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q, θ ∈ (1, +∞), α ∈ R = (−∞, +∞) 9 � 0�% ��� 032�& ���!4 %�->=?%�0�'�&)632<#@ *�A5- � & ; 2 Lq,θ(log L)α &32�,5B 4 2�' ���DC -	&3%.EF' ���!4 % 4�� '�G ν #�*),.-/'�0)*�-	BHGI&32 XJ � &)$)6)*)8 f,
; 7 C $K% � %�0)BHG

‖f‖q,θ,α =







1
∫

0

(f∗(t))θ(1 + | ln t|)αθ · t
θ
q
−1

dt







1

θ

< +∞,

A ; ' f∗ "L&�' 4 %�,5032 ��� 2�MONP2 C 1�'�0�' ��� 2�&�% 4 $)2 J � &)$)6)*)* |f | QSR�TU9
V
© W á�Xãä�Ñ�Y�ÎØÒ2Þ�Z\[.]_^	á`/acb.dfe\gUh<i7îkj�lnmolSp q\r�sutvt\rUsnw<tUx�t\y!q�p�j�z\j�s�{Um4ü)|�t\r�{Uy�s }~�u�kz_x\mo�.y!�vj��<q��U{�ük�<t�p z\y!t\mol�q�pZ\[.]_[����D����a~���D��� V i��.���<��a V ����� �\i�i�� � V �D��� e���î!�5Z\��]_[



� � 9��v$)*)�F' 4

���	� ��� � �����¡ )¢O£o¤_¥�¦
α = 0 §o¨F©«ª!¬3© ¤ ¨O¬k�® ¤ ¨P¯�©P°±©\¬�²�®�³��´_µ ¦3¶~·±¸ ®�¹� ¤ ©�¯�ª��´¹�!²�¨ ¤ ª!¬3© ¤ ¨O¬k�® ¤ ¨P¯�© · °±©\¬�²�®�³�kº Lq,θ (log L)α = Lq,θ » ¤~·½¼k¾U¿\À § ¶~¥f¼ÂÁ §Âª ¼�Á�¼�Ã�Ä §Å ¬3© · ²P¨F© ¶ ©<§Æ² ¤_¥�¦ q = θ §Æ¨F© Lq,θ (log L)α = Lq Ç ª!¬3© ¤ ¨O¬k�® ¤ ¨P¯�©«°?²�È�² ¶  ¤®�©\¬ · ©�É » ¤_·½¼�¾cÃDÀ § ¶~¥f¼/Á §�ª ¼/Á�¼�Á\Ä

‖f‖p =
(

∫

X
|f(x)|pdν

)
1

p
< +∞, 1 ≤ p < +∞.

ÊË; 2<7  &�'�8)�F'5- C(q, r, p) %�,5&32.(32�' � 1�%�73%.EP* � '�7  &�B�' 4 '�7�*�()*)&)B?Ì�,<2 4 * �DC #N½*�'±% �L� $K2�,<2�&)&)BHG 4«� $K%!Í�$)2<GÎ1�2�032�-/' � 0�% 4 9Ï 9 � 9�= � $)2��F'�&)$�%LQ Ð�Ì!Ñ<T 4!4 '�7«%�1)0�' ; '�73'�&)*�' � * ��� '5-	BÒ032�,�73%<E½'�&)* C Ì�1�% ; %!Í�&�%�8%�0 � %�A.%�&32<7  &�%�8ÓÌ � &�'5% � 0)*)632 � '�7  &�%�8Î-/'�0�%�8L*L* �5� 73' ; % 4 2<7 ��4 %�8 ���!4 2±Ô � %�A5%?032�,�#73%.EF'�&)* C 9<: �<; '5-Õ032 �5� -�2 � 0)* 4 2 �! �� (�' � & � MÖ%�0 � %�1�% ; %!Í�& � M � * ��� '5- � {ϕn}n∈N ⊂
L2(X) ×~Q Ñ<TUÌ ��� 0Ó93Ñ!Ø�Ù�Ì �<; % 4 73' �!4 %�0 C MON � M ��� 73% 4 *)M

‖ϕn‖r ≡
(

∫

X
|ϕn(x)|rdν

)
1

r
≤ Mn, n ∈ N, (1)

1)0)*Ú&�'�$�% � %�0�%!- r ∈ (2, +∞] 9 @ ; ' �� Mn ↑, f̂(n) "½$K%�Ô J?J *)6)*�'�& � BÛ032�,�73%.EF'�#&)* C 1�%«%�0 � %�1�% ; %!Í�&�%�8 � * ��� '5-/' J � &)$)6)*)* f * N "Ú-	&�%<E½' ���!4 %«&32 �!� 032<7  &)BHG()* � '�7�9Ü , 4 ' ��� &�%)ÌK( � %Ý7�M�Í�2 C %�0 � %�&�%�0�-	*)0�% 4 2�&)&�2 CÕ� * ��� '5-�2 CK4 7 C ' ���\C %�0 � %�1�% ; %!Í�#&�%�8ÎQ Ð�TU9�Þv0 � %�&�%�0�-	*)0�% 4 2�&�&32 CP� * ��� '5-�2KÌ �<; % 4 73' �!4 %�0 C MONP2 CÝ�k� 73% 4 *)Mß×~R<Ù�Ì�032�&�'5'032 �5� -/% � 0�'�&32 4 Q � TU9à 7 CÎ� 0�*)A.%�&�%!-/' � 0)*)(�' � $)*KGá1�%�7�*)&�%!-/% 4

Tn(x) =

n
∑

k=−n

bke
ixk

*), 4 ' ��� &�% � 73' ;�� MONF'5'±&�'�032 4 '�& ���!4 % à EF'�$ � %�&32<#Uâ�*�$�%�7  �� $K%�A.%+× � -Æ9SQ ã<T�Ì � 9ÂR.ã!ã�Ù�ä
‖Tn‖q ≤ 3n

1

p
− 1

q ‖Tn‖p, 1 ≤ p < q ≤ +∞. (2)
Ê &32 ��� % C NF'5' 4 0�'5- C *�-/'�M ���DC -	&�%�A.%�()* � 73'�&)&)Bv'Î%!Í!%!Í�NF'�&)* C &�'�032 4 '�& ���!4 2×�å�ÙH× � -Æ9!Í�*3Í�7�*�%�A5032 J *)M 4 Q æ.#\R � TçÙ�9 Ê (32 ��� &�% ��� *ÓÌ�&�'�032 4 '�& ���!4 %«×�å�Ù�&32O1)0�% ��� 032�&K#���!4 2L=?%�0�'�&)632«032 � 1)0�% ��� 032�&�'�&�%ÕâP9 Ê 9�è 4 '�7�* ; ,.'ÎQ Ø<TUÌ3=L9 �½9�è>'�0 ��� &�' 4 %�8ÒQ é<TU9 ÊQ é<T ; %�$)2�,<2�&�%L&�'�032 4 '�& ���!4 %

‖Tn‖p,θ ≤ C(p, q, θ) (ln(1 + n))
1

θ
− 1

q ‖Tn‖p,q, (3)
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Þv0 � %�1�% ; %!Í�&32 Cê� * ��� '5-�2F*Õ&3'�0�2 4 '�& ���!4 %«032�,5&)BHGá-/' � 0)*)$ æ

A ; ' 0 < θ < q ≤ +∞, 0 < p < +∞ 9ë � %Æ&�'�032 4 '�& ���!4 %v&32Æ-	&�%�A.%�132�032�-�' � 0)*)(3' � $K%!'1)0�% ��� 032�& ���!4 %v=?%�0�'�&)632�%!Í!%!Í�#N½'�&�%íìP9 �½9�:H'�$�-�2�A52�&�Í!' � % 4 Bv-ÆÌî�9 à 9â � 0 ��� 7 � 2�&3% 4 B�-ïQSR!R�TUÌ/&32ð-	&�%�A.%!-/'�0)&�%!'1)0�% ��� 032�& ���!4 %L=?%�0�'�&)632F" 4 QSR.åKÌÓR�Ð�ÌÓR.Ñ<TU9Ê Ô � %�8 ��� 2 �! ' ; %�$)2�E½'5-ñ%!Í!%!Í�NF'�&)*�'«&�'�032 4 '�& ���!4 2ò×�ã�Ù ; 7 C 1�%�7�*)&�%!-/% 4 1�%%�0 � %�1�% ; %!Í�&�%�8 � * ��� '5-/' {ϕn}
4 1)0�% ��� 032�& ���!4 'á=?%�0�'�&)632<# @ *)A.- � & ; 2K9 à %�$)2�,<2<#� '\7  ����!4 %«% � &�% 4 2�&�%L&32 � 7�' ;3� MONF'�- ���!4 '�0�E ; '�&)*)*Ó9

óPô ��õ�����ö½�í÷���ø�ùKú�û)ü � üÂö
ýÝ��õ�÷�� ���  )¢�þ?¸�¤ ¨FÿÚ©\¬3¨F©�ª�©�¹�©�È�®��� ¤5¦�¤ ¨P² ·  {ϕn}n∈N ª!¬ ¦ ®3² Å ©�¨F©\¬3© · r ∈
(2, +∞]

¸ ¹�©�¯ ¥ ²�¨P¯�©\¬��3²�¨ ¸�¤~¥ ©�¯ ¦�� » Á\Ä�¼�� © ¶ ¹�L¹ ¥ � ¥�� È�©�É�� ¸ ® Å ³ ¦�¦
f ∈ L2,q(log L)α, 2 < q ≤ ∞,

¦�· ² � ¨ · ² ¤ ¨F©P®3²c¬k!¯�²�® ¤ ¨P¯�ÁDÄ ² ¤~¥�¦ α < 1
2 − 1

q , ¨F©
[

n
∑

k=1

|f̂(k)|2
]

1

2

≤ C‖f‖2,q,α

[

ln(1 +
n
∑

j=1

M2
j )
]

1

2
− 1

q
−α

,

¿�Ä ² ¤~¥�¦ α > 1
2 − 1

q , ¨F©
[

n
∑

k=1

|f̂(k)|2
]

1

2

≤ C‖f‖2,q,α,

Ã�Ä ² ¤~¥�¦ α = 1
2 − 1

q , ¨F©
[

n
∑

k=1

|f̂(k)|2
]

1

2

≤ C[ln(1 + ln(1 +
n
∑

k=1

M2
k ))]

1

2
− 1

q ‖f‖2,q,α

¹ ¥ � n = 1, 2, 3, ....

	 © Å �
��¨P² ¥ ÿ ¤ ¨P¯�© ¼½�������! f ∈ L2,q(log L)α.
ë �!� J � &)$)6)*)M -/%.EP&�%Õ1)0�' ;3��� 2<#4 * �! P4L4 * ; ' f(x) = f1(x) + f2(x), A ; '

f1(x) =

{

f(x), ' � 7�* |f(x)| ≤ f∗(τ),
0, ' � 7�* |f(x)| > f∗(τ),

f2(x) = f(x) − f1(x), 0 < τ < ν(X) = 1.
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Ø � 9��v$)*)�F' 4

Ï %�A ; 2KÌ 4L� *K7 � &�'�032 4 '�& ���!4 2�ê*)&)$K% 4�� $�%�A.%L*�-/'5'5-
[

n
∑

k=1

|f̂(k)|2
]1/2

≤
[

n
∑

k=1

|f̂1(k)|2
]1/2

+
[

n
∑

k=1

|f̂2(k)|2
]1/2

. (4)

à %�$K2�EF'5-ÆÌ)( � %F$K2�E ; 2 C *), J � &)$)6)*)8 fi, i = 1, 2,
�<; % 4 73' �!4 %�0 C ' � &�'�032 4 '�& ���!4!�

[

n
∑

k=1

|f̂i(k)|2
]1/2

≤ C(q, r)
(

ln(1 +
n
∑

k=1

M2
k )
)

1

2
− 1

q
−α

‖f‖2,q,α. (5)

Ê � *K7 � 032 4 '�& ���!4 2 � 2�0 � ' 4 2<7 Cí; 7 C %�0 � %�1�% ; %!Í�&�%�8 � * ��� '5-	B × � -Æ9Q Ð�TçÙ�* &�'�032<#4 '�& ���!4 2 � '�7  �; '�032 θ = q
2 > 1 Ì 1

θ + 1
θ′ = 1,

; 7 C J � &)$)6)*)* f1 *�-/'5'5-
n
∑

k=1

|f̂1(k)|2 ≤ ‖f1‖
2
2 ≤

∫ 1

τ
f∗2

(t)dt ≤ ‖f‖2
2,q,α

[

∫ 1

τ
(1 + | ln t|)−2αθ′t−1dt

]
1

θ′

.

(6)î � 7�* α < 1
2 − 1

q ,
� %

∫ 1

τ
(1 + | ln t|)−2αθ′t−1dt =

1

1 − 2αθ′
[(1 + | ln τ |)1−2αθ′ − 1] ≤

≤
1

1 − 2αθ′
(1 + | ln τ |)1−2αθ′ . (7)

î � 7�* α > 1
2 − 1

q ,
� %

∫ 1

τ
(1 + | ln t|)−2αθ′t−1dt =

1

1 − 2αθ′
[(1 + | ln τ |)1−2αθ′ − 1] =

=
1

2αθ′ − 1
[1 − (1 + | ln τ |)1−2αθ′ ] ≤

1

2αθ′ − 1
. (8)

î � 7�*áE½' α = 1
2 − 1

q ,
� %

∫ 1

τ
(1 + | ln t|)−2αθ′t−1dt = ln(1 + | ln τ |). (9)
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Þv0 � %�1�% ; %!Í�&32 Cê� * ��� '5-�2F*Õ&3'�0�2 4 '�& ���!4 %«032�,5&)BHGá-/' � 0)*)$ é
Ê � *K7 � &�'�032 4 '�& ���!4 ×�æ!Ù�"�×�é�ÙH*), J %�0�- � 7�BË× � Ùo1�%�7 � ()*�-

n
∑

k=1

|f̂1(k)|2 ≤ ‖f1‖
2
2 ≤

1

(1 − 2αθ′)
1

θ′

(1 + | ln τ |)
1

θ′
−2α‖f‖2

2,q,α

4L� 7 � (32�' α < 1
2 − 1

q ,

n
∑

k=1

|f̂1(k)|2 ≤ ‖f1‖
2
2 ≤

1

(1 − 2αθ′)
1

θ′

‖f‖2
2,q,α

" 4L� 7 � (32�' α > 1
2 − 1

q ,

n
∑

k=1

|f̂1(k)|2 ≤ ‖f1‖
2
2 ≤ ‖f‖2

2,q,α ln(1 + | ln τ |)

" 4L� 7 � (32�' α = 1
2 − 1

q .

Ê Ô � *KG J %�0�- � 7�2<GÚ1�%�73%<EP*�- τ =
(

1 +
∑n

j=1 M2
j

)− r
r−2

.
Ï %�A ; 2 ; 7 C J � &)$K#

6)*)* f1 *�-/'5'5-
[

n
∑

k=1

|f̂1(k)|2
]

1

2

≤
1

(1 − 2αθ′)
1

θ′

(

1+
r

r − 2
ln(1+

n
∑

k=1

M2
k )
)

1

2
− 1

q
−α

‖f‖2,q,α, (10)

' � 7�* α < 1
2 − 1

q ,

[

n
∑

k=1

|f̂1(k)|2
]

1

2

≤
1

(2αθ′ − 1)
1

θ′

‖f‖2,q,α (11)

4L� 7 � (32�' α > 1
2 − 1

q *
[

n
∑

k=1

|f̂1(k)|2
]

1

2

≤ ‖f‖2,q,α[ln(1 +
r

r − 2
ln(1 +

n
∑

k=1

M2
k ))]

1

2
− 1

q (12)

4L� 7 � (32�' α = 1
2 − 1

q .à 7 C J � &)$)6)*)* f2 ∈ Lr′ 1�%á%�1)0�' ; '�73'�&)*)M $�%�Ô J?J *)6)*�'�& � 2Î032�,�73%.EF'�&)* C *&�'�032 4 '�& ���!4 2 � '�7  �; '�032 (2 < r < +∞) *�-/'5'5-
|f̂2(k)| =

∣

∣

∣

∫

X
f2(x)ϕk(x)dν

∣

∣

∣
≤ ‖f2‖r′‖ϕk‖r ≤ Mk‖f‖r′ .
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R�� � 9)�v$)*)�F' 4

� 73' ; % 4 2 � '�7  &�%)Ì
n
∑

k=1

|f̂2(k)|2 ≤ ‖f2‖
2
r′

n
∑

k=1

M2
k . (13)

Ï 2�$ $)2�$í1�% ��� 73% 4 *)M q ∈ (2, +∞),
� %)Ì � ()* � B 4 2 C ÌÓ( � % f∗ &�' 4 %�,5032 ��� 2�' � *

(1 + | ln t|)αqt
q

2
−1 &�' � Í�B 4 2�' � Ì�Í �<; '5-Ö*�-/' �! 

‖f‖2,q,α ≥
[

∫ x

x/2
f∗q

(t)(1 + | ln t|)αqt
q

2
−1dt

]1/q
≥ f∗(x)(1 + | ln

x

2
|)α(

x

2
)

1

2

; 7 C 7�M�Í!%�A.% x ∈ (0, 1).
� %�Ô � %!- � *),+%�6�'�&)$)* ×~R.ã�Ù�Ì �ê� (�' � %!- ��� 73% 4 * C r ∈

(2, +∞], 1�%�7 � ()*�-
n
∑

k=1

|f̂2(k)|2 ≤
n
∑

k=1

M2
k

[

∫ τ

0
f∗r′

(t)dt
]2/r′

≤

≤
n
∑

k=1

M2
k‖f‖

2
2,q,α

[

∫ τ

0
(1 + | ln t|)−αr′ t−

r′

2 dt
]

2

r′

. (14)

Ï 2�$ $K2�$ 0 < x < 1,
� % J � &)$)6)* C 1 + | lnx|

� Í�B 4 2�' � 9 � %�Ô � %!- � Ì�' � 7�* α > 0,� %
∫ τ

0
(1 + | ln t|)−αr′ t−

r′

2 dt ≤ (1 + | ln τ |)−αr′

∫ τ

0
t−

r′

2 dt =

=
2

2 − r′
τ1− r′

2 (1 + | ln τ |)−αr′ .

î � 7�*FEF' α < 0,
� % (1+| ln x|)−αr′

� Í�B 4 2�' � &32 (0, 1] 9 Ü , 4 ' ��� &�%)Ì�( � % ; 7 C 7�Mv#Í!%�A.%�()* � 7�2 ε > 0
J � &)$)6)* C xε(1+ | ln x|)−αr′

4 %�,5032 ��� 2�' � &32 (0, 1] 9 � %�Ô � %!- � Ì1�%�7�2�A�2 C ε = 1
2(1 − r′

2 ), 1�%�7 � ()*�-
∫ τ

0
(1 + | ln t|)−αr′ t−

r′

2 dt ≤ τ ε(1 + | ln τ |)−αr′

∫ τ

0
t−ε− r′

2 dt =

=
4

2 − r′
(1 + | ln τ |)−αr′ τ1− r′

2 .

Ï 2�$)*�-¡%!Í�032�,.%!-ÆÌ
∫ τ

0
(1 + | ln t|)−αr′ t−

r′

2 dt ≤ C(r)(1 + | ln τ |)−αr′ τ1− r′

2 (15)
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Þv0 � %�1�% ; %!Í�&32 Cê� * ��� '5-�2P*Õ&�'�032 4 '�& ���!4 %L032�,5&)BHGá-/' � 0)*)$ R!R
; 7 C 7�M�Í!%�A.% α ∈ (−∞, +∞).

Ü ,?&�'�032 4 '�& ���!4 ×~R�Ð�Ùo* ×~R.Ñ�Ùo1�%�7 � ()*�-
[

n
∑

k=1

|f̂2(k)|2
]1

2 ≤ ‖f‖2,q,α

[

1 + | ln τ |
]−α

τ
1

r′
− 1

2 (

n
∑

k=1

M2
k )

1

2 .

Ê Ô � %!-Ö&�'�032 4 '�& ���!4 '?1�%�73%.EP*�- τ =
(

1 +
∑n

j=1 M2
j

)
r

r−2

.
Ï %�A ; 2

[

n
∑

k=1

|f̂2(k)|2
]

1

2

≤ C(r)‖f‖2,q,α

[

1 + | ln(1 +

n
∑

j=1

M2
j )|
]−α

.

Ï 2�$á$K2�$ 1
2 − 1

q > 0,
� %P% ��� M ; 2F1�%�7 � ()*�-

[

n
∑

k=1

|f̂2(k)|2
]

1

2

≤ C(r)‖f‖2,q,α

[

1 + | ln(1 +
n
∑

j=1

M2
j )|
]

1

2
− 1

q
−α

(16)

; 7 C 7�M�Í!%�A.% α ∈ (−∞, +∞) 9Ê � *K7 � &�'�032 4 '�& ���!4 ×~R���Ù�"�×~R.å�ÙH* ×~R � ÙHÍ �<; '5-Ö*�-/' �! &�'�032 4 '�& ���!4 2Kä' � 7�* α < 1
2 − 1

q ,
� %

[

n
∑

k=1

|f̂(k)|2
]

1

2

≤ ‖f‖2,q,α

[

1 + | ln(1 +
n
∑

j=1

M2
j )|
]

1

2
− 1

q
−α

,

� � 7�* α > 1
2 − 1

q ,
� %

[

n
∑

k=1

|f̂(k)|2
]

1

2

≤ ‖f‖2,q,α,

� � 7�* α = 1
2 − 1

q ,
� %

[

n
∑

k=1

|f̂(k)|2
]

1

2

≤ C[ln(1 +
r

r − 2
ln(1 +

n
∑

k=1

M2
k ))]

1

2
− 1

q ‖f‖2,q,α.

Ï '5%�0�'5-�2 ; %�$K2�,<2�&32K9
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ýÝ��õ�÷�� ����� ¢�þ?¸�¤ ¨Fÿ�©\¬3¨F©�ª�©�¹�©�È�®��� ¤5¦�¤ ¨P² ·  {ϕn}n∈N

¸ ¹�©�¯ ¥ ²�¨P¯�©\¬��3²�¨ ¸�¤_¥ ©�´¯ ¦�� » Á\Ä�¼Á\Ä½£o¤_¥�¦
1 < q < 2, 0 ≤ α < ∞, ¨F©P¹ ¥ � ¥�� È�© ¶ ©Lª�© ¥�¦ ®�© · 

fn(x) =
n
∑

k=1

ckϕk(x)

¯��/ª�© ¥ ®��3²�¨ ¤ �+®3²c¬k�¯�²�® ¤ ¨L¯�©
‖fn‖2,q,α ≤ C(p)‖fn‖2

(

ln
(

1 +
n
∑

k=1

M2
k

))
1

p
− 1

2
+α

.

¿5Ä½£o¤_¥�¦
1 < p < 2 < q < +∞, ¨F©

‖fn‖2,p,α ≤ C(p, q)‖fn‖2,q,α

(

ln(1 +
n
∑

k=1

M2
k )

)
1

p
− 1

q

.

Ã�Ä½£o¤_¥�¦
2 < p < q < +∞, ¨F©

‖fn‖2,p,α ≤ C(p, q)‖fn‖2,q,α

(

ln(1 +
n
∑

k=1

M2
k )

)
1

p
− 1

q

.

	 © Å �
��¨P² ¥ ÿ ¤ ¨P¯�© ¼±à 7 C 1)0�% ��� 032�& ���!4 2Î=?%�0�'�&)632<# @ *)A.- � & ; 2Î*), 4 ' ��� &�% � %!% � &�%�#�F'�&)*�'L× � -Æ9SÌ)&�2�1)0)*�-/'�0ÓÌÓQSR<æ.TçÙ�ä
‖f‖p,q,α � sup

‖g‖p′,q′,−α≤1

∣

∣

∣

∫

X
f(x)g(x)dν

∣

∣

∣
, (17)

A ; ' 1 < p, q < +∞, 1
p + 1

p′ = 1, 1
q + 1

q′ = 1, α ∈ (−∞, +∞) 9Ê � *K7 �Î� '�%�03'�-	B RPQ Ð�T�*�-/'5'5-
∫

X
fn(x)g(x)dν =

n
∑

k=1

ckĝ(k)

; 7 C 7�M�Í!%�A.% n ∈ N.
� 0)*�-/'�& CKC &�'�032 4 '�& ���!4 % � '�7  �; '�0�2<#��	% ; EF'�0 � 2Î× � -Æ93Q ã<TUÌ�A\7�9R!ÌK1Ó9ÓR!9 ãK9 ÐL*íQSR.Ø<T/Ù* � '5%�0�'5- � R!ÌK1�%�7 � ()*�-

∣

∣

∣

∫

X
fn(x)g(x)dν

∣

∣

∣
≤
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≤

(

n
∑

k=1

|ck|
2

)
1

2

(

n
∑

k=1

|ĝ(k)|2

)
1

2

≤

≤ ‖g‖2,q′,−α

(

ln(1 +
n
∑

k=1

M2
k )

)
1

2
− 1

q′
−(−α)( n

∑

k=1

|ck|
2

)
1

2

=

= ‖g‖2,q′,−α

(

ln(1 +
n
∑

k=1

M2
k )

)
1

q
− 1

2
+α( n

∑

k=1

|ck|
2

)
1

2

.

� %�7  , ��C)�� 032 4 '�& ���!4 %!- � 2�0 � ' 4 2<7 C Q Ð�T	* � %!% � &�%��F'�&)*�'5->×~R<æ!Ù�1)0)* p = 2, % � #� M ; 2F1�%�7 � ()*�-

‖fn‖2,q ≤ C(p)‖fn‖2

(

ln(1 +
n
∑

k=1

M2
k )

)
1

q
− 1

2
+α

.

� '�0 4 B�8á1 � &)$ �L� '5%�0�'5-	B ; %�$)2�,<2�&Ó9à %�$K2�EF'5- 4!� %�0�%�8ê1 � &)$ � 9å�Ù ���k���! 1 < p < 2 < q < +∞.
Ï 2�$Õ$)2�$ 1 < p < 2,

� % 4L� *K7 � 1 � &)$ � 2ÎR<ÙÍ �.; '�-Ö*�-/' �! 

‖fn‖2,p,α ≤ C(p, q)‖fn‖2

(

ln(1 +
n
∑

k=1

M2
k )

)
1

p
− 1

2
+α

=

= C(p, q)

(

ln(1 +
n
∑

k=1

M2
k )

)
1

p
− 1

2
+α( n

∑

k=1

|ck|
2

)
1

2

. (18)

� % �k� 73% 4 *)M � '5%�0�'5-	B 2 < q < +∞.
� %�Ô � %!- � Ì 4ð� *K7 � � '5%�0�'5-	B R!Ì�*),í×~R.Ø�Ù

1�%�7 � ()*�-

‖fn‖2,p,α ≤ C(p, q)

(

ln(1 +
n
∑

k=1

M2
k )

)
1

p
− 1

2
+α(

ln(1 +
n
∑

k=1

M2
k )

)
1

2
− 1

q
−α

‖fn‖2,q,α =

= C(p, q)

(

ln(1 +
n
∑

k=1

M2
k )

)
1

p
− 1

q

‖fn‖2,q,α.
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ã�Ù ���k���! 2 < p < q < +∞.
Ê 1)0�% ��� 032�& ���!4 '�=?%�0�'�&)632<# @ *)A<- � & ; 2 Lp,θ(log L)α� 1)032 4 ' ; 7�* 4 %L&�'�032 4 '�& ���!4 % × � -Æ9ÓQSR<æ.TUÌ � 9)ÐkéKR<Ù�ä

‖g‖2,p,α ≤ ‖g‖

1
τ −

1
p

1
τ −

1
q

2,q,α ‖g‖

1
p−

1
q

1
τ −

1
q

2,τ,α (19)

1)0)* 1 < τ < p < q < +∞.
� % �k� 73% 4 *)M � '5%�0�'5-	B 2 < p < q < +∞.

Ê B�Í!'�0�'5-()* � 73% τ ∈ (1, 2).
Ï %�A ; 2F13% ; %�$)2�,<2�&)&�%!- �Î4!� %�0�%!- � 1 � &)$ �!� *�-/'5'5-

‖fn‖2,τ,α ≤ C(p)‖fn‖2,q,α

(

ln(1 +

n
∑

k=1

M2
k )

)
1

τ
− 1

q

. (20)

Ï '�1�'�0  Ì 4 &�'�032 4 '�& ���!4 'Ú×~R.é�Ùo1�%�7�2�A52 C g = fn * � ()* � B 4 2 C ×�å���Ù�Ì)1�%�7 � ()*�-

‖fn‖2,p,α ≤ C(p, q)‖fn‖

1
τ −

1
p

1
τ −

1
q

2,q,α







‖fn‖2,q,α

(

ln(1 +
n
∑

k=1

M2
k )

)
1

τ
− 1

q







1
p−

1
q

1
τ −

1
q

=

= C(p, q)‖fn‖2,q,α

(

ln(1 +
n
∑

k=1

M2
k )

)
1

p
− 1

q

; 7 C 2 < p < q < +∞.
Ï '5%�0�'5-�2 ; %�$K2�,<2�&32K9

���	� ��� � ����� � ¢�� ²c¬�!¯�²�® ¤ ¨P¯�©�¬k�
�®���� · ²�¨O¬ ¦ Å ¯Pª!¬3© ¤ ¨O¬k�® ¤ ¨P¯�² Lp ¹ ¥ �+ª�©�´¥�¦ ®�© · ©�¯ ª�© ©\¬3¨F©�®�©\¬ ·±¦ ¬3©�¯��®�®�©�É ¤5¦�¤ ¨P² · ² {ϕn}n∈N ª!¬ ¦ ®3² Å ©�¨F©\¬3© · r ∈
(2, +∞],

¸ ¹�©�¯ ¥ ²�¨P¯�©\¬�� ��� ²�É ¸�¤~¥ ©�¯ ¦��
‖ϕn‖r ≤ Mn ∀n ∈ N,

¹�© Å �
��®�©«¯ ¾_Á��DÀ5¼! ß¤_¥�¸#" !² α = 0 ¨L²�©\¬�² · � ÁL¦ ¿ ¬k�®3²5²?¹�© Å �
��®�� ¯ ¾U¿�$~À5¼

%Ú��üÂ��÷ � ü�ù�÷ �

R'&)(+*�,.-0/ �2143 9�576�809): � , �<; *�=>-0/ ��?A@ 6�,CB2/D* ?E?.F B�*�/)6�- � ,G*�:E6�, ? 6�9IHC6�, � 9�:.J�#LK 1�M ='8�9�N? -+*�B �O?�P�P &�:.8�N F *>QR*�:.( � =S*�: F B�*K9)"êR.é!Ø��K9K"TU6�/�9�Ñ!ØK9K"SV	9ÓR�Ð�R�#\R.Ñ!ØK9
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åP:H'�0)AXWP9SÌk=?' J ��� 0�'5-YWP9 Ü & � '�0)1�%�7 C 6)*3%�&)&)B�'�1)0�% ��� 032�& ���!4 2K9k">� 9Sä��ê*)0ÓÌR.é!Ø��K9K"Úå � Ð � 9ãPâ�*)$�%�7  �� $)*)8 � 9�� 9 � 0)*3Í�7�*)E½'�&)*�' J � &)$)6)*)8½-	&�%�A5*KGÝ1�'�0�'5-/'�&)&)BHG½* � '5%�#0�'5-	B 4 73%.EF'�&)* C 9K"Z� 9Sä)â?2 � $)2KÌÓR.é�æ!æ�9K"LÐkÑ � � 9ÐL= � $K2��F'�&)$K% Ï 9 � 9�Þv0 � %�1�% ; %!Í�&)B�'±&�'5% � 0)*)632 � '�7  &�B�' � * ��� '5-	B 032�,�73%.EF'�#&)* C P�P Ê ' ��� &)*)$[� �A\ 9]5o'�0)* C -�2 � '5-�2 � *)$K2)Ì/-/'�G�2�&)*)$)2K9�"ÒR.é!é�æ�9�"_^ ÑK9�" � 9å�æ.#cãKR!9ÑF= � $K2��F'�&)$K% Ï 9 � 9vÞ $K%�Ô J?J *)6)*�'�& � 2<G � * ��� '5- 032�,�73%<E½'�&)* C ÌÆ1�% ; %!Í�&)BHG%�0 � %�A.%�&32<7  &)B�- P�P �+2 � '5-�2 � *)(�' � $)*�8 � Í!%�0)&)*)$Ó9�"íR.é!é�æ�9�" Ï 9/R.Ø!ØKÌ+^ R.åK93" � 9Ñ�æ.#~æ�åK9� QR*�,EB F 90` Fa�2b�F B2Jdc�9SÌ]K 1�M ='809�Nfe½9]&�6�= � :.( � 6�, � = ? 6�9f6�,.:.(�6 M 6�9+*�/ ?.1�? : � = ?P�Phg 809�NÂ9�=S*�:.(Ó9)"êR.é!ã�æ�9K"TU6�/�9�å!ØK9K"SV	9�ã��!é<#cã!ã!ÑK9æF�O-�2�&�% 4PÏ 9 Ü 9 � 0�% ��� 032�& ���!4 2 ; * J?J '�0�'�&)6)*)0 � '5-	BHG J � &)$)6)*)8 �v; %!-	*)&)*K#0 � MONF'�8 � -/'��P2�&)&3%�8á1)0�%�*), 4 % ; &�%�8Ó93��73-�2<#c2 � 2Kä�â?2 � $K2KÌÓR.é�æ � 9K"Úå!å�Ð � 9ØPè 4 '�7�* ; ,.'�âP9 Ê 9kÞ � '5%�0�'5-�2<G 4 73%<E½'�&)* CF4 &�'�$�% � %�0)BHG J � &)$)6)*�%�&32<7  &)BHG1)0�% ��� 032�& ���!4 2<G P�P � %!%!Í�NF'�&)* C �Oâ � 0 � ,�9 ��� ��9K" R.é�æ � 9K" Ï 9�Ø!ãK9K" � 93å!Ø!é<#cå!é!åK9éPè>'�0 ��� &�' 4 2�=L9 �½9!â±'�032 4 '�& ���!4 2?â�*)$K%�7  �� $�%�A.% ; 7 CF� 0)*)A.%�&�%!-/' � 0)*�(�' � $)*)G1�%�7�*)&�%!-/% 4½4 1)0�% ��� 032�& ���!4 2<G«=?%�0�'�&)632 P�P Ê ' ��� &)*)$i� �A\ 9�5o'�0)* C -�2 � '5-�2 � *)$K2KÌ-/'\GK2�&)*)$)2K9K"êR.é!Ø�Ð�9K"^ Ð�9K" � 9�æ�Ñ<#~æ�éK9R�� Ï 2�,<2�Í!'�$K% 4 � 9SÌ � -�2�*K73% 4 îÆ9 � 9!Þò&�'�$�% � %�0)BHG ; % ��� 2 � %�()&)BHG �k� 73% 4 * C G 4 73%�#E½'�&)* CÚ4 1)0�% ��� 032�& ���!4 2<GÚ=?%�0�'�&)632 P�P Ü , 4 ' ��� * C �Oâßì?2�, ��� �	9�5o'�0)* C J *),5*)$K%�#-�2 � '�-Æ9)"êR.é!Ø!éK9K"^ ÑK9K" � 93Ñ��<#cÑ�Ð�9R!R?:H'�$�-�2�A�2�&�Í!' � % 4 ìP9 �½9SÌoâ � 0 ��� 7 � 2�&�% 4 î�9 à 9�� ' � % ; -	&�%�A.%�132�032�-/' � 0�*)(�'�#� $K%�8?*)& � '�0)1�%�7 C 6)*)*Ý* � '5%�0�'5-	B 4 73%<E½'�&)* C 1)0�% ��� 032�& ���!4 :H' � % 4 2 B~α
~p
P�P ej9+*�/ 1�?.Fa?

=S*�:.( � =S*�: F B�*K9)"êR.é!é!ØK9K"STF9�å�Ð�9�"ZV�93å�Ð�R�#cå � ãK9R.åPâ � 0 ��� 7 � 2�&�% 4 î�9 à 93â±'�032 4 '�& ���!4 2L032�,5&)BHGá-/' � 0)*)$ � 9 � 9�â�*)$K%�7  �� $�%�A.%«*��4 %�8 ���!4 2F1�% � 73' ; % 4 2 � '�7  &�% ��� *ê&�%�0�- ��� -/-lk � 0  ' J � &)$)6)*)8Î*),±1)0�% ��� 032�& ���!4 2
=±%�03'�&�632 P�P Ï 0 �<; Bñ-�2 � '5-Æ93*)& ��� 93*�-Æ9 Ê 9 �½9 � � '�$K73% 4 2Z���OâP9�"Õå���� � 9�" Ï 9få!Ñ!ÑK9" � 9ÂR�#\R.ØK9R.ã>�	2 ; ,5*�' 4�� $)*)8 � 9 Ê 9Ââ±'�032 4 '�& ���!4 2 à EF'�$ � %�&32<#U:H'�0�&)� � '�8)&32 ; 7 Cð� * ��� '5-	B$�%�0)&�' 4 BHG J � &)$)6)*)8ò%�1�'�032 � %�032 ; * J?J '�0�'�&)6)*)0�% 4 2�&)* CÖ� &�'�73%�$)2<7  &)B�-ñ$)0�2�'\#4 B�- �k� 73% 4 *�'5- P�P à %�$K7�9����OâP9ÓR.é!é!ØK9K" Ï 9�ã � ãKÌ�^ R!9K" � 9�å��<#cå!ãK9R�Ð � -�2�*K73% 4 î�9 � 9!â±'�032 4 '�& ���!4 %±032�,5&)BHGP-/' � 0)*)$ 4 1)0�% ��� 032�& ���!4 2<GP=?%�0�'�&)632; 7 C 1�%�7�*)&�%!-/% 4 1�%½%!Í�N½*�-ò%�0 � %�&�%�0�-�2<7  &)Bv- � * ��� '5-�2�- * � '5%�0�'5-	B 4 73%.EF'�&)* CP�P Ï '�,5* � B ; %�$K7�2 ; % 4 -/'�E ; 9�&32 � (Ó9Ó$K%�& J 97m�k � &)$)6Ó9	2�&32<7�*),Î* '�A.%ê1)0)*K73%<Eá9Ó"� ��� 2�&32KÌ3å<#cÑP%�$ �<C Í�0 C å��KR.åK9K" � 9 � Ñ<# �!� 9
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R.ÑP�v$)*)�F' 4 � 9�â±'�032 4 '�& ���!4 2Ú032�,5&)BHG -/' � 0)*)$ ; 7 C 1�%�7�*)&�%!-/% 4Î4 1)0�% ��� 032�&K#���!4 ' =?%�0�'�&)632 � % � -/'��P2�&)&�%�8 &�%�0�-/%�8 P�P �+2 � '�0)*32<7�B -/'�E ; 9O&32 � (Ó9O$K%�& J 9
m � '�0 4 B�'?î/0�EF2�&�% 4�� $�*�'?( � '�&)* C m�9)" � 2 4 73% ; 2�0ÓÌ�å�����Ð�9K" Ï 93åK9�" � 9�åKR!R�#cåKR�Ð�9

R � � *KGk% 4 � 9 :�9�â±'�032 4 '�& ���!4 2 � *)132L:H'�0)&)� � '�8)&32KÌ à EF'�$ � %�&�2<#Uâ�*)$K%�7  �� $K%�A.%*Õ%�6�'�&)$)*á&�%�0�-ò1)0�%�*�, 4 % ; &)BHG C�; '�0 à *)0)*KG�73' P�P �+2 � '5-�2 � *)(�' � $)*�'±,<2�-/' � $)*Ó9K"å���� � 9K" Ï 9�Ø��KÌ�^ R!9�" � 93é�Ð�#\R���Ð�9
R<æ&)(+*�,.-0/ �21n3 9o&)-+*�B �O? Λα(X) *�9+N F 9): � ,.-!6�/D*�: F 6�9 P�P c#6�80,.9+*�/]6 @pg 809�B2: F 6�9+*�/

*�9+*�/ 1�?.Fa? 9�"êR.é�æ�åK9K"STp6�/�9ÂR!R!9K"SV	9)Ð�æ�é<#cÑKR.ãK9
R.Ø>QR*�/ FqM ,G*�9�N�*�H�9�rps)8 Fqt *�/ � 9�B � 6 @ :E( �]u 6�/wv N � ,~# 3 6 M#� , ? *�9�NIQ F 90`#6 bx? ` F�F 9 � s)8+*�/n#F : Fa�O?�P�P QR*�:.(Ó90y�9 � s)8+*�/�9�ej-0-0/�9�"Îå����KR!9K"TU6�/�9KÐ�Ì�^ åK9K"SV	9�å��!ã<#cå���æ�9
R.é>� ����� 2<G�2�' 4 2 Ê 9 � 9SÌK�v$)*)�F' 4 � 9Kâ±'�032 4 '�& ���!4 %P032�,5&)BHGÎ-/' � 0)*)$ ; 7 C 1�%�7�*K#&�%!-/% 4 1�%Î%�0 � %�&�%�0�-	*)03% 4 2�&)&�B�- � * ��� '5-�2�- P�P �+2 � '�0)*32<7�B å<#�8��	' � 1Ó9f&32 � ()&�%�#1)032�$ � 9�$K%�& J 9!m2� %�73% ; '�E  *Ú&�2 � $)2 4F� % 4 0Ó9K-	*)0�'#m�9k" Ï 2<7 ; BÆ$K%�0)A�2�&�Ì)å��KR��K9k" � 9é!Ñ<#cé�æ�9
å��P�v$)*)�F' 4 � 9�ÞÖ$�%�Ô J?J *)6)*�'�& � 2<G?032�,�73%.EF'�&)* C 1�%v%�0 � %�1�% ; %!Í�&�%�8 � * ��� '5-/'*&�'�032 4 '�& ���!4 %L032�,5&)BHGÕ-/' � 0)*)$ P�P �+2 � '5-�2 � *)(�' � $)*)8êE � 0)&32<7�9K"«��73-�2 � B?Ì3å��KR!R!9" Ï 9ÂR!R!Ì�^ åK9�" � 93å!å<#cå�æ�9
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'�(�����(�"M	
∇±B + F ◦ B = G(τ, x), (τ, x) ∈ É , (1)

7�"$�k"�(�n
n
�!��'�o�($	5����'�:=�`?�(�A���	����!�'�(���'�'�:=�&�� ��!$	�����!�: ∇± = ∂τ ± i∇ ÊLË�Ì�Í�ÎÏFÐkÑ�ÒIÓ�Ô�Ï$Õ�Ö Í�× Ï$ÓÑ�Ø&Ò 6�"$�+������(���AF������!�:RB��� �!��1"$�1�$�'�:Ù	5��7��#?�!���+l?�(�A���	����!�'�(�0��'����P,/.14�Ú

∇±B(τ, x)
∆
= (∂τ ± i∇)◦(b(τ, x) +B(τ, x)) = ∂τ b∓idivB±igrad b+∂τB±irotB

�#�����������������'�'������!�B�'��#)�D_ac(���(]'�(�%�'��#)�D�dG^#'$	�A�D�6∇ Ê 7#!$	5"�(��'���6 É<Ê  �!������!$	�'�0�������KP(�'�A������AF��7���69Û Ø8Ö$Ü�Ý�Ø&Ü#Ö$Ñ�Ò9Þ-Ý�ß�à1áÈá9Ï�â�Ï$ÓÑ�Ø F = f + F Ê  ����������'�'�:=+?�(�A���	����!�'�(���'G6

F ◦ B = (f + F ) ◦ (b+B) = fb− (F,B) + fB + bF + [F,B],

(., .), [., .]
��?���^#'$	#;$	�m8�-�A�	5����!�'�����(¿���A�����!�'����_ �!���(�^#���1"$�'�(��f�#����������������DFmT0
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(�B Ô�Ï Ë ßZã�Ñ�ß Ë ÒÈÐkÏ²Ü#Ö Í�Ë Ñ$ÓÑ�ÏFäFÐkÏQß�Ô�å�Ó#ÕZß Ë Ï ×�Í Væ
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F = 0
(

F = f Ê A���)� ��$�AF�'����;�(��1�$��6�"M	�m8�`?�(�A���	����!�'�(���'�'����T �!��1"$���	����$�'�($�T�(�����#)EDF!$	���'��'�(�+_KL	�AF����1���M	
, ç54G(�O
(�!$	�A�	l, 254�V

X "$�#��](��#�1�$�1"�D��)g�1��DF;$	�+G6�AF��7Z"M	
F = F Ê A���)� ��$�AF�'�:R+����A�����!GV�èÈ��7Z"M	_a�.5d(�)9�#��>��(�"ga�"��������!�B�'��7���^#'$	�A�	�d1Ú

(∂τ + i∇ + F ) B = G. (2)

³�	��#�#)9����!�(�)Å��^5	�(�)�'�:=�`�� ��!$	�����!�:é��(�"M	

D+
F = ∇+ + F, D−

F = ∇− − F.
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D+
FD−

F = D−
FD+

F =
(

∇+ + F
)

◦
(

∇− − F
)

= � + (F, F ) + 2i(F,∇), (3)

7�"$�
� = ∂2

∂τ2 − ∆ Ê ������'�������+-�� ��!$	�����!G6 ∆ Ê �� ��!$	�����!E®`	� ��M	���	�VWëk� �������^#D��H���>�����+��������6�(�^_a�ç�de �����DF;�(�)

D−
FD+

FB = {� + (F, F ) + 2i(F,∇)}B = D−
FG = Q.

èÈ�>�#�����A�	�%&"M	���A���)� ���'��'���	
B
D5"$�����$�������!�����NDF!$	���'��'�(�m

�u+ (F, F )u+ 2i(F,∇u) = q(τ, x) (4)

�k�#����������������DFm8�&�+
Q
 �!$	�����+P;$	������m&V

O]	5�$�#�8 ������!���(�)f!��U&�'�(��_DF!$	���'��'�(��-a�.5d9"����_���!�B�'��7��]^#'$	�A�	�a�ìkd1V�³��U&�Z0
'�(��_a�.5dM"����
'�(�%�'��7��8^#'$	�A�	]a�0�dW)9�5%�'��T �����DF;�(����8(�^e'�(�BW6�(�� �������^#D��]�� ��!$	�o�(�m
AF��)� ��$�A��'���7��Q�#�� �!���%&�'�(��WVWOk���E ������!����'�(��-!��U&�'�(�+²?�D5"$�#)b(�� �������^�����	����
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F ∗ B = (f + F ) ∗ (b+B) = f ∗ b− (F, ∗B) + f ∗B + b ∗ F + [F, ∗B].

X "M���±�Ù�A�	5����!�'���)[(ï���A�����!�'���)ð �!���(�^#���1"$�'�(��FBïA���)� ���'��'��± �!������#"�(����Z�
�1���!���A�	�V
µ`½�º¡»�½$ñ=Â .�ò�ó Óô�ÓÑ�Ï$ÓJß�Ô�ß�Ô�å�ÓÑ�Ñ�ß�ÕZß±Ô�Ï Ë ß1ã�Ñ�ß Ë ß�ÕZß<Ü#Ö Í�Ë Ñ$ÓÑ�ÏFäöõ�÷#øéÐkß5ùbÑ�ß
ú�Ö$Ó × Û Ø Í�Ë Ï�Ø�û ËNË Ï × Ó5ü

B = D−
F (ψ ∗ G) = D−

Fψ ∗ G + B0 = ψ ∗ D−
FG + B0, (5)

Õ × Ó ψ(τ, x) ý á9Ü�Ñ ×�Í Ð
ÓÑ�Ø Í ã�û�Ñ�ß�ÓRÖMÓô�ÓÑ�Ï$Ó
Ü#Ö Í�Ë Ñ$ÓÑ�ÏFäfõ�þ�ølõ�ú�Ö$Ï q = δ(τ)δ(x)ø5ÿ
Í B0(τ, x) ý ÖMÓô�ÓÑ�Ï$Ó�ß × Ñ�ßZÖ$ß × Ñ�ß�ÕZß&Ü#Ö Í�Ë Ñ$ÓÑ�ÏFäfõ�÷øPõ�ú�Ö$Ï G = 0 ø�ü

B0 =
∑

ψ0

D−
Fψ

0 ∗ C0 =
∑

ψ0

ψ0 ∗ D−
FC0 =

∑

ψ0

D−
F

(

ψ0 ∗ C0
)

, (6)

ψ0(τ, x) ý ÖMÓô�ÓÑ�ÏFä&ß × Ñ�ßZÖ$ß × Ñ�ß�ÕZßRÜ#Ö Í�Ë Ñ$ÓÑ�ÏFälõ�þ�ø5ÿ C0(τ, x) ý ú�Ö$ß�Ï Ì�Ë ßZã�û�Ñ�ÒIÓ Ô�Ï�Ý Î
Ë�Í Ø�Ó3Ö$Ñ�Ï�ß�Ñ�Ò�ÿ × ß�ú�Ü Û Ý Í �Rå&Ï$Ó
Ø Í Ý�Ü�� Û Ë Ó3Ö$Ø&Ý�Ü��
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(

∇+ + F
) (

∇− − F
)

(ψ ∗ G) =

= (�ψ + 2i(F,∇ψ) + (F, F )ψ) ∗ G = δ(τ)δ(x) ∗ G = G.

Ok����A�	�%&"$��7��>�1�M	�7#	��#)9��7��>������!���+P�D�)9)�:°(�)9�#�#)
(

∇+ + F
) (

∇− − F
) (

ψ0 ∗ C0
)

=
{

�ψ0 + 2i(F,∇ψ0) + (F, F )ψ0
}

∗ C0 = 0.

X "$�#��N)�:°����� �������^�����	���(���_(�^#���#���'�:=)�(Q�����+������	�)�(L����!�����A², î54�V�
T;����(�"�'���6
�P�(���DL��(�'��+�'������(²DF!$	���'��'�(��W6W��m�?����>!��U&�'�(��N)9��%�'��P �!��1"$���	���(����L�Q	�'$	50
�$��7#(�;�'���)*��(�"$��V

³�	��#�#)9����!�($)¿DF!$	���'��'�(��]aciFd16�AF������!�����6F�#�1��(N ����$��%�(����
m2 = (F, F )

6��#�#"$�!�0
%�(��-�� ��!$	�����!�8�$�+�'$	50�����!�"$��'$	50��]��A�	 (

� +m2
) (²"$�� �����'�(����1����'����l�1�M	�7	��10

)9����a
2i(F,∇ψ)

d1VWë�'����!��#�1'$��6S;����_ ��5�����$�'�(��&H#����7��_"$�� �����'�(����1����'$��7���;��$�'$	
^#'$	#;�(����1����'��_DF �!�����	���_��(�"L�7��_nkDF'�"M	�)9�'���	5����'���7��_!��U&�'�(��P�_�!$	���'��'�(�(L�
nkDF'�"M	�)9�'���	5����'�:=)J!��U&�'�(��#)ÃDF!$	���'��'�(����8�$�+�'$	50�����!�"$��'$	�0��]��A�	�6S ������!����'�0
'�:=) � V �8V � �M	5"�(�)�(�!�����:T)Ùaí�#)RV��l, �54íd1V
µ`½�º¡»�½$ñ=Â ç�ò�� Ü�Ñ ×�Í Ð
ÓÑ�Ø Í ã�û�Ñ�ÒIÓRÖMÓô�ÓÑ�ÏFäQÜ#Ö Í�Ë Ñ$ÓÑ�ÏFägõ�þ�ø>ÏFÐ
Ó��RØ Ë Ï ×

ψ(τ, x) =
ei(F,x)

4π ‖x‖ ((1 − a)δ(τ − ‖x‖) + aδ(τ + ‖x‖)) + ψ0 ∀a ∈ Z, (7)

Õ × Ó δ(τ ∓ ‖x‖) ý ú�Ö$ß Û Ø&ß�Þ Û ã�ß�Þ²Ñ Í Û Ë ÓØ&ß Ë ß1Ð Ý�ß�Ñ�Ü Û Ó τ = ±‖x‖ �RÍPý ú�Ö$ß�Ï Ì�Î
Ë ßZã�û�Ñ�ß�Ó=Ý�ßZÐkúFã$ÓÝ Û Ñ�ß�Ó��FÏ Û ã�ß5ÿ ψ0(τ, x) ý ÖMÓô�ÓÑ�Ï$ÓCß × Ñ�ßZÖ$ß × Ñ�ß�ÕZßTÜ#Ö Í�Ë Ñ$ÓÑ�ÏFäQõ�ú�Ö$Ï
q = 0ø��
� ß�Ý Í5Ì�Í Ø�Ó3ã�û Û Ø Ë ß�� Ok��� "$��A�	�^5	����1���������	ðn
��!�)�D5��: ���#��!��#)�: (�� �������^#D��#)
 �!��#��?�!$	�^�����	�'�(����`DF!����Q��?���?��&�'�'�:CBÃnkDF'�A�o�(�+GV9O]	5�$�#�P ��!��#)9�'�'�:=���`DF!�����6
�#����������������DFm8�](��

(τ, x)
6���?���^#'$	#;$	��#)

(ω, ξ)
�#�����������������'�'���V

�8!$	���'��'�(���"����
ψ
(�)9�#��N��(�"

�ψ + (F, F )ψ + 2i(F,∇ψ) = δ(τ)δ(x), (8)
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�!��'�o�($	5����'$	��P	5��7��#?�!$	>?�(�A���	����!�'�(���'���� ç�.

	&�7��� �!��#��?�!$	�^�����	�'�(����`DF!���� Ê
(

‖ξ‖2 − ω2 + 2(F, ξ) + (F, F )
)

ψ̄(ω, ξ) = 1. (9)


=��A�D�"S	] �����DF;�($)
ψ̄(ω, ξ) =

1

(ξ + F, ξ + F ) − ω2
. (10)

j����A�������A�D� �!$	���	��>;$	������a�.���d¡(�)9�#��`'��(�'����7#!�(�!�D��#)�:T�8���#��?��'�'������(G6�"����� ���0
�1��!$���1'�(��>��?�!$	���'���7��` �!��#��?�!$	�^�����	�'�(�� �`DF!����=�1�$�1"�D���`��:=?�!$	����]�� �!��1"$�1�$�'�'�:=�
!��7D5����!�(�^�	�o�(�(GV

Ok���PH#����7��_����� �������^#D��#)9���-nkDF'�"M	�)9�'���	5����'�:=)J!��U&�'�(��#)ÃDF!M	���'��'�(��PO]	50
�M	�)9?��!$	�Ú

�χ = δ(τ, x),

AF������!����
(�)9�#��>��(�"

χ =
1 − a

4π ‖x‖δ(τ − ‖x‖) +
a

4π ‖x‖δ(τ + ‖x‖) ∀a ∈ Z.

X "M���
δ(τ ±‖x‖) Ê  �!��������+��1�$��+_'$	`������������)¿A���'�D��#��6 τ = ∓‖x‖ Ê �(�'�7#D5����!�0'$	�����?���?��&�'�'$	��PnkDF'�A�o�(��WV

jk���AF������A�D² �!��#��?�!$	�^�����	�'�($�!�`DF!������1�M	�7#	��#)�:CBg!$	���'��L�1�$�1"�DFm8�](�)Ù!��7#D�0
����!�(�^5	�o�(���)RÚ

" [

1

4π ‖x‖δ(τ ∓ ‖x‖)
]

=
1

‖ξ‖2 − ω2 ± i0
, (11)

(�� �������^#D��Q�����+������	N��"���(�7#	> �!��#��?�!$	�^�����	�'�(����`DF!����N, î54�6�(�^�a�.���dR(ga�.�.5dC �����D�0
;�(�)fn
��!�)�D5��D_���#��!��#)�: a$#�d1V�è¡�#��!��#)I	&"$��A�	�^5	�'$	�V

X 	�)9���(�)R6�;����
ψ Ê H#���>�#n
�!�(�;��#�A�	��l������'$	�6�!$	�� �!������!$	�'���m8��	����Z�l� R3 ��Z"$(�'�(�;�'���+L�AF��!��������m aí�#�1��(

τ Ê ��!��#)��$d1V$j�!�( ReF 6= 0
!���	5����'$	��P(Q)�'�(�)I	��

;$	����(b ��$����'������(Ù�1�$���J'$	f�#n
�!��QA����$�#?���m8�����°�L(�^�)9�'��'�(��#)
x
V�%�&

F
"M	���

HA�� ���'��'�o�($	5�$��'����
^5	���D�BF	�'�(���(���(�����^#!$	����	�'�(��k ��M����'������(l�&^5	���(��(�)9�����(Q���
'$	� �!$	����$�'�(��

x
 �������'���U&�'�(�m±A

F
V

' Ý Í ãFä�Ö$Ñ�ÒIÓ²ú�ß�Ø�ÓÑ�â�Ï Í ã�Ò V8jk�����!���(�) !��U&�'�(��±��"�'���!��#"$'���7��JDF!$	���'��'�(��
aciFd1Ú

�ψ0 + (F, F )ψ0 + 2i(F,∇ψ0) = 0. (12)
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(97��� �!��#��?�!$	�^�����	�'�(����`DF!�����(�)9�#��N��(�"
(

(ξ + F, ξ + F ) − ω2
)

ψ̄0 = 0.

�I�$�1"$����	����1����'���6
ψ̄0 = ϕ(ω, ξ)δS(ω, ξ)

6W7�"$�
δS(ω, ξ) Ê  �!��������+¿�1�$��+-'$	���!��1BF0)9�!�'���+l ������!�B�'������(

S
�
R4 Ú

S =
{

(ω, ξ) : (ξ + F, ξ + F ) − ω2 = 0
}

, (13)

	
ϕ(ω, ξ) Ê  �!���(�^#��������'$	��l(�'����7#!�(�!�D��#)I	��l'$	 S nkDF'�A�o�(��WVë±n
��!�)I	5����'����k!��U&�'�(��k�#"�'���!���"�'���7���DF!$	���'��'�(���($)9���>��(�"l ������!�B�'������0

'���7���(�'����7#!$	5�M	

ψ0(τ, x) =

∫

S

ϕ(ω, ξ) exp(−iωτ − i(x, ξ))dS(ω, ξ) ∀ϕ(ω, ξ) ∈ L1(S). (14)

³�	��#�#)9����!�(�)=6M �!�(QA�	�A�(�B
F
��	�A�	��P ������!�B�'���������DF�&�#�����D���_(PA�	�AF��+Q��(�"E��'$	

(�)9�#���V
j�D�����

F Ê "$�+������(����1����'�:R+L���A�����!G6 F = −E V$èÈ��7Z"M	 S Ê H#���>A���'�D��k� R4�]���!�U](�'���+-������;�AF�
(ω, ξ) = (0, E)

V � H#����)°�1��DF;$	��la�.iFd8)9��%�'���^5	� �(���	����l���(�"$�

ψ0(τ, x) =

∫

R3

χ(ξ) exp (±i ‖ξ − E‖ τ − i(x, ξ)) dV (ξ) ∀χ(ξ) ∈ L1(R
3), (15)

dV (ξ) = dξ1dξ2dξ3.(I�1��(
F Ê )�'�(�)�:R+l���A�����!G6 F = −iH, ����7�"M	�(�^Na�.�2�dC�1�$�1"�D���

(ξ − iH, ξ − iH) = ‖ξ‖2 − ‖H‖2 − 2i(H, ξ) = ω2.

³¡�U&�'�(��#)gH#����7��&DF!$	���'��'�(���?�D5"$��& ��!��#�#�;��'�(���"���D�B_)�'��5%&�#�1����6�^5	5"M	���	��#)�:CB
!$	����'������	�)�(GÚ

S =
{

(ω, ξ) : ‖ξ‖2 − ‖H‖2 = ω2, (H, ξ) = 0
}

.

� H#����)Å�1��DF;$	��k!��U&�'�(��#)Å��"�'���!��#"�'���7��NDF!$	���'��'�(��P?�D5"$��>(�'����7#!$	5�Q $��;$	����(
 ��$���AF�����(G6R ��!� ��'�"�(�A�D5����!�'���+°���A�����!�D

H,
�Q��:RAF���$����:=) A�!�DF7���)ï!$	5"�(�D���	
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‖H‖ �ko��'���!���)f�>����;�AF� ξ = 0
Ú

ψ0(τ, x) =

∫

ξ⊥H,
‖ξ‖≥‖H‖

χ(ξ) exp

(

±iτ
√

‖ξ‖2 − ‖H‖2 − i(x, ξ)

)

dS∩(ξ) (16)

∀χ(ξ) ∈ L1(S∩(ξ)).(I�1��(l(�)9�#�#)fA���)� ��$�AF�'����
F = −E − iH

6�����7Z"M	&(�^Na�.�2�dC�1�$�1"�D��1�

(ξ − E − iH, ξ − E − iH) = ‖ξ − E‖2 − ‖H‖2 − 2i(ξ − E,H) = ω2.

� H#����)Å�1��DF;$	��k!��U&�'�(��#)Å��"�'���!��#"�'���7��NDF!$	���'��'�(��P?�D5"$��>(�'����7#!$	5�Q ���;$	����( ��$���AF�����(G6G �!��#BF�#"����&�+-;��!��^�����;�A�D
ξ∗ = E

(E ��!� ��'�"�(�A�D5����!�'���+¿���A�����!�D
H,

����:RA����$����:=)*A�!�DF7���)f!$	5"�(�D���	 ‖H‖ ��o��'���!���)*� ξ∗ Ú

ψ0(τ, x) =

∫

(ξ−E)⊥H,
‖ξ−E‖≥‖H‖

φ(ξ) exp

(

±iτ
√

‖ξ − E‖2 − ‖H‖2 − i(x, ξ)

)

dS∩(ξ)

(17)
∀φ(ξ) ∈ L1(S∩(ξ)).

X "$�#��

S∩(ξ) = {ξ : (ξ − E)⊥H ∩ ‖ξ − E‖ ≥ ‖H‖}.
� :T?���! φ(ξ)

 ���^#��������������!���(����NU](�!���A�(�+PA��M	��#�
!��U&�'�(�+P����(������!�'�:CBPDF!$	���0
'��'�(�+GV
) *CÀI½$ñ8½�¼È¹�Â¡»�¼,+.-

ξ / ¹W¶M·¡¸M¹Wº¡» ò10 ½�¸M¹�Â,2¡·¡º¡¼ÈÂ¡»�¼3+]½P¹W¶M·¡¸M¹Wº�»�¼,+]½54¡º /À�Ç
�
	�^������#)°!��U&�'�(��-��"�'���!��#"�'���7��PDF!$	���'��'�(��Ãa�ç�d Ø Ë Ï Û Ø&ßZÖ Í ÐkÏ VWjk�����!���(�)(�B�?�(�A���	����!�'�(���'�'�:T�
 �!��1"$���	����$�'�(��WV
³�	��#�#)9����!�(�)Å ��#"�:R'����7#!$	5����'�:=�`nkDF'�A�o�(�(��>n
��!�)�D5�$��!��U&�'�(��¿a�.6#�d1Ú

ψ±
ξ (τ, x) = exp

(

±iτ
√

‖ξ − E‖2 − ‖H‖2 − i(x, ξ)

)

, ξ ∈ S∩(ξ). (18)


='�(²��������m8���Z�¿!$�1U&�'�(��#)<�#"�'���!���"�'���7��LDF!$	���'��'�(��baciFd
(² �!��1"$���	�������m8�-�#��0
?���+g"����_ ��$���A�(���7#	�!�)9��'�(�;��#�A�(��l������'�:
6¡"���(�%�DF�`($��Z�g�E'$	� �!$	����$�'�(�(Å������0
'�������7��P���A�����!$	

ξ
(¿ �!�����(����� ����$�5%�'���)Ù'$	� �!$	����$�'�(�(f�_n`	�^�������+g�AF��!��������m

c =
√

‖ξ − E‖2 − ‖H‖2/ ‖ξ‖ 7 "���(�'$	&������' λ = 2π/ ‖ξ‖ V
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j�!�( ‖ξ − E‖ > ‖H‖ (�B

;$	��������	
$ =

√

‖ξ − E‖2 − ‖H‖2,
 $�1!�(��#"

T = 2π/

√

‖ξ − E‖2 − ‖H‖2.

� :R;�(��1��(�)f $��!���%&"M	��#)�:R+Q(�)�(�H�$�#)9�'���	�!�'�:R+ ξ 0�����(������!GÚ

Ψ±
ξ =

1√
2 ‖ξ − E‖

D−
Fψ

±
ξ =

=
±i

√

‖ξ − E‖2 − ‖H‖2 − (ξ − E) + iH
√

2 ‖ξ − E‖
ψ±
ξ , ξ 6= E. (19)

(97���'���!�)I	&(� ��#���"$��'���!�)I	>!$	���'�:
∥

∥

∥
Ψ±
ξ

∥

∥

∥
= 1,

〈〈

Ψ±
ξ

〉〉

= i
‖H‖

‖ξ − E‖ . (20)

8 (�A���	����!�'�(���'Q�7���H#'��!�7#(�(�0�(�)� �D5������	

Ξ(Ψ±
ξ ) = W (Ψ±

ξ ) + iP (Ψ±
ξ ) = Ψ±

ξ ◦
(

Ψ±
ξ

)∗

!$	����'

Ξ
(

Ψ±
ξ

)

= 1 + i
[eξ−E , H] ± eξ−E

√

‖ξ − E‖2 − ‖H‖2

‖ξ − E‖ , (21)

eξ−E =
ξ − E

‖ξ − E‖ .�k��!�)I	&(� ��#���"$��'���!�)I	
Ξξ
!$	���'�:

∥

∥

∥
Ξ

(

Ψ±
ξ

)∥

∥

∥
=

√

1 +
‖ξ − E‖2 − ‖H‖2 cos2 γ

‖ξ − E‖2 ,

〈〈

Ξ
(

Ψ±
ξ

)〉〉

=

√

1 − ‖ξ − E‖2 − ‖H‖2 cos2 γ

‖ξ − E‖2 ,

7�"$�
γ Ê DF7����P)9�%&"�D����A�����!$	�)�( eξ−E , H V�ë�'����!��#�'���6�;����� �!�( γ = ±π/2

〈〈

Ξ
(

Ψ±
ξ

)〉〉

= 0,
∥

∥

∥
Ξ

(

Ψ±
ξ

)∥

∥

∥
=

√
2.
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�k	�($?����$�#�k �!��������+P��(�"
Ψ±
ξ

(
Ξ

(

Ψ±
ξ

) (�)9�m8�> �!�(
H = 0 :

Ψ±
ξ =

±i+ eξ−E√
2

exp (±iτ ‖ξ − E‖ − i(x, ξ)) , (22)

∥

∥

∥
Ψ±
ξ

∥

∥

∥
= 1,

〈〈

Ψ±
ξ

〉〉

= 0, Ξ
(

Ψ±
ξ

)

= 1 ± ieξ−E .

9 �$�#)9�'���	�!�'�:T�
ξ
0�����(������!�:Ã�� �(��:R��	�m8�`�������)�(�)9�!�'�:=�T ��$���A�(��R7#	�!�)9��'�(�0

;��#�1A�(��_������'�:
6¡"���(�%�DF�](��#���²��"$�����E���A�����!$	
ξ
�_�� �!��1"$�1�$�'�'���+Ã	�)� ���(���D5"$��+

 ���A�	�%&"$��+²�#�����	�������m8�&�+²�A�	5�$�F!�'���+¿(E���A�����!�'���+¿"$�+������(����1����'���+²(¿)�'�(�0
)9��+�;$	�����+�����(������!$	�V��
	� �!$	����$�'�(���"���(�%&�1'�(����� �!��1"$�1��������������!�B�'�(�)R6F��(�?��
'�(�%�'�(�)f^#'$	�A���)f����(������!$	�(�����(�����>'$	>	�)� ���(���D5"�D�������'�:
V
: Ë Ï Û Ø&ßZÖ$Ñ�ÒIÓ`ú�ß1ãFä;� ëk� �������^#D�� Ψ±

ξ ,
)9�5%�'��� �!��1"$���	���(����

B0(τ, x)
�_��(�"$�

�1D�)9)�:°����(������!����N��(�"M	

Bξ(τ,x) = Ψ+
ξ ∗ C1(τ,x) + Ψ

−

ξ
∗ C2(τ,x),

AF������!�:=�`�� �(��:R��	�m8�
ξ
0� �������!�(�^�����	�'�'�:=�
����(������!�'�:=�
 ������WV

�k� �������!�(�^�����	�'�'�:T�Å����(������!�'�:=�Å ������ï�� �(��:R��	�m8�����ï?�(�A���	����!�'�(���'$	�)�(
��(�"M	

B0(τ,x) =
∑

C0,φ

Ψφ(τ,x) ∗ C0(τ,x), (23)

Ψφ(τ, x) =

∫

S∩

φ(ξ)Ψξ(τ, x)dS∩(ξ) ∀φ ∈ L1(S∩).

�eA�	5����!�'���0����A�����!�'�:=�Ù ������=<
j(τ, x),

 �!���(�^#��������'�:=��6>"$�� �D��A�	�m8�](��°��	�A�(��
�1���!���A�(G6#�=����)�;�(��1�$�e)9��7#DF�T?�:R���=(�^IA��M	��#��	=�(�'�7#D5����!�'�:CB
��?���?��&�'�'�:CB`nkDF'�A�0
o�(�+GV

X 	�)9���(�)R6�;�������:RU&�=)�:f ������!���(���(>!��U&�'�(�������(������!�'���7��
DF!$	���'��'�(��W6�"$��0
 �D��A�	�m8�](��P��?���?��&�'�'����Q �!��#��?�!$	�^�����	�'�(����`DF!�����V�
="�'$	�A���6 �DF�&�#�����DFm8�g�7��
!��U]�'�(��S6�'��� �!�(�'$	5"��$�%�	��](��`��?���?��&�'�'�:=)ÅnkDF'�A�o�(���)f)9�1"��$�'�'���7��>!������	�V
> Ý�ú�ß�Ñ$ÓÑ�â�Ï Í ã�û�Ñ�ß Ì�Í Ø&Ü@? Í �Rå&Ï$ÓkÏ Ë ß Ì Ö Í Û Ø Í �Rå&Ï$Ókú�ß Ë ÖMÓ�Ð
ÓÑ�Ï�Ø Ë Ï Û Ø&ßZÖ$ÒA�j8!�( ‖ξ − E‖ ≤ ‖H‖ �A�	5����!�'�:R+P ������'�o�($	5�fa�.��de �!��#��?�!$	�^#D�������lAl��(�"�D

α±
ξ (τ, x) = exp

(

±τ
√

‖H‖2 − ‖ξ − E‖2 − i(x, ξ)

)

, ξ − E⊥H,
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(Å��	�A�%&�l������������Z�Å!��U&�1'�(��#)@��"�'���!���"�'���7��¿DF!$	���'��'�(��±a�.�ç�d1V 9 ���E"����P����5�F0
;�(��=7#	�!�)9��'�(�;��#�A�(��8������'�:J�=H#A�� ���'��'�o�($	5����'��]^5	���D�BF	�m8�&�+N(_����^#!$	����	�m8�&�+
 ��Q��!��#)9�'�(Ã	�)� ���(���D5"M	�)�(GVIj�!�( ‖ξ − E‖ = ‖H‖ 	�)� ���(���D5"M	L'��_^5	���(��(��¿�����!��#)9�'�(l(P��'�(l�#���� $	5"S	�m8��V
� :R;�(��1��(�)* ���!���%&"M	��#)�:R+ α±

ξ

H�$�#)9�'���	�!�'�:R+P����($�1����!ÈÚ

Υ±
ξ (τ, x) =

D−
Fα

±
ξ

‖ξ − E‖
√

2
=

=
±

√

‖H‖2 − ‖ξ − E‖2 − (ξ − E) + iH

‖ξ − E‖
√

2
α±
ξ (τ, x), ξ − E⊥H.

(97���'���!�)I	&(� ��#���"$��'���!�)I	>!$	���'�:
∥

∥

∥
Υ±
ξ

∥

∥

∥
=

‖H‖
‖ξ − E‖ ,

〈〈

Υ±
ξ

〉〉

= i.

8 (�A���	����!�'�(���'Q�7���H#'��!�7#(�(�0�(�)� �D5������	>!$	����'

Ξ
(

Ψ±
ξ

)

= 1 +
i [eξ−E , H] ± eξ−E

√

‖H‖2 − ‖ξ − E‖2

‖ξ − E‖ .

¯T'$	5�$��7#(�;�'��éa�ç�2�d16R)9��%�'��*���!���(����*H�� ���'��'�o�($	5����'��*����^#!$	����	�m8�](��E(���(
^5	���D�BF	�m8�](��k ��&��!��#)9�'�(P����(������!�'�:=�
 �������(�^k �������!�(�^�����	�'�'�:RB���(�"S	

Bξ(τ,x) = Υ±
ξ ∗ C(τ,x)

(���(l'�� �������!�(�^�����	�'�'�:CBl��(�"M	

B0(τ,x) =
∑

C,φ

Υφ(τ,x) ∗ C(τ,x),

Υφ(τ, x) =

∫

S∩

φ(ξ)Υξ(τ, x)dS∩(ξ) ∀φ ∈ L1(ξ⊥H).

(I�1��(
ξ = E

6I(�^L�A�	5����!�'���7��² ������'�o�($	5�M	ba�.��d� �����DF;�(�)@H�$�#)9�'���	�!�'�:R+
H
0�����(������!

Ψ±
H =

1√
2‖H‖

D−
F exp (∓τ‖H‖ − i(E, x)) =
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n
�!��'�o�($	5����'$	��P	5��7��#?�!$	>?�(�A���	����!�'�(���'���� ç�#

=
(∓1 + ieH)√

2
exp (∓τ‖H‖ − i(E, x)) ,

∥

∥Ψ±
H

∥

∥ = 1,
〈〈

Ψ±
H

〉〉

= 0, Ξ
(

Ψ±
H

)

=
√

2.

B5C�¹�Â,2¡·¡º¡¼GÂ¡»$¼,+]½¿»�½�ÆL½�¼¡·ÈÇJ¹W¶M·¡¸M¹Wº¡»�¼3+EDÅÁ¡»�Â¡¶M¼¡½�¼¡·3-
³�	��#�#)9����!�(�)²��	�A�%]�T��	�%�'�:R+N"����> �!�(��$�5%]�'�(�+�A��M	��#�T!��U&�'�(�+NDF!$	���'��'�(��

a�.�.5de��(�"M	
B = B(x)e−iωτ ,

AF������!�:=���� �(��:R��	�m8�l7	�!�)9��'�(�;��#�A�(���A����$�#?�	�'�(��E�];$	����������+
ω
VWj�!��1"� ����M	�7	50

�1���Z�W65;����T �!$	���	��];$	������a�.�.5dW(�)9�#�����Dk%&� ���!�DFA���DF!�D�V�è¡��7�"M	="����`AF��)� ��$�A��'�:CB
	�)� ���(���D5"P �����DF;�(�)fDF!$	���'��'�(���6�AF������!����
 �!�(����#"�(����Z�lA���(�"�D

(

∇+
ω + F

)

B = G(x), (24)

7�"$� ∇±
ω = ω ±∇ ÊLË�Ì�Í ÏFÐkÑ�ÒIÓ ω Î Õ�Ö Í�× Ï$ÓÑ�Ø&Ò V$³¡�U&�'�(��Q�#����������������DFm8�&�7�����"�0'���!��#"�'���7��>DF!$	���'��'�(���'$	�^������#)

ω
0 Ø Ë Ï Û Ø&ßZÖ Í ÐkÏ;�è¡	�A�%&�k �!���)�:=)*��:R;�(��1�$�'�(��#)f"$��A�	�^#:R��	�������Q�Z�M�Z"$DFm8�&��
�����+��������Ú

(

∇+
ω + F

)

◦
(

∇−
ω − F

)

= ∆ + 2(F,∇) + ω2 + (F, F ).

ë�� ����$��^D��l�7���6� �����DF;�(�)
(

∇−
ω − F

) (

∇+
ω + F

)

B =
[

∆ + 2(F,∇) + ω2 + (F, F )
]

B =

=
(

∇−
ω − F

)

G = Q.
èÈ�>�#�����A�	�%&"M	���A���)� ���'��'���	�������������Z��!��U&�'�(��#)fDF!$	���'��'�(��

(

∆ + 2(F,∇) + ω2 + (F, F )
)

ψω = q(x) (25)

ac�k�#����������������(�(>���!�B�'��#)�D`(���(�'�(�%�'��#)�D]^#'$	�A�	�)ed��C�#����������������DFm8�&�+
Q
 �!$	50

����+�;$	������m&V
jk�����!���(�)EnkDF'�"M	�)9�'���	5����'����C!��U&�'�(��CH#����7��8DF!$	���'��'�(����e ���)9���]��mÃ��?���?�0

�]�'�'$��7#�� �!��#��?�!$	�^�����	�'�(��F�`DF!����  ��
x
V@(97��E�`DF!����10���!$	�'��#n
��!�)I	�'���	8(�)9�#��k��(�"

ψ̄ω =
1

ω2 − ‖ξ‖2 − 2i(F, ξ) + (F, F )
=

1

ω2 − (ξ + iF, ξ + iF )
.
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ëk� �������^#D��PnkDF'�"M	�)9�'���	5����'����
!��U&�'�(��kDF!$	���'��'�(��G���1����)�7�������o$	l, î54

∆χ+ ω2χ = δ(x),

χ = − 1

4π ‖x‖
(

aeiω‖x‖ + (1 − a)e−iω‖x‖
)

,

χ̄ = − a

‖ξ‖2 − ω2 + i0
− 1 − a

‖ξ‖2 − ω2 − i0
(l�����+������	� �!��#��?�!$	�^�����	�'�(��H�`DF!�����6� �����DF;�($)

ψω(x) =
e−(F,x)

4π ‖x‖ (aeiω‖x‖ + (1 − a)e−iω‖x‖). (26)

�
	g�7��f���'������¿	�'$	5�$��7#(�;�'���6=A�	�Ab�f'��#���	�o�(���'$	�!�'���) �1��DF;$	���6 "$��A�	�^#:R��	�����Z�
�1�$�1"�DFm8��	������#��!��#)I	�V
µ`½�º¡»�½$ñ=Â 2�òRó Óô�ÓÑ�ÏFäPÜ#Ö Í�Ë Ñ$ÓÑ�ÏFä²õ�÷5þ�ø
Ðkß5ùbÑ�ß&ú�ÖMÓ × Û Ø Í�Ë Ï�Ø&û Ë>Ë Ï × Ó Û Ü�ÐTÐkÒÔ�Ï�Ý Ë�Í Ø�Ó3Ö$Ñ�Ï�ß�Ñ�ß Ë

B =
(

∇−
ω − F

)

(ψω∗ G) + Tω, (27)

Õ × Ó ψω(x) ÏFÐkÓ#ÓØ Ë Ï × õ�÷�IZø5ÿ Í Tω ý ÖMÓô�ÓÑ�Ï$Ó�ß × Ñ�ßZÖ$ß × Ñ�ß�ÕZß&Ü#Ö Í�Ë Ñ$ÓÑ�ÏFä
(

∇+

ω + F
)

Tω = 0, (28)

Ý�ß�Ø&ßZÖ$ß�ÓTÐkß5ùbÑ�ß�ú�ÖMÓ × Û Ø Í�Ë Ï�Ø&û Ë>Ë Ï × Ó

Tω =
(

∇−
ω − F

) (

ψ0
ω ∗ C(x)

)

(29)

∀C(x) ÿ × ß�ú�Ü Û Ý Í �Rå�Ó#Ókà5Ø&Ü Û Ë Ó3Ö$Ø&Ý�Ü�ÿ ψ0
ω ý ÖMÓô�ÓÑ�Ï$Ókß × Ñ�ß�Ö$ß × Ñ�ß�ÕZß&Ü#Ö Í�Ë Ñ$ÓÑ�ÏFäSü

(

∆ + 2(F,∇) + ω2 + (F, F )
)

ψ0
ω = 0, (30)

ã�Ï�Ô�ß ËNË Ï × Ó Û Ü�ÐTÐkÒ-ÖMÓô�ÓÑ�Ï�Þ Ë Ï ×�Í õ�÷KJø��
jk�����!���(�)

ω
0�����($�1����!�:

Tω.
ëk� �������^#D��- �!��#��?�!$	�^�����	�'�(���`DF!����� ��

x,
(�^

a�2���d  �����DF;�(�)
(

ω2 − (ξ + iF, ξ + iF )
)

ψ̄ω = 0. (31)

���������������������! ���"�#&%�'�(���) +.-�/	021¡3�5768/	021Ç9 / ;>=�?A@



O
(�n
n
�!��'�o�($	5����'$	��P	5��7��#?�!$	>?�(�A���	����!�'�(���'���� ç�ê

�I�$�1"$����	����1����'���6
ψ̄0
ω = ϕ(ξ)δSω(ξ)

6M7�"$�
ϕ(ξ) Ê  �!���(�^#��������'$	��P�$��A�	5����'��_(�'����107!�(�!�D��#)I	��lnkDF'�A�o�(��W6�	

δSω(ξ) Ê  �!��������+P�1�$��+l'$	& ������!�B�'������( Sω � R3 Ú

Sω =
{

ξ : (ξ + iF, ξ + iF ) = ω2
}

.

ë<n
��!�)I	5����'����k!��U&�'�(��
��"�'���!��#"�'���7��NDF!$	���'��'�(���(�)9�#��>��(�"P(�'����7#!$	5�M	

ψ0(x) =

∫

Sω

ϕ(ξ) exp(−i(x, ξ))dSω(ξ) ∀ϕ(ξ) ∈ L1(S
ω). (32)


T �!��1"$�1��(�)
Sω.(I�1��(

ImF = 0
6���V ��V

F Ê "$�+������(����1����'�:R+P���A�����!G6 F = E,
����7Z"M	

Sω =
{

ξ : ‖ξ‖2 = ω2 + ‖E‖2 ∩ (ξ, E) = 0
}

.

� R3 H#��� Ê ��A�!�DF%�'��������6� ��!��#��;��'�($���#n
�!�:ï!$	5"�(�D���	
r∗ =

√

ω2 + ‖E‖2 �
 ��$���AF�������m

(ξ, E) = 0. � H#����)f�1��DF;$	��8��n
��!�)�D5�$��a�2�ç�dI(�'����7#!$	5�lA���'���DF!�'�:R+ ��&H#����+P��A�!�DF%�'������(GÚ

ψ0(x) =

∫

{e⊥E}

β(e) exp

(

−i(x, e)
√

ω2 + ‖E‖2

)

dl(e), ‖e‖ = 1, (33)

∀β(e) ∈ L1

{

e ∈ R3 : ‖e‖ = 1, e⊥E
} V

(I�1��(
F Ê )�'�(�)�:R+Q���A�����!G6 F = iH,

����7�"M	>(�^�a�2�.5dR�1�$�1"�D����6$;����
Sω Ê H#����n`�1!M	�Ú ‖ξ −H‖ = |ω| �Co��'���!���) ξ∗ = H

6�(�(�'����7#!$	5�Ea�2�ç�dÈ �!�(�����"�(������>A���(�"�D

ψ0(x) = exp(−i(x,H))

∫

‖e‖=1

α(e) exp(−iω(x, e))dS(e), (34)

∀α(e) ∈ L1{e ∈ R3 : ‖e‖ = 1} V
(I�1��(l(�)9�#�#)fA���)� ��$�AF�'����

F = E + iH
6�����7Z"M	

Sω =
{

ξ : ‖ξ −H‖2 = ω2 + ‖E‖2 ∩ (E, ξ −H) = 0
}

.
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� R3 H#��� Ê ��A�!�DF%�'�������¿ ��!��#�#�;��'�(��P�#n
�!�: !$	5"�(�D���	
r∗ =

√

ω2 + ‖E‖2 �
o��'���!���)-�
����;�A��

ξ = H
�R ��$���AF�������m

(ξ, E) = (H,E). � H#����)-�1��DF;$	��=�`n
��!�0)�D5�$��a�2�2�d=(�'����7#!$	5�-A���'���DF!�'�:R+E ��_H#����+E��A�!�DF%�'������(GVW³��U&�'�(��& �!�(����#"�(������
A���(�"�D

ψ0(x) = exp(−i(x,H))

∫

{e⊥E}∪{‖e‖=1}

γ(e) exp

(

−i(x, e)
√

ω2 + ‖E‖2

)

dl(e)

(35)
∀γ(e) ∈ L1{e ∈ R3 : ‖e‖ = 1, e⊥E} V � :=?���! γ(e)  ���^#����������]���!���(����`U](�!���A�(�+A��M	��#�

ω
0�����(������!�����V

> ã$Ó�Ð
ÓÑ�Ø Í Ö$Ñ�ÒIÓ ω Î Ø Ë Ï Û Ø&ßZÖ$Ò V�³�	��#�#)9����!�(�)ÃnkDF'�A�o�(�m

ψω(x, e) = exp

(

−i(x,H + e

√

ω2 + ‖E‖2)

)

, e⊥E, ‖e‖ = 1, (36)

AF������!$	��é������������Z�é!��U&�'�(��#) ��"�'���!��#"�'���7��ÃDF!$	���'��'�(�� a�2���d�(é �!��1"$���	������F0
����#��?���+LA���)� ��$�AF�'�DFm 	�)� ���(���D5"�DP ��$���A�(�BQ7#	�!�)9��'�(�;��#�A�(�BL������'*aí�`DF;������)
e±iωτ

d165"���(�%�DF�](�BF���]��'$	� �!$	����$�'�(�(>������'�������7��k���A�����!$	
K = e

√

ω2 + ‖E‖2+

H
(��$(]�8 �!�����(����� ����$�5%�'���)*a�"��$�

eiωτ
dG�#�8�AF��!��������m

v = ω/ ‖K‖ 7 "���(�'$	=������'
λ = 2π/ ‖K‖ 6�;M	��1������	 $ = ω

6� $�1!�(��#"PA����$�#?�	�'�(�+
T = 2π/ω

V
j�!�(

H = 0
�A���!�������

v = ω/
√

ω2 + ‖E‖2 ≤ 1
(l'��k^5	���(��(������>'$	� �!$	����$�10

'�(���������'�:
V��Ã!��������) ‖E‖ "���(�'$	&������'�: λ = 2π/
√

ω2 + ‖E‖2 D�)9�'���U�	������� 7 �!�(
ω → ∞ v → 1, λ→ 0.j�!�(

E = 0 v = ω
‖H‖ , λ = 2π

‖H‖ 7
 �!�( ‖H‖ → ∞ v → 0, λ→ 0

V
³�	��#�#)9����!�($)*'���!�)�(�!�����	�'�'�:=+

ω
0�����(������!G6� ���!���%&"M	��#)�:R+

ψω
 �!�(

E 6= 0,

Ψω
+(x, e) =

1
√

2
√

ω2 + ‖E‖2

(

∇−
ω − F

)

ψω =

=
ω − E + ie

√

ω2 + ‖E‖2

√
2
√

ω2 + ‖E‖2
ψω, e⊥E. (37)
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(�7��_	�)� ���(���D5"M	&'��k^5	���(��(��N���
H
6�'���!�)I	&(� ��#���"$��'���!�)e	�!$	���'�:

∥

∥Ψω
+

∥

∥ = 1,
〈〈

Ψω
+

〉〉

=
i ‖E‖

√

ω2 + ‖E‖2
. (38)

8e(�A���	����!�'�(���'Q�7���H#'��!�7#(�(�0�(�)� �D5������	�!$	����'

Ξω(Ψω
+) = Wω + iPω = Ψ+

ω ◦
(

Ψ+
ω

)∗
= 1 + i

ωe+ [e, E]
√

ω2 + ‖E‖2
;

‖Ξω(Ψω
+)‖ =

√
2, 〈〈Ξω(Ψω

+)〉〉 = 0.
ëk� �������^#D��

Ψω
+

6�)9��%�'��T �!��1"$���	���(����
Tω(x)

�T��(�"$� �D�)9)�:²����(������!����8��(� $	

Tω(x) =
∑

e

Ψω
+(x, e) ∗ C(x),

Tω(x) =
∑

C,φ

Ψφ
ω ∗ C(x), Ψφ

ω =

∫

Sω

φ(e)Ψω
+(e, x)dl(e) (39)

∀φ ∈ L1 {e⊥E : ‖e‖ = 1} V�eA�	5����!�'���0����A�����!�'�:=�& ������
C(x)

���5%]�` �!$��(�^#��������'�:=��6M"$�� �D��A�	�m8�](��`��	50
A�(��
����!���A�(G6$�N����)*;�(��1�$�`)9��7#DF�_?�:R���N(�^
A��S	����	N�(�'�7#D5����!�'�:CBP��?���?��&�'�'�:CB
nkDF'�A�o�(�+GV

èC��(������!�: ��(�"M	ba�2�ê�d_�� �(��:R��	�m8�* �������!�(�^�����	�'�'�:T�EA����$�#?�	�'�(��b(J������'�:
�1A�	5����!�'���0����A�����!�'�:CBl ����$�+G6$	laciK��d Ê '��#��!�(��'���(�!�����	�'�'�:=�` ������WVj�!�(

E = 0
(�^_a�2�iFd (�)9�#�#)

Ψω
+ = (1 + ie) exp(−i(x,H + eω)) ∀e ∈ R3 : ‖e‖ = 1;

∥

∥Ψω
+

∥

∥ = 1,
〈〈

Ψω
+

〉〉

= 0.
j���"$���	�����������a�2�ê�d16� �����DF;�(�)g�#����������������DFm8�](�������(������!�'�:=�k ������W6F ���!��5%&"M	50
�)�:T�

H.
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' Ø Í Ø&ÏP��Ó Û Ý�Ï�ÞïØ Ë Ï Û Ø&ßZÖ Ê H#���é!��U&�'�(��J��"�'���!��#"�'���7��±DF!$	���'��'�(�� a�.5d16

'��^5	���(������&�#�`������!��#)9�'�(G6

(∇ + F ) ◦ B = 0. (40)

(97��&�$�7#AF�� �����DF;�(����>(�^
Tω  �!�( ω = 0

6
F = E + iH

V
ë�^Na�2���d Ê a�2��d  �����DF;�(�)fH�$�#)9�'���	�!�'�:R+L�1��	���(�;��#�A�(�+P����(������!P �!�( E 6= 0

Ú

ψ0(x, e) = exp (−i(x,H + e‖E‖)) , e⊥E, ‖e‖ = 1, (41)

Ψ0(x, e) =
(−eE + ie)√

2
ψ0, eE = E/‖E‖;

∥

∥Ψ0
∥

∥ = 1,
〈〈

Ψ0
〉〉

= i. (42)

8 (�A���	����!�'�(���'Q�7���H#'��!�7#(�(�0�(�)� �D5������	>!$	����'

Ξ0(Ψ
0) = 1 + i[e, eE ],

‖Ξ0(Ψ
0)‖ =

√
2,

〈〈

Ξ0(Ψ
0)

〉〉

= 0.
j�!�(

E = 0
(�^Na�2�iFd (�)9�#�#)

Ψ0 = (1 + ie) exp(−i(x,H)) ∀e ∈ R3 : ‖e‖ = 1;

∥

∥Ψ0
∥

∥ = 1,
〈〈

Ψ0
〉〉

= 0.
®km�?���+P���	���(�;��#�A�(�+P����(������!Q)9��%�'��> �!��1"$���	���(����N�>��(�"$�
�D�)9)�:b����(������0

!����
a�"����� �������!�(�^�����	�'�'�:CBl ����$�+Md1Ú

T0(x, e) =
∑

e

Ψ0(x, e) ∗ C(x);

a�"�����'�� �������!�(�^�����	�'�'�:CBl ����$�+Md1Ú

T0(x) =
∑

C,φ

Ψ0
φ ∗ C(x), Ψ0

φ =

∫

‖e‖=1

φ(e)Ψ0
±(x, e)dl(e)
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∀φ(e) ∈ L1

{

e ∈ R3 : ‖e‖ = 1, e⊥E QKRKS E 6= 0
}
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α(e), γ(e).
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xn+1 = Axn + X (n, xn) , ® DV¯�����

A ° ��
�����
��)������ m × m
'G�\��� ���Th)6���������
� )'GRA.�����T����

X (n, xn)
.��h
��-ÿ��	'

����
� ������I ��������������.
X (n, xn) = o (xn)

 ������
��X�� ���
I��

n
>

±-²8³�´�µ\´�¶\´�·8¸�´d¹�º B UVFh»�¼�½�¼]¾)¿�À?ÁeÂ�À#¼�¾hÃ�Ä-Ã�Å�Æ�Ã
η = η (n) Ç�È^É�® DV¯;Ê�ËoÌ�¼�½�Å�¼Ê�Ë�À#¼�Í�Â�Æ�½�¼NÎ�¾�Æ

n → ∞
Á�Ã�ËoÌ�Æd½

Rn Ë�Ê�Ï-Ã�Ë�À-½�Ê�ÐQÀ
l ÑÓÒ Ãb¾�Å�Ô\Ã Ò Å�¼�Õ]¼�¼�Ö]¾�×VØ�Æ�¿

Sl ⊃ ηn
0

Å�×�Â�×�Ì�Ù�Å�Ô8ÚdØ�Å�×�Â)Ã�Å�Æ�Í
(1 ≤ l < n)

À#×�Û�Æ)Ú)Á;Â�À#¼gÜ�Ì�¿*½�Ë]¿�Û�¼�Õ]¼?¾hÃ�Ä-Ã ÑÅ�Æ�¿
xn,

Î�¼�Ü�Â�Æ�Å�Ã�Å�Å�¼�Õ]¼#Ê�Ë�Ì�¼�½�Æ�Ð

xn
0
∈ Sl,

∥

∥xn
0
− ηn

0

∥

∥ < δ (ε) ,ÖVÊ�Ü�Ã�ÀÝ½�ÔXÎ�¼	Ì�Å�Ã�Å�¼-Å�Ãb¾�×�½�Ã�Å�Ë�À-½�¼

‖xn − ηn‖ < ε
Î�¾�Æ

n0 ≤ n.Þ�Ë�Ì�¼�½�Å�×�¿�Ê�Ë�À#¼�Í�Â�Æ�½�¼�Ë�À#ÙßÅ�×VØ�Ô\½�×�Ã�À#Ë]¿�×�Ë�Æ Ò Î�À#¼�À#Æ�Â)Ã�Ë�Û�¼�Í�Á#Ã�ËoÌ�Æ�Á-Û�¾�¼ Ò ÃÀ#¼�Õ]¼VÁ
‖xn − ηn‖ → 0

Î�¾�Æ
n → ∞,

Õ	Ü�Ã
‖xn0

− ηn0
‖ < ∆à

∆ á Å�Ã�Û�¼�À#¼]¾�×�¿2Î�¼	Ì�¼Vâ�Æ�À-Ã�Ì�Ù�Å�×�¿^Î�¼�Ë�À#¼�¿�Å�Å�×�¿�ã�äå ´�æ8³�´�ç:è+¹�º à æ8é_ê7ë�¶\æ8ìh·8æ�í�ê7ëhî�æ8í8ï�¸8ìhæ�ëhî7¸�ð�º\ñ Ê�Ë�À#Ù Ò ×�À=¾�Æ�ò�× A
Æ Ò Ã ÑÃ	À

l
Ë�¼�Ö�Ë�À-½�Ã�Å�Å�Ô8ÚßÂ�Æ�Ë�ÃbÌ�ÁZÎ�¼ Ò ¼�Ü�Ê�Ì�Ð Ò Ã�Å�Ù�Ä#Æ)ÚßÃ�Ü�Æ�Å�Æ�ò�Ô�ÁAÆ (m − l)

Ë�¼�Ö ÑË�ÀI½�Ã�Å�Å�Ô8Ú?Â�Æ�Ë�ÃbÌ�Á�Î�¼ Ò ¼�Ü�Ê�Ì�Ð_Å�Ã Ò Ã�Å�Ù�Ä#Æ)Ú?Ã�Ü�Æ�Å�Æ�ò�Ô�Á�Î�¾�Æ�Â)Ã Ò X (n, xn)
Å�Ã�Î�¾hÃ Ñ¾�Ô\½�Å�×IÎ�¼

n
Î�¾�Æ

n ≥ n
0

Æ2Ê�Ü�¼�½�Ì�Ã�À-½�¼]¾)¿�Ã�ÀóÎ�¼
xn

Ê�Ë�Ì�¼�½�Æ�Ð+ôAÆ�Î�Ä#Æ�ò�×�õ
‖X (n, x′

n) − X (n, x′′
n)‖ ≤ L ‖x′

n − x′′
n‖ ,

(‖x′
n‖ < ∆, ‖xn‖ < ∆, n ≥ 0) ,

® U�¯
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Õ]Ü�Ã
L
Ü�¼�Ë�À#×�À#¼�Â�Å�¼ Ò ×�Ì�¼NÆ L → 0

Î�¾�Æ
∆ → 0

ä:ø�¼�Õ]Ü�×HÀ3¾�Æ�½�Æ�×�Ì�Ù�Å�¼�Ã¬¾hÃ�Ä-Ã ÑÅ�Æ�Ã
x = 0 Ç�È^Éù® DV¯IÊ�ËoÌ�¼�½�Å�¼¤×�Ë�Æ Ò Î�À#¼�À#Æ�Â)Ã�Ë�Û�Æ*Ê�Ë�À#¼�Í�Â�Æ�½�¼¤¼�À#Å�¼�Ë�Æ�À-Ã�Ì�Ù�Å�¼Å�Ã�Û�¼�À#¼]¾�¼�Õ]¼

l ÑÓÒ Ãb¾�Å�¼�Õ]¼ Ò Å�¼�Õ]¼�¼�Ö]¾�×VØ�Æ�¿ Sl

Å�×�Â�×�Ì�Ù�Å�Ô8Ú4Ø�Å�×�Â)Ã�Å�Æ�Íeä

È ¼�Û�×VØ�×�À-ÃbÌ�Ù�Ë�À-½�¼�ä�÷;��&f��� �.�"#�������5
�P�[?��
������_ ������.�,#���������_�X
�,-��
4�� ������)��1
n0 = 0

>�@A
2ÿ�
V,-���
xn = Cyn,�����=����$������������Vÿ�1�����¤����
���
�P���������4�\��� ���T�

C
�����
���)6�����


C−1AC = B = diag (N, P ) ,�� ��������
|λj (N)| < 1

(

j = 1, l
)

, 8 |λτ (P )| ≥ 1
(

τ = l + 1, m
) >�ú|
��]�hN¥�þ W ® DV¯�� ����X���I���)�

yn+1 = Byn + f (n, yn) , ® ` ¯�����
f (n, yn) = C−1X (n, Cyn)

>
@A
2ÿh�����

L1 =
∥

∥C−1
∥

∥ ‖C‖L,

��������)����
�6����X�����

∥

∥f
(

n, y′n
)

− f
(

n, y′′n
)
∥

∥ ≤ L1

∥

∥y′n − y′′n
∥

∥ ®�û ¯
��ÿ��

n ≥ 0,
���Vÿ��M��
2ÿ�1��)


‖y′n‖ < ∆1
�

‖y′′n‖ < ∆1
6��]���

∆1 = ∆
‖C‖

>7@=.�����1
β > 0

�� �
���&���
2ÿ�1���
*�\	ÿ�
d�
α >

�����
���6\����

α + β < min [− ln |λj (N)|]

>
ú|
��]�h)6�
��������)����
�6����� �����	��ÿ�����9+���� ��������������

|N |n ≤ Me−(α+β)n �� �� n ≥ 0,
|P |n ≤ Meβn �� �� n ≤ 0,

}

®�ü ¯
�����

M ° ������
���
� ���f��
��������
�����
NP�
2ÿ�1�"-��g��
2ÿh
�,-�����Vÿ�1�����¤��
�����
��)�������>@A
2ÿ�
�,-���

G (n) =

{

Bndiag (El, 0)
�� ��

n > 0,
−Bndiag (0, Em−l)

�� ��
n < 0,

®�ý ¯
�����

Eν ° �	������������9:�Z�\��� ���T�9þ��
�
���������������.�/3[?�)(f��
� �������
���>e<¬����/;�h

G (0) = Em.ÿ=&A���� ������������� ®�ü ¯	6).�������9Q�����6�����
 Bn = diag (Nn, Pn) ,
��
2ÿ�.�������
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‖G (n)‖ ≤

{

Le−(α+β)n �� �� n > 0,
Leβn �� �� n < 0.

® ¦ ¯
c= �
��X�A��
���
�6�
��������)����
�6����X�����

G (n + 1) = BG (n)
�� ��

n 6= 0.¥�������X
��� ����§��.)�X�\� ���.�/�������������.g.� ������������$

yn (a) = Y (n) a +
∞

∑

s=0

G (n − s) f (s, ys, (a)) ® ö ¯
�����

Y (n) = Bndiag (El, 0) = diag (Nn, 0)
�

a ° ��
�����
��)����9Q$M��������
� 76 m −
l
��
��Vÿ��	�����)(_�)
�
� ���������M��
���
� �
���
d ������90��.	ÿ�/#>äþEÿ��* ���"#������� ��.)�X�\� ���
���


.� ������������� ® ö ¯¢�� ����X�������C�X����
��4��
��Vÿ��	��
�������Vÿ�1���9;(¤�� ���P2ÿ���,#������$76���
2ÿh�����

y(0)
n (a) = 0�

y(P )
n (a) = Y (n) a +

∞
∑

τ=0

G (n − τ) f
(

τ, y(P−1)
τ (a)

)

(P = 1, 2, ...). ® a�¯
©�9:P��� ���� �����Vÿ�


∆
����
2ÿ�1N�\	ÿ�9¬�Q6�����
�P�9+P�9�ÿ�
-��9Q��
2ÿ�������
I���� ��������������


L1 <
β

4L
,

�f��.�����1
‖a‖ < ∆1

2L
= a0

>
ú|
��]�h)6�.�������9Q����f���� ���9:�A��&S���� ������������� ®�ü ¯��� �� t ≥ 0

6�P�.V����� ���X����1

‖yn (a)‖ < ‖Y (n)‖ · ‖a‖ ≤ Me−(α+β)n ‖a‖ ≤ M ‖a‖ e−αn.@=.�����1
∥

∥

∥
y(p)

n (a) − y(p−1)
n (a)

∥

∥

∥
≤

M

2p−1
‖a‖ e−αn ® D�¨�¯

�� ��
n ≥ 0, (p ≥ 1) .ÿ=&SRS
� ���.	ÿ�9 ® a�¯	6)������
2ÿ�1�&�.��f���� �������������� ® ¦ ¯�6)��9Q��
������

∥

∥

∥
y(p+1)

n (a) − y(p)
n (a)

∥

∥

∥
≤
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≤
∞

∑

s=0

‖G (n − s)‖ ·
∥

∥

∥
f

(

s, y(p)
n (a)

)

− f (s, yp−1 (s, a))
∥

∥

∥
≤

≤
n

∑

s=0

M · e−(α+β)(n−s) ·
β

4M
·

M

2p−1
‖a‖ e−αs+
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�2�6}Ø�]~��urZ}�~��u�M~�yM~���pIxÔ�ZxI�2�uz���v��×x�pIt�n2��}×rut�~���{Up]v#ÙHz�yu|Ú�Rx�z�yuo2z#z]�Û�ur2v��MpIy2p%nÜx
z��%pHv#p]v��I~�x�z$�����2pIÝ#��p]{����]xHpI�$�2ru�ur2z-pI�'y�~��6z��I�]v#p]pI�]o2pIÞ�z�our2z-x�z#v%~���pI�Z�2rux�~��ßx�z#v��
�M�H�à�uyur2{Uz�yuo2pß�]~��6p]z'áâz]�Z�u~���rw�wp]ãI|��uou|K}�v%~I{Up��Mz���pIx2Ñ2äb�u~#�2z#v��]x�z'��pI�Z�2rux�~
yM~Iv#v�{0~��]y2rux�~Iz���v��s�u~��sx�p#nMpIy2p%n4���I~��srs�6�9�Mz�x�p%nMpIy2p%n2ou|-zw��pI�Z�2rux�~såºæ�ç_Ñ0m�v�o2pIxI�
ou|-{��uyuruouèuru�urM~$�2�]ou|-{épI�%�Mru�ur2z#{�n2x]ru��~���z��2�w�M�H�êpI�an2x]ru��~���z��Mz�q¸v%~I{Up��Mz��I~ar
yM~��6z��w�6xI�M�Zz���v��Ô��pu�M�u��p�x�o2z#{b�uy2pIè2z#v#v�|ëv#{Uz�Þ�z�ouru�Ôrì�%pIy2z�ouru�ì��pI�Z�2rux�~��uy2p��
r2v}6p#n2�Z�ìoM~¸v�x�z�y�}Zt#x]�6�6pIx]|K}Üv��ZpIy2p]v��$�6}�Ñ0í`p]pI�]x�z���v��]x�z�ouo2pì��pI�Z�2rux�pìoM~$}�p%n2ru��v9�
xa�Z~I{Uz�y2z�v��%pIyM~�ouru��o2z#v��Zp��2�]�6p�{�rZ�u�2r2v#z��u�6oZn4�6xa��z��2z�our2z"�ZpI��pIyu|K}^o2z#p]ã%}�p%n2r2{Up
�2z�y2z#{Uz�Þß~��]��z��%pßv'pI�ur2v��2ru��z��Mz#{-�2rwnMp��2áâz�oÔp]v��6��z#v��]x]ru�]��v����uy2pIè2z#v#v'�%pIy2z�ouru��Ñ
î,��pép]v�o2pIx]o2p]z�pI�#yM~�ouru�2z�our2zÖ�uyuràpIyu��~�ourut$~�èururï�uy2pIè2z#v#v%~s�%pIy2z�ouru��x��Z~I{Uz�y2z
v��%pIyM~�o2ru�¸�uy2z�n2ð��ZxI�2�uz���pI�2z�ou��x]|-v#pI�ur2za�]y2z#ã]pIx�~�ouru�ì�Ô��pI�uo2p]v��]rìÝ#�6v��2z�yur2{Uz�oZ�
�I~$�2�]ou|K}ñrñyM~Iv��2z��]ou|K}ë�RoM~Ö{Up%nMz��2�6}M��rut%{Uz�y2z�ouruqòÝ#��pI�%p��uy2pIè2z#v#v%~båºæ���ó$ç_Ñ�m-nu�
o2pIqÔrutâp]v�o2pIx]ou|K}ìt$~$n�~#�ì�uyurØ{Up#nMz��2ruy2pIx�~�our2r×ãI|-v��]y2pI�%p�v�áßru��~�ouru�ì��pI�Z�2rux�~^x
v�x�z�y�}Zt#x]�6�ZpIx�p]{à�2pI��pI�Zz�x�pIt�n2��}6~��ZxI�2�uz���v��ÜpI�uy2z�nMz��Mz�our2z���z�y2{Up#n2ruoM~I{�r2�2z#v��uru}
}6~�yM~��u��z�yur2v��]ru�Û��pI�ur2v�|�x�~����ârZ}Ü��z��Z�MpIx]|-z��uy2pIè2z#v#v�|H�NoM~��uyur2{Uz�yÛ�N��z��Z�MpIx]|KnMz��
�Mz�our2z�t$~av��2z��â}Zr2{�ru�2z#v��urZ}�y2z%~��uèuruqÛÑuäñ{0~���z#{0~��]ru�2z#v��Zp]{s�Z��~�o2z"nu�2��y2z�Þ�z�ouru�
�6yM~�x]o2z�ouruq�v#p#}ZyM~�o2z�ouru���6pI�ur2v�|�x�~����ârZ}^�uy2pIè2z#v#v-�%pIy2z�ouru����o2z#p]ã%}�p%n2r2{UpHt#oM~�our2z
y��6n�~��M~�yM~I{Uz��]y2pIx2Ñ-ôN~��urM{�rò�M~�yM~I{Uz��]yM~I{�rê�ZxI�2�Z����v��brb��z�y2{Up%n2ruoM~I{�ru�2z%v��ur2z
v�x�pIqMv��]x�~��6p]{��2pIo2z�ou��pIxM�,�IÑ z]Ñ0Ý#ou�I~$�2�]�2ru�

H
�UÝ#ou�]y2pI�uru�

S
rñ��z��Z�Mp]z#{��6p]v��]r

cp�Z~�á�nMpI�%p�rutß�6p]{��2pIo2z�ou��pIx2�Û�Z~��ÖÙ'�6ou�uèurur×��z#{��2z�yM~��]�6yu|õrìn�~�xI�Mz�ouru��å ÒIç_Ñ�ö'�2�
pI�uy2z�nMz��Mz�ouru�×n�~�ouou|K}Ö�M~�yM~I{Uz��]y2pIxÔr2v��2p��2�]t#��z���v9�ÜÙHpIy2{��$��~��2p��2ruoMp]{�rM~$�2�]o2pIq
t%~�x]rMv�rM{Up]v���rØpI����z#{��2z�yM~��]�6yu|H���9nMzH�ZpIÝ%ÙHÙ'ruèur2z�ou�]|ï{�o2p$áâz#v��]x�~��uyurux�z�nMz�ou|ïx
�I~Iã��2ruè2z`��z�y2{Up%n2ruoM~I{�ru�2z#v#�urZ}ân�~�ouou|K}â÷�ø�ù�ø�úK�$xI}�p%n2�Z�ârZ}ax��M~��6z��aû,ü2ý�þßÿ��������
åµæ�ç_Ñ�öâ~�ouou|-z"�6pIÝ%ÙHÙ'ruè2r2z�ou�]|b{�o2p%á�z#v��]x�~H�uy2rux�z�nMz�ou|ñnu�2�^ruou��z�yux�~$��~a��z#{��2z�yM~$�
�]�6y

300 < T < 5000 � Ñ	�H~�v#z��%p#n2ou�ZÞâouruq�nMz�ou�^v��6��z#v��]x]��z��ß{�o2p$á�z#v��]x�p^yM~Iã]pI��2p��ur2v��Mz�ouo2p]{��×{Up%nMz��2ruy2pIx�~�ouru� t$~$n�~%�urÖv�x�z�y�}Zt#x]�6�6pIx�pI�%p��%pIy2z�ouru�Ø��pI�Z�Mrux�~�x
�Z~I{Uz�y2z^v��%pIyM~�ouru�Ö���H�â�7x��ZpI��pIyu|K}×x��Z~%�2z#v��]x�zß��z�y2{Up%n2ruoM~I{�ru�2z#v#�urZ}×n�~�ouou|K}
x]t��Z�]|àx�z��2ru�uruou|ïruta�I~Iã��2ruèu| ÷�ø�ù�ø�úòåºæ�ç_Ñ�
H~��Ôrut#x�z#v��]o2pu�MpI�2z�ou��v��Mp$áßo2p�p]v����
�âz#v��]x]ru�]�HÝ��Zv��2z�yur2{Uz�ou�]~$�2�]o2|-z�r2v#v��Mz�nMpIx�~�ouru�ß�2p�rut#�6�2z�ouru�b�uy2pIè2z#v#v%~��%pIy2z�ouru�
xØv�x�z�y�}Zt#x]�6�6pIx]|K}s�Z~I{Uz�yM~$}év��%pIyM~�ouru��Ñ,í,�6��z#v��]x]��z��ÖpI�2z�ou�×{0~$�Mp]zw�6p��2ru�2z#v��]x�p
yM~Iã]pI�â�2paÝ#�6v��2z�yur2{Uz�ou�]~$�M�]o2p]{���rut#�6�2z�our2�ê�%pIy2z�ouru����pI�Z�2rux�~ax�v�x�z�y�}Zt#x]�6�ZpIx�p]{
�2pI��pI�6z]Ñ0äÕp]v�o2pIx]o2p]{��UÝ#�Zv��Mz�y2r2{Uz�ou�]| �uy2pIx�p%n2�Z��v9�snu�2�srut#�6�2z�ouru�sx]t$~�r2{Up#nMz�qZ�
v��]x]r2�ìruouá�z��u�]ruyu��z#{UpIqÜv��]yu�6rØ��pI�Z�2rux�~�v#pwv�x�z�y�}Zt#x]�6�6pIx]|-{��2pI��pI�6p]{�xwruou��z�yZ�
x�~$�Mz���z#{��2z�yM~��]�6y

T < 300 � ã]z�t'�%pIy2z�ouru��å Ó$��%ç_Ñ
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Ò�� �-Ñ 
ßÑ��Kz��2�uz�x2�2�âÑ�
H~$�2�]~Iz�x2�M�âÑ � Ñ��H~�q2{0~�o2pIx�~

���������Nk��Nh���� �!��j"�$#Nl
% ~Iv#v#{UpI�]yurM{ �2z�yu�Mz�oun2ru�u�$�2�Zyuou|�qêxIn2�6xst#x]�6�6pIx�pIqêv��]yu�6rò�#~�t$~�xs�Z�Mp]v��uruq

x�pIt�n2�6Þâou|�q�v�x�z�y�}Zt#x]�6�6pIx�pIq��]�6y2ãI�$�Mz�ou�]ou|�q��2pI��pI�ÛÑ]ö'�2�ß�$nMp]ã]v��]x�~'x]|��ur2v��Mz�ouru�
�uy2z�n2�2p��Mp%áßr2{-�2�u��pßxIn2�6xß�uy2pIr2v9}�p%n2ru��v'ouruáßo2z�qÔv���z�ou�urÜ�RyurMv��6oMpI��æ$��Ñ

& ��'��-�)(	�%�+*-,$.0/O���i�1/32)/����54��
6 v}6p#n2ou|"{�rw�6yM~�x]o2z�ouru�u{�r�nu�2��yM~Iv#v#{0~��]yurux�~Iz%{UpIq�t$~$n�~#�2r��ZxI�2�uz���v��wv�r2v���z��

{0~'n2x]�Z{Uz�yuou|K}��6yM~�x]o2z�ouruq7�H~�x]��z��!í,��pI�Zv%~Hnu�2��{�o2pI�%pI�Zp]{��2pIo2z�ou��ou|K}��#~�t%pIxwå 8$ç:9

∂~U

∂t
+

∂
(

~E − ~Ev

)

∂x
+

∂
(

~F − ~Fv

)

∂z
= 0,

�!æ$�

~U =













ρ
ρu
ρw
Et

ρYk













, ~E =













ρu
ρu2 + P
ρuw
(Et + P ) u
ρuYk













, ~F =













ρw
ρuw
ρw2 + P
(Et + P ) w
ρwYk













,

~Ev =













0
τxx

τxz

uτxx + uτxz − qx

Jkx













, ~Fv =













0
τxz

τzz

wτxz + wτzz − qz

Jkz













,
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Ð p#nMz��2ruy2pIx�~�our2zav�x�z�y�}Zt#x]�6�6pIx]|K}¸��z��2z�ouruq¸x^ruou��z�yux�~$�Mz�ÑºÑµÑ Ò��

p =
ρT

γ∞M2
∞

W
, W = (

N
∑

k=1

Yk

Wk

)−1,
N

∑

k=1

Yk = 1,
�<;��

Et =
ρh

γ∞M2
∞

− p +
1

2
ρ(u2 + w2), h =

N
∑

k=1

Ykhk, hk = h0
k +

∫ T

T0

cpkdT,

cpk = Cpk/W, Cpk =
5

∑

i=1

¯akiT i−1, ājk = ajkT
j−1
∞

,
�5ó��

τxx =
µ

Re
(2ux −

2

3
(ux + wz)), τzz =

µ

Re
(2wz −

2

3
(ux + wz)),

τxz = τzx =
µ

Re
(uz + wx),

qx = (
µ

PrRe
)
∂T

∂x
+

1

γ∞M2
∞

N
∑

k=1

hkJxk, qz = (
µ

PrRe
)
∂T

∂z
+

1

γ∞M2
∞

N
∑

k=1

hkJzk,

Jkx = −
µ

ScRe

∂Yk

∂x
, Jkz = −

µ

ScRe

∂Yk

∂z
.

í,r2v���z#{0~ì�!æ$��t$~��ur2v%~�oM~�x�ã]z�t#yM~�t%{Uz�yuo2p]{bx]rZnMzaxwp]ãI��z��uyuruou�Z�]|K}ìp]ã]pIt#oM~%�2z��
ouru�6}>=4xØ�u~#�2z#v��]x�z�pI�uy2z�nMz��2�Z���ârZ}s�M~�yM~I{Uz��]y2pIx×�uyuruou�Z�]| �M~�yM~I{Uz��]yu| �2pI��pI�Z~
x�pIt�nM��}6~ñ�

ρ∞, u∞, w∞, T∞, h∞, W∞, R∞,
���Un�~�xI�Mz�our2zs�

p
��rñ�2p��2oM~��ñÝ#o2z�yu�#ru�

�
Et

�UpI�]o2z#v#z�ou|ñ��t#oM~#�2z�ouru�
ρ∞u2

∞
,
�$nMz��2�]oM~��^Ý#ou�]~$�2�]�uru�Ø�

hk

��?a�
R0T∞/W∞,{Up��2�Zyuou|-z��$nMz��2�]ou|-z'��z��Z�Mp]z#{��6p]v��]rs�

Cpk

�@?ß�
R0;

}6~�yM~��u��z�yuou|-{é�M~�yM~I{Uz��]y2p]{
nu�2ruou|��ZxI�2�uz���v��wÞâruyuruoM~���z��2rÛÑuäKz��2ru�uruoM~

Yk

?�{0~Iv#v�pIx�~��¸�6pIouè2z�ou�]yM~�èuru�
k
�©q

�6p]{��2pIo2z�ou�]|H��ruoZnMz��Zv"{0~Iv#v#pIx�pIq��6pIouèMz�o2�]yM~�èurur
k = 1, N, Wk

?�{Up��Mz��u�$�2�Zyuou|�q
x�z�v

k
�©qì�Zp]{��2pIo2z�ou�]|H�

τxx

�
τzz

�
τxz = τzx

?w��z�out%pIyu|ëx]�Zt#�urZ}ÔoM~��uy6�Záâz�ouruqÛ�
qx

�
qz

�
Jxk

�
Jzk

?ì��z��Z�MpIx]|-z�rÖn2r2ÙHÙ'�6t#r2pIouou|-z^�2pI��pI�urê�;n2r2ÙHÙ'�6t#r2pIouou|-z^�2pI��pI�ur
x]|��ur2v��2�Z����v9�ò�2pÜt$~��6pIou�BAaru�u~����

µ = µl + µt

?s�ZpIÝ%ÙHÙ'ruèur2z�ou�]| ��~I{�ruoM~�yZ�
o2pIqÖrÖ�]�6y2ãI�$�Mz�ou�]o2pIqÜx]�Zt��Zp]v���z�qÛÑÛö'�2�ÖpI�uy2z�nMz��Mz�ouru�

µt

r2v��2p��2�]t#��z���v9�Ü{Up#nMz��2�
�`p��2n2�6ruoM~$�©�Hp]{0~��6v%~uÑ
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Ò�8 �-Ñ 
ßÑ��Kz��2�uz�x2�2�âÑ�
H~$�2�]~Iz�x2�M�âÑ � Ñ��H~�q2{0~�o2pIx�~

CD�$#$�>E@F�k�Gâi�lIH�J��NkNl�#Nk�GâiLK$��E@�Nh�l�M
�H~âxI}6p%nMz

p = p∞, T = T∞, u = M∞

√

γ∞R0T∞

W∞

, w = 0, Yk = Yk∞, x = 0, 0 ≤ z ≤ H;

x�psxI}6p#n2o2p]{ v#z��2z�oururàx�ã��2rut#ràv���z�ou�urêt$~$n�~Iz���v9�ê�2pI�#yM~�ouru�uou|�qïv��MpIqÛ���uyur
Ý#��p]{�v��6pIy2p]v��]��r���z#{��2z�yM~��]�6yM~�~��u�uy2pI�Zv�r2{�ruyu�6����v��¸v���z��2z�ouou|-{�t$~��ZpIo2p]{�Ñ
�H~â��z��2r

p = np∞, T = T0, w = M0

√

γ0R0T0

W0
, u = 0, Yk = Yk0, z = 0, Lb ≤ z ≤ Lb + h

�
n = p0/p∞

?¸v���z��2z�ou��o2z�yM~Iv��2z��]o2p]v��]rÛ�
p0
�
p∞
?�n�~�xI�Mz�our2z�x�v��]yu��zârìxw�2pI��p��

�6z]�
M0

�
M∞

?¸�ur2v���~ Ð ~$}Z~wv��]yu�6rÖr×�2pI��pI�Z~��
0,∞

pI�]o2p]v9�Z��v��×�×�M~�yM~I{Uz��]yM~I{
v��]yu�6r�r��2pI��pI�Z~��N=uoM~âouruáßo2z�qÔv���z�ou�Zz't$~$n�~Iz���v9����v��MpIx]r2z��uyurZ�2ru�M~�ouru�¸rw��z��Z��p��
rut%p��2�ZèururÛ�uoM~âx�z�y�}Zo2z�q��#yM~�ouruè2zO?^��v��MpIx]r2z'v�r2{U{Uz��]yururÛ�2oM~âx]|K}6p#n2o2pIq¸�#yM~�ouruè2z
t$~$n�~�����v9����v��MpIx]ru��o2z#pI�]yM~�áâz�ouru��å P$ç_Ñ
Qsi��>��jRJ2i�SØi2kNl�M
T r2v��Mz�ouo2p]z¸y2z�Þ�z�our2z��6yM~�x]o2z�ouru�ï�!æ$�a�uy2z�nMv��]~�xI�2�uz���v���xØn2x]��}éÝ#�I~��M~$}�Ñ@�H~

�2z�yux�p]{ Ý#�I~��2zÔx]|��ur2v��2�Z����v��ñ��~�t%p%n2ruoM~I{�ru�2z#v��urMzì�M~�yM~I{Uz��]yu| rñoM~×x]��pIy2p]{U?
{0~Iv#v#pIx]|-zß�ZpIouè2z�ou�]yM~�èururÛÑ4�"�u�uy2pI�Zv�r2{0~�èuru�Ö�6pIoux�z��u�]rux]ou|�}×�Z�Mz�o2pIx¸�uy2z�nMv��]~�xI�
�2�uz���v9�WV0ùYX-�_v}6z#{UpIqb�]y2z��]��z��%p��2pIy��6n2�u~Ö��pI�uo2p]v��]rÛÑ+V0ùYX-�_v}6z#{0~�v��]y2pIru��v9�ñoM~
p]v�o2pIx�z�{Uz���p#n�~×�6p%n2�6o2pIx�~Z���9nMzw�u��v#pI�uo2p��©�2p]v���p$�ZouoM~I�s�2p��2ruo2p]{�r�~$�2�]oM~���Ù'�6ou�Z�
èuru��pI�uy2z�nMz��2�uz���v9���2p��2ruo2p]{Up]{I���]����pIoM~â�]y2z��]��z�qÔv���z��2z�ourÛÑZö'�2�¸~��u�uy2pI�Zv�r2{0~$�
èurur^n2r2ÙHÙ'�6t#r2pIouou|K}��Z�Mz�o2pIxâ�uyuruou�Z�]|ñè2z�ou�]yM~$�2�]o2p��_yM~�t#o2p�v��]ou|-z�v}6z#{�|�x]��pIyMp��
�%p��2pIy6�6n2�Z~���pI�uo2p]v��]rÛÑIö'�2��v�r2v���z#{�|��6pIo2z��uoMp��©yM~�t#o2p]v��]o2|K}ß�6yM~�x]o2z�ouruq^ãI|K�^r2v��
�2p��2�]t%pIx�~�owo2z��Zx]ou|�q¸~$�2�%pIyuru��{Üy2z�Þ�z�ouru��Ñ�Z�yM~�x]o2z�ouru�[�H~�x]��z��!í,��pI�6v%~anu�2���Zp]{N�
�2pIo2z�ou�^x]|��ur2v��2�Z����v��¸v��u~$�2�Zyuo2pIq¸�uy2pI�%pIou�ZpIqìv�r2v��2p��2�]t%pIx�~�ourMz#{IV0ùYX-�_v9}�z#{�|HÑ

ö'�2�wo2z��Zx]o2pI�%p�~$�2�%pIyuru��{0~��]y2z#ãI��z���v9��t#oM~�our2zH{0~��]yuruè]\��6p]ãIr¸x�z��u��pIy2pIx^�2p��
��pI�6pIx2�`��nMzÔo2z#p]ã%}�p%n2r2{UpÜx]|��ur2v��2ru�]�é�M~Iv��]ou|-zì�uy2pIrut#x�p%n2ou|-z×pI��n�~�xI�Mz�ouru�b�2p
x�v#z#{ïo2z�t$~�x]r2v�r2{�|-{ë�2z�y2z#{Uz�ouou|-{�ÑUôNpI�uo2p]zwx]|��ur2v��Mz�our2zwÝ#�]rZ}Ü�uy2pIrut#x�p#n2ou|K}sx
v��2�6�M~Iz���z�y2{�ru�2z#v��ur¸v#pIx�z�yuÞ�z�ouo2pI�%p��#~�t$~âv�o2z�yM~�x]o2pIx�z#v�ou|-{�r�}Zr2{�ru�2z#v��ur2{�r�y2z��
~��uèuru�u{�rÜ�uy2z�nMv��]~�xI�2�uz��×v#p]ã]pIqév��Mp%áßou�6� t$~$n�~%�u��ÑÛöâ~�ouoM~��Ü�uy2p]ã��Mz#{0~Ôv�x]�Zt$~�oM~
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Ð p#nMz��2ruy2pIx�~�our2zav�x�z�y�}Zt#x]�6�6pIx]|K}¸��z��2z�ouruq¸x^ruou��z�yux�~$�Mz�ÑºÑµÑ Ò�P

vß�Zx]ou|-{ê�uy2z�nMv��]~�xI�Mz�our2z#{àn�~�xI�Mz�ouru�Ö�2z�y2z�t�o2z�rut#x�z#v��]ou|"z��2z�y2z#{Uz�ouou|-z]Ñ"^MnMz#v��
n�~�xI�Mz�our2z-pI�uy2z�nMz��2�uz���v��^x]x�z�nMz�our2z#{Ö�M~�yM~I{Uz��]yM~'Ý%ÙHÙHz��u�]rux]o2pIq�~$n2rM~Iã�~��]|ñ�#~�t#p��
x�pIq¸v#{Uz#v�r�å �%ç

γ̄ =
hsm

esm

,
�RÒ6�

�9nMz
hsm =

∑N
i=1 Yi

∫ T

T0
cpi

dT
r

esm =
∑N

i=1 Yi

∫ T

T0
cvi

dT
z#v��]�àÝ#ou�]~$�2�]�uru�

rêx]ou�6�]y2z�ouou�Z�êÝ#o2z�yu�#ru�ïv#{Uz#v�ràt$~�{�ruou��v#p]{ p]ãIyM~�t%pIx�~�ouru�à��z��Z��~éràÝ#o2z�yu�#rur$=
T0 = 293K

?sv��I~�oZn�~�yu�]oM~��ñ��z#{��2z�yM~��]�6yM~�p]ãIyM~�t%pIx�~�ouru���`�6pI��pIyM~����2pIt#x�p��2�uz��
t%~��2r2v%~��]�^x]|�yM~�á�z�our2z'nu�2��n�~�xI�Mz�ouru�>9

p = (γ̄ − 1)[Et −
1

2
ρ(u2 + w2) − ρ

h0

γ∞M2
∞

] +
ρT0

M2
∞

W
.

ô4z#{��2z�yM~��]�6yM~ x]|��ur2v��2�uz���v�� ru��z�yM~�èur2pIouo2p v r2v��2p��2�]t%pIx�~�ourMz#{ ÙHpIy2{��$�2|
���]����pIoM~$� % ~IÙHv#pIoM~¸å P$ç_Ñ
_^k���i�J�`���EaM"b�l���kNk���M cd��J�efK	E"�sj�EaMW��`�J2i6j0i�E,i2kNl�MW��i�J�eg��j0lNk$�ae�l>h

#4i��i�Nl$jWj$��J�������i�J2l"����l"�
í,�6��z#v��]x]�6����n2x�~�{Uz���p%n�~��uy2z�nMv��]~�xI�Mz�ouru�ß��z�y2{Up%n2ruoM~I{�ru�2z#v��2rZ}ßr���z�y2{Up#}ZrZ�

{�ru�2z#v��urZ}ßn�~�ouou|K}�Ñ�äs�2z�yux�p]{�rut-o2rZ}ß�I~Iã��2ru�uou|"z-t#oM~%�2z�ouru��o2z#p]ã#}6p#n2r2{�|K}���z�yZ�
{Up#n2ruoM~I{�ru�2z#v��2rZ}��M~�yM~I{Uz��]y2pIxân�~�����v����2z�y2z�t�pI�uy2z�nMz��Mz�ouou|-qwruou��z�yux�~$����z#{��2z��
yM~��]�6yÛ�7~^r2v��Zp]{�|-zât#oM~%�2z�ouru�ìx]|��ur2v��2�Z����v��ì�2p]v�y2z�nMv��]x�p]{òruou��z�yu�2p��2�Zèur2rñ�RruoZ�
��z�y2�2p��2�Zèur2pIouoM~���v9}�z#{0~���Ñ,m-n2oM~��6pu�UÝ#��pI�Ö{Uz���p#n��]yMz�ãI��z��Öp]ãIyM~Iã]pI�]�urñã]p��2�]ÞârZ}
{0~Iv�v�rux�pIxòn�~�ouou|K}����]yu�$nMp]z#{��urZ}ë~$�2�%pIyuru��{UpIx�rëã]p��2�]ÞârZ} p]ãIð�z#{UpIx��M~I{��Z�]rÛÑ

�yMp]{Uz���pI�%pu�,pIo�o2z��2pIt#x�p��2�uz���x]|�qu�]rñt$~Ø�uy2z�nMz��2| t$~��I~IãI�$�2ruy2pIx�~�ouo2p]�%p���z#{N�
�2z�yM~��]�6yuo2pI�%p�ruou��z�yux�~$��~ZÑ+k'pIÝ#��p]{��é��~��âz¸r2v��2p��2�]t#��z���v9�ñx]��pIy2pIqò{Uz���p%n4�,v��6�]�
�6pI��pIy2pI�%p-t$~��Z�2���M~Iz���v��Hx-�uy2z�nMv��]~�xI�Mz�oururâ��z�y2{Up%n2ruoM~I{�ru�2z%v��urZ}H}6~�yM~��u��z�yur2v��]ru�
x�z���z#v��]x�xßx]rZnMz'�2p��2ruo2p]{UpIx��2pßv���z��2z�ou�u{���z#{��2z�yM~��]�6yu|HÑ
Z�nMz��2�]oM~�����z��Z�Mp]z#{��Zp]v��]�H�uyur��Mp]v���p$�Zouo2p]{Øn�~�xI�Mz�oururß�uy2z�nMv��]~�xI�2�uz���v��ßx�x]rZ�

nMz��2p��2ruo2p]{0~
N
�©�%p��2pIy6�6n2�u~��2p���z#{��2z�yM~��]�6y2z59

Cpk

R
=

N
∑

j=1

ajkT
(j−1).

�5Ó��
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Ó5l �-Ñ 
ßÑ��Kz��2�uz�x2�2�âÑ�
H~$�2�]~Iz�x2�M�âÑ � Ñ��H~�q2{0~�o2pIx�~

î,ou�I~$�M�]�uru�Ôr¸Ý#ou�]y2pI�uru�ìv#pI����~Iv�o2p��2z�yux�p]{���t$~��ZpIou����z�y2{Up#n2ruo�~I{�ru�ur×pI�uy2z��
nMz��2�Z����v9��rut��$nMz��2�]o2pIq���z��Z�Mp]z#{��Zp]v��]r¸�uyurw�2p]v���p%�Zouo2p]{Ün�~�xI��z�o2rur�ruou��z��#yM~$�2�I�
ou|-{�rÔv#p]pI�]o2pIÞ�z�ouru�u{�rÛÑ7î,ou�]~$�2�]�uru��x]|��2r2v��2�uz���v��¸�2pßÙHpIy2{��$�Mz59

Hk =

∫ T

0
Cpk

dT,

�I~��¸�u��p

Hk

RT
=

N
∑

j=1

ajkT
(j−1)

j
+

aN+1,k

T
,

�<���

�9nMzâ�ZpIo2v��I~�ou�]~�ruou��z��#yuruy2pIx�~�o2ru�
aN+1,kR

z#v��]��v��]~�oZn�~�yu�]oM~��Ø��z��Z�MpI�I~wp]ãIyM~�t%p��
x�~�ouru���uyur

298

ßÑ

î,ou�]y2pI�uru�ÕpI�uy2z�nMz��2�uz���v9� vér2v��2p��2�]t%pIx�~�ourMz#{ v��Mz�n2�6����z�q ruou��z��#yM~$�2�]o2pIq
ÙHpIy2{��$�2|m9

Sk =

∫ T

0

Cpk

T
dT,

�I~��¸�u��p

Sk

R
= a1k ln(T ) +

N
∑

j=2

ajkT
(j−1)

(j − 1)
+ aN+2,k,

�n�]�

�9nMzâ�ZpIo2v��I~�ou�]~�ruou��z��#yuruy2pIx�~�o2ru�
aN+2,kR

pI�uy2z�nMz��2�uz���v9�×rut�t�o�~�ouru�ìÝ#ou�]y2pI�urur
�uyurÔv��]~�oZn�~�yu�]o2p]{ñv#p]v���p$�Zourur

298

ßÑ

äï�uy2z�nMv��]~�xI�Mz�ouou|K}Ö�2p��2ruo2p]{0~$}
N
{Up$áâz��ìãI|��]�¸�uy2pIrut#x�p��2�]o2pI�%p¸�2pIy6�6n2�Z~ZÑ

ä×n�~�ouo2pIq�yM~Iã]pI��zK{Up��2�Zyuou|-z`��z��Z�Mp]z#{��Zp]v��]rß�uy2z�nMv��]~�xI�2�Z����v9��x�x]rZnMz`�2p��2ruo2p]{0~
�2z��]x�z�yu��pI�%p"�2pIy6�6n2�Z~Z�$��Ñ z]Ñ$x]|-ã]pIya�2pIy6�6n2�Z~

N = 5
p]ãI��v��MpIxI�Mz�oâ��z#{��%�u��p"x-yM~Iã]pI��z

û,ü2ý�þßÿ����o���ßåºæ�ç,n�~�ouou|-z�t$~�x]r2v�r2{Up]v��]ré�$nMz��2�]ou|K}Ö��z��Z�Mp]z#{��Zp]v���z�q�pI�Ô��z#{��2z�yM~$�
�]�6yu| �uy2z�nMv��]~�xI�Mz�ou| xØx]rZnMzw�2p��2ruo2p]{0~ì�Mz��]x�z�yu��pI�%p×�2pIy6�6n2�Z~Ônu�2�sruou��z�yux�~$��~
��z#{��2z�yM~��]�6y

300 < T < 5000;
t�nMz#v��'n2rM~��M~�t%pIo���z#{��2z�yM~��]�6yu|�nMpI�2p��2ou�uz���v���nu�2�

0 < T < 300
Ñ"k'p��2ruo2p]{�| xØyM~Iv��uyu|���p]{ëx]rZnMzw�uy2z�nMv��I~�xI�2�Z����v���v��Mz�n2�6���âr2{

p]ãIyM~�t%p]{p9

Cp

R
= a1k + a2kT + a3kT

2 + a4kT
3 + a5kT

4,
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Ð p#nMz��2ruy2pIx�~�our2zav�x�z�y�}Zt#x]�6�6pIx]|K}¸��z��2z�ouruq¸x^ruou��z�yux�~$�Mz�ÑºÑµÑ ÓZæ

Hk

RT
= a1k +

a2k

2
T +

a3k

3
T 2 +

a4k

4
T 3 +

a5k

5
T 4 +

a6k

T
,

�<8��

Sk

R
= a1k ln(T ) + a2kT +

a3k

2
T 2 +

a4k

3
T 3 +

a5k

4
T 4 + a7k.

öHyu�6�#r2zê��z�y2{Up%n2ruoM~I{�ru�2z#v#�ur2zà}6~�yM~��u��z�yur2v��]ru�urÚ�]~��ur2z]���Z~�� x]ou�6�]y2z�ouou�Z�
Ý�oMz�y2��r2�7�0Ý#o2z�yu�#ru����r2ã]ã]v%~×r��Zz��2��{��%p��2�]èM~Z�`pI�uy2z�nMz��2�Z����v9��rut

Cp

�
H
r

S
Ña


�uyur2{Uz�yu�����$nMz��2�]oM~��Ø��z��Z�Mp]z#{��6p]v��]�¸�uyurØ�2p]v���p%�Zouo2p]{�p]ãIðÛz#{Uz
Cv

x]|��ur2v��2�uz���v��
�2pßÙHpIy2{��$�Mz Ð ~�q2z�yM~	9

Cv = Cp − R.
ö'�2��pI�uyMz�n�z���z�o2ru���6pIÝ%ÙHÙ'ruèur2z�ou��pIxâ�2p��Mruo2p]{UpIx¸�<8��

a1k, ..., a7k

�R�9nMz
k
?â�Zp��

�2ru�2z#v��]x�p��6p]{��2pIo2z�ou�Ü�#~�t%pIx�pIqòv#{Uz#v�r��ßp]v��6��z#v��]xI�2�uz���v����2p]v��]y2p]z�ourMzìv�r2v���z#{�|
�2ruo2z�quou|K}�~$�2�%z#ãIyM~�ru�2z#v��urZ}â�6yM~�x]o2z�ouruqÛ�$��nMz0t#oM~%�2z�ouru�a�$nMz��2�]o2pIqâ��z��Z�Mp]z#{��Zp]v��]r
�uyurØ�2p]v���p%�Zouo2p]{bn�~�xI�Mz�ourur

1
~���{b�uyur2our2{0~�����v9�Ørut�Ý#�6v��2z�yur2{Uz�ou��pIx�xwruou��z�yZ�

x�~$�MzH��z#{��2z�yM~��]�6y
T < 300

Ñ�k'p��2�6�2z�ouoM~��ìv�r2v���z#{0~^�2ruo2z�quou|K}Ø~$�2�%z#ãIyM~�ru�2z#v��urZ}
�6yM~�x]o2z�ouruqÖy2z�Þß~Iz���v9�Ö{Uz���p#nMp]{rq$sõnMz��6p]{��2pIt#ruèur2rÜv�r2v��2p��2�]t%pIx�~�our2z#{ê�M~��Zz��I~
�uyuru�Z��~$n2ou|K}×�uy2pI�#yM~I{U{Rtvu0w�x)ý

11
Ñ�äï�I~Iã��2ruèM~$}�æ]�$;��uyurux�z�nMz�ou| �2p��2�6�2z�ouou|-z

t�o�~#�2z�ouru�Ô�ZpIÝ%ÙHÙ'ruèur2z�ou��pIx
a1k, ..., a7k

x�ruou��z�yux�~$�Mzâ��z#{��2z�yM~��]�6y
T < 300

nu�2�
H2
�
O2
�
N2

r
He

Ñ
�H~Øyur2v��6ou�6z];Ø�uyurux�z�nMz�o2p�v�yM~�x]oMz�o2r2z¸y2z�t#�$�2���I~���pIx2�,�2p��2�6�2z�ouou|K}�v��2p]{Up��

�a�]� �2p]v��]y2p]z�ouo2pI�$p��2p��2ruo2p]{0~Z��v'Ý#�6v��2z�yur2{Uz�ou�]~$�M�]ou|-{�rìn�~�ouou|-{�r¸nu�2�¸�$nMz��2�I�
o2pIq×��z��Z�Mp]z#{��Zp]v��]r��uyurÖ�2p]v���p$�Zouo2p]{�n�~�xI�Mz�oururÛÑ�í,yM~�x]o2z�ouru�Ö�2p

H2
�
O2
�
N2

r
He

�2pI�Z~�t#|�x�~�������pI�uo2p]zHv#pI����~Iv#pIx�~�our2zHy2z�t#�$�2���I~���pIx2Ñ
�H~Hyur2v��6ou�Z~$}�ó$�y�H�uyurux�z�nMz�ou|��#yM~IÙ'ru�2z#v��ur2z��uy2z�nMv��I~�xI�Mz�o2ru����z�y2{Up%n2ruoM~I{�rZ�

�2z#v��2rZ}Ô}6~�yM~��u��z�yur2v��]ru�Ønu�M�Ôruou��z�yux�~$��~���z#{��2z�yM~��]�6y
T < 300 � nu�2�Øv��2�6�M~Iz�xx�p#nMpIy2p%n�~

H2
�u�ur2v��MpIy2p#n�~

O2
�2~�t%pI�]~

N2
r¸�%z��2ru�

He
Ñ
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Ó5; �-Ñ 
ßÑ��Kz��2�uz�x2�2�âÑ�
H~$�2�]~Iz�x2�M�âÑ � Ñ��H~�q2{0~�o2pIx�~

a)

& ��'��-�)(	�§�f*-,ú±��1z	�)/����)/X±)/3{��O��²n�n�0�1(|zi±��|'}2)/��1(|zY'�~��!'�°)/�±����i/����n�n��²	�����Z�
� �0�������Z� � �)4Ë� � /ñ��²	�)(|�^�1/�°N��(|/O�Z�!(0'��0�Ë°�±��Ë°)(0'��1(�4����)(2� � �1z0��/������ � �)4V�0� H2.

ôN~Iã��2ruèM~Øæm?�^�oM~#�2z�ouru�Ø�6pIÝ%ÙHÙ'ruèur2z�ou��pIxw�2p��2ruo2p]{0~�x�ruou��z�yux�~$�Mz���z#{��2z�yM~��]�6y
T < 300 � nu�2� H2

r
O2

H2 O2

a1k

lZÑ ó5l]ó]ÓZæ1P]ó]ó!V��OlZæ lZÑ Ò�l5PZæ%ÓZæ18)�0V��OlZæ
a2k

�ylZÑ ;Zæ|�5�6æ|�!l5�!VU�ylZæ �ylZÑ 858]ó585P5P)�Ió!VU�yl5;
a3k

lZÑ ;58)�Ió)�$Ò�ó]ó!VU�yl]ó lZÑ Ó5;]ó]Ó�Ò�ó5;5�!VU�yl�Ò
a4k

�ylZÑºæ]æ1PZæ1P]Ó�Ò�8!VU�yl]Ó �ylZÑºæ�Ò�;�Ò�ó)�!P5P!VU�yl5�
a5k

lZÑºæ1�]ó)�!;]ó5;]Ó!VU�yl58 lZÑºæ%Ó5;5PZæ18]ó]Ó!VU�yl5P
a6k

�ylZÑ 85P5;]ó5l]Ó�Ò�l!V��Ol]ó �ylZÑºæ1l)�!P5�58]ó]ó!V��Ol�Ò
a7k

�ylZÑ Ó5�5;58�Ò�8]ó5l!V��Ol5l lZÑ ;5�]ó5;5l�Ò2æ|�0V��OlZæ
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Ð p#nMz��2ruy2pIx�~�our2zav�x�z�y�}Zt#x]�6�6pIx]|K}¸��z��2z�ouruq¸x^ruou��z�yux�~$�Mz�ÑºÑµÑ Ó]ó

b)

& ��'��-�)(	�§�-� °�±)( � (0�)��/����)/���*-,ú±��1z	�)/����)/X±)/3{��u��²u�n�0�1(|z_±��|'}2)/��1(|zY'
~��5'�°)/�±����i/����u�n��²	�����Z� � �0�������Z� � �)4^� � /���²	�)(|�^�1/�°N��(|/O�Z�0(0'��0�

°�±��Ë°)(0'��1(�4����)(2� � �1z0��/������ � �)4Ë¼�� O2.

c)

& ��'��-�)(	�§�-� °�±)( � (0�)��/����)/���*-,ú±��1z	�)/����)/X±)/3{��u��²u�n�0�1(|z_±��|'}2)/��1(|zY'
~��5'�°)/�±����i/����u�n��²	�����Z� � �0�������Z� � �)4^� � /���²	�)(|�^�1/�°N��(|/O�Z�0(0'��0�

°�±��Ë°)(0'��1(�4����)(2� � �1z0��/������ � �)4VÀN� N2.
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Ó�Ò �-Ñ 
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d)

& ��'��-�)(	�§�-� °�±)( � (0�)��/����)/���*-,ú±��1z	�)/����)/X±)/3{��u��²u�n�0�1(|z_±��|'}25/��1(|zY'
~��5'�°)/�±����i/����u�n��²	�����Z� � �0�������Z� � �)4Ë� � /���²	�)(|�^�1/�°N��(|/O�Z�0(0'��0�

°N±��Ë°)(0'��1(�4����)(2� � �1z0��/������ � �)4V��� He.

