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1. Â â å ä å í è å. Ïóñòü 0 < p, q < ∞, p > 1, 1
p + 1

p′ = 1, α > 0 è v, w � âåñîâûå ôóíêöèè
ò.å. íåîòðèöàòåëüíûå, èçìåðèìûå íà I = (0,+∞) ôóíêöèè òàêèå, ÷òî v ∈ Lloc

1 (I), w ∈ L1(0, t),
∀t > 0. Ïîëîæèì W (x) =

x∫
0

w(s)ds, x > 0.

Ðàññìîòðèì âîïðîñ îá îãðàíè÷åííîñòè èç Lp,w ≡ Lp,w(I) â Lq,v ≡ Lq,v(I) èíòåãðàëüíîãî
îïåðàòîðà

Kαf(x) =

x∫

0

f(s)w(s)ds

(W (x)−W (s))1−α
, x ∈ I, (1)

ãäå Lp,w � ïðîñòðàíñòâî âñåõ èçìåðèìûõ íà I ôóíêöèé òàêèõ, ÷òî

‖f‖p,w =




∞∫

0

|f(s)|pw(s)ds




1
p

< ∞.

Ïðè α ≥ 1 è 1 < p, q < ∞ êðèòåðèé îãðàíè÷åííîñòè èç Lp,w â Lq,v îïåðàòîðà (1) âûòåêàåò
èç ðåçóëüòàòîâ ðàáîòû [1]. Ïîýòîìó íèæå ìû áóäåì ñ÷èòàòü, ÷òî 0 < α < 1.

Ïðè w ≡ 1 îïåðàòîð (1) èìååò âèä

Kαf(x) =

x∫

0

f(s)ds

(x− s)1−α
. (2)

Âîïðîñû îãðàíè÷åííîñòè èç Lp â Lq,v îïåðàòîðà (2) èññëåäîâàíû â ðàáîòàõ [2,3,4]. Â ðàáîòå
[3] äàíû êðèòåðèè îãðàíè÷åííîñòè èç Lp,w â Lq,v îïåðàòîðà (2), êîãäà îäíà èç âåñîâûõ ôóíêöèé
v, w íåâîçðàñòàþùàÿ.

Äëÿ ëþáîãî ëèíåéíîãî îïåðàòîðà T : Lp,w → Lq,v ïîëîæèì ‖T‖ = ‖T‖Lp,w→Lq,v .

Keywords: integral operator, fractional integral, boundedness
2000 Mathematics Subject Classi�cation: 47G10
c À. Ì. Àáûëàåâà, Ð. Îéíàðîâ, 2004.
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Äàëåå, íåîïðåäåëåííîñòè âèäà 0 · ∞, 0
0 , ∞∞ ïîëàãàþòñÿ ðàâíûìè íóëþ. Ñîîòíîøåíèå âèäà

A ¿ B îçíà÷àåò A ≤ βB, ãäå ïîëîæèòåëüíàÿ ïîñòîÿííàÿ β, áûòü ìîæåò, çàâèñèò îò ïàðàìåòðîâ
p, q, α; ñîîòíîøåíèå A ≈ B èíòåðïðåòèðóåòñÿ, êàê A ¿ B ¿ A. Ìíîæåñòâî âñåõ öåëûõ ÷èñåë
îáîçíà÷àåòñÿ Z.

2. Â ñ ï î ì î ã à ò å ë ü í û å ó ò â å ð æ ä å í è ÿ. Äëÿ äîêàçàòåëüñòâà îñíîâ-
íûõ óòâåðæäåíèé íàì íåîáõîäèìû íåêîòîðûå ôàêòû. Íàðÿäó ñ îïåðàòîðîì (1) ðàññìîòðèì
îïåðàòîð

Hαf(x) =
1

W 1−α(x)

x∫

0

f(s)w(s)ds, x ∈ I. (3)

Ëåãêî âèäåòü, ÷òî äëÿ f ≥ 0

Kαf(x) ≥ Hαf(x) ∀x > 0. (4)

Çäåñü è äàëåå Kα � îïåðàòîð (1).
Âîïðîñû îãðàíè÷åííîñòè îïåðàòîðà âèäà (3) â âåñîâûõ ïðîñòðàíñòâàõ Ëåáåãà èçó÷åíû äî-

ñòàòî÷íî ïîëíî. Ïîëó÷åííûå ðåçóëüòàòû, èñòîðèÿ âîïðîñà è ñîîòâåòñòâóþùèå ëèòåðàòóðíûå
ññûëêè ìîæíî íàéòè â [6,7].

Òå î ð åì à À. ([6, òåîðåìà 1.14]). Ïóñòü 1 < p ≤ q < ∞. Îïåðàòîð Hα îãðàíè÷åí èç
Lp,w â Lq,v òîãäà è òîëüêî òîãäà, êîãäà

Aα = sup
x>0

W
1
p′ (x)




∞∫

x

W q(α−1)(s)v(s)ds




1
q

< ∞,

ïðè ýòîì ‖Hα‖ ≈ Aα.
Òå î ð åì à B. ([6, òåîðåìà 1.15 è 9.3]).Ïóñòü 0 < q < p < ∞, p > 1. Îïåðàòîð Hα

îãðàíè÷åí èç Lp,w â Lq,v òîãäà è òîëüêî òîãäà, êîãäà

Bα =




∞∫

0

(W (x))
p(q−1)

p−q




∞∫

x

W q(α−1)(s)v(s)ds




p
p−q

w(x)dx




p−q
pq

< ∞,

ïðè ýòîì ‖Hα‖ ≈ Bα.
Òå î ð åì à Ñ. ([8]). Ïóñòü 1 < p < ∞ è ak ≥ 0, bk > 0, k ∈ Z. Äëÿ fk ≥ 0, k ∈ Z

ñïðàâåäëèâî íåðàâåíñòâî

∑

k∈Z


ak

∑

j≥k

fj




p


1
p

¿ C

(∑

k∈Z

(bkfk)
p

) 1
p

,

ãäå

C = sup
k∈Z


∑

j≤k

ap
j




1
p


∑

i≥k

b−p′
i




1
p′

.

Ôóíêöèÿ W (·) íå óáûâàåò è íåïðåðûâíà íà I, ïðè÷åì W (0) = 0. Èñïîëüçóÿ ýòè ñâîéñòâà
ôóíêöèè W , äëÿ ëþáîãî k ∈ Z îïðåäåëèì xk = sup{x : W (x) ≤ 2k, x ∈ I}. Î÷åâèäíî, ÷òî
0 < xk ≤ xk+1 ∀k ∈ Z è åñëè, xk < +∞, òî W (xk) = 2k, 2k ≤ W (x) ≤ 2k+1 ïðè xk ≤ x ≤ xk+1,

xk∫
xk−1

w(s)ds = 2k−1,
xk+1∫
xk

w(s)ds ≤ 2k. Ýòè ôàêòû íèæå èñïîëüçóþòñÿ áåç íàïîìèíàíèÿ.

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 2 (12)



Êðèòåðèé îãðàíè÷åííîñòè îäíîãî êëàññà îïåðàòîðîâ äðîáíîãî èíòåãðèðîâàíèÿ 7

Ïîëîæèì Ik = [xk, xk+1), k ∈ Z, Z0 = {k : k ∈ Z, Ik 6= ∅}. Òîãäà Z0 ⊆ Z è I =
⋃

k∈Z

Ik =

=
⋃

k∈Z0

Ik. Òàê êàê Ik = 0 ∀k ∈ Z \ Z0 è èíòåãðàëû ïî ýòèì îòðåçêàì ðàâíû íóëþ, òî, íå

îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ïîëîæèòü Z0 = Z.
Ïóñòü

Ãα = sup
k∈Z

2kα




xk+1∫

xk

v(s)

W
q
p (s)

ds




1
q

,

B̃α =




∑

k∈Z


2kα




xk+1∫

xk

v(s)

W
q
p (s)

ds




1
q




pq
p−q




p−q
pq

.

Ëåììà 1. Ïóñòü 0 < q < ∞, p > 1. Òîãäà ìåæäó âåëè÷èíàìè Aα è Ãα èìååò ìåñòî
ñîîòíîøåíèå Aα ≈ Ãα.

Äîê à ç à ò å ë ü ñ ò â î.

Aα = sup
k∈Z

sup
xk≤x≤xk+1

(W (x))
1
p′




∞∫

x

W q(α−1)(s)v(s)ds




1
q

≥

≥ sup
k∈Z

(W (xk))
1
p′




xk+1∫

xk

W q(α−1)(s)v(s)ds




1
q

=

= 2−
1
p′ sup

k∈Z
(W (xk+1))

1
p′




xk+1∫

xk

W q(α−1)(s)v(s)ds




1
q

≥

≥ 2−
1
p′ sup

k∈Z




xk+1∫

xk

[W (s)]qα− q
p v(s)ds




1
q

≥ 2−
1
p′ sup

k∈Z
2kα




xk+1∫

xk

v(s)

W
q
p (s)

ds




1
q

= 2−
1
p′ Ãα.

Ñëåäîâàòåëüíî, Aα À Ãα. Ñ äðóãîé ñòîðîíû,

Aα ≤ sup
k∈Z

(W (xk+1))
1
p′




∞∫

xk

W q(α−1)(s)v(s)ds




1
q

≤

≤ sup
k∈Z

2
k+1
p′


∑

i≥k

2−
q
p′ i · 2qα(i+1) · 2

q
p′ i

xi+1∫

xi

v(s)
W q(s)

ds




1
q

¿

¿ sup
k∈Z

2
k+1
p′


∑

i≥k

2−
q
p′ i · 2qαi

xi+1∫

xi

v(s)

W
q
p (s)

ds




1
q

≤

≤ Ãα sup
k∈Z

2
k+1
p′


∑

i≥k

2−
q
p′ i




1
q

≤ 2
1
p′




∞∑

j=0

2−
q
p′ j




1
q

· Ãα,

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 2 (12)
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ò.å. Aα ¿ Ãα. Ïîýòîìó Aα ≈ Ãα. Ëåììà 1 äîêàçàíà.
Ëåììà 2. Ïóñòü 0 < q < p < ∞, p > 1. Òîãäà Bα ≈ B̃α.
Äîê à ç à ò å ë ü ñ ò â î.

Bα =




∑

k∈Z

xk∫

xk−1

[W (x)]
p(q−1)

p−q




∞∫

x

W q(α−1)(s)v(s)ds




p
p−q

w(x)dx




p−q
pq

≥

≥




∑

k∈Z

(W (xk−1))
p(q−1)

p−q




∞∫

xk

W q(α−1)(s)v(s)ds




p
p−q xk∫

xk−1

w(x)dx




p−q
pq

≥

≥




∑

k∈Z

(2k−1)
p(q−1)

p−q · 2k−1




xk+1∫

xk

W q(α−1)(s)v(s)ds




p
p−q




p−q
pq

≥

≥
(

1
2

) 2(p−1)
p




∑

k∈Z

(2k+1)
qp

p′(p−q)


2qkα

xk+1∫

xk

v(s)
W q(s)

ds




p
p−q




p−q
pq

À

À




∑

k∈Z


2kα


(2k+1)

q
p′

xk+1∫

xk

v(s)
W q(s)

ds




1
q




pq
p−q




p−q
pq

À B̃α.

Ïîêàæåì îáðàòíîå ñîîòíîøåíèå

Bα =




∑

k∈Z

xk+1∫

xk

[W (x)]
p(q−1)

p−q




∞∫

x

W q(α−1)(s)v(s)ds




p
p−q

w(x)dx




p−q
pq

≤

≤




∑

k∈Z

[W (xk+1)]
p(q−1)

p−q




∞∫

xk

W q(α−1)(s)v(s)ds




p
p−q xk+1∫

xk

w(x)dx




p−q
pq

≤

≤


2q−1




∑

k∈Z


2k q

p′
∑

i≥k

xi+1∫

xi

W q(α−1)(s)v(s)ds




p
p−q




p−q
p




1
q

.

Òàê êàê p
p−q > 1, òî (âíóòðè íàðóæíîé ñêîáêè) ïðèìåíÿÿ òåîðåìó Ñ, èìååì

Bα ¿


sup

j∈Z




(
j∑

k=−∞

(
2k q

p′
) p

p−q

) p−q
p




∞∑

i=j

(
2−

iq
p′

) p
q




q
p


 ·

·




∑

i∈Z


2

iq
p′

xi+1∫

xi

W q(α−1)(s)v(s)ds




p
p−q




p−q
p




1
q

≤
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≤
( ∞∑

k=0

2−
kq(p−1)

p−q

) p−q
pq

( ∞∑

i=0

2−i(p−1)

) 1
p




∑

i∈Z


2qα · 2iqα

xi+1∫

xi

v(s)

W
q
p (s)

ds




p
p−q




p−q
pq

¿

¿




∑

i∈Z


2iα




xi+1∫

xi

v(s)

W
q
p (s)

ds




1
q




pq
p−q




p−q
pq

= B̃α.

Ëåììà 2 äîêàçàíà.
3. Ê ð è ò å ð è é î ã ð à í è ÷ å í í î ñ ò è î ï å ð à ò î ð à Kα.
Ò å î ð åì à 1. Ïóñòü 0 < α < 1 è 1

α < p ≤ q < ∞. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ
ýêâèâàëåíòíû:

(i) îïåðàòîð (1) îãðàíè÷åí èç Lp,w â Lq,v;
(ii) îïåðàòîð (3) îãðàíè÷åí èç Lp,w â Lq,v;
(iii) Aα < ∞,
ïðè ýòîì

‖Kα‖ ≈ ‖Hα‖ ≈ Aα. (5)

Äîê à ç à ò å ë ü ñ ò â î. Èç (4) ëåãêî ñëåäóåò èìïëèêàöèÿ (i) ⇒ (ii) è ñîîòíîøåíèÿ

‖Kα‖ ≥ ‖Hα‖. (6)

Òàê êàê 1 < 1
α < p ≤ q < ∞, òî â ñèëó òåîðåìû À (ii) ⇔ (iii) è

‖Hα‖ ≈ Aα. (7)

Ïîêàæåì èìïëèêàöèþ (iii) ⇒ (i) è ñîîòíîøåíèÿ ‖Kα‖ ¿ Aα. Èñïîëüçóÿ èäåþ ðàáîòû [4],
èìååì

‖Kαf‖q
q,v =

∞∫

0

v(x)

∣∣∣∣∣∣

x∫

0

f(s)w(s)ds

(W (x)−W (s))1−α

∣∣∣∣∣∣

q

dx =

=
∑

k∈Z

xk+1∫

xk

v(x)

∣∣∣∣∣∣∣




xk−1∫

0

+

x∫

xk−1


 f(s)w(s)ds

(W (x)−W (s))1−α

∣∣∣∣∣∣∣

q

dx ¿

¿
∑

k∈Z

xk+1∫

xk

v(x)




xk−1∫

0

|f(s)|w(s)ds

(W (x)−W (s))1−α




q

dx +
∑

k∈Z

xk+1∫

xk

v(x)




x∫

xk−1

|f(s)|w(s)ds

(W (x)−W (s))1−α




q

dx =

= J1 + J2. (8)

Îöåíèì âåëè÷èíû J1 è J2 ïî îòäåëüíîñòè.

J1 =
∑

k∈Z

xk+1∫

xk

v(x)




xk−1∫

0

|f(s)|w(s)ds

(W (x)−W (s))1−α




q

dx ≤

≤
∑

k∈Z

xk+1∫

xk

v(x)




xk−1∫

0

|f(s)|w(s)ds

(W (xk)−W (xk−1))1−α




q

dx =
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= 22q(1−α)
∑

k∈Z

xk+1∫

xk

v(x)




(
1

2k+1

)1−α
xk−1∫

0

|f(s)|w(s)ds




q

dx ¿

¿
∑

k∈Z

xk+1∫

xk

v(x)


 1

W 1−α(x)

x∫

0

|f(s)|w(s)ds




q

dx = ‖Hα|f |‖q
q,v. (9)

Îòñþäà â ñèëó òåîðåìû À
J1 ¿ Aq

α‖f‖q
p,w. (10)

Ïðèìåíÿÿ íåðàâåíñòâà Ãåëüäåðà è Éåíñåíà, ïîëó÷èì

J2 =
∑

k∈Z

xk+1∫

xk

v(x)




x∫

xk−1

|f(s)|w(s)ds

(W (x)−W (s))1−α




q

dx ≤

≤
∑

k∈Z

xk+1∫

xk

v(x)




x∫

xk−1

|f(s)|pw(s)ds




q
p




x∫

xk−1

w(s)ds

(W (x)−W (s))p′(1−α)




q
p′

dx ≤

≤
∑

k∈Z




xk+1∫

xk−1

|f(s)|pw(s)ds




q
p xk+1∫

xk

v(x)




x∫

0

w(s)ds

(W (x)−W (s))p′(1−α)




q
p′

dx ¿

¿
∑

k∈Z




xk+1∫

xk−1

|f(s)|pw(s)ds




q
p

2qkα

xk+1∫

xk

v(x)

[W (x)]
q
p

dx ≤

≤ Ãq
α




∑

k∈Z




xk∫

xk−1

+

xk+1∫

xk


 |f(s)|pw(s)ds




q
p

¿ Ãq
α‖f‖q

p,w. (11)

Èç (8), (10), (11) è íà îñíîâàíèè ëåììû 1 èìååì ‖Kαf‖q,v ¿ Aα‖f‖p,w, ò.å. îïåðàòîð (1)
îãðàíè÷åí èç Lp,w â Lq,v è

‖Kα‖ ¿ Aα. (12)

Ñîîòíîøåíèÿ (6), (7) è (12) äàþò (5). Òåîðåìà 1 äîêàçàíà.
Òå î ð åì à 2. Ïóñòü 0 < α < 1, 0 < q < p < ∞, p > 1

α . Òîãäà ñëåäóþùèå ïîëîæåíèÿ
ýêâèâàëåíòíû:

(i) îïåðàòîð (1) îãðàíè÷åí èç Lp,w â Lq,v;
(ii) îïåðàòîð (3) îãðàíè÷åí èç Lp,w â Lq,v;
(iii)Bα < ∞,
ïðè ýòîì

‖Kα‖ ≈ ‖Hα‖ ≈ Bα. (13)

Äîê à ç à ò å ë ü ñ ò â î. Â ñèëó íåðàâåíñòâà (4) è òåîðåìû Â ñëåäóþò èìïëèêàöèè (i) ⇒ (ii) ⇔
(iii) è

‖Kα‖ ≥ ‖Hα‖, ‖Hα‖ ≈ Bα. (14)
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Ïîýòîìó îñòàåòñÿ ïîêàçàòü èìïëèêàöèþ (iii) ⇒ (i) è ñîîòíîøåíèÿ ‖Kα‖ ¿ Bα. Ìû èñõîäèì
èç íåðàâåíñòâà (8). Íà îñíîâàíèè òåîðåìû Â èç (9) ïîëó÷èì

J1 ¿ Bq
α‖f‖q

p,w. (15)

Èç îöåíêè J2 â òåîðåìå 1 èìååì

J2 ¿
∑

k∈Z




xk+1∫

xk−1

|f(s)|pw(s)ds




q
p 

2qkα

xk+1∫

xk

v(x)

[W (x)]
q
p

dx


 .

Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ñ ïîêàçàòåëÿìè p
q ,

p
p−q è èñïîëüçóÿ ëåììó 2, ïîëó÷èì

J2 ¿




∑

k∈Z

xk+1∫

xk−1

|f(s)|pw(s)ds




q
p




∑

k∈Z


2kα




xk+1∫

xk

v(x)

[W (x)]
q
p

dx




1
q




pq
p−q




p−q
p

≤

≤ 2
q
p B̃q

α‖f‖q
p,w ¿ Bq

α‖f‖q
p,w. (16)

Èç (8), (15) è (16) ñëåäóåò, ÷òî ‖Kαf‖q,v ¿ Bα‖f‖p,w, ò.å. èìååò ìåñòî óòâåðæäåíèå (i) è
‖Kα‖ ¿ Bα. Ïîñëåäíåå ñîîòíîøåíèå âìåñòå ñ (14) äàåò (13). Òåîðåìà 2 äîêàçàíà.

4. Ä â î é ñ ò â å í í û å ð å ç ó ë ü ò à ò û.
Ðàññìîòðèì èíòåãðàëüíûé îïåðàòîð

K∗
αg(s) =

∞∫

s

g(x)v(x)dx

(W (x)−W (s))1−α

èç Lp,v â Lq,w.
Òå î ð åì à 3. Ïóñòü 0 < α < 1 è 1 < p ≤ q < 1

1−α . Òîãäà îïåðàòîð K∗
α îãðàíè÷åí èç Lp,v

â Lq,w òîãäà è òîëüêî òîãäà, êîãäà

A∗α = sup
x>0

W
1
q (x)




∞∫

x

v(s)ds

W p′(1−α)(s)




1
p′

< ∞,

ïðè ýòîì ‖K∗
α‖Lp,v→Lq,w ≈ A∗α.

Òå î ð åì à 4. Ïóñòü 0 < α < 1 è 0 < q < min(p, 1
1−α), p > 1. Òîãäà îïåðàòîð K∗

α îãðàíè÷åí
èç Lp,v â Lq,w òîãäà è òîëüêî òîãäà, êîãäà

B∗
α =




∞∫

0

[W (x)]
q

p−q




∞∫

x

v(s)ds

W p′(1−α)(s)




q(p−1)
p−q

w(x)dx




pq
p−q

< ∞,

ïðè ýòîì ‖K∗
α‖Lp,v→Lq,w ≈ B∗

α.
Äîê à ç à ò å ë ü ñ ò â î ò å î ð åì 3 è 4. Îïåðàòîð K∗

α ÿâëÿåòñÿ äóàëüíûì ê îïåðàòîðó (1)
ïî îòíîøåíèþ ê áèëèíåéíîé ôîðìå

∞∫
0

f(x)g(x)v(x)dx è îïåðàòîð K∗
α ïðè 1 < p, q < ∞ îãðàíè÷åí

èç Lp,v â Lq,w òîãäà è òîëüêî òîãäà, êîãäà îïåðàòîð (1) îãðàíè÷åí èç Lq′,w â Lp′,v. Ïîýòîìó
óòâåðæäåíèå òåîðåìû 3 è óòâåðæäåíèå òåîðåìû 4 ïðè 1 < q < min(p, 1

1−α), ñîîòâåòñòâåííî,
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âûòåêàþò èç òåîðåì 1 è 2. Îñòàåòñÿ äîêàçàòü ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû 4, êîãäà
0 < q ≤ 1 < p < ∞. Ïóñòü 0 < q ≤ 1 < p < ∞ è îïåðàòîð K∗

α îãðàíè÷åí èç Lp,v â Lq,w. Ëåãêî
âèäåòü, ÷òî äëÿ ëþáîãî g ≥ 0

K∗
αg(s) =

∞∫

s

g(x)v(x)dx

(W (x)−W (s))1−α
≥

∞∫

s

g(x)v(x)dx

W 1−α(x)
= H∗

αg(s), s > 0.

Ñëåäîâàòåëüíî, îïåðàòîð H∗
α îãðàíè÷åí èç Lp,v â Lq,w è

‖K∗
α‖Lp,v→Lq,w ≥ ‖H∗

α‖Lp,v→Lq,w . (17)

Òîãäà (ñì. [6, òåîðåìà 9.3 è çàìå÷àíèå 9.10]) B∗
α < ∞ è

‖H∗
α‖Lp,v→Lq,w ≈ B∗

α. (18)

Ïóñòü B∗
α < ∞. Ïîêàæåì, ÷òî ‖K∗

α‖Lp,v→Lq,w ¿ B∗
α. Òîãäà èç (17) è (18) èìååì

‖K∗
α‖Lp,v→Lq,w ≈ B∗

α. Ïîñòóïàÿ êàê â òåîðåìå 1, èìååì îöåíêó

‖K∗
αg‖q

q =
∑

k∈Z

xk+1∫

xk

∣∣∣∣∣∣

∞∫

s

g(x)v(x)dx

(W (x)−W (s))1−α

∣∣∣∣∣∣

q

w(s)ds ¿ J∗1 + J∗2 + J∗3 , (19)

ãäå

J∗1 =
∑

k∈Z

xk+1∫

xk




xk+1∫

s

|g(x)|v(x)dx

(W (x)−W (s))1−α




q

w(s)ds,

J∗2 =
∑

k∈Z

xk+1∫

xk




xk+2∫

xk+1

|g(x)|v(x)dx

(W (x)−W (s))1−α




q

w(s)ds,

J∗3 =
∑

k∈Z

xk+1∫

xk




∞∫

xk+2

|g(x)|v(x)dx

(W (x)−W (s))1−α




q

w(s)ds.

Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ñ ïîêàçàòåëÿìè 1
q , 1

1−q è èçìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ,
èìååì

J∗1 ≤
∑

k∈Z




xk+1∫

xk

w(s)ds




1−q 


xk+1∫

xk

xk+1∫

s

|g(x)|v(x)dx

(W (x)−W (s))1−α
w(s)ds




q

≤

≤
∑

k∈Z

(2k)1−q




xk+1∫

xk

|g(x)|
x∫

xk

w(s)ds

(W (x)−W (s))1−α
v(x)dx




q

¿

¿
∑

k∈Z

(2k)1−q




xk+1∫

xk

|g(x)|W (x)
W 1−α(x)

v(x)dx




q

¿
∑

k∈Z

2k




xk+1∫

xk

|g(x)|v(x)dx

W 1−α(x)




q

.

Äâàæäû ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ñíà÷àëà â èíòåãðàëå ñ ïîêàçàòåëÿìè p è p′, à çàòåì
â ñóììå ñ ïîêàçàòåëÿìè p

q ,
p

p−q , ïîëó÷èì

J∗1 ¿
∑

k∈Z

2k




xk+1∫

xk

|g(x)|pv(x)dx




q
p




xk+1∫

xk

v(x)dx

W p′(1−α)(x)




q
p′

≤
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≤




∑

k∈Z

[2k]
p

p−q




xk+1∫

xk

v(x)dx

W p′(1−α)(x)




q(p−1)
p−q




p−q
p 

∑

k∈Z

xk+1∫

xk

|g(x)|pv(x)dx




q
p

= B̃∗q
α ‖g‖q

p,v. (20)

Îöåíèì B̃∗
α:

(B̃∗
α)

pq
p−q =

∑

k∈Z

[2k]
p

p−q




xk+1∫

xk

v(x)dx

W p′(1−α)(x)




q(p−1)
p−q

≤

≤ 2
p

p−q

∑

k∈Z

[2k−1]
q

p−q

xk∫

xk−1

w(s)ds




xk+1∫

xk

v(x)dx

W p′(1−α)(x)




q(p−1)
p−q

¿

¿
∑

k∈Z

xk∫

xk−1

[W (s)]
q

p−q




∞∫

s

v(x)dx

W p′(1−α)(x)




q(p−1)
p−q

w(s)ds ≤ (B∗
α)

pq
p−q .

Ñëåäîâàòåëüíî, èç (20) èìååì
J∗1 ¿ B∗q

α ‖g‖q
p,v. (21)

Ïîñòóïàÿ òàê æå, êàê â îöåíêå J∗1 , ïîëó÷èì

J∗2 ≤
∑

k∈Z




xk+1∫

xk

w(s)ds




1−q



xk+1∫

xk

xk+2∫

xk+1

|g(x)|v(x)dx

(W (x)−W (s))1−α
w(s)ds




q

¿

¿
∑

k∈Z

(2k)1−q




xk+2∫

xk+1

|g(x)|W (x)
W 1−α(x)

v(x)dx




q

¿
∑

k∈Z

2k+1




xk+2∫

xk+1

|g(x)|
W 1−α(x)

v(x)dx




q

≤

≤
∑

k∈Z

2k




xk+1∫

xk

v(x)
W p′(1−α)(x)

dx




q
p′




xk+1∫

xk

|g(x)|pv(x)dx




q
p

≤ B̃∗q
α ‖g‖q

p,v ¿ B∗q
α ‖g‖q

p,v. (22)

Îöåíêó J∗3 ñâîäèì ê îöåíêå îïåðàòîðà H∗
α ñëåäóþùèì îáðàçîì:

J∗3 ≤
∑

k∈Z

xk+1∫

xk




∞∫

xk+2

|g(x)|v(x)dx

(W (xk+2)−W (xk+1))1−α




q

w(s)ds ≤

≤
∑

k∈Z

xk+1∫

xk




(
1

2k+1

)1−α
∞∫

s

|g(x)|v(x)dx




q

w(s)ds ≤

≤
∑

k∈Z

xk+1∫

xk


 1

W 1−α(s)

∞∫

s

|g(x)|v(x)dx




q

w(s)ds ≤ ‖H∗
α|g|‖q

q,w ¿ (B∗
α)q‖g‖q

p,v. (23)

Èç (19)�(23) èìååì ‖K∗
αg‖q,w ¿ B∗

α‖g‖p,v, ò.å. îïåðàòîð K∗
α îãðàíè÷åí Lp,v â Lq,w è äëÿ åãî

íîðìû èìååò ìåñòî îöåíêà ‖K∗
α‖Lp,v→Lq,w ¿ B∗

α.
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Òåîðåìû 3 è 4 äîêàçàíû.
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ÑÈÑÒÅÌÅ
Ã. Àêèøåâ

Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Å.À.Áóêåòîâà
ã.Êàðàãàíäà óë.Óíèâåðñèòåòñêàÿ, 28 akishev@kargu.krg.kz

×åðåç Lq îáîçíà÷èì ïðîñòðàíñòâî èçìåðèìûõ ïî Ëåáåãó íà [0,1] ôóíêöèé f(x), äëÿ êîòîðûõ

‖f‖q =
(∫ 1

0
|f(x)|qdx

) 1
q

< +∞, 1 ≤ q < +∞.

Ðàññìîòðèì ìóëüòèïëèêàòèâíóþ ñèñòåìó Ïðàéñà (ñì. [1]).
Ïóñòü äàíà ïîñëåäîâàòåëüíîñòü {pn}∞n=1 öåëûõ ÷èñåë pn ≥ 2, n = 1, 2, ... Ïîëîæèì G = {x =

{xn}∞n=1 : xn−öåëîå ÷èñëî , 0 ≤≤ xn ≤ pn−1} è m0 = 1,mn = p1 · ... ·pn. Ìíîæåñòâî G ÿâëÿåòñÿ
ãðóïïîé ñ îïåðàöèåé ñëîæåíèÿ +̇, êàê ïîêîîðäèíàòíûì ñëîæåíèåì ïî ìîäóëþ pn, n = 1, 2, ...
Òîïîëîãèÿ â ãðóïïå G îïðåäåëÿåòñÿ ñèñòåìîé ïîäãðóïï

Gn = {x = {xk}∞k=1 ∈ G : xk = 0 äëÿ k = 1, 2, ..., n}.

Ðàññìîòðèì îòîáðàæåíèå λ : G → [0, 1],

λ(x̃) =
∞∑

k=1

xk

mk
= x,

ãäå x̃ ∈ G è x ∈ [0, 1], xk = 0, 1, ..., pk − 1.
Ýòî îòîáðàæåíèå ÿâëÿåòñÿ âçàèìíî-îäíîçíà÷íûì âñþäó, êðîìå òî÷åê l

mn
, l = 0, 1, ..., mn −

1, n = 1, 2, ... Çàìåíÿÿ îòðåçîê I ≡ [0, 1] ìîäèôèöèðîâàííûì îòðåçêîì I∗ ñ ñîîòâåòñòâóþùèìè
òîïîëîãèåé è îïåðàöèåé ñëîæåíèÿ, êàê ýòî ñäåëàíî â [1], ïîëó÷èì èçîìîðôíûå òîïîëîãè÷åñêèå
ãðóïïû I∗, G.

Íà ìîäèôèöèðîâàííîì îòðåçêå I∗ = [0, 1]∗ îïðåäåëèì ñèñòåìó ôóíêöèé Ïðàéñà (ñì.[1]).

Keywords: of Fourier coe�cients, multiplicative system,convergence
2000 Mathematics Subject Classi�cation: 42A16
c Ã. Àêèøåâ, 2004.
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Ïîëîæèì
ψ0(x) = 1, ψmk

(x) = exp(
2πixk+1

pk+1
), x ∈ I∗.

Åñëè n =
r∑

k=0

αkmk, ãäå αk = 0, 1, ..., pk+1 − 1, òî ïîëîæèì

ψn(x) =
r∏

k=0

(ψmk
(x))αk , x ∈ I∗.

Ñèñòåìà ôóíêöèé {ψn} ÿâëÿåòñÿ ïîëíîé îðòîíîðìèðîâàííîé ïåðèîäè÷åñêîé ìóëüòèïëèêà-
òèâíîé ñèñòåìîé (ñì.[1]).

×åðåç an(f) áóäåì îáîçíà÷àòü êîýôôèöèåíòû Ôóðüå ôóíêöèé f ∈ L1 ïî ñèñòåìå Ïðàéñà
{ψn}.

En(f)q = inf{bk} ‖f −
n−1∑
k=0

bkψk‖q � íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f ∈ Lq, 1 ≤ q < +∞
ïîëèíîìàìè ïîðÿäêà íå âûøå n ïî ñèñòåìå Ïðàéñà {ψn}; ωn(f)q = sup

0≤h< 1
mn

‖f(x+̇h)− f(x)‖q �

ãðóïïîâîé ìîäóëü íåïðåðûâíîñòè (ñì. [1]).
Ðàññìîòðèì ôóíêöèîíàëüíûé êëàññ (ñì. [2])

Hω
q =

{
f ∈ Lq : ωn

(
f
)
q
≤ ωn, n ∈ N}

,

ãäå ω = {ωn} � ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë, ωn ↓ 0, n → +∞.
×åðåç C(p, r, ...) áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå âåëè÷èíû, çàâèñÿùèå ëèøü îò óêàçàííûõ

â ñêîáêàõ ïàðàìåòðîâ, ðàçëè÷íûå, âîîáùå ãîâîðÿ, â ðàçíûõ ôîðìóëàõ.
Çàïèñü A(ϕ) ³ B(ϕ) îçíà÷àåò, ÷òî ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå c1 è c2 òàêèå,

÷òî c1 ·A(ϕ) ≤ B(ϕ) ≤ c2 ·A(ϕ) äëÿ âñåõ ϕ.
Óñëîâèÿ ñõîäèìîñòè ðÿäà

∞∑

n=1

nγ |an(f)|β, 0 < β ≤ q′ =
q

q − 1
, γ ≥ θ

q′
− 1 (1)

â òåðìèíàõ ãðóïïîâîãî ìîäóëÿ íåïðåðûâíîñòè ôóíêöèè f ∈ Lq, 1 < q ≤ 2 èññëåäîâàíû â [3]�[11]
( òàêæå ñì. áèáë. â [1] è [2]).

Â ÷àñòíîñòè, èçâåñòíà
Ò å î ð å ì à À. (ñì. [6]). Ïóñòü 1 < q ≤ 2, 0 < β ≤ q′ = q

q−1 è ñèñòåìà Ïðàéñà {ψn}
îïðåäåëåíà ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòüþ {pn}. Åñëè f ∈ Lq è

∞∑

n=1

(ln pn+1)
1− β

q′ ωβ
n(f)q < +∞, (2)

òî ðÿä
∞∑

n=1

n
β
q′−1|an(f)|β (3)

ñõîäèòñÿ.
Â [8] íàìè äîêàçàíî, ÷òî óñëîâèå

∞∑

ν=1

ωβ
ν (f)q ·

mν+1−1∑
n=mν

1

n(lnn)
β
q

< +∞ (4)
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òàêæå äîòàòî÷íî äëÿ ñõîäèìîñòè ðÿäà (3) äëÿ ôóíêöèè f ∈ Lq, 1 < q ≤ 2, 0 < β < q.
ßñíî, ÷òî óñëîâèå (4) ýêâèâàëåíòíî ñîîòíîøåíèþ

∞∑

ν=1

ωβ
ν (f)q ·

[
(lnmν+1)

1−β
q − (lnmν)

1−β
q

]
< +∞. (5)

Òåïåðü ñðàâíèì óñëîâèÿ (2) è (5). Â ñèëó íåðàâåíñòâà bθ − aθ ≤ (b − a)θ, 0 < θ ≤ 1,
0 < a < b < +∞ è ðàâåíñòâà ln pν+1 = ln mν+1 − ln mν íåòðóäíî óáåäèòüñÿ, ÷òî (2) âëå÷åò (5).

Îäíàêî îáðàòíîå íå âñåãäà âåðíî. Íàïðèìåð, ïóñòü pn = 3n ∀n ∈ N, N � ìíîæåñòâî íàòó-
ðàëüíûõ ÷èñåë. Òîãäà ln pn+1 = (n + 1) ln 3, mn = 3

n(n+1)
2 è

(lnmn+1)
1−β

q − (lnmn)1−
β
q =

( ln 3
2

)1−β
q (n + 1)1−

β
q×

×
[
(n + 2)1−

β
q − n

1−β
q

]
³ (n + 1)1−

2β
q .

Âûáåðåì ÷èñëî α òàêîå, ÷òî 0 < 2
β − 2

q < α < 2
β − 1

q . Ðàññìîòðèì ôóíêöèþ f0 ∈ Lq òàêóþ,
÷òî ωn(f0)q ³ 1

nα . Òîãäà ðÿä
∞∑

n=1

(ln pn+1)
1−β

q ωβ
n(f0)q (6)

ðàñõîäèòñÿ. Ñëåäîâàòåëüíî, ôóíêöèÿ f0 ∈ Lq íå óäîâëåòâîðÿåò óñëîâèþ (2), ò.ê. 1− β
q < 1− β

q′ .
Îäíàêî ôóíêöèÿ f0 ∈ Lq óäîâëåòâîðÿåò óñëîâèÿì (4) è (5). Ýòèì îáîñíîâàíî, ÷òî óñëîâèå

(4) ñëàáåå óñëîâèÿ (2) (äàæå ñëàáåå, ÷åì ñõîäèìîñòü ðÿäà (6)).
Â [8] äîêàçàíî, ÷òî óñëîâèå (4) íåóëó÷øàåìî íà êëàññå Hω

q .
Â íàñòîÿùåé çàìåòêå ìû ðàññìîòðèì óñëîâèå ñõîäèìîñòè ðÿäà èç êîýôôèöèåíòîâ Ôóðüå ïî

ìóëüòèïëèêàòèâíîé ñèñòåìå áîëåå îáùåå, ÷åì (1).
Ñíà÷àëà äîêàæåì íåêîòîðûå âñïîìàãàòåëüíûå óòâåðæäåíèÿ.

Ò å î ð å ì à 1. Ïóñòü ìóëüòèïëèêàòèâíàÿ ñèñòåìà Ïðàéñà {ψn} îïðåäåëåíà ïðîèçâîëüíîé
ïîñëåäîâàòåëüíîñòüþ {pn}.

Åñëè {an} � ïîñëåäîâàòåëüíîñòü ÷èñåë, an ↓ 0, n → +∞ è óäîâëåòâîðÿåò óñëîâèþ
∞∑

n=1

nq−2aq
n < +∞,

òî ÷èñëà an áóäóò êîýôôèöèåíòàìè Ôóðüå íåêîòîðîé ôóíêöèè f ∈ Lq ïî ñèñòåìå {ψn} è

‖f‖q ≤ C
[ ∞∑

n=0

(1 + n)q−2aq
n

] 1
q
.

Ïîäðîáíîå äîêàçàòåëüñòâî ýòîé òåîðåìû ðàíåå èçëîæåíî â [8]. Ïîýòîìó ïðèâåäåì êðàòêóþ
ñõåìó äîêàçàòåëüñòâà. Ïîëîæèì

T2k(x) =
2k−1∑

ν=0

aνψν(x), k = 1, 2, ...

Âûáåðåì ÷èñëî q0 ∈ (1, q). Ïîëüçóÿñü íåðàâåíñòâîì ðàçíûõ ìåòðèê äëÿ ïîëèíîìîâ ïî ìóëü-
òèïëèêàòèâíîé ñèñòåìå (ñì. [12])

∥∥∥
n∑

k=0

bkψk

∥∥∥
θ
≤ Cn

1
q
− 1

θ

∥∥∥
n∑

k=0

bkψk

∥∥∥
q
, 1 ≤ q < θ < +∞.

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 2 (12)



18 Ã. Àêèøåâ

è ìåòîäîì, ïðèìåíåííûì â [13], ìîæåì óáåäèòüñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâà

‖T2l − T2k‖q ≤ C(q)
{ l∑

n=k+1

2nq( 1
q0
− 1

q
)
∥∥∥

2n−1∑

ν=2n−1

aνψν

∥∥∥
q

q0

} 1
q

. (7)

Äàëåå â ñèëó ïðåîáðàçîâàíèÿ Àáåëÿ, íåðàâåíñòâà (ñì. [12])
∥∥∥

ν∑

k=µ+1

ψk

∥∥∥
q
≤ C(q)(ν − µ)1−

1
q , 1 < q < ∞

è ìîíîòîííîñòè ïîñëåäîâàòåëüíîñòè {an} ïîëó÷èì

∥∥∥
2n−1∑

ν=2n−1

aνψν

∥∥∥
q0

≤ C(q0)a2n−1 , n = 1, 2, ...

Ïîýòîìó èç íåðàâåíñòâà (7) ñëåäóåò, ÷òî

‖T2l − T2k‖q ≤ C(q)
( 2l−1∑

ν=2k−1

νq−2aq
ν

) 1
q
.

Òåïåðü íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâîñòè óòâåðæäåíèÿ òåîðåìû.
Â äàëüíåéøåì ïîëîæèì e0 = 0, ek+1 = eek , ln0 x = x, lnk+1 x = ln(lnk x).

Ëåììà 1. Ïóñòü 1 < q < +∞. Òîãäà èìååò ìåñòî íåðàâåíñòâî

Iq,r =
∥∥∥∥

[er]−1∑

ν=0

ψν +
n−1∑

ν=[er]

(ν + 1)
1
q
−1(

r−1∏

j=1

lnj(ν + 1))−
1
q ψν

∥∥∥∥
q

≤

≤ C(q, r)(lnj(n))
1
q , n > [er].

Ä î ê à ç à ò å ë ü ñ ò â î. Ïî òåîðåìå 1 èìååì

Iq,r ≤ C(q, r)
{[er]−1∑

ν=0

νq−2 +
n−1∑

ν=[er]

νq−2

(
(ν + 1)

1
q
−1

r−1∏
j=1

lnj(ν + 1)

)q} 1
q

≤ C(q, r)
{

[er]q−1+

+
n−1∑

ν=[er]

1

(ν + 1)
r−1∏
j=1

lnj(ν + 1)

} 1
q

≤ C(q, r)(lnr n)
1
q .

Ëåììà äîêàçàíà.

Ëåììà 2. Ïóñòü 0 < p < 1, 0 < β < 1, bn ≥ 0 ∀n ∈ N. Òîãäà èìååò ìåñòî íåðàâåíñòâî
∞∑

n=er

( r∏

j=0

lnj n
)p−1

(lnr n)β · bp
n ≤

≤ C(β, p, r)
∞∑

n=er

( r∏

j=0

lnj n
)−1

(lnr n)β ·
( ∞∑

k=n

bk

)p
.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïîëîæèì

Wn =
[ n∑

k=er−1

(r−1∏

j=0

lnj k
)−1

]−1( r∏

j=0

lnj n
)p−1

(lnr n)β.

Òàê êàê
n∑

k=er−1

(r−1∏

j=0

lnj k
)−1

≥ C(r) · lnr n,

òî

Wn = C(r) ·
(r−1∏

j=0

lnj n
)p−1

(lnr n)β+p−2.

Òåïåðü, ïðèìåíÿÿ íåðàâåíñòâî Ã¼ëüäåðà (θ = 1
p > 1) è ïîëüçóÿñü ïðåäûäóùåé îöåíêîé, ïîëó÷èì

∞∑

k=n

Wk · bp
k ≤

( ∞∑

k=n

W
1

1−p

k

)1−p( ∞∑

k=n

bk

)p

≤

≤ C(p, r)(lnr n)β−1

( ∞∑

k=n

bk

)p

. (8)

Äàëåå, ìåíÿÿ ïîðÿäîê ñóììèðîâàíèÿ è ó÷èòûâàÿ (8), áóäåì èìåòü
∞∑

n=er

( r∏

j=0

lnj n
)p−1

(lnr n)β · bp
n =

=
∞∑

n=er

(r−1∏

j=0

lnj n
)−1

∞∑

k=n

Wk · bp
k ≤ C(p, r)

∞∑
n=er

( r∏

j=0

lnj n
)−1

(lnr n)β ·
( ∞∑

k=n

bk

)p
.

Ëåììà äîêàçàíà.

Ç àì å ÷ à í è å 1. Ñïðàâåäëèâîñòü óòâåðæäåíèÿ ëåììû 2 îòìå÷åíà â êíèãå [14] (ñòð.
422). Èç äîêàçàííîé ëåììû 2 â ñëó÷àå r = 1, β = 1− p ñëåäóåò òåîðåìà Ä.65 [14] (ñòð. 423).

Òåïåðü èçëîæèì îñíîâíûå ðåçóëüòàòû.

Ò å î ð å ì à 2. Ïóñòü 1 < q ≤ 2, 0 < θ < q, 0 < β < 1, q′ = q
q−1 . Åñëè f ∈ Lq è

∞∑
n=er

( r∏

j=0

lnj(n + 1)
)−1

(lnr(n + 1))βEθ
n(f)q < +∞, (9)

òî ðÿä
∞∑

n=er

(n + 1)
θ
q′−1

( r∏

j=1

lnj(n + 1)
) θ

q
−1

(lnr n)β|an(f)|θ (10)

ñõîäèòñÿ.

Ä î ê à ç à ò å ë ü ñ ò â î. Â ëåììå 2 ïîëàãàÿ p = θ
q < 1 è bn = nq−2|an(f)|q, çàòåì

ïîëüçóÿñü òåîðåìîé Ðèññà î êîýôôèöèåíòàõ Ôóðüå (ñì. [15, ñ. 211]), ïîëó÷èì
∞∑

n=er

(n + 1)
θ
q′−1

( r∏

j=1

lnj(n + 1)
) θ

q
−1

(lnr n)β|an(f)|θ ≤
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≤ C(q, r, θ)
∞∑

n=er

( r∏

j=0

lnj n
)−1

(lnj n)β
( ∞∑

k=n

kq−2|ak(f)|q
) θ

q ≤

≤ C(q, r, θ)
∞∑

n=er

( r∏

j=0

lnj n
)−1

(lnr n)βEθ
n(f)q.

Â ñèëó óñëîâèÿ (9) îòñþäà ñëåäóåò ñõîäèìîñòü ðÿäà (10).
Ò å î ð å ì à 3. Ïóñòü 1 < q ≤ 2, 0 < θ < q, 0 < β < 1. Äëÿ òîãî, ÷òîáû äëÿ ëþáîé ôóíêöèè
f ∈ Hω

q ðÿä (10) ñõîäèëñÿ, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

∞∑

k=k0

ωθ
k ·

mk+1−1∑
n=mk

( r∏

j=0

lnj n
)−1

(lnr n)β < +∞. (11)

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó ìîíîòîííîñòè íàèëó÷øåãî ïðèáëèæåíèÿ è ñîîòíîøåíèÿ
(ñì. [1, ñ. 239])

Emν (f)q ≤ ων(f)q ≤ 2 · Emν (f)q, f ∈ Lq, 1 < q < +∞
ñëåäóåò

mν+1−1∑
n=mν

( r∏

j=0

lnj n
)−1

(lnr n)β · Eθ
n(f)q ³

³ ων(f)q ·
mν+1−1∑
n=mν

( r∏

j=0

lnj n
)−1

(lnr n)β.

Ñëåäîâàòåëüíî, â ñèëó óñëîâèÿ (11) è òåîðåìû 2 ðÿä (10) ñõîäèòñÿ.
Äîêàæåì íåîáõîäèìîñòü. Ïóñòü äëÿ ëþáîé ôóíêöèè f ∈ Hω

q ðÿä (10) ñõîäèòñÿ. Äîïóñòèì, ÷òî
óñëîâèå (11) íå âûïîëíÿåòñÿ, ò.å.

∞∑

k=k0

ωθ
k ·

mk+1−1∑
n=mk

( r∏

j=0

lnj n
)−1

(lnr n)β = +∞. (12)

Âûáåðåì ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë {kν} ñëåäóþùèì ñïîñîáîì: k0 = 0, k1 = 1,
kν+1 = min{k : ωk < 1

2ωkν}.
Òîãäà

ωkν+1 <
1
2
ωkν , ωkν+1−1 ≥ 1

2
ωkν . (13)

Èç ïðåäïîëîæåíèÿ (12) ñëåäóåò, ÷òî

∞∑
ν=ν0

ωθ
kν
·

mkν+1
−1∑

n=mkν

( r∏

j=0

lnj n
)−1

(lnr n)β = +∞.

Ýòî ýêâèâàëåíòíî ñîîòíîøåíèþ
∞∑

ν=ν0

ωθ
kν
·
[
(lnr mkν+1)

β − (lnr mkν )β
]

= +∞. (14)

Ðàññìîòðèì ôóíêöèþ

f0(x) =
∞∑

ν=ν0

ωkν · (lnr mkν+1)
− 1

q

mkν+1
−1∑

n=mkν

(n + 1)
1
q
−1

(∏r−1
j=1 lnj n

) 1
q

ψn(x).
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Ïîëüçóÿñü íåðàâåíñòâîì

∥∥∥∥
mkν+1

−1∑
n=mkν

(n + 1)
1
q
−1

∏r−1
j=1 lnj n

ψn

∥∥∥∥
q

≤ C(q) · (lnr mkν+1)
1
q , (15)

êîòîðîå ñëåäóåò èç ëåììû 1, è ïåðâûì ñîîòíîøåíèåì â (13), ïîëó÷èì, ÷òî f0 ∈ Lq, 1 < q < +∞.
Ïóñòü ks ≤ l < ks+1. Òîãäà â ñèëó ìîíîòîííîñòè {ωn(f)q}, îïðåäåëåíèÿ íàèëó÷øåãî ïðè-

áëèæåíèÿ, íåðàâåíñòâ (15) è (13) áóäåì èìåòü

ωl(f0)q ≤ ωks(f0)q ≤ 2Emks
(f0)q ≤ C(q, r, β)

∞∑
ν=s

ωkν ≤

≤ C(q, r, β) · ωks ≤ 2 · C(q, r, β) · ωks+1−1 ≤ 2 · C(q, r, β) · ωl,

ò.å. ôóíêöèÿ g0 = 1
2·C(q,r,β)f0 ∈ Hω

q , 1 < q < ∞.
Ïî ñâîéñòâó ëîãàðèôìà íåòðóäíî óáåäèòüñÿ, ÷òî

mkν+1
−1∑

n=mkν

(n + 1)−1
(r−1∏

j=1

lnj(n + 1)
)−1

(lnr(n + 1))β+ θ
q
−1 ≥

≥ C(r, θ, q, β)
[
(lnr mkν+1)

β+ θ
q − (lnr mkν )β+ θ

q

]
.

Ïîýòîìó â ñèëó (14) ïîëó÷èì, ÷òî
∞∑

n=er

n
θ
q′−1

( r∏

j=1

lnj n
) θ

q
−1

(lnr n)β|an(g0)|θ = +∞.

Òåîðåìà äîêàçàíà.

Ç àì å ÷ à í è å 2. Â ñëó÷àå r = 1 è β = 1− θ
q òåîðåìà 3 ðàíåå äîêàçàíà â [8], à èç òåîðåìû

2 ñëåäóþò ðåçóëüòàòû ðàáîò [7], [8]. Îòìåòèì, ÷òî òåîðåìà 2 âåðíà äëÿ ëþáîé ðàâíîìåðíî
îãðàíè÷åííîé îðòîíîðìèðîâàííîé ñèñòåìû.
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ÎÁ ÎÄÍÎÉ ÌÎÄÅËÈ ÝËÅÊÒÐÎ-ÃÐÀÂÈÌÀÃÍÈÒÍÎÃÎ
ÏÎËß. ÓÐÀÂÍÅÍÈß ÂÇÀÈÌÎÄÅÉÑÒÂÈß ÏÎËÅÉ È

ÇÀÊÎÍÛ ÑÎÕÐÀÍÅÍÈß
Ë. À. Àëåêñååâà

Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ
480100 ã.Àëìàòû óë.Ïóøêèíà, 125, alexeeva@math.kz

Êàê èçâåñòíî, ñècòåìà óðàâíåíèé Ìàêñâåëëà äëÿ ýëåêòðîìàãíèòíîãî ïîëÿ íåçàìêíóòà. Îíà
ïîçâîëÿåò ïî èçâåñòíûì ýëåêòðè÷åñêîé è ìàãíèòíîé íàïðÿæåííîñòÿì îïðåäåëÿòü ïîðîæäàþ-
ùèå åãî ýëåêòðè÷åñêèå çàðÿäû è òîêè. Âåðíî è îáðàòíîå óòâåðæäåíèå: ïðè èçâåñòíûõ òîêàõ
ýòè óðàâíåíèÿ ïîçâîëÿþò îïðåäåëÿòü ïîëå è çàðÿäû. Äëÿ çàìûêàíèÿ ýòîé ñèñòåìû óðàâíå-
íèé â [1] íà îñíîâå ãèïîòåçû î ìàãíèòíîì çàðÿäå ïðåäëîæåíû óðàâíåíèÿ íüþòîíîâñêîãî òèïà
äëÿ îïèñàíèÿ äâèæåíèÿ çàðÿäîâ è òîêîâ ñ ó÷åòîì èõ ìàññû. Äëÿ ïîñòðîåíèÿ ýòèõ óðàâíå-
íèé èñïîëüçîâàëàñü ãàìèëüòîíîâà ôîðìà óðàâíåíèé Ìàêñâåëëà [2,3]. Êîìïëåêñèôèêàöèÿ ýëåê-
òðîìàãíèòíîãî ïîëÿ ñ ââåäåíèåì â óðàâíåíèÿ ïëîòíîñòè ìàññû íàçâàíà òàì À-ïîëåì, êîòîðîå
ÿâëÿåòñÿ ýëåêòðî-ãðàâèìàãíèòíûì (ÝÃÌ). Åãî äèâåðãåíöèÿ â äåéñòâèòåëüíîé ÷àñòè äàåò ïëîò-
íîñòü ýëåêòðè÷åñêèõ çàðÿäîâ, â ìíèìîé � ïëîòíîñòü ìàññû. Â [4] ñ ââåäåíèåì êîìïëåêñíûõ
ãðàäèåíòîâ ïîëÿ ïîñòðîåíû óðàâíåíèÿ À-ïîëÿ â êîìïëåêñíûõ êâàòåðíèîíàõ.

Çäåñü ýòîò ïîäõîä ðàçâèâàåòñÿ äëÿ ïîñòðîåíèÿ óðàâíåíèé âçàèìîäåéñòâèÿ ÝÃÌ-ïîëåé. Íà
åãî îñíîâå ïîñòðîåíû àíàëîãè âñåõ òðåõ èçâåñòíûõ â ìåõàíèêå çàêîíîâ Íüþòîíà äëÿ ñâîáîä-
íûõ, âçàèìîäåéñòâóþùèõ ïîëåé è ñóììàðíîãî ïîëÿ, çàêîíû ñîõðàíåíèÿ ýíåðãèè è çàðÿäà ïðè
âçàèìîäåéñòâèè ïîëåé. Ïðèâåäåíû óðàâíåíèÿ ïîëåé è ðàññìîòðåíû ÷àñòíûå ñëó÷àè ñâîáîäíîãî
íåñòàöèîíàðíîãî ïîëÿ, ñòàòè÷åñêîãî è â ñëó÷àå ãàðìîíè÷åñêèõ êîëåáàíèé äàíû ïðèìåðû òàêèõ
ïîëåé.

1. Ã à ì è ë ü ò î í î â à ô î ð ì à ó ð à â í å í è é Ì à ê ñ â å ë ë à.
À-ï î ë å. Çàïèøåì ïðåäñòàâëåííûå â [1-3] ñîîòíîøåíèÿ äëÿ óðàâíåíèé Ìàêñâåëëà â ïðî-
ñòðàíñòâå Ìèíêîâñêîãî M = {(τ, x) = (τ = ct, x1, x2, x3)}. Ïðè ýòîì ïðèíèìàåì âûñêàçàííóþ
â [1] ãèïîòåçó.

Ã è ï î ò å ç à. Ìàãíèòíûé çàðÿä ýêâèâàëåíòåí ìàññå, ìàãíèòíûå òîêè � êîëè÷åñòâó
äâèæåíèÿ ìàññû (ìàññîâûì òîêàì).

Òîãäà ãàìèëüòîíîâà ôîðìà óðàâíåíèé Ìàêñâåëëà èìååò âèä:

∂τA + i rot A + J = 0, (1)
Keywords: Hamilton form of Maxwell equations, quaternion of A-�eld, newtonian laws, interacting electro-
gravymagnetic �elds, laws of transformation and conservations of energy
2000 Mathematics Subject Classi�cation: 35Q60
c Ë. À. Àëåêñååâà, 2004.
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ρ = c−1div A (2)

ãäå À � êîìïëåêñíûé âåêòîð íàïðÿæåííîñòè À-ïîëÿ: A =
√

εE+i
√

µH, J � òîê, îïðåäåëÿåòñÿ
÷åðåç ýëåêòðè÷åñêèå è ìàññîâûå (òî÷íåå, ãðàâèìàãíèòíûå) òîêè ôîðìóëîé: J =

√
µ jE−i

√
ε jH ,

à êîìïëåêñíûé çàðÿä À-ïîëÿ âûðàæàåòñÿ ÷åðåç ïëîòíîñòü ýëåêòðè÷åñêèõ çàðÿäîâ è ïëîòíîñòü
ìàññû, êàê ρ =

√
µρE − i

√
ε ρH , ρE = ε div E, ρH = −µdiv H. Çäåñü êîíñòàíòû ïðîíèöàåìîñòè

ñðåäû ε > 0, µ > 0, c = 1/
√

εµ � ñêîðîñòü ÝÃÌ-âîëí, E, H � íàïðÿæåííîñòè ýëåêòðè÷åñêîãî
è ãðàâèìàãíèòíîãî ïîëåé, x = ( x1, x2, x3 ), t > 0.

Åñëè ââåñòè äåéñòâèòåëüíûé âåêòîð ñêîðîñòè çàðÿäîâ V, òî J = ρV , ãäå jE = ρEV, jH =
ρHV. Âo ââåäåííîé ñèñòåìå êîîðäèíàò óäîáíåå íàçâàòü çàðÿäîì âûðàæåíèå

ρ̂ = div A = ρ = (1/
√

ε) ρE − i(1/
√

µ) ρH . (3)

Òîãäà J = ρ̂V̄ , ãäå V̄ � áåçðàçìåðíàÿ ñêîðîñòü, V̄ = V/c. Äëÿ òîêà ïðîâîäèìîñòè ρ = 0, J 6= 0.
Çàìåòèì, ÷òî ïëîòíîñòü ýíåðãèè À-ïîëÿ ïðè òàêîé çàïèñè îïðåäåëÿåòñÿ ÷åðåç ìîäóëü A: W =
0, 5

(
ε ‖E‖2 + µ ‖H‖2

)
= 0, 5 ‖A‖2 = 0, 5(A,A∗), âåêòîð Ïîéíòèíãà P = c−1E ×H = 0, 5[A∗, A],

ãäå A∗ =
√

εE − i
√

µH � êîìïëåêñíî-ñîïðÿæåííîå À.
Çäåñü è äàëåå (a, b), [a, b] = a× b � ñêàëÿðíîå è âåêòîðíîå ïðîèçâåäåíèÿ a è b. Ñïðàâåäëèâû

ñëåäóþùèå òåîðåìû [1].
Ò å î ð å ì à 1. (Çàêîí ñîõðàíåíèÿ çàðÿäà è ýíåðãèè)

∂τρ + div J = 0, (4)

∂τW + div P = −Re(J,A∗). (5)

Ò å î ð å ì à 2. Ðåøåíèå (??) ÿâëÿåòñÿ ðåøåíèåì âîëíîâîãî óðàâíåíèÿ âèäà

¤A = irot J − grad ρ− ∂τJ. (6)

Çäåñü ¤ = ∂2
τ −∆ � âîëíîâîé îïåðàòîð, ∆ � îïåðàòîð Ëàïëàñà.

Ò å î ð å ì à 3. Ðåøåíèå (??), îïèñûâàþùåå èçëó÷àåìûå è çàòóõàþùèå íà áåñêîíå÷-
íîñòè âîëíû, èìååò âèä ñâåðòêè: A = −i rot (J ∗ ψ) + c grad (ρ ∗ ψ) + c−1∂t (J ∗ ψ) , ãäå ψ �
ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî óðàâíåíèÿ

¤ψ = δ(x, τ), ψ = (4πR)−1δ(τ −R), (7)

δ(x, τ) � îáîáùåííàÿ δ-ôóíêöèÿ, δ(τ −R) � ïðîñòîé ñëîé íà ðàñøèðÿþùåéñÿ ñôåðå R = τ .
Çàìåòèì, ÷òî ñîîòíîøåíèÿ äëÿ À-ïîëÿ (1)�(7) íå ñîäåðæàò óíèâåðñàëüíûõ êîíñòàíò, â ÷àñò-

íîñòè, ñêîðîñòü ÝÃÌ-âîëí, êîòîðàÿ âî ââåäåííîé ñèñòåìå êîîðäèíàò áåçðàçìåðíà è ðàâíà 1.

2. Ê î ì ï ë å ê ñ í û å ê â à ò å ð í è î í û. Êàê ïîêàçàíî â [4], óäîáíûì äëÿ îïèñàíèÿ
À-ïîëÿ ÿâëÿåòñÿ êîìïëåêñíîå ïðîñòðàíñòâî êâàòåðíèîíîâ K{M} = {F = f(x, τ)+F (x, τ)}, ãäå
f è F � êîìïëåêñíîçíà÷íûå ôóíêöèè è òðåõìåðíûå âåêòîð-ôóíêöèè, ñîîòâåòñòâåííî. K �
íåêîììóòàòèâíàÿ è íåàññîöèàòèâíàÿ àëãåáðà ñî ñëîæåíèåì è óìíîæåíèåì (◦) âèäà

aF + bG = a(f + F ) + b(g + G) = (af + bg) + (aF + bG),

F ◦G = (f + F ) ◦ (g + G) = (fg − (F, G)) + (fG + gF + [F, G]). (8)

Î ï ð å ä å ë å í è å. Êâàòåðíèîí F∗ = f∗−F ∗, ãäå çâåçäî÷êà îáîçíà÷àåò ñîîòâåòñòâóþùèå
êîìïîíåíòàì êîìïëåêñíî-ñîïðÿæåííûå ÷èñëà, íàçûâàåòñÿ ñîïðÿæåííûì F. Åñëè F∗ = F, òî
êâàòåðíèîí � ñàìîñîïðÿæåííûé.
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Â [4] ââåäåíû äèôôåðåíöèàëüíûå êâàòåðíèîííûå îïåðàòîðû D+ = ∂τ +i∇, D− = ∂τ−i∇,
êîòîðûå íàçîâåì âçàèìíûìè êîìïëåêñíûìè ãðàäèåíòàìè. Çäåñü ∇ = grad = (∂1, ∂2, ∂3) �
îïåðàòîð Ãàìèëüòîíà.

Çàìåòèì, ÷òî â ñìûñëå äàííûõ âûøå îïðåäåëåíèé êàæäûé èç íèõ ìîæíî íàçâàòü ñàìîñî-
ïðÿæåííûì îïåðàòîðîì: (D−)∗ = D−, (D+)∗ = D+. Èõ äåéñòâèå íà K îïðåäåíî êàê â àëãåáðå
êâàòåðíèîíîâ:

D+F = (∂τ + i∇) ◦ (f + F ) = (∂τf − i (∇, F )) + ∂τF + i∇f + i[∇, F ],

D−F = (∂τ − i∇) ◦ (f + F ) = (∂τf + i div F ) + ∂τF − i grad f − i rot F.

Âîëíîâîé îïåðàòîð (¤) èìååò âèä

D− ◦D+ = D+ ◦D− = ∂2
τ −∆ = ¤ (9)

è
D−(D+F) = D+(D−F) = ¤F. (10)

Ðåøåíèÿ êâàòåðíèîííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà

D±F = G(x, τ) (11)

ïðåäñòàâèìû â âèäå
F = ψ ∗D∓G + F0, (12)

ãäå F0 � ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ D±F0 = 0.
Ýòè ïðåäñòàâëåíèÿ î÷åíü óäîáíû è ýôôåêòèâíû äëÿ îïèñàíèÿ À-ïîëÿ è óðàâíåíèé âçàèìî-

äåéñòâèÿ ïîëåé.

3. Ê â à ò å ð í è î í û À-ï î ë ÿ. Â [4] âåêòîð íàïðÿæåííîñòè À-ïîëÿ ðàññìîòðåí
êàê êâàòåðíèîí: A = 0 + A è ïîëó÷åíû ñëåäóþùèå ïðåäñòàâëåíèÿ

0, 5A∗ ◦A = 0, 5(A∗, A)− 0, 5[A∗, A] = W + i P, (13)

D+A = −(iρ + J), ρ = div A, J = −∂τA− i rot A. (14)
(Çäåñü è äàëåå øàïî÷êó íàä ρ óáèðàåì.)

Î ï ð å ä å ë å í è å. Íàçîâåì Ξ = W + iP êâàòåðíèîíîì ýíåðãèè-èìïóëüñà , Θ = i ρ+J
� êâàòåðíèîíîì çàðÿäà-òîêà À-ïîëÿ.

Äëÿ ïîòåíöèàëà À-ïîëÿ Ô = i φ− Φ, êîìïëåêñíûé ãðàäèåíò êîòîðîãî ðàâåí À,

A = D−Φ = (∂τ − i∇)(iφ− Φ) = i(∂τφ− div Φ) + i rotΦ− ∂τΦ + grad φ. (15)

Ïîñêîëüêó ñêàëÿðíàÿ ÷àñòü À ðàâíà íóëþ, îòñþäà ñëåäóåò ëîðåíöåâà êàëèáðîâêà äëÿ âåêòîð-
íîãî ïîòåíöèàëà

div Φ = ∂τφ (16)
è ïðåäñòàâëåíèå A ÷åðåç ñêàëÿðíûé è âåêòîðíûé ïîòåíöèàëû: A = grad φ− ∂τΦ + irot Φ.

Ïîñêîëüêó D+A = D+D−Ô = ¤Φ, èìååì âîëíîâîå óðàâíåíèå äëÿ ïîòåíöèàëà

¤Ô = −Θ, (17)

èç êîòîðîãî ñëåäóþò âîëíîâûå óðàâíåíèÿ äëÿ ñêàëÿðíîé è âåêòîðíîé ÷àñòåé Ô:

¤φ = −ρ, ¤Φ = J.
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Òàê êàê

D−D+A = −(∂τ − i∇)(iρ + J) = −i(∂τρ + div J)− grad ρ− ∂τJ + i rot J = 0 + ¤ A,

ñðàâíèâàÿ êâàòåðíèîíû ïðàâîé è ëåâîé ÷àñòåé, îòñþäà èìååì çàêîí ñîõðàíåíèÿ çàðÿäà (ñì.
òåîðåìó 1) è âîëíîâîå óðàâíåíèå äëÿ À-ïîëÿ (ñì. òåîðåìó 2).

Èòàê, ïîñëåäîâàòåëüíîå âçÿòèå êîìïëåêñíîãî ãðàäèåíòà îò êâàòåðíèîíà ïîòåíöèàëà À-ïîëÿ
ñ ëîðåíöåâîé êàëèáðîâêîé îïðåäåëÿåò êâàòåðíèîíû, ñîîòâåòñòâóþùèå åãî íàïðÿæåííîñòè, çà-
ðÿäàì è òîêàì, âîëíîâîìó óðàâíåíèþ äëÿ A-âåêòîðà è çàêîíàì ñîõðàíåíèÿ çàðÿäà è ýíåðãèè.
Êîìïëåêñíûé ãðàäèåíò êâàòåðíèîíà íàïðÿæåííîñòè À-ïîëÿ äàåò ñîîòíîøåíèÿ Ìàêñâåëëà. Ò.å.,
ïî ñóòè, óðàâíåíèÿ Ìàêñâåëëà îïðåäåëÿþò òîêè è çàðÿäû ïîëÿ ïî åãî íàïðÿæåííîñòè, íî íå
îïðåäåëÿþò èõ äâèæåíèå. Çàìêíåì ýòè óðàâíåíèÿ óðàâíåíèÿìè âçàèìîäåéñòâèÿ ïîëåé.

4. Ì î ù í î ñ ò ü è ï ë î ò í î ñ ò ü î á ú å ì í û õ ñ è ë. Ò ð å ò è é ç à -
ê î í Í ü þ ò î í à. Ðàññìîòðèì äâà ïîëÿ A è A′, Θ,Θ′ � ñîîòâåòñòâóþùèå èì çàðÿäû-òîêè.

Íàçîâåì êâàòåðíèîíû

F = M − i F = − Θ ◦A′ = −(iρ + J) ◦A′ = (A′, J)− iρA′ + [A′, J ], (18)

F′ = M ′ − i F ′ = − Θ′ ◦A = −(iρ′ + J ′) ◦A = (A, J ′)− iρ′A + [A, J ] (19)

ïëîòíîñòüþ ìîùíîñòè � ñèëû, äåéñòâóþùåé ñî ñòîðîíû ïîëÿ A′ íà A è, íàîáîðîò, ñîîòâåò-
ñòâåííî. Äåéñòâèòåëüíî, ñ ó÷åòîì (??), (??) ñêàëÿðíàÿ ÷àñòü èìååò âèä ïëîòíîñòè ìîùíîñòè
äåéñòâóþùèõ ñèë:

M = (A′, J) = c−1((E′, jE) + (H ′, jH)) + i ((B′, jE)− (D′, jH)). (20)

Âûäåëÿÿ äåéñòâèòåëüíóþ è ìíèìóþ ÷àñòè âåêòîðíîé ñîñòàâëÿþùåé êâàòåðíèîíà, ïîëó÷èì
âûðàæåíèÿ äëÿ ïëîòíîñòè îáúåìíûõ ñèë (F = FH + iFE):

ReF = ρEE′ + ρHH ′ + jE ×B′ − jH ×D′ = FH , (21)

ImF =
(
ρEB′ − ρHD′) + c−1

(
E′ × jE + H ′ × jH

)
= FE . (22)

Çäåñü B = µH � âåêòîð ãðàâèìàãíèòíîé èíäóêöèè, D = εE � âåêòîð ýëåêòðè÷åñêîãî ñìåùå-
íèÿ. Â [1] òàêæå ïðèñóòñòâóþò âñå ýòè ñèëû, ÷òî ñâèäåòåëüñòâóåò â ïîëüçó ïðåäëîæåííîé òàì
ãèïîòåçû: ìàãíèòíûé çàðÿä � ýòî ìàññà. Íàïðÿæåííîñòü ãðàâèòàöèîííîãî ïîëÿ îïèñûâàåòñÿ
ïîòåíöèàëüíîé ÷àñòüþ âåêòîðà H, à ðîòîðíàÿ ÷àñòü ýòîãî âåêòîðà îïèñûâàåò ìàãíèòíîå ïîëå.
Òîãäà ñêàëÿðíûå ÷àñòè Θ è Θ′ ñîäåðæàò ïëîòíîñòè ýëåêòðè÷åñêîãî çàðÿäà è ìàññû, à âåêòîð-
íûå � ïëîòíîñòè ýëåêòðè÷åñêîãî òîêà è òîêà ìàññû (êîëè÷åñòâî äâèæåíèÿ ìàññû). Èñõîäÿ èç
ýòèõ ïðåäïîëîæåíèé, â óðàâíåíèè (??) èìååì èçâåñòíûå ñèëû ïîñëåäîâàòåëüíî: êóëîíîâñêàÿ,
ãðàâèòàöèîííàÿ, ñèëà Ëîðåíöà è íîâàÿ � ýëåêòðîìàññîâàÿ ñèëà. Èíòåðåñíî, ÷òî ìîùíîñòü ñèëû
Ëîðåíöà â äåéñòâèòåëüíóþ ÷àñòü (??) íå âõîäèò, ò.ê., êàê èçâåñòíî, îíà íå ðàáîòàåò íà ïåðåìå-
ùåíèÿõ ìàññû. Íî â äåéñòâèòåëüíîé ÷àñòè ñòîèò ìîùíîñòü êóëîíîâñêèõ ñèë è ãðàâèìàãíèòíûõ
ñèë.

Åñòåñòâåííî â ñèëó òðåòüåãî çàêîíà Íüþòîíà î äåéñòâóþùèõ è ïðîòèâîäåéñòâóþùèõ ñèëàõ
ïðåäïîëîæèòü, ÷òî äëÿ (??) è (??) äîëæíî âûïîëíÿòüñÿ F′ = −F. Ñëåäîâàòåëüíî, ýòîò çàêîí
äëÿ ïîëåé èìååò ñëåäóþùèé âèä.

Çàêîí î äåéñòâèè è ïðîòèâîäåéñòâèè ïîëåé

Θ ◦A′ = −Θ′ ◦A. (23)
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Èíòåðåñíî, ÷òî â ñêàëÿðíîé ÷àñòè îí òðåáóåò ðàâåíñòâà ìîùíîñòåé ñîîòâåòñòâóþùèõ ñèë, äåé-
ñòâóþùèõ íà çàðÿäû è òîêè äðóãîãî ïîëÿ, ò.å. ïîäîáåí èçâåñòíîìó â ìåõàíèêå ñïëîøíûõ ñðåä
òîæäåñòâó âçàèìíîñòè Áåòòè, êîòîðîå îáû÷íî çàïèñûâàåòñÿ äëÿ ðàáîòû ñèë [ 7 ].

5. Â ò î ð î é ç à ê î í Í ü þ ò î í à è ó ð à â í å í è ÿ â ç à è ì î ä å é ñ ò -
â è ÿ ä â ó õ À-ï î ë å é. Ñîãëàñíî âòîðîìó çàêîíó Íüþòîíà ïðîèçâîäíàÿ îò êîëè÷å-
ñòâà äâèæåíèÿ ìàññû ðàâíà äåéñòâóþùåé íà íåå ñóììàðíîé ñèëå. Çàêîí èçìåíåíèÿ ïîëÿ ïîä
äåéñòâèåì äðóãîãî, ïîäîáíûé âòîðîìó çàêîíó Íüþòîíà, ïðåäëîæèì â ñëåäóþùåì âèäå.

Óðàâíåíèÿ âçàèìîäåéñòâèÿ À-ïîëåé:

κD−Θ = F ≡ −Θ ◦A′, κD−Θ′ = −Θ′ ◦A, (24)

Θ ◦A′ = −Θ′ ◦A, (25)
D+A + Θ = 0, D+A′ + Θ′ = 0, (26)

Çäåñü (??) ñîîòâåòñòâóåò âòîðîìó çàêîíó Íüþòîíà, (??) � òðåòüåìó. Âìåñòå ñ óðàâíåíèÿìè
Ìàêñâåëëà äëÿ ýòèõ ïîëåé (??) îíè äàþò çàìêíóòóþ ñèñòåìó íåëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé äëÿ îïðåäåëåíèÿ ïîëåé. Ââåäåíèå êîíñòàíòû ñâÿçàíî ñ ðàçìåðíîñòüþ. Åñëè ðàçìåð-
íîñòü A îáîçíà÷èòü [A] = α (α2 � ïëîòíîñòü ýíåðãèè)), òî [Θ] = α

[x] , [Θ ◦A′] = α2

[x] , [D−Θ] = α
[x]2

.
Ñëåäîâàòåëüíî, [κ] = α [x].

Ðàñêðûâàÿ ñêàëÿðíóþ è âåêòîðíóþ ÷àñòè (??), ïîëó÷èì
Óðàâíåíèÿ òðàíñôîðìàöèè À-ïîëÿ

iκ (∂τρ + div J) = M, (27)

iκ (∇ρ + ∂τJ − i rot J) = F. (28)
Èç (??) ñëåäóåò, ÷òî ïðè âçàèìîäåéñòâèè ïîëåé çàêîí ñîõðàíåíèÿ çàðÿäà (ñì. òåîðåìó 1) èç-
ìåíÿåòñÿ. Ïîÿâëÿåòñÿ íåíóëåâàÿ ïðàâàÿ ÷àñòü â óðàâíåíèè, ñâÿçàííàÿ ñ ìîùíîñòüþ M ñèë
âîçäåéñòâèÿ ñî ñòîðîíû äðóãîãî ïîëÿ. Èç (??) â èñõîäíûõ îáîçíà÷åíèÿõ ïîëó÷èì

κ
(
µ−1/2∂τρ

H +
√

ε div jH
)

= (E′, jE/c) + (H ′, jH/c), (29)

κ
(
ε−1/2∂τρ

E +
√

µdiv jE
)

= (B′, jE/c)− (D′, jH/c). (30)

Êàê âèäèì, ðàáîòà ýëåêòðè÷åñêèõ è ãðàâèìàãíèòíûõ ñèë âòîðîãî ïîëÿ âëèÿåò íà ìàññó è
ìàññîâûå òîêè ïåðâîãî. Ïðàâàÿ ÷àñòü (??) ñîîòâåòñòâóåò, êàê ìû îáñóæäàëè â ï.4 , ñèëå. Ñ
ó÷åòîì (??),(??) è (??) ýòè óðàâíåíèÿ çàïèøåì â âèäå

κ
(
µ−0,5grad ρH +

√
ε ∂τ j

H +
√

µrot jE
)

= ρEE′ + ρHH ′ + jE ×B′ − jH ×D′, (31)

κ
(
ε−0,5grad ρE +

√
µ∂τ j

E −√εrot jH
)

=
(
ρEB′ − ρHD′) + c−1

(
E′ × jE + H ′ × jH

)
. (32)

Àíàëîãîì ïðîèçâîäíîé ïî âðåìåíè îò êîëè÷åñòâà äâèæåíèÿ âî âòîðîì çàêîíå Íüþòîíà â (??)
ÿâëÿåòñÿ κ

√
ε ∂τ j

H � ïëîòíîñòü êîëè÷åñòâà äâèæåíèÿ ìàññû, íî â ëåâóþ ÷àñòü âõîäÿò òàê-
æå ïëîòíîñòü ðîòîðà ýëåêòðè÷åñêîãî òîêà è ãðàäèåíò ïëîòíîñòè ìàññû, ÷òî íå ñëó÷àéíî, êàê
óâèäèì äàëåå, êîãäà ðàññìîòðèì óðàâíåíèå ñâîáîäíîãî ïîëÿ. Âòîðîå óðàâíåíèå (??) îïèñûâàåò
âîçäåéñòâèå âíåøíåãî ïîëÿ íà ýëåêòðè÷åñêèå òîêè.

Óðàâíåíèÿ (??) � ýòî ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ íåëèíåéíûìè ïðàâûìè
÷àñòÿìè, ò.ê. â íèõ âõîäÿò ïðîèçâåäåíèÿ íàïðÿæåííîñòåé ïîëåé íà êâàòåðíèîíû çàðÿäîâ-òîêîâ.
Åñëè ïîäñòàâèòü â (??) çàðÿäû-òîêè, òî ñèñòåìó óðàâíåíèé (??)�(??) ìîæíî çàïèñàòü â áîëåå
êîðîòêîì, íî áîëåå ñëîæíîì âèäå
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Çàêîí âçàèìîäåéñòâèÿ äâóõ À-ïîëåé

¤A + κ−1D+A ◦A′ = 0, ¤A′ − κ−1D+A ◦A′ = 0. (33)

Ýòî çàìêíóòàÿ ñèñòåìà óðàâíåíèé îòíîñèòåëüíî íàïðÿæåííîñòåé ïîëåé, â êîòîðîé íåëèíåéíûå
÷ëåíû ñîäåðæàò ìëàäøèå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà.

Â ñëó÷àå, êîãäà âòîðîå ïîëå (A′) íàìíîãî ñèëüíåå ïåðâîãî (A), òðàíñôîðìàöèåé âòîðîãî
ìîæíî ïðåíåáðå÷ü. Òîãäà óðàâíåíèÿ (??), (??) è (??)1 äàþò çàìêíóòóþ ñèñòåìó äëÿ îïðåäåëå-
íèÿ À-ïîëÿ.

6. Ñ â î á î ä í î å À-ï î ë å. Ï å ð â û é ç à ê î í Í ü þ ò î í à. Ðàññìîòðèì
A-ïîëå â îòñóòñòâèè äðóãèõ ïîëåé. Íàçîâåì òàêîå ïîëå ñâîáîäíûì. Àíàëîãîì ïåðâîãî çàêîíà
Íüþòîíà îá èíåðöèè ìàññû â îòñóòñòâèè äåéñòâóþùèõ íà íåå ñèë çäåñü, êàê ñëåäóåò èç (??),
åñòåñòâåííî ïðèíÿòü

Çàêîí èíåðöèè äëÿ À-ïîëÿ. Â îòñóòñòâèè äðóãèõ ïîëåé F = 0, ñëåäîâàòåëüíî,

D−Θ = (∂τ − i∇)Θ = 0, (34)

÷òî ýêâèâàëåíòíî ðàâåíñòâàì
∂τρ + div J = 0, (35)

grad ρ + ∂τJ − i rot J = 0 ⇔ ¤A = 0. (36)

Îáà óðàâíåíèÿ (??) ýêâèâàëåíòíû â ñèëó òåîðåìû 2. Äåéñòâèòåëüíûå è ìíèìûå ÷àñòè ýòèõ
óðàâíåíèé èìåþò ñëåäóþùèé âèä

∂tρ
E + div jE = 0, ∂τ j

E =
√

ε/µ rot jH − grad ρE , (37)

∂tρ
H + div jH = 0, ∂τ j

H = −
√

µ/ε rot jE − grad ρH . (38)

Ïåðâûå ðàâåíñòâà � ýòî èçâåñòíûå çàêîíû ñîõðàíåíèÿ ýëåêòðè÷åñêîãî çàðÿäà è ìàññû, êîòîðûå
âûïîëíÿþòñÿ òîëüêî äëÿ ñâîáîäíûõ ïîëåé. Èç âòîðûõ óðàâíåíèé ñëåäóåò, ÷òî ãðàâèìàãíèòíàÿ
ñîñòàâëÿþùàÿ À-ïîëÿ âëèÿåò íà ýëåêòðè÷åñêóþ è, íàîáîðîò. Ãðàäèåíòû çàðÿäîâ è ðîòîðû
òîêîâ ýòèõ ñîñòàâëÿþùèõ âûçûâàþò èçìåíåíèå òîêîâ âî âðåìåíè. Îíè äàþò çàìêíóòóþ ñèñòåìó
óðàâíåíèé äëÿ îïðåäåëåíèÿ ïëîòíîñòåé ýëåêòðè÷åñêèõ çàðÿäîâ è òîêîâ, ïëîòíîñòè ìàññû è
ìàññîâûõ òîêîâ À-ïîëÿ â îòñóòñòâèè äðóãèõ ïîëåé.

Åñëè â óðàâíåíèè (??) âçÿòü äèâåðãåíöèþ èëè ðîòîð ñ ó÷åòîì óðàâíåíèÿ äëÿ çàðÿäà è òîêà,
òî ïîëó÷èì âîëíîâûå óðàâíåíèÿ

¤ρ = 0, ¤J = 0. (39)

Ò.î., íàïðÿæåííîñòü ïîëÿ, çàðÿäû è òîêè ÿâëÿþòñÿ ðåøåíèÿìè îäíîðîäíûõ âîëíîâûõ óðàâíå-
íèé. Äëÿ ïîñòðîåíèÿ ñâîáîäíîãî ïîëÿ ñëåäóåò âçÿòü ðåøåíèå âîëíîâîãî óðàâíåíèÿ äëÿ A (??),
äàëåå íàéòè çàðÿäû è òîêè, èñïîëüçóÿ óðàâíåíèÿ Ìàêñâåëëà (??) è ( ??). Ïðè ýòîì óðàâíåíèå
(??) âûïîëíÿåòñÿ àâòîìàòè÷åñêè â ñèëó òåîðåì 1,2.

ÏÐÈÌÅÐ 1. Ïóñòü èçâåñòíî ïîëå â íåêîòîðûé ìîìåíò âðåìåíè, êîòîðûé ïðèìåì çà íà÷àëü-
íûé: A(x, 0) = A0(x), J(x, 0) = J0(x), ρ0 = c−1div A0. Òîãäà

4πA(x, t) = i (ct)−1rot
(
J0(x) ∗

x
δSct(x)

)
− t−1grad

(
ρ0(x) ∗

x
δSct

)
− c−2∂t

(
t−1

(
J0 ∗

x
δSct

))
.

Çäåñü δSct(x) � ïðîñòîé ñëîé íà ñôåðå ðàäèóñà ct. Åñëè çàðÿäû è òîêè â íà÷àëüíûé ìîìåíò
âðåìåíè ðåãóëÿðíûå ôóíêöèè, òî δSct(x) ∗

x
F (x) =

∫
‖x−y‖=ct

F (y) dS(y).
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Äëÿ ïîñòðîåíèÿ ñâîáîäíîãî ïîëÿ â îãðàíè÷åííîé îáëàñòè Ω ⊂ R3 ïðè t > 0 ìîæíî ðàñ-
ñìîòðåòü êðàåâóþ çàäà÷ó äëÿ âåêòîðíîãî óðàâíåíèÿ (??) â èññëåäóåìîé îáëàñòè. Ïðè èçâåñò-
íûõ çíà÷åíèÿõ ðåàëüíîé èëè ìíèìîé ÷àñòåé [J, n] íà S ïîëó÷èì êëàññè÷åñêèå êðàåâûå çàäà÷è
íåñòàöèîíàðíîé ýëåêòðîäèíàìèêè, ðåøåíèå êîòîðûõ ìîæíî èñêàòü, èñïîëüçóÿ, íàïðèìåð, ìå-
òîä ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèÿ (ñì.[8,9]).

Èñïîëüçóÿ òåîðåìû Îñòðîãðàäñêîãî-Ãàóññà, Ñòîêñà, èç (??),(??) ëåãêî ïîëó÷èòü ðÿä ïîëåç-
íûõ èíòåãðàëüíûõ ðàâåíñòâ. À èìåííî, åñëè (??) ïðîèíòåãðèðîâàòü ïî ôèêñèðîâàííîìó îáúåìó
Ω, îãðàíè÷åííîìó ïîâåðõíîñòüþ S, ñ âíåøíåé íîðìàëüþ n, òî ïîëó÷èì èçâåñòíûé çàêîí ñîõðà-
íåíèÿ çàðÿäà (äåéñòâèòåëüíàÿ ÷àñòü � Re) è ìàññû (ìíèìàÿ ÷àñòü � Im)

∂τ

∫

Ω

ρ dV (x) = −
∫

S

(J, n) dS(x), dV (x) = dx1dx2dx3. (40)

Òà æå îïåðàöèÿ ñ (??) äàåò ñîîòíîøåíèÿ, êîòîðûå îïèñûâàþò èçìåíåíèå ýëåêòðè÷åñêèõ (Re)
òîêîâ è êîëè÷åñòâî äâèæåíèÿ (Im) â ôèêñèðîâàííîì îáúåìå

∂τ

∫

Ω

J dV (x) = −
∫

S

ρn dS(x) + i

∫

S

[n, J ] dS(x) ⇒ (41)

∂τ

∫

Ω

jE dV (x) = −c

∫

S

ρEn dS(x) +
√

ε

µ

∫

S

[
n, jH

]
dS(x), (42)

∂τ

∫

Ω

jH dV (x) = −c

∫

S

ρHndS(x) +
√

µ

ε

∫

S

[
n, jE

]
dS(x). (43)

Åñëè ( ??) ñêàëÿðíî óìíîæèòü íà n è ïðîèíòåãðèðîâàòü ïî ïîâåðõíîñòè S, íàòÿíóòîé íà çà-
ìêíóòûé êîíòóð l, ïîëó÷èì ôîðìóëû äëÿ îïðåäåëåíèÿ ñêîðîñòè èçìåíåíèÿ ïîòîêîâ ýëåêòðè-
÷åñòâà è ìàññû ÷åðåç çàìêíóòóþ ïîâåðõíîñòü

∂τ

∫

S

(J, n) dS(x) = −
∫

S

(gradρ, n) dS(x) + i

∫

l

(J, el) dl(x), (44)

∂τ

∫

S

(jE , n) dS(x) = −c

∫

S

(gradρE , n) dS(x) +
√

ε

µ

∫

l

(jH , el) dl(x), (45)

∂τ

∫

S

(jH , n) dS(x) = −c

∫

S

(gradρH , n) dS(x) +
√

µ

ε

∫

l

(jE , el) dl(x), (46)

ãäå el � åäèíè÷íûé êàñàòåëüíûé âåêòîð ê êðèâîé l â òî÷êå x. Äîáàâèì åùå èíòåãðàëüíóþ
ôîðìó çàêîíà ñîõðàíåíèÿ ýíåðãèè

∂τ

∫

Ω

W dV (x) +
∫

S

(P, n) dS(x) = c−1

∫

Ω

(
(E, jE)− (H, jH)

)
dV (x). (47)

Ýòè ñîîòíîøåíèÿ ìîæíî èñïîëüçîâàòü äëÿ îïðåäåëåíèÿ ñâîáîäíûõ ïîëåé, åñëè èçâåñòíû êàêèå-
òî äàííûå î ïîëå.

Èòàê, â îòñóòñòâèè äðóãèõ ïîëåé A-ïîëå ñ òå÷åíèåì âðåìåíè èçìåíÿåòñÿ òàê, ÷òîáû åãî
êîìïëåêñíûé ãðàäèåíò áûë íóëåâûì.

Ðàññìîòðèì ÷àñòíûå ñëó÷àè ñâîáîäíîãî ïîëÿ, ê êîòîðûì ñ òå÷åíèåì âðåìåíè ìîãóò ñòðå-
ìèòüñÿ íåñòàöèîíàðíûå ïîëÿ.
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Ñ ò à ò è ÷ å ñ ê è å ï î ë ÿ. Äëÿ ñòàòèêè, êàê ñëåäóåò èç (??)-( ??), âûïîëíÿþòñÿ
ñëåäóþùèå ñîîòíîøåíèÿ äëÿ ïîñòîÿííûõ çàðÿäîâ è òîêîâ

grad ρ = i rot J ⇔ ∆A = 0, (48)

J = −i rotA, ρ = div A. (49)
Åñëè ( ??) äèôôåðåíöèðóåìû, òî ïîëó÷èì ∆ρ = 0, ∆J = 0. Ò.å. çàðÿäû è êîìïîíåíòû òîêîâ
è íàïðÿæåííîñòè ïîëÿ ÿâëÿþòñÿ, êàê è A, ãàðìîíè÷åñêèìè ôóíêöèÿìè. Åñëè âçÿòü âåêòîð
íàïðÿæåííîñòè ïîëÿ A, óäîâëåòâîðÿþùèé óðàâíåíèþ Ëàïëàñà, äàëåå ïî ôîðìóëàì (??) îïðå-
äåëèòü ñîîòâåòñòâóþùèå çàðÿäû è òîêè, òî îíè áóäóò óäîâëåòâîðÿòü ïåðâîìó óðàâíåíèþ ( ??)
â ñèëó îïåðàòîðíîãî ðàâåíñòâà: rot rot = grad div −4.

Çàìåòèì, ÷òî ÷èñòî ïîòåíöèàëüíîå ïîëå óäîâëåòâîðÿåò óðàâíåíèÿì (??), åñëè ãðàäèåíò ïî-
ëÿ � ãàðìîíè÷åñêàÿ ôóíêöèÿ. Âèõðåâîå ïîëå, ïîòåíöèàë êîòîðîãî ÿâëÿåòñÿ ãàðìîíè÷åñêèì
âåêòîðîì, òîæå óäîâëåòâîðÿåò (??).

×òîáû ïîñòðîèòü ñòàòè÷åñêîå ñâîáîäíîå ïîëå, ìîæíî â êà÷åñòâå A âçÿòü ãàðìîíè÷åñêèé
âåêòîð, çàòåì èñïîëüçóÿ óðàâíåíèÿ Ìàêñâåëëà, íàéòè çàðÿäû è òîêè.

ÏÐÈÌÅÐ 2. A = (0, 0, f(x)), ρ = ∂3f, J = (−i∂2f, i∂1f, 0), ãäå f � ãàðìîíè÷åñêàÿ ôóíêöèÿ.
Â ÷àñòíîñòè, ìîæíî âçÿòü ôóíêöèè âèäà

f(x) =
∫

Ω

f̃(ξ1, ξ2) exp(iξ1x1 + iξ2x2 ± ‖ξ‖x3)dΩ(ξ),

ãäå Ω = R2, èëè îáëàñòü â R2, èëè ëþáîå îäíîìåðíîå èíòåãðèðóåìîå ìíîãîîáðàçèå
â R2, f̃(ξ) � èíòåãðèðóåìàÿ ôèíèòíàÿ ôóíêöèÿ. Íàïðèìåð, ïóñòü Ω = {ξ : ‖ξ‖ = a}, à
f̃(ξ) = f3/2πa = const. Òîãäà A = e±ax3 (0, 0, f3J0(ar)), ρ = −f3J1(ar)e±ax3 x3

‖x‖2 , J =

if3e
±ax3

{
x2
‖x‖J1(ar), x1

‖x‖J1(ar), 0
}
. Çäåñü Jk(ar) � ôóíêöèè Áåññåëÿ.

Èíòåãðàëüíûå ðàâåíñòâà (??)�(??) â ñòàòèêå ïðèíèìàþò ñëåäóþùèé âèä
∫

S

(J, n) dS(x) = 0, (50)

∫

S

ρn dS(x) = i

∫

S

[n, J ] dS(x) ⇒ (51)

∫

S

ρEndS(x) = ε

∫

S

[
n, jH

]
dS(x),

∫

S

ρHndS(x) = µ

∫

S

[
n, jE

]
dS(x).

Çàêîí ñîõðàíåíèÿ ýíåðãèè ïðåîáðàçóåòñÿ ê âèäó
∫

S

(P, n) dS(x) = c−1

∫

Ω

(
(E, jE)− (H, jH)

)
dV (x). (52)

Èç (??) äëÿ ïîâåðõíîñòè, íàòÿíóòîé íà êîíòóð l, ïîëó÷èì
∫

S

(grad ρ, n) dS(x) = i

∫

l

(J, el) dl(x) ⇒ (53)

c

∫

S

(grad ρE , n) dS(x) =
√

ε

µ

∫

l

(jH , el) dl(x) =
√

ε

µ

∫

S

(rotjH , n) dS(x),
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c

∫

S

(grad ρH , n) dS(x) =
√

µ

ε

∫

l

(jE , el) dl(x) =
√

µ

ε

∫

S

(rotjE , n) dS(x).

Êàê âèäèì, öèðêóëÿöèÿ ýëåêòðè÷åñêîãî òîêà ïî êîíòóðó ñâÿçàíà ñ ïîòîêîì ãðàäèåíòà ìàññî-
âîé ïëîòíîñòè ÷åðåç ïîâåðõíîñòü, íàòÿíóòóþ íà ýòîò êîíòóð, à öèðêóëÿöèÿ ìàññîâûõ òîêîâ ïî
êîíòóðó � ñ ïîòîêîì ãðàäèåíòà ýëåêòðè÷åñêîãî çàðÿäà. Çíà÷èò, åñëè â ïîêîÿùåìñÿ òåëå ïëîò-
íîñòü ìàññû ïåðåìåííàÿ, â íåì öèðêóëèðóþò âèõðåâûå ýëåêòðè÷åñêèå òîêè. Åñëè â êàêîé-òî
îáëàñòè D ñîîòâåòñòâåííî grad ρE(H) = 0, òî

∫
l

(jH(E), el) dl(x) = 0 ïî ëþáîìó çàìêíóòîìó êîí-

òóðó. Âåðíî è îáðàòíîå, ò.ê. (??) âåðíî äëÿ ëþáîé ïîâåðõíîñòè S, "îïèðàþùåéñÿ" íà êîíòóð
l. Ñëåäîâàòåëüíî, åñëè òåëî ýëåêòðè÷åñòâîì íå çàðÿæåíî, òî ìàññîâûå òîêè â íåì ëèáî ðàâíû
íóëþ, ëèáî ïîòåíöèàëüíû.

Ñ â î á î ä í û å ê î ë å á à í è ÿ. Â ñëó÷àå ñòàöèîíàðíîãî êîëåáàòåëüíîãî ïîëÿA = Ae−iωt =
Ae−ikτ , k = ω/c ( àíàëîãè÷íî äëÿ çàðÿäîâ è òîêîâ). Êîìïëåêñíûå àìïëèòóäû óäîâëåòâîðÿþò
ñëåäóþùèì óðàâíåíèÿì

ikρ = div J, grad ρ = i (k J + rot J) , ∆A + k2A = 0, (54)

∆ρ + k2ρ = 0, ∆J + k2J = 0. (55)

Ò.î., íàïðÿæåííîñòü ïîëÿ, çàðÿäû è òîêè ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ Ãåëüìãîëüöà. Äëÿ
ïîñòðîåíèÿ ñâîáîäíîãî ïîëÿ ñëåäóåò âçÿòü ðåøåíèå ýòîãî óðàâíåíèÿ äëÿ À (??), äàëåå íàéòè
çàðÿäû è òîêè, èñïîëüçóÿ óðàâíåíèÿ Ìàêñâåëëà (??) è (??).

ÏÐÈÌÅÐ 3. A = e−iωt(0, 0, f(x)), ρ = e−iωt∂3f, J = e−iωt(−i∂2f, i∂1f,−iωf), ãäå f � ðåøå-
íèå óðàâíåíèÿ Ãåëüìãîëüöà. Â ÷àñòíîñòè, äëÿ øèðîêîãî êëàññà ôóíêöèé ìîæíî âçÿòü ïðåäñòàâ-
ëåíèå f(x) =

∫
Ω

f̃(ξ) exp (i((ξ, x)− ωt))dΩ(ξ), ãäå Ω = R3, èëè îáëàñòü â R3, èëè ëþáîå äâóìåðíîå

èëè îäíîìåðíîå èíòåãðèðóåìîå ìíîãîîáðàçèå â R3, f̃(ξ) � ëîêàëüíî èíòåãðèðóåìàÿ ôóíêöèÿ,
áûñòðî óáûâàþùàÿ íà áåñêîíå÷íîñòè. Íàïðèìåð, ïóñòü Ω = {ξ : ‖ξ‖ = k}, à f̃(ξ) = f3

4πk = const.
Òîãäà àìïëèòóäû ñëåäóþùèå

A =
(

0, 0, f3
sin k ‖x‖
‖x‖

)
, ρ = f3

x3

‖x‖2

(
k cos k ‖x‖ − sin k ‖x‖

‖x‖
)

,

J = if3

{
− x2

‖x‖2

(
k cos a ‖x‖ − sin k ‖x‖

‖x‖
)

,
x1

‖x‖2

(
k cos a ‖x‖ − sin k ‖x‖

‖x‖
)

, −k
sin k ‖x‖
‖x‖

}
.

Àíàëîãè÷íûé ïðèìåð ìîæíî ïîñòðîèòü äëÿ äðóãèõ ñîñòàâëÿþùèõ A è âçÿòü ëþáóþ ëèíåé-
íóþ êîìáèíàöèþ ýòèõ òðåõ ðåøåíèé, êîòîðûå òîæå äàþò ðåøåíèå (??).

Äëÿ ïîñòðîåíèÿ ïîëÿ ìîæíî ðàññìîòðåòü êðàåâóþ çàäà÷ó äëÿ âåêòîðíîãî óðàâíåíèÿ Ãåëüì-
ãîëüöà (??) â èññëåäóåìîé îáëàñòè Ω ⊂ R3, t>0. Ïðè èçâåñòíûõ çíà÷åíèÿõ ðåàëüíîé èëè ìíèìîé
÷àñòåé êîìïëåêñíûõ àìïëèòóä [J, n] íà S ïîëó÷èì êëàññè÷åñêèå êðàåâûå çàäà÷è ñòàöèîíàðíîé
ýëåêòðîäèíàìèêè, ðåøåíèå êîòîðûõ ìîæíî èñêàòü, òàêæå èñïîëüçóÿ ìåòîä ãðàíè÷íûõ èíòå-
ãðàëüíûõ óðàâíåíèÿ (ñì.[9]).

Ïðèâåäåì èíòåãðàëüíûå çàêîíû ñîõðàíåíèÿ â ýòîì ñëó÷àå:

ik

∫

Ω

ρ dV (x) =
∫

S

(J, n) dS(x), (56)

ik

∫

Ω

J dV (x) =
∫

S

ρn dS(x)− i

∫

S

[n, J ] dS(x), (57)
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ik

∫

S

(J, n) dS(x) = c

∫

S

(grad ρ, n)S(x)− i

∫

l

(J, el) dl(x), (58)

ik

∫

Ω

W dV (x)−
∫

S

(P, n) dS(x) = −c−1

∫

Ω

((E, jE)− (H, jH)) dV (x). (59)

Ýòè ñîîòíîøåíèÿ ìîæíî èñïîëüçîâàòü äëÿ îïðåäåëåíèÿ ñâîáîäíûõ ïîëåé â ñëó÷àå ñòàöèîíàð-
íûõ êîëåáàíèé, à òàêæå åñëè èçâåñòíû êàêèå-òî äàííûå î ïîëå.

7. Ó ð à â í å í è ÿ ñ ó ì ì à ð í î ã î ï î ë ÿ â ç à è ì î ä å é ñ ò â è é. Åñëè
åñòü íåñêîëüêî (M) âçàèìîäåéñòâóþùèõ ïîëåé, òî óðàâíåíèÿ (??) ïðèìóò âèä

κD−Θk + Θk ◦
∑

m6=k

Am = 0, D+Ak + Θk = 0, k = 1, ..., M, (60)

D+Am ◦Ak + D+Ak ◦Am = 0, k 6= m. (61)
Ïåðâîå óðàâíåíèå � àíàëîã âòîðîãî çàêîíà Íüþòîíà. Âòîðîå óðàâíåíèå ãîâîðèò î òîì, ÷òî
íàïðÿæåííîñòü ïîëÿ ÿâëÿåòñÿ ïîòåíöèàëîì äëÿ çàðÿäîâ è òîêîâ. Òðåòüå óðàâíåíèå � àíàëîã
òðåòüåãî çàêîíà Íüþòîíà.

À êàêèì áóäåò ñóììàðíîå ïîëå âçàèìîäåéñòâóþùèõ ïîëåé? Çäåñü ìû ïîëàãàåì ñïðàâåä-
ëèâîñòü ïðèíöèïà ñóïåðïîçèöèè ïîëåé, çàðÿäîâ è òîêîâ, ÷òî ïîäòâåðæäàåòñÿ ïðàêòè÷åñêèìè
íàáëþäåíèÿìè. Ñóììàðíîå (åäèíîå) ïîëå ïîðîæäàåòñÿ âñåìè çàðÿäàìè è òîêàìè, è îíî â ñèëó
òðåòüåãî çàêîíà Íüþòîíà (??) äëÿ ïîëåé, êàê ëåãêî âèäåòü (ñóììèðóÿ (??) ïî k), ÿâëÿåòñÿ
ñâîáîäíûì, ïîñêîëüêó àíàëîãè÷íî ìåõàíèêå âçàèìîäåéñòâóþùèõ òåë âñå äåéñòâóþùèå ñèëû
âíóòðåííèå. Èòàê, èìååì

Ç à ê î í å ä è í î ã î ï î ë ÿ. Âçàèìîäåéñòâóþùèå A-ïîëÿ óäîâëåòâîðÿþò âòîðîìó
çàêîíó Íüþòîíà äëÿ ïîëåé ( ??)-( ??), à äëÿ ñóììàðíîãî çàðÿäà-òîêà âûïîëíÿåòñÿ òîæäåñòâî

κD−Θ = D− M∑
m=1

Θm ≡ 0 . Ò.å. åäèíîå ïîëå ÿâëÿåòñÿ ñâîáîäíûì

grad ρ + ∂τJ − i rot J = 0 ⇔ ¤A = 0,

åãî íàïðÿæåííîñòü è çàðÿä-òîê îïðåäåëÿþòñÿ óðàâíåíèÿìè Ìàêñâåëëà

D+A + Θ = D+
M∑

m=1

Am + Θ = 0.

Åñëè â íà÷àëüíûé ìîìåíò âðåìåíè çàðÿäû-òîêè èçâåñòíû, ñèñòåìà ( ??)�( ??) ïîçâîëÿåò îïðå-
äåëÿòü ñîçäàâàåìûå èìè ïîëÿ è èõ ñîâìåñòíîå èçìåíåíèå âî âðåìåíè è ïðîñòðàíñòâå.

Óðàâíåíèÿ ñóììàðíîãî ïîëÿ ÿâëÿþòñÿ ñëåäñòâèåì è äàþò ïåðâûå èíòåãðàëû âçàèìîäåé-
ñòâóþùèõ ïîëåé. Åñëè â íà÷àëüíûé ìîìåíò âðåìåíè çàðÿäû-òîêè èçâåñòíû, ñèñòåìà (7.1)�
(7.2) ïîçâîëÿåò îïðåäåëÿòü ñîçäàâàåìûå èìè ïîëÿ è èõ ñîâìåñòíîå èçìåíåíèå âî âðåìåíè è
ïðîñòðàíñòâå.

8. Ý í å ð ã è ÿ â ç à è ì î ä å é ñ ò â è ÿ ï î ë å é. Ðàññìîòðèì çàêîíû
ïðåîáðàçîâàíèÿ ýíåðãèé ïðè âçàèìîäåéñòâèè ïîëåé. Ñîãëàñíî (??) äëÿ åäèíîãî ïîëÿ èìååì

Ξ =
1
2

A∗ ◦A =
1
2

(Ā, A)− 1
2

[A, Ā] = W + i P, (62)

Ξ =
1
2
A ◦A∗ =

1
2

N∑

k=1

Ak ◦
N∑

l=1

A∗l =
1
2




N∑

k=1

Ak ◦A∗k +
∑

k 6=l

Ak ◦A∗l


 =

N∑

k=1

Ξk + δΞ, (63)
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δΞ =
∑

k 6=l

Ξkl,Ξkl =
1
2

(
Ak ◦A∗l + Al ◦A∗k

)
. (64)

Íàçîâåì δΞ êâàòåðíèîíîì ýíåðãèè-èìïóëüñà âçàèìîäåéñòâèÿ ïîëåé, δΞ = δW + iδP . Çäåñü
δW � ýíåðãèÿ âçàèìîäåéñòâèÿ, δP � èìïóëüñ âçàèìîäåéñòâèÿ, ñâÿçàííûé ñ èçìåíåíèåì âåê-
òîðà Ïîéíòèíãà. Ñîîòíîøåíèÿ (??), (??) ìîæíî çàïèñàòü â èñõîäíûõ âåëè÷èíàõ, èñïîëüçóÿ
ðàâåíñòâî

Ak ◦A∗l = −√εkεl

((
Ek, E∗l

)
+

(
El, E∗k

))
+
√

µkµl

((
Hk, H∗l

)
+

(
H l,H∗k

))
−

−i
(√

εkµl

(
Ek,H∗l

)
+
√

εlµk

(
El,H∗k

))
− i

(√
εlµk

(
Hk, E∗l

)
+
√

εkµl

(
H l, E∗k

))
+

+
√

εkεl

([
Ek, E∗l

]
+

[
El, E∗k

])
−√µkµl

([
Hk,H∗l

]
+

[
H l,H∗k

])
+

+i
(√

εkµl

[
Ek, H∗l

]
+
√

εlµk

[
El, H∗k

])
+ i

(√
εlµk

[
Hk, E∗l

]
+
√

εkµl

[
H l, E∗k

])
=

= 2
(
W kl + iP kl

)
.

Èç-çà ãðîìîçäêîñòè âûêëàäîê ýòî äåëàòü çäåñü íå áóäåì. Ïîìå÷àÿ ñêàëÿðíóþ è âåêòîðíóþ
÷àñòè ýòîãî ðàâåíñòâà ñîîòâåòñòâóþùèìè èíäåêñàìè, èìååì

δΞ =
∑

k 6=l

δW kl + i
∑

k 6=l

δP kl =
∑

k 6=l

(
δW kl + iδP kl

)
. (65)

Èç ýòèõ ñîîòíîøåíèé ñëåäóåò ïðåäñòàâëåíèå äëÿ ýíåðãèè âçàèìîäåéñòâèÿ

δW =
∑

k 6=l

δW kl =
∑

k 6=l

(
W kl + W lk

)
. (66)

Ïîñêîëüêó ýíåðãèÿ åäèíîãî ïîëÿ W � äåéñòâèòåëüíàÿ íåîòðèöàòåëüíàÿ âåëè÷èíà (ñì.(??)),
èç ñîîòíîøåíèé (??),(??) ñëåäóþò óñëîâèÿ íà âûäåëåíèå èëè ïîãëîùåíèå ýíåðãèè ïðè âçàèìî-
äåéñòâèè À-ïîëåé:

1. âûäåëåíèå ýíåðãèè, åñëè Re δW > 0,
2. ïîãëîùåíèå ýíåðãèè, åñëè Re δW < 0,
3. ñîõðàíåíèå ýíåðãèè-èìïóëüñà, åñëè δΞ = 0.

Êðîìå òîãî, èç ýòèõ æå óñëîâèé ñëåäóåò (äëÿ ìíèìîé ÷àñòè (??))
Âòîðîé çàêîí âçàèìîäåéñòâèÿ À-ïîëåé

Im δW =
∑

k 6=l

Im W kl =
∑

k 6=l

Im
(
W kl + W lk

)
= 0.

Ýòîò çàêîí òîæå äàåò ïåðâûé èíòåãðàë äëÿ âçàèìîäåéñòâóþùèõ ïîëåé. Çàìåòèì, ÷òî óðàâ-
íåíèÿ âçàèìîäåéñòâèÿ À-ïîëåé ñîäåðæàò òîëüêî îäíó óíèâåðñàëüíóþ ðàçìåðíóþ êîíñòàíòó,
÷òî ïîçâîëÿåò ñóììèðîâàòü íàïðÿæåííîñòè, çàðÿäû è òîêè À-ïîëåé è ââîäèòü åäèíîå ïîëå.
Ïðè ïåðåõîäå ê èñõîäíûì äàííûì ìîæíî áðàòü êîíñòàíòû "ïðîíèöàåìîñòè"äëÿ êàæäîãî ïîëÿ
âçàèìîäåéñòâèé ðàçíûìè, ìàòåìàòè÷åñêàÿ òåîðèÿ ýòî ïîçâîëÿåò.

9. Ç à ê ë þ ÷ å í è å. Ïðåäëîæåííûå çäåñü óðàâíåíèÿ âçàèìîäåéñòâèÿ À-ïîëåé îñíîâàíû
íà ãèïîòåçå î ìàãíèòíîì çàðÿäå-ìàññå, ñèììåòðèðóþùåì óðàâíåíèÿ Ìàêñâåëëà. Ýòî ïîçâîëè-
ëî íàçâàòü òàêèå ïîëÿ ýëåêòðî-ãðàâèìàãíèòíûìè è ïîñòðîèòü çàêîíû èõ ïðåîáðàçîâàíèÿ è
âçàèìîäåéñòâèÿ, âî ìíîãîì àíàëîãè÷íûå çàêîíàì Íüþòîíà äëÿ ìàòåðèàëüíûõ òåë. Ïîñêîëüêó
ðàçìåðíîñòü À-ïîëÿ [A] =

√
[W ], à [W ] � ýòî ðàçìåðíîñòü ïëîòíîñòè ýíåðãèè, À-ïîëå ìîæíî
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íàçâàòü ýíåðãåòè÷åñêèì. Íà îñíîâå ýòèõ çàêîíîâ ìîæíî îáúÿñíèòü ðÿä íàáëþäàåìûõ ôèçè÷å-
ñêèõ ÿâëåíèé.

Íàïðèìåð, õîðîøî èçâåñòíî, ÷òî ïîñòîÿííûå âðàùàþùèåñÿ ýëåêòðè÷åñêèå òîêè ïîðîæäà-
þò âèõðåâûå ìàãíèòíûå ïîëÿ [6]. Èç ïðåäñòàâëåííîé òåîðèè ñëåäóåò (ñì. ïðèìåðû â [1,3]),
÷òî àíàëîãè÷íî âðàùàþùèåñÿ ìàññû ñîçäàþò âèõðåâûå ýëåêòðè÷åñêèå ïîëÿ (ýòî ìîæíî ýêñ-
ïåðèìåíòàëüíî ïðîâåðèòü). Ýòî îáúÿñíÿåò, íàïðèìåð, íàëè÷èå ýëåêòðè÷åñêîé îñè ó Çåìëè,
îáóñëîâëåííîé âèõðåâîé ñîñòàâëÿþùåé ýëåêòðè÷åñêîãî ïîëÿ Çåìëè âñëåäñòâèå âðàùåíèÿ åå
ìàññû. Ïîäîáíîå äîëæíî íàáëþäàòüñÿ è ó äðóãèõ ïëàíåò. Ïîñêîëüêó Çåìëÿ èìååò îòðèöàòåëü-
íûé ýëåêòðè÷åñêèé çàðÿä, òî åãî âðàùåíèå îáóñëàâëèâàåò è ñîëåíîèäàëüíîå ìàãíèòíîå ïîëå
Çåìëè.

Äðóãîé ïðèìåð. Ñîãëàñíî ýòîé òåîðèè ñëåäóåò ó÷èòûâàòü, ÷òî ýëåêòðè÷åñêîå ïîëå Ñîëíöà
ïîðîæäàåò ýëåêòðîìàññîâóþ ñèëó, ñìåùàþùóþ îðáèòû ïëàíåò. Èíòåðåñíî, ÷òî â ðàáîòå [10]
äëÿ îïðåäåëåíèÿ ñìåùåíèÿ ïåðèãåëèÿ Ìåðêóðèÿ, íåîáúÿñíèìîãî â ðàìêàõ êëàññè÷åñêîé òåî-
ðèè ãðàâèòàöèè, â óðàâíåíèÿ Íüþòîíà äëÿ äâóõ òåë ââåäåíà äîïîëíèòåëüíàÿ ñèëà, íàçâàííàÿ
àâòîðàìè êîãðàâèòàöèåé, êîòîðàÿ ïî âèäó ïîäîáíà ðàññìîòðåííîé çäåñü ýëåêòðîìàññîâîé ñèëå.

Ïðåäñòàâëåííàÿ òåîðèÿ äàåò òàêæå óðàâíåíèÿ èçìåíåíèÿ ýëåêòðè÷åñêèõ òîêîâ è çàðÿäîâ
ïîä äåéñòâèåì ýëåêòðî-ãðàâèìàãíèòíûõ ïîëåé è çàêîíû ïðåîáðàçîâàíèÿ ýíåðãèè-èìïóëüñà, êî-
òîðûå ìîãóò îïèñàòü, íàïðèìåð, íåêîòîðûå çàêîíîìåðíîñòè õèìè÷åñêèõ ðåàêöèé âåùåñòâ.
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Ïîñòðîåíî ðåøåíèå çàäà÷è ñîïðÿæåíèÿ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà â ïðîñòðàí-
ñòâå Rn, n ≥ 2, â ÿâíîì âèäå. Ïîëó÷åíû ôîðìóëû, óñòàíàâëèâàþùèå àñèìïòîòè÷åñêîå ïîâåäåíèå
ðåøåíèé çàäà÷ c íàêëîííîé ïðîèçâîäíîé è ñîïðÿæåíèÿ ïðè |x| → ∞.

Â ïåðâîé ÷àñòè íàñòîÿùåé ñòàòüè áûëè ïîñòðîåíû â ÿâíîì âèäå ðåøåíèÿ çàäà÷ Äèðèõ-
ëå (Çàäà÷è I) è ñ íàêëîííîé ïðîèçâîäíîé (Çàäà÷è II) äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî
ïîðÿäêà â ïîëóïðîñòðàíñòâå xn > 0, âûâåäåíû àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ ðåøåíèÿ çàäà-
÷è Äèðèõëå. Íàéäåì ðåøåíèå çàäà÷è ñîïðÿæåíèÿ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé (Çàäà÷è III),
ïîëó÷èì ôîðìóëû, óñòàíàâëèâàþùèå àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé Çàäà÷ II, III ïðè
|x| → ∞.

Ïóñòü D1 := Rn− è D2 := Rn
+ � ïîëóïðîñòðàíñòâà xn < 0 è xn > 0 â Rn, n ≥ 2, ñîîòâåòñòâåí-

íî.
Ðàññìîòðèì ìîäåëüíóþ çàäà÷ó ñîïðÿæåíèÿ � Çàäà÷ó III

∆u1 − c1u = f1(x), x ∈ Rn
−, (1)

∆u2 − c2u2 = f2(x), x ∈ Rn
+, (2)

u1 − u2|xn=0 = 0, (3)

b∇u1 − d∇u2 + b0u1 + d0u2|xn=0 = ϕ(x′), (4)

ãäå b = (b1, . . . , bn), d = (d1, . . . , dn), ∇ = (∂x1 , . . . ∂xn), ck ≥ 0, k = 1, 2, bn > 0, dn > 0,
b0 + d0 ≥ 0.

Äëÿ íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (1)�(4), êàê è â [1] ïðè ïîñòðîåíèè ðåøåíèé Çàäà÷ I è II,
ðàññìîòðèì ñîîòâåòñòâóþùóþ çàäà÷ó ñîïðÿæåíèÿ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ∂tvk−∆vk +
ckvk = gk(x, t), x ∈ Dk, t > 0, k = 1, 2 c íóëåâûìè íà÷àëüíûìè óñëîâèÿìè, ñ óñëîâèÿìè ñîïðÿ-
æåíèÿ (3), (4) è ñ ôóíêöèåé ψ(x′, t) â (4) âìåñòî ϕ(x′). Ïðèìåíÿÿ ïðåîáðàçîâàíèÿ Ëàïëàñà ïî t

Keywords: elliptic equation, boundary value problem, unbounded domain, asymptotic of solution
2000 Mathematics Subject Classi�cation: 35J25, 35C05, 35B40
c Ã. È. Áèæàíîâà, 2004.
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è Ôóðüå ïî x′ = (x1, . . . , xn−1), íàéäåì ðåøåíèå ïàðàáîëè÷åñêîé çàäà÷è. Ïîëîæèâ â íàéäåííûõ
ðåøåíèÿõ gk(y, t− τ) = −fk(y), ψ(y′, t− τ) = ϕ(y′) è óñòðåìèâ t ê ∞, ïîëó÷èì ôóíêöèè

u1(x) =
∫

Rn−1

ϕ(y′)dy′
∫ ∞

0
e−b0σ̄−d0σ̃ dσ

∫ ∞

0

1
(2
√

πτ)n−1
e−

(x′−y′−b′σ̄+d′σ̃)2

4τ dτ×

×
∫ τ

0

bnσ̄ − xn

2
√

π(τ − τ1)3
dnσ̃ + ηn

2
√

πτ3
1

e
− (bnσ̄−xn)2

4(τ−τ1)
− (dnσ̃+ηn)2

4τ1

∣∣
σ̄=σ
σ̃=σ

e−c1(τ−τ1)−c2τ1 dτ1

∣∣
ηn=0

−

−
∫

Rn
−

f1(y) dy

∫ ∞

0

(
Γ(x− y, τ)− Γ(x′−y′, xn + yn, τ)

)
e−c1τdτ−

−bn

∫

Rn
−
f1(y)dy

∫ ∞

0
e−b0σ̄−d0σ̃ dσ

∫ ∞

0

1
(2
√

πτ)n−1
e−

(x′−y′−b′σ̄+d′σ̃)2

4τ dτ×

×
∫ τ

0

bnσ̄ − xn − yn

2
√

π(τ − τ1)3
dnσ̃ + ηn

2
√

πτ3
1

e
− (bnσ̄−xn−yn)2

4(τ−τ1)
− (dnσ̃+ηn)2

4τ1

∣∣
σ̄=σ
σ̃=σ

e−c1(τ−τ1)−c2τ1 dτ1

∣∣
ηn=0

−
(5)

−dn

∫

Rn
+

f2(y)dy

∫ ∞

0
e−(b0+d0)σ dσ

∫ ∞

0

1
(2
√

πτ)n−1
e−

(x′−y′−(b′−d′)σ)2

4τ dτ×

×
∫ τ

0

bnσ − xn

2
√

π(τ − τ1)3
dnσ + yn

2
√

πτ3
1

e
− (bnσ−xn)2

4(τ−τ1)
− (dnσ+yn)2

4τ1 e−c1(τ−τ1)−c2τ1 dτ1 :=

:= w
(1)
1 (x)− w

(1)
2 (x)− bnw

(1)
3 (x)− dnw

(1)
4 (x), xn < 0;

u2(x) =
∫

Rn−1

ϕ(y′)dy′
∫ ∞

0
e−(b0+d0)σ dσ

∫ ∞

0

1
(2
√

πτ)n−1
e−

(x′−y′−(b′−d′)σ)2

4τ dτ×

×
∫ τ

0

bnσ

2
√

πτ3
1

dnσ + xn

2
√

π(τ − τ1)3
e
− (bnσ)2

4τ1
− (dnσ+xn)2

4(τ−τ1) e−c1τ1−c2(τ−τ1) dτ1−

−
∫

Rn
+

f2(y) dy

∫ ∞

0

(
Γ(x− y, τ)− Γ(x′−y′, xn + yn, τ)

)
e−c2τdτ−

−bn

∫

Rn
−
f1(y)dy

∫ ∞

0
e−(b0+d0)σ dσ

∫ ∞

0

1
(2
√

πτ)n−1
e−

(x′−y′−(b′−d′)σ)2

4τ dτ×

×
∫ τ

0

bnσ − yn

2
√

πτ3
1

dnσ + xn

2
√

π(τ − τ1)3
e
− (bnσ−yn)2

4τ1
− (dnσ+xn)2

4(τ−τ1) e−c1τ1−c2(τ−τ1) dτ1−
(6)

−dn

∫

Rn
+

f2(y)dy

∫ ∞

0
e−(b0+d0)σ dσ

∫ ∞

0

1
(2
√

πτ)n−1
e−

(x′−y′−(b′−d′)σ)2

4τ dτ×

×
∫ τ

0

bnσ

2
√

πτ3
1

dnσ + xn + yn

2
√

π(τ − τ1)3
e
− (bnσ)2

4τ1
− (dnσ+xn+yn)2

4(τ−τ1) e−c1τ1−c2(τ−τ1) dτ1 :=

:= w
(2)
1 (x)− w

(2)
2 (x)− bnw

(2)
3 (x)− dnw

(2)
4 (x), xn > 0,

ãäå
Γ(x, t) =

1
(2
√

πt)n
e−x2/4t

� ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè ∂tv(x, t)−∆v(x, t) = 0.

Ç àì å ÷ à í è å 1. Äëÿ óäîáñòâà ïðè äîêàçàòåëüñòâå Òåîðåìû 4 â èíòåãðàëàõ w
(1)
1 , w

(1)
3

ìû çàïèñàëè ïåðåìåííûå σ̄ è σ̃ âìåñòî ïåðåìåííîé èíòåãðèðîâàíèÿ σ, à òàêæå ââåëè âñïî-
ìîãàòåëüíóþ ïåðåìåííóþ ηn, çàòåì ïîëîæèëè σ̄ = σ, σ̃ = σ, ηn = 0.
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Òå î ð åì à 4. Ïóñòü â çàäà÷å (1)�(4) ck > 0, k = 1, 2, bn > 0, dn > 0, b0 + d0 ≥ 0.
Ïðåäïîëîæèì, ÷òî ôóíêöèè fk(x) ïðèíàäëåæàò ïðîñòðàíñòâó Ãåëüäåðà Cα(Dk), k = 1, 2,
ϕ(x′) � ïðîñòðàíñòâó C1+α(Rn−1), α ∈ (0, 1).

Òîãäà ôóíêöèè uk(x), k = 1, 2, îïðåäåëÿåìûå ôîðìóëàìè (5), (6), ÿâëÿþòñÿ ðåøåíèåì
çàäà÷è (1)�(4).

Äîê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ôóíêöèè uk(x) = w
(k)
1 − w

(k)
2 − bnw

(k)
3 − dnw

(k)
4 , k =

1, 2. Â ñèëó ñâîéñòâà ôóíäàìåíòàëüíîãî ðåøåíèÿ Γ(x, τ) óðàâíåíèÿ òåïëîïðîâîäíîñòè (∂τ −
∆)u(x, τ) = 0, êàê è â Òåîðåìàõ 1,2, ïîëó÷èì

−(∆− c1)w
(k)
2 (x) = fk(x), k = 1, 2; (∆− ck)w(k)

m (x) = 0, k = 1, 2, m = 1, 3, 4,

ò.å. ôóíêöèè u1(x) è u2(x) óäîâëåòâîðÿþò óðàâíåíèÿì (1), (2), ñîîòâåòñòâåííî.
Òàê êàê â ôîðìóëàõ (5), (6) èíòåãðàëû ïî τ1 ÿâëÿþòñÿ ñâåðòêàìè, òî w

(1)
m − w

(2)
m |xn=0 =

0, m = 1, 3, 4, êðîìå òîãî, î÷åâèäíî, ÷òî w
(k)
2 (x)|xn=0 = 0, íî òîãäà u1 − u2|xn=0 = 0.

Ïîêàæåì, ÷òî ôóíêöèè (5) è (6) óäîâëåòâîðÿþò ãðàíè÷íîìó óñëîâèþ (4). Ïîäñòàâèì ïîòåí-
öèàëû w

(1)
1 (x) è w

(2)
1 (x) â óñëîâèå (4). Ó÷èòûâàÿ, ÷òî ó ôóíêöèè w

(1)
1 (x) ïîä çíàêîì èíòåãðàëà

ïî σ èìååò ìåñòî ðàâåíñòâî b∇+ b0 = − d
dσ̄ , âîçüìåì èíòåãðàë ïî σ ïî ÷àñòÿì, ïîñëå èíòåãðèðî-

âàíèÿ ïîä çíàêîì èíòåãðàëà ïî σ ïîëó÷èì ïðîèçâîäíóþ d
dσ̃ , ðàâíóþ d′∇′ + dn∂ηn − d0, ïîýòîìó

ìîæåì çàïèñàòü

(b∇+ b0)w
(1)
1 − (d∇− d0)w

(2)
1 |xn=0 =

= u0|xn=0 + (d′∇′x′ + dn∂ηn − d0)w
(1)
1 −(d∇− d0)w

(2)
1 |xn=0 = u0|xn=0,

(7)

ãäå ηn ÿâëÿåòñÿ âñïîìîãàòåëüíîé ïåðåìåííîé, ðàâíîé íóëþ (ñì. ôîðìóëó (5) è Çàìå÷àíèå 1),
u0(x) � ôóíêöèÿ, ïîëó÷åííàÿ âíå èíòåãðàëà ïî σ ïðè σ = 0 ïîñëå èíòåãðèðîâàíèÿ ïîòåíöèàëà
w

(1)
1 ïî ÷àñòÿì ïî ïåðåìåííîé σ,

u0(x) =
∫

Rn−1

ϕ(y′) dy′
∫ ∞

0

1
(2
√

πτ)n−1
dτ

∫ τ

0
e−

(x′−y′−(b′−d′)σ)2

4τ e−(b0+d0)σ×

× bnσ − xn

2
√

π(τ − τ1)3
dnσ

2
√

πτ3
1

e
− (bnσ−xn)2

4(τ−τ1)
− (dnσ)2

4τ1 e−c1(τ−τ1)−c2τ1 dτ1|σ=0 =

=
∫

Rn−1

ϕ(y′)dy′
∫ ∞

0

−xn

(2
√

πτ)nτ
e−

(x′−y′)2+x2
n

4τ
−c1τ dτ → ϕ(x′), xn → −0. (8)

Çäåñü áûëà èñïîëüçîâàíà äâàæäû ôîðìóëà ñêà÷êà òåïëîâîãî ïîòåíöèàëà äâîéíîãî ñëîÿ ïðè
σ → +0 è xn → −0.

Ðàññìîòðèì ïîòåíöèàëû −w
(1)
2 (x)−bnw

(1)
3 (x) è −bnw

(2)
3 (x). Ïîäñòàâèì èõ â óñëîâèå (4). Êàê

è âûøå, ïðèíèìàÿ âî âíèìàíèå ðàâåíñòâî b∇+ b0 = − d
dσ̄ â èíòåãðàëå ïî σ ïîòåíöèàëà w

(1)
3 (x),

âîçüìåì åãî ïî ÷àñòÿì, ê âíåèíòåãðàëüíîìó (ïî σ) ÷ëåíó ïðèìåíèì ôîðìóëó ñêà÷êà òåïëîâîãî
ïîòåíöèàëà äâîéíîãî ñëîÿ ïðè σ → +0, êàê â (8), à â ïîëó÷åííîì èíòåãðàëå ïî σ âîñïîëüçóåìñÿ
ñîîòíîøåíèåì d

dσ̃ = d′∇′ + dn∂ηn − d0. Òîãäà ïîëó÷èì

(b∇+ b0)(−bnw
(1)
3 )|xn=0 (9)

= bn

∫

Rn
−
f1(y) dy

∫ ∞

0

yn

(2
√

πτ)nτ
e−

(x′−y′)2+y2
n

4τ
−c1τ dτ − bn(d′∇′ + dn∂ηn−d0)w

(1)
3 |xn=0.

Äëÿ ïîòåíöèàëà w
(1)
2 ñïðàâåäëèâî ðàâåíñòâî

−(b∇+ b0)w
(1)
2

∣∣
xn=0

= −bn∂xnw
(1)
2

∣∣
xn=0

≡ (10)
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≡ −bn

∫

Rn
−
f1(y) dy

∫ ∞

0

yn

(2
√

πτ)nτ
e−

(x′−y′)2+y2
n

4τ
−c1τ dτ.

Ó÷èòûâàÿ ôîðìóëû (9),(10) è ïðèíèìàÿ âî âíèìàíèå, ÷òî ïîòåíöèàëû w
(1)
3 è w

(2)
3 ÿâëÿþòñÿ

ñâåðòêàìè ïî ïåðåìåííîé τ1, ïîëó÷èì

(b∇+ b0)(−w
(1)
2 − bn w

(1)
3 )− (d∇− d0)(−bn w

(2)
3 )

∣∣
xn=0

= (11)

= −bn(d′∇′ + dn∂ηn − d0)w
(1)
3 + bn(d∇− d0)w

(2)
3

∣∣
xn=0

= 0.

Àíàëîãè÷íî óñòàíàâëèâàåòñÿ, ÷òî ïîòåíöèàëû −dnw
(1)
4 è −w

(2)
2 − dnw

(2)
4 óäîâëåòâîðÿþò

óñëîâèþ
(b∇+ b0)(−dnw

(1)
4 )− (d∇− d0)(−w

(2)
2 − dn w

(2)
4 )

∣∣
xn=0

= 0. (12)

Îáúåäèíÿÿ ñîîòíîøåíèÿ (7), (8), (11), (12), ïîëó÷èì, ÷òî ôóíêöèè u1 è u2 óäîâëåòâîðÿþò
òàêæå ãðàíè÷íîìó óñëîâèþ (4).

Ç àì å ÷ à í è å 2. Â òåîðåìàõ 1 è 2 ñëåäóåò äîáàâèòü óñëîâèÿ: f(x) ∈ Cα(Rn
+) è ϕ(x′)

ïðèíàäëåæèò ïðîñòðàíñòâó Ãåëüäåðà C2+α(Rn−1) (òåîðåìà 1) è ïðîñòðàíñòâó C1+α(Rn−1)
(òåîðåìà 2), α ∈ (0, 1). Â ýòèõ óñëîâèÿõ è â óñëîâèÿõ òåîðåìû 4 ðåøåíèÿ çàäà÷ I�III áóäóò
ïðèíàäëåæàòü ïðîñòðàíñòâó Ãåëüäåðà C2+α â ñâîèõ îáëàñòÿõ îïðåäåëåíèÿ.

Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ ëåììû, óñòàíîâëåííûå â [1], ïðèâåäåì èõ.
Ëåììà 1. Ïóñòü a > 0, ω > 0, λ > 0, p > −1. Ñïðàâåäëèâû ñëåäóþùèå îöåíêè èíòåãðà-

ëîâ:
j(1)
p :=

∫ ∞

a
σpe−ωσ dσ ≤ maxp(1, ω)

1
ω1+p

p!(1 + a)pe−ωa, p− öåëîå, (13)

j(1)
p ≤ max1+p(1, ω)

1
ω2+p

(1 + [p])!(1 + 1/a)(1 + a)pe−ωa, p− íåöåëîå, (14)

j(2)
p :=

∫ ∞

0
(a + λσ)pe−ωσ dσ ≤ maxp(ω, λ)

1
ω1+p

p!(1 + a)p, p− öåëîå, (15)

j(2)
p ≤ max1+p(ω, λ)

1
ω2+p

(1 + [p])!(1 + 1/a)(1 + a)p, p− íåöåëîå. (16)

Ëåììà 2. Ïóñòü a > 0, ω > 0. Ñïðàâåäëèâû ñëåäóþùèå îöåíêè èíòåãðàëîâ:

i(1)
p :=

∫ ∞

0
ρp 1√

ρ2 + a2
e−ω

√
ρ2+a2

dρ ≤

≤ maxp−1(1, ω)
1
ωp

(p− 1)!(1 + a)p−1 e−ωa, p ≥ 1, p− öåëîå,
(17)

i(1)
p ≤ maxp(1, ω)[p]!

1
ω1+p

(1 + 1/a)(1 + a)p−1e−ωa, p > 1, p− íåöåëîå, (18)

i(2)
p :=

∫ ∞

0
ρpe−ω

√
ρ2+a2

dρ ≤ max1+p(1, ω)
1

ω1+p
p!(1 + a)p+1e−ωa, p ≥ 0, p− öåëîå, (19)

i(2)
p ≤ max2+p(1, ω)

1
1 + p

(2 + [p])!
1

ω2+p
(1 + 1/a)(1 + a)1+pe−ωa, p > −1, p− íåöåëîå. (20)
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Ëåììà 3., Ñ ë å ä ñ ò â è å 1. Äëÿ èíòåãðàëà

In =
∫ ∞

0
(−2Γxn(ρ, xn + a, τ)) e−cτdτ ≡

∫ ∞

0

xn + a

(2π
√

τ)nτ
e−

ρ2+(xn+a)2

4τ
−cτdτ, c > 0, a ≥ 0

ñïðàâåäëèâû ñëåäóþùèå îöåíêè ïðè xn > 0:
In ≤ C1

1

x
(n−3)/2
n

(
1 + 1/xn

)n−1
2

xn + a

ρ2 + (xn + a)2
e−
√

c
√

ρ2+(xn+a)2 , n = 2m + 1, (21)

In ≤ C1
1

x
(n−3)/2
n

(1 + 1/xn)
n−1

2
1√

ρ2 + (xn + a)2
e−
√

c
√

ρ2+(xn+a)2 , n = 2m + 1, (22)

In ≤ C2
1

x
(n−2)/2
n

(1 + 1/xn)1+n/2 xn + a√
ρ2 + (xn + a)2

e−
√

c
√

ρ2+(xn+a)2 , n = 2m, (23)

In ≤ C2
1

x
(n−2)/2
n

(1 + 1/xn)1+n/2e−
√

c
√

ρ2+(xn+a)2 , n = 2m. (24)

Â [1] áûëî ïîêàçàíî, ÷òî ôóíêöèÿ

u(x) = −
∫

Rn−1

ϕ(y′)dy′
∫ ∞

0
e−b0σ dσ

∫ ∞

0

(− 2Γxn(x′ − y′ + b′σ, xn + bnσ, τ)
)
e−cτ dτ−

−
∫

Rn
+

f(y)dy

∫ ∞

0
[Γ(x− y, τ)− Γ(x′ − y′, xn + yn, τ)]e−cτdτ−

−bn

∫

Rn
+

f(y)dy

∫ ∞

0
e−b0σdσ

∫ ∞

0

(− 2Γxn(x′ − y′ + b′σ, xn + yn + bnσ, τ)
)
e−cτdτ :=

:= −v3 − v2 − bnv4,

(25)

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è ñ íàêëîííîé ïðîèçâîäíîé � çàäà÷è II: ∆u−cu = f(x), x ∈ Rn
+, b∇u−

b0 u|xn=0 :=
∑n

i=1 bi∂xiu−b0u|xn=0 = ϕ(x′). Äëÿ ôóíêöèè v2(x) â òåîðåìå 3 [1] áûëè óñòàíîâëåíû
ôîðìóëû [1; (44), (45)]. Ðàññìîòðèì ôóíêöèè v3(x), v4(x).

Òå î ð åì à 5. Ïóñòü c > 0, b0 ≥ 0, bn > 0 â çàäà÷å II. Äëÿ åå ðåøåíèÿ, îïðåäåëÿåìîãî
ôîðìóëîé (25), ñïðàâåäëèâû ñëåäóþùèå ïðåäñòàâëåíèÿ ïðè xn > 0:
1. åñëè ϕ(x

′
) = eβ|x′|, β > 0, √

c > β, (
√

c− β)bn + b0 − β|b′| > 0, òîãäà

0 < v3(x) = µ7,nΦ1,n(xn)eβ|x′|−(
√

c−β)xn , (26)

ãäå
Φ1,n(xn) =

{
(1 + 1/xn)n−2(1 + xn)

n−3
2 , n = 2m + 1,

(1 + 1/xn)n(1 + xn)n/2, n = 2m;
(27)

åñëè ϕ(x′) = |x′|γ , γ > 0, òîãäà

0 < v3(x) = [µ8,n|x′|γ + µ9,n(1 + xn)γΦ2,n(xn; γ)]e−
√

cxn , (28)

ãäå

Φ2,n =
{

Φ1,n, γ − öåëîå,
Φ3,n, γ − íåöåëîå, Φ3,n =

{
(1 + 1/xn)n−1(1 + xn)

n−3
2 , n = 2m + 1,

(1 + 1/xn)n+1(1 + xn)n/2, n = 2m;
(29)

2. åñëè f(x) = eβ|x|, β > 0, √
c > β, (

√
c− β) bn + b0 − β|b| > 0, òîãäà

0 < v4(x) = µ10,nΦ1,n(xn) eβ|x|−(
√

c−β)xn ∀n; (30)
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åñëè f(x) = |x|γ , γ > 0, òîãäà

0 < v4(x) = [µ11,n|x|γ + µ12,n(1 + xn)γΦ4,n(xn; γ)]e−
√

cxn , (31)

Φ4,n =
{

Φ1,n, γ − öåëîå,
Φ5,n, γ − íåöåëîå, Φ5,n =

{
(1 + 1/xn)n(1 + xn)

n−3
2 , n = 2m + 1,

(1 + 1/xn)n+2(1 + xn)n/2, n = 2m,
(32)

ãäå âåëè÷èíû µ7,n − µ12,n ïîëîæèòåëüíû è îãðàíè÷åíû ∀x ∈ Rn
+.

Äîê à ç à ò å ë ü ñ ò â î. 1. Ïóñòü ϕ(y′) = eβ|y′|. Çàïèøåì ïîòåíöèàë v3(x) â âèäå (26) v3(x) =
µ7,nΦ3,neβ|x′|−(

√
c−β)xn è âûðàçèì µ7,n ÷åðåç èíòåãðàë v3(x). Ê ýêñïîíåíòå eβ|y′| ïðèìåíèì

íåðàâåíñòâî Ìèíêîâñêîãî

|y′| ≡ |x′ − y′ + b′σ − x′ − b′σ| ≤ |x′ − y′ + b′σ|+ |x′|+ |b′|σ, (33)

ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì ñ ðàäèóñîì ρ = |x′ − y′ + b′σ|, ïîëó÷èì

µ7,n ≤ æn−1Φ−1
1,ne(

√
c−β)xn

∫ ∞

0
e−(b0−β|b′|)σdσ

∫ ∞

0
ρn−2eβρdρ

∫ ∞

0
(−2Γxn(ρ, xn+bnσ, τ)) e−cτdτ, (34)

ãäå æn−1 � ïëîùàäü åäèíè÷íîé ñôåðû â Rn−1. Âîñïîëüçóåìñÿ íåðàâåíñòâàìè (22), (24), òîãäà

µ7,n ≤ C20Φ−1
1,ne(

√
c−β)xn

1

x
(n−3)/2
n

(
1 + 1/xn

)n−1
2 i1, n = 2m + 1, (35)

µ7,n ≤ C21Φ−1
1,ne(

√
c−β)xn

1

x
(n−2)/2
n

(
1 + 1/xn

)1+n/2
i2, n = 2m, (36)

ãäå

i1 =
∫ ∞

0
e−(b0−β|b′|)σdσ

∫ ∞

0
ρn−2 1√

ρ2 + (xn + bnσ)2
e−(

√
c−β)

√
ρ2+(xn+bnσ)2dρ,

i2 =
∫ ∞

0
e−(b0−β|b′|)σ dσ

∫ ∞

0
ρn−2 e−(

√
c−β)

√
ρ2+(xn+bnσ)2 dρ.

Ïðèìåíèì îöåíêè (17), (19) è (15) ê èíòåãðàëàì ïî ρ è σ, ñîîòâåòñòâåííî,

i1 ≤ C22

∫ ∞

0
(1 + xn + σ)n−3e−κσ−(

√
c−β)xndσ ≤ C23(1 + xn)n−3e−(

√
c−β)xn , (37)

i2 ≤ C24

∫ ∞

0
(1 + xn + σ)n−1e−κσ−(

√
c−β)xndσ ≤ C25(1 + xn)n−1e−(

√
c−β)xn , (38)

ãäå κ = (
√

c− β) bn + b0 − β|b′| > 0.
Ïðèâëåêàÿ ýòè îöåíêè ê íåðàâåíñòâàì (35), (36), ïîëó÷èì òðåáóåìóþ ôîðìóëó (26).
Ïóñòü ϕ(y′) = |y′|γ , γ > 0 â ïîòåíöèàëå v3(x). Çàïèøåì åãî â ôîðìå (28) è âîñïîëüçóåìñÿ

íåðàâåíñòâîì |y′|γ ≤ Cγ |x′|γ +C2
γ(|x′− y′+ b′σ|γ + |b′|γσγ), êîòîðîå ñëåäóåò èç íåðàâåíñòâà (33)

è ñëåäóþùåãî
(α + β)γ ≤ Cγ(αγ + βγ), α > 0, β > 0, γ > 0. (39)

Òîãäà áóäåì èìåòü

0 < v3(x) = [µ8,n|x′|γ + µ9,n(1 + xn)γΦ2,n(xn; γ)]e−
√

cxn ≤
∫

Rn−1

dy′×

×
∫ ∞

0
[Cγ |x′|γ+ C2

γ(|x′−y′+b′σ|γ+|b′|γσγ)]e−b0σ dσ

∫ ∞

0
(−2Γxn(x′−y′+b′σ, xn+bnσ, τ)) e−cτdτ.
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Îòñþäà íàéäåì îöåíêè äëÿ µ8,n, µ9,n

µ8,n ≤ Cγe
√

cxn

∫

Rn−1

dy′
∫ ∞

0
e−b0σ dσ

∫ ∞

0
(−2Γxn) e−cτdτ = Cγ

1
b0 +

√
cbn

∀ n ≥ 2, (40)

µ9,n ≤ C26(1 + xn)−γΦ−1
2,ne

√
cxn

∫ ∞

0
e−b0σdσ×

×
∫ ∞

0
ρn−2 (ργ + |b′|γσγ) dρ

∫ ∞

0
(−2Γxn(ρ, xn + bnσ, τ)) e−cτdτ,

(41)

ãäå ρ = |x′ − y′ + b′σ|.
Ïðèâëåêàÿ îöåíêè (22), (24), ïîëó÷èì

µ9,n ≤ C27(1 + xn)−γΦ−1
2,ne

√
cxn

1

x
(n−3)/2
n

(
1+1/xn

)n−1
2 i3, n = 2m + 1,

µ9,n ≤ C28(1 + xn)−γΦ−1
2,ne

√
cxn

1

x
(n−2)/2
n

(
1+1/xn

)1+n/2
i4, n = 2m,

(42)

ãäå

i3 =
∫ ∞

0
e−b0σ dσ

∫ ∞

0
ρn−2(σγ+ργ)

1√
ρ2 + (xn + bnσ)2

e−
√

c
√

ρ2+(xn+bnσ)2 dρ,

i4 =
∫ ∞

0
e−b0σ dσ

∫ ∞

0
ρn−2(σγ + ργ)e−

√
c
√

ρ2+(xn+bnσ)2 dρ.

Îöåíèì èíòåãðàëû i3, i4. Ïðè γ � íåöåëîì ïðèìåíèì îöåíêè (17)�(20) è (15), (16) ê èíòå-
ãðàëàì ïî ρ è σ

i3 ≤ C29

∫ ∞

0
(1 +

1
xn + bnσ

)(1 + xn + σ)n−3+γe−(
√

cbn+b0)σ−√cxndσ ≤

≤ C30(1+1/xn)(1 + xn)n−3+γe−
√

cxn ,

(43)

i4 ≤ C31(1 + 1/xn)
∫ ∞

0
(1 + xn + σ)n−1+γe−(

√
cbn+b0)σ−√cxndσ ≤

≤ C32(1+1/xn)(1 + xn)n−1+γe−
√

cxn .

(44)

Ïðè öåëîì γ èñïîëüçóåì îöåíêè (17), (19) è (15) ê èíòåãðàëàì ïî ρ è σ â i3, i4

i3 ≤ C33(1 + xn)n−3+γe−
√

cxn , i4 ≤ C34(1 + xn)n−1+γe−
√

cxn . (45)

Ïîäñòàâèì îöåíêè (43)�(45) â íåðàâåíñòâà (42)

µ9,n ≤ C35(1 + 1/xn)n−2(1 + xn)
n−3

2

{
Φ−1

1,n, γ − öåëîå,
(1 + 1/xn)Φ−1

3,n, γ − íåöåëîå, = C35, n = 2m + 1, (46)

µ9,n ≤ C36(1 + 1/xn)n(1 + xn)n/2

{
Φ−1

1,n, γ − öåëîå,
(1 + 1/xn)Φ−1

3,n, γ − íåöåëîå, = C36, n = 2m.

Îöåíêè (40) è (46) äîêàçûâàþò ôîðìóëó (28).
2. Ðàññìîòðèì îáúåìíûé ïîòåíöèàë v4(x). Ïóñòü f(y) = eβ|y|, β > 0. Ïðåäñòàâèì ïîòåíöèàë â
âèäå (30) è âûðàçèì µ10,n ÷åðåç v4(x), ê ýêñïîíåíòå eβ|y| ïðèìåíèì íåðàâåíñòâî

|y| ≤
√

(x′ − y′ + b′σ)2 + (xn + yn + bnσ)2 + |b|σ + |x|, (47)
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â îáëàñòè Rn−1 ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì, ïîëîæèâ ρ = |x′ − y′ + b′σ|,

µ10,n≤æn−1Φ−1
1,ne(

√
c−β)xn

∫ ∞

0
e−(b0−β|b|)σdσ

∫ ∞

0
ρn−2eβρdρ×

×
∫ ∞

0
dyn

∫ ∞

0

(− 2 Γxn(ρ, xn + yn + bnσ, τ)
)
e−cτdτ

(48)

è âîñïîëüçóåìñÿ îöåíêàìè (21), (23)

µ10,n ≤ C37Φ−1
1,ne(

√
c−β)xn

1

x
(n−3)/2
n

(
1+1/xn

)n−1
2 i5, n = 2m + 1,

µ10,n ≤ C38Φ−1
1,ne(

√
c−β)xn

1

x
(n−2)/2
n

(
1+1/xn

)1+n/2
i6, n = 2m,

(49)

ãäå

i5 =
∫ ∞

0
e−(b0−β|b|)σ dσ

∫ ∞

0
ρn−2 1√

ρ2 + (xn + bnσ)2
dρ×

×
∫ ∞

0

xn + yn + bnσ√
ρ2 + (xn + yn + bnσ)2

e−(
√

c−β)
√

ρ2+(xn+yn+bnσ)2 dyn.

(50)

i6 =
∫ ∞

0
e−(b0−β|b|)σ dσ

∫ ∞

0
ρn−2 dρ

×
∫ ∞

0

xn + yn + bnσ√
ρ2 + (xn + yn + bnσ)2

e−(
√

c−β)
√

ρ2+(xn+yn+bnσ)2 dyn.
(51)

Â èíòåãðàëå ïî yn ïðîèçâåäåì çàìåíó (
√

c−β)
√

ρ2 + (xn + yn + bnσ)2 = v, ïðèìåíèì íåðà-
âåíñòâà (17), (19) è (15) ê èíòåãðàëàì ïî ρ è σ, ñîîòâåòñòâåííî,

i5 ≤ C39

∫ ∞

0
(1 + xn + σ)n−3e−κσ−(

√
c−β)xndσ ≤ C40(1 + xn)n−3e−(

√
c−β)xn , (52)

i6 ≤ C41

∫ ∞

0
(1 + xn + σ)n−1e−κσ−(

√
c−β)xndσ ≤ C42(1 + xn)n−1e−(

√
c−β)xn , (53)

ãäå κ = (
√

c− β)bn + b0 − β|b| > 0. Ïîäñòàíîâêà ýòèõ îöåíîê â (49) ïðèâîäèò ê îãðàíè÷åííîñòè
âåëè÷èíû µ10,n è ôîðìóëå (30).

Ïðè f(y) = |y|γ , γ > 0 çàïèøåì ïîòåíöèàë v4 â ôîðìå (31), ïðèìåíèì ê ïëîòíîñòè |y|γ
íåðàâåíñòâà (47) è (39)

|y|γ ≤ C2
γ [(

√
(x′ − y′ + b′σ)2 + (xn + yn + bnσ)2)γ + |b|γσγ ] + Cγ |x|γ .

Òîãäà áóäåì èìåòü

µ11,n ≤ Cγ e
√

cxn

∫

Rn
+

dy

∫ ∞

0
e−b0σ dσ

∫ ∞

0

(− 2Γxn(x′ − y′ + b′σ, xn + yn + bnσ, τ)
)
e−cτdτ =

= Cγ
1√

c(b0 +
√

c bn)
∀ n ≥ 2,

µ12,n ≤ C2
γæn−1Φ−1

4,n(1 + xn)−γe
√

cxn

∫ ∞

0
e−b0σ dσ

∫ ∞

0
ρn−2dρ×

×
∫ ∞

0

(
(ρ2 + (xn + yn + bnσ)2)γ/2+|b|γσγ

)
dyn

∫ ∞

0

(− 2Γxn(ρ, xn + yn + bnσ, τ)
)
e−cτdτ,

(54)
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ãäå ρ = |x′ − y′ + b′σ|.
Â íåðàâåíñòâå (54) èñïîëüçóåì îöåíêè (21), (23)

µ12,n ≤ C43Φ−1
4,n(1 + xn)−γe

√
cxn

1

x
(n−3)/2
n

(
1+1/xn

)n−1
2 i7, n = 2m + 1,

µ12,n ≤ C44Φ−1
4,n(1 + xn)−γe

√
cxn

1

x
(n−2)/2
n

(
1+1/xn

)1+n/2
i8, n = 2m.

(55)

Çäåñü èíòåãðàëû i7, i8 òàêèå æå, êàê è èíòåãðàëû (50), (51) ñîîòâåòñòâåííî ñ β = 0 è ñ ïëîòíî-
ñòüþ

(
ρ2 + (xn + yn + bnσ)2

)γ/2 + |b|γσγ â èíòåãðàëàõ ïî yn.
Ïóñòü γ � íåöåëîå ÷èñëî. Ðàññìîòðèì èíòåãðàë i7. Â èíòåãðàëå ïî yn ïðîèçâåäåì çàìåíó

ïåðåìåííîé √c
√

ρ2 + (xn + yn + bnσ) = v è âîñïîëüçóåìñÿ ôîðìóëîé (14)

i7 ≤ C45

∫ ∞

0
e−b0σ dσ

∫ ∞

0
ρn−2 1√

ρ2 + (xn + bnσ)2
dρ

∞∫

√
c
√

ρ2+(xn+bnσ)2

(σγ + vγ)e−v dv ≤

≤ C46

∫ ∞

0
e−b0σ dσ

∫ ∞

0
ρn−2 1√

ρ2 + (xn + bnσ)2
×

×{
σγ +

(
1 +

1√
ρ2 + (xn + bnσ)2

)(
1 +

√
ρ2 + (xn + bnσ)2

)γ}
e−
√

c
√

ρ2+(xn+bnσ)2dρ.

Ïðèìåíèì íåðàâåíñòâà Ìèíêîâñêîãî è (39) ê ïëîòíîñòè (1+
√

ρ2 + (xn + bnσ)2)γ ≤ (1+ρ+
xn + bnσ)γ ≤ Cγ(ργ +(1+xn + bnσ)γ), çàòåì íåðàâåíñòâî σγ ≤ (1+xn + bnσ)γ/bγ

n è îöåíêè (17),
(18) è (16) ê èíòåãðàëàì ïî ρ è σ, ñîîòâåòñòâåííî,

i7 ≤ C47(1 + 1/xn)
∫ ∞

0
e−b0σ dσ

∫ ∞

0
ρn−2 1√

ρ2 + (xn + bnσ)2
(
ργ + (1 + xn + bnσ)γ

)×

×e−
√

c
√

ρ2+(xn+bnσ)2 dρ ≤ C48(1+1/xn)2
∫ ∞

0
(1+xn+bnσ)n−3+γe−(

√
cbn+b0)σ−√cxn dσ ≤

≤ C49(1+
1
xn

)2(1+
1

1 + xn
)(1+xn)n−3+γe−

√
cxn ≤ 2C49(1+

1
xn

)2(1+xn)n−3+γe−
√

cxn . (56)

Ðàññìîòðèì èíòåãðàë i8. Êàê è âûøå, ïîñëå èíòåãðèðîâàíèÿ ïî yn òàêîãî æå èíòåãðàëà,
÷òî è â i7, ìû ïîëó÷èì îöåíêó

i8 ≤ C50(1 + 1/xn)
∫ ∞

0
e−b0σ dσ

∫ ∞

0
ρn−2

(
ργ + (1 + xn + bnσ)γ

)
e−
√

c
√

ρ2+(xn+bnσ)2 dρ.

Â ñèëó îöåíîê (19), (20) è (16) èíòåãðàëîâ ïî ρ è σ áóäåì èìåòü

i8 ≤ C51(1 + 1/xn)2
∫ ∞

0
(1 + xn+bnσ)n−1+γe−(

√
cbn+b0)σ−√cxn dσ ≤

≤ C52(1 + 1/xn)2(1+xn)n+γ−1e−
√

cxn .

(57)

Ïðè öåëîì γ ïðèìåíåíèå ôîðìóë (13); (17), (19) è (15) ê èíòåãðàëàì ïî v; ρ è σ ñîîòâåò-
ñòâåííî ïðèâîäèò ê îöåíêàì

i7 ≤ C53(1 + xn)n+γ−3e−
√

cxn , i8 ≤ C54(1 + xn)n+γ−1e−
√

cxn . (58)
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Èç íåðàâåíñòâ (55) â ñèëó îöåíîê (56)�(58) áóäåò ñëåäîâàòü îãðàíè÷åííîñòü êîýôôèöèåíòà
µ12,n. Òåîðåìà äîêàçàíà.

Ðàññìîòðèì ðåøåíèå çàäà÷è ñîïðÿæåíèÿ (1)�(4) uk(x) = w
(k)
1 −w

(k)
2 −bnw

(k)
3 −dnw

(k)
4 , k = 1, 2.

Äëÿ ôóíêöèé w
(k)
2 ñïðàâåäëèâû òå æå ïðåäñòàâëåíèÿ, ÷òî è äëÿ ôóíêöèè v2(x), óñòàíîâëåííûå

â òåîðåìå 3 [1].

Òå î ð åì à 6.Ïóñòü ck > 0, k = 1, 2, b0 +d0 ≥ 0, bn > 0, dn > 0 â çàäà÷å (1)�(4). Äëÿ åãî
ðåøåíèÿ, îïðåäåëÿåìîãî âûðàæåíèÿìè (5), (6), ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû ïðè |xn| > 0:
1. åñëè ϕ(x′) = eβ|x′|, β > 0,

√
c0 > β, c0 = min(c1, c2), (

√
c0−β)(bn +dn)+b0 +d0−β|b′−d′| > 0,

òîãäà
0 < w

(k)
1 (x) = µ13,nΦ1,n(|xn|)eβ|x′|−(

√
c0−β)|xn|, k = 1, 2; (59)

åñëè ϕ(x′) = |x′|γ , γ > 0, òîãäà

0 < w
(k)
1 (x) = µ14,n|x′|γ e−

√
ck|xn| + µ15,n(1 + |xn|)γΦ2,n(|xn|; γ) e−

√
c0|xn|, k = 1, 2; (60)

2. åñëè fk(x) = eβ|x|, β > 0, √
c0 > β, (

√
c0 − β)(bn + dn) + b0 + d0 − β|b − d∗| > 0, ãäå

d∗ = (d1, . . . , dn−1,−dn), òîãäà

0 < w(k)
m (x) = µ16,nΦ1,n(|xn|)eβ|x|−(

√
c0−β)|xn|, k = 1, 2, m = 3, 4; (61)

åñëè fk(x) = |x|γ , γ > 0, k = 1, 2, òîãäà

0 < w(k)
m (x) = µ17,n|x|γ e−

√
ck|xn| + µ18,n(1 + |xn|)γΦ4,n(|xn|; γ) e−

√
c0|xn|, m = 3, 4, (62)

ãäå ôóíêöèè Φ1,n, Φ2,n,Φ4,n îïðåäåëÿþòñÿ ôîðìóëàìè (27), (29), (32), ñîîòâåòñòâåííî, µ13,n−
µ18,n � ïîëîæèòåëüíûå îãðàíè÷åííûå âåëè÷èíû ∀x ∈ Dk (D1 = Rn−, D2 = Rn

+).
Äîê à ç à ò å ë ü ñ ò â î. 1. Ðàññìîòðèì ôóíêöèþ w

(1)
1 (x). Ïóñòü ϕ(y′) = eβ|y′|, β > 0. Ïðåä-

ñòàâèì w
(1)
1 (x) â âèäå (59) è âûðàçèì êîýôôèöèåíò µ13,n ÷åðåç èíòåãðàë w

(1)
1 , ïðèìåíèì íåðà-

âåíñòâî Ìèíêîâñêîãî ê ýêñïîíåíòå eβ|y′|

|y′| ≤ |x′ − y′ − (b′ − d′)σ|+ |b′ − d′|σ + |x′|. (63)

Â èíòåãðàëå ïî y′ ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì, ïîëîæèâ |x′ − y′ − (b′ − d′)σ| = ρ,
è âîñïîëüçóåìñÿ ñëåäóþùåé îöåíêîé â èíòåãðàëå ïî τ1

e−c1(τ−τ1)−c2τ1 = e−c0τe−(c1−c0)(τ−τ1)−(c2−c0)τ1 ≤ e−c0τ , (64)

ãäå c0 = min(c1, c2). Òîãäà áóäåì èìåòü

µ13,n ≤ æn−1Φ−1
1,n e−(

√
c0−β)xn

∫ ∞

0
e−(b0+d0−β|b′−d′|)σ dσ

∫ ∞

0
ρn−2 eβρ dρ

×
∫ ∞

0

1
(2
√

πτ)n−1
e−

ρ2

4τ
−c0τ dτ

∫ τ

0

bnσ − xn

2
√

π(τ − τ1)3
dnσ

2
√

πτ3
1

e
− (bnσ−xn)2

4(τ−τ1)
− (dnσ)2

4τ1 dτ1, xn < 0.

Ïðèâëåêàÿ ôîðìóëû
∫ τ

0

bnσ − xn

2
√

π(τ − τ1)3
dnσ

2
√

πτ3
1

e
− (bnσ−xn)2

4(τ−τ1)
− (dnσ)2

4τ1 dτ1 =
(bn + dn)σ − xn

2
√

πτ3
e−

((bn+dn)σ−xn)2

4τ

è
(bn + dn)σ − xn

(2
√

πτ)nτ
e−

ρ2+((bn+dn)σ−xn)2

4τ = 2Γxn(ρ, (bn + dn)σ − xn, τ),
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ïîëó÷èì
µ13,n ≤ æn−1Φ−1

1,ne−(
√

c0−β)xni9,

i9 =
∫ ∞

0
e−(b0+d0−β|b′−d′|)σ dσ

∫ ∞

0
ρn−2 eβρ dρ

∫ ∞

0
2Γxn(ρ, (bn + dn)σ − xn, τ) e−c0τ dτ, xn < 0.

Èíòåãðàë i9 òàêîé æå, êàê è èíòåãðàë â íåðàâåíñòâå (34), êîòîðûé ìû îöåíèëè ïðè óñëîâèè
(
√

c− β)bn + b0 − β|b′| > 0. Ýòî óñëîâèå, îáåñïå÷èâàþùåå ñõîäèìîñòü èíòåãðàëà, ñîîòâåòñòâóåò
óñëîâèþ (

√
c0−β)(bn +dn)+b0 +d0−β|b′−d′| > 0 äëÿ èíòåãðàëà i9. Ïðèìåíÿÿ îöåíêè (35)�(38),

ïîëó÷èì îãðàíè÷åííîñòü êîýôôèöèåíòà µ13,n è ôîðìóëó (59).
Ïðåäïîëîæèì, ÷òî ϕ(y′) = |y′|γ , γ > 0 â ïîòåíöèàëå w

(1)
1 (x). Ïðåäñòàâèâ åãî â âèäå (60),

ïðèìåíèì íåðàâåíñòâà (63) è (39) ê ïëîòíîñòè |y′|γ , ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì,
òîãäà ïîëó÷èì

µ14,n ≤ Cγe−
√

c1xn

∫ ∞

0
e−(b0+d0)σ dσ

∫ ∞

0

dnσ

2
√

πτ3
1

e
− (dnσ)2

4τ1 e−c2τ1 dτ1×

×
∫ ∞

τ1

bnσ − xn

2
√

π(τ − τ1)3
e
− (bnσ−xn)2

4(τ−τ1) e−c1(τ−τ1) dτ = Cγ
1√

c1bn +
√

c2dn + b0 + d0
,

µ15,n ≤C55Φ−1
4,n(1 + |xn|)−γ e−

√
c0xn×

×
∫ ∞

0
e−(b0+d0)σ dσ

∫ ∞

0
ρn−2(ργ + |b′−d′|γσγ) dρ

∫ ∞

0
2Γ(ρ, (bn+dn)σ−xn, τ) e−c0τdτ, xn < 0.

Çäåñü èíòåãðàë òàêîé æå, êàê è â (41). Èñïîëüçîâàíèå íåðàâåíñòâà (46) ñðàçó ïðèâîäèò ê
îöåíêå µ15,n ≤ C56 ∀n ≥ 2.
2. Ðàññìîòðèì ïîòåíöèàë w

(1)
3 (x) ñ ïëîòíîñòüþ f1(y) = eβ|y|. Ïðåäñòàâèì w

(1)
3 (x) â âèäå (61) è

íàéäåì êîýôôèöèåíò µ16,n : µ16,n = Φ−1
1,ne−β|x|−(

√
c0−β)xn w

(1)
3 (x), xn < 0.

Ê ýêñïîíåíòå eβ|y| ïðèìåíèì íåðàâåíñòâî

|y| ≤
√

(x′ − y′ − (b′ − d′)σ)2 + ((bn + dn)σ − xn − yn)2 + |b− d∗|σ + |x|, (65)

ãäå d∗ = (d1, . . . , dn−1,−dn), â îáëàñòè Rn−1 ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì, ïîëîæèâ
ρ = |x′ − y′ − (b′ − d′)σ|, èñïîëüçóåì íåðàâåíñòâî (64) è ñëåäóþùèå ôîðìóëû

∫ τ

0

bnσ − xn − yn

2
√

π(τ − τ1)3
dnσ

2
√

πτ3
1

e
− (bnσ−xn−yn)2

4(τ−τ1)
− (dnσ)2

4τ1 dτ1 =
(bn + dn)σ − xn − yn

2
√

πτ3
e−

((bn+dn)σ−xn−yn)2

4τ

(66)
è

(bn + dn)σ − xn − yn

(2
√

πτ)nτ
e−

ρ2+((bn+dn)σ−xn−yn)2

4τ = 2Γxn(ρ, (bn + dn)σ − xn − yn, τ). (67)

Òîãäà áóäåì èìåòü

µ16,n ≤ æn−1Φ−1
1,ne−(

√
c0−β)xn

∫ ∞

0
e−(b0+d0−β|b−d∗|)σdσ

∫ ∞

0
ρn−2eβρdρ×

×
∫ 0

−∞
dyn

∫ ∞

0
(−2Γxn(ρ, (bn + dn) σ − xn − yn, τ)) e−c0τdτ, xn < 0.

(68)

Ìû ïîëó÷èëè òàêîé æå èíòåãðàë, êàê è â íåðàâåíñòâå (48), äëÿ êîòîðîãî óñòàíîâèëè îöåíêè
(49), (52), (53) ïðè óñëîâèè κ = (

√
c − β)bn + b0 − β|b| > 0. Äëÿ ðàññìàòðèâàåìîãî èíòåãðàëà

â (68) îíî ñîîòâåòñòâóåò óñëîâèþ (
√

c0 − β)(bn + dn) + b0 + d0 − β|b − d∗| > 0. Òàêèì îáðàçîì,
êîýôôèöèåíò µ16,n îãðàíè÷åí è ôîðìóëà (61) âûïîëíÿåòñÿ.
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Ôîðìóëà (61) äëÿ ôóíêöèè w
(1)
4 óñòàíàâëèâàåòñÿ òî÷íî òàê æå, êàê è äëÿ ôóíêöèè w

(1)
3 .

Ïóñòü f1(y) = |y|γ , γ > 0 â ïîòåíöèàëå w
(1)
3 . Çàïèñàâ åãî â âèäå (62), ïðèìåíèì íåðàâåíñòâà

(65) è (39) ê ïëîòíîñòè |y|γ è âûðàçèì êîýôôèöèåíòû µ17,n, µ18,n ÷åðåç èíòåãðàëû. Òîãäà
ïîëó÷èì

µ17,n ≤ Cγe−
√

c1xn

∫ ∞

0
e−(b0+d0)σdσ

∫

Rn
−
dy

∫ ∞

0

1
(2
√

πτ)n−1
e−

(x′−y′−(b′−d′)σ)2

4τ ×

×
∫ τ

0

bnσ − xn − yn

2
√

π(τ − τ1)3
dnσ

2
√

πτ3
1

e
− (bnσ−xn−yn)2

4(τ−τ1)
− (dnσ)2

4τ1 e−c1(τ−τ1)−c2τ1dτ1 = (69)

= Cγ
1√

c1(
√

c1bn +
√

c2dn + b0 + d0)
∀n ≥ 2.

Ïðèâëåêàÿ ôîðìóëû (64), (66), (67), íàéäåì

µ18,n ≤ C2
γæn−1Φ−1

4,n(1 + |xn|)−γe−
√

c0xn

∫ ∞

0
e−(b0+d0)σ dσ

∫ ∞

0
ρn−2dρ× (70)

×
∫ 0

−∞

(
(ρ2 +((bn + dn)σ−xn− yn)2)γ/2 + |b− d∗|γσγ

)
dyn

∫ ∞

0
2Γxn(ρ, (bn + dn)σ−xn− yn, τ) e−c0τdτ.

Â (70) ìû ïîëó÷èëè òàêîå æå âûðàæåíèå, êàê è â íåðàâåíñòâå (54). Âîñïîëüçîâàâøèñü îöåíêà-
ìè (55)�(58), ìû ïîëó÷èì îãðàíè÷åííîñòü êîýôôèöèåíòà µ18,n, êîòîðàÿ âìåñòå ñ îöåíêîé (69)
ïðèâîäèò ê ôîðìóëå (62). Äëÿ ôóíêöèè w

(1)
4 ôîðìóëà (62) óñòàíàâëèâàåòñÿ òàê æå, êàê è äëÿ

w
(1)
3 .
Ïðåäñòàâëåíèÿ (59)�(62) ôóíêöèé w

(2)
m , m = 1, 3, 4 âûâîäÿòñÿ àíàëîãè÷íî.
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Íà îñíîâå ìåòîäà ââåäåíèÿ äîïîëíèòåëüíûõ ïàðàìåòðîâ ïðåäëîæåí ñïîñîá âûáîðà íà÷àëüíîãî
ïðèáëèæåíèÿ äëÿ íåëèíåéíîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è.

Èññëåäóåòñÿ íåëèíåéíàÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à

dx

dt
= f(t, x), t ∈ [0, T ], x ∈ Rn, ‖x‖ = max

i=1,n
|xi|, (1)

g[x(0), x(T )] = 0, (2)

ãäå f : [0, T ]×Rn → Rn, g : Rn ×Rn → Rn � íåïðåðûâíûå ôóíêöèè.
Âîïðîñû ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè è ïîñòðîåíèÿ ïðèáëèæåííûõ ìåòîäîâ íàõîæäå-

íèÿ ðåøåíèÿ çàäà÷è (1), (2) ðàçëè÷íûìè ìåòîäàìè èññëåäîâàíû ìíîãèìè àâòîðàìè [1�9]. Îä-
íèì èç îñíîâíûõ óñëîâèé ñõîäèìîñòè ïðåäëàãàåìûõ â íèõ ìåòîäîâ ÿâëÿåòñÿ ñóùåñòâîâàíèå
"õîðîøåãî" íà÷àëüíîãî ïðèáëèæåíèÿ.

Â [10�12] çàäà÷à (1), (2) èçó÷àëàñü ìåòîäîì ïàðàìåòðèçàöèè, êîòîðûé çàêëþ÷àåòñÿ â ñëå-
äóþùåì.

Ïî øàãó h > 0 : Nh = T ïðîèçâîäèòñÿ ðàçáèåíèå [0, T ) =
N⋃

r=1
[(r − 1)h, rh) è çàäà÷à (1),

(2) ñâîäèòñÿ ê ýêâèâàëåíòíîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å ñ ïàðàìåòðîì

dur

dt
= f(t, ur + λr), ur[(r − 1)h] = 0, t ∈ [(r − 1)h, rh), r = 1, N, (3)

g[λ1, λN + lim
t→Nh−0

uN (t)] = 0, (4)

λs + lim
t→sh−0

us(t)− λs+1 = 0, s = 1, N − 1. (5)

Keywords: additional parameter introduction method, nonlinear two-point boundary-value problem, initial approach
2000 Mathematics Subject Classi�cation: 34B15
c Ä.Ñ. Äæóìàáàåâ, Ñ.Ì. Òåìåøåâà, 2004.
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Çäåñü λr = x[(r − 1)h] , ur(t) = x(t) − x[(r − 1)h], t ∈ [(r − 1)h, rh), r = 1, N, x(t) �
ðåøåíèå çàäà÷è (1), (2).

Ðåøåíèåì çàäà÷è (3)�(5) ÿâëÿåòñÿ ïàðà (λ∗, u∗[t]) ñ ýëåìåíòàìè λ∗ = (λ∗1, λ
∗
2, ..., λ

∗
N )′ ∈

RnN , u∗[t] = (u∗1(t), u
∗
2(t), ..., u

∗
N (t))′ . Åñëè ïàðà (λ∗, u∗[t]) � ðåøåíèå çàäà÷è (3)�(5), òî ôóíê-

öèÿ x∗(t) , îïðåäåëÿåìàÿ ðàâåíñòâàìè x∗(t) = λ∗r + u∗r(t) , t ∈ [(r − 1)h, rh) , r = 1, N ,
x∗(T ) = λ∗N + lim

t→T−0
u∗N (t) , áóäåò ðåøåíèåì çàäà÷è (1), (2). Ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ

ïàðàìåòðà λr ∈ Rn ôóíêöèÿ ur(t) óäîâëåòâîðÿåò íåëèíåéíîìó èíòåãðàëüíîìó óðàâíåíèþ
Âîëüòåððà âòîðîãî ðîäà

ur(t) =

t∫

(r−1)h

f(τ, λr + ur(τ))dτ, t ∈ [(r − 1)h, rh), r = 1, N. (6)

Ïîäñòàâèì âìåñòî ur(τ) ñîîòâåòñòâóþùóþ ïðàâóþ ÷àñòü (6) è, ïîâòîðÿÿ ýòîò ïðîöåññ ν (ν =
1, 2, ...) ðàç, ïîëó÷àåì ïðåäñòàâëåíèå ôóíêöèè ur(t) :

ur(t) =

t∫

(r−1)h

f

(
τ1, λr +

τ1∫

(r−1)h

f

(
τ2, λr + ... +

τν−1∫

(r−1)h

f(τν , λr + ur(τν))dτν ...

)
dτ2

)
dτ1.

Îòñþäà, îïðåäåëèâ çíà÷åíèÿ lim
t→rh−0

ur(t) , r = 1, N, ïîäñòàâèâ èõ â (4), (5) è óìíîæèâ (4) íà
h > 0 , ïîëó÷èì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî ïàðàìåòðîâ λr ∈ Rn, r = 1, N :

hg

[
λ1, λN +

Nh∫

(N−1)h

f

(
τ1, λN + ... +

τν−1∫

(N−1)h

f(τν , λN + uN (τν))dτν ...

)
dτ1

]
= 0,

λs +

sh∫

(s−1)h

f

(
τ1, λs + ... +

τν−1∫

(s−1)h

f(τν , λs + us(τν))dτν ...

)
dτ1 − λs+1 = 0, s = 1, N − 1,

êîòîðóþ çàïèøåì â âèäå
Qν,h(λ, u) = 0, λ ∈ RnN . (7)

×åðåç C̃([(r − 1)h, rh), Rn) îáîçíà÷èì ìíîæåñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ íà
[(r − 1)h, rh) ôóíêöèé ur : [(r − 1)h, rh) → Rn.

Ïóñòü âåêòîð λ(0) = (λ(0)
1 , λ

(0)
2 , . . . , λ

(0)
N )′ ∈ RnN ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé

Qν,h(λ, 0) = 0, λ ∈ RnN , (8)

è çàäà÷à Êîøè (3) ïðè λr = λ
(0)
r èìååò ðåøåíèå u

(0)
r (t) ∈ C̃([(r − 1)h, rh), Rn), r = 1, N.

Âîçüìåì íåïðåðûâíûå íà [(r−1)h, rh] ôóíêöèè Rr(t) ≥ 0, r = 1, N, ÷èñëî ρ > 0 è ïîñòðîèì
ìíîæåñòâà:

S(λ(0), ρ) =
{

λ = (λ1, λ2, . . . , λN )′ ∈ RnN : ‖λr − λ
(0)
r ‖ < ρ, r = 1, N

}
,

S(u(0)[t], R[t]ρ) =
{

u[t] = (u1(t), u2(t), . . . , uN (t))′, ur(t) ∈ C̃([(r − 1)h, rh), Rn) :

‖ur(t)− u
(0)
r (t)‖ ≤ Rr(t)ρ, t ∈ [(r − 1)h, rh), r = 1, N

}
,

G0
1(R[t], ρ) =

{
(t, x) : t ∈ [0, T ], ‖x− λ

(0)
r − u

(0)
r (t)‖ < [Rr(t) + 1]ρ, t ∈ [(r − 1)h, rh),

r = 1, N, ‖x− λ
(0)
N − lim

t→T−0
u

(0)
N (t)‖ < [RN (T ) + 1]ρ

}
,
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G0
2(R[t], ρ) =

{
(v, w) : ‖v − λ

(0)
1 ‖ < ρ, ‖w − λ

(0)
N − lim

t→T−0
u

(0)
N (t)‖ < [RN (T ) + 1]ρ

}
.

Ó ñ ë î â è å A . Ôóíêöèè f(t, x), g(v, w), ñîîòâåòñòâåííî, â G0
1(R[t], ρ), G0

2(R[t], ρ) èìå-
þò ðàâíîìåðíî íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå f ′x(t, x), g′v(v, w), g′w(v, w) è âûïîëíÿþòñÿ
íåðàâåíñòâà ‖f ′x(t, x)‖ ≤ L(t), ‖g′v(v, w)‖ ≤ L1, ‖g′w(v, w)‖ ≤ L2, ãäå L(t) � íåïðåðûâíàÿ íà
[0, T ] ôóíêöèÿ, L1, L2 � ïîñòîÿííûå.

Òå î ð åì à 1. [10] Ïóñòü ñóùåñòâóþò h > 0 : Nh = T , ν ∈ N , Rr(t) ≥ 0, ρ > 0,

λ(0), u
(0)
r (t) , r = 1, N, ïðè êîòîðûõ âûïîëíÿþòñÿ óñëîâèå A è ñëåäóþùèå ïðåäïîëîæåíèÿ:

1) ìàòðèöà ßêîáè ∂Qν,h(λ, u[t])
∂λ

îáðàòèìà è
∥∥∥∥
[
∂Qν,h(λ, u[t])

∂λ

]−1∥∥∥∥ ≤ γν(h)

äëÿ âñåõ (λ, u[t]) ∈ S(λ(0), ρ)× S(u(0)[t], R[t]ρ) ;

2) qν(h) = γν(h)max(L2h, 1) max
r=1,N

{
e

rhR
(r−1)h

L(t)dt

−
ν∑

i=0

1
i!

( rh∫

(r−1)h

L(t)dt

)i}
< 1;

3) γν(h)
1− qν(h)

‖Qν,h(λ(0), u(0)[t])‖ < ρ;

4) e

tR
(r−1)h

L(τ)dτ

− 1 ≤ Rr(t), t ∈ [(r − 1)h, rh], r = 1, N.
Òîãäà çàäà÷à (3)�(5) â S(λ(0), ρ)× S(u(0)[t], R[t]ρ) èìååò èçîëèðîâàííîå ðåøåíèå (λ∗, u∗[t]) è
ñïðàâåäëèâà îöåíêà

‖λ∗ − λ(0)‖ ≤ γν(h)
1− qν(h)

max(L2h, 1) max
r=1,N

sup
t∈[tr−1,tr)

||u(0)
r (t)|| · 1

ν!

( rh∫

(r−1)h

L(t)dt

)ν

. (9)

Èç îöåíêè (9) âèäíî, ÷òî λ(0) ∈ RnN � ðåøåíèå ñèñòåìû óðàâíåíèé (8) áóäåò òåì áëèæå ê
òî÷íîìó ðåøåíèþ λ∗ , ÷åì ìåíüøå áóäåò øàã ðàçáèåíèÿ h > 0 èëè ÷åì áîëüøå èñïîëüçóåòñÿ
êîëè÷åñòâî ïîäñòàíîâîê ν .

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ñëåäóþùèé àëãîðèòì íàõîæäåíèÿ λ(0) . Ðàññìîòðèì ñèñòåìó
óðàâíåíèé (8) ïðè ν = 1 :

hg

[
λ1, λN +

Nh∫

(N−1)h

f(τ, λN )dτ

]
= 0, (10)

λs +

sh∫

(s−1)h

f(τ, λs)dτ − λs+1 = 0, s = 1, N − 1. (11)

Ñïåöèàëüíàÿ ñòðóêòóðà ñèñòåìû óðàâíåíèé (10), (11) ïîçâîëÿåò ñâåñòè åå ê ñèñòåìå n óðàâ-
íåíèé.
Ðàâåíñòâàìè Fr(y) = y +

rh∫
(r−1)h

f(τ, y)dτ, r = 1, N , îïðåäåëèâ âåêòîð-ôóíêöèè Fr : Rn → Rn ,

èç (11) íàéäåì λs+1 ÷åðåç λ1 :

λs+1 = Fs(Fs−1(...(F1(λ1)))), s = 1, N − 1. (12)

Ïîäñòàâëÿÿ çíà÷åíèå λN èç (12) â (10) ïîëó÷èì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî λ1

D(λ1) ≡ g[λ1, FN (FN−1(...(F1(λ1))))] = 0. (13)
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Òàê êàê Fr , r = 1, N âûðàæàåòñÿ ÷åðåç ïðàâóþ ÷àñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1), òî
D(λ1) ïîëíîñòüþ îïðåäåëÿåòñÿ ÷åðåç f , g , h è äëÿ íàõîæäåíèÿ ðåøåíèé ñèñòåì óðàâíåíèé
(13) ìîæíî ïðèìåíèòü ðàçëè÷íûå èçâåñòíûå ìåòîäû.

Åñëè λ
(0)
1 ∈ Rn � ðåøåíèå ñèñòåìû óðàâíåíèé (13), òî λ̃(1) = (λ(0)

1 , λ
(0)
2 , ..., λ

(0)
N )′ ∈ RnN ,

ãäå λ
(0)
s+1 = Fs(Fs−1(...(F1(λ

(0)
1 )))), s = 1, N − 1, áóäåò ðåøåíèåì ñèñòåì óðàâíåíèé (10), (11).

×òîáû íàéòè λ
(0)
(2) � ðåøåíèå (8) ïðè ν = 2, â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âîçüìåì

λ̃(1) � ðåøåíèå (10), (11) è âîñïîëüçóåìñÿ òåîðåìîé 1 èç [10, c. 31].
Ïóñòü âûïîëíåíû ñëåäóþùèå ïðåäïîëîæåíèÿ:
1) ôóíêöèè f(t, x) , g(v, w) óäîâëåòâîðÿþò óñëîâèþ À, ñîîòâåòñòâåííî, â

G1(λ̃(1), ρ1) =
{

(t, x), t ∈ [0, T ], ||x− λ(0)
s || < ρ1, t ∈ [(s− 1)h, sh), s = 1, N − 1,

||x− λ
(0)
N || < ρ1, t ∈ [(N − 1)h,Nh]

}
,

G2(λ̃(1), ρ1) =
{

(v, w) : ||v − λ
(0)
1 || < ρ1, ||w − λ

(0)
N || < ρ1

}
;

2) ìàòðèöà ßêîáè ∂Q2,h(λ, 0)
∂λ

îáðàòèìà è
∥∥∥∥
[
∂Q2,h(λ, 0)

∂λ

]−1∥∥∥∥ ≤ γ2(h)

äëÿ âñåõ λ ∈ S(λ̃(1), ρ1) ;
3) γ2(h)||Q2,h(λ̃(1), 0)|| < ρ1 .
Òîãäà ïî òåîðåìå 1 èç [10] ñóùåñòâóåò ÷èñëî α ≥ 1 òàêîå, ÷òî ïîñëåäîâàòåëüíîñòü {λ(m)

(2) } ,
m = 0, 1, 2, ... , îïðåäåëÿåìàÿ èòåðàöèîííûì ïðîöåññîì

λ
(0)
(2) = λ̃(1), λ

(m+1)
(2) = λ

(m)
(2) −

1
α

[∂Q2,h(λ(m)
(2) , 0)

∂λ

]−1

·Q2,h(λ(m)
(2) , 0),

ñõîäèòñÿ ê λ̃(2) ∈ S(λ̃(1), ρ1) � èçîëèðîâàííîìó ðåøåíèþ ñèñòåìû óðàâíåíèé Q2,h(λ, 0) = 0 è
èìååò ìåñòî íåðàâåíñòâî

||λ̃(2) − λ̃(1)|| ≤ γ2(h)||Q2,h(λ̃(1), 0)||. (14)

Ó÷èòûâàÿ ðàâåíñòâî Q1,h(λ̃(1), 0) = 0, èç (14) ïîëó÷èì îöåíêó

||λ̃(2) − λ̃(1)|| ≤ γ2(h) max(1, hL2) · max
r= ¯1,N

{ rh∫

(r−1)h

L(t)dt · max
τ∈[(r−1)h,rh)

∣∣∣∣
∣∣∣∣

τ∫

(r−1)h

f(τ1, λ
(0)
r )dτ1

∣∣∣∣
∣∣∣∣
}

.

Ïóñòü λ̃ν−1 = (λ(ν−1)
1 , λ

(ν−1)
2 , ..., λ

(ν−1)
N )′ ∈ RnN � ðåøåíèå ñèñòåìû óðàâíåíèé Qν−1,h(λ, 0) = 0

è ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) ôóíêöèè f(t, x) , g(v, w) óäîâëåòâîðÿþò óñëîâèþ À, ñîîòâåòñòâåííî, â

G1(λ̃(ν−1), ρν−1) =
{

(t, x), t ∈ [0, T ], ||x− λ(0)
s || < ρν−1, t ∈ [(s− 1)h, sh), s = 1, N − 1,

||x− λ
(0)
N || < ρν−1, t ∈ [(N − 1)h,Nh]

}
,

G2(λ̃(ν−1), ρν−1) =
{

(v, w) : ||v − λ
(0)
1 || < ρν−1, ||w − λ

(0)
N || < ρν−1

}
;

2) ìàòðèöà ßêîáè ∂Qν,h(λ, 0)
∂λ

îáðàòèìà è
∥∥∥∥
[
∂Qν,h(λ, 0)

∂λ

]−1∥∥∥∥ ≤ γν(h)
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äëÿ âñåõ λ ∈ S(λ̃(ν−1), ρν−1) ;
3) γν(h)||Qν,h(λ̃(ν−1), 0)|| < ρν−1 .
Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âçÿâ λ̃(ν−1) è èñïîëüçóÿ èòåðàöèîííûé ïðîöåññ âûøå-

óêàçàííîé òåîðåìû 1 [10], íàéäåì λ̃(ν) � ðåøåíèå ñèñòåìû óðàâíåíèé (8) è óñòàíîâèì îöåíêó

‖λ̃(ν) − λ(ν−1)‖ ≤

≤ γν(h) ·max(1, hL2) · max
r= ¯1,N

{
1

(ν − 1)!

( T∫

0

L(t)dt

)ν−1

max
τ∈[(r−1)h,rh]

∣∣∣∣
∣∣∣∣

τ∫

(r−1)h

f(τ1, λ
(0)
r )dτ1

∣∣∣∣
∣∣∣∣
}

. (15)

Òàêèì îáðàçîì, ââåäåíèå äîïîëíèòåëüíûõ ïàðàìåòðîâ è ðàññìîòðåíèå ýêâèâàëåíòíîé çà-
äà÷è ñ ïàðàìåòðîì (3)�(5) ïîçâîëÿþò ïðîáëåìó âûáîðà íà÷àëüíîãî ïðèáëèæåíèÿ äëÿ íåëèíåé-
íîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è (1), (2) ñâåñòè ê íàõîæäåíèþ λ(0) ∈ RnN � ðåøåíèÿ ñèñòåì
óðàâíåíèé (8). Ïðåäëàãàåìûé àëãîðèòì íàõîæäåíèÿ λ(0) íà÷èíàåòñÿ ñ ðåøåíèÿ ñèñòåìû n

óðàâíåíèé (13). Åñëè λ
(0)
1 ∈ Rn � ðåøåíèå (13), òî îñòàëüíûå êîìïîíåíòû âåêòîðà λ̃(1) ∈ RnN

� ðåøåíèÿ (8) ïðè ν = 1 îïðåäåëÿþòñÿ ïî ôîðìóëàì (12). Ïðîäâèæåíèå ïî ν îñóùåñòâëÿåòñÿ
íà îñíîâå èòåðàöèîííûõ ïðîöåññîâ, ãäå â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ áåðåòñÿ ðåøåíèå
ñèñòåìû óðàâíåíèé Qν−1,h(λ, 0) = 0 .

Îöåíêà (15) óñòàíàâëèâàåò áëèçîñòü λ̃(ν) , λ̃(ν−1) , à îöåíêà (9) ïîêàçûâàåò íàñêîëüêî,
"õîðîøèì" áóäåò âûáðàííîå íà÷àëüíîå ïðèáëèæåíèå.
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ÇÀÊÐÅÏËÅÍÍÛÌÈ ÊÎÍÖÀÌÈ
Ç. Í. Ìóðçàáåêîâ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè
480012 ã. Àëìàòû ïð.àëü-Ôàðàáè, 71

Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñ çàêðåïëåííûìè êîíöàìè. Ïîëó÷åíû äîñòà-
òî÷íûå óñëîâèÿ îïòèìàëüíîñòè äëÿ äèíàìè÷åñêèõ ñèñòåì ñ ïðèìåíåíèåì ìíîæèòåëåé Ëàãðàíæà
ñïåöèàëüíîãî âèäà è ôóíêöèè Ëÿïóíîâà ñ çàäàííûìè ñâîéñòâàìè.

1. Ï î ñ ò à í î â ê à ç à ä à ÷ è. Ïóñòü óïðàâëÿåìûé ïðîöåññ îïèñûâàåòñÿ ñèñòåìîé
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = f(x, u, t), t0 ≤ t ≤ T, (∗)

ãäå x ∈ Rn � ôàçîâûå êîîðäèíàòû óïðàâëÿåìîãî îáúåêòà, u ∈ Rm � ïàðàìåòðû óïðàâëåíèÿ;
èçâåñòíàÿ ôóíêöèÿ f(x, u, t) îïèñûâàåò âíóòðåííåå óñòðîéñòâî îáúåêòà è ó÷èòûâàåò ðàçëè÷íûå
âíåøíèå ôàêòîðû.

Ïîä ðåøåíèåì óðàâíåíèÿ (∗) áóäåì ïîíèìàòü íåïðåðûâíîå ðåøåíèå èíòåãðàëüíîãî óðàâíå-
íèÿ ïðè íåêîòîðîì äîïóñòèìîì óïðàâëåíèè u = u∗

x(t) =

t∫

t0

f(x(τ), u∗(τ), τ)dτ + x(t0).

Áóäåì ïðåäïîëàãàòü, ÷òî ïàðàìåòðû óïðàâëåíèÿ u â êàæäûé ìîìåíò t ïðèíàäëåæàò íåêîòî-
ðîé îáëàñòè óïðàâëåíèÿ U , êîòîðàÿ ÿâëÿåòñÿ ïîäìíîæåñòâîì m-ìåðíîãî åâêëèäîâà ïðîñòðàí-
ñòâî Rm. Óïðàâëåíèå u = u(t) íàçîâåì äîïóñòèìûì, åñëè åãî êîîðäèíàòû ÿâëÿþòñÿ êóñî÷íî-
íåïðåðûâíûìè ôóíêöèÿìè è u(t) ∈ U ⊂ Rm ïðè t ∈ [t0, T ]. Ìíîæåñòâî âñåõ äîïóñòèìûõ
óïðàâëåíèé îáîçíà÷èì ÷åðåç U0. Áóäåì îáîçíà÷àòü ÷åðåç x(t) = x(t, u) ∈ G(t) ⊂ Rn ðåøåíèå
óðàâíåíèÿ, ñîîòâåòñòâóþùåå äîïóñòèìîìó óïðàâëåíèþ u = u(t) ∈ U0, t ∈ [t0, T ] è íà÷àëüíî-
ìó óñëîâèþ x(t0). Ìíîæåñòâî G(t) íàçûâàþò ôàçîâûìè îãðàíè÷åíèÿìè. Âåêòîðíàÿ ôóíêöèÿ
f(x, u, t) îïðåäåëåíà è íåïðåðûâíà âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè ïî x ∈ G(t) è

Keywords: optimal control, Lagrange multiplier, Lyapunov function, �xed ends
2000 Mathematics Subject Classi�cation: 49K15
c Ç. Í. Ìóðçàáåêîâ, 2004.
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u ∈ U(t). Ïðè ýòèõ óñëîâèÿõ ìîæåò áûòü äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ
óðàâíåíèÿ (∗) ñ çàäàííûìè íà÷àëüíûìè óñëîâèÿìè x(t0) [1].

Ïóñòü çàäàí ôóíêöèîíàë

J(u) =

T∫

t0

f0(x, u, t)dt,

ãäå ôóíêöèÿ f0(x, u, t) îïðåäåëåíà è íåïðåðûâíà âìåñòå ñ ÷àñòíûìè ïðîèçâîäíûìè ïî x è u
ïðè (x, u, t) ∈ G(t) × U(t)× [t0, T ] .

Ñòàâèòñÿ çàäà÷à: íàéòè òàêîå óïðàâëåíèå u = u(x, t), êîòîðîå îáåñïå÷èâàåò äâèæåíèå òðà-
åêòîðèè (*) èç íåêîòîðîãî íà÷àëüíîãî ñîñòîÿíèÿ x(t0) = x0 â æåëàåìîå êîíå÷íîå ñîñòîÿíèå
x(T ) = 0 è ìèíèìèçèðóåò ôóíêöèîíàë J(u).

Âî ìíîãèõ ðàáîòàõ [2,3,4] ðàññìàòðèâàåòñÿ âîïðîñ î òîì, ìîæíî ëè ñèñòåìó, îïèñûâàåìóþ
íåêîòîðûì óðàâíåíèåì, ïåðåâåñòè èç ëþáîãî çàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ â ëþáîå æåëàåìîå
ñîñòîÿíèå çà êîíå÷íûé ïðîìåæóòîê âðåìåíè, âûáèðàÿ íàäëåæàùèì îáðàçîì çàêîí èçìåíåíèÿ
óïðàâëÿþùèõ ñèë. Ýòî ñôîðìóëèðîâàííîå ñâîéñòâî ïîëó÷èëî íàçâàíèå óïðàâëÿåìîñòè.

Åñòåñòâåííî, ÷òî ïðè ðåøåíèè çàäà÷è îá îáåñïå÷åíèè àñèìïòîòè÷åñêîé óñòîé÷èâîñòè äâè-
æåíèÿ äëÿ ñèñòåì ñ êîíå÷íûì âðåìåíåì óïðàâëåíèÿ, âîçíèêàåò âîïðîñ îá óïðàâëÿåìîñòè ýòèõ
ñèñòåì, à òàêæå îá èñïîëüçîâàíèè ôóíêöèè Ëÿïóíîâà è òåîðåìû îá àñèìïòîòè÷åñêîé óñòîé÷è-
âîñòè.

Çàìåòèì, ÷òî âûáîð ôóíêöèîíàëà â âèäå êâàäðàòè÷íîé ôîðìû îò ñîñòîÿíèÿ è óïðàâëåíèÿ
èìååò îïðåäåëåííûé ôèçè÷åñêèé ñìûñë. Èç äàëüíåéøåãî èçëîæåíèÿ áóäåò âèäíî, ÷òî âî ìíîãèõ
ñëó÷àÿõ ýòîò ïîäõîä ïîçâîëÿåò íàéòè ðåøåíèå ïîñòàâëåííîé çàäà÷è.

Äëÿ ëèíåàðèçîâàííûõ ñòàöèîíàðíûõ è íåñòàöèîíàðíûõ ñèñòåì ïîëó÷åííûå óñëîâèÿ äëÿ
îïðåäåëåíèÿ óïðàâëåíèÿ ñâÿçàíû ñ èçâåñòíûìè óñëîâèÿìè óïðàâëÿåìîñòè ëèíåéíûõ ñèñòåì.

Â ðàáîòå [5] ðàññìàòðèâàåòñÿ âîçìîæíîñòü ïîñòðîåíèÿ ñèíòåçèðóþùèõ è ïðîãðàììíûõ
óïðàâëåíèé èç óñëîâèÿ ìèíèìóìà ïðåîáðàçîâàííîãî êðèòåðèÿ êà÷åñòâà ñèñòåìû, ÷òîáû çà-
ìêíóòàÿ ñèñòåìà îáëàäàëà ôóíêöèåé Ëÿïóíîâà çàäàííîãî âèäà. Ïîëó÷åííûå òàêèì îáðàçîì
äèíàìè÷åñêèå ñèñòåìû óïðàâëåíèÿ îáëàäàþò ñâîéñòâàìè àñèìïòîòè÷åñêîé óñòîé÷èâîñòè â öå-
ëîì ïî îòíîøåíèþ ê ñîñòîÿíèÿì ðàâíîâåñèÿ èëè íåâîçìóùåííûì òðàåêòîðèÿì äâèæåíèÿ. Ñëå-
äóåò îòìåòèòü, ÷òî ïðèìåíåíèå êîìáèíèðîâàííîãî ïîäõîäà ê îïòèìèçàöèè äèíàìè÷åñêèõ ñè-
ñòåì ïðèâîäÿò ê çàêîíàì óïðàâëåíèÿ, ñîñòîÿùèì èç ñèíòåçèðóþùèõ è ïðîãðàììíûõ óïðàâëå-
íèé. Ñèíòåçèðóþùåå óïðàâëåíèå îáåñïå÷èâàåò îïòèìàëüíóþ ñòàáèëèçàöèþ èñõîäíîé ñèñòåìû
íà áåñêîíå÷íîì ïðîìåæóòêå âðåìåíè. Ïðîãðàììíîå óïðàâëåíèå ïðåäñòàâëÿåò ñîáîé ñîñòàâëÿ-
þùóþ, îòâåòñâåííóþ çà ïåðåõîäíûå ïðîöåññû èç íà÷àëüíîãî ñîñòîÿíèÿ ñèñòåìû x0 â ìîìåíò
t = t0 â êîíå÷íîå ñîñòîÿíèå x(T ) = 0 â ìîìåíò t = T .

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ îäèí èç âàðèàíòîâ ðåàëèçàöèè ïðèíöèïà îïòèìàëüíîñòè
Â.Ô.Êðîòîâà [3].

2. Ä î ñ ò à ò î ÷ í û å ó ñ ë î â è ÿ î ï ò è ì à ë ü í î ñ ò è ä è í à ì è ÷ å ñ-
ê è õ ñ è ñ ò å ì ó ï ð à â ë å í è ÿ ñ ç à ê ð å ï ë å í í û ì è ê î í ö à ì è.
Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ: ìèíèìèçèðîâàòü ôóíêöèîíàë

J(u) =

T∫

t0

f0(x, u, t)dt (1)

ïðè óñëîâèÿõ
·
x = f(x, u, t), t0 ≤ t ≤ T, (2)

x(t0) = x0, x(T ) = 0, (3)
x(t) ∈ G(t), u(t) ∈ U(t), t0 ≤ t ≤ T. (4)
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Óñëîâèå (3) îçíà÷àåò, ÷òî â äàííîé çàäà÷å ëåâûé è ïðàâûé êîíöû çàêðåïëåíû. Â óñëîâèè
(4) ïîäðàçóìåâàåòñÿ, ÷òî ìíîæåñòâî G(t) ÿâëÿåòñÿ ôàçîâûì îãðàíè÷åíèåì è óïðàâëåíèå u(t)
âûáèðàåòñÿ èç êëàññà êóñî÷íî-íåïðåðûâíûõ ôóíêöèé. Âîçìîæíî, ÷òî G(t) = Rn, U(t) = Rm

ïðè âñåõ t ∈ [t0, T ]. Òîãäà çàäà÷à (1)�(4) íàçûâàåòñÿ çàäà÷åé îïòèìàëüíîãî óïðàâëåíèÿ ñ çà-
êðåïëåííûìè êîíöàìè áåç îãðàíè÷åíèé íà ôàçîâûå êîîðäèíàòû è óïðàâëåíèÿ.

Èçëîæèì ïîäõîä ïîëó÷åíèÿ äîñòàòî÷íûõ óñëîâèé îïòèìàëüíîñòè ñèñòåìû óïðàâëåíèÿ ñ çà-
êðåïëåííûìè êîíöàìè. Áóäåì ïðîèçâîäèòü âûáîð óïðàâëåíèÿ u(x, t), îáåñïå÷èâàþùèé óñòîé÷è-
âîñòü îáúåêòà óïðàâëåíèÿ (2) è îäíîâðåìåííî ìèíèìèçèðóþùèé ôóíêöèîíàë (1), îñíîâàííûé
íà èñïîëüçîâàíèè àïïàðàòà ôóíêöèé Ëÿïóíîâà è ñ ïðèìåíåíèåì ìíîæèòåëåé Ëàãðàíæà ñïå-
öèàëüíîãî âèäà λ = λ0(x, t) + q(t). Ìíîæèòåëü λ0(x, t) ñâÿçàí ñ ïîñòðîåíèåì ñèíòåçèðóþùåãî
óïðàâëåíèÿ, à ìíîæèòåëü q(t) ñâÿçàí ñ ïîñòðîåíèåì ïðîãðàììíîãî óïðàâëåíèÿ.

Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó: ìèíèìèçèðîâàòü ôóíêöèîíàë

J t(x, u) =

T∫

t

f0(x, u, τ)dτ (5)

ïðè óñëîâèÿõ
·
x = f(x(τ), u(τ), τ), x(t) = x, τ ∈ [t, T ], (6)
u(τ) ∈ U êóñî÷íî íåïðåðûâíà, τ ∈ [t, T ], (7)

ãäå òî÷êà x è ìîìåíò t, t0 ≤ t ≤ T ôèêñèðîâàíû.
Îáîçíà÷èì ÷åðåç ∆(x, t) ìíîæåñòâî âñåõ äîïóñòèìûõ óïðàâëåíèé, óäîâëåòâîðÿþùèõ óñëî-

âèþ (7), è ñîîòâåòñòâóþùèõ òðàåêòîðèé x(τ, u) ñèñòåìû (6), îïðåäåëåííûõ íà îòðåçêå t ≤ τ ≤ T .
Ïóñòü λ = λ0(x, t)+q(t) � ìíîæèòåëü Ëàãðàíæà, òîãäà âìåñòî ôóíêöèîíàëà (5) ðàññìîòðèì

ôóíêöèîíàë âèäà

J t(x, u, λ) =

T∫

t

[f0(x, u, τ) + (λ0(x, τ) + q(t))(f(x, u, τ)− ·
x(τ)]dτ. (8)

Ââåäåì ïîëîæèòåëüíî îïðåäåëåííóþ ôóíêöèþ Ëÿïóíîâà v = v(x, t) è âû÷èñëèì åå ïîëíóþ
ïðîèçâîäíóþ ïî âðåìåíè t

dv

dt
=

∂v

∂x

·
x +

∂v

∂t
. (9)

Ââåäåì â ðàññìîòðåíèå ñëåäóþùèå êîíñòðóêöèè

H(x, u, λ, τ) = f0(x, u, τ) + (λ0(x, τ) + q(τ))f(x, u, τ), q(τ) + λ0(x, τ) =
∂v

∂x
,

R(x, u, v, τ) = f0(x, u, τ) + (
∂v

∂x
)∗f(x, u, τ) +

∂v

∂τ
= H(x, u, λ, τ) +

∂v

∂τ
. (10)

Ë å ì ì à 1. Åñëè ïàðà (x(t), u(t)) ∈ ∆(x, t) è ôóíêöèÿ v(x(t), t) ïåðåìåííîé t íåïðåðûâíà
è äèôôåðåíöèðóåìà ïî t íà îòðåçêå [t0, T ], à òàêæå âûïîëíÿåòñÿ ïðåäåëüíîå ñîîòíîøåíèå
lim v(x, t) = 0 ïðè t → T , òî ôóíêöèîíàë (5) ïðè u = u(x(t), t) èìååò ñëåäóþùåå ïðåäñòàâëåíèå

J t = J t(x(t), u(t)) =

T∫

t

R(x(τ), u(τ), τ, v(τ))dτ + v(x(t), t). (11)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ñóùåñòâóåò ôóíêöèÿ v(x(t), t) è ñïðàâåäëèâî (9):

dv(x(t), t)
dt

= (
∂v(x(t), t)

∂x
)∗f(x(t), u(t), t) +

∂v(x(t), t)
∂t

. (12)
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Òàê êàê v(x(t), t) íåïðåðûâíà ïî t, òî, èíòåãðèðóÿ (12), ïîëó÷èì ñ ó÷åòîì îáîçíà÷åíèÿ (10)

v(x(T ), T )− v(x(t), t) =

T∫

t

[R(x(τ), u(τ), v(τ), τ)− f0(x(τ), u(τ), τ)]dτ.

Îòñþäà, ñóììèðóÿ ïîëó÷åííîå âûðàæåíèå ñ (5), â ñèëó ïðåäåëüíîãî ñîîòíîøåíèÿ
lim
t→T

v(x(t), t) = v(x(T ), T ) = 0 ïîëó÷èì óòâåðæäåíèå ëåììû.
Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ ëåììû 1 è ôîðìóëà (11) âåðíà äëÿ ëþáîé äîïóñòèìîé ïàðû

(x(t), u(t)) ∈ ∆(x, t). Òîãäà ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå ôóíêöèîíàëà

J t =

T∫

t

[
H(x(τ), u(τ), τ, v(τ)) +

∂v(x(τ), τ)
∂τ

]
dτ + v(x(t), t). (13)

Äëÿ äàëüíåéøåãî èçëîæåíèÿ ïðåäëàãàåìîãî ïîäõîäà ê ðåøåíèþ çàäà÷è ñèíòåçà àñèìïòî-
òè÷åñêè óñòîé÷èâûõ ñèñòåì óïðàâëåíèÿ íåîáõîäèìî íàéòè äîïóñòèìóþ ïàðó (x∗(t), u∗(t)) ∈
∆(x, t). Ïðè ôèêñèðîâàííûõ x, v, t ôóíêöèÿ H(x, u, v, t) ñòàíîâèòñÿ ôóíêöèåé ëèøü ïàðàìåòðà
u ∈ U . Åñëè òî÷íàÿ íèæíÿÿ ãðàíü çíà÷åíèé íåïðåðûâíîé ôóíêöèè H äîñòèãàåòñÿ â íåêîòîðîé
òî÷êå u ∈ U , òî èìååì íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè.

Ïóñòü λ = λ0(x, t)+q(t) = ∂v(x,t)
∂x ÿâëÿåòñÿ ìíîæèòåëåì Ëàãðàíæà ñïåöèàëüíîãî âèäà. Áóäåì

ñ÷èòàòü, ÷òî ôóíêöèÿ H(x, u, t, λ) ïðè t ∈ [t0, T ] ÿâëÿåòñÿ ôóíêöèåé Ëàãðàíæà è ñïðàâåäëèâà
ñëåäóþùàÿ òåîðåìà [1].

Ò å î ð å ì à 1. Ïóñòü G è U � îòêðûòûå ìíîæåñòâà â ïðîñòðàíñòâàõ Rn è Rm,
ñîîòâåòñòâåííî; ôóíêöèè f0, f è èõ ÷àñòíûå ïðîèçâîäíûå ïî x íåïðåðûâíû. Åñëè (x∗, u∗) �
îïòèìàëüíûé ïðîöåññ äëÿ çàäà÷è (5)�(7), òî íàéäóòñÿ ìíîæèòåëè Ëàãðàíæà λ = λ(t), íå
ðàâíûå íóëþ è òàêèå, ÷òî âûïîëíåíû ïðèíöèï ìèíèìóìà è óñëîâèÿ ñòàöèîíàðíîñòè:

à) ïî u � ïðèíöèï ìèíèìóìà

inf
u∈U

H(x∗(t), u, t, λ) = H(x∗(t), u∗(t), t, λ); (14)

á) ïî x � óñëîâèå ñòàöèîíàðíîñòè

∂R(x∗(t), u∗(t), t)
∂x

= 0. (15)

Èç óñëîâèÿ (14) íàõîäèòñÿ óïðàâëåíèå u∗, à èç óñëîâèÿ (15) îïðåäåëÿþòñÿ ïàðàìåòðû ôóíê-
öèè v(x, t) ïðè êîíêðåòèçàöèè ýòîé ôóíêöèè ñ ó÷åòîì ñïåöèôèêè çàäà÷è. Â ðåçóëüòàòå ðåøåíèÿ
ýòèõ çàäà÷ ïîëó÷àþòñÿ àëãîðèòìû, àíàëîãè÷íûå àëãîðèòìàì, îñíîâàííûì íà ïðèíöèïå ìàêñè-
ìóìà Ë.Ñ.Ïîíòðÿãèíà è ìåòîäå äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ Ð.Áåëëìàíà. Ýòè ïðèçíàêè
îïòèìàëüíîñòè ÿâëÿþòñÿ íåîáõîäèìûìè óñëîâèÿìè ñèíòåçà àñèìïòîòè÷åñêè óñòîé÷èâûõ ñè-
ñòåì ñ êîíå÷íûì âðåìåíåì óïðàâëåíèÿ è óêàçûâàþò, ãëàâíûì îáðàçîì, âíóòðåííèå ñâîéñòâà
îïòèìàëüíûõ äâèæåíèé.

Ïóñòü (x∗(t), u∗(t)) ∈ ∆(x, t) è íàéäåíî ìèíèìàëüíîå çíà÷åíèå

Rmin(t) = inf
x∈G(t)

inf
u∈U(t)

R(x, u, t). (16)

Òåïåðü ïåðåéäåì ê ðàññìîòðåíèþ äîñòàòî÷íûõ óñëîâèé îïòèìàëüíîñòè äëÿ çàäà÷ (1)�(4).
Äîïóñòèìàÿ ïàðà (x∗(t), u∗(t)) ∈ ∆(x, t) íàçûâàåòñÿ îïòèìàëüíîé, åñëè

inf
∆(x,t)

J(x(t), u(t)) = J(x∗(t), u∗(t)) = J∗. (17)
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Óïðàâëåíèå u∗(t) áóäåì íàçûâàòü îïòèìàëüíûì óïðàâëåíèåì, x∗(t) = x(u∗, t) � îïòèìàëü-
íîé òðàåêòîðèåé, à ïàðó (x∗(t), u∗(t)) � îïòèìàëüíûì ðåøåíèåì ðàññìàòðèâàåìîé çàäà÷è. Â
äàííîé çàäà÷å íèæíÿÿ ãðàíü (17) áåðåòñÿ ïî âñåì u(t) ∈ U , äëÿ êîòîðûõ ñîîòâåòñòâóþùàÿ
òðàåêòîðèÿ x(u∗, t) îïðåäåëåíà èç (2) è óäîâëåòâîðÿåò óñëîâèÿì

x∗(t0) = x0, x∗(t) ∈ G(t), t0 ≤ t ≤ T, lim
t→T

x∗(t) = 0. (18)

Òåïåðü ñôîðìóëèðóåì ñëåäóþùåå óòâåðæäåíèå.
Ò å î ð å ì à 2. Äëÿ îïòèìàëüíîñòè ïàðû (x∗(t), u∗(t)) ∈ ∆(x, t) äîñòàòî÷íî ñó-

ùåñòâîâàíèÿ ôóíêöèè v(x, t) òàêîé, ÷òî ôîðìóëà (11) âåðíà äëÿ ëþáîé äîïóñòèìîé ïàðû
(x(t), u(t)) ∈ ∆(x, t) è âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1) ñóùåñòâóåò ìèíèìàëüíîå çíà÷åíèå â çàäà÷å (16)

R(x∗(t), u∗(t), t, v(t)) = Rmin(t), t ∈ [t0, T ];

2) v(x, t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ôóíêöèÿ, äîïóñêàþùàÿ áåñêîíå÷íî ìàëûé âûñøèé
ïðåäåë;

3) ïîëíàÿ ïðîèçâîäíàÿ ïî âðåìåíè t îò ôóíêöèè v(x, t), ïîëó÷åííàÿ â ñèëó óðàâíåíèÿ (2),
óäîâëåòâîðÿåò íåðàâåíñòâó

∗
v(x, t) + f0(x∗(t), u∗(t), t) ≤ 0; (19)

4) âûïîëíÿåòñÿ ïðåäåëüíîå ñîîòíîøåíèå

lim
t→T

v(x, t) = 0,

ãäå Rmin(t) îïðåäåëÿåòñÿ ñîãëàñíî (16), à ôóíêöèÿ f0(x, u, t) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäå-
ëåííîé.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ïðîèçâîëüíàÿ äîïóñòèìàÿ ïàðà (x(t), u(t)) ∈ ∆(x, t).
Òîãäà ñîãëàñíî ôîðìóëå (11) áóäåì èìåòü

J(x(t), u(t))− J(x∗(t), u∗(t)) = J − J∗ =

=

T∫

t0

[R(x(t), u(t), t, v(t))−R(x∗(t), u∗(t), t, v(t))]dt+v(x, t0)− v(x∗, t0) =

=

T∫

t0

[R(x(t), u(t), t, v(t))−Rmin(t)]dt + v(x, t0)− v(x∗, t0) ≥ 0,

îòñþäà ñëåäóåò
J∗ = inf

∆(x,t)
J((x, t), u(t)). (20)

Ïóñòü ñóùåñòâóåò ôóíêöèÿ v(x, t), óäîâëåòâîðÿþùàÿ óñëîâèÿì òåîðåìû, òîãäà ñîãëàñíî (11)
è (19) èìååì ñëåäóþùèå ñîîòíîøåíèÿ

T∫

t

Rmin(τ)dτ + v(x∗, t) = J t∗ ≥ 0,

Rmin(t) =
·
v(x∗, t) + f0(x∗(t), u∗(t), t) ≤ 0.
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Îòñþäà èìååì

v(x∗, t) = J∗ −
T∫

t

Rmin(τ)dτ ≥ 0.

Èç îáîçíà÷åíèÿ (10) äëÿ ëþáîãî èç äîïóñòèìûõ óïðàâëåíèé ïîëó÷èì

dv

dt
= R(x, u, t)− f0(x, u, t).

Èíòåãðèðóÿ ïîñëåäíåå âûðàæåíèå ïî t, èìååì

v(x, t) =

T∫

t

[f0(x, u, τ)−R(x, u, τ)]dτ,

lim v(x, t) = 0 ïðè t → T.

Èòàê, òåîðåìà ïîëíîñòüþ äîêàçàíà.
Ç à ì å ÷ à í è å 1. Çàäà÷à ñèíòåçà äèíàìè÷åñêèõ çàäà÷ ñ çàêðåïëåííûìè êîíöàìè òåñ-

íî ñâÿçàíà ñ çàäà÷åé îá îïòèìàëüíîé ñòàáèëèçàöèè íà íåîãðàíè÷åííîì èíòåðâàëå [6]. Îíà
ÿâëÿåòñÿ äàëüíåéøèì ðàçâèòèåì ïðîáëåìû ñòàáèëèçàöèè â òåîðèè óïðàâëÿåìûõ ñèñòåì ñ
êîíå÷íûì âðåìåíåì óïðàâëåíèÿ. Â ýòîì ñëó÷àå ïðîèñõîäèò îáúåäèíåíèå ìåòîäîâ âàðèàöèîí-
íîãî èñ÷èñëåíèÿ ñ ìåòîäîì ôóíêöèè Ëÿïóíîâà.

Ç à ì å ÷ à í è å 2. Â îáùåé ïîñòàíîâêå çàäà÷è òðóäíî ïîëó÷èòü äîñòàòî÷íî êîí-
ñòðóêòèâíûå ðåçóëüòàòû äëÿ óñëîâèé îïòèìàëüíîñòè óïðàâëÿåìûõ ñèñòåì ñ çàêðåïëåííû-
ìè êîíöàìè. Âîïðîñ î âûáîðå ôóíêöèè Ëÿïóíîâà îïðåäåëÿåòñÿ â êàæäîì ñëó÷àå ñ ó÷åòîì
îñîáåííîñòåé ðàññìàòðèâàåìîé ïðèêëàäíîé çàäà÷è. Âî ìíîãèõ ñëó÷àÿõ óäîâëåòâîðÿþò óñëî-
âèÿì òåîðåìû 2 ôóíêöèè, ïîñòðîåííûå â âèäå ïîëîæèòåëüíî îïðåäåëåííîé êâàäðàòè÷íîé
ôîðìû îò ñîñòîÿíèÿ ñèñòåìû è áèëèíåéíîé ôîðìû. Ýòè ôóíêöèè ñâÿçàíû ñ ìíîæèòåëÿìè
Ëàãðàíæà ñïåöèàëüíîãî âèäà λ = λ0(x, t) + q(t).

Ò å î ð å ì à 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2, òîãäà óïðàâëåíèå u∗ = u(x∗, t)
ðàçðåøàåò çàäà÷ó ñèíòåçà äèíàìè÷åñêèõ ñèñòåì óïðàâëåíèÿ ñ çàêðåïëåííûìè êîíöàìè (1)�
(4) è âûïîëíÿåòñÿ ðàâåíñòâî

J∗ =

T∫

t0

f0(x∗(t), u∗(t), t)dt =

T∫

t0

Rmin(t)dt + v(x∗(t0), t0). (21)

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ëþáîé äîïóñòèìîé ïàðû (x(t), u(t)) ∈ ∆(x, t) ñïðà-
âåäëèâà ëåììà 1. Ïóñòü (x∗(t), u∗(t)) ∈ ∆(x, t) � îïòèìàëüíàÿ ïàðà, òîãäà âäîëü îïòèìàëüíîé
òðàåêòîðèè âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 2

dv(x∗, t)
dt

+ f0(x∗, u∗, t) = Rmin(t), (22)

dv(x∗, t)
dt

+ f0(x∗, u∗, t) ≤ 0, (23)

à òàêæå âûïîëíÿåòñÿ ïðåäåëüíîå ñîîòíîøåíèå

lim v(x∗, t) = 0 ïðè t → T. (24)
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Èíòåãðèðóÿ âûðàæåíèÿ (22) è (23) âäîëü äâèæåíèÿ x∗(t) â ïðåäåëàõ îò t = t0 äî t = T è
ó÷èòûâàÿ ïðåäåëüíîå ñîîòíîøåíèå (24), ïîëó÷èì

J∗ =

T∫

t0

f0(x∗, u∗, t)dt =

T∫

t0

Rmin(t)dt + v(x∗(t0), t0), (25)

J∗ ≤ v(x∗(t0), t0). (26)
Ïóñòü (x(t), u(t)) ∈ ∆(x, t) � ïðîèçâîëüíàÿ äîïóñòèìàÿ ïàðà, òîãäà âäîëü òðàåêòîðèè x̄(t)

âûïîëíÿþòñÿ óñëîâèÿ
dv(x̄, t)

dt
+ f0(x, u, t) ≥ Rmin(t), (27)

dv(x̄, t)
dt

≤ 0, (28)
à òàêæå âûïîëíÿåòñÿ ïðåäåëüíîå ñîîòíîøåíèå

lim v(x̄, t) = 0 ïðè t → T. (29)
Àíàëîãè÷íî, èíòåãðèðóÿ âûðàæåíèÿ (27) è (28) âäîëü äâèæåíèÿ x(t) â ïðåäåëàõ îò t = t0

äî t = T è ó÷èòûâàÿ ïðåäåëüíîå ñîîòíîøåíèå (29), ïîëó÷èì

_
J =

T∫

t0

f0(
_
x,

_
u, t)dt ≥ v(

_
x(t0), t0) +

T∫

t0

Rmin(t)dt, (30)

v(
_
x(t0), t0) ≥ 0. (31)

Èç âûðàæåíèé (25) è (30) íàõîäèì
_
J − J∗ ≥ v(

_
x(t0), t0)− v(x∗(t0), t0). (32)

Ïîñêîëüêó v(
_
x, t) è v(x∗, t) � ïîëîæèòåëüíî îïðåäåëåííûå è ìîíîòîííî óáûâàþùèå ôóíê-

öèè, óäîâëåòâîðÿþùèå óñëîâèÿì (24) è (29), òî èìååì

_
J ≥ J∗ =

T∫

t0

Rmin(t)dt + v(x∗(t0), t0). (33)

Òàêèì îáðàçîì, ïîëó÷åíî óòâåðæäåíèå òåîðåìû.
Ç à ì å ÷ à í è å 3. Êðèòåðèé îïòèìàëüíîñòè, êîòîðûé âûðàæàåòñÿ ðàâåíñòâîì

(22) è íåðàâåíñòâîì (23), ñîîòâåòñòâóåò èçâåñòíûì ìåòîäàì âàðèàöèîííîãî èñ÷èñëåíèÿ. Â
äàííîì ïîäõîäå êðèòåðèé ïðèâåäåí â ôîðìå óñëîâèé ìèíèìóìà ôóíêöèîíàëà (1). âûïîëíåíèå
ïðåäåëüíîãî ñîîòíîøåíèÿ limx(t) = 0 ïðè t → T ñîîòâåòñòâóåò õàðàêòåðó îñíîâíûõ òåîðåì
âòîðîãî ìåòîäà Ëÿïóíîâà.

Ç à ì å ÷ à í è å 4. Ïðè ðåøåíèè êîíêðåòíîé çàäà÷è ñ çàêðåïëåííûìè êîíöàìè èñ-
ïîëüçóþòñÿ ìíîæèòåëè Ëàãðàíæà ñïåöèàëüíîãî âèäà λ = λ0(x, t) + q(t). Ýòè ìíîæèòåëè
ïîçâîëÿþò ïîñòðîèòü ôóíêöèþ Ëÿïóíîâà ñ çàäàííûìè ñâîéñòâàìè. Ìíîæèòåëü λ0(x, t) ñî-
îòâåòñòâóåò ïîñòðîåíèþ ñèíòåçèðóþùèõ óïðàâëåíèé, à q(t) ñîîòâåòñòâóåò ïîñòðîåíèþ
ïðîãðàììíûõ óïðàâëåíèé. Êîìáèíèðîâàíèå ýòèõ äâóõ âèäîâ óïðàâëåíèé ïîçâîëÿþò ýôôåêòèâ-
íî ðåøàòü çàäà÷è â òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåì ñ çàêðåïëåííûìè êîíöàìè.

Öèòèðîâàííàÿ ëèòåðàòóðà

1. Àëåêñååâ Â.Ì., Òèõîìèðîâ Â.Ì., Ôîìèí Ñ.Â. Îïòèìàëüíîå óïðàâëåíèå. Ì. 1979.

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 2 (12)



Äîñòàòî÷íûå óñëîâèÿ îïòèìàëüíîñòè äèíàìè÷åñêèõ ñèñòåì óïðàâëåíèÿ... 59

2. Ðîéòåíáåðã ß.Í. Àâòîìàòè÷åñêîå óïðàâëåíèå. Ì., 1978.
3. Êðîòîâ Â.Ô., Ãóðìàí Â.È. Ìåòîäû è çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ. Ì., 1973.
4. Àéñàãàëèåâ Ñ.À., Àéñàãàëèåâ Ò.Ñ. Ìåòîäû ðåøåíèÿ êðàåâûõ çàäà÷. Àëìàòû, 2002.
5. Ìóðçàáåêîâ Ç.Í. // Âåñòíèê ÊàçÍÓ, ñåð. ìàòåìàòèêà, ìåõàíèêà, èíôîðìàòèêà. 2003. �2.

Ñ. 50�58.
6. Ìàëêèí È.Ã. Òåîðèÿ óñòîé÷èâîñòè äâèæåíèÿ. Ì., 1966.

Ïîñòóïèëà â ðåäàêöèþ 20.11.2003ã.

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 2 (12)



Ìàòåìàòè÷åñêèé æóðíàë. Àëìàòû. 2004. Òîì 4. � 2 (12) . C. 60 � 67

ÓÄÊ 681.324

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÌÅÒÎÄÛ ÇÀÙÈÒÛ
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ÂÛ×ÈÑËÈÒÅËÜÍÛÕ ÑÈÑÒÅÌ
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Êàçàõñòàíñêèé ôèëèàë ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà
473033 ã.Àñòàíà óë. Ìóíàéòïàñîâà, 5 erj@mail.ru

Â ñòàòüå ðàññìàòðèâàþòñÿ íåñêîëüêî íîâûõ ïðîáëåì êðèïòîãðàôèè è ðåøàþòñÿ íåêîòîðûå èç íèõ.
Ïðè÷èíîé âîçíèêíîâåíèÿ ýòèõ ïðîáëåì ÿâèëàñü âîçìîæíàÿ äîñòóïíîñòü âû÷èñëèòåëüíûõ ñèñòåì
æåëàþùèì íåçàêîííî èñïîëüçîâàòü ðåçóëüòàòû ðåøåíèÿ çàäà÷.

Ïðîáëåìà çàùèòû èíôîðìàöèè ÿâëÿåòñÿ îäíîé èç âàæíåéøèõ ïðîáëåì ñîâðåìåííîñòè â
îáëàñòè ýêîíîìèêè, è âîåííî-ïîëèòè÷åñêèìè ïðîáëåìàìè. Àêòóàëüíîñòü ýòîé ïðîáëåìû âîç-
ðàñòàåò âìåñòå ñ ðàçâèòèåì è ïðîäâèæåíèåì âñåîáùåé ãëîáàëèçàöèè, ðàñøèðåíèåì èíôîðìàöè-
îííîãî ïîëÿ, à òàêæå ñ âîçìîæíîñòÿìè ðàñêðûòèÿ òàéí. Ðàçâèòèå òåõíèêè, ñðåäñòâ âû÷èñëåíèé
è ñâÿçè ñïîñîáñòâóþò ðàñøèðåíèþ çàäà÷, ñâÿçàííûõ ñ ïðîáëåìàìè çàùèòû èíôîðìàöèè, òàê
êàê ýòèìè äîñòèæåíèÿìè ïîëüçóþòñÿ êàê ïðåñòóïíûé ìèð, òàê è ãîñóäàðñòâà, ïîðàæåííûå ñå-
ïàðàòèçìîì èëè ðàçíûìè ôîðìàìè øîâèíèçìà, ïîðîæäàþùèå ãíóñòíûå èìïåðñêèå àìáèöèè.

Ïðîáëåìà òàéíîãî îáìåíà èíôîðìàöèåé äî ñåãîäíÿøíåãî äíÿ ñ÷èòàåòñÿ îñíîâíîé çàäà-
÷åé òåîðèè êðèïòîãðàôèè. Â ýòîé ïðîáëåìå îñíîâíûå îïàñíîñòè èäóò â ñëåäóþùåé ïîñëå-
äîâàòåëüíîñòè.

I. Ïðåäàòåëüñòâî èëè áåñïå÷íîñòü ñîòðóäíèêîâ.
II. ×óæèå àëãîðèòìû è ÷óæèå ïðîãðàììû, èáî "÷óæîé" ìîæåò îêàçûâàòü óñëóãè ïðîòèâ-

íèêó.
III. Êîìïüþòåðû è ñðåäñòâà ñâÿçè, â êîòîðûõ òàéíî ïðèøèòû äàò÷èêè.
IV. Õàêêåðû.
Òàê êàê òåîðèÿ êðèïòîãðàôèè ôàêòè÷åñêè íàöåëåíà íà áîðüáó ñ õàêêåðàìè [1�3], â íàñòîÿ-

ùåå âðåìÿ çàùèùåííîñòü îò õàêêåðîâ � íàäåæíàÿ è ñëó÷àéíûå äîñòèæåíèÿ õàêêåðîâ âîñïðè-
íèìàþòñÿ ñêîðåå êàê ñåíñàöèè, ñïîñîáñòâóþùèå äàëüíåéøåìó ðàçâèòèþ òåîðèè.

Ñ îïàñíîñòÿìè òèïà III äîâîëüíî ëåãêî áîðîòüñÿ, õîòÿ è òðåáóþòñÿ íåêîòîðûå ôèíàíñîâûå
çàòðàòû è âðåìÿ. Áîðüáà ñ îïàñíîñòÿìè òèïà II áîëåå äîðîãîñòîÿùàÿ, ïîýòîìó àëãîðèòìû è
ïðîãðàììû äåøåâëå ñîçäàâàòü â ðåñïóáëèêå è äëÿ ýòîãî êàäðîâûé ïàòåíöèàë èìååòñÿ ó íàñ â
èçáûòêå. ×òî êàñàåòñÿ îïàñíîñòåé òèïà I, áîðüáà ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ âåñüìà òðóäíà

Keywords: Cryptography, information protection
2000 Mathematics Subject Classi�cation: 94A60
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è ýòà çàäà÷à, ñêîðåå âñåãî, ÿâëÿåòñÿ äåëîì ðóêîâîäñòâà. Òåì íå ìåíåå ïðåäëàãàåìûé íàìè ìåòîä
ìîæåò íàéòè ýôôåêòèâíîå ïðèìåíåíèå â áîðüáå ñ òðóäíîñòÿìè è ýòîãî òèïà.

Äëÿ ðåøåíèÿ êëàññè÷åñêîé çàäà÷è êðèïòîãðàôèè, îáñëóæèâàþùåé òàéíûé îáìåí èíôîðìà-
öèÿìè, ñóùåñòâóþò ðàçëè÷íûå ìåòîäû â çàâèñèìîñòè îò ðàññìàòðèâàåìîé ñèòóàöèè. Â äàííîé
ðàáîòå, íàìè ïðåäëàãàþòñÿ ìåòîäû ðåøåíèÿ èíîé ïðîáëåìû, ãäå ñóáúåêòó A, ó êîòîðîãî ñëà-
áåíüêèå âû÷èñëèòåëüíûå ñðåäñòâà, íàäî ðåøèòü ñëîæíóþ çàäà÷ó ñ ïîìîùüþ âû÷èñëèòåëüíûõ
ñðåäñòâ ñóáúåêòà C, ñîõðàíèâ ïðè ýòîì â ñåêðåòå îò C íåêîòîðûå äàííûå ðàññìàòðèâàåìîé
çàäà÷è. Ñóáúåêò C, âû÷èñëèòåëüíûìè ñðåäñòâàìè êîòîðîãî A æåëàåò âîñïîëüçîâàòüñÿ, ìîæåò
áûòü êîìïüþòåðíîé ñèñòåìîé, âûõîä ê êîòîðîìó îáåñïå÷èâàåòñÿ ÷åðåç îáùåñòâåííûå ñðåä-
ñòâà ñâÿçè, èëè ýòî ïàðòíåð, âûïîëíÿþùèé çàäàíèå A íà äîãîâîðíîé îñíîâå. Â êà÷åñòâå C
ìîãóò âûñòóïèòü ñîáñòâåííûå âû÷èñëèòåëüíûå ìàøèíû, òàê êàê èç-çà íåäîáðîñîâåñòíûõ èëè
áåñïå÷íûõ ñîòðóäíèêîâ âîçìîæíà óòå÷êà èíôîðìàöèè èëè â íèõ òàéíî ïðèøèòû äàò÷èêè. Â
ðàññìàòðèâàåìîì êëàññå çàäà÷ ïðè ôîðìàëèçàöèè ïàðòíåð îäíîâðåìåííî ÿâëÿåòñÿ è ïðîòèâ-
íèêîì è ïîñëàííûé åìó òåêñò ïðåäñòàâëÿåò çàäà÷ó, êàê ïðàâèëî, ñëîæíóþ, êîòîðóþ îí äîëæåí
ðåøèòü â øèôðîâàííîì âèäå è âåðíóòü ðåøåíèå òàêæå â øèôðîâàííîì âèäå, íå çíàÿ êëþ÷è
ðàñøèôðîâêè.

Èòàê, íàøó ñòîðîíó, êîòîðàÿ íå â ñîñòîÿíèè ñîáñòâåííûìè ñèëàìè ñïðàâèòüñÿ ñ çàäà÷åé
èç-çà îòñóòñòâèè ñîîòâåòñòâóþùèõ âû÷èñëèòåëüíûõ ñðåäñòâ, îáîçíà÷èì áóêâîé A, à ÷åðåç C
îáîçíà÷èì ñîâîêóïíîñòü âû÷èñëèòåëüíûõ ñðåäñòâ, âñå âèäû îáùåñòâåííîé ñâÿçè è ïàðòíåðà,
êîòîðûé ìîæåò áûòü ïðîòèâíèêîì, èëè ñâîèõ æå íåäîáðîñîâåñòíûå ñîòðóäíèêîâ.

Òåïåðü ïðèâåäåì íåñêîëüêî ïðîñòûõ ïðèìåðîâ.
1. Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî (èëè áàíàõîâî), L � ëèíåéíûé îïåðàòîð ñ îáëàñòüþ

îïðåäåëåíèÿ D(L) ⊆ H. Íóæíî ðåøèòü óðàâíåíèå

Lx = f

îòíîñèòåëüíî x. Ïî óñëîâèþ ðåøåíèå x è ïðàâàÿ ÷àñòü f äîëæíû îñòàâàòüñÿ â ñåêðåòå.
Ïóñòü ýëåìåíò w ∈ D(L). Âû÷èñëèì Lw (ïðåäïîëîæèì, ìû ñàìè ìîæåì åãî âû÷èñëèòü).

Îáîçíà÷èì ÷åðåç g ýëåìåíò
g ≡ f − Lw.

Òåïåðü C ðåøàåò óðàâíåíèå
Ly = g.

Ïîñêîëüêó L(x− w) = f − Lw = g, òî èñêîìîå ðåøåíèå äàåòñÿ ôîðìóëîé

x = y + w.

Òàê êàê w âûáðàí íàìè, òî èç ïîñëåäíåé ôîðìóëû ìû ïîëó÷àåì x. Ñóáúåêò C íå ìîæåò îïðå-
äåëèòü x, òàê êàê îí ïîëó÷àåò îäíî óðàâíåíèå ñ äâóìÿ íåèçâåñòíûìè. Çàäà÷à ðåøåíà.

Òàêèå çàäà÷è îñîáåííî ÷àñòî âñòðå÷àþòñÿ â ýêîíîìèêå. Âîîáùå, åñëè íåêîòîðûé ïðîöåññ
îïèñûâàåòñÿ ëèíåéíîé ìàòåìàòè÷åñêîé ìîäåëüþ, ìû ëåãêî ðåøàåì çàäà÷ó âûøåóêàçàííûì
ñïîñîáîì. Òàêèì ìåòîäîì ðåøàþòñÿ âñå ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ.

2. Ïóñòü òðåáóåòñÿ ðåøèòü êðàåâóþ çàäà÷ó
{

y′′ + q(t)y = f(t)
y(0) = 0, y(1) = 0.

Çäåñü ðåøåíèå y(t) è f(t) � ñåêðåòíûå ôóíêöèè.
Ðåøåíèå äàåòñÿ ñïîñîáîì, îïèñàííûì â 1 ïóíêòå, ãäå L � äèôôåðåíöèàëüíûé îïåðàòîð.
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3. Ïóñòü äàíà çàäà÷à {
y′′ + q(t)y = f(t),
y(0) = s1, y(1) = s2.

Íóæíî íàéòè ðåøåíèå ýòîé çàäà÷è, ñîõðàíèâ â ñåêðåòå êðàåâûå óñëîâèÿ s1 è s2 îò C.
Ïóñòü y1 è y2 � ëþáàÿ ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ, y3 �

ëþáîå ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ. Ýòè ðåøåíèÿ C ìîæåò ïîëó÷èòü ëþáûì
èçâåñòíûì ñïîñîáîì, ñîñòàâëÿÿ ðàçíîñòíóþ ñõåìó.
Òîãäà îáøåå ðåøåíèå, êàê èçâåñòíî, äàåòñÿ ôîðìóëîé

y = c1y1 + c2y2 + y3,

ãäå c1 è c2 � ïðîèçâîëüíûå ïîñòîÿííûå.
×òîáû íàéòè èñêîìîå ðåøåíèå êðàåâîé çàäà÷è, äëÿ A îñòàåòñÿ ðåøèòü ñèñòåìó àëãåáðà-

è÷åñêèõ óðàâíåíèé îòíîñèòåëüíî c1 è c2 :
{

c1y1(0) + c2y2(0) + y3(0) = s1,
c1y1(1) + c2y2(1) + y3(1) = s2.

Èç ýòîé ñèñòåìû c1 è c2 îïðåäåëÿþòñÿ îäíîçíà÷íî. Òåì ñàìûì A íàõîäèò èñêîìîå ðåøåíèå
êðàåâîé çàäà÷è.

Ýòîò ïðèåì ïðèìåíèì äëÿ âñåõ ëèíåéíûõ óðàâíåíèé.
4. Ðàññìîòðèì íåëèíåéíîå óðàâíåíèå

y′′ + a(t)y′2 + b(t)y′y + c(t)y2 + d(t)y′ + r(t)y = f(t)

ñ êðàåâûìè óñëîâèÿìè
y(0) = y(1) = 0.

Çäåñü a(t), b(t), c(t), d(t), r(t) è f(t) � ñåêðåòíûå ôóíêöèè. Ñäåëàåì çàìåíó

x = ϕ(t),

y(t) = m(t)v(t) + l(t).

Çäåñü m(t), l(t) è ϕ(t) � ôóíêöèè, èìåþùèå ïåðâûå è âòîðûå íåïðåðûâíûå ïðîèçâîäíûå è
óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

ϕ(t) � ìîíîòîííî âîçðàñòàåò,
ϕ(0) = 0, ϕ(1) = 1,
m(t) > 0, l(0) = l(1) = 0.

Ïîñëå òàêîé çàìåíû ïîëó÷èì óðàâíåíèå âèäà

α1v
′′
xx + α2v

′
x
2 + α3v

′
xv + α4v

2 + α5v
′
x + α6v = g(x)

ñ êðàåâûìè óñëîâèÿìè
v(0) = v(1) = 0.

Ðàçäåëèâ ýòî óðàâíåíèå íà α1(x), ïîëó÷åííîå óðàâíåíèå îòïðàâèì C, êîòîðûé âîçâðàòèò ðåøå-
íèå ïîñëåäíåé çàäà÷è. Åñëè òåïåðü v(x) � ðåøåíèå ýòîé çàäà÷è, òî ðåøåíèå èñõîäíîé çàäà÷è
ïîëó÷àåì ñ ïîìîùüþ ïðîäåëàííîé çàìåíû. Òî, ÷òî ñåêðåòíûå äàííûå ýòîé çàäà÷è äåéñòâèòåëü-
íî îñòàþòñÿ òàéíîé, ïîêàçûâàåòñÿ ýëåìåíòàðíî.

5. Ðàññìîòðèì çàäà÷ó { −y′′ + y3 = f(t),
y(0) = y(1) = 0.
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Çäåñü f(t) � ñåêðåòíàÿ ôóíêöèÿ. Ïðåäïîëàãàåòñÿ, ÷òî ïðîòèâíèê çíàåò âèä óðàâíåíèÿ. Â îò-
ëè÷èè îò ïðåäûäóùåé çàäà÷è, íåñìîòðÿ íà ïðîñòîé âèä ïîëó÷èòü çàøèôðîâàííîå ðåøåíèå
ñëîæíåå. Â çàäà÷àõ 1,2,3,4 ìû ïðèäóìûâàëè î÷åíü ïðîñòûå ïóòè ðåøåíèÿ. Â ñëó÷àå 5 àâòî-
ðû ïîêà íå çíàþò ïðîñòîãî ïóòè ðåøåíèÿ çàäà÷è. Ïðåäëîæèì äëÿ ïîñòàâëåííîé çàäà÷è ìåòîä
ïðèáëèæåííîãî ðåøåíèÿ.

Âîçüìåì ôóíêöèþ äâóõ ïåðåìåííûõ

F (t, λ), 0 ≤ t ≤ 1, λ ∈ Ω,

ãäå Ω � îòêðûòàÿ îáëàñòü â êîìïëåêñíîé ïëîñêîñòè. Âûáîð F (t, λ) ïîä÷èíèì óñëîâèÿì a) è
b) :
a) F (t, λ) â Ω àíàëèòè÷íà ïî λ ïðè âñåõ t ∈ [0, 1],
b) ïðè íåêîòîðîì λ0 ∈ Ω F (t, λ0) = f(t).
Âîçüìåì íåêîòîðóþ çàìêíóòóþ îáëàñòü D, ñîäåðæàùóþñÿ âìåñòå ñ íåêîòîðîé îêðåñòíîñòüþ â
Ω, è òî÷êè λ1, λ2, ..., λn ∈ ∂D, ∂D � ãðàíèöà D.

Òåïåðü A ïîïðîñèò C ðåøèòü çàäà÷è
{ −y′′j + y3

j = F (t, λj), j = 1, 2, ..., n,

yj(0) = yj(1) = 0.

Ðåøåíèå y(t, λ) çàäà÷è −y′′ + y3 = F (t, λ), y(0) = y(1) = 0 îò λ çàâèñèò àíàëèòè÷åñêè,
ïîýòîìó, çíàÿ y(t, λ), ïî ôîðìóëå Êîøè èìååì

y(t) ≡ y(t, λ0) =
1

2πi

∫

∂D

y(t, λ)
λ− λ0

dλ. (1)

Åñëè òî÷êè λj (j = 1, 2, ..., n), ðàñïîëîæåíû íà ∂D áîëåå-ìåíåå ðàâíîìåðíî, òî èíòåãðàë
(1) ìîæíî âû÷èñëèòü ïðèáëèæåííî, èñïîëüçóÿ y(t, λj), êîòîðûå äëÿ A âû÷èñëÿåò C. Òàê êàê
âûáîðîì òî÷êè λ0 ðàñïîðÿæàåòñÿ A, òî C íå ñìîæåò îïðåäåëèòü f(t).

Âû÷èñëÿÿ ïðèáëèæåííî èíòåãðàë ïî çíà÷åíèÿì y(t, λj), êàê ïðàâèëî, ìîæíî ðåøèòü èñ-
õîäíóþ çàäà÷ó ìåòîäîì ïðîãîíêè. Ìû ïðèâåëè ýòîò ïðèìåð äëÿ äåìîíñòðàöèè âîçìîæíîñòè
èñïîëüçîâàíèÿ òåîðèè àíàëèòè÷åñêèõ ôóíêöèé. Åñëè âìåñòî òàêîé ïðîñòîé çàäà÷è ïîòðåáóåòñÿ
ðåøàòü êðàåâóþ çàäà÷ó äëÿ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè, òî, êàê ïðàâèëî, âîçíèêàåò
íåîáõîäèìîñòü èñïîëüçîâàíèÿ ìîùíûõ âû÷èñëèòåëüíûõ ñðåäñòâ. Ïîýòîìó èäåÿ èñïîëüçîâàíèÿ
ôîðìóëû Êîøè îïðàâäàíà.

6. Ïóñòü M, M+, M− � ìåòðè÷åñêèå ïðîñòðàíñòâà. Ïðåäïîëîæèì, ÷òî G åñòü íåêîòîðîå
ïðåîáðàçîâàíèå, ïåðåâîäÿùåå ïàðó (x, f), x ∈ M+, f ∈ M− â íåêîòîðûé ýëåìåíò èç M , ò.å.

G : (M+ ×M−) → M.

Ðàññìîòðèì óðàâíåíèå
G(x, f) = d ∈ M. (2)

Íàì ïðè êîíêðåòíîì f ∈ M− íåîáõîäèìî ðåøèòü óðàâíåíèå (2) îòíîñèòåëüíî x. Çäåñü f , x
ÿâëÿþòñÿ ñåêðåòàìè äëÿ C.

Äàëåå, ïóñòü M̃, M̃+, M̃− � ìåòðè÷åñêèå ïðîñòðàíñòâà è G̃, T̃ , K̃ � îòîáðàæåíèÿ:

G̃ : (M̃+ × M̃−) → M̃,

T̃ : M− → M̃−,

K̃ : M → M̃.
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Ðàññìîòðèì óðàâíåíèå
G̃(x̃, T̃ f) = K̃d ≡ d̃

îòíîñèòåëüíî íåèçâåñòíîãî x̃.
Ïðåäïîëîæèì, ÷òî ïðåîáðàçîâàíèå Ã âîññòàíàâëèâàåò ïî ðåøåíèþ G̃(x̃, T̃ f) = d̃ ðåøåíèå

G(x, f) = d ïî ôîðìóëå
x = Ã(x̃) ≡ Ã(x̃, f, d, K̃, T̃ ). (3)

Òåïåðü A çàêàçûâàåò C ðåøèòü óðàâíåíèå

G̃(x̃, f̃) = d̃, (4)

ãäå f̃ = T̃ f, d̃ = K̃d. Ïîëó÷èâ x̃ îò C, A âîññòàíàâëèâàåò ïî ôîðìóëå (3) çíà÷åíèå x.
Òàê êàê C äîëæåí ðåøèòü (4), òî íåîáõîäèìî, ÷òîáû C çíàë M̃+, M̃−, G̃, d̃, f̃ . Êðîìå òîãî,

ïðåäïîëàãàåì, ÷òî C çíàåò G, M+, M−. Ïîýòîìó A äîëæåí èìåòü G̃, M̃+, M̃−, T̃ è Ã òàêèå,
÷òî

a) âûøåóïîìÿíóòûå çíàíèÿ íå ïîçâîëÿþò C âû÷èñëèòü x âîîáùå, ëèáî çà ïðèåìëåìîå äëÿ
íåãî âðåìÿ;

b) A, ó êîòîðîãî ñëàáåíüêèå âû÷èñëèòåëüíûå ñðåäñòâà, ìîæåò ïî x̃ âîññòàíîâèòü x = Ã(x̃)
çà ïðèåìëåìîå äëÿ íåãî âðåìÿ.

Ïðè ðåøåíèè çàäà÷ 1�4 ìû ïî ñóùåñòâó äåéñòâîâàëè ïî ýòîé ñõåìå. Â àáñòðàêòíîé ïîñòàíîâ-
êå ýòà çàäà÷à íå íóæäàåòñÿ â òîì, ÷òîáû L = {M, M+, M−, M̃ , M̃−, M̃+} áûëè ìåòðè÷åñêèìè
ïðîñòðàíñòâàìè. Íî çàäà÷è, äåéñòâèòåëüíî èìåþùèå ïðèêëàäíûå çíà÷åíèÿ, êàê ïðàâèëî, íå
èìåþò òî÷íîãî ðåøåíèÿ èëè òðåáóþò âåñüìà ñëîæíûõ ïîñòðîåíèé. Êðîìå òîãî, òî÷íûå ðåøå-
íèÿ îáû÷íî íå íóæíû. Ïîýòîìó ìû ñ÷èòàåì, ÷òî L � ìåòðè÷åñêèå ïðîñòðàíñòâà, èáî íàëè÷èå
ìåòðèê ïîçâîëÿåò ðåøàòü çàäà÷è ïðèáëèæåííî è ïîòîìó öåëåñîîáðàçíî ó÷åñòü ýòîò ìîìåíò ñ
ñàìîãî íà÷àëà ïðè ïîñòàíîâêå êîíêðåòíîé çàäà÷è.

Èòàê, C çíàåò M+,M−,M,G, M̃+, M̃−, M̃ , f̃ , d̃ è ìîæåò ðåøèòü óðàâíåíèå (2) è (4) è ñîîá-
ùàåò ðåøåíèå (4) ñóáúåêòó A.

Ñóáúåêò A íå ìîæåò ðåøèòü íè îäíî èç óðàâíåíèé (2) è (4). Íî ïî ðåøåíèþ (4) ïðè f̃ =
T̃ f, d̃ = K̃d ìîæåò âîññòàíîâèòü x çà ïðèåìëåìîå äëÿ íåãî âðåìÿ.

C, çíàÿ M+,M−,M,G, M̃+, M̃−, M̃ , f̃ , d̃, íå ìîæåò çà ïðèåìëåìîå âðåìÿ íàéòè x.

Ýòó çàäà÷ó áóäåì íàçûâàòü (*)-çàäà÷åé.
Â (*)-çàäà÷å ïðåäïîëàãàåòñÿ, ÷òî C íå çíàåò f, d, T̃ , K̃. Â çàäà÷àõ, èìåþùèõ äåéñòâèòåëüíî

ïðèêëàäíûå çíà÷åíèÿ, C ìîæåò çíàòü íåêîòîðûõ èç ýòîé ÷åòâåðêè. Ïîýòîìó ìîæíî ïîòðåáî-
âàòü, ÷òîáû C, çíàÿ M+,M−,M,G, M̃+, M̃−, M̃ , f̃ , d, d̃, T̃ , K̃, íå ìîã çà ïðèåìëåìîå âðåìÿ îïðå-
äåëèòü x è f .

Òàêóþ ïîñòàíîâêó çàäà÷è íàçîâåì (**)-çàäà÷åé.
Èçâåñòíî, ÷òî êëàññè÷åñêàÿ çàäà÷à êðèïòîãðàôèè, îáñëóæèâàþùàÿ òàéíûé îáìåí èíôîð-

ìàöèÿìè äâóõ ñóáúåêòîâ, èìååò ìíîæåñòâî ðåøåíèé, íàõîæäåíèå êîòîðûõ ïðèâîäèò ê ïðîáëå-
ìå ðàçëîæåíèÿ áîëüøèõ ÷èñåë íà ïðîñòûå ìíîæèòåëè è ê ïðîáëåìå äèñêðåòíîãî ëîãàðèôìà.
×òî êàñàåòñÿ çàäà÷ (*) è (**), òî â îáùåì âèäå èõ ðåøèòü, ñêîðåå âñåãî, íåâîçìîæíî. Îäíàêî,
ñóæàÿ êëàññ óðàâíåíèé (2), èíîãäà ìîæíî íàéòè ðåøåíèÿ. Ýòèìè âîïðîñàìè ìû çàéìåìñÿ â
äàëüíåéøèõ ðàáîòàõ. Â ýòîé ðàáîòå ìû áóäåì ðåøàòü êîíêðåòíûå çàäà÷è.

Îòìåòèì, ÷òî äëÿ èñïîëüçîâàíèÿ èäåé êëàññè÷åñêîé òåîðèè êðèïòîãðàôèè ìîæíî âçÿòü
ìåòðè÷åñêèå ïðîñòðàíñòâà â çàäà÷àõ (*) è (**) äèñêðåòíûìè. Â ýòîì ñëó÷àå íàëè÷èå ìåòðèêè
îêàæåòñÿ èçëèøíèì.

Ðàññìîòðèì îáùåå óðàâíåíèå (2) èç (*)-çàäà÷è

G(x, f) = d ∈ M, x ∈ M+, f ∈ M−.
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Âîçüìåì ñëó÷àéíûå ýëåìåíòû f1, ..., fN è d1, ..., dN èç M− è M, ñîîòâåòñòâåííî, îäíà ïàðà èç
êîòîðûõ (fi0 , di0) ñîâïàäàåò ñ (f, d). A ïðîñèò C ðåøèòü åìó çàäà÷è

G(xi, fi) = di, i = 1, , 2, ..., N.

C, âûïîëíèâ ïðîñüáó A, ïåðåäàåò åìó íàáîð (x1, x2, ..., xN ). A áåðåò xi0 . C, õîòÿ è çíàåò, ÷òî
ñðåäè ïàð (fi, fi) (i = 1, 2, ..., N) íàõîäèòñÿ (f, d), íå ñìîæåò ðàñïîçíàòü íóæíóþ ïàðó. Ïðåäëî-
æåííûé ñïîñîá � ïðîñòîå ðåøåíèå (*)-çàäà÷è, íî èìååò óÿçâèìûå ìåñòà: áîëüøîå êîëè÷åñòâî
íàáîðîâ ïàð {fi, di}N

i=1 âûçîâåò òðóäíîñòè êàê ó A, òàê è ó C. Êðîìå òîãî, íà ïðàêòèêå C ìîæåò
èìåòü äîïîëíèòåëüíûå èíôîðìàöèè äëÿ ðàñïîçíàâàíèÿ ïàðû (f, d) ñðåäè {fi, di}N

i=1.
7. Ðàññìîòðèì çàäà÷ó { −y′′ + y3 = at3,

y(0) = y′(0) = 0.
(5)

Ïðåäïîëîæèì, ÷òî íàì íåîáõîäèìî âû÷èñëèòü y(1). Ñåêðåòîì ÿâëÿåòñÿ a.
Ïîëîæèì y = αv, t = βη. Òîãäà âìåñòî (5) ïîëó÷èì

{ −αβ−2v′′ + α3v3 = aβ3η3,
v(0) = v′(0) = 0.

Èëè, ïîëàãàÿ α = β−1, èìååì { −v′′ + v3 = aβ6η3,
v(0) = v′(0) = 0.

(5′)

Âûáåðåì ñëó÷àéíîå ÷èñëî m òàêîå, ÷òî m > 2β−1. Òåïåðü ïîïðîñèì C ðåøèòü óðàâíåíèå (5′)
íà (0,m). Çíàÿ v(η), ìû áåðåì åãî çíà÷åíèå â òî÷êå η = β−1. Èìååì y(1) = β−1v(β−1). Òàê êàê
C çíà÷åíèå β íå çíàåò, îí íå ñìîæåò óçíàòü a.

8. Çàäà÷à, êîòîðóþ ðàññìîòðèì â ýòîì ïóíêòå, ÿâèëàñü îäíîé èç ïðè÷èí âîçíèêíîâåíèÿ
òîé íîâîé çàäà÷è òåîðèè êðèïòîãðàôèè, êîòîðîé ïîñâÿùåíû ýòè ðàáîòû. ×òîáû íå çàñëîíèòü
èäåéíûå ìîìåíòû, ìû ðàññìàòðèâàåì óïðîùåííóþ ïîñòàíîâêó îäíîé çàäà÷è, ñâÿçàííîé ñ îá-
ðàáîòêîé èíôîðìàöèè.

Ïóñòü Ω � ïëîñêàÿ îáëàñòü, â ïðåäåëàõ êîòîðîé îáíàðóæåíî íàëè÷èå ïîëåçíûõ èñêîïàåìûõ.
Äîïóñòèì, ÷òî äëÿ ñîñòàâëåíèÿ êàðòû ðàñïðåäåëåíèÿ ïîëåçíûõ èñêîïàåìûõ ñíÿòû ïðîáû èç N
òî÷åê z1, z2, ..., zN , (zi = (xi, yi) ∈ Ω, i = 1, 2, ...N) è â êàæäîé òî÷êå zi îïðåäåëåí âåêòîð u(i) =
ui(zi) = (ui1, ..., uik), (1 ≤ k < ∞), êîìïîíåíòû êîòîðîãî ÿâëÿþòñÿ íîñèòåëÿìè èíôîðìàöèè. Â
äàííîì ñëó÷àå ñåêðåòíûìè äîëæíû áûòü u(i)(i = 1, 2, ..., N). ×òî êàñàåòñÿ ñàìèõ òî÷åê zi, òî
çàñåêðå÷èâàòü èõ íå èìååò ñìûñëà, òàê êàê ñòîðîíà ïðîòèâíèêîâ ìîæåò èñïîëüçîâàòü äàííûå
ñâîåé ðàçâåäêè ñî ñïóòíèêîâ è îáíàðóæèòü òî÷êè zi (i = 1, 2, ..., N). Íàïðèìåð, åñëè zi � òî÷êè
áóðåíèÿ íåôòÿíûõ ñêâàæèí, òî ñïóòíèêè õîðîøî "âèäÿò" èõ.

Öåëü ñîñòàâëåíèÿ êàðòû � ïî äàííûì â òî÷êå zi (i = 1, 2, ..., N) âûïèñàòü âåêòîð-ôóíêöèþ
u(x, y) = u(z), îïðåäåëåííóþ äëÿ âñåõ òî÷åê z = (x, y) ∈ Ω. Ýòà çàäà÷à ïî ñàìîìó ñìûñëó
ìîæåò áûòü ðåøåíà ïðèáëèæåííî.

Çà ïðåäåëàìè îáëàñòè Ω ïîëåçíûå èñêîïàåìûå, ïî ïðåäïîëîæåíèþ, îòñóòñòâóþò. Ïîýòîìó
ôóíêöèÿ u äîëæíà óäîâëåòâîðÿòü óñëîâèþ

u|∂Ω
= 0, (6)

ãäå ∂Ω � ãðàíèöà Ω. Êðîìå ýòîãî, ãðàäèåíò âåêòîð-ôóíêöèè u äîëæåí áûòü íå î÷åíü áîëüøîé.
Ïîýòîìó áóäåì èñêàòü u êàê âåêòîð-ôóíêöèþ, äîñòàâëÿþùóþ ìèíèìóì ôóíêöèîíàëó

J(u) =
N∑

i=1

∣∣∣u(zi)− u(i)
∣∣∣
2
+

∫

Ω

(∣∣∣∣
∂u

∂x

∣∣∣∣
2

+
∣∣∣∣
∂u

∂y

∣∣∣∣
2
)

dxdy. (7)
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Ââîäÿ δ�ôóíêöèþ Äèðàêà, (7) ïåðåïèøåì â âèäå

J(u) =
N∑

i=1

∫

Ω

∣∣∣u(x, y)− u(i)
∣∣∣
2
δ(xi, yi) dxdy +

∫

Ω

(∣∣∣∣
∂u

∂x

∣∣∣∣
2

+
∣∣∣∣
∂u

∂y

∣∣∣∣
2
)

dxdy. (7′)

Âîçüìåì áåñêîíå÷íî ãëàäêóþ ôèíèòíóþ íåîòðèöàòåëüíóþ ôóíêöèþ (øàïêà Ñîáîëåâà) ψ(z) =
ψ(x, y), èíòåãðàë îò êîòîðîé ðàâåí åäèíèöå

ψ(x, y) ≥ 0,

∫

R2

ψ(x, y)dxdy = 1. (8)

Ïóñòü ε > 0 � ìàëîå ÷èñëî. Âìåñòî (7′) áóäåì ìèíèìèçèðîâàòü ôóíêöèîíàë

J(ε, u) =
1
ε2

N∑

i=1

∫

Ω

∣∣∣u(x, y)− u(i)
∣∣∣
2
ψ

(
x− xi

ε
,
y − yi

ε

)
dxdy +

∫

Ω

(∣∣∣∣
∂u

∂x

∣∣∣∣
2

+
∣∣∣∣
∂u

∂y

∣∣∣∣
2
)

dxdy. (9)

Ôóíêöèÿ ε−2 ·ψ(zε−1) ïðè ε → 0 ñòðåìèòñÿ ê δ-ôóíêöèè Äèðàêà (â ñìûñëå ðàñïðåäåëåíèÿ). Òàê
êàê çàäà÷ó ìû ñ ñàìîãî íà÷àëà ñîáèðàåìñÿ ðåøèòü ïðèáëèæåííî, ïåðåõîä îò (7) ê (9) îïðàâ-
äàí. Äëÿ ìèíèìèçàöèè (9) èñïîëüçóåì îáû÷íûé âàðèàöèîííûé ïðèåì. Ïîëó÷èì, ÷òî ôóíêöèÿ,
äîñòàâëÿþùàÿ ìèíèìóì ôóíêöèîíàëó J(ε, u), åñòü ðåøåíèå çàäà÷è





N∑
i=1

ψi · (u(x, y)− u(i))−∆u = 0,

u|∂Ω
= 0,

ãäå
ψi = ε−2ψ

(
x− xi

ε
,
y − yi

ε

)
.

Èëè



−∆u +

(
N∑

i=1
ψi

)
u =

N∑
i=1

ψiu
(i),

u|∂Ω
= 0.

(10)

Äàëåå ïîïðîñèì C ðåøèòü çàäà÷è



−∆wj +

N∑
i=1

ψiw
j = ψj ,

wj |∂Ω
= 0

äëÿ j = 1, 2, ..., N. Ïîñêîëüêó ψi ≥ 0 è ψi � áåñêîíå÷íî ãëàäêèå, ïîñëåäíÿÿ çàäà÷à êîððåêòíà.
Ïîëó÷èâ îò C ðåøåíèÿ w1, w2, ..., wN ýòèõ çàäà÷, ïî ôîðìóëå

u(x, y) =
N∑

i=1

u(i)wi(x, y)

ìû íàõîäèì ðåøåíèå (10).
Òàêèì îáðàçîì, ìû ïîñòðîèëè âåêòîð-ôóíêöèþ u(x, y). Çíà÷åíèÿ âåêòîðîâ u(i) îñòàëèñü

ñîâåðøåííî ñåêðåòíûìè äëÿ C.
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1. I n t r o d u c t i o n. In this paper a problem of testing of a compound parametric hypothesis
H0, according to which the probability distribution function of n independent identically distributed
(i.i.d.) random variables X1, X2, ..., Xn belongs to the family of logistic distributions G(x−θ1

θ2
) depen-

ding on the shift parameter θ1 and scale parameter θ2 is considered.

P{X1 ≤ x | H0} = F (x; θ) = G

(
x− θ1

θ2

)
=

1

1 + exp{− π√
3

(
x−θ1

θ2

)
}
, x ∈ R1, θ1 ∈ R1, θ2 > 0.

Under H0 the density function of Xi is

f(x; θ) =
1
θ2

g

(
x− θ1

θ2

)
=

π√
3θ2

exp
(
− π√

3
x−θ1

θ2

)

[
1 + exp

(
− π√

3
x−θ1

θ2

)]2 , x ∈ R1. (1)

Consider the case of r equiprobable intervals with random ends such that

p1(θ) = ... = pr(θ) = 1/r (2)

and let
−∞ = y0(θ) < y1(θ) < ... < yr(θ) = +∞,

where
yi(θ) = F−1(p1(θ) + ... + pi(θ)) =

√
3θ2

π
ln(

i

r − i
) + θ1, i = 1, r − 1. (3)

Keywords: logistic distribution, method of moments, modi�ed chi-squared tests, EDF tests, power of goodness-of-�t
tests.
2000 Mathematics Subject Classi�cation: 62F03, 65C05
c N. Pya, 2004.
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Denote V(n) a column r-vector of a standardized grouped frequency with components

v
(n)
i = (npi(θ))1/2(N (n)

i − npi(θ)), i = 1, r,

where
N

(n)
i =6= {i : Xi ∈ (yj−1(θ), yj(θ)), i = 1, n},

pj(θ) =
∫ yj(θ)

yj−1(θ)
dF (x; θ), j = 1, r.

If the estimators θ̃1 and θ̃1 for the unknown parameters θ1 and θ2 are the point of minimum of
the statistic

X2
n(θ) =

r∑

i=1

[N (n)
i − npi(θ)]2

npi(θ)
,

then under certain regularity conditions the Pearson's statistic X2
n(θ) possesses in the limit under

n → ∞ the chi-squared distribution with r − 3 degrees of freedom (Fisher(1928), Cramer (1946)).
But if θ is estimated by the non-grouped data X1, X2, ..., Xn then the limit distribution of this
statistic depends on the asymptotic properties of an estimator θ∗n.

In this paper an application of the Dzaparidze-Nikulin (Dzaparidze, Nikulin (1974)) and Mirva-
liev's statistics (Mirvaliev (2001)) for the logistic distribution is considered. An iterative procedure
of obtaining of an asymptotically e�cient estimator proposed by Fisher (1925) is applied for a
non-e�ective method of moments estimator (MME) in the Nikulin-Rao-Robson statistic (Nikulin
(1973a, 1973b), Rao and Robson (1974)). The power of these modi�ed chi-squared tests for di�erent
number of r equiprobable intervals with random ends is investigated. A power comparison with the
Anderson-Darling statistic as the most powerful one among goodness-of-�t tests based on EDF (the
empirical distribution function) (Colin Chen (2002)) is studied.
2. T h e c h i - s q u a r e d g o o d n e s s - o f - f i t t e s t s f o r t h e l o g i s -
t i c d i s t r i b u t i o n. For the r equiprobable intervals with random ends

pi(θ) = 1/r, i = 1, r

let q = (p1/2
1 (θ), ..., p1/2

r (θ))T , and B be r × s matrix with elements

1√
pi(θ)

∂pi(θ)
∂θj

, i = 1, ..., r, j = 1, 2. (4)

Using the orthogonal decomposition of the r-dimensional identity matrix Mirvaliev (2001) showed
that

X2
n(θ) = U2

n(θ) + W2
n(θ), (5)

where
U2

n(θ) = V(n)T [I− qqT −B(BTB)−BT]V(n) (6)

and
W2

n(θ) = V(n)TB(BTB)−BTV(n). (7)

The idempotent quadratic forms U2
n(θ) and W2

n(θ) are generalized chi-squared type statistics, which
are invariant with respect to the way of the matrix BTB inverting. It is supposed here that the rank
of B equals s. If an estimator θ∗n is e�cient (e.g. MLE), then statistics U2

n(θ∗n) and W2
n(θ∗n) will be

asymptotically independent. Otherwise (if e.g. θ∗n is MME θ̄n) they will be asymptotically correlated
(Mirvaliev (2001)).
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It is well known that if θ is replaced by a consistent estimator θ∗n then the Pearson's statistic
X2

n(θ∗n) will not be distributions free in the limit.
For the MME one can use the Mirvaliev's statistic Y22(θ̄n) (??), which under rather general

conditions possesses in the limit the chi-squared probability distribution χ2
r−1, the sum W2

n(θ̄n) +
R2

n(θ̄n) − Q2
n(θ̄n) being asymptotically independent on U2

n(θ̄n) and distributed as χ2
s (Mirvaliev

(2001)). The Mirvaliev's test can be written down as

Y22(θ̄n) = U2
n(θ̄n) + W2

n(θ̄n) + R2
n(θ̄n)−Q2

n(θ̄n), (8)

where
R2

n(θ̄n) = V(n)TCn

(
Vn −CT

nCn

)−1CT
nV(n), (9)

Q2
n(θ̄n) = V(n)TAn

(
Cn −BnK−1

n Vn

)
L−1

n

(
Cn −BnK−1

n Vn

)T
AnV(n), (10)

Kn = K(θ̄n), Vn = V(θ̄n), Cn = C(θ̄n),

An = I− qqT + Cn(Vn −CT
n Cn)−1CT

n

and
Ln = Vn + (Cn −BnK−1

n Vn)TAn(Cn −BnK−1
n Vn),

C is r × 2 matrix with elements

p
−1/2
i (θ)

(∫

∆i

gj(x)f(x;θ)dx− pi(θ)mj(θ)
)

, i = 1, ..., r, j = 1, 2,

V = (ϑij), ϑij = mij −mimj ,

where
mij = E

[
gi(X)gj(X)

]
, i, j = 1, 2

and K is 2×2 matrix with elements
∫

gi(x)
∂f(x; θ)

∂θj
dx. i, j = 1, 2.

Consider r equiprobable intervals with random ends (??). For these intervals

pi(θ) =
1(

1 + exp

(
−π(yi(θ)−θ1)√

3θ2

)) − 1(
1 + exp

(
−π(yi−1(θ)−θ1)√

3θ2

)) = 1/r, i = 1, r.

Elements of r×2 matrix B(θ) are

Bi1 =
π√

3piθ2

[ exp

(
−π(yi−1(θ)−θ1)√

3θ2

)

(
1 + exp

(
−π(yi−1(θ)−θ1)√

3θ2

))2 −
exp

(
−π(yi(θ)−θ1)√

3θ2

)

(
1 + exp

(
−π(yi(θ)−θ1)√

3θ2

))2

]
, (11)

Bi2 =
π√

3piθ2

[(yi−1(θ)− θ1)exp

(
−π(yi−1(θ)−θ1)√

3θ2

)

(
1 + exp

(
−π(yi−1(θ)−θ1)√

3θ2

))2 −
(yi(θ)− θ1)exp

(
−π(yi(θ)−θ1)√

3θ2

)

(
1 + exp

(
−π(yi(θ)−θ1)√

3θ2

))2

]
. (12)
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It is well known that the 2×2 information matrix J for the logistic probability distribution is (Aguirre,
Nikulin (1994))

J =

(
π2

9θ2
2

0

0 π2+3
9θ2

2

)
. (13)

It can be easily veri�ed that for the logistic distribution

K =
(

1 0
2θ1 2θ2

)
, (14)

V =
(

θ2
2 2θ1θ

2
2

2θ1θ
2
2 4θ1θ

2
2 + 16

5 θ4
2

)
(15)

and elements of matrix C(θ) for r equiprobable random intervals can be written down as follows

C11 =
√

r

(
− (y1(θ)− θ1)(

1 + exp

(
π(y1(θ)−θ1)√

3θ2

)) −
√

3θ2

π
Ln

(
1 + exp

(
−π(y1(θ)− θ1)√

3θ2

)))
, (16)

Ci1 =
√

r

(
(yi−1(θ)− θ1)(

1 + exp

(
π(yi−1(θ)−θ1)√

3θ2

)) − (yi(θ)− θ1)(
1 + exp

(
π(yi(θ)−θ1)√

3θ2

))
)

+

+
√

3θ2
√

r

π
Ln

(
1 + exp

(
−π(yi−1(θ)−θ1)√

3θ2

))

(
1 + exp

(
−π(yi(θ)−θ1)√

3θ2

)) , i = 2, r − 1, (17)

Cr1 =
√

r

(
(yr−1 − θ1)(

1 + exp

(
π(yr−1(θ)−θ1)√

3θ2

)) +
√

3θ2

π
Ln

(
1 + exp

(
−π(yr−1(θ)− θ1)√

3θ2

)))
, (18)

C12 =
√

r

[
(y2

1(θ)− θ2
1 − θ2

2)(
1 + exp

(
−π(y1(θ)−θ1)√

3θ2

)) − 2
√

3θ2y1(θ)
π

Ln

(
1 + exp

(
π(y1(θ)− θ1)√

3θ2

))]
−

−6θ2
2

√
r

π2
Li2

(
−exp

(
π(y1(θ)− θ1)√

3θ2

))
, (19)

Ci2 =
√

r

[
(y2

i (θ)− θ2
1)(

1 + exp

(
−π(yi(θ)−θ1)√

3θ2

)) − (y2
i−1(θ)− θ2

1)(
1 + exp

(
−π(yi−1(θ)−θ1)√

3θ2

))
]
+

+
2
√

3θ2
√

r

π
Ln

[
(

1 + exp

(
π(yi−1(θ)−θ1)√

3θ2

))yi−1(θ)

(
1 + exp

(
π(yi(θ)−θ1)√

3θ2

))yi

]
− 6θ2

2

√
r

π2
Li2

(
−exp(

π(yi(θ)− θ1)√
3θ2

)
)

+

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 2 (12)



72 N. Pya

+
6θ2

2

√
r

π2
Li2

(
−exp(

π(yi−1(θ)− θ1)√
3θ2

)
)

+
θ2
2

√
r(

1 + exp

(
π(yi(θ)−θ1)√

3θ2

))−

− θ2
2

√
r(

1 + exp

(
π(yi−1(θ)−θ1)√

3θ2

)) , i = 2, r − 1, (20)

Cr2 =
√

r

[
(y2

r−1(θ)− θ2
1 − θ2

2)(
1 + exp

(
π(yr−1(θ)−θ1)√

3θ2

)) +
2
√

3θ2yr−1(θ)
π

Ln

(
1 + exp

(
−π(yr−1(θ)− θ1)√

3θ2

))]
−

−6θ2
2

√
r

π2
Li2

(
−exp

(
−π(yr−1(θ)− θ1)√

3θ2

))
, (21)

where Li2(−x) is Euler's dilogarithm.
An iterative procedure of obtaining of an asymptotically e�cient estimator, i.e. asymptotically

equivalent to the maximum likelihood estimator (MLE) θ̂n, was proposed by Fisher (1925)

θ̃
i+1
n = θ̃

i
n +

1
n

(
I−1(θ))˜θ

i

n

(
∂Ln

∂θ

)
˜θ

i

n

, i = 0, 1, ..., (22)

where I(θ) is the Fisher's information matrix per single observation, Ln = Ln(X1, ..., Xn; θ) =∑n
i=1 logf(Xi, θ).
The Nikulin-Rao-Robson test Y12(θ̃1

n) (Nikulin (1973a, 1973b), Rao and Robson (1974)), where
θ̃1

n is improved by the formula (??) (i=0) MME θ̄n estimator of θ, can also be used for testing of
the considered null hypothesis. Y12(θ̂n) can be presented as

Y12(θ̂n) = U2
n(θ̂n) + W2

n(θ̂n) + P2
n(θ̂n), (23)

where
P2

n(θ̂n) = V(n)TBn(Jn −BT
nBn)−1BT

nV(n),

Bn = B(θ̂n), Jn = J(θ̂n).
The Nikulin-Rao-Robson statistic possesses in the limit the chi-squared probability distribution

χ2
r−1.

3. P o w e r c o m p a r i s o n. Since it is di�cult to obtain the distribution of test statistic
under the alternative hypothesis, Monte Carlo experiment was used to receive power estimates .
The estimated power of Mirvaliev's Y22(θ̄n), Dzaparidze-Nikulin U22(θ̄n) tests and their di�erence
Y22(θ̄n) − U22(θ̄n) (Voinov, Naumov, Pya (2003)) for the signi�cance levels α = 0.10, 0.05 and
0.01 were obtained. N = 10000 samples of size n = 100, 200, and 1000 for the normal (N), uniform
(U), triangular (T) and double exponential (D) alternative distributions and for the number of
equiprobable intervals with random ends r = 4, 6, 8, 10, 14, 20, 30, 40 were considered. At the same
time the power comparison of modi�ed chi-squared tests with the Anderson-Darling statistic A2 was
made. We used A2 since the investigation has shown that this statistic gives the most powerful test
among all EDF tests (the Kolmogorov-Smirnov D, Cramer-Von Mises W2 and Anderson-Darling
A2) for the considered null and alternative hypothesis (Pya (2004)).

Figure ?? shows these powers at α = 0.10 and for n = 200 and for the normal alternative.
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Figure 1.

From this �gure one can see comparing modi�ed chi-squared tests that the most powerful test for
the given case is the proposed modi�ed chi-squared test Y22(θ̄n) −U22(θ̄n). The same result was
obtained for the other three alternatives. And it is recommended to choose the test with the number
of intervals r between 6 and 14. It is remarkable to note that U22(θ̄n) for r = 4, 10 is insensitive for
the normal, uniform, triangular alternatives. But the power of Anderson-Darling test A2 is greater
or equal (for the uniform distribution) than the power of the chi-squared type statistics for all
alternatives considered except the triangular one. The same results were obtained for n = 100, 1000
a α = 0.05; 0.01.

Now consider the same method of simulation for estimating power of Y12(θ̃1
n) with the improved

by (??) non-e�ective MME θ̃1
n of θ. The results for n = 200, α = 0.1 and for the normal alternative

distribution are given in Table ??1.
Table 1.

r
Power of
Y12(θ̃1

n)
Power of
U2

n(θ̃1
n)

Power of
Y12(θ̃1

n)−U2
n(θ̃1

n)
4 0.2414 0.0892 0.2762
6 0.2943 0.1037 0.3700
8 0.3151 0.1182 0.3994
10 0.3096 0.1254 0.3944
14 0.2552 0.1487 0.3000
20 0.1873 0.1566 0.1884
30 0.0952 0.0906 0.1745
40 0.0795 0.0842 0.10450

Comparing Y22(θ̄n) (using the non-e�ective MME θ̂n) and Y12(θ̃1
n) (using the asymptotically

e�cient θ̃1
n) one can see that for the same number of intervals r = 6, 14, the improvement of the

non-e�ective MME has resulted in increase in the power compared to Y22(θ̄n) (Figure ??).
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Figure 2.

Moreover, after such improvement the power of the Dzaparidze-Nikulin test U2(θ̃1
n) is increased

compared to U2(θ̄n) for the considered number of intervals and the normal alternative.
4. C o n c l u s i o n. When testing a compound null hypothesis about the logistic distribution,
one may use the Mirvaliev test Y22(θ̄n) based on r equiprobable intervals with random ends (r =
6, ..., 14). It should be noted that for the considered case the power of the Anderson-Darling test A2

is greater or equal (for the uniform distribution) than the power of the chi-squared type statistics. At
the same time there is a possibility to use the Nikulin-Rao-Robson statistic Y12(θ̃1

n) after improving
of non-e�ective MME of the unknown parameter θ.
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Ê ÌÅÒÎÄÓ Ê.Ï.ÏÅÐÑÈÄÑÊÎÃÎ Â ÇÀÄÀ×ÀÕ Î
ÍÅÓÑÒÎÉ×ÈÂÎÑÒÈ.

À. Ñ. Àíäðååâ

Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
432970 Ðîññèÿ ã.Óëüÿíîâñê óë. Ë.Òîëñòîãî, 42 AndreevAS@ulsu.ru

1. Î í å ó ñ ò î é ÷ è â î ñ ò è í ó ë å â î ã î ð å ø å í è ÿ í å à â ò î í î ì -
í î é ñ è ñ ò å ì û. Ðàññìîòðèì ñèñòåìó, äâèæåíèå êîòîðîé îïèñûâàåòñÿ äèôôåðåíöèàëü-
íûìè óðàâíåíèÿìè

ẋ = X(t,x), X(t, 0) ≡ 0, (1.1)

ãäå x = (x1, x2, ..., xn)′ � âåêòîð n-ìåðíîãî äåéñòâèòåëüíîãî ïðîñòðàíñòâà Rn ñ íîðìîé ||x||′ =
max(|x1|, |x2|, ..., |xn|), (øòðèõ îçíà÷àåò òðàíñïîíèðîâàíèå), X(t,x) � âåêòîð-ôóíêöèÿ, îïðå-
äåëåííàÿ è íåïðåðûâíàÿ â îáëàñòè R+ × Γ, R+ = [0, +∞) � äåéñòâèòåëüíàÿ ïîëóîñü, Γ ⊂ Rn

� îòêðûòàÿ îáëàñòü, ñîäåðæàùàÿ òî÷êó x = 0.
Äîïóñòèì, ÷òî ïðàâàÿ ÷àñòü ñèñòåìû (1.1) X(t,x) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà. Äëÿ

ëþáîãî êîìïàêòíîãî ìíîæåñòâà K ⊂ Γ íàéäåòñÿ ÷èñëî L = L(K) òàêîå, ÷òî

||X(t,x2)−X(t,x1)|| ≤ L||x2 − x1|| (1.2)

äëÿ ëþáîãî t ∈ R+ è ëþáûõ òî÷åê x1,x2 ∈ K.
Îòñþäà ñëåäóåò, ÷òî äëÿ êàæäîãî íà÷àëüíîãî óñëîâèÿ x(t0) = x0, (t0,x0) ∈ R+ × Γ ñóùå-

ñòâóåò åäèíñòâåííîå ðåøåíèå ñèñòåìû (1.1) x = x(t, t0,x0).
Êðîìå òîãî, èç ïðåäïîëîæåíèÿ (1.2) è óñëîâèÿ X(t, 0) ≡ 0 ñëåäóåò, ÷òî âåêòîð-ôóíêöèÿ

X(t,x) îãðàíè÷åíà ïî (t,x) ∈ R+×K, äëÿ êàæäîãî êîìïàêòíîãî ìíîæåñòâà K ⊂ Rn ñóùåñòâó-
åò M = M(K) òàêîå, ÷òî äëÿ âñåõ (t,x) ∈ R+ ×K âûïîëíÿåòñÿ íåðàâåíñòâî ‖X(t,x)‖ ≤ M .

Äëÿ âûÿâëåíèÿ ñâîéñòâ ïîëîæèòåëüíîãî ïðåäåëüíîãî ìíîæåñòâà ω+(t0,x0) ðåøåíèÿ ñèñòå-
ìû (1.1) ñòðîèòñÿ ñëåäóþùàÿ òîïîëîãè÷åñêàÿ äèíàìèêà íåàâòîíîìíîé ñèñòåìû [1�5].

Äëÿ êàæäîãî êîìïàêòíîãî ìíîæåñòâà K è êàæäîãî ìàëîãî ε > 0 çàôèêñèðóåì ÷èñëà

LK = L(K) è δK =
ε

LM
. (1.3)

Ïóñòü F åñòü ñåìåéñòâî ôóíêöèé X : R × Γ → Rn, íåïðåðûâíûõ ïî x ïðè ôèêñèðîâàííîì
t ∈ R, èçìåðèìûõ ïî t ïðè ôèêñèðîâàííîì x, óäîâëåòâîðÿþùèõ óñëîâèÿì: äëÿ êàæäîé ôóíêöèè

Keywords: Instability,functional di�erential equation, Persidsky method
2000 Mathematics Subject Classi�cation: 70H14, 70K20, 74H55
c À. Ñ. Àíäðååâ, 2004.
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X íà êàæäîì êîìïàêòíîì ìíîæåñòâå K ⊂ Γ íàéäóòñÿ äâå ëîêàëüíî èíòåãðèðóåìûå ôóíêöèè
λK(t) è ηK(t) (λK , ηK ∈ L1) òàêèå ÷òî

‖X(t,x)‖ ≤ λK(t), ‖X(t,x2)−X(t,x1)‖ ≤ ηK(t)‖x2 − x1‖

äëÿ âñåõ (t,x), (t,x1), (t,x2) ∈ R×K, ïðè ýòîì ôóíêöèè λK(t) è ηK(t) òàêîâû, ÷òî äëÿ ëþáîãî
t ∈ R è ëþáîãî èçìåðèìîãî ìíîæåñòâà E ⊂ [t, t+1] ñ ìåðîé µ(E) ≤ δK âûïîëíåíû íåðàâåíñòâà

∫

E

λK(τ)dτ ≤ ε,

t+1∫

t

ηK(τ)dτ ≤ LK ,

ãäå ÷èñëà LK è δK ôèêñèðîâàíû â ñîîòíîøåíèÿõ (1.3).
Ïîñðåäñòâîì íåêîòîðîé ìåòðèêè ñåìåéñòâî F ìîæåò áûòü ïðåäñòàâëåíî êàê êîìïàêòíîå

ìåòðè÷åñêîå ïðîñòðàíñòâî. Ñåìåéñòâî ñäâèãîâ {Xτ (t,x) = X(t+ τ,x), τ ∈ R} êàæäîé ôóíêöèè
X ∈ F , â òîì ÷èñëå è ïðàâîé ÷àñòè ñèñòåìû (1.1) (ïðîäîëæåííîé ïðè íåîáõîäèìîñòè äëÿ âñåõ
t ∈ R), îêàçûâàåòñÿ ïðåäêîìïàêòíûì â F . Ñîîòâåòñòâåííî îïðåäåëÿåòñÿ ñåìåéñòâî ïðåäåëüíûõ
ñèñòåì (çàâèñèìîå îò âûáîðà ïîñëåäîâàòåëüíîñòè tc → +∞)[2]

{ẋ = X∗(t,x)}, X∗(t,x) =
d

dt
lim

l→+∞

t∫

0

X(tl + τ,x)dτ. (1.4)

Ôóíêöèÿ X∗ : R×Γ → Rn â ñîîòâåòñòâèè ñ ýòèì îïðåäåëåíèåì è â ñèëó óñëîâèÿ (1.3) áóäåò
òàêîâà, ÷òî äëÿ êàæäîé òî÷êè (t0,x0) ∈ R× Γ ðåøåíèå x = x∗(t, t0,x0) ñèñòåìû (1.4) ÿâëÿåòñÿ
òàêæå åäèíñòâåííûì.

Ââåäåíèå ïðåäåëüíûõ ñèñòåì (1.4) ïîçâîëÿåò îïðåäåëèòü ñëåäóþùåå ñâîéñòâî êâàçè-
èíâàðèàíòíîñòè ïîëîæèòåëüíîãî ïðåäåëüíîãî ìíîæåñòâà ω+(t0,x0) ðåøåíèÿ x = x(t, t0,x0)
ñèñòåìû (1.1) îòíîñèòåëüíî ñåìåéñòâà ïðåäåëüíûõ ñèñòåì (1.4).

Ò å î ð å ì à 1. 1. [3,4] Ïóñòü x = x(t, t0,x0) � ðåøåíèå ñèñòåìû (1.1), îïðåäåëåííîå è
îãðàíè÷åííîå íåêîòîðûì êîìïàêòîì K ⊂ Γ, x(t, t0,x0) ∈ K ïðè âñåõ t ≥ t0.

Òîãäà äëÿ êàæäîé ïðåäåëüíîé òî÷êè p ∈ ω+(t0,x0) ñóùåñòâóåò ïðåäåëüíàÿ ñèñòåìà ẋ =
X∗(t,x) è ðåøåíèå ýòîé ñèñòåìû x = x∗(t), −∞ < t < +∞ òàêîå, ÷òî x∗(0) = p,x∗(t) ∈
ω+(t0,x0) äëÿ âñåõ t ∈ R.

Ýòî ñâîéñòâî ñèñòåìû (1.1) àíàëîãè÷íî ñâîéñòâó èíâàðèàíòíîñòè ìíîæåñòâà ω+(x0) ðåøå-
íèÿ x = x(t,x0) àâòîíîìíîé ñèñòåìû ẋ = X(x) [7].

Êàê ïîêàçàíî â ðàáîòàõ [5,6], ñóùåñòâîâàíèå ôóíêöèè Ëÿïóíîâà V = V (t,x) ñ ïðîèçâîäíîé
V̇ (t,x) ≤ −W (t,x) ≤ 0 ïîçâîëÿåò âûâåñòè íîâûå ñïîñîáû èññëåäîâàíèÿ àñèìïòîòè÷åñêîé óñòîé-
÷èâîñòè è íåóñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (1.1), ðàçâèâàþùèå èçâåñòíûå òåîðå-ìû
À.Ì.Ëÿïóíîâà, Í.Ã.×åòàåâà, Í.Í.Êðàñîâñêîãî è äð. [8-12].

Ïðåäïîëîæèì, ÷òî äëÿ ñèñòåìû (1.1) èçâåñòíà íåêîòîðàÿ íåïðåðûâíàÿ ôóíêöèÿ Ëÿïóíîâà
V : R+ × Γ → R+, âåðõíÿÿ ïðàâîñòîðîííÿÿ ïðîèçâîäíàÿ [7] êîòîðîé â ñèëó ñèñòåìû (1.1)
V̇ +(t,x) óäîâëåòâîðÿåò äëÿ âñåõ (t,x) ∈ R+ × Γ íåðàâåíñòâó

V̇ +(t,x) ≥ W (t,x) ≥ 0,

ãäå W : R+ × Γ → R+,W (t, 0) = 0 åñòü íåêîòîðàÿ íåïðåðûâíàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ
óñëîâèþ Ëèïøèöà

|W (t,x2)−W (t,x1)| ≤ LW (K)‖x2 − x1‖,
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äëÿ ëþáûõ (t,x2), (t,x1) ∈ R+×K è äëÿ êàæäîãî êîìïàêòà K ⊂ Γ. Ïðè ýòîì óñëîâèè ñåìåéñòâî
ñäâèãîâ {Wτ (t,x) = W (τ + t,x), τ ∈ R} ïðåäêîìïàêòíî è ñîîòâåòñòâåííî ïðåäåëüíîé ñèñòåìå
(1.4) ìîæíî îïðåäåëèòü ïðåäåëüíóþ ôóíêöèþ

W ∗(t,x) =
d

dt
lim

j→∞

t∫

0

W (tlj + τ,x)dτ

è ïðåäåëüíóþ ïàðó (X∗,W ∗) [5].
Ñîîòâåòñòâåííî ïðåäåëüíîé ïàðå äëÿ êàæäîãî t ∈ R è êàæäîãî c ∈ R+ ââîäèòñÿ ïðåäåëüíîå

ìíîæåñòâî [5]

V −1
∞ (t, c) = {x ∈ Γ : ∃xj → x : V (tlj + t,xj) → c ïðè j →∞}.

Èçâåñòíàÿ òåîðåìà Í.Ã.×åòàåâà [11] î íåóñòîé÷èâîñòè áûëà îáîáùåíà Ê.Ï.Ïåðñèäñêèì â
ðàáîòàõ [13, 14] íà îñíîâå ââåäåíèÿ ïîíÿòèÿ ñåêòîðà.

Î ï ð å ä å ë å í è å 1. 1. [13] Ïóñòü îáëàñòü D ⊂ G òàêîâà, ÷òî äëÿ êàæäîãî τ ∈ R+

çàìûêàíèå D̄(τ) ñîäåðæèò òî÷êó x = 0 è õîòÿ áû îäíó òî÷êó ñ ‖x‖ = h > 0. Îáëàñòü D
åñòü ñåêòîð, åñëè äëÿ ëþáîãî t0 ≥ 0 è äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà ε, ε < h íàéäåòñÿ
âíóòðåííÿÿ òî÷êà x0 ∈ {0 < ‖x‖ < ε} òàêàÿ, ÷òî ðåøåíèå ñèñòåìû (1.1) x = x(t, t0,x0)
áóäåò îñòàâàòüñÿ âíóòðè D äëÿ âñåõ t ≥ t0, ïðè êîòîðûõ ‖x(t, t0,x0)‖ < h.

Îáîçíà÷èâ ÷åðåç D̄∞ ìíîæåñòâî òî÷åê {x : ‖x‖ ≤ h}, äëÿ êàæäîé èç êîòîðûõ ñóùåñòâóþò
ïîñëåäîâàòåëüíîñòè tl → +∞ è {xl ∈ D(tl),xl → x}, ïîêàæåì, ÷òî òåîðåìó Ê.Ï. Ïåðñèäñêîãî
[13] ìîæíî ðàçâèòü ñëåäóþùèì îáðàçîì.

Ò å î ð å ì à 1. 2. Ïðåäïîëîæèì, ÷òî
1) ñóùåñòâóåò ñåêòîð D è ôóíêöèÿ V = V (t,x), îãðàíè÷åííàÿ â ýòîì ñåêòîðå è ïðèíèìàþ-
ùàÿ äëÿ êàæäîé òî÷êè x ∈ D(t0) çíà÷åíèå V (t0,x) > 0;
2) ïðîèçâîäíàÿ ôóíêöèè â îáëàñòè D ∩ {V > 0} óäîâëåòâîðÿåò íåðàâåíñòâó V̇ +(t,x) ≥
W (t,x) ≥ 0;
3) ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü tl → +∞, äëÿ êîòîðîé ïðåäåëüíàÿ ïàðà (X∗

0,W
∗
0 ) è ìíî-

æåñòâî V −1∞ (t, c) òàêîâû, ÷òî ìíîæåñòâî {V −1∞ (t, c) : c = const > 0} ∩ {W ∗
0 (t,x) = 0} ∩ D̄∞

íå ñîäåðæèò ðåøåíèé ñèñòåìû ẋ = X∗
0(t,x).

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.1) íåóñòîé÷èâî.
Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü äëÿ ïðîèçâîëüíîãî ìàëîãî ε > 0 x0 åñòü òî÷êà ñåêòîðà

D(t0) x0 ∈ {‖x‖ < ε} ∩D(t0) ñ ðåøåíèåì x = x(t, t0,x0), ñóùåñòâóþùèì ñîãëàñíî îïðåäåëåíèþ
ñåêòîðà, x(t, t0,x0) ∈ D äëÿ âñåõ t ≥ t0, ïðè êîòîðûõ ‖x(t, t0,x0)‖ < hl. Ñîãëàñíî óñëîâèþ 1)
èìååì V (t0,x0) > 0.

Ïðåäïîëîæèì, ÷òî ýòî ðåøåíèå îãðàíè÷åíî, òàê ÷òî äëÿ íåêîòîðîãî h1, 0 < h1 < h
‖x(t, t0,x0)‖ ≤ h1 äëÿ âñåõ t ≥ t0. Òîãäà èç óñëîâèé 1) è 2) ñëåäóåò ñóùåñòâîâàíèå ïðåäåëà

lim
t→+∞V (t,x(t, t0,x0)) = V1 ≥ V0 > 0. (1.5)

Ïî òåîðåìå 1.1 ïîñëåäîâàòåëüíîñòü ôóíêöèé xl(t) = x(tl + t, t0,x0) áóäåò ñõîäèòüñÿ ê ðåøå-
íèþ x = ϕ(t), t ∈ R ïðåäåëüíîé ñèñòåìû ẋ = X∗

0(t,x) (ðàâíîìåðíî ïî t ∈ [−β, β], β > 0).
Èç ñîîòíîøåíèÿ (1.5) ïðåäåëüíûì ïåðåõîäîì ïðè tl → +∞ äëÿ êàæäîãî t ∈ R ïîëó÷àåì

lim
l→∞

V (tl + t,xl(t)) = lim
l→∞

V (tl + t,x(tl + t, t0,x0)) = V1 > 0

è, çíà÷èò, ϕ(t) ∈ {V −1∞ (t, c) : c = V1 = const > 0} äëÿ t ∈ R.
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Èç íåðàâåíñòâà V̇ +(t,x) ≥ W (t,x) ≥ 0 äëÿ êàæäîãî t ∈ R íàõîäèì äëÿ ôóíêöèè V [t] =
V (t,x(t, t0,x0))

V [tl + t]− V [tl − t] ≥
∫ tl+t

tl−t
W (τ,x(τ, t0,x0))dτ =

=
∫ t

−t
W (tl + τ,x(tl + τ, t0,x0))dτ =

∫ t

−t
Wl(τ,xl(τ))dτ ≥ 0.

Îòñþäà, ïåðåõîäÿ ê ïðåäåëó ïðè l →∞, èìååì

0 ≥
∫ t

−t
W ∗(τ, ϕ(τ))dτ ≥ 0

è, çíà÷èò, ϕ(t) ∈ {W ∗(t,x) = 0} äëÿ âñåõ t ∈ R.
Òàêèì îáðàçîì, íàõîäèì ðåøåíèå x = ϕ(t) ïðåäåëüíîé ñèñòåìû ẋ = X∗

0(t,x), ñîäåðæàùååñÿ
â ìíîæåñòâå {V −1∞ (t, c) : c = const > 0}∩{W ∗

0 (t,x) = 0}∩D̄∞ äëÿ âñåõ t ∈ R. À ýòî ïðîòèâîðå÷èò
óñëîâèþ 3) òåîðåìû.

Ðÿä ðàáîò (ñì. [7])ïîñâÿùåí ñèñòåìàòè÷åñêîìó ïîäõîäó èññëåäîâàíèÿ íåóñòîé÷èâîñòè. Ýòîò
ïîäõîä îñíîâàí íà ðàçâèòèè ðåçóëüòàòîâ Í.Ã.×åòàåâà è òåîðèè ñåêòîðîâ Ê.Ï. Ïåðñèäñêîãî. Â
äîïîëíåíèå ê [7] ìîãóò áûòü ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Ïóñòü Gh = [0,+∞[∪Γh, Γ̄h = {‖x‖ ≤ h > 0} ⊂ Γ è ïóñòü D(t,x) ⊂ Gh åñòü íåêîòîðîå
ìíîæåñòâî. Îáîçíà÷èì D(t) = {x ∈ Γh : (t,x) ∈ D}, D∗ = {(t,x) ∈ D; x 6= 0}; D̄(τ) �
çàìûêàíèå D äëÿ t = τ = const, D̄∞ � ìíîæåñòâî òî÷åê x ∈ Γh òàêèõ, ÷òî ñóùåñòâóþò
ïîñëåäîâàòåëüíîñòè tl → +∞ è {xl ∈ D(tk), xl → x}.

Î ï ð å ä å ë å í è å 1. 2. Ìíîæåñòâî D íàçûâàåòñÿ ýêñïåëëåðîì, åñëè äëÿ ëþáîãî
ìàëîãî δ > 0 íàéäåòñÿ òî÷êà x0 ∈ D∗(t0) ∩ {‖x‖ ≤ δ} òàêàÿ, ÷òî äëÿ ðåøåíèÿ ñèñòåìû (1.1)
x = x(t, t0,x0) (t0 ≤ t < α) íàéäåòñÿ çíà÷åíèå t∗, t0 < t∗ < α, äëÿ êîòîðîãî (x(t∗, t0,x0) 6∈
D. Ìíîæåñòâî D åñòü àáñîëþòíûé ýêñïåëëåð, åñëè óêàçàííîå ñâîéñòâî èìååò ìåñòî äëÿ
êàæäîé òî÷êè x0 ∈ D∗(t0) ∩ {‖x‖ ≤ δ}.

Ò å î ð å ì à 1. 3. Ïðåäïîëîæèì, ÷òî
1) ñóùåñòâóåò ôóíêöèÿ V = V (t,x), ïðèíèìàþùàÿ ïðè ëþáîì ìàëîì δ > 0 â íåêîòîðîé òî÷êå
x0 ∈ {‖x‖ ≤ δ} ∩D∗(t0) çíà÷åíèå V (t0,x0) > 0, îãðàíè÷åííàÿ â îáëàñòè D ∩ {V (t,x) > 0};
2) ïðîèçâîäíàÿ ôóíêöèè â îáëàñòè D ∩ {V (t,x) > 0} óäîâëåòâîðÿåò íåðàâåíñòâó V̇ +(t,x) ≥
W (t,x) ≥ 0;
3) ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü tl → +∞, äëÿ êîòîðîé ïðåäåëüíàÿ ïàðà (X∗

0,W
∗
0 ) è ìíî-

æåñòâî V −1∞ (t, c) òàêîâû, ÷òî ìíîæåñòâî {V −1∞ (t, c) : c = const > 0} ∩ {W ∗
0 (t,x) = 0} ∩ D̄∞

íå ñîäåðæèò ðåøåíèé ñèñòåìû ẋ = X∗
0(t,x).

Òîãäà ìíîæåñòâî D � ýêñïåëëåð.
Ò å î ð å ì à 1. 4. Åñëè èç óñëîâèÿ 1) òåîðåìû 1.3 çíà÷åíèå ôóíêöèè V (t0,x0) > 0 äëÿ

êàæäîé òî÷êè x0 ∈ {‖x‖ ≤ δ} ∩D∗(t0) è âûïîëíåíû âñå îñòàëüíûå óñëîâèÿ, òî ìíîæåñòâî
D � àáñîëþòíûé ýêñïåëëåð.

Ç à ì å ÷ à í è å 1. 1. Ìíîæåñòâî D̄∞ â óñëîâèÿõ 3) òåîðåì 1.2�1.4 ìîæåò áûòü óòî÷íå-
íî. Òåîðåìû ñïðàâåäëèâû, åñëè ìíîæåñòâî D̄∞ îïðåäåëÿåòñÿ ïî îòíîøåíèþ ê ôèêñèðîâàííîé
ïàðå (X∗

0,W
∗
0 ) ñëåäóþùèì îáðàçîì: D̄∞(t) = {x : ‖x‖ ≤ h}, ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü

òî÷åê {xl ∈ D(tl + t),xl → x ∈ D̄∞(t)}.
2. Î í å ó ñ ò î é ÷ è â î ñ ò è ï î ë î æ å í è ÿ ð à â í î â å ñ è ÿ ì å õ à í è -

÷ å ñ ê î é ñ è ñ ò å ì û.
Ðàññìîòðèì ãîëîíîìíóþ ìåõàíè÷åñêóþ ñèñòåìó ñî ñòàöèîíàðíûìè ñâÿçÿìè, ïîëîæåíèå

êîòîðîé îïðåäåëÿåòñÿ îáîáùåííûìè êîîðäèíàòàìè q ∈ Rn. Êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû
2T = q̇

′
A(q)q̇, ãäå âåêòîð q̇ = dq/dt îáîçíà÷åí êàê âåêòîð-ñòîëáåö, A(q) åñòü (n× n)-ìàòðèöà,
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ïîëîæèòåëüíî-îïðåäåëåííàÿ äëÿ âñåõ q ∈ Rn òàê, ÷òî èìååò ìåñòî ìàòðè÷íîå íåðàâåíñòâî
A(q) ≥ A = a0E, a0 = const > 0, E � åäèíè÷íàÿ ìàòðèöà.

Äâèæåíèå ñèñòåìû ïîä äåéñòâèåì ïîòåíöèàëüíûõ ñèë ìîæåò áûòü îïèñàíî óðàíâíåíèÿìè
Ëàãðàíæà

d

dt

(
∂T

∂q̇

)
− ∂T

∂q
= −∂Ï

∂q
, (2.1)

ãäå Ï = Ï(t,q) � ïîòåíöèàëüíàÿ ýíåðãèÿ.
Ïóñòü ∂Ï/∂q = 0 ïðè q = 0 òàê, ÷òî ñèñòåìà èìååò ïîëîæåíèå ðàâíîâåñèÿ q = q̇ =

0. Äîïóñòèì, ÷òî â íåêîòîðîé äîñòàòî÷íî ìàëîé îêðåñòíîñòè q = 0 ôóíêöèÿ Ï = Ï(t,q)
ïðèíèìàåò îòðèöàòåëüíûå çíà÷åíèÿ, ïðè ýòîì ∂Ï/∂t ≤ 0 äëÿ âñåõ (t,q) òàêèõ, ÷òî Ï(t,q) < 0.
Äëÿ ïðîèçâîäíîé îò ïîëíîé ýíåðãèè T +Ï â îáëàñòè {q : Ï(t,q) < 0} áóäåì èìåòü d(T +Ï) =
∂Ï/∂t ≤ 0. Îòñþäà ñëåäóåò, ÷òî ìíîæåñòâî {(q̇,q) : q̇ ∈ Rn, Ï(t,q) < 0, t ∈ R} ÿâëÿåòñÿ
ñåêòîðîì ïî Ê.Ï.Ïåðñèäñêîìó.

Äîïóñòèì, ÷òî äëÿ âñåõ q ∈ {Ï(t,q) < 0} âûïîëíÿåòñÿ íåðàâåíñòâî

q
′ ∂Ï
∂q

≤ 0.

Òîãäà äëÿ ïðîèçâîäíîé ôóíêöèè V = q
′ ·∂T/∂q̇ â îáëàñòè {q̇,q : q̇ ∈ Rn, Ï(t,q) < 0} áóäåì

èìåòü
V̇ = 2T − q

′ ∂Ï
∂q

≥ 0.

Íà îñíîâàíèè òåîðåìû 1.2. íàõîäèì, ÷òî ïðè äàííûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ïîòåí-
öèàëüíîé ýíåðãèè Ï(t,q) íóëåâîå ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (2.1) áóäåò ÿâëÿòüñÿ íåóñòîé-
÷èâûì.

3. Ê ç à ä à ÷ å î í å ó ñ ò î é ÷ è â î ñ ò è ô ó í ê ö è î í à ë ü í î - ä è ô-
ô å ð å í ö è à ë ü í î ã î ó ð à â í å í è ÿ. Ïóñòü R = ]−∞, +∞[ åñòü äåéñòâèòåëüíàÿ
îñü, R+ = [0, +∞[, Rn åñòü äåéñòâèòåëüíîå ëèíåéíîå ïðîñòðàíñòâî n-âåêòîðîâ x ñ íîðìîé |x|,
h > 0 � íåêîòîðîå äåéñòâèòåëüíîå ÷èñëî, C[α,β] � áàíàõîâî ïðîñòðàíñòâî íåïðåðûâíûõ ôóíê-
öèé ϕ : [α, β] → Rn ñ íîðìîé ‖ϕ‖ = sup (|ϕ(s)|, α ≤ s ≤ β), CH =

{
ϕ ∈ C[−h,0] : ‖ϕ‖ < H

}
, äëÿ

íåïðåðûâíîé ôóíêöèè x : ]−∞, +∞[ → Rn è êàæäîãî t ∈ R ôóíêöèÿ xt ∈ C[−h,0] îïðåäåëÿ-
åòñÿ ðàâåíñòâîì xt (s) = x(t + s) äëÿ −h ≤ s ≤ 0, ïîä ẋ(t) áóäåì ïîíèìàòü ïðàâîñòîðîííþþ
ïðîèçâîäíóþ.

Ðàññìîòðèì ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå ñ êîíå÷íûì çàïàçäûâàíèåì

ẋ = f(t,xt), f(t, 0) ≡ 0, (3.1)

ãäå f : R+×CH → Rn � íåïðåðûâíîå îòîáðàæåíèå, óäîâëåòâîðÿþùåå óñëîâèÿì ñóùåñòâîâàíèÿ,
åäèíñòâåííîñòè è íåïðåðûâíîé çàâèñèìîñòè îò íà÷àëüíûõ óñëîâèé ðåøåíèé (3.1).

Â çàâèñèìîñòè îò óñëîâèé òåîðåì áóäåì ïðåäïîëàãàòü, ÷òî ïðàâàÿ ÷àñòü óðàâíåíèÿ (3.1)
óäîâëåòâîðÿåò ñëåäóþùèì ïåðâîìó èëè ïåðâîìó-âòîðîìó ïðåäïîëîæåíèÿì.

Ï ð å ä ï î ë î æ å í è å 3. 1. Äëÿ êàæäîãî ÷èñëà r, 0 < r < H ñóùåñòâóåò M = M(r)
òàêîå, ÷òî äëÿ (t,ϕ) ∈ R+ × C̄r âûïîëíÿåòñÿ íåðàâåíñòâî

|f(t, ϕ)| ≤ M. (3.2)

Ï ð å ä ï î ë î æ å í è å 3. 2. Äëÿ êàæäîãî êîìïàêòíîãî ìíîæåñòâà K ⊂ CH ôóíêöèÿ f =
f(t,ϕ) ðàâíîìåðíî íåïðåðûâíà ïî (t, ϕ) ∈ R+×K, ò.å. äëÿ ëþáîãî K ⊂ CH è äëÿ ïðîèçâîëüíîãî
ìàëîãî ε > 0 íàéäåòñÿ δ = δ(ε,K) > 0 òàêîå, ÷òî äëÿ ëþáûõ (t,ϕ) ∈ R+×K; (t1,ϕ1), (t2, ϕ2) ∈
R+ ×K : |t2 − t1| < δ, ϕ1, ϕ2 ∈ K : ‖ϕ2 −ϕ1‖ < δ âûïîëíÿþòñÿ íåðàâåíñòâà

|f(t2, ϕ2)− f(t1, ϕ1)| < ε. (3.3)
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Ïðè ýòîì óðàâíåíèå (3.1) áóäåò ïðåäêîìïàêòíûì â íåêîòîðîì ïðîñòðàíñòâå F íåïðåðûâ-
íûõ ôóíêöèé f : R+ × Γ → Rn, ãäå Γ− íåêîòîðîå ìíîæåñòâî â Λ, ñîäåðæàùåå ìíîæåñòâî
{xt(α, ϕ), ϕ ∈ Λ, t ≥ α + h} [15].

Ôóíêöèÿ f∗ : R+×Γ → Rn íàçûâàåòñÿ ïðåäåëüíîé ê f , åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü
tl → +∞, òàêàÿ, ÷òî {f (l)(t, ϕ) = f(tn + t, ϕ)} ñõîäèòñÿ ê f∗(t,ϕ) â F . Çàìûêàíèå ñåìåéñòâà
{f τ : τ ∈ R+} â F íàçûâàåòñÿ îáîëî÷êîé S+(f). Óðàâíåíèå

ẋ(t) = f∗(t,xt) (3.4)

íàçûâàåòñÿ ïðåäåëüíûì ê (3.1).
Ïóñòü V (t,ϕ) : R+ × Λ → R � íåêîòîðûé ôóíêöèîíàë, îïðåäåëåííûé è íåïðåðûâíûé ïî

ñîâîêóïíîñòè àðãóìåíòîâ [16]. Ïóñòü x = x(t, α,ϕ) � íåêîòîðîå ðåøåíèå (3.1), îïðåäåëåííîå
äëÿ âñåõ t ≥ α − h. Òîãäà äëÿ V (t) = V (t,xt(α, ϕ)) ìîæíî îïðåäåëèòü âåðõíþþ ïðàâîñòîðîí-
íþþ ïðîèçâîäíóþ

V̇ +(α, ϕ) = lim
h→0+

sup
1
h

(V (α + h)− V (α)).

Äîïóñòèì, ÷òî äëÿ ïðîèçâîäíîé V̇ + èìååò ìåñòî ñëåäóþùàÿ îöåíêà [17]

V̇ +(t, ϕ) ≤ −W (t,ϕ) ≤ 0, ∀(t, ϕ) ∈ R× Λ,

ãäå íåïðåðûâíûé ôóíêöèîíàë W = W (t, ϕ) îãðàíè÷åí è ðàâíîìåðíî íåïðåðûâåí íà êàæäîì
ìíîæåñòâå R+ ×K, K � êîìïàêò èç Λ.

Î ï ð å ä å ë å í è å 3. 1. Ïóñòü tl → +∞ åñòü íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü. Äëÿ
êàæäîãî t ∈ R è c ∈ R îïðåäåëèì ìíîæåñòâî V −1∞ (t, c) ⊂ Λ ñëåäóþùèì îáðàçîì: òî÷êà ϕ ∈
V −1∞ (t, c), åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {ϕl ∈ Γ, ϕl → ϕ} òàêàÿ, ÷òî liml→+∞ V (t +
tl,ϕl) = c.
Êàê è â ñëó÷àå f(t, ϕ) ïðè óñëîâèÿõ òèïà (3.2) è (3.3) îòíîñèòåëüíî W (t, ϕ) ñåìåéñòâî ñäâèãîâ
{W τ (t, ϕ), τ ∈ R+} ïðåäêîìïàêòíî â íåêîòîðîì ôóíêöèîíàëüíîì ïðîñòðàíñòâå íåïðåðûâíûõ
ôóíêöèé FG = {G : R× Γ → R} ñ ìåòðèçóåìîé êîìïàêòíî îòêðûòîé òîïîëîãèåé.

Î ï ð å ä å ë å í è å 3. 2. Ôóíêöèÿ W ∗ ∈ FG íàçûâàåòñÿ ïðåäåëüíîé ê W , åñëè
ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü tl → +∞ òàêàÿ, ÷òî {W (l)(t, ϕ) = W (tl + t, ϕ)} ñõîäèòñÿ ê
W ∗(t,ϕ) â FG. Ïðè ýòîì ìíîæåñòâî V −1∞ (t, c), îïðåäåëÿåìîå òîé æå ïîñëåäîâàòåëüíîñòüþ
tl → +∞, îïðåäåëèì êàê ñîîòâåòñòâóþùåå W ∗.

Î ï ð å ä å ë å í è å 3. 3. Ïóñòü D åñòü îáëàñòü, ñîäåðæàùàÿñÿ â CH , D̄ ñîäåðæèò
òî÷êó ϕ = 0 è äëÿ íåêîòîðîãî r > 0 õîòÿ áû îäíó òî÷êó ϕ òàêóþ, ÷òî ||ϕ|| = r. Îáëàñòü
D åñòü ñåêòîð, äëÿ ëþáîãî δ, 0 < δ < r, íàéäóòñÿ ìîìåíò α ≥ 0 è òî÷êà ϕ, ||ϕ|| < δ òàêèå,
÷òî ðåøåíèå xt(α,ϕ) ∈ D äëÿ âñåõ t ≥ α, ïðè êîòîðûõ ||xt(α, ϕ)|| < r.

Ò å î ð å ì à 3. 1. Ïðåäïîëîæèì, ÷òî ïðè óñëîâèè (3.2) òàêæå
1) ñóùåñòâóþò ñåêòîð D è ôóíêöèîíàë V = V (t,ϕ) òàêèå, ÷òî äëÿ íåêîòîðîãî α ∈ R+ è

âñåõ ϕ ∈ D V (α, ϕ) > 0;
2) ïðîèçâîäíàÿ V̇ (t,ϕ) ≥ W (t, ϕ) ≥ 0 äëÿ âñåõ (t,ϕ) ∈ R+ ×D;
3) ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü tl → +∞ òàêàÿ ÷òî {V −1∞ (t, c) : c = c0 = const >

0}⋂{W ∗(t, ϕ) = 0}⋂
D̄ = ∅.

Òîãäà ðåøåíèå x = 0 óðàâíåíèÿ (3.1) íåóñòîé÷èâî.
Ò å î ð å ì à 3. 2. Ïðåäïîëîæèì, ÷òî ïðè óñëîâèÿõ (3.2), (3.3) è óñëîâèÿõ 1) è 2) òåîðåìû

3.1 òàêæå ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü tl → +∞, äëÿ êîòîðîé ïðåäåëüíàÿ ïàðà (f∗,W ∗)
è ìíîæåñòâî V −1∞ (t, c) òàêîâû, ÷òî ìíîæåñòâî {V −1∞ (t, c) : c = c0 = const > 0}⋂{W ∗(t, ϕ) =
0}⋂

D̄ íå ñîäåðæèò ðåøåíèé óðàâíåíèÿ ẋ(t) = f∗(t,xt).
Òîãäà ðåøåíèå óðàâíåíèÿ (3.1) x = 0 íåóñòîé÷èâî.
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Î ï ð å ä å ë å í è å 3.4. Ìíîæåñòâî D ⊂ CH íàçûâàåòñÿ ýêñïåëëåðîì, åñëè äëÿ ëþáîãî
ìàëîãî δ > 0 ñóùåñòâóåò òî÷êà ϕ0 ∈ D

⋂{||ϕ|| < δ} òàêàÿ, ÷òî äëÿ ñîîòâåòñòâóþùåãî
ðåøåíèÿ óðàâíåíèÿ (3.1) x = x(t, α,ϕ0), α − h ≤ t < β íàéäåòñÿ ìîìåíò t = γ < β, ïðè
êîòîðîì xγ(α, ϕ0) 6∈ D. Ìíîæåñòâî D åñòü àáñîëþòíûé ýêñïåëëåð, åñëè óêàçàííîå ñâîéñòâî
èìååò ìåñòî äëÿ êàæäîé òî÷êè ϕ0 ∈ D

⋂{||ϕ|| ≤ δ}.
Ò å î ð å ì à 3. 3. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ (3.2) è (3.3), à òàêæå:
1) ñóùåñòâóåò ôóíêöèîíàë V = V (t, ϕ), ïðèíèìàþùèé ïðè ëþáîì ìàëîì δ > 0 â íåêî-

òîðîé òî÷êå ϕ0 ∈ {||ϕ|| ≤ δ}⋂
D çíà÷åíèå V (α, ϕ) > 0, îãðàíè÷åííûé â îáëàñòè {V (t, ϕ) >

0}⋂
D;

2) ïðîèçâîäíàÿ V̇ (t,ϕ) ≥ W (t,ϕ) ≥ 0 â îáëàñòè {V (t, ϕ) > 0}⋂
D;

3) ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü tl → +∞, äëÿ êîòîðîé ïðåäåëüíàÿ ïàðà (f∗,W ∗) è
ìíîæåñòâî V −1∞ (t, c) òàêîâû, ÷òî ìíîæåñòâî {V −1∞ (t, c) : c = const > 0}⋂{W ∗(t,ϕ) = 0}⋂

D̄
íå ñîäåðæèò ðåøåíèé óðàâíåíèÿ ẋ(t) = f∗(t,xt).

Òîãäà ìíîæåñòâî D � ýêñïåëëåð.
Ò å î ð å ì à 3. 4. Åñëè â óñëîâèè 1) òåîðåìû 3.3 èìååì V (α, ϕ) > 0 äëÿ âñåõ ϕ ∈ {||x|| ≤

δ}⋂
D, òîãäà ìíîæåñòâî D � àáñîëþòíûé ýêñïåëëåð.

Òåîðåìû 3.1 � 3.4 ðàçâèâàþò è îáîáùàþò èçâåñòíûå òåîðåìû èç [13, 14] íà ñëó÷àé ôóíê-
öèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðî-
åêò 02-01-00877) è âåäóùåé íàó÷íîé øêîëû (ïðîåêò ÍØ-2000-2003.1 )
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Î ÍÅÊÎÒÎÐÛÕ ÊÓÑÎ×ÍÎ�ÃËÀÄÊÈÕ
ÃÎÌÅÎÌÎÐÔÈÇÌÀÕ ÎÊÐÓÆÍÎÑÒÈ

Õ. Àõàäêóëîâ

703004 Óçáêèñòàí ã.Ñàìàðêàíä

1. Â â å ä å í è å. Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ ãîìåîìîðôèçìû ñ îñîáåííîñòÿìè
òèïà èçëîìà, ò.å. îòîáðàæåíèÿ, ãëàäêèå âñþäó çà èñêëþ÷åíèåì íåñêîëüêèõ òî÷åê, â êîòîðûõ
ïðîèñõîäèò ðàçðûâ ïåðâîé ïðîèçâîäíîé. Ðàññìîòðèì ñîõðàíÿþùèé îðèåíòàöèþ ãîìåîìîðôèçì
Tfx åäèíè÷íîé îêðóæíîñòè

Tfx = {f(x)}, x ∈ S1 = [0, 1), (1)

ãäå ñêîáêà {·} îçíà÷àåò äðîáíóþ ÷àñòü ÷èñëà, à f(x) � ïîäíÿòèå, îïðåäåëÿþùåå Tf , êîòîðîå
óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
a1) f(x) � íåïðåðûâíàÿ, ñòðîãî âîçðàñòàþùàÿ ôóíêöèÿ;
a2) f(x + 1) = f(x) + 1 äëÿ ëþáîãî x ∈ R1;
a3) ãîìåîìîðôèçì Tf â òî÷êàõ xpi = T pix0, i = 0,m, p0 = 0 < p1 < p2 < . . . < pm èìå-
åò èçëîìû. Êðîìå òîãî, ñóùåñòâóþò êîíå÷íûå îäíîñòîðîííèå ïðîèçâîäíûå f ′(xpi±) > 0 è
f ′(xpi−0)

f ′(xpi+0) = ci(f) 6= 1, i = 0,m;
a4) f(x) ∈ C2

(
S1 \ {xpi , i = 0,m}) , f ′(x) ≥ const > 0, x ∈ S1 \ {xpi i = 0,m};

a5)
m∏

i=0
ci = c 6= 1.

Ç à ì å ÷ à í è å. Óñëîâèå a4) îçíà÷àåò, ÷òî ôóíêöèÿ f(x) ïðèíàäëåæèò êëàññó C2

íà êàæäîé ñâÿçíîé êîìïîíåíòå ìíîæåñòâà S1 \ {xpi , i = 0,m}. Âîîáùå ãîâîðÿ, ôóíêöèÿ
f(x) îïðåäåëåíà ñ òî÷íîñòüþ äî àääèòèâíîé öåëîé êîíñòàíòû, íî ìû óñòðàíèì ýòó íåîä-
íîçíà÷íîñòü óñëîâèåì 0 ≤ f(0) < 1. Ïóàíêàðå ïîêàçàë, ÷òî äëÿ ëþáîãî x0 ∈ R1 ñóùåñòâóåò
ïðåäåë

lim
n→∞

f (n)(x0)
n

= ρ (ñì.[1]).

Çäåñü è äàëåå f (n)(x) îáîçíà÷àåò n-óþ èòåðàöèþ ôóíêöèè f . ×èñëî ρ, íàçûâàåìîå ÷èñëîì
âðàùåíèÿ, íå çàâèñèò îò âûáîðà x0 è ÿâëÿåòñÿ âàæíåéøåé õàðàêòåðèñòèêîé ãîìåîìîðôèçìà
Tf .

Óñëîâèå a1) − a4) îçíà÷àåò, ÷òî ôóíêöèÿ f(x) îïðåäåëÿåò êóñî÷íî-ãëàäêèé ãîìåîìîðôèçì
îêðóæíîñòè, äîñòàòî÷íî ãëàäêèé âñþäó çà èñêëþ÷åíèåì m + 1 òî÷åê îêðóæíîñòè, â êîòîðûõ
Keywords: piecewise smooth homeomorphisms of a circle, singular and ergodic invariant messure
2000 Mathematics Subject Classi�cation: 58A05
c Õ. Àõàäêóëîâ, 2004.
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èìåþòñÿ ñêà÷êè ïåðâîé ïðîèçâîäíîé èëè èçëîìû. Ïóñòü ÷èñëî âðàùåíèÿ ρ èððàöèîíàëüíî. Òî-
ãäà îòîáðàæåíèå Tf ÿâëÿåòñÿ ñòðîãî ýðãîäè÷åñêèì, ò.å. îáëàäàåò åäèíñòâåííîé âåðîÿòíîñòíîé
èíâàðèàíòíîé ìåðîé µ. Â òåîðèè ãîìåîìîðôèçìîâ îêðóæíîñòè âàæíûì ÿâëÿåòñÿ ïðîáëåìà
àáñîëþòíîé íåïðåðûâíîñòè èíâàðèàíòíîé ìåðû µ îòíîñèòåëüíî ìåðû Ëåáåãà λ. Äëÿ êëàññà
äèôôåîìîðôèçìîâ îêðóæíîñòè â ýòîì íàïðàâëåíèè ïîëó÷åíî ìíîãî ôóíäàìåíòàëüíûõ è ãëó-
áîêèõ ðåçóëüòàòîâ (Â.È. Àðíîëüä [2], Þ. Ìîçåð [3], Ì. Ýðìàí [4], É. Éîêîç [5]). Íàèáîëåå
ñèëüíûå ðåçóëüòàòû çäåñü áûëè ïîëó÷åíû Îðíñòåéíîì è Êàòöåëüñîíîì [6], Õàíèíûì è Ñèíàåì
[7], è Ñòàðêîì [8].

Ãîìåîìîðôèçìû îêðóæíîñòè ñ îäíîé òî÷êîé èçëîìà âïåðâûå áûëè èçó÷åíû â ðàáîòå Âóë
è Õàíèíà [9]. Òàêèå ãîìåîìîðôèçìû çàíèìàþò ïðîìåæóòî÷íîå ìåñòî ìåæäó äèôôåîìîðôèç-
ìàìè è êðèòè÷åñêèìè îòîáðàæåíèÿìè îêðóæíîñòè. Ñ îäíîé ñòîðîíû, äëÿ îäíîïàðàìàòðè÷å-
ñêèõ ñåìåéñòâ ãîìåîìîðôèçìîâ ñ îñîáåííîñòÿìè òèïà èçëîìà ìíîæåñòâî çíà÷åíèé ïàðàìåòðà,
îòâå÷àþùèõ èððàöèîíàëüíûì ÷èñëàì âðàùåíèÿ, èìååò ëåáåãîâó ìåðó íóëü, à ñàìà äèíàìè-
êà õàðàêòåðèçóåòñÿ íåòðèâèàëüíûìè ìàñøòàáíûìè ïðåîáðàçîâàíèÿìè èëè ñêåéëèíãàìè [9]. Â
ðàáîòå Äæàëèëîâà è Õàíèíà [10] äîêàçàíî, ÷òî åñëè ãîìåîìîðôèçì Tf èìååò îäíó òî÷êó èç-
ëîìà x0, f(x) ∈ C2+ε

(
S1 \ {x0}

)
ïðè íåêîòîðîì ε > 0, è ÷èñëî âðàùåíèÿ ρ èððàöèîíàëüíî,

òî èíâàðèàíòíàÿ ìåðà µ ñèíãóëÿðíà îòíîñèòåëüíî ìåðû Ëåáåãà λ, ò.å. ñóùåñòâóåò èçìåðèìîå
ïîäìíîæåñòâî A îêðóæíîñòè, A ⊂ S1 òàêîå, ÷òî µ(A) = 1, λ(A) = 0. Â íàñòîÿùåé ðàáîòå
ýòîò ðåçóëüòàò îáîáùÿåòñÿ äëÿ êóñî÷íî-ãëàäêèõ ãîìåîìîðôèçìîâ îêðóæíîñòè ñ íåñêîëüêèìè
òî÷êàìè èçëîìà.

Ò å î ð å ì à 1. Ïóñòü ôóíêöèÿ f(x), îïðåäåëÿþùàÿ ãîìåîìîðôèçì Tf , óäîâëåòâîðÿåò
óñëîâèÿì a1) − a5) è ÷èñëî âðàùåíèÿ ρ = ρ(Tf ) èððàöèîíàëüíî. Òîãäà èíâàðèàíòíàÿ ìåðà µ
ñèíãóëÿðíà îòíîñèòåëüíî ìåðû Ëåáåãà λ.

Îòìåòèì, ÷òî èäåÿ äîêàçàòåëüñòâà òåîðåìû 1 ñ íåáîëüøèìè èçìåíåíèÿìè àíàëîãè÷íà äî-
êàçàòåëüñòâó îñíîâíîé òåîðåìû ðàáîòû [10].

Òåïåðü ðàññìîòðèì ãîìåîìîðôèçì îêðóæíîñòè Tf ñ îïðåäåëÿþùåé ôóíêöèåé f(x), óäîâëå-
òâîðÿþùåé óñëîâèÿì a1)− a2), à òàêæå óñëîâèÿì
a′3) â òî÷êàõ z(i) ∈ S1, i = 1, r, z(1) < z(2) < . . . < z(r) ñóùåñòâóþò êîíå÷íûå îäíîñòîðîííèå
ïðîèçâîäíûå f ′(z(i) ± 0) > 0 è f ′(z(i)−0)

f ′(z(i)+0
) = c(i) 6= 1, i = 1, r;

a′4) f(x) ∈ C2
(
S1 \ {z(i), i = 1, r}) , f ′(x) ≥ const > 0 äëÿ ëþáîãî x ∈ S1 \ {z(i), i = 1, r}.

Èç åäèíñòâåííîñòè èíâàðèàíòíîé ìåðû µ ëåãêî âûòåêàåò åå ýðãîäè÷íîñòü.
Î ï ð å ä å ë å í è å 1. Èçìåðèìîå ïîäìíîæåñòâî A ⊂ S1 íàçûâàåòñÿ Tf�èíâàðèàíò-

íûì, åñëè T−1
f A = A.

Î ï ð å ä å ë å í è å 2. Ãîìåîìîðôèçì Tf íàçûâàåòñÿ ýðãîäè÷åñêèì îòíîñèòåëüíî ìåðû
Ëåáåãà λ, åñëè ëþáîå Tf�èíâàðèàíòíîå ìíîæåñòâî A èìååò ëåáåãîâó ìåðó 0 èëè 1.

Ò å î ð å ì à 2. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f(x), îïðåäåëÿþùàÿ ãîìåîìîðôèçì Tf ,
óäîâëåòâîðÿåò óñëîâèÿì a1)− a2), a′3)− a′4) è ÷èñëî âðàùåíèÿ ρ èððàöèîíàëüíî. Òîãäà ãîìåî-
ìîðôèçì Tf ÿâëÿåòñÿ ýðãîäè÷åñêèì îòíîñèòåëüíî ìåðû Ëåáåãà λ.

2. Í å î á õ î ä è ì û å î ï ð å ä å ë å í è ÿ è ô à ê ò û. Ðàññìîòðèì ñîõðàíÿþùèé
îðèåíòàöèþ ãîìåîìîðôèçì îêðóæíîñòè Tf îïðåäåëÿåìûé ôóíêöèåé f(x), x ∈ R1

Tfx = {f(x)}, x ∈ S1.

Ïóñòü ÷èñëî âðàùåíèÿ ρ, îòâå÷àþùåå Tf , èððàöèîíàëüíî. Âîçüìåì ïðîèçâîëüíóþ òî÷êó x0 ∈ S1

è ðàññìîòðèì òðàåêòîðèþ ýòîé òî÷êè ïîä äåéñòâèåì Tf , ò.å. ìíîæåñòâî òî÷åê {xi = T i
fx0, i ∈

Z1}. Ñîãëàñíî êëàññè÷åñêîé òåîðåìå Ïóàíêàðå (ñì. [1]) ïîðÿäîê òî÷åê âäîëü òðàåêòîðèè áóäåò
â òî÷íîñòè òàêèì æå, êàê è äëÿ ëèíåéíîãî Tρ, ò.å. äëÿ ïîñëåäîâàòåëüíîñòè xi = {x0 + ρi}, i ∈
Z1. Ýòî âàæíîå ñâîéñòâî ïîçâîëÿåò îïðåäåëèòü ñèñòåìó åñòåñòâåííûõ ðàçáèåíèé îêðóæíî-
ñòè, ñâÿçàííûõ ñ ðàçëîæåíèåì ρ â íåïðåðûâíóþ äðîáü. Ïóñòü ρ = [k1, k2, . . . , kn, . . .] è pn

qn
=
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[k1, k2, . . . , kn], n ≥ 1. ×èñëà pn

qn
íàçûâàþòñÿ ïîäõîäÿùèìè äðîáÿìè äëÿ ρ. ×èñëèòåëü pn è çíà-

ìåíàòåëü qn óäîâëåòâîðÿþò ñëåäóþùèì ðåêóððåíòíûì ñîîòíîøåíèÿì:

pn = knpn−1 + pn−2, n ≥ 2, p0 = 0, p1 = 1;
qn = knqn−1 + qn−2, n ≥ 2, q0 = 1, q1 = k1.

Äëÿ ïðîèçâîëüíîé òî÷êè x0 ∈ S1 îáîçíà÷èì ÷åðåç ∆(n)
0 (x0) çàìêíóòûé èíòåðâàë, êîíöàìè

êîòîðîãî ñëóæàò òî÷êè x0 è xqn = T qnx0. Çàìåòèì, ÷òî ïðè íå÷åòíîì n òî÷êà qn ëåæèò ñëåâà
îò x0, à ïðè ÷åòíîì n � ñïðàâà. ×åðåç ∆(n)

i (x0) îáîçíà÷èì èòåðàöèè èíòåðâàëà ∆(n)
0 (x0), ò.å.

∆(n)
i (x0) = T i∆(n)

0 (x0), i ≥ 1.
Ë å ì ì à 2.1. (ñì. [7]). Ïóñòü x0 ∈ S1. Îòðåçîê òðàåêòîðèè ýòîé òî÷êè {xi, 0 ≤ i <

qn + qn−1} ðàçáèâàåò îêðóæíîñòü íà íåïåðåñåêàþùèåñÿ ( çà èñêëþ÷åíèåì êîíöåâûõ òî÷åê)
îòðåçêè ∆(n−1)

i (x0), 0 ≤ i < qn, ∆(n)
j (x0), 0 ≤ j < qn−1.

Ëåììà 2.1 íîñèò ïî ñóùåñòâó àðèôìåòè÷åñêèé õàðàêòåð, ïîñêîëüêó ñòðóêòóðà ðàçáèåíèÿ
îïðåäåëÿòñÿ ïîðÿäêîì òî÷åê òðàåêòîðèè {xi, 0 ≤ i < qn +qn−1}, êîòîðûé ñîâïàäàåò ñ ïîðÿäêîì
òî÷åê äëÿ ëèíåéíîãî ïîâîðîòà Tρ. Âîçíèêàþùåå ðàçáèåíèå îáîçíà÷èì ÷åðåç ξn(x0) è íàçîâåì
äèíàìè÷åñêèì ðàçáèåíèåì n-ãî ïîðÿäêà. Íèæå ìû êðàòêî îïèøåì ñòðóêòóðó äèíàìè÷åñêèõ
ðàçáèåíèé. Ïðè ïåðåõîäå îò ξn(x0) ê ξn+1(x0) ïðîèñõîäèò ñëåäóþùåå. Âñå îòðåçêè n -ãî ðàíãà
ñîõðàíÿþòñÿ, à êàæäûé èç îòðåçêîâ ∆(n−1)

i (x0), 0 ≤ i < qn ðàçáèâàåòñÿ íà kn + 1 îòðåçêîâ.
Ë å ì ì à 2.2. Ïóñòü â òî÷êàõ z(i) ∈ S1, i = 1, r, ãäå z(1) < z(2) < · · · < z(r), ñóùåñòâó-

þò êîíå÷íûå îäíîñòîðîííèå ïðîèçâîäíûå f ′(z(i) ± 0), f ∈ C1
(
[z(i); z(i+1)]

)
, 1 ≤ i ≤ r. Çäåñü

z(r+1) = z(1) + 1 è v =
r∑

i=1
var[zi,zi+1] ln f ′ < ∞. Ïîëîæèì v = v +

r∑
i=1

| ln f ′(zi − 0)− ln f ′(zi + 0)|.
Òîãäà äëÿ ëþáîãî y0 òàêîãî, ÷òî ys 6∈ {zi, i = 1, r}, s = 0, qk − 1, k ∈ N ñïðàâåäëèâî íåðàâåí-
ñòâî

e−v ≤
qk−1∏

j=0

f ′(yj) ≤ ev. (2)

Ëåììà 2.2 äîêàçûâàåòñÿ òàê æå, êàê àíàëîãè÷íîå óòâåðæäåíèå â ðàáîòå [9]. Èç ëåììû 2.2
ñëåäóåò, ÷òî îòðåçêè, ñîñòàâëÿþùèå ðàçáèåíèå ξn(x0), èìåþò ýêñïîíåíöèàëüíî ìàëóþ äëèíó.
Ïîëîæèì λ = (1 + e−v)−

1
2 ,

Ñ ë å ä ñ ò â è å 2.1. Ïóñòü ∆(n) � ïðîèçâîëüíûé ýëåìåíò äèíàìè÷åñêîãî ðàçáèåíèÿ
ξn(x0). Òîãäà

|∆(n)| ≤ constλn (3)

Î ï ð å ä å ë å í è å 2.1. Äâà ãîìåîìîðôèçìà îêðóæíîñòè T1 è T2 íàçûâàþòñÿ
òîïîëîãè÷åñêè ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò òàêîé ãîìåîìîðôèçì ϕ : S1 → S1, ÷òî
ϕ(T1x) = T2ϕ(x) äëÿ ëþáîãî x ∈ S1.

Ïðè ýòîì ϕ íàçûâàåòñÿ ñîïðÿãàþùèì ãîìåîìîðôèçìîì èëè ñîïðÿæåíèåì. Èñïîëüçóÿ ñëåä-
ñòâèå 2.1, ëåãêî ìîæíî äîêàçàòü ñëåäóþùóþ òåîðåìó.

Ò å î ð å ì à Ä à í æ ó à. Ïóñòü ãîìåîìîðôèçì T ñ èððàöèîíàëüíûì ÷èñëîì âðàùå-
íèÿ ρ óäîâëåòâîðÿåò óñëîâèÿì ëåììû 2.2. Òîãäà T òîïîëîãè÷åñêè ýêâèâàëåíòåí ëèíåéíîìó
ïîâîðîòó Tρ.

Èç ñëåäñòâèÿ 2.1 âûòåêàåò, ÷òî òðàåêòîðèÿ ëþáîé òî÷êè ïëîòíî çàïîëíÿåò îêðóæíîñòü.
Îòñþäà ñëåäóåò, ÷òî ñîïðÿæåíèå ñóùåñòâóåò è îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì ñ òî÷íî-
ñòüþ äî ïîâîðîòà. Ñ äðóãîé ñòîðîíû, õîðîøî èçâåñòíî [11], ÷òî ïðè ïîìîùè íîðìèðîâàííîé
èíâàðèàíòíîé ìåðû µ ñîïðÿæåíèå ϕ ìîæíî îïðåäåëèòü ñëåäóþùèì îáðàçîì:

ϕ(x) = µ([x0, x]), x ∈ S1,
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ãäå x0 � ïðîèçâîëüíàÿ òî÷êà îêðóæíîñòè.
3. Ô î ð ì ó ë è ð î â ê à î ñ í î â í û õ ë å ì ì è ä î ê à ç à ò å ë ü ñ ò â î

ò å î ð å ì û 1. Â ýòîì ïàðàãðàôå ìû ïðèâåäåì îñíîâíûå ëåììû è, èñïîëüçóÿ èõ, äîêàæåì
òåîðåìó 1.

Î ï ð å ä å ë å í è å 3.1. Äâîéíûì îòíîøåíèåì ÷åòâåðêè (z1, z2, z3, z4), z1 < z2 < z3 < z4

íàçûâàåòñÿ ÷èñëî
Cr(z1, z2, z3, z4) =

(z2 − z1)(z4 − z3)
(z3 − z1)(z4 − z3)

.

Ë å ì ì à 3.1. Ïóñòü f(x) ∈ C2[a, b] è f ′(x) > 0 äëÿ ëþáîãî x ∈ [a, b]. Òîãäà äëÿ ëþáîé
÷åòâåðêè ÷èñåë (z1, z2, z3, z4), a ≤ z1 < z2 < z3 < z4 ≤ b èìååò ìåñòî ðàâåíñòâî

Cr(f(z1), f(z2), f(z3), f(z4))
Cr(z1, z2, z3, z4)

= 1 + [O( max
x,y∈[z1,z4]

|f ′′(x)− f ′′(y)|) + O(z4 − z1)](z4 − z1).

Ïóñòü zi ∈ S1, i = 1, 4, z1 < z2 < z3 < z4. Ââåäåì îáîçíà÷åíèÿ: α = z2 − z1, β = z3 − z2,
γ = z4 − z3

Ë å ì ì à 3.2 (ñì. [10]). Ïóñòü â òî÷êå x = y0 ñîïðÿæåíèå ϕ(x) èìååò ïîëîæèòåëü-
íóþ ïðîèçâîäíóþ ϕ′(y0) = p0 > 0, x ∈ S1 è äëÿ íåêîòîðîé êîíñòàíòû R > 1 âûïîëíåíû
ñëåäóþùèå óñëîâèÿ

a)
α

R
≤ β ≤ Rα,

α

R
≤ γ ≤ Rα;

b) max
1≤i≤4

|zi − y0| ≤ Rα.

Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ = δ(ε) > 0 òàêîå, ÷òî åñëè âñå zi, 1 ≤ i ≤ 4 ëåæàò â
(y0 − δ, y0 + δ), òî ñïðàâåäëèâî íåðàâåíñòâî

|Cr(ϕ(z1), ϕ(z2), ϕ(z3), ϕ(z4))
Cr(z1, z2, z3, z4)

− 1| ≤ c1ε,

ãäå êîíñòàíòà c1 çàâèñèò ëèøü îò R è p0 è íå çàâèñèò îò ε.
Ïóñòü x0 ∈ [z1, z2], ãäå x0 � ïåðâûé èçëîì. Ââåäåì òàêæå ñëåäóþùèå îáîçíà÷åíèÿ:

τ = x0 − z1, α′ = T pm+1z2 − T pm+1z1, β′ = T pm+1z3 − T pm+1z2, γ′ = T pm+1z4 − T pm+1z3,
Cr(α, β, γ) = α

α+β
γ

β+γ , Cr(α′, β′, γ′) = α′
α′+β′

γ′
β′+γ′ , F (z) = (1+ξ)[(c2−1)z+1]

(c2−1)z+1+ξ
, ãäå z = τ

α , ξ = β
α ,

c =
m∏

i=o
ci.

Ë å ì ì à 3.3. Ïóñòü ôóíêöèÿ f, îïðåäåëÿþùàÿ ãîìåîìîðôèçì T, ïðèíàäëåæèò êëàññó
C2

(
S1 \ {x0, xp1 , . . . , xpm}

)
, f ′(x) ≥ const > 0 è ñóùåñòâóåò êîíñòàíòà R > 1 òàêàÿ, ÷òî

âûïîëíÿþòñÿ íåðàâåíñòâà
α

R
< β < Rα,

α

R
< γ < Rα. (4)

Òîãäà ñóùåñòâóåò êîíñòàíòà c2 = c2(f, R) òàêàÿ, ÷òî

|Cr(α
′, β′, γ′)

Cr(α, β, γ)
− F (z)| ≤ c2(α + β + γ). (5)

Î ï ð å ä å ë å í è å 3.2. Ñêàæåì, ÷òî òðîéêà îòðåçêîâ ([z1, z2], [z2, z3], [z3, z4])
ïîêðûâàåò îñîáóþ òî÷êó x0, åñëè x0 ∈ (z1, z4). Òðîéêà îòðåçêîâ ïîêðûâàåò îñîáóþ òî÷êó
"ïðàâèëüíûì" îáðàçîì ñ êîíñòàíòîé M , 0 < M ≤ 1, åñëè
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1) x0 ∈ (z1, z4],
2) x0−z1

z2−z1
≥ M .

Ë å ì ì à 3.4 (ñì. [10]). Ïóñòü îïðåäåëÿþùàÿ ôóíêöèÿ f(x) ãîìåîìîðôèçìà T óäîâëåòâî-
ðÿåò óñëîâèÿì òåîðåìû 1. Òîãäà äëÿ ëþáûõ y0 ∈ S1 è δ > 0 ñóùåñòâóåò N(δ, y0) > 0 òàêîå,
÷òî äëÿ âñåõ n > N(δ, y0) íàéäåòñÿ òðîéêà îòðåçêîâ [zs, zs+1] ⊂ (y0 − δ, y0 + δ), s = 1, 2, 3 ñî
ñëåäóþùèìè ñâîéñòâàìè:
1) |T j [z1, z4]| ≤ constλn, λ = (1 + e−v)−

1
2 0 ≤ j < qn;

2)
qn−1∑
j=0

∣∣T j [z1, z4]
∣∣ ≤ 2;

3) îòðåçêè [zs, zs+1] è T qn [zs, zs+1] s = 1, 2, 3 óäîâëåòâîðÿþò óñëîâèÿì à) è b) ëåììû 3.2 ñ
êîíñòàíòîé R = e3v + ev + 1;
4) òðîéêà îòðåçêîâ T j [z1, z2], T j [z2, z3], T j [z3, z4], 0 ≤ j ≤ qn ïîêðûâàåò îñîáûå òî÷êè
xpi , i = 0,m ðîâíî îäèí ðàç. Ïðè ýòîì ïîêðûòèå ÿâëÿåòñÿ "ïðàâèëüíûì" ñ êîíñòàíòàìè
Mpi = 1, i = 0,m.

Ë å ì ì à 3.5. Ïðåäïîëîæèì, ÷òî îïðåäåëÿþùàÿ ôóíêöèÿ f(x) ãîìåîìîðôèçìà T óäîâëå-
òâîðÿåò óñëîâèÿì òåîðåìû 1 è îòðåçêè [zs, zs+1], s = 1, 2, 3 óäîâëåòâîðÿþò óòâåðæäåíèÿì
1)-4) ëåììû 3.4. Òîãäà äëÿ äîñòàòî÷íî áîëüøèõ n èìåþò ìåñòî ñëåäóþùèå íåðàâåíñòâà

a)
Cr(T qnz1, T

qnz2, T
qnz3, T

qnz4)
Cr(z1, z2, z3, z4)

≥ const > 1 ïðè c =
m∏

i=0

ci > 1,

b)
Cr(T qnz1), T qnz2, T

qnz3, T
qnz4)

Cr(z1, z2, z3, z4)
≤ const < 1 ïðè c =

m∏

i=0

ci < 1,

ãäå êîíñòàíòû çàâèñÿò ëèøü îò ôóíêöèè f .
Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 1. Ïîñêîëüêó èíâàðèàíòíàÿ ìåðà µ íå èìååò

àòîìîâ è ϕ(x) çàäàåòñÿ ìîíîòîííîé ôóíêöèåé ϕ(x) =
∫ x
o dµ(x), ãäå µ(x) � èíâàðèàíòíàÿ ìåðà,

íàì äîñòàòî÷íî ïîêàçàòü, ÷òî äëÿ ïî÷òè âñåõ x ïî ìåðå Ëåáåãà ϕ′(x) = 0. Ïðîèçâîäíàÿ ϕ′(x)
ñóùåñòâóåò â ñèëó ìîíîòîííîñòè ôóíêöèè ϕ äëÿ ïî÷òè âñåõ x ïî ìåðå Ëåáåãà. Ìû ïîêàæåì, ÷òî
ϕ′(x) = 0 âñþäó, ãäå ïðîèçâîäíàÿ îïðåäåëåíà. Ïðåäïîëîæèì, ÷òî ϕ′(y0) = p0 > 0, y0 ∈ S1.
Äëÿ îïðåäåëåííîñòè ïðåäïîëîæèì, ÷òî âåëè÷èíà èçëîìà c =

m∏
i=0

ci > 1. Ôèêñèðóåì
ε > 0. Âîçüìåì òðîéêó îòðåçêîâ ([z1, z2], [z2, z3], [z3, z4]), [zs, zs+1] ⊂ (y0 − δ, y0 + δ), s = 1, 2, 3,
óäîâëåòâîðÿþùèõ óñëîâèÿì ëåììû 3.4. Òîãäà ýòè îòðåçêè è îòðåçêè [T qnzs, T

qnzs+1], s = 1, 2, 3,
óäîâëåòâîðÿþò óñëîâèÿì ëåììû 3.2. Èç ëåììû 3.2 ñëåäóåò, ÷òî

|Cr(ϕ(z1), ϕ(z2), ϕ(z3), ϕ(z4))
Cr(z1, z2, z3, z4)

− 1| < c1ε, (6)

|Cr(T
qnz1, T

qnz2, T
qnz3, T

qnz4)
Cr(z1, z2, z3, z4)

− 1| < c1ε. (7)

Ïîñêîëüêó ϕ îñóùåñòâëÿåò ñîïðÿæåíèå ñ ëèíåéíûì ïîâîðîòîì, íåòðóäíî âèäåòü,÷òî

Cr (ϕ(T qnz1), ϕ(T qnz2), ϕ(T qnz3), ϕ(T qnz4)) = Cr(ϕ(z1), ϕ(z2), ϕ(z3), ϕ(z4)). (8)

Èç ôîðìóë (6)�(8) íåïîñðåäñòâåííî âûòåêàåò, ÷òî
∣∣∣∣
Cr(T qnz1, T

qnz2, T
qnz3, T

qnz4)
Cr(z1, z2, z3, z4)

− 1
∣∣∣∣ < c3ε, (9)
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ãäå êîíñòàíòà c3 > 0 íå çàâèñèò îò ε è n. Ñ äðóãîé ñòîðîíû, èç ëåììû 3.5 ñëåäóåò, ÷òî äëÿ
äîñòàòî÷íî áîëüøèõ n

Cr(T qnz1, T
qnz2, T

qnz3, T
qnz4)

Cr(z1), z2, z3, z4
≥ const > 1.

Ïðè äîñòàòî÷íî ìàëûõ ε ïîñëåäíåå íåðàâåíñòâî è íåðàâåíñòâî (9) îäíîâðåìåííî íå ìîãóò
âûïîëíÿòüñÿ. Ýòî ïðîòèâîðå÷èå äîêàçûâàåò òåîðåìó 1.

4. Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2. Ïðåäïîëîæèì, ÷òî ìíîæåñòâî A ⊂ S1

ÿâëÿåòñÿ èíâàðèàíòíûì è λ(A) > 0. Òîãäà A èìååò òî÷êó ïëîòíîñòè x0 ∈ S1. Ôèêñèðóåì
ε > 0. Ïî îïðåäåëåíèþ òî÷êè ïëîòíîñòè íàéäåòñÿ òàêîå δ > 0, ÷òî äëÿ ëþáîãî îòðåçêà [a, b],
óäîâëåòâîðÿþùåãî óñëîâèÿì x0 ∈ [a, b] è [a, b] ⊂ (x0 − δ, x0 + δ), λ(A

⋂
[a, b]) ≥ (1 − ε)λ([a, b]).

Èíà÷å, λ(B
⋂

[a, b]) ≤ ελ[a, b], ãäå B = S1\A. Îáîçíà÷èì V
(n)
0 (x0) = [xqn−1, xqn ]. Ïðè äîñòàòî÷íî

áîëüøèõ n, V
(n)
0 (x0) ⊂ (x0−δ, x0+δ). Çíà÷èò, λ(B

⋂
V

(n)
0 (x0)) ≤ ελ(V (n)

0 (x0)). Ñèñòåìà îòðåçêîâ
{V (n)

i (x0), 0 ≤ i < qn} ïîêðûâàåò îêðóæíîñòü è êàæäàÿ òî÷êà îêðóæíîñòè ïðèíàäëåæèò íå

áîëåå, ÷åì äâóì îòðåçêàì V
(n)
i (x0), 0 ≤ i < qn. Îòñþäà ñëåäóåò, ÷òî

qn−1∑
i=0

|V ()n
i (x0)| ≤ 2. Òåïåðü

ðàçäåëèì ñèñòåìó îòðåçêîâ {V (n)
i (x0)}qn−1

i=0 íà äâå ãðóïïû. Ñêàæåì, ÷òî V
(n)
j (x0), 0 ≤ j < qn � èç

ïåðâîé ãðóïïû, åñëè îíà ñîõðàíÿåò ïî ìåíüøåé ìåðå îäíó îñîáóþ òî÷êó. Â ïðîòèâíîì ñëó÷àå,
ñêàæåì, ÷òî V

(n)
j (x0) � èç âòîðîé ãðóïïû. Îáîçíà÷èì ÷åðåç V

(n)
m1 (x0), V

(n)
m2 (x0),..., V

(n)
ml (x0),

m1 < m2 < . . . < ml ýëåìåíòû ïåðâîé ãðóïïû, ÷èñëî êîòîðûõ íå áîëüøå, ÷åì 2r, ò.å. l ≤ 2r.
Çàôèêñèðóåì y0 ∈ V

(n)
0 (x0) \ {T i(zj), i ∈ Z1, 1 ≤ j ≤ r} è îöåíèì

C =
|V (n)

k (x0)|
|V (n)

0 (x0)|
· 1

k−1∏
i=0

f ′(yi)
, (10)

ãäå yi = T i(y0) äëÿ ëþáîãî 1 ≤ k < qn.
I) Ïóñòü k ≤ m1. Òîãäà

C =
|V (n)

k (x0)|
|V (n)

0 (x0)|
· 1

k−1∏
i=0

f ′(yi)
=

1

|V (n)
0 (x0)|

∫

V
(n)
0 (x0)

d

dx
fk(x)

1
k−1∏
i=0

f ′(yi)
dx =

=
d

dx
fk(x)

1∏k−1
i=0 f ′(yi)

=
k−1∏

i=0

f ′(xi)
f ′(yi)

= exp{
k−1∑

i=0

ln[1 +
f ′′(θi)(T ix0 − T iy0)

f ′(yi)
]}.

Äàëåå,

|
k−1∑

i=0

ln[1 +
f ′′(θi)(T ix0 − T iy0)

f ′(T iy0)
]| ≤ c3

k−1∑

i=0

|T ix0 − T iy0| ≤ c3,

ãäå c3 = M
m , M = sup

x∈S1

|f ′′(x)|, m = inf
x∈S1

|f(x)|.
Äàëåå,

exp(−c3) ≤ C ≤ exp(c3). (11)

II) Ïóñòü m1 < k ≤ ml è mj0 < k ≤ mj0+1 ïðè íåêîòîðîì 0 ≤ j0 ≤ l. Òîãäà

|V (n)
k (x0)|

|V (n)
0 (x0)|

· 1
k−1∏
i=0

f ′(yi)
=
|V (n)

m1 (x0)|
|V (n)

0 (x0)|
· 1

m1−1∏
i=0

f ′(yi)
·
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· |V
(n)
m1+1(x0)|
|V (n)

m1 (x0)|
· 1
f ′(ym1)

· |V
(n)
m2 (x0)|

|V (n)
m1+1(x0)|

· 1
m2−1∏

i=m1+1
f ′(yi)

· . . .

· . . . · |V (n)
mj0

(x0)|
|V (n)

mj0−1+1(x0)|
· 1

mj0−1∏
i=mj0−1+1

f ′(yi)
·
|V (n)

mj0
+1(x0)|

|V (n)
mj0

(x0)|
·

· 1
f ′(ymj0

)
· |V (n)

k (x0)|
|V (n)

mj0
+1(x0)|

· 1
k−1∏

i=mj0
+1

f ′(yi)
.

Òåïåðü îöåíèì êàæäûå èç A0 = |V (n)
m1

(x0)|
|V (n)

0 (x0)| ·
1

m1−1Q
i=0

f ′(yi)

, Aj =
|V (n)

mj+1(x0)|
|V (n)

mj
(x0)| ·

1
f ′(ymj ) , 1 ≤ j ≤ j0 è

B0 = |V (n)
k (x0)|

|Vmj0+1 (x0)| · 1
k−1Q

i=mj0+1

f ′(yi)

, Bξ =
|V (n)

mξ+1
(x0)|

|V (n)
mξ+1(x0)| ·

1
mξ+1−1Q
i=mξ+1

f ′(yi)

, 1 ≤ ξ ≤ j0. Èìååì

A0 =
1

|V (n)
0 (x0)|

∫

V
(n)
0 (x0)

d

dx
fm1(x)

1
m1−1∏
i=0

f ′(yi)
dx,

B0 =
1

|V (n)
mj0+1(x0)|

∫

V
(n)
mj0+1

(x0)

d

dx
fk−mj0

−1 1∏k−1
i=mj0+1

f ′(yi)
dx,

Bξ =
1

|V (n)
mξ+1(x0)|

∫

V
(n)
mξ+1

d

dx
fmξ+1−mξ−1 1

mξ+1−1∏
i=mξ+1

f ′(yi)

dx.

Òàê êàê ïîäèíòåãðàëüíûå ôóíêöèè íåïðåðûâíû, èìååì

exp(−c3) ≤ A0 ≤ exp(c3),
exp(−c3) ≤ B0 ≤ exp(c3),
exp(−c3) ≤ Bξ ≤ exp(c3),

(12)

Aj =
1

|V (n)
mj (x0)|

∫

V
(n)
mj

(x0)

d

dx
f(x)

1
f ′(ymj )

dx,

1
c3
≤ Aj ≤ c3, 1 ≤ j ≤ j0, ãäå c3 =

M

m
, M = sup

S1

|f ′(x)|. (13)

Èç (11)�(13) âûòåêàåò, ÷òî

(
1
c
)j0exp(−(j0 + 2)c3) ≤ C ≤ exp((j0 + 2)c3)(c)j0 .

III) ml < k ≤ qn − 1. Ýòîò ñëó÷àé àíàëîãè÷åí ñëó÷àþ II). Èìååì

(
1
c
)l exp(−(l + 2)c3) ≤ C ≤ exp((l + 2)c3)(c)l. (14)
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Çíà÷èò, äëÿ ëþáîãî 0 ≤ k ≤ qn − 1

const ≤ C ≤ Const. (15)

Èñïîëüçóÿ (15) è èíâàðèàíòíîñòü B, ïîëó÷àåì

λ(B
⋂

V
(n)
k (x0)) = λ

(
T kB

⋂
T kV

(n)
0 (x0)

)
= λ(T k(B

⋂
V

(n)
0 )(x0)) =

=
∫

B
T

V
(n)
0 (x0)

d

dx
fk(x) =

k−1∏

i=0

f ′(yi)
∫

B
T

V
(n)
0 (x0)

d

dx
fk(x)

1
k−1∏
i=0

f ′(yi)
dx ≤

≤ const

∣∣∣V (n)
k (x0)

∣∣∣
∣∣∣V (n)

0 (x0)
∣∣∣
· λ

(
B

⋂
V

(n)
0 (x0)

)
≤ const ε

∣∣∣V (n)
k (x0)

∣∣∣ .

Ïðîñóììèðóåì íåðàâåíñòâî ïî k îò 0 äî qn − 1. Ïîëó÷èì

λ(B) =
qn−1∑

k=0

λ(B
⋂

V
(n)
k (x0)) ≤ constε

qn−1∑

k=0

|V (n)
k (x0)| ≤ const ε.

Â ñèëó ïðîèçâîëüíîñòè ε λ(B) = 0. Îòñþäà ñëåäóåò, ÷òî λ(A) = 1. Òåîðåìà 2 äîêàçàíà.
5. Ä î ê à ç à ò å ë ü ñ ò â î ë å ì ì 3.1, 3.3, 3.5.
Ä î ê à ç à ò å ë ü ñ ò â î ë å ì ì û 3.1. Ïóñòü f ∈ C2[a, b]. Ëåãêî ïðîâåðèòü, ÷òî

f(b) = f(a) + f ′(b)(b− a) +
∫ b

a
f ′′(y)(a− y)dy,

f(b) = f(a) + f ′(a)(b− a) +
∫ b

a
f ′′(y)(b− y)dy.

Â äàëüíåéøåì íàì íåîáõîäèìû ñëåäóþùèå ðàâåíñòâà

1
f ′(b)(b− a)

∫ b

a
f ′′(y)(y − a)dy =

∫ b

a

f ′′(y)
2f ′(y)

dy + ξ1(a, b), (16)

1
f ′(a)(b− a)

∫ b

a
f ′′(y)(b− y)dy =

∫ b

a

f ′′(y)
2f ′(y)

dy + ξ2(a, b), (17)

ãäå ξ1(a, b) è ξ2(a, b) óäîâëåòâîðÿþò ñëåäóþùèì îöåíêàì:

|ξi(a, b)| ≤ c1 max
x,y∈[a,b]

|f ′′(x)− f ′′(y)|(b− a) + c2(b− a)2, i = 1, 2. (18)

Çäåñü c1 è c2 � ïîñòîÿííûå, çàâèñÿùèå òîëüêî îò f . Äîêàæåì îöåíêó (18). Äëÿ ñëó÷àÿ i = 1
(ñëó÷àé i = 2 äîêàçûâàåòñÿ àíàëîãè÷íî). Èç ðàâåíñòâà (16) ïîëó÷èì

|ξ1(a, b)| = |
∫ b

a

f ′′(y)(y − a)
f ′(b)(b− a)

dy − f ′′(b)
2f ′(b)

(b− a) +
f ′′(b)
2f ′(b)

(b− a)−
∫ b

a

f ′′(y)
2f ′(y)

dy| =

= |
∫ b

a

[f ′′(y)− f ′′(b)](y − a)
f ′(b)(b− a)

dy +
∫ b

a

[f ′′(b)− f ′′(y)]
2f ′(b)

dy +
∫ b

a

[f ′(y)− f ′(b)]f ′′(y)
2f ′(b)f ′(y)

dy| ≤
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≤ 1
min

y∈[a,b]
f ′(y)

max
x,y∈[a,b]

|f ′′(x)− f ′′(y)|(b− a) +




max
y∈a,b

f ′′(y)

2 min
y∈[a,b]

f ′(y)




2

(b− a)2.

Îöåíêà (18) äîêàçàíà.
Èñïîëüçóÿ ðàâåíñòâà (16), (17) è îöåíêó (18), ïîëó÷èì

Cr(f(z1), f(z2), f(z3), f(z4)) =
f(z2)− f(z1)
f(z3)− f(z1)

· f(z4)− f(z3)
f(z4)− f(z2)

=

=
f ′(z1)(z2 − z1) +

∫ z2

z1
f ′′(y)(z2 − y)dy

f ′(z1)(z3 − z1) +
∫ z3

z1
f ′′(y)(z3 − y)dy

· −f ′(z4)(z3 − z4)−
∫ z3

z4
f ′′(y)(z3 − y)dy

−f ′(z4)(z2 − z4)−
∫ z2

z4
f ′′(y)(z2 − y)dy

=

= Cr(z1, z2, z3, z4)
1 +

∫ z2

z1

f ′′(y)
2f ′(y)dy + ξ2(z1, z2)

1 +
∫ z3

z1

f ′′(y)
2f ′(y)dy + ξ2(z1, z2)

·
1− ∫ z4

z3

f ′′(y)
2f ′(y)dy − ξ1(z3, z4)

1− ∫ z4

z2

f ′′(y)
2f ′(y)dy − ξ1(z2, z4)

=

= Cr(z1, z2, z3, z4)
[
1 + (−

∫ z3

z2

f ′′(y)
2f ′(y)

dy + ξ2(z1, z2)− ξ2(z1, z3))(1 + O(z4 − z1))
]
·

·
[
1 + (

∫ z3

z2

f ′′(y)
2f ′(y)

dy − ξ1(z1, z3) + ξ1(z2, z4))(1 + O(z4 − z1))
]

=

= 1 + ξ1(z2, z4)− ξ1(z3, z4) + ξ2(z1, z2)− ξ2(z1, z3) + O((z4 − z1)2) =

= 1 +
[
O( max

x,y∈[z1,z4]
|f ′′(x)− f ′′(y)|) + O(z4 − z1)

]
(z4 − z1).

Ëåììà (3.1) äîêàçàíà.
Ä î ê à ç à ò å ë ü ñ ò â î ë å ì ì û 3.3. Ïî óñëîâèþ x0 ∈ [z1, z2]. Ñëåäîâàòåëüíî,

îòðåçîê [z2, z4] íå ñîäåðæèò îñîáóþ òî÷êó x0. Î÷åâèäíî, ÷òî

γ′

β′ + γ′
=

T pm+1z4 − T pm+1z3

T pm+1z4 − T pm+1z2
=

[
fpm+1(x0 + 0)

]′
γ + O(γ2)

[fpm+1(x0 + 0)]′ (β + γ) + O((β + γ)2)
=

=
γ

γ + β

1 + O(γ)
1 + O(β + γ)

=
γ

β + γ
(1 + O(β + γ)).

α′

α′ + β′
= (19)

=

[
fpm+1(x0 − 0)

]′
τ +

[
fpm+1(x0 + 0)

]′ (α− τ) + O(α)2

[fpm+1(x0 − 0)]′ τ + [fpm+1(x0 + 0)]′ (α + β − τ) + O((α + β)2)
=

=
(c2 − 1)z + 1 + O(α)

(c2 − 1)z + 1 + ξ + O(α + β)
=

(c2 − 1)z + 1
(c2 − 1)z + 1 + ξ

(1 + O(α + β)).

Èç ïîëó÷åííîãî ñîîòíîøåíèÿ âûòåêàåò, ÷òî

α′

α′ + β′
· α + β

α
=

(1 + ξ)((c2 − 1)z + 1)
(c2 − 1)z + 1 + ξ

(1 + O(α + β)).

Îòñþäà è èç ðàâåíñòâà (19) ëåãêî ïîëó÷èòü íåðàâåíñòâî (5). Ëåììà 3.3 äîêàçàíà.
Ä î ê à ç à ò å ë ü ñ ò â î ë å ì ì û 3.5. Ïðåäïîëîæèì äëÿ îïðåäåëåííîñòè, ÷òî c =

=
m∏

i=0
ci > 1. Â ñëó÷àå c =

m∏
i=0

ci < 1 ëåììà 3.5 äîêàçûâàåòñÿ àíàëîãè÷íî. Ïóñòü îòðåçêè [zs, zs+1],
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s = 1, 3 óäîâëåòâîðÿò óñëîâèÿì ëåììû 3.4 è òðîéêà îòðåçêîâ
(
T i0 [z1, z4], T i0 [z2, z3], T i0 [z3, z4]

)
ïîêðûâàåò îñîáóþ òî÷êó x0. Î÷åâèäíî, ÷òî

I =
Cr(T qnz1, T

qnz2, T
qnz3, T

qnz4)
Cr(z1, z2, z3, z4)

=
i0−1∏

i=0

Cr(T i+1z1, T
i+1z2, T

i+1z3, T
i+1z4)

Cr(T iz1, T iz2, T iz3, T iz4)
·

·Cr(T
i0+pm+1z1, T

i0+pm+1z2, T
i0+pm+1z3, T

i0+pm+1z4)
Cr(T i0z1, T i0z2, T i0z3, T i0z4)

·

·
qn−1∏

i=i0+pm+1

Cr(T i+1z1, T
i+1z2, T

i+1z3, T
i+1z4)

Cr(T iz1, T iz2, T iz3, T iz4)
. (20)

Òåïåðü îöåíèì ïåðâîé ñîìíîæèòåëü â (20); òðåòèé ñîìíîæèòåëü îöåíèâàåòñÿ àíàëîãè÷íî.
Èñïîëüçóÿ ëåììó 3.1 è óñëîâèå 1) ëåììû 3.4, ïîëó÷èì

i0−1∏

i=0

Cr(T i+1z1, T
i+1z2, T

i+1z3, T
i+1z4)

Cr(T iz1, T iz2, Tiz3, T iz4)
=

i0−1∏

i=0

(1 + [O( max
x,y∈[T iz1,T iz4]

|f ′′(x)− f ′′(y)|)+

+O(T iz4 − T iz1)](T iz4 − T iz1)) = exp

{
i0−1∑

i=0

ln(1 + [O( max
x,y∈[T iz1,T iz4]

|f ′′(x)− f ′′(y)|)+

+O(T iz4 − T iz1)](T iz4 − T iz1)) = 1 + ω(δ, f ′′) + O(max
i

[
T i

z1
; T i

z4

]
)
}

, (21)

ãäå
ω(δ, f ′′) = max

0≤i<qn

( max
x,y∈[T iz1,T iz4]

|f ′′(x)− f ′′(y)|).

Òåïåðü îöåíèì âòîðîé ñîìíîæèòåëü â (20)

|Cr(T
i0+pm+1z1, T

i0+pm+1z2, T
i0+pm+1z3, T

i0+pm+1z4)
Cr(T i0z1, T i0z2, T i0z3, T i0z4)

− F (x)| ≤ c2λ
n, (22)

ãäå F (x) = (1+ξ)((c2−1)x+1)
(c2−1)x+1+ξ

, ξ = |T i0z3−T i0z2|
|T i0z2−T i0z1| , x = |x0−T i0z1|

|T i0z2−T i0z1| .
Ëåãêî âèäåòü, ÷òî ôóíêöèÿ F (x), 0 ≤ x ≤ 1 ÿâëÿåòñÿ ñòðîãî âîçðàñòàþøåé (ïðè c =

=
m∏

i=0
ci > 1), ïðè÷åì F (0) = 1. Ïî ïðåäïîëîæåíèþ òðîéêà îòðåçêîâ

(
[T i0z1, T

i0z2] , [T i0z2, T
i0z3],

[T i0z3, T
i0z4]

)
"ïðàâèëüíîì" îáðàçîì ïîêðûâàåò îñîáóþ òî÷êó ñ êîíñòàíòîé M = 1. Îòñþäà

ñëåäóåò, ÷òî

Cr(T i0+1+pmz1, T
i0+1+pmz2, T

i0+1+pmz3, T
i0+1+pmz4)

Cr(T i0z1, T i0z2, T i0z3, T i0z4)
≥ F (1)− c2λ

n. (23)

Ïîñêîëüêó F (1) = c2(1+ξ)
c2+ξ

è ξ ≥ 1
R =

(
e3v + ev + 1

)−1
, òî

F (1) ≥ c2(R + 1)
Rc2 + 1

= 1 +
c2 − 1

Rc2 + 1
≥ 1.

Îòñþäà è èç (20)�(23) ëåãêî âûòåêàåò óòâåðæäåíèå ëåììû 3.5.

Àâòîð âûðàæàåò ñâîþ èñêðåííþþ áëàãîäàðíîñòü À.À. Äæàëèëîâó çà ïîñòàíîâêó çàäà÷ è
âíèìàíèå ê ðàáîòå.
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ÓÄÊ 514.7

ÈÍÂÀÐÈÀÍÒÍÛÅ ÌÅÐÛ ÎÊÐÓÆÍÎÑÒÈ Ñ
ÎÑÎÁÅÍÍÎÑÒßÌÈ

A. A. Äæàëèëîâ

Ñàìàðêàíäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò Ìåõàíèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò
Óçáåêèñòàí 703004 ã. Ñàìàðêàíä kdzhalilov@yahoo.com

Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ êóñî÷íî-ãëàäêèå ãîìåîìîðôèçìû îêðóæíîñòè ñ íåñêîëüêèìè èçëî-
ìàìè íà îäíîé òðàåêòîðèè è ñ èððàöèîíàëüíûì ÷èñëîì âðàùåíèÿ. Äîêàçàíî, ÷òî â ñëó÷àå, êîãäà
ïðîèçâåäåíèå âåëè÷èí èçëîìîâ íå ðàâíî 1, èíâàðèàíòíàÿ ìåðà òàêèõ ãîìåîìîðôèçìîâ ã¼ëäåðîâ-
ñêîãî òèïà è ÿâëÿåòñÿ ñèíãóëÿðíîé îòíîñèòåëüíî ìåðû Ëåáåãà.

Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ ãîìåîìîðôèçìû îêðóæíîñòè ñ îñîáåííîñòÿìè òèïà èçëîìà,
ò.å. îòîáðàæåíèÿ, ãëàäêèå âñþäó çà èñêëþ÷åíèåì íåñêîëüêèõ òî÷åê, â êîòîðûõ ïðîèñõîäèò ðàç-
ðûâ ïåðâîé ïðîèçâîäíîé. Ðàññìîòðèì ñîõðàíÿþùèé îðèåíòàöèþ ãîìåîìîðôèçì Tf åäèíè÷íîé
îêðóæíîñòè

Tfx = {f(x)} , x ∈ S1 = [0, 1) (1)

ãäå ñêîáêà {·} îáîçíà÷àåò äðîáíóþ ÷àñòü, à f(x) � îïðåäåëÿþùàÿ ôóíêöèÿ Tf óäîâëåòâîðÿåò
ñëåäóþùèì óñëîâèÿì:
b1) f(x) � íåïðåðûâíàÿ, ñòðîãî âîçðàñòàþùàÿ ôóíêöèÿ;
b2) f(x + 1) = f(x) + 1 äëÿ ëþáîãî x ∈ R1;
b3) ãîìåîìîðôèçì Tf â òî÷êàõ xpi = T pi

f x0, i = 0, m, p0 = 0 < p1 < p2 < . . . < pm, èìååò
èçëîìû. Ýòî îçíà÷àåò, ÷òî ñóùåñòâóþò êîíå÷íûå îäíîñòîðîííèå ïðîèçâîäíûå f ′(xpi ± 0) > 0 è

f ′ (xpi − 0)
f ′ (xpi + 0)

= ci 6= 1, i = 0,m.

b4) f(x) ∈ C2+ε
(
S1 \ {

xpi , i = 0,m
})

, ïðè íåêîòîðîì ε > 0, f ′(x) ≥ const > 0 äëÿ ∀x ∈ S1 \{
xpi , i = 0,m

}
;

Ç à ì å ÷ à í è å. Óñëîâèå b4) îçíà÷àåò, ÷òî ôóíêöèÿ f(x) ïðèíàäëåæèò êëàññó C2+ε íà
êàæäîé ñâÿçíîé êîìïîíåíòå ìíîæåñòâà S1 \ {

xpi , i = 0,m
}
.

×èñëà ci(f), i = 0,m íàçûâàþòñÿ âåëè÷èíàìè èçëîìà ãîìåîìîðôèçìà Tf â òî÷êàõ xpi , i =
0,m, ñîîòâåòñòâåííî. Çàìåòèì, ÷òî âåëè÷èíû èçëîìà ci(f), i = 0,m ÿâëÿþòñÿ èíâàðèàíòàìè
ïðè ãëàäêîé çàìåíå ïåðåìåííûõ.

Keywords: circle gomeomorphism, invariant measure, singularity
2000 Mathematics Subject Classi�cation: 58A05
c A. A. Äæàëèëîâ, 2004.
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Óñëîâèÿ b1) � b4) îçíà÷àþò, ÷òî ôóíêöèÿ f(x) îïðåäåëÿåò ãîìåîìîðôèçì îêðóæíîñòè, äî-
ñòàòî÷íî ãëàäêèé âñþäó çà èñêëþ÷åíèåì (m + 1) òî÷åê îêðóæíîñòè, ëåæàùèõ íà îäíîé òðàåê-
òîðèè, â êîòîðûõ èìåþòñÿ ñêà÷êè ïåðâîé ïðîèçâîäíîé èëè èçëîìû. Âîîáùå ãîâîðÿ, ôóíêöèÿ
f(x) îïðåäåëåíà ñ òî÷íîñòüþ äî àääèòèâíîé êîíñòàíòû, íî ìû óñòðàíèì ýòó íåîäíîçíà÷íîñòü
óñëîâèåì 0 < f(0) < 1. Ïóàíêàðå ïîêàçàë, ÷òî äëÿ ëþáîãî x ∈ R1 ñóùåñòâóåò ïðåäåë ([1], [2])

lim
n→∞

fn(x)
n

= ρ.

Çäåñü è äàëåå fn(x) îáîçíà÷àåò n-þ èòåðàöèþ ôóíêöèè f . ×èñëî ρ íàçûâàåòñÿ ÷èñëîì âðàùå-
íèÿ, íå çàâèñèò îò âûáîðà x0 è ÿâëÿåòñÿ âàæíåéøåé õàðàêòåðèñòèêîé ãîìåîìîðôèçìà Tf .

Ïîâåäåíèå Tf ñóùåñòâåííî çàâèñèò îò àðèôìåòè÷åñêèõ ñâîéñòâ ÷èñëà âðàùåíèÿ. Òàê, åñëè
ρ = p/q ðàöèîíàëüíî, òî ñóùåñòâóþò ïåðèîäè÷åñêèå òðàåêòîðèè ïåðèîäà q, îáõîäÿùèå p ðàç
îêðóæíîñòü, è â îáùåì ñëó÷àå òðàåêòîðèè ïî÷òè âñåõ òî÷åê ïðèòÿãèâàþòñÿ ê óñòîé÷èâûì ïå-
ðèîäè÷åñêèì òðàåêòîðèÿì. Íàïðîòèâ, åñëè ρ èððàöèîíàëüíî, òî äëÿ äîñòàòî÷íî ãëàäêèõ äèô-
ôåîìîðôèçìîâ òðàåêòîðèÿ ëþáîé òî÷êè âñþäó ïëîòíà íà îêðóæíîñòè, à ñàì äèôôåîìîðôèçì
ñ ïîìîùüþ ãîìåîìîðôíîé çàìåíû êîîðäèíàò ïðèâîäèòñÿ ê ïîâîðîòó íà óãîë ρ. Ñîîòâåòñòâó-
þùèé ðåçóëüòàò áûë äîêàçàí Äàíæóà [3]. Òî÷íåå, Äàíæóà ïîêàçàë, ÷òî åñëè f ∈ C1

(
R1

)
è

V ar ln f ′(x) < ∞, òî ñóùåñòâóåò ãîìåîìîðôèçì îêðóæíîñòè Tϕ òàêîé, ÷òî Tϕ ◦Tf = Tρ ◦Tϕ, ãäå
Tρx = {x + ρ} � ïîâîðîò îêðóæíîñòè íà óãîë ρ.

Â òåîðèè ãîìåîìîðôèçìîâ îêðóæíîñòè ñóùåñòâóåò âàæíàÿ ïðîáëåìà âûÿñíåíèÿ ñâÿçè ìåæ-
äó ãëàäêîñòüþ f , ñâîéñòâàìè ÷èñëà âðàùåíèÿ ρ è êëàññîì ãëàäêîñòè ñîïðÿæåíèÿ ϕ. Ñ ýòîé
ïðîáëåìîé òåñíî ñâÿçàí è âîïðîñ î ñóùåñòâîâàíèè àáñîëþòíî íåïðåðûâíîé èíâàðèàíòíîé ìå-
ðû äëÿ Tf . Â ñàìîì äåëå, åäèíñòâåííàÿ ñ òî÷íîñòüþ äî íîðìèðîâêè èíâàðèàíòíàÿ ìåðà äëÿ Tf

ÿâëÿåòñÿ àáñîëþòíî íåïðåðûâíîé îòíîñèòåëüíî ìåðû Ëåáåãà òîãäà è òîëüêî òîãäà, êîãäà ϕ(x)
� àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ. Ýòî ñîîáðàæåíèå âïåðâûå áûëî èñïîëüçîâàíî Àðíîëüäîì
â [4], ãäå îí èçó÷àë ãëàäêîñòü ϕ(x). Èì áûëî ïîêàçàíî, ÷òî äëÿ òèïè÷íûõ ÷èñåë âðàùåíèÿ ρ
è äëÿ àíàëèòè÷åñêèõ äèôôåîìîðôèçìîâ Tf , äîñòàòî÷íî áëèçêèõ ê ïîâîðîòó Tρ, ïðèâåäåíèå
îñóùåñòâëÿåòñÿ ñ ïîìîùüþ àíàëèòè÷åñêîãî äèôôåîìîðôèçìà. Â äàëüíåéøåì ðåçóëüòàòû òèïà
òåîðåìû Àðíîëüäà, ïîëó÷åííûå â ðàìêàõ ìåòîäà òåîðèè ÊÀÌ, ïîëó÷èëè íàçâàíèå ëîêàëüíûõ
òåîðåì ïðèâåäåíèÿ, ïîñêîëüêó çäåñü âåñüìà âàæíóþ ðîëü èãðàþò óñëîâèÿ áëèçîñòè Tf è Tρ.

Âïåðâûå ãëîáàëüíàÿ òåîðåìà ïðèâåäåíèÿ, ò.å. òåîðåìà, íå òðåáóþùàÿ áëèçîñòè äèôôåîìîð-
ôèçìà ê ïîâîðîòó, áûëà äîêàçàíà Ì. Ýðìàíîì [5]. Íàèáîëåå ñèëüíûå ðåçóëüòàòû â ýòîé îáëàñòè
áûëè ïîëó÷åíû Ñèíàåì è Õàíèíûì [6], Ñòàðêîì [7], Êàöíåëüñîíîì è Îðíñòåéíîì [8]. Â ðàáîòå
Ñèíàÿ è Õàíèíà ïîêàçàíî, ÷òî èòåðàöèè èçó÷àåìûõ äèôôåîìîðôèçìîâ â ïåðåíîðìèðîâàííûõ
êîîðäèíàòàõ àñèìïòîòè÷åñêè áëèçêè ê äðîáíî-ëèíåéíûì îòîáðàæåíèÿì.

Â ðàáîòå [9] ïîêàçàíî, ÷òî ãîìåîìîðôèçìû ñ îäíîé òî÷êîé èçëîìà çàíèìàþò ïðîìåæóòî÷íîå
ìåñòî ìåæäó äèôôåîìîðôèçìàìè è êðèòè÷åñêèìè îòîáðàæåíèÿìè îêðóæíîñòè. Ñ îäíîé ñòî-
ðîíû, äëÿ îäíîïàðàìåòðè÷åñêèõ ñåìåéñòâ ãîìåîìîðôèçìîâ ñ îñîáåííîñòÿìè òèïà èçëîìà ìíî-
æåñòâî çíà÷åíèé ïàðàìåòðà, îòâå÷àþùèõ èððàöèîíàëüíûì ÷èñëàì âðàùåíèÿ, èìååò ëåáåãîâó
ìåðó íóëü. Èíâàðèàíòíûå ìåðû òàêèõ ãîìåîìîðôèçìîâ ÿâëÿþòñÿ ñèíãóëÿðíûìè îòíîñèòåëüíî
ìåðû Ëåáåãà [10].

Ñ äðóãîé ñòîðîíû, êàê è â ñëó÷àå äèôôåîìîðôèçìîâ îêðóæíîñòè, ðåíîðìãðóïïîâîå ïî-
âåäåíèå äëÿ ïîäîáíûõ îòîáðàæåíèé âûãëÿäèò äîñòàòî÷íî ïðîñòî. Â ïåðåíîðìèðîâàííûõ êî-
îðäèíàòàõ èòåðàöèè îòîáðàæåíèé àñèìïòîòè÷åñêè ïðèáëèæàþòñÿ ê äðîáíî-ëèíåéíûì ïðåîá-
ðàçîâàíèÿì, çàâèñÿùèì òîëüêî îò äâóõ ïàðàìåòðîâ. Â ñëó÷àå ãîìåîìîðôèçìîâ îêðóæíîñòè c
íåñêîëüêèìè èçëîìàìè ñèòóàöèÿ áîëåå òðóäíàÿ. Çäåñü, õîòÿ èìåþòñÿ òî÷êè èçëîìà, äëÿ íåêî-
òîðûõ îòîáðàæåíèé èíâàðèàíòíàÿ ìåðà ÿâëÿåòñÿ àáñîëþòíî íåïðåðûâíîé [11].

Äëÿ ãîìåîìîðôèçìîâ, óäîâëåòâîðÿþùèõ óñëîâèÿì b1)� b4), âîçìîæíû òîëüêî ñëåäóþùèå
äâà ñëó÷àÿ: g1)

∏m
i=0 ci = 1; g2)

∏m
i=0 ci 6= 1.
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Åñëè ãîìåîìîðôèçì Tf óäîâëåòâîðÿåò óñëîâèÿì b1) � b4) è g1), òî äëÿ òèïè÷íûõ èððàöèî-
íàëüíûõ ÷èñåë âðàùåíèÿ ρ ñîïðÿæåíèå ϕ(x) ÿâëÿåòñÿ êóñî÷íî-ãëàäêîé ôóíêöèåé [11].

Öåëü íàñòîÿùåé ðàáîòû ñîñòîèò â èçó÷åíèè èíâàðèàíòíûõ ìåð ãîìåîìîðôèçìîâ îêðóæíî-
ñòè, óäîâëåòâîðÿþùèõ óñëîâèÿì b1)�b4) è g2), ñ èððàöèîíàëüíûì ÷èñëîì âðàùåíèÿ.

Îáîçíà÷èì ÷åðåç B áîðåëåâñêóþ σ-àëãåáðó.
Îïð å ä å ë å í è å 1. Ìåðà µ íà èçìåðèìîì ïðîñòðàíñòâå

(
S1,B)

íàçûâàåòñÿ ñèíãóëÿð-
íîé îòíîñèòåëüíî ìåðû Ëåáåãà λ, åñëè ñóùåñòâóåò A ∈ B òàêîå, ÷òî µ(A) = 1 è λ(A) = 0.

Òåïåðü ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò íàøåé ðàáîòû îá èíâàðèàíòíûõ ìåðàõ ãîìåîìîð-
ôèçìîâ îêðóæíîñòè ñ íåñêîëüêèìè èçëîìàìè, ëåæàùèìè íà îäíîé òðàåêòîðèè.

Òå î ð åì à 1. Ïóñòü îïðåäåëÿþùàÿ ôóíêöèÿ f(x) ãîìåîìîðôèçìà Tf óäîâëåòâîðÿåò óñëî-
âèÿì b1) − b4) è g2 ÷èñëî âðàùåíèÿ ρ = ρ(f) � èððàöèîíàëüíî. Òîãäà èíâàðèàíòíàÿ ìåðà µ
ÿâëÿåòñÿ ñèíãóëÿðíîé îòíîñèòåëüíî ìåðû Ëåáåãà λ.

Õîðîøî èçâåñòíî, ÷òî ãîìåîìîðôèçì îêðóæíîñòè ñ èððàöèîíàëüíûì ÷èñëîì âðàùåíèÿ ÿâ-
ëÿåòñÿ ñòðîãî ýðãîäè÷åñêèì, ò.å. èìååò åäèíñòâåííóþ èíâàðèàíòíóþ ìåðó µ. Îòñþäà âûòåêàåò,
÷òî ïðåîáðàçîâàíèå Tf ÿâëÿåòñÿ ýðãîäè÷åñêèì îòíîñèòåëüíî ìåðû µ.

Îïð å ä å ë å í è å 2. Ïðåîáðàçîâàíèå Tf íàçûâàåòñÿ ýðãîäè÷åñêèì îòíîñèòåëüíî ìåðû
Ëåáåãà λ, åñëè ëþáîå Tf�èíâàðèàíòíîå ìíîæåñòâî A ∈ B èìååò ëåáåãîâó ìåðó 0 èëè 1.

Òå î ð åì à 2. Ïóñòü îïðåäåëÿþùàÿ ôóíêöèÿ f(x) ãîìåîìîðôèçìà Tf óäîâëåòâîðÿåò óñëî-
âèÿì b1)− b4) è ÷èñëî âðàùåíèÿ ρ(f) ÿâëÿåòñÿ èððàöèîíàëüíûì. Òîãäà Tf ÿâëÿåòñÿ ýðãîäè÷å-
ñêèì ïðåîáðàçîâàíèåì îòíîñèòåëüíî ìåðû Ëåáåãà λ.

Äëÿ îïèñàíèÿ ìíîãèõ ôèçè÷åñêèõ ÿâëåíèé ÷àñòî èçó÷àþòñÿ ñòàòèñòè÷åñêèå ñâîéñòâà ñèí-
ãóëÿðíûõ ìåð [12].

Îïðåäåëèì äâå âàæíûå ôóíêöèè íà îêðóæíîñòè, õàðàêòåðèçóþùèå èíâàðèàíòíóþ ìåðó µ:

τ(x) = lim
ε→0

lnµ([x, x + ε])
ln ε

, τ(x) = lim
ε→0

ln µ([x, x + ε])
ln ε

.

Ôóíêöèè τ(x) è τ(x) íàçûâàþòñÿ, ñîîòâåòñòâåííî, íèæíèì è âåðõíèì ïîêàçàòåëÿìè ñèíãóëÿð-
íîñòè èíâàðèàíòíîé ìåðû µ.

Îïð å ä å ë å í è å 3. Ñèíãóëÿðíàÿ èíâàðèàíòíàÿ ìåðà µ íàçûâàåòñÿ ãåëüäåðîâñêîé, åñëè
ñóùåñòâóþò êîíñòàíòû m è M , 0 < m < M < 1 òàêèå, ÷òî íà ìíîæåñòâå "ïîëíîé" µ
ìåðû ñïðàâåäëèâû íåðàâåíñòâà

m ≤ τ(x) ≤ τ(x) ≤ M.

Ôóíêöèè τ(x) è τ(x) ÿâëÿþòñÿ èíâàðèàíòíûìè îòíîñèòåëüíî Tf . Îòñþäà, à òàêæå èç ýðãî-
äè÷íîñòè Tf îòíîñèòåëüíî ìåð µ è λ ñëåäóåò, ÷òî îáå ýòè ôóíêöèè ÿâëÿþòñÿ ïî÷òè ïîñòîÿííûìè
ïî ìåðå µ è ïî ìåðå λ. Ýòè ïîñòîÿííûå îáîçíà÷èì τ(µ), τ(µ) è τ(λ), τ(λ), ñîîòâåòñòâåííî.

Òå î ð åì à 3. Ïóñòü îïðåäåëÿþùàÿ ôóíêöèÿ f(x) ãîìåîìîðôèçìà Tf óäîâëåòâîðÿåò óñëî-
âèÿì b1)−b4) è q2) è ÷èñëî âðàùåíèÿ ρ(f) ÿâëÿåòñÿ èððàöèîíàëüíûì òèïà êîíñòàíòû. Òîãäà
ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà:
I) 0 < τ(µ) ≤ τ(µ) < 1;
II) 1 < τ(λ) ≤ τ(λ) < +∞.

Èç ïåðâîãî óòâåðæäåíèÿ òåîðåìû 3 íåïîñðåäñòâåííî ñëåäóåò ñïðàâåäëèâîñòü ã¼ëüäåðîâñêîé
ñèíãóëÿðíîé èíâàðèàíòíîé ìåðû µ.

Ïðè äîêàçàòåëüñòâå òåîðåìû 3 ñóùåñòâåííî èñïîëüçóåòñÿ ðåíîðìãðóïïîâîå ïîâåäåíèå ãî-
ìåîìîðôèçìîâ îêðóæíîñòè ñ íåñêîëüêèìè èçëîìàìè, ëåæàùèìè íà îäíîé òðàåêòîðèè.

Îòìåòèì, ÷òî òåîðåìû 1�3 ÿâëÿþòñÿ îáîáùåíèÿìè ñîîòâåòñòâóþùèõ óòâåðæäåíèé äëÿ ñëó-
÷àÿ ãîìåîìîðôèçìîâ îêðóæíîñòè ñ îäíîé òî÷êîé èçëîìà ([10], [11]).

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 2 (12)



Èíâàðèàíòíûå ìåðû îêðóæíîñòè ñ îñîáåííîñòÿìè 97

Öèòèðîâàííàÿ ëèòåðàòóðà

1. Poincare H. J. Math. Pures et Appl. P. 1881�1886.
2. Êîðíôåëüä È. Ï., Ñèíàé ß. Ã., Ôîìèí Ñ. Â. Ýðãîäè÷åñêàÿ òåîðèÿ. Ì. 1980.
3. Denjoy A. J. Math. Pures et Appl. 1932. V.11. P. 333�375.
4. Àðíîëüä Â. È. Èçâ. ÀÍ ÑÑÑP, Ñåð.ìàò. 1961. Ò.25. � 1., C. 21�86.
5. Herman M. Publ. Math. I.H.E.S. 1979. V.49. P. 5�233
6. Ñèíàé ß. Ã., Õàíèí Ê. Ì. Óñïåõè ìàò. íàóê. 1989. Ò.44., � 1. C. 57�82.
7. Stark J . Nonlinearity. 1988. V.1. P. 541�575.
8. Katznelson Y., Ornstein D. Ergodic Theory and Dyn. Systems. 1989. V. 9., � 4. Ð. 643�680.
9. Khanin K. M., Vul E. B. Advances. Sov. Math. 1991. V.3. P. 57�93.

10. Äæàëèëîâ À. À., Õàíèí Ê. Ì. Ôóíê. àíàëèç è åãî ïðèëîæåíèÿ. 1998. Ò.32. � 3. Ñ. 11�21.
11. Äæàëèëîâ À. À. Òåîð. è ìàòåì. ôèçèêà. 1999. Ò.121. � 3. Ñ. 355�366.
12. Halsey T. C., Jensen M. N., Kadano� L. P., Procaccia I. and Shraiman B. I. Phys. Rev.

1986. A33. P. 1141�1147.

Ïîñòóïèëà â ðåäàêöèþ 26.09.2003ã.

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 2 (12)



Ìàòåìàòè÷åñêèé æóðíàë. Àëìàòû. 2004. Òîì 4. � 2 (12) . C. 98 � 103

ÓÄÊ 681.5

ÄÎÑÒÀÒÎ×ÍÛÅ ÓÑËÎÂÈß ÝÊÑÏÎÍÅÍÖÈÀËÜÍÎÉ
ÓÑÒÎÉ×ÈÂÎÑÒÈ �Â ÁÎËÜØÎÌ� ÈÍÒÅÐÂÀËÜÍÎÉ
ÄÈÍÀÌÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÛ Ñ ÍÅËÈÍÅÉÍÎÑÒÜÞ

ÊÂÀÄÐÀÒÈ×ÍÎÃÎ ÒÈÏÀ
Ð. Ñ. Èâëåâ

Èíñòèòóò ïðîáëåì èíôîðìàòèêè è óïðàâëåíèÿ ÌÎ è Í ÐÊ
480100 ã.Àëìàòû óë.Ïóøêèíà, 125 ivlevruslan@newmail.ru

Â ðàáîòå ðàçâèâàåòñÿ öèêë èññëåäîâàíèé [1, 2] ïî óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì ñ èíòåð-
âàëüíîé íåîïðåäåëåííîñòüþ ïàðàìåòðîâ. Â íàñòîÿùåé ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ýêñ-
ïîíåíöèàëüíîé óñòîé÷èâîñòè íåëèíåéíîé èíòåðâàëüíîé äèíàìè÷åñêîé ñèñòåìû ñ íåëèíåéíîñòüþ
êâàäðàòè÷íîãî òèïà.

1. Ï î ñ ò à í î â ê à ç à ä à ÷ è. Ðàññìàòðèâàåòñÿ äèíàìè÷åñêàÿ ñèñòåìà, âîçìóùåííîå
äâèæåíèå êîòîðîé ìîæåò áûòü îïèñàíî â ïðîñòðàíñòâå ñîñòîÿíèé â óñëîâèÿõ èíòåðâàëüíîé
íåîïðåäåëåííîñòè ïàðàìåòðîâ ñ ïîìîùüþ ñëåäóþùåãî äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ

ẋ(t) ∈ Ax(t) + X(t)Bx(t), x(t0) = x0, t ∈ [t0,∞), (1)

ãäå t � íåçàâèñèìàÿ ïåðåìåííàÿ (âðåìÿ), x(t) = (xi(t)) � âåêòîð ñîñòîÿíèé, êîìïîíåíòàìè
êîòîðîãî ÿâëÿþòñÿ íåïðåðûâíûå íà [t0,∞) ôóíêöèè xi(t), ò.å. xi(t) ∈ C[t0,∞), i = 1, 2, . . . , n;
â íà÷àëüíûé ìîìåíò âðåìåíè t0 çíà÷åíèå âåêòîðà ñîñòîÿíèé ïðåäïîëàãàåòñÿ èçâåñòíûì x0.
Ìàòðèöà X(t) ÿâëÿåòñÿ áëî÷íî-äèàãîíàëüíîé

X(t) = Diag{xT (t), xT (t), . . . , xT (t)︸ ︷︷ ︸
n

},

ò.å. X(t) èìååò îäèíàêîâûå áëî÷íî-äèàãîíàëüíûå ýëåìåíòû, ðàâíûå òðàíñïîíèðîâàííîìó âåê-
òîðó ñîñòîÿíèé xT (t). Ìíîãîçíà÷íîñòü â ïðàâîé ÷àñòè äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ (1) îáó-
ñëîâëèâàåòñÿ íàëè÷èåì èíòåðâàëüíîé ìàòðèöû A ∈ IRn×n è èíòåðâàëüíîé ìàòðèöû B ∈
IRn2×n. Çäåñü IR � ìíîæåñòâî âñåõ âåùåñòâåííûõ èíòåðâàëîâ [3, 4]. Èíòåðâàëüíàÿ ìàòðèöà
A ∈ IRn×n, çàäàííàÿ ñâîèìè íèæíåé A ∈ Rn×n è âåðõíåé A ∈ Rn×n ãðàíèöàìè, îïðåäåëÿåòñÿ
ñîãëàñíî ñëåäóþùåìó ñîîòíîøåíèþ

A = [A, A] = {A ∈ Rn×n | A ≤ A ≤ A}, (2)
Keywords: asymptotic stability, interval uncertainty of parameters, quadratic nonlinearity.
2000 Mathematics Subject Classi�cation: 34D20
c Ð. Ñ. Èâëåâ, 2004.
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ãäå íåðàâåíñòâà ïîíèìàþòñÿ â ïîêîìïîíåíòíîì ñìûñëå. Èíòåðâàëüíàÿ ìàòðèöà B ∈ IRn2×n

èìååò ñëåäóþùèé áëî÷íûé âèä

B =




B1

B2
...

Bn


 ,

ãäå Bi ∈ IRn×n � èíòåðâàëüíûå ìàòðèöû, çàäàííûå ñâîèìè íèæíèìè B ∈ Rn×n è âåðõíèìè
B ∈ Rn×n ãðàíèöàìè, i = 1, 2, . . . , n, îïðåäåëÿþòñÿ àíàëîãè÷íûì ñîîòíîøåíèþ (2) îáðàçîì

Bi = [Bi, Bi] = {Bi ∈ Rn×n | Bi ≤ Bi ≤ Bi}, i = 1, 2, . . . , n. (3)

Â ñèëó ñîîòíîøåíèé (2) è (3) äëÿ äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ (1) èìååì ñëåäóþùåå ýêâè-
âàëåíòíîå ïðåäñòàâëåíèå â âèäå ñåìåéñòâà äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ(t) = Ax(t) + X(t)Bx(t), A ∈ A, B ∈ B, x(t0) = x0, t ∈ [t0,∞). (4)

Äëÿ êàæäîãî ïðåäñòàâèòåëÿ ñåìåéñòâà (4) äèôôåðåíöèàëüíûõ óðàâíåíèé âûïîëíåíû âñå óñëî-
âèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ, ïîýòîìó äëÿ ëþáîãî íà÷àëüíîãî óñëîâèÿ x0 ∈ Rn

ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ìàòðèö A ∈ A è B ∈ B ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå, ïðî-
õîäÿùåå ÷åðåç x0, óðàâíåíèÿ ñåìåéñòâà (4). Ïðè âñåâîçìîæíûõ çíà÷åíèÿõ ìàòðèö A è B èç
ñîîòâåòñòâóþùèõ èíòåðâàëüíûõ A è B ÷åðåç x0 ïðîõîäèò ñåìåéñòâî èíòåãðàëüíûõ êðèâûõ,
ïîðîæäåííûõ êàæäûì ïðåäñòàâèòåëåì ñåìåéñòâà (4). Äëÿ íóëåâîãî íà÷àëüíîãî óñëîâèÿ x0 = 0
èìååì òðèâèàëüíîå ðåøåíèå x(t, t0, x0) ≡ 0, ÿâëÿþùååñÿ ïîëîæåíèåì ðàâíîâåñèÿ äèôôåðåíöè-
àëüíîãî âêëþ÷åíèÿ (1).

Î ï ð å ä å ë å í è å 1. Òðèâèàëüíîå ðåøåíèå x(t, t0, x0) ≡ 0 ñèñòåìû (1) íàçûâàåòñÿ ýêñ-
ïîíåíöèàëüíî óñòîé÷èâûì ïðè t →∞, åñëè ñóùåñòâóþò òàêèå ïîëîæèòåëüíûå ïîñòîÿííûå
N è α, ÷òî äëÿ ëþáûõ çíà÷åíèé A ∈ A è B ∈ B è âñÿêîãî ðåøåíèÿ x(t, t0, x0) ýòîé ñèñòåìû
ñïðàâåäëèâî íåðàâåíñòâî

||x(t, t0, x0)|| ≤ N ||x(t0)|| exp (−α(t− t0)) ,

ãäå || · || � åâêëèäîâà íîðìà.

Ìíîæåñòâî âñåõ òåõ x ∈ Rn, êîòîðûå äëÿ ëþáûõ A ∈ A è B ∈ B ïðèòÿãèâàþòñÿ ñ òå÷åíèåì
âðåìåíè ê íà÷àëó êîîðäèíàò, áóäåì íàçûâàòü îáëàñòüþ ïðèòÿæåíèÿ íà÷àëà êîîðäèíàò.

Ç à ä à ÷ à. Îïðåäåëèòü óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ
x(t, t0, x0) ≡ 0 íåëèíåéíîé èíòåðâàëüíîé äèíàìè÷åñêîé ñèñòåìû (1) â ñìûñëå îïðåäåëåíèÿ 1.

2. Î ñ í î â í î é ð å ç ó ë ü ò à ò. Äëÿ îïðåäåëåíèÿ óñëîâèé ýêñïîíåíöèàëüíîé
óñòîé÷èâîñòè âîñïîëüçóåìñÿ ïðÿìûì ìåòîäîì Ëÿïóíîâà è âûáåðåì ôóíêöèþ Ëÿïóíîâà â âèäå
êâàäðàòè÷íîé ôîðìû

V (x) = xT Hx, (5)

ãäå H ∈ Rn×n, H = HT . 0 � ñèììåòðè÷åñêàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà.
Ïðåæäå ÷åì ïðèñòóïèòü ê ôîðìóëèðîâêå îñíîâíîãî ðåçóëüòàòà, âûïîëíèì íåîáõîäèìûå

ïîñòðîåíèÿ è ïðèâåäåì èçâåñòíûå îïðåäåëåíèÿ èç èíòåðâàëüíîãî àíàëèçà. Èñïîëüçóÿ àðèô-
ìåòè÷åñêèå îïåðàöèè êëàññè÷åñêîé èíòåðâàëüíîé àðèôìåòèêè [3, 4], âû÷èñëèì èíòåðâàëüíûå
ìàòðèöû BiBT

j è BjBT
i , i, j = 1, 2, . . . , n è îñóùåñòâèì èõ ñèììåòðèðîâàíèå, ò.å.

Cij =
(
BiBT

j + BjBT
i

)
/2, i, j = 1, 2, . . . , n.
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Ââåäåì â ðàññìîòðåíèå âåëè÷èíû

li =
n∑

j=1

max

{∣∣∣∣∣ min
Cij=CT

ij∈Cij

λ(Cij)

∣∣∣∣∣ ,

∣∣∣∣∣ max
Cij=CT

ij∈Cij

Λ(Cij)

∣∣∣∣∣

}
,

ãäå λ(·) è Λ(·) � ñîîòâåòñòâåííî, ìèíèìàëüíîå è ìàêñèìàëüíîå ñîáñòâåííûå ÷èñëà êâàäðàòíîé
âåùåñòâåííîé ñèììåòðè÷åñêîé ìàòðèöû.

Â ïðîñòðàíñòâå Rn ïîñòðîèì çàìêíóòîå ìíîæåñòâî

E(µ) =
{

x ∈ Rn | V (x) ≤ Λ(H)µ/max
i
{li}

}
, (6)

ãäå µ ∈ R, µ > 0. Ìíîæåñòâî (6) ÿâëÿåòñÿ â Rn ãèïåðýëëèïñîèäîì, ñîäåðæàùèì íà÷àëî êîîð-
äèíàò â êà÷åñòâå ñâîåãî öåíòðà.

Î ï ð å ä å ë å í è å 2. Èíòåðâàëüíóþ êâàäðàòíóþ ìàòðèöó Q ∈ IRn×n, Q = (qij),
qij = [q

ij
, qij ], i, j = 1, 2, . . . , n áóäåì íàçûâàòü ïîëîæèòåëüíî îïðåäåëåííîé è çàïèñûâàòü

Q . 0, åñëè ïîëîæèòåëüíî îïðåäåëåíà ëþáàÿ ìàòðèöà Q ∈ Q, ò.å. ∀Q ∈ Q êâàäðàòè÷íàÿ
ôîðìà zT Qz > 0 ∀z ∈ Rn\{0}.

Î ï ð å ä å ë å í è å 3. [5] Ìíîæåñòâî ìàòðèö âèäà

Qsym = [Qsym, Q
sym] = {Q ∈ Rn×n|Q = QT , Qsym ≤ Q ≤ Q

sym},

ãäå çíàê íåðàâåíñòâà ïîíèìàåòñÿ â ïîêîìïîíåòíîì ñìûñëå, áóäåì íàçûâàòü ñèììåòðè÷åñêîé
èíòåðâàëüíîé ìàòðèöåé è çàïèñûâàòü Qsym = (Qsym)T .

Î ï ð å ä å ë å í è å 4. Ìíîæåñòâî êâàäðàòíûõ ìàòðèö H ∈ Rn×n âèäà

Σtol(A,B,Qsym) =
=

{
H ∈ Rn×n | (∀A ∈ A)(∀B ∈ B)(∃Q ∈ Qsym)(AT H + HA + HH = −Q)

}
(7)

íàçûâàåòñÿ äîïóñòèìûì ìíîæåñòâîì ðåøåíèé èíòåðâàëüíîãî ìàòðè÷íîãî óðàâíåíèÿ

AT H + HA + HH = −Qsym. (8)

Óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè èññëåäóåìîé ñèñòåìû äàåò ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 1. Ïóñòü äëÿ çàäàííûõ èíòåðâàëüíûõ ìàòðèö A ∈ Rn×n è B ∈ Rn2×n è
íåêîòîðîé èíòåðâàëüíîé ñèììåòðè÷åñêîé ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöû Qsym âû-
ïîëíåíû ñëåäóþùèå óñëîâèÿ:

• äîïóñòèìîå ìíîæåñòâî ðåøåíèé (7) èíòåðâàëüíîãî ìàòðè÷íîãî óðàâíåíèÿ (8) íåïóñòî,
ò.å. ñóùåñòâóåò H∗ ∈ Σtol(A,B,Qsym) 6= ∅,

• ìàòðèöà H∗ ÿâëÿåòñÿ ñèììåòðè÷åñêîé ïîëîæèòåëüíî îïðåäåëåííîé.

Òîãäà òðèâèàëüíîå ðåøåíèå x(t, t0, x0) ≡ 0 äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ (1) ýêñïîíåíöèàëüíî
óñòîé÷èâî è ìíîæåñòâî (6) ïðè 0 < µ < minQ∈Qsym λ(Q) ïðèíàäëåæèò îáëàñòè ïðèòÿæåíèÿ
íà÷àëà êîîðäèíàò.
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Ä î ê à ç à ò å ë ü ñ ò â î. Âû÷èñëÿÿ ïåðâóþ ïðîèçâîäíóþ ïî âðåìåíè ôóíêöèè (5) íà
òðàåêòîðèÿõ äâèæåíèÿ êàæäîãî ïðåäñòàâèòåëÿ ñåìåéñòâà (4), ïîëó÷èì ñåìåéñòâî ïðîèçâîäíûõ

V̇ (x) |(ẋ(t)=Ax(t)+X(t)Bx(t)), A ∈ A, B ∈ B. (9)

Ó÷èòûâàÿ êîíêðåòíîå âûðàæåíèå äëÿ ôóíêöèè Ëÿïóíîâà, âûïîëíèì íåñëîæíûå ïðåîáðàçîâà-
íèÿ

V̇ (x) = ẋT (t)Hx(t) + xT (t)Hẋ(t) =
= (Ax(t) + X(t)Bx(t))T Hx(t) + xT (t)H (Ax(t) + X(t)Bx(t)) =
= xT (t)(AT H + HA)x(t) + xT (t)(BT XT (t)H + HX(t)B)x(t) =
= xT (t)(AT H + HA)x(t) + xT (t)(BT XT (t)H + HX(t)B)x(t)−
−xT (t)(X(t)BBT X(t) + HH)x(t) + xT (t)(X(t)BBT X(t) + HH)x(t) =
= xT (t)(AT H + HA)x(t) + xT (t)(X(t)BBT X(t) + HH)x(t)−
−xT (t)(X(t)BBT X(t)−BT XT (t)H −HX(t)B + HH)x(t) +
= xT (t)(AT H + HA + HH)x(t)− xT (t)(X(t)B −H)(X(t)B −H)T x(t) +
+xT (t)X(t)BBT X(t)x(t) ≤
≤ xT (t)(AT H + HA + HH)x(t) + xT (t)X(t)BBT X(t)x(t).

Ñîãëàñíî ïåðâîìó óñëîâèþ òåîðåìû è ïðèíèìàÿ âî âíèìàíèå îïðåäåëåíèå ìíîæåñòâà (7), çà-
êëþ÷àåì, ÷òî äëÿ ëþáûõ çíà÷åíèé A ∈ A è B ∈ B ñóùåñòâóåò òàêàÿ ñèììåòðè÷åñêàÿ ïîëîæè-
òåëüíî îïðåäåëåííàÿ ìàòðèöà Q∗ ∈ Qsym, ÷òî ñïðàâåäëèâûì ÿâëÿåòñÿ ñëåäóþùåå ðàâåíñòâî

AT H∗ + H∗A + H∗H∗ = −Q∗.

Äàëåå äëÿ ëþáûõ ìàòðèö A ∈ A è B ∈ B ïðè ïîëîæèòåëüíûõ çíà÷åíèÿõ µ è ∆µ, óäîâëå-
òâîðÿþùèõ íåðàâåíñòâó 0 < µ < µ + ∆µ < minQ∈Qsym λ(Q), ñïðàâåäëèâûì áóäåò ñëåäóþùåå
âûðàæåíèå

xT (t)(AT H∗ + H∗A + H∗H∗)x(t) + xT (t)X(t)BBT XT (t)x(t) <

< −(µ + ∆µ)xT (t)x(t) + xT (t)X(t)BBT XT (t)x(t).

Îïðåäåëèì ìíîæåñòâî òàêèõ x, ïðè êîòîðûõ ïðàâàÿ ÷àñòü â ïîñëåäíåì âûðàæåíèè áóäåò îò-
ðèöàòåëüíîé äëÿ ëþáîé B ∈ B. Äëÿ ýòîãî äîñòàòî÷íî íàéòè ìíîæåñòâî òàêèõ x, ïðè êîòîðûõ
äëÿ ëþáîé B ∈ B ñèììåòðè÷åñêàÿ ìàòðèöà

µI −X(t)BBT XT (t), (10)

ãäå I � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n, íåîòðèöàòåëüíî îïðåäåëåíà, ò.å. âñå åå ñîáñòâåííûå
çíà÷åíèÿ ðàñïîëàãàþòñÿ â ïðàâîé ïîëóïëîñêîñòè êîìïëåêñíîé ïëîñêîñòè. Èñïîëüçóÿ òåîðåìó
Ãåðøãîðèíà [6], çàêëþ÷àåì, ÷òî äëÿ ýòîãî äîñòàòî÷íî, ÷òîáû êðóãè Ãåðøãîðèíà ìàòðèöû (10)
ðàñïîëàãàëèñü â ïðàâîé ïîëóïëîñêîñòè êîìïëåêñíîé ïëîñêîñòè. Ïðèíèìàÿ âî âíèìàíèå ðàç-
âåðíóòîå ïðåäñòàâëåíèå

X(t)BBT XT (t) =




xT (t)B1B
T
1 x(t) xT (t)B1B

T
2 x(t) . . . xT (t)B1B

T
n x(t)

xT (t)B2B
T
1 x(t) xT (t)B2B

T
2 x(t) . . . xT (t)B2B

T
n x(t)

... ... ... ...
xT (t)BnBT

1 x(t) xT (t)BnBT
2 x(t) . . . xT (t)BnBT

n x(t)


 , B ∈ B,
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ïîëó÷àåì íåðàâåíñòâî

µ− xT (t)BiB
T
i x(t) ≥

n∑

j=1,j 6=i

|xT (t)BiB
T
j x(t)|, Bi ∈ Bi, i = 1, 2, . . . , n

èëè

µ ≥ xT (t)BiB
T
i x(t) +

n∑

j=1,j 6=i

|xT (t)BiB
T
j x(t)| =

=
n∑

j=1

|xT (t)BiB
T
j x(t)|, Bi ∈ Bi, i = 1, 2, . . . , n, (11)

ïîñêîëüêó
xT (t)BiB

T
i x(t) ≥ 0, Bi ∈ Bi, i = 1, 2, . . . , n.

Îöåíèì ñâåðõó ñóììó
n∑

j=1

|xT (t)BiB
T
j x(t)|, Bi ∈ Bi, i = 1, 2, . . . , n,

äëÿ ÷åãî âûïîëíèì ñëåäóþùèå ïðåîáðàçîâàíèÿ
n∑

j=1

|xT (t)BiB
T
j x(t)| =

n∑

j=1

|1
2
xT (t)BiB

T
j x(t) +

1
2
xT (t)BjB

T
i x(t)| =

=
n∑

j=1

|1
2
xT (t)(BiB

T
j x(t) + BjB

T
i )x(t)| ≤

≤ ||x(t)||2
n∑

j=1

max
{∣∣∣∣ min

Bi∈BiBj∈Bj

λ(
1
2
(BiB

T
j + BjB

T
i ))

∣∣∣∣ ,

∣∣∣∣ max
Bi∈BiBj∈Bj

Λ(
1
2
(BiB

T
j + BjB

T
i ))

∣∣∣∣
}
≤

≤ ||x(t)||2
n∑

j=1

max

{∣∣∣∣∣ min
Cij=CT

ij∈Cij

λ(Cij)

∣∣∣∣∣ ,

∣∣∣∣∣ max
Cij=CT

ij∈Cij

Λ(Cij)

∣∣∣∣∣

}
=

= li||x(t)||2, Bi ∈ Bi, i = 1, 2, . . . , n. (12)

Ñðàâíèâàÿ (11) è (12), çàïèøåì

||x(t)||2 ≤ µ/li, i = 1, 2, . . . , n.

Ñ äðóãîé ñòîðîíû

V (x) = xT (t)Hx(t) ≤ Λ(H)xT (t)x(t) = Λ(H)||x(t)||2.

Êîìáèíèðóÿ ïîñëåäíèå äâà ñîîòíîøåíèÿ, ìîæíî çàïèñàòü

V (x) ≤ Λ(H)µ/max
i

li, i = 1, 2, . . . , n.

Òàêèì îáðàçîì, äëÿ âñåõ x, óäîâëåòâîðÿþùèõ ïîñëåäíåìó íåðàâåíñòâó, ò.å. äëÿ x ∈ E(µ) ñèì-
ìåòðè÷åñêàÿ ìàòðèöà (10) áóäåò íåîòðèöàòåëüíî îïðåäåëåííîé äëÿ ëþáîé B ∈ B. Òîãäà â
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îáëàñòè E(µ) ïåðâàÿ ïðîèçâîäíàÿ ïî âðåìåíè ôóíêöèè Ëÿïóíîâà (5) íà òðàåêòîðèÿõ äâèæåíèÿ
êàæäîé ñèñòåìû ñåìåéñòâà (4) óäîâëåòâîðÿåò íåðàâåíñòâó

V̇ (x) |(ẋ(t)=Ax(t)+X(t)Bx(t))< −(µ + ∆µ)xT (t)x(t) + xT (t)X(t)BBT XT (t)x(t) ≤ −∆µxT (t)x(t)

ðàâíîìåðíî ïî A ∈ A è B ∈ B. Ïðèâëåêàÿ èçâåñòíûå ðåçóëüòàòû, íàïðèìåð [7, 8], çàêëþ-
÷àåì, ÷òî òðèâèàëüíîå ðåøåíèå x(t, t0, x0) ≡ 0 ýêñïîíåíöèàëüíî óñòîé÷èâî, à ìíîæåñòâî (6)
ïðèíàäëåæèò îáëàñòè ïðèòÿæåíèÿ íà÷àëà êîîðäèíàò. Òåîðåìà äîêàçàíà.
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ÒÅÎÐÅÌÀ ÕÀÐÄÈ-ËÈÒÒËÂÓÄÀ ÄËß ÐßÄÎÂ
ÔÓÐÜÅ-ÏÐÀÉÑÀ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ËÎÐÅÍÑÀ

Å. Ñ. Ñìàèëîâ, À.Ó.Áèìåíäèíà

Êàðàãàíäèíñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò èì. Å.À.Áóêåòîâà
ã.Êàðàãàíäà óë.Óíèâåðñèòåòñêàÿ, 26 esmailov @ kargu.krg.kz

Â òåîðèè òðèãîíîìåòðè÷åñêèõ ðÿäîâ Ôóðüå îäíèì èç âàæíûõ ðåçóëüòàòîâ ÿâëÿåòñÿ òåî-
ðåìà Õàðäè-Ëèòòëâóäà, îïðåäåëÿþùàÿ íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ïðèíàäëåæíîñòè
ñóììû òðèãîíîìåòðè÷åñêîãî ðÿäà ñ ìîíîòîííûìè êîýôôèöèåíòàìè ïðîñòðàíñòâó Lp[0, 2π],
1 < p < +∞. Óñëîâèå âûðàæàåòñÿ â òåðìèíàõ êîýôôèöèåíòîâ ðàçëîæåíèÿ è äàåòñÿ äâóõ-
ñòîðîííÿÿ îöåíêà íîðìû ñóììû [1]. Äàííàÿ êëàññè÷åñêàÿ òåîðåìà èãðàåò ñóùåñòâåííóþ ðîëü
â ãàðìîíè÷åñêîì àíàëèçå. Äåëî â òîì, ÷òî ñ ïîìîùüþ ýòîé òåîðåìû äîêàçûâàåòñÿ íåóëó÷øàå-
ìîñòü ìíîãèõ âàæíûõ òåîðåì òåîðèè ôóíêöèé.

Ïóñòü Φ = {ϕn(x)}+∞
n=0 � ìóëüòèïëèêàòèâíàÿ ñèñòåìà Ïðàéñà [2].

Ïóñòü 1 < p < +∞, 1 < θ < +∞. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ f(x) ïðèíàäëåæèò ïðî-
ñòðàíñòâó Ëîðåíöà Lpθ[0, 1], åñëè

‖f‖pθ =





θ

p

1∫

0

t
θ
p
−1


1

t

t∫

0

f∗(x)dx




θ

dt





1
θ

,

ãäå f∗(x)− íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè |f(x)|, x ∈ [0, 1][3].
Äëÿ èçëîæåíèÿ îñíîâíûõ ðåçóëüòàòîâ ïðèâåä¼ì ñëåäóþùèå âñïîìîãàòåëüíûå óòâåðæäåíèÿ.

Ë å ì ì à 1 [4]. Äëÿ ëþáîãî x ∈ [0, 1] è öåëîãî n ≥ 0 èìååò ìåñòî íåðàâåíñòâî

|Dn(x)| ≤ 2q(x),

ãäå ôóíêöèÿ q(x) îïðåäåëÿåòñÿ íà [0, 1] ñëåäóþùèì îáðàçîì

q(x) =
mn

sin πl
pn+1

, åñëè x ∈
[

l

mn+1
,

l + 1
mn+1

]
, l = 1, 2, . . . ,

[pn+1

2

]
,

q(−x) = q(x), åñëè x ∈
[
pn+1 − l

mn+1
,
pn+1 − l + 1

mn+1

]
, l = 1, 2, . . . ,

[pn+1

2

]
, n = 0, 1, 2, . . .

Keywords: Fourier-Price series, Lorentz space, generation sequence, monotone decrease, Abel transform
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Ë å ì ì à 2 [5]. Ïóñòü β ≥ 1. Òîãäà ñïðàâåäëèâà îöåíêà
pk+1−1∑

j=1

1
sinβ πj

pk+1

≤
{

pk+1 ln pk+1, β = 1,

cβpβ
k+1, β > 1.

Òåïåðü ïðèâåäåì îñíîâíûå ðåçóëüòàòû ðàáîòû.
Ò å î ð å ì à 1. Ïóñòü f(x) ∈ L1[0, 1] è

f(x) =
+∞∑

k=0

akϕ(x)

� å¼ ðÿä Ôóðüå-Ïðàéñà. Ïóñòü îáðàçóþùàÿ ïîñëåäîâàòåëüíîñòü {pn}+∞
n=1 ñèñòåìû Ïðàéñà îãðà-

íè÷åíà è ïîñëåäîâàòåëüíîñòü êîýôôèöèåíòîâ Ôóðüå-Ïðàéñà ìîíîòîííî óáûâàåò. Òîãäà
à) åñëè ñõîäèòñÿ ðÿä

+∞∑

k=0

aθ
mk

m
θ(1− 1

p
)

k < +∞, 1 < p < +∞, 1 < θ < +∞,

òî f(x) ∈ Lpθ[0, 1]. Ïðè ýòîì ñïðàâåäëèâî íåðàâåíñòâî

‖f‖θ
pθ ≤ cpθ

+∞∑

k=0

aθ
mk

m
θ(1− 1

p
)

k ;

á) åñëè f(x) ∈ Lpθ[0, 1](1 < p < +∞, 1 < θ < +∞), òî ñõîäèòñÿ ðÿä
+∞∑

k=1

aθ
mk

m
θ(1− 1

p
)

k

è ïðè ýòîì ñïðàâåäëèâî íåðàâåíñòâî
+∞∑

k=1

aθ
mk

m
θ(1− 1

p
)

k ≤ cp‖f‖θ
pθ.

Ä î ê à ç à ò å ë ü ñ ò â î. Ìû áóäåì ïîëüçîâàòüñÿ ñëåäóþùèì ëåãêî ïðîâåðÿåìûì
òîæäåñòâîì, íàçûâàåìûì ïðåîáðàçîâàíèåì Àáåëÿ

N∑

k=mn

akϕk =
N−1∑

k=mn

(ak − ak+1)Dk(x) + aNDN (x)− amnDmn(x).

Îòñþäà, â ñèëó ìîíîòîííîñòè ïîñëåäîâàòåëüíîñòè {an} è ëåììû 1 ñëåäóåò, ÷òî
∣∣∣∣∣∣

N∑

k=mn

akϕk(x)

∣∣∣∣∣∣
≤ 2q(x)

N−1∑

k=mn

(ak − ak+1) + 4q(x)amn = 6q(x)amn .

Ñëåäîâàòåëüíî,

|f(x)| =
∣∣∣∣∣∣

mn−1∑

k=0

akϕk(x) +
+∞∑

k=mn

akϕk(x)

∣∣∣∣∣∣
≤

mn−1∑

k=0

ak + 6q(x)amn .
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Ó÷èòûâàÿ ñâîéñòâà äëÿ íåâîçðàñòàþùåé ïåðåñòàíîâêè, ïîëó÷èì

f∗∗(x) =
1
t

t∫

0

f∗(x)dx =
1
t

sup
M⊂[0,1],|M |=t

∫

M

|f(x)|dx ≤

≤ 1
t

sup
M⊂[0,1],|M |=t

∫

M

(
mn−1∑

k=0

ak + 6q(x)amn

)
dx ≤

≤ 1
t

sup
M⊂[0,1],|M |=t





∫

M

(
mn−1∑

k=0

ak + 6q(x)amn

)θ

dx





1
θ



∫

M

dx




1
θ,

=

=
1
t

sup
M⊂[0,1],|M |=t





∫

M

(
mn−1∑

k=0

ak + 6q(x)amn

)θ

dx





1
θ

t
1
θ, =

= t−1+ 1
θ, sup

M⊂[0,1],|M |=t





∫

M

(
mn−1∑

k=0

ak + 6q(x)amn

)θ

dx





1
θ

=

= t−
1
θ sup

M⊂[0,1],|M |=t





∫

M

(
mn−1∑

k=0

ak + 6q(x)amn

)θ

dx





1
θ

.

Òîãäà

‖f‖θ
pθ =

θ

p

+∞∑

n=0

1
mn∫

1
mn+1

t
θ
p
−1(f∗∗)θdt =

=
θ

p

+∞∑

n=0

1
mn∫

1
mn+1

t
θ
p
−2 sup

M⊂[0,1],|M |=t





∫

M

(
mn−1∑

k=0

ak + 6q(x)amn

)θ

dx



 dt ≤

≤ cpθ

+∞∑

n=0

sup
M⊂[0,1],|M |= 1

mn





∫

M

(
mn−1∑

k=0

ak + 6q(x)amn

)θ

dx





(
1

mn
− 1

mn+1

) θ
p
−1

=

= cpθ(I1 + I2),

ãäå

I1 =
+∞∑

n=0

(
1

mn
− 1

mn+1

) θ
p
−1

(
mn−1∑

k=0

ak

)θ
1

mn
≤

≤
+∞∑

n=0

(
1

mn
− 1

mn+1

) θ
p
−1

(
mn−1∑

k=0

ak

)θ

2
(

1
mn

− 1
mn+1

)
=

=
+∞∑

n=0

(
1

mn
− 1

mn+1

) θ
p

(
mn−1∑

k=0

ak

)θ

;
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I2 =
+∞∑

n=0

(
1

mn
− 1

mn+1

) θ
p
−1

1
mn∫

0

(q(x)amn)θdx.

Îöåíèì ñóììó I1. Äëÿ ýòîãî ïðåäâàðèòåëüíî çàìåòèì, ÷òî
mn+1∫

mn

(
1
x

) θ
p
+1

dx =
p

θ

(
1

mn
− 1

mn+1

) θ
p

,

(
1

mn
− 1

mn+1

) θ
p

(
mn−1∑

k=0

ak

)θ

=

(
mn−1∑

k=0

ak

)θ
θ

p

mn+1∫

mn

(
1
x

) θ
p
+1

dx ≤

≤ cpθ

(
mn−1∑

k=0

ak

)θ mn+1−1∑
ν=mn

ν
− θ

p
−1 ≤ cpθ

mn+1−1∑
ν=mn

ν
− θ

p
−1

(
ν∑

k=0

ak

)θ

.

Òåïåðü, èñïîëüçóÿ íåðàâåíñòâî Õàðäè-Ëèòòëâóäà, ñóììó I1 ìîæåì îöåíèòü ñëåäóþùèì îáðàçîì

I1 ≤ cpθ

+∞∑

n=0

mn+1−1∑
ν=mn

ν
− θ

p
−1

(
ν∑

k=0

ak

)θ

≤ cpθ

+∞∑

ν=1

ν
− θ

p
−1

(
ν∑

k=0

ak

)θ

≤

≤ cpθ

+∞∑

ν=1

νθaθ
νν
− θ

p
−1 = cpθ

+∞∑

ν=1

ν
θ(1− 1

p
)−1

aθ
ν .

Äëÿ ïîñëåäíåé ñóììû â ñèëó ìîíîòîííîñòè {an}+∞
n=0 ñïðàâåäëèâà îöåíêà

+∞∑

ν=1

ν
θ(1− 1

p
)−1

aθ
ν =

+∞∑

j=0

mj+1−1∑
ν=mj

ν
θ(1− 1

p
)−1

aθ
ν ≤

≤
+∞∑

j=0

aθ
mj

mj+1∫

mj

x
θ(1− 1

p
)−1

dx = cpθ

+∞∑

j=0

aθ
mj

(m
θ(1− 1

p
)

j+1 −m
θ(1− 1

p
)

j ) =

cpθ

+∞∑

j=0

aθ
mj

m
θ(1− 1

p
)

j+1

[
1−

(
1

pj+1

)θ(1− 1
p
)
]
≤ cpθ

+∞∑

j=0

aθ
mj

m
θ(1− 1

p
)

j+1 .

Ïîýòîìó

I1 ≤ c,
pθ

+∞∑

j=0

aθ
mj

m
θ(1− 1

p
)

j .

Òåïåðü îöåíèì ñóììó I2. Ó÷èòûâàÿ, ÷òî ôóíêöèÿ q(x) íà ïðîìåæóòêå
[

j
mn+1

, j+1
mn+1

]
ïðèíè-

ìàåò ïîñòîÿííîå çíà÷åíèå, ðàâíîå mn

sin πj
pn+1

, è ëåììó 3, èìååì

I2 =
+∞∑

n=0

(
1

mn
− 1

mn+1

) θ
p
−1

1
mn∫

0

(q(x)amn)θdx =
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=
+∞∑

n=0

aθ
mn

(
1

mn
− 1

mn+1

) θ
p
−1 pn+1−1∑

j=0

j+1
mn+1∫

j
mn+1

|q(x)|θdx =

=
+∞∑

n=0

aθ
mn

(
1

mn
− 1

mn+1

) θ
p
−1 pn+1−1∑

j=0

(
mn

sin πj
pn+1

)θ (
j + 1
mn+1

− j

mn+1

)
≤

≤ cpθ

+∞∑

n=0

aθ
mn

mθ
n

mn+1

1

m
θ
p
−1

n+1

pθ
n+1 = cpθ

+∞∑

n=0

aθ
mn

mθ
n+1

m
θ
p

n+1

= cpθ

+∞∑

n=0

aθ
mn

m
θ− θ

p

n+1 = c,
pθ

+∞∑

n=0

aθ
mn

m
θ(1− 1

p
)

n .

Òîãäà

‖f‖θ
pθ ≤ cpθ(I1 + I2) = cpθ

+∞∑

n=0

aθ
mn

m
θ(1− 1

p
)

n .

Ïåðâûé ïóíêò òåîðåìû äîêàçàí. Òåïåðü äîêàæåì îáðàòíóþ îöåíêó. Äëÿ ýòîãî ââåäåì îáîçíà-
÷åíèå

F (x) =

x∫

0

f(t)dt, F1(x) =

x∫

0

|f(t)|dt.

Ó÷èòûâàÿ, ÷òî

Dmn(x) =
mn−1∑

k=0

ϕk(x) =
{

mn, x ∈ [0, 1
mn

],
0, x /∈ [0, 1

mn
]

è ìîíîòîííîñòü ïîñëåäîâàòåëüíîñòè {an}, èìååì

F (
1

mn+1
) =

1
mn+1

mn+1−1∑

k=0

an ≥ amn+1 .

Òîãäà
+∞∑

n=0

aθ
mn+1

m
θ(1− 1

p
)

n+1 ≤
+∞∑

n=0

[
F

(
1

mn+1

)]θ

m
θ(1− 1

p
)

n+1 ≤ cpθ

+∞∑

n=0

m
θ(1− 1

p
)

n+1

[
F1

(
1

mn+1

)]θ

.

Ïîñêîëüêó
1

mn∫

1
mn+1

x
−θ(1+ 1

θ
− 1

p
)
dx = cpθm

θ(1− 1
p
)

n+1 ,

òî ïðåäûäóùåå íåðàâåíñòâî ïðîäîëæèì ñëåäóþùèì îáðàçîì

+∞∑

n=0

aθ
mn+1

m
θ(1− 1

p
)

n+1 ≤ c,
pθ

+∞∑

n=0

[
F1

(
1

mn+1

)]θ

1
mn∫

1
mn+1

x
−θ(1+ 1

θ
− 1

p
)
dx =

= c,
pθ

+∞∑

n=0

1
mn∫

1
mn+1

[(
1
x

F1(x)
)

x
1
p
− 1

θ

]θ

dx = c,
pθ

1∫

0

[
F1(x)

x

]θ

x
θ
p
−1

dx;
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Òàê êàê

1
x

F1(x) =
1
x

x∫

0

|f(x)|dt ≤ 1
x


 sup

M⊂[0,1],|M |=x

∫

M

|f(x)|dt


 =

1
x

x∫

0

f∗(t)dt = f∗∗(x),

òî îòñþäà ïîëó÷èì

{
+∞∑

n=0

aθ
mn+1

m
θ(1− 1

p
)

n+1

} 1
θ

≤ cpθ





1∫

0

x
θ
p
−1(f∗∗(x))θdx





1
θ

= cpθ‖f‖pθ.

Òåîðåìà ïîëíîñòüþ äîêàçàíà.
Ò å î ð å ì à 2. Ïóñòü f(x) ∈ L1[0, 1] è

f(x) ∼
+∞∑

k=0

akϕk(x)

� å¼ ðÿä Ôóðüå-Ïðàéñà. Åñëè îáðàçóþùàÿ ïîñëåäîâàòåëüíîñòü ñèñòåìû Ïðàéñà îãðàíè÷åíà è
ïîñëåäîâàòåëüíîñòü êîýôôèöèåíòîâ Ôóðüå ìîíîòîííî óáûâàåò, òî äëÿ òîãî, ÷òîáû f(x) ∈
Lpθ[0, 1] ïðè 1 < p < +∞, 1 < θ < +∞, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

+∞∑

n=1

n
θ(1− 1

p
)−1

aθ
n < +∞.

Ïðè ýòîì ñóùåñòâóþò êîíñòàíòû ci(θ, p) > 0, i = 1, 2, íåçàâèñÿùèå îò f(x) òàêèå, ÷òî

c1(θ, p)‖f‖pθ ≤
{

+∞∑

n=1

n
θ(1− 1

p
)−1

aθ
n

} 1
θ

≤ c2(θ, p)‖f‖pθ.

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó an ↓ 0, n → +∞ è îãðàíè÷åííîñòè ïîñëåäîâàòåëüíîñòè
{pn}+∞

n=1 ñëåäóåò, ÷òî

c,(p, θ)
+∞∑

k=0

m
θ(1− 1

p
)

k+1 aθ
mk

≤
+∞∑

n=1

n
θ(1− 1

p
)−1

aθ
n ≤ c,,(p, θ)

+∞∑

n=0

m
θ(1− 1

p
)

k aθ
mk

.

Òåïåðü îñòà¼òñÿ âîñïîëüçîâàòüñÿ óòâåðæäåíèÿìè òåîðåìû 1.
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On one approach of choosing of initial approximation for nonlinear two-points boundary problem
is proposed using additional parameter introduction method.
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