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Ïî çàäàííîìó ñòîõàñòè÷åñêîìó óðàâíåíèþ Èòî ïåðâîãî ïîðÿäêà ñòðîèòñÿ
ýêâèâàëåíòíîå ñòîõàñòè÷åñêîå óðàâíåíèå ëàãðàíæåâîé ñòðóêòóðû. Ñòðî-
èòñÿ ëèíåéíàÿ ïî ñêîðîñòÿì ôóíêöèÿ Ëàãðàíæà. Ïðèâîäÿòñÿ èëëþñòðè-
ðóþùèå ïðèìåðû ïîñòðîåíèÿ ñèñòåì ñòîõàñòè÷åñêèõ óðàâíåíèé ñ âûðîæ-
äåííûì ëàãðàíæèàíîì.

1. Ïîñòàíîâêà ñòîõàñòè÷åñêîé çàäà÷è Ãåëüìãîëüöà
Êëàññè÷åñêàÿ çàäà÷à Ãåëüìãîëüöà [1] � ýòî çàäà÷à ïîñòðîåíèÿ ïî çà-

äàííûì óðàâíåíèÿì äâèæåíèÿ ìåõàíè÷åñêîé ñèñòåìû â ôîðìå Íüþòîíà
ýêâèâàëåíòíûõ óðàâíåíèé äâèæåíèÿ â ôîðìå Ëàãðàíæà. È óðàâíåíèÿ,
äëÿ êîòîðûõ òàêîé ïåðåõîä âîçìîæåí, íàçûâàþòñÿ ñèñòåìàìè Ãåëüìãîëü-
öà. Â ðàáîòàõ Ìàéåðà [2] è Ñóñëîâà [3] íåçàâèñèìî äðóã îò äðóãà ïîêàçàíî,

Keywords: Inverse problem, stochastic di�erential equation, Lagrange function
2010 Mathematics Subject Classi�cation: 34K29, 60H10
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÷òî êëàññè÷åñêèå óñëîâèÿ Ãåëüìãîëüöà ÿâëÿþòñÿ íå òîëüêî íåîáõîäèìû-
ìè, íî è äîñòàòî÷íûìè óñëîâèÿìè ïåðåõîäà îò íüþòîíîâûõ óðàâíåíèé ê
ëàãðàíæåâûì.

Ñ ðåçóëüòàòàìè ïî äàëüíåéøåìó èññëåäîâàíèþ çàäà÷è Ãåëüìãîëüöà
ìîæíî îçíàêîìèòüñÿ ïî ðàáîòàì [4,5,6], â êîòîðûõ íàðÿäó ñ ñîáñòâåííûìè
èññëåäîâàíèÿìè, â îñíîâíîì, â êëàññå ÎÄÓ (îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé) è ÄÓ×Ï (äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè) ïðèâîäèòñÿ èñòîðè÷åñêèé îáçîð ïî ðàçâèòèþ è îáîáùåíèþ
óêàçàííîé çàäà÷è.

Ðåøåíèå çàäà÷è Ãåëüìãîëüöà â òîì èëè èíîì êëàññå äèôôåðåíöèàëü-
íûõ óðàâíåíèé ïîçâîëÿåò ðàñïðîñòðàíèòü íà ýòîò êëàññ óðàâíåíèé õîðîøî
ðàçâèòûå ìàòåìàòè÷åñêèå ìåòîäû êëàññè÷åñêîé ìåõàíèêè.

Îñîáîå ìåñòî ïî ðàçíîîáðàçèþ àñïåêòîâ èññëåäîâàíèÿ çàäà÷è Ãåëüì-
ãîëüöà è ïîëíîòå èçëîæåíèÿ ìàòåðèàëà çàíèìàåò äâóõòîìíàÿ ìîíîãðà-
ôèÿ Ð.Ì. Ñàíòèëëè [4,5], ïîñâÿùåííàÿ çàäà÷å ïðåäñòàâëåíèÿ îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà â âèäå óðàâíåíèé
Ëàãðàíæà, Ãàìèëüòîíà è Áèðêãîôà. Â ìîíîãðàôèè À.Ñ. Ãàëèóëëèíà [7]
ðàññìàòðèâàåòñÿ îáîáùåíèå ãàìèëüòîíîâûõ ñèñòåì â ñìûñëå ïðèâîäèìî-
ñòè óðàâíåíèé äâèæåíèÿ íåêîíñåðâàòèâíûõ ìåõàíè÷åñêèõ ñèñòåì ê êëàñ-
ñè÷åñêèì óðàâíåíèÿì äèíàìèêè è ðåøàåòñÿ, â ÷àñòíîñòè, çàäà÷à ãàìèëü-
òîíèçàöèè óðàâíåíèé ñèñòåì ïðîãðàììíîãî äâèæåíèÿ.

Çàäà÷ó Ãåëüìãîëüöà â êëàññå ñòîõàñòè÷åñêèõ óðàâíåíèé óñëîâíî ìîæíî
ðàçáèòü íà äâå âçàèìîñâÿçàííûå ïîäçàäà÷è. Çàäà÷à 1: ïî çàäàííîìó ñòîõà-
ñòè÷åñêîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ Èòî âòîðîãî ïîðÿäêà òðåáó-
åòñÿ ïîñòðîèòü ýêâèâàëåíòíîå åìó ñòîõàñòè÷åñêîå óðàâíåíèå ëàãðàíæåâîé
(ãàìèëüòîíîâîé èëè áèðêãîôèàíîâîé) ñòðóêòóðû è çàäà÷à 2: ïîñòðîèòü
ôóíêöèîíàë, ïðèíèìàþùèé ñòàöèîíàðíîå çíà÷åíèå íà ðåøåíèÿõ çàäàííî-
ãî ñòîõàñòè÷åñêîãî óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû.

Âîïðîñàì ðàçðåøèìîñòè ñòîõàñòè÷åñêîé çàäà÷è 1 ñ íåâûðîæäåííûì
ëàãðàíæèàíîì ïîñâÿùåíû ðàáîòû [8-16].

Ïóñòü çàäàíû óðàâíåíèÿ

dẏ = Y1(y, ẏ, t)dt + Y2(y, ẏ, t)dξ, (a)

dż = Z1(z, ż, t)dt + Z2(z, ż, t)dξ. (b)
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Îïðåäåëåíèå A [17, ñ.153]. Áóäåì ãîâîðèòü, ÷òî óðàâíåíèÿ (a) è (b)
ýêâèâàëåíòíû ï.í., åñëè èç y(t0) = z(t0) , ẏ(t0) = ż(t0) ï.í. ñëåäóåò
y(t, t0, y0, ẏ0) = z(t, t0, z0, ż0) , ẏ(t, t0, y0, ẏ0) = = ż(t, t0, z0, ż0) ï.í. ïðè
âñåõ t ≥ t0 . (Çäåñü ï.í. îçíà÷àåò ïî÷òè íàâåðíîå.)
Îïðåäåëåíèå B [17, ñ.153]. Áóäåì ãîâîðèòü, ÷òî óðàâíåíèÿ (a) è (b)
d -ýêâèâàëåíòíû (èëè ýêâèâàëåíòíû ïî ðàñïðåäåëåíèþ), åñëè äëÿ (y(t0)T ,
ẏ(t0)

T )T è (z(t0)T , ż(t0)
T )T ñ îäèíàêîâûìè íà÷àëüíûìè ðàñïðåäåëåíèÿ-

ìè íà R2n ñîâïàäàþò çàêîíû ðàñïðåäåëåíèÿ ïðîöåññîâ (y(t)T , ẏ(t)T )T è
(z(t)T , ż(t)T )T â ïðîñòðàíñòâå W 2n = C([0,∞) → R2n) .
Îïðåäåëåíèå C [18, ñ.279]. Áóäåì ãîâîðèòü, ÷òî óðàâíåíèÿ (a) è (b) ýê-
âèâàëåíòíû â ñðåäíåì, åñëè èç My(t0) = Mz(t0) , Mẏ(t0) = Mż(t0) ñëå-
äóåò My(t, t0, y0, ẏ0) = Mz(t, t0, z0, ż0) , Mẏ(t, t0, y0, ẏ0) = Mż(t, t0, z0, ż0)
ïðè âñåõ t ≥ t0 .
Îïðåäåëåíèå D [18, ñ.282]. Áóäåì ãîâîðèòü, ÷òî óðàâíåíèÿ (a) è (b)
ýêâèâàëåíòíû â ñðåäíåì êâàäðàòè÷åñêîì, åñëè èç My2(t0) = Mz2(t0) ,
Mẏ2(t0) = Mż2(t0) ñëåäóåò My2(t, t0, y0, ẏ0) = Mz2(t, t0, z0, ż0) ,
Mẏ2(t, t0, y0, ẏ0) = Mż2(t, t0, z0, ż0) ïðè âñåõ t ≥ t0 .

Â [8] ïî çàäàííûì ñòîõàñòè÷åñêèì óðàâíåíèÿì Èòî âòîðîãî ïîðÿäêà
ñòðîÿòñÿ ýêâèâàëåíòíûå â ñìûñëå ï.í. ñòîõàñòè÷åñêèå óðàâíåíèÿ ëàãðàí-
æåâîé ñòðóêòóðû. Îïðåäåëÿþòñÿ óñëîâèÿ ïðÿìîãî è íåïðÿìîãî àíàëèòè-
÷åñêîãî ïðåäñòàâëåíèé ëàãðàíæèàíà ïðè íàëè÷èè ñëó÷àéíûõ âîçìóùåíèé.
Â [9] ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ ïîñòðîåíèÿ ïî çà-
äàííîìó óðàâíåíèþ Ëàíæåâåíà-Èòî èëè Ëàíæåâåíà-Ñòðàòîíîâè÷à ýêâè-
âàëåíòíîãî â ñìûñëå ï.í. óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû. Ïðèâîäÿòñÿ
ïðèìåðû íà ïîñòðîåíèå ñòîõàñòè÷åñêîãî óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòó-
ðû, èëëþñòðèðóþùèå òîò ôàêò, ÷òî êîýôôèöèåíò ïðè áåëîì øóìå èãðàåò
ñóùåñòâåííóþ ðîëü ïðè ïîñòðîåíèè ôóíêöèè Ëàãðàíæà ïî çàäàííûì ñòî-
õàñòè÷åñêèì äèôôåðåíöèàëüíûì óðàâíåíèÿì òèïà Èòî âòîðîãî ïîðÿäêà.
Ðàáîòà [10] ïîñâÿùåíà ðàçðåøåíèþ ñòîõàñòè÷åñêîé çàäà÷è Ãåëüìãîëüöà ìå-
òîäîì äîïîëíèòåëüíûõ ïåðåìåííûõ. È, â ÷àñòíîñòè, ìåòîäîì Øóëüãèíà
ñòîõàñòè÷åñêèå óðàâíåíèÿ Èòî âòîðîãî ïîðÿäêà ïðèâîäÿòñÿ ê ñòîõàñòè-
÷åñêèì óðàâíåíèÿì ëàãðàíæåâîé ñòðóêòóðû è ñîîòâåòñòâåííî ñòîõàñòè-
÷åñêèå óðàâíåíèÿ Èòî ïåðâîãî ïîðÿäêà ìåòîäîì Ëèóâèëëÿ � ê ýêâèâà-
ëåíòíûì ñòîõàñòè÷åñêèì óðàâíåíèÿì êàíîíè÷åñêîé ñòðóêòóðû. Â ðàáîòå
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[11] àíàëèç ðàçðåøèìîñòè çàäà÷è Ãåëüìãîëüöà â îòëè÷èå îò [8-10], ãäå ýê-
âèâàëåíòíîñòü óðàâíåíèé ïîíèìàåòñÿ â ñìûñëå îïðåäåëåíèÿ A îá ýêâèâà-
ëåíòíîñòè ï.í., ïðîâîäèòñÿ â êëàññå d -ýêâèâàëåíòíûõ óðàâíåíèé â ñìûñëå
îïðåäåëåíèÿ B.

Ïî çàäàííûì ñòîõàñòè÷åñêèì óðàâíåíèÿì Èòî âòîðîãî ïîðÿäêà â [11]
ñòðîÿòñÿ ñòîõàñòè÷åñêèå óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû ñ èñïîëüçîâà-
íèåì ìåòîäîâ ïðåîáðàçîâàíèÿ ôàçîâîãî ïðîñòðàíñòâà ïî ñêîðîñòÿì, àáñî-
ëþòíî íåïðåðûâíîãî ïðåîáðàçîâàíèÿ ìåðû è ñëó÷àéíîé çàìåíû âðåìåíè.

Åñëè â ðàáîòàõ [8-10] çàäà÷à Ãåëüìãîëüöà èññëåäóåòñÿ â êëàññå ñòîõà-
ñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî âòîðîãî ïîðÿäêà è ýêâèâà-
ëåíòíîñòü óðàâíåíèé ïîíèìàåòñÿ â ñìûñëå ýêâèâàëåíòíîñòè ï.í., à â [11]
� â ñìûñëå ýêâèâàëåíòíîñòè ïî ðàñïðåäåëåíèþ, òî â [12] àíàëèç ðàçðå-
øèìîñòè ñòîõàñòè÷åñêîé çàäà÷è Ãåëüìãîëüöà, â îòëè÷èå îò ðàáîò [8-11],
ïîíèìàåòñÿ, âî-ïåðâûõ, â ñìûñëå ýêâèâàëåíòíîñòè óðàâíåíèé â ñðåäíåì è
ñðåäíåì êâàäðàòè÷åñêîì è, âî-âòîðûõ, ðàññìàòðèâàåòñÿ ëèíåéíàÿ ïîñòà-
íîâêà çàäà÷è.

Ñóòü ìåòîäà ìîìåíòíûõ ôóíêöèé çàêëþ÷àåòñÿ â òîì, ÷òî îí ñâîäèò èñ-
ñëåäîâàíèå ñòîõàñòè÷åñêîãî óðàâíåíèÿ ê ñèñòåìå ÎÄÓ îòíîñèòåëüíî ðàñ-
ñìàòðèâàåìûõ ìîìåíòîâ.

Â ðàáîòå [12] ñòîõàñòè÷åñêàÿ çàäà÷à Ãåëüìãîëüöà èññëåäóåòñÿ â ñìûñ-
ëå îïðåäåëåíèé C è D. À èìåííî: ïî çàäàííûì ëèíåéíûì ñòîõàñòè÷åñêèì
óðàâíåíèÿì Èòî âòîðîãî ïîðÿäêà ñòðîÿòñÿ óðàâíåíèÿ ëàãðàíæåâîé ñòðóê-
òóðû êàê â ïðîñòðàíñòâå ìîìåíòíûõ ôóíêöèé ïåðâîãî ïîðÿäêà, òàê è
â ïðîñòðàíñòâå ìîìåíòíûõ ôóíêöèé âòîðîãî ïîðÿäêà. Â ðàññìàòðèâàåìûõ
ïðîñòðàíñòâàõ ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïðÿìîãî è
êîñâåííîãî ïðåäñòàâëåíèé ëàãðàíæèàíà.

Â ðàáîòå [13] ðåøàåòñÿ çàäà÷à ïðåäñòàâëåíèÿ óðàâíåíèÿ Èòî âòîðî-
ãî ïîðÿäêà â âèäå óðàâíåíèÿ ñ çàäàííîé ñòðóêòóðîé ñèë. Îïðåäåëÿþòñÿ
óñëîâèÿ, ïðè êîòîðûõ çàäàííàÿ ñèñòåìà ñòîõàñòè÷åñêèõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé Èòî âòîðîãî ïîðÿäêà ïðåäñòàâèìà â âèäå ñòîõàñòè÷åñêèõ
óðàâíåíèé Ëàãðàíæà ñ íåïîòåíöèàëüíûìè ñèëàìè îïðåäåëåííîé ñòðóêòó-
ðû.

Ñòîõàñòè÷åñêàÿ çàäà÷à Ãåëüìãîëüöà äëÿ ñèñòåì Áèðêãîôà ðàññìàò-
ðèâàåòñÿ â ðàáîòå [14], ãäå ïî çàäàííîìó ñòîõàñòè÷åñêîìó óðàâíåíèþ
Ëàíæåâåíà-Èòî â íåïðÿìîì ïðåäñòàâëåíèè ñòðîèòñÿ êàê óðàâíåíèå ãà-
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ìèëüòîíîâîé ñòðóêòóðû, òàê è óðàâíåíèå áèðêãîôèàíîâîé ñòðóêòóðû. Ìå-
òîäîì ìîìåíòíûõ ôóíêöèé îïðåäåëÿåòñÿ ôóíêöèîíàë, ïðèíèìàþùèé ñòà-
öèîíàðíîå çíà÷åíèå íà ðåøåíèÿõ çàäàííîãî ñòîõàñòè÷åñêîãî óðàâíåíèÿ
Áèðêãîôà â ôîðìå óñðåäíåííîãî äåéñòâèÿ ïî Áèðêãîôó. Â [15] çàäà÷à
Ãåëüìãîëüöà ðàññìàòðèâàåòñÿ ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè, ÷òî íà
íåãîëîíîìíóþ ìåõàíè÷åñêóþ ñèñòåìó ïîìèìî íåïîòåíöèàëüíûõ ñèë äåé-
ñòâóþò òàêæå ñëó÷àéíûå âîçìóùàþùèå ñèëû òèïà áåëîãî øóìà. Ïî çàäàí-
íîé ñòîõàñòè÷åñêîé ñèñòåìå ñòðîèòñÿ â ïðÿìîì è êîñâåííîì ïðåäñòàâëå-
íèÿõ ýêâèâàëåíòíîå ï.í. óðàâíåíèå ëàãðàíæåâîé ñòðóêòóðû â ïðåäïîëî-
æåíèè, ÷òî íà èñõîäíóþ ñèñòåìó íàëîæåíû íåãîëîíîìíûå ñâÿçè. Ïðÿìàÿ
çàäà÷à Ãåëüìãîëüöà èññëåäóåòñÿ â êëàññå êàê ñèñòåì ×àïëûãèíà, òàê è
ñèñòåì Âîðîíöà. Ïðèâîäèòñÿ âûâîä íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé
êîñâåííîãî ïðåäñòàâëåíèÿ ñòîõàñòè÷åñêîãî óðàâíåíèÿ Âîðîíöà â ôîðìå
óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû. Ïîëó÷åííûå â [8-15] ðåçóëüòàòû ïî
ðåøåíèþ çàäà÷è 1 èëëþñòðèðóþòñÿ íà êîíêðåòíûõ ïðèìåðàõ.

Â ðàáîòå [16], â ïðåäïîëîæåíèè íåâûðîæäåííîñòè ëàãðàíæèàíà, èññëå-
äóåòñÿ çàäà÷à 2 (âòîðàÿ ÷àñòü ñòîõàñòè÷åñêîé çàäà÷è Ãåëüìãîëüöà) � çà-
äà÷à ïîñòðîåíèÿ ôóíêöèîíàëà, ïðèíèìàþùåãî ñòàöèîíàðíîå çíà÷åíèå íà
ðåøåíèÿõ çàäàííîãî ñòîõàñòè÷åñêîãî óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû,
èëè, ÷òî ýêâèâàëåíòíî, çàäà÷à ðàñïðîñòðàíåíèÿ ïðèíöèïà Ãàìèëüòîíà íà
êëàññ íàòóðàëüíûõ ìåõàíè÷åñêèõ ñèñòåì, íà êîòîðûé äåéñòâóþò ñëó÷àé-
íûå âîçìóùàþùèå ñèëû òèïà áåëîãî øóìà.

Â óïîìÿíóòîé âûøå äâóõòîìíîé ìîíîãðàôèè Ð. Ì. Ñàíòèëëè [4,5]
â êëàññå ÎÄÓ çàäà÷à Ãåëüìãîëüöà ðàññìîòðåíà, â ÷àñòíîñòè, è â ñëó÷àå
âûðîæäåííîãî ëàãðàíæèàíà. Ïðè ýòîì ïîíÿòèå âûðîæäåííîãî ëàãðàíæè-
àíà âñòðå÷àåòñÿ âïåðâûå, ïî-âèäèìîìó, â ðàáîòå Ï.Äèðàêà [19].

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à 1 ñòîõàñòè÷åñêîé çàäà÷è
Ãåëüìãîëüöà, êîòîðàÿ â îòëè÷èå îò ðàáîò [8-16] ïðåäïîëàãàåò âûðîæäåí-
íîñòü ôóíêöèè Ëàãðàíæà.
Îïðåäåëåíèå 1. Ëàãðàíæèàí L íàçûâàåòñÿ ñèíãóëÿðíûì, åñëè

rank

∣∣∣∣
∂2L(x, ẋ)
∂ẋi∂ẋk

∣∣∣∣
n

n

= m < n. (1)

Ïðåäïîëîæèì, ÷òî èìååò ìåñòî ñëó÷àé ïîëíîãî âûðîæäåíèÿ ëàãðàí-
æèàíà
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∂2L(x, ẋ, t)
∂ẋi∂ẋk

≡ 0, i, k = 1, n. (2)

Ðàññìîòðèì çàäà÷ó ïîñòðîåíèÿ ïî çàäàííîìó ñòîõàñòè÷åñêîìó óðàâíå-
íèþ Èòî ïåðâîãî ïîðÿäêà

Fk(t, x, ẋ) = σkj(t, x, ẋ)ξ̇j , k = 1, n, j = 1, r , (3)
ýêâèâàëåíòíîãî óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû

d

dt

(
∂L

∂ẋk

)
− ∂L

∂xk
= σ′kj(t, x, ẋ)ξ̇j , ν = 1, n, j = 1, r , (4)

â êîñâåííîì ïðåäñòàâëåíèè â ñìûñëå ñëåäóþùåãî îïðåäåëåíèÿ [4, ñ.121] ñ
ó÷åòîì ñëó÷àéíûõ âîçìóùåíèé.
Îïðåäåëåíèå 2. Åñëè èìååò ìåñòî òîæäåñòâî

hν
k(Fk(t, x, ẋ)− σkj ξ̇

j) ≡ ∂2L

∂ẋν∂t
+

∂2L

∂ẋν∂xk
ẋk − ∂L

∂xν
− σ′νj ξ̇

j , (5)

k, ν = 1, n, j = 1, r ,

è ìàòðèöà hν
k íå ÿâëÿåòñÿ åäèíè÷íîé, òî ïðåäñòàâëåíèå íàçûâàåòñÿ

êîñâåííûì, â ïðîòèâíîì ñëó÷àå � ïðÿìûì.
Ïðåäâàðèòåëüíî äëÿ ðåøåíèÿ ñòîõàñòè÷åñêîé çàäà÷è Ãåëüìãîëüöà

ïðåäïîëîæèì, ÷òî äëÿ èñõîäíîãî óðàâíåíèÿ (3), äîìíîæåííîãî íà ìíîæè-
òåëü hν

k, âûïîëíåíû óñëîâèÿ Ãåëüìãîëüöà, êàê íåîáõîäèìûå è äîñòàòî÷-
íûå óñëîâèÿ ñóùåñòâîâàíèÿ ôóíêöèè Ëàãðàíæà äëÿ çàäàííîãî óðàâíåíèÿ.
Ýòè óñëîâèÿ, ñëåäóÿ [4, ñ.194], èìåþò âèä

∂F̃k

∂ẋi
= −∂F̃i

∂ẋk
;

∂F̃i

∂xk
=

∂F̃k

∂xi
− d

dt

∂F̃k

∂xi
; i, k = 1, n, j = 1, r , (6)

ãäå F̃k = hν
kFν .

Äàëåå äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è êîñâåííîãî ïîñòðîåíèÿ ïî
çàäàííîìó ñòîõàñòè÷åñêîìó óðàâíåíèþ Èòî ïåðâîãî ïîðÿäêà (3) äëÿ ýê-
âèâàëåíòíîãî óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû (4) â ñèëó ñòîõàñòè÷å-
ñêîãî äèôôåðåíöèðîâàíèÿ Èòî [18] ðàñêðîåì â óðàâíåíèè (4) âûðàæåíèå
d

dt

(
∂L

∂ẋk

)
:
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d

dt

(
∂L

∂ẋk

)
=

∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν +

∂2L

∂ẋk∂ẋν
Fν+

+
1
2

∂3L

∂ẋk∂ẋi∂ẋν
σijσνj +

∂2L

∂ẋk∂ẋν
σνj ξ̇

j . (7)

Èç ïðåäïîëîæåíèÿ î ïîëíîé âûðîæäåííîñòè ëàãðàíæèàíà (2) ñëåäóåò, ÷òî
(7) ïðèìåò âèä

d

dt

(
∂L

∂ẋk

)
=

∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν . (8)

Ñëåäîâàòåëüíî, óðàâíåíèå (4) ñ ó÷åòîì (8) ïðèìåò ñëåäóþùèé âèä:

d

dt

(
∂L

∂ẋk

)
− ∂L

∂xk
− σ′kj(t, x, ẋ)ξ̇j ≡

≡ ∂2L

∂ẋk∂t
+

∂2L

∂ẋk∂xν
ẋν − ∂L

∂xk
− σ′kj(t, x, ẋ)ξ̇j , (9)

à òîæäåñòâî (5) ïðè âûïîëíåíèè óñëîâèÿ ïîëíîé âûðîæäåííîñòè ëàãðàí-
æèàíà (2) â êîñâåííîì ïðåäñòàâëåíèè çàïèøåòñÿ â âèäå

hν
k(Fν(t, x, ẋ)− σνj ξ̇

j) ≡ ∂2L

∂ẋν∂t
+

∂2L

∂ẋν∂xk
ẋk − ∂L

∂xk
− σ′kj ξ̇

j ,

k, ν = 1, n, j = 1, r. (10)

Îòñþäà, ñðàâíèâàÿ êîýôôèöèåíòû â îáåèõ ÷àñòÿõ òîæäåñòâà (10), ïðèõî-
äèì ê ñîîòíîøåíèÿì

∂2L

∂ẋν∂t
+

∂2L

∂ẋν∂xk
ẋk − ∂L

∂xν
= hν

kFk(t, x, ẋ), (11)

σ′νj = hν
kσkj , k, ν = 1, n, j = 1, r. (12)

Ñïðàâåäëèâà
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Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå ïîëíîãî âûðîæäåíèÿ ëàãðàíæèàíà
(2) è äëÿ êîñâåííîãî óðàâíåíèÿ

hν
k(Fν − σνj ξ̇

j) = 0, k, ν = 1, n, j = 1, r , (13)

âûïîëíåíû óñëîâèÿ Ãåëüìãîëüöà, òîãäà äëÿ êîñâåííîãî ïðåäñòàâëåíèÿ
ñòîõàñòè÷åñêîãî óðàâíåíèÿ (3) â âèäå ñòîõàñòè÷åñêîãî óðàâíåíèÿ ëàãðàí-
æåâîé ñòðóêòóðû (4) íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèé (11)
è (12).
Äîêàçàòåëüñòâî. Äîñòàòî÷íîñòü. Ïóñòü çàäàíî óðàâíåíèå (3) è èìååò ìå-
ñòî òîæäåñòâî (5). Òîãäà èç ñðàâíåíèÿ îáåèõ ÷àñòåé òîæäåñòâà (5) âûòå-
êàþò óñëîâèÿ (11) è (12), êîòîðûå îáåñïå÷èâàþò êîñâåííîå ïðåäñòàâëåíèå
çàäàííîãî ñòîõàñòè÷åñêîãî óðàâíåíèÿ (3) â âèäå ñòîõàñòè÷åñêîãî óðàâíå-
íèÿ ëàãðàíæåâîé ñòðóêòóðû (4).

Íåîáõîäèìîñòü. Ïóñòü çàäàíî ñòîõàñòè÷åñêîå óðàâíåíèå ëàãðàíæåâîé
ñòðóêòóðû (4) è âûïîëíåíû óñëîâèÿ (11), (12). Òîãäà çàäàííîå ñòîõàñòè÷å-
ñêîå óðàâíåíèå ëàãðàíæåâîé ñòðóêòóðû (4) ïðè âûïîëíåíèè óñëîâèé (11),
(12) ïåðåõîäèò â êîñâåííîå óðàâíåíèå (13)

d

dt

(
∂L

∂ẋk

)
− ∂L

∂xk
−σ′kj(x, ẋ, t)ξ̇j ≡ hν

k(ẋν−Fν−σνj ξ̇
j), k, ν = 1, n, j = 1, r.