ôN~Iã��2ruèM~7;�?�^�oM~#�2z�ouru�Ø�6pIÝ%ÙHÙ'ruèur2z�ou��pIxw�2p��2ruo2p]{0~�x�ruou��z�yux�~$�Mz���z#{��2z�yM~��]�6y
T < 300 � nu�2� N2

r
He

N2 He

a1k

lZÑ Ò�;5P5�]ó5l)�!�!V��OlZæ lZÑ ;]Ó5l5l5l5l5l5l!V��OlZæ
a2k

�ylZÑºæ1;5�)�6æ1l5�)�0VU�ylZæ lZÑ l5l5l5l5l5l5l5l!V��Ol5l
a3k

lZÑ �5�5�Ió58�Ò]Ò��!VU�yl�Ò lZÑ l5l5l5l5l5l5l5l!V��Ol5l
a4k

�ylZÑ ;Zæ%ó5;5P)�!l)�0VU�yl5� lZÑ l5l5l5l5l5l5l5l!V��Ol5l
a5k

lZÑ ;Zæ1P]Ó5l]Ó5�5�!VU�yl5P lZÑ l5l5l5l5l5l5l5l!V��Ol5l
a6k

�ylZÑºæ1l585�5l)�!;58!V��Ol�Ò �ylZÑ �$Ò�Ó]ó)�IÓ5l5l!V��Ol]ó
a7k

lZÑºæ1P)�Ió5P)�Ió58!V��OlZæ lZÑ PZæ%Ó]ó�Ò�858]ó!V��Ol5l
kH~�yM~I{Uz��]yu|sv��]yu�6râra�2pI��pI�Z~"v��Mz�n2�6���âr2z59

M0 = 1
�
T0 = 217


ß�
p0 = 1.24

Ð kH~Z�
Minfty = 2.9

�
Tinfty = 108


ß�
pinfty = 0.0663

Ð kH~Z�
n = 18.7

Ñ6ä`|-v#pI�]~a�u~�oM~$��~
7, 62

v#{��Mnu�2ruoM~�?
25, 4

v#{���ÞâruyuruoM~�v��]yu�6r�?
0, 0559

v#{�Ñ�í`�]yu�]�ÔyM~Iv��2p��Mp$á�z�o�~
oM~wyM~Iv#v���p%�Zourur

17, 8
v#{êpI�¸xI}6p%n2o2pI�%p��6�M~Iv��]�u~ZÑ�öâ~�ouoM~��×�ZpIo2Ù'ru�#�6yM~�èuru�Öv#p]pI�I�

x�z���v��]x]��z��ìÝ#�6v��2z�yur2{Uz�ou�]~$�M�]o2pIqsyM~Iã]pI��z�
�yM~I{Uz�yM~¸r % p%n2á�z�y2v%~Ôvß�2pI�2z�y2z��uo2|-{
xIn2�6x�p]{é�%z��2ru�Öå �%ç_Ñ
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& ��'��-�)(	�V¸�*m��/�±���( � �����	�Z�)2)/N'����)/p.-�0±��0���1/�±���'ñ�	�N��� � �)4 H2.
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Ð p#nMz��2ruy2pIx�~�our2zav�x�z�y�}Zt#x]�6�6pIx]|K}¸��z��2z�ouruq¸x^ruou��z�yux�~$�Mz�ÑºÑµÑ Ó5P

•
*m~��!'�°)/�±����i/����n�n��²	���a/ � �0�����a/p�X±��	�i/�±��i� & ( � �g/�±�'��D� ¶N�

−
?^y2z�t#�$�2���I~��]|àyM~Iv��2z���pIx��2p�V0ùYX v}6z#{Uz

& ��'��-�)(	�ÿ¶p* & �|'�°�±)/ � /���/����)/ � �1z0��/����54^���O'��1/����!/	�

� k$�>E0l���J2i��!K	E@F����$�>�Nh
íër2v��2p��2�]t%pIx�~�our2z%{ �2p]v��]y2p]z�ouo2pIqé�2p��2ruo2p]{�rM~$�2�]oMpIqét$~�x]r2v�r2{Up]v��]r�pI�Ø��z#{N�

�2z�yM~��]�6yu| nu�2�ì�$nMz��2�]o2pIq×��z��Z�Mp]z#{��6p]v���rÖxwruou��z�yux�~$�Mz���z#{��2z�yM~��]�6y
T < 300K�ur2v��Mz�ouo2p'{Up%nMz��2ruyu��z���v���t$~$n�~%�M~�x]t$~�r2{Up#nMz�q2v��]x�ru�^v�x�z�y�}Zt#x]�6�ZpIx�pI�%p��2pI��pI�u~�x�pIt��

n2��}6~��
T = 108 � �Kv��2pI�2z�y2z��uo2p^xIn2�6x�~Iz#{UpIqìv��]yu��z�q¸�%z��2ru����� = 217 � ��Ñ�H~ßyur2v��6ou�Zz����uy2z�nMv��I~�xI�Mz�o×�#yM~IÙ'ru�ìv�yM~�x]o2z�ouru�ìyM~Iv��uy2z�nMz��Mz�ouru�Ôn�~�xI�Mz�ouru�

oM~�v���z�ou�ZzHv�Ý#�Zv��2z�yur2{Uz�ou�I~��2�]ou|"{�r¸n�~�ouou|-{�r]
�yM~I{Uz�yM~�r % p%n2áâz�y2v%~¸å �%ç_Ñ
T r2v��Mz�ouou|�qÔÝ#�6v��2z�yur2{Uz�ou�wv�r2v��2p��2�]t%pIx�~�o2r2z#{IV0ùYX-�_v9}�z#{�|à�2pI�u~�t#|�x�~Iz��^}�p��

y2pIÞ�z�z�v#pI����~Iv#pIx�~�our2z�yMz�t#�$�2���]~���pIx'yM~Iv��2z���pIxavKÝ#�6v��2z�yur2{Uz�ou�]~$�2��ou|-{�r^n�~�ouou|-{�r

�y�~I{Uz�y�~�r % p%n2áâz�y2v%~¸å �%ç4�2z�y2z�nìv��]yu��z�q¸r¸t%~�o2z�qÛÑ
�H~ayur2v��6ou�6zm8a�uy2z�nMv��]~�xI�Mz�oM~��$n�~�yuo2p��©x�p��2o2pIx�~��¸v��]yu�6�u�]�6yM~â��z��2z�ouru�>9�u��0y2z��

t��$�2���]~��]|òyM~Iv��2z��I~ß~�x]��pIy2pIx^v"r2v��2p��M�]t#pIx�~�o2r2z#{�V0ùYX-�_v}6z#{�|ò�]y2z��]��z��%p��2pIy6�6n2�Z~
��pI�uo2p]v��]rÔr7���`y2z�t#�$�2���I~��]|àyM~Iv��2z���pIx��ë�6ou��r��õou�Ôå �%ç_Ñ�Aarut#ru�u~ßp]ãIyM~�t%pIx�~�ouru�
v�rMv���z#{�| �$n�~�yuou|K}sx�p��2oéxØn�~�ouo2p]{ë�2pI��pI�Zz��I~��ZpIx�~	9Ux�v��Mz�nMv��]x]r2z���pIy2{Up$á�z�o2ru�
oM~Iã]z���~�����z��%p¸�2pI��pI�Z~wn�~�xI�Mz�our2z^�2z�y2z�nsv��]yu��z�qÖ�2pIx]|�Þß~Iz���v��ÖrÖp]ãIyM~�t#��z���v9�Ö�%p��
�MpIx]o2pIq^v��u~#�2pI�ß�6�Z��pI�]o2z�ouru�>=]pI�'�%p��MpIx]o2pI�%pHv��Z~%�u�u~��6�Z�MpI�]o2z�ouru��x]x�z�y�}��2p��2pI��p��
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a)

b)

�0��*E±)/3{��O��²n�n�0�0��'}2)/��n�_�1z	�1(	±)(|zi°)(Y������'y.0/O�i/
¼���*E±)/3{��u��²n�n�0�0��'}2)/��n�Y� �-��²_�D�k��²�� ¶N�

& ��'��-�)(	�D�g* & �|'�°N±)/ � /���/����)/s�){3(	µ2�0±^°�±��Ë°)(	°5/�±)/32��)(2��z � �!z|/� ��	�

pI�]yu|�x]o2pIqìp]ã���~Iv��]rÛ�Mv��6��z#v��]x]��z����6�M~Iv���pI�Ôv�x�z�y�}Zt#x]�6�6pIx�pIqÔt%pIou|m=2�2p]v��Mz�n2�6����z#z
��pIy2{Up%á�z�our2zK�2pI��pI�Z~�v#pI�uy2pIx�p%á�n�~Iz���v9���2p$�ZxI�Mz�our2z#{Øx]��pIy2pI�%p�v��u~#�u�u~Z��t$~I{�|��Z~��"�
��z��%p"v��Z~%�u�Z~Z�$�M~�yM~$�u�Mz��2�]o2p]�%p�p]v�râv��]yu�6rÛÑIm"��pIÞ�z�n2Þâruqâ�%p��MpIx]o2pIq�v��u~#�2pI�Û�$�Zp]v#pIq
rat$~I{�|��u~����âruq�v��u~#�u�ur��6�Z�MpI�]o2z�ouru�����2z�y2z#v#z��Z~��uv���x�p#n2o2pIq���pI�u�6z]�IÙHpIy2{�ruyu�6���
v��Mp%áßou�6�

λ
�_p]ãIyM~�t#ou�6�ëv�r2v���z#{���v��Z~%�u�ZpIx^�6�Z�MpI�]o2z�ouru��Ñ

¡ ���>E@¢v#Ni2kNl�i
m"�uy2z�nMz��Mz�ou|Ú��z�y2{Up%n2ruoM~I{�ru�2z#v��2r2zì�M~�yM~I{Uz��]yu|H�`x]�Z�2���M~����âr2zÔxÜv#z#ã$��Ý#oZ�

�I~$�2�]�uru����Ý#ou�]y2pI�uru�êr��$nMz��2�]ou�6����z��Z�Mp]z#{��Zp]v��]�2�6�uyur��2p]v���p%�Zouo2p]{�n�~�xI�Mz�ourur�x
ruou��z�yux�~$�Mz'��z#{��2z�yM~��]�6y

T < 300 � v��2p]{UpI�â�]�ï�2p��2ruo2p]{0~��2z��]x�z�yu��pIqÔv���z��2z�our
�2p���z#{��2z�yM~��]�6y2z]Ñ4í�r2v��2p��2�]t%pIx�~�o2r2z#{ò�2p��2�6�2z�ouou|K}Ôn�~�ouou|K}ì�ur2v��Mz�ouo2pwy2z�Þ�z�oM~
t$~$n�~#�M~Ôv�x�z�y�}Zt#x]�6�ZpIx�pI�%pÔ�2pI��pI�u~�x�pIt�n2��}Z~����

= 108

a�'v^�2pI�2z�y2z��uou|-{ïxIn2�6x�p]{

v��]yu�6r��%z��2ru�ò��ô
= 217 � ��Ñ�k'p��2�6�2z�o2p¸}�pIy2pIÞ�z#z�v#pI�9��~Iv#pIx�~�our2z��ur2v��Mz�ouou|�}�y2z��t#�$�2�$�]~���pIxHv,Ý#�Zv��2z�yur2{Uz�ou�]~$�2�]ou|"{�rßn�~�ouou|-{�r�
�yM~I{Uz�yM~�r % p%n2áâz�y2v%~ßå �%çu�2p�yM~Iv��
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Ω ⊂ R2 798;:�<,=4>?<�@�AB:6C�D'@ 14365,E :�F�G�@�<?H?>,=4<?<�@�A#I,G?H y > 0 8?G?H?J2:�K σ
E @

I?G?H y < 0 7ML)@�G�@�8 3 =4G?H 143 H?8?@�NOH AC : x + y = 0 H BC : x − y = 1
0 G�@�J6<,=4<?H?AP @�J6G�=�< 365 =�J)@RQ�S�H?T�@�U,V�=

Lu ≡ −sgny uxx − uyy = f(x, y). W
XRYZ\[ ( [^]^[`_ &,aOb [ + [dc'egf -.h^iObj-�k�lnm�o,prq9s't4uvt4w,q�tyx�s)m6z�w�t4w,q){}|
~��R�\x2����z���t4�
pvz���s;{,���vt�tn��s)m6t�z��\��x2� �,��z�q){)�

∂u

∂n

∣

∣

∣

σ
= 0, W��2Y

�
©
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Ñ�Ò ÓvÔ Õ9Ô?Ö 1 H?G?8;=4F�=4<,:�J E'× Ô Õ9Ô�Ø @RU,ÙyC6=48):�J

u|AC = 0, W�Ú2Y
Û ��t ∂

∂n ÜÞÝ s���q;ß�z�����w,m�{ Ý �vw,m Ý s»m6z���t4w,q,�àz�w�t4urw�t4oáw,��s»�âm��,qã�
σ ä/%0214365

W 7åNO<,:�ær= 143 J2:èç 0 <?8?T?H?K u ∈ W 2
2 (Ω)

Eé0 U�:�J�D�= 3 J2:�G»A;êjë9H;L W��2Y 7
W�Ú2Y Ô�ì 0 <?8?T?H?ê u ∈ L2(Ω) <�@�V�Ù�J»@�ê 3 ��q)�,í2w,�\�îs't4uvt4w,q�t�� VR@RU'@�>?H Ó =4K,N*@�<�@RQï G?H?8):6NOH W
XRY 7 W�Ú2Y E = 1 D,H 140 ër= 143 J 0 = 3 I,: 1 D�=�U�:�J»@ 3 =�D 5 <�: 14365 un ∈ W

3 @�8?@�A E > 3 :
un

H Lun
1 L»:�U,A 321 AðJ L2(Ω) 8 u H f

1 :6: 3 J2= 32143 J2=4<,<,: Ôñ 0 ër= 143 J2:�J»@�<?H,=òH#=�U,H?< 143 J2=4<?<,: 1�365 G,=4F 0 D,A;G?<,:�F�:gG�=�ór=4<?H?AÞVR@RU'@�>?H W
XRY Q W�Ú2YU�:�8;@�VR@�<?Ù Õ9Ô ô%Ô S�H?T�@RU,V�=âõ X E�1 Ô Ú Ò Q Ú2ö�÷ Ô�ô õ �R÷ H 1�1 D�=�U�:�J»@�<�@%I,:�D,<,: 3 @ 1 :6C 143 J2=4<?<?ÙéL
ç 0 <?8?T?H?KáVR@RU'@�>?H Ó =4K,N*@�<�@RQ ï G?H?8;:6N�H Ôdø G?H 3 =4G?H?K 1 H;D 5 <,:�KùG�@�V�G,=4ó9H,N�: 143 HùVR@RQ
U'@�>?H ï G?H?8;:6NOH W F�U�=nJ2N�= 143 : 0»1 D�:�J6H?A W��2Y VR@RU'@�= 321 A 021 D�:�J6H,= u|σ = 0 Y J 1 D 0 >�@�=1 H,N�N�= 3 G?H?>?<,:�F�:Þ8;:�< 360 G�@ σ : (2x − 1)2 + 4(y + δ)2 = 1 + 4δ2 I,:�D 0 >,=4<áJáõ Ú Q Ò ÷ E@9J 1 D 0 >�@�=n:6C�ër=4F�:v8;:�< 360 G�@97MJúõ û ÷ Ôü C6:�V�<�@�>?H,N Ω1 = Ω

⋂

{y > 0}
E
Ω2 = Ω

⋂

{y < 0}
Ô / G,=�U,I,:�D�:RævH,N E > 3 :

σ 7ã8?G,H?J»@�A P A;I 0 <,:�J»@úH:�8?@�<?>?H?J»@�= 321 A 1 8;:�D 5ã0 F�:�U,<,:ãN*@RD�:�KýU?D,H?<?ÙþI?G)A?N�:�Q
D,H?<,=4K?<?ÙyNOHÿ: 3 G,=4V�8?@�NOH`H;D,HýU 0 F4@�NOH<,=48;: 3 :�G?ÙéL:�8?G 0 æv<,: 143 =4K E :6C�G�@�ër=4<?<?Ù�L
J2:�F�< 0)3 : 14365 ê 8ð:6C�D'@ 143 H Ω1

Ô;ô < 0)3 G,=4<?<?H,=%I,:r: 3 <,:�ór=4<?H?ê 8 Ω1
0 F�D,Ù J 3 :�>?8?@RL

A H B :6C6:�V�<�@�>,H,N α H β
1 :6: 3 J2= 32143 J2=4<?<,: Ô

���������*&)(*i.$ [ +.-O&
	��.+.h�.-.a
ν(x) = uy(x, 0)

-
τ(x) = u(x, 0)

� =4G,=4V ϑ(x, y) :6C6:�V�<�@�>?H,N 3 @�8):6=�G,=4ór=4<?H,= 0 G�@�J6<,=4<?H?A W
XRY J Ω1
E > 3 : ∂ϑ

∂n

∣

∣

σ
= 0H ϑ ∈ W 2

2 (Ω1)
U?D,AMJ 1 =�L f ∈ L2(Ω1)

Ô)Ø 0 ër= 143 J2:�J»@�<?H,= 3 @�8):�K#ç 0 <?8?T,H?HM<,= 3 G 0 U?Q
<,:Þ:6C6: 1 <,:�J»@ 365 Ô ï :�F�U'@rD,ê%C6:6=gG,=4ór=4<?H,= 0 G�@�J6<,=4<?H?A W
XRY H?V98;D'@ 1�1 @ W I?G,=�U 143 @RQ
J6H,N�:vJvJ6H;U�=

u(x, y) =



















ϑ(x, y) −
∫ 1
0 G(z, t)µ(t)dt, z = x + iy, y > 0;

∫ ξ
0 ν(t)dt +

∫ η
ξ dη1

∫ ξ
0 f1(ξ1, η1)dξ1 + 2

∫ ξ
0 dη1

∫ η1

0 f1(ξ1, η1)dξ1,

y < 0,
W Ò YFªU�= ξ = x + y, η = x − y; 4f1(ξ, η) = f( ξ+η

2 , ξ−η
2 ), ν(x) = uy(x, 0) � G(z, t) 7

ç 0 <?8?T?H?A��G?H?<�@rVR@RU'@�>?H Ó =4K,N*@�<�@vJ Ω1
U?D,A 0 G�@�J6<,=4<?H?A /%0 @ 1�1 :�<�@ Ô� V W Ò Y E I,:�D 5 V 0 A 145#021 D�:�J6H,=�Nå<,=4G�@�V�G?Ù�J6<,: 1�3 HùG,=4ór=4<?H?A u ∈ W I?G?H y = 0

E
: 3 <,: 1 H 3 =�D 5 <,:Þç 0 <?8?T?H?K µ(x)

E
ν(x) H τ(x) = u(x, 0) I,:�D 0 >�@�=�N 1 H 143 =�N 0

ν(x) = ϑy(x, 0) + µ(x), τ ′(x) = F2(x) + ν(x), W û Y
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ø G?H 3 =4G?H?K 1 H;D 5 <,:�KáG�@�V�G,=4ó9H,N�: 143 HáJ L2
Ô�Ô�Ô Ñ û

µ(x) +

∫ 1

0

∂

∂x
G(x, t)µ(t)dt = Φ(x), W Ñ Y

Φ(x) = F1(x) − F2(x), F1(x) = [ϑx − ϑy](x, 0), F2(x) = 2

∫ x

0
f1(t, x)dt. W�ö6Y

/%0214365
w = ω(z) 7ù8;:�<,çn:�G,NO<,:6=B: 3 :6C�G�@�ær=4<?H,=ð:6C�D'@ 143 H Ω1

<�@áI,:�D 0 8?G 0 F
|2w−1| < 1, Im w > 0

E I?G?Hr8): 3 :�G,:6N}: 3 G,=4V�:�8 AB I,=4G,=�L):�U�H 3 J 1 =�C�A E
ω(0) = 0

E
ω(1) = 1

Ô�ô 1 H;D 0%021 D�:�J6H?K E <�@RD�:�ær=4<?<?ÙéLn<�@ σ
E U?D,Anç 0 <?8?T?H?H ω(x) Jy<,=48): 3 :�G?Ù�L

I,:�D,<?ÙéL εQ�:�8?G,= 143 <,: 143 A)L 3 :�>,=48 x = 0 H x = 1 H,N�=�= 3 N�= 143 :vI?G,=�U 143 @�J�D�=4<?H�=Mõ Ñ E
� Ô?Ò X�÷��

ω(j)(x) =







x
π
2α

−jωj0(x), |x| < ε,

(1 − j) − (1 − x)
π
2β

−j
ωj1(x), |1 − x| < ε,

W��2Y
FªU�= ωji(x) 7#ç 0 <?8?T?H?HðH?Vn8;D'@ 1�1 @��)=�D 5 U�=4G�@vH ωji(i) 6= 0, i, j = 0, 1

Ô
�â1 I,:�D 5 V 0 A ω(z)

E D�=4F�8;:èN�:Ræv<,:èI,:�D 0 >?H 365 J6H;U ç 0 <?8?T?H?H��G?H?<�@ÿVR@RU'@�>?HÓ =4K,N*@�<'@rJ Ω1
õ Ñ ÷��

G(z, t) =
1

π

[

ln |ω(z) − ω(t)| + ln |ω(z) + ω(t) − 2ω(z)ω(t)|
]

+ C. W��2Y
/ G�:�H?V�J2:�U,AáJ W Ñ Y VR@�N�=4< 0 I,=4G,=�N�=4<?<?ÙéL � ω(x) = x1

E
ω(t) = t1

E I,:�D 0 >�@�=�NèH?< 3 =�Q
F4G'@RD 5 <,:6= 0 G�@�J6<,=4<?H,=

µ1(x1)+
1

π

∫ 1

0

[ 1

t1 − x1
−

1 − 2t1
x1 + t1 − 2x1t1

]

µ1(t)dt = Φ1(x1),

{

µ1(ω(x)) = µ(x),
Φ1(ω(x)) = Φ(x).

W
X��2Y� =4ór=4<?H,=�� 3 :�F�: 0 G�@�J6<,=4<?H?AÞJ6Ù�I?H 1 Ù�J»@�= 321 A#JgA;J6<,:6NýJ6H;U�=9õ ö E � Ô X��R÷ Ô / G,:�H?V�J2:�U,A
:6C�G�@ 3 < 0 ê VR@�N�=4< 0 I,=4G,=�N�=4<?<?ÙéL E I,:�D 0 >�@�=�N

µ(x) =
1

2
Φ(x) −

1

2
S(−

1

2
;
1

2
)Φ(x), W
X6XRY

FªU�=â>,=4G,=4V S(a, b) :6C6:�V�<�@�>,=4< 1 H?<?F 0 D,A;G?<?Ù�KáH?< 3 =4F�G�@RD 5 <?Ù�Kù:�I,=4G�@ 3 :�G

S(a, b)ϕ(x) =

∫ 1

0

[

ω(x)

ω(t)

]a [

1 − ω(x)

1 − ω(t)

]b ∂G

∂x
(x, t)ϕ(t)dt.

�%1 I,:�D 5 V 0 A 0 8?@�VR@�<?< 0 ê�VR@�N�=4< 0 I,=4G,=�N�=4<?<?ÙéL E H?Vúõ ö E � Ô � �R÷ I,:�D 0 >�@�=�N 1 D�=�U 0 êòQ
ëgH,Kð8?G?H 3 =4G?H?Kã:�F�G�@�<?H?>,=4<?<,: 143 HãJ L2(0, 1)

:�I,=4G�@ 3 :�G�@ S(a, b)
Ô
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Ñ6Ñ ÓvÔ Õ9Ô?Ö 1 H?G?8;=4F�=4<,:�J E'× Ô Õ9Ô�Ø @RU,ÙyC6=48):�J

! &�b%b [ X k#" Ý t�s)m�pr��s
S(a, b)

� Û s)m�w,q�$;t4wãz
L2(0, 1)

� t4�
�,qãqãpr���,í2�2�Mt4� �,q
α

π
− 1 < a <

α

π
+ 1,

β

π
− 1 < b <

β

π
+ 1.

ü 321 êéU'@ E,1â0 >,= 3 :6N W��2Y H W
X6XRY E I,:�D 0 >�@�=�N 1 D�=�U 0 êjë9H?KúG,=4V 0 D 5R3 @ 3 Ô
! &�b%b [ � k&%r�){ z���t('ãx Û �,��z α ≤ π

4

� Ý s»m6z�t4���,q�z��Mw�t�s»m6z�t4w,��pvz��
‖µ(x)‖L2(0,1) ≤ C‖Φ(x)‖L2(0,1). W
X��2Y

! &�b%b [ Ú k*)yx2w,�,+,q){
Φ(x)

�B� Ý s't4��t
�){�t��âm�{.-���s»�%x��,��o |(/
�R�Bx2����z���t4pvz���s;{�t4p
w�t�s»m6z�t4w,��pvz�x

‖Φ(x)‖L2(0,1) ≤ C‖f‖L2
W
X�Ú2Y

q?�9t4� �,q
f ∈ C1

0 (Ω1)
⋂

C1
0 (Ω2)

�gpr�
Φ(x) ∈ C1[0, 1]

q
[x(1 − x)]ε−

3

2 Φ(x) ∈
L2(0, 1) ∀ε > 0 ä
%Þ���2mRß�m�pvt��,í2��pvz�� U?D,A F2(x) I,:�D 0 >�@�= 321 Aå<,=4I,: 1 G,=�U 143 J2=4<,<?ÙyNþJ6Ù�>?H 1 D�=4<?H,=�N E
@BU?D,A F1(x) 7ãH 1 I,:�D 5 V�:�J»@�<?H,=�NàG,=4V 0 D 5R3 @ 3 @ ô%Ô Õ9Ô\ø :�<;U,G�@ 365 =4J)@õ �R÷ H 3 =�:�G,=�N
J�D�:�ær=4<?H?A Ô
0 �*&)(1�32$'-.& X k&%r�){ z���t('ãx Û �,��z α ≤ π

4

q)�nt4t4pþ�nt4��pr�r�4+�t4w,�2m
‖ν(x)‖L2(0,1) + ‖τ ′(x)‖L2(0,1) ≤ C‖f‖L2

∀ε > 0. W
X Ò Y
%Þ���2mRß�m�pvt��,í2��pvz�� 1 D�=�U 0 = 3 H?Vnçn:�G,N 0 D W û Y E W
X��2Y H W
X�Ú2Y Ô

5ã"769$'i'( [�8.f -.i f +Oi.a i�.&,+.hO-
e &,i f &�b [ X k:9.q)�,í2w,��tBs't4uvt4w,q�t

u(x, y)
ß�m���m;$)q lgt4o)�âm�w,m��=<,s�q,�2���%qþ|
~�����|�>4�

x2����z���t4pvz���s;{�t4pîw�t�s)m6z�t4w,��pvz�x
‖u‖W 1

2
(Ω) ≤ C‖f‖L2(Ω). W
X û Y

%Þ���2mRß�m�pvt��,í2��pvz�� ä / G,H,N�=4<?A;A çn:�G,N 0 D 0 �?@ 0»1�1 @R7 ü 143 G,:�F�G�@RU 1 8):6F�: E I,:�D 0 >�@�=�N
U?D,ABJ 1 =�L u ∈ W

(Lu, u)L2(Ω1) = ‖ux‖
2
L2(Ω1)

+ ‖uy‖
2
L2(Ω1)

+

∫ 1

0
ν(x)τ(x)dx. W
X Ñ Y
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ø G?H 3 =4G?H?K 1 H;D 5 <,:�KáG�@�V�G,=4ó9H,N�: 143 HáJ L2
Ô�Ô�Ô Ñ ö

ï @�8ú8;@�8 τ(0) = 0
E;3 : τ(x) =

∫ x
0 τ ′(t)dt

Ô / :;� 3 :6N 0
∫ 1

0
|ν(x)τ(x)|dx ≤

∫ 1

0
|ν(x)|

[
∫ x

0
|τ ′(t)|dt

]

dx ≤

≤ ‖ν(x)‖2
L2(0,1) + ‖τ ′(x)‖2

L2(0,1). W
XRö6Y� V W
X Ñ Y H W
XRö6Y E H 1 I,:�D 5 V 0 Aè<,=4G�@�J2=4< 143 J2: 3 H?I�@ ì G?H;U,G,H;L 1 @ E I,: 143 @�<;U'@�G 3 <,:�K
N�= 3 :�U,H?8;=âI,:�D 0 >�@�=�N

‖u‖2
W 1

2
(Ω1) ≤ C{‖f‖2

L2
+ ‖ν(x)‖2

L2(0,1) + ‖τ ′(x)‖2
L2(0,1)}. W
X��2Y

Ó =4I,: 1 G,=�U 143 J2=4<?<?ÙòNèJ6Ù�>?H 1 D�=4<?H,=�NèH?VnI?G,=�U 143 @�J�D�=4<?H?A W Ò Y <�@RL»:�U,H,N
‖u‖2

W 1

2
(Ω2) ≤ C{‖f‖2

L2(Ω2) + ‖(1 − x)
1

2 ν(x)‖2
L2(0,1)}. W
X��2Y

ï =4I,=4G 5 <�@9: 1 <,:�J»@�<?H?Hú<�=�G'@�J2=�< 1�3 J W
X��2Y H W
X��2Y E I?G?H?<?H,N*@�ABJ2:rJ6<?H,N*@�<?H,= W
X Ò Y H021 D�:�J6H?A 1 8;D�=4H?J»@�<?H?A u(x, y) <�@ AB
E I,:�D 0 >�@�=�NãU?D,A 1 H;D 5 <,:�F�:%G,=4ór=4<?H?A9VR@RU'@�>?H

W
XRY 7 W�Ú2Y <,=4G�@�J2=4< 143 J2: W
X û Y Ô
?*@ i f bA�B�*- f i.$dh [ -`(*i.h [�C�[ 2&D�FE��32^$'i i��d+.i.$'+Oi�G»i f & C �B�1EH2 [ 2 [

e &,i f &�b [ � kJI�m���m;$)m9lgt4o)�âm�w,m��=<,s�q,�2���âq |
~�� Ü |�>4�g��q)�,í2w,�ys)mRß�s't4urq)�âm9���){B�,���
K ��o Ý s)m6z���o:$)m���prq

f ∈ L2(Ω)
� t4� �,qãqãpr���,í2�2�Mt4� �,qùz�� Ý ���,w�t4w,�èx2� �,��z�q){

α ≤
π

4
. W�� �2Y

0 �*&)(L�32$d-.& � kMI�m���m;$)múlgt4o)�âm�w,m Ü <,s�q,�2���âqzð���,m�����q�$;t4�4�2��o� K �,m���prq?���2� Û ��m
N �2�,q Ý prq�$;t4���2m�{�$)m���príâ� K �,m���prqv����z Ý m���m6t4pà� Ý ���,x2��s�x Û ���%�'w�tO{�z��){�t4pr��{Þ��q)�,í2�
w,�js)mRß�s't4urq)�â��oãz

L2 ä%Þ�R�2mRß�m�pvt��,í2��pvz��Þw�t4� K '?����q)�â����prqáx2�
�,��z�q,oÿ|POBQ�� ä
! &�b%b [ Ò'k W Ó =�:6C�L»:�U,H,N�:6= 0»1 D':�J6H,= 1 H;D 5 <,:�K`G�@�V�G,=4ó9H,N�: 143 H Y Ô#9Ox6�Mt���pvz�x6�yp
prm��2q�t9�,q,w�t4o,w,�*t�-�x2w,�,+,q,��w,m��,�

A
q

B
�y� Ý s't4��t���t4w,w,�*tvw,mB�,q,w�t4o,w,��� �âw,� Û ���� K s)mRß�q,q

C1
0 (Ω1)

⋂

C1
0 (Ω2)

�1$)pr�
m�� t4� �,q

u ∈ W 2
2 (Ω) Ü s't4uvt4w,q�tÞß�m���m;$)q |
~�� Ü |�>4�R�npr�*-�x2w,�,+,q){

f(x, y) =
(Lu)(x, y)

w�t4� K '?����q)�â�r� K �,m���m6t4p ��z���o,��pvz����
f ∈ KerĀ Ý s�q α > π

4 , f ∈ KerB̄ Ý s�q β > 3π
4 RK ��-�x2w,�,+,q,��w,m��

A
� Û s»m�w,q�$;t4wùz

L2(Ω),
t4�
�,qùqãpr���,í2�2�Þt4�
�,q

α > π
4 ;z���-�x2w,�,+,q,��w,m��

B
w�t4� Û s»m�w,q�$;t4wùz

L2(Ω).
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Ñ � ÓvÔ Õ9Ô?Ö 1 H?G?8;=4F�=4<,:�J E'× Ô Õ9Ô�Ø @RU,ÙyC6=48):�J

%Þ���2mRß�m�pvt��,í2��pvz�� ä ì :�G,N 0 D 0 W
X6XRY I,=4G,=4I?H?ór=�NÿJMJ6H;U�=

2µ(x) = Φ(x) − ω′(x)

√

1 − ω(x)

ω(x)
Φ1(x), W��;XRY

FªU�=
Φ1(x) =

∫ 1

0

√

ω(t)

1 − ω(t)

∂G

∂ω(x)
(x, t)Φ(t)dt. W��6�2Y

� V W��2Y H,N�=�=�N

ω′(x)

√

1 − ω(x)

ω(x)
=











x
π
4α

−1ω0(x), |x| < ε,

−(1 − x)
3π
4β

−1
ω1(x), |1 − x| < ε,

W��6Ú2Y

FªU�= ωj(x) 7Þç 0 <?8?T?H?Hð8;D'@ 1�1 @��)=�D 5 U�=4G�@vH ωj(j) 6= 0
Ô

ï @�8 8?@�8 u ∈ W 2
2 (Ω)

E�3 :ÿH?V 3 =�:�G,=�NîJ�D�:Ræ9=4<?H?A I,:�D 0 >�@�=�N E > 3 : ν(x) ∈
Lp(0, 1), p < ∞

ÔTS >?H 3 Ù�J»@�AýF�D'@RU,8): 14365 ç 0 <?8?T?H?K ϑ(x, y), H?V W û Y VR@�8;D,êj>�@�=�N E
> 3 :ú<,=�:6C�L»:�U,H,N�: µ(x) ∈ Lp(0, 1), p < ∞

Ô&U 3 :á:�V�<�@�>�@�= 3�E > 3 : µ(x) <,=ÞN�:�ær= 3
H,N�= 365 : 1 :6C6=4<?<,: 143 =4K 143 =4I,=4<?<,:�F�:MI�:�G»A)U,8?@rJ 3 :�>?8?@RL x = 0 H x = 1

Ô
Õ <�@RD,H?V�H?G 0 A W��6Ú2Y E I,:�D 0 >?H,NýH?V W��;XRY E > 3 : E = 1 D,H u ∈ W 2

2 (Ω)
E23 :n<,=�:6C�L»:�U,H,N�:

Φ1(0) = 0 I?G?H α > π
4

H Φ1(1) = 0 I?G?H β > 3π
4

Ô ü 321 ê�U'@MHãH?V W��6�2Y Ed1g0 >,= 3 :6N
W��2Y E H,N�=�=�N

∫ 1

0

[

1 − ω(t)

ω(t)

]
1

2

Φ(t)dt = 0 I?G?H α >
π

4
, W�� Ò Y

∫ 1

0

[

ω(t)

1 − ω(t)

]
3

2

Φ(t)dt = 0 I?G?H β >
3π

4
. W�� û Y

/ :�U 143 @�J�D,A;A 1 êéU'@âV�<�@�>,=4<?H,= Φ(t) H?V W�ö6Y E I,:�D 0 >�@�=�N U�:�8?@�VR@ 3 =�D 52143 J2:9I Ô @ Y D�=�N.Q
NOÙ Ò,Ô

� @ 1�1 N�: 3 G?H�N G�@�J2=4< 143 J2: W�� Ò Y Ô ï @�8M8?@�8 W 2
2 (Ω1) ↪→ W 1

p (0, 1)
E = 1 D,HÞH 3 :�D 5 8):

= 1 D,H p < ∞
E�3 :yH?V W�ö6Y <,= 3 G 0 U,<,:yJ6H;U�= 365,E > 3 :ò:�I,=4G�@ 3 :�G A1 : L2(Ω1) → Lp(0, 1)

E
U�=4K 143 J 0 êjë9H?KvI,:âçn:�G,N 0 D�= (A1f)(x) = F1(x)

E :�F�G�@�<?H?>,=4< E = 1 D,HMH 3 :�D 5 8;:n= 1 D,H
p < ∞

Ô / :;� 3 :6N 0 ç 0 <?8?T?H,:�<�@RD A11
E :�I?G,=�U�=�D�=4<?<?Ù�KM<�@ L2(Ω1)

H9U�=4K 143 J 0 êjë9H?K
I,:rVR@�8;:�< 0

A11f =

∫ 1

0

[

1 − ω(t)

ω(t)

]1/2

(A1f)(t)dt,
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ø G?H 3 =4G?H?K 1 H;D 5 <,:�KáG�@�V�G,=4ó9H,N�: 143 HáJ L2
Ô�Ô�Ô Ñ �

:�F4G'@�<?H?>,=4< E = 1 D,HãH 3 :�D 5 8):B= 1 D,H [(1 − ω(t))/ω(t)]1/2 ∈ L1(0, 1)
Ô�Õ � 3 :ÞJ 1 H;D 0

W��2Y ��8?J6H?J»@RD�=4< 3 <,: 021 D�:�J6H?ê α > π
4

Ô
ü C6:�V�<�@�>?H,Nè>,=4G,=4V A2

ç 0 <?8?T?H,:�<�@RD E :�I?G,=�U�=�D�=4<?<?Ù�Ká<�@ L2(Ω2)
J6Ù�G�@�æ9=4<?H;Q

=4N

A2f = −

∫ 1

0

[

1 − ω(t)

ω(t)

]1/2

F2(t)dt ≡ −2

∫ 1

0
dη

∫ η

0

[

1 − ω(η)

ω(η)

]1/2

f1(ξ, η)dξ.

ø @�8 D�=4F�8;: J6H;U�= 365,E A2
:�F�G�@�<?H?>�=�<�<'@ L2(Ω2)

E = 1 D,H�H 3 :�D 5 8;: = 1 D,H [(1 −
ω(η))/(ω(η))]1/2 ∈ L2(Ω2)

E > 3 :rJ 1 H;D 0 W��2Y ��8?J6H?J»@RD�=4< 3 <,: 0»1 D�:�J6H?ê α > π
4

Ô
ì :�G,N 0 D'@ W�� Ò Y :�I?G,=�U�=�D,A?= 3 A)U,G,:ð<,=48): 3 :�G,:�F�:ãç 0 <?8?T?H,:�<�@RD'@ A : L2(Ω) →

C
E 8;: 3 :�G?Ù�K#A;J�D,A?= 321 AMI?G)A?NOÙyNýI?G,:�H?V�J2=�U�=4<?H,=�N`ç 0 <?8?T?H,:�<�@RD�:�J A11

H A2
Ô / :�Q

� 3 :6N 0
A :�F�G�@�<?H?>,=4< E = 1 D,HúH 3 :�D 5 8):Þ= 1 D,H α > π

4

Ô
Õ <�@RD�:�F�H?>?<,:ãG�@ 1�1 N*@ 3 G?H?J»@�= 3»1 Aÿç 0 <?8?T?H,:�<�@RD B

E A)U,G,:á8): 3 :�G,:�F�:ùVR@RU'@�= 321 A
G�@�J2=4< 143 J2:6N W�� û Y Ô P =�N�N*@ Ò U�:�8?@�VR@�<�@ Ôô 1 H;D 0 D�=�N�NOÙ Ò I?G?Há<�@�G 0 ór=4<?H?H 021 D�:�J6H?K W�� �2Y ç 0 <?8?T?H,:�<�@RD A A;J�D,A?= 321 A
:�F4G'@�<?H?>,=4<?<?ÙyNèH E;1 D�=�U�:�J»@ 3 =�D 5 <,: E =4F�:rA)U,G,:97MVR@�NO8?< 0)3 :6= E <,=4I;D�: 3 <,:6=âJ L2(Ω)NO<,:�F�:6:6C�G�@�V�H,= E > 3 :BI?G,: 3 H?J2:�G,=4>?H 3 :�I?G,=�U�=�D�=4<?H?ê 1 H;D 5 <,:�K G�@�V�G,=4ó9H,N�: 143 HýVR@RQ
U'@�>?HúU?D,AðD,ê%C6:�KãI?G�@�J2:�Ká>�@ 143 H f ∈ L2(Ω)

Ô�Ó =�:6C�L»:�U,H,N�: 14365#0»1 D�:�J6H?K W�� �2Y U�:�Q
8;@�VR@�<�@ Ô%Þ�R�2mRß�m�pvt��,í2��pvz��M������prm�pr�4$)w,����prqúx2� �,��z�q,o|POBQ�� ä / :�8?@�æ9=�N E > 3 :9I,G?HBJ6Ù�I,:�D?Q
<,=4<?H?H W�� �2Y 140 ër= 143 J 0 = 3 I;D�: 3 <,:6=MJ L2(Ω) D,H?<,=4K?<�:6=ÞNO<,:�F�:6:6C�G�@�V�H,= M

3 @�8):6= E
> 3 :%U?D,AvJ 1 =�L f ∈ M G,=4ór=4<?H,=yVR@RU'@�>?H W
XRY 7 W�Ú2Y C 0 U�= 3 I?G?H?<�@RU?D�=4æv@ 365 W

Ô /%0»14365
f ∈ C1

0 (Ω1) ∩ C1
0 (Ω2)

Ô � V W Ò Y H 1 J2:�K 143 JÿG,=4ór=4<?H?K 0 G�@�J6<,=4<?H?A /%0 @ 1�1 :�<�@ 1
0 >,= 3 :6N W û Y H,N�=�=�N E > 3 : u(x, y) ∈ W

E = 1 D,HðU?D,AB<,=48;: 3 :�G,:�F�: ε > 0

µ′(x)[1 − x]
1

2
−ε ∈ L2(0, 1). W�� Ñ Y

ô 1 H;D 0 D�=�N�NOÙ Ú Φ(x) ∈ C1[0, 1]
Ô / :;� 3 :6N 0 H?V W
X6XRY I,:�D 0 >�@�=�N E > 3 : µ(x) ∈

C1(0, 1)
E H}U?D,A}U�:�8?@�VR@ 3 =�D 52143 J»@ W�� Ñ Y U�: 143 @ 3 :�>?<,:ãI,:�8;@�VR@ 365,E > 3 : 140 ër= 143 J 0 = 3

ε > 0
3 @�8;:6= E > 3 :

µ(x)x−1−ε[1 − x]−
1

2
−ε ∈ L2(0, 1). W��2ö6Y

ï @�8?H,Nè:6C�G�@�V�:6N E H?V W��2ö6Y U?D,A f ∈ C1
0 (Ω1) ∩ C1

0 (Ω2)
C 0 U�= 3M1 D�=�U�:�J»@ 365 u ∈ W

Ô
! &�b%b [ û kWVnx2��príðz�� Ý ���,w�t4w,�v����w,�vq;ßv� ��t4��x2���rqB'ãx2�
�,��z�q,o�X

~��
α < π

6 , β < 3π
4 , f ∈ C1

0 (Ω1) ∩ C1
0 (Ω2) R
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ö;� ÓvÔ Õ9Ô?Ö 1 H?G?8;=4F�=4<,:�J E'× Ô Õ9Ô�Ø @RU,ÙyC6=48):�J

O�� π
6 ≤ α≤ π

4 , β < 3π
4 , f ∈ C1

0 (Ω1) ∩ C1
0 (Ω2) ∩ KerA R>4�

α < π
6 , 3π

4 ≤ β ≤ π, f ∈ C1
0 (Ω1) ∩ C1

0 (Ω2) ∩ KerB RY�� π
6 ≤ α ≤ π

4 , 3π
4 ≤ β ≤ π, f ∈ C1

0 (Ω1) ∩ C1
0 (Ω2) ∩ KerA ∩ KerB.<?� Û ��mâs't4uvt4w,q�tjß�m���m;$)qÿ|
~�� Ü |�>4� Ý s�q,w,m�����t[Z q,p ���,m�����x

W ä
%Þ���2mRß�m�pvt��,í2��pvz�� änXRY � VòD�=�N�N � H Ú 1 G�@�V 0 I,:�D 0 >�@�=�N W��2ö6Y E > 3 :gHÞU�:�8?@�V�Ù�J»@�= 3
I Ô XRY Ô

�2Y ï @�8ý8?@�8 f ∈ KerA
E^3 : Φ1(0) = 0

Ô / :;� 3 :6N 0
Φ1(x) = Φ1(x) − Φ1(0)

Ô
ï :�F�U'@rH?V W��;XRY H,N�=�=�N

Φ(x) − 2µ(x) = M1(x) + M2(x), W�� �2Y
FªU�=

M1(x) = S(
3

2
;
1

2
)Φ(x);

M2(x) =
4ω′(x)

π

∫ 1

0

[

ω(x)

ω(t)

]
1

2

[

1 − ω(x)

1 − ω(t)

]
1

2

[

ω(t)(1 − ω(t))

ω(t) + ω(x) − 2ω(t)ω(x)

]

Φ(t)dt.

Ø :�FªD'@ 1 <,:vD�=�N�N�= X H W��2Y I,:�D 0 >�@�=�N E > 3 :M:�T,=4<?8;@
‖M1(x)xa(1 − x)b‖L2(0,1) ≤ C‖Φ(x)xa(1 − x)b‖L2(0,1)

H,N�=�= 3 N�= 143 : E = 1 D�HH 3 :�D 5 8;:ã= 1 D,H 1/2 − 5π/4α < a < 1/2 − π/4α H 1/2 −
3π/4β < b < 1/2 + π/4β

Ô]\ <�@�>?H 3�E J 1 =4FªU'@MN�:Ræv<,:MJ6ÙyC�G�@ 365 a < −1, b < −1/2
E

> 3 :vJ2N�= 1�3 = 1 D�=�N�N�:�K Ú J�D�=4>,= 3 VR@ 1 :6C6:�K
M1(x)x−1−ε(1 − x)−

1

2
−ε ∈ L2(0, 1), ε > 0. W�� �2Y

� @ 1�1 N�: 3 G?H,N M2(x)
Ô ï @�8á8;@�8 0 ≤ ([ω(x)]1−ε[ω(t)]ε(1 − ω(t)))/(ω(t) + ω(x) −

2ω(t)ω(x)) ≤ 1
E?3 :

|M2(x)| ≤
4

π
|ω′(x)|[ω(x)]

1

2
+ε[1 − ω(x)]

1

2

∫ 1

0

|(2ω(t) − 1)Φ(t)|

(1 − ω(t))
1

2 (ω(t))
1

2
+ε

dt,

FªU�=vH?< 3 =4F�G�@RDJúI?G�@�J2:�Ký>�@ 143 H 1 L»:�U,H 321 A J 1 H;D 0 D�=�N�NOÙ Ú Ô ü 321 ê�U'@ 1v0 >,= 3 :6N
W��2Y I,:�D 0 >�@�=�N E > 3 :J 1 =4F�U'@N�:Ræv<,:`J6ÙyC�G�@ 365ÿ3 @�8?H,= a < −1, b < −1/2

E > 3 :
M2(x)xa(1 − x)b ∈ L2(0, 1)

Ô / : 1 D�=�U,<,=�=nJ2N�= 143 = 1 W�� �2Y H W�� �2Y U'@�= 3 W��2ö6Y E > 3 :vH
U�:�8;@�V�Ù�J»@�= 3 I Ô �2Y D�=�N�NOÙ Ô /%0 <?8 3 Ù Ú2Y H Ò Y U�:�8?@�V�Ù�J»@�ê 321 Aã@�<�@RD�:�F�H?>?<,: Ô

���������������������! ���"´#&%�'�(���)÷+.-�/	021¬3�5768/	021å9 /÷;>=�?A@



ø G?H 3 =4G?H?K 1 H;D 5 <,:�KáG�@�V�G,=4ó9H,N�: 143 HáJ L2
Ô�Ô�Ô ö)X

ü C6:�V�<�@�>?H,N >,=4G,=4V M D,H?<,=4K?<,:6=MNO<,:�F�:6:6C�G�@�V�H,=Mç 0 <?8?T?H?K f
E'0 U�:�J�D�= 3 J2:�G)A)Q

êjë9H;Lè:�U,<,:6N 0 H?V 021 D�:�J6H?K XRY Q Ò Y D�=�N�NOÙ Ñ;Ô ï :�F�U'@ J 1 H;D 0 I Ô C Y D�=�N�NOÙ Ò
NO<,:�ær= 143 J2: M I;D�: 3 <,:#J L2(Ω)

Ô / :;� 3 :6N 0 U?D,AáD,ê%C6:�K f ∈ L2(Ω)
140 ër= 143 J 0 = 3

I,: 1 D�=�U�:�J»@ 3 =�D 5 <,: 14365 fn ∈ M
3 @�8;@�A E > 3 : fn → f J L2(Ω)

Ô
ü C6:�V�<�@�>?H,N >,=4G,=4V un ∈ W G,=4ór=4<?H,=9VR@RU'@�>?H W
XRY 7 W�Ú2Y U?D,A 0 G�@�J6<,=4<?H?A W
XRY 1

I?G�@�J2:�Kn>�@ 14365 ê fn
Ô�ô 1 H;D 0 I,:�D,<,: 3 Ù I?G,: 143 G�@�< 143 J)@ L2(Ω) I,: 1 D�=�U�:�J»@ 3 =�D 5 <,: 14365

fn
ç 0 <;U'@�N�=4< 3 @RD 5 <�@ Ô ï :�F�U'@Þ<,=4G�@�J2=4< 143 J2: W
X û Y :6C6= 1 I,=4>?H?J»@�= 3 ç 0 <;U'@�N�=4< 3 @RD 5 Q

<,: 14365 I,: 1 D�=�U�:�J»@ 3 =�D 5 <�: 143 H un
JvI?G,: 143 G�@�< 143 J2= W 1

2 (Ω)
Ô / :;� 3 :6N 0 H?VâI,:�D,<,: 3 Ù

W 1
2 (Ω)

1 D�=�U 0 = 3M140 ër= 143 J2:�J»@�<?H,=n=�U,H?< 1�3 J2=4<?<�:�Káç 0 <?8?T?H?H u ∈ W 1
2 (Ω) 7MI?G,=�U�=�Q

D'@BI,: 1 D�=�U�:�J»@ 3 =4D 5 <,: 1�3 H un
E 8;: 3 :�G�@�A HC 0 U�= 3 H 1 8):6NOÙyN 1 H;D 5 <?ÙyN G,=4ór=4<?H,=�N

V�@RUd@�>?H Ó =4K,N*@�<�@R7 ï G,H?8;:6NOH ÔH^ :�8?@�VR@ 3 =�D 52143 J»: 3 =�:�G,=�NOÙ � VR@�8):�<?>,=4<,: Ô
� @�C6: 3 @áJ6Ù�I,:�D,<,=4<�@ùI?G?H`çâH?<'@�< 1 :�J2:�K`I,:�U?U�=4G)æv8;= øâÓ × ü Ó � ø W I?G,:6=48 3_ �2ö Ò Ú,` � ì Y Ô

! -a2& f»[ 23� f»[

X S�H?T�@RU,V�= Õ9Ô ô%Ô�ø I?G,:6C�D�=�N�= 0 G�@�J6<,=4<?H?K 1 N�=4óv@�<?<,:�F�: 3 H?I�@ ` ` ï G 0 U,Ù × @RQ3 =4N Ô H?<;Q 3 @ ÕjÓ�Ø�Ø�Ø � Ô 7 X�� û Ú Ô 7 ï Ô?Ò X Ô 7 Ñ � 1 Ô
� × :�H 1 =�=4J ÖyÔ � Ô E× :�F�H,NOH × Ô ü I,:�D,<,: 3 = 1 :6C 143 J2=4<?<?ÙéL}ç 0 <?8?T?H?KùVR@RU'@�>?HÓ =4K,N*@�<'@RQ ï G?H?8;:6NOHÿU?D,A`J6Ù�G,:RærU'@�êjër=4F�: 1 A 0 G�@�J6<,=4<?H?A 1 N�=4óv@�<?<,:�F�: 3 H?I�@ ` `^ H�çnçn=4G,=4<?T Ô 0 G�@�J6<,=4<?H?A Ô 7 � � � û Ô 7 ï Ô?Ò X E _ X�� Ô 7 ØjÔ XRö;� � Q XRö;�;X Ô
Ú ø @RD 5 N�=4<,:�J ï Ô bîÔ E S�@�VR@�G,C6=48;:�J Õ9Ô S Ô6ø G?H 3 =4G?H?K 1 H;D 5 <,:�KMG�@�V�G,=4ó9H,N�: 143 H

V�@RUd@�>?H ï G?H?8):6NOHU?D,A 0 G�@�J6<,=4<?H?A P @�J6G,=4< 365 =4J»@RQ�S�H?T�@�U,V�=BJ L2 ` ` ^ :�8;D Ô.ÕjÓ
Ø�Ø�Ø � Ô 7 X�� �;X Ô 7 ï Ô � Ñ X E _ � Ô 7 ØjÔ � Ñ ûRQ � Ñ � ÔÒÞø @RD 5 N�=4<,:�J ï Ô bîÔ E S�@�VR@�G,C6=48;:�J Õ9Ô S Ô6ø G?H 3 =4G?H?K 1 H;D 5 <,:�KMG�@�V�G,=4ó9H,N�: 143 H
V�@RUd@�>?H ï G?H?8;:6NOHvU?D,A 0 G�@�J6<,=4<?H?A P @�J6G,=4< 365 =4J»@RQ�S�H?T�@RU,VR=yJ Lp ` ` ^ H,çnçn=4G,=4<?T Ô
0 G�@�J6<,=4<?H?A Ô 7 X�� �6� Ô 7 ï Ô X�� E _ � Ô 7 ØjÔ � Ñ � Q � � � Ôû ø @RD 5 N�=4<,:�J ï Ô bîÔ E Ø @RU,ÙyC6=48;:�J × Ô Õ9Ô E Ö G»æv@�<,:�J ÓvÔ ÖyÔ*ø G?H 3 =4G?H?K 1 H;D 5 Q
<,:�KáG�@�V�G,=4ó9H,N�: 143 HùVR@RU'@�>?H ï G?H?8;:6NOHáU?D,A 0 G�@�J6<,=4<?H?A P @�J6G,=4< 365 =4J»@RQ�S�H?T'@RU,V�= Ôü C�ë9H?K 1 D 0 >�@�K ` ` ^ H,çnçn=4G,=4<?T Ô 0 G�@�J6<,=4<?H?A Ô 7 X�� �6Ú Ô 7 ï Ô � � E _ û Ô 7 ØjÔ �2ö;� Q �2ö û ÔÑvø G?H?8 0 <,:�Jdc Ô × Ô�ø G�@�=4J6Ùy=éVR@RU'@�>?HrU?D,ArN�:�U�=�D 5 <?ÙéL 0 G�@�J6<,=4<?H?K 1 N�=4óv@�<;Q
<,:�F�: 3 H?I�@ Ô 7 ø @�VR@�< 5,E X�� � Ñ;Ô

ö Ö G»æv@�<,:�J ÓvÔ ÖyÔ E Ø @RU,ÙyC6=48):�J × Ô Õ9Ô�ø G?H 3 =4G?H?K 1 H;D 5 <,:�K G�@�V�G,=4ó9H,N�: 143 H
:�U,<,:�F�:98;D'@ 1�1 @g8?G�@�=4J6ÙéL#VR@RU'@�>#U?D,A 0 G�@�J6<,=4<?H?A P @�J6G,=4< 365 =4J»@RQ�S H,T�@RU,VR=jJr:6C�D'@RQ

���������������������! ���"$#&%�'�(���)<+.-�/	021¬3�5¤6 /	021å9 /÷;>=�?A@



ö�� ÓvÔ Õ9Ô?Ö 1 H?G?8;=4F�=4<,:�J E'× Ô Õ9Ô�Ø @RU,ÙyC6=48):�J

143 H 1 : 3 L):�U�:6Nù: 3 L;@�G�@�8 3 =4G?H 143 H?8?H Ô 7 Õ D�N*@RQ Õ 3 @ E X�� �6� Ô 7 ^ =4I Ô J ø @�V Ó �e� Óâø �
� Ò,Ô �6� Ô �6� Ô _ Ú Ñ X Ñ;Ô

� ø :�<;U,G�@ 365 =4J ô%Ô Õ9Ô ü G�@�V�G,=4ó9H,N�: 143 H9I�=�G,J2:�Kg8?G�@�=4J2:�KgVR@RU'@�>?HnU?D,A 1 H;D 5 <,:
�4D?D,H?I 3 H?>,= 1 8?H;L 0 G�@�J6<,=4<?H?K ` ` ï G Ô × : 1 8 Ô N*@ 3 Ô :6C�ër= 143 J»@ Ô 7 X�� Ñ ö Ô 7 ï Ô X Ñ;Ô 7ØjÔ � �6Ú Q Ú;X�� Ô

� ì 0 çg@�=4J ô%Ô ô%Ô ü 8):�<,çn:�G,NO<?ÙéLãI?G,=�:6C�G�@�V�:�J»@�<?H?A)L}:6C�D'@ 143 =4K 190 FªD'@�NOHùH
U,H,çnçn=4G,=4<?T?H�@RD 5 <?ÙéL 1 J2:�K 143 J»@RLãG,=4ór=4<?H?K 0 G�@�J6<,=4<?H?A /%0 @ 1�1 :�<�@MJB:6C�D'@ 143 A)L 1
0 FªD'@�NOH ` ` ^ :�8;D Ô,ÕjÓ�Ø�Ø�Ø � Ô 7 X�� Ñ Ú Ô 7 ï Ô X û � E _ Ò,Ô 7 ØjÔ �6Ú � Q � Ò � Ô

X�� Ó H?8):�D 521 8?H?K ØjÔ × Ô ü 3 =�:�G,=�N*@RLðJ�D�:Ræ9=4<?H?A E I?G,:�U�:�D,æ9=4<?H?AúHBI?G?H,C�D,H?ær=�Q
<?H?AáU,H,çnçn=4G,=4<?T?H?G 0 =�NOÙéLùç 0 <?8?T?H?KùNO<,:�F�H;LùI,=4G,=�N�=�<,<?ÙéL ` ` S × ÓvÔ 7 X�� Ñ X Ô 7ï Ô X Ñ E _ û Ô 7 ØjÔ�Ñ Ú Q X6X Ò,Ô

9.prm6prí�{ Ý ����prx Ý q)�,mÞz%s't4��m��,+,q,�fOBQ ä Q4O ä ~;>Ö 1 H?G?8)=4F�=4<,:6J ÓvÔ Õ9Ô E Ø @RU,ÙyC6=48;:�J × Ô Õ9Ô ÓâÖ1g × ÕjÓ Q ïW�1� ø ü ×:�
Ö�Ø�Ö Sih Ó h Ó hkj P Õjô � Ö*Ó ïWl Ö*ô Q�S �em ÕA^M\Ö ï Ö j ^gÖLS hLn b h Ó L2

øâÖ jeh Ø ï h�Q
�Th ÓJ^gÖ �Thpo P ^ h b�Ö1b h P S�ø �1�âï Ö �1� g h

Ó =4K,N*@�<;Q ï G?H?8;:6NOHÞ= 1 =�C;q�<Hqsr L2
8)=trHq 143 q�F=q�<;U�=Wu�D?U�q?ór=4óMq®D 0 8?G?H 3 =4G?H?KHq;U�u�D�=�D?Q

U�=4<;U�q Ô�Ö 1 =4I 3 qsrvu�D?U�q�ór=4óMq®D 0 q 3 =48 3 H?I 3 qsrvw�V�F�=4G 0`1 Ù�V�ÙWx�Ù�<�@ùór=48?@�G�@�<?ÙWry�4D?Q
D,H?I 143 q�8 C w�D�q�F=q�<;U�=4F=qgC;q�G C4z;G?Ù�óM{;@|x4@�<�@ 3 u 0 =�D?U�qg=48)=4<Hqn8Dw�G 1 = 3 q®D?U�q ÔòÓ =4K,N*@�<;Qï G?H?8):6NOHÞ= 1 =�C;q?8;D'@ 1�1 H?8?@RD,ÙW{Þ:6C�D,Ù 143 @ E ABx�<?HM:6C�D,Ù 143 ÙWr��4D?D,H?I 143 q�8ÞC w�D�q�F=q;æv@�G;Q3 Ù U]w;r?F�=�D�=4F=qµN�=4<}C6= 363 = 1 8;=�<ùæv@4xªU'@�K;U'@ L2

8;=trHq 143 q�F=q�<;U�=Mu�D?U�q.ór=4óMq®D 0 C6:�D�N*@�K;Q
U,Ù Ô

}1~ qs���,�t�,�t����� � Ô �9Ô E��B�;�B�D� �t����� � Ô �9Ô �D�W�A� �e� �H�J� � �J� h � h �p�ñ � h �W}1� h � � �J� � }1� � � �J�yQ �W� h ñ � �:h�� ��� � �T} � hk� L2
�&�J�

� � �7��} � �e� }L� Q � h ��� �J�d  }¡}p¢J� � � h � �
�i£ � ~�¤ �¥�;�H� ~ �;¦s� �4� qs¦sq ¤k� � ��q ¤ �t��q§�;���4¨ ¤�£ �©�J�tªH« � �H�;Q � ��q � �;«�qe¬H�¥� � ¦§�t«qs� L2q ~ ¬H�¥���,� � ÔF® �t�¥�¯q ¤ q ~°~�£ ��±W� ¤�£]�4¤°~�¤ �¥�;�H� ~ �;¦s� �4� qs¦sq ¤�� �4¨ ¤�£ ���J�tªH« � �H�;Q � ��q � �;«�q

¬H�¥� � ¦§�t« � �t¬3�t� �H~ �;���;�H¦ � �;��� � �H� ¦§�©�4¨ ¤�£ � � ¬H¬H�¥� � � £ �4¨M�t¦s¦sqs¬ ¤ q � ¬ � � ¤ �4¨ ¤�£ �� �;ªH� �
¤ � � � £]� �H� qs�H� ¤�� ¬���¦sqs��� Ô h�� �;�H� q ¤ q§�;� E ±i� ~�£ ��± ¤�£]�4¤ �J�tªH« � �H�;Q � ��q � �;«�q
¬H�¥� � ¦§�t«²q ~ ��� ¤1~�¤ �¥�;�H� ¦ �³~ �;¦s� �4� ¦§�iqs� L2

qs� ¤�£ � � ¦ �;~¥~ q � � ¦ � �;« � qs� E ± £ �t� ¤�£ �W�t¦s¦sqs¬ ¤ q �
¬ � � ¤ �4¨ ¤�£ � � �;« � qs� � �;qs� � q � � ~ ±Wq ¤�£�~ �t«�q®Q � qs� � ¦§� Ô
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ÓXÔ7ÕbÖmÕb×LØÚÙ.ÛmÜ2Ý	Þ.Ø±ß2à&ß.Ø7á.ÖhâLØ±ß.Ô7ÕbâdÖ�Õbã2ÙJÖ�ä^Ömádå2ã2æèç^ã.ÕbÕ�Ü2âbÝhåJÖhæ�é�ÕLØ±ê2ß.Ö*å2Ü.ë{ÝLÔ7á2Ø±å2æ
ß.Ø±ß2ã2êEÕbã�ÙJÖ{ì�Ø±Ü2Ü.í�ÖhßJÖ4ã¼ÛbîbÛbîbï�Ø±ß2ß2àpðEÔ7á2Ø±å2ß2ã2ð©Õbã2ÙJÖ4ä^Ömádå2ãEñ	Ûbò�ó^óTã2ô2ã.Ø±ß2ÕLÛbâ
õ�Ý�á�×LØTóTÝ	ß.ñ�ô2ã2ê4ã.öpÙ.á2ÛbÔ7ÕLá.Öhß.Ô7ÕbâdÖÚç*Ûbá2Ø±ß2ôJÖ	÷dø�Ömñ�ã.í¶Ûbîbá.Ömö7Ûbípùdå.Ûbñ�Ömö�Öhß2à&Ûmô.Ø±ß2æ
ñ�ãEß.Ûbá2í�àNÔ±ß2ã.ö±ÝEóTÝ	ß.ñ�ô2ã2ãEã.ö�Ù.á2ÛbÔ7ÕLá.Öhß.Ô7ÕbâdÖúç*Ûbá2Ø±ß2ôJÖ	ù.Ù.Ûbñ�Ömö±àpâdÖmûÚï*ã.Ø4ß.Ø7Ûbîmæ
ðdÛ�å2ã.í�à,Ø�ÝdÔ±Ü.Ûmâbã.ëZÙ.á�ã2ßJÖhå2Ü.Ø7ü�ß.ÛbÔ7Õbã¶óTÝ	ß.ñ�ô2ã2ã¼Ù2á2ÛbÔ7ÕLá.Öhß.Ô7ÕbâbÝ

Lp,q.
Ó�âLØ±å.Ø±ß2à

Ù.á2ÛbÔ7ÕLá.Öhß.Ô7ÕbâdÖ
np,q,α

ã
np,q(λ),

á.ÖmÔ7Ô7í�ÛbÕLá2Ø±ß2àÇã2ðvã2ß.ÕLØ7á�Ù.ÛmÜ.ëdô2ã.Ûmß2ß�à,Ø^Ô±âLÛmê2æ
Ô7ÕbâdÖ	ù.ñ	ÛbÕLÛbá�à,Ø^ã.Ô±Ù.ÛmÜ2×Lö±Ý�ûÚÕLÔ§ëvå2Ü.ëVÙ.ÛmÜ2Ý	Þ.Ø±ß�ã.ëVÛbÔ±ß.Ûmâbß2àpðZá2Ø7ö±ÝmÜ2×mÕbÖmÕLÛmâúåJÖhß2ß.Ûmê
á.ÖmîbÛbÕbà*÷
ý^Ü.ûTÞ.Ø±âbà,Ø*Ô±Ü.ÛmâdÖ	þ.ÿ��������	�7ÿ�
�����������������������������	�7ÿ�
�������èÿ��! "����#��$ %�'&'�§ÿ�����()'�����+*� ,���,(.-/�$��0�����1

24365�7+5�8:9:5
;4<>=!?�@

0 < p < ∞, 0 < q 6 ∞ ACBED�F�GIH =!?�J F J>= H"KML/N�O'H!P/L�ORQSK 1 TU H!P/L�F�V�L/W�H =!X LYK[Z < D X/\ L/]^F U P�H"V�H"_�H!D/D/Q$K^D�` [0, 1], D�`�N�Q J `�H ?>=,a U P�F =!? P�`�DYT="?�J F�OcbCF�P�H!D \ ` Lp,q[0, 1] d/H = _�L X F�D�H!W/D/Q J H"_�L/W/L/D/QU P/L 0 < q < ∞

‖f‖Lp,q [0,1] =




1∫

0

(
t

1
p f∗(t)

)q dt

t




1
q

< ∞,

e
© f ÷ g¶÷�h Öhß.ÕbÖmñ2îLÖmØ±âdÖ	ù�ip÷ j{÷�k^Ý�á2Ô±ÝmÜ.ÕmÖhß.Ûmâ2ù�l%m�n�o	÷p'q�r�sut%v�w�x7þ�y�z%{.|�}�~ �������!��|����z%��{���|�{��.z,|�������|�}�~��.��'�%{.�%�"(�y/��~�~�� �6z�z��"(���~�|���}���}>|������"� ��~��l%m�n�m��4�,�.��q����,�.� e x: �¡�¢�£¤q e �:¥6¦ �%x�x�� § e �,�.� t"¨�þ�©�l%ªum!«dù�©�l"ªum"¬



�® ¯ A B°A�±²`�D ? ` X�³ `�H J `/d�´�A µ�A�¶ < P =!< _ ? `�D�F J

U P/L q = ∞

‖f‖Lp,∞[0,1] = sup
06t61

t
1
p f∗(t) < ∞.

· V�H =!@ f∗(t) = inf{σ : µ{x : |f(x)| > σ} 6 t} ¸¹D�H J F�N�P�` =!? `�º¼»½` a U H!P�H =!? `�D�F J TX `½Z < D X/\ L/L f(t) A¾+= _�F J L�O =%a F ³ F�N�D�`�W�` ?�@ W�H!P�H!NÀ¿ U F =!? F a D/D/Q�H�d�N�` J L =,a »IL�H ? F�_ @�X FÁF ? U `�T
P�`�O'H ? P�F J p, q, pi, qi, α, β, Â,V�H i = 0, 1. Ã ? L U F =!? F a D/D/Q�H�O'F�Â <�?E³ Q ?�@
P�`�N!_�L/W/D/Q�ORL J P�`�N�D/QSK = _ < W�` a KÄAÅ P�` ³ F ? HÆL/N < W�`�H ?>=%aÇ= _�H"V < º¼»½` a N�`�V6`�W�`YÈ U <>=!?�@ V/_ a Z < D X/\ L/L f ∈ L1[0; 1]= F�F ?�J H ?>=!?�J�< H ? P a VÇÉ < P @ H f ∼

∞∑
k=1

ake
2πikx U F ? P/L/Â�F�D�F�O'H ? P/L/W�H =!X F�] = L =!? H�O'H�Ê

H = _�L f ∈ Lpq,
? F X ` X L�ORL =!J F�] =!?�J `�ORLËF ³ _6`�V6`�º ? H�H X F�Ì�ZCZÍL \ L�H!D ? QÎÉ < P @ H�AÏ F�P�F�ÐÑF¹L/N J H =!? D�FÇD�H!P�` J H!D =!?�J F Ï `�P>V�L/T.b4L ?�?�J�< Vu`YÈ6H = _�L 1 < p < 2 L f ∈

Lp,
? F

(
∞∑

k=1

kp−2|ak|
p

) 1
p

6 C‖f‖Lp[0,1]. (1)

´'Â�F�`�D�`�_�F�ÂÍV/_ a U P�F =!? P�`�D =!?�J `½bCF�P�H!D \ `ÑV�F X `�N�`�D�¿ ? H!]/D�F�OÓÒ�Ô!Õ�A
´ = _�L 1 < p < 2 d 0 < q 6 ∞, p′ = p

p−1 L f ∈ Lp,q[0, 1],
? F

(
∞∑

k=1

k
q

p′
−1

(a∗k)
q

) 1
q

6 C‖f‖Lpq [0,1]. (2)

Ö ? O'H ? L�O$d6W ? F JÇ= _ < W�`�H 2 < p < ∞ D�H!P�` J H!D =!?�J `�×�Ô�ØSLÙ×�Ú>Ø$D�H�L�O'H!º ? O'H =!? `YAÅ P�` ³ F ? H¹Ò Ú�Õ ³ QS_6` U F�_ < W�H!D�` = _�H"V < º¼»½` a
Û�5�Ü:Ý�5�Þ�ßÓà/á4â�ã�ä�å

2 6 p < ∞, 0 < q 6 ∞, p′ = p
p−1

å
f ∈ Lp,q[0; 1], æÑç

(
∞∑

k=1

k
q

p′
−1

(āk)
q

) 1
q

6 C‖f‖Lp,q [0,1], (3)

è�é å q = ∞

sup
k∈N

k
1
p′ āk 6 C‖f‖Lp,∞[0,1], (4)

ê%ë�ì āk = 1
k

∣∣∣∣
k∑

m=1
am

∣∣∣∣ .
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Ö =!< O'ORL/P < H�O'F =!? L X F�Ì�ZCZÍL \ L�H!D ? F J É < P @ H¹A�A�A �í

Å P�` ³ F ? HîV�F X `�N�`�D/Q ? H�F�P�H�ORQCd+Â%V�H U F X `�N�`�D/QïO'H ? F�V�Q =!< O'ORL/P�F J `�D/L a U F= P�H%V�D/L�O ? L U `¹ðSH"_/_�O+`�D�`½L U F¹F ³ F ³ »ÑH!D/D/Q�O = P�H"V�D/L�O$A�¶C` U P/L�O'H!Pñd6H = _�L J¹X `�T
W�H ="?�J H āk

J N a�?�@c= P�H"V�D/L�H J LYV6` ãk =

∣∣∣∣
∞∑

k=m

ak

k

∣∣∣∣ ,
? F°D�H!P�` J H!D =!?�J F ? L U `ò×�ó>Ø= F�KYP�`�D a H ?>=%a V/_ a 1 < p < ∞. ¶ÍH X F ? F�P/Q�H½P�H!N < _ @�? ` ? Q ³ QS_�Lô`�D�F�D = L/P�F J `�D/QJ Ò ó�Õ�A

õEö Ý�Ü:÷6øÄÝùß:8:÷uøÄ3�ß
np,q,α

9
np,q(λ)

;4<>=!?�@
0 < p < ∞, 0 < q 6 ∞, α > 1

p
.
Ö U P�H"V�H"_�L�O U P�F ="? P6`�D =!?�J F

np,q,α =



a = {an}

∞
n=1 : ‖a‖np,q,α =

(
∞∑

k=1

(
k

1
p ãk(α)

)q 1

k

) 1
q

< ∞



 ;

U P/L q = ∞,

‖a‖np,∞,α = sup
k∈N

k
1
p ãk(α) < ∞,

Â,V�H ãk(α) = sup
m>k

1
m1−α

∣∣∣∣
∞∑

s=m

as

sα

∣∣∣∣ , α > 1
p
V/_ a _�º ³ F�Â�F k ∈ N.

ú�5�Þ4Þ�ßÓà/á¼â�ã�ä�å
0 < p < ∞

å
0 < q 6 q1 6 ∞ û'æÑç

np,q,α ↪→ np,q1,α.

ü ç�ý>þ�ÿ�þ�æ ì ä��>ã æ���ç�� ;4<>=!?�@ q1 = ∞,
? F�Â,V6`ÑL/N�O'F�D�F ? F�D/D�F =!? L ãk(α) U F�_ < W/L�O

‖a‖np,∞,α = sup
k∈N

k
1
p ãk(α) = sup

k∈N

(
k

q
p ãq

k(α)
) 1

q
∼ sup

k∈N

(
k∑

m=1

m
q
p
−1

ãq
k(α)

) 1
q

6

6 C sup
k∈N

(
k∑

m=1

m
q
p
−1

ãq
m(α)

) 1
q

6 C‖a‖np,q,α .

;¼<ù=!?�@¹? H U H!P @ 0 < q 6 q1 < ∞,
? F�Â%V6`

‖a‖np,q1,α =

(
∞∑

k=1

(
k

1
p
+ε−εãk(α)

)q1 1

k

) 1
q1

.
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�� ¯ A B°A�±²`�D ? ` X�³ `�H J `/d�´�A µ�A�¶ < P =!< _ ? `�D�F J

¾ W/L ? Q J ` a

k
1
p
+ε

� c

(
k∑

m=1

m
( 1

p
+ε)q 1

m

) 1
q

L O'F�D�F ? F�D/D�F =!?�@ U F = _�H"V�F J ` ? H"_ @ D�F =!? L {ãk(α)}∞k=1, L�O'H�H�O

‖a‖np,q1,α 6 c




∞∑

k=1

k−εq1

(
k∑

m=1

ãq
mm

( 1
p
+ε)q 1

m

) q1
q

1

k




1
q1

.

�Í= U F�_ @ N <�a F ³ F ³ »IH!D/D�F�HÍD�H!P�` J H!D =!?�J FÇBEL/D X F J>=!X F�Â�F/d U F�_ < W/L�O

‖a‖np,q1,α 6 C




∞∑

m=1

m
q
p ãq

m

1

m
mεq

(
∞∑

k=m

k−εq1
1

k

) q
q1




1
q

= C‖a‖np,q,α .

bCH�O'O+`IV�F X `�N�`�D�`YA
úÇ5�Þ4Þ�ß õ á
	��>ã æ � 0 < p < ∞

å
0 < q 6 ∞, æÑç ê%ë þ

‖a‖np,q,α ∼

(
∞∑

k=0

(
2

k
p ã2k(α)

)q
) 1

q

.

ü ç�ý>þ�ÿ�þ�æ ì ä��>ã æ���ç�� � N�O'F�D�F ? F�D/D�F =!? L ãk(α) L�O'H�H�O

(ln 2)
1
q 2

− 1
p 2

k+1
p ã2k+1(α) 6




2k+1−1∑

m=2k

(
m

1
p ãm(α)

)q 1

m




1
q

6 (ln 2)
1
q 2

1
p 2

k
p ã2k(α).

Å F�N J H"V a D�H!P�` J H!D =!?�J ` J�=!? H U H!D @ q L ="< O'ORL�P <�a U F k, U F�_ < W/L�O ? P�H ³�< H�O'F�H<�?�J H!PùGÑV�H!D/L�H�A;4<>=!?�@
(A0, A1) ¸ = F J O'H =!? L�O+` a U `�P�` ³ `�D�`�K�F J QSK U P�F =!? P�`�D =!?�J Ò ® Õ�d

K(t, a; A0, A1) = inf
a=a0+a1

(‖a0‖A0 + t‖a1‖A1) , a ∈ A0 + A1,
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Ö =!< O'ORL/P < H�O'F =!? L X F�Ì�ZCZÍL \ L�H!D ? F J É < P @ H¹A�A�A �

¸�Z < D X/\ L�F�D�`�_ ; H ? P�H�d 0 < t < ∞ A; P�L 0 < q < ∞, 0 < θ < 1

(A0, A1)θ,q =





a ∈ A0 + A1 : ‖a‖(A0,A1)θ,q
=




∞∫

0

(t−θK(t, a))q dt

t




1
q

< ∞





,

` U P/L q = ∞

(A0, A1)θ,∞ =

{
a ∈ A0 + A1 : ‖a‖(A0,A1)θ,∞

= sup
0<t<∞

t−θK(t, a)) < ∞

}
.

ú�5�Þ4Þ�ß�Äá¼â�ã�ä�å
0 < p0 < p1 < ∞

å è þ é þ�� ì æ é�� 0 < q, q0, q1 6 ∞, 0 <
θ < 1, æÑç

(np0,q0,α, np1,q1,α)θ,q ↪→ np,q,α,

ê%ë�ì 1
p

= 1−θ
p0

+ θ
p1

.

ü ç�ý>þ�ÿ�þ�æ ì ä��>ã æ���ç�� Å = LY_ < J _�F�GÑH!D/L a

npi,qi,α ↪→ npi,∞,α, i = 0, 1,

L�O'H�H!O
‖ai‖npi,∞,α 6 Ci‖ai‖npi,qi,α , i = 0, 1,

? F�Â,V6`IV/_ a 0 < t < ∞

�
(t, a; np0,∞,α, np1,∞,α) = inf

a=a0+a1

(
‖a0‖np0,∞,α + t‖a1‖np1,∞,α

)
6

6 C inf
a=a0+a1

(
‖a0‖np0,q0,α + t‖a1‖np1,q1,α

)
= K (t, a; np0,q0,α, np1,q1,α) ,

a ∈ np0,q0,α + np1,q1,α,

L

‖a‖(np0,∞,α, np1,∞,α)
θ,q

=




∞∫

0

(
t−θK(t, a; np0,∞,α, np1,∞,α

)q dt

t




1
q

6
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6 C




∞∫

0

(
t−θK(t, a; np0,q0,α, np1,q1,α

)q dt

t




1
q

= C‖a‖(np0,q0,α, np1,q1,α)
θ,q

.

¿+_�H"V�F J ` ? H"_ @ D�F/d
(np0,q0,α, np1,q1,α)θ,q ↪→ (np0,∞,α, np1,∞,α)θ,q .

; F�Ì ? F�O < V�F =!? ` ? F�W/D�F¹V�F X `�N�` ?�@ d�W ? F
(np0,∞,α, np1,∞,α)θ,q ↪→ np,q,α.

;4<>=!?�@
k ∈ N d ak = a0

k + a1
k ¸�D�H X F ? F�P�F�H U P�F�L/N J F�_ @ D�F>H U P�H"V =!? ` J _�H!D/L�H�Ì!_�H"T

O'H!D ? F J ak
U F = _�H"V�F J ` ? H"_ @ D�F =!? L (np0,∞,α, np1,∞,α)θ,q , Â%V�H a0 = {a0

k}k∈N ∈

np0,∞,α L {a1} = {a1
k}k∈N ∈ np1,∞,α. �R` X X ` X

ãk(α) = sup
m>k

1

m1−α

∣∣∣∣∣
∞∑

s=m

as

sα

∣∣∣∣∣ 6 sup
m>k

1

m1−α

∣∣∣∣∣
∞∑

s=m

a0
s

sα

∣∣∣∣∣+ sup
m>k

1

m1−α

∣∣∣∣∣
∞∑

s=m

a1
s

sα

∣∣∣∣∣ =

= ã0
k(α) + ã1

k(α),

? F/d/F ³ F�N�D�`�W/L J W�H!P�H!N v(t) = t
p0p1

p1−p0 , U F�_ < W/L�O
sup

v(t)>s>1
s

1
p0 ãs 6 sup

s>1
s

1
p0 ã0

s + sup
v(t)>s>1

s
1

p0
− 1

p1
+ 1

p1 ã1
s 6 sup

s∈N

s
1

p0 ã0
s + t sup

s∈N

s
1

p1 ã1
s =

= ‖a0‖np0,∞,α + t‖a1‖np1,∞,α .
¾ W/L ? Q J ` a U P�F�L/N J F�_ @ D�F =!?>@ U P�H"V =!? ` J _�H!D�L a a = a0 + a1, L�O'H�H�O

K (t, a; np0,∞,α, np1,∞,α) > sup
v(t)>s>1

s
1

p0 ãs(α).

; F�Ì ? F�O < U P/L 0 < q 6 ∞
³�< V�H�OÙL�O'H ?�@

‖a‖(np0,∞,α, np1,∞,α)
θ,q

=




∞∫

0

(
t−θK (t, a; np0,∞,α, np1,∞,α)

)q dt

t




1
q

>
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>




∞∫

0

(
t−θ sup

v(t)>s>1
s

1
p0 ãs(α)

)q
dt

t




1
q

.

¿+V�H"_6`�H�OÙN�`�O'H!D < t = u
p1−p0
p0p1 Lñd ? ` XîX ` X p0 < p1 d ? F




∞∫

0

(
t−θ sup

v(t)>s>1
s

1
p0 ãs(α)

)q
dt

t




1
q

=

=




∞∫

0

(
u
−θ( 1

p0
− 1

p1
)

sup
u>s>1

s
1

p0 ãs(α)

)q du

u




1
q

=

=




∞∑

r=1

2r−1∫

2r−1−1

(
u
−θ( 1

p0
− 1

p1
)

sup
u>s>1

s
1

p0 ãs(α)

)q du

u




1
q

>

> C

(
∞∑

r=1

(
2
−θr( 1

p0
− 1

p1
)

sup
2r>s>1

s
1

p0 ãs(α)

)q
) 1

q

>

> C

(
∞∑

r=1

(
2
−θr( 1

p0
− 1

p1
)
2

r
p0 ã2r(α)

)q
) 1

q

= ‖a‖np,q,α .

�¼? ` X d U F�_ < W/LY_�L
‖a‖np,q,α 6 C‖a‖(np0,∞,α, np1,∞,α)

θ,q

.

bÍH�O'O+`ÑV�F X `�N�`�D�`YA
��� Ý�5�7+5��+5�8:9R5 à/á�	��>ã æ � 0 < p < ∞, 0 < q 6 ∞, α > 1

p
.
üÑä�� è ç ã�ä ì"ë ç��

��þ�æ ì ä���� ç ã æ å λ = {λk}
∞
k=1 æÑþ�ý>ç� /û
!�æÑç m∑

k=1

λk 6= 0 ë ä�� ä�"$# ç ê ç m ∈ N,

ç è�é6ì!ë�ì ä�å � è�é ç ã æ é þ ��ã æ���ç

np,q(λ) =



a = {an}

∞
n=1 : ‖a‖np,q(λ) =

(
∞∑

k=1

(
k

1
p ak(λ)

)q 1

k

) 1
q

< ∞



 ,
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è�é å q = ∞

‖a‖np,∞(λ) = sup
k∈N

k
1
p ak(λ) < ∞,

ê%ë�ì
ak(λ) = sup

m>k

1∣∣∣∣
m∑

s=1
λs

∣∣∣∣

∣∣∣∣∣
m∑

s=1

λsas

∣∣∣∣∣ .

¯ D�`�_�F�Â�L/W/D�FÑV�F X `�N�Q J `�º ?>=%a = _�H"V < º¼»IL�H4_�H�O'ORQCAúÇ5�Þ4Þ�ß('ñá4â�ã�ä�å
q1 > q û+æÑç np,q(λ) ↪→ np,q1(λ).

úÇ5�Þ4Þ�ß�)uá
	��>ã æ � 0 < p < ∞
å

0 < q 6 ∞, æÑç ê%ë þ

‖a‖np,q(λ) ∼

(
∞∑

k=1

(
2

k
p a2k(λ)

)q
) 1

q

.

úÇ5�Þ4Þ�ß+*Äá4â�ã�ä�å
0 < p0 < p1 < ∞

å è þ é þ�� ì æ é,� 0 < q, q0, q1 6 ∞, 0 <
θ < 1, æÑç

(np0,q0(λ), np1,q1(λ))θq ↪→ np,q(λ),

ê%ë�ì 1
p

= 1−θ
p0

+ θ
p1
�

+-�.RÞ4Þ¼9:Ý/.:5�Þ¼Ü:÷6ø10òÜ326Ü3254À5�8:876�8:9uÝ�5�7+8:9;8=<ñÜ3>@?A?�93B:9R5�8:øÄÜ:3DC�.1E
Ý�065F?3.:83<3BR9:9 93G � Ý�Ü:÷6øÄÝùß:8R÷6øÄ3�ß

Lpq[0; 1]úÇ5�Þ4Þ�ß�Huá
	��>ã æ � 1 < p < ∞, p′ = p
p−1 .

â�ã�ä�å
f ∈ L1[0; 1]

å
f ∼

∞∑
k=1

ake
2πikx, x ∈ [0, 1], æÑç

‖f‖Lp′,∞
6 c sup

m∈N

m
1
p |m∆am|.

Å P�` ³ F ? HÍD�H!P�` J H!D =!?�J ` U F�D/L�O+`�º ?>=%aî? ` X È/H = _�L U P�` J ` a =!? F�P�F�D�`ÑL�O'H�H ?�= ORQ = _	d? FÑLî_�H J ` a =!? F�P�F�D�`ÑL�O'H�H ?�= ORQ = _	Aü ç�ý>þ�ÿ�þ�æ ì ä��>ã æ���ç�� ; F = F�F ? D�F�ÐÑH!D/L/º V J F�] =!?�J H!D/D�F =�? L

‖f‖Lp′,∞
= sup

‖g‖p,1=1

1∫

0

∞∑

k=1

ake
2πikxg(x)dx = sup

‖g‖p,1=1

∞∑

k=1

akĝ(k).
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I ` =�= O'F ? P/L�O ∞∑
k=1

akĝ(k).
¾ W/L ? Q J ` a d�W ? F X F�Ì�ZCZÍL \ L�H!D ? Q É < P @ H ak → 0,

L�O'H�H!O ak =
∞∑

m=k

∆am,
? F�Â,V6`

∞∑

k=1

akĝ(k) =
∞∑

k=1

(
∞∑

m=k

∆am

)
ĝ(k) =

∞∑

m=1

∆am

m∑

k=1

ĝ(k) 6

6

∞∑

m=1

|m∆am|

∣∣∣∣∣
1

m

m∑

k=1

ĝ(k)

∣∣∣∣∣ 6 sup
m∈N

m
1
p |m∆am|

∞∑

m=1

m
1
p′
−1

∣∣∣∣∣
1

m

m∑

k=1

ĝ(k)

∣∣∣∣∣ .

�4= U F�_ @ N <>a ×�ó>Ø U P/L q = 1, U F�_ < W/L�O
‖f‖Lp′,∞

6 C sup
‖g‖p,1=1

{
sup
m∈N

m
1
p |m∆am|‖g‖Lp,1

}
= C sup

m∈N

m
1
p |m∆am|.

bÍH�O'O+`ÑV�F X `�N�`�D�`YA
Û�5�Ü:Ý�5�Þ�ß õ á
	��>ã æ � 1 < p < ∞, p′ = p

p−1 , 0 < q 6 ∞
å

f ∈ Lp,q,

f ∼
∞∑

k=1

ake
2πikx.

	��>ã æ � è ç ã�ä ì!ë ç���þ�æ ì ä���� ç ã æ � λ = {λk}
� ë ç�� ä ì æ���ç é � ì æ

��ã�ä ç�� å�" è�é å α > 1
p′

:

sup
16m6k

m2−α |λm − λm+1| 6 D
1

kα

∣∣∣∣∣
k∑

m=1

λm

∣∣∣∣∣ ,

ê%ë�ì D > 0 J � ì ý>ç�æÑç é þ � ý�ç ��ã æÑþ � æ½þ�û � ì ÿ�þ&� å�ãK��L þ � ç�æ å�� ë�ì ý ã þ k. M/ç ê%ë þå � ì�ì æN� ì ã æÑç � ì�é þ&� ì ��ã æ���ç
(

∞∑

k=1

(
k

1
p′ ak(λ)

)q 1

k

) 1
q

6 C‖f‖Lp,q [0,1],

ê%ë�ì ak(λ) = 1∣∣∣∣∣
k∑

m=1
λm

∣∣∣∣∣

∣∣∣∣
k∑

m=1
λmam

∣∣∣∣ , k ∈ N �
	 é å q = ∞, sup

k∈N

k
1
p′ ak(λ) 6 c‖f‖Lp∞ �
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ü ç�ý>þ�ÿ�þ�æ ì ä��>ã æ���ç�� Ö \ H!D/L�O
n

1
p′

∣∣∣∣
n∑

k=1

λk

∣∣∣∣

∣∣∣∣∣
n∑

m=1

λmam

∣∣∣∣∣ =
n

1
p′

∣∣∣∣
n∑

m=1
λm

∣∣∣∣

∣∣∣∣∣∣

n∑

m=1

λm

1∫

0

f(x)e−2πimxdx

∣∣∣∣∣∣
6

6

1∫

0

|f(x)|

∣∣∣∣∣∣∣∣

n
1
p′

∣∣∣∣
n∑

m=1
λm

∣∣∣∣

n∑

m=1

λme−2πimx

∣∣∣∣∣∣∣∣
dx.

; F�_�F�G½L�O n
1
p′∣∣∣∣

n∑
r=1

λr

∣∣∣∣

n∑
m=1

λme−2πimx = Φn(x) L U FED�H!P�` J H!D =!?�J�<PO H"_ @ V�H!P�` U P/L
1
p

+ 1
p′

= 1 L�O'H�H�O

‖a(λ)‖lp′,∞
6 sup

n∈N

1∫

0

|f(x)| |Φn(x)| dx 6 sup
n∈N

‖f‖Lp,1‖Φn‖Lp′,∞
.

Ö \ H!D/L�OÙD�F�P�O < ‖Φn‖Lp′,∞
. QÍF�Ì�ZCZÍL \ L�H!D ? Q É < P @ HÍÌ ? F�]EZ < D X/\ L/LîP�` J D/Q

bm(Φn) =





n
1
p′ λm∣∣∣∣
n∑

r=1
λr

∣∣∣∣
, H = _�L m 6 n;

0, m > n.

� N4_�H�O'ORQ  U F�_ < W/L�O
‖Φn‖Lp′,∞

6 c sup
m∈N

m
1
p |m∆bm|.

I ` =�= O'F ? P/L�O I = m
1
p |m∆bm| A;4<>=!?�@

m 6 n,
? F�Â,V6`Yd�L = U F�_ @ N <�aî<ù= _�F J L�R ? H�F�P�H�ORQCd�L�O'H�H�O

I = m
1
p (m∆bm) =

m
1
p mn

1
p′ |λm − λm+1|∣∣∣∣

n∑
r=1

λr

∣∣∣∣
6
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6
n

1
p′ m

α− 1
p′

∣∣∣∣
n∑

r=1
λr

∣∣∣∣
sup

16k6n

k2−α |λk − λk+1| 6
n

1
p′ m

α− 1
p′

∣∣∣∣
n∑

r=1
λr

∣∣∣∣

D

nα

∣∣∣∣∣
n∑

m=1

λm

∣∣∣∣∣ = D
m

α− 1
p′

n
α− 1

p′

6 D.

; P�L m > n I = m
1
p |m∆bm| = 0.

�:` X L�OcF ³ P�`�N�F�O$d�L�O'H�H�O
sup
m∈N

m
1
p |m∆bm| 6 D.

¿+_�H"V�F J ` ? H"_ @ D�F/d
‖Φn‖p′,∞ 6 cD = C.

�¼? ` X d�ORQ U F�_ < W/LY_�L

sup
n∈N

n
1
p′

∣∣∣∣
n∑

k=1

λk

∣∣∣∣

∣∣∣∣∣
n∑

m=1

λmam

∣∣∣∣∣ 6 C‖f‖Lp,1 .

�	F�Â%V6` J H!P/D�F½D�H!P�` J H!D =!?�J F
‖a‖np′∞(λ) 6 C‖f‖Lp,1 .

� d°D�` X F�D�H \ d J F = U F�_ @ N < H�O =,a _�H�O'O'F�] � L L/D ? H!P U F�_ aY\ L�F�D/D�F�] ? H�F�P�H�O'F�]
BÀ`�P \ L/D X H J L/W�`�TSQ�`�_ @ V�H�P�F�D�` Ò ® Õ�A3�R` X X ` X α > 1

p′
,
? FËD�`�]YV <�?>=,a p0, p1 d:W ? F

1 − α < 1
p1

< 1
p

< 1
p0

,
X F ? F�P/Q�H ? ` X GÑH < V�F J _�H ?�J F�P a º ?�<ù= _�F J L/º ? H�F�P�H�ORQCA

¿+_�H"V�F J ` ? H"_ @ D�F/d/D�`�]YV�H ?>=,a θ ∈ (0, 1), W ? F 1
p

= 1−θ
p0

+ θ
p1

L 1
p′

= 1−θ
p′0

+ θ
p′1

.
� N

V�F X `�N�`�D/D�F�Â�F¹L�O'H�H�O
‖a‖np′0∞

(λ) 6 C0‖f‖Lp0,1

L
‖a‖np′1∞

(λ) 6 C1‖f‖Lp1,1 .

�	F�Â%V6`
‖a‖np′q(λ) 6 C1−θ

0 Cθ
1‖f‖Lp,q

V/_ a _�º ³ F�Â�F 0 < q 6 ∞ A��	H�F�P�H�O+`ÑV�F X `�N�`�D�`YA
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T �+5�7+÷6øÄ369:5 à/á�	��>ã æ � 1 < p < ∞, p′ = p
p−1 , 0 6 β < 1

p
, 0 < q 6 ∞

å
f ∈ Lp,q[0, 1]. M/ç ê%ë þU� ì�é � ç

(
∞∑

k=1

(
kβ− 1

p

∣∣∣∣∣
k∑

m=1

am

mβ

∣∣∣∣∣

)q

1

k

) 1
q

6 c‖f‖Lp,q [0,1].

	 é å q = ∞

sup
n∈N

nβ− 1
p

∣∣∣∣∣
n∑

s=1

as

sβ

∣∣∣∣∣ 6 c‖f‖Lp,∞[0,1]
.

ü ç�ý>þ�ÿ�þ�æ ì ä��>ã æ���ç�� ;4<>=!?�@ β < 1/p, d ? F�Â%V6` 1/p′ < 1 − β Lñd = _�H"V�F J ` ? H"_ @ D�F
D�`�]YV�H ?>=,a α, W ? F 1/p′ < α < 1 − β.

; F X `�GÑH�O$duW ? F λ = { 1
mβ }

∞
m=1

< V�F J _�H"T?�J F�P a H ?�<>= _�F J L/º ? H�F�P�H�ORQST%Ô = U `�P�`�O'H ? P�F�O α. µ�H!] =!?�J L ? H"_ @ D�F/d
sup

16m6n
m2−α

(
1

mβ
−

1

(m + 1)β

)
∼ sup

16m6n
m1−α−β = n1−α−β .

· V�H =!@¹< W/L ? Q J `�_�F =!@ d�W ? F 1 − α − β > 0. ¿cV�P < Â�F�] =!? F�P�F�D/QCd
1

nα

∣∣∣∣∣
n∑

m=1

1

mβ

∣∣∣∣∣ ∼ n1−α−β .

¾ W/L ? Q J ` a
(

∞∑

k=1

(
k

β− 1
p

k∑

m=1

am

mβ

)q

1

k

) 1
q

�

(
∞∑

k=1

(
k

1
p′ ak(λ)

)q 1

k

) 1
q

,

U F�_ < W/L�O ? P�H ³�< H�O'F�HCD�H!P�` J H!D =!?�J F/A
' T .RÞ4Þ¼9:Ý/.:5�Þ¼Ü:÷6ø10:.ñ÷uÝ�5�7+8:5�8R93V²øÄ9 � ßXW45��3��Þ�ß:8ñßY<ñÜ3>@?A?�93BR9:5�8;E

øÄÜ:3ZC�.:Ý�065
[ ßRÞ¼5�\ñß:8:9:5 à/á�] !�þ ã æ � ç ã æ å å ÿ�æ ì ç é6ì � �(^ å � ì�ì �`_ ì ã�ä�å 1 < p < ∞, p′ =

p
p−1

å
f ∈ Lp,p′ [0, 1], f ∼

∞∑
k=1

ake
2πikx, æÑç ê%ë þU� ì�é � ç




∞∑

m=1

∣∣∣∣∣
∞∑

k=m

ak

k

∣∣∣∣∣

p′



1
p′

6 c‖f‖Lp,p′ [0,1].
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a H"_ @ º D�`�ÐÑH!] P�` ³ F ? Q aYJ _ a H ?>=,a U F�_ < W�H!D/L�H ³ F�_�H�HCF ³ »ÑH!Â�F½D�H!P�` J H!D =!?�J `YA
Û�5�Ü:Ý�5�Þ�ß�Äá
	��>ã æ � 1 < p < ∞, p′ = p

p−1 , 0 < q 6 ∞.
â�ã�ä�å

f ∈ Lp,q[0, 1]å
f ∼

∞∑
k=1

ake
2πikx, α > 1

p
, æÑç ê%ë þU� ì�é � ç

(
∞∑

k=1

(
k

α− 1
p

∣∣∣∣∣
∞∑

m=k

am

mα

∣∣∣∣∣

)q
1

k

) 1
q

6 c‖f‖Lp,q [0,1].

ü ç�ý>þ�ÿ�þ�æ ì ä��>ã æ���ç�� I ` =�= O'F ? P/L�O J H"_�L/W/L/D <



∞∑

m=1

(
mα− 1

p

∣∣∣∣∣
∞∑

k=m

ak

kα

∣∣∣∣∣

)p′

1

m




1
p′

=

∥∥∥∥∥m
α−1

∞∑

k=m

ak

kα

∥∥∥∥∥
lp′

.

�4= U F�_ @ N <>aË? H�F�P�H�O < F¹V J F�] =!?�J H!D/D�F =!? LÀV/_ a U P�F =!? P�`�D =!?�J ` lp LÀO'H!D aYa U F�P a T
V�F X =!< O'ORL/P�F J `�D/L a d U F�_ < W/L�O
∥∥∥∥∥m

α−1
∞∑

k=m

ak

kα

∥∥∥∥∥
lp′

= sup
‖b‖lp=1

∞∑

m=1

mα−1bm

∞∑

k=m

ak

kα
= sup

‖b‖lp=1

∞∑

k=1

ak

kα

k∑

m=1

mα−1bm.

I ` =�= O'F ? P/L�O X F�D�H!W/D < º =!< O'O < n∑
k=1

ak

kα−γ
1
kγ

k∑
m=1

mα−1bm d�Â,V�H γ : 0 < α−γ < 1
p
.; P�L�O'H!D/L�O U P�H�F ³ P�`�N�F J `�D/L�H ¯¼³ H"_ a È

n∑

k=1

ak

kα−γ

1

kγ

k∑

m=1

mα−1bm =

n−1∑

k=1

(
1

kγ

k∑

m=1

mα−1bm −
1

(k + 1)γ

k+1∑

m=1

mα−1bm

)
×

×
k∑

r=1

ar

rα−γ
+

1

nγ

n∑

m=1

mα−1bm

n∑

r=1

ar

rα−γ
.

¿ < O'O < k∑
m=1

mα−1bm N�` U L/ÐÑH�O = _�H"V < º¼»IL�OcF ³ P�`�N�F�O$È
k∑

m=1

mα−1bm =
k+1∑

m=1

mα−1bm − (k + 1)α−1bk+1,
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�&� ¯ A B°A�±²`�D ? ` X�³ `�H J `/d�´�A µ�A�¶ < P =!< _ ? `�D�F J

U F�V =!? ` J _ aYa d U F�_ < W/L�O
∣∣∣∣∣

n∑

k=1

ak

kα−γ

1

kγ

k∑

m=1

mα−1bm

∣∣∣∣∣ 6
n−1∑

k=1

∣∣∣∣
1

kγ
−

1

(k + 1)γ

∣∣∣∣
k+1∑

m=1

mα−1|bm|

∣∣∣∣∣
k∑

s=1

as

sα−γ

∣∣∣∣∣+

+
n−1∑

k=1

|bk+1|
(k + 1)α−1

kγ

∣∣∣∣∣
k∑

s=1

as

sα−γ

∣∣∣∣∣+
1

nγ

n∑

m=1

mα−1|bm|

∣∣∣∣∣
n∑

s=1

as

sα−γ

∣∣∣∣∣ = I1+I2+I3.

Ö \ H!D/L�O F ? V�H"_ @ D�F X `�GÑV�F�H = _6`�Â!`�H�O'F�H�A6µÍ_ a F \ H!D X L I1 L = U F�_ @ N < H�O D�H!P�` J H!DYT=!?�J F O H"_ @ V�H!P�`Yd = _�H"V =!?�J L�H�Ô U P/L q = p′ L F ³ F ³ »ÑH!D/D�F�HCD�H!P�` J H!D =!?�J F Ï `�PùV�LñÈ
(

∞∑

k=1

(
1

k1−β

k∑

m=1

bm

mβ

)p) 1
p

6 c‖b‖p, β <
1

p′
.

� O'H�H�O

I1 =
n−1∑

k=1

∣∣∣∣
1

kγ
−

1

(k + 1)γ

∣∣∣∣
k+1∑

m=1

mα−1|bm|

∣∣∣∣∣
k∑

s=1

as

sα−γ

∣∣∣∣∣ 6 γ
n−1∑

k=1

(
k+1∑

m=1

mα−1|bm|

)
×

×

∣∣∣∣∣
k∑

s=1

as

sα−γ

∣∣∣∣∣
1

kγ+1
= γ

n−1∑

k=1

(
1

kα

k+1∑

m=1

|bm|

m1−α

)(
kα−γ−1

∣∣∣∣∣
k∑

s=1

as

sα−γ

∣∣∣∣∣

)
6

6 γ

(
n−1∑

k=1

(
1

kα

k+1∑

m=1

|bm|

m1−α

)p) 1
p




n−1∑

k=1

(
kα−γ−1

∣∣∣∣∣
k∑

s=1

as

sα−γ

∣∣∣∣∣

)p′



1
p′

6 c‖b‖lp‖f‖Lp,p′
.

(5)
�:` X GÑHCF \ H!D/L J `�H ?>=%a I2 :

I2 =
n−1∑

k=1

|bk+1|
(k + 1)α−1

kγ

∣∣∣∣∣
k∑

s=1

as

sα−γ

∣∣∣∣∣ 6
n−1∑

k=1

|bk+1|k
α−1−γ

∣∣∣∣∣
k∑

s=1

as

sα−γ

∣∣∣∣∣ 6

6 c‖b‖lp




n−1∑

k=1

(
kα−γ−1

∣∣∣∣∣
k∑

s=1

as

sα−γ

∣∣∣∣∣

)p′



1
p′

6 c‖b‖lp‖f‖Lp,p′
. (6)
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Ö =!< O'ORL/P < H�O'F =!? L X F�Ì�ZCZÍL \ L�H!D ? F J É < P @ H¹A�A�A �>

Ö \ H"D�L�O I3.
�Í= U F�_ @ N <>a D�H!P�` J H!D =!?�J F O H"_ @ V�H!P�`Yd U F�_ < W/L�O

I3 =
1

nγ

n∑

m=1

mα−1|bm|
1

nγ

∣∣∣∣∣
n∑

s=1

as

sα−γ

∣∣∣∣∣ 6 ‖b‖lp

(
n∑

m=1

m(α−1)p′

) 1
p′ 1

nγ

∣∣∣∣∣
n∑

s=1

as

sα−γ

∣∣∣∣∣ 6

6 c‖b‖lpn
α−1+ 1

p′ n−γ

∣∣∣∣∣
n∑

s=1

as

sα−γ

∣∣∣∣∣ .
� N = _�H"V =!?�J L a Ô U P/L q = ∞,

< W/L ? Q J ` a d/W ? F U P�F =!? P�`�D =!?�J F Lp,q
U F J�? F�P�F�O <U `�P�`�O'H ? P <î=!< GÑ`�H ?>=%a d/L�O'H�H�O

I3 6 c‖b‖lp sup
n∈N

nα−γ− 1
p

∣∣∣∣∣
n∑

s=1

as

sα−γ

∣∣∣∣∣ 6 c‖b‖lp‖f‖Lp,∞ 6 c‖b‖lp‖f‖Lp,p′
. (7)

¿�F ³ L/P�` a F \ H!D X LM× í Ø"d¼× � Ø"d4×  ØÑL U H!P�H"KùF�V acX U P�H"V�H"_ < d U F�_ < W/L�O = _�H"V < º¼»ÑH�H
D�H!P�` J H!D =!?�J F/È




∞∑

m=1

(
m

α− 1
p

∣∣∣∣∣
∞∑

k=m

ak

kα

∣∣∣∣∣

)p′

1

m




1
p′

6 c‖f‖Lp,p′
.

�	F�Â%V6` J H!P/D�F
‖a‖np′,p′,α

6 c‖f‖Lp,p′
.Å F = U F�_ @ N < H�O =,a _�H�O'O'F�] ó LòL/D ? H!P U F�_ aY\ L�F�D/D�F�] ? H�F�P�H�O'F�] BÀ`�P \ L/D X H J L/W�`�T

QÍ`�_ @ V�H!P�F�D�` Ò ® Õ�ÊY`�D�`�_�F�Â�L/W/D�FIV�F X `�N�` ? H"_ @>=!?�J�<Ç? H�F�P�H�ORQMÔ U F�_ < W/L�O ? P�H ³�< H�O'F�H
D�H!P�` J H!D =!?�J F/A

úÇ9	øÄ5�ÝùßÄø5.:Ýùß

Ô`bdceRgfihkjmlifon�p�q°A�rSh�ceRgsut5v�lon�cufwv�hxv�ymlifih�R�n�s
v�t5RgsKn�cev�sep�z&z�{;sKn�h�p�A,|~}�Rgs�A,qxn�cu�ñA
b�vd��AY¸EÔ ��í&� AY¸U�ÑA � óYA�¸��:A ®d� Ú�T ®d� ÚYA

Ú½¶ < P =!< _ ? `�D�F J ´�A µ�A Ö X F�Ì�ZCZÍL \ L�H!D ? `�K X P�` ? D/QSKEP a V�F J É < P @ H�z&z � N J AI6¯ ¶½A5��H!PñA�O+` ? H�O+` ? L X `YA�¸ÇÚ %&%&% AY¸U��A ��® d/� Ô�A�¸ ¿¼A � ó�T%Ô�Ú�ÚYA
ó¹±²`�D ? ` X�³ `�H J ` ¯ A B°A�d�¶ < P =!< _ ? `�D�F J ´�A µ�A Ö =!< O'ORL/P < H�O'F =!? L X F�Ì�ZCZÍLYT\ L�H!D ? F J É < P @ H�Z < D X/\ L/]EL/N U P�F =!? P�`�D =!?�J `�bCF�P�H!D \ `�z&z Å H =!? D/L X B OÄ¾ Au¿�H!PñA

O+` ? H!O$A�d�O'H"K�`�D/L X `YAY¸ Ú %&%�® AY¸�� ÚYA�¸î¿¼A ��® T �&� A
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�&� ¯ A B°A�±²`�D ? ` X�³ `�H J `/d�´�A µ�A�¶ < P =!< _ ? `�D�F J

® ðSH!P/Â��½A�d�bCH�Z =!? P�H�O��½A � D ? H!P U F�_ aY\ L�F�D/D�Q�H U P�F =!? P�`�D =!?�J `YA6¸îBËF =!X/J `Yd
Ô �&�&% AY¸ÇÚ � Ô = A

� æÑþ�æ ��� è ç ã æ � è å�ä þU� é6ì!ë þ�ý�� å�" ^�^ �����/� ^��
±²`�D ? ` X�³ `�H J ` ¯ A B°A�dR¶ < P =!< _ ? `�D�F J ´�A µ�A b Ö I ´+¶ a QÍ´���r�¿��$r O r�¶¼µ�´ O r

É ¾ ¶�Q a���� b ¯�I µ��P� É ¾
I�� ´�Q Ö Ã$É½É ��a�� ´�¶��$�$´ I r�¶�r���� Ö ¿��°¶¼µ��ÁT
b ¯ ¶ ¾ �

BÀ`���`�_6`�V6`�bCF�P�H!D \ X Hg��f =!? f�Â�f�DYV�H�Â�fñZ < D X/\ L a _6`�P>V�Q$�EÉ < P @ H X F�Ì�ZCZÍL \ L�H!D ? T? H!P�f�D�fi� ðSH"_/_�O+`�DòG� �D�HÀG½`�_ U QS_6`�D�¡!`�D Ï `�P>V�L ? L U ? fCF�P ? `�_6`�DYV�Q$P < _6`�P/Q$D/Q$�Ï `�P>V�LYT.bÍL ?�? _ J�< V/T�¿ ? H!]�D ? L U ? f ? Hg� = f�N!V�f X/? H!P�fÇ`�_�Q$D�¡�`�DñA � ¡�D/L^Z < D X/\ L a D/Q$�
Lp,q

X Hg��f =!? f�Â�f�D�H ? L�f =!? f ³ F�_ < Q�D/Q$���/`�GIH ?�? f�Ð½`�P ? Q$D X�¢ P = H ? H ? f�DÇZ < D X/\ L a D�F�PYT
O+` = Q$D/Q$� ?�¢ O'H"D�Âgf ³ `�¡�`�_6` < _6`�P/Q V� �_�H"_/V�H!D/Â�H!D	A np,q,α G� �D�H np,q(λ)

X Hg��f =!? f X T? H!P�f�H!D/Â�f�N�f�_�f U d�F�_6`�P>V�Q$�IL/D ? H!P U F�_ aY\ L a _�Q$���Y` = L�H ?�? H!P�f/�/`�P�` =!? Q$P/QS_�¡!`�DñA Ö _6`�P
D�H!Â�f�N�Â�fñD�  ? L/GÑH"_�H!P>V�f	V� �_�H"_/V�H < Â�H���F�_/V6`�D/QS_/V�QCA

£ �,n�hdcKn�¤�¥5n�¦dRg§&n¨|IA q°A�dª©~«�sepu«�licKn�h�v�§¬j�A ÑA¯®�© b�°�qkqk|�±²r�³;r�{�´ ®�µ
µ3®�°�¶~r�j�¶·�$®�j�µ7µ7ru��r�j�©�{~b¸®�µZµ7°�©���{¹ru®~©�bUµ7¶~®�qº³3®�¶~j�©�{ £ b��5|���j

rSh�cu��fwp;t,n�t5Rgs¼»�R�v�¥�cKn�fih�cu��R�R�pucufi}Un�ceR�p1y½v�s;¾
n�sK¿/¦ùTS³1ficuculi»�v�vd¿�TÀbdcKRgfih`fih�R�Ád«,n�lificufwR�p
»$ficu�Pcu��R�n�§�RgsKn�Â�R�p�v�y~±²Rglili}Un�hZcS¦�t@R�d7n�h�¿ÃÂ�Rgh�RgsKn�lifiÄ�R�¿P}�R�n�h�p�v�y�¾
n�se¿/¦Fc�¦�t5R�v�y
µ�v�«�sufwRgsÅ��vdRÇÆU�gfwRgh�cepÅv�y�yÈ«�h��gcufwv�h�pUyÈsev�}É³;v�seRghdcuÄFput,n���R�A�{²��«�p�cu��RgseRxn�seRÊt�sevË§�R�¿
cu��R�R�pucufi}Un�ceR�p�v�y~h�v�su}Ìv�y¹yÈ«�h��gcufwv�h�p`yÈsev�}Í³;v�seRghdcuÄ¸put,n���R�d3fih�¿/fw��n�cufih�ÂÎh�R��gR�pepKn�su¦
��v�h�¿/ficufwv�h�p�v�y
¥@Rglwv�h�Â&fih�ÂPv�y�nkyÈ«�h��gcufwv�h�cevFcu��R¸put,n���R Lp,q. {²��R¸put,n���R�p np,q,α

n�h�¿ np,q(λ) n�seR�fih�cusevd¿/«���R�¿Äd�cu��Rgfis²fihdceRgsut@v�lon�cufwv�h¸t�sev�t5RgsucufwR�p�d/»$��fw�e�Ên�seR�«�peR�¿UyÈv�s
v�¥�cKn�fih�fih�ÂUcu��R
}Un�fih¸seR�pu«�licep~v�y7cu��fwp$»�v�su¤ud,n�seR��gv�h,pufi¿�RÇsKRg¿ñA
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ï jut�l�e�h�t�vð� ñ����	��kwP{ue	ãriPdg}éSe�bPh�t�dSe�f��t��6��{Jt�b�bPkSy0k�t�zks�e�l�jut�h�dg,vòw�t�pJt	x
pSkSy�y�iPjSiPdzkut�{S|�dg,v�bPkSbPh!i�n�k�k�vâjSiPqriPdkSiífà��{Jt�b�b�i�a,�����Tó�{ui�pS�!iPh?e�h!n+i��
h�kh�|S��xh!eôe�pSkd�kwíe�l�mDk�vân+iPh!e	pue�fàjSiPqriPdks�e�l�jut�h�dg,vâw�t�pJt�xâpSkdut�n#k�k�f
��{Jt�b�b�i\a*���&�!n+iPh!e	p��f�t�w�kSe�l�jut�mriPdks%��éSe�w�f!e�{Ss��cmDkëêéSe�{S�1xkh�|6dSi�e�l	v�e	pSkSn#g�i
kõpue�bPh�t�h!e�xdg�i���b�{Je�f�ksõjut�w�jSiPqDkSn+e�bPh�k��uéjSi�p{ue	ãriPdìfájut�l�e�h!i(� �	�L�

ï jut�l�e�h�t�vä� ö���� Ü ��e�l�jut�h�dg�irw	t�p®t�xkípSkdut�n#k�k�jut�b�b�n�t�h�jkf�t��ch!b�síéSjkìpue��
éSe�{Sdkh!i�{S|�dSe�n3éjSi�pSéSe�{ue�ãriPdkkre,dut�{SkxkkDb�{S�1xut�ëdg,v0f!e�w	n#�1mriPdkë�kw+��{Jt�b�b	t
f�kdSiPjSe�f!bP�k�víéjSe�zSi�b�b�e�f�k��Sfêxut�bPh�dSe�bPh�k��®n+iPh!e	pue�nâ�f�t�w�kSe�l�jut�mriPdkSsíjSiPqriPdg�÷
���Dø�ù�úSø�û�úSü	ýäø�þ�ÿ1ü��rúSü	ý���ü���ü��1ü����SúSü
	�������®éSe�bPh�jSe�iPdkSi�n#dSe�ãriPbPh�f�tìbPh!e	v1t�bPh�k��
xSi�bP�k�vêpSkSy�y�iPjSiPdzkut�{S|�dg,v��1jut�f�dSiPdkëõf�h!e�jSe�¡	eréSe�j�s1pS�t6h�kéutDÞ\h!e��e�l�{Jt�pJt��
�cmDk�v�w�t�pJt�ddg�n kdh!iP¡�jut�{S|�dg�n�n#dSe�¡	e�e�l�jut�w�kSi�n��Jñ!����ü���ü��1üõû�ø�ù�ù��rü�úSø�û����Pú�1ý
� ÿ�ü�û�ú��Pú�����û������Pú�1ý��,éSe�bPh�jSe�iPdkSiæn#dSe�ãri�bPh�f�tä�1éjut�f�{Ss��cmDk�v�éut�jut�n+iPh�jSe�fu�
f�v�e	pSs�mDk�væfíw�t�pJt�dd�1�ðbPkSbPh!i�n#�ôbPh!e	v1t�bPh�kxSi�bP�kvôpSkSy�y�iPjSiPdzkut�{S|�dg,vô�1jut�f��
dSiPdkëôf�h!e�jSe�¡	eìéSe�j�s1pS�tåh�kéut3Þ\h!e��éSe3w�t�pJt�ddSe�n#�ækdh!iP¡�jut�{S|�dSe�n#�ôn#dSe�¡	e�e�l��
jut�w�k� k��!����ü���ü��1ü ��ü
	�!"�!ü�ú�1ý � ÿ1ü�û�ú��Pú��#��û������Pú�1ý��*éSe�bPh�jSe�iPdkSiîn#dSe�ãDi��
bPh�f�tDw�t�n#gT�t��cmDk�våbPh!e	v1t�bPh�kxSi�bP�k�våpSkSy�y�iPjSiPdzkut�{S|�dg,võ�1jut�f�dSiPdkë3f�h!e�jSe�¡	e
éSe�j�s1pS�t0h�kéut�Þ\h!e�éSe0w�t�pJt�ddSe�ëõbPkSbPh!i�n+i��1jut�f�dui�dSkëêk(w�t�pJt�ddSe�n#�(kdh!iP¡�jut�{S|��
dSe�n#�õn#dSe�¡	e�e�l�jut�w�kS�r�
$&%('*),+- _ ' [,. -0/�- ^ -21 `436587,9 -*:;/�- ^ -212-;<='=),+?>' ]u_X` :@),+?'�A2-2),+ `2B

1 ] ) .X` ADC=>E- [J_X]S_X`GF
H �!bPh�|(w�t�pJt�dSe(n#dSe�ãriPbPh�f!e

Λ(t) : λ(y, z, t) = 0,
¡�pui

λ ∈ Rm, λ = λ(y, z, t) ∈ C121
yzt . (1)

�,jSi�l��!iPh!b�s éSe�bPh�jSe�kh�|ò�1jut�f�dSiPdkSi�pSf�kãDiPdks f ��{Jt�b�b�i bPh!e�v�t�bPh�kxSi�bP�k�v
pSkSy�y�iPjSiPdzkut�{S|�dg,vå�1jut�f�dSiPdkëìÞ\h!eáéSiPjf!e�¡	e(éSe�j�s1pS�trf�k�pJt

{

ẏ = f1(y, z, t),

ż = f2(y, z, t) + σ(y, z, t)ξ̇
(2)

h�t�����xh!e�l�g n#dSe	ãri�bPh�f!eä�����0l�g,{ue3kdh!iP¡�jut�{S|�dSg�n n#dSe�¡	e�e�l�jut�w	kSi�n �1jut�f�dSiPdks
�9ñ!���2Iupui�bP|

y ∈ Rl, z ∈ Rp, l + p = n; ξ ∈ Rk, σ(x, ẋ, t) J n�t�h�jkzutåjut�wP�n+iPjdSe�bPh�k
(p × k);

{

ξ1(t, ω), ..., ξk(t, ω)
} J bPkSbPh!i�n�t�b�{u�1xut�ëdg,vìéjSe�zSi�b�b�e�fõb
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acl(e�bPdSe�f�dSe�ëíe�l�jut�h�dSe�ë3w�t�pJt	xSi\pSkSy�y�iPjSiPdzkut�{S|�dg,v3bPkSbPh!i�n ����� Û �

dSiPw	t�f�kub�kun#g�n#kõéjkjut�mriPdksn#k����1e�h!e�j�1�r�1b�{ui�pS�!sì�������L�1n+e�ãádSe6éjSi�pubPh�t�f�kh�|rf
f�k�pui�bP��n+n#g éjSe�zSi�b�b�e�fS÷

ξ = ξ0 +
∫

c(x)P 0(t, dx), ξ0 J f�kdSiPjSe�f!bP�kë�éjSe�zSi�b�bK�
P 0 J é��t�b�b�e�dSe�f!bP�këõéjSe�zSi�b�bK� P 0(t, dx) J xkSb�{ue6bP�t�x��e�fDéjSe�zSi�b�b	t P 0

f6kd��
h!i�jSf�t�{ui(� Ü �ML��L�éSe�éut�pJt��cmDk�võdután#dSe	ãri�bPh�f!e

dx
�

c(x) J f!iP�h!e�jdut�s3y0�1d�zks%�e�h!e�l�jut�ãrt��cmát�sàéjSe�bPh�jut�dSbPh�f!e
Rn

fìéjSe�bPh�jut�dSbPh�f!eîw�dut�xSiPdkë
Rk

éjSe�zSi�b�b	t
ξ(t)

éjkõ{S�\l�e�nNL	�
O ��pui�n ¡	e�f!e�jkh�|S��xh!e�dSiP��e�h!e�jut�sây0�1d�zSks

g(y, z, t)
kwì��{Jt�b�b	t

K,
h�� i��

g ∈ K,
i�b�{Sk

g
dSiPéjSiPjgTf�dutáéSe

t
kå{SkéqDkzSiPf�tréSe

y
k

z
f(e�l�{Jt�bPh�k

UH(Λ) =
{

x = (y, z) : ρ
(

x, Λ(t)
)

< H, H > 0
}

. (3)

H jSi�pSéSe�{Jt�¡Pt�iPh�b�s%��xh!e3f!iP�h!e�j��Ly0�1d�zkk
f1, f2

k
(p × k)

�Ln�t�h�jkzut
σ
kw

��{Jt�b�b	t
K,

xh!e e�l�i�bPéSiPxkf�t�iPhâf �P�!��bP�1mri�bPh�f!e�f�t�dkSi�k i�pSkdSbPh�f!iPddSe�b�h�| pue��
b�h!e	v�t�bPh�kxSi�bP�1e�ë�Q��f�kf�t�{uiPdh�dSe�b�h�kîjSiPqriPdks (

y(t)T , z(t)T
)T �1jut�f�dSiPdksä�9ñ!�Tb

dut�xut�{S|�dg�n���b�{ue�f�kSi�n (

y(t0)
T , z(t0)

T
)T

= (yT
0 , zT

0 )T
��s�f�{Ss��cmriP¡	e�b�sâdSiPéjSi��

jgTf�dg�n b\f!iPjSe�s�h�dSe�bPh�|��
1
bPh�jSe�¡	eên�t�j�1e�f!bP�kSn éSjSe�zSi�b�bPe�n

[11]
�

H e�bPh�t�f�{uiPddut�s3w�t�pJt	xut
����fêb�{S�1xut�i�e�h!bP�1h!bPh�f�ks3b�{S�1xut�ëSdg,våf!e�w	n#�1mriPdkë

(σ ≡ 0)
pue�bPh�t�h!e�xdSe(éSe�{SdSe

kSb�b�{Ji�pJe�f�t�dutáfájut�l�e�h�t�væ� ñ����	�R�
ñ!�*e�l�e�l�mát�iPh(jut�b�b�n+e�h�jSiPddS�1� fì� ö���w�t�pJt	x��éSe�bPh�jSe�iPdks

Λ(t) : λ(x, ẋ, t) = 0,
¡�pui

λ ∈ Rm, λ = λ(x, ẋ, t) ∈ C121
xẋt (1′)

b�h!e	v�t�bPh�kxSi�bP�k�võpSkSy6y�iPjSiPdzkut�{S|�dg,vå�1jut�f�dSiPdkëìÞ\h!eáf�h!e�jSe�¡	eáéSe�j1s1pS�t

ẍ = f(x, ẋ, t) + σ(x, ẋ, t)ξ̇ (2′)

éSe�w�t�pJt�ddSe�n#�în#dSe	ãri�bPh�f��íh�t����®xh!e�l�g n#dSe�ãDi�bPh�f!e
(1′)

l�g,{ueõkdh!iP¡�jut�{S|�dg�n
n#dSe�¡	e�e�l�jut�w�kSi�n �1jut�f�dSiPdks

(2′)
b�eæb�{S�1xut�ëdg�n#kâf!e�w	n#�1mriPdksn#kâkw3��{Jt�b�b	t

f�kdSiPjSe�f!bP�k�våéjSe�zSi�b�b�e�f�
�!�,b�eêb�{S�1xut�ëdg�n#kíf!e�w	n#�1mriPdksn#kìkw6��{Jt�b�b	táf�kdSiPjSe�f!bP�k�vìéjSe�zSi�b�b�e�f�kSb�b�{ui��
pue�f�t�dután+iPh!e�pue�n �f�t�w�kSe�l�jut�mriPdks3fì���	ñ��R�
S �rkdg&n�n+iPh!e�pue�nT��t�kSn+iPddSe÷,n+iPh!e	pue�n�jut�wPpui�{uiPdks�jSiPqriPdutôf����
���0fôéjSi�p�
éSe�{ue	ãriPdkk��xh!erb�{S�1xut�ëdg&i\f!e�w	n#�1mriPdksõéjkdut�p{uiPãát�h(��{Jt�b�bP��f�kdSiPjSe�f!bP�k�v
éjSe�zSi�b�b�e�fS�

ï pJt�ddSe�ëåjut�l�e�h!i0bPh!e	v1t�bPh�kxSi�bP�t�s3e�bPdSe�f�dut�s3e�l�jut�h�dut�sõw�t�pJt	xut���w�t�pJt	xutDéSe��
b�h�jue�i�dSksrbPh!e�v�t�bPh�kxSi�bP�1e�¡	ecpSkuy�y�iPjSiPdzkut�{S|�dSe�¡	ec�1jut�f�dSiPdksDéSiPjf!e�¡	ecéSe�j1s1pS��t
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Û ñ Ý � �*�SÞ0l�jut�iPf�t��Sßà� Þá�S�%{uiP��l�iPj¡	iPdSe�f

h�kéut\Þ\h!e\éSe\w�t�pJt�ddg�næbPf!e�ëSbPh�f�t�n�pSf�kãDiPdks%��jSiPqát�iPh!b�sán+iPh!e	pue�n��f�t�w�kSe�l�jut��
mriPdks%� ï h!iPjSn#kdut�v(�1e�Q	y�y0kzSkSiPdh!e�f�éSe�{S�1xSiPdg dSi�e�l	v�e	pSkSn#g�i�kápue�bPh�t�h!e�xdg�i
�!b�{ue�f�ksîbP�1mri�bPh�f!e�f�t�dksîw�t�pJt�ddSe�¡	eõkdh!iP¡�jut�{S|�dSe�¡	e3n#dSe�¡	e�e�l�jut�w�ksî�3éSe�bPh�jSe��
iPddSe�¡	e(n#dSe�ãDi�bPh�f�t(bPh!e	v1t�bPh�kxSi�bP�k�våpSkSy�y�iPjSiPdzkut�{S|�dg,vå�1jut�f�dSiPdkë��
�0{SsäjSiPqriPdksäéSe�bPh�t�f�{uiPddSe�ë w�t�pJt	xk kSbPéSe�{S|�w��!iPh!b�s n+iPh!e�pâ�f�t�w�kSe�l�jut�mri��

dksUT#� Ý �ußì��v1t�j�{Ssn+e�f�tå� �	�L�f(e�bPdSe�f!i0��e�h!e�jSe�¡	er{uiPãákh
V�]�WXW -�$ 3�Y ø�û�ø�� ��Z úSø�ù��\[�û�ù
�^]êÿ,�`_8�Pú�����Sú��`�SúSø��ìù��Sù��8�a	�!

Hv = g, H = (hµk), v = (vk), g = (gµ), µ = 1, m; k = 1, n, m ≤ n, (4)

b ���c	0ü��cÿ��dSü H
�e	f���g� ÿ�ü�ú bih ÿ�ü�û�ú!"� m,

ø Z ÿ,�`���a�1ý��`�rù�ýîû�!®ÿ�ü����Pú���a	

v = svτ + vν . (5)

j����Pù�[
s k Z ÿSø��M��û�ø^�[!úSü	ýîù��!ü
�1ý�ÿuúSü	ýæû��a���e�SúSü h

vτ = [HC] = [h1 . . . hmcm+1 . . . cn−1] =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

e1 lmlml en

h11 lmlml h1n

l
lml lmlml lmlml
hm1 lmlml hmn

cm+1,1 lmlml cm+1,n

l
lml lmlml lmlml
cn−1,1 lmlml cn−1,n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

�Pù��\[3û��`���rø�ÿSúSø�� Z ÿuø��M��û��`���Pú���Dû��`���rø�ÿuø�û hµ = (hµk)
� Z ÿuø��M��û�ø^�[!ú!=]æû��`��n�rø�ÿuø�û

cρ = (cρk)
h ρ = m + 1, n − 1 o ek k �`���Sú��1ú!p�cø�ÿ��\! Z ÿuø�ù��cÿ�ü�úSù��áû�ü

Rn h vτ = (vτ
k) hqb ���

vτ
k =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

r lmlml s lmlml r
h11 lmlml h1k lmlml h1n

lml
l lmlml lmlml lmlml l
lml
hm1 lmlml hmk lmlml hmn

cm+1,1 lmlml cm+1,n lmlml cm+1,n

lml
l lmlml lmlml lmlml l
lml
cn−1,1 lmlml cn−1,k lmlml cn−1,n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, vν = H+g,
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acl(e�bPdSe�f�dSe�ëíe�l�jut�h�dSe�ë3w�t�pJt	xSi\pSkSy�y�iPjSiPdzkut�{S|�dg,v3bPkSbPh!i�n ����� Û �

H+ = HT (HHT )−1, HT k 	0ü��cÿ��dSüt�cÿ�ü�úSù Z ø�ú��ÿuø�û�ü�úSúSü	ýu� H.
�0{SsrjSiPqriPdksréSe�bPh�t�f�{uiPddSe�ë(w�t�pJt	xk(éSe�bPh�jSe�iPdks(n#dSe	ãri�bPh�f�t0bPkSbPh!i�n��1jut�f��

dSiPdkëêf�k�pJtê�9ñ!�#éSe�w�t�pJt�ddSe�n#�(kdh!iP¡�jut�{S|�dSe�n+�ên#dSe�¡	e�e�l�jut�w�k�������+éSe0éjut�f�k�{S�
Þch!e�pSkSy�y�iPjSiPdzkjSe�f�t�dSks�b�{ue	ãádSe�ëåy0�1d�zkkêfrb�{S�1xut�i&éjSe�zSi�b�b	t6b&dSiPw�t�f�kSbPk��
n#g�n#k�éjkjut�mriPdksn#kõ�������	b���ñ Ü ����f�gTxkSb�{SkSn3pSkSy�y�iPjSiPdzkut�{6f!iP�h!e�j��Ly0�1d�zkk
λ = λ(y, z, t) :

λ̇ =
∂λ

∂t
+

∂λ

∂y
f1 +

∂λ

∂z
f2 + S1 + S2 + S3 +

∂λ

∂ż
σξ̇, (6)

¡�pui
S1 =

1

2

∂2λ

∂z∂z
: σσT , S2 =

∫

{λ(y, z + σc(x), t) − λ(y, z, t) +
∂λ

∂z
σc(x)}dx,

S3 =
∫

[λ(y, z + σc(x), t) − λ(y, z, t)]P 0(t, dx),
táéue�p ∂2λ

∂z∂z
: D,

b�{ui�pS�!sà�������L�
éSe�dkSn�t�iPh!b�srf!iP�h!e�j���QP{ui�n+iPdh�t�n#ká��e�h!e�jSe�¡	e\b�{S�1ãát�h0b�{ui�pSgäéjSe�kw�f!i�puiPdkëên�t�h��
jkz�f�h!e�jg,v�éjSe�kw�f!e	pSdg,vôb�e�e�h�f!iPh!bPh�f��1�cmDk�v&QP{ui�n+iPdh!e�f

λµ(y, z, t)
f!iP�h!e�jut

λ(y, z, t)
éSer��e�n#éSe�dSiPdh�t�n

z
dután�t�h�jkz�

D :

∂2λ

∂z∂z
: D =













tr
( ∂2λ1

∂z∂z
D

)

���

tr
(∂2λm

∂z∂z
D

)













.

ï f!i�pui�n pJt�{ui�i éjSe�kw�f!e�{S|�dg�i h�kéutwvá� H � �+j�1¡�kdut �����
m
�Ln+iPjd�1� f!iP�h!e�j��

y0�1d�zk�
A
k

(m× k)
�Ln�t�h�jkz�

B,
e�l�{Jt�pJt��cmDkSi�bPf!e�ëSbPh�f!e�n

A(0, y, z, t) ≡
0
�

B(0, y, z, t) ≡ 0,

λ̇ = A(λ, y, z, t) + B(λ, y, z, t)ξ̇. (7)

ó�jut�f�dkf�t�så�1jut�f�dui�dSksô�Px!��kà�/������éjSk�v�e	pSkSn?�3b�e�e�h�dSe�qriPdksn










∂λ

∂t
+

∂λ

∂y
f1 +

∂λ

∂z
f2 + S1 + S2 + S3 = A,

∂λ

∂z
σ = B.

(8)

��b�{Skîf�f!i�bPh�k�f!iP�h!e�j
x = (yT , zT )T

k�e�l�e�w�dut�xkh�|3xSiPjSiPw (

∂λ

∂x

)

f
f�gTjut��

ãDiPdkSi
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Û S Ý � �*�SÞ0l�jut�iPf�t��Sßà� Þá�S�%{uiP��l�iPj¡	iPdSe�f

(

∂λ

∂x

)

f =

(

∂λ

∂y

)

f1 +

(

∂λ

∂z

)

f2,
h!e\b�e�e�h�dSe�qriPdksì�9ö!�Xn+e	ãádSe0éSiPjSiPékSb	t�h�|

fáf�k�pui


















(

∂λ

∂x

)

f = A −
∂λ

∂t
− S1 − S2 − S3,

(

∂λ

∂z

)

σ = B.

(9)

Þ\wòb�e�e�h�dSe�qriPdkë}� Û �âéSe y�e�jSn#��{ui �Py!� {ui�n+n#g � e�éjSi�pui�{SkSn f!iP�h!e�j��
y0�1d�zk�

f
kìn�t�h�jkz�

σ
fáf�k�pJi

f = s1

[(

∂λ

∂x

)

C

]

+

((

∂λ

∂x

))+

(A −
∂λ

∂t
− S1 − S2 − S3), (10)

σi = s2

[(

∂λ

∂z

)

C

]

+

((

∂λ

∂z

))+

Bi, (11)

[

∂λ

∂x
C

]

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

e1 · · · en

∂λ1

∂x1

· · ·
∂λ1

∂xn

· · · · · · · · ·

∂λm

∂x1

· · ·
∂λm

∂xn

· · · · · · · · ·

cm+1,1 · · · cm+1,n

cn−1,1 · · · cn−1,n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

¡�pui
σi = (σ1i, σ2i, ..., σni)

T J i
�/gTëìbPh!e�{ul�iPzìn�t�h�jkzSg

σ = (σνj) (ν = 1, n
�

j = 1, k)
�

Bi = (B1i, B2i, ..., Bmi)
T J i

�/gTëôbPh!e�{ul�iPzàn�t�h�jkzg
B = (Bµl)

(µ = 1, m, l = 1, k).ó�{ui�pue�f�t�h!i�{S|�dSeS�ubPéjut�f!i�p{Skf�t

z6] '=> ]�W -{$ 34| �1ý{�rø b ø h �e�rø�þ�!}����~2~p��ÿ,�Púd�Sü
�[!úSø�� � ÿ�ü�û�ú��Pú�����\� Z ü��f�rø����� �e	f�a�Søt��ü���ü�úSúSø��8�Sú�(� b ÿ�ü
�[!úSø��f	0úSø b ø�ø�þ�ÿ1üm����� � s � h ú��Pø�þ
]ø����e	0ø�����ø�ù��rü�n�rø��1úSø h �e�rø�þ�!�û��`���rø�ÿ�n�~ � ú��d�1ý f
��	\üK�cÿ��dSü

σ � ÿ�ü�û�ú��Pú�1ý ����� �e	f�a��îùPø�nø��áû��`�rù��áû��PúSúSøáû��� � s r � � � s�s � l
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acl(e�bPdSe�f�dSe�ëíe�l�jut�h�dSe�ë3w�t�pJt	xSi\pSkSy�y�iPjSiPdzkut�{S|�dg,v3bPkSbPh!i�n ����� Û y

�#� . -?�":G> _=��F _X] � `X_X]�FX_=��F )�GC=12- F ' 7,9î]F /�- ^ -21 ` � bPh!e�v�t�bPh�kxSi��
b��t�såw�t�pJt�xut(�#jS�1¡PkSdutrdutDé�{ue�bP��e�bPh�kíb\f�gTjSe�ãrpJt��cmriPëSb�såpSkSy�y0�1w�kSiPëJ�

H �!bPh�|
ϕ ∈ R1

kåkdh!iP¡�jut�{S|�dut�s3�jkf�t�såw�t�pJt�dutrfáf�k�pui

Λ(t) : η(x1, x2, t) = 0,
¡�pui

η ∈ R1, (12)

éSer��e�h!e�jSe�ë3h�jSi�l���iPh!b�såéSe�bPh�jSe�kh�|�bPkSbPh!i�n#�õ�1jut�f�dSiPdkëìf�k�pJt

{

ẋ1 = g1(x1, x2, t),

ẋ2 = g2(x1, x2, t) + γ(x1, x2, t)ξ̇,
(13)

¡�pui
ξ = ξ(t, ω) J bP�t�{Ss�jdgTë3éjSe�zSi�b�b6b\dSiPw�t�f�kSbPkSn#g�n+kìéjkjut�mriPdksn#kà�������L�I%t�pJt�xut w�t���{S�cxut�iPh!b�s f e�éjSi�pui�{uiPdkk bP�t�{Ss�jdg,v y0�1d�zkë

g1(x1, x2, t), g2(x1, x2, t)
k

γ(x1, x2, t)
éSeðw�t�pJt�ddSe�ë bP��t�{Ss�jdSe�ë y0�1d���

zkk
η = η(x1, x2, t)

h�t����(xh!e�l�g n#dSe�ãDi�bPh�f!eç���	ñ!�?l�g,{ue kdh!iP¡�jut�{S|�dg�n
n#dSe�¡	e�e�l�jut�w�kSi�n �1jut�f�dSiPdksà���
�!���
��kSy�y�iPjSiPdzkj��såb�{ue�ãád�1� y0�1d�zk�

η = η(x1, x2, t)
éSeáéjut�f�k�{S�åbPh!e�v�t��

b�h�kSxSi�b���e�¡	e�pSkSy�y�iPjSiPdzkjSe�f�t�dksêÞch!eê�������L��f6b�{S�1xut�iTéjSe�zSi�b�b	t�bTdSiPw�t�f�kSbPkSn#g,�
n#kåéjkjut�mriPdksn#kìkSn+i�i�n

η̇ =
∂η

∂t
+

∂η

∂x1

g1 +
∂η

∂x2

g2 +
1

2

∂2η

∂x2
2

γ2 +
∂η

∂x2

γξ̇ +

∫

{η(x1, x2 + γc(α), t)−

−η(x1, x2, t) +
∂γ

∂x2

γc(α)}dα +

∫

[η(x1, x2 + γc(α), t) − η(x1, x2, t)]P
0(t, dα).

(14)�Dt�{ui�i���b�{ui�pS��s n+iPh!e	pS� �+j�1¡�kdut �����L�Tf�f!i�pui�n b��t�{Ss�jdg�iæy0�1d�Szkk
a =

a(η, x1, x2, t)
k

b = b(η, x1, x2, t)
h�t��kSi���xh!e

a(0, x1, x2, t) ≡ b(0, x1, x2, t) ≡ 0kåkSn+i�iPhên+i�bPh!eájut�f!iPdSbPh�f!e

η = a + bξ̇. (15)

Þ\wê��� S �*kô���
y!�,b�{ui�pS�1�chêb�e�e�h�dSe�qriPdks
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Û x Ý � �*�SÞ0l�jut�iPf�t��Sßà� Þá�S�%{uiP��l�iPj¡	iPdSe�f



































∂η

∂t
+

∂η

∂x1

g1 +
∂η

∂x2

g2 +
1

2

∂2η

∂x2
2

γ2 +

∫

{η(x1, x2 + γc(α), t) − η(x1, x2, t)+

+
∂γ

∂x2

γc(α)}dα +

∫

[η(x1, x2 + γc(α), t) − η(x1, x2, t)]P
0(t, dα) = a,

∂η

∂x2

γ = b.

(16)ï f!i�pui�n b�{ui�pS�1�cmDkSi�e�l�e�w�dut�xSiPdks%÷

D =

(

∂η

∂x

)T

=

(

∂η

∂x1

,
∂η

∂x2

)

, g =

(

g1

g2

)

.

��e�¡�pJt

Df =

(

∂η

∂x

)T

g =
∂η

∂x1

g1 +
∂η

∂x2

g2

k3bPkSbPh!i�n#�æ���
x!�,n+e�ãádSeáéjSi�pubPh�t�f�kh�|�fáf�k�pui


































Df = a −
∂η

∂t
−

1

2

∂2η

∂x2
2

γ2 −

∫

{η(x1, x2 + γc(α), t) − η(x1, x2, t)+

+
∂γ

∂x2

γc(α)}dα −

∫

[η(x1, x2 + γc(α), t) − η(x1, x2, t)]P
0(t, dα),

∂η

∂x2

γ = b.

(17)

Þ\wê�������*f(éjSi�pSéSe�{ue	ãriPdkk��uxh!e ∂η

∂x2

6= 0,
kådutáe�bPdSe�f!i�y�e�jSn#��{Sg��Py!��kSn+i�i�n







































g = s1 [DC] + D+

(

a −
∂η

∂t
−

1

2

∂2η

∂x2
2

γ2 −

∫

{η(x1, x2 + γc(α), t) − η(x1, x2, t)+

+
∂γ

∂x2

γc(α)}dα −

∫

[η(x1, x2 + γc(α), t) − η(x1, x2, t)]Ṗ
0(t, dα)

)

,

γ =

(

∂η

∂x2

)

−1

b.
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acl(e�bPdSe�f�dSe�ëíe�l�jut�h�dSe�ë3w�t�pJt	xSi\pSkSy�y�iPjSiPdzkut�{S|�dg,v3bPkSbPh!i�n ����� Û �

H er{ui�n+n+i(�

[DC] =

∣

∣

∣

∣

∣

∣

∣

e1 e2

∂η

∂x1

∂η

∂x2

∣

∣

∣

∣

∣

∣

∣

=
∂η

∂x2

~e1 −
∂η

∂x1

~e2,

D+ =









∂η

∂x1

∂η

∂x2















(

∂η

∂x1

,
∂η

∂x2

)







∂η

∂x1
∂η

∂x2













−1

=

=







∂η

∂x1
∂η

∂x2







[

(

∂η

∂x1

)2

+

(

∂η

∂x2

)2
]

−1

.

a�h!bP�TpJtáb�{ui�pS��iPh























































































g1 = s1

∂η

∂x2

+
∂η

∂x1

[

(

∂η

∂x1

)2

+

(

∂η

∂x2

)2
]

−1
(

a −
∂η

∂t
−

1

2

∂2η

∂x2
2

γ2−

−

∫

{η(x1, x2 + γc(α), t) − η(x1, x2, t) +
∂γ

∂x2

γc(α)}dα−

−

∫

[η(x1, x2 + γc(α), t) − η(x1, x2, t)]P
0(t, dα)

)

,

g2 = s1

(

−
∂η

∂x2

)

+
∂η

∂x1

[

(

∂η

∂x1

)2

+

(

∂η

∂x2

)2
]

−1

,

γ =

(

∂η

∂x2

)

−1

b.

(18)

ó*e�e�h�dSe�qriPdksð���	ö!�íéjSi�pubPh�t�f�{Ss��ch b�e�l�e�ë jSiPqriPdkSi bPh!e	v1t�bPh�kxSi�bP��e�ë w�t�pJt�xk
�#jS�1¡PkSdut6b&f�gTjSe	ãrpJt��cmriPëSb�sêpSkSy�y0�1w�kSiPë��!w�t�pJt	xk�éSe�bPh�jSe�iPdksån#dSe	ãri�bPh�f�tDbPk��
b�h!i�ní�1jut�f�dSiPdkërf�kpJtD���
�!��éSe&w�t�pJt�ddSe�n#�Dkdh!iP¡�jut�{S|�dSe�n#�rn#dSe�¡	e�e�l�jut�w�k� ���	ñ!���

�Xt��kSn e�l�jut�w	e�nT�,fäe�bPdSe�f�dSe�ë e�l�jut�h�dSe�ë w�t�pJt	xSiìpSkdut�n#k�k éjk dut�{Skxkk
b�{u�1xut�ëdg,v f!e�w	n#�1mriPdkë kwô��{Jt�b�b	t éjSe�zSi�b�b�e�f bædSiPw�t�f�kSbPkSn#g�n#k éjkjut�mri��
dksn#k?f�e�l�mri�n k bP�t�{Ss�jdSe�n dSi�{SkdSiPëdg,v b�{S�1xut�s1vàéSe�bPh�jSe�iPdgðn#due	ãri�bPh�f�t
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Û ö Ý � �*�SÞ0l�jut�iPf�t��Sßà� Þá�S�%{uiP��l�iPj¡	iPdSe�f

bPh!e�v�t�bPh�kxSi�bP�k�vêpSkSy�y�iPjSiPdzkut�{S|�dg,vê�1jut�f�dSiPdkëõÞ\h!e6éSiPjf!e�¡	e6éSe�j1s1pS�t6b�f�g,�
jSe	ãrpJt��cmriPëSb�s éSeæxut�bPh�kâéSiPjSi�n+iPddg,v pSkSy�y0�1w�kSiPë���e�l�{Jt�pJt��cmDk�v w�t�pJt�ddg�n
kdh!iP¡�jut�{S|�dg�nân#dSe�¡	e�e�l�jut�w�kui�nT�

V�` + ] >E-?+,C=>e-

�0�+j�1¡�kd�vá� H � H e�bPh�jSe�iPdkSi�f!b�iP¡	eîn#dSe	ãri�bPh�f�tíbPkSbPh!i�n pSkSy�y�iPjSiPdzkut�{S|��
dg,v �1jut�f�dSiPdkë��ckSn+iP�cmDk�v w�t�pJt�dd�1��kdh!iP¡�jut�{S|�d�1���jkf��1���K� H ßíßà� J� Û y�ñ�� J �*�%� Ü �f�gTé����
x�� J óc�xKy Û ��x!� Ü �ñ Ý t�{Sk��{{SkSd��D� óc���6ßì��v1t�n+iPh�w�s�dSe�f Þá� �D���6ßì��v1t�j{Ssn+e�f�TX� Ý ���8�6�1jut�b�e�f
ï � �ê� H e�bPh�jSe�iPdkSiDbPkSbPh!i�n?éjSe�¡�jut�n+n#dSe�¡	e(pSf�kãDiPdks%� J ßà���%� Û �1��� J �Ky�ñrb��� Ý t�{Sk��{{SkSd��D� óc� H e�bPh�jSe�iPdkSiáéSe�{Ss�bPk�{�éSe�w�t�pJt�ddSe�n#��b�i�n+iPëSbPh�f��íh�jut��
iP�h!e�jkë��K�å��kSy�y�iPjSiPdzkut�{S|�dg�iõ�1jut�f�dSiPdks%� J � Û ö���� J �*�=�6�������2� ö�� J óc�� S ö!�	��� S ö Û �

S Ý t�{Sk��{{SkSd��D� óc��acl6e�éjSi�pui�{uiPdkk�bPk�{ue�f!e�ë�y0�1d�zkSkáéSe0w�t�pJt�ddSe�n#�ákd��
h!iP¡�jut�{S���1jut�f�dSiPdkëåpSf�kãriPdksu�K�0��kSy�y6i�jui�dSzkut�{S|�dg�i0�1jut�f�dSiPdks%� J � Û ö�ñ�� J�����6�����i������y�� J óc�u� SKS ��� S ö��y Ý t�{Sk��{{SkSd��D� óc��ßíiPh!e�pSgòjSiPqriPdksæe�l�jut�h�dg,v�w�t�pJt	x�pSkdut�n#k�k�� J ßà���� Û öKx�� J ñ�ñ S b��x Ý t�{Sk��{{SkSd��D� óc���!ßì��v�t�n+iPh�w�s�dSe�fDÞá� �D���!ßì��v�t�j�{Ssn+e�f�T#� Ý ��acl�w	e�j�kSb�b�{ui��
pue�f�t�dkëàéSeít�dut�{Skh�kxSi�bP��e�n#�æéSe�bPh�jSe�iPdk��bPkSbPh!i�n éjSe�¡�jut�n+n#dSe�¡	eìpSf�kãDiPdks
�K� ï i�bPh�dk�UT+����vá�ó*iPj���éjSk��{��1n�t�h!i�n�t�h�k�t6k�kdSy�e�jSn�t�h�k��t�� J � Û�Û S � J � ���
J óc��y���ñ�����Dßì��v1t�n+iPh�w�s�dSe�f�Þá� �D����ßì��v1t�j�{us�n+e�ffTX� Ý ���cjut�f�dSiPdkSsDéjSe�¡�jut�n+n#dg,vrpSf�k��
ãDiPdkë�� J ßà����� Û öKx�� J ö�öáb��ör�%{uiP��l�iPj¡	iPdSe�fêßà� Þá�aclre�l�jut�h�dSe�ëåw�t�pJt�xSicpSkdut�n#k�kåéjkõdut�{Skxkkåb�{S���
xut�ëdg,võf!e�w	n#�1mriPdkë��K�DÞ\w�f!i�bPh�ks3ßuvc�R�cv;Tp�á�Jó*iPjks3y0kw!� �Ln�t�h�� J ��{un�t�h�g��� Û�Û ö�� J �����uóc��yKy���x����Û �%{uiP��l�iPj¡	iPdSe�fõßà� Þá�Jacl(e�l�jut�h�dSe�ëíw�t�pJt�xSi�f!e�b�bPh�t�dSe�f�{uiPdksíbPh!e	v1t�bPh�kxSi��
bP�k�v\pSkSy�y�iPjSiPdzkut�{S|�dg,v6bPkSbPh!i�n��K�*��kSy�y�iPjSiPdzkut�{S|�dg�i��1jut�f�dSiPdks%� J ñ Ü�Ü ���
J �*��!�1�M��y�� J óc�J�1� S ���1�
x��� Ü �%{uiP��l�iPj¡	iPdSe�fîßä� Þá�#aclìe�l�jut�h�dSe�ëäbPh!e�v�t�bPh�kxSi�bP�1e�ëäw�t�pJt�xSi(w�t�n#gT�t�dks
�K���6e���{Jt�pSg ßuvc�R�cv;Tp�á� J ��{un�t�h�g���� Û�Û�Û � J ����� J óc�yK����x Ü ���� H �1¡Pt	xSiPf ï � óc���\ó�kdSkzgTd Þá� vá�0ó�h!e�v�t�bPh�kxSi�bP�kSiôpSkSy�y�iPjSiPdzkut�{S|�dg�i
bPkSbPh!i�n#g����&dut�{Skw0kìy0k�{S|�h�jut�zks%� J ßà���%� Û�Û�Ü � J xK��ñáb��
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acl(e�bPdSe�f�dSe�ëíe�l�jut�h�dSe�ë3w�t�pJt	xSi\pSkSy�y�iPjSiPdzkut�{S|�dg,v3bPkSbPh!i�n ����� Û�Û

�	ñáÞ0l�jut�iPf�t Ý � �������%{uiP��l�iPj¡	iPdSe�fDßà� Þá�1acl�e�bPdSe�f�dSe�ë�e�l�jut�h�dSe�ëêw�t�pJt�xSiTpSkSy\�
y�iPjSiPdzkut�{S|�dg,väbPkSbPh!i�n b�f�gTjSe	ãrpJt��\mDiPëSb�säéSeìxut�bPh�k?éSiPjSi�n+iPddg,vôpukSy�y0���
wPkui�ë��K�íßît�h!i�n�t�h�kxSi�bP�kë ãá�1jdut�{�� J ��{un�t�h�g���ñ Ü�Ü S � J �*� S �*� S ��� S ��� J óc�öKx�� Û ñ��

�
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åpæ�ç�è = é µ −
∂ ê
∂t

,
K«¼�Q

åpæ�ç�ë = é ε +
∂ ì
∂t

,
K�¿�Q

í�î�ï ì = ρ,
K Ä Q

í�î�ï ê = 0,
K Æ Q
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{ è = è (x) exp(−iωt),ë = ë (x) exp(−iωt),

K È Q
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é (x) exp(−iωt)

msG,4��
ω ð /�������������9C�&.���>��&('(^;m è (x), ë (x) ð 9C� "#@�.7�U9��UZ
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∂t
→− iω

�\K«¼�Q ð K Æ Q#'?@!� �U.��Ô����9(���&����('(�S��
exp(−iωt)

K«¼�Q ð K�¿�Q@(�('!� >��!�����&*+�\�U.��U4!BC*+�i'(^J� '�4nä
{ åpæ�ç�è = é µ + iω ê ,åpæ�ç�ë = é ε − iω ì .
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ì = ε̂ε0
è , ê = µ̂µ0

ë .
K Ñ Q

�ô��4!!� � ��(0IH$9(�('!������.(.7��H-��4!��j'(%LGp.7�&� (0IH-� ����^$����(%������j4!' 8 .���9(� �('�Z/!����9C��^Õ@(�!��('(E�����"3� ��� '
ε̂

����� @���47�����w�L� ��d *õ��'!"3"3��� �('('a9(�('!������.(.7� ð ��@�Z
� '(/!����9C��^Õ� ��d *�öÔ��&@(���&��.���('(�w4��(BCG�'�HDG,.7�&� (0IH$� ����^h@(�!��'(%����&.!d (0 ¾ ¼ Ä À�:A�
47�&(!��^s%���47��/!� 8 .���"3��(� 0 ε̂, µ̂

� 01>�'(���&*+���,�r�T� '�4��?4!'��&G������.!d !��^�"F�&� �('(E(0Xä
ε11 = ε22 = ε, ε33 = εz, µ11 = µ22 = µ, µ33 = µz.

» ��dÍ9(�('!������.(.7�S��&@(���&��.��UZ
��i��4��&.!dÍ� ��'

z
:

÷`ø?ù7Ù®ù7úkû!Ý®Ý®üiûþý!û!ÿkû!Ý®ã��õÚ�ã®Ú7ÛVû��+ü��®ý)Ü®Þ7Ý®û!Ý#ã��	�cÜ®ßVÚ�Þ�û�
�
3ÜñÞ
� ý!Ù®Ú7ÛVý)Ü®Ý#Ú7ÛVÞ�ûsã®à�Ù®ù7ý)Ü�2û!Ý®ã��

W=.!�i�!��6���('(��@!� �����&��.���(!��^S%���47��/('?'!��@!�&.!d %�B���"r"3������4Í� > � >�����(!��G��=@(�)�CZ
"3��G��i'Ï� >����&� !��G���@(�!��� >����&%����)�&('(^kx�BC�(d�� :COo������4ox�BC�(d��Ô����.!�(�����,�Ï��4!('!"c'(%
��&'!> �&.����=������@(�!� ��� ���&!��((0lHJ"3������4����S�!��6���('(�ÏBC���&� !��('(^J�A/������ (01"#'J@(�!�&Z
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˜è ( � ) = � [ è ( � )] =

∫

�
3

è ( � ) exp(−i( ����� ))dV,
K�Ò�Q

è ( � ) = � −1[ ˜è ( � )] =

∫

�
3

˜è ( � ) exp(−i( ����� )) d3k

(2π)3
,

K Ó Q

Gp4��

� = (kx, ky, kz), d3k = dkxdkydkz, dV = dxdydz, � = (x, y, z), t→ω.

É @!� "3���id *g@(�C�("3��G��X@(�!��� >����&%����)�&('(�[x�BC�(d��iK�Ò�Q#��'!������"F�ÍK Ë Q#@(�('(����4!'(���,�
9[� '�4!B ¾ Ñ À�ä

˜� ˜� = ˜� ,
K«¼�½�Q

Gp4��
�

=

(

iε0ε̂ω � ˜�
0

˜�
0 −iµ0µ̂ω �

)

, ˜�
0 =





0 −ikz iky

ikz 0 −ikx

−iky ikx 0



 ,

˜� =

(

˜è
˜ë

)

, ˜è =





Ẽx

Ẽy

Ẽz



 , ˜ë =





H̃x

H̃y

H̃z



 , ˜� =

( ˜é ε

˜é µ

)

,

˜é ε
=





j̃ε
x

j̃ε
y

j̃ε
z



 , ˜é µ
=





j̃µ
x

j̃µ
y

j̃µ
z



 , ε̂ =





ε 0 0
0 ε 0
0 0 ε1



 , µ̂ =





µ 0 0
0 µ 0
0 0 µ1



 ,

ω = const
m � ð �U4!'(('(/(��&�["F�&� �('(E��

3×3
m
µ0

ð "F�&G�('(� ��&�Ï@!� ��������(��&�Vm
ε0

ð
8 .7�U9!� �('(/!����9��&�J@!� ��������(��&�V:

˜� ��@(�!�U4��U.!�(�����p�T�A@!� "3���id *-� >����&� !��^o"F�&� �('(E(0 ˜� −1 ä

˜� = ˜� −1˜� .
K«¼ ¼�Q

vA%�� >����&fi��('(�?9�� "#@!��!��(�=��&@(�C��fi��(!� ����' 8 .���9(� �('(/�����9���G��A@!�&.��i��&^�4���(0
�A@!� "3���id *ax�BC�(d��UZN� ���&!��YX���!"F�&(�

Ψ̃ε
1
, Ψ̃µ

1
, Ψ̃µ

2
, Ψ̃ε

2

ä

Ẽx =
i

εε0ω
(kx( � , ˜é ε

)Ψ̃ε
1 − k2

m(Ψ̃µ
1
j̃ε
x − kx( � , é̃ ε⊥)Ψ̃ε

2))+
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+i
µz

µ
kz(j̃

µ
y Ψ̃µ

1
+ kx(ky j̃

µ
x − kxj̃µ

y )Ψ̃ε
2) − ikyΨ̃

µ
1
j̃µ
z ,

K«¼�¿�Q

Ẽy =
i

εε0ω
(ky( � , ˜é ε

)Ψ̃ε
1 − k2

m(Ψ̃µ
1
j̃ε
y − ky( � , é̃ ε⊥)Ψ̃ε

2))−

−i
µz

µ
kz(j̃

µ
x Ψ̃µ

1
− ky(ky j̃

µ
x − kxj̃µ

y )Ψ̃ε
2) + ikxΨ̃µ

1
j̃µ
z ,

K«¼ Ä Q

Ẽz =
i

εε0ω
(kz( � , ˜é ε

) − k2

0 j̃
ε
z)Ψ̃

ε
1 + i(ky j̃

µ
x − kxj̃µ

y )Ψ̃ε
1.

K«¼ Æ Q
É � �����&��.!��*+�i'!�J����9(�������k��&@(�C��fi��(!� ��� 'e"F�&G�('(� !��G��r@!�&.!���R@(�!� ��� ���&�Z

��� ���='(%�� >����&fi��('(^nä

H̃x = i
εz

ε
kz(kx(ky j̃

ε
x − kxj̃ε

y)Ψ̃
µ
2

+ j̃ε
yΨ̃

ε
1)−

−ikyΨ̃
ε
1j̃

ε
z −

i

µµ0ω
(kx( � , ˜é µ

)Ψ̃µ
1
− k2

n(Ψ̃ε
1j̃

µ
x − kx( � , é̃ µ⊥Ψ̃µ

2
))),

K«¼ È Q

H̃y = i
εz

ε
kz(ky(ky j̃

ε
x − kxj̃ε

y)Ψ̃
µ
2
− j̃ε

xΨ̃ε
1)+

+ikxΨ̃ε
1j̃

ε
z −

i

µµ0ω
(ky( � , ˜é µ

)Ψ̃µ
1
− k2

n(Ψ̃ε
1j̃

µ
y − ky( � , é̃ µ⊥Ψ̃µ

2
))),

K«¼ Ë Q

H̃z = i(ky j̃
ε
x − kxj̃ε

y)Ψ̃
µ
1
−

i

µµ0ω
(kz( � , ˜é µ

) − k2

0 j̃
µ
z )Ψ̃µ

1
.

K«¼ Ñ Q
x�BC�(d��UZN� ���&!��YX���!"F�&(� 0w���&.!!��� 0lHJY=BC(9(E('(^['!"3��*+�S� '�4

Ψ̃ε
1 =

1

k2
n − k2

x − k2
y − k2

z
εz

ε

,
K«¼�Ò�Q

Ψ̃µ
1

=
1

k2
m − k2

x − k2
y − k2

z
µz

µ

,
K«¼ Ó Q

Ψ̃µ
2

= (
µzε

µεz
− 1)Ψ̃ε

1Ψ̃
µ
1
,

K�¿ ½�Q

Ψ̃ε
2 = (

µεz

µzε
− 1)Ψ̃ε

1Ψ̃
µ
1
,

K�¿�¼�Q
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Gp4��
k2

0 = ω2µεµ0ε0, k2

n = k2

0

εz

ε
, k2

m = k2

0

µz

µ
,

é̃ ε = é̃ ε‖ + é̃ ε⊥, é̃ ε‖ = (0, 0, j̃ε
z), é̃ ε⊥ = (j̃ε

x, j̃ε
y, 0),

é̃ µ = é̃ µ‖ + é̃ µ⊥, é̃ µ‖ = (0, 0, j̃µ
z ), é̃ µ⊥ = (j̃µ

x , j̃µ
y , 0).

�g@(�!� ��� ���&!��� ���i'(%�� >����&f���('(^o����9(�����!0h��&@(�)��f���(!� ��� ' 8 .���9(� �!� "F�&G�('(��Z!��G���@!�&.!�[�S��4!!� � ��!��^k�&('(%���� �!��@(!��^k���!�U4�� ä

˜è =
i

εε0ω
(k2

m(( � − � z)( � , é̃ ε⊥)Ψ̃ε
2 − (̃é ε⊥Ψ̃µ

1
)) + � ( � , é̃ ε)Ψ̃ε

1 − k2

0 (̃é ε‖Ψ̃ε
1))−

−i( � − � z)kz[ � , é̃ µ⊥Ψ̃ε
2]z + i � z[( � , é̃ µ⊥)(Ψ̃µ

1

µz

µ
− Ψ̃ε

1)]z − i[ � , é̃ µΨ̃µ
1
],

K�¿ ¿�Q

˜ë = −i( � − � z)kz[ � , é̃ ε⊥Ψ̃µ
2
]z + i � z[( � , é̃ ε⊥)(Ψ̃ε

1

εz

ε
− Ψ̃µ

1
)]z − i[ � , é̃ εΨ̃ε

1]−

−
i

µµ0ω
(k2

n( � − � z)( � , é̃ µ⊥)Ψ̃µ
2
− (̃é µ⊥Ψ̃ε

1)) + � ( � , é̃ µ)Ψ̃µ
1
− k2

0 (̃é µ‖ Ψ̃µ
1
)),

K�¿ Ä Q
Gp4��

� z = � zkz = � z( � z, � ),
� z

ð �U4!'(('(/((0l^T����9(�����;m!��&@(���&��.���((0l^T��4��&.�dÍ� ��'
z
:

���AÙ®Ú�Ú7Û!Ü®Ý®Ù#Þ�
Fû�Ý®ã®ûrÙ®ý!ã��)ã®Ý;Ü 
FÙ#Þsý!û!ÿkû!Ý®ã��!�®ý)Ü®Þ7Ý®û!Ý®ã"�#�sÜ®ß;Ú�Þ7û�
�$

®Ü

v=��@!�&.!d %�B �J������^!��� ���Í�������(� 9('T@(�!��� >����&%����)�&('(�kx�BC�(d��

� −1[ ˜� −1˜� ] =
� −1 ∗

�
,

K�¿ Æ Q
Gp4��

� −1 = � −1[ ˜� −1

],
�

= � −1[˜
�
],

K�¿ È Q
"3��f?!�=@!�&.�BC/('(� dX��� !� �Ô�&���.!'(� '(/!����9�� �1�!��6���('!�1BC���&� !��('(^ÍOk�&9������U.(.7�ÍK«¼ ¼�QUä

�
=
� −1 ∗

�
,

K�¿ Ë Q
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Gp4��o��'!"#���&.&%('�%w� > ��%����/��������������(� 9(B2@!�s9C� ���)4!'(��&����"
x, y, z

mF9����������&�24(.!�
�!��G�B�.!���((0IHJY=BC(9(E('(^[@(�!�U4������&��.!�(���)�p�J�S'((����G�����.!d !� "2� '�4�� ¾ ¼ Æ À�ä

(f ∗ g)( ) ) =

∫

R3

(g)( * )f( ),+-* )dy1dy2dy3,
K�¿ Ñ Q

Gp4�� * = (y1, y2, y3), ) = (x1, x2, x3).. �&@('!��0l�)�&�[� 0l���&fi��('!�ÍK�¿ Ë QÃ�����&%������((BC��� "�� '�4�� m�@!�&.!BC/('!"L��&@(�)��f���(!�&Z
��� ' 8 .7�U9!� �!� "F�&G�('(� !� G��S@!�&.!�[@!��9�� "#@!��!��(����"1ä

Ex = −
i

εε0ω
(

∂

∂x
(∇, (é ε∗Ψε

1)) + k2

m(Ψµ
1
∗jε

x +
∂

∂x
(∇, é ε

⊥∗Ψ
ε
2)))+

+
µz

µ

∂

∂z
(Ψµ

1
∗jµ

y −
∂

∂x
(
∂(jµ

x∗Ψε
2
)

∂y
−

∂(jµ
y ∗Ψε

2
)

∂x
)) −

∂(jµ
z ∗Ψ

µ
1
)

∂y
,

K�¿ Ò�Q

Ey = −
i

εε0ω
(

∂

∂y
(∇, é ε∗Ψε

1) + k2

m(Ψµ
1
∗jε

y +
∂

∂y
(∇, é ε

⊥∗Ψ
ε
2)))−

−
µz

µ

∂

∂z
(Ψµ

1
∗jµ

x +
∂

∂y
(
∂(jµ

x∗Ψε
2
)

∂y
−

∂(jµ
y ∗Ψε

2
)

∂x
)) +

∂(jµ
z ∗Ψ

µ
1
)

∂x
,

K�¿ Ó Q

Ez = −
i

εε0ω
(

∂

∂z
(∇, é ε∗Ψε

1) + k2

0(j
ε
z∗Ψ

ε
1)) +

∂(jµ
x∗Ψε

1
)

∂y
−

∂(jµ
y ∗Ψε

1
)

∂x
,

K Ä ½�Q

Hx =
εz

ε

∂

∂z
(Ψε

1∗j
ε
y −

∂

∂x
(
∂(jε

x∗Ψ
µ
2
)

∂y
−

∂(jε
y∗Ψ

µ
2
)

∂x
)) −

∂(jε
z∗Ψ

ε
1
)

∂y
+

+
i

µµ0ω
(

∂

∂x
(∇, é µ∗Ψµ

1
+ k2

n(Ψε
1∗j

µ
x +

∂

∂x
(∇, é µ

⊥∗Ψ
µ
2
))),

K Ä ¼�Q

Hy = −
εz

ε

∂

∂z
(Ψε

1∗j
ε
x −

∂

∂y
(
∂(jε

x∗Ψ
µ
2
)

∂y
−

∂(jε
y∗Ψ

µ
2
)

∂x
)) +

∂(jε
z∗Ψ

ε
1
)

∂x
+

+
i

µµ0ω
(

∂

∂y
(∇, é µ∗Ψµ

1
) + k2

n(Ψε
1∗j

µ
y +

∂

∂y
(∇, é µ

⊥∗Ψ
µ
2
))),

K Ä ¿�Q
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Hz = (
∂(jε

x∗Ψ
µ
1
)

∂y
−

∂(jε
y∗Ψ

µ
1
)

∂x
) +

i

µµ0ω
(

∂

∂z
(∇, é µ∗Ψµ

1
) + k2

0(j
µ
z ∗Ψ

µ
1
)).

K Ä Ä Q
. 4�����dS���&.!!��� 01�X@!������(E('���.!0D4(.!�[��4!!� � ��(0IHT�&('(%��&� �!��@((0lHT���!�U4

Ψµ
1
≡−

1

4π

√

µ

µz

exp(ikmr′′)

r′′
,

K Ä&Æ Q

Ψε
1≡−

1

4π

√

ε

εz

exp(iknr′)

r′
,

K Ä È Q

Ψµ
2
≡(

εµz

εzµ
− 1)Ψε

1 ∗ Ψµ
1
,

K Ä Ë Q

Ψε
2≡(

εzµ

εµz
− 1)Ψε

1 ∗ Ψµ
1

K Ä�Ñ Q
��@(�!�U4��U.!��*+���p�J/!���!��%X����4!'(B��UZN����9(�����(0

r′′
'

r′
ä

r′′ =

√

x2 + y2 +
µz

µ
z2, r′ =

√

x2 + y2 +
εz

ε
z2.

vA%SK�¿ Ò�Q ð K Ä Ä QI"3��f?!��@!�&.!BC/('!� d?����9(�����(0q��&@(�C��fi��(!� ��� ' 8 .���9(� �!� "F�&G�('(��Z!��G���@!�&.!�Vä

è = −
i

εε0ω
(∇(∇, é ε ∗ Ψε

1) + k2

m(Ψµ
1
∗ é ε⊥ + ∇⊥(∇, é ε

⊥ ∗ Ψε
2)) + k2

0(é ε‖ ∗ Ψε
1))+

+∇⊥
µz

µ

∂

∂z
( � z, [∇, é µ

⊥∗Ψ
ε
2])+ � z( � z, [∇, é µ

⊥∗(Ψ
µ
1

µz

µ
−Ψε

1)])−[∇, (é µ∗Ψµ
1
)],

K Ä Ò�Q

ë = ∇⊥
εz

ε

∂

∂z
( � z, [∇, é ε

⊥ ∗Ψε
2])+ � z( � z, [∇, é ε

⊥ ∗(Ψε
1

εz

ε
−Ψµ

1
)])− [∇, (é ε ∗Ψε

1)]+

+
i

µµ0ω
(∇(∇, é µ ∗ Ψµ

1
) + k2

n(Ψε
1 ∗ jµ

⊥ + ∇⊥(∇, é µ
⊥ ∗ Ψµ

2
)) + k2

0(é µ‖ ∗ Ψµ
1
)),

K Ä Ó Q
Gp4��

∇⊥ = ∇− � z
∂
∂z

:
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ÅF�U.!'e@(�('!"3��('(� d���� ��� ��������� � BC*+�i'(^e@(�!�U4��U.!d (0l^g@!���!�UHC��4
µ1→µ

'j����9�Z
�����(0 @�.���� !� ��� '�"F�&G�('(� !��G��o����9��J@(�('(���&� (��� dk9s(B�.!*�ä é µ = 0

m;���J'(%RK Ä Ò�Q
��&^�4���"g����9(�����k��&@(�C��fi��(!� ����' 8 .���9(� �('(/!����9���G��[@!�&.!�T4(.!�k��4!!� � ��(0IH 8 .���9�Z� �('(/!����9('�HT�&('(%���� �!��@((0lHJ���!�U4 ¾ Ò�À�ä

è = −
i

εε0ω
(∇(∇, é ε ∗ Ψε

1) + k2

0(Ψ0 ∗ é ε⊥ + ∇⊥(∇, é ε
⊥ ∗ Ψε

2) + é ε‖ ∗ Ψε
1)),

K Æ ½�Q
�����U.!'Ï�[K Ä Ó Q3@(�('!"3��('(� d?@(�!�U4��U.!d (0l^[@!���!�UHC��4

ε1→ε
'\� �&9(fi�+����9(�����(0q@�.�����Z

!� ��� 'c"F�&G�('(� !��G��T����9(�[@(�('(���&� (��� do9r(B�.!*�ä é µ = 0
mV���J'(% 8 ����G��T�!��6���('(�
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µ1/µ = 9, ϕ = π/2, r = 3.
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µ1/µ = 9, ϕ = π/2, r = 9.
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ei
¼
ii
·3àÞrEh2u;f6q*~3qEÄA�6�sh'��t�r*f�x	�vq*g;~�Á

�sh'�<Ä	h	�1h;�vh�h	i6u�g;ÀEf�l¶¼Ã�sqEk���f6gAr*k6q*gÖw*l#o6q'i6k6gAk�t6g8�bqErqEf6qE��wqEÄ�~3q�Æ¿k6q2rq'i6j*�sq2}
t6}Ao6q'i6j*Ä�qEw�h'k�t6g;~Ë�sq*~?o�j*y{rgAf�k6qE��}At6}Arg;~?lá}At6~?wq'i6j*k�lnm�w*l#��t6}�ivgAk�t��Ã·

â o6q*~3qEz|j*yß}At6}Arg;~?lßh'kvh	i6t�r*t��6g;}A�bq*u�q�w*l#��t6}�ivgAk�t���ãÎä*å%æ�ç�è)ä*åNéJê�ä¸��h'��r*tsÁ
�6g;}��6t�kvhE~?t�o6q'i6xb�vg�kvq¿o6q'i6k6q*g¶w*l#fvh'Æ|gAk�t6g�wqEÄ�~?xbz¿h'y{z�gA�2�Åxbk���´�t�tÃ¼s�sqErqEf6q*g
}Aq*}ArqEt�r�t�Ä¿ë*Ìº)}�i1h'uAhEg;~?lnm½·�Â¶hÖq*}Ak6qEwg|o6q'i6xb�6gAk�k6qE��wqEÄ�~?xbz¿h'y{z�gA�Î�Åxbk���´�t�t
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¹*¹�ì í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

w*o6gAf�w*l�gÈo6q'i6xb�6gAk�lð»;wq'i6y{´�tvqEk�k�l�g<xbfvh'w*k6gAk�t��"fvhE};};~-h'r*f�t�w�hEg;~3q*�ÔÄ	h	�1h;��t"¾
�sh'k6qEk�t��6g;}A��tvg�k6g�h'w*rqEk6q*~?k6l�g¿xbfvh'w*k6gAk�t���wgA�sqEw*lnmÎwqEÄ�~?xbz�g�k6t��Ã·½Ñ_xbrg;~D��t6}�Á
ivgAk�k6qEu�q�h'kvh	i6t�Ä	hÈxbfvh'w*k6gAk�t��ÒwgA�bqEw*lnmËwqEÄ;~?xbz�gAk�t��Òx�}ArEh'k6qEwEivgAk6q�¼Þ��rqÈt�ÄAÁ�Ä	h
t�Ä�~3gAk6gAk�t��¸~-hE};}{w�fvh'ÄAi6t���k�lnm8rg;~?ovh	m�k6gAt�Ä�~3gAk�k6q*}Ar*j¿osivq*}A�sq*}Ar*t¸µ�h'osi1hE}�h|kvh	Á
f�xb�¿hEgAr}��½¼3i6t�k�t�tËxbÄAivqEwDñ�rg�i1h<}�~-hE};};qE��ñ

µ1

k6g�};qEw*ovh	�1h'y{r�}�i6t�k�t6gA�ÒxbÄAivqEw
ñ�rg�i1h¿}Å~-hE};};qE��ñ

µ2

·
ò2ó)ô�õ1ö6÷�c�ô�^�øÃ÷pùE÷½a?÷Ãú�d
ò�ûN\8ü¸d�ùd�ú�`6õ½øÃ÷�ý"þ�ô�õ1ö6÷�c?ô�^�øÃ÷pþ�ÿ6ô����-`����
Ó?hE};};~3qEr*f�tv~��6w*t�Æ�gAk�t6gÅr*f6g�m�rg�i

T0, T1,
t
T2

¼bw*Ä	h't6~3qEu;fvh'wt�r*t�f�xby{z|tsm¸o6q
Ä	h'�bqEk�x¸Â_j*y{rqEkvh�wÖ}At6}Arg;~3gÅ�sq*qEf�6t�kvh'r	�{�sq*ÀEt�w)}�i6xb�vhEg*¼��sqEu��1h
¹�
¿~-hE};}AlIrg�iDt�Ä�~3gAk��sy{r}��Òt�Ä�qEr*f6qEo�k6q�¼GrE· gE·Þk6g�wqEÄ;k�t���h'y{r��vqEo6q'i6k�t�rg�i6j*k�l�g
f6g�h'��r*t�w*k�l�g�}Atsi6l¶¼�Ä	h'�sqEk�lØt�Ä�~3gAk6gAk�t��2~-hE};}Åt�Ä;wg;}Ar*k�lØt�Ä	h	�1h'k�l�
� 
3~-hE};}Al

m0, m1

o6gAf�w*lnmÖ�6w*x�m)rg�i�t�Ä�~3gAk��sy{r}��8w|q��6t�kvh'�bqEwq*~�rg;~?o6g*¼sh¶rg;~?o
t�Ä�~3gAk6gAk�t���~-hE};}Al

m2

r*f6gAr*jgAu�q)rg�i1h¿qEr�i6t��vhEgAr}��2qEr¿k�tsm��

m0 = m0(t), m1 = m1(t), m2 = m2(t),
ṁ0

m0

=
ṁ1

m1

,
ṁ1

m1

6= ṁ2

m2

; � ¹�


Ì�
¶��t6}�ivgAk�k�l�g�Ä;kvh��6gAk�t���~-hE};}�rg�i�w�m�q��vgÖ»;wq'i6y{´�t�tËq*}Ar*h'y{r}���}Afvh'w*k�t6~?lÕ~?t
~3gAÆ��6x¸};q*À*qE���
Ï�
Þ»Aivg;~3gAk�r*láqEf6ÀEt�r

ei, ii
�vq*}ArEh'rqE��k6qÖ~-h	i6l�g

(i = 1, 2).�Å};}�ivg��6xgAr}����6t�kvhE~?t��6g;}A�shE�¸»;wq'i6y{´�t���r*h'�bqE��u;fvh'w*t�r*t�f�xby{z�gA�2}At6}Arg;~?lØ}
o6gAf6g;~3gAk�k�l�~?t�~-hE};}�hE~?tÃ·

ò�ûXò���÷½ö½`���÷½ö½d�ú�`võ�øÃ÷�ý"þ�ô�õ1ö6÷�c�ô?^1ø�÷pùE÷½a?÷Ãú�d
Ñ_f�t¿x�}�ivqEw*t��bm�¹�Á�ÏÅwÅoÃ· � ·X¹nxbfvh'w*k6gAk�t����6w*t�Æ|gAk�t��¿rg�i)w¶}At6}Arg;~3g#�bq*qEf��6t�kvh'r

�{�bq*ÀEt � f�tv}E·�¹�
Þt6~3gAy{r)�si1hE};}At��6g;}A��t��2w*ts��Ê ë	Á��	Í��

µ1~̈r1 = grad~r1
U, µ2~̈r2 = grad~r2

U,

q;�6kvh'�sq�¼<ÄA�vg;}Aj
µ1 = µ1(t) =

m1m0

m0 +m1

6= const, µ2 = µ2(t) =

m2(m1 +m0)

m0 +m1 +m2

6= const. � kvh'�<ñ · ñ�q*À*qEÄ;kvh;�vhEgAr¿o6gAf�w*xbyÔo�f6qEt�Ä;wq;�vk�xbyÔo6q|w*f6g�Á
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³ kvh'f�xb��gAk�t�t2qEf�t6gAk�r*h'´�t�t2osivq*}A�sq*}Ar*t2µ¶h'o�i1hE}�h¸·X·X· ¹*¹�Ð

� ��§�����ª� %�"!$#R��§�w0¨`uSv% -ª	ª	{�&�����v0w'" 2ª	�	��|

~3g�k6tÃ·sï¶f�xbu;t6g¶q*À*qEÄAk1h;�6gAk�t���r*h'��Æ|g¶q*ÀEz�gAo�f�t�k��sr*l�gÖÊ ë'Í��

U = f

(

m0m1

r01
+
m0m2

r02
+
m1m2

r12

)

,

r201 = x2
1 + y2

1 + z2
1 = r21, r22 = x2

2 + y2
2 + z2

2 ,

r201 = (x2 + ν1x1)
2 + (y2 + ν1y1)

2 + (z2 + ν1z1)
2 ,

r202 = (x2 − ν0x1)
2 + (y2 − ν0y1)

2 + (z2 − ν0z1)
2 ,

ν1 = ν1(t) =
m1

m0 +m1

= const, ν0 = ν0(t) =
m0

m0 +m1

6= const.

�Å};}�ivg��6xg;~ËÄ	h	�1h;��x)(ÅqE�|t�w¿r*h'�bqE�2o6q*}ArEh'k6qEw*�sg*¼6t6}Ao6q'i6j*Ä;x*��rg;qEf�t�yÛwqEÄ�~?x�Á
z|gAk�t6��kvh¸Àh'Ä�g�h'o6gAf�t6q;�6t��6g;}A�sqEu�q2�6w*t�Æ�g�k6t��<o6q���w�h'Ä;t��sqEk�t��6g;}A�sq*~?x�};gA�6gAk�t�y
Ê ë'Í/·

*+��`�ö½ô1a,�Iÿ6`.-Î`6c�d�ý"dËö½ÿ0/sa-c�ô�õ�ö½d
*½ûN\21�`6ô�ÿ6d�ýp^1ô�ù3�4/�5Î`6c�d�6
ïÅi6�¶t6};}�ivg��vqEw�h'k�t���Ä	h	�1h���t�t6}Ao6q'i6j*Ä;x�g;~�~3gArq;�6l���h'k6qEk�t��6g;}A�bqE��rg;qEf�t�t|wqEÄAÁ

~?xbz|gAk�t6�Ã·1Ñ_f�tÎ»;rq*~pt6}Ao6q'i6j*Ä;xby{r}��Ît�ks�6t�w*ts�6x�h	i6j*k6q¸o6q;�vq*ÀEfvh'k�k�l�g¿t6}Lmbq;�6k�l�g
k6g;}�r*h'´�t6qEkvh'f�k6l�g-�6w*t�Æ�gAk�t��ÖÊ º�Í/· ³ k�t|qEo�t6}Al#w�h'y{r{};q*qEr*wgAr}Ar*w*xby{z|t6gnh'o6gAf�t6q��6tsÁ
�6g;}��6t6g��6w*t�Æ�gAk�t��8o6q¶��w�h'Ä;t��sqEk�t��6g;}A�sq*~3x8};gA�6gAk�t�y�·�àÞr*t8k6gAwqEÄ�~?xbz�gAk�k�l�g{�6w*tsÁ
Æ|gAk�t���qEo�t6}Al#w�h'y{r}���k6gAÄ	hE~?��k�xbr*l�~?tË��f�t�w*l�~?t�w*rqEfvqEu;qÎo6qEfb�b�6�shs¼?��rq�};q*qErEÁ
wg�r}Ar*w*x�gAr¶o�f�t�f6q��vg#k6g;}ArEh'´�t6qEkvh'f�k6lnm¿Ä	h	�1h��¿u;fvh'w*t�r*t�f�xby{z|tsm)}At6}Arg;~#·Ñ_f6q*À'ivg�Á
~-h¿Ä	h'�si6y{�vhEgAr}���w)w*l#f1h'Æ|gAk�t�tÎwqEÄ�~?xbz¿h'y{z�gA���Åxbk���´�t�t2�6gAf6gAÄ�qEf6ÀEt�rEh	i6j*k�l�g
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¹ � Ý í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

»Aivg;~3gAk�r*l¶·��_ÄAÁ�Ä	h¸»;rqEu�q�o�f�tsmbq;�6t6r}��<t6~3gAr*j2�vg�ivq�¼Ãw2q*ÀEz�g;~Ô}�i6xb�vhEg*¼�})��g;}Ar*tsÁ
~3gAf�k�l�~?t�À*g;}A�bqEk6gA��k�l�~3t�fb�b�1hE~?tÃ·?àÞr*h¸r*f�x	�6k6q*}Ar*j�w�kvhE}Arq	�sz�gA��fvhEÀ*qErgÖo�f6g�Á
q;�vq'ivgAw�hEgAr}��)o�f�t)o6q*~3qEz|tÖ}At6}Arg;~?lph'kvh	i6t�r*t��6g;}A��tsm)w*l#��t6}�ivgAk�t��2ãÎä*å%æ�ç�è)ä*åNéJê�ä
}nrqE��k6q*}Ar*j*yp�vqÅw*rqEf6qE�8}ArgAo6gAk�tÖ~-h	ivlnm¿wg�i6t���t�k

ei, ii
·enqEÄ;~?xbz¿h'y{z¿h'�)�Åxbk��sÁ

´�t���w*l#��t6}�i6��gAr}���kvh|�sq*~?o�j*y{rgAf6gÅw8h'kvh	i6t�r*t��6g;}A�sq*~Ò}At6~?wq'i6j*k6q*~Ëw*ts�vg*·
*½ûXò$7¿ÿ�÷�^1c�`6c�d�ý�^1`6øÃô�^1ô�8bô�^1ô�ù3�4/�5Î`6c�c�ô98�ôÈa-^1d;:Ë`6c�d�ý�^�÷�cÃ÷��-ô�8'÷�<

^vö½ô�ÿ6ô�6põ�d�õ1ö½`����>=0�-`��{`6c�ö½ô�^�ó?/�÷�c�øÃ÷�ÿ6`
(¶h'�¶tÅw��si1hE};}At��6g;}A�sq*~2}�i6xb�vhEg*¼;w�kvh'��gA�¶Ä	h	�1h;�6g-o�f6g��6o6qE��r*t�rg�i6j*k6l�h'kvh	ivqEu;t

w*rqEf6qE��}At6}Arg;~?lÔ»Aivg;~3gAk�rqEw�Ñ{xbh'k���h'f6g)Ê º	Í/¼ÃÊX¹�Ý	Í/¼��sqErqEf�l�g�~3qEu;xbr)o�f�t6~3gAk��sr*j}��
rq'i6j*�bq¿��i6�¸qEo�t6}�h'k�t��¸�6w*t�Æ|gAk�t��2��w�h'Ä;t�»Ai�i6t�o�r*t6�6g;}A�sqEu�qÖr*t�ovh

Λi, λi, ξi, ηi, pi, qi, i = 1, 2, � � 

o�f6g��v}ArEh'wEivgAk�k6l�g¶o6q*}Af6g��v}Ar*wq*~D�¶qEf6~?x	i

Λi=β
∗

i

√
ai, λi=ni[φ(t)−φ(τ)]+πi = li+Ωi+ωi,

ξi=

√

2β∗

i

√
ai(1−

√

1−e2i ) cosπi, ηi=−
√

2β∗

i

√
ai(1−

√

1−e2i ) sinπi,

pi=

√

2β∗

i

√

ai(1−e2i )(1−cos ii) cos Ωi, qi=−
√

2β∗

i

√

ai(1−e2i )(1−cosii)sinΩi,

� Ì�
u��vg
Ωi
¾Ö�vq'i6u�qEr*h)wq*}Lmbq;�6�sz�gAu�qÖxbÄAi1hs¼

ωi
¾�h'f�u;xs~3gAk�r8o6gAf�t�´6gAk�r*fvhs¼

ii
¾8kvh'�si1q'Á

k6gAk�t6g*¼
φi(τi)

¾2o6gAf�wq*q*ÀEfvh'Ä;k�l�g8�Åxbk���´�t�t
γ−2

i (t)
¼
ni = β∗

i /µi0a
3/2

i

¾�h'kvh	ivqEu;t
�bgAosivgAf6qEw}A�sqEu�q�}Af6g��6k6gAu�q��6w*t�Æ|gAk�t��½¼

ai
¾¿h'kvh	ivqEu;t�À*q'i6j*��qE�8o6q'i6x�q*}AtÃ¼

ei
Á3h'kvh	Á

ivqEu;t�»;�b}A´6gAk�r*f�t6}At�r�gArqEw6¼

β̃∗1 =
√

f · µ1(t0)m1(t0)m0(t0), β̃∗2 =
√

f · µ2(t0)m2(t0)[m0(t0) +m1(t0)],

γ1 = γ1(t) =
m0(t0) +m1(t0)

m0(t) +m1(t)
, γ2 = γ2(t0) =

m0(t0) +m1(t0) +m2(t0)

m0(t) +m1(t) +m2(t)
,

µ1 = µ1(t) =
m0(t)m1(t)

m0(t) +m1(t)
, µ10 = µ1(t0) =

m0(t0)m1(t0)

m0(t0) +m1(t0)
,

µ2 =µ2(t)=
m2(t)[m0(t) +m1(t)]

m0(t) +m1(t) +m2(t)
, µ20 =µ2(t0)=

m2(t0)[m0(t0) +m1(t0)]

m0(t0) +m1(t0) +m2(t0)
,
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³ kvh'f�xb��gAk�t�t2qEf�t6gAk�r*h'´�t�t2osivq*}A�sq*}Ar*t2µ¶h'o�i1hE}�h¸·X·X· ¹ � ¹

f
¾�u;fvh'w*t�r*h'´�t6qEk�kvh'�<o6q*}Arq	�sk�kvh'�½· â q*qEr*wgAr}Ar*wgAk�k6q2w¸k6gAf6gAÄ�qEkvh'k6}Ak6q*~á}�i6xb�vhEg

wg��sqEw*l�g¶wqEÄ�~?xbz|gAk�t6��qEo�f6g��vg�i6�sy{r}���xbfvh'w*k6gAk�t���~?t

Λ̇i = 0, ξ̇i =
∂Ri @BA�C
∂ηi

, ṗi =
∂Ri @BA�C
∂qi

,

λ̇i = −∂Ri @BA�C
∂Λi

, η̇i = −∂Ri @BA�C
∂ξi

, q̇i = −∂Ri @BA�C
∂pi

,

� Ï�


u��vg

R1 @BA�C =
1

γ2
1
(t)

· (β∗
1
)4

2µ10Λ2
1

+
1

ψ1

[

−b1
2

γ2
1
Λ4

1

(β∗
1
)4

(

1 +
3

2

ξ2
1

+ η2
1

Λ1

)

+ fF @BA�C
]

, � ë�


R2 @BA�C =
1

γ2
2
(t)

· (β∗
2
)4

2µ20Λ2
2

+
1

ψ2

[

−b2
2

γ2
2
Λ4

2

(β∗
2
)4

(

1 +
3

2

ξ2
2

+ η2
2

Λ2

)

+ fF @BA�C
]

, � ��


ψi = ψi(t) =
µi

µi0
=

µi(t)

µi(t0)
, bi = bi(t) = µi

γ̈i

γi
, i = 1, 2.

DFE ÷�ùG�-ô�:Ë`6c�d�`<^1ô�ù3�4/�52÷�HF5Î`.6JI�/�c�ø�K?d�d
íi1h'w*kvh'��o�f6q*À'ivg;~-h�Ä	h'�sivy{�vhEgAr}���w¿fvh'ÄAivq	Æ|gAk�t�t2wg�i6t���t�k�l

F @BA�C =

[

m1m2

r12

]

@BA�C � ºL

w)w*l#fvh'Æ|gAk�t��bm � ë�
�¾ � ��
�·�àGrq¿u;f6q*~3qEÄA�6��h'��t�r*f�x	�vq*g;~?��h'��Ä	h	�1h;�vhÖh	i6u�g;ÀEf�l¶·M�Å}�Áo6q'i6j*Ä;xg;~Ò}At6}Arg;~?x�h'kvh	i6t�r*t��6g;}A��tsm2w*l#��t6}�ivgAk�t���ãÎä*å%æ�ç�è)ä*åNéJê�äÎÊX¹ � Í/·vÂ¶hE~?t2w*lnÁ
wg��1g�kvq�h'kvh	i6t�r*t��6g;}A�sq*g{w*l#f1h'Æ|gAk�t6g_�¶qEf6~?x	i � ë�
�¾ � ��
3�6gAf6gAÄ{»Aivg;~3gAk�r*l � � 
3w|w*tsÁ�vgnfb�b�1hs· â mbg;~-h_fvh'ÄAivq�Æ�gAk�t��)t6~3g;g�r��si1hE};}At��6g;}A��xby"}Ar*f�xb��r*xbf�x¸ÊX¹�Ý	Í/·bà-ivg;~3gAk�r*l
ξ1, η1

t6~3gAy{r�wg�i6t���t�k�x�o6qEfb�b�6�sh8q*}A��x	i6t�f�xby{z�gAu�qÖ»;�s}A´6gAk�r*f�t6}At�rgAr*h � ��i6��~-h	Ái6lnm2»;�s}A´6gAk�r*f�t6}At�rgAr�qEw�
�¼�hÖo6gAf6g;~3gAk�k�l�g
ξ2, η2

¾¸wg�i6t���t�k�x�o6qEfb�b�6�sh8kvh'�sivqEkvh
q*}��6x�ivt�f�xby{z�gA��qEf6ÀEt6r*l � ��i6��~-h	i6lnm¶kvh'�sivqEk6qEw�
�¼	o6qE»;rq*~?x¶w*rqEfvh'��}At6}Arg;~-h�»Aivg�Á~3g�k6rqEw�Ñ_x�h'k���h'f6g#x	�vq*ÀEkvh{��i6�¿o6q'i6xb�6gAk�t��¿�sw*k6qEu�qÅfvh'ÄAivq�Æ�gAk�t��)wqEÄ�~?xbz¿h'y{z�gA�
�Åxbk���´�t�t�wÈÄ	h	�1h��vh	mËhE}Ar*f6qEk6q*~?t�tÃ·ÞeGl#fvh'Æ�gAk�t6g¸wqEÄ�~?xbz¿h'y{z�gA�Ë�Åxbk���´�t�t � ºL
�6gAf6gAÄ{��h'k6qEk�t��6g;}A��t6g_o6gAf6g;~3gAk�k�l�g � � 
�¼s}ÕrqE��k6q*}Ar*j*yØ�vq�w*rqEf6qE��}Arg�ovg�k6t�w*�si6yÕÁ��t�rg�i6j*k6q)qEr*k6q*}At�rg�i6j*kvqÖ~-h	i6lnm¸wg�i6t���t�k

ei, ii
¼st6~3g;gAr)w*ts�

F =
534
∑

i=1

Π∗

i (t)Pi(�k) +
3
∑

j=1

Π∗∗

j (Λ1,Λ2, t), � ì�
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¹ �L� í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

u��vg
Pi(�k) = Pi(ξ1, η1, p1, q1, ξ2, η2, p2, q2)

·�eÇ�vhE}Ar*k6q*}Ar*tÃ¼��bqEu��1h2~-hE};}Al o6q'Á
}Arq��sk�k�l�g*¼�o6q'i6xb�6gAk�k�l�g�};q*qEr*k6qE��gAk�t�� � ì�
Å};qEw*ovh	�1h'y{rÎ})t�Ä;wg;}Ar*k�l�~?t��si1hE};}AtsÁ�6g;}A��t6~?t2�¶qEf6~?x	i1hE~?t�ÊX¹�Ý'Í/·

N)7¿ÿ�÷�^1c�`6c�d�ýÒa-^1d;:Ë`6c�d�ý"^O�1`6ùÿ�÷�ù3�{`6ÿ6c��<pþ�`6ÿ6`��{`6c�c��<
eDxbfvh'w*k6gAk�t��bm � � 
Go6gAf6g�m�q��6t6~���À*gAÄ;fvh'Ä�~3gAf�k6l�~Ëwg�i6t���t�kvhE~P�

Λi

Λ0i
= Λ̃i,

ξi
ξ0i

= ξ̃i,
ηi

η0i
= η̃i,

pi

p0i
= p̃i,

qi
q0i

= q̃i,

t

T0

= τ,
mi

P0

= m̃i,
ai

S0

= ãi, T01 = 2π
µ10a

3/2

01

β∗
1

, T02 = 2π
µ20a

3/2

02

β∗
2

,

� Ð�


P0 =

∑

mi0

3
= const, S0 =

∑

a0i

2
= const, T0 =

T01 + T02

2
= const. � ¹�Ý�


ï|h	ivg;gÕÄ;kvh'�<ñQsñ2q*À*qEÄ;kvh��vhEgAr�o6gAf�w*xbyØo�f6qEt�Ä;wq��6k�xbyÔo6q�w*f6g;~3gAk�t�w�À*gAÄ;fvh'Ä�~3gAfsÁ
k�lnmÎwg�i6t���t�kvh	m½·�Â¶h'o�t���g;~"xbfvh'w*k6gAk�t��Î�6w*t�Æ�gAk�t��<w�À*gAÄ;fvh'Ä�~3gAf�k�lnm<o6gAf6g;~3gAksÁ
k�lnm � Ð�
R�

Λ̃′

i =0, ξ̃′i =
T0i

ξ0iη0i

∂R̃i @BA�C
∂η̃i

, p̃ ′

i =
T0i

p0iq0i

∂R̃i @BA�C
∂q̃i

,

λ̃′i =− T0i

λ0iΛ0i

∂R̃i @BA�C
∂Λ̃i

, η̃′i =− T0i

ξ0iη0i

∂R̃i @BA�C
∂ξ̃i

, q̃ ′

i =− T0i

p0iq0i

∂R̃i @BA�C
∂p̃i

,

� ¹*¹�


�bqErqEf�l�g¶w¿fvhE}A��f�l#rq*~Ëw*ts�vgÅt6~3gAy{rÖ}�ivg��6xby{z�g;gÅo�f6g��v}ArEh'wEivgAk�t6g��
Λ̃′

1 = 0, Λ̃′

2 = 0,

λ̃′
1
=−P0T0µ̃10

64λ01Λ3
01

{

64f2P 4
0
m̃2

00
m̃2

10

γ̃2
1
Λ̃3

1

− Λ01

S0µ̃1

[

48S3
0
γ̃1

¨̃γ1ã
2
1
µ̃1(η

2
01
η̃2
1

+ ξ2
01
ξ̃2
1
)

T 2
0
Λ̃2

1

+

+fm̃1m̃2P0

(

4B̃1k̃2(p
2
01
p̃2
1
+q2

01
q̃2
1
)

Λ̃2
1

− 4Λ
1/2

01
B̃1k̃2(p01p02p̃1p̃2+q01q02q̃1q̃2)

Λ̃
3/2

1

√

Λ02Λ̃2

−

−2(12ã2
1
C̃0k̃

2
1
−12ã1̃a2̃k1(B̃0+C̃1k̃2)+ã

2
2
k̃2[−4B̃1+3k̃2(10C̃0−3C̃2)])(η

2
01
η̃2
1
+ξ2

01
ξ̃2
1
)

ã2
2
Λ̃2

1

−

−Λ
1/2

01
k̃2(6(ã

2
1
k̃3

1
+ã2

2
k̃2

2
)(C̃2−6C̃0)+ã1ã2k̃1[2(B̃2+18B̃0)k̃1+3C̃1k̃2(4+3k̃1)])

ã1ã2k̃2
1
Λ̃

3/2

1

√

Λ02Λ̃2

×

×(η01η02η̃1η̃2+ξ01ξ02ξ̃1ξ̃2)

)]}

,

�������������������������! #"%$!&�'!��(<*-,	.0/21·3�5768.0/21ð9:.<;>=�?A@



³ kvh'f�xb��gAk�t�t2qEf�t6gAk�r*h'´�t�t2osivq*}A�sq*}Ar*t2µ¶h'o�i1hE}�h¸·X·X· ¹ � Ì

λ̃′
2
=
P0T0µ̃10

64λ02Λ3
02

{

64f2P 4
0
(m̃00+m̃10)

2m̃2
20 γ̃2

2Λ̃3
2 −

−Λ02

S0µ̃2

[

48S3
0
γ̃2

¨̃γ2ã
2
2
µ̃2(η

2
02
η̃2
2
+ξ2

02
ξ̃2
2
)

T 2
0
Λ̃2

2

−

−fm̃1m̃2P0k̃2

(

4B̃1k̃2(p
2
02
p̃2
2
+q2

02
q̃2
2
)

Λ̃2
2

− 4Λ
1/2

02
B̃1(p01p02p̃1p̃2+q01q02q̃1q̃2)

Λ̃
3/2

2

√

Λ01Λ̃1

−

−2(12ã2
1
C̃0k̃

2
1
−12ã1ã2k̃1(B̃0+C̃1k̃2) + ã2

2
k̃2[−4B̃1+3k̃2(10C̃0−3C̃2)])

ã2
1
k̃4

1
Λ̃2

2

×

×(η2
02
η̃2
2
+ξ2

02
ξ̃2
2
)−

−Λ
1/2

01
k̃2(6(ã

2
1
k̃3

1
+ã2

2
k̃2

2
)(C̃2−6C̃0)+ã1ã2k̃1[2(B̃2+18B̃0)k̃1+3C̃1k̃2(4+3k̃1)])

ã1ã2k̃2
1
Λ̃

3/2

2

√

Λ01Λ̃1

×

×(η01η02η̃1η̃2+ξ01ξ02ξ̃1ξ̃2)

)]}

,

ξ̃′
1
=η01[η01Π1(τ)η̃1+η02Π2(τ)η̃2], η̃

′

1
=−ξ01[ξ01Π1(τ)ξ̃1+ξ02Π2(τ)ξ̃2],

ξ̃′
2
=η02[η02Π3(τ)η̃2+η01Π4(τ)η̃1], η̃

′

2
=−ξ02[ξ02Π3(τ)ξ̃2+ξ01Π4(τ)ξ̃1],

� ¹ � 


p̃ ′

1
=q01[q01Π5(τ)q̃1+q02Π6(τ)q̃2], q̃

′

1
=−p01[p01Π5(τ)p̃1+p02Π6(τ)p̃2],

p̃ ′

2
=q02[q02Π7(τ)q̃2+q01Π8(τ)q̃1], q̃

′

2
=−p02[p02Π7(τ)p̃2+p01Π8(τ)p̃1],

� ¹�Ì�

u��vg

Π1(τ)=

(

[12ã2
1
C̃0k̃

2
1
−12ã1ã2k̃1(B̃0+C̃1k̃2)+ã

2
2
k̃2(−4B̃1+3(10C̃0−3C̃2)k̃2]m̃1m̃2

ã2
2
Λ̃1µ̃1

−

− 24S3
0
ã2

1
ã2

2
µ̃1γ̃1γ̃

′′

1

ã2
2
Λ̃1µ̃1

)

fT0P
2
0
µ̃10

16ξ01η01S0Λ01

,

Π2(τ)=
6(̃a2

1
k̃3

1
+ã2

2
k̃2

2
)(C̃2−6C̃0)+ã1ã2k̃1[2(B̃2+18B̃0)k̃1+3C̃1(4+3k̃1)k̃2]

32ξ01η01S0ã1ã2k̃2
1

√

Λ01Λ02Λ̃1Λ̃2µ̃1

×

×fT0P
2
0
m̃1m̃2k̃2µ̃10,

Π3(τ)=

(

[−12ã2
2
C̃0k̃

3
2
+12ã1ã2k̃

2
1
k̃2(B̃0+C̃1k̃2)+ã

2
1
k̃4

1
(4B̃1+3(3C̃2−10C̃0)k̃2]

ã2
1
Λ̃2k̃4

1
µ̃2

×

×m̃1m̃2k̃2 +
24S3

0
ã2

1
ã2

2
µ̃2γ̃2γ̃

′′

2

ã2
2
Λ̃1µ̃1

)

fT0P
2
0
µ̃20

16ξ02η02S0Λ02

,
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¹ � Ï í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

Π4(τ)=
fT0P

2
0
{6(̃a2

1
k̃3

1
+ã2

2
k̃2

2
)(C̃2−6C̃0)+ã1ã2k̃1[2(B̃2+18B̃0)k̃1+3C̃1(4+3k̃1)k̃2]}

32ξ01η01S0ã1ã2k̃2
1

√

Λ01Λ02Λ̃1Λ̃2µ̃2

×

×m̃1m̃2k̃2µ̃20,

Π5(τ) = − fT0P
2
0

8p01q01Λ01S0

B̃1k̃2m̃1m̃2µ̃10

Λ̃1µ̃1

,

Π6(τ) =
fT0P

2
0

8p01q01S0

√
Λ01Λ02

B̃1k̃2m̃1m̃2µ̃10
√

Λ̃1Λ̃2µ̃1

,

Π7(τ) = − fT0P
2
0

8p02q02Λ02S0

B̃1k̃2m̃1m̃2µ̃20

Λ̃2µ̃2

,

Π8(τ) =
fT0P

2
0

8p02q02S0

√
Λ01Λ02

B̃1k̃2m̃1m̃2µ̃20
√

Λ̃1Λ̃2µ̃2

,

h|wg�i6t���t�k�l

Ã0 =
4

ã2π
F (α̃), Ã1 =

4

ã2α̃π
[F (α̃) − E(α̃)], Ã2 =

2

3

(

α̃+
1

α̃

)

Ã1 −
1

3
Ã0,

B̃0 =
(1 + α̃2)α̃

(1 − α̃2)2
Ã0 −

2α̃2

(1 − α̃2)2
Ã1, B̃1 =

2α̃2

(1 − α̃2)2
Ã0 −

(1 + α̃2)α̃

(1 − α̃2)2
Ã1,

B̃2 =
(1 + α̃2)α̃

(1 − α̃2)2
Ã0 −

2(1 + α̃2)2 − 6α̃2

(1 − α̃2)2
Ã1,

C̃0 =
(3+10α̃2+3α̃4)α̃2

(1−α̃2)2
A0−

2α̃2(1+α̃+α̃3)

(1−α̃2)2
Ã1,

C̃1 =
8α̃3(1+α̃2)

3(1−α̃2)4
Ã0 −

α̃2(1+14α̃2+α̃4)

3(1−α̃2)4
Ã1,

C̃2 =
(1 + 22α̃2 + α̃4)α̃2

3(1 − α̃2)4
Ã0 −

2α̃2(1 + 5α̃2 + 5α̃4 + α̃6)

3(1 − α̃2)4
Ã1,

¾��sqE»��¶�Åt�´�t6gAk�r*lKµ�h'osi1hE}�hDÊX¹�Ý	Í/¼
F (α̃)

¾�»Ai�i6t�o�r*t��vgA}A�6t��pt�k�rgAu;fvh	i"o6gAf�wqEu�q
f6q;�1hs¼

E(α̃)
¾)»Ai�i6t�o�r*t��6g;}A��t6�2t�k�rgAu;fvh	i�w*rqEf6qEu�q¿f6q��1h�t

α̃= α̃(τ)= α̃0 ·
m̃00 + m̃10

m̃00 + m̃10+m̃20

· m̃0(m̃0 + m̃1 + m̃2)

(m̃0 + m̃1)(m̃0 + m̃2)
, α̃0 =

ã01

ã02

= const,
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³ kvh'f�xb��gAk�t�t2qEf�t6gAk�r*h'´�t�t2osivq*}A�sq*}Ar*t2µ¶h'o�i1hE}�h¸·X·X· ¹ � ë

k̃1 = k̃1(τ) =
m̃0(m̃00 + m̃10)

(m̃0 + m̃1)(m̃0 + m̃2)
, k̃2 = k̃2(τ) = k̃1

m̃00 + m̃10 + m̃20

m̃0 + m̃1 + m̃2

.

×�h'��t6~Ëq*ÀEfvh'Ä�q*~#¼v~?l"�vqE�sh'Ä	h	i6t�}�ivg��6xby{z�g;g
7|ö½^�`6ÿS:�a3`6c�d?` \�ûUTV�WYX?Z\[O]G^�_G^�`0abX�cMaedfXga�hiWkjl^�WYW�^mjln

m0 o m1

n
m2 on0]YjaRp�q.r4s?n�jln.W�qJn0]GtGX�c�tGu.p.t o [)c3^�]Yh.n.`�p.v�dwXgaxjlu.^�dw[Gvyu.tRh.p�q�azX?WeqwV�WBh.t�[Gn�a

ṁ0

m0

=
ṁ1

m1

6= ṁ2

m2 {
| t�}e_G^~G[GtRh.rP�.n.tGp.p.v,a�VYc3^L[Gp�azp.n�qk�gVYc3^L[Gp�azp.n�qk[�az��t�[Gv�d�[Gtm]G�

j%V�sgazp.n.�ftGu.n.WYv,[G^�rPX?Weq�[GtGWma�jlZ�r�h.n.p�az�.p.v;jlnJp�aB^L[GX?tGp.tejlp.v;jlnJ_Gn��;�,a�cMazp.�
�.n.^mh.Z�p.v;j%nFVYc3^L[Gp�azp.n�q�jln+u�a�cM[Gt�}etgu.tec0q._G��^

{� �-`ba3õ1ö½^�d�`�\�ûS�"WBh.n�jl^�WYWYv
m0 o m1

n
m2

u.tGWYX?tYq.p.p.v,a o ^?X?^��L�ia4jl^mh.v,al[�az�h.n.`�n.p.v o X?t�}e_G^�WYn.WYXgaxjlv��x�G�Y���.�x���z�2uLcMaY[ec�^�s?^�rPX?Weqb[�n0]�[�azWYX?p.v,a�VYc3^L[Gp�azp.n�q[�az�Lt�[Gv�dw[�tY]mj%V�sgazp.n.�\_Yh�qw�Gh.^�WYWYn.`0azWY��tG�\_�[GV�dSu�h.^�p�azX?p.tG��]G^�_G^�`�nwX�cMaed�Xga�h
� ���x�

{Ó�gA��gAk�t���xbfvh'w*k6gAk�t�� � ¹ � 
�¾ � ¹�Ì�
�~3q�Æ¿k6q)o6q'i6xb��t�r*j�h'kvh	i6t�r*t��6g;}A��t6~3t�t���t6}�ÁivgAk�k�l�~?t¸~3gArq��1hE~?t¸t�}{o6q*~3qEz|j*yÔ»;r*tsmÖf6gA��gAk�t���o�fvqh'kvh	i6t�Ä;t�f6qEw�h'rj¿wg�i6t���tsÁ
k�l¶¼bmsh'fvh'��rgAf�t�Ä;xby{z|t6gÅ»;wq'i6y{´�t�yÚ}At6}Arg;~?l�

ẽ2i = (ξ20iξ̃
2
i + η2

0iη̃
2
i )/Λ0iΛ̃i, sin2 ĩi = (p2

0ip̃
2
i + q20iq̃

2
i )/Λ0iΛ̃i, � ¹AÏ�


Ω̃i = −arctg(q0iq̃i/p0ip̃i), π̃i = −arctg(η0iη̃i/ξ0iξ̃i), ω̃i = π̃i − Ω̃i. � ¹�ë�

�+��÷ÃúÃ÷��,�1c��|`b/Ãõ.�-ô�^1d�ý"ùE÷½a?÷Ãú�dJ��ô�-Îd
Ñ_x}Ar*j Ä	h'�bqEk�l t�Ä�~3gAk6gAk�t�� ~-hE};}ÙqEo�t6}Al#w�h'y{r}�� Ä	h'�sqEk6q*~ à-�6t�k�u;rqEkvh	Á

ïÅÆ¿t6k6}�h
dmi/dt = εim

ni

i .h�
P��t�Ä;t��6g;}A��t6g¶kvh��vh	i6j*k�l�g¶x}�ivqEw*t��
(MΘ

¾Ö~-hE};}�h â q'i6k�´vhs¼ ^
{
a
{
¾8hE}Ar*f6qEk6q*~?tsÁ

�6g;}���h'��g��6t�k�t�´vh�
R�

m0 =m0(t)=
m00

1 − ṁ00

m00

t
, m00=m0(t0) = 2

ã
Θ, ṁ0(t0)=−10−4,2 ã

Θ/
}etG_
, � ¹m��


m1 =m1(t)=
m10

1 − ṁ10

m10

t
, m10 =m1(t0)=2

ã
Θ, ṁ1(t0)=−10−4,2 ã

Θ/
}etG_
, � ¹	ºL
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¹ � � í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

m2 =m2(t)=
m20

√

1−2
ṁ20

m20

t

,m20 =m2(t0)=0, 7
ã

Θ, ṁ2(t0)=−10−6
ã

Θ/
}etG_
, � ¹�ì�


l01 =00, Ω01 =100, ω01 =50, π01 =Ω01+ω01 =150, i01 =36′, e01 = 0, 01,

Λ01 =β∗

1

√
a01, a01 =3

ä
{
ç
{ , β

∗

1
=
√

fµ1(t0)m10m00, µ10 =µ1(t0)=
m00m10

m10+m00

,

� ¹�Ð�

l02 =00, Ω02 =150, ω02 =100, π02 =Ω02+ω02 =250, i02 =48′, e02 =0, 02,

Λ02 =β∗

2

√
a02, a02 =12

ä
{
ç
{ , β

∗

2
=
√

fµ2(t0)m20(m00+m10),

µ20 = µ2(t0) =
m20(m00 +m10)

m00 +m10 +m20

,

� � Ý�


Λ01 = 21, 8

ä
{
ç
{
2 · ã Θ}etG_ , ξ01 = 0, 045

ä
{
ç
{ ·
ã 1/2

Θ}etG_
1/2

, η01 = −0, 012

ä
{
ç
{ ·
ã 1/2

Θ}etG_
1/2

,

p01 = 0, 065

ä
{
ç
{ ·
ã 1/2

Θ}etG_ 1/2
, q01 = −0, 011

ä
{
ç
{ ·
ã 1/2

Θ}etG_ 1/2
,

Λ02 = 28, 1

ä
{
ç
{
2 · ã Θ}etG_ , ξ02 = 0, 096

ä
{
ç
{ ·
ã 1/2

Θ}etG_
1/2

, η02 = −0, 045

ä
{
ç
{ ·
ã 1/2

Θ}etG_
1/2

,

p02 = 0, 072

ä
{
ç
{ ·
ã 1/2

Θ}etG_
1/2

, q02 = −0, 019

ä
{
ç
{ ·
ã 1/2

Θ}etG_
1/2

,

T0 = π

(

µ10a
3/2

01

β∗
1

+
µ20a

3/2

02

β∗
2

)

≈ 10, 9
}etG_
, f = 39, 43

ä
{
ç
{
3

ã
Θ · }etG_ 2 .

À3
"�ngAÄ;fvh'Ä�~3gAf�k�l�g�kvh;�vh	i6j*k�l�g¶x�}�ivqEw*t��½·
eD�sw*k6q*~�w*ts�vgÅo�f�t6~3g;~

m̃0 =
m̃00

1 − m̃′

00

m̃00

τ

, m̃1 =
m̃10

1 − m̃′

10

m̃10

τ

, m̃2 =
m̃20

√

1 − 2
m̃′

20

m̃20

τ

,

m̃00 = 1, 28, m̃10 = 1, 28, m̃20 = 0, 45,

m̃′

00 = m̃′

10 = −6, 95 · 10−4,2, m̃′

20 = −6, 95 · 10−6,
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³ kvh'f�xb��gAk�t�t2qEf�t6gAk�r*h'´�t�t2osivq*}A�sq*}Ar*t2µ¶h'o�i1hE}�h¸·X·X· ¹ � º

ã01 = 1, 5, ã02 = 6,

Λ̃0i = 1, ξ̃0i = η̃0i = p̃0i = q̃0i = 1, ∆τ =
1

10
,

u��vg
∆τ

¾)�¿h'u�¼�r'· g*·�o�f�t6~3gAf�k6q2¹�Ý���h'u�qEwÖqEo�f6g��vg�i6�sy{r8q;�6t�k2q*À*qEf6qErE·
��� d�õ.�-`6c�c��|`Øÿ6`.-Î`6c�d�ý dÇõ�ÿ�÷�^1c�`6c?d�ý õÔõ�ô�ô�ö½^1`6ö½õ1öÃ^./�Hb5Î`.6 ùE÷� 

a�÷Ãú�`.6põ�þ�ô�õ1ö½ô½ý3c�c9�?�{dJ��÷Ãõ�õv÷9�{d
ÑÅq'i6j*Ä;x*��}Aj_}At6}Arg;~3qE�8ãÎä*å%æ�ç�è)ä*åNéJê�ä o ~3q�Æ¿k6qÕo6q'i6xb��t�r*j_f6gA��gAk�t��Å�6t6���¶gAf6gAksÁ´�tvh	i6j*k�lnm¸xbfvh'w*k6gAk�t�� � ¹ � 
�¾ � ¹�Ì�
no�f�t�kvh;�1h	i6j*k�lnm¸x�}�ivqEw*t��bm � ¹m��
�¾ � � Ý�
�·ïÅi6�8}Afvh'w*k6gAk�t��8tÖw*l#�swEivgAk�t��8»��¶�¶gA��rqEw�t�Ä�~3gAk6gAk�t���~-hE};}ÕfvhE};};~3qEr*f�t6~�};q'Á

qEr*wg�r}Ar*w*xby{z|xbyËÄ	h	�1h;��x�}-o6q*}Arq	�sk�k�l�~?t¿~-hE};}�hE~?tÃ·EeÈ»;rq*~�}�i6xb�vhEg-w_�¶qEf6~?x	i1h	m
� ¹�
 ṁi(t) = 0, ṁi(t0) = 0,

rqEu��1h{t6~3gAy{rÅ~3g;}Arq_t�k�rgAu;fvh	i6l�osivqEz¿h	�vgA�¿t�»;k6gAfsÁ
uAt6t��

β̃∗1

√

ã01(1 − ẽ2
1
) sin i1 sin Ω1 + β̃∗2

√

ã02(1 − ẽ2
2
) sin i2 sin Ω2 = 0, � � ¹�


β̃∗1

√

ã01(1 − ẽ2
1
) sin i1 cos Ω1 + β̃∗2

√

ã02(1 − ẽ2
2
) sin i2 cos Ω2 = 0, � �L� 


β̃∗1

√

ã01(1 − ẽ2
1
) cos i1 + β̃∗2

√

ã02(1 − ẽ2
2
) cos i2 = C = const, � � Ì�


T = 1

2

[

µ10

(

ẋ2
1
+ẏ2

1
+ż2

1

)

+µ20

(

ẋ2
2
+ẏ2

2
+ż2

2

)]

,

U = f

(

m0m1

r01
+
m0m2

r02
+
m1m2

r12

)

,
� � Ï�


T − U = h0 = const. � � ë�

ï_iv�|rqEu�q�¼E��rq*ÀEl�o�f6qEwgAf�t�r*j¶kvh'�|x�rg;qEf�t�yDwÅ}�i6xb�vhEgno6q*}Arq	�sk�k6qE�Ö~-hE};}Al¶¼*~3q�Æ�Á
k6q�o�f6qEwgAf�t�r*j)};q;msfvh'k6gAk�t6g_o6q*}Arq��sk�k6qEu�q�Ä;kvh;�6gAk�t���t�k�rgAu;fvh	ivqEw¿w�m�q��vgÕ��t6}�ivgAksÁ
k6qEu�q�t�k6rg�u;f�t6f6qEw�h'k�t��½·-àÞr*t�fvhE}A�6gAr*l t6~3gAy{rÎ}�ivg��6xby{z|t6gÖqE�|t6ÀE�6t���o6gAf�w*l#��¾
Ýs¼ Ý*Ý*Ý*ë�¡8¼vw*rqEf6qE��¾�Ýs¼ Ý*Ý*Ý*ë�¡8¼6r*f6gAr*t���¾�Ýs¼ Ý*Ý*Ý*Ý � ¡ t�t�k�rgAu;fvh	i�»;k6gAf�u;t�t�¾�Ýs¼ ��¡8·
â q;msfvh'k6gAk�t6gÕÄ;kvh;�6gAk�t��8t�k�rgAu;fvh	ivqEw|osivqEz¿h	�vgA�Öt)»;k6gAf�u;t�t8o6qE�sh'Ä;l#w�hEgArE¼���rq¶w*lnÁ
fvh'Æ|gAk�t�� � ì�
Åt�xbfvh'w*k6gAk�t���wgA�sqEw*lnm<wqEÄ�~?xbz�gAk�t�� � ¹*¹�
_w�}�i6xb�vhEgÖo6q*}Arq	�sk�k6qE�~-hE}A}Al��1h'y_r_w*l�};qE��xbyÒrqE��k6q*}Ar*j6·eGl#��gnqEr~3gA�6gAk�k�l�g�qEr*�sivqEk6gAk�t��¿o6q*}Arq��sk�k�lnm
t�k�rgAu;fvh	ivqEwÖo�f�t�wg��vgAk�lÔkvh|f�t6}Axbk���h	m � Á�ës·
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¹ � ì í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

� ��§�����ª� �¥U!¢÷¨b{�©	xy£½����w0¨e¤b{�vIt�z[t�ª�¥^vY&�¨e£U©E§�t3��¦�v0¨÷z�ª2§�w0ªY«�����ª�£duSv	§b§�xy|

� ��§B�L�[ª� �¬U!�§ów0ª	{�ª�£U����w0¨e¤b{�vIt�z[t�ª�¥^vY&�¨e£U©·§�t3��¦�v0¨÷z�ª2§�w0ª`«�����ª�£duSv	§b§�xy|

� ��§�����ª� dq�!¨ó{�¨bw0��£�����w0¨e¤b{�vIt�z[t�ª�¥^vY&�¨e£U©E§�t3��¦�v0¨÷z�ª2§�w0ªY«�����ª�£duSv	§b§�xy|
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³ kvh'f�xb��gAk�t�t2qEf�t6gAk�r*h'´�t�t2osivq*}A�sq*}Ar*t2µ¶h'o�i1hE}�h¸·X·X· ¹ � Ð

� ��§�����ª� �p4!�©ª��w0¨e¤b{�vIt?«e��¨b{�¤b���d©E§�t3��¦�v0¨÷z�ª2§�w0ªY«�����ª�£duSv	§b§�xy|

� ��§�����ª� g¬U!%gª0t�¤bª	wIvg©	ª2§�®2ªR&�«�¥g¨e¤bª���¯�t�v
Ω̃1

rL¤x&�¨yz����� �w0��{�ª2u
ª	�	ª�¯e��vR¦�¨e��vgz�ª2§�w0ª`«�����vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£½t�������¨e£$!Ez�¨b{�¨`uM¨e����vI«�uSv	§b§bv�|

� ��§�����ª� µ�P!%gª0t�¤bª	wIvg©	ª2§�®2ªR&�«�¥g¨e¤bª���¯�t�v
Ω̃2,

¤x&�¨yz����� �w0��{�ª2u
ª	�	ª�¯e��vR¦�¨e��vgz�ª2§�w0ª`«�����vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£½t�������¨e£$!Ez�¨b{�¨`uM¨e����vI«�uSv	§b§bv�|
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¹�Ì*Ý í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

� ��§�����ª� g±U!²yvm [t�ª�����ª2§�w0}
ĩ1
r�¤x&�¨÷z����� �w0��{�ª2u#ª	�	ª�¯e��vR¦�¨e��vgz�ª2§�w0ª`«�����vI«

uSv	§b§bv�r�v�§�z[t�ª�°U��ª�£½t������[¨e£?!Ez�¨b{�¨`uM¨e����vI«duSv	§b§bv�|

� ��§�����ª� g³U!²yvm [t�ª�����ª2§�w0}
ĩ2
r�¤x&�¨÷z����� �w0��{�ª2u#ª	�	ª�¯e��vR¦�¨e��vgz�ª2§�w0ª`«�����vI«

uSv	§b§bv�r�v�§�z[t�ª�°U��ª�£½t������[¨e£?!Ez�¨b{�¨`uM¨e����vI«duSv	§b§bv�|

Â¶h�q*}Ak6qEwg<��t6}�ivgAk�k�lnmØf6gA��gAk�t��Ô}At6}Arg;~?lð�6t6�¶�¶gAf6gAk�´�tvh	i6j*k�lnmØxbfvh'w*k6g�Á
k�t�� � ¹ � 
�¾ � ¹�Ì�
)o6q��¶qEf6~?x	i1hE~ � ¹AÏ�
�¾ � ¹�ë�
Ö~3q�Æ¿k6q�o6q'i6xb��t�r*j�u;fvhE�Åt���tDt�Ä�~3gAk6g�Ák�t�� h'kvh	ivqEu�qEwÛ�bgAosivgAf6qEw}A��tsm »Aivg;~3gAk�rqEw � f�t6}Axbk���t´�	Á�Ð�
�¼�u��vg

ii(
u;fvh	�6x�}

) =
57, 3 · ĩi,Ωi(

u;fvh	�6x�}
) = 57, 3 · Ω̃i.â o6q*~3qEz|j*y ��t6}�ivgAk�k�lnmÎf6gA��gAk�t��<}At6}Arg;~?lÛ�6t6�¶�¶gAf6gAk�´�tvh	i6j*k�lnmÎxbfvh'w*k6g�Á

k�t�� � ¹ � 
�¾ � ¹�Ì�
#o6q)�¶qEf6~?x	i1hE~ � ¹AÏ�
�¾ � ¹�ë�
�~3q�Æ¿k6qÖrEh'��Æ�g¶o6q'i6xb��t�r*jÖu;fvhE�Åt���t2t�ÄAÁ~3gAk6gAk�t��2h'kvh	ivqEu�qEwÖ»;�b}A´6gAk�r*f�t6}At6rgArqEw � f�t6}Axbk���t�¹�Ý	Á�¹*¹�
�·eÒ}Aw*�sÄ;t�}{rgA~#¼s��rq|f�t6}Axbk���tk�	Á�¹*¹{osivq;mbq*q*À*qEÄ;f�t6~?l¶¼�o�f�t�wg��vg;~�qEr*f6gAÄ;��t¸f�tsÁ
}Axbk��bqEw�qEf6ÀEt�r*h	i6j*k�lnm¿»Aivg;~3gAk�rqEw�kvh_�sqEf6qEr*�bq*~<t�k�rgAf�w�h	ivg*¼u��vg#rgAks�vgAk�´�t�tÖ»;wq'Á
i6y{´�t�t�»Aivg;~3gAk�rqEwÖÀEx	�6xbr)�6gAr*�bq¿w*ts�6k�l � f�t6}Axbk���t�¹ � Á�¹	ºL
�·
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³ kvh'f�xb��gAk�t�t2qEf�t6gAk�r*h'´�t�t2osivq*}A�sq*}Ar*t2µ¶h'o�i1hE}�h¸·X·X· ¹�Ìs¹

� ��§�����ª� ¹�`oU!$µ; [§�¶�¨e��w0{���§���w0¨bw
ẽ1
r�¤x&�¨÷z����� �w0��{�ª2u#ª	�	ª�¯e��vR¦�¨e��vgz�ª2§�w0ª`«�����vI«

uSv	§b§bv�r�v�§�z[t�ª�°U��ª�£�!Et����[��¨e£�z�¨b{�¨`u�¨e����vI«�uSv	§b§bv�|

� ��§�����ª� ¹�	�"!$µ; [§�¶�¨e��w0{���§���w0¨bw
ẽ2
r�¤�&�¨yz����� �w0��{�ª2u ª	�	ª�¯e��vz¦�¨e��váz�ª2§�w0ªY«�����vI«

uSv	§b§bv�r�v�§�z[t�ª�°U��ª�£½t�������¨e£dz�¨b{�¨`uM¨e����vI«�uSv	§b§bv�|

Ó?hE}A�6gAr*lpo6qE�sh'Ä;l#w�h'y{rE¼���rq¶w|}�i6xb�vhEg�o6q*}Arq	�sk�k6qE��~-hE};}Al � t�k�rgAf�w�h	i�w*f6g;~3g�Ák�tÈ¾Îë'Ï�ë2Ý*Ý*Ý�ivgAr�
¶hE~?osi6t�r*x	�6l �bq'ivg;Àh'k�t���qEf6ÀEt�r*h	i6j*k�lnm�»Aivg;~3gAk�rqEw
Ω̃i, ĩi, ẽio6q*}Arq��sk�k�l¶·e�rq_Æ|g#w*f6g;~?�½¼EwÅkvh'��gA�¿Ä	h	�1h��6g#}no6gAf6g;~3gAk�k�l�~?t8~-hE};}�hE~?t)w¶qEr�i6tsÁ

��t6g¶qEr)Ä	h	�1h;��t�}Åo6q*}Arq��sk�k�l�~?tÎ~-hE};}�hE~?tÎhE~?osi6t�r*x	�6lá~3gAk��sy{r}��2};q¿w*f6g;~3gAk6g;~#·
·Åh'fvh'��rgAfÖt�Ä�~3g�kvg�k6t��8hE~?osi6t�r*x	�8o�f�t�wg��vgAkÖkvhÅf�t6}Axbk��sh	m2¹�ì	Á � Ìs¼*u��vg#�6gAr*�sq¶o�f6q'Á
}�i1g�Æ¿t6w�hEg�r}���»;wq'i6y{´�t6qEk�kvh'��rgAks�vgAk�´�t��½·

�_Ä¶w*l#��g_o�f6qEwg��vgAk�k6qEu	q)��t6}�ivgAk�k6qEu�q�h'kvh	i6t�Ä	h)}�tv}�rg;~Ëxbfvh'w*k6gAk�t��2wgA�bqEw*lnm
wqEÄ;~?xbz�gAk�t���}�ivg��6xgAr
7|ö½^�`6ÿS:�a3`6c�d?`ßò�ûUTV�WYX?Z\[O]G^�_G^�`0abX�cMaedfXga�hiWkjl^�WYW�^mjln

m0 o m1

n
m2 on0]YjaRp�q.r4s?n�jln.W�qJn0]GtGX�c�tGu.p.t o [)c3^�]Yh.n.`�p.v�dwXgaxjlu.^�dw[Gvyu.tRh.p�q�azX?WeqwV�WBh.t�[Gn�a

ṁ0

m0

=
ṁ1

m1

6= ṁ2

m2 {
| t�}e_G^
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¹�Ì � í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

� ��§�����ª� %�Y¥P!�©ª��w0¨b{�©2vItd©	{�¨`uM¨����%�R¬	¬�p0o	ogt�¨bwYr
¤�&�¨yz����� �w0��{�ª2u ª	�	ª�¯e��vz¦�¨e��váz�ª2§�w0ªY«�����vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£�!Ez�¨b{�¨`uM¨e����vI«�uSv	§b§bv�|

� ��§�����ª� %�`¬4!�©ª��w0¨b{�©2vItd©	{�¨`uM¨����%�R¬	¬�p0o	ogt�¨bwYr
¤�&�¨yz����� �w0��{�ª2u ª	�	ª�¯e��vz¦�¨e��váz�ª2§�w0ªY«�����vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£�!Ez�¨b{�¨`uM¨e����vI«�uSv	§b§bv�|
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³ kvh'f�xb��gAk�t�t2qEf�t6gAk�r*h'´�t�t2osivq*}A�sq*}Ar*t2µ¶h'o�i1hE}�h¸·X·X· ¹�Ì*Ì

� ��§�����ª� %�bqU!©ª��w0¨b{�©2vItd©	{�¨`uM¨e���%�R¬	¬�p0o	oát�¨bwYr
¤x&�¨yz����� �w0��{�ª2u ª	�	ª�¯e��vz¦�¨���vgz�ª2§�w0ªY«�����vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£�!·z[¨b{�¨`uM¨e����vI«�uSv	§b§bv�|

� ��§�����ª� %�YpP!©ª��w0¨b{�©2vItd©	{�¨`uM¨e���%�R¬	¬�p0o	oát�¨bwYr
¤x&�¨yz����� �w0��{�ª2u ª	�	ª�¯e��vz¦�¨���vgz�ª2§�w0ªY«�����vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£�!·z[¨b{�¨`uM¨e����vI«�uSv	§b§bv�|
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¹�Ì'Ï í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

� ��§�����ª� %�R¬4!©ª��w0¨b{�©2vItd©	{�¨`uM¨e���å¥[�P±	o	oát�¨bwYr
¤�&�¨yz����� �w0��{�ª2u ª	�	ª�¯e��vz¦�¨e��váz�ª2§�w0ªY«�����vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£�!Ez�¨b{�¨`uM¨e����vI«�uSv	§b§bv�|

� ��§�����ª� %�I�ª!©ª��w0¨b{�©2vItd©	{�¨`uM¨e���å¥[�P±	o	oát�¨bwYr
¤�&�¨yz����� �w0��{�ª2u ª	�	ª�¯e��vz¦�¨e��váz�ª2§�w0ªY«�����vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£�!Ez�¨b{�¨`uM¨e����vI«�uSv	§b§bv�|
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³ kvh'f�xb��gAk�t�t2qEf�t6gAk�r*h'´�t�t2osivq*}A�sq*}Ar*t2µ¶h'o�i1hE}�h¸·X·X· ¹�Ì*ë

� ��§�����ª� %�R±U!©ª¯`uM¨e��¨e����¨÷�E�Y¸½�d��� �v	uMz[t���wm�R&
Ω̃1

r�¤�&�¨yz����� �w0��{�ª2u
ª	�	ª�¯e��vz¦�¨e��váz�ª2§�w0ªY«�����vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£�!Ez�¨b{�¨`uM¨e����vI«duSv	§b§bv�|

� ��§�����ª� %�R³U!©ª¯`uM¨e��¨e����¨÷�E�Y¸½�d��� �v	uMz[t���wm�R&
Ω̃2

r�¤�&�¨yz����� �w0��{�ª2u
ª	�	ª�¯e��vz¦�¨e��váz�ª2§�w0ªY«�����vI«duSv	§b§bv�r[vE§�z[t�ª�°U��ª�£!·z�¨b{�¨`uM¨�����vI«�uSv	§b§bv�|
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¹�ÌL� í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

� ��§�����ª� å¥0oU!©ª¯`uM¨e��¨e����¨÷�E�Y¸½�d��� �v	uMz[t���wm�R&
ĩ1
rL¤x&�¨÷z����� �w0��{�ª2u

ª	�	ª�¯e��vz¦�¨e��váz�ª2§�w0ªY«�����vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£�!Ez�¨b{�¨`uM¨e����vI«�uMv	§b§bv�|

� ��§�����ª� å¥[�"!©ª¯`uM¨e��¨e����¨÷�E�Y¸½�d��� �v	uMz[t���wm�R&
ĩ2
rL¤x&�¨÷z����� �w0��{�ª2u

ª	�	ª�¯e��vR¦�¨e��vgz�ª2§�w	ª`«�����vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£�!Ez�¨b{�¨`uM¨e����vI«�uSv	§b§bv�|
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³ kvh'f�xb��gAk�t�t2qEf�t6gAk�r*h'´�t�t2osivq*}A�sq*}Ar*t2µ¶h'o�i1hE}�h¸·X·X· ¹�Ìº

� ��§�����ª� å¥	¥P!©ª¯`uM¨e��¨e����¨y�E�Y¸½�d��� �v	uMz[t���wm�R&
ẽ1
r�¤x&�¨÷z����� �w0��{�ª2u

ª	�	ª�¯e��vz¦�¨e��váz�ª2§�w0ªY«�����vI«duSv	§b§bv�r[vE§�z[t�ª�°U��ª�£!·z�¨b{�¨`uM¨�����vI«�uSv	§b§bv�|

� ��§�����ª� å¥0¬4!©ª¯`uM¨e��¨e����¨y�E�Y¸½�d��� �v	uMz[t���wm�R&
ẽ2
r�¤x&�¨÷z����� �w0��{�ª2u

ª	�	ª�¯e��vz¦[¨e��vgz�ª2§�w0ªY«��L��vI«duSv	§b§bv�r�v�§�z[t�ª�°U��ª�£Uz�¨b{�¨`uM¨e����vI«�uSv	§b§bv�|
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¹�Ì*ì í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

�
{
p�azn0]Yjazp.p.tGWYX?Z�u�h.tGWY��tGWYX?n�¹l^�u�h.^�W�^�p.^Rc�V�º?^LazX?WeqS»

�
{
[GtGWRdStG_Yq.s?n.�fV�]�axhitec�¼Gn.X?v

Ω1

Xga�h.^
µ1

p�a+WYt�[Gu.^�_G^LazX½WFp.n.WRdStG_Yq.s?n�j
V�]Yh.tRj

Ω2

Xgaxh.^
µ1

p.^2tGWYp.t�[Gp.tG�+u�h.tGWY��tGWYX?n
{

� �-`ba-õ1ö½^1d�`�ò�û.¾tec3jl^mh.Z���u�h.tGWY��tGWYX?n)¹l^�u�h.^�WB^g~G[GtRh.rP�.n.tGp.nLc�V3azX¿u.t�]G^���tGp.V

c1(t)=β1

√

a01(1−e21(t)) sin i1(t) sin Ω1(t)+β2

√

a02(1−e22(t)) sin i2(t) sin Ω2(t),

c2(t)=−β1

√

a01(1−e21(t)) sin i1(t) cos Ω1(t)−β2

√

a02(1−e22(t)) sin i2(t) cos Ω2(t),

c3(t)=β1

√

a01(1−e21(t)) cos i1(t)+β2

√

a02(1−e22(t)) cos i2(t).

À ÷�ø��,HÎú�`6c�d?`
�Å};}�ivg��vqEw�h'k�lØqEf6ÀEt�rEh	i6j*k�l�g_»Aivg;~3gAk�r*lpo�f6q*À'ivg;~?l"r*f6g�mÖrg�i8¾�rqE�6gA��}{~-hE}�Á

}�hE~?tÃ¼	t�Ä�~3gAk��sy{z|t6~?t6}���t�Ä�qEr*f6qEo�k6q{wÕfvh'ÄAi6t���k�lnm�rg;~?ovh	m½·'eÈ�sh��6g;}Ar*wgÞt6}�m�q��6k6q'Á
u�qÖk6gAwqEÄ;~?xbz�gAk�k6qEu�q�o�f6q*~3gAÆ¿xbrqE��k6qEu�q8�6w*t�Æ|gAk�t���t6}Ao6q'i6j*Ä�qEw�h'k6q�h'o6gAf�t6q;�vt��6g�Á
}A�bq*g-�6w*t�Æ|gAk�t6gÞo6q���w�h'Ä;t��sqEk�t��6g;}A�sq*~?x|}AgA�6gAk�t6y�·EàÞ�s}A´6gAk�r*f�t6}At�rgArl�t�kvh'�sivqEk�l
qEf6ÀEt�r¸rg�i�}A��t�r*h'y{r}��<~-h	i6l�~?t<wg�i6t���t�kvhE~?tÃ¼�h�~-hE};}AlÇrg�i�}Afvh'w*k�t6~?lß~3gAÆ��6x
};q*À*qE�Ã·3Ñ_f�t�»;r*tsm�o�f6g��6o6q'ivq�Æ�gAk�t��bm½¼3o�f�t6~3gAk��s��}At6}Arg;~?x�h'kvh	i6t�r*t��6g;}A��tsm�w*lnÁ
��t6}�ivgAk�t���ãÎä*å%æ�ç�è)ä*åNéJê�ä¸Ê ì	Í/¼�w*l#��t6}�ivgAk�l"w*l#fvh'Æ�gAk�t��8wgA�sqEwqE���vhE}Ar*t�wqEÄ�~?xbz¿h	Á
y{z�gA�<�Åxbk���´�t�tÈw2h'kvh	ivqEuAh	mÈw*rqEf6qE��}At6}Arg;~?lÇo6gAf6g;~3gAk�k�lnm�Ñ_x�h'k���h'f6g*·ÃÑÅq'i6x�Á
�6gAkvh�k6qEw�h'��}At6}Arg;~-h2t�Ä�wq*}Aj~?t�i6t�k6gA��k�lnm�k6g�h'w*rqEk6q*~?k�lnm��6t6�¶�¶gAf6gAk�´�tvh	i6jEÁ
k�lnmÈxbfvh'w*k6gAk�t���o6gAf�wqEu�q2o6qEfb�b�6�shs¼�qEo�t6}Al#w�h'y{z¿h'�<wgA�sqEw*l�gÖwqEÄ�~?xbz�gAk�t��½·�Â¶h
q*}Ak6qEwg���t6}�ivgAk�k�lnmÖf6gA��gAk�t��Ö»;r*tsm��6t6�¶�¶gAf6gAk�´6tvh	i6j*k�lnm)xbfvh'w*k6gAk�t��Öw*l#�swEivgAk�l
»;wq'i6y{´�t6qEk�k�l�gÅrgAks�vgAk�´�t�t2qEf6ÀEt�rEh	i6j*k�l#m�»Aivg;~3gAk�rqEw6·6eGo6gAf�w*l�gÅo6qE�sh'Ä	h'k6q�¼���rq
k6gAt�Ä�~3gAk�k6q*}Ar*jËqEf�t6gAk�rEh'´�t�t"osivq*}A�sq*}Ar*tpµ�h'osi1hE}�h�kvh'f�xb�¿hEgAr}��ÒtDwq*}�m�q��6�sz|t��
xbÄ�g�i<qEf6ÀEt�r*l

Ω1

rg�i1h
µ1

k6g¿};qEw*ovh	�1hEgAr2}|k�t6}�mbq;�6�sz|t6~pxbÄAivq*~
Ω2

rg�i�h
µ2

kvh
q*}Ak6qEw*k6qE�2osivq*}A�bq*}Ar*tÃ·

Ó?hEÀ*qEr*h��vhE}Ar*t���k6q_�Åt�kvh'k6}At�f6qEw�h'kvhÕu;fvh'k�rq*~ÎÝL�*ì*ì�Á'í��Økvh�xb��k6q'Á�rg�msk�t��6g;}A��tsm
o�f6qEu;fvhE~3~Ët¸o�f6q*gA��rqEw�(Åq*~?t�rgArEh¿kvh�xb��t�î ³ ÂÇÓ,( � Ýs¹ � Á � Ýs¹AÏÖuAuA·
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³ kvh'f�xb��gAk�t�t2qEf�t6gAk�r*h'´�t�t2osivq*}A�sq*}Ar*t2µ¶h'o�i1hE}�h¸·X·X· ¹�Ì*Ð

Â d�ö½`6ÿ�÷½öM/�ÿ�÷

¹�ng�ivgA´���t��¸e_· e_·X¼3·_gAk�rqEwgÃ|· Ã|·�Ó?gAÄ�qEkvh'k6}Ak�l�g_w*fvh'z�gAk�t��8k6g;À*g;}Ak�lnm8rg�i�·¾
Â{t6Æ¿k�t��2ÂÅqEw*u�qEf6q��;�6Âl�ÅÓ"�$�¿¼�¹�Ð*ì*ës·s¾ÖÏ�Ì*Ý�}*·

� µ�hE}A�sh'fÅÄð·Æ(_f�xbo�k6q*~-hE}A�|r*hEÀEk�l#�ÎmshEq*}�tÎ~-h'f�u;t�kvh	i6j*kvh'�Îx}ArqE���6t�wq*}Ar*j
w â q'i6k6gA��k6qE��}At6}Arg;~3g*·�Á�w���kÃ·Ç�ÃÓ�gAÄ�qEkvh'k6}Alßw¸k6g;À*g;}Ak6qE��~3g�mbh'k�t��sg*·�¾�î�q*}A��w�h	Á
�{Æ�gAw}A�����_k6}Ar*t�r*xbr)�bq*~?o�j*y{rgAf�k6lnm¸t6};}�ivg��vqEw�h'k�t���¼ � Ý*ÝL�s·s¾ â · � Ïbº�Á�Ì*Ý*ës·

Ìg(ÅqEf�f6gA���\Ã|·X¼-µ�hE}A�sh'ffÄð·ÉÈÅgAr*l#f6g2�sqEk6gA��k�lnmËo6q'ivq	Æ�gAk�t��Dq*}AtÒw*fvh'z�g�Á
k�t���engAk6gAf�l¶·�ÁÅwÎ��kÃ·Ç�?Ó�gAÄ�qEkvh'k6}Al wÎk6g;À*g;}Ak6qE�Ë~3g�mbh'k�t��sg*·�¾<î�q*}A��w�h	Á��_Æ|gAw}A���
�{kv}�r*t6r*xbr)�bq*~?o�j*y{rgAf�k�lnm�t6};}�ivg��vqEw�h'k�t���¼ � Ý*ÝL�s·s¾ â ·vÌ*Ý*ë	Á�Ìs¹m�s·

Ï ³ ~-h'f6qEwË×Þ· �_·Þï¶t�k1hE~?t��sh�u;fvh'w*t�r*t6f�xby{z|tsmp}At6}Arg;~ î�gAr*h'uAh	i1h'��r*t���tÃ·n¾
Ã�iv~-h'r*l�6Â¶h;xb��hs¼½¹�ÐºEës·�¾2¹AÏ�ÌgÊ*·

ë�ËUÌ�ÍGÎ�ÏmÐÒÑ¶· Ó_·Ô�Ï�ÕsÁxÖ3×eÍG×BØÙÏ�Õ�ÍGÎBÚÜÛ�Ú�Õ�ÍGÌgØÙÊmÍGÝ2ÞyÎ�Ï�ßSÝÙàzÌ2áÅØÇÕãâ�áB×BÎ�Ï�Õ.Ï�Ì$Ú·{¾
Ô�àzänÁæåÉÏ�ÎBçÆ�SÔ�Ï�ÐLÍ2Ö�ÊzØÙàzÕ.ÊYàÞyèSßSÝ�·�é�Õ.Ê*·X¼ � Ý*Ý � ·s¾ � Ï�ìgÊ*·

�gÓªàzç�Ï�ÐÒâ|· â|·X¼�ËUÌ�ÍGÎ�ÏmÐÜÑÅ· Ó_·Ñªê.à�×Bê.àYÏ�ÎBÚÒÏGëkËUÎBßSØÇ×�áÅØÇÕìÔ�Ï�ÕsÁxÖ3×eÍG×BØÙÏ�Õ�ÍGÎBÚ
Ö3×�àzÝÇÝÙÍGÎ	Ö3Ú0áB×�àzÌ2á�ÁLÁ+â�áB×BÎ�Ï�ÕÃ·,ÍGÕ.í�â�áB×BÎ�Ï�îSê�Ú0á�·9Ñ�ÎeÍGÕ.áeÍ�Êz×BØÙÏ�Õ.á�·?¾ � Ý*Ý*Ìs·�¾�×Þ· �L� ·�¾
Þ�·Ã¹AÏ�ës·

º�î2t�k�u�i6t6ÀhEgAw�î�· Äð·?ï¶t�kvhE~?t���hÈk6g;}ArEh'´�t6qEkvh'f�k6lnmËu;fvh'w*t�r*t�f�xby{z|tsmË}AtsÁ
}�rg;~#·�¾�Ã�iv~-h'r*l�.�_ÄA��·.(¶h'Ä�Â%ï�¼ � Ý*Ý*Ðs·s¾ � Ý*Ð â ·

ìgðyñLñLÝÙàz×�Ï�ÕkÞ?·SðyÐ3Ï�Ýòè.×BØÙÏ�Õ�ÍGÎBÚ	îSÎ�Ï3ÊYàYá�á�àYáPØÇÕ)ßSØÇÕ�ÍGÎBÚ)ÍGÕ�í	Ì�èSÝÇ×BØÇîSÝÙà�áB×eÍGÎ�á�·�¾�ó�ôg�
õ ÍGÌ�ßSÎBØÙí0ñ�à�óUÕSØÇÐ3àzÎ�áBØÇ×�Ú	ÞyÎ�àYá�á�¼ � Ý*ÝL�s·s¾�Ì*Ì � îÃ·

Ð�µÅxb��j*�sk6qEw¿µ)· í�·sï¶t�kvhE~?t��6g;}A�shE�¸»;wq'i6y{´�t���qEf6ÀEt�r)Ä;wgAÄA�2w¿rg;}Ak�lnm8�6wqE�sÁ
k�lnmÖ}At6}Arg;~-h	m�}Õ�bqEk6};gAf�w�h'r*t�wk�l�~�q*À*~3gAk6q*~�~-hE};}lÁLÁÃ{}Ar*f6qEk�·�Æ¿xbf�kvh	i�·�¾ � Ý*Ý*ìs·
¾Ö×Þ·vì*ës¼�öÙìs·s¾ â ·1ºEë*ë	Á5º��*ìs·

¹�Ýg÷ßh'fsi6jg(¿·6ÂÅg;À*g;}Akvh'��~3g�msh'k�t���hs·s¾Öî�q*}A��w�hs¼Ã¹�ÐL�L�s·s¾	� � ì â ·
¹*¹økØÇÕSñLÝÇØÇß�ÍYÚ3àzÐ%ø�·X¼møFÍYÚ3àzÌ2àzÎ�ÏmÐLÍUù�·�Ö�àYÊzèSÝúÍGÎ;îMàzÎB×�èSÎBß�ÍG×BØÙÏ�Õ.á;ØÇÕl×Bê.ày×BêSÎ�àYà�ÁûßÆÏ3í0Ú

îSÎ�Ï�ßSÝÙàzÌüäPØÇ×Bê�ÐLÍGÎBØúÍGßSÝÙà%Ì�Í�á�á�àYá�ÁLÁ$Ñªê.à$Ö3Øòý0×Bê�é�Õ�×�·0þÅÏ�ÎBç0áBê.Ï�îÃ· õ Ï�ÌgîSè.×�àzÎ�ÍGÝÇñ�àzßSÎeÍ
áBÚ0áB×�àzÌ2á4ØÇÕk×�àmÍ�Ê�êSØÇÕSñ)ÍGÕ.íkÎ�àYá�àmÍGÎ�Ê�êÃ·6¾	Þ�Ï�ÝúÍGÕ.í½¼�Ö3ØÙàYí0ÝÙÊYàL��þbÚ0í.ÍmäPÕSØÙÊz×�äªÏ õ Ï�ÝÇÝÙàzñLØÇèSÌ
øFÍGÿmÏmÐ�ØúÍs¼ � Ýs¹*¹*·s¾ÖÓ?·½¹�Ð*ì	Á � Ý'Ï6·

¹ � Ñ_f6qE�bqEo6gAk��gÃ|· Â¿·EÓ�gA��gAk�t6g#�Åt�Ä;t��6g;}A��tsm|Ä	h	�1h;�)}Þt6}Ao6q'i6j*Ä�qEw�h'k�tvg;~È}At6}Arg�Á
~?lÛã��������Þã������
	��Å·�¾��Gf6g;}Ar.�.�_ÄA��·.�níÃ×ªïÕ¼ � Ý*Ý*ës·s¾ � �*Ý?Ê*·

� X?^�X?ZGq+u.tGWYX?V�u.n�h.^�[lcMaz_G^����.n.rÜ���
{
�

{
�G�
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¹AÏ�Ý í�· î�·�îÎhEg;~3gAf6qEw�hs¼vî�· ï¶Æ�·-î2t�k�u�i6t6ÀhEgAw

îÎhEg;~3gAf6qEw�hØí�· î�·X¼¶î2t�k�u�i6t6ÀhEgAwáî�· ï¶Æ�·¶î+Ã â#â ÃÕµÃ{Ó�� Ã��ÅÂ���î+ÃÕµ��
�l÷ ï��-Â���î�� â �3µ�� â é�Â{ï��-í;é�µÃ{Ñ_µÃ â ÄüÃ � ���Å×������ ³ Ó,���-ÂÅ×;Ã��l�_Á
� â ��Â����ã�! � ��µlï"�

Ñ_x�h'k���h'f6g<»Aivg;~3gAk�r*rgAfSØXkSØ$#ÛgA�SØXk��$Ø¶Æ&%s�6g;}zØXkSØ$#Ûh'kvh	ivqEu;rEh'f�lÙ¾Dq*}A��x	i6�s´�t��bÁ
i1h;xb�|l h'��k�l�~-h	i6lni1h'f��1hÈ~-hE};}�h	i1h'f�lKh'��k�lÕ~-h	i6l'%s� �vgAk6g�~)(	};g�ivg;}zØXkSØ$#ËÆ¿h*#vh
rg+#s�vgAx	ivgAfSØÞh	i6l#ks�6l¶·½î�q��6t6�Åt��sh'´�t��bi1h'k-,;h'k<q*}A��x	i6�s´�t��bi1h�xb�|lÇh'��k�l�~-h	i6lni1h'f
Æ&%s�6g;}zØXks�vgËr
%sf�r*�SØTivgAxb�$ØÖ�Åxbk���´�t��sk�l�#/.Ef�k6gAuYØ�øFÍG×Bê.àzÌ�ÍG×BØÙÊmÍáh'kvh	i6t�r*t��sh	i6l�0
g;};gAo�rgAxÎÆ&%s�6g;}zØGh'f-0�lni6l/0bqEf�l#r*l#o��|l�,;h'f�lni��6l¶·�×1%sf�r*�SØTivgAxb�$ØÞ�Åxbk���´�t��sk�l�#
k6gAuYØXÄYØXks�vg¸h	i2,	h'�ðf6gArÈ~)(	};g�ivgAkSØ$#�»;wq'i6y{´�t��bi6l�0�rg+#s�1g�x	ivgAfSØn¾3,;hE}Al#fsi6l�0�r
%sfsÁ
�SØTivgAx	�.Ø$#È��h'k6qEks�6l�0�h'w*rqEk6q*~��6l g;~3g;}�rg+#s�vgAx	ivgAfSØ-r*hEÀElni��6l¶·��6hE}Al#fsi6l�0<r
%sf�rEÁ
�SØ#rg+#s�vgAx	ivgAfSØXkD}�h'ks�6l�0Òr4(	}zØTi��vgAf6~3gAkÒr*h	i��1h;x�k-(�r*t�Æ�g;}zØXks�vg�r
5sfvh*0�r*l µ�h'osi1hE}
Æ�h'Ä;l�0�r*l�,;l#k6l�#�~-hE};}�h	i1h'f��6l�#6(�f�r
%sfsi.Ø!0sh'f-0�l#ks�1h�.EÄ;u�gAf�x<}�h	i��1h'f�l�kvh'k�q*}Al
Æ�h'Ä;l�0�r*l�0�r*l7#<qEf�t6gAk�r*h'´�t���}Al8.EÄ;u�gAf6gArLØXkSØ-�9.Ef6};gArLØTi��.Ø�·ÞñAîÎhE};}�hE}Al

µ1

�vgAk6gAkSØ$#�ñ
Æ|q
,;h'f�lni1h;x�r
%s�SØXkSØ¶ñA~-hE};}�hE}Al

µ2

�vgAk6gAkSØ$#�ñ:0;5'i��6l#fvh�x�r
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D�E7T�]�K<D�b�B9��m�S�E4d�M[U�P�K<L�B/W�D�KYX�x | U�I�KGM[LgT�I�D�E<R�B/D�P�R�^×U�R�I�b�MGd�I�D�KYXgb¬K7T�E7d�P�W��1EGF
b�I�d�E�h

Ø¬Ù%Ú�Û�Ü�Ý�ÚeÞ�Ü�Ý
ÕkAj^oS�V�B[E<b��Qx �qx m���D�E7T�V�B[E<b�A#x �sxe>-EGKGM[b�^_E1ikP�S�L�l�I�M[S�B9T�]�S�^_EsU�R�M�K<D�R�B/S�n

K<D�b�BQIgK<U�E<L�D�R`d�I�i4i4E<R�E<S�l�I�B9T�]�S�^-�jM[U�E<R�B/D�M[R�M[b�x�ß¬A#x h��4BGP�L�B�m%Õtà�á�á�x�ß�¥�á�ápË�x
�¡d�T�X�F�M[S�M[\GR�B[ikI�f��

¥Qy~E<S�K<^oL�V�B[E<b�âsx âsx�AgM[S�M�K<U�TeB/f�S�^OFrI�S�I�FHB9T�]�S�M[fgS�M[R�Fr^�IjS�B/I�T�P�J�§sI�E
L�b�B9d�R�B/D�P�R�S�^_Eui4M[R�FrP9T�^×Æ�ÆuÈ«K<U�E7��I`FHB/D�EGFox�S�BtP�L
x�ßgÕtà�á�Õ�x�ß¬�«x{ã�ä�m_b�^oU
x%�ÂI�T�I
å ��æ�x�ß | x
ÕtÔ�çtnYÕt¦�à�x

��P�L�M[U�I�K<I
mtS�E�P9d�M[b[T�E<D�b�M[R�X�W��sI�EHU�E<R�E<J�I�K7T�E<S�S�^_F`b�^o§1E�D�R�EGV�M[b�B/S�I�X�Fomtb�M[c<n
b�R�B/�QB/W�D�K{X�B/b�D�M[R�B[F�S�B4M�i4M[R�F�T�E<S�I�E�m�d�M[R�B[V�M[D�L�P�x���E7deB/L�l�I�X¬M�K<D�B/b[T�X�E<Dsc9B4KGM/n
V�M[f¬U�R�B/b�MsS�BuM[D�L�T�M[S�E<S�I�EªK<D�B/D�]�I
m�EGK7T�I�EGE�KGMtd�E<R�NQB/S�I�E�S�E�M[D�b�E<J�B/W�D1D�R�EGV�M[b�B9n
S�I�X�FaNQP�R�S�B9TeB�x



�������������	��
���������������	�����

�������! #"%$&�('*)#+�,-"/.102�! 

35476!8:9<;>=@?<4�A�8<BDC!=@EGF	HGIKJ LGMKJ HGLKN>O�PDJ
Q/9:R!=@STOGLGLVU7W:X-JZY\[^]�B7_`NDabO�;DEGR�J

cd4^R<_2=@Efe^L
×

N>LGL
1/16

J:gihK_2=@P7=�4Gjk;7BDEG?!=@l	mnN

op?<;DEG9:EGhqE�_2=@E-B7_2=@EG9:W:9r9s_2=@E-B7_2=@EG9:C<B7;DWK4^P>4	_t476!Bvu<9:R<4^Ab=@?:9<lxw�Y\y{z2|
PvJ<}~u!_2=@EG�k�:h�u�J:3phq�dW:9:?!=K��N>HGM
Q�Bvu�J �@j�=@Wq;G�!Is��e^H-eG��H�e^HVab��OGH

�v�����@��� �:�7�q�:��� �@�������@� ��J �q�-� ���@��� �7�b�:��� �@���\���@��� J ���
  �D¡K�£¢������ �<� ����¤ � �G�  � �  J �	�@� ��J �q�


