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Î ÏÎÐßÄÊÀÕ M �×ËÅÍÍÎÃÎ ÏÐÈÁËÈÆÅÍÈß
ÊËÀÑÑÎÂ Â ÏÐÎÑÒÐÀÍÑÒÂÅ ËÎÐÅÍÖÀ

Ã. Àêèøåâ

Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Å.À. Áóêåòîâà
470074, Êàðàãàíäà, óë. Óíèâåðñèòåòñêàÿ, 28, e-mail: akishev@ksu.kz

Óñòàíîâëåíû òî÷íûå îöåíêè íàèëó÷øåãî M � ÷ëåííîãî ïðèáëèæåíèÿ êëàññà Áåñîâà â ïðîñòðàíñòâå
Ëîðåíöà ñ àíèçîòðîïíîé íîðìîé.

Ïóñòü x = (x1, ..., xm) ∈ Im = [0, 2π)m è ÷èñëà θj , qj ∈ [1,+∞) , j = 1, ..., m . ×åðåç L∗
q,θ

(Im)
îáîçíà÷èì ïðîñòðàíñòâà âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíêöèé f (x) , èìåþùèõ 2π � ïåðèîä ïî
êàæäîé ïåðåìåííîé è äëÿ êîòîðûõ âåëè÷èíà

‖f‖∗q̄,θ̄ =

[∫ 2π

0
t

θm
qm
−1

m

[
· · ·

[∫ 2π

0

(
f∗1,...,∗m(t1, ..., tm)

)θ1

t
θ1
q1
−1

1 dt1

] θ2
θ1 · · ·

] θm
θm−1

dtm

] 1
θm

êîíå÷íà , ãäå f∗1,...,∗m (t1, ..., tm) � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè |f (x)| ïî êàæäîé
ïåðåìåííîé xj ïðè ôèêñèðîâàííûõ îñòàëüíûõ ïåðåìåííûõ (ñì. [1]).

Â ñëó÷àå q1 = ... = qm = θ1 = ... = θm = q ïðîñòðàíñòâî L∗
q,θ

(Im) ñîâïàäàåò ñ ïðîñòðàí-
ñòâîì Ëåáåãà Lq (Im) ñ íîðìîé (ñì. [2], ãë. I, ï. 1.1)

‖f‖q =

[∫ 2π

0
...

∫ 2π

0
|f(x1, ..., xm)|qdx1...dxm

] 1
q

=

=

[∫

Im

|f(x̄)|qdx̄

] 1
q

.

◦
L∗

q,θ
(Im) � ìíîæåñòâî âñåõ ôóíêöèé f ∈ L∗

q,θ
(Im) òàêèõ, ÷òî

2π∫

0

f (x) dxj = 0, j = 1, ..., m.

Keywords: Lorentz space, Nikol'ski�Besov class, M � term approximation
2010 Mathematics Subject Classi�cation: 42A10
c Ã. Àêèøåâ, 2011.



6 Ã. Àêèøåâ

Ôóíêöèÿ f ∈ L1 (Im) = L (Im) ðàçëàãàåòñÿ â ðÿä Ôóðüå
∑

n∈Zm

an (f) ei〈n,x〉,

ãäå an(f) � êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L1 (Im) ïî êðàòíîé òðèãîíîìåòðè÷åñêîé ñè-
ñòåìå {ei〈n,x〉}Zm è Zm � ïðîñòðàíñòâî òî÷åê èç Rm ñ öåëî÷èñëåííûìè êîîðäèíàòàìè.

Ïîëîæèì
δs (f, x) =

∑

n∈ρ(s)

an (f) ei〈n,x〉,

ãäå 〈ȳ, x̄〉 =
m∑

j=1
yjxj , sj = 1, 2, ...,

ρ(s̄) =
{
k = (k1, ..., km) ∈ Zm : 2sj−1 6 |kj | < 2sj , j = 1, ...,m

}
.

×èñëîâàÿ ïîñëåäîâàòåëüíîñòü {an}n∈Zm, ∈ lp, åñëè

∥∥{an}n∈Zm

∥∥
lp

=





∞∑
nm=−∞


...

[ ∞∑
n1=−∞

|an|p1

] p2
p1

...




pm
pm−1





1
pm

< +∞,

ãäå p = (p1, ..., pm) , 1 6 pj < +∞, j = 1, 2, ..., m.
S r̄

pH, S r̄
p,θB � ïðîñòðàíñòâà ôóíêöèé ñ äîìèíèðóþùåé ñìåøàííîé ïðîèçâîäíîé ñîîòâåò-

ñòâåííî îïðåäåëåíû Ñ. Ì. Íèêîëüñêèì [3] è Ò.È. Àìàíîâûì [4, ãë.I, ï.17].
Ï.È. Ëèçîðêèíûì è Ñ.Ì. Íèêîëüñêèì [5] èññëåäîâàíî äåêîìïîçèöèîííîå ðàçëîæåíèå ýëå-

ìåíòîâ ïðîñòðàíñòâà
◦
S

r̄

p,θB . Ïðèâåäåì åãî îïðåäåëåíèå.

Ïóñòü r̄ = (r1, ..., rm), rj > 0, j = 1, ..., m, 1 6 p, θ 6 +∞.
◦

S r̄
p,θB � ýòî ïðîñòðàíñòâî âñåõ

ôóíêöèé f ∈
◦

L∗
q,θ

(Im) äëÿ êîòîðûõ

‖f‖ ◦
Sr̄

p,θB
=

[∫ 2π

0
...

∫ 2π

0
‖∆k̄

t̄ f(•)‖θ
p

m∏

j=1

dtj

t
1+θrj

j

] 1
θ

< +∞,

ãäå ∆k̄
t̄ f(x̄) = ∆km

tm (...∆k1
t1

f(x̄)) � ñìåøàííàÿ ðàçíîñòü ïîðÿäêà k̄ ñ øàãîì t̄ = (t1, ..., tm) è
kj > rj , j = 1, ..., m.

Â [5] îòìå÷åíî, ÷òî ôóíêöèÿ f ∈
◦
S

r̄

p,θB ðàçëàãàåòñÿ â ðÿä Ôóðüå âèäà
∑

n∈Zm,
Qm

j=1 nj 6=0

an (f) ei〈n,x〉.

Òàêæå èçâåñòíî, ÷òî (ñì. [5]) ‖f‖◦
S

r̄

p,θB
ÿâëÿåòñÿ íîðìîé è

‖f‖◦
S

r̄

p,θB
³





∑

s̄∈Zm
+

2〈s,r〉θ ‖δs (f)‖θ
p





1
θ

ïðè 1 < p < +∞, 1 6 θ 6 +∞.
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Ïîýòîìó â àíèçîòðîïíîì ïðîñòðàíñòâå Ëîðåíöà
◦

L∗
p,θ

(Im) ðàññìîòðèì àíàëîãè÷íûé êëàññ:

◦
S

r

p,θ,τB =

{
f ∈

◦
L∗

p,θ
(Im) : ‖f‖◦

S
r

p,θ,τ B
=

∥∥∥∥
{

2〈s,r〉 ‖δs (f)‖∗
p,θ

}
s̄∈Zm

+

∥∥∥∥
lτ

6 1

}
,

ãäå p = (p1, ..., pm) , θ = (θ1, ..., θm) , τ = (τ1, ..., τm) , 1 6 pj , θj , τj < +∞, j = 1, ..., m.
Ïóñòü äàí âåêòîð γ̄ = (γ1, ..., γm), γj > 0, j = 1, ..., m. Ïîëîæèì

Qγ̄
n = ∪〈s̄,γ̄〉<n

ρ(s̄), T (Qγ̄
n) = {t(x̄) =

∑

k̄∈Qγ̄
n

bk̄e
i〈k̄,x̄〉}.

Y m (γ, n) =



s = (s1, ..., sm) ∈ Zm

+ :
m∑

j=1

sjγj > n



 ,

Y m
1 (γ, n) =



s = (s1, ..., sm) ∈ Zm

+ :
l∑

j=1

sjγj > n−
m∑

j=l+1

sjγj ,
m∑

j=l+1

sjγj < n



 ,

Y m
2 (γ, n) =



s = (s1, ..., sm) ∈ Zm

+ : s1, ..., sl > 0,
m∑

j=l+1

sjγj > n



 .

Îòìåòèì, ÷òî Y m (γ, n) = Y m
1 (γ, n) ∪ Y m

2 (γ, n) .

E
(γ)
n (f)p,θ � íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f ∈ L∗

p,θ
(Im) ïîëèíîìàìè èç ìíîæåñòâà

T (Qγ̄
n) . Sγ̄

n(f, x̄) =
∑

k̄∈Qγ̄
n

ak̄(f) · ei〈k̄,x̄〉 � ÷àñòè÷íàÿ ñóììà ðÿäà Ôóðüå ôóíêöèè f.

Ïóñòü X,Y � íîðìèðîâàííûå ïðîñòðàíñòâà 2π -ïåðèîäè÷åñêèõ ôóíêöèé ìíîãèõ ïåðåìåí-
íûõ. Äëÿ ôóíêöèè f ∈ X íàèëó÷øèì M -÷ëåííûì ïðèáëèæåíèåì íàçûâàåòñÿ âåëè÷èíà (ñì.
[6-8])

eM (f)X = inf
k̄j ,bj

‖f −
M∑

j=1

bje
i〈k̄j ,x̄〉‖X ,

ãäå {k̄j}M
j=1 � ñèñòåìà âåêòîðîâ k̄j = (kj

1, ..., k
j
m) ñ öåëî÷èñëåííûìè êîîðäèíàòàìè, bj � ïðî-

èçâîëüíûå êîýôôèöèåíòû.
Åñëè F � íåêîòîðûé ôóíêöèîíàëüíûé êëàññ, òî ïîëîæèì

eM (F )X = sup
f∈F

eM (f)X .

Â ñëó÷àå X = L2 âåëè÷èíà eM (f)L2 äëÿ ôóíêöèè îäíîé ïåðåìåííîé âïåðâûå áûëà ââåäåíà Ñ.
Á. Ñòå÷êèíûì [6] ïðè ôîðìóëèðîâêå êðèòåðèÿ àáñîëþòíîé ñõîäèìîñòè ðÿäîâ Ôóðüå ïî ïîëíûì
îðòîíîðìèðîâàííûì ñèñòåìàì. Îöåíêè ïîðÿäêà âåëè÷èíû eM (F )X èññëåäîâàëè Ð.Ñ. Èñìàãè-
ëîâ [7], Â.Å. Ìàéîðîâ [8] ïðè X = Lp (îäíîìåðíûé ñëó÷àé ), Ý.Ñ. Áåëèíñêèé [9] ìíîãîìåðíûé
ñëó÷àé êîãäà Y = Lq(Im), X = Lp(Im), F = W r

p , Â.Í. Òåìëÿêîâ [10] Y = Lq(Im), F = Hr
p , À.Ñ.

Ðîìàíþê [11], [12], Ð. Äåâîð è Â.Í. Òåìëÿêîâ [13], Â.Í. Òåìëÿêîâ [14] ïðè Y = Lq(Im), F = Br
p,θ ,

Dinh Dung [15]. Îòìåòèì, ÷òî â ñëó÷àå X = L2 îöåíêà âåëè÷èíû eM (f)X ïî îðòîíîðìèðîâàí-
íûì ñèñòåìàì óñòàíîâèë Á.Ñ. Êàøèí [16]. Òî÷íûå ïîðÿäêè eM (F )X äëÿ êëàññîâ Íèêîëüñêîãî-
Áåñîâà îáîáùåííîé ãëàäêîñòè ïîëó÷èë Ä.Á. Áàçàðõàíîâ [17]. Ðåçóëüòàòû ïîñëåäíèõ ëåò â ýòîì
íàïðàâëåíèè ïðèâåäåíû â [18], [19].

Â ÷àñòíîñòè, èçâåñòíà
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Òåîðåìà 1. ( À.Ñ. Ðîìàíþê [11]). Ïóñòü r = (r1, ..., rm) , 0 < r1 = ... = rν < rν+1 6 ... 6 rm,
1 6 p 6 2 < q < +∞, 1 6 θ 6 +∞. Òîãäà

1) åñëè r1 > 1
p , òî eM

(
Br

p,θ

)
q
³ M

−
�
r1+ 1

2
− 1

p

�
(log M)

(ν−1)
�
r1− 1

p
+ 1

2

�
+

νP
j=2

( 1
2
− 1

θ )+
;

2) åñëè 1
p − 1

q < r1 < 1
p , òî eM

(
Br

p,θ

)
q
³ M

− q
2

�
r1+ 1

q
− 1

p

�
(log M)

(q−1)(ν−1)

�
r1− 1

p
+ q

′
q

1

θ
′

�
+ ;

3) åñëè r1 = 1
p , òî eM

(
Br

p,θ

)
q
³ M− 1

2 (logν M)
1

θ
′ , ãäå a+ = max{a, 0}, 1

b + 1
b′

= 1.

Çäåñü è â äàëüíåéøåì log M � ëîãàðèôì ñ îñíîâàíèåì 2 îò ÷èñëà M > 0.
Öåëü íàñòîÿùåé ñòàòüè èçó÷åíèå ïîðÿäêà íàèëó÷øåãî M -÷ëåííîãî ïðèáëèæåíèÿ êëàññà

◦
S

r

p,θ,τB â ïðîñòðàíñòâå Ëîðåíöà ñ àíèçîòðîïíîé íîðìîé.
Ñíà÷àëà ïðèâåäåì íåêîòîðûå îáîçíà÷åíèÿ è âñïîìîãàòåëüíûå óòâåðæäåíèÿ. Ïîëîæèì

Y m(n, γ̄) = {s̄ = (s1, ..., sm) ∈ Zm
+ : 〈s̄, γ̄〉 > n}.

×åðåç C(p, q, r, y) îáîçíà÷èì ïîëîæèòåëüíûå âåëè÷èíû, çàâèñÿùèå îò óêàçàííûõ â ñêîáêàõ
ïàðàìåòðîâ, âîîáùå ãîâîðÿ, ðàçëè÷íûå â ðàçíûõ ôîðìóëàõ. Äëÿ ïîëîæèòåëüíûõ âåëè÷èí
A(y), B(y) çàïèñü A (y) ³ B (y) îçíà÷àåò, ÷òî ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà C1, C2 òàêèå,
÷òî C1 ·A (y) 6 B (y) 6 C2 ·A (y) .
Ëåììà 1. (ñì. [20], ëåììà 2). Ïóñòü äàíû ÷èñëî α ∈ (0, +∞) è γ = (γ1, ..., γm) , γ

′
=(

γ
′
1, ..., γ

′
m

)
, θ = (θ1, ..., θm) , θj ∈ [1, +∞), j = 1, ..., m, 1 = γ1 = ... = γν < γν+1 6 ... 6 γm,

1 = γ
′
j = γj , j = 1, ..., ν è 1 = γ

′
j < γj , j = ν + 1, ...,m. Òîãäà èìååò ìåñòî ñîîòíîøåíèå

∥∥∥∥
{

2−α〈s,γ〉
}

s∈Y m(γ
′
,n)

∥∥∥∥
lθ

³ 2−nαn

νP
j=2

1
θj

.

Çàìå÷àíèå 1. Â ñëó÷àå θ1 = ... = θm ëåììà 1 äîêàçàíà Â.Í. Òåìëÿêîâûì [10].

Ïóñòü ΩM � ìíîæåñòâî, ñîäåðæàùåå íå áîëåå ÷åì M âåêòîðîâ k̄ = (k1, ..., km) ñ öåëî÷èñ-
ëåííûìè êîîðäèíàòàìè, à P (ΩM , x̄) � ïðîèçâîëüíûé òðèãîíîìåòðè÷åñêèé ïîëèíîì, ñîñòîÿùèé
èç ãàðìîíèê ñ "íîìåðàìè" èç ΩM . Ñïðàâåäëèâà
Ëåììà 2. Ïóñòü 2 < qj < +∞, j = 1, ...,m. Òîãäà äëÿ âñÿêîãî òðèãîíîìåòðè÷åñêîãî ïîëèíî-
ìà P (ΩN ) è äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà M < N íàéäåòñÿ òðèãîíîìåòðè÷åñêèé ïîëèíîì
P (ΩM ), äëÿ êîòîðîãî èìååò ìåñòî îöåíêà

‖P (ΩN )− P (ΩM )‖q̄ 6 C1(NM−1)
1
2 ‖P (ΩN )‖2,

ïðè÷åì ΩM ⊂ ΩN .
Äîêàçàòåëüñòâî.Ïóñòü q0 = max{q1, ..., qm}. Òîãäà 2 < q0 < +∞ è

‖f‖q̄ 6 C‖f‖q0

äëÿ ôóíêöèè f ∈ Lq0(I
m). Ïîýòîìó óòâåðæäåíèå ëåììû 2 ñëåäóåò èç ëåììû 2.3 [19].

Ëåììà 3. ([21], ëåììà 3). Ïóñòü α > 0, κ > 0, 0 < θj < +∞, j = 1, ..., m, γ̄′ = (γ
′
1, ..., γ

′
m),

¯̃γ = (γ̃1, ..., γ̃m) , γ
′
j = γ̃j = 1, j = 1, ..., ν è γ̃j < γ

′
j , j = ν + 1, ..., m. Òîãäà

∥∥∥∥
{

2κ〈s̄,̄̃γ〉
}
〈s̄,γ̄′ 〉<αn

∥∥∥∥
lθ̄

6 C(m,α, κ, θ)2nακn

νP
j=2

1
θj

.
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Ëåììà 4. ([22], ëåììà 4). Ïóñòü θ̄ν = (θ1, θ2..., θν), 1 6 θj < +∞, j = 1, ..., ν, l, γj �
ïîëîæèòåëüíûå ÷èñëà, µ1 = l −

m∑
j=ν+1

s0
jγj , µ2 = l + m−

m∑
j=ν+1

s0
jγj , s0

j > 0,

∥∥∥∥∥∥
{1}

µ16
νP

j=1
sj<µ2

∥∥∥∥∥∥
lθ̄ν

6 C(m, θ)l

νP
j=2

1
θj

.

Äîêàçàòåëüñòâî ïðèâåäåíî â [22].
Ïîëîæèì s̄0 = (s1, ..., sν , s

0
ν+1, ...s

0
m) è κν(n, γ̄) = {s̄0 ∈ Zm

+ : 〈s̄0, γ̄〉 < n}. Ñïðàâåäëèâî
óòâåðæäåíèå.

Ëåììà 5. Ïóñòü 1 6 q
′
j < +∞, 1 < θ

′
j < +∞, j = 1, ..., m è γ̄ = (γ1, ..., γm), 1 = γ1 = ... =

γν < γν+1 6 ... 6 γm. Òîãäà èìååò ìåñòî íåðàâåíñòâî
∥∥∥∥∥∥∥





∑

k̄∈ρ+(s̄0)

m∏

j=1

cos kjxj





s̄0∈{ν(n,γ̄)

∥∥∥∥∥∥∥
q̄
′
,θ̄
′

6 C(q, m, θ)2
n
q1 n

νP
j=2

1

θ
′
j .

Ýòà ëåììà â ñëó÷àå γ1 = ... = γm = 1 äîêàçàíà â [23]. Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëî-
ãè÷íî.

Òåîðåìà 2. Ïóñòü p = (p1, ..., pm) , q = (q1, ..., qm) , r = (r1, ..., rm) , θ̄ = (θ1, ..., θm) , τ̄ =
(τ1, ..., τm) , 1 6 pj < 2 < qj , j = 1, ..., m , 1 6 θj , τj < +∞ , 0 < r1+ 1

q1
− 1

p1
= ... = rν + 1

qν
− 1

pν
<

rν+1 + 1
qν+1

− 1
pν+1

6 ... 6 rm + 1
qm
− 1

pm
.

Òîãäà
1) åñëè rj > 1

pj
, j = 1, ...,m, (r1 − 1

p1
) 1

qj
< (rj − 1

pj
) 1

q1
, j = ν + 1, ...,m, òî

eM

(◦
S

r

p,θ,τB

)

q,θ̄

³ M
−
�
r1+ 1

2
− 1

p1

�
(log M)

(ν−1)
�
r1− 1

p1
+ 1

2

�
+

νP
j=2

�
1
2
− 1

τj

�
+ ;

2) åñëè 1
pj
− 1

qj
< rj < 1

pj
, θj < τj , j = 1, ..., m, (r1 − 1

p1
) 1

qj
< (rj − 1

pj
) 1

q1
, j = ν + 1, ..., m, òî

eM

(◦
S

r

p,θ,τB

)

q,θ̄

³ M
− q1

2

�
r1+ 1

q1
− 1

p1

�
(log M)

q1

�
r1− 1

p1

� νP
j=2

1

θ
′
j

+
νP

j=2

1

τ
′
j ;

3) åñëè rj = 1
pj

, j = 1, ..., µ > ν, è rj > 1
pj

, j = µ + 1, ..., m, òî

eM

(◦
S

r

p,θ,τB

)

q,θ̄

³ M− 1
2 (log M)

µP
j=1

1

τ
′
j .

Äîêàçàòåëüñòâî. Ïóñòü f ∈
◦
S

r

p,θ,τB . Äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî ÷èñëà M íàéäåòñÿ
íàòóðàëüíîå ÷èñëî n òàêîå , ÷òî M ³ 2nnν−1 . Ïðèáëèæàþùèé ïîëèíîì P (ΩM , x̄) áóäåì
èñêàòü â âèäå

P (ΩM , x̄) =
∑

〈s,γ′ 〉<n

δs (f, x̄) +
∑

n6〈s,γ′ 〉<αn

P (ΩNs̄ , x̄), (1)

ãäå γ̄
′

= (γ
′
1, ..., γ

′
m), γ

′
1 = γ1 = ... = γ

′
ν = γν = 1, 1 < γ

′
j < γj , j = ν + 1, ..., m, γj =(

rj + 1
qj
− 1

pj

)(
r1 + 1

q1
− 1

p1

)−1
, j = 1, ..., m.
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Ïîëèíîìû P (ΩNs̄ , x̄) áóäóò ïîñòðîåíû äëÿ êàæäîãî áëîêà δs (f, x̄) ñîãëàñíî ëåììå 3, à
÷èñëî α > 1 áóäåò âûáðàíî â ïðîöåññå ïîñòðîåíèÿ.

Ïðåäïîëîæèì, ÷òî èñêîìûé ïîëèíîì ïîñòðîåí. Òîãäà â ñèëó ðàâåíñòâà (1) è ñâîéñòâà íîðìû
ïîëó÷èì

‖f − P (ΩM )‖∗q̄,θ̄ 6

∥∥∥∥∥∥∥

∑

n6〈s,γ′ 〉<αn

(δs (f, x̄)− P (ΩNs̄ , x̄))

∥∥∥∥∥∥∥

∗

q̄,θ̄

+

∥∥∥∥∥∥∥

∑

〈s,γ′ 〉>αn

δs (f, x̄)

∥∥∥∥∥∥∥

∗

q̄,θ̄

=

= C(q) · {J1(f) + J2(f)} . (2)

Òàê êàê ïîëèíîì ∑

n6〈s,γ′ 〉<αn

(δs (f, x̄)− P (ΩNs̄ , x̄))

� íåïðåðûâíàÿ ôóíêöèÿ, òî îí ïðèíàäëåæèò ïðîñòðàíñòâó Lq0(I
m), q0 = max{q1, ..., qm}, è

J1(f) =

∥∥∥∥∥∥∥

∑

n6〈s,γ′ 〉<αn

(δs (f, x̄)− P (ΩNs̄ , x̄))

∥∥∥∥∥∥∥

∗

q̄,θ̄

6

6

∥∥∥∥∥∥∥

∑

n6〈s,γ′ 〉<αn

(δs (f, x̄)− P (ΩNs̄ , x̄))

∥∥∥∥∥∥∥
q̄0

. (3)

Îöåíèì J2(f) . Ïîëüçóÿñü òåîðåìîé 2 [24], ïîëó÷èì

J2(f) 6 C(p, q, m)

∥∥∥∥∥∥∥





m∏

j=1

2
sj

�
1

pj
− 1

qj

�
‖δs (f)‖∗p,θ̄





s̄∈Y m(αn,γ̄
′
)

∥∥∥∥∥∥∥
lθ̄

= C(p, q)J3(f), (4)

ãäå Y m(αn, γ̄
′
) =

{
s̄ ∈ Zm

+ : 〈s, γ′〉 > αn
}

.

Äëÿ îöåíêè J3(f) ðàññìîòðèì ðàçëè÷íûå ñëó÷àè . Ïóñòü 1 6 τj 6 θj , j = 1, ..., m . Òîãäà â
ñèëó íåðàâåíñòâà Éåíñåíà (ñì. [2], ãë. III, ï. 3.3.3)

(∑

k

|ak|β2

) 1
β2

6
(∑

k

|ak|β1

) 1
β1

, 0 < β1 6 β2 < +∞. (5)

Ó÷èòûâàÿ γ
′
j 6 γj , èìååì

J3(f) 6 C(p, q,m)

∥∥∥∥∥∥∥





m∏

j=1

2
sj

�
1

pj
− 1

qj

�
‖δs (f)‖∗p,θ̄





s̄∈Y m(αn,γ̄′ )

∥∥∥∥∥∥∥
lτ̄

6

6

∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (f)‖∗p,θ̄ · 2
−〈s,γ〉(r1+ 1

q1
− 1

p1
)





s̄∈Y m(αn,γ̄
′
)

∥∥∥∥∥∥∥
lτ̄

· 2−αn(r1+ 1
q1
− 1

p1
) (6)

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB , τj 6 θj , j = 1, ..., m .
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Ïóñòü θj < τj , j = 1, ..., m . Òîãäà ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ñ ïîêàçàòåëÿìè τj

θj
> 1 è

ëåììó 1, áóäåì èìåòü

J3(f) 6 C(p, q,m)

∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (f)‖∗p,θ̄





s̄∈Y m(αn,γ̄
′
)

∥∥∥∥∥∥∥
lτ̄

×

×

∥∥∥∥∥∥∥





m∏

j=1

2
−sj

�
rj+

1
qj
− 1

pj

�



s̄∈Y m(αn,γ̄′ )

∥∥∥∥∥∥∥
lε̄

6 C(p, q, m, r)2−αn(r1+ 1
q1
− 1

p1
)
n

νP
j=2

1
εj 6

6 C(p, q, m, r)2−αn(r1+ 1
q1
− 1

p1
)
n

νP
j=2

( 1
θj
− 1

τj
)

(7)

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB , ãäå ε̄ = (ε1, ..., εm) , 1
εj

= 1
θj
− 1

τj
, j = 1, ..., m .

Èç íåðàâåíñòâ (4), (6), (7) ñëåäóåò, ÷òî

J2(f) 6 C(p, q,m)2−αn(r1+ 1
q1
− 1

p1
)
n

νP
j=2

( 1
θj
− 1

τj
)+

(8)

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB .
Òåïåðü îöåíèì J1(f) . Ïî óñëîâèþ òåîðåìû qj ∈ (2, +∞), j = 1, ..., m. Ïîýòîìó q0 ∈ (2, +∞).

Ñëåäîâàòåëüíî, ïî òåîðåìå Ëèòòëâóäà-Ïýëè (ñì. [2], ãë. I, ï. 1.5.2) îöåíêó (3) ïðîäîëæèì â
ñëåäóþùåì âèäå:

J1(f) 6




∑

n6〈s,γ′ 〉<αn

‖δs (f, x̄)− P (ΩNs̄ , x̄)‖2
q0




1
2

. (9)

Äàëåå, ïîëüçóÿñü ëåììîé 3 è íåðàâåíñòâîì ðàçíûõ ìåòðèê äëÿ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ
â ïðîñòðàíñòâå Ëîðåíöà (ñì. [25, 26]), èç (9) ïðè 1 < pj < 2, j = 1, ...,m, ïîëó÷èì

J1(f) 6




∑

n6〈s,γ′ 〉<αn

N−1
s̄

m∏

j=1

2sj ‖δs (f)‖2
2




1
2

6

6 C(p, m)




∑

n6〈s,γ′ 〉<αn

N−1
s̄

m∏

j=1

2
sj

2
pj

(
‖δs (f)‖∗p̄,θ̄

)2




1
2

. (10)

Òåïåðü îòäåëüíî ðàññìîòðèì ñëó÷àè rj > 1
pj

è 1
pj
− 1

qj
< rj < 1

pj
, j = 1, ...,m .

Ïóñòü rj > 1
pj

. Ïîëîæèì

Ns̄ =


2n(r1− 1

p1
+1) ·

m∏

j=1

2
−sj(rj− 1

pj
)


 + 1,

ãäå [a] � öåëàÿ ÷àñòü ÷èñëà a.
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Òàê êàê ïî óñëîâèþ òåîðåìû (r1 − 1
p1

) 1
qj

< (rj − 1
pj

) 1
q1

, j = ν + 1, ..., m , òî 1 < γ
′
j < γj <

γ̃j =
(
rj − 1

pj

)(
r1 − 1

p1

)−1
, j = ν + 1, ...,m . Ïîýòîìó â ñèëó ëåììû Â [10]

∑

n6〈s,γ′ 〉<αn

Ns̄ 6 nm + 2n(r1− 1
p1

+1)
∑

n6〈s,γ′ 〉<αn

m∏

j=1

2
−sj(rj− 1

pj
)
=

= nm + 2n(r1− 1
p1

+1)
∑

n6〈s,γ′ 〉<αn

m∏

j=1

2−〈s,γ̃(r1− 1
p1

) 6

6 C(m, p, r)(nm + 2nnν−1) 6 C(p, r,m)2nnν−1 ³ M.

Ïóñòü 2 < τj < +∞, j = 1, ..., m. Òîãäà ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ñ ïîêàçàòåëåì βj =
τj

2 > 1 è ïîëüçóÿñü ëåììîé 1, èìååì




∑

n6〈s,γ′ 〉<αn

N−1
s̄

m∏

j=1

2
sj

2
pj

(
‖δs (f)‖∗p̄,θ̄

)2




1
2

6

6 2−n(r1− 1
p1

+1) 1
2

∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (f)‖∗p,θ̄





s̄∈Zm
+

∥∥∥∥∥∥∥

1
2

lτ̄

×

×

∥∥∥∥∥∥∥





m∏

j=1

2
−sj(rj− 1

pj
)





s̄∈Y m(αn,γ̄′ )

∥∥∥∥∥∥∥

1
2

l ¯
β
′

6 C(p, q,m, r, τ)2−n(r1− 1
p1

+ 1
2
)
n

νP
j=2

( 1
2
− 1

τj
)

(11)

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB, ãäå β̄′ = (β
′
1, ..., β

′
m) , β

′
j = τj

τj−2 , j = 1, ..., m, ïðè 1 < pj <

2, j = 1, ...,m . Ïîýòîìó èç íåðàâåíñòâ (10), (11) ñëåäóåò, ÷òî

J1(f) 6 C(p, q, m, r, τ)2−n(r1− 1
p1

+ 1
2
)
n

νP
j=2

( 1
2
− 1

τj
)

(12)

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB , rj > 1
pj

, τj > 2, ïðè 1 < pj < 2, j = 1, ..., m .
Ðàññìîòðèì ñëó÷àé 1 < τj 6 2, rj > 1

pj
. ×åðåç ej îáîçíà÷èì ìíîæåñòâî âñåõ sj ∈ Z+, äëÿ

êîòîðûõ (s1, ..., sj , ..., sm) ∈ Y m(n, αn, γ̄′) ïðè âñåõ ôèêñèðîâàííûõ sk, k 6= j .
Ïîëîæèì

Ns̄ =


2n(r1− 1

p1
+1)

nν−1 ·
m∏

j=1

2
−sj(rj− 1

pj
)
(
2〈s,r〉 ‖δs (f)‖∗p,θ̄

)τ1
m−1∏

j=1

G
τk+1−τk

k (f, n)τ̄k


 + 1,

ãäå s̄k = (s1, ..., sk), τ̄k = (τ1, ..., τk) ,

Gk(f, n)τ̄k
=

∥∥∥∥
{

2〈s,r〉 ‖δs (f)‖∗p,θ̄

}
s̄k∈Pk

∥∥∥∥
τ̄k

,
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Pk = e1 × ... × ek . Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ñ ïîêàçàòåëÿìè βj = τj

2−τj
, β

′
j = τj

2τj−2 , èç
(10) ïðè 1 < pj < 2, j = 1, ...,m, ïîëó÷èì

J1(f) 6 C(p, q,m, r)




∑

n6〈s,γ′ 〉<αn

N−1
s̄

m∏

j=1

2
sj

2
pj

(
‖δs (f)‖∗p̄,θ̄

)2




1
2

=

= C(p, q, m, r)
(
2n(r1− 1

p1
+1)

nν−1
)− 1

2 ×

×




∞∑

sm=1

...

∞∑

s1=1

χY (s̄)
m∏

j=1

2
−sj(rj− 1

pj
)
(
2〈s,r〉 ‖δs (f)‖∗p,θ̄

)2−τ1
m−1∏

j=1

G
τk−τk+1

k (f, n)τ̄k





1
2

6

6 C(p, q, m, r)
(
2n(r1− 1

p1
+1)

nν−1
)− 1

2

∥∥∥∥
{

2〈s,r〉 ‖δs (f)‖∗p,θ̄

}
s∈Zm

+

∥∥∥∥
2−τm

2

lτ̄

×

×

∥∥∥∥∥∥∥



χY (s̄)

m∏

j=1

2
−sj(rj− 1

pj
)





s∈Zm
+

∥∥∥∥∥∥∥

1
2

l ¯
β
′

, (13)

ãäå χY � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà Y = {s̄ = (s1, ..., sm) ∈ Zm
+ : n 6 〈s, γ′〉 <

αn} .
Òàê êàê γ

′
j < γj < γ̃j =

(
rj − 1

pj

)(
r1 − 1

p1

)−1
, j = ν + 1, ...,m, rj > 1

pj
, òî â ñèëó ëåììû 1

èìååì ∥∥∥∥∥∥∥





m∏

j=1

2
−sj(rj− 1

pj
)





n6〈s,γ′ 〉<αn

∥∥∥∥∥∥∥
l ¯
β
′

6 C(p, q, m, r)2−n(r1− 1
p1

)
n

νP
j=2

2(1− 1
τj

)

.

Ïîýòîìó èç îöåíêè (13) ñëåäóåò, ÷òî

J1(f) 6 C(p, q,m, r)2−n(r1− 1
p1

+ 1
2
)
n

νP
j=2

( 1
2
− 1

τj
)

(14)

ïðè rj > 1
pj

, 1 < τj 6 2, j = 1, ..., m, äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB, 1 < pj < 2, j = 1, ..., m.

Îöåíèì J2(f). Ïîëîæèì

α =


(r1 − 1

p1
+

1
2
)− lnn

n




ν∑

j=2

(
1
2
− 1

τj
)−

ν∑

j=2

(
1
θj
− 1

τj
)







(
r1 − 1

p1
+

1
q1

)−1

.

Òîãäà

2−αn(r1− 1
p1

+ 1
q1

) = 2−n(r1− 1
p1

+ 1
2
)
n

νP
j=2

( 1
2
− 1

τj
)−

νP
j=2

( 1
θj
− 1

τj
)

.

Òàê êàê θj 6 τj , òî 1
θj
− 1

τj
> 0 (ò. å.

(
1
θj
− 1

τj

)
+

= 1
θj
− 1

τj
). Ïîýòîìó èç (8) ñëåäóåò

J2(f) 6 C(p, q, m, r, τ)2−n(r1− 1
p1

+ 1
2
)
n

νP
j=2

( 1
2
− 1

τj
)

. (15)
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Ñëåäîâàòåëüíî, â ñèëó (14) è (15) èç (2) ïîëó÷èì

‖f − P (ΩM )‖∗q̄,θ̄ 6 C(q, r,m, p, τ)2−n(r1− 1
p1

+ 1
2
)
n

νP
j=2

( 1
2
− 1

τj
)

(16)

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB , rj > 1
pj

, 1 6 τj 6 2, j = 1, ..., m.

Åñëè 2 < τj < +∞, j = 1, ..., m, òî èç îöåíîê (2), (14), (15) ñëåäóåò

‖f − P (ΩM )‖∗q̄,θ̄ 6 C(q, r,m, p, τ)2−n(r1− 1
p1

+ 1
2
)
n

νP
j=2

( 1
2
− 1

τj
)

(17)

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB , rj > 1
pj

, j = 1, ..., m. Ýòèì ïóíêò 1) äîêàçàí ïðè 1 < pj <
2, j = 1, ..., m.

Òåïåðü ðàññìîòðèì ñëó÷àé 1
pj
− 1

qj
< rj < 1

pj
, j = 1, ..., m. Ïóñòü θj < τj , j = 1, ..., m. Òîãäà

1
θj
− 1

τj
> 0, j = 1, ..., m. Ïîýòîìó îöåíêà (8) èìååò âèä

J2(f) 6 C(p, q, m, r, τ)2−αn(r1− 1
p1

+ 1
q1

)
n

νP
j=2

( 1
θj
− 1

τj
)+

=

= C(p, q, m, r, τ)2−αn(r1− 1
p1

+ 1
q1

)
n

νP
j=2

( 1
θj
− 1

τj
)

(19)

â ñëó÷àå 1
pj
− 1

qj
< rj < 1

pj
, θj < τj , j = 1, ..., m.

Ïîëîæèì
α =

q1

2
− q1

ν∑

j=2

(
1
2
− 1

θj
)
log n

n
.

Òîãäà αn = q1

2 n− q1

ν∑
j=2

(1
2 − 1

θj
) log n. Ñëåäîâàòåëüíî,

2−αn(r1− 1
p1

+ 1
q1

)
n

νP
j=2

( 1
θj
− 1

τj
)

=


2

− q1
2

n+q1

νP
j=2

( 1
2
− 1

θj
) log n




r1− 1
p1

+ 1
q1

n

νP
j=2

( 1
θj
− 1

τj
)

=

=
(
2nnν−1

)− q1
2

(r1− 1
p1

+ 1
q1

)
n

q1(ν−1)(r1− 1
p1

+ 1
q1

)−q1(r1− 1
p1

+ 1
q1

)
νP

j=2

1
θj

n

νP
j=2

( 1
θj
− 1

τj
)

.

Ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà

q1(ν − 1)(r1 − 1
p1

+
1
q1

)− q1(r1 − 1
p1

+
1
q1

)
ν∑

j=2

1
θj

+
ν∑

j=2

(
1
θj
− 1

τj
) =

= q1(r1 − 1
p1

)
ν∑

j=2

1
θ
′
j

+
ν∑

j=2

1
τ
′
j

.

Òîãäà

2−αn(r1− 1
p1

+ 1
q1

)
n

νP
j=2

( 1
θj
− 1

τj
)

=


2

− q1
2

n+q1

νP
j=2

( 1
2
− 1

θj
) log n




r1+ 1
p1

+ 1
q1

n

νP
j=2

( 1
θj
− 1

τj
)

=

=
(
2nnν−1

)− q1
2

(r1− 1
p1

+ 1
q1

)
n

q1(r1− 1
p1

)
νP

j=2

1

θ
′
j

+
νP

j=2

1

τ
′
j .
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Ïîýòîìó èç íåðàâåíñòâà (19), ó÷èòûâàÿ 2nnν−1 ³ M, ïîëó÷èì

J2(f) 6 C
(
2nnν−1

)− q1
2

(r1− 1
p1

+ 1
q1

)
n

q1(r1− 1
p1

)
νP

j=2

1

θ
′
j

+
νP

j=2

1

τ
′
j ³

³ M
− q1

2
(r1− 1

p1
+ 1

q1
)(log M)

q1(r1− 1
p1

)
νP

j=2

1

θ
′
j

+
νP

j=2

1

τ
′
j (20)

â ñëó÷àå 1
pj
− 1

qj
< rj < 1

pj
, qj < θj , j = 1, ..., m.

Îöåíèì J1(f) â ñëó÷àå 1
pj
− 1

qj
< rj < 1

pj
, θj < τj , j = 1, ..., m. Ïîëîæèì

Ns̄ =
[
2n2( 1

p1
−r1)〈s̄,¯̃γ〉2−αn( 1

p1
−r1)

]
+ 1,

ãäå êîîðäèíàòû âåêòîðà ¯̃γ = (γ̃1, ..., γ̃m) óäîâëåòâîðÿþò ñîîòíîøåíèÿì γ
′
1 = γ̃1 = ... = γ

′
ν = γ̃ν ,

1 < γ̃j < γ
′
j , j = ν + 1, ..., m.

Òîãäà â ñèëó ëåììû Ã â [10] ñïðàâåäëèâà îöåíêà
∑

n6〈s,γ′ 〉<αn

Ns̄ 6 nm−1 +
∑

n6〈s,γ′ 〉<αn

2n2( 1
p1
−r1)〈s̄,̄̃γ〉2−αn( 1

p1
−r1) 6

6 nm−1 + C(r,m, p)2n2−αn( 1
p1
−r1)2αn( 1

p1
−r1)

nν−1 =

= nm−1 + C(r,m, p)2nnν−1 6 C(p, r,m)M.

Òåïåðü ïîäñòàâèâ çíà÷åíèÿ ÷èñåë Ns̄ è ïîëüçóÿñü íåðàâåíñòâîì Ãåëüäåðà è ëåììîé 3 èç
(10), ïîëó÷èì

J1(f) 6 C(p, q,m, r, θ)×

×





2−n2αn( 1
p1
−r1)

∑

n6〈s,γ′ 〉<αn

2−( 1
p1
−r1)〈s̄,̄̃γ〉

m∏

j=1

2
sj

2
pj

(
‖δs (f)‖∗p,θ̄

)2





1
2

. (21)

Åñëè ( 1
pj
− rj) 1

q1
< ( 1

p1
− r1) 1

qj
, j = ν + 1, ..., m, òî

1
pj
− rj

1
p1
− r1

<
rj + 1

qj
− 1

pj

r1 + 1
q1
− 1

pj

= γj .

Ïîýòîìó âûáåðåì ÷èñëà γ
′
j è γ̃j òàê, ÷òîáû

1
pj
−rj

1
p1
−r1

< γ̃j < γ
′
j < γj , j = ν + 1, ..., m. Òîãäà

2−( 1
p1
−r1)〈s̄,̄̃γ〉

m∏

j=1

2
sj

2
pj 6 2( 1

p1
−r1)〈s̄,̄̃γ〉

m∏

j=1

2sj2rj .

Ñëåäîâàòåëüíî,
∑

n6〈s,γ′ 〉<αn

2−( 1
p1
−r1)〈s̄,̄̃γ〉

m∏

j=1

2
sj

2
pj

(
‖δs (f)‖∗p,θ̄

)2
6

6
∑

n6〈s,γ′ 〉<αn

2( 1
p1
−r1)〈s̄,̄̃γ〉




m∏

j=1

2sjrj ‖δs (f)‖∗p,θ̄




2

. (22)
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Åñëè 2 < τj < +∞, j = 1, ..., m, òî ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà (βj = τj

2 , β
′
j = τj

τj−2) ê
ñóììå â ïðàâîé ÷àñòè (22), áóäåì èìåòü

∑

n6〈s,γ′ 〉<αn

2−( 1
p1
−r1)〈s̄,̄̃γ〉

m∏

j=1

2
sj

2
pj

(
‖δs (f)‖∗p,θ̄

)2
6

6

∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (f)‖∗p,θ̄





s̄∈Zm
+

∥∥∥∥∥∥∥

2

lτ̄

∥∥∥∥
{

2( 1
p1
−r1)〈s̄,̄̃γ〉}

〈s,γ′ 〉<αn

∥∥∥∥
l
β̄
′
.

Ïî ëåììå 3 ïðè θj = β
′
j , j = 1, ..., m, èç ïðåäûäóùåãî íåðàâåíñòâà ïîëó÷èì

∑

n6〈s,γ′ 〉<αn

2−( 1
p1
−r1)〈s̄,̄̃γ〉

m∏

j=1

2
sj

2
pj

(
‖δs (f)‖∗p,θ̄

)2
6

6 C(p, q, r,m)2nα( 1
p1
−r1)

n

νP
j=2

1

β
′
j

∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (f)‖∗p,θ̄





s̄∈Zm
+

∥∥∥∥∥∥∥

2

lτ̄

6

6 C(p, q, r,m)2nα( 1
p1
−r1)

n

νP
j=2

(1− 2
τj

)

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB, 2 < θj < +∞. Ïîýòîìó èç (21) ïîëó÷èì

J1(f) 6 C(p, q, m, r, θ)
(
2−n2αn( 1

p1
−r1)

) 1
2


2nα( 1

p1
−r1)

n

νP
j=2

(1− 2
τj

)




1
2

=

= C(p, q, m, r, θ)2αn( 1
p1
−r1)2−

n
2 n

νP
j=2

( 1
2
− 1

τj
)

(23)

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB, 2 < τj < +∞, θj < τj ,
1
pj
− 1

qj
< rj < 1

pj
, j = 1, ..., m,

( 1
pj
− rj) 1

q1
< ( 1

p1
− r1) 1

qj
, j = ν + 1, ..., m.

Â îöåíêå J2(f) ÷èñëî α âûáðàíî â âèäå:

α =
q1

2
− q1

ν∑

j=2

(
1
2
− 1

θj
)
log n

n
.

Òîãäà

2αn( 1
p1
−r1) = 2n( 1

p1
−r1)

q1
2 n

−q1( 1
p1
−r1)

νP
j=2

( 1
2
− 1

θj
)

.

Ïîýòîìó èç (23) ïîëó÷èì

J1(f) 6 C(p, q, m, r, τ)2n( 1
p1
−r1)

q1
2 n

q1(r1− 1
p1

)
νP

j=2
( 1
2
− 1

θj
)

2−
n
2 n

νP
j=2

( 1
2
− 1

τj
)

=

= 2−n(r1+ 1
q1
− 1

p1
)

q1
2 n

− q1
2

(ν−1)(r1+ 1
q1
− 1

p1
)
n

q1
2

(ν−1)(r1+ 1
q1
− 1

p1
)×
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×n
q1(r1− 1

p1
)

νP
j=2

( 1
2
− 1

θj
)

n

νP
j=2

( 1
2
− 1

τj)

.

Äàëåå, ïðîñòûìè âû÷èñëåíèÿìè ìîæíî óáåäèòüñÿ, ÷òî

q1

2
(ν − 1)(r1 +

1
q1
− 1

p1
) + q1(r1 − 1

p1
)

ν∑

j=2

(
1
2
− 1

θj
) +

ν∑

j=2

(
1
2
− 1

τj
) =

= q1(r1 − 1
p1

)
ν∑

j=2

1
θ
′
j

+
ν∑

j=2

1
τ
′
j

.

Ñëåäîâàòåëüíî,

J1(f) 6 C
(
2nnν−1

)− q1
2

(r1− 1
p1

+ 1
q1

)
n

q1(r1− 1
p1

)
νP

j=2

1

θ
′
j

+
νP

j=2

1

τ
′
j ³

³ M
− q1

2
(r1− 1

p1
+ 1

q1
)(log M)

q1(r1− 1
p1

)
νP

j=2

1

θ
′
j

+
νP

j=2

1

τ
′
j (24)

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB, 2 < τj < +∞, θj < τj ,
1
pj
− 1

qj
< rj < 1

pj
, qj < θj , j = 1, ..., m,

( 1
pj
− rj) 1

q1
< ( 1

p1
− r1) 1

qj
, j = ν + 1, ...,m.

Â ñèëó íåðàâåíñòâ (20) è (24) èç (2) ïîëó÷èì

‖f − P (ΩM )‖∗q̄,θ̄ 6 C(p, q,m, r)M− q1
2

(r1− 1
p1

+ 1
q1

)(log M)
q1(r1− 1

p1
)

νP
j=2

1

θ
′
j

+
νP

j=2

1

τ
′
j

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB, 2 < τj < +∞, θj < τj ,
1
pj
− 1

qj
< rj < 1

pj
, j = 1, ..., m,

( 1
pj
− rj) 1

q1
< ( 1

p1
− r1) 1

qj
, j = ν + 1, ...,m. Ñëåäîâàòåëüíî,

eM

(◦
S

r

p,θ,τB

)

q,θ̄

6 C(p, q, m, r)M− q1
2

(r1− 1
p1

+ 1
q1

)(log M)
q1(r1− 1

p1
)

νP
j=2

1

θ
′
j

+
νP

j=2

1

τ
′
j ,

åñëè 2 < τj < +∞, θj < τj ,
1
pj
− 1

qj
< rj < 1

pj
, j = 1, ..., m, ( 1

pj
− rj) 1

q1
< ( 1

p1
− r1) 1

qj
,

j = ν + 1, ..., m.

Ýòèì îöåíêà ñâåðõó âî âòîðîì ïóíêòå äîêàçàíà.
Ïóñòü rj = 1

pj
, j = 1, ..., µ > ν, è rj > 1

pj
äëÿ j = µ+1, ...,m, f ∈

◦
S

r

p,θ,τB . Äëÿ ïðîèçâîëü-
íîãî íàòóðàëüíîãî ÷èñëà M íàéäåòñÿ íàòóðàëüíîå ÷èñëî n òàêîå, ÷òî M ³ 2nnµ−1, µ > ν.
Ïðèáëèæàþùèé ïîëèíîì P (ΩM , x̄) áóäåì èñêàòü â âèäå

P (ΩM , x̄) =
∑

〈s,γ′〉<n

δs (f, x̄) +
∑

n6〈s,γ′〉<αn

P (ΩNs̄ , x̄), (25)

ãäå γ̄ = (γ1, ..., γm), γ̄′ = (γ
′
1, ..., γ

′
m), γj =

(
rj + 1

qj
− 1

pj

)(
r1 + 1

q1
− 1

p1

)−1
, j = 1, ..., m, γ

′
1 =

γ1 = ... = γ
′
ν = γν = 1 < γ

′
j < γj , j = ν + 1, ..., m.

Ïîëîæèì

Ns̄ = [2nn

µP
j=1

1
τj
−1

· ‖δs (f)‖∗p̄,θ̄

m∏

j=1

2sjrj ] + 1,
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ãäå [a] � öåëàÿ ÷àñòü ÷èñëà a,

α =
q1

2

(
1 +

µ− 1
n

log n

)
.

Òîãäà ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ñ ïîêàçàòåëåì τj > 1, j = 1, ..., m, ïîëó÷èì

∑

n6〈s,γ′ 〉<αn

Ns̄ 6 nm + 2nn

µP
j=1

1
τj
−1 ∑

n6〈s,γ′ 〉<αn

‖δs (f)‖∗p̄,θ̄

m∏

j=1

2sjrj 6 (26)

6 nm + 2nn

µP
j=1

1
τj
−1

∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (f)‖∗p,θ̄





s̄∈Zm
+

∥∥∥∥∥∥∥
lτ̄

·

∥∥∥∥∥∥∥





m∏

j=µ+1

2
sj(

1
pj
−rj)

χσm
n

(s̄)





s̄∈σm
n

∥∥∥∥∥∥∥
l
τ̄
′

,

ãäå 1
τj

+ 1

τ
′
j

= 1, χσm
n

� õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà σm
n = {s̄ ∈ Zm

+ : n 6 〈s, γ′〉 <

αn} .
Îöåíèì

Im
n =

∥∥∥∥∥∥∥





m∏

j=µ+1

2
sj(

1
pj
−rj)

χσm
n

(s̄)





s̄∈σm
n

∥∥∥∥∥∥∥
l
τ̄
′

.

Ó÷èòûâàÿ íåðàâåíñòâî
n∑

k=1

kθ−1 6 C(θ)nθ, θ > 0,

è òî, ÷òî rj > 1
pj

äëÿ j = µ + 1, ..., m, áóäåì èìåòü

Im
n 6





∑

sm< αn
γm




∑

sm−1<
(αn−smγm)

γm−1

...




∑

s1<αn−
mP

j=2
sjγj

m∏

j=µ+1

2
sj(

1
pj
−rj)τ

′
1




τ
′
2

τ
′
1

...




τ
′
m

τ
′
m−1





1

τ
′
m

6 (27)

6 C(γ, τ)(αn)

µP
j=1

1

τ
′
j .

Èç íåðàâåíñòâ (26), (27) ñëåäóåò

∑

n6〈s,γ′ 〉<αn

Ns̄ 6 nm + 2nn

µP
j=1

1
τj
−1

∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (f)‖p





s̄∈Zm
+

∥∥∥∥∥∥∥
lτ̄

×

×C(θ,m) (αn)

µP
j=1

1

τ
′
j 6 C(θ,m)

{
nm + 2nnµ−1

}
6 C(θ,m)2nnµ−1 ³ M,

òàê êàê íàòóðàëüíîå ÷èñëî n âûáðàíî òàê, ÷òî 2nnµ−1 ³ M.
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Äàëåå, ïîäñòàâëÿÿ çíà÷åíèÿ Ns̄ è ó÷èòûâàÿ rj = 1
pj

, j = 1, ..., µ (ñì. (10)), ïîëó÷èì

J1(f) 6 C(q, p, m)





∑

n6〈s,γ′ 〉<αn

N−1
s̄

m∏

j=1

2
sj

2
pj

(
‖δs (f)‖∗p,θ̄

)2





1
2

6

6 C(q, p, m, r)





∑

n6〈s,γ′ 〉<αn

2−nn
1−

µP
j=1

1
τj

m∏

j=1

2
− sj

pj

m∏

j=1

2
sj

2
pj ‖δs (f)‖∗p,θ̄





1
2

6

6 C(q, p,m, r)





∑

n6〈s,γ′ 〉<αn

m∏

j=µ+1

2
sj(

1
pj
−rj)

m∏

j=1

2sjrj ‖δs (f)‖∗p,θ̄





1
2

2−nn

1−
µP

j=1

1
τj




1
2

.

Òåïåðü ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ( 1
τj

+ 1

τ
′
j

= 1) ê ñóììå â ïðàâîé ÷àñòè è ïîëüçóÿñü
îöåíêîé (27), áóäåì èìåòü

J1(f) 6 C(q, p, m)


2−nn

1−
µP

j=1

1
τj




1
2

×

×

∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (f)‖∗p,θ̄





s̄∈Zm
+

∥∥∥∥∥∥∥

1
2

lτ̄

∥∥∥∥∥∥∥





m∏

j=µ+1

2
sj(

1
pj
−rj)

χσm
n

(s̄)





s̄∈σm
n

∥∥∥∥∥∥∥

1
2

l
τ̄
′

6

6 C(q, p,m)


2−nn

1−
µP

j=1

1
τj




1
2

n

µP
j=1

1

τ
′
j




1
2

∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (f)‖∗p,θ̄





s̄∈Zm
+

∥∥∥∥∥∥∥

1
2

lτ̄

6 C(p, q, m, r)2
−n
2 n

µ+1
2
−

µP
j=1

1
τj

∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (f)‖∗p,θ̄





s̄∈Zm
+

∥∥∥∥∥∥∥

1
2

lτ̄

.

Òàêèì îáðàçîì,

J1(f) 6 C(p, q, m, r)2
−n
2 n

µ+1
2
−

µP
j=1

1
τj (28)

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB â ñëó÷àå rj = 1
pj

äëÿ j = 1, ..., µ è rj > 1
pj

äëÿ j = µ+1, ..., m,

2 < qj < θj , j = 1, ...,m.
Â ñèëó íåðàâåíñòâ (8), (28), ó÷èòûâàÿ óñëîâèå ν 6 µ, èç (2) ïîëó÷èì

‖f − P (ΩM )‖∗q̄,θ̄ 6 C(p, q, m, r)



2−αn(r1+ 1

q1
− 1

p1
)
n

µP
j=2

( 1
qj
− 1

τj
)

+ 2
−n
2 n

µ+1
2
−

µP
j=1

1
τj



 .

Òàê êàê nα = q1

2 log(2nnµ−1), r1 = 1
p1

, 2 < qj < τj , j = 1, ..., m, òî îòñþäà ñëåäóåò îöåíêà:

‖f − P (ΩM )‖∗q̄,θ̄ 6 C(p, q, m, r)



(2nnµ−1)−

1
2 n

µP
j=2

( 1
qj
− 1

τj
)

+ 2
−n
2 n

µ+1
2
−

µP
j=1

1
τj



 6
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6 C(p, q, m, r)(2nnµ−1)−
1
2 n

µP
j=1

1

τ
′
j ³ M− 1

2 (log M)

µP
j=1

1

τ
′
j

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB â ñëó÷àå rj = 1
pj

äëÿ j = 1, ..., µ è rj > 1
pj

äëÿ j = µ+1, ..., m,
2 < qj < τj , j = 1, ..., m.

Ñëåäîâàòåëüíî,

eM

(◦
S

r

p,θ,τB

)

q,θ̄

6 C(p, q, m, r)M− 1
2 (log M)

µP
j=1

1

τ
′
j .

Ýòèì îöåíêà ñâåðõó â ïóíêòå 3) äîêàçàíà .
Äîêàæåì îöåíêè ñíèçó. Äëÿ ýòîãî áóäåì ïîëüçîâàòüñÿ äâîéñòâåííûì ñîîòíîøåíèåì, êîòîðîå

ñëåäóåò èç áîëåå îáùåãî ðåçóëüòàòà Ñ. Ì. Íèêîëüñêîãî (ñì. [27]). Ñîãëàñíî ýòîìó ñîîòíîøåíèþ
äëÿ ëþáîé ôóíêöèè f ∈ Lq̄,θ̄(I

m) èìååò ìåñòî ðàâåíñòâî

eM (f)q,θ̄ = inf
ΩM

sup
P∈L⊥

∣∣∣∣
∫

Im

f(x̄)P (x̄)dx̄

∣∣∣∣ . (29)

Ïî çàäàííîìó ÷èñëó M âûáåðåì l èç ðàâåíñòâà

l =
q1

2
log M − (q1

µ∑

j=2

1
θ
′
j

) log log M.

Ïîëîæèì s̄µ = (s1, ..., sµ, 1, ..., 1). Ðàññìîòðèì ôóíêöèþ

g1(x̄) =
∑

〈s̄µ,γ̄〉<l

m∏

j=1

∑

kj∈ρ+(sj)

k−1
j cos kjxj ,

ãäå γ̄ = (γ1, ..., γm), γj =
(
rj + 1

qj
− 1

pj

) (
r1 + 1

q1
− 1

p1

)−1
, ρ+(sj) = {kj ∈ N : 2sj−1 6 |kj | <

2sj}, j = 1, ...,m. Ââåäåì îáîçíà÷åíèÿ:

δ+
s̄ (g1, x̄) =

m∏

j=1

∑

kj∈ρ+(sj)

k−1
j cos kjxj ,

ds̄µ(x̄) =
∑

k̄∈ρ+(s̄µ)

m∏

j=1

cos kjxj .

Â îäíîìåðíîì ñëó÷àå äëÿ ÿäðà Äèðèõëå Dn(x) = 1
2 +

n∑
k=1

cos kx ñïðàâåäëèâî ñîîòíîøåíèå

‖Dn‖∗p,θ ³ n
1− 1

p , 1 < p < +∞, 1 < θ < +∞.

Èñïîëüçóÿ ýòî íåðàâåíñòâî è ïðåîáðàçîâàíèå Àáåëÿ, íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâîñòè ñî-
îòíîøåíèÿ

‖
2s−1∑

k=2s−1

k−1 cos kx‖∗p,θ ³ 2−s 1
p , 1 < p < +∞, 1 < θ < +∞.

Ïîýòîìó

‖δ+
s̄µ

(g1)‖∗p̄,θ̄ 6 C

µ∏

j=1

2−sj‖ds̄‖∗p̄,θ̄ ³
µ∏

j=1

2
− sj

pj , (30)
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ïðè 1 < pj < +∞, 1 < θj < +∞, j = 1, ..., m.

Ñëåäîâàòåëüíî, ó÷èòûâàÿ, ÷òî rj = 1
pj

, j = 1, ..., µ, è íåðàâåíñòâî (27), áóäåì èìåòü
∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (g1)‖∗p,θ̄





s̄∈Zm
+

∥∥∥∥∥∥∥
lτ̄

=
∥∥∥∥
{

2〈s̄µ,r̄〉 ∥∥δ+
s (g1)

∥∥∗
p,θ̄

}
〈s̄µ,γ̄〉<l

∥∥∥∥
lτ̄

6

6 C(p, q, m, r)
∥∥∥{χσl

(s̄µ)}s̄µ∈σl

∥∥∥
lτ̄

6 C(p,m, θ)l

µP
j=1

1
τj

,

ãäå χσl
� õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà σl = {s̄µ ∈ Zm

+ : 〈sµ, γ〉 < l}, 1 6 τj < +∞.
Ïîýòîìó ôóíêöèÿ

f1(x̄) = C1l
−

µP
j=1

1
τj

g1(x̄)

ïðèíàäëåæèò êëàññó
◦
S

r

p,θ,τB.

Òåïåðü ïîñòðîèì ôóíêöèþ P1(x̄), êîòîðàÿ óäîâëåòâîðÿëà áû òðåáîâàíèÿì ê P (x̄) èç (29).
Ïóñòü

v1(x̄) =
∑

〈s̄µ,γ̄〉<l

m∏

j=1

∑

kj∈ρ+(sj)

cos kjxj (31)

è ΩM � ïðîèçâîëüíûé íàáîð èç M âåêòîðîâ k̄ = (k1, ..., km) ñ öåëî÷èñëåííûìè êîîðäèíàòàìè.
Îáîçíà÷èì ÷åðåç

u1(x̄) =
∗∑

k̄∈ΩM

m∏

j=1

cos kjxj

ôóíêöèþ, ñîäåðæàùóþ òîëüêî òå ñëàãàåìûå èç (31), êîòîðûå èìåþò "íîìåðà" èç ìíîæåñòâà
ΩM . Ïîëîæèì w1(x̄) = v1(x̄) − u1(x̄). Òîãäà â ñèëó òîãî, ÷òî 1 < q

′
j = qj

qj−1 < 2 è ðàâåíñòâà
Ïàðñåâàëÿ áóäåì èìåòü

‖w1‖∗q̄′ ,θ̄′ 6 ‖v1‖∗q̄′ ,θ̄′ + ‖u1‖2 6 ‖v1‖∗q̄′ ,θ̄′ + M
1
2 . (32)

Äàëåå, ïîëüçóÿñü ëåììîé 5, ïîëó÷èì

‖v1‖∗q̄′ ,θ̄′ 6 C(q, r,m)2
l

q1 l

Pµ
j=2

1

θ
′
j ,

ãäå β
′
= β

β−1 . Ïîýòîìó èç (32), ó÷èòûâàÿ îïðåäåëåíèå ÷èñëà l, ïîëó÷èì

‖w1‖∗q̄′ ,θ̄′ 6 C(q, m)2
l

q1 l

Pµ
j=2

1

θ
′
j + M

1
2 6 C(q, m)2

l
q1 l

Pµ
j=2

1

θ
′
j .

Ñëåäîâàòåëüíî, ôóíêöèÿ P1(x̄) = C22
− l

q1 l
−Pµ

j=2
1

θ
′
j w1(x̄) óäîâëåòâîðÿåò óñëîâèÿì ôîðìóëû

(29). Ïîäñòàâèâ f1(x̄) è P1(x̄) â (29), áóäåì èìåòü

eM (f1)q̄,θ̄ > C(q, m, r)


 ∑

l16〈sµ,γ〉<l

∑

kj∈ρ+(sj)

m∏

j=1

k−1
j


 2−

l
β l
−Pµ

j=2
1

θ
′
j l
−

µP
j=1

1
τj

, (33)

Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 1 (39)



22 Ã. Àêèøåâ

ãäå l1 � ÷èñëî óäîâëåòâîðÿþùåå óñëîâèþ 2l1 lµ−1 ³ M. Òàê êàê
∑

l16〈s,γ〉<l

∑

kj∈ρ+(sj)

m∏

j=1

k−1
j > C(m, r)lµ1 ,

òî èç (33) ïîëó÷èì

eM (f1)q̄,θ̄ > C(q, m, r)2−
l
β l
−Pµ

j=2
1

θ
′
j l
−

µP
j=1

1
τj (l1 −

m∑

j=µ+1

γj)µ−1 >

> C(q, m, r)M− 1
2 (log M)

µP
j=1

1

τ
′
j

äëÿ l1 > 2
m∑

j=µ+1
γj . Ñëåäîâàòåëüíî,

eM

(◦
S

r

p,θ,τB

)

q

> C(p, q, r,m)M− 1
2 (log M)

µP
j=1

1

τ
′
j

ïðè rj = 1
pj

, j = 1, ..., µ, è rj > 1
pj

, j = µ + 1, ..., m.

Äîêàæåì îöåíêó ñíèçó â ñëó÷àå 1
pj
− 1

qj
< rj < 1

pj
, j = 1, ...,m. Ïîëîæèì

l =
q1

2
log M −


q1

ν∑

j=2

1
θ
′
j


 log log M.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

κ(l, γ) =
{
s̄ = (s1, ..., sm) ∈ Zm

+ : l 6 〈s̄, γ̄〉 < l + m
}

,

κν(l, γ) =



s̄ν = (s1, ..., sν) : l −

m∑

j=ν+1

s0
jγj 6 〈s̄ν , γ̄ν〉 < l + m−

m∑

j=ν+1

s0
jγj



 ,

ãäå γ̄ν = (γ1, ..., γν), s̄0 = (s1, ..., sν , s
0
ν+1, ..., s

0
m) ∈ κ(l, γ).

Ðàññìîòðèì ôóíêöèþ

f2(x̄) = l
−

νP
j=2

1
τj

∑

s̄0∈{(l,γ)

m∏

j=1

2
−sj(1− 1

pj
) ∑

k̄∈ρ+(s̄0)

m∏

j=1

k
−rj

j cos kjxj =

= l
−

νP
j=2

1
τj

gl(x̄).

Ïîëüçóÿñü ïðåîáðàçîâàíèåì Àáåëÿ è îöåíêîé íîðìû ÿäðà Äèðèõëå, íåòðóäíî óáåäèòüñÿ â ñïðà-
âåäëèâîñòè íåðàâåíñòâà

‖
∑

kj∈ρ+(sj)

k
−rj

j cos kjxj‖∗pj ,θj
6 C2

−sj(rj+
1

pj
−1)

, 1 < pj , θj < +∞, j = 1, ..., m. (34)

Ïîýòîìó

‖δ+
s̄ (g1)‖∗p̄,θ̄ =

m∏

j=1

2
sj(1− 1

pj
)

m∏

j=1

‖
∑

kj∈ρ+(sj)

k
−rj

j cos kjxj‖pj ,θj 6 C
m∏

j=1

2−sjrj .
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Ñëåäîâàòåëüíî, ïðèìåíÿÿ ëåììó 4, áóäåì èìåòü
∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (g1)‖∗p,θ̄





s̄∈Zm
+

∥∥∥∥∥∥∥
lθ̄

=
∥∥∥∥
{

2〈s̄ν ,r̄〉 ∥∥δ+
s (g1)

∥∥∗
p,θ̄

}
〈s̄ν ,γ̄〉<l

∥∥∥∥
lτ̄

6

6 C(p, q, m, r)
∥∥∥{χσl

(s̄)}s̄ν∈σl

∥∥∥
lτ̄

6 C(p, m, θ)l

νP
j=2

1
τj

,

ãäå χσl
� õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà σl = {s̄ ∈ Zm

+ : 〈sν , γ〉 < l}, 1 6 τj < +∞.

Çíà÷èò, ôóíêöèÿ C2f2 ∈
◦
S

r

p,θ,τB, ãäå C2 � íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Â ôîð-
ìóëå (29) â êà÷åñòâå ôóíêöèè P (x̄) âîçüìåì

P3(x̄) = 2−
l

q1 l
−

νP
j=2

1

θ
′
j w2(x̄),

ãäå w2(x̄) = v2(x̄)− u2(x̄),

v2(x̄) =
∑

s̄0∈{(l,γ)

∑

k̄∈ρ+(s̄0)

m∏

j=1

cos kjxj ,

u2(x̄) =
∗∑

k̄∈Ω

m∏

j=1

cos kjxj .

Êàê â (32) äîêàçûâàåòñÿ íåðàâåíñòâî

‖w2‖∗q̄′ ,θ̄′ 6 ‖v2‖∗q̄′ ,θ̄′ + M
1
2 . (35)

Â ñèëó ëåììû 5 èìååì

‖v2‖∗q̄′ ,θ̄ 6 ‖
∑

〈s̄0,γ̄〉<l+m

∑

k̄∈ρ+(s̄0)

m∏

j=1

cos kjxj‖∗q̄′ ,θ̄′+

+‖
∑

〈s̄0,γ̄〉<l

∑

k̄∈ρ+(s̄0)

m∏

j=1

cos kjxj‖∗q̄′ ,θ̄′ 6 C(q,m)2
l

q1 l

νP
j=2

1

θ
′
j .

Ñëåäîâàòåëüíî (ñì. (35)),

‖w2‖∗q̄′ ,θ̄′ 6 C(q,m)2
l

q1 l

νP
j=2

1

θ
′
j + M

1
2 . (36)

Ïî îïðåäåëåíèþ ÷èñëà l èìååì

l = log
M

q1
2

(log M)
q1

νP
j=2

1

θ
′
j

⇔ 2l =
M

q1
2

(log M)
q1

νP
j=2

1

θ
′
j

.

Ñ äðóãîé ñòîðîíû,

l =


q1

2
−


q1

ν∑

j=2

1
θ
′
j


 log log M

log M


 log M.
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Òàê êàê
lim

M→+∞
log log M

log M
= 0,

òî ∀ε > 0 ∃Mε > 0 òàêîå, ÷òî

0 <
log log M

log M
< ε, ∀M > Mε.

Âûáåðåì ε = 1

2q1

νP
j=2

1

θ
′
j

. Òîãäà

l >

(
q1

2
− 1

2

)
log M ⇔ log M <

2
q1 − 1

l.

Ïîýòîìó

2
l

q1 >
M

1
2

( 2
q1−1 l)

νP
j=2

1

θ
′
j

⇔ 2
l

q1 l

νP
j=2

1

θ
′
j >

q1 − 1
2

M
1
2 .

Ñëåäîâàòåëüíî, èç (36) ïîëó÷èì

‖w2‖∗q̄′ ,θ̄′ 6 C2(q, m)2
l

q1 l

νP
j=2

1

θ
′
j .

Ïîýòîìó C−1
2 ‖P3‖∗q̄′ ,θ̄′ 6 1. Òàê êàê w2(x̄) íå ñîäåðæèò ñëàãàåìûå ñ íîìåðàìè èç ìíîæåñòâà

ΩM , òî ôóíêöèÿ C−1
2 P3(x̄) áóäåò îðòîãîíàëüíîé ìíîæåñòâó T (ΩM ).

Òàêèì îáðàçîì, ôóíêöèÿ C−1
2 P3(x̄) óäîâëåòâîðÿåò óñëîâèÿì ôîðìóëû (29). Ïîýòîìó ñî-

ãëàñíî ýòîé ôîðìóëå èìååì

eM (f2)q̄,θ̄ > C−1
2 |

∫

Im

f2(x̄)P3(x̄)dx̄| =

= C−1
2 2−

l
q1 l

−
νP

j=2

1

θ
′
j l
−

νP
j=2

1
τj

∑

s̄0∈{(l,γ)

m∏

j=1

2
−sj(1− 1

pj
) ∑

k̄∈ρ+(s̄0)

m∏

j=1

k
−rj

j >

> C2−
l

q1 l
−

νP
j=2

1

θ
′
j l
−

νP
j=2

1
τj

∑

s̄0∈{(l,γ)

m∏

j=1

2
−sj(rj− 1

pj
)
=

= C2−
l

q1 l
−

νP
j=2

1

θ
′
j l
−

νP
j=2

1
τj

m∏

j=ν+1

2
s0
j ( 1

pj
−rj)

∑

s̄ν∈{ν(l,γ)

ν∏

j=1

2
sj(

1
pj
−rj)

. (37)

Ïîëîæèì µ1 = l −
m∑

j=ν+1
s0
jγj è µ2 = l + m−

m∑
j=ν+1

s0
jγj . Òîãäà

∑

s̄ν∈{ν(l,γ)

1 =
∑

µ16〈s̄ν ,1̄〉<µ2

1 =

=
µ1∑

sν=1

µ1−sν∑

sν−1=1

...

µ2−
νP

j=2
sj

∑

s1=µ1−
νP

j=2
sj

1 =
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=
µ1∑

sν=1

µ1−sν∑

sν−1=1

...

µ1−
νP

j=3
sj

∑

s2=1

(µ2 − µ1 + 1) > C


l −

m∑

j=ν+1

s0
jγj




ν−1

. (38)

Åñëè
1
pj
− rj

1
p1
− r1

=
rj + 1

qj
− 1

pj

r1 + 1
q1
− 1

pj

= γj j = 1, ..., ν,

òî
ν∑

j=1

sj(
1
pj
− rj) = (

1
p1
− r1)

ν∑

j=1

sjγj .

Ïîýòîìó ó÷èòûâàÿ (38), ïîëó÷èì

∑

s̄ν∈{ν(l,γ)

ν∏

j=1

2
sj(

1
pj
−rj) =

∑

s̄ν∈{ν(l,γ)

2( 1
p1
−r1)〈s̄ν ,γ̄ν〉 >

> 2( 1
p1
−r1)µ1

∑

µ16〈s̄ν ,1̄〉<µ2

> C2( 1
p1
−r1)µ1


l −

m∑

j=ν+1

s0
jγj




ν−1

.

Òåïåðü èç (37) ïîëó÷èì

eM (f2)q̄,θ̄ > C2−
l

q1 l
−

νP
j=2

1

θ
′
j l
−

νP
j=2

1
τj

m∏

j=ν+1

2
s0
j ( 1

pj
−rj)×

×2( 1
p1
−r1)µ1


l −

m∑

j=ν+1

s0
jγj




ν−1

.

Â ýòîì íåðàâåíñòâå ïîëàãàÿ s0
ν+1 = ... = s0

m = 1, ïîëó÷èì

eM (f2)q̄,θ̄ > C2−l(r1+ 1
q1
− 1

p1
)
l
−

νP
j=2

1

θ
′
j l
−

νP
j=2

1
τj


l −

m∑

j=ν+1

γj




ν−1

>

> C2−l(r1+ 1
q1
− 1

p1
)
l

νP
j=2

( 1
θj
− 1

τj
)

(39)

äëÿ l > 2
m∑

j=ν+1
γj . Òåïåðü ó÷èòûâàÿ âûáîð ÷èñëà l, èç (39) ïîëó÷èì

eM

(
Br

p,θ̄

)
q,θ̄

> C(p, q, m, r)M− q1
2

(r1− 1
p1

+ 1
q1

)(log M)
q1(r1− 1

p1
)

νP
j=2

1

θ
′
j

+
νP

j=2

1

τ
′
j .

Ýòèì îöåíêà ñíèçó â ñëó÷àå 1
pj
− 1

qj
< rj < 1

pj
, j = 1, ..., m äîêàçàíà.

Òåïåðü äîêàæåì îöåíêó ñíèçó â ñëó÷àå rj > 1
pj

, j = 1, ...,m. Ââåäåì ñëåäóþùèå îáîçíà÷å-
íèÿ:

κ(l, γ) =
{
s̄ = (s1, ..., sm) ∈ Zm

+ : l 6 〈s̄, γ̄〉 < l + m
}

,

κν(l, γ) =



s̄ν = (s1, ..., sν) : l −

m∑

j=ν+1

s0
jγj 6 〈s̄ν , γ̄ν〉 < l + m−

m∑

j=ν+1

s0
jγj



 ,
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ãäå γ̄ν = (γ1, ..., γν), s̄0 = (s1, ..., sν , s
0
ν+1, ..., s

0
m) ∈ κ(l, γ).

Ðàññìîòðèì ôóíêöèþ

f3(x̄) = l
−

νP
j=2

1
τj

∑

s̄0∈{(l,γ)

m∏

j=1

2
−sj(1− 1

pj
) ∑

k̄∈ρ+(s̄0)

m∏

j=1

k
−rj

j cos kjxj = l
−

νP
j=2

1
τj

gl(x̄).

Ïîëüçóÿñü íåðàâåíñòâîì (34), ïîëó÷èì

‖δ+
s̄ (g1)‖∗p̄,θ̄ =

m∏

j=1

2
sj(1− 1

pj
)

m∏

j=1

‖
∑

kj∈ρ+(sj)

k
−rj

j cos kjxj‖pj ,θj 6 C
m∏

j=1

2−sjrj .

Ñëåäîâàòåëüíî, ïðèìåíÿÿ ëåììó 4, áóäåì èìåòü
∥∥∥∥∥∥∥





m∏

j=1

2sjrj ‖δs (g1)‖∗p,θ̄





s̄∈Zm
+

∥∥∥∥∥∥∥
lθ̄

=
∥∥∥∥
{

2〈s̄ν ,r̄〉 ∥∥δ+
s (g1)

∥∥∗
p,θ̄

}
〈s̄ν ,γ̄〉<l

∥∥∥∥
lτ̄

6

6 C(p, q,m, r)
∥∥∥{χσl

(s̄)}s̄ν∈σl

∥∥∥
lτ̄

6 C(p,m, θ)l

νP
j=2

1
τj

,

ãäå χσl
� õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà σl = {s̄ ∈ Zm

+ : 〈sν , γ〉 < l}, 1 6 τj < +∞.

Çíà÷èò, ôóíêöèÿ C3f3 ∈
◦
S

r

p,θ,τB, rj > 1
pj

, j = 1, ...,m, ãäå C3 � íåêîòîðàÿ ïîëîæèòåëüíàÿ
ïîñòîÿííàÿ.

Êàê â äîêàçàòåëüñòâå îöåíêè ñíèçó ïðè rj = 1
pj

ðàññìîòðèì ôóíêöèþ

v3(x̄) =
∑

〈s̄,γ̄〉<l

m∏

j=1

∑

kj∈ρ+(sj)

cos kjxj (40)

è ΩM � ïðîèçâîëüíûé íàáîð èç M âåêòîðîâ k̄ = (k1, ..., km) ñ öåëî÷èñëåííûìè êîîðäèíàòàìè.
Îáîçíà÷èì ÷åðåç

u3(x̄) =
∗∑

k̄∈ΩM

m∏

j=1

cos kjxj

ôóíêöèþ, ñîäåðæàùóþ òîëüêî òå ñëàãàåìûå èç (40), êîòîðûå èìåþò "íîìåðà" èç ìíîæåñòâà
ΩM . Ïîëîæèì w3(x̄) = v3(x̄)− u3(x̄). Â ñèëó ðàâåíñòâà Ïàðñåâàëÿ áóäåì èìåòü

‖u3‖2 = M
1
2 , (41)

‖v3‖2 =


 ∑

〈sµ,γ〉<l

m∏

j=1

∑

kj∈ρ+(sj)




1
2

6 C(q, r,m)
(
2llν−1

) 1
2
. (42)

Èç íåðàâåíñòâ (41) è (42), ó÷èòûâàÿ 2llν−1 ³ M, èìååì

‖w3‖2 6 ‖v1‖2 + ‖u1‖2 6 C(q, r,m)
(
2llν−1

) 1
2 + M

1
2 6 C3(q, r,m)

(
2llν−1

) 1
2
.

Ïîýòîìó ôóíêöèÿ P (x̄) = C−1
3

(
2llν−1

) 1
2 w3(x̄) óäîâëåòâîðÿåò òðåáîâàíèÿì ôîðìóëû (29).
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Â ñèëó óñëîâèÿ 2 < qj < +∞, j = 1, ..., m, èìååì

eM (f)2 6 CeM (f)q̄,θ̄

äëÿ ëþáîé ôóíêöèè f ∈
◦
S

r

p,θ,τB. Òåïåðü ïî ôîðìóëå (29) èìååì

eM (f)q̄,θ̄ > CeM (f)2 > C

∣∣∣∣
∫

Im

f3(x̄)P (x̄)dx̄

∣∣∣∣ =

= CC−1
3

(
2llν−1

) 1
2
l
−

νP
j=2

1
τj

∑

s̄0∈{(l,γ)

m∏

j=1

2
−sj(1− 1

pj
) ∑

k̄∈ρ+(s̄0)

m∏

j=1

k
−rj

j =

= CC−1
3

(
2llν−1

) 1
2
l
−

νP
j=2

1
τj

m∏

j=ν+1

2
−s0

j (rj− 1
pj

) ∑

s̄ν∈{ν(l,γ)

ν∏

j=1

2
−sj(rj− 1

pj
) >

> C
(
2llν−1

) 1
2
l
−

νP
j=2

1
τj

m∏

j=ν+1

2
−s0

j (rj− 1
pj

)
2
−(l−

mP
j=ν+1

s0
j γ̃j)(r1− 1

p1
)


l −

m∑

j=ν+1

s0
jγj




ν−1

,

ãäå γ̃j =
rj− 1

pj

r1− 1
p1

, γ̃j = γj , j = 1, ..., ν. Òàê êàê γ̃j(r1 − 1
p1

) = rj − 1
pj

, òî îòñþäà ïîëó÷èì

eM (f)q̄,θ̄ > C
(
2llν−1

) 1
2
l
−

νP
j=2

1
τj 2−l(r1− 1

p1
)


l −

m∑

j=ν+1

s0
jγj




ν−1

>

> C2−l(r1+ 1
2
− 1

p1
)
l

νP
j=2

( 1
2
− 1

τj
)

, (43)

åñëè l > 2
m∑

j=ν+1
s0
jγj . ×èñëî l âûáðàíî òàê, ÷òîáû 2llν−1 ³ M. Ïîýòîìó èç (43) èìååì

eM (f)q̄,θ̄ > CM
−(r1+ 1

2
− 1

p1
) (log M)

(ν−1)(r1+ 1
2
− 1

p1
)+

νP
j=2

( 1
2
− 1

τj
)

äëÿ M > M0 > 1, â ñëó÷àå rj > 1
pj

, j = 1, ..., m. Ñëåäîâàòåëüíî,

eM (
◦
S

r

p,θ,τB)q̄,θ̄ > CM
−(r1+ 1

2
− 1

p1
) (log M)

(ν−1)(r1+ 1
2
− 1

p1
)+

νP
j=2

( 1
2
− 1

τj
)

äëÿ M > M0 > 1, â ñëó÷àå rj > 1
pj

, j = 1, ...,m. Ýòèì îöåíêà ñíèçó â ïóíêòå 1) äîêàçàíà.
Òåîðåìà äîêàçàíà.

Çàìå÷àíèå 2. Â ñëó÷àÿõ θj < q = q1 = ... = qm, rj > 1
pj

, qj < θj , j = 1, ...,m è 2 < pj 6
qj < +∞, 1 < pj 6 qj 6 2, j = 1, ..., m, îöåíêè M �÷ëåííîãî ïðèáëèæåíèÿ êëàññà Áåñîâà Br

p,θ̄

â ïðîñòðàíñòâå Lq̄(Im) óñòàíîâëåíû â [28-30].

Çàìå÷àíèå 3. Îòìåòèì, ÷òî ïðè p = p1 = ... = pm, q = q1 = ... = qm, θ = θ1 = ... = θm,
µ = ν óòâåðæäåíèÿ äîêàçàííîé òåîðåìû ñîâïàäàþò ñ ïóíêòàìè 3) è 2) ñîîòâåòñòâåííî
âûøåïðèâåäåííîé òåîðåìû À.Ñ. Ðîìàíþêà.
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3. ÓÐÀÂÍÅÍÈÅ ÄÈÐÀÊÀ È ÅÃÎ ÎÁÎÁÙÅÍÍÛÅ

ÐÅØÅÍÈß
Ë. À. Àëåêñååâà

Èíñòèòóò Ìàòåìàòèêè ÌÎÍ ÐÊ
050010, Àëìàòû, Ïóøêèíà, 125, e-mail: alexeeva@math.kz

Èññëåäóåòñÿ óðàâíåíèå êâàíòîâîé ìåõàíèêè � óðàâíåíèå Äèðàêà è åãî ðåøåíèÿ. Ïðåäëîæåíà áèê-
âàòåðíèîííàÿ ôîðìà îáîáùåííîãî óðàâíåíèÿ Äèðàêà è îïðåäåëåíû åãî îáîáùåííûå ðåøåíèÿ â
áèêâàòåðíèîííîé ôîðìå ÷åðåç ñêàëÿðíûå ïîòåíöèàëû. Ïîñòðîåíî óðàâíåíèå äëÿ ñêàëÿðíûõ ïîòåí-
öèàëîâ ðåøåíèé, íàçâàííîå óðàâíåíèåì Êëåéíà-Ãîðäîíà-Ôîêà-Øðåäèíãåðà, îáúåäèíÿþùåå èçâåñò-
íûå óðàâíåíèÿ êâàíòîâîé ìåõàíèêè. Îïðåäåëåíû íåñòàöèîíàðíûå, ñòàòè÷åñêèå è ãàðìîíè÷åñêèå ïî
âðåìåíè ñêàëÿðíûå ïîòåíöèàëû è ïîðîæäàåìûå èìè ñïèíîðû è ñïèíîðíûå ïîëÿ.

Íàñòîÿùàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ñòàòåé [1, 2], ãäå ïðåäñòàâëåíû îñíîâû äèôôå-
ðåíöèàëüíîé àëãåáðû áèêâàòåðíèîíîâ, êîòîðàÿ î÷åíü óäîáíà äëÿ ðåøåíèÿ øèðîêîãî êëàññà
çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Â ÷àñòíîñòè, â [3] ïîñòðîåíî áèêâàòåðíèîííîå âîëíîâîå (áèâîë-
íîâîå) óðàâíåíèå, ýêâèâàëåíòíîå ñèñòåìå óðàâíåíèé Ìàêñâåëëà, à â [2] ðàññìîòðåíû áèâîëíî-
âûå óðàâíåíèÿ îáùåãî âèäà, ïîñòðîåíû èõ îáîáùåííûå ðåøåíèÿ, èññëåäîâàíà èíâàðèàíòíîñòü
ýòèõ óðàâíåíèé äëÿ ãðóïïû ïðåîáðàçîâàíèé Ëîðåíöà.

Çäåñü äèôôåðåíöèàëüíàÿ àëãåáðà áèêâàòåðíèîíîâ èñïîëüçóåòñÿ äëÿ èññëåäîâàíèÿ èçâåñò-
íîãî ìàòðè÷íîãî óðàâíåíèÿ êâàíòîâîé ìåõàíèêè � óðàâíåíèÿ Äèðàêà [4, 5] è ïîñòðîåíèÿ åãî
îáîáùåííûõ ðåøåíèé.

1. Áèãðàäèåíòû, áèâîëíîâûå óðàâíåíèÿ è ìàòðèöû Äèðàêà
Îáîçíà÷èì ôóíêöèîíàëüíîå ïðîñòðàíñòâî áèêâàòåðíèîíîâ íà ïðîñòðàíñòâå Ìèíêîâñêîãî

M : B(M) = {F = f(τ, x)+F (τ, x)} , ãäå f � êîìïëåêñíîçíà÷íûå ôóíêöèè ( f = f1 + if2 ) íà M ,
à F � òðåõìåðíûé âåêòîð-ôóíêöèÿ ñ êîìïëåêñíûìè êîìïîíåíòàìè (F = F1+iF2 ). Äëÿ íà÷àëà
ïðåäïîëîæèì, ÷òî f è F � äèôôåðåíöèðóåìû ïî÷òè âñþäó íà M è ëîêàëüíî èíòåãðèðóåìû.

Îïðåäåëåíèå 1. Âçàèìíûå áèãðàäèåíòû � ýòî äèôôåðåíöèàëüíûå áèêâàòåðíèîííûå îïåðà-
òîðû âèäà

∇+ = ∂τ + i∇, ∇− = ∂τ − i∇,

ãäå ∇ = grad .
Keywords: Biquaternion, bigradient, Dirac equation, generalized solution, Klein-Gordon-Fokk-Schrodinger

equation, scalar potential, spinor, ω -spinor
2010 Mathematics Subject Classi�cation: 81Q05
c Ë. À. Àëåêñååâà, 2011.
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Èõ äåéñòâèå îïðåäåëåíî êàê â àëãåáðå áèêâàòåðíèîíîâ:

∇±F ≡ (∂τ ± i∇) ◦ (f + F ) = (∂τf ∓ i (∇, F )± i∇f ± ∂τF ± i[∇, F ],

ãäå (∇, F ) = div F, [∇, F ] = rotF (â äâîéíûõ çíàêàõ âåçäå áåðóòñÿ âåðõíèå ëèáî íèæíèå). Èõ
ñóïåðïîçèöèÿ îáëàäàåò çàìå÷àòåëüíûì ñâîéñòâîì

∇− (∇+F
)

= ∇+
(∇−F

)
=

(∇− ◦ ∇+
)
F = ¤F, (1)

ãäå ¤ � âîëíîâîé îïåðàòîð äàëàìáåðòèàí:

¤ =
∂2

∂τ2
−∆, ∆− îïåðàòîð Ëàïëàñà

( ◦ � çíàê áèêâàòåðíèîííîãî óìíîæåíèÿ � ïðè çàïèñè äåéñòâèÿ áèãðàäèåíòîâ áóäåì îïóñêàòü).
Èñïîëüçóÿ ñâîéñòâî (1), ëåãêî ðåøàòü äèôôåðåíöèàëüíûå áèêâàòåðíèîííûå óðàâíåíèÿ âèäà

∇±B = (∂τ ± i∇) ◦ (b(τ, x) + B(τ, x)) =

= (∂τ b∓ idivB) + ∂τB ± igradB ± i rotB = G(τ, x), (2)
îòíîñèòåëüíî B, êîòîðûå íàçûâàåì áèâîëíîâûìè.

Åãî ðåøåíèÿ è ñâîéñòâà èíâàðèàíòíîñòè îòíîñèòåëüíî ãðóïïû ïðåîáðàçîâàíèé Ëîðåíöà
ïîäðîáíî ðàññìîòðåíû â [2].

Áèâîëíîâîå óðàâíåíèå (2) ìîæíî çàïèñàòü â ìàòðè÷íîì âèäå
3∑

j=0

D
±
m jbj = gm, m, j = 0, 1, 2, 3, (3)

ãäå b0 = b, g0 = g, bj = Bj , gj = Gj , j = 1, 2, 3; à D±
mj � êîìïîíåíòû ìàòðèö D± (ñîîòâåò-

ñòâåííî çíàêó), êîòîðûå èìåþò âèä

D+ = D =





∂τ −i∂1 −i∂2 −i∂3

i∂1 ∂τ −i∂3 i∂2

i∂2 i∂3 ∂τ −i∂1

i∂3 −i∂2 i∂1 ∂τ





, D− = D̄ =





∂τ i∂1 i∂2 i∂3

−i∂1 ∂τ i∂3 −i∂2

−i∂2 −i∂3 ∂τ i∂1

−i∂3 i∂2 −i∂1 ∂τ





. (4)

Ëåãêî ïðîâåðèòü, ÷òî èõ ïðîèçâåäåíèå (ñóïåðïîçèöèÿ îïåðàòîðîâ) óäîâëåòâîðÿþò ñîîòíîøåíèþ
3∑

j=0

Dm jDjl = δm l¤, j, m, l = 0, 1, 2, 3, (5)

ãäå δml � ñèìâîë Êðîíåêåðà.
Ïîêàæåì, ÷òî (4) � ýòî äèôôåðåíöèàëüíûå ìàòðè÷íûå îïåðàòîðû Äèðàêà, êîòîðûå èìåííî

òàêèì ñâîéñòâîì îáëàäàþò [5]. Äëÿ ýòîãî ïðåäñòàâèì èõ â ìàòðè÷íîì âèäå: D =
3∑

j=0
Dj∂j , ãäå,

êàê ñëåäóåò èç (4), ìàòðèöû Dj èìåþò ñëåäóþùèå êîìïîíåíòû:

D0 = I, D1 =





0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0





, D2 =





0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0





, D3 =





0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0





.

(6)
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Çäåñü I � åäèíè÷íàÿ ìàòðèöà. Êàê âèäèì, ýòî ÷åòûðåõìåðíûå óíèòàðíûå ìàòðèöû Äèðàêà,
ñîñòàâëåííûå èç äâóõìåðíûõ ìàòðèö Ïàóëè

(
1 0
0 1

)
,

( ±i 0
0 ∓i

)
,

(
0 ±i
±i 0

)
,

(
0 ±i
∓i 0

)
. (7)

À èõ ñâîéñòâî (5) èìååò ïðîñòóþ äëÿ âû÷èñëåíèé áèêâàòåðíèîííóþ ôîðìó

∇∓∇± = ∇±∇∓ = ¤. (8)

Ýòî ñâîéñòâî áèãðàäèåíòîâ ïîçâîëÿåò ëåãêî ñòðîèòü ðåøåíèÿ ðÿäà óðàâíåíèé êâàíòîâîé ìåõà-
íèêè, êîòîðûå ìîæíî çàïèñàòü â áèêâàòåðíèîííîé ôîðìå.

2. Áèêâàòåðíèîííàÿ ôîðìà óðàâíåíèÿ Äèðàêà è ÊÃÔØ-óðàâíåíèå

Ðàññìîòðèì óðàâíåíèå âèäà

D±
mB ≡ (∇± + m

) ◦ B = F, (9)

ãäå m � êîíñòàíòà, âîîáùå ãîâîðÿ, êîìïëåêñíàÿ, áèêâàòåðíèîí F(τ, x) çàäàí. Â ñèëó ìàòðè÷-
íûõ ñâîéñòâ áèãðàäèåíòà (5),(6), ýòî óðàâíåíèå ìîæíî íàçâàòü îáîáùåííûì óðàâíåíèåì Äèðàêà
(ÓðÄ) â áèêâàòåðíèîííîé ôîðìå, à äèôôåðåíöèàëüíûå îïåðàòîðû

D+
m = ∇+ + m, D−

m = ∇− + m

íàçîâåì áèãðàäèåíòíûì ïðåäñòàâëåíèåì ìàòðè÷íûõ îïåðàòîðîâ Äèðàêà.
Ïðîñòûì âû÷èñëåíèåì ëåãêî ïîêàçàòü, ÷òî èõ ñóïåðïîçèöèÿ êîììóòàòèâíà è îáëàäàåò ñëå-

äóþùèì ïîëåçíûì ñâîéñòâîì:

D+
mD−

m = D−
mD+

m = ¤ + m2 + 2m∂τ , D+
imD−

im = D−
imD+

im = ¤−m2 + 2im∂τ . (10)

Îïðåäåëåíèå 2. Ñâåðòêà äâóõ áèêâàòåðíèîíîâ èìååò âèä

A(τ, x) ∗B(τ, x) = a ∗ b−
3∑

i,j,l=1

(Aj ∗Bj) + (a ∗Aj) ej + (b ∗Bj) ej + εijl (Ai ∗Bj) el,

ãäå â ñêîáêàõ ñòîÿò îáû÷íûå ñâåðòêè îáîáùåííûõ ôóíêöèé [6].

Ëåãêî âèäåòü, ÷òî çäåñü îáúåäèíåíû îïåðàöèè áèêâàòåðíèîííîãî óìíîæåíèÿ è ñâåðòêà.

Òåîðåìà 1. Áèêâàòåðíèîí âèäà

B = B0 + D±
m(ψ ∗ F), (11)

ãäå B0(τ, x) � ðåøåíèå îäíîðîäíîãî ÓðÄ

D±
mB0 = 0, (12)

ψ(τ, x) � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ

¤ψ + m2ψ + 2m∂τψ = δ(τ)δ(x), (13)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Äèðàêà (9).
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Äîêàçàòåëüñòâî. Â ñèëó ëèíåéíîñòè óðàâíåíèÿ, äîñòàòî÷íî äîêàçàòü óòâåðæäåíèå äëÿ âòî-
ðîãî ñëàãàåìîãî â ôîðìóëå (11). Ïîäñòàâèâ åãî â (9), èñïîëüçóÿ ñâîéñòâî äèôôåðåíöèðîâàíèÿ
ñâåðòîê è δ -ôóíêöèè [6], ïîëó÷èì òðåáóåìîå:

D±
mD∓

m (ψ∗ F) = F ∗ (
¤ψ + 2m∂τψ + m2ψ

)
= F ∗ δ(τ)δ(x) = F.

Î÷åâèäíî, â ñèëó ëèíåéíîñòè, ëþáîå ðåøåíèå óðàâíåíèÿ (9) ìîæíî ïðåäñòàâèòü â âèäå (11).
Èç òåîðåìû 1 ëåãêî ïîëó÷èì ñëåäñòâèå äëÿ ìíèìûõ m = iρ , êîòîðîå ñôîðìóëèðóåì òîæå

â âèäå òåîðåìû.

Òåîðåìà 2. Ïðè m = iρ , Im ρ = 0 , ðåøåíèå óðàâíåíèÿ (9)
(∇± + iρ

)
B = F

ìîæíî ïðåäñòàâèòü â âèäå

B = B0 +
(∇∓ + iρ

) ◦ (F∗ ψρ) , (14)

ãäå B0(τ, x) � ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ Äèðàêà
(∇± + iρ

)
B0 = 0, (15)

à ψ(τ, x) � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ

¤ψ − ρ2ψ + 2iρ ∂τψ = δ(τ)δ(x).

Çäåñü â ëåâîé ÷àñòè ïîìèìî îïåðàòîðà Êëåéíà-Ãîðäîíà-Ôîêà (¤ − ρ2 ) ñîäåðæèòñÿ ïåð-
âàÿ ïðîèçâîäíàÿ ïî âðåìåíè ñ êîìïëåêñíîé åäèíèöåé, ïîäîáíî ìíèìîìó ÷ëåíó â óðàâíåíèè
Øðåäèíãåðà, ïîýòîìó óðàâíåíèå âèäà

¤u + 2m∂τu + m2u = f(τ, x) (16)

íàçîâåì óðàâíåíèåì Êëåéíà-Ãîðäîíà-Ôîêà-Øðåäèíãåðà (ÊÃÔØ-óðàâíåíèåì). Èíòåðåñíî, ÷òî
ïîÿâëåíèå ýòîãî äîïîëíèòåëüíîãî ÷ëåíà â óðàâíåíèè Êëåéíà-Ãîðäîíà-Ôîêà çíà÷èòåëüíî óïðî-
ùàåò âèä ôóíäàìåíòàëüíîãî ðåøåíèÿ, â ñðàâíåíèè ñ ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ
Êëåéíà-Ãîðäîíà-Ôîêà, êîòîðîå èçâåñòíî.

3. Îáîáùåííûå ðåøåíèÿ ÊÃÔØ-óðàâíåíèÿ. Ñêàëÿðíûå ïîòåíöèàëû

Ðåøåíèÿ ÊÃÔØ-óðàâíåíèÿ (16) ìîæíî ïðåäñòàâèòü â âèäå

u = f ∗ ψ + u0,

ãäå ψ � ôóíäàìåíòàëüíîå ðåøåíèå ÊÃÔØ-óðàâíåíèÿ, u0(τ, x) � ðåøåíèå îäíîðîäíîãî óðàâ-
íåíèÿ (ïðè f = 0 ).

Òåîðåìà 3. Ôóíäàìåíòàëüíûå ðåøåíèÿ ÊÃÔØ-óðàâíåíèÿ (16) èìåþò âèä

ψ =
1

4π ‖x‖
(
aH(τ)e−m‖x‖δ(τ − ‖x‖) + (1− a)H(−τ)δ(τ + ‖x‖)em‖x‖

)
+ ψ0,

ãäå δ(τ ± ‖x‖) � ïðîñòîé ñëîé íà êîíóñå ‖x‖ = |τ | ; H(τ) � ôóíêöèÿ Õåâèñàéäà, a � ëþáàÿ
êîíñòàíòà, ψ0(τ, x) � ðåøåíèå îäíîðîäíîãî ÊÃÔØ-óðàâíåíèÿ.
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Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ôîðìóëû òåîðåìû èñïîëüçóåì ïðåîáðàçîâàíèå Ôóðüå
(ÏÔ) îáîáùåííûõ ôóíêöèé. Äàëåå ïåðåìåííûå Ôóðüå, ñîîòâåòñòâóþùèå (τ, x) , îáîçíà÷àåì
(ω, ξ) ñîîòâåòñòâåííî.

Ïðè f(τ, x) = δ(x)δ(τ) èç (16) ñëåäóåò, ÷òî ÏÔ ïî τ ôóíêöèè ψ(τ, x) (îáîçíà÷èì åãî
Fτ [ψ] ) ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ Ãåëüìãîëüöà

{
∆− k2

}
Fτ [ψ] + δ(x) = 0, k = iω −m. (17)

Îíî èçâåñòíî [6]. Ñ òî÷íîñòüþ äî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ åãî ìîæíî ïðåäñòàâèòü â
âèäå

Fτ [ψ] =
1

4π ‖x‖
(
ae−k‖x‖ + (1− a)ek‖x‖

)
,

ãäå a � ïðîèçâîëüíàÿ êîíñòàíòà. Ñëåäîâàòåëüíî,

Fτ [ψ] =
1

4π ‖x‖
(
ae(iω−m)‖x‖ + (1− a)e−(iω−m)‖x‖

)
.

Îòñþäà, èñïîëüçóÿ ñâîéñòâà ÏÔ, ïðè îáðàòíîì ïðåîáðàçîâàíèè ïî ω ïîëó÷èì ôîðìóëó òåîðå-
ìû, ãäå íîñèòåëü ïî âðåìåíè ïåðâîãî ñëàãàåìîãî τ > 0 , à âòîðîãî τ < 0 . Ýòî ðàñøèðÿþùèåñÿ
è ñóæàþùèåñÿ ñî âðåìåíåì â R3 ñ åäèíè÷íîé ñêîðîñòüþ ñôåðû ðàäèóñà |τ | . ×.ò.ä.

Åñëè m = iρ � ÷èñòî ìíèìîå ÷èñëî è íîñèòåëü ðåøåíèÿ τ > 0 , òî

ψ =
e−iρ‖x‖

4π ‖x‖ δ(τ − ‖x‖).

Çäåñü ïëîòíîñòüþ ïðîñòîãî ñëîÿ íà ñâåòîâîì êîíóñå ÿâëÿåòñÿ ôóíäàìåíòàëüíîå ðåøåíèå óðàâ-
íåíèÿ Ãåëüìãîëüöà ñ âîëíîâûì ÷èñëîì ρ [6].

Ðåøåíèÿ îäíîðîäíîãî ÊÃÔØ-óðàâíåíèÿ. Ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâíåíèÿ îïðåäåëÿ-
þòñÿ ñ òî÷íîñòüþ äî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ. Ïîñòðîèì ðåøåíèÿ îäíîðîäíîãî ÊÃÔØ-
óðàâíåíèÿ

¤u + m2u + 2m∂τu = 0. (18)
Â ïðîñòðàíñòâå ÏÔ èç (18) èìååì

(
‖ξ‖2 − ω2 + m2 − 2imω

)
Fω,ξ [u(τ, x)] =

(
‖ξ‖2 − (ω + im)2

)
u∗(ω, ξ) = 0, (19)

ãäå u∗(ω, ξ) = Fω,ξ [u(τ, x)] � ïîëíîå ÏÔ ïî τ, x .
Åñëè Rem 6= 0 , òîãäà ‖ξ‖2−(ω+im)2 6= 0 ïðè ∀ξ ∈ R3 . Â ýòîì ñëó÷àå ýòî óðàâíåíèå èìååò

òîëüêî òðèâèàëüíîå íóëåâîå ðåøåíèå u∗ = 0 . Îäíàêî ïðè ÷èñòî ìíèìîì m = iρ óðàâíåíèå
(19) èìååò áåñ÷èñëåííîå ìíîæåñòâî ðåøåíèé

u∗(ω, ξ) = φ(ω, ξ)δ
(
‖ξ‖2 − (ω − ρ)2

)
, (20)

ãäå φ(ω, ξ) � ïëîòíîñòü ïðîñòîãî ñëîÿ � ïðîèçâîëüíî çàäàííàÿ ôóíêöèÿ íà êîíóñàõ ‖ξ‖ =
|ω − ρ| . Âû÷èñëÿÿ îðèãèíàë, ïîëó÷èì

u(τ, x) =
1

(2π)4

∞∫

−∞
dω

∫

‖ξ‖=|ω−ρ|

φ(ω, ξ) exp (−i(ξ, x)− iωτ) dS(ξ) =

=
e−iρτ

(2π)4

∫

R3

{
φ(ρ + ‖ξ‖ , ξ)e−i‖ξ‖τ − φ(ρ− ‖ξ‖ , ξ)ei‖ξ‖τ

}
exp (−i(ξ, x)) dV (ξ).
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Çäåñü dS(ξ) � äèôôåðåíöèàë ïëîùàäè ïîâåðõíîñòè ñôåðû ðàäèóñà, óêàçàííîãî ïîä çíàêîì
ñîîòâåòñòâóþùåãî èíòåãðàëà, dV (ξ) = dξ1dξ2dξ3. Îòñþäà â ñèëó ïðîèçâîëüíîñòè φ ñëåäóåò
òåîðåìà.

Òåîðåìà 4. Åñëè Rem 6= 0 , òî îäíîðîäíîå ÊÃÔØ-óðàâíåíèå (18) èìååò òîëüêî åäèíñòâåí-
íîå íóëåâîå ðåøåíèå. Åñëè Re m = 0, m = iρ , ðåøåíèÿ ïðè τ ≥ 0 ìîãóò áûòü ïðåäñòàâëåíû
â âèäå

ψ0(τ, x) = e−iρτ

∫

R3

φ(ξ) exp (i ((ξ, x)± ‖ξ‖ τ)) dV (ξ), ∀φ(ξ) ∈ L1(R3).

Çäåñü ïîä çíàêîì èíòåãðàëà ñòîÿò äâå ïëîñêèå ãàðìîíè÷åñêèå âîëíû

ψ±ξ (τ, x) = exp (i ((ξ, x)− ρτ ± ‖ξ‖ τ)) , (21)

êîòîðûå ñàìè ÿâëÿþòñÿ ðåøåíèÿìè ÊÃÔØ-óðàâíåíèÿ (18). Âîëíîâîé âåêòîð ξ îïðåäåëÿåò
íàïðàâëåíèå äâèæåíèÿ âîëíû, äëèíà êîòîðîé ðàâíà λ = 2π/ ‖ξ‖ , ÷àñòîòà ω = |ρ± ‖ξ‖| , ïåðèîä
T = 2π/ |ρ± ‖ξ‖| . Â çàâèñèìîñòè îò çíàêà, îäíà èç íèõ ñâåðõñâåòîâàÿ (V > 1 ), à äðóãàÿ �
äîñâåòîâàÿ ( V < 1 ), ò.ê. ôàçîâàÿ ñêîðîñòü äâèæåíèÿ âîëíû V = 1 ± ρ

‖ξ‖ . Ïðè ‖ξ‖ → ∞
÷àñòîòà ω → ∞ , à V → 1 ± 0 . Ïðè ‖ξ‖ → |ρ| ñêîðîñòè V → 1; 0 , à ÷àñòîòû ñîîòâåòñòâåííî
ω → π

ρ ; ∞ .
Áóäåì íàçûâàòü ψ±ξ (τ, x) ñêàëÿðíûìè âîëíîâûìè ïîòåíöèàëàìè.

4. Îáîáùåííûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ Äèðàêà.
Áèêâàòåðíèîííîå ïðåäñòàâëåíèå ñïèíîðíûõ ïîëåé

Ðàññìîòðèì áèêâàòåðíèîííûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ Äèðàêà
(∇± + iρ

)
Sp = 0, Reρ = 0. (22)

Â êâàíòîâîé ìåõàíèêå èõ íàçûâàþò ñïèíîðàìè [4, 5].

Òåîðåìà 5. Íåíóëåâîå ðåøåíèå ÓðÄ (22) ìîæíî ïðåäñòàâèòü â âèäå ñâåðòêè

Sp = D∓
iρ (ψ0 ∗C(τ, x)) , (23)

ãäå C � ïðîèçâîëüíûé áèêâàòåðíèîí, à ψ0 � ðåøåíèå îäíîðîäíîãî ÊÃÔØ-óðàâíåíèÿ (18),
ëèáî ïðåäñòàâèìî â âèäå ñóììû ðåøåíèé ïîäîáíîãî âèäà.

Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (23) â (22), ñ ó÷åòîì ñâîéñòâà (10), ïîëó÷èì (ñîîòâåòñòâåííî
âåðõíåìó èëè íèæíåìó çíàêàì)

D±
mSp = D±

mD∓
m (ψ0 ∗C) =

(
¤ψ0 + 2m∂τψ0 + m2ψ0

) ∗C = 0, m = iρ.

Îáðàòíî, åñëè (23) � ðåøåíèå (22), òîãäà
(
¤ + 2m∂τ + m2

)
Sp = D∓

mD±
mSp = D∓

m0 = 0.

Ò.å. è ñêàëÿðíàÿ ÷àñòü è êîìïîíåíòû âåêòîðíîé ÷àñòè Sp ÿâëÿþòñÿ ðåøåíèåì îäíîðîäíîãî
ÊÃÔØ-óðàâíåíèÿ. Ñëåäîâàòåëüíî, Sp ìîæíî ïðåäñòàâèòü â âèäå ñóììû ðåøåíèé âèäà (23).

Â ÷àñòíîì ñëó÷àå, êîãäà C = 1 , ïîëó÷èì ðåøåíèå âèäà

Ψ∓
0 =

(∇∓ + iρ
)
ψ0 = iρψ0 + ∂τψ0 ∓ i gradψ0,
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êîòîðîå íàçîâåì ñïèíîðîì ñêàëÿðíîãî ïîëÿ ψ0(τ, x) . Èñïîëüçóÿ åãî, ñïèíîð ïðåäñòàâèì â âèäå

Sp = Ψ0 ∗C(τ, x), (24)

ãäå C(τ, x) � ïðîèçâîëüíûé áèêâàòåðíèîí, äîïóñêàþùèé ýòó ñâåðòêó. Ïîñëåäíåå çàâèñèò îò
ñâîéñòâ ñêàëÿðíîãî ïîòåíöèàëà ψ0 , âèä êîòîðîãî äàåò òåîðåìà 5.

Ïîñêîëüêó îïðåäåëÿþùèìè â ñïèíîðå (24) ÿâëÿþòñÿ ñêàëÿðíî-âåêòîðíîå ïîëå C(τ, x) è
ïîòåíöèàë ψ0 , ñîîòâåòñòâóþùèé èì ñïèíîð íàçîâåì ñïèíîðíûì C -ïîëåì, ïîðîæäàåìûì ïî-
òåíöèàëîì ψ0 .

5. Ñêàëÿðíûå ãàðìîíè÷åñêèå ïîòåíöèàëû ñïèíîðîâ
Ðàññìîòðèì ñïèíîðû âîëíîâûõ ïîòåíöèàëîâ (21)

(∇∓ + iρ
)
ψ±ξ (τ, x) = ± (i ‖ξ‖+ ξ) ψ±ξ . (25)

Îïðåäåëåíèå 3. Íàçîâåì ãàðìîíè÷åñêèìè ñïèíîðàìè áèêâàòåðíèîíû

Sp±ξ =
exp (i ((ξ, x)−−ρτ ± ‖ξ‖ τ))√

2

(
i +

ξ

‖ξ‖
)

,

ãàðìîíè÷åñêèìè ñïèíîðíûìè C -ïîëÿìè ñïèíîðû � ñâåðòêè c C(τ, x)

Sp = C ∗ Sp±ξ .

Èõ íîðìà è ïñåâäîíîðìà [1] ðàâíû:
∥∥∥Sp±ξ

∥∥∥ = 1,
〈
Sp±ξ

〉
= 0.

Èñïîëüçóÿ Sp±ξ è ôîðìóëó (23), ïîëó÷èì áèêâàòåðíèîííîå ïðåäñòàâëåíèå ñïèíîðíûõ Ñ -
ïîëåé.

Òåîðåìà 6. Ñïèíîðíûå Ñ-ïîëÿ ìîæíî ïðåäñòàâèòü ëèáî â âèäå (26), ëèáî â âèäå ñâåðòêè

Sp = C(τ, x) ∗
∫

R3

φ(ξ)Sp±ξ (τ, x)dV (ξ),

ãäå φ(ξ) ∈ L1(R3) , ëèáî â âèäå ëèíåéíîé êîìáèíàöèè ïîäîáíûõ ñïèíîðíûõ ïîëåé.

6. Ñòàöèîíàðíûå è ñòàòè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Äèðàêà
Ðàññìîòðèì òàêæå âàæíûé äëÿ ïðèëîæåíèé êëàññ ðåøåíèé óðàâíåíèÿ Äèðàêà âèäà B =

B(x)e−iωτ , êîòîðûå îïèñûâàþò ãàðìîíè÷åñêèå êîëåáàíèÿ ñ ÷àñòîòîé ω . Ïðåäïîëàãàåòñÿ, ÷òî
ïðàâàÿ ÷àñòü (9) èìååò òó æå ñòðóêòóðó.

Òîãäà äëÿ êîìïëåêñíûõ àìïëèòóä ïîëó÷èì óðàâíåíèå âèäà
(
∇±

ω + ρ
)

B(x) = F(x), (26)

ω, ρ � äåéñòâèòåëüíûå ÷èñëà, îïåðàòîðû ∇±ω = ω ± ∇ íàçîâåì ω -áèãðàäèåíòàìè. Ðåøåíèÿ
îäíîðîäíîãî óðàâíåíèÿ (27) íàçîâåì ω -ñïèíîðàìè.

Òàêæå ïðÿìûì âû÷èñëåíèåì äîêàçûâàåòñÿ ñâîéñòâî
(∇±ω + ρ

) (∇∓ω + ρ
)

= (ω + ρ +∇) (ω + ρ−∇) = (ω + ρ)2 + ∆.

Íà åãî îñíîâå àíàëîãè÷íî, êàê â íåñòàöèîíàðíîì ñëó÷àå, äîêàçàíà òåîðåìà.
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Òåîðåìà 7. Ðåøåíèÿ óðàâíåíèÿ (26) äëÿ êîìïëåêñíûõ àìïëèòóä ìîæíî ïðåäñòàâèòü â âèäå
ñóììû áèêâàòåðíèîíîâ

B =
(∇∓ω + ρ

)
(χ∗ F) + Spω, (27)

ãäå χ � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ Ãåëüìãîëüöà

χ = −aeik‖x‖

4π ‖x‖ −
(1− a)e−ik‖x‖

4π ‖x‖ , k = |ω + ρ| 6= 0, ∀a,

è ñîîòâåòñòâóþùåãî ñïèíîðà

Spω =
(∇∓ω + ρ

)
(χ0 ∗C(x)) ,

ãäå χ0(x) � ðåøåíèå óðàâíåíèÿ Ãåëüìãîëüöà

∆χ0 + k2χ0 = 0, (28)

C(x) � ïðîèçâîëüíûé áèêâàòåðíèîí, äîïóñêàþùèé ýòó ñâåðòêó.

Îïðåäåëèì Spω .
Ãàðìîíè÷åñêèå ω -ñïèíîðû. Èñïîëüçóÿ ïðåîáðàçîâàíèÿ Ôóðüå ïî x, èç (28) ïîëó÷èì

(‖ξ‖2 − k2)χ∗0 = 0 ⇒ χ∗0 = g(ξ)δ
(
‖ξ‖2 − k2

)
, ∀g(ξ) ⇒

χ0(x) =
1

(2π)3

∫

‖ξ‖=k

g(ξ) e−i(ξ,x)dS(ξ) =
k2

(2π)3

∫

‖e‖=1

g(ke) e−ik(e,x)dS(e).

Îòêóäà
χ0(x) =

∫

‖e‖=1

p(e) e−ik(e,x)dS(e),

ãäå p(e) � ëþáàÿ ôóíêöèÿ, èíòåãðèðóåìàÿ íà åäèíè÷íîé ñôåðå.
Ãàðìîíè÷åñêèå ω -ñïèíîðû îïðåäåëèì êàê ñïèíîðû âèäà

Ψω
0 (x, e) =

1
k
√

2

(∇∓ω + ρ
)
e−ik(e,x) =

1
k
√

2
(ω + ρ− ike) e−ik(e,x)

⇒ ‖Ψω
0 ‖ = 1, 〈Ψω

0 〉 = 0.

Çäåñü e � íàïðàâëåíèå ω -ñïèíîðà, k = |ω + ρ| � åãî âîëíîâîå ÷èñëî. ×åðåç íèõ òàêæå ìîæíî
ïðåäñòàâèòü êîìïëåêñíûå àìïëèòóäû ω -ñïèíîðîâ.

Òåîðåìà 8. ω -ñïèíîðû ìîæíî ïðåäñòàâèòü â âèäå ñâåðòêè

Spω = G(x) ∗Ψω
0 (x, e)

ëèáî
Spω = G(x) ∗

∫

‖e‖=1

p(e)Ψω
0 (x, e)dS(e),

ãäå Ψω
0 (τ, x) � ãàðìîíè÷åñêèå ω -ñïèíîðû, ∀p(e) ∈ L1(Se), Se = {e ∈ R3 : ‖e‖ = 1} .
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Ñòàòè÷åñêèå ñïèíîðû ïîëó÷èì ïðè ω = 0 . Ôîðìóëû òåîðåìû 8 ïðè ýòîì ñîõðàíÿþò âèä,
ò.ê. k = |ρ| 6= 0.

Ïðè âû÷èñëåíèè ñïèíîðíûõ ïîëåé, èñïîëüçóÿ ñâîéñòâà äèôôåðåíöèðîâàíèÿ ñâåðòêè, ïðî-
èçâîäíûå ìîæíî ïåðåáðàñûâàòü íà êîìïîíåíòû C -ïîëÿ, êîãäà ýòî óäîáíî, êîòîðûå òîæå ìîãóò
áûòü ñèíãóëÿðíûìè îáîáùåííûìè ôóíêöèÿìè.

Çàêëþ÷åíèå
Cèñòåìà óðàâíåíèé Ìàêñâåëëà äëÿ ýëåêòðîìàãíèòíîãî (ÝÌ) ïîëÿ ïðèâîäèòñÿ ê áèâîëíî-

âîìó óðàâíåíèþ [6, 7], êîòîðîå ñîâïàäàåò ñ óðàâíåíèåì (9) ïðè m = 0 . Ñëåäîâàòåëüíî, ïî-
ñòðîåííûå çäåñü ðåøåíèÿ ïðè òàêîì m , ÿâëÿþòñÿ áèêâàòåðíèîííûìè ðåøåíèÿìè óðàâíåíèé
Ìàêñâåëëà.

Ïî àíàëîãèè ñ áèêâàòåðíèîíîì ýíåðãèè-èìïóëüñà ÝÌ-ïîëÿ [7], ãäå â ñêàëÿðíîé ÷àñòè ñòîÿò
ïëîòíîñòü ýíåðãèè ÝÌ-ïîëÿ, à â âåêòîðíîé ÷àñòè � âåêòîð Óìîâà-Ïîéíòèíãà, ìîæíî ââåñòè
áèêâàòåðíèîí ýíåðãèè-èìïóëüñà ñïèíîðíîãî ïîëÿ

Ξ = Sp ◦ Sp∗ =
(
|sp|2 + ‖Sp‖2

)
+ 2i (Im( s̄p · Sp) + [ ImSp, ReSp ] ) .

Çàìåòèì, ÷òî ðåøåíèÿ óðàâíåíèé Äèðàêà ïîëó÷åíû â êëàññå îáîáùåííûõ ôóíêöèé, ÷òî
ïîçâîëÿåò ñòðîèòü ðåøåíèÿ êàê äëÿ êëàññè÷åñêèõ áèêâàòåðíèîííûõ ôóíêöèé, òàê è ïðè íàëè-
÷èè ñèíãóëÿðíûõ èñòî÷íèêîâ â åãî ïðàâîé ÷àñòè, êîòîðûå ìîæíî èñïîëüçîâàòü ïðè ïîñòðîåíèè
áèêâàòåðíèîííîé òåîðèè ýëåìåíòàðíûõ ÷àñòèö.
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ÎÏÐÅÄÅËÅÍÈÅ ÒÅÌÏÅÐÀÒÓÐÛ ÏÎ×ÂÛ ÇÅÌËÈ ÏÎ
ÄÀÍÍÛÌ ÊÎÑÌÈ×ÅÑÊÎÃÎ ÇÎÍÄÈÐÎÂÀÍÈß

Ñ. À. Àòàíáàåâ., À. À. Êîæàáåêîâà

Êàçàõñêèé ýêîíîìè÷åñêèé óíèâåðñèòåò èì. Ò. Ðûñêóëîâà
050035, Àëìàòû, óë. Æàíäîñîâà, 55

Ðàññìàòðèâàåòñÿ çàäà÷à î âîññòàíîâëåíèè òåìïåðàòóðíîãî ïîëÿ äëÿ ïðèïîâåðõíîñòíîãî ñëîÿ ïî÷âû
� çàäà÷à Êîøè äëÿ ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ � ìåòîäîì êâàçèîáðàùåíèÿ.

Â íàñòîÿùåå âðåìÿ íàáëþäàåòñÿ óñòîé÷èâàÿ òåíäåíöèÿ ê ïåðåõîäó îò äèñòàíöèîííûõ èç-
ìåðåíèé òåìïåðàòóðû ïîäñòèëàþùåé ïîâåðõíîñòè (ÒÏÏ) [1, 2] ê îäíîâðåìåííîé îöåíêå ÒÏÏ
è èçëó÷àòåëüíîé ñïîñîáíîñòè [3-5] íåêîòîðûõ êîìïîíåíò ýíåðãåòè÷åñêîãî áàëàíñà ïîâåðõíîñòè
ñóøè [6], à òàêæå ê îïðåäåëåíèþ ñóòî÷íîãî õîäà òåìïåðàòóðû àêòèâíîãî ñëîÿ ïî÷â è ãðóíòîâ
[5, 6, 7] ïî äàííûì äèñòàíöèîííîãî çîíäèðîâàíèÿ è êîíòàêòíûì ïîäñïóòíèêîâûì èçìåðåíèÿì
òåìïåðàòóðû [11, 12].

Äëÿ êàëèáðîâêè äàííûõ ñïóòíèêîâûõ èçìåðåíèé è çàäàíèÿ ãðàíè÷íûõ óñëîâèé íà ïîâåðõ-
íîñòè ïî÷âû èñïîëüçóþòñÿ äàííûå, ïðèâåäåííûå, íàïðèìåð, â ðàáîòàõ [2, 9, 10]. Äîñòàòî÷íî
ïîäðîáíûå ññûëêè íà çàðóáåæíûå èñòî÷íèêè ïðèâåäåíû â ðàáîòàõ [5, 6, 7].

Èçâåñòåí ìåòîä âîññòàíîâëåíèÿ ñóòî÷íîãî õîäà ÒÏÏ ïî çíà÷åíèÿì, èçìåðÿåìûì äâàæäû â
ñóòêè ñî ñïóòíèêà, èìåþùåãî ïîëÿðíóþ îðáèòó. Ïðåäïîëàãàåòñÿ, ÷òî íîðìàëèçîâàííîå ïî ìàê-
ñèìàëüíîé ðàçíîñòè òåìïåðàòóð îòêëîíåíèå îò ìèíèìàëüíîé òåìïåðàòóðû � èçâåñòíàÿ ôóíê-
öèÿ âðåìåíè ñóòîê.

Ìîìåíò äîñòèæåíèÿ ìàêñèìàëüíîé òåìïåðàòóðû îïðåäåëÿåò ìåñòîïîëîæåíèå ýòîé ôóíê-
öèè. Êîíêðåòíûé âèä ôóíêöèè çàâèñèò îò ïàðàìåòðîâ, çíà÷åíèÿ êîòîðûõ ïîäáèðàþòñÿ äëÿ
ðàññìàòðèâàåìîãî âðåìåíè ãîäà, øèðîòû ìåñòíîñòè, òèïà ðàñòèòåëüíîñòè è ò.ä.

Ïðèâëå÷åíèå äëÿ àíàëèçà óðàâíåíèÿ òåïëîïðîâîäíîñòè, îïèñûâàþùåãî òåìïåðàòóðíûé ðå-
æèì ïî÷âåííîãî ñëîÿ, ñóùåñòâåííî ïîâûøàåò èíôîðìàòèâíîñòü äàííûõ äèñòàíöèîííîãî çîí-
äèðîâàíèÿ.

Òàêîãî ðîäà ìåòîäèêà ïðåäëîæåíà â [6]. Îíà ìîæåò áûòü èñïîëüçîâàíà äëÿ îïðåäåëåíèÿ
òåìïåðàòóðíûõ ïðîôèëåé íåîäíîðîäíî óâëàæíåííîãî àêòèâíîãî ñëîÿ ïî÷âû.

Â ðàáîòå [7] ïîëó÷åíî ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè, îïèñûâàþùåå óñòàíîâèâøèé-
ñÿ ïðîöåññ òåïëîïåðåíîñà â ïðèïîâåðõíîñòíîì ñëîå ïî÷âû. Íàéäåííîå ðåøåíèå ïðåäñòàâëå-
íî â âèäå ðÿäà Ôóðüå è çàâèñèò îò òðåõ ïàðàìåòðîâ, îòðàæàþùèõ óñëîâèå ýíåðãåòè÷åñêîãî
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áàëàíñà íà ïîâåðõíîñòè ïî÷âû. Ýòè ïàðàìåòðû ìîãóò áûòü îïðåäåëåíû ïî äâóì äèñòàíöèîí-
íûì èçìåðåíèÿì òåìïåðàòóðû ïðè èçâåñòíîì âðåìåíè äîñòèæåíèÿ åå ìàêñèìàëüíîãî çíà÷åíèÿ.
Âîññòàíîâëåííûé ïî äèñòàíöèîííûì èçìåðåíèÿì ñóòî÷íûé õîä òåìïåðàòóðû ñîïîñòàâëÿåòñÿ ñ
ðåçóëüòàòàìè íàçåìíûõ ýêñïåðèìåíòîâ äëÿ ñóõèõ è âëàæíûõ ïî÷â [9].

Â ðàáîòå [4] ïðåäëîæåí ìåòîä âîññòàíîâëåíèÿ ñóòî÷íîãî õîäà òåìïåðàòóðû â àêòèâíîì ñëîå
ïî÷âîãðóíòîâ ïðè óñëîâèè, ÷òî íà ïîâåðõíîñòè ïî÷âû çàäàí ñóòî÷íûé õîä òåìïåðàòóðû è ïëîò-
íîñòè òåïëîâîãî ïîòîêà.

Â äàëüíåéøåì áóäåì ñëåäîâàòü ìåòîäèêàì, ïðåäñòàâëåííûì â [4] è [7]. Ïî ìåòîäèêå, èçëî-
æåííîé â [4], ìîæíî îïðåäåëèòü ñóòî÷íûé õîä òåìïåðàòóðû ïîâåðõíîñòè T (1, t) . Ïî ôîðìóëå,
ïðèâåäåííîé â [5], ìîæíî îïðåäåëèòü òàêæå è òåïëîâîé ïîòîê:

−λ
∂T

∂z
= (1−As)Q cos Z − [a + bT (0, t)], (1)

ãäå λ � êîýôôèöèåíò òåïëîïðîâîäíîñòè; As � êîýôôèöèåíò îòðàæåíèÿ ïîäñòèëàþùåé ïî-
âåðõíîñòè; Q � ñóììàðíàÿ ñîëíå÷íàÿ ðàäèàöèÿ; Z � çåíèòíîå ðàññòîÿíèå ñîëíöà; a, b � êî-
ýôôèöèåíòû, ïîëó÷åííûå ïðè ëèíåàðèçàöèè óðàâíåíèÿ òåïëîâîãî áàëàíñà.

Äàëüíåéøèå âû÷èñëåíèÿ ïðîèçâîäÿòñÿ ïî ìåòîäèêå, èçëîæåííîé â [4].
Äèíàìèêà èçìåíåíèÿ òåìïåðàòóðû â ïðåäåëàõ àêòèâíîãî ñëîÿ ïî÷âû çàâèñèò îò òåìïå-

ðàòóðîïðîâîäíîñòè a. Â ñâîþ î÷åðåäü êîýôôèöèåíò òåìïåðàòóðîïðîâîäíîñòè a çàâèñèò îò
âëàæíîñòè W. Âëàæíîñòü ïî÷âû ñ ãëóáèíîé ìîæåò ñóùåñòâåííî èçìåíÿòüñÿ. Ïîýòîìó êîýô-
ôèöèåíò a çàâèñèò îò ðàññòîÿíèÿ îò ïîâåðõíîñòè ïî÷âû x. Äëÿ îïðåäåëåííîñòè ïðèìåì, ÷òî
ýòî çàâèñèìîñòü ÿâëÿåòñÿ êóñî÷íî � ïîñòîÿííîé è ðàññìàòðèâàåìûé ñëîé ïî÷âû ñîñòîèò èç K
ñëîåâ, èìåþùèõ òåìïåðàòóðîïðîâîäíîñòè ak, íà ãðàíèöå ìåæäó ñëîÿìè âûïîëíÿåòñÿ óñëîâèå
èäåàëüíîãî òåïëîâîãî êîíòàêòà. Ñ÷èòàåì òàêæå, ÷òî íàì èçâåñòíû èç ýêñïåðèìåíòà òåìïåðà-
òóðà è ãðàäèåíò òåìïåðàòóðû íà ïîâåðõíîñòè. Ïðè âû÷èñëåííîì òåïëîâîì ïîòîêå ïî ôîðìóëå
(1) è èçâåñòíîì êîýôôèöèåíòå òåïëîïðîâîäíîñòè λ ìîæíî îïðåäåëèòü ãðàäèåíò òåìïåðàòóðû.

Çàäà÷à î âîññòàíîâëåíèè òåìïåðàòóðíîãî ïîëÿ äëÿ ïðèïîâåðõíîñòíîãî ñëîÿ ïî÷âû ôîðìó-
ëèðóåòñÿ ñëåäóþùèì îáðàçîì: ïî âû÷èñëåííûì ñ ó÷åòîì äàííûõ äèñòàíöèîííîãî îïðåäåëåíèÿ
òåìïåðàòóðû ñóòî÷íîìó õîäó òåìïåðàòóðû è åå ãðàäèåíòó íà ïîâåðõíîñòè ïî÷âîãðóíòà [5] ðàñ-
ñ÷èòàòü òåìïåðàòóðíîå ïîëå âñåãî ïðèïîâåðõíîñòíîãî àêòèâíîãî ñëîÿ ïî÷âû ïóòåì ðåøåíèÿ
ñëåäóþùåé çàäà÷è Êîøè [4]:

∂Tk

∂x
= −ak

∂qk

∂t
, 0 < x < x1, tk−1 < t < tk, 1 < k < K, (2)

∂Tk

∂x
= −qk, 0 < x < x1, tk−1 < t ≺ tk, 1 < k < K, (3)

T1 = T0(x),
∂T1

∂t
= −q0(x), t = t0, 0 < x < x1, (4)

ãäå tk � çàäàííàÿ ãëóáèíà, Tk(t, x) � èñêîìîå òåìïåðàòóðíîå ïîëå, qk(t, x) � ãðàäèåíò òåì-
ïåðàòóðû, T0(x) è q0(x) � çàäàííûå ôóíêöèè (ðàññ÷èòàííûå íà ïîâåðõíîñòè òåìïåðàòóðà è
åå ãðàäèåíò), x1 � âðåìÿ ïðîòåêàíèÿ èññëåäóåìîãî ïðîöåññà. Â óðàâíåíèÿõ (2)�(4) íàçâàíèÿ
îñåé èçìåíåíû äëÿ óäîáñòâà ïðèìåíåíèÿ ÌÊÎ. Ðåøåíèå çàäà÷è (2)�(4) ñóùåñòâóåò â êëàññå
ôóíêöèé C2,t

3,x [0 < x < 1, 0 < t < 1] , îäíàêî, â ñâÿçè ñ òåì, ÷òî çàäà÷à (2)�(4) � êëàññè÷åñêè
íåêîððåêòíà, ðåøåíèå T (x, t) � íåóñòîé÷èâîå [1]. Èñïîëüçóÿ ðåãóëÿðèçóþùèé àëãîðèòì ìåòîäà
êâàçèîáðàùåíèÿ [1, 4, 11, 12], èìååì:

∂qka

∂t
= − 1

ak

∂Tka

∂x
− αqka, tk−1 < t < tk, 0 < x < x1, 1 < k < K, (5)
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∂Tka

∂t
= − α

a2
k

∂2Tka

∂x2
− qa, tk−1 < t < tk, 0 < x < x1, 1 < k < K, (6)

qka = q0, Tka = T0, t = 0, 0 < x < x1. (7)

Òåïåðü çàäà÷à (5)�(7) ÿâëÿåòñÿ êëàññè÷åñêè êîððåêòíîé [1]. Ïîýòîìó ðåøåíèå Tkα(t, x) ñó-
ùåñòâóåò è ÿâëÿåòñÿ óñòîé÷èâûì. Çäåñü α > 0 � ïàðàìåòð ðåãóëÿðèçàöèè. Ïðèìåíÿÿ äëÿ
íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (5)�(7) ìåòîä êîíå÷íûõ ðàçíîñòåé, ïîëó÷àåì ñëå-
äóþùèå óðàâíåíèÿ:

q1
i+1 = − τ

ah
(T 2

i − T 1
i )− (ατ − 1)q1

i , j = 1, (8)

qj
i+1 = − τ

2ah
(T j+1

i − T j−1
i )− (ατ − 1)qj

i , j = 2, ...,M − 1, (9)

qM
i+1 = − τ

ah
(TM

i − TM−1
i )− (ατ − 1)qM

i , j = M, (10)

T j
i+1 =

ατ

a2h2
(T j+1

i − 2T j
i + T j−1

i ) + T j
i − τqj

i , j = 2, ..., M − 1, (11)

T 1
i+1 =

ατ

a2h2
(T 3

i − 2T 2
i + T 1

i ) + T 1
i − τq1

i , (12)

TM
i+1 =

ατ

a2h2
(TM

i − 2TM−1
i + TM−2

i ) + TM
i − τqM

i . (13)

Ïðîèçâîäÿ âû÷èñëåíèÿ ïî ôîðìóëàì (8)�(13) ïîñëåäîâàòåëüíî äëÿ êàæäîãî i, íàõîäèì
ðåãóëÿðèçîâàííîå ðåøåíèå, çàâèñÿùåå îò ïàðàìåòðà α.
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Ðàññìàòðèâàåòñÿ ñïåöèàëüíàÿ çàäà÷à Êîøè äëÿ íåëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, âîçíèêàþùàÿ ïðè ïðèìåíåíèè ìåòîäà ïàðàìåòðèçàöèè. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ
ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è è îöåíêà ðàçíîñòè åå ðåøåíèé,
ñîîòâåòñòâóþùèõ ðàçëè÷íûì çíà÷åíèÿì ïàðàìåòðîâ, ÷åðåç ðàçíîñòè ýòèõ ïàðàìåòðîâ.

Â [1, 2] ìåòîä ïàðàìåòðèçàöèè [3] ïðèìåíåí ê ëèíåéíîé äâóõòî÷å÷íîé êðàåâîé çàäà÷å äëÿ
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïîñëå ðàçáèåíèÿ èíòåðâàëà è ââåäåíèÿ äîïîëíèòåëü-
íûõ ïàðàìåòðîâ èñõîäíàÿ çàäà÷à ñâîäèòñÿ ê ýêâèâàëåíòíîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å ñ
ïàðàìåòðàìè. Ïðè èçâåñòíûõ çíà÷åíèÿõ ïàðàìåòðîâ ðåøàåòñÿ ñïåöèàëüíàÿ çàäà÷à Êîøè äëÿ
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Â ñëó÷àå îòñóòñòâèÿ ðàçáèåíèÿ ñïåöèàëüíàÿ çàäà÷à
Êîøè ñîâïàäàåò ñ çàäà÷åé Êîøè äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Çàäà÷à Êîøè
äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ðàçëè÷íûìè ìåòîäàìè èññëåäîâàíû ìíîãèìè àâ-
òîðàìè [4-6]. Êàê è çàäà÷à Êîøè, ñïåöèàëüíàÿ çàäà÷à Êîøè äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ
óðàâíåíèé íå âñåãäà ðàçðåøèìà.

Îäíîçíà÷íàÿ ðàçðåøèìîñòü ñïåöèàëüíîé çàäà÷è Êîøè äëÿ ëèíåéíûõ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ïðè ìàëîì øàãå ðàçáèåíèÿ óñòàíîâëåíà â ðàáîòå [2].

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ñïåöèàëüíàÿ çàäà÷à Êîøè äëÿ íåëèíåéíûõ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé, âîçíèêàþùàÿ ïðè ïðèìåíåíèè ìåòîäà ïàðàìåòðèçàöèè ê ñè-
ñòåìå íåëèíåéíûõ óðàâíåíèé ñëåäóþùåãî âèäà:

dx

dt
= f0(t, x) +

T∫

0

f1(t, s, x(s))ds, x ∈ Rn, t ∈ [0, T ], (1)

ãäå f0 : [0, T ]×Rn → Rn, f1 : [0, T ]× [0, T ]×Rn → Rn íåïðåðûâíû.

Keywords: System of integro-di�erential equations, special Cauchy problem, existence and uniqueness of solutions
2010 Mathematics Subject Classi�cation: 45J05
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Ïî øàãó h > 0 : Nh = T (N = 1, 2, . . .) ïðîèçâîäèòñÿ ðàçáèåíèå [0, T ) =
N⋃

r=1
[(r−1)h, rh) è

ñóæåíèå ôóíêöèè x(t) íà r -ûé èíòåðâàë [(r − 1)h, rh) îáîçíà÷àåòñÿ ÷åðåç xr(t) , ò.å. xr(t) =
x(t) ïðè t ∈ [(r − 1)h, rh) . Ââåäÿ ïàðàìåòðû λr = xr[(r − 1)h] è íà êàæäîì r -îì èíòåðâàëå
ïðîèçâåäÿ çàìåíó ôóíêöèè ur(t) = xr(t)− λr, r = 1, N, â ñèñòåìå (1) ïîëó÷àåì ñïåöèàëüíóþ
çàäà÷ó Êîøè âèäà

dur

dt
= f0(t, ur + λr) +

N∑

j=1

jh∫

(j−1)h

f1(t, s, uj(s) + λj)ds, t ∈ [(r − 1)h, rh), (2)

ur[(r − 1)h] = 0, r = 1, N. (3)

×åðåç C([0, T ], h, RnN ) îáîçíà÷èì ïðîñòðàíñòâî ñèñòåì ôóíêöèé u[t] = (u1(t), u2(t), . . . , uN (t)),
ãäå ur : [(r − 1)h, rh) → Rn íåïðåðûâíà è èìååò êîíå÷íûé ïðåäåë lim

t→rh−0
ur(t), r = 1, N, ñ

íîðìîé ‖u[·]‖1 = max
r=1,N

sup
t∈[(r−1)h,rh)

‖ur(t)‖.
Ðåøåíèåì çàäà÷è (2), (3) ÿâëÿåòñÿ ñèñòåìà ôóíêöèé u[t] = (u1(t), u2(t), . . . , uN (t)) ∈

C([0, T ], h, RnN ), êîìïîíåíòû êîòîðîé íåïðåðûâíî äèôôåðåíöèðóåìû íà ñâîèõ èíòåðâàëàõ
îïðåäåëåíèÿ è óäîâëåòâîðÿþò ñèñòåìå èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (2) è íà÷àëü-
íûì óñëîâèÿì (3).

Ïî âûáðàííîìó øàãó h > 0 : Nh = T (N = 1, 2, . . .) è çàäàííîìó âåêòîðó λ̃ =
(λ̃1, λ̃2, . . . , λ̃N ) ∈ RnN ðàâåíñòâàìè x0(t) = λ̃r, t ∈ [(r − 1)h, rh), r = 1, N, x0(T ) = λ̃N ,
íà [0, T ] îïðåäåëèì êóñî÷íî-íåïðåðûâíóþ âåêòîð-ôóíêöèþ x0(t).

Âçÿâ ÷èñëî ρ > 0 ïîñòðîèì ìíîæåñòâà:
G0(ρ) =

{
(t, x) : t ∈ [0, T ], ‖x− x0(t)‖ < ρ

}
,

G1(ρ) =
{
(t, s, x) : t ∈ [0, T ], s ∈ [0, T ], ‖x− x0(s)‖ < ρ

}
,

Sh(0, ρ) =
{
u[t] = (u1(t), u2(t), . . . , uN (t)) ∈ C([0, T ], h, RnN ) : ‖u[·]‖1 < ρ

}
.

Óñëîâèå A. Ôóíêöèè f0(t, x), f1(t, s, x) íåïðåðûâíû â G0(ρ), G1(ρ) ñîîòâåòñòâåííî, èìåþò
íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ∂f0(t, x)

∂x
,

∂f1(t, s, x)
∂x

è âûïîëíÿþòñÿ íåðàâåíñòâà

∥∥∥∂f0(t, x)
∂x

∥∥∥ ≤ L0, (t, x) ∈ G0(ρ),
∥∥∥∂f1(t, s, x)

∂x

∥∥∥ ≤ L1, (t, s, x) ∈ G1(ρ).

Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðåøåíèÿ ñïåöèàëüíîé çàäà÷è Êîøè (2),
(3) ïðè èçâåñòíûõ çíà÷åíèÿõ ïàðàìåòðîâ óñòàíàâëèâàåò

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèå A è íåðàâåíñòâà:
à) eL0hL1Th < 1,

á) eL0h

1− eL0hL1Th
max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥
t∫

(r−1)h

f0(τ, λ̃r)dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j)dsdτ
∥∥∥ < ρ.

Òîãäà ñïåöèàëüíàÿ çàäà÷à Êîøè äëÿ ñèñòåì èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (2), (3)
ïðè λ = λ̃ â Sh(0, ρ) èìååò åäèíñòâåííîå ðåøåíèå ũ[t] = (ũ1(t), ũ2(t), . . . , ũN (t)).

Äîêàçàòåëüñòâî. Çàäà÷à (2), (3) ïðè λ = λ̃ ýêâèâàëåíòíà ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé

ur(t) =

t∫

(r−1)h

f0(τ, λ̃r + ur(τ))dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j + uj(s))dsdτ,
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t ∈ [(r − 1)h, rh), r = 1, N. (4)

Íà÷àëüíîå ïðèáëèæåíèå ê ðåøåíèþ (4) � êîìïîíåíòû ñèñòåì ôóíêöèé u(0)[t] = (u(0)
1 (t),

u
(0)
2 (t), . . . , u(0)

N
(t)) � íàéäåì ñ ïîìîùüþ èòåðàöèîííîãî ïðîöåññà: u

(0,0)
r (t) = 0,

u(0,m+1)
r (t) =

t∫

(r−1)h

f0(τ, λ̃r + u(0,m)
r (τ))dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j)dsdτ,

t ∈ [(r − 1)h, rh), r = 1, N, m = 0, 1, 2, . . . . (5)

Òîãäà ïðè t ∈ [(r − 1)h, rh) , r = 1, N ,

‖u(0,1)
r (t)‖ =

∥∥∥
t∫

(r−1)h

f0(τ, λ̃r)dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j)dsdτ
∥∥∥ < ρ. (6)

Èç íåïðåðûâíîñòè f0(τ, λ̃r) , f1(τ, s, λ̃j) ñîîòâåòñòâåííî â G0(ρ) , G1(ρ) ñëåäóåò íåïðåðûâíîñòü
ôóíêöèé u

(0,1)
r (t) íà [(r − 1)h, rh) , r = 1, N , è ñóùåñòâîâàíèå êîíå÷íûõ ïðåäåëîâ

lim
t→rh−0

u(0,1)
r (t) =

rh∫

(r−1)h

f0(τ, λ̃r)dτ +

rh∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j)dsdτ, r = 1, N, (7)

è â ñèëó íåðàâåíñòâà á) òåîðåìû èìååò ìåñòî îöåíêà

‖u(0,1)[·]‖1 ≤ max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥
t∫

(r−1)h

f0(τ, λ̃r)dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j)dsdτ
∥∥∥ < ρ, (8)

ò.å. u(0,1)[t] ∈ Sh(0, ρ) .
Äàëåå ïîêàæåì, ÷òî äëÿ ëþáîãî t ∈ [(r − 1)h, rh) , r = 1, N , ïàðû (t, λ̃r + u

(0,1)
r (t)) ïðè-

íàäëåæàò ìíîæåñòâó G0(ρ) . Äåéñòâèòåëüíî, ñîãëàñíî îïðåäåëåíèþ ôóíêöèè x0(t) íà [0, T ] è
îöåíêå (8) äëÿ âñåõ t ∈ [(r − 1)h, rh) , r = 1, N , ñïðàâåäëèâû íåðàâåíñòâà:

‖λ̃r + u(0,1)
r (t))− x0(t)‖ = ‖λ̃r + u(0,1)

r (t))− λ̃r‖ = ‖u(0,1)
r (t))‖ ≤ ‖u(0,1)[·]‖1 < ρ.

Èç (5) íàéäåì u
(0,2)
r (t), t ∈ [(r − 1)h, rh), r = 1, N, è óñòàíîâèì ñëåäóþùèå íåðàâåíñòâà:

‖u(0,2)
r (t)− u(0,1)

r (t)‖ ≤
t∫

(r−1)h

‖f0(τ, λ̃r + u(0,1)
r (τ))− f0(τ, λ̃r)‖dτ ≤

≤
t∫

(r−1)h

L0‖u(0,1)
r (τ)‖dτ ≤ L0(t− (r − 1)h) sup

t∈[(r−1)h,rh)
‖u(0,1)

r (t)‖,

‖u(0,2)
r (t)‖ ≤ ‖u(0,2)

r (t)− u(0,1)
r (t)‖+ ‖u(0,1)

r (t)‖ ≤ (L0(t− (r − 1)h) + 1) sup
t∈[(r−1)h,rh)

‖u(0,1)
r (t)‖ <

< eL0(t−(r−1)h) sup
t∈[(r−1)h,rh)

‖u(0,1)
r (t)‖ ≤ eL0h‖u(0,1)[·]‖1 < ρ.
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Òàê êàê f0(t, x) íåïðåðûâíà â G0(ρ) è ñèñòåìà ôóíêöèé u(0,1)[t] = (u(0,1)
1 (t), u(0,1)

2 (t),
. . . , u

(0,1)
N (t)) ∈ C([0, T ], h, RnN ), òî ôóíêöèÿ f0(τ, λ̃r + u

(0,1)
r (τ)) íåïðåðûâíà íà [(r − 1)h, rh)

è èìååò êîíå÷íûé ëåâîñòîðîííèé ïðåäåë ïðè t → rh− 0 äëÿ âñåõ r = 1, N. Îòñþäà âûòåêàåò
íåïðåðûâíîñòü ôóíêöèé u

(0,2)
r (t) íà [(r − 1)h, rh) è ñóùåñòâîâàíèå êîíå÷íûõ ïðåäåëîâ

lim
t→rh−0

u(0,2)
r (t) =

rh∫

(r−1)h

f0(τ, λ̃r + u(0,1)
r (τ))dτ +

rh∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j)dsdτ, r = 1, N,

ïðè âñåõ r = 1, N, ò. å. u(0,2)[t] = (u(0,2)
1 (t), u(0,2)

2 (t), . . . , u(0,2)
N (t)) ∈ Sh(0, ρ) .

Ïðîäîëæàÿ èòåðàöèîííûé ïðîöåññ, íà m -øàãå îïðåäåëèì ñèñòåìó ôóíêöèé u(0,m+1)[t] ,
ïðèíàäëåæàùóþ ìíîæåñòâó Sh(0, ρ) è óñòàíîâèì îöåíêè

‖u(0,m+1)[·]− u(0,m)[·]‖1 ≤ (L0h)m

m!
‖u(0,1)[·]‖1, (9)

‖u(0,m+1)[·]‖1 ≤
m∑

i=0

(L0h)i

i!
‖u(0,1)[·]‖1. (10)

Èç íåðàâåíñòâà (9) ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü ñèñòåì ôóíêöèé u(0,m)[t] ñõîäèòñÿ ê ñèñòå-
ìå ôóíêöèé u(0)[t] ∈ Sh(0, ρ). Ïåðåõîäÿ ê ïðåäåëó ïðè m → ∞ â (10), ó÷èòûâàÿ íåðàâåíñòâî
á) òåîðåìû è îöåíêó (8), ïîëó÷èì

‖u(0)[·]‖1 ≤ eL0h max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥
t∫

(r−1)h

f0(τ, λ̃r)dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j)dsdτ
∥∥∥ < ρ. (11)

Åñëè u[t] ∈ Sh(u(0)[t], ρ0) , ãäå ρ0 =
eL0hL1Th

1− eL0hL1Th
‖u(0)[·]‖1, òî â ñèëó íåðàâåíñòâà (11) è óñëîâèé

à), á) òåîðåìû èìååò ìåñòî îöåíêà

‖u[·]‖1 ≤ ‖u[·]− u(0)[·]‖1 + ‖u(0)[·]‖1 < ρ0 + ‖u(0)[·]‖1 ≤ 1
1− eL0hL1Th

‖u(0)[·]‖1 < ρ,

ò.å. Sh(u(0)[t], ρ0) ⊂ Sh(0, ρ) .
Ñîãëàñíî îïðåäåëåíèþ ôóíêöèè x0(s) íà [0, T ] è îöåíêå (11) äëÿ âñåõ s ∈ [(j − 1)h, jh) ,

j = 1, N , èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ:

‖λ̃j + u
(0)
j (s))− x0(s)‖ = ‖λ̃j + u

(0)
j (s))− λ̃j‖ = ‖u(0)

j (s))‖ ≤ ‖u(0)[·]‖1 < ρ,

ñëåäîâàòåëüíî, äëÿ ëþáûõ t ∈ [0, T ) , s ∈ [(j − 1)h, jh) , j = 1, N , òðîéêè (t, s, λ̃j + u
(0)
j (s)) ,

j = 1, N , ïðèíàäëåæàò ìíîæåñòâó G1(ρ) .
Ñëåäóþùåå ïðèáëèæåíèå ðåøåíèÿ óðàâíåíèÿ (4) � ñèñòåìó ôóíêöèé u(1)[t] � íàéäåì ïî

èòåðàöèîííîìó ïðîöåññó: u
(1,0)
r (t) = u

(0)
r (t),

u(1,m+1)
r (t) =

t∫

(r−1)h

f0(τ, λ̃r + u(1,m)
r (τ))dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j + u
(0)
j (s))dsdτ,

t ∈ [(r − 1)h, rh), r = 1, N. (12)
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Äëÿ ðàçíîñòè u
(1,1)
r (t) è u

(1,0)
r (t) óñòàíîâèì, ÷òî

‖u(1,1)
r (t)− u(1,0)

r (t)‖ =
∥∥∥

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j + u
(0)
j (s))dsdτ−

−
t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j)dsdτ
∥∥∥ ≤ L1Th‖u(0)[·]‖1, t ∈ [(r − 1)h, rh), r = 1, N, (13)

îòêóäà ñ ó÷åòîì (11) ïîëó÷èì

‖u(1,1)[·]− u(1,0)[·]‖1 ≤ L1Th‖u(0)[·]‖1 ≤

≤ eL0hL1Th max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥
t∫

(r−1)h

f0(τ, λ̃r)dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j)dsdτ
∥∥∥ < ρ0 . (14)

Òàêèì îáðàçîì, u(1,1)[t] ∈ Sh(u(0)[t], ρ0) .
Ïðè ïðåäïîëîæåíèÿõ òåîðåìû äëÿ âñåõ t ∈ [(r − 1)h, rh), r = 1, N, èìåþò ìåñòî îöåíêè

‖u(1,m+1)
r (t)− u(1,m)

r (t)‖ ≤ (L0(t− (r − 1)h))m

m!
sup

t∈[(r−1)h,rh)
‖u(1,1)

r (t)− u(1,0)
r (t)‖, (15)

‖u(1,m+1)
r (t)− u(1,0)

r (t)‖ ≤
m∑

i=0

(L0(t− (r − 1)h))i

i!
sup

t∈[(r−1)h,rh)
‖u(1,1)

r (t)− u(1,0)
r (t)‖. (16)

è íåòðóäíî óñòàíîâèòü, ÷òî u(1,m)[t] ∈ Sh(u(0)[t], ρ0) , m = 1, 2, . . . , è ñõîäèòñÿ ê u(1)[t] ∈
∈ Sh(u(0)[t], ρ0). Ïðè m →∞ èç (16) ïîëó÷èì îöåíêè

‖u(1)
r (t)− u(0)

r (t)‖ ≤ eL0(t−(r−1)h)L1Th‖u(0)[·]‖1, t ∈ [(r − 1)h, rh), r = 1, N,

îòêóäà
‖u(1)[·]− u(0)[·]‖1 ≤ eL0hL1Th‖u(0)[·]‖1 < ρ0 . (17)

Ïðîäîëæàÿ ïðîöåññ è ïðåäïîëàãàÿ, ÷òî u(k)[t] îïðåäåëåíû è ïðèíàäëåæàò ìíîæå-
ñòâó Sh(u(k−1)[t], ρk−1) ⊂ Sh(u(k−2)[t], ρk−2) ⊂ . . . ⊂ Sh(u(0)[t], ρ0) ⊂ Sh(0, ρ) ,

ãäå ρ
`
=

eL0hL1Th

1− eL0hL1Th
‖u(`)[·]− u(`−1)[·]‖1 , ` = 1, k − 1 , â ìíîæåñòâå Sh(u(k)[t], ρ

k
) ,

ρk =
eL0hL1Th

1− eL0hL1Th
‖u(k)[·]− u(k−1)[·]‖1 , áóäåì èñêàòü (k+1) -îå ïðèáëèæåíèå ðåøåíèÿ ñèñòåìû

óðàâíåíèé (4) ïî èòåðàöèîííîìó ïðîöåññó:
u

(k+1,0)
r (t) = u

(k)
r (t),

u(k+1,m+1)
r (t) =

t∫

(r−1)h

f0(τ, λ̃r + u(k+1,m)
r (τ))dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j + u
(k)
j (s))dsdτ,

t ∈ [(r − 1)h, rh), r = 1, N, k = 1, 2, . . . , m = 0, 1, 2, . . . .

Ïðè t ∈ [(r − 1)h, rh) , r = 1, N , m = 1, 2, . . . , ñïðàâåäëèâû îöåíêè

‖u(k+1,1)
r (t)− u(k+1,0)

r (t)‖ ≤ L1Th max
j=1,N

sup
s∈[(j−1)h,jh)

‖u(k)
j (s)− u

(k−1)
j (s)‖,
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‖u(k+1,m+1)
r (t)− u(k+1,m)

r (t)‖ ≤ (L0(t− (r − 1)h))m

m!
sup

t∈[(r−1)h,rh)
‖u(k+1,1)

r (t)− u(k+1,0)
r (t)‖, (18)

‖u(k+1,m+1)
r (t)− u(k+1,0)

r (t)‖ ≤
m∑

i=0

(L0(t− (r − 1)h))i

i!
sup

t∈[(r−1)h,rh)
‖u(k+1,1)

r (t)− u(k+1,0)
r (t)‖. (19)

Èç (18) ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè u(k+1,m)[t] ê u(k+1)[t] ∈
Sh(u(k)[t], ρ

k
) .

Ïåðåõîäÿ â (19) ê ïðåäåëó ïðè m →∞, ïîëó÷èì îöåíêè

‖u(k+1)
r (t)− u(k)

r (t)‖ ≤ eL0(t−(r−1)h)L1Th‖u(k)[·]− u(k−1)[·]‖1, t ∈ [(r − 1)h, rh), r = 1, N,

îòêóäà
‖u(k+1)[·]− u(k)[·]‖1 ≤ eL0hL1Th‖u(k)[·]− u(k−1)[·]‖1 < ρ

k
. (20)

Â ñèëó óñëîâèÿ à) ñèñòåìà ôóíêöèé u(k)[t] ïðè k →∞ ñõîäèòñÿ ê ũ[t] ïî íîðìå ïðîñòðàíñòâà
C([0, T ], h, RnN ) è ũ[t] ∈ Sh(0, ρ). Òàê êàê

‖u(k+1)
r (t)‖ ≤ ‖u(k+1)

r (t)− u(k)
r (t)‖+ ‖u(k)

r (t)− u(k−1)
r (t)‖+ . . . + ‖u(1)

r (t)− u(0)
r (t)‖+ ‖u(0)

r (t)‖

è ñïðàâåäëèâû íåðàâåíñòâà (11), (17), (20), òî

‖u(k+1)
r (t)‖ ≤ ρ, t ∈ [(r − 1)h, rh), r = 1, N. (21)

Ïðè k →∞ èç (21) ñëåäóåò, ÷òî ‖ũ[·]‖1 < ρ , ò.å. ũ[t] ∈ Sh(0, ρ) .
Åäèíñòâåííîñòü. Ïóñòü ũ[t], u∗[t] � äâà ðàçëè÷íûõ ðåøåíèÿ óðàâíåíèÿ (4) â Sh(0, ρ) :

ũr(t) =

t∫

(r−1)h

f0(τ, λ̃r+ũr(τ))dτ+

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j+ũj(s))dsdτ, t ∈ [(r−1)h, rh), r = 1, N,

u∗r(t) =

t∫

(r−1)h

f0(τ, λ̃r+u∗r(τ))dτ+

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j+u∗j (s))dsdτ, t ∈ [(r−1)h, rh), r = 1, N.

Òîãäà

‖ũr(t)− u∗r(t)‖ ≤
t∫

(r−1)h

L0‖ũr(τ)− u∗r(τ)‖dτ + L1Th‖ũ[·]− u∗[·]‖1, t ∈ [(r − 1)h, rh), r = 1, N,

îòêóäà, èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà-Áåëëìàíà [7, c. 9], ïîëó÷èì, ÷òî

‖ũr(t)− u∗r(t)‖ ≤ eL0(t−(r−1)h)L1Th‖ũ[·]− u∗[·]‖1

è, ñëåäîâàòåëüíî,
‖ũ[·]− u∗[·]‖1 ≤ eL0hL1Th‖ũ[·]− u∗[·]‖1.

Îòñþäà â ñèëó íåðàâåíñòâà à) òåîðåìû ñëåäóåò, ÷òî ũr(t) = u∗r(t) ïðè âñåõ t ∈ [(r − 1)h, rh),
r = 1, N. Òåîðåìà 1 äîêàçàíà.

Äàëåå ïðåäïîëîæèì, ÷òî ïðè λ = λ̃ ∈ RnN ñïåöèàëüíàÿ çàäà÷à Êîøè (2), (3) èìååò ðåøåíèå
ũ[t] = (ũ1(t), ũ2(t), . . . , ũN (t)) ∈ C([0, T ], h, RnN ).

Ïî âûáðàííîìó λ̃ = (λ̃1, λ̃2, . . . , λ̃N ) ðàâåíñòâàìè: x0(t) = λ̃r + ũr(t), t ∈ [(r − 1)h, rh),
r = 1, N, x0(T ) = λ̃N + lim

t→T−0
ũN (t), îïðåäåëèì êóñî÷íî-íåïðåðûâíóþ âåêòîð-ôóíêöèþ x0(t).
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Âûáåðåì ÷èñëà ρλ > 0, ρu > 0 è îïðåäåëèì ìíîæåñòâà:
S(λ̃, ρλ) =

{
λ = (λ1, λ2, . . . , λN ) ∈ RnN : ‖λ− λ̃‖ < ρλ

}
,

Sh(ũ[t], ρu) =
{
u[t] = (u1(t), u2(t), . . . , uN (t)) ∈ C([0, T ], h, RnN ) : ‖u[·]− ũ[·]‖1 < ρu

}
,

G̃0(ρλ, ρu) =
{
(t, x) : t ∈ [0, T ], ‖x− x0(t)‖ < ρλ + ρu

}
,

G̃1(ρλ, ρu) =
{
(t, s, x) : t ∈ [0, T ], s ∈ [0, T ], ‖x− x0(s)‖ < ρλ + ρu

}
.

Óñëîâèå B. Ôóíêöèè f0(t, x), f1(t, s, x) íåïðåðûâíû â G̃0(ρλ, ρu), G̃1(ρλ, ρu) ñîîòâåòñòâåííî,
èìåþò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ∂f0(t, x)

∂x
,

∂f1(t, s, x)
∂x

è âûïîëíÿþòñÿ íåðàâåíñòâà:
∥∥∥∂f0(t, x)

∂x

∥∥∥ ≤ L̃0 , (t, x) ∈ G̃(ρλ, ρu) ,
∥∥∥∂f1(t, s, x)

∂x

∥∥∥ ≤ L̃1, (t, s, x) ∈ G̃1(ρλ, ρu).

Òåîðåìà 2. Ïóñòü âûïîëíåíî óñëîâèå B è èìåþò ìåñòî íåðàâåíñòâà â) e
eL0hL̃1Th < 1, ã)

e
eL0hL̃1Th + e

eL0h − 1

1− eeL0hL̃1Th
ρλ < ρu.

Òîãäà äëÿ ëþáîãî λ∗ ∈ S(λ̃, ρλ) ñïåöèàëüíàÿ çàäà÷à Êîøè (2), (3) ïðè λ = λ∗ â Sh(ũ[t], ρu)
èìååò åäèíñòâåííîå ðåøåíèå u∗[t] è ñïðàâåäëèâà îöåíêà

‖u∗r(t)−ũr(t)‖ ≤
(
e
eL0(t−(r−1)h)−1+e

eL0(t−(r−1)h) e
eL0hL̃1Th

1− eeL0hL̃1Th

)
‖λ̃−λ∗‖, t ∈ [(r−1)h, rh), r = 1, N.

Äîêàçàòåëüñòâî. Âîçüìåì λ∗ ∈ S(λ̃, ρλ) è íàéäåì ðåøåíèå ñïåöèàëüíîé çàäà÷è Êîøè (2), (3)
ïðè λ = λ∗ , ýêâèâàëåíòíîé èíòåãðàëüíîìó óðàâíåíèþ

ur(t) =

t∫

(r−1)h

f0(τ, λ∗r + ur(τ))dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ∗j + uj(s))dsdτ,

t ∈ [(r − 1)h, rh), r = 1, N. (22)

Äëÿ ðåøåíèÿ óðàâíåíèÿ (22) ïîñòðîèì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ: u
(0,0)
r (t) = ũr(t),

u(0,m+1)
r (t) =

t∫

(r−1)h

f0(τ, λ∗r + u(0,m)
r (τ))dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ∗j + ũj(s))dsdτ,

t ∈ [(r − 1)h, rh), r = 1, N, m = 0, 1, 2, . . . .

Äëÿ ðàçíîñòè (u(0,1)
r (t)− u

(0,0)
r (t)) ñïðàâåäëèâû îöåíêè

‖u(0,1)
r (t)− u(0,0)

r (t)‖ =
∥∥∥

t∫

(r−1)h

f0(τ, λ∗r + ũr(τ))dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ∗j + ũj(s))dsdτ−

−
t∫

(r−1)h

f0(τ, λ̃r + ũr(τ))dτ −
t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ̃j + ũj(s))dsdτ
∥∥∥ ≤

≤
t∫

(r−1)h

L̃0‖λ∗r − λ̃r‖dτ + L̃1Th‖λ∗ − λ̃‖ ≤ L̃0(t− (r − 1)h)‖λ∗r − λ̃r‖+ L̃1Th‖λ∗ − λ̃‖ <

< (eeL0(t−(r−1)h) − 1)‖λ∗r − λ̃r‖+ e
eL0(t−(r−1)h)L̃1Th‖λ∗ − λ̃‖ < ρu.
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Ïî èòåðàöèîííîìó ïðîöåññó îïðåäåëèì ôóíêöèè u
(0,1)
r (t) è îöåíèì

‖u(0,2)
r (t)− u(0,1)

r (t)‖ =
∥∥∥

t∫

(r−1)h

f0(τ, λ∗r + u(0,1)
r (τ))dτ −

t∫

(r−1)h

f0(τ, λ∗r + u(0,0)
r (τ))dτ

∥∥∥ ≤

≤ L̃2
0(t− (r − 1)h)2

2!
‖λ∗r − λ̃r‖+ L̃0(t− (r − 1)h)L̃1Th‖λ∗ − λ̃‖ <

< (eeL0(t−(r−1)h) − 1)‖λ∗r − λ̃r‖+ e
eL0(t−(r−1)h)L̃1Th‖λ∗ − λ̃‖ < ρu.

Ïðîäîëæàÿ èòåðàöèîííûé ïðîöåññ, íà m -øàãå óñòàíîâèì îöåíêè

‖u(0,m)
r (t)− u(0,m−1)

r (t)‖ ≤ (L̃0(t− (r − 1)h))m

m!
‖λ∗r − λ̃r‖+

(L̃0(t− (r − 1)h))m−1

(m− 1)!
L̃1Th‖λ∗ − λ̃‖,

‖u(0,m)
r (t)−u(0,0)

r (t)‖ ≤
m∑

i=1

L̃i
0(t− (r − 1)h)i

i!
‖λ∗r− λ̃r‖+

m−1∑

i=0

L̃i
0(t− (r − 1)h)i

i!
L̃1Th‖λ∗− λ̃‖. (23)

Ïåðåõîäÿ â (23) ê ïðåäåëó ïðè m →∞, ïîëó÷èì îöåíêó

‖u(0)
r (t)− ũr(t)‖ ≤

(
e
eL0(t−(r−1)h) − 1

)
‖λ∗r − λ̃r‖+ e

eL0(t−(r−1)h)L̃1Th‖λ∗ − λ̃‖, (24)

òàêèì îáðàçîì,
‖u(0)[·]− ũ[·]‖1 ≤

(
e
eL0h − 1 + e

eL0hL̃1Th
)
‖λ∗ − λ̃‖ < ρu.

Ôóíêöèè u
(1)
r (t) îïðåäåëèì ñ ïîìîùüþ èòåðàöèîííîãî ïðîöåññà: u

(1,0)
r (t) = u

(0)
r (t),

u(1,m+1)
r (t) =

t∫

(r−1)h

f0(τ, λ∗r + u(1,m)
r (τ))dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ∗j + u
(0)
j (s))dsdτ,

t ∈ [(r − 1)h, rh), r = 1, N. (25)

Äëÿ ðàçíîñòè u
(1,1)
r (t) è u

(1,0)
r (t) èìååò ìåñòî íåðàâåíñòâî

‖u(1,1)
r (t)− u(1,0)

r (t)‖ =
∥∥∥

t∫

(r−1)h

f0(τ, λ∗r + u(1,0)
r (τ))dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ∗j + u
(0)
j (s))dsdτ−

−
t∫

(r−1)h

f0(τ, λ∗r + u(0)
r (τ))dτ −

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ∗j + ũj(s))dsdτ
∥∥∥ ≤

≤ L̃1Th max
j=1,N

sup
s∈[(j−1)h,jh)

‖u(0)
j (s)− ũj(s)‖.

Íàéäåì u
(1,2)
r (t), t ∈ [(r − 1)h, rh), r = 1, N, ïî èòåðàöèîííîìó ïðîöåññó (25) è óñòàíîâèì

îöåíêè

‖u(1,2)
r (t)− u(1,1)

r (t)‖ =
∥∥∥

t∫

(r−1)h

f0(τ, λ∗r + u(1,1)
r (τ))dτ −

t∫

(r−1)h

f0(τ, λ∗r + u(1,0)
r (τ))dτ

∥∥∥ ≤

≤ L̃0(t− (r − 1)h)L̃1Th‖u(0)[·]− ũ[·]‖1.
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Ïðè ïðåäïîëîæåíèÿõ òåîðåìû äëÿ âñåõ t ∈ [(r − 1)h, rh), r = 1, N , èìåþò ìåñòî îöåíêè

‖u(1,m+1)
r (t)− u(1,m)

r (t)‖ ≤

(
L̃0(t− (r − 1)h)

)m

m!
L̃1Th‖u(0)[·]− ũ[·]‖1, (26)

‖u(1,m+1)
r (t)− u(1,0)

r (t)‖ ≤
m∑

i=0

(
L0(t− (r − 1)h)

)i

i!
L̃1Th‖u(0)[·]− ũ[·]‖1. (27)

Ïåðåõîäÿ ê ïðåäåëó ïðè m →∞ â (27), ïîëó÷èì

‖u(1)
r (t)− u(0)

r (t)‖ ≤ e
eL0(t−(r−1)h)L̃1Th‖u(0)[·]− ũ[·]‖1, t ∈ [(r − 1)h, rh), r = 1, N,

îòêóäà

‖u(1)[·]− u(0)[·]‖1 ≤ e
eL0hL̃1Th‖u(0)[·]− ũ[·]‖1 ≤ e

eL0hL̃1Th
(
e
eL0h − 1 + e

eL0hL̃1Th
)
‖λ∗ − λ̃‖ < ρu.

Ïðåäïîëàãàÿ, ÷òî u
(k)
r (t) îïðåäåëåíû, ôóíêöèè u

(k+1)
r (t) íàéäåì ïî èòåðàöèîííîìó ïðîöåññó:

u(k+1,0)
r (t) = u(k)

r (t),

u(k+1,m+1)
r (t) =

t∫

(r−1)h

f0(τ, λ∗r + u(k+1,m)
r (τ))dτ +

t∫

(r−1)h

N∑

j=1

jh∫

(j−1)h

f1(τ, s, λ∗j + u
(k)
j (s))dsdτ,

k = 1, 2, . . . , m = 0, 1, 2, . . . , t ∈ [(r − 1)h, rh), r = 1, N.

Òîãäà, àíàëîãè÷íî (26),(27) ñïðàâåäëèâû íåðàâåíñòâà

‖u(k+1,m+1)
r (t)− u(k+1,m)

r (t)‖ ≤

(
L̃0(t− (r − 1)h)

)m

m!
L̃1Th‖u(k)[·]− u(k−1)[·]‖1,

‖u(k+1,m+1)
r (t)− u(k+1,0)

r (t)‖ ≤
m∑

i=0

(
L̃0(t− (r − 1)h)

)i

i!
L̃1Th‖u(k)[·]− u(k−1)[·]‖1. (28)

Ïåðåõîäÿ â (28) ê ïðåäåëó ïðè m →∞, ïîëó÷èì îöåíêè

‖u(k+1)
r (t)− u(k)

r (t)‖ ≤ e
eL0(t−(r−1)h)L̃1Th‖u(k)[·]− u(k−1)[·]‖1, t ∈ [(r − 1)h, rh),

îòêóäà
‖u(k+1)[·]− u(k)[·]‖1 ≤ e

eL0hL̃1Th‖u(k)[·]− u(k−1)[·]‖1 ≤
≤ (eeL0hL̃1Th)k+1‖u(0)[·]− ũ[·]‖1 ≤ (eeL0hL̃1Th)k+1

(
e
eL0h − 1 + e

eL0hL̃1Th
)
‖λ∗ − λ̃‖ < ρu. (29)

Â ñèëó óñëîâèÿ à) ñèñòåìà ôóíêöèé u(k+1)[t] ïðè k → ∞ â Sh(ũ[·], ρu) ñõîäèòñÿ ê u∗[t] ïî
íîðìå ïðîñòðàíñòâà C([0, T ], h, RnN ) è

‖u(k+1)
r (t)− ũr(t)‖ ≤ ‖u(k+1)

r (t)− u(k)
r (t)‖+ ‖u(k)

r (t)− u(k−1)
r (t)‖+ . . . + ‖u(1)

r (t)− u(0)
r (t)‖+

+‖u(0)
r (t)−ũr(t)‖ ≤ e

eL0(t−(r−1)h)L̃1Th‖u(k)[·]−u(k−1)[·]‖1+e
eL0(t−(r−1)h)L̃1Th‖u(k−1)[·]−u(k−2)[·]‖1+

+ . . .+e
eL0(t−(r−1)h)L̃1Th‖u(0)[·]− ũ[·]‖1+(eeL0(t−(r−1)h)−1)‖λ∗r− λ̃r‖+e

eL0(t−(r−1)h)L̃1Th‖λ∗− λ̃‖.
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Îòñþäà â ñèëó íåðàâåíñòâ (24), (29) ïîëó÷èì

‖u(k+1)
r (t)− ũr(t)‖ ≤ e

eL0(t−(r−1)h)L̃1Th
((

e
eL0hL̃1Th

)k +
(
e
eL0hL̃1Th

)k−1 + . . . + 1
)
×

×
(
e
eL0h − 1 + e

eL0hL̃1Th
)
‖λ∗ − λ̃‖+

(
e
eL0(t−(r−1)h) − 1

)
‖λ∗r − λ̃r‖+ e

eL0(t−(r−1)h)L̃1Th‖λ∗ − λ̃‖ <

< e
eL0(t−(r−1)h)L̃1Th

e
eL0h − 1 + e

eL0hL̃1Th

1− eeL0hL̃1Th
‖λ∗ − λ̃‖+ e

eL0(t−(r−1)h)L̃1Th‖λ∗ − λ̃‖+

+
(
e
eL0(t−(r−1)h) − 1

)
‖λ∗r − λ̃r‖, t ∈ [(r − 1)h, rh), r = 1, N. (30)

Ïðè k →∞ èç (30) ñëåäóåò, ÷òî

‖u∗r(t)− ũr(t)‖ ≤
(
e
eL0(t−(r−1)h) − 1 + e

eL0(t−(r−1)h) e
eL0hL̃1Th

1− eeL0hL̃1Th

)
‖λ̃− λ∗‖, t ∈ [(r − 1)h, rh.

Òåîðåìà 2 äîêàçàíà.
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ÊàçÍÓ èì. àëü-Ôàðàáè
050012, Àëìàòû, óë. Ìàñàí÷è, 39/47, e-mail: 2261032@mail.ru;

ÅÍÓ èì. Ë.Í. Ãóìèëåâà
010008, Àñòàíà, óë. Ìóíàéòïàñîâà, 5

Ðàññìàòðèâàåòñÿ çàäà÷à ðàñïàðàëëåëèâàíèÿ äëÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ
íåâûðîæäåííîé ìàòðèöåé. Äëÿ ýòîãî ââîäÿòñÿ âàðèàöèîííûå ðåêóððåíòíûå ôîðìóëû. Äîêàçûâà-
åòñÿ òåîðåìà ñõîäèìîñòè âàðèàöèîííîãî ìåòîäà.

I. Îäèí ìåòîä ïðèáëèæåííîãî ðåøåíèÿ ëèíåéíîé íåîäíîðîäíîé ñèñòåìû
àëãåáðàè÷åñêèõ óðàâíåíèé

Ïóñòü n � öåëîå ïîëîæèòåëüíîå ÷èñëî è A = {aij}n
i,j=1 � ìàòðèöà ñ äåéñòâèòåëüíûìè ýëå-

ìåíòàìè.
Ðàññìîòðèì ñèñòåìó óðàâíåíèé

aijx=fj (i, j = 1, 2, ..., n), (1)

ãäå x = colon(x1, x2, ..., xn) � èñêîìûé, à f = colon(f1, f2, ..., fn) � èçâåñòíûé âåêòîðà ñ äåéñòâè-
òåëüíûìè ýëåìåíòàìè.

Äëÿ ïðèáëèæåííîãî ðåøåíèÿ ñèñòåìû (1) âû÷èñëèì êîìïîíåíòû âåêòîðîâ

ψj = Aej , (2)

ãäå ei � åäèíè÷íûé âåêòîð, ó êîòîðîãî i-àÿ êîìïîíåíòà åñòü åäèíèöà, à îñòàëüíûå íóëè, ò.å.

e1 = (1, 0, ..., 0)T

e2 = (0, 1, ..., 0)T

. . . . . . . . . . . . . . .
en = (0, 0, ..., 1)T .

(3)

Keywords: Problem of parallelizing, linear algebraic equations, variational method
2010 Mathematics Subject Classi�cation: 35L20
cÆ. À. Áàëäûáåê, Ì. Î. Îòåëáàåâ, 2011.
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Òåïåðü ïîëîæèì
F0 = f = (f1, f2, ..., fn)T . (4)

Îïðåäåëèì âåêòîðà F1 è Q1 ñëåäóþùèì îáðàçîì:

δ1〈F0, ψj〉 = ε1j , (j = 1, 2, ..., n),

δ1 =

∑n
j=1 〈F0, ψj〉2(∑n

j=1 〈F0, ψj〉ψj

)2 ,

F1 = F0 −
n∑

j=1

ε1jψj , (5)

Q1 =
n∑

j=1

ε1jej .

Â ñëó÷àå
n∑

j=1

〈F0, ψj〉ψj = 0

ïîëîæèì

δ1 = ‖f‖2


2

n∑

j=1

〈f, ψj〉


−1

. (6)

Äëÿ êâàäðàòà íîðìû F1, ó÷èòûâàÿ (5), èìååì

‖F1‖2 = ‖F0‖2 − 2
n∑

j=1

〈ε1jψj , F0〉+

∥∥∥∥∥∥

n∑

j=1

ε1jψj

∥∥∥∥∥∥

2

= ‖F0‖2 − 2δ1

n∑

j=1

〈F0, ψj〉+

+δ2
1

∥∥∥∥∥∥

n∑

j=1

ψj〈F0, ψj〉
∥∥∥∥∥∥

2

= ‖F0‖2 −

(∑n
j=1 〈F0, ψj〉2

)2

∣∣∣∑n
j=1 ψj〈F0, ψj〉

∣∣∣
2 , (7)

åñëè
n∑

j=1

ψj〈F0, ψj〉 6= 0,

åñëè æå
n∑

j=1

ψj〈F0, ψj〉 = 0,

òî ïîëó÷àåì (â ñèëó (6)), ÷òî
F0 = 0. (8)

Åñëè æå
n∑

j=1

〈F0, ψj〉2 = 0,

òî â ñèëó ëèíåéíîé íåçàâèñèìîñòè {ψj}n
j=1 ïîëó÷àåì (8).
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Ïóñòü Fk−1 âû÷èñëåí, âû÷èñëèì Fk.




Fk = Fk−1 −
n∑

j=1
εkjψj ,

δk〈Fk−1, ψj〉 = εkj ,

δk =

[
n∑

j=1
〈Fk−1, ψj〉2

]∥∥∥∥∥∥

[
n∑

j=1
〈Fk−1, ψj〉ψj

]−2
∥∥∥∥∥∥
,

Qk = Qk−1 +
n∑

j=1
εkjψj .

(9)

Åñëè
n∑

j=1

〈Fk−1, ψj〉ψj 6= 0, (10)

òî äëÿ íîðìû Fk èìååì

‖Fk‖2 = ‖Fk−1‖2 −

(∑n
j=1 〈Fk−1, ψj〉2

)2

∥∥∥∑n
j=1 〈Fk−1, ψj〉ψj

∥∥∥
2 . (11)

Åñëè æå (10) íå âûïîëíåíî, òî áåðåì

δk = 2−1‖Fk−1‖2




n∑

j=1

〈Fk−1, ψj〉2

 . (12)

Òîãäà
‖Fk‖2 = 0. (13)

Åñëè âûïîëíÿåòñÿ (13), ò.å. åñëè ‖Fk‖ = 0, òî èç (11) è ëèíåéíîé íåçàâèñèìîñòè {ψj}n
j=1 ñëå-

äóåò, ÷òî Fk−1 = 0. Ïîýòîìó ðåøåíèå óðàâíåíèÿ (1) åñòü Qk−1, ñëåäîâàòåëüíî, çàäà÷à îêàæåòñÿ
ðåøåííîé.

Ïîëüçóÿñü âûøåïðèâåäåííûìè âûñêàçûâàíèÿìè, äîêàæåì ñëåäóþùóþ òåîðåìó

Òåîðåìà 1. Ïóñòü A = {aij}n
i,j=1 � îáðàòèìàÿ êâàäðàòíàÿ ìàòðèöà (n ≥ 1), e1, e2, . . . , en �

áàçèñíûå âåêòîðà èç (3), à ψ1, ψ2, ..., ψn � âåêòîðû èç (2), ò.å. ψj = aijej è f = F0 � âåêòîð
èç (4). Îïðåäåëèì Fk, δk, Qk (k = 0, 1, ...) ïî ðåêóððåíòíûì ôîðìóëàì (9). Òîãäà Q = lim

k→∞
Qk

åñòü ðåøåíèå óðàâíåíèÿ Au = f .

Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïîêàçàòü, ÷òî ‖Fk‖ ñòðåìèòñÿ ê íóëþ ïðè k → ∞. Òàê êàê
ìàòðèöà îáðàòèìà, òî ñèñòåìà âåêòîðîâ ψj (i = 1, 2, ..., n) ëèíåéíî íåçàâèñèìà. Ïîýòîìó åñëè
íå âûïîëíåíî (10), òî ïîëó÷àåì (13), ò.å. Fk = 0. Ïðè ýòîì âñå äàëüíåéøèå Fk+1, Fk+2, . . . áóäóò
íóëÿìè è çà Qk+1, Qk+2, . . . áåðåì Qk.

Åñëè ïðè âñåõ k = 0, 1, 2, ... âûïîëíåíû (10), òî èç (11) ïîëó÷àåì, ÷òî ‖Fk‖ ìîíîòîííî ñòðîãî
óáûâàåò ïðè âîçðàñòàíèè k, ïðè÷åì

lim
k→∞




n∑

j=1

〈Fk−1, ψj〉2



∥∥∥∥∥∥




n∑

j=1

〈Fk−1, ψj〉ψj




∥∥∥∥∥∥

−2

= 0. (14)
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Åñëè æå ñîîòíîøåíèå íå âûïîëíÿåòñÿ, òî íà÷èíàÿ ñ íåêîòîðîãî íîìåðà ïðàâàÿ ÷àñòü (11)
ñòàíîâèòñÿ îòðèöàòåëüíîé. Ýòî íåâîçìîæíî, èáî ëåâàÿ ÷àñòü íåîòðèöàòåëüíà. Íî




n∑

j=1

〈Fk−1, ψj〉2



∥∥∥∥∥∥

n∑

j=1

〈Fk−1, ψj〉ψj

∥∥∥∥∥∥

−2

≥



n∑

j=1

〈Fk−1, ψj〉2



∥∥∥∥∥∥

n∑

j=1

〈Fk−1, ψj〉ψj

∥∥∥∥∥∥

−1

×

×



n∑

j=1

‖ψj‖2



−1

≥



n∑

j=1

〈Fk−1, ψj〉2

 ·




n∑

j=1

‖ψj‖2



−1

. (15)

Îòñþäà è èç (14) âûòåêàåò, ÷òî

lim
k→∞

n∑

j=1

〈Fk−1, ψj〉2 = 0.

Íî {ψj}n
j=1 � ëèíåéíî íåçàâèñèìàÿ ñèñòåìà âåêòîðîâ, ïîýòîìó

lim
k→∞

‖Fk−1‖ = 0.

Îòñþäà ïîëó÷àåì äîêàçûâàåìóþ òåîðåìó.
Äàëåå

n∑

j=1

〈Fk−1, ψj〉2 =
n∑

j=1

〈Fk−1, Aej〉2 =
n∑

j=1

〈A∗Fk−1, ej〉2 = ‖A∗Fk−1‖2.

Íî òàê êàê ∥∥A−1
∥∥ =

∥∥A∗−1
∥∥

è ìàòðèöà A îáðàòèìà, ìû èç ïîñëåäíåãî ðàâåíñòâà âûâîäèì:
n∑

j=1

〈Fk−1, ψj〉2 ≥
∥∥A−1

∥∥2‖δk−1‖2. (16)

Òåïåðü ïîëüçóÿñü (15) è (16), ïîëó÷àåì èç (11)

‖Fk‖2 ≤ ‖Fk−1‖2 − C−1
1 ‖Fk−1‖2 = ‖Fk−1‖2 (

1− C−1
1

)
.

Èç ýòîãî íåðàâåíñòâà âûòåêàåò, ÷òî ñêîðîñòü ñõîäèìîñòè Qk ê ðåøåíèþ Q óðàâíåíèÿ AQ−
f = 0 åñòü ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ, ò.å.

‖Q−Qk‖2 ≤ C2‖Fk‖2 ≤ C3

(
1− C−1

1

)k
. (17)

Îòìåòèì, ÷òî â (17) ÷èñëî C3 çàâèñèò îò íîðìû
∥∥A−1

∥∥ è ðàçìåðíîñòè n ìàòðèöû A. Ïðè
áîëüøèõ n ÷èñëî C3 ìîæåò îêàçàòüñÿ ñëèøêîì ìàëûì.

Íî ýòî íå äîëæíî ñìóùàòü, òàê êàê âû÷èñëÿþùàÿ ìîùü êîìïüþòåðîâ âîçðàñòàåò èç ãîäà â
ãîä.

Çàìå÷àíèå 1. Åñëè ìàòðèöà A íåîáðàòèìà, òî
a) ïðè íåêîòîðîì k ≥ 0 âûïîëíÿåòñÿ ðàâåíñòâî

n∑

j=1

〈F0, ψj〉ψj = 0;

b) âåëè÷èíà ‖Fk‖ íå ñòðåìèòñÿ ê íóëþ.
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Âûïîëíåíèå a) è b) åñòü äîñòàòî÷íûå ïðèçíàêè íåîáðàòèìîñòè ìàòðèöû A.
Âîîáùå ãîâîðÿ, íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì îáðàòèìîñòè A ÿâëÿåòñÿ ëèíåéíàÿ

íåçàâèñèìîñòü ñèñòåìû {ψj}n
j=1.

Çàìå÷àíèå 2. Ïðè ðåàëèçàöèè ïðåäëàãàåìîãî ìåòîäà ÷èñëà 〈Fr, ψj〉 ìîãóò îêàçàòüñÿ ñëèø-
êîì ìàëûìè, ïîýòîìó ïðè áîëüøèõ n îøèáêè îêðóãëåíèÿ ìîãóò ñèëüíî ìåøàòü ÷èñëåííûì
ðàñ÷åòàì. Âîîáùå ãîâîðÿ, â ñëó÷àå êîãäà ðàçìåðíîñòü n ìàòðèöû A äîñòàòî÷íî âåëèêà, îøèá-
êè îêðóãëåíèÿ ìåøàþò íåçàâèñèìî îò âûáðàííîãî ìåòîäà.

Çàìå÷àíèå 3. Îòìåòèì, ÷òî ïðåäëîæåííûé ìåòîä âàðèàöèîííî-èòåðàöèîííûé è ïîýòîìó
óñòîé÷èâûé. Íà êàæäîì öèêëå èñïîëüçóåòñÿ 2n2 + 5n óìíîæåíèé (íåêîòîðûå óìíîæåíèÿ
ìîãóò îêàçàòüñÿ òðèâèàëüíûìè) è íå áîëåå 10n ñëîæåíèé.

Â ñëåäóþùèõ ïóíêòàõ ìû ïðèâîäèì ñïîñîá ðàñïàðàëëåëèâàíèÿ âû÷èñëèòåëüíîãî ïðîöåññà,
ïðåäíàçíà÷åííîãî äëÿ ðåøåíèÿ ëèíåéíîé íåîäíîðîäíîé àëãåáðàè÷åñêîé ñèñòåìû óðàâíåíèé,
êîòîðûé îòëè÷àåòñÿ îò ðàññìîòðåííûõ â [1], [2].

II. Çàäà÷à ðàñïàðàëëåëèâàíèÿ

Ïóñòü A = {aij}n
i,j=1. Òîãäà

Aej = (aij , a2j , ..., anj) = ψj ,

ej = (0, 0, ..., 1, 0, ..., 0).

Ïóñòü C1, C2, . . . , Ck � êîìïüþòåðû, à 1 < n1 < n2 < ... < nk−1 < nk = n � öåëûå ÷èñëà.
Êîìïüþòåðó Cj ïîðó÷àåì âû÷èñëèòü

〈
ψnj−1+i, Fr

〉
, nj−1 + i, i = 1, 2, ..., nj − nj−1;

nj−nj−1∑

i=1

〈
ψnj−1+i, Fr

〉2 ≡ Mj,r,

nj−nj−1∑

i=1

〈
ψnj−1+i, Fr

〉
ψnj−1+i ≡ Rj,r.

Äëÿ ïðîâåäåíèÿ ýòèõ âû÷èñëåíèé êîìïüþòåð Cj (j = 1, 2, ..., k) ïðîäåëûâàåò 2(nj−nj−1)n+
(nj − nj−1) óìíîæåíèé è (nj − nj−1)(n + 1) ñëîæåíèé.

Ïîëó÷åííîå ïåðåäàåì êîìïüþòåðó Ck+1, êîòîðûé âû÷èñëÿåò

k∑

j=1

Mjr = Mr =
n∑

`=1

〈ψ`, Fr〉2,

k∑

j=1

Rjr = Rr =
n∑

`=1

〈ψ`, Fr〉ψ`,

δ‖Rr‖2 ≡
∥∥∥∥∥

n∑

`=1

〈ψ`, Fr〉ψ`

∥∥∥∥∥
2

,

δ =
Mr

‖Rr‖2
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è ïîëîæèì
Fr+1 = Fr − δRr,

Θr+1 = Θr + δ
n∑

`=1

〈ψ`, Fr〉e`.

Â êà÷åñòâå F0 áåðåòñÿ f , à â êà÷åñòâå Θ0 áåðåòñÿ 0.
Êîìïüþòåð Ck+1 ïðîäåëûâàåò îäíî äåëåíèå (åñëè ‖Rr‖ 6= 0), n óìíîæåíèé, k +kn+n+n =

(k + 1)n + 2n ñëîæåíèé.
Îáùåå êîëè÷åñòâî óìíîæåíèé áóäåò 2n2 + 2n. Ñëîæåíèé ìåíüøå ÷åì 3n2.
×òîáû êîìïüþòåðû C1, C2, . . . , Ck çàêàí÷èâàëè öèêë îäíîâðåìåííî (ïî÷òè îäíîâðåìåííî),

÷èñëà nj−nj−1 áåðåì ïðîïîðöèîíàëüíûìè ñêîðîñòè vj êîìïüþòåðà Cj (òî÷íî ïðîïîðöèîíàëüíî
áðàòü òðóäíî, ò.ê. nj − nj−1 � öåëûå, ïîýòîìó áåðåì òàê: nj − nj−1 − 1 < γvj ≤ nj − nj−1 + 1).

Çàìå÷àíèå 4. Ïðè áîëüøèõ n è k âðåìÿ ðàáîòû êîìïüþòåðà Ck+1 áóäåò ïðåíåáðåæèìî ìà-
ëûì ÷åì âðåìÿ ðàáîòû äðóãèõ êîìïüþòåðîâ. Ïîýòîìó êîìïüþòåð Ck+1 ìîæåò áûòü âèð-
òóàëüíûì è ñîâìåùåí ñ îäíèì èç êîìïüþòåðîâ {Cj}k

j=1.

Çàìå÷àíèå 5. Ìåòîä èòåðàöèîííî-âàðèàöèîííûé. Ïðè ðåàëèçàöèè s � èòåðàöèé êîëè÷åñòâî
âñåõ óìíîæåíèé áóäåò 2sn(n + 1), äåëåíèé íå áîëåå 2s, ñëîæåíèé íå áîëåå 6sn2 (n � ðàçìåð-
íîñòü ìàòðèöû A).

Åñëè áû ðàáîòàë òîëüêî îäèí êîìïüþòåð, òî óìíîæåíèé áûëî áû òàêæå 2sn(n+1) è äåëåíèé
2s. Ïîýòîìó äëÿ ðåàëèçàöèè s � èòåðàöèé k êîìïüþòåðîâ çàòðàòÿò âðåìåíè ïðèìåðíî â k − 1
ðàç ìåíüøå, ÷åì îäèí êîìïüþòåð.
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ÂÎÇÌÓÙÅÍÈÅÌ ÊÐÀÅÂÎÃÎ ÓÑËÎÂÈß
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Èíñòèòóò ìàòåìàòèêè, èíôîðìàòèêè è ìåõàíèêè ÌÎÍ ÐÊ
050010, Àëìàòû, óë. Ïóøêèíà, 125, e-mail: makhmud-s@mail.ru;
Ìåæäóíàðîäíûé Êàçàõñêî-Òóðåöêèé óíèâåðñèòåò èì.Õ. ßñàâè

160018, Øûìêåíò, óë. À.Áàéòóðñûíîâà, 13, e-mail: imanbaevnur@mail.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à Ñàìàðñêîãî-Èîíêèíà äëÿ óðàâíåíèÿ Øðåäèíãåðà ñ
èíòåãðàëüíûì âîçìóùåíèåì â êðàåâûõ óñëîâèÿõ. Ïðåäïîëàãàåòñÿ, ÷òî íåâîçìóùåííàÿ çàäà÷à îáëà-
äàåò ñèñòåìîé ñîáñòâåííûõ ôóíêöèé, îáðàçóþùèõ áàçèñ Ðèññà â L2(0, 1) . Ïîêàçàíî, ÷òî ñâîéñòâî
áàçèñíîñòè ñèñòåì êîðíåâûõ ôóíêöèé çàäà÷è ìîæåò ìåíÿòüñÿ ïðè êàêîì óãîäíî ìàëîì èçìåíåíèè
ÿäðà èíòåãðàëüíîãî âîçìóùåíèÿ.

Â ïðîñòðàíñòâå L2(0, 1) ðàññìîòðèì îïåðàòîð L0 , ïîðîæäåííûé îáûêíîâåííûì äèôôå-
ðåíöèàëüíûì âûðàæåíèåì

l(u) = −u′′(x) + q(x)u(x), 0 < x < 1, (1)

è êðàåâûìè óñëîâèÿìè

U1(u) ≡ u′(0)− u′(1) = 0, U2(u) ≡ u(0) = 0. (2)

Â ëèòåðàòóðå ýòó çàäà÷ó íàçûâàþò çàäà÷åé Ñàìàðñêîãî-Èîíêèíà.
Ïóñòü L1 � îïåðàòîð â L2(0, 1) , çàäàííûé âûðàæåíèåì (1) è "âîçìóùåííûìè" êðàåâûìè

óñëîâèÿìè

U1(u) = 0, U2(u) =
∫ 1

0
p(x)u(x)dx, p(x) ∈ L2(0, 1). (3)

Â íàñòîÿùåé ðàáîòå â ïðåäïîëîæåíèè, ÷òî íåâîçìóùåííûé îïåðàòîð L0 îáëàäàåò ñèñòå-
ìîé ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé (ÑèÏÔ), îáðàçóþùåé áàçèñ Ðèññà â L2(0, 1),
ìû ïîñòðîèì õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñïåêòðàëüíîé çàäà÷è äëÿ îïåðàòîðà L1. Íà

Keywords: Eigenvalues, eigenfunctions, boundary problem, Riesz basis, ordinary di�erential operator, the
characteristic determinant
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îñíîâàíèè ïîëó÷åííîé ôîðìóëû äåëàþòñÿ âûâîäû î íåóñòîé÷èâîñòè ñâîéñòâ áàçèñíîñòè Ðèññà
ÑèÏÔ çàäà÷è ïðè èíòåãðàëüíîì âîçìóùåíèè êðàåâîãî óñëîâèÿ.

Âîïðîñ î áàçèñíîñòè ÑèÏÔ îïåðàòîðà L1 ñ áîëåå îáùèìè èíòåãðàëüíûìè êðàåâûìè óñëî-
âèÿìè ïîëîæèòåëüíî ðåøåí â [1], ãäå äîêàçàíà áàçèñíîñòü Ðèññà ñî ñêîáêàìè ïðè óñëîâèè
ðåãóëÿðíîñòè ïî Áèðêãîôó [2, ñ.66�67] êðàåâûõ óñëîâèé íåâîçìóùåííîé çàäà÷è; à ïðè äîïîë-
íèòåëüíîì ïðåäïîëîæåíèè óñèëåííîé ðåãóëÿðíîñòè � áàçèñíîñòü Ðèññà ÑèÏÔ.

Äëÿ íåâîçìóùåííîãî îïåðàòîðà L0 áàçèñíîñòü Ðèññà ñî ñêîáêàìè ÑèÏÔ â ñëó÷àå ðåãóëÿð-
íûõ êðàåâûõ óñëîâèé óñòàíîâëåíà â [3]. Åñëè æå êðàåâûå óñëîâèÿ � óñèëåííî ðåãóëÿðíûå, òî
ÑèÏÔ îáðàçóþò áàçèñ Ðèññà [4, 5]. Äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà âîïðîñ áàçèñíîñòè Ðèññà
ÑèÏÔ ñ ðåãóëÿðíûìè, íî íå óñèëåííî ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè ðàññìàòðèâàëñÿ â [6].
Â íàøåì ñëó÷àå êðàåâûå óñëîâèÿ (2) ÿâëÿþòñÿ ðåãóëÿðíûìè, íî íå óñèëåííî ðåãóëÿðíûìè êðà-
åâûìè óñëîâèÿìè. Ïîýòîìó äëÿ íåãî íå ïðèìåíèìû ðåçóëüòàòû [1], à òðåáóåòñÿ äîïîëíèòåëüíîå
èññëåäîâàíèå.

Ïðèìåíÿÿ èíòåãðèðîâàíèå ïî ÷àñòÿì, ïîëó÷àåì ôîðìóëó Ëàãðàíæà
∫ 1

0
l(u)v(x)dx−

∫ 1

0
u(x)l∗(v)dx =

[
u′(0)− u′(1)

]
v(0) + u′(1)

[
v(0)− v(1)

]
− u(0)v′(0) + u(1)v′(1).

(4)
Çäåñü l∗(v) � ñîïðÿæåííîå äèôôåðåíöèàëüíîå âûðàæåíèå

l∗(v) = −v′′(x) + q(x)v(x), 0 < x < 1. (5)

Ñëåäîâàòåëüíî, îïåðàòîð L∗0, ñîïðÿæåííûé îïåðàòîðó L0, çàäàåòñÿ äèôôåðåíöèàëüíûì âû-
ðàæåíèåì (5) è êðàåâûìè óñëîâèÿìè

V1(v) ≡ v′(1) = 0, V2(v) ≡ v(0)− v(1) = 0. (6)

À îïåðàòîð L∗1, ñîïðÿæåííûé îïåðàòîðó L1, çàäàåòñÿ íàãðóæåííûì äèôôåðåíöèàëüíûì âû-
ðàæåíèåì

l∗1(v) = −v′′(x) + q(x)v(x)− p(x)v′(0), 0 < x < 1,

è êðàåâûìè óñëîâèÿìè (6).
Ïîñòðîèì òåïåðü õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñïåêòðàëüíîé çàäà÷è (1), (3). Ïóñòü

u1(x, λ), u2(x, λ) � ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé óðàâíåíèÿ l(u) = λu , óäîâëåòâîðÿþùèõ
óñëîâèÿì u

(k−1)
j (0, λ) = δjk, j, k = 1, 2 . Çäåñü δjk � ñèìâîë Êðîíåêåðà. Ïðåäñòàâëÿÿ îáùåå

ðåøåíèå ïî ôîðìóëå u(x, λ) = C1u1(x, λ) + C2u2(x, λ) è óäîâëåòâîðÿÿ åãî êðàåâûì óñëîâèÿì
(3), ïîëó÷àåì ëèíåéíóþ ñèñòåìó îòíîñèòåëüíî êîýôôèöèåíòîâ Ck :

C1[−u′1(1, λ)] + C2[1− u′2(1, λ)] = 0,

C1

[
1−

∫ 1

0
p(x)u1(x, λ)dx

]
+ C2

[
−

∫ 1

0
p(x)u2(x, λ)dx

]
= 0.

Åå îïðåäåëèòåëü è áóäåò õàðàêòåðèñòè÷åñêèì îïðåäåëèòåëåì çàäà÷è (1), (3):

∆1(λ) =
∣∣∣∣
−u′1(1, λ) 1− u′2(1, λ)
1− ∫ 1

0 p(x)u1(x, λ)dx − ∫ 1
0 p(x)u2(x, λ)dx

∣∣∣∣ . (7)

Ëåãêî âèäåòü, ÷òî õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü íåâîçìóùåííîé çàäà÷è (1), (2) ïîëó-
÷àåòñÿ îòñþäà ïðè p(x) = 0 . Îáîçíà÷èì åãî ÷åðåç ∆0(λ) .

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî íåâîçìóùåííûé îïåðàòîð L0 îáëàäàåò ñèñòåìîé
ÑèÏÔ, îáðàçóþùåé áàçèñ Ðèññà â L2(0, 1) . Òîãäà ÑèÏÔ ñîïðÿæåííîãî îïåðàòîðà L∗0 òàêæå

Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 1 (39)



Áàçèñíîñòü êîðíåâûõ ôóíêöèé çàäà÷è Ñàìàðñêîãî-Èîíêèíà 61

îáðàçóþò áàçèñ Ðèññà. Ïóñòü λ0
k � ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà L0 êðàòíîñòè m0

k + 1 ,
êîòîðûì ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè u0

k0(x) è öåïî÷êè ïðèñîåäèíåííûõ ôóíêöèé
u0

kj(x), j = 1,m0
k . Òîãäà áèîðòîãîíàëüíàÿ ñèñòåìà ñîñòîèò èç ñîáñòâåííûõ v0

km0
k
(x) è ïðèñî-

åäèíåííûõ ôóíêöèé v0
kj(x), j = 0,m0

k − 1 îïåðàòîðà L∗0 , ñîîòâåòñòâóþùèõ ñîáñòâåííûì çíà-
÷åíèÿì λ0

k . Î÷åâèäíî, ÷òî ñèñòåìà ÑèÏÔ
{

v0
kj(x), j = 0,m0

k, k = 1,∞
}

îïåðàòîðà L∗0 òàêæå
îáðàçóåò áàçèñ Ðèññà â L2(0, 1) . Ôóíêöèþ p(x) ïðåäñòàâèì â âèäå ðÿäà ïî ýòîìó áàçèñó

p(x) =
∞∑

k=1




m0
k∑

j=0

akjv
0
kj(x)


 . (8)

Èñïîëüçóÿ (8), íàéäåì áîëåå óäîáíîå ïðåäñòàâëåíèå îïðåäåëèòåëÿ ∆1(λ) . Äëÿ ýòîãî ñíà÷àëà
âû÷èñëèì

∫ 1

0
p(x)us(x, λ)dx =

∞∑

k=1




m0
k∑

j=0

akj(us(x, λ), v0
kj(x))


 , s = 1, 2. (9)

Äëÿ òîãî, ÷òîáû èçáåæàòü ïðîáëåìó âûáîðà ïðèñîåäèíåííûõ ôóíêöèé, áóäåì ñ÷èòàòü, ÷òî
ÑèÏÔ ñîïðÿæåííîé çàäà÷è ñòðîÿòñÿ ïî ôîðìóëàì

L∗0v0
km0

k
= λ0

kv
0
km0

k
, L∗0v0

kj = λ0
kv

0
kj +

√
λ0

kv
0
kj+1, j = 0,m0

k − 1.

Ëåãêî ïðîâåðÿåòñÿ ñëåäóþùàÿ öåïî÷êà ðàâåíñòâ:

(λ− λ0
k)(us(x, λ), v0

kj(x)) = (λus(x, λ), v0
kj(x))− (us(x, λ), λ0

kv
0
kj(x)) = (l(us), v0

kj)−

−(us,L∗0v0
kj − (λ0

k)
1
2 v0

kj+1) = (l(us), v0
kj)− (us,L∗0v0

kj) + (λ0
k)

1
2 (us, v

0
kj+1).

Ïðèìåíÿåì çäåñü ôîðìóëó Ëàãðàíæà (4) è êðàåâûå óñëîâèÿ (6). Òîãäà äëÿ âñåõ j = 0,m0
k − 1

ïîëó÷àåì
(λ− λ0

k)(us(x, λ), v0
kj(x)) = Bks(j) + (λ0

k)
1
2 (us, v

0
kj+1),

ãäå îáîçíà÷åíî
Bks(j) = [u′s(0)− u′s(1)]v0

kj(0)− us(0)v0′
kj(0). (10)

Ïîâòîðÿÿ ïîäîáíûå âû÷èñëåíèÿ (m0
k − 1− j) ðàç, ïîëó÷àåì

(us(x, λ), v0
kj(x)) =

m0
k−1−j∑

r=0

Bks(j + r)
(λ0

k)
r
2

[λ− λ0
k]

r+1
+

(
(λ0

k)
1
2

λ− λ0
k

)m0
k−j

(us, v
0
km0

k
).

Àíàëîãè÷íî, äëÿ ñîáñòâåííîé ôóíêöèè v0
km0

k
ïîëó÷àåì

(λ− λ0
k)(us(x, λ), v0

km0
k
(x)) = Bks(m0

k).

Îáúåäèíÿÿ äâà ïîñëåäíèõ ðàâåíñòâà, èìååì

(us(x, λ), v0
kj(x)) =

m0
k−j∑

r=0

Bks(j + r)
(λ0

k)
r
2

[λ− λ0
k]

r+1
.
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Ïîäñòàâëÿÿ ñþäà ÿâíûé âèä èç îáîçíà÷åíèÿ (10), íàõîäèì

(us(x, λ), v0
kj(x)) = [u′s(0)−u′s(1)]




m0
k−j∑

r=0

(λ0
k)

r
2

[λ− λ0
k]

r+1
v0
kj+r(0)


−us(0)




m0
k−j∑

r=0

(λ0
k)

r
2

[λ− λ0
k]

r+1
v′0kj+r(0)


 .

(11)
Òåïåðü (11) ìîæåì ïîäñòàâèòü â ôîðìóëó (9). Òîãäà

∫ 1

0
pm(x)us(x, λ)dx = [u′s(0)− u′s(1)]A1(λ)− us(0)A2(λ),

ãäå îáîçíà÷åíî

Aj(λ) =
∞∑

k=1




m0
k∑

j=0

akj




m0
k−j∑

r=0

(λ0
k)

r
2

[λ− λ0
k]

r+1
v0(i−1)

kj+r (0)





 . (12)

Èñïîëüçóÿ ïîëó÷åííîå â (7), ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïîëó÷àåì

∆1(λ) = ∆0(λ)−∆0(λ)A2(λ) = ∆0(λ)(1−A2(λ)). (13)

Ïîäñòàâëÿÿ ñþäà çíà÷åíèå A2(λ) èç (12), íàõîäèì ïðåäñòàâëåíèå õàðàêòåðèñòè÷åñêîãî îïðå-
äåëèòåëÿ îïåðàòîðà L1 :

∆1(λ) = ∆0(λ)


1−

∞∑

k=1




m0
k∑

j=0

akj




m0
k−j∑

r=0

(λ0
k)

r
2

[λ− λ0
k]

r+1
v′0kj+r(0)








 . (14)

Ñôîðìóëèðóåì ïîëó÷åííûé ðåçóëüòàò â âèäå òåîðåìû.

Òåîðåìà 1. Ïóñòü çàäà÷à (1), (2) îáëàäàåò ñîáñòâåííûìè çíà÷åíèÿìè λ0
k è ÑèÏÔ, îáðàçóþ-

ùèìè áàçèñ Ðèññà. Òîãäà õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü çàäà÷è (1), (3) ñ âîçìóùåííûìè
êðàåâûìè óñëîâèÿìè ïðåäñòàâèì â âèäå (14), ãäå ∆0(λ) � õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü
çàäà÷è (1), (2); {v0

kj} � ÑèÏÔ ñîïðÿæåííîé íåâîçìóùåííîé çàäà÷è; akj � êîýôôèöèåíòû
Ôóðüå áèîðòîãîíàëüíîãî ðàçëîæåíèÿ (8) ïî ýòîé ñèñòåìå ôóíêöèè p(x) .

Â ïðåäñòàâëåíèè (13) ôóíêöèÿ A2(λ) èìååò ïîëþñà â òî÷êàõ λ = λ0
k ìàêñèìàëüíîãî ïî-

ðÿäêà m0
k + 1 . Îäíàêî â ýòèõ æå òî÷êàõ ôóíêöèÿ ∆0(λ) èìååò íóëè ïîðÿäêàm0

k + 1 . Ïîýòîìó
ôóíêöèÿ ∆1(λ), ïðåäñòàâëåííàÿ ïî ôîðìóëå (14) ÿâëÿåòñÿ öåëîé àíàëèòè÷åñêîé ôóíêöèåé
ïåðåìåííîãî λ .

Áîëåå ïðîñòî ôîðìóëà (14) âûãëÿäèò â ñëó÷àå, êîãäà p(x) ïðåäñòàâëÿåòñÿ â âèäå êîíå÷íîé
ñóììû â (8). Òî åñòü, êîãäà ñóùåñòâóåò òàêîé íîìåð N, ÷òî akj = 0 äëÿ âñåõ k > N . Â ýòîì
ñëó÷àå ôîðìóëà (14) ïðèíèìàåò âèä

∆1(λ) = ∆0(λ)


1 +

N∑

k=1




m0
k∑

j=0

akj




m0
k−j∑

r=0

(λ0
k)

r
2

[λ− λ0
k]

r+1
v′0kj+r(0)








 . (15)

Èç ýòîãî ÷àñòíîãî ñëó÷àÿ ôîðìóëû (14) íåñëîæíî îáîñíîâàòü ñëåäóþùåå

Ñëåäñòâèå 1. Â óñëîâèÿõ òåîðåìû 1 äëÿ ëþáûõ íàïåðåä çàäàííûõ ÷èñåë � êîìïëåêñíîãî λ̂ è
íàòóðàëüíîãî m̂ âñåãäà ñóùåñòâóåò òàêàÿ ôóíêöèÿ p(x), ÷òî λ̂ áóäåò ÿâëÿòüñÿ ñîáñòâåí-
íûì çíà÷åíèåì çàäà÷è (1), (3) êðàòíîñòè m̂ .
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Èç àíàëèçà ôîðìóëû (15) òàêæå ëåãêî âèäåòü, ÷òî ∆1(λ0
k) = 0 äëÿ âñåõ k > N. Òî åñòü âñå

ñîáñòâåííûå çíà÷åíèÿ λ0
k, k > N íåâîçìóùåííîé çàäà÷è (1), (2) ÿâëÿþòñÿ ñîáñòâåííûìè çíà-

÷åíèÿìè âîçìóùåííîé çàäà÷è (1), (3). Òàêæå íå òðóäíî óáåäèòüñÿ, ÷òî ñîõðàíÿåòñÿ è êðàòíîñòü
ñîáñòâåííûõ çíà÷åíèé λ0

k, k > N .
Áîëåå òîãî, èç óñëîâèÿ áèîðòîãîíàëüíîñòè ñèñòåì ÑèÏÔ ñîïðÿæåííûõ çàäà÷ ñëåäóåò, ÷òî â

ýòîì ñëó÷àå
∫ 1
0 p(x)u0

kj(x)dx = 0, j = 0,m0
k, k > N . Ïîýòîìó ÑèÏÔ u0

kj(x) çàäà÷è (1), (2) ïðè
k > N óäîâëåòâîðÿþò êðàåâûì óñëîâèÿì (3) è, ñëåäîâàòåëüíî, ÿâëÿþòñÿ ÑèÏÔ çàäà÷è (1),
(3). Çíà÷èò â ýòîì ñëó÷àå ñèñòåìà ÑèÏÔ çàäà÷è (1), (3) îòëè÷àåòñÿ îò ñèñòåìû ÑèÏÔ çàäà÷è
(1), (2) (îáðàçóþùåé áàçèñ Ðèññà) ëèøü ïî êîíå÷íîìó ÷èñëó ïåðâûõ ÷ëåíîâ. Ñëåäîâàòåëüíî,
ñèñòåìà ÑèÏÔ çàäà÷è (1), (3) òàêæå îáðàçóåò áàçèñ Ðèññà â L2(0, 1) .

Â ñèëó áàçèñíîñòè Ðèññà â L2(0, 1) ñèñòåìû ÑèÏÔ {v0
kj(x)} ñîïðÿæåííîé íåâîçìóùåííîé

çàäà÷è, ìíîæåñòâî ôóíêöèé p(x), ïðåäñòàâèìûõ â âèäå êîíå÷íîãî ðÿäà (8) ÿâëÿåòñÿ ïëîòíûì
â L2(0, 1). Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 2. Ïóñòü çàäà÷à (1), (2) îáëàäàåò ÑèÏÔ, îáðàçóþùèìè áàçèñ Ðèññà. Òîãäà ìíîæå-
ñòâî ôóíêöèé p(x) ∈ L2(0, 1) òàêèõ, ÷òî ñèñòåìà ÑèÏÔ çàäà÷è (1), (3) îáðàçóåò áàçèñ Ðèññà
â L2(0, 1), ÿâëÿåòñÿ ïëîòíûì â L2(0, 1).

Îòìåòèì, ÷òî â [7] àíàëîã òåîðåìû 2 äîêàçàí äëÿ ÷àñòíîãî ñëó÷àÿ èíòåãðàëüíîãî âîçìó-
ùåíèÿ ïåðèîäè÷åñêèõ êðàåâûõ óñëîâèé äëÿ îïåðàòîðà äâóêðàòíîãî äèôôåðåíöèðîâàíèÿ. Äî-
ïîëíèòåëüíî â [7] äîêàçàíî, ÷òî ìíîæåñòâî ôóíêöèé p(x) ∈ L2(0, 1) òàêèõ, ÷òî ñèñòåìà ÑèÏÔ
çàäà÷è (ñ âîçìóùåííûìè ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè) íå îáðàçóåò äàæå îáû÷íîãî
áàçèñà â L2(0, 1), òàêæå ÿâëÿåòñÿ ïëîòíûì â L2(0, 1). Â íàøåì ñëó÷àå âåðíà

Òåîðåìà 3. Ïóñòü çàäà÷à (1), (2) îáëàäàåò ÑèÏÔ, îáðàçóþùèìè áàçèñ Ðèññà â L2(0, 1). Òîãäà
ìíîæåñòâî ôóíêöèé p(x) ∈ L2(0, 1) òàêèõ, ÷òî ñèñòåìà ÑèÏÔ çàäà÷è (1), (3) íå îáðàçóåò
äàæå îáû÷íîãî áàçèñà â L2(0, 1), ÿâëÿåòñÿ ïëîòíûì â L2(0, 1).

Äîêàçàòåëüñòâî. Òàê êàê çàäà÷à (1), (2) îáëàäàåò ñèñòåìîé ÑèÏÔ, îáðàçóþùåé áàçèñ Ðèññà,
òî ñîáñòâåííûå çíà÷åíèÿ çàäà÷è � àñèìïòîòè÷åñêè äâóêðàòíûå è ñîîòâåòñòâóþùèå èì êîðíåâûå
ïîäïðîñòðàíñòâà ñîñòîÿò èç îäíîé ñîáñòâåííîé è îäíîé ïðèñîåäèíåííîé ôóíêöèé [6]. Àñèìï-
òîòè÷åñêàÿ äâóêðàòíîñòü ñîáñòâåííûõ çíà÷åíèé îçíà÷àåò ñóùåñòâîâàíèå òàêîãî ÷èñëà N0, ÷òî
âñå ñîáñòâåííûå çíà÷åíèÿ λ0

k ñ íîìåðàìè k > N0 áóäóò äâóêðàòíûìè.
Ïóñòü {v0

kj(x), j = 0,m0
k, k = 1,∞; m0

k = 1 äëÿ k > N0} � ñèñòåìà ÑèÏÔ çàäà÷è (1),
(2), îáðàçóþùàÿ áàçèñ Ðèññà â L2(0, 1). Î÷åâèäíî, ÷òî ìíîæåñòâî ôóíêöèé p(x) ∈ L2(0, 1),
ïðåäñòàâèìûõ â âèäå ðÿäà (8), êîýôôèöèåíòû êîòîðîãî àñèìïòîòè÷åñêè, òî åñòü íà÷èíàÿ ñ
íåêîòîðîãî íîìåðà, îáëàäàþò ñâîéñòâîì ak0 = 0, ak1 6= 0, áóäåò ïëîòíûì â L2(0, 1). Ïîýòîìó
äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî ïîêàçàòü, ÷òî äëÿ òàêèõ ôóíêöèé p(x) ñèñòåìà ÑèÏÔ
çàäà÷è (1), (3) íå îáðàçóåò äàæå îáû÷íîãî áàçèñà. Íå óìåíüøàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî
ak0 = 0, ak1 6= 0 äëÿ âñåõ k > N0 . Òîãäà ôóíêöèÿ p(x) ïðåäñòàâèìà â âèäå ðÿäà

p(x) =
N0∑

k=1




m0
k∑

j=0

akjv
0
kj(x)


 +

∞∑

k=N0+1

ak1v
0
k1(x).

Ïîýòîìó õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü (14) çàäà÷è (1),(3) â íàøåì êîíêðåòíîì ñëó÷àå
èìååò âèä

∆1(λ) = ∆0(λ)


1 +

N0∑

k=1




m0
k∑

j=0

akj




m0
k−j∑

r=0

(λ0
k)

r
2

[λ− λ0
k]

r+1
v′0kj+r(0)





 +

∞∑

k=N0+1

ak1

v′0k1
(0)

λ− λ0
k


 . (16)
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Ïóñòü c(x, λ), s(x, λ) � ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé óðàâíåíèÿ l(u) = λu ñ óñëî-
âèÿìè c(0, λ) = s′(0, λ) = 1, c′(0, λ) = s(0, λ) = 0. Ñòàíäàðòíûìè âû÷èñëåíèÿìè ëåãêî
ïîêàçàòü, ÷òî õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü íåâîçìóùåííîé çàäà÷è (1), (2) èìååò âèä
∆0(λ) = 1 − s′(1, λ), à ñîáñòâåííàÿ ôóíêöèÿ ðàâíà u0

k0(x) = C0s(x, λ0
k). Êîíñòàíòà C0 âû-

áèðàåòñÿ èç óñëîâèÿ íîðìèðîâêè ñîáñòâåííûõ ôóíêöèé ‖u0
k0(x)‖ = 1.

Òàê êàê âñå ñîáñòâåííûå çíà÷åíèÿ λ0
k, k > N0, çàäà÷è (1), (2) � äâóêðàòíûå, òî èç (16) ëåãêî

âèäåòü, ÷òî ∆1(λ0
k) = 0 , òî åñòü λ0

k òàêæå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì çàäà÷è (1), (3).
Ïðè ýòîì â ñèëó òîãî, ÷òî ak1 6= 0 äëÿ âñåõ k > N0 , ñîáñòâåííûå çíà÷åíèÿ λ0

k, k > N0, çàäà÷è
(1), (3) áóäóò îäíîêðàòíûìè.

Áîëåå òîãî, èç óñëîâèÿ áèîðòîãîíàëüíîñòè ñèñòåì ÑèÏÔ ñîïðÿæåííûõ çàäà÷ ñëåäóåò, ÷òî â
ýòîì ñëó÷àå

∫ 1
0 p(x)u0

k0(x)dx = 0, k > N0 . Ïîýòîìó ñîáñòâåííûå ôóíêöèè u0
k0(x) çàäà÷è (1), (2)

ïðè k > N0 óäîâëåòâîðÿþò êðàåâûì óñëîâèÿì (3) è, ñëåäîâàòåëüíî, ÿâëÿþòñÿ ñîáñòâåííûìè
ôóíêöèÿìè çàäà÷è (1), (3). Òàêèì îáðàçîì, ïðè k > N0 ñîáñòâåííûå ôóíêöèè çàäà÷è (1), (3),
ñîîòâåòñòâóþùèå ñîáñòâåííûì çíà÷åíèÿì λ0

k , èìåþò âèä

u1
k0(x) = C0s(x, λ0

k). (17)

Êîíñòàíòó C0 âûáåðåì èç óñëîâèÿ íîðìèðîâêè ñîáñòâåííûõ ôóíêöèé ‖u1
k0(x)‖ = 1.

Äëÿ îöåíêè àñèìïòîòèêè êîíñòàíòû C0 íàì ïîíàäîáèòñÿ àñèìïòîòèêà ôóíäàìåíòàëüíûõ
ðåøåíèé [2, ñ.59], ρ =

√
λ,

c(x, λ) = cos ρx
[
1 + O

(
1
ρ

)]
, s(x, λ) = sin ρx

ρ

[
1 + O

(
1
ρ

)]
,

c′(x, λ) = −ρ sin ρx
[
1 + O

(
1
ρ

)]
, s′(x, λ) = cos ρx

[
1 + O

(
1
ρ

)]
.

(18)

Òàê êàê çàäà÷à Ñàìàðñêîãî-Èîíêèíà ÿâëÿåòñÿ ðåãóëÿðíîé ïî Áèðêãîôó êðàåâîé çàäà÷åé, òî
åå ñîáñòâåííûå çíà÷åíèÿ èìåþò ñëåäóþùóþ àñèìïòîòèêó [2, ñ.59]:

√
λ0

k = ρ0
k = 2kπ

[
1 + O

(
1
k

)]
.

Ïîýòîìó
1 = ‖u1

k0(x)‖ = |C0|‖s(x, λ0
k)‖ = |C0| 1√

2ρ0
k

[
1 + O

(
1
k

)]
.

Ñëåäîâàòåëüíî, êîíñòàíòà C0 èìååò àñèìïòîòèêó C0 =
√

2ρ0
k

[
1 + O

(
1
k

)]
, à ñîáñòâåííûå ôóíê-

öèè: u1
k0(x) =

√
2 sin ρ0

kx
[
1 + O

(
1
k

)]
.

Ïîñòðîèì òåïåðü ñîáñòâåííûå ôóíêöèè ñîïðÿæåííîé çàäà÷è, òî åñòü îïåðàòîðà L∗1 , ñîîò-
âåòñòâóþùèå ñîáñòâåííîìó çíà÷åíèþ λ0

k, k > N0 . Îíè óäîâëåòâîðÿþò óðàâíåíèþ

−v′′(x) + q(x)v(x)− p(x)v′(0) = λ0
kv(x), 0 < x < 1, (19)

è êðàåâûì óñëîâèÿì (6).
Îáîçíà÷àÿ v′(0) = C3 , îáùåå ðåøåíèå óðàâíåíèÿ (19) ïðåäñòàâèì â âèäå

v(x) = C1c(x, λ0
k) + C2s(x, λ0

k)− C3

∫ 1

x

[
c(x, λ0

k)s(t, λ
0
k)− c(t, λ0

k)s(x, λ0
k)

]
p(t)dt.

Óäîâëåòâîðÿÿ åãî êðàåâûì óñëîâèÿì (6), ñ ó÷åòîì v′(0) = C3, s′(1, λ0
k) = 1 è

∫ 1
0 s(t, λ0

k)p(t)dt = 0,
k > N0, ïîëó÷àåì ëèíåéíóþ ñèñòåìó





C1c′(1, λ0
k) + C2 = 0,

C1

[
1− c(1, λ0

k)
]
− C2s(1, λ0

k) = 0,

−C2 + C3

[
1− ∫ 1

0 c(t, λ0
k)p(t)dt

]
= 0.

(20)
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Îïðåäåëèòåëü ýòîé ñèñòåìû ðàâåí

∆1(λ0
k) = ∆0(λ0

k)A(λ0
k) = 0, ãäå A(λ0

k) =
[
1−

∫ 1

0
c(t, λ0

k)p(t)dt

]
.

Ïîýòîìó ñèñòåìà (20) èìååò íåíóëåâîå ðåøåíèå

C2 = −C1c′(1, λ0
k), C3 = −C1

c′(1, λ0
k)

A(λ0
k)

.

Ïîäñòàâëÿÿ ïîëó÷åííîå â îáùåå ðåøåíèå óðàâíåíèÿ (19), ïîëó÷àåì ñîáñòâåííóþ ôóíêöèþ

v1
k0(x) = C1

{
c(x, λ0

k)− c′(1, λ0
k)s(x, λ0

k) +
c′(1, λ0

k)
A(λ0

k)

∫ 1

x

[
c(x, λ0

k)s(t, λ
0
k)− c(t, λ0

k)s(x, λ0
k)

]
p(t)dt

}
.

Ïðè ýòîì èç àñèìïòîòèêè (18) ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé íåñëîæíî ïîëó÷èòü, ÷òî
A(λ0

k) =
[
1 + O

(
1
ρ0

k

)
‖p(x)‖

]
è, ñëåäîâàòåëüíî,

‖v1
k0(x)‖ = |C1|O(1). (21)

Êîíñòàíòó C1 ñëåäóåò îïðåäåëÿòü èç óñëîâèÿ áèîðòîãîíàëüíîñòè (u1
k0(x), v1

k0(x)) = 1. Ïîä-
ñòàâëÿÿ ñþäà âûðàæåíèÿ (17) è (21), ó÷èòûâàÿ àñèìïòîòèêó C0 è ôóíäàìåíòàëüíîé ñèñòåìû
ðåøåíèé (18), ñòàíäàðòíûìè âû÷èñëåíèÿìè íàõîäèì: C1O

(
1
ρ0

k

)
= 1. Ïîýòîìó C1 = O(ρ0

k) ÿâ-
ëÿåòñÿ íåîãðàíè÷åííîé âåëè÷èíîé. Îòñþäà, ó÷èòûâàÿ íîðìèðîâàííîñòü ñîáñòâåííîé ôóíêöèè
u1

k0(x) è îöåíêó (21) äëÿ ñîáñòâåííîé ôóíêöèè v1
k0(x), ïîëó÷àåì

lim
k→∞

‖u1
k0(x)‖ · ‖v1

k0(x)‖ = ∞.

Òî åñòü íå âûïîëíåíî óñëîâèå ðàâíîìåðíîé ìèíèìàëüíîñòè [8, ñ.66] ñèñòåìû êîðíåâûõ ôóíêöèé
îïåðàòîðà L1 è, ñëåäîâàòåëüíî, îíà íå îáðàçóåò äàæå îáû÷íîãî áàçèñà â L2(0, 1). Òåîðåìà 3
äîêàçàíà.

Îòìåòèì, ÷òî â õîäå äîêàçàòåëüñòâà òåîðåìû íàìè îáîñíîâàíà ñîïðÿæåííîñòü çàäà÷è (1),
(3) è çàäà÷è (6) äëÿ íàãðóæåííîãî óðàâíåíèÿ. Òàê êàê ñîïðÿæåííûå îïåðàòîðû îäíîâðåìåííî
îáëàäàþò ñâîéñòâîì áàçèñíîñòè Ðèññà êîðíåâûõ ôóíêöèé, òî îòñþäà ïîëó÷àåì

Ñëåäñòâèå 2. Ìíîæåñòâî P ôóíêöèé p(x) ∈ L2(0, 1) , äëÿ êîòîðûõ ñèñòåìà êîðíåâûõ ôóíê-
öèé çàäà÷è (6) äëÿ íàãðóæåííîãî óðàâíåíèÿ îáðàçóåò áàçèñ Ðèññà â L2(0, 1) , âñþäó ïëîòíî â
L2(0, 1) . Ìíîæåñòâî L2(0, 1)\P òàêæå âñþäó ïëîòíî â L2(0, 1).

Ðåçóëüòàòû íàñòîÿùåé ðàáîòû â îòëè÷èå îò [1] äåìîíñòðèðóþò âîçìîæíîñòü íåóñòîé÷èâîñòè
ñâîéñòâ áàçèñíîñòè ÑèÏÔ çàäà÷è ïðè èíòåãðàëüíîì âîçìóùåíèè êðàåâûõ óñëîâèé, ÿâëÿþùèõñÿ
ðåãóëÿðíûìè, íî íå óñèëåííî ðåãóëÿðíûìè.
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ÐÅÃÓËßÐÍÎÉ ÎÐÒÎÍÎÐÌÈÐÎÂÀÍÍÎÉ ÑÈÑÒÅÌÅ
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Èçó÷àþòñÿ èíòåãðàëüíûå ñâîéñòâà îðòîãîíàëüíûõ ðÿäîâ ïî ðåãóëÿðíîé ñèñòåìå ôóíêöèé ñ êîýô-
ôèöèåíòàìè Ôóðüå èç äèñêðåòíîãî îáîáùåííîãî ïðîñòðàíñòâà Ëîðåíöà λq(ω). Äîêàçàíû àíàëîãè
íåðàâåíñòâ Íóðñóëòàíîâà â ñëó÷àå îáùèõ ïðîñòðàíñòâ Ëîðåíöà.

Ââåäåíèå
Ïóñòü f èçìåðèìàÿ ôóíêöèÿ íà [0,1] è µ � ìåðà Ëåáåãà. Íåâîçðàñòàþùàÿ ïåðåñòàíîâêà f∗

ôóíêöèè f îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

f∗(t) := inf {σ : m(σ, f) ≤ t} ,

ãäå m(σ, f) := µ {x ∈ [0, 1] : |f(x)| > σ} ,
Ïóñòü 0 < q ≤ ∞. Ïóñòü ω � íåîòðèöàòåëüíàÿ ôóíêöèÿ íà [0, 1]. Îáîáùåííîå ïðîñòðàíñòâî

Ëîðåíöà Λq(ω) � ìíîæåñòâî âñåõ èçìåðèìûõ íà [0, 1] ôóíêöèé f òàêèõ, ÷òî

‖f‖Λq(ω) =
(∫ 1

0
(f∗(t)ω(t))q dt

t

) 1
q

< ∞ ïðè 0 < q < ∞

è
‖f‖Λ∞(ω) = sup

0≤t≤1
f∗(t)ω(t) < ∞ ïðè q = ∞,

ãäå f∗(t) � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè f(t).
Â ñëó÷àå ω(t) = t

1
p , 1 < p < ∞, ïðîñòðàíñòâà Λq(ω) ñîâïàäàþò c êëàññè÷åñêèìè ïðîñòðàí-

ñòâàìè Ëîðåíöà Lpq ([1], [2]).
Ïóñòü µ = {µ(k)}k∈N � ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë. λq(µ)− ýòî ïðîñòðàíñòâî

âñåõ ïîñëåäîâàòåëüíîñòåé a = {ak}∞k=1 òàêèõ, ÷òî åñëè 0 < q < ∞, òî

‖a‖λq(µ) =

( ∞∑

k=1

(a∗kµ(k))q 1
k

) 1
q

< ∞,

Keywords: Lorentz spaces, Fourier coe�cients, inequalities, regular system
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åñëè q = ∞, òî
‖a‖λ∞(µ) = sup

k
a∗kµ(k) < ∞,

ãäå {a∗k} � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ïîñëåäîâàòåëüíîñòè {ak}∞k=1.

Ïóñòü f � 1-ïåðèîäè÷åñêàÿ ôóíêöèÿ, èíòåãðèðóåìàÿ íà [0, 1] , è Φ = {ϕn}∞n=1 � îðòîíîðìè-
ðîâàííàÿ ñèñòåìà ôóíêöèé. ×èñëà

an = an(f) =
∫ 1

0
f(x)ϕn(x)dx, n ∈ N,

íàçûâàþòñÿ êîýôôèöèåíòàìè Ôóðüå ôóíêöèè f ïî ñèñòåìå Φ = {ϕn}∞n=1.
Çàâèñèìîñòü èíòåãðàëüíûõ ñâîéñòâ ôóíêöèè è ñâîéñòâ ñóììèðóåìîñòè åå êîýôôèöèåíòîâ

Ôóðüå ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå ìîæíî çàïèñûâàòü â âèäå íåðàâåíñòâ.
Åñëè 2≤ q < ∞, òîãäà

‖f‖q
Lq [0,1] ≤ c1

∞∑

k=1

kq−2|ak|q. (1)

Åñëè 1 < q ≤ 2, òîãäà

c2

∞∑

k=1

kq−2|ak|q ≤ ‖f‖q
Lq [0,1] . (2)

Åñëè 1 < q < ∞, òîãäà

c3

∞∑

k=1

kq−2 |ak|q ≤ ‖f‖q
Lq [0,1] ≤ c4

∞∑

k=1

kq−2 |k∆ak|q , (3)

ãäå ak = 1
k

∣∣∣∑k
m=1 am

∣∣∣ è ∆ak = ak − ak+1, k ∈ N.

Åñëè 1 < q < ∞, òî

c5

∥∥f
∥∥q

Lq [0,1]
≤

∞∑

k=1

kq−2|ak|q ≤ c6

∥∥tf ′
∥∥q

Lq [0,1]
, (4)

ãäå f(t) = 1
t

∣∣∣
∫ 1
0 f(s)ds

∣∣∣ , f ′(t)− ïðîèçâîäíàÿ ôóíêöèè f(t).

Íåðàâåíñòâà (1) è (2) íàçûâàþòñÿ íåðàâåíñòâàìè Õàðäè-Ëèòòëâóäà. Íåðàâåíñòâà Õàðäè-
Ëèòëâóäà äëÿ ïðîñòðàíñòâ Ëîðåíöà ïîëó÷åíû Ñòåéíîì [3], à äëÿ îáîáùåííûõ ïðîñòðàíñòâ
Ëîðåíöà Λq(ω) � Ë.-Å.Ïåðññîíîì [4], [5]. Íåðàâåíñòâà (3) ïîëó÷åíû Å.Ä.Íóðñóëòàíîâûì [6-7].
Ýòè ðåçóëüòàòû äëÿ îáîáùåííûõ ïðîñòðàíñòâ Ëîðåíöà Λq(ω) è äëÿ ðåãóëÿðíîé ñèñòåìû äîêà-
çàíû â ðàáîòå [8]. Íåðàâåíñòâà (4) ÿâëÿþòñÿ äâîéñòâåííûìè ê ñîîòíîøåíèÿì (3) è äîêàçàíû â
ðàáîòàõ [6-7].

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå àíàëîãîâ íåðàâåíñòâ (4) äëÿ ñëó÷àÿ ðåãóëÿðíîé
ñèñòåìû ôóíêöèé Φ = {ϕn}∞n=1 è îáîáùåííûõ ïðîñòðàíñòâ Ëîðåíöà Λq(ω).

Îñíîâíûå ðåçóëüòàòû
Ïóñòü δ > 0, ω(t)− íåîòðèöàòåëüíàÿ ôóíêöèÿ íà [0,∞) . Îïðåäåëèì êëàññ

Aδ =
{

ω(t) : ω(t)t−δ − âîçðàñòàþùàÿ ôóíêöèÿ, ω(t)t−1+δ − óáûâàþùàÿ ôóíêöèÿ
}

.

Êëàññ A îïðåäåëÿåòñÿ êàê A = ∪δ>0Aδ.
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Îðòîíîðìèðîâàííàÿ ñèñòåìà Φ = {φk(x)}∞k=1 íàçûâàåòñÿ ðåãóëÿðíîé, åñëè ñóùåñòâóåò êîí-
ñòàíòà B òàêàÿ, ÷òî
1) äëÿ ëþáîãî îòðåçêà e èç [0, 1] è k ∈ N âåðíî

∣∣∣∣
∫

e
φk(x)dx

∣∣∣∣ ≤ B min(|e|, 1/k),

2) äëÿ ëþáîãî îòðåçêà w èç N è t ∈ (0, 1]
(∑

k∈w

φk(·)
)∗

(t) ≤ B min(|w|, 1/t),

ãäå
(∑

k∈w φk(·)
)∗ (t) � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè

∑
k∈w φk(x).

Ïðèìåðàìè ðåãóëÿðíîé ñèñòåìû ÿâëÿþòñÿ âñå òðèãîíîìåòðè÷åñêèå ñèñòåìû, ñèñòåìà Óîë-
øà, ñèñòåìà Ïðàéñà ñ îãðàíè÷åííîé îáðàçóþùåé è äðóãèå.

Òåîðåìà 1. Ïóñòü Φ = {ϕk}∞k=1 � ðåãóëÿðíàÿ ñèñòåìà è f
ï.â.=

∑∞
k=1 akφk. Ïóñòü 1 ≤ q ≤ ∞

è ω(t) ïðèíàäëåæèò êëàññó A, òîãäà

(∫ 1

0

(
f(t)ω (t)

)q dt

t

) 1
q

≤ c

( ∞∑

k=1

(a∗kµ(k))q 1
k

) 1
q

, (5)

ãäå f(t) = 1
t

∣∣∣
∫ t
0 f(s)ds

∣∣∣ , µ(k) = kω( 1
k ) è c � êîíñòàíòà, íå çàâèñÿùàÿ îò f.

Òåîðåìà 2. Ïóñòü 1 ≤ q ≤ ∞ è ω(t) ïðèíàäëåæèò êëàññó A. Ïóñòü Φ = {ϕk}∞k=1− ðåãóëÿð-
íàÿ ñèñòåìà è a = {ak}k∈N êîýôôèöèåíòû Ôóðüå ôóíêöèè f ïî ñèñòåìå Φ. Åñëè ñóùåñòâóåò
limt→1−0 ω(t)f(t) = ω(1)f(1) < ∞ è

(∫ 1

0

(
tf ′(t)ω (t)

)q dt

t

) 1
q

< ∞,

òîãäà a ∈ λq(µ) è âåðíî íåðàâåíñòâî
( ∞∑

k=1

(a∗kµ(k))q 1
k

) 1
q

≤ c

(∫ 1

0

(
tf ′(t)ω (t)

)q dt

t

) 1
q

+ ω(1)f(1),

ãäå µ(k) = kω( 1
k ).

Äîêàçàòåëüñòâî òåîðåìû 1. Ïóñòü ω(t) èç êëàññà A. Ýòî îçíà÷àåò, ÷òî íàéäåòñÿ òàêîå δ >
0, ÷òî äëÿ ω(t) âûïîëíÿþòñÿ óñëîâèÿ: ω(t)t−δ ÿâëÿåòñÿ âîçðàñòàþùåé ôóíêöèåé, ω(t)t−1+δ

ÿâëÿåòñÿ óáûâàþùåé ôóíêöèåé. Ïóñòü ôóíêöèÿ f èç Λq(ω), ò.å.

(∫ 1

0
(f∗(t)ω (t))q dt

t

) 1
q

< ∞.

Ïóñòü f
ï.â.=

∑∞
k=1 akϕk. Äëÿ âñåõ t ∈ [0, 1] ðàññìîòðèì

∣∣∣∣
∫ t

0
f(s)ds

∣∣∣∣ =

∣∣∣∣∣
∫ t

0

∑

k∈N
akϕk(s)ds

∣∣∣∣∣ ≤
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≤
∑

k∈N
|ak|

∣∣∣∣
∫ t

0
ϕk(s)ds

∣∣∣∣ .

Èç óñëîâèÿ ðåãóëÿðíîñòè ñèñòåìû ôóíêöèé Ô, ò.å.
∣∣∣
∫ t
0 ϕk(s)ds

∣∣∣ ≤ B min
(
t, 1

k

)
ñëåäóåò, ÷òî

∞∑

k=1

|ak|
∣∣∣∣
∫ t

0
ϕk(s)ds

∣∣∣∣ ≤ B
∞∑

k=1

|ak|min
(

t,
1
k

)
=

= B
∞∑

k=1

a∗k min
(

t,
1
k

)
= B




[ 1
t ]∑

k=1

a∗kt +
∞∑

k=[ 1
t ]

a∗k
1
k


 .

Ñëåäîâàòåëüíî,
∣∣∣∣
∫ t

0
f(s)ds

∣∣∣∣ ≤ B




[ 1
t ]∑

k=1

a∗kt +
∞∑

k=[ 1
t ]

a∗k
1
k


 .

Òàêèì îáðàçîì, èìååò ìåñòî

(∫ 1

0

(
f(t)ω (t)

)q dt

t

) 1
q

≤ B




∫ 1

0


ω(t)

1
t




[ 1
t ]∑

k=1

a∗kt +
∞∑

k=[ 1
t ]

a∗k
1
k







q

dt

t




1
q

≤

≤ c1




∫ 1

0


ω(t)

1
t
t

[ 1
t ]∑

k=1

a∗k




q

dt

t




1
q

+ c1




∫ 1

0


ω(t)

1
t

∞∑

k=[ 1
t ]

a∗k
1
k




q

dt

t




1
q

= c1 (I1 + I2) .

Îöåíèì ñíà÷àëà I1.
Ïóñòü ε òàêîå, ÷òî −1 + 1

q − δ < ε < −1 + 1
q . Ïîñêîëüêó ôóíêöèÿ ω (t) t−δ ÿâëÿåòñÿ âîçðàñ-

òàþùåé, îòñþäà íàõîäèì, ÷òî

I1 =




∫ 1

0


ω(t)

[ 1
t ]∑

k=1

a∗k




q

dt

t




1
q

=

=




∫ 1

0


ω (t) t−δ

t−δ

[ 1
t ]∑

k=1

a∗k




q

dt

t




1
q

≤

≤




∫ 1

0


tδ

[ 1
t ]∑

k=1

a∗kω
(

1
k

)(
1
k

)−δ




q

dt

t




1
q

=

=




∫ ∞

1


t−δ

[t]∑

k=1

a∗kω
(

1
k

) (
1
k

)−δ



q

dt

t




1
q

∼

∼
( ∞∑

n=1

(
n−δ

n∑

k=1

a∗kω
(

1
k

)(
1
k

)−δ
)q

1
n

) 1
q

.
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Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà è ó÷èòûâàÿ, ÷òî ε < −1 + 1
q , èìååì

I1 ≤ c2




∞∑

n=1


n−δ

(
n∑

k=1

(
a∗kω

(
1
k

)
k−ε

)q
) 1

q
(

n∑

k=1

k(δ+ε)q′
) 1

q′



q

1
n




1
q

∼

∼
( ∞∑

n=1

n−δqnδq+εq+q−1
n∑

k=1

(
a∗kω

(
1
k

)
k−ε

)q 1
n

) 1
q

=

= c3

( ∞∑

k=1

(
a∗kω

(
1
k

)
k−ε

)q ∞∑

n=k

nεq+q−1 1
n

) 1
q

.

Äàëåå, ó÷èòûâàÿ, ÷òî ε > −1 + 1
q − δ, ïîëó÷èì ñëåäóþùóþ îöåíêó:

I1 ≤ c4

( ∞∑

k=1

(
a∗kkω

(
1
k

))q 1
k

) 1
q

= c4

( ∞∑

k=1

(a∗kµ(k))q 1
k

) 1
q

. (6)

Àíàëîãè÷íî îöåíèì I2. Ïóñòü −1 + 1
q < ε < −1 + 1

q + δ. Ïîñêîëüêó ôóíêöèÿ ω(t)t−1+δ

ÿâëÿåòñÿ óáûâàþùåé, ïîëó÷èì ñëåäóþùèå îöåíêè:

I2 =




∫ 1

0


ω (t)

1
t

∞∑

k=[ 1
t ]

a∗k
1
k




q

dt

t




1
q

=




∫ 1

0


ω (t) t−1+δ

t−1+δ

1
t

∞∑

k=[ 1
t ]

a∗k
k




q

dt

t




1
q

≤

≤




∫ 1

0


t−δ

∞∑

k=[ 1
t ]

a∗k
k

ω

(
1
k

)(
1
k

)−1+δ




q

dt

t




1
q

=

=




∫ ∞

1


tδ

∞∑

k=[t]

a∗kω
(

1
k

)
k−δ




q

dt

t




1
q

∼

∼
( ∞∑

n=1

(
nδ

∞∑

k=n

a∗kω
(

1
k

)
k−δ

)q
1
n

) 1
q

.

Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà è ó÷èòûâàÿ, ÷òî ε < −1 + 1
q + δ, ïîëó÷èì

I2 ≤ c5




∞∑

n=1


nδ

( ∞∑

k=n

(
a∗kω

(
1
k

)
k−ε

)q
) 1

q
( ∞∑

k=n

k(−δ+ε)q′
) 1

q′



q

1
n




1
q

∼

∼
( ∞∑

n=1

nεq+q−1
∞∑

k=n

(
a∗kω

(
1
k

)
k−ε

)q 1
n

) 1
q

=

= c6

( ∞∑

k=1

(
a∗kω

(
1
k

)
k−ε

)q k∑

n=1

nεq+q−1 1
n

) 1
q

,
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à ïðè ε > −1 + 1
q ñïðàâåäëèâà îöåíêà

I2 ≤ c7

( ∞∑

k=1

(a∗kµ(k))q 1
k

) 1
q

. (7)

Òàêèì îáðàçîì, îáúåäèíÿÿ îöåíêè (6) è (7), ïîëó÷èì òðåáóåìóþ îöåíêó. Òåîðåìà 1 äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2. Èç óñëîâèÿ ω(t) ∈ A ñëåäóåò, ÷òî íàéäåòñÿ òàêîå δ > 0, ÷òî
ω(t)t−δ ÿâëÿåòñÿ âîçðàñòàþùåé, à ω(t)t−1+δ ÿâëÿåòñÿ óáûâàþùåé ôóíêöèåé, òî åñòü µ(n)n−δ

âîçðàñòàåò, à µ(n)n−1+δ óáûâàåò. Òîãäà âåðíà îöåíêà

1
n

n∑

k=1

µq(k)
k

≤ c1
µq(n)

n
, n ∈ N.

Äåéñòâèòåëüíî,
1
n

n∑

k=1

µq(k)
k

≤ 1
n

µq(n)n−δ
n∑

k=1

1
k1−δ

∼ µq(n)
n

.

Äàëåå, âîñïîëüçóåìñÿ òåîðåìîé 2.4.12 (ii) èç [9] è ïîëó÷èì ñëåäóþùåå ðàâåíñòâî:

λq(µ) =
(
λq′(µ−1n)

)′
,

ïðè ýòîì äâîéñòâåííîå ïðåäñòàâëåíèå íîðìû ïîñëåäîâàòåëüíîñòè ïðîñòðàíñòâà λq(µ) (ñì. [9])
èìååò ñëåäóþùèé âèä:

‖a‖λq(µ) = sup
‖b‖λq′ (µ−1n)=1

∞∑

n=1

anbn.

Ïðèìåíÿÿ ðàâåíñòâî Ïàðñåâàëÿ, ïîëó÷èì

‖a‖λq(µ) = sup
‖b‖λq′ (µ−1n)=1

∫ 1

0
f(t)g(t)dt =

= sup
‖b‖λq′ (µ−1n)=1

(
f(t)

∫ t

0
g(x)dx

∣∣1
0 −

∫ 1

0
f ′(t)

(∫ t

0
g(x)dx

)
dt

)
=

= sup
‖b‖λq′ (µ−1n)=1

(
f(1)

∫ 1

0
g(t)dt−

∫ 1

0
tf ′(t)

1
t

(∫ t

0
g(x)dx

)
dt

)
.

Òàê êàê g(t) = 1
t

∣∣∣
∫ t
0 f(s)ds

∣∣∣ , òî ïîëó÷èì

‖a‖λq(µ) ≤ sup
‖b‖λq′ (µ−1n)=1

(∣∣∣∣f(1)
∫ 1

0
g(t)dt

∣∣∣∣ +
∫ 1

0

∣∣tf ′(t)g(t)
∣∣ dt

)
.

Äàëåå, ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà, ïîëó÷èì

‖a‖λq(µ) ≤ sup
‖b‖λq′ (µ−1n)=1

[
f(1)

∫ 1

0
|g(t)|dt+

+
(∫ 1

0

(
tf ′(t)ω(t)

)q dt

t

) 1
q

·
(∫ 1

0

(
g(t)ω−1(t)t

)q′ dt

t

) 1
q′

]
.
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Èç íåðàâåíñòâà (5) òåîðåìû 1 ñëåäóåò, ÷òî
(∫ 1

0

(
g(t)ω−1(t)t

)q′ dt

t

) 1
q′
≤

≤ c2

( ∞∑

n=1

(
b∗nnω−1(

1
n

)
)q′ 1

n

) 1
q′

=

= c2

( ∞∑

n=1

(
b∗nnµ−1(n)

)q′ 1
n

) 1
q′

= c2‖b‖λq′ (µ−1n).

Ïîñêîëüêó limt→1−0 µ(t)f(t) = µ(1)f(1) < ∞, çàìåòèì, ÷òî

J = sup
‖b‖λq′ (µ−1n)=1

(
µ(1)f(1)µ−1(1)

∫ 1

0
|g(t)|dt

)
= sup
‖b‖λq′ (µ−1n)=1

(
µ(1)f(1)µ−1(1)g(1)

) ≤

≤ sup
‖b‖λq′ (µ−1n)=1

(
µ(1)f(1) sup

t
tµ−1(t)g(t)

)
.

Èç íåðàâåíñòâà (5) òåîðåìû 1 äëÿ ïðîñòðàíñòâà Λ∞(µ) ïîëó÷èì ñëåäóþùóþ îöåíêó:

J ≤ sup
‖b‖λq′ (µ−1n)=1

(
µ(1)f(1) sup

n
b∗nnµ−1(n)

)
≤

≤ sup
‖b‖λq′ (µ−1n)=1


µ(1)f(1)

( ∞∑

n=1

(
b∗nnµ−1(n)

)q′ 1
n

) 1
q′


 =

= sup
‖b‖λq′ (µ−1n)=1

(
µ(1)f(1)‖b‖λq′ (µ−1n)

)
= µ(1)f(1).

Òåîðåìà 2 äîêàçàíà.
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Îáîáùàåòñÿ èäåÿ äîïîëíåíèÿ ñëàáî ðåãóëÿðíûõ ëèíåéíûõ ðàñøèðåíèé äî ðåãóëÿðíûõ. Èññëåäóåòñÿ
ðåãóëÿðíîñòü íåêîòîðûõ êëàññîâ ëèíåéíûõ ðàñøèðåíèé äèíàìè÷åñêèõ ñèñòåì.

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

dx

dt
= f(x),

dy

dt
= A(x)y, (1)

ãäå x ∈ Rm , y ∈ Rn , f(x) = (f1(x), ..., fm(x)) � âåêòîð-ôóíêöèÿ îïðåäåëåíà ïðè âñåõ x ∈
Rm , ëîêàëüíî óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà. Êðîìå òîãî, áóäåì ïðåäïîëàãàòü, ÷òî âåêòîð-
ôóíêöèÿ f(x) óäîâëåòâîðÿåò îöåíêå ‖f(x)‖ ≤ α1‖x‖ + α2 ïðè âñåõ x ∈ Rm ñ íåêîòîðûìè
íåîòðèöàòåëüíûìè ïîñòîÿííûìè α1, α2 . Ïðîñòðàíñòâî òàêèõ ôóíêöèé f(x) áóäåì îáîçíà÷àòü
CLip(Rm) . Ïðåäïîëàãàåìûå âûøå óñëîâèÿ ãàðàíòèðóþò ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ
x = x(t; x0) çàäà÷è Êîøè dx

dt = f(x) , x|t=0 = x0 ïðè êàæäîì ôèêñèðîâàííîì çíà÷åíèè x0 ∈
Rm è ýòî ðåøåíèå îïðåäåëåíî ïðè âñåõ t ∈ R . Ýëåìåíòàìè êâàäðàòíîé n×n -ìåðíîé ìàòðèöû
A(x) ÿâëÿþòñÿ äåéñòâèòåëüíûå ñêàëÿðíûå ôóíêöèè íåïðåðûâíûå è îãðàíè÷åííûå íà Rm .

Áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ. C0(Rm) � ïðîñòðàíñòâî äåéñòâèòåëüíûõ ôóíê-
öèé íåïðåðûâíûõ è îãðàíè÷åííûõ íà Rm , 〈y, ȳ〉 =

n∑
j=1

yj ȳj � ñêàëÿðíîå ïðîèçâåäåíèå â Rn ,

‖y‖ =
√
〈y, y〉 � íîðìà âåêòîðà y ∈ Rm , Ωt

τ (x0) � ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé ëèíåé-
íîé ñèñòåìû óðàâíåíèé ñ ïàðàìåòðàìè x0 ∈ Rm

dy

dt
= A(x(t;x0))y, (2)

Keywords: Dynamical system, regular extension, bounded invariant manifold, Green's function
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íîðìèðîâàííàÿ â òî÷êå t = τ : Ωt
τ (x0)

∣∣
t=τ

= In , In � åäèíè÷íàÿ ìàòðèöà, C ′(Rm; f) � ïîä-
ïðîñòðàíñòâî C0(Rm) òàêèõ ôóíêöèé F (x) , ÷òî ñóïåðïîçèöèÿ F (x(t; x0)) êàê ôóíêöèÿ ïåðå-
ìåííîé t ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé ôóíêöèåé, ïðè÷åì ïî îïðåäåëåíèþ

d

dt
F (x(t; x))

∣∣∣∣
t=0

df
= Ḟ (x) ∈ C0(Rm).

Èíîãäà ïðè çàïèñè ðåøåíèÿ çàäà÷è Êîøè x = x(t; x0) = x(t; x) èíäåêñ "0" îïóñêàåòñÿ è íå
ïèøåòñÿ.

Ðÿäîì ñ ñèñòåìîé (1) áóäåì ðàññìàòðèâàòü íåîäíîðîäíóþ ñèñòåìó
dx

dt
= f(x),

dy

dt
= A(x)y + h(x), (3)

ãäå âåêòîð-ôóíêöèÿ h(x) ∈ C0 (Rm) .
Íàïîìíèì îñíîâíûå îïðåäåëåíèÿ [1].

Îïðåäåëåíèå 1. Ãîâîðÿò, ÷òî ñèñòåìà (3) èìååò îãðàíè÷åííîå èíâàðèàíòíîå ìíîãîîáðàçèå
îïðåäåëåííîå ðàâåíñòâîì

y = u(x), (4)

åñëè ôóíêöèÿ u(x) ∈ C ′ (Rm; f) è âûïîëíÿåòñÿ òîæäåñòâî

u̇(x) ≡ A(x)u(x) + h(x) ∀x ∈ Rm. (5)

Îïðåäåëåíèå 2. Ïóñòü ñóùåñòâóåò n × n -ìåðíàÿ ìàòðèöà C(x) ∈ C0 (Rm) òàêàÿ, ÷òî
äëÿ ôóíêöèè âèäà

G0(τ, x) =
{

Ω0
τ (x)C (x (τ ; x)) , τ ≤ 0,

Ω0
τ (x) [C (x (τ ;x))− In] , τ > 0,

(6)

âûïîëíÿåòñÿ îöåíêà
‖G0 (τ, x)‖ ≤ K exp {−γ |τ |} (7)

ñ íåêîòîðûìè ïîëîæèòåëüíûìè ïîñòîÿííûìè K, γ , íåçàâèñèìûìè îò x ∈ Rm , τ ∈ R .
Òîãäà ôóíêöèþ (6) ïðèíÿòî íàçûâàòü ôóíêöèåé Ãðèíà ñèñòåìû (1) çàäà÷è îá îãðàíè÷åííûõ
èíâàðèàíòíûõ ìíîãîîáðàçèÿõ.

Ñèñòåìû (1), êîòîðûå èìåþò åäèíñòâåííóþ ôóíêöèþ Ãðèíà (6), ïðèíÿòî íàçûâàòü ðåãóëÿð-
íûìè, åñëè ñèñòåìà (1) èìååò ìíîæåñòâî ðàçëè÷íûõ ôóíêöèé Ãðèíà, òî ýòó ñèñòåìó íàçûâàþò
ñëàáî ðåãóëÿðíîé.

Ñóùåñòâîâàíèå ôóíêöèè Ãðèíà (6) ãàðàíòèðóåò ñóùåñòâîâàíèå îãðàíè÷åííîãî èíâàðèàíò-
íîãî ìíîãîîáðàçèÿ (4) ñèñòåìû (3) ïðè êàæäîé ôèêñèðîâàííîé âåêòîð-ôóíêöèè h(x) ∈ C0 (Rm)

è ýòî ìíîãîîáðàçèå çàïèñûâàåòñÿ â èíòåãðàëüíîì âèäå y = u(x) =
+∞∫
−∞

G0 (τ, x) · h (x (τ ;x)) dτ.

Ñóùåñòâóþò ïðèìåðû, â êîòîðûõ ñèñòåìà (3) èìååò îãðàíè÷åííîå èíâàðèàíòíîå ìíîãîîáðàçèå
(4) ïðè êàæäîé ôóíêöèè h(x) ∈ C0(Rm) , à ñèñòåìà (1) íå èìååò ôóíêöèè Ãðèíà (6).

Èññëåäîâàíèå ñèñòåì âèäà (1) â ñëó÷àå, êîãäà ïðàâûå ÷àñòè îïðåäåëåíû íà òîðå, ïðîâîäè-
ëèñü â ðàáîòàõ [2-6]. Â ðàáîòå [7] îòìå÷åíà èäåÿ äîïîëíåíèÿ ñëàáî ðåãóëÿðíûõ ëèíåéíûõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé äî ðåãóëÿðíûõ. Ðàçâèòèþ èäåè äîïîëíåíèÿ ñëàáî ðåãóëÿðíûõ
ëèíåéíûõ ðàñøèðåíèé äèíàìè÷åñêèõ ñèñòåì äî ðåãóëÿðíûõ è ïîñâÿùåíà íàñòîÿùàÿ ñòàòüÿ.

Èçâåñòíî [2], ÷òî ñóùåñòâîâàíèå êâàäðàòè÷íîé ôîðìû V = 〈S(x)y, y〉 ñ íåâûðîæäåííîé
ìàòðèöåé êîýôôèöèåíòîâ S(x) ∈ C ′(Rm; f) , ïðîèçâîäíàÿ êîòîðîé â ñèëó ñèñòåìû (1) ÿâëÿåòñÿ
çíàêîîïðåäåëåííîé

〈[
Ṡ (x) + S (x) A (x) + AT (x) S (x)

]
y, y

〉
≥ ‖y‖2 ∀y ∈ Rn , (8)
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âëå÷åò çà ñîáîé ðåãóëÿðíîñòü ñèñòåìû (1). Ñ äðóãîé ñòîðîíû, ðåãóëÿðíîñòü ñèñòåìû (1) âëå÷åò
çà ñîáîé ñóùåñòâîâàíèå íåâûðîæäåííûõ ñèììåòðè÷íûõ ìàòðèö S(x) ∈ C ′(Rm; f) , óäîâëåòâî-
ðÿþùèõ íåðàâåíñòâó (8). Íåêîòîðûå èç òàêèõ ìàòðèö çàïèñûâàþòñÿ â ñëåäóþùåì âèäå:

S(x) = 2
∫ 0

−∞
[C(x)− In]T [Ωz

0(x)]T Ωz
0(x) [C(x)− In] dz − 2

∫ +∞

0
[C(x)]T [Ωz

0(x)]T Ωz
0(x)C(x)dz.

Åñëè ïðåäïîëîæèòü âûïîëíåíèå íåðàâåíñòâà (8) ñ íåêîòîðîé ñèììåòðè÷íîé ìàòðèöåé êî-
ýôôèöèåíòîâ S(x) ∈ C ′(Rm; f) , äëÿ êîòîðîé detS(x̄) = 0 ïðè íåêîòîðûõ çíà÷åíèÿõ x̄ ∈ Rm ,
òî óæå ñèñòåìà (1) íå áóäåò èìåòü ôóíêöèè Ãðèíà (6). Ïðè ýòîì ñèñòåìà ñîïðÿæåííàÿ ê (1)
(îòíîñèòåëüíî íîðìàëüíûõ ïåðåìåííûõ y ∈ Rn )

dx

dt
= f(x),

dy1

dt
= −AT (x)y1 , y1 ∈ Rn, (9)

áóäåò èìåòü áåñêîíå÷íîå êîëè÷åñòâî ðàçëè÷íûõ ôóíêöèé Ãðèíà. Â òàêèõ ñèñòåìàõ âîçíèêàþò
ñóùåñòâåííûå òðóäíîñòè ïðè èññëåäîâàíèè çàâèñèìîñòè îò ïàðàìåòðîâ ôóíêöèé Ãðèíà è ñîîò-
âåòñòâóþùèõ èíâàðèàíòíûõ ìíîãîîáðàçèé. Ïîýòîìó áûëî ïðåäëîæåíî äîïîëíèòü ñèñòåìó (9)
äî ðåãóëÿðíîé ñëåäóþùèì îáðàçîì:

dx

dt
= f(x),

dy1

dt
= −AT (x)y1,

dy2

dt
= y1 + A(x)y2, y1, y2 ∈ Rn. (10)

Ïðè ýòîì ïðîèçâîäíàÿ â ñèëó ñèñòåìû (10) íåâûðîæäåííîé êâàäðàòè÷íîé ôîðìû

Vp = p 〈y1, y2〉+ 〈S(x)y2, y2〉 (11)

ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ ïàðàìåòðà p > 0 áóäåò ïîëîæèòåëüíî îïðåäåëåííîé.
Ýòîò ìåòîä äîïîëíåíèÿ îêàçàëñÿ äîñòàòî÷íî ýôôåêòèâíûì ïðè èññëåäîâàíèè ãëàäêîñòè

ôóíêöèè Ãðèíà è ñîîòâåòñòâóþùåãî èíâàðèàíòíîãî ìíîãîîáðàçèÿ.
Îêàçûâàåòñÿ ýòîò ìåòîä ïðèìåíèì è äëÿ îòûñêàíèÿ âñåõ ðåøåíèé àëãåáðàè÷åñêèõ ñèñòåì

óðàâíåíèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè

B(x)y = h(x), (12)

ãäå B(x) � íåêîòîðàÿ ïðÿìîóãîëüíàÿ ìàòðèöà: B (x) =




b11 (x) b12 (x) ... b1n (x)
b21 (x) b22 (x) ... b2n (x)

... ... ... ...
bp1 (x) bp2 (x) ... bpn (x)


 , ýëå-

ìåíòàìè bij(x) êîòîðîé ÿâëÿþòñÿ äåéñòâèòåëüíûå ñêàëÿðíûå ôóíêöèè îïðåäåëåííûå è íåïðå-
ðûâíûå íà Rm. Ïðåäïîëàãàåì, ÷òî ðàíã ìàòðèöû B(x) òîæäåñòâåííî ðàâåí êîëè÷åñòâó ñòðîê
ýòîé ìàòðèöû:

rangB(x) ≡ p , p < n. (13)

Î÷åâèäíî, ïðè âûïîëíåíèè óñëîâèÿ (13) ñèñòåìà óðàâíåíèé (12) ïðè êàæäîé âåêòîð-ôóíêöèè
h(x) èìååò áåñêîíå÷íîå êîëè÷åñòâî ðåøåíèé. Íàøà çàäà÷à çàêëþ÷àåòñÿ â òîì, ÷òîáû âñå ýòè
ðåøåíèÿ çàïèñàòü â ÿâíîì âèäå. Ñ ýòîé öåëüþ ïî àíàëîãèè ñ ñèñòåìîé (10) ê ñèñòåìå (12)
äîáàâèì íîâûå óðàâíåíèÿ ñëåäóþùèì ñïîñîáîì:

{
B(x)y = h(x),
y −BT (x)z = q(x),

(14)

ãäå y ∈ Rn, z ∈ Rp, x ∈ Rm , q(x) � ïðîèçâîëüíàÿ âåêòîð-ôóíêöèÿ îïðåäåëåííàÿ è íåïðåðûâíàÿ
íà Rm. Äëÿ íàõîæäåíèÿ ïåðåìåííûõ z èç âòîðîé ÷àñòè ñèñòåìû (14) çàïèñûâàåì

y = BT (x)z + q (x) (15)
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è ïîäñòàâëÿÿ â ñèñòåìó óðàâíåíèé (12), èìååì B (x)
(
BT (x) z + q (x)

)
= h (x) . Èç óñëîâèÿ (13)

ñëåäóåò, ÷òî detB(x)BT (x) 6= 0 ∀x ∈ Rm. Îòñþäà îäíîçíà÷íî íàõîäèì ïåðåìåííûå z : z =
[B(x)BT (x)]−1[−B(x)q(x)+h(x)] = −[B(x)BT (x)]−1B(x)q(x)+ [B(x)BT (x)]−1h(x). Ïîäñòàâëÿÿ
â ðàâåíñòâî (15), ïîëó÷àåì ðåøåíèÿ ñèñòåìû óðàâíåíèé (12)

y =
{

In −BT (x)
[
B (x) BT (x)

]−1
B (x)

}
q (x) + BT (x)

[
B (x) BT (x)

]−1
h (x) . (16)

Çàìå÷àíèå 1. Â ðàâåíñòâå (16) ìàòðèöà

In −BT (x)
[
B (x) BT (x)

]−1
B (x) = P (x) (17)

ÿâëÿåòñÿ ìàòðèöåé ïðîåêòèðîâàíèÿ: P 2 (x) ≡ P (x) ∀x ∈ Rm,

à ìàòðèöà BT (x)
[
B (x) BT (x)

]−1 åñòü ïñåâäîîáðàòíàÿ äëÿ ìàòðèöû B (x) .

Çàìå÷àíèå 2. Êàæäîå ðåøåíèå ñèñòåìû óðàâíåíèé (12) ìîæíî çàïèñàòü â âèäå (16), âûáè-
ðàÿ ïðè ýòîì ñîîòâåòñòâóþùóþ âåêòîð-ôóíêöèþ q(x) .

Ïðèìåð. Òðåáóåòñÿ çàïèñàòü âñå ðåøåíèÿ yj = yj (x1, x2) ëèíåéíîãî ñêàëÿðíîãî óðàâíåíèÿ ñ
ïåðåìåííûìè êîýôôèöèåíòàìè

y1 cosx1 cosx2 + y2 cosx1 sinx2 + y3 sinx1 = 0. (18)

Ðåøåíèå. Ìàòðèöà B(x) ñîñòîèò èç îäíîé ñòðî÷êè: B(x) = (cosx1 cosx2, cosx1 sinx2, sinx1) .
Âû÷èñëèì ìàòðèöó ïðîåêòèðîâàíèÿ (16). Ñ ó÷åòîì òîãî, ÷òî B(x)BT (x) ≡ 1 , èìååì

In −BT (x)
[
B (x) BT (x)

]−1
B (x) = In −BT (x) B (x) =

=




(
1− cos2 x1 cos2 x2

) (− cos2 x1 cosx2 sinx2

)
(− cosx1 sinx1 cosx2)(− cos2 x1 cosx2 sinx2

) (
1− cos2 x1 sin2 x2

)
(− cosx1 sinx1 sinx2)

(− cosx1 sinx1 cosx2) (− cosx1 sinx1 sinx2) cos2 x1


.

Òàêèì îáðàçîì, âñå ðåøåíèÿ óðàâíåíèÿ (18) çàïèñûâàþòñÿ â ÿâíîì âèäå



y1

y2

y3


 =




(
1− cos2 x1 cos2 x2

) (− cos2 x1 cosx2 sinx2

)
(− cosx1 sinx1 cosx2)(− cos2 x1 cosx2 sinx2

) (
1− cos2 x1 sin2 x2

)
(− cosx1 sinx1 sinx2)

(− cosx1 sinx1 cosx2) (− cosx1 sinx1 sinx2) cos2 x1







q1

q2

q3


 ,

ãäå q1(x1, x2) , q2(x1, x2) , q3(x1, x2) � ïðîèçâîëüíûå äåéñòâèòåëüíûå ôóíêöèè îïðåäåëåííûå
íà R2.

Âîçâðàùàÿñü òåïåðü ê ðàññìîòðåíèþ ñèñòåìû (10), çàïèøåì áîëåå îáùóþ ñèñòåìó
dx

dt
= f (x) ,

dy1

dt
= −AT (x) y1 +B2 (x) y2 ,

dy2

dt
= B1 (x) y1 +A (x) y2 , y1, y2 ∈ Rn, (19)

â êîòîðîé âåêòîð-ôóíêöèÿ f(x) è n×n -ìåðíûå ìàòðèöû A(x), Bj(x), j = 1, 2, óäîâëåòâîðÿþò
óñëîâèÿì ãëàäêîñòè è îãðàíè÷åííîñòè êàê è â èñõîäíîé ñèñòåìå (1). Ìàòðèöû Bj(x), j = 1, 2,
ðàññìàòðèâàþòñÿ ñèììåòðè÷íûìè BT

j (x) ≡ Bj(x), óäîâëåòâîðÿþùèìè óñëîâèÿì

〈B1 (x) y1, y1〉 ≥ β1 ‖y1‖2 , β1 = const > 0 , (20)

〈B2 (x) y2, y2〉 ≥ 0 ∀y1 , y2 ∈ Rn. (21)

Ïðè âûïîëíåíèè óñëîâèé (8), (20), (21) ïðîèçâîäíàÿ íåâûðîæäåííîé êâàäðàòè÷íîé ôîðìû (11)
â ñèëó ñèñòåìû (19) áóäåò ïîëîæèòåëüíî îïðåäåëåííîé ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ
ïàðàìåòðà p > 0 . Î÷åâèäíî, â ÷àñòíîì ñëó÷àå B2 ≡ 0, B1 ≡ In ñèñòåìà (19) ïðåâðàùàåòñÿ â
ñèñòåìó (10).
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Çàìå÷àíèå 3. Åñëè â ñèñòåìå (19) äëÿ ìàòðèö B1(x), B2(x) ∈ C0 (Rm) ïðåäïîëîæèòü âû-
ïîëíåíèå óñëîâèé (20), (21), ïðè÷åì óñëîâèå (21) óñèëèòü ñëåäóþùèì îáðàçîì:

〈B2 (x) y2, y2〉 ≥ β2 ‖y2‖2 , β2 = const > 0 , (22)

òî ñèñòåìà (19) áóäåò ðåãóëÿðíîé ïðè êàæäîé ìàòðèöå A(x) ∈ C0 (Rm) .

Äåéñòâèòåëüíî, ëåãêî ïðîâåðèòü, ÷òî ïðîèçâîäíàÿ â ñèëó ñèñòåìû (19) êâàäðàòè÷íîé ôîðìû
V = 〈y1, y2〉 yj ∈ Rn, ðàâíÿåòñÿ V̇ = 〈B1y1, y1〉 + 〈B2y2, y2〉 è íåçàâèñèìî îò ìàòðèöû A (x) ∈
C0 (Rm) áóäåò ïîëîæèòåëüíî îïðåäåëåííîé.

Äàëåå, îáðàòèì âíèìàíèå íà âîçìîæíîñòü çàïèñè ñèñòåìû (19) â ñëåäóþùåì âèäå:

dx

dt
= f (x) ,

(
0 In

In 0

)( dy1

dt
dy2

dt

)
=

[(
B1 (x) 0

0 B2 (x)

)
+

(
0 A (x)

−AT (x) 0

)](
y1

y2

)
. (23)

Ïðè ýòîì ïðîèçâîäíàÿ êâàäðàòè÷íîé ôîðìû â ñèëó ñèñòåìû (23)

V =
〈(

0 In

In 0

)(
y1

y2

)
,

(
y1

y2

)〉

áóäåò ðàâíÿòüñÿ
V̇ = 2

〈(
B1 (x) 0

0 B2 (x)

)(
y1

y2

)
,

(
y1

y2

)〉
. (24)

Òàêèì îáðàçîì, åñëè ìàòðèöà B(x) = diag {B1 (x) , B2 (x)} ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåí-
íîé, ëèáî îòðèöàòåëüíî îïðåäåëåííîé, òî ñèñòåìà (23) áóäåò ðåãóëÿðíîé ïðè êàæäîé ìàòðèöå
A (x) ∈ C0 (Rm) . Òåïåðü ñèñòåìó (23) çàïèøåì â áîëåå îáùåì âèäå

dx

dt
= f (x) , S

dy

dt
= [B (x) + M (x)] y, y ∈ Rk, (25)

ãäå S � íåêîòîðàÿ ïîñòîÿííàÿ íåâûðîæäåííàÿ ñèììåòðè÷íàÿ ìàòðèöà, B(x) � ñèììåòðè÷íàÿ
ìàòðèöà, M(x) � êîñîñèììåòðè÷íàÿ ìàòðèöà, B(x),M(x) ∈ C0 (Rm) . Åñëè ïðåäïîëîæèòü, ÷òî
â ñèñòåìå (25) êîëè÷åñòâî ïåðåìåííûõ y ÿâëÿåòñÿ ÷åòíûì, k = 2n, è îáîçíà÷èòü y = (y1, y2) ,
yj ∈ Rn , òî ïðè âûáîðå ìàòðèö S =

(
0 In

In 0

)
, B (x) =

(
B1 (x) 0

0 B2 (x)

)
,

M (x) =
(

0 A (x)
−AT (x) 0

)
ñèñòåìà (25) ïåðåõîäèò â ñèñòåìó (23). Ýòî óáåæäàåò íàñ â òîì,

÷òî ñèñòåìà (25) áîëåå îáùåãî âèäà ïî ñðàâíåíèþ ñ ñèñòåìîé (23). Ëåãêî ïðîâåðèòü, ÷òî ïðî-
èçâîäíàÿ â ñèëó ñèñòåìû (25) êâàäðàòè÷íîé ôîðìû

V = 〈Sy, y〉 (26)

èìååò âèä
V̇ = 2 〈B (x) y, y〉 . (27)

Òåïåðü ñäåëàåì åùå îäèí øàã ê îáîáùåíèþ ñèñòåìû (25), à èìåííî, çàìåíèì ïîñòîÿííóþ ìàòðè-
öó S íåâûðîæäåííîé ïåðåìåííîé ìàòðèöåé S(x) ∈ C ′ (Rm; f) òàê, ÷òîáû ïðîèçâîäíàÿ êâàäðà-
òè÷íîé ôîðìû V = 〈S (x) y, y〉 â ñèëó îáîáùåííîé ñèñòåìû (25) òàêæå óäîâëåòâîðÿëà ðàâåíñòâó
(27). Åñëè ôîðìàëüíî ïîäîéòè è ïðîñòî çàìåíèòü â ñèñòåìå (25) ìàòðèöó S íà ïåðåìåííóþ,
òî ðàâåíñòâî (27) íå áóäåò âûïîëíÿòüñÿ. Ïîýòîìó ñèñòåìó (25) îáîáùàåì ñëåäóþùèì îáðàçîì:

dx

dt
= f (x) , S (x)

dy

dt
=

[
B (x) + M (x)− 1

2
Ṡ (x)

]
y, y ∈ Rk. (28)
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Òåïåðü óæå ïðîèçâîäíàÿ êâàäðàòè÷íîé ôîðìû V = 〈S (x) y, y〉 â ñèëó ñèñòåìû (28) áóäåò
óäîâëåòâîðÿòü ðàâåíñòâó (27).

Ñëåäóåò îòìåòèòü, ÷òî ê ñèñòåìå óðàâíåíèé (28) ìîæíî ïðèéòè ïðîâîäÿ ñëåäóþùèå ðàñ-
ñóæäåíèÿ. Âîçâðàòèìñÿ ê ðàññìîòðåíèþ ñèñòåìû (1) è ïðåäïîëîæèì, ÷òî ñóùåñòâóåò íåâû-
ðîæäåííàÿ ñèììåòðè÷íàÿ ìàòðèöà S(x) ∈ C ′ (Rm; f) , óäîâëåòâîðÿþùàÿ íåðàâåíñòâó (8), òî
åñòü ñèñòåìà (1) ðåãóëÿðíà. Î÷åâèäíî, ñèñòåìà (1) ýêâèâàëåíòíà ñëåäóþùåé ñèñòåìå:

dx

dt
= f (x), S (x)

dy

dt
= S (x) A (x) y,

êîòîðàÿ â ñâîþ î÷åðåäü ýêâèâàëåíòíà ñèñòåìå

dx

dt
= f (x) , S (x)

dy

dt
+

1
2
Ṡ (x) y =

[
S (x) A (x) +

1
2
Ṡ (x)

]
y. (29)

Òåïåðü â ïîëó÷åííîé ñèñòåìå ìàòðèöó Ā (x) = S (x) A (x) + 1
2 Ṡ (x) ñèììåòðèçóåì

Ā (x) =
1
2

(
Ā (x) + ĀT (x)

)
+

1
2

(
Ā (x)− ĀT (x)

)
==

1
2

{[
S (x) A (x) +

1
2
Ṡ (x)

]
+

+
[
S (x) A (x) +

1
2
Ṡ (x)

]T
}

+
1
2

{[
S (x) A (x) +

1
2
Ṡ (x)

]
−

[
S (x) A (x) +

1
2
Ṡ (x)

]T
}

=

=
1
2

{
S (x) A (x) + AT (x) S (x) + Ṡ (x)

}
+

1
2

{
S (x)A (x)−AT (x) S (x)

}
.

Îáîçíà÷àÿ
B(x) =

1
2

{
S(x)A(x) + AT (x)S(x) + Ṡ(x)

}
, (30)

M(x) =
1
2

{
S(x)A(x)−AT (x)S(x)

}
, (31)

ñèñòåìó (29) çàïèøåì â âèäå dx

dt
= f(x), S(x)

dy

dt
+

1
2
Ṡ(x)y = [B(x) + M(x)] y, ãäå ìàòðèöà

B(x) îïðåäåëÿåòñÿ ðàâåíñòâîì (30) è ïîëîæèòåëüíî îïðåäåëåíà, à êîñîñèììåòðè÷íàÿ ìàòðèöà
M(x) çàïèñûâàåòñÿ â âèäå (31). Ïåðåíîñÿ ñëàãàåìîå 1

2 Ṡ(x)y â ïðàâóþ ñòîðîíó, ïðèõîäèì ê
ñèñòåìå óðàâíåíèé (28).

Òåïåðü ñèñòåìó (28) áóäåì ðàññìàòðèâàòü êàê ñàìîñòîÿòåëüíóþ ñ íåêîòîðîé ñèììåòðè÷íîé
ìàòðèöåé S(x) ∈ C ′ (Rm; f) , óäîâëåòâîðÿþùåé óñëîâèÿì

det S (x) 6= 0 ∀x ∈ Rm ,
∥∥S−1 (x)

∥∥ ≤ const < ∞. (32)

Ïðè ýòîì íàñ áóäåò èíòåðåñîâàòü âîïðîñ ðåãóëÿðíîñòè ñèñòåìû (28).
Èç ðàâåíñòâà (27) äëÿ êâàäðàòè÷íîé ôîðìû V = 〈S (x) y, y〉 , y ∈ Rk , íåïîñðåäñòâåííî

ñëåäóåò

Ñëåäñòâèå 1. Åñëè â ñèñòåìå (28) ñèììåòðè÷íàÿ ìàòðèöà B(x) ∈ C0 (Rm) ïîëîæèòåëüíî
îïðåäåëåíà 〈B (x) y, y〉 ≥ β ‖y‖2 , β = const > 0 , ëèáî îòðèöàòåëüíî îïðåäåëåíà 〈B (x) y, y〉 ≤
−β ‖y‖2 , β = const > 0 , òî ïðè êàæäîé êîñîñèììåòðè÷íîé ìàòðèöå M(x) ∈ C0 (Rm) ,
ñèñòåìà (28) áóäåò ðåãóëÿðíîé.

Ñ öåëüþ äàëüíåéøåãî èññëåäîâàíèÿ âîïðîñà ðåãóëÿðíîñòè ñèñòåìû (28) ðàññìîòðèì âñïî-
ìîãàòåëüíîå óòâåðæäåíèå.

Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 1 (39)



80 Â. Ë. Êóëèê, À. Í. Êóëèê, Í. Â. Ñòåïàíåíêî

Ëåììà 1. Ïóñòü íåêîòîðàÿ k× k -ìåðíàÿ ñèììåòðè÷íàÿ ìàòðèöà B (x) ∈ C0 (Rm) óäîâëå-
òâîðÿåò íåðàâåíñòâó

〈B (x) y, y〉 ≥ 0 ∀y ∈ Rk, x ∈ Rm, (33)

òîãäà ïðè êàæäîé ôèêñèðîâàííîé k × k -ìåðíîé ìàòðèöå Ψ(x) ∈ C0 (Rm) (íå îáÿçàòåëüíî
ñèììåòðè÷íîé) ñóùåñòâóåò äîñòàòî÷íî áîëüøîå çíà÷åíèå ïàðàìåòðà p > 0 ïðè êîòîðîì
êâàäðàòè÷íàÿ ôîðìà

V = ‖y‖2 + p 〈B (x) y, y〉+ 〈B (x) y, Ψ(x) y〉 , y ∈ Rk, (34)

áóäåò ïîëîæèòåëüíî îïðåäåëåííîé.

Äîêàçàòåëüñòâî. Ðàññìîòðèì âñïîìîãàòåëüíóþ êâàäðàòè÷íóþ ôîðìó

Φp = ‖y‖2 + p 〈B (x) y, y〉+ 2 〈B (x) y, Ψ(x) z〉+ ‖z‖2 , x, y ∈ Rk, (35)

è ïîêàæåì, ÷òî îíà áóäåò ïîëîæèòåëüíî îïðåäåëåííîé ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ
ïàðàìåòðà p > 0 . Ñ ýòîé öåëüþ êâàäðàòè÷íóþ ôîðìó (35) çàïèøåì â ñëåäóþùåì âèäå:

Φp = 〈(Ik + pB (x)) y, y〉+ 2
〈
ΨT (x) B (x) y, z

〉
+ ‖z‖2 =

= 〈Γp (y + Kz) , (y + Kz)〉+ ‖z‖2 − 〈ΓpKz,Kz〉 , (36)

ãäå îáîçíà÷åíî
Γp = Ik + pB (x) , K = Γ−1

p B (x)Ψ (x) . (37)

Èç ðàâåíñòâà (36) ëåãêî ïîëó÷àåì îöåíêó Φp ≥ ‖y + Kz‖2 +
(
1− ∥∥KT ΓpK

∥∥
0

) ‖z‖2 . Îòñþäà
ñëåäóåò, ÷òî äëÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè êâàäðàòè÷íîé ôîðìû (35) äîñòàòî÷íî äîêà-
çàòü âûïîëíåíèå îöåíêè ∥∥KT ΓpK

∥∥
0

< 1 (38)

ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ ïàðàìåòðà p > 0 .
Íàïîìíèì îáîçíà÷åíèå:

∥∥KT ΓpK
∥∥

0
= sup

x∈Rm

∥∥KT (x) Γp (x) K (x)
∥∥ . Íà îñíîâàíèè îáîçíà÷åíèé

(37) èìååì
KT ΓpK = ΨT (x) B (x) Γ−1

p (x) B (x)Ψ (x) . (39)

Ïîêàæåì, ÷òî ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ ïàðàìåòðà p > 0 èìååò ìåñòî îöåíêà
∥∥Γ−1

p B
∥∥

0
≤ 1

p
. (40)

Ñ ýòîé öåëüþ çàôèêñèðóåì ïðîèçâîëüíîå çíà÷åíèå x = x0 ∈ Rm è ñèììåòðè÷íóþ ìàòðèöó
B(x0) = B ïðèâåäåì ê äèàãîíàëüíîìó âèäó

Q−1BQ = diag {β1, ..., βk} , (41)

ãäå Q � îðòîãîíàëüíàÿ ìàòðèöà, QT = Q−1 . Èç íåðàâåíñòâà (33) ñëåäóåò βj ≥ 0 , j = 1, k .
Òåïåðü íà îñíîâàíèè ïðåäñòàâëåíèÿ (41) ïðîèçâåäåíèå ìàòðèö Γ−1

p B çàïèøåì â âèäå

Γ−1
p B =

1
p

(Ik + pB)−1 (pB) =
1
p
Qdiag

{
1

1 + pβ1
, ...,

1
1 + pβk

}
Q−1×

×Qdiag {pβ1, ..., pβk}Q−1 =
1
p
Qdiag

{
pβ1

1 + pβ1
, ...,

pβk

1 + pβk

}
Q−1. (42)
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Ó÷èòûâàÿ îðòîãîíàëüíîñòü ìàòðèöû Q ( ‖Q‖ =
∥∥Q−1

∥∥ = 1 ), èç ðàâåíñòâà (42) ïîëó÷àåì
îöåíêó

∥∥Γ−1
p B

∥∥ ≤ 1
p

∥∥∥∥diag

{
pβ1

1 + pβ1
, ...,

pβk

1 + pβk

}∥∥∥∥ <
1
p
. (43)

Èçìåíÿÿ ïðîèçâîëüíî ôèêñèðîâàííîå çíà÷åíèå x = x0 ∈ Rm , ïðèõîäèì ê îöåíêå (40). Ó÷èòû-
âàÿ òî, ÷òî βj ≥ 0 , èç ðàâåíñòâà (39) è íåðàâåíñòâà (40) ïîëó÷àåì

∥∥KT ΓpK
∥∥ ≤ ∥∥ΨT (x)

∥∥ ‖B (x)‖∥∥Γ−1
p (x) B (x)

∥∥ ‖Ψ (x)‖ ≤ 1
p
‖Ψ‖2

0 ‖B‖0 .

Âûáèðàÿ çíà÷åíèå ïàðàìåòðà p ≥ 2 ‖Ψ‖2
0 ‖B‖0 , áóäåì èìåòü

∥∥KT ΓpK
∥∥

0
≤ 0, 5 . Îòñþäà ñëåäóåò

ïîëîæèòåëüíàÿ îïðåäåëåííîñòü êâàäðàòè÷íîé ôîðìû (35):
Φp = ‖y‖2 + p 〈B (x) y, y〉+ 2 〈B (x) y, Ψ(x) z〉+ ‖z‖2 ≥ ε

(
‖x‖2 + ‖y‖2

)
, ε = const > 0.

Ïðåäïîëàãàÿ z = y , ïîëó÷àåì

2 ‖y‖2 + p 〈B (x) y, y〉+ 2 〈B (x) y, Ψ(x) y〉 ≥ 2ε ‖y‖2 , ε = const > 0.

Ïåðåîáîçíà÷àÿ p → 2p , ïðèõîäèì ê ïîëîæèòåëüíîé îïðåäåëåííîñòè êâàäðàòè÷íîé ôîðìû (34).
Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü èçâåñòíî, ÷òî ñèñòåìà óðàâíåíèé (28) ïðè B(x) ≡ 0

dx

dt
= f(x), S(x)

dy

dt
=

[
M(x)− 1

2
Ṡ(x)

]
y (44)

èìååò õîòÿ áû îäíó ôóíêöèþ Ãðèíà (6). Òîãäà ýòà ôóíêöèÿ Ãðèíà áóäåò åäèíñòâåííîé,
êîëè÷åñòâî ïåðåìåííûõ y ( y ∈ Rk ) áóäåò ÷åòíûì k = 2n è ïðè êàæäîé ñèììåòðè÷íîé
ìàòðèöå B(x) ∈ C0(Rm), óäîâëåòâîðÿþùåé óñëîâèþ (33), ñèñòåìà (28) áóäåò ðåãóëÿðíîé.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

N(x) = S−1(x)
[
M(x)− 1

2
Ṡ(x)

]
. (45)

Ïîñêîëüêó èçâåñòíî, ÷òî ñèñòåìà (44) èìååò õîòÿ áû îäíó ôóíêöèþ Ãðèíà, òî ñóùåñòâóåò êâàä-
ðàòè÷íàÿ ôîðìà 〈Θ(x) z, z〉 = V , Θ(x) ≡ ΘT (x) ∈ C ′ (Rm; f) , ïðîèçâîäíàÿ êîòîðîé â ñèëó
ñîïðÿæåííîé ñèñòåìû äëÿ (44) dx

dt
= f(x),

dz

dt
= −NT (x)z ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåí-

íîé, ò.å. âûïîëíÿåòñÿ íåðàâåíñòâî

V̇ =
〈[

Θ̇(x)−Θ(x)NT (x)−N(x)Θ(x))
]
z, z

〉
≥ ‖z‖2 . (46)

Òåïåðü óáåäèìñÿ â òîì, ÷òî ïðîèçâîäíàÿ êâàäðàòè÷íîé ôîðìû

〈S(x)Θ(x)S(x)y, y〉 = W (47)

â ñèëó ñèñòåìû (44) áóäåò òàêæå ïîëîæèòåëüíî îïðåäåëåííîé. Ñ ýòîé öåëüþ â íåðàâåíñòâå (46)
ñäåëàåì çàìåíó ïåðåìåííûõ z = S(x)y . Ó÷èòûâàÿ îáîçíà÷åíèÿ (45), íàéäåì

S
{

Θ̇−ΘNT −NΘ
}

S = S

{
Θ̇ + Θ

[
M +

1
2
Ṡ

]
S−1 + S−1

[
−M +

1
2
Ṡ

]
Θ

}
S =

= SΘ̇S+
1
2
SΘṠ+

1
2
ṠΘS+SΘM−MΘS = SΘ̇S+ ṠΘS+SΘṠ− 1

2
SΘṠ− 1

2
ṠΘS+SΘM−MΘS =
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= ṠΘS + SΘ̇S + SΘṠ + SΘS

{
S−1

[
M − 1

2
Ṡ

]}
+

{
S−1

[
M − 1

2
Ṡ

]}T

SΘS.

Îòñþäà ñëåäóåò, ÷òî ïðîèçâîäíàÿ êâàäðàòè÷íîé ôîðìû â ñèëó ñèñòåìû (44) áóäåò ïîëîæèòåëü-
íî îïðåäåëåííîé: Ẇ ≥ ‖S(x)y‖2 ≥ 1

‖S−1‖20
‖y‖2 = ε0 ‖y‖2 . Òàêèì îáðàçîì, ñóùåñòâîâàíèå äâóõ

òàêèõ êâàäðàòè÷íûõ ôîðì V è W âåäåò ê òîìó, ÷òî detΘ (x) 6= 0 ∀x ∈ Rm è ñèñòåìà
(44) ðåãóëÿðíàÿ. Òåïåðü äîêàæåì, ÷òî â ðåãóëÿðíîé ñèñòåìå (44) ðàçìåðíîñòü k îáÿçàòåëüíî
äîëæíà áûòü ÷åòíîé. Åñëè ñèñòåìà (44) ÿâëÿåòñÿ ðåãóëÿðíîé, òî ñîîòâåòñòâóþùàÿ ëèíåéíàÿ
ñèñòåìà

dy

dt
= N (x (t; x)) y (48)

áóäåò ýêñïîíåíöèàëüíî äèõîòîìè÷íîé íà îñè R . Ïðåäïîëîæèì, ÷òî ñèñòåìà (48) èìååò r ëè-
íåéíî íåçàâèñèìûõ ðåøåíèé, ñòðåìÿùèõñÿ ê íóëþ íà +∞ è k − r ëèíåéíî íåçàâèñèìûõ ðå-
øåíèé, ñòðåìÿùèõñÿ ê íóëþ íà −∞ . Òîãäà ñîïðÿæåííàÿ ñèñòåìà

dz

dt
= −NT (x (t; x)) z (49)

äîëæíà èìåòü r ëèíåéíî íåçàâèñèìûõ ðåøåíèé, ñòðåìÿùèõñÿ ê íóëþ íà −∞ è k−r ëèíåéíî
íåçàâèñèìûõ ðåøåíèé ñòðåìÿùèõñÿ ê íóëþ íà +∞ . Ñ äðóãîé ñòîðîíû, ó÷èòûâàÿ îáîçíà÷åíèÿ
(45) è êîñîñèììåòðè÷íîñòü ìàòðèöû M(x) , ðåøåíèÿ ñèñòåì (48), (49) ñâÿçàíû òîæäåñòâîì
S(x(t;x)) · y(t) ≡ z(t) . Ýòî îçíà÷àåò, ÷òî îáå ñèñòåìû (48) è (49) èìåþò îäèíàêîâîå êîëè÷åñòâî
ðåøåíèé, ñòðåìÿùèõñÿ ê íóëþ íà +∞ . Ñëåäîâàòåëüíî k − r = r .

Ñ öåëüþ äîêàçàòåëüñòâà ðåãóëÿðíîñòè ñèñòåìû (28) ïðè ïðîèçâîëüíî ôèêñèðîâàííîé ñèì-
ìåòðè÷íîé ìàòðèöå B(x) ∈ C0(Rm) , äëÿ êîòîðûõ âûïîëíÿåòñÿ óñëîâèå (33), ðàññìîòðèì êâàä-
ðàòè÷íóþ ôîðìó ñ ïîëîæèòåëüíûì ïàðàìåòðîì p

Vp = p 〈S(x)y, y〉+ 〈S(x)Θ(x)S(x)y, y〉 (50)

è ïîêàæåì, ÷òî åå ïðîèçâîäíàÿ â ñèëó ñèñòåìû óðàâíåíèé (28) ïðè äîñòàòî÷íî áîëüøèõ çíà÷å-
íèÿõ ïàðàìåòðà p > 0 áóäåò ïîëîæèòåëüíî îïðåäåëåííîé. Îáîçíà÷àÿ Θ1(x) = S(x)Θ(x)S(x)
è ó÷èòûâàÿ ïðè ýòîì îáîçíà÷åíèÿ (45), èìååì

V̇p = 2p 〈B (x) y, y〉+

+
〈[

Θ̇1 (x) + Θ1 (x)
(
S−1 (x) B (x) + N (x)

)
+

(
B (x) S−1 (x) + NT (x)

)
Θ1 (x)

]
y, y

〉
=

=
〈(

Θ̇1 + Θ1N + NT Θ1

)
y, y

〉
+ 2p 〈B (x) y, y〉+

〈
Θ1S

−1By, y
〉

+
〈
BS−1Θ1y, y

〉 ≥

≥ ε ‖y‖2 + 2p 〈B (x) y, y〉+ 2
〈
By, S−1Θ1y

〉
.

Íà îñíîâàíèè äîêàçàííîé âûøå ëåììû, ìîæíî óòâåðæäàòü, ÷òî ïðîèçâîäíàÿ V̇p ïðè äîñòà-
òî÷íî áîëüøèõ çíà÷åíèÿõ ïàðàìåòðà p > 0 áóäåò ïîëîæèòåëüíî îïðåäåëåííîé. Ýòî îçíà÷àåò
ðåãóëÿðíîñòü ñèñòåìû (28).

Çàìå÷àíèå 4. Òåîðåìà 1 îñòàåòñÿ â ñèëå è â òîì ñëó÷àå, êîãäà ñèììåòðè÷íàÿ ìàòðèöà
B(x) óäîâëåòâîðÿåò íåðàâåíñòâó 〈B (x) y, y〉 ≤ 0 ∀y ∈ Rk, x ∈ Rm .

Çàìå÷àíèå 5. Åñëè â ñèñòåìå (28) ìàòðèöà B(x) íå ÿâëÿåòñÿ ñèììåòðè÷íîé, òî íåñìîò-
ðÿ íà âûïîëíåíèå íåðàâåíñòâà (33) èç ðåãóëÿðíîñòè ñèñòåìû (44) íå ñëåäóåò ðåãóëÿðíîñòü
ñèñòåìû (28).
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Ðàññìîòðèì ïðèìåð, êîòîðûé èëëþñòðèðóåò ïðèìåíåíèå òåîðåìû 1:

dx

dt
= f(x),

[
0 1
1 0

]
d

dt

[
y1

y2

]
=

{[
β1 cos2 x 0

0 β2 cos4 x

]
+

[
0 −1
1 0

]}[
y1

y2

]
, (51)

ãäå f(x) ∈ CLip(R), beta1 > 0, β2 > 0. Ïîñêîëüêó âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 1, òî
ñèñòåìà (51) áóäåò ðåãóëÿðíîé ïðè êàæäîé ôèêñèðîâàííîé ôóíêöèè f(x) ∈ CLip(R) .

Ñ äðóãîé ñòîðîíû, óáåäèìñÿ â ðåãóëÿðíîñòè ñèñòåìû (51), âûáèðàÿ ôóíêöèþ Ëÿïóíîâà â
âèäå

Vp = py1y2 + y2
1 − y2

2. (52)

Ïîêàæåì, ÷òî âñåãäà íàéäåòñÿ äîñòàòî÷íî áîëüøîå çíà÷åíèå ïàðàìåòðà p > 0 òàêîå, ÷òî ïðî-
èçâîäíàÿ êâàäðàòè÷íîé ôîðìû (52) â ñèëó ñèñòåìû (51) áóäåò ïîëîæèòåëüíî îïðåäåëåííîé.
Âû÷èñëÿÿ ýòó ïðîèçâîäíóþ, ïîëó÷àåì

V̇p = y2
1

(
p cos2 x + 2

)
+ y2

2

(
p cos4 x + 2

)
+ 2y1y2β2 cos4 x− 2y1y2β1 cos2 x. (53)

Ó÷èòûâàÿ âûïîëíåíèå î÷åâèäíûõ íåðàâåíñòâ

2y1y2β2 cos4 x ≥ −y2
1 cos4 x− y2

2β
2
2 cos4 x ≥ −y2

1 cos2 x− y2
2β

2
2 cos4 x,

−2y1y2β1 cos2 x ≥ −y2
1 − y2

2β
2
1 cos4 x,

èç (53) ïîëó÷àåì

V̇p ≥ y2
1

(
(p− 1) cos2 x + 1

)
+ y2

2

((
p− β2

1 − β2
2

)
cos2 x + 2

)
.

Îòñþäà âèäíî, ÷òî ïðè âûáîðå ïàðàìåòðà p = 1 + β2
1 + β2

2 ïðîèçâîäíàÿ â ñèëó ñèñòåìû (51)
êâàäðàòè÷íîé ôîðìû (52) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé. Ýòî åùå ðàç óáåæäàåò íàñ â
ðåãóëÿðíîñòè ñèñòåìû (51).

Çàìå÷àíèå 6. Â òåîðåìå 1 ïðèâåäåíû òîëüêî äîñòàòî÷íûå óñëîâèÿ ðåãóëÿðíîñòè ñèñòåìû
(28). Âîçìîæíî óñëîâèÿ òåîðåìû 1 íå âûïîëíÿþòñÿ, à ñèñòåìà (28) ìîæåò áûòü ðåãóëÿð-
íîé.

Ýòî ïîäòâåðæäàåòñÿ ñëåäóþùèì ïðèìåðîì:

dx

dt
= 1,

[
0 1
1 0

]
d

dt

[
y1

y2

]
=

{[
β1 cos2 x 0

0 β2 cos4 x

]
+

[
0 − sinx

sinx 0

]}[
y1

y2

]
, (53)

ãäå β1 > 0, β2 > 0. Ñèñòåìà, îòâå÷àþùàÿ ñèñòåìå (44), â íàøåì ñëó÷àå èìååò âèä

dx

dt
= 1,

[
0 1
1 0

]
d

dt

[
y1

y2

]
=

[
0 − sinx

sinx 0

] [
y1

y2

]
. (54)

Ñèñòåìà (54) íå ÿâëÿåòñÿ ðåãóëÿðíîé, ïîñêîëüêó íåîäíîðîäíàÿ ñèñòåìà dy1

dt
= y1 sin t + h1 (t) ,

dy2

dt
= −y2 sin t + h2 (t) íå ïðè êàæäîé îãðàíè÷åííîé íà R ôóíêöèè (h1 (t) , h2 (t)) èìååò îãðà-

íè÷åííîå ðåøåíèå.
Ïðè ýòîì ñèñòåìà (53) ïðè β1 > 0, β2 > 0 îêàçûâàåòñÿ ðåãóëÿðíîé. Óáåäèìñÿ â ýòîì,

âûáèðàÿ ôóíêöèþ Ëÿïóíîâà â ñëåäóþùåì âèäå:

V = py1y2 +
(
y2
1 − y2

1

)
sinx, (54)
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ãäå p � ïîëîæèòåëüíûé ïàðàìåòð. Çàïèñûâàÿ ïðîèçâîäíóþ, èìååì

V̇ = y2
1p cos2 x + y2

2p cos4 x + 2
[
y1

(
y1 sinx + β2y2 cos4 x

)− 2y2

(
y1β1 cos2 x− y2 sinx

)]
sinx+

+
(
y2
1 − y2

2 cosx
)

= y2
1

(
p cos2 x + 2 sin2 x + 1

)
+ y2

2

(
p cos4 x + 2 sin2 x− cosx

)
+

+2y1y2β2 cos4 x sinx− 2y1y2β1 cos2 x sinx. (55)

Èñïîëüçóÿ íåðàâåíñòâà

2y1y2β2 cos4 x sinx ≥ −y2
1β

2
2 cos8 x− y2

2 sin2 x ≥ −y2
1β

2
2 cos2 x− y2

2 sin2 x,
−2y1y2β1 cos2 x sinx ≥ −y2

1β
2
1 cos2 x− y2

2 cos2 x sin2 x ≥ −y2
1β

2
1 cos2 x− y2

2 cos2 x,

èç ðàâåíñòâà (55) ïîëó÷àåì

V̇ ≥ y2
1

((
p− β2

1 − β2
2

)
cos2 x + 2 sin2 x + 1

)
+ y2

2

(
p cos4 x + sin2 x− |cosx| − cos2 x

)
. (56)

Äëÿ òîãî ÷òîáû äîêàçàòü ïîëîæèòåëüíóþ îïðåäåëåííîñòü ïðîèçâîäíîé V̇ , äîñòàòî÷íî ïðîâå-
ðèòü âûïîëíåíèå íåðàâåíñòâà

p cos4 x + sin2 x− |cosx| − cos2 x > 0 (57)

ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ ïàðàìåòðà p > 0 . Ñ ýòîé öåëüþ îáîçíà÷èì |cosx| = τ è
èññëåäóåì çíàê ôóíêöèè

ϕ (τ) = pτ4 − 2τ2 − τ + 1 (58)

ïðè çíà÷åíèÿõ 0 ≤ τ ≤ 1 .
Ðàññìîòðèì ôóíêöèþ (58) íà îòðåçêå τ ∈ [

0, 1
3

]
, èìååì ϕ (τ) ≥ −2τ2 − τ + 1 ≥ 4

9 , 0 ≤ τ ≤ 1
3 .

Òåïåðü îöåíèì ôóíêöèþ (58) íà ñëåäóþùåì îòðåçêå τ ∈ [
1
3 , 1

]
, ïîëó÷àåì

ϕ (τ) ≥ p
(

1
3

)4 − 2τ2 − τ + 1 ≥ p
(

1
3

)4 − 2 , 1
3 ≤ τ ≤ 1.

Òðåáóåì, ÷òîáû p
(

1
3

)4 − 2 ≥ 4
9 ↔ p ≥ 198. Òàêèì îáðàçîì, ïðè çíà÷åíèè ïàðàìåòðà p ≥

198 áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî p cos4 x + sin2 x − |cosx| − cos2 x ≥ 4
9 ∀x ∈ R . Òåïåðü

èç íåðàâåíñòâ (56), (57) ñëåäóåò, ÷òî ïðîèçâîäíàÿ â ñèëó ñèñòåìû (53) êâàäðàòè÷íîé ôîðìû
(54) áóäåò ïîëîæèòåëüíî îïðåäåëåííîé ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ ïàðàìåòðà p > 0 .
Ñëåäîâàòåëüíî, ñèñòåìà (53) ÿâëÿåòñÿ ðåãóëÿðíîé.

Çàìå÷àíèå 7. Îáðàòèì âíèìàíèå íà òî, ÷òî ñèñòåìó (53) ìîæíî çàïèñàòü â ñëåäóþùåì
âèäå:

dx

dt
= 1,

[
0 1
1 0

]
d

dt

[
y1

y2

]
=

{[
β1 0
0 0

]
cos2 x +

[
0 0
0 β2

]
cos4 x +

[
0 −1
1 0

]
sinx

}[
y1

y2

]
.

Ïîñêîëüêó óñëîâèÿ òåîðåìû 1 äëÿ çàïèñàííîé âûøå ñèñòåìû íå âûïîëíÿþòñÿ, òî ïðåäñòàâëÿ-
åòñÿ èíòåðåñíûì èññëåäîâàíèÿ óñëîâèé ðåãóëÿðíîñòè ñèñòåì óðàâíåíèé ñëåäóþùåãî âèäà:

dx

dt
= f (x) , S

dy

dt
=

[ k∑

j=1

Bj (x) · νj (x) + M (x) µ (x)
]
y (59)

ñ íåêîòîðîé íåâûðîæäåííîé ñèììåòðè÷íîé ìàòðèöåé S , f(x) ∈ CLip (Rm) .
Áóäåì ïðåäïîëàãàòü, ÷òî â ñèñòåìå (59) ñèììåòðè÷íûå ìàòðèöû Bj(x) ∈ C0 (Rm) óäîâëå-

òâîðÿþò ñëåäóþùèì óñëîâèÿì:

〈Bj (x) y, y〉 ≥ 0, j = 1, k, ∀x ∈ Rm, y ∈ Rn,
k∑

j=1

〈Bj (x) y, y〉 ≥ β ‖y‖2 , β = const > 0. (60)
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Ìàòðèöà M(x) ∈ C0 (Rm) , êàê è ðàíüøå, ÿâëÿåòñÿ êîñîñèììåòðè÷íîé. Ñêàëÿðíûå ôóíêöèè
νj(x), j = 1, k , ÿâëÿþòñÿ íåïðåðûâíûìè è îãðàíè÷åííûìè íà Rm ( νj(x) ∈ C0 (Rm) ) è ïðè-
íèìàþò íåîòðèöàòåëüíûå çíà÷åíèÿ

νj (x) ≥ 0 , j = 1, k ∀x ∈ Rm . (61)

Â êà÷åñòâå òàêèõ ôóíêöèé ìîæíî âûáèðàòü, íàïðèìåð, ñëåäóþùèå: cos2 x , |cosx| , cos4 x ,
1

chx

(
1

chx

)n

, sin2n x1 cos2k x2 è ò.ä. Ñêàëÿðíàÿ ôóíêöèÿ µ(x) îïðåäåëåíà è îãðàíè÷åíà íà
Rm , íåïðåðûâíî äèôôåðåíöèðóåìàÿ è âñå åå ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà ÿâëÿþòñÿ
íåïðåðûâíûìè è îãðàíè÷åííûìè íà Rm , ò.å. µ(x) ∈ C1 (Rm)

⋂
C0 (Rm) , ∂µ (x)

∂xi
∈ C0 (Rm) . Â

êà÷åñòâå òàêèõ ôóíêöèé ìîæíî âûáèðàòü, íàïðèìåð, sinx, (sinx)2k−1 , thx, (thx)2k−1 è ò.ä.
Ïðåäïîëàãàåì, ÷òî ñêàëÿðíûå ôóíêöèè νj(x), µ(x) òàê ñâÿçàíû ìåæäó ñîáîé, ÷òî äëÿ

êàæäûõ ôèêñèðîâàííûõ ïîñòîÿííûõ K, L ñóùåñòâóåò äîñòàòî÷íî áîëüøîå çíà÷åíèå ïàðàìåòðà
p > 0 ïðè êîòîðîì âûïîëíÿåòñÿ ñëåäóþùàÿ îöåíêà:

pν0 (x) + µ2 (x)−K

m∑

i=1

∣∣∣∣
∂µ (x)
∂xi

∣∣∣∣− Lν̄ (x) ≥ ε , ε = const > 0, (62)

ïðè âñåõ x ∈ Rm, ãäå ν0(x) = min {ν1(x), ..., ν2(x)} , ν̄(x) = max {ν1(x), ..., ν2(x)} . Ìîæíî,
íàïðèìåð, âûáðàòü ν1(x) = cos8 x , ν2(x) = cos10 x , µ(x) = sin3 x è îöåíêà (62) áóäåò
âûïîëíÿòüñÿ ïðè äîñòàòî÷íî áîëüøèõ ôèêñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòðà p > 0 .

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü ñóùåñòâóåò ïîñòîÿííàÿ n × n -ìåðíàÿ ñèììåòðè÷íàÿ ìàòðèöà Θ , êî-
òîðàÿ óäîâëåòâîðÿåò íåðàâåíñòâó

〈[
Θ(x)S−1M(x)−M(x)S−1Θ(x))

]
y, y

〉 ≥ ‖y‖2 ∀y ∈ Rn, (63)

òîãäà ïðè âûïîëíåíèè óñëîâèé (60)�(62) ñèñòåìà (59) áóäåò ðåãóëÿðíîé ïðè êàæäîé ôèêñè-
ðîâàííîé îãðàíè÷åííîé ôóíêöèè f(x) ∈ CLip (Rm)

⋂
C0 (Rm) . Ïðè ýòîì ïðîèçâîäíàÿ êâàäðà-

òè÷íîé ôîðìû
V = p 〈Sy, y〉+ 〈Θy, y〉 · µ(x) (64)

â ñèëó ñèñòåìû (59) áóäåò ïîëîæèòåëüíî îïðåäåëåííîé ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ
ïàðàìåòðà p > 0 .

Äîêàçàòåëüñòâî. Çàïèøåì ïðîèçâîäíóþ êâàäðàòè÷íîé ôîðìû (64) â ñèëó ñèñòåìû (59), èìååì

V̇ = 2p

k∑

j=1

〈Bj (x) y, y〉 · νj (x) + 2

〈
Θy, S−1




k∑

j=1

Bj (x) · νj (x) + M (x) µ (x)


 y

〉
µ (x)+

+ 〈Θy, y〉 µ̇ (x) ≥ 2pβ ‖y‖2 ν0 (x) + 2

〈
Θy, S−1




k∑

j=1

Bj (x) νj (x)


 y

〉
µ (x)+

+2
〈
Θy, S−1M (x) y

〉
µ2 (x) + 〈Θy, y〉 µ̇ (x) , (65)

ãäå µ̇ (x) =
∑m

i=1
∂µ(x)
∂xi

fi (x) .
Òåïåðü îöåíèì êàæäîå èç ñëàãàåìûõ â ðàâåíñòâå (65), èìååì

2
〈
Θy, S−1Bj (x) y

〉
νj (x) µ (x) ≥ −2

∥∥ΘS−1Bj

∥∥
0
‖y‖2 νj (x) |µ|0 ≥ −L0νj (x) ‖y‖2 ,
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2
〈
Θy, S−1M (x) y

〉
µ2 (x) ≥ ‖y‖2 µ2 (x) ,

〈Θy, y〉 µ̇ (x) ≥ −‖Θ‖ |µ̇ (x)| · ‖y‖2 ≥ −K1

m∑

i=1

∣∣∣∣
∂µ

∂xi

∣∣∣∣ ‖y‖2 ,

ãäå L0,K1 � ïîëîæèòåëüíûå ïîñòîÿííûå. Ñ ó÷åòîì çàïèñàííûõ âûøå íåðàâåíñòâ ïîëó÷àåì
V̇ ≥

(
2pβν0 (x) + µ2 (x)−K1

∑m
i=1

∣∣∣ ∂µ
∂xi

∣∣∣− Lν̄ (x)
)
‖y‖2 . Íà îñíîâàíèè ïðåäïîëîæåíèÿ âûïîëíå-

íèÿ îöåíêè (62) ïðîèçâîäíàÿ V̇ ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé. Ñëåäîâàòåëüíî, ñèñòåìà
(59) ÿâëÿåòñÿ ðåãóëÿðíîé.
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Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ
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Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî èññëåäîâàíèÿ ðàñïðîñòðàíåíèÿ ñèñòåìû ñâåðõçâóêîâûõ ñòðóé
èç ýëëèïòè÷åñêèõ ñîïåë â ñïóòíûé ñâåðõçâóêîâîé ïîòîê. Èññëåäîâàíî âëèÿíèå ãåîìåòðè÷åñêèõ
õàðàêòåðèñòèê è âõîäíîé òåìïåðàòóðû íà õàðàêòåðèñòèêè òå÷åíèÿ.

Óïðàâëåíèå ïðîöåññîì ñìåøåíèÿ ñâåðõçâóêîâûõ ñòðóé ïðåäñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ,
êàê â àýðîäèíàìèêå, òàê è ïðè îðãàíèçàöèè ýôôåêòèâíîãî ïðîöåññà ãîðåíèÿ â äâèãàòåëüíûõ
óñòàíîâêàõ âûñîêîñêîðîñòíûõ ëåòàòåëüíûõ àïïàðàòîâ. Ïðè âàðüèðîâàíèè ñïîñîáà ïîäà÷è òîï-
ëèâà â ñâåðõçâóêîâîé ïîòîê ìîæíî èçìåíÿòü õàðàêòåð âûãîðàíèÿ òîïëèâà è, òåì ñàìûì, óïðàâ-
ëÿòü ïðîöåññîì ãîðåíèÿ. Êðîìå îñåñèììåòðè÷íûõ [1] íåîáõîäèìî ðàññìàòðèâàòü è äðóãèå âèäû
èíæåêòîðîâ, ïðè èñïîëüçîâàíèè êîòîðûõ ïðîÿâëÿþòñÿ ðàçëè÷íûå ãàçîäèíàìè÷åñêèå ýôôåêòû.
Âûïîëíåí áîëüøîé öèêë èññëåäîâàíèé [2-4] ïî èçó÷åíèþ õàðàêòåðèñòèê ñìåøåíèÿ è ãîðåíèÿ
êðóãîâûõ, ýëëèïòè÷åñêèõ è ïðÿìîóãîëüíûõ ñòðóé â äîçâóêîâîì, çâóêîâîì è ñâåðõçâóêîâîì
ïîòîêàõ. Â ðåçóëüòàòå èññëåäîâàíèé áûëî ýêñïåðèìåíòàëüíî ïîêàçàíî óëó÷øåíèå ïðîöåññîâ
ñìåøåíèÿ è ãîðåíèÿ ïðè èñïîëüçîâàíèè ýëëèïòè÷åñêèõ è ïðÿìîóãîëüíûõ èíæåêòîðîâ ïî ñðàâ-
íåíèþ ñ êðóãîâûìè èíæåêòîðàìè. Â äàííîé ðàáîòå ÷èñëåííî èññëåäóåòñÿ âëèÿíèå ðåæèìíûõ
ïàðàìåòðîâ íà ïðîöåññû ñìåøåíèÿ ñòðóé ïðè èñïîëüçîâàíèè ýëëèïòè÷åñêèõ ñîïåë.

Îñíîâíûå óðàâíåíèÿ
Ðàññìàòðèâàåòñÿ èñòå÷åíèå ñèñòåìû ïðîñòðàíñòâåííûõ ñâåðõçâóêîâûõ òóðáóëåíòíûõ ñòðóé

èç ýëëèïòè÷åñêèõ ñîïåë (ðèñóíîê 1) â ñïóòíûé ñâåðõçâóêîâîé ïîòîê. Ïðèíèìàåòñÿ, ÷òî ñòðóè
è ñïóòíûé ïîòîê ðàñïðîñòðàíÿþòñÿ âäîëü îñè x, à îñè y è z ïåðïåíäèêóëÿðíû ê ïîòîêó. Ïîòîê
ñòðóè ñèììåòðè÷åí îòíîñèòåëüíî ãîðèçîíòàëè è âåðòèêàëè.

Ïðè ðåøåíèè çàäà÷è èñòå÷åíèÿ ñòðóé èç ýëëèïòè÷åñêèõ ñîïåë ïîÿâëÿþòñÿ äîïîëíèòåëü-
íûå ïàðàìåòðû, ñâÿçàííûå ñ ðàññìàòðèâàåìîé îáëàñòüþ è ôîðìîé ñîïëà. Äëÿ ýòîãî ââîäÿòñÿ
ñëåäóþùèå õàðàêòåðèñòèêè: îòíîøåíèÿ îñåé ýëëèïòè÷åñêèõ âûõîäíûõ ñòðóé ε = 2b/2c (b è c
� áîëüøàÿ è ìàëàÿ ïîëóîñè ýëëèïòè÷åñêèõ ñòðóé), L2 � äëèíà áîëüøîé ïîëóîñè ýëëèïñà, L1 �
øèðèíà ìàëîé.

Keywords: Mach number, supersonic jet, supersonic �ow, pressure
2010 Mathematics Subject Classi�cation: 76F40
c À. Ï. Ìàêàøåâà, 2011.
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Âî âñåé îáëàñòè òå÷åíèÿ ãàç ñ÷èòàåòñÿ ñîâåðøåííûì, âÿçêèì, à ðåæèì òå÷åíèÿ � òóðáó-
ëåíòíûì.

Äëÿ îïèñàíèÿ ðàññìàòðèâàåìîãî òå÷åíèÿ èñïîëüçóþòñÿ ïàðàáîëèçîâàííûå óðàâíåíèÿ Íàâüå-
Ñòîêñà (ÏÓÍÑ)

∂ ~E

∂x
+

∂
(

~F − ~Fv

)

∂y
+

∂
(

~G− ~Gv

)

∂z
= 0, (1)

çäåñü âåêòîðû ~E, ~F , ~G âêëþ÷àþò íåâÿçêèå ÷ëåíû

~E =




ρu
ρu2 + p
ρ uυ

ρuw
(Et + p) u




, ~F =




ρυ
ρuυ
ρυ2 + p

ρυw
(Et + p) υ




, ~G =




ρw
ρuw
ρυw
ρw2 + p
(Et + p) w




,

~Fv, ~Gv � âÿçêèå ÷ëåíû

~Fv = [0 , τxy , τyy , τyz , uτxy + υτyy + wτyz − qy]
T ,

~Gv = [0 , τxz , τyz , τzz , uτxz + υτyz + wτzz − qz]
T .

Äàâëåíèå è òåìïåðàòóðà îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

p = (γ − 1)
[
Et − 1

2
(
ρu2 + ρυ2 + ρw2

)]
, cv =

1
γ (γ − 1) M2

a

,

T =
(

1
ρcv

) [
Et − 1

2
(
ρu2 + ρυ2 + ρw2

)]
.

Òåíçîðû íàïðÿæåíèÿ è ïîòîêè òåïëà âûðàæàþòñÿ â âèäå

τyy =
2
3

µt

Re
(2uy − wz) , τzz =

2
3

µt

Re
(2wz − υy) , τxy =

µt

Re
uy, τxz =

µt

Re
uz,

τyz =
µt

Re
(υz + wy) , qy = − k t

(γ − 1) M2
aPrRe

Ty, qz = − k t

(γ − 1)M2
aPrRe

Tz.

Çäåñü ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ: ρ � ïëîòíîñòü; u, υ, w � ïðîäîëüíàÿ è ïîïåðå÷íûå
ñîñòàâëÿþùèå ñêîðîñòè; Et � ïîëíàÿ ýíåðãèÿ; p � äàâëåíèå; T � òåìïåðàòóðà; γ = cp/cv � ïî-
êàçàòåëü àäèàáàòû; cp, cv � óäåëüíàÿ òåïëîåìêîñòü ïðè ïîñòîÿííîì äàâëåíèè è îáúåìå; Ma �
÷èñëî Ìàõà ñòðóè; µt � êîýôôèöèåíò òóðáóëåíòíîé âÿçêîñòè, kt � êîýôôèöèåíò òåïëîïðîâîä-
íîñòè, Re � ÷èñëî Ðåéíîëüäñà; Pr � ÷èñëî Ïðàíäòëÿ.

Ñèñòåìà óðàâíåíèé (1) çàïèñàíà â áåçðàçìåðíîé êîíñåðâàòèâíîé ôîðìå. Â êà÷åñòâå áåçðàç-
ìåðíûõ ïàðàìåòðîâ ïðèíÿòû õàðàêòåðèñòèêè íà ñðåçå ñîïëà ρ0, u0, T0, ïðè ýòîì äëÿ ïîëíîé
ýíåðãèè Et ∼ ρ0u2

0, äàâëåíèÿ p ∼ ρ0u
2
0 .

Íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ
Ñèñòåìà óðàâíåíèé (1) ðåøàåòñÿ ñî ñëåäóþùèìè íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè:

x = 0 :





u = T = ρ = 1, υ = w = 0 (y−y0)2

b2
+ (z−z0)2

c2
≤ r2

0,

T = 1, u = Ma
M∞

√
T, p = 1

γ nM2
a
, υ = w = 0, (y−y0)2

b2
+ (z−z0)2

c2
> r2

0,

− b ≤ y ≤ −L1
2 , c ≤ z ≤ L2

2 ,
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x > 0 :

{
∂u
∂y = ∂w

∂y = ∂p
∂y = ∂T

∂y = υ = 0, y = 0, y = ±L1/2,
∂u
∂z = ∂υ

∂z = ∂p
∂z = ∂T

∂z = w = 0, z = 0, z = ±L2/2.

Ìåòîä ðåøåíèÿ
Â èñõîäíûõ óðàâíåíèÿõ äâèæåíèÿ ãðàäèåíò äàâëåíèÿ â ïðîäîëüíîì íàïðàâëåíèè ñîçäà-

åò âîçìîæíîñòü ðàñïðîñòðàíåíèÿ âîçìóùåíèé ââåðõ ïî ïîòîêó ÷åðåç äîçâóêîâûå ÷àñòè ïîëÿ
òå÷åíèÿ. Âñëåäñòâèå ýòîãî ìàðøåâûé ïî ïðîñòðàíñòâåííîé êîîðäèíàòå ìåòîä ñòàíîâèòñÿ ïëî-
õî îáóñëîâëåííûì, ÷òî âî ìíîãèõ ñëó÷àÿõ ïðèâîäèò ê ðàñõîäÿùèìñÿ ðåøåíèÿì. Ñóùåñòâóþò
ðàçëè÷íûå ñïîñîáû óñòðàíåíèÿ ýêñïîíåíöèàëüíî íàðàñòàþùåãî ðåøåíèÿ [5-7]. Â ðàáîòå [1] íà
îñíîâå ìåòîäà, ïðåäëîæåííîãî Âèíüåðîíîì è äð., äëÿ ó÷åòà ãðàäèåíòà äàâëåíèÿ â ïðîäîëüíîì
íàïðàâëåíèè, ãäå â äîçâóêîâîé âÿçêîé çîíå ÷àñòü ïðîäîëüíîãî ãðàäèåíòà äàâëåíèÿ ω (∂p/∂x)
â óðàâíåíèè ñîõðàíÿåòñÿ, à îñòàëüíàÿ (1− ω) (∂p/∂x) ëèáî îïóñêàåòñÿ, ëèáî ðàññ÷èòûâàåòñÿ
íà ÿâíîì ñëîå ïðè ïîìîùè ðàçíîñòåé íàçàä, áûëà ðàçðàáîòàíà ÷èñëåííàÿ ìåòîäèêà ðåøåíèÿ
ñèñòåìû óðàâíåíèé (1). Íèæå èñïîëüçîâàíû îñíîâíûå ýòàïû ýòîé ìåòîäèêè.

Ñîãëàñíî ýòîìó ìåòîäó âåêòîð ïîòîêà ~E ðàñùåïëÿåòñÿ íà äâå ÷àñòè

~E = ~E∗ + ~Ep,

ãäå

~E∗ =




ρu
ρu2 + ωp
ρuυ

ρuw
(Et + p) u




, ~Ep =




0
(1− ω) p
0
0
0




. (2)

Êàê âèäíî èç (2) â óðàâíåíèè äâèæåíèÿ ïî ïðîäîëüíîé êîîðäèíàòå x â êà÷åñòâå ìíîæèòåëÿ
ïåðåä ãðàäèåíòîì äàâëåíèÿ â ïðîäîëüíîì íàïðàâëåíèè èìååòñÿ ïàðàìåòð ω, êîòîðûé âûáèðà-
åòñÿ â ñëåäóþùåì âèäå:

ω = f (Mx) , f (Mx) =

{
1 , Mx ≥ 1,

γ M2
x

1+(γ−1) M2
x

, Mx < 1.

Òàêèì îáðàçîì, ñèñòåìà (1) ñ ó÷åòîì (2) ïðèâîäèòñÿ ê âèäó

∂ ~E∗

∂x
+

∂ ~Ep

∂x
+

∂
(

~F − ~Fv

)

∂y
+

∂
(

~G− ~Gv

)

∂z
= 0 . (3)

Ñèñòåìà (3) ðåøàåòñÿ ÷èñëåííî ñ ïîìîùüþ äâóõýòàïíîé ñõåìû ðàñùåïëåíèÿ, â êîòîðîé
íà ïåðâîì ýòàïå ïðåäïîëàãàåòñÿ, ÷òî ïåðåíîñ ïîòîêîâ îñóùåñòâëÿåòñÿ êîíâåêöèåé, âî âòîðîì
äèôôóçèåé

1 ýòàï. Âû÷èñëåíèå ïðîìåæóòî÷íûõ âåëè÷èí ïîòîêîâ

~E∗i − ~E∗n

∆x
= −∂ ~Fn

∂y
− ∂ ~Gn

∂z
− ∂ ~Ep

∂x
; (4)

2 ýòàï. Ðàñ÷åò îêîí÷àòåëüíûõ çíà÷åíèé èñêîìûõ âåëè÷èí

An
(

~Un+1 − ~Un
)

∆x
=

∂ ~Fn+1
v

∂y
+

∂ ~Gn+1
v

∂z
, (5)
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ãäå ~U = [ρ, ρu, ρυ, ρw, Et]
T , A = ∂ ~E∗

∂ ~U
� ìàòðèöà ßêîáè, ïðèâåäåííàÿ â ðàáîòå [1].

×èñëåííîå ðåøåíèå (4) îòíîñèòåëüíî ïîòîêà
(

~E∗i
)

ïðîâîäèòñÿ ñ ïîìîùüþ ÿâíîé ñõåìû
Ìàê-Êîðìàêà [6] (i = 2) , ëèáî òðåõøàãîâîé ñõåìû Óîðìèíãà-Êàòëåðà-Ëîìàêñà [6] (i = 3) .

Äëÿ îñóùåñòâëåíèÿ âòîðîãî ýòàïà ðàñ÷åòà êîýôôèöèåíò òóðáóëåíòíîé âÿçêîñòè îïðåäåëÿ-
åòñÿ ñ ïîìîùüþ èçâåñòíîé àëãåáðàè÷åñêîé ìîäåëè Áîëäóèíà-Ëîìàêñà [8].

Âÿçêèå ÷ëåíû â (5) àïïðîêñèìèðóþòñÿ öåíòðàëüíûìè ðàçíîñòÿìè âòîðîãî ïîðÿäêà òî÷íî-
ñòè.

Â ñîîòâåòñòâèè ñ ýòèì ðåøåíèå ñèñòåìû (5), ò.å. âû÷èñëåíèå äèôôóçèîííîãî îáìåíà, ïðî-
âîäèòñÿ ñ ïîìîùüþ òðåõøàãîâîé ìàòðè÷íîé ïðîãîíêè ñëåäóþùèì îáðàçîì:

Øàã 1:
[

∆ x

2∆ z2
(µti,j + µti,j+1)

]
~U

n+1/2
i,j+1 −

[
An

i,j +
∆x

2∆ z2
(µti,j+1 + 2µti,j + µti,j−1)

]
~U

n+1/2
i,j +

+
[

∆ x

2∆ z2
(µti,j + µti,j−1)

]
~U

n+1/2
i,j−1 = −An

i,j
~Un

i,j .

Øàã 2: ~Un
i,j = An~U

n+1/2
i,j .

Øàã 3:
[

∆ x

2∆ y2
(µti,j + µti+1,j)

]
~Un+1

i+1,j −
[
An

i,j +
∆ x

2∆ y2
(µti+1,j + 2µti,j + µti−1,j)

]
~Un+1

i,j +

+
[

∆x

2∆ y2
(µti,j + µti−1,j)

]
~Un+1

i−1,j = −~Un
i,j .

Íà îêîí÷àòåëüíîì ýòàïå äëÿ ïîäàâëåíèÿ îñöèëëÿöèé â ðåøåíèè âåêòîð ïîòîêà ~Un+1 ñãëà-
æèâàåòñÿ ÿâíûì îáðàçîì àíàëîãè÷íî [9]. Êîýôôèöèåíò èñêóññòâåííîé âÿçêîñòè µi äëÿ íàïðàâ-
ëåíèÿ y ïðè ýòîì èìååò âèä

µi =∈i

∣∣∣∣
pi+1,j − 2pi,j + pi−1,j

pi+1,j + 2pi,j + pi−1,j

∣∣∣∣.

Êîíñòàíòà ∈i âàðüèðîâàëàñü â òàêîì æå äèàïàçîíå, êàê è â ðàáîòå [9] (0 ≤∈i≤0.3) ñ ìàêñè-
ìóìîì íà ñòûêå ñâåðõçâóêîâîé è äîçâóêîâîé îáëàñòåé.

Ðåçóëüòàòû ðàñ÷åòîâ
Ðàçðàáîòàííàÿ ìåòîäèêà ðåøåíèÿ áûëà ïðîòåñòèðîâàíà íà ðåøåíèè òåñòîâîé çàäà÷è èñòå÷å-

íèÿ ñâåðõçâóêîâîé êðóãëîé ñòðóè â ñâåðõçâóêîâîé ïîòîê [1]. Ðåçóëüòàòû ðàñ÷åòîâ, ïðèâåäåííûå
â ðàáîòå [1], ïîêàçûâàþò, ÷òî ïðåäëàãàåìàÿ ìåòîäèêà ðàñ÷åòà óäîâëåòâîðèòåëüíî îïèñûâàåò
ðàññìàòðèâàåìûå òå÷åíèÿ.

×èñëåííûé ðàñ÷åò ïðîâîäèëñÿ ïðè ñëåäóþùèõ çíà÷åíèÿõ îïðåäåëÿþùèõ ïàðàìåòðîâ: γ =
1.4, T0 = 1, T∞ = 0.3, b = 15, c = 10. Èñïîëüçîâàëàñü ñåòêà â ïîïåðå÷íûõ íàïðàâëåíèÿõ
ñ 75õ75 óçëàìè, øàã ïî ìàðøåâîé êîîðäèíàòå âàðüèðîâàëñÿ â ïðåäåëàõ ∆ x = 0.0035÷ 0.006.

Íà ðèñóíêå 2 ïðåäñòàâëåíû èçîáàðû, ðàñïðîñòðàíÿþùèåñÿ â ïëîñêîñòè xoy � áîëüøîé (ðè-
ñóíîê 2à) è xoz � ìàëîé (ðèñóíîê 2á) îñåé ýëëèïñà. Âèäíî, ÷òî âíèç ïî òå÷åíèþ â ñòîðîíó
âíåøíåãî ñïóòíîãî ïîòîêà ðàñïðîñòðàíÿåòñÿ óäàðíàÿ âîëíà êàê ïî íàïðàâëåíèþ y, òàê è z
(ðèñóíîê 2à,á). Âñëåäñòâèè òîãî, ÷òî ðàññìàòðèâàåìàÿ îáëàñòü ïî îñè z ìåíüøå, ÷åì ïî y,
âîëíà, ðàñïðîñòðàíÿþùàÿñÿ ïî ìàëîé îñè, ðàíüøå äîñòèãàåò îñè êîìïîíîâêè (ðèñóíîê 2à).
Òî åñòü íåîñåñèììåòðè÷íàÿ ôîðìà ñîïëà ïðèâîäèò ê îñëàáåâàíèþ âîëí ñæàòèÿ â ïëîñêîñòè
áîëüøîé è ìàëîé îñåé ýëëèïñà íåîäèíàêîâûì îáðàçîì. Â ðåçóëüòàòå ñòðóÿ, âíà÷àëå âûòÿíó-
òàÿ â íàïðàâëåíèè îñè y, ñòàíîâèòñÿ êðóãëîé (î÷åâèäíî, â íà÷àëüíîì ñå÷åíèè ýëëèïòè÷åñêàÿ
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L2

L12b
z

y

2c x

0

Ðèñ. 1: Ñõåìà òå÷åíèÿ

p

p

б)

а)

Ðèñ. 2: Èçîáàðû à) â ïëîñêîñòè XOY, á) â ïëîñêîñòè XOZ;
Ma = 2,M∞ = 3, n = 2, T0 = 1, T∞ = 0.3

ñòðóÿ â íàïðàâëåíèè îñè z ðàñïðîñòðàíÿåòñÿ êàê ïëîñêàÿ ñòðóÿ, à â íàïðàâëåíèè y � îñåñèì-
ìåòðè÷íàÿ), ÷òî ñîãëàñóåòñÿ ñ ðàíåå ïîëó÷åííûìè òåîðåòè÷åñêèìè ðåçóëüòàòàìè Àâäóåâñêîãî
[10] äëÿ ñòðóé, èñòåêàþùèõ èç ñâåðõçâóêîâûõ ýëëèïòè÷åñêèõ ñîïåë â çàòîïëåííîå ïðîñòðàí-
ñòâî, ñ îòíîøåíèåì îñåé ε = 2 íà îñíîâå ìîäåëè íåâÿçêîãî ãàçà. Äàëåå, âñëåäñòâèå âÿçêèõ
è óäàðíî-âîëíîâûõ ïðîöåññîâ âîçìóùåíèÿ âíèç ïî ïîòîêó îñëàáåâàþò. Ïðè ýòîì èç ðàñïðå-
äåëåíèÿ èçîëèíèè îòíîñèòåëüíîé èçáûòî÷íîé òåìïåðàòóðû (ðàçíîñòü ëîêàëüíîé òåìïåðàòóðû
è òåìïåðàòóðû îñíîâíîãî ïîòîêà îòíîñèòñÿ ê ðàçíîñòè òåìïåðàòóð ñòðóè è îñíîâíîãî ïîòî-
êà) âèäíî (ðèñ.3), ÷òî âñëåäñòâèè áûñòðîãî ðàñøèðåíèÿ ñòðóè âäîëü ìàëîé îñè ýëëèïñà (îñè),
ñòðóÿ âûòÿãèâàåòñÿ â ýòîì íàïðàâëåíèè (x = 3.25 , ðèñóíîê 3). Îñíîâíîé îñîáåííîñòüþ èñòå÷å-
íèÿ ñâåðõçâóêîâûõ ñòðóé èç ýëëèïòè÷åñêèõ ñîïåë ÿâëÿåòñÿ òî, ÷òî â íåêîòîðîì ñå÷åíèè âíèç
ïî ïîòîêó â ðàñïðåäåëåíèÿõ òåìïåðàòóðû íàáëþäàþòñÿ äâà ïèêà (x = 5.42), ðàñïîëîæåííûõ
âäîëü ìàëîé îñè ýëëèïñà, ãäå îíè ïðèíèìàþò ìàêñèìàëüíûå çíà÷åíèÿ, è äâà äîïîëíèòåëüíûõ �
âäîëü ìàëîé îñè. Äàëåå, âíèç ïî ïîòîêó ïèêè ñëèâàþòñÿ è ïðèîáðåòàþò ñëîæíóþ òðåõìåðíóþ
ñòðóêòóðó (ðèñóíîê 3).
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x=1.08

x=3.25

x=5.42

x=7.59

x=11.9

x=15.2

x=23.9

Ðèñ. 3: Èçîòåðìû ïî ñå÷åíèÿì
Ma = 2,M∞ = 3, n = 2, T0 = 1, T∞ = 0.3

Íà îñíîâàíèè ïðîâåäåííîãî àíàëèçà âûÿâëåíî, ÷òî ïèêè íàáëþäàþòñÿ òîëüêî íà íà÷àëüíîì
ó÷àñòêå ñòðóè. Òàêèì îáðàçîì, ñîãëàñíî ðàáîòå Ëîìêîâà [11] íà íà÷àëüíîì ó÷àñòêå íàëè÷èå
ïèêîâ ïðèâîäèò ê èíòåíñèâíîìó ñìåøåíèþ ñòðóè ñ ïîòîêîì.

×èñëåííûå ýêñïåðèìåíòû ïî âëèÿíèþ ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê ïîêàçàëè, ÷òî íà îá-
ðàçîâàíèå ïèêîâ âëèÿåò óìåíüøåíèå ìàëîé îñè ýëëèïñà, à óìåíüøåíèå áîëüøîé îñè ýëëèïñà
êà÷åñòâåííóþ êàðòèíó òå÷åíèÿ íå ìåíÿåò.

Âëèÿíèå íà÷àëüíîé òåìïåðàòóðû ñòðóè è ïîòîêà íà êàðòèíó òå÷åíèÿ ïðèâåäåíû íà ðèñóíêå
4, ãäå ïðåäñòàâëåíû èçîëèíèè òåìïåðàòóðû â ïîïåðå÷íûõ ñå÷åíèÿõ äëÿ ñëåäóþùèõ ïàðàìåòðîâ
òå÷åíèÿ: T0 = 2, T∞ = 1 (ðèñóíîê 4À) è T0 = 1, T∞ = 2 (ðèñóíîê 4Â) ïðè ôèêñèðîâàííûõ çíà-
÷åíèÿõ: Ma = 3, M∞ = 5, n = 10. Êàðòèíà ñìåøåíèÿ ýëëèïòè÷åñêîé ñòðóè ïðè T0 = 1, T∞ = 2
àíàëîãè÷íà êàðòèíå èñòå÷åíèÿ èç ñèñòåìû êðóãëûõ ñòðóé, òîãäà êàê óâåëè÷åíèå òåìïåðàòóðû
ñòðóè ïðèâîäèò ê èíòåíñèâíîìó ïðîöåññó ñìåøåíèÿ ñèñòåìû ýëëèïòè÷åñêèõ ñòðóé.

Â ðåçóëüòàòå ïðîâåäåííûõ ÷èñëåííûõ ýêñïåðèìåíòîâ ïîëó÷åíà èíòåíñèôèêàöèÿ ñìåøåíèÿ ñ
ïîìîùüþ ýëëèïòè÷åñêèõ ñîïåë. Ïðîâåäåí ÷èñëåííûé àíàëèç âëèÿíèÿ ðåæèìíûõ ïàðàìåòðîâ è
ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê (áîëüøîé è ìàëîé îñåé ýëëèïñà) íà îáðàçîâàíèå ïèêîâ â ïîëÿõ
ñêîðîñòè è òåìïåðàòóðû, êîòîðûå íàáëþäàþòñÿ íà íà÷àëüíîì ó÷àñòêå ñòðóé. Óñòàíîâëåíî,
÷òî ïðè èñòå÷åíèè ñâåðõçâóêîâûõ ñòðóé èç ýëëèïòè÷åñêèõ ñîïåë â ñïóòíûé ïîòîê ñòðóÿ áîëåå
èíòåíñèâíî ðàñøèðÿåòñÿ âäîëü ìàëîé îñè è â ðåçóëüòàòå ýëëèïòè÷åñêàÿ ñòðóÿ âíèç ïî ïîòîêó
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A B

б)

а)

в)

г)

д)

Ðèñ. 4: Èçîòåðìû
à) x = 3.74, á) 11.2, â) 30, ã) 45, ä) 60
A. T0 = 2, T∞ = 1, B. T0 = 1, T∞ = 2

Ma = 3,M∞ = 5, n = 10
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7. Íàçâàíèå äîêëàäà
8. Ñåêöèÿ
9. Íåîáõîäèìîñòü áðîíèðîâàíèÿ ãîñòèíèöû
10. Íåîáõîäèìîñòü âèçîâîé ïîääåðæêè
11. Êðàòêàÿ àííîòàöèÿ äîêëàäà
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ÓÄÊ: 517.518 2010 MSC: 42A10
À©ûøåâ �. Êëàñòàðäû Ëîðåíö êåiñòiãiíäå M− ì³øåëi æóû©òàóäû ðåòi òóðàëû

// Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 1 (39). Á. 5 � 29.
Ìà©àëàäà Áåñîâ êëàñûí àðàëàñ ì°ëøåðëi Ëîðåíö êåiñòiãiíäå å æà©ñû M -ì³øåëi æóû-

©òàóäû äºë ðåòi àíû©òàë¡àí.
�äåáèåòòåð òiçiìi � 30.
Akishev G. On the order of the M− th approach of the classes approximation in the

Lorentz space // Mathematical journal. 2011. Vol. 11. � 1 (39). P. 5 � 29.
There are obtained the exact estimates of M− th approach of the approximation of Besov classes

in the Lorentz space with anisotropic norm.
References � 30.

ÓÄÊ: 530.45 2010 MSC: 81Q05
Àëåêñååâà Ë.À.Áèêâàòåðíèîíäàðäû äèôôåðåíöèàëäû© àëãåáðàñû. 3. Äèðàê òå-

äåói æºíå îíû æàëïûëàìà øåøiìäåði // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 1 (39).
Á. 30 � 38.

Äèðàê-êâàíòòû© ìåõàíèêàíû òåäåóiíi øåøiìäåði çåðòòåëãåí. Äèðàê òåäåóiíi áèêâà-
òåðíèîíäû ò³ði ò´ð¡ûçûë¡àí æºíå îíû æàëïûëàìà øåøiìäåði áèêâàòåðíèîí ò³ðiíäå ñêàëÿð
ïîòåíöèàëäàð àð©ûëû àíû©òàë¡àí Êâàíòòû© ìåõàíèêàíû áåëãiëi Êëåéí-Ãîðäîí-Ôîê æºíå
Øðåäèíãåð òåäåóëåðäi áiðiêòiðåòií ñêàëÿð ïîòåíöèàëäàðäû© øåøiìäåðiíå òåäåói ê´ðàñòû-
ðûë¡àí. Áåéñòàöèîíàð, ñòàòèêàëû© æºíå óà©ûò áîéûíøà ãàðìîíèêàëû© ñêàëÿð ïîòåíöèàëäàð-
ìåí áiðãå îëàðäû òó¡ûçàòûí ñïèíîðëàðû æºíå ñïèíîðëû© °ðiñòåði òàáûë¡àí.

�äåáèåòòåð òiçiìi � 6.
Alexeyeva L.A. Di�erential algebra of biquaternions. 3. Dirac equation and its

generalized solutions // Mathematical journal. 2011. Vol. 11. � 1 (39). P. 30 � 38.
Dirac equation of quantum mechanics and its solutions are investigated. The biquatornionic

form of the Dirac equation is done and its generalized solutions are constructed with the help of the
scalar potentials. There is reduced an equation for the scalar potentials combining known equations
of quantum mechanics and named as Klein-Gordon- Fork �Schrodinger one. The nonstationary,
statistical and harmonic with respect to time scalar potentials and generated by them spinors and
spinors �elds are de�ned.

References � 6.

ÓÄÊ: 528.36 2010 MSC: 81Q05P
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Àòàíáàåâ Ñ.À., �îæàáåêîâà À.À. �àðûøòû© áàðëàï áàé©àó ìºëiìåòi áîéûíøà Æåð-
äåãi òîïûðà©òû òåìïåðàòóðàñûíû àíû©òàëóû // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11.
� 1 (39). Á. 39 � 42.

Òîïûðà©òû áåòòiê ©àáàòû ³øií òåìïåðàòóðàëû© °ðiñòi ©àëûïûíà êåëòiðó � êâàçèêåðiëåó
ºäiñiìåí äåðáåñ òóûíäûëû òåäåóëåð æ³éåñi ³øií Êîøè åñåái ©àðàñòûðûëäû. �àðûøòû© áàð-
ëàï áàé©àó ìºëiìåòi áîéûíøà Æåðäåãi òîïûðà©òû òåìïåðàòóðàñûíû àíû©òàëóû.

�äåáèåòòåð òiçiìi � 12.
Atanbaev S.A., Kozhabekova A.A. Determination of the temperature of the Earth soil

under the data of cosmic sounding // Mathematical journal. 2011. Vol. 11. � 1 (39). P. 39 �
42.

With the help of quasi�inversion method there is considered the problem of the renewal of the
temperature �eld of the surface layer of soil � Cauchy problem for the system of the partial di�erential
equations.

References � 12.

ÓÄÊ: 517.968.74 2010 MSC: 45J05
Áàêiðîâà Ý.À. Ñûçû©òû åìåñ èíòåãðàëäû© - äèôôåðåíöèàëäû© òåäåóëåð ³øií

àðíàéû Êîøè åñåáiíi øåøiìiíi áàð áîëóû ìåí æàë¡ûçäû¡û // Ìàòåìàòèêàëû©
æóðíàë. 2011. Ò. 11. � 1 (39). Á. 43 � 52.

Ïàðàìåòðëåó ºäiñi ©îëäàí¡àíäà ïàéäà áîëàòûí ñûçû©òû åìåñ èíòåãðàëäû© - äèôôåðåíöè-
àëäû© òåäåóëåð ³øií àðíàéû Êîøè åñåái ©àðàñòûðûëàäû. Ïàðàìåòðëåðäi ò³ðëi ìºíäåðiíå
ñºéêåñ êåëåòií ©àðàñòûðûëûï îòûð¡àí åñåïòi øåøiìiíi æàë¡ûçäû¡ûíû æåòêiëiêòi øàðòòà-
ðû æºíå îíû øåøiìäåðiíi àéûðûìûíû áà¡àëàóû îñû ïàðàìåòðëåðäi àéûðûìû áîéûíøà
àëûí¡àí.

�äåáèåòòåð òiçiìi � 7.
Bakirova E.A. Existence and uniqueness of a solution of the special Cauchy problem

for the nonlinear integro�di�erential equations // Mathematical journal. 2011. Vol. 11. � 1
(39). P. 43 � 52.

The special Cauchy problem for nonlinear integro�di�erential equations arising in the application
of the parametrization method is considered. The are obtained the su�cient conditions of the
existence of the unique solution to the considered problem and an estimate of the di�erence of
its solutions corresponding to the di�erent values of the parameters via the di�erence of these
parameters.

References � 7.

ÓÄÊ: 517.956 2010 MSC: 35L20
Áàëäûáåê Æ.À., �òåëáàåâ Ì.Î. Ñûçû©òû© àëãåáðàëû© æ³éåíi òàðìà©òàëó åñåái

// Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 1 (39). Á. 53 � 58.
Æ´ìûñòà àç¡ûíäàëìà¡àí ìàòðèöàñû áàð ñûçû©òû àëãåáðàëû© òåäåóëåðäi æ³éåëåði ³øií

òàðìà©òàëó åñåái ©àðàñòûðûëäû. Îë ³øií âàðèàöèÿëû© ðåêóððåíòòiê ôîðìóëàëàð åãiçiëäi.
Âàðèàöèÿëû© ºäiñòi æèíà©òûëû¡û òóðàëû òåîðåìà äºëåëäåíäi.

�äåáèåòòåð òiçiìi � 2.
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Ðåôåðàòòàð � Reviews 99

Baldybek Zh.A., Otelbaev M.O. The problem of parallelizing of a linear algebraic system
// Mathematical journal. 2011. Vol. 11. � 1 (39). P. 53 � 58.

There is considered the problem of a parallelization for the systems of the linear algebraic
equations with a nondegenerate matrix. For this the variational recurrent formulas are introduced.
The theorem of convergence of a variational method is proved.

References � 2.

ÓÄÊ: 517.927.25 2010 MSC: 34L10, 47E05, 34B10

Èìàíáàåâ Í.Ñ., Ñàäûáåêîâ Ì.À. Øåòòiê øàðòòàðû èíòåãðàë àð©ûëû òîë©ûòûë¡àí
Ñàìàðñêèé-Èîíêèí åñåái ò³ïêiëiêòi ôóíêöèÿëàðûíû áàçèñòiãi // Ìàòåìàòèêàëû©
æóðíàë. 2011. Ò. 11. � 1 (39). Á. 59 � 66.

Ìà©àëàäà Øðåäèíãåð îïåðàòîðû ³øií ©îéûë¡àí Ñàìàðñêèé-Èîíêèí ñïåêòðàëäû åñåáiíi
øåòòiê øàðòòàðûí èíòåãðàë àð©ûëû òîë©ûòó áàðûñûíäà îíû ìåíøiêòi ôóíêöèÿëàðû ©àñè-
åòòåðiíi °çãåðó ñèïàòû çåðòòåëãåí. Øðåäèíãåð îïåðàòîðû ³øií ©îéûë¡àí Ñàìàðñêèé-Èîíêèí
ñïåêòðàëäû åñåái ìåíøiêòi ôóíêöèÿëàðûíû L2(0, 1) êåiñòiãiíäå Ðèññ áàçèñi áîëóû òàëàï
åòiëåäi. Øåòòiê øàðòòàðäà¡û èíòåãðàëäû îïåðàòîð ÿäðîñûíû ©´áûëóû ìåéëiíøå àç áîëñà äà,
ìåíøiêòi æºíå îëàð¡à ©îñûìøà àëûí¡àí ôóíêöèÿëàðäû áàçèñòiê ©àñèåòòåði °çãåðiñêå ´øû-
ðàéòûíäû¡û ê°ðñåòiëãåí.

�äåáèåòòåð òiçiìi � 8.

Imanbaev N.S., Sadybekov M.A. Basis property of the root functions of the Samarsky-
Ionkin problem with an integral perturbation in the boundary condition // Mathematical
journal. 2011. Vol. 11. � 1 (39). P. 59 � 66.

In this paper there is considered the Samarsky-Ionkin spectral problem for the Schrodinger
equation with an integral perturbation in the boundary conditions. It is assumed that the
unperturbed problem has a system of eigenfunctions forming a Riesz basis in L2(0, 1). It is shown
that the basis property of the systems of root functions of a problem can be varied under any
arbitrarily small variation of the kernel of the integral perturbation.

References � 8.

ÓÄÊ: 517.51 2010 MSC: 46E30, 42A16

Ê°ïåæàíîâà À.Í. Ðåãóëÿðëû îðòîíîðìàëàí¡àí æ³éå áîéûíøà Ôóðüå ©àòàðëàðû-
íû êåéáið òåñiçäiêòåði // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 1 (39). Á. 67 � 73.

Äèñêðåòòi æàëïûëàìà λq(µ) Ëîðåíö êåiñòiãiíäåíãi ôóíêöèÿíû ðåãóëÿðëû© æ³éåñi áîé-
ûíøà Ôóðüå êîýôôèöèåíòòåðiìåí îðòîãîíàëüäû© ©àòàðëàðäû èíòåãðàëäû© ©àñèåòòåði çåðò-
òåëãåí. Ëîðåíö êåiñòiãiíi æàëïû æà¡äàéû ³øií Í´ðñ´ëòàíîâ òåñiçäiãiíi àíàëîãòàðû äºëåë-
äåíäi.

�äåáèåòòåð òiçiìi � 9.
KopezhanovaA.N. Some inequalities for the Fourier series with respect to the

orthonormalized system // Mathematical journal. 2011. Vol. 11. � 1 (39). P. 67 � 73.

The integral properties of the orthogonal series with respect to the regular systems of functions
with Fourier coe�cients from the discrete generalized Lorentz space λq(µ) are studied. Analogues of
Nursultanov inequalities are proved in the case of general Lorentz spaces.

References � 9.
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ÓÄÊ: 517.938 2010 MSC: 34A45, 34B27, 34D20
Êóëèê Â.Ë., Êóëèê À.Í., Ñòåïàíåíêî Í.Â.Äèíàìèêàëû© æ³éåëåðäi ºëñiç ðåãóëÿðëû

ñûçû©òû êååéòóëåðií ðåãóëÿðëû¡à äåéií òîëû©òûðó // Ìàòåìàòèêàëû© æóðíàë. 2011.
Ò. 11. � 1 (39). Á. 74 � 86.

�ëñiç ðåãóëÿðëû ñûçû©òû êååéòóëåðií ðåãóëÿðëû¡à äåéií òîëû©òûðó èäåÿñû æàëïûëà-
íàäû. Äèíàìèêàëû© æ³éåëåðäi ñûçû©òû êååéòóëåðiíi êåéáið êëàñòàðûíû ðåãóëÿðëû¡û
çåðòòåëåäi.

�äåáèåòòåð òiçiìi � 7.
Kulik V.L., Kulik A.N., Stepanenko N.V. The addition of weakly regular linear extensions

of the dynamical systems till the regular // Mathematical journal. 2011. Vol. 11. � 1 (39). P.
74 � 86.

There is generalized the idea of an addition of weakly regular linear extensions till the regular
ones. The regularity of some classes of linear extensions of dynamical systems is investigated.

References � 7.

ÓÄÊ: 532.526 2010 MSC: 76F40
Ìà©àøåâà À.Ï. Ñåðiêòåñ à¡ûíäà¡û äûáûñ æûëäàìäû¡ûíàí æî¡àðû à¡ûíøà æ³é-

åëåðií à¡ûñû // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 1 (39). Á. 87 � 94.
Æî¡àðû äûáûñòû à¡ûíøàäàí ñåðiêòåñ à¡ûí¡à à¡ûï øû¡àòûí à¡ûíøà æ³éåëåðií ñàíäû©

çåðòòåó íºòèæåëåði êåëòiðiëãåí. Ãåîìåòðèÿëû© ñèïàòòàìàíû æºíå êiðiñ òåìïåðàòóðàñûíû
à¡ûí ñèïàòòàìàëàðûíà ºñåði çåðòòåëãåí.

�äåáèåòòåð òiçiìi � 11.
Makasheva A.P. E�ciency of the mixture of the supersonic jets under the various

con�gurations of nozzles // Mathematical journal. 2011. Vol. 11. � 1 (39). P. 87 � 94.
There are given the results of the numerical investigation of the spreading of the system of

supersonic jets from the elliptic nozzles into the supersonic �ow. The in�uence of the geometrical
characteristics and entrance temperature on the characteristics of a �ow is investigated.

References � 11.
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ñîâðåìåííîé ìàòåìàòèêè: òåîðèÿ ôóíêöèé, ôóíêöèîíàëüíûé àíàëèç, îáûêíîâåííûå äèôôå-
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Â ñîîòâåòñòâèè ñ òðåáîâàíèÿìè æóðíàëà ñòàòüÿ äîëæíà áûòü íàïèñàíà íà âûñîêîì íà-
ó÷íîì óðîâíå, ñîäåðæàòü íîâûå, ÷åòêî ñôîðìóëèðîâàííûå ìàòåìàòè÷åñêèå ðåçóëüòàòû è èõ
äîêàçàòåëüñòâà. Ñòàòüè æóðíàëà ðàçìåùàþòñÿ â ñâîáîäíîì äîñòóïå íà ñàéòå www.math.kz Èí-
ñòèòóòà ìàòåìàòèêè ÌÎÍ ÐÊ, èõ ðåôåðèðóþò ÍÖ ÍÒÈ (Êàçàõñòàí), Ðåôåðàòèâíûé æóðíàë
"Ìàòåìàòèêà" ÂÈÍÈÒÈ (Ðîññèÿ) è Zentralblatt Math (Ãåðìàíèÿ).
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ñïåöèàëüíîìó ðåøåíèþ ðåäêîëëåãèè æóðíàëà. Ïðèíèìàþòñÿ ñòàòüè, íàïèñàííûå íà êàçàõñêîì,
ðóññêîì è àíãëèéñêîì ÿçûêàõ. Ñòàòüè ðåöåíçèðóþòñÿ.
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1. Ðóêîïèñü ñòàòüè äîëæíà áûòü ïîäãîòîâëåíà â èçäàòåëüñêîé ñèñòåìå LATEX-2å è ïðåäñòàâëåíà
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2. Â ëåâîì âåðõíåì óãëó íåîáõîäèìî óêàçàòü èíäåêñ ÓÄÊ, äàëåå çàãëàâèå ñòàòüè, èíèöèàëû è
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ðàòóðû ïðèâîäèòñÿ â ñëåäóþùåì âèäå:
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ìóëû, Óñïåõè ìàòåì.íàóê, 1981, Ò. 36, âûï. (èëè �) 4, Ñ. 107 � 159.
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