2. Ïîñòàíîâêà çàäà÷è ïîñòðîåíèÿ ëàãðàíæèàíà ïî çàäàííîìó
ñòîõàñòè÷åñêîìó óðàâíåíèþ, ëèíåéíîìó ïî ñêîðîñòÿì

Ïî çàäàííîìó ñòîõàñòè÷åñêîìó óðàâíåíèþ Èòî, ëèíåéíîìó ïî ñêîðî-
ñòÿì

Xki(t, x)ẋi + Yk = σkj ξ̇
j , k, i = 1, n, j = 1, r , (14)

ïîñòðîèòü ñòîõàñòè÷åñêîå óðàâíåíèå ëàãðàíæåâîé ñòðóêòóðû (4).
Èíà÷å ãîâîðÿ, òðåáóåòñÿ îïðåäåëèòü óñëîâèÿ, íàëàãàåìûå íà ôóíêöèè

hν
k, L, σνj , ïðè êîòîðûõ èìååò ìåñòî ñîîòíîøåíèå (5). Â äàííîì ñëó÷àå

(5) ýêâèâàëåíòíî ñëåäóþùåìó ñîîòíîøåíèþ:

hν
k(Xki(t, x)ẋi + Yk − σkj ξ̇

j) ≡ d

dt

(
∂L

∂ẋν

)
− ∂L

∂xν
− σkj ξ̇

j . (15)
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Ó÷èòûâàÿ (8), âûðàæåíèå (15) ïðèìåò âèä

hν
k(Xki(t, x)ẋi + Yk − σkj ξ̇

j) ≡ ∂2L

∂ẋν∂t
+

∂2L

∂ẋν∂xk
ẋk − ∂L

∂xν
− σ′νj ξ̇

j . (16)

Ñðàâíèâàÿ êîýôôèöèåíòû â îáåèõ ÷àñòÿõ òîæäåñòâà (16), èìååì

∂2L

∂ẋν∂xl
= hν

kXkl,
∂2L

∂ẋν∂t
− ∂L

∂xν
= hν

kYk, (17)

σ′νj = hν
kσkj , k, ν = 1, n, j = 1, r. (18)

Ñïðàâåäëèâà
Òåîðåìà 2. Ïóñòü âûïîëíåíî óñëîâèå ïîëíîãî âûðîæäåíèÿ ëàãðàíæèàíà
(2) è äëÿ êîñâåííîãî óðàâíåíèÿ

hν
k(Xki(t, x)ẋi + Yk − σkj ξ̇

j) = 0, k, ν = 1, n, j = 1, r , (19)

âûïîëíåíû óñëîâèÿ Ãåëüìãîëüöà, òîãäà äëÿ êîñâåííîãî ïðåäñòàâëåíèÿ
ñòîõàñòè÷åñêîãî óðàâíåíèÿ (14) â âèäå ñòîõàñòè÷åñêîãî óðàâíåíèÿ
ëàãðàíæåâîé ñòðóêòóðû (4) íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëî-
âèé (17) è (18).
Çàìå÷àíèå 1. Óñëîâèÿ (17), (18) ïðè σkj ≡ σνj ≡ 0 ñîâïàäàþò ñ óñëîâè-
ÿìè Ð.Ì. Ñàíòèëëè [4, ñ. 193].

Äîêàçàòåëüñòâî òåîðåìû 2 âïîëíå àíàëîãè÷íî äîêàçàòåëüñòâó òåîðå-
ìû 1.

3. Ìåòîä ïîñòðîåíèÿ ëàãðàíæèàíà ïî çàäàííîìó
ñòîõàñòè÷åñêîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

ïåðâîãî ïîðÿäêà òèïà Èòî
Ïóñòü èñêîìûé ëàãðàíæèàí, ñëåäóÿ Ñàíòèëëè Ð. Ì.[4], èìååò âèä

L = γk(t, x)ẋk + δ(t, x), k = 1, n. (20)

Òàê êàê äëÿ ôóíêöèè Ëàãðàíæà (20)

∂2L

∂ẋν∂t
=

∂γν

∂t
,

∂2L

∂ẋν∂xk
=

∂γν

∂xk
,

∂L

∂xν
=

∂γk

∂xν
ẋk +

∂δ

∂xν
,
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òî óñëîâèÿ (11), (12) â òåðìèíàõ γ, δ ýêâèâàëåíòíû ñëåäóþùèì ñîîòíîøå-
íèÿì:

∂γv

∂t
− ∂δ

∂xv
= hv

kFk(t, x, ẋ), (21)

hv
kσkj = σ′vj , k, v = 1, n, j = 1, r. (22)

Òîãäà èç òåîðåìû 1 âûòåêàåò ñëåäñòâèå.
Ñëåäñòâèå 1. Ïóñòü âûïîëíåíî óñëîâèå ïîëíîãî âûðîæäåíèÿ ëàãðàíæè-
àíà (2) è äëÿ êîñâåííîãî óðàâíåíèÿ

hν
k(Fν − σνj ξ̇

j) = 0, k, ν = 1, n, j = 1, r , (23)

âûïîëíåíû óñëîâèÿ Ãåëüìãîëüöà, òîãäà äëÿ êîñâåííîãî ïðåäñòàâëåíèÿ
óðàâíåíèÿ (3) â âèäå óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû (4) íåîáõîäèìî
è äîñòàòî÷íî ñóùåñòâîâàíèÿ ôóíêöèè Ëàãðàíæà âèäà (20), óäîâëåòâî-
ðÿþùåé óñëîâèÿì (21), (22).

Àíàëîãè÷íî äëÿ ôóíêöèè Ëàãðàíæà (20), ñ ó÷åòîì âèäà ôóíêöèè
Fk = Xki(t, x)ẋi + Yk , â óðàâíåíèè (14) óñëîâèÿ (17), (18) â òåðìèíàõ
γ, δ ýêâèâàëåíòíû ñëåäóþùèì äèôôåðåíöèàëüíûì óðàâíåíèÿì ñ ÷àñòíû-
ìè ïðîèçâîäíûìè:

∂γv

∂xk
− ∂γk

∂xv
= hv

l Xlk,
∂γv

∂t
− ∂δ

∂xv
= hv

kYk, hv
kσkj = σ′vj ,

k, ν, l = 1, n, j = 1, r. (24)

Òîãäà èç òåîðåìû 2 âûòåêàåò ñëåäñòâèå.
Ñëåäñòâèå 2. Ïóñòü âûïîëíåíî óñëîâèå ïîëíîãî âûðîæäåíèÿ ëàãðàíæè-
àíà (2) è äëÿ êîñâåííîãî óðàâíåíèÿ

hν
k(Xki(t, x)ẋi + Yk − σkj ξ̇

j) = 0, k, ν = 1, n, j = 1, r , (25)

âûïîëíåíû óñëîâèÿ Ãåëüìãîëüöà, òîãäà äëÿ êîñâåííîãî ïðåäñòàâëåíèÿ
óðàâíåíèÿ (14) â âèäå óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû (4) íåîáõîäèìî
è äîñòàòî÷íî ñóùåñòâîâàíèÿ ôóíêöèè Ëàãðàíæà âèäà (20), óäîâëåòâî-
ðÿþùåé óñëîâèÿì (24).
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4. Ïðèìåðû ïîñòðîåíèÿ ñèñòåì ñòîõàñòè÷åñêèõ óðàâíåíèé
ñ âûðîæäåííûì ëàãðàíæèàíîì

Ïðèìåð 1. Ïî çàäàííîé ñèñòåìå óðàâíåíèé ïåðâîãî ïîðÿäêà
{

(1− 2x1)ẋ2 − 2x1 = σ1ξ̇,

(2x1 − 1)ẋ1 − 2x2 = σ2ξ̇
(26)

òðåáóåòñÿ ïîñòðîèòü ôóíêöèþ Ëàãðàíæà âèäà L = γ1(x1, x2)ẋ1 +
γ2(x1, x2)ẋ2 + δ(x).

Èíà÷å ãîâîðÿ, ðàññìàòðèâàåòñÿ ñòîõàñòè÷åñêàÿ çàäà÷à ïðÿìîãî ïðåä-
ñòàâëåíèÿ óðàâíåíèÿ (26) â ôîðìå óðàâíåíèÿ Ëàãðàíæà âèäà (4).

Ïðåäâàðèòåëüíî ïðîâåðèì âûïîëíåíèå óñëîâèé Ãåëüìãîëüöà [4, ñ. 193]
äëÿ ñèñòåìû óðàâíåíèé (26), êîòîðûå ÿâëÿþòñÿ íåîáõîäèìûìè è äîñòà-
òî÷íûìè óñëîâèÿìè ñóùåñòâîâàíèÿ ëàãðàíæèàíà è êîòîðûå ýêâèâàëåíòíû
ïðè n = 2 ñëåäóþùèì ñîîòíîøåíèÿì:





X11 = 0,
∂X12

∂x1
+

∂X21

∂x1
= 0,

∂Y2

∂x1
=

∂Y1

∂x2
,

X12 + X21 = 0,
∂X12

∂x2
+

∂X21

∂x2
= 0,

X22 = 0.

(27)

Â ïðèìåðå 1 ôóíêöèè Xij è Yi (i, j = 1, 2) èìåþò ñîîòâåòñòâåííî
âèä:

X11 = 0, X12 = 1− 2x1, Y1 = 2x1,
X22 = 0, X21 = 2x1 − 1, Y2 = 2x2

è, ïîäñòàâëÿÿ èõ â (27), óáåæäàåìñÿ, ÷òî óñëîâèÿ Ãåëüìãîëüöà âûïîëíÿ-
þòñÿ.

Èç óñëîâèÿ (17) òåîðåìû 2 ñëåäóåò, ÷òî èñêîìûå ôóíêöèè γ1, γ2, δ óäî-
âëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:





∂γ1

∂x2
− ∂γ2

∂x1
= 1− 2x1, − ∂δ

∂x1
= 2x1,

∂γ2

∂x1
− ∂γ1

∂x2
= 2x1 − 1, − ∂δ

∂x2
= 2x2.
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Èç ïîëó÷åííûõ óñëîâèé ñëåäóåò, ÷òî äëÿ ñèñòåìû óðàâíåíèé (26) âû-
ðîæäåííàÿ ôóíêöèÿ Ëàãðàíæà èìååò âèä L = (x1 + x2)ẋ1 + (x2

1 + x2
2)ẋ2 −

(x2
1 +x2

2) , ÷òî ïðè σ
′
1 = σ1, σ

′
2 = σ2 îáåñïå÷èâàåò ïðåäñòàâëåíèå ñèñòåìû

ñòîõàñòè÷åñêèõ óðàâíåíèé (26) â âèäå ñèñòåìû ñòîõàñòè÷åñêèõ óðàâíåíèé
ëàãðàíæåâîé ñòðóêòóðû:





d

dt

(
∂L

∂ẋ1

)
− ∂L

∂x1
= σ1(x, t)ξ̇,

d

dt

(
∂L

∂ẋ2

)
− ∂L

∂x2
= σ2(x, t)ξ̇.

(28)

Ïðèìåð 2. Ïî çàäàííîé ñèñòåìå óðàâíåíèé ïåðâîãî ïîðÿäêà
{

(x2
2 − x2

1)ẋ2 − x3
1 sin t = σ1ξ̇,

(x2
1 − x2

2)ẋ1 − x3
2 sin t = σ2ξ̇

(29)

òðåáóåòñÿ ïîñòðîèòü ôóíêöèþ Ëàãðàíæà âèäà L = γ1(x1, x2)ẋ1 +
γ2(x1, x2)ẋ2 + δ(x).

Àíàëîãè÷íî ñèñòåìå (26) ïðîâåðÿåì âûïîëíåíèå óñëîâèé Ãåëüìãîëüöà
[4, ñ. 193]. Â ïðèìåðå 2 ïðè n = 2 ôóíêöèè Xij è Yi (i, j = 1, 2) èìåþò
ñîîòâåòñòâóþùèé âèä:

X11 = 0, X12 = x2
2 − x2

1, Y1 = x3
1 sin t,

X22 = 0, X21 = x2
1 − x2

2, Y2 = x3
2 sin t

è ïîäñòàíîâêîé èõ â (27) óáåæäàåìñÿ, ÷òî óñëîâèÿ Ãåëüìãîëüöà âûïîëíÿ-
þòñÿ.

È â òåðìèíàõ ôóíêöèé γ1, γ2, δ , ñ ïîìîùüþ êîòîðûõ ñòðîèòñÿ ëàãðàí-
æèàí, óñëîâèÿ (28) ïåðåïèøåì â ñëåäóþùåì âèäå:





∂γ1

∂x2
− ∂γ2

∂x1
= x2

2 − x2
1,

∂γ2

∂x1
− ∂γ1

∂x2
= x2

1 − x2
2,

− ∂δ

∂x1
= x3

1 sin t,

− ∂δ

∂x2
= x3

2 sin t.
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Èç ïîëó÷åííûõ ñîîòíîøåíèé äëÿ ñèñòåìû óðàâíåíèé (29) ñòðîèì âû-
ðîæäåííóþ ôóíêöèþ Ëàãðàíæà â âèäå

L =
1
3
(x3

1 + x3
2)ẋ1 +

1
3
(x3

1 − x3
2)ẋ2 − 1

4
(x4

1 + x4
2) sin t,

êîòîðàÿ ïðè σ
′
1 = σ1, σ

′
2 = σ2 îáåñïå÷èâàåò ïðåäñòàâëåíèå ñèñòåìû

ñòîõàñòè÷åñêèõ óðàâíåíèé (29) â âèäå ñèñòåìû ñòîõàñòè÷åñêèõ óðàâíåíèé
ëàãðàíæåâîé ñòðóêòóðû (28).

Öèòèðîâàííàÿ ëèòåðàòóðà
[1]. Ãåëüìãîëüö Ã. Î ôèçè÷åñêîì çíà÷åíèè ïðèíöèïà íàèìåíüøåãî äåé-

ñòâèÿ, Âàðèàöèîííûå ïðèíöèïû ìåõàíèêè, Ì., 1959, Ñ. 430 � 459.
[2]. Mayer A. Die existenzbeingungen eines kinetischen potentiales, Ber.

Verhand. Kgl. Sachs. Ges. Wiss. Leipzig, 1896, V. 48, P. 519 � 529.
[3]. Ñóñëîâ Ã.Ê. Î êèíåòè÷åñêîì ïîòåíöèàëå Ãåëüìãîëüöà, Ìàò. ñá.,

1896, Ò. 19. � 1, Ñ. 197 � 210.
[4]. Santilli R.M. Foundations of Theoretical Mechanics. 1. The Inverse

Problem in Newtonian Mechanics, Springer�Verlag, New�York, 1978.
[5]. Santilli R.M. Foundation of Theoretical Mechanics. 2. Birkho�an

Generalization of Hamiltonian Mechanics, Springer�Verlag, New�York, 1983.
[6]. Ôèëèïïîâ Â.Ì., Ñàâ÷èí Â.Ì., Øîðîõîâ Ñ. Ã. Âàðèàöèîííûå ïðèí-

öèïû äëÿ íåïîòåíöèàëüíûõ îïåðàòîðîâ, Èòîãè íàóêè è òåõíèêè. Ñåð. Ñî-
âðåìåííûå ïðîáëåìû ìàòåìàòèêè. Íîâåéøèå äîñòèæåíèÿ, ÂÈÍÈÒÈ, 1992,
Ò. 40, Ñ. 3 � 178.

[7]. Ãàëèóëëèí À.Ñ. Ñèñòåìû Ãåëüìãîëüöà, Ì.: Èçä-âî ÐÓÄÍ, 1995.
[8]. Òëåóáåðãåíîâ Ì.È. Î ïðåäñòàâëåíèè óðàâíåíèÿ Èòî âòîðîãî ïî-

ðÿäêà â âèäå óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû, Èçâ. ÌÍ-ÀÍ ÐÊ., Ñåð.
ôèç.-ìàò., 1997, � 1, Ñ. 53 � 62.

[9]. Òëåóáåðãåíîâ Ì.È. Îá óñëîâèÿõ ïðèâåäåíèÿ ñòîõàñòè÷åñêîãî óðàâ-
íåíèÿ âòîðîãî ïîðÿäêà ê ýêâèâàëåíòíîìó óðàâíåíèþ ëàãðàíæåâîé ñòðóê-
òóðû, Èçâ. ÌÍ-ÀÍ ÐÊ., Ñåð. ôèç.-ìàò., 1997, � 3, Ñ. 78 � 90.

[10]. Òëåóáåðãåíîâ Ì.È. Ìåòîä äîïîëíèòåëüíûõ ïåðåìåííûõ â ñòî-
õàñòè÷åñêîé çàäà÷å Ãåëüìãîëüöà, Èçâ. ÌÍ�ÀÍ ÐÊ., Ñåð. ôèç.-ìàò., 1996,
� 1, Ñ. 49 � 54.

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 1 (43)



18 Ä. Ò. Àæûìáàåâ, Ì. È. Òëåóáåðãåíîâ

[11]. Òëåóáåðãåíîâ Ì.È. Ê âîïðîñó ðàçðåøèìîñòè ñòîõàñòè÷åñêîé çà-
äà÷è Ãåëüìãîëüöà, Èçâ. ÌÍ�ÀÍ ÐÊ., Ñåð. ôèç.-ìàò., 1996, � 3, Ñ. 53 �
63.

[12]. Òëåóáåðãåíîâ Ì.È. Î ìåòîäå ìîìåíòíûõ ôóíêöèé â ñòîõàñòè÷å-
ñêîé çàäà÷å Ãåëüìãîëüöà, Âåñòíèê Ðîññèéñêîãî óíèâåðñèòåòà äðóæáû íà-
ðîäîâ. Ñåðèÿ "Ïðèêëàäíàÿ ìàòåìàòèêà è èíôîðìàòèêà 1999, � 1, C. 44 �
51.

[13]. Òëåóáåðãåíîâ Ì.È. Î ïðåäñòàâëåíèè óðàâíåíèÿ Èòî âòîðîãî ïî-
ðÿäêà â âèäå óðàâíåíèÿ ñ çàäàííîé ñòðóêòóðîé ñèë, Èçâ. ÍÀÍ ÐÊ., Ñåð.
ôèç.-ìàò., 1995, � 3, Ñ. 61 � 68.

[14]. Òëåóáåðãåíîâ Ì.È. Ñòîõàñòè÷åñêàÿ çàäà÷à Ãåëüìãîëüöà äëÿ ñè-
ñòåì Áèðêãîôà, Èçâ. ÌÍ-ÀÍ ÐÊ., Ñåð. ôèç.-ìàò., 1997, � 5, Ñ. 84 � 92.

[15]. Òëåóáåðãåíîâ Ì.È. Ñòîõàñòè÷åñêàÿ çàäà÷à Ãåëüìãîëüöà ñ îãðà-
íè÷åíèÿìè, ëèíåéíî çàâèñÿùèìè îò ñêîðîñòåé, Èçâ. ÌÍ�ÀÍ ÐÊ., Ñåð.
ôèç.-ìàò., 1998, � 1, Ñ. 80 � 85.

[16]. Òëåóáåðãåíîâ Ì.È. Çàäà÷à Ãåëüìãîëüöà äëÿ ñòîõàñòè÷åñêèõ äèô-
ôåðåíöèàëüíûõ ñèñòåì, Ìàòåì. æóðíàë ÌÎÍ ÐÊ., Àëìàòû, 2001, Ò. 1,
� 1, Ñ. 84 � 93.

[17]. Âàòàíàáý Ñ., Èêýäà Í. Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ è äèôôóçèîííûå ïðîöåññû, Ì., 1986.

[18]. Ïóãà÷åâ Â.Ñ., Ñèíèöûí È.Í. Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå
ñèñòåìû, Àíàëèç è ôèëüòðàöèÿ, Ì., 1990.

[19]. Dirac P.A.M. Generalized Hamiltonian Dynamics, Proc. Roy. Soc.,
1958, Ser. A. V. 246, � 1246, P. 326 � 332.

Ïîñòóïèëà â ðåäàêöèþ 11.08.2011ã.

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 1 (43)



Ìàòåìàòè÷åñêèé æóðíàë. Àëìàòû. 2012. Òîì 12. � 1 (43) . C.19�23

ÓÄÊ 517.938

ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÏÎ ÏÅÐÂÎÌÓ ÏÐÈÁËÈÆÅÍÈÞ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÑÈÑÒÅÌ

Ò. Ì. Àëäèáåêîâ, Ì. Ì. Àëäàæàðîâà

ÊàçÍÓ èì. àëü-Ôàðàáè
050040, Àëìàòû, ïð. àëü-Ôàðàáè 71, e-mail: tamash59@mail.ru

Äîêàçàíà ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü òðèâèàëüíîãî ðåøåíèÿ íåëèíåé-
íîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïî ïåðâîìó ïðèáëèæåíèþ îò-
íîñèòåëüíî íåêîòîðîé ìîíîòîííî âîçðàñòàþùåé ôóíêöèè.

Ïóñòü
ẋ = A(t)x (1)

� ëèíåéíàÿ îäíîðîäíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äåéñòâè-
òåëüíûìè êîýôôèöèåíòàìè, ãäå

t ≥ t0 > 1, n ∈ ℵ, x ∈ Rn, A(t)− (n× n) - ìàòðèöà, A(t) ∈ C[t0,+∞),

‖A(t)‖ ≤ Kϕ(t), K > 0, ϕ(t) ∈ C[t0,+∞), ϕ(t) > 0,

q(t) =

t∫

t0

ϕ(s)ds.

Keywords: system of di�erential equations, generalized exponents, generalized regular
system, Lyapunov`s exponents

2010 Mathematics Subject Classi�cation: 34D08
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Ïðåäïîëàãàåì, ÷òî ëèíåéíàÿ ñèñòåìà (1) èìååò êîíå÷íûå îáîáùåííûå ïî-
êàçàòåëè îòíîñèòåëüíî q(t) è âûïîëíÿþòñÿ íåðàâåíñòâà ln t < q(t) < t .
Ñëó÷àé q(t) > t ñì. â [1,2].

Äàíà íåëèíåéíàÿ ñèñòåìà

ẋ = A(t)x + f(t, x), (2)

ãäå n -ìåðíàÿ âåêòîðíàÿ ôóíêöèÿ f(t, x) íåïðåðûâíà ïî t ≥ t0 è íåïðå-
ðûâíî äèôôåðåíöèðóåìà ïî x ∈ Rn, f(t, 0) = 0 .
Îïðåäåëåíèå.Òðèâèàëüíîå ðåøåíèå x = 0 ñèñòåìû (2) íàçûâàåòñÿ ýêñ-
ïîíåíöèàëüíî óñòîé÷èâûì îòíîñèòåëüíî q(t) ïðè t → +∞ , åñëè äëÿ
êàæäîãî ðåøåíèÿ x(t) ≡ x(t; t0, x0) ýòîé ñèñòåìû â íåêîòîðîé îáëàñòè
t0 ≤ t < ∞, ‖x‖ ≤ h ñïðàâåäëèâî íåðàâåíñòâî

‖x(t)‖ ≤ N‖x(t0)‖e−α(q(t)−q(t0)), t ≥ t0 ,

ãäå N è α � ïîëîæèòåëüíûå ïîñòîÿííûå, íåçàâèñÿùèå îò âûáîðà ðå-
øåíèÿ x(t) .

Çàìåòèì, ïðè q(t) = t ïîëó÷àåì (ñì. [3]) îáû÷íîå îïðåäåëåíèå ýêñïî-
íåíöèàëüíîé óñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ x = 0 ñèñòåìû (2). Äëÿ
îïðåäåëåííîñòè áóäåì ãîâîðèòü, ÷òî èìååò ìåñòî ñëàáàÿ ýêñïîíåíöèàëüíàÿ
óñòîé÷èâîñòü îòíîñèòåëüíî q(t) , åñëè q(t)

t
= o(t) ïðè t → ∞ , è ñèëüíàÿ

ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü îòíîñèòåëüíî q(t) , åñëè q(t)
t

= O(tα) ïðè
t →∞, α > 1 .
Òåîðåìà. Åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1) ëèíåéíàÿ ñèñòåìà (1) � îáîáùåííî-ïðàâèëüíàÿ îòíîñèòåëüíî q(t) ,
2) ñòàðøèé îáîáùåííûé ïîêàçàòåëü îòíîñèòåëüíî q(t) � îòðèöàòåëü-
íûé, ò. å.

λ1(q) < 0,

3) n -ìåðíàÿ âåêòîðíàÿ ôóíêöèÿ f(t, x) óäîâëåòâîðÿåò íåðàâåíñòâó

‖f(t, x)‖ ≤ ϕ(t)‖x‖m,

ãäå
m > 1 +

1
|λ1(q)| ,
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òîãäà òðèâèàëüíîå ðåøåíèå íåëèíåéíîé ñèñòåìû (2) ñëàáî ýêñïîíåíöè-
àëüíî óñòîé÷èâî îòíîñèòåëüíî q(t) ïðè t → +∞ .
Äîêàçàòåëüñòâî. Âîçüìåì γ òàêîå, ÷òî

1
m− 1

< γ < |λ1(q)|.

Â ñèñòåìå (2) âûïîëíèì ïðåîáðàçîâàíèå

x = ye−γ[q(t)−q(t0)] . (3)

Òîãäà áóäåì èìåòü
dy

dt
= B(t)y + g(t, y) , (4)

ãäå
B(t) = A(t) + γ

dq(t)
dt

E ,

E � (n×n) - åäèíè÷íàÿ ìàòðèöà, g(t, y) = eγ[q(t)−q(t0)]f(t, ye−γ[q(t)−q(t0)]) ,
ïðè÷åì y(t0) = x(t0) . Ëåãêî ïðîâåðèòü, ÷òî ëèíåéíàÿ ñèñòåìà

ẏ = B(t)y (5)

îáîáùåííî ïðàâèëüíàÿ è èìååò îòðèöàòåëüíûé ñòàðøèé îáîáùåííûé ïî-
êàçàòåëü. Âåêòîðíàÿ ôóíêöèÿ g(t, y) íåïðåðûâíà ïî t ≥ t0 è íåïðåðûâíî
äèôôåðåíöèðóåìà ïî y .

Ïåðåõîäèì îò äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4) ñ íà÷àëüíûì óñëîâè-
åì

y(t0) = x(t0) = x0 ,

ïðèìåíÿÿ ìåòîä ïðîèçâîëüíûõ ïîñòîÿííûõ, ê èíòåãðàëüíîìó óðàâíåíèþ

y(t) = H(t)y(t0) +

t∫

t0

K(t, τ)g(t, y(τ))dτ , (6)

ãäå H(t) � íîðìèðîâàííàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà ëèíåéíîé ñèñòåìû
(5),

K(t, τ) = H(t)H−1(τ), ‖H(t)‖ ≤ C1 (C1 ≥ 1), t ≥ t0 ,
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‖K(t, τ)‖ ≤ C2e
ε[q(τ)−q(t0)]

ïðè t0 ≤ τ ≤ t < +∞ , C2 ≥ 1 è ε > 0 � ïðîèçâîëüíîå. Âîçüìåì ε òàêîå,
÷òî

0 < ε < min
{

(m− 1)γ − 1
2

,
1
2

}
.

Äàëåå, îöåíèâàÿ âåêòîðíóþ ôóíêöèþ g(t, y) , èìååì

‖g(t, y)‖ ≤ C3e
[ε−(m−1)γ][q(t)−q(t0)]‖y‖m (C3 > 1).

Òåïåðü èç èíòåãðàëüíîãî óðàâíåíèÿ (6), îöåíèâàÿ ïî íîðìå, ïîëó÷àåì, ÷òî

‖y(t)‖ ≤ C3‖y(t0)‖+

t∫

t0

C2C3e
[2ε−(m−1)γ][q(τ)−q(t0)]‖y‖mdτ . (7)

Çàìåòèì: äëÿ äîñòàòî÷íî ìàëîé îêðåñòíîñòè òî÷êè y(t0) â ñèëó óñëîâèÿ

ln t < q(t)

èìååò ìåñòî íåðàâåíñòâî

(m− 1)Cm−1
1 ‖y(t0)‖m−1

t∫

t0

C2C3e
−[(m−1)γ−2ε][q(τ)−q(t0)]dτ < 1.

Îòñþäà, èñïîëüçóÿ ëåììó Áèõàðè, èìååì

‖y(t)‖ ≤ C1‖y(t0)‖[
1− (m− 1)Cm−1

1 ‖y(t0)‖m−1
t∫

t0

C2C3e−[(m−1)γ−2ε][q(τ)−q(τ0)]dτ

] 1
m−1

.

(8)
Ñëåäîâàòåëüíî, ðåøåíèå y(t) îïðåäåëåíî ïðè t ≥ t0 > 1 è âûïîëíåíî
íåðàâåíñòâî

‖y(t)‖ ≤ N‖y(t0)‖,
ãäå N = N(t0) > 0 . Âîçâðàùàÿñü ê x(t) , èìååì

‖x(t)‖ ≤ N‖x(t0)‖e−γ(q(t)−q(t0))
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ïðè x(t0) < ∆ , ãäå ∆ äîñòàòî÷íî ìàëà. Ïîýòîìó òðèâèàëüíîå ðåøåíèå
íåëèíåéíîé ñèñòåìû (2) ñëàáî ýêñïîíåíöèàëüíî óñòîé÷èâî îòíîñèòåëüíî
q(t) ïðè t → +∞ . Òåîðåìà äîêàçàíà.
Ïðèìåð. Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

dx

dt
= − 1

2
√

t
x +

1
3(ln t + 3)

√
t
x3, 1 < t0 ≤ t < +∞ . (9)

Ëåãêî óñòàíîâèòü, ÷òî òðèâèàëüíîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ ñëàáî ýêñïîíåíöèàëüíî óñòîé÷èâî îòíîñèòåëüíî q(t) =

√
t ïðè t →

+∞ .
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ON THE SOLUTIONS OF THE LINEAR FREE BOUNDARY
PROBLEMS OF STEFAN TYPE WITH A SMALL

PARAMETER. I

G. I. Bizhanova

Institute of Mathematics,
Pushkin str. 125, Almaty 050010, Kazakhstan, e-mail: galina_math@mail.ru

The linear Stefan type problems for the heat equations with a small parameter
at the principle terms in the boundary conditions are studied. In the H�older
spaces there are obtained the coercive estimates of the solutions of the
perturbed problems with the constants independent on the small parameter.

Let D1 := Rn− = {x : x′ ∈ Rn−1, xn < 0}, D2 := Rn
+ = {x : x′ ∈ Rn−1, xn >

0}, n ≥ 2, R := {x : x′ ∈ Rn−1, xn = 0}, DjT := Dj×(0, T ), RT := R×[0, T ],
where x = (x′, xn), x′ = (x1, . . . , xn−1), ε > 0 is a small parameter.

We formulate the problems.
Consider the problem 1 with the unknown functions u1(x, t), u2(x, t) and

ψ(x′, t)
∂tuj − aj ∆uj = 0 in DjT , j = 1, 2, (1)

ψ|t=0 = 0 on R, uj |t=0 = 0 in Dj , j = 1, 2, (2)

Keywords: parabolic equation, small parameter in the boundary condition, singular
perturbation, coercive estimates, H�older space
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u1|xn=0 − α1ψ = u2|xn=0 − α2ψ = 0 on RT , (3)

(ε ∂tψ + b∇T u1 − c∇T u2 + h′∇′ψ)|xn=0 = Φ(x′, t) on RT , (4)

here all coe�cients are constant, b = (b′, bn), b′ = (b1, . . . , bn−1), c =
(c′, cn), c′ = (c1, . . . , cn−1), h′ = (h1, . . . , hn−1), ∇T = colon(∂x1 , . . . , ∂xn),
∇′T = colon(∂x1 , . . . , ∂xn−1) � column-vectors, b cT = b1c1 + . . .+bncn - scalar
product, ∆ = ∂2

x1
+ . . . + ∂2

xn
.

The problem 2 with the unknown functions u1(x, t) and u2(x, t) is

∂tuj − aj ∆uj = 0 in DjT , j = 1, 2, (5)

uj |t=0 = 0 in Dj , j = 1, 2, (6)

(u1 − u2)|xn=0 = 0 on RT , (7)

(ε ∂tu1 + b∇T u1 − c∇T u2)|xn=0 = Φ(x′, t) on RT , (8)

These problems are linearized model two - phase free boundary problems
with a free boundary of a Stefan type for the second order parabolic equations
and with a small parameter ε at a velocity of a free boundary in the condition
on it. The Stefan type free boundary problems with ε = 1 were studied in [1,
2, 3, 4].

In the present paper we shall �nd uniform with respect to ε estimates of
the solutions to these two linear problems in the H�older space C

2+l, 1+l/2
x t (ΩT ),

l - positive non-integer. This permits us to prove the solvability of some linear
and nonlinear perturbed free boundary problems as small parameter goes to
zero without loss of the smoothness of the given functions.

The problem (1) � (4) with ε = 1 was studied by B.V.Bazaliy [1],
E.V.Radkevich [2], G.I.Bizhanova [3, 5], G.I.Bizhanova, V.A.Solonnikov [4].

J.F. Rodrigues, V.A.Solonnikov, F. Yi [6] have investigated one-phase linear
and nonlinear free boundary problems for the second order parabolic equations
with a small parameter ε. They have established the uniform with respect to
ε estimates of the solution in the H�older space C

2+α, 1+α/2
x t (ΩT ) , from which

the existence of the solutions to the considered problems with ε = 0 follows.
There were obtained the coercive estimates of the solution of the problem

(1) � (4) with a constants independent on a small parameter ε in the classical
C

2+α, 1+α/2
x t (ΩT ) [7] and weighted C2+α

s (ΩT ), 1 < s ≤ 2 + α, α ∈ (0, 1), [8]
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H�older spaces. But for to study the convergence of the solutions of the free
boundary problems of Stefan type as a small parameter ε goes to zero and
its asymptotics with respect to ε we must obtain the solutions of these model
problems in the H�older space C

2+l, 1+l/2
x t (ΩT ), l - positive non-integer, such

that [l] = 0, 1, . . . .
We shall study the problems in the H�older space C

2+l, 1+l/2
x t (ΩT ), l - positive

non-integer, of the functions u(x, t) with the norm [9]:

|u|(2+l)
ΩT

=
∑

2m0+|m|≤2+[l]

|∂m0
t ∂m

x u|ΩT
+

∑

2m0+|m|=2+[l]

[∂m0
t ∂m

x u](α)
ΩT

+
∑

2m0+|m|=1+[l]

[∂m0
t ∂m

x u]
( 1+α

2
)

t,ΩT
, α = l − [l] ∈ (0, 1), (9)

where ΩT := Ω × (0, T ), Ω is a domain in Rn, n ≥ 2, m = (m1, . . . , mn), mi,
i = 1, . . . , n, � non-negative integers, |m| = m1 + . . . + mn,

|v|ΩT
= max

(x,t)∈Ω
| v|, [v](α)

ΩT
= [v](α)

x,ΩT
+ [v](α/2)

t,ΩT
,

[v](α)
x,ΩT

= max
(x,t),(z,t)∈ΩT

∣∣v(x, t)− v(z, t)
∣∣

|x− z|α ,

[v](α)
t,ΩT

= max
(x,t),(x,t1)∈ΩT

∣∣v(x, t)− v(x, t1)
∣∣

|t− t1|α .

By
◦
C

2+l, 1+l/2

x t (ΩT ) we designate the subset of the functions u(x, t) ∈
C

2+l, 1+l/2
x t (ΩT ), such that ∂k

t u
∣∣
t=0

= 0, k = 0, . . . , 1 + [l/2].
The following lemma is valid.

Lemma 1 [10]. In
◦
C

2+l, 1+l/2

x t (ΩT ) the norm |u|(2+l)
ΩT

de�ned by formula (9) is
equivalent to the norm

||u||(2+l)
ΩT

= sup
(x,t)∈ΩT

t−(1+l/2)|u(x, t)|

+
∑

2m0+|m|=2+[l]

[∂m0
t ∂m

x u](α)
ΩT

+
∑

2m0+|m|=1+[l]

[∂m0
t ∂m

x u]
( 1+α

2
)

t,ΩT
, α = l − [l]. (10)
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We formulate the main results of a present work.
Theorem 1. Let αj > 0, j = 1, 2, bn > 0, cn > 0, 0 < ε ≤ ε0.

For every function Φ(x′, t) ∈ ◦
C

1+l, 1+l
2

x′ t (RT ), l � positive non-integer, the
problem (1) � (4) has a unique solution uj(x, t) ∈ ◦

C
2+l,1+l/2

x t (DjT ), j = 1, 2,

ψ(x′, t) ∈ ◦
C

2+α,1+α/2

x′ t (RT ), ε ∂tψ(x′, t) ∈ ◦
C

1+l, 1+l
2

x′ t (RT ), and it satis�es the
estimate

2∑

j=1

|uj |(2+l)
DjT

+ |ψ|(2+l)
RT

+ |ε∂tψ|(1+l)
RT

≤ C1|Φ|(1+l)
RT

, (11)

where a constant C1 does not depend on ε.
Theorem 2. Let bn > 0, cn > 0, 0 < ε ≤ ε0.

For every function Φ(x′, t) ∈ ◦
C

1+l, 1+l
2

x′ t (RT ), l � positive non-integer, the
problem (5)-(8) has a unique solution uj(x, t) ∈ ◦

C
2+l,1+l/2

x t (DjT ), j = 1, 2,

ε ∂tu1(x, t) ∈ ◦
C

1+l, 1+l
2

x′ t (RT ), and it satis�es the estimate

2∑

j=1

|uj |(2+l)
DjT

+ |ε∂tu1|(1+l)
RT

≤ C2|Φ|(1+l)
RT

, (12)

where a constant C2 does not depend on ε.
Consider the problem (1)�(4).

Proof of Theorem 1. As it was pointed out there was proved Theorem 1 for
l = α, α ∈ (0, 1), in [7, 8], i.e for the solution uj(x, t), j = 1, 2, of the problem
1 beloning to the classical C

2+α,1+α/2
x t (DjT ) and weighted C2+α,

s (DjT ), 1 <
s ≤ 2 + α, H�older spaces. But to study the convergence of the solution to
the perturbed problem as small parameter goes to zero, its asymptotics with
respect to small parameter we have to know the estimates of the solution in
the space C

2+l,1+l/2
x t (DjT ), l � positive non-integer, [l] = 0, 1, . . . .

With the help of the Laplace on t and Fourier on x′ transforms we can �nd
the solution of the problem (1)�(4) in an explicit form [5, 7, 8]

uj(x, t)=
αj

ε

∫ t

0
dτ

∫

Rn−1

Φ(y′, τ)Gj(x′ − y′, xn, t− τ) dy′ :=
αj

ε

(
Φ ∗Gj

)
, (13)
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ψ(x′, t) =
1
αj

uj(x′, 0, t) ≡ 1
ε

(
Φ ∗Gj

)|xn=0, j = 1, 2,

where
Gj(x, t) =

∫ t

0
∂xngj(x′ − d′σ

ε
, (−1)jxn,

σ

ε
, t− σ) dσ,

g1(x′ − d′σ
ε

,−xn,
σ

ε
, t) = 4a1a2

∫ t

0
dτ1

∫

Rn−1

Γ1(x′−η′− d′σ
ε

,
α1bnσ

ε
−xn, t− τ1)×

×∂ηnΓ2(η′,
α2cnσ

ε
− ηn, τ1)

∣∣
ηn=0

dη′ ≡

≡ 2a1

∫ t

0
d τ1

∫

Rn−1

1
(2

√
πa1(t− τ1))n

α2cn σ/ε

(2
√

πa2τ1)nτ1
×

×e−
(x′−η′−d′σ/ε)2+(α1bn σ/ε−xn)2

4a1(t−τ1) e−
η′2+(α2cnσ/ε)2

4a2τ1 d η′, xn < 0,

g2(x− d′σ
ε

, xn,
σ

ε
, t) = 4a1a2

∫ t

0
dτ1

∫

Rn−1

∂ηnΓ1(η′,
α1bnσ

ε
+ ηn, τ1)×

×Γ2(x′ − η′ − d′σ
ε

,
α2cnσ

ε
+ xn, t− τ1)

∣∣
ηn=0

dη′ ≡

≡ −2a2

∫ t

0
d τ1

∫

Rn−1

α1bn σ/ε

(2
√

πa1τ1)nτ1

1
(2

√
πa2(t− τ1))n

×

×e
− η′2+(α1bn σ/ε)2

4a1τ1 e−
(x′−η′−d′σ/ε)2+(α2cnσ/ε+xn)2

4a2(t−τ1) d η′, xn > 0,

Γj(x, t) =
1

(2
√

ajπt)n
e−

x2

4ajt

is a fundamental solution to the heat equation (1) satisfying an estimate

|∂k
t ∂m

x Γj(x, t)| ≤ C3
1

t
n+2k+|m|

2

e
− x2

8ajt , j = 1, 2.

Let
vj(x′, t) := uj(x, t)|xn=0, j = 1, 2,

be the the traces of the solution on the plane xn = 0.
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In [7] we have obtained the following estimates of the heat potentials (13)
at xn = 0

[∂tvj ]
(α)
RT

≡ αj

ε
[(Φ ∗ ∂tGj |xn=0)]

(α)
RT

≤ C4[Φ]
( 1+α

2
)

t,RT
, (14)

[∂2
x′vj ]

(α)
RT

≡ αj

ε
[(∂y′Φ(y′, τ) ∗ ∂x′Gj |xn=0)]

(α)
RT

≤ C5[∂x′Φ](α)
x′,RT

, (15)

[∂x′vj ]
( 1+α

2
)

t,RT
≡ αj

ε
[(∂y′Φ(y′, τ) ∗Gj |xn=0)]

( 1+α
2

)

t,RT
≤ C6[∂x′Φ](α/2)

t,RT
, (16)

where Φ(x′, t) ∈ ◦
C

1+α, 1+α
2

x′ t (RT ), α ∈ (0, 1), 0 < ε ≤ ε0, the constants C4−C6

do not depend on ε.
To prove the estimates of the function

vj(x′, t) =
αj

ε
(ϕ ∗Gj |xn=0), j = 1, 2

in the space
◦
C

2+l,1+l/2

x′ t (RT ), l - positive non - integer, [l] = 0, 1, . . . , in
according to the norm (10) we should estimate the following H�older constants
of the highest derivatives

∑

2m0+|m′|=2+[l]

[∂m0
t ∂m′

x′ vj ]
(α)
RT

(17)

=
∑

2m0+|m′|=2+[l]

[∂m0
t ∂m′

x′ vj ]
(α)
x′,RT

+
∑

2m0+|m′|=2+[l]

[∂m0
t ∂m′

x′ vj ]
(α/2)
t,RT

,

and ∑

2q0+|q′|=1+[l]

[∂q0
t ∂q′

x′vj ]
(1+α)
t,RT

, (18)

where α = l − [l] ∈ (0, 1), m′ = (m1, . . . , mn−1), q′ = (q1, . . . , qn−1),
[l]=0,1,. . . ,

Let [l] = 2k, k = 0, 1, . . ., be an even positive number.
Due to the formulas (17), (18) we have

∑

2m0+|m′|=2+[l],

|m′|=0

∂m0
t vj(x′, t) ≡ ∂

1+[l]/2
t vj(x′, t)

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 1 (43)



30 G. I. Bizhanova

=
αj

ε

(
∂[l]/2

τ Φ(y′, τ) ∗ ∂tGj |xn=0

)
, |m′| = 0, (19)

∑

2m0+|m′|=2+[l]

∂m0
t ∂m′

x′ vj(x′, t)

=
αj

ε

∑

2p0+|p′|=1+[l]

(
∂p0

τ ∂p′
y′Φ(y′, τ) ∗ ∂x′Gj |xn=0

)
, |m′| 6= 0, (20)

∑

2q0+|q′|=1+[l]

∂q0
t ∂q′

x′vj(x′, t) =
αj

ε

∑

2q0+|q′|=1+[l]

(
∂q0

τ ∂q′
y′Φ(y′, τ) ∗Gj |xn=0

)
, (21)

where p′ = (p1, . . . , pn−1), and

∂
[l]/2
t Φ(x′, t) ∈ ◦

C
1+α, 1+α

2

x′ t (RT ),

∂p0
t ∂p′

x′Φ(x′, t), ∂q0
t ∂q′

x′Φ(x′, t) ∈ ◦
C

α,α/2

x′ t (RT ),

2p0 + |p′| = 1 + 2k = 1 + [l], 2q0 + |q′| = 1 + 2k = 1 + [l].
We can see that the potentials (19) � (21) are the same as in the estimates

(14) � (16), so applying (14) � (16) to these potentials we shall have
∑

2m0+|m′|=2+[l],

|m′|=0, [l]−even

[∂m0
t vj ]

(α)
RT

≡ [∂1+[l]/2
t vj ]

(α)
RT

=
αj

ε
[(∂[l]/2

τ Φ(y′, τ) ∗ ∂tGj |xn=0)]
(α)
RT

≤ C7[∂
[l]/2
t Φ]

( 1+α
2

)

t,RT
≡ C7

∑

2q0+|q′|=[l],

|q′|=0, [l]−even

[∂q0
t Φ]

( 1+α
2

)

t,RT
, |m′| = 0,

∑

2m0+|m′|=2+[l],
[l]−even

[∂m0
t ∂m′

x′ vj ]
(α)
RT

≤ αj

ε

∑

2p0+|p′|=1+[l],
[l]−even

[(∂p0
τ ∂p′

y′Φ(y′, τ) ∗ ∂x′Gj |xn=0)]
(α)
RT

≤ C8

∑

2p0+|p′|=1+[l],
[l]−even

[∂p0
t ∂p′

x′Φ](α)
x′,RT

, |m′| 6= 0,

and ∑

2q0+|q′|=1+[l],
[l]−even

[∂q0
t ∂q′

x′vj(x′, t)]
( 1+α

2
)

t,RT
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≤ αj

ε

∑

2q0+|q′|=1+[l],
[l]−even

[(∂q0
τ ∂q′

y′Φ(y′, τ) ∗Gj |xn=0)]
( 1+α

2
)

t,RT

≤ C9

∑

2q0+|q′|=1+[l],
[l]−even

[∂q0
t ∂q′

x′Φ(x′, t)](α/2)
t,RT

,

where the constants C7 � C9 do not depend on ε > 0, αj > 0, j = 1, 2.
Let [l] = 1 + 2k, k = 0, 1, . . ., be an odd positive number, then the

derivatives in (17), (18) may be written as follows
∑

2m0+|m′|=2+[l]

∂m0
t ∂m′

x′ vj(x′, t) =
αj

ε

∑

2p0+|p′|=1+[l]

(
∂p0

τ ∂p′
y′Φ ∗ ∂x′Gj |xn=0

)
, (22)

∑

2q0+|q′|=1+[l]

∂q0
t ∂q′

x′vj(x′, t) =
αj

ε

∑

2q0+|q′|=1+[l]

(
∂q0

τ ∂q′
y′Φ ∗Gj |xn=0

)
, (23)

where
∂p0

t ∂p′
x′Φ(x′, t), ∂q0

t ∂q′
x′Φ(x′, t) ∈ ◦

C
α,α/2

x′ t (RT ),

2p0 + |p′| = 1 + [l], 2q0 + |q′| = 1 + [l], j = 1, 2.
In this case the potentials (22), (23) are the same as in the estimates (15),

(16) respectively, so we have
∑

2m0+|m′|=2+[l],
[l]−odd

[∂m0
t ∂m′

x′ vj ]
(α)
RT

≤ αj

ε

∑

2p0+|p′|=1+[l],
[l]−odd

[
(
∂p0

τ ∂p′
y′Φ ∗ ∂x′Gj |xn=0

)
](α)
RT

≤ C10

∑

2p0+|p′|=1+[l],
[l]−odd

[∂p0
t ∂p′

x′Φ](α)
x′,RT

, j = 1, 2,

∑

2q0+|q′|=1+[l],
[l]−odd

[∂q0
t ∂q′

x′vj ]
( 1+α

2
)

t,RT
≤ αj

ε

∑

2q0+|q′|=1+[l],
[l]−odd

[
(
∂q0

τ ∂q′
y′Φ ∗Gj |xn=0

)
]
( 1+α

2
)

t,RT

≤ C11

∑

2q0+|q′|=1+[l],
[l]−odd

[∂q0
t ∂q′

x′Φ](α/2)
t,RT

, j = 1, 2,

where αj > 0, the constants C10, C11 do not depend on ε > 0.
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Thus, we have obtained
∑

2m0+|m′|=2+[l],

|m′|=0,[l]−even

[∂m0
t vj ]

(α)
RT

+
∑

2m0+|m′|=2+[l],

|m′|6=0,[l]−even

[∂m0
t ∂m′

x′ vj ]
(α)
RT

+
∑

2q0+|q′|=1+[l],
[l]−even

[∂q0
t ∂q′

x′vj ]
( 1+α

2
)

t,RT
≤ C7

∑

2q0+|q′|=[l],

|q′|=0, [l]−even

[∂q0
t Φ]

( 1+α
2

)

t,RT

+C8

∑

2q0+|q′|=1+[l],
[l]−even

[∂q0
t ∂q′

x′Φ](α)
x′,RT

+ C9

∑

2q0+|q′|=1+[l],
[l]−even

[∂q0
t ∂q′

x′Φ](α/2)
t,RT

, (24)

∑

2m0+|m′|=2+[l],
[l]−odd

[∂m0
t ∂m′

x′ vj ]
(α)
RT

+
∑

2q0+|q′|=[l],
[l]−odd

[∂q0
t ∂q′

x′vj ]
( 1+α

2
)

t,RT

≤ C10

∑

2q0+|q′|=1+[l],
[l]−odd

[∂q0
t ∂q′

x′Φ](α)
x′,RT

+ C11

∑

2q0+|q′|=1+[l],
[l]−odd

[∂q0
t ∂q′

x′Φ](α/2)
t,RT

. (25)

Gathering the estimates (24), (25) we shall have
∑

2m0+|m′|=2+[l]

[∂m0
t ∂m′

x′ vj ]
(α)
RT

+
∑

2m0+|m′|=1+[l]

[∂m0
t ∂m′

x′ vj ]
( 1+α

2
)

t,RT

≤ C12

( ∑

2q0+|q′|=1+[l]

[∂q0
t ∂q′

x′Φ](α)
RT

+
∑

2q0+|q′|=[l]

[∂q0
t ∂q′

x′Φ]
( 1+α

2
)

t,RT

)
, (26)

where a constant C12 does not depend on ε
As it follows from (10) we should also estimate the module of the function

vj(x′, t) = uj(x, t)|xn=0 de�ned by the formula (13). Taking into account that

Φ(x′, t) ∈ ◦
C

1+l, 1+l
2

x′ t (RT ) satis�es an inequality

|Φ(x′, t)| ≤ C13M t
1+l
2 , M = [∂

[ 1+l
2

]
t Φ]

( 1+l
2
−[ 1+l

2
])

t,RT
,

we shall have

|vj(x′, t)| = |uj(x, t)|xn=0| ≤ C14

ε
M

∫ t

0
τ

1+l
2 dτ

∫ t−τ

0
dσ

∫ t−τ−σ

0
dτ1

∫

Rn−1

dy′
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×
∫

Rn−1

α1bnσ/ε

(t−τ−σ−τ1)
n+2

2

α2cnσ/ε

τ
n+2

2
1

e
− (x′−y′−η′−d′σ/ε)2+(α1bnσ/ε)2

4a1(t−τ−σ−τ1) e
− η′2+(α2cnσ/ε)2

4a2(τ1 dη′,

here αj > 0, j = 1, 2, bn > 0, cn > 0.
We integrate with respect to η′ using the table formula

∫

Rn−1

1
2
√

a1a2πτ1(t− τ1)
e−

(xi−ηi)
2

4a1(t−τ1)
− (ηi−zi)

2

4a2τ1 dηi

=
1√

a1(t−τ1) + a2τ1

e
− (xi−zi)

2

4(a1(t−τ1)+a2τ1) ,

take an integral over y′, then with the help of a table formula
∫ t

0

a b
√

π(t− τ1)3/2 τ
3/2
1

e−
a2

t−τ1 e−
b2

τ1 dτ1 =
a + b

t3/2
e−

(a+b)2

t , a > 0, b > 0,

we integrate with respect to τ1

|vj(x′, t)| ≤ C15

ε
M t

1+l
2

∫ t

0
dτ

∫ t−τ

0
dσ

∫ t−τ−σ

0

α1bnσ/ε

(t−τ−σ−τ1)3/2

α2cnσ/ε

τ
3/2
1

×e
− (α1bnσ/ε)2

4a1(t−τ−σ−τ1) e
− (α2cnσ/ε)2

4a2τ1 dτ1

×
∫

Rn−1

1
(
a1(t−τ−σ−τ1) + a2τ1

)n−1
2

e
− (x′−y′−η′−d′σ/ε)2

4(a1(t−τ−σ−τ1)+a2τ1) dy′ =
C16

ε
M t

1+l
2

×
∫ t

0
dσ

∫ t−σ

0

(α1bn)σ/(
√

a1 ε ) + (α2cn)σ/(
√

a2ε)
(t−τ−σ)3/2

e
− (α1bn/

√
a1+α2cn/

√
a2)2σ2

4ε2(t−τ−σ) dτ.

In the integral with respect to τ we make the substitution ζ2 =
(α1bn/

√
a1+α2cn/

√
a1)2σ2

4ε2(t−τ−σ)
and integrate with respect to σ

|vj(x′, t)| ≤ C17

ε
M t

1+l
2

∫ t

0
dσ

∫ ∞
(α1bn)/

√
a1+(α2cn)/

√
a2)σ

2ε
√

t−σ

e−ζ2
dζ

≤ C17

ε
M t

1+l
2

∫ t

0
e−

(α1bn/
√

a1+α2cn/
√

a1)2σ2

8ε2t dσ

∫ ∞

0
e−ζ2/2 dζ
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= C18 M t1+l/2

∫ (α1bn/
√

a1+α2cn/
√

a1)
√

t

2
√

2ε

0
e−ξ2

dξ ≤ C19 M t1+l/2,

we remind that αj , j = 1, 2, bn, cn, are positive constants.
We have derived

|vj(x′, t)| ≤ C19 [∂
[ 1+l

2
]

t Φ]
( 1+l

2
−[ 1+l

2
])

t,RT
t1+l/2, (x′, t) ∈ RT , j = 1, 2, (27)

where constant C19 does not depend on ε.
With the help of the inequalities (26), (27) we obtain an estimate of a norm

(10), which is equivalent to the norm (9) due to Lemma 1

|vj |(2+l)
RT

≤ C20||vj ||(2+l)
RT

≤ C20

(
C12

( ∑

2q0+|q′|=1+[l]

[∂q0
t ∂q′

x′Φ](α)
RT

+
∑

2q0+|q′|=[l]

[∂q0
t ∂q′

x′Φ]
( 1+α

2
)

t,RT

)

+C19 [∂
[ 1+l

2
]

t Φ]
( 1+l

2
−[ 1+l

2
])

t,RT

)
≤ C21|Φ|(1+l)

RT
, j = 1, 2, (28)

where the constant C21 does not depend on ε.
Thus, we have proved that the functions uj(x, t)|xn=0 := vj(x′, t), j = 1, 2,

belong to the space
◦
C

2+l,1+l/2

x t (RT ) and satisfy an estimate (28).
We can consider the functions uj(x, t), j = 1, 2, as the solution of the �rst

boundary value problem

∂tuj − aj ∆uj = 0 in DjT ,

uj |t=0 = 0 in Dj , uj |xn=0 = vj(x′, t) ∈
◦
C

2+l,1+l/2

x′ t (RT ).

This problem has a unique solution uj(x, t) ∈ ◦
C

2+l,1+l/2

x t (DjT ), j = 1, 2,
satisfying an estimate [9]

|uj |(2+l)
DjT

≤ C22|vj |(2+l)
RT

≤ C23|Φ|(1+l)
RT

, j = 1, 2, (29)

where a constant C23 is independent on ε.
From the conditions (3)

u1|xn=0 − α1ψ = u2|xn=0 − α2ψ = 0 on RT , (3)
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we obtain that the unknown function ψ(x′, t) = 1
αj

uj(x′, 0, t) = 1
αj

vj(x′, t)
j = 1, 2, satis�es an estimate (28)

|ψ|(2+l)
RT

≤ C24|Φ|(1+l)
RT

. (30)

From the conditions (4)

(ε ∂tψ + b∇u1 − c∇u2 + h′∇′ψ)|xn=0 = Φ(x′, t) on RT , (4)

we shall nave
|ε∂tψ|(2+l)

RT
≤ C25|Φ|(1+l)

RT
. (31)

Gathering the estimates (29), (30), (31) we obtain an estimate (11), where
a constant does not depend on ε. ¤
Proof of Theorem 2. Consider the problem (1)� (4). We make the substitution
in it

uj(x, t)
αj

= zj(x, t), j = 1, 2

and exclude the function ψ(x′, t) = u1(x′, 0, t)/α1 = z1(x, t)|xn=0 from the
condition (4), then we obtain the problem for the functions zj(x, t), j = 1, 2,

∂tzj − aj ∆zj = 0 in DjT ,

zj |t=0 = 0 in Dj ,

(z1 − z2)|xn=0 = 0 on RT ,

(
ε ∂tz1 + (α1b

′ + h′)∇′T z1 + α1bn∂xnz1 − α2c∇T z2)|xn=0 = Φ(x′, t) on RT ,

here αj > 0, bn > 0, cn > 0.
Due to Theorem 1 and an estimate (11) the functions zj(x, t) = uj(x, t)/αj

belong to
◦
C

2+l,1+l/2

x t (DjT ), j = 1, 2, and satisfy an estimate

|zj |(2+l)
DjT

≤ C1/αj |Φ|(1+l)
RT

with a constant C1/αj independent on ε.
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We can see that the problem for the functions zj(x, t) is similar to the
problem (5)� (8). So the problem (5)� (8) has a unique solution uj(x, t) ∈
◦
C

2+l,1+l/2

x t (DjT ), j = 1, 2, which is subjected to an estimate

|uj |(2+l)
DjT

≤ C26|Φ|(1+l)
RT

, (32)

from the condition (8) and an estimate (32) we �nd

|ε∂tu1|(1+l)
RT

≤ C27|Φ|(1+l)
RT

, (33)

where the constants C26, C27 are independent on ε.
The estimates (32), (33) lead to the estimate (12) of the Theorem 2. ¤
In the second part of the present paper we shall study two problems in

the domain xn > 0 with unknowns u2(x, t), ψ(x,′ t) in the �rst problem and
u2(x, t) in the second one satisfying zero initial conditions, heat equation

∂tu2 − a2 ∆u2 = 0 in D2T ,

and congugate conditions

u2|xn=0 − α2ψ = 0 on RT ,

(ε ∂tψ − c∇T u2 + h′∇′ψ)|xn=0 = Φ(x′, t) on RT

in the �rst problem and

(ε ∂tu2 − c∇T u2)|xn=0 = Φ(x′, t) on RT

in the second one.
We point out that we can not obtain the solutions of these problems from

the solutions of the problems (1)� (4) and (5)� (8) respectively. Using the
conditions (3), (7) we can exclude the tangential derivatives ∂xiu1(x, t)|xn=0,
i = 1, . . . , n− 1, in the conditions (4), (8), but we can not let equalled to zero
coe�cient bn at the normal derivative ∂xnu1|xn=0 (principal term), it becomes
a small parameter and problems are perturbed as bn → 0.
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è àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî âåðîÿòíîñòè èíòåãðàëüíîãî ìíîãîîá-
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ñòè íåâîçìóùåííîãî äâèæåíèÿ, çíà÷èòåëüíî ðàñøèðÿþùèå âîçìîæíîñòè
êà÷åñòâåííîãî èññëåäîâàíèÿ äâèæåíèÿ â çàäà÷àõ íåëèíåéíîé ìåõàíèêè è
îñîáåííî íåëèíåéíûõ ïðîöåññîâ óïðàâëåíèÿ.
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Ñóùåñòâåííîå îáîáùåíèå è ðàçâèòèå ýòè èññëåäîâàíèÿ ïîëó÷èëè â ðà-
áîòàõ [13-18], â êîòîðûõ îñíîâíûå òåîðåìû Ëÿïóíîâà è èõ ðàçëè÷íûå ìî-
äèôèêàöèè îáîáùàþòñÿ íà ñëó÷àé óñòîé÷èâîñòè êàê èíâàðèàíòíûõ ìíî-
æåñòâ, òàê è ìíîæåñòâ, çàâèñÿùèõ îò âðåìåíè, ñ ïîìîùüþ ôóíêöèè Ëÿïó-
íîâà âèäà V (ρ, t), ãäå ρ = ρ(x,Λ(t)) � ðàññòîÿíèå îò èçîáðàæàþùåé òî÷êè
x ∈ Rn äî ìíîæåñòâà Λ(t) : λ(x, t) = 0, λ ∈ Rr, r ≤ n.

Óñòîé÷èâîñòü ïî âåðîÿòíîñòè íåâîçìóùåííîãî äâèæåíèÿ ñî ñëó÷àéíû-
ìè âîçìóùåíèÿìè èç êëàññà ïðîöåññîâ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè èñ-
ñëåäîâàíà â [19], à óñòîé÷èâîñòü ïî âåðîÿòíîñòè èíòåãðàëüíîãî ìíîãîîáðà-
çèÿ ñî ñëó÷àéíûìè âîçìóùåíèÿìè èç êëàññà âèíåðîâñêèõ ïðîöåññîâ, áîëåå
óçêîãî, ÷åì êëàññ ïðîöåññîâ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè, ðàññìîòðåíà
â [20].

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à óñòîé÷èâîñòè ïî âåðîÿòíî-
ñòè èíòåãðàëüíîãî ìíîãîîáðàçèÿ äëÿ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ïåðâîãî ïîðÿäêà òèïà Èòî ïðè íàëè÷èè ñëó÷àéíûõ âîçìóùåíèé
èç êëàññà ïðîöåññîâ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè.

Ïîñòàíîâêà çàäà÷è
Ïóñòü çàäàíî ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå

ẋ = X(x, t) + σ(x, t)ζ̇, (1)

ãäå ζ(t) � m-ìåðíûé ïðîöåññ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè [21]:

ζ(t) = w(t) +
∫

Rn

c(x)P 0(t, dx),

w(t) � âèíåðîâñêèé ïðîöåññ, P 0(t, A) � ïóàññîíîâñêèé ïðîöåññ, êàê ôóíê-
öèÿ îò t è ïóàññîíîâñêàÿ ñòîõàñòè÷åñêàÿ ìåðà, êàê ôóíêöèÿ ìíîæåñòâà
A, c(x) � âåêòîðíàÿ ôóíêöèÿ, îòîáðàæàþùàÿ Rn â ïðîñòðàíñòâî çíà÷åíèé
ïðîöåññà ζ(t) ïðè êàæäîì t, t ≥ 0.

Ïðåäïîëîæèì, ÷òî
1) óðàâíåíèå (1) äîïóñêàåò èíòåãðàëüíîå ìíîãîîáðàçèå â âèäå ñîâîêóïíî-
ñòè ÷àñòíûõ èíòåãðàëîâ Λ(t) â ôàçîâîì ïðîñòðàíñòâå x ∈ Rn,

Λ(t) : λ(x, t) = 0, (2)
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ãäå λ = λ(x, t) ∈ C21
xt � r-ìåðíàÿ âåêòîð-ôóíêöèÿ, r ≤ n;

2) âåêòîð-ôóíêöèÿ X(x, t) è ìàòðèöà σ(x, t) íåïðåðûâíû ïî t è ëèïøèöåâû
ïî x â îáëàñòè

Λh(t) : ρ
(
x,Λ(t)

)
< h, t ≥ t0 ≥ 0, (3)

(ρ(x,Λ) = inf{‖x − a‖, a ∈ Λ}), ÷òî îáåñïå÷èâàåò ñóùåñòâîâàíèå è åäèí-
ñòâåííîñòü äîñòîõàñòè÷åñêîé ýêâèâàëåíòíîñòè ðåøåíèÿ xx0,t0(t) óðàâíåíèÿ
(1) ñ íà÷àëüíûì óñëîâèåì x(t0) = x0, ÿâëÿþùåãîñÿ íåïðåðûâíûì ñ âåðî-
ÿòíîñòüþ 1 ñòðîãî ìàðêîâñêèì ïðîöåññîì.

Îïðåäåëåíèå 1. Íàçîâåì a(r) ôóíêöèåé êëàññà K (a ∈ K), åñëè a(r) �
íåïðåðûâíàÿ, ñòðîãî âîçðàñòàþùàÿ ôóíêöèÿ è a(0) = 0.

Áóäåì ðàññìàòðèâàòü íåïðåðûâíûå ôóíêöèè V (λ;x, t) ∈ C221
λxt : Rr ×

Rn × R+ → R+ òàêèå, ÷òî V (0;x, t) = 0.
Ïî óðàâíåíèþ (1) ñ èñïîëüçîâàíèåì ôîðìóëû ñòîõàñòè÷åñêîãî äèôôå-

ðåíöèðîâàíèÿ Èòî (ñì. ôîðìóëó (76) íà ñòð. 204 èç [21]) ñîñòàâèì óðàâíå-
íèå âîçìóùåííîãî îòíîñèòåëüíî Λ(t) äâèæåíèÿ:

dλµ = {∂λµ

∂t
+

(
∂λµ

∂xi

)T

Xi +
1
2
tr[

∂2λµ

∂xi∂xj
σikσ

T
jk]+

+
∫

Rn

[λµ(x + σikck(x), t)− λµ(x, t)−

−
(

∂λµ

∂xi

)T

σikck(x)]dx}dt +
(

∂λµ

∂xi

)T

σikdwk+

+
∫

Rn

[λµ(x + σikck(x), t)− λµ(x, t)]dP (t, dx), (4)

ãäå λT = (λ1, λ2, . . . , λµ, . . . , λr), cT = (c1, c2, ..., ck, ..., cm) � âåêòîðû-ñòîëáöû.
Çäåñü çíàê "Ò" îçíà÷àåò òðàíñïîíèðîâàíèå ìàòðèöû è ïî ïîâòîðÿþùèìñÿ
èíäåêñàì ïðåäïîëàãàåòñÿ ñóììèðîâàíèå (i, j = 1, n, µ = 1, r, k = 1,m).

Ïðè èññëåäîâàíèè ñòîõàñòè÷åñêîé óñòîé÷èâîñòè Λ(t) áóäåì èñïîëüçî-
âàòü ôóíêöèþ Ëÿïóíîâà âèäà V (λ; x, t) ñ ïðîèçâîäÿùèì äèôôåðåíöèàëü-
íûì îïåðàòîðîì

L̃V =
∂V

∂t
+

(
∂V

∂xi

)T

Xi +
1
2
tr[

∂2V

∂xi∂xj
σikσ

T
jk]+
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+
∫

Rn

[V (λµ(x + σikck(x), t);x + σikck(x), t)− V (λµ(x, t);x, t)−

−(
∂V

∂xi
)T σikck(x)]dx + (

∂V

∂xi
)T σikdwk+

+
∫

Rn

[V (λµ(x + σikck(x), t);x + σikck(x), t)−

−V (λµ(x, t);x, t)]dP (t, dx) +
∂V

∂λµ
dλµ.

Îïðåäåëåíèå 2. Èíòåãðàëüíîå ìíîãîîáðàçèå Λ(t), îïðåäåëÿåìîå ôîðìó-
ëîé (2), óðàâíåíèÿ (1) íàçûâàåòñÿ ρ-óñòîé÷èâûì ïî âåðîÿòíîñòè, åñëè

lim
ρ(x0,Λ(t0))→0

Px0

{
sup
t>0

ρ(xx0,t0(t),Λ(t)) > ε

}
= 0. (5)

Â îáîçíà÷åíèè Px0 èíäåêñ x0 ïîêàçûâàåò, ÷òî áåðåòñÿ ðåøåíèå, âûõîäÿùåå
èç òî÷êè x0 â ìîìåíò âðåìåíè t0 [23].

Îïðåäåëåíèå 3. Èíòåãðàëüíîå ìíîãîîáðàçèå Λ(t), îïðåäåëÿåìîå ôîðìó-
ëîé (2), óðàâíåíèÿ (1) íàçûâàåòñÿ λ-óñòîé÷èâûì ïî âåðîÿòíîñòè, åñëè

lim
||λ(x0,t0)||→0

Px0

{
sup
t>0

||λ(xx0,t0(t), t)|| > ε

}
= 0. (6)

Îïðåäåëåíèå 4. Èíòåãðàëüíîå ìíîãîîáðàçèå Λ(t), îïðåäåëÿåìîå ôîðìó-
ëîé (2), óðàâíåíèÿ (1) íàçûâàåòñÿ àñèìïòîòè÷åñêè ρ-óñòîé÷èâûì ïî âå-
ðîÿòíîñòè, åñëè îíî ρ-óñòîé÷èâî ïî âåðîÿòíîñòè è, êðîìå òîãî,

lim
ρ(x0,Λ(t0))→0

Px0

{
lim
t→∞ sup

t>0
ρ(xx0,t0(t),Λ(t)) = 0

}
= 1. (7)

Îïðåäåëåíèå 5. Èíòåãðàëüíîå ìíîãîîáðàçèå Λ(t), îïðåäåëÿåìîå ôîðìó-
ëîé (2), óðàâíåíèÿ (1) íàçûâàåòñÿ àñèìïòîòè÷åñêè λ-óñòîé÷èâûì ïî âå-
ðîÿòíîñòè, åñëè îíî λ-óñòîé÷èâî ïî âåðîÿòíîñòè è, êðîìå òîãî,

lim
||λ(x0,t0)||→0

Px0

{
lim
t→∞ sup

t>0
||λ(xx0,t0(t), t)|| = 0

}
= 1. (8)
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Îñíîâíûå ðåçóëüòàòû
Òåîðåìà 1. Åñëè äëÿ ïðîöåññà x(t), îïèñûâàåìîãî óðàâíåíèåì (1), ñóùå-
ñòâóåò ôóíêöèÿ Ëÿïóíîâà V (λ; x, t) ∈ C221

λxt , V (0;x, t) ≡ 0 , ñî ñâîéñòâàìè

V (λ; x, t) ≥ a(||λ||), a ∈ K; (9)

L̃V ≤ 0 (10)
è, êðîìå òîãî, âåêòîð-ôóíêöèÿ λ = λ(x, t) óäîâëåòâîðÿåò óñëîâèþ

||λ(x, t)|| ≥ α(ρ), α ∈ K, (11)

òî èíòåãðàëüíîå ìíîãîîáðàçèå Λ(t) : λ(x, t) = 0 (2) óðàâíåíèÿ (1) ρ-
óñòîé÷èâî ïî âåðîÿòíîñòè.
Äîêàçàòåëüñòâî. Âîçüìåì ïðîèçâîëüíîå äîñòàòî÷íî ìàëîå ÷èñëî ε > 0,
ïðîèçâîëüíûé ìîìåíò t0 è íà÷àëüíóþ òî÷êó x0. Ðàññìîòðèì ðåøåíèå xx0,t0(t)
óðàâíåíèÿ (1). Ïóñòü τε = inf{t : ||λ(x(t)|| > ε}, à τε(t) = min(τε, t). Òîãäà,
èñïîëüçóÿ îäèí ÷àñòíûé ñëó÷àé ôîðìóëû Äûíêèíà [23] äëÿ ñèñòåìû óðàâ-
íåíèé (1) è (4), ïîëó÷èì

Mx0,t0V (λ(x(τε(t)), τε(t));x(τε(t)), τε(t)) = V (λ(x0, t0), x0, t0)+

+Mx0,t0

τε(t)∫

t0

L̃V (λ(x(u), u);x(u), u)du, (12)

îòêóäà â ñèëó (10) âûòåêàåò íåðàâåíñòâî

Mx0,t0V (λ(x(τε(t)), τε(t));x(τε(t)), τε(t)) ≤ V (λ(x0, t0);x0, t0),

êîòîðîå ñ ó÷åòîì (9) ìîæíî ïåðåïèñàòü â âèäå:
∫

τε<t

a(||λ(x(τε), τε)||)Px0,t0(dω)+

+
∫

τε≥t

a(||λ(x(t), t)||)Px0,t0(dω) ≤ V (λ(x0, t0);x0, t0).
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Ñëåäîâàòåëüíî,
a(ε)Px0,t0 ≤ V (λ(x0, t0);x0, t0).

Â ñèëó íåïðåðûâíîñòè ïî λ ôóíêöèè V (λ; x0, t0) è V (0;x, t) ≡ 0, èç ïîñëåä-
íåãî íåðàâåíñòâà âûòåêàåò ñîîòíîøåíèå

lim
||λ||→0

Px0,t0 {τε < t} = 0,

êîòîðîå âëå÷åò çà ñîáîé λ-óñòîé÷èâîñòü Λ(t) â ñîîòâåòñòâèè ñ îïðåäåëå-
íèåì 3. È, ó÷èòûâàÿ îöåíêó (11), ïîëó÷àåì ρ-óñòîé÷èâîñòü èíòåãðàëüíîãî
ìíîãîîáðàçèÿ Λ(t) óðàâíåíèÿ (1).

Çàìå÷àíèå 1. Â ñëó÷àå âèíåðîâñêîãî ïðîöåññà (c(x) ≡ 0) îïåðàòîð L̃ ïå-
ðåõîäèò â îïåðàòîð L âèäà:

LV =
∂V

∂t
+

(
∂V

∂xi

)T

Xi(x, t) +
1
2
tr[

∂2V

∂xi∂xj
σikσ

T
jk] + (

∂V

∂xi
)T σikdwk +

∂V

∂λµ
dλµ

è òåîðåìà 1 ñîâïàäàåò ñ òåîðåìîé 1 èç [20].

Òåîðåìà 2. Åñëè äëÿ ïðîöåññà x(t), îïèñûâàåìîãî óðàâíåíèåì (1), ñóùå-
ñòâóåò ôóíêöèÿ Ëÿïóíîâà V (λ;x, t) ∈ C221

λxt , V (0;x, t) ≡ 0, ñî ñâîéñòâàìè

V (λ; x, t) ≥ a(||λ||), a ∈ K, (9)

V (λ; x, t) ≤ b(||λ||), b ∈ K, (13)

L̃V ≤ −c(||λ||), c ∈ K, (14)

è, êðîìå òîãî, âåêòîð-ôóíêöèÿ λ = λ(x, t) óäîâëåòâîðÿåò óñëîâèþ

||λ(x, t)|| ≥ α(ρ), α ∈ K, (11)

òî èíòåãðàëüíîå ìíîãîîáðàçèå Λ(t) : λ(x, t) = 0 óðàâíåíèÿ (1) àñèìïòî-
òè÷åñêè ρ-óñòîé÷èâî ïî âåðîÿòíîñòè.
Äîêàçàòåëüñòâî. Ïî òåîðåìå 1 óñëîâèÿ (9) è (10) îáåñïå÷èâàþò λ-óñòîé-
÷èâîñòü Λ(t) ïî âåðîÿòíîñòè, à (11) âëå÷åò çà ñîáîé ρ-óñòîé÷èâîñòü ïî
âåðîÿòíîñòè èíòåãðàëüíîãî ìíîãîîáðàçèÿ Λ(t).
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Äîêàæåì ñïðàâåäëèâîñòü ñîîòíîøåíèÿ (8) � àñèìïòîòè÷åñêîé λ -óñòîé-
÷èâîñòè ïî âåðîÿòíîñòè Λ(t), è èç îöåíêè (11) òîãäà áóäåò ñëåäîâàòü àñèìï-
òîòè÷åñêàÿ ρ -óñòîé÷èâîñòü èíòåãðàëüíîãî ìíîãîîáðàçèÿ Λ(t).

Ïóñòü àíàëîãè÷íî òåîðåìå 1 τε = inf{t : ||λ(x(t)|| > ε}, τε(t) = min(τε, t).
Îáîçíà÷èì ÷åðåç R ìíîæåñòâî âûáîðî÷íûõ òðàåêòîðèé ïðîöåññà xx0,t0(t)
òàêèõ, ÷òî τε(t) = t, t ∈ R∗, òî åñòü òå òðàåêòîðèè, êîòîðûå äî ìîìåíòà t
íå âûøëè èç ìíîæåñòâà ||λ(x(t)|| < ε. Òîãäà ïî òåîðåìå 1 ñëåäóåò

lim
||λ(x0,t0)||→0

Px0,t0 {R} = 1.

Èç (12) è (14) âûòåêàåò íåðàâåíñòâî

Mx0,t0V (λ(x(τε(t)), τε(t));x(τε(t)), τε(t)) ≤ V (λ(x0, t0);x0, t0),

ò.å. ñëó÷àéíûé ïðîöåññ V (λ(x(τε(t)), τε(t));x(τε(t)), τε(t)) ÿâëÿåòñÿ íåîòðè-
öàòåëüíûì ñóïåðìàíòèíãàëîì è ïî òåîðåìå Äóáà [23] ñ âåðîÿòíîñòüþ 1
ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim
t→∞V (λ(x(τε(t)), τε(t));x(τε(t)), τε(t)) = lim

t→∞V (λ(x(t), t);x(t), t) = æ.

Ïîêàæåì, ÷òî ñ âåðîÿòíîñòüþ 1 æ = 0. Äîêàçàòåëüñòâî ïðîâåäåì îò ïðî-
òèâíîãî, ò.å. ïðåäïîëîæèì, ÷òî íàéäåòñÿ õîòÿ áû îäíà ïàðà x∗0, t

∗
0 ∈ Uε(0),

ãäå Uε = {x : ||λ(x, t)|| < ε}, òàêàÿ, ÷òî äëÿ âûáîðî÷íûõ òðàåêòîðèé èç
ìíîæåñòâà R ñ âåðîÿòíîñòüþ q âûïîëíÿåòñÿ ñîîòíîøåíèå

lim
t→∞V (λ(x(t), t);x(t), t) = V∗ > 0.

Òîãäà èç ñâîéñòâà (13) áåñêîíå÷íî ìàëîãî âûñøåãî ïðåäåëà ôóíêöèè V
âûòåêàåò, ÷òî ñ âåðîÿòíîñòüþ q

lim
t→∞ ||λ(x(t), t)|| ≥ b−1(V∗) > ε1 > 0.

Äëÿ äàëüíåéøèõ ðàññóæäåíèé íàì íåîáõîäèìî äîêàçàòü ñâîéñòâî âîç-
âðàòíîñòè âûáîðî÷íûõ òðàåêòîðèé ïðîöåññà xx0,t0(t), ïðèíàäëåæàùèõ ìíî-
æåñòâó R ïî îòíîøåíèþ ê îáëàñòè {||λ(x(t), t)|| < ν} äëÿ êàæäîãî ν,
0 < ν < ε. Äåéñòâèòåëüíî, äëÿ òàêèõ ν è âñåõ {x : ν ≤ ||λ(x(t), t)|| ≤ ε} èç
ñòðîãîé ìîíîòîííîñòè c(r) âûïîëíÿåòñÿ îöåíêà (14): LV ≤ −c(ν).
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Ïóñòü τν � ìîìåíò ïåðâîãî âûõîäà ïðîöåññà xx0,t0(t) èç îáëàñòè ν ≤ ||λ|| ≤
ε. Èñïîëüçóÿ (12), èìååì

Mx0,t0τ
ν(t)− t0 ≤ c−1(ν)V (λ(x0, t0);x0, t0),

îòñþäà íà îñíîâàíèè íåðàâåíñòâà ×åáûøåâà ïîëó÷èì

Px0,t0{τν ≥ t} ≤ c−1(ν)V (λ(x0, t0);x0

t
.

Ïåðåõîäÿ ê ïðåäåëó ïðè t →∞, áóäåì èìåòü

Px0,t0{τν < ∞} = 1, (15)

÷òî äîêàçûâàåò âîçâðàòíîñòü òðàåêòîðèé ïðîöåññà xx0,t0(t), ïðèíàäëåæà-
ùèõ ìíîæåñòâó R ïî îòíîøåíèþ ê {||λ(x, t)|| < ν}.

Èç (15) è ñòðîãî ìàðêîâîñòè ïðîöåññà x(t) ïîëó÷àåì äëÿ ëþáîãî ν > 0

q = Px∗0,t∗0{ lim
t→∞ ||λ(x(t), t)|| > ε1} =

=
∫

{x:||λ(x,t)||=ν}

∞∫

0

Px0,t0{ lim
t→∞ ||λ(x(t), t)|| > ε1}Px∗0,t∗0{τν ∈ dt, x(τν) ∈ dx ≤

≤ sup
{x:||λ(x,t)||≤ν, t0>0}

Px0,t0{ lim
t→∞ ||λ(x(t), t)|| > ε1},

÷òî ïðîòèâîðå÷èò λ-óñòîé÷èâîñòè ïî âåðîÿòíîñòè èíòåãðàëüíîãî ìíîãîîá-
ðàçèÿ Λ(t). Òàêèì îáðàçîì, äëÿ ïî÷òè âñåõ âûáîðî÷íûõ òðàåêòîðèé ìíî-
æåñòâà R ñ âåðîÿòíîñòüþ 1 lim ||λ(x(t), t)|| = 0 ïðè t → ∞ äëÿ âñåõ
x ∈ Uε(0). Îòñþäà è èç îöåíêè V (λ; x, t) ≥ a(||λ||) äëÿ ïî÷òè âñåõ òðà-
åêòîðèé èç R ñëåäóåò lim

t→∞ ||λ(x(t), t)|| = 0, îòêóäà ñ ó÷åòîì (15) è îöåíêè
(11) âûòåêàåò óòâåðæäåíèå òåîðåìû.
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ÈÍÂÀÐÈÀÍÒÍÛÅ ÌÍÎÆÅÑÒÂÀ ÍÅÎÒÐÈÖÀÒÅËÜÍÛÕ
ËÈÍÅÉÍÛÕ ÎÏÅÐÀÒÎÐÎÂ. II.

È. Í. Ïàíêðàòîâà

Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ
050010, Àëìàòû, óë.Ïóøêèíà 125, e-mail: irina.pankratova@math.kz

Îïðåäåëåíû íåêîòîðûå ñâîéñòâà èíâàðèàíòíûõ ïîäïðîñòðàíñòâ ëèíåéíîãî
îïåðàòîðà, ñîäåðæàùèõ öèêëû ëó÷åé. Âûäåëåíû öèêëè÷åñêèå èíâàðèàíò-
íûå ïîäïðîñòðàíñòâà (íåîòðèöàòåëüíîãî îïåðàòîðà) êîíå÷íîãî ïåðèîäà, â
êîòîðûõ âñå èëè ïî÷òè âñå öèêëû ëó÷åé èìåþò îäèíàêîâûé ïåðèîä. Îïðå-
äåëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ èíâàðèàíòíîå
ïîäïðîñòðàíñòâî, ñîäåðæàùåå öèêëû ëó÷åé, ÿâëÿåòñÿ öèêëè÷åñêèì èíâà-
ðèàíòíûì ïîäïðîñòðàíñòâîì. Ïîëó÷åíà ôîðìóëà äëÿ îïðåäåëåíèÿ ïåðèîäà
ñóììû öèêëè÷åñêèõ èíâàðèàíòíûõ ïîäïðîñòðàíñòâ.

Ââåäåíèå
Ïóñòü Rn � n- ìåðíîå âåùåñòâåííîå âåêòîðíîå ïðîñòðàíñòâî è M ⊂ Rn,

M 6= ∅. Ìíîæåñòâî âèäà

cone(M) =

{
m∑

i=1

αiyi | αi ≥ 0, yi ∈ M,m ∈ N

}

íàçûâàåòñÿ êîíè÷åñêîé îáîëî÷êîé ïîäìíîæåñòâà M , ãäå αi ∈ R1, i = 1, m.
Êîíè÷åñêóþ îáîëî÷êó cone(y) îäíîòî÷å÷íîãî ìíîæåñòâà {y} ïðè y 6= 0

Keywords: Dynamical system, linear operator, invariant subspace, nonnegative matrix
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íàçûâàþò ëó÷îì ñ âåðøèíîé â íóëå, íàïðàâëåííûì â òî÷êó y, èëè ëó÷îì,
èñõîäÿùèì èç íóëÿ âäîëü âåêòîðà y. Òàêèì îáðàçîì,

cone(y) = {αy | α ≥ 0}.
Ìíîæåñòâî X íàçûâàåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî îòîáðàæåíèÿ F , åñ-
ëè F : X → X èëè FX ⊆ X. Â ðàáîòå [1] ðàññìàòðèâàëèñü ìíîæåñòâà â Rn â
âèäå ñèñòåì ëó÷åé è áûëè îïðåäåëåíû óñëîâèÿ, ïðè êîòîðûõ ñèñòåìà èç êî-
íå÷íîãî ÷èñëà ëó÷åé l1, ..., lp, p ∈ N , ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî
ëèíåéíîãî îïåðàòîðà A ìíîæåñòâîì â Rn, à òàêæå óñòàíîâëåíû íåêîòî-
ðûå ñâîéñòâà èíâàðèàíòíûõ ïîäïðîñòðàíñòâ, ñîäåðæàùèõ èíâàðèàíòíûå
ñèñòåìû ëó÷åé. Â ðàáîòå [2] ðàññìàòðèâàåòñÿ ïðîñòðàíñòâî ëó÷åé è îïðå-
äåëÿþòñÿ óñëîâèÿ åãî ïîëíîòû â ââåäåííîé ìåòðèêå. Êîìïîíåíòû êîíóñîâ
â âèäå ëó÷åé ðàññìàòðèâàþòñÿ òàêæå â [3] (ñ. 77) â ñâÿçè ñ èçó÷åíèåì âî-
ïðîñîâ ñóùåñòâîâàíèÿ ñîáñòâåííûõ âåêòîðîâ ôîêóñèðóþùèõ îïåðàòîðîâ.
Èíâàðèàíòíûå ìíîæåñòâà â âèäå ñèñòåì ëó÷åé ðàíåå íå ðàññìàòðèâàëèñü,
÷òî äåëàåò àêòóàëüíûì èõ èçó÷åíèå.

Â íàñòîÿùåé ðàáîòå ïðîäîëæåíî èññëåäîâàíèå èíâàðèàíòíûõ ïîäïðî-
ñòðàíñòâ, ñîäåðæàùèõ èíâàðèàíòíûå îòíîñèòåëüíî ëèíåéíîãî îïåðàòîðà
A ñèñòåìû ëó÷åé. Îïðåäåëåíèå ýòèõ ìíîæåñòâ ñâÿçàíî ñ ðåøåíèåì àâòî-
ðîì äàííîé ñòàòüè ïðîáëåìû àñèìïòîòè÷åñêîãî ïîâåäåíèÿ êëàññà äèíàìè-
÷åñêèõ ñèñòåì, ïîðîæäåííûõ îòîáðàæåíèåì F âèäà

F : Rn → Rn, Fy = Φ(y)Ay,

ãäå Φ(y) � ñêàëÿðíàÿ ôóíêöèÿ (ñì., íàïðèìåð, [4]�[7]). Ïóñòü ìíîæåñòâî
X ⊆ Rn èíâàðèàíòíî îòíîñèòåëüíî îòîáðàæåíèÿ F . Òîãäà îòîáðàæåíèå
F , â îáùåì ñëó÷àå íåîáðàòèìîå, ïîðîæäàåò íà X öèêëè÷åñêóþ ïîëóãðóï-
ïó îòîáðàæåíèé {Fm}, m ∈ Z+, êîòîðàÿ íàçûâàåòñÿ äèíàìè÷åñêîé ñè-
ñòåìîé ([8], ñ. 156) è îáîçíà÷àåòñÿ {Fm, X, Z+}, ãäå Z+ � ìíîæåñòâî öå-
ëûõ íåîòðèöàòåëüíûõ ÷èñåë. Ïðè ýòîì X íàçûâàåòñÿ ôàçîâûì ïðîñòðàí-
ñòâîì ñèñòåìû. Äëÿ ñèñòåìû {Fm, X, Z+} ïðîáëåìà àñèìïòîòè÷åñêîãî ïî-
âåäåíèÿ ñîñòîèò â òîì, ÷òîáû îïèñàòü ðàñïîëîæåíèå âñåõ åå íåòðèâèàëü-
íûõ ω- ïðåäåëüíûõ ìíîæåñòâ ([9], ñ. 25) â X è äàëåå, äëÿ êîíêðåòíûõ
âèäîâ Φ(y) è A îïðåäåëèòü òèï è ñòðóêòóðó ω- ïðåäåëüíûõ ìíîæåñòâ.
Çäåñü, êàê è â [1], èçó÷àåòñÿ âîïðîñ î ðàñïîëîæåíèè ω- ïðåäåëüíûõ ìíî-
æåñòâ ñèñòåìû {Fm,X, Z+}. Çàôèêñèðóåì â Rn íåêîòîðûé áàçèñ ∆. Âåêòîð
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y = (ξ1, . . . , ξn)′ íàçûâàåòñÿ íåîòðèöàòåëüíûì è îáîçíà÷àåòñÿ y ≥ 0, åñëè
ξi ≥ 0 äëÿ âñåõ 1 ≤ i ≤ n â áàçèñå ∆. Ìíîæåñòâî âñåõ íåîòðèöàòåëüíûõ
âåêòîðîâ îáîçíà÷èì ÷åðåç K+. Òàêèì îáðàçîì,

K+ = {y ∈ Rn | y ≥ 0}.

Â êà÷åñòâå X âûáåðåì êîìïàêòíîå ìíîæåñòâî ñëåäóþùåãî âèäà: X = {y ∈
K+ | ‖y‖ ≤ a}, a < +∞. Îòìåòèì, ÷òî îäíèì èç óñëîâèé èíâàðèàíòíîñòè
îòíîñèòåëüíî F ìíîæåñòâà X ÿâëÿåòñÿ íåîòðèöàòåëüíîñòü (≥ 0) îïåðà-
òîðà A (òåîðåìà 1 èç [1]). Ïî îïðåäåëåíèþ A ≥ 0, åñëè A : K+ → K+.
Ñîãëàñíî [3] (ñ. 17) A ≥ 0, åñëè è òîëüêî åñëè äëÿ ñîîòâåòñòâóþùåé îïå-
ðàòîðó A â áàçèñå ∆ ìàòðèöû A = (aij)n

1 âûïîëíåíû óñëîâèÿ aij ≥ 0
äëÿ âñåõ i, j = 1, n. Ìàòðèöà A íàçûâàåòñÿ ïðè ýòîì íåîòðèöàòåëüíîé è
îáîçíà÷àåòñÿ A ≥ 0 ([10], ñ. 332). Óñòàíîâëåíî, ÷òî âñå íåòðèâèàëüíûå ω-
ïðåäåëüíûå ìíîæåñòâà ñèñòåìû {Fm,X, Z+} ðàñïîëîæåíû â èíâàðèàíò-
íûõ îòíîñèòåëüíî F ìíîæåñòâàõ, ïðåäñòàâëÿþùèõ ñîáîé ïåðåñå÷åíèå ñ
X èíâàðèàíòíûõ îòíîñèòåëüíî A êîíå÷íûõ ñèñòåì íåñîâïàäàþùèõ ëó÷åé
[4], [11]. Òàêèì îáðàçîì, âîïðîñ î ðàñïîëîæåíèè ω- ïðåäåëüíûõ ìíîæåñòâ
ñèñòåìû {Fm,X, Z+} ñâîäèòñÿ ê ðåøåíèþ ñëåäóþùèõ çàäà÷.

1. Çàäà÷à âûäåëåíèÿ â Rn èíâàðèàíòíûõ ìíîæåñòâ
îïåðàòîðà A â âèäå êîíå÷íîé ñèñòåìû ëó÷åé

Ýòà çàäà÷à ñîñòîèò â îïðåäåëåíèè óñëîâèé, ïðè êîòîðûõ ñèñòåìà èç êî-
íå÷íîãî ÷èñëà ëó÷åé ÿâëÿåòñÿ èíâàðèàíòíûì ìíîæåñòâîì îïåðàòîðà A. Åå
ðåøåíèå ïðåäñòàâëåíî â [1]. Ïðèâåäåì íåêîòîðûå ñâåäåíèÿ èç [1], êîòîðûå
íåîáõîäèìû äëÿ èçëîæåíèÿ ðåçóëüòàòîâ íàñòîÿùåé ðàáîòû. Ñëåäóþùàÿ
òåîðåìà îïðåäåëÿåò óñëîâèÿ èíâàðèàíòíîñòè îòíîñèòåëüíî A ñèñòåìû ëó-
÷åé.

Òåîðåìà 1 (Òåîðåìà 2 èç [1]). Ïóñòü A � ëèíåéíûé îïåðàòîð è äëÿ íåêî-
òîðîãî íåíóëåâîãî y ∈ Rn ñóùåñòâóþò ÷èñëà p ∈ N è r > 0 òàêèå, ÷òî

Apy = ry. (1)

Òîãäà ñèñòåìû ëó÷åé

K = (cone(y), cone(Ay), . . . , cone(Ap−1y)) (2)
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è −K (ïðè −K 6= K) èíâàðèàíòíû îòíîñèòåëüíî îïåðàòîðà A, è åñëè
p � íàèìåíüøàÿ ñòåïåíü îïåðàòîðà A, ïðè êîòîðîé âûïîëíåíî (1), òî â
ñèñòåìàõ K è −K âñå ëó÷è ðàçëè÷íû.

Åñëè â (1) âìåñòî r > 0 ïîëîæèòü −r, òî ïðè âûïîëíåíèè óñëîâèé
òåîðåìû 1 ñèñòåìà ëó÷åé

K = (cone(y), cone(Ay), . . . , cone(A2p−1y))

èíâàðèàíòíà è âñå ëó÷è ðàçëè÷íû, ïðè ýòîì −K = K.

Çàìå÷àíèå 1. Íà ñàìîì äåëå, óñëîâèå (1) ÿâëÿåòñÿ íåîáõîäèìûì è äî-
ñòàòî÷íûì äëÿ èíâàðèàíòíîñòè îòíîñèòåëüíî A ñèñòåìû ëó÷åé K (è −K
ïðè −K 6= K). Äîñòàòî÷íîñòü óñòàíîâëåíà â [1].
Äîêàçàòåëüñòâî íåîáõîäèìîñòè óñëîâèÿ (1). Ïóñòü ñèñòåìà ëó÷åé K èí-
âàðèàíòíà îòíîñèòåëüíî A. Òàê êàê îïåðàöèÿ âçÿòèÿ êîíè÷åñêîé îáîëî÷-
êè êîììóòèðóåò ñ ëþáûì ëèíåéíûì îïåðàòîðîì, òî â îäíîìåðíîì ñëó÷àå
èìååì

A cone(y) = cone(Ay). (3)

Ñîãëàñíî (3) ïîä äåéñòâèåì îïåðàòîðà A ëó÷ ïåðåõîäèò â ëó÷, ïîýòîìó
èíâàðèàíòíîñòü K îòíîñèòåëüíî A îçíà÷àåò, ÷òî AK = K. Ïðîäîëæàÿ
(3), ïîëó÷èì

A cone(Ay) = cone(A2y), . . . ,A cone(Ap−1y) = cone(Apy) = cone(y).

Ïîñëåäíåå ðàâåíñòâî èìååò ìåñòî â ñèëó èíâàðèàíòíîñòè K îòíîñèòåëüíî
A è îçíà÷àåò, ÷òî âåêòîðû Apy è y êîëëèíåàðíû è îäíîíàïðàâëåíû, ò.å.
ñóùåñòâóåò r > 0 òàêîå, ÷òî âûïîëíåíî (1), ÷.ò.ä.

Óñëîâèå: p � íàèìåíüøàÿ ñòåïåíü îïåðàòîðà A, ïðè êîòîðîé âûïîëíåíî
(1), îïðåäåëÿåò â Rn ñèñòåìó p íåñîâïàäàþùèõ ëó÷åé, êîòîðàÿ íàçûâàåòñÿ
öèêëîì ëó÷åé ïåðèîäà p. Îïðåäåëåíèå ñëåäóþùåå.

Îïðåäåëåíèå 1 (èç [1]). Ëó÷ cone(y) íàçîâåì ïåðèîäè÷åñêèì ïåðèîäà p ≥
1 îòíîñèòåëüíî îïåðàòîðà A, åñëè

Ap(cone(y)) = cone(y)
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è ïðè p > 1
cone(y) ∩ cone(Ajy) = {0}, j = 1, p− 1.

Ñèñòåìó ëó÷åé K âèäà (2) íàçîâåì öèêëîì ëó÷åé (îïåðàòîðà A) ïåðèîäà
p.

Âåêòîð y ëó÷à cone(y) ÿâëÿåòñÿ îáðàçóþùèì âåêòîðîì öèêëà ëó÷åé K
(ìîæíî ïîëàãàòü ‖y‖ = 1). Îáîáùàÿ ïîíÿòèÿ öèêëà è íåïîäâèæíîé òî÷êè
îïåðàòîðà A, ïðèâåäåì îïðåäåëåíèå öèêëà ëó÷åé â áîëåå îáùåì âèäå.

Îïðåäåëåíèå 2. Ñèñòåìà íåñîâïàäàþùèõ ëó÷åé l1, ..., lp íàçûâàåòñÿ öèê-
ëîì ëó÷åé (îïåðàòîðà A) ïåðèîäà p < ∞ è îáîçíà÷àåòñÿ, êàê (l1, ..., lp),
åñëè

Alk = lk+1, k = 1, . . . , p− 1, Alp = l1.

Èç òåîðåìû 1 è çàìå÷àíèÿ 1 ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Ñëåäñòâèå 1. Äëÿ òîãî, ÷òîáû x ∈ Rn áûë îáðàçóþùèì âåêòîðîì öèêëà
ëó÷åé ïåðèîäà 1, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû x áûë ñîáñòâåííûì
âåêòîðîì îïåðàòîðà A, ñîîòâåòñòâóþùèì ñîáñòâåííîìó çíà÷åíèþ µ >
0.

Ïðèìåð 1. Ñóùåñòâîâàíèå öèêëîâ ëó÷åé ëèíåéíûõ îïåðàòîðîâ
ïåðèîäîâ p è 2p. Ðàññìîòðèì ëèíåéíûå îïåðàòîðû A è B, çàäàííûå
ñîîòâåòñòâåííî ìàòðèöàìè A è B ñëåäóþùåãî âèäà:

A =
(

0 1
1 0

)
, B =

(
0 1
−1 0

)
.

Îïåðàòîð A èìååò äâà ñîáñòâåííûõ çíà÷åíèÿ ±µ = ±1, êîòîðûì ñîîò-
âåòñòâóþò îäíîìåðíûå ñîáñòâåííûå ïîäïðîñòðàíñòâà L1, L2 ñ âåêòîðàìè
x1 = (1, 1)′ ∈ L1, x2 = (1,−1)′ ∈ L2. Äëÿ ëþáîãî y ∈ L1 èìååì Ay = y,
ò.å. y óäîâëåòâîðÿåò óñëîâèþ (1) òåîðåìû 1 ïðè r = 1, p = 1. Ïîýòîìó
K = cone(x1) è −K � öèêëû ëó÷åé îïåðàòîðà A ïåðèîäà 1. Äëÿ ëþáîãî
y ∈ L2 Ay = −y, ò.å. y óäîâëåòâîðÿåò óñëîâèþ (1) òåîðåìû 1 ïðè −r = −1,
p = 1. Òàê êàê cone(Ax2) = − cone(x2), òî K = (cone(x2), − cone(x2)) �
öèêë ëó÷åé îïåðàòîðà A ïåðèîäà 2. Áîëåå òîãî, âîçüìåì ïðîèçâîëüíûé
y ∈ R2 è ïðåäñòàâèì åãî â âèäå y = y1 + y2, ãäå y1 ∈ L1, y2 ∈ L2, yi 6= 0,
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i = 1, 2. Òîãäà Ay = y1 − y2 6= ±y è A2y = y, ò.å. y óäîâëåòâîðÿåò óñëî-
âèþ (1) òåîðåìû 1 ïðè r = 1, p = 2 è çíà÷èò, K = (cone(y), cone(Ay)) �
öèêë ëó÷åé îïåðàòîðà A ïåðèîäà 2.

Îïåðàòîð B èìååò äâà êîìïëåêñíî- ñîïðÿæåííûõ ñîáñòâåííûõ çíà÷å-
íèÿ ±µ = ±i. Äëÿ ëþáîãî y ∈ R2

By 6= ±y, B2y = −y,

ò.å. y óäîâëåòâîðÿåò óñëîâèþ (1) òåîðåìû 1 ïðè −r = −1, p = 2, ïðè ýòîì
p � íàèìåíüøåå ÷èñëî. Ïîýòîìó ñèñòåìà ëó÷åé

K = (cone(y), cone(By), − cone(y), − cone(By))

åñòü öèêë ëó÷åé îïåðàòîðà B ïåðèîäà 4.
Ñîãëàñíî òåîðåìå 1 âåêòîðû, óäîâëåòâîðÿþùèå (1), îáðàçóþò èíâàðè-

àíòíîå îòíîñèòåëüíî A ïîäïðîñòðàíñòâî âèäà ker(Ap − rE) ïðè r > 0, ãäå
kerA � ÿäðî îïåðàòîðà A,

kerA = {y ∈ Rn | Ay = 0},
è E � òîæäåñòâåííûé îïåðàòîð. Ñ ó÷åòîì çàìå÷àíèÿ 1, ïîäïðîñòðàíñòâà
ker(Ap− rE) ïðè r > 0 è òîëüêî îíè ñîäåðæàò öèêëû ëó÷åé. Ïîýòîìó ñëå-
äóþùèì øàãîì ïðè ðàññìîòðåíèè âîïðîñà î ðàñïîëîæåíèè ω- ïðåäåëüíûõ
ìíîæåñòâ ñèñòåìû {Fm,X, Z+} ÿâëÿåòñÿ ðåøåíèå åùå îäíîé çàäà÷è.

2. Çàäà÷à âûäåëåíèÿ èíâàðèàíòíûõ ïîäïðîñòðàíñòâ
îïåðàòîðà A, ñîäåðæàùèõ öèêëû ëó÷åé

Ýòà çàäà÷à ñîñòîèò â îïðåäåëåíèè ñâîéñòâ ïîäïðîñòðàíñòâ ker(Ap−rE)
è óñëîâèé èõ ïåðåñå÷åíèÿ ñ êîíóñîì K+, ñîäåðæàùèì ìíîæåñòâî X. Ñî-
ãëàñíî îïðåäåëåíèþ ïîäïðîñòðàíñòâà ker(Ap−rE) ÷èñëî r ÿâëÿåòñÿ õàðàê-
òåðèñòè÷åñêèì ÷èñëîì ìàòðèöû Ap, êîòîðîìó ñîîòâåòñòâóåò ñîáñòâåííûé
âåêòîð y ∈ ker(Ap − rE), y 6= 0. Ïóñòü µ1, . . . , µn � õàðàêòåðèñòè÷åñêèå
÷èñëà ìàòðèöû A ñ ó÷åòîì èõ êðàòíîñòåé. Òîãäà ìàòðèöà Ap èìååò õàðàê-
òåðèñòè÷åñêèå ÷èñëà µp

1, . . . , µp
n ([10], ñ. 88) è, ñëåäîâàòåëüíî, ñóùåñòâóåò

õàðàêòåðèñòè÷åñêîå ÷èñëî µ ìàòðèöû A òàêîå, ÷òî r = µp. Òàêèì îáðàçîì,
çàäà÷à ñâîäèòñÿ ê èçó÷åíèþ ñâîéñòâ ïîäïðîñòðàíñòâ ker P(A), ãäå

P(ρ) = ρp − µp (4)
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� ïîëèíîì îò ρ ñòåïåíè p ∈ N è µ � ñîáñòâåííîå çíà÷åíèå îïåðàòîðà A.
×àñòü ðåçóëüòàòîâ ýòèõ èññëåäîâàíèé òàêæå îïóáëèêîâàíà â [1]. Äëÿ èçëî-
æåíèÿ ðåçóëüòàòîâ íàñòîÿùåé ñòàòüè èñïîëüçóåòñÿ ñëåäóþùåå óòâåðæäå-
íèå, äîêàçàííîå â [1]. Îáîçíà÷èì

P1(ρ) = ρ− µ, (5)

P2(ρ) = µp−i + µp−2ρ + . . . + µρp−2 + ρp−1. (6)

Òåîðåìà 2 (Òåîðåìà 6 èç [1]). Ïóñòü A � ëèíåéíûé îïåðàòîð, kerP(A) 6=
{0} è µ ∈ R1. Òîãäà èìååò ìåñòî ðàçëîæåíèå ïîäïðîñòðàíñòâà

kerP(A) = kerP1(A) + kerP2(A) (7)

è, åñëè â (4) µ 6= 0, òî ñóììà (7) ïðÿìàÿ.

Ïðèìåð 2. Ðàçëîæåíèå íà ìíîæèòåëè ïîëèíîìà P(A). Ïóñòü îïå-
ðàòîð A çàäàí ìàòðèöåé A,

A =
(

0 a
b 0

)
, ãäå ab > 0.

Îïåðàòîð A èìååò äâà âåùåñòâåííûõ ñîáñòâåííûõ çíà÷åíèÿ ±µ = ±
√

ab.
Òàê êàê

A2 =
(

ab 0
0 ab

)
= µ2E,

òî P(A) = A2 − µ2E ðàçëîæèì íà ìíîæèòåëè, à èìåííî:

A2 − µ2E = (A− µE)(A + µE).

Êàæäûé èç ñîìíîæèòåëåé â ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà ìîæíî ïðèíÿòü
çà P1(A) (ñîîòâåòñòâåííî, äðóãîé ïîëèíîì åñòü P2(A)).

Îñíîâíîå âíèìàíèå óäåëÿåòñÿ îïðåäåëåíèþ ñâîéñòâ ïîäïðîñòðàíñòâ
ker P(A) îïåðàòîðà A ≥ 0. Îáîçíà÷èì ÷åðåç λ ìàêñèìàëüíîå ñîáñòâåííîå
çíà÷åíèå ìàòðèöû A ≥ 0. Èç îáùåé òåîðèè íåîòðèöàòåëüíûõ ìàòðèö ñëå-
äóåò, ÷òî λ ≥ 0, åìó ñîîòâåòñòâóåò ñîáñòâåííûé âåêòîð e ≥ 0; ìîäóëè âñåõ
ñîáñòâåííûõ ÷èñåë ìàòðèöû A íå ïðåâîñõîäÿò λ ([10], ñ. 344).
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Çàìå÷àíèå 2. Ïðè λ = 0 ìàòðèöà A ÿâëÿåòñÿ íèëüïîòåíòíîé: ñóùåñòâóåò
t > 0 òàêîå, ÷òî At = 0 ([9], ñ. 195). Ïîýòîìó AmL = {0} äëÿ ëþáîãî
ìíîæåñòâà L ⊆ Rn è m ≥ t. Îòñþäà ñëåäóåò, ÷òî â Rn ëþáàÿ ñèñòåìà ëó÷åé,
â òîì ÷èñëå èíâàðèàíòíàÿ, âûðîæäàåòñÿ. Çíà÷èò, îïåðàòîð A, çàäàííûé
íèëüïîòåíòíîé ìàòðèöåé A, íå èìååò öèêëîâ ëó÷åé.

Ïóñòü λ > 0. Ñ ó÷åòîì çàìå÷àíèÿ 2 óïîðÿäî÷èì âñå ñîáñòâåííûå çíà-
÷åíèÿ ìàòðèöû A ≥ 0 ñëåäóþùèì îáðàçîì:

λ = µ1 = |µ2| = . . . = |µk| > |µk+1| ≥ . . . ≥ |µn| ≥ 0, 1 ≤ k ≤ n. (8)

Îáîçíà÷èì ÷åðåç Rk, Rn−k ïîäïðîñòðàíñòâà, àíóëèðóåìûå ìíîãî÷ëåíàìè
k∏

i=1
(ρ− µi),

n∏
i=k+1

(ρ− µi). Òîãäà

Rn = Rk + Rn−k,

ïðè÷åì ñóììà ïðÿìàÿ. Ïóñòü R′ � èíâàðèàíòíîå ïîäïðîñòðàíñòâî îïåðàòî-
ðà A ≥ 0, ñîîòâåòñòâóþùåå îòðèöàòåëüíûì è êîìïëåêñíûì ñîáñòâåííûì
÷èñëàì, ïî ìîäóëþ ðàâíûì λ, è intK+ = {y ∈ K+ | y > 0}. Ïîä ν- ìåðíûì
êîîðäèíàòíûì ïîäïðîñòðàíñòâîì áóäåì ïîíèìàòü ëþáîå ïîäïðîñòðàíñòâî
â Rn ñ áàçèñîì {εi1 , . . . , εiν} ⊂ ∆ (1 ≤ i1 < . . . < iν ≤ n), ν < n.

Ëåììà 1 (èç [12]). Åñëè A ≥ 0, òî

R
′ ∩K+ = {0}. (9)

Ëåììà 2 (èç [12]). Åñëè A ≥ 0, òî

Rn−k ∩ intK+ = ∅. (10)

Îáîçíà÷èì ÷åðåç R′′ èíâàðèàíòíîå ïîäïðîñòðàíñòâî îïåðàòîðà A, ñî-
îòâåòñòâóþùåå îòðèöàòåëüíûì è êîìïëåêñíûì ñîáñòâåííûì ÷èñëàì.

Ëåììà 3. Åñëè A ≥ 0, òî

R
′′ ∩K+ = {0}. (11)
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Äîêàçàòåëüñòâî. Ïðè λ = 0 ðàâåíñòâî (11) âûïîëíåíî. Ïóñòü λ > 0. Òàê
êàê Rk ñîäåðæèò ñîáñòâåííûé âåêòîð e ≥ 0 îïåðàòîðà A ≥ 0, òî k ≥ 1 è
Rk ∩ K+ 6= {0}. Åñëè â (8) k = n, òî Rk = Rn, ïîýòîìó (11) ñîâïàäàåò ñ
(9). Ïóñòü k < n. Åñëè L = Rn−k ∩ K+ = {0}, òî (11) âûïîëíåíî â ñèëó
(9). Åñëè L 6= {0}, òî ñîãëàñíî ëåììå 2 ëþáîé âåêòîð y ∈ L ïðèíàäëåæèò
ãðàíèöå êîíóñà K+, ò.å. ðàñïîëîæåí â íåêîòîðîì èíâàðèàíòíîì êîîðäè-
íàòíîì ïîäïðîñòðàíñòâå ìàòðèöû A ≥ 0 è çíà÷èò, ñîäåðæèò íåêîòîðîå
÷èñëî ν < n íóëåâûõ êîîðäèíàò (ïóñòü äëÿ îïðåäåëåííîñòè ν ïåðâûõ).
Ïðåäñòàâèì âåêòîð y â âèäå y = (0, x)′, à ìàòðèöó A � â âèäå

A =
(

A1 A4

A3 A2

)
,

ãäå x ≥ 0 � âåêòîð ðàçìåðíîñòè n−ν, Ai ≥ 0 � ìàòðèöû ðàçìåðíîñòè ν×ν,
(n−ν)× (n−ν), ν× (n−ν), (n−ν)×ν ñîîòâåòñòâåííî, i = 1, 4. Èç AL ⊆ L
ñëåäóåò, ÷òî A4 = 0, ò.å. Ay = (0, A2x). Ýòî ðàâåíñòâî ïîçâîëÿåò ðàññìàò-
ðèâàòü îãðàíè÷åíèå îïåðàòîðà A ≥ 0, çàäàííîãî ìàòðèöåé A2, íà (n− ν)-
ìåðíîå èíâàðèàíòíîå êîîðäèíàòíîå ïîäïðîñòðàíñòâî. Òàê êàê A2 ≥ 0, òî
A2 èìååò ìàêñèìàëüíîå ñîáñòâåííîå çíà÷åíèå λ̃ ≥ 0. Åñëè λ̃ = 0, òî ëåììà
äîêàçàíà. Åñëè λ̃ > 0, òî äëÿ ïîäïðîñòðàíñòâà, ñîîòâåòñòâóþùåãî îòðè-
öàòåëüíûì è êîìïëåêñíûì ñîáñòâåííûì çíà÷åíèÿì, ïî ìîäóëþ ðàâíûì
λ̃, èìååò ìåñòî ðàâåíñòâî, àíàëîãè÷íîå (9). Åñëè ïîäïðîñòðàíñòâî, ñîîò-
âåòñòâóþùåå ñîáñòâåííûì ÷èñëàì, ïî ìîäóëþ ñòðîãî ìåíüøå λ̃, èìååò ñ
êîíóñîì K+ íåíóëåâîå ïåðåñå÷åíèå, òî ñíîâà ìîæíî ðàññìîòðåòü îãðàíè-
÷åíèå îïåðàòîðà A ≥ 0 íà ñîîòâåòñòâóþùåå èíâàðèàíòíîå êîîðäèíàòíîå
ïîäïðîñòðàíñòâî ðàçìåðíîñòè ìåíüøå, ÷åì n−ν. Ââèäó òîãî, ÷òî îïåðàòîð
A èìååò êîíå÷íîå ÷èñëî (n) ñîáñòâåííûõ çíà÷åíèé, ïîëó÷àåì òðåáóåìîå
óòâåðæäåíèå. Ëåììà äîêàçàíà.

Ñëåäóþùåå óòâåðæäåíèå îïðåäåëÿåò çíà÷åíèÿ µ, ïðè êîòîðûõ kerP(A)∩
K+ 6= {0}.
Òåîðåìà 3. Ïóñòü A ≥ 0 è â ïðåäñòàâëåíèè P(A) ÷èñëî µ 6= 0 � ïðîèç-
âîëüíîå (âîçìîæíî, êîìïëåêñíîå). Òîãäà äëÿ âûïîëíåíèÿ íåðàâåíñòâà

kerP(A) ∩K+ 6= {0} (12)
íåîáõîäèìî è äîñòàòî÷íî ñóùåñòâîâàíèÿ ker P1(A), äëÿ êîòîðîãî

kerP1(A) ∩K+ 6= {0}, (13)
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ãäå P1(A) = A− µ̃E è |µ̃| = |µ|.
Äîêàçàòåëüñòâî.Íåîáõîäèìîñòü. Ïóñòü âûïîëíåíî (12). Òîãäà èíâàðèàíò-
íûé îòíîñèòåëüíî A ≥ 0 êîíóñ L = kerP(A) ∩ K+ ñîäåðæèò ñîáñòâåííûé
âåêòîð x ≥ 0 ([3], ñ. 66), ñîîòâåòñòâóþùèé ñîãëàñíî ëåììå 3 íåêîòîðîìó
ñîáñòâåííîìó çíà÷åíèþ µ̃ ≥ 0. Èìååì

Ax = µ̃x, Apx = µ̃px.

Ñ äðóãîé ñòîðîíû, ò.ê. x ∈ kerP(A), òî Apx = µpx, îòêóäà ñëåäóåò, ÷òî
µ̃p = µp 6= 0 è çíà÷èò, µ̃ > 0, µp > 0 è, åñëè µ̃ 6= µ, òî µ òàêîå, ÷òî
|µ| = µ̃. Òàêèì îáðàçîì, ñóùåñòâóåò kerP1(A) = ker(A− µ̃E), äëÿ êîòîðîãî
âûïîëíåíî (13).
Äîñòàòî÷íîñòü. Ïóñòü âûïîëíåíî (13) è |µ̃| = |µ| 6= 0, ò.å. µ̃ 6= 0. Òîãäà
ñóùåñòâóåò x ∈ kerP1(A), x 6= 0, òàêîé, ÷òî x ≥ 0, Ax = µ̃x, îòêóäà
ñîãëàñíî ëåììå 3 ñëåäóåò, ÷òî µ̃ > 0. Òàê êàê Apx = µ̃px, òî x ∈ kerP(A)
è çíà÷èò, âûïîëíåíî (12), ïðè ýòîì µ̃p = µp > 0. Òåîðåìà äîêàçàíà.

Èç òåîðåìû 3 ñëåäóåò, ÷òî â ïîäïðîñòðàíñòâå kerP(A) îïåðàòîðà A ≥
0, èìåþùåì ñ êîíóñîì K+ íåíóëåâîå ïåðåñå÷åíèå, ïîëèíîì P(ρ) âñåãäà
ìîæíî ïðåäñòàâèòü â âèäå (4), çàìåíèâ µ 6= 0 åãî ìîäóëåì. Ðàññìîòðèì
ñëó÷àé µ = 0.

Ëåììà 4. Åñëè A � ëèíåéíûé îïåðàòîð è µ = 0, òî ïîäïðîñòðàíñòâî
ker P(A) íå ñîäåðæèò öèêëû ëó÷åé.

Äîêàçàòåëüñòâî.Ïîëîæèì â (4) µ = 0, òîãäà P(A) = Ap. Ïðåäïîëîæèì,
÷òî â kerP(A) ñóùåñòâóåò öèêë ëó÷åé ïåðèîäà t ≥ 1 ñ îáðàçóþùèì âåêòî-
ðîì y 6= 0. Ñîãëàñíî òåîðåìå 1 ñóùåñòâóåò r̃ > 0 òàêîå, ÷òî

Aty = r̃y. (14)

Î÷åâèäíî, ÷òî t < p. Â ïðîòèâíîì ñëó÷àå, ïðè t ≥ p ïîëó÷èì Aty = 0,
÷òî ïðîòèâîðå÷èò (14). Òàê êàê y ∈ kerP(A), òî t ÿâëÿåòñÿ äåëèòåëåì p.
Ïîëîæèì p = st, òîãäà 1 < s ≤ p. Óìíîæèì îáå ÷àñòè (14) ñëåâà íà A(s−1)t,
ïîëó÷èì

A(s−1)tAty = r̃A(s−1)ty = r̃py 6= 0.

Ñ äðóãîé ñòîðîíû,
A(s−1)tAty = Apy = 0.
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Ïîëó÷èëè ïðîòèâîðå÷èå, ò.å. â kerP(A) öèêëû ëó÷åé îòñóòñòâóþò. Ëåììà
äîêàçàíà.

Èç òåîðåìû 3 è ëåìì 3, 4 ñëåäóåò, ÷òî â ïîäïðîñòðàíñòâå ker P(A)
îïåðàòîðà A ≥ 0, ñîäåðæàùåì öèêëû ëó÷åé è èìåþùåì ñ êîíóñîì K+

íåíóëåâîå ïåðåñå÷åíèå, ïîëèíîì P(ρ) âñåãäà ìîæíî ïðåäñòàâèòü â âèäå
(4) ñ µ > 0. Èç ëåììû 3 ïðè µ > 0, â ÷àñòíîñòè, èìååì

ker P2(A) ∩K+ = {0} (15)

(ñâîéñòâî 2 èç [1]).
Ïóñòü Q(A) � ïîëèíîì âèäà

Q(A) = Aq − µ̃qE, (16)

ãäå q ≥ 1, µ̃ > 0. Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 5. Ïóñòü kerP(A), kerQ(A) � èíâàðèàíòíûå ïîäïðîñòðàíñòâà
îïåðàòîðà A. Åñëè

kerP(A) ∩ kerQ(A) 6= {0},
òî µ = µ̃; åñëè µ 6= µ̃, òî

kerP(A) ∩ kerQ(A) = {0}.
Äîêàçàòåëüñòâî. Îáîçíà÷èì K = kerP(A)∩kerQ(A) è ïóñòü y ∈ K. Åñëè
y 6= 0, òî ïî òåðåìå 1 íàéäåòñÿ t òàêîå, ÷òî y � îáðàçóþùèé âåêòîð öèêëà
ëó÷åé ïåðèîäà t è çíà÷èò, t ÿâëÿåòñÿ äåëèòåëåì p è q. Èìååì

Aty = µty, Aty = µ̃ty,

îòêóäà ñëåäóåò, ÷òî
(µt − µ̃t)y = 0. (17)

Èç (17) ïðè y 6= 0 ïîëó÷àåì, ÷òî µ = µ̃. Åñëè ïðåäïîëîæèòü, ÷òî µ 6= µ̃
è K 6= {0}, òî èç (17) ñëåäóåò, ÷òî y = 0, ò.å. ïðåäïîëîæåíèå K 6= {0}
íåâåðíî. Ëåììà ìäîêàçàíà.

Âòîðàÿ ÷àñòü óòâåðæäåíèÿ ëåììû 5 ñëåäóåò òàêæå èç òîãî, ÷òî èí-
âàðèàíòíûå ïîäïðîñòðàíñòâà kerP(A) è kerQ(A) ñîäåðæàò ñîáñòâåííûå
ïîäïðîñòðàíñòâà ëèíåéíîãî îïåðàòîðà A (è òîëüêî ýòè ïîäïðîñòðàíñòâà),
ñîîòâåòñòâóþùèå ðàçíûì ñîáñòâåííûì çíà÷åíèÿì.
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Çàìå÷àíèå 3. Ðàññìàòðèâàÿ îïåðàòîð A â kerP(A), ìû ôàêòè÷åñêè ðàñ-
ñìàòðèâàåì ñóæåíèå îïåðàòîðà A íà ýòî ïîäïðîñòðàíñòâî.

Ñëåäóþùåå ñâîéñòâî ñâÿçàíî ñ äàëüíåéøèì ðàñùåïëåíèåì ïîäïðîñòðàí-
ñòâà kerP(A). Äëÿ ïðîèçâîëüíîãî ëèíåéíîãî îïåðàòîðà A â îáùåì ñëó÷àå
ðàçìåðíîñòü dimker P1(A) ≥ 1. Ðàññìîòðèì âíà÷àëå ñëó÷àé dimkerP1(A) =
1. Òîãäà kerP2(A) � ãèïåðïëîñêîñòü â kerP(A), ðàçäåëÿþùàÿ kerP(A) íà
äâà îòêðûòûõ ïîëóïîäïðîñòðàíñòâà âèäà

{y ∈ ker P(A) | P2(A)y = ỹ 6= 0}.
Äîïîëíèì íóëåì êàæäîå èõ ýòèõ ïîëóïîäïðîñòðàíñòâ è îáîçíà÷èì èõ ÷å-
ðåç Se± P2(A) (îò ñëîâà semi - ïîëó), òîãäà èìååò ìåñòî ïðåäñòàâëåíèå èç
[1]:

ker P(A) = Se+ P2(A) ∪ Se− P2(A) ∪ ker P2(A). (18)
Â [1] óñòàíîâëåíà èíâàðèàíòíîñòü ìíîæåñòâ â (18) îòíîñèòåëüíî îïåðàòîðà
A ≥ 0 ïðè µ > 0, à òàêæå äëÿ ëþáîãî íåíóëåâîãî y ∈ kerP(A) âûïîëíåíèå
ñëåäóþùèõ ñîîòíîøåíèé (ñîîòíîøåíèé (34) - (36) èç [1]):

P2(A)y ∈ ker+ P1(A) \ {0}, y ∈ Se+P2(A), (19)
P2(AA)y ∈ ker− P1(A) \ {0}, y ∈ Se−P2(A), (20)

P2(A)y = 0, y ∈ kerP2(A). (21)
Çäåñü ÷åðåç ker± P1(A) îáîçíà÷åíà ÷àñòü ïîäïðîñòðàíñòâà kerP1(A):
ker± P1(A) ⊆ Se±P2(A), ïðè ýòîì êàæäîå èç ker± P1(A), ïî ïîñòðîåíèþ,
ñîäåðæèò íóëü. Åñëè kerP(A)∩K+ 6= {0}, òî ñîãëàñíî (15) K+ ïåðåñåêàåò-
ñÿ ñ îäíèì èç ìíîæåñòâ Se±P2(A). Óñëîâèìñÿ ñ÷èòàòü â ýòîì ñëó÷àå, ÷òî
Se+P2(A) ∩K+ 6= {0}. Îòìåòèì, ÷òî ïðè p = 1 â ïðåäñòàâëåíèè (18)

kerP(A) = kerP1(A), kerP2(A) = {0}, Se±P2(A) = ker± P1(A).

3. Öèêëè÷åñêèå èíâàðèàíòíûå ïîäïðîñòðàíñòâà
îïåðàòîðà A ≥ 0 êîíå÷íîãî ïåðèîäà

Ââåäåì îïðåäåëåíèå èíâàðèàíòíîãî îòíîñèòåëüíî îïåðàòîðà A ìíîæå-
ñòâà, ñîäåðæàùåãî öèêëû ëó÷åé, äëÿ âñåõ èëè ïî÷òè âñåõ (ñ òî÷íîñòüþ
äî ìíîæåñòâà ìåðû íóëü îòíîñèòåëüíî ìåðû ýòîãî ìíîæåñòâà) âåêòîðîâ y
êîòîðîãî öèêëû ëó÷åé ñ îáðàçóþùèìè âåêòîðàìè y èìåþò îäèí è òîò æå
ïåðèîä. Ïóñòü dimkerP1(A) = 1 è µ > 0.
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Îïðåäåëåíèå 3. Ïîäïðîñòðàíñòâî kerP(A) 6= {0} íàçîâåì öèêëè÷åñêèì
èíâàðèàíòíûì ïîäïðîñòðàíñòâîì îïåðàòîðà A ≥ 0 ïåðèîäà p ≥ 1, åñëè
äëÿ âñåõ èëè ïî÷òè âñåõ (ñ òî÷íîñòüþ äî ìíîæåñòâà íóëåâîé ìåðû îò-
íîñèòåëüíî ìåðû kerP(A)) y ∈ kerP(A) óïîðÿäî÷åííàÿ ñèñòåìà ëó÷åé
(2):

K = (cone(y), cone(Ay), . . . , cone(Ap−1y))

åñòü öèêë ëó÷åé ïåðèîäà p.

Â öèêëè÷åñêîì èíâàðèàíòíîì ïîäïðîñòðàíñòâå kerP(A) îáîçíà÷èì ÷å-
ðåç x ñîáñòâåííûé âåêòîð îïåðàòîðà A ≥ 0, ñîîòâåòñòâóþùèé ñîáñòâåííî-
ìó çíà÷åíèþ µ > 0 (óñëîâèìñÿ ñ÷èòàòü, ÷òî x ∈ Se+P2(A). Ïîäïðîñòðàí-
ñòâî kerP1(A) ïðåäñòàâèì â âèäå:

kerP1(A) = cone(x) ∪ − cone(x). (22)

Ñ ó÷åòîì (22) äëÿ ëþáîãî íåíóëåâîãî y ∈ kerP(A) ñîîòíîøåíèÿ (19) � (21)
ïåðåïèøåì ñëåäóþùèì îáðàçîì:

P2(A)y ∈ cone(x) \ {0}, y ∈ Se+P2(A),

P2(A)y ∈ − cone(x) \ {0}, y ∈ Se−P2(A),

P2(A)y = 0, y ∈ kerP2(A).

Çàìå÷àíèå 4. Èç îïðåäåëåíèÿ 3 ñëåäóåò, ÷òî öèêëû ëó÷åé ïåðèîäà ≤
p, p ∈ N , ñîäåðæàòñÿ âî ìíîæåñòâå íóëåâîé ìåðû (îòíîñèòåëüíî ìåðû
kerP(A)). Áîëåå òîãî, ïîäïðîñòðàíñòâî kerP(A) âîîáùå íå ñîäåðæèò öèê-
ëû ëó÷åé ïåðèîäà > p. Äåéñòâèòåëüíî, ïðåäïîëîæèì, ÷òî â kerP(A) ñó-
ùåñòâóåò öèêë ëó÷åé ïåðèîäà > p. Òîãäà îáðàçóþùèé âåêòîð y 6= 0 ýòîãî
öèêëà ëó÷åé ïðè íåêîòîðîì q > p óäîâëåòâîðÿåò ðàâåíñòâó Aqy = µqy
è q � íàèìåíüøàÿ ñòåïåíü îïåðàòîðà A, ïðè êîòîðîé âûïîëíåíî äàííîå
ðàâåíñòâî. Çíà÷èò, Apy 6= µpy, ò.å. y /∈ kerP(A).

Ïóñòü A çàäàí íåðàçëîæèìîé ìàòðèöåé A ≥ 0 èíäåêñà èìïðèìèòèâ-
íîñòè h, 1 ≤ h ≤ n ([10], ñ. 334). Ñîãëàñíî îáùåé òåîðèè íåîòðèöàòåëüíûõ
ìàòðèö ìàòðèöà A èìååò h ñîáñòâåííûõ ÷èñåë, êîòîðûå ÿâëÿþòñÿ ïðîñòû-
ìè êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

ρh − λh = 0,
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ãäê λ > 0 � ìàêñèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû A. Äëÿ ÷àñò-
íîãî ñëó÷àÿ îïåðàòîðà A, çàäàííîãî íåðàçëîæèìîé ìàòðèöåé A èíäåêñà
èìïðèìèòèâíîñòè n, ñîãëàñíî îïðåäåëåíèþ 3 è íà îñíîâàíèè òåîðåìû 8 è
ðàâåíñòâà (46) èç [1] ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 1. Ïóñòü A ≥ 0 � íåðàçëîæèìàÿ ìàòðèöà èíäåêñà èì-
ïðèìèòèâíîñòè n. Òîãäà Rn ÿâëÿåòñÿ öèêëè÷åñêèì èíâàðèàíòíûì ïðî-
ñòðàíñòâîì îïåðàòîðà A ïåðèîäà n.

Ñëåäóþùàÿ òåîðåìà îïðåäåëÿåò óñëîâèÿ, ïðè êîòîðûõ kerP(A) ÿâëÿ-
åòñÿ öèêëè÷åñêèì èíâàðèàíòíûì ïîäïðîñòðàíñòâîì îïåðàòîðà A ≥ 0 ïå-
ðèîäà p.

Òåîðåìà 4. Ïóñòü A ≥ 0, dimkerP1(A) = 1 è µ > 0. Äëÿ òîãî, ÷òîáû
kerP(A) áûëî öèêëè÷åñêèì èíâàðèàíòíûì ïîäïðîñòðàíñòâîì îïåðàòîðà
A ïåðèîäà p ≥ 1, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû p áûëî íàèìåíüøåé
ñòåïåíüþ îïåðàòîðà A, ïðè êîòîðîé äëÿ âñåõ (ïî÷òè âñåõ ñ òî÷íîñòüþ
äî ìíîæåñòâà íóëåâîé ìåðû îòíîñèòåëüíî ìåðû kerP(A)) y ∈ kerP(A)

P(A)y = 0. (23)

Äîêàçàòåëüñòâî.Íåîáõîäèìîñòü. Ïóñòü kerP(A) � öèêëè÷åñêîå èíâàðè-
àíòíîå ïîäïðîñòðàíñòâî ïåðèîäà p ≥ 1. Ïðè p = 1 ðàâåíñòâî (23) î÷åâèäíî.
Ïóñòü p > 1. Ïî îïðåäåëåíèþ 3 äëÿ ïî÷òè âñåõ y ∈ kerP(A) ñèñòåìà ëó÷åé
(2) åñòü öèêë ëó÷åé ïåðèîäà p, à çíà÷èò, ðàâåíñòâî (23) âûïîëíÿåòñÿ ïðè
íàèìåíüøåé ñòåïåíè p. Ñîãëàñíî çàìå÷àíèþ 4 öèêëû ëó÷åé ïåðèîäîâ ≤ p
ïðèíàäëåæàò ìíîæåñòâó ìåðû íóëü (îòíîñèòåëüíî ìåðû kerP(A)).
Äîñòàòî÷íîñòü. Ïóñòü (23) âûïîëíåíî äëÿ âñåõ èëè ïî÷òè âñåõ (ñ òî÷-
íîñòüþ äî ìíîæåñòâà íóëåâîé ìåðû îòíîñèòåëüíî ìåðû kerP(A)) y ∈
kerP(A) è p � íàèìåíüøàÿ ñòåïåíü îïåðàòîðà A. Ïî òåîðåìå 1 ñèñòåìà
ëó÷åé (2) ñ îáðàçóþùèì âåêòîðîì y åñòü öèêë ëó÷åé ïåðèîäà p. Ñîãëàñíî
çàìå÷àíèþ 4 â kerP(A) íå ñóùåñòâóþò öèêëû ëó÷åé ïåðèîäîâ > p. Ïðè
p = 1 kerP(A) = kerP1(A) � öèêëè÷åñêîå èíâàðèàíòíîå ïîäïðîñòðàíñòâî
ïåðèîäà 1 è âñå öèêëû ëó÷åé èìåþò ïåðèîä 1. Ïóñòü p > 1. Îïðåäåëèì,
êàêèì ìíîæåñòâàì ïðèíàäëåæàò öèêëû ëó÷åé ïåðèîäà < p. Ïóñòü äëÿ
íåêîòîðîãî y ∈ kerP(A), y 6= 0,

Asy = µsy (24)
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è s � íàèìåíüøàÿ ñòåïåíü îïåðàòîðà A, ïðè êîòîðîé âûïîëíåíî (24), s < p.
Çíà÷èò, y ∈ ker(As−µsE). Òàê êàê s ÿâëÿåòñÿ äåëèòåëåì p, ò.å. p = sq, ãäå
q > 1, òî kerP(A) ðàçëîæèìî â ñóììó:

ker(Ap − µpE) = ker(As − µsE) + kerP5(A), (25)

ãäå äëÿ íàãëÿäíîñòè ïîëèíîìû P(ρ) è P4(ρ) âûïèñàíû â ÿâíîì âèäå,

P4(ρ) = ρs − µs, P5(ρ) = ρp−s + µsρp−2s + . . . + µp−2sρs + µp−s.

Â ðàçëîæåíèè (25) kerP5(A) 6= {0}, èíà÷å s = p. Ïîêàæåì, ÷òî â kerP5(A)
íåò öèêëîâ ëó÷åé ïåðèîäà s. Äåéñòâèòåëüíî, ïðè s = 1 ðàçëîæåíèå (25)
ñîâïàäàåò ñ ðàçëîæåíèåì (7) â ïðÿìóþ ñóììó. Çíà÷èò, y /∈ kerP5(A) è
y ∈ kerP4(A), ãäå îäíîìåðíîå ïîäïðîñòðàíñòâî kerP4(A) èìååò ìåðó íóëü
(îòíîñèòåëüíî ìåðû kerP(A)). Ïóñòü s > 1. Î÷åâèäíî, ÷òî s ≤ p−s, èíà÷å
p íàöåëî íå äåëèòñÿ íà s. Ïðè s = p− s èìååì

P4(ρ) = ρs − µs, P5(ρ) = ρs + µs,

îòêóäà ñëåäóåò, ÷òî ïðè µ 6= 0 ïîëèíîìû P4(ρ), P5(ρ) âçàèìíî ïðîñòû, ò.å.
P5(ρ) íàöåëî íå äåëèòñÿ íà P4(ρ) è çíà÷èò, kerP5(A) íå ñîäåðæèò öèêëû
ëó÷åé ïåðèîäà s. Ïðè s < p− s ïîëèíîì P5(ρ) òàêæå íàöåëî íå äåëèòñÿ íà
P4(ρ), ò.ê.

P5(ρ) = P4(ρ)P6(ρ) + qµp−s,

ãäå qµp−s 6= 0 è P6(ρ) � ïîëèíîì îò ρ ñòåïåíè p− 2s:

P6(ρ) = ρp−2s + 2µsρp−3s + 3µ2sρp−4s + . . . + (q − 2)µp−3sρs + (q − 1)µp−2s.

Òàêèì îáðàçîì, öèêëû ëó÷åé ïåðèîäà s ðàñïîëîæåíû òîëüêî â kerP4(A)
è dimkerP4(A) < dimkerP(A), ò.å. kerP4(A) èìååò ìåðó íóëü (îòíîñè-
òåëüíî ìåðû kerP(A)). Ïîäïðîñòðàíñòâî kerP4(A) ⊂ kerP(A) ÿâëÿåòñÿ
öèêëè÷åñêèì èíâàðèàíòíûì ïîäïðîñòðàíñòâîì îïåðàòîðà A ≥ 0 ïåðèîäà
s, 1 < s < p, è åãî òàêæå ìîæíî ðàçëîæèòü â ïðÿìóþ ñóììó (7), çàìåíèâ
p íà s. Òåîðåìà äîêàçàíà.

Ïðèìåð 3. Ìíîæåñòâà ìåðû íóëü öèêëè÷åñêèõ èíâàðèàíòíûõ
ïîäïðîñòðàíñòâ. Ïóñòü îïåðàòîð A çàäàí íåðàçëîæèìîé ìàòðèöåé A ≥ 0
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èíäåêñà èìïðèìèòèâíîñòè n. Ñîãëàñíî ïðåäëîæåíèþ 1 Rn ÿâëÿåòñÿ öèê-
ëè÷åñêèì èíâàðèàíòíûì ïðîñòðàíñòâîì îïåðàòîðà A ïåðèîäà n, ò.å. Rn =
ker(An − λnE), ãäå λ > 0 � ìàêñèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû
A. Ïî òåîðåìå 4 öèêëû ëó÷åé ïåðèîäà q < n ïðèíàäëåæàò ìíîæåñòâó ìå-
ðû íóëü, ïðè ýòîì q ÿâëÿåòñÿ äåëèòåëåì n. Ðàññìîòðèì ñëó÷àè n = 6 è
n = 5. Òîãäà ïðè n = 6 â ker(A6−λ6E), êðîìå öèêëîâ ëó÷åé ïåðèîäà 6 è 1,
ñóùåñòâóþò öèêëû ëó÷åé ïåðèîäà 2 è 3. Ìíîæåñòâî ìåðû íóëü îáðàçóþò
ïîäïðîñòðàíñòâà ker(A− λE), ker(A2 − λ2E) è ker(A3 − λ3E). Ïîñêîëüêó
5 � ïðîñòîå ÷èñëî, òî â ker(A5−λ5E) âñå öèêëû ëó÷åé èìåþò ïåðèîä 5, çà
èñêëþ÷åíèåì öèêëà ëó÷åé ïåðèîäà 1, ðàñïîëîæåííîãî âî ìíîæåñòâå ìåðû
íóëü � ïîäïðîñòðàíñòâå ker(A− λE).

Ñëåäóþùàÿ òåîðåìà îïðåäåëÿåò óñëîâèÿ, ïðè êîòîðûõ îïåðàòîð A ≥ 0
èìååò êîíòèíóóì öèêëè÷åñêèõ èíâàðèàíòíûõ ïîäïðîñòðàíñòâ.

Òåîðåìà 5. Ïóñòü A ≥ 0, dimkerP1(A) > 1, µ > 0 è p ≥ 1 � íàè-
ìåíüøàÿ ñòåïåíü îïåðàòîðà A, ïðè êîòîðîé äëÿ âñåõ èëè ïî÷òè âñåõ (ñ
òî÷íîñòüþ äî ìíîæåñòâà íóëåâîé ìåðû îòíîñèòåëüíî ìåðû kerP(A))
y ∈ kerP(A) âûïîëíåíî (23). Òîãäà kerP(A) ñîñòîèò èç êîíòèíóóìà öèê-
ëè÷åñêèõ èíâàðèàíòíûõ ïîäïðîñòðàíñòâ îïåðàòîðà A ïåðèîäà p.

Äîêàçàòåëüñòâî. Âûäåëèì â kerP1(A) ñôåðó

S = {x ∈ kerP1(A) | ‖x‖ = 1} (26)

è ðàçäåëèì åå íà 2 ÷àñòè S+, S− òàê, ÷òî âûïîëíåíû ñëåäóþùèå ðàâåíñòâà:

S = S+ ∪ S−, S− = −S+, S+ ∩ S− = ∅.

Åñëè kerP(A) ∩ K+ 6= {0}, òî ñîãëàñíî òåîðåìå 3 kerP1(A) ∩ K+ 6= {0}.
Óñëîâèìñÿ ñ÷èòàòü â ýòîì ñëó÷àå, ÷òî S+ ∩ K+ 6= {0}. Îáîçíà÷èì ÷åðåç
kerx P1(A) ⊂ kerP1(A) îäíîìåðíîå ïîäïðîñòðàíñòâî âèäà (22), ñîäåðæà-
ùåå ñîáñòâåííûé âåêòîð x îïåðàòîðà A:

kerx P1(A) = cone(x) ∪ − cone(x), x ∈ S+,

ãäå èíäåêñ x óêàçûâàåò íà âåêòîð x. Èñïîëüçóÿ ðàçëîæåíèå (7), îáðàçóåì
ïîäïðîñòðàíñòâî

kerx P(A) = kerx P1(A) + kerP2(A). (27)
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Ñîãëàñíî òåîðåìå 4 ïîäïðîñòðàíñòâî kerx P(A) ÿâëÿåòñÿ öèêëè÷åñêèì èí-
âàðèàíòíûì ïîäïðîñòðàíñòâîì îïåðàòîðà A ïåðèîäà p. Ïîäïðîñòðàíñòâî
kerP1(A) ïðåäñòàâèì â âèäå

kerP1(A) =
⋃

x∈S+

kerx P1(A). (28)

Èç (27) � (28) èìååì

kerP(A) =
⋃

x∈S+

kerx P(A), (29)

ò.å. kerP(A) ñîñòîèò èç êîíòèíóóìà öèêëè÷åñêèõ èíâàðèàíòíûõ ïîäïðî-
ñòðàíñòâ îïåðàòîðà A ïåðèîäà p. Â ÷àñòíîñòè, ïðè p = 1 kerP(A) =
kerP1(A), ãäå kerP1(A) èìååò âèä (28) è çíà÷èò, kerP(A) ñîñòîèò èç êîí-
òèíóóìà öèêëè÷åñêèõ èíâàðèàíòíûõ ïîäïðîñòðàíñòâ ïåðèîäà 1, êîòîðûå
ñîâïàäàþò ñ ñîáñòâåííûìè ïîäïðîñòðàíñòâàìè îïåðàòîðà A, ñîîòâåòñòâó-
þùèìè ñîáñòâåííîìó çíà÷åíèþ µ. Òåîðåìà äîêàçàíà.

Îáúåäèíÿÿ òåîðåìû 4 è 5, ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ.

Òåîðåìà 6. Ïóñòü kerP(A) � èíâàðèàíòíîå ïîäïðîñòðàíñòâî îïåðàòî-
ðà A ≥ 0, µ > 0 è p ≥ 1 � íàèìåíüøàÿ ñòåïåíü îïåðàòîðà A, ïðè êî-
òîðîé äëÿ âñåõ èëè ïî÷òè âñåõ (ñ òî÷íîñòüþ äî ìíîæåñòâà íóëåâîé
ìåðû îòíîñèòåëüíî ìåðû kerP(A)) y ∈ kerP(A) âûïîëíåíî (23). Òîãäà
ëèáî ñàìî ïîäïðîñòðàíñòâî kerP(A) ÿâëÿåòñÿ öèêëè÷åñêèì èíâàðèàíò-
íûì ïîäïðîñòðàíñòâîì îïåðàòîðà A ïåðèîäà p, ëèáî kerP(A) ñîñòîèò
èç êîíòèíóóìà öèêëè÷åñêèõ èíâàðèàíòíûõ ïîäïðîñòðàíñòâ ïåðèîäà p.

Ïðåäëîæåíèå 2. Êîëè÷åñòâåííîé õàðàêòåðèñòèêîé öèêëè÷åñêîãî èíâà-
ðèàíòíîãî ïîäïðîñòðàíñòâà kerP(A) îïåðàòîðà A ≥ 0 ÿâëÿåòñÿ òðîéêà
÷èñåë {p, µ, x}, ãäå p ≥ 1, µ > 0 � ÷èñëà ïîëèíîìà P(A): p � ñòåïåíü
îïåðàòîðà A, µ � ñîáñòâåííîå çíà÷åíèå îïåðàòîðà A è x � åäèíè÷íûé
âåêòîð (ñ òî÷íîñòüþ äî çíàêà) îäíîìåðíîãî ñîáñòâåííîãî ïîäïðîñòðàí-
ñòâà kerP1(A) â ðàçëîæåíèè (7), ñîîòâåòñòâóþùåãî µ.

Äîêàçàòåëüñòâî. Ïóñòü L � èíâàðèàíòíîå ïîäïðîñòðàíñòâî îïåðàòîðà A
ñ òðîéêîé ÷èñåë {p, µ, x}. Ñîãëàñíî çàìå÷àíèþ 4 L ⊆ kerP(A). Åñëè L íå
ÿâëÿåòñÿ öèêëè÷åñêèì èíâàðèàíòíûì ïîäïðîñòðàíñòâîì îïåðàòîðà A, òî
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L 6= kerP(A) è çíà÷èò, L ⊂ kerP(A) è ñîäåðæèò öèêëû ëó÷åé ïåðèîäà ≤ p,
ò.å. ðàñïîëîæåíî âî ìíîæåñòâå ìåðû íóëü (îòíîñèòåëüíî ìåðû kerP(A)).
Ïóñòü äàëåå ker P̃(A) � äðóãîå öèêëè÷åñêîå èíâàðèàíòíîå ïîäïðîñòðàíñòâî
îïåðàòîðà A ñ òðîéêîé ÷èñåë {p̃, µ̃, x̃}, ãäå P̃(A) = Ap̃− µ̃p̃E, p̃ ≥ 1, µ̃ > 0.
Åñëè p 6= p̃ è/èëè µ 6= µ̃, òî P(A) 6= P̃(A) è

{p̃, µ̃, x̃} 6= {p, µ, x}, kerP(A) 6= ker P̃(A). (30)

Åñëè p = p̃ è µ = µ̃, òî P(A) = P̃(A), P1(A) = P̃1(A). Åñëè ker P̃(A) 6=
kerP(A), òî ñîãëàñíî ðàçëîæåíèþ (7) è òåîðåìå 6 â ïðåäñòàâëåíèè (22)

kerP1(A) 6= ker P̃1(A),

ò.å. x 6= x̃ (x 6= −x̃), îòêóäà âíîâü ñëåäóåò (30). Òàêèì îáðàçîì, òðîéêà ÷è-
ñåë {p, µ, x} îäíîçíà÷íûì îáðàçîì îïðåäåëÿåò öèêëè÷åñêîå èíâàðèàíòíîå
ïîäïðîñòðàíñòâî kerP(A). Óòâåðæäåíèå äîêàçàíî.

Ïóñòü
Qj(ρ) = ρhj − µhj , j, hj ∈ N.

Îáîçíà÷èì ÷åðåç ÍÎÊ(l, m) íàèìåíüøåå îáùåå êðàòíîå ÷èñåë l, m ∈ N è
ïóñòü P(ρ) � ïîëèíîì âèäà (4). Ñëåäóþùåå óòâåðæäåíèå îïðåäåëÿåò ïåðè-
îä ñóììû öèêëè÷åñêèõ èíâàðèàíòíûõ ïîäïðîñòðàíñòâ.

Òåîðåìà 7. Ïóñòü kerQj(A) � öèêëè÷åñêèå èíâàðèàíòíûå ïîäïðîñòðàí-

ñòâà îïåðàòîðà A ≥ 0 ïåðèîäà hj, j = 1, t, t > 1, è ïóñòü
t∑
1

kerQj(A) �
èõ ïðÿìàÿ ñóììà. Òîãäà

t∑

1

kerQj(A) = kerP(A), (31)

ãäå
p = ÍÎÊ(h1, . . . , ht) (32)

� íàèìåíüøàÿ ñòåïåíü îïåðàòîðà A, ïðè êîòîðîé äëÿ âñåõ èëè ïî÷òè
âñåõ (ñ òî÷íîñòüþ äî ìíîæåñòâà íóëåâîé ìåðû îòíîñèòåëüíî ìåðû kerP(A))
y ∈ kerP(A) âûïîëíåíî (23).
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Äîêàçàòåëüñòâî. Âîçüìåì ïðîèçâîëüíûé âåêòîð y ∈
t∑
1

kerQj(A), y 6= 0.

Ïðåäñòàâèì y îäíîçíà÷íûì îáðàçîì â âèäå y =
∑t

1 yj , ãäå yj ∈ kerQj(A).
Ïî òåîðåìå 4 äëÿ ïî÷òè âñåõ (ñ òî÷íîñòüþ äî ìíîæåñòâà íóëåâîé ìåðû îò-
íîñèòåëüíî ìåðû kerQj(A)) yj ñòåïåíü hj ïîëèíîìà Qj(A) ÿâëÿåòñÿ íàè-
ìåíüøèì ÷èñëîì, ïðè êîòîðîì

Qj(A)yj = 0. (33)

Ïóñòü â ïðåäñòàâëåíèè âåêòîðà y äëÿ êàæäîãî yj ñòåïåíü hj íàèìåíüøàÿ.
Òîãäà yj 6= 0. Òàê êàê äëÿ yj íàðÿäó ñ ðàâåíñòâîì (33) âûïîëíåíû òàêæå
ðàâåíñòâà

Amhjyj − µmhjyj , m = 2, 3, . . . ,

òî ñóùåñòâóåò h ∈ N òàêîå, ÷òî ðàâåíñòâî

Ahyj = µhyj

âûïîëíåíî îäíîâðåìåííî äëÿ âñåõ j = 1, t, ò.å. h êðàòíî êàæäîìó èç hj .
Ñðåäè âñåõ òàêèõ h âûáåðåì íàèìåíüøåå, êîòîðîå îáîçíà÷èì ÷åðåç p. Òî-
ãäà p îïðåäåëÿåòñÿ ôîðìóëîé (32) è äëÿ y ∈

t∑
1

kerQj(A) âûïîëíåíî (23),
ò.å. y ∈ kerP(A). Ïîêàæåì, ÷òî p � íàèìåíüøåå äëÿ âñåõ èëè ïî÷òè âñåõ
y ∈ kerP(A). Äåéñòâèòåëüíî, ïóñòü hj = 1 äëÿ âñåõ j = 1, t. Òîãäà p = 1 �
íàèìåíüøåå â (32). Ïóñòü ñóùåñòâóþò j ∈ {1, . . . , t}, äëÿ êîòîðûõ hj > 1.
Òîãäà p > 1, èíà÷å p íå ÿâëÿåòñÿ êðàòíûì äëÿ âñåõ j = 1, t. Ñîãëàñíî
çàìå÷àíèþ 4 â kerP(A) íå ñóùåñòâóþò öèêëû ëó÷åé ïåðèîäà > p. Ïðåäïî-
ëîæèì, ÷òî â kerP(A) ñóùåñòâóåò öèêë ëó÷åé ïåðèîäà q < p ñ îáðàçóþùèì
âåêòîðîì y. Òîãäà q 6= ÍÎÊ(h1, . . . , ht). Ïîñëåäíåå îçíà÷àåò, ÷òî ëèáî

q = ÍÎÊ(hj1 , . . . , hjl
), 1 ≤ l < t,

ëèáî ïðè íåêîòîðûõ j ∈ {1, . . . , t} yj ïðèíàäëåæèò ìíîæåñòâó íóëåâîé ìå-
ðû îòíîñèòåëüíî ìåðû kerQj(A). Â ïåðâîì ñëó÷àå yj = 0 ïðè j 6= j1, . . . , jl

è çíà÷èò, y ïðèíàäëåæèò ìíîæåñòâó íóëåâîé ìåðû îòíîñèòåëüíî ìåðû
kerP(A). Âî âòîðîì ñëó÷àå ðàçìåðíîñòü èíâàðèàíòíîãî ïîäïðîñòðàíñòâà,
êîòîðîìó ïðèíàäëåæèò y, òàêæå ñòðîãî ìåíüøå ðàçìåðíîñòè kerP(A),
ò.å. y ïðèíàäëåæèò ìíîæåñòâó íóëåâîé ìåðû îòíîñèòåëüíî ìåðû kerP(A).
Òåîðåìà äîêàçàíà.
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Ñëåäñòâèå 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 7. Òîãäà ïðè t = 1
kerP(A) ÿâëÿåòñÿ öèêëè÷åñêèì èíâàðèàíòíûì ïîäïðîñòðàíñòâîì îïå-
ðàòîðà A ≥ 0 ïåðèîäà h1; ïðè t > 1 kerP(A) ñîñòîèò èç êîíòèíóóìà
öèêëè÷åñêèõ èíâàðèàíòíûõ ïîäïðîñòðàíñòâ ïåðèîäà p.

Äîêàçàòåëüñòâî. Ïðè t = 1 kerP(A) = kerQ1(A). Ïóñòü t > 1. Êàæäîå èç
kerQj(A) ðàçëîæèì â ïðÿìóþ ñóììó âèäà (7), j = 1, t. Îáîçíà÷èì ÷åðåç
xj åäèíè÷íûé âåêòîð îäíîìåðíîãî ïîäïðîñòðàíñòâà kerP1(A) ⊆ kerQj(A),
ãäå P1(A) � ïîëèíîì âèäà (5). Âåêòîðû xj , j = 1, t, ëèíåéíî íåçàâèñèìû,
èíà÷å ñóììà â (31) íåïðÿìàÿ. Ïîäïðîñòðàíñòâî kerP1(A) ⊆ kerP(A) ñ áà-
çèñîì {x1, . . . , xt} èìååò ðàçìåðíîñòü t. Èç òåîðåìû 5 ïîëó÷àåì òðåáóåìîå
óòâåðæäåíèå.

Ïðèìåð 4. Îïðåäåëåíèå ïåðèîäà ñóììû öèêëè÷åñêèõ èíâàðèàíò-
íûõ ïîäïðîñòðàíñòâ. Ïóñòü îïåðàòîð A çàäàí ìàòðèöåé A ≥ 0 8-ãî
ïîðÿäêà êâàçèäèàãîíàëüíîãî âèäà, ò.å.

A =
(

A1 0
0 A2

)
,

ãäå ìàòðèöà Ai ïîðÿäêà ni èìååò ìàêñèìàëüíîå ñîáñòâåííîå çíà÷åíèå λi,
i = 1, 2. Ïóñòü n1 = 5, n2 = 3 òàê, ÷òî n = n1 + n2 = 8, è λ1 = λ2 = λ > 0.
Ðàññìîòðèì äâà âèäà ìàòðèöû A. Â ïåðâîì ñëó÷àå A1 è A2 � íåðàçëîæè-
ìûå ìàòðèöû èíäåêñà èìïðèìèòèâíîñòè h1 = n1, h2 = n2 ñîîòâåòñòâåííî:

A1 =




0 1 0 0 0
0 0 2 0 0
0 0 0 4 0
0 0 0 0 2
2 0 0 0 0




, A2 =




0 8 0
0 0 1
1 0 0


 .

Ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû A1 ÿâëÿþòñÿ ÷èñëî 2 è äâå ïàðû
êîìïëåêñíî-ñîïðÿæåííûõ ÷èñåë, ïî ìîäóëþ ðàâíûõ 2. Ñîáñòâåííûìè çíà-
÷åíèÿìè ìàòðèöû A2 ÿâëÿþòñÿ ÷èñëî 2 è ïàðà êîìïëåêñíî-ñîïðÿæåííûõ
÷èñåë, ïî ìîäóëþ ðàâíûõ 2. Òàêèì îáðàçîì, λ = 2. Ñîãëàñíî ïðåäëî-
æåíèþ 1 ïîäïðîñòðàíñòâî R5 ⊂ R8 ÿâëÿåòñÿ öèêëè÷åñêèì èíâàðèàíò-
íûì ïîäïðîñòðàíñòâîì ñóæåíèÿ îïåðàòîðà A, çàäàííîãî ìàòðèöåé A1, ò.å.
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R5 = kerQ1(A), ãäå Q1(A) = A5 − 25E. Àíàëîãè÷íî, R3 ⊂ R8 ÿâëÿåò-
ñÿ öèêëè÷åñêèì èíâàðèàíòíûì ïîäïðîñòðàíñòâîì ñóæåíèÿ îïåðàòîðà A,
çàäàííîãî ìàòðèöåé A2, ò.å. R3 = kerQ2(A), ãäå Q2(A) = A5 − 25E. Î÷å-
âèäíî, ÷òî ñóììà ïîäïðîñòðàíñòâ kerQi(A) � ïðÿìàÿ, i = 1, 2. Ïî òåîðå-
ìå 7 ñïðàâåäëèâî ðàâåíñòâî (31), ãäå ñîãëàñíî (32) p = ÍÎÊ(5, 3) = 15. Âî
âòîðîì ñëó÷àå A2 � òà æå ìàòðèöà, ÷òî è â ïåðâîì ñëó÷àå, è

A1 =




0 0 1 0 0
0 0 2 0 0
0 0 0 2 0
0 0 0 0 2
4 0 0 0 0




� íåðàçëîæèìàÿ ìàòðèöà èíäåêñà èìïðèìèòèâíîñòè h1 = n1 − 1 = 4.
Ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû A1 ÿâëÿþòñÿ ÷èñëà ±2, ±2i, 0, ãäå
i =

√−1. Ñîáñòâåííûì çíà÷åíèÿì, ïî ìîäóëþ ðàâíûì 2, ñîîòâåòñòâóåò ÷å-
òûðåõìåðíîå èíâàðèàíòíîå ïîäïðîñòðàíñòâî kerQ1(A) ⊂ R5, ãäå Q1(A) =
A4−24E. Ñíîâà ñóììà ïîäïðîñòðàíñòâ kerQi(A) � ïðÿìàÿ, i = 1, 2. Ïî òåî-
ðåìå 7 ñïðàâåäëèâî ðàâåíñòâî (31), ãäå ñîãëàñíî (32) p = ÍÎÊ(4, 3) = 12.

Çàêëþ÷åíèå
Ïóñòü â âåùåñòâåííîì ëèíåéíîì ïðîñòðàíñòâå L îòíîøåíèå ïîðÿäêà

îïðåäåëÿåòñÿ íåêîòîðûì (ïîëîæèòåëüíûì) êîíóñîì K è ïóñòü âûäåëåí-
íûé êîíóñ K � çàìêíóòûé òåëåñíûé, òîãäà L � ïðîñòðàíñòâî Êàíòîðîâè÷à
([13], ñ. 331). Ïóñòü, êðîìå òîãî, êîíóñ K ìèíèýäðàëüíûé: äëÿ ëþáûõ x,
y ∈ K ñóùåñòâóåò z = sup[x, y] ∈ K òàêîé, ÷òî èç z ≥ x, z ≥ y è ëþáîãî
w, óäîâëåòâîðÿþùåãî íåðàâåíñòâàì w ≥ x, w ≥ y, ñëåäóåò, ÷òî z ≤ w.
Â ÷àñòíîñòè, â ïðîñòðàíñòâå Rn îòíîøåíèå ïîðÿäêà ïîðîæäàåòñÿ ìèíèýä-
ðàëüíûì, çàìêíóòûì òåëåñíûì êîíóñîì K+ ([12], ñ. 332). Ñîãëàñíî òåîðåìå
Þäèíà [14] (ñì. òàêæå [13], ñ. 332) ñóùåñòâóåò èçîìîðôèçì ïðîñòðàíñòâ L
è Rn, ñîõðàíÿþùèé ïîðÿäîê è âñå ëèíåéíûå ñîîòíîøåíèÿ. Òàêèì îáðàçîì,
ñ òî÷êè çðåíèÿ ðåøåíèÿ ëèíåéíûõ ïðîáëåì ïðîñòðàíñòâà Êàíòîðîâè÷à ñ
ìèíèýäðàëüíûìè ïîëîæèòåëüíûìè êîíóñàìè íåðàçëè÷èìû. Ïîýòîìó ðå-
çóëüòàòû, ïîëó÷åííûå â ñòàòüå [1] è â íàñòîÿùåé ñòàòüå äëÿ îïåðàòîðîâ
A è A ≥ 0, îáîáùàþòñÿ íà êëàññ ëèíåéíûõ îïåðàòîðîâ, äåéñòâóþùèõ â
ïðîñòðàíñòâå Êàíòîðîâè÷à ñ ìèíèýäðàëüíûì ïîëîæèòåëüíûì êîíóñîì.
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ÌÊÒÓ èì.Õ.ßññàâè
161200, Òóðêåñòàí, ïð. Á.Ñàòòàðõàíîâ, 29, e-mail: turmetovbh@mail.ru

Â äàííîé ðàáîòå â êëàññå ãàðìîíè÷åñêèõ ôóíêöèé èçó÷àþòñÿ ñâîéñòâà
íåêîòîðûõ èíòåãðî-äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Â êà÷åñòâå ïðèìåíå-
íèÿ ïîëó÷åííûõ ñâîéñòâ ðàññìàòðèâàþòñÿ âîïðîñû ðàçðåøèìîñòè îäíîé
êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà â åäèíè÷íîì øàðå.

1. Ââåäåíèå
Ïóñòü 0 < α � äåéñòâèòåëüíîå ÷èñëî. Èçâåñòíî (ñì. íàïðèìåð [1],

ñ. 252), ÷òî äëÿ ôóíêöèè ϕ (t) , çàäàííîé íà èíòåðâàëå (0, b) , b < ∞ ,
äðîáíûå èíòåãðàëû è ïðîèçâîäíûå ïîðÿäêà α â ñìûñëå Àäàìàðà îïðåäå-
ëÿåòñÿ ðàâåíñòâàìè:

Iαϕ (t) =
1

Γ (α)

t∫

0

(
ln

t

s

)−(α+1) ϕ (s)
s

ds, t > 0, (1)

Keywords: Hadamard-Marshaud operator, fractional derivative, boundary value problem,
smoothness of solution

2010 Mathematics Subject Classi�cation: 35J25
c Á.Õ.Òóðìåòîâ, Ì.À.Ìóðàòáåêîâà, 2012.
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Dαϕ (t) = δm+1I1−γϕ (t) , (2)

ãäå δ = t d
dt � îïåðàòîð Äèðàêà, m = [α] � öåëàÿ ÷àñòü, γ = {α} � äðîáíàÿ

÷àñòü α . Åñëè 0 < α < 1 , òî â êëàññå äîñòàòî÷íî "õîðîøèõ" ôóíêöèé
îïåðàòîð (2) ìîæíî ïðèâåñòè ê âèäó:

Dαϕ (t) =
α

Γ(1− α)

1∫

0

ϕ (t)− ϕ (st)
s (ln s)α+1 ds . (3)

Äàííûé îïåðàòîð íàçûâàåòñÿ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ ïîðÿäêà α
â ñìûñëå Àäàìàðà-Ìàðøî. Â ðàáîòå [2] ðàññìîòðåíà ñëåäóþùàÿ ìîäèôè-
êàöèÿ îïåðàòîðà Àäàìàðà-Ìàðøî:

Dα
µϕ (t) =

α

Γ (1− α)

1∫

0

ϕ (t)− ϕ (st)
s1−µ (ln s)α+1 ds + µαϕ (t) , µ ≥ 0 . (4)

Äàëåå â ðàáîòå È. È. Áàâðèíà [3] â êëàññå ãàðìîíè÷åñêèõ â øàðå ôóíê-
öèé èçó÷åíû ñâîéñòâà îïåðàòîðîâ âèäà:

δµ = r
d

dr
+ µ, δm

µ =
(

r
d

dr
+ µ

)m

, (5)

ãäå µ > 0, r = |x| , x = (x1, ..., xn) , r ∂
∂r � äèôôåðåíöèàëüíûé îïåðàòîð

âèäà r ∂
∂r =

n∑
i=1

xi
∂

∂xi
.

Ïóñòü Ω = {x ∈ Rn : |x| < 1} � n-ìåðíûé åäèíè÷íûé øàð, n ≥ 2,
∂Ω = {x ∈ Rn : |x| = 1} � åäèíè÷íàÿ ñôåðà. Íà îñíîâå ïðåäñòàâëåíèÿ îïå-
ðàòîðîâ èíòåãðîäèôôåðåíöèðîâàíèÿ âèäà (1)-(4) ðàññìîòðèì íåêîòîðóþ
ìîäèôèêàöèþ îïåðàòîðà Áàâðèíà (5) íà äðîáíûå ñòåïåíè. Ïóñòü u (x) �
ãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè Ω , α = m + γ , 0 < γ < 1, µ ≥ 0.

Ðàññìîòðèì îïåðàòîðû

Iα
µ [u] (x) =

1
Γ(α)

1∫

0

(ln s)α−1 sµ−1u (sx) ds,
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Dα
µ [u] (x) = δm

µ Dγ
µ [u] (x) =

=
(

r
∂

∂r
+ µ

)m

 γ

Γ(1− γ)

1∫

0

u (x)− u (sx)
s1−µ (ln s)1+γ ds + µγu (x)


 .

Îòìåòèì, ÷òî àíàëîãè÷íûå îïåðàòîðû ñ äèôôåðåíöèàëüíûìè îïåðà-
òîðàìè äðîáíîãî ïîðÿäêà â ñìûñëå Ðèìàíà-Ëèóâèëëÿ è Êàïóòî ðàññìàò-
ðèâàëèñü â ðàáîòàõ [4-6].

2. Ñâîéñòâà îïåðàòîðîâ Iα
µ è Dα

µ

Èññëåäóåì íåêîòîðûå ñâîéñòâà îïåðàòîðîâ Iα
µ è Dα

µ â êëàññå ãàðìî-
íè÷åñêèõ ôóíêöèé.

Ëåììà 1. Ïóñòü α = m+γ , m = 0, 1, ..., 0 < γ < 1, µ ≥ 0 è Hk (x) �
îäíîðîäíûé ãàðìîíè÷åñêèé ïîëèíîì ñòåïåíè k ïðè k ∈ N0 = {0, 1, ...} .
Òîãäà ñïðàâåäëèâû ðàâåíñòâà

Iα
µ [Hk] (x) =

{
(k + µ)−α Hk (x) , µ > 0, k ∈ N0 ,
k−αHk (x) , µ = 0, k = 1, 2, ...,

(6)

Dα
µ [Hk] (x) = (k + µ)α Hk (x) , k ∈ N0, µ ≥ 0. (7)

Äîêàçàòåëüñòâî. Ïóñòü Hk (x) � îäíîðîäíûé ãàðìîíè÷åñêèé ïîëèíîì
ñòåïåíè k è k ∈ N0. Òîãäà ïðè µ > 0, èñïîëüçóÿ îäíîðîäíîñòü ïîëèíîìà
Hk (x) , ïîëó÷àåì

Iα
µ [Hk] (x) =

1
Γ(α)

1∫

0

|ln s|α−1sµ−1Hk (sx) ds =
Hk (x)
Γ(α)

1∫

0

|ln s|α−1sk+µ−1ds.

Çíà÷åíèå ïîñëåäíåãî èíòåãðàëà ëåãêî âû÷èñëÿåòñÿ çàìåíîé z = − ln s .
Äåéñòâèòåëüíî,

1
Γ(α)

1∫

0

|ln s|α−1sk+µ−1ds =
1

Γ(α)

∞∫

0

zα−1e−(k+µ)zdz =
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=
(k + µ)−α

Γ(α)

∞∫

0

tα−1e−tdt = (k + µ)−α .

Îòìåòèì, ÷òî åñëè µ = 0 , òî äëÿ H0 (x) = 1 îïåðàòîð Iα
0 íåîïðåäåëåí.

À äëÿ Hk (x) , k ≥ 1 , âû÷èñëåíèÿ ïðîâîäÿòñÿ, êàê â ñëó÷àå µ > 0. Ðàâåí-
ñòâî (6) äîêàçàíî.

Ïåðåõîäèì ê äîêàçàòåëüñòâó ðàâåíñòâà (7). Çàìåòèì, ÷òî äëÿ îïåðàòîðà
δm
µ èìååò ìåñòî ðàâåíñòâî

(
r

∂

∂r
+ µ

)m

Hk (x) = (k + µ)m Hk (x) , k ∈ N0, µ ≥ 0. (8)

Èçó÷èì äåéñòâèÿ îïåðàòîðà Dα
µ íà ôóíêöèþ Hk (x) â ñëó÷àå m = 0 .

Èñïîëüçóÿ îïðåäåëåíèå îïåðàòîðà Dα
µ è îäíîðîäíîñòü ïîëèíîìà Hk (x) ,

ïîëó÷àåì

Dγ
µ [Hk] (x) =

γ

Γ(1− γ)

1∫

0

Hk (x)−Hk (sx)
s1−µ (ln s)1+γ ds + µγHk (x) =

=
γHk (x)
Γ(1− γ)

1∫

0

(
s1−µ − sk+µ−1

)
(ln s)−(1+γ) ds + µγHk (x) =

=
γHk (x)
Γ(1− γ)

1∫

0

1− sk

s1−µ (ln s)γ+1 ds + µγHk (x) .

Ëåãêî äîêàçàòü, ÷òî âåðíî ðàâåíñòâî:

I =

1∫

0

(
sµ−1 − sk+µ−1

)(
ln

1
s

)−(1+γ)

ds =
(1− γ)

γ
(k + µ)γ − (1− γ)

γ
µγ .

Îòñþäà èìååì: Dγ
µ [Hk] (x) = (k + µ)γ Hk (x) . Äàëåå, ñ ó÷åòîì ðàâåíñòâà

(8), â îáùåì ñëó÷àå äëÿ α = m+γ ïîëó÷àåì Dα
µ [Hk] (x) = (k + µ)α Hk (x) .

Òåîðåìà 1. Ïóñòü α = m + γ , 0 < γ < 1, µ ≥ 0 è u (x) � ãàðìîíè÷å-
ñêàÿ ôóíêöèÿ â îáëàñòè Ω . Òîãäà ôóíêöèÿ Dα

µ [u] (x) òàêæå ÿâëÿåòñÿ
ãàðìîíè÷åñêîé â øàðå Ω è ïðè µ = 0 ñïðàâåäëèâî: Dα

0 [u] (0) = 0.
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Äîêàçàòåëüñòâî. Ïóñòü u (x) � ãàðìîíè÷åñêàÿ ôóíêöèÿ â øàðå Ω . Òîãäà
èçâåñòíî (ñì. [7], ñòð. 548), ÷òî ôóíêöèÿ u (x) ïðåäñòàâëÿåòñÿ â âèäå:

u (x) =
∞∑

k=0

Hk∑

i=1

ui
kH

i
k (x) , (9)

ãäå
{
H i

k (x) : i = 1, ..., hk

}
� ïîëíàÿ ñèñòåìà îäíîðîäíûõ ãàðìîíè÷åñêèõ

ïîëèíîìîâ, à ui
k � êîýôôèöèåíòû ðàçëîæåíèÿ (9).

Èçâåñòíî, ÷òî hk =
(

1+2k
(n−2)

)
Cn−3

k+n−3 ∼ 2k n−2
(n−2)! , n ≥ 3, k → ∞. Áîëåå

òîãî, ðÿä (9) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî ïî x ïðè |x| ≤ ρ < 1 è
çíà÷èò, äëÿ ëþáîãî ρ < 1 ñóùåñòâóåò cρ òàêîå, ÷òî äëÿ ëþáûõ x , |x| ≤ ρ
èìååò ìåñòî íåðàâåíñòâî:

∣∣ui
kH

i
k (x)

∣∣ ≤ cρ. Ïðèìåíÿÿ ôîðìàëüíî îïåðàòîð
Dα

µ ê ðÿäó (9) è ó÷èòûâàÿ ðàâåíñòâî (7), ïîëó÷èì

Dα
µ [u] (x) =

∞∑

k=0

Hk∑

i=1

(k + µ)α ui
kH

i
k (x) . (10)

Òàê êàê hk (k + µ)α ≈ 2kn−2 (k+µ)α

(n−2)! , n ≥ 3, òî lim
k→∞

k
√

hk (k + µ)α = 1 è
çíà÷èò, ïðè |x| ≤ rρ è r < 1

∞∑

k=0

hk∑

i=1

(k + µ)α
∣∣ui

kH
i
k (x)

∣∣ ≤ cρ

∞∑

k=0

(k + µ)α hkr
k < ∞.

