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ÈÇÎËÈÐÎÂÀÍÍÛÅ ÎÃÐÀÍÈ×ÅÍÍÛÅ ÍÀ ÂÑÅÉ ÎÑÈ
ÐÅØÅÍÈß ÑÈÑÒÅÌ ÍÅËÈÍÅÉÍÛÕ ÎÁÛÊÍÎÂÅÍÍÛÕ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ
À.Ä. Àáèëüäàåâà, Ä.Ñ. Äæóìàáàåâ

Èíñòèòóò Ìàòåìàòèêè ÌÎèÍ ÐÊ
050010 Àëìàòû Ïóøêèíà, 125 anar@math.kz, azizakz@mail.ru

Ââåäåíî îïðåäåëåíèå èçîëèðîâàííîãî îãðàíè÷åííîãî íà âñåé îñè ðåøåíèÿ íåëèíåéíîãî îáûêíîâåí-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâî-
âàíèÿ òàêîãî ðåøåíèÿ.

Íà R = (−∞,∞) ðàññìàòðèâàåòñÿ ñèñòåìà íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dx

dt
= f(t, x), x ∈ Rn, (1)

ãäå f : R× Rn → Rn � íåïðåðûâíà, ‖x‖ = max
i=1:n

|xi| .
Çàäà÷à 1. Íàéòè îãðàíè÷åííîå íà âñåé îñè ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1).
Íà îñíîâå ìåòîäà ïàðàìåòðèçàöèè [1] èññëåäóþòñÿ âîïðîñû ñóùåñòâîâàíèÿ îãðàíè÷åííîãî

íà âñåé îñè ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1).
Âîçüìåì h > 0 è ïðîèçâåäåì ðàçáèåíèå R : R =

∞⋃
r=−∞

[(r − 1)h, rh) .
Èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:

C̃(R,Rn) � ïðîñòðàíñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ íà R ôóíêöèé x : R → Rn ñ íîðìîé
‖x‖1 = sup

t∈R
‖x(t)‖ ;

mn � ïðîñòðàíñòâî îãðàíè÷åííûõ äâóñòîðîííå-áåñêîíå÷íûõ ïîñëåäîâàòåëüíîñòåé λ = (. . . , λr,
λr+1, . . .) , λr ∈ Rn , ñ íîðìîé ‖λ‖2 = ‖(. . . , λr, λr+1, . . .)‖2 = sup

r
‖λr‖ , r ∈ Z ;

C̃(R, h, mn) � ïðîñòðàíñòâî îãðàíè÷åííûõ äâóñòîðîííå-áåñêîíå÷íûõ ïîñëåäîâàòåëüíîñòåé ôóíê-
öèé x[t] = (. . . , xr(t), xr+1(t), . . .) ñ íîðìîé ‖x[·]‖3 = sup

r∈Z
sup

t∈[(r−1)h,rh)
‖xr(t)‖ , ãäå ôóíêöèÿ xr :

[(r − 1)h, rh) → Rn íåïðåðûâíà íà [(r − 1)h, rh) è èìååò êîíå÷íûé ïðåäåë ïðè t → rh − 0 ,
r ∈ Z ;

Keywords: parametrization method, nonlinear ordinary di�erential equation, necessary and su�cient conditions
of the existence

2000 Mathematics Subject Classi�cation: 34B16, 34B40
c À.Ä. Àáèëüäàåâà, Ä.Ñ. Äæóìàáàåâ, 2010.
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L(mn) � ïðîñòðàíñòâî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ Λ : mn → mn ñ èíäóöèðîâàííîé
íîðìîé.

Ñóæåíèå ôóíêöèè x(t) íà r -ûé èíòåðâàë [(r−1)h, rh) îáîçíà÷èì ÷åðåç xr(t) , ò.å. xr(t) �
âåêòîð-ôóíêöèÿ ðàçìåðíîñòè n , îïðåäåëåííàÿ è ñîâïàäàþùàÿ ñ x(t) íà [(r− 1)h, rh) , r ∈ Z .
Òîãäà çàäà÷à 1 ýêâèâàëåíòíà ñëåäóþùåé çàäà÷å:

dxr

dt
= f(t, xr), t ∈ [(r − 1)h, rh), r ∈ Z, xr ∈ Rn, (2)

lim
t→rh−0

xr(t) = xr+1(rh), r ∈ Z, (3)

x[t] = (. . . , xr(t), xr+1(t), . . .) ∈ C̃(R, h, mn). (4)

Çäåñü (3) � óñëîâèÿ ñêëåèâàíèÿ ðåøåíèÿ â òî÷êàõ ðàçáèåíèÿ R .
Îáîçíà÷èì çíà÷åíèå ôóíêöèè xr(t) â òî÷êå t = (r − 1)h ÷åðåç λr , ïðîèçâåäåì çàìåíó

ur(t) = xr(t) − λr , t ∈ [(r − 1)h, rh) , r ∈ Z , è îò çàäà÷è (2)�(4) ïåðåéäåì ê ýêâèâàëåíòíîé
çàäà÷å ñ ïàðàìåòðàìè:

dur

dt
= f(t, λr + ur), t ∈ [(r − 1)h, rh), r ∈ Z, (5)

ur((r − 1)h) = 0, r ∈ Z, (6)

λr + lim
t→rh−0

ur(t)− λr+1 = 0, r ∈ Z, (7)

λ = (. . . , λr, λr+1, . . .) ∈ mn, u[t] = (. . . , ur(t), ur+1(t), . . .) ∈ C̃(R, h,mn). (8)

Ðåøåíèåì çàäà÷è (5)�(8) ÿâëÿåòñÿ ïàðà
(
λ∗, u∗[t]

)
ñ ýëåìåíòàìè λ∗ =

(
. . . , λ∗r, λ∗r+1, . . .

) ∈
∈ mn , u∗[t] =

(
. . . , u∗r(t), u∗r+1(t), . . .

) ∈ C̃(R, h, mn) , ãäå íåïðåðûâíî äèôôåðåíöèðóåìàÿ è
îãðàíè÷åííàÿ íà [(r − 1)h, rh) ôóíêöèÿ u∗r(t) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ
(5) ïðè âñåõ t ∈ [(r − 1)h, rh) (ïðè t = (r − 1)h óðàâíåíèþ (5) óäîâëåòâîðÿåò ïðàâîñòîðîííÿÿ
ïðîèçâîäíàÿ ôóíêöèè u∗r(t) ), âûïîëíÿåòñÿ óñëîâèå u∗r((r − 1)h) = 0 , r ∈ Z , è äëÿ λ∗r +
+ lim

t→rh−0
u∗r(t) , λ∗r+1 , r ∈ Z , èìåþò ìåñòî ðàâåíñòâà (7).

Åñëè x∗(t) � îãðàíè÷åííîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1), òî ïàðà (λ∗, u∗[t])
ñ ýëåìåíòàìè λ∗ = (. . . , λ∗r, λ∗r+1, . . .) ∈ mn , u∗[t] = (. . . , u∗r(t), u∗r+1(t), . . .) ∈ C̃(R, h, mn) , ãäå
λ∗r = x∗r((r−1)h) , u∗r(t) = x∗r(t)−x∗r((r−1)h) , t ∈ [(r−1)h, rh) , r ∈ Z , x∗r(t) � ñóæåíèå ôóíêöèè
x∗(t) íà èíòåðâàë [(r − 1)h, rh) , r ∈ Z , ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (5)�(8). È, îáðàòíî, åñëè
ñèñòåìà ïàð (λ̃r, ũr(t)) , r ∈ Z , ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (5)�(8), òî ôóíêöèÿ, îïðåäåëÿåìàÿ
ðàâåíñòâàìè x̃(t) = λ̃r + ũr(t) , t ∈ [(r − 1)h, rh) , r ∈ Z , áóäåò ðåøåíèåì çàäà÷è 1.

Äëÿ âñåõ r ∈ Z çàäà÷à Êîøè (5), (6), ïðè ôèêñèðîâàííîì çíà÷åíèè ïàðàìåòðà λr , ýêâèâà-
ëåíòíà èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà âòîðîãî ðîäà:

ur(t) =
∫ t

(r−1)h
f(τ, λr + ur(τ))dτ, t ∈ [(r − 1)h, rh). (9)

Èç (9) îïðåäåëèâ lim
t→rh−0

ur(t) è ïîäñòàâèâ èõ â (7), ïîëó÷èì áåñêîíå÷íóþ ñèñòåìó íåëèíåéíûõ
óðàâíåíèé îòíîñèòåëüíî ââåäåííûõ ïàðàìåòðîâ:

λr +
∫ rh

(r−1)h
f(t, λr + ur(t))dt− λr+1 = 0, r ∈ Z,

êîòîðóþ çàïèøåì â âèäå îïåðàòîðíîãî óðàâíåíèÿ

Q1,h(λ, u) = 0, λ ∈ mn. (10)

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 1 (35)
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Óñëîâèå A . Ñóùåñòâóåò h > 0 òàêîå, ÷òî ñèñòåìà íåëèíåéíûõ óðàâíåíèé
Q1,h(λ, 0) = 0 , èìååò ðåøåíèå λ(0) = (. . . , λ(0)

r , λ
(0)
r+1, . . .) ∈ mn , çàäà÷à Êîøè

dur

dt
= f(t, λ(0)

r + ur), ur((r − 1)h) = 0, t ∈ [(r − 1)h, rh),

èìååò ðåøåíèå u
(0)
r (t) ïðè âñåõ r ∈ Z è äâóñòîðîííå-áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü ôóíê-

öèé u(0)[t] = (. . . , u(0)
r (t), u(0)

r+1(t), . . .) ïðèíàäëåæèò ïðîñòðàíñòâó C̃(R, h, mn) .
Ïî çàäàííîé ïàðå

(
λ(0), u(0)[t]

)
, ãäå λ(0) =

(
. . . , λ

(0)
r , λ

(0)
r+1, . . .

) ∈ mn , u(0)[t] =
(
. . . , u

(0)
r (t),

u
(0)
r+1(t), . . .

) ∈ C̃(R, h, mn) , ðàâåíñòâàìè x(0)(t) = λ
(0)
r + u

(0)
r (t) , t ∈ [(r − 1)h, rh) , r ∈ Z ,

îïðåäåëèì íà R îãðàíè÷åííóþ êóñî÷íî-íåïðåðûâíóþ ôóíêöèþ x(0)(t) .
Âîçüìåì ÷èñëà ρ

λ
> 0 , ρu > 0 , ρx > 0 è ñîñòàâèì ìíîæåñòâà:

S
(
λ(0), ρ

λ

)
=

{
λ = (. . . , λr, λr+1, . . .) ∈ mn : ‖λ− λ(0)‖2 = sup

r∈Z
‖λr − λ(0)

r ‖ < ρ
λ

}
,

S
(
u(0)[t], ρu

)
=

{
u[t] ∈ C̃(R, h,mn) : ‖u[·]− u(0)[·]‖3 < ρu

}
,

S
(
x(0)(t), ρx

)
=

{
x(t) ∈ C̃(R,Rn) : sup

t∈R
‖x(t)− x(0)(t)‖ < ρx

}
,

Ωr(λ(0)
r , u(0)

r (t), h, ρx) =
{
(t, x) : t ∈ [(r − 1)h, rh), ‖x− λ(0)

r − u(0)
r (t)‖ < ρx

}
, r ∈ Z,

G0
1(ρx) =

∞⋃
r=−∞

Ωr(λ(0)
r , u(0)

r (t), h, ρx).

Óñëîâèå B . Ôóíêöèÿ f â G0
1(ρx) íåïðåðûâíà, èìååò ðàâíîìåðíî íåïðåðûâíóþ ÷àñòíóþ

ïðîèçâîäíóþ f ′
x
è âûïîëíÿåòñÿ íåðàâåíñòâî ‖f ′

x
(t, x)‖ 6 L(t), ãäå L(t) ∈ C̃(R,R) .

Ïðåäïîëîæèì, ÷òî âûïîëíåíî óñëîâèå A . Tîãäà çà íà÷àëüíîå ïðèáëèæåíèå ðåøåíèÿ çàäà÷è
(5)-(8) âîçüìåì ïàðó (λ(0), u(0)[t]) ∈ mn × C̃(R, h, mn) è ïîñëåäóþùèå ïðèáëèæåíèÿ íàéäåì ïî
àëãîðèòìó:

Øàã 1. à) Èç óðàâíåíèÿ Q1,h(λ, u(0)) = 0 , λ ∈ mn , íàéäåì λ(1) = (. . . , λ(1)
r , λ

(1)
r+1, . . .) ;

á) ðåøàÿ çàäà÷ó Êîøè (5), (6) íà [(r − 1)h, rh) ïðè λr = λ
(0)
r , r ∈ Z , îïðåäåëèì êîìïîíåíòû

u(1)[t] = (. . . , u(1)
r (t), u(1)

r+1(t), . . .) ∈ C̃(R, h, mn) .
Øàã 2. à) Èç óðàâíåíèÿ Q1,h(λ, u(1)) = 0 , λ ∈ mn , íàéäåì λ(2) = (. . . , λ(2)

r , λ
(2)
r+1, . . .) ;

á) ðåøàÿ çàäà÷ó Êîøè (5), (6) íà [(r − 1)h, rh) ïðè λr = λ
(2)
r , r ∈ Z , îïðåäåëèì êîìïîíåíòû

u(2)[t] = (. . . , u(2)
r (t), u(2)

r+1(t), . . .) ∈ C̃(R, h, mn) .
Ïðîäîëæàÿ ïðîöåññ, íà k -îì øàãå íàéäåì ïàðó (λ(k), u(k)[t]) ∈ mn × C̃(R, h,mn) ,

k = 0, 1, 2, . . . .
Äîñòàòî÷íûå óñëîâèÿ îñóùåñòâèìîñòè, ñõîäèìîñòè àëãîðèòìà, îäíîâðåìåííî îáåñïå÷èâà-

þùèå ñóùåñòâîâàíèå èçîëèðîâàííîãî ðåøåíèÿ çàäà÷è ñ ïàðàìåòðàìè (5)�(8), óñòàíàâëèâàåò
ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü ñóùåñòâóþò h > 0 , ρ
λ

> 0 , ρu > 0 , ρx > 0 , ïðè êîòîðûõ âûïîëíÿ-
þòñÿ óñëîâèÿ A , B , äâóñòîðîííå-áåñêîíå÷íàÿ ìàòðèöà ßêîáè Q′

1,h(λ, u) îáðàòèìà äëÿ âñåõ
(λ, u[t]) ∈ S

(
λ(0), ρλ

)× S
(
u(0)[t], ρu

)
è èìåþò ìåñòî íåðàâåíñòâà:

1)
∥∥(

Q′
1,h(λ, u)

)−1∥∥
L(mn)

6 γ1(h) ,

2) q1(h) = γ1(h) sup
r∈Z

(
exp

(∫ rh

(r−1)h
L(τ)dτ

)
− 1−

∫ rh

(r−1)h
L(τ)dτ

)
< 1 ,

3) γ1(h)
1− q1(h)

‖Q1,h(λ(0), u(0))‖2 < ρ
λ
,
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4) γ1(h)
1− q1(h)

‖Q1,h(λ(0), u(0))‖2 sup
r∈Z

(
exp

(∫ rh

(r−1)h
L(τ)dτ

)
− 1

)
< ρu ,

5) ρ
λ

+ ρu 6 ρx .
Òîãäà äèôôåðåíöèàëüíîå óðàâíåíèå (1) â S

(
x(0)(t), ρx

)
èìååò èçîëèðîâàííîå ðåøåíèå.

Äîêàçàòåëüñòâî. Ïðîèçâåäÿ ðàçáèåíèå R ñ çàäàííûì øàãîì h > 0 , îò çàäà÷è 1 ïåðåéäåì
ê çàäà÷å ñ ïàðàìåòðàìè (5)�(8). Äëÿ ëþáîé ïàðû (λ, u[t]) ∈ S(λ(0), ρ

λ
) × S(u(0)[t], ρu) èìåþò

ìåñòî ñîîòíîøåíèÿ:

‖λr +ur(t)−λ(0)
r −u(0)

r (t)‖ 6 ‖λr−λ(0)
r ‖+ ‖ur(t)−u(0)

r (t)‖ < ρλ + ρu, t ∈ [(r− 1)h, rh), r ∈ Z,

ïîýòîìó, â ñèëó íåðàâåíñòâà 5) òåîðåìû, äëÿ âñåõ t ∈ [(r−1)h, rh) è r ∈ Z ïàðû (t, λr +ur(t))
ïðèíàäëåæàò ìíîæåñòâó G0

1(ρx) .
Ðåøåíèå çàäà÷è (5)�(8) íàéäåì ïî àëãîðèòìó. Çà íà÷àëüíîå ïðèáëèæåíèå âîçüìåì ïàðó(

λ(0), u(0)[t]
) ∈ mn× C̃(R, h, mn) èç óñëîâèÿ A è ïåðâîå ïðèáëèæåíèå ïî ïàðàìåòðó îïðåäåëèì

ðåøàÿ îïåðàòîðíîå óðàâíåíèå

Q1,h(λ, u(0)) = 0, λ ∈ mn. (11)

Èç óñëîâèÿ B , íåðàâåíñòâà 5), ñëåäóåò, ÷òî äâóñòîðîííå-áåñêîíå÷íàÿ ìàòðèöà ßêîáè Q′
1,h(λ, u)

ÿâëÿåòñÿ ïðîèçâîäíîé Ôðåøå ïî λ îïåðàòîðà Q1,h(λ, u) è ðàâíîìåðíî íåïðåðûâíà â S(λ(0), ρ
λ
)×

×S(u(0)[t], ρu) . Òàê êàê óñëîâèÿ òåîðåìû îáåñïå÷èâàþò âûïîëíåíèå âñåõ ïðåäïîëîæåíèé òåîðå-
ìû 1 [2, ñ. 41], òî ñóùåñòâóåò λ(1) = (. . . , λ(1)

r , λ
(1)
r+1, . . .) ∈ mn � ðåøåíèå îïåðàòîðíîãî óðàâíåíèÿ

(11), è ñïðàâåäëèâà îöåíêà:

‖λ(1) − λ(0)‖2 6 γ1(h)‖Q1,h(λ(0), u(0))‖2 . (12)

Ôóíêöèþ u
(1)
r (t) íàéäåì, ðåøàÿ çàäà÷ó Êîøè:
dur

dt
= f(t, λ(1)

r + ur), ur

(
(r − 1)h

)
= 0, t ∈ [(r − 1)h, rh), r ∈ Z.

Èç óñëîâèÿ B , íåðàâåíñòâ 4), 5) ñëåäóåò ñóùåñòâîâàíèå u
(1)
r (t) è îöåíêà:

‖u(1)
r (t)− u(0)

r (t)‖ 6
(

exp
(∫ t

(r−1)h
L(τ)dτ

)
− 1

)
‖λ(1)

r − λ(0)
r ‖, (13)

äëÿ âñåõ t ∈ [(r−1)h, rh) è r ∈ Z . Ïîäñòàâëÿÿ íàéäåííûå ôóíêöèè u
(1)
r (t) , r ∈ Z , â (10), ïîëó-

÷àåì ñèñòåìó óðàâíåíèé äëÿ íàõîæäåíèÿ âòîðîãî ïðèáëèæåíèÿ ïî ïàðàìåòðó. Âíîâü èñïîëüçóÿ
òåîðåìó 1 [2, ñ. 41], íàéäåì λ(2) ∈ mn è îöåíêó:

‖λ(2) − λ(1)‖2 6 γ1(h)‖Q1,h(λ(1), u(1))‖2 . (14)

Îòñþäà, èñïîëüçóÿ íåðàâåíñòâà (13), ïîëó÷èì:

‖λ(2) − λ(1)‖2 6 γ1(h)‖Q1,h(λ(1), u(1))−Q1,h(λ(1), u(0))‖2 6

6 γ1(h) sup
r∈Z

∫ rh

(r−1)h

∥∥f
(
τ, λ(1)

r + u(1)
r (τ)

)− f
(
τ, λ(0)

r + u(0)
r (τ)

)∥∥dτ 6 q1(h)‖λ(1) − λ(0)‖2 . (15)

Ïðîäîëæàÿ ýòîò ïðîöåññ, ìû íàéäåì λ(k) =
(
. . . , λ

(k)
r , λ

(k)
r+1 . . .

) ∈ mn , u(k)[t] =
(
. . . , u

(k)
r (t),

u
(k)
r+1(t), . . .

) ∈ C̃(R, h, mn) è óñòàíîâèì îöåíêè:

‖λ(k) − λ(k−1)‖2 6 q1(h)‖λ(k−1) − λ(k−2)‖2 , k = 1, 2, . . . , (16)
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‖u(k)
r (t)− u(k−1)

r (t)‖ 6
(

exp
(∫ t

(r−1)h
L(τ)dτ

)
− 1

)
‖λ(k)

r − λ(k−1)
r ‖,

k = 1, 2, . . . , t ∈ [(r − 1)h, rh), r ∈ Z. (17)

Òàê êàê q1(h) < 1 , òî èç (16), (17) â ñèëó íåðàâåíñòâ 3), 4) òåîðåìû ñëåäóåò, ÷òî
(λ(k), u(k)[t]) ∈ S

(
λ(0), ρλ

) × S
(
u(0)[t], ρu

)
, k = 0, 1, 2, . . . , è ïðè k → ∞ ñõîäèòñÿ ê ðåøåíèþ

çàäà÷è ñ ïàðàìåòðàìè � ïàðå
(
λ∗, u∗[t]

)
, ïðèíàäëåæàùåé S

(
λ(0), ρλ

) × S
(
u(0)[t], ρu

)
. Òîãäà,

ââèäó íåðàâåíñòâà 5) òåîðåìû ôóíêöèÿ, îïðåäåëåííàÿ ðàâåíñòâàìè x∗(t) = λ∗r + u∗r(t) , t ∈
[(r − 1)h, rh) r ∈ Z , ïðèíàäëåæèò S

(
x(0)(t), ρx

)
è ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî

óðàâíåíèÿ (1) ïðè âñåõ t ∈ R .
Ïîêàæåì èçîëèðîâàííîñòü ðåøåíèÿ. Ïóñòü ïàðà (λ̃, ũ[t]) � ðåøåíèå çàäà÷è (5)�(8), ïðè-

íàäëåæàùåå S(λ(0), ρ
λ
) × S(u(0)[t], ρu) . Òîãäà ñóùåñòâóþò ÷èñëà δ̃1 > 0 , δ̃2 > 0 òàêèå, ÷òî

‖λ̃− λ(0)‖2 + δ̃1 < ρ
λ
, ‖ũ[·]− u(0)[·]‖3 + δ̃2 < ρu . Åñëè λ ∈ S(λ̃, δ̃1) , u[t] ∈ S(ũ[t], δ̃2) , òî â ñèëó

íåðàâåíñòâ
‖λ− λ(0)‖2 6 ‖λ− λ̃‖2 + ‖λ̃− λ(0)‖2 6 δ̃1 + ‖λ̃− λ(0)‖2 < ρ

λ
,

‖u[·]− u(0)[·]‖3 6 ‖u[·]− ũ[·]‖3 + ‖ũ[·]− u(0)[·]‖3 6 δ̃2 + ‖ũ[·]− u(0)[·]‖3 < ρu ,

λ ∈ S(λ(0), ρ
λ
) , u[t] ∈ S(u(0)[t], ρu) , ò.å. S(λ̃, δ̃1) ⊂ S(λ(0), ρ

λ
) , S(ũ[t], δ̃2) ⊂ S(u(0)[t], ρu) . Âîçü-

ìåì ÷èñëî ε > 0 òàêîå, ÷òî

εγ1(h) < 1, q1(h) < 1− εγ1(h). (18)

Èç ðàâíîìåðíîé íåïðåðûâíîñòè f ′
x
(t, x) â G0

1(ρx) è ñòðóêòóðû äâóñòîðîííå-áåñêîíå÷íîé ìàò-
ðèöû ßêîáè Q′

1,h(λ, u) âûòåêàåò åå ðàâíîìåðíàÿ íåïðåðûâíîñòü â S(λ̃, δ̃1)×S(ũ[t], δ̃2), ò.å. ñó-
ùåñòâóåò δ ∈ (0, min{δ̃1 , δ̃2}] , ïðè êîòîðîì ‖Q′

1,h(λ, u)−Q′
1,h(λ̃, ũ)‖

L(mn)
< ε äëÿ âñåõ (λ, u) ∈

∈ S(λ̃, δ)× S(ũ[t], δ) . Çàìåòèì, ÷òî åñëè (λ̃, ũ[t]) � ðåøåíèå çàäà÷è (5)�(8), òî Q1,h(λ̃, ũ) = 0 .
Ïóñòü (λ̂, û[t]) ∈ S(λ̃, δ)×S(ũ[t], δ) � äðóãîå ðåøåíèå çàäà÷è (5)�(8). Òàê êàê Q1,h(λ̃, ũ) = 0

è Q1,h(λ̂, û) = 0 , òî èç ðàâåíñòâ

λ̃ = λ̃− (Q′
1,h(λ̃, ũ))−1Q1,h(λ̃, ũ), λ̂ = λ̂− (Q′

1,h(λ̃, ũ))−1Q1,h(λ̂, û)

ñëåäóåò, ÷òî

λ̃− λ̂ = −(Q′
1,h(λ̃, ũ)−1

∫ 1

0

(
Q′

1,h(λ̂ + θ(λ̃− λ̂), ũ)−Q′
1,h(λ̃, ũ)

)
dθ(λ̃− λ̂)−

−(Q′
1,h(λ̃, ũ)−1(Q1,h(λ̂, ũ)−Q1,h(λ̂, û)),

îòêóäà
‖λ̃− λ̂‖2 6 γ1(h)

1− εγ1(h)
‖Q1,h(λ̂, ũ)−Q1,h(λ̂, û)‖2 6

6 γ1(h)
1− εγ1(h)

sup
r∈Z

{∫ rh

(r−1)h
L(t)‖ũr(t)− ûr(t)‖dt

}
. (19)

Òàê êàê ‖ũr(t)−ûr(t)‖ 6
∫ t

(r−1)h
L(τ)(‖λ̃r−λ̂r‖+‖ũr(τ)−ûr(τ)‖)dτ, òî â ñèëó ëåììû Ãðîíóîëëà-

Áåëëìàíà:
‖ũr(t)− ûr(t)‖ ≤

(
exp

(∫ t

(r−1)h
L(τ)dτ

)
− 1

)
‖λ̃r − λ̂r‖. (20)
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Ïîäñòàâèâ (20) â ïðàâóþ ÷àñòü (19), èìååì:

‖λ̃− λ̂‖2 ≤
q1(h)

1− εγ1(h)
‖λ̃− λ̂‖2 . (21)

Òàêèì îáðàçîì, â ñèëó íåðàâåíñòâ (18), (20), (21) èìåþò ìåñòî ðàâåíñòâà λ̃r = λ̂r, ũr(t) = ûr(t),
t ∈ [(r − 1)h, rh), r ∈ Z . Tåîðåìà 1 äîêàçàíà.

Äàëåå ðàññìàòðèâàþòñÿ èçîëèðîâàííûå â ñìûñëå ñëåäóþùåãî îïðåäåëåíèÿ ðåøåíèÿ
Îïðåäåëåíèå. Ôóíêöèÿ x∗(t) ∈ C̃(R,Rn) íàçûâàåòñÿ "èçîëèðîâàííûì" ðåøåíèåì çàäà÷è

1, åñëè ñóùåñòâóåò ÷èñëî ρ0 > 0 , ïðè êîòîðîì ôóíêöèÿ f(t, x) â G∗
ρ0

= {(t, x) : t ∈ [0, T ], ‖x−
− x∗(t)‖ < ρ0}, èìååò ðàâíîìåðíî íåïðåðûâíóþ ïðîèçâîäíóþ ïî x è ëèíåàðèçîâàííàÿ çàäà÷à

dy

dt
= f ′

x
(t, x∗(t))y + ϕ(t), t ∈ R, y ∈ Rn, (22)

y(t) ∈ C̃(R,Rn) (23)

äëÿ ëþáîé ôóíêöèè ϕ(t) ∈ C̃(R,Rn) èìååò åäèíñòâåííîå ðåøåíèå.
Ñëåäóþùåå óòâåðæäåíèå ïîêàçûâàåò, ÷òî óñëîâèÿ òåîðåìû 1 íå òîëüêî äîñòàòî÷íû, íî è

íåîáõîäèìû äëÿ ñóùåñòâîâàíèÿ èçîëèðîâàííîãî â ñìûñëå îïðåäåëåíèÿ ðåøåíèÿ çàäà÷è 1.
Òåîðåìà 2. Çàäà÷à 1 èìååò èçîëèðîâàííîå ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà ñóùå-

ñòâóþò h > 0 , ρ
λ

> 0 , ρu > 0 , ρx > 0 , ïðè êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ A , B ,
äâóñòîðîííå-áåñêîíå÷íàÿ ìàòðèöà ßêîáè Q′

1,h(λ, u) îáðàòèìà äëÿ âñåõ (λ, u[t]) ∈ S(λ(0), ρ
λ
)×

S(u(0)[t], ρu) è ñïðàâåäëèâû íåðàâåíñòâà 1)�5) òåîðåìû 1.
Äîêàçàòåëüñòâî íåîáõîäèìîñòè. Ïóñòü x∗(t) � "èçîëèðîâàííîå" ðåøåíèå çàäà÷è 1. Cî-

ãëàñíî îïðåäåëåíèþ, ñóùåñòâóåò ÷èñëî ρ0 > 0 è ôóíêöèÿ f â G∗
1(ρ0) èìååò ðàâíîìåðíî íåïðå-

ðûâíóþ ÷àñòíóþ ïðîèçâîäíóþ ïî x . Ïîýòîìó íàéäåòñÿ ÷èñëî L0 òàêîå, ÷òî ‖f ′
x
(t, x)‖ 6 L0

äëÿ âñåõ (t, x) ∈ G∗
1(ρ0) .

×èñëîâóþ îñü ðàçîáüåì íà ÷àñòè ñ øàãîì h > 0 è ðàññìîòðèì ýêâèâàëåíòíóþ çàäà÷å 1
çàäà÷ó ñ ïàðàìåòðàìè (5)�(8). Ïàðà (λ∗, u∗[t]) ñ ýëåìåíòàìè λ∗ = (. . . , λ∗r, λ∗r+1, . . .) ∈ mn ,
u∗[t] = (. . . , u∗r(t), u∗r+1(t), . . .) ∈ C̃(R, h, mn) , ãäå λ∗r = x∗r

(
(r− 1)h

)
, u∗r(t) = x∗r(t)−x∗r((r− 1)h) ,

t ∈ [(r − 1)h, rh) , r ∈ Z , x∗r(t) � ñóæåíèå ôóíêöèè x∗(t) íà èíòåðâàë [(r − 1)h, rh) , r ∈ Z ,
áóäåò ðåøåíèåì çàäà÷è (5)�(8). Ïðè ýòîì íàéäåòñÿ ÷èñëî M > 0 òàêîå, ÷òî ‖ẋ∗‖1 6 M , è äëÿ
êàæäîãî r ∈ Z ñïðàâåäëèâà îöåíêà:

‖u∗r(t)‖ = ‖x∗(t)− x∗((r − 1)h)‖ 6 sup
t∈[(r−1)h,rh)

‖ẋ∗(t)‖ · h 6 M · h, t ∈ [(r − 1)h, rh). (24)

Ïî îïðåäåëåíèþ ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå ëèíåàðèçîâàííîé çàäà÷è (22), (23). Òî-
ãäà, ïî òåîðåìå 4 [1, ñ. 61] ñóùåñòâóåò h0 > 0 , ïðè êîòîðîì äëÿ âñåõ h ∈ (0, h0 ] äâóñòîðîííå-
áåñêîíå÷íàÿ ìàòðèöà Q∗

1
(h) = Q′

1,h(λ∗, u∗) îáðàòèìà è ‖(Q∗
1
(h))−1‖

L(mn)
6 γ1/h , ãäå γ1−const ,

íå çàâèñÿùàÿ îò h . Âîçüìåì ÷èñëî ε0 > 0 , óäîâëåòâîðÿþùèì íåðàâåíñòâó ε0γ1 6 1/4 è èñ-
ïîëüçóÿ ðàâíîìåðíóþ íåïðåðûâíîñòü f ′

x
(t, x) íàéäåì ρ∗

λ
> 0 , ρ∗

u
> 0 òàêèå, ÷òî ρ∗

λ
+ρ∗

u
= ρ∗ ∈

∈ (0, ρ0 ] è ‖Q′
1,h(λ, u)−Q′

1,h(λ∗, u∗)‖
L(mn)

6 ε0 äëÿ âñåõ (λ, u[t]) ∈ S(λ∗, ρ∗
λ
)× S(u∗[t], ρ∗

u
) .

Ïðèìåíÿÿ òåîðåìó î ìàëûõ âîçìóùåíèÿõ îãðàíè÷åííî îáðàòèìûõ îïåðàòîðîâ [3, c. 142],
ïîëó÷èì, ÷òî äâóñòîðîííå-áåñêîíå÷íàÿ ìàòðèöà ßêîáè Q′

1,h(λ, u) îãðàíè÷åííî îáðàòèìà è

‖(Q′
1,h(λ, u))−1‖

L(mn)
6 4γ1

3h
äëÿ âñåõ (λ, u[t]) ∈ S(λ∗, ρ∗

λ
)× S(u∗[t], ρ∗

u
).

Âûáåðåì h1 ∈ (0, h0 ] óäîâëåòâîðÿþùèì íåðàâåíñòâàì:

Mh1 6 ρ∗
u
/2, (25)
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4γ1L0

3
Mh1 <

ρ∗
λ

2
, (26)

4γ1L0

3
Mh1(e

h1L0 − 1) <
ρ∗

u

2
, (27)

4γ1

3h1

(eh1L0 − 1− h1L0) 6 1
3
, (28)

2γ1L0Mh1

(4γ1L0

3
(eh1L0 − 1) + 1

)
<

ρ∗
λ

2
, (29)

2γ1L0Mh1

(4γ1L0

3
(eh1L0 − 1) + 1

)
(eh1L0 − 1) <

ρ∗
u

2
. (30)

Åñëè u[t] ∈ S(0, ρ∗
u
/2), òî â ñèëó (24), (25):

‖u[·]− u∗[·]‖3 6 ‖u[·]‖3 + ‖u∗[·]‖3 6 ρ∗
u

2
+

ρ∗
u

2
= ρ∗

u

è, ñëåäîâàòåëüíî, S(0, ρ∗
u
/2) ⊂ S(u∗[t], ρ∗

u
) .

Ïðè h ∈ (0, h1 ] ðàññìîòðèì ñèñòåìó íåëèíåéíûõ óðàâíåíèé:

Q1,h(λ, 0) = 0, λ ∈ mn. (31)

Òàê êàê äâóñòîðîííå-áåñêîíå÷íàÿ ìàòðèöà ßêîáè Q′
1,h(λ, 0) ðàâíîìåðíî íåïðåðûâíà â S(λ∗, ρ∗

λ
) ,

îöåíêà ‖(Q′
1,h(λ, 0))−1‖

L(mn)
6 4γ1

3h
ñïðàâåäëèâà äëÿ âñåõ λ ∈ S(λ∗, ρ∗

λ
) è ââèäó (24), (26)

4γ1

3h
‖Q1,h(λ∗, 0)‖2 =

4γ1

3h
‖Q1,h(λ∗, 0)−Q1,h(λ∗, u∗)‖2 6

6 4γ1

3h
sup
r∈Z

∫ rh

(r−1)h
‖f(τ, λ∗r)− f(τ, λ∗r + u∗r(τ))‖dτ 6 4γ1L0

3
Mh < ρ∗λ,

òî ñîãëàñíî òåîðåìå 1 èç [2, ñ. 41] ñèñòåìà óðàâíåíèé (31) èìååò ðåøåíèå λ(0) ∈ S(λ∗, ρ∗
λ
) è

‖λ(0) − λ∗‖2 6 4γ1L0

3
Mh. (32)

Ôóíêöèþ u
(0)
r (t) � ðåøåíèå çàäà÷è Êîøè (5), (6) ïðè λr = λ

(0)
r , r ∈ Z , íàéäåì ìåòîäîì

ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé: u
(0,0)
r (t) = u∗r(t) ,

u(0,m+1)
r (t) =

∫ t

(r−1)h
f(τ, λ(0)

r + u(0,m)
r (τ))dτ, m = 0, 1, 2, . . . , t ∈ [(r − 1)h, rh), r ∈ Z.

Èç íåðàâåíñòâ

‖u(0,1)
r (t)− u(0,0)

r (t)‖ = ‖u(0,1)
r (t)− u∗r(t)‖ =

∥∥∥
∫ t

(r−1)h
f(τ, λ(0)

r + u∗r(τ))dτ−

−
∫ t

(r−1)h
f(τ, λ∗r + u∗r(τ))dτ

∥∥∥ 6
∫ t

(r−1)h
L0dτ‖λ(0)

r − λ∗r‖ = L0(t− (r − 1)h)‖λ(0)
r − λ∗r‖, . . . ,

‖u(0,m+1)
r (t)− u(0,m)

r (t)‖ 6
∫ t

(r−1)h
L0‖u(0,m)

r (τ)− u(0,m−1)
r (τ)‖dτ 6 . . .
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. . . 6
∫ t

(r−1)h
L0 . . .

∫ τm

(r−1)h
L0dτm . . . dτ1‖λ(0)

r − λ∗r‖ =
(L0(t− (r − 1)h))m+1

(m + 1)!
‖λ(0)

r − λ∗r‖,

‖u(0,m+1)
r (t)− u∗r(t)‖ 6

m+1∑

j=1

(L0(t− (r − 1)h))j

j!
‖λ(0)

r − λ∗r‖, t ∈ [(r − 1)h, rh), r ∈ Z,

ñëåäóåò, ÷òî ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü
{
u

(0,m)
r (t)

}
ïðè m → ∞ ðàâíîìåðíî íà

[(r − 1)h, rh) ñõîäèòñÿ ê u
(0)
r (t) � ðåøåíèþ çàäà÷è (5), (6) ïðè λr = λ

(0)
r äëÿ âñåõ r ∈ Z .

Ïðè÷åì u(0)[t] = (. . . , u(0)
r (t), u(0)

r+1(t), . . .) ∈ C̃(R, h, mn) è

‖u(0)[·]− u∗[·]‖3 6 4γ1L0

3
Mh(ehL0 − 1). (33)

Òàêèì îáðàçîì, èìååò ìåñòî óñëîâèå A è îöåíêè (32), (33).
Òåïåðü âîçüìåì ρ

λ
= ρ∗

λ
/2 , ρu = ρ∗

u
/2 , ρx = ρ

λ
+ ρu .

Åñëè λ ∈ S(λ(0), ρ
λ
) , u[t] ∈ S(u(0)[t], ρu) , òî íà îñíîâàíèè (26), (27), (32), (33) ïîëó÷èì:

‖λ− λ∗‖2 6 ‖λ− λ(0)‖2 + ‖λ(0) − λ∗‖2 < ρ
λ

+
4γ1L0

3
Mh < ρ∗

λ
,

‖u[·]− u∗[·]‖3 6 ‖u[·]− u(0)[·]‖3 + ‖u(0)[·]− u∗[·]‖3 < ρu +
4γ1L0

3
Mh(ehL0 − 1) < ρ∗

u
,

ò.å. S(λ(0), ρ
λ
) ⊂ S(λ∗, ρ∗

λ
) , S(u(0)[t], ρu) ⊂ S(u∗[t], ρ∗

u
) ïðè âñåõ h ∈ (0, h2 ] . Ïîýòîìó â G0

1(ρx)
âûïîëíÿåòñÿ óñëîâèå B .

Íåðàâåíñòâî 1) òåîðåìû 1 âûïîëíÿåòñÿ ñ ïîñòîÿííîé γ1(h) =
4γ1

3h
. Òîãäà q1(h) =

4γ1

3h
×

× (ehL0 − 1− hL0), è, â ñèëó (28), q1(h) 6 1
3

äëÿ âñåõ h ∈ (0, h1 ] .
Ïðèíèìàÿ âî âíèìàíèå îöåíêè:

‖u(0)[·]‖3 6 ‖u(0)[·]− u∗[·]‖3 + ‖u∗[·]‖3 6 Mh
(4γ1L0

3
(ehL0 − 1) + 1

)
,

‖Q1,h(λ(0), u(0))‖2 = ‖Q1,h(λ(0), u(0))−Q1,h(λ(0), 0)‖2 6 hL0‖u(0)[·]‖3

è íåðàâåíñòâà (29), (30), ïîëó÷èì ñëåäóþùåå:
γ1(h)

1− q1(h)
‖Q1,h(λ(0), u(0))‖2 6 2γ1L0Mh

(4γ1L0

3
(ehL0 − 1) + 1

)
< ρλ,

γ1(h)
1− q1(h)

‖Q1,h(λ(0), u(0))‖2(e
hL0 − 1) 6 2γ1L0Mh

(4γ1L0

3
(ehL0 − 1) + 1

)
(ehL0 − 1) < ρu .

Òàêèì îáðàçîì, ïðè âûáîðå ρ
λ

= ρ∗
λ
/2 , ρu = ρ∗

u
/2 , ρx = ρ

λ
+ ρu , âñå óñëîâèÿ òåîðåìû 1

âûïîëíÿþòñÿ äëÿ ëþáîãî h ∈ (0, h1 ] . Òåîðåìà 2 äîêàçàíà.
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ÐÀÇÐÅØÈÌÎÑÒÜ ÎÁÐÀÒÍÎÉ ÇÀÄÀ×È ÌÀÃÍÈÒÍÎÉ
ÃÈÄÐÎÄÈÍÀÌÈÊÈ ÄËß ÂßÇÊÎÉ ÍÅÑÆÈÌÀÅÌÎÉ

ÆÈÄÊÎÑÒÈ

Ó. Ó. Àáûëêàèðîâ, Ñ. Å. Àéòæàíîâ

ÊàçÍÓ èìåíè àëü-Ôàðàáè
050012 Àëìàòû Ìàñàí÷è, 39/47 U.Abylkairov@inbox.ru

ÊàçÍÏÓ èìåíè Àáàÿ
050010 Àëìàòû Äîñòûê, 13

Â ðàáîòå ðàññìàòðèâàåòñÿ îáðàòíàÿ íåñòàöèîíàðíàÿ çàäà÷à ìàãíèòíîé ãèäðîäèíàìèêè äëÿ âÿçêîé
íåñæèìàåìîé æèäêîñòè, â êîòîðîé òðåáóåòñÿ îïðåäåëèòü ñêîðîñòü äâèæåíèÿ ~v(x, t), ìàãíèòíóþ
íàïðÿæåííîñòü ~H(x, t), ãðàäèåíò äàâëåíèÿ ∇p(x, t), âíåøíþþ ñèëó ~f(x) è òîêè rot~j(x) . Ïðè
ýòîì ê óñëîâèÿì, ñîñòàâëÿþùèì ïðÿìóþ çàäà÷ó, äîáàâëÿþòñÿ óñëîâèÿ ïåðåîïðåäåëåíèÿ.

Â ðàáîòàõ [1�4] èññëåäîâàíû îáðàòíûå çàäà÷è äëÿ ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà ñ ôè-
íàëüíûì ïåðåîïðåäåëåíèåì.

Ðàññìîòðèì â öèëèíäðå QT = Ω× [0, T ], Ω ⊂ R2, îáðàòíóþ çàäà÷ó ìàãíèòíîé ãèäðîäèíà-
ìèêè. Îïðåäåëèòü ~v(x, t), ∇p(x, t), ~H(x, t), ~f(x) è rot~j(x), êîòîðûå óäîâëåòâîðÿþò (1)�(6):

∂~v

∂t
+

2∑

k=1

vk~vxk
− µ

ρ

2∑

k=1

Hk
~Hxk

− ν∆~v = −1
ρ
grad

(
p +

µ ~H2

2

)
+ g(x, t)~f(x), (1)

∂ ~H

∂t
+

1
σµ

rotrot ~H − rot
[
~v × ~H

]
=

ξ(x, t)
σµ

rot~j(x) , (2)

div~v = 0, div(µ ~H) = 0, (3)

íà÷àëüíûì óñëîâèÿì
~v(x, 0) = ~v0(x), ~H(x, 0) = ~H0(x), (4)

ãðàíè÷íûì óñëîâèÿì
~v|S = 0, Hn|S = 0,

∂H2

∂x1
− ∂H1

∂x2

∣∣∣∣
S

= 0, (5)

Keywords: inverse problem, magnetic hydrodynamics, Navier-Stokes equations, incondensable liquid
2000 Mathematics Subject Classi�cation: 35R30
c Ó. Ó. Àáûëêàèðîâ, Ñ. Å. Àéòæàíîâ, 2010.
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è óñëîâèÿì ïåðåîïðåäåëåíèÿ

~v(x, T ) = ~U(x), ~H(x, T ) = ~Ψ(x), ∇p(x, T ) = ∇π(x). (6)

Çäåñü ~v � ñêîðîñòü æèäêîñòè, ~H � ìàãíèòíàÿ íàïðÿæåííîñòü, p � äàâëåíèå, g(x, t)~f(x)
� âíåøíèå ãèäðîäèíàìè÷åñêèå ñèëû, ξ(x, t)rot~j(x) � òîêè, µ � ìàãíèòíàÿ ïðîíèöàåìîñòü, σ -
ïðîâîäèìîñòü, ρ � ïëîòíîñòü, ν � êèíåìàòè÷åñêàÿ âÿçêîñòü æèäêîñòè, ~n � âåêòîð âíåøíåé
íîðìàëè ê ïîâåðõíîñòè S , Hn = ~H · ~n .

0
J1(Ω) ïîäïðîñòðàíñòâî

0

W 1
2 (Ω) , ñîñòîÿùåå èç ñîëåíîèäàëüíûõ âåêòîðîâ. ×åðåç Ĵ(Ω) îáî-

çíà÷èì ïîäïðîñòðàíñòâî W 2
2 (Ω) , ñîñòîÿùåå èç ñîëåíîèäàëüíûõ âåêòîðîâ, óäîâëåòâîðÿþùèõ

íà Γ óñëîâèÿì: un|Γ = 0, rot~u|Γ = 0.
Îïðåäåëåíèå 1. Îáîáùåííûì ðåøåíèåì îáðàòíîé çàäà÷è (1)�(6) íàçûâàåòñÿ íàáîð ôóíê-

öèé
{
~v, ~H, ∇p, ~f, rot~j

}
, óäîâëåòâîðÿþùèõ ñîîòíîøåíèÿì (1)�(6) ïðè óñëîâèè, ÷òî ~v ∈

W 2,1
2 (QT ) ∩ 0

J1(QT ), ~H ∈ W 2,1
2 (QT ) ∩ Ĵ(QT ), ~f ∈ L2(Ω), rot~j ∈ L2(Ω), à ôóíêöèÿ ∇p(x, t) ∈

G(Ω) ïðè ëþáîì t èç [0, T ] è íåïðåðûâíî çàâèñèò îò t â íîðìå ýòîãî ïðîñòðàíñòâà íà
[0, T ] .

Ââåäåííûå îïåðàòîðû Tg è Sξ îïðåäåëåíû êîððåêòíî, òàê êàê íóæíûå äèôôåðåíöèàëüíûå
ñâîéñòâà äëÿ ~v, ~H è p ãàðàíòèðîâàíû òåîðèåé, ðàçðàáîòàííîé â ðàáîòàõ Î.À. Ëàäûæåíñêîé
è Â.À. Ñîëîííèêîâà [5�6].

Çàôèêñèðóåì ôóíêöèè g(x, t) è ξ(x, t) , îïðåäåëèì íåëèíåéíûå îïåðàòîðû Tg : L2 (Ω) →
L2 (Ω) , Sξ : L2 (Ω) → L2 (Ω) ñëåäóþùèìè ñîîòíîøåíèÿìè:

(
Tg

~f
)

(x) = ~vt(x, T ), (Sξ~r) (x) = ~Ht(x, T ), (7)

ãäå r = rot~j(x), ~f = ~f(x) , à ~v(x, t) è ~H(x, t) ðåøåíèå ïðÿìîé çàäà÷è (1)�(5) ñ ~f = g(x, t)~f(x),
rot ~J0 = ξ(x, t)rot~j(x) .

Ïðåäïîëîæèì, ÷òî g(x, T ) 6= 0 è ξ(x, T ) 6= 0 äëÿ âñåõ x ∈ Ω , äðóãèå íåëèíåéíûå îïåðàòîðû
A : L2 (Ω) → L2 (Ω) è B : L2 (Ω) → L2 (Ω) ââåäåì ñ ïîìîùüþ ñëåäóþùèõ ñîîòíîøåíèé:

(
A~f

)
(x) =

1
g(x, T )

(
Tg

~f
)

(x), (B~r) (x) =
σµ

ξ(x, T )
(Sξ~r) (x). (8)

Òåì ñàìûì, åñëè g(x, t)~f(x) ∈ L2 (QT ) , gt(x, t)~f(x) ∈ L2,1 (QT ) è ξ(x, t)rot~j(x) ∈
L2 (QT ) , ξt(x, t)rot~j(x) ∈ L2,1 (QT ) , äîïîëíèòåëüíî g(x, t), gt(x, t) ∈ C

(
Q̄T

)
, ξ(x, t), ξt(x, t) ∈

C
(
Q̄T

)
, òî èç óðàâíåíèé (1) è (2) è â òåðìèíàõ ââåäåííûõ îïåðàòîðîâ (7), (8) èñêîìàÿ îáðàòíàÿ

çàäà÷à ïðèìåò ñëåäóþùèé âèä:

A~f + ~ℵ = ~f, B~r + ~λ = ~r, (9)

ãäå ~ℵ = 1
g(x,T )

[
−ν∆~U + Uk

~Uxk
− µ

ρ Ψk
~Ψxk

+ 1
ρ∇

(
π + µ~h2

2

)]
,

~λ = σµ
ξ(x,T )

[
1

σµrotrot~h− rot
(

~U × ~Ψ
)]

.

Òåîðåìà 1. Ïóñòü Ω ⊂ R2, g, gt ∈ C
(
Q̄T

)
, ξ, ξt ∈ C

(
Q̄T

)
, |g(x, t)| > gT > 0, |ξ(x, t)| >

ξT > 0 ïðè x ∈ Ω, ~U(x) ∈ W 2
2 (Ω) ∩ 0

J1 (Ω) , ~Ψ(x) ∈ Ĵ (Ω) , ~v0(x) ∈ W 2
2 (Ω) ∩ 0

J1 (Ω) , ~H0(x) ∈
Ĵ (Ω) ,∇π(x) ∈ G (Ω) . Òîãäà îïåðàòîðû A è B âïîëíå íåïðåðûâíû èç L2 (Ω) â L2 (Ω) .

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî îïåðàòîðû Tg è Sξ âïîëíå íåïðåðûâíû. Ïóñòü ~f(x) è
~r(x) ïðîèçâîëüíûå ýëåìåíòû L2 (Ω) . Âîçüìåì ëþáûå ïîñëåäîâàòåëüíîñòè

{
~fN

}
è

{
~rN

}
èç

L2 (Ω) , òàêèå ÷òî ∥∥∥~fN − ~f
∥∥∥ → 0,

∥∥~rN − ~r
∥∥ → 0 ïðè N →∞. (10)
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Ïîêàæåì, ÷òî èç (10) ñëåäóåò:
∥∥∥Tg

~fN − Tg
~f
∥∥∥ → 0,

∥∥Sξ~r
N − Sξ~r

∥∥ → 0 ïðè N →∞. (11)

Äëÿ ðàçíîñòè ~W = ~vN − ~v è ~h = ~HN − ~H ðàññìîòðèì â QT ñëåäóþùóþ çàäà÷ó:

~Wt − ν∆ ~W + vN
k

~Wxk
− µ

ρ
HN

k
~hxk

= −1
ρ
∇


p +

µ
(

~HN − ~H
)2

2


 + ~F , (12)

~ht +
1

σµ
rotrot~h−HN

k
~Wxk

+ vN
k

~hxk
= ~G, (13)

div ~W = 0, div~h = 0, (14)

Hn|S = 0,
∂H2

∂x1
− ∂H1

∂x2

∣∣∣∣
S

= 0, ~W
∣∣∣
S

= 0, (15)

~W
∣∣∣
t=0

= 0, ~h
∣∣∣
t=0

= 0. (16)

Çäåñü ìû îáîçíà÷èëè ~F = (~fN − ~f)g −Wk~vxk
+ µ

ρ hk
~Hxk

, ~G = ξ(x,t)
σµ (~rN − ~r) + hk~vxk

−Wk
~Hxk

,

ãäå ôóíêöèè ~vN , ~HN è ∇pN � îáîáùåííîå ðåøåíèå ïðÿìîé çàäà÷è (1)�(5), ñîîòâåòñòâóþùåå
âíåøíèì ñèëàì ~fN (x)g(x, t) è òîêàì ξ(x, t)~rN (x) .

~v, ~H è ∇p � ðåøåíèå ýòîé æå çàäà÷è, îòâå÷àþùåå âíåøíèì ñèëàì ~f(x)g(x, t) è òîêàì
ξ(x, t)~r(x) . Çàäà÷ó (12)�(16) îòíîñèòåëüíî ôóíêöèè ~W è ~h ìîæíî ðàññìàòðèâàòü êàê ëèíåé-
íóþ, òàê êàê

(
~v, ~H

)
è

(
~vN , ~HN

)
îáëàäàþò ñëåäóþùèìè äèôôåðåíöèàëüíûìè ñâîéñòâà-

ìè (ñì.[5],[6]):
(
~vtx, rot ~H

)
∈ L2 (QT ) × L2 (QT ) è

(
~vN

tx, rot ~HN
)
∈ L2 (QT ) × L2 (QT ) , òîãäà(

~v, ~H
)

è
(
~vN , ~HN

)
ÿâëÿþòñÿ ýëåìåíòàìè Lq (Ω) × Lq (Ω) ïðè êàæäîì t ∈ [0, T ] ñ ëþáûì

êîíå÷íûì q è íåïðåðûâíî çàâèñÿò îò t â íîðìå Lq (Ω)×Lq (Ω) . Äëÿ ýòîé çàäà÷è ñïðàâåäëèâà
îöåíêà (ñì.[8], [9]):

∥∥∥ ~Wt

∥∥∥
2

2,QT

+
∥∥∥~ht

∥∥∥
2

2,QT

+ ν
∥∥∥ ~Wx

∥∥∥
2

2,Ω
+ 1

σµ

∥∥∥rot~h
∥∥∥

2

2,Ω
+

ν
∥∥∥P∆ ~W

∥∥∥
2

2,QT

+ 1
σµ

∥∥∥rotrot~h
∥∥∥

2

2,QT

≤ c

(∥∥∥~F
∥∥∥

2

2,QT

+
∥∥∥~G

∥∥∥
2

2,QT

)
.

(17)

Îöåíèì
∥∥∥~F

∥∥∥
2

2,QT

è
∥∥∥~G

∥∥∥
2

2,QT

:

∥∥∥~F
∥∥∥

2

2,QT

≤ 3
[∥∥∥

(
~fN − ~f

)
g
∥∥∥

2

2,QT

+ ‖Wk~vxk
‖2
2,QT

+
µ

ρ

∥∥∥hk
~Hxk

∥∥∥
2

2,Qt

]
,

‖Wk~vxk
‖2
2,QT

=
∥∥(

~vN − ~v
)
k
· ~vxk

∥∥2

2,QT
≤ c(Ω)sup

[0, T ]

(
‖~v‖(2)

2,Ω

)2
· ∥∥(

~vN − ~v
)
x

∥∥2

2,QT
,

∥∥∥hk
~Hxk

∥∥∥
2

2,QT

=
∥∥∥
(

~HN − ~H
)

k
· ~Hxk

∥∥∥
2

2,QT

≤ c(Ω)sup
[0, T ]

(∥∥∥ ~H
∥∥∥

(2)

2,Ω

)2

·
∥∥∥
(

~HN − ~H
)

x

∥∥∥
2

2,QT

.

Çäåñü ìû èñïîëüçîâàëè íåðàâåíñòâî ‖u‖4,Ω ≤ 4
√

2‖u‖1/2
2,Ω · ‖ux‖1/2

2,Ω ≤ c(Ω)‖ux‖2,Ω.
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Äëÿ ðàçíîñòè äâóõ îáîáùåííûõ ðåøåíèé ñïðàâåäëèâà îöåíêà [5]:

χ(t) ≤ exp
{

c0

t∫
0

Φ′′2(τ)dτ

}
χ(0)+

+
t∫
0

(√
ρ
∥∥∥~f

∥∥∥ + 1√
σ

∥∥∥rot ~J0

∥∥∥
)

exp
{

c0

t∫
τ

Φ′′2(s)ds

}
dτ ≤

≤ exp

{
c0

T∫
0

Φ′′2(t)dt

}(
√

ρ
∥∥∥~fN − ~f

∥∥∥
T∫
0

sup
Ω
|g(x, τ)|dτ +

+ 1√
σ

∥∥~rN − ~r
∥∥ T∫

0

sup
Ω
|ξ(x, τ)|dτ

)
,

(18)

t∫

0

Φ2(τ)dτ ≤ 2c0

t∫

0

χ2(τ)Φ′′2(τ)dτ +

t∫

0

χ(τ)
(√

ρ
∥∥∥~f

∥∥∥ +
1√
σ

∥∥∥rot~j
∥∥∥
)

dτ, (19)

ãäå χ2(t) = ρ
∥∥∥ ~W

∥∥∥
2
+ µ

∥∥∥~h
∥∥∥

2
, Φ2(t) = ρν

∥∥∥ ~Wx

∥∥∥
2
+

1
σ

∥∥∥rot~h
∥∥∥

2
, Φ′′2(t) = ρν‖~vx‖2 +

1
σ

∥∥∥rot ~H
∥∥∥

2
,

~f =
(

~fN (x)− ~f(x)
)

g(x, t), rot~j =
(
~rN (x)− ~r(x)

)
ξ(x, t), χ(0) = 0.

Åñëè âîçâåñòè â êâàäðàò è ïðîèíòåãðèðîâàòü íåðàâåíñòâî (18) ïî t îò 0 äî T, ïîëó÷èì:
T∫
0

χ2(t)dt = ρ
∥∥∥ ~W

∥∥∥
2

2,QT

+ µ
∥∥∥~h

∥∥∥
2

2,QT

≤ 2T exp

{
2c0

T∫
0

Φ′′2(t)dt

}
×

×

ρ

∥∥∥~fN − ~f
∥∥∥

2
(

T∫
0

sup
Ω
|g(x, t)|dt

)2

+ 1
σ

∥∥~rN − ~r
∥∥2

(
T∫
0

sup
Ω
|ξ(x, t)|dt

)2

 .

(20)

Òîãäà
T∫
0

Φ2(t)dt = ρν
∥∥(

~vN − ~v
)
x

∥∥2

2,QT
+ 1

σ

∥∥∥rot ~HN − rot ~H
∥∥∥

2

2,QT

6

6 4Tc0 exp

{
2c0

T∫
0

Φ′′2(t)dt

}
T∫
0

(
ρ
∥∥∥~fN − ~f

∥∥∥
2
(

t∫
0

sup
Ω
|g(x, τ)|dτ

)2

+

+ 1
σ

∥∥~rN − ~r
∥∥2

(
t∫
0

sup
Ω
|ξ(x, τ)|dτ

)2
)

Φ′′2(t)dt+

+2
√

2T exp

{
c0

T∫
0

Φ′′2(t)dt

}
×

×

ρ

∥∥∥~fN − ~f
∥∥∥

2
(

T∫
0

sup
Ω
|g(x, t)|dt

)2

+ 1
σ

∥∥~rN − ~r
∥∥2

(
T∫
0

sup
Ω
|ξ(x, t)|dt

)2



1
2

×

×
(

T∫
0

(
ρ
∥∥∥~fN − ~f

∥∥∥
2
(

sup
Ω
|g(x, t)|

)2

+ 1
σ

∥∥~rN − ~r
∥∥2

(
sup
Ω
|ξ(x, t)|

)2
)

dt

) 1
2

.

(21)

Èç (10), (20), (21) è (17) çàêëþ÷àåì, ÷òî
∥∥(

~vN − ~v
)
t

∥∥2

2,QT
+

∥∥∥
(

~HN − ~H
)

t

∥∥∥
2

2,QT

→ 0 ïðè N →∞. (22)

Ðàññìîòðèì â QT ñëåäóþùóþ çàäà÷ó:

~Wt − ν∆ ~W = −1
ρ
∇P + ~F1, div ~W = 0, (23)
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~W
∣∣∣
t=0

= ~v2(x), ~W
∣∣∣
S

= 0, (24)

~ht +
1

σµ
rotrot~h = ~G1, div~h = 0, (25)

hn|S = 0, rot~h
∣∣∣
S

= 0, ~h
∣∣∣
t=0

= ~h2(x), (26)

ãäå ~W = (~vN−~v)t, ~h = ( ~HN− ~H)t, ~F1 = ∂
∂t

[(
~fN − ~f

)
g − vN

k ~vN
xk

+ vk~vxk
+ µ

ρ

(
HN

k
~HN

xk
−Hk

~Hxk

)]
,

~G1 = ∂
∂t

[
ξ(x,t)
σµ

(
~rN − ~r

)
+

(
rot

[
~vN × ~HN

]
− rot

[
~v × ~H

])]
, ~v2(x) = P

(
~fN − ~f

)
g(x, 0),

~h2(x) = P
[
~rN − ~r

] ξ(x,0)
σµ .

Çàäà÷à (23)�(24), à òàêæå çàäà÷à (25)�(26) ñ óñëîâèÿìè ïåðåîïðåäåëåíèÿ â ïðîñòðàíñòâå
0

V 1,0
2 (QT ) îäíîçíà÷íî ðàçðåøèìû [6]. Óìíîæèì ïåðâîå óðàâíåíèå (23) ñêàëÿðíî â L2(QT ) íà

ôóíêöèþ ~W (x, t) , à òàêæå (25) íà ~h(x, t) , òîãäà ïîëó÷èì ñëåäóþùåå:

1
2

∥∥∥ ~W (x, T )
∥∥∥

2

2,Ω
+ ν

T∫

0

∥∥∥ ~Wx(x, t)
∥∥∥

2

2,Ω
dt =

∫

QT

~F1
~Wdxdt +

1
2

∥∥∥ ~W (x, 0)
∥∥∥

2

2,Ω
, (27)

1
2

∥∥∥~h(x, T )
∥∥∥

2

2,Ω
+ ν

T∫

0

∥∥∥rot~h(x, t)
∥∥∥

2

2,Ω
dt =

∫

QT

~G ~Wdxdt +
1
2

∥∥∥~h(x, 0)
∥∥∥

2

2,Ω
. (28)

Èñïîëüçóÿ òåõíèêó èç [1�4], äîêàçûâàåì, ÷òî
(
~vN − ~v

)
t
è

(
~HN − ~H

)
t
ÿâëÿåòñÿ ðåøåíèåì

çàäà÷è (23)�(24) è (25)�(26) èç ïðîñòðàíñòâà
0

V 1,0
2 (QT ) . Îöåíèâàÿ ïðàâûå ÷àñòè (27), (28), è

ó÷èòûâàÿ (10) è (22), ïîëó÷èì:

∥∥(
~vN − ~v

)
t
(x, T )

∥∥2

2,QT
+

∥∥∥
(

~HN − ~H
)

t
(x, T )

∥∥∥
2

2,QT

→ 0 ïðè N →∞. (29)

Òåì ñàìûì ìû äîêàçàëè, ÷òî îïåðàòîðû Tg è Sξ íåïðåðûâíû.
Òåïåðü ïîêàæåì âïîëíå íåïðåðûâíîñòü îïåðàòîðîâ Tg è Sξ . Äëÿ ýòîãî ðàññìîòðèì ñëåäó-

þùóþ çàäà÷ó:
~Wt − ν∆ ~W = −1

ρ
∇P + ~F1, div ~W = 0, (30)

~ht +
1

σµ
rotrot~h = ~G1, div~h = 0, (31)

hn|S = 0, rot~h
∣∣∣
S

= 0, ~W
∣∣∣
S

= 0, ~W
∣∣∣
t=0

= ~v2(x), ~h
∣∣∣
t=0

= ~h2(x), (32)

ãäå ~W = ~vt, ~h = ~Ht, ~F1 = ∂
∂t

[
~f(x)g(x, t)− vk~vxk

+ µ
ρ Hk

~Hxk

]
,

~G1 = ∂
∂t

[
ξ(x,t)
σµ ~r(x) + rot

[
~v × ~H

]]
, ~v2(x) = P

(
ν∆~v0 + ~f(x)g(x, 0)− v0k~v0xk

+ µ
ρ H0k

~H0xk

)
,

~h2(x) = P
[

1
σµrotrot ~H0 + ξ(x,0)

σµ rot~j(x) + rot
[
~v0 × ~H0

]]
.

Çàôèêñèðóåì ïðîèçâîëüíîå ÷èñëî ε èç èíòåðâàëà (0, T ) . Òàê êàê ôóíêöèè
∥∥∥ ~Wx(x, t)

∥∥∥
2,Ω

è
∥∥∥rot~h(x, t)

∥∥∥
2,Ω

íåïðåðûâíû íà [ε, T ] , òî ìîæíî âûáðàòü t∗ ∈ [ε, T ] òàêèì îáðàçîì, ÷òîáû
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èìåëè ìåñòî ðàâåíñòâà:

T∫
ε

∥∥∥ ~Wx(x, t)
∥∥∥

2

2,Ω
dt = (T − ε)

∥∥∥ ~Wx(x, t∗)
∥∥∥

2

2,Ω
,

T∫
ε

∥∥∥rot~h(x, t)
∥∥∥

2

2,Ω
dt = (T − ε)

∥∥∥rot~h(x, t∗)
∥∥∥

2

2,Ω
.

(33)

Èç óðàâíåíèé (30) è (31) ñëåäóþò ðàâåíñòâà:

T∫
t∗

∫
Ω

∣∣∣ ~Wt − νP∆ ~W
∣∣∣
2
dxdt =

T∫
t∗

∫
Ω

∣∣∣P ~F1

∣∣∣
2
dxdt,

T∫
t∗

∫
Ω

∣∣∣~ht + 1
σµ¶rotrot~h

∣∣∣
2
dxdt =

T∫
t∗

∫
Ω

∣∣∣P ~G1

∣∣∣
2
dxdt.

(34)

Èíòåãðèðîâàíèåì ïî ÷àñòÿì (34) ïðèâîäèòñÿ ê âèäó:

ν
∥∥∥ ~Wx(x, T )

∥∥∥
2

2,Ω
+

T∫
t∗

∫
Ω

(∣∣∣ ~Wt

∣∣∣
2
+

∣∣∣νP∆ ~W
∣∣∣
2
)

dxdt =
T∫

t∗

∫
Ω

∣∣∣P ~F1

∣∣∣
2
dxdt + ν

∥∥∥ ~Wx(x, t∗)
∥∥∥

2

2,Ω
,

1
σµ

∥∥∥rot~h(x, T )
∥∥∥

2

2,Ω
+

T∫
t∗

∫
Ω

(∣∣∣~ht

∣∣∣
2
+

∣∣∣ 1
σµ Pr otrot~h

∣∣∣
2
)

dxdt =

=
T∫

t∗

∫
Ω

∣∣∣P ~G1

∣∣∣
2
dxdt + 1

σµ

∥∥∥rot~h(x, t∗)
∥∥∥

2

2,Ω
.

(35)

Òåì ñàìûì ïîëó÷èì îöåíêó:

ν
∥∥∥ ~Wx(x, T )

∥∥∥
2

2,Ω
≤ (

1 + 3
2T 2

) ∥∥∥~F1

∥∥∥
2

2,QT

+ 1
T−ε

(
2
∥∥∥ν∆~v0 − v0k~v0xk

+ µ
ρ H0k

~H0xk

∥∥∥
2

2,Ω
+

+6
∥∥∥~f(x)g(x, 0)

∥∥∥
2

2,Ω
+ 6

(
c(Ω)sup

[0,T ]
‖~v‖(2)

2,Ω

)2

‖~v0x‖2
2,Ω + 6

(
c(Ω)sup

[0,T ]

∥∥∥ ~H
∥∥∥

(2)

2,Ω

)2 ∥∥∥rot ~H0

∥∥∥
2

2,Ω


,

1
σµ

∥∥∥rot~h(x, T )
∥∥∥

2

2,Ω
≤ (

1 + 3
2T 2

) ∥∥∥~G1

∥∥∥
2

2,QT

+ 1
T−ε

(
2
∥∥∥ 1

σµrotrot ~H0 + rot
[
~v0 × ~H0

]∥∥∥
2

2,Ω
+

+6
∥∥∥ ξ(x,0)

σµ rot~j
∥∥∥

2

2,Ω
+ 6

(
c(Ω)sup

[0,T ]

∥∥∥ ~H
∥∥∥

(2)

2,Ω

)2

‖~v0x‖2
2,Ω + 6

(
c(Ω)sup

[0,T ]
‖~v‖(2)

2,Ω

)2 ∥∥∥rot ~H0

∥∥∥
2

2,Ω


.

(36)

Çäåñü
∥∥∥~F1

∥∥∥
2

2,QT

è
∥∥∥~G1

∥∥∥
2

2,QT

îãðàíè÷åíû, ïîñêîëüêó ìîæíî îöåíèòü

~vt(x, t), ~vtx(x, t), ~Ht(x, t) è rot ~Ht â L2 (QT ) ÷åðåç äàííûå çàäà÷è è
∥∥∥~f

∥∥∥
2,Ω

,
∥∥∥rot~j

∥∥∥
2,Ω

.

Îòñþäà ñëåäóåò:
‖~vtx(x, T )‖2

2,Ω +
∥∥∥rot ~Ht(x, T )

∥∥∥
2

2,Ω
≤ M0. (37)

Òåì ñàìûì, ëþáîå îãðàíè÷åííîå ìíîæåñòâî D èç L2 (Ω) � îáëàñòè îïðåäåëåíèÿ îïåðàòîðîâ
Tg è Sξ, ïåðåâîäèòñÿ â íåêîòîðîå îãðàíè÷åííîå ìíîæåñòâî D̃ èç W 1

2 (Ω) . Ïî òåîðåìå Ðåëëèõà
ìíîæåñòâî D̃ áóäåò êîìïàêòíûì â L2 (Ω) . Òàêèì îáðàçîì äîêàçàíî, ÷òî îïåðàòîðû Tg è
Sξ íåïðåðûâíû è ëþáîå îãðàíè÷åííîå ìíîæåñòâî ïåðåâîäÿò â êîìïàêòíîå. Ñëåäîâàòåëüíî,
îïåðàòîðû Tg è Sξ âïîëíå íåïðåðûâíû. Îïåðàòîðû A è B òàêæå âïîëíå íåïðåðûâíû êàê
ñóïåðïîçèöèÿ ëèíåéíîãî îãðàíè÷åííîãî è âïîëíå íåïðåðûâíîãî îïåðàòîðîâ.
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Òåîðåìà 2. Åñëè Ω ⊂ R2, g, gt ∈ C
(
Q̄T

)
, ξ, ξt ∈ C

(
Q̄T

)
, |g(x, t)| > gT > 0, |ξ(x, t)| >

ξT > 0 ïðè x ∈ Ω, ~U(x) ∈ W 2
2 (Ω) ∩ 0

J1 (Ω) , ~Ψ(x) ∈ Ĵ (Ω) , ~v0(x) ∈ W 2
2 (Ω) ∩ 0

J1 (Ω) , ~H0(x) ∈
Ĵ (Ω) ,∇π(x) ∈ G (Ω) . Ïóñòü âûïîëíÿþòñÿ íåðàâåíñòâà:

1
σ

> µc1

(∥∥∥~U
∥∥∥

4,Ω
+

∥∥∥~Ψ
∥∥∥

4,Ω

)
, ν > c1

(∥∥∥~U
∥∥∥

4,Ω
+

µ

ρ

∥∥∥~Ψ
∥∥∥

4,Ω

)
. (38)

Òîãäà äëÿ ðàçðåøèìîñòè çàäà÷è (1)�(6) íåîáõîäèìà è äîñòàòî÷íà ðàçðåøèìîñòü óðàâíåíèé
(9) â L2 (Ω) .

Äîêàçàòåëüñòâî. Äîñòàòî÷íîñòü. Ïðåäïîëîæèì, ÷òî îïåðàòîðíûå óðàâíåíèÿ (9) ðàçðå-
øèìû. Îáîçíà÷èì ýòè ðåøåíèÿ ÷åðåç ~f1(x) è ~r1 = rot~j1(x) . Òîãäà èç [5�6] íàõîäèì â íóæ-
íûõ êëàññàõ ôóíêöèè ~v1, ∇p1 è ~H1 , êîòîðûå óäîâëåòâîðÿþò (1)�(5) ñ âåêòîðàìè ~f1(x)g(x, t)
è ξ(x, t)rot~j1(x) . Ïîêàæåì, ÷òî ýòè ôóíêöèè óäîâëåòâîðÿþò òàêæå óñëîâèþ ïåðåîïðåäåëå-
íèÿ (6). Ïóñòü ~v(x, T ) = ~U1(x), ~H(x, T ) = ~Ψ1(x), ∇p(x, T ) = ∇π(x), òîãäà äëÿ ôóíêöèé
~w = ~U − ~U1, ~z = ~Ψ− ~Ψ1 ïîëó÷àåì çàäà÷ó:

−ν∆~w + wk
~Uxk

+ U1k ~wxk
− µ

ρ
zk

~Ψxk
− µ

ρ
Ψ1k~zxk

= −∇q, (39)

1
σµ

rotrot~z + wk
~Ψxk

+ U1k~zxk
− zk

~Uxk
−Ψ1k ~wxk

= 0, (40)

div ~w = 0, divµ~z = 0, (41)

~w|S = 0, zn|S = 0
∂z2

∂x1
− ∂z1

∂x2

∣∣∣∣
S

= 0. (42)

Óìíîæèì ñêàëÿðíî (39), (40) â L2 (Ω) íà ôóíêöèè ~w è ~z ñîîòâåòñòâåííî:

νρ‖~wx‖2 + ρ

∫

Ω

wk
~Uxk

~wdx + ρ

∫

Ω

wxk
U1k ~wdx− µ

∫

Ω

zk
~Ψxk

~wdx− µ

∫

Ω

Ψ1k~zxk
~wdx = 0,

1
σ
‖rot~z‖2 − µ

∫

Ω

wk
~Ψxk

~zdx + µ

∫

Ω

U1k~zxk
~zdx− µ

∫

Ω

zk
~Uxk

~zdx− µ

∫

Ω

~wxk
Ψ1k~zdx = 0.

Ïðåîáðàçîâàâ, ïîëó÷èì:

νρ‖~wx‖2 − ρ

∫

Ω

wk
~U ~wxk

dx + µ

∫

Ω

zk
~Ψ~wxk

dx− µ

∫

Ω

Ψ1k~zxk
~wdx = 0, (43)

1
σ
‖rot~z‖2 − µ

∫

Ω

wk
~Ψ~zxk

dx + µ

∫

Ω

~Uzk~zxk
dx + µ

∫

Ω

~wΨ1k~zxk
dx = 0. (44)

Ñëîæèì (43) è (44):
(

νρ− c1

(
ρ
∥∥∥~U

∥∥∥
4,Ω

+ µ
∥∥∥~Ψ

∥∥∥
4,Ω

))
‖~wx‖2 +

(
1
σ
− µc1

(∥∥∥~U
∥∥∥

4,Ω
+

∥∥∥~Ψ
∥∥∥

4,Ω

))
‖rot~z‖2 6 0. (45)

Â ñèëó óñëîâèÿ (38) èç (45) ïîëó÷èì ~U = ~U1, ~Ψ = ~Ψ1, òîãäà ∇π(x) = ∇π1(x) . Òàêèì îáðà-
çîì, ~v1, ∇p1 , ~H1 , ~f1(x) è ~r1 = rot~j1(x) óäîâëåòâîðÿþò âñåì óñëîâèÿì (1)�(6). Ñëåäîâàòåëüíî,
çàäà÷à (1)�(6) ðàçðåøèìà.

Íåîáõîäèìîñòü. Ïóñòü çàäà÷à (1)�(6) ðàçðåøèìà. Îáîçíà÷èì ýòî ðåøåíèå ÷åðåç{
~v, ∇p, ~H, ~f, rot~j

}
. Òåì ñàìûì, âûâîäèì îïåðàòîðíîå óðàâíåíèå (9) è ïîëó÷àåì, ÷òî ~f(x)

è ~r = rot~j(x) � ðåøåíèå ýòîãî óðàâíåíèÿ.
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Òåîðåìà 3. Ïóñòü âûïîëíÿåòñÿ óñëîâèå òåîðåìû 2, à òàêæå âûïîëíåíî

M1 +
∥∥∥~ℵ

∥∥∥
2,Ω

+
∥∥∥~λ

∥∥∥
2,Ω

< 1, (46)

ãäå ‖Φ‖2
2,QT

= ν‖~vx‖2
2,QT

+ 1
σ

∥∥∥rot ~H
∥∥∥

2

2,QT

, β = 2−ε
2d2 , ε ∈ (0, 2],

M1 = exp
{

c2

2ε‖Φ‖2
2,QT

}

 1

inf
Ω
|g(x, T )| +

1
inf
Ω
|ξ(x, T )|




[(∥∥∥ν∆~v0 − v0k~v0xk
+ µ

ρ H0k
~H0xk

∥∥∥
2,Ω

+

+sup
Ω

(
|g(x, 0)|+ 1

σµ |ξ(x, 0)|
)

+
∥∥∥ 1

σµrotrot ~H0 + rot[~v0 × ~H0]
∥∥∥
)

exp {−βT}+

+
T∫
0

exp {−β(T − t)}sup
Ω

(
|gt(x, t)|+ 1√

σ
|ξt(x, t)|

)
dt

]
,

òîãäà ñóùåñòâóåò ðåøåíèå îáðàòíîé çàäà÷è (1)�(6).
Äîêàçàòåëüñòâî. Èçâåñòíî, ÷òî äëÿ ïðÿìîé çàäà÷è (1)�(5) ìîæíî ïîëó÷èòü ñëåäóþùóþ

îöåíêó:
χ2(t) +

t∫
0

Φ2(τ)dτ ≤ ρ‖~v0‖2
2,Ω + µ

∥∥∥ ~H0

∥∥∥
2

2,Ω
+

+
3
2



ρ

(
T∫
0

sup
Ω
|g(x, t)|dt

)2

+
1

σ2µ

(
T∫
0

sup
Ω
|ξ(x, t)|dt

)2


.

(47)

Âíîâü ðàññìîòðèì çàäà÷ó (30)�(32). Ðàñïèøåì óðàâíåíèÿ (30), (31), äëÿ ýòîãî ïðîäèôôå-
ðåíöèðîâàâ óðàâíåíèÿ (1) è (2) ïî t. Ïîëó÷èì ñëåäóþùèå ñîîòíîøåíèÿ:

~vtt + (vkt~vxk
+ vk~vxkt)− µ

ρ

(
Hkt

~Hxk
+ Hk

~Hxkt

)
− ν∆~vt = −1

ρ
grad

(
p +

µ ~H2

2

)

t

+ ~fgt , (48)

~Htt +
1

σµ
rotrot ~Ht −

(
rot

[
~v × ~H

])
t
=

1
σµ

ξtrot~j , (49)

ãäå
(
rot

[
~v × ~H

])
t
= Hkt~vxk

+ Hk~vxkt − vkt
~Hxk

− vk
~Hxkt.

Óìíîæèì óðàâíåíèÿ (48) è (49) ñêàëÿðíî â L2 (Ω) ñîîòâåòñòâåííî íà ρ~vt è µ ~Ht , òîãäà
ïîëó÷èì:

ρ

2
d

dt
‖~vt‖2 + ν‖~vtx‖2 + ρ

∫

Ω

vkt~vxk
~vtdx− µ

∫

Ω

(
Hkt

~Hxk
+ Hk

~Hxkt

)
~vtdx = ρ

∫

Ω

~fgt · ~vtdx , (50)

µ

2
d

dt

∥∥∥ ~Ht

∥∥∥
2
+

1
σ

∥∥∥rot ~Ht

∥∥∥
2
− µ

∫

Ω

~Ht ·
(
rot

[
~v × ~H

])
t
dx =

1
σ

∫

Ω

~Ht · ξtrot~jdx. (51)

Ñëîæèâ (50) è (51), ïîëó÷èì:

1
2

d

dt
ω2(t) + F 2(t) = I(t) + ρ

∫

Ω

~fgt · ~vtdx +
1
σ

∫

Ω

~Ht · ξtrot~jdx , (52)

ãäå îáîçíà÷èëè ω2(t) = ρ‖~vt‖2 + µ
∥∥∥ ~Ht

∥∥∥
2
, F 2(t) = ρν‖~vtx‖2 +

1
σ

∥∥∥rot ~Ht

∥∥∥
2
,

z(t) =
(√

ρ
∥∥∥~fgt

∥∥∥ + 1√
σ

∥∥∥ξtrot~j
∥∥∥
)

, I(t) =
∫
Ω

[
~vxk

(
µHkt

~Ht − ρvkt~vt

)
+ µ ~Hxk

(
Hkt~vt − vkt

~Ht

)]
dx .
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Äëÿ îöåíêè ïðàâîé ÷àñòè (52) ïðèìåíèì íåðàâåíñòâî ‖u‖4
4,Ω 6 2‖u‖2

2,Ω‖ux‖2
2,Ω äëÿ ëþáîãî

u ∈ W 1
2 (Ω) , à òàêæå íåðàâåíñòâà Ôðèäðèõñà è Þíãà, òîãäà ïîëó÷èì:

dω(t)
dt

+
2− ε

2d2
ω(t) 6 c2

2ε
Φ2(t)ω(t) + z(t),

Óìíîæèâ ïîëó÷åííîå íåðàâåíñòâî íà exp {−β(T − t)}, β =
2− ε

2d2
, ïîëó÷èì:

e−β(T−t) dω(t)
dt

+ βω(t)e−β(T−t) 6 c2

2ε
Φ2(t)ω(t)e−β(T−t) + z(t)e−β(T−t).

Îáîçíà÷èì ÷åðåç y(t) = ω(t)e−β(T−t), α1(t) = c2

2εΦ
2(t), α2(t) = z(t)e−β(T−t) :

dy(t)
dt

6 α1(t)y(t) + α2(t). (53)

Ïðèìåíèì ëåììó Ãðîíóîëëà, à çàòåì, âîçâðàùàÿñü ê ïðåæíèì îáîçíà÷åíèÿì, ïðèõîäèì ê
ñëåäóþùåé îöåíêå:

ρ‖~vt(x, T )‖2 + µ
∥∥∥ ~Ht(x, T )

∥∥∥
2

6 exp

{
c2

2ε

T∫
0

Φ2(t)dt

}[(
ρ‖~vt(x, 0)‖2 + µ

∥∥∥ ~Ht(x, 0)
∥∥∥

2
)

e−
2−ε
2d2 T +

+
T∫
0

(√
ρ
∥∥∥gt(x, t)~f(x)

∥∥∥ + 1√
σ

∥∥∥ξt(x, t)rot~j(x)
∥∥∥
)

e−
2−ε
2d2 (T−t)dt

]
.

Ðàññìîòðèì îãðàíè÷åííîå âûïóêëîå çàìêíóòîå ìíîæåñòâî:

D =
{

~f ∈ L2(Ω), rot~j ∈ L2(Ω),
∥∥∥~f

∥∥∥ 6 1,
∥∥∥rot~j

∥∥∥ 6 1
}

.

Òàê êàê
(
A~f

)
(x) = 1

g(x,T )

(
Tg

~f
)

(x), (B~r) (x) = σµ
ξ(x,T ) (Sξ~r) (x) , òî äëÿ îïåðàòîðîâ A è B íà

ìíîæåñòâå D ñïðàâåäëèâà îöåíêà:
∥∥∥A~f

∥∥∥
2
+ ‖B~r‖2 6 M2

1 .

Îïðåäåëèì íà D åùå íåëèíåéíûå îïåðàòîðû A1 è B1 ñëåäóþùèì îáðàçîì:

A1
~f = A~f + ~ℵ, B1~r = B~r + ~λ.

Â ñèëó óñëîâèÿ (46) îïåðàòîðû A1 è B1 îòîáðàæàþò D â ñåáÿ. Íà îñíîâàíèè ýòîãî è ïî
òåîðåìå 1, óòâåðæäàþùåé ÷òî îïåðàòîðû A è B âïîëíå íåïðåðûâíû, èç êîìáèíèðîâàííîãî
ïðèíöèïà Øàóäåðà ñëåäóåò ðàçðåøèìîñòü îïåðàòîðíîãî óðàâíåíèÿ:

A1
~f = ~f, B1~r = ~r

â D . Ñëåäîâàòåëüíî, ïî òåîðåìå 2 ðàçðåøèìà è îáðàòíàÿ çàäà÷à (1)�(6). Òåîðåìà äîêàçàíà.
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ÏÐÈÁËÈÆÅÍÈÅ ÔÓÍÊÖÈÉ ÊËÀÑÑÀ ÁÅÑÎÂÀ
ÏÎËÈÍÎÌÀÌÈ ÏÎ ÎÁÎÁÙÅÍÍÎÉ ÑÈÑÒÅÌÅ ÕÀÀÐÀ

Ã. Àêèøåâ

Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Å.À. Áóêåòîâà
100000 Êàðàãàíäà Óíèâåðñèòåòñêàÿ, 28 akishev@ksu.kz

Â ñòàòüå ðàññìàòðèâàþòñÿ ñèììåòðè÷íîå ïðîñòðàíñòâî ôóíêöèé ìíîãèõ ïåðåìåííûõ è êëàññû Íè-
êîëüñêîãî, Áåñîâà â ýòîì ïðîñòðàíñòâå. Ïîëó÷åíû îöåíêè ñâåðõó ïðèáëèæåíèÿ ôóíêöèé êëàññà
Áåñîâà ÷àñòíûìè ñóììàìè ðÿäà Ôóðüå ïî êðàòíîé îáîáùåííîé ñèñòåìå Õààðà. Óñòàíîâëåí òî÷íûé
ïîðÿäîê ïðèáëèæåíèÿ ôóíêöèé êëàññà Íèêîëüñêîãî ïî íîðìå ïðîñòðàíñòâà Ìàðöèíêåâè÷à.

Ïóñòü Rd − d-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî òî÷åê x̄ = (x1, ..., xd) ñ âåùåñòâåííûìè êîîð-
äèíàòàìè; Id = {x̄ ∈ Rd; 0 ≤ xj ≤ 1; j = 1, ..., d} � d-ìåðíûé åäèíè÷íûé êóá.

Áàíàõîâî ïðîñòðàíñòâî X èçìåðèìûõ ïî Ëåáåãó íà Id ôóíêöèé íàçûâàåòñÿ ñèììåòðè÷íûì
(ñì. [1], ñòð. 123), åñëè

1. èç òîãî, ÷òî |f(x̄)| ≤ |g(x̄)| ïî÷òè âñþäó íà Id è g ∈ X, ñëåäóåò, ÷òî f ∈ X è ‖f‖X ≤ ‖g‖X ;
2. èç f ∈ X è ðàâíîèçìåðèìîñòè ôóíêöèé |f(x̄)| è |g(x̄)| ñëåäóåò, ÷òî g ∈ X è ‖f‖X = ‖g‖X .
Çäåñü è â äàëüíåéøåì ‖f‖X îçíà÷àåò íîðìó ýëåìåíòà f ∈ X.
Ïóñòü χe(t) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà e ⊂ Id. Ôóíêöèÿ ϕ(µe) = ‖χe‖X

íàçûâàåòñÿ ôóíäàìåíòàëüíîé ôóíêöèåé ïðîñòðàíñòâà X, ãäå µe � ìåðà Ëåáåãà èçìåðèìîãî
ìíîæåñòâà e. Òàêèì îáðàçîì, ôóíäàìåíòàëüíàÿ ôóíêöèÿ ñèììåòðè÷íîãî ïðîñòðàíñòâà X åñòü
ôóíêöèÿ ϕ(t) = ‖χ[0,t]‖X , îïðåäåëåííàÿ íà îòðåçêå [0,1]. Ôóíäàìåíòàëüíóþ ôóíêöèþ ϕ(t) ñèì-
ìåòðè÷íîãî ïðîñòðàíñòâà ìîæíî ñ÷èòàòü âîãíóòîé, íåóáûâàþùåé, íåïðåðûâíîé íà [0,1] ôóíê-
öèåé, ïðè÷åì ϕ(0) = 0 (ñì. [1], ñòð.137). Òàêèå ôóíêöèè íàçûâàþòñÿ Φ � ôóíêöèÿìè. Äàëåå
X = X(ϕ) îçíà÷àåò ñèììåòðè÷íîå ïðîñòðàíñòâî ñ ôóíäàìåíòàëüíîé ôóíêöèåé ϕ.

Ïðîñòðàíñòâî X1, àññîöèèðîâàííîå ïðîñòðàíñòâó X(ϕ), ñîñòîèò èç âñåõ èçìåðèìûõ ôóíê-
öèé g(x̄), äëÿ êîòîðûõ

‖g‖X1 = sup
f∈X
‖f‖X≤1

∫

Id

f(x̄)g(x̄)dx̄ < +∞.

Èçâåñòíî (ñì. [1], ñòð. 138), ÷òî ñåïàðàáåëüíîñòü ïðîñòðàíñòâà X(ϕ) ÿâëÿåòñÿ íåîáõîäè-
ìûì è äîñòàòî÷íûì óñëîâèåì ñîâïàäåíèÿ àññîöèèðîâàííîãî ê íåìó ïðîñòðàíñòâà X1 ñî âñåì
ñîïðÿæåííûì ïðîñòðàíñòâîì X ′(ϕ̄) è ïðè ýòîì ϕ̄(t) = t

ϕ(t) , t ∈ (0, 1], è ϕ̄(0) = 0.
Çäåñü áóäåì ðàññìàòðèâàòü ñåïàðàáåëüíûå ïðîñòðàíñòâà X(ϕ).
Ïðèìåðû ñåïàðàáåëüíûõ ñèììåòðè÷íûõ ïðîñòðàíñòâ:
Keywords: approximation of function, Haar system, symmetrical space
2000 Mathematics Subject Classi�cation: 42A10
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1. Lq(Id) � ïðîñòðàíñòâî Ëåáåãà ñ íîðìîé

‖f‖q =
(∫

Id

|f(x̄)|qdx̄

) 1
q

, 1 ≤ q < +∞.

2. Ïðîñòðàíñòâî Ìàðöèíêåâè÷à Lq,∞(Id) ñ íîðìîé

‖f‖q,∞ = sup
t∈(0,1]

t
1
q
−1

∫ t

0
f∗(τ)dτ,

ãäå f∗(τ) � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè |f(x̄)| (ñì. [1], ñòð. 83).
3. Ïðîñòðàíñòâî Ëîðåíöà Lqθ(Id) ñ íîðìîé

‖f‖qθ =

{
θ

q

∫ 1

0

(∫ t

0
f∗(τ)dτ

)θ

t
θ( 1

q
−1)−1

dt

} 1
θ

< +∞, 1 ≤ q < +∞, 1 < θ < +∞.

Äëÿ äàííîé ôóíêöèè Ψ(t), t ∈ [0, 1] ïîëîæèì:

αΨ = limt→0

Ψ(2t)
Ψ(t)

, βΨ = limt→0
Ψ(2t)
Ψ(t)

.

Èçâåñòíî, ÷òî äëÿ ëþáîãî ïðîñòðàíñòâà X(ϕ) ñïðàâåäëèâû íåðàâåíñòâà 1 ≤ αϕ ≤ βϕ ≤ 2.
×åðåç C(q, p, r, ...) îáîçíà÷èì ïîëîæèòåëüíûå âåëè÷èíû, çàâèñÿùèå îò óêàçàííûõ ïàðàìåò-

ðîâ. Çàïèñü A ³ B îçíà÷àåò, ÷òî ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå c1, c2 òàêèå, ÷òî
c1A ≤ B ≤ c2A.

Ïóñòü äàíà ïîñëåäîâàòåëüíîñòü {pn} íàòóðàëüíûõ ÷èñåë pn ≥ 2, äëÿ âñåõ n ∈ N . Îáîáùåí-
íàÿ ñèñòåìà Õààðà χ{pn} = {χn(t)} íà [0,1] îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì (ñì. [2]).

Çàäàííîå íàòóðàëüíîå ÷èñëî n ≥ 2 ïðåäñòàâèì â âèäå n = mk + r(pk+1 − 1) + s, ãäå m0 = 1,
mk = p1 · p2 · ... · pk, k = 1, 2, ...; r = 0, 1, ..., mk − 1; s = 1, 2, ..., pk+1 − 1. ×åðåç A îáîçíà÷èì
ìíîæåñòâî òî÷åê âèäà l

mk
íà [0,1], l = 0, 1, .... Åñëè t ∈ B ≡ [0, 1] \ A, òî ðàçëîæåíèå t =

∞∑
k=1

αk(t)
mk

, αk(t) ∈ N ∩ [0, pk − 1], åäèíñòâåííî. Äàëåå, îïðåäåëèì ôóíêöèþ χn(t) ≡ χs
k,r(t)

ñëåäóþùèì îáðàçîì:

χn(t) = χs
k,r(t) =





√
mkexp

{
2πisαk+1(t)

pk+1

}
, t ∈

(
r

mk
, r+1

mk

)
∩B,

0, t /∈
[

r
mk

, r+1
mk

]
,

χ1(t) ≡ 1 íà [0, 1].
Òàê êàê ìíîæåñòâî B âñþäó ïëîòíî íà [0,1], ôóíêöèþ χn(t) ïðîäîëæèì íà èíòåðâàë

(
r

mk
, r+1

mk

)

ïî íåïðåðûâíîñòè. Â îñòàâøèõñÿ òî÷êàõ (0, 1) ôóíêöèþ χn ïîëîæèì ðàâíîé ïîëóñóììå åå ïðå-
äåëüíûõ çíà÷åíèé ñïðàâà è ñëåâà, à íà êîíöàõ îòðåçêà [0,1] åå ïðåäåëüíûì çíà÷åíèÿì èçíóòðè
îòðåçêà. Òàê îïðåäåëåííàÿ ñèñòåìà χ{pn} îðòîíîðìèðîâàíà è ïîëíà â ïðîñòðàíñòâå L1 ([2]).
Îáîáùåííàÿ ñèñòåìà Õààðà â ñëó÷àå pn = p, n ∈ N, îïðåäåëåíà Âàòàðè [3].

Ïóñòü äàíû ïîñëåäîâàòåëüíîñòè {p(j)
nj } íàòóðàëüíûõ ÷èñåë p

(j)
nj ≥ 2; nj ∈ N;

j = 1, 2, ..., d; m
(j)
nj = p

(j)
1 · ... · p(j)

nj . Ïóñòü {χn̄(x̄)} =
{

d∏
j=1

χnj (xj)
}

êðàòíàÿ îáîáùåííàÿ ñèñòåìà

Õààðà; an̄(f) � êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L1(Id) ïî ýòîé ñèñòåìå.
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Íåðàâåíñòâî k̄ ≤ n̄ îçíà÷àåò, ÷òî kj ≤ nj äëÿ âñåõ j = 1, ..., d.
Ïîëîæèì

δν̄+1̄(f, x̄) =

m
(1)
ν1+1∑

n1=m
(1)
ν1

+1

...

m
(1)
νd+1∑

nd=m
(d)
νd

+1

an1,...,nd
(f)

d∏

j=1

χnj (xj),

Sγ̄
n(f, x̄) =

∑

〈s̄,γ̄〉≤n

δs̄(f, x̄),

ãäå 〈s̄, γ̄〉 =
d∑

j=1
sjγj è 1̄ = (1, ..., 1). Â ñëó÷àå γ̄ = (1, ..., 1) áóäåì ïèñàòü Sn(f, x̄) è ‖s̄‖ ñîîòâåò-

ñòâåííî âìåñòî Sγ̄
n(f, x̄) è 〈s̄, γ̄〉.

×èñëîâàÿ ïîñëåäîâàòåëüíîñòü {an̄}n̄∈Zd ∈ lp, 1 ≤ p < +∞, åñëè

‖{an̄}n̄∈Zd‖lp =
{ ∞∑

nd=−∞
...

∞∑
n1=−∞

|an̄|p
} 1

p

< +∞.

Ïóñòü äàí âåêòîð r̄ = (r1, ..., rd), 0 < rj ≤ 1, j = 1, ..., d. Ðàññìîòðèì àíàëîãè êëàññîâ
Íèêîëüñêîãî è Áåñîâà:

H r̄
X = {f ∈ X(ϕ) : ‖δν̄(f)‖X ≤

d∏

j=1

(
m(j)

νj

)−rj

, ν̄ ∈ Nd},

Br
X,θ =





f ∈ X(ϕ) : ‖f‖Br
X,θ

= ‖f‖X +

∥∥∥∥∥∥∥





d∏

j=1

(
m(j)

sj

)rj ‖δs (f)‖X





s∈Zd
+

∥∥∥∥∥∥∥
lθ

≤ 1





.

Ïîðÿäêè ïðèáëèæåíèÿ êëàññîâ Hr
θ ïî íîðìå ïðîñòðàíñòâà Ëåáåãà Lq(Id) ïîëèíîìàìè ïî

êðàòíîé ñèñòåìå Õààðà ñ ãàðìîíèêàìè èç ãèïåðáîëè÷åñêèõ êðåñòîâ èññëåäîâàíû â [4], à îöåíêè
N -÷ëåííûõ ïðèáëèæåíèé � â [5], [6]. Ýòîò âîïðîñ â ñèììåòðè÷íîì ïðîñòðàíñòâå èññëåäîâàí â
[7].

Â äàííîé ñòàòüå èçó÷àþòñÿ ïîðÿäêè ïðèáëèæåíèÿ ôóíêöèîíàëüíûõ êëàññîâ H r̄
X , Br

X,θ ÷à-
ñòè÷íûìè ñóììàìè Sγ̄

n(f, x̄) ïî íîðìå ïðîñòðàíñòâà Ìàðöèíêåâè÷à.
Â äàëüíåéøåì áóäåì ïîëüçîâàòüñÿ ñëåäóþùèìè óòâåðæäåíèÿìè.
Ëåììà À.(ñì.[8], ëåììà 4). Ïóñòü äàíû Φ � ôóíêöèè φ1(x) è φ2(x), x ∈ (0, 1] è βφ1 < αφ2 .

Òîãäà äëÿ ôóíêöèè

θ(x) =

{
φ2(x)
φ1(x) , x ∈ (0, 1],
0, x = 0,

ñóùåñòâóåò Φ � ôóíêöèÿ θ1(x) äëÿ êîòîðîé αθ1 > 1 è θ1(x) ³ θ(x), x ∈ [0, 1].
Ëåììà Á.Äëÿ ëþáûõ ÷èñåë p > 1, α > 0 èìååò ìåñòî ñîîòíîøåíèå:

∑

〈s̄,γ̄〉>n

p−α〈s̄,γ̄〉 ³ p−αn · nd−1.

Ëåììà Â.Ïóñòü γ̄ = (γ1, ..., γd) òàêèå, ÷òî 1 = γj, j = 1, ..., l; 1 < γj, j = l + 1, ..., d. Òîãäà
äëÿ ëþáûõ ÷èñåë p > 1, α > 0 èìååò ìåñòî íåðàâåíñòâî:

∑

〈s̄,γ̄〉≤n

pα〈s̄,γ̄〉 ≤ C(α, p) · pαn · nl−1.

Ëåììû Á, Â äîêàçûâàþòñÿ òàêæå êàê â ñëó÷àå p = 2 (ñì. [9], ñòð. 11).
Â äàëüíåéøåì ñ÷èòàåì 0 < r1 = ... = rl < rl+1 ≤ ... ≤ rd ≤ 1 è ïîëîæèì γj = rj

r1
, j = 1, ..., d.
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Òåîðåìà 1. (ñì. [7]). Ïóñòü êðàòíàÿ îáîáùåííàÿ ñèñòåìà Õààðà îïðåäåëåíà îãðàíè÷åííûìè
ïîñëåäîâàòåëüíîñòÿìè {p(j)

n }, p
(j)
n ≤ p, n ∈ N, j = 1, ..., d; 1 ≤ q < +∞; X(ϕ) � ïðîñòðàí-

ñòâî ñ ôóíäàìåíòàëüíîé ôóíêöèåé ϕ è max(1
q , r1) < log2 αϕ, log2 βϕ < 1

q + r1. Åñëè

sup
n>0

{
p
−n

q

ϕ(p−n)

∑

〈s̄,γ̄〉>n

‖δs̄(f)‖X + p
−n

q

∑

〈s̄,γ̄〉≤n

1
ϕ(p−‖s̄‖)

‖δs̄(f)‖X

}
< +∞, (1)

òî ôóíêöèÿ f ∈ Lq,∞(Id) è èìååò ìåñòî îöåíêà:

‖f − S(γ̄)
n (f)‖q,∞ ≤ C · p

−n(r1+ 1
q
)

ϕ(p−n)
· nd−1.

Òåîðåìà 2. Ïóñòü êðàòíàÿ îáîáùåííàÿ ñèñòåìà Õààðà îïðåäåëåíà îãðàíè÷åííûìè ïîñëåäî-
âàòåëüíîñòÿìè {p(j)

n }, p
(j)
n ≤ p, n ∈ N, j = 1, ..., d; 1 ≤ q < +∞; X(ϕ) � ïðîñòðàíñòâî

ñ ôóíäàìåíòàëüíîé ôóíêöèåé ϕ è max(1
q , r1) < log2 αϕ ≤ log2 βϕ < 1

q + r1. Åñëè âûïîëíåíî
óñëîâèå (1), òî ôóíêöèÿ f ∈ Lq,∞(Id) è èìååò ìåñòî îöåíêà:

sup
f∈Br̄

X,θ

‖f − Sγ̄
n(f)‖q,∞ ≤ C · p

−n(r1+ 1
q
)

ϕ(p−n)
· n d−1

θ′ . (2)

Äîêàçàòåëüñòâî. Â äîêàçàòåëüñòâå òåîðåìû 1 â [7] óñòàíîâëåíî, ÷òî ïðè óñëîâèè (1) ôóíê-
öèÿ f ∈ X(ϕ) ïðèíàäëåæèò ïðîñòðàíñòâó Lq,∞(Id) è âåðíî íåðàâåíñòâî:

‖f‖q,∞ ≤ C(p, d, ϕ) sup
n>0

{
p
−n

q

ϕ(p−n)

∑

〈s̄,γ̄〉>n

‖δs̄(f)‖X + p
−n

q

∑

0<〈s̄,γ̄〉≤n

1
ϕ(p−‖s̄‖)

‖δs̄(f)‖X

}
.

Ïðèìåíÿÿ ýòî íåðàâåíñòâî ê ôóíêöèè f − Sγ̄
n(f) ∈ Lq,∞(Id), ïîëó÷èì:

‖f − Sγ̄
n(f)‖q,∞ ≤ C(p, d, ϕ) sup

ν>0

{
p
− ν

q

ϕ(p−ν)

∑

〈s̄,γ̄〉>ν

‖δs̄(f − Sγ̄
n(f))‖X+

+p
− 1

q

∑

〈s̄,γ̄〉≤ν

1
ϕ(p−‖s̄‖)

‖δs̄(f − S(γ̄)
n (f))‖X

}
. (3)

Åñëè 〈s̄, γ̄〉 ≤ n, òî δs̄(f − Sγ̄
n(f))(x) = 0; åñëè æå 〈s̄, γ̄〉 > n, òî δs̄(f − Sγ̄

n(f))(x̄) = δs̄(f, x̄).
Ó÷èòûâàÿ ýòè ðàâåíñòâà, ïîëó÷èì äëÿ âñåõ ν = 1, ..., n:

∑

〈s̄,γ̄〉≤ν

1
ϕ(p−‖s̄‖)

‖δs̄(f − Sγ
n(f))‖X = 0,

∑

〈s̄,γ̄〉>ν

‖δs̄(f − Sγ̄
n(f))‖X =

∑

〈s̄,γ̄〉>n

‖δs̄(f)‖X . (4)

Ïóñòü ν > n, òîãäà
∑

〈s̄,γ̄〉≤ν

1
ϕ(p−‖s̄‖)

‖δs̄(f − Sγ̄
n(f))‖X =

∑

n<〈s̄,γ̄〉≤ν

1
ϕ(p−‖s̄‖)

‖δs̄(f)‖X , (5)

∑

〈s̄,γ̄〉>ν

‖δs̄(f − Sγ̄
n)‖X =

∑

〈s̄,γ̄〉>ν

‖δs̄(f)‖X . (6)
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Èç ñîîòíîøåíèé (4)�(6) ñëåäóåò, ÷òî

σν(f) =
p−ν/q

ϕ(p−ν)

∑

〈s̄,γ̄〉>ν

‖δs̄(f − Sγ̄
n)‖X + p−ν/q

∑

0<〈s̄,γ̄〉≤ν

1
ϕ(p−‖s̄‖)

‖δs̄(f − Sγ̄
n)‖X ≤

≤ C





p−ν/q

ϕ(p−ν)

∑
〈s̄,γ̄〉>n

‖δs̄(f)‖X , ïðè ν ≤ n,

p−ν/q

ϕ(p−ν)

∑
〈s̄,γ̄〉>ν

‖δs̄(f)‖X + p−ν/q
∑

n<〈s̄,γ̄〉≤ν

1
ϕ(p−‖s̄‖)‖δs̄(f)‖X , ïðè ν > n.

(7)

Ïðèìåíÿÿ íåðàâåíñòâà Ãåëüäåðà (1
θ + 1

θ′ = 1) èìååì:
∑

n<〈s̄,γ̄〉≤ν

1
ϕ(p−‖s̄‖)

‖δs̄(f)‖X ≤

≤





∑

s̄∈Zd
+

d∏

j=1

psjrjθ ‖δs (f)‖θ
X





1
θ




∑

n<〈s̄,γ̄〉≤ν

(
1

ϕ(p−‖s̄‖)

d∏

j=1

p−sjrj )θ′





1
θ′

. (8)

Ïî óñëîâèþ r1 < log2 αϕ. Ïîýòîìó ñóùåñòâóåò Φ-ôóíêöèÿ g1(t) òàêàÿ ÷òî, g1(t) ³ ϕ(t)
tr1+ε , ε > 0

(ñì. ëåììó À). Ñëåäîâàòåëüíî, ó÷èòûâàÿ, ÷òî g1(t) ↑, è ïîëüçóÿñü ëåììîé Â, ïîëó÷èì:




∑

n<〈s̄,γ̄〉≤ν

(
1

ϕ(p−‖s̄‖)

d∏

j=1

p−sjrj )θ′





1
θ′

≤




∑

n<〈s̄,γ̄〉≤ν

(
1

ϕ(p−〈s̄,γ̄〉)
p−r1〈s̄,γ̄)θ′





1
θ′

≤

≤




∑

n<〈s̄,γ̄〉≤ν

(
1

g1(p−〈s̄,γ̄〉)
pε〈s̄,γ̄)θ′





1
θ′

≤ C
1

g1(p−ν)





∑

n<〈s̄,γ̄〉≤ν

(pε〈s̄,γ̄)θ′





1
θ′

≤

≤ C
1

g1(p−ν)
pενν

d−1
θ′ ≤ C

p−νr1ν
d−1
θ′

ϕ(p−ν)
.

Ïîýòîìó èç (8) ñëåäóåò, ÷òî

∑

n<〈s̄,γ̄〉≤ν

1
ϕ(p−‖s̄‖)

‖δs̄(f)‖X ≤ C
p−νr1ν

d−1
θ′

ϕ(p−ν)





∑

s̄∈Zd
+

d∏

j=1

psjrjθ ‖δs (f)‖θ
X





1
θ

(9)

äëÿ ëþáîé ôóíêöèè f ∈ Br̄
X,θ. Äàëåå, ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà è ëåììó Á, èìååì:

∑

〈s̄,γ̄〉>ν

‖δs̄(f)‖X ≤





∑

s̄∈Zd
+

d∏

j=1

psjrjθ ‖δs (f)‖θ
X





1
θ

×

×




∑

〈s̄,γ̄〉>ν

(
1

ϕ(p−‖s̄‖)

d∏

j=1

p−sjrj )θ′





1
θ′

≤ Cp−νr1ν
d−1
θ′





∑

s̄∈Zd
+

d∏

j=1

psjrjθ ‖δs (f)‖θ
X





1
θ

(10)
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äëÿ ëþáîé ôóíêöèè f ∈ Br̄
X,θ. Èç íåðàâåíñòâ (7), (9), (10) ïîëó÷èì:

σν(f) ≤ C





p−ν/q

ϕ(p−ν)
p−nr1ν

d−1
θ′ , ïðè ν ≤ n,

p
−ν(r1+1

q )

ϕ(p−ν)
ν

d−1
θ′ , ïðè ν > n,

(11)

äëÿ ëþáîé ôóíêöèè f ∈ Br̄
X,θ.

Ïî óñëîâèþ 1
q < log2 αϕ. Ñëåäîâàòåëüíî, ïî ëåììå À ñóùåñòâóåò Φ - ôóíêöèÿ g(t) òàêàÿ ,

÷òî ϕ(t)

t
1
q
³ g(t) ↑ . Ïîýòîìó

p−ν/q

ϕ(p−ν)
≤ C

p−n/q

ϕ(p−n)
, ν ≤ n. (12)

Òàê êàê ïî óñëîâèþ βϕ < 2
1
q
+r1 , òî ñóùåñòâóåò ÷èñëî ε ∈ (0, r1 + 1

q ) òàêîå, ÷òî βϕ < 2
1
q
+r1−ε

<

2
1
q
+r1 . Òåïåðü â ëåììå À, ïîëàãàÿ γ(t) = t

r1+ 1
q
−ε

, áóäåì èìåòü , ÷òî ñóùåñòâóåò Φ - ôóíêöèÿ
g2(t) òàêàÿ , ÷òî t

1
q +r1−ε

ϕ(t) ³ g2(t) ↑ . Ñëåäîâàòåëüíî, äëÿ ν > n

p
−ν(r1+ 1

q
)
ν

d−1
θ′

ϕ(p−ν)
=

p
−ν(r1+ 1

q
−ε)

ϕ(p−ν)
· ν

d−1
θ′

pνε
≤

≤ Cg2(p−ν)
ν

d−1
θ′

pνε
≤ Cg2(p−n)

n
d−1
θ′

pnε
≤ C

p
−n(r1+ 1

q
)
n

d−1
θ′

ϕ(p−n)
. (13)

Èç íåðàâåíñòâ (11)�(13) ñëåäóåò, ÷òî

σν(f) ≤ C
p
−n(r1+ 1

q
)
n

d−1
θ′

ϕ(p−n)

äëÿ ëþáîé ôóíêöèé f ∈ Br̄
X,θ. Ñëåäîâàòåëüíî, èç íåðàâåíñòâà (3) ïîëó÷èì:

‖f − S(γ̄)
n (f)‖q,∞ ≤ C(p, d, ϕ)

p
−n(r1+ 1

q
)
n

d−1
θ′

ϕ(p−n)

äëÿ ëþáîé ôóíêöèé f ∈ Br̄
X,θ. Ýòèì òåîðåìà äîêàçàíà.

Ç àì å ÷ à í è å 1. Ïðèâåäåì çäåñü âàæíûå ÷àñòíûå ñëó÷àè òåîðåìû 2.
1) Ïóñòü X(ϕ) = LM (Id) � ïðîñòðàíñòâî Îðëè÷à, ÷üÿ N� ôóíêöèÿ M(u) óäîâëåòâîðÿåò

∆2 � óñëîâèþ (ñì. [10]).
Èçâåñòíî, ÷òî ôóíäàìåíòàëüíàÿ ôóíêöèÿ ïðîñòðàíñòâà Îðëè÷à åñòü ϕLM

(t) = 1
M−1( 1

t
)
,

ãäå M−1 îáðàòíàÿ ôóíêöèÿ ê M (ñì. [10]); ïóñòü îíà óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.
Òîãäà ñïðàâåäëèâà îöåíêà

sup
f∈Br̄

LM ,θ

‖f − Sγ̄
n(f)‖q,∞ ≤ C · p−n(r1+ 1

q
)
M−1(pn) · n d−1

θ′ .

2) Ïóñòü X(ϕ) = Lq1,q2(I
d) � ïðîñòðàíñòâî Ëîðåíöà, 1 < q1 < q < +∞.

Èçâåñòíî, ÷òî ôóíäàìåíòàëüíàÿ ôóíêöèÿ ïðîñòðàíñòâà Lq1,q2(I
d) åñòü ϕLq1,q2

(t) = t
1
q1 è

αϕ = βϕ = 2
1
q1 . Òîãäà

sup
f∈Br̄

Lq1,q2 ,θ

‖f − Sγ̄
n(f)‖q,∞ ≤ C · p−n(r1+ 1

q
− 1

q1
)
n

d−1
θ′ .
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3) Îïðåäåëåíèå 1. (ñì. [11]). Ïóñòü äàíû ÷èñëà q1, q2 ∈ (1,∞), α ∈ R. Ïðîñòðàíñòâîì Ëî-
ðåíöà � Çèãìóíäà Lq1,q2 (log L)α (Id) íàçûâàåòñÿ ìíîæåñòâî âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíê-
öèé f , äëÿ êîòîðûõ

‖f‖q1,q2,α =
{∫ 1

0

(
f∗(t)

)q2
(

1 + | ln t|
)αq2

t
q2
q1
−1

dt

} 1
q2

< +∞.

Ïóñòü X(ϕ) = Lq1,q2 (log L)α (Id), α ∈ R, 1 < q2 < +∞, 1 < q1 < q < +∞.
Èçâåñòíî (ñì. [11], ñòð.143), ÷òî ôóíäàìåíòàëüíàÿ ôóíêöèÿ ïðîñòðàíñòâà

Lq1,q2 (log L)α (Id) óäîâëåòâîðÿåò ñîîòíîøåíèþ ϕLq1,q2 (log L)α(t) ³ (1 + | ln t|)αt
1
q1 . Ïîýòîìó,

åñëè 1
q < 1

q1
< 1

q + r1, òî

sup
f∈Br̄

Lq1,q2 (log L)α,θ

‖f − Sγ̄
n(f)‖q,∞ ≤ C · p−n(r1+ 1

q
− 1

q1
)
n

d−1
θ′ (1 + n)−α .

4) Îäíèì èç ïðèìåðîâ ñèììåòðè÷íîãî ïðîñòðàíñòâà ÿâëÿåòñÿ ìíîãîïàðàìåòðè÷åñêîå
ïðîñòðàíñòâî Ëîðåíöà, îïðåäåëåííîå Å.Ä. Íóðñóëòàíîâûì [12]. Íàïîìíèì åãî îïðåäåëåíèå
äëÿ òðåõ ïàðàìåòðîâ.

Ïóñòü äàíû ÷èñëà q1, q2, q3 ∈ [1,+∞). Äëÿ çàäàííîé èçìåðèìîé ïî Ëåáåãó íà Id = [0, 1]d

ôóíêöèè f ïîëîæèì

βk(f) =
[∫ 2−k+1

2−k

(f∗(t))q1 dt
] 1

q1 , ψk(f) =
[ 2k−1∑

l=2k−1

(β∗l (f))q2

] 1
q2 , k = 1, 2, ... .

Òðåõïàðàìåòðè÷åñêîå ïðîñòðàíñòâî Ëîðåíöà Lq̄3(Id) = Lq1,q2,q3(I
d) (q̄3 = (q1, q2, q3)) ñîñòîèò

èç âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíêöèé f , äëÿ êîòîðûõ

‖f‖q̄3 =
{ ∞∑

k=1

(ψ∗k(f))q3

} 1
q3 < +∞.

Ïîêàæåì, ÷òî Lq̄3(I
d) � ñèììåòðè÷íîå ïðîñòðàíñòâî.

Äåéñòâèòåëüíî, åñëè g ∈ Lq1,q2,q3(I
d) è f∗(t) ≤ g∗(t), t ∈ [0, 1], òî ïî ñâîéñòâó èíòåãðàëà

βk(f) =
[∫ 2−k+1

2−k

(f∗(t))q1 dt
] 1

q1 ≤
[∫ 2−k+1

2−k

(g∗(t))q1 dt
] 1

q1 = βk(g).

Òîãäà ïî ñâîéñòâó íåâîçðàñòàþùåé ïåðåñòàíîâêè ÷èñëîâîé ïîñëåäîâàòåëüíîñòè èìååì β∗k(f) ≤
β∗k(g), k = 1, 2, .... Ïîýòîìó

ψk(f) =
[ 2k−1∑

l=2k−1

(β∗l (f))q2

] 1
q2 ≤

[ 2k−1∑

l=2k−1

(β∗l (g))q2

] 1
q2 = ψk(g)

äëÿ âñåõ k = 1, 2, .... Ñëåäîâàòåëüíî,

‖f‖q̄3 =
{ ∞∑

k=1

(ψ∗k(f))q3
} 1

q3 ≤
{ ∞∑

k=1

(ψ∗k(g))q3

} 1
q3 = ‖g‖q1,q2,q3 .

Çíà÷èò, f ∈ Lq̄3(I
d) è Lq̄3(I

d) � ñèììåòðè÷åñêîå ïðîñòðàíñòâî (ñì. [1], ñòð. 123).
Òåïåðü îöåíèì ôóíäàìåíòàëüíóþ ôóíêöèþ ϕq̄3(t) ïðîñòðàíñòâà Lq̄3(I

d).
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Ëåììà 1. Ïóñòü q1, q2, q3 ∈ (1,∞).

1. Åñëè q2 ≥ q3, òî ϕq̄3(t) ≤ C(q̄3)t
1
q1

(
ln 1

t

) 1
q2
− 1

q3 , äëÿ t ∈ (0, 1),

2. Åñëè q2 ≤ q3, òî ϕq̄3(t) ≥ C(q̄3)t
1
q1

(
ln 1

t

) 1
q2
− 1

q3 , äëÿ t ∈ (0, 1).

Äîêàçàòåëüñòâî. Ñíà÷àëà îòìåòèì, ÷òî èç ñâîéñòâ íåâîçðàñòàþùåé ïåðåñòàíîâêè ñëåäóåò,
÷òî

‖f‖q̄3 ≤ 2
q3
q2

{ ∞∑

n=1

(β∗n(f))q3 n
q3
q2
−1

} 1
q3 . (14)

Òàê êàê q3

q2
− 1 ≥ 0, òî ñóììà â (14) íå áîëüøå, ÷åì

{ ∞∑

n=1

(βn(f))q3 n
q3
q2
−1

} 1
q3 .

Ñëåäîâàòåëüíî,

‖f‖q̄3 ≤ 2
q3
q2

{ ∞∑

n=1

(βn(f))q3 n
q3
q2
−1

} 1
q3 . (15)

Îòìåòèì, ÷òî äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè χA(x̄), x̄ ∈ Id, ðàâíîèçìåðèìîé ÿâëÿåòñÿ
ôóíêöèÿ îäíîé ïåðåìåííîé χ[0,t](x), x ∈ I = [0, 1], ãäå t = µA. Ïîýòîìó ïî îïðåäåëåíèþ
ñèììåòðè÷íîãî ïðîñòðàíñòâà èõ íîðìû ðàâíû.

Ïóñòü m ∈ N òàêîå, ÷òî 1
2m < t ≤ 1

2m−1 . Òîãäà äëÿ x ∈ ( 1
2m−1 , 1] õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ

χ[0,t](x) = 0. Ïîýòîìó ∫ 2−l+1

2−l

(
χ[0,t](x)

)q1 dx = 0

äëÿ l = 1, 2, ..., m− 1.
Åñëè l ≥ m, òî 1

2l−1 < t ≤ 1
2m−1 . Òîãäà χ[0,t](x) = 1 äëÿ x ∈ ( 1

2l ,
1

2l−1 ], l ≥ m + 1. Ñëåäîâà-
òåëüíî, βl(χ[0,t]) = 2−

l
q1 äëÿ l ≥ m + 1. Åñëè l = m, òî βl(χ[0,t]) = (t− 2−m)

l
q1 ≤ 2−

m
q1 . Òàêèì

îáðàçîì, äëÿ t ∈ ( 1
2m , 1

2m−1 ] èìååì βl(χ[0,t]) = 0, åñëè l = 1, 2, ..., m − 1, è βl(χ[0,t]) ≤ 2−
l

q1 , åñëè
l ≥ m. Òåïåðü ó÷èòûâàÿ ýòè ñîîòíîøåíèÿ è ïîëàãàÿ f = χ[0,t] â (15), ïîëó÷èì:

ϕq̄3(t) = ‖χ[0,t]‖q̄3 ≤ 2
q3
q2

{ ∞∑

n=1

(
βn(χ[0,t])

)q3 n
q3
q2
−1

} 1
q3 =

= 2
q3
q2

{ ∞∑
n=m

(
2−

n
q1

)q3

n
q3
q2
−1

} 1
q3 . (16)

Äàëåå èç (16) ïî ëåììå 2 èç [13] ïîëó÷èì ϕq̄3(t) ≤ C(q1, q2, q3)
{

2−
m
q1

q3m
q3
q2
−1

} 1
q3 äëÿ t ∈ ( 1

2m , 1
2m−1 ].

Îòñþäà ñëåäóåò ïåðâîå óòâåðæäåíèå ëåììû.
Äîêàæåì âòîðîå óòâåðæäåíèå ëåììû. Äëÿ ýòîãî âîñïîëüçóåìñÿ èçâåñòíûì ñîîòíîøåíèåì

(1 < qj < +∞, 1
qj

+ 1

q
′
j

= 1, j = 1, 2, 3):

‖f‖q1,q2,q3 ³ sup
‖g‖

q
′
1,q
′
2,q
′
3
≤1

∣∣∣∣
∫

Id

f(x̄)g(x̄)dx̄

∣∣∣∣ .

Â ýòîì ñîîòíîøåíèè ïîëîæèì f(x̄) = χA(x̄), g(x̄) = χA(x̄)‖χA‖−1

q
′
1,q

′
2,q

′
3

, ãäå A � ïðîèçâîëü-
íîå èçìåðèìîå ïîäìíîæåñòâî êóáà Id è µA = t. Òîãäà ‖g‖

q̄
′
3

= 1. Ñëåäîâàòåëüíî,

‖χA(x̄)‖q1,q2,q3 ≥ t‖χA‖−1

q
′
1,q

′
2,q

′
3

. (17)
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Òàê êàê q
′
3 ≥ q

′
2, òî èç (17) ïîëó÷èì äëÿ t ∈ (0, 1]:

ϕq̄3(t) ≥ C(q1, q2, q3)
t

t
1

q
′
1

(
ln 1

t

) 1

q
′
2

− 1

q
′
3

= C(q1, q2, q3)t
1
q1

(
ln

1
t

) 1
q2
− 1

q3

.

Ëåììà äîêàçàíà.
Ïóñòü X(ϕ) = Lq̄3(I

d), 1 < q2 ≤ q3, 1 < q1 < q < +∞.

Â ñèëó âòîðîãî ïóíêòà ëåììû 1 ôóíäàìåíòàëüíàÿ ôóíêöèÿ ïðîñòðàíñòâà Lq̄3(I
d) èìååò

îöåíêó ϕLq̄3
(t) ≥ C(q̄3)t

1
q1 (ln 1

t )
1
q2
− 1

q3 . Ïîýòîìó èç òåîðåìû 2 ïîëó÷àåì:

sup
f∈Br̄

Lq̄3
,θ

‖f − Sγ̄
n(f)‖q,∞ ≤ C · p−n(r1+ 1

q
− 1

q1
)
n

d−1
θ′ n

1
q2
− 1

q3 .

Òåîðåìà 3. Ïóñòü îáîáùåííûå ñèñòåìû Õààðà χ{p(j)
n }, j = 1, ..., d, îïðåäåëåíû îäíèì íà-

òóðàëüíûì ÷èñëîì p
(j)
n = p ≥ 2, n ∈ N; j = 1, ..., d; 1 < q < +∞, 0 < r1 = ... = rd < 1; X(ϕ)

� ïðîñòðàíñòâî ñ ôóíäàìåíòàëüíîé ôóíêöèåé ϕ òàêîé, ÷òî max
{

1
q , r1

}
< log2 αϕ, log2 βϕ <

1
q1

< 1
q + r1. Òîãäà

sup
f∈H r̄

X

‖f − Sγ̄
n(f)‖q,∞ ³ p

−n(r1+ 1
q
)

ϕ(p−n)
· nd−1.

Äîêàçàòåëüñòâî. Îöåíêà ñâåðõó ñëåäóåò èç òåîðåìû 1. Äîêàæåì îöåíêó ñíèçó. Äëÿ ýòîãî
ðàññìîòðèì ôóíêöèþ

f0(x̄) =
∑

s̄∈Zd
+

p−‖s̄‖(r1+ 1
2
)

ϕ(p−‖s̄‖)

d∏

j=1

χpsj +p(xj).

Òàê êàê

‖
d∏

j=1

χpsj +p‖X ³ ϕ(p−‖s̄‖)
d∏

j=1

p
sj
2 ,

òî
‖f0‖X ≤ C

∑

s̄∈Zd
+

p−‖s̄‖r < +∞,

è

‖δs̄(f0)‖X ≤ C
d∏

j=1

p−sjr.

Ñëåäîâàòåëüíî, ôóíêöèÿ C0f0 ∈ H r̄
X . Òàê êàê íîñèòåëè ôóíêöèé χ

pkj +p
(xj), kj ∈ N, íå ïåðåñå-

êàþòñÿ (1, ..., d), òî
∫ p−s1

p−s1−1
· · ·

∫ p−sd

p−sd−1
|f0(x̄)− Sγ̄

n(f0, x̄)|dx̄ =
p−‖s̄‖(r+1)

ϕ(p−‖s̄‖)
. (18)

Ðàññìîòðèì ìíîæåñòâî Ωn = ∪‖s̄‖>n

∏d
j=1(p

−sj−1, p−sj ]. Íåòðóäíî óáåäèòüñÿ, ÷òî ìåðà ýòîãî
ìíîæåñòâà óäîâëåòâîðÿåò ñîîòíîøåíèþ:

µΩn = (1− 1
p
)d

∑

‖s̄‖>n

p−‖s̄‖ ³ p−n.
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Ïîýòîìó

‖f0 − Sγ̄
n(f0)‖q,∞ ≥ (C1p

−n)
1
q
−1

∫ C1p−n

0
(f0 − Sγ̄

n(f0))∗(u)du =

= (C1p
−n)

1
q
−1 sup

e⊂Id,µe=µΩn

∫

e
|f0(x̄)− Sγ̄

n(f0, x̄)|dx̄ ≥ (C1p
−n)

1
q
−1

∫

Ωn

|f0(x̄)− Sγ̄
n(f0, x̄)|dx̄ =

= (C1p
−n)

1
q
−1

∑

‖s̄‖>n

∫ p−s1

p−s1−1
· · ·

∫ p−sd

p−sd−1
|f0(x̄)− Sγ̄

n(f0, x̄)|dx̄. (19)

Òåïåðü, ó÷èòûâàÿ ðàâåíñòâî (18) èç (19), ïîëó÷èì:

‖f0 − Sγ̄
n(f0)‖q,∞ ≥ (C1p

−n)
1
q
−1

∑

‖s̄‖>n

p−‖s̄‖(r+1)

ϕ(p−‖s̄‖)
.

Òàê êàê ôóíêöèÿ ϕ íåóáûâàåò, òî ϕ(p−‖s̄‖) ≤ ϕ(p−n) äëÿ ‖s̄‖ ≥ n. Ïîýòîìó èç íåðàâåíñòâà
(20) ïî ëåììå Á áóäåì èìåòü:

‖f0 − Sγ̄
n(f0)‖q,∞ ≥ (C1p

−n)
1
q
−1 1

ϕ(p−n)

∑

‖s̄‖>n

p−‖s̄‖(r+1) ≥ C(q, d, r)
p
−(r+ 1

q
)n

ϕ(p−n)
nν−1.

Ýòèì òåîðåìà äîêàçàíà.
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÀß ÀËÃÅÁÐÀ ÁÈÊÂÀÒÅÐÍÈÎÍÎÂ.
ÏÐÅÎÁÐÀÇÎÂÀÍÈß ËÎÐÅÍÖÀ ÁÈÂÎËÍÎÂÛÕ

ÓÐÀÂÍÅÍÈÉ
Ë. À. Àëåêñååâà

Èíñòèòóò Ìàòåìàòèêè ÌÎèÍ ÐÊ
050010 Àëìàòû Ïóøêèíà, 125 alexeeva@math.kz

Ðàññìàòðèâàåòñÿ ôóíêöèîíàëüíîå ïðîñòðàíñòâî áèêâàòåðíèîíîâ íà ïðîñòðàíñòâå Ìèíêîâñêîãî.
Ïðè ýòîì èñïîëüçóåòñÿ ñêàëÿðíî-âåêòîðíàÿ çàïèñü áèêâàòåðíèîíîâ, ïðåäëîæåííàÿ åùå Ãàìèëü-
òîíîì äëÿ êâàòåðíèîíîâ, êîòîðàÿ íàãëÿäíà è ïðèñïîñîáëåíà äëÿ çàïèñè ôèçè÷åñêèõ âåëè÷èí è
óðàâíåíèé. Ðàññìîòðåíû ëèíåéíûå è êâàäðàòíûå óðàâíåíèÿ íà ïðîñòðàíñòâå áèêâàòåðíèîíîâ è
ïîñòðîåíû èõ ðåøåíèÿ.

Ðàññìîòðåíû áèêâàòåðíèîííûå âîëíîâûå (áèâîëíîâûå) óðàâíåíèÿ è èõ îáîáùåííûå ðåøåíèÿ.
Èññëåäîâàíà èíâàðèàíòíîñòü óðàâíåíèé äëÿ ãðóïïû ïðåîáðàçîâàíèé Ëîðåíöà.

Óäîáíûì àïïàðàòîì äëÿ îïèñàíèÿ ôèçè÷åñêèõ ïðîöåññîâ ÿâëÿåòñÿ àëãåáðà êâàòåðíèîíîâ è
åå êîìïëåêñíîå ðàñøèðåíèå � àëãåáðà áèêâàòåðíèîíîâ. Ãèïåðêîìïëåêñíûå ÷èñëà � êâàòåðíèî-
íû � áûëè ïðåäëîæåíû Ãàìèëüòîíîì åùå â XIX âåêå è ïðåäøåñòâîâàëè âåêòîðíîé àëãåáðå [1].
Îäíàêî óñïåõè ïîñëåäíåé îòîäâèíóëè ýòîò àïïàðàò íà çàäíèé ïëàí è äî ñèõ ïîð ýòè àëãåáðû
íå íàøëè äîñòàòî÷íîãî ïðèìåíåíèÿ â ìàòåìàòè÷åñêîé ôèçèêå. Îäíàêî â ïîñëåäíåå âðåìÿ ïî-
ñòåïåííî àëãåáðà êâàòåðíèîíîâ è áèêâàòåðíèîíîâ íà÷èíàåò èñïîëüçîâàòüñÿ äëÿ ðåøåíèÿ çàäà÷
òåîðèè ïîëÿ â ðàáîòàõ ðàçíûõ àâòîðîâ (ñì., íàïðèìåð, [1�5]).

1 Àëãåáðà áèêâàòåðíèîíîâ. Îáîçíà÷èì e1, e2, e3 � îðòû äåêàðòîâîé ñèñòåìû êîîðäèíàò
â R3 , e0 = 1 . Ïóñòü F � òðåõìåðíûé âåêòîð ñ êîìïëåêñíûìè êîìïîíåíòàìè: F = F1e1 +
F2e2 + F3e3 , f � êîìïëåêñíîå ÷èñëî.

Ââîäèòñÿ ïðîñòðàíñòâî ãèïåðêîìïëåêñíûõ ÷èñåë � áèêâàòåðíèîíîâ (êîìïëåêñíûõ êâàòåð-
íèîíîâ): B = {F = f + F} . Ýòî ëèíåéíîå ïðîñòðàíñòâî ñî ñëîæåíèåì (+) è óìíîæåíèåì: äëÿ
∀a, b � êîìïëåêñíûõ ÷èñåë

aF + bG = a(f + F ) + b(g + G) = (af + bg) + (aF + bG),

è îïåðàöèåé êâàòåðíèîííîãî óìíîæåíèÿ ( ◦ ):

F ◦G = (f + F ) ◦ (g + G) = (fg − (F, G)) + (fG + gF + [F, G]). (1)

Keywords: lgebra, biquaternion, bigradient, biwave equation, Lorenz transformation
2000 Mathematics Subject Classi�cation: 74H10
c Ë. À. Àëåêñååâà, 2010.
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Çäåñü è äàëåå îáîçíà÷àåì (F, G) = FjGj � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ F è G , [F, G] =
εjklFjGkel � èõ âåêòîðíîå ïðîèçâåäåíèå, εjkl � ïñåâäîòåíçîð Ëåâè-×èâèòà, δjk � ñèìâîë Êðî-
íåêåðà (çäåñü è äàëåå âñþäó ïî îäíîèìåííûì èíäåêñàì â ïðîèçâåäåíèè ñóììèðîâàíèå îò 1 äî
3, ïîäîáíî òåíçîðíîé ñâåðòêå).

Ïîñêîëüêó εjkl = εljk = εklj , εjkl = −εjlk = −εkjl; è εjklεmnl = δjmδkn − δjnδkm,

e0 ◦ e0 = e0, e0 ◦ ej = ej , ej ◦ ek = −δjk + εjklel,

(ej ◦ ek) ◦ em = −εjkm − δjkem − δkmej + δmjek = ej ◦ (ek ◦ em) , j, k, l,m, n = 1, 2, 3,

àëãåáðà áèêâàòåðíèîíîâ íåêîììóòàòèâíà, íî àññîöèàòèâíà:

F ◦G ◦H = (F ◦G) ◦H = F ◦ (G ◦H) .

Ââåäåì íåêîòîðûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ, êîòîðûìè äàëåå áóäåì ïîëüçîâàòüñÿ.
Áèêâàòåðíèîí F− = f − F íàçûâàåòñÿ âçàèìíûì äëÿ F = f + F .
Áèêâàòåðíèîí F̄ = f̄ +F̄ , ãäå ÷åðòà îáîçíà÷àåò ñîîòâåòñòâóþùèå êîìïîíåíòàì êîìïëåêñíî-

ñîïðÿæåííûå ÷èñëà, íàçûâàåòñÿ êîìïëåêñíî-ñîïðÿæåííûì F .
Åñëè F ◦ F̄ = F̄ ◦ F = 1 , òî íàçîâåì F óíèòàðíûì.
Áèêâàòåðíèîí F∗ = f̄ − F̄ íàçîâåì ñîïðÿæåííûì F .
Åñëè F∗ = F , áèêâàòåðíèîí íàçûâàåòñÿ ñàìîñîïðÿæåííûì. Ñàìîñîïðÿæåííûå áèêâàòåð-

íèîíû èìåþò âèä:
F = f + iF, (2)

ãäå f è F � äåéñòâèòåëüíûå.
Ñêàëÿðíûì ïðîèçâåäåíèåì áèêâàòåðíèîíîâ F1,F2 íàçîâåì áèëèíåéíóþ îïåðàöèþ

(F1,F2) = f1f2 + (F1, F2) .

Íîðìîé áèêâàòåðíèîíà F íàçîâåì íåîòðèöàòåëüíóþ ñêàëÿðíóþ âåëè÷èíó

‖F‖ =
√(

F, F̄
)

=
√

f · f̄ +
(
F, F̄

)
=

√
|f |2 + ‖F‖2.

Åñëè F � êâàòåðíèîí (äåéñòâèòåëüíûé ÁÊ), òî F∗ = F− è

‖F‖2 = F∗ ◦ F = F ◦ F∗. (3)

Ïñåâäîíîðìîé áèêâàòåðíèîíà F íàçîâåì âåëè÷èíó

〈F〉 =
√

f · f̄ − (
F, F̄

)
=

√
|f |2 − ‖F‖2, Re < F >≥ 0, (4)

Ëåãêî âèäåòü,
< F >2= (F∗,F) = (F,F∗). (5)

Åñëè F � ñàìîñîïðÿæåííûé, òî

< F >2= F̄ ◦ F = F ◦ F̄.

Åñëè
F ◦G = 1, (6)

òî G � ïðàâûé îáðàòíûé äëÿ F è îáîçíà÷àåòñÿ G = F−1 , ñîîòâåòñòâåííî F � ëåâûé îáðàòíûé
äëÿ G è îáîçíà÷àåòñÿ −1G.
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Ëåãêî ïðîâåðÿþòñÿ ðàâåíñòâà

(F ◦G)∗ = G∗ ◦ F∗, (F ◦G)−1 = G−1 ◦ F−1.

Ëåììà 1.1. Åñëè (F,F) 6= 0 , òî ñóùåñòâóþò îáà îáðàòíûõ áèêâàòåðíèîíà è îíè ðàâíû:

F−1 =−1 F = F−/(F,F).

Åñëè (F,F) = 0 , îáðàòíûé áèêâàòåðèîí íå ñóùåñòâóåò .
Äîêàçàòåëüñòâî. Ïîñêîëüêó

F− ◦ F = F ◦ F− = f2 + (F, F ) = (F,F),

è åñëè (F,F) 6= 0 , òî, ïîäåëèâ (6) íà (F,F) , ïîëó÷èì òðåáóåìîå.
Åñëè (F,F) = 0 , äëÿ îïðåäåëåíèÿ îáðàòíîãî áèêâàòåðíèîíà, èñïîëüçóÿ (1) è âûïèñûâàÿ

ñêàëÿðíóþ è âåêòîðíóþ ÷àñòè ýòèõ óðàâíåíèé, ïîëó÷èì äâå ñèñòåìû ÷åòûðåõ ëèíåéíûõ óðàâ-
íåíèé âèäà: (äëÿ ïðàâîãî îáðàòíîãî)

fg − (F, G) = 1, fG + gF + [F,G] = 0,

èëè (äëÿ ëåâîãî îáðàòíîãî)

fg − (F,G) = 1, fG + gF + [G,F ] = 0.

Îïðåäåëèòåëè ýòèõ ñèñòåì (ñîîòâåòñòâåííî çíàêàì) ðàâíû
∣∣∣∣∣∣∣∣

f −F1 −F2 −F3

F1 f ±F3 ∓F2

F2 ∓F3 f ±F1

F3 ±F2 ∓F1 f

∣∣∣∣∣∣∣∣
= (f2 + (F, F ))2 = (F,F)2 = 0.

Ðàíã ýòîãî îïðåäåëèòåëÿ ðàâåí 2. Ðàíã ðàñøèðåííîé ìàòðèöû ðàâåí 3, ïîýòîìó ðåøåíèå ïåðâîé
è âòîðîé ñèñòåìû íå ñóùåñòâóåò.

Òåîðåìà 1.1. Ïðè èçâåñòíûõ F è B áèêâàòåðíèîííûå ëèíåéíûå (áèëèíåéíûå) óðàâíåíèÿ
âèäà

F ◦G = B (7)

èëè
G ◦ F = B (8)

èìåþò åäèíñòâåííîå ðåøåíèå G = F−1 ◦B èëè G = B ◦ F−1 ñîîòâåòñòâåííî, åñëè
(F,F) 6= 0.

Äîêàçàòåëüñòâî òåîðåìû ñëåäóåò èç ëåììû 1.1.
Åñëè (F,F) = 0 , âîïðîñ ñóùåñòâîâàíèÿ ðåøåíèÿ (7) èëè (8) îïðåäåëÿåòñÿ ðàíãîì ìàòðèöû

ðàñøèðåííîé ñèñòåìû, êîòîðûé çàâèñèò îò âèäà B .
Ïóñòü B = 0 . Åñëè (F,F) = 0 , äëÿ îïðåäåëåíèÿ ðåøåíèÿ èìååì: äëÿ (7)

fg − (F, G) = 0, fG + gF + [F,G] = 0, (9)

èëè äëÿ (8)
fg − (F,G) = 0, fG + gF + [G,F ] = 0. (10)
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Åñëè d23 = F 2
2 + F 2

3 6= 0 , ðåøåíèåì (9) ÿâëÿåòñÿ ÁÊ (èõ êîìïîíåíòû ðàñïîëîæåíû ïî
ñòîëáöàì): 




g
G1

G2

G3





=





1
0

fF2+F1F3

d23
fF3−F1F2

d23




◦Ñ1 +





0
1

fF3−F1F2

d23

−fF2+F1F3

d23




◦C2,

ãäå Cj - ïðîèçâîëüíûå áèêâàòåðíèîíû .
Åñëè d01 = f2 + F 2

1 6= 0 , ðåøåíèå (9) èìååò âèä:




g
G1

G2

G3





=





fF2+F1F3

d01
fF3−F1F2

d01

1
0




◦C1 +





fF3−F1F2

d01

−fF2+F1F3

d01

0
1




◦C2,

Àíàëîãè÷íî ìîæíî ïîëó÷èòü ðåøåíèå ñèñòåìû óðàâíåíèé (10).
Îáîçíà÷èì Z2 = Z◦Z, Z3 = Z◦Z◦Z è ò.ä. Èñïîëüçóÿ ñòåïåíè Z è àëãåáðó áèêâàòåðíèîíîâ,

ìîæíî ñòðîèòü áèêâàòåðíèîííûå ïîëèíîìû (áèïîëèíîìû) òèïà

Pn(Z) =
n∑

j=0

Aj ◦ Zj ,

ãäå Aj ïîñòîÿííûå áèêâàòåðíèîíûå êîýôôèöèåíòû, è ðàçðàáîòàòü òåîðèþ òàêèõ ìíîãî÷ëåíîâ,
ïîäîáíî ìíîãî÷ëåíàì íàä ïîëåì êîìïëåêñíûõ ÷èñåë. Îíà áóäåò ñóùåñòâåííî îòëè÷àòüñÿ. Â
÷àñòíîñòè, ëåãêî äîêàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1.2. Êâàäðàòíîå áèêâàòåðíèîííîå (áèêâàäðàòíîå) óðàâíåíèå

Z2 = A

âñåãäà ðàçðåøèìî è èìååò 4 êîðíÿ: Zj = zj + A
2zj

, ãäå

z1,2 = ±0, 5
√

2a +
√

4a2 + (A,A), z3,4 = ±0, 5
√

2a−
√

4a2 + (A,A). (11)

Ñëåäîâàòåëüíî, ìîæíî ââåñòè ïîíÿòèå êîðíÿ êâàäðàòíîãî èç áèêâàòåðíèîíà:
√

A , êîòîðûõ
áóäåò 4. Ëåãêî ïðîâåðèòü, ÷òî èçâåñòíàÿ ôîðìóëà êîðíåé êâàäðàòíîãî ìíîãî÷ëåíà äàåò ðåøåíèå
êâàäðàòíîãî áèêâàòåðíèîííîãî óðàâíåíèÿ.

Òåîðåìà 1.3. Áèêâàäðàòíîå óðàâíåíèå

Z2 + B ◦ Z + C = 0

èìååò 4 ðåøåíèÿ âèäà:
Zj = 0,5(−B +

√
B2 − 4C|[j]),

ãäå èíäåêñ â êâàäðàòíûõ ñêîáêàõ îçíà÷àåò îäíî èç 4 çíà÷åíèé ðàäèêàëà (11).
Èíòåðåñíî, ÷òî òåîðåìà Âèåòà äëÿ êîýôôèöèåíòîâ êâàäðàòíîãî ïîëèíîìà òàêæå ñïðàâåä-

ëèâà, íî òîëüêî äëÿ ïàð ñîîòâåòñòâóþùèõ êîðíåé, ÷òî ëåãêî ïðîâåðèòü.
Èñïîëüçóÿ òåéëîðîâñêèå ðàçëîæåíèÿ ýêñïîíåíòû, ñèíóñà, êîñèíóñà è äðóãèõ ýëåìåíòàðíûõ

è ñïåöèàëüíûõ ôóíêöèé, ìîæíî ââîäèòü îáîáùåíèÿ ýòèõ ôóíêöèé íà ïðîñòðàíñòâå áèêâàòåð-
íèîíîâ, íàïðèìåð:

exp (Z) = 1 +
∞∑

n=1

Zn/n!
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è ò.ï. Ìîæíî ïîêàçàòü, ÷òî ýòîò ðÿä ñõîäèòñÿ äëÿ ëþáûõ àðãóìåíòîâ.
Òàêèì îáðàçîì ìîæíî îáîáùèòü òåîðèþ ýëåìåíòàðíûõ è ñïåöèàëüíûõ ôóíêöèé íà ýòî ïðî-

ñòðàíñòâî. Çäåñü ìû íà ýòîì îñòàíàâëèâàòüñÿ íå áóäåì è ïðåäëàãàåì ýòî çàèíòåðåñîâàííîìó
÷èòàòåëþ.

Ðàññìîòðèì áèêâàòåðíèîíû íà ïðîñòðàíñòâå Ìèíêîâñêîãî è ãðóïïû ëèíåéíûõ ïðåîáðàçî-
âàíèé íà íåì.

2 Ïðåîáðàçîâàíèå Ëîðåíöà ïðîñòðàíñòâà Ìèíêîâñêîãî. Ïðåîáðàçîâàíèÿ Ëîðåíöà
ïðîñòðàíñòâà Ìèíêîâñêîãî óäîáíî ñòðîèòü, èñïîëüçóÿ àëãåáðó áèêâàòåðíèîíîâ.

Îáîçíà÷èì M =
{
(τ, x) : τ ∈ R1, x ∈ R3

}
� ïðîñòðàíñòâî Ìèíêîâñêîãî. Êâàòåðíèçèðóåì

M , ââîäÿ êîìïëåêñíî-ñîïðÿæåííûå áèêâàòåðíèîíû:

Z = τ + ix, Z̄ = τ − ix, τ ∈ R1, x ∈ R3,

‖Z‖2 =
∥∥Z̄∥∥2 = τ2 + ‖x‖2, 〈Z〉2 =

〈
Z̄

〉2 = τ2 − ‖x‖2. (12)

Ëåãêî âèäåòü, ÷òî ýòî ñàìîñîïðÿæåííûå áèêâàòåðíèîíû:Z = Z∗, Z̄ = Z̄∗ , è

Z−1 = Z̄/ 〈Z〉2 , Z̄−1 = Z/ 〈Z〉2 .

Ñëåäîâàòåëüíî, íà ñâåòîâîì êîíóñå ( |τ | = ‖x‖ ) îáðàòíûõ ÁÊ äëÿ Z, Z̄ íå ñóùåñòâóåò.
Ââåäåì âçàèìíûå áèêâàòåðíèîíû:

U(θ, e) = U∗ = chθ + ieshθ, U− = (U−)∗ = U = chθ − ieshθ, e ∈ R3, ‖e‖ = 1,

ãäå θ -äåéñòâèòåëüíîå ÷èñëî (çäåñü èñïîëüçóþòñÿ ãèïåðáîëè÷åñêèé ñèíóñ è êîñèíóñ). Ëåãêî
âèäåòü, ÷òî îíè óíèòàðíûå: U ◦U− = 1 .

Ïðÿìûì âû÷èñëåíèåì äîêàçûâàþòñÿ ñëåäóþùèå äâå ëåììû.
Ëåììà 2.1. Êëàññè÷åñêîå ïðåîáðàçîâàíèå Ëîðåíöà L : Z → Z

′ èìååò âèä :

Z′ = U ◦ Z ◦U, Z = U− ◦ Z′ ◦U−.

Åñëè âåñòè îáîçíà÷åíèÿ:

ch2θ = (1− v2)−1/2, sh2θ = v(1− v2)−1/2, |v| < 1,

òî ñêàëÿðíàÿ è âåêòîðíàÿ ÷àñòü Z′ è Z çàïèøóòñÿ â âèäå èçâåñòíûõ ðåëÿòèâèñòñêèõ ôîðìóë:

τ ′ =
τ + v(e, x)√

1− v2
, x′ = (x− e(e, x)) + e

(e, x) + vτ√
1− v2

,

τ =
τ ′ − v(e, x)√

1− v2
, x = (x′ − e(e, x′)) + e

(e, x′)− vτ ′√
1− v2

,

÷òî ñîîòâåòñòâóåò äâèæåíèþ ñèñòåìû êîîðäèíàò X1, X2, X3 â íàïðàâëåíèè âåêòîðà å ñ áåç-
ðàçìåðíîé ñêîðîñòüþ v. Ëåãêî âèäåòü, ÷òî â ñèëó àññîöèàòèâíîñòè è óíèòàðíîñòè ñîõðàíÿåòñÿ
ïñåâäîíîðìà: 〈

Z′
〉2 = U ◦ Z ◦U ◦U− ◦ Z̄ ◦U− = 〈Z〉2 . (13)

Ëåììà 2.2. Ñîïðÿæåííûå êâàòåðíèîíû:

W(ϕ, e) = cosϕ + e sinϕ, W∗ = W− = cosϕ− e sinϕ, ‖e‖ = 1,

ãäå ϕ � äåéñòâèòåëüíîå, îïðåäåëÿþò ãðóïïó ïðåîáðàçîâàíèé íà Ì, îðòîãîíàëüíûõ íà âåê-
òîðíîé ÷àñòè Z :

Z
′
= W ◦ Z ◦W∗, Z = W∗ ◦ Z

′ ◦W.
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Ýòî ïðåîáðàçîâàíèå åñòü âðàùåíèå R3 âîêðóã âåêòîðà e íà óãîë 2ϕ .
Äîêàçàòåëüñòâî. Âû÷èñëÿÿ, ïîëó÷èì òðåáóåìîå:

τ ′ = τ, x′ = e(e, x) + (x− e(e, x))cos2ϕ + [e, x]sin2ϕ.

Ïîñêîëüêó ‖ W ‖=‖ W∗ ‖= 1, W◦W∗ = W∗◦W = 1 , àíàëîãè÷íî ëåììå 2.1 äîêàçûâàåòñÿ,÷òî
‖ Z ‖=‖ Z′ ‖ .

Çàìå÷àíèå. Ëåãêî âèäåòü, ÷òî U(θ, e) = W(−iθ, e) . Èñïîëüçóÿ ñóïåðïîçèöèþ ýòèõ äâóõ
ïðåîáðàçîâàíèé, ïîëó÷èì îáùèé âèä ïðåîáðàçîâàíèÿ Ëîðåíöà.

Îïðåäåëåíèå. Ïðåîáðàçîâàíèå Ëîðåíöà íà Ì ìîæíî îïðåäåëèòü êàê ëèíåéíîå ïðåîáðà-
çîâàíèå âèäà:

Z
′
= L ◦ Z ◦ L∗, Z = L− ◦ Z

′ ◦ L∗−,

L = W ◦U = cos(ϕ + iθ) + esin(ϕ + iθ), L∗ = cos(ϕ− iθ)− esin(ϕ− iθ),

êîòîðîå ñîõðàíÿåò ïñåâäîíîðìó: 〈Z〉 = 〈Z′〉.
Ëåãêî âèäåòü, ÷òî L ◦ L− = L∗ ◦ L∗− = 1 , ïîýòîìó ïñåâäîíîðìà ñîõðàíÿåòñÿ. Íà ñâåòîâîì

êîíóñå ïñåâäîíîðìà ðàâíà íóëþ.
Ñëåäñòâèå. Ïðè ïðåîáðàçîâàíèÿõ Ëîðåíöà ñâåòîâîé êîíóñ ïåðåõîäèò â ñâåòîâîé êîíóñ.
3 Äèôôåðåíöèàëüíàÿ àëãåáðà áèêâàòåðíèîíîâ íà M . Çäåñü ðàññìîòðèì ôóíêöè-

îíàëüíîå ïðîñòðàíñòâî áèêâàòåðíèîíîâ: B(M) = {F = f(τ, x) + F (τ, x)} , ãäå f � êîìïëåêñ-
íîçíà÷íàÿ ôóíêöèÿ, à F � òðåõìåðíàÿ âåêòîð-ôóíêöèÿ ñ êîìïëåêñíûìè êîìïîíåíòàìè Fj ,
j = 1, 2, 3 . Äàëåå ïðåäïîëàãàåòñÿ, ÷òî f è F � ëîêàëüíî èíòåãðèðóåìûå (ðåãóëÿðíûå) è äèô-
ôåðåíöèðóåìû íà M . ×àñòíóþ ïðîèçâîäíóþ áèêâàòåðíèîíà ïî ïåðåìåííîé τ èëè xj áóäåì
îáîçíà÷àòü:

∂τF = ∂τf + ∂τF, ∂jF = ∂jf + ∂jF.

Íàçîâåì ÁÊ Pn(τ, x) ïîëèíîìèàëüíûì ñòåïåíè n, åñëè åãî êîìïîíåíòû ÿâëÿþòñÿ ïîëèíî-
ìàìè îò (τ, x1, x2, x3), ñòàðøàÿ ñòåïåíü êîòîðûõ ðàâíà n : Pn = p(τ, x) + P (τ, x) . Èñïîëüçóÿ
èõ, ìîæíî ââîäèòü ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû íà B(M) âèäà:

Pn(∂τ , ∂x) = p(∂τ , ∂x) + P (∂τ , ∂x),

çàìåíÿÿ â ïîëèíîìå ñîîòâåòñòâóþùóþ êîîðäèíàòó îäíîèìåííîé ïðîèçâîäíîé ïî íåé ñîîòâåò-
ñòâóþùåé ñòåïåíè. Èñïîëüçóÿ èõ, ìîæíî ðàññìàòðèâàòü áèêâàòåðíèîííûå ëèíåéíûå äèôôå-
ðåíöèàëüíûå óðàâíåíèÿ:

Pn(∂τ , ∂x) ◦G = B(τ, x) (14)

(çäåñü ◦ � ôîðìàëüíîå áèêâàòåðíèîííîå óìíîæåíèå äëÿ ââåäåíèÿ îïåðàòîðà, äàëåå ýòîò çíà÷îê
îïóñêàåì).

Ýòî óðàâíåíèå ýêâèâàëåíòíî ñèñòåìàì ÷åòûðåõ óðàâíåíèé âèäà:

p(∂τ , ∂x)g − (P (∂τ , ∂x), G) = b(τ, x)
p(∂τ , ∂x)G + P (∂τ , ∂x)g + [P (∂τ , ∂x), G] = B(τ, x),

êîòîðûå ýêâèâàëåíòíû ñèñòåìàì âîñüìè óðàâíåíèé, åñëè âûäåëèòü â íèõ äåéñòâèòåëüíóþ è
êîìïëåêñíóþ ÷àñòè. Êàê ïîêàæåì äàëåå, î÷åíü øèðîêèé êëàññ ñèñòåì óðàâíåíèé ìàòåìàòè÷å-
ñêîé ôèçèêè ìîæíî ïðèâåñòè ê ðåøåíèþ îäíîãî óðàâíåíèÿ òèïà (14).

Ñòàíäàðòíàÿ ïðîöåäóðà ïîñòðîåíèÿ ðåøåíèÿ (14) â ñëó÷àå ïîëèíîìîâ ñ ïîñòîÿííûìè êîýô-
ôèöèåíòàìè � ýòî ïðåîáðàçîâàíèå Ôóðüå, êîòîðîå ïîçâîëÿåò â ïðîñòðàíñòâå ïåðåìåííûõ Ôóðüå
(ω, ξ), ξ = (ξ1, ξ2, ξ3) , ïîëó÷èòü ëèíåéíîå àëãåáðàè÷åñêîå óðàâíåíèå

P(−iω,−iξ) ◦ G̃ = B̃(ω, ξ),
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ãäå ïðåîáðàçîâàíèå Ôóðüå áèêâàòåðíèîíà ïîìå÷åíî òèëüäîé. Ðåøåíèå ýòîãî óðàâíåíèÿ äàåò
òåîðåìà 1.1.

Äëÿ âîññòàíîâëåíèÿ îðèãèíàëà G íàõîäèòñÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå. Â ñèëó ïîëè-
íîìèàëüíîñòè, óðàâíåíèå

(P(−iω,−iξ),P(−iω,−iξ)) = 0

èìååò ðåøåíèÿ � òðåõìåðíûå ïîâåðõíîñòè ω = ωk(ξ) , ÷èñëî êîòîðûõ çàâèñèò îò ñòåïåíåé
ïîëèíîìîâ è íå áîëüøå ÷åì 4n :

(P(−iωk(ξ),−iξ),P(−iωk(ξ),−iξ)) ≡ 0 äëÿ ∀ξ ∈ R3.

Â ñëó÷àå äåéñòâèòåëüíûõ ωk(ξ) äëÿ ïîñòðîåíèÿ òðàíñôîðìàíòû Ôóðüå ñëåäóåò èñïîëüçîâàòü
òåîðèþ îáîáùåííûõ ôóíêöèé [4], êîòîðóþ íåòðóäíî îáîáùèòü è íà B(M) .

4 Ïðîñòðàíñòâà B(M) è B̂(M) . Ââåäåì äâà ïðîñòðàíñòâà áèêâàòåðíèîíîâ, îñíîâíîå
B(M) = {Φ = ϕ(τ, x)+Φ(τ, x)} , ϕ,Φj ∈ D(R4) , D(R4) � ïðîñòðàíñòâî ôèíèòíûõ áåñêîíå÷íî-
äèôôåðåíöèðóåìûõ ôóíêöèé íà R4 [4]. B̂(M) = {F̂ = f̂ + F̂} � ñîïðÿæåííîå åìó ïðîñòðàíñòâî
îáîáùåííûõ áèêâàòåðíèîíîâ (ÎÁÊ) � ýòî ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ ôóíêöèîíàëîâ
íà B(M) :

(F̂,Φ) = (f̂ , ϕ0) +
3∑

j=1

(F̂j , ϕj), ∀Φ ∈ B(M).

Ëþáîìó ðåãóëÿðíîìó áèêâàòåðíèîíó F ñîîòâåòñòâóåò ôóíêöèîíàë, êîòîðûé ìîæíî ïðåäñòà-
âèòü â èíòåãðàëüíîì âèäå:

∫

R4

{f(τ, x)ϕ(τ, x) + (F (τ, x), Φ(τ, x))}dτdx1dx2dx3, ∀Φ ∈ B(M).

Áóäåì ïîìå÷àòü åãî øàïî÷êîé F̂ , êîãäà îí ðàññìàòðèâàåòñÿ êàê îáîáùåííûé.
Åñëè äåéñòâèå ÎÁ íåëüçÿ ïðåäñòàâèòü â òàêîì èíòåãðàëüíîì âèäå, áóäåì íàçûâàòü åãî, êàê

ïðèíÿòî [4], ñèíãóëÿðíûì.
Cèíãóëÿðíûå ôóíêöèè èç D′(R4) îïðåäåëÿþò è ñîîòâåòñòâóþùèå èì ñêàëÿðíûå ÎÁÊ (ñ

íóëåâîé âåêòîðíîé ÷àñòüþ). Èñïîëüçóÿ èõ ìîæíî ñòðîèòü è áîëåå ñëîæíûå ÎÁÊ. Â ÷àñòíîñòè,
â çàäà÷àõ ìàòåìàòè÷åñêîé ôèçèêè ÷àñòî èñïîëüçóþòñÿ ïðîñòûå ñëîè. Èõ îáîáùåíèåì íà B̂(M)
ÿâëÿþòñÿ ÎÁÊ FδS :

(FδS ,Φ) =
∫

S

(F(τ, x),Φ(τ, x))dS, ∀Φ ∈ B(M).

Çäåñü èíòåãðàë áåðåòñÿ ïî ïîâåðõíîñòè S ⊂ R4, ðàçìåðíîñòü êîòîðîé ìîæåò áûòü ðàâíîé 1,2,3.
Áèêâàòåðíèîí F íàçîâåì, êàê ïðèíÿòî, ïëîòíîñòüþ ïðîñòîãî ñëîÿ.

Èñïîëüçóÿ îïðåäåëåíèå ïðîèçâîäíîé ÎÁ:

(∂jF̂,Φ) = −(F̂, ∂jΦ) äëÿ ∀Φ ∈ B(M)

ìîæíî ñòðîèòü ÷àñòíûå ïðîèçâîäíûå ëþáûõ ïîðÿäêîâ, àíàëîãè÷íî, êàê â [4].
Îïðåäåëåíèå. Îáîáùåííûì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ DF = G , ãäå D �

ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, áóäåì íàçûâàòü
ÎÁÊ F̂ , óäîâëåòâîðÿþùèé ðàâåíñòâó:

(DF̂,Φ) = (Ĝ,Φ) äëÿ ∀Φ ∈ B(M).
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Îïðåäåëåíèå. Îáîáùåííûì ïðåîáðàçîâàíèåì Ôóðüå Ĝ íàçûâàåòñÿ ÎÁÊ G̃ , óäîâëåòâî-
ðÿþùèé ðàâåíñòâó:

(G̃,Φ) = (Ĝ, Φ̃) äëÿ ∀Φ ∈ B(M).

Çäåñü Φ̃ � êëàññè÷åñêîå ïðåîáðàçîâàíèå Ôóðüå Φ :

Φ̃(ω, ξ) =
∫

R4

Φ(τ, x)exp(iτω + i(ξ, x))dτdx1dx2dx3,

êîòîðîå âñåãäà ñóùåñòâóåò â ñèëó ñâîéñòâ B(M) .
Àíàëîãè÷íî, êàê â òåîðèè îáîáùåííûõ ôóíêöèé, ìîæíî ïîêàçàòü,÷òî åñëè áèêâàòåðíèîí

ðåãóëÿðíûé è ñóùåñòâóåò êëàññè÷åñêîå ïðåîáðàçîâàíèå Ôóðüå, òî îíî ÿâëÿåòñÿ è îáîáùåííûì.
Äëÿ êëàññà îáîáùåííûõ ôóíêöèé ìåäëåííîãî ðîñòà ïðåîáðàçîâàíèå Ôóðüå âñåãäà ñóùå-

ñòâóåò. Àíàëîãè÷íî ìîæíî ââåñòè áèêâàòåðíèîíû ìåäëåííîãî ðîñòà, íî íà ýòîì çäåñü îñòàíàâ-
ëèâàòüñÿ íå áóäåì.

5 Âçàèìíûå êîìïëåêñíûå ãðàäèåíòû. Áèâîëíîâîå óðàâíåíèå. Ðàññìîòðèì ÷àñòíûå
ñëó÷àè äèôôåðåíöèàëüíûõ îïåðàòîðîâ, õàðàêòåðíûå äëÿ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, íî
áóäåì ðàññìàòðèâàòü èõ íà B̂(M) .

Ââåäåì äèôôåðåíöèàëüíûå îïåðàòîðû � âçàèìíûå êîìïëåêñíûå ãðàäèåíòû:

∇+ = ∂τ + i∇, ∇− = ∂τ − i∇,

ãäå ∇ = grad = (∂1, ∂2, ∂3) . Êîðîòêî áóäåì íàçûâàòü èõ áèãðàäèåíòàìè. Â ñìûñëå âûøå
äàííûõ îïðåäåëåíèé èõ ñèìâîëû êîìïëåêñíî-ñîïðÿæåííûå è ñàìîñîïðÿæåííûå:

(∇−)∗ = ∇−, (∇+)∗ = ∇+.

Èõ äåéñòâèå íà Ê îïðåäåëåíî êàê â àëãåáðå êâàòåðíèîíîâ: (ñîîòâåòñòâåííî çíàêàì)

∇±F = (∂τ ± i∇) ◦ (f + F ) = (∂τf ∓ i (∇, F ))± ∂τF ± i∇f ± i[∇, F ]

èëè â òðàäèöèîííîé çàïèñè:

∇±F = (∂τf ∓ i div F )± ∂τF ± igrad f ± i rot F.

Ëåãêî ïðîâåðèòü, ÷òî âîëíîâîé îïåðàòîð ¤ ïðåäñòàâèì â âèäå ñóïåðïîçèöèè:

¤ =
∂2

∂τ2
−4 = ∇− ◦ ∇+ = ∇+ ◦ ∇−,

ãäå 4 - òðåõìåðíûé îïåðàòîð Ëàïëàñà
Èñïîëüçóÿ ýòî ñâîéñòâî, ìîæíî ñòðîèòü ÷àñòíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ áèêâàòåðíè-

îííûõ óðàâíåíèé íà B(M) âèäà:

∇±K(τ, x) = G(τ, x),

êîòîðîå áóäåì íàçûâàòü áèâîëíîâûì óðàâíåíèåì. À ðåøåíèÿ ýòîãî óðàâíåíèÿ áóäåì íàçûâàòü
± áèïîòåíöèàëàìè G .

Ïðÿìûì âû÷èñëåíèåì ìîæíî ïîêàçàòü, ÷òî ïðè ïðåîáðàçîâàíèÿõ Ëîðåíöà áèïîòåíöèàëû
ïðåîáðàçóþòñÿ â ñîîòâåòñòâèè ñî ñëåäóþùåé òåîðåìîé.
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Òåîðåìà 5.1. Åñëè Z
′
= L ◦ Z ◦ L∗ , òî

D′ = L̄∗ ◦D ◦ L, D = L ◦D′ ◦ L̄∗,

ãäå D = ∇+ èëè D = ∇−. Ïðè ýòîì áèãðàäèåíòû D′ ñîõðàíÿþò âèä.

Èñïîëüçóÿ ëåììû 2.3, 3.1, àññîöèàòèâíîñòü ïðîèçâåäåíèÿ è ñâîéñòâà L, ïîëó÷èì:

∇′K′ =
(
L̄∗ ◦ ∇ ◦ L

) (
L̄∗ ◦K ◦ L

)
= L̄∗ ◦ ∇ ◦K ◦ L = L̄∗ ◦G ◦ L = G′.

Ñëåäîâàòåëüíî, âåðíà òåîðåìà.
Òåîðåìà 5.2 Ïðè ïðåîáðàçîâàíèÿõ Ëîðåíöà ñîõðàíÿåòñÿ âèä áèâîëíîâîãî óðàâíåíèÿ:

(
∂

∂τ ′
± i∇′

)
K′ = G′,

ïðè ýòîì K
′
= L̄∗ ◦K ◦ L, G

′
= L̄∗ ◦G ◦ L.

Çàêëþ÷åíèå. Ñâîéñòâà áèâîëíîâîãî óðàâíåíèÿ ïîçâîëÿþò ëåãêî ñòðîèòü åãî ðåøåíèÿ, â
òîì ÷èñëå â êëàññå óäàðíûõ âîëí. Ñ èñïîëüçîâàíèåì òåîðèè îáîáùåííûõ ôóíêöèé â ïðîäîëæå-
íèè ýòîé ñòàòüè áóäóò ïðåäñòàâëåíû îáîáùåííûå ðåøåíèÿ áèâîëíîâîãî óðàâíåíèÿ, óðàâíåíèÿ
Ãåëüìãîëüöà è óðàâíåíèÿ Ëàïëàñà íà ïðîñòðàíñòâå áèêâàòåðíèîíîâ. Â êà÷åñòâå ïðèëîæåíèÿ
ðàññìîòðåíî áèâîëíîâîå óðàâíåíèå, ýêâèâàëåíòíîå ñèñòåìå óðàâíåíèé Ìàêñâåëëà è çàäà÷è âîñ-
ñòàíîâëåíèÿ ïîòåíöèàëîâ âåêòîðíûõ ïîëåé.

Öèòèðîâàííàÿ ëèòåðàòóðà

1. Rastall R. Quaternions in relativity. Review of modern physics. 1964.
2. Åôðåìîâ À.Ï. //Ãèïåðêîìïëåêñíûå ÷èñëà â ãåîìåòðèè è ôèçèêå. 2004. Ò. 1, � 1. Ñ.

111�127.
3. Êàçàíîâà Ã. Âåêòîðíàÿ àëãåáðà. Ì., 1979.
4. Âëàäèìèðîâ Â.Ñ. Îáîáùåííûå ôóíêöèè â ìàòåìàòè÷åñêîé ôèçèêå. Ì., 1976.
5. Àëåêñååâà Ë.À. //Ìàòåìàòè÷åñêèé æóðíàë. 2003. Ò. 3, � 4. Ñ. 20�24.
6. Àëåêñååâà Ë.À., Ñàóòáåêîâ Ñ.Ñ. //Æóðíàë âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìà-

òè÷åñêîé ôèçèêè. 2000. Ò. 40, � 4. Ñ. 611�622.
7. Àëåêñååâà Ë.À. //Æóðíàë âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ôèçèêè.

2002. Ò. 42, � 1. Ñ. 76�88.
8. Àëåêñååâà Ë.À. //Èçâåñòèÿ ÍÀÍ ÐÊ. Ñåðèÿ ôèç.-ìàò. 2004. � 3. Ñ. 45�53.
9. Àëåêñååâà Ë.À. //Ãèïåðêîìïëåêñíûå ÷èñëà â ãåîìåòðèè è ôèçèêå. 2009. Ò. 6, � 1. Ñ.

122�134.

Ïîñòóïèëà â ðåäàêöèþ 26.02.2010ã.

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 1 (35)



Ìàòåìàòè÷åñêèé æóðíàë. Àëìàòû. 2010. Òîì 10. � 1 (35) . C. 42�46

ÓÄÊ 517.917

ÌÍÎÃÎÏÅÐÈÎÄÈ×ÅÑÊÈÅ ÐÅØÅÍÈß
ÊÂÀÇÈËÈÍÅÉÍÛÕ ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Â ×ÀÑÒÍÛÕ

ÏÐÎÈÇÂÎÄÍÛÕ
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Â ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ìíîãîïåðèîäè÷åñêîãî ðåøåíèÿ êâàçèëè-
íåéíûõ ãèïåðáîëè÷åñêèõ ñèñòåì.

Îáùèå âîïðîñû ñèñòåì, ðàññìàòðèâàåìûõ â äàííîé ðàáîòå âèäîâ, ïðèâåäåíû â ñêàëÿðíîé
ôîðìå â ðàáîòå [1]. Çäåñü èññëåäîâàíèå ïðîâåäåíî â äóõå ìåòîäèêè ðàáîòû [2]. Â ÷àñòíîñòè,
ââåäåíî ïîíÿòèå ìàòðèöàíòà äëÿ ëèíåéíûõ ãèïåðáîëè÷åñêèõ ñèñòåì áîëåå îáùåãî âèäà. Íà
ýòîé îñíîâå îïðåäåëåíà íåêðèòè÷íîñòü ëèíåéíîé ñèñòåìû. Äàíî èíòåãðàëüíîå ïðåäñòàâëåíèå
ìíîãîïåðèîäè÷åñêîãî ðåøåíèÿ ëèíåéíîé ãèïåðáîëè÷åñêîé ñèñòåìû ÷åðåç ìàòðèöàíò.

Ïîëó÷åííûå ðåçóëüòàòû ðàñïðîñòðàíåíû íà êâàçèëèíåéíóþ ãèïåðáîëè÷åñêóþ ñèñòåìó.
1. Ââåäåì â ðàññìîòðåíèå äèôôôåðåíöèàëüíûå îïåðàòîðû:

Da = ∂0+ < a(τ, t), ∂ >,

Db = ∂0+ < b(τ, t), ∂ >, (1)

ãäå τ ∈ (−∞, +∞) = R , t = (t1, ..., tm) ∈ R× ...×R = Rm , ∂ = (∂1, ..., ∂m) � âåêòîð, ∂j = ∂
∂tj

,
j = 1,m , a = (a1, ..., am) , b = (b1, ..., bm) � âåêòîð, < ·, · > � ñêàëÿðíûå ïðîèçâåäåíèå.

Îïðåäåëèì ñîîòíîøåíèåì

Da,b = {(Da, ..., Da), (Db, ..., Db)} (2)

îïåðàòîð, êîòîðûé äåéñòâóåò íà n � âåêòîð-ôóíêöèþ z = (x, y) ïåðåìåííûõ τ, t ñ âåêòîðíûìè
êîìïîíåíòàìè x = (x1, ..., xp) , y = (y1, ..., yq) â âèäå Da,bz = (Dax,Dby) , p + q = n.

Ïðåäïîëîæèì âûïîëíåííûìè óñëîâèÿ (θ, ω) � ïåðèîäè÷íîñòè è C
(0,1)
τ,t � ãëàäêîñòè:

a(τ + θ, t + kω) = a(τ, t) ∈ C0,1
τ,t (R×Rm), k ∈ Zm, (3)

Keywords: wave equation, multiperodical solution
2000 Mathematics Subject Classi�cation: 35L05,43A90
c À. Ó. Áåêáàóîâà, Ê. Ê. Êåíæåáàåâ, Æ. À. Ñàðòàáàíîâ, 2010.
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b(τ + θ, t + kω) = b(τ, t) ∈ C0,1
τ,t (R×Rm), k ∈ Zm, (4)

ãäå Zm � ìíîæåñòâî öåëî÷èñëåííûõ âåêòîðîâ k = (k1, ..., km) , kω = (k1ω1, ..., kmωm) � êðàò-
íûé âåêòîð-ïåðèîä,ω = (ω1, ..., ωm) � îñíîâíîé âåêòîð-ïåðèîä, ω0 = θ , ω1, ..., ωm � ðàöèîíàëü-
íî íåñîèçìåðèìûå ïîëîæèòåëüíûå ïîñòîÿííûå.

Èçâåñòíî, ÷òî çàäà÷è äëÿ õàðàêòåðèñòè÷åñêèõ ñèñòåì

dt

dτ
= a(τ, t), t|τ=s = σ ∈ Rm, (5)

dt

dτ
= b(τ, t), t|τ=s = χ ∈ Rm, (6)

äëÿ ëþáîãî s ∈ R ïðè óñëîâèÿõ (3),(4) èìåþò ãëîáàëüíî îïðåäåëåííûå ðåøåíèÿ:

t = ϕ(τ, s, σ), ϕ(s, s, σ) = σ, (7)

t = ψ(τ, s, χ), ψ(s, s, χ) = χ, (8)

îáëàäàþùèå ñâîéñòâîì åäèíñòâåííîñòè.
Ñîîòíîøåíèÿ (7), (8) â îòäåëüíîñòè ìîæíî ðàññìàòðèâàòü êàê ïðåîáðàçîâàíèå (s, σ) ∈ R×

Rm â (τ, t) ∈ R×Rm è (s, χ) ∈ R×Rm â (τ, t) ∈ R×Rm, ïðè÷åì ýòè ïðåîáðàçîâàíèÿ îáëàäàþò
ñâîéñòâàìè:

à) êîìïîçèöèè
ϕ(τ, ε, ϕ(ε, s, σ)) = ϕ(τ, s, σ),

ψ(τ, ε, ψ(ε, s, χ)) = ψ(τ, s, χ); (9)

äëÿ ëþáîãî ε ∈ R .
á) ïåðèîäè÷íîñòè

ϕ(τ + θ, s + θ, σ + kω) = ϕ(τ, s, σ) + kω,

ψ(τ + θ, s + θ, χ + kω) = ψ(τ, s, χ) + kω; (10)

â) îáðàòèìîñòè
σ = ϕ(s, τ, t), χ = ψ(s, τ, t). (11)

Ýòè ãðóïïîâûå ñâîéñòâà ïðåîáðàçîâàíèé (7) è (8) ñëåäóþò èç ñâîéñòâà åäèíñòâåííîñòè ðå-
øåíèé çàäà÷ (5) è (6). Òàêèì îáðàçîì ïðåîáðàçîâàíèÿ (7) è (8) ÿâëÿþòñÿ äèôôåîìîðôèçìîì.

2. Ðàññìîòðèì îäíîðîäíóþ ëèíåéíóþ ñèñòåìó ãèïåðáîëè÷åñêîãî òèïà:

Da,bz = P (τ, t)z. (12)

Ïðåäïîëîæèì, ÷òî ìàòðèöà îáëàäàåò ñâîéñòâîì ïåðèîäè÷íîñòè è ãëàäêîñòè:

P (τ + θ, t + kω) = P (τ, t) ∈ C0,1
τ,t (R×Rm), k ∈ Zm. (13)

Èçâåñòíî [1], ÷òî ïðè óñëîâèè (13) äëÿ ñèñòåìû (12) îäíîçíà÷íî ðàçðåøèìà çàäà÷à Êîøè ñ
íà÷àëüíûì óñëîâèåì:

z(s, τ, t)|τ=s = u(t), u(t + kω) = u(t) ∈ C1
t (Rm), k ∈ Zm. (120)

Ñëåäîâàòåëüíî, ñèñòåìà (12) èìååò n×n � ìàòðè÷íîå ðåøåíèå Z(s, τ, t) ñ íîðìèðîâàííûì
íà÷àëüíûì óñëîâèåì:

Da,bZ(s, τ, t) = P (τ, t)Z(s, τ, t), Z(s, s, t) = E, (14)

ãäå E � åäèíè÷íàÿ ìàòðèöà.
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Ïóñòü Πa è Πb ïðîåêòîðû, êîòîðûå n � âåêòîðû z ïðåäñòàâëÿþò â âèäå z = (Πaz, Πbz)
ñ p è q � âåêòîðíûìè êîìïîíåíòàìè Πaz è Πbz ñîîòâåòñòâåííî.

Òîãäà, òîæäåñòâî (14) ìîæíî ïðåäñòàâèòü â âèäå äâóõ ñâÿçàííûõ ìàòðè÷íûõ óðàâíåíèé:

DaΠaZ(s, τ, t) = ΠaP (τ, t)Z(s, τ, t),

DbΠbZ(s, τ, t) = ΠbP (τ, t)Z(s, τ, t). (15)

Äàëåå, ðàññìàòðèâàÿ (15) íà ñîîòâåòñòâóþùèõ õàðàêòåðèñòèêàõ (7) è (8) äèôôåðåíöèàëü-
íûõ îïåðàòîðîâ Da , Db, èìååì:

d

dτ
ΠaZ(s, τ, ϕ(τ, s, σ)) = ΠaP (τ, ϕ(τ, s, σ))Z(s, τ, ϕ(τ, s, σ)),

d

dτ
ΠbZ(s, τ, ψ(τ, s, σ)) = ΠbP (τ, ψ(τ, s, σ))Z(s, τ, ψ(τ, s, σ)) (16)

Åñëè ñèñòåìó (15) áóäåì ðàññìàòðèâàòü âäîëü õàðàêòåðèñòèêè (7) îïåðàòîðà Da , òî áóäåì
èìåòü ñèñòåìó òîæäåñòâ âèäà:

d

dτ
ΠaZ(s, τ, ϕ(τ, s, σ)) = ΠaP (τ, ϕ(τ, s, σ))Z(s, τ, ϕ(τ, s, σ)),

DbΠbZ(s, τ, ϕ(τ, s, σ)) = ΠbP (τ, ϕ(τ, s, σ))Z(s, τ, ϕ(τ, s, σ)) =
d

dτ
ΠbZ(s, τ, ϕ(τ, s, σ)). (17)

Ñëåäîâàòåëüíî, èç ñîîòíîøåíèé (17) èìååì, ÷òî âäîëü õàðàêòåðèñòèêè îïåðàòîðà Da ìàò-
ðèöà Z(s, τ, t) ïðèíèìàåò îäèíàêîâûå çíà÷åíèÿ ñ ìàòðèöàíòîì X(τ, t, s, σ) ñèñòåìû ñ îäèíà-
êîâîé ãëàâíîé ÷àñòüþ

Dax = P (τ, t)x. (18)

Òàêèì îáðàçîì, èìååì ΠaZ(s, τ, ϕ(τ, s, σ)) = ΠaX(τ, ϕ(τ, s, σ), s, σ) . Îòñþäà â ñèëó (9), ïî-
ëó÷èì:

ΠaZ(s, τ, t) = ΠaX(τ, t, s, ϕ(s, τ, t)). (19)

Àíàëîãè÷íûì îáðàçîì ðàññìàòðèâàÿ ñèñòåìó (15) âäîëü õàðàêòåðèñòèêè îïåðàòîðà Db, èìååì:

ΠbZ(s, τ, t) = ΠbY (τ, t, s, ψ(s, τ, t)). (20)

Y (τ, t, s, σ) � ìàòðèöàíò ñèñòåìû ñ îäèíàêîâîé ãëàâíîé ÷àñòüþ âèäà:

Dby = P (τ, t)y. (21)

Ñîîòíîøåíèÿ (19) è (20) ïîçâîëÿþò ñòðîèòü ìàòðèöàíò Z(s, τ, t) ãèïåðáîëè÷åñêîé ñèñòåìû
(12) íà îñíîâå ìàòðèöàíòîâ X(τ, t, s, ϕ(s, τ, t) , Y (τ, t, s, ψ(s, τ, t) ñèñòåì (18) è (21).

Ðàññìàòðèâàÿ íà÷àëüíóþ çàäà÷ó (12)−(120) , åå ðåøåíèå z(s, τ, t) = (Πaz(s, τ, t),Πbz(s, τ, t)),
èìååì ïðåäñòàâëåíèå:

z(s, τ, t) = Z(s, τ, t)u(σa,b(s, τ, t)), (22)

ãäå σa,b(s, τ, t) = ϕ(s, τ, t) äëÿ Πaz(s, τ, t) è σa,b(s, τ, t) = ψ(s, τ, t) äëÿ Πbz(s, τ, t) .
Ñïðàâåäëèâîñòü ñòðóêòóðû ðåøåíèÿ (22) ïðîâåðÿåòñÿ íåïîñðåäñòâåííî íà îñíîâå (15). Òà-

êèì îáðàçîì, èìååì ñëåäóþùåå óòâåðæäåíèå.
Ëåììà 1. Ïðè âûïîëíåíèè óñëîâèé (3), (4) è (13) åäèíñòâåííîå ðåøåíèå z(s, τ, t) íà÷àëü-

íîé çàäà÷è (12)− (120) îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (22) è (19)�(20).
Äàëåå, ïðåäïîëîæèì âûïîëíåííûì óñëîâèå íåêðèòè÷íîñòè:
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|Z(s, τ, t)| ≤ Γe−γ(τ−s), τ ≥ s, (23)

ñ ïîñòîÿííûìè Γ ≥ 1 , γ > 0 , ãäå | · | - åâêëèäîâà íîðìà ìàòðèöû.
Ëåììà 2.Ïóñòü âûïîëíåíû óñëîâèÿ (3), (4), (13) è (23). Òîãäà ñèñòåìà (12) èìååò òîëüêî

íóëåâîå (θ, ω) � ïåðèîäè÷åñêîå ðåøåíèå.
Äåéñòâèòåëüíî, (θ, ω) � ïåðèîäè÷åñêèå ðåøåíèÿ ñèñòåìû (12) ïðåäñòàâèìû â âèäå (22) ñ ω

� ïåðèîäè÷åñêèìè íà÷àëüíûìè óñëîâèÿìè âèäà (120) .
Ñëåäîâàòåëüíî, ïðè óñëîâèè íåêðèòè÷íîñòè (23) ñèñòåìà (12) íå èìååò (θ, ω) � ïåðèîäè÷å-

ñêèõ ðåøåíèé, êðîìå íóëåâîãî.
3. Ââåäåì íà ðàññìîòðåíèå íåîäíîðîäíóþ ñèñòåìó ãèïåðáîëè÷åñêèõ óðàâíåíèé âèäà:

Da,bz = P (τ, t)z + f(τ, t), (24)

ãäå f(τ, t) � çàäàííàÿ âåêòîð-ôóíêöèÿ, à îñòàëüíûå îáîçíà÷åíèÿ èìåþò ïðåæíèé ñìûñë, ïðè-
÷åì ïðåäïîëîæèì âûïîëíåííûì óñëîâèå:

f(τ + θ, t + kω) = f(τ, t) ∈ C0,1
τ,t (R×Rm), k ∈ Zm. (25)

Òåîðåìà1. Ïóñòü âûïîëíåíû óñëîâèÿ (3), (4), (13), (23) è (25). Òîãäà ñèñòåìà (24) èìååò
åäèíñòâåííîå (θ, ω) � ïåðèäè÷åñêèîå ðåøåíèå

z∗(τ, t) =

τ∫

−∞
Z(s, τ, t)f(s, σa,b(s, τ, t))ds. (26)

Äåéñòâèòåëüíî, ðàâíîìåðíàÿ ñõîäèìîñòü íåñîáñòâåííîãî èíòåãðàëà (26) îòíîñèòåëüíî τ è t
ñëåäóåò èç óñëîâèé (23) è (25). Ñ ó÷åòîì (14) íåïîñðåäñòâåííîé ïðîâåðêîé óáåæäàåìñÿ, ÷òî
(26) óäîâëåòâîðÿåò óðàâíåíèþ (24).

Ïåðèîäè÷íîñòü ðåøåíèÿ (26) ñëåäóåò èç òîãî, ÷òî

Z(s + θ, τ + θ, t + kω) = Z(s, τ, t), k ∈ Zm,

ïðè÷åì íåîáõîäèìî ñäåëàòü ïîäñòàíîâêó s = χ + θ â èíòåãðàëå ïîñëå ñäâèãà τ íà ïåðèîä θ .
Åäèíñòâåííîñòü ñëåäóåò èç ëåììû 2.
Ìàòðèöó Z(s, τ, t) íàçîâåì ìàòðèöàíòîì ëèíåéíûõ ñèñòåì, à ñîîòíîøåíèÿ (22) è (26) ÿâ-

ëÿþòñÿ ïðåäñòàâëåíèÿìè ðåøåíèé ÷åðåç ìàòðèöàíò.
4. Ðàññìîòðèì êâàçèëèíåéíóþ ñèñòåìó ãèïåðáîëè÷åñêèõ óðàâíåíèé âèäà:

Da,bz = P (τ, t)z + f(τ, t, z), (27)

ãäå íåëèíåéíàÿ ÷àñòü ñèñòåìû f(τ, t, z) óäîâëåòâîðÿåò óñëîâèþ:

f(τ + θ, t + kω, z) = f(τ, t, z) ∈ C0,1,1
τ,t,z (R×Rm ×Rn), k ∈ Zm, (28)

à îñòàëüíûå îáîçíà÷åíèÿ ñîõðàíÿþò ïðåæíèé ñìûñë.
Ââåäåì ïðîñòðàíñòâî:

Sθ,ω = {z(τ, t)|z(τ + θ, t + kω) = z(τ, t) ∈ C1,1
τ,t (R×Rm),

‖z‖ = sup

√√√√
n∑

k=1

z2
k(τ, t)
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è øàð
Sθ,ω
4 = {z ∈ Sθ,ω|‖z‖ ≤ 4}.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (3), (4), (13), (23) è (28). Òîãäà êâàçèëèíåéíàÿ
ãèïåðáîëè÷åñêàÿ ñèñòåìà (27) â øàðå Sθ,ω

4 ïðîñòðàíñòâà (θ, ω) � ïåðèîäè÷åñêèõ, íåïðåðûâíî
äèôôåðåíöèðóåìûõ ôóíêöèé Sθ,ω èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî. Ââåäåì èíòåãðàëüíûé îïåðàòîð Q, îïðåäåëåííûé â øàðå Cθ,ω
4 = {z ∈

C(R × Rm|‖z‖ ≤ 4} ïðîñòðàíñòâà C(R × Rm) íåïðåðûâíûõ (θ, ω) � ïåðèîäè÷åñêèõ âåêòîð-
ôóíêöèé, ñ íîðìîé ‖z‖ ìàêñèìèçèðóþùåé åâêëèäîâóþ íîðìó |z| ñîîòíîøåíèåì:

Qz(τ, t) =

τ∫

−∞
Z(s, τ, t)f(s, σa,b(s, τ, t), z(s, σa,b(s, τ, t)))ds. (29)

Ïðè óñëîâèÿõ òåîðåìû è ñîîòíîøåíèé

Γ(M + L4) < γ4 (30)

ñ ëèïøèöåâîé êîíñòàíòîé L è ïîñòîÿííîé M = ‖f(τ, t, 0)‖ , íåòðóäíî óáåäèòüñÿ, ÷òî îïåðà-
òîð Q ïåðåâîäèò øàð Cθ,ω

4 â ñåáÿ è ÿâëÿåòñÿ ñæèìàþùèì. Ñëåäîâàòåëüíî, îïåðàòîð Q â
øàðå Cθ,ω

4 èìååò åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó z∗(τ, t) = Qz∗(τ, t) ∈ Cθ,ω
4 . ×òîáû ïîêà-

çàòü äèôôåðåíöèðóåìîñòü ðåøåíèÿ z∗(τ, t) , äîñòàòî÷íî ðàññìîòðåòü åãî âäîëü õàðàêòåðèñòèê
t = ϕ(τ, s, σ) è t = ψ(τ, s, σ), ãäå îíî îáðàùàåòñÿ â îãðàíè÷åííîå ðåøåíèå ñîîòâåòñòâóþùåé ñè-
ñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðîå äèôôåðåíöèðóåìî ïî ïàðàìåòðó
σ .

Çàìåíû σ = ϕ(s, τ, t) è σ = ψ(s, τ, t), åñòåñòâåííî, íå íàðóøàþò åãî äèôôåðåíöèðóåìîñòü
è ïåðåâîäÿò ýòî ðåøåíèå â ðåøåíèå z∗(τ, t) èññëåäóåìîé êâàçèëèíåéíîé ñèñòåìû (27).

Òàêèì îáðàçîì, èìååì:
z∗(τ, t) ∈ Sθ,ω

4 ⊂ Cθ,ω
4 .

Ýêâèâàëåíòíîñòü âîïðîñà î (θ, ω) � ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåìû (27) ê çàäà÷å î ñóùå-
ñòâîâàíèè äèôôåðåíöèðóåìûõ ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ z(τ, t) = Qz(τ, t) , ïðèâîäÿò
ê ñïðàâåäëèâîñòè òåîðåìû 2. Â çàêëþ÷åíèè îòìåòèì, ÷òî ïîëó÷åííûå ðåçóëüòàòû, ìîæíî îáîá-
ùèòü íà ñëó÷àé ñ ïðîèçâîëüíûì êîëè÷åñòâîì äèôôåðåíöèàëüíûõ îïåðàòîðîâ.
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Â äàííîé ðàáîòå ðåøåíà çàäà÷à îïòèìèçàöèè áèîëîãè÷åñêîé ìîäåëè ñ òðåìÿ óïðàâëÿþùèìè ôóíê-
öèÿìè ñ ó÷åòîì çàïàçäûâàíèÿ.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ áèëèíåéíûõ áèîëîãè÷å-
ñêèõ ñèñòåì ñ çàïàçäûâàíèåì ïðè íàëè÷èè ïåðâûõ èíòåãðàëîâ íåðåãóëèðóåìîé ÷àñòè ñèñòåìû
è ñ ïîìîùüþ âûáîðà ôóíêöèîíàëà Áîëüöà [1].

Â ðàáîòå [2] ïðåäëîæåíà ñèñòåìà óðàâíåíèé, ìîäåëèðóþùàÿ çàäà÷ó î õèùíèêå, êîòîðûé
ïèòàåòñÿ äâóìÿ æåðòâàìè:

ẋ1(t) = r1

[
1 + a1

(
1− x3(t)

κ3

)
− x1(t− h1)

κ1

]
x1(t),

ẋ2(t) = r2

[
1 + a2

(
1− x3(t)

κ3

)
− x2(t− h2)

κ2

]
x2(t),

ẋ3(t) = r3

[
α1

x1(t)
κ1

+ α2
x2(t)
κ2

− x3(t− h3)
κ3

]
x3(t).

Â äàííîé ìîäåëè âñå ó÷èòûâàåìûå ôàêòîðû áûëè ðàçäåëåíû íà äâå ãðóïïû. Ïåðâè÷íûìè
ñ÷èòàëè ôàêòîðû çàïàçäûâàíèÿ, îáåñïå÷åííîñòü òåððèòîðèåé è ïèùåé. Êîíêóðåíöèÿ è õèù-
íè÷åñòâî áûëè îòíåñåíû ê ÷èñëó âòîðè÷íûõ ôàêòîðîâ, âûïîëíÿþùèõ ôóíêöèè ðåãóëÿòîðîâ,
ïðè ïîìîùè êîòîðûõ ïðîèñõîäèò ñòàáèëèçàöèÿ ýêîñèñòåìû.

Ïðîáëåìó, ÷òî ìîæåò ëè õèùíèê, óâåëè÷èâàÿ äàâëåíèÿ íà îäíó èç æåðòâ ñóùåñòâåííî
óìåíüøèòü åå ÷èñëåííîñòü èññëåäîâàíû â ðàáîòå [2]. Ïîëó÷åíû ÷èñëîâûå äàííûå, êîíêðåòíî
íà ïðèìåðå ìûøåâèäíûå�áåëÿê�ëèñà.

Keywords: ýêîëîãè÷åñêàÿ ìîäåëü, áèëèíåéíàÿ ñèñòåìà, ôóíêöèîíàë Áîëüöà.
2000 Mathematics Subject Classi�cation: 34A45
c Ë. Õ. Æóíóñîâà, 2010.
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Ìû õîòèì ðåàëèçîâàòü äàííóþ ìîäåëü ñ òî÷êè çðåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ [3]. Ïîýòî-
ìó ìû çäåñü ôîðìèðóåì ôóíêöèîíàë Áîëüöà ñïåöèàëüíîãî âèäà ñ ó÷àñòèåì ïåðâûõ èíòåãðàëîâ
íåðåãóëèðóåìîé ÷àñòè ñèñòåìû [4], [5]:

dx

dt
= g(x, t) + f(x(t− h), t) + B(x, t)u, t ∈ [t0, T ], (1)

ãäå x − n -ìåðíûé âåêòîð-ñîñòîÿíèÿ; u − m -ìåðíûé âåêòîð óïðàâëåíèÿ; g(x, t) � n -ìåðíàÿ
âåêòîð-ôóíêöèÿ; B(x, t)− n×m -ìàòðèöà. Äëÿ íåðåãóëèðóåìîé ÷àñòè ñèñòåìû

dx

dt
= g(x, t), t ∈ [t0, T ], (2)

çàäàíî íà÷àëüíîå ñîñòîÿíèå
x(t0) = x0,

x(t0 − h) = ϕ(x0). (3)

Íà óïðàâëåíèå u(t), t ∈ [t0, T ) íàëîæåíî ñëåäóþùåå îãðàíè÷åíèå:

|uj(t)| ≤ Mj , .j = 1, m, (4)

ãäå Mj = const > 0 . Íåîáõîäèìî íàéòè òàêóþ óïðàâëÿþùóþ âåêòîð ôóíêöèþ u(t) , óäîâëå-
òâîðÿþùóþ îãðàíè÷åíèþ (4), êîòîðàÿ ìèíèìèçèðóåò ôóíêöèîíàë Áîëüöà:

J → min. (5)

Ôóíêöèîíàë Áîëüöà îïðåäåëèì ñëåäóþùèì îáðàçîì:

J = V (x, T ) +

T∫

t0

n∑

i=1

∣∣∣∣
∂V (x, t)

∂xi
bii

∣∣∣∣ dt +

T∫

t0

n∑

i=1

∂V (x, t)
∂xi

pi(x, t− h)dt. (6)

Çäåñü V (x, T ) � ïåðâûé èíòåãðàë ñèñòåìû (2).
Â ñèëó òîãî, ÷òî V (x, t) ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì ñèñòåìû (2), èìååì:

∂V (x, t)
∂t

+
n∑

i=1

∂V (x, t)
∂xi

gi(x, t) = 0

è ïîëíàÿ ïðîèçâîäíàÿ ïî t îò ôóíêöèé V (x, t) â ñèëó ñèñòåìû (2) ðàâíà:

dV (x, t)
dt

=
n∑

i=1

m∑

j=1

∂V (x, t)
∂xi

Bij(x, t)uj . (7)

Ïðîèíòåãðèðóåì ñîîòíîøåíèå (7) ïî t â ïðåäåëàõ îò t0 äî T , è ïîäñòàâèì ïîëó÷åííîå âûðà-
æåíèå â (7), òîãäà ïîëó÷èì:

J = V (x(T ), T ) +

T∫

t0

n∑

i=1

∣∣∣∣Mi
∂V (x, t)

∂xi
pi(x, t− h)

∣∣∣∣ 1 + sign

(
n∑

i=1

∂V

∂xi
Bij)

)
dt (8)

ïðè

u0
j (x, t) = −Mjsign

(
n∑

i=1

∂V (x, t)
∂xi

Bij(x, t)

)
, j = 1,m. (9)
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Ïðèìåð. Äèíàìèêà óïðàâëÿåìîãî ýêîëîãè÷åñêîãî îáúåêòà îïèñûâàåòñÿ îáûêíîâåííûìè äèô-
ôåðåíöèàëüíûìè óðàâíåíèÿìè ñ çàïàçäûâàíèåì:

ẋ1(t) = r1

[
1 + a1

(
1− x3(t)

κ3

)
− x1(t− h1)

κ1

]
x1(t) + b11u1,

ẋ2(t) = r2

[
1 + a2

(
1− x3(t)

κ3

)
− x1(t− h2)

κ1

]
x2(t) + b22u2, (10)

ẋ3(t) = r3

[
α1

x1(t)
κ1

+ α2
x2(t)
κ2

− x3(t− h3)
κ3

]
x2(t) + b33u3,

ãäå r1 � ìàëüòóçèàíñêèé êîýôôèöèåíò ïåðâîé æåðòâû;
r2 � ìàëüòóçèàíñêèé êîýôôèöèåíò âòîðîé æåðòâû;
r3 � ìàëüòóçèàíñêèé êîýôôèöèåíò õèùíèêà;
κ1, κ2, κ3 � ñðåäíèå çíà÷åíèÿ ñîîòâåòñòâåííî;
h1 � âîçðàñò ïðîèçâîäèòåëåé ïåðâûé æåðòâû;
h2 � âîçðàñò ïðîèçâîäèòåëåé âòîðîé æåðòâû;
h3 � âîçðàñò ïðîèçâîäèòåëåé õèùíèêà;
α1 � ïàðàìåòð, õàðàêòåðèçóþùèé äîëþ ïåðâûé æåðòâû â ðàöèîíå õèùíèêà;
α2 � ïàðàìåòð, õàðàêòåðèçóþùèé äîëþ âòîðîé æåðòâû â ðàöèîíå õèùíèêà. Ýòà ìîäåëü îïè-
ñûâàåò õèùíèêà, êîòîðûé ïèòàåòñÿ äâóìÿ æåðòâàìè.

Íà óïðàâëÿþùèå âîçäåéñòâèÿ íàëîæåíû îãðàíè÷åíèÿ:

|ui| ≤ Mi,Mi = const > 0, i = 1, 3. (11)

Íàðÿäó ñ ñèñòåìîé (10) ðàññìîòðèì ñèñòåìó:

dx1(t)
dt

= (r1 + a1)x1(t)− a1

κ3
x3(t)x1(t),

dx2(t)
dt

= (r2 + a2)x2(t)− a2

κ3
x3(t)x2(t), (12)

dx3(t)
dt

=
r3α1

κ1
x1(t)x3(t)− r3α1

κ2
x2(t)x3(t).

Îïðåäåëèì äëÿ äàííîé ìîäåëè ôóíêöèîíàë Áîëüöà:

J = V (x(T ), T ) +

T∫

0

3∑

i=1

Mi

∣∣∣∣
∂V (x, t)

∂xi
bii

∣∣∣∣ dt +

T∫

0

3∑

i=1

∂V (x, t)
∂xi

pi(x, t− h)dt, (13)

çäåñü
V (x, t) =

1
r2 + a2

x2
κ3

a2
lnx2 +

κ1

r1α1
lnx3 +

κ2

a1
x1 +

κ3

a2
lnx1+

+Q1

t∫

0

x2(λ)x3(λ)dλ + Q2

t∫

0

x1(λ)dλ +
κ3

a2

(
r2 + a2

)
t− κ3

a1

(
r1 + a1

)
t, (14)

ãäå
Q1 =

a2

(r2 + a2)κ3
− κ1

κ2
; Q2 =

κ3r3

r1κ1
− κ2

a1

(
r1 + a1

)
,
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ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì äëÿ íåðåãóëèðóåìîé ÷àñòè ñèñòåìû (13). Òîãäà,

∂V (x, t)
∂x1

=
κ2

a1
+

κ3

a1x1
,

∂V (x, t)
∂x2

=
κ3

a2x2
,

∂V (x, t)
∂x3

=
κ1

r3α1
+

κ3

r1α1x3
,

ïðè ïðåäïîëîæåíèè, ÷òî xi ≥ 0, i = 1, 3 îïòèìàëüíîå óïðàâëåíèå ïðèìåò âèä:

u0
i (x, t) = −Misign

(
n∑

i=1

∂V (x, t)
∂xi

bii

)
, i = 1, 3,

ò.å.
u0

1 = −M1sign

[(
κ2

a1
+

κ3

a1x1

)
b11

]
,

u0
2 = −M2sign

[(
1

(r2 + a2)
− κ2

a2x2

)
b22

]
, (15)

u0
3 = −M3sign

[(
κ1

r3α1
+

κ3

r1α1x3

)
b33

]
,

äîñòàâëÿåò ìèíèìóì ôóíêöèîíàëó Áîëüöà (16) è ðàâåí

J = min
|ui|≤Mi

J = V (x(t0), t0).

Ñëåäîâàòåëüíî,
J = V (x(T ), T ) =

=

T∫

t0

[[[
κ2

a1
+

κ3

a1x1

]
x1(τ − h1)

κ1
x1(τ) +

[
1

r2 + a2
− κ3

a2x2

]
x2(τ − h2)

κ2
x2(τ)+

+
[
κ1

r3
α1 +

κ3

r1α1x3

]
x3(τ − h3)

κ3
x3(τ)

[
1 + sign

[
κ2

a1
+

κ3

a1
× 1

x1

]
x1(τ − h1)

κ1
x1(τ)+

+
[

1
r2 + a2

− κ3

a2x2

]
x2(τ − h2)

κ2
x2(τ) +

[
κ1

r3α1
+

κ3

r1α1x3

]
x3(τ − h3)

κ3
x3(τ)

]]
dτ. (16)

Òàêèì îáðàçîì, ðåøåíèå ñôîðìóëèðîâàííîé çàäà÷è çàêëþ÷àåòñÿ â îïðåäåëåíèè çíà÷åíèÿ
ôóíêöèè óïðàâëåíèÿ â àíàëèòè÷åñêîì âèäå.

Ôóíêöèîíàë Áîëüöà ïðåäñòàâëåí â âèäå (16). Òàêèì îáðàçîì äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü ôóíêöèÿ V (x, t) (14) ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì ñèñòåìû (12), òîãäà

óïðàâëåíèå âèäà (15) äîñòàâëÿåò ìèíèìóì ôóíêöèîíàëó (13) è ðàâíî (16).
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Î ÑÕÎÄÈÌÎÑÒÈ ÎÄÍÎÃÎ ÀËÃÎÐÈÒÌÀ ÍÀÕÎÆÄÅÍÈß
ÏÐÈÁËÈÆÅÍÍÎÃÎ ÐÅØÅÍÈß ÏÎËÓÏÅÐÈÎÄÈ×ÅÑÊÎÉ

ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß ÑÈÑÒÅÌ ÍÀÃÐÓÆÅÍÍÛÕ
ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

Æ. Ì. Êàäèðáàåâà

Èíñòèòóò ìàòåìàòèêè ÌÎèÍ ÐÊ
050010 Àëìàòû Ïóøêèíà, 125 anar@math.kz, apelman86pm@mail.ru

Ïðåäëàãàåòñÿ àëãîðèòì íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ ïîëóïåðèîäè÷åñêîé êðàåâîé çàäà÷è
äëÿ ñèñòåì íàãðóæåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé. Óñòàíàâëèâàþòñÿ äîñòàòî÷íûå óñëîâèÿ ñõî-
äèìîñòè àëãîðèòìà è êîððåêòíîé ðàçðåøèìîñòè ðàññìàòðèâàåìîé çàäà÷è.

Íàãðóæåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ÷àñòî âîçíèêàþò â çàäà÷àõ ïðèëîæåíèÿ
[1�3]. Êðàåâûå çàäà÷è äëÿ òàêèõ óðàâíåíèé ðàññìîòðåíû â [4�6]. Â íàñòîÿùåé ðàáîòå íà Ω̄ =
[0, ω] × [0, T ] ðàññìàòðèâàåòñÿ ïîëóïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåìû íàãðóæåííûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé:

∂2u

∂x∂t
= A0(x, t)

∂u

∂x
+ B0(x, t)

∂u

∂t
+ C0(x, t)u +

m+1∑

i=1

Ai(x, t)
∂u(x, θi−1)

∂x
+

+
m+1∑

i=1

Bi(x, t)
∂u(x, t)

∂t

∣∣∣
t=θi−1

+
m+1∑

i=1

Ci(x, t)u(x, θi−1) + f(x, t), (1)

u(0, t) = ϕ(t), t ∈ [0, T ], (2)
∂u(x, 0)

∂x
=

∂u(x, T )
∂x

, x ∈ [0, ω], (3)

ãäå (n × n) � ìàòðèöû Aj(x, t), Bj(x, t), Cj(x, t), j = 0,m + 1, è n � âåêòîð-ôóíêöèÿ f(x, t)
íåïðåðûâíû íà Ω̄, n � âåêòîð-ôóíêöèÿ ϕ(t) íåïðåðûâíî äèôôåðåíöèðóåìà íà [0, T ], ϕ(0) =
ϕ(T ), 0 = θ0 < θ1 < ... < θm−1 < θm < θm+1 = T ,

||u(x, t)|| = max
s=1,n

|us(x, t)|, ||A(x, t)|| = max
s=1,n

n∑

k=1

|ask(x, t)|.

Keywords: loaded hyperbolic equations, parametrization method, semi-periodical boundary value problem, unique
solvability, correct solvability

2000 Mathematics Subject Classi�cation: 34B37
cÆ. Ì. Êàäèðáàåâà, 2010.
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×åðåç C(Ω̄, Rn) (C([0, T ], Rn)) îáîçíà÷èì ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé u : Ω̄ → Rn

(ϕ : [0, T ] → Rn) ñ íîðìîé ||u||0 = max
(x,t)∈Ω̄

||u(x, t)||, ||Aj ||0 = max
(x,t)∈Ω̄

||Aj(x, t)||, j = 0,m + 1,

(||ϕ||0 = max
t∈[0,T ]

||ϕ(t)||).

Ôóíêöèÿ u(x, t) ∈ C(Ω̄, Rn), èìåþùàÿ ÷àñòíûå ïðîèçâîäíûå ∂u(x, t)
∂x

∈ C(Ω̄, Rn), ∂u(x, t)
∂t

∈

∈ C(Ω̄, Rn),
∂2u(x, t)

∂x∂t
∈ C(Ω̄, Rn), íàçûâàåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(3), åñëè îíà

óäîâëåòâîðÿåò ñèñòåìå (1) ïðè âñåõ (x, t) ∈ Ω̄ è âûïîëíåíû êðàåâûå óñëîâèÿ (2), (3).
Îïðåäåëåíèå 1. Çàäà÷à (1)�(3) íàçûâàåòñÿ êîððåêòíî ðàçðåøèìîé, åñëè äëÿ ëþáûõ f(x, t),

ϕ(t) îíà èìååò åäèíñòâåííîå ðåøåíèå u(x, t) è äëÿ íåãî ñïðàâåäëèâà îöåíêà:

max
(
||u||0,

∣∣∣
∣∣∣∂u

∂x

∣∣∣
∣∣∣
0
,
∣∣∣
∣∣∣∂u

∂t

∣∣∣
∣∣∣
0

)
≤ K max

(
||f ||0, ||ϕ||0, ||ϕ̇||0

)
,

ãäå K � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò f(x, t), ϕ(t).
Èñïîëüçóÿ ìåòîäèêó ðàáîòû [7] , ââåäåì íîâûå íåèçâåñòíûå ôóíêöèè v(x, t) =

∂u(x, t)
∂x

,

w(x, t) =
∂u(x, t)

∂t
, è âìåñòî (1)�(3) ðàññìîòðèì ñëåäóþùóþ çàäà÷ó:

∂v

∂t
= A0(x, t)v +

m+1∑

i=1

Ai(x, t)v(x, θi−1) + F (x, t, w, u), (x, t) ∈ Ω̄, (4)

v(x, 0) = v(x, T ), x ∈ [0, ω], (5)

u(x, t) = ϕ(t) +

x∫

0

v(ξ, t)dξ, w(x, t) = ϕ̇(t) +

x∫

0

∂v(ξ, t)
∂t

dξ, (x, t) ∈ Ω̄, (6)

ãäå

F (x, t, w, u) = B0(x, t)w(x, t)+C0(x, t)u(x, t)+f(x, t)+
m+1∑

i=1

Bi(x, t)w(x, θi−1)+
m+1∑

i=1

Ci(x, t)u(x, θi−1).

Çäåñü óñëîâèå u(0, t) = ϕ(t) ó÷òåíî â ñîîòíîøåíèÿõ (6). Òðîéêà íåïðåðûâíûõ íà Ω̄ ôóíêöèé
{v(x, t), u(x, t), w(x, t)} íàçûâàåòñÿ ðåøåíèåì çàäà÷è (4)�(6), åñëè ôóíêöèÿ v(x, t) ∈ C(Ω̄, Rn)
èìååò íåïðåðûâíóþ íà Ω̄ ïðîèçâîäíóþ ïî t è óäîâëåòâîðÿåò îäíîïàðàìåòðè÷åñêîìó ñåìåéñòâó
ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ äëÿ ñèñòåì íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (4),(5),
ãäå ôóíêöèè u(x, t), w(x, t) ñâÿçàíû ñ v(x, t), ∂v(x, t)

∂t
ôóíêöèîíàëüíûìè ñîîòíîøåíèÿìè (6).

Çàäà÷è (1)�(3) è (4)�(6) ýêâèâàëåíòíû â òîì ñìûñëå, ÷òî åñëè u(x, t) � êëàññè÷åñêîå ðåøåíèå
çàäà÷è (1)�(3), òîãäà òðîéêà ôóíêöèé {v(x, t), u(x, t), w(x, t)}, ãäå v(x, t) =

∂u(x, t)
∂x

,

w(x, t) =
∂u(x, t)

∂t
, ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (4)�(6). È íàîáîðîò, åñëè òðîéêà ôóíêöèé

{v(x, t), u(x, t), w(x, t)} � ðåøåíèå çàäà÷è (4)�(6), òî u(x, t) ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì
çàäà÷è (1)�(3).

Ïðè èçâåñòíûõ w(x, t), u(x, t) â çàäà÷å (4),(5) òðåáóåòñÿ íàéòè ðåøåíèå îäíîïàðàìåòðè÷å-
ñêîãî ñåìåéñòâà ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ äëÿ ñèñòåì íàãðóæåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé:

∂v

∂t
= A0(x, t)v +

m+1∑

i=1

Ai(x, t)v(x, θi−1) + F (x, t), (x, t) ∈ Ω̄, v ∈ Rn, (7)
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v(x, 0) = v(x, T ), x ∈ [0, ω]. (8)

Íåïðåðûâíàÿ ôóíêöèÿ v : Ω̄ → Rn, èìåþùàÿ íà Ω̄ íåïðåðûâíóþ ïðîèçâîäíóþ ïî t, íàçû-
âàåòñÿ ðåøåíèåì êðàåâîé çàäà÷è (7), (8), åñëè îíà óäîâëåòâîðÿåò ñèñòåìå íàãðóæåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé (7) è óñëîâèþ (8).

Îïðåäåëåíèå 2. Çàäà÷à (7), (8) íàçûâàåòñÿ êîððåêòíî ðàçðåøèìîé, åñëè äëÿ ëþáîãî
F (x, t) îíà èìååò åäèíñòâåííîå ðåøåíèå v(x, t) è äëÿ íåãî ñïðàâåäëèâà îöåíêà:

max
t∈[0,T ]

||v(x, t)|| ≤ K(x) max
t∈[0,T ]

||F (x, t)||,

ãäå K(x) � íåïðåðûâíàÿ íà [0, ω] ôóíêöèÿ, íå çàâèñÿùàÿ îò F (x, t).
Çàäà÷ó (7), (8) èññëåäóåì ìåòîäîì ïàðàìåòðèçàöèè [8]. Ïóñòü ‖Aj(x, t)‖ ≤ αj(x, t),

j = 0,m + 1, ãäå αj(x, t), j = 0,m + 1, íåïðåðûâíû íà Ω̄, è max
x∈[0,ω]

α0(x, t) = α(t). Äëÿ êàæ-

äîãî i = 1, m + 1 ðàçáèåíèå èíòåðâàëà [θi−1, θi) ïðîâåäåì ñ ó÷åòîì ïîâåäåíèÿ ôóíêöèè α(t)
íà ýòîì èíòåðâàëå. Âîçüìåì ÷èñëî a > 0 è äëÿ èíòåðâàëà [θi−1, θi), i = 1,m + 1, ïðîâåðèì

íåðàâåíñòâî
θi∫

θi−1

α(τ)dτ ≤ a. Åñëè ýòî íåðàâåíñòâî âûïîëíÿåòñÿ, òî èíòåðâàë [θi−1, θi) íå ðàç-

áèâàåòñÿ íà ÷àñòè. Eñëè íå âûïîëíÿåòñÿ, òî çà θi−1,0 âîçüìåì θi−1 è θi−1,1 ∈ [θi−1,0, θi) âûáåðåì

óäîâëåòâîðÿþùèì íåðàâåíñòâó
θi−1,1∫

θi−1,0

α(τ)dτ ≤ a. Ñíîâà ïðîâåðÿåì íåðàâåíñòâî
θi∫

θi−1,1

α(τ)dτ ≤ a,

åñëè ýòî íåðàâåíñòâî èìååò ìåñòî, òî èíòåðâàë [θi−1, θi) ðàçáèâàåòñÿ íà äâå ÷àñòè: [θi−1,0, θi−1,1),
[θi−1,1, θi). Åñëè ýòî íåðàâåíñòâî íå âûïîëíÿåòñÿ, òî òî÷êó θi−1,2 ∈ [θi−1,1, θi) âûáåðåì òàê, ÷òîáû

èìåëî ìåñòî íåðàâåíñòâî
θi−1,2∫

θi−1,1

α(τ)dτ ≤ a. Ïðîäîëæàÿ ýòîò ïðîöåññ, ÷åðåç ki−1 îáîçíà÷èì ÷èñëî

ðàçáèåíèÿ ïðîìåæóòêà [θi−1, θi), ïðè êîòîðîì èìååò ìåñòî íåðàâåíñòâî
θi∫

θi−1,ki−1−1

α(τ)dτ ≤ a.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: p0 = 0, pl+1 =
l∑

s=0
ks, l = 0,m. Òîãäà [0, ω]× [0, T ) = [0, ω]×

×
pm+1⋃
r=1

[tr−1, tr), ãäå t0 = θ0 = 0, t1 = θ0,1, t2 = θ0,2, ..., tp1 = θ1, tp1+1 = θ1,1, ..., tp2 = θ2,

..., tpm+1 = T.
Ñóæåíèå ôóíêöèè v(x, t) íà r-ûé èíòåðâàë [tr−1, tr), r = 1, pm+1, îáîçíà÷èì ÷åðåç vr(x, t),

r = 1, pm+1. Ââåäÿ äîïîëíèòåëüíûå ïàðàìåòðû λr(x) = vr(x, tr−1), r = 1, pm+1, è íà êàæäîé
îáëàñòè Ωr = [0, ω] × [tr−1, tr), r = 1, pm+1, ïðîèçâåäÿ çàìåíó ṽr(x, t) = vr(x, t) − λr(x),
r = 1, pm+1, ïîëó÷èì êðàåâóþ çàäà÷ó ñ íåèçâåñòíûìè ôóíêöèÿìè λr(x):

dṽr

dt
= A0(x, t)[ṽr(x, t) + λr(x)] +

m+1∑

i=1

Ai(x, t)λpi−1+1(x) + F (x, t), (x, t) ∈ Ωr, (9)

ṽr(x, tr−1) = 0, x ∈ [0, ω], r = 1, pm+1, (10)

Bλ1(x)− λpm+1(x) = lim
t→T−0

ṽpm+1(x, t), x ∈ [0, ω], (11)

λs(x) + lim
t→ts−0

ṽs(x, t) = λs+1(x), x ∈ [0, ω] s = 1, pm+1 − 1. (12)
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Ïîÿâëåíèå íà÷àëüíûõ óñëîâèé, ṽr(x, tr−1) = 0, r = 1, pm+1, ïîçâîëÿåò ïðè ôèêñèðîâàííûõ λr(x)
îïðåäåëèòü ôóíêöèè ṽr(x, t), (x, t) ∈ Ωr, r = 1, pm+1, èç èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà
âòîðîãî ðîäà:

ṽr(x, t) =

t∫

tr−1

{
A0(x, τ)

[
ṽr(x, τ) + λr(x)

]
+

m+1∑

i=1

Ai(x, τ)λpi−1+1(x) + F (x, τ)
}

dτ, r = 1, pm+1.

(13)
Â óðàâíåíèè (13) âìåñòî ṽr(x, τ), r = 1, pm+1, ïîäñòàâëÿÿ ñîîòâåòñòâóþùóþ ïðàâóþ ÷àñòü è
ïîâòîðèâ ýòîò ïðîöåññ ν (ν = 1, 2, . . . ) ðàç, ïîëó÷èì

ṽr(x, t) =
[ t∫

tr−1

A0(x, τ1)dτ1+...+

t∫

tr−1

A0(x, τ1)...

τν−2∫

tr−1

A0(x, τν−1)

τν−1∫

tr−1

A0(x, τν)dτνdτν−1...dτ1

]
λr(x)+

+

t∫

tr−1

A0(x, τ1)...

τν−2∫

tr−1

A0(x, τν−1)

τν−1∫

tr−1

A0(x, τν)ṽr(x, τν)dτνdτν−1...dτ1 +

t∫

tr−1

F (x, τ1)dτ1 + ...+

+

t∫

tr−1

A0(x, τ1)...

τν−2∫

tr−1

A0(x, τν−1)

τν−1∫

tr−1

F (x, τν)dτνdτν−1...dτ1 +
m+1∑

i=1

{ t∫

tr−1

Ai(x, τ1)dτ1 + ...+

+

t∫

tr−1

A0(x, τ1)...

τν−2∫

tr−1

A0(x, τν−1)

τν−1∫

tr−1

Ai(x, τν)
}

λpi−1+1(x)dτνdτν−1...dτ1, r = 1, pm+1. (14)

Èç (14) íàéäåì lim
t→tr−0

ṽr(x, t), r = 1, pm+1, x ∈ [0, ω], ïîäñòàâëÿÿ èõ â (11), (12), ïîëó÷èì
ñèñòåìó óðàâíåíèé îòíîñèòåëüíî ôóíêöèîíàëüíûõ ïàðàìåòðîâ λr(x), r = 1, pm+1, :

Qν(x, a)λ(x) = −Fν(x, a)−Gν(x, ṽ, a), (15)

ãäå ìàòðèöà Qν(x, a) = (qi,j(x, a)), i, j = 1, pm+1, èìååò áëî÷íûå ýëåìåíòû qi,j(x, a) = q0
i,j(x, a)+

+ q1
i,j(x, a), i, j = 1, pm+1, îïðåäåëÿåìûå ðàâåíñòâàìè:

q0
1,1(x, a) = I, q0

1,pm+1
(x, a) = −[I + D0

ν,pm+1
(x, a)], q0

1,j(x, a) = 0, j = 2, pm+1 − 1,

q1
1,pk−1+1(x, a) = −Dk

ν,pm+1
(x, a), q1

1,j(x, a) = 0, j 6= pk−1 + 1, j = 1, pm+1, k = 1,m + 1,

Äëÿ s = 2, pm+1, q0
s,s−1(x, a) = I + D0

ν,s−1(x, a), q0
s,s(x, a) = −I, q0

s,j(x, a) = 0, j 6= s,

q1
s,pk−1+1(x, a) = Dk

ν,s−1(x, a), q1
s,j(x, a) = 0, j 6= pk−1 + 1, j = 1, pm+1, k = 1,m + 1,

Di
ν,r(x, a) =

tr∫

tr−1

Ai(x, τ1)dτ1 + ... +

tr∫

tr−1

A0(x, τ1)...

τν−2∫

tr−1

A0(x, τν−1)

τν−1∫

tr−1

Ai(x, τν)dτνdτν−1...dτ1,

i = 0,m + 1, r = 1, pm+1,
Fν(x, a) =

(
− Fν,pm+1(x, a), Fν,1(x, a), . . . , Fν,pm+1−1(x, a)

)′
,

Fν,r(x, a) =

tr∫

tr−1

F (x, τ1)dτ1 + ... +

tr∫

tr−1

A0(x, τ1)...

τν−2∫

tr−1

A0(x, τν−1)

τν−1∫

tr−1

F (x, τν)dτνdτν−1...dτ1,

r = 1, pm+1,
Gν(x, ṽ, a) =

(
−Gν,pm+1(x, ṽ, a), Gν,1(x, ṽ, a), . . . , Gν,pm+1−1(x, ṽ, a)

)′
,
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Gν,r(x, ṽ, a) =

tr∫

tr−1

A0(x, τ1)...

τν−2∫

tr−1

A0(x, τν−1)

τν−1∫

tr−1

A0(x, τν)ṽr(x, τν)dτνdτν−1...dτ1, r = 1, pm+1.

Òåîðåìà 1. Ïóñòü ñóùåñòâóþò ÷èñëà a ∈ R+, ν ∈ N, ïðè êîòîðûõ äëÿ âñåõ x ∈ [0, ω]
ìàòðèöà Qν(x, a) : Rnpm+1 → Rnpm+1 îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà:

‖[Qν(x, a)]−1‖ ≤ γν(x, a),

ξν(x, a) = γν(x, a)
{

ea −
ν∑

l=0

al

l!
+ max

r=1,pm+1

m+1∑

i=1

tr∫

tr−1

αi(x, τ)dτ
[
ea −

ν−1∑

l=0

al

l!

]}
≤ χ < 1, (16)

ãäå γν(x, a) � ïîëîæèòåëüíàÿ, íåïðåðûâíàÿ ïî x ∈ [0, ω] ôóíêöèÿ, χ− const.
Òîãäà ñåìåéñòâî ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
(7), (8) èìååò åäèíñòâåííîå ðåøåíèå v∗(x, t) è äëÿ íåãî ñïðàâåäëèâà îöåíêà:

max
t∈[0,T ]

‖v∗(x, t)‖ ≤ Kν(x, a) max
t∈[0,T ]

‖F (x, t)‖, (17)

ñ íåïðåðûâíîé íà [0, ω] ôóíêöèåé

Kν(x, a) =
{

ea max
r=1,pm+1

(tr − tr−1) +
[
ea − 1 + ea max

r=1,pm+1

m+1∑

i=1

tr∫

tr−1

αi(x, τ)dτ
]
×

×γν(x, a)
ν−1∑

l=0

al

l!
max

r=1,pm+1

(tr − tr−1)
}
·
{[

ea + ea max
r=1,pm+1

m+1∑

i=1

tr∫

tr−1

αi(x, τ)dτ
]
×

× 1
1− ξν(x, a)

γν(x, a)
aν

ν!
+ 1

}
+ γν(x, a)

ν−1∑

l=0

al

l!
max

r=1,pm+1

(tr − tr−1).

Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ ñ èñïîëüçîâàíèåì ñõåìû äîêàçàòåëüñòâà òåîðåìû èç [6].
Ðåøåíèå çàäà÷è (4)�(6) îïðåäåëÿåòñÿ êàê ïðåäåë ïîñëåäîâàòåëüíîñòè òðîåê {v(k)(x, t),

u(k)(x, t), w(k)(x, t)}, k = 1, 2, ..., îïðåäåëÿåìîé ïî ñëåäóþùåìó àëãîðèòìó:
Ôóíêöèþ v(0)(x, t) íàéäåì ðåøàÿ ñåìåéñòâî ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ äëÿ íàãðóæåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé:

∂v

∂t
= A0(x, t)v +

m+1∑

i=1

Ai(x, t)v(x, θi−1) + F (0)(x, t), (x, t) ∈ Ω̄, (18)

v(x, 0) = v(x, T ), x ∈ [0, ω], (19)

ãäå F (0)(x, t) = B0(x, t)ϕ̇(t) + C0(x, t)ϕ(t) + f(x, t) +
m+1∑

i=1

Bi(x, t)ϕ̇(θi−1) +
m+1∑

i=1

Ci(x, t)ϕ(θi−1).

Ôóíêöèè u(0)(x, t), w(0)(x, t) íàõîäèì ÷åðåç ϕ(t), v(0)(x, t) ïî ôîðìóëàì:

u(0)(x, t) = ϕ(t) +

x∫

0

v(0)(ξ, t)dξ, w(0)(x, t) = ϕ̇(t) +

x∫

0

∂v(0)(ξ, t)
∂t

dξ.
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Ñëåäóþùåå ïðèáëèæåíèå v(1)(x, t) îïðåäåëÿåòñÿ êàê ðåøåíèå çàäà÷è:

∂v

∂t
= A0(x, t)v +

m+1∑

i=1

Ai(x, t)v(x, θi−1) + F (1)(x, t), (x, t) ∈ Ω̄,

v(x, 0) = v(x, T ), x ∈ [0, ω],

ãäå F (1)(x, t) = B0(x, t)w(0)(x, t) + C0(x, t)u(0)(x, t) + f(x, t) +
m+1∑

i=1

Bi(x, t)w(0)(x, θi−1) +

+
m+1∑

i=1

Ci(x, t)u(0)(x, θi−1).

Ôóíêöèè u(1)(x, t), w(1)(x, t) îïðåäåëÿþòñÿ ðàâåíñòâàìè:

u(1)(x, t) = ϕ(t) +

x∫

0

v(1)(ξ, t)dξ, w(1)(x, t) = ϕ̇(t) +

x∫

0

∂v(1)(ξ, t)
∂t

dξ.

Ïðîäîëæàÿ ïðîöåññ íà k-îì øàãå àëãîðèòìà íàõîäèì v(k)(x, t), u(k)(x, t), w(k)(x, t), k = 1, 2, ....

Òåîðåìà 2. Åñëè çàäà÷à (7), (8) êîððåêòíî ðàçðåøèìà, òî çàäà÷à (1)�(3) èìååò åäèí-
ñòâåííîå êëàññè÷åñêîå ðåøåíèå u∗(x, t) è ñïðàâåäëèâà îöåíêà:

max
(
||u∗||0,

∣∣∣
∣∣∣∂u∗

∂x

∣∣∣
∣∣∣
0
,
∣∣∣
∣∣∣∂u∗

∂t

∣∣∣
∣∣∣
0

)
≤ K̃ max

(
||f ||0, ||ϕ||0, ||ϕ̇||0

)
, (20)

ãäå

K̃ = max
{

K0+K0K̃1

[
1+ωe

eK0 max
{

K0, δK0+1
}(

K̃1+1
)]

, 1+ωe
eK0 max

{
K0, δK0+1

}(
K̃1+1

)}
,

δ =
m+1∑

i=0

||Ai||0, K̃1 =
m+1∑

i=0

||Bi||0 +
m+1∑

i=0

||Ci||0, K̃0 = max
(
K0, δK0 + 1

)
K̃1ω, K0 = max

x∈[0,ω]
K(x),

K(x) � ôóíêöèÿ èç îïðåäåëåíèÿ 2.
Äîêàçàòåëüñòâî. Ðåøåíèå çàäà÷è (4)�(6) � òðîéêó ôóíêöèé {v(x, t), u(x, t), w(x, t)} íàé-

äåì ïî ïðåäëîæåííîìó àëãîðèòìó. Ïî ïðåäïîëîæåíèþ çàäà÷à (18), (19) èìååò åäèíñòâåííîå
ðåøåíèå v(0)(x, t) è

max
t∈[0,T ]

||v(0)(x, t)|| ≤ K(x) max
t∈[0,T ]

∣∣∣
∣∣∣

m+1∑

i=0

Bi(x, t)ϕ̇(t) +
m+1∑

i=0

Ci(x, t)ϕ(t) + f(x, t)
∣∣∣
∣∣∣,

max
t∈[0,T ]

||∂v(0)(x, t)/∂t|| ≤
( m+1∑

i=0

max
t∈[0,T ]

||Ai(x, t)||K(x) + 1
)
×

× max
t∈[0,T ]

∣∣∣
∣∣∣

m+1∑

i=0

Bi(x, t)ϕ̇(t) +
m+1∑

i=0

Ci(x, t)ϕ(t) + f(x, t)
∣∣∣
∣∣∣,

u(0)(x, t) = ϕ(t) +

x∫

0

v(0)(ξ, t)dξ, w(0)(x, t) = ϕ̇(t) +

x∫

0

∂v(0)(ξ, t)
∂t

dξ.
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Åñëè èçâåñòíû u(k−1)(x, t), w(k−1)(x, t), òî v(k)(x, t) íàéäåì ðåøàÿ çàäà÷ó (4), (5), ãäå â ïðà-
âûõ ÷àñòÿõ óðàâíåíèÿ w(x, t) = w(k−1)(x, t), u(x, t) = u(k−1)(x, t), k = 1, 2, .... Ïðè íàéäåííîì
v(k)(x, t) ñëåäóþùèå ïðèáëèæåíèÿ ïî u(x, t), w(x, t) îïðåäåëèì èç ñîîòíîøåíèé (6):

u(k)(x, t) = ϕ(t) +

x∫

0

v(k)(ξ, t)dξ, w(k)(x, t) = ϕ̇(t) +

x∫

0

∂v(k)(ξ, t)
∂t

dξ.

Ñîñòàâèì ðàçíîñòè ∆v(k)(x, t) = v(k)(x, t)− v(k−1)(x, t), ∆u(k)(x, t) = u(k)(x, t)− u(k−1)(x, t),
∆w(k)(x, t) = w(k)(x, t) − w(k−1)(x, t) è äëÿ íèõ, èñïîëüçóÿ êîððåêòíóþ ðàçðåøèìîñòü çàäà÷è
(7), (8), óñòàíîâèì îöåíêè:

max
(

max
t∈[0,T ]

||∆v(k+1)(x, t)||, max
t∈[0,T ]

||∂∆v(k+1)(x, t)/∂t||
)
≤

≤ max
(
K(x),

m+1∑

i=0

max
t∈[0,T ]

||Ai(x, t)||K(x) + 1
)( m+1∑

i=0

max
t∈[0,T ]

||Bi(x, t)||+
m+1∑

i=0

max
t∈[0,T ]

||Ci(x, t)||
)
×

×max
(

max
t∈[0,T ]

||∆w(k)(x, t)||, max
t∈[0,T ]

||∆u(k)(x, t)||
)
, (21)

max
(

max
t∈[0,T ]

||∆w(k)(x, t)||, max
t∈[0,T ]

||∆u(k)(x, t)||
)
≤

≤
x∫

0

max
(

max
t∈[0,T ]

||∆v(k)(ξ, t)||, max
t∈[0,T ]

||∂∆v(k)(ξ, t)/∂t||
)
dξ. (22)

Îòñþäà ñëåäóåò îñíîâíîå íåðàâåíñòâî:

max
(

max
t∈[0,T ]

||∆v(k+1)(x, t)||, max
t∈[0,T ]

||∂∆v(k+1)(x, t)/∂t||
)
≤

≤ max
(
K(x),

m+1∑

i=0

max
t∈[0,T ]

||Ai(x, t)||K(x) + 1
)
· K̃1(x)×

×
x∫

0

max
(

max
t∈[0,T ]

||∆v(k)(ξ, t)||, max
t∈[0,T ]

||∂∆v(k)(ξ, t)/∂t||
)
dξ, (23)

ãäå K̃1(x) =
m+1∑

i=0

max
t∈[0,T ]

||Bi(x, t)||+
m+1∑

i=0

max
t∈[0,T ]

||Ci(x, t)||.

Èç (23) âûòåêàåò ñõîäèìîñòü ïîñëåäîâàòåëüíîñòåé {v(k)(x, t)}, {∂v(k)(x, t)∂t} â íîðìå ïðî-
ñòðàíñòâà C(Ω̄, Rn) ïðè k → ∞. Òîãäà ðàâíîìåðíàÿ íà Ω̄ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòåé
{u(k)(x, t)},{w(k)(x, t)} âûòåêàåò èç (22). Ïðè ýòîì ïðåäåëüíûå ôóíêöèè v∗(x, t), ∂v∗(x, t)/∂t,
u∗(x, t), w∗(x, t) íåïðåðûâíû íà Ω̄ è òðîéêà ôóíêöèé {v∗(x, t), u∗(x, t), w∗(x, t)} ÿâëÿåòñÿ ðåøå-
íèåì çàäà÷è (4)�(6). Èñïîëüçóÿ îöåíêè (21)�(23), ïîëó÷èì:

max
(
||v∗||0, ||u∗||0, ||w∗||0

)
≤ K̃ max

(
||f ||0, ||ϕ||0, ||ϕ̇||0

)
, (24)

ãäå

K̃ = max
{

K0+K0K̃1

[
1+ωe

eK0 max
{

K0, δK0+1
}(

K̃1+1
)]

, 1+ωe
eK0 max

{
K0, δK0+1

}(
K̃1+1

)}
.
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Òåïåðü äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (4)�(6). Ïóñòü íàðÿäó ñ (v∗(x, t), u∗(x, t),
w∗(x, t)) çàäà÷à (4)�(6) èìååò ðåøåíèå (ṽ(x, t), ũ(x, t), w̃(x, t)). Òîãäà òðîéêà ôóíêöèé {∆v(x, t),
∆u(x, t), ∆w(x, t)}, ãäå ∆v(x, t) = v∗(x, t)− ṽ(x, t), ∆u(x, t) = u∗(x, t)− ũ(x, t), ∆w(x, t) =
= w∗(x, t)− w̃(x, t), ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è:

∂∆v

∂t
= A0(x, t)∆v +

m+1∑

i=1

Ai(x, t)∆v(x, θi−1) + B0(x, t)∆w(x, t) + C0(x, t)∆u(x, t)+

+
m+1∑

i=1

Bi(x, t)∆w(x, θi−1) +
m+1∑

i=1

Ci(x, t)∆u(x, θi−1), (x, t) ∈ Ω̄,

∆v(x, 0) = ∆v(x, T ), x ∈ [0, ω],

∆u(x, t) =

x∫

0

∆v(ξ, t)dξ, ∆w(x, t) =

x∫

0

∂∆v(ξ, t)
∂t

dξ, (x, t) ∈ Ω̄.

Èç êîððåêòíîé ðàçðåøèìîñòè çàäà÷è (7)�(8) ñëåäóåò, ÷òî

max
(

max
t∈[0,T ]

||∆v(x, t)||, max
t∈[0,T ]

||∂∆v(x, t)/∂t||
)
≤

≤ max
(
K(x),

m+1∑

i=0

max
t∈[0,T ]

||Ai(x, t)||K(x) + 1
)( m+1∑

i=0

max
t∈[0,T ]

||Bi(x, t)||+
m+1∑

i=0

max
t∈[0,T ]

||Ci(x, t)||
)
×

×
x∫

0

max
(

max
t∈[0,T ]

||∆v(ξ, t)||, max
t∈[0,T ]

||∂∆v(ξ, t)/∂t||
)
dξ.

Îòñþäà, íà îñíîâå íåðàâåíñòâî Ãðîíóîëëà-Áåëëìàíà ïîëó÷àåì, ÷òî v∗(x, t) = ṽ(x, t), u∗(x, t) =
= ũ(x, t), w∗(x, t) = w̃(x, t). Èñïîëüçóÿ ýêâèâàëåíòíîñòü çàäà÷ (4)�(6) è (1)�(3), à òàêæå óñòà-
íîâëåííóþ îöåíêó (24), ïîëó÷èì óòâåðæäåíèå òåîðåìû. Òåîðåìà 2 äîêàçàíà.
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Öåëüþ ðàáîòû ÿâëÿåòñÿ êîëè÷åñòâåííîå îïèñàíèå ãåîìåòðèè è òîïîëîãèè ìàãíèòíîãî ïîëÿ Ñîëíöà
â òåðìèíàõ ôóíêöèîíàëîâ Ìèíêîâñêîãî: õàðàêòåðèñòèêè Ýéëåðà è ïåðèìåòðà äëÿ ìíîæåñòâà âû-
áðîñîâ ïîëÿ çà çàäàííûé óðîâåíü. Â ðàáîòå èñïîëüçóþòñÿ ìåòîäû ìàòåìàòè÷åñêîé ìîðôîëîãèè äëÿ
àíàëèçà ôðàãìåíòîâ ôîíà ìàãíèòîãðàìì ïîëíîãî äèñêà Ñîëíöà. Ïîëó÷åííûå ðåçóëüòàòû ïîêàçà-
ëè, ÷òî õàðàêòåðèñòèêà Ýéëåðà è ñóììàðíûé ïåðèìåòð óñòîé÷èâû âî âðåìåíè è íå ñîîòâåòñòâóþò
ïåðåìåæàåìûì ñëó÷àéíûì ïîëÿì Ãàóññîâñêîãî òèïà.

Ìàãíèòíîå ïîëå Ñîëíöà îòíîñÿò ê ðàñïðåäåëåííûì äèíàìè÷åñêèì ñèñòåìàì, êîòîðûå èìå-
þò ñëîæíóþ ïðîñòðàíñòâåííóþ ñòðóêòóðó è äåìîíñòðèðóþò ñëîæíîå ïîâåäåíèå âî âðåìåíè
[1, 2]. Äèíàìè÷åñêèå ñöåíàðèè òàêèõ ñèñòåì ÷àñòî íàçûâàþò ïðîñòðàíñòâåííî-âðåìåííûì õà-
îñîì [3]. Îíè íàáëþäàþòcÿ â ýêñïåðèìåíòå êàê öèôðîâûå èçîáðàæåíèÿ, êàðòû èëè ÷èñëîâûå
ìàòðèöû. Ïðè ìîäåëèðîâàíèè òàêèõ äàííûõ îñíîâíàÿ ïðîáëåìà çàêëþ÷àåòñÿ â îïèñàíèè ïðî-
ñòðàíñòâåííîé ñëîæíîñòè íàáëþäàåìûõ ïðîñòðàíñòâåííûõ ôîðì èëè ïàòòåðíîâ. Èäåè òàêîãî
îïèñàíèÿ íàõîäÿò â äèñêðåòíîé äèôôåðåíöèàëüíîé [4, 5] è èíòåãðàëüíîé ãåîìåòðèè [6, 7, 8].

Âèçóàëüíàÿ ôîðìà ìàòðè÷íûõ äàííûõ ïðåäñòàâëÿåò ñîáîé öâåòíîå èëè çàäàííîå â óðîâíÿõ
"ñåðîãî" èçîáðàæåíèå. Óäîáíåå ïåðåéòè ê áèíàðíîé ôîðìå, ò.å. ÷åðíî-áåëûì èçîáðàæåíèÿì,
ê êîòîðûì àäàïòèðîâàíî áîëüøèíñòâî ìåòîäîâ àíàëèçà. Ââåäåì äëÿ ýòîãî íåêîòîðûé óðîâåíü
ÿðêîñòè èëè êîíòðàñòà è ðàññìîòðèì ìíîæåñòâî òåõ ïèêñåëåé, çíà÷åíèå "ñåðîãî" â êîòîðûõ
ðàâíî èëè ïðåâûøàåò çàäàííûé ïîðîã. Òàêîå ìíîæåñòâî íàçûâàþò ìíîæåñòâîì âûáðîñîâ. Ìàð-
êèðóÿ ïðèíàäëåæàùèå åìó ïèêñåëû ÷åðíûì, à îñòàëüíûå ïèêñåëû áåëûì öâåòîì, ìû ïîëó÷èì
áèíàðíîå èçîáðàæåíèå. Èçìåíåíèå óðîâíÿ ïîçâîëÿåò ïðåîáðàçîâàòü âåñü äèàïàçîí ñåðîãî â íà-
áîð ÷åðíî-áåëûõ èçîáðàæåíèé (Ðèñ.1 è 2).

Áèíàðíîå èçîáðàæåíèå ìîæíî ðàññìàòðèâàòü êàê êîëëàæ, ñîñòîÿùèé èç îòäåëüíûõ ïèêñå-
ëåé è èõ êîíå÷íûõ îáúåäèíåíèé - êëàñòåðîâ. Ãåîìåòðè÷åñêè îíè ÿâëÿþòñÿ ïîäìíîæåñòâàìè R2.
Îòäåëüíûé ïèêñåë ÿâëÿåòñÿ âûïóêëûì ìíîæåñòâîì, à èõ êîíå÷íîå îáúåäèíåíèå ìîæåò áûòü
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ëèáî âûïóêëûì, ëèáî íåò. Íàïðèìåð, ÷åðíûé êëàñòåð ìîæåò ñîäåðæàòü "äûðó", îáðàçîâàííóþ
ïèêñåëàìè áåëîãî öâåòà.

Êëàññ ýëåìåíòîâ, êîòîðûé ñîñòîèò èç âûïóêëûõ ïîäìíîæåñòâ A ∈ R2, îáðàçîâàííûõ ïèêñå-
ëàìè âûáðàííîãî öâåòà è èõ êîíå÷íûìè îáúåäèíåíèÿìè, äîïîëíåííûìè ïóñòûì ìíîæåñòâîì ∅,
íàçûâàþò îñíîâíûìè ìíîæåñòâàìè (basic sets) èëè êîëüöîì âûïóêëîñòè B [7, 9]. Íàä êîëüöîì
ìîæíî îïðåäåëèòü íåêîòîðûå ôóíêöèîíàëû Wi(A), A ∈ B, êîòîðûå îáëàäàþò ñëåäóþùèìè
ìîðôîëîãè÷åñêèìè ñâîéñòâàìè:

• Èíâàðèàíòíîñòüþ îòíîñèòåëüíî ãðóïïû G òâåðäîòåëüíûõ äâèæåíèé:

Wi(A) = Wi(gA), g ∈ G;

• Àääèòèâíîñòüþ:

∀A, B ∈ B : Wi(A ∪B) = Wi(A) + Wi(B)−Wi(A ∩B);

• Ñ-íåïðåðûâíîñòüþ: äëÿ ñõîäÿùåéñÿ, â ìåòðèêå Õàóñäîðôà ïîñëåäîâàòåëüíîñòè

A1, A2, A3, ..,→ A

ìíîæåñòâ èç B, ïîñëåäîâàòåëüíîñòü ôóíêöèîíàëîâ îò íèõ òàêæå ñõîäèòñÿ:

Wi(A1),Wi(A2), ...,→ Wi(A).

Â R2 ñóùåñòâóåò âñåãî òðè ìîðôîëîãè÷åñêèõ ôóíêöèîíàëà Wi, i = 0, 1, 2, êîòîðûå íàçû-
âàþò ôóíêöèîíàëàìè Ìèíêîâñêîãî [7, 9]. Ãëàâíûì èç íèõ ÿâëÿåòñÿ õàðàêòåðèñòèêà Ýéëåðà
W2 ≡ χ, êîòîðàÿ, ãðóáî ãîâîðÿ, ðàâíà ÷èñëó êëàñòåðîâ çà âû÷åòîì äûð â íèõ. Äâà äðóãèõ
ôóíêöèîíàëà ýòî ñóììàðíûé ïåðèìåòð W1 êëàñòåðîâ è èõ ïëîùàäü W0. Ïðèìåðàìè ïðèìå-
íåíèÿ ôóíêöèîíàëîâ Ìèíêîâñêîãî â àñòðîíîìèè ÿâëÿþòñÿ ðàáîòû ïî àíàëèçó ðåëèêòîâîãî
ôîíà [10, 11, 7], êîñìîëîãèè è ìîðôîëîãèè ñêîïëåíèé ãàëàêòèê [12], êðóïíîìàñøàáíîãî ïîëÿ
Ñîëíöà [13]. Ïåðâûå ïîïûòêè ïîëîæèòü èõ â îñíîâó àíàëèçà àñòðîôèçè÷åñêèõ êàðò îïèñàíû
â ðàáîòàõ [14, 15]. Ôóíêöèîíàëû Ìèíêîâñêîãî ÿâëÿþòñÿ îñíîâîé ìîðôîëîãè÷åñêîãî àíàëèçà
áèíàðíûõ èçîáðàæåíèé [9, 16]. Â ýòîé ðàáîòå èñïîëüçóåòñÿ ìîðôîëîãè÷åñêèé êîíòåêñò äëÿ
êîëè÷åñòâåííîãî îïèñàíèÿ äèíàìèêè ìàãíèòíîãî ïîëÿ Ñîëíöà íà îñíîâå MDI-ìàãíèòîãðàìì
ïîëíîãî äèñêà. Ãëàâíîé öåëüþ ÿâëÿåòñÿ îïèñàíèå ãåîìåòðèè è òîïîëîãèè ìàãíèòíîãî ïîëÿ äëÿ
ôîíà, ò.å. ó÷àñòêîâ äèñêà, íå ñîäåðæàùèõ ïÿòåí ñèëüíûõ ìàãíèòíûõ ïîëåé.

Ðàáîòà èìååò ñëåäóþùóþ ñòðóêòóðó. Â ðàçäåëå 1 ïðèâîäÿòñÿ íåîáõîäèìûå ñâåäåíèÿ èç
ãåîìåòðèè ñëó÷àéíûõ ïîëåé. Â ðàçäåëå 2 îïèñûâàþòñÿ ñòàòèñòè÷åñêèå õàðàêòåðèñòèêè MDI
äàííûõ. Ðàçäåë 3 ñîäåðæèò ÷èñëåííûå îöåíêè õàðàêòåðèñòèêè Ýéëåðà äëÿ ôîíà. Â çàêëþ÷åíèè
ðåçþìèðóþò ðåçóëüòàòû èññëåäîâàíèÿ.

Ãåîìåòðèÿ ñëó÷àéíûõ ïîëåé. Îöåíêè ìîðôîëîãè÷åñêèõ ôóíêöèîíàëîâ äëÿ ôèçè÷å-
ñêèõ ïîëåé îñíîâàíû íà ìåòîäàõ ñòîõàñòè÷åñêîé ãåîìåòðèè, ðàçâèòîé â ðàáîòàõ Ð.Àäëåðà è
Ê.Âîðñëåÿ [17, 18, 19]. Íà÷àëîì ïîñëóæèëà ïèîíåðñêàÿ ðàáîòà Ñòåôàíà Ðàéñà [20], êîòîðûé
ïðåäëîæèë èññëåäîâàòü ñëó÷àéíûå ïðîöåññû, ðàññìàòðèâàÿ âûáðîñû ãðàôèêà çà íåêîòîðûé çà-
äàííûé óðîâåíü. Â ýòîì ñëó÷àå ïîëåçíûìè ñòàòèñòèêàìè ÿâëÿåòñÿ ñðåäíåå âðåìÿ ïðåáûâàíèÿ
ãðàôèêà íàä çàäàííûì óðîâíåì, ò.å. ïðîäîëæèòåëüíîñòü âûáðîñà, è ÷èñëî âûáðîñîâ íà åäèíè-
öó âðåìåíè. Ýòè ñòàòèñòèêè âû÷èñëÿþòñÿ àíàëèòè÷åñêè äëÿ ïðîöåññîâ ãàóññîâñêîãî òèïà [18,
21, 22].
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Ïðåäïîëîæèì, ÷òî ìû èìååì äåëî ñî ñêàëÿðíûì 2D ñëó÷àéíûì ïîëåì [23], ò.å. ìíîæåñòâîì
çíà÷åíèé ñëó÷àéíîé âåëè÷èíû X(t), îïðåäåëåííîé â êàæäîé òî÷êå t = (x, y) îãðàíè÷åííîé îá-
ëàñòè Ω ∈ R2 ïëîñêîñòè (Ðèñ.3). Ñëåäóÿ [20], ïðîâåäåì ïëîñêîñòü ïàðàëëåëüíóþ êîîðäèíàòíîé
ïëîñêîñòè (x, y) íà âûñîòå X(t) = u è ðàññìîòðèì ìíîæåñòâî òî÷åê t ≡ (x, y) ∈ Ω, äëÿ êîòîðûõ
îòñ÷åòû ïîëÿ ðàâíû èëè ïðåâûøàþò óðîâåíü u. Îíî ôîðìàëüíî îïðåäåëÿåòñÿ âûðàæåíèåì
Au = {t ∈ Ω | X(t) ≥ u} è íàçûâàåòñÿ ìíîæåñòâîì âûáðîñîâ ïîëÿ çà óðîâåíü u. Â ñëó÷àå
ðàâåíñòâà X(t) = u ãîâîðÿò î ìíîæåñòâå óðîâíåé Lu. Â îáùåì ñëó÷àå, ñîâñåì íå î÷åâèäíî, ÷òî
Au èìååò ïðîñòóþ ãåîìåòðè÷åñêóþ ñòðóêòóðó (Ðèñ.4).

Ïóñòü F (t), t ∈ Z ⊂ R2, F ∈ R íåïðåðûâíîå ñêàëÿðíîå ñëó÷àéíîå ïîëå ñ êîìïàêòíîé îá-
ëàñòüþ îïðåäåëåíèÿ Z ⊂ R2. Ïðåäïîëîæèì, ÷òî åå ãðàíèöà ∂Z ÿâëÿåòñÿ C2 � ìíîãîîáðàçèåì.
Ïîëå F (t) íàçûâàåòñÿ äîñòàòî÷íî ðåãóëÿðíûì îòíîñèòåëüíî Z íà óðîâíå u, åñëè F ∈ C2 íå
ñîäåðæèò êðèòè÷åñêèõ òî÷åê íà ìíîæåñòâå t, äëÿ êîòîðîãî F (t) = u, âíóòðè Z è ∂Z, è èìååò
íåâûðîæäåííûé ãåññèàí îòíîñèòåëüíî ïåðâîé êîîðäèíàòû [17]. Îêàçûâàåòñÿ, åñëè ïîëå X(t)
äîñòàòî÷íî ðåãóëÿðíî, òî Au áóäåò ñîñòîÿòü èç ýëåìåíòîâ êîëüöà B (Ðèñ.2).

Ìíîæåñòâà Au è ôóíêöèîíàëû W0,W1,W2, îïðåäåëåííûå íà íèõ, ÿâëÿþòñÿ îñíîâîé äëÿ ïî-
ñòðîåíèÿ ðàçíûõ êîíòóðíûõ ñòàòèñòèê [11]. Íàèáîëåå ïðîñòîé èç íèõ, â ñëó÷àå ñëó÷àéíîãî
ïîëÿ, ÿâëÿåòñÿ ñðåäíÿÿ äëèíà (ïåðèìåòð) èçîëèðîâàííîãî êîíòóðà < s >≡< W1 >, ïîäñ÷èòàí-
íàÿ ïî âñåìó ñå÷åíèþ, íà åäèíèöó ïëîùàäè. Ìîæíî ïîêàçàòü, ÷òî òàêàÿ ñòàòèñòèêà ñâîäèòñÿ
ê àëãåáðàè÷åñêîé ