå êîîðäèíàò
Gξη, ñâÿçàííîé ñ îñíîâíûìè òåëàìè. Ïóñòü îñü àáñöèññû Gξ ïðîõîäèò âñå
âðåìÿ ÷åðåç òî÷êè m3 è m1. Èñïîëüçóÿ èçâåñòíûå ôîðìóëû

x = ξ cos θ − η sin θ, y = ξ sin θ + η cos θ,

ïîëó÷èì
x2 = ξ2 cos θ − η2 sin θ, y2 = ξ2 sin θ + η2 cos θ. (3.8)

Äàëåå ïåðåõîäèì ê áåçðàçìåðíûì êîîðäèíàòàì:

ξ

r
= ξ∗,

η

r
= η∗. (3.9)

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



Îá îäíîì ÷àñòíîì ñëó÷àå ïëîñêîé ... 105

Òîãäà â ñèñòåìå êîîðäèíàò Gξ∗η∗ èìååì

ξ2 = rξ∗2 , η2 = rη∗2. (3.10)

Â ñèñòåìå êîîðäèíàò Gξ∗η∗ òî÷êè m3 è m1 � íåïîäâèæíûå. Èç óñëîâèé
ðàâíîáåäðåííîñòè òðåóãîëüíèêà (3.6), îáðàçîâàííîãî òðåìÿ òåëàìè, ñ ó÷å-
òîì âûïîëíåííûõ ïðåîáðàçîâàíèé íàõîäèì

ξ∗2 =
m3 −m1

2(m3 +m1)
= ξ∗ = const. (3.11)

Î÷åâèäíî, ÷òî â ñèñòåìå êîîðäèíàò Gξ∗η∗ îðäèíàòà òî÷êè m2 ÿâëÿåòñÿ
âûñîòîé ðàâíîáåäðåííîãî òðåóãîëüíèêà, êîòîðóþ îáîçíà÷èì h,

η∗2 = h. (3.12)

Èç ñîîòíîøåíèé (3.11), (3.12), (3.10) è (3.8) ïîëó÷èì

x2 = ξ∗r cos θ − hr sin θ, y2 = ξ∗r sin θ + hr cos θ. (3.13)

Íåîáõîäèìîñòü òåîðåìû äîêàçàíà.
Äîñòàòî÷íîñòü. Ïóñòü êîîðäèíàòû áåçìàññîâîãî òåëà âî âðåìÿ äâèæå-

íèÿ îïðåäåëÿþòñÿ ôîðìóëàìè

x2 = ξ∗r cos θ − hr sin θ, y2 = ξ∗r sin θ + hr cos θ. (3.14)

Äîêàæåì, ÷òî âî âðåìÿ äâèæåíèÿ èìååò ìåñòî ðàâåíñòâî

∆21 = ∆23 = ∆. (3.15)

Èñïîëüçóÿ ñîîòíîøåíèÿ (3.1) è (3.14), âû÷èñëèì ∆21. Â ðåçóëüòàòå ïîëó-
÷èì

∆21 = [(x2 − x1)
2 + (y2 − y1)

2]1/2 =

(
1

4
+ h2

)1/2

r. (3.16)

Àíàëîãè÷íî èç ðàâåíñòâ (3.2) è (3.14) ïîëó÷èì

∆23 = [(x2 − x3)
2 + (y2 − y3)

2]1/2 =

(
1

4
+ h2

)1/2

r. (3.17)
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Èç ðàâåíñòâ (3.16), (3.17) ñëåäóåò

∆21 = ∆23 = ∆. (3.18)

Äîñòàòî÷íîñòü òåîðåìû äîêàçàíà.

3.2. Ñëåäñòâèÿ.

Ñëåäñòâèå 1. Â íåâðàùàþùåéñÿ èíåðöèàëüíîé áàðèöåíòðè÷åñêîé ñèñòå-

ìå êîîðäèíàò ñêîðîñòü è êîîðäèíàòû áåçìàññîâîãî òåëà â ïëîñêîé ðàâíî-

áåäðåííîé îãðàíè÷åííîé çàäà÷å òðåõ òåë âî âðåìÿ äâèæåíèÿ óäîâëåòâîðÿ-

þò ðàâåíñòâàì

x2 = ξ∗r cos θ − hr sin θ, y2 = ξ∗r sin θ + hr cos θ, (3.19)

dx2
dt

= ξ∗
dr

dt
cos θ −

(
dh

dt
r + h

dr

dt

)
sin θ − (ξ∗ sin θ + h cos θ) r

dθ

dt
, (3.20)

dy2
dt

= ξ∗
dr

dt
sin θ +

(
dh

dt
r + h

dr

dt

)
cos θ + (ξ∗ cos θ − h sin θ) r

dθ

dt
, (3.21)

ãäå h = h(t) � âûñîòà ðàâíîáåäðåííîãî òðåóãîëüíèêà.

Ñëåäñòâèå 2. Â íåâðàùàþùåéñÿ èíåðöèàëüíîé áàðèöåíòðè÷åñêîé ñèñòå-

ìå êîîðäèíàò â ëþáîé ôèêñèðîâàííîé íà÷àëüíûé ìîìåíò âðåìåíè t = t0 =
const â ïëîñêîé ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷å òðåõ òåë êîîðäèíàòû
è ñêîðîñòè áåçìàññîâîãî òåëà èìåþò âèä

x20 = ξ∗r0 cos θ0 − h0r0 sin θ0, y20 = ξ∗r0 sin θ0 + h0r0 cos θ0, (3.22)(
dx2
dt

)
0

=ξ∗
(
dr

dt

)
0

cos θ0 −
((

dh

dt

)
0

r0 + h0

(
dr

dt

)
0

)
sin θ0−

− (ξ∗ sin θ0 + h0 cos θ0) r0

(
dθ

dt

)
0

, (3.23)(
dy2
dt

)
0

= ξ∗
(
dr

dt

)
0

sin θ0 +

((
dh

dt

)
0

r0 + h0

(
dr

dt

)
0

)
cos θ0+

+(ξ∗ cos θ0 − h0 sin θ0) r0

(
dθ

dt

)
0

, (3.24)

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



Îá îäíîì ÷àñòíîì ñëó÷àå ïëîñêîé ... 107

ãäå θ0 = const, h0 = const > 0,

(
dh

dt

)
0

= const � ïàðàìåòðû íà÷àëüíûõ

óñëîâèé.

Â óðàâíåíèÿõ (3.22)�(3.24) è äàëåå íèæíèì èíäåêñîì íóëü îáîçíà÷åíû
íà÷àëüíûå çíà÷åíèÿ ñîîòâåòñòâóþùèõ âåëè÷èí â ôèêñèðîâàííûé íà÷àëü-
íûé ìîìåíò âðåìåíè t = t0.

Ñëåäñòâèå 3. Â íåâðàùàþùåéñÿ èíåðöèàëüíîé áàðèöåíòðè÷åñêîé ñèñòå-

ìå êîîðäèíàò íà÷àëüíûå êîîðäèíàòû è ñêîðîñòè, îïðåäåëÿþùèå ðåøåíèÿ

Ëàãðàíæà L4 îãðàíè÷åííîé çàäà÷è òðåõ òåë â ôîðìå ðàâíîñòîðîííåãî

òðåóãîëüíèêà, êàê ðåøåíèÿ ïëîñêîé ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà-

÷è òðåõ òåë, çàäàþòñÿ ðàâåíñòâàìè

xL0=ξ∗r0cos θ0− hLr0 sin θ0,

yL0 = ξ∗r0 sin θ0 + hLr0 cos θ0, hL=+

√
3

2
, (3.25)(

dxL
dt

)
0

= ξ∗
(
dr

dt

)
0

cos θ0 − hL

(
dr

dt

)
0

sin θ0−

− (ξ∗ sin θ0 + hL cos θ0) r0

(
dθ

dt

)
0

, (3.26)(
dyL
dt

)
0

= ξ∗
(
dr

dt

)
0

sin θ0 + hL

(
dr

dt

)
0

cos θ0+

+(ξ∗ cos θ0 − hL sin θ0) r0

(
dθ

dt

)
0

. (3.27)

3.3. Óïðîùåíèå óðàâíåíèÿ äâèæåíèÿ ïëîñêîé îãðàíè÷åííîé çà-

äà÷è òðåõ òåë â ñëó÷àå ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷è

òðåõ òåë

Â ðàññìàòðèâàåìîé îãðàíè÷åííîé çàäà÷å òðåõ òåë â áàðèöåíòðè÷åñêîé
ñèñòåìå êîîðäèíàò íüþòîíîâñêàÿ ñèëà ïðèòÿæåíèÿ äâóõ îñíîâíûõ òåë (íà
åäèíèöó ìàññû) èìååò âèä (2.5). Ïðåîáðàçóåì àíàëèòè÷åñêîå âûðàæåíèå
(2.5) ñ ó÷åòîì (3.18) è (2.8):

F⃗2 = f

(
m1

r⃗1 − r⃗2
∆3

21

+m3
r⃗3 − r⃗2
∆3

23

)
=
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= f

(
m1r⃗1 +m3r⃗3

∆3
− m1 +m3

∆3
r⃗2

)
= − f

∆3
(m1 +m3) r⃗2. (3.28)

Òàêèì îáðàçîì, â ïëîñêîé ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷å òðåõ òåë
ñóììàðíàÿ íüþòîíîâñêàÿ ñèëà ïðèòÿæåíèÿ äâóõ îñíîâíûõ òåë (íà åäèíèöó
ìàññû) F⃗2 � öåíòðàëüíàÿ.

Ïîýòîìó óðàâíåíèå äâèæåíèÿ ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷è
òðåõ òåë â áàðèöåíòðè÷åñêîé ñèñòåìå êîîðäèíàò (2.4), (2.5) ìîæíî íàïè-
ñàòü â âèäå

d2r⃗2
dt2

= − f

∆3
(m1 +m3) r⃗2. (3.29)

Èç óðàâíåíèÿ (3.29) ñëåäóåò èíòåãðàë ïëîùàäåé:

r⃗2 × u⃗2 = c⃗2 =
−−−→
const, u⃗2 =

d r⃗2
dt

, (3.30)

c2 = r20u20 sin δ0 = const ̸= 0, u20 = |u⃗2(t0)| . (3.31)

ãäå δ0 � óãîë ìåæäó âåêòîðàìè r⃗20 è u⃗20 (0 < δ0 < 180◦).
Äàëåå, èñïîëüçóÿ òåîðåìó Ïèôàãîðà, âûðàçèì ∆3 ÷åðåç r31, r2, m1 è

m3. Èç ñîîòâåòñòâóþùèõ ïðÿìîóãîëüíûõ òðåóãîëüíèêîâ ïîëó÷èì

r22 = ∆2 − m1m3

(m1 +m3)
2 r

2
31. (3.32)

Èç ðàâåíñòâà (3.32) ñëåäóåò

∆3 =
(
σ2r231 + r22

)3/2
, σ2 =

m1m3

(m1 +m3)
2 = const > 0. (3.33)

Ïîäñòàâëÿÿ (3.33) â (3.29), îêîí÷àòåëüíî ïîëó÷èì äèôôåðåíöèàëüíîå
óðàâíåíèå äâèæåíèÿ ïëîñêîé îãðàíè÷åííîé ðàâíîáåäðåííîé çàäà÷è òðåõ
òåë â áàðèöåíòðè÷åñêîé ñèñòåìå êîîðäèíàò â âåêòîðíîé ôîðìå:

d2r⃗2
dt2

= −µ
r⃗2(

σ2r231(t) + r22
)3/2 , µ = f (m1 +m3) = const > 0. (3.34)

Â ñêàëÿðíîé ôîðìå óðàâíåíèå äâèæåíèÿ (3.34) èìååò âèä

d2x2
dt2

= −µ
x2(

σ2r231(t) + r22
)3/2 , d2y2

dt2
= −µ

y2(
σ2r231(t) + r22

)3/2 . (3.35)
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Ñîîòâåòñòâåííî â ñêàëÿðíîé ôîðìå èíòåãðàë ïëîùàäåé èìååò âèä

x2
dy2
dt

− y2
dx2
dt

= c2, (3.36)

c2 = x20

(
dy2
dt

)
0

− y20

(
dx2
dt

)
0

= const ̸= 0. (3.37)

4. Ðàâíîáåäðåííàÿ êðóãîâàÿ îãðàíè÷åííàÿ çàäà÷à òðåõ òåë

Ïóñòü â ðåøåíèÿõ çàäà÷è äâóõ òåë (2.11), (2.12) e = 0. Â ýòîì ÷àñòíîì
ñëó÷àå

r31 = a = const, c2 ̸= 0. (4.1)

Ïîäñòàâëÿÿ (4.1) â óðàâíåíèå äâèæåíèÿ (3.34), ïîëó÷èì óðàâíåíèå äâè-
æåíèÿ ïëîñêîé ðàâíîáåäðåííîé êðóãîâîé îãðàíè÷åííîé çàäà÷è òðåõ òåë.
Ïëîñêàÿ êðóãîâàÿ ðàâíîáåäðåííàÿ îãðàíè÷åííàÿ çàäà÷à òðåõ òåë � èíòå-
ãðèðóåìàÿ. Ïîêàæåì, ÷òî ðåøåíèå êðóãîâîé ðàâíîáåäðåííîé îãðàíè÷åííîé
çàäà÷è òðåõ òåë â ñîîòâåòñòâóþùåé ïîëÿðíîé ñèñòåìå êîîðäèíàò r2, ϕa,
ñâîäèòñÿ ê êâàäðàòóðàì. Ó÷èòûâàÿ (4.1), ïåðåïèøåì óðàâíåíèå äâèæåíèÿ
(3.34) â âèäå

¨⃗r2=−µ
r⃗2

(N2 + r22)
3/2

=gradr⃗2U, (4.2)

U =
µ√

N2 + r22

, r22 = x22 + y22 = r2a, N2 = σ2a2 =
m1m3

(m1 +m3)2
a2 = const.

Íà ïëîñêîñòè îðáèòû â ïîëÿðíûõ ïåðåìåííûõ ra, ϕa óðàâíåíèå äâèæåíèÿ
èìååò âèä

r̈a − raϕ̇
2
a = −µ

ra

(N2 + r2a)
3/2

=
∂U

∂ra
, r2aϕ̇a = c2a = const ̸= 0. (4.3)

Ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé (4.3) ïåðåïèøåì â âèäå

r̈a = −µ
ra

(N2 + r2a)
3/2

+
c22a
r3a

. (4.4)

Äèôôåðåíöèàëüíîå óðàâíåíèå (4.4), ïî âèäó ñîâïàäàåò ñ óðàâíåíèåì äâè-
æåíèÿ ñèììåòðè÷íîé çàäà÷è äâóõ íåïîäâèæíûõ öåíòðîâ, êîãäà âî âðåìÿ
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äâèæåíèÿ ìàòåðèàëüíàÿ òî÷êà íàõîäèòñÿ íà ïëîñêîñòè, ïåðïåíäèêóëÿðíîé
ê îòðåçêó (ïëîñêîñòü ïðîõîäèò ÷åðåç ñåðåäèíó îòðåçêà), íà êîíöå êîòîðîãî
ëåæàò íåïîäâèæíûå öåíòðû [8]. Äèôôåðåíöèàëüíîå óðàâíåíèå (4.4) òàêæå
ïîõîæå, íî îòëè÷àåòñÿ îò ñîîòâåòñòâóþùåãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ äâèæåíèÿ çàäà÷è Ñèòíèêîâà [5], [6] íàëè÷èåì âòîðîãî ñëàãàåìîãî â
ïðàâîé ÷àñòè.

Èç óðàâíåíèÿ (4.4) ïîëó÷èì èíòåãðàë ýíåðãèè

ṙ2a =
2µ√

N2 + r2a
− c22a

r2a
+ 2h1, h1 = const. (4.5)

Èç èíòåãðàëà (4.5) ñëåäóåò

dra
dt

= ±

√
2µr2a − c22a

√
N2 + r2a + 2h1r2a

√
N2 + r2a(

r2a
√

N2 + r2a

)1/2 ,

ïîýòîìó

t− t0 = ∓
∫ ra

ra0

ra

(√
N2 + r2a

)1/2
dra√

2µr2a − c22a
√

N2 + r2a + 2h1r2a
√

N2 + r2a

. (4.6)

Ìîæíî ïîêàçàòü, ÷òî êâàäðàòóðà â ïðàâîé ÷àñòè óðàâíåíèè (4.6) � ýëëèï-
òè÷åñêàÿ.

5. Îïðåäåëåíèå íàïðàâëåíèÿ âåêòîðà ñêîðîñòè áåçìàññîâîãî

òåëà â íà÷àëüíûé ìîìåíò âðåìåíè â ðàâíîáåäðåííîé îãðàíè-

÷åííîé çàäà÷å òðåõ òåë

Èç ïîñòîÿííûõ èíòåãðàëîâ ïëîùàäåé (2.10) è (3.30) îïðåäåëèì íàïðàâ-
ëåíèÿ âåêòîðà ñêîðîñòè áåçìàññîâîãî òåëà â íà÷àëüíûé ìîìåíò âðåìåíè:

u⃗20 = u⃗2(t0) =

(
d r⃗2
dt

)
0

. (5.1)

Ôîðìàëüíî âîçìîæíû äâà ñëó÷àÿ:

c⃗31 ↑↑ c⃗2, c⃗31 ↑↓ c⃗2. (5.2)
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Îäíàêî, ïî îïðåäåëåíèþ ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷è òðåõ òåë
(òðè òåëà âñå âðåìÿ îáðàçóþò ðàâíîáåäðåííûé òðåóãîëüíèê) ôàêòè÷åñêè
ðåàëèçóåòñÿ òîëüêî îäèí ñëó÷àé:

c⃗31 ↑↑ c⃗2. (5.3)

Èç ðàâåíñòâ (3.31) è (3.37) ïîëó÷èì

c2=r20u20 sin δ0=x20

(
dy2
dt

)
0

− y20

(
dx2
dt

)
0

=const > 0, (5.4)

ãäå

r20 =
(
x220 + y220

)1/2
, u20 =

((
dx2
dt

)2

0

+

(
dy2
dt

)2

0

)1/2

. (5.5)

Ñêàëÿðíîå ïðîèçâåäåíèå äâóõ âåêòîðîâ r⃗20 è u⃗20 èìååò âèä

r⃗20 · u⃗20 = r20u20 cos δ0 = x20

(
dx2
dt

)
0

+ y20

(
dy2
dt

)
0

. (5.6)

Ñîîòíîøåíèÿ (5.4)�(5.6) îäíîçíà÷íî îïðåäåëÿþò âåêòîð u⃗20 â ñëó÷àå (5.3).
Èç óðàâíåíèé (5.6) ïîëó÷èì

δ0 = arccos

{[
x20

(
dx2
dt

)
0

+ y20

(
dy2
dt

)
0

]/
r20 · u20

}
. (5.7)

Â íàñòîÿùåé ðàáîòå îãðàíè÷èìñÿ îïðåäåëåíèåì íàïðàâëåíèÿ âåêòîðà ñêî-
ðîñòè áåçìàññîâîãî òåëà â íà÷àëüíûé ìîìåíò âðåìåíè. Ïîäðîáíûé àíàëèç
íà÷àëüíûõ óñëîâèé â ïëîñêîé ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷å òðåõ
òåë áóäåò âûïîëíåí â îòäåëüíîé ðàáîòå.

6. Ôîðìóëèðîâêà îñíîâíîãî ðåçóëüòàòà íàñòîÿùåé ðàáîòû

Òåïåðü ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò íàøåé ðàáîòû.
Ïóñòü óðàâíåíèÿ äâèæåíèÿ ïëîñêîé îãðàíè÷åííîé çàäà÷è òðåõ òåë çà-

äàíû â íåâðàùàþùåéñÿ èíåðöèàëüíîé áàðèöåíòðè÷åñêîé ñèñòåìå êîîðäè-
íàò â ñëåäóþùåì âèäå:

d2x2
dt2

= f

(
m1

x1 − x2
∆3

21

+m3
x3 − x2
∆3

23

)
,
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d2y2
dt2

= f

(
m1

y1 − y2
∆3

21

+m3
y3 − y2
∆3

23

)
, (6.1)

x1 =
m3

m3 +m1
r cos θ, y1 =

m3

m3 +m1
r sin θ, m3 ≥ m1, (6.2)

x3 = − m1

m3 +m1
r cos θ, y3 = − m1

m3 +m1
r sin θ, (6.3)

∆21 = [(x2 − x1)
2 + (y2 − y1)

2]1/2, ∆23 = [(x2 − x3)
2 + (y2 − y3)

2]1/2. (6.4)

Ïóñòü â äèôôåðåíöèàëüíûõ óðàâíåíèÿõ äâèæåíèÿ (6.1) íà÷àëüíûå
çíà÷åíèÿ êîîðäèíàò è ñêîðîñòåé îïðåäåëåíû ðàâåíñòâàìè

x20 = ξ∗r0 cos θ0 − h0r0 sin θ0, y20 = ξ∗r0 sin θ0 + h0r0 cos θ0, (6.5)(
dx2
dt

)
0

= ξ∗
(
dr

dt

)
0

cos θ0 −
((

dh

dt

)
0

r0 + h0

(
dr

dt

)
0

)
sin θ0−

− (ξ∗ sin θ0 + h0 cos θ0) r0

(
dθ

dt

)
0

, (6.6)(
dy2
dt

)
0

= ξ∗
(
dr

dt

)
0

sin θ0 +

((
dh

dt

)
0

r0 + h0

(
dr

dt

)
0

)
cos θ0+

+(ξ∗ cos θ0 − h0 sin θ0) r0

(
dθ

dt

)
0

, (6.7)

ãäå ξ∗ = (m3 −m1)/2(m3 +m1) = const ≥ 0 � ïàðàìåòð, çàâèñÿùèé îò ìàññ

îñíîâíûõ òåë, θ0 = θ(t0) = const, h0 = h (t0) = const > 0,

(
dh

dt

)
0

= const �

ïàðàìåòðû íà÷àëüíûõ óñëîâèé.
Òîãäà
1) òðè òåëà, âî âðåìÿ äâèæåíèÿ îáðàçóþò ðàâíîáåäðåííûé òðåóãîëüíèê

(∆21 = ∆23 = ∆), íà âåðøèíå êîòîðîãî íàõîäèòñÿ áåçìàññîâîå òåëî, òî åñòü
èìååì ðàâíîáåäðåííóþ îãðàíè÷åííóþ çàäà÷ó òðåõ òåë;

2) â ðàâíîáåäðåííîé çàäà÷å òðåõ òåë ñóììàðíàÿ íüþòîíîâñêàÿ ñèëà
ïðèòÿæåíèÿ îñíîâíûõ òåë (íà åäèíèöó ìàññû) � öåíòðàëüíàÿ;

3) óðàâíåíèÿ äâèæåíèÿ óïðîùàþòñÿ è èìåþò âèä

d2x2
dt2

= −f
(m1 +m3)(

σ2r231(t) + r22
)3/2x2, d2y2

dt2
= −f

(m1 +m3)(
σ2r231(t) + r22

)3/2 y2, (6.8)
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x2
dy2
dt

− y2
dx2
dt

= c2 = const = x20

(
dy2
dt

)
0

− y20

(
dx2
dt

)
0

̸= 0. (6.9)

7. ×èñëåííîå ðåøåíèå èñõîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

êðóãîâîé îãðàíè÷åííîé çàäà÷è òðåõ òåë ïðè íàéäåííûõ íà÷àëü-

íûõ óñëîâèÿõ, ïðèâîäÿùèõ ê ðàâíîáåäðåííîé îãðàíè÷åííîé çà-

äà÷å òðåõ òåë

Â ñëó÷àå, êîãäà îòíîñèòåëüíàÿ îðáèòà îñíîâíûõ òåë � êðóãîâàÿ, èìååì
e = 0, r31 = p = a(1 − e2) = a. Ñëåäóÿ [1], [2], ââåäåì ñëåäóþùèå áåçðàç-
ìåðíûå âåëè÷èíû:

x2
a

= x̃2 = x̃,
y2
a

= ỹ2 = ỹ,
r31
a

= r̃31 = r̃ = 1, (7.1)

m1

m1 +m3
= m̃1 = m,

m3

m1 +m3
= m̃3 = 1−m, 0 < m ≤ 1

2
, (7.2)

τ = nt = θ, n =

√
f (m3 +m1)

a3/2
= const. (7.3)

Òîãäà óðàâíåíèå äâèæåíèÿ ïëîñêîé êðóãîâîé îãðàíè÷åííîé çàäà÷å òðåõ
òåë (6.1) â íåâðàùàþùåéñÿ èíåðöèàëüíîé áàðèöåíòðè÷åñêîé ñèñòåìå êî-
îðäèíàò â áåçðàçìåðíûõ ïåðåìåííûõ x̃, ỹ, τ èìåþò âèä

d2x̃

dτ2
= m

x̃1 − x̃

∆̃3
21

+ (1−m)
x̃3 − x̃

∆̃3
23

, (7.4)

d2ỹ

dτ2
= m

ỹ1 − ỹ

∆̃3
21

+ (1−m)
ỹ3 − ỹ

∆̃3
23

, (7.5)

ãäå
x̃1 = (1−m) cos τ, ỹ1 = (1−m) sin τ, (7.6)

x̃3 = −m cos τ, ỹ3 = −m sin τ, (7.7)

∆̃21 =
[
(x̃1 − x̃)2 + (ỹ1 − ỹ)2

]1/2
, ∆̃23 =

[
(x̃3 − x̃)2 + (ỹ3 − ỹ)2

]1/2
.

Óðàâíåíèå äâèæåíèÿ ïëîñêîé êðóãîâîé îãðàíè÷åííîé çàäà÷è òðåõ òåë
(7.4), (7.5) èìååò èíòåãðàë ßêîáè [1], [2]:(

dx̃

dτ

)2

+

(
dỹ

dτ

)2

−2

(
x̃
dỹ

dτ
− ỹ

dx̃

dτ

)
−2

(
m

∆̃21

+
1−m

∆̃23

)
= J0 = const. (7.8)
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Íà÷àëüíûå óñëîâèÿ ïðåîáðàçóþòñÿ ê âèäó

x̃(0) = ξ∗ cos τ0 − h0 sin τ0, (7.9)(
dx̃

dτ

)
0

= − (ξ∗ + s0) sin τ0 − h0 cos τ0, (7.10)

ỹ(0) = ξ∗ sin τ0 + h0 cos τ0, (7.11)(
dỹ

dτ

)
0

= (ξ∗ + s0) cos τ0 − h0 sin τ0. (7.12)

Ïàðàìåòðû íà÷àëüíûõ óñëîâèé (7.9)-(7.12) îïðåäåëÿþòñÿ ñëåäóþùèì îá-
ðàçîì:

ξ∗ =
1− 2m

2
= const, m =

k

k + 1
, k =

m1

m3
= const > 0, (7.13)

h0 = const, (7.14)(
dh

dτ

)
0

= s0 = const, (7.15)

τ0 = nt0 − çíà÷åíèå τ ïðè t0 = const. (7.16)

×èñëåííî èíòåãðèðóåì óðàâíåíèÿ äâèæåíèÿ (7.4)�(7.5) ïðè íàéäåííûõ íà-
÷àëüíûõ óñëîâèÿõ (7.9)�(7.12) è ïîêàæåì, ÷òî òðè òåëà âî âðåìÿ äâèæåíèÿ
îáðàçóþò ðàâíîáåäðåííûé òðåóãîëüíèê.

Îáîçíà÷èì

x̃ = z1,
dx̃

dτ
= z2, ỹ = z3,

dỹ

dτ
= z4, (7.17)

òîãäà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (7.4), (7.5) èìååò âèä

dz1
dτ

= z2, (7.18)

dz2
dτ

= m
x̃1 − z1

∆̃3
21

+ (1−m)
x̃3 − z1

∆̃3
23

, (7.19)

dz3
dτ

= z4, (7.20)
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dz4
dτ

= m
ỹ1 − z3

∆̃3
21

+ (1−m)
ỹ3 − z3

∆̃3
23

, (7.21)

ãäå
x̃1 = (1−m) cos τ, ỹ1 = (1−m) sin τ, (7.22)

x̃3 = −m cos τ, ỹ3 = −m sin τ, (7.23)

∆̃21 =
[
(x̃1 − z1)

2 + (ỹ1 − z3)
2
]1/2

,

∆̃23 =
[
(x̃3 − z1)

2 + (ỹ3 − z3)
2
]1/2

. (7.24)

Íà÷àëüíûå óñëîâèÿ (7.9)�(7.12) çàäà÷è Êîøè äëÿ ñèñòåìû äèôôåðåíöè-
àëüíûõ óðàâíåíèè (7.18)�(7.21) ïðåîáðàçóþòñÿ ê âèäó

z1(0) = ξ∗ cos τ0 − h0 sin τ0, (7.25)

z2(0) = − (ξ∗ + s0) sin τ0 − h0 cos τ0, (7.26)

z3(0) = ξ∗ sin τ0 + h0 cos τ0, (7.27)

z4(0) = (ξ∗ + s0) cos τ0 − h0 sin τ0. (7.28)

Èíòåãðàë ßêîáè (7.8) èìååò âèä

z22 + z24 − 2 (z1z4 − z3z2)− 2

(
m

∆̃21

+
1−m

∆̃23

)
= J0 = const, (7.29)

∆̃21 =
[
(x̃1 − z1)

2 + (ỹ1 − z3)
2
]1/2

, ∆̃23 =
[
(x̃3 − z1)

2 + (ỹ3 − z3)
2
]1/2

.

Èíòåãðàë (7.29) èñïîëüçîâàí â êà÷åñòâå êîíòðîëÿ âû÷èñëåíèÿ.
Ðàññìîòðèì ñèñòåìó Çåìëÿ+Ëóíà+áåçìàññîâîå òåëî (r31 = a =

384000 êì, e = 0). Ïàðàìåòðû íà÷àëüíûõ óñëîâèé îïðåäåëÿåòñÿ ñëåäó-
þùèì îáðàçîì:

k =
m1

m3
=

mëóíà
mçåìëÿ

= 0.01230002, m =
k

k + 1
, ξ∗ =

1

2
(1− 2m) , (7.30)

τ = τ0 = 0 ïðè t = t0 = 0. (7.31)

h0 = 4.4, s0 = −2.05. (7.32)
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Òîãäà èç ñîîòíîøåíèé (7.25)�(7.28) èìååì ñëåäóþùèå íà÷àëüíûå óñëîâèÿ:

x̃0 = z1(0) = 0.487849,
(dx̃
dτ

)
0
= z2(0) = −4.4,

ỹ0 = z3(0) = 4.4,
(dỹ
dτ

)
= z4(0) = −1.56215, (7.33)

r̃20 = 4.42696, ũ20 = 4.66908, δ0 = 115.873 ãðàäóñ,

∆̃21(0) = 4.42832, ∆̃23(0) = 4.42832. (7.34)

Ýòè íà÷àëüíûå óñëîâèÿ íàõîäÿòñÿ â îáëàñòè âîçìîæíûõ äâèæåíèé,
îïðåäåëÿåìûõ èíòåãðàëîì ßêîáè (7.8), è óäîâëåòâîðÿþò óñëîâèþ (5.4).

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (7.18)�(7.21) ïðè íà÷àëüíûõ
óñëîâèÿõ (7.33) ðåøåíà ÷èñëåííûì ìåòîäîì ñ èñïîëüçîâàíèåì ïàêåòà
Mathematica.

Ãðàôèêè ôóíêöèé

∆̃21 = ∆̃21(τ), ∆̃23 = ∆̃23(τ), eps = ∆̃21(τ)− ∆̃23(τ) (7.35)

â èíòåðâàëå τ ∈ [0, 2πA], π ≈ 3, 14, A = 100 ïðèâåäåíû íà Ðèñ. 2, 3.

Ðèñóíîê 2 � Ãðàôèêè ôóíêöèè ∆̃21 (τ) è ∆̃23 (τ)
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Ðèñóíîê 3 � Ãðàôèê ôóíêöèè eps = ∆̃21 (τ)− ∆̃23 (τ)

Èç ýòèõ ãðàôèêîâ âèäíî, ÷òî (â ïðîìåæóòêå âðåìåíè 100 îáîðîòîâ îñ-
íîâíûõ òåë) òðè òåëà âî âðåìÿ äâèæåíèÿ îáðàçóþò ðàâíîáåäðåííûé òðå-
óãîëüíèê. Àíàëîãè÷íî ìîæíî ðàññìîòðåòü è äðóãèå íà÷àëüíûå óñëîâèÿ,
ñîãëàñíî (7.25)�(7.28) èç îáëàñòè âîçìîæíûõ äâèæåíèé, îïðåäåëÿåìûõ èí-
òåãðàëîì ßêîáè (7.8) è óäîâëåòâîðÿþùèõ óñëîâèþ (5.4).

8. Îáñóæäåíèÿ

Òàêèì îáðàçîì, â áàðèöåíòðè÷åñêîé ñèñòåìå êîîðäèíàò Gxy ìîæåò
áûòü ðàññìîòðåí òàêîé ÷àñòíûé âàðèàíò ïëîñêîé îãðàíè÷åííîé çàäà÷è
òðåõ òåë, â êîòîðîì âî âðåìÿ äâèæåíèÿ òðè òåëà îáðàçóþò ðàâíîáåäðåí-
íûé òðåóãîëüíèê, íà âåðøèíå êîòîðîãî íàõîäèòñÿ áåçìàññîâîå òåëî. Òàêîé
÷àñòíûé ñëó÷àé îãðàíè÷åííîé çàäà÷è òðåõ òåë íàçâàí íàìè ðàâíîáåäðåí-

íîé îãðàíè÷åííîé çàäà÷åé òðåõ òåë. Ïëîñêàÿ ðàâíîáåäðåííàÿ îãðàíè÷åí-
íàÿ çàäà÷à òðåõ òåë îïèñàíà â îáùåì ñëó÷àå. Â çàâèñèìîñòè îò ðåøåíèé
çàäà÷è äâóõ îñíîâíûõ òåë (2.11)�(2.12) çàäà÷à ìîæåò áûòü êðóãîâîé, ýë-
ëèïòè÷åñêîé, ïàðàáîëè÷åñêîé èëè ãèïåðáîëè÷åñêîé ïëîñêîé ðàâíîáåäðåí-
íîé îãðàíè÷åííîé çàäà÷åé òðåõ òåë.

Ñ ó÷åòîì èíòåãðàëà ïëîùàäåé (3.36) ðàâíîáåäðåííàÿ îãðàíè÷åííàÿ çà-
äà÷à òðåõ òåë, êàê äèíàìè÷åñêàÿ ñèñòåìà, èìååò îäíó ñòåïåíü ñâîáîäû. Â
ðàáîòàõ [10]�[11], èñõîäÿ èç äðóãîé êîíöåïöèè, íàìè áûëî ïîêàçàíî, ÷òî
ðàâíîáåäðåííàÿ îãðàíè÷åííàÿ çàäà÷à òðåõ òåë èíòåãðèðóåìà.

Ïî ñõåìå èññëåäîâàíèÿ, ïðèíÿòîé â íàñòîÿùåé ðàáîòå, òàêæå ìîæíî
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ïîêàçàòü, ÷òî çàäà÷à èíòåãðèðóåìà. Èíòåãðàë ïëîùàäåé (6.9), ïðåîáðàçî-
âàííûé â ïåðåìåííûå θ è h (θ), îïðåäåëÿåò ïðîñòîå äèôôåðåíöèàëüíîå
óðàâíåíèå ïåðâîãî ïîðÿäêà. Ýòî äèôôåðåíöèàëüíîå óðàâíåíèå èíòåãðè-
ðóåìî è, â çàâèñèìîñòè îò íà÷àëüíûõ óñëîâèé, èìååò òðè òèïà ðåøåíèÿ.
Äåòàëüíûé àíàëèç ðåøåíèÿ ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷è òðåõ òåë
â òåðìèíàõ ôîðìóë (3.19)�(3.21) áóäåò âûïîëíåí â îòäåëüíîé ðàáîòå.

9. Çàêëþ÷åíèå

Íàéäåíû íà÷àëüíûå óñëîâèÿ, ïðè êîòîðûõ êëàññè÷åñêàÿ ïëîñêàÿ îãðà-
íè÷åííàÿ çàäà÷à òðåõ òåë âî âðåìÿ äâèæåíèÿ îáðàçóåò ïëîñêèé ðàâíîáåä-
ðåííûé òðåóãîëüíèê, íà âåðøèíå êîòîðîãî íàõîäèòñÿ áåçìàññîâîå òåëî.
Òàêîé ÷àñòíûé ñëó÷àé êëàññè÷åñêîé ïëîñêîé îãðàíè÷åííîé çàäà÷è òðåõ
òåë íàçâàí ïëîñêîé ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷åé òðåõ òåë.

Ïëîñêàÿ ðàâíîáåäðåííàÿ îãðàíè÷åííàÿ çàäà÷à òðåõ òåë ÿâëÿåòñÿ äè-
íàìè÷åñêîé ñèñòåìîé ñ îäíîé ñòåïåíüþ ñâîáîäû. Îòìå÷åíî, ÷òî ðàâíîáåä-
ðåííàÿ ïëîñêàÿ îãðàíè÷åííàÿ çàäà÷à òðåõ òåë èíòåãðèðóåìà.

Èñõîäíûå îáùèå óðàâíåíèÿ ïëîñêîé êðóãîâîé îãðàíè÷åííîé çàäà÷è
òðåõ òåë ÷èñëåííî ðåøåíû ïðè íàéäåííûõ íà÷àëüíûõ óñëîâèÿõ, ïðèâîäÿ-
ùèõ ê ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷å òðåõ òåë. Ïîêàçàíî, ÷òî ïðè
ýòèõ íà÷àëüíûõ óñëîâèÿõ òðè òåëà âî âðåìÿ äâèæåíèÿ îáðàçóþò ðàâíîáåä-
ðåííûé òðåóãîëüíèê, íà âåðøèíå êîòîðîãî íàõîäèòñÿ áåçìàññîâîå òåëî.

Ðåøåíèå ïëîñêîé ðàâíîáåäðåííîé îãðàíè÷åííîé çàäà÷è òðåõ òåë, ïî ñó-
òè, îáîáùàåò ðåøåíèå Ëàãðàíæà (L4, L5) îãðàíè÷åííîé çàäà÷è òðåõ òåë â
âèäå ðàâíîñòîðîííåãî òðåóãîëüíèêà. Ïî âèäèìîìó, ìíîãèå ðåøåíèÿ ïëîñ-
êîé îãðàíè÷åííîé çàäà÷è òðåõ òåë óñòîé÷èâû.

Ëèòåðàòóðà

1 Ñåáåõåé Â. Òåîðèÿ îðáèò. Îãðàíè÷åííàÿ çàäà÷à òðåõ òåë. � Ì.: Íàóêà, 1982.
� 656 c.

2 Ìàðêååâ À.Ï. Òî÷êè ëèáðàöèè â íåáåñíîé ìåõàíèêå è êîñìîäèíàìèêå. � Ì.:
Íàóêà, 1978. � 312 ñ.

3 Áðþíî À.Ä. Îãðàíè÷åííàÿ çàäà÷à òðåõ òåë. Ïëîñêèå ïåðèîäè÷åñêèå îðáè-
òû. � Ì.: Íàóêà, 1990. � 295 ñ.

4 Ãðåáåíèêîâ Å.À. Ìàòåìàòè÷åñêèå ïðîáëåìû ãîìîãðàôè÷åñêîé äèíàìèêè. �
Ì.: ÌÀÊÑ Ïðåññ, 2010. � 256 ñ.

5 Ìàðøàë Ê. Çàäà÷à òðåõ òåë. � Ì., Èæåâñê: Èíñò. êîìï. èññë., 2004. � 640
ñ.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



Îá îäíîì ÷àñòíîì ñëó÷àå ïëîñêîé ... 119

6 Dvorak R., Lhotka Ch. Celestial Dynamics. Chaoticity and Dynamics of
Celestial Systems. � WILEY-VCH Verlag GmbH&Co.KGaA, 2013. � 309 p.

7 Ìîðáèäåëëè À. Ñîâðåìåííàÿ íåáåñíàÿ ìåõàíèêà. Àñïåêòû äèíàìèêè Ñîë-
íå÷íîé ñèñòåìû. � Ì., Èæåâñê: Èíñòèòóò êîìï. èññë., 2014. � 432 ñ.

8 Äóáîøèí Ã.Í. Íåáåñíàÿ ìåõàíèêà. Àíàëèòè÷åñêèå è êà÷åñòâåííûå ìåòîäû.
� Ì.: Íàóêà, 1978. � 456 ñ.

9 Celleti A. Stability and Chaos in Celestial Mechanics. � Chichester, Springer
Praxis Publishing Ltd, 2010. �261 p.

10 Ìèíãëèáàåâ Ì.Äæ., Æóìàáåê Ò.Ì. Íîâûå óðàâíåíèå äâèæåíèå îãðàíè-
÷åííîé çàäà÷è òðåõ òåë â ñïåöèàëüíîé íåèíåðöèàëüíîé ñèñòåìå êîîðäèíàò //
Âåñòíèê Êàç.ÍÏÓ èì. Àáàÿ Ñåð. ôèç.-ìàò. íàóêè. � 2015. � � 1(49). � Ñ. 62-68.

11 Ìèíãëèáàåâ Ì.Äæ., Æóìàáåê Ò.Ì. Íîâûå òî÷íûå ÷àñòíûå ðåøåíèÿ îãðà-
íè÷åííîé çàäà÷è òðåõ òåë // Òåçèñû äîêëàäîâ ìåæä. íàó÷í. êîíô. "Àêòóàëüíûå
ïðîáëåìû ìàòåì. è èíôîðì.", ïîñâ. 80-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàä. ÍÀÍ ÐÊ
Êàñûìîâà Ê.À. � Àëìàòû, 2015. � C. 86-88.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 30.09.2016

Zhumabek T.M., Minglibayev M.Zh. ON ONE PARTICULAR CASE OF
A PLANAR RESTRICTED THREE-BODY PROBLEM

In this work, there has been considered classical planar restricted three-
body problem in the barycentric coordinate system. In this problem, through
analytical ways, there have been found initial coordinates and initial velocities
at which three bodies form isosceles triangle during all the time of motion. A
massless body is on the vertex of this isosceles triangle. We nominated such
particular case of the planar restricted three-body problem as the isosceles
restricted three-body problem. In general, it has been proved that for the
planar isosceles restricted three-body problem the total Newtonian force of
attraction of primary bodies is central. From general di�erential equations of
motion of the planar restricted three-body problem in the barycentric reference
frame, there have been obtained di�erential equations of motion of the planar
isosceles restricted three-body problem. The solution of di�erential equations of
motion of the planar circular isosceles restricted three-body problem is reduced
to quadratures. Using numerical methods, the initial di�erential equations of
the circular restricted three-body problem (the Earth + the Moon + massless
body) have been solved for the obtained initial conditions.The results of
numerical solutions show that at these initial conditions three bodies form
isosceles triangle and a massless body is on the vertex of this isosceles triangle.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



120 Ò.Ì. Æóìàáåê, Ì.Äæ. Ìèíãëèáàåâ

Æ´ìàáåê Ò.Ì., Ìèíãëèáàåâ Ì.Äæ. �Ø ÄÅÍÅ ÆÀÇÛ� ØÅÊÒÅË-
ÃÅÍ ÅÑÅÁIÍI� ÁIÐ ÄÅÐÁÅÑ ÆÀ�ÄÀÉÛ ÒÓÐÀËÛ

Á´ë æ´ìûñòà êëàññèêàëû© æàçû© ³ø äåíå åñåái êîîðäèíàòàëàðäû áà-
ðèöåíòðëiê æ³éåñiíäå ©àðàñòûðûëäû. Á´ë åñåïòå ³ø äåíå ©îç¡àëûñ êåçií-
äå ò°áåñiíäå ìàññàñû æî© äåíå îðíàëàñàòûí òåá³éiðëi ³øá´ðûø ©´ðàé-
òûí æà¡äàé ³øií êîîðäèíàòàëàðäû áàñòàï©û ìºíäåði ìåí æûëäàìäû-
©òû áàñòàï©û ìºíäåði àíàëèòèêàëû© ò³ðäå òàáûëäû. �ø äåíå æàçû©
øåêòåëãåí åñåáiíi îñûíäàé äåðáåñ æà¡äàéûí áiç ³ø äåíå òåá³éiðëi æà-
çû© øåêòåëãåí åñåái äåï àòàäû©.Æàëïû æà¡äàéäà, ³ø äåíå æàçû© òåá³é-
iðëi øåêòåëãåí åñåáiíäå íåãiçãi äåíåëåðäi ©îñûíäû íüþòîíäû© òàðòûëûñ
ê³øi � îðòàëû© ê³ø áîëàòûíû ê°ðñåòiëãåí. Áàðèöåíòðëiê æ³éåäåãi ³ø
äåíå æàçû© øåêòåëãåí åñåáiíi ©îç¡àëûñûíû æàëïû äèôôåðåíöèàëäû©
òåäåóëåðiíå ñ³éåíå îòûðûï, ³ø äåíå æàçû© òåá³éiðëi øåêòåëãåí åñåáiíi
©îç¡àëûñûíû äèôôåðåíöèàëäû© òåäåóëåði àëûí¡àí. Áàðèöåíòðëiê æ³é-
åäåãi ³ø äåíå æàçû© ä°ãåëåêòiê òåá³éiðëi øåêòåëãåí åñåáiíi ©îç¡àëû-
ñûíû äèôôåðåíöèàëäû© òåäåóëåðiíi øåøói êâàäðàòóðàëàð¡à êåëòiðië-
ãåí. Òàáûë¡àí áàñòàï©û øàðòòàð ³øií ³ø äåíå (Æåð + Àé + ìàññàñû æî©
äåíå) ä°ãåëåêòiê øåêòåëãåí åñåáiíi áàñòàï©û äèôôåðåíöèàëäû© òåäå-
óëåði ñàíäû© ºäiñòåð àð©ûëû øåøiëãåí. Ñàíäû© øåøiìäåðäi íºòèæåëåði,
îñû áàñòàï©û øàðòòàð ³øií ³ø äåíå ©îç¡àëûñ êåçiíäå ò°áåñiíäå ìàññàñû
æî© äåíå îðíàëàñàòûí òåá³éiðëi ³øá´ðûø ©´ðàéòûíûí ê°ðñåòåäi.
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ùèåñÿ ìåõàíè÷åñêèå ñèñòåìû ïåðåäà÷è äâèæåíèÿ ïðè ïîëíîñòüþ îòñóòñòâóþùåì
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âíåøíåé íàãðóçêå. Äîêëàä ïîñâÿùåí òåîðåòè÷åñêîìó îïèñàíèþ ñàìîðåãóëèðó-

þùåãîñÿ ïðèâîäà è ñîçäàíèþ âûñîêîýôôåêòèâíîãî ïðèâîäà èñïîëíèòåëüíîãî

ìåõàíèçìà êîñìè÷åñêîãî àïïàðàòà.

Êëþ÷åâûå ñëîâà: Ñàìîðåãóëèðóþùàÿñÿ ñèñòåìà, ñèëîâàÿ àäàïòàöèÿ, ìåõàíèçì

ñ äâóìÿ ñòåïåíÿìè ñâîáîäû, çàìêíóòûé êîíòóð, ïðèâîä ñîëíå÷íûõ áàòàðåé.

1. Ââåäåíèå

Ïðèâîäû â êîñìè÷åñêîé òåõíèêå èñïîëüçóþòñÿ äëÿ ïåðåäà÷è äâèæåíèÿ
èñïîëíèòåëüíûì îðãàíàì, äëÿ îðèåíòàöèè è ñòàáèëèçàöèè äâèæåíèÿ.

Â íàñòîÿùåå âðåìÿ ðàçðàáîòàí ïðèâîä ñîëíå÷íîé ñèñòåìû. Ýôôåêòèâ-
íîñòü èñïîëüçîâàíèÿ ñîëíå÷íîé áàòàðåé (ÑÁ) îïðåäåëÿåòñÿ êîëè÷åñòâîì
ýëåêòðîýíåðãèè, ïîñòóïàþùåé îò ÑÁ â ñèñòåìó ýëåêòðîïèòàíèÿ ÊÀ. Ýòà
âåëè÷èíà çàâèñèò îò îñâåùåííîñòè àêòèâíîé ïîâåðõíîñòè ÑÁ ñîëíå÷íûì
ñâåòîâûì ïîòîêîì. Ñàìîðåãóëèðóþùèéñÿ ïðèâîä ñîäåðæèò ýëåêòðîäâè-
ãàòåëü è ñàìîðåãóëèðóþùèéñÿ ïåðåäàòî÷íûé ìåõàíèçì â âèäå çóá÷àòîãî
àäàïòèâíîãî âàðèàòîðà. Çóá÷àòûé âàðèàòîð îáåñïå÷èâàåò ýôôåêò ñèëîâîé
àäàïòàöèè: ïðè ïîñòîÿííîé âõîäíîé ìîùíîñòè âûõîäíîé âàë âðàùàåòñÿ ñ
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óãëîâîé ñêîðîñòüþ, êîòîðàÿ îáðàòíî ïðîïîðöèîíàëüíà ïåðåìåííîìó ìî-
ìåíòó ñîïðîòèâëåíèÿ. ßâëåíèå ñèëîâîé àäàïòàöèè ìîæåò áûòü äîêàçàíî
ïðè âûïîëíåíèè ñèëîâîãî àíàëèçà êèíåìàòè÷åñêîé öåïè ñ äâóìÿ ñòåïåíÿ-
ìè ñâîáîäû. Â ðàíåå âûïîëíåííûõ èññëåäîâàíèÿõ [2], [3] áûëî äîêàçàíî,
÷òî çàìêíóòûé êîíòóð íàêëàäûâàåò äîïîëíèòåëüíóþ ñâÿçü íà äâèæåíèå
çâåíüåâ è ïðèâîäèò ê îïðåäåëèìîñòè äâèæåíèÿ êèíåìàòè÷åñêîé öåïè ñ
äâóìÿ ñòåïåíÿìè ñâîáîäû ïðè íàëè÷èè òîëüêî îäíîãî âõîäà. Ïðèâîä ñè-
ñòåìû ñòàáèëèçàöèè äëÿ êîñìîñà äîëæåí èìåòü ìèíèìàëüíî âîçìîæíûé
âåñ è ðàçìåðû. Ïðèâîä âêëþ÷àåò ýëåêòðîäâèãàòåëü è ïåðåäàòî÷íûé ìåõà-
íèçì. Âåñ ïðèâîäà çàâèñèò îò ìîùíîñòè äâèãàòåëÿ. Ìîùíîñòü äâèãàòåëÿ
äîëæíà ñîîòâåòñòâîâàòü ìàêñèìàëüíîé íàãðóçêå. Èññëåäîâàíèÿ ïðèâîäîâ
ìàíèïóëÿòîðîâ ïîêàçàëè, ÷òî ìàêñèìàëüíàÿ íàãðóçêà ñâÿçàíà ñ ïðåîäî-
ëåíèåì ìàêñèìàëüíûõ ñèë èíåðöèè [2]. Äëÿ óìåíüøåíèÿ ìîìåíòà ñîïðî-
òèâëåíèÿ, ïðåîäîëåâàåìîãî äâèãàòåëåì, íåîáõîäèìî èñïîëüçîâàòü ïðèâîä
ñ ïåðåìåííûì ïåðåäàòî÷íûì îòíîøåíèåì. Â ðàáîòå [2] áûëî ïðåäëîæåíî
èñïîëüçîâàòü àäàïòèâíûé ïðèâîä ìàíèïóëÿòîðà ñ ïåðåìåííûì ïåðåäàòî÷-
íûì îòíîøåíèåì, çàâèñÿùèì îò íàãðóçêè. Àäàïòèâíûé çóá÷àòûé âàðèàòîð
ïðèâîäà îáåñïå÷èâàåò íå òîëüêî ïëàâíîå ðåãóëèðîâàíèå ïåðåäàòî÷íîãî îò-
íîøåíèÿ, íî òàêæå è àäàïòàöèþ ê ïåðåìåííîìó ìîìåíòó ñîïðîòèâëåíèÿ.
Ïðè ýòîì çóá÷àòûé âàðèàòîð èìååò ïðîñòåéøóþ êîíñòðóêöèþ, ìàëûå ðàç-
ìåðû è âåñ, ÷òî î÷åíü âàæíî äëÿ êîñìè÷åñêèõ óñòðîéñòâ.

2. Êðàòêîå îïèñàíèå ñàìîðåãóëèðóþùåãîñÿ ïðèâîäà

Ñàìîðåãóëèðóþùèéñÿ ïðèâîä ñîäåðæèò ýëåêòðîäâèãàòåëü è ñàìîðåãó-
ëèðóþùèéñÿ ïåðåäàòî÷íûé ìåõàíèçì â âèäå çóá÷àòîãî àäàïòèâíîãî âàðè-
àòîðà. Çóá÷àòûé âàðèàòîð îáåñïå÷èâàåò ýôôåêò ñèëîâîé àäàïòàöèè: ïðè
ïîñòîÿííîé âõîäíîé ìîùíîñòè âûõîäíîé âàë âðàùàåòñÿ ñ óãëîâîé ñêîðî-
ñòüþ, êîòîðàÿ îáðàòíî ïðîïîðöèîíàëüíà ïåðåìåííîìó ìîìåíòó ñîïðîòèâ-
ëåíèÿ.

ßâëåíèå ñèëîâîé àäàïòàöèè ìîæåò áûòü äîêàçàíî ïðè âûïîëíåíèè ñè-
ëîâîãî àíàëèçà êèíåìàòè÷åñêîé öåïè ñ äâóìÿ ñòåïåíÿìè ñâîáîäû.

Â ðàíåå âûïîëíåííûõ èññëåäîâàíèÿõ [2], [3] áûëî äîêàçàíî, ÷òî çàìêíó-
òûé êîíòóð íàêëàäûâàåò äîïîëíèòåëüíóþ ñâÿçü íà äâèæåíèå çâåíüåâ è
ïðèâîäèò ê îïðåäåëèìîñòè äâèæåíèÿ êèíåìàòè÷åñêîé öåïè ñ äâóìÿ ñòåïå-
íÿìè ñâîáîäû ïðè íàëè÷èè òîëüêî îäíîãî âõîäà.
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Åñëè òàêàÿ çàêîíîìåðíîñòü äåéñòâèòåëüíî èìååò ìåñòî, òî îíà äîëæíà
ïðîÿâèòüñÿ òàêæå è ïðè âûïîëíåíèè ñèëîâîãî àíàëèçà îáû÷íîãî ìåõàíèç-
ìà, ñîäåðæàùåãî çàìêíóòûé êîíòóð. Îáû÷íûé ìåõàíèçì � ýòî ìåõàíèçì ñ
äâóìÿ âõîäíûìè çâåíüÿìè (Ðèñ. 1).

Ìåõàíèçì ñîäåðæèò äâà âõîäíûõ çâåíà (âîäèëà H1 è H2 ) è ðàçìåùåí-
íûé ìåæäó íèìè ïîäâèæíûé çàìêíóòûé êîíòóð, ñîäåðæàùèé êîëåñà 1, 2,
3, 6, 5, 4. Êîëåñà 3, 6 è 1, 4 îáúåäèíåíû â áëîêè êîëåñ 3-6 è 1-4.

Çàäà÷à ñèëîâîãî àíàëèçà îáû÷íîãî ìåõàíèçìà ñîîòâåòñòâóåò îáùåïðè-
íÿòîé ïîñòàíîâêå.

Ïîñòàíîâêà çàäà÷è ñèëîâîãî àíàëèçà ìåõàíèçìà ñ äâóìÿ ñòåïåíÿìè ñâî-
áîäû (Ðèñ. 1) è ñ äâóìÿ âõîäàìè òàêîâà: ïî çàäàííûì âíåøíèì ñèëàì îïðå-
äåëèòü ðåàêöèè â êèíåìàòè÷åñêèõ ïàðàõ è îáîáùåííûå âíåøíèå ñèëû FH1

è FH2 (èëè ìîìåíòû MH1 = FH1rH1 è MH2 = FH2rH2) íà äâóõ âõîäíûõ
âîäèëàõ H1 è H2.

Ðèñóíîê 1 � Àäàïòèâíûé çóá÷àòûé âàðèàòîð

Ïðèìåì íåêîòîðîå äîïóùåíèå. Áóäåì ñ÷èòàòü, ÷òî íà ïðîìåæóòî÷íóþ
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ñòðóêòóðíóþ ãðóïïó Àññóðà àêòèâíûå ñèëû íå äåéñòâóþò (ñèëàìè òÿæå-
ñòè çâåíüåâ è ñèëàìè èíåðöèè çâåíüåâ ïðåíåáðåãàåì èç-çà èõ ìàëîñòè ïî
ñðàâíåíèþ ñ ñèëàìè íà âíåøíèõ âîäèëàõ).

Ñèëîâîé àíàëèç ñëåäóåò íà÷àòü ñ ðàññìîòðåíèÿ ñòðóêòóðíîé ãðóïïû 1-
2-3-6-5-4 â âèäå ÷åòûðåõçâåííîãî çàìêíóòîãî êîíòóðà, ñîñòîÿùåãî èç çóá-
÷àòûõ êîëåñ. Ñòðóêòóðíàÿ ãðóïïà ñîäåðæèò áëîê ñîëíå÷íûõ êîëåñ 1-4,
ñàòåëëèò 2, áëîê ýïèöèêëè÷åñêèõ êîëåñ 3-6 è ñàòåëëèò 5. Òàêàÿ ñòðóêòóð-
íàÿ ãðóïïà ðàíåå íèêîãäà íå ðàññìàòðèâàëàñü. Èç-çà ïðèíÿòîãî äîïóùåíèÿ
áóäåì ñ÷èòàòü, ÷òî âíåøíèìè ñèëàìè äëÿ ðàññìàòðèâàåìîé ñòðóêòóðíîé
ãðóïïû ÿâëÿåòñÿ ðåàêöèÿ RH1−2 = FH1, ïåðåäàâàåìàÿ ñî ñòîðîíû âîäèëà
H1 íà ñàòåëëèò 2 â øàðíèðå B, è ðåàêöèÿ RH1−5 = FH2, ïåðåäàâàåìàÿ ñî
ñòîðîíû âîäèëà H2 íà ñàòåëëèò 5 â øàðíèðå K. Âíóòðåííèìè íåèçâåñòíû-
ìè ñèëàìè ÿâëÿþòñÿ ðåàêöèè â êèíåìàòè÷åñêèõ ïàðàõ â òî÷êàõ D,C,G,E, à
òàêæå ðåàêöèè â íåïîäâèæíîì øàðíèðå A. Çàìêíóòûé êîíòóð ïîçâîëÿåò
ñîñòàâëÿòü óðàâíåíèÿ ñòàòèêè.

Ñîñòàâèì óñëîâèÿ ðàâíîâåñèÿ äëÿ çâåíüåâ êîíòóðà 2 è 5:{
R12 +R32 = FH1,
R45 +R65 = FH2.

(1)

Ýòè óñëîâèÿ ìîæíî ïðåäñòàâèòü â âèäå óñëîâèé ðàâíîâåñèÿ ïî ïðèí-
öèïó âîçìîæíûõ ïåðåìåùåíèé.

Äëÿ ñàòåëëèòà 2 èç óðàâíåíèé ìîìåíòîâ ïîëó÷èì{
R12 = 0.5FH1,
R32 = 0.5FH2.

(2)

Ðàáîòà âíåøíèõ ñèë íå ìîæåò ïåðåõîäèòü â ðàáîòó âíóòðåííèõ ñèë.
Ñëåäîâàòåëüíî, ðàáîòà (ìîùíîñòü) âíóòðåííèõ ñèë íà âîçìîæíûõ ïåðåìå-
ùåíèÿõ ðàâíà íóëþ:

−M21ω1 −M23ω3 −M54ω1 −M56ω3 = 0, (3)

M21ω1 +M23ω3 +M54ω1 +M56ω3 = 0. (4)

Ïðè âûïîëíåíèè óñëîâèÿ (3) ïîëó÷èì óñëîâèå ðàâíîâåñèÿ äëÿ âíåøíèõ
ñèë ñîãëàñíî ïðèíöèïó âîçìîæíûõ ïåðåìåùåíèé:

MH1ωH1 +MH2ωH2 = 0. (5)
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Óðàâíåíèå (5) àíàëèòè÷åñêè ïðåäñòàâëÿåò ñîáîé äîïîëíèòåëüíóþ ê
óñëîâèÿì ñòàòèêè ñâÿçü ìåæäó ïàðàìåòðàìè êèíåìàòè÷åñêîé öåïè. Ñëå-
äîâàòåëüíî, çàìêíóòûé êîíòóð â îáû÷íîé êèíåìàòè÷åñêîé öåïè ñ äâóìÿ
ñòåïåíÿìè ñâîáîäû è ñ äâóìÿ âõîäíûìè çâåíüÿìè òàêæå íàêëàäûâàåò äî-
ïîëíèòåëüíóþ ñâÿçü íà äâèæåíèå çâåíüåâ.

Óñëîâèå âçàèìîñâÿçè âíåøíèõ ïàðàìåòðîâ (5) ïðåäîïðåäåëÿåò íàëè÷èå
ðàáîò ñ ðàçíûìè çíàêàìè íà âíåøíèõ çâåíüÿõ öåïè (âîäèëàõ H1 è H1).
Çâåíî ñ íàëè÷èåì îòðèöàòåëüíîé ðàáîòû íå ìîæåò áûòü âõîäíûì çâåíîì,
òàê êàê äåéñòâóþùèé íà íåì ìîìåíò ÿâëÿåòñÿ ìîìåíòîì ñîïðîòèâëåíèÿ.

Ýòîò ãëàâíûé òåîðåòè÷åñêèé ðåçóëüòàò ïðèâîäèò ê áåñïðåöåäåíòíîìó
âûâîäó: êèíåìàòè÷åñêàÿ öåïü ñ äâóìÿ íà÷àëüíûìè çâåíüÿìè, ñîåäèíåííû-
ìè çàìêíóòûì êîíòóðîì, äîëæíà èìåòü òîëüêî îäíî âõîäíîå çâåíî. Ýòîò
âàæíåéøèé âûâîä õàðàêòåðèçóåò ïðèíöèïèàëüíî íîâóþ íàó÷íóþ ðåàëü-
íîñòü â ìåõàíèêå. Íåñîìíåííî, íîâàÿ íàó÷íàÿ ðåàëüíîñòü ñîçäàñò ïðèíöè-
ïèàëüíî íîâûé ìåõàíè÷åñêèé ýôôåêò.

Ïðèíöèïèàëüíî íîâûé ìåõàíè÷åñêèé ýôôåêò õàðàêòåðèçóåò ïîÿâëåíèå
ñëåäóþùèõ ïðèíöèïèàëüíî íîâûõ ñâîéñòâ:

1) çàìêíóòûé êîíòóð â êèíåìàòè÷åñêîé öåïè ñ äâóìÿ ñòåïåíÿìè ñâîáî-
äû íàêëàäûâàåò äîïîëíèòåëüíóþ ñâÿçü íà äâèæåíèå çâåíüåâ;

2) êèíåìàòè÷åñêàÿ öåïü ñ äâóìÿ ñòåïåíÿìè ñâîáîäû è òîëüêî îäíèì
âõîäíûì çâåíîì ÿâëÿåòñÿ îïðåäåëèìîé ìåõàíè÷åñêîé ñèñòåìîé (ìåõàíèç-
ìîì). Ýòî ñâîéñòâî îïðåäåëÿåòñÿ íàëè÷èåì äîïîëíèòåëüíîé ñâÿçè (5), êî-
òîðàÿ íàêëàäûâàåòñÿ íà äâèæåíèå çâåíüåâ â ñîñòîÿíèè ðàâíîâåñèÿ. Áóäåì
ñ÷èòàòü âõîäíûì çâåíîì âîäèëî H1. Òîãäà âîäèëî H2 îêàæåòñÿ âûõîäíûì
çâåíîì. Óðàâíåíèå äîïîëíèòåëüíîé ñâÿçè (5) ïðèìåò âèä

MH1ωH1 −MH2ωH2 = 0. (6)

Óðàâíåíèå (6) ïîçâîëÿåò îïðåäåëèòü âûõîäíóþ óãëîâóþ ñêîðîñòü;
3) ñî÷åòàíèå äâóõ ñòåïåíåé ñâîáîäû ñ äîïîëíèòåëüíîé ñâÿçüþ îáåñïå-

÷èâàåò çàâèñèìîñòü âûõîäíîé óãëîâîé ñêîðîñòè îò âíåøíåé íàãðóçêè. Ýòî
ñâîéñòâî ñëåäóåò èç ôîðìóëû (6):

ωH2 =
MH1ωH1

MH2
. (7)

Çäåñü MH1 � âõîäíîé äâèæóùèé ìîìåíò, à MH2 � âûõîäíîé ìîìåíò
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ñîïðîòèâëåíèÿ (âíåøíÿÿ íàãðóçêà). Óðàâíåíèå (7) âûðàæàåò ãëàâíûé òåî-
ðåòè÷åñêèé ðåçóëüòàò � ýôôåêò ñèëîâîé àäàïòàöèè â ìåõàíèêå.

Ýôôåêò ñèëîâîé àäàïòàöèè èìååò ñëåäóþùóþ ñóùíîñòü: ïðè çàäàííûõ
ïîñòîÿííûõ ïàðàìåòðàõ âõîäíîé ìîùíîñòè MH1, wH1 è çàäàííîì âûõîä-
íîì ìîìåíòå ñîïðîòèâëåíèÿ MH2 âûõîäíàÿ óãëîâàÿ ñêîðîñòü íàõîäèòñÿ â
îáðàòíîé ïðîïîðöèîíàëüíîé çàâèñèìîñòè îò ïåðåìåííîãî âûõîäíîãî ìî-
ìåíòà ñîïðîòèâëåíèÿ MH2.

3. Àäàïòèâíûé ïðèâîä ñèñòåìû ñòàáèëèçàöèè äëÿ êîñìîñà

Ïðèâîä ñèñòåìû ñòàáèëèçàöèè äëÿ êîñìîñà äîëæåí èìåòü ìèíèìàëüíî
âîçìîæíûé âåñ è ðàçìåðû. Ïðèâîä âêëþ÷àåò ýëåêòðîäâèãàòåëü è ïåðåäà-
òî÷íûé ìåõàíèçì. Âåñ ïðèâîäà çàâèñèò îò ìîùíîñòè äâèãàòåëÿ. Ìîùíîñòü
äâèãàòåëÿ äîëæíà ñîîòâåòñòâîâàòü ìàêñèìàëüíîé íàãðóçêå. Èññëåäîâàíèÿ
ïðèâîäîâ ìàíèïóëÿòîðîâ ïîêàçàëè, ÷òî ìàêñèìàëüíàÿ íàãðóçêà ñâÿçàíà
ñ ïðåîäîëåíèåì ìàêñèìàëüíûõ ñèë èíåðöèè [2]. Äëÿ óìåíüøåíèÿ ìîìåí-
òà ñîïðîòèâëåíèÿ, ïðåîäîëåâàåìîãî äâèãàòåëåì, íåîáõîäèìî èñïîëüçîâàòü
ïðèâîä ñ ïåðåìåííûì ïåðåäàòî÷íûì îòíîøåíèåì. Â ðàáîòå [2] áûëî ïðåä-
ëîæåíî èñïîëüçîâàòü àäàïòèâíûé ïðèâîä ìàíèïóëÿòîðà ñ ïåðåìåííûì ïå-
ðåäàòî÷íûì îòíîøåíèåì, çàâèñÿùèì îò íàãðóçêè. Àäàïòèâíûé çóá÷àòûé
âàðèàòîð ïðèâîäà îáåñïå÷èâàåò íå òîëüêî ïëàâíîå ðåãóëèðîâàíèå ïåðåäà-
òî÷íîãî îòíîøåíèÿ, íî òàêæå è àäàïòàöèþ ê ïåðåìåííîìó ìîìåíòó ñîïðî-
òèâëåíèÿ. Ïðè ýòîì çóá÷àòûé âàðèàòîð èìååò ïðîñòåéøóþ êîíñòðóêöèþ,
ìàëûå ðàçìåðû è âåñ, ÷òî î÷åíü âàæíî äëÿ êîñìè÷åñêèõ óñòðîéñòâ. Êàê
áûëî äîêàçàíî [2], çàìêíóòûé ÷åòûðåõçâåííûé êîíòóð íàêëàäûâàåò äî-
ïîëíèòåëüíîå óñëîâèå ñâÿçè íà äâèæåíèå êèíåìàòè÷åñêîé öåïè ñ äâóìÿ
ñòåïåíÿìè ñâîáîäû, îáåñïå÷èâàåò îïðåäåëèìîñòü äâèæåíèÿ ïðè íàëè÷èè
òîëüêî îäíîãî âõîäíîãî çâåíà è ñèëîâóþ àäàïòàöèþ ê ïåðåìåííîé âûõîä-
íîé íàãðóçêå. Ðàçðàáîòàííûå òåîðåòè÷åñêèå çàêîíîìåðíîñòè [2] ïîçâîëÿþò
âûïîëíèòü ñèëîâîé è êèíåìàòè÷åñêèé àíàëèç àäàïòèâíîãî âàðèàòîðà äëÿ
íàèáîëåå íàãðóæåííîãî ïîëîæåíèÿ ïðèâîäà (â ìîìåíò íà÷àëà äâèæåíèÿ)
è âûáðàòü äâèãàòåëü.

Àäàïòèâíûé çóá÷àòûé âàðèàòîð èìååò çàäàííîå çíà÷åíèå ìàêñèìàëü-
íîãî ïåðåäàòî÷íîãî îòíîøåíèÿ umax (umax = 3..10) è ìàêñèìàëüíîãî âû-
õîäíîãî ìîìåíòà ñîïðîòèâëåíèÿ MH2 íà âûõîäíîì çâåíå H2. Òðåáóåòñÿ
îïðåäåëèòü ïîñòîÿííûå ïàðàìåòðû ìîùíîñòè äâèãàòåëÿMH1, ωH1 íà âõîä-
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íîì çâåíå H1, ñèëîâûå è êèíåìàòè÷åñêèå ïàðàìåòðû âàðèàòîðà.
Îïðåäåëåíèå ìîùíîñòè äâèãàòåëÿ:
1) îïðåäåëÿåì ìèíèìàëüíóþ âûõîäíóþ óãëîâóþ ñêîðîñòü ωH2 =

ωH1
umax

,
ãäå ωH1 � íîìèíàëüíàÿ óãëîâàÿ ñêîðîñòü äâèãàòåëåé çàäàííîãî òèïà;

2) îïðåäåëÿåì ìîìåíò äâèãàòåëÿ MH1 = MH2
ηumax

, ãäå η � êïä âàðèàòîðà
(η = 0.9);

3) îïðåäåëÿåì ìîùíîñòü äâèãàòåëÿ N = MH1ωH1.
Ïîòðåáíàÿ ìîùíîñòü äâèãàòåëÿ ïðè îòñóòñòâèè âàðèàòîðà îêàçàëàñü

áû áîëüøå ïîëó÷åííîé ìîùíîñòè ïðèìåðíî â n = η ðàç.

Êèíåìàòè÷åñêèé è ñèëîâîé àíàëèç çóá÷àòîãî àäàïòèâíîãî âàðèàòîðà.

Èñõîäíûå äàííûå: ïîñòîÿííûå ïàðàìåòðû ìîùíîñòè äâèãàòåëÿ
MH1, ωH1 íà âõîäíîì çâåíå H1; çàäàííîå ìàêñèìàëüíîå çíà÷åíèå ïåðå-
ìåííîãî âûõîäíîãî ìîìåíòà ñîïðîòèâëåíèÿ MH2 íà âûõîäíîì çâåíå H2:
ωH1, MH1, MH2;

z1, z2, z3, z4, z5, z6 � ÷èñëà çóáüåâ êîëåñ;
m � ìîäóëü çóá÷àòîãî çàöåïëåíèÿ.
Òðåáóåòñÿ îïðåäåëèòü êèíåìàòè÷åñêèå è ñèëîâûå ïàðàìåòðû ìåõàíèç-

ìà:
ωH2, ω1, ω3, M121, M32, M45, M65.
Ðåøåíèå.
1) Ðàäèóñû çóá÷àòûõ êîëåñ rH1 =

mi
2 , i = 1, 2, 3, 4, 5, 6.

2) Ðàäèóñû âõîäíîãî è âûõîäíîãî âîäèë rH1 =
r1+r3

2 , rH2 =
r4+r6

2 .
3) Ïåðåäàòî÷íîå îòíîøåíèå êîëåñ 1 è 3 ïðè íåïîäâèæíîì âîäèëå H1:

uH1
13 = −z3

z1
.

4) Ïåðåäàòî÷íîå îòíîøåíèå êîëåñ 4 è 6 ïðè íåïîäâèæíîì âîäèëå H2:

uH2
46 = −z6

z4
.

5) Âûõîäíàÿ óãëîâàÿ ñêîðîñòü ωH2 =
MH1ωH2
MH2

.
6) Ïðîìåæóòî÷íàÿ óãëîâàÿ ñêîðîñòü çâåíà 3

ω3 =
ωH2(1− uH2

46 )− ωH1(1− uH1
13 )

uH2
13 − uH2

46

.
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7) Ïðîìåæóòî÷íàÿ óãëîâàÿ ñêîðîñòü çâåíà 1

ω1 = uH1
13 (u3 − U −H1) + uH1.

8) Ðåàêòèâíûå ìîìåíòû íà çóá÷àòûõ êîëåñàõ:

M12 =
0.5MH1r1

rH1
,

M32 =
0.5MH1r3

rH1
,

M45 =
0.5MH2r4

rH2
,

M65 =
0.5MH2r6

rH2
.

(8)

9) Ïðîâåðêà äîñòîâåðíîñòè ïîëó÷åííûõ ðåçóëüòàòîâ:

(M21 −M54)ω1 = (M56 −M23)ω3.

Òàêèì îáðàçîì, âñå èñêîìûå ïàðàìåòðû îïðåäåëåíû.

4. Çàêëþ÷åíèå

Ñàìîðåãóëèðóþùèåñÿ ìåõàíè÷åñêèå ñèñòåìû, ñîçäàííûå íà îñíîâå íà-
ó÷íîãî îòêðûòèÿ "Ýôôåêò ñèëîâîé àäàïòàöèè â ìåõàíèêå", ïîçâîëÿþò ñî-
çäàâàòü ïðèíöèïèàëüíî íîâûå àäàïòèâíûå ïðèâîäû, ñïîñîáíûå àäàïòèðî-
âàòüñÿ ê ïåðåìåííîé âíåøíåé íàãðóçêå. Ïðèâåäåííîå òåîðåòè÷åñêîå îïè-
ñàíèå ñàìîðåãóëèðóþùåãîñÿ ïðèâîäà äàåò âîçìîæíîñòü ñîçäàíèÿ âûñîêî-
ýôôåêòèâíûõ ïðèâîäîâ èñïîëíèòåëüíûõ ìåõàíèçìîâ è ñèñòåì óïðàâëåíèÿ
è ñòàáèëèçàöèè êîñìè÷åñêèõ àïïàðàòîâ. Ãëàâíûå äîñòîèíñòâà àäàïòèâíûõ
ýëåêòðîïðèâîäîâ: ìàëûå ðàçìåðû, âåñ è âûñîêàÿ ýíåðãåòè÷åñêàÿ ýôôåê-
òèâíîñòü. Àäàïòèâíûå ïðèâîäû ÿâëÿþòñÿ ïðèíöèïèàëüíî íîâûì âèäîì
âûñîêîýôôåêòèâíîé êîñìè÷åñêîé òåõíèêè.
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Ivanov K.S., Tulekenova D.T. ADAPTIVE DRIVE FOR SPACE
TECHNOLOGY-SOLAR POWER

Currently fundamentally new self-adjusting mechanical motion
transmission systems with completely absent management are appeared.
Intelligent mechanical systems are designed on the basis of scienti�c discovery
"The e�ect of the power of adaptation in Mechanics". The essence of the
discovery is a mechanism with two degrees of freedom and mobile closed
circuit which has a property on its own, without control system to adapt to
the variable external load. The report focuses on the theoretical description of
self-regulating drive and on the creation of high e�ective spacecraft actuator.

Èâàíîâ Ê.Ñ., Òóëåêåíîâà Ä.Ò. �ÀÐÛØÒÛ� ÒÅÕÍÈÊÀ�À ÀÐ-
ÍÀË�ÀÍ ÁÅÉIÌÄÅËÃÅÍÆÅÒÅÊ-Ê�Í ÁÀÒÀÐÅßËÀÐÛÍÛ�ÆÅÒÅ-
ÃI

�àçiðãi óà©ûòòà ì³ëäåì áàñ©àðóñûç áîëàòûí ©îç¡àëûñòû òàðàòóäû
æàà °çiíäiê ðåòòåãiøòi ìåõàíèêàëû© æ³éåëåði ïàéäà áîëäû. �çiíäiê ðåò-
òåãiøòi ìåõàíèêàëû© æ³éåëåð "Ìåõàíèêàäà¡û ê³øòiê áåéiìäåó ºñåði" ¡û-
ëûìè æààëû¡ûíû íåãiçiíäå æàñàë¡àí. Æààëû©òû ìºíi � ©îç¡àëìàëû
ò´éû©òàë¡àí êîíòóðû áàð åðêiíäiê äºðåæåñi åêiãå òå ìåõàíèçì áîëûï òà-
áûëàäû; àéíûìàëû ñûðò©û æ³êòåìåãå áàñ©àðó æ³éåñi áîëìàñà äà °ç áåòi-
ìåí áåéiìäåëó ©àñèåòi áàð. Ìà©àëà °çiíäiê ðåòòåãiøòi æåòåêòi òåîðèÿëû©
ñèïàòòàìàñûíà æºíå ¡àðûøòû© àïïàðàòòû îðûíäàóøû ìåõàíèçìäåðiíi
æî¡àðû òèiìäiëiêòi æåòåêòi æàñàó¡à àðíàë¡àí.
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Annotation: In this paper we studied variations of total electron content in the periods
of anomaly low minimum (2007) and anomaly low maximum (2012) of solar activity
with using GIM (Global Ionospheric Maps) technology. It was shown that global
distribution of total electron content reaches the maximum of daily values during
spring (autumn) equinox: 60+5 TECU in equatorial latitudes; 35+5 TECU at middle
latitudes; 10+5 TECU at high latitudes. There was carried out a comparison of the
diurnal variations of absolute values of total electron content, which were calculated
on the base of IONEX maps under quiet geomagnetic conditions for di�erent seasons,
with variations of electron concentration in the ionosphere according to the data from
the vertical sounding ionospheric station Almaty [76,55◦E; 43,15◦ N].

Keywords: Global ionospheric maps, total electron content, solar activity.

1. Introduction

The development of global positioning system GPS (Global Positioning
System) allows, in addition to solving navigation tasks, remote diagnostics
of ionosphere. The global maps of total electron content (TEC), built on the
basis of data of international geophysical GPS-receivers network (International
GPS Ser�ce for Geodynamics), enable us to calculate the diurnal variations of
TEC practically for all regions of our planet. Obviously, the TEC variations,
obtained by using the GIM technology, are more precise for regions with bigger
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amount GPS receivers (North hemisphere) and less precise for regions with less
receivers (South hemisphere). The investigations in the last decade showed
that the diurnal TEC variations had distinctive "winter", "equinoctial",
and "summer", behavior types with peculiarities on di�erent latitudes and
longitudes (equatorial, middle-latitude, and high-latitude). The amplitudes of
daily TEC variations (the di�erence between TECmax and TECmin) de�ne
known ionosphere "anomalies", such as seasonal and semiannual, whereas
investigations of the regularities of annual and semiannual variations of
ionospheric parameters are limited by midday variations of those parameters,
and the ionosphere is described as a "stationary regime" (see reference [1]�
[15]).

The goal of this work is to study morphological peculiarities of daily
variations of the total electron content in the periods of anomaly low minimum
(2007) and anomaly low maximum (2012) of solar activity with using GIM
technology. In those years the solar activity index (solar radio emission �ux
with the wave-length 10.7 cm, F10.7) as from data of Space Weather Prediction
Center (SWPC) of US National Oceanic and Atmospheric Administration
(NOAA) http://www.swpc.noaa.gov: in 2007 annual average values F10.7 was
equal to 73.1; in 2012 annual average values F10.7 was equal to 119,9.

2. Data Source

In this work the GIM-maps, which were calculated by Swiss research
center CODE (Center for Orbit Determination in Europe, University of
Berne, Switzerland) based on data from more than 150 GPS signal reception
centers, were used. The GIM-maps are available online in the IONEX format
(ftp://cddis.gsfc.nasa.gov/pub/gps/products/ionex). All the IONEX.dat-�les
contain the values of vertical total electron content (TEC), Iv, per calendar
day on the scale of the Greenwich civil time with the time resolution of 2 hours.
The spatial diapason of data: from 180 to 180 on longitude, from -87.5 to 87.5
on latitude. The spatial resolution was de�ned with the step (5 ) on longitude
and (2.5 ) on latitude. The cell size on latitude is 279 km, and on longitude �
436 km. The vertical total electron content was calculated with consideration of
the solar-geomagnetic conditions based on spherical harmonics [1]�[3]. TECU
(total electron content unit) � the universally accepted measure of the total
electron content (total electron content unit), eq. 1016 el/m2.
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3. The diurnal variations of the total electron content in the

period of abnormally deep minimum (2007) and weak maximum

(2012) of the solar activity

We analyzed TEC variations on three longitudes near which there is the
largest number of GPS receivers: -75 E (America), +15 E (Europe), +115
E (Asia). For selected magnetically quite days of the selected months the
diurnal variations of TEC were estimated, and their averages were found for
three latitudinal zones of the Northern hemisphere: equatorial (0-20), mid-
latitude (40-52,5), high-latitude (60-85). Average values of TEC for the selected
magnetically quiet days of all four months are shown in Fig. 1 and Fig. 2:
equatorial latitudes (left), mid-latitudes (middle) and high-latitudes (right),
for every latitude there were calculated average daily variations for selected
months (March, June, September, December) of 2007 (Fig. 1) and 2012 (Fig.
2). The blue curve with the points corresponds to the longitude -75 Å, the red
curve with crosses � to the longitude +15 Å, the green curve with triangles � to
the longitude +15 Å. In order not to overelaborate Fig. 1, we do not show the
mean-square deviations. Depending on geographical latitude, season, and day
time, they change from +2 TECU to +5 TECU for the period of anomaly low
maximum of solar activity (2012) and change from +0,002 TECU to +0,005
TECU for the period of anomaly low minimum of Solar activity (2012). In
Table 1 there are given the maximal daily variations of Ivmax, minimal daily
variations of Ivmin and amplitudes of daily variations of Ammyyyy, where the
mmyyyy index stands for: mm � the month, yyyy � the year.

The detected peculiarities of TEC daily variations for the equatorial

latitudes of all investigated longitudes: the amplitudes of daily variations are
maximal in equatorial latitudes: The diurnal variations peak at equatorial
latitudes: moreover, during the vernal equinoxes the amplitudes of daily
variations for all investigated latitudes in 2012 overpass the amplitudes of daily
variations in 2012 by factor of 1.51, i.e., A032012/A032007 ≈ 1, 51; the ratio of
maximal daily values Iv032012max/Iv032007max ≈ 1, 51; during the autumnal
equinox Iv092012max/Iv092007max ≈ 1, 31.

In the equatorial latitudes in the year of minimum of solar activity the
maximal TEC values during the summer solstice do not overpass their values
during the winter solstice Iv062007max − Iv122007max ≈ 6, 03 TECU, whereas in
the year of the maximum of solar activity Iv062012max − Iv122012max ≈ −4, 30
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Figure 1 � Daily variation of "vertical" TEC for selected months

(March, June, September, December) of 2007, calculated on base

of GIM cards in magnetically quiet days for four

seasons in the Northern hemisphere for the equatorial latitudes (left),

medium (middle) and high (right). The blue dotted curves correspond to

the longitude (-75 Å), red curves with crosses � (+15 Å), green curve with triangles � (+15 Å).

TECU, except for longitude 75◦E, where Iv062012max ≈ 39, 97 TECU and
Iv122007max ≈ 37, 06 TECU.

In the periods of anomaly low minimum (2007) and anomaly low maximum
(2012) on mid-latitudes the daily TEC variations have characteristic winter,
equinoctical, and summer behavior types, which di�er with amplitude of the
daily variations (Fig. 1, Fig. 2 and Table 1).

Moreover, the winter and the vernal equinox behaviors have one day
maximum, whose amplitude is dependent on solar activity, so A032012/032007 ≈
1, 97;A122012/A122007 ≈ 1, 91. As for the summer type, in the periods of
anomaly low maximum (2012), and for the autumn equinox behavior, the
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Figure 2 � Daily variation of "vertical" TEC for selected months

(March, June, September, December) of 2012, calculated on base

of GIM cards in magnetically quiet days for four seasons

in the Northern hemisphere for the equatorial (left),

medium (middle) and high (right) latitudes.

The blue dotted curves correspond to the longitude (-75 Å),

red curves with crosses - (+15 Å), green curve with triangles - (+15 Å).

continual growth of electron density after sunset hours until ∼ 10 LT was
observed; then the level �uctuates only a little until ∼ 20 LT.

In high latitudes the diurnal variations in the summer, in 2007 and 2012 are
similar: the electron concentration keeps at a level 10-16 TECU. In December
2007, the electron concentration keeps at ∼ 1−6 TECU. At other times, there
is a small peak in the diurnal ∼ 12 − 18 TECU for anomaly low maximum
solar activity year.

4. State of ionosphere in the periods of anomaly low minimum

(2007) and anomaly low maximum (2012) of solar activity over

the Kazakhstan region

We also compared the diurnal variations of TEC, Iq, which were calculated
for the closest to the Almaty coordinates [43.38◦N ; 77.38◦E] GIM node

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



Features of diurnal variations of the total electron content ... 135

Table 1 � The main characteristics of daily variations

[42.5◦N ; 75◦E], with variations of critical frequencies of the layer F2, foF2,
obtained from vertical sounding station Almaty (Fig. 3).

In the periods of anomaly low maximum (2012) diurnal variations of critical
frequencies of the F2 layer, f0F2 were averaged for the same periods as TEC.
In diurnal variations of critical frequencies the same peculiarities as in TEC
variations were observed, because main contribution to TEC is made from the
part of ionosphere, which is located about maximum of ionization. In June
in diurnal variations of TEC, as well as in diurnal variations of fîF2 there
were two local maximums, which were observed at 11 and 20 LT. These e�ects
are consequences of the system of atmospheric winds [5]. Pressure gradients
of neutral gas at F layer cause intensive atmospheric winds. System of winds
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induces vertical ionospheric drift, which is directed downward at 09-18 LT and
causes a decrease in critical frequencies of the F2 layer, f0F2, in summer. In
evenings and nighttime this drift is directed upward and causes an increase
in electron concentration [11]. During the period (2007) there is also a good
coincidence, and the diurnal variations of the TEC and f0F2; the amplitude
of the diurnal variations is less than 1.3 and 1.5 times higher than in 2012.

Figure 3 � The diurnal variations of the total electron content

Iq in Almaty, which were calculated with use of GIM-technology

and averaged for magnetic calm days.

Vertical lines indicate the mean square deviations.

The black triangles show the diurnal variations of the critical

frequency of the F2 ionosphere layer, which were averaged for the

same periods, as the TEC variations. The vertical lines indicate

the mean square deviations.
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�àéðàò©ûçû Ä., Ìóêàøåâà Ñ.Í., Òîéøèåâ Í.Ñ. Ê�Í ÁÅËÑÅÍ-
ÄIËIÃIÍI� ÌÀÊÑÈÌÓÌÛ ÌÅÍ ÌÈÍÈÌÓÌÛ ÆÛËÄÀÐÛÍÛ� ÒÎ-
ËÛ� ÝËÅÊÒÐÎÍÄÛ ÌÀÇÌ�ÍÛÍÛ� Ò�ÓËIÊÒIÊ ÂÀÐÈÀÖÈßËÀ-
ÐÛÍÛ� ÅÐÅÊØÅËIÊÒÅÐI

Îñû æ´ìûñòà ê³í áåëñåíäiëiãiíi àíîìàëäû ò°ìåí ìèíèìóìû (2007
æûë) ìåí àíîìàëäû ò°ìåí ìàêñèìóìû (2012 æûë) àðàëû¡ûíäà¡û òîëû©
ýëåêòðîíäû ìàçì´íûíû GIM-òåõíîëîãèÿñûí ©îëäàíà îòûðûï åñåïòåë-
ãåí âàðèÿöèÿëàðûí çåðòòåóäi íºòèæåëåði êåëòiðiëãåí. Òîëû© ýëåêòðîí-
äû ìàçì´íûíû òºóëiêòiê ìºíäåði ê°êòåìãi (ê³çãi) ê³í ìåí ò³ííi òåå-
ëói àðàëû¡ûíäà: ýêâàòîðëû© åíäiêòåðäå 60+5 TECU; îðòà¡û åíäiêòåðäå
35+5 TECU, æî¡àð¡û åíäiêòåðäå 10+5 TECU øàìàëàðûíäà ìàêñèìàëü-
äû åêåíäiãi ê°ðñåòiëãåí. Àëìàòû ©. [76,55◦E; 43,15◦ N] ºðò³ðëi ìàóñûìäàð
³øií ìàãíèòòi ò´ðà©òû àðàëû©òàðäà¡û òîëû© ýëåêòðîíäû ìàçì´íûíû
IONEX êàðòàëàðûí ©îëäàíà îòûðûï åñåïòåëiíãåí àáñîëþòòiê ìºíäåðiíi
òºóëiêòiê âàðèÿöèÿëàðû èîíîñôåðàíû ýëåêòðîíäû êîíöåíòðàöèÿñûíû
âåðòèêàëäû çîíäòàó ñòàíöèÿëàðûíû ìºëiìåòòåði áîéûíøà àëûí¡àí âà-
ðèÿöèÿëàðûìåí ñàëûñòûðûë¡àí.
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Êàéðàòêûçû Ä., Ìóêàøåâà Ñ.Í., Òîéøèåâ Í.Ñ. ÎÑÎÁÅÍÍÎÑÒÈ ÑÓ-
ÒÎ×ÍÛÕ ÂÀÐÈÀÖÈÉ ÏÎËÍÎÃÎ ÝËÅÊÒÐÎÍÍÎÃÎ ÑÎÄÅÐÆÀÍÈß
Â ÃÎÄÛ ÌÀÊÑÈÌÓÌÀ È ÌÈÍÈÌÓÌÀ ÑÎËÍÅ×ÍÎÉ ÀÊÒÈÂÍÎ-
ÑÒÈ

Â ýòîé ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû èññëåäîâàíèÿ âàðèàöèé ïîë-
íîãî ýëåêòðîííîãî ñîäåðæàíèÿ, ðàññ÷èòàííîãî ñ èñïîëüçîâàíèåì GIM-
òåõíîëîãèè, â ïåðèîä àíîìàëüíî íèçêîãî ìèíèìóìà (2007 ãîä) è àíîìàëüíî
íèçêîãî ìàêñèìóìà (2012 ãîä) ñîëíå÷íîé àêòèâíîñòè. Ïîêàçàíî, ÷òî ñóòî÷-
íûå çíà÷åíèÿ ïîëíîãî ýëåêòðîííîãî ñîäåðæàíèÿ ìàêñèìàëüíû â ïåðèîäû
âåñåííåãî (îñåííåãî) ðàâíîäåíñòâèÿ: 60+5 TECU íà ýêâàòîðèàëüíûõ øè-
ðîòàõ; 35+5 TECU íà ñðåäíèõ øèðîòàõ; 10+5 TECU íà âûñîêèõ øèðîòàõ.
Ñóòî÷íûå âàðèàöèè àáñîëþòíûõ çíà÷åíèé ïîëíîãî ýëåêòðîííîãî ñîäåð-
æàíèÿ, ðàññ÷èòàííûå ñ èñïîëüçîâàíèåì IONEX êàðò â ìàãíèòîñïîêîéíûå
ïåðèîäû äëÿ ðàçëè÷íûõ ñåçîíîâ, ñîïîñòàâëåíû ñ âàðèàöèÿìè ýëåêòðîííîé
êîíöåíòðàöèè èîíîñôåðû, ïîëó÷åííûìè ïî äàííûì ñòàíöèè âåðòèêàëüíî-
ãî çîíäèðîâàíèÿ ã. Àëìàòû [76,55◦E; 43,15◦ N].
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Â íàñòîÿùåå âðåìÿ êîñìè÷åñêèå àïïàðàòû, ñàìîëåòû, ðàçëè÷íûå ëåòà-
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ýòèì âûäâèãàåòñÿ íîâûé êëàññ çàäà÷ ñ èçìåíÿþùåéñÿ ïî îáëàñòè àíèçî-
òðîïèåé, ñ óïðóãèìè êîýôôèöèåíòàìè èç êëàññà ñóììèðóåìûõ ôóíêöèé è
äð.

Êðàåâûå çàäà÷è ïëîñêîé ñòàòè÷åñêîé òåîðèè óïðóãîñòè íåîäíîðîäíûõ
àíèçîòðîïíûõ ñðåä îïèñûâàþòñÿ ëèíåéíîé ýëëèïòè÷åñêîé ñèñòåìîé óðàâ-
íåíèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Òåîðèÿ ðåøåíèÿ òàêèõ ñèñòåì äî-
ñòàòî÷íî ïîëíî ðàçðàáîòàíà. Â íåé îñîáîå ìåñòî çàíèìàåò òåîðèÿ îáîá-
ùåííîãî àíàëèòè÷åñêîãî âåêòîðà [1], [2] èëè êâàçèàíàëèòè÷åñêîãî âåêòîðà
[2]�[4], êîòîðàÿ ïðåäñòàâëÿåò ñîáîé òåîðèþ ðåøåíèÿ ýëëèïòè÷åñêèõ ñèñòåì
ïåðâîãî ïîðÿäêà íà ïëîñêîñòè. Ðåøåíèÿ ýòèõ ñèñòåì â îáùåì ñëó÷àå ÿâ-
ëÿþòñÿ îáîáùåííûìè ðåøåíèÿìè â ñìûñëå Ñîáîëåâà, à ïî ñâîèì òîïîëî-
ãè÷åñêèì ñâîéñòâàì áëèçêè ê àíàëèòè÷åñêèì ôóíêöèÿì.

Õîðîøî èçâåñòåí ìåòîä êîìïëåêñíûõ ïîòåíöèàëîâ (ìåòîä Í.È. Ìóñõå-
ëèøâèëè è åãî ìîäèôèêàöèè), èñïîëüçóåìûé â ïëîñêîé òåîðèè óïðóãîñòè
äëÿ ðåøåíèÿ ñòàòè÷åñêèõ êðàåâûõ çàäà÷ îäíîðîäíûõ óïðóãèõ ñðåä. Â íà-
ñòîÿùåì èññëåäîâàíèè èçëàãàþòñÿ è îáîáùàþòñÿ ðåçóëüòàòû ðàáîò [5], [6],
êîòîðûå ðàñøèðÿþò âîçìîæíîñòè ïðèìåíåíèÿ ìåòîäà êîìïëåêñíûõ ïîòåí-
öèàëîâ è ëîãè÷åñêè ïåðåíîñÿò èõ ïðèìåíåíèå íà íåîäíîðîäíûå àíèçîòðîï-
íûå ñðåäû ñ ïîçèöèè òåîðèè êâàçèàíàëèòè÷åñêîãî âåêòîðà.

Â ðàáîòàõ [5], [6] äâóìåðíûå êðàåâûå çàäà÷è ñòàòèêè òåîðèè óïðóãîñòè
íåîäíîðîäíûõ àíèçîòðîïíûõ ñðåä ïðèâåäåíû ê êðàåâîé çàäà÷å Ðèìàíà-
Ãèëüáåðòà äëÿ îáîáùåííîãî àíàëèòè÷åñêîãî âåêòîðà. Ýòî ïîçâîëÿåò çà-
äåéñòâîâàòü óæå ðàçðàáîòàííûé àïïàðàò [1], [2], ñâîäÿùèé êðàåâóþ çàäà-
÷ó Ðèìàíà-Ãèëüáåðòà äëÿ îáîáùåííîãî àíàëèòè÷åñêîãî âåêòîðà ê ýêâèâà-
ëåíòíîé ñèñòåìå êîíòóðíûõ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé. Ìåòîä
êîíòóðíûõ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé óíèâåðñàëåí è åãî öåëå-
ñîîáðàçíî èñïîëüçîâàòü ïðè ðåøåíèè íåêîòîðûõ ÷àñòíûõ çàäà÷, à òàêæå
â òåîðåòè÷åñêèõ èññëåäîâàíèÿõ. Äëÿ ðåøåíèÿ ïðàêòè÷åñêè âàæíûõ çàäà÷
ìåòîä êîíòóðíûõ èíòåãðàëüíûõ óðàâíåíèé íå î÷åíü óäîáåí [2], òàê êàê ñâÿ-
çàí ñ òðóäîåìêèìè äîïîëíèòåëüíûìè ïðîöåäóðàìè: ïðèâåäåíèåì ñèñòåìû
óðàâíåíèé ê êàíîíè÷åñêîìó âèäó, ïîñòðîåíèåì ôóíäàìåíòàëüíûõ ðåøå-
íèé, ðåçîëüâåíòíûõ ÿäåð è îáùåãî ðåøåíèÿ. Ïîýòîìó åñòåñòâåííî âñòàåò
âîïðîñ î òîì, íåëüçÿ ëè ñ ïîìîùüþ èíòåãðàëüíûõ îïåðàòîðîâ ïî îáëàñòè,
ìèíóÿ âñå ïðîìåæóòî÷íûå çâåíüÿ, ðåøàòü êðàåâûå çàäà÷è? Îêàçûâàåòñÿ,
÷òî âî ìíîãèõ ñëó÷àÿõ ýòî âîçìîæíî. Òåîðèÿ, áàçèðóþùàÿñÿ íà òàêîì ïîä-

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



142 Í.È. Ìàðòûíîâ, Ì.À. Ðàìàçàíîâà

õîäå, íàçûâàåòñÿ òåîðèåé êâàçèàíàëèòè÷åñêîãî âåêòîðà [1], [3]. Ïðè ýòîì
îòïàäàþò ìíîãèå òðåáîâàíèÿ íà ãëàäêîñòü óïðóãèõ ïàðàìåòðîâ, ðàñøèðÿ-
åòñÿ êëàññ èçó÷àåìûõ óðàâíåíèé è êðàåâûõ çàäà÷. Òàêîé ïîäõîä ðàçðàáî-
òàí è îáîñíîâàí â ðàáîòàõ [5], [6], èäåéíàÿ ñòîðîíà êîòîðîãî èçëàãàåòñÿ â
íàñòîÿùåì äîêëàäå.

2. Ðàçðåøàþùèå óðàâíåíèÿ

Â äåêàðòîâîé ñèñòåìå êîîðäèíàò 0x1x2 â ïîëå îáúåìíûõ ñèë f ïðè
óñëîâèè ïëîñêîé äåôîðìàöèè ðàññìîòðèì ðàâíîâåñèå àíèçîòðîïíîãî íåîä-
íîðîäíîãî ëèíåéíî-óïðóãîãî òåëà, çàíèìàþùåãî îäíîñâÿçíóþ îáëàñòü D ñ
ãðàíèöåé Ã.

Ïåðåéäåì â ïëîñêîñòü êîìïëåêñíûõ ïåðåìåííûõ è ââåäåì êîìïëåêñíûå
îïåðàòîðû:

z = x1+ix2, z̄ ≡ s = x1−ix2,
∂

∂z
=

1

2

(
∂

∂x1
− i

∂

∂x2

)
,

∂

∂s
=

1

2

(
∂

∂x1
+ i

∂

∂x2

)
,

ãäå i � ìíèìàÿ åäèíèöà
(
i2 = −1

)
. Ââåäåì êîìïëåêñíûå êîìïîíåíòû âåêòî-

ðîâ ïåðåìåùåíèé W è îáúåìíûõ ñèë f , êîìïëåêñíûå êîìïîíåíòû òåíçîðà
íàïðÿæåíèé σij è òåíçîðà äåôîðìàöèé εij :

W = u1+iu2, f = f1+if2 = f1+if2, T1 = σ11+σ22, T2 = (σ11 − σ22)+2iσ12,

ε1 = ε11 + ε22 = WZ + W̄S , ε2 =
1

2
(ε11 − ε22) + iε12 = WS ,

εij =
1

2
(ui,j + uj,i) (i, j = 1, 2) ,

ε = (ε2, ε̄2, ε1)
T , T =

(
T2, T̄2, T1

)
.

Èíäåêñû z, s îçíà÷àþò ñîîòâåòñòâóþùèå ïðîèçâîäíûå ïî z è ïî s. Òîãäà
óðàâíåíèÿ ðàâíîâåñèÿ è çàêîí Ãóêà çàïèøóòñÿ â âèäå:

T1S + T2Z + f = 0,

ε = ΩT,
(1)

Ω=

b d c
d̄ b c̄
c̄ c a

 , b=
1

8
(β11 + β22 − 2β12 + β66) , a=

1

2
(β11 + β22 + 2β12) , (2)
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d=
1

8
((β11+ ̸ β22−2β12−β66)+2i (β16−β26)) , c=

1

4
((β11−β22)+i (β16+β26)) ,

ãäå βij = βij (x1, x2) � ïðèâåäåííûå óïðóãèå ïàðàìåòðû, çàâèñÿùèå îò êî-
îðäèíàò (x1, x2). Ìàòðèöà Ω � ýðìèòîâà è ïîëîæèòåëüíî � îïðåäåëåííàÿ,
ïîñêîëüêó óïðóãèé ïîòåíöèàë

V =
1

2
σijεij =

1

4

(
T1ε1 + T̄2ε2 + T2ε̄2

)
=

1

4
T ∗ΩT ,

(
T ∗ =

(
T̄2, T2, T1

))
� ïîëîæèòåëüíî-îïðåäåëåííàÿ ôîðìà. Îòñþäà ñëåäóåò, ÷òî

a > 0, b > 0, b > |d| , ab > |c|2 , a (b+ |d|) > 2 |c|2 .

Ââåäåì "ñëåä" îò îáúåìíûõ ñèë è ôóíêöèþ íàïðÿæåíèé U (z, s):

θ1 =

x1∫
0

f1 (x1, x2) dx1, θ1 =

x2∫
0

f2 (x1, x2) dx2,

UZS = T1 + (θ1 + θ2) , USS = − (T2 + θ1 − θ2) .

Âíå îáëàñòè êîìïîíåíòû îáúåìíûõ ñèë ïîëàãàþòñÿ ðàâíûìè íóëþ. Òîãäà
óðàâíåíèå (1) óäîâëåòâîðÿåòñÿ àâòîìàòè÷åñêè, à çàêîí Ãóêà çàïèøåòñÿ â
âèäå:

WS = −bUSS − dUZZ + cUZS + F,

W̄Z = −dUSS − bUZZ + c̄UZS + F̄ ,

(WZ +WS) = −c̄USS − cUZZ + aUZS + F0, (3)

F = −(b+ d)(θ1 − θ2)− c(θ1 + θ2),

F0 = −(c+ c̄)(θ1 − θ2)− a(θ1 + θ2).

Èñêëþ÷àÿ èç (3) ïåðåìåùåíèÿ, ïîëó÷èì óðàâíåíèå ñîâìåñòíîñòè äå-
ôîðìàöèé â "òåðìèíàõ" ôóíêöèè íàïðÿæåíèé

(aUZS − c̄USS − cUZZ)ZS + (bUSS + dUZZ − cUZZ)ZZ +
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+
(
d̄USS + bUZZ − c̄UZS

)
SS

= FZZ + F̄SS − F0ZS . (4)

Èñêëþ÷àÿ èç (3) ôóíêöèþ íàïðÿæåíèé, ïîëó÷èì óðàâíåíèå ðàâíîâåñèÿ â
ïåðåìåùåíèÿõ

(BWS +DW̄Z + C(WZ + W̄S) +G)Z+

(+C̄WS + CW̄Z +A(WZ + W̄S) +G0)S = 0 (5)

Çäåñü A,B,C,D � óïðóãèå ìîäóëè (êîìïîíåíòû îáðàòíîé
ïîëîæèòåëüíî-îïðåäåëåííîé ýðìèòîâîé ìàòðèöû Ω−1), G, G0 � âïîëíå
îïðåäåëåííûå âåëè÷èíû îò óïðóãèõ ìîäóëåé è îáúåìíûõ ñèë. Òàêèì
îáðàçîì, åñëè ðàññìàòðèâàåòñÿ çàäà÷à â íàïðÿæåíèÿõ, òî èñïîëüçóåòñÿ
óðàâíåíèå ñîâìåñòíîñòè äåôîðìàöèé (6); åñëè â ïåðåìåùåíèÿõ � óðàâ-
íåíèå ðàâíîâåñèÿ (7). Ê íèì äîáàâëÿþòñÿ ñîîòâåòñòâóþùèå ãðàíè÷íûå
óñëîâèÿ.

Â [5], [6] ïîêàçàíî, ÷òî êîìïëåêñíûé çàêîí Ãóêà, êîòîðûé ñâÿçûâàåò
ìåæäó ñîáîé ñèëîâûå è äåôîðìàöèîííûå õàðàêòåðèñòèêè óïðóãîãî òåëà,
ÿâëÿåòñÿ îáùèì èíòåãðàëîì óðàâíåíèé (6), (7). Ïîýòîìó íà ñîîòíîøåíèÿ
(3) ìîæíî ñìîòðåòü, êàê íà ñèñòåìó óðàâíåíèé ïåðâîãî ïîðÿäêà îòíîñè-
òåëüíî W, W̄ , Uz, Us, ñ äîïîëíèòåëüíûì óñëîâèåì Usz = Uzs. Ïðèñîåäèíèâ
ñîîòâåòñòâóþùèå ãðàíè÷íûå óñëîâèÿ îñíîâíûõ çàäà÷ òåîðèè óïðóãîñòè,
ïîëó÷èì ñîîòâåòñòâóþùèå êðàåâûå çàäà÷è òåîðèè êâàçèàíàëèòè÷åñêîãî
âåêòîðà.

3. Çàäà÷à Ðèìàíà-Ãèëüáåðòà

Áóäåì ïðåäïîëàãàòü, ÷òî óïðóãèå ïàðàìåòðû â (3) � íåïðåðûâíî äèô-
ôåðåíöèðóåìûå ôóíêöèè, à âèä àíèçîòðîïèè íå èçìåíÿåòñÿ âî âñåé îáëà-
ñòè D, âêëþ÷àÿ ãðàíèöó Ã.

Â ðàáîòàõ [5], [6] ñèñòåìà óðàâíåíèé (3) ñ äîïîëíèòåëüíûì óñëîâèåì ñ
ïîìîùüþ îïðåäåëåííîé çàìåíû (äëÿ êàæäîãî âèäà àíèçîòðîïèè îíà ñâîÿ)
íåèçâåñòíûõ ôóíêöèé ïðèâåäåíà ê êàíîíè÷åñêîìó (ïî È.Ã. Ïåòðîâñêîìó)
âèäó

χs −Qχz = Aχ+Bχ̄+ F ∗ ≡ F ∗∗ (z, χ) , ||Q|| < 1, (6)

à êðàåâûå óñëîâèÿ îñíîâíûõ çàäà÷ ñòàòèêè çàïèñàíû êàê

Re
(
Ḡi · χ (t)

)
|Γ = gi (t) , det |Gi| ̸= 0, χ =

(
u
v

)
, i = 1, 2. (7)
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Ò.å. èìååì çàäà÷ó Ðèìàíà-Ãèëüáåðòà äëÿ êâàçèàíàëèòè÷åñêîãî âåêòîðà χ.
Çäåñü Q,A,B, F ∗, Ḡi, gi � èçâåñòíûå ìàòðèöû, ïðè÷åì Q � íèæíÿÿ (âåðõ-
íÿÿ) òðåóãîëüíàÿ ìàòðèöà, Gi (t) è gi (t) � íåïðåðûâíûå ïî Ãåëüäåðó íà Ã
ìàòðèöû (óñëîâèÿ íà è ìîæíî îñëàáèòü, ðàññìàòðèâàÿ èõ â êëàññå ñóììè-
ðóåìûõ ôóíêöèé), à I � íîìåð êðàåâîé çàäà÷è. Äëÿ ïåðâîé êðàåâîé çàäà÷è
íà ãðàíèöå îáëàñòè çàäàíû óñèëèÿ, äëÿ âòîðîé � ïåðåìåùåíèÿ. Äëÿ òðå-
òüåé (ñìåøàííîé) êðàåâîé çàäà÷è ìàòðèöà G3 ïðèíèìàåò ñîîòâåòñòâåííî
çíà÷åíèÿ G1 � íà îäíîé ÷àñòè ãðàíèöû è G2 íà äðóãîé ÷àñòè ãðàíèöû è
òåðïèò ðàçðûâ íà ìíîæåñòâå ìåðû íóëü. Òàì â [5], [6] ïîêàçàíî, ÷òî èí-
äåêñû êðàåâûõ çàäà÷ ðàâíû íóëþ. Îòìåòèì òàêæå, ÷òî äëÿ íåîäíîðîäíîãî
èçîòðîïíîãî è òðàíñâåðñàëüíî-èçîòðîïíîãî òåëà ìàòðèöû Q,Gi � ïîñòîÿí-
íûå, à äëÿ îðòîòðîïíîãî òåëà è ïëîñêîñòè óïðóãîé ñèììåòðèè çàâèñÿò îò
(x1, x2). Èç çàêîíà Ãóêà, à òàêæå èç (8) äëÿ îäíîðîäíîãî èçîòðîïíîãî òåëà
ñëåäóåò ïðåäñòàâëåíèå îáùåãî ðåøåíèÿ â ôîðìå Êîëîñîâà-Ìóñõåëèøâèëè.
Èç (8) òàêæå ñëåäóåò ïðåäñòàâëåíèå îáùåãî ðåøåíèÿ äëÿ îäíîðîäíîãî àíè-
çîòðîïíîãî òåëà â ôîðìå Ëåõíèöêîãî è òèïà "Ëåõíèöêîãî".

4. Èíòåãðàëüíûå óðàâíåíèÿ ïî îáëàñòè äëÿ êàíîíè÷åñêîé ñè-

ñòåìû óðàâíåíèé

Ïðè èññëåäîâàíèè êðàåâûõ çàäà÷ ýëëèïòè÷åñêèõ ñèñòåì 2m óðàâíå-
íèé ïåðâîãî ïîðÿäêà, m > 1, äëÿ êâàçèàíàëèòè÷åñêîãî âåêòîðà ïðåäâà-
ðèòåëüíî ïðîèçâîäÿò êîíôîðìíîå îòîáðàæåíèå îäíîñâÿçíîé îáëàñòè íà
åäèíè÷íûé êðóã. Òàêîå îòîáðàæåíèå íå èçìåíÿåò ñâîéñòâ ðåøåíèé ñèñòå-
ìû óðàâíåíèé, íî ïîçâîëÿåò óïðîñòèòü ãðàíè÷íûå óñëîâèÿ. Ðàññìîòðèì
îïåðàòîðû, äåéñòâóþùèå íà ôóíêöèÿõ, îïðåäåëåííûõ â êðóãå Ê (|z| < 1),
êîòîðûå èñïîëüçóþòñÿ â äàëüíåéøåì:

T0f=−
1

π

∫∫
K

[
f (t)

t− z
+

zf (t)

1− zt̄

]
dkt, S0f=−

1

π

∫∫
K

[
f (t)

(t− z)2
+

f (t)

(1− zt̄)2

]
dkt. (8)

Äëÿ íèõ ñïðàâåäëèâû ñîîòíîøåíèÿ

∂T0f

∂s
= f, S0f =

∂T0f

∂z
, ReT0

(
f |eiγ

)
= 0 ïðè z = eiγ , γ ∈ [0, 2π]. (9)

Ïåðâûé èç íèõ ÿâëÿåòñÿ ðåãóëÿðíûì, à âòîðîé � ñèíãóëÿðíûì èíòåãðà-
ëîì â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè (S0f ñóùåñòâóåò ïðè f ∈ Lp (K)
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è ∥S0f∥Lp
≤ λp ∥f∥Lp

, ãäå λp � îãðàíè÷åííàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî

îò ð, ò.å. îïåðàòîð S0 ÿâëÿåòñÿ ëèíåéíûì è îãðàíè÷åííûì â Lp (K), p > 1
Lp � ïðîñòðàíñòâî ôóíêöèé, èíòåãðèðóåìûõ â Ê ñî ñòåïåíüþ p [1]�[3]).

Ïîñêîëüêó èíäåêñû êðàåâûõ çàäà÷ ðàâíû íóëþ, òî ðåøåíèå (8), (9) â
êðóãå |z| < 1 èùåòñÿ â âèäå [1], [3]:

χ=Φ+T0ρ, Φ =

(
Φ1

Φ2

)
, ρ =

(
ρ1
ρ2

)
, (10)

ãäå Φ � ãîëîìîðôíûé âåêòîð, T0 � îïåðàòîð, îïðåäåëÿåìûé (8). Ïîñëå
ïîäñòàíîâêè (10) â (6), (7), ïîëó÷èì

ρ−QS0ρ = QΦ′ +A (Φ + T0ρ) +B
(
Φ̄ + T0ρ

)
+ F ∗, (11)

Re
(
ḠiΦ

)
= g. (12)

Äëÿ ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ (11) ïðåäâàðèòåëüíî íåîáõîäè-
ìî îïðåäåëèòü ãîëîìîðôíûé âåêòîð, óäîâëåòâîðÿþùèé êðàåâîìó óñëîâèþ
(12). Òî åñòü ðåøèòü çàäà÷ó Ðèìàíà-Ãèëüáåðòà äëÿ ãîëîìîðôíîãî âåêòî-
ðà. Â ðàáîòàõ [5], [6] ïîêàçàíî, ÷òî äëÿ âñåõ âèäîâ àíèçîòðîïèè ãîëîìîðô-
íûé âåêòîð Φ â êðóãå îïðåäåëÿåòñÿ â çàìêíóòîì âèäå, ò.å. âûðàæàåòñÿ èç-
âåñòíûìè ôóíêöèÿìè è êîíòóðíûìè èíòåãðàëàìè îò èçâåñòíûõ ôóíêöèé.
Äîñòèãàåòñÿ ýòî ïóòåì ñâåäåíèÿ (12) ê ñèñòåìå êîíòóðíûõ èíòåãðàëüíûõ
óðàâíåíèé, êîòîðûå ðàçðåøèìû â ÿâíîì âèäå.

Ïðè êîíôîðìíîì îòîáðàæåíèè z = σ (η) îäíîñâÿçíîé îáëàñòè íà åäè-
íè÷íûé êðóã äèôôåðåíöèðîâàíèå ïî z çàìåíÿåòñÿ äèôôåðåíöèðîâàíèåì
ïî η. Ìàòðèöû Q â (2) óìíîæàþòñÿ íà ìàòðèöó σ̄′/σ′I, à åå ïðàâàÿ ÷àñòü
� íà σ̄′I. Ìàòðèöû îñòàþòñÿ ïðåæíèìè. Ïîýòîìó àíàëèòè÷åñêèå âåêòîðà
îïðåäåëÿþòñÿ â G1, G2 â çàìêíóòîì âèäå è äëÿ îäíîñâÿçíîé îáëàñòè.

Îòìåòèì, ÷òî ðàçðàáîòàíà ìåòîäèêà ðåøåíèÿ êðàåâûõ çàäà÷ â êëàññå
àíàëèòè÷åñêèõ ôóíêöèé ñ ñóììèðóåìûìè (à íå êóñî÷íî-ãåëüäåðîâñêèìè)
ôóíêöèÿìè â ãðàíè÷íûõ óñëîâèÿõ [3]. Ê íèì îòíîñèòñÿ è çàäà÷à Ðèìàíà-
Ãèëüáåðòà äëÿ àíàëèòè÷åñêîãî âåêòîðà.

Ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé (11) â îáùåì ñëó÷àå ðåàëèçóåòñÿ ÷èñ-
ëåííûì ìåòîäîì. Îíà ìîæåò áûòü ðåàëèçîâàíà, íàïðèìåð, èòåðàöèîííûì
÷èñëåííûì ìåòîäîì Àøèðàëèåâà-Ìîíàõîâà [6] ñ ãåîìåòðè÷åñêîé ñêîðî-
ñòüþ ñõîäèìîñòè.
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5. Îäíîðîäíîå àíèçîòðîïíîå òåëî

Ïîêàæåì, ÷òî â ñëó÷àå îäíîðîäíîãî àíèçîòðîïíîãî óïðóãîãî òåëà ïðè
èçâåñòíîì êîíôîðìíîì îòîáðàæåíèè z = σ (η) îäíîñâÿçíîé îáëàñòè D̄ íà
åäèíè÷íûé êðóã K ðåøåíèÿ êðàåâûõ çàäà÷ ìîãóò áûòü ïîëó÷åíû â çàìêíó-
òîì âèäå.

Â óðàâíåíèÿõ ðàâíîâåñèÿ (6) è ñîîòâåòñòâóþùèõ èì èíòåãðàëüíûõ
óðàâíåíèÿõ (11) îïóñòèì ÷ëåíû, ñîäåðæàùèå îáúåìíûå ñèëû, ïîñêîëüêó
ñëó÷àé äåéñòâèÿ îáúåìíûõ ñèë äîñòàòî÷íî ïðîñòî ñâîäèòñÿ ê ñëó÷àþ èõ
îòñóòñòâèÿ.

Ðàññìîòðèì èçîòðîïíîå (òðàíñâåðñàëüíî-èçîòðîïíîå) òåëî. Òîãäà óðàâ-
íåíèÿ (6) íà ïëîñêîñòè η çàïèøóòñÿ êàê

uη̄ = 0, vη̄ − λ∗uη = 0, (13)

ρ1 = 0, ρ2 = λ∗Φ
′
1 (η) , (14)

ãäå λ∗ = σ̄′/2σ′ äëÿ ïåðâîé êðàåâîé çàäà÷è è λ∗ = bσ̄′/2 (a+ b)σ′ äëÿ
âòîðîé êðàåâîé çàäà÷è [5], [6].

Ìàòðèöû G1, G2 â ãðàíè÷íûõ óñëîâèÿõ ïðè êîíôîðìíîì îòîáðàæå-
íèè íå èçìåíÿþòñÿ è îñòàþòñÿ ïîñòîÿííûìè. Ñëåäîâàòåëüíî, ãîëîìîðô-
íûé âåêòîð Φ(η) îïðåäåëÿåòñÿ êâàäðàòóðîé, à íåèçâåñòíûå ïëîòíîñòè, êàê
âèäíî èç (14), îïðåäåëÿþòñÿ â ÿâíîì âèäå. Ïåðåõîäÿ îò ïëîñêîñòè ïåðåìåí-
íûõ η ê ïëîñêîñòè ïåðåìåííûõ z ïî ñîîòâåòñòâóþùèì ôîðìóëàì, ìîæíî
çàïèñàòü ðåøåíèå ïåðâîé è âòîðîé êðàåâûõ çàäà÷.

Â îòëè÷èå îò ìåòîäà Í.È. Ìóñõåëèøâèëè, â äàííîé ñèòóàöèè íå
òðåáóåòñÿ êîíôîðìíîå ïðåîáðàçîâàíèå àïïðîêñèìèðîâàòü ðàöèîíàëüíûìè
ôóíêöèÿìè è âûïîëíÿòü ñâÿçàííûå ñ ýòèì äîïîëíèòåëüíûå ïðîöåäóðû.

Äëÿ îäíîðîäíîãî îðòîòðîïíîãî òåëà (ïðè ïëîñêîé äåôîðìàöèè àíèçî-
òðîïíîå òåëî â îáùåì ñëó÷àå âåäåò ñåáÿ êàê îðòîòðîïíîå òåëî) ñèñòåìà
óðàâíåíèé (6) â ãëàâíûõ îñÿõ àíèçîòðîïèè ïðèíèìàåò ñëåäóþùèé âèä:

uS − λuZ = 0, vS − λ̄vZ = 0, λ = const. (15)

Çäåñü λ � èçâåñòíûé êîðåíü îïðåäåëåííîãî õàðàêòåðèñòè÷åñêîãî óðàâíå-
íèÿ, ïðè÷åì |λ| < 1 [5], [6]. Ñ ïîìîùüþ çàìåíû ïåðåìåííûõ η1 = λs + z
óðàâíåíèÿ (15) ìîæíî çàïèñàòü êàê

uη̄1 = 0, vη̄1 + µ1vη1 = 0, µ1 =

(
λ− λ̄

)
1− λ̄2

, |µ1| < 1.
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Âûïîëíÿÿ êîíôîðìíîå îòîáðàæåíèå îáëàñòè íà åäèíè÷íûé êðóã, îïðå-
äåëèì ãîëîìîðôíûé âåêòîð Φ â åäèíè÷íîì êðóãå ïî ãðàíè÷íûì óñëîâèÿì
çàäà÷è. Âîçâðàùàÿñü â ïëîñêîñòü ïåðåìåííîé z, ïîëó÷èì u = Φ1 (λs+ z),
ãäå Φ1 � èçâåñòíàÿ àíàëèòè÷åñêàÿ ôóíêöèÿ.

Òåïåðü ñäåëàåì çàìåíó ïåðåìåííûõ η2 = λ̄s + z. Òîãäà (13) çàïèøåòñÿ
êàê

uη̄2 + µ2uη2 = 0, vη̄2 = 0, µ2 =

(
λ̄− λ

)
1− λ2

, |µ2| < 1.

Âûïîëíèì êîíôîðìíîå îòîáðàæåíèå îáëàñòè D̄ (η2) íà åäèíè÷íûé êðóã
è îïðåäåëèì ãîëîìîðôíûé âåêòîð Φ ïî ãðàíè÷íûì óñëîâèÿì. Âíîâü âåð-
íåìñÿ â ïëîñêîñòü ïåðåìåííîé z. Òîãäà v = Φ2

(
λ̄s+ z

)
, ãäå Φ2 � èçâåñòíàÿ

àíàëèòè÷åñêàÿ ôóíêöèÿ. Çíàÿ êîìïîíåíòû âåêòîðà χ = (u, v)T , ïî ñîîò-
âåòñòâóþùèì ôîðìóëàì îïðåäåëèì ïåðåìåùåíèÿ è êîìïîíåíòû òåíçîðà
íàïðÿæåíèé.

Îòìåòèì, ÷òî ïðåäëîæåííûé ìåòîä ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ îäíî-
ðîäíîãî îðòîòðîïíîãî òåëà ïîçâîëÿåò ïîëó÷èòü ðåøåíèå â çàìêíóòîì âèäå,
íå ïðèáåãàÿ ê ðåøåíèþ êîíòóðíûõ èíòåãðàëüíûõ óðàâíåíèé ñî ñäâèãîì.

6. Èíòåãðàëüíûå óðàâíåíèÿ äëÿ ñîñòàâíûõ òåë

Äëÿ ñîñòàâíûõ óïðóãèõ òåë ñ èçìåíÿþùåéñÿ ïî îáëàñòè àíèçîòðîïè-
åé íåîáõîäèìî â êàæäîé ïîäîáëàñòè ïðèâåñòè ñèñòåìó óðàâíåíèé (3) ê
êàíîíè÷åñêîìó âèäó, çàïèñàòü óñëîâèÿ ñîïðÿæåíèÿ íà ãðàíèöå êîíòàêòà
ïîäîáëàñòåé (ðàâåíñòâî ñèë è ïåðåìåùåíèé), ïîëó÷èòü ðåøåíèÿ â êàæ-
äîé ïîäîáëàñòè ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé íà ãðàíèöå îáëàñòè è çàòåì
ïðîâåñòè ïðîöåäóðó ñøèâêè ðåøåíèÿ. Ãðîìîçäêîñòü ýòèõ ïðîöåäóð ÿñíî
ïîêàçûâàåò, ÷òî òàêîé ïîäõîä íå î÷åíü óäîáåí äëÿ ïðàêòè÷åñêèõ ðàñ÷åòîâ.

Ââåäåì íåèçâåñòíûå ôóíêöèè u, v, êîòîðûå ñâÿçàíû ñ ïåðåìåùåíèåìW
è ïåðâûìè ïðîèçâîäíûìè îò ôóíêöèè íàïðÿæåíèé U ñëåäóþùèì îáðàçîì:

W = ε (ω · u− v̄) , W̄ = ε (ω · ū− v) ,
US = ω · u+ v̄, UZ = ω · ū+ v.

(16)

Çäåñü ε, ω � äåéñòâèòåëüíûå, ïîêà íåîïðåäåëåííûå ïîñòîÿííûå. Áóäåì
ðàññìàòðèâàòü ñëó÷àé, êîãäà ñ=0 âî âñåé îáëàñòè D̄ . Îòìåòèì, ÷òî ñ ïî-
ìîùüþ îïðåäåëåííûõ ãîìåîìîðôèçìîâ óðàâíåíèé Áåëüòðàìè [7] (êâàçè-
êîíôîðìíûõ îòîáðàæåíèé) ìîæíî îáíóëèòü óïðóãèå ïàðàìåòðû c èëè d â
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çàêîíå Ãóêà (3) âî âñåé îáëàñòè D̄ (äàæå äëÿ ñîñòàâíûõ íåîäíîðîäíûõ àíè-
çîòðîïíûõ óïðóãèõ ñðåä), ÷òî ïîçâîëÿåò óïðîùàòü äàëüíåéøèå èññëåäîâà-
íèÿ. Ïîäñòàâëÿÿ (16) â ñèñòåìó óðàâíåíèé (3) è âûïîëíèâ ðÿä íåñëîæíûõ
ïðåîáðàçîâàíèé, ïîëó÷èì

χs − µ1χz − µ2χ̄s = N, (17)

χ =

(
u
v

)
; N =

(
N1

N2

)
; µ1 =

(
0 µ12

1

µ21
1 0

)
; µ2 =

(
0 µ12

2

µ21
2 0

)
,

N1 =
F1 (ε+ b)− F̄1ωd

ω (ε+ b)
(
(ε+ b)2 − |d|2

) ; N2 =
F0

(2ε+ a) (ε+ b)
;

∆ =
(
ε+

a

2

)
(ε+ b+ d) , µ12

1 = − ε (2ε+ a) |d|
ω (ε+ b− |d|)∆

;

µ21
1 =

ε (ε+ b+ |d|)ω
∆

; µ12
2 =

(
ε+ a

2

) (
ε2 − b2 + |d|2

)
ω (ε+ b− |d|)∆

,

µ21
2 =

ω (ε+ b+ |d|)
2∆

.

Ïîäáåðåì ε, ω òàêèì îáðàçîì, ÷òîáû âûïîëíÿëîñü óñëîâèå ýëëèïòè÷-
íîñòè ñèñòåìû óðàâíåíèé (17):

max
i

2∑
j=1

∣∣∣µij
1

∣∣∣+max
i

2∑
j=1

∣∣∣µij
2

∣∣∣ ≤ µ0 < 1. (18)

Â ðåàëüíîé ñèòóàöèè óïðóãèå ìîäóëè è îáúåìíûå ñèëû îãðàíè÷åíû.
Ïîëîæèì

ξ =
b− |d|
bmax

; ξmin =
(b− |d|)min

bmax
; ω =

1

1 + ξmin
;

µ0 = (1− ξmin) , ε = 2bmax.

Òîãäà óñëîâèÿ (18) ïðè âûáðàííûõ ïîñòîÿííûõ âûïîëíÿþòñÿ â ñèëó
òîãî, ÷òî

1− ξ

1 + ξ
≤ 1− ξmin

1 + ξmin
< ω < 1.
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Õîðîøî èçâåñòíî, ÷òî ðåøåíèÿ ýëëèïòè÷åñêèõ ñèñòåì íåïðåðûâíû, ò.å.
íå ìîãóò èìåòü ñèëüíûå ðàçðûâû. Ñëåäîâàòåëüíî, íà ãðàíèöàõ ðàçäåëà
êîíòàêòíûõ ïîäîáëàñòåé âåêòîð χ íåïðåðûâåí è òîãäà â ñèëó ïîäñòàíîâ-
êè (16) íåïðåðûâåí âåêòîð ïåðåìåùåíèé (W

(
W̄

)
) è ïåðâûå ïðîèçâîäíûå

ôóíêöèè íàïðÿæåíèé US , UZ . Òàêèì îáðàçîì, äëÿ ñèñòåìû óðàâíåíèé (17)
àâòîìàòè÷åñêè âûïîëíÿþòñÿ óñëîâèÿ ñøèâêè ðåøåíèé.

Ãðàíè÷íûå óñëîâèÿ äëÿ ïåðâîé è âòîðîé êðàåâûõ çàäà÷ çàïèñûâàþò-
ñÿ â âèäå (5) ñ ïîñòîÿííûìè ìàòðèöàìè Ḡi, ïîýòîìó ãîëîìîðôíûé âåêòîð
îïðåäåëÿåòñÿ â ÿâíîì âèäå. Ñîîòâåòñòâóþùàÿ ñèñòåìà èíòåãðàëüíûõ óðàâ-
íåíèé ïî îáëàñòè èìååò âèä

ρ− µ1S0ρ− µ2S0ρ = N + µ1Φ
′ + µ2Φ

′, (19)

êîòîðàÿ ïðè ÷èñëåííûõ ðàñ÷åòàõ ðåàëèçóåòñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé ïî ñõåìå:

ρn+1 − µ1S0ρn+1 − µ2S0ρn+1 = N + µ1Φ
′ + µ2Φ̄

′

ñ ãåîìåòðè÷åñêîé ñêîðîñòüþ ñõîäèìîñòè.

Äëÿ îáùåãî ñëó÷àÿ àíèçîòðîïèè, ïî âñåé âèäèìîñòè, ìîãóò áûòü ïî-
ëó÷åíû îäíîçíà÷íî ðàçðåøèìûå èíòåãðàëüíûå óðàâíåíèÿ ïî îáëàñòè, íå
ñîäåðæàùèå ïðîèçâîäíûõ îò óïðóãèõ ïàðàìåòðîâ. Èññëåäîâàíèå â ýòîì
íàïðàâëåíèè ñîïðÿæåíî ñî çíà÷èòåëüíûìè âûêëàäêàìè è òðåáóåò áîëåå
"òîíêèõ" îöåíîê. Âîïðîñ îñòàåòñÿ ïîêà îòêðûòûì.

Â ðàáîòàõ [5], [6] äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü êðàåâûõ çàäà÷
(8),(9); (17),(9) è ñîîòâåòñòâóþùèõ èì èíòåãðàëüíûõ óðàâíåíèé (11),(19)
ïðè óñëîâèè:Qi, Ai, Bi, F

∗
i ∈ W 1

p , Gi, gi ∈ SW 1
p , p > 2 è µ1, µ2,N ∈ Lp>2(K),

ñ=0. Îòìåòèì, ÷òî äëÿ òðåòüåé êðàåâîé çàäà÷è ðàçðûâíàÿ ìàòðèöà â ãðà-
íè÷íîì óñëîâèè ñ ïîìîùüþ îïðåäåëåííîé ïðîöåäóðû ñâîäèòñÿ ê íåïðå-
ðûâíîé ìàòðèöå [3].

7. Çàêëþ÷åíèå

Â ðàáîòå [6] ïðèâåäåíû ïðèìåðû ðåøåíèÿ êðàåâûõ çàäà÷ è ïðîâåäå-
íî ñðàâíåíèå ñ èçâåñòíûìè ñóùåñòâóþùèìè ðåøåíèÿìè, ÷òî ïîäòâåðäèëî
ýôôåêòèâíîñòü ïðåäëàãàåìîãî çäåñü ìåòîäà. Ïîëó÷åíû íîâûå êëàññû ðå-
øåíèÿ êðàåâûõ çàäà÷ äëÿ íåîäíîðîäíûõ àíèçîòðîïíûõ ñðåä. Â ðàáîòàõ
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[8], [9] ïðåäëàãàåìûé çäåñü ìåòîä ïåðåíåñåí íà êðàåâûå çàäà÷è êðó÷åíèÿ
íåîäíîðîäíûõ àíèçîòðîïíûõ ñðåä, íà ïëîñêèå ñòàòè÷åñêèå êðàåâûå çàäà-
÷è íåîäíîðîäíûõ èçîòðîïíûõ ñðåä ìîìåíòíîé òåîðèè óïðóãîñòè. Ìåòîä
òàêæå ïåðåíîñèòñÿ íà çàäà÷è ïëîñêîãî íàïðÿæåííîãî ñîñòîÿíèÿ. Ñ îïðåäå-
ëåííûìè ìîäèôèêàöèÿìè ìåòîä ìîæåò áûòü ïðèìåíåí äëÿ èññëåäîâàíèÿ
çàäà÷ Ñîìèëüÿíà è Ôîéãòà, çàäà÷ èçãèáà ïðèçìàòè÷åñêèõ òåë è ñîîòâåò-
ñòâóþùèõ çàäà÷ ñ êðèâîëèíåéíîé àíèçîòðîïèåé.
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Martynov N.I., Ramazanova M.A. STATIC BOUNDARY-VALUE
PROBLEMS OF THE PLANE THEORY OF ELASTICITY OF NON-
UNIFORM ANISOTROPIC ENVIRONMENT

Static boundary-value problems of the plane theory of elasticity of
non-uniform anisotropic environment for one-coherent area are brought to
Riemann-Gilbert problem of a quasianalytical vector. The corresponding
singular integrated equations for its solution are received. For rather wide
class of anisotropy their unique solvability is proved. In the case of a uniform
anisotropic body the solutions of the �rst and second boundary-value problems
are received in the closed form. For compound elastic media, with anisotropy
(of rather wide class) changing in area, the uniquely solvable integral equations
allowing to de�ne at once generalized solutions which automatically meeting
conjugated conditions at the boundaries of contact of subareas, are received.
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1. Ââåäåíèå

Ñàìûå ìîùíûå ïðîöåññû àêòèâíîñòè íà Ñîëíöå ñâÿçàíû ñ ñóùåñòâîâà-
íèåì ãðóïï ñîëíå÷íûõ ïÿòåí, ñîåäèíåííûõ ìåæäó ñîáîé ìàãíèòíûì ïîëåì
â ôîðìå ïåòåëü ðàçëè÷íûõ ìàñøòàáîâ, êîòîðûå ÿâëÿþòñÿ îñíîâíûìè áëî-
êàìè ñòðóêòóð àêòèâíûõ îáëàñòåé. Àêòèâíàÿ îáëàñòü çàíèìàåò íåêîòîðóþ
÷àñòü ñîëíå÷íîé àòìîñôåðû, ãäå ïëîòíîñòü ìàãíèòíîé ýíåðãèè çíà÷èòåëü-
íî ïðåâûøàåò åå çíà÷åíèÿ â îêðóæàþùåé íåâîçìóùåííîé àòìîñôåðå. Â
ïðîöåññå ðàçâèòèÿ àêòèâíîé îáëàñòè ïðîèñõîäèò óñëîæíåíèå òîïîëîãèè åå
ìàãíèòíûõ ïîëåé, ñîïðîâîæäàåìîå ðîñòîì ñâîáîäíîé ìàãíèòíîé ýíåðãèè.
Íà îïðåäåëåííîì ïåðèîäå ýâîëþöèè àêòèâíîé îáëàñòè ïðè âîçíèêíîâåíèè
â ìàãíèòíîé ñòðóêòóðå îáëàñòåé äèññèïàöèè, òîêîâûõ ñëîåâ, â íåé ðàçâè-
âàþòñÿ áûñòðîïðîòåêàþùèå ïðîöåññû îñâîáîæäåíèÿ ñâîáîäíîé ìàãíèòíîé
ýíåðãèè � ñîëíå÷íûå âñïûøêè è êîðîíàëüíûå âûáðîñû ìàññû (ÊÂÌ). Â
õîäå ýòèõ ïðîöåññîâ íàêîïëåííàÿ ñâîáîäíàÿ ìàãíèòíàÿ ýíåðãèÿ ïðåîáðàçó-
åòñÿ â ýíåðãèþ íàãðåâà ïëàçìû è óñêîðåííûõ äî âûñîêèõ ýíåðãèé ÷àñòèö, à
òàêæå â ýíåðãèþ áûñòðûõ äâèæåíèé âåùåñòâà, ïîðîæäàÿ âûáðîñû ïëàçìû.
Â ðåçóëüòàòå äåéñòâèÿ ýòèõ âûñîêîýíåðãè÷íûõ ïîòîêîâ ñîëíå÷íîãî âåòðà
â ìàãíèòîñôåðå Çåìëè ðåãèñòðèðóþòñÿ ðàçëè÷íîãî ðîäà âîçìóùåíèÿ.

Åñòåñòâåííî, ÷òî â ñòðóêòóðå è ñâîéñòâàõ ñîëíå÷íîãî âåòðà íàáëþäà-
þòñÿ èçìåíåíèÿ, ñâÿçàííûå ñ ôàçîé ñîëíå÷íîãî öèêëà. Ïðîäîëæèòåëüíûé
ìèíèìóì 23-ãî öèêëà àêòèâíîñòè äàë âîçìîæíîñòü â òå÷åíèå äëèòåëüíîãî
èíòåðâàëà âðåìåíè ïðîñëåäèòü çà âàðèàöèÿìè ïîòîêîâ èîíîâ ðàçëè÷íûõ
ýëåìåíòîâ â ñïîêîéíîì ñîëíå÷íîì âåòðå. Çà âñþ èñòîðèþ ðåãóëÿðíûõ íà-
áëþäåíèé Ñîëíöà ñ 1700 ãîäà ëèøü 11-é è 14-é öèêëû àêòèâíîñòè â ñòàäèè
ìèíèìóìà èìåëè áîëåå íèçêèå çíà÷åíèÿ ÷èñåë Âîëüôà. Äåêàáðü 2008 ãîäà
áûë îïðåäåëåí, êàê ìèíèìóì ïðåäûäóùåãî öèêëà àêòèâíîñòè. Äëÿ èññëå-
äîâàíèÿ ñâîéñòâ ïîòîêîâ ñîëíå÷íîãî âåòðà â ïåðèîä ìèíèìàëüíîé àêòèâ-
íîñòè Ñîëíöà áûë âûáðàí ïðîìåæóòîê ñ 1 àïðåëÿ 2007 ã. ïî 31 äåêàáðÿ
2009 ã. Çà ýòîò ïåðèîä â òå÷åíèå 669 äíåé íà Ñîëíöå âîîáùå îòñóòñòâîâàëè
àêòèâíûå îáëàñòè. Â îñòàëüíûå äíè íà Ñîëíöå ñóùåñòâîâàëè ëèøü ïÿòíà
è ïîðû ñ î÷åíü íåáîëüøèìè ïëîùàäÿìè, êîòîðûå íå ïðèâåëè ê ïîÿâëåíèþ
çàìåòíûõ âîçìóùåíèé â ñîëíå÷íîì âåòðå.

Âñå ïðåäñòàâëåííûå íèæå èññëåäîâàíèÿ ñâîéñòâ ïîòîêîâ ÷àñòèö ðàç-
ëè÷íûõ ýíåðãèé áûëè ïðîâåäåíû ñ ïîìîùüþ ïîñòðîåíèÿ ýíåðãåòè÷åñêèõ
ñïåêòðîâ èîíîâ, â òîì ÷èñëå äëÿ Fe è O, è âû÷èñëåíèÿ ñ èõ ïîìîùüþ çíà-
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÷åíèé Fe/O. Èíäåêñ Fe/O ÿâëÿåòñÿ õîðîøèì èíäèêàòîðîì ôèçè÷åñêîãî
ñîñòîÿíèÿ èçó÷àåìîé ñðåäû [1]. Âåëè÷èíà îòíîøåíèÿ ýëåìåíòîâ Fe/O ÿâ-
ëÿåòñÿ ìåðîé ïðîÿâëåíèÿ, òàê íàçûâàåìîãî FIP-ýôôåêòà, ãäå FIP −ýòî
âåëè÷èíà ïåðâîãî èîíèçàöèîííîãî ïîòåíöèàëà (First Ionization Potential).
Ñóòü FIP-ýôôåêòà ñîñòîèò â ñëåäóþùåì. Ñîñòàâ ýëåìåíòîâ â ôîòîñôåðå,
äîñòàòî÷íî íàäåæíî îïðåäåëÿåìûé ñïåêòðîñêîïè÷åñêèìè ìåòîäàìè, ÿâëÿ-
åòñÿ âïîëíå îäíîðîäíûì ïî âñåé ñîëíå÷íîé ïîâåðõíîñòè, îäíàêî, îáèëèÿ
ïðèìåñíûõ ýëåìåíòîâ â ñòðóêòóðíûõ îáðàçîâàíèÿõ êîðîíû Ñîëíöà è â
ñîëíå÷íîì âåòðå îêàçûâàþòñÿ â ðàçíîé ñòåïåíè çàâèñÿùèìè îò âåëè÷è-
íû FIP ïî îòíîøåíèþ ê èõ êîíöåíòðàöèÿì â ôîòîñôåðå. Óñòàíîâëåíî, ÷òî
ôðàêöèîíèðîâàíèå ïðèìåñíûõ ýëåìåíòîâ ïî ïðèçíàêó FIP îñóùåñòâëÿåòñÿ
â âåðõíåé îáëàñòè õðîìîñôåðû Ñîëíöà. Ýëåìåíòû ñ íèçêèì ïîòåíöèàëîì
èîíèçàöèè FIP (< 10 ýÂ � Fe, Mg, Si, K è ò.ä.) ëåãêî èîíèçèðóþòñÿ è âû-
íîñÿòñÿ ïîä äåéñòâèåì ïîíäåðîìîòîðíîé ñèëû àëüâåíîâñêèõ âîëí â âåðõ-
íþþ àòìîñôåðó Ñîëíöà [2], ãäå óêàçàííûå èîíû ñïîñîáíû íàêàïëèâàòüñÿ
â çàìêíóòûõ ìàãíèòíûõ ñòðóêòóðàõ. Àëüâåíîâñêèå âîëíû ãåíåðèðóþòñÿ â
ïîäíîæèÿõ ìàãíèòíûõ ñòðóêòóð ïîä âëèÿíèåì ñëó÷àéíûõ äâèæåíèé ïëàç-
ìû â ôîòîñôåðíûõ ñëîÿõ. Ýëåìåíòû ñ âûñîêèì ïîòåíöèàëîì FIP (> 10 ýÂ
� C, N, O è äð.) îñòàþòñÿ íåéòðàëüíûìè è èõ ñîäåðæàíèå íå èçìåíÿåòñÿ.
Æåëåçî îòíîñèòñÿ ê ýëåìåíòàì ñ íèçêèì ïåðâûì ïîòåíöèàëîì èîíèçàöèè
(FIP < 10 ýÂ), îáèëèÿ êîòîðûõ â âåðõíåé àòìîñôåðå Ñîëíöà ïîâûøåíû â
íåñêîëüêî ðàç, à ñîäåðæàíèå êèñëîðîäà îñòàåòñÿ áëèçêèì ê ôîòîñôåðíîìó
îáèëèþ, ïîñêîëüêó åãî ïîòåíöèàë èîíèçàöèè ïðåâûøàåò 10 ýÂ [1]. Ðàíåå â
ðàáîòàõ [3], [4] ïðèâîäèëèñü ðåçóëüòàòû îïðåäåëåíèé çíà÷åíèé Fe/O â ïî-
òîêàõ óñêîðåííûõ ÷àñòèö îò ðàçëè÷íûõ âñïûøåê. Èçìåðåíèÿ îòíîøåíèÿ
Fe/O âûïîëíÿëèñü ëèøü â îäíîì èëè äâóõ èíòåðâàëàõ ýíåðãèé èîíîâ, ÷òî
îêàçûâàåòñÿ íåäîñòàòî÷íûì äëÿ âûÿâëåíèÿ çàâèñèìîñòè Fe/O îò ýíåðãèè.
Ïîýòîìó âàæíî ïîëó÷åíèå êîëè÷åñòâåííûõ îöåíîê îòíîñèòåëüíîãî ñîäåð-
æàíèÿ Fe/O â öåëîì ðÿäå èíòåðâàëîâ ýíåðãèè äëÿ ðàçëè÷íûõ ñîáûòèé,
÷òî ïîçâîëèò âûÿâèòü íîâûå ñâîéñòâà ïîòîêîâ ÷àñòèö.

2. Îáðàáîòêà íàáëþäàòåëüíûõ äàííûõ

Âëèÿíèå àíîìàëüíîé êîìïîíåíòû êîñìè÷åñêèõ ëó÷åé íà ýíåðãåòè÷å-
ñêèå ñïåêòðû èîíîâ, ñòðóêòóðà è ñâîéñòâà ïîòîêîâ ñîëíå÷íîãî âåòðà îïðå-
äåëÿþòñÿ äâóìÿ îñíîâíûìè ôàêòîðàìè: ãåíåðàöèåé ýíåðãè÷íûõ ÷àñòèö íà
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Ñîëíöå è óñëîâèÿìè èõ ðàñïðîñòðàíåíèÿ â ìåæïëàíåòíîé ñðåäå, à òàêæå
ïðèõîäîì ãàëàêòè÷åñêèõ êîñìè÷åñêèõ ëó÷åé (ÃÊË) â ãåëèîñôåðó. Îñíîâ-
íûìè ïðè÷èíàìè, âëèÿþùèìè íà èçìåíåíèå óñëîâèé ðàñïðîñòðàíåíèÿ ìà-
ëîýíåðãè÷íîé ÷àñòè ÃÊË, ÿâëÿåòñÿ êîëè÷åñòâî è õàðàêòåð ðàñïðåäåëåíèÿ
ìàãíèòíûõ íåîäíîðîäíîñòåé è ôëóêòóàöèè ìàãíèòíîãî ïîëÿ â ãåëèîñôåðå
Ñîëíöà. Îòñóòñòâèå àêòèâíûõ îáëàñòåé íà Ñîëíöå ïðèâîäèò ê ìèíèìè-
çàöèè èñòî÷íèêîâ ðàññåÿíèÿ ÃÊË è ñîîòâåòñòâåííî ê óñèëåíèþ âëèÿíèÿ
ÃÊË. Ïî ìåðå ðîñòà ýíåðãèè èîíîâ æåëåçà è êèñëîðîäà çíà÷åíèÿ Fe/O ìî-
ãóò ïîñëåäîâàòåëüíî õàðàêòåðèçîâàòü îñíîâíûå õàðàêòåðèñòèêè ñîëíå÷íî-
ãî âåòðà: à) ïðè Ek < 2 ÌýÂ/í − ïðåîáëàäàþùåå âëèÿíèå Ñîëíöà; á) ïðè
Ek > 2-30 ÌýÂ/í − âîçäåéñòâèå àíîìàëüíîé êîìïîíåíòû êîñìè÷åñêèõ ëó-
÷åé (ÀÊË) è, íàêîíåö, â) ïðè Ek > 30 ÌýÂ/í − âëèÿíèå ñàìèõ ÃÊË [5].

Äëÿ òðåõ âðåìåííûõ èíòåðâàëîâ ñ ïîëíûì îòñóòñòâèåì ïÿòåí â ðàçíûå
ãîäû ìèíèìóìà öèêëà ïîñòðîåíû ñïåêòðû ýíåðãèé èîíîâ O è Fe (Ðèñ.1).
Áûëè èñïîëüçîâàíû äàííûå íàáëþäåíèé Ñîëíöà íà ÊÀ ACE (ïðèáîðû
ULEIS, EPAM, SIS, CRIS), WIND (EPACT/LEMT ). Îáùèé èíòåðâàë
ýíåðãèè äëÿ ÷àñòèö è èîíîâ ñîñòàâëÿë (0.06− 500) ÌýÂ/í. Áûëî âûáðàíî
8 èíòåðâàëîâ ýíåðãèè ñî ñðåäíèìè çíà÷åíèÿìè 0.06 ÌýÂ/í, 0.23 ÌýÂ/í,
1.81 ÌýÂ/í, 5.30 ÌýÂ/í, 13.00 ÌýÂ/í, 30.90 ÌýÂ/í, 75.69 ÌýÂ/í è 192.39
ÌýÂ/í.

Ñïåêòðû ýíåðãèè èîíîâ O è Fe â ïîòîêàõ ÷àñòèö áûëè ïîëó÷åíû ñ
ïîìîùüþ îïöèè "Multisource spectral plots of energetic particle �uxes" íà
ñàéòå "OMNI Web Plus Browser". Çíà÷åíèÿ ýíåðãèè èîíîâ âûðàæåíû â
ÌýÂ/í è ñîîòâåòñòâåííî ïîòîêè � â ÷àñòèöàõ/(ñ·cì2·ñòåð·ÌýÂ/í).

Ðàññ÷èòàííûå è ïðåäñòàâëåííûå íà Ðèñ. 1 ñïåêòðû ýíåðãèé èîíîâ Fe è
O äëÿ ñîëíå÷íîãî âåòðà â óñëîâèÿõ îòñóòñòâèÿ ïÿòåí íà Ñîëíöå îáëàäàþò
íåêîòîðûìè îñîáåííîñòÿìè. Îáû÷íî ãëàäêèå ïðîôèëè ñïåêòðîâ â íàøèõ
ñëó÷àÿõ äåìîíñòðèðóþò "àíîìàëüíîå" ïîâåäåíèå ñ äîâîëüíî ñóùåñòâåí-
íûì ïðîâàëîì çíà÷åíèé äëÿ èîíîâ Fe â äèàïàçîíå ýíåðãèè 2− 30 ÌýÂ/í;
â òî æå âðåìÿ ïðîôèëè ñïåêòðîâ èîíîâ O, íàïðîòèâ, íå ïîêàçûâàþò ñïàäà
è äåìîíñòðèðóþò ñëàáîå óñèëåíèå. Ïðè Ek > 30 ÌýÂ/í âìåñòî îáû÷íîãî
ïàäåíèÿ äëÿ ýòîãî èíòåðâàëà ýíåðãèè íàáëþäàåòñÿ óñòîé÷èâûé ðîñò çíà÷å-
íèé ïîòîêîâ O è Fe áëàãîäàðÿ âëèÿíèþ ãàëàêòè÷åñêèõ êîñìè÷åñêèõ ëó÷åé.

×àñòèöû àíîìàëüíûõ êîñìè÷åñêèõ ëó÷åé (ÀÊË) îáðàçóþòñÿ ïðè ïðî-
íèêíîâåíèè â ãåëèîñôåðó èç ìåæçâåçäíîé ñðåäû íåéòðàëüíûõ àòîìîâ ñ
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Ðèñóíîê 1 � Ñïåêòðû ýíåðãèè èîíîâ êèñëîðîäà è æåëåçà â ñîëíå÷íîì âåòðå

â èíòåðâàëû âðåìåíè ñ îòñóòñòâèåì àêòèâíûõ îáëàñòåé íà Ñîëíöå

âûñîêèì ïîòåíöèàëîì èîíèçàöèè FIP (H, He, N, O è Ne), êîòîðûå èîíèçó-
þòñÿ âñëåäñòâèå îáìåíà çàðÿäàìè ñ ïðîòîíàìè ñîëíå÷íîãî âåòðà èëè ïîä
äåéñòâèåì óëüòðàôèîëåòîâîãî èçëó÷åíèÿ Ñîëíöà è "çàõâàòûâàþòñÿ" ñîë-
íå÷íûì âåòðîì [6], [7]. Ïðè ïðèáëèæåíèè ê Ñîëíöó îíè âûíîñÿòñÿ â ïîòîêå
ñîëíå÷íîãî âåòðà íàðóæó è, äîñòèãíóâ ãðàíèöû ãåëèîñôåðû, óñêîðÿþò-
ñÿ íà ïîãðàíè÷íîé óäàðíîé âîëíå (ìåõàíèçìîì Ôåðìè) äî ýíåðãèé ∼ 10
ÌýÂ/í. Çàòåì îíè ìîãóò âíîâü âåðíóòüñÿ ê Ñîëíöó. Äîêàçàíî, ÷òî ýòîò
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ïðîöåññ ìîæåò ïîâòîðÿòüñÿ íåîäíîêðàòíî. Îòìåòèì, ÷òî èîíû ýëåìåíòîâ
ñ íèçêèì ïîòåíöèàëîì FIP èîíèçóþòñÿ óæå â ëîêàëüíîé ìåæçâåçäíîé ñðå-
äå è íå ñïîñîáíû ïðîíèêíóòü âíóòðü ãåëèîñôåðû. Â ðåçóëüòàòå äåéñòâèÿ
ïðåäëîæåííîãî ìåõàíèçìà óñêîðåíèÿ ÷àñòèö ÀÊË ïðåäïîëàãàåòñÿ óâåëè-
÷åíèå èíòåíñèâíîñòè ïîòîêà ýëåìåíòîâ ñ âûñîêèì ïåðâûì ïîòåíöèàëîì
èîíèçàöèè, â òîì ÷èñëå è êèñëîðîäà. Â òî æå âðåìÿ ýëåìåíòû ñ íèçêèì
èîíèçàöèîííûì ïîòåíöèàëîì íå äîëæíû ïîêàçûâàòü òàêîãî óâåëè÷åíèÿ;
ýòî îòíîñèòñÿ ê èîíàì C, Mg, Si, Fe.

Ñ èñïîëüçîâàíèåì çíà÷åíèé ïîòîêîâ èîíîâ Fe è O áûëî ðàññ÷èòàíî
èõ îòíîñèòåëüíîå ñîäåðæàíèå â ñîëíå÷íîì âåòðå äëÿ âîñüìè èíòåðâàëîâ
ýíåðãèè â ïåðèîäû îòñóòñòâèÿ ïÿòåí (Òàáëèöà 1).

Òàáëèöà 1 � Çíà÷åíèÿ Fe/O â ñîëíå÷íîì âåòðå äëÿ âîñüìè èíòåðâàëîâ

ýíåðãèè â ïåðèîäû îòñóòñòâèÿ ïÿòåí íà Ñîëíöå

Ïåðèîäû îò-
ñóòñòâèÿ ïÿ-
òåí

0.06
ÌýÂ/í

0.23
ÌýÂ/í

1.81
ÌýÂ/í

5.30
ÌýÂ/í

13.00
ÌýÂ/í

30.90
ÌýÂ/í

75.69
ÌýÂ/í

192.39
ÌýÂ/í

12.10 −
05.11.2007

0.076 0.052 0.188 0.005 0.009 0.040 0.087 0.097

27.09 −
10.10.2008

0.079 0.055 0.109 0.007 0.016 0.072 0.093 0.107

15.10 −
01.09.2009

0.075 0.045 0.152 0.001 0.005 0.048 0.086 0.099

Ñðåäíåå 0.077±
0.001

0.051±
0.003

0.150±
0.023

0.004±
0.002

0.010±
0.003

0.053±
0.010

0.089±
0.002

0.101±
0.003

Âëèÿíèå àíîìàëüíîé êîìïîíåíòû êîñìè÷åñêèõ ëó÷åé ïðèâîäèò ê íèç-
êèì, ìèíèìàëüíûì çíà÷åíèÿì îòíîøåíèÿ Fe/O = 0.004 è 0.010 ïðè ýíåð-
ãèÿõ èîíîâ Ek = 5.3 è 13.0 ÌýÂ/í ñîîòâåòñòâåííî. Ïîä÷åðêíåì, ÷òî ïðè
ïîÿâëåíèè àêòèâíûõ îáëàñòåé íà Ñîëíöå õîä ñïåêòðîâ ýíåðãèè äëÿ âñåõ
ýëåìåíòîâ ñòàíîâèòñÿ ïîäîáíûì è ïîêàçûâàåò íåïðåðûâíîå áûñòðîå ïàäå-
íèå ïîòîêîâ èîíîâ, îñîáåííî ïðè ýíåðãèè â ñîòíè ÌýÂ/í.
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3. Èññëåäîâàíèå ñâîéñòâ ïîòîêîâ ãàëàêòè÷åñêèõ êîñìè÷åñêèõ

ëó÷åé

Ïðè èññëåäîâàíèè ñâîéñòâ ÃÊË â ïðåäñòàâëåííîé ðàáîòå îñîáîå âíè-
ìàíèå áûëî óäåëåíî ïîèñêó èíòåðâàëîâ âðåìåíè ñóùåñòâîâàíèÿ ñïîêîéíî-
ãî ñîëíå÷íîãî âåòðà ñ ôîíîâûìè çíà÷åíèÿìè ïàðàìåòðîâ. Êðîìå òðåáî-
âàíèé ê âûáîðó èíòåðâàëîâ, èçëîæåííûõ â ïðåäûäóùèõ ðàáîòàõ [8], [9],
áûë ïðèìåíåí åùå äîïîëíèòåëüíûé, áîëåå òùàòåëüíûé ïîäõîä. Â èòîãå
áûëè âûáðàíû øåñòü íàáëþäàòåëüíûõ ïåðèîäîâ ñîëíå÷íîãî âåòðà, â êîòî-
ðûõ âûïîëíÿëèñü óñëîâèÿ íå òîëüêî ïîëíîãî îòñóòñòâèÿ ïÿòåí íà Ñîëíöå,
íî è âëèÿíèÿ óñêîðåííûõ ïîòîêîâ ïëàçìû èç êîðîíàëüíûõ äûð, èìåþ-
ùèõ îòêðûòóþ ñòðóêòóðó ìàãíèòíûõ ñèëîâûõ ëèíèé. Òàêæå áûëî èñêëþ-
÷åíî âîçäåéñòâèå ðàçëè÷íûõ âûñîêîñêîðîñòíûõ ïîòîêîâ, êîòîðûå îáðàçó-
þòñÿ íà ãðàíèöàõ ñåêòîðîâ, ðàçäåëÿþùèõ ðàçíîïîëÿðíûå îáëàñòè ìåæ-
ïëàíåòíîãî ìàãíèòíîãî ïîëÿ ïðè äâèæåíèè ÷åðåç íèõ ñîëíå÷íîãî âåòðà.
Òàêèì îáðàçîì, îòñóòñòâîâàëî âëèÿíèå ðàçëè÷íûõ âûñîêîñêîðîñòíûõ ïî-
òîêîâ (V sw < 480 êì/ñ) è ïîòîêîâ ÷àñòèö ñ âûñîêèìè çíà÷åíèÿìè ïëîò-
íîñòè (Np < 16 ñì−3). Çíà÷åíèÿ óñðåäíåííîãî âåêòîðà íàïðÿæåííîñòè
ìåæïëàíåòíîãî ìàãíèòíîãî ïîëÿ è åãî âåðòèêàëüíîé êîìïîíåíòû òàêæå
íå ïðåâûøàëè âåëè÷èí, ñîîòâåòñòâóþùèõ ïëàçìå ñïîêîéíîãî âåòðà. Òàêîé
òùàòåëüíûé ó÷åò âîçìîæíûõ ïðè÷èí, ïðèâîäÿùèõ ê àêòèâèçàöèè ïîòîêîâ
èçëó÷åíèÿ, ïîçâîëèë èññëåäîâàòü äîñòàòî÷íî ñïîêîéíóþ ïëàçìó ñîëíå÷-
íîãî âåòðà. Èññëåäîâàíèÿ ïðîâîäèëèñü íå äëÿ ñïîêîéíûõ ïåðèîäîâ ñîë-
íå÷íîé àêòèâíîñòè, à â èíòåðâàëû âðåìåíè îòñóòñòâèÿ âñÿêîé àêòèâíîñòè
(Òàáëèöà 1, 1-é ñòîëáåö). Ïðè ñâåäåíèè ê ìèíèìóìó âñåõ èñòî÷íèêîâ ñîë-
íå÷íîãî âëèÿíèÿ íà ñòðóêòóðó ÃÊË ïîÿâèëàñü âîçìîæíîñòü äëÿ èçó÷åíèÿ
èõ ñâîéñòâ âáëèçè âíåøíèõ ãðàíèö ìàãíèòîñôåðû Çåìëè. Äëÿ øåñòè âû-
áðàííûõ âðåìåííûõ èíòåðâàëîâ áûëè ïîñòðîåíû ýíåðãåòè÷åñêèå ñïåêòðû
èîíîâ òÿæåëûõ ýëåìåíòîâ è êèñëîðîäà â îáëàñòè Ek = 30−500 ÌýÂ/í. Íà
Ðèñ. 2 ïðèâåäåíû ñïåêòðû èîíîâ 25 èþëÿ-8 àâãóñòà 2008 ã. äëÿ îäíîãî èç
èíòåðâàëîâ ìàêñèìàëüíîãî ïðèñóòñòâèÿ ãàëàêòè÷åñêèõ êîñìè÷åñêèõ ëó-
÷åé â ñîëíå÷íîì âåòðå. Èñïîëüçóÿ çíà÷åíèÿ ïîòîêîâ èîíîâ, ìîæíî îïðåäå-
ëèòü îòíîñèòåëüíîå ñîäåðæàíèå òÿæåëûõ ýëåìåíòîâ. Ýòî áûëî ñäåëàíî äëÿ
ýíåðãèè Ek = 192.39 ÌýÂ/í, âáëèçè êîòîðîé íàáëþäàþòñÿ ìàêñèìóìû ïî-
òîêîâ òÿæåëûõ ýëåìåíòîâ ÃÊË, îáëàäàþùèõ íàèáîëüøèì îòíîñèòåëüíûì
ñîäåðæàíèåì. Ðàññ÷èòàíû çíà÷åíèÿ ñîäåðæàíèÿ âîñüìè òÿæåëûõ ýëåìåí-
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Ðèñóíîê 2 � Ýíåðãåòè÷åñêèå ñïåêòðû òÿæåëûõ ýëåìåíòîâ, âêëþ÷àÿ è èîíû

êèñëîðîäà â ïåðèîä îòñóòñòâèÿ àêòèâíîñòè. Çíà÷åíèÿ ïîòîêà ñîëíå÷íîãî âåòðà

îïðåäåëÿþòñÿ âëèÿíèåì ãàëàêòè÷åñêèõ êîñìè÷åñêèõ ëó÷åé. Âåðòèêàëüíàÿ

ïóíêòèðíàÿ ëèíèÿ ñîîòâåòñòâóåò ýíåðãèè èîíîâ 192.39 ÌýÂ/í.

òîâ îòíîñèòåëüíî îáèëèÿ êèñëîðîäà. Â Òàáëèöå 2 ïðåäñòàâëåíû çíà÷åíèÿ
îòíîñèòåëüíîãî ñîäåðæàíèÿ âîñüìè òÿæåëûõ ýëåìåíòîâ â ñîñòàâå ãàëàêòè-
÷åñêèõ êîñìè÷åñêèõ ëó÷åé äëÿ ýíåðãèè èîíîâ 192.39 ÌýÂ/í.
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Òàáëèöà 2 � Çíà÷åíèÿ ñîäåðæàíèÿ òÿæåëûõ ýëåìåíòîâ îòíîñèòåëüíî

èîíîâ êèñëîðîäà â ïîòîêàõ ãàëàêòè÷åñêèõ êîñìè÷åñêèõ ëó÷åé

Ïåðèîäû
ñïîêîéíîãî
âåòðà

Ne/O Mg/O Si/O S/O Ar/O Ca/O Fe/O Ni/O

22.07 −
25.07.2007

0.130 0.225 0.134 0.0227 0.0106 0.0194 0.101 0.00546

13.10 −
17.10.2007

0.143 0.179 0.134 0.0212 0.00439 0.0192 0.0970 0.00454

25.07 −
08.08.2008

0.163 0.214 0.147 0.0247 0.0683 0.0193 0.100 0.00455

07.10 −
10.10.2008

0.156 0.185 0.149 0.0235 0.0113 0.0231 0.100 0.00463

10.08 −
20.08.2009

0.156 0.196 0.146 0.0207 0.00963 0.0180 0.0930 0.00412

05.09 −
13.09.2009

0.207 0.207 0.153 0.0279 0.0891 0.0174 0.104 0.00484

Ñðåäíåå 0.153±
0.006

0.201±
0.007

0.144±
0.003

0.023±
0.0011

0.009±
0.00105

0.019±
0.0008

0.099±
0.0015

0.005±
0.00018

Çíà÷åíèÿ îòíîñèòåëüíîãî ñîäåðæàíèÿ òÿæåëûõ ýëåìåíòîâ îò Ne/Î äî
Ni/Î äëÿ øåñòè âðåìåííûõ èíòåðâàëîâ ïðè ýíåðãèè Ek = 192.39 ÌýÂ/í
ïîêàçûâàþò î÷åíü õîðîøóþ ñõîäèìîñòü. Îøèáêè îïðåäåëåíèÿ ñðåäíèõ
çíà÷åíèé ñîñòàâëÿþò ìåíåå ±5%.

Â èñòî÷íèêàõ ÃÊË ïðåîáëàäàåò óñêîðåíèå òÿæ¼ëûõ ÿäåð, à áîëåå ë¼ã-
êèå ÿäðà âîçíèêàþò çà ñ÷¼ò ðàñùåïëåíèÿ òÿæ¼ëûõ ÿäåð ïðè èõ âçàèìîäåé-
ñòâèè ñ ìåæçâ¼çäíûì âåùåñòâîì. Ðåçóëüòàòû, ïðåäñòàâëåííûå íà Ðèñ. 2,
ïîçâîëÿþò äàííûå ïîòîêîâ èîíîâ òÿæåëûõ ýëåìåíòîâ óñëîâíî ðàçäåëèòü
íà äâå ãðóïïû: Ne, Mg, Si, Fe, èìåþùèå ñîäåðæàíèå â ïîòîêàõ, áëèçêîå ê
èîíàì ëåãêèõ ýëåìåíòîâ (C è N), è S, Ar, Ca, Ni � ñ ãîðàçäî ìåíüøèìè çíà-
÷åíèÿìè. Íà Ðèñ. 3 ïîêàçàíî ñðàâíåíèå îòíîñèòåëüíûõ ñîäåðæàíèé òÿæå-
ëûõ ýëåìåíòîâ â ñîñòàâå ãàëàêòè÷åñêèõ êîñìè÷åñêèõ ëó÷åé, â ôîòîñôåðå
è â ïîòîêàõ ÷àñòèö îò äëèòåëüíûõ âñïûøåê [10]. Äëÿ óäîáñòâà ñðàâíåíèÿ
ñ ðàçíûìè ñòðóêòóðíûìè îáðàçîâàíèÿìè âñå çíà÷åíèÿ ñîäåðæàíèÿ òÿæå-
ëûõ ýëåìåíòîâ ñîîòíåñåíû ê êèñëîðîäó, îáèëèå êîòîðîãî áûëî ïðèíÿòî çà
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1000.

Ðèñóíîê 3 � Ñîïîñòàâëåíèå îòíîñèòåëüíîãî îáèëèÿ ýëåìåíòîâ â ôîòîñôåðå � •,
âî âñïûøå÷íûõ ïîòîêàõ � • è â ãàëàêòè÷åñêèõ êîñìè÷åñêèõ ëó÷àõ � •

4. Îáñóæäåíèå ðåçóëüòàòîâ. Âûâîäû

Ñîïîñòàâëåíèå îòíîñèòåëüíîãî îáèëèÿ òÿæåëûõ ýëåìåíòîâ â ÃÊË è â
äëèòåëüíûõ âñïûøå÷íûõ ïîòîêàõ ïîêàçàëî íåïëîõîå ñîâïàäåíèå. Â ðåçóëü-
òàòå ñêëàäûâàåòñÿ òàêàÿ êàðòèíà: â ìèíèìóìå ñîëíå÷íîãî öèêëà â óñëîâè-
ÿõ îòñóòñòâèÿ àêòèâíîñòè âáëèçè ìàãíèòîñôåðû Çåìëè ïðèñóòñòâóþò èî-
íû ãàëàêòè÷åñêèõ êîñìè÷åñêèõ ëó÷åé ñ ýíåðãèÿìè (30−500ÌýÂ/í), èìåþ-
ùèå îòíîñèòåëüíîå ñîäåðæàíèå òÿæåëûõ ýëåìåíòîâ, ïîäîáíîå äëèòåëüíûì
âñïûøå÷íûì ïîòîêàì â óñëîâèÿõ âûñîêîé àêòèâíîñòè Ñîëíöà. ×òî êàñàåò-
ñÿ ñàìîãî îáèëèÿ, íàïðèìåð, êèñëîðîäà è æåëåçà, òî äàííûå íàáëþäåíèé ñ
ÊÀ ÀÑÅ (SIS, CRIS) ïîêàçûâàþò, ÷òî ïðè ýíåðãèè èîíîâ Ek ∼ 200 ÌýÂ/í
ïðàêòè÷åñêè ñîâïàäàåò èõ êîëè÷åñòâî â ïîòîêàõ äëèòåëüíûõ âñïûøåê è
â ÃÊË (ïðè îòñóòñòâèè ïÿòåí íà Ñîëíöå). Áîëåå ýíåðãè÷íûå èîíû ïðåä-
ñòàâëåíû, â îñíîâíîì, òîëüêî ÷àñòèöàìè ÃÊË. Äëÿ îáúÿñíåíèÿ îòñóòñòâèÿ
çàìåòíûõ âîçìóùåíèé â ìàãíèòîñôåðå Çåìëè â òîò ïåðèîä, êîãäà âáëèçè
åå âíåøíåé ãðàíèöû íàáëþäàþòñÿ èîíû âûñîêèõ ýíåðãèé ÃÊË, ñëåäóåò
ïðèíÿòü âî âíèìàíèå îòñóòñòâèå íàïðàâëåííûõ ïîòîêîâ ñîëíå÷íûõ ÷à-
ñòèö è óñèëåííîé íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ ïðè íàëè÷èè þæíîé
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êîìïîíåíòû ïîëÿ. Ïðè òàêèõ óñëîâèÿõ ïåðåñîåäèíåíèÿ ìåæïëàíåòíûõ è
ìàãíèòîñôåðíûõ ìàãíèòíûõ ïîëåé íå ïðîèñõîäèò, ÷òî íå ïîçâîëÿåò ÷àñòè-
öàì ÃÊË ïðîíèêíóòü âíóòðü ãåîìàãíèòîñôåðû. Äàëåå èîíû ÃÊË òåðÿþò
ýíåðãèþ â ïðîöåññå ñòîëêíîâåíèé ñ äðóãèìè ÷àñòèöàìè, â òîì ÷èñëå è íà
ïåðåäíåì ôðîíòå ìàãíèòîñôåðû.
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Minasyants G.S., Minasyants T.M., Tomozov V.M. PROPERTIES OF
FLUXES OF GALACTIC COSMIC RAYS DURING MINIMUM OF SOLAR
ACTIVITY

The energy spectra of ions of various elements, including iron and oxygen,
were used to investigate solar wind �uxes during the minimum phase of the
23-rd activity cycle. Using observational data obtained on spacecrafts ACE,
STEREO, WIND for eight di�erent intervals of energy from 0.06 up to 192.39
MeV/n values of ratio Fe/O in a quiet solar wind are calculated. The energetic
particle sources of a di�erent origin which determine physical conditions in a
solar wind during period of minimum activity are described. The minimum
values of Fe/O ratio in a low energy region 2-30 MeV/n are quite well
explained by anomalous component cosmic rays (CR) in�uence. The anomalous
CR component e�ect leads to enhanced �ux intensity of ions with high �rst
ionization potential FIP (H, He, N and O) while elements with a low FIP (C,
Mg, Si and Fe) show a �ux attenuation. As for ions of higher energy (Ek > 30
MeV/n), the increase of the Fe/O ratio is due to major in�uence of galactic
cosmic rays on solar wind characteristics for the minimum activity conditions.
In a quiet solar wind near the Earth's magnetosphere there exist ions of galactic
cosmic rays with energies of 30-500 MeV/n having the relative abundance of
heavy elements, similar to gradual �are �uxes that are formed during high
solar activity.
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Ìèíàñÿíö Ã.Ñ., Ìèíàñÿíö Ò.Ì., Òîìîçîâ Â.Ì. Ê�ÍÍI� ÁÅËÑÅÍ-
ÄIËIÊ ÌÈÍÈÌÓÌÛ ÊÅÇÅ�IÍÄÅÃI �ÀËÀÊÒÈÊÀËÛ� �ÀÐÛØ Ñ�Ó-
ËÅËÅÐIÍI� À�ÛÍÛÍÛ� �ÀÑÈÅÒÒÅÐI

Áåëñåíäiëiêòi 23-øi öèêëûíû ìèíèìóìû êåçåiíäåãi ê³í æåëiíi
à¡ûíäàðûí çåðòòåóãå ºðò³ðëi ýëåìåíòòåðäi, îíû iøiíäå òåìið ìåí îò-
òåãiíi, èîíäàðûíû ýíåðãèÿëû© ñïåêòðëåði ©îëäàíûëäû. ACE, STEREO,
WIND ¡àðûø àïïàðàòòàðû àð©ûëû àëûí¡àí 0.06 äàí 192.39 ÌýÂ/í äåéií-
ãi ñåãiç äåðáåñ ýíåðãèÿ á°ëiêòåði ³øií áà©ûëàó ìºëiìåòòåði ê°ìåãiìåí òû-
íûøòû©òà¡û ê³í æåëiíäåãi Fe/O ©àòûíàñûíû ìºíi åñåïòåëãåí. Áåëñåí-
äiëiêòi ìèíèìóìû êåçåiíäåãi ê³í æåëiíi ôèçèêàëû© øàðòòàðûí àíû-
©òàéòûí, òàáè¡àòû ºðò³ðëi ýíåðãèÿëû© á°ëøåêòåðäi øû¡ó ê°çäåði ñè-
ïàòòàë¡àí. Ò°ìåíãi ýíåðãèÿëàðäû ∼ 2− 30 ÌýÂ/í äèàïàçîíûíäà¡û Få/O
ìèíèìàëäû ìºíi ¡àðûø ñºóëåëåðiíi àíîìàëüäû ©´ðàóøûñûíû û©ïàëû
àð©ûëû æà©ñû ò³ñiíäiðiëåäi. Á´ë ©´ðàóøûíû ºðåêåòi FIP (H, He, N, O)
� æî¡àð¡û áiðiíøi èîíäàëó ïîòåíöèàëûíû èîíäàð à¡ûíûíû ©àð©ûíäû-
ëû¡ûíû ê³øåéóiíå ºêåëñå, àë FIP (C, Mg, Si, Fe) ò°ìåí áîëàòûí ýëå-
ìåíòòåð à¡ûíäàðäû ºëñiðåóiíå ºêåëåäi. �òå æî¡àð¡û ýíåðãèÿëû (Ek >
30 ÌýÂ/í) èîíäàð¡à ©àòûñòû àéòàð áîëñà, Få/O ìºíiíi °ñói áåëñåíäiëiê-
òi ìèíèìóìû øàðòòàðûíäà ê³í æåëiíi ©àñèåòòåðiíå ¡àëàêòèêàëû© ¡à-
ðûøòû© ñºóëåëåðäi àé©ûíäàóøû ºñåðiìåí áàéëàíûñòû áîëàäû. Òûíûø
ê³í æåëi êåçiíäå, Æåð ìàãíèòîñôåðàñû ìàûíäà ýíåðãèÿñû 30-500 ÌýÂ/í
Áîëàòûí ãàëàêòèêàëû© ¡àðûø ñºóëåëåðiíi èîíäàðû áîëàäû, îëàð Ê³ííi
æî¡àð¡û áåëñåíäiëiãi êåçiíäå ïàéäà áîëàòûí ´çà© æàð©ûðàóûøòû© à¡ûí-
äàð¡à òºí, ñàëûñòûðìàëû ò³ðäå àóûð ýëåìåíòòåðäi ©àìòèäû.
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Preliminaries

We consider theories in �rst-order predicate logic with equality and use
general concepts of model theory, algorithm theory, constructive models, and
Boolean algebras that can be found in [3], [4], [5], [6]. Special concepts used in
this paper are found in [7]. Generally, incomplete theories are considered. In
the work, the signatures are considered only, which admit G�odel's numbering
of the formulas. Such a signature is called enumerable. Normally, the notion
of �rst-order de�nability is considered in model theory. Along with this, there
is a thiner concept of �rst-order ∃ ∩ ∀-de�nability, that is, presentability via
formulas that are equivalent to both an ∃-formula and a ∀-formula in the
theory. The following notations are used: FL(σ) is the set of all formulas of
signature σ, FLk(σ) is the set of all formulas of signature σ with free variables
x0, . . . , xk−1, SL(σ) is the set of all sentences (i.e., closed formulas) of signature
σ.

Theories T and S of signatures τ and σ such that τ ∩σ = ∅ are called �rst-

order ∃ ∩ ∀-equivalent or algebraically isomorphic, written as T ≈a S, if there
is a theory H of signature τ ∪σ such that T = H � τ , S = H � σ; moreover, σ-
symbols are ∃∩∀-de�nable in H relative to τ -symbols via an e�ective scheme of
expressions, while τ -symbols are ∃∩∀-de�nable in H relative to σ-symbols via
an e�ective scheme of expressions. The theories T and S are called �rst-order

equivalent or isomorphic, written as T ≈ S, if similar relations are satis�ed
with normal �rst-order de�nability instead of ∃ ∩ ∀-de�nability. It is obvious
that T ≈a S ⇒ T ≈ S, for all theories T and S.

For a signature σ and a unary predicate U1 ̸∈ σ, the claim �outside of U(x)
all σ-symbols are de�ned trivially� means the following set of formulas:

(a) qU(xi) →qP (x1, . . . , xi, . . . , xn), Pn∈σ, 16 i6n,
(b) qU(xj) → f(x1, . . . , xj , . . . , xm)=x1, f

m∈σ, 16j6m.
(0.1)

1. Interpretations for finitary first-order combinatorics

We specify a normal (simplest) concept of an interpretation of theory T0 in
the region U(x) of theory T1, cf. [8]. An interpretation I : T0 � T1 is de�ned
by a mapping from signature symbols of theory T0 into formulas of theory
T1. The mapping must preserve the number of free variables restricting these
variables in the region U(x). An n-ary predicate is mapped into a formula with
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n free variables, an n-ary function into a formula with n+1 free variables, while
a constant into a formula with one free variable. Inductively, the pointed out
mapping is expanded up to a mapping I : FL(σ0) → FL(σ1). An interpretation
I is said to be e�ective if transformation φ 7→ I(φ) is de�ned by a computable
function in G�odel numbers. Any interpretation I has to satisfy the following
conditions for all φ ∈ SL(σ0):

(a) T1 ⊢ (∃x)U(x),
(b) T0 ⊢ φ ⇒ T1 ⊢ I(φ). (1.1)

An interpretation I is said to be faithful if the following extra condition takes
place for all φ ∈ SL(σ0):

T0 ⊢ φ ⇔ T1 ⊢ I(φ). (1.2)

Let I be an interpretation of theory T0 of signature σ0 in the region U(x)
of theory T1, and M be an arbitrary model of theory T1. By virtue of the
interpretation I, it is possible to determine all predicates, functions, and
constants of signature σ0 in the �rst-order de�nable set U(M) obtaining a
model

N = ⟨U(M), σ0⟩, (1.3)

that is said to be the model kernel of M with respect to I, using the notation
N = KI(M), or a short notation N = K(M), when I is clear from context. It
is possible to check that the following natural condition

Mod(T0) = {K(M) | M ∈Mod(T1)} (1.4)

is stronger than (1.2). Interpretation I is called model-free if (1.4) is satis�ed.

Lemma 1.1. Let I be an interpretation of theory T0 in theory T1, and J be

an interpretation of theory T1 in theory T2. Then, J◦I is an interpretation of

theory T0 in theory T2.
Proof. By immediate checking. �

An interpretation I of theory T0 in theory T1 is said to be isostone, if (1.2)
takes place; moreover, the following condition is satis�ed:

K(M0) ≡ K(M1) ⇒ M0 ≡ M1, for all M0,M1 ∈ Mod(T1). (1.5)
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Give a few equivalent reformulations of the requirement (1.5).

Lemma 1.2. Let I be an interpretation of theory T0 of signature σ0 in theory

T1. The following assertions are equivalent:
(a) K(M) ≡ K(M′) ⇒ M ≡ M′, for all M,M′ ∈ Mod(T1),
(b) K(M) ≡ K(M′) ⇔ M ≡ M′, for all M,M′ ∈ Mod(T1),
(c) K(M) ∼= K(M′) ⇒ M ≡ M′, for all M,M′ ∈ Mod(T1),
(d) the set {I(φ)|φ ∈ SL(σ0)} is a generating set for the Tarski-Lindenba-

um algebra L(T1).

Proof. Cf. Lemma 5.2.2 in [9]. �
Consider principal properties of isostone interpretations.

Lemma 1.3. Let I be an isostone interpretation of theory T0 of signature σ0
in theory T1. Then, the mapping µ from L(T0) into L(T1) de�ned by the rule

µ([φ]T0) = [I(φ)]T1 , φ ∈ SL(σ0), (1.6)

is an isomorphism between these Tarski-Lindenbaum algebras. Moreover, if I
is e�ective, the rule (1.6) de�nes a computable isomorphism µ : L(T ) → L(S)
between the Tarski-Lindenbaum algebras of theories T and S.

Proof. Conditions (1.2) and (1.5) for I ensure that the mapping µ is an
isomorphic embedding of L(T0) into L(T1). By Lemma 1.2 (a,d), the set
{I(φ)|φ ∈ SL(σ0)} is a generating set for the Tarski-Lindenbaum algebra
L(T1). Thus, µ is a mapping �onto�. Therefore, it is an isomorphism. It is a
computable isomorphism whenever I is e�ective. �

An interpretation I of theory T0 in the region U(x) of theory T1 is said to
be auto-free, if the following condition is satis�ed:(

∀M ∈ ModT1
)(
∀µ ∈ AutK(M)

)(
∃µ∗ ∈ AutM

) [
µ = µ∗ � U(M)

]
. (1.7)

Give an important technical fact.

Lemma 1.4. Let I be an isostone interpretation of theory T0 of signature σ0
in the region U(x) of theory T1 of signature σ1, such that, I is an auto-free

interpretation. Let φ(x1, ..., xn) be a formula of signature σ1 such that

T1 ⊢ φ(x1, ..., xn) → U(x1)& ...&U(xn).
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Then, there is a formula ψ(x1, ..., xn) of signature σ0 such that

T1 ⊢ φ(x1, ..., xn) ↔ Iψ(x1, ..., xn).

Proof. Given a formula φ(x̄), x̄ = (x1, ..., xn), of signature σ1 satisfying in
theory T1 the following condition

φ(x̄) → x̄ ⊆ U. (1.8)

Suppose that there is a type p(x̄) in a complete extension T ′ of theory T0, such
that T1∪ Ip(x̄) ̸⊢ φ(x̄) and T1∪ Ip(x̄) ̸⊢ qφ(x̄); in particular, both sets Ip(x̄)∪
{φ(x̄)} and Ip(x̄)∪{qφ(x̄)} are consistent with T1. The set p(x̄) is a complete
type in T0. Therefore, each sentence Φ of signature σ or its negation qΦ must
belong to p(x̄). Since interpretation I is isostone, I-image of p(x̄) generates a
complete theory T ′′ extending the theory T1; i.e., any sentence of signature σ1
or its negation is provable from the set of formulas Ip(x̄). By assumption, both
sets Ip(x̄) ∪ {φ(x̄)} and Ip(x̄) ∪ {qφ(x̄)} are consistent with complete theory
T1. Hence, in theory T1, there are complete types q1(x̄) and q2(x̄), such that
q1(x̄) extends Ip(x̄) ∪ {φ(x̄)}, and q2(x̄) extends Ip(x̄) ∪ {qφ(x̄)}. Consider a
countable homogeneous model M of theory T1 that realizes both types q1(x̄)
and q2(x̄) on tuples, respectively, c̄1 and c̄2. By conditions, the tuples c̄1 and
c̄2 are located in the kernel region U(x̄) and realize the same type p(x̄) in
theory ThK(M). Since the model M is homogeneous, its kernel K(M) is also
homogeneous. Since c̄1 and c̄2 realize the same type in K(M), there is an
automorphism µ : K(M) → K(M) that maps c̄1 into c̄2. This contradicts our
assumptions because no automorphism µ∗ : M → M extending µ can exist
since c̄1 and c̄2 realize di�erent types q1(x̄) and q2(x̄) in theory ThM. This
shows that our assumption cannot take place; thus, the converse statement
must be true; i.e., for any formula φ(x̄) satisfying (1.8) and any complete
type p(x̄) of theory T0 either T1 ∪ Ip(x̄) ⊢ φ(x̄) or T1 ∪ Ip(x̄) ⊢ qφ(x̄) must
hold. In the �rst case, we can �nd a formula θ(x̄) in type p(x̄) such that
T1 ∪ {Iθ(x̄)} ⊢ φ(x̄), while in the second case, we can �nd a formula λ(x̄) in
the type p(x̄), such that T1 ∪ {Iλ(x̄)} ⊢ qφ(x̄).

By applying a standard construction based on application of the Maltsev
Compactness Theorem, we can �nd �nite sets of formulas {θ0(x̄), ..., θk(x̄)}
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and {λ0(x̄), ..., λt(x̄)} of signature σ0 such that

T1 ⊢ Iθ0(x̄) ∨ ... ∨ Iθk(x̄) → φ(x̄),
T1 ⊢ Iλ0(x̄) ∨ ... ∨ Iλt(x̄) → qφ(x̄),
T1 ⊢ (∀x̄)

[
Iθ0(x̄) ∨ ... ∨ Iθk(x̄) ∨ Iλ0(x̄) ∨ ... ∨ Iλt(x̄)

]
.

Thereby, by putting θ(x̄) = θ0(x̄) ∨ ... ∨ θk(x̄), we obtain the required relation
T1 ⊢ Iθ(x̄) ↔ φ(x̄). �

An interpretation I of theory T0 in theory T1 is called model-bijective, if
the following relations are held:

Reference_Block (1.9)

(a) Mod(T0) = {K(M)|M ∈ Mod(T1)},
(b) K(M) ∼= K(M′) ⇒ M ∼= M′, for all M,M′ ∈ Mod(T1).

End_Ref

Consider simple properties of this class of interpretations.

Lemma 1.5. Let I be a model-bijective interpretation of theory T0 in theory T1.
Then, I is faithful, model-free and isostone. Moreover, the following assertions

hold:

(a) ||K(M)|| < ω ⇔ ||M|| < ω, for all M ∈ Mod(T1),

(b) ||K(M)|| = ||M||, for any in�nite model M ∈ Mod(T1).

Proof. Condition (1.9)(a) establishes (1.4) ensuring also the weaker demand
(1.2), while (1.9)(b) together with Lemma 1.2 (a,c) provide condition (1.5).
Thus, I is faithful, model-free and isostone. Claims (a) and (b) follow from the
fact that interpretation I is model-bijective ensuring that the region U(x) of
the interpretation is a non-two-cardinal in T1 formula. �

Consider a common statement concerning compositions.

Lemma 1.6. Let I : T0 � T1 and J : T1 � T2 be interpretations. If both I
and J are model-bijective or isostone interpretations, their composition J ◦ I :
T0 � T2 is also model-bijective or, respectively, isostone.

Proof. Immediately. �
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2. Cartesian-type interpretations

Given a signature σ and a �nite sequence of formulas of this signature of
either of the following forms:

(a) κ = ⟨φm1
1 , φm2

2 , . . . , φms
s ⟩,

(b) κ = ⟨φm1
1 /ε1, φ

m2
2 /ε2, . . . , φ

ms
s /εs⟩,

(2.1)

where φk is a formula with mk free variables, εk(ȳk, z̄k) is a formula with
2mk free variables such that Len ȳk = Len z̄k = mk; moreover, (2.1)(a) is just
a simpler notation instead of the common entry (2.1)(b) in the case when
εk(ȳk, z̄k) coincides with ȳk = z̄k for all k 6 s.

Starting from a model M of signature σ together with a tuple κ of any of
the forms (2.1)(a,b), we are going to construct a new model M1 = M⟨κ⟩ of
signature

σ1 = σ ∪ {U1, U1
1 , U

1
2 , . . . , U

1
s } ∪ {Km1+1

1 , . . . ,Kms+1
s } (2.2)

as follows. As the universe, we take

|M1| = |M| ∪A1 ∪A2 ∪ . . . ∪As,

where all speci�ed parts are pairwise disjoint sets. On the set |M|, all symbols
of signature σ are de�ned exactly as they were de�ned in M; in the remainder,
they are de�ned trivially; predicate U(x) distinguishes |M|; predicate Uk(x)
distinguishes Ak; the other predicates are de�ned by speci�c rules depending
on the case. In the case (2.1)(a), each predicateKk in (2.2) should be de�ned so
that it would represent a one-to-one correspondence between the set of tuples
{ā | M |= φk(ā)} and the set Ak = Uk(M1). Turn to the most common case
(2.1)(b). Denote by Equiv(εk, φk) a sentence stating that εk is an equivalence
relation on the set of tuples distinguished by the formula φk(x̄) in M. In this
case, (mk +1)-ary predicate Kk should be de�ned so that it would represent a
one-to-one correspondence between the quotient set {ā | M |= φk(ā)}/ε′k and
the set Uk(M1), where

ε′k(ȳ, z̄) = εk(ȳ, z̄) ∨ qEquiv(εk, φk). (2.3)

Notice that, the aim of replacement of εk by ε′k using Equiv(εk, φk) is to
provide total de�niteness of the operation of an extensionM⟨κ⟩ independently

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



Multi-dimensional interpretations and virtual isomorphisms of theories 173

of whether the formulas εk represent equivalence relations in corresponding
domains or not. In the case (2.1)(b), the modelM⟨κ⟩ is said to be a Cartesian-
quotient extension of M, while in the case (2.1)(a), the model M⟨κ⟩ is said to
be a Cartesian extension of M by a sequence of formulas κ.

Expand the operation of an extension (initially de�ned for models) on
theories. Given a theory T and a tuple κ of the form (2.1). Using a �xed
signature (2.2) for extensions of models, we de�ne a new theory T ′ = T ⟨κ⟩ as
follows

T ′ = Th(K), K = {M⟨κ⟩ | M ∈ Mod(T )}.

In the case (2.1)(b) it is called a Cartesian-quotient extension of T , while in
the case (2.1)(a) it is called a Cartesian extension of T by a sequence κ.

Normally, we consider passages T 7→ T ⟨κ⟩ for which the sequence (2.1)
satis�es the following technical condition:

(∀k 6 s)
[
both φk(x̄k) and εk(ȳk, z̄k) are ∃ ∩ ∀-presentable in T

]
, (2.4)

although, in de�nite situations, we also accept the following extra demand:

formulas ε′i(x̄, ȳ), i = 1, 2, ..., s, are ∃ ∩ ∀-presentable in T. (2.5)

Denote by κC(σ) and κD(σ) the sets of tuples of formulas of signature σ of
the forms, respectively, (2.1)(a) and (2.1)(b), while κC and κD are unions of
the pointed out sets for all possible (enumerable) signatures σ. We denote by
κC∃∩∀ the set of all tuples (2.1)(a) satisfying (2.4). Furthermore, κD ε

∃∩∀ is the
set of all tuples (2.1)(b) satisfying (2.4), while κD ε,ε′

∃∩∀ is the set of all tuples
(2.1)(b) satisfying both (2.4) and (2.5).

The following claim allows us to pass from ∀ ∩ ∃-de�nability in a theory
T to a more fundamental concept of ∃ ∩ ∀-de�nability in predicate calculus of
corresponding signature σ.

Lemma 2.1. Let T be a theory of signature σ and φ(x̄) ∈ FL(σ) be a formula

that is ∃ ∩ ∀-presentable in T . There is a formula ψ(x̄) ∈ FL(σ) such that

T ⊢ φ(x̄) ↔ ψ(x̄) and ψ(x̄) is ∃ ∩ ∀-presentable in PC(σ).

Proof. Immediately. �
In theory T ⟨κ⟩, the region U(x) represents a model of theory T .

Particularly, the transformation T 7→ T ⟨κ⟩ de�nes a natural interpretation
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IT,κ of the source theory T in the target theory T ⟨κ⟩. It is called a special

Cartesian-quotient interpretation. Similar de�nition applies to the other case
of the tuple κ; thereby, the concept of a special Cartesian interpretation is also
de�ned.

We mention some properties of special Cartesian-quotient interpretations.

Lemma 2.2. Given a theory T of an enumerable signature σ and a sequence

of formulas κ ∈ κD(σ). Special Cartesian-quotient interpretation IT,κ : T �
T ⟨κ⟩ is e�ective, faithful, auto-free, model-bijective, and isostone. In particular,

interpretation IT,κ determines a computable isomorphism µT,κ : L(T ) →
L(T ⟨κ⟩) between the Tarski-Lindenbaum algebras.
Proof. Construction of a Cartesian-quotient extension provides that
interpretation IT,κ is e�ective, auto-free, and model-bijective. By applying
Lemma 1.5 together with Lemma 1.3, we obtain the other demanded
properties. �

Now, we pass to a class of interpretations of a more common form.
An interpretation J of a theory T in a theory S is called Cartesian-quotient

if, up to an algebraic isomorphism of theories, it looks like IT,κ : T � T ⟨κ⟩; in
other words, there is an algebraic isomorphism of theories E : T ⟨κ⟩ � S such
that J = E ◦IT,κ; i.e., the following diagram is commutative:

Similar de�nition also applies to the concept of a Cartesian interpretation.

Lemma 2.3. Any Cartesian-quotient interpretation J : T � S is e�ective,

auto-free, model-bijective, and isostone; moreover, J determines a computable

isomorphism µJ : L(T ) → L(S) between the Tarski-Lindenbaum algebras.

Proof. By applying Lemma 2.2. �
Study some combinatorial properties of Cartesian-type interpretations.

Lemma 2.4. [Combinatorial Lemma for �nitary �rst-order combinatorics]
Given a theory T of signature σ and a sequence κ in κC∃∩∀(σ). Let σ

′ be the
signature of theory T ⟨κ⟩. The following claims hold, where all transformations

are e�ective in G�odel numbers of signatures and sequences of formulas:
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(a) For any κ′ in κC∃∩∀(σ), there is κ′′ in κC∃∩∀(σ
′) such that the following

algebraic isomorphism takes place:

T ⟨κ ˆκ′⟩ ≈a

(
T ⟨κ⟩

)
⟨κ′′⟩. (2.6)

(b) For any κ′′ in κC∃∩∀(σ
′), there is κ′ in κC∃∩∀(σ) such that the algebraic

isomorphism (2.6) takes place.
(c) The same statements take place for the more common case of Cartesian-

quotient extensions with the following changes:

(α) just model isomorphism ≈ stands in (2.6) for the tuples in κD,
(β) algebraic isomorphism ≈a remains in (2.6) for the tuples in κD ε

∃∩∀,
provided that, these passages are applied for complete theories only.

Proof. (a,b) Immediately, by applying a routine construction based on
expressive possibilities of �rst-order logic. (c) The member Equiv(εk, φk) in
(2.3) has a negative in�uence on the quanti�er pre�xes within (2.6). As for
the case of complete theories, we have that any occurrence of Equiv(εk, φk)
is reduced to either true of false, thus, preventing negative in�uence of the
quanti�er pre�xes of the members with Equiv(εk, φk). �
Lemma 2.5. The following relation de�ned on the class of all theories

T ∼≃aS ⇔dfn (∃κ′κ′′ ∈ κC∃∩∀)
[
T ⟨κ′⟩ ≈a S⟨κ′′⟩

]
(2.7)

is re�exive, symmetric, and transitive (i.e., it is an equivalence relation).

Proof. Obviously, ∼≃a is both re�exive and symmetric. Now, suppose that
T ∼≃aH and H ∼≃aS. By de�nition, there are tuples ξi ∈ κC∃∩∀, i = 1, 2, 3, 4,
such that T ⟨ξ1⟩ ≈aH⟨ξ2⟩ and H⟨ξ3⟩ ≈aS⟨ξ4⟩. By applying Lemma 2.4(a,b), we
can �nd tuples ξ′2 and ξ

′
3 in κC∃∩∀ such that the following isomorphisms take

place:
T ⟨ξ1 ξ̂

′
3⟩ ≈a H⟨ξ2 ξ̂3⟩ ≈a H⟨ξ3 ξ̂2⟩ ≈a S⟨ξ4 ξ̂

′
2⟩.

Thereby, we obtain T ∼≃aS ensuring the transitivity property. �
Remark 2.6. By virtue of Lemma 2.4(c.β), the following relation de�ned on
the class of all complete theories is re�exive, symmetric, and transitive:

T ∼≈aS ⇔dfn (∃κ′κ′′ ∈ κD ε
∃∩∀)

[
T ⟨κ′⟩ ≈a S⟨κ′′⟩

]
. (2.8)
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3. First-order properties of Cartesian-type interpretations

In this section, we �x a theory T , a tuple κ of the form (2.1)(a) or
(2.1)(b) satisfying (2.4), and a signature (2.2) for the operation T 7→ T ⟨κ⟩
of a Cartesian-quotient extension of a theory. Our purpose is to study �rst-
order properties of the operation T 7→ T ⟨κ⟩.

By Lemma 2.2, the interpretation IT,κ is auto-free, model-bijective, and
isostone. Moreover, we have the following property:

the mapping N 7→ N⟨κ⟩ is a one-to-one correspondance between

isomorphism types of the models of theories T and T ⟨κ⟩.
(3.1)

We study types of quanti�er pre�xes of the formulas involved.

Lemma 3.1. The following estimates of the quanti�er pre�x take place for all

k satisfying 1 6 k 6 s:
(a) ε′k(x̄, ȳ) is an ∃-formula in theory T ,
(b) ε′k(x̄, ȳ) is ∃ ∩ ∀-presentable whenever the sentence Equiv(εk, φk) is

either identically true or identically false in theory T .

Proof. (a) By de�nition, Equiv(εk, φk) is a conjunction of the formulas:

(a) (∀x̄)[φk(x̄) → εk(x̄, x̄)],

(b) (∀x̄ȳ)[φk(x̄)&φk(ȳ)& εk(x̄, ȳ) → εk(ȳ, x̄)],

(c) (∀x̄)[φk(x̄)&φk(ȳ)&φk(z̄)& εk(x̄, ȳ)& εk(ȳ, z̄) → εk(x̄, z̄)].

According to (2.4), both εk and φk are ∃∩∀-formulas. From this, we obtain that
Equiv(εk, φk) is a ∀-sentence. By (2.3), we obtain that the corrected formula
ε′k(x̄, ȳ) is an ∃-formula. Part (b) represents an obvious statement. �

Let ψ(x1, ..., xn) be a formula and U(x) be a formula with one free variable
of signature σ (in this section, U is a unary predicate). By (ψ)U , we denote a
formula obtained by relativization of all bounded variables of ψ in the region
U(x). If Σ is a set of formulas, (Σ)U means {(ψ)U | ψ ∈ Σ}. The following
obvious assertion takes place for any formula φ:

⊢ φ↔ (φ)U , if bounded variables of φ are already relativized in U(x). (3.2)
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Particularly, we have ⊢ ((φ)U )U ↔ (φ)U , etc. Also, it is possible to check that,
in the case of Cartesian-quotient extensions, we have for all N ∈ Mod(T ):

N |= ψ ⇔ N⟨κ⟩ |= (ψ)U , for all ψ ∈ SL(σ). (3.3)

Lemma 3.2. For any formula ψ ∈ SL(σ), quanti�er pre�x of (ψ)U is of the

same type as that of ψ.

Proof. Immediately. �
Now, we describe one more transformation of formulas.
For a sequence of variables x̄ = (x1, x2, ..., xt) we write shortly x̄ ⊆ U for

the following formula:

U(x1)&U(x2)& ...&U(xt).

Let φ(x̄) be a formula of signature σ of theory T . By φ̌(x̄), we denote a formula
of signature σ1 of theory T ⟨κ⟩, obtained from φ(x̄) by restriction of its free
variables in U(x) and by relativization of bounded variables in U(x). Namely,
the following rule for this operation is meant:

φ̌(x̄) =dfn (x̄ ⊆ U)& (φ(x̄))U . (3.4)

By construction, φ̌(x̄) is a formula of signature σ1; moreover,

φ̌ coinsides with (φ)U , whenever φ ∈ SL(σ). (3.5)

Furthermore, it is possible to check that

type of the quanti�er pre�x of φ̌ is the same as that of φ. (3.6)

The operation φ 7→ φ̌ satis�es the following property for all N ∈ Mod(T )
and all �nite tuples ā of corresponding length in the model:

N⟨κ⟩ |= φ̌(ā) ⇔ (ā ⊆ U) & N |= φ(ā), for all φ(x̄) ∈ FL(σ). (3.7)

Speci�cally, we will apply the operation φ(x̄) 7→ φ̌(x̄) to the following formulas
of signature σ obtaining the formulas of signature σ1 for k = 1, 2, ..., s:

φ̌k(x̄) = (x̄ ⊆ U)& (φk(x̄))U ,

ε̌′k(ȳ, z̄) = (ȳ ⊆ U)& (z̄ ⊆ U)& (ε′k(ȳ, z̄))U .

(3.8)
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From (3.8), we have the following statements for k = 1, 2, ..., s:

type of the quanti�er pre�x of φ̌k is the same as that of φk,

type of the quanti�er pre�x of ε̌′k is the same as that of ε′k.

(3.9)

Based on the fact that demand (2.4) is accepted, from (3.9) and Lemma 3.1
we have that φ̌k(x̄) is an ∃ ∩ ∀-formula, while ε̌′k(x̄, ȳ) is an ∃-formula for
k = 1, 2, ..., s.

System of axioms of theory T ⟨κ⟩ includes the following sentences (with
extra remarks pointing out types of their quanti�er pre�xes):

1◦∃ : . (∃x)U(x),

2◦∃ : . (∃x)Ui(x), i = 1, 2, ..., s,

3◦∀ : . (∀x) [U(x) → qUi(x) ], i = 1, 2, ..., s,

4◦∀ : . (∀x) [Ui(x) → qUj(x) ], 1 6 i < j 6 s,

5◦∀ : . All σ-predicates are de�ned trivially outside the region U(x),

6◦∀ : . All σ-functions are de�ned trivially outside the region U(x),

7◦. (Φ)U , for all Φ ∈ SL(σ), such that Φ ∈ Σ (Σ is a set of axioms of T ),

8◦∀ : . Kk(x1, ..., xmk
, z) → U(x1)& ...&U(xmk

)&Uk(z), k = 1, ..., s,

9◦∀ : . (∀x̄z)
[
Kk(x̄, z) → x̄ ⊆ U & φ̌k(x̄)&Uk(z)

]
, k = 1, ..., s,

10◦∀∃ : . (∀x̄)
[
x̄ ⊆ U & φ̌k(x̄) → (∃z)Kk(x̄, z)

]
, k = 1, ..., s,

11◦∀∃ : . (∀z)
[
Uk(z) → (∃x̄)

(
x̄ ⊆ U & φ̌k(x̄)&Kk(x̄, z)

) ]
, k = 1, ..., s,

12◦∀ : . φ̌k(x̄)& φ̌k(ȳ)& ε̌′k(x̄, ȳ)&Kk(x̄, z)&Kk(ȳ, u) → z=u, k = 1, ..., s,

13◦∀∃ : . (∀x̄ ȳ z)
[
φ̌k(x̄)& φ̌k(ȳ)&Kk(x̄, z)&Kk(ȳ, z) → ε̌′k(x̄, ȳ)

]
, k = 1, ..., s,

14◦∀ : . (∀x̄ ȳ z)
[
φ̌k(x̄)& φ̌k(ȳ)&Kk(x̄, z)& ε̌′(x̄, ȳ) → Kk(ȳ, z)

]
, k = 1, ..., s.

By FRM(κ), we denote the set of all sentences presented in Axioms 1◦�6◦

and 8◦�14◦. The set FRM(κ) is called a frame for the operation T 7→ T ⟨κ⟩. The
formula FRM(κ) expresses a formal description of the operation of a Cartesian-
quotient extension of a theory that is adequate to the informal description in
Section 2. Actually, the set FRM(κ) depends not only on κ, but also on the
signature σ of theory T and on the signature (2.2) that is supposed to be �xed
for the construction T ⟨κ⟩. We use a short entry FRM(κ) omitting these extra
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parameters in context.

Lemma 3.3. The set FRM⟨κ⟩ is �nite and consists of formulas whose quanti�er

pre�xes are at most ∀∃.

Proof. Immediately, from the system of axioms 1◦�14◦. �
Lemma 3.4. Given a theory T of signature σ and a tuple κ of the form (2.1)(b).
A set Σ ⊆ SL(σ) is a system of axioms of theory T ⇔ FRM(κ) ∪ (Σ)U is a

system of axioms of theory T ⟨κ⟩.

Proof. If Σ ⊆ SL(σ) is a system of axioms of T , in accordance with axioms
1◦�14◦, FRM(σ)∪(Σ)U is a system of axioms of T ⟨κ⟩. Conversely, suppose that
Σ ⊆ SL(σ) and FRM(σ) ∪ (Σ)U de�nes the class K = Mod(T ⟨κ⟩). By virtue
of (3.1) and (3.3), the source system Σ must de�ne class Mod(T ) presenting
the collection of all model-kernels de�ned in models from K. �
Lemma 3.5. Given a tuple of formulas κ of the form (2.1)(b) satisfying (2.4)
and an integer n with 2 6 n < ω. If theory T is Πn-axiomatizable, i.e., has a

system of axioms consisting of sentences with pre�xes of type Πn, the theory

T ⟨κ⟩ is also Πn-axiomatizable.

Proof. Immediately, from Lemma 3.2, Lemma 3.3, and Lemma 3.4. �
Now, we will consider a back passage from T ⟨κ⟩ to the source theory T .
The operation T 7→ T ⟨κ⟩ is de�ned by a simple construction based on a

sequence (2.1) of formulas of T . In the target theory T ⟨κ⟩, the sequence (2.1)
is presented by the following versions of these formulas:

φ̌i(w̄), ε̌
′
i(ū, v̄), i = 1, 2, ..., s. (3.10)

By construction, the universe of T ⟨κ⟩ consists of a union of the following
disjoint regions

U(x) ∨ U1(x) ∨ . . . ∨ Us(x), (3.11)

where U(x) distinguishes the universe of the source theory T , while Ui(x)
presents "codes" for sets of tuples in the source universe distinguished
by formulas φ̌i(w̄) modulo corresponding equivalence relations ε̌′i(ū, v̄). By
construction, both predicate and function symbols of signature σ of theory
T are de�ned trivially outside the region U(x); moreover, the added regions
Ui, 1 6 i 6 s, as well as the new predicates Ki, 1 6 i 6 s, have very simple
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form determined via the formulas (3.10). This allows us to enclose the target
theory T ⟨κ⟩ into the source theory T obtaining a characterization of �rst-order
de�nable relations of theory T ⟨κ⟩.

We turn to the back transformation of formulas in detail.
Let t be a term of signature σ ⊆ σ1 and u be either a constant or

variable symbol having the most-left occurrence in t. Based on the fact that all
functions of signature σ are de�ned in T ⟨κ⟩ trivially outside the region U(x),
in accordance with demand (0.1)(b), the following property can be established
by induction on the length of the term t:

T ⟨κ⟩ ⊢
[
U(u) → U(t)

]
&

[
qU(u) → (t = u)

]
. (3.12)

In particular, in the case when u is a constant symbol in σ we obtain the
following stronger property:

T ⟨κ⟩ ⊢ U(t), whenever u is a constant symbol. (3.13)

The splitting (3.11) suggests an idea to use specialized (bounded) variables in
separate regions U(x) and Ui(x), 1 6 i 6 s, instead of unbounded variables
taking their values in the whole universe of T ⟨κ⟩. In the case when a quanti�er
is bounded in one of the regions listed in (3.11), i.e., quanti�er is applied as
(∃x)[U(x)& . . .] or (∀x)[Ui(x) → . . .], i = 1, ..., s, we say that this quanti�er
is specialized in the region Ui(x). A quanti�er can also be specialized in U(x).

We study possibilities of occurrences of a Ui-specialized variable y, 1 6
i 6 s, in the atomic formulas of theory T ⟨κ⟩ formed with predicate symbols of
signature σ1. Three following cases

(a) y = t, t is a variable,

(b) t = y, t is a variable,

(c) Ki(w̄, y), w̄ is a block of terms having no occurences of y,

(3.14)

are the expressions that must be considered, while the other cases represent
trivial situations. For instance: Ui(y) is true; Uj(y) is false for j ̸= i; Kj(w̄, y)
is false for j ̸= i; any term t represents an essential expression just in U(x),
while it is reduced to a simpler expression or its value is estimated trivially
whenever one of its variables takes a value outside the region U(x); etc.
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Lemma 3.6. For a Ui-specialized variable y, 1 6 i 6 s, any of its occurrences

in an atomic formula A of signature σ1 (immediately, or as a part of a term)
either has one of the forms (3.14)(a,b,c), or can be reduced to an expression

without y, or the atomic formula A has the value true or false.

Proof. This statement follows from the de�nition of the operation of a
Cartesian-quotient extension of a theory requiring that all predicates and
functions of signature σ are de�ned trivially outside the region U(x). �

The following statement reduces the theory T ⟨κ⟩ to the source theory T :

Lemma 3.7. Based on a speci�c form of theory T ⟨κ⟩ of signature σ1, cf. (2.2),
it is possible to de�ne an operation Φ 7→ [Φ] on the set FL(σ1) satisfying the

following properties for all Φ ∈ FL(σ1):
(a) formulas Φ and [Φ] have the same set of free variables,
(b) FRM(κ) ⊢ Φ(x̄) ↔ [Φ](x̄), where x̄ is a sequence of free variable of Φ,
(c) all quanti�ers in the formula [Φ] are U -specialized,
(d) type of quanti�er pre�x of the formula [Φ] in a prenex normal form is

the same as that of Φ, provided that (2.4) and (2.5) are satis�ed.

Proof. Given a formula Φ(x1, ..., xn) of signature of σ1 that has a quanti�er
pre�x of a certain type in a prenex normal form. It is required to build a formula
Ψ(x1, ..., xn) that is equivalent to Ψ(x1, ..., xn); moreover, all quanti�ers in
Ψ(x1, ..., xn) are U -specialized. Besides, internal details of the transformation
of Φ 7→ Ψ should give a chance to estimate type of the quanti�er pre�x of the
target formula depending on the type of quanti�er pre�x of the source formula
in a prenex normal form.

First, we consider common features of the procedure under construction.
0.Reduction of a formula to DNF (disjunctive normal form). It is a standard

procedure, cf. [3, Ch.1, Ex.1.36]. We add in this algorithm an extra replacement
rule based on speci�c dependencies between formulas of theory T ⟨κ⟩. As a
consequence, after reduction to DNF, some types of atomic formulas will be
included in the obtained matrix positively, i.e., without a negation mark.

1.Reduction of a formula to the prenex normal form. It is a standard procedure,
cf. [3, Ch.2, Sec.10]. Performing this transformation, we obtain a formula whose
quanti�er pre�x precedes a quanti�er-free matrix; after that, the matrix is
reduced to the form of DNF.

2.Quasiatomic formulas involved in DNF. A feature of the process we are
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describing is that, while reducing to DNF, we can mark as atomic formulas
some occurrences of the formulas of the form (3.10) having parameters ū, v̄,
and w̄ built from free variables and terms of signature σ1. At the beginning of
the procedure Ψ 7→ [Ψ ], no occurrences of these formulas are marked. During
the process of transformation, some occurrences of formulas (3.10) are marked
(one can say, as quasiatomic) in the matrix. Later, we have to operate with
these marked occurrences as a whole, without passing to their subformulas. At
most, we can either add or eliminate a preceding negation sign.

3.Particular replacements in the quanti�er-free matrix. First, we notice that,
by (3.9), formulas ε̌′k are ∃ ∩ ∀-presentable in T ⟨κ⟩ if and only if formulas ε′k
are ∃∩∀-presentable in T , k = 1, ..., s. It is possible to check that the following
row of equivalences takes place in theory T ⟨κ⟩:

qKi(w̄, x) ↔ qUi(x) ∨ qφ̌i(w̄),

qUi(x) ↔ U(x) ∨ U1(x) ∨ ... ∨ Ui−1(x) ∨ Ui+1(x) ∨ ... ∨ Us(x),

qU(x) ↔ U1(x) ∨ ... ∨ Us(x),

(3.15)

allowing us to do without negations before the pointed out types of atomic
formulas in quanti�er-free matrices in DNF-form. Having executed these
replacements, reduce again the matrix to a DNF-form. We will obtain as atomic
parts in the DNF-form the following formulas for di�erent free variables x, y,
and z, and blocks of terms ū, v̄, and w̄ of corresponding lengths:

Reference_Block (3.16)
(a) U(x),
(b) Ui(y), i = 1, 2, ..., s,
(c) Ki(w̄, z), i = 1, 2, ..., s,
(d) atomic formulas of signature σ with free variables bounded in the region

U(x), as well as their negations,
(e) φ̌i(w̄), qφ̌i(w̄), i = 1, 2, ..., s,
(f) ε̌i(ū, v̄), qε̌i(ū, v̄), i = 1, 2, ..., s.
End_Ref

All occurrences of formulas of the form (3.10) appeared as a result of the
replacement are marked as quasiatomic. Notice that, in the obtained DNF-
matrix, each atomic formula of the form (3.16)(a,b,c) is included in DNF

positively.
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4.Reduction of quanti�ers to specialized ones. In view of splitting (3.11) of
the universe, we have the following equivalences:

(∃x)ψ(x, ...) ∼
(∃x)[U(x)&ψ(x, ...)]∨(∃x)[U1(x)&ψ(x, ...)]∨ ... ∨(∃x)[Us(x)&ψ(x, ...)]∼
(∃x0 ∈ U)(∃x1 ∈ U1)...(∃xs ∈ Us)

[
ψ(x0, ...) ∨ ψ(x1, ...) ∨ ... ∨ ψ(xs, ...)

]
,

(∀x)ψ(x, ...) ∼ (∀x)[U(x) → ψ(x, ...)]&

(∀x)
[
U1(x) → ψ(x, ...)]& ...&(∀x)[Us(x) → ψ(x, ...)

]
∼ (∀x0 ∈ U)

(∀x1 ∈ U1)...(∀xs ∈ Us)
[
ψ(x0, ...)&ψ(x1, ...)& ...&ψ(xs, ...)

]
.

(3.17)
From this, we have that any formula with arbitrary quanti�ers is equivalent to
a formula with quanti�ers that are specialized in separate regions (3.11).

5.Reduction of a Ui-specialized quanti�er to a U -specialized one. This procedure
represents a key part of the transformation as a whole. As an input, a formula
of theory T ⟨κ⟩ of the form

Θ(x1, ..., xt) = (Qy ∈ Ui) (Qz̄1 ⊆ U)...(Qz̄k ⊆ U)︸ ︷︷ ︸
U-specialized quanti�ers

θ(x1, ..., xt, y, z̄1, ..., z̄k)

(3.18)
is given, where 1 6 i 6 s, Q is a quanti�er binding a single Ui-specialized
variable y, and Qj , j = 1, ..., k, are quanti�ers binding U -specialized blocks
of variables. Moreover, the matrix θ(x1, ..., xt, y, z̄1, ..., z̄k) is a quanti�er-free
formula that is a DNF relative to the atomic and marked quasiatomic formulas
listed in (3.16). Atomic formulas of the form (3.16)(a,b,c) must be included
in θ just positively. Our purpose is to reduce this formula by equivalent
transformations to a similar form, where the quanti�er (Qy ∈ Ui) is replaced
with a quanti�er of the same type with a U -specialized block of variables z̄ of
appropriate length.

We consider separately two possible cases.

Case 1: Q is an ∃ quanti�er. In this case, the formula (3.18) looks like this:

Θ(x̄) = (∃y ∈ Ui) (Qz̄1 ⊆ U)...(Qz̄k ⊆ U)︸ ︷︷ ︸
U-specialized quanti�ers

θ(x1, ..., xt, y, z̄1, ..., z̄k). (3.19)
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First, replace in (3.19) quanti�er (∃y ∈ Ui) with (∃z̄ ⊆ U), where z̄ is
a block of free variables with Len(z̄) = mi; after that, we have to perform
a replacement of subformulas in the matrix θ(x1, ..., xt, y, z̄1, ..., z̄k) by the
following rule:

Reference_Block (3.20)

(a) each occurrence of any subformula of the form y = t or t = y with a
variable t other than y is replaced by Ki(z̄, t),

(b) each occurrence of any subformula of the form Ki(w̄, y) with the block
of terms w̄ having no occurrences of y is replaced with ε̌′i(w̄, z̄).

End_Ref

All occurrences of formulas of the form (3.10) appeared as a result of this
replacement are marked as quasiatomic.

Let all these replacements be performed. Transform the obtained quanti�er-
free formula to a DNF-form. Perform replacements by the scheme (3.15), if these
negative formulas exist. Again reduce the matrix to a DNF-form. As a result,
we obtain a new quanti�er-free formula θ′(x1, ..., xt, z̄, z̄1, ..., z̄k) whose atomic
formulas have forms listed in (3.16). In accordance with the description of
the operation of a Cartesian-quotient extension of a theory given in Section
1 and by virtue of Axioms 1◦-14◦, the obtained formula Θ′(x1, ..., xt) has the
following form

(∃z̄ ⊆ U)(Q1z̄1 ⊆ U)...(Qkz̄k ⊆ U)︸ ︷︷ ︸
bounded in U(x)

θ′(x1, ..., xt, z̄, z̄1, ..., z̄k); (3.21)

moreover, it will be equivalent in T ⟨κ⟩ to the formula (3.19).

Case 2: Q is a ∀ quanti�er. In this case, (3.18) have the following form:

Ψ(x̄) = (∀y ∈ Ui) (Qz̄1 ⊆ U)...(Qz̄k ⊆ U)︸ ︷︷ ︸
U-specialized quanti�ers

ψ(x1, ..., xt, y, z̄1, ..., z̄k). (3.22)

We can transform quanti�er (∀y ∈ Ui) by passing to the case of a quanti�er
∃. For this purpose, we set a negation sign q on the formula (3.22); move the
negation through the quanti�er pre�x up to a quanti�er-free matrix; reduce
the changed matrix to a DNF-form. Now, all quanti�ers are changed to the
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opposite ones. In particular, the variable y becomes bounded with a quanti�er
∃. Apply the described above construction to the quanti�er (∃y ∈ Ui); thus,
we will transform this quanti�er into (∃z̄ ⊆ U). Set again the negation mark
q on the obtained formula; move the negation through the quanti�er pre�x
up to a quanti�er-free matrix; �nally, we transform the quanti�er-free matrix
in a DNF-form. Apply replacements by rule (3.15) and transform again the
quanti�er-free matrix into a DNF-form. As a result, the quanti�er (∀y ∈ Ui),
will be transformed into a quanti�er of the form (∀z̄ ⊆ U).

In both cases Q = ∃ and Q = ∀, as a result of the transformation, we
obtain a quanti�er-free formula ψ′(x1, ..., xt, z̄, z̄1, ..., z̄k) in the form of a DNF

with atomic formulas in the list (3.16), such that atomic formulas (3.16)(a,b,c)
are included in ψ′ just positively; moreover,

Ψ(x1, ..., xt) ∼ (Qz̄ ∈ U)(Qz̄1 ⊆ U)...(Qz̄k ⊆ U)ψ′(x1, ..., xt, z̄, z̄1, ..., z̄k).
(3.23)

Thus, the Ut-specialized quanti�er (Qy ∈ Ui) from (3.18) is transformed to a U -
specialized quanti�er Q of the same type on a U -specialized block of variables
z̄ of appropriate length; this is exactly what is required.

Now, we can describe the algorithm as a whole.

6.Algorithm of the transformation Φ 7→ [Φ] as a whole. Given an arbitrary
formula Φ(x̄) of signature σ1. Reduce this formula to a prenex normal form.
Transform the obtained formula to a prenex normal form with specialized
quanti�ers. Obviously, the former passage does not change type of the
quanti�er pre�x; it just increases lengths of blocks of quanti�ers of same type.
Reduce the matrix of the obtained formula to DNF. Based on the dependencies
(3.15), eliminate all negative occurrences of atomic formulas with predicates
U , Ui, and Ki, 1 6 i 6 s. Reduce again the quanti�er-free matrix to DNF. As
a result, the following equivalent expression for the source formula Φ(x̄) will
be obtained:

Φ(x̄) ∼ (Q1y1 ∈ Ut1)...(Qnyn ∈ Utn) φ(x̄, y1, ..., yn), (3.24)

where Qi, 1 6 i 6 n, 0 6 ti 6 s, are quanti�ers of types either ∀ or ∃ (we
count that U0 means predicate U). As for the matrix φ(x̄, y1, ..., yn), it has the
form of a DNF with atomic formulas of types (3.16)(a,b,c,d). No occurrences of
formulas of the form (3.16)(e,f) are marked yet. They will appear on subsequent
steps of the transformation.
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Process of replacement of specialized quanti�ers Qk in formula (3.24) by
suitable quanti�ers Qk binding blocks of variables z̄k ⊆ U is performed in the
order from the right to the left. At �rst step, we replace quanti�er (Qnyn ∈ Utn)
by (Qnz̄n ⊆ U); after that, quanti�er-free matrix φ should be corrected by the
special rules. Then, we consider the next quanti�er (Qn−1yn−1 ∈ Utn−1), and
so on. For n steps, the quanti�er pre�x speci�ed in (3.24) will be transformed
to the demanded form.

At an intermediate step r = n− k of the replacement process, the formula
under consideration may have the following form:

(Q1y1 ∈ Ut1)...(Qkyk ∈ Utk)︸ ︷︷ ︸
specialized quanti�ers

(Qk+1z̄k+1 ⊆ U)...(Qnz̄n ⊆ U)︸ ︷︷ ︸
bounded in U(x)

φ(x̄, ȳ, z̄), (3.25)

where the last (n− k) quanti�ers are already transformed, while (Qkyk ∈ Utk)
is the quanti�er to be considered currently.

If tk = 0, i.e., (Qkyk) is specialized in U(x), the current step is performed
trivially. Now we consider another case, when the quanti�er (Qkyk) is
specialized in a region Utk(x), 1 6 tk 6 s. By omitting in (3.25) previous
quanti�ers

(Q1y1 ∈ Ut1)...(Qk−1yk−1 ∈ Utk−1
), (3.26)

we obtain a formula of the following form:

φ∗(x̄, y1, ..., yk−1) = (Qkyk ∈ Utk) (Qk+1z̄k+1 ⊆ U)...(Qnz̄n ⊆ U)︸ ︷︷ ︸
bounded in U(x)

φ′(x̄, ȳ, z̄);

(3.27)
moreover, we have

Φ(x̄) ∼ (Q1y1 ∈ Ut1)...(Qk−1yk−1 ∈ Utk−1
)φ∗(x̄, y1, ..., yk−1). (3.28)

Apply the described earlier algorithm of replacement of a Utk -specialized
quanti�er Qkyk into a U -specialized quanti�er Qkz̄k of the same type, cf.
transformation from (3.18) to (3.23). As a result, we replace quanti�er (Qkyk ∈
Ui) by (Qkz̄k ⊆ U), where z̄k is a block of free variables with Len(z̄k) = mtk ;
after that, we should perform a replacement of subformulas in the matrix as
described above in subroutine 3; �nally, we have to set the block of quanti�ers
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(3.26) back at the beginning of the formula. Thereby, the quanti�er Qkyk is
replaced by an U -specialized quanti�er Qkz̄k.

Having performed transformations of quanti�ers (Qkxk) into (Qkz̄k) by
the described scheme in order from the right to the left, for k = n, n− 1, ..., 1;
as a result, we obtain the following presentation with some matrix φ′′ of the
described form:

Φ(x̄) ∼ (Q1z̄1 ⊆ U)...(Qnz̄n ⊆ U) φ′′(x̄, z̄1, ..., z̄n). (3.29)

We put [Φ] to be the right-hand side of the expression in (3.29). By
construction, the "quanti�er-free" matrix φ′′(x̄, z̄) is formed from atomic
formulas of the form (3.16)(a,b,c,d) and quasiatomic formulas of the form
(3.16)(e,f). Notice that all quanti�ers of the formulas (3.10) are U -specialized;
however, there are de�nite possibilities to choose variants of presentations of
the occurrences of formulas (3.10) in φ′′, either in an ∃-form or in a ∀-form.

Description of the algorithm is complete.
Now, we pass to prove statements posed in Lemma 3.7.
(a) Immediately, from the algorithm.
(b) Immediately, from the algorithm.
(c) Algorithm transforms all quanti�ers into U -specialized. There can be

occurrences of the extra formulas (3.10) with quanti�ers occurring in the
quanti�er-free matrix; however, by virtue of (3.9), their quanti�ers are also
U -specialized. Thereby, all quanti�ers in the target formula indeed turn out to
be U -specialized.

(d) Depending on the type of a quanti�er pre�x preceding the matrix φ′′

in (3.29), each occurrence of any of the formulas (3.10) must be presented in
the matrix either in the form of a ∀-formula, or in the form of an ∃-formula,
so that to preserve type of the quanti�er pre�x as a whole. Namely, we have
to choose a variant of presentation that corresponds to the type of the last
quanti�er in the pre�x (3.29). Thereby, it is shown that types of the quanti�er
pre�x in the formulas Φ(x̄) and [Φ](x̄) can be chosen to be the same whenever
the condition (2.5) is satis�ed.

Lemma 3.7 is proved. �
The following basic fact takes place:

Lemma 3.8. For any sentence φ of signature σ1, the following is satis�ed:

FRM(σ) ⊢ φ ↔ [φ].
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Proof. This statement is a particular case of Part (b) of Lemma 3.7. �
By FLU (σ1), we denote the set of formulas φ ∈ FL(σ1) whose variables

(both free and bounded) are U -specialized, while by SLU (σ1), we denote the
set SL(σ1) ∩ FLU (σ1). By these formulas, we can express in a model M of
theory T ⟨κ⟩ �rst order properties of its kernel K(M).

We consider one more transformation of theories.
Based on axioms FRM(κ) (describing the operation T 7→ T ⟨κ⟩), we

are going to de�ne an operation φ 7→ {φ}K from FLU (σ1) to FL(σ). By
construction, signature σ1rσ includes the following predicates

U1
i , K

mi+1
i , 1 6 i 6 s, (3.30)

as well as the predicate U(x) for the universe of the source theory T . It is
possible to check that all predicates (3.30) are de�ned trivially (as generally
false) within the region U(x). Let ψ be a formula of signature σ1 whose
quanti�ers are U -specialized while free variables are restricted in the region
U(x). We transform ψ to a formula {ψ}K of signature σ performing the
following replacements: (a) eliminate all occurrences of predicates (3.30) by
replacing corresponding atomic formulas with the truth value false, (b)
consider the region U(x) as the whole universe; for this, each occurrence in
ψ of an atomic formula U(t), t is a term, should be replaced by t = t. It is
simple to check that the following is satis�ed for all φ ∈ FLU (σ1):

type of the quanti�er pre�x of {φ}K is the same as that of φ. (3.31)

Furthermore, for any tuple ē of elements in a model N of signature σ, the
following relations take place:

(a) N⟨κ⟩ |= ψ(ē) ⇔ N |= {ψ}K(ē), ψ(x̄) ∈ FLU (σ1),

(b) N⟨κ⟩ |= φ ⇔ N |= {φ}K, φ ∈ SLU (σ1),

(3.32)

where Part (b) is a particular case of Part (a). Based on the fact that all
quanti�ers in [φ] are U -specialized for φ ∈ SL(σ1), we obtain the following
relation for the formulas without free variables:

N⟨κ⟩ |= φ ⇔ N |= {[φ]}K, φ ∈ SL(σ1). (3.33)
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Furthermore, using (3.32)(b) together with (3.3), we obtain

FRM(κ) ⊢ φ↔ ({φ}K)U , for all φ ∈ SLU (σ1). (3.34)

Informally, the operation {φ}K eliminates predicates (3.30) obtaining a formula
of signature σ, while the next operation (..)U returns the signature back to σ1;
moreover, all these formulas express the same statement concerning the model-
kernel N of a model N⟨κ⟩.

Lemma 3.9. Given a theory T of signature σ and a tuple κ of the form (2.1)(b).
If theory T ⟨κ⟩ is de�ned by a system of axioms Σ, the set

{
[Σ]}K is a system

of axioms of the source theory T .

Proof. Suppose thatΣ is a system of axioms of theory T ⟨κ⟩; then, FRM(κ)+Σ
is also a system of axioms of T ⟨κ⟩. By Lemma 3.8, the set FRM(κ) + [Σ] is
a system of axioms of T ⟨κ⟩; moreover, by Lemma 3.7(c), the operation ψ 7→
[ψ] ensures that all bounded variables of sentences in [Σ] are U -specialized.
Applying (3.34), we obtain that the set FRM(κ) + ({[Σ]}K)U is a system of
axioms of the same theory T ⟨κ⟩. By virtue of Lemma 3.4 we �nally obtain that{
[Σ]}K is a system of axioms of the source theory T . �
Lemma 3.10.Given a theory T of signature σ and a tuple κ of the form (2.1)(b)
satisfying (2.4). If all formulas ε′k(x̄, ȳ) are ∃ ∩ ∀-presentable in T and theory

T ⟨κ⟩ is Πn-axiomatizable for 2 6 n < ω, theory T is also Πn-axiomatizable.

Proof. Suppose thatΣ is a system of axioms of theory T ⟨κ⟩. By Lemma 3.9 we
obtain that

{
[Σ]}K is a system of axioms of the source theory T . By Lemma 3.2

together with (3.31), the transformations φ 7→ (φ)U and φ 7→ {φ}K preserve
types of quanti�er pre�xes. As for the transformation φ 7→ [φ], by Lemma
3.7(d), it also preserves types of quanti�er pre�xes because formulas ε′k(x̄, ȳ)
are supposed to be ∃ ∩ ∀-presentable in T . Thereby, Πn-axiomatizability of
T ⟨κ⟩ implies Πn-axiomatizability of T for any n satisfying 2 6 n < ω. �
Lemma 3.11. Given a theory T of signature σ and a tuple κ of the form

(2.1)(b) satisfying (2.4). Interpretation IT,κ : T � T ⟨κ⟩ preserves locally the

model-theoretic property of Πn-axiomatizability for any �xed n > 2.

Proof. Let T ′ be a complete extension of T and S′ be the corresponding
complete extension of T ⟨κ⟩. We notice that each sentence Equiv(εk, φk) must
be either true or false in T ′ because this theory is complete. Thereby, from (2.3)

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



190 M.G. Peretyat'kin

and (2.4) we obtain that all formulas ε′k(x̄, ȳ), k 6 s, are ∃ ∩ ∀-presentable.
Thus, by Lemma 3.5 and Lemma 3.10, we obtain: T ′ is Πn-axiomatizable if
and only if S′ is Πn-axiomatizable. �

We mention the following complementary fact:

Lemma 3.12. There is a �nitely axiomatizable theory T of a �nite signature

σ and a tuple κ of formulas of the form (2.1)(a) satisfying (2.4), such that the

model-theoretic property of ∃∀-axiomatizability is not preserved, both globally

and locally, by the interpretation IT,κ : T � T ⟨κ⟩.

Proof. Let σ = {62}. By T , we denote a theory of signature σ de�ned by
axioms stating that 6 is re�exive and transitive, and there are both 6-minimal
and 6-maximal classes modulo equivalence relation x ∼ y ⇔ (x 6 y)& (y 6 x)
associated with the preorder 6. Obviously, T is �nitely axiomatizable and ∃∀-
axiomatizable. Fix an integer k0 > 1. Let Σ be an extra set of axioms stating
that there are exactly k0 classes modulo ∼; moreover, each ∼-class is in�nite.
It is possible to check that Σ can be presented by a set of ∀-sentences together
with a set of ∃-sentences. Thereby, T ′ = T +Σ is ∃∀-axiomatizable; moreover,
the theory T ′ is complete (and decidable) and has only in�nite models.

Consider the following tuple of formulas κ = ⟨φ1(x, y), φ2(x, y)⟩, where
φ1(x, y) = (x 6 y)& (x ̸= y) and φ2(x, y) = q(x 6 y). We are going to show
that theory S = T ⟨κ⟩ is not ∃∀-axiomatizable. Suppose contrary, let ∆ be a
system of axioms for S consisting of ∃∀-formulas only. Since ∆ is at most a
countable set of ∃∀-formulas, the following property of models of ∆ must take
place:(

∀M |= ∆)
)(
∃ countableX ⊆ |M|

)(
∀Z ⊆ |M|

) [
X ⊆ Z ⇒ M � Z |= ∆

]
.

(3.35)
Consider a model M∗ of the set ∆ of a power α > ω such that |U(M∗)| > ω
and |M∗rU(M∗) | > ω. Taking into consideration the fact that set X in (3.35)
for M∗ is at most countable while main fragments of M∗ are non-countable,
we can choose Z in (3.35) such that ∆-model N = M∗ � Z includes a pair
(u, v) of di�erent elements in U(N) while its code-element a in |N|rU(N) is
missing, that contradicts to de�nition of a Cartesian-quotient extension of a
theory. This shows that ∆ cannot be a system of axioms of theory S = T ⟨κ⟩.
The same arguments are also applicable to show that complete theory S′ ⊇ S
presenting an I-image of complete theory T ′ ⊇ T cannot be ∃∀-axiomatizable.
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�
Lemma 3.13. Any Cartesian interpretation between theories of �nite

signatures preserves globally properties of being �nitely axiomatizable and

being Πn-axiomatizable for any �xed n > 2.

Proof. Preservation of the property of �nite axiomatizability of a theory is
ensured by Lemma 3.3 together with Lemma 3.4 and Lemma 3.9. Preservation
of Πn-axiomatizability of a theory, n > 2, is ensured by Lemma 3.3 together
with Lemma 3.5 and Lemma 3.10. Based on elementary properties of c.e.
Boolean algebras, it is possible to involve all possible extensions of the theories.
�

4. Exact interpretations

An interpretation I of theory T0 in the region U(x) of theory T1 is said to
be an exact interpretation if the following conditions are satis�ed:

Reference_Block (4.1)
(a) interpretation I is model-bijective;
(b) each element a in any model M ∈ Mod(T1) is �rst-order de�nable with

constants in the set U(M);
(c) for any model M of theory T1, an arbitrary automorphism of the model-

kernel µ: K(M) → K(M) can be extended upto an automorphism µ∗ : M → M
of the whole model.

End_Ref

Lemma 4.1. Any exact interpretation I of theory T0 in theory T1 is auto-free,

model-bijective, and isostone.

Proof. Condition (4.1)(a) provides that I is a model-bijective interpretation.
Lemma 1.5 provides that this interpretation is isostone. Condition (4.1)(c)
exactly states that I is auto-free. �

The following result establishes a close connection between the concepts of
an exact interpretation and a Cartesian-quotient interpretation.

Lemma 4.2. The following assertions hold:
(a) Any Cartesian-quotient interpretation is an exact interpretation.
(b) Let J be an exact interpretation of a theory T of signature τ in the

region U(x) of a theory S of signature σ. There is a sequence of formulas of
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signature τ
ξ = ⟨φm1

1 /ε1,φ
m2
2 /ε2, . . . ,φ

ms
s /εs⟩ (4.2)

together with an interpretation E from T ⟨ξ⟩ to S that is a model isomorphism

of theories, such that the following diagram is commutative:

Proof. (a) One can check that all requirements from the de�nition of an exact
interpretation are held for any Cartesian-quotient interpretation.

(b) De�nition for interpretation J ensures that all predicate, function, and
constant symbols of signature τ are mapped into some formulas Ψt, Ψ ′

r, and
Ψ ′′
s of signature σ of corresponding arities. Add to theory S all τ -symbols

together with their expressions via the formulas of signature σ de�ned by the
interpretation J as follows:

Pt(x̄) ↔ Ψt(x̄), Pt ∈ τ, Ψt(x̄) ∈ FL(σ),

y = fr(x̄) ↔ Ψ ′
r(y, x̄), fr ∈ τ, Ψ ′

r(x̄) ∈ FL(σ),

x = cs ↔ Ψ ′′
s (x), cs ∈ τ, Ψ ′′

s (x) ∈ FL(σ).

(4.3)

We obtain a new theory S′ of signature τ ∪ σ that is an extension of theory S.
Since any element a in any modelM of theory S is �rst-order de�nable with

constants from U(M), by Maltsev Compactness Theorem, there is a �nite set of
�rst-order formulas λ1(x, z̄1), λ2(x, z̄2), . . . , λm(x, z̄m) ∈ FL(σ), Len(z̄i) = ki,
realizing the �rst-order de�nability in such a manner that any element a in any
model M of theory S is �rst-order de�nable with constants in U(M) by means
of one of these formulas. More precisely, the following conditions are satis�ed
for all i, j, 1 6 i, j 6 m:

λi(x, z1, . . . , zki) → qU(x)&U(z1)& . . .&U(zki),

λi(x, z̄i)&λi(y, z̄i) → x = y,

(∀x)[qU(x) → (∃z̄1)λ1(x, z̄1) ∨ . . . ∨ (∃z̄m)λm(x, z̄m)],

(∃z̄i)λi(x, z̄i) → (∀z̄j)qλj(x, z̄j), i ̸= j.

(4.4)

Initially, we have to choose a sequence of formulas λ′i, i = 1, ...,m, matching
the �rst three requirements. After that, by correcting these temporary formulas
λ′i, we can obtain a sequence λi, i = 1, ...,m, satisfying all demands in (4.4).
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Let us extend the signature τ ∪ σ of theory S′ with the following new
predicate symbols

Lki+1
i , Rki

i , E
2ki
i , U1

i ; 1 6 i 6 m, (4.5)

and add to theory S′ the following new axioms, for all appropriate i, obtaining
as a result a new theory S∗ :

Li(x, z̄) ↔ λi(x, z̄),

Ri(z̄) ↔ (∃x)λi(x, z̄),
Ei(z̄1, z̄2) ↔ (∃x)λi(x, z̄1)&λi(x, z̄2),
Ui(x) ↔ (∃z̄)λi(x, z̄),
Ri(z̄) ↔ Iφi(z̄), φi ∈ FL(τ),

Ei(z̄1, z̄2) ↔ Iεi(z̄1, z̄2), εi ∈ FL(τ).

(4.6)

The formulas φi and εi are found by applying Lemma 1.4, taking into account
the fact that interpretation J , by Lemma 4.1, is both auto-free and isostone.
Notice that the block of requirements (4.6) exactly matches the de�nition of
a Cartesian-quotient extension of a model of signature τ de�ned in the region
U(x). Particularly, the restriction of theory S∗ up to the signature

π = τ ∪ {Lki+1
i , Rki

i , E
2ki
i , U1

i ; 1 6 i 6 m} (4.7)

is isomorphic to T ⟨ξ⟩ with ξ = ⟨φ1/ε1, . . . ,φm/εm⟩.
In the obtained theory S∗, both the τ -symbols and the new predicates (4.5)

are �rst-order de�nable relative to signature σ. Now, we are going to prove an
inverse assertion, that in S∗, all symbols of signature σ are �rst-order de�nable
relative to the symbols (4.7). Consider a model M∗ of theory S∗. Let M be the
restriction of M∗ up to signature σ, while M′ be the restriction of M∗ up to
signature π. Since interpretation J is exact, any automorphism µ of the kernel
model K(M) of signature τ can be extended up to an automorphism µ′ of the
whole model M, and such an extension µ′ of µ is unique by virtue of Part (b)
in (4.1); moreover, any extra predicates in π are also preserved by µ′ because
they are �rst-order de�nable relative to τ . On the other hand, the pointed out
automorphism µ of the model M′ � U of signature τ can be extended up to
an automorphism µ′′ of the model M′ of signature π in a unique way because
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M′ represents a Cartesian-quotient extension over M′ � U . The uniqueness
property provides that, actually, we have µ′ = µ′′ in this situation. This shows
that the models M∗ and M′ admit the same collection of automorphisms.
From this, it is possible to show that Beth's �rst-order De�nability Theorem,
[4, Th. 5.5.4], is applicable. Therefore, all predicates of signature σ are �rst-
order de�nable in S∗ with respect to the symbols of π. As a result, we have
obtained a sequence of formulas (4.2) together with the required isomorphism
E. �

Mention an important modi�cation of Lemma 4.2.

Lemma 4.3. Suppose that formulas λi in the proof of Lemma 4.2 are chosen

such that the following inverse uniqueness property takes place:

λi(x, z̄1)&λi(x, z̄2) → z̄1 = z̄2, 1 6 i 6 m. (4.8)

In this case, the tuple (4.2) has the form (2.1)(a); thereby, the interpretation

IT,ξ is a Cartesian interpretation.

Proof. From the extra demand (4.8) we obtain that the atomic formulas
Ei(z1, z2) and thus the formulas εi(z1, z2) are equality relations on the tuples
of corresponding lengths; i.e., the tuple (4.2) represents a Cartesian extension.
Thereby, the interpretation IT,ξ built in Lemma 4.2 is a special Cartesian
interpretation. �

5. Multi-dimensional quotient interpretations

In the simplest case (when elements of T0 are presented by ordinary
elements of T1), an interpretation I : T0 � T1 is said to be simple. If
elements of T0 are presented by classes modulo a de�nable equivalence relation
within a region in T1, such an interpretation is called a quotient interpretation.
Alternatively, if elements of T0 are presented by tuples of a �xed �nite length k
within a de�nable set of tuples, such an interpretation is called k-dimensional

or simply dimensional. Interpretations of both quotient and dimensional type
are also possible. Such an interpretation is called dimensional-quotient. Finally,
the most common class of interpretations is also possible where the region of
interpretation of T0 in T1 is presented by a �nite union of de�nable sets of tuples
of di�erent �nite lengths. Such an interpretation is called multi-dimensional,
if no quotients are used, and multi-dimensional quotient, if elements of T0 are
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presented by quotient classes modulo a de�nable equivalence relation on the
region formed by the union of these sets of tuples of mixed dimensions.

Region of a multi-dimensional quotient interpretation I of theory T0 in
theory T1 is presented by a quotient set D/E, where D is the union of a �nite
number of sets of tuples

D = D1 ∪D2 ∪ ... ∪Dn, (5.1)

of de�nite dimensions dim(Di) = mi, 0 < mi < ω, i ∈ {1, 2, ..., n}, while the
equivalence relation E on D is presented by the union

E =
∪

0<i6j6nEi,j , (5.2)

where Di is de�ned in T1 by a �rst-order formula ψi(x̄i), Len(x̄i) = mi, while
Ei,j is de�ned in T1 by a formula εi,j(x̄i, x̄j). Some block of �rst-order demands
should be accepted that would guarantee D to be a non-empty set while the
relation E to be an equivalence relation on the set D. Interpretation I maps
predicates of theory T into their presentations in theory S. In detail, atomic
formulas of theory T are mapped into de�nite piecewise �rst-order expressions
in theory S. By induction, this map is expanded upto the set of all formulas
of theory T . Let A(v1, ..., vk) be a formula of theory T0. Its I-image is de�ned
by a set-theoretic union of the family of de�nable sets in theory T1 of the form

I(A) =
∪

i1,...,ik∈{1,2,...,n}Ai1,i2,...,ik , (5.3)

where Ai1,i2,...,ik is the relation de�ned in theory T1 by a formula of the form

φi1,i2,...,ik(x̄i1 , x̄i2 , ..., x̄ik)&ψi1(x̄i1)& ...&ψik(x̄ik). (5.4)

Each part Ai1,i2,...,ik concerns a set of representatives; by passing to the union
of these parts and then �nding closure of all these cases up to full E-classes,
we obtain the required n-ary relation I(A) on the quotient-set D/A in the
target theory T1. Again, some block of �rst-order demands should be accepted
that would guarantee I(A) to be de�ned within the region D/A. Notice that
the interpretation I itself is uniquely determined by the description of the
region of interpretationD/E together with the mapping of each atomic formula
A(x0, ..., xk) of T0 into its images I(A) in theory T1 as described above.
Having these parts assigned, we can inductively de�ne I(φ) for all formulas
φ ∈ FL(σ0).
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6. Multi-dimensional versus Cartesian interpretations

We compare the two classes of interpretations.

Lemma 6.1. The following assertions are held:
(a) If I : T � S is an arbitrary Cartesian-quotient interpretation, then

I is a multi-dimensional quotient interpretation; moreover, there is a multi-

dimensional quotient interpretation J : S � T that is inverse relative to I;
i.e., J ◦ I : T � T is identical on T , while I ◦ J : S � S is identical on S.

(b) If I : T � S is an arbitrary Cartesian interpretation, then I is

a multi-dimensional interpretation; moreover, there is a multi-dimensional

interpretation J : S � T that is inverse relative to I; i.e., J ◦ I : T � T
is identical on T , while I ◦ J : S � S is identical on S.

Proof. Based on the de�nitions. �
Lemma 6.1 shows that the class of invertible multi-dimensional quotient

interpretations studied in the work [1] is a natural extension of the class of
Cartesian-quotient interpretations; the same is also true for the case without
quotients.

The following lemma establishes a close link between these two classes of
interpretations.

Theorem 6.2. Let T be a theory of an enumerable signature τ , and S be a

theory of an enumerable signature σ. Let I : T � S be a multi-dimensional

quotient interpretation between T and S that is invertible in this class; i.e.,

there is a multi-dimensional quotient interpretation J : S � T such that J ◦ I
is identical on T and I ◦ J is identical on S. There is a theory H and two

Cartesian-quotient interpretations F : T � H and G : S � H such that

I = G−1 ◦ F and J = F−1 ◦G; that is, the following diagram is commutative:

Proof. Consider the following signature

η = τ ∪ σ ∪ {A1, B1} ∪ {Pm1+1
1 , ..., P

mp+1
p } ∪ {Rn1+1

1 , ..., R
nq+1
q }, (6.1)

supposing that all listed in (6.1) parts are disjoint with each other.
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The number p and the parameters m1, ...,mp are de�ned from presentation
(5.1) for the interpretation I, while q and n1, ..., nq are de�ned from
presentation (5.1) for the other interpretation J . Respectively, predicates Pi,
i = 1, 2, ..., p, and Ri, i = 1, 2, ..., q, are intended to perform transformations of
the model-kernels available in a multi-dimensional quotient form into a normal
form with a standard equality relation.

Axioms of theory H include the following sentences:

1◦. (∃x)A(x) & (∃x)B(x),

2◦. (∀x)[A(x) ∨B(x)] & (∀x)[qA(x) ∨ qB(x)],

3◦. Axioms of T are satis�ed in the region distinguished by A(x); moreover,
all τ -symbols are de�ned trivially outside A(x),

4◦. Axioms of S are satis�ed in the region distinguished by B(x); moreover,
all σ-symbols are de�ned trivially outside B(x),

5◦. Pi(x, z) → x ⊆ A & z ∈ B,

6◦. Ri(x, z) → x ⊆ B & z ∈ A,

7◦. Predicates Pi, i = 1, 2, ..., p, establish an isomorphism between the
model-kernel KI(M

′) of a model M′ of theory S located in the region B(x)
(presented as a multi-dimensional quotient structure) and a modelM of theory
T de�ned within the region A(x) cf. left-hand side part in Fig. 6.1 (further
details are speci�ed below).

8◦. Predicates Ri, i = 1, 2, ..., q, establish an isomorphism between the
model-kernel KJ(M) of a model M of theory T located in the region A(x)
(presented as a multi-dimensional quotient structure) and a modelM′ of theory
S de�ned within the region B(x) cf. right-hand side part in Fig. 6.1 (further
details are speci�ed below).

List of axioms is complete.

In accordance with Axioms 1◦�4◦, a model M∗ of theory H consists of two
disjoint regions A(x) and B(x); moreover, a model M of theory T is de�ned
in the region A(x), and a model M′ of theory S is de�ned in the region B(x).
Predicates Pi, i = 1, 2, ..., p, realize in H an action from the model M′ onto the
model M, cf. Fig. 6.1(a), while predicates Ri, i = 1, 2, ..., q, realize in H a back
action from the model M onto the model M′, cf. Fig. 6.1(b). Both schemes
of interaction between the regions A(x) and B(x) act simultaneously; thus,
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Figure 6.1 � A model M∗ ∈ Mod(H) linking models of theories T and S

division the scheme in Fig. 6.1 into two parts is done just for convenience of
the description.

Extra speci�cations for Axiom 7◦ correspond to the scheme presented in
Fig. 6.1(a). Given a model M of theory T that is de�ned by Axiom 3◦ in
part A(x) of a model M∗ of theory H. In accordance with Section 1, a
model kernel KI(M

′) is de�ned within M′, such that KI(M
′) is presented

by a quotient structure in a multi-dimensional region of M′, similar to
that given in (5.1), with a �nite number p of parts whose dimensions are
positive numbers, say, m1,m2, ...,mp; moreover, KI(M

′) is a model of theory
T . Respectively, predicates Pi, i = 1, 2, ..., p, in signature (6.1) have arities
m1 + 1,m2 + 1, ...,mp + 1. Each of these predicates is associated with a
component of corresponding dimension. In essence, Axiom 7◦ claims that, as a
whole, the collection of predicates Pi, i = 1, 2, ..., p, represents an isomorphism
between the model-kernel KI(M

′) of the model M′ of theory S in the region
B(x) and a model M of theory T in the region A(x).

Extra speci�cations for Axiom 8◦ are similar to those explained above for
Axiom 7◦, although they act in back direction, cf, Fig. 6.1(b).

Claim 6.3. The pair of mutually inverse to each other interpretations I : T �
S, and J : S � T de�ne a computable isomorphism between the Tarski-

Lindenbaum algebras:

µ : L(T ) → L(S). (6.2)
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Proof. Immediately, from elementary properties of Boolean algebras. �
Claim 6.4. For an arbitrary pair (M,M′) that is presented in a model M∗

of theory H, any element satisfying A(x) is �rst-order de�nable relative to a

�nite tuple c of constants in B(x) consisting of not more than max(m1, ...,mp)
elements; and vice versa, any element satisfying B(x) is �rst-order de�nable

relative to a �nite tuple c of constants in A(x) consisting of not more than

max(n1, ..., nq) elements.

Proof. First-order de�nability of elements in A(x) under �nite tuples of
elements in B(x) is provided by the properties of predicates P1, ..., Pp claimed
in Axiom 7◦. De�nability of elements in B(x) under �nite tuples in A(x) is
provided by the properties of predicates R1, ..., Rq claimed in Axiom 8◦. �
Claim 6.5. The relation consisting of all pairs (M,M′) that can be presented in

a modelM∗ of theoryH represents a one-to-one mapping between isomorphism

types of models of theory T and models of theory S.

Proof. By description, a pair (M,M′) is presented in a model M∗ of theory
H if and only if M is a model of a complete extension T ′ of T , while M′ is a
model of a complete extension S′ of S, such that, S′ = µ(T ′) with µ de�ned
in Claim 6.3; moreover, the models M and M′ are linked in accordance with
the mutually inverse interpretations I and J . �

Now, we specify the demanded interpretations F and G. By F : T � H,
we denote a natural interpretation of theory T in the region A(x) of theory
H de�ned in accordance with Axiom 3◦. By G : S � H, we denote a natural
interpretation of theory S in the region B(x) of theory H de�ned in accordance
with Axiom 4◦.

Let us study properties of these interpretations.

Claim 6.6. The following assertions hold:
(a) F : T � H is a Cartesian-quotient interpretation,
(b) G : S � H is a Cartesian-quotient interpretation.

Proof. (a) By construction together with Claim 6.5, we obtain that F is
model-bijective. Based on Claim 6.4, we can check that any element a in an
arbitrary model M∗ of theory H is �rst order de�nable with a �nite tuple of
elements in its model-kernel. We obtain that for any model M∗ of theory H,
an arbitrary automorphism of the kernel µ: K(M∗) → K(M∗) can be extended
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up to an automorphism µ′ : M∗ → M∗ of the whole model. Thereby, all parts
of de�nition (4.1) are satis�ed for F . By applying Lemma 4.2(b), we obtain
that F is a Cartesian-quotient interpretation.

Similar arguments can be applied to show that G is also a Cartesian-
quotient interpretation of theory S in the theory H. �

We pass to the �nal part of the proof of Theorem 6.2. Based on the
description of the interpretations I and J , it is possible to check that I =
G−1 ◦ F is satis�ed, and another relation J = F−1 ◦ G is also satis�ed; thus,
we have obtained exactly what is required. Theorem 6.2 is proved. �
Remark 6.7. A C-version of Theorem 6.2 is also valid; for this, we have
to eliminate the demand of being a quotient, both for multi-dimensional
interpretations and Cartesian interpretations. The only change we should
insert is a modi�ed demand in the proof stating that predicates Pi, i =
1, ..., p, establish an isomorphism (non-quotient) between KI(M

′) andM, while
predicates Rj , j = 1, ..., q, establish an isomorphism (non-quotient) between
KJ(M) and M′. Thus, Lemma 4.3 becomes applicable yielding a version
without quotients.

There is a close link between the two classes of interpretations.

Lemma 6.8. Let T and S be arbitrary theories of enumerable signatures. The

following assertions are satis�ed:
(a) there is an invertible multi-dimensional quotient interpretation I of

theory T in theory S ⇔ (∃κ1κ2 ∈ κD)[T ⟨κ1⟩ ≈ S⟨κ2⟩],
(b) there is an invertible algebraic multi-dimensional interpretation I of

theory T in theory S ⇔ (∃κ1κ2 ∈ κC∃∩∀)[T ⟨κ1⟩ ≈a S⟨κ2⟩].

Proof. (a) Immediately, from Theorem 6.2. (b) Immediately, from the C-
version of Theorem 6.2 that can be checked to be valid in algebraic mode.
Lemma 2.5 and Remark 2.6 state that the relations in the class of theories
pointed out in (a) and (b) are equivalence relations. �
Remark 6.9. An algebraic version of Lemma 6.8(a) characterizing the case
with quotients is possible. However, it would require to specify the algebraic
type of multi-dimensional quotient interpretations with the limitation stating
that any formula εi(ȳi, z̄i) in (2.1)(b) is an equivalence relation in the
corresponding domain φi(x̄i) of theory T . The latter demand turns out being
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outside of our approach; thus, we do not consider this version of the concept
at all.

Lemma 6.10. Let T and S be theories of enumerable signatures and I : T � S
be an invertible ∃ ∩ ∀-presentable multi-dimensional interpretation. There is a

theory T ′ of a �nite signature satisfying T ′ ≈a T if and only if there is a theory

S′ of a �nite signature satisfying S′ ≈a S.

Proof. Immediately. �
Theorem 6.11. Given a theory T of an enumerable signature σ and a sequence

of formulas κ ∈ κC(σ) satisfying (2.4). If there is a theory S′ of a �nite

signature satisfying S′ ≈a T ⟨κ⟩, it is possible to �nd a �nite part σ∗ of σ such

that all σ-symbols are ∃ ∩ ∀-presentable in T relative to σ∗.

Proof. Immediately, from Lemma 6.1(b) together with Lemma 6.10. �

7. Conclusion

The operation of a Cartesian-quotient extension of a theory T 7→ T ⟨κ⟩ can
be considered as a method of addition of imaginary elements when a de�nable
set or even a �rst-order de�nable set modulo a de�nable equivalence relation
is joined to the universe of a model as a set of additional (it is possible to
say, virtual) elements. There is a possibility, based on �rst-order language,
to simulate the �rst-order formulas within the region containing the universe
together with the added virtual regions. Accordingly, it is possible to name
the relation (2.6) as virtual isomorphism of theories. Notice that, the concept
of a virtual extension of a theory was considered in [7]. Results of Section
6 state that the class of invertible multi-dimensional quotient interpretations
exactly coincides with the class of virtual quotient isomorphisms of theories,
while the class of invertible multi-dimensional interpretations coincides with
the class of virtual isomorphism of theories. Thereby, the properties proved for
the operation of a Cartesian-quotient extension can be transferred to the class
of invertible multi-dimensional interpretations of theories.
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Ïåðåòÿòüêèí Ì.Ã. �ÀÉÒÀÐÛÌÄÛ Ê�Ï�ËØÅÌÄI Ò�ÑIÍÄÅÐÌÅ-
ËÅÐ Æ�ÍÅ ÁIÐIÍØI ÐÅÒÒI ÒÅÎÐÈßËÀÐÄÛ� ÂÈÐÒÓÀËÄÛ ÈÇÎ-
ÌÎÐÔÈÇÌÄÅÐI

Êåç êåëãåí ©àéòàðûìäû ôàêòîðëû ê°ï°ëøåìåëi ò³ñiíäiðìåëåðäi
ôàêòîðëû-äåêàðòòû© êååéòóëåð îïåðàöèÿñû àð©ûëû êåéiïòåìåñi æºíå
òåîðèÿëàðäû àëãåáðàëû© èçîìîðôèçì ©àòûíàñû òàáûë¡àí. Ñîíûìåí áið-
ãå ôàêòîðëû©òû òàëàï åòïåéòií í´ñ©àëàð ³øií äå îñûíäàé æiêòåó îðûí
àëûï îòûð. �àéòàðûìäû ôàêòîðëû© ê°ï°ëøåìåëi ò³ñiíäiðìåëåð êëà-
ñûíû òåîðèÿëàðäû ôàêòîðëû© âèðòóàëäû èçîìîðôèçìäåð êëàñûìåí
äºëìå-äºë áåòòåñåòiíi, àë ©àéòàðûìäû ê°ï°ëøåìäi ò³ñiíäåðìåëåð êëàñû-
íû òåîðèÿëàðäû âèðòóàëäû èçîìîðôèçìäåð êëàñûìåí äºëìå-äºë áåòòå-
ñåòiíi ê°ðñåòiëãåí. Òåîðèÿëàðäû ôàêòîðëû-äåêàðòòû© êååéòóëåð îïåðà-
öèÿñûíû áið©àòàð áiðiíøi ðåòòi ©àñèåòòåði çåðòòåëãåí, îëàð ©àéòàðûìäû
ê°ï°ëøåìäi ò³ñiíäåðìåëåð êëàñûíà òiêåëåé ê°øiðiëåäi.
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Ïåðåòÿòüêèí Ì.Ã. ÎÁÐÀÒÈÌÛÅ ÌÓËÜÒÈÐÀÇÌÅÐÍÎÑÒÍÛÅ ÈÍ-
ÒÅÐÏÐÅÒÀÖÈÈ È ÂÈÐÒÓÀËÜÍÛÅ ÈÇÎÌÎÐÔÈÇÌÛ ÒÅÎÐÈÉ ÏÅÐ-
ÂÎÃÎ ÏÎÐßÄÊÀ

Íàéäåíî ïðåäñòàâëåíèå ïðîèçâîëüíûõ îáðàòèìûõ ôàêòîðíûõ ìíîãî-
ðàçìåðíîñòíûõ èíòåðïðåòàöèé ÷åðåç îïåðàöèþ ôàêòîðíî-äåêàðòîâûõ ðàñ-
øèðåíèé è îòíîøåíèå àëãåáðàè÷åñêîãî èçîìîðôèçìà òåîðèé. Àíàëîãè÷-
íîå ðàçëîæåíèå èìååò ìåñòî òàêæå äëÿ âåðñèé ñ îïóùåííûì òðåáîâàíèåì
ôàêòîðíîñòè. Ïîêàçàíî, ÷òî êëàññ îáðàòèìûõ ôàêòîðíûõ ìíîãîðàçìåð-
íîñòíûõ èíòåðïðåòàöèé â òî÷íîñòè ñîâïàäàåò ñ êëàññîì ôàêòîðíûõ âèð-
òóàëüíûõ èçîìîðôèçìîâ òåîðèé, à êëàññ îáðàòèìûõ ìíîãîðàçìåðíîñòíûõ
èíòåðïðåòàöèé ñîâïàäàåò ñ êëàññîì âèðòóàëüíûõ èçîìîðôèçìîâ òåîðèé.
Èçó÷åí ðÿä ñâîéñòâ ïåðâîãî ïîðÿäêà îïåðàöèè ôàêòîðíî-äåêàðòîâûõ ðàñ-
øèðåíèé òåîðèé, êîòîðûå íåïîñðåäñòâåííî ïåðåíîñÿòñÿ íà êëàññ îáðàòè-
ìûõ ìíîãîðàçìåðíîñòíûõ èíòåðïðåòàöèé.
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ãî ïîëÿ, ãåíåðèðóåìîãî âî âíåøíåì æèäêîì ÿäðå Çåìëè [1], îáñóæäàåòñÿ
â ïîñëåäíåå äåñÿòèëåòèå [2]�[5]. Â ýòèõ ðàáîòàõ îáíàðóæåíî ñòðóêòóðíîå
ñîîòâåòñòâèå ìåæäó ãåîãðàôè÷åñêèì ðàñïîëîæåíèåì íà ïëàíåòå ñåéñìè-
÷åñêè àêòèâíûõ çîí è ãåîìåòðèåé ãëàâíîãî ãåîìàãíèòíîãî ïîëÿ. Äàííàÿ
ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ [2]�[4], àíàëèçèðóÿ îäèí èç îñíîâíûõ ñåé-
ñìîëîãè÷åñêèõ ïàðàìåòðîâ � ãëóáèíó çàëåãàíèÿ ãèïîöåíòðîâ çåìëåòðÿñå-
íèé. Èñïîëüçîâàíû äàííûå ãëîáàëüíîãî ñåéñìîëîãè÷åñêîãî êàòàëîãà NEIC
äëÿ çåìëåòðÿñåíèé ïðåäñòàâèòåëüíîé ìàãíèòóäû M ≥ 4.5, ïðîèçîøåäøèõ
íà ïëàíåòå â 1973-2014 ã.ã. (205311 ñîáûòèé). Ãèïîöåíòð åñòü öåíòðàëü-
íàÿ òî÷êà î÷àãà çåìëåòðÿñåíèÿ, â êîòîðîé íà÷èíàåòñÿ ïîäâèæêà ïîðîä,
à â ñëó÷àå ïðîòÿæåííîãî î÷àãà ïîä ãèïîöåíòðîì ïîíèìàþò òî÷êó íà÷àëà
âñïàðûâàíèÿ ðàçðûâà [6]. Ãëóáèíà çàëåãàíèÿ ãèïîöåíòðà îáû÷íî êîëåá-
ëåòñÿ îò íåñêîëüêèõ êèëîìåòðîâ äî 700 êì. Â çàâèñèìîñòè îò ãëóáèíû
ðàñïîëîæåíèÿ ãèïîöåíòðà âñå çåìëåòðÿñåíèÿ ïîäðàçäåëÿþò íà òðè ãðóï-
ïû: ìåëêîôîêóñíûå èëè ïîâåðõíîñòíûå (îò 0 äî 70 êì), ñðåäíåôîêóñíûå
èëè èíòåðâàëüíûå (îò 70 äî 300-350 êì) è ãëóáîêîôîêóñíûå (îò 350 äî 700
êì). Íàëè÷èå ãëóáîêîôîêóñíûõ çåìëåòðÿñåíèé ãîâîðèò î òîì, ÷òî çîíû
ðàçëîìîâ ïðîíèêàþò â ìàíòèþ Çåìëè íàìíîãî íèæå óðîâíÿ çåìíîé êîðû.
Ñòàòèñòèêà ðàñïðåäåëåíèÿ íà ïëàíåòå ãëóáèí ãèïîöåíòðîâ î÷åíü âàæíà,
ïîñêîëüêó òàêèå äàííûå, îñîáåííî äëÿ ãëóáîêîôîêóñíûõ çåìëåòðÿñåíèé,
ìîãóò ïðîëèòü ñâåò íà ñîñòîÿíèå ïîðîä â ãëóáèíàõ Çåìëè, êóäà ÷åëîâåê
íèêîãäà íå ïðîíèêíåò. Â ðàáîòå èçó÷åíî ðàñïðåäåëåíèå ãëóáèí ãèïîöåí-
òðîâ â çàâèñèìîñòè îò âåëè÷èíû ñåâåðíîé (Õ)-êîìïîíåíòû ãëàâíîãî ãåî-
ìàãíèòíîãî ïîëÿ â ýïèöåíòðå âî âðåìÿ ñîáûòèÿ. Çíà÷åíèÿ Õ-êîìïîíåíòû â
ýïèöåíòðàõ áûëè ðàññ÷èòàíû ïî ìåæäóíàðîäíîé ñïðàâî÷íîé ìîäåëè ãåî-
ìàãíèòíîãî ïîëÿ IGRF-10 [7]. IGRF � ýòî íàáîð ìàòåìàòè÷åñêèõ ìîäå-
ëåé, êîòîðûå îïèñûâàþò ãëàâíîå ìàãíèòíîå ïîëå è åãî âåêîâûå âàðèàöèè,
îáóñëîâëåííûå âíóòðåííèìè èñòî÷íèêàìè, ÷åðåç îòðèöàòåëüíûé ãðàäèåíò
ñêàëÿðíîãî ïîòåíöèàëà V , êîòîðûé, â ñâîþ î÷åðåäü, ïðåäñòàâëåí óñå÷åí-
íûì ðÿäîì ñôåðè÷åñêèõ ãàðìîíèê â âèäå

V (r, θ, λ, t) = R
N∑

n=1

n∑
m=1

(
R
r

)
· (gmn (t) cosmλ+ hmn (t) sinmλ) · Pm

n (cos θ),

ãäå r, θ, λ, t � ãåîöåíòðè÷åñêèå ñôåðè÷åñêèå êîîðäèíàòû (r � ðàññòîÿíèå
îò öåíòðà Çåìëè), λ � äîëãîòà íà âîñòîê îò Ãðèíâè÷ñêîãî ìåðèäèàíà è

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



206 À.Ì. Ñåðàëèåâ, Ý.Ð. Õàñàíîâ

θ � êîøèðîòà (900 ìèíóñ øèðîòà), R � ñðåäíåå çíà÷åíèå ðàäèóñà Çåìëè
(6372.1 êì), gmn è hmn � êîýôôèöèåíòû Ãàóññà, Pm

n (cosθ) � ïðèñîåäèíåííûå
ôóíêöèè Ëåæàíäðà ñòåïåíè n è ïîðÿäêà m. Ñðåäíåêâàäðàòè÷åñêàÿ îøèá-
êà îïðåäåëåíèÿ ìîäóëÿ ïîëíîãî âåêòîðà ãåîìàãíèòíîãî ïîëÿ ïî ìîäåëè
IGRF � íàèìåíüøàÿ äëÿ 1979-1980 ã.ã., êîãäà ïðîâîäèëèñü èçìåðåíèÿ ïîëÿ
íà ñïóòíèêå MAGSAT, è ïîñëå 1999 ã. áëàãîäàðÿ èñïîëüçîâàíèþ äàííûõ
ñïóòíèêîâ Ørsted è CHAMP. Äëÿ ýïîõ 1980 è 2000 ã.ã. ñðåäíåêâàäðàòè÷å-
ñêàÿ îøèáêà îïðåäåëåíèÿ ïîëíîãî âåêòîðà ïîëÿ ñîñòàâëÿåò ∼ 10 íÒë, à äëÿ
äðóãèõ ýïîõ, ðàññìîòðåííûõ â äàííîé ðàáîòå, ∼ 50 íÒë. Îøèáêà â 10 íÒë
äëÿ ïîëíîãî âåêòîðà äàåò îøèáêè äëÿ êîìïîíåíò ìàãíèòíîãî ïîëÿ ïðè-
ìåðíî 5 íÒë [http://www.ngdc.noaa/gov/IAGA/]. Ïðè óâåëè÷åíèè îøèáêè
îïðåäåëåíèÿ ìîäóëüíîãî çíà÷åíèÿ îøèáêà îïðåäåëåíèÿ êîìïîíåíò ïîëÿ
ïðîïîðöèîíàëüíî óâåëè÷èâàåòñÿ. Íà Ðèñ. 1 ïîêàçàíî ðàñïðåäåëåíèå ãëó-
áèí ãèïîöåíòðîâ èçó÷àåìûõ çåìëåòðÿñåíèé â çàâèñèìîñòè îò ãåîãðàôè÷å-
ñêîé øèðîòû. Â îáùåì ìîæíî ñêàçàòü, ÷òî â âûñîêèõ øèðîòàõ ïðîèñõîäÿò
òîëüêî ìåëêîôîêóñíûå çåìëåòðÿñåíèÿ: ãëóáèíà ãèïîöåíòðîâ íå ïðåâûøà-
åò 70 êì, à ïðîìåæóòî÷íûå è ãëóáîêîôîêóñíûå ïðîèñõîäÿò íà ñðåäíèõ è
íèçêèõ øèðîòàõ.

Ðèñóíîê 1 � Ðàñïðåäåëåíèå ãëóáèí ãèïîöåíòðîâ çåìëåòðÿñåíèé ñ ìàãíèòóäîé

M ≥ 4.5, ïðîèçîøåäøèõ íà ïëàíåòå â 1973-2014 ã.ã. (205311 ñîáûòèé)

â çàâèñèìîñòè îò ãåîãðàôè÷åñêîé øèðîòû
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Íà Ðèñ. 2 ïîêàçàíî ðàñïðåäåëåíèå ãëóáèí ãèïîöåíòðîâ â çàâèñèìîñòè
îò ñåâåðíîé X-êîìïîíåíòû ãåîìàãíèòíîãî ïîëÿ. Êàðòèíà ðàñïðåäåëåíèÿ
ãèïîöåíòðîâ íà ýòîì ðèñóíêå êàðäèíàëüíî îòëè÷àåòñÿ îò ïðåäñòàâëåííûõ
íà Ðèñ. 2, ïîçâîëÿÿ ïðîâåñòè ñèñòåìàòèçàöèþ òðåõ òèïîâ çåìëåòðÿñåíèé
(ìåëêîôîêóñíûõ, ïðîìåæóòî÷íûõ è ãëóáîêîôîêóñíûõ) â çàâèñèìîñòè îò
ãåîìàãíèòíîãî ïàðàìåòðà. Âèäíî, ÷òî çåìëåòðÿñåíèÿ ñ M ≥ 4.5 ïðàêòè÷å-
ñêè îòñóòñòâóþò â ðàéîíàõ ñ îòðèöàòåëüíûìè çíà÷åíèÿìè ãåîìàãíèòíîé
-êîìïîíåíòû, êîòîðûå ðàñïîëîæåíû â âûñîêèõ øèðîòàõ ìåæäó ãåîãðàôè-
÷åñêèì è ãåîìàãíèòíûì ïîëþñàìè. Â ðàéîíàõ ñX <∼ 15000 nT ïðîèñõîäÿò
òîëüêî ìåëêîôîêóñíûå (êîðîâûå) çåìëåòðÿñåíèÿ ñ ãëóáèíîé ãèïîöåíòðîâ
äî ∼ 70 êì, â ðàéîíàõ ñ 15000 <X <∼ 25000 nT ïðîèñõîäÿò è ìåëêîôî-
êóñíûå è ïðîìåæóòî÷íûå çåìëåòðÿñåíèÿ ñ ãëóáèíîé ãèïîöåíòðîâ äî ∼ 350
êì, à âñå òðè òèïà çåìëåòðÿñåíèé: êîðîâûå, ïðîìåæóòî÷íûå è ãëóáîêîôî-
êóñíûå ïðîèñõîäÿò òîëüêî â ðàéîíàõ ñî çíà÷åíèÿìè X >25000 íÒë. Ýòîò
ðåçóëüòàò ïîääåðæèâàåò ïðåäïîëîæåíèå î ñâÿçè ïðîñòðàíñòâåííîãî ðàñ-
ïðåäåëåíèÿ ñåéñìîàêòèâíûõ çîí ñ ïðîñòðàíñòâåííûì ðàñïðåäåëåíèåì ïà-
ðàìåòðîâ ãåîìàãíèòíîãî ïîëÿ.

Â äîïîëíåíèå ê âûøåñêàçàííîìó èç Ðèñ. 2 ìîæíî óâèäåòü, ÷òî â îáëà-
ñòè ïåðåõîäà ìåæäó ìåëêîôîêóñíûìè è ñðåäíåôîêóñíûìè çåìëåòðÿñåíå-
èÿìè âûäåëÿåòñÿ ðàéîí ñ íàêëîííûì ïàäåíèåì ëèíèè ãèïîöåíòðîâ. Òàêîé
æå ðàéîí âûäåëÿåòñÿ è â ïåðåõîäíîé çîíå ìåæäó ñðåäíåôîêóñíûìè è ãëó-
áîêîôîêóñíûìè çåìëåòðÿñåíèÿìè. Ïðè÷èíà ýòîãî ñâÿçàíà ñ òåì, ÷òî çåì-
ëåòðÿñåíèÿ ïðîèñõîäÿò âíóòðè òåêòîíè÷åñêèõ ðàçëîìîâ, êîòîðûå íå âñå-
ãäà âåðòèêàëüíû, à ìîãóò áûòü íàêëîíåíû ïîä óãëîì ê çåìíîé ïîâåðõíî-
ñòè. Â ýòîì ñëó÷àå ãåîãðàôè÷åñêèå êîîðäèíàòû ýïèöåíòðà (âåðòèêàëüíàÿ
ïðîåêöèÿ ãèïîöåíòðà íà çåìíóþ ïîâåðõíîñòü) íå áóäóò ñîâïàäàòü ñ êî-
îðäèíàòàìè âûõîäà íà ïîâåðõíîñòü òåêòîíè÷åñêîãî ðàçëîìà, ïðîöåññû â
êîòîðîì ñïðîâîöèðîâàëè çåìëåòðÿñåíèå. Â ýòîé ñâÿçè ìîæíî çàêëþ÷èòü,
÷òî êîìïîíåíòû ãåîìàãíèòíîãî ïîëÿ ñëåäóåò ðàññ÷èòûâàòü â ãèïîöåíòðàõ
çåìëåòðÿñåíèé.

Â òå÷åíèå èçó÷àåìûõ 42 ëåò (1973-2014 ã.ã.) íà ïëàíåòå ïðîèçîøëî 10314
ãëóáîêîôîêóñíûõ çåìëåòðÿñåíèé ñ ìàãíèòóäîé M ≥ 4.5 è ãëóáèíîé ãèïî-
öåíòðîâ áîëåå 350 êì. Ýïèöåíòðû ýòèõ çåìëåòðÿñåíèé ïðåäñòàâëåíû íà
Ðèñ. 3, ãäå öâåòîì óêàçàíû èõ ãëóáèíû îò 350 äî 700 êì. Íà Ðèñ. 4 ïðèâå-
äåíà ãëîáàëüíàÿ êàðòà âåêîâûõ âàðèàöèé óãëà ãåîìàãíèòíîãî íàêëîíåíèÿ

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



208 À.Ì. Ñåðàëèåâ, Ý.Ð. Õàñàíîâ

Ðèñóíîê 2 � Ðàñïðåäåëåíèå ãëóáèí ãèïîöåíòðîâ çåìëåòðÿñåíèé ñ ìàãíèòóäîé

M ≥ 4.5, ïðîèçîøåäøèõ íà ïëàíåòå â 1973-2014ãã (205311 ñîáûòèé), â

çàâèñèìîñòè îò çíà÷åíèÿ ñåâåðíîé (Õ)-êîìïîíåíòû ãëàâíîãî ãåîìàãíèòíîãî

â ýïèöåíòðå ñîáûòèÿ, ðàññ÷èòàííîãî ïî ìîäåëè IGRF-10

(http://www.ngdc.noaa.gov/geomag/data/mag_maps/browse/I_map_sv_2020_large.jpeg). Ñî-
ïîñòàâëÿÿ êàðòû íà Ðèñ. 3 è 4, ìîæíî çàêëþ÷èòü, ÷òî ðàéîíû ãëóáîêîôî-
êóñíîé ñåéñìè÷íîñòè òåððèòîðèàëüíî ñîâïàäàþò ñ ðàéîíàìè ýêñòðåìàëü-
íûõ çíà÷åíèé â âåêîâûõ âàðèàöèÿõ óãëà ãåîìàãíèòíîãî íàêëîíåíèÿ,÷òî
òàêæå ãîâîðèò î ñâÿçè ïðîñòðàíñòâåííûõ âàðèàöèé ñåéñìè÷íîñòè è ãëàâ-
íîãî ãåîìàãíèòíîãî ïîëÿ.

Ñòàòèñòèêà ïðîñòðàíñòâåííîãî ðàñïðåäåëåíèÿ ãèïîöåíòðîâ çåìëåòðÿ-
ñåíèé, âûðàæåííàÿ â òåðìèíàõ ñåâåðíîé X-êîìïîíåíòû ãëàâíîãî ãåîìàã-
íèòíîãî ïîëÿ, ðàññ÷èòàííîé ïî ìåæäóíàðîäíîé ñïðàâî÷íîé ìîäåëè IGRF-
10 â ýïèöåíòðàõ 205311 çåìëåòðÿñåíèé ñ ìàãíèòóäîé ≥ 4.5, ïðîèçîøåäøèõ
íà ïëàíåòå â 1973-2014 ã.ã., ïîçâîëÿåò çàêëþ÷èòü:

- çåìëåòðÿñåíèÿ ïðàêòè÷åñêè îòñóòñòâóþò â ðàéîíàõ ñ îòðèöàòåëüíûìè
çíà÷åíèÿìè ãåîìàãíèòíîé X-êîìïîíåíòû, êîòîðûå ðàñïîëîæåíû â âûñî-
êèõ øèðîòàõ â ðàéîíàõ ìåæäó ãåîãðàôè÷åñêèì è ãåîìàãíèòíûì ïîëþñàìè;

- â ãåîãðàôè÷åñêèõ ðàéîíàõ, ãäå çíà÷åíèå ãåîìàãíèòíîé X-êîìïîíåíòû
ìåíüøå, ÷åì ∼ 15000 íÒë, ïðîèñõîäÿò òîëüêî ìåëêîôîêóñíûå (êîðîâûå)
çåìëåòðÿñåíèÿ ñ ãëóáèíîé ãèïîöåíòðîâ äî ∼ 70 êì;

- â ãåîãðàôè÷åñêèõ ðàéîíàõ, ãäå çíà÷åíèå ãåîìàãíèòíîé X-êîìïîíåíòû
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Ðèñóíîê 3 � Êàðòà ðàñïðåäåëåíèÿ íà ïëàíåòå ãëóáîêîôîêóñíûõ çåìëåòðÿñåíèé

ãëóáèíà ãèïîöåíòðîâ áîëåå 350 êì .

Ðèñóíîê 4 � Êàðòà âåêîâûõ âàðèàöèé óãëà ãåîìàãíèòíîãî íàêëîíåíèÿ.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



210 À.Ì. Ñåðàëèåâ, Ý.Ð. Õàñàíîâ

íàõîäèòñÿ â ïðåäåëàõ 15000 íÒë <X <25000 íÒë, ïðîèñõîäÿò êàê ìåëêî-
ôîêóñíûå, òàê è ïðîìåæóòî÷íûå çåìëåòðÿñåíèÿ ñ ãëóáèíîé ãèïîöåíòðîâ
äî ∼ 350 êì;

- â ãåîãðàôè÷åñêèõ ðàéîíàõ, ãäå çíà÷åíèå ãåîìàãíèòíîé X-êîìïîíåíòû
ïðåâûøàåò 25000 nT, ïðîèñõîäÿò âñå òðè òèïà çåìëåòðÿñåíèé: êîðîâûå,
ïðîìåæóòî÷íûå è ãëóáîêîôîêóñíûå ñ ãëóáèíîé ãèïîöåíòðîâ äî 700 êì;

- ïðîñòðàíñòâåííîå ðàñïîëîæåíèå ãëóáîêîôîêóñíûõ çåìëåòðÿñåíèé
òåððèòîðèàëüíî ñîâïàäàåò ñ ðàéîíàìè ýêñòðåìàëüíûõ çíà÷åíèé â âåêîâûõ
âàðèàöèÿõ óãëà ãåîìàãíèòíîãî íàêëîíåíèÿ.

Ïîëó÷åííûå ðåçóëüòàòû ãîâîðÿò î ñâÿçè ñåéñìè÷åñêîãî ðåæèìà ïëàíå-
òû ñ ïðîñòðàíñòâåííîé ñòðóêòóðîé ãëàâíîãî ãåîìàãíèòíîãî ïîëÿ, ÷òî ïîêà
íå ó÷èòûâàåòñÿ ïðè ðåøåíèè ñåéñìîëîãè÷åñêèõ çàäà÷.

Áëàãîäàðíîñòü! Âûðàæàåì áîëüøóþ áëàãîäàðíîñòü äîêòîðó
ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Õà÷èêÿí Ãàëèíå ßêîâëåâíå è êàíäèäà-
òó ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Æóìàáàåâó Áåéáèòó Òåíåëîâè÷ó çà
ïîñòàíîâêó çàäà÷è è êóðèðîâàíèå ðàáîòû.
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Ñåðàëèåâ À.Ì., Õàñàíîâ Ý.Ð. ÒÅÐÅ� ÔÎÊÓÑÒÛ ÑÅÉÑÌÈÊÀËÛ�
ÀÓÄÀÍÄÀÐÄÛ� ÊÅ�IÑÒIÊÒIÊ ÎÐÍÀËÀÑÓËÀÐÛ ÌÅÍ ÃÅÎÌÀÃ-
ÍÈÒÒIÊ Ê�ËÁÅÓÄI� Á�ÐÛØÒÀÐÛÍÛ� �ÀÑÛÐËÛ� ÂÀÐÈÀÖÈß-
ËÀÐÛÍÄÀ�Û ÝÊÑÒÐÅÌÀËÜÄÛ� Ì�ÍÄÅÐÄI� Ñ�ÉÊÅÑÒIÃI

Æåð øàðûíäà¡û 1973-2014 æûëäàð àðàëû¡ûíäà îðûí àë¡àí ìàãíèòó-
äàñû M ≥ 4.5 æî¡àðû 205331 æåð ñiëêiíiñòåðiíi ýïèîðòàëû©òàðûíäà¡û
áàñòû ãåîìàãíèòòiê °ðiñòi êîìïîíåíòòåðiíi ìàíäåði òàëäàíäû. Æåð ñië-
êiíiñi îðûí àë¡àí êåçäåãi ýïèîðòàëû©òû ãåîìàãíèòòiê °ðiñiíi ãåîãðàôè-
ÿëû© åíäiê ïåí áîéëû©©à òºóåëäi æºíå ñîëò³ñòiê X-êîìïîíåíòiíi ìºí-
äåðiíå òºóåëäi ãèïîîðòàëû©òàðûíû òåðåäiêòåðiíi òàðàòûëóû àëûíäû.
Ãèïîîðòàëû©òàðäû òåðåäiãi áàñòû ãåîìàãíèòòiê °ðiñòi X-êîìïîíåíòiíå
òºóåëäi ´éûìäàñòûðûëàòûíû ê°ðñåòiëãåí. Ìàãíèòóäàñû M ≥ 4.5 æî¡à-
ðû æåðñiëêiíiñòåð X-òi òåðiñ ìºíäåðiíäåãi àéìà©òàðäà áîëìàéòûíû, àë
X< 15000 nT àéìà©òàðäà ãèïîîðòàëû©òàðäû òåðåäiãi 70 êì-ãå äåéií
òåê ©àíà ìàéäàôîêóñòi (©ûðòûñòû©) æåðñiëêiíiñòåð áîëàòûíû, 15000 <
X < 25000nT àéìà©òàðûíäà òåðåäiãi h ≤ 350 êì-ãå äåéií ìàéäàôîêóñòi
(©ûðòûñòû©) æºíå àðàëû© æåðñiëêiíiñòåðäi áîëàòûíû, àë X > 25000nT
àéìà©òàðûíäà æåðñiëêiíiñòåðiíi ³ø ò³ði äå: ©ûðòûñòû©, àðàëû© æºíå
òåðåäiãi 700 êì-äåí æî¡àðû òåðåôîêóñòû æåðñiëêiíiñòåð îðûí àëàòûíû
ê°ðñåòiëãåí. Ñåéñìèêàëû© ïðîöåñòåðäi æåðäi áàñòû ìàãíèòòiê °ðiñiíi
âàðèàöèÿëàðûìåí áàéëàíûñû æàéûíäà ©îðûòûíäû æàñàëäû.
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Seraliyev A., Khassanov E. CORRESPONDENCE OF SPATIAL
LOCATION OF DEEP SEISMICITY AND EXTREME VALUES OF
SECULAR VARIATIONS OF GEOMAGNETIC INCLINATION'S ANGLES

The values of the main geomagnetic �eld's components at the epicenter of
205311 earthquakes (with a magnitude ofM ≥ 4.5) that happened during 1973-
2014 y.y. have been analyzed.The distribution of hypocenter depths depending
on the latitude and longitude, and the values of the north X-component of the
main magnetic �eld is obtained. It is shown that the depth of the hypocenter is
quite clearly arranged according to theX-component. Namely, the earthquakes
with M ≥ 4.5 practically absent in areas with negative values of X; in
areas with X <∼ 15000nT only shallow-focus earthquakes occur h ≤ 70
km), in areas of 15, 000 < X < 25.000nT occur both the shallow-focus and
intermediate events h ≤ 350 km), and in areas with values of X > 25, 000 nT ,
the three types of earthquakes occur: shallow-focus, intermediate, and deep
h ≤ 700 km). It is concluded that the seismic process is related to the main
geomagnetic �eld structure.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



Ìàòåìàòè÷åñêèé æóðíàë ISSN 1682�0525

2016. � Òîì 16, � 4. � Ñ. 213�231.
ÓÄÊ 531.5+537.63+004.942

ÊÎÌÏÜÞÒÅÐÍÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÓÏÐÀÂËÅÍÈß

ÄÂÈÆÅÍÈÅÌ ÊÀ Â ÃÐÀÂÈÌÀÃÍÈÒÍÎÌ ÏÎËÅ ÇÅÌËÈ Â

ÑÈÑÒÅÌÅ MATLAB-SIMULINK

Á.Ò. Ñóéìåíáàåâ1, Ë.À. Àëåêñååâà2, Æ.Á. Ñóéìåíáàåâà3, Ñ.Ð. Ãóñåéíîâ4

1,3,4Êàçàõñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíè÷åñêèé óíèâåðñèòåò èì. Ê.È. Ñàòïàåâà
050050, Àëìàòû, ïð. Ñåéôóëëèíà, 122/22,

e-mail: 1bts49@mail.ru, 3zbs115@mail.ru, 4samir.gusseinov@gmail.com
2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
050010, Àëìàòû, óë.Ïóøêèíà, 125, e-mail: 2alexeeva@math.kz

Àííîòàöèÿ: Îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
áîðòîâîé ñèñòåìû óïðàâëåíèÿ íàíîñïóòíèêîì "Ïîëèòåõ-1" íà ñòåíäîâîé áàçå
öåíòðà óïðàâëåíèÿ ïîëåòàìè (ÖÓÏ) Êàçàõñêîãî íàöèîíàëüíîãî èññëåäîâàòåëüñêî-
ãî òåõíè÷åñêîãî óíèâåðñèòåòà èì. Ê.È. Ñàòïàåâà. Â íàñòîÿùåé ðàáîòå ïðèâîäÿòñÿ
ðåçóëüòàòû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ â ñèñòåìå Matlab-Simulink äèíàìèêè
è óïðàâëåíèÿ íàíîñïóòíèêà â ãðàâèìàãíèòíîì ïîëå Çåìëè ñ èñïîëüçîâàíèåì
ìîäåëè àáñîëþòíî òâåðäîãî òåëà, êîòîðîå ðàçäåëÿåòñÿ íà äâà îñíîâíûõ ýòàïà:
ìîäåëèðîâàíèå ìåõàíèêè ïîñòóïàòåëüíîãî äâèæåíèÿ öåíòðà ìàññ íàíîñïóòíèêà
â ãðàâèòàöèîííîì ïîëå è ñîáñòâåííîãî âðàùàòåëüíîãî äâèæåíèÿ âîêðóã åãî
öåíòðà ìàññ ñ ó÷åòîì âîçäåéñòâèÿ ãðàâèòàöèîííûõ è ìàãíèòíûõ ñèë è íàìàã-
íè÷åííîñòè ñàìîãî ñïóòíèêà. Ïðîãðàììíî ðåàëèçîâàíà ìàòåìàòè÷åñêàÿ ìîäåëü
è ñèñòåìà óïðàâëåíèÿ ìîìåíòîì äâèæåíèÿ ÊÀ â ãðàâèìàãíèòíîì ïîëå Çåìëè,
ìîäåëèðóåìûì ìàãíèòíûì äèïîëåì (ñòàíäàðòíàÿ ìîäåëü Çåìëè (WMM 2010).
Ðàçðàáîòàí èìèòàòîð îðáèòàëüíîé ñðåäû, îïèñàíû åãî ñîñòàâíûå áëîêè. Íà
îñíîâå ðàçðàáîòàííîé ìîäåëè ïðîâåäåíû ìíîãîâàðèàíòíûå ðàñ÷åòû îðáèòàëüíîãî
äâèæåíèÿ íàíîñïóòíèêà ñ ðàñ÷åòíûìè ôèçèêî-ìåõàíè÷åñêèìè ïàðàìåòðàìè,
áëèçêèìè ê ïàðàìåòðàì íàó÷íî-îáðàçîâàòåëüíîãî íàíîñïóòíèêà "Ïîëèòåõ-1" .

Êëþ÷åâûå ñëîâà: Ãðàâèìàãíèòíîå ïîëå, êîìïüþòåðíîå ìîäåëèðîâàíèå, íàíîñïóò-
íèê "Ïîëèòåõ-1" , óðàâíåíèÿ äâèæåíèÿ, óãëû Ýéëåðà.

Keywords: Gravimagnetic �eld, computer simulation, nanosatellite "Polytech-1" ,

equations of motion, Euler angles.

2010 Mathematics Subject Classi�cation: 70E15+83C50+ 90C90.

Funding: ÊÊÓÖ, � � 757 ÌÎÍ ÃÔ. 15. ÈÈÒ.8

c⃝ Á.Ò. Ñóéìåíáàåâ, Ë.À. Àëåêñååâà, Æ.Á. Ñóéìåíáàåâà, Ñ.Ð. Ãóñåéíîâ, 2016.



214Á.Ò. Ñóéìåíáàåâ, Ë.À. Àëåêñååâà, Æ.Á. Ñóéìåíáàåâà, Ñ.Ð. Ãóñåéíîâ

1. Ââåäåíèå

Îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ êîìïüþòåðíîå ìîäåëèðîâàíèå äâè-
æåíèÿ êîñìè÷åñêîãî àïïàðàòà è óïðàâëåíèÿ åãî äâèæåíèåì íà ñòåí-
äîâîé áàçå öåíòðà óïðàâëåíèÿ ïîëåòàìè (ÖÓÏ) Êàçàõñêîãî íàöèîíàëü-
íîãî èññëåäîâàòåëüñêîãî òåõíè÷åñêîãî óíèâåðñèòåòà èì. Ê.È. Ñàòïàåâà.
Ðàçðàáàòûâàåìûé â ÖÓÏ íàíîñïóòíèê "Ïîëèòåõ-1" ÿâëÿåòñÿ íàó÷íî-
îáðàçîâàòåëüíûì êîñìè÷åñêèì àïïàðàòîì, ïðåäíàçíà÷åííûì äëÿ îïåðà-
òèâíîãî èçìåðåíèÿ ìàãíèòíîãî ïîëÿ Çåìëè íà âûñîòå îêîëî 400 êì è ïå-
ðåäà÷è èçìåðèòåëüíîé èíôîðìàöèè íà ñðåäñòâà ïðèåìà óíèâåðñèòåòñêîãî
öåíòðà óïðàâëåíèÿ ïîëåòàìè.

Äëÿ àíàëèçà òåõíîëîãè÷åñêèõ ïðîöåññîâ ýêñïëóàòàöèè îðáèòàëüíûõ
ñðåäñòâ, ðàçðàáîòêè òåõíîëîãèè ïîëóíàòóðíîãî èññëåäîâàíèÿ ñèñòåì áîð-
òîâîãî îáîðóäîâàíèÿ, à òàêæå â îáðàçîâàòåëüíûõ öåëÿõ íåîáõîäèìî ðàçðà-
áîòàòü ìàòåìàòè÷åñêèå ìîäåëè äâèæåíèÿ, óïðàâëåíèÿ è ñòàáèëèçàöèè íà-
íîñïóòíèêà â îêðåñòíîñòè ïðîãðàììíîãî äâèæåíèÿ ñ ó÷åòîì åãî êîíñòðóê-
òèâíûõ îñîáåííîñòåé. Â íàñòîÿùåé ðàáîòå ïðîâîäèòñÿ ìîäåëèðîâàíèå ñ èñ-
ïîëüçîâàíèåì ñèñòåìû ïðîãðàììèðîâàíèÿ Matlab Simulink äèíàìèêè íà-
íîñïóòíèêà â ãðàâèìàãíèòíîì ïîëå Çåìëè íà îñíîâå ìîäåëè àáñîëþòíî
òâåðäîãî òåëà. Ìîäåëèðîâàíèå ðàçäåëÿåòñÿ íà äâà îñíîâíûõ ýòàïà: ìîäå-
ëèðîâàíèå ìåõàíèêè ïîñòóïàòåëüíîãî äâèæåíèÿ öåíòðà ìàññ íàíîñïóòíèêà
è ìîäåëèðîâàíèå ñîáñòâåííîãî âðàùàòåëüíîãî äâèæåíèÿ âîêðóã åãî öåíòðà
ìàññ [1]�[2].

Äëÿ îáåñïå÷åíèÿ ïðîãðàììíîãî äâèæåíèÿ êîñìè÷åñêîãî àïïàðàòà (ÊÀ)
íà îðáèòå, ñâÿçàííîãî ñ åãî íàçíà÷åíèåì, íåîáõîäèì ó÷åò è îöåíêà âñåõ äåé-
ñòâóþùèõ ñèë. Íà êîñìè÷åñêèé àïïàðàò ïîìèìî ïðèòÿæåíèÿ Çåìëè äåé-
ñòâóþò ðàçíîîáðàçíûå ñèëû: ãðàâèòàöèîííûå ñèëû òÿãîòåíèÿ íåáåñíûõ
òåë (Ëóíû, Ñîëíöà, ïëàíåò è äð.), ñèëà ñâåòîâîãî äàâëåíèÿ, ýëåêòðîìàã-
íèòíûå ñèëû, àýðîäèíàìè÷åñêèå è äð., êîòîðûå â ðàçíîé ñòåïåíè âëèÿþò
íà åãî äâèæåíèå. Ýôôåêò ýòîãî âëèÿíèÿ çàâèñèò îò òèïà ÊÀ è óñëîâèé
åãî äâèæåíèÿ: âèä îðáèòû, åå íàêëîíåíèå, ïîëîæåíèå íà îðáèòå è äð.

Ìàãíèòíûå ýôôåêòû ìîãóò áûòü èñïîëüçîâàíû äëÿ êîíòðîëÿ è ñòà-
áèëèçàöèè ïîëîæåíèÿ ñïóòíèêà íà îðáèòå. Ïàññèâíàÿ ìàãíèòíàÿ ñòàáè-
ëèçàöèÿ èñïîëüçóåò íàáîð ïîñòîÿííûõ ìàãíèòîâ äëÿ òîãî, ÷òîáû îðèåí-
òèðîâàòü ñïóòíèê ïî îòíîøåíèþ ê ìàãíèòíîìó ïîëþ Çåìëè. Êðîìå òîãî,
âîçíèêàåò íàìàãíè÷åííîñòü ÊÀ îò äåéñòâèÿ áîðòîâîé ýëåêòðîíèêè, åãî ðà-
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äèîêîìïëåêñà. Îáîëî÷êà ÊÀ òàêæå áûñòðî íàìàãíè÷èâàåòñÿ ìàãíèòíûì
ïîëåì Çåìëè è, êàê ñëåäñòâèå, âîçíèêàåò ãèñòåðåçèñíàÿ êàðòèíà, êîòîðàÿ
ñîçäàåò ýôôåêò çàòóõàíèÿ óãëîâîé ñêîðîñòè âðàùåíèÿ ñïóòíèêà.

Çäåñü ðàçðàáîòàíà è ïðîãðàììíî ðåàëèçîâàíà ìàòåìàòè÷åñêàÿ ìîäåëü
äâèæåíèÿ íàíîñïóòíèêà "Ïîëèòåõ-1" â ãðàâèìàãíèòíîì ïîëå Çåìëè, ìî-
äåëèðóåìûì ìàãíèòíûì äèïîëåì (ñòàíäàðòíàÿ ìîäåëü Çåìëè WMM 2010),
â ñèñòåìå Matlab Simulink.

2. Ðàçðàáîòêà èìèòàòîðà îðáèòàëüíîé ñðåäû

Äëÿ ðàçðàáîòêè ñèñòåìû óïðàâëåíèÿ íàíîñïóòíèêîì ïîñòðîåí èììèòà-
òîð îðáèòàëüíîé ñðåäû, ïðåäñòàâëåííûé íà Ðèñ. 1. Îí ñîñòîèò èç âîñüìè
âçàèìîñâÿçàííûõ áëîêîâ:

1. ââîä è ðàñ÷åò íà÷àëüíûõ äàííûõ: êîîðäèíàòû, ñêîðîñòü öåíòðà ìàññ,
óãëîâûå êîîðäèíàòû è ñêîðîñòü ÊÀ (Earth's gravity, 6DOF dynamics);

2. ðàñ÷åò îðáèòû ÊÀ, ñêîðîñòè è ïîëîæåíèÿ åãî öåíòðà ìàññ (6DOF
dynamics);

3. ðàñ÷åò óãëîâîé ñêîðîñòè âðàùåíèÿ ÊÀ è óãëîâ Ýéëåðà (6DOF
dynamics);

4. ðàñ÷åò äåéñòâóþùåãî ãðàâèòàöèîííîãî ìîìåíòà (Gravity Gradient
Model);

5. ðàñ÷åò äåéñòâóþùåãî ìàãíèòíîãî ìîìåíòà (Torque Coils);
6. ðàñ÷åò ìàãíèòíîãî ãèñòåðåçèñíîãî ìîìåíòà (Hysteresis Material);
7. ðàñ÷åò óïðàâëÿþùåãî ìîìåíòà (Control moment);
8. âûâîä ïàðàìåòðîâ òåêóùåãî ïîëîæåíèÿ ÊÀ: êîîðäèíàòû è ñêîðîñòè

öåíòðà ìàññ, óãëîâûå êîîðäèíàòû è ñêîðîñòü (6DOF dynamics, Position,
Velocity, Attitude, 6DoF Animation).

1. Ðàñ÷åòíàÿ ñõåìà áëîêà 1. Âõîäíûå äàííûå

Äëÿ îïèñàíèÿ äâèæåíèÿ íàíîñïóòíèêà â êà÷åñòâå îñíîâíîé ñèñòåìû
âûáðàíà óñëîâíî "íåïîäâèæíàÿ", ò.å. èíåðöèàëüíàÿ ñèñòåìà êîîðäèíàò

(ÈÑÊ XY Z), ïðåäíàçíà÷åííàÿ äëÿ ìîäåëèðîâàíèÿ äâèæåíèÿ íàíîñïóòíè-
êà ïî åãî îðáèòå, è "äâèæóùàÿñÿ" ñèñòåìà êîîðäèíàò, æåñòêî ñâÿçàííàÿ
ñ òåëîì ñïóòíèêà è ó÷àñòâóþùàÿ âî âñåõ åãî äâèæåíèÿõ, òàê íàçûâàåìàÿ
áîðòîâàÿ ñèñòåìà êîîðäèíàò (ÁÑÊX1Y1Z1). Äëÿ óäîáñòâà ðàñ÷åòîâ íà÷àëî
ÁÑÊ ñîâìåùåíî ñ öåíòðîì ìàññ ÊÀ, à îñè íàïðàâëåíû âäîëü åãî ãëàâíûõ
îñåé èíåðöèè (îñè Êåíèãà), êîòîðûå îïðåäåëÿþòñÿ ãåîìåòðèåé ðàñïðåäåëå-
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Ðèñóíîê 1 � Áëîê-ñõåìà èìèòàòîðà îðáèòàëüíîé ñðåäû

íèÿ ìàññ â òåëå ÊÀ. Â íà÷àëüíûé ìîìåíò âðåìåíè t0 çàäàþòñÿ êîîðäèíàòû
öåíòðà ìàññ (ÖÌ) ÊÀ è åãî ñêîðîñòü â ÈÑÊ (R0, V0).

Äëÿ îïèñàíèÿ âðàùåíèÿ íàíîñïóòíèêà âîêðóã öåíòðà ìàññ èñïîëüçóåì
óãëû Ýéëåðà θ, ψ, φ: óãîë ïðåöåññèè ψ � ýòî óãîë ìåæäó îñüþ X è ëèíè-
åé óçëîâ (ëèíèåé ïåðåñå÷åíèÿ ïëîñêîñòåé XY è X1Y1), óãîë íóòàöèè θ �
ýòî óãîë ìåæäó îñÿìè Z è Z1, óãîë ñîáñòâåííîãî âðàùåíèÿ φ � óãîë ìåæ-
äó ëèíèåé óçëîâ è îñüþ X1. Ïðîåêöèè óãëîâîé ñêîðîñòè âðàùåíèÿ ÊÀ â
ÁÑÊ (p, q, r) îïðåäåëÿþòñÿ ÷åðåç óãëû Ýéëåðà è èõ ñêîðîñòè θ̇, ψ̇, φ̇ ôîð-
ìóëàìè Ïóàññîíà. Â íà÷àëüíûé ìîìåíò âðåìåíè çàäàþòñÿ óãëû Ýéëåðà
θ(t0), ψ(t0), φ(t0) è êîîðäèíàòû óãëîâîé ñêîðîñòè â ÁÑÊ: p(t0), q(t0), r(t0)
è ðàñ÷èòûâàþòñÿ íà÷àëüíûå θ̇(t0), ψ̇(t0), φ̇(t0).

2. Ðàñ÷åòíàÿ ñõåìà áëîêà 2. Äâèæåíèå öåíòðà ìàññ ÊÀ

Ãðàâèòàöèîííîå ïîëå Çåìëè îïðåäåëÿåòñÿ åãî ãðàâèòàöèîííûì ïîòåí-
öèàëîì U(x, y, z), êîòîðûé ìîæåò áûòü ðàçëè÷íûì â çàâèñèìîñòè îò âû-
áîðà ñòàíäàðòíîé ìîäåëè Çåìëè. Èõ ñóùåñòâóåò íåñêîëüêî. Çäåñü îíî ìî-
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äåëèðóåòñÿ ãðàâèòàöèîííûì ïîëåì ìàòåðèàëüíîé òî÷êè (èëè îäíîðîäíîãî
øàðà) ñ ìàññîé Çåìëè (Ì). Â ýòîì ñëó÷àå óðàâíåíèÿ äâèæåíèÿ öåíòðà
ìàññ ÊÀ îïèñûâàþòñÿ óðàâíåíèÿìè Íüþòîíà. Íà Ðèñ. 1 óðàâíåíèÿ äâè-
æåíèÿ ÖÌ ÊÀ ïðåäñòàâëåíû â âèäå áëîê-ñõåìû Earth's gravity. Íà åå âõîä
ïîäàþòñÿ êîîðäèíàòû î ïîëîæåíèè öåíòðà ìàññ íàíîñïóòíèêà íà îðáèòå,
à íà âûõîäå ïîëó÷àåòñÿ èíôîðìàöèÿ î ðàâíîäåéñòâóþùåé ãðàâèòàöèîí-
íûõ ñèë, äåéñòâóþùèõ íà ÊÀ. Äàëåå èíôîðìàöèÿ î äåéñòâóþùåé ñèëå
ïîñòóïàåò â áëîê èíòåãðàòîðîâ, ãäå âåäåòñÿ ðàñ÷åò îðáèòàëüíîé ñêîðîñòè
è ïîëîæåíèÿ ÊÀ íà îðáèòå. Îðáèòà íàíîñïóòíèêà â ýòîé ìîäåëè ÿâëÿåòñÿ
êåïëåðîâîé. Ïëîñêîñòü îðáèòû ïðîõîäèò ÷åðåç öåíòð Çåìëè ïåðïåíäèêó-
ëÿðíî îðáèòàëüíîìó âåêòîðó n. Â ýòîì áëîêå ðàññ÷èòûâàþòñÿ ïàðàìåòðû
îðáèòû: ôîêàëüíûé ðàäèóñ Pf è ýêñöåíòðèñèòåò ε õàðàêòåðèçóþò åå ôîð-
ìó, vnep = const � óãëîâîå ðàññòîÿíèå ïåðèãåÿ â ïëîñêîñòè îðáèòû îò ëèíèè
óçëîâ, øèðîòà U = vnep + v, v � èñòèííàÿ àíîìàëèÿ.

Ìîäåëèðîâàëîñü äâèæåíèå ÊÀ íà âûñîêèõ êðóãîâûõ è ýëëèïòè÷åñêèõ
îðáèòàõ. Íà Ðèñ. 2 ïîêàçàíà ðàñ÷åòíàÿ îðáèòà, íà êîòîðîé îïðåäåëÿëàñü
òàêæå îðèåíòàöèÿ ÊÀ.

Ðèñóíîê 2 � Àíèìàöèÿ òðàåêòîðèè äâèæåíèÿ öåíòðà ìàññ ÊÀ â ãðàâèòàöèîííîì

ïîëå Çåìëè, âûïîëíåííàÿ â ïðîãðàììå Matlab-Simulink
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3. Ðàñ÷åòíàÿ ñõåìà áëîêà 3. Âðàùåíèå ÊÀ

Óðàâíåíèÿ äâèæåíèÿ ÊÀ âîêðóã öåíòðà ìàññ îïèñûâàþòñÿ äèíàìè÷å-
ñêèìè óðàâíåíèÿìè Ýéëåðà â ñèñòåìå êîîðäèíàò, ñâÿçàííîé ñ ãëàâíûìè
îñÿìè èíåðöèè [1], [2]:

A · dp
dt

= q · r · (B − C) +M1,

B · dq
dt

= p · r · (C −A) +M2,

C · dr
dt

= p · q · (A−B) +M3,

ãäå A,B,C � ãëàâíûå ìîìåíòû èíåðöèè ÊÀ, M1,M2,M3 � ïðîåêöèè ñóì-
ìàðíîãî ìîìåíòà ñèë, äåéñòâóþùèõ íà ÊÀ, p, q, r � ïðîåêöèè âåêòîðà ìãíî-
âåííîé óãëîâîé ñêîðîñòè âðàùåíèÿ ω íà îñè Êåíèãà.

Â áëîêå 3 (6DOF Dynamics) ïðîâîäèòñÿ èíòåãðèðîâàíèå ñèñòåìû óðàâ-
íåíèé Ýéëåðà ñ ó÷åòîì ìîìåíòîâ äåéñòâóþùèõ ñèë îòíîñèòåëüíî öåíòðà
ìàññ. Èõ ìîæíî ðàçäåëèòü íà âíåøíèå, ñâÿçàííûå ñ âîçäåéñòâèåì ãðà-
âèìàãíèòíîãî ïîëÿ Çåìëè è àýðîäèíàìè÷åñêèìè ñèëàìè, è âíóòðåííèå,
êîòîðûå çàâèñÿò îò íàìàãíè÷åííîñòè ñàìîãî ÊÀ è äåéñòâóþùåãî óïðàâ-
ëÿþùåãî ìîìåíòà, îáåñïå÷èâàþùåãî ïðîãðàììíîå âðàùåíèå ÊÀ íà îðáèòå,
ñâÿçàííîãî ñ åãî íàçíà÷åíèåì.

4. Ðàñ÷åòíàÿ ñõåìà áëîêà 4. Ìîäåëü ãðàâèòàöèîííîãî ìî-

ìåíòà

Ãðàâèòàöèîííûé ìîìåíò (Ìg) ÿâëÿåòñÿ çíà÷èòåëüíûì èñòî÷íèêîì óã-
ëîâîãî ìîìåíòà äëÿ âûñîêîîðáèòàëüíûõ ÊÀ. Äëÿ òîãî, ÷òîáû âû÷èñëèòü
ãðàâèòàöèîííûé ìîìåíò, äåéñòâóþùèé íà ñïóòíèê â òåêóùèé ìîìåíò âðå-
ìåíè, íåîáõîäèìî çíàòü ïîëîæåíèå ÊÀ íà îðáèòå, âûñîòó è ìàññîâûå õà-
ðàêòåðèñòèêè ñïóòíèêà. Äëÿ ïðèíÿòîé ìîäåëè ãðàâèòàöèîííîãî ïîëÿ Çåì-
ëè çäåñü îí âû÷èñëÿåòñÿ ïî ôîðìóëå Â.Â. Áåëåöêîãî [1], [2]:

−→
Mg =

3µ

R3
0

· −→eR × J · −→eR,

ãäå eR � åäèíè÷íûé âåêòîð â íàïðàâëåíèè ÖÌ ÊÀ: eR = r/R0, R0 � ðàññòî-
ÿíèå îò öåíòðà ìàññ Çåìëè äî öåíòðà ìàññ ñïóòíèêà, J � òåíçîð èíåðöèè
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Ðèñóíîê 3 � Áëîê-ñõåìà ðàñ÷åòà ãðàâèòàöèîííîãî ìîìåíòà Matlab-Simulink

ÊÀ. Íà Ðèñ. 3 ïðèâåäåíà áëîê-ñõåìà ðàñ÷åòà ãðàâèòàöèîííîãî ìîìåíòà
â ñèñòåìå Matlab (Simulink). Íà Ðèñ. 4 ïðèâåäåíû ãðàôèêè èçìåíåíèÿ
êîìïîíåíò ãðàâèòàöèîííîãî ìîìåíòà â ÁÑÊ íà âûøå ïðåäñòàâëåííîé ðàñ-
÷åòíîé òðàåêòîðèè.

Êàê ìîæíî âèäåòü èç ãðàôèêà, íà âûñîòå 400 êì îò ïîâåðõíîñòè Çåì-
ëè êîìïîíåíòû âåêòîðà ãðàâèòàöèîííîãî ìîìåíòà êîëåáëþòñÿ â ïðåäåëàõ
îò −4 · 10−8 äî 4 · 10−8. Äëÿ ðàçëè÷íûõ âûñîò ãðàâèòàöèîííûé ìîìåíò,
äåéñòâóþùèé íà ñïóòíèê, ïðèíèìàåò ðàçíûå çíà÷åíèÿ, îñëàáåâàÿ ñ óâåëè-
÷åíèåì âûñîòû.

5. Ìîäåëèðîâàíèå ìàãíèòíîãî ïîëÿ Çåìëè

Íà âðàùåíèå ÊÀ íà îêîëîçåìíîé îðáèòå òàêæå âëèÿåò âçàèìîäåéñòâèå
ìàãíèòíîãî ïîëÿ Çåìëè è ñîáñòâåííîãî ìàãíèòíîãî ïîëÿ ÊÀ, êîòîðîå çàâè-
ñèò îò íàëè÷èÿ íà íåì ýëåêòðè÷åñêèõ òîêîâûõ ñèñòåì, ïîñòîÿííûõ ìàãíè-
òîâ, à òàêæå îò íàìàãíè÷èâàíèÿ ìàòåðèàëà åãî îáîëî÷êè. Â áîëüøèíñòâå
ïðèêëàäíûõ çàäà÷ ìàãíèòíîå ïîëå Çåìëè íà âûñîòàõ äî 5000 êì ìîäåëè-
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Ðèñóíîê 4 � Êîìïîíåíòû (τ1τ2τ3) âåêòîðà ãðàâèòàöèîííîãî ìîìåíòà
−→
Mg

ðóåòñÿ ìàãíèòíûì äèïîëåì. Âåêòîð ïëîòíîñòè ìàãíèòíîãî ïîòîêà â íåêî-
òîðîé òî÷êå x íà îðáèòå îïðåäåëÿåòñÿ ôîðìóëîé (World Magnetic Model
2010):

B(
−→
X ) =

µE

∥−→X∥

3
· [3 · (−→em,−→ex) · −→ex −−→em],

ãäå em � åäèíè÷íûé âåêòîð îñè ìàãíèòíîãî äèïîëÿ, ex = X/∥X∥. Äëÿ áîëåå
òî÷íûõ ìîäåëåé íåîáõîäèìî èçìåðåíèå ìàãíèòíîãî ïîëÿ âäîëü îðáèòû.

Èçâåñòíî, ÷òî ìàãíèòíàÿ îñü Çåìëè íå ñîâïàäàåò ñ îñüþ âðàùåíèÿ è
ñìåùàåòñÿ ñ òå÷åíèåì âðåìåíè. Åñëè ïðåíåáðå÷ü îòêëîíåíèåì ãåîãðàôè-
÷åñêîãî è ìàãíèòíîãî ïîëþñîâ Çåìëè (îêîëî 11.5◦), òî em = Ez. Çäåñü ïðè
ìîäåëèðîâàíèè áûëî ó÷òåíî, ÷òî îñü ìàãíèòíîãî äèïîëÿ ìîæåò íå ñîâïà-
äàòü ñ îñüþ âðàùåíèÿ Çåìëè.
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5.1. Ðàñ÷åòíàÿ ñõåìà áëîêà 5 (Torque Coils). Ãåîìàãíèòíûé

ìîìåíò

Çäåñü ìàãíèòíûé ìîìåíò Mmgn, äåéñòâóþùèé íà ÊÀ, îáóñëîâëåííûé
ãåîìàãíèòíûì ïîëåì, ìîäåëèðóåòñÿ âçàèìîäåéñòâèåì äèïîëüíûõ ìàãíèò-
íûõ ìîìåíòîâ ïî ôîðìóëå [2]:

−→
Mmgn = −→m ×

−→
B (

−→
Xmc),

ãäå m � ìàãíèòíûé äèïîëüíûé ìîìåíò ÊÀ [A ·m2], B(Xmc) � âåêòîð íà-
ïðÿæåííîñòè ãåîìàãíèòíîãî ïîëÿ â öåíòðå ìàññ ÊÀ. Áëîê-ñõåìà ðàñ÷åòà
ãåîìàãíèòíîãî ìîìåíòà ïîêàçàíà íà Ðèñ. 5. Íà Ðèñ. 6 ïðèâåäåíû ãðàôè-

Ðèñóíîê 5 � Áëîê-ñõåìà ðàñ÷åòà ãåîìàãíèòíîãî ìîìåíòà,

äåéñòâóþùåãî íà ÊÀ (Matlab, Simulink)

êè èçìåíåíèÿ êîìïîíåíò âåêòîðà ìàãíèòíîãî ìîìåíòà, äåéñòâóþùåãî íà
ñïóòíèê, â ÁÑÊ íà ðàñ÷åòíîé îðáèòå äëÿ îäíîãî ïåðèîäà äâèæåíèÿ ÊÀ
ïî îðáèòå. Êàê ìîæíî âèäåòü, êîìïîíåíòû âåêòîðà ìàãíèòíîãî ìîìåíòà
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íà ðàñ÷åòíîé îðáèòå êîëåáëþòñÿ, ïðèíèìàÿ ìàêñèìàëüíîå çíà÷åíèå (10−7

Í·ì) â ïåðèãåå è ìèíèìàëüíîå (2 · 10−8Í·ì) � â àïîãåå.

Ðèñóíîê 6 � Êîìïîíåíòû (τ1τ2τ3) âåêòîðà ìàãíèòíîãî ìîìåíòà
−→
Mmgn

(h = 400, T = 1.5, µ = 0 ãðàäóñîâ, ε = 0.026, a = 6960 êì, b = 6957 êì)

5.2 Ìàãíèòíûé ãèñòåðåçèñíûé ìîìåíò

ßâëåíèå ìàãíèòíîãî ãèñòåðåçèñà ñâÿçàíî ñ íàìàãíè÷èâàíèåì è ðàçìàã-
íè÷èâàíèåì ìàãíèòíîãî ìàòåðèàëà ïðè èçìåíåíèè íàïðÿæåííîñòè âíåø-
íåãî ìàãíèòíîãî ïîëÿ. Ïðè äâèæåíèè è âðàùåíèè ÊÀ â ãåîìàãíèòíîì ïîëå
ìàòåðèàë åãî îáîëî÷êè íàìàãíè÷èâàåòñÿ è ðàçìàãíè÷èâàåòñÿ âäîëü êðèâîé
ãèñòåðåçèñà, çàâèñÿùåé îò åãî ñâîéñòâ. Ïðè ýòîì âîçíèêàåò äîïîëíèòåëü-
íûé ìàãíèòíûé ìîìåíò, âëèÿþùèé íà âðàùåíèå ÊÀ íà îðáèòå. Àëãîðèòì
ðàñ÷åòà ãèñòåðåçèñíîãî ìîìåíòà ïîäðîáíî îïèñàí â [3].

Íà Ðèñ. 7 ïîêàçàíû êîìïîíåíòû âåêòîðà ãèñòåðåçèñíîãî ìàãíèòíîãî
ìîìåíòà, äåéñòâóþùåãî íà ñïóòíèê â ÁÑÊ, â òå÷åíèè îäíîãî ïåðèîäà äâè-
æåíèÿ ÊÀ ïî îðáèòå. Íà ãðàôèêå âèäíî, ÷òî íà âûñîòå 400 êì îò ïîâåðõ-
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Ðèñóíîê 7 � Êîìïîíåíòû (τ1τ2τ3) âåêòîðà ãèñòåðåçèñíîãî ìîìåíòà

â ÁÑÊ, äåéñòâóþùåãî íà ÊÀ

íîñòè Çåìëè êîìïîíåíòû âåêòîðà ãèñòåðåçèñíîãî ìîìåíòà êîëåáëþòñÿ â
ïðåäåëàõ îò −3.5 · 10−6 äî 3.5 · 10−6 Í ì.

6. Ðàñ÷åòíàÿ ñõåìà áëîêà Control Moment

Áóäåì íàçûâàòü äâèæåíèå, ñâÿçàííîå ñ íàçíà÷åíèåì ñïóòíèêà, ïðî-
ãðàììíûì äâèæåíèåì è çàäàâàòü åãî â âèäå çàäàííûõ ïî âðåìåíè óãëîâ
Ýéëåðà è èõ ñêîðîñòåé. Èñïîëüçóÿ ôîðìóëû Ïóàññîíà, ïîëó÷èì ïðîãðàìì-
íûé âåêòîð ìãíîâåííîé óãëîâîé ñêîðîñòè è óñêîðåíèÿ (ïðîåêöèè ìãíîâåí-
íîé óãëîâîé ñêîðîñòè âðàùåíèÿ ÊÀ â ÁÑÊ). À èñïîëüçóÿ ñèñòåìó óðàâíå-
íèé Ýéëåðà, ïîëó÷èì êîìïîíåíòû óïðàâëÿþùåãî ìîìåíòà â îñÿõ Êåíèãà

M control
1 (t) = A · dp

prog(t)

dt
+ qprog(t) · rprog(t) · (C −B)−

∑
i

M1i,
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M control
2 (t) = B · dq

prog(t)

dt
+ pprog(t) · rprog(t) · (A− C)−

∑
i

M2i,

M control
3 (t) = A · dr

prog(t)

dt
+ pprog(t) · qprog(t) · (B −A)−

∑
i

M3i.

Åñëè ÊÀ â íà÷àëüíûé ìîìåíò âðåìåíè íàõîäèëñÿ íà ïðîãðàììíîé òðàåê-
òîðèè, òî ðåàëèçóÿ íà ñïóòíèêå óïðàâëÿþùèé ìîìåíò ïî ýòèì ôîðìóëàì ñ
ó÷åòîì äåéñòâóþùèõ âíåøíèõ ìîìåíòîâ, ïîëó÷èì òðåáóåìîå ïðîãðàììíîå
äâèæåíèå ÊÀ.

7. Ìîäåëèðîâàíèå äâèæåíèÿ ÊÀ íà ýêâàòîðèàëüíîé ýëëèï-

òè÷åñêîé îðáèòå. ×èñëåííûé ýêñïåðèìåíò

Çäåñü ïðèâåäåíû ðåçóëüòàòû, êîòîðûå áûëè ïîëó÷åíû íà îñíîâå àíà-
ëèçà è ìîäåëèðîâàíèÿ äâèæåíèÿ ÊÀ â ñðåäå Matlab-Simulink. Ïðè ìî-
äåëèðîâàíèè áûëè ó÷òåíû ãðàâèòàöèîííûå, ìàãíèòíûé è ãèñòåðåçèñíûé
ìîìåíòû, äåéñòâóþùèå íà äâèæåíèå ÊÀ. Çäåñü íå ó÷èòûâàëèñü àýðîäè-
íàìè÷åñêèå ñèëû è àýðîäèíàìè÷åñêèé ìîìåíò, êîòîðûå íà âûñîòàõ óæå
âûøå 300 êì íåñóùåñòâåííû, à íà ðàññìîòðåííîé âûñîòå ïðàêòè÷åñêè íó-
ëåâûå (âûñîêîîðáèòàëüíûé ÊÀ). Â Òàáëèöàõ 1 è 2 ïðèâåäåíû äàííûå,
êîòîðûå áûëè èñïîëüçîâàíû ïðè ìîäåëèðîâàíèè äèíàìèêè íàíîñïóòíèêà
"Ïîëèòåõ-1". Çíà÷åíèÿ ãëàâíûõ ìîìåíòîâ èíåðöèè îòíîñèòåëüíî öåíòðà
ìàññ ÊÀ áûëè ïîëó÷åíû ïóòåì ìàòåìàòè÷åñêèõ ðàñ÷åòîâ, èñïîëüçóÿ äàí-
íûå î ìàññå è ðàçìåðàõ ñïóòíèêà, â ñðåäå MathCad 14. Íà Ðèñ. 8, 9 ïðèâå-
äåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ äâèæåíèÿ ÊÀ íà ýëëèïòè÷åñêîé îðáèòå.
Íà Ðèñ. 1 íà ïåðâîì ãðàôèêå ïîêàçàíû êîìïîíåíòû âåêòîðà îðáèòàëüíîãî
ïîëîæåíèÿ ñïóòíèêà íà âòîðîé ñêîðîñòè, àáñîëþòíîå çíà÷åíèå êîòîðîé â
ìîìåíò âðåìåíè t = 0 ðàâíî ïðèáëèçèòåëüíî 7,7 êì/ñ. Êàê è äîëæíî áûòü,
êîìïîíåíòû ñêîðîñòè ñïóòíèêà èçìåíÿþòñÿ ïåðèîäè÷åñêè ñ ïåðèîäîì 1, 5
÷àñà. Äâèæåíèå ïðîèñõîäèò â ïëîñêîñòè XY , òàê êàê êîìïîíåíòà Vz ðàâíà
íóëþ â òå÷åíèè âñåãî ïåðèîäà âðåìåíè.

Íà Ðèñ. 9, 10 ïðåäñòàâëåíû ãðàôèêè ýéëåðîâûõ óãëîâ (ϕ, θ, ψ), îïðå-
äåëÿþùèå îðèåíòàöèþ ñïóòíèêà â ÈÑÊ. Íà÷àëüíûå óãëîâûå ñêîðîñòè
(ϕ̇, θ̇, ψ̇) è ïîëîæåíèÿ (ϕ, θ, ψ) ÊÀ âî âñåõ ñëó÷àÿõ áûëè âûáðàíû ïðîèç-
âîëüíî. Äëÿ ñðàâíåíèÿ âîçäåéñòâèÿ íà îðèåíòàöèþ ñïóòíèêà ðàçëè÷íûõ
ìîìåíòîâ ðàñ÷åòû îðèåíòàöèè ïðîâåëè îòäåëüíî äëÿ êàæäîãî ìîìåíòà, à
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Òàáëèöà 1 � Ðàñ÷åòíûå õàðàêòåðèñòèêè íàíîñïóòíèêà

Òàáëèöà 2 � Ïàðàìåòðû îðáèòû â ÈÑÊ

çàòåì � ñ ó÷åòîì èõ ñóììàðíîãî âîçäåéñòâèÿ. Íà Ðèñ. 10 ïîêàçàí ñëó-
÷àé, êîãäà cóììàðíûé âíåøíèé ìîìåíò, äåéñòâóþùèé íà ÊÀ, ðàâåí 0.
Êàê ìîæíî óâèäåòü èç ãðàôèêà, ÊÀ âðàùàåòñÿ ñ ïî÷òè ïîñòîÿííîé óã-
ëîâîé ñêîðîñòüþ (ω3 ≈ 0.05 ðàä/ñ) âîêðóã îñè X3, êîòîðàÿ æåñòêî ñâÿçàíà
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Ðèñóíîê 8 � Îðáèòàëüíîå ïîëîæåíèå ÊÀ (âåðõíèé ãðàôèê) è

ñêîðîñòü ÊÀ (íèæíèé ãðàôèê) íà ýêâàòîðèàëüíîé îðáèòå

V0 = [07.7680] êì/ñ, R0 = [677800] êì, T = 6000 c;

Z � ïóíêòèðíàÿ êðèâàÿ ñ òî÷êàìè, X � òî÷å÷íàÿ êðèâàÿ,Y - ïóíêòèðíàÿ êðèâàÿ)

ñ ÊÀ, è â òî æå âðåìÿ ïðåöåññèðóåò âîêðóã îñè Z íåïîäâèæíîé ñèñòåìû
êîîðäèíàò ñíà÷àëà â îäíîì íàïðàâëåíèè, ïîòîì � â îáðàòíîì ñ ïåðèîäîì
ïðèáëèçèòåëüíî 1,5 ìèíóòû. Îäíîâðåìåííî ñ âðàùåíèåì è ïðåöåññèåé ÊÀ
íàáëþäàåòñÿ êîëåáëþùàÿñÿ íóòàöèÿ (ñ ïåðèîäîì îêîëî 1,3 ìèí) îêîëî íà-
÷àëüíîãî óãëà.

Â ñëó÷àå ó÷åòà âñåõ äåéñòâóþùèõ ìîìåíòîâ íà ÊÀ (Ðèñ. 10) ïðîèñõîäèò
çíà÷èòåëüíîå èçìåíåíèå óãëîâ ψ è θ. ÊÀ âðàùàåòñÿ ñ ïîñòîÿííîé óãëîâîé
ñêîðîñòüþ ω3 ≈ 0.05 ðàä/ñ âîêðóã îñè Z1 è ïðåöåññèðóåò âîêðóã îñè Z íåïî-
äâèæíîé ñèñòåìû êîîðäèíàò ñ ìèíèìàëüíûì ðàçìàõîì ψmin ≈ 0, 5 ðàä íà
33-é ìèíóòå è ñ ìàêñèìàëüíûì ðàçìàõîì ψmax ≈ 2.75 ðàä ïî çàâåðøåíèþ
öèêëà. Òàêæå èçìåíÿåòñÿ è óãîë íóòàöèè θ ñ êîëåáàíèåì â îêðåñòíîñòè
θ ≈ 2 ðàä.

Íà Ðèñ. 11 ïðèâåäåíû ãðàôèêè ìîäóëåé âåêòîðîâ âíåøíèõ ìîìåíòîâ,
äåéñòâóþùèõ íà ÊÀ, îò âðåìåíè. Íà ãðàôèêå âèäíî, ÷òî íàèáîëåå çíà÷è-
òåëüíûì èñòî÷íèêîì äåéñòâóþùèõ íà ÊÀ âîçìóùåíèé íà âûñîòå 400 êì îò
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Ðèñóíîê 9 � Èçìåíåíèå ψ, θ, ϕ íà ýêâàòîðèàëüíîé

îðáèòå â îòñóòñòâèè âíåøíåãî ìîìåíòà

(ψ̇, θ̇, ϕ̇) = [0.01− 0.010.05] ðàä/ñ, (ψ, θ, ϕ) = [π/3π/4π/6] ðàä, T � 6000 c

(ψ � ïóíêòèðíàÿ êðèâàÿ, θ � êðèâàÿ ïóíêòèð-òî÷êà, ϕ � òî÷å÷íàÿ êðèâàÿ)

Ðèñóíîê 10 � Èçìåíåíèå ýéëåðîâûõ óãëîâ ψ, ϕ, θ ïðè äâèæåíèè ÊÀ

íà ýêâàòîðèàëüíîé îðáèòå ñ ó÷åòîì äåéñòâóþùèõ ìîìåíòîâ ñèë

ψ̇, θ̇, ϕ̇)= [0.01− 0.010.05] ðàä/ñ, (ψ, ϕ, θ) = [π/3π/4π/6] ðàä, T � 6000 c

(ψ � ïóíêòèðíàÿ êðèâàÿ, θ � êðèâàÿ ïóíêòèð-òî÷êà, ϕ � òî÷å÷íàÿ êðèâàÿ)
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Ðèñóíîê 11 � Èçìåíåíèå ìîäóëåé ìàãíèòíîãî, ãèñòåðåçèñíîãî è

ãðàâèòàöèîííîãî ìîìåíòîâ, äåéñòâóþùèõ íà ÊÀ ñî âðåìåíåì

(Mmgn � ïóíêòèðíàÿ êðèâàÿ, Mmgn � êðèâàÿ ïóíêòèð-òî÷êà,

Mg � íåïðåðûâíàÿ êðèâàÿ)

Òàáëèöà 3 � Ñðåäíèå çíà÷åíèÿ ìîìåíòîâ äåéñòâóþùèõ

ñèë íà ÊÀ íà âûñîòå h = 400 êì

ïîâåðõíîñòè Çåìëè ÿâëÿþòñÿ ìàãíèòíûé è ãèñòåðåçèñíûé ìîìåíòû. Äëÿ
íàíîñïóòíèêà ãðàâèòàöèîííûé ìîìåíò ïðàêòè÷åñêè íå âëèÿåò íà åãî âðà-
ùåíèå. Ãåîìàãíèòíûé ìîìåíò, äåéñòâóþùèé íà ÊÀ, â 2,5 ðàçà ïðåâîñõîäèò
ãèñòåðåçèñíûé ìîìåíò è áîëåå, ÷åì â 100 ðàç, ïðåâîñõîäèò ãðàâèòàöèîí-
íûé íà ýòîé îðáèòå. Â òàáëèöå 4 ïðèâåäåíû ñðåäíèå çíà÷åíèÿ ìîìåíòîâ
äåéñòâóþùèõ ñèë íà ÊÀ íà âûñîòå 400 êì.

Íà Ðèñ. 12, 13 ïðèâåäåí ÷àñòíûé ñëó÷àé ïðîãðàììíîãî äâèæåíèÿ ÊÀ,
ãàðìîíè÷åñêèå êîëåáàíèÿ îêîëî óãëîâ íà÷àëüíîé îðèåíòàöèè ÊÀ è îáåñ-
ïå÷èâàþùèé ýòî äâèæåíèå óïðàâëÿþùèé ìîìåíò ÊÀ.
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Ðèñóíîê 12 � Èçìåíåíèå óãëîâ Ýéëåðà íà ïðîãðàììíîé òðàåêòîðèè

Ðèñóíîê 13 � Êîìïîíåíòû óïðàâëÿþùåãî ìîìåíòà íà ïðîãðàììíîé òðàåêòîðèè

8. Çàêëþ÷åíèå

Ðàçðàáîòàííûé ïðîãðàììíûé êîìïëåêñ ïîçâîëÿåò ìîäåëèðîâàòü îðáè-
òàëüíîå äâèæåíèå ñïóòíèêîâ âîêðóã öåíòðà ìàññ íà ðàçëè÷íûõ îêîëîçåì-
íûõ îðáèòàõ. Óãîë íàêëîíà îðáèòû ê ýêâàòîðó, êàê è ïàðàìåòðû îðáèòû,
îïðåäåëÿþòñÿ íà÷àëüíîé ñêîðîñòüþ è íà÷àëüíûì ïîëîæåíèåì åãî öåíòðà
ìàññ. Õàðàêòåð âðàùåíèÿ çàâèñèò îò íà÷àëüíûõ óãëîâûõ ñêîðîñòåé ñïóò-
íèêà è åãî ïîëîæåíèÿ íà îðáèòå. Âàðüèðîâàíèå ýòèõ ïàðàìåòðîâ ïîçâîëÿåò
ìîäåëèðîâàòü øèðîêèé êëàññ îðáèòàëüíûõ äâèæåíèé êîñìè÷åñêèõ àïïà-
ðàòîâ ñ ó÷åòîì èõ ôèçèêî-ìåõàíè÷åñêèõ ñâîéñòâ (ìàññû, òåíçîðà èíåðöèè,
ñâîéñòâ åãî íàìàãíè÷åâàíèÿ è íàëè÷èÿ ìàãíèòíûõ ñèñòåì).
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Suimenbayev B.T., Alexeyeva L.A., Suimenbayeva Z.B., Gusseinov S.R.
COMPUTER MODELING OF CONTROL OF SPACECRAFT MOTION
IN GRAVIMAGNETIC FIELD OF THE EARTH IN MATLAB-SIMULINK
SYSTEM

The object of a research is mathematical modeling of an onboard control
system of nanosatellite "Polytech-1" on the bench base of the control center
of �ights (CCF) of the Kazakh National Research Technical University after
K.I. Satpayev. This paper presents the results of mathematical modeling
of the system dynamics and control of nanosatellite in gravimagnetic �eld
of the Earth in Matlab-Simulink using the model of a rigid body, which
is divided into two main stages: modeling of mechanics of translational
motion of the center of mass of nanosatellite in gravitational �eld and own
rotate motion around its center of masses taking into account in�uence of
gravitational and magnetic forces and satellite magnetization. Software for
mathematical model and control system of the moment of spacecraft motion
in gravitational and magnetic �elds of the Earth modelled by a magnetic
dipole, is developed (standard model of Earth (WMM 2010). The simulator
of the orbital environment is developed, its compound blocks are described.
On the basis of the developed model multiple calculations of the orbital
movement of nanosatellite with calculated physicomechanical parameters close
to parameters of the scienti�c and educational nanosatellite "Polytech-1", are
carried out.
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Ñ³éìåíáàåâ Á.Ò., Àëåêñååâà Ë.À., Ñ³éìåíáàåâà Æ.Á., Ãóñåéíîâ
Ñ.Ð. ÆÅÐÄI� ÃÐÀÂÈÌÀÃÍÈÒÒIÊ �ÐIÑIÍÄÅÃI �À �ÎÇ�ÀËÛÑÛÍ
ÁÀÑ�ÀÐÓÄÛ MATLAB-SIMULINK Æ�ÉÅÑIÍÄÅ ÊÎÌÏÜÞÒÅÐËIÊ
ÌÎÄÅËÄÅÓ

Çåðòòåó íûñàíû �.È. Ñºòáàåâ àòûíäà¡û �àçà© ´ëòòû© òåõíèêàëû©
çåðòòåó óíèâåðñèòåòiíi ´øóäû ©àðó îðòàëû¡ûíû (�ÁÎ) ñòåíäòiê áàçà-
ñûíäà "Ïîëèòåõ-1" íàíîñåðiãií áàñ©àðóäû áîðòòû© æ³éåñií ìàòåìàòèêà-
ëû© ìîäåëüäåói áîëûï òàáûëàäû. Îñû æ´ìûñòà Æåðäi ãðàâèìàãíèòòiê
°ðiñiíäå àáñîëþòòi ©àòòû äåíåíi ìîäåëií ïàéäàëàíà îòûðûï íàíîñåðiêòi
äèíàìèêàñû ìåí áàñ©àðóûíMatlab Simulink æ³éåñiíäå ìàòåìàòèêàëû© ìî-
äåëüäåó íºòèæåëåði êåëòiðiëåäi, îë áàñòû åêi êåçåãå á°ëiíåäi: ãðàâèòàöè-
ÿëû© °ðiñòåãi íàíîñåðiêòi ìàññàëàð îðòàëû¡ûíû ³äåìåëi ©îç¡àëûñûíû
ìåõàíèêàñûí æºíå îíû ìàññàëàð îðòàëû¡ûíû ìààéûíäà¡û, ãðàâèòà-
öèÿëû© æºíå ìàãíèòòiê ê³øòåðäi, ºði îñû ñåðiêòi ìàãíèòòåëãåíäiãiíi
ºñåðií åñêåðå îòûðûï, °çiíäiê àéíàëìàëû ©îç¡àëûñûí ìîäåëäåó. Ìàòåìà-
òèêàëû© ìîäåëü ìåí �À Æåðäi ãðàâèìàãíèòòiê °ðiñiíäåãi ©îç¡àëûñûíû
ìàãíèòòiê äèïîëüìåí ((WMM 2010) Æåðäi ñòàíäàðòòû© ìîäåëi) ìîäåë-
äåíãåí ìîìåíòií áàñ©àðó æ³éåñi ïðîãðàììàëû© ò´ð¡ûäàí æ³çåãå àñûðû-
ë¡àí. Îðáèòàëäû© îðòàíû åëi êòåãiøi æàñàë¡àí, îíû ©´ðàìà áëîêòàðû
ñèïàòòàë¡àí. Æàñàë¡àí ìîäåëü íåãiçiíäå íàíîñåðiêòi îðáèòàëäû© ©îç¡à-
ëûñûíû ê°ï í´ñ©àëû åñåïòåìåëåði "Ïîëèòåõ-1" ¡ûëûìè-áiëiì áåðó íà-
íîñåðiãiíi ïàðàìåòðëåðiíå æà©ûí åñåïòiê ôèçèêàëû©-ìåõàíèêàëû© ïàðà-
ìåòðëåðiìåí áiðãå æàñàë¡àí.
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Àííîòàöèÿ: Äëÿ ðåøåíèÿ äâóìåðíîé êîýôôèöèåíòíîé îáðàòíîé çàäà÷è äëÿ

ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ðàññìîòðåíû ïàðàëëåëüíûå ïðÿìûå è èòåðàöèîííûå

àëãîðèòìû.

Êëþ÷åâûå ñëîâà: Ïàðàëëåëüíûå àëãîðèòìû, äâóìåðíûå êîýôôèöèåíòíûå îáðàò-
íûå çàäà÷è, ìåòîä ðåãóëÿðèçàöèè, ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ, ìåòîä êâàäðàò-

íîãî êîðíÿ, äèñêðåòèçàöèÿ, ÷èñëåííîå ðåøåíèå.

1. Ââåäåíèå

Ðàññìàòðèâàåòñÿ äâóìåðíàÿ îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ êîýô-
ôèöèåíòà äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ. Èçâåñòíî, ÷òî äëÿ ðå-
øåíèÿ òàêîãî ðîäà îáðàòíîé çàäà÷è èñïîëüçóåòñÿ äâóìåðíûé ìåòîä
Ãåëüôàíäà-Ëåâèòàíà äëÿ íàõîæäåíèÿ êîýôôèöèåíòà. Äâóìåðíîå óðàâíå-
íèå Ãåëüôàíäà-Ëåâèòàíà èìååò âèä äâóìåðíîãî èíòåãðàëüíîãî óðàâíåíèÿ
Ôðåäãîëüìà ïåðâîãî ðîäà. Ïðè ðàçðàáîòêå ìåòîäîâ ðåøåíèÿ çàäà÷ èñïîëü-
çóþòñÿ èäåè èòåðàòèâíîé ðåãóëÿðèçàöèè [1].

Â êà÷åñòâå ïðèìåðà ìîæíî ðàññìîòðåòü ñòðóêòóðíûå îáðàòíûå çàäà÷è
ãðàâèìåòðèè [2], êîòîðûå ñâîäÿòñÿ ê ðåøåíèþ äâóìåðíûõ èíòåãðàëüíûõ
óðàâíåíèé Ôðåäãîëüìà ïåðâîãî ðîäà. Óðàâíåíèÿ ãðàâèìåòðèè è ìàãíè-
òîìåòðèè ÿâëÿþòñÿ ñóùåñòâåííî íåêîððåêòíûìè çàäà÷àìè, ðåøåíèå êîòî-
ðûõ îáëàäàåò ñèëüíîé ÷óâñòâèòåëüíîñòüþ ê ïîãðåøíîñòÿì ïðàâûõ ÷àñòåé,

Keywords: Parallel algorithms, two-dimensional coe�cient inverse problem,

regularization method, conjugate gradient method, square-root method, discretization,

numerical solution.
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ïîëó÷åííûõ â ðåçóëüòàòå èçìåðåíèé è ïðåäâàðèòåëüíîé îáðàáîòêè ãåîôè-
çè÷åñêèõ äàííûõ.

Äëÿ ðåøåíèÿ äâóìåðíîé êîýôôèöèåíòíîé îáðàòíîé çàäà÷è ãèïåðáîëè-
÷åñêîãî òèïà ïðåäëîæåíû è ÷èñëåííî ðåàëèçîâàíû ïàðàëëåëüíûå ïðÿìûå
è èòåðàöèîííûå àëãîðèòìû. Ðåøåíû çàäà÷è ñ äàííûìè è ïðîâåäåí àíàëèç
ýôôåêòèâíîñòè è óñêîðåíèÿ ïàðàëëåëüíûõ àëãîðèòìîâ.

2. Ïàðàëëåëüíûå àëãîðèòìû ðåøåíèÿ äâóìåðíîé êîýôôèöèåíò-

íîé îáðàòíîé çàäà÷è ãèïåðáîëè÷åñêîãî òèïà

Ðàññìîòðèì ñëåäóþùåå ñåìåéñòâî ïðÿìûõ çàäà÷ [3]:

u
(k)
tt = u(k)xx + u(k)yy + q(x, y)u(k), x > 0, y ∈ [−π, π], t ∈ R, k ∈ Z, (1)

u(k)|t=0 = 0, u
(k)
t |t=0 = h(y)δ(x), (2)

u(k)|y=π = u(k)|y=−π. (3)

Ïðåäïîëàãàåì, ÷òî ñëåä ðåøåíèÿ ïðÿìîé çàäà÷è (1)�(3) ñóùåñòâóåò è
ìîæåò áûòü èçìåðåí. Â îáðàòíîé çàäà÷å òðåáóåòñÿ âîññòàíîâèòü íåïðåðûâ-
íóþ ôóíêöèþ q(x, y) ïî äîïîëíèòåëüíîé èíôîðìàöèè î ðåøåíèè ïðÿìîé
çàäà÷è (1)�(3):

u(k)(0, y, t) = f (k)(y, t), y ∈ [−π, π], t > 0, k ∈ Z, (4)

ãäå R � ìíîæåñòâî âåùåñòâåííûõ ÷èñåë, Z � ìíîæåñòâî âñåõ öåëûõ ÷èñåë,
δ � äåëüòà-ôóíêöèÿ Äèðàêà, k � íåêîòîðîå ôèêñèðîâàííîå öåëîå ÷èñëî,
h(y) = eiky. Îáîáùåííîå ðåøåíèå ïðÿìîé çàäà÷è (1)�(3) ÿâëÿåòñÿ êóñî÷íî-
íåïðåðûâíûì ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ

u(k)(x, y, t) =
h(y)

2
θ(t− |x|)− 1

2

∫
∆(x,y,t)

∫
q(ξ, y)u(k)(ξ, y, τ)dξdτ. (5)

Çäåñü θ(t) òýòà � ôóíêöèÿ Õýâèñàéäà. Òàê æå èçâåñòíî, ÷òî

u(k)(x, y, |x|) = h(y)

2
. (6)
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Òàêèì îáðàçîì, äëÿ ðåøåíèÿ ïðÿìîé çàäà÷è â êëàññå îáîáùåííûõ
ôóíêöèé èìååì çàäà÷ó Ãóðñà (1), (6), ðåøåíèå êîòîðîé îïðåäåëÿåò êëàñ-
ñè÷åñêîå ðåøåíèå çàäà÷è (1)�(3) [3]. Ââîäèòñÿ ïîñëåäîâàòåëüíîñòü âñïîìî-
ãàòåëüíûõ ïðÿìûõ çàäà÷ [3]:

ω
(m)
tt = ω(m)

xx + ω(m)
yy + q(x, y)ω(m), x > 0, y ∈ [−π, π], t ∈ R, m ∈ Z, (7)

ω(m)(0, y, t) = eimyδ(t),
∂ω(m)

∂x
(0, y, t) = 0, (8)

u(m)|y=π = u(m)|y=−π. (9)

Çàäà÷à Êîøè (7)�(9) ñ äàííûìè íà âðåìåíèïîäîáíîé ïîâåðõíîñòè íå
ÿâëÿåòñÿ êîððåêòíî-ïîñòàâëåííîé â êëàññå ôóíêöèé êîíå÷íîé ãëàäêîñòè.
Îäíàêî, âîçìîæíî äîêàçàòü îäíîçíà÷íóþ ðàçðåøèìîñòü îáðàòíîé çàäà÷è,
èñïîëüçóÿ ïîäõîä Ë. Ãèðåíáåðãà, Ë. Îâñÿííèêîâà.

Ðåøåíèå çàäà÷è (7)�(9) ïî ôîðìóëå Äàëàìáåðà èìååò ñëåäóþùèé âèä:

ω(m)(x, y, t) =
1

2
eimy[δ(x+ t)+ δ(x− t)]+

1

2

∫
∆(x,y,t)

∫
q(ξ, y)ω(ξ, y, τ)dξdτ, (10)

ãäå

∆(x, y, t) = {(ξ, y, τ) : 0 < ξ ≤ x, t− x+ ξ < τ < t+ x− ξ}

� òðåóãîëüíèê, îáðàçîâàííûé õàðàêòåðèñòèêàìè, ïðîõîäÿùèìè ÷åðåç òî÷-
êó (x, y, t), è îñüþ t.

Íåòðóäíî ïîêàçàòü, ÷òî

ω(m)(x, y, t) ≡ 0, 0 < x <≡ |t|. (11)

Ïîýòîìó ôàêòè÷åñêîé îáëàñòüþ èíòåãðèðîâàíèÿ â óðàâíåíèè (10) äëÿ òî-
÷åê (x, y, t) ∈ D = {(x, y, t) : x ≥ |t|} áóäóò ïðÿìîóãîëüíèêè ∆(x, y, t) ∈
D = {(x, y, t) : |τ | ≤ ξ ≤ x − |t − τ |}, îáðàçîâàííûå õàðàêòåðèñòèêàìè,
âûõîäÿùèìè èç òî÷åê (0, y, 0), (x, y, t).

Îáîçíà÷èì

ω̃(m)(x, y, t) = ω(m)(x, y, t)− 1

2
eimy[δ(x− t) + δ(x+ t)]. (12)
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Êóñî÷íî-íåïðåðûâíàÿ ôóíêöèÿ ω̃(m)(x, y, t) åñòü ðåøåíèå óðàâíåíèÿ

ω̃(m)(x, y, t) =
h(y)

4
θ(x− |t|)

[ x+t
2∫

0

q(ξ, y)dξ +

x−t
2∫

0

q(ξ, y)dξ

]
+

+
1

2

∫
∆(x,y,t)

∫
q(ξ, y)ω̃(ξ, y, τ)dξdτ, x > 0. (13)

×òîáû âû÷èñëèòü ω̃(m)(x, y, x− 0), â (13) íàäî ïîëîæèòü t = x, òîãäà

x−t
2∫

0

q(ξ, y)dξ = 0

è ∫
∆(x,y,t)

∫
q(ξ, y)ω̃(ξ, y, τ)dξdτ = 0,

ò.ê. ∆(x, y, t) ïðåâðàùàåòñÿ â îòðåçîê ïðè êàæäîì ôèêñèðîâàííîì y.

Òàêèì îáðàçîì,

ω̃(m)(x, y, x− 0) =
h(y)

4

x∫
0

q(ξ, y)dξ, x > 0. (14)

Ïðîäîëæèì íå÷åòíûì îáðàçîì ôóíêöèè u(k)(x, y, t) è f (k)(y, t) ïî ïå-
ðåìåííîé t.

Î÷åâèäíî, ÷òî

u(k)(x, y, t) =

∫
R

f (k)(y, s)ω(m)(x, y, t− s)ds =

=

∫
R

( ∞∑
m=1

f (k)
m (t)eimy

)
ω(m)(x, y, t− s)ds =
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∫
R

( ∞∑
m=1

f (k)
m (t− s)eimy

)
ω(m)(x, y, s)ds =

=

∫
R

∞∑
m=1

f (k)
m (t− s)ω(m)(x, y, s)ds

ïðè x > 0, y ∈ R è k ∈ Z. Çäåñü f
(k)
m (t) � êîýôôèöèåíòû Ôóðüå ôóíêöèè

f
(k)
m (y, t) ïðè ω(m) = eimyδ(t):

u(k)(0, y, t) =

∫
R

f (k)(y, s)ω(m)(0, y, s)ds =

∫
R

f (k)(y, s)eimyδ(t− s)ds =

=

∫
R

( ∞∑
m=1

f (k)
m (s)eimy

)
eimyδ(t− s)ds =

∫
R

f (k)
m (s)δ(t− s) = f (k)

m .

Â óðàâíåíèè (1) îáðàòíîé çàäà÷è (1)�(4) âûðàæåíèå q · u çàïèøåì ñëå-
äóþùèì îáðàçîì:

q · u =
∞∑

j=−∞
bje

ijy,

q(x, y) · uk(x, y, t) =
∫
R

( ∞∑
j=−∞

bj(t)e
ijy

)
ω(m)(x, y, t− s)ds =

=

∫
R

∞∑
m=1

bj(t− s)ω(m)(x, y, s)ds.

Ðåøåíèå çàäà÷è (1), (4) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u(k)(x, y, t) =

∫
R

∞∑
m=1

f (k)
m (t− s)ω(m)(x, y, s)ds. (15)

Èñïîëüçóÿ (6), ïîëó÷èì

u(k)(x, y, t) =

∫
R

∞∑
m=1

f (k)
m (t− s){eimy(δ(x+ t) + δ(x− t))}+ ω̃(m)(x, y, s)ds.
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Ïðåîáðàçóåì ôîðìóëó (15):

u(k)(x, y, t) =
1

2

[
f (k)(y, t+x)+f (k)(y, t−x)

]
+

x∫
−x

∞∑
m=1

f (k)
m (t−s)ω̃(m)(x, y, s)ds.

Ïðè x > |t| èìååì

1

2

[
f (k)(y, t+ x) + f (k)(y, t− x)

]
+

x∫
−x

∞∑
m=1

f (k)
m (t− s)ω̃(m)(x, y, s)ds = 0. (16)

Ïðè êàæäîì ôèêñèðîâàííîì x > 0 ñîîòíîøåíèå (16) ÿâëÿåòñÿ èí-
òåãðàëüíûì óðàâíåíèåì Ãåëüôàíäà-Ëåâèòàíà ïåðâîãî ðîäà îòíîñèòåëüíî
ôóíêöèè ω̃(m)(x, y, t), t ∈ (−x, x).

Ïîñëå äèñêðåòèçàöèè óðàâíåíèÿ íà ñåòêå è àïïðîêñèìàöèè èíòåãðàëü-
íîãî îïåðàòîðà ïî êàäðàòóðíûì ôîðìóëàì çàäà÷à (16) ñâîäèòñÿ ê ðåøå-
íèþ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ) ñ ñèììåòðè÷-
íîé ìàòðèöåé. Òàê êàê óðàâíåíèå (16) îòíîñèòñÿ ê êëàññó íåêîððåêòíî
ïîñòàâëåííûõ çàäà÷, òî ÑËÀÓ, âîçíèêàþùàÿ â ðåçóëüòàòå äèñêðåòèçàöèè
óðàâíåíèÿ, ÿâëÿåòñÿ ïëîõî îáóñëîâëåííîé è ïðåîáðàçóåòñÿ ê âèäó

f (k)
γ (µE +A(k))ω̃ = f (k)

γ

ãäå µ � ïàðàìåòð ðåãóëÿðèçàöèè.
Äëÿ ðåøåíèÿ óðàâíåíèÿ (17) èñïîëüçóþòñÿ ïðÿìîé ìåòîä êâàäðàòíîãî

êîðíÿ è èòåðàöèîííûå ìåòîäû ðåãóëÿðèçàöèè. ×èñëåííàÿ ðåàëèçàöèÿ è
ðàñïàðàëëåëèâàíèå èòåðàöèîííûõ ìåòîäîâ è ìåòîäà êâàäðàòíîãî êîðíÿ
äëÿ ðåøåíèÿ äâóìåðíîé êîýôôèöèåíòíîé îáðàòíîé çàäà÷è âûïîëíåíû ñ
ïîìîùüþ áèáëèîòåêè MPI íà ÿçûêå Ôîðòðàí.

Ðàñïàðàëëåëèâàíèå èòåðàöèîííûõ ìåòîäîâ ãðàäèåíòíîãî òèïà [4] îñíî-
âàíî íà ðàçáèåíèè ìàòðèöû A(k) ãîðèçîíòàëüíûìè ïîëîñàìè íà m áëîêîâ,

à âåêòîðà ðåøåíèÿ z è âåêòîðîâ ïðàâîé ÷àñòè f
(k)
γ ÑËÀÓ � íà m ÷àñòåé

òàê, ÷òî n = m × L , ãäå n � ðàçìåðíîñòü ñèñòåìû óðàâíåíèé, m � ÷èñëî
ïðîöåññîðîâ, L � ÷èñëî ñòðîê ìàòðèöû â áëîêå.

Ðàñïàðàëëåëèâàíèå ìåòîäà êâàäðàòíîãî êîðíÿ, ïðåäëîæåííîãî â ðàáî-

òå [5]. Ìàòðèöà A(k) ðàçáèâàåòñÿ âåðòèêàëüíûìè ëèíèÿìè íà m áëîêîâ.
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Äèàãîíàëüíûå ýëåìåíòû òðåóãîëüíîé ìàòðèöû S. Îáðàòíûé õîä ìåòîäà
êâàäðàòíîãî êîðíÿ (íàõîæäåíèÿ ÑËÀÓ) ïî ðåêóððåíòíûì ôîðìóëàì òàê-
æå âûïîëíÿåòñÿ íà îäíîì ïðîöåññîðå.
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In this article we used parallel direct and iterative algorithms to solve two-
dimensional coe�cient inverse problem for hyperbolic equation.
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çåìëåòðÿñåíèÿ ïðåèìóùåñòâåííî ïðîèñõîäèëè íà àçèàòñêîé ÷àñòè òåððèòîðèè, à

ïðè ïîâûøåííîé óðîâíå ñîëíå÷íîé àêòèâíîñòè ñèëüíûå çåìëåòðÿñåíèÿ ïðîèñõî-

äèëè, â îñíîâíîì, íà åâðîïåéñêîé ÷àñòè.

Êëþ÷åâûå ñëîâà: Ñîëíå÷íàÿ àêòèâíîñòü, çåìëåòðÿñåíèå, ÷èñëî ñîëíå÷íûõ ïÿòåí.

Íà ïëàíåòå, òåððèòîðèè ñòðàí êîòîðûõ ðàñïîëîæåíû â ñåéñìè÷åñêè
àêòèâíûõ çîíàõ, èìååòñÿ âûñîêèé ñîöèàëüíûé ñïðîñ íà êà÷åñòâåííûå ìå-
òîäû ïðîãíîçà ñèëüíûõ çåìëåòðÿñåíèé è îöåíêè ñåéñìè÷åñêîé îïàñíîñòè.

Âîïðîñ î ñâÿçè ñåéñìè÷åñêîé àêòèâíîñòè Çåìëè ñ âàðèàöèÿìè ñîë-
íå÷íîé àêòèâíîñòè îáñóæäàåòñÿ óæå áîëåå 150 ëåò [1]�[15]. Àíàëèç ýêñ-
ïåðèìåíòàëüíûõ äàííûõ ïîêàçûâàåò, ÷òî íà òåððèòîðèè âíóòðèïëèòîâîé
ñåéñìè÷íîñòè, îãðàíè÷åííîé êîîðäèíàòàìè 300N-450N, 00E -1100E, â çîíå

Keywords: Solar activity, earthquake, the number of sunspots.
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Àëüïèéñêî-Ãèìàëàéñêîãî ãîðíîãî ïîÿñà äîëãîâðåìåííûå òðåíäû â âàðè-
àöèÿõ ñîëíå÷íîé è ñåéñìè÷åñêîé àêòèâíîñòåé íàõîäÿòñÿ â ïðîòèâîôàçå
[2]�[7]; âíóòðè 11-ëåòíèõ ñîëíå÷íûõ öèêëîâ ñåéñìè÷åñêàÿ àêòèâíîñòü âîç-
ðàñòàåò, â îñíîâíîì, íà ôàçå ñïàäà è ìèíèìóìà ñîëíå÷íîé àêòèâíîñòè [8],
[9], íî ìîæåò íåñêîëüêî ïîâûøàòüñÿ â ïåðèîäû ñîëíå÷íûõ ìàêñèìóìîâ
[6], [10], [11] è âî âðåìÿ ñîëíå÷íûõ ïðîòîííûõ ñîáûòèé [2], [3]. Äëÿ àíà-
ëèçà èñïîëüçîâàíû äàííûå î ñèëüíåéøèõ çåìëåòðÿñåíèÿõ (M ≥ 7.0), ïðî-
èçîøåäøèõ â 1973-2014 ã.ã. â çîíå âíóòðèêîíòèíåíòàëüíîé ñåéñìè÷íîñòè
íà òåððèòîðèè Àëüïèéñêî-Ãèìàëàéñêîãî îðîãåííîãî ïîÿñà, îãðàíè÷åííîé
êîîðäèíàòàìè 300N-450N, 00E -1100E. Ñîãëàñíî ãëîáàëüíîìó ñåéñìîëîãè-
÷åñêîìó êàòàëîãó NEIC ãåîëîãè÷åñêîé ñëóæáû ÑØÀ â ýòè ãîäû íà ýòîé
òåððèòîðèè ïðîèçîøëî 32 çåìëåòðÿñåíèÿ ñ ìàãíèòóäîé 7.0 è áîëåå.

Ðèñóíîê 1 � Ñðåäíåìåñÿ÷íûå ÷èñëà ñîëíå÷íûõ ïÿòåí (÷åðíàÿ êðèâàÿ) è

èõ äîëãîâðåìåííûé ëèíåéíûé òðåíä (÷åðíàÿ ïðÿìàÿ ëèíèÿ);

÷åðíûå êðóãè è êðàñíûå êâàäðàòû � äàòû çåìëåòðÿñåíèé ñ (M ≥ 7.0)

íà òåððèòîðèè 300N-45 0 N, 00Å-110 0 Å, ïðèóðî÷åííûå ê ïîíèæåííîìó

è ïîâûøåííîìó óðîâíÿì ñîëíå÷íîé àêòèâíîñòè ñîîòâåòñòâåííî

Íà îñíîâàíèè Ðèñ. 1 ìîæíî çàêëþ÷èòü, ÷òî äàííûå, ïîëó÷åííûå ïðè
àíàëèçå çåìëåòðÿñåíèé, ïîäòâåðæàþò òàêîå ïðåäïîëîæåíèå, ïîêàçûâàÿ,
÷òî â 1973-2014 ã.ã. íà òåððèòîðèè ñåéñìîàêòèâíûõ ðàéîíîâ Àëüïèéñêî-
Ãèìàëàéñêîãî îðîãåííîãî ïîÿñà ñèëüíûå çåìëåòðÿñåíèÿ (M ≥ 7.0) ïðî-
èñõîäèëè, â îñíîâíîì, ïðè ïîâûøåííîé ñîëíå÷íîé àêòèâíîñòè íà åâðî-
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ïåéñêîé ÷àñòè, íî ïðè ïîíèæåííîé ñîëíå÷íîé àêòèâíîñòè � íà àçèàòñêîé
÷àñòè, òî åñòü ñîçäàåòñÿ âïå÷àòëåíèå, ÷òî ñâÿçü ìåæäó âàðèàöèÿìè ñîë-
íå÷íîé è ñåéñìè÷åñêîé àêòèâíîñòåé îòñóòñòâóåò. Îäíàêî, âïå÷àòëåíèå èç-
ìåíèòñÿ, åñëè ïðîàíàëèçèðîâàòü ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå ýïèöåí-
òðîâ ýòèõ ñîáûòèé. Íà Ðèñ. 2 ïîêàçàíû ýïèöåíòðû ýòèõ çåìëåòðÿñåíèé,
íàíåñåííûõ íà êàðòó. Ýïèöåíòðû íåêîòîðûõ çåìëåòðÿñåíèé áûëè ðàñïî-
ëîæåíû òàê áëèçêî, ÷òî ñëèëèñü íà Ðèñ. 2, ïîýòîìó âèçóàëüíî êîëè÷åñòâî
ñèìâîëîâ êàæåòñÿ ìåíüøå, ÷åì 32.

Ðèñóíîê 2 � Ðàñïðåäåëåíèå ýïèöåíòðîâ ñèëüíûõ çåìëåòðÿñåíèé (M ≥ 7.0),

ïðîèçîøåäøèõ â 1973-2014 ã.ã. íà òåððèòîðèè ñ êîîðäèíàòàìè: 300N-450N,

00E-1100E: ÷åðíûå êðóãè � ýïèöåíòðû ñîáûòèé, ïðîèçîøåäøèõ ïðè ïîíèæåííîé

ñîëíå÷íîé àêòèâíîñòè, êðàñíûå êâàäðàòû � ïðè ïîâûøåííîé ñîëíå÷íîé àêòèâíîñòè.
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Àíàëèçèðóÿ Ðèñ. 2, íåòðóäíî çàìåòèòü, ÷òî íà åâðîïåéñêîé ÷àñòè
Àëüïèéñêî-Ãèìàëàéñêîãî îðîãåííîãî ïîÿñà ñèëüíûå çåìëåòðÿñåíèÿ ñ M ≥
7.0 ïðîèñõîäèëè, â îñíîâíîì, ïðè ïîâûøåííîé ñîëíå÷íîé àêòèâíîñòè (14
ñîáûòèé èç 16, ò.å. 87.5%, êðàñíûå êâàäðàòû), à íà àçèàòñêîé ÷àñòè ãîðíî-
ãî ïîÿñà ñèëüíûå çåìëåòðÿñåíèÿ ïðîèñõîäèëè, â îñíîâíîì, ïðè ïîíèæåí-
íîé ñîëíå÷íîé àêòèâíîñòè (13 ñîáûòèé èç 16, ò.å. 81.3%, ÷åðíûå êðóãè).
Ýòîò ðåçóëüòàò ãîâîðèò î òîì, ÷òî ðåãèîíû ñ ðàçëè÷íûì òèïîì ãåîëîãî-
òåêòîíè÷åñêîãî ñòðîåíèÿ ìîãóò ðåàãèðîâàòü ïî-ðàçíîìó íà âàðèàöèè ñîë-
íå÷íîé àêòèâíîñòè.

Òåíäåíöèÿ ïðèóðî÷åííîñòè ñèëüíûõ çåìëåòðÿñåíèé íà òåððèòîðèè âû-
ñîêîé Àçèè ê ïåðèîäàì íèçêîé ñîëíå÷íîé àêòèâíîñòè ïîääåðæèâàåòñÿ äàí-
íûìè î òðåõ ñèëüíåéøèõ çåìëåòðÿñåíèÿõ íåäàëåêîãî ïðîøëîãî, ïðîèçî-
øåäøèõ íà òåððèòîðèè Ñåâåðíîãî Òÿíü-Øàíÿ (Òàáëèöà). Âèäíî, ÷òî êàæ-
äîå èç ýòèõ ñîáûòèé ïðîèçîøëî ïðè íèçêîì óðîâíå ñîëíå÷íîé àêòèâíîñòè.
Ê ýòîìó ìîæíî òàêæå äîáàâèòü, ÷òî èç ðàññìîòðåííûõ 32 çåìëåòðÿñåíèé
ñàìûì ñèëüíûì áûëî çåìëåòðÿñåíèå â ïðîâèíöèè Ñû÷óàíü â Àçèè ñ ìàã-
íèòóäîé Ì=7.9, êîòîðîå ïðîèçîøëî 5 ìàÿ 2008 ã. â ïåðèîä ýêñòðåìàëüíî
íèçêîãî óðîâíÿ ñîëíå÷íîé àêòèâíîñòè ïðè ñðåäíåãîäîâîì ÷èñëå ñîëíå÷íûõ
ïÿòåí SSN= 3.2. Ñèëüíåéøèå çåìëåòðÿñåíèÿ, ïðîèçîøåäøèå ïðè ýêñòðå-
ìàëüíî íèçêîé ñîëíå÷íîé àêòèâíîñòè íà Ñåâåðíîì Òÿíü-Øàíå: 1807 ã. �
Àëìàòèíñêîå (Ì=6.8); 1887 ã. � Âåðíåíñêîå (Ì=7.3); 1889 ã. � ×èëèêñêîå
(Ì=8.3) è 1911 ã. � Êåìèíñêîå (Ì=8.2).

Ïî äàííûì î ñèëüíûõ (M ≥ 7.0) çåìëåòðÿñåíèÿõ, ïðîèçîøåäøèõ â
1973-2014 ã.ã. íà òåððèòîðèè Àëüïèéñêî-Ãèìàëàéñêîãî îðîãåííîãî ïîÿñà,
îãðàíè÷åííîé êîîðäèíàòàìè: 300N-450N, 00E -1100E (32 ñîáûòèÿ), ïîêàçà-
íî, ÷òî 16 çåìëåòðÿñåíèé ïðîèçîøëè ïðè ïîíèæåííîì óðîâíå ñîëíå÷íîé
àêòèâíîñòè è 16 � ïðè ïîâûøåííîì. Îäíàêî, ïðè ïîíèæåííîé ñîëíå÷íîé
àêòèâíîñòè ñèëüíûå çåìëåòðÿñåíèÿ ïðîèñõîäèëè, â îñíîâíîì, íà àçèàòñêîé
÷àñòè Àëüïèéñêî-Ãèìàëàéñêîãî ïîÿñà (13 ñîáûòèé èç 16, ò.å. 81.3%), à ïðè
ïîâûøåííîé ñîëíå÷íîé àêòèâíîñòè ñèëüíûå çåìëåòðÿñåíèÿ ïðîèñõîäèëè, â
îñíîâíîì, íà åâðîïåéñêîé ÷àñòè Àëüïèéñêî-Ãèìàëàéñêîãî ïîÿñà (14 ñîáû-
òèé èç 16, ò.å. 87.5%). Ýòîò ðåçóëüòàò ïîääåðæèâàåò èäåþ î âëèÿíèè ñîë-
íå÷íîé àêòèâíîñòè íà ñåéñìè÷åñêóþ àêòèâíîñòü Çåìëè è ïîêàçûâàåò, ÷òî
õàðàêòåð âëèÿíèÿ ìîæåò áûòü ðàçíûì äëÿ ãåîëîãè÷åñêèõ ðàéîíîâ ñ ðàç-
ëè÷íûì ñòðóêòóðíî-âåùåñòâåííûì ñîñòàâîì, ÷òî äîëæíî áûòü ïðèíÿòî âî
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âíèìàíèå ïðè ðàçðàáîòêå ôèçè÷åñêîãî ìåõàíèçìà ñîëíå÷íî-ëèòîñôåðíûõ
ñâÿçåé.

Áëàãîäàðíîñòü! Âûðàæàåì áîëüøóþ áëàãîäàðíîñòü äîêòîðó
ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Õà÷èêÿí Ãàëèíå ßêîâëåâíå è êàíäèäà-
òó ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Æóìàáàåâó Áåéáèòó Òåíåëîâè÷ó çà
ïîñòàíîâêó çàäà÷è è êóðèðîâàíèå ðàáîòû.
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Toishiyev N., Kaldybaev A., Nurakynov S. STRONG (M ≥ 7.0)
EARTHQUAKES ON THE TERRITORY OF THE ALPINE-HIMALAYAN
OROGENIC BELT: CONNECTION TO SOLAR ACTIVITY VARIATIONS

Variations of the strongest earthquakes (M ≥ 7.0) which took place on
the territory of the Alpine-Himalayan orogenic belt during 1973-2014 with
coordinates: 300N-450N, 00E -1100E are studied. During this period, there
are 32 earthquakes with a magnitude of 7.0 or more. It is found that the
spatial distribution of epicenters of 32 strong earthquakes which occurred on
the territory, is equally divided, that is, 16 events are occurred when solar
activity was at reduced levels and 16 � at elevated levels. When solar activity
was reduced, the level of strong earthquakes were occurred mainly in the Asian
part of the territory and at elevated levels of solar activity strong earthquakes
were occurred mainly in the European part.

Òîéøèåâ Í.Ñ., Êàëäûáàåâ À.À., Íóðàêûíîâ Ñ.Ì. ÀËÜÏI-ÃÈÌÀËÀÉ
ÒÀÓËÛ ÎÐÃÅÍ ÁÅËÄÅÓI ÒÅÐÐÈÒÎÐÈßÑÛÍÄÀ�Û Ê�ØÒI (M ≥
7.0) ÆÅÐ ÑIËÊIÍIÑÒÅÐI: Ê�Í ÁÅËÑÅÍÄIËIÃIÍI� ÀÓÛÒ�ÓËÀÐÛ-
ÌÅÍ ÁÀÉËÀÍÛÑÛ

Àëüïi-Ãèìàëàé òàóëû îðîãåí áåëäåóiíi òåððèòîðèÿñûíäà 1973-2014
ææ. àðàñûíäà áîë¡àí, 300N-450N, 00E -1100E êîîðäèíàòàëàðûìåí øåê-
òåëãåí òåððèòîðèÿäà¡û êóøòi M ≥ 7.0 æåð ñiëêiíiñòåðiíi âàðèàöèÿëàðû
çåðòòåëãåí. Îñû æûëäàð àðàëû¡ûíäà á´ë æåðäå ìàãíèòóäàñû 7.0 æºíå
îäàí äà æî¡àðû áîëàòûí 32 æåð ñiëêiíiñi áîëäû. Îñû àéìà©òà¡û ê³øòi
32 æåð ñiëêiíiñiíi îøà¡ûíû òåððèòîðèÿëû© òàðàëûìû áiðêåëêi òåäåé
á°ëiíãåí, ÿ¡íè: 16 æåð ñiëêiíiñi ê³í áåëñåíäiëiãiíi ò°ìåíäåòiëãåí äåãåéií-
äå îðûí àëñà, 16-ñû ê³í áåëñåíäiëiãiíi æî¡àð¡û äåãåéiíäå îðûí àë¡àíäû-
¡û àíû©òàëäû. Ê³í áåëñåíäiëiãi ò°ìåíäåãåí êåçäå ê³øòi æåð ñiëêiíiñòåði
íåãiçiíåí òåððèòîðèÿíû àçèÿëû© á°ëiãiíäå îðûí àë¡àí, àë ê³í áåëñåíäiëi-
ãiíi æî¡àðû äåãåéiíäå ê³øòi æåð ñiëêiíiñòåði íåãiçiíåí òåððèòîðèÿíû
åóðîïàëû© á°ëiãiíäå îðûí àë¡àí.
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1. Ââåäåíèå

Â ðàáîòå [1] áûë èçó÷åí ìåòîä ïîñòðîåíèÿ ðåøåíèÿ äèôôåðåíöèàëüíî-
ãî óðàâíåíèÿ âèäà

Dαy (t) = λtβy (t) + f (t) , 0 < t ≤ d ≤ ∞, (1)

ãäå α > 0, λ ̸= 0, β ∈ R,Dα � îïåðàòîð äèôôåðåíöèðîâàíèÿ ïîðÿäêà α â
ñìûñëå Ðèìàíà-Ëèóâèëëÿ [1].

Íà îñíîâå íàéäåííûõ â ðàáîòå [2] ôîðìóë êîìïîçèöèè îïåðàòîðà Dα

ñî ñïåöèàëüíîé ôóíêöèåé òèïà Ìèòòàã-Ëåôôëåðà

Eα,m,l (z) =

∞∑
i=0

ciz
i, c0 = 1, ci =

i−1∏
k=0

Γ [α (km+ l) + 1]

Γ [α (km+ l + 1) + 1]
, i ≥ 1,

áûë ïðåäëîæåí àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ óðàâíåíèÿ (1) â ñëó÷àÿõ
f (t) = 0 è f(t) � êâàçèïîëèíîì. Â ÷àñòíîñòè, äîêàçàíî ñëåäóþùåå óòâåð-
æäåíèå.

Òåîðåìà 1. Ïóñòü â óðàâíåíèè (1) f (t) = 0, α > 0, α � íåöåëàÿ, β > −α.
Åñëè 0 < α < 1, òî óðàâíåíèå (1) èìååò ðåøåíèå

y (t) = tα−1Eα,1+β/α,(β−1)/α

(
λtα+β

)
∈ Iloc [0, d) . (2)

Åñëèm−1 < α < m,m = 2, 3, ..., è (α+ β) (i+ 1) = 1, 2, ...,m−1, i = 0, 1, ...,
òî óðàâíåíèå (1) èìååò m ðåøåíèé

yj (t) = tα−jEα,1+β/α,(β−j)/α

(
λtα+β

)
, j = 1, 2, ...,m. (3)

Ïðè ýòîì yj (t) ∈ Bloc [0, d) , j = 1, 2, ...,m − 1, ym (t) ∈ Iloc [0, d) . Ïðè β >
−{α} ðåøåíèÿ (3) ëèíåéíî íåçàâèñèìû.

Çäåñü Iloc (Ω) è Bloc (Ω) � ïðîñòðàíñòâà ôóíêöèé, ñîîòâåòñòâåííî ëî-
êàëüíî èíòåãðèðóåìûõ è ëîêàëüíî îãðàíè÷åííûõ íà ìíîæåñòâå Ω äåéñòâè-
òåëüíîé îñè.

Â íàñòîÿùåé ðàáîòå ìû ïðåäëàãàåì íîâûé, áîëåå ïðîñòîé ìåòîä ïî-
ñòðîåíèÿ ðåøåíèÿ óðàâíåíèÿ (1). Äàííûé ìåòîä îñíîâàí íà ïîñòðîåíèè
íîðìèðîâàííûõ ñèñòåì îòíîñèòåëüíî îïåðàòîðà Dα (ñì. [3],[4]).

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



248 Á.Õ. Òóðìåòîâ, Æ. Àáäóëëàåâ

2. Íîðìèðîâàííûå ñèñòåìû

Ïóñòü L1 è L2 � ëèíåéíûå îïåðàòîðû, äåéñòâóþùèå èç ïðîñòðàíñòâà
X â X, LkX ⊂ X, k = 1, 2. Ïóñòü ôóíêöèè èç X îïðåäåëåíû â îáëàñòè
Ω ⊂ Rn. Ïðèâåäåì îïðåäåëåíèå íîðìèðîâàííûõ ñèñòåì [3].

Îïðåäåëåíèå 1. Ïîñëåäîâàòåëüíîñòü ôóíêöèé {fi(x)}∞i=0, fi (x) ∈ X, íà-
çûâàåòñÿ f -íîðìèðîâàííîé îòíîñèòåëüíî îïåðàòîðà L1 â Ω, èìåþùåé îñ-
íîâàíèå f0 (x) , åñëè âåçäå â ýòîé îáëàñòè

L1f0(x) = f (x) , L1fi(x) = fi−1(x), i ≥ 1.

Åñëè f (x) = 0, òî ñèñòåìó ôóíêöèé {fi (x)} íàçîâ¼ì ïðîñòî íîðìèðî-
âàííîé.

Îñíîâíûå ñâîéñòâà ñèñòåìû ôóíêöèé, f -íîðìèðîâàííîé îòíîñèòåëüíî
L1 â Ω, èçëîæåíû â [3]. Ïðèâåäåì íåêîòîðûå èç íèõ.

Ñâîéñòâî 1. Åñëè îïåðàòîðû L1 è L2 êîììóòèðóþò, à ñèñòåìà ôóíêöèé
{fi (x)}∞i=0 ÿâëÿåòñÿ f -íîðìèðîâàííîé îòíîñèòåëüíî L1 â Ω, òî ôóíêöèî-

íàëüíûé ðÿä y (x) =
∞∑
k=0

Lk
2fk (x), x ∈ Ω, ÿâëÿåòñÿ ôîðìàëüíûì ðåøåíèåì

óðàâíåíèÿ (L1 − L2) y (x) = f (x) , x ∈ Ω.

Ñâîéñòâî 2. Ïóñòü îïåðàòîðû L1 è L2 êîììóòèðóþò, à ñèñòåìà ôóíê-
öèé {fi (x)}∞i=0 ÿâëÿåòñÿ f -íîðìèðîâàííîé îòíîñèòåëüíî L1 â Ω. Òîãäà ñè-

ñòåìà ôóíêöèé φk (x) =
∞∑
i=k

Li−k
2 fi (x), x ∈ Ω,

(
i
k

)
= i!

k!(i−k)! , ÿâëÿåòñÿ

f -íîðìèðîâàííîé îòíîñèòåëüíî îïåðàòîðà L1 − L2 â Ω.

Òåïåðü ïðèâåäåì ìåòîäèêó ïîñòðîåíèÿ íîðìèðîâàííûõ ñèñòåì äëÿ îä-
íîãî êëàññà îïåðàòîðîâ [4].

Îïðåäåëåíèå 2. ÎïåðàòîðDµ íàçûâàåòñÿ îáîáùåííî-îäíîðîäíûì ïîðÿä-
êà µ îòíîñèòåëüíî ïåðåìåííîé t, åñëè

Dµt
a = cµ,at

a−µ, t > 0, (4)

ãäå µ, a ∈ R,µ, a > 0, cµ,a � ïîñòîÿííàÿ. Èç ðàâåíñòâà (4) ñëåäóåò

t−a+µDµt
a = cµ,a. (5)
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Ïóñòü s ∈ R,Dµ � îáîáùåííî-îäíîðîäíûé îïåðàòîð ïîðÿäêà µ. Ïðåäïî-
ëîæèì, ÷òî ê îäíî÷ëåíó tµk+s ìîæíî ïðèìåíèòü îïåðàòîð Dµ. Íà îñíîâå
ðàâåíñòâà (5) ââåäåì ñëåäóþùèå êîýôôèöèåíòû:

c (µ, s, i) =

i∏
k=1

(
t−µk−s+µDµt

µk+s
)
, i ≥ 1, c (µ, s, 0) = 1. (6)

Áóäåì ïðåäïîëàãàòü, ÷òî c (µ, s, i) ̸= 0, i ≥ 1. Ëåãêî ïîêàçàòü, ÷òî äëÿ
êîýôôèöèåíòîâ c (µ, s, i) ñïðàâåäëèâû ðàâåíñòâà

1

c (µ, s, i)
=

(
t−µi−sDµt

µi+s
)

c (µ, s, i+ 1)
, i ≥ 1.

Ðàññìîòðèì ñèñòåìó ôóíêöèé fs,i(t) = tµi+s

c(µ,s,i) , i = 0, 1, ... . Ñïðàâåäëèâî

ñëåäóþùåå óòâåðæäåíèå [4].

Ëåììà 1. Ïóñòü Dµ ÿâëÿåòñÿ îáîáùåííî-îäíîðîäíûì îïåðàòîðîì ïî-
ðÿäêà µ îòíîñèòåëüíî ïåðåìåííîé t è äëÿ íåêîòîðûõ çíà÷åíèé s ∈
{s1, ..., sm}, sj ∈ R, j = 1, 2, ...,m, âûïîëíÿåòñÿ ðàâåíñòâî Dµt

sj = 0. Òîãäà
ïðè âñåõ 1 ≤ j ≤ m ñèñòåìà fsj ,i (t) ÿâëÿåòñÿ 0-íîðìèðîâàííîé îòíîñèòåëü-
íî îïåðàòîðà Dµ.

Ðàññìîòðèì ôóíêöèþ

ys,p (t) =

∞∑
i=p

λi−p

(
i
p

)
tµi+s

c (µ, s, i)
. (7)

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 2. Ïóñòü p = 0, ðÿä (7) ñõîäèòñÿ è ê íåìó ìîæíî ïî÷ëåííî ïðè-

ìåíÿòü îïåðàòîðDµ. Åñëè ñóùåñòâóþò çíà÷åíèÿ ïàðàìåòðà s, ïðè êîòîðûõ
âûïîëíÿåòñÿ ðàâåíñòâî (

t−µi−s+µDµt
µi+s

)∣∣
i=0

= 0, (8)

òî ôóíêöèè ys,0 (t) ïðè âñåõ òàêèõ çíà÷åíèÿõ ïàðàìåòðà s óäîâëåòâîðÿþò

óðàâíåíèþ Dµy (t) = λy (t) , t > 0.
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Òåîðåìà 3. Ïóñòü ðÿä (7) ñõîäèòñÿ è ê íåìó ìîæíî ïî÷ëåííî ïðèìå-

íÿòü îïåðàòîð Dµ. Åñëè ñóùåñòâóþò çíà÷åíèÿ ïàðàìåòðà s, ïðè êîòîðûõ

âûïîëíÿåòñÿ ðàâåíñòâî (8),òî ôóíêöèè ys,p (t) ïðè âñåõ òàêèõ çíà÷åíèÿõ

ïàðàìåòðà s è äëÿ âñåõ p = 0, 1, ..., n− 1 óäîâëåòâîðÿþò óðàâíåíèþ

(Dµ − λ)ny (t) = 0, t > 0, n ≥ 1.

Äîêàçàòåëüñòâà ýòèõ òåîðåì ñëåäóþò èç óòâåðæäåíèÿ Ëåììû 1 è
ñâîéñòâ íîðìèðîâàííûõ ñèñòåì.

3. Ïðèìåð îáîáùåííî-îäíîðîäíîãî îïåðàòîðà

Ïðèâåäåì íåêîòîðûå ñâîéñòâà îïåðàòîðîâ Iα è Dα . Ñïðàâåäëèâû ñëå-
äóþùèå ðàâåíñòâà:

Iαta =
Γ (a+ 1)

Γ (a+ 1 + α)
ta+α, a > −1,

Dαta = 0, a = α− j, j = 1, 2, ...,m, (9)

Dαta =
Γ (a+ 1)

Γ (a+ 1− α)
ta−α, a > α−m. (10)

Ïóñòü α > 0, β ∈ R. Îáîçíà÷èì Dα,β = t−βDα. Èç ðàâåíñòâ (9) è (10)
ñëåäóåò

Dα,βt
a =

{
0, a = α− j, j = 1, 2, ...,m,
Γ(a+1)

Γ(a+1−α) t
a−(α+β), a > α− 1.

(11)

Òàêèì îáðàçîì, èç (11) âûòåêàåò, ÷òî îïåðàòîð Dα,β ÿâëÿåòñÿ îáîáùåííî-
îäíîðîäíûì ïîðÿäêà α+β îòíîñèòåëüíî ïåðåìåííîé t. Èññëåäóåì êîýôôè-
öèåíòû c (α+ β, s, i), ñâÿçàííûå ñ îïåðàòîðîì Dα,β = t−βDα. Èç ðàâåíñòâ
(11) è (6) ïîëó÷àåì

c (α+ β, s, i) =

i∏
k=1

(
t−(α+β)k−s+α+βDα,βt

(α+β)k+s
)
=

=

i∏
k=1

Γ [(α+ β) k + s+ 1]

Γ [(α+ β) k + s+ 1− α]
, i ≥ 1.
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Îòìåòèì, ÷òî äëÿ òîãî, ÷òîáû èñïîëüçîâàòü óòâåðæäåíèå Òåîðåìû 2, íåîá-
õîäèìî âûïîëíåíèå óñëîâèé: (α+ β) k ̸= j−q, j = 2, ...,m, q = 1, 2, ..., j−1.
Òàêèì îáðàçîì, äëÿ îïåðàòîðà Dα,β = t−βDα êîýôôèöèåíòû c (α+ β, s, i)
èìåþò âèä

c (α+ β, α− j, i) =

i∏
k=1

Γ [(α+ β) k + α− j + 1]

Γ [(α+ β) k − j + 1]
, i ≥ 1,

c (α+ β, α− j, 0) = 1.

Ðàññìîòðèì óðàâíåíèå

(Dα,β − λ)ny (t) = 0, n = 1, 2, ..., t > 0. (12)

Èç Òåîðåì 2 è 3 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 4. Ïóñòü m − 1 < α < m, m = 1, 2, ..., β > −α. Åñëè 0 < α < 1,
òî óðàâíåíèå (12) èìååò n ðåøåíèé

yα−1,p (t) =

∞∑
i=p

λi−p

(
i
p

)
t(α+β)i+α−1

c (α+ β, α− 1, i)
, p = 0, 1, ..., n− 1. (13)

Åñëè m − 1 < α < m, m = 2, 3, ..., è (α+ β) i ̸= j − q, j = 2, 3, ...,m, q =
1, 2, ..., j − 1, i ≥ 1, òî óðàâíåíèå (12) èìååò mn � ðåøåíèé

yα−j,p (t) =
∞∑
i=p

λi−p

(
i
p

)
t(α+β)i+α−j

c (α+ β, α− j, i)
, (14)

ãäå j = 1, ...,m, p = 0, ..., n− 1.

Äàëåå, åñëè â óðàâíåíèè (12) n = 1, òî â îáëàñòè t > 0

tβ (Dα,β − λ) = tβ
[
t−βDα − λ

]
= Dα − λtβ.

Ñëåäîâàòåëüíî, âñÿêîå ðåøåíèå óðàâíåíèÿ (12) ïðè n = 1 ÿâëÿåòñÿ
ðåøåíèåì è îäíîðîäíîãî óðàâíåíèÿ (1).

Åñëè sj = α− j, òî ëåãêî ïîêàçàòü âûïîëíåíèå ðàâåíñòâà
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(α+ β) k + sj − α = α [(1 + β/α) (k − 1) + (β − j)/α+ 2] + 1.

Äàëåå, åñëè çàìåíèì èíäåêñ k − 1 íà k, òî

1

c (α+ β, α− j, i)
=

i−1∏
k=0

Γ [α ((1 + β/α) k + 1 + (β − j) /α) + 1]

Γ [α ((1 + β/α) k + (β − j) /α+ 2) + 1]
, i ≥ 1.

Ñëåäîâàòåëüíî, ôóíêöèè yα−j,p (t), ïðåäñòàâèìûå â âèäå (13) è (14), â
ñëó÷àå p = 0 ñîâïàäàþò ñîîòâåòñòâåííî ñ ôóíêöèÿìè (2) è (3) èç Òåîðåìû
1. Ïîýòîìó ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 5. Ïóñòü â óðàâíåíèè (1) f (t) = 0, α > 0, α � íåöåëàÿ, β > −α.
Åñëè 0 < α < 1, òî óðàâíåíèå (1) èìååò ðåøåíèå

yα−1,0 (t) =
∞∑
i=0

λi t(α+β)i+α−1

c (α+ β, α− 1, i)
,

ïðè÷åì yα−1 (t) ∈ Iloc [0, d) . Åñëè m− 1 < α < m,m = 2, 3, ..., è (α+ β) i ̸=
j − q, j = 2, 3, ...,m, q = 1, 2, ..., j − 1, i ≥ 1, òî óðàâíåíèå (1) èìååò m
ðåøåíèé

yα−j,0 (t) =

∞∑
i=0

λi t(α+β)i+α−j

c (α+ β, α− j, i)
, j = 1, 2, ...,m.

Ïðè ýòîì yα−j (t) ∈ Bloc [0, d) , j = 1, 2, ...,m− 1, yα−m (t) ∈ Iloc [0, d) . Åñëè
β > −{α}, òî ýòè ðåøåíèÿ ëèíåéíî íåçàâèñèìû.

4. Ïîñòðîåíèÿ ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

Ïóñòü fs,i (t) =
t(α+β)+s

c (α+ β, s, i)
, i = 0, 1, ..., ãäå s = µ+α, µ ∈ R. Äëÿ ýòîé

ñèñòåìû âåðíû ðàâåíñòâà

Dαfs,i (t) = tβfs,i−1 (t) , i ≥ 1, (15)

Dαfs,0 (t) = Dαtµ+α =
Γ (µ+ α+ 1)

Γ (µ+ 1)
tµ. (16)
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Ðàññìîòðèì ôóíêöèþ

yµ+α (t) =
Γ (µ+ 1)

Γ (µ+ 1 + α)

∞∑
i=0

λifµ+α,i (t).

Èç ðàâåíñòâ (15) è (16) ëåãêî ñëåäóåò Dαyµ+α (t) = tµ + λtβyµ+α (t) , ò.å.
ôóíêöèÿ yµ+α (t) ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì óðàâíåíèÿ (1) ïðè f (t) = tµ.
Òîãäà èç Òåîðåìû 5 âûòåêàåò ñïðàâåäëèâîñòü ñëåäóþùåãî óòâåðæäåíèÿ.

Òåîðåìà 6. Ïóñòü f (t) =
n∑

k=0

λkt
µk , λk ∈ R, 0 < α � íåöåëàÿ, β > −α,

µk > 1−α, (α+ β) i+ µk ̸= −1,−2, ...,−m, i = 0, 1, ..., k = 0, 1, ..., n. Òîãäà
i) ÷àñòíîå ðåøåíèå óðàâíåíèå (1) èìååò âèä

y (t) =

n∑
k=0

λkΓ (µk + 1)

Γ (µk + 1 + α)
yµk+α (t),

ïðè÷åì, åñëè ñóùåñòâóåò òàêîå k0 ∈ {0, 1, ..., n} , ÷òî µk < −α, òî y (t) ∈
Iloc [0, d) , à åñëè µk > −α äëÿ âñåõ k ∈ {0, 1, ..., n} , òî y (t) ∈ Bloc [0, d) ;
ii) ïðè β > −{α} (β > α− (m− 1)) îáùåå ðåøåíèå óðàâíåíèÿ (1) èìååò
âèä

y (t) =
m∑
j=1

cj

∞∑
i=0

λit(α+β)i+α−j

c (α+ β, α− j, i)
+

n∑
k=0

λkΓ (µk + 1)

Γ (µk + 1 + α)

∞∑
i=0

λit(α+β)i+α+µk

c (α+ β, α+ µk, i)
,

ãäå cj � ïðîèçâîëüíûå ïîñòîÿííûå, j = 1, 2, ...,m.

5. Çàäà÷à òèïà Êîøè äëÿ îäíîðîäíîãî óðàâíåíèÿ

Â ýòîì ïóíêòå ìû ðàññìîòðèì çàäà÷ó òèïà Êîøè äëÿ óðàâíåíèÿ (1) ñ
íà÷àëüíûìè óñëîâèÿìè

Dα−ky (t)
∣∣∣
t=0

= bk, k = 1, 2, ...,m, (17)

ãäå ïðè k = m ïîëàãàåì Dα−k ≡ Im−α..

Òåîðåìà 7. Ïóñòü â çàäà÷å (1) âûïîëíÿþòñÿ óñëîâèÿ: f (t) = 0, m− 1 <
α < m, m = 1, 2, ..., β > −{α}, λ ̸= 0, bk ∈ R, k = 1, 2, ...,m. Òîãäà ðåøåíèå
çàäà÷è òèïà Êîøè (1), (17) ñóùåñòâóåò â êëàññå Iloc [0, d) , åäèíñòâåííî è

ïðåäñòàâèìî â âèäå
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y (t) =
m∑
j=0

bj
Γ (α− j + 1)

∞∑
i=0

λi t(α+β)i+α−j

c (α+ β, α− j, i)
. (18)

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî ôóíêöèÿ (18) óäîâëåòâîðÿåò íà÷àëüíûì
óñëîâèÿì (17). Ïóñòü i = 0. Òîãäà

Im−αtα−j =
Γ (α+ 1− j) tα−j+m−α

Γ (α+ 1− j +m− α)
=

Γ (α+ 1− j)

Γ (m+ 1− j)
tm−j , j = 1, 2, ...,m.

Îòñþäà

Im−α tα−j

c (α+ β, α− j, 0)

∣∣∣∣
t=0

=

{
Γ (α+ 1−m) , j = m,

0, j = 1, 2, ...,m.
(19)

Äàëåå, åñëè m − 1 < α < m, òî ïðè k = 1, 2, ...,m − 1 èìååì m −m − k <
α− k < m− k è

Dα−ktα−j =
dm−k

dtm−k
Im−αtα−j =

Γ (α+ 1− j)

Γ (m+ 1− j)

dm−k

dtm−k
tm−j .

Îòñþäà, åñëè m−k > m− j ⇔ j > k, òî Dα−ktα−j = 0. À åñëè k ≥ j, òî

Dα−ktα−j =
Γ (α+ 1− j)

Γ (m+ 1− j)
(m− j) ... (m− j − (m− k − 1)) tk−j =

=
Γ (α+ 1− j)

Γ (k + 1− j)
tk−j .

Ñëåäîâàòåëüíî,

Dα−k tα−j

c (α+ β, α− j, 0)

∣∣∣∣
t=0

=

{
Γ (α+ 1− k) , j = k,

0, k ̸= j.

Ïóñòü òåïåðü i ≥ 1. Òîãäà

Im−αt(α+β)i+α−j =
Γ ((α+ β) i+ α+ 1− j)

Γ ((α+ β) i+ 1− j +m)
t(α+β)i+m−j .
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Òàê êàê α+ β > 0,m− j ≥ 0, j = 1, 2, ...,m, òî

Im−α t(α+β)i+α−j

c (α+ β, α− j, i)

∣∣∣∣∣
t=0

= 0, i ≥ 1.

Äàëåå ïðè k = 1, 2, ...,m− 1 èìååì

Dα−kt(α+β)i+α−j =
Γ ((α+ β) i+ α+ 1− j)

Γ ((α+ β) i+m+ 1− j)

dm−k

dtm−k
t(α+β)i+m−j =

=
Γ ((α+ β) i+ α+ 1− j)

Γ ((α+ β) i+ 1 + k − j)
t(α+β)i+k−j .

Òàê êàê (α+ β) i > 0, òî ïðè k ≥ j èìååò ìåñòî ðàâåíñòâî
t(α+β)i+k−j

∣∣
t=0

= 0. Ïóñòü k > j è i = 1. Òîãäà

α+ β + k − j = m− 1 + {α}+ β + k − j = (m− j) + ({α}+ β) + k − 1.

Òåïåðü âèäíî, ÷òî ïðè β > −{α} äëÿ âñåõ j = 1, 2, ...,m, k = 1, 2, ...,m −
1, j > k âûïîëíÿåòñÿ ðàâåíñòâî

t(α+β)+k−j
∣∣∣
t=0

= 0.

Åñëè i ≥ 2, òî

(α+ β) i+ k − j = i (β + {α}) + (m− 1) (i− 1) +m− j + k − 1 > 0.

Ïîýòîìó ïðè ýòèõ çíà÷åíèÿõ

t(α+β)i+k−j
∣∣∣
t=0

= 0.

Èòàê, ïðè k = 1, 2, ...,m− 1

Dα−k t(α+β)i+α−j

c (α+ β, α− j, i)

∣∣∣∣∣
t=0

= 0, i ≥ 1, j = 1, 2, ...,m. (20)
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Èç ðàâåíñòâ (19),(20) âûòåêàåò

Dα−ky (t)
∣∣∣
t=0

=
m∑
j=1

bj
Γ (α− j + 1)

∞∑
i=0

λiDα−kt(α+β)i+α−j

c (α+ β, α− j, i)

∣∣∣∣∣∣
t=0

=

=
bk

Γ (α− k + 1)
Γ (α− k + 1) = bk, k = 1, 2, ...,m,

ò.å. âûïîëíÿþòñÿ íà÷àëüíûå óñëîâèÿ (17). Òåîðåìà äîêàçàíà.

6. Ðåøåíèå çàäà÷è òèïà Êîøè äëÿ íåîäíîðîäíîãî óðàâíåíèÿ

Ðàññìîòðèì çàäà÷ó òèïà Êîøè

Dαy (t) = λtβy (t) +

n∑
k=0

λkt
µk , 0 < t < d ≤ ∞, (21)

Dα−ky (t)
∣∣∣
t=0

= bk, k = 1, 2, ...,m, (22)

ãäå Dα−m = Im−α.
Èç Òåîðåìû 7 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 8. Ïóñòü m− 1 < α < m, m = 1, 2, ..., β > −{α} , µk ∈ R, µk >
−1, k = 0, 1, ..., n, λ ̸= 0, λk, bk ∈ R. Òîãäà ðåøåíèå çàäà÷è òèïà Êîøè

(21), (22) ñóùåñòâóåò â Iloc [0, d), åäèíñòâåííî, è èìååò âèä

y (t) =

m∑
j=1

bj
Γ (α− j + 1)

∞∑
i=0

λi t(α+β)i+α−j

c (α+ β, α− j, i)
+

+
n∑

k=0

λkΓ (µk + 1)

Γ (µk + 1 + α)

∞∑
i=0

λi t(α+β)i+α+µk

c (α+ β, α+ µk, i)
.
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Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 22.11.2016

Òóðìåòîâ Á.Õ., Àáäóëëàåâ Æ. Á�ËØÅÊ ÐÅÒÒI, ÑÛÇÛ�ÒÛ� ÄÈÔ-
ÔÅÐÅÍÖÈÀËÄÛ� ÒÅ�ÄÅÓËÅÐÄI� ÁIÐ ÊËÀÑÛÍ ØÅØÓÄI� ÎÏÅ-
ÐÀÒÎÐËÛ� �ÄIÑI

Á´ë æ´ìûñ á°ëøåê ðåòòi ñûçû©òû© äèôôåðåíöèàëäû© òåäåóëåðäi
øåøiìií ©´ðóäû îïåðàòîðëû© ºäiñií çåðòòåóãå àðíàë¡àí. Á°ëøåê ðåòòi
äèôôåðåíöèàëäû© òåäåóëåðäi àðíàéû êëàñû ³øií äºë øåøiìäåðäi ©´ðó-
äû àëãîðèòìi æàñàë¡àí. Á´ë ºäiñ á°ëøåê ðåòòi äèôôåðåíöèàëäàó îïåðà-
òîðëàðûíà ©àòûñòû ôóíêöèÿëàðäû íîðìàëàí¡àí æ³éåëåðií ©´ðó¡à íåãiç-
äåëãåí. Á°ëøåê ðåòòi äèôôåðåíöèàëäàó îïåðàòîðëàðûìåí áàéëàíûñ©àí
æàëïûëàìà-áiðòåêòi îïåðàòîðëàðäû ©àñèåòòåði çåðòòåëãåí. Àðû ©àðàé,
á°ëøåê ðåòòi ñûçû©òû äèôôåðåíöèàëäû© òåäåóëåðäi äºë øåøiìäåði
æàëïûëàìà-áiðòåêòi îïåðàòîðëàð ³øií ©´ðûë¡àí íîðìàëàí¡àí æ³éåëåðäi
©àñèåòòåðií ïàéäàëàíà îòûðûï, çåðòòåëãåí. Ðèìàí-Ëèóâèëëü ìà¡ûíàñûí-
äà¡û òóûíäûëàðû áàð á°ëøåê ðåòòi áiðòåêòi äèôôåðåíöèàëäû© òåäåóëåð
©àðàñòûðûë¡àí. Îñû øåøiìäåð ñûçû©òû© òºóåëñiç áîëàòûí øàðòòàð òàáû-
ë¡àí. Ñîíäàé-à©, î æà¡ûíäà êâàçèïîëèíîìäàð áîëàòûí áiðòåêñiç äèôôå-
ðåíöèàëäû© òåäåóëåðäi äåðáåñ øåøiìäåðií ©´ðó ºäiñòåði äå ©àðàñòûðû-
ë¡àí. Êîøè òåêòåñ åñåï çåðòòåëãåí æºíå îñû åñåïòi áiðìºíäi øåøiëiìäiëiãi
äºëåëäåíãåí.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



258 Á.Õ. Òóðìåòîâ, Æ. Àáäóëëàåâ

Turmetov B.Kh., Abdullaev J. OPERATOR METHOD OF SOLVING
A CLASS OF LINEAR FRACTIONAL ORDER DIFFERENTIAL
EQUATIONS

This work is devoted to study of construction of operator method for solving
linear fractional order di�erential equations. An algorithm is developed for
constructing exact solutions for a special class of fractional order di�erential
equations. This method is based on the construction of normalized functions
systems with respect to the operators of fractional di�erentiation. The
properties of generalized-homogeneous operators are associated with fractional
order operators. A method for constructing normalized function systems is
proposed for these classes of operators. Next, the exact solutions of linear
fractional order di�erential equations are investigated by using the properties
of normalized systems, which are built for generalized-homogeneous operators.
The homogeneous fractional order di�erential equations are considered in
the Riemann-Liouville sense. The conditions, under which these solutions
are linearly independent, are found. Methods of constructing particular
solutions for the non-homogeneous fractional order di�erential equations with
quasipolynomials on the right side are also considered. Cauchy-type problem
is studied and the unique solvability of this problem is proved.
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Àííîòàöèÿ: Ðàññìàòðèâàåòñÿ ãðàíè÷íàÿ çàäà÷à äëÿ ìíîãîìåðíîãî ïàðàáîëè-
÷åñêîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ (ÏÈÄÓ) ñ ðàçðûâíûì êîýô-
ôèöèåíòîì, êîãäà êðàåâûå óñëîâèÿ ñîäåðæàò ïðîèçâîäíûå âûñîêîãî ïîðÿäêà,
ïðåâûøàþùåãî ïîðÿäîê óðàâíåíèÿ [1]�[3]. Ðåøåíèå èùåòñÿ â âèäå ñóììû
òåïëîâîãî ïîòåíöèàëà è ôóíêöèè Êîøè ÏÈÄÓ. Ïðèâåäåíà ëåììà î íàõîæäåíèè
ïðåäåëîâ ïðîèçâîäíûõ îò èñêîìîé ôóíêöèè â îêðåñòíîñòè ãèïåðïëîñêîñòè.
Èñïîëüçóÿ ãðàíè÷íûå óñëîâèÿ è óñëîâèÿ ñîïðÿæåíèÿ, ïîëó÷åíà ñèñòåìà èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÈÄÓ), êîãäà ïîðÿäîê ïðîèçâîäíîé ïîä çíàêîì
èíòåãðàëà âûøå, ÷åì ïîðÿäîê ïðîèçâîäíîé âíå èíòåãðàëà. Õàðàêòåðèñòè÷åñêàÿ
÷àñòü ÑÈÄÓ ðåøåíà ìåòîäîì èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ôóðüå-Ëàïëàñà
â êëàññå îáîáùåííûõ ôóíêöèé. Íàéäåíî àëãåáðàè÷åñêîå óñëîâèå ïåðåõîäà
îáîáùåííîãî ðåøåíèÿ â êëàññè÷åñêîå. Ïîëó÷åíà òåîðåìà î ðàçðåøèìîñòè
êðàåâîé çàäà÷è ìíîãîìåðíîãî ÏÈÄÓ, êîãäà çàäàííûå ôóíêöèè èìåþò ÷àñòíûå
ïðîèçâîäíûå âòîðîãî ïîðÿäêà ïî ïðîñòðàíñòâåííûì ïåðåìåííûì è âûïîëíåíî
óñëîâèå ðàçðåøèìîñòè.

Êëþ÷åâûå ñëîâà: Êðàåâàÿ çàäà÷à, ìíîãîìåðíîå ïàðàáîëè÷åñêîå óðàâíåíèå,
èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, ðåãóëÿðèçàöèÿ.

1. Ïîñòàíîâêà çàäà÷è

Òðåáóåòñÿ íàéòè ðåøåíèå u(x, t) ∈ C
mi,

[
mi
2

]
x,t (QT ) ìíîãîìåðíîãî ïàðàáî-

ëè÷åñêîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ (ÏÈÄÓ)

L(Dx, Dt)u(x, t) =

t∫
0

∆u(x, τ)dτ + f(x, t) (1)

Keywords: Boundary value problem, multidimensional, parabolic equation, integro-

di�erential equation, regularization.
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â îáëàñòè QT ≡
{
(x, t) = (x′, xn,t) : x

′ ∈ Rn−1, xn ∈]0, l[, t ∈]0, T
}
, óäîâëå-

òâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u(x, t)
∣∣
t=0

= 0, (2)

ãðàíè÷íûì óñëîâèÿì

Lmi(Dx)u(x, t)
∣∣
Γi

= φi(x, t), (x
′, t) ∈ Q

(1)
T = (Q xn) (i = 1, 2) (3)

è óñëîâèÿì ñîïðÿæåíèÿ{
u(x, t)

∣∣
Γ3

= u(x, t)
∣∣
Γ4
,

h1Dxnu(x, t)
∣∣
Γ3

= h2Dxnu(x, t)
∣∣
Γ4
,

(4)

ãäå L(Dx, Dt) ≡ Dt −
n∑

α=1
aαα(xn)D

2
xα
, Lmi(Dx) =

m∑
kn=0

b
(i)
mi−kn

(Dx′)Dk
xn
,

b
(i)
mi−kn

(Dx′) =
∑

|k′|=mi−kn

b
(i)
k′,kn

(Dk′
x′)D, ∆ � îïåðàòîð Ëàïëàñà,

aαα(xn) =

{
a
(1)
αα > 0, ïðè 0 < xn < x0,

a
(2)
αα > 0, ïðè x0 < xn < l,

Γi =


Γ1 = xn = 0, ïðè i = 1,
Γ2 = xn = l, ïðè i = 2,
Γ3 = xn = x0 − 0, ïðè i = 3,
Γ4 = xn = x0 + 0, ïðè i = 4,

Rn−1 � (n − 1)-ìåðíîå ýâêëèäîâî ïðîñòðàíñòâî òî÷åê x = (x1, x2, x3) ñ

íîðìîé |x′| =
√
x21 + x22 + ...+ x2n−1, k

′ = (k1, k2, ..., kn−1) � ìóëüòèíäåêñ

ñ íåîòðèöàòåëüíûìè êîîðäèíàòàìè, |k′| = k1 + k2 + ... + kn−1, D
k′
x′ =

Dk1
x1
Dk2

x2
...D

kn−1
xn−1 , Dxi = ∂

∂xi
(i =

−−−−−→
1, n− 1), b

(i)
k � çàäàííûå ïîñòîÿííûå,

b
(i)
0,0,...,mi

̸= 0, h1 è h2 � çàäàííûå ïîëîæèòåëüíûå ïîñòîÿííûå. f(x, t) ∈
Cmi
x (QT ) è ïðîäîëæåíî íà îòðèöàòåëüíóþ ïîëóîñü Oxn òàê, ÷òîáû ôóíê-

öèÿ Φi(x, t) =
∑

|k|≤mi

b
(i)
k (Dk

x)f(x, t) áûëà íå÷åòíîé ïî xn, φi(x, t) ∈

C2,1
x′,t(Q

(1)
T ).
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2. Èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ êðàåâîé çàäà÷è (1)�(4)

Ðåøåíèå çàäà÷è áóäåì èñêàòü ïðè 0 < xn, x0 â ñëåäóþùåì âèäå:

u(x, t) = −
t∫

0

dτ

∫
Rn−1

ψ1(ξ
′, τ)DxnG

(1)
0 (x′ − ξ′, xn, t− τ)dξ′+

+

t∫
0

dτ

∫
Rn−1

ψ3(ξ
′, τ)DxnG

(1)
0 (x′ − ξ′, xn − x0, t− τ)dξ′+ (5)

+

t∫
0

dτ

∫
Rn

f(ξ, τ)G(1)(x− ξ, t− τ)dξ,

a ïðè x0 < xn < l � â âèäå

u(x, t) = −
t∫

0

dτ

∫
Rn−1

ψ2(ξ
′, τ)DxnG

(2)
0 (x′ − ξ′, l − xn, t− τ)dξ′+

+

t∫
0

dτ

∫
Rn−1

ψ4(ξ
′, τ)DxnG

(2)
0 (x′ − ξ′, xn − x0, t− τ)dξ′+ (6)

+

t∫
0

dτ

∫
Rn

f(ξ, τ)G(2)(x− ξ, t− τ)dξ,

ãäå G(i)(x− ξ, t− τ)G(i) � ôóíêöèÿ Êîøè äëÿ ÏÈÄÓ [2],

G(i)(x− ξ, t− τ) = G
(i)
0 (x− ξ, t− τ) +G

(i)
1 (x− ξ, t− τ),

G
(i)
0 (x− ξ, t− τ) � ôóíäàìåíòàëüíîå ðåøåíèå ïàðàáîëè÷åñêîãî óðàâíåíèÿ,

G
(i)
0 (x, τ) =

2a
(i)
nnexp

[
− 1

4t

n∑
α=1

A
(α,α)
i x2α

]
(4πt)n/2(detAi)1/2

,
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Ai � äèàãîíàëüíàÿ ìàòðèöà, ñîñòîÿùàÿ èç êîýôôèöèåíòîâ a
(i)
αα (α =

−→
1, n, i = 1, 2), à A

(α,α)
i � ýëåìåíòû îáðàòíîé ìàòðèöû A−1

i , G
(i)
1 (x− ξ, t− τ)

îïðåäåëÿþòñÿ â ñëåäóþùåì âèäå:

G
(i)
1 (x− ξ, t− τ) =

t∫
T

dτ

∫
Rn

G
(i)
0 (x− ξ, t− τ)Γi(y − ξ, s− τ)dy,

ãäå Γi(y − ξ, s − τ) � ðåçîëüâåíòà èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà-

Ôðåäãîëüìà âòîðîãî ðîäà ψi(x, t) (i =
−→
1, 4) � íåèçâåñòíûå ôóíêöèè.

3. Ñâåäåíèå çàäà÷è (1)�(4) ê ñèñòåìå èíòåãðàëüíûõ è èíòåãðî-

äèôôåðåíöèàëüíûõ óðàâíåíèé

Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî óñòàíîâèòü, ÷òî ôóíêöèÿ u(x, t)
[4], îïðåäåëÿåìàÿ ôîðìóëàìè (5) è (6), óäîâëåòâîðÿåò óðàâíåíèþ (1) è
íà÷àëüíîìó óñëîâèþ (2).

Íàäî âûáðàòü ôóíêöèè ψi(x
′, t), (i =

−→
1, 4) òàê, ÷òîáû ôóíêöèÿ u(x, t)

ïðè x→ 0 óäîâëåòâîðÿëà óñëîâèÿì (3) è (4).
Äëÿ íàõîæäåíèÿ ïðåäåëà ïðîèçâîäíûõ ôóíêöèè u(x, t) ïðè xn → 0,

âõîäÿùèõ â óñëîâèÿ (3), ñôîðìóëèðóåì ëåììó.

Ëåììà. Åñëè ôóíêöèè ψi(x
′, t) è f(x, t) ñîîòâåòñòâåííî èç êëàññîâ

C
m1,

m1
2

x′,t (Q
(1)
T ) è Cm

x (QT ), òî

lim
xn→0

D2α−1
xn

Dk′
x′u(x, t) =

=
1(√
a
(1)
nn

)2α

t∫
0

dτ

∫
Rn−1

Fα
1

[
Dk′

ξ′ , ψ1(ξ
′, τ)

]
G

(1)
0 (x− ξ, 0, t− τ)dξ+

+

t∫
0

dτ

∫
Rn−1

ψ3(ξ
′, τ)

{
D2n−1

xn
Dk′

x′G
(1)
0 (x′ − ξ′, xn − x0, t− τ)

}∣∣∣∣
xn=0

dξ′+

+

t∫
0

dτ

∫
Rn

D2α−1
3n Dk′

ξ′G
(1)
0 f(ξ, τ)G(1)(x′ − ξ′, ξn, t− τ)

}∣∣∣∣
xn=0

dξ′,
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lim
xn→+0

D2α
xn
Dk′

x′u(x, t) =
1(√
a
(1)
nn

)2αF
α
1

[
Dk′

ξ′ , ψ1(ξ
′, τ)

]
+

+

t∫
0

dτ

∫
Rn−1

ψ3(ξ
′, τ)

{
D2n

xn
Dk′

x′G(1)(x′ − ξ′, xn − x0, t− τ)

}∣∣∣∣
xn=0

dξ′+

+

t∫
0

dτ

∫
Rn

D2α
3nD

k′
ξ′ f(ξ, τ)G

(1)(x′ − ξ′, ξn, t− τ)dξ′.

Ïðèâåäåííàÿ Ëåììà ñïðàâåäëèâà è äëÿ íàõîæäåíèÿ ïðåäåëà ïðîèçâîä-
íûõ ôóíêöèè u(x, t) ïðè xn → l − 0 è x0 − 0, xn → x0 + 0.

Ïîäñòàâëÿÿ ôóíêöèþ, îïðåäåëÿåìóþ ôîðìóëàìè (5) è (6), ñîîòâåò-
ñòâåííî â óñëîâèÿ (3) è (4) è èñïîëüçóÿ ïðèâåäåííóþ Ëåììó, ïîëó÷èì
ñèñòåìó èíòåãðàëüíûõ ÏÈÄÓ:

n∑
i=0

F i
α

[
b
(α)
mα−2iDx′ψα(x

′, t)

]
+(−1)α

n∑
i=1

t∫
0

dτ

∫
Rn−1

F i
ε

[
b
(α)
mα−2i+1(Dx′)ψα(ξ

′, τ)

]
×

×G(α)
0 (x′ − ξ′, 0, t− τ)dξ′ +

t∫
0

dτ

∫
Rn−1

ψ2+α(ξ
′, τ)Kα(x

′ − ξ′, t− τ)dξ′ =

= φα(x
′, t), (α = 1, 2), (7)

ψ5−α(x
′, t) =

t∫
0

dτ

∫
Rn−1

Fα−1
2

[
ψ2+α(ξ

′, τ)
]
G

(α)
0 (x′ − ξ′, 0, t− τ)dξ′+

+

2∑
i=1

0∫
0

dτ

∫
Rn−1

ψi(ξ
′, τ)Kα

1i(x
′ − ξ′, t− τ)dξ′+

+

2∑
i=1

0∫
0

dτ

∫
Rn

f(ξ, τ)Kα
2i(x− ξ′, t− τ)dξ (α = 1, 2),
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ãäå Kα(x
′ − ξ′, t − τ), Kα

1i(x
′ − ξ′, t − τ), Kα

2i(x − ξ′, t − τ) � ðåãóëÿðíûå

ÿäðà Fα ≡
(
Dt −

n−1∑
i=1

a
(α)
2i D

2
xi

)
, ..., Fn

α ≡
(
Dt −

n−1∑
i=1

a
(α)
ii D

2
xi

)
, F 0

α ≡ E �

åäèíè÷íûé îïåðàòîð.

Äëÿ ðåøåíèÿ ÑÏÈÄÓ (7) è (8) ñíà÷àëà ðàññìàòðèâàåòñÿ ÑÏÈÄÓ
(8), ïðè ýòîì âðåìåííî ñ÷èòàÿ èçâåñòíûìè ôóíêöèè ψα(x

′, t) (α =
1, 2), Èñêëþ÷àÿ ôóíêöèþ ψ4(x

′, t), ïîëó÷èì ÏÈÄÓ îòíîñèòåëüíî ôóíê-
öèè ψ3(x

′, t) :

K0(x
′ − ξ′, t− τ) =

1

(2
√
π(t− τ))n

∞∫
0

exp

[
− 1

4

n−1∑
α=1

(xα−yα)2

A2
αα(z)(t−τ)

]
n−1∏
α−1

Aαα(z)

(
z2+α

(1)
αα√

α
(1)
αα

) dz,

ïðè÷åì Aαα(z) =

√
a
(1)
αα

z2+a
(2)
αα

z2+a
(1)
αα

, λ = 2a
(1)
nnh2
h1π

.

Òåïåðü, âîñïîëüçîâàâøèñü ðåçóëüòàòàìè ðàáîòû [3], ðåøåíèå ÈÄÓ (9)
ìîæåì çàïèñàòü â âèäå

ψ3(x
′, t) =

t∫
0

dτ

∫
Rn−1

ψ1(ξ
′, τ)H1(x

′ − ξ′, t− τ)dξ′+

+

t∫
0

dτ

∫
Rn−1

ψ2(ξ
′, τ)H2(x

′ − ξ′, t− τ)dξ′+

+

t∫
0

dτ

∫
Rn

F2[f(ξ, τ)]H3(x
′ − ξ′, t− τ)dξ′,

ãäå H1(x
′− ξ′, t− τ), H2(x

′− ξ′, t− τ), H3(x
′− ξ′, t− τ) � ðåãóëÿðíûå ÿäðà.

Ïîäñòàâëÿÿ ôóíêöèþ èç (10) â (8), íàéäåì ôóíêöèþ ψ4(x
′, t) :

ψ4(x
′, t) =

t∫
0

dτ

∫
Rn−1

ψ1(ξ
′, τ)H11(x

′ − ξ′, t− τ)dξ′+
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+

t∫
0

dτ

∫
Rn−1

ψ2(ξ
′, τ)H12(x

′ − ξ′, t− τ)dξ′+

+

t∫
0

dτ

∫
Rn

{F2[f(ξ, τ)] + f(ξ, τ)}H13(x− ξ, t− τ)dξ,

ãäå H11(x
′−ξ′, t−τ), H12(x

′−ξ′, t−τ), H13(x−ξ, t−τ) � ðåãóëÿðíûå ÿäðà.
Äàëåå äëÿ óïðîùåíèÿ (7) îòíîñèòåëüíî ôóíêöèé ψ1(x

′, t), ψ2(x
′, t) ââå-

äåì îïåðàòîð F−n
i , îáðàòíûé ê îïåðàòîðó Fn

i :

F−n
α [ψ] =

t∫
0

dτ

∫
Rn−1

ψ(ξ′, τ)
(t− τ)n−1

Γ(n)
G

(α)
1 (x′ − ξ′, t− τ)dξ′,

ãäå G
(α)
1 (x′ − ξ′, t− τ) =

exp

[
− 1

4

n−1∑
k=1

A
(α,β)
k

(xk−ξk)2

t−τ

]
[2
√

π(t−τ)]n−1
√
detAα

.

Íåïîñðåäñòâåííûì âû÷èñëåíèåì ìîæíî óáåäèòüñÿ, ÷òî îïåðàòîðû âçà-
èìíî îáðàòíûå.

Ïðèìåíèì ê óðàâíåíèþ (7) îáðàòíûé îïåðàòîð F−n
i , ïðè ýòîì âðåìåííî

ñ÷èòàÿ ôóíêöèè ψ2+α(x
′, t) (α = 1, 2) èçâåñòíûìè, ïîëó÷èì ýêâèâàëåòíûå

óðàâíåíèÿ

b
(α)
0,0,...,mα

ψα(x
′, t) +

n∑
k=1

(−1)k
(√

a
(α)
nn

)k
t∫

0

dτ

∫
Rn−1

B
(α)
m−k(Dξ′)ψα(ξ

′, τ)×

×(t− τ)k/2−1

Γ
(
k
2

) G
(α)
1 (x′ − ξ′, t− τ)dξ′ = φ(1)

α (x′, t), (α = 1, 2), (12)

ãäå

φ(1)
α (x′, t) =

(√
a
(1)
nn

)m

F
−m

2
α [φ]−

−
(√

a
(α)
nn

)m

F
−m

2
α

[ t∫
0

dτ

∫
Rn−1

ψ2+α(ξ
′, τ)Kα(x

′ − ξ′, t− τ)dξ′

]
. (13)
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Óðàâíåíèÿ âèäà (12) èçó÷åíû â ðàáîòå [5], ïîýòîìó, èñïîëüçóÿ ðåçóëüòà-
òàìè ðàáîòû è ïðèìåíÿÿ ïðåîáðàçîâàíèå Ôóðüå ïî ïðîñòðàíñòâåííûì ïå-
ðåìåííûì â êëàññå îáîáùåííûõ ôóíêöèé è ïðåîáðàçîâàíèå Ëàïëàñà ïî
ïåðåìåííîé t, ðåøåíèå ìîæíî çàïèñàòü â âèäå

φα(x
′, t) = φ(1)

α (x′, t)−
t∫

0

dτ

∫
Rn−1

Hα(x
′ − y′, t− τ)φ(1)

α (y′, t)dy′−

−
n−1∑
k=1

t∫
0

dτ

∫
Rn−1

∂

∂yk
H(x′ − y′, t− τ)

∂

∂yk
φ(1)
α (y′, t)dy′, (14)

ãäå

Hα(x
′ − t) =

1

(2π)n−1

∫
Rn−1

hα(s
′, t)

exp[−2πi(x′, s′)]

1 + 4π2|s′|2
ds′, (15)

ïðè÷åì

hα(s
′, t) =

ν∑
k=1

nk∑
β=1

C
(α)
k,β (σ

′)β(−2πi|s′|)β(2
√
t)β−1×

×exp
[
− 4π2

n−1∑
j=1

(
a
(α)
jj + a(α)nn (q

α
k )

2

)
s2αt

]
,

q
(α)
k (k =

−→
1, ν) � êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

mα∑
k=0

b
(α)
k (σ′)λmα−k = 0, σ′ =

s′

|s′|
, σi =

s′

|s′|
(i =

−−−−−→
1, n− 1),

óäîâëåòâîðÿþò íåðàâåíñòâó

Rek=1,ν

(
q
(α)
k

)2

> −a
(α)
νν

a
(α)
nn

, (a(α)νν > 0, ν =
−−−−−→
1, n− 1), (16)

C
(α)
k,β (σ

′) � îïðåäåëåííûé êîýôôèöèåíò, çàâèñÿùèé òîëüêî îò b
(α)
k (σ′).

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



Î ðàçðåøèìîñòè îäíîé ãðàíè÷íîé çàäà÷è ... 267

Ïîäñòàâëÿÿ òåïåðü âìåñòî φ
(1)
α (x′, t) åå âûðàæåíèå èç (13) â (14), ïîëó-

÷èì ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé

ψα(x
′, t) = Φα(x

′, t)−
t∫

0

dτ

∫
Rn−1

ψα(ξ
′, τ)Kα(x

′− ξ′, t− τ)dξ′ (α = 1, 2), (17)

ãäå ôóíêöèÿ ψα(x
′, t) çàâèñèò îò çàäàííûõ ôóíêöèé φα(ξ

′, t) è f(x, t), ÿäðî
Kα(x

′ − ξ′, t− τ) óäîâëåòâîðÿåò îöåíêe

∣∣Kα(x
′ − ξ′, t− τ)

∣∣ ≤M

exp

[
− δ2 |x−ξ|2

t−τ

]
(
√
t− τ)n

, (18)

M, δ2 � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå.
Íà îñíîâàíèè îöåíêè (18) ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé (17) ìîæ-

íî ðåøèòü ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Èòàê, ñïðàâåäëèâà
òåîðåìà.

Òåîðåìà. Åñëè ôóíêöèè φα(ξ
′, t) è f(x, t) ñîîòâåòñòâåííî èç êëàññîâ

C2,l
x′,t(QT ) è C

m
x (QT ), òî ñóùåñòâóåò ôóíêöèÿ u(x, t) ∈ C

m2,
[
mα
2

]
x (QT ), ÿâëÿ-

þùàÿñÿ ðåøåíèåì êðàåâîé çàäà÷è (1)�(4) ïðè óñëîâèè (16), âûðàæåííàÿ

ôîðìóëàìè (5) è (6), ãäå íåèçâåñòíûå ôóíêöèè ψi(x
′, t) (i = 1, 2) îïðåäå-

ëÿþòñÿ èç ñèñòåìû (17), à ψi+2(x
′, t) (i = 1, 2) îïðåäåëÿþòñÿ ôîðìóëàìè

(10) è (11).
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Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 30.09.2016

Khairullin E.M., Naukenova M.D. ON SOLVABILITY OF ONE
BOUNDARY-VALUE PROBLEM FOR PARABOLIC INTEGRO-
DIFFERENTIAL EQUATION WITH DISCONTINUOUS COEFFICIENT

We consider boundary-value problem for multidimensional parabolic
integro-di�erential equation (PIDE) with discontinuous coe�cient, when the
boundary conditions include higher order derivatives, higher than the order
of the equation [1]�[3]. The solution is sought in the form of the sum of
heat potential and Couchy function (PIDE). Lemma of �nding the limits of
the derivatives of the unknown function in the neighborhood of hyperplane
is formulated. Using the boundary conditions and conjugation conditions,
the system of integro-di�erential equations (SIDE) is received, when the
order of the derivative under the integral is higher than the order of the
derivative outside of integral. Characteristic part of SIDE is solved by Fourier-
Laplace integral transformations in the class of generalized functions. Algebraic
condition for the transition of a generalized solution to the classic one is
obtained. Theorem on the solvability of the boundary-value problem for
multidimensional PIDE is proved when the given functions have second order
partial derivatives on space variables and condition of solvability is ful�lled.
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Õàéðóëëèí Å.Ì., Íàóêåíîâà Ì.Ä. ÊÎÝÔÔÈÖÈÅÍÒI �ÇIËIÑÒI ÁÎ-
ËÀÒÛÍ ÏÀÐÀÁÎËÀËÛ� ÈÍÒÅÃÐÀËÄÛ�-ÄÈÔÔÅÐÅÍÖÈÀËÄÛ�
ÒÅ�ÄÅÓ �ØIÍ ØÅÊÀÐÀËÛ� ÁIÐ ÅÑÅÏÒI� ØÅØIËIÌÄIËIÃI ÒÓ-
ÐÀËÛ

Êîýôôèöèåíòi ³çiëiñòi áîëàòûí ê°ï°ëøåìäi ïàðàáîëàëû©
èíòåãðàëäû©-äèôôåðåíöèàëäû© òåäåó (ÏÈÄÒ) ³øií, øåòòiê øàð-
òòàðû òåäåóäi ðåòiíåí àñàòûí æî¡àð¡û ðåòòi òóûíäûëàðäû ©àìòèòûí
øåêàðàëû© åñåï ©àðàñòûðûëàäû [1], [2], [3]. Øåøiì æûëóëû© ïîòåíöèàë
ìåí ÏÈÄÒ Êîøè ôóíêöèÿñûíû ©îñûíäûñû ò³ðiíäå içäåëiíåäi. Içäåëiíäi
ôóíêöèÿíû òóûíäûëàðûíû øåêòåðií ãèïåðæàçû©òû© ìààéûíäà òàáó
òóðàëû ëåììà êåëòiðiëãåí. Øåêàðàëû© øàðòòàð ìåí ò³éiíäåñó øàðòòàðûí
ïàéäàëàíà îòûðûï, èíòåãðàë àñòûíäà¡û òóûíäûíû ðåòi èíòåãðàëäàí
òûñ òóûíäûíû ðåòiíåí æî¡àðû áîëàòûí èíòåãðàëäû©-äèôôåðåíöèàëäû©
òåäåóëåð æ³éåñií (ÈÄÒÆ) àëàìûç. ÈÄÒÆ õàðàêòåðèñòèêàëû© á°ëiãi
æàëïûëàí¡àí ôóíêöèÿëàð êëàñûíäà Ôóðüå-Ëàïëàñ èíòåãðàëäû© ò³ðëåí-
äiðóëåð ºäiñi àð©ûëû øåøiëãåí. Æàëïûëàí¡àí øåøiìíi êëàññèêàëû©
øåøiìãå ê°øóiíi àëãåáðàëû© øàðòû òàáûë¡àí. Ê°ï°ëøåìäi ÏÈÄÒ ³øií
øåòòiê åñåïòi áåðiëãåí ôóíêöèÿëàð êåiñòiêòiê àéíûìàëûëàð áîéûí-
øà åêiíøi ðåòòi òóûíäûëàð¡à èå áîë¡àíäà æºíå øåøiëiìäiëiê øàðòû
îðûíäàë¡àíäà øåøiëiìäiëiãi òóðàëû òåîðåìà àëûí¡àí.
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Àííîòàöèÿ: Ñèñòåìàòèçèðîâàíû ñîâðåìåííûå çíàíèÿ îá èçìåíåíèè óãëîâîé
ñêîðîñòè âðàùåíèÿ Çåìëè è åå âêëàäå â âàðèàöèþ ýíåðãèè âðàùåíèÿ Çåìëè.
Ïîêàçàíî, ÷òî â ðåçóëüòàòå ïðèáàâëåíèÿ âåëè÷èíû óãëîâîé ñêîðîñòè è ìîìåíòà
èíåðöèè, ýíåðãèÿ âðàùåíèÿ ïëàíåòû âîçðàñòàåò è óâåëè÷èâàåòñÿ åå ñæàòèå,
÷òî ìîæåò ïðèâåñòè ê óñèëåíèþ ñåéñìè÷åñêîé àêòèâíîñòè. Ïðîàíàëèçèðîâàíû
ýêñïåðèìåíòàëüíûå äàííûå î âàðèàöèÿõ ïðîäîëæèòåëüíîñòè çåìíûõ ñóòîê è
÷àñòîòû âîçíèêíîâåíèÿ íà ïëàíåòå çåìëåòðÿñåíèé ñ ìàãíèòóäîé M ≥ 4.5 çà
ïåðèîä 43 ãîäà (1973-2015 ã.ã.). Âûäåëåíû äîëãîâðåìåííûå òðåíäû â âàðèàöèÿõ
ýòèõ ïàðàìåòðîâ, êîòîðûå ïîêàçàëè, ÷òî â öåëîì óãëîâàÿ ñêîðîñòü âðàùåíèÿ
Çåìëè âîçðàñòàëà ñ 1973 ã. äî 2015 ã. è ñåéñìè÷åñêàÿ àêòèâíîñòü ïëàíåòû òàêæå
âîçðàñòàëà, ÷òî íàõîäèòñÿ â ñîîòâåòñòâèè ñ òåîðåòè÷åñêèìè ïðåäñêàçàíèÿìè.

Êëþ÷åâûå ñëîâà: Óãëîâàÿ ñêîðîñòü âðàùåíèÿ Çåìëè, ãëîáàëüíàÿ ñåéñìè÷åñêàÿ
àêòèâíîñòü.

1. Ââåäåíèå

Â òå÷åíèå ïîñëåäíèõ 50 ëåò àêòèâíî îáñóæäàåòñÿ âîïðîñ î âîçìîæ-
íîì âëèÿíèè âàðèàöèé ñîëíå÷íîé àêòèâíîñòè íà ñåéñìè÷åñêóþ àêòèâíîñòü
Çåìëè ([1]�[6] è ññûëêè âíóòðè). Íàëè÷èå òàêîé ñâÿçè äåìîíñòðèðóåò, íà-
ïðèìåð, Ðèñ. 1 èç ðàáîòû [6]: äîëãîâðåìåííûå òðåíäû â ñðåäíåãîäîâîì
÷èñëå ñîëíå÷íûõ ïÿòåí è ãîäîâîì êîëè÷åñòâå ïðîèñõîäÿùèõ íà ïëàíåòå
çåìëåòðÿñåíèé ñ ìàãíèòóäîé M ≥ 4.5 íàõîäÿòñÿ â ïðîòèâîôàçå. Ñðåäíåãî-
äîâîå ÷èñëî ñîëíå÷íûõ ïÿòåí óìåíüøàëîñü îò 1973 ê 2011 ã., à êîëè÷åñòâî
çåìëåòðÿñåíèé óâåëè÷èâàëîñü.

Â ðàáîòå [7] ïîêàçàíî, ÷òî Çåìëÿ è áåç çåìëåòðÿñåíèé âðàùàåòñÿ íåðàâ-
íîìåðíî. Ñî âòîðîé ïîëîâèíû XIX â. ïî íàñòîÿùåå âðåìÿ íàáëþäàþòñÿ

Keywords: Angular speed of rotation of the Earth, global seismic activity.

2010 Mathematics Subject Classi�cation: 86-05.

c⃝ Ã.ß. Õà÷èêÿí, Ä. Êàéðàòêûçû, À.Á. Àíäðååâ, 2016.
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Ðèñóíîê 1 � Ñðåäíåãîäîâûå ÷èñëà ñîëíå÷íûõ ïÿòåí çà 1973-2011 ã.ã.

(÷åðíûå êîëîíêè) è ãîäîâîå ÷èñëî çåìëåòðÿñåíèé ñ M ≥ 4.5 (ñåðûå êîëîíêè), ÷åðíûå

è ñåðûå êðèâûå � äîëãîâðåìåííûå ýêñïîíåíöèàëüíûå òðåíäû [6]

çíà÷èòåëüíûå íåðåãóëÿðíûå ôëóêòóàöèè óãëîâîé ñêîðîñòè âðàùåíèÿ ñ õà-
ðàêòåðíûìè âðåìåíàìè ïîðÿäêà 60-70 ëåò. Áûñòðåå âñåãî Çåìëÿ âðàùà-
ëàñü â 1870 ã., êîãäà äëèòåëüíîñòü ñóòîê áûëà íà 0.003 ñ êîðî÷å ýòàëîííûõ
86400 ñåêóíä, à ìåäëåííåå âñåãî � â 1903 ã. (çåìíûå ñóòêè áûëè äëèííåå
ýòàëîííûõ íà 0.004 ñ). Ñ 1903 ïî 1934 ã.ã. ïðîèñõîäèëî óñêîðåíèå âðàùåíèÿ
Çåìëè, ñ êîíöà 30-õ ãîäîâ äî 1972 ã. íàáëþäàëîñü çàìåäëåíèå, à ñ 1973 ã.
ïî íàñòîÿùåå âðåìÿ Çåìëÿ óñêîðÿåò ñâîå âðàùåíèå.

Ëóííî-ñîëíå÷íûå ïðèëèâû äåôîðìèðóþò Çåìëþ. Ïðèëèâíûå äåôîð-
ìàöèè Çåìëè îêàçûâàþò çàìåòíîå âëèÿíèå íà ñêîðîñòü ñóòî÷íîãî âðàùå-
íèÿ Çåìëè. Íàïîìíèì, ÷òî èç-çà ñóòî÷íîãî âðàùåíèÿ Çåìëÿ èìååò ôîðìó
ýëëèïñîèäà âðàùåíèÿ ñî ñæàòèåì 1/298. Ïðèëèâîîáðàçóþùàÿ ñèëà ðàñòÿ-
ãèâàåò Çåìëþ âäîëü ïðÿìîé, ñîåäèíÿþùåé åå öåíòð ñ öåíòðîì âîçìóùàþ-
ùåãî òåëà � Ëóíû èëè Ñîëíöà. Ïðè ýòîì âåëè÷èíà ñæàòèÿ Çåìëè óâåëè÷è-
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âàåòñÿ, êîãäà îñü ðàñòÿæåíèÿ ñîâïàäàåò ñ ïëîñêîñòüþ ýêâàòîðà, è óìåíü-
øàåòñÿ, êîãäà îñü ðàñòÿæåíèÿ îòêëîíÿåòñÿ ê òðîïèêàì. Ìîìåíò èíåðöèè
ñæàòîé Çåìëè áîëüøå, ÷åì íåäåôîðìèðîâàííîé øàðîîáðàçíîé ïëàíåòû.
À ïîñêîëüêó ìîìåíò èìïóëüñà Çåìëè äîëæåí îñòàâàòüñÿ ïîñòîÿííûì, òî
ñêîðîñòü âðàùåíèÿ ñæàòîé Çåìëè ìåíüøå, ÷åì íåäåôîðìèðîâàííîé. Ââèäó
òîãî, ÷òî ñêëîíåíèÿ Ëóíû è Ñîëíöà, à òàêæå ðàññòîÿíèÿ îò Çåìëè äî Ëó-
íû è Ñîëíöà ïîñòîÿííî ìåíÿþòñÿ, ëóííî-ñîëíå÷íàÿ ïðèëèâîîáðàçóþùàÿ
ñèëà êîëåáëåòñÿ âî âðåìåíè. Ñîîòâåòñòâóþùèì îáðàçîì ìåíÿåòñÿ ñæàòèå
Çåìëè, ÷òî â êîíå÷íîì èòîãå è âûçûâàåò ïðèëèâíûå êîëåáàíèÿ ñêîðîñòè
âðàùåíèÿ Çåìëè.

Òåîðèÿ ïðèëèâíûõ êîëåáàíèé ñêîðîñòè âðàùåíèÿ Çåìëè îñíîâàíà íà
òåîðèè ëóííî-ñîëíå÷íîãî ïðèëèâíîãî ïîòåíöèàëà. Â íàñòîÿùåå âðåìÿ äëÿ
âû÷èñëåíèÿ ïðèëèâíûõ êîëåáàíèé ñêîðîñòè âðàùåíèÿ Çåìëè â ñëóæáàõ
âðåìåíè èñïîëüçóþòñÿ 62 ãàðìîíèêè çîíàëüíîãî ïðèëèâà ñ ïåðèîäàìè îò
5 ñóò äî 18.6 ãîäà [1], [2]. Íàèáîëåå çíà÷èòåëüíûìè èç íèõ ÿâëÿþòñÿ êî-
ëåáàíèÿ ñ ïîëóìåñÿ÷íûì, ìåñÿ÷íûì è ïîëóãîäîâûì ïåðèîäàìè (ðèñóíîê).
Ñêîðîñòü âðàùåíèÿ Çåìëè õàðàêòåðèçóåòñÿ îòíîñèòåëüíîé âåëè÷èíîé

ν ≡ ∂ω

Ω
=

ω − Ω

Ω
≈ L− T

T
=

∂L

T
, (1)

ãäå L � äëèòåëüíîñòü çåìíûõ ñóòîê; T � äëèòåëüíîñòü ñòàíäàðòíûõ (àòîì-
íûõ) ñóòîê, êîòîðàÿ ðàâíà 86400 ñ; ω = 2π/L è Ω = 2π/86400 ðàä/ñ � óã-
ëîâûå ñêîðîñòè, ñîîòâåòñòâóþùèå çåìíûì è ñòàíäàðòíûì ñóòêàì [1], [2].
Ïîñêîëüêó âåëè÷èíà ω èçìåíÿåòñÿ òîëüêî â âîñüìîì-äåâÿòîì çíàêå, òî çíà-
÷åíèÿ ν èìåþò ïîðÿäîê 10−8−10−9. Íà Ðèñ. 2à ïðåäñòàâëåíû åæåäíåâíûå
÷èñëà ïðîäîëæèòåëüíîñòè çåìíûõ ñóòîê (Length Of Day) ñ 1973 ïî 2015
ã.ã., à íà Ðèñ. 2b ïðèâåäåíû ñðåäíåñóòî÷íûå çíà÷åíèÿ óãëîâîé ñêîðîñòè
Çåìëè çà òîò æå ïåðèîä âðåìåíè.

2. Äàííûå

Äëÿ èññëåäîâàíèÿ èñïîëüçîâàíû äàííûå î ïðîäîëæèòåëüíîñòè çåìíûõ
ñóòîê (Length Of Day) ñ 1973 ïî 2015 ã.ã., èçìåðåííûå Ìåæäóíàðîäíîé
ñëóæáîé âðàùåíèÿ Çåìëè http://www.iers.org/IERS/EN/DataProducts. Íà
Ðèñ. 3à ïðåäñòàâëåíû îòêëîíåíèÿ äëèòåëüíîñòè çåìíûõ ñóòîê îò ýòàëîííî-
ãî çíà÷åíèÿ, ðàâíîãî 86400 ñåê., à íà Ðèñ. 3b ïðèâåäåíà îøèáêà èçìåðåíèé.
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Ðèñóíîê 2 � Âàðèàöèè ñðåäíåñóòî÷íûõ çíà÷åíèé

óãëîâîé ñêîðîñòè Çåìëè â 1973�2015 ã.ã.

Âèäíî, ÷òî îøèáêà â èçìåðåíèÿõ ñóùåñòâåííî óìåíüøèëàñü â 80-ûå ãîäû
20 âåêà ïîñëå ââåäåíèÿ â ðàáîòó GPS-òåõíîëîãèè.

3. Ðåçóëüòàòû

Íà Ðèñ. 4à ïðåäñòàâëåíû åæåäíåâíûå ÷èñëà ñîëíå÷íûõ ïÿòåí çà 1973-
2015 ã.ã., äîñòóïíûå íà ñàéòå http://www.sidc.be/silso/data�les, à íà Ðèñ. 4b
ïðèâåäåíû åæåäíåâíûå çíà÷åíèÿ îòêëîíåíèÿ ïðîäîëæèòåëüíîñòè çåìíûõ
ñóòîê çà òîò æå ïåðèîä âðåìåíè. Æèðíûå ÷åðíûå ëèíèè äåìîíñòðèðóþò
äîëãîâðåìåííûå ëèíåéíûå òðåíäû â èñõîäíûõ äàííûõ. Âèäíî, ÷òî äîë-
ãîâðåìåííûå òðåíäû äëÿ àíàëèçèðóåìûõ äàííûõ íàõîäÿòñÿ â ôàçå. ×èñ-
ëî ñîëíå÷íûõ ïÿòåí â ñðåäíåì óìåíüøàëîñü îò 1973 ã. ê 2015 ã. è òàêæå
óìåíüøàëàñü äëèòåëüíîñòü çåìíûõ ñóòîê, òî åñòü óâåëè÷èâàëàñü óãëîâàÿ
ñêîðîñòü âðàùåíèÿ Çåìëè.

Êàê ñêàçàíî, íàïðèìåð, â [11], íà ñêîðîñòü ñóòî÷íîãî âðàùåíèÿ Çåìëè
îêàçûâàþò çàìåòíîå âëèÿíèå ëóííî-ñîëíå÷íûå ïðèëèâû. Èç-çà ñóòî÷íî-
ãî âðàùåíèÿ Çåìëÿ èìååò ôîðìó ýëëèïñîèäà âðàùåíèÿ ñî ñæàòèåì 1/298.
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Ðèñóíîê 3 � Âàðèàöèè îòêëîíåíèÿ ïðîäîëæèòåëüíîñòè çåìíûõ ñóòîê

îò ýòàëîííîãî çíà÷åíèÿ 86400 ñåê. çà ïåðèîä ñ 1973 ïî 2015 ã.

Ïðèëèâîîáðàçóþùàÿ ñèëà ðàñòÿãèâàåò Çåìëþ âäîëü ïðÿìîé, ñîåäèíÿþùåé
åå öåíòð ñ öåíòðîì âîçìóùàþùåãî òåëà, ïðè ýòîì åå ñæàòèå óâåëè÷èâàåò-
ñÿ, êîãäà îñü ðàñòÿæåíèÿ ñîâïàäàåò ñ ïëîñêîñòüþ ýêâàòîðà, è óìåíüøàåò-
ñÿ, êîãäà îñü ðàñòÿæåíèÿ îòêëîíÿåòñÿ ê òðîïèêàì. Ìîìåíò èíåðöèè ñæà-
òîé Çåìëè áîëüøå, ÷åì íåäåôîðìèðîâàííîé, à ïîñêîëüêó ìîìåíò èìïóëüñà
Çåìëè (ò.å. ïðîèçâåäåíèå åå ìîìåíòà èíåðöèè íà óãëîâóþ ñêîðîñòü) äîë-
æåí îñòàâàòüñÿ ïîñòîÿííûì, òî óãëîâàÿ ñêîðîñòü âðàùåíèÿ ñæàòîé Çåìëè
ìåíüøå, ÷åì íåäåôîðìèðîâàííîé. Ñ ó÷åòîì èçëîæåííîãî ìîæíî çàêëþ-
÷èòü, ÷òî íà âðåìåííîì èíòåðâàëå 1973-2015 ã.ã., êîãäà â ñðåäíåì ïðîèñõî-
äèëî óâåëè÷åíèå óãëîâîé ñêîðîñòè âðàùåíèÿ Çåìëè (óìåíüøåíèå ïðîäîë-
æèòåëüíîñòè çåìíûõ ñóòîê, Ðèñ. 3), äåôîðìàöèÿ ïëàíåòû óìåíüøàëàñü:
åå ôîðìà ñòðåìèëàñü ê áîëåå øàðîîáðàçíîé.

Íà Ðèñ. 5 ïîêàçàí àìïëèòóäíûé ñïåêòð âàðèàöèé äëèòåëüíîñòè çåìíûõ
ñóòîê, âû÷èñëåííûé êàê Ôóðüå ïðåîáðàçîâàíèå êîððåëÿöèîííîé ôóíêöèè.
Ãîäè÷íûå è ìåñÿ÷íûå âàðèàöèè, åñòåñòâåííî, âèäíû è íà ãðàôèêå êîððå-
ëÿöèîííîé ôóíêöèè, íî èíôîðìàöèÿ î ôàçàõ ýòèõ êîëåáàíèé ïðè åå âû-
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Ðèñóíîê 4 � Âàðèàöèè ñðåäíåñóòî÷íûõ çíà÷åíèé ÷èñëà ñîëíå÷íûõ ïÿòåí (à)

è ïðîäîëæèòåëüíîñòè çåìíûõ ñóòîê (b) â 1973-2015 ã.ã.

÷èñëåíèè èñ÷åçàåò. Â ðàñ÷åòíîì ñïåêòðå ïðèñóòñòâóþò íåáîëüøèå îòðèöà-
òåëüíûå çíà÷åíèÿ òîëüêî â íèçêî÷àñòîòíîé îáëàñòè äîïóñòèìûõ îøèáîê.
Â ñïåêòðå ïðîÿâèëèñü óçêèå ëèíèè ãîäè÷íûõ (365,3 ñóòîê) è ïîëóãîäè÷íûõ
(182,5 ñóòîê) êîëåáàíèé, à òàêæå î÷åíü óçêàÿ ëèíèÿ íà ÷àñòîòå 83.30±0.07
ãîä−1, êîòîðàÿ â òî÷íîñòè ñîîòâåòñòâóåò ïåðèîäó àíîìàëèñòè÷åñêîãî ìå-
ñÿöà Ëóíû Ta = 27.55 ñóò. Íå òàê îò÷åòëèâî ñîâïàëà ëèíèÿ, îòâå÷àþùàÿ
ïåðèîäó ïîâòîðåíèÿ ëóííûõ çàòìåíèé. Ýòîò ïåðèîä â 18 ñ íåáîëüøèì ëåò,
íîñÿùèé íàçâàíèå ñàðîñ, èçâåñòåí ñ ãëóáîêîé äðåâíîñòè. Åãî ñïåêòðàëüíàÿ
ëèíèÿ, âïðî÷åì, ëèøü íàïîëîâèíó ïðåâîñõîäèò îáëàñòü îøèáîê, ðàñøèðÿ-
þùóþñÿ â ñòîðîíó íèçêèõ ÷àñòîò.

Êàê ñêàçàíî â [11], êîëåáàíèÿ ïðîäîëæèòåëüíîñòè çåìíûõ ñóòîê (óãëî-
âîé ñêîðîñòè âðàùåíèÿ) ñ ïîëóãîäîâûì è ãîäîâûì ïåðèîäàìè îáóñëîâëå-
íû ñîëíå÷íûìè ïðèëèâàìè èç-çà âàðèàöèé ñêëîíåíèÿ è ãåîöåíòðè÷åñêîãî
ðàññòîÿíèÿ Ñîëíöà. Çà ñ÷åò ëóííûõ ïðèëèâîâ ïðîäîëæèòåëüíîñòü çåìíûõ
ñóòîê (óãëîâàÿ ñêîðîñòü âðàùåíèÿ) èçìåíÿåòñÿ âíóòðè ñèäåðè÷åñêîãî ìå-
ñÿöà (27,3 ñóòîê). Â òå÷åíèå ýòîãî ïåðèîäà âðåìåíè Ëóíà ïåðåìåùàåòñÿ èç
ñâîåãî êðàéíåãî ïîëîæåíèÿ â Ñåâåðíîì ïîëóøàðèè, êîãäà å¼ ïîëîæèòåëü-
íîå ñêëîíåíèå ìàêñèìàëüíî, ê ìèíèìàëüíîìó îòðèöàòåëüíîìó ñêëîíåíèþ
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Ðèñóíîê 5 � Àìïëèòóäíûé ñïåêòð ïðîäîëæèòåëüíîñòè

çåìíûõ ñóòîê ïî äàííûì 1973-2015 ã.ã.

â Þæíîì ïîëóøàðèè è çàòåì ñíîâà âîçâðàùàåòñÿ â Ñåâåðíîå ïîëóøàðèå
ê ìàêñèìàëüíîìó ñêëîíåíèþ. Ïðè ýòîì ñêîðîñòü âðàùåíèÿ Çåìëè èñïû-
òûâàåò äâà ïîëóìåñÿ÷íûõ êîëåáàíèÿ ñ ìàêñèìóìàìè ïðè ìàêñèìàëüíîì
óäàëåíèè Ëóíû îò ýêâàòîðà Çåìëè êàê â Ñåâåðíîå, òàê è â Þæíîå ïîëó-
øàðèå, è ìèíèìóìàìè ïðè ïåðåñå÷åíèè Ëóíîé ýêâàòîðà.

4. Çàêëþ÷åíèå

Äëÿ âðåìåííîãî îòðåçêà ïðîäîëæèòåëüíîñòüþ 42 ãîäà (1973-2014 ã.ã.)
ïðîàíàëèçèðîâàíû âàðèàöèè ñîëíå÷íîé àêòèâíîñòè, ïðîäîëæèòåëüíîñòè
çåìíûõ ñóòîê è ãëîáàëüíîé ñåéñìè÷åñêîé àêòèâíîñòè Çåìëè è âûäåëåíû
èõ äîëãîâðåìåííûå òðåíäû. Ïîêàçàíî, ÷òî äîëãîâðåìåííîìó ïîâûøåíèþ
ãëîáàëüíîé ñåéñìè÷åñêîé àêòèâíîñòè Çåìëè ñ 1973 äî 2014 ã.ã. ñîïóòñòâî-
âàëè äîëãîâðåìåííîå ïîíèæåíèå óðîâíÿ ñîëíå÷íîé àêòèâíîñòè, äîëãîâðå-
ìåííîå óâåëè÷åíèå óãëîâîé ñêîðîñòè âðàùåíèÿ Çåìëè (óìåíüøåíèå ïðî-
äîëæèòåëüíîñòè çåìíûõ ñóòîê è, ñëåäîâàòåëüíî, äîëãîâðåìåííîå óìåíü-
øåíèå äåôîðìàöèè ïëàíåòû.) Ìåòîäîì ñïåêòðàëüíîãî àíàëèçà âûäåëåíû
ïðèëèâíûå ãàðìîíèêè â âàðèàöèÿõ ïðîäîëæèòåëüíîñòè çåìíûõ ñóòîê: ãî-
äîâàÿ (365.3), ïîëóãîäîâàÿ (182.5), 27-äíåâíàÿ (27.5), 13-äíåâíàÿ (13.6) è
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9-äíåâíàÿ (9.1). Èçó÷åíèå äîëãîâðåìåííûõ âàðèàöèé àìïëèòóä âûäåëåí-
íûõ ãàðìîíèê áóäåò ïðåäìåòîì íàøèõ äàëüíåéøèõ èññëåäîâàíèé.
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Õà÷èêÿí Ã.ß., Êàéðàòêûçû Ä., Àíäðååâ À.Á. ÆÅÐ Ò�ÓËIÊÒÅÐIÍI�
�ÇÀ�ÒÛ�Û ÌÅÍ ÏËÀÍÅÒÀÄÀ�Û ÆÅÐÑIËÊIÍIÑÒÅÐIÍI� ÏÀÉÄÀ
ÁÎËÓ ÆÈIËIÃIÍI� ÂÀÐÈÀÖÈßËÀÐÛÍÛ� �ÇÀ� ÌÅÐÇIÌÄI �Ð-
ÄIÑÒÅÐI

Æåð àéíàëûñûíû á´ðûøòû© æûëäàìäû¡ûíû °çãåðiñi ìåí îíû
àéíàëó ýíåðãèÿñûíû âàðèàöèÿñûíà ©îñàòûí ³ëåñi òóðàëû ©àçiðãi çà-
ìàí¡û áiëiìäåð æ³éåëåíäiðiëãåí. Á´ðûøòû© æûëäàìäû© ïåí èíåðöèÿ ìî-
ìåíòiíi øàìàëàðûí ©îñó íºòèæåñiíäå ïëàíåòàíû àéíàëó ýíåðãèÿñûíû
°ñåòiíi æºíå îíû ñû¡ûëóû àðòàòûíû ê°ðñåòiëãåí, á´ë ñåéñìèêàëû© áåë-
ñåíäiëiêòi ê³øåþiíå ºêåëói ì³ìêií. Æåð òºóëiêòåðiíi ´çà©òû¡û ìåí ïëà-
íåòàäà¡û ìàãíèòóäàñû M ≥ 4.5 æåðñiëêiíiñòåðiíi ïàéäà áîëó æèiëiãiíi
43 æûë (1973-2015ææ) àðàëû¡ûíäà¡û âàðèàöèÿëàðû òóðàëû ýêñïåðèìåí-
òàëäû© ìºëiìåòòåð òàëäàí¡àí. Îñû ïàðàìåòðëåðäi âàðèàÿöèÿëàðûíäà¡û
´çà© ìåðçiìäi ³ðäiñòåði àé©ûíäàë¡àí, îëàð ò´òàñòàé àë¡àíäà Æåð àéíà-
ëûñûíû á´ðûøòû© æûëäàìäû¡û 1973 æûëäàí 2015 æûë¡à äåéií áiðòií-
äåï °ñêåíäiãií æºíå ïëàíåòàíû ñåéñìèêàëû© áåëñåíäiëiãi äå àðò©àíäû¡ûí
ê°ðñåòiï îòûð, á´ë òåîðèÿëû© áîëæàìäàðìåí ñºéêåñòiêòi äºëåëäåéäi.

Khachikyan G.Ya., Kairatkyzy D., Andreyev A. LONG-TERM TRENDS
IN VARIATIONS OF THE DAY LENGTH AND FREQUENCY OF
EARTHQUAKE OCCURRENCE AT THE GLOBE

Modern knowledge on the change of Earth's angular velocity and its
contribution to the variation of the energy of the Earth's rotation are analyzed.
It is shown that increasing angular velocity leads to increasing energy of Earth's
rotation and its compression, that can lead to increasing global seismic activity.
The experimental data on variations in 1973-2014 years the length of day
(LOD), and the frequency of occurrence at the globe the earthquakes with
magnitude 4.5 and more are investigated. It is found that in total, the both
the angular speed of rotation of the Earth and the frequency of earthquake
occurrence at the globe increased that is in agreement with the theoretical
predictions.
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÷èñëåííîñòè áèîîïàñíîñòåé ñ ïîìîùüþ äàííûõ êîñìè÷åñêîé ñúåìêè è íà-
çåìíîãî ìîíèòîðèíãà ÿâëÿåòñÿ îñîáåííî àêòóàëüíîé äëÿ Ðåñïóáëèêè Êà-
çàõñòàí [1]�[3].

Âûáîð íàïðàâëåíèÿ äàííûõ èññëåäîâàíèé òàêæå îïðåäåëåí Ìåæãîñó-
äàðñòâåííûì ñîãëàøåíèåì ïî ôîðìèðîâàíèþ Îáúåäèíåííîé èíôîðìàöè-
îííîé ñèñòåìû ãîñóäàðñòâ-ó÷àñòíèêîâ ÑÍÃ ïî çàùèòå îò áèîîïàñíîñòåé
(ÎÈÑ "Áèîîïàñíîñòü") [4], ðàçðàáîòàííîé Ïîñòîÿííîé êîìèññèåé Ìåæïàð-
ëàìåíòñêîé Àññàìáëåè ãîñóäàðñòâ-ó÷àñòíèêîâ ÑÍÃ ïî àãðàðíîé ïîëèòèêå,
ïðèðîäíûì ðåñóðñàì è ýêîëîãèè. Öåëüþ ñîçäàíèÿ ÎÈÑ "Áèîîïàñíîñòü"
ÿâëÿåòñÿ ïàðèðîâàíèå óãðîçû âîçðàñòàíèÿ ïðèðîäíûõ áèîîïàñíîñòåé.

Ïî îöåíêàì ýêñïåðòîâ â ïîñëåäíèå äåñÿòèëåòèÿ íà òåððèòîðèè Êàçàõ-
ñòàíà íàáëþäàåòñÿ ïîâñåìåñòíîå ïîâûøåíèå ñðåäíåé ãîäîâîé è ñåçîííîé
òåìïåðàòóð ïðèçåìíîãî âîçäóõà, îñîáåííî â ëåòíèå ìåñÿöû [5]. Êðîìå òî-
ãî, îòìå÷àþòñÿ òåíäåíöèè ê ðîñòó óâëàæíåíèÿ ñåâåðíîé ÷àñòè ðåñïóáëèêè
è îñóøåíèþ þãà ñòðàíû. Êëèìàòè÷åñêèå èçìåíåíèÿ ñïîñîáñòâóþò ðàñøè-
ðåíèþ çîí ðàñïðîñòðàíåíèÿ è óâåëè÷åíèþ ÷àñòîòû çàñóõ, ÷òî ïðèâîäèò
ê èçìåíåíèÿì òðàäèöèîííûõ ñðîêîâ è óñëîâèé ïîòåíöèàëüíûõ âñïûøåê
áèîïàñíîñòåé ðàçëè÷íîé ïðèðîäû.

Èñïîëüçîâàíèå ñïóòíèêîâîé èíôîðìàöèè è ìåòîäîâ êîñìè÷åñêîãî ìî-
íèòîðèíãà ïðè äèñòàíöèîííîé îöåíêå áèîîïàñíîñòåé ÿâëÿåòñÿ îòíîñèòåëü-
íî íîâûì íàïðàâëåíèåì, ðàçðàáàòûâàåìûì â ïîñëåäíåå äåñÿòèëåòèå. Ýòî
ñòàëî âîçìîæíûì â ðåçóëüòàòå áóðíîãî ðàçâèòèÿ ìåòîäîâ òåìàòè÷åñêîãî
äåøèôðèðîâàíèÿ, ðàñøèðåíèÿ êðóãà ïðèêëàäíûõ çàäà÷, ðåøàåìûõ íà îñ-
íîâå äàííûõ äèñòàíöèîííîãî çîíäèðîâàíèÿ Çåìëè (ÄÇÇ).

Â ðàáîòå èçó÷àåòñÿ âëèÿíèå îäíîãî èç íàèáîëåå îïàñíûõ äëÿ ñåëüñêî-
ãî õîçÿéñòâà Êàçàõñòàíà âèäîâ áèîîïàñíîñòåé � ñàðàí÷îâûõ, â ÷àñòíîñòè,
àçèàòñêîé ñàðàí÷è è èòàëüÿíñêîãî ïðóñà.

Â êà÷åñòâå òåñòîâîãî ó÷àñòêà äëÿ ïîäñïóòíèêîâûõ íàáëþäåíèé çà àçè-
àòñêîé ñàðàí÷îé âûáðàí Íèæíåèëèéñêèé î÷àã Áàëõàø-Àëàêîëüñêîãî ãíåç-
äèëèùà íà òåððèòîðèè Àëìàòèíñêîé îáëàñòè, ïðèìûêàþùåé ê þæíîé ãðà-
íèöå îçåðà Áàëõàø (740E, 450N) è îãðàíè÷åííîé Áàëõàøñêèì àäìèíèñòðà-
òèâíûì ðàéîíîì (Ðèñ. 1). Ìåòîäèêà ïðîâåäåíèÿ ïîäñïóòíèêîâûõ íàáëþ-
äåíèé çà ÷èñëåííîñòüþ ñàðàí÷îâûõ âêëþ÷àåò â ñåáÿ äâà îñíîâíûõ âèäà
ðàáîò: íàçåìíûå îáñëåäîâàíèÿ è êàìåðàëüíàÿ îáðàáîòêà ñïóòíèêîâûõ è
íàçåìíûõ ñèíõðîííûõ äàííûõ.

Ìàòåìàòè÷åñêèé æóðíàë. � 2016. � Ò. 16, � 4



Ìîíèòîðèíã ïðèðîäíûõ áèîîïàñíîñòåé ñ èñïîëüçîâàíèåì ... 281

Ðèñóíîê 1 � Ðàñïîëîæåíèå òåñòîâîãî ðàéîíà äëÿ íàáëþäåíèé çà àçèàòñêîé

ñàðàí÷îé � Áàëõàøñêèé ðàéîí Àëìàòèíñêîé îáëàñòè

Îïðåäåëåíèå ìåñò îáèòàíèÿ ñàðàí÷îâûõ ïî êîñìîñíèìêàì âîçìîæíî
ëèøü ïî êîñâåííûì ïðèçíàêàì, ïîçâîëÿþùèì îöåíèòü óñëîâèÿ îòðîæäå-
íèÿ è ïèòàíèÿ ñàðàí÷è òàêèõ, êàê îïðåäåëåíèå ñâîáîäíîé îò âîäû òåð-
ðèòîðèè, íàëè÷èå êîðìîâîé áàçû (ðàííåâåñåííÿÿ è òðîñòíèêîâàÿ ðàñòè-
òåëüíîñòü), ñî÷åòàíèå îïðåäåëåííûõ ìåòåîïàðàìåòðîâ, ïðåäøåñòâóþùèå
çàñóøëèâûå ãîäû.

Ðàçðàáîòàíà áàçà ñïóòíèêîâûõ è ñòàòèñòè÷åñêèõ äàííûõ, à òàêæå äàí-
íûõ íàçåìíûõ èçìåðåíèé è ïîëåâûõ èññëåäîâàíèé ñ öåëüþ õðàíåíèÿ è
îáðàáîòêè èíôîðìàöèè. Ñôîðìèðîâàí àðõèâ äàííûõ äèñòàíöèîííîãî çîí-
äèðîâàíèÿ íà òåððèòîðèþ Êàçàõñòàíà, âêëþ÷àþùèé ñíèìêè íèçêîãî è
ñðåäíåãî ïðîñòðàíñòâåííîãî ðàçðåøåíèÿ ñî ñïóòíèêîâ Terra/MODIS (250
ì ðàçðåøåíèå), Landsat-7 (30 ì ðàçðåøåíèå), Landsat-8 (30 ì è 15 ì ðàç-
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ðåøåíèå) ñ ðàçëè÷íîé ïåðèîäè÷íîñòüþ ñúåìêè.
Ìåòîä äèñòàíöèîííîé îöåíêè òåððèòîðèè ïî óñëîâèÿì îáèòàíèÿ è ðàç-

ìíîæåíèÿ àçèàòñêîé ñàðàí÷è âêëþ÷àåò â ñåáÿ íåñêîëüêî ýòàïîâ. Íà ïåð-
âîì ýòàïå ïðîâîäèòñÿ àíàëèç ìíîãîëåòíèõ äàííûõ ìåòåîïàðàìåòðîâ, ëèáî
çíà÷åíèé ðàññ÷èòàííîãî âåãåòàöèîííîãî èíäåêñà IVI â ãðàíèöàõ èññëåäóå-
ìîé òåððèòîðèè íà ïðåäìåò îïðåäåëåíèÿ ëåò ñ íàèëó÷øèìè è íàèõóäøèìè
óñëîâèÿìè âåãåòàöèè. Çàòåì íà îñíîâå ðàññ÷èòàííûõ ñïåêòðàëüíûõ èíäåê-
ñîâ NDWI, NDVI, SAVI ïðîâîäèòñÿ òåìàòè÷åñêîå äåøèôðèðîâàíèå äàííûõ
ñðåäíåãî ïðîñòðàíñòâåííîãî ðàçðåøåíèÿ. Ôîðìèðóþòñÿ êàðòû ïî÷âåííî-
ðàñòèòåëüíîãî ïîêðîâà LandCover/LandUse íà êëþ÷åâûå ãîäû. Ðàñ÷åò èí-
äåêñîâ ïðîâîäèòñÿ ïî ñëåäóþùèì ôîðìóëàì:

NDWI (water index) = (b4− b7)/(b4 + b7), (1)

ãäå b4 � NIR, b7 � TIR;

NDVI (normalized veg.in.) = (b4− b3)/(b4 + b3), (2)

ãäå b3 � Red, b4 � NIR;

SAVI (soil adjusted veg.in.) = ((b4− b3)/(b4 + b3)− 0.5)) ∗ 1.5, (3)

ãäå b3 � Red; b4 � NIR.
Íà îñíîâå äàííûõ èíäåêñîâ âûäåëÿþòñÿ âîäíûå îáúåêòû, ïåñ÷àíûå ïî-

âåðõíîñòè, òåððèòîðèè, ïîêðûòûå òóãàéíûìè ëåñàìè è ðàçëè÷íûìè ðàñ-
òèòåëüíûìè ñîîáùåñòâàìè. Äëÿ âûäåëåíèÿ òåððèòîðèé ñ ðàííåâåñåííåé
ðàñòèòåëüíîñòüþ âû÷èòàþòñÿ çíà÷åíèÿ èíäåêñà SAVI, ðàññ÷èòàííîãî ïî
èþëüñêîìó è ìàéñêîìó ñíèìêàì. Òåððèòîðèè ñ îòðèöàòåëüíûìè çíà÷åíèÿ-
ìè ïðåäñòàâëÿþò ñîáîé ó÷àñòêè, ïîêðûòûå ðàñòèòåëüíîñòüþ âåñíîé, è ïåñ-
÷àíûå ïîâåðõíîñòè � â ëåòíèé ïåðèîä. Â èòîãå ïîëó÷åíà êàðòà ïî÷âåííî-
ðàñòèòåëüíîãî ïîêðîâà ñî ñëåäóþùèìè êëàññàìè â ëåãåíäå: âîäíûå îáúåê-
òû, ïåñ÷àíûå ïîâåðõíîñòè (áàðõàíû), òàêûðû è ñîëîí÷àêè, òðàâÿíèñòûå
òóãàè (òðîñòíèêè, ëóãà, êóñòàðíèêè), äðåâåñíî-êóñòàðíèêîâûå òóãàéíûå
ëåñà, ðàííåâåñåííÿÿ ðàñòèòåëüíîñòü íà áàðõàíàõ, ïóñòûííàÿ ðàçðåæåííàÿ
ðàñòèòåëüíîñòü, ñàêñàóëüíèêè, ñåëüñêîõîçÿéñòâåííûå ïîëÿ. Ïîäîáíûå êàð-
òû ñòðîÿòñÿ íà âñå èññëåäóåìûå ãîäû è ïîäâåðãàþòñÿ ñðàâíåíèþ ìåòîäîì
Change Detection, â õîäå êîòîðîãî îïðåäåëÿþòñÿ èçìåíåíèÿ ãðàíèö òåððè-
òîðèé ñ ïðèãîäíûìè äëÿ ïèòàíèÿ è ÿéöåêëàäêè ñàðàí÷è óñëîâèÿìè.
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Ïðîâåäåíû ïîëåâûå îáñëåäîâàíèÿ ìåñò îòðîæäåíèÿ ñàðàí÷îâûõ â Áàë-
õàøñêîì ãíåçäèëèùå: 3-13 èþíÿ 2015 ãîäà îáíàðóæåíû 4 êóëèãè àçèàòñêîé
ñàðàí÷è 3-5 âîçðàñòîâ, ïîäòâåðæäåíî åå ðàííåå îòðîæäåíèå â ýòîì ãîäó;
17-27 àâãóñòà 2015 ãîäà âûÿâëåíû ïåðèîäû ñïàðèâàíèÿ, íà÷àëà ÿéöåêëàä-
êè, îïðåäåëåíû ïëîùàäè îòêëàäêè êóáûøåê.

Ïî ðåçóëüòàòàì òåìàòè÷åñêîãî äåøèôðèðîâàíèÿ ñïóòíèêîâûõ
äàííûõ íà òåððèòîðèþ þæíîãî Ïðèáàëõàøüÿ ïîñòðîåíû êàðòû
LandCover/LandUse ïî êîñìîñíèìêàì Landsat-5ÒÌ è Landsat-8OLI
íà êëþ÷åâûå ãîäû. Êëþ÷åâûìè âûáðàíû: 2008, 2011 è 2015 ãîäû, êàê
ãîäû ñ ìàêñèìàëüíûì (2011 ãîä) è ìèíèìàëüíûì (2008 ãîä) çíà÷åíè-
ÿìè çåëåíîé áèîìàññû â ãðàíèöàõ Áàëõàøñêîãî ðàéîíà (ïî äàííûì
ðàññ÷èòàííîãî èíäåêñà IVI) è ãîä, äëÿ êîòîðîãî ïðîâåäåíû ïîëåâûå
îáñëåäîâàíèÿ (2015 ãîä). Íà Ðèñ. 2 ïðåäñòàâëåí ãðàôèê çíà÷åíèé èíäåêñà
IVI, ðàññ÷èòàííîãî ïî ñíèìêàì MODIS (250 ì ðàçðåøåíèå) äëÿ èññëå-
äóåìîé òåððèòîðèè. Îáðàáîòàíû áåçîáëà÷íûå ñöåíû Landsat-8OLI (30 ì

Ðèñóíîê 2 � Ðàñïðåäåëåíèå çíà÷åíèé èíäåêñà IVI

â ãðàíèöàõ Áàëõàøñêîãî ðàéîíà

ðàçðåøåíèå) çà ìàé, èþíü è àâãóñò êàæäîãî êëþ÷åâîãî ãîäà. Ðàññ÷èòàíû
ñïåêòðàëüíûå èíäåêñû: NDWI, NDVI, SAVI ïî ôîðìóëàì (1)-(3).

Íà îñíîâå èíäåêñà NDWI çà ìàé ìåñÿö âûäåëåíû âîäíûå îáúåêòû. Íà
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îñíîâå èíäåêñà SAVI çà àâãóñò ìåñÿö âûäåëåíû òåððèòîðèè ñ ïåñ÷àíû-
ìè ïîâåðõíîñòÿìè è ñîëîíöû. Ïî ñíèìêàì îöèôðîâàíû òåððèòîðèè, îò-
íîñÿùèåñÿ ê ñåëüñêîõîçÿéñòâåííûì óãîäüÿì: ñåëüñêîõîçÿéñòâåííûå ïîëÿ
ñ îðîøåíèåì è áîãàðíûì çåìëåäåëèåì, à òàêæå áðîñîâûå ïîëÿ. Âû÷èòàíèå
çíà÷åíèé èíäåêñà NDVI, ðàññ÷èòàííîãî ïî ìàéñêîìó ñíèìêó, èç àâãóñòîâ-
ñêèõ çíà÷åíèé ïîçâîëèëî îòäåëèòü òåððèòîðèè ñ ðàííåâåñåííåé è òóãàéíîé
ðàñòèòåëüíîñòüþ. Ïîñòðîåíà êàðòà ïîäñòèëàþùåé ïîâåðõíîñòè íà 2015 ãîä
ïî äàííûì ÄÇÇ.

Íà îñíîâå ïîñòðîåííûõ êàðò ðàññ÷èòàíû ïëîùàäè êëàññîâ ïîäñòèëàþ-
ùåé ïîâåðõíîñòè íà êëþ÷åâûå ãîäû. Íà Ðèñ. 3 ïðåäñòàâëåíû èçìåíåíèÿ
ðàññ÷èòàííûõ êëàññîâ ïîäñòèëàþùåé ïîâåðõíîñòè äëÿ îïðåäåëåíèÿ ðàçíè-
öû â ãðàíèöàõ êëàññîâ, ïðèãîäíûõ äëÿ ïèòàíèÿ ñàðàí÷è: åñëè ðàçíèöà â
ïëîùàäÿõ íåçíà÷èòåëüíà, òî ìîæíî èñïîëüçîâàòü äëÿ ìîäåëè ëþáîé ãîä;
åñëè ðàçíèöà çíà÷èòåëüíà, òî çà îñíîâó â ìîäåëè áóäóò âçÿòû ãðàíèöû
ìèíèìàëüíûõ ïëîùàäåé. Êàê âèäíî èç Ðèñ. 3, ðàçíèöà â ïëîùàäÿõ êëþ-
÷åâûõ êëàññîâ çíà÷èòåëüíà. Ïðåäâàðèòåëüíûé àíàëèç ñîîòíîøåíèÿ ïëî-

Ðèñóíîê 3 � Èçìåíåíèÿ ïëîùàäåé ðàññ÷èòàííûõ êëàññîâ

ïîäñòèëàþùåé ïîâåðõíîñòè

ùàäåé êëàññîâ ïîäñòèëàþùåé ïîâåðõíîñòè ñ êîëè÷åñòâîì îáíàðóæåííûõ
ñàðàí÷îâûõ ïðåäñòàâëåí íà Ðèñ. 4.

Àíàëèç ïîëó÷åííûõ äàííûõ ëåã â îñíîâó ìîäåëèðîâàíèÿ òåððèòîðèé,
íà êîòîðûõ ìîæíî îæèäàòü óâåëè÷åíèå ÷èñëåííîñòè àçèàòñêîé ñàðàí÷è â
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Ðèñóíîê 4 � Ãðàôèê çàâèñèìîñòè ïëîùàäåé, çàíèìàåìûõ òðîñòíèêîâîé

ðàñòèòåëüíîñòüþ, çàëèâîì Àëàêîëü (îçåðà Áàëõàø)

è êîëè÷åñòâîì îáíàðóæåííûõ ëè÷èíîê ñàðàí÷îâûõ

îïðåäåëåííûå ãîäû, à òàêæå ìîäåëèðîâàíèÿ ýêîëîãè÷åñêîé íèøè ñàðàí÷î-
âûõ.

Íà îñíîâå äàííûõ ìíîãîëåòíèõ ïîëåâûõ íàáëþäåíèé ïî î÷àãàì ãíåçäî-
âàíèÿ ïîñòðîåíà ïðîñòðàíñòâåííàÿ ìîäåëü ýêîëîãè÷åñêèõ óñëîâèé ãíåçäî-
âàíèÿ àçèàòñêîé ñàðàí÷è (Locusta migratoria asiatica). Ñëåäóåò îòìåòèòü,
÷òî ðàçðàáîòàííûå ìîäåëè îïèñûâàþò èìåííî îïòèìàëüíûå óñëîâèÿ ãíåç-
äîâàíèÿ äàííîãî âèäà, à íå åãî ïîòåíöèàëüíîå ðàñïðîñòðàíåíèå. Ðàññåëå-
íèå ñàðàí÷è çàâèñèò îò ìíîãèõ ôàêòîðîâ, ñðåäè êîòîðûõ íàëè÷èå êîðìî-
âîé áàçû, ïîãîäíûå óñëîâèÿ, íàïðàâëåíèå ïðåîáëàäàþùèõ âåòðîâ è ò.ä.
Ïðè ýòîì ðàññåëåíèå ïðîèñõîäèò ñòèõèéíî, à âûæèâàåò è äàåò ïîòîìñòâî
òîëüêî òà ÷àñòü òåêóùåé ãåíåðàöèè, êîòîðàÿ îêàçàëàñü â óñëîâèÿõ, ïðè-
ãîäíûõ äëÿ ðàçìíîæåíèÿ è, ÷òî íåìàëîâàæíî, äëÿ âûæèâàíèÿ êóáûøåê
äî ñëåäóþùåãî âåãåòàöèîííîãî ïåðèîäà.

Â êà÷åñòâå èñõîäíûõ äàííûõ èñïîëüçîâàëèñü êëèìàòè÷åñêèå
(WorldClim, BioClim, Global-PET) è ëàíäøàôòíûå (öèôðîâàÿ ìîäåëü
ðåëüåôà ñ åå ïðîèçâîäíûìè: àñïåêò, ýêñïîçèöèÿ, âîãíóòîñòü ïîâåðõíîñòè
è ò.ï.) äàííûå. Íà îñíîâàíèè ðàçðàáîòàííîé ìîäåëè ïîëó÷åí ðÿä êàðò,
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îïèñûâàþùèõ îïòèìàëüíûå äëÿ ãíåçäîâàíèÿ ñàðàí÷è óñëîâèÿ è ðàçëè-
÷àþùèõñÿ êîëè÷åñòâîì âêëþ÷åííûõ âåñîìûõ ïðèçíàêîâ. Ðàçðàáîòàííàÿ
ìîäåëü õîðîøî îïèñûâàåò èçâåñòíûå î÷àãè ãíåçäîâàíèÿ àçèàòñêîé ñà-
ðàí÷è â Åâðàçèè è ìîæåò ñëóæèòü îñíîâîé äëÿ ïðîâåäåíèÿ äåòàëüíûõ
íàáëþäåíèé íà òåððèòîðèÿõ, ãäå ñî÷åòàþòñÿ îïòèìàëüíûå ôàêòîðû,
ïðåäñòàâëÿþùèå ïîòåíöèàëüíûå íîâûå î÷àãè ðàçâèòèÿ âðåäèòåëÿ.

Ðàçðàáîòàíà áàçîâàÿ ìîäåëü ýêîëîãè÷åñêîé íèøè äðóãîãî âèäà ñà-
ðàí÷îâûõ � èòàëüÿíñêîãî ïðóñà (Calliptamus italicus). Îñíîâîé ìîäåëè
ïîñëóæèëè íàáîðû êëèìàòè÷åñêèõ äàííûõ, âêëþ÷àþùèå òàêèå ïîêà-
çàòåëè, êàê ñðåäíåìåñÿ÷íûå òåìïåðàòóðû è îñàäêè, ñðåäíåìåñÿ÷íàÿ
ýâàïîòðàíñïèðàöèÿ, êîëè÷åñòâî ñîëíå÷íîé ðàäèàöèè, îòíîñèòåëüíàÿ
âëàæíîñòü âîçäóõà è ðÿä äðóãèõ (íàáîðû êëèìàòè÷åñêèõ ïåðåìåííûõ
BioClim, WorldClim, Global-PET, CCSM, CliMOND). Áàçîâàÿ ìîäåëü
ñòðîèëàñü ïî äàííûì íàçåìíûõ îáñëåäîâàíèé, òàê íàçûâàåìûé ïîäõîä
"presence-only". Íàáîðû íàçåìíûõ òî÷åê ðåãèñòðàöèè ïðîÿâëåíèÿ âèäà
áûëè ðàçäåëåíû íà äâå ãðóïïû. Ïåðâàÿ ãðóïïà � 75 % âñåõ òî÷åê �
èñïîëüçîâàëàñü äëÿ îïðåäåëåíèÿ îïòèìàëüíûõ äëÿ âèäà äèàïàçîíîâ
êàæäîé êëèìàòè÷åñêîé ïåðåìåííîé. Âòîðàÿ ãðóïïà � 25 % îáùåãî
êîëè÷åñòâà òî÷åê � ïðèìåíÿëàñü äëÿ âûäåëåíèÿ çíà÷èìûõ äëÿ âèäà êëè-
ìàòè÷åñêèõ ïåðåìåííûõ. Ìîäåëèðîâàíèå ïðîâåäåíî â ñðåäå ArcGIS 10.2,
ñòàòèñòè÷åñêàÿ îáðàáîòêà äàííûõ � â ïðîãðàììå StatSoft STATISTICA
10. Íà Ðèñ. 5 ïðåäñòàâëåí ðåçóëüòàò ìîäåëèðîâàíèÿ ýêîëîãè÷åñêîé íèøè
� êàðòà áëàãîïðèÿòíûõ óñëîâèé ðàñïðîñòðàíåíèÿ èòàëüÿíñêîãî ïðóñà.
Ðàíåå ïîñòðîåííàÿ ìîäåëü áëàãîïðèÿòíûõ óñëîâèé ðàñïðîñòðàíåíèÿ
àçèàòñêîé ñàðàí÷è, îñíîâàííàÿ íà êëèìàòè÷åñêèõ äàííûõ, áûëà óòî÷íåíà
èíôîðìàöèåé î ãðàíèöàõ ïðîèçðàñòàíèÿ òðîñòíèêîâîé ðàñòèòåëüíîñòè.
Òðîñòíèê âûáðàí â ñâÿçè ñ òåì, ÷òî èìåííî äàííûé âèä ðàñòèòåëüíîñòè
ÿâëÿåòñÿ îñíîâîé êîðìîâîé áàçû àçèàòñêîé ñàðàí÷è è èìååò êëþ÷åâîå
çíà÷åíèå â îïðåäåëåíèè ìåñò åå îáèòàíèÿ. Â ðåçóëüòàòå ðàñ÷åòîâ ïîëó÷åíà
óòî÷íåííàÿ êàðòà áëàãîïðèÿòíûõ óñëîâèé ðàñïðîñòðàíåíèÿ àçèàòñêîé
ñàðàí÷è. Íà Ðèñ. 6 ïðèâåäåíà êàðòà óòî÷íåííîé ìîäåëè áëàãîïðèÿòíûõ
óñëîâèé ðàñïðîñòðàíåíèÿ àçèàòñêîé ñàðàí÷è äëÿ òåððèòîðèè Ðåñïóáëèêè
Êàçàõñòàí, óêðóïíåííûå âñòàâêè ïëîùàäåé Èëå-Áàëõàøñêîãî àðåàëà.

Ðåçóëüòàòû óòî÷íåííîãî ìîäåëèðîâàíèÿ ïîêàçûâàþò ñîâïàäåíèå
ðàñïîëîæåíèÿ òåððèòîðèé, âûÿâëåííûõ â õîäå äàííûõ èññëåäîâàíèé,
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Ðèñóíîê 5 � Áàçîâàÿ ìîäåëü ýêîëîãè÷åñêîé íèøè èòàëüÿíñêîãî ïðóñà

ñ àðåàëàìè ðàñïðîñòðàíåíèÿ àçèàòñêîé ñàðàí÷è, îïóáëèêîâàííûìè â
ëèòåðàòóðíûõ èñòî÷íèêàõ, íî ñ áîëåå ÷åòêèìè ãðàíèöàìè è ìåíüøèìè
ïëîùàäÿìè. Ýòî èìååò ëîãè÷íîå îáúÿñíåíèå, ñâÿçàííîå ñ óìåíüøåíèåì
òåððèòîðèé, çàíÿòûõ òðîñòíèêàìè çà ïîñëåäíèå 50 ëåò. Òàêæå âûÿâëåí
îäèí î÷àã, íà òåððèòîðèè êîòîðîãî ïðîèçðàñòàåò òðîñòíèê è ñîáëþäàþòñÿ
âñå êëèìàòè÷åñêèå óñëîâèÿ, íåîáõîäèìûå äëÿ ãíåçäîâàíèÿ àçèàòñêîé
ñàðàí÷è. Â ýòîé ñâÿçè íåîáõîäèìû ïîëåâûå îáñëåäîâàíèÿ äàííîãî ó÷àñòêà
äëÿ ïîäòâåðæäåíèÿ ðåçóëüòàòîâ. Ðåçóëüòàò äàííîãî èññëåäîâàíèÿ âàæåí
äëÿ îáíîâëåíèÿ êàðòîãðàôè÷åñêîé èíôîðìàöèè è óòî÷íåíèÿ ãðàíèö
î÷àãîâ ãíåçäîâàíèÿ.

Ïðîâåäåíî òåñòîâîå ìîäåëèðîâàíèå âîçíèêíîâåíèÿ áëàãîïðèÿòíûõ
óñëîâèé îáèòàíèÿ è ðàçìíîæåíèÿ àçèàòñêîé ñàðàí÷è ïî îñíîâíûì êëèìà-
òè÷åñêèì è ëàíäøàôòíûì ïàðàìåòðàì äëÿ ëåò ñ ðàçëè÷íûìè ïîãîäíûìè
óñëîâèÿìè. Â ðåçóëüòàòå ìîäåëèðîâàíèÿ ïîëó÷åíû ãðàíèöû òåððèòîðèé
ñ áëàãîïðèÿòíûìè óñëîâèÿìè äëÿ ðàçìíîæåíèÿ è îáèòàíèÿ àçèàòñêîé
ñàðàí÷è íà òåððèòîðèè Áàëõàøñêîãî ðàéîíà Àëìàòèíñêîé îáëàñòè â
ãîäû ñ ñóõèìè (2008 ã.) è âëàæíûìè (2011 ã.) ïîãîäíûìè óñëîâèÿìè.
Äëÿ ïðîâåäåíèÿ äàëüíåéøåé âåðèôèêàöèè ìîäåëè áûëè ðàññ÷èòàíû è íà
òåêóùèé 2016 ãîä.
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Ðèñóíîê 6 � Êàðòà óòî÷íåííîé ìîäåëè áëàãîïðèÿòíûõ óñëîâèé

ðàñïðîñòðàíåíèÿ àçèàòñêîé ñàðàí÷è

Ïðîâåäåíî òåñòîâîå ìîäåëèðîâàíèå âîçíèêíîâåíèÿ áëàãîïðèÿòíûõ
óñëîâèé äëÿ îáèòàíèÿ è ðàçìíîæåíèÿ èòàëüÿíñêîãî ïðóñà ïî îñíîâíûì
êëèìàòè÷åñêèì è ëàíäøàôòíûì ïàðàìåòðàì äëÿ ëåò ñ ðàçëè÷íûìè
ïîãîäíûìè óñëîâèÿìè. Â ðåçóëüòàòå ìîäåëèðîâàíèÿ ïîëó÷åíû ãðàíèöû
òåððèòîðèé ñ áëàãîïðèÿòíûìè óñëîâèÿìè äëÿ ðàçìíîæåíèÿ è îáèòàíèÿ
èòàëüÿíñêîãî ïðóñà íà òåððèòîðèè Ïàâëîäàðñêîé îáëàñòè â ãîäû ñ ñóõèìè
(2010 ã.) è âëàæíûìè (2013 ã.) ïîãîäíûìè óñëîâèÿìè. Êàê âèäíî èç Ðèñ. 7,
ïî óñëîâèÿì âëàæíîñòè è ñðåäíåìåñÿ÷íûõ òåìïåðàòóð îò ãîäà ê ãîäó
íàáëþäàåòñÿ ñìåùåíèå òåððèòîðèè ñ áëàãîïðèÿòíûìè óñëîâèÿìè íà þã.

Ðåçóëüòàòû òåñòîâîãî ìîäåëèðîâàíèÿ îáíàðóæèâàþò âûñîêóþ äè-
íàìè÷íîñòü ïðîñòðàíñòâåííîãî ðàñïðåäåëåíèÿ ïîãîäíûõ ôàêòîðîâ, â
ðåçóëüòàòå êîòîðîé îïòèìàëüíûå äëÿ ðàçâèòèÿ òîé èëè èíîé áèîîïàñ-
íîñòè óñëîâèÿ ìîãóò ñìåùàòüñÿ ãåîãðàôè÷åñêè â øèðîêèõ ïðåäåëàõ,
÷òî ïîäðàçóìåâàåò çíà÷èòåëüíóþ âàðèàòèâíîñòü óñëîâèé âîçíèêíîâåíèÿ
âñïûøåê âðåäèòåëåé. Àíàëèç òåñòîâûõ ìîäåëåé íåïëîõî ñîãëàñóåòñÿ
ñ ðåàëüíîé ñèòóàöèåé, ÷òî õîðîøî âèäíî íà ïðèìåðå 2016 ãîäà. Òàê,
ñèòóàöèÿ ñ ñàðàí÷îâûìè âðåäèòåëÿìè â òåêóùåì ãîäó íå âûõîäèëà çà
ïðåäåëû íîðìàëüíîãî ðàçâèòèÿ ýòèõ âèäîâ. Îïòèìàëüíûå äëÿ ãíåçäîâà-
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Ðèñóíîê 7 � Ðåçóëüòàò ìîäåëèðîâàíèÿ áëàãîïðèÿòíûõ óñëîâèé îáèòàíèÿ èòàëüÿíñêîãî

ïðóñà â Ïàâëîäàðñêîé îáëàñòè (èíòåíñèâíîñòü êðàñíîãî - áëàãîïðèÿòíûå óñëîâèÿ):

À � â 2010 ãîäó; Á � â 2013 ãîäó; Â � â 2016 ãîäó

íèÿ óñëîâèÿ ïî íàáîðó ïàðàìåòðîâ äëÿ òåñòîâîãî ìîäåëèðîâàíèÿ èìåþò
î÷åíü îãðàíè÷åííîå ðàñïðîñòðàíåíèå íà òåððèòîðèÿõ Àëìàòèíñêîé è
Ïàâëîäàðñêîé îáëàñòåé.
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Tsychuyeva N.Yu., Aknazarova R.B., Malahov D.V., Vitkovskaya I.S.
NATURAL BIOLOGICAL HAZARD MONITORING USING EARTH'S
REMOTE SENSING DATA

This article presents the object of creation of biological hazard remote
setting methodological basis, the technology development of geospatial
assessment of biological hazard outbreak number with the help of orbital
survey and land monitoring. The article studies the impact of locusts, one of
the most dangerous species of biological hazard for agriculture of Kazakhstan.
The procedure of ground-truth observations for numbers of locusts is described
herein. Particular attention is paid to the development of statistics and satellite
databases, ground and �eld measurements data. The simulation of conducive
environment for occurrence and spread of locusts was based on data analysis.

Öû÷óåâà Í.Þ., À©íàçàðîâà Ð.Á., Ìàëàõîâ Ä.Â., Âèòêîâñêàÿ È.Ñ. ÒÀ-
ÁÈ�È ÁÈÎ�ÀÓIÏÒIËIÊÒÅÐÄI� ÆÅÐÄI �ÀØÛ�ÒÛ�ÒÀÍ ÁÀÐËÀÓ
ÄÅÐÅÊÒÅÐIÍ ÏÀÉÄÀËÀÍÓ ÀÐ�ÛËÛ ÌÎÍÈÒÎÐÈÍÃI

Ìà©àëàäà ¡àðûøòû© ò³ñiðiìäåð æºíå æåð³ñòi ìîíèòîðèíãi äå-
ðåêòåði ê°ìåãiìåí áèî©àóiïòiëiêòåðäi ¡àðûøòû© ìîíèòîðèíãiíi ¡ûëûìè-
ºäiñòåìåëiê íåãiçäåðií ©´ðó, áèî©àóiïòiëiêòåð ñàíûíû îøà©òàðûí ãåî-
êåiñòiêòiê áà¡àëàó òåõíîëîãèÿëàðûí ºçiðëåó ìºñåëåñi ©àðàñòûðûëàäû.
Æ´ìûñòà �àçà©ñòàííû àóûë øàðóàøûëû¡û ³øií áàðûíøà ©àòåðëi
áèî©àóiïòiëiêòåðäi áiði � øåãiðòêå òåêòåñòåðäi ºñåði çåðòòåëåäi. Øåãiðò-
êå òåñòåñòåðäi ñàíûíà iøêi æåð ñåðiêòåðiíåí áà©ûëàó æ³ðãiçó ºäiñòåìåñi
ñèïàòòàë¡àí. Æåð ñåðiãi æºíå ñòàòèñòèêàëû© äåðåêòåð ©îðûí ºçiðëåó-
ãå, æåð³ñòi °ëøåóëåði ìåí äàëàëû© çåðòòåóëåð äåðåêòåðiíå åðåêøå ê°ië
á°ëiíãåí. Àëûí¡àí äåðåêòåðäi òàëäàó íåãiçiíäå øåãiðòêå òåêòåñòåðäi ïàé-
äà áîëóû ìåí òàðàëóûíû ©îëàéëû æà¡äàéëàðûí ìîäåëäåó æ³ðãiçiëãåí.
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МАТЕМАТИЧЕСКАЯ ЖИЗНЬ

КАЗБЕК ЕСЕНЖАНОВИЧ ДЖАУГАШТИН
(к 80-летию со дня рождения)

Эта статья посвящена юбилей-
ной дате – 80-летию со дня рож-
дения известного ученого-физика
и механика, доктора технических
наук, профессора Казбека Есен-
жановича Джаугаштина.

Работы Джаугаштина К.Е. яв-
ляются классическими исследова-
ниями, открытиями, стоящими у
истоков больших современных на-
учных направлений в области ме-
ханики жидкости и газа.

В наших сердцах живет свет-
лая память о нем не только как о

большом ученом и заботливом наставнике, но и как о яркой личности с
добрым сердцем и огромной любовью к людям, к жизни.

Джаугаштин Казбек Есенжанович родился 12 апреля 1936 года в посел-
ке Денисовка Орджоникидзевского района Кустанайской области. В 1954
году, окончив среднюю школу в г. Актюбинск с золотой медалью, Казбек
Джаугаштин поступает на математическое отделение физико- математи-
ческого факультета Казахского государственного университета им. С.М.
Кирова. Во время учебы Джаугаштин К.Е. знакомится с выдающимся фи-
зиком Львом Абрамовичем Вулисом, который предопределил дальнейшие
научные интересы Казбека Есенжановича. Творческий дух лекций Льва
Абрамовича, его высокая эрудиция и круг научных интересов настолько
привлекли молодого К.Е. Джаугаштина, что он перевелся на физический
факультет, который с отличием окончил в 1960 году. В эти годы зарож-
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дается научный союз и большая человеческая дружба известного ученого
Л.А. Вулиса и талантливого ученика К.Е. Джаугаштина.

После окончания аспирантуры в 1963 году он был приглашен на ра-
боту в лабораторию технической теплофизики Ленинградского Высшего
военно-морского инженерного училища им. Ф.Э. Дзержинского. В 1964
г. К.Е. Джаугаштин защитил в Ленинградском государственном уни-
верситете диссертацию на соискание ученой степени кандидата физико-
математических наук.

В эти же годы К.Е. Джаугаштин знакомится с работами Н.И. Акатно-
ва, связанными с задачами о плоской пристенной струе, и исследования-
ми Л.Д. Ландау задач о затопленной незакрученной струе. Его потрясает
красота аналитических решений, полученных учеными. Вдохновленный
интересными проблемами и их стройным решением, молодой ученый Каз-
бек Джаугаштин решает три принципиально важные задачи в области
струй: находит точные решения задач распространения ламинарной за-
крученной струи проводящей жидкости вдоль поверхности конуса (1963),
распространения плоской струи проводящей жидкости (1965) и полуогра-
ниченной струи проводящей жидкости (1965). В эти годы Казбека Есен-
жановича интересовало все, что было связано с новыми направлениями
в гидродинамике. Оригинальные труднодоступные зарубежные статьи он
переписывал в свой толстый журнал, который называл "навигационным".
Увлеченный научными рассчетами, молодой КЕД, как его называли кол-
леги и друзья, допоздна засиживался в лаборатории.

На рубеже 60-х и 70-х годов бурно развивается теория турбулентно-
сти. К.Е. Джаугаштин с присущими ему напористостью и энтузиазмом
берется за решение проблем в этой области. Вскоре появляются работы,
посвященные турбулентным течениям и балансу пульсационных энергий в
свободных турбулентных струях жидкости (1970). В дальнейшем полуэм-
пирическая теория турбулентности становится основным научным инте-
ресом К.Е. Джаугаштина. Полученные результаты в этой области плавно
переходят в законченный труд в виде докторской диссертации, которую он
успешно защищает в 1973 году в Институте высоких энергий (г. Москва).

В 1974 году К.Е. Джаугаштин получает фундаментальный результат в
теории однородной турбулентности: им была найдена спектральная функ-
ция изотропной турбулентности.
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В 1980 г. профессор К.Е. Джаугаштин по приглашению Академии наук
Казахской ССР перезжает из Ленинграда в г. Алматы, где под его руко-
водством создается лаборатория прикладной гидродинамики в Институте
математики и механики Казахской Академии наук. Здесь К.Е Джаугаш-
тин проработал до конца своих дней...

Диапазон научных интересов К.Е. Джаугаштина был очень широк.
Казбек Есенжанович является одним из основоположников локально- рав-
новесной турбулентности. Им предложена полуэмпирическая теория тур-
булентности, основанная на уравнениях моментов второго порядка, ко-
торая позволяет рассчитывать турбулентные характеристики течений в
различных средах. На основе данного подхода исследованы критические
режимы течения МГД-струи, выявлены и описаны критические режимы
магнитных полей, порождающих гидродинамическую неустойчивость по-
тока.

Значительны его заслуги в создании и развитии теории струй вязкой
жидкости, разработке математических моделей и методов исследования
турбулентных струйных течений, течений в магнитном поле, в статифи-
цированных средах. Профессор К.Е. Джаугаштин – автор более 100 на-
учных работ, опубликованных в центральных изданиях бывшего СССР и
зарубежных изданиях. Его труды вызывали огромный интерес научной
общественности. Он неоднократно приглашался и выступал на междуна-
родных форумах и конференциях.

К.Е. Джаугаштин принимал активное участие в подготовке аттестации
научных кадров, под его руководством защищены 12 кандидатских и 2
докторских диссертации.

Одновременно с научной работой К.Е. Джаугаштин отдавал много сил
и энергии научно-организационной работе, являясь членом Государствен-
ного аттестационного комитета Республики Казахстан, специализирован-
ного совета по защите диссертаций в КазГУ им. аль-Фараби, Ученого сове-
та Института, и до последних своих дней оставался референтом журнала
"Механика" Российской Академии наук.

Вся научно-творческая жизнь К.Е. Джаугаштина является ярким при-
мером беспрецедентного служения человека науке, которая дарила ему
яркие минуты озарения и радость творческого вдохновения.

Казбек Есенжанович был демократичен и прост в общении с людьми,
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интеллигент в самом высоком значении этого слова. Полнейшее отсутствие
прагматизма в делах карьеры, щедрость души и искренность в отношени-
ях с коллегами снискали ему с их стороны большую любовь и уважение.
Меньше всего в жизни Казбека Есенжановича интересовали высокие титу-
лы, звания; ему чужда была манера поведения, соответствующая послед-
ним. Казбек Есенжанович был скромным и непретенциозным в достиже-
нии личных удобств, но, вместе с тем, не считал зазорным незамедли-
тельно выполнить ту или иную просьбу студента или аспиранта, проявлял
огромную заботу о своих сотрудниках. Казбек Есенжанович был добрым
супругом и нежным отцом двух дочерей.

Память о Казбеке Есенжановиче навсегда останется в сердцах тех, кто
его знал. Среди них его ученики, продолжающие его дело.
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Ïðàâèëà "Ìàòåìàòè÷åñêîãî æóðíàëà" äëÿ àâòîðîâ ñòàòåé

Îáùèå ïîëîæåíèÿ

Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ îðèãèíàëüíûå ñòàòüè ïî
îñíîâíûì ðàçäåëàì ñîâðåìåííîé ìàòåìàòèêè: òåîðèÿ ôóíêöèé, ôóíêöèî-
íàëüíûé àíàëèç, îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, óðàâíåíèÿ
ñ ÷àñòíûìè ïðîèçâîäíûìè, àëãåáðà, ìàòåìàòè÷åñêàÿ ëîãèêà, òåîðèÿ ÷èñåë,
ãåîìåòðèÿ, òîïîëîãèÿ, òåîðèÿ âåðîÿòíîñòåé è ìàòåìàòè÷åñêàÿ ñòàòèñòè-
êà, âû÷èñëèòåëüíàÿ ìàòåìàòèêà, ìàòåìàòè÷åñêàÿ ôèçèêà, ìàòåìàòè÷åñêîå
ìîäåëèðîâàíèå.

Æóðíàë âûïóñêàåòñÿ åæåêâàðòàëüíî, ÷åòûðå íîìåðà ñîñòàâëÿþò òîì.

Ñòàòüÿ äîëæíà áûòü íàïèñàíà íà âûñîêîì íàó÷íîì óðîâíå, ñîäåðæàòü
íîâûå, ÷åòêî ñôîðìóëèðîâàííûå ìàòåìàòè÷åñêèå ðåçóëüòàòû è èõ äîêà-
çàòåëüñòâà. Âî ââåäåíèè íåîáõîäèìî ïðèâåñòè èìåþùèåñÿ ðåçóëüòàòû ïî
òåìå ïðåäñòàâëåííîé ðàáîòû, äàòü êðàòêîå ñîäåðæàíèå ñòàòüè è îòðàçèòü
àêòóàëüíîñòü, íîâèçíó ïîëó÷åííûõ àâòîðîì ðåçóëüòàòîâ.

Ñòàòüè æóðíàëà ðàçìåùàþòñÿ â ñâîáîäíîì äîñòóïå íà ñàéòå
www.math.kz Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
ÌÎÍ ÐÊ, èõ ðåôåðèðóþò ÍÖ ÍÒÈ (Êàçàõñòàí), Zentralblatt Math (Ãåð-
ìàíèÿ).

Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ ñòàòüè îáúåìîì äî 25 æóð-
íàëüíûõ ñòðàíèö. Ñòàòüè îáúåìîì áîëåå 25 ñòðàíèö ïóáëèêóþòñÿ ïî ñïå-
öèàëüíîìó ðåøåíèþ ðåäêîëëåãèè æóðíàëà. Ïðèíèìàþòñÿ ñòàòüè, íàïè-
ñàííûå íà êàçàõñêîì, ðóññêîì è àíãëèéñêîì ÿçûêàõ. Ñòàòüè ðåöåíçèðóþò-
ñÿ.

Òðåáîâàíèÿ ê îôîðìëåíèþ ñòàòåé

1. Ðóêîïèñü ñòàòüè äîëæíà áûòü ïîäãîòîâëåíà â èçäàòåëüñêîé ñèñòåìå
LATEX-2å è ïðåäñòàâëåíà â âèäå äâóõ òâåðäûõ êîïèé, à òàêæå â âèäå tex è
pdf - ôàéëîâ íà ëþáîì ýëåêòðîííîì íîñèòåëå èëè ïðèñëàíà ïî ýëåêòðîííîé
ïî÷òå zhurnal@math.kz, mat-zhurnal@mail.ru. Ñòàòüÿ äîëæíà áûòü ïîäïè-
ñàíà âñåìè àâòîðàìè. Ïðàâèëà îôîðìëåíèÿ ðóêîïèñè è ñòèëåâûå ôàéëû
ìîæíî íàéòè íà ñàéòå Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäå-
ëèðîâàíèÿ ÌÎÍ ÐÊ http://www. math. kz â ðàçäåëå "Ìàòåìàòè÷åñêèé
æóðíàë".
2. Â ëåâîì âåðõíåì óãëó íåîáõîäèìî óêàçàòü èíäåêñ ÓÄÊ. Íà ñëåäóþùèõ



ñòðîêàõ ïî öåíòðó: íàçâàíèå ñòàòüè; èíèöèàëû è ôàìèëèè àâòîðîâ; ìåñòî
ðàáîòû; ïî÷òîâûå àäðåñà îðãàíèçàöèè è òàêæå ýëåêòðîííûå àäðåñà àâòî-
ðîâ.

Íà îòäåëüíîì ëèñòå ïðèëàãàþòñÿ íàçâàíèå ñòàòüè, ôàìèëèè è èíèöè-
àëû àâòîðîâ, êëþ÷åâûå ñëîâà, ðåôåðàò íà ðóññêîì, àíãëèéñêîì è êàçàõ-
ñêîì (äëÿ àâòîðîâ èç Êàçàõñòàíà) ÿçûêàõ è èíäåêñ Mathematics Subject
Classi�cation 2010. Ðåôåðàò äîëæåí îòðàæàòü ñîäåðæàíèå ñòàòüè.

Òàêæå ïðåäñòàâëÿþòñÿ ñâåäåíèÿ îá àâòîðàõ, ìåñòî ðàáîòû, ïî÷òîâûé
àäðåñ ñ èíäåêñîì ïî÷òîâîãî îòäåëåíèÿ, íîìåð òåëåôîíà ñ óêàçàíèåì êîäà
ãîðîäà, àäðåñ ýëåêòðîííîé ïî÷òû.
3. Ñïèñîê ëèòåðàòóðû ñîñòàâëÿåòñÿ â ïîðÿäêå öèòèðîâàíèÿ. Ññûëêè íà
íåîïóáëèêîâàííûå ðàáîòû, ðåçóëüòàòû êîòîðûõ èñïîëüçóþòñÿ â äîêàçà-
òåëüñòâàõ, íå äîïóñêàþòñÿ. Ñïèñîê ëèòåðàòóðû ïðèâîäèòñÿ â ñëåäóþùåì
âèäå:

Ëèòåðàòóðà

1 Ìûíáàåâ Ê.Ò., Îòåëáàåâ Ì.Î. Âåñîâûå ôóíêöèîíàëüíûå ïðîñòðàíñòâà è

ñïåêòð äèôôåðåíöèàëüíûõ îïåðàòîðîâ. � Ì.: Íàóêà, 1988. � 288 c. (äëÿ ìîíî-

ãðàôèé)

2 Æåíñûêáàåâ À.À. Ìîíîñïëàéíû ìèíèìàëüíîé íîðìû è íàèëó÷øèå êâàä-

ðàòóðíûå ôîðìóëû // Óñïåõè ìàòåì. íàóê. � 1981. � Ò. 36, âûï. (èëè �) 4. � Ñ.

107�159.

Ðóêîïèñè, íå óäîâëåòâîðÿþùèå ïåðå÷èñëåííûì âûøå òðåáîâàíèÿì, âîçâðà-

ùàþòñÿ àâòîðàì íà îôîðìëåíèå, äîðàáîòêó. Ðåäàêöèÿ îñòàâëÿåò çà ñîáîé ïðàâî

íà îòêëîíåíèå ñòàòüè, åñëè åå ñîäåðæàíèå íå îòâå÷àåò òðåáîâàíèÿì æóðíàëà.



ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÆÓÐÍÀË

Òîì 16, �4 (62), 2016

Ñîáñòâåííèê "Ìàòåìàòè÷åñêîãî æóðíàëà":
Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí

Æóðíàë ïîäïèñàí â ïå÷àòü
è âûñòàâëåí íà ñàéòå http://www.math.kz

Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ
29.12.2016 ã.

Òèðàæ 300 ýêç. Îáúåì 297 ñòð.
Ôîðìàò 70×100 1/16. Áóìàãà îôñåòíàÿ � 1

Àäðåñ òèïîãðàôèè:
Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ

ã. Àëìàòû, óë. Ïóøêèíà, 125
Òåë./ôàêñ: 8 (727) 2 72 46 32

e-mail: zhurnal@math.kz, mat-zhurnal@mail.ru
web-site: http://www.math.kz