Çíà÷èò, ðÿä (10) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî ïî õ ïðè |x| ≤ rρ < 1
è åãî ñóììà ïðåäñòàâëÿåò ñîáîé ãàðìîíè÷åñêóþ ôóíêöèþ. Â ñèëó ïðîèç-
âîëüíîñòè ρ < 1 ôóíêöèÿ Dα

µ [u] (x) îïðåäåëåíà âî âñåì øàðå Ω . Äàëåå,
ïîñêîëüêó â ñëó÷àå µ = 0 Dα

0 [H0] (x) = Dα
0 [1] = 0, òî â ðàçëîæåíèè

ôóíêöèè Dα
0 [u] (x) â ðÿä âèäà (9) îòñóòñòâóåò ñâîáîäíûé ÷ëåí è ïîýòîìó

Dα
0 [u] (0) = 0.

Òåîðåìà 2. Ïóñòü α = m + γ , m = 0, 1, ..., 0 < γ < 1, µ ≥ 0 è u (x) �
ãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè Ω . Òîãäà

1) åñëè µ > 0, òî Iα
µ [u] (x) òàêæå ÿâëÿåòñÿ ãàðìîíè÷åñêîé â øàðå

Ω ;
2) åñëè µ = 0 , òî ïðè âûïîëíåíèè óñëîâèÿ: u (0) = 0 ôóíêöèÿ Iα

0 [u] (x)
òàêæå ÿâëÿåòñÿ ãàðìîíè÷åñêîé â øàðå Ω .
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Äîêàçàòåëüñòâî. Ïðåäñòàâèì ôóíêöèþ u (x) â âèäå ðÿäà (9). Åñëè µ = 0 ,
òî ïðè âûïîëíåíèè óñëîâèÿ u (0) = 0 â ïðåäñòàâëåíèè (9) îòñóòñòâóåò
ñâîáîäíûé ÷ëåí è ïîýòîìó, ôîðìàëüíî ïðèìåíÿÿ ê ðÿäó (9) îïåðàòîð Iα

0 ,

ñ ó÷åòîì âòîðîãî ðàâåíñòâà èç (6) ïîëó÷àåì Iα
0 [u] (x) =

∞∑
k=1

hk∑
i=1

k−αui
kH

i
k (x) .

Ñõîäèìîñòü äàííîãî ðÿäà ïðîâåðÿåòñÿ, êàê â ñëó÷àå òåîðåìû 1, è ïîýòîìó
ôóíêöèÿ Iα

0 [u] (x) � ãàðìîíè÷åñêàÿ â øàðå Ω . Ñëó÷àé µ > 0 ïðîâåðÿåòñÿ
àíàëîãè÷íî.

Òåîðåìà 3. Ïóñòü α = m + γ , m = 0, 1, ..., 0 < γ < 1, µ ≥ 0 è
u (x) � ãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè Ω . Òîãäà äëÿ ëþáîãî x ∈ Ω
ñïðàâåäëèâû ðàâåíñòâà

1) ïðè µ = 0 u (x) = u (0) + 1
Γ(α)

1∫
0

|ln s|α−1s−1Dα
0 [u] (sx) ds,

2) ïðè µ > 0 u (x) = 1
Γ(α)

1∫
0

|ln s|α−1sµ−1Dα
µ [u] (sx) ds.

Äîêàçàòåëüñòâî. Ïóñòü µ = 0 . Ïðåäñòàâèì ãàðìîíè÷åñêóþ ôóíêöèþ â
âèäå ðÿäà

u (x) =
∞∑

k=0

hk∑

i=1

ui
kH

i
k (x) =

∞∑

k=0

hk∑

i=1

1
kα

kαui
kH

i
k (x) +

h0∑

i=1

ui
0H

i
0 (x) . (11)

Òàê êàê h0 = 1, u
(i)
0 H

(i)
0 (x) = u (0) , òî, ó÷èòûâàÿ ðàâåíñòâà (6), (7) è

ðàâíîìåðíóþ ñõîäèìîñòü ðÿäà (11) ïî x ïðè |x| ≤ ρ < 1 , ðÿä (11) ìîæíî
ïðèâåñòè ê âèäó

u (x) = u (0) +
∞∑

k=1

hk∑

i=1

u
(i)
k

Γ(α)

1∫

0

kαH
(i)
k (sx)
s

|ln s|α−1 ds =

= u (0) +
1

Γ(α)

1∫

0

|ln s|α−1

s
Dα

0 [u] (sx) ds.

Òàêèì îáðàçîì, ïåðâîå óòâåðæäåíèå òåîðåìû äîêàçàíî.
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Ïóñòü µ > 0 . Òîãäà àíàëîãè÷íî, êàê â ñëó÷àå µ = 0 , èìååì

u (x) =
∞∑

k=0

hk∑

i=1

1
(k + µ)α (k + µ)α ui

kH
i
k (x) =

=
∞∑

k=0

hk∑

i=1

(k + µ)α ui
k

1
Γ(α)

1∫

0

|ln s|α−1 sµ−1H i
k (sx) ds =

=
1

Γ(α)

1∫

0

|ln s|α−1 sµ−1Dα
µ [u] (sx) ds.

Òåîðåìà 4. Ïóñòü α = m + γ , m = 0, 1, ..., 0 < γ < 1, µ ≥ 0 è u (x) �
ãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè Ω . Òîãäà ñïðàâåäëèâû ðàâåíñòâà

1) åñëè µ = 0, òî Iα
0 [Dα

0 [u]] (x) = u (x)− u (0) ;
2) åñëè µ = 0 è u (0) = 0 , òî Dα

0 [Iα
0 [u]] (x) = u (x) ;

3) åñëè µ > 0, òî Iα
µ

[
Dα

µ [u]
]
(x) = Dα

µ

[
Iα
µ [u]

]
(x) = u (x) .

Äîêàçàòåëüñòâî. Ïóñòü µ = 0 . Äîêàæåì ïåðâîå ðàâåíñòâî òåîðåìû. Òàê
êàê Dα

0 [u] (0) = 0 , òî ê ôóíêöèè Dα
0 [u] (x) ìîæíî ïðèìåíèòü îïåðàòîð

Iα
0 . Ïîýòîìó

Iα
0 [Dα

0 [u]] (x) =
1

Γ(α)

1∫

0

s−1 |ln s|α−1 Dα
0 [u] (sx) ds.

Äàëåå, èñïîëüçóÿ ïåðâîå óòâåðæäåíèå òåîðåìû 3, ïîëó÷àåì

Iα
0 [Dα

0 [u]] (x) = u (x)− u (0) .

Äëÿ äîêàçàòåëüñòâà âòîðîãî ðàâåíñòâà òåîðåìû ïðèìåíèì îïåðàòîð Dγ
0 ê

ôóíêöèè Iα
0 [u] (x) . Èìååì

Dγ
0 [Iα

0 [u]] (x) =
γ

Γ(1− γ)

1∫

0

|ln s|−(γ+1) s−1 [Iα
0 [u] (x)− Iα

0 [u] (sx)] ds =
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=
γ

Γ(1− γ)

1∫

0

|ln s|−(γ+1) s−1 1
Γ(α)

1∫

0

|ln τ |α−1 τ−1 [u (τx)− u (τsx)] dτds =

=
1

Γ(α)

1∫

0

|ln τ |α−1 τ−1Dγ
0 [u] (τx) dτ.

Â îáùåì ñëó÷àå, êîãäà α = m + γ , èìååì

Dα
0 [Iα

0 [u]] (x) = δm
µ Dγ

0 [Iγ
0 [u]] (x) =

=
(

r
∂

∂r

)m 1
Γ(α)

1∫

0

|ln τ |α−1 τ−1Dγ
0 [u] (τx) dτ =

=
1

Γ(α)

1∫

0

|ln τ |α−1 τ−1

(
r

∂

∂r

)m

Dγ
0 [u] (τx) dτ =

=
1

Γ(α)

1∫

0

|ln τ |α−1 τ−1Dα
0 [u] (τx) dτ.

Äàëåå, èñïîëüçóÿ ðàâåíñòâî 1) èç òåîðåìû 3, ïîëó÷àåì

Dα
0 [Iα

0 [u]] (x) = u (x)− u (0) = u (x) .

Âòîðîå ðàâåíñòâî òåîðåìû òàêæå äîêàçàíî. Ïåðåõîäèì ê äîêàçàòåëüñòâó
òðåòüåãî ðàâåíñòâî òåîðåìû. Ïðèìåíÿÿ ê ôóíêöèè Dα

µ [u] (x) îïåðàòîð
Iα
µ , èìååì

Iα
µ

[
Dα

µ [u]
]
(x) =

1
Γ(α)

1∫

0

|ln s|α−1sµ−1Dα
µ [u] (sx) ds.

Íî â ñèëó âòîðîãî óòâåðæäåíèÿ òåîðåìû çíà÷åíèå ïîñëåäíåãî èíòåãðàëà
ðàâíî u (x) , ò.å. Iα

µ

[
Dα

µ [u]
]
(x) = u (x) .
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Äëÿ äîêàçàòåëüñòâà ïîñëåäíåãî ðàâåíñòâà ïðèìåíèì îïåðàòîð Dα
µ ê

ôóíêöèè Iα
µ [u] (x) . Èìååì

Dγ
µ

[
Iα
µ [u]

]
(x) =

γ

Γ(1− γ)

1∫

0

|ln s|−(γ+1) sµ−1
[
Iα
µ [u] (x)− Iα

µ [u] (sx)
]
ds+

+µγIα
µ [u] (x) =

γ

Γ(1− γ)

1∫

0

|ln s|−(γ+1) sµ−1×

× 1
Γ(α)

1∫

0

|ln τ |α−1 τµ−1 [u (τx)− u (τsx)] dτds + µγIα
µ [u] (x) =

=
1

Γ(α)

1∫

0

|ln τ |α−1 τµ−1 γ

Γ(1− γ)

1∫

0

|ln s|−(γ+1) sµ−1 [u (τx)− u (τsx)] dsdτ+

+µγIα
µ [u] (x) =

1
Γ(α)

1∫

0

|ln τ |α−1 τµ−1
[
Dγ

µ [u] (τx)− µγu (τx)
]
dτ+

+µγIα
µ [u] (x) =

1
Γ(α)

1∫

0

|ln τ |α−1 τµ−1Dγ
µ [u] (τx) dτ−

−µγ 1
Γ(α)

1∫

0

|ln τ |α−1 τµ−1u (τx) dτ + µγIα
µ [u] (x) =

=
1

Γ(α)

1∫

0

|ln τ |α−1 τµ−1Dγ
µ [u] (τx) dτ.

Îòñþäà Dγ
µ

[
Iα
µ [u]

]
(x) = 1

Γ(α)

1∫
0

|ln τ |α−1 τµ−1Dγ
µ [u] (τx) dτ = u (x) .
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3. Ïîñòàíîâêà è ðåøåíèå îñíîâíîé çàäà÷è
Èñëåäóåì âîïðîñû ðàçðåøèìîñòè êðàåâîé çàäà÷è ñ ãðàíè÷íûì îïåðà-

òîðîì Dα
µ

Çàäà÷à B. Íàéòè ãàðìîíè÷åñêóþ â øàðå Ω ôóíêöèþ u (x) ∈ C2 (Ω)∩
C

(
Ω̄

)
, äëÿ êîòîðîé ôóíêöèÿ Dα

µ [u] (x) íåïðåðûâíà â îáëàñòè Ω̄ è óäî-
âëåòâîðÿåò óñëîâèþ

Dα
µ [u] (x) = f (x) , x ∈ ∂Ω.

Çàìåòèì, ÷òî àíàëîãè÷íûå çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà ñ îïåðàòîðà-
ìè öåëîãî ïîðÿäêà ðàññìàòðèâàëèñü â ðàáîòå [3], à äëÿ îïåðàòîðîâ äðîáíî-
ãî ïîðÿäêà â ñìûñëå Ðèìàíà-Ëèóâèëëÿ è Êàïóòî � â ðàáîòàõ [4-6]. Ïóñòü
v (x) � êëàññè÷åñêîå ðåøåíèå çàäà÷è Äèðèõëå â øàðå Ω , ò.å.

{
∆v (x) = 0,
v (x) = f (x) .

(12)

Òåîðåìà 5. Ïóñòü f (x) ∈ C (∂Ω) . Òîãäà
1) åñëè µ > 0 , òî ðåøåíèå çàäà÷è B ñóùåñòâóåò, åäèíñòâåííî è ïðåä-

ñòàâëÿåòñÿ â âèäå
u (x) = Iα

µ [v] (x) , (13)

ãäå v (x) � ðåøåíèå çàäà÷è (12);
2) åñëè µ = 0 , òî äëÿ ðàçðåøèìîñòè çàäà÷è B íåîáõîäèìî è äîñòà-

òî÷íî âûïîëíåíèÿ óñëîâèÿ
∫

∂Ω

f (x) dsx = 0. (14)

Åñëè ðåøåíèå çàäà÷è B ñóùåñòâóåò, òî îíî åäèíñòâåííî ñ òî÷íî-
ñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî è ïðåäñòàâëÿåòñÿ â âèäå

u (x) = C + Iα
0 [v] (x) . (15)

Äîêàçàòåëüñòâî. Ïóñòü f (x) ∈ C (∂Ω) , µ > 0 è ðåøåíèå u (x) çàäà-
÷è B ñóùåñòâóåò. Ïðèìåíèì ê ôóíêöèè u (x) îïåðàòîð Dα

µ è îáîçíà-
÷èì v (x) = Dα

µ [u] (x) . Ïî ïðåäïîëîæåíèþ Dα
µ [u] (x) ∈ C

(
Ω̄

)
è ïîýòîìó
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v (x) ∈ C (∂Ω) . Ïîñêîëüêó u (x) � ãàðìîíè÷åñêàÿ ôóíêöèÿ â Ω , òî â ñèëó
óòâåðæäåíèÿ òåîðåìû 1 ôóíêöèÿ v (x) òàêæå ãàðìîíè÷åñêàÿ â øàðå Ω è
v (x) |∂Ω = f (x) .

Òàêèì îáðàçîì, ôóíêöèÿ v (x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Äèðèõëå
(12). Ïðè÷åì, åñëè f (x) ∈ C (∂Ω) , òî ðåøåíèå ýòîé çàäà÷è ñóùåñòâóåò,
åäèíñòâåííî è v (x) ∈ C

(
Ω̄

)
. Ïðèìåíèì ê ðàâåíñòâó v (x) = Dα

µ [u] (x)
îïåðàòîð Iα

µ è, èñïîëüçóÿ óòâåðæäåíèå òåîðåìû 4, ïîëó÷èì

Iα
µ [v] (x) = u (x) .

Çíà÷èò, u (x) = Iα
µ [v] (x) è ìû ïîëó÷àåì ðàâåíñòâî (13).

Ïóñòü, íàîáîðîò, ôóíêöèÿ v (x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Äèðèõëå
(12) ïðè f (x) ∈ C (∂Ω) . Î÷åâèäíî, ÷òî v (x) ∈ C

(
Ω̄

)
. Ðàññìîòðèì ôóíê-

öèþ u (x) = Iα
µ [v] (x) . Â ñèëó òåîðåìû 4 èìååì Dα

µ [u] (x) = Dα
µ

[
Iα
µ [v]

]
(x) =

v (x) . Çíà÷èò, u (x) � ãàðìîíè÷åñêàÿ ôóíêöèÿ â Ω è Dα
µ [u] (x) |∂Ω =

v (x) |∂Ω = f (x) .
Ïóñòü òåïåðü µ = 0 è ðåøåíèå çàäà÷è B ñóùåñòâóåò. Îáîçíà÷èì åãî

÷åðåç u (x) . Ïðèìåíÿÿ ê ýòîé ôóíêöèè îïåðàòîð Dα
0 è îáîçíà÷èâ v (x) =

Dα
0 [u] (x) , ïîëó÷àåì, ÷òî v (x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (12). Ïðåäñòà-

âèì ýòî ðåøåíèå â âèäå èíòåãðàëà Ïóàññîíà, ò.å.

v (x) =
1
ωn

∫

∂Ω

1− |x|2
|x− y|n f (y) dSy.

Ïî óòâåðæäåíèþ òåîðåìû 1 â ñëó÷àå µ = 0 èìååò ìåñòî ðàâåíñòâî v (0) =
Dα

µ [u] (0) = 0 è, ñëåäîâàòåëüíî, v (0) = 1
ωn

∫
∂Ω

f (y) dSy = 0. Òàêèì îá-

ðàçîì, ìû ïîëó÷àåì óñëîâèå (14). Ïðèìåíÿÿ îïåðàòîð Iα
0 ê ðàâåíñòâó

v (x) = Dα
0 [u] (x) è èñïîëüçóÿ ïåðâîå óòâåðæäåíèå òåîðåìû 4, ïîëó÷èì

Iα
0 [v] (x) = Iα

0 [Dα
0 [u]] (x) = u (x) − u (0) . Çíà÷èò, u (x) = u (0) + Iµ

0 [v] (x)
è ìû ïîëó÷àåì (15). Íåîáõîäèìîñòü äîêàçàíà.

Ïîêàæåì, ÷òî óñëîâèå (14) ÿâëÿåòñÿ è äîñòàòî÷íûì äëÿ ñóùåñòâîâà-
íèÿ ðåøåíèå çàäà÷è B. Äåéñòâèòåëüíî, åñëè âûïîëíÿåòñÿ óñëîâèå (14)
è v (x) � ðåøåíèå çàäà÷è (12), òî v (0) = 0 . Ïîêàæåì, ÷òî ôóíêöèÿ
u (x) = C + Iα

0 [v] (x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è B. Ãàðìîíè÷íîñòü äàí-
íîé ôóíêöèè ñëåäóåò èç âòîðîãî óòâåðæäåíèÿ òåîðåìû 4. Èç ðàâåíñòâà
Dα

0 [C] = 0 ñëåäóåò, ÷òî
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Dα
0 [u] (x) = Dα

0 [C] + Dα
0 [Iα

0 [v]] (x) = v (x) . Òîãäà Dα
0 [u] (x) |∂Ω =

v (x) |∂Ω = f (x) . Òàêèì îáðàçîì, åñëè âûïîëíÿåòñÿ óñëîâèå (14) è v (x) �
ðåøåíèå çàäà÷è (12), òî ôóíêöèÿ (15) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è B. Òåî-
ðåìà äîêàçàíà.
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êëàñûíàí êåçäåéñî© ò³ðêiëåði áîë¡àí æà¡äàéûíäà û©òèìàëäû© áîéûí-
øà îðíû©òûëû¡ûíû æºíå àñèìïòîòèêàëû© îðíû©òûëû¡ûíû æåòêiëiêòi
øàðòòàðû àëûí¡àí.

�äåáèåòòåð òiçiìi � 23.
Vasilina G.K. On Lyapunov function method in the problem of

stability in probability of integral manifold // Mathematical journal.
2012. Vol. 12. � 1 (43). P. 38 � 47.

Using Lyapunov function method su�cient conditions of stability and
asymptotic stability in probability of the given integral manifold of di�erential
equations in the presence of random perturbations in a class of processes with
independent increments are obtained.

References � 23.

ÓÄÊ: 517.982.1/.3, 517.983 2010 MSC: 15A03, 37C05, 39A12
Ïàíêðàòîâà È.Í. Òåðiñ åìåñ ñûçû©òû îïåðàòîðëàðäû èíâàðè-

àíòòû© æèûíäàðû. II // Ìàòåìàòèêàëû© æóðíàë. 2012. Ò. 12. � 1 (43).
Á. 48 � 70.

Ñºóëåëåð öèêëäàðûíàí ò´ðàòûí èíâàðèàíòòû iøêåiñòiêòi ñûçû©òû
îïåðàòîðäû êåéáið ©àñèåòòåði àíû©òàëäû. À©ûðëû ïåðèîäòû (òåðiñ åìåñ
îïåðàòîðäû) öèêëäû© èíâàðèàíòòû iøêåiñòiêòåði àæûðàòûëäû, îíäà
ñºóëåëåð öèêëäàðûíû áàðëû¡û íåìåñå áàðëû©©à æóû¡û áiðäåé ïåðèîäòû
áîëàäû. Ñºóëåëåð öèêëäàðûíàí ò´ðàòûí èíâàðèàíòòû êåiñòiê öèêëäû©
èíâàðèàíòòû iøêåiñòiê áîëûóûíû, ©àæåòòi æºíå æåòêiëiêòi øàðòòàðû
àíû©òàëäû. Öèêëäû© èíâàðèàíòòû iøêåiñòiêòåðäi ©îñûíäûëàðûíû ïå-
ðèîäûí àíû©òàó¡à àðíàë¡àí ôîðìóëà àëûíäû.

�äåáèåòòåð òiçiìi � 14.

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 1 (43)
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Pankratova I.N. Invariant Sets of Nonnegative Linear Operators. II
// Mathematical journal. 2012. Vol. 12. � 1 (43). P. 48 � 70.

Some properties of invariant subspaces of linear operator which are
contained cycles of rays, are determined. Among these subspaces cyclic
invariant subspaces (of nonnegative operator) of �nite period in which all or
almost all cycles of rays are of the same period, are identi�ed. Necessary and
su�cient conditions under which invariant subspace containing cycles of rays
is cyclic invariant subspace are obtained. Formula for the period of the sum of
cyclic invariant subspaces are received.

References � 14.

ÓÄÊ: 517.938 2010 MSC: 35J25
Òóðìåòîâ Á.Õ., Ìóðàòáåêîâà Ì.À. Á°ëøåê ðåòòi øåêàðàëû© îïå-

ðàòîðëû áið øåòòiê åñåïòi øåøiìäiëiãi òóðàëû // Ìàòåìàòèêàëû©
æóðíàë. 2012. Ò. 12. � 1 (43). Á. 71 � 82.

Á´ë æ´ìûñòà ãàðìîíèÿëû© ôóíêöèÿëàð êëàñûíäà êåéáið èíòåãðàëäû©
- äèôôåðåíöèàëäû© îïåðàòîðëàðäû ©àñèåòòåði çåðòòåëiíåäi. Á´ë ©àñèåò-
òåðäi ©îëäàíûëóû ðåòiíäå áiðëiê øàðäà Ëàïëàñ òåíäåói ³øií áið øåòòiê
åñåïòi øåøiìäiëiãi ©àðàñòûðûëàäû.

�äåáèåòòåð òiçiìi � 7.
Turmetov B.Kh., Muratbekova M.A. On solvability of boundary value

problem with fractional order boundary operator // Mathematical jour-
nal. 2012. Vol. 12. � 1 (43). P. 71 � 82.

Properties of some integro - di�erential operators in the classes of harmonic
functions are investigated. Solvability of one boundary value problem for
Laplace equation in the unit ball are considered as an application of these
properties.
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Ïðàâèëà "Ìàòåìàòè÷åñêîãî æóðíàëà" äëÿ àâòîðîâ ñòàòåé

Îáùèå ïîëîæåíèÿ
Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ îðèãèíàëüíûå ñòàòüè ïî

îñíîâíûì ðàçäåëàì ñîâðåìåííîé ìàòåìàòèêè: òåîðèÿ ôóíêöèé, ôóíêöèî-
íàëüíûé àíàëèç, îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, óðàâíåíèÿ
ñ ÷àñòíûìè ïðîèçâîäíûìè, àëãåáðà, ëîãèêà, òåîðèÿ ÷èñåë, ãåîìåòðèÿ, òî-
ïîëîãèÿ, òåîðèÿ âåðîÿòíîñòåé è ìàòåìàòè÷åñêàÿ ñòàòèñòèêà, âû÷èñëèòåëü-
íàÿ ìàòåìàòèêà, ìàòåìàòè÷åñêàÿ ôèçèêà, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå.
Æóðíàë âûïóñêàåòñÿ åæåêâàðòàëüíî, ÷åòûðå íîìåðà ñîñòàâëÿþò òîì.

Â ñîîòâåòñòâèè ñ òðåáîâàíèÿìè æóðíàëà ñòàòüÿ äîëæíà áûòü íàïèñàíà
íà âûñîêîì íàó÷íîì óðîâíå, ñîäåðæàòü íîâûå, ÷åòêî ñôîðìóëèðîâàííûå
ìàòåìàòè÷åñêèå ðåçóëüòàòû è èõ äîêàçàòåëüñòâà. Âî ââåäåíèè íóæíî îòðà-
çèòü àêòóàëüíîñòü, íîâèçíó, èìåþùèåñÿ ðåçóëüòàòû ïî òåìå ïðåäñòàâëåí-
íîé ðàáîòû. Ñòàòüè æóðíàëà ðàçìåùàþòñÿ â ñâîáîäíîì äîñòóïå íà ñàéòå
www.math.kz Èíñòèòóòà ìàòåìàòèêè ÌÎÍ ÐÊ, èõ ðåôåðèðóþò ÍÖ ÍÒÈ
(Êàçàõñòàí), Ðåôåðàòèâíûé æóðíàë "Ìàòåìàòèêà" ÂÈÍÈÒÈ (Ðîññèÿ) è
Zentralblatt Math (Ãåðìàíèÿ).

Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ ñòàòüè îáúåìîì äî 16 æóð-
íàëüíûõ ñòðàíèö, êðàòêèå ñîîáùåíèÿ îáúåìîì äî 4 ñòðàíèö. Ñòàòüè îáú-
åìîì áîëåå 16 ñòðàíèö ïóáëèêóþòñÿ ïî ñïåöèàëüíîìó ðåøåíèþ ðåäêîëëå-
ãèè æóðíàëà. Ïðèíèìàþòñÿ ñòàòüè, íàïèñàííûå íà êàçàõñêîì, ðóññêîì è
àíãëèéñêîì ÿçûêàõ. Ñòàòüè ðåöåíçèðóþòñÿ.

Òðåáîâàíèÿ ê îôîðìëåíèþ ñòàòåé
1. Ðóêîïèñü ñòàòüè äîëæíà áûòü ïîäãîòîâëåíà â èçäàòåëüñêîé ñèñòåìå
LATEX-2å è ïðåäñòàâëåíà â âèäå äâóõ òâåðäûõ êîïèé, à òàêæå â âèäå .tex
è .pdf - ôàéëîâ íà ëþáîì ýëåêòðîííîì íîñèòåëå èëè ïðèñëàíà ïî ýëåê-
òðîííîé ïî÷òå zhurnal@math.kz, mat-zhurnal@mail.ru. Ñòàòüÿ äîëæíà áûòü
ïîäïèñàíà âñåìè àâòîðàìè.

Ïðàâèëà îôîðìëåíèÿ ðóêîïèñè è ñòèëåâûå ôàéëû ìîæíî íàéòè íà ñàé-
òå Èíñòèòóòà ìàòåìàòèêè ÌÎÍ ÐÊ http://www.math.kz â ðàçäåëå "Ìàòå-
ìàòè÷åñêèé æóðíàë".
2. Â ëåâîì âåðõíåì óãëó íåîáõîäèìî óêàçàòü èíäåêñ ÓÄÊ, äàëåå çàãëà-
âèå ñòàòüè, èíèöèàëû è ôàìèëèè àâòîðîâ â àëôàâèòíîì ïîðÿäêå, ìåñòî
ðàáîòû ñ ïî÷òîâûìè àäðåñàìè, à òàêæå ýëåêòðîííûå àäðåñà.



Íà îòäåëüíîì ëèñòå ïðèëàãàþòñÿ íàçâàíèå ñòàòüè, ôàìèëèè è èíèöè-
àëû àâòîðîâ, êëþ÷åâûå ñëîâà, ðåôåðàò íà ðóññêîì, àíãëèéñêîì è êàçàõ-
ñêîì (äëÿ àâòîðîâ èç Êàçàõñòàíà) ÿçûêàõ è èíäåêñ Mathematics Subject
Classi�cation 2010. Íà îòäåëüíîì ëèñòå òàêæå ïðåäñòàâëÿþòñÿ ñâåäåíèÿ îá
àâòîðàõ, ìåñòî ðàáîòû, ïî÷òîâûé àäðåñ ñ èíäåêñîì ïî÷òîâîãî îòäåëåíèÿ,
íîìåð òåëåôîíà ñ óêàçàíèåì êîäà ãîðîäà, àäðåñ ýëåêòðîííîé ïî÷òû.
3. Ñïèñîê ëèòåðàòóðû ñîñòàâëÿåòñÿ â ïîðÿäêå öèòèðîâàíèÿ. Ññûëêè íà
íåîïóáëèêîâàííûå ðàáîòû, ðåçóëüòàòû êîòîðûõ èñïîëüçóþòñÿ â äîêàçà-
òåëüñòâàõ, íå äîïóñêàþòñÿ. Ñïèñîê ëèòåðàòóðû ïðèâîäèòñÿ â ñëåäóþùåì
âèäå:
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