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ÎÁ ÎÄÍÎÉ ÎÁÐÀÒÍÎÉ ÇÀÄÀ×Å ÄÈÑÒÀÍÖÈÎÍÍÎÉ
ÎÏÒÈÊÈ

Â ðàáîòå ðàññìîòðåíà îáðàòíàÿ çàäà÷à ïîòåíöèàëà Êåïëåðà ñ ïîñòîÿííîé
ïëîòíîñòüþ äëÿ îáëàñòåé, áëèçêèõ ê äàííûì, ò.å. îòûñêèâàåòñÿ îáëàñòü,
ìàëî îòëè÷àþùàÿñÿ îò ñôåðû.
Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à ïîòåíöèàëà Êåïëåðà, ïîñòîÿííàÿ
ïëîòíîñòü, èíòåãðàëüíûé îïåðàòîð îáðàùåíèÿ.

Ââåäåíèå

Äëÿ ïîòåíöèàëà "îáðàòíûõ êâàäðàòîâ ðàññòîÿíèé" âïåðâûå áûëè èñ-
ñëåäîâàíû ïðÿìûå è îáðàòíûå çàäà÷è â ðàáîòå Â.Ð. Êèðåéòîâà [1], ãäå
ðàññìîòðåíû íåêîòîðûå âîïðîñû, ñâÿçàííûå ñ îáîáùåíèåì ýòîãî ïîòåíöè-
àëà íà ñëó÷àé ìíîãîìåðíîãî, ãåîìåòðè÷åñêè íåîäíîðîäíîãî ïðîñòðàíñòâà.
Ïîòåíöèàë "îáðàòíûõ êâàäðàòîâ ðàññòîÿíèé", â ñîîòâåòñòâèè ñ èñòîðèåé
åãî âîçíèêíîâåíèÿ èìåíóåòñÿ â íàñòîÿùåé ðàáîòå ïîòåíöèàëîì Êåïëåðà.
Â ðàáîòå À.Ó. Ñåðèêáàåâà [2, 3] áûëè èññëåäîâàíû âîïðîñû åäèíñòâåííî-
ñòè è óñòîé÷èâîñòè ðåøåíèé îáðàòíûõ çàäà÷ îïðåäåëåíèÿ ïëîòíîñòè; ïðè
ýòîì âîïðîñû îïðåäåëåíèÿ îáëàñòè ïðè çàäàííûõ çíà÷åíèÿõ ïîòåíöèàëà è
ïëîòíîñòè äî ñèõ ïîð íå áûëè èññëåäîâàíû. Ýòà çàäà÷à îòíîñèòñÿ ê êëàññó

c© Á. Àáèëêàñûìóëû, Ð. Íàìåòêóëîâà, À.Ó. Ñåðèêáàåâ, 2012.
Keywords: inverse Kepler potential problem, constant density, integral inversion operator
2010 Mathematics Subject Classi�cation: 60H10
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íåêîððåêòíûõ çàäà÷; êðîìå òîãî, èíòåãðàëüíûé îïåðàòîð îáðàùåíèÿ ÿâëÿ-
åòñÿ íåëèíåéíûì. Ïîýòîìó â äàííîé ðàáîòå âíà÷àëå èññëåäîâàíû àíàëèòè-
÷åñêèå ñâîéñòâà ïîòåíöèàëà Êåïëåðà è â êëàññå àíàëèòè÷åñêèõ ôóíêöèé
ïîñòðîåíî ðåøåíèå îáðàòíûõ çàäà÷ "â ìàëîì".

Ðàññìîòðèì ñôåðó ðàäèóñà A, öåíòð êîòîðîé ëåæèò íà îñè OZ ïîä
ïëîñêîñòüþ z = 0 íà ðàññòîÿíèè h. Îáîçíà÷èì ÷åðåç Aξ íåèçâåñòíîå íàì
óêëîíåíèå íåêîòîðîé òî÷êè èñêîìîãî òåëà îò ðàññìàòðèâàåìîé ñôåðû. Ïðè
ýòîì óðàâíåíèå èñêîìîé ïîâåðõíîñòè â ïîëÿðíûõ êîîðäèíàòàõ, èìåþùèõ
ïîëþñ â öåíòðå øàðà, çàïèøåòñÿ òàê:

r = A(1 + ξ), (1)

ãäå ξ åñòü íåêîòîðàÿ ôóíêöèÿ äîëãîòû ψ è äîïîëíåíèÿ øèðîòû θ. Íàé-
äåì ïîòåíöèàë Êåïëåðà äëÿ èñêîìîãî òåëà â êàêîé-íèáóäü âíåøíåé òî÷êå
x, âûðàçèâ åãî ÷åðåç ôóíêöèþ ξ. Ñ ýòîé öåëüþ ââåäåì â ðàññìîòðåíèå
ñåìåéñòâî ïîäîáíûõ ïîâåðõíîñòåé

r = a(1 + ξ), (2)

ïîëó÷àþùèõñÿ ïðè èçìåíåíèè ïàðàìåòðà a îò 0 äî À. Ýòèìè ïîâåðõíîñòÿ-
ìè âíóòðåííîñòü âñåãî èñêîìîãî òåëà ðàçäåëÿåòñÿ íà òîíêèå ïëåíêè.

Ïîäñ÷èòàåì ýëåìåíò îáúåìà dτ . Îáîçíà÷àÿ ÷åðåç dσ ýëåìåíò ïîâåðõíî-
ñòè ñôåðû S ðàäèóñà åäèíèöà, èìååì

dτ = a2(1 + ξ)2dσ
dr

da
da,

íî dr

da
= 1 + ξ, ñëåäîâàòåëüíî,

dτ = a2(1 + ξ)3dσda.

Íàéäåì òåïåðü âûðàæåíèå ïîòåíöèàëà Êåïëåðà [2]

W (x) =
∫

Dξ

µ(y)
r2
xy

dτ,

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 4 (46)
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ãäå rxy � ðàññòîÿíèå îò òî÷êè M äî ïðîèçâîëüíîé òî÷êè N ðàññìàòðèâàå-
ìîé îáëàñòè Dξ,

rxy =
√

R2 + r2 − 2Rrcosϕ.

Åñëè ñ÷èòàòü ïëîòíîñòü µ = 1, òî

W (x) =

A∫

0

∫

(S)

a2(1 + ξ)3

R2 + r2 − 2Rrcosϕ
dadσ, (3)

ãäå

a2(1 + ξ)3

R2

(
1− 2 r

Rcosϕ +
(

r
R

)2
) =

1
R2

∞∑

n=0

Un(cosϕ)
(

r

R

)n

, (4)

Un(x) =
2n(n + 1)!
(2n + 1)!

1√
x2 − 1

dn

dxn

[(
x2−1

)n+ 1
2

]
� ïîëèíîì ×åáûøåâà âòîðîãî

ðîäà (ïîëèíîì Ãåãåíáàóýðà ïðè σ = 1).

Ðÿä (4) ñõîäèòñÿ, åñëè
∣∣∣∣
r

R

∣∣∣∣ < 1. Cõîäèìîñòü ðÿäà áóäåò èìåòü ìåñòî
äëÿ òåõ òî÷åê ïðîñòðàíñòâà, äëÿ êîòîðûõ

R > A(1 + ξmax).

Â ÷àñòíîñòè, ðàññìàòðèâàåìûé ðÿä áóäåò ñõîäèòüñÿ âî âñåõ òî÷êàõ âçÿòîé
íàìè ïëîñêîñòè, åñëè

ξmax <
h−A

A
. (5)

Áóäåì ñ÷èòàòü â äàëüíåéøåì, ÷òî ýòî óñëîâèå ñîáëþäàåòñÿ. Ïîäñòàâèì

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 4 (46)
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âûðàæåíèå (4) â ôîðìóëó (3), ïîëó÷èì

W (x) =

A∫

0

∫

(S)

a2(1 + ξ)3

R2

∞∑

n=0

Un(cosϕ)
(

r

R

)n

sinθ dθ dψ da =

=

A∫

0

∫

(S)

a2(1 + ξ)3

R2

∞∑

n=0

Un(cosϕ)
an(1 + ξ)n

Rn
sinθ dθ dψ da =

=

A∫

0

∫

(S)

∞∑

n=0

Un(cosϕ)
an+2(1 + ξ)n+3

Rn+2
sinθ dθ dψ da. (6)

Çäåñü âûðàæåíèå (1 + ξ)n+3 ðàçëîæèì â ðÿä ïî ñòåïåíÿì ξ. Èìååì

(1 + ξ)n+3 = 1 + (n + 3)ξ +
(n + 3)(n + 2)

2!
ξ2 + . . . +

+
(n + 3)(n + 2) . . . (n + 3− (m− 1))

m!
ξm + . . . =

= 1 +
∞∑

m=1

(n + 3)(n + 2) . . . (n + 3− (m− 1))
m!

ξm.

Ïîäñòàâèì ýòî ðàçëîæåíèå â ôîðìóëó (6). Ïîëó÷èì äëÿ ïîòåíöèàëà
Êåïëåðà ñëåäóþùóþ ôîðìóëó

W (x) =

A∫

0

∫

(S)

∞∑

n=0

Un(cosϕ)
an+2

Rn+2

{
1+

+
∞∑

m=1

(n + 3)(n + 2) . . . (n + 3− (m− 1))
m!

ξm
}

sinθdθdψda =

=

A∫

0

∫

(S)

∞∑

n=0

Un(cosϕ)
an+2

Rn+2
sinθdθdψ.
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Íî
A∫
0

∫
(S)

∞∑
n=0

Un(cosϕ)
an+2

Rn+2
sin θ dθdψda åñòü ïîòåíöèàë Êåïëåðà äëÿ ñôåðû

ðàäèóñà A,

A∫

0

∫

(S)

∞∑

n=0

Un(cosϕ)
an+2

Rn+2
sinθdθdψda =

4
3
πA3 1

R2
,

ïîýòîìó â òîé ÷àñòè ïðîñòðàíñòâà, ãäå R > A(1 + ξmax), èìååò ìåñòî ñëå-
äóþùåå ñõîäÿùååñÿ ðàçëîæåíèå ïîòåíöèàëà:

W (x) =
4
3
πA3 1

R2
+

A∫

0

da

∫

(S)

∞∑

m=1

Un(cosϕ)
an+2

Rn+2
×

×
∞∑

m=1

(n + 3)(n + 2) . . . (n + 3− (m− 1))
m!

ξmsinθdθdψ.

Ýòî ðàçëîæåíèå ìîæåò áûòü íåñêîëüêî óïðîùåíî. Èíòåãðèðîâàíèå ïî ïî-
âåðõíîñòè ñôåðû è èíòåãðèðîâàíèå ïî ïåðåìåííîé ìîæíî ïîìåíÿòü ìåñòà-
ìè. Èíòåãðèðîâàíèå îáùåãî ÷ëåíà ðàçëîæåíèÿ ïî ïåðåìåííîé âûïîëíÿåò-
ñÿ. Òîãäà ìû ìîæåì çàïèñàòü ïîòåíöèàë W(x) â âèäå ñëåäóþùåãî ðÿäà:

W (x) =
4
3
πA3 1

R2
+

A∫

0

da

∫

(S)

∞∑

m=1

Un(cosϕ)
an+2

Rn+2
×

×
∞∑

m=1

(n + 3)(n + 2) . . . (n + 3− (m− 1))
m!

ξmsinθ dθdψ. (7)

Ó÷èòûâàÿ, ÷òî cosϕ = cosθ′cosθ + sinθ′sinθcos(ψ − ψ′) = χ′χ +√
1− χ′2

√
1− χ2 cos(ψ − ψ′), ãäå χ = cosθ, χ′ = cosθ′, èìååì

Un(cosϕ) = Un(x)Un(χ′)+

+
n∑

k=0

(1− χ2)
k
2 (1− χ′2)

k
2

(n− k + 1)(n− k + 2) . . . (n + k)
cosk(ψ − ψ′)

dkUn(χ)
dχk

dkUn(χ′)
dχ′k

.
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Åñëè ðàññìàòðèâàåìîå òåëî ñèììåòðè÷íî îòíîñèòåëüíî âåðòèêàëè öåíòðà
ñôåðû, òî

∞∑

n=0

Un(cosϕ)
An+3

(n + 3)Rn+2
=

∞∑

n=0

An+3

(n + 3)Rn+2
Un(χ) Un(χ′).

Ôîðìóëà (7) â ïðåäïîëîæåíèè óêàçàííîé ñèììåòðèè èìååò âèä

W (x) =
4
3
πA3 1

R2
+ 2π

1∫

−1

∞∑

n=0

An+3

(n + 3)Rn+2
Un(χ)Un(χ′)×

×
∞∑

m=1

(n + 3)(n + 2) . . . (n + 3− (m− 1))
m!

ξmdχ′. (8)

Äîïóñòèì, ÷òî íà ïëîñêîñòè XOY èçâåñòíû çíà÷åíèÿ ïîòåíöèàëà
W |z=0 èñêîìîãî òåëà. Ìû ïðåäïîëàãàåì, ÷òî ýòè çíà÷åíèÿ ñèììåòðè÷íû
îòíîñèòåëüíî íà÷àëà êîîðäèíàò è ìàëî îòëè÷àþòñÿ îò çíà÷åíèé ïîòåíöè-
àëà Êåïëåðà äëÿ ñôåðû ðàäèóñà A ñ öåíòðîì â òî÷êå (0, 0,−h). Îáîçíà÷àÿ
÷åðåç ρ ðàññòîÿíèå òî÷êè ïëîñêîñòè îò íà÷àëà êîîðäèíàò, ìû çàäàåì W |z=0

â ñëåäóþùåì âèäå:

W |z=0 =
[
4
3
π A3 1

R2

]

z=0

+ α f(ρ), (9)

ãäå f(ρ) åñòü çàäàííàÿ ôóíêöèÿ ïåðåìåííîé ρ, α � ìàëûé ïàðàìåòð.
Ïåðåìåííóþ ρ ìîæíî âûðàçèòü ÷åðåç êîñèíóñ äîïîëíåíèÿ øèðîòû òî÷-

êè, ëåæàùåé íà ïëîñêîñòè

ρ = h

√
1− χ2

χ
. (10)

Çàìåòèì, ÷òî
1
R

=
χ

h
. (11)

Ñîîòíîøåíèå (10) ïîçâîëÿåò íàì çàïèñàòü ôîðìóëó (9) â âèäå

W |z=0 =
4
3
πA3

(χ

h

)2
+ α F (χ). (12)
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Íà îñíîâàíèè ôîðìóëû (8) ñîñòàâèì ëåâóþ ÷àñòü ýòîãî óðàâíåíèÿ. Ïîñëå
ïðîñòûõ ïðåîáðàçîâàíèé íàéäåì óðàâíåíèå äëÿ îïðåäåëåíèÿ ôóíêöèè ξ:

+1∫

−1

∞∑

n=0

An

(n + 3)Rn
Un(χ)Un(χ′)

∞∑

m=1

(n + 3)(n + 2) . . . (n + 3− (m− 1))
m!

ξmdχ′ =

=
α

2πA3
R2F (χ).

Ââåäåì îáîçíà÷åíèÿ: α

2πA3
= λ,R2F (χ) =

h2

χ2
F (χ) = Φ(χ). Ïîëó÷èì

+1∫

−1

∞∑

n=0

An

(n + 3)Rn
Un(χ) Un(χ′)×

×
∞∑

m=1

(n + 3)(n + 2) . . . (n + 3− (m− 1))
m!

ξm dχ′ = λΦ(χ). (13)

Àíàëèòè÷åñêèå ñâîéñòâà ïîòåíöèàëà Êåïëåðà äëÿ òåëà âðà-
ùåíèÿ

Íàïèøåì âûðàæåíèå ïîòåíöèàëà Êåïëåðà îäíîðîäíîãî òåëà, ïëîòíîñòü
êîòîðîãî � åäèíèöà:

W =
∫

dτ

r2
MN

è âûâåäåì èç íåãî ðÿä ñâîéñòâ ôóíêöèè, èçîáðàæàþùåé çíà÷åíèÿ íà ïëîñ-
êîñòè ýòîãî ïîòåíöèàëà.

Ïîòåíöèàë W òåëà, ñèììåòðè÷íîãî îòíîñèòåëüíî îñè OZ, ìîæåò áûòü
ïðåäñòàâëåí ñëåäóþùèì ðÿäîì:

W =
1

R2

∞∑

n=0

an

Rn
Un(χ), (14)
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ãäå

an =
2π

n + 3
An+3

+1∫

−1

(1 + ξ)n+3Un(χ′)dχ′.

Ðÿä (14) áóäåò ñõîäèòüñÿ âî âñåõ òî÷êàõ ïëîñêîñòè z = 0, eñëè áóäåò ñî-
áëþäàòüñÿ óñëîâèå (5).

Íàïèøåì âûðàæåíèå ôóíêöèè W â òî÷êàõ íà ïëîñêîñòè z = 0:

W =
χ2

h2

∞∑

n=0

an

hn
χnUn(χ). (15)

Ðàññìîòðèì ñâîéñòâà ôóíêöèé, îïðåäåëÿåìûõ ðàçëîæåíèÿìè âèäà
∞∑

n=0

bnχnUn(χ), (16)

ãäå χ � êîìïëåêñíàÿ ïåðåìåííàÿ.
Äëÿ ðÿäà (15) êîýôôèöèåíòû bn óäîâëåòâîðÿþò íåðàâåíñòâó

|bn| =
∣∣∣an

hn

∣∣∣ 6 4πh3

n + 3
An+3

hn+3
(1 + γ)n+3.

Òàê êàê ξmax = γ <
h−A

A
, òî ìîæíî íàéòè òàêîå ÷èñëî q < 1 , êîòîðîå

ïîçâîëèëî áû âìåñòî ïðåäûäóùåãî íåðàâåíñòâà âûáðàòü ñëåäóþùåå:

|bn| < Nqn, (17)

ãäå N � íåêîòîðîå ïîñòîÿííîå ÷èñëî. Áóäåì â äàëüíåéøåì ðàññìàòðèâàòü
ðÿäû (16) ñ êîýôôèöèåíòàìè, ïîä÷èíÿþùèìèñÿ íåðàâåíñòâó (17). Òàêèå
ðÿäû áóäåì íàçûâàòü ðåãóëÿðíûìè.

Íàéäåì òåïåðü îáëàñòü ñõîäèìîñòè ðåãóëÿðíûõ ðÿäîâ. Ìåæäó òðåìÿ
ïîñëåäîâàòåëüíûìè ïîëèíîìàìè ×åáûøåâà âòîðîãî ðîäà ñóùåñòâóåò ñëå-
äóþùåå ðåêóððåíòíîå ñîîòíîøåíèå:

Un+1 − 2χUn + Un−1 = 0.
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Îòñþäà ñëåäóåò, ÷òî ìíîãî÷ëåíû Yn = χnUn(χ) áóäóò óäîâëåòâîðÿòü ñîîò-
íîøåíèþ Yn+1 − 2χ2Yn + χ2Yn−1 = 0. Íàéäåì lim

Yn+1

Yn
. Ïóàíêàðå óêàçàë

ïðàâèëî äëÿ îïðåäåëåíèÿ ïðåäåëà îòíîøåíèÿ äâóõ ïîñëåäîâàòåëüíûõ ïî-
ëèíîìîâ, ñâÿçàííûõ òðîéíûì ðåêóððåíòíûì ñîîòíîøåíèåì. Ñîãëàñíî ýòî-
ìó ïðàâèëó èñêîìûé ïðåäåë áóäåò ðàâåí êîðíþ êâàäðàòíîãî óðàâíåíèÿ

α2 − 2χ2α + χ2 = 0, (18)

ìîäóëü êîòîðîãî íàèáîëüøèé. Îòñþäà α = χ2±
√

χ4 − χ2. Äëÿ èññëåäîâà-
íèÿ ââåäåì íîâóþ ïåðåìåííóþ

χ =
1
2

(
ξ +

1
ξ

)
. (19)

Â íîâîé ïåðåìåííîé ξ êîðíè α1 è α2 óðàâíåíèÿ (18) çàïèøóòñÿ

α1 =
1
2
(1 + ξ2), α2 =

1
2

1 + ξ2

ξ2
.

Ïðåîáðàçîâàíèå (19) ñòàâèò â ñîîòâåòñòâèå ïëîñêîñòè êîìïëåêñíîé ïåðå-
ìåííîé χ, ðàçðåçàííîé âäîëü ïðÿìîé −1, +1, âíåøíþþ ÷àñòü êðóãà |ξ| = 1
ïëîñêîñòè êîìïëåêñíîé ïåðåìåííîé ξ èëè âíóòðåííîñòü òîãî æå êðóãà.

Âûáåðåì â êà÷åñòâå îáëàñòè ïëîñêîñòè ïåðåìåííîé ξ, êîíôîðìíî îòîá-
ðàæàåìîé íà ïëîñêîñòü ïåðåìåííîé χ, âíåøíþþ ÷àñòü êðóãà |ξ| = 1. Òîãäà
lim

Yn+1

Yn
äîëæåí áûòü ðàâåí 1

2
(1 + ξ2). Ïîâòîðÿÿ îáùèå ðàññóæäåíèÿ Ïó-

àíêàðå, îòíîñÿùèåñÿ ê ñõîäèìîñòè ðÿäîâ ìíîãî÷ëåíîâ, ñâÿçàííûõ ðåêóð-
ðåíòíûìè ñîîòíîøåíèÿìè, ìû ïðèõîäèì ê òîìó çàêëþ÷åíèþ, ÷òî îáëàñòü
àáñîëþòíîé è ðàâíîìåðíîé ñõîäèìîñòè ðÿäà (16) îãðàíè÷åíà êðèâîé

1
2
|1 + ξ2| = R, |ξ| > 1,

R åñòü ðàäèóñ êðóãà ñõîäèìîñòè ðÿäà
∑∞

n=0 bnχn.
Òàê êàê ðÿä (16) � ðåãóëÿðíûé, òî èìååò ìåñòî íåðàâåíñòâî (17), îòêóäà

R > 1
q

> 1. Òàêèì îáðàçîì, ðÿä (16) ñõîäèòñÿ, âî âñÿêîì ñëó÷àå, âíóòðè
îáëàñòè

1
2
|1 + ξ2| < 1

q
, |ξ| > 1.
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Êðèâàÿ ëèíèÿ 1
2

∣∣∣1 + ξ2
∣∣∣ = R, ïðåäñòàâëÿþùàÿ ñîáîé îâàë Êàññèíè, ïå-

ðåõîäèò íà ïëîñêîñòè χ â íåêîòîðóþ çàìêíóòóþ êðèâóþ, ñèììåòðè÷íóþ
îòíîñèòåëüíî äâóõ êîîðäèíàòíûõ îñåé è ñîäåðæàùóþ âíóòðè ñåáÿ îòðåçîê
[−1, +1]. Âíóòðè âñåé ýòîé êðèâîé ðÿä (16) ñõîäèòñÿ è èçîáðàæàåò íåêîòî-
ðóþ ãîëîìîðôíóþ ôóíêöèþ ïåðåìåííîé χ. Ãîðèçîíòàëüíûé äèàìåòð ýòîé
êðèâîé áîëüøå âåðòèêàëüíîãî. Âåëè÷èíû ãîðèçîíòàëüíîãî è âåðòèêàëüíî-
ãî äèàìåòðîâ 2R√

2R− 1
2R√

2R + 1
ñîîòâåòñòâåííî. Ñ óâåëè÷åíèåì R îò åäè-

íèöû, äëèíû ýòèõ äèàìåòðîâ óâåëè÷èâàþòñÿ. Ïðè R = 1 ãîðèçîíòàëüíûé
äèàìåòð ðàâåí 2, à âåðòèêàëüíûé 2√

3
.

×èñëî R â íàøåì èññëåäîâàíèè áîëüøå 1, ñëåäîâàòåëüíî, îáëàñòü ñõî-
äèìîñòè ðÿäà (16) îõâàòûâàåò êðèâóþ ñ äèàìåòðàìè 2 è 2√

3
. Îòñþäà

ñëåäóåò, ÷òî ðÿä (16) â íàøåì ñëó÷àå íå ìîæåò èçîáðàæàòü ïðîèçâîëü-
íóþ àíàëèòè÷åñêóþ ôóíêöèþ. Îáëàñòü ãîëîìîðôèçìà ôóíêöèè, èçîáðà-
æàåìîé ðÿäîì (16), ñîäåðæèò âñåãäà âíóòðè ñåáÿ êðèâóþ, ïîëó÷åííóþ èç
êðèâîé 1

2
|1 + ξ2| = 1 ïðåîáðàçîâàíèåì (19).

Ïîñìîòðèì òåïåðü, êàêîé âèä áóäåò èìåòü îáëàñòü ñõîäèìîñòè ðÿäà
(16) â ïåðåìåííîé ρ,

ρ = h

√
1− χ2

χ
.

Èìååì: ξ = χ ±
√

χ2 − 1, 1 + ξ2 =
2h

h∓ ρi
. Ñëåäîâàòåëüíî, îáëàñòü

ñõîäèìîñòè ðÿäà (16) â ïåðåìåííîé ρ áóäåò îïðåäåëÿòüñÿ íåðàâåíñòâîì
|ρ + hi| >

h

R
. Òàêèì îáðàçîì, çíà÷åíèÿ ïîòåíöèàëà Êåïëåðà òåëà âðàùå-

íèÿ â òî÷êàõ ïëîñêîñòè, ïåðïåíäèêóëÿðíîé îñè âðàùåíèÿ, ïðåäñòàâëÿþò
ñîáîé çíà÷åíèÿ íåêîòîðîé àíàëèòè÷åñêîé ôóíêöèè, ãîëîìîðôíîé âíå äâóõ
êðóãîâ

|ρ + hi| = h

R
, |ρ− hi| = h

R
.

Ðàññìîòðèì íîâóþ êîìïëåêñíóþ ïåðåìåííóþ τ, ñâÿçàííóþ ñ ïåðåìåííîé
χ ñîîòíîøåíèåì χ2 =

1
τ

1
2− τ

. Îáëàñòè ïëîñêîñòè ïåðåìåííîé χ, íàõî-
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äÿùåéñÿ âíå êðèâîé ñõîäèìîñòè ðÿäà (16), îòâå÷àåò âíóòðåííîñòü êðóãà
τ =

1
R

ïëîñêîñòè êîìïëåêñíîé ïåðåìåííîé τ . Íà îñíîâàíèè ýòîãî ôàêòà
ìû ìîæåì óòâåðæäàòü, ÷òî âñÿêàÿ ôóíêöèÿ, ãîëîìîðôíàÿ âíóòðè êðè-
âîé ñõîäèìîñòè ðÿäà âèäà (16), ìîæåò áûòü ïðåäñòàâëåíà âíóòðè îáëàñòè,
îãðàíè÷åííîé ýòîé êðèâîé, ðàâíîìåðíî ñõîäÿùèìñÿ ðÿäîì (16).

Ðåøåíèå îñíîâíîãî óðàâíåíèÿ

Âåðíåìñÿ òåïåðü ê óðàâíåíèþ (13), îïðåäåëÿþùåìó íåèçâåñòíóþ ôóíê-
öèþ ξ. Ôóíêöèÿ Φ(χ) ñâÿçàíà ñî çíà÷åíèÿìè ïîòåíöèàëà F (χ) ñîîòíîøå-
íèåì Φ =

h2

χ2
F (χ) . Ôóíêöèÿ Φ(χ) ìîæåò áûòü èçîáðàæåíà ðåãóëÿðíûì

ðÿäîì âèäà (16):

Φ(χ) =
∞∑

n=1

bnχnUn(χ), |bn| < Nqn. (20)

Ïîäñòàâèâ ýòî ðàçëîæåíèå â ïðàâóþ ÷àñòü óðàâíåíèÿ (13) è îòûñêàâ ðå-
øåíèå (13) â âèäå ñòåïåííîãî ðÿäà ïî ìàëîìó ïàðàìåòðó λ:

ξ =
√

1− χ′2
(
ξ1λ + ξ2λ

2 + . . . + ξnλn + . . .
)
, (21)

ïðèäåì ê ñèñòåìå óðàâíåíèé äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ
ξ1, ξ2, ..., ξn, .... Çàïèøåì óðàâíåíèå (12) â âèäå

+1∫

−1

∞∑

n=0

An

(n + 3)hn
χnUn(χ)Un(χ′)

[
(n + 3)ξ+

+
(n + 3)(n + 2)

2!
ξ2 +

(n + 3)(n + 2)(n + 1)n
3!

ξ3 + . . .+

+
(n + 3)(n + 2)(n + 1)(n + 2− (m− 1))ξm

m!
+ . . .

]
dχ′ = λ

∞∑

n=1

bnχnPn(χ).

Ïîñëå ðÿäà ïðåîáðàçîâàíèé ïîëó÷èì ñëåäóþùóþ ñèñòåìó óðàâíåíèé:
+1∫

−1

∞∑

n=0

An

(n + 3)hn
χn

√
1− χ′2Un(χ)Un(χ′)(n + 3)ξ1dχ′ =

∞∑

n=1

bnχnUn(χ),

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 4 (46)



16 Á. Àáèëêàñûìóëû, Ð. Íàìåòêóëîâà, À.Ó. Ñåðèêáàåâ

+1∫

−1

∞∑

n=0

An

hn
χn

√
1− χ′2Un(χ)Un(χ′)ξ2(χ′dχ′) =

= −
+1∫

−1

∞∑

n=0

An

hn
χnUn(χ)Un(χ′)

(n + 2)
2!

(1− χ′2)ξ2
1 dχ′,

+1∫

−1

∞∑

n=0

An

hn
χn

√
1− χ′2Un(χ)Un(χ′)ξ3(χ′dχ′) = −

+1∫

−1

∞∑

n=0

An

hn
χnUn(χ)Un(χ′),

×
{n + 2

2!
(1− χ′2)2ξ1ξ2 +

(n + 2)(n + 1)
3!

(1− χ′2)
3
2 ξ3

1

}
dχ′,

.........................................................................................................

+1∫

−1

∞∑

n=0

An

hn
χn

√
1− χ′2Un(χ)Un(χ′)ξr(χ′)dχ′ = − 1

r!
dr

dλr

{ +1∫

−1

∞∑

n=0

An

(n + 3)hn
χn×

× Un(χ)Un(χ′)
∞∑

m=2

(n + 3)(n + 2) . . . (n−m + 4)
m!

ξmdχ′
}

λ=0

(22)

.........................................................................................................

Òàêèì îáðàçîì, îïðåäåëåíèå íåèçâåñòíîé ôóíêöèè ξ ïðèâåëî ê ðå-
øåíèþ ñåðèè èíòåãðàëüíûõ óðàâíåíèé ïåðâîãî ðîäà. Ðàññìîòðèì ïåðâîå
óðàâíåíèå ñèñòåìû

+1∫

−1

∞∑

n=0

An

hn
χn

√
1− χ′2Un(χ)Un(χ′)ξ1(χ′)dχ′ =

∞∑

n=1

bnχnUn(χ).

Èìååì
+1∫

−1

∞∑

n=0

(A

h

)n
χn

√
1− χ′2Un(χ′)ξ1(χ′)dχ′ =

∞∑

n=1

bnχn.
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Òîãäà

+1∫

−1

√
1− χ′2U0(χ′)ξ1(χ′) dχ′ = 0,

+1∫

−1

√
1− χ′2Un(χ′)ξ1(χ′)dχ′ =

( h

A

)n
bn.

Íîðìà ïîëèíîìà Un(χ) ðàâíà

+1∫

−1

√
1− χ′2

[
Un(χ)

]2
dχ =

π

2
.

Ñëåäîâàòåëüíî,

ξ1(χ) =
2
π

∞∑

n=1

(
h

A
)nbnUn(χ), (23)

ãäå |bn| < Nqn, q � íåêîòîðîå ÷èñëî, ìåíüøå åäèíèöû. Áóäåì òåïåðü ïðåä-
ïîëàãàòü, ÷òî

q <
h

A
. (24)

Åñëè ÷èñëî q óäîâëåòâîðÿåò íåðàâåíñòâó (24), òî ðÿä (23) áóäåò ñõîäèòüñÿ
è èçîáðàæàòü íåêîòîðóþ íåïðåðûâíóþ ôóíêöèþ χ. Â ñèëó íåðàâåíñòâà
(24) ðÿä (23) åñòü ðåãóëÿðíûé ðÿä ñ ïîêàçàòåëåì ðåãóëÿðíîñòè q′, îïðåäå-
ëÿåìûì íåðàâåíñòâîì

h

A
q < q′ < 1.

Çíà÷èò,
∣∣∣∣
2
π

( h

A

)n
bn

∣∣∣∣ < N ′q′n è |ξ1| < N ′q′

1− q′
.

Ðàññìîòðèì òåïåðü óðàâíåíèå äëÿ îïðåäåëåíèÿ ξ2(χ):

+1∫

−1

∞∑

n=0

An

hn
χn

√
1− χ′2Un(χ)Un(χ′)ξ2(χ′)dχ′ =
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= −
+1∫

−1

∞∑

n=0

An

hn
χnUn(χ)Un(χ′)

(n + 2)
2!

(1− χ′2)ξ2
1 dχ′.

Îòñþäà

+1∫

−1

√
1− χ′2Un(χ′)ξ2(χ′)dχ′ = −n + 2

2

+1∫

−1

ξ2
1Un(χ′)(1− χ′2) dχ′.

Òîãäà

ξ2(χ) = −
∞∑

n=0

(n + 2)
π

Un(χ)

+1∫

−1

ξ2
1(χ

′)(1− χ′2)Un(χ′) dχ′. (25)

Òåïåðü òî÷íî òàê æå îïðåäåëèì ξ3(χ):

+1∫

−1

√
1− χ′2Un(χ′)ξ3(χ′) dχ′ =

= −2(n + 2)
2

+1∫

−1

(1− χ′2)ξ1(χ′)ξ2(χ′) Un(χ′) dχ′−

−(n + 2)(n + 1)
3!

+1∫

−1

(
1− χ′2

) 3
2 ξ3

1(χ
′)Un(χ′)dχ′,

ξ3(χ) = −
∞∑

n=0

2(n + 2)
π

Un(χ)

+1∫

−1

ξ1(χ′)ξ2(χ′)Un(χ′)(1− χ′2)dχ′−

−
∞∑

n=0

2(n + 2)(n + 1)
3!π

Un(χ)

+1∫

−1

ξ3
1(χ

′)Un(χ′)
√

(1− χ′2)3 dχ′. (26)
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Íå îñòàíàâëèâàÿñü ïîêà íà âîïðîñå î ñõîäèìîñòè ýòîãî ðÿäà, ïåðåé-
äåì ê ïîñëåäóþùèì óðàâíåíèÿì ñèñòåìû (22). Îïðåäåëèâ ôóíêöèþ ξ2(χ),
ìû ìîæåì íàéòè ôóíêöèþ ξ3(χ) è ò. ä. Îïðåäåëåíèå âñåõ ôóíêöèé ξ3(χ),
ξ4(χ), . . . ïðîèñõîäèò ïî îäíîìó è òîìó æå ñïîñîáó: íàõîäÿòñÿ êîýôôè-
öèåíòû ðàçëîæåíèÿ ýòèõ ôóíêöèé â ðÿäû ïîëèíîìîâ ×åáûøåâà âòîðîãî
ðîäà, à çàòåì ñîñòàâëÿþòñÿ è ñàìè ðÿäû. Îïðåäåëèâ òàêèì îáðàçîì ñïîñîá
âû÷èñëåíèÿ êîýôôèöèåíòîâ ðÿäà (21), ìû äîëæíû òåïåðü äîêàçàòü ñõî-
äèìîñòü ýòîãî ðÿäà, óñòàíîâèâ ñíà÷àëà ñõîäèìîñòü ðÿäîâ, îïðåäåëÿþùèõ
êîýôôèöèåíòû.

Ðàññìîòðèì ðåãóëÿðíûé ðÿä

f(x) = α0U0 + α1U1 + α2U2 + . . . + αnUn + . . . , |αn| < Mqn, q < 1, (27)

è îöåíèì êîýôôèöèåíòû ðàçëîæåíèÿ n - îé ñòåïåíè ôóíêöèè f(x) â ðÿä
ïî ôóíêöèÿì ×åáûøåâà âòîðîãî ðîäà. Êîýôôèöèåíò ïðè Um(χ) â ðàñ-
ñìàòðèâàåìîì ðàçëîæåíèè îïðåäåëÿåòñÿ ôîðìóëîé

bm =
2
π

+1∫

−1

[f(x)]nUm(χ)dχ.

Äëÿ âû÷èñëåíèÿ êîýôôèöèåíòà bm ïðè âîçâåäåíèè f(x) â ñòåïåíü n äî-
ñòàòî÷íî ó÷åñòü ëèøü òå ñëàãàåìûå, êîòîðûå ñîäåðæàò ìíîãî÷ëåíû ïî χ
ñòåïåíè íå íèæå m. Êàæäûé èç òàêèõ ìíîãî÷ëåíîâ, ñîñòîÿùèé èç ïðî-
èçâåäåíèÿ ôóíêöèé Um(χ), áóäåò èìåòü êîýôôèöèåíò ðàçëîæåíèÿ â âèäå
ïðîèçâåäåíèÿ ÷èñåë αk è ñóììà èíäåêñîâ ýòèõ ÷èñåë áóäåò ðàâíà ñòåïåíè p
ìíîãî÷ëåíà. Â ñèëó ðåãóëÿðíîñòè ðÿäà (27) ýòî ïðîèçâåäåíèå áóäåò ìåíü-
øå, ÷åì Mmqp. Ïðè âîçâåäåíèè f(x) â ñòåïåíü n ìû áóäåì èìåòü ñòîëüêî
îòäåëüíûõ ìíîãî÷ëåíîâ ñòåïåíè p, ñîñòîÿùèõ èç ïðîèçâåäåíèÿ ôóíêöèé
Um(χ), êàêîâ êîýôôèöèåíò ïðè qp â ðàçëîæåíèè

(
1+q+q2+. . .+qm+. . .

)n

ïî ñòåïåíÿì q. Îáîçíà÷èì ýòîò êîýôôèöèåíò ÷åðåç γp òàê, ÷òî

(
1 + q + q2 + . . . + qm + . . .

)n =
∞∑

p=0

γpq
p.

Â ñèëó ýòèõ ñîîáðàæåíèé è ïðèíÿâ â ðàñ÷åò, ÷òî |Un| < 1, ìû ïîëó÷àåì
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ñëåäóþùóþ îöåíêó êîýôôèöèåíòà bm:

|bm| < 1
π

Mn
∞∑

p=0

γpq
p. (28)

Ñóììà
∞∑

p=0
γpq

p, âõîäÿùàÿ â ýòó îöåíêó, ìîæåò áûòü, â ñâîþ î÷åðåäü, îöå-

íåíà ñ ïîìîùüþ âåñüìà ïðîñòîãî âûðàæåíèÿ. Ñîâåðøåííî ÿñíî, ÷òî ýòà
ñóììà åñòü îñòàòî÷íûé ÷ëåí Rm−1 ðàçëîæåíèÿ 1

(1− q)n
â ðÿä Ìàêëîðåíà.

Âîçüìåì âûðàæåíèå â ôîðìå, äàííîé Êîøè:

Rm−1 =
n(n + 1) . . . (n + m− 1)

(m− 1)
qm

(
1− θ

1− θ q

)m−1 1(
1− θ q

)n+1 , 0 < θ < 1.

Îòñþäà

|bm| < 1
π

Mn n(n + 1) . . . (n + m− 1)
(m− 1)

qm

(
1− θ

1− θ q

)m−1 1
(1− θq)n+1

. (29)

Äîêàçàòåëüñòâî ñõîäèìîñòè ðÿäà, èçîáðàæàþùåãî èñêîìóþ ôóíêöèþ ξ.
Ðàññìîòðèì ïîñëåäíåå óðàâíåíèå ñèñòåìû (22). Ðåøàÿ åãî îòíîñèòåëüíî
ôóíêöèè ξr, ïîëó÷àåì

ξr = − 1
r!

dr

dλr

{ ∞∑

m=0

Um(χ)
m+3∑

n=2

(m + 2) . . . (m− n + 4)
n!

1
π

∫ +1

−1
ξnUm(χ′)dχ′

}
.

(30)

Èñïîëüçóåì ýòó ôîðìóëó äëÿ äîêàçàòåëüñòâà ñõîäèìîñòè ðÿäà (21). Êàæ-
äûé êîýôôèöèåíò ýòîãî ðÿäà ïîëó÷àåòñÿ â ðåçóëüòàòå óìíîæåíèÿ ðåãóëÿð-
íûõ ðÿäîâ, èçîáðàæàþùèõ ïðåäûäóùèå êîýôôèöèåíòû, è ïîýòîìó ÿâëÿ-
åòñÿ ðåãóëÿðíûì ðÿäîì. Èç òåîðåìû Ëÿïóíîâà îá óìíîæåíèè ðåãóëÿðíûõ
ðÿäîâ ñëåäóåò, ÷òî òàêîé ïîêàçàòåëü äåéñòâèòåëüíî ìîæåò áûòü íàéäåí è
ìîæåò ïðîèçâîëüíî ìàëî îòëè÷àòüñÿ îò ðàíåå ââåäåííîãî ÷èñëà, êàê ïîêà-
çàòåëÿ ðåãóëÿðíîñòè ðÿäà (20). Òàêèì îáðàçîì,

ξr = ar
0U0 + ar

1U1 + ar
2U2 + . . . + ar

nUn + . . . , |ar
n| < Mrq

n
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è, ñëåäîâàòåëüíî, êàæäûé êîýôôèöèåíò ðàçëîæåíèÿ ôóíêöèè ξr â ðÿä
ïîëèíîìîâ ×åáûøåâà âòîðîãî ðîäà áóäåò ìåíüøå ñîîòâåòñòâóþùåãî êîýô-
ôèöèåíòà ðàçëîæåíèÿ ôóíêöèè

Mr

1− 2qχ + q2
.

Îòñþäà ñëåäóåò, ÷òî åñëè ìû äîêàæåì ñõîäèìîñòü ðÿäà

M1λ + M2λ
2 + M3λ

3 + . . . + Mnλn + . . .

1− 2qχ + q2
,

òî âìåñòå ñ òåì äîêàæåì è ñõîäèìîñòü ðÿäà (21).
Ââåäåì îáîçíà÷åíèå

M(λ) = M1λ + M2λ
2 + M3λ

3 + . . . + Mnλn + . . . .

Èíòåãðàë 2
π

∫ +1
−1 ξUm(χ′)dχ′ ïî ñâîåé àáñîëþòíîé âåëè÷èíå íå ïðåâîñõîäèò

M(λ)qm, ñëåäîâàòåëüíî,
∣∣∣∣
2
π

∫ +1

−1
ξnUm(χ′)dχ′

∣∣∣∣ <

<
1
π

Mn(λ)
n(n + 1) . . . (n + m− 1)

(m− 1)!

(
1− θ

1− θq

)m−1 qm

(1− θq)n+1
.

Ðàññìîòðèì òåïåðü äâîéíóþ ñóììó ôîðìóëû (30):
∣∣∣∣
∞∑

m=0

Um(χ)
m+3∑

n=2

(m + 2) . . . (m− n + 4)
n!

1
π

∫ +1

−1
ξnUm(χ′)dχ′

∣∣∣∣ <

<
∞∑

m=0

m+3∑

n=2

1
π

(m + 2) . . . (m− n + 4)
n!

×

×n(n + 1) . . . (n + m− 1)
(m− 1)!

Mn(λ)
(

1− θ

1− θq

)m−1 qm

(1− θq)n+1
=

=
∞∑

n=2

Mn(λ)
n!π

(1− θq)−n

1− θ

∞∑

m=n−3

(m + 2) . . . (m− n + 4)×
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× n(n + 1) . . . (n + m− 1)
(m− 1)!

(
1− θ

1− θq

m)
qm. (31)

Îöåíèì â çàâèñèìîñòè îò èíäåêñà âíóòðåííþþ ñóììó

S =
∞∑

m=n−3

(m + 2) . . . (m− n + 4)
n(n + 1) . . . (n + m− 1)

(m− 1)!
ym, (32)

ãäå y =
1− θ

1− θq
q.

Íåîáõîäèìî óñòàíîâèòü ñõîäèìîñòü ðÿäà (31), ïîýòîìó ìû ìîæåì îöå-
íèòü ñóììó S äëÿ áîëüøèõ çíà÷åíèé n. Ðàññìîòðèì äðîáü

Um+1

Um
=

n(n + 1) . . . (n + m− 1)(n + m)
m!

n(n + 1) . . . (n + m− 1)
(m− 1)

=
n + m

m
= 1 +

n

m
.

Ýòî îòíîøåíèå îñòàåòñÿ äëÿ âñåõ çíà÷åíèé m îãðàíè÷åííûì ïî ñâîåé âå-
ëè÷èíå íåêîòîðûì ÷èñëîì a. Îòñþäà

Um < am−n+1Un−3 =
n(n + 1) . . . (2n− 4)

(n− 4)!
.

Ïîýòîìó

S <
n(n + 1) . . . (2n− 4)

an−1(n− 4)!

∞∑

m=n−3

(m + 2) . . . (m− n + 4)(ay)m.

Ââåäåì îáîçíà÷åíèå

S1 =
∞∑

m=n−3

(m + 2) . . . (m− n + 4)(ay)m.

Ñëåäîâàòåëüíî, S <
n(n + 1) . . . (2n− 4)

an−1(n− 4)!
S1. Îáîçíà÷àÿ ay = z, ïîëó÷èì

S1 =
∞∑

m=n−3

(m + 2) . . . (m− n + 4)zm = zn−3 dn−1

dzn−1

(
1

1− z

)
=

(n− 1)!zn−3

(1− z)n
.
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Èòàê,

S <
n(n + 1) . . . (2n− 4)

an−1(n− 4)!
(n− 1)!an−3yn−3

(1− ay)n

èëè S < n(n + 1) . . . (2n − 4)(n − 1)(n − 2)(n − 3)
yn−3

a2(1− ay)n
. Âåðíåìñÿ

òåïåðü ê ðÿäó (31). Ïðèìåíÿÿ ê îáùåìó åãî ÷ëåíó íàéäåííûå âûøå îöåíêè,
ïîëó÷àåì

∣∣∣∣
∞∑

m=0

Um(χ)
m+3∑

n=2

(m + 2) . . . (m− n + 4)
n!

1
π

∫ +1

−1
ξnUm(χ′)dχ′

∣∣∣∣ <

<
1

πa2

∞∑

n=2

Mn(λ)
n!

(1− θq)−n

1− θ
n(n+1) . . . (2n−4)(n−1)(n−2)(n−3)

yn−3

(1− ay)n

èëè
∣∣∣∣
∞∑

m=0

. . .

∣∣∣∣ <
1

πa2

∞∑

n=2

n(n + 1) . . . (2n− 4)(n− 1)(n− 2)(n− 3)
n!

×

× 1
y2(1− θ)

[
yM(λ)

(1− θq)(1− ay)

]n

=

=
1

πa2y3(1− θ)

∞∑

n=2

n(n + 1) . . . (2n− 4)(n− 1)(n− 2)(n− 3)
n!

[
yM(λ)

(1− θq)(1− ay)

]n

.

Ïðîâåðèì ñõîäèìîñòü ýòîãî ðÿäà. Ðàññìîòðèì ñóììû ïî îòäåëüíîñòè. Ïî
ïðèçíàêó Äàëàìáåðà

lim
n→∞

∣∣∣∣

n(n + 1) . . . (2n− 4)(2n− 2)(n− 1)(n− 2)(n− 3)
(n + 1)!

[
(1− θ)M(λ)

(1− θq)2(1− ay)
q

]n+1

n(n + 1) . . . (2n− 4)(2n− 2)(n− 1)(n− 2)(n− 3)
n!

[
(1− θ)M(λ)

(1− θq)2(1− ay)
q

]n

∣∣∣∣ =

= lim
n→∞

∣∣∣∣
2n− 2
n + 1

[
(1− θ)M(λ)

(1− θq)2(1− ay)
q

]∣∣∣∣ = 2
∣∣∣∣

(1− θ)M(λ)
(1− θq)2(1− ay)

q

∣∣∣∣ < 1.
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Îòñþäà
∣∣∣∣

(1− θ)M(λ)
(1− θq)2(1− ay)

q

∣∣∣∣ <
1
2
, cëåäîâàòåëüíî, ýòîò ðÿä ñõîäèòñÿ äëÿ

äîñòàòî÷íî ìàëûõ çíà÷åíèé M(λ). Ýòîò ðåçóëüòàò ïîäòâåðæäàåò òîò ôàêò,
÷òî ïðè çàìåíå èíòåãðàëà

2
π

+1∫

−1

ξnUm(χ′)dχ′

âåëè÷èíîé, áîëüøåé åãî, ìû ïîëó÷àåì äëÿ ìàëûõ M(λ) ñõîäÿùèéñÿ ðÿä.
Ðÿä, âõîäÿùèé â ôîðìóëó (28), çàïèøåòñÿ ñëåäóþùèì îáðàçîì:

∞∑
p=m

γpq
p =

∞∑
p=m

n(n + 1) . . . (n + p− 1)
p!

qp.

È, ñëåäîâàòåëüíî,
∣∣∣∣
2
π

+1∫

−1

ξnUm(χ′)dχ′
∣∣∣∣ <

2
π

Mn(λ)
∞∑

p=m

n(n + 1) . . . (n + p− 1)
p!

qp.

Åñëè ìû ïîñòàâèì ïðàâóþ ÷àñòü ýòîãî íåðàâåíñòâà âìåñòî ñîîòâåòñòâóþ-
ùåãî ìíîæèòåëÿ ôîðìóëû (30) è çàìåíèì Um(χ) åäèíèöåé, òî ïîëó÷èì
íåêîòîðîå ÷èñëî, îãðàíè÷èâàþùåå ñâåðõó ìîäóëü ôóíêöèè ξr(χ). Ýòî ÷èñ-
ëî ìû ìîæåì ïðèðàâíÿòü ÷èñëó Mr

1− q
, êîòîðîå, ñîãëàñíî ïðåäûäóùåìó,

îãðàíè÷èâàåò ñâåðõó ôóíêöèþ ξr. Èòàê,
Mr

1− q
=

1
r!

dr

dλr

{ ∞∑

m=0

∞∑

n=2

(m + 1) . . . (m− n + 4)
n!

2Mn(λ)
π

×

×
∞∑

p=m

n(n + 1) . . . (n + p− 1)
p!

qn

}

λ=0

. (33)

Äëÿ ôóíêöèè ξ1(χ) îãðàíè÷åíèå ìîæíî ïîëó÷èòü, åñëè èñõîäèòü èç ôîð-
ìóëû (23) ÷åðåç îãðàíè÷åíèå äëÿ çàäàííîé ôóíêöèè Φ(χ). Ýòî íåðàâåíñòâî
äëÿ ôóíêöèè ξ1(χ) ìû çàïèøåì â âèäå ñëåäóþùåãî òîæäåñòâà:

M1

1− q
=

M1

1− q
, (34)
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ãäå M1 îïðåäåëÿåòñÿ ïî çàäàííîé ôóíêöèè Φ(χ). Óìíîæèì ðàâåíñòâî (33)
íà λr, à ðàâåíñòâî (34) � íà λ è ñëîæèì ðåçóëüòàòû óìíîæåíèÿ, ïðèäàâ
÷èñëó r âñå öåëûå çíà÷åíèÿ îò 2 äî ∞, ïîëó÷èì

M1

1− q
=

M1λ

1− q
+

+
∞∑

m=0

m+3∑

n=2

2
π

Mn(λ)
(m + 2) . . . (m− n + 4)

n!

∞∑
p=m

n(n + 1) . . . (n + p− 1)
p!

qn,

çäåñü

M(λ) = M1λ + M2λ
2 + M3λ

3 + . . . + Mnλn + . . . .

Òàêèì îáðàçîì, äëÿ îïðåäåëåíèÿ ôóíêöèè M(λ) ìû ïîëó÷èëè òðàíñöåí-
äåíòíîå óðàâíåíèå. Ïîëàãàÿ â ýòîì óðàâíåíèè λ = 0, ìû âèäèì, ÷òî îíî
îáðàùàåòñÿ â òîæäåñòâî ïðè M = 0. Ñëåäîâàòåëüíî, óðàâíåíèå, êîòîðîå
èìååò ëèøü îäèí ÷ëåí ñ ïåðâîé ñòåïåíüþ M , îáëàäàåò åäèíñòâåííûì ãî-
ëîìîðôíûì ðåøåíèåì, èçîáðàæàåìûì ñòåïåííûì ðÿäîì ïî ïåðåìåííîé λ,
ñõîäÿùèìñÿ âáëèçè íóëåâîãî çíà÷åíèÿ ýòîãî ïàðàìåòðà. Âñå êîýôôèöè-
åíòû ñòåïåííîãî ðÿäà M(λ) ïîëîæèòåëüíû. Èòàê, ìàæîðàíòà ðÿäà, èçîá-
ðàæàþùåãî èñêîìóþ ôóíêöèþ ξ, ïîñòðîåíà è ìû ìîæåì óòâåðæäàòü, ÷òî
ðÿä (21) ñõîäèòñÿ è ïðåäñòàâëÿåò ðåøåíèå èñõîäíîé çàäà÷è äëÿ äîñòàòî÷íî
ìàëûõ çíà÷åíèé ïàðàìåòðà λ èëè α = 2πA3λ. Òàêèì îáðàçîì, ñïðàâåäëèâî
ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Åñëè èçìåíåíèå ñôåðû ìàëîå, ôóíêöèÿ ξ � àíàëèòè÷åñêàÿ è
ñïðàâåäëèâî íåðàâåíñòâî

ξmax <
h−A

A
,α = 2πA3λ,

òî îáðàòíàÿ çàäà÷à î íàõîæäåíèè òåëà, áëèçêîãî ê ñôåðå, èìååò ðåøå-
íèå.
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Ðàññìàòðèâàåòñÿ íåðàâåíñòâî âèäà0@ ∞Z
0

∞Z
0

����g(x)− g(s)

|x− s|µ
����q u(x)w(s)dxds

1A 1
q

≤ C

0@ ∞Z
0

v(t)|g′(t)|pdt

1A 1
p

,

ãäå 0 < µ < 1, ïðè íåêîòîðûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî âåñîâûõ
ôóíêöèé u è w; äàþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ âûïîëíåíèÿ
ýòîãî íåðàâåíñòâà.
Êëþ÷åâûå ñëîâà: âåñîâûå íåðàâåíñòâà Õàðäè, âåñîâûå ôóíêöèè, îïåðàòîð
äðîáíîãî ïîðÿäêà.

1 Ââåäåíèå

Âåñîâîå íåðàâåíñòâî Õàðäè â äèôôåðåíöèàëüíîé ôîðìå èìååò
âèä 


∞∫

0

u(x)|g(x)|qdx




1
q

≤ C




∞∫

0

v(t)|g′(t)|pdt




1
p

, (1)

c© À.Ì. Àáûëàåâà, À.Î. Áàéàðûñòàíîâ, 2012.
Keywords: weighted Hardy's inequalities, weighted functions, operator of fractional order
2010 Mathematics Subject Classi�cation: 26D10, 39B62
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ãäå u è v � âåñîâûå, ò.å. íåîòðèöàòåëüíûå ëîêàëüíî ñóììèðóåìûå íà
I = (0,∞) ôóíêöèè, à g � ëîêàëüíî àáñîëþòíî íåïðåðûâíûå íà I
ôóíêöèè, èìåþùèå ïðåäåëüíûå çíà÷åíèÿ g(0) = 0 (g(∞) = 0).

Â íàñòîÿùåå âðåìÿ äëÿ âñåõ çíà÷åíèé ïàðàìåòðîâ 0 < p, q ≤ ∞
ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà âåñîâûå ôóíêöèè
u è v, ïðè êîòîðûõ âûïîëíåíî íåðàâåíñòâî (1). Èñòîðèÿ âîïðîñà,
îñíîâíûå ðåçóëüòàòû è ìåòîäû èññëåäîâàíèÿ äàíû â êíèãàõ [1-3].

Â êíèãå [2, ãëàâà 5] ðàññìîòðåíû íåðàâåíñòâà âèäà



∞∫

0

u(x)|g(x)|qdx




1
q

≤ C




∞∫

0

∞∫

0

∣∣∣∣
g(x)− g(s)

|x− s|µ
∣∣∣∣
p

ρ(x, s)dxds




1
p

(2)

è



∞∫

0

∞∫

0

∣∣∣∣
g(x)− g(s)

|x− s|µ
∣∣∣∣
q

ρ(x, s)dxds




1
q

≤ C




∞∫

0

v(t)|g′(t)|pdt




1
p

, (3)

êîòîðûõ íàçûâàþò "íåðàâåíñòâîì Õàðäè äðîáíîãî ïîðÿäêà".
Íåðàâåíñòâà (2) è (3) èññëåäîâàíû äîñòàòî÷íî ìàëî, îáçîð ðåçóëü-

òàòîâ ïî íåðàâåíñòâàì äàí â êíèãàõ [2, 3]. Â êíèãå [3, ñ. 83] ýòè çàäà÷è
ïîñòàâëåíû, êàê îòêðûòàÿ ïðîáëåìà. Òàê, íàïðèìåð, â "ïðîáëåìå 3"
ïîñòàâëåíà çàäà÷à: íàéòè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà âå-
ñîâûå ôóíêöèè ϕ(·, ·) è v(·), ïðè êîòîðûõ ñïðàâåäëèâî íåðàâåíñòâî




∞∫

0

∞∫

0

|g(x)− g(s)|q ϕ(x, s)dxds




1
p

≤ C




∞∫

0

v(t)|g′(t)|pdt




1
p

äëÿ âñåõ ëîêàëüíî àáñîëþòíî íåïðåðûâíûõ íà I ôóíêöèÿõ g.
Ìû ðàññìàòðèâàåì íåðàâåíñòâî (3), êîãäà âåñîâàÿ ôóíêöèÿ ρ èìå-

åò âèä ρ(x, s) = u(x)w(s), ò.å. íåðàâåíñòâî



∞∫

0

∞∫

0

∣∣∣∣
g(x)− g(s)

|x− s|µ
∣∣∣∣
q

u(x)w(s)dsdx




1
q

≤ C




∞∫

0

v(t)|g′(t)|pdt




1
p

. (4)
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Â ðàáîòå ïðèíÿòî ñëåäóþùåå ñîãëàøåíèå: íåðàâåíñòâî âèäà A ≤ cB,
ãäå ïîñòîÿííàÿ c > 0 íå çàâèñèò îò ôóíêöèè g è îò âåñîâûõ ôóíêöèé
u, w è v, íî ìîæåò çàâèñåòü îò ïàðàìåòðîâ p, q è µ, ïèøåì A ¿ B, à
ñîãëàøåíèå A ≈ B îçíà÷àåò, ÷òî A ¿ B ¿ A.

2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Ëåâóþ ÷àñòü (4) ïðåäñòàâëÿåì â âèäå

∞∫

0

∞∫

0

∣∣∣∣
g(x)− g(s)

|x− s|µ
∣∣∣∣
q

u(x)w(s)dsdx =

∞∫

0

u(x)

x∫

0

|g(x)− g(s)|q
|x− s|qµ

w(s)dsdx+

+

∞∫

0

u(x)

∞∫

x

|g(x)− g(s)|q
|x− s|qµ

w(s)dsdx =

=

∞∫

0

u(x)

x∫

0


 1

(x− s)µ

∣∣∣∣∣∣

x∫

s

g′(t)dt

∣∣∣∣∣∣




q

w(s)dsdx+

+

∞∫

0

u(x)

∞∫

x


 1

(s− x)µ

∣∣∣∣∣∣

s∫

x

g′(t)dt

∣∣∣∣∣∣




q

w(s)dsdx.

Òîãäà âûïîëíåíèå íåðàâåíñòâà (4) ýêâèâàëåíòíî âûïîëíåíèþ íåðà-
âåíñòâ



∞∫

0

u(x)

x∫

0


 1

(x− s)µ

x∫

s

f(t)dt




q

w(s)dsdx




1
q

≤ C−




∞∫

0

v(t)f p(t)dt




1
p

,

(5)


∞∫

0

u(x)

∞∫

x


 1

(s− x)µ

s∫

x

f(t)dt




q

w(s)dsdx




1
q

≤ C+




∞∫

0

v(t)f p(t)dt




1
p

,

(6)
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ïðè÷åì f ≥ 0, C ≈ max{C−, C+}, ãäå C, C−, C+ � íàèëó÷øèå ïîñòî-
ÿííûå ñîîòâåòñòâåííî â (4), (5) è (6). Â ëåâîé ÷àñòè (5) è (6), ìåíÿÿ
ìåñòàìè èíòåãðàëû, ïîëó÷àåì, ÷òî íåðàâåíñòâà (5) è (6), â ñâîþ î÷å-
ðåäü, ñîîòâåòñòâåííî ýêâèâàëåíòíû âûïîëíåíèþ íåðàâåíñòâ




∞∫

0

w(s)

∞∫

s


 1

(x− s)µ

x∫

s

f(t)dt




q

u(x)dxds




1
q

≤

≤ C−




∞∫

0

v(t)f p(t)dt




1
p

, (7)




∞∫

0

w(s)

s∫

0


 1

(s− x)µ

s∫

x

f(t)dt




q

u(x)dxds




1
q

≤

≤ C+




∞∫

0

v(t)fp(t)dt




1
p

, f ≥ 0. (8)

Òàêèì îáðàçîì, äëÿ èññëåäîâàíèÿ íåðàâåíñòâà (4) äîñòàòî÷íî èññëå-
äîâàòü íåðàâåíñòâà âèäà (5) èëè (6).

Ïðè µ = 0 íåðàâåíñòâà (5) è (6) ñîîòâåòñòâåííî èìåþò âèä




∞∫

0

u(x)

x∫

0




x∫

s

f(t)dt




q

w(s)dsdx




1
q

≤ C




∞∫

0

v(t)f p(t)dt




1
p

, (9)




∞∫

0

u(x)

∞∫

x




s∫

x

f(t)dt




q

w(s)dsdx




1
q

≤ C




∞∫

0

v(t)fp(t)dt




1
p

. (10)
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Èç ðåçóëüòàòîâ ðàáîòû [4] èìååì
Òåîðåìà A−. Ïóñòü 1 < p ≤ q < ∞. Òîãäà íåðàâåíñòâî (9) âûïîë-
íåíî òîãäà è òîëüêî òîãäà, êîãäà

E− = sup
z>0







∞∫

z

u(x)dx




1
q

sup
0<y<z




y∫

0

w(s)ds




1
q



z∫

y

v1−p′(t)dt




1
p′


 < ∞,

ïðè ýòîì E− ≈ C, ãäå C � íàèëó÷øàÿ ïîñòîÿííàÿ â (9), 1
p

+ 1
p′ = 1.

Òåîðåìà A+. Ïóñòü 1 < p ≤ q < ∞. Òîãäà íåðàâåíñòâî (10) âûïîë-
íåíî òîãäà è òîëüêî òîãäà, êîãäà

E+ = sup
z>0







z∫

0

u(x)dx




1
q

sup
z<y




∞∫

y

w(s)ds




1
q



y∫

z

v1−p′(t)dt




1
p′


 < ∞,

ïðè ýòîì E+ ≈ C, ãäå C � íàèëó÷øàÿ ïîñòîÿííàÿ â (10).
Ââåäåì íåêîòîðûå êëàññû âåñîâûõ ôóíêöèé.

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî âåñîâàÿ ôóíêöèÿ w ïðèíàä-
ëåæèò êëàññó 4−

λ (4+
λ ) , åñëè 0 < λ < 1 è ñóùåñòâóåò ïîñòîÿííàÿ

δ− > 0 (δ+ > 0), íåçàâèñÿùàÿ îò x ∈ I, è âûïîëíÿåòñÿ íåðàâåíñòâî

x∫

1
4
x

w(s)

(x− s)λ
ds ≤ δ−

1

xλ

1
4
x∫

0

w(s)ds ∀x ∈ I,




4x∫

x

w(s)

(x− s)λ
ds ≤ δ+

∞∫

4x

w(s)

sλ
ds ∀x ∈ I


 .

Íåòðóäíî âèäåòü, ÷òî ôóíêöèÿ w(s) = sγ ïðè γ > −1 ïðèíàäëå-
æèò êëàññó 4−

λ , à ïðè γ < λ− 1 ïðèíàäëåæèò êëàññó 4+
λ .

Íèæå ìû äàåì íåêîòîðûå óñëîâèÿ íà âåñîâóþ ôóíêöèþ w, êîãäà
îíà ïðèíàäëåæèò êëàññó 4±

λ .
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Ëåììà 1. Ïóñòü 0 < λ < 1 è âåñîâàÿ ôóíêöèÿ w óäîâëåòâîðÿåò
óñëîâèþ

x∫
0

w(s)
(x−s)λ ds < ∞ ∀x > 0. Ïóñòü ôóíêöèÿ τ−(x) òàêîâà, ÷òî

x∫

τ−(x)

w(s)

(x− s)λ
ds =

τ−(x)∫

0

w(s)

(x− s)λ
ds, ∀x ∈ I. (11)

Åñëè 0 < τ−(x) ≤ 1
4
x ∀x ∈ I, òî âåñîâàÿ ôóíêöèÿ w ïðèíàäëåæèò

êëàññó 4−
λ .

Äåéñòâèòåëüíî, èç óñëîâèÿ τ−(x) ≤ 1
4
x ∀x ∈ I è èç ñîîòíîøåíèÿ

(11) èìååì
x∫

1
4
x

w(s)

(x− s)λ
ds ≤

x∫

τ−(x)

w(s)

(x− s)λ
ds =

τ−(x)∫

0

w(s)

(x− s)λ
ds ≤

≤
1
4
x∫

0

w(s)

(x− s)λ
ds ≤

(
4

3

)λ
1

xλ

1
4
x∫

0

w(s)ds ∀x ∈ I.

Ëåììà 2. Ïóñòü 0 < λ < 1 è âåñîâàÿ ôóíêöèÿ w óäîâëåòâîðÿåò
óñëîâèþ

∞∫
x

w(s)
(s−x)λ ds < ∞ ∀x ∈ I. Ïóñòü ôóíêöèÿ τ+(x) òàêîâà, ÷òî

τ+(x)∫

x

w(s)

(s− x)λ
ds =

∞∫

τ+(x)

w(s)

(s− x)λ
ds ∀x ∈ I. (12)

Åñëè 4x ≤ τ+(x) < ∞ ∀x ∈ I, òî âåñîâàÿ ôóíêöèÿ w ïðèíàäëåæèò
êëàññó 4+

λ .
Äîêàçàòåëüñòâî ëåììû 2. Èç óñëîâèÿ 4x ≤ τ+(x) ∀x ∈ I è èç ñîîò-
íîøåíèÿ (12) èìååì

4x∫

x

w(s)

(s− x)λ
ds ≤

τ+(x)∫

x

w(s)

(s− x)λ
ds =
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=

∞∫

τ+(x)

w(s)

(s− x)λ
ds ≤

∞∫

4x

w(s)

(s− x)λ
ds. (13)

Òàê êàê 1
(s−x)λ ≤ (4

3
)λ 1

sλ äëÿ 0 < 4x ≤ s, òî èç (13) èìååì

4x∫

x

w(s)

(s− x)λ
ds ≤

(
4

3

)λ
∞∫

4x

w(s)

sλ
ds ∀x ∈ I,

ò.å. âåñîâàÿ ôóíêöèÿ w ïðèíàäëåæèò êëàññó 4+
λ .

Çàìå÷àíèå 1. Ëåãêî ïîêàçàòü, ÷òî ôóíêöèè τ−(x), τ+(x), óêà-
çàííûå ñîîòâåòñòâåííî â ëåììàõ 1 è 2, ñóùåñòâóþò, à â ðàáîòå
([5], ñ.299) òàêèå ôóíêöèè íàçâàíû "ôàðâàòåð-ôóíêöèè".

3 Îñíîâíûå ðåçóëüòàòû
Ïîëîæèì

E−
1 = sup

z>0







∞∫

z

u(x)

xqµ
dx




1
q

sup
0<y<z




y∫

0

w(s)ds




1
q



z∫

y

v1−p′(t)dt




1
p′


 ,

E+
1 = sup

z>0







z∫

0

u(x)dx




1
q

sup
z<y




∞∫

y

w(s)

sqµ
ds




1
q



y∫

z

v1−p′(t)dt




1
p′


 ,

E−
2 = sup

z>0







∞∫

z

w(s)

sqµ
ds




1
q

sup
0<y<z




y∫

0

u(x)dx




1
q



z∫

y

v1−p′(t)dt




1
p′


 ,

E+
2 = sup

z>0







z∫

0

w(s)ds




1
q

sup
z<y




∞∫

y

u(x)

xqµ
dx




1
q



y∫

z

v1−p′(t)dt




1
p′


 .
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Òåîðåìà 1. Ïóñòü 1 < p ≤ q < ∞. Åñëè âåñîâûå ôóíêöèè u, w
óäîâëåòâîðÿþò îäíîìó èç óñëîâèé: 1) u,w ∈ 4−

qµ, 2) u,w ∈ 4+
qµ, 3)

w ∈ 4−
qµ

⋂4+
qµ, 4) u ∈ 4−

qµ

⋂4+
qµ, òî äëÿ âûïîëíåíèÿ íåðàâåíñòâà

(4) íåîáõîäèìî è äîñòàòî÷íî ñîîòâåòñòâåííî âûïîëíåíèå îäíîãî
èç óñëîâèé: 1) E = max{E−

1 , E−
2 } < ∞, 2) E = max{E+

1 , E+
2 } < ∞,

3) E = max{E−
1 , E+

1 } < ∞, 4) E = max{E−
2 , E+

2 } < ∞, ïðè ýòîì
E ≈ C, ãäå C � íàèëó÷øàÿ ïîñòîÿííàÿ â (4).

Ìû ñíà÷àëà äîêàæåì ñëåäóþùåå. óòâåðæäåíèå
Òåîðåìà 2. Ïóñòü 1 < p ≤ q < ∞. Åñëè âåñîâàÿ ôóíêöèÿ w (u)
óäîâëåòâîðÿåò óñëîâèþ w ∈ 4−

qµ (u ∈ 4+
qµ), òî íåðàâåíñòâà (5) è

(7) âûïîëíåíû òîãäà è òîëüêî òîãäà, êîãäà E−
1 < ∞ (E+

2 < ∞), ïðè
ýòîì E−

1 ≈ C− (E+
2 ≈ C−), ãäå C− � íàèëó÷øàÿ ïîñòîÿííàÿ â (5) è

(7).
Äîêàçàòåëüñòâî òåîðåìû 2. Íåîáõîäèìîñòü. Ïóñòü íåðàâåíñòâî (5)
âûïîëíåíî, òîãäà âûïîëíåíî è íåðàâåíñòâî (7). Â ëåâîé ÷àñòè (5)
è (7), ïðèìåíÿÿ íåðàâåíñòâî 1

(x−s)µ ≥ 1
xµ ïðè 0 < s < x, ïîëó÷èì

íåðàâåíñòâà ñîîòâåòñòâåííî âèäà (9) è (10). Ïîýòîìó íà îñíîâàíèè
òåîðåì A∓ E−

1 < ∞ (E+
2 < ∞) è èìååò ìåñòî îöåíêà max{E−

1 , E+
2 } ¿

C−, ãäå C− � íàèëó÷øàÿ ïîñòîÿííàÿ â (5) è (7).
Äîñòàòî÷íîñòü. Ïóñòü w ∈ 4−

qµ , E−
1 < ∞ è Z � ìíîæåñòâî öåëûõ

÷èñåë. Äëÿ f ≥ 0 èìååì
∞∫

0

u(x)

x∫

0

w(s)

(x− s)qµ




x∫

s

f(t)dt




q

dsdx =

=
∑

k∈Z

2k+1∫

2k

u(x)

2k−1∫

0

w(s)

(x− s)qµ




x∫

s

f(t)dt




q

dsdx+

+
∑

k∈Z

2k+1∫

2k

u(x)

x∫

2k−1

w(s)

(x− s)qµ




x∫

s

f(t)dt




q

dsdx = J−1 + J−2 . (14)
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Äàëåå îöåíèì J−1 è J−2 ïî îòäåëüíîñòè:

J−1 ≤
∑

k∈Z

2k+1∫

2k

u(x)

2k−1∫

0

w(s)

(2k − 2k−1)qµ




x∫

s

f(t)dt




q

dsdx ≤

≤ 22qµ
∑

k∈Z

2k+1∫

2k

u(x)

(2k+1)qµ

x∫

0

w(s)




x∫

s

f(t)dt




q

dsdx ¿

¿
∞∫

0

u(x)

xqµ

x∫

0

w(s)




x∫

s

f(t)dt




q

dsdx.

Îòêóäà íà îñíîâàíèè òåîðåìû A− èìååì

J−1 ¿ (
E−

1

)q




∞∫

0

v(t)fp(t)dt




q
p

. (15)

Òåïåðü îöåíèì J−2 . Òàê êàê w ∈ 4−
qµ, òî äëÿ 2k ≤ x ≤ 2k+1 èìååì

x∫

2k−1

w(s)

(x− s)qµ
ds ≤

x∫

1
4
x

w(s)

(x− s)qµ
ds ≤ δ−

xqµ

1
4
x∫

0

w(s)ds ≤ δ−

xqµ

2k−1∫

0

w(s)ds.

Òîãäà

J−2 ≤
∑

k∈Z

2k+1∫

2k

u(x)

x∫

2k−1

w(s)

(x− s)qµ




x∫

2k−1

f(t)dt




q

dx ¿

¿
∑

k∈Z

2k+1∫

2k

u(x)

xqµ

2k−1∫

0

w(s)ds




x∫

2k−1

f(t)dt




q

dx ≤
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≤
∑

k∈Z

2k+1∫

2k

u(x)

xqµ

x∫

0

w(s)ds




x∫

s

f(t)dt




q

dx =

=

∞∫

0

u(x)

xqµ

x∫

0

w(s)ds




x∫

s

f(t)dt




q

dx.

Ñëåäîâàòåëüíî, â ñèëó òåîðåìû A− ïîëó÷èì îöåíêó

J−2 ¿ (
E−

1

)q




∞∫

0

v(t)fp(t)dt




q
p

,

êîòîðàÿ âìåñòå ñ (14) è (15) äàåò âûïîëíåíèå íåðàâåíñòâà (5) ñ îöåí-
êîé C− ¿ E−

1 äëÿ íàèëó÷øåé ïîñòîÿííîé C− â (5). Ýòà îöåíêà âìåñòå
ñ îöåíêîé C− À E−

1 , ïîëó÷åííîé â íåîáõîäèìîé ÷àñòè, äàåò C− ≈ E−.
Ïóñòü òåïåðü u ∈ 4+

qµ è E+
2 < ∞. Ïîêàæåì âûïîëíåíèå íåðàâåí-

ñòâà (7), ÷òî ðàâíîñèëüíî âûïîëíåíèþ (5).
Äëÿ f ≥ 0 èìååì

∞∫

0

w(s)

∞∫

s

u(x)

(x− s)qµ




x∫

s

f(t)dt




q

dsdx =

=
∑

k∈Z

2k∫

2k−1

w(s)

∞∫

2k+1

u(x)

(x− s)qµ




x∫

s

f(t)dt




q

dxds+

+
∑

k∈Z

2k∫

2k−1

w(s)

2k+1∫

s

u(x)

(x− s)qµ




x∫

s

f(t)dt




q

dxds = J+
1 + J+

2 . (16)

Îöåíèì J+
1 :

J+
1 ≤

∑

k∈Z

2k∫

2k−1

w(s)

∞∫

2k+1

u(x)

(x− 2k)qµ




x∫

s

f(t)dt




q

dxds ≤
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≤
∑

k∈Z

2k∫

2k−1

w(s)
∞∑

i=k+1

2i+1∫

2i

u(x)

(2i − 2k)qµ




x∫

s

f(t)dt




q

dxds.

Òàê êàê 2i − 2k ≥ 2i−1 ïðè i ≥ k + 1, òî

J+
1 ≤ 22qµ

∑

k∈Z

2k∫

2k−1

w(s)
∞∑

i=k+1

2i+1∫

2i

u(x)

(2i+1)qµ




x∫

s

f(t)dt




q

dxds ¿

¿
∑

k∈Z

2k∫

2k−1

w(s)
∞∑

i=k+1

2i+1∫

2i

u(x)

xqµ




x∫

s

f(t)dt




q

dxds ≤

≤
∞∫

0

w(s)

∞∫

s

u(x)

xqµ




x∫

s

f(t)dt




q

dxds.

Ïîýòîìó íà îñíîâàíèè òåîðåìû A+

J+
1 ¿ (

E+
2

)q




∞∫

0

v(t)fp(t)dt




q
p

. (17)

Ïðåæäå, ÷åì íà÷èíàòü îöåíèâàòü J+
2 , çàìåòèì, ÷òî èç óñëîâèÿ u ∈

4+
qµ äëÿ 2k−1 ≤ s ≤ 2k èìååì

2k+1∫

s

u(x)

(x− s)qµ
dx ≤

4s∫

s

u(x)

(x− s)qµ
dx ≤ δ+

∞∫

4s

u(x)

xqµ
dx ≤ δ+

∞∫

2k+1

u(x)

xqµ
dx.

Ïðèìåíÿÿ ïîëó÷åííîå ñîîòíîøåíèå è òåîðåìó A+, ïîëó÷èì

J+
2 ≤

∑

k∈Z

2k∫

2k−1

w(s)

2k+1∫

s

u(x)

(x− s)qµ
dx




2k+1∫

s

f(t)dt




q

ds ¿
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¿
∑

k∈Z

2k∫

2k−1

w(s)

∞∫

2k+1

u(x)

xqµ
dx




2k+1∫

s

f(t)dt




q

ds ≤

≤
∞∫

0

w(s)

∞∫

s

u(x)

xqµ




x∫

s

f(t)dt




q

dxds ≤ (
E+

2

)q




∞∫

0

v(t)fp(t)dt




1
p

.

(18)
Èç (18), (17) è (16) ñëåäóåò, ÷òî íåðàâåíñòâî (7) âûïîëíåíî ñ îöåí-
êîé C− ¿ E+

2 äëÿ íàèëó÷øåé ïîñòîÿííîé C− â (7), êîòîðàÿ âìåñòå
ñ ñîîòíîøåíèåì C− À E+

2 , ïîëó÷åííûì â íåîáõîäèìîé ÷àñòè, äàåò
C− ≈ E+

2 . Òåîðåìà 2 äîêàçàíà.

Çàìå÷àíèå 2. Èç äîêàçàòåëüñòâà òåîðåìû 2 ñëåäóåò, ÷òî åñëè îä-
íà èç âåëè÷èí E−

1 è E+
2 êîíå÷íà, òî êîíå÷íà è âòîðàÿ. À â ñëó÷àå

w ∈ 4−
qµ è u ∈ 4+

qµ èìååì E−
1 ≈ E+

2 ≈ C−.

Äîêàçàòåëüñòâî òåîðåìû 1. Íåîáõîäèìîñòü. Ïóñòü âûïîëíÿåòñÿ
íåðàâåíñòâî (4), ÷òî ðàâíîñèëüíî îäíîâðåìåííî âûïîëíåíèþ ñëåäó-
þùèõ ïàð íåðàâåíñòâ: (5) è (6), (5) è (8), (6) è (7), (7) è (8). Òîãäà íà
îñíîâàíèè òåîðåìû 2 è èç C ≈ max{C−, C+} èìååì C À E, ãäå âå-
ëè÷èíà E îïðåäåëåíà ïî ëþáîìó èç ñîîòíîøåíèé 1) � 4), óêàçàííûõ
â òåîðåìå 1.

Äîñòàòî÷íîñòü. Ïóñòü âåñîâûå ôóíêöèè u è w óäîâëåòâîðÿþò
îäíîìó èç óñëîâèè 1) � 4), óêàçàííûõ â òåîðåìå 1, è ñîîòâåòñòâóþ-
ùåìó óñëîâèþ E < ∞.

Â ñîîòâåòñòâèè êàæäîìó óñëîâèþ 1) � 4) äëÿ ôóíêöèè u è w ðàñ-
ñìîòðèì ïàðó íåðàâåíñòâ: 1) (5) è (8), 2) (6) è (8), 3) (5) è (6), 4)
(7) è (8). Êàê âûøå ñêàçàíî, âûïîëíåíèå ýòèõ ïàð íåðàâåíñòâ ýê-
âèâàëåíòíî âûïîëíåíèþ íåðàâåíñòâà (4). Ïðèìåíÿÿ äëÿ ýòèõ ïàð
íåðàâåíñòâ òåîðåìó 2, çàêëþ÷àåì, ÷òî èç ñîîòâåòñòâóþùåãî óñëîâèÿ
E < ∞ âûòåêàåò îäíîâðåìåííî âûïîëíåíèå ýòèõ ïàð íåðàâåíñòâ,
à, ñëåäîâàòåëüíî, âûïîëíåíèå íåðàâåíñòâà (4); ñ ó÷åòîì òîãî, ÷òî
C ≈ max{C−, C+}, ïîëó÷èì C ¿ E, êîòîðîå âìåñòå ñ óñëîâèåì
C À E, ïîëó÷åííûì â íåîáõîäèìîé ÷àñòè, äàåò C ≈ E. Òåîðåìà
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1 äîêàçàíà.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà Íàóêè

ÌÎÍ ÐÊ, Ãðàíò 1529/ÃÔ ïî ïðèîðèòåòíîìó íàïðàâëåíèþ "Èíòåë-
ëåêòóàëüíûé ïîòåíöèàë ñòðàíû".

Ëèòåðàòóðà

1 Opic B. and Kufner A. // Hardy type inequalities // Pitman
Research Notes in Math. Series, Longman Scienti�c and Technical. �
Harlow, 1990. � V. 211. � P. 98-110.

2 Kufner A. and Persson L-E. Weighted inequalities of Hardy type.
World Scienti�c. � New Jersey, London, Singapure, Hong Kong, 2003. �
357 p.

3 Kufner A., Maligranda L. and Persson L-E. The Hardy Inequality.
About its History and Some Related Results. � Pilsen, Vydavatelsky
Servis Publishing House, 2007. � 161 p.

4 Oinarov R. and Kalybay A. Three-parameter weighted Hardy type
inequalities // Banach J.Math. Anal. � 2008. � V. 2, � 2. � P. 85-93.

5 Ñòåïàíîâ Â.Ä., Óøàêîâà Å.Ï. Îá èíòåãðàëüíûõ îïåðàòîðàõ ñ
ïåðåìåííûìè ïðåäåëàìè èíòåãðèðîâàíèÿ // Òðóäû ÌÈ ÐÀÍ. � 2001.
� Ò. 232. � Ñ. 298-317.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 07.05.12

Àáûëàåâà À.Ì., Áàéàðûñòàíîâ À.Î. Á�ËØÅÊ ÐÅÒÒI ÕÀÐÄÈ
ÒÅ�ÑIÇÄIÃIÍ ÁÀ�ÀËÀÓ

u æºíå w ñàëìà©òû ôóíêöèÿëàðû ºð ò³ðëi áîë¡àí êåçäåãi, êåëåñi
òå­ñiçäiêòi­




∞∫

0

∞∫

0

∣∣∣∣
g(x)− g(s)

|x− s|µ
∣∣∣∣
q

u(x)w(s)dxds




1
q

≤ C




∞∫

0

v(t)|g′(t)|pdt




1
p

,

ì´íäà¡û 0 < µ < 1, îðûíäàëàòûíäû¡ûíû­ ©àæåòòi æºíå æåòêiëiêòi
øàðòòàðû àëûí¡àí.
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Abylayeva A.M., Baiarystanov A.O. WEIGHTED HARDY'S
INEQUALITIES OF FRACTIONAL ORDER TYPE

Inequality of the form



∞∫

0

∞∫

0

∣∣∣∣
g(x)− g(s)

|x− s|µ
∣∣∣∣
q

u(x)w(s)dxds




1
q

≤ C




∞∫

0

v(t)|g′(t)|pdt




1
p

is considered, where 0 < µ < 1. Under some assumptions on the weight
functions u and w we get necessary and su�cient conditions for the
inequality.
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ÊËÀÑÑÎÂ Â ÏÐÎÑÒÐÀÍÑÒÂÅ ËÎÐÅÍÖÀ

Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ ïðîñòðàíñòâî Ëîðåíöà ñ àíèçîòðîïíîé
íîðìîé ïåðèîäè÷åñêèõ ôóíêöèé ìíîãèõ ïåðåìåííûõ. Óñòàíîâëåíû òî÷íûå
îöåíêè òðèãîíîìåòðè÷åñêèõ ïîïåðå÷íèêîâ êëàññîâ Íèêîëüñêîãî-Áåñîâà-
Àìàíîâà â ïðîñòðàíñòâå Ëîðåíöà ñ àíèçîòðîïíîé íîðìîé.
Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâî Ëîðåíöà, êëàññ Áåñîâà, òðèãîíîìåòðè÷å-
ñêèé ïîïåðå÷íèê

Ââåäåíèå
Ïóñòü x = (x1, ..., xm) ∈ Im = [0, 2π)m è θj , qj ∈ [1, +∞) , j = 1, ..., m .

×åðåç L∗
q,θ

(Im) îáîçíà÷èì ïðîñòðàíñòâà âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíê-
öèé f (x) , èìåþùèõ 2π -ïåðèîä ïî êàæäîé ïåðåìåííîé è äëÿ êîòîðûõ
âåëè÷èíà

‖f‖∗q̄,θ̄ =

[∫ 2π

0
t

θm
qm
−1

m

[
· · ·

[∫ 2π

0

(
f∗1,...,∗m(t1, ..., tm)

)θ1

t
θ1
q1
−1

1 dt1

] θ2
θ1 · · ·

] θm
θm−1

dtm

] 1
θm

êîíå÷íà, ãäå f∗1,...,∗m (t1, ..., tm) � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè
|f (x)| ïî êàæäîé ïåðåìåííîé xj ïðè ôèêñèðîâàííûõ îñòàëüíûõ ïåðåìåí-
íûõ [1].

c© Ã. Àêèøåâ, 2012.
Keywords: Lorentz spase, Besov class, trigonometric width
2010 Mathematics Subject Classi�cation: 42A10
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Â ñëó÷àå q1 = ... = qm = θ1 = ... = θm = q ïðîñòðàíñòâî L∗
q,θ

(Im)
ñîâïàäàåò ñ ïðîñòðàíñòâîì Ëåáåãà Lq (Im) ñ íîðìîé (ñì. [ 2], ãë. I, ï. 1.1)

‖f‖q =

[∫ 2π

0
...

∫ 2π

0
|f(x1, ..., xm)|qdx1...dxm

] 1
q

.

◦
L∗

q,θ
(Im) � ìíîæåñòâî âñåõ ôóíêöèé f ∈ L∗

q,θ
(Im) òàêèõ, ÷òî

2π∫

0

f (x) dxj = 0 ∀j = 1, ...,m.

Ôóíêöèÿ f ∈ L1 (Im) = L (Im) ðàçëàãàåòñÿ â ðÿä Ôóðüå
∑

n∈Zm

an (f) ei〈n,x〉,

ãäå an(f) � êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L1 (Im) ïî êðàòíîé òðè-
ãîíîìåòðè÷åñêîé ñèñòåìå {ei〈n,x〉}Zm è Zm � ïðîñòðàíñòâî òî÷åê èç Rm

ñ öåëî÷èñëåííûìè êîîðäèíàòàìè.
Ïîëîæèì δs (f, x) =

∑
n∈ρ(s)

an (f) ei〈n,x〉, ãäå 〈ȳ, x̄〉 =
m∑

j=1
yjxj , sj =

1, 2, ..., ρ(s̄) =
{
k = (k1, ..., km) ∈ Zm : 2sj−1 ≤ |kj | < 2sj , j = 1, ..., m

}
.

×èñëîâàÿ ïîñëåäîâàòåëüíîñòü {an}n∈Zm, ∈ lp, åñëè

∥∥{an}n∈Zm

∥∥
lp

=





∞∑
nm=−∞


...

[ ∞∑
n1=−∞

|an|p1

] p2
p1

...




pm
pm−1





1
pm

< +∞,

ãäå p = (p1, ..., pm) , 1 ≤ pj < +∞, j = 1, 2, ..., m.
S r̄

pH, S r̄
p,θB � ïðîñòðàíñòâà ôóíêöèé ñ äîìèíèðóþùåé ñìåøàííîé ïðî-

èçâîäíîé ñîîòâåòñòâåííî îïðåäåëåíû Ñ. Ì. Íèêîëüñêèì [3] è Ò.È. Àìàíî-
âûì ([4], ãë.I, ï.17).

Ï.È. Ëèçîðêèíûì è Ñ.Ì. Íèêîëüñêèì [5] èññëåäîâàíî äåêîìïîçèöè-
îííîå ðàçëîæåíèå ýëåìåíòîâ ïðîñòðàíñòâà

◦
S

r̄

p,θB .
Â àíèçîòðîïíîì ïðîñòðàíñòâå Ëîðåíöà

◦
L∗

p,θ
(Im) ðàññìîòðèì àíàëî-

ãè÷íûé êëàññ
◦
S

r

p,θ,τB =

{
f ∈

◦
L∗

p,θ
(Im) : ‖f‖◦

S
r

p,θ,τ B
=

∥∥∥∥
{

2〈s,r〉 ‖δs (f)‖∗
p,θ

}
s̄∈Zm

+

∥∥∥∥
lτ

≤ 1

}
,
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ãäå p = (p1, ..., pm) , θ = (θ1, ..., θm) , τ = (τ1, ..., τm) , 1 < pj < ∞, 1 ≤
θj , τj < +∞, j = 1, ..., m.

Ïóñòü äàí âåêòîð γ̄ = (γ1, ..., γm), γj > 0, j = 1, ..., m . Ïîëîæèì

Y m (γ, n) =
{
s = (s1, ..., sm) ∈ Zm

+ : 〈x̄, γ̄〉 ≥ n
}

.

Îïðåäåëåíèå 1. Ïóñòü äàí íåêîòîðûé ôóíêöèîíàëüíûé êëàññ
F ⊂ L∗

p̄,θ̄
(Im) . Òðèãîíîìåòðè÷åñêèì ïîïåðå÷íèêîì êëàññà F â ïðîñòðàí-

ñòâå L∗
p̄,θ̄

(Im) íàçûâàåòñÿ âåëè÷èíà

dT
M (F, L∗p̄,θ̄) = inf

ΩM

sup
f∈F

inf
t(ΩM )

‖f − t(ΩM )‖∗p̄,θ̄,

ãäå t(ΩM , x̄) =
M∑

j=1
cje

i〈k̄(j),x̄〉 , ΩM = {k̄(1), ..., k̄(M)} � íàáîð âåêòîðîâ k̄(j) =

(k(j)
1 , ..., k

(j)
m ), j = 1, ..., M, èç öåëî÷èñëåííîé ðåøåòêè Zm , cj � ïðîèçâîëü-

íûå ÷èñëà.

Ïîíÿòèå òðèãîíîìåòðè÷åñêîãî ïîïåðå÷íèêà â îäíîìåðíîì ñëó÷àå âïåð-
âûå ââåäåíî Ð.Ñ. Èñìàãèëîâûì [6] è èì óñòàíîâëåíû åãî îöåíêè äëÿ íåêî-
òîðûõ êëàññîâ â ïðîñòðàíñòâå íåïðåðûâíûõ ôóíêöèé. Äëÿ ôóíêöèè ìíî-
ãèõ ïåðåìåííûõ òî÷íûå ïîðÿäêè òðèãîíîìåòðèè÷åñêèõ ïîïåðå÷íèêîâ êëàñ-
ñà Ñîáîëåâà W r̄

p , Íèêîëüñêîãî H r̄
p â ïðîñòðàíñòâå Lq óñòàíîâëåíû Ý.Ñ.

Áåëèíñêèì [7], Â.Å. Ìàéîðîâûì [8], Þ. Ìàêîâîçîì [9], Ã.Ã. Ìàãàðèë-Èëüÿå-
âûì [10], Â.Í. Òåìëÿêîâûì [11]. Ýòà çàäà÷à äëÿ êëàññà Áåñîâà èññëåäîâàíà
À.Ñ. Ðîìàíþêîì [12], Ä.Á. Áàçàðõàíîâûì [13].

Äëÿ êëàññà Áåñîâà Br
p,θ À.Ñ. Ðîìàíþê [12] äîêàçàë ñëåäóþùóþ òåîðå-

ìó

Òåîðåìà 1. [12] Ïóñòü 1 ≤ p < 2 ≤ q < p
p−1 , 1 ≤ θ ≤ ∞, r > m .

Òîãäà

dT
n (Br

p,θ, Lq) ³ n
−
�
r1+ 1

2
− 1

p

�
(log n)(ν−1)

�
r1− 1

p
+ 1

2

�
+(ν−1)( 1

2
− 1

θ
)+ .

Çäåñü è â äàëüíåéøåì log M � ëîãàðèôì ñ îñíîâàíèåì 2 îò ÷èñëà
M > 0.
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Öåëü íàñòîÿùåé ñòàòüè: íàéòè òî÷íûé ïîðÿäîê òðèãîíîìåòðè÷åñêîãî
ïîïåðå÷íèêà îïðåäåëåííîãî âûøå êëàññà

◦
S

r

p,θ,τB â ïðîñòðàíñòâå L∗
q̄,θ̄

(Im).

Âñïîìîãàòåëüíûå óòâåðæäåíèÿ
Ñíà÷àëà ïðèâåäåì íåêîòîðûå äîïîëíèòåëüíûå îáîçíà÷åíèÿ è âñïîìî-

ãàòåëüíûå óòâåðæäåíèÿ.
Ïóñòü X � íîðìèðîâàííûå ïðîñòðàíñòâà 2π -ïåðèîäè÷åñêèõ ôóíêöèé

ìíîãèõ ïåðåìåííûõ. Äëÿ ôóíêöèè f ∈ X íàèëó÷øèì M -÷ëåííûì ïðè-
áëèæåíèåì íàçûâàåòñÿ âåëè÷èíà [6-8]

eM (f)X = inf
k̄j ,bj

‖f −
M∑

j=1

bje
i〈k̄j ,x̄〉‖X ,

ãäå {k̄j}M
j=1 � ñèñòåìà âåêòîðîâ k̄j = (kj

1, ..., k
j
m) ñ öåëî÷èñëåííûìè êîîð-

äèíàòàìè, bj � ïðîèçâîëüíûå êîýôôèöèåíòû. Åñëè F � íåêîòîðûé ôóíê-
öèîíàëüíûé êëàññ, òî ïîëîæèì eM (F )X = supf∈F eM (f)X .

×åðåç C(p, q, r, y) îáîçíà÷èì ïîëîæèòåëüíûå âåëè÷èíû, çàâèñÿùèå îò
óêàçàííûõ â ñêîáêàõ ïàðàìåòðîâ, âîîáùå ãîâîðÿ, ðàçëè÷íûå â ðàçíûõ
ôîðìóëàõ. Äëÿ ïîëîæèòåëüíûõ âåëè÷èí A(y), B(y) çàïèñü A (y) ³ B (y)
îçíà÷àåò, ÷òî ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà C1, C2 òàêèå, ÷òî

C1 ·A (y) ≤ B (y) ≤ C2 ·A (y) .

Ëåììà 1. [14] Ïóñòü äàíû ÷èñëî α ∈ (0, +∞) è γ = (γ1, ..., γm) , γ
′

=(
γ
′
1, ..., γ

′
m

)
, θ = (θ1, ..., θm) , θj ∈ [1,+∞), j = 1, ...,m, 1 = γ1 = ... =

γν < γν+1 ≤ ... ≤ γm, 1 = γ
′
j = γj , j = 1, ..., ν è 1 = γ

′
j < γj , j =

ν + 1, ..., m. Òîãäà èìååò ìåñòî ñîîòíîøåíèå

∥∥∥∥
{

2−α〈s,γ〉
}

s∈Y m(γ
′
,n)

∥∥∥∥
lθ

³ 2−nαn

νP
j=2

1
θj

.

Òåîðåìà À. [15] Ïóñòü p = (p1, ..., pm) , q = (q1, ..., qm) , r = (r1, ..., rm) ,
θ̄ = (θ1, ..., θm) , τ̄ = (τ1, ..., τm) , 1 ≤ pj < 2 < qj , j = 1, ...,m , 1 ≤
θj , τj < +∞ , 0 < r1 + 1

q1
− 1

p1
= ... = rν + 1

qν
− 1

pν
< rν+1 + 1

qν+1
− 1

pν+1
≤ ... ≤
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≤ rm + 1
qm
− 1

pm
. Òîãäà, åñëè rj > 1

pj
, j = 1, ..., m, (r1 − 1

p1
) 1

qj
< (rj −

1
pj

) 1
q1

, j = ν + 1, ...,m, òî

eM

(◦
S

r

p,θ,τB

)

q,θ̄

³ M
−
�
r1+ 1

2
− 1

p1

�
(log M)

(ν−1)
�
r1− 1

p1
+ 1

2

�
+

νP
j=2

�
1
2
− 1

τj

�
+ .

Îñíîâíûå ðåçóëüòàòû
Ïóñòü ΩM � ìíîæåñòâî, ñîäåðæàùåå íå áîëåå, ÷åì M âåêòîðîâ k̄ =

(k1, ..., km) ñ öåëî÷èñëåííûìè êîîðäèíàòàìè.

Ëåììà 2. [16] Ïóñòü 2 ≤ q < ∞ . Òîãäà äëÿ ëþáîãî òðèãîíîìåòðè÷åñêî-
ãî ïîëèíîìà

P (ΩM , x̄) =
M∑

j=1

ei〈k̄(j),x̄〉

è ëþáîãî íàòóðàëüíîãî ÷èñëà N ≤ M íàéäåòñÿ òðèãîíîìåòðè÷åñêèé
ïîëèíîì P (ΩN , x̄), ñîäåðæàùèé íå áîëåå N ãàðìîíèê, è òàêîé, ÷òî

‖P (ΩM )− P (ΩN )‖q ≤ CMN− 1
2 ,

ïðè÷åì ΩN ⊂ ΩM , âñå êîýôôèöèåíòû P (ΩN , x̄) îäèíàêîâû è íå ïðåâû-
øàþò MN−1 .

Ñëåäñòâèå 1. Ïóñòü q̄ = (q1, ..., qm), 2 < qj < ∞, j = 1, ...,m. Òîãäà
äëÿ ëþáîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà

P (Ω, x̄) =
M∑

j=1

ei〈k̄(j),x̄〉

è ëþáîãî íàòóðàëüíîãî ÷èñëà N ≤ M íàéäåòñÿ òðèãîíîìåòðè÷åñêèé
ïîëèíîì P (ΩN , x̄), ñîäåðæàùèé íå áîëåå N ãàðìîíèê, è òàêîé, ÷òî

‖P (ΩM )− P (ΩN )‖∗q̄,θ̄ ≤ CMN− 1
2 ,

ïðè÷åì ΩN ⊂ ΩM , âñå êîýôôèöèåíòû P (ΩN , x̄) îäèíàêîâû è íå ïðåâû-
øàþò MN−1 .
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Äîêàçàòåëüñòâî. Ïóñòü q � ïðîèçâîëüíîå ÷èñëî òàêîå, ÷òî qj < q, j =
1, ...m. Òîãäà

‖P (ΩM )− P (ΩN )‖∗,̄θ̄ ≤ C‖P (ΩM )− P (ΩN )‖q.

Òåïåðü èç ýòîãî íåðàâåíñòâà è ëåììû 2 ïîëó÷èòñÿ óòâåðæäåíèå ñëåäñòâèÿ.
Äëÿ êàæäîãî ýëåìåíòà s̄ ∈ Sl \Dl ðàññìîòðèì ëèíåéíûé îïåðàòîð

(Ts̄f)(x̄) = f(x̄)
( ∑

k̄∈ρ(s̄)

ei〈k̄,x̄〉 − t(ΩNs̄ , x̄)
)
. (1)

Äëÿ ýòîãî îïåðàòîðà ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå

Ëåììà 3. Ïóñòü 1 < pj < 2 < qj <
pj

pj−1 = p
′
j , j = 1, ..., m. Òîãäà

íîðìà îïåðàòîðà Ts̄, äåéñòâóþùåãî èç L∗
p̄,θ̄(1) â L∗

q̄,θ̄(2) , óäîâëåòâîðÿåò
íåðàâåíñòâó

‖Ts̄‖L∗
p̄,θ̄(1)

→L∗
q̄,θ̄(2)

= sup
‖f‖∗

p,θ̄(1)≤1

‖Ts̄f‖∗q,θ̄(2) ≤ C2〈s̄,1̄〉N
−( 1

2
+ 1

p
′
1

)

s̄ .

Äîêàçàòåëüñòâî. Ïî àíàëîãó òåîðåìû Ðèññà-Òîðèíà â ïðîñòðàíñòâå Ëî-
ðåíöà L∗

p̄,θ̄(1) [1]

‖Ts̄‖L∗
p̄,θ̄(1)

→L∗
q̄,θ̄(2)

≤ ‖Ts̄‖1−λ
L2→L2

‖Ts̄‖L1→L∗
q̄∗,θ̄(2)

, (2)

ãäå 0 < λ < 1 è êîîðäèíàòû q̄∗ = (q∗1, ..., q
∗
m) óäîâëåòâîðÿþò ðàâåíñòâó

1
qj

=
1− λ

2
+

λ

q∗j
, j = 1, ..., m.

Âûáåðåì λ = 2
p1
−1 . Êîýôôèöèåíòû ïîëèíîìà ts̄(x̄)−t(ΩNs̄ , x̄) ðàâíû è èõ

àáñîëþòíûå çíà÷åíèÿ íå ïðåâûøàþò 2〈s̄,1̄〉N−1
s̄ . Ïîýòîìó â ñèëó ðàâåíñòâà

Ïàðñåâàëÿ èìååì
‖Ts̄‖L2→L2 ≤ 2〈s̄,1̄〉N−1

s̄ . (3)

Äàëåå, èñïîëüçóÿ îáîáùåííîå íåðàâåíñòâî Ìèíêîâñêîãî è ñëåäñòâèå 1, áó-
äåì èìåòü

‖Ts̄f‖∗q,θ̄(2) ≤ ‖f‖1 ‖ts̄ − t(ΩNs̄)‖∗q,θ̄(2) ≤ C‖f‖12〈s̄,1̄〉N
− 1

2
s̄ .
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Ñëåäîâàòåëüíî,
‖Ts̄‖L1→L∗

q̄∗,θ̄(2)
≤ C2〈s̄,1̄〉N

− 1
2

s̄ . (4)

Òåïåðü, (3) è (4) ïîäñòàâëÿÿ â (2), ïîëó÷èì

‖Ts̄‖L∗
p̄,θ̄(1)

→L∗
q̄,θ̄(2)

≤ C
(
2〈s̄,1̄〉N−1

s̄

)1−λ
(

2〈s̄,1̄〉N
− 1

2
s̄

)λ

= C2〈s̄,1̄〉N
−( 1

2
+ 1

p
′
1

)

s̄ .

Ëåììà 3 äîêàçàíà.

Òåîðåìà 2. Ïóñòü 1 < pj < qj <
pj

pj−1 , 1 < θ
(1)
j , θ

(2)
j , 1 ≤ τj ≤ ∞,

j = 1, ...m è max
j

qj < min
j

pj

pj−1 .

1. Åñëè τj ≤ θ
(2)
j , j = 1, ..., m èëè θ

(2)
j < τj , 2 < τj , j = 1, ..., m , òî

dT
M (

◦
S

r

p,θ̄(1),τB,L∗
q̄,θ̄(2)) ³ M

−(r1+ 1
2
− 1

p1
) (log M)

(ν−1)(r1− 1
p1

+ 1
2
)+

νP
j=2

( 1
2
− 1

τj
)+

.

2. Åñëè θ
(2)
j < τj , 1 ≤ τj ≤ 2, j = 1, ..., m, òî

dT
M (

◦
S

r

p,θ̄(1),τB, L∗
q̄,θ̄(2)) ≤ CM

−(r1+ 1
2
− 1

p1
) (log M)

(ν−1)(r1− 1
p1

+ 1
2
)+

νP
j=2

( 1

θ
(2)
j

− 1
τj

)+

.

Äîêàçàòåëüñòâî. Òàê êàê

eM

(◦
S

r

p,θ̄(1),τB

)

q̄,θ̄(2)

≤ dT
M (

◦
S

r

p,θ̄(1),τB,L∗
q̄,θ̄(2)),

òî íèæíÿÿ îöåíêà âåëè÷èíû dT
M (

◦
S

r

p,θ̄(1),τB, L∗
q̄,θ̄(2)) â ïåðâîì ïóíêòå óòâåð-

æäåíèÿ ñëåäóåò èç òåîðåìû À îá îöåíêå M -÷ëåííîãî íàèëó÷øåãî ïðèáëè-
æåíèÿ.

Äîêàæåì îöåíêó ñâåðõó. Äëÿ ýòîãî ïî çàäàííîìó M âûáåðåì íàòó-
ðàëüíîå ÷èñëî l òàêîå , ÷òî M ³ 2llν−1 è 2llν−1 ≥ 2M . Ââåäåì îáîçíà÷å-
íèÿ:

Bl = {s̄ = (s1, ..., sm) ∈ Nm : 〈s̄, γ̄′〉 < l},
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Sl = {s̄ = (s1, ..., sm) ∈ Nm : l ≤ 〈s̄, γ̄′〉 < αl}.
Êàæäîìó ýëåìåíòó s̄ ∈ Sl ïîñòàâèì â ñîîòâåòñòâèå ÷èñëî

Ns̄ =
[
2lr12〈s̄,γ̄〉(1−r1)

]
, (5)

ãäå [a] � öåëàÿ ÷àñòü ÷èñëà a . Òîãäà, ïîëüçóÿñü èçâåñòíûì ñîîòíîøåíèåì
(ñì. ëåììó 1 â ñëó÷àå θj = 1, j = 1, ...,m )

∑

〈s,γ′ 〉≥n

2−β〈s̄,γ̄〉 ³ 2−βnnν−1, β > 0, (6)

èìååì
∑

s̄∈Sl

Ns̄ ≤ 2lr1
∑

l≤〈s,γ′ 〉<αl

2−〈s̄,γ̄〉(r1−1) ≤ C2lr12−l(r1−1)lν−1 = C2llν−1 ³ M.

Åñëè s̄ ∈ Sl è 〈s̄, 1̄〉 ≥ l, òî 2〈s̄,1̄〉 ≥ 2lr12〈s̄,γ̄〉(1−r1) .
Åñëè s̄ ∈ Sl è 〈s̄, 1̄〉 < l, òî ïîäìíîæåñòâî òåõ ýëåìåíòîâ s̄, äëÿ êî-

òîðûõ 2〈s̄,1̄〉 < 2lr12〈s̄,γ̄〉(1−r1), îáîçíà÷èì Dl. Ïóñòü t(ΩNs̄ , x̄) � òðèãîíî-
ìåòðè÷åñêèé ïîëèíîì, êîòîðûì ïðèáëèæàåòñÿ "áëîê" ts̄(x̄) =

∑
k̄∈ρ(s̄)

ei〈k̄,x̄〉

ñîãëàñíî ëåììå 2, ò.å.

‖ts̄ − t(ΩNs̄)‖q̄0
≤ C2〈s̄,1̄〉N

− 1
2

s̄

ïðè íåêîòîðîì q0 ∈ (2,∞) . Ïîëîæèì q0 = max
j=1,...,m

{qj} . Òîãäà

‖ts̄ − t(ΩNs̄)‖∗q̄,θ̄(2) ≤ ‖ts̄ − t(ΩNs̄)‖q̄0
≤ C2〈s̄,1̄〉N

− 1
2

s̄ ,

ïðè ýòîì ΩNs̄ ⊂ ρ(s̄) è âñå êîýôôèöèåíòû ïîëèíîìà t(ΩNs̄ , x̄) îäèíàêîâû.
Òåïåðü äîêàæåì, ÷òî ïîäïðîñòðàíñòâî òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ

ñ íîìåðàìè ãàðìîíèê èç îáúåäèíåíèÿ ìíîæåñòâ

Qγ
′

l = ∪s̄∈Bl∪Dl
ρ(s̄), P γ

′

l = ∪s̄∈Sl\Dl
ΩNs̄

ðåàëèçóåò ïîðÿäîê ïîïåðå÷íèêà dT
M (

◦
S

r

p,θ̄(1),τB, L∗
p̄,θ̄

).
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Ïóñòü f ∈ Sr
p,θ̄(1),τ

B . Ðàññìîòðèì ïîëèíîì

t(x̄) =
∑

s̄∈Bl∪Dl

δs̄ (f, x̄) +
∑

s̄∈Sl\Dl

t(ΩNs̄ , x̄) ∗ δs̄ (f, x̄) (7)

è äîêàæåì, ÷òî îí ðåàëèçóåò òðåáóåìóþ îöåíêó ïðèáëèæåíèÿ äëÿ f .
Ïî ñâîéñòâó êâàçèíîðìû èìååì

‖f − t‖∗q̄,θ̄(2) ≤

≤
∥∥∥

∑

s̄∈Sl\Dl

(δs̄ (f, x̄)− t(ΩNs̄ , x̄) ∗ δs̄ (f, x̄))
∥∥∥
∗

q̄,θ̄(2)
+

∥∥∥
∑

〈s̄,γ′ 〉≥αl

δs̄(f, x̄)
∥∥∥
∗

q̄,θ̄(2)
=

= J1 + J2. (8)

Îöåíèì J2 . Ïîëüçóÿñü òåîðåìîé 1 [17], ïîëó÷èì

J2 ≤ C(p, q, m)
∥∥∥
{ m∏

j=1

2
sj(

1
pj
− 1

qj
)‖δs(f)‖∗

p,θ̄(1)

}
〈s̄,γ̄′ 〉≥αl

∥∥∥
l
θ̄(2)

= C(p, q)J3(f),

(9)
Îöåíèì J3. Ïóñòü 1 ≤ τj ≤ θ

(2)
j , j = 1, ...,m . Òîãäà, ïîëüçóÿñü íåðàâåí-

ñòâîì Éåíñåíà (ñì. [2], ãë. III, ï. 3.3.3 è [15]), áóäåì èìåòü

J3 ≤ C(p, q, m)
∥∥∥
{ m∏

j=1

2
sj(

1
pj
− 1

qj
)‖δs(f)‖∗

p,θ̄(1)

}
〈s̄,γ̄′ 〉≥αl

∥∥∥
lτ̄
≤ C2−αl(r1+ 1

q1
− 1

p1
)

(10)
äëÿ ëþáîé ôóíêöèè f ∈ Sr

p,θ̄(1),τ
B, 1 ≤ τj ≤ θ

(2)
j , j = 1, ..., m .

Ïóñòü θ
(2)
j < τj , j = 1, ..., m . Òîãäà, ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ñ

ïîêàçàòåëÿìè τj

θj
> 1, j = 1, ..., m, ëåììó 1, áóäåì èìåòü

J3 ≤ C(p, q,m)
∥∥∥
{ m∏

j=1

2sjrj‖δs(f)‖∗
p,θ̄(1)

}
〈s̄,γ̄′ 〉≥αl

∥∥∥
lτ̄
×

×
∥∥∥
{ m∏

j=1

2
−sj(rj+

1
qj
− 1

pj
)
}
〈s̄,γ̄′ 〉≥αl

∥∥∥
lε̄
≤
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≤ C2−αl
�
r1+ 1

q1
− 1

p1

�
l

νP
j=2

( 1

θ
(2)
j

− 1
τj

)

, (11)

ãäå ε = (ε1, ..., εm), 1
εj

= 1

θ
(2)
j

− 1
τj

j = 1, ...,m .
Ñëåäîâàòåëüíî, â ñèëó (10) è (11) èç îöåíêè (9) ïîëó÷èì

J2 ≤ C2−αl
�
r1+ 1

q1
− 1

p1

�
l

νP
j=2

( 1

θ
(2)
j

− 1
τj

)+

, (12)

ãäå ( 1

θ
(2)
j

− 1
τj

)+ = 1

θ
(2)
j

− 1
τj

, åñëè θ
(2)
j < τj , è ( 1

θ
(2)
j

− 1
τj

)+ = 0, åñëè τj ≤ θ
(2)
j .

Åñëè
ν∑

j=2

1

θ
(2)
j

≤ ν−1
2 , òî èç íåðàâåíñòâà (12) â ñëó÷àå θ

(2)
j < τj , j =

1, ..., m, ñëåäóåò, ÷òî

J2 ≤ C2−αl
�
r1+ 1

q1
− 1

p1

�
l

νP
j=2

( 1
2
− 1

τj
)

. (13)

Îöåíèì J1. Ïî óñëîâèþ òåîðåìû max
j

qj < min
j

pj

pj−1 . Ïîýòîìó ñóùåñòâóåò

÷èñëî q(0) òàêîå, ÷òî max
j

qj ≤ q(0) < min
j

pj

pj−1 . Òîãäà Lq(0) ⊂ L∗
q̄,θ̄(2) è

‖g‖∗p,θ̄(2) ≤ C ‖g‖q(0) , g ∈ Lq(0) .

Ôóíêöèÿ
gl(x̄) =

∑

s̄∈Sl\Dl

(δs̄ (f, x̄)− t(ΩNs̄ , x̄) ∗ δs̄ (f, x̄))

íåïðåðûâíà, ñëåäîâàòåëüíî, gl ∈ Lq(0) . Ïîýòîìó

J1 =
∥∥∥

∑

s̄∈Sl\Dl

(δs̄(f, x̄)− t(ΩNs̄ , x̄) ∗ δs̄(f, x̄))
∥∥∥
∗

q̄,θ̄(2)
≤

≤ C
∥∥∥

∑

s̄∈Sl\Dl

(δs̄(f, x̄)− t(ΩNs̄ , x̄) ∗ δs̄(f, x̄))
∥∥∥

q(0)
.

Ïîëüçóÿñü òåîðåìîé Ëèòòëüâóäà-Ïýëè (ñì. [2], ãë. I, ï.1.5.2), îòñþäà ïîëó-
÷èì

J1 ≤ C
∥∥∥
( ∑

s̄∈Sl\Dl

|δs̄(f, x̄)− t(ΩNs̄ , x̄) ∗ δs̄(f, x̄)|2
) 1

2
∥∥∥

q̄(0)
≤
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≤ C
( ∑

s̄∈Sl\Dl

‖δs̄(f, x̄)− t(ΩNs̄ , x̄) ∗ δs̄(f, x̄)‖2
q(0)

) 1
2
. (14)

Ïîëüçóÿñü ëåììîé 3, ïðè qj = θ
(2)
j = q(0) èç íåðàâåíñòâà (14) ïîëó÷èì

J1 ≤ C
{ ∑

s̄∈Sl\Dl

(‖Ts̄‖L∗
p̄,θ̄(1)

→L
q(0)
‖δs̄(f)‖∗

p̄,θ̄(1)

)2
} 1

2 ≤ (15)

≤ C
{ ∑

s̄∈Sl\Dl

(
2〈s̄,1̄〉N

−( 1
2
+ 1

p
′
1

)

s̄ ‖δs̄(f)‖∗
p̄,θ̄(1)

)2
} 1

2
.

Ïîäñòàâëÿÿ çíà÷åíèÿ Ns̄ (ñì. (5)) â ïðàâóþ ÷àñòü (15), áóäåì èìåòü

J1 ≤ C
{ ∑

s̄∈Sl\Dl

22〈s̄,1̄〉(2lr12〈s̄,γ̄〉(1−r1)
)−2( 1

2
+ 1

p
′
1

)(‖δs̄(f)‖∗
p̄,θ̄(1)

)2
} 1

2 ≤

≤ C
{ ∑

s̄∈Sl\Dl

22〈s̄,γ̄〉(2lr12〈s̄,γ̄〉(1−r1)
)−2( 1

2
+ 1

p
′
1

)(‖δs̄(f)‖∗
p̄,θ̄(1)

)2
} 1

2 =

= C2
− l

2
r1(1+ 2

p
′
1

){ ∑

s̄∈Sl\Dl

2
2〈s̄,γ̄〉((r1−1)(1+ 2

p
′
1

)+2−2r1)
22〈s̄,r̄〉(‖δs̄(f)‖∗

p̄,θ̄(1)

)2
} 1

2
.

(16)
Ðàññìîòðèì îòäåëüíî ñëó÷àè τj ∈ [1, 2] è τj ∈ (2, +∞], j = 1, ..., m.

Ïóñòü τj ∈ [1, 2], j = 1, ..., m. Òîãäà, ó÷èòûâàÿ óñëîâèå 2(r1 − 1) 1

p
′
1

+

1− r1 < 0 è ïîëüçóÿñü íåðàâåíñòâîì Éåíñåíà, èç (16) ïîëó÷èì

J1 ≤ C2
− l

2
r1(1+ 2

p
′
1

)
2

l
2
(2(r1−1) 1

p
′
1

+1−r1)∥∥∥
{ m∏

j=1

2sjrj‖δs(f)‖∗
p,θ̄(1)

}
s̄∈Zm

+

∥∥∥
lτ̄
≤

≤ C2−l(r1+ 1
2
− 1

p1
)
.

Òàêèì îáðàçîì,
J1 ≤ C2−l(r1+ 1

2
− 1

p1
) (17)

äëÿ ëþáîé ôóíêöèè f ∈ Sr
p,θ̄(1),τ

B ïðè τj ∈ [1, 2], j = 1, ...,m.
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Ïóñòü 2 < τj < +∞, j = 1, ...,m. Òîãäà ê ïðàâîé ÷àñòè íåðàâåíñòâà
(16) ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ñî ñòåïåíÿìè εj = τj

2 , j = 1, ..., m,
áóäåì èìåòü

J1 ≤ C2
− l

2
r1(1+ 2

p
′
1

)∥∥∥
{ m∏

j=1

2sjrj‖δs(f)‖∗
p,θ̄(1)

}
s̄∈Zm

+

∥∥∥
lτ̄
×

×
∥∥∥
{

2
〈s̄,γ̄〉(2(r1−1) 1

p
′
1

+1−r1)}
s̄∈Sl\Dl

∥∥∥
1
2

l
ε̄
′
, (18)

ãäå ε̄
′
= (ε

′
1, ..., ε

′
m), ε

′
j = εj

εj−1 , j = 1, ..., m.

Äàëåå, ïîëüçóÿñü ëåììîé 1 è ó÷èòûâàÿ, ÷òî 2(r1−1) 1

p
′
1

+1− r1 < 0, èç
(18) ïîëó÷èì

J1 ≤ C2
− l

2
r1(1+ 2

p
′
1

)
2

l
2
(2(r1−1) 1

p
′
1

+1−r1)
l

1
2

νP
j=2

1

ε
′
j = C2−l(r1+ 1

2
− 1

p1
)
l

νP
j=2

( 1
2
− 1

τj
)

.

Òàêèì îáðàçîì,

J1 ≤ C2−l(r1+ 1
2
− 1

p1
)
l

νP
j=2

( 1
2
− 1

τj
)

(19)

äëÿ ëþáîé ôóíêöèè f ∈ Sr
p,θ̄(1),τ

B ïðè 2 < τj < +∞, j = 1, ..., m.

Íåðàâåíñòâà (17) è (19) ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

J1 ≤ C2−l(r1+ 1
2
− 1

p1
)
l

νP
j=2

( 1
2
− 1

τj
)+

(20)

äëÿ ëþáîé ôóíêöèè f ∈ Sr
p,θ̄(1),τ

B, ãäå a+ = a, åñëè a > 0, è a+ = 0,
åñëè a ≤ 0 .

Â ñëó÷àå τj ≤ θ
(2)
j , j = 1, ..., m, íåðàâåíñòâî (8) èìååò âèä (ñì. (10))

J2 ≤ C2−αl(r1+ 1
q1
− 1

p1
)
. (21)

Åñëè æå θ
(2)
j < τj , j = 1, ..., m , òî (12) èìååò âèä

J2 ≤ C2−αl(r1+ 1
q1
− 1

p1
)
l

νP
j=2

( 1

θ
(2)
j

− 1
τj

)

. (22)
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Â ýòèõ íåðàâåíñòâàõ ïîëîæèì α =
r1+ 1

2
− 1

p1

r1+ 1
q1
− 1

p1

. Òîãäà

J2 ≤ C2−l(r1+ 1
2
− 1

p1
) (23)

â ñëó÷àå τj ≤ θ
(2)
j , j = 1, ...,m è

J2 ≤ C2−l(r1+ 1
q1
− 1

p1
)
l

νP
j=2

( 1

θ
(2)
j

− 1
τj

)

(24)

â ñëó÷àå θ
(2)
j < τj , j = 1, ...,m.

Åñëè 1 ≤ τj ≤ 2 è τj ≤ θ
(2)
j , j = 1, ..., m, òî â ñèëó íåðàâåíñòâ (20) (ñì.

(17) è (23)) èç íåðàâåíñòâà (8) ñëåäóåò, ÷òî

‖f − t‖∗q̄,θ̄(2) ≤ C2−l(r1+ 1
2
− 1

p1
)
. (25)

Åñëè 2 < τj < +∞ è τj ≤ θ
(2)
j , j = 1, ..., m, òî â ñèëó (20) (ñì. (19)) è (24)

èç (8) ïîëó÷èì

‖f − t‖∗q̄,θ̄(2) ≤ C2−l(r1+ 1
2
− 1

p1
)
l

νP
j=2

( 1
2
− 1

τj
)

. (26)

Îöåíêè (25) è (26) ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

‖f − t‖∗q̄,θ̄(2) ≤ C2−l(r1+ 1
2
− 1

p1
)
l

νP
j=2

( 1
2
− 1

τj
)+

, (27)

åñëè τj ≤ θ
(2)
j , j = 1, ..., m.

Ïóñòü θ
(2)
j < τj , j = 1, ..., m. Òîãäà, åñëè 1 ≤ τj ≤ 2, j = 1, ...,m, òî â

ñèëó íåðàâåíñòâ (20) (ñì. (17) è (24)) èç (8) ïîëó÷èì

‖f − t‖∗q̄,θ̄(2) ≤ C2−l(r1+ 1
2
− 1

p1
)
l

νP
j=2

( 1

θ
(2)
j

− 1
τj

)

. (28)

Åñëè æå 2 < τj < +∞, j = 1, ..., m, òî â ñèëó íåðàâåíñòâ (20) (ñì. (17)) è
(24) èç (8) áóäåì èìåòü
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‖f − t‖∗q̄,θ̄(2) ≤ C2−l(r1+ 1
2
− 1

p1
){l

νP
j=2

( 1
2
− 1

τj
)

+ l

νP
j=2

( 1

θ
(2)
j

− 1
τj

)

}. (29)

Êðîìå ýòîãî, åñëè
ν∑

j=2

1

θ
(2)
j

≤ ν−1
2 , òî èç (29) ïîëó÷èì

‖f − t‖∗q̄,θ̄(2) ≤ C2−l(r1+ 1
2
− 1

p1
)
l

νP
j=2

( 1
2
− 1

τj
)

(30)

â ñëó÷àå θ
(2)
j < τj è 2 < τj < +∞, j = 1, ...,m.

Åñëè æå
ν∑

j=2

1

θ
(2)
j

> ν−1
2 , òî â íåðàâåíñòâå (22) ïîëîæèì

α =

r1 + 1
2 − 1

p1
+

ν∑
j=2

( 1

θ
(2)
j

− 1
2) log l

l

r1 + 1
q1
− 1

p1

.

Òîãäà

J2 ≤ C2−l(r1+ 1
2
− 1

p1
)
l

νP
j=2

( 1
2
− 1

τj
)

, (31)

åñëè θ
(2)
j < τj è 2 < τj < +∞, j = 1, ..., m è

ν∑
j=2

1

θ
(2)
j

> ν−1
2 .

Òåïåðü â ñèëó íåðàâåíñòâ (20) è (31) èç (8) áóäåì èìåòü

‖f − t‖∗q̄,θ̄(2) ≤ C2−l(r1+ 1
2
− 1

p1
)
l

νP
j=2

( 1
2
− 1

τj
)

, (32)

åñëè θ
(2)
j < τj è 2 < τj < +∞, j = 1, ..., m è

ν∑
j=2

1

θ
(2)
j

> ν−1
2 .

Â ñèëó ïðîèçâîëüíîñòè ôóíêöèè f ∈ Sr
p,θ̄(1),τ

B èç íåðàâåíñòâà (27)
ïîëó÷èì

dT
M (

◦
S

r

p,θ̄(1),τB, L∗
q̄,θ̄(2)) ≤ C2−l(r1+ 1

2
− 1

p1
)
l

νP
j=2

( 1
2
− 1

τj
)+
³ (33)

³ M
−(r1+ 1

2
− 1

p1
)(log M)(ν−1)(r1+ 1

2
− 1

p1
)(log M)

νP
j=2

( 1
2
− 1

τj
)+

,
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åñëè τj ≤ θ
(2)
j , j = 1, ...,m.

Èç íåðàâåíñòâà (28) ñëåäóåò, ÷òî

dT
M (

◦
S

r

p,θ̄(1),τB,L∗
q̄,θ̄(2)) ≤ M

−(r1+ 1
2
− 1

p1
)(log M)(ν−1)(r1+ 1

2
− 1

p1
)(log M)

νP
j=2

( 1

θ
(2)
j

− 1
τj

)

,

(34)
åñëè θ

(2)
j < τj , 1 ≤ τj ≤ 2, j = 1, ..., m.

Åñëè æå θ
(2)
j < τj < +∞, 2 < τj ≤ ∞, j = 1, ..., m , òî èç íåðàâåíñòâ

(30) è (32) ñëåäóåò, ÷òî

dT
M (

◦
S

r

p,θ̄(1),τB,L∗
q̄,θ̄(2)) ≤≤ M

−(r1+ 1
2
− 1

p1
)(log M)(ν−1)(r1+ 1

2
− 1

p1
)(log M)

νP
j=2

( 1
2
− 1

τj
)

.

(35)
Ñîîòíîøåíèÿ (33) è (35) äàþò îöåíêó ñâåðõó â ïåðâîì ïóíêòå òåîðå-

ìû. Íåðàâåíñòâî (34) � ýòî îöåíêà âî âòîðîì ïóíêòå òåîðåìû. Òåîðåìà 2
äîêàçàíà.

Òåîðåìà 3. Ïóñòü 1 < pj < qj ≤ 2, 1 < θ
(1)
j , θ

(2)
j , 1 ≤ τj ≤ ∞,

rj > 1
pj
− 1

qj
, j = 1, ...m è r1+ 1

q1
− 1

p1
= ... = rν+ 1

qν
− 1

pν
< rν+1+ 1

qν+1
− 1

pν+1
≤

≤ ... ≤ rm + 1
qm
− 1

pm
, r1( 1

pj
− 1

qj
) < rj( 1

p1
− 1

q1
), j = ν + 1, ...,m. Òîãäà

dT
M (

◦
S

r

p,θ̄(1),τB,L∗
q̄,θ̄(2)) ≤

≤ CM
−
�
r1+ 1

q1
− 1

p1

�
(log M)

(ν−1)
�
r1− 1

p1
+ 1

q1

�
+

νP
j=2

 
1

θ
(2)
j

− 1
τj

!
+ .

Äîêàçàòåëüñòâî ñëåäóåò èç òåîðåìû 2 â [17].
Çàìå÷àíèå. Îòìåòèì, ÷òî ïðè pj = θ

(1)
j = p, qj = θ

(2)
j = q, τj =

τ, j = 1, ..., m èç òåîðåì 2 è 3 ïîëó÷èì ðåçóëüòàòû À.Ñ. Ðîìàíþêà [12].
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In this article the Lorentz space with anisotropic norm of periodic functions
of many variables is under consideration. Rigorous estimates of trigonometric
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ÎÁ ÎÃÐÀÍÈ×ÅÍÍÛÕ ÐÅØÅÍÈßÕ ÐÄÑ

Èññëåäóþòñÿ àñèìïòîòè÷åñêèå ñâîéñòâà ÐÄÑ. Ïîëó÷åíû óñëîâèÿ, ïðè êî-
òîðûõ ðåøåíèÿ ÐÄÑ áóäóò îãðàíè÷åíû, è äîêàçàíà òåîðåìà, ÿâëÿþùàÿñÿ
äèñêðåòíûì àíàëîãîì òåîðåìû Áîëÿ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé.
Êëþ÷åâûå ñëîâà: ðàçíîñòíî-äèíàìè÷åñêèå ñèñòåìû, îãðàíè÷åííûå ðåøå-
íèÿ.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðàñïðîñòðàíåíèå íåêîòîðûõ ìåòîäîâ
èññëåäîâàíèÿ àñèìïòîòè÷åñêèõ ñâîéñòâ äèôôåðåíöèàëüíûõ óðàâíåíèé [1]
íà ðàçíîñòíî-äèíàìè÷åñêèå ñèñòåìû (ÐÄÑ), ñ ïîìîùüþ êîòîðûõ ïîëó÷åíà
àíàëîãè÷íàÿ òåîðåìà Áîëÿ äëÿ ÐÄÑ. Ñíà÷àëà äîêàæåì ñëåäóþùóþ ëåììó,
ÿâëÿþùóþñÿ äèñêðåòíûì àíàëîãîì ðåçóëüòàòà â [2].

Ëåììà 1. Ïóñòü
yn+1 = Ayn + f (n) , (1)

ãäå A−m×m ïîñòîÿííàÿ ìàòðèöà, yn, f (n) ∈ Rm è fj (n) ∈ C, j = 1,m .
Ïðè÷åì ñðåäè ñîáñòâåííûõ ÷èñåë ìàòðèöû A íåò ïî ìîäóëþ ðàâíûõ åäè-
íèöå. Òîãäà ñóùåñòâóåò ìàòðèöà G (n) ∈ C∞ (|n| ∈ N) , èìåþùàÿ ñëåäó-
þùèå ñâîéñòâà:

1) G (0) = Em , ãäå Em− åäèíè÷íàÿ m×m - ìàòðèöà,
2) ‖G(n)‖ ≤ ce−α|n| (n 6= 0), c è α � ïîëîæèòåëüíûå ïîñòîÿííûå,
3) G (n + 1) = AG (n) ïðè n 6= 0 ,
c© Ê. Á. Áàïàåâ, 2012.
Keywords: di�erence dynamical system, limited solution
2010 Mathematics Subject Classi�cation:
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4)

ηn =
∞∑

τ=−∞
G (n− τ) f (τ) (2)

ïðåäñòàâëÿåò ñîáîé åäèíñòâåííîå îãðàíè÷åííîå íà Z ðåøåíèå ÐÄÑ (1).

Äîêàçàòåëüñòâî. Ñ ïîìîùüþ íåîñîáåííîé (m×m) - ìàòðèöû B ìàòðèöó
A ìîæíî ïðèâåñòè ê ñëåäóþùåìó âèäó:

BAB−1 = diag (P,Q) ,

ãäå P èìååò õàðàêòåðèñòè÷åñêèå ÷èñëà λj(P ) : ‖λj(P )‖ > 1, j = 1, k; Q
èìååò õàðàêòåðèñòè÷åñêèå ÷èñëà λ1(Q) : ‖λl(Q)‖ < 1, l = m− k, m.

Ïîëîæèì
G (t) = −S−1diag

(
P t, 0

)
S ïðè t ∈ Z−, (3)

G (t) = S−1diag
(
0, Qt

)
S ïðè t ∈ Z+, (4)

î÷åâèäíî, èìååì G (|n| ∈ Z+) ; êðîìå òîãî, G (+0)−G (−0) = En è, òàêèì
îáðàçîì, ñâîéñòâî 1) âûïîëíåíî.

Äàëåå, ïîëàãàÿ 1 < α1 < min
j

λj (P ) , 1 < α2 < min
l

1
λl(Q) , ïîëó÷èì

‖Pn‖ =
∥∥∥en ln|P |

∥∥∥ ≤ c1e
α1n ïðè n ∈ Z−

è
‖Qn‖ =

∥∥∥ek ln|Q|
∥∥∥ ≤ c2e

−nα2 ïðè n ∈ Z+,

ãäå c1 è c2 � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå; îòñþäà ñëåäóåò ñâîé-
ñòâî

2)
‖G (n)‖ ≤ ce−α|n| (|n| 6= 0) , (5)

ãäå α = min (α1, α2) ;

G (n + 1) = −S−1diag
(
Pn+1, 0

)
S =

= −S−1diag (P, Q) SS−1diag (Pn, 0)S = AG (n)

ïðè n < 0 . Àíàëîãè÷íî èç ôîðìóëû (4) ïîëó÷èì

G (n + 1) = AG (n) ïðè n > 0.
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Ñëåäîâàòåëüíî, èìååò ìåñòî ñâîéñòâî 3). Íàêîíåö, èç (5) âûâîäèì
∞∑

n=−∞
‖G (n)‖ ≤ 2c

∞∑

n=0

e−αn =
2c

1− e−α
. (6)

Ïîýòîìó ðÿä (2) ñõîäèòñÿ äëÿ ëþáîãî n ∈ Z èç

η (n) =
n∑

τ=−∞
G (n− τ) f (τ) +

∞∑

τ=n+1

G (n− τ) .

Ôîðìàëüíî âàðüèðóÿ ïî ïåðåìåííîé n, áóäåì èìåòü

ηn+1 = G (0) f (n + 1) + A
n∑

τ=−∞
G (n− τ) f (τ)+

+A
∞∑

τ=n

G (n− τ) f (τ) = f (n + 1) + Aη (n) ∀n ∈ Z.

Èòàê, η (n) ÿâëÿåòñÿ ðåøåíèåì ÐÄÑ (1). Oöåíèâàÿ η (n) ïî íîðìå è íà
îñíîâàíèè (6) áóäåì èìåòü

‖η (n)‖ ≤ sup
n
‖f (n)‖ ·

∞∑
−∞

‖G (n− τ)‖ ≤ Γ · 2c

1− eα
= Γ1 < ∞. (7)

Ñëåäîâàòåëüíî, ðåøåíèå η (n) îãðàíè÷åíî íà ìíîæåñòâå n ∈ Z . Òî, ÷òî
îãðàíè÷åííîå ðåøåíèå η (n) åäèíñòâåííî, ñëåäóåò èç òîãî, ÷òî äëÿ äâóõ
îãðàíè÷åííûõ íà Z ðåøåíèé η (n) , η1 (n) ðåøåíèåì ëèíåéíîé îäíîðîäíîé
ÐÄÑ xn+1 = Axn åäèíñòâåííûì, îãðàíè÷åííûì íà Z ÿâëÿåòñÿ òðèâèàëü-
íîå ðåøåíèå xn ≡ 0 . Òàêèì îáðàçîì, ñâîéñòâî 4) òàêæå âûïîëíåíî, òåì
ñàìûì ëåììà äîêàçàíà.

Ñëåäñòâèå 1. Äëÿ îãðàíè÷åííîãî ðåøåíèÿ η (n) ÐÄÑ (1) ñïðàâåäëèâa
îöåíêà

sup
n
‖ηn‖ ≤ T · sup

n
‖f (n)‖ ,

ãäå ïîñòîÿííàÿ T çàâèñèò òîëüêî îò ìàòðèöû A .
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Çàìå÷àíèå 1. Åñëè ñâîáîäíûé ÷ëåí ÐÄÑ (1) åñòü ïåðèîäè÷åñêàÿ
âåêòîð-ôóíêöèÿ

f (n + N) = f (n) (N > 0) ,

òî îãðàíè÷åííîå ðåøåíèå òàêæå N � ïåðèîäè÷ío. Äåéñòâèòåëüíî, íà
îñíîâàíèè ôîðìóëû (2) èìååì

η (n + N) =
∞∑

τ=−∞
G (n + N − τ) f (τ) =

∞∑
τ=−∞

G (n− k) f (τ + N) = η (n) .

Òåïåðü ðàññìîòðèì íåëèíåéíóþ ÐÄÑ

xn+1 = Axn + f (n, xn) , (8)

ãäå yn ∈ Rm; A− (m×m) - ìàòðèöà, f (n, yn) ∈ Cn,yn , (Z × ‖xn‖ < ∞) .

Òåîðåìà 1. Åñëè
1) |λj (A)| 6= 1

(
j = 1,m

)
, ïðè÷åì |λj (A)| > 1 ïðè j = 1, k , |λl (A)| <

1 ïðè l = m− k, m ,
2) sup

n
‖f (n, 0)‖ = Γ < ∞ ,

3) âûïîëíåíî óñëîâèå Ëèïøèöà
∥∥f

(
n, x′

)− f
(
n, x′′

)∥∥ ≤ L
∥∥x′ − x′′

∥∥ ,

òî ïðè äîñòàòî÷íî ìàëîé êîíñòàíòå Ëèïøèöà

1. ñóùåñòâóåò ðåøåíèå η = η (n) ÐÄÑ (8), îïðåäåëåííîå è îãðàíè÷åí-
íîå íà Z ;

2. â ïðîñòðàíñòâå Rn èìåþòñÿ ìíîãîîáðàçèÿ S+
k è S−m−k ñîîòâåò-

ñòâåííî èçìåðåíèé k è m − k òàêèå, ÷òî ðåøåíèÿ xn (x0) ÐÄÑ
(8) îáëàäàþò ñâîéñòâàìè:

lim
n→∞ [xn (x0)− η (n)] = 0, åñëè x0 ∈ S+

k , (9)

lim
n→∞ [xn (x0)− η (n)] = 0, åñëè x0 ∈ S−n−m. (10)
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Äîêàçàòåëüñòâî. 1) Ïðèíèìàÿ f (n, xn) çà ñâîáîäíûé ÷ëåí, ïî àíàëîãèè
ñ ôîðìóëîé (2) ðàññìîòðèì ñóììàðíîå óðàâíåíèå

xn =
∞∑

τ=−∞
G (n− τ) f (τ, xτ ) , (11)

ãäå G (n) � ôóíêöèÿ, îïðåäåëåííàÿ â ëåììå; â ñèëó 1), 2), 3), 4) íåïðå-
ðûâíîå è îãðàíè÷åííîå ðåøåíèå xn ñóììàðíîãî óðàâíåíèÿ (11) ÿâëÿåò-
ñÿ òàê æå ðåøåíèåì ÐÄÑ (8). Ïóñòü c1 =

∑∞
k=−∞ ‖G (n)‖ (c1 < ∞) è

x
(0)
n =

∑∞
τ=−∞G (n− τ) f (n, 0) . Íà îñíîâàíèè óñëîâèÿ (2) èìååì

∥∥∥x(0)
n

∥∥∥ ≤
∞∑

τ=−∞
‖G (n− τ)‖ · ‖ϕ (τ, 0)‖ ≤

≤ sup
n
‖ϕ (k, 0)‖

∞∑
τ=−∞

‖G (n, τ)‖ = Γc1 = Γ1.

Âûáåðåì ÷èñëî H òàêîå, ÷òî

H > 2Γ1. (12)

Â ïðîñòðàíñòâå Rn íåïðåðûâíûõ è îãðàíè÷åííûõ íà Z âåêòîð-
ôóíêöèé xn, ãäå sup

n
‖xn‖ < H, ðàññìîòðèì îïåðàòîð T , îïðåäåëÿåìûé

ïðàâîé ÷àñòüþ ñóììàðíîãî óðàâíåíèÿ (11),

Txn =
∞∑

τ=−∞
G (n− τ) ϕ (τ, xτ ) . (13)

Òàê êàê ïðè ‖xn‖ < H èìååì

sup
n,xn

‖ϕ (n, xn)‖ ≤ sup
n
‖ϕ (n, 0)‖+ L sup

xn

‖xn‖ < Γ + MH,

òî ïðè xn ∈ Rm ðÿä (13) ñõîäèòñÿ, ïðè÷åì ðàâíîìåðíî. Îòñþäà ëåãêî
óáåäèòüñÿ, ÷òî åñëè xn ∈ Rm , òî Txn èìååò ñìûñë äëÿ ëþáîãî n ∈ Z è
Txn ∈ C (Z) .
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Äàëåå ïðè xn ∈ Rm áóäåì èìåòü

Txn = x(0)
n +

∞∑
τ=−∞

G (n− τ) [f (τ, xτ )− f (τ, 0)] ,

îòñþäà

‖Txn‖ ≤
∥∥∥x(0)

n

∥∥∥ + M sup
n

∥∥∥∥∥
∞∑

τ=−∞
G (τ)

∥∥∥∥∥ ≤ Γ1 + LHA1. (14)

Åñëè âûáðàòü êîíñòàíòó Ëèïøèöà = ñòîëü ìàëîé, ÷òîáû

L <
1

2A1
, (15)

òî èç íåðàâåíñòâà (14), ó÷èòûâàÿ, ÷òî Γ1 < H
2 , ïîëó÷èì

sup
n
‖Txn‖ ≤ Γ1 +

H

2
< H.

Òàêèì îáðàçîì, ïðè L , óäîâëåòâîðÿþùåì íåðàâåíñòâó (15), ïîëó÷àåì, ÷òî
åñëè xn ∈ C , òî Txn ∈ C .

Â äàëüíåéøåì ìû áóäåì ïðåäïîëàãàòü, ÷òî óñëîâèå (15) âûïîëíåíî.
Äëÿ ôóíêöèé yn, zn ∈ C ââåäåì ðàññòîÿíèå, ïîëàãàÿ

ρ (yn, zn) = sup
n
‖yn − zn‖ .

Òîãäà C áóäåò ÿâëÿòüñÿ ìåòðè÷åñêèì ïðîñòðàíñòâîì, ïðè÷åì ýòî ïðî-
ñòðàíñòâî ïîëíîå.

Óáåäèìñÿ òåïåðü, ÷òî ïðè óñëîâèè (15) îòîáðàæåíèå Txn áóäåò ñæà-
òèåì. Äåéñòâèòåëüíî, åñëè yn, zn ∈ C , òî èç ôîðìóë

Tyn =
∞∑

τ=−∞
G (n− τ) f (τ, yτ )

è
Tzn =

∞∑
τ=−∞

G (n− τ) f (τ, zτ ) ,
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èñïîëüçóÿ óñëîâèå Ëèïøèöà 3), ïîëó÷èì

‖Tyn − Tzn‖ ≤ L sup
n

‖yn − zn‖
∞∑

τ=−∞
‖G (n− τ)‖ = Lc1ρ (yn, zn) .

Îòñþäà ρ (Tyn, T zn) ≤ q · ρ (yn, zn) , ãäå q = Nc1 < 1
2 â ñèëó íåðàâåíñòâà

(15).
Òàêèì îáðàçîì, âûïîëíåíû âñå óñëîâèÿ ïðèíöèïà ñæàòûõ îòîáðàæåíèé

è, ñëåäîâàòåëüíî, ñóùåñòâóåò íåïðåðûâíîå, îãðàíè÷åííîå íà Z ðåøåíèå
ñóììàðíîãî óðàâíåíèÿ (2), à çíà÷èò, è ðàçíîñòíîãî óðàâíåíèÿ (8), ïðè÷åì

sup ‖ηn‖ < H,

ðåøåíèå η (n) ìîæåò áûòü íàéäåíî ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæå-
íèé:

x(0)
n =

∞∑
τ=−∞

G (n− τ) ϕ (τ, 0) ,

x(p)
n =

∞∑
τ=−∞

G (n− τ) f
(
τ, x(p)

n

)
, p = 1, 2... ;

2) â ÐÄÑ (8) ïîëîæèì

xn = ηn + yn.

Òîãäà áóäåì èìåòü

yn+1 = Ayn + F (n, yn) , (16)

ãäå F (n, yn) = f (n, η (n) + yn)− f (n, η (n)) . Î÷åâèäíî, èìååì

F1 (n, 0) = 0

è ‖F (n, y′n)− F (n, yn)‖ ≤ L ‖y′n − yn‖ (y′n, yn ∈ Rm) , ïðè÷åì F (n, yn)
yn→0

→
0. Îòñþäà, íà îñíîâàíèè òåîðåìû îá óñëîâíîé óñòîé÷èâîñòè, çàêëþ÷àåì î
ñóùåñòâîâàíèè ìíîãîîáðàçèé S+

m è S−m , îáëàäàþùèõ ñîîòâåòñòâåííî (9)
è (10).
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Ñëåäñòâèå 2. Åñëè f (n, xn) ïåðèîäè÷íà ïî n , òî îãðàíè÷åííîå ðåøåíèå
η (n) òàêæå ïåðèîäè÷íî.

Äåéñòâèòåëüíî, â ýòîì ñëó÷àå èç ðàâåíñòâà

η (n) =
∞∑

τ=−∞
G (n− τ) f (τ, η (τ))

ïîëó÷àåì

η (n + N) =
∞∑

τ=−∞
G (n + N − τ) f (τ, xτ ) =

∞∑
τ=−∞

G (n− τ) f (τ + N) ,

η (τ + N) =
∞∑

k=−∞
G (n− τ)ϕ (τ, η (τ + n)) ,

îòñþäà

‖η (n + N)− η (n)‖ ≤
∞∑

τ=−∞
‖G (n− τ)‖ ‖F (τ, η (τ + N))− F (τ, η (τ))‖ ≤

≤ = sup
n
‖η (n + N)− η (n)‖ c1,

ãäå c =
∞∑

τ=−∞
G (τ) , ñëåäîâàòåëüíî, sup

n
‖η (n + ω)− η (n)‖ ≤

c1= sup
n
‖η (n + ω)− η (n)‖ , à òàê êàê c1N < 1 , òî sup

n
‖η (n + ω)− η (n)‖ ≤

0, ò.å. η (n + ω) = η (n) , ÷òî è òðåáîâàëîñü äîêàçàòü.
Äîêàçàííàÿ òåîðåìà ÿâëÿåòñÿ äèñêðåòíûì àíàëîãîì íåêîòîðîãî ðå-

çóëüòàòà Ï. Áîëÿ [3].

Ëèòåðàòóðà

1 Áîïàåâ Ê.Á. Ê âîïðîñó î ïåðèîäè÷åñêèõ ðåøåíèÿõ ñèñòåìû ëèíåé-
íûõ íåîäíîðîäíûõ ðàçíîñòíûõ óðàâíåíèé // Òðóäû ñåìèíàðà ïî òåîðèé
óñòîé÷èâîñòè äâèæåíèÿ. � Àëìàòû, 1974. � Âûï. 5. � C. 27-34.

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 4 (46)



66 Ê. Á. Áàïàåâ

2 Äåìèäîâè÷ Â.Ï. Îá îãðàíè÷åííûõ ðåøåíèÿõ íåêîòîðîé íåëèíåé-
íîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé // Ìàòåìàòè-
÷åñêèé ñáîðíèê. � 1956. � Ò. 40(82), âûï. 1. � Ñ. 73-94.

3 Õàëàíàé À., Âåêñëåð Ä. Êà÷åñòâåííàÿ òåîðèÿ íåëèíåéíûõ èìïóëüñ-
íûõ ñèñòåì. � Ì: Ìèð, 1971. � 310 c.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 31.05.12

Áàïàåâ �.Á. ÀÉÛÐÛÌÄÛ�-ÄÈÍÀÌÈÊÀËÛ� Æ�ÉÅËÅÐÄI�
ØÅÊÒÅËÃÅÍ ØÅØIÌÄÅÐI ÒÓÐÀËÛ

ÀÄÆ-äi­ øåøiìäåði øåêòåëãåí áîëóûíû­ øàðòòàðû àëûí¡àí æºíå
äèôôåðåíöèàëäû© òå­äåóëåðãå àðíàë¡àí Áîëü òåîðåìàñûíû­ äèñêðåòòi
áàëàìàñû áîëàòûí òåîðåìà äºëåëäåíãåí.

Bapaev K.B. ABOUT LIMITED SOLUTIONS OF DIFFERENCE
DYNAMICAL SYSTEMS

Conditions of limited solutions of di�erence dynamical systems are received
as well as a discrete analogue of Boll theorem for di�erential equations is
proved.

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 4 (46)



ISSN 1682�0525. Ìàòåìàòè÷åñêèé æóðíàë. 2012. Òîì 12. � 4 (46).

ÓÄÊ 517.956.45

Ä.À. Èñêåíäåðîâà, Ñ.Ò. Òàæèêáàåâà

ÊÃÓÑÒÀ èì. Í.Èñàíîâà
Êèðãèçèÿ, 720020, ã. Áèøêåê, óë. Ìàëäûáàåâà 34 á, e-mail: iskenja−2005@mail.ru

Îøñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò
Êèðãèçèÿ, 714000, ã. Îø, óë. Ëåíèíà, 331 e-mail: soni7676@bk.ru

ÇÀÄÀ×À ÊÎØÈ ÄËß ÂÛÐÎÆÄÀÞÙÈÕÑß
ÓÐÀÂÍÅÍÈÉ ÌÀÃÍÈÒÍÎÉ ÃÀÇÎÂÎÉ ÄÈÍÀÌÈÊÈ

Â ðàáîòå èññëåäóåòñÿ çàäà÷à Êîøè äëÿ îäíîìåðíûõ óðàâíåíèé ìàãíèòíîé
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æå ýôôåêòèâíûõ ÷èñëåííûõ àëãîðèòìîâ íåâîçìîæíî áåç ïðîâåäåíèÿ äî-
ñòàòî÷íî ïîäðîáíûõ òåîðåòè÷åñêèõ èññëåäîâàíèé. Ïîýòîìó, ïðåæäå âñåãî,
âîçíèêàåò íåîáõîäèìîñòü ïðîâåñòè ñòðîãèé ìàòåìàòè÷åñêèé àíàëèç êîð-
ðåêòíîñòè êðàåâûõ çàäà÷. Êðîìå òîãî, ðåøåíèå ìàòåìàòè÷åñêèõ çàäà÷,
âîçíèêàþùèõ ïðè èçó÷åíèè ïðîáëåì ìåõàíèêè, ïðåäñòàâëÿåò è ñàìîñòîÿ-
òåëüíûé íàó÷íûé èíòåðåñ, êîòîðûé ñòèìóëèðóåòñÿ äàëüíåéøèì ðàçâèòèåì
òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ìàòåìàòè÷åñêàÿ îñîáåííîñòü âñåõ èçó÷àåìûõ ñèñòåì óðàâíåíèé, ïî-
ìèìî èõ íåëèíåéíîñòè, ñâÿçàíà ñ òåì, ÷òî ýòî ñèñòåìû ñîñòàâíîãî òèïà.
Äàííîå îáñòîÿòåëüñòâî äèêòóåò íåîáõîäèìîñòü ðàçðàáàòûâàòü äëÿ êàæäîé
êîíêðåòíîé ñèñòåìû ñîîòâåòñòâóþùóþ ìåòîäèêó èññëåäîâàíèÿ, òàê êàê îá-
ùàÿ òåîðèÿ óðàâíåíèé ñîñòàâíîãî òèïà, äàæå ëèíåéíûõ, ðàçâèòà åùå íåäî-
ñòàòî÷íî ïîëíî. Ñâîåîáðàçèå îòäåëüíûõ ìîäåëåé ïðîÿâëÿåòñÿ, íàïðèìåð,
ïðè ïîëó÷åíèè àïðèîðíûõ îöåíîê äëÿ ðåøåíèÿ êðàåâûõ çàäà÷.

Â ñëó÷àå, êîãäà íà÷àëüíûå äàííûå ñòðåìÿòñÿ íà áåñêîíå÷íîñòè ê ôèê-
ñèðîâàííîé ïîñòîÿííîé, òåîðåìû ñóùåñòâîâàíèÿ "â öåëîì" ïî âðåìåíè
äëÿ çàäà÷è Êîøè ñ âûðîæäàþùåéñÿ ïëîòíîñòüþ ïîëó÷åíû â [1]. Îäíà-
êî, â ñëó÷àå, êîãäà ïðåäåëû íà÷àëüíûõ äàííûõ íà áåñêîíå÷íîñòè ðàçíûå,
ïðîáëåìà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Êîøè "â öåëîì" äëÿ âûðîæäàþ-
ùèõñÿ óðàâíåíèé ìàãíèòíîé ãàçîâîé äèíàìèêè äî ñèõ ïîð íå áûëà ðåøåíà.
Èçó÷åíèþ ýòîé çàäà÷è è ïîñâÿùåíà íàñòîÿùàÿ ñòàòüÿ.

Ñëåäóåò îòìåòèòü, ÷òî çàäà÷à Êîøè äëÿ óðàâíåíèé ìàãíèòíîé ãàçî-
âîé äèíàìèêè ñî ñòðîãî ïîëîæèòåëüíîé íà÷àëüíîé ïëîòíîñòüþ ñ ðàçíû-
ìè ïðåäåëàìè íà áåñêîíå÷íîñòè áûëà èññëåäîâàíà â [2]. Îäíàêî, çàäà÷è
ñ âûðîæäàþùåéñÿ íà÷àëüíîé ïëîòíîñòüþ íå ÿâëÿþòñÿ ñëåäñòâèåì çàäà÷
ñî ñòðîãî ïîëîæèòåëüíîé íà÷àëüíîé ïëîòíîñòüþ. Òàê, åñëè ïðè t = 0 íà
ãðàíèöå ïëîòíîñòü ρ = 0, òî, î÷åâèäíî, è ïðè t > 0 íà ãðàíèöå ρ = 0, ÷òî
ïðèâîäèò ê âûðîæäåíèþ èññëåäóåìûõ óðàâíåíèé.

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ çàäà÷à Êîøè äëÿ îäíîìåðíûõ óðàâ-
íåíèé ìàãíèòíîé ãàçîâîé äèíàìèêè, êîãäà â íà÷àëüíûé ìîìåíò âðåìåíè
âñå èñêîìûå ôóíêöèè ñòðåìÿòñÿ ê ðàçíûì ïîñòîÿííûì íà áåñêîíå÷íîñòè,
à íà÷àëüíàÿ ïëîòíîñòü âûðîæäàåòñÿ.

1 Ïîñòàíîâêà çàäà÷è

Óðàâíåíèÿ ìàãíèòíîé ãàçîâîé äèíàìèêè â ëàãðàíæåâûõ êîîðäèíàòàõ
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èìåþò âèä [3]:

∂v

∂t
− ∂u

∂x
= 0, v =

ρ0

ρ
, (1a)

ρ0 ∂u

∂t
= µ

∂

∂x

(
1
v

∂u

∂x

)
− ∂p

∂x
− µlH

∂H

∂x
, p = kρ0 θ

v
, (1b)

ρ0 ∂θ

∂t
= λ

∂

∂x

(
1
v

∂θ

∂x

)
− p

∂u

∂x
+

µ

v

(
∂u

∂x

)2

+
µlµH

v

(
∂H

∂x

)2

, (1c)

∂

∂t
(vH) = µH

∂

∂x

(
1
v

∂H

∂x

)
. (1d)

Çäåñü ρ(x, t), v(x, t), u(x, t), θ(x, t),H(x, t), p(x, t) � ñîîòâåòñòâåííî ïëîò-
íîñòü, óäåëüíûé îáúåì, ñêîðîñòü, òåìïåðàòóðà, íàïðÿæåííîñòü ìàãíèòíîãî
ïîëÿ, äàâëåíèå � èñêîìûå ôóíêöèè; µ, λ, k, µi, µH � ôèçè÷åñêèå ïîñòîÿí-
íûå � ïîëîæèòåëüíûå ÷èñëà; ïåðåìåííûå x ∈ R = (−∞,∞); t ∈ [0;T ].

Â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 âñå õàðàêòåðèñòèêè ñðåäû èçâåñò-
íû:

u|t=0 = u0(x), θ|t=0 = θ0(x), H|t=0 = H0(x), v|t=0 = 1, |x| < ∞, (2)

ïðè÷åì (ρ0, u0, θ0, H0) � íåïðåðûâíûå, (ρ0, θ0) � îãðàíè÷åííûå ôóíêöèè,

0 < m0 ≤ θ0(x) ≤ M0 < ∞, 0 < ρ0(x) ≤ C0,

èìåþùèå êîíå÷íûå ïðåäåëû íà áåñêîíå÷íîñòè:

lim
x→−∞ ρ0(x) = ρ0

1, lim
x→+∞ ρ0(x) = 0,

lim
x→−∞u0(x) = u0

1, lim
x→+∞u0(x) = u0

2, u0
1 < u0

2,

lim
x→−∞ θ0(x) = θ0

1, lim
x→+∞ θ0(x) = θ0

2, θ0
1 6= θ0

2, (3)

lim
x→−∞H0(x) = H0

1 , lim
x→+∞H0(x) = H0

2 , H0
1 6= H0

2 .

Ââåäåì âñïîìîãàòåëüíûå ôóíêöèè f(x), η(x), ϕ(x), îáëàäàþùèå ñâîé-
ñòâàìè:
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|f(x)| < C1 < ∞, lim
x→−∞ f(x) = u1

0, lim
x→+∞ f(x) = u2

0,

f ′(x) ∈ W 1
2 (R) ∩ L1(R), 0 < f ′(x) ≤ C3

√
ρ0(x),

f ′′(x)√
ρ0(x)

∈ L2(R),

0 < C−1
4 < ϕ(x) < C4, lim

x→∞ θ0(x)ϕ(x) = 1, ϕ′(x) ∈ W 1
2 (R), (4)

1 ≤ η(x) < C5 < ∞, lim
x→−∞ η(x) = H1

0 , lim
x→+∞ η(x) = H2

0 , η′(x) ∈ W 1
2 (R).

Ôóíêöèè f(x), η(x), ϕ(x) ñâÿçàíû íåðàâåíñòâàìè

(ϕ′(x))2 < δ(f ′(x))3, η′(x))2 < δ(f ′(x))3, 0 < δ < 1.

Ñóùåñòâîâàíèå òàêèõ ôóíêöèé íåòðóäíî ïðîâåðèòü.

Òåîðåìà 1. Ïóñòü íà÷àëüíûå äàííûå (2) óäîâëåòâîðÿþò óñëîâèÿì (3)
è

(u0 − f, θ0ϕ− 1, H0 − η) ∈ W 1
2 (R),

(
θ0
x,H0

x

) ∈ L2(R),

ρ0(x) ∈ L1(0;∞),
ρ0

x

ρ0
∈ L2(R),

(
ρ0

x

)2 ≤ C(ρ0)3 ïðè x ∈ (0;∞).

Òîãäà íà ëþáîì êîíå÷íîì èíòåðâàëå âðåìåíè [0;T ], 0 < T < ∞, ñóùå-
ñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå çàäà÷è (1), (2), êîòîðîå óäî-
âëåòâîðÿåò óðàâíåíèÿì è íà÷àëüíûì äàííûì ïî÷òè âñþäó, ïðè÷åì

(√
ρ0(u− f),

√
ρ0(ϕθ − 1),H − η, ux,Hx, vx, ρ0θx

)
∈ L∞(0, T ; L2(R)),

(√
ρ0ut, (ρ0)3/2θt,Ht, uxx, Hxx, vx,

√
ρ0θx,

√
ρ0θxx

)
∈ L2(Π), Π = R× (0, T ),

θ(x, t), v(x, t) � ñòðîãî ïîëîæèòåëüíûå ôóíêöèè, ρ0(x), θ(x, t)v(x, t) � îãðà-
íè÷åííûå ôóíêöèè.

Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ îáîáùåííîãî ðåøåíèÿ "â öåëîì" ïî âðå-
ìåíè îñíîâûâàåòñÿ íà ïîëó÷åíèè ãëîáàëüíûõ àïðèîðíûõ îöåíîê, ïîëîæè-
òåëüíûå ïîñòîÿííûå â êîòîðûõ C, Ci,Ki çàâèñÿò îò íà÷àëüíûõ äàííûõ è
óñëîâèé òåîðåìû, íî íå çàâèñÿò îò ïðîìåæóòêà ñóùåñòâîâàíèÿ ëîêàëüíîãî
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ðåøåíèÿ. Ãëîáàëüíûå àïðèîðíîå îöåíêè ïîçâîëÿþò ïðîäîëæèòü ëîêàëüíîå
ðåøåíèå íà âåñü ïðîìåæóòîê âðåìåíè [4].

2 Àïðèîðíûå îöåíêè
Íå íàðóøàÿ îáùíîñòè, äëÿ ïðîñòîòû èçëîæåíèÿ ïîëîæèì âñå ôèçè÷å-

ñêèå ïîñòîÿííûå ðàâíûìè åäèíèöå.
Ñäåëàåì çàìåíó, ïîëàãàÿ ∂ξ

∂x = 1
ϕ(x) . Òîãäà ñèñòåìà óðàâíåíèé (1) ïðè-

ìåò âèä:
∂v

∂t
− 1

ϕ

∂u

∂ξ
= 0, v =

ρ0

ρ
, (5a)

ρ0 ∂u

∂t
=

1
ϕ

∂

∂ξ

(
1

ϕv

∂u

∂ξ

)
− 1

ϕ

∂p

∂ξ
− 1

ϕ
H

∂H

∂ξ
, p = ρ0 θ

v
, (5b)

ρ0 ∂θ

∂t
=

1
ϕ

∂

∂ξ

(
1

ϕv

∂θ

∂ξ

)
− p

1
ϕ

∂u

∂ξ
+

1
ϕ2v

(
∂u

∂ξ

)2

+
1

ϕ2v

(
∂H

∂ξ

)2

, (5c)

v
∂H

∂t
+

1
ϕ

H
∂u

∂ξ
=

1
ϕ

∂

∂ξ

(
1

ϕv

∂H

∂ξ

)
. (5d)

Ëåììà 1. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû èìååò ìåñòî îöåíêà

U(t) +
∫ t

0
W (τ)dτ ≤ E = const > 0, t ∈ [0, T ], (6)

ãäå
U(t) =

∫
{1
2
ρ0(u− f)2+

+ρ0(ϕθ − lnϕθ − 1) + ρ0(v − ln v − 1) +
1
2
v(H − η)2}dx,

W (t) =
∫
{ θ2

x

vθ2
+

u2
x

vθ
+

H2
x

vθ
+

+ρ0 θ

v
f ′(x) + H2f ′(x)}dx.

Âñå èíòåãðàëû ïî x áåðóòñÿ îò −∞ äî +∞.
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Äîêàçàòåëüñòâî. Óìíîæèì (5a) íà ρ0
(
1− 1

v

)
, (5b) � íà ϕ(u−f), (5c) � íà(

ϕ− 1
θ

)
, (5d) � íà ϕ(H − η), ñëîæèì è ïðîèíòåãðèðóåì ïî R:

d

dt

∫
{1
2
ρ0ϕ(u− f)2 + ρ0(ϕθ − ln ϕθ − 1)+

+ρ0(v − ln v − 1) +
1
2
vϕ(H − η)2}dξ+

+
∫ {

θ2
ξ

ϕ2vθ2
+

u2
ξ

ϕ2vθ
+

H2
ξ

ϕ2vθ
+ ρ0 θ

v
f ′(ξ) + H2f ′(ξ)

}
dξ = (7)

=
∫ {

ρ0

ϕ
uξ +

1
ϕv

uξf
′ − θξϕ

′

vϕ3θ
+

1
2
η2uξ +

1
ϕv

Hξη
′
}

dξ =
5∑

k=1

Ik.

Îöåíèì êàæäûé èíòåãðàë Ik â ïðàâîé ÷àñòè (7), èñïîëüçóÿ èíòåãðèðî-
âàíèå ïî ÷àñòÿì, íåðàâåíñòâà âëîæåíèÿ, Þíãà, Ãåëüäåðà, Êîøè, óñëîâèÿ
òåîðåìû è ñâîéñòâà âñïîìîãàòåëüíûõ ôóíêöèé (4):

I1 =
∫

ρ0

ϕ
(u− f)ξdξ +

∫
ρ0

ϕ
f ′dξ ≤ Ñ6

(
‖
√

ρ0ϕ(u− f)‖2 + 1
)

,

I2 =
∫

f ′
∂ ln v

∂t
dξ = − d

dt

∫
f ′(v − ln v − 1)dξ +

∫
f ′

ϕ
uξdξ ≤

≤ − d

dt

∫
f ′(v − ln v − 1)dξ + C7

(
‖
√

ρ0ϕ(u− f)‖2 + 1
)

,

I3 = −
∫

θξϕ
′

v1/2θϕ3
dξ +

∫
θξϕ

′(v1/2 − 1)
v1/2θϕ3v1/2

√
v − ln v − 1

√
v − ln v − 1dξ.

Çàìåòèì, ÷òî
|v1/2 − 1|

v1/2
√

v − ln v − 1
≤ C8 ∀(x, t) ∈ Π.

Òîãäà

I3 ≤
(∫

θ2
ξ

vθ2ϕ2
dξ

) 1
2 (∫

ϕ′2

ϕ4
dξ

) 1
2

+
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+C8

(∫
θ2
ξ

vθ2ϕ2
dξ

) 1
2 (∫

ϕ′2

ϕ4
(v − ln v − 1)dξ

) 1
2

≤

≤ ε

∫
θ2
ξ

vθ2ϕ2
dξ + Cε

(∫
ρ0(v − ln v − 1)dξ + 1

)
,

I4 =
1
2

∫
η2(u− f)ξdξ +

1
2

∫
η2f ′dξ ≤ Ñ9

(
‖
√

ρ0ϕ(u− f)‖2 + 1
)

,

I5 ≤ 1
2

∫
H2

ξ

vθϕ2
dξ +

C2
3δ

2

∫
ρ0 θ

v
f ′dξ.

Âûáèðàåì çäåñü ε < 1, δ < 1/C2
3 . Ïðîèíòåãðèðóåì ïî âðåìåíè ïîëó÷åííîå

èç (7) íåðàâåíñòâî. Ïðèìåíÿÿ ëåììó Ãðîíóîëëà è ïåðåõîäÿ ê èñõîäíûì
ïåðåìåííûì x, âûâîäèì îöåíêó (6). Ëåììà äîêàçàíà.

Èç (1a) è (1b) ïîëó÷èì âñïîìîãàòåëüíîå ñîîòíîøåíèå ìåæäó èñêîìûìè
ôóíêöèÿìè [5, 6]:

v(x, t) = I−1(t)B−1(x, t)[1+

+
∫ t

0

(
ρ0(x)θ(x, τ) +

1
2
v(x, τ)H2(x, τ)I(τ)B(x, τ)

)
dτ ], (8)

ãäå
I(t) =

1
v(x0, t)

exp
{∫ t

0

[
ρ0 θ

v
+

1
2
H2

]
(x0, τ)dτ

}
,

B(x, t) = exp
{∫ x

x0

ρ0(ξ)
(
(u0(ξ)− u(ξ, t)

)
dξ

}
,

x0 = x0(t), x � ïðîèçâîëüíî âûáðàííûå òî÷êè íà ÷èñëîâîé ïðÿìîé.
Ñëåäóÿ [5], ðàçîáüåì ÷èñëîâóþ îñü R è ñîîòâåòñòâåííî ïîëîñó Π íà

êîíå÷íûå îòðåçêè è ïðÿìîóãîëüíèêè:

R =
∞⋃

N=−∞
Ω̄N , Π =

∞⋃

N=−∞
Q̄N ,

ΩN = {x|N < x < N + 1}, QN = ΩN × (0, T ), N = 0,±1,±2, ... .

Ëåììà 2. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû èìåþò ìåñòî îöåíêè

0 < K−1
1 ≤ B(x, t) ≤ K1, 0 < K−1

2 ≤ I(t) ≤ K2 ∀(x, t) ∈ Π.
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Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî [4, 5]. Èç (6) âûòåêàþò îöåíêè [5]:
∫ N+1

N
ρ0(x)v(x, t)dx ≤ K3,

∫ N+1

N
ρ0(x)θ(x, t)dx ≤ K4 ∀t ∈ [0, T ]. (9)

Ïóñòü h(x, t) � íåïðåðûâíàÿ ôóíêöèÿ. Ââåäåì îáîçíà÷åíèÿ

Mh(t) = max
|x|<∞

h(x, t), mh(t) = min
|x|<∞

h(x, t).

Ëåììà 3. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû èìåþò ìåñòî îöåíêè

mv(t) ≥ K5, mθ(t) ≥ K6 ∀t ∈ [0, T ].

Äîêàçàòåëüñòâî ñëåäóåò èç ïðåäñòàâëåíèÿ (8) ñ ó÷åòîì îöåíîê ëåììû 2.

Ëåììà 4. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû èìååò ìåñòî îöåíêà
∫ T

0

∫ {
θ2
x

vθ3/2
+

u2
x

vθ1/2
+

H2
x

vθ1/2

}
dxdt ≤ K7.

Äîêàçàòåëüñòâî. Óðàâíåíèå òåïëîïðîâîäíîñòè (1c) óìíîæèì íà(
ϕ

1
2

θ
1
2
− 1

θ

)
è ïðîèíòåãðèðóåì ïî R:

∫ {
1
2

ϕ1/2θ2
x

vθ3/2
+

ϕ1/2u2
x

vθ1/2
+

ϕ1/2H2
x

vθ1/2

}
dx =

= 2
d

dt

∫
ρ0

(
(ϕθ)1/2 − ln(ϕθ)1/2 − 1

)
dx+

+
∫ {

θ2
x

vθ2
+

u2
x

vθ
+

H2
x

vθ

}
dx+

1
2

∫
θxϕ′

vϕ1/2θ1/2
dx+

∫
ρ0 (ϕθ)1/2 − 1

v
uxdx. (10)

Îöåíèì ïðåäïîñëåäíèé èíòåãðàë, èñïîëüçóÿ íåðàâåíñòâî Êîøè è ñâîéñòâà
(4) ôóíêöèé f(x), ϕ(x):

∣∣∣∣
∫

θxϕ′

vϕ1/2θ1/2
dx

∣∣∣∣ ≤
(∫

θ2
x

vθ2
dx

)1/2 (∫
θ

vϕ
ϕ′2dx

)1/2

≤
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≤ 1
2

∫
θ2
x

vθ2
dx + C10

∫
ρ0 θ

v
f ′dx.

Ñïðàâåäëèâî íåðàâåíñòâî

|(ϕθ)1/2 − 1|√
ϕθ − ln ϕθ − 1

≤ K8 ∀(x, t) ∈ Π.

Îöåíèì ïîñëåäíèé èíòåãðàë â ïðàâîé ÷àñòè (10). Äëÿ ýòîãî ðàçîáüåì ÷èñ-
ëîâóþ ïðÿìóþ íà äâå îáëàñòè: R = σ1(t) ∪ σ2(t), ãäå σ1(t) = {x ∈ R :
v(x, t) ≥ K2

8K3C4E}, σ2(t) = {x ∈ R : K5 ≤ v(x, t) ≤ K2
8K3C4E}. Çàìåòèì,

÷òî åñëè K2
8K3C4E ≤ K5, òî ÷èñëîâàÿ ïðÿìàÿ ñîâïàäàåò ñ îáëàñòüþ σ1(t).

Èìååì ∫
ρ0 (ϕθ)1/2 − 1

v
uxdx =

=
∫

σ1(t)
ρ0 (ϕθ)1/2 − 1

v
uxdx +

∫

σ2(t)
ρ0 (ϕθ)1/2 − 1

v
uxdx = I1 + I2.

Îöåíèì Ik, k = 1, 2, èñïîëüçóÿ íåðàâåíñòâà Þíãà è Êîøè, ñ ó÷åòîì óñëî-
âèé òåîðåìû è ïîëó÷åííûõ âûøå îöåíîê. Èìååì

I1 =
∫

σ1(t)
ρ0 (ϕθ)1/2 − 1√

ϕθ − lnϕθ − 1

√
ϕθ − ln ϕθ − 1

ux

v
dx ≤

≤ C
1/4
4 K8E

1/2
M

1/4
(ρ0)20

C
1/2
4 K8E1/2K

1/2
3

(∫
ϕ1/2u2

x

vθ1/2
dx

)1/2

≤

≤
M

1/4
(ρ0)20

C
1/2
4 K

1/2
3

(∫
ϕ1/2u2

x

vθ1/2
dx

)1/2

.

Îöåíèì M
1/4
(ρ0)20

, èñïîëüçóÿ óñëîâèÿ òåîðåìû è (9). Ðàññìîòðèì îòðåçîê
Ω̄N = [N, N + 1]. Âîçüìåì òî÷êè a(t), x ∈ Ω̄N . Òîãäà

max
x∈Ω̄N

(
(ρ0)2θ

)1/4 =

=
(
(ρ0)2θ

)1/4 (a(t), t) +
∫ x

a(t)

{
1
4
(ρ0)1/2 θx

θ3/4
+

1
2

ρ0
x

(ρ0)1/2
θ1/4

}
dx ≤
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≤ C11 +
1
4
C

1/4
4 K

1/2
3

(∫
ϕ1/2θ2

x

vθ3/2
dx

)1/2

.

Âîçâðàùàÿñü ê I1, ïîëó÷èì

I1 ≤ ε1

∫
ϕ1/2u2

x

vθ1/2
dx +

1
8

∫
ϕ1/2θ2

x

vθ3/2
dx + C, ε1 <

1
2
.

Òåïåðü ðàññìîòðèì îáëàñòü σ2(t). Èìååì

I2 =
∫

σ1(t)
ρ0 (ϕθ)1/2 − 1√

ϕθ − lnϕθ − 1

√
ϕθ − ln ϕθ − 1

ux

v
dx ≤

≤ C
1/4
4 K8E

1/2

K
1/2
5

(∫
ϕ1/2u2

x

vθ1/2
dx

)1/2

max
x∈σ2(t)

(
(ρ0)2θ

)1/4
.

Èñïîëüçóÿ îöåíêó

max
x∈Ω̄N∩σ2(t)

(
(ρ0)2θ

)1/4 ≤ C12

{
1 +

(∫
θ2
x

vθ2
dx

)1/2
}

,

íàõîäèì

I2 ≤ ε2

∫
ϕ1/2u2

x

vθ1/2
dx + C13

(
1 +

∫
θ2
x

vθ2
dx

)
, ε2 <

1
2
.

Ñïðàâåäëèâî íåðàâåíñòâî
∫

ρ0
(
(ϕθ)1/2 − ln(ϕθ)1/2 − 1

)
dx ≤ C14

∫
ρ0(ϕθ − lnϕθ − 1)dx.

Ñ ó÷åòîì ïîëó÷åííûõ íåðàâåíñòâ ïðîèíòåãðèðóåì (10) ïî t. Èñïîëüçóÿ (6),
ïîëó÷èì óòâåðæäåíèå ëåììû.

Ëåììà 5. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû èìååò ìåñòî îöåíêà
∫ t

0
M2

H(τ)dτ ≤ K9 ∀t ∈ [0, T ].
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Äîêàçàòåëüñòâî. Èç (3) ñëåäóåò, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò a =
const > 0, ÷òî ïðè x > a âûïîëíÿåòñÿ |θ(x, t) − θ0

2| < ε. Îòñþäà âûòåêàåò,
÷òî ïðè ìàëîì ε

C15 ≤ θ0
2 − ε < θ(x, t) < θ0

2 + ε ≤ C16 ∀t ∈ [0, T ].

Äàëåå ðàçîáüåì îñü R íà äâå ïîëóîñè R = R1 ∪ R2 è ñîîòâåòñòâåííî
Π = Q1 ∪ Q2, ãäå R1 = (−∞, a], R2 = (a,∞), Qi = Ri × (0, T ), i = 1, 2.
Áóäåì âûâîäèòü íóæíóþ îöåíêó íà êàæäîé ïîëóîñè. Ïîñëå íåêîòîðûõ
ïðåîáðàçîâàíèé ïîëó÷èì óòâåðæäåíèå ëåììû.

Ëåììà 6. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû èìååò ìåñòî îöåíêà

Mv(t) ≤ K10 ∀t ∈ [0, T ].

Äîêàçàòåëüñòâî. Èç ñîîòíîøåíèÿ (8) è îöåíîê ëåììû 2 âûòåêàåò íåðà-
âåíñòâî

Mv(t) ≤ C17

[
1 +

∫ t

0

(
Mρ0θ(τ) + M2

H(τ)Mv(τ)
)
dτ

]
. (11)

Èìååò ìåñòî îöåíêà [6, 7]: Mρ0θ(t) ≤ CεA(t)Mv(t) + C, ãäå

A(t) =
∫

θ2
x

vθ2
dx. (12)

Ñ ó÷åòîì (12), èç (11) íàõîäèì

Mv(t) ≤ C18

[
1 +

∫ t

0

(
A(τ) + M2

H(τ)
)
Mv(τ)dτ

]
. (13)

Ïðèìåíÿÿ ê (13) ëåììó Ãðîíóîëëà, ñ ó÷åòîì (6) è ëåììû 5 âûâîäèì îãðà-
íè÷åííîñòü óäåëüíîãî îáúåìà ñâåðõó.

Èç (12) è ëåììû 6 âûòåêàåò îöåíêà
∫ t

0
Mρ0θ(τ)dτ ≤ K11 ∀t ∈ [0, T ].

Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ìîæíî ïîëó÷èòü âñå àïðèîðíûå
îöåíêè, íåîáõîäèìûå äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ îáîáùåííîãî ðå-
øåíèÿ. Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ ñîñòàâëåíèåì îäíîðîäíîãî
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óðàâíåíèÿ îòíîñèòåëüíî ðàçíîñòè äâóõ âîçìîæíûõ ðåøåíèé [6, 7]. Òåîðåìà
äîêàçàíà.
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Iskenderova D.A., Tajikbaeva S. CAUCHY PROBLEM FOR
DEGENERATE EQUATIONS OF MAGNETIC GAS DYNAMICS

Cauchy problem for one-dimensional equations of magnetic gas dynamics
is considered. At initial time unknown functions tend to di�erent constants at
in�nity and initial density is degenerate. We consider Lagrangean coordinates.
By the method of priori estimates "overall" existence of generalized solution
with respect to time is proved.
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Óñòàíîâëåíû îöåíêè ñõîäèìîñòè ìîäèôèêàöèè ìåòîäà ëîìàíûõ Ýéëåðà ê
ðåøåíèþ ïîëóïåðèîäè÷åñêîé êðàåâîé çàäà÷è äëÿ îäíîãî óðàâíåíèÿ òðå-
òüåãî ïîðÿäêà.
Êëþ÷åâûå ñëîâà: ïîëóïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à, ëèíåéíîå ãèïåðáîëè-
÷åñêîå óðàâíåíèå.

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ðàçëè÷íûõ ïðîöåññîâ ôèçèêè, õèìèè,
áèîëîãèè ïðèâîäèò ê èññëåäîâàíèþ ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ äëÿ ãè-
ïåðáîëè÷åñêèõ óðàâíåíèé è ïîñòðîåíèþ ïðèáëèæåííûõ ìåòîäîâ íàõîæäå-
íèÿ èõ ðåøåíèé. Â [1] ïðåäëîæåíà ìîäèôèêàöèÿ ìåòîäà ëîìàíûõ Ýé-
ëåðà äëÿ ðåøåíèÿ ïîëóïåðèîäè÷åñêîé êðàåâîé çàäà÷è ãèïåðáîëè÷åñêîãî
óðàâíåíèÿ ñî ñìåøàííîé ïðîèçâîäíîé. Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâà-
íèÿ åäèíñòâåííîãî ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è è ñõîäèìîñòè ê íåìó
ïðåäëàãàåìîãî ìåòîäà.

Â íàñòîÿùåé ñòàòüå ìîäèôèêàöèÿ ìåòîäà ëîìàíûõ Ýéëåðà ïðèìåíÿ-
åòñÿ ê íåëîêàëüíîé êðàåâîé çàäà÷å äëÿ îäíîãî íåêëàññè÷åñêîãî óðàâíå-
íèÿ òðåòüåãî ïîðÿäêà. Íà îñíîâå ñïåöèàëüíîãî ïðåîáðàçîâàíèÿ íåèçâåñò-
íîé ôóíêöèè óðàâíåíèå òðåòüåãî ïîðÿäêà ñâîäèòñÿ ê ñèñòåìå äâóõ ãèïåð-
áîëè÷åñêèõ óðàâíåíèé ñî ñìåøàííûìè ïðîèçâîäíûìè. Ïîëó÷åíû îöåíêè
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Keywords: semiperiodic boundary value problem, linear hyperbolic equation
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ñõîäèìîñòè ìîäèôèêàöèè ìåòîäà ëîìàíûõ Ýéëåðà ê ðåøåíèþ ðàññìàòðè-
âàåìîé êðàåâîé çàäà÷è.

Â îáëàñòè Ω = [0, ω]× [0, T ] ðàññìàòðèâàåòñÿ ïîëóïåðèîäè÷åñêàÿ êðàå-
âàÿ çàäà÷à äëÿ îäíîãî íåêëàññè÷åñêîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà

∂3u

∂x∂t2
= a0(x, t)

∂2u

∂x∂t
+a1(x, t)

∂u

∂x
+a2(x, t)

∂u

∂t
+a3(x, t)u+f(x, t), (x, t) ∈ Ω,

(1)
u(0, t) = ϕ(t), t ∈ [0, T ], ϕ(0) = ϕ(T ), ϕ̇(0) = ϕ̇(T ), (2)

u(x, 0) = u(x, T ), x ∈ [0, ω], (3)

∂u(x, 0)
∂t

=
∂u(x, T )

∂t
, x ∈ [0, ω], (4)

ãäå f(x, t), ai(x, t), i = 0, 3, � íåïðåðûâíûå íà Ω, ϕ(t) � äâàæäû íåïðåðûâíî
äèôôåðåíöèðóåìûå íà [0, T ] ôóíêöèè.

Äëÿ âåêòîð-ôóíêöèè u(x, t) =
(
u1(x, t), u2(x, t)

)
è ìàòðèöû A(x, t) =

(aij(x, t))(i, j = 1, 2) ïîëîæèì

‖u(x, t)‖ = max
i=1,2

|ui(x, t)|, ‖A(x, t)‖ = max
i=1,2

2∑

j=1

|aij(x, t)|.

×åðåç C(Ω, R2), C([0, T ], R2) îáîçíà÷èì ñîîòâåòñòâåííî ïðîñòðàíñòâî
íåïðåðûâíûõ ôóíêöèé u : Ω → R2 è ψ(t) : [0, T ] → R2. Ïîëîæèì
‖u(x, ·)‖0 = max

t∈[0,T ]
‖u(x, t)‖, ‖ψ‖0 = max

t∈[0,T ]
‖ψ(t)‖, ‖A(x, ·)‖0 =

max
t∈[0,T ]

‖A(x, t)‖.
Ðåøåíèåì çàäà÷è (1)�(4) íàçûâàåòñÿ ôóíêöèÿ u(x, t), èìåþùàÿ íåïðå-

ðûâíûå íà Ω ÷àñòíûå ïðîèçâîäíûå ∂u(x, t)
∂x

,
∂u(x, t)

∂t
,

∂2u(x, t)
∂x∂t

,
∂3u(x, t)
∂x∂t2

è
óäîâëåòâîðÿþùàÿ óðàâíåíèþ (1) è óñëîâèÿì (2)�(4).

Ìîäèôèêàöèÿ ìåòîäà ëîìàíûõ Ýéëåðà [1, 2] ïðèìåíÿåòñÿ ê íåëîêàëü-
íîé êðàåâîé çàäà÷å (1)�(4). Ñ ýòîé öåëüþ óðàâíåíèå òðåòüåãî ïîðÿäêà (1)
ñâîäèòñÿ ê ñèñòåìå äâóõ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñî ñìåøàííûìè ïðî-
èçâîäíûìè.
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Ïóñòü α0 = max
(

max
(x,t)∈Ω

{|a0(x, t)|+ |a1(x, t)|}, 1
)
. Â çàäà÷å (1)�(4) ïðî-

èçâåäåì çàìåíó: u(x, t) = u1(x, t) + u2(x, t),
∂u(x, t)

∂t
= α0[u1(x, t)− u2(x, t)]

è ââåäåì îáîçíà÷åíèÿ

U(x, t) =
(

u1(x, t)
u2(x, t)

)
, V (x, t) =

∂U(x, t)
∂x

, ψ(t) =
1
2




ϕ(t) +
ϕ̇(t)
α0

ϕ(t)− ϕ̇(t)
α0


 ,

A(x, t) =
1
2




[
α0 + a0(x, t) +

a1(x, t)
α0

]
−

[
α0 + a0(x, t)− a1(x, t)

α0

]

[
α0 − a0(x, t)− a1(x, t)

α0

]
−

[
α0 − a0(x, t) +

a1(x, t)
α0

]


 ,

B(x, t) =
1
2




[
a2(x, t) +

a3(x, t)
α0

]
−

[
a2(x, t)− a3(x, t)

α0

]

−
[
a2(x, t) +

a3(x, t)
α0

] [
a2(x, t)− a3(x, t)

α0

]


 ,

F (x, t) =




f(x, t)
2α0

−f(x, t)
2α0


 . (5)

Òîãäà çàäà÷ó (1)�(4) ìîæíî çàïèñàòü â âèäå

∂V

∂t
= A(x, t)V + B(x, t)U(x, t) + F (x, t), V ∈ R2, (6)

V (x, 0) = V (x, T ), (7)

U(x, t) = ψ(t) +

x∫

0

V (ξ, t)dξ. (8)
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Äëÿ íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (6)-(8) ðàçîáüåì îòðåçîê [0, ω] ñ øàãîì
h > 0 íà N ÷àñòåé, Nh = ω. Ôóíêöèè v(0)(t), v̇(0)(t) îïðåäåëèì ðàâåíñòâà-
ìè: v(0)(t) = 0, v̇(0)(t) = 0.

Ðåøàÿ ïåðèîäè÷åñêóþ êðàåâóþ çàäà÷ó

dv(1)

dt
= A(0, t)v(1) + B(0, t)ψ(t) + F (0, t), v(1)(0) = v(1)(T ), (9)

íàõîäèì âåêòîð-ôóíêöèþ v(1)(t).
Âåêòîð-ôóíêöèþ v(2)(t) íàéäåì, ðåøàÿ ïåðèîäè÷åñêóþ êðàåâóþ çàäà÷ó

dv(2)

dt
= A(h, t)v(2) + B(h, t)

(
ψ(t) + v(1)(t)h

)
+ F (h, t),

v(2)(0) = v(2)(T ). (10)

Ñ÷èòàÿ èçâåñòíûìè v(i)(t), i = 1, N, âåêòîð-ôóíêöèþ v(i+1)(t) íàõîäèì,
ðåøàÿ ïåðèîäè÷åñêóþ êðàåâóþ çàäà÷ó

dv(i+1)

dt
= A(ih, t)v(i+1) + B(ih, t)

(
ψ(t) + h

i∑

j=0

v(j)(t)
)

+ F (ih, t), (11)

v(i+1)(0) = v(i+1)(T ), i = 1, N. (12)

Ïóñòü α1 = max
(x,t)∈Ω

‖A(x, t)‖, α2 = max
(x,t)∈Ω

‖B(x, t)‖, ‖F‖0 = max
(x,t)∈Ω

‖F (x, t)‖,

K(α0, α1, σ) = max
(α0

σ
,
α0α1

σ
+ 1

)
.

Òåîðåìà 1. Ïóñòü âûïîëíÿåòñÿ íåðàâåíñòâî a1(x, t) ≥ σ > 0 äëÿ âñåõ
(x, t) ∈ Ω. Òîãäà äëÿ ëþáîãî h > 0 : Nh = ω ïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à
äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (11), (12) èìååò
åäèíñòâåííîå ðåøåíèå {v(i+1)(t), i = 1, N} è ñïðàâåäëèâû îöåíêè:

max
i=1,N

max
(‖v(i+1)‖0, ‖v̇(i+1)‖0

) ≤

≤ K(α0, α1, σ)
(
1 + α2hK(α0, α1, σ)

)
ω
h {α2‖ψ‖0 + ‖F‖0} .
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Äîêàçàòåëüñòâî. Ñîãëàñíî âûáîðó ÷èñëà α0 > 0 âûïîëíÿåòñÿ íåðà-
âåíñòâî

α0 − |a0(x, t)| − |a1(x, t)|
α0

≥ 0,

ïîýòîìó
∣∣∣∣
1
2

[
α0 + a0(x, t) +

a1(x, t)
α0

]∣∣∣∣−
∣∣∣∣
1
2

[
α0 − a0(x, t)− a1(x, t)

α0

]∣∣∣∣ =
a1(x, t)

α0
≥ σ

α0
,

∣∣∣∣
1
2

[
α0 − a0(x, t)− a1(x, t)

α0

]∣∣∣∣−
∣∣∣∣
1
2

[
α0 − a0(x, t) +

a1(x, t)
α0

]∣∣∣∣ =
a1(x, t)

α0
≥ σ

α0
.

Ýòî îçíà÷àåò, ÷òî â ìàòðèöå A(x, t) èìååò ìåñòî óñëîâèå äèàãîíàëüíîãî
ïðåîáëàäàíèÿ ïî ñòðîêàì ñ ôóíêöèåé θ(x, t) =

a1(x, t)
α0

.

Ðàññìîòðèì çàäà÷ó (11), (12). Ïî òåîðåìå 4 èç [3, c.392] ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå çàäà÷è è âûïîëíÿåòñÿ îöåíêà

‖v(i+1)‖0 ≤ α0

σ
‖B(ih, ·)‖0


‖ψ‖0 + h

i∑

j=0

‖v(j)‖0


 +

α0

σ
‖F (ih, ·)‖0 ≤

≤ α0

σ


α2‖ψ‖0 + α2h

i∑

j=0

‖v(j)‖0 + ‖F‖0


 .

Òàê êàê v(i+1)(t) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ (11), òî
äëÿ åå ïðîèçâîäíîé áóäåò ñïðàâåäëèâà îöåíêà

‖v̇(i+1)‖1 ≤ ‖A(ih, ·)‖0‖v(i+1)‖0 + ‖B(ih, ·)‖0

(
‖ψ‖0 + h

i∑

j=0

‖v(j)‖0 + ‖F‖0

)
≤

≤ α1‖v(i+1)‖0 + α2

(
‖ψ‖0 + h

i∑

j=0

‖v(j)‖0

)
+ ‖F‖0. (13)

Ïîäñòàâëÿÿ â ïðàâóþ ÷àñòü (13) îöåíêó ‖v(i+1)‖1, ïîëó÷èì

‖v̇(i+1)‖1 ≤ α2

(α0α1

σ
+ 1

)(
‖ψ‖0 + h

i∑

j=0

‖v(j)‖0

)
+

(α0α1

σ
+ 1

)
‖F‖0 ≤
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≤
(α0α1

σ
+ 1

)

α2‖ψ(·)‖0 + α2h

i∑

j=0

‖v(j)‖0 + ‖F‖0


 .

Èç ïîñëåäíåé îöåíêè è îöåíêè (13) ïîëó÷èì

max
(‖v(i+1)‖0, ‖v̇(i+1)‖0

) ≤

≤ max
(α0

σ
,
α0α1

σ
+ 1

)

α2‖ψ‖0 + α2h

i∑

j=0

‖v(j)‖0 + ‖F‖0


 . (14)

Èç íåðàâåíñòâà (14) ïðè i = 0 ïîëó÷èì

max
(‖v(1)‖0, ‖v̇(1)‖0

) ≤ max
(α0

σ
,
α0α1

σ
+ 1

)
(α2‖ψ‖0 + ‖F‖0) .

Ïðè i = 1 èç íåðàâåíñòâ (14), ñ ó÷åòîì îöåíêè äëÿ ôóíêöèé v(1)(t), v̇(1)(t),
ïîëó÷èì

max
(‖v(2)‖0, ‖v̇(2)‖0

) ≤

≤ max
(α0

σ
,
α0α1

σ
+ 1

)(
α2‖ψ‖0 + α2hmax

(‖v(1)‖0, ‖v̇(1)‖0

)
+ ‖F‖0

)
≤

≤ max
(α0

σ
,
α0α1

σ
+ 1

) (
1 + α2hmax

(α0

σ
,
α0α1

σ
+ 1

))
{α2‖ψ‖0 + ‖F‖0} .

Àíàëîãè÷íî, äëÿ v(3)(t), v̇(3)(t) èç (14) èìååì îöåíêó

max
(‖v(3)‖0, ‖v̇(3)‖0

) ≤

≤ max
(α0

σ
,
α0α1

σ
+ 1

)(
1 + α2hmax

(α0

σ
,
α0α1

σ
+ 1

))2
{α2‖ψ‖0 + ‖F‖0} .

Ïðîäîëæàÿ, äëÿ ëþáîãî i = 1, N óñòàíîâèì îöåíêó

max
(‖v(i+1)‖0, ‖v̇(i+1)‖0

) ≤

≤ max
(α0

σ
,
α0α1

σ
+ 1

)(
1 + α2hmax

(α0

σ
,
α0α1

σ
+ 1

))i
{α2‖ψ‖0 + ‖F‖0} ≤

≤ K(α0, α1, σ)
(
1 + α2hK(α0, α1, σ)

)
ω
h {α2‖ψ‖0 + ‖F‖0} . (15)
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Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ êðàåâîé çàäà÷è (11), (12). Ïóñòü ñó-
ùåñòâóþò äâà ðåøåíèÿ ṽ(i+1)(t) è v(i+1)(t). Èõ ðàçíîñòü îáîçíà÷èì ÷åðåç
∆v(i+1)(t), ò.å. ∆v(i+1)(t) = ṽ(i+1)(t)− v(i+1)(t). Äëÿ ∆v(i+1)(t) èìååì êðàå-
âóþ çàäà÷ó

d∆v(i+1)

dt
= A(ih, t)∆v(i+1) + B(ih, t)h

i∑

j=0

∆v(j), ∆v(i+1)(0) = ∆v(i+1)(T ),

è ñïðàâåäëèâà îöåíêà

‖∆v(i+1)‖0 ≤ α0

σ
α2h

i∑

j=0

‖∆v(j)‖0. (16)

Òàê êàê ïî ïðåäïîëîæåíèþ v(0)(t) = 0, òî èç (16) ïðè i = 1 ïîëó÷èì

‖∆v(1)(·)‖0 = 0, ò. å. ṽ(1)(t) = v(1)(t).

Èç (16) âèäíî, ÷òî âñå îöåíêè ∆v(i+1)(t), i = 1, N, ïîëó÷àþòñÿ ÷åðåç ïðåäû-
äóùèå. Ïîýòîìó äëÿ âñåõ i = 1, N ṽ(i)(t) = v(i+1)(t), t ∈ [0, T ]. Çíà÷èò,
çàäà÷à (11), (12) èìååò åäèíñòâåííîå ðåøåíèå. Òåîðåìà 1 äîêàçàíà.

Ïî íàéäåííûì ôóíêöèÿì v(i+1)(t), i = 1, N, íà Ω ñòðîÿòñÿ ôóíêöèè

Uh(x, t) = ψ(t) + h

i−1∑

j=0

v(j)(t) + v(i)(t)(x− (i− 1)h), x ∈ [(i− 1)h, ih), (17)

Vh(x, t) = v(i+1)(t)
x− (i− 1)h

h
+v(i)(t)

ih− x

h
, x ∈ [(i−1)h, ih), i = 1, N.

(18)
Ââåäåì îáîçíà÷åíèÿ

Dh(x) =

[
K(α0, α1, σ)

(
1 + α2hK(α0, α1, σ)

)
ω
h {α2‖ψ‖0 + ‖F‖0}+ ‖ψ‖0

]
+

+
1
2

max
(∥∥∥f(x, ·)− f((i− 1)h, ·)

a1(x, ·)
∥∥∥

0
,
∥∥∥f(x, ·)− f(ih, ·)

a1(x, ·)
∥∥∥

0

)
,

Eh(x) =

x∫

0

Dh(ξ)dξ+3hK(α0, α1, σ) [1 + α2hK(α0, α1, σ)]
ω
h

{
α2‖ψ‖0+‖F‖0

}
.
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Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà íà Ω ñóùå-
ñòâóåò åäèíñòâåííîå ðåøåíèå {U∗(x, t), V ∗(x, t)} êðàåâîé çàäà÷è (6)�(8)
è ñïðàâåäëèâû îöåíêè

‖V ∗(x, ·)− Vh(x, ·)‖0 ≤ Dh(x) + Eh(x) exp
(∫ x

0

∥∥∥a3(ξ, ·)
a1(ξ, ·)

∥∥∥
0
dξ

)
,

‖U∗(x, ·)− Uh(x, ·)‖0 ≤ Eh(x) exp
( ∫ x

0

∥∥∥a3(ξ, ·)
a1(ξ, ·)

∥∥∥
0
dξ

)
.

Äîêàçàòåëüñòâî. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû ïîêàæåì, ÷òî ñó-
ùåñòâóåò ðåøåíèå êðàåâîé çàäà÷è (6)-(8). Ðåøåíèå V ∗(x, t), U∗(x, t) çàäà-
÷è (6)�(8) íàéäåì ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Çà íà÷àëüíîå
ïðèáëèæåíèå ïî U(x, t) âîçüìåì Uh(x, t), à V (1)(x, t) íàéäåì, êàê ðåøåíèå
ïåðèîäè÷åñêîé êðàåâîé çàäà÷è

∂V

∂t
= A(x, t)V + B(x, t)Uh(x, t) + F (x, t), (19)

V (x, 0) = V (x, T ), (20)

Òàê êàê óñëîâèå òåîðåìû îáåñïå÷èâàåò âûïîëíåíèå óñëîâèé òåîðåìû èç [2,
c. 104], òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå V (1)(x, t) çàäà÷è (19), (20).

Îöåíèì ðàçíîñòü ôóíêöèé v(1)(x, t) è Vh(x, t) ñ ó÷åòîì ïðåäñòàâëåíèÿ
(18): ∥∥V (1)(x, ·)− Vh(x, ·)∥∥

0
≤

≤
∥∥∥V (1)(x, ·)

(x− (i− 1)h
h

+
ih− x

h

)
− v(i+1) x− (i− 1)h

h
− v(i) ih− x

h

∥∥∥
0
≤

≤ ‖V (1)(x, ·)− v(i+1)‖0
x− (i− 1)h

h
+ ‖V (1)(x, ·)− v(i)‖0

ih− x

h
≤

≤ max
(
‖V (1)(x, ·)− v(i+1)‖0, ‖V (1)(x, ·)− v(i)‖0

)
. (21)

Îáîçíà÷èì ÷åðåç 4Ṽ (1)(x, t) ðàçíîñòü V (1)(x, t)−v(i+1)(t), i = = 1, N. Ó÷è-
òûâàÿ, ÷òî v(i+1)(t), i = 1, N, è V (1)(x, t) ñîîòâåòñòâåííî ðåøåíèÿ çàäà÷
(11),(12) è (19),(20), 4Ṽ (1)(x, t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è

∂4Ṽ (1)

∂t
= A(x, t)4Ṽ (1) + [A(x, t)−A(ih, t)]v(i+1)(t) + [B(x, t)−B(ih, t)]×
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×
(
ψ(t) + h

i−1∑

j=0

v(j)(t)
)

+ +B(x, t)v(i)(t)(x− ih) + F (x, t)− F (ih, t), (22)

4Ṽ (1)(x, 0) = 4Ṽ (1)(x, T ), x ∈ [0, ω]. (23)

Äëÿ 4Ṽ (1)(x, t) ïî òåîðåìå èç [4, c. 104] ñïðàâåäëèâà îöåíêà

‖4Ṽ (1)(x, ·)‖0 = ‖V (1)(x, ·)− v(i+1)‖0 ≤

≤ max
(∥∥∥a1(x, ·)− a1(ih, ·)

a1(x, ·)
∥∥∥

0
,
∥∥∥a3(x, ·)− a3(ih, ·)

a1(x, ·)
∥∥∥

0

)(
‖ψ‖0+

+h
i−1∑

j=0

‖v(j)‖0

)
+

∥∥∥a3(x, ·)
a1(x, ·)

∥∥∥
0
‖v(i)‖0|x− (i− 1)h|+

∥∥∥f(x, ·)− f(ih, ·)
2a1(x, ·)

∥∥∥
0
≤

≤
∥∥∥f(x, ·)− f(ih, ·)

2a1(x, ·)
∥∥∥

0
+

[
max

(∥∥∥a1(x, ·)− a1(ih, ·)
a1(x, ·)

∥∥∥
0
,
∥∥∥a3(x, ·)− a3(ih, ·)

a1(x, ·)
∥∥∥

0

)
×

×ω +
∥∥∥a3(x, ·)
a1(x, ·)

∥∥∥
0
|x− (i−1)h|

]
K(α0, α1, σ)

(
1+α2hK(α0, α1, σ)

)
ω
h

{
α2‖ψ‖0+

+‖F‖0

}
+ max

(∥∥∥a1(x, ·)− a1(ih, ·)
a1(x, ·)

∥∥∥
0
,
∥∥∥a3(x, ·)− a3(ih, ·)

a1(x, ·)
∥∥∥

0

)
‖ψ‖0. (24)

Àíàëîãè÷íî ïîëó÷èì îöåíêó

‖4V
(1)(x, ·)‖0 = ‖V (1)(x, ·)− v(i)‖0 ≤

∥∥∥f(x, ·)− f((i− 1)h, ·)
a1(x, ·)

∥∥∥
0
+

+

[
max

(∥∥∥a1(x, ·)− a1((i− 1)h, ·)
a1(x, ·)

∥∥∥
0
,
∥∥∥a3(x, ·)− a3((i− 1)h, ·)

a1(x, ·)
∥∥∥

0

)
ω+

+
∥∥∥a3(x, ·)
a1(x, ·)

∥∥∥
0
|x−ih|

]
K(α0, α1, σ)

(
1+α2hK(α0, α1, σ)

)
ω
h

{
α2‖ψ‖0 + ‖F̂‖0

}
+

+max
(∥∥∥a1(x, ·)− a1((i− 1)h, ·)

a1(x, ·)
∥∥∥

0
,
∥∥∥a3(x, ·)− a3((i− 1)h, ·)

a1(x, ·)
∥∥∥

0

)
‖ψ‖0. (25)
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Èç îöåíîê (24),(25) ïîëó÷èì

‖4V (1)(x, ·)‖0 = max
(
‖V (1)(x, ·)− v(i+1)‖0, ‖V (1)(x, ·)− v(i)‖0

)
≤

≤
[

max
(∥∥∥a1(x, ·)− a1((i− 1)h, ·)

a1(x, ·)
∥∥∥

0
,
∥∥∥a1(x, ·)− a1(ih, ·)

a1(x, ·)
∥∥∥

0

)
ω+

+max
(∥∥∥a3(x, ·)− a3((i− 1)h, ·)

a1(x, ·)
∥∥∥

0
,
∥∥∥a3(x, ·)− a3(ih, ·)

a3(x, ·)
∥∥∥

0

)
ω+

+max
(∥∥∥a3(x, ·)− a3((i− 1)h, ·)

a1(x, ·)
∥∥∥

0
,
∥∥∥a3(x, ·)− a3(ih, ·)

a1(x, ·)
∥∥∥

0

)
|x− (i− 1)h|

]
×

×K(α0, α1, σ)
(
1 + α2hK(α0, α1, σ)

)
ω
h {α2‖ψ‖0 + ‖F‖0}+

+

[
max

(∥∥∥a1(x, ·)− a1((i− 1)h, ·)
a1(x, ·)

∥∥∥
0
,
∥∥∥a1(x, ·)− a1(ih, ·)

a1(x, ·)
∥∥∥

0

)
+

+max
(∥∥∥a3(x, ·)− a3((i− 1)h, ·)

a1(x, ·)
∥∥∥

0
,
∥∥∥a3(x, ·)− a3(ih, ·)

a1(x, ·)
∥∥∥

0

)]
×

×ω‖ψ‖0 + max
(∥∥∥f(x, ·)− f((i− 1)h, ·)

2a1(x, ·)
∥∥∥

0
,
∥∥∥f(x, ·)− f(ih, ·)

2a1(x, ·)
∥∥∥

0

)
. (26)

Ïîäñòàâëÿÿ îöåíêó (26) â ïðàâóþ ÷àñòü (21), èìååì
∥∥V (1)(x, ·)− Vh(x, ·)∥∥

0
≤

≤
[

max
(∥∥∥a1(x, ·)− a1((i− 1)h, ·)

a1(x, ·)
∥∥∥

0
,
∥∥∥a1(x, ·)− a1(ih, ·)

a1(x, ·)
∥∥∥

0

)
ω+

+max
(∥∥∥a3(x, ·)− a3((i− 1)h, ·)

a1(x, ·)
∥∥∥

0
,
∥∥∥a3(x, ·)− a3(ih, ·)

a1(x, ·)
∥∥∥

0

)
ω+

+max
(∥∥∥a3(x, ·)− a3((i− 1)h, ·)

a1(x, ·)
∥∥∥

0
,
∥∥∥a3(x, ·)− a3(ih, ·)

a1(x, ·)
∥∥∥

0

)
|x− (i− 1)h|

]
×
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×
[
K(α0, α1, σ)

(
1 + α2hK(α0, α1, σ)

)
ω
h {α2‖ψ‖0 + ‖F‖0}+ ‖ψ‖0

]
+

+max
(∥∥∥f(x, ·)− f((i− 1)h, ·)

a1(x, ·)
∥∥∥

0
,
∥∥∥f(x, ·)− f(ih, ·)

a1(x, ·)
∥∥∥

0

)
= Ah(x). (27)

V (1)(x, t) ïîäñòàâëÿåì â ôóíêöèîíàëüíîå ñîîòíîøåíèå (8), ïîëó÷èì

U (1)(x, t)− Uh(x, t) =

x∫

0

(
V (1)(ξ, t)− Vh(ξ, t)

)
dξ +

∫ x

0
Vh(ξ, t)dξ−

−h
i−1∑

j=0

v(j)(t)− v(i)(t)[x− (i− 1)h]. (28)

Èç ñîîòíîøåíèÿ (18) èìååì
∫ x

0
Vh(ξ, t)dξ =

∫ h

0

[
v(1)(t)

h− ξ

h
+ v(2)(t)

ξ

h

]
dξ+

+
∫ 2h

h

[
v(2)(t)

2h− ξ

h
+ v(3)(t)

ξ − h

h

]
dξ + . . . +

∫ (i−1)h

(i−2)h

[
v(i−1)(t)

ih− ξ

h
+

+v(i)(t)
ξ − (i− 1)h

h

]
dξ +

∫ x

(i−1)h

[
v(i)(t)

ih− ξ

h
+ v(i+1)(t)

ξ − (i− 1)h
h

]
dξ =

=
[
v(1)(t) + v(i)(t)

]h

2
+ h

[
v(2)(t) + v(2)(t) + . . . + v(i−1)(t)

]
+

+
∫ x

(i−1)h

[
v(i)(t)

ih− ξ

h
+ v(i+1)(t)

ξ − (i− 1)h
h

]
dξ. (29)

Â ïðàâóþ ÷àñòü (28) ïîäñòàâëÿÿ âûðàæåíèÿ (29) è ó÷èòûâàÿ îöåíêè (27),
(15), ïîëó÷èì

‖u(1)(x, ·)−Uh(x, ·)‖1 ≤
∫ x

0
Dh(ξ)dξ + max

(‖v(i)‖1, ‖v(i+1)‖1

)|x− (i− 1)h|+

+max
(‖v(i)‖1, ‖v(1)‖1

)
h + ‖v(i)(·)‖1|x− (i− 1)h| ≤

∫ x

0
Dh(ξ)dξ+
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+3h max
i=1,N

‖v(i+1)‖1 ≤ 3hK(α0, α1, σ) (1 + α2hK(α0, α1, σ))
ω
h×

×{α2‖ψ‖0 + ‖F‖0} ·
∫ x

0
Dh(ξ)dξ = Eh(x). (30)

Ïðè U = U (1)(x, t) ðåøàÿ çàäà÷ó (6),(7) íàéäåì ôóíêöèþ V (2)(x, t). Îáî-
çíà÷èì ÷åðåç 4V (2)(x, t) ðàçíîñòü V (2)(x, t) − V (1)(x, t). Äëÿ 4V (2)(x, t)
èìååì

∂4Ṽ (2)

∂t
= A(x, t)4Ṽ (2) + B(x, t)

[
U (1)(x, t)− Uh(x, t)

]
, (31)

4Ṽ (2)(x, 0) = 4Ṽ (2)(x, T ), x ∈ [0, ω]. (32)

Ó÷èòûâàÿ îöåíêó (30), äëÿ 4Ṽ (2)(x, t) ïîëó÷èì îöåíêó

‖4Ṽ (2)(x, ·)‖0 ≤
∥∥∥a3(x, ·)
a1(x, ·)

∥∥∥
0
‖U (1)(x, ·)− Uh(x, ·)‖0 ≤

≤
[ ∫ x

0
Dh(ξ)dξ + 3hK(α0, α1, σ) (1 + α2hK(α0, α1, σ))

ω
h

{
α2‖ψ‖0 +

+ ‖F‖0

}]∥∥∥a3(x, ·)
a1(x, ·)

∥∥∥
0

=
∥∥∥a3(x, ·)
a1(x, ·)

∥∥∥
0
· Eh(x). (33)

Ïðè V = V (2)(x, t) èç èíòåãðàëüíîãî ñîîòíîøåíèÿ (8) èìååì U (2)(x, t) =

= ψ(t) +
x∫
0

V (2)(ξ, t)dξ. Òîãäà äëÿ ðàçíîñòè U (2)(x, t)−U (1)(x, t), ó÷èòûâàÿ

îöåíêó (33), èìååì
‖U (2)(x, ·)− U (1)(x, ·)‖0 ≤

≤
x∫

0

‖V (2)(ξ, ·)− V (1)(ξ, ·)‖0dξ ≤
x∫

0

∥∥∥a3(ξ, ·)
a1(ξ, ·)

∥∥∥
0
· Eh(ξ)dξ. (34)

Äàëåå êðàåâóþ çàäà÷ó (6),(7) ðåøàåì ïðè U = U (2)(x, t), íàõîäèì V (3)(x, t).
Àíàëîãè÷íî (30),(34) ïîëó÷èì îöåíêè

‖4Ṽ (3)(x, ·)‖0 = ‖V (3)(x, ·)− V (2)(x, ·)‖0 ≤
∥∥∥a3(x, ·)
a1(x, ·)×
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×
∥∥∥

0
‖U (2)(x, ·)− U (1)(x, ·)‖0 ≤

∥∥∥a3(x, ·)
a1(x, ·)

∥∥∥
0

x∫

0

∥∥∥a3(ξ, ·)
a1(ξ, ·)

∥∥∥
0
· Eh(ξ)dξ, (35)

‖U (3)(x, ·)− U (2)(x, ·)‖0 ≤
x∫

0

‖V (3)(ξ, ·)− V (2)(ξ, ·)‖0dξ ≤
x∫

0

∥∥∥a3(ξ, ·)
a1(ξ, ·)

∥∥∥
0
×

×
ξ∫

0

∥∥∥a3(ξ1, ·)
a1(ξ1, ·)

∥∥∥
0
· Eh(ξ1)dξ1dξ =

1
2!

( x∫

0

∥∥∥a3(ξ, ·)
a1(ξ, ·)

∥∥∥
0
dξ

)2

Eh(x). (36)

Ïðåäïîëàãàÿ, ÷òî V (k)(x, t), U (k)(x, t), k = 2, 3, . . . , èçâåñòíû è óñòàíîâëåíà
îöåíêà

‖V (k)(x, ·)− V (k−1)(x, ·)‖0 ≤

≤
∥∥∥B(x, ·)

θ(x, ·)
∥∥∥

0

∫ x

0
‖V (k−1)(ξ, ·)− V (k−2)(ξ, ·)‖0dξ, (37)

ñëåäóþùåå ïðèáëèæåíèå ïî V íàéäåì, ðåøàÿ ñåìåéñòâî ïåðèîäè÷åñêèõ
êðàåâûõ çàäà÷

∂V (k+1)

∂t
= A(x, t)V (k+1) + B(x, t)U (k)(x, t) + F (x, t), (38)

V (k+1)(x, 0) = V (k+1)(x, T ). (39)

Ôóíêöèÿ U (k+1)(x, t) îïðåäåëÿåòñÿ èç ôóíêöèîíàëüíîãî ñîîòíîøåíèÿ

U (k+1)(x, t) = ψ(t) +
∫ x

0
V (k+1)(ξ, t)dξ, k = 1, 2, . . . .

Îòñþäà, îöåíèâàÿ ðàçíîñòè U (k+1)(x, t)− U (k)(x, t), ïîëó÷èì

‖U (k+1)(x, ·)− U (k)(x, ·)‖0 ≤

≤
∫ x

0
max(‖V (k+1)(ξ, ·)− V (k)(ξ, ·)‖0dξ, k = 1, 2, 3, . . . , (40)

è àíàëîãè÷íî (33)�(36) èìååì

‖V (k+1)(x, ·)− V (k)(x, ·)‖0 ≤
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≤
∥∥∥a3(x, ·)
a1(x, ·)

∥∥∥
0

∫ x

0
max(‖V (k)(ξ, ·)− V (k−1)(ξ, ·)‖0dξ ≤

≤
∥∥∥a3(x, ·)
a1(x, ·)

∥∥∥
0

1
(k − 2)!

( x∫

0

∥∥∥a3(ξ, ·)
a1(ξ, ·)

∥∥∥
0
dξ

)k−2

Eh(x), k = 1, 2, 3, . . . , (41)

(‖V (k+1)(x, ·)− Vh(x, ·)‖0 ≤

≤ ‖V (k+1)(x, ·)− V (k)(x, ·)‖0 + . . . + ‖V (2)(x, ·)− V (1)(x, ·)‖0+

+‖V (1)(x, ·)− Vh(x, ·)‖0 ≤ Dh(x) + Eh(x) exp
(∫ x

0

∥∥∥a3(ξ, ·)
a1(ξ, ·)

∥∥∥
0
dξ

)
, (42)

‖U (k+1)(x, ·)− Uh(x, ·)‖0 ≤ ‖U (k+1)(x, ·)− U (k)(x, ·)‖0+

+ . . . + ‖U (2)(x, ·)− U (1)(x, ·)‖0 + ‖U (1)(x, ·)− Uh(x, ·)‖1 ≤

≤ Eh(x) exp
(∫ x

0

∥∥∥a3(ξ, ·)
a1(ξ, ·)

∥∥∥
0
dξ

)
. (43)

Ó÷èòûâàÿ ðàâíîìåðíóþ íåïðåðûâíîñòü ôóíêöèè F (x, t) íà Ω è ñòðóêòóðó
ôóíêöèé Ah(x), Bh(x), ïðè h → 0 èç îöåíîê (40)-(43) ïîëó÷èì, ÷òî ïîñëå-
äîâàòåëüíîñòü ôóíêöèé {U (k)(x, t), V (k)(x, t)}, k = 1, 2, . . . , íà Ω ðàâíîìåð-
íî ñõîäèòñÿ ê {U∗(x, t), V ∗(x, t)} � ðåøåíèþ çàäà÷è (6)-(8). Ñëåäîâàòåëü-
íî, ñèñòåìà ôóíêöèé {Uh(x, t), Vh(x, t)} ÿâëÿåòñÿ ïðèáëèæåííûì ðåøåíèåì
çàäà÷è (6)-(8), ïîñòðîåííûì ïðè ïîìîùè ìîäèôèêàöèè ìåòîäà ëîìàíûõ
Ýéëåðà. Îòñþäà âûòåêàåò, ÷òî ïîëóïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à (1)-(4)
èìååò ðåøåíèå U∗(x, t). Åäèíñòâåííîñòü ðåøåíèÿ êðàåâîé çàäà÷è (1)-(4)
äîêàçûâàåòñÿ ìåòîäîì îò ïðîòèâíîãî. Òåîðåìà 2 äîêàçàíà.
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Èññëåäóåòñÿ ðàçðåøèìîñòü ñìåøàííûõ çàäà÷ â îãðàíè÷åííîé è íåîãðàíè-
÷åííîé ïî ïðîñòðàíñòâåííûì ïåðåìåííûì îáëàñòÿõ äëÿ óëüòðàïàðàáîëè-
÷åñêèõ óðàâíåíèé ñî ñòåïåííûìè íåëèíåéíîñòÿìè è ëèíåéíûì èíòåãðî-
äèôôåðåíöèàëüíûì îïåðàòîðîì ïàìÿòè. Ïîëó÷åíû óñëîâèÿ ñóùåñòâîâà-
íèÿ è åäèíñòâåííîñòè ðåøåíèÿ ðàññìàòðèâàåìûõ çàäà÷, à òàêæå íåêîòîðûå
îöåíêè ðåøåíèÿ â ñëó÷àå îãðàíè÷åííîé ïî ïðîñòðàíñòâåííûì ïåðåìåííûì
îáëàñòè.
Êëþ÷åâûå ñëîâà: óëüòðàïàðàáîëè÷åñêîå óðàâíåíèå, èíòåãðàëüíûé ÷ëåí,
íåîãðàíè÷åííàÿ îáëàñòü, ñëàáîå ðåøåíèå.

Ââåäåíèå
Âïåðâûå óëüòðàïàðàáîëè÷åñêèå óðàâíåíèÿ áûëè ââåäåíû äëÿ ìîäåëè-

ðîâàíèÿ ïðîöåññîâ äèôôóçèè ñ èíåðöèåé [1]. Ïîçæå îíè íàøëè ïðèìåíåíèå
â ôèçèêå, ýêîíîìèêå, áèîëîãèè [2, 3]. Â ñâÿçè ñ ýòèì ïîÿâèëèñü ðàáîòû, ïî-
ñâÿùåííûå èññëåäîâàíèþ ðàçðåøèìîñòè êðàåâûõ è ñìåøàííûõ çàäà÷ äëÿ
ëèíåéíûõ óëüòðàïàðàáîëè÷åñêèõ óðàâíåíèé â îãðàíè÷åííûõ îáëàñòÿõ [4-
7] è â íåîãðàíè÷åííîé îáëàñòè [8]. Äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè êðà-
åâûõ çàäà÷ â ïðîñòðàíñòâàõ Ãåëüäåðà ïðèìåíÿëèñü ìåòîäû ïðîäîëæåíèÿ

c© Í.Ï. Ïðîöàõ, Á.È. Ïòàøíèê, 2012.
Keywords: Ultraparabolic equation, integral term, unbounded region, weak solution
2010 Mathematics Subject Classi�cation: 35K70, 35D30, 35K55
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ïî ïàðàìåòðó [7], ïîòåíöèàëîâ [4, 8], èíòåãðàëüíûõ ïðåäñòàâëåíèé [5]. Âïî-
ñëåäñòâèè ðàññìàòðèâàëèñü îáîáùåíèÿ ìîäåëüíûõ óëüòðàïàðàáîëè÷åñêèõ
óðàâíåíèé � óëüòðàïàðàáîëè÷åñêèå óðàâíåíèÿ ñ èíòåãðàëüíûìè ñëàãàå-
ìûìè [2, 9, 10, 11], à òàêæå íåëèíåéíûå óëüòðàïàðàáîëè÷åñêèå óðàâíåíèÿ
ñî ñòåïåííûìè íåëèíåéíîñòÿìè [12-16]. Ñ ïîìîùüþ ìåòîäà Ôàýäî�Ãàëåð-
êèíà â ðàáîòàõ [10, 12-16] äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðå-
øåíèé â ïðîñòðàíñòâàõ Ñîáîëåâà ñìåøàííûõ çàäà÷ äëÿ òàêèõ óðàâíåíèé
â îãðàíè÷åííûõ îáëàñòÿõ, à â [13, 15, 16] � â ñëó÷àå íåîãðàíè÷åííîé îá-
ëàñòè è ñòåïåííûõ íåëèíåéíîñòåé. Êðîìå òîãî, â ðàáîòàõ [10, 11, 13, 16]
óñòàíîâëåíû íåêîòîðûå îöåíêè ðåøåíèé ñìåøàííûõ çàäà÷ äëÿ óëüòðàïà-
ðàáîëè÷åñêèõ óðàâíåíèé.

Â ñòàòüå èññëåäóþòñÿ ñìåøàííûå çàäà÷è äëÿ óëüòðàïàðàáîëè÷åñêèõ
óðàâíåíèé ñî ñòåïåííûìè íåëèíåéíîñòÿìè, êîòîðûå ñîäåðæàò èíòåãðàëü-
íîå ñëàãàåìîå òèïà îïåðàòîðà ïàìÿòè, â îãðàíè÷åííûõ è íåîãðàíè÷åííûõ
ïî ïðîñòðàíñâåííûì ïåðåìåííûì îáëàñòÿõ. Óñòàíîâëåíû óñëîâèÿ ñóùåñò-
âîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé. Ïðè äîïîëíèòåëüíûõ óñëîâèÿõ íà ïî-
âåäåíèå ÿäðà èíòåãðàëüíîãî îïåðàòîðà (êîòîðîå çàâèñèò îò âðåìåííîé ïå-
ðåìåííîé) â ñëó÷àå îãðàíè÷åííîé ïî ïðîñòðàíñòâåííûì êîîðäèíàòàì îá-
ëàñòè ïîëó÷åíû îöåíêè ðåøåíèÿ çàäà÷è, íà îñíîâàíèè êîòîðûõ ìîæíî
ïðåäóñìàòðèâàòü àññèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ ïðè âîçðañòàíèè
âðåìåíè. Äëÿ íåîãðàíè÷åííîé ïî ïðîñòðàíñòâåííûì êîîðäèíàòàì îáëà-
ñòè ïîêàçàíî, ÷òî ðàçðåøèìîñòü ðàññìàòðèâàåìîé çàäà÷è íå çàâèñèò îò
ïîâåäåíèÿ ðåøåíèÿ íà áåñêîíå÷íîñòè (òî åñòü íå íàäî íàëàãàòü äîïîëíè-
òåëüíûõ óñëîâèé ïî ïðîñòðàíñòâåííûì ïåðåìåííûì íà áåñêîíå÷íîñòè íà
èñêîìîå ðåøåíèå çàäà÷è). Îòìåòèì, ÷òî ïîäîáíûå ðåçóëüòàòû äëÿ ýëëèï-
òè÷åñêèõ è ïàðàáîëè÷åñêèõ óðàâíåíèé ñî ñòåïåííûìè íåëèíåéíîñòÿìè â
íåîãðàíè÷åííûõ îáëàñòÿõ ðàíüøå áûëè ïîëó÷åíû â ðàáîòàõ [17, 18].

1 Îãðàíè÷åííàÿ îáëàñòü ïî ïðîñòðàíñòâåííûì ïåðåìåííûì

Ïóñòü Ω è D � îãðàíè÷åííûå îáëàñòè â Rn è Rl ñîîòâåòñòâåííî, èõ
ãðàíèöû ∂Ω ∈ C1 è ∂D ∈ C1; x ∈ Ω; y ∈ D; t ∈ (0,∞); T � ôèêñèðîâàííîå
÷èñëî èç èíòåðâàëà (0,∞); Qτ = Ω×D×(0, τ), τ ∈ (0, T ]; G = Ω×D; ΠT =
D× (0, T ); ΣT = ∂Ω×D×(0, T ); ST = Ω×∂D×(0, T ); ν � âíåøíÿÿ íîðìàëü

ê ST ; S1
T = {(x, y, t) ∈ ST :

l∑
i=1

λi(x, y, t) cos(ν, yi) < 0}; S2
T = {(x, y, t) ∈
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ST :
l∑

i=1
λi(x, y, t) cos(ν, yi) ≥ 0}. Ïóñòü äëÿ S1

T âûïîëíÿåòñÿ óñëîâèå (S):
cóùåñòâóåò òàêàÿ ãèïåðïîâåðõíîñòü Γ1 ⊂ ∂D ⊂ Rl−1, ÷òî mesΓ1 > 0 è
S1

T = Ω× Γ1 × (0, T ).
Ââåäåì ïðîñòðàíñòâà: L∞(QT ) := {w : QT → R| w-èçìåðèìà è ñóùåñò-

âóåò ïîñòîÿííàÿ C òàêàÿ, ÷òî |w(x, y, t)| ≤ C ï.â. íà QT }, Lr(G) := {w :
G → R| ∫

G

|w|r dxdy < ∞}, Lr(QT ) := {w : QT → R| ∫
QT

|w|r dxdydt < ∞}

(1≤ r < ∞), H1(QT ) := {w : QT →R|w, wxi , wyj , wt ∈ L2(QT ), i = 1, . . . , n,
j = 1, . . . , l}, H1(G) := {w : G → R| w, wxi , wyj ∈ L2(G), i = 1, . . . , n,
j = 1, . . . , l}, Ck

0 (O) � ïðîñòðàíñòâî âñåõ ôèíèòíûõ k-ðàç íåïðåðûâíî äèô-
ôåðåíöèðóåìûõ ôóíêöèé íà O, V1(QT )={v :v∈H1(QT )∩Lp(QT ), v|S1

T
= 0,

v|ΣT
= 0}, V2(QT ) = {v : v ∈ Lp(QT ), vxi ∈ L2(QT ), i = 1, . . . , n, v|ΣT

= 0},
V2(G) = {v : v ∈ Lp(G), vxi ∈ L2(G), i = 1, . . . , n, v|∂Ω×D = 0}, V3(G) = {v :
v ∈ H1(G) ∩ L2p−2(G), vxixi ∈ L2(G), i = 1, . . . , n, v|∂Ω×D = 0, v|Ω×Γ1 = 0},
V4(G) = {v : v ∈ H1(G), vxixi ∈ L2(G), vxiyj ∈ L2(G), vxixiyj ∈ L2(G),
v|∂Ω×D = 0; v|Ω×Γ1 = 0, i = 1, . . . , n, j = 1, . . . , l}, H2

0 (Ω) := {w : Ω →
R|w, wxi , wxixj ∈ L2(Ω), w|∂Ω = 0, i, j = 1, . . . , n}.

Â îáëàñòè QT ðàññìîòðèì çàäà÷ó

ut +
l∑

i=1

λi(x, y, t)uyi −
n∑

i,j=1

(aij(x, y, t)uxi)xj + c(x, y, t)u+

+b(x)|u|p−2u +

t∫

0

g(t− s)
n∑

i=1

uxixi(x, y, s) ds = f(x, y, t); (1)

u|ΣT
= 0; u|S1

T
= 0; (2)

u(x, y, 0) = u0(x, y), (x, y) ∈ G. (3)

Îïðåäåëåíèå 1. Ôóíêöèþ u ∈ V1(QT ) íàçîâåì ñëàáûì ðåøåíèåì ñìå-
øàííîé çàäà÷è (1)�(3), åñëè îíà óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ (3)
è äëÿ âñåõ ôóíêöèé v ∈ V2(QT ) âûïîëíÿåòñÿ òîæäåñòâî
∫

QT

[
utv+

l∑

i=1

λi(x, y, t)uyiv+
n∑

i,j=1

aij(x, y, t)uxivxj +c(x, y, t)uv+b(x)|u|p−2uv−

−
n∑

i=1

( t∫

0

g(t− s)uxi(x, y, s) ds
)
vxi − f(x, y, t)v

]
dxdydt = 0. (4)
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Ïóñòü êîýôôèöèåíòû óðàâíåíèÿ (1) óäîâëåòâîðÿþò óñëîâèÿì

(A): aij ∈ C(QT ), aij =aji (i, j = 1, . . . , n),
n∑

i,j=1
aij(x, y, t)ξiξj ≥ a0|ξ|2

äëÿ âñåõ ξ ∈ Rn è äëÿ ïî÷òè âñåõ (x, y, t) ∈ QT , a0 > 0;
(B): b ∈ L∞(Ω), b(x) ≥ b0 äëÿ ïî÷òè âñåõ x ∈ Ω, b0 > 0;
(C): c∈L∞(QT ), c(x, y, t)≥c0 äëÿ ïî÷òè âñåõ (x, y, t)∈QT , c0 ∈ R;
(G): g ∈ C([0, T ]) ∩ L2(0,∞), g(t) > 0, t ∈ [0;∞);

(K): a0 −
∞∫
0

g(ξ) dξ > 0;





(5)

(L): λi ∈ L∞(0, T ; C(G)), λiyi ∈ L∞(QT ) (i = 1, . . . , l).

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (5), (L), (S) è a)λkt, cyj , ct, aijyk
,

aijt ∈ L∞(QT ), f, ft, fyk
∈ L2(QT ) (i, j = 1, . . . , n; k = 1, . . . , l), u0 ∈ V3(G),

á) f
∣∣
S1

T
= 0; â) g′ ∈ C([0, T ]), ã) 2<p<∞, åñëè n = l = 1, èëè 2 < p < 2(n+l)

n+l−2 ,
åñëè n + l > 2. Òîãäà ñóùåñòâóåò ñëàáîå ðåøåíèå çàäà÷è (1)�(3).

Äîêàçàòåëüñòâî. Èñïîëüçóåì ìåòîä Ôàýäî-Ãàëåðêèíà. Ïóñòü {ϕk}∞k=1 �
îðòîãîíàëüíûé áàçèñ ïðîñòðàíñòâà H2

0 (Ω), îðòîíîðìèðîâàííûé â L2(Ω),
ãäå ϕk � ñîáñòâåííûå ôóíêöèè çàäà÷è ∆xu = νu, u

∣∣
∂Ω

= 0; {ψm}∞m=1 �
îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå {v : v ∈ H1(D), v|Γ1 = 0}, îðòîíîð-
ìèðîâàííûé â L2(D), ãäå ψm � ñîáñòâåííûå ôóíêöèè çàäà÷è

∆yu = µu, u|Γ1 = 0;
∂u

∂v

∣∣∣∣
Γ2

= 0, (6)

ãäå ∆x =
n∑

i=1

∂2

∂x2
i
, ∆y =

l∑
j=1

∂2

∂y2
j
, Γ2 = ∂D\Γ1. Òîãäà {ϕkψm}∞k,m=1 � áàçèñ

â V4(G). Ïóñòü uN
0 (x, y) =

N∑
k,m=1

uN
0,k,mϕk(x)ψm(y), lim

N→∞
‖uN

0 − u0‖V3(G) = 0.

Ââåäåì îáîçíà÷åíèå ϕk,m := ϕk,m(x, y) = ϕk(x)ψm(y) (k,m = 1, . . . , N).
Ðàññìîòðèì ôóíêöèè

uN (x, y, t) =
N∑

k,m=1

cN
k,m(t)ϕk(x)ψm(y), N ∈ N, (7)
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ãäå ñîâîêóïíîñòü ôóíêöèé {cN
k,m := cN

k,m(t), k,m = 1, . . . , N} îïðåäåëÿåòñÿ,
êàê ðåøåíèå çàäà÷è Êîøè ñ óñëîâèÿìè

cN
k,m(0) = uN

0,k,m, k, m = 1, . . . , N, (8)

äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿä-
êà ∫

G

L(uN , ϕk,m) dxdy :=
∫

G

[
uN

t ϕk,m +
l∑

i=1

λi(x, y, t)uN
yi

ϕk,m+

+
n∑

i,j=1

aij(x, y, t)uN
xi

ϕk,m
xj

+ c(x, y, t)uNϕk,m + b(x)|uN |p−2uNϕk,m−

−
n∑

i=1

( t∫

0

g(t− s)uN
xi

(x, y, s) ds

)
ϕk,m

xi
− f(x, y, t)ϕk,m

]
dxdy = 0. (9)

Äîêàæåì, ÷òî ïðè óñëîâèÿõ òåîðåìû ðåøåíèå çàäà÷è (8)�(9) ñóùåñòâó-
åò. Ââåäåì îáîçíà÷åíèÿ: ~cN (t) := (cN

1,1, . . . , c
N
N,1, c

N
1,2, . . . , c

N
N,2, . . . , c

N
1,N , . . . ,

cN
N,N ), ~ϕ := (ϕ1,1, . . . , ϕN,1, ϕ1,2, . . . , ϕN,2, . . . , ϕ1,N , . . . , ϕN,N ). Òîãäà ñèñòå-
ìà óðàâíåíèé (9) ïðèíèìàåò âèä

~c ′N (t)
∫

G

~ϕϕk,m dx dy = FN,k,m(t,~cN (t)), k,m = 1, . . . , N, (10)

ãäå FN,k,m(t,~cN (t)) :=
∫
G

f(x, y, t)ϕk,m dx dy − ~cN (t)
∫
G

[ l∑
i=1

λi(x, y, t)~ϕyϕ
k,m+

+
n∑

i,j=1
aij(x, y, t)~ϕxiϕ

k,m
xj + c(x, y, t)~ϕϕk,m

]
dx dy − ∫

G

b(x)|~cN (t)~ϕ|p−2~cN (t)~ϕ×

×ϕk,m dx dy +
∫
G

n∑
i=1

(
t∫
0

g(t− s)~cN (s)~ϕ ds

)
ϕk,m

xi dx dy.

Ïîñêîëüêó {ϕk}∞k=1 è {ψm}∞m=1 ÿâëÿþòñÿ îðòîíîðìèðîâàííûìè â L2(Ω),
òî ìàòðèöà, ñîñòàâëåííàÿ èç êîýôôèöèåíòîâ ïðè (cN

k,m)′ â ëåâîé ÷àñòè (10),
ÿâëÿåòñÿ åäèíè÷íîé ìàòðèöåé. Ïîýòîìó ñèñòåìó (10) ìîæíî çàïèñàòü:

~c ′N (t) = ~FN (t,~cN (t)), (11)

ãäå ~FN (t,~cN (t)) :=
(
FN,1,1(t,~cN (t)), . . . , FN,N,1(t,~cN (t)), FN,1,2(t,~cN (t)), . . . ,

FN,N,2(t,~cN (t)), . . . , FN,1,N (t,~cN (t)), . . . , FN,N,N (t,~cN (t))
)
.

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 4 (46)



100 Í.Ï. Ïðîöàõ, Á.È. Ïòàøíèê

Èç óñëîâèé òåîðåìû 1 ñëåäóåò, ÷òî ôóíêöèÿ FN,k,m(t, ~z) íåïðåðûâíà ïî
~z â ïðîñòðàíñòâå RN2 äëÿ ïî÷òè âñåõ t ∈ (0, T ), èçìåðèìà ïî t ïðè êàæäîì
ôèêñèðîâàííîì ~z, êðîìå òîãî, |FN,k,m(t, ~z)| ≤ µ(t) äëÿ âñåõ ~z, |~z| ≤ r0 è
äëÿ âñåõ t ∈ (0, T ), ãäå µ ∈ L1(0, T ). Ïî òåîðåìå Êàðàòåîäîðè [19, c. 54]
ñóùåñòâóåò àáñîëþòíî íåïðåðûâíîå ðåøåíèå çàäà÷è (8), (11) (ò.å. çàäà÷è
(8), (9)) íà [0, tN ], tN ∈ (0, T ]. Èç îöåíêè (14), óñòàíîâëåííîé íèæå, ñëåäóåò,
÷òî ýòî ðåøåíèå ìîæíî ïðîäîëæèòü íà âåñü ïðîìåæóòîê [0, T ].

Ïóñòü a1= max
i,j,k

esssup
QT

|aijyk
|2, a2= max

i,j
esssup

QT

|aijt|2, c1= max
i

esssup
QT

|cyi |2,
c2 =ess sup

QT

|ct|2, λ1 = max
i

esssup
QT

|λiyi |, λ2 = max
i

esssup
QT

|λit|,

χ1 = 2
(
a0 −

∞∫

0

g(ξ) dξ
)
. (12)

Óñòàíîâèì àïðèîðíûå îöåíêè äëÿ ôóíêöèé (7). Óìíîæèì (9) íà
cN
k,m(t)e−νt, ν ≥ 0, ñóììèðóåì ïî k è m îò 1 äî N è èíòåãðèðóåì ïî t
îò 0 äî τ : ∫

Qτ

L(uN , uN )e−νt dxdydt = 0. (13)

Ïðèìåíèâ ê ñëàãàåìûì èç (13) ôîðìóëó íòåãðèðîâàíèÿ ïî ÷àñòÿì, íå-
ðàâåíñòâî |ab| ≤ 1

2(|a|2+|b|2), ó÷èòûâàÿ óñëîâèÿ (A), (B), (C), (L) è îöåíêó

− ∫
Qτ

(
t∫
0

g(t− s)
n∑

i=1
uN

xi
(x, y, s) ds

)
uN

xi
(x, y, t)e−νt dxdydt≥

≥ −
( ∞∫

0

g(ξ) dξ

) ∫
Qτ

n∑
i=1

|uN
xi
|2e−νt dxdydt + 1

2

∫
Πτ

g¤∇xuNe−νt dydt, ãäå ν ≥ 0,

g¤∇xu :=
t∫
0

∫
Ω

g(t− s)
n∑

i=1
|uxi(x, y, t)− uxi(x, y, s)|2 dxds, ïîëó÷àåì îöåíêó

∫

G

|uN |2e−ντ dxdy +
∫

S2
τ

l∑

i=1

λi|uN |2 cos(ν, yi)e−νt dσ+

+
∫

Qτ

[
χ1

n∑

i=1

|uN
xi
|2+

(
ν−λ1l+2c0−1

) |uN |2+2b0|uN |p
]
e−νt dxdydt+

+
∫

Πτ

g¤∇xuNe−νt dydt ≤
∫

Qτ

f2e−νt dxdydt +
∫

G0

|uN
0 |2 dxdy, (14)
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ãäå S2
τ = Ω × Γ2 × (0, τ). Íàéäåì àïðèîðíûå îöåíêè äëÿ ïðîèçâîäíûõ îò

ôóíêöèé (7). Óìíîæàåì (9) íà (−µmcN
k,m(t)e−νt), ãäå ν ≥ 0, µm � ñîá-

ñòâåííîå çíà÷åíèå çàäà÷è (6), ñóììèðóåì ïî k è m îò 1 äî N, èíòåãðèðó-
åì ïî t îò 0 äî τ è, ó÷èòûâàÿ (6), ïðèõîäèì ê ðàâåíñòâó

∫
Qτ

L(uN ,∆yu
N )×

e−νt dxdydt = 0. Êàæäîå ñëàãàåìîå ïîëó÷åííîãî ðàâåíñòâà îöåíèì, êàê
I1, . . . , I6 â [13], I7 â [11]. Òîãäà ïîëó÷àåì îöåíêó (ãäå δ1 > 0, χ1 − δ1 > 0)

∫

G

l∑

i=1

|uN
yi
|2e−ντ dxdy −

∫

S1
τ

l∑

i=1

λi|uN
yi
|2 cos(ν, yi)e−νtdσ +

∫

Πτ

l∑

i=1

g¤∇xuN
yi
×

×e−νt dydt +
∫

Qτ

[
(χ1 − δ1)

n∑

i=1

l∑

j=1

|uN
xiyj

|2 + (ν − λ1l + 2c0 − 1)
l∑

j=1

|uN
yj
|2+

+2b0(p− 1)
l∑

j=1

|uN |p−2(uN
yj

)2
]
e−νt dxdydt ≤

∫

G

l∑

i=1

|uN
0yi
|2 dxdy+

+
∫

Qτ

[
2

l∑

i=1

(fyi)
2 + 2c1l|uN |2 +

a1n

δ1

l∑

i=1

|uN
xi
|2

]
e−νt dxdydt. (15)

Óñòàíîâèì àïðèîðíûå îöåíêè äëÿ ïðîèçâîäíûõ ïî t îò ôóíêöèé (7). Äèô-
ôåðåíöèðóåì ðàâåíñòâî (9) ïî t è ðåçóëüòàò óìíîæàåì íà cN

k,mt(t)e
−νt, ν ≥

0, ñóììèðóåì ïî k è m îò 1 äî N è èíòåãðèðóåì ïî t îò 0 äî τ :

∫

Qτ

[
uN

tt u
N
t +

l∑

i=1

λit(x, y, t)uN
yi

uN
t +

l∑

i=1

λi(x, y, t)uN
yitu

N
t +

+
n∑

i,j=1

aij(x, y, t)uN
xitu

N
xjt +

n∑

i,j=1

aijt(x, y, t)uN
xi

uN
xjt − g(0)

n∑

i=1

uN
xi

uN
xit−

−( t∫

0

g′(t− s)
n∑

i=1

uN
xi

(x, y, s)ds
)
uN

xit+ct(x, y, t)uNuN
t +c(x, y, t)(uN

t )2+

+(p− 1)b(x)|uN |p−2(uN
t )2 − ft(x, y, t)uN

t

]
e−νt dxdydt = 0. (16)

Îöåíèâ ñëàãàåìûå èç (16), ïîäîáíî I9, . . . , I15 â [11], ïîëó÷àåì
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∫

G

|uN
t |2e−ντ dxdy +

∫

Πτ

g¤∇xuN
t e−νt dydt +

∫

S2
τ

l∑

i=1

λi|uN
t |2 cos(ν, yi)e−νtdσ+

+
∫

Qτ

[
(χ1−δ−δ1)

n∑

i=1

|uN
xit|2+

(
ν−λ2

√
l−λ1l+2c0−1

)|uN
t |2+2b0(p−1)|uN |p−2×

×(uN
t )2

]
e−νt dxdydt ≤

∫

Qτ

[
2(ft)2 +

1
δ
(g(t))2

n∑

i=1

|uN
0xi

(x, y)|2 +λ2
√

l
l∑

i=1

|uN
yi
|2+

+2c2|uN |2 +
a2n

δ1

l∑

i=1

|uN
xi
|2]e−νt dxdydt +

∫

G

|uN
t |2|t=0 dxdy, δ > 0. (17)

Îöåíèì ïîñëåäíåå ñëàãàåìîå â ïðàâîé ÷àñòè (17). Äëÿ ýòîãî ïîëîæèì â (9)
t = 0, óìíîæàåì íà cN

k,mt(0) è ñóììèðóåì ïî k è m îò 1 äî N ; ïîëó÷èì
îöåíêó:

∫
G

(uN
t (x, y, 0))2 dxdy ≤ M1‖u0; V3(G)‖2, ãäå ïîñòîÿííàÿ M1 íå çàâè-

ñèò îò uN è N . Âûáåðåì ν > λ1l − 2c0 + 2 + λ2
√

l + 2c1l + 2c2, à δ, δ1 òàê,
÷òîáû χ1 − δ − δ1 > 0. Òîãäà èç (14), (15), (17) ñëåäóåò: ‖uN ; H1(QT )‖2 +
‖uN ; Lp(QT )‖p ≤ M2, ãäå ïîñòîÿííàÿM2 íå çàâèñèò îò N . Èç ïîñëåäíåé
îöåíêè ñëåäóåò ñóùåñòâîâàíèå òàêîé ïîäïîñëåäîâàòåëüíîñòè ïîñëåäîâà-
òåëüíîñòè {uN}∞N=1(ñîõðàíèì çà íåé òàêîå æå îáîçíà÷åíèå), ÷òî uN → u
ïðè N → ∞ 1) ñëàáî â H1(QT ) ∩ Lp(QT ),
2) ñèëüíî â L2(QT ) è 3) ïî÷òè âñþäó â QT ; êðîìå òîãî,∫
Qτ

(b(x)|uN |p−2uN )p′ dxdydt ≤ M3, ãäå ïîñòîÿííàÿ M3 íå çàâèñèò îò N. Ïî

ëåììå 1.3 [12, ñ. 25] b(x)|uN |p−2uN → b(x)|u|p−2u ñëàáî â Lp′(QT ). Ñëåäóÿ
[20] è ó÷èòûâàÿ, ÷òî ïðè óñëîâèè ã) òåîðåìû V4(G) ïëîòíî â V2(G), ïîêà-
çûâàåì, ÷òî ôóíêöèÿ u åñòü ðåøåíèåì çàäà÷è (1) � (3). Òåîðåìà äîêàçàíà.

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (5), (L), (S) è p > 2. Òîãäà
çàäà÷à (1)�(3) íå ìîæåò èìåòü áîëåå îäíîãî ñëàáîãî ðåøåíèÿ.

Äîêàçàòåëüñòâî. Ïóñòü u1, u2 � äâà ñëàáûõ ðåøåíèÿ çàäà÷è (1)�(3). Òîãäà
äëÿ u = u1 − u2 èìååì

∫

QT

[
utu+

l∑

i=1

λi(x, y, t)uyiu+
n∑

i,j=1

aij(x, y, t)uxiuxj+
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+c(x, y, t)|u|2 + b(x)(|u1|p−2u1 − |u2|p−2u2)u−

−
n∑

i=1

( t∫

0

g(t− s)uxi(x, y, s) ds

)
uxi

]
e−νt dxdydt = 0.

Ó÷èòûâàÿ, ÷òî
∫

QT

b(x)(|u1|p−2u1 − |u2|p−2u2)ue−νt dxdydt≥ 22−pb0

∫

QT

|u|pe−νt dxdydt,

ïîäîáíî (14) ïîëó÷èì
∫

G

|u|2e−ντ dxdy +
∫

S2
T

l∑

i=1

λi|u|2 cos(ν, yi)e−νt dσ +
∫

ΠT

g¤∇xue−νt dydt+

+
∫

QT

[
χ1

n∑

i=1

|uxi |2 +
(
ν − λ1l + 2c0

) |u|2 + 23−pb0|u|p
]
e−νt dxdydt ≤ 0,

ãäå ν = max{0;λ1l − 2c0 + 1}. Îòñþäà ñëåäóåò, ÷òî u ≡ 0, ò.å. u1 = u2.
Òåîðåìà äîêàçàíà.

Ïóñòü χ2 = λ1l− 2c0 + 1 + max{λ2
√

l; 2c1l + 2c2}, à C1 � íàèáîëüøàÿ èç
ïîñòîÿííûõ, äëÿ êîòîðûõ âûïîëíÿåòñÿ íåðàâåíñòâî Ôðèäðèõñà

∫
Ω

|ζ|2 dx ≤

C1
−1

∫
Ω

n∑
i=1

|ζxi |2 dx; µ := C1(χ1 − δ) − χ2, ãäå χ1 îïðåäåëåíî â (12), à δ >

0− äîñòàòî÷íî ìàëîå ÷èñëî.
Óñòàíîâèì íåêîòîðûå îöåíêè ðåøåíèÿ çàäà÷è (1)�(3).

Òåîðåìà 3. Ïóñòü µ > 0, âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 1, â óðàâ-
íåíèè (1) ôóíêöèè f ≡ 0, aij(x, y, t) ≡ aij(x), u0 6≡ 0 è äëÿ âñåõ t > 0

g(t) ≤ C2(t + 1)−m, m ≥ 1, C2 > 0. (18)

Òîãäà ñóùåñòâóåò ïîñòîÿííàÿ C > 0, ÷òî äëÿ ñëàáîãî ðåøåíèÿ çàäà÷è
(1)�(3) âûïîëíÿåòñÿ îöåíêà

∫

G

[|u|2 +
l∑

j=1

|uyj |2 + |ut|2] dxdy ≤ C(1 + t)−2m+1,
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à åñëè λ1l − 2c0 + 1 ≤ 0, òî
∫

G

|u|2 dxdy ≤ C(1 + t)−q, q = max{2m− 1;
2

p− 2
}.

Äîêàçàòåëüñòâî. Íàîñíîâàíèè íåðàâåíñòâ (14), (15), (17) ïîëó÷àåì îöåí-
êó

τ∫

0

(∫

G

[|uN |2 +
l∑

i=1

|uN
yi
|2 + |uN

t |2] dxdy

)

t

dt + (χ1 − δ)
∫

Qτ

[ n∑

i=1

|uN
xi
|2+

+
n∑

i=1

l∑

j=1

|uN
xiyj

|2+
n∑

i=1

|uN
xit|2

]
dxdy−χ2

∫

Qτ

[|uN |2+ |uN
t |2+

l∑

j=1

|uN
yj
|2] dxdydt+

+2b0

∫

Qτ

[|uN |p + (p− 1)|uN |p−2
(|uN

t |2 +
l∑

j=1

|uN
yj
|2)] dxdydt ≤

≤ 1
δ

∫

Qτ

(g(t))2
n∑

i=1

|uN
0xi

(x, y)|2 dxdydt. (19)

Îáîçíà÷èì s(t,N) :=
∫
G

[|uN |2 +
l∑

i=1
|uN

yi
|2 + |uN

t |2] dxdy. Ïðèìåíèâ êî

âòîðîìó ñëàãàåìîìó èç (19) íåðàâåíñòâî Ôðèäðèõñà, ïîëó÷èì îöåíêó

st(t,N) ≤ −µs(t,N) +
1
δ

∫

G

(g(t))2
n∑

i=1

|uN
0xi

(x, y)|2 dxdy. (20)

Ñîãëàñíî ñõîäèìîñòè uN
0 → u â V3(G) è àïðèîðíûì îöåíêàì, ïîëó÷åííûì

ïðè äîêàçàòåëüñòâå òåîðåìû 1, ñóùåñòâóåò ïîñòîÿííàÿ M, íåçàâèñÿùàÿ îò
N, ÷òî s(0, N) < M è

∫
G

n∑
i=1

|uN
0xi

(x, y)|2 dxdy < M. Èç (20) ñëåäóåò, ÷òî

(s(t,N))1/r < C3
−1, ãäå r = 2m − 1 > 1, C3 =

(
M max{C2

2
µδ ; 1})−1/r

, òîãäà
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µs(t,N) > µC3(s(t,N))1/r+1. Ó÷èòûâàÿ (20) è ïîñëåäíåå íåðàâåíñòâî, ïî-
ëó÷àåì

st(t,N)≤−µC3(s(t, N))1/r+1+k1(1 + t)−1−r,

ãäå k1=C2
2δ−1M.

Äëÿ ðåøåíèÿ ïîñëåäíåãî íåðàâåíñòâà èñïîëüçóåì ñõåìó äîêàçàòåëüñòâà
ëåììû 4.3 [21, c. 16]. Ââåäåì îáîçíà÷åíèå F (t, N)=s(t,N)+2k1/(r(1 + t)r).
Òîãäà

Ft(t,N)≤−C4 (F (t,N))
1
r
+1,

ãäåC4 =µC3 min{1;
(

r
2

)1+1/r
/(µC3k

1/r
1 )}. Ïîýòîìó

F (t,N) ≤ C5(t + 1)−2m+1, t ∈ [0, T ], N ∈ N, (21)

ãäå C5 =

{
F (0, N), åñëè r < C4(F (0, N))

1
r ;

(r/C4)
r , åñëè r ≥ C4(F (0, N))

1
r .

Ó÷èòûâàÿ, ÷òî

F (0, N) < M +2k1/r, ‖v;L∞(0, T ; L2(G))‖2 ≤ lim
N→∞

‖vN ;L∞(0, T ; L2(G))‖2,

èïåðåõîäÿ ê ïðåäåëó â (21) ïðè N → ∞, ïîëó÷àåì
∫
G

[|u|2 +
l∑

i=1
|uyi |2 +

|ut|2] dxdy ≤ C5(t + 1)−2m+1.
Ïðè óñëîâèè: λ1l − 2c0 + 1 ≤ 0 èç (14) äëÿ ν = 0 ñëåäóåò îöåíêà∫

G

|uN |p dxdy≤−(2b0)−1s1t(t,N), ãäå s1(t,N)=
∫
G

(uN )2 dxdy. Èç ïîñëåäíåé

îöåíêè è íåðàâåíñòâà Ãåëüäåðà ïîëó÷àåì s1(t,N) ≤ ( ∫
G

|uN |p dxdy
) 2

p×
( ∫

G

dxdy
)1− 2

p ≤ C6|s1t(t,N)|2/p, ãäå C6 = (mesG)1−2/p/(2b0). Ó÷èòûâàÿ, ÷òî

s1t(t,N) < 0, ïðèõîäèìêíåðàâåíñòâóC−1
6 [s1(t,N)]p/2 ≤−s1t(t,N). Ïðîèí-

òåãðèðîâàâ ïîñëåäíåå íåðàâåíñòâî, àíàëîãè÷íî êàê â [13], ïîëó÷àåì îöåíêó

s1(t, N) ≤ s1(0, N)
[p− 2

2C6
t(s1(0, N))

p
2
−1 + 1

]− 2
p−2 ≤ C7(t + 1)−

2
p−2 . (22)

Ïåðåõîäÿ ê ïðåäåëó ïðè N →∞ â (22), ïîëó÷àåì îöåíêó
∫

G

|u|2 dxdy ≤ C7(t + 1)−
2

p−2 .

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 4 (46)



106 Í.Ï. Ïðîöàõ, Á.È. Ïòàøíèê

Òåîðåìà äîêàçàíà.
Çàìåòèì, ÷òî T > 0 � ïðîèçâîëüíîå êîíå÷íîå ÷èñëî. Ïîýòîìó ìîæíî

ñ÷èòàòü, ÷òî îöåíêè â òåîðåìå 3 âûïîëíÿþòñÿ äëÿ âñåõ t > 0.

2 Íåîãðàíè÷åííàÿ îáëàñòü ïî ïðîñòðàíñòâåííûì ïåðåìåí-
íûì

Ïóñòü òåïåðü l = 1, D = (0, y0), à Ω ⊂ Rn � íåîãðàíè÷åííàÿ îáëàñòü,
óäîâëåòâîðÿþùàÿ òàêèì óñëîâèÿì: 1) Ω =

⋃
m∈N

Ωm, ãäå Ωm = Ω ∩ Bm �

îáëàñòü (Bm ⊂ Rn � n-ìåðíûé øàð ðàäèóñà m ñ öåíòðîì â íà÷àëå êîîð-
äèíàò); 2) ∂Ωm = Γm

1 ∪ Γm
2 , ãäå Γm

1 , Γm
2 ⊂ C1; mes{Γm

1 ∩ Γm
2 } = 0, Γm

1 6= ®
∀m ∈ N; ∂Ω =

⋃
m∈N

Γm
1 .

Îáîçíà÷èì: Gm = Ωm× (0, y0), Qm
τ = Gm× (0, τ), τ ∈ (0, T ]. Îñòàëüíûå

îáîçíà÷åíèÿ �1 ñîõðàíèì è â íàñòîÿùåì ïàðàãðàôå. Çàìåòèì, ÷òî òåïåðü
Qτ = Ω × (0, y0) × (0, τ), Πτ = (0, y0) × (0, τ), S1

τ = {(x, y0, t) : x ∈ Ω, t ∈
(0, τ)}, S2

τ = {(x, 0, t) : x ∈ Ω, t ∈ (0, τ)}, τ ∈ (0, T ], ΣT = ∂Ω×(0, y0)×(0, T ),
G = Ω× (0, y0). Â îáëàñòè QT ðàññìîòðèì çàäà÷ó

L1[u] := ut − λ(y, t)uy −
n∑

i,j=1

(aij(x, y, t)uxi)xj + b(x)|u|p−2u+

+c(x, y, t)u +

t∫

0

g(t− s)
n∑

i=1

uxixi(x, y, s) ds = f(x, y, t); (23)

u|ΣT
= 0; u|y=y0 = 0, (x, t) ∈ Ω× [0, T ]; (24)

u(x, y, 0) = u0(x, y), (x, y) ∈ G. (25)

Ââåäåì ïðîñòðàíñòâî V5(Qm
T ) êàê çàìûêàíèå ìíîæåñòâà ôóíêöèé C∞([0, T ];

C∞
0 (Gm)) ïî íîðìå ‖∇u; L2(Qm

T )‖+ ‖u; Lp(Qm
T )‖, è ïðîñòðàíñòâà V5loc(QT )

(V3loc(G)) ôóíêöèé, êîòîðûå ïðèíàäëåæàò V5(Qm
T ) (V3(Gm)) äëÿ êàæäîãî

m ∈ N. ×åðåç Lr
loc(Ω) îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé, êîòîðûå ïðèíàä-

ëåæàò Lr(Ωm), 1 < r ≤ +∞, äëÿ âñåõ m ∈ N. Ïðåäïîëîæèì, ÷òî êî-
ýôôèöèåíòû óðàâíåíèÿ (23) â îáëàñòè QT óäîâëåòâîðÿþò óñëîâèÿì (5) è
óñëîâèþ

(L 1) : (y0−y)−1λ, λy ∈ C([0, T ]× [0, y0]), λ(y, t) > 0, (y, t) ∈ [0, y0)× [0, T ].
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Îïðåäåëåíèå 2. Îáîáùåííûì ðåøåíèåì çàäà÷è (23)�(25) íàçîâåì ôóíê-
öèþ u ∈ V5loc(QT ), êîòîðàÿ óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó

∫

QT

[−uvt+λ(y, t)uvy+λy(y, t)uv+
n∑

i,j=1

aij(x, y, t)uxivxj +b(x)|u|p−2uv+

+c(x, y, t)uv −
t∫

0

g(t− s)
n∑

i=1

uxi(x, y, s) dsvxi

]
dx dy dt =

=
∫

QT

f(x, y, t)v dx dy dt +
∫

G

u0(x, y)v|t=0 dx dy

äëÿ ïðîèçâîëüíîé ôóíêöèè v ∈ C1([0, T ]; C∞
0 (G)), v(x, y, T ) = 0.

Òåîðåìà 4. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (5), (L1) è a) λjt, cyj , ct, aijyk
,

aijt ∈ L∞loc(QT ), f, ft, fyj ∈L2
loc(QT ), j = 1, . . . , l, u0∈V3loc(G), á) f

∣∣
S1

T
= 0;

â) g′ ∈ C([0, T ]), ã) 2 < p < ∞, åñëè n = 1, èëè 2 < p < 2n+2
n−1 , åñëè n ≥ 2.

Òîãäà ñóùåñòâóåò îáîáùåííîå ðåøåíèå çàäà÷è (23)�(25).

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü îáëàñòåé Ω1 ⊂ Ω2 ⊂
Ω3 ⊂ · · · ⊂ Ω, îïèñàíûõ ïåðåä ïîñòàíîâêîé çàäà÷è (23)�(25). Ïðè óñëî-
âèÿõ òåîðåìû 1 â êàæäîé îáëàñòè Qk

T ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå
uk ∈ V1(Qk

T ) çàäà÷è

L1[u] = fk(x, y, t), u|∂Ωk×(0,y0)×(0,T ) = 0;

u|y=y0 = 0; u(x, y, 0) = uk
0(x, y), (x, y) ∈ G,

ãäå fk(x, y, t) = f(x, y, t), åñëè (x, y, t) ∈ Qk
T , è fk(x, y, t) = 0, åñëè (x, y, t) ∈

QT \ Qk
T ; uk

0 = u0(x, y)ξk(|x|), ξk ∈ C∞
0 (R1), ξk(|x|) = 1, åñëè |x| ≤ k − δ,

ξk(|x|) = 0, åñëè |x| ≥ k, 0 < ξk(|x|) < 1, åñëè k − δ < |x| < k.
Ïóñòü R < s0 < k < m. Çàìåòèì, ÷òî â îáëàñòè Qs0

T èìååì fm− fk ≡ 0,
um

0 − uk
0 ≡ 0. Îáîçíà÷èì: uk,m = um − uk, ϕ(x) = [ψ(x)]β, β ≥ 2p

p−2 + 1,

ψ(x) =

{
(R2 − |x|2)/R, åñëè 0 ≤ |x| ≤ R,

0, åñëè |x| > R.
(26)

Íà îñíîâàíèè îïðåäåëåíèÿ 1 ïîëó÷èì äëÿ uk,m ðàâåíñòâî
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∫

QR
τ

[
uk,m

t uk,mϕ(x)− λ(y, t)uk,m
y uk,mϕ(x) +

n∑

i,j=1

aij(x, y, t)uk,m
xi

(uk,mϕ(x))xj+

+c(x, y, t)(uk,m)2ϕ(x) + b(x)(|um|p−2um − |uk|p−2uk)uk,mϕ(x)−

−
n∑

i=1

( t∫

0

g(t− s)uk,m
xi

ds

)
(uk,mϕ(x))xi

]
e−νt dxdydt = 0. (27)

Â ïåðâîì è âî âòîðîì ñëàãàåìûõ èç (27) èíòåãðèðóåì ïî ÷àñòÿì. Îñòàëü-
íûå ñëàãàåìûå îöåíèâàåì ñëåäóþùèì îáðàçîì:

∫

QR
τ

n∑

i,j=1

aij(x, y, t)uk,m
xi

(uk,mϕ(x))xje
−νt dxdydt ≥

∫

QR
τ

[(a0 − nδ(a3)2

2
)×

×
n∑

i=1

|uk,m
xi
|2 − δn

p
|uk,m|p]ϕ(x)e−νt dxdydt− (p− 2)δ−

p+2
p−2

2p
Ψ1(x),

ãäå a3 = max
i,j

esssup
QT

|aij |, Ψ1(x) :=
∫

QR
τ

n∑
i=1

(ϕxi(x))
2p

p−2 (ϕ(x))−
2+p
p−2 e−νt dxdydt,

∫

QR
τ

b(x)(|um|p−2um − |uk|p−2uk)uk,mϕ(x)e−νt dxdydt ≥

≥ 22−pb0

∫

QR
τ

|uk,m|pϕ(x)e−νt dxdydt,

n∑

i=1

∫

QR
τ

( t∫

0

g(t− s)uk,m
xi

(x, y, s) ds
)
uk,m(x, y, t)ϕxi(x)e−νt dxdydt ≤

≤ δT

2
(

∞∫

0

g2(ξ) dξ)
∫

QR
τ

n∑

i=1

|uk,m
xi
|2ϕ(x)e−νt dxdydt+
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+
δn

p

∫

QR
τ

|uk,m|pϕ(x)e−νt dxdydt +
(p− 2)δ−

p+2
p−2

2p
Ψ1(x).

Òîãäà èç (27) ñëåäóåò îöåíêà
∫

GR

|uk,m|2ϕ(x)e−ντ dxdy +
∫

Πτ

g¤∇xuk,mϕ(x)e−νt dydt +
∫

S2
τ

λ(0, t)|uk,m|2×

×ϕ(x)e−νt dx dt +
∫

QR
τ

[|uk,m|2(ν − λ1 + 2c0) + (2a0 − 2

∞∫

0

g(ξ) dξ − nδ(a3)2−

−δT

∞∫

0

g2(ξ) dξ)
n∑

i=1

|uk,m
xi
|2 + (−4δn

p
+ 23−pb0)|uk,m|p]ϕ(x)e−νt dxdydt ≤

≤ 2(p− 2)δ−
p+2
p−2 Ψ1(x)/p. (28)

Ïîñêîëüêó |ψ| 6 R, |ψxi | 6 2, i = 1, . . . , n, òî

Ψ1(x) =
∫

QR
τ

[ψ(x)]−β p+2
p−2 [β[ψ(x)]β−1ψxi(x)]

2p
p−2 e−νt dxdydt ≤ M4R

n+β− 2p
p−2 ,

ãäå M4 = 2
2p

p−2 β
2p

p−2 PnTy0, à Pn � êîýôôèöèåíò â ðàâåíñòâå
∫

BR

dx = PnRn =

{
πkR2k/(k!), n = 2k,

2(2π)kR2k+1/((2k + 1)!!), n = 2k + 1.

Äàëåå, âûáåðåì â (28) ν ≥ λ1−2c0+1, à δ òàêèì, ÷òîáû 2a0−2
∞∫
0

g(ξ) dξ−

nδ(a3)2−δT
∞∫
0

g2(ξ) dξ > 0, −4δn
p +23−pb0 > 0. Ïóñòü 0 < R0 < R. Ïîñêîëüêó

ψ(x) ≥ R−R0 â GR0 , òî èç (28) ïîëó÷àåì
∫

GR0

|uk,m|2(R−R0)β dxdy+
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+
∫

Q
R0
τ

[|uk,m|2 +
n∑

i=1

|uk,m
xi
|2 + |uk,m|p](R−R0)β dxdydt ≤ M5R

n+β− 2p
p−2 ,

ãäå M5 = 2(p−2)δ
− p+2

p−2

p M4M, à M−1 = min{ν − λ1 + 2c0; 2a0 − 2
∞∫
0

g(ξ) dξ −

nδ(a3)2 − δT
∞∫
0

g2(ξ) dξ;−4δn
p + 23−pb0}eνT . Îòñþäà ñëåäóåò íåðàâåíñòâî

∫

Q
R0
τ

[|uk,m|2 +
n∑

i=1

|uk,m
xi
|2 + |uk,m|p] dxdydt ≤ M5

(
R

R−R0

)β

R
n− 2p

p−2 . (29)

Ïðè äîñòàòî÷íî áîëüøèõ R ïðàâàÿ ÷àñòü â (29) ñòðåìèòñÿ ê íóëþ, åñ-
ëè n < 2p

p−2 . Ó÷èòûâàÿ óñëîâèå ã) òåîðåìû 1, ïîëó÷àåì, ÷òî ïðè óñëîâèè
ã) òåîðåìû 4 ïîñëåäîâàòåëüíîñòü {um}∞m=1 ôóíäàìåíòàëüíàÿ â V5(QR0

T ) è
ñõîäèòñÿ ê u ïðè m →∞ â V5(QR0

T ). Ïîñêîëüêó |um|p−2um íåïðåðûâíà ïî
um è îãðàíè÷åíà â Lp′(QT ), òî |um|p−2um → |u|p−2u ñëàáî â Lp′(QT ). Èç
ïîëó÷åííûõ ñõîäèìîñòåé ñëåäóåò, ÷òî u ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì
çàäà÷è (23)�(25). Òåîðåìà äîêàçàíà.

Òåîðåìà 5. Ïóñòü 2 < p < 2n
n−2 , åñëè n > 2, è p > 2, åñëè n ≤ 2. Åñëè

âûïîëíÿþòñÿ óñëîâèÿ (5) è (L1), òî çàäà÷à (23)�(25) íå ìîæåò èìåòü
áîëåå îäíîãî îáîáùåííîãî ðåøåíèÿ.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî u1, u2 � äâà îáîáùåííûõ ðåøåíèÿ
çàäà÷è (23) � (25). Òîãäà ôóíêöèÿ ũ = u1 − u2 óäîâëåòâîðÿåò ðàâåíñòâó
∫

QT

[− ũvt+λ(y, t)ũvy+λy(y, t)ũv +
n∑

i,j=1

aij(x, y, t)ũxivxj + b(x)(|u1|p−2u1−

−|u2|p−2u2)v+c(x, y, t)ũv−
t∫

0

g(t−s)
n∑

i=1

ũxi(x, y, s) dsvxi

]
dx dy dt = 0 (30)

äëÿ ïðîèçâîëüíîé ôóíêöèè v ∈ H1(QT ) ∩ Lp(QT ) òàêîé, ÷òî
v(x, y, T )=0, v(x, y0, t)=0, v(x, y, t)

∣∣
∂G×(0,T )

=0, supp v îãðàíè÷åííûé.
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Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

−µ
(
uµt − λ(y, t)uµy

)
+ uµ = ũ(x, y, t), (31)

uµ(x, y, T ) = 0, uµ(x, 0, t) = 0, µ > 0. (32)

Çàìåòèì, ÷òî uµ → ũ ñëàáî â ïðîñòðàíñòâå V5loc(QT ), êîãäà µ → 0. Çàïè-
øåì ôîðìóëó (30) äëÿ v = uµψβ(x)(y0 − y)αe−νt, ãäå ψ èç (26),
β> 2p

p−2 +1, α≥1. Òîãäà vt =(uµt−νuµ)(y0−y)αψβ(x)e−νt, vy =(uµy(y0−y)−
αuµ)(y0 − y)α−1ψβ(x)e−νt,

∫
QT

µ(uµt − λuµy)2(y0 − y)αψβ(x)e−νt dx dy dt > 0.

Èç ðàâåíñòâà (30) ïîëó÷àåì
∫

G0

(
1+µν− µαλ

y0 − y

)
(y0−y)α|uµ|2ψβ(x) dx dy+

∫

QT

(
ν−µν2+

νµαλ

y0 − y
− µαλt

y0 − y
−

−λy−λyµν+
2λλyµα

y0 − y
+

µαλ2

(y0 − y)2
− λα

y0 − y
+

µναλ

y0 − y
− µα2λ2

(y0 − y)2

)
(y0−y)α|uµ|2×

×ψβ(x)e−νt dx dy dt + 2
∫

QT

[(
λy(y, t)ũuµ + b(x)(|u1|p−2u1 − |u2|p−2u2)uµ+

+c(x, y, t)ũuµ

)
ψβ(x) +

n∑

i,j=1

aij(x, y, t)ũxi(uµψβ(x))xj−

−
t∫

0

g(t−s)
n∑

i=1

ũxi(x, y, s) ds(uµψβ(x))xi

]
(y0 − y)αe−νt dx dy dt ≤ 0, (33)

ãäå G0 = {(x, y) : (x, y) ∈ G, t = 0}. Âûáèðàÿ â (33) ν òàê, ÷òîáû 1 +
µν − µα(y0 − y)−1λ(y, 0) > 0, y ∈ (0, y0) è ν > max{ sup

(0,y0)×(0,T )
[λy(y, t) +

λ(y, t)α(y0 − y)−1]; sup
(0,y0)×(0,T )

[−2c0−λy(y, t)+λ(y, t)α(y0 − y)−1]}, ïåðåéäåì
ê ïðåäåëó ïðè µ→0:
∫

QT

(
ν−λy− λα

y0 − y

)
(y0−y)α|ũ|2ψβ(x)e−νt dx dy dt+2

∫

QT

[(
λy(y, t)|ũ|2+b(x)×

×(|u1|p−2u1−|u2|p−2u2)ũ+c(x, y, t)|ũ|2)ψβ(x)+
n∑

i,j=1

aij(x, y, t)ũxi(ũψβ(x))xj−

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 4 (46)



112 Í.Ï. Ïðîöàõ, Á.È. Ïòàøíèê

−
t∫

0

g(t− s)
n∑

i=1

ũxi(x, y, s) ds(ũψβ(x))xi

]
(y0 − y)αe−νt dx dy dt 6 0. (34)

Îöåíèâ ñëàãàåìûå â íåðàâåíñòâå (34), êàê è â (27), ïîëó÷àåì îöåíêó
∫

Q
R0
T

[|ũ|2 +
n∑

i=1

|ũxi |2 + |ũ|p](y0 − y)α dxdydt ≤ M6R
n− 2p

p−2

(
R

R−R0

)β

, (35)

ãäå M6 = M4M7, M−1
7 = min

{
inf
ΠT

(
2c0+ν+λy(y, t)−λ(y, t)α(y0 − y)−1

)
,M

}
.

Äëÿ äîñòàòî÷íî áîëüøèõ R ïðàâàÿ ÷àñòü íåðàâåíñòâà (35) äîñòàòî÷íî ìàëà
ïðè n < 2p

p−2 . Ïîýòîìó ũ = 0 ïî÷òè âñþäó â QR0
T . Ïîñêîëüêó R0 � ïðîèç-

âîëüíîå ïîëîæèòåëüíîå ÷èñëî, òî òåîðåìà äîêàçàíà.

Çàìå÷àíèå 1. Ñëó÷àé l ≥ 2 òðåáóåò äîïîëíèòåëüíîãî èçó÷åíèÿ.
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ËÀÑ ÅÑÅÏ

Àðàëàñ åñåïòåðäi­ øåíåëãåí æºíå øåíåëìåãåí êå­iñòiêòiê àéíûìàëû
àéìà©òà æàäûíû­ äºðåæåëiê ñûçû©òûê åìåñ æºíå ñûçû©òû© èíòåãðàëäû©-
äèôôåðåíöèàëäû© îïåðàòîðëû óëüòðàïàðàáîëàëû© òå­äåóëåð ³øií øå-
øiìäiëiãi çåðòòåëåäi. �àðàë¡àí åñåïòåðäi­ áàð æºíå æàë¡ûç áîëó øàðòòà-
ðû, æºíå äå øåíåëãåí êå­iñòiêòiê àéíûìàëû àéìà©òà¡û æà¡äàéäà¡û øå-
øiìíi­ êåéáið áà¡àëàóëàðû àëûíäû.

Protsakh N.P., Ptashnyk B.Yo. MIXED PROBLEM FOR NONLINEAR
ULTRAPARABOLIC EQUATION WITH INTEGRAL TERM

Solvability of mixed problems for ultraparabolic equations with power nonli-
nearities and linear integro-di�erential memory operator in bounded or unboun-
ded to the space variables regions is investigated. Conditions of existence and
uniqueness of the solution of the given problems as well as some estimates of
solutions in the case of bounded to the space variables region are obtained.

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 4 (46)



ISSN 1682�0525. Ìàòåìàòè÷åñêèé æóðíàë. 2012. Òîì 12. � 4 (46).

ÓÄÊ 517.51

Zh. Taspaganbetova

The L.N. Gumilyov Eurasian National University
010008, Astana, Munaitpasov st., 5, e-mail: zhanara.t.a@gmail.com

WEIGHTED HARDY TYPE INEQUALITIES ON THE CONE
OF MONOTONE SEQUENCES

Weighted estimate for a class of non-negative lower triangular matrices has
been established on the cone of monotone sequences.
Keywords: inequalities, discrete Hardy-type inequalities, weights, monotone sequences.

Introduction
Let 1 < p, q < ∞, 1

p + 1
p′ = 1 and u = {ui}∞i=1, v = {vi}∞i=1 be positive

sequences of real numbers. Let lp,v be the space of sequences f = {fi}∞i=1 of
real numbers such that

‖f‖p,v :=

( ∞∑

i=1

vi|fi|p
) 1

p

< ∞, 1 < p < ∞.

Let K−
p,v be a cone of non-negative and non-increasing sequences f = {fi}∞i=1

from the lp,v space, brie�y

K−
p,v = {0 ≤ f ↓: f ∈ lp,v}.

We consider inequality of the following form



∞∑

i=1

ui




i∑

j=1

ai,jfj




q


1
q

≤ C

( ∞∑

i=1

vifi
p

) 1
p

∀f ∈ K−
p,v, (1)
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where C is a positive constant independent of f and (ai,j) is a non-negative
triangular matrix with entries ai,j ≥ 0 for i ≥ j ≥ 1 and ai,j = 0 for i < j.

For ai,j ≡ 1, i ≥ j ≥ 1 inequality (1) has been studied in [1] for 1 < p, q <
∞.

In [2] necessary and su�cient conditions for the validity of (1) have been
obtained for 1 < p ≤ q < ∞ under the assumption that there exists d ≥ 1 such
that the inequalities

1
d
(ai,k + ak,j) ≤ ai,j ≤ d(ai,k + ak,j), i ≥ k ≥ j ≥ 1, (2)

hold.
A sequence {ai}∞i=1 is called almost non-decreasing (non-increasing), if there

exists c > 0 such that cai ≥ ak (ak ≤ caj) for all i ≥ k ≥ j ≥ 1.
In [3], [4] estimate (1) for all f ∈ lp,v has been studied under the assumption

that there exist d ≥ 1 and a sequence of positive numbers {ωk}∞k=1, and a
non-negative matrix (bi,j), where bi,j is almost non-decreasing in i and almost
non-increasing in j, such that the inequalities

1
d
(bi,kωj + ak,j) ≤ ai,j ≤ d(bi,kωj + ak,j) (3)

hold for all i ≥ k ≥ j ≥ 1.

In [5], [6] inequality (1) for all f ∈ lp,v has been considered under the
assumption that there exist d ≥ 1, a sequence of positive numbers {ωk}∞k=1,
and a non-negative matrix (bi,j), whose entries bi,j are almost non-decreasing
in i and almost non-increasing in j such that the inequalities

1
d
(ai,k + bk,jωi) ≤ ai,j ≤ d(ai,k + bk,jωi) (4)

hold for all i ≥ k ≥ j ≥ 1.
Conditions (3) and (4) include condition (2), and complement each other.

Notation. If M and K are real valued functionals of sequences, then the
symbol M ¿ K means that there exists c > 0 such that M ≤ cK, where
c is a constant which does not depend on the arguments of M and K. If
M ¿ K ¿ M , then we write M ≈ K.
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In [1] there was established a statement which allows to reduce inequality
(1) on the cone of monotone sequences to inequality (1) on the cone of nonne-
gative sequences from lp,v.

Theorem A [1]. Let 1 < p, q < ∞. Let Vk =
k∑

i=1
vi. Then inequality (1) is

equivalent to the following inequalities



∞∑

k=1




k∑

j=1

∞∑

i=j

ai,jgi




p′ (
V
− p′

p

k − V
− p′

p

k+1

)


1
p′

≤ C1

( ∞∑

i=1

gq′
i u1−q′

i

) 1
q′

(5)

∀g ≥ 0, if V∞ = lim
k→∞

Vk = ∞,




∞∑

k=1




k∑

j=1

∞∑

i=j

ai,jgi




p′ (
V
− p′

p

k − V
− p′

p

k+1

)


1
p′

+ (6)

+




∞∑

j=1

∞∑

i=j

ai,jgi




( ∞∑

k=1

vk

)− 1
p

≤ C2

( ∞∑

i=1

gq′
i u1−q′

i

) 1
q′

∀g ≥ 0, if V∞ < ∞.

For the proof of our main theorem we will need the following results for
the discrete weighted Hardy inequality.
Theorem B ([7], [8]). Let 1 < p ≤ q < ∞. Let {αj}∞j=1 be a non-negative
sequence of real numbers. Then the inequality




∞∑

i=1




i∑

j=1

αjfj




q

ui




1
q

≤ C

( ∞∑

i=1

|fi|pvi

) 1
p

, 0 ≤ f ∈ lp,v, (7)

holds if and only if

H := sup
n≥1




∞∑

j=n

uj




1
q (

n∑

i=1

αp′
i v1−p′

i

) 1
p′

< ∞.
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Moreover H ≈ C, where C is the best constant in (7).
Theorem C [3]. Let 1 < p ≤ q < ∞ and the entries of the matrix (ai,j)
satisfy assumption (3). Inequality (1) holds for f ∈ lp,v if and only if B =
max{B1, B2} < ∞, where

B1 = sup
n≥1

( ∞∑

i=n

bq
i,nui

) 1
q




n∑

j=1

ωp′
j v1−p′

j




1
p′

and

B2 = sup
n≥1

( ∞∑

i=n

ui

) 1
q




n∑

j=1

ap′
n,jv

1−p′
j




1
p′

.

Moreover B ≈ C, where C is the best constant in (1).
Theorem D ([7], [8]). Let 1 < q < p < ∞. Then the inequality (7) holds if
and only if

H1 =




∞∑

k=1

( ∞∑

i=k

ui

) p
p−q




k∑

j=1

αp′
j v1−p′

j




p(q−1)
p−q

αp′
k v1−p′

k




p−q
pq

< ∞.

Moreover H1 ≈ C, where C is the best constant in (7).
Theorem E [6]. Let 1 < q < p < ∞. Let the entries of the matrix (ai,j)
satisfy assumption (3). Then inequality (1) holds for f ∈ lp,v if and only if
E = max{E1, E2} < ∞, where

E1 =




∞∑

k=1




∞∑

j=k

bq
j,kuj




p
p−q (

k∑

i=1

ωp′
i v1−p′

i

) p(q−1)
p−q

ωp′
k v1−p′

k




p−q
pq

,

E2 =




∞∑

k=1




∞∑

j=k

uj




q
p−q (

k∑

i=1

ap′
k,iv

1−p′
i

) q(p−1)
p−q

uk




p−q
pq

.

Moreover E ≈ C, where C is the best constant in (1).
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2 Main results
We de�ne

Wk =
k∑

i=1

ωi, Aik =
k∑

j=1

ai,j , C1 = sup
n∈N

V
− 1

p
n

(
n∑

i=1

Aq
iiui

) 1
q

,

C2 = sup
n∈N

( ∞∑

i=n

bq
i,nui

) 1
q
(

n∑

k=1

W p′
k

(
V
− p′

p

k − V
− p′

p

k+1

)) 1
p′

,

C3 = sup
n∈N

( ∞∑

i=n

ui

) 1
q
(

n∑

k=1

Ap′
nk

(
V
− p′

p

k − V
− p′

p

k+1

)) 1
p′

,

F1 =




∞∑

k=1

V
q

q−p

k

(
k∑

i=1

Aq
iiui

) q
p−q

Aq
kkuk




p−q
pq

,

F2 =


 ∞∑

k=1

(
∞∑

j=k

bq
j,kuj

) p
p−q

(
k∑

i=1
W p′

i

(
V
− p′

p

i − V
− p′

p

i+1

)) p(q−1)
p−q

×

× W p′
k

(
V
− p′

p

k − V
− p′

p

k+1

)) p−q
pq

,

F3 =




∞∑

k=1




∞∑

j=k

uj




q
p−q (

k∑

i=1

Ap′
ki

(
V
− p′

p

i − V
− p′

p

i+1

)) q(p−1)
p−q

uk




p−q
pq

.

Theorem 1. Let 1 < p ≤ q < ∞. Let the entries of the matrix (ai,j) satisfy
assumption (3). Then inequality (1) holds if and only if C0 = max{C1, C2, C3}
< ∞. Moreover C0 ≈ C, where C is the best constant in (1).
Theorem 2. Let 1 < q < p < ∞. Let the entries of the matrix (ai,j) satisfy
assumption (3). Then inequality (1) holds if and only if F0 = max{F1, F2, F3}
< ∞. Moreover F0 ≈ C, where C is the best constant in (1).
Proof of Theorem 1. We consider two cases separately: V∞ = +∞ and V∞ <
+∞.
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1. Let V∞ = +∞. Then by Theorem A inequality (1) holds if and only if
the following inequality holds



∞∑

k=1




k∑

j=1

∞∑

i=j

ai,jgi




p′ (
V
− p′

p

k − V
− p′

p

k+1

)


1
p′

≤C̃

( ∞∑

i=1

gq′
i u1−q′

i

) 1
q′

∀g ≥ 0. (8)

Moreover C̃ ≈ C, where C is the best constant in (1).
Since ai,j , gi are non-negative we have

k∑

j=1

∞∑

i=j

ai,jgi =
k∑

j=1

k∑

i=j

ai,jgi +
k∑

j=1

∞∑

i=k+1

ai,jgi ≈
k∑

i=1

Aiigi +
∞∑

i=k

Aikgi. (9)

Therefore



k∑

j=1

∞∑

i=j

ai,jgi




p′

≈
(

k∑

i=1

Aiigi

)p′

+

( ∞∑

i=k

Aikgi

)p′

.

Substituting the last inequality in the left hand side of inequality (8) we have



∞∑

k=1




(
k∑

i=1

Aiigi

)p′

+

( ∞∑

i=k

Aikgi

)p′



(
V
− p′

p

k − V
− p′

p

k+1

)


1
p′

≤

≤ C̃0

( ∞∑

i=1

gq′
i u1−q′

i

) 1
q′

∀g ≥ 0, (10)

which is equivalent to the inequality (8). Moreover C̃ ≈ C̃0.
Inequality (10) holds if and only if the following inequalities hold simul-

taneously



∞∑

k=1

(
k∑

i=1

Aiigi

)p′ (
V
− p′

p

k − V
− p′

p

k+1

)


1
p′

≤ C̃1

( ∞∑

i=1

gq′
i u1−q′

i

) 1
q′

∀g ≥ 0, (11)
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


∞∑

k=1

( ∞∑

i=k

Aikgi

)p′ (
V
− p′

p

k − V
− p′

p

k+1

)


1
p′

≤ C̃2

( ∞∑

i=1

gq′
i u1−q′

i

) 1
q′

∀g ≥ 0. (12)

Moreover

C̃ ≈ max{C̃1, C̃2}. (13)

Inequality (11) is the Hardy type inequality. Hence by Theorem B inequality
(11) holds if and only if the following condition holds

sup
s∈N

( ∞∑

k=s

(
V
− p′

p

k − V
− p′

p

k+1

)) 1
p′

(
s∑

i=1

Aq
iiui

) 1
q

= (14)

= sup
s∈N

V
− 1

p
s

(
s∑

i=1

Aq
iiui

) 1
q

= C1 < ∞.

Moreover

C1 ≈ C̃1. (15)

In (12) by passing to the dual inequality we obtain
( ∞∑

k=1

(
k∑

i=1

Akiϕi

)q

ui

) 1
q

≤ C̃2




∞∑

k=1

ϕp
k

(
V
− p′

p

k − V
− p′

p

k+1

)− p
p′




1
p

∀ϕ ≥ 0. (16)

The entries of the matrix (Aki) for k ≥ s ≥ i satisfy the following condition

Aki =
i∑

j=1

ak,j ≈
i∑

j=1

(bk,sωj + as,j) = bk,sWi +
i∑

j=1

as,j = bk,sWi + Asi, (17)

which asserts that the entries of the matrix (Aki) satisfy assumption (3).
Then by Theorem C inequality (16) holds if and only if the following

conditions hold

sup
n∈N

( ∞∑

i=n

bq
i,nui

) 1
q
(

n∑

k=1

W p′
k

(
V
− p′

p

k − V
− p′

p

k+1

)) 1
p′

= C2 < ∞, (18)
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sup
n∈N

( ∞∑

i=n

ui

) 1
q
(

n∑

k=1

Ap′
nk

(
V
− p′

p

k − V
− p′

p

k+1

)) 1
p′

= C3 < ∞ (19)

and

C̃2 ≈ max{C2, C3}. (20)

By (14) and (18), (19) we obtain that inequalities (11) and (16) hold if and
only if C0 = max{C1, C2, C3} < ∞. Moreover C0 ≈ max{C̃1, C̃2}, which
implies that C0 ≈ C̃. Since C̃ ≈ C we get C0 ≈ C. The last equivalence gives
the statement of Theorem 1 in the case V∞ = ∞.

2. Let V∞ < +∞. By Theorem A inequality (1) holds if and only if along
with inequality (8) the following inequality holds

( ∞∑

k=1

∞∑

i=k

ai,kgi

)( ∞∑

i=1

vi

)− 1
p

≤ Ĉ

( ∞∑

i=1

gq′
i u1−q′

i

) 1
q′

∀g ≥ 0. (21)

Moreover C ≈ max{C̃, Ĉ}.
Since ai,j , gi are non-negative, changing the order of summation in the left

hand side of (21) we obtain
( ∞∑

i=1

giAii

)
≤ ĈV

1
p∞

( ∞∑

i=1

gq′
i u1−q′

i

) 1
q′

∀g ≥ 0

By the reverse H�older's inequality we have
( ∞∑

i=1

Aq
iiui

) 1
q

= ĈV
1
p∞,

consequently

V
− 1

p∞

( ∞∑

i=1

Aq
iiui

) 1
q

= Ĉ. (22)
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Hence,
Ĉ ≤ C1.

Now we see that max{C̃, Ĉ} ≈ C0 = max{C1, C2, C3} regardless of
whether V∞ is �nite or in�nite. Since max{C̃, Ĉ} ≈ C, we have C ≈ C0. Thus
the proof is complete.
Proof of Theorem 2. We consider two cases separately: V∞ = +∞ and V∞ <
+∞.

1. Let V∞ = +∞. Then in the same way using Theorem A as in the proof
of Theorem 1 we obtain inequalities (11), (16).

By Theorem D inequality (11) holds if and only if the following condition
holds




∞∑

k=1

V
q

q−p

k

(
k∑

i=1

Aq
iiui

) q
p−q

Aq
kkuk




p−q
pq

= F1 < ∞. (23)

Moreover

F1 ≈ C̃1. (24)

The entries of the matrix (Aki) satisfy inequality (17) for k ≥ s ≥ i, which
asserts that the entries of the matrix (Aki) satisfy assumption (3).

Therefore by Theorem E inequality (16) holds if and only if the following
conditions hold




∞∑

k=1




∞∑

j=k

bq
j,kuj




p
p−q (

k∑

i=1

W p′
i

(
V
− p′

p

i − V
− p′

p

i+1

)) p(q−1)
p−q

×

×W p′
k

(
V
− p′

p

k − V
− p′

p

k+1

)) p−q
pq

= F2 < ∞, (25)




∞∑

k=1




∞∑

j=k

uj




q
p−q (

k∑

i=1

Ap′
ki

(
V
− p′

p

i − V
− p′

p

i+1

)) q(p−1)
p−q

uk




p−q
pq

= F3 < ∞ (26)
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and

C̃2 ≈ max{F2, F3}. (27)

By (23) and (25), (26) we obtain that inequalities (11) and (16) hold if
and only if F0 = max{F1, F2, F3} < ∞. Moreover F0 ≈ max{C̃1, C̃2}, which
implies that F0 ≈ C̃. Since C̃ ≈ C we get F0 ≈ C. The last equivalence gives
the statement of Theorem 2 in the case V∞ = ∞.

2. Let V∞ < +∞. By Theorem A inequality (1) holds if and only if along
with inequality (8) inequality (21) holds. Moreover C ≈ max{C̃, Ĉ}.

As in the proof of Theorem 1 from inequality (21) we obtain inequality
(22).

It is easy to prove that

F1 ≥ V
− 1

p∞




∞∑

k=1

(
k∑

i=1

Aq
iiui

) q
p−q

Aq
kkuk




p−q
pq

À Ĉ.

Therefore C ≈ F0 = max{F1, F2, F3} regardless of whether V∞ is �nite or
in�nite. The proof is complete.
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ÍÅÊÎÐÐÅÊÒÍÛÅ ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÄËß
ÝËËÈÏÒÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ Ñ ÂÅÙÅÑÒÂÅÍÍÛÌÈ

ÏÅÐÅÌÅÍÍÛÌÈ

Ïóòåì àíàëèçà ãðàíè÷íûõ äàííûõ âûÿñíÿåòñÿ: çàäà÷à îäíîçíà÷íî ðàçðå-
øèìà èëè íåò, âî âòîðîì âàðèàíòå óêàçûâàþòñÿ óñëîâèÿ íåêîððåêòíîñòè
è ðàçðåøèìîñòè. Ðåøåíû ïðèìåðû ¾ïðÿìîé¿ íåêîððåêòíîé (äëÿ ñèñòåìû
Ìîéñèëà-Òåîäåðåñêó) è ¾îáðàòíîé¿ íåêîððåêòíîé (äëÿ ñèñòåìû èç äâóõ
óðàâíåíèé äâóìåðíîãî Ëàïëàñà) çàäà÷.
Êëþ÷åâûå ñëîâà: ñïåêòðàëüíàÿ çàäà÷à, ñîáñòâåííàÿ ôóíêöèÿ, ñïåêòð

1 Îáúåêò èññëåäîâàíèÿ
Îáû÷íî ýëëèïòè÷åñêèå ñèñòåìû ðàññìàòðèâàþòñÿ ñ êîìïëåêñíûìè ïå-

ðåìåííûìè. Ìû èññëåäóåì èõ ñ âåùåñòâåííûìè ìàòðèöàìè è ñòàâèì çà-
äà÷è â êëàññè÷åñêîì ñòèëå.

Â ïîëóïðîñòðàíñòâå R+
3 = (x > 0, y ∈ R, z ∈ R) äàíà ñèñòåìà äèôôå-

ðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà

Ux + BUy + CUz = 0 (1)

ñ âåùåñòâåííûìè êîñîñèììåòðè÷íûìè ìàòðèöàìè B = (bij) è C = (cij),
â îáùåì ñëó÷àå âîçìîæíî, ÷òî äèàãîíàëüíûå ýëåìåíòû bij = b è cij = c,
i = 1; 4 ìîãóò áûòü íåíóëåâûå.

c© Ñ.Å. Òåìèðáîëàò, 2012.
Keywords: Spectral problem, eigenfunction, spectrum
2010 Mathematics Subject Classi�cation: 35J05, 35J25, 49J20, 49K20
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Êàê èçâåñòíî, ñèñòåìà ýëëèïòè÷íà, êîãäà ôîðìà det ‖α (ω) + cI‖ çíà-
êîîïðåäåëåíà, ãäå ìàòðèöà

α (ω) = ‖Bω‖ , ω ∈ Rn, c ∈ R.

Òðåáîâàíèþ îòâå÷àåò ñëåäóþùèé âèä ìàòðèöû:

α (ω) =




α1 α2 α3 α4

−α2 α1 −α4 α3

−α3 α4 α1 α2

−α4 −α3 α2 α1


 ,

â ýòîì ìîæíî óáåäèòüñÿ íåïîñðåäñòâåííî. Åå ìû íàçîâåì êàíîíè÷åñêîé
ôîðìîé ìàòðèöû, îïðåäåëÿþùåé ýëëèïòè÷åñêóþ ñèñòåìó.
Çàäà÷à. Íàéòè âåêòîð U ∈ Uφ ⊆ C1 (x ≥ 0, y ∈ R, z ∈ R ), óäîâëåòâîðÿþ-
ùèé ñèñòåìå (1) è ãðàíè÷íûì äàííûì

M(∂)U ≡ M1Ux + M2Uy + M3Uz + M4U = ϕ, ϕ ∈ Φφ ⊆ C (R2) , (2)

ãäå rang M(1) = 2, Uφ è Φφ � ìíîæåñòâà âåêòîð�ôóíêöèé, ê êîòîðûì
ïðèìåíèìû èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Ôóðüå ïî ïåðåìåííûì y è z ñî-
îòâåòñòâåííî.

2 Öåëü èññëåäîâàíèÿ
Ïóòåì àíàëèçà ãðàíè÷íûõ äàííûõ (2) âûÿñíèòü: áóäåò ëè çàäà÷à îäíî-

çíà÷íî ðàçðåøèìîé èëè íåò, âî âòîðîì âàðèàíòå óêàçàòü óñëîâèÿ íåêîð-
ðåêòíîñòè è ðàçðåøèìîñòè çàäà÷è.

Íåêîððåêòíûå çàäà÷è ðàçäåëèì íà äâà òèïà:

- åñëè óêàæåì ãðàíè÷íóþ ìàòðèöó M , ñîñòàâëÿþùóþ ñ äàííîé ñèñòå-
ìîé äèôôåðåíöèàëüíûõ óðàâíåíèé íåêîððåêòíóþ çàäà÷ó, òî òàêóþ
çàäà÷ó íàçîâåì "ïðÿìîé" íåêîððåêòíîé;

- åñëè ïðè äàííîé ãðàíè÷íîé ìàòðèöå M ñëåäóåò îïðåäåëèòü äèôôå-
ðåíöèàëüíûå óðàâíåíèÿ, ñîñòàâëÿþùèå ñ M íåêîððåêòíóþ çàäà÷ó,
òî çàäà÷ó íàçîâåì "îáðàòíîé" íåêîððåêòíîé.
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Èññëåäîâàíèå ïðîâåäåì ïî ìåòîäó ðåäóêöèè [1]. Ïðÿìîé õîä: èñõîäíàÿ
çàäà÷à (1) � (2) ïîñëå ïðèìåíåíèÿ Ôóðüå�ïðåîáðàçîâàíèÿ ïåðåõîäèò â êðà-
åâóþ çàäà÷ó äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ), à
ïîñëåäíÿÿ ñâîäèòñÿ ê èçó÷åíèþ îäíîçíà÷íîé ðàçðåøèìîñòè ñèñòåìû ëè-
íåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ñ.ë.à.ó.).

Â èòîãå âûÿñíÿåòñÿ: êîððåêòíû çàäà÷è èëè íåò. Îáðàòíûé õîä: ðåøåíèå
ïåðå÷èñëåííûõ çàäà÷ â îáðàòíîì ïîðÿäêå: ñ.ë.à.ó. ⇒ êðàåâàÿ çàäà÷à äëÿ
ÎÄÓ ⇒ èñõîäíàÿ.

Îñíîâíûå ðåçóëüòàòû. I.

Òåîðåìà 1. Ïóñòü α2 6= 0, òîãäà

à) åñëè α3 6= 0 (èëè α4 6= 0), òî çàäà÷à Äèðèõëå (M1 ≡ M2 ≡ M3 ≡ 0)
ñ ëþáîé âåùåñòâåííîé ìàòðèöåé M4, rang M4 = 2, îäíîçíà÷íî ðàç-
ðåøèìà. Äëÿ åå íåêîððåêòíîñòè íåîáõîäèìî, ÷òîáû M4 èìåëà êîì-
ïëåêñíîçíà÷íûå ýëåìåíòû;

á) åñëè α3 = 0 u α4 = 0, òî ñóùåñòâóþò ñèñòåìû óðàâíåíèé, äëÿ êî-
òîðûõ ó çàäà÷è Äèðèõëå íàðóøàåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü;

â) ïóñòü α2 = 0 , òîãäà óòâåðæäåíèå á) èìååò ìåñòî è òîãäà, êîãäà
α4 = 0.

II. Ðåøåíèå ïåðå÷èñëåííûõ â òåîðåìå 1 çàäà÷ äëÿ êîíêðåòíûõ ñèñòåì
è ãðàíè÷íûõ äàííûõ.
Äîêàçàòåëüñòâî òåîðåìû 1. Ïðèìåíèâ ê (1) è (2) ïðåîáðàçîâàíèå Ôóðüå
ïî y è z, ïðèäåì ê êðàåâîé çàäà÷å äëÿ ñèñòåìû ÎÄÓ:

V ′ (x, ω) + iα (ω) V (x, ω) = 0, x > 0, V (x, ω) = Φ+
y,z (ω) U (x, y, z) , (3)

M4V (0, ω) = ϕ̃ (ω) , (4)
ãäå

M4 =
(

ai

bi

)
, i = 1; 4 (detM4 6= 0) .

Èñïîëüçóÿ ñîáñòâåííûå ÷èñëà è âåêòîðû ìàòðèöû α(ω), íàïèøåì îáùåå
ðåøåíèå ñèñòåìû (3):

V (x, ω) =
[(

t, r2, 0, s
)
C̃1 +

(−s, 0, r2, t
)
C̃2

]
`−(R−iα1)xR > 0, (5)
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ãäå r2 = α2
2 + α2

3, t = α3α4 + iα2R, s = α2α4 − iα3R, R2 = r2 + α2
4.

Ïîäñòàâèâ (5) â ãðàíè÷íûå ðàâåíñòâà (4), èìååì ñ.ë.à.ó.

MV (0, ω) C̃ = ϕ̃. (6)

Âû÷èñëèì äåòåðìèíàíò ïîñëåäíåé:

∆ = (d12 − d34) s + (d13 + d24) t + (d14 − d23) r2,

çäåñü ââåäåíî îáîçíà÷åíèå

dkj = akbj − ajbk, k 6= j.

Åñëè ∆ 6= 0, òî ÿñíî, ÷òî çàäà÷è îäíîçíà÷íî ðàçðåøèìû; åñëè ∆ = 0, òî
çàäà÷è íåêîððåêòíû. Ïîýòîìó èçó÷àåì íóëè äåòåðìèíàíòà ∆ = 0.

Êîãäà α2 · α3 6= 0 (α2 · α4 6= 0), òî d12 = d34, d13 = −d24, d14 = d23, íî
ýòî ïðîòèâîðå÷àò òðåáîâàíèþ î ðàíãå ìàòðèöû M4, òåì ñàìûì äîêàçàíî
óòâåðæäåíèå à).

Ïåðåïèñàâ: ∆ = iRγ1 + γ2 = 0, ïðîäîëæèì èçó÷åíèå íóëåé. Ïðîñòîé
àíàëèç ïîêàçûâàåò, ÷òî ∆ = 0, â ÷àñòíîñòè, êîãäà

α4 = 0 è d14 = d23,

êðîìå ñëåäóþùèõ ñëó÷àåâ:

i) α3 = 0 è d13 + d24 = 0 èëè

ii) α2 = 0 è d12 = d34.

Ïðèâåäåì íåêîòîðûå ìîäåëüíûå ñèñòåìû, âêëàäûâàþùèåñÿ â óêàçàí-
íûå îãðàíè÷åíèÿ:

i) α3 = α4 = 0, B = C = diag

[(
0 1
−1 0

)
,

(
0 −1
1 0

)]
; (7)

ii) α2 = α4 = 0, B = C =




1 0 1 0
0 1 0 1
−1 0 1 0
0 −1 0 1


 . (8)

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 4 (46)



130 Ñ.Å. Òåìèðáîëàò

Ðàâåíñòâà èç îãðàíè÷åíèé ôîðìóëèðóþò ãðàíè÷íûå ìàòðèöû. Èç ðà-
âåíñòâ (7): a3b1 + a4b2 = a1b3 + a2b4, a4b1 − a3b2 = a1b4 − a2b3, ñ÷èòàÿ
ýëåìåíòû ak (k = 1; 4) çàäàííûìè, îïðåäåëèì âòîðóþ ñòðîêó ìàòðèöû
M4:

~b =
(

a2a3 − a1a4

δ
,
a1a4 + a2a3

δ
, 1, 0

)
, δ = a2

3 + a2
4, (9)

à ðàâåíñòâà (8) è

a1b2 − a3b4 = a2b1 − a4b3, a3b2 + a1b4 = a4b1 + a2b3

îïðåäåëÿþò âåêòîð�ñòðîêó

~b =
(

1,
a1a2 + a3a4

δ1
, 0,

a1a4 − a2a3

δ1

)
, δ1 = a2

1 + a2
3. (10)

Òàêèì îáðàçîì, äëÿ çàäà÷ (7), (9) è (8), (10) íàðóøåíà îäíîçíà÷íàÿ
ðàçðåøèìîñòü. Òåîðåìà 1 ïîëíîñòüþ äîêàçàíà.

3 Êðàåâûå çàäà÷è
Òåïåðü ïåðåõîäèì ê ðåàëèçàöèè îñíîâíîãî ðåçóëüòàòà II.
3.1. Ñèñòåìà Ìîéñèëà-Òåîäåðåñêó çàäàåòñÿ ìàòðèöàìè [2]:

B =




0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0


 , C =




0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0


 (11)

è ÿâëÿåòñÿ òðåõìåðíûì àíàëîãîì ñèñòåìû Êîøè-Ðèìàíà.

¾Ïðÿìàÿ¿ íåêîððåêòíàÿ çàäà÷à (ïðÿìîé õîä ìåòîäà ðåäóêöèè).

Âîïðîñ: ìîæíî ëè íàéòè òàêîå ãðàíè÷íîå óñëîâèå, êîòîðîå ñ ñèñòåìîé (11)
ñîñòàâëÿþò íåêîððåêòíóþ çàäà÷ó?

Ãðàíè÷íîå óñëîâèå èùåì â âèäå:

M (∂) U ≡ M1

(
v
w

)

x

+ M2

(
u
χ

)

y

+ M3

(
u
χ

)

z

+ M4

(
v
w

)
= ϕ, (2′)
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çäåñü è äàëåå U = (u1 = u, u2 = v, u3 = w, u4 = χ).

Óòâåðæäåíèå 1. Ñðåäè (2′) ñóùåñòâóþò èñêîìûå óñëîâèÿ.
Äîêàçàòåëüñòâî. Äëÿ íåêîððåêòíîñòè çàäà÷è íåîáõîäèìî, ÷òîáû
rang Mi ≤ 1 ïðè âñåõ i ≥ 1. Íàïðèìåð, èõ ìîæíî ïðåäñòàâèòü â
âèäå

M0 =
(

a1 a2 c1 c2 0 0 0 0
0 0 0 0 d1 d2 b1 b2.

)
.

Íàïèøåì îáùåå ðåøåíèå ÎÄÓ, ñîîòâåòñòâóþùèõ ñèñòåìå (11) (α1 =
0, α2 = ω1, α3 = ω2, α4 = 0), â âèäå:

V (x, ω) = (iω1C̃1+iω2C̃2; rC̃1; rC̃2; −iω2C̃1+iω1C̃2)e−rx, r2 = ω2
1 +ω2

2,
(5′)

òîãäà èç óñëîâèè (2′) èìååì

(−rM0
1 + M0

4 )
(

ṽ
w̃

)
+ (iω1M

0
2 + iω2M

0
3 )

(
ũ
χ̃

)
= ϕ̃.

Äàëåå, àíàëèçèðóÿ ñ.ë.à.ó., íàõîäèì òàêèå ãðàíè÷íûå óñëîâèÿ:

1◦ a1vx+a2wx = ϕ1, b1v+b2w = ϕ2

(
M0

2 ≡ M0
3 ≡ 0

)
(12)

ñ ðàâåíñòâîì êîýôôèöèåíòîâ H : a1b2 = a2b1;

2◦ vx + λz = ϕ1, uy = ϕ2,
(
M0

4 ≡ 0
)
, (13)

ñîñòàâëÿþùèå ñ ñèñòåìîé (11) íåêîððåêòíûå çàäà÷è. Óòâåðæäåíèå 1 äîêà-
çàíî.

Îáðàòíûé õîä ìåòîäà ðåäóêöèè

Óòâåðæäåíèå 2. Çàäà÷à (11), (12) èìååò åäèíñòâåííîå ðåøåíèå íà ìíîæå-
ñòâå Uφ ⊆ C1 (x ≥ 0, R2) äëÿ âåêòîðà ϕ ∈ Φφ ⊆ C (R2), óäîâëåòâîðÿþùåãî
óñëîâèþ ðàçðåøèìîñòè

b1ϕ1 (y, z) = −a1∆1/2ϕ2 (y, z) ,

ãäå ∆1/2 � îïåðàòîð Ëàïëàñà ïîðÿäêà 1/2.
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Òàêîå ðåøåíèå íàçîâåì ¾íîðìàëüíûì¿ èëè ¾óñëîâíî òî÷íûì¿.
Íàïèøåì ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé:

r2(a1C̃1 + a2C̃2) = −ϕ̃1(ω), r(b1C̃1 + b2C̃2) = ϕ̃2(ω),

êîòîðàÿ èìååò íîðìàëüíîå ðåøåíèå

C̃H
1 =

b1

rδ
ϕ̃2, C̃H

2 =
b2

rδ
ϕ̃2, δ = b2

1 + b2
2

ïðè
ϕ̃1 (ω) = −a1

b1
rϕ̃2 (ω) .

Çíà÷èò, ôîðìóëà (5′) ïðèíèìàåò âèä

VH (x, ω) =
(

iω1b1 + iω2b2

r
; b1; b2;

iω1b2 − iω2b1

r

)
ϕ̃2 (ω)

`−rx

δ
.

Ïîñëåäíåå óäîâëåòâîðÿåò îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì

ũx + iω1ṽ + iω2w̃ = 0, ṽx − iω1ũ + iω2χ̃ = 0,

w̃x − iω2ũ− iω1χ̃ = 0, χ̃x − iω2ṽ + iω1w̃ = 0, x > 0, (14)
è ãðàíè÷íûì óñëîâèÿì

a1ṽx + a2w̃x = ϕ̃1(x), b1ṽ + b2w̃ = ϕ̃2(ω) ïðè x = 0.

Âû÷èñëèì îðèãèíàëû óñëîâèé ðàçðåøèìîñòè è ðåøåíèÿ:

− b1

a1
ϕ1(y, z) = ∆1/2ϕ2 (y, z) , (15)

`−rx ⇒ xω2√
x2 + y2

K1

(
ω2

√
x2 + y2

)
⇒ x

2π (x2 + y2 + z2)3/2
= G3 (x, y, z) .

Òàêèì îáðàçîì, íàõîäèì ¾óñëîâíî òî÷íîå¿ ðåøåíèå çàäà÷è (11), (12):

uH(x, y, z) = −∂x (b1∂y + b2∂z) Q, vH = b1Q, wH = b2Q,

χH = ∂x (b1∂z − b2∂y) Q;
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çäåñü

Q ≡ Q (x, y, z) =

∞∫∫

0

ϕ2 (ξ, η) G3 (x, y − ξ, z − η)
dξdη

b2
1 + b2

2

.

Ïîñêîëüêó ñèñòåìà Ìîéñèëà-Òåîäåðåñêó � ñóòü òðåõìåðíûé àíàëîã ñè-
ñòåìû Êîøè-Ðèìàíà, òî êàæäàÿ êîìïîíåíòà âåêòîðà UH äîëæíà áûòü ãàð-
ìîíè÷åñêîé ôóíêöèåé, â ýòîì ëåãêî óáåäèòüñÿ íåïîñðåäñòâåííî. Ãðàíè÷-
íîå ðàâåíñòâî b1vH+b2wH = ϕ2 ñïðàâåäëèâî, òàê êàê G3 (x, y, z) � ôóíêöèÿ
Ãðèíà çàäà÷è Äèðèõëå â ïîëóïðîñòðàíñòâå x > 0 äëÿ òðåõìåðíîãî óðàâíå-
íèÿ Ëàïëàñà; ïåðâîå ãðàíè÷íîå ðàâåíñòâî òàêæå èìååò ìåñòî, åñëè ó÷åñòü
óñëîâèÿ ðàçðåøèìîñòè (15) è óñëîâèÿ íåêîððåêòíîñòè H.

Â ñàìîì äåëå,

a1vx + a2wx = (a1b1 + a2b2) ∂xQ =
a1

b1
∂2

xZ3 = −a1

b1
(∂2

y + ∂2
z )Z3.

Çíà÷èò,

a1vx + a2wx = −a1

b1

(
∂2

y + ∂2
z

) ∫∫
ϕ2 (ξ, η) Z3 (x, y − ξ, z − η) dξdη =

= −a1

b1
∆1/2ϕ2 (y, z) = ϕ1 (y, z) .

Ïîêàæåì, ÷òî èíòåãðî-äèôôåðåíöèàëüíîå âûðàæåíèå äåéñòâèòåëüíî
îïðåäåëÿåò äðîáíûé îïåðàòîð Ëàïëàñà:

∆1/2ϕ2(y, z) = (∂2
y + ∂2

z )
∫∫

ϕ2(ξ, η)Z3(x, y − ξ, z − η)dξdη =

=
∫∫

ϕ2(ξ, η)(∂2
ξ + ∂2

η)Z3(x, y − ξ, z − η)dξdη =

=
∫∫

∆ϕ2(ξ, η)Z3(x, y − ξ, z − η)dξdη =

=
∫∫

ϕ1(ξ, η)Z3 (x, y − ξ, z − η)|x=0 dξdη = ϕ1(y, z).

Óòâåðæäåíèå 3. Çàäà÷à (11), (13) èìååò åäèíñòâåííîå ðåøåíèå íà ìíî-
æåñòâå Uφ ⊆ C1 (x ≥ 0, R2) äëÿ âåêòîðà ϕ ∈ Φφ ⊆ C (R2) ñ ñîâïàäàþùèìè
êîìïîíåíòàìè.
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Äîêàçàòåëüñòâî. Â ýòîì ñëó÷àå ñ.ë.à.ó.

ω1C̃1 + ω2C̃2 = −ϕ̃1/ω1, ω1C̃1 + ω2C̃2 = −ϕ̃2/ω1

èìååò ðåøåíèå

C̃H
1 = −ϕ̃1 (ω)

/
r2, C̃H

2 = −ω2

ω1
ϕ̃1 (ω)

/
r2,

êîãäà
ϕ̃1 (ω) = ϕ̃2 (ω) .

Ñëåäîâàòåëüíî,

VH (x, ω) = −
(

i

ω1
;

1
r
;

ω2

rω1
; 0

)
`−rxϕ̃1 (ω)

áóäåò íîðìàëüíûì ðåøåíèåì äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé (14) ñ
ãðàíè÷íûìè óñëîâèÿìè

ṽx + iω2χ̃ = ϕ̃1 (ω) , iω1ũ = ϕ̃2 (ω) .

Òàê êàê
Φ−ω1

(
1
ω1

)
= 2i

∫ ∞

0

sinω1y

ω1
dω1 = iπ,

òî èìååì îðèãèíàë

−i

ω1
ϕ̃1 (ω) ⇒ π

∫ ∞

0
ϕ1 (y − ξ, z) dξ = ψ1 (y, z) .

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (11), (13) èìååò âèä

uH (x, y, z) = Q1 (x, y, z) , vH = ∂xQ, w = ∂2
xzQ1, χ = 0,

ãäå òåïåðü
Q =

∫∫
ϕ1 (ξ, η) G3 (x, y − ξ, z − η) dξdη,

Q1 =
∫∫

ψ1 (ξ, η) G3 (x, y − ξ, z − η) dξdη.
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Äîêàçàòåëüñòâî óòâåðæäåíèÿ 3 çàâåðøàåòñÿ àíàëîãè÷íûì ðàññóæäåíèåì,
êàê â ïðåäûäóùåé çàäà÷å.

3.2. Îáðàòíûå íåêîððåêòíûå çàäà÷è.
á) Íàéòè ðåøåíèå çàäà÷è Äèðèõëå äëÿ ñèñòåìû (7), êîòîðàÿ ýêâèâà-

ëåíòíà äâóì äâóìåðíûì óðàâíåíèÿì Ëàïëàñà, ò.å. U(x, y, z) ≡ U(x, y).
Ôàêòè÷åñêè ðåøàåì çàäà÷ó

Ux + BUy = 0, x > 0, MU (0, y) = ϕ (y) (16)

ñ ìàòðèöàìè

B = diag

[(
0 1
−1 0

)
,

(
0 − 1
1 0

)]
, M =

[
1 1 0 1
−1 1 1 0

]
.

Óòâåðæäåíèå 4. Çàäà÷à (16) èìååò åäèíñòâåííîå íîðìàëüíîå ðåøåíèå
UH ∈ Uφ ⊆ C1

(
R+

2

)
ΛC (0, R) , åñëè äëÿ êîìïîíåíò âåêòîðà ϕ (y) ∈ Φφ ⊆

C (R) ñïðàâåäëèâî ñîîòíîøåíèå

ϕ2 (y) = J1/2
y ϕ1 (y) ,

ãäå J
1/2
y � îïåðàòîð èíòåãðèðîâàíèÿ ïî y ïîðÿäêà 1/2.

Äëÿ äàííîé çàäà÷è èìååì

α (ω) = ‖α1 = 0, α2 = ω, α3 = 0, α4 = 0‖ ,

V (x, ω) =
(
iC̃1, C̃1,−iC̃2, C̃2

)
`−ωx. (17)

Òîãäà èç àëãåáðàè÷åñêèõ óðàâíåíèé

(i + 1) C̃1 + C̃2 = ϕ̃1, (1− i) C̃1 − iC̃2 = ϕ̃2

ïðè
ϕ̃1 = iϕ̃2

íàõîäèì
C̃H

1 =
1
5

(3ϕ̃1 + ϕ̃2) , C̃H
2 =

1
5

(ϕ̃1 + 2ϕ̃2) .
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Âû÷èñëèì ïî òàáëèöå èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ôóðüå:

iϕ̃ (ω) = i
√

ωϕ̃ · 1√
ω
⇒

∂1/2
y ϕ (y) ∗

√
π√
2y

=
√

π√
2
· ∂1/2

∫ y

0

ϕ (ξ) dξ√
y − ξ

= ∂1/2
(
∂1/2ϕ

)
= ∂yJ

1/2
y (ϕ) .

Ñëåäîâàòåëüíî, óñëîâèå ðàçðåøèìîñòè â îðèãèíàëå èìååò âèä

ϕ2 (y) = J1/2ϕ1 (y) .

Âîññòàíîâèâ ðåøåíèå (17):

VH (x, ω) = (ϕ̃1 − 3ϕ̃2; 3ϕ̃1 + ϕ̃2; ϕ̃2 − 2ϕ̃1; ϕ̃1 + 2ϕ̃2 )
`−ωx

5
, (17′)

îïðåäåëèì ðåøåíèå èñõîäíîé çàäà÷è (16):

u1 = Q1 − 3Q2, u2 = 3Q1 + Q2, u3 = Q2 − 2Q1, u4 = Q1 + 2Q2; (18)

çäåñü âåëè÷èíû

Qi ≡ Qi(x, y) =
1
5

∫

R
ϕi (ξ) G (x, y − ξ) dξ, i = 1, 2,

îïðåäåëåíû ñ ïîìîùüþ ôóíêöèè Ãðèíà

G (x, y) =
x

π (x2 + y2)
.

Òî, ÷òî (17′) è (18) ÿâëÿþòñÿ ðåøåíèåì ñîîòâåòñòâóþùåé çàäà÷è, ìîæ-
íî óáåäèòüñÿ íåïîñðåäñòâåííûì âû÷èñëåíèåì è ñ ó÷åòîì ñâîéñòâ ôóíêöèè
Ãðèíà.

â) Èùåòñÿ ðåøåíèå çàäà÷è ñ ìàòðèöàìè

B =




1 0 1 0
0 1 0 1
−1 0 1 0
0 −1 0 1


 , C =




0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0


 , M =

[
0 −1 1 1
1 1 0 1

]
.

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 4 (46)



Íåêîððåêòíûå êðàåâûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ ñèñòåì 137

Â ýòîì ñëó÷àå òàêæå U(x, y, z) ≡ U(x, y).
Òåïåðü

α (ω) = (α1 = 1, α2 = 0, α3 = ω, α4 = 0)

V (x, ω) =
(
iC̃2, C̃1, C̃2 − iC̃1

)
`−(1−i)ωx.

Àëãåáðàè÷åñêèå óðàâíåíèÿ

−(1 + i)C̃1 + C̃2 = ϕ̃1, (1− i)C̃1 + iC̃2 = ϕ̃2

ïðè ñâÿçè
ϕ̃2 = iϕ̃1

èìåþò ðåøåíèå

C̃H
1 =

1
5

(i− 3) ϕ̃1 (ω) , C̃H
2

=
1
5

(1− 2i) ϕ̃1 (ω) .

Äàëåå íàõîäèì

VH (x, ω) = (2ϕ̃1 + ϕ̃2; ϕ̃2 − 3ϕ̃1; ϕ̃1 − 2ϕ̃2; ϕ̃1 + 3ϕ̃2) `−(1−i)ωx/5,

UH = (2Q1 + Q2; −3Q1 + Q2; Q1 − 2Q2; Q1 + 3Q2) ; (19)

çäåñü
Qi(x, y) =

1
5

∫

R

ϕi (ξ) G (x, y − x− ξ) dξ.

Çàìå÷àíèå. Ïðè ïðîâåðêå òîãî ôàêòà, ÷òî ðåøåíèå (19) óäîâëåòâîðÿåò
óðàâíåíèþ Ëàïëàñà, íåîáõîäèìî âîñïîëüçîâàòüñÿ ïîäñòàíîâêîé

G(x, y − x) = G (x, z)
∣∣
z=y−x

,

à ïðè ïðîâåðêå ãðàíè÷íûõ äàííûõ íóæíî ïîëüçîâàòüñÿ ïðåäñòàâëåíèåì

Qi(x, y) =
1
5

∫

R

ϕi (η − x) G (x, y − η) dη.

Òåì ñàìûì, èìååò ìåñòî àíàëîãè÷íîå óòâåðæäåíèå, êàê â çàäà÷å á).
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Â íàñòîÿùåé ðàáîòå èññëåäóþòñÿ âîïðîñû ðàçðåøèìîñòè íåêîòîðûõ êðàå-
âûõ çàäà÷ äëÿ óðàâíåíèÿ Ïóàññîíà ñ ãðàíè÷íûìû îïåðàòîðàìè äðîáíîãî
ïîðÿäêà.
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òîð, îïåðàòîð Êàïóòî, îïåðàòîð Ðèìàíà-Ëèóâèëëÿ, ãðàíè÷íàÿ çàäà÷à.

Ââåäåíèå

Ïóñòü Ω = {x ∈ Rn : |x| < 1} � åäèíè÷íûé øàð â Rn, n ≥ 3, ∂Ω = {x ∈
Rn : |x| = 1} � åäèíè÷íàÿ ñôåðà.

Ïóñòü äàëåå u(x) � ãëàäêàÿ ôóíêöèÿ â îáëàñòè Ω, r = |x| , θ = x
|x| è

0 < α < 1.
Ðàññìîòðèì ñëåäóþùèå îïåðàòîðû:

Dα [u] (x) =
1

Γ(1− α)
d

dr

r∫

0

(r − τ)−αu (τθ) dτ, Dα
∗ [u] (x) =
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=
1

Γ(1− α)

r∫

0

(r − τ)−α du

dτ
(τθ) dτ,

ãäå Γ (α) � ãàììà ôóíêöèÿ Ýéëåðà. Çäåñü ïîä îïåðàòîðîì d
dr ïîíèìàåòñÿ

äèôôåðåíöèàëüíûé îïåðàòîð âèäà

df

dr
(x) =

1
|x|Λ0 [f ] (x) ≡ 1

|x|
n∑

i=1

xi
∂f

∂xi
(x).

Îïåðàòîð Dα íàçûâàåòñÿ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ ïîðÿäêà α ∈
(0, 1) â ñìûñëå Ðèìàíà-Ëèóâèëëÿ, à Dα∗ � îïåðàòîðîì äèôôåðåíöèðîâàíèÿ
ïîðÿäêà α ∈ (0, 1) â ñìûñëå Êàïóòî (ñì. [1]).

Ââåäåì îáîçíà÷åíèÿ:

Bα [u] (x) = rαDα [u] (x) , Bα
∗ [u] (x) = rαDα

∗ [u] (x) ,

B−α [u] (x) =
1

Γ (α)

1∫

0

(1− τ)α−1 τ−αu (τx) dτ.

Àíàëîãè÷íûå îïåðàòîðû äëÿ ãàðìîíè÷åñêèõ â øàðå ôóíêöèé ðàññìàòðè-
âàëèñü â ðàáîòàõ [2-4].

2 Ñâîéñòâà îïåðàòîðîâ Bα è Bα∗
Â äàëüíåéøåì âñþäó áóäåì ñ÷èòàòü, ÷òî u(x) ÿâëÿåòñÿ ãëàäêîé ôóíê-

öèåé â îáëàñòè Ω. Ñëåäóþùåå óòâåðæäåíèå óñòàíîâëèâàåò ñâÿçü ìåæäó
îïåðàòîðàìè Bα è Bα∗ .
Ëåììà 1. Äëÿ ëþáîãî x ∈ Ω èìååò ìåñòî ñîîòíåøåíèå

Bα
∗ [u] (x) = Bα [u] (x)− u (0)

Γ (1− α)
. (1)

Äîêàçàòåëüñòâî. Èñïîëüçóÿ îïðåäåëåíèå îïåðàòîðà Bα∗ , ïîëó÷àåì

Bα
∗ [u] (x) =

rα

Γ(1− α)

r∫

0

(r − τ)−α du

dτ
(τθ) dτ =
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=
rα

Γ(1− α)
d

dr





r∫

0

(r − τ)1−α

1− α

du

dτ
(τθ) dτ



 =

=
rα

Γ(1− α)
d

dr



−

r1−α

1− α
u (0) +

r∫

0

(r − τ)−αu (τθ) dτ



 = Bα [u] (x)− u (0)

Γ (1− α)
.

Ëåììà äîêàçàíà.
Ñëåäñòâèå 1. Ñïðàâåäëèâî ðàâåíñòâî

Bα
∗ [u] (0) = 0.

Ëåììà 2. Äëÿ ëþáîãî x ∈ Ω èìååò ìåñòî ðàâåíñòâî

u (x) =
1

Γ(α)

1∫

0

(1− τ)α−1τ−αBα [u] (τx) dτ. (2)

Äîêàçàòåëüñòâî. Ïóñòü x ∈ Ω è t ∈ (0, 1] . Ðàññìîòðèì ôóíêöèþ

=t [u] (x) =
1

Γ(α)

t∫

0

(t− τ)α−1τ−αBα [u] (τx) dτ.

Ïðåäñòàâèì =t [u] (x) â âèäå

=t [u] (x) =
1

Γ(α)
d

dt





t∫

0

(t− τ)α

α
τ−αBα [u] (τx) dτ



 .

Äàëåå, èñïîëüçóÿ îïðåäåëåíèå îïåðàòîðà Bα, ïîëó÷àåì

=t [u] (x) =
1

Γ(α)Γ(1− α)
d

dt





t∫

0

(t− τ)α

α
τ−α d

dτ

τ∫

0

(τ − ξ)−αu (ξx) dξdτ



 =
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=
1

Γ(α)Γ(1− α)
d

dt





t∫

0

(t− τ)α−1

τ∫

0

(τ − ξ)−αu (ξx) dξdτ



 =

=
1

Γ(α)Γ(1− α)
d

dt





t∫

0

u (ξx)

t∫

ξ

(t− τ)α−1 (τ − ξ)−αdτdξ





.

Ëåãêî ïîêàçàòü, ÷òî
t∫

ξ

(t− τ)α−1 (τ − ξ)−αdτ = Γ (α) Γ (1− α) .

Òîãäà

=t [u] (x) =
d

dt

t∫

0

u (ξx) dξ = u (tx).

Åñëè òåïåðü ïîëîæèì t = 1, òî

u (x) =
1

Γ(α)

1∫

0

(1− τ)α−1τ−αBα [u] (τx) dτ.

Ëåììà äîêàçàíà.
Èñïîëüçóÿ ñâÿçü ìåæäó îïåðàòîðàìè Bα è Bα∗ , ìîæíî äîêàçàòü ñëåäó-

þùåå óòâåðæäåíèå.
Ëåììà 3. Äëÿ ëþáîãî x ∈ Ω ñïðàâåäëèâî ïðåäñòàâëåíèå

u (x) = u (0) +
1

Γ(α)

1∫

0

(1− τ)α−1τ−αBα
∗ [u] (τx) dτ. (3)

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ðàâåíñòâî (2), ñ ó÷åòîì (1) ïîëó÷àåì

u (x) =
1

Γ(α)

1∫

0

(1− τ)α−1τ−αBα [u] (τx) dτ =
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=

1∫

0

(1− τ)α−1

Γ(α)
τ−α

[
u (0)

Γ (1− α)
+ Bα

∗ [u] (τx)
]

dτ =

= u (0) +

1∫

0

(1− τ)α−1

Γ(α)
τ−αBα

∗ [u] (τx) dτ.

Ëåììà äîêàçàíà.
Ëåììà 4. Äëÿ ëþáîãî x ∈ Ω ñïðàâåäëèâû ðàâåíñòâà

B−α [Bα [u]] (x) = Bα
[
B−α [u]

]
(x) = u (x) . (4)

Äîêàçàòåëüñòâî. Äîêàæåì ïåðâîå ðàâåíñòâî. Ïðèìåíèì ê ôóíêöèè Bα [u]
îïåðàòîð B−α. Ïî îïðåäåëåíèþ îïåðàòîðà B−α èìååì

B−α [Bα [u]] (x) =
1

Γ (α)

1∫

0

(1− τ)α−1 τ−αBα [u] (τx) dτ.

Íî ïîñëåäíèé èíòåãðàë â ñèëó ðàâåíñòâà (4) ðàâåí u (x), ò.å. B−α [Bα [u]] (x) =
= u (x).

Äîêàæåì âòîðîå ðàâåíñòâî. Äëÿ ýòîãî ïðèìåíèì îïåðàòîð Bα ê ôóíê-
öèè B−α [u] (x). Ïîëó÷àåì

Bα
[
B−α [u]

]
(x) =

rα

Γ (1− α)
d

dr

r∫

0

(r − τ)−α B−α [u] (τx) dτ =

=
rα

Γ (α) Γ (1− α)
d

dr





r∫

0

(r − τ)−α

1∫

0

(1− s)α−1 s−αu (sτθ) dsdτ



 .

Äàëåå íåòðóäíî óáåäèòñÿ â ñëåäóþùèõ ðàâåíñòâàõ:

rα

Γ (1− α)
d

dr

r∫

0

(r − τ)−α u (sτθ) dτ =
sτ=ξ

rα

Γ (1− α)
d

dr

rs∫

0

(
r − ξ

s

)−α

u (ξθ)
dξ

s
=
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=
rαsα−1

Γ (1− α)
d

dr

rs∫

0

(sr − ξ)−α u (ξθ) dξ =

=
(sr)α

Γ (1− α)
d

d (sr)

rs∫

0

(sr − ξ)−α u (ξθ) dξ =Bα [u] (sx) ,

ãäå ó÷òåíî θ = x
|x| = sx

|sx| .
Ïîýòîìó

Bα
[
B−α [u]

]
(x) =

1
Γ (α)

1∫

0

(1− s)α−1 s−αBα [u] (sx) ds.

Ñëåäîâàòåëüíî, èñïîëüçóÿ ðàâåíñòâî (2), ïîëó÷àåì

Bα
[
B−α [u]

]
(x) = u (x) .

Ëåììà äîêàçàíà.
Ëåììà 5. Ïóñòü ∆u (x) = g (x), x ∈ Ω. Òîãäà äëÿ ëþáîãî x ∈ Ω ñïðàâåä-
ëèâî ðàâåíñòâî

∆Bα [u] (x) = |x|−2 Bα
[
|x|2 g

]
(x) . (5)

Äîêàçàòåëüñòâî.Ïîñëå çàìåíû ïåðåìåííûõ ôóíêöèþ Bα[u](x) ìîæíî ïðåä-
ñòàâèòü â âèäå

Bα[u](x) =
1− α

Γ(1− α)

1∫

0

(1− ξ)−αu(ξx)dξ + r
d

dr

1∫

0

(1− ξ)−α

Γ(1− α)
u(ξx)dξ =

= I1(x) + I2(x).

Òàê êàê ∆u (x) = g (x), òî ëåãêî ïîêàçàòü, ÷òî

∆I1 (x) =
1− α

Γ (1− α)

1∫

0

(1− ξ)−α ξ2g (ξx) dξ.
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Äàëåå, åñëè v (x) � ãëàäêàÿ ôóíêöèÿ, òî, î÷åâèäíî, ÷òî

∆
[
r

∂

∂r
v (x)

]
= r

∂

∂r
∆v (x) + 2∆v (x) .

Ïîýòîìó

∆I2 (x) = r
d

dr

1∫

0

(1− ξ)−α

Γ (1− α)
ξ2g (ξx) dξ + 2

1∫

0

(1− ξ)−α

Γ (1− α)
ξ2g (ξx) dξ.

Èçó÷èì èíòåãðàë
1∫
0

(1− ξ)−α ξ2g (ξx) dξ.

Ïîñëå çàìåíû ξr = τ , ξ = r−1τ , åãî ìîæíî ïðåîáðàçîâàòü ê ñëåäóþùåìó
âèäó:

1∫

0

(1− ξ)−α ξ2g (ξx) dξ = rα−3

r∫

0

(r − τ)−α τ2g (τθ) dτ.

Òîãäà

r
d

dr

1∫

0

(1− ξ)−α

Γ (1− α)
ξ2g (ξx) dξ = r

d

dr


rα−3

r∫

0

(r − τ)−α τ2g (τθ) dτ


 =

= (α− 3) rα−3

r∫

0

(r − τ)−α τ2g (τθ) dτ + rα−2 d

dr

r∫

0

(r − τ)−α τ2g (τθ) dτ.

Ñëåäîâàòåëüíî,

∆I1 (x) + ∆I2 (x) =
1− α

Γ (1− α)
rα−3

r∫

0

(r − τ)−α τ2g (τθ) dτ+

+
(α− 3)

Γ (1− α)
rα−3

r∫

0

(r − τ)−α τ2g (τθ) dτ +
rα−2

Γ (1− α)
d

dr

r∫

0

(r − τ)−α τ2g (τθ) dτ+
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+
2

Γ (1− α)
rα−3

r∫

0

(r − τ)−α τ2g (τθ) dτ =
rα−2

Γ (1− α)
d

dr

r∫

0

(r − τ)−α τ2g (τθ) dτ =

= r−2 rα

Γ (1− α)
d

dr

r∫

0

(r − τ)−α τ2g (τθ) dτ = r−2Bα
[
|x|2 g

]
(x) .

Ëåììà äîêàçàíà.
Ëåììà 6. Ïóñòü ∆u (x) = g (x), x ∈ Ω. Òîãäà äëÿ ëþáîãî x ∈ Ω èìååò
ìåñòî ðàâåíñòâî

∆Bα
∗ [u] (x) = |x|−2 Bα

∗
[
|x|2 g

]
(x) . (6)

Äîêàçàòåëüñòâî. Òàê êàê Bα∗ [u] (x)− u(0)
Γ(1−α) , òî â ñèëó ðàâåíñòâà (5)

∆Bα
∗ [u] (x) = ∆Bα [u] (x) = |x|−2 Bα

[
|x|2 g

]
(x) .

Ïðåîáðàçóåì âûðàæåíèå äëÿ ôóíêöèè Bα
[
|x|2 g

]
(x) ñëåäóþùèì îáðàçîì:

Bα
[
|x|2 g

]
(x) =

rα

Γ (1− α)
d

dr

r∫

0

(r − τ)−α τ2g (τθ) dτ =

=
rα

Γ (1− α)
d

dr





r∫

0

τ2g (τθ)
d

[
(r − τ)1−α

]

− (1− α)



 =

=
rα

Γ (1− α)
d

dr



−τ2g (τθ)

(r − τ)1−α

1− α

∣∣∣∣
τ=r

τ=0
+

r∫

0

(r − τ)1−α

1− α

d

dτ

[
τ2g (τθ)

]
dτ



 =

=
rα

Γ (1− α)
d

dr





r∫

0

(r − τ)1−α

1− α

d

dτ

[
τ2g (τθ)

]
dτ



 =
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=
rα

Γ (1− α)

r∫

0

(r − τ)−α d

dτ

[
τ2g (τθ)

]
dτ

def
= Bα

∗
[
|x|2 g

]
(x) .

Òàêèì îáðàçîì,

∆[Bα
∗ [u]] (x) = |x|−2 Bα

∗
[
|x|2 g

]
(x) .

Ëåììà äîêàçàíà.

3 Ïîñòàíîâêà è ðåøåíèå îñíîâíûõ çàäà÷
Ðàññìîòðèì â îáëàñòè Ω äëÿ óðàâíåíèÿ

∆u (x) = g (x) (7)

ñëåäóþùèå êðàåâûå çàäà÷è.
Çàäà÷à 1. Íàéòè ôóíêöèþ u (x) ∈ C2

(
Ω

)
, äëÿ êîòîðîé Bα [u] (x) ∈

C
(
Ω

)
, óäîâëåòâîðÿþùóþ óðàâíåíèþ (7) è óñëîâèþ

Bα [u] (x) = f (x) , x ∈ ∂Ω . (8)

Çàäà÷à 2. Íàéòè ôóíêöèþ u (x) ∈ C2
(
Ω

)
, äëÿ êîòîðîé Bα∗ [u] (x) ∈

C
(
Ω

)
, óäîâëåòâîðÿþùóþ óðàâíåíèþ (7) è óñëîâèþ

Bα
∗ [u] (x) = f (x) , x ∈ ∂Ω . (9)

Îòìåòèì, ÷òî àíàëîãè÷íûå çàäà÷è ñ ãðàíè÷íûìè îïåðàòîðàìè öåëîãî
ïîðÿäêà èññëåäîâàëèñü â ðàáîòàõ [5-7].

Äëÿ èññëåäîâàíèÿ ðàçðåøèìîñòè çàäà÷ 1 è 2 íàì íåîáõîäèìî èçó÷èòü
íåêîòîðûå ñâîéòñâà ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ (7). Ïóñòü
v (x) � ðåøåíèå çàäà÷è

{
∆v (x) = g1 (x) , x ∈ Ω ,
v (x) = f (x) , x ∈ ∂Ω .

(10)
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Èçâåñòíî (ñì.[8]), ÷òî, åñëè ôóíêöèè f (x) è g1 (x) ÿâëÿþòñÿ äîñòàòî÷íî
ãëàäêèìè, òî ðåøåíèå çàäà÷è (10) ñóùåñòâóåò è ïðåäñòàâëÿåòñÿ â âèäå

v (x) = − 1
ωn

∫

Ω

G (x, y) g1 (y) dy +
1
ωn

∫

∂Ω

P (x, y) f (y) dsy , (11)

ãäå ωn � ïëîùàäü åäèíè÷íîé ñôåðû, G (x, y) � ôóíêöèÿ Ãðèíà çàäà÷è Äè-
ðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà, à P (x, y) � ÿäðî Ïóàññîíà. Ïðè÷åì èìåþò
ìåñòî ïðåäñòàâëåíèÿ

G (x, y) =
1

n− 2

[
|x− y|2−n −

∣∣∣∣|y|x−
y

|y|

∣∣∣∣
2−n

]
, P (x, y) =

1− |x|2
|x− y|n .

Ëåììà 7. Ïóñòü v (x) � ðåøåíèå çàäà÷è (10). Òîãäà
1) åñëè v (0) = 0, òî

∫

∂Ω

f (y) dsy =
∫

Ω

|y|2−n − 1
n− 2

g1 (y) dy , (12)

2) åñëè âûïîëíÿåòñÿ ðàâåíñòâî (12), òî äëÿ ðåøåíèÿ çàäà÷è (10) âû-
ïîëíÿåòñÿ óñëîâèå (12).
Äîêàçàòåëüñòâî. Ïóñòü ðåøåíèå çàäà÷è (10) ñóùåñòâóåò. Ïðåäñòàâèì åãî
â âèäå (11). Èç ïðåäñòàâëåíèÿ ôóíêöèè G (x, y) èìååì

G (0, y) =
1

n− 2

[
|y|2−n − 1

]
è P (0, y) = 1.

Òîãäà

0 = v (0) = − 1
ωn

∫

Ω

G (0, y) g1 (y) dy +
1
ωn

∫

∂Ω

P (0, y) f (y) dsy.

Ñëåäîâàòåëüíî,
∫

∂Ω

f (y) dsy =
∫

Ω

|y|2−n − 1
n− 2

g1 (y) dy.
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Ðàâåíñòâî (12) äîêàçàíî. Âòîðîå óòâåðæäåíèå ëåììû äîêàçûâàåòñÿ â îá-
ðàòíîì ïîðÿäêå. Ëåììà äîêàçàíà.
Ëåììà 8. Åñëè â óñëîâèÿõ ëåììû 7 ôóíêöèÿ g1 (x) ïðåäñòàâëÿåòñÿ â
âèäå

g1 (y) = Λ2 [g] (y) ≡
(

ρ
∂

∂ρ
+ 2

)
g (y) ,

òî óñëîâèå (12) ìîæíî ïåðåïèñàòü â âèäå
∫

∂Ω

f (y) dsy =
∫

Ω

g (y) dy. (13)

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ïðåäñòàâëåíèå ôóíêöèè g1 (y) äëÿ îáúåìíîãî
èíòåãðàëà, èç (12) ïîëó÷àåì

∫

Ω

|y|2−n − 1
n− 2

g1 (y) dy =

1∫

0

ρn−1

∫

|ξ|=1

ρ2−n − 1
n− 2

(
ρ

∂

∂ρ
+ 2

)
g (ρξ) dξdρ.

Òîãäà
1∫

0

ρn−1 ρ2−n − 1
n− 2

(
ρ

∂

∂ρ
+ 2

)
g (ρξ) dρ =

1
n− 2

1∫

0

[
ρ2 − ρn

] ∂

∂ρ
[g] (ρξ) dρ +

+
2

n− 2

1∫

0

[
ρ− ρn−1

]
g (ρξ) dρ = I1 + I2.

Èññëåäóåì I1. Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷àåì

I1 =
1

n− 2

1∫

0

[
nρn−1 − 2ρ

]
g (ρξ) dρ.

Òîãäà

I1 + I2 =

1∫

0

ρn−1g (ρξ) dρ.
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Îòñþäà

∫

Ω

|y|2−n − 1
n− 2

g1 (y) dy =

1∫

0

ρn−1

∫

|ξ|=1

g (ρξ) dξdρ =
∫

Ω

g (y) dy.

Ëåììà äîêàçàíà.
Òåïåðü ñôîðìóëèðóåì îñíîâíûå óòâåðæäåíèÿ.

Òåîðåìà 1. Ïóñòü 0 < λ < 1, f (x) ∈ Cλ+2 (∂Ω), g (x) ∈ Cλ+1
(
Ω

)
. Òîãäà

ðåøåíèå çàäà÷è 1 ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâëÿåòñÿ â âèäå

u (x) = B−α [v] (x) , (14)

ãäå v (x) � ðåøåíèå çàäà÷è (10) ñ g1 (x) = |x|−2Bα
[|x|2g]

(x).
Òåîðåìà 2. Ïóñòü 0 < λ < 1, f (x) ∈ Cλ+2 (∂Ω), g (x) ∈ Cλ+1

(
Ω

)
. Òîãäà

äëÿ ðàçðåøèìîñòè çàäà÷è 2 íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëî-
âèÿ ∫

∂Ω

f (x) dsx =
∫

Ω

|x|2−n − 1
n− 2

|x|−2Bα
∗

[|x|2g]
(x) dx. (15)

Åñëè ðåøåíèå çàäà÷è ñóùåñòâóåò, òî îíî åäèíñòâåííî ñ òî÷íîñòüþ äî
ïîñòîÿííîãî ñëàãàåìîãî è ïðåäñòàâëÿåòñÿ â âèäå (14), ãäå v (x) � ðåøåíèå
çàäà÷è (10) ñ g1 (x) = |x|−2Bα∗

[|x|2g]
(x).

Äîêàçàòåëüñòâî òåîðåìû 1. Ïóñòü u (x) � ðåøåíèå çàäà÷è 1. Ïðèìåíèì ê
ôóíêöèè u (x) îïåðàòîð Bα è îáîçíà÷èì v (x) = Bα [u] (x). Òîãäà, èñïîëü-
çóÿ ðàâåíñòâî (5), èç ëåììû 5 ïîëó÷àåì

∆v (x) = ∆Bα [u] (x) = |x|−2Bα
[|x|2g]

(x) ≡ g1 (x) .

Î÷åâèäíî, ÷òî v (x) |
∂Ω

= Bα [u] (x) |
∂Ω

= f (x). Òàêèì îáðàçîì, åñëè u (x)
� ðåøåíèå çàäà÷è 1, òî äëÿ ôóíêöèè v (x) = Bα [u] (x) ïîëó÷àåì çàäà÷ó
(13) ñ g1 (x) = |x|−2Bα

[|x|2g]
(x) .

Äàëåå, òàê êàê

g1 (x) = |x|−2Bα
[|x|2g]

(x) =
[
r

d

dr
+ 3− α

] 1∫

0

(1− ξ)−α

Γ (1− α)
ξ2g (ξx) dξ,
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òî ïðè g (x) ∈ Cλ+1
(
Ω

)
èìååì g1 (x) ∈ Cλ

(
Ω

)
. Òîãäà ïðè g1 (x) ∈ Cλ

(
Ω

)
,

f (x) ∈ Cλ+2 (∂Ω) ðåøåíèå çàäà÷è (10) ñóùåñòâóåò è ïðèíàäëåæèò êëàññó
Cλ+2

(
Ω

)
.

Äàëåå, ïðèìåíÿÿ ê ðàâåíñòâó v (x) = Bα [u] (x) îïåðàòîð B−α, â ñèëó
ðàâåíñòâà (4) ïîëó÷àåì

u (x) = B−α [v] (x) ,

êîòîðîå óäîâëåòâîðÿåò âñåì óñëîâèÿì çàäà÷è 1. Äåéñòâèòåëüíî,

∆u (x) = ∆B−α [v] (x) =
1

Γ (α)

1∫

0

(1− τ)α−1 τ2−α∆v (τx) dτ =

=
1

Γ (α)

1∫

0

(1− τ)α−1 τ2−αg1 (τx) dτ =

=
1

Γ (α)

1∫

0

(1− τ)α−1 τ2−ατ2|x|−2Bα
[|x|2g]

(τx) dτ =

=
1

Γ (α)

1∫

0

(1− τ)α−1 τ−α|x|−2Bα
[|x|2g]

(τx) dτ =

=
|x|−2

Γ (α)

1∫

0

(1− τ)α−1 τ−αBα
[|x|2g]

(τx) dτ =
(2)
|x|−2|x|2g (x) = g (x) .

Äàëåå, èñïîëüçóÿ (4), ïîëó÷àåì

Bα [u] (x) |
∂Ω

= Bα
[
B−α [v]

]
(x) |

∂Ω
= v (x) |

∂Ω
= f (x) .

Èòàê, ôóíêöèÿ u (x) = B−α [v] (x) óäîâëåòâîðÿåò óðàâíåíèþ (10) è ãðàíè÷-
íîìó óñëîâèþ (11). Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2. Ïóñòü ðåøåíèå çàäà÷è 2 u (x) ñóùåñòâóåò.
Ïðèìåíèì ê ôóíêöèè u (x) îïåðàòîð Bα∗ è îáîçíà÷èì v (x) = Bα∗ [u] (x) . Â
ýòîì ñëó÷àå äëÿ ôóíêöèè v (x) ïîëó÷àåì çàäà÷ó (10) ñ ôóíêöèåé g1 (x) =
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|x|−2Bα∗
[|x|2g]

(x) . Òàê êàê Bα∗ [u] (0) = 0, òî ôóíêöèÿ v (x) äîïîëíèòåëüíî
äîëæíà óäîâëåòâîðÿòü óñëîâèþ v (0) = 0. Ëþáîå ðåøåíèå çàäà÷è (10) ïðè
ãëàäêèõ f (x) è g (x) ïðåäñòàâëÿåòñÿ â âèäå (11). À äëÿ òîãî, ÷òîáû ýòî
ðåøåíèå óäîâëåòâîðÿëî è óñëîâèþ v (0) = 0, ïî ëåììå 7 íåîáõîäèìî è
äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ (12).

Â íàøåì ñëó÷àå óñëîâèå (12) èìååò âèä
∫

∂Ω

f (y) dsy =
∫

Ω

|y|2−n − 1
n− 2

|y|−2Bα
∗

[|y|2g]
(y) dy.

Òàêèì îáðàçîì, íåîáõîäèìîñòü óñëîâèÿ (15) äîêàçàíà. Ýòî óñëîâèå ÿâëÿ-
åòñÿ è äîñòàòî÷íûì äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è 2.

Äåéñòâèòåëüíî, åñëè âûïîëíÿåòñÿ óñëîâèå (15), òî v (0) = 0 è ôóíêöèÿ

u (x) = B−α [v] (x) + C

óäîâëåòâîðÿåò âñåì óñëîâèÿì çàäà÷è 2. Ïðîâåðèì ýòè óñëîâèÿ. Âûïîë-
íåíèå óñëîâèÿ ∆u (x) = g (x) ïðîâåðÿåòñÿ àíàëîãè÷íî, êàê â ñëó÷àå äî-
êàçàòåëüñòâà òåîðåìû 1. Äàëåå, èñïîëüçóÿ ðàâåíñòâî (4) è ñâÿçü ìåæäó
îïåðàòîðàìè Bα è Bα∗ , ïîëó÷àåì

Bα
∗ [u] (x) = Bα

∗
[
B−α [v]

]
(x)+Bα

∗ [C] = Bα
[
B−α [v]

]
(x)+

B−α [v] (0)
Γ (1− α)

= v (x) ,

ñëåäîâàòåëüíî,
Bα
∗ [u] (x) |

∂Ω
= v (x) |

∂Ω
= f (x) .

Òåîðåìà äîêàçàíà.
Çàìå÷àíèå. Åñëè ïðè α = 1 ñ÷èòàåì, ÷òî Dα∗ = d

dr , òî Bα∗ = r d
dr . Â

ýòîì ñëó÷àå

|x|−2Bα
∗

[|x|2g]
(x) = |x|−2r

d

dr

[
r2g (x)

]
= r

d

dr
g (x)+2g (x) =

(
r

d

dr
+ 2

)
g (x) .

Òîãäà â ñèëó ëåììû 8 óñëîâèå ðàçðåøèìîñòè çàäà÷è 2 ìîæíî ïåðåïèñàòü
â âèäå ∫

∂Ω

f (x) dsx =
∫

Ω

g (x) dx.
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Ýòî ÿâëÿåòñÿ óñëîâèåì ðàçðåøèìîñòè çàäà÷è Íåéìàíà [8].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ïðîãðàììû ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé ÌÎÍ ÐÊ (ïðîåêò 0830/ÃÔ2).
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Torebek B.T., Turmetov B.Kh. SOLVABILITY OF SOME BOUNDARY
VALUE PROBLEMS FOR POISSON EQUATION WITH FRACTIONAL
DIFFERENTIAL OPERATORS

Two problems for Poisson equation with boundary fractional operators in
the Riemann-Liouville and Caputo are under investigation.
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ÕÐÎÍÈÊÀ

7 äåêàáðÿ 2012 ãîäà ñîñòîÿëîñü ó÷ðåäèòåëüíîå ñîáðàíèå Êàçàõñòàíñêî-
ãî ìàòåìàòè÷åñêîãî îáùåñòâà. Ïðèíÿòî ðåøåíèå î ñîçäàíèè Îáùåñòâåí-
íîãî îáúåäèíåíèÿ "Êàçàõñòàíñêîå ìàòåìàòè÷åñêîå îáùåñòâî". Îáùåñòâî
ïðîäîëæàåò òðàäèöèè è ÿâëÿåòñÿ ïðàâîïðååìíèêîì ìàòåìàòè÷åñêîãî îá-
ùåñòâà, îñíîâàííîãî â 1988 ãîäó è âîññîçäàííîãî â 1998 ãîäó, êàê Íàöèî-
íàëüíûé êîìèòåò ìàòåìàòèêè Êàçàõñòàíà. Öåëüþ îáùåñòâà ÿâëÿåòñÿ âñå-
ìåðíîå ñîäåéñòâèå ðàçâèòèþ ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ
â Êàçàõñòàíå, à òàêæå ñîäåéñòâèå ðàçâèòèþ è óêðåïëåíèþ íàó÷íûõ ñâÿ-
çåé ìàòåìàòèêîâ Êàçàõñòàíà ñ ìàòåìàòèêàìè äðóãèõ ñòðàí. Ïðîåêò Óñòàâà
Îáùåñòâà áûë çàðàíåå ðàçîñëàí êàçàõñòàíñêèì ìàòåìàòèêàì. Ñ ó÷åòîì èõ
ïðåäëîæåíèé è çàìå÷àíèé Óñòàâ Îáùåñòâà áûë óòâåðæäåí.

Ïðåçèäåíòîì Êàçàõñòàíñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà åäèíîãëàñíî
áûë èçáðàí àêàäåìèê Æóìàãóëîâ Á.Ò. Óòâåðæäåí ñîñòàâ Ïðåçèäèóìà Êà-
çàõñòàíñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà: Æóìàãóëîâ Á.Ò. � ïðåçèäåíò Îá-
ùåñòâà, Êàëüìåíîâ Ò.Ø. � âèöå-ïðåçèäåíò Îáùåñòâà, Äàíàåâ Í.Ò. � âèöå-
ïðåçèäåíò Îáùåñòâà, Îòåëáàåâ Ì. � ÷ëåí ïðåçèäèóìà, Äæóìàäèëüäàåâ
À.Ñ. � ÷ëåí ïðåçèäèóìà, Íóðñóëòàíîâ Å.Ä. � ÷ëåí ïðåçèäèóìà, Ñàäûáåêîâ
Ì.À. � ÷ëåí ïðåçèäèóìà, îòâåòñòâåííûé ñåêðåòàðü.

8 äåêàáðÿ 2012 ãîäà ñîñòîÿëàñü î÷åðåäíàÿ åæåãîäíàÿ âñòðå÷à ìèíè-
ñòðà îáðàçîâàíèÿ è íàóêè ÐÊ àêàäåìèêà Æóìàãóëîâà Á.Ò. ñ êàçàõñòàí-
ñêèìè ìàòåìàòèêàìè. Â ðàìêàõ ýòîé âñòðå÷è ñîñòîÿëîñü íàãðàæäåíèå êà-
çàõñòàíñêèõ ìàòåìàòèêîâ çà ëó÷øèå ïóáëèêàöèè â æóðíàëàõ, èìåþùèõ
èìïàêò-ôàêòîð ïî áàçå äàííûõ Thomson Reuters (ISI) Web of Knowledge.
Äèïëîìîì Êàçàõñòàíñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà I ñòåïåíè íàãðàæ-
äåíû ïðîôåññîð Ì.À. Ñàäûáåêîâ è ìàãèñòð Ä. Ñóðàãàí (çà 3 ïóáëèêàöèè
â 2012 ãîäó). Äèïëîìîì Êàçàõñòàíñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà II ñòå-
ïåíè íàãðàæäåíû ïðîôåññîðà Àéñàãàëèåâ Ñ.À., Ìóðàòáåêîâ Ì.Á., Îñïà-
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íîâ Ê.Í., Òåìèðãàëèåâ Í.Ò. (çà 2 ïóáëèêàöèè â 2012 ãîäó). Äèïëîìîì Êà-
çàõñòàíñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà III ñòåïåíè íàãðàæäåíû ìîëîäûå
ó÷åíûå, èìåþùèå ïî îäíîé ïóáëèêàöèè â 2012 ãîäó: Àáäûêàëûêîâ À.Ê.,
Áàêèáàåâ Ò., Äæóìàáàåâà À., Êóíãîæèí À., Ìàæèòîâà À.Ä., Ìàíàò Ì.,
Òåìèðõàíîâà À.
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Îáùèå ïîëîæåíèÿ
Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ îðèãèíàëüíûå ñòàòüè ïî
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çèòü àêòóàëüíîñòü, íîâèçíó, èìåþùèåñÿ ðåçóëüòàòû ïî òåìå ïðåäñòàâëåí-
íîé ðàáîòû. Ñòàòüè æóðíàëà ðàçìåùàþòñÿ â ñâîáîäíîì äîñòóïå íà ñàéòå
www.math.kz Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
ÌÎÍ ÐÊ, èõ ðåôåðèðóþò ÍÖ ÍÒÈ (Êàçàõñòàí), Ðåôåðàòèâíûé æóðíàë
"Ìàòåìàòèêà" ÂÈÍÈÒÈ (Ðîññèÿ) è Zentralblatt Math (Ãåðìàíèÿ).

Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ ñòàòüè îáúåìîì äî 16 æóð-
íàëüíûõ ñòðàíèö, êðàòêèå ñîîáùåíèÿ îáúåìîì äî 4 ñòðàíèö. Ñòàòüè îáú-
åìîì áîëåå 16 ñòðàíèö ïóáëèêóþòñÿ ïî ñïåöèàëüíîìó ðåøåíèþ ðåäêîëëå-
ãèè æóðíàëà. Ïðèíèìàþòñÿ ñòàòüè, íàïèñàííûå íà êàçàõñêîì, ðóññêîì è
àíãëèéñêîì ÿçûêàõ. Ñòàòüè ðåöåíçèðóþòñÿ.

Òðåáîâàíèÿ ê îôîðìëåíèþ ñòàòåé
1 Ðóêîïèñü ñòàòüè äîëæíà áûòü ïîäãîòîâëåíà â èçäàòåëüñêîé ñèñòåìå
LATEX-2å è ïðåäñòàâëåíà â âèäå äâóõ òâåðäûõ êîïèé, à òàêæå â âèäå .tex
è .pdf - ôàéëîâ íà ëþáîì ýëåêòðîííîì íîñèòåëå èëè ïðèñëàíà ïî ýëåê-
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2 Â ëåâîì âåðõíåì óãëó íåîáõîäèìî óêàçàòü èíäåêñ ÓÄÊ, äàëåå èíèöèà-
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Íà îòäåëüíîì ëèñòå ïðèëàãàþòñÿ íàçâàíèå ñòàòüè, ôàìèëèè è èíèöè-
àëû àâòîðîâ, êëþ÷åâûå ñëîâà, ðåôåðàò íà ðóññêîì, àíãëèéñêîì è êàçàõ-
ñêîì (äëÿ àâòîðîâ èç Êàçàõñòàíà) ÿçûêàõ è èíäåêñ Mathematics Subject
Classi�cation 2010. Íà îòäåëüíîì ëèñòå òàêæå ïðåäñòàâëÿþòñÿ ñâåäåíèÿ îá
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íîìåð òåëåôîíà ñ óêàçàíèåì êîäà ãîðîäà, àäðåñ ýëåêòðîííîé ïî÷òû.
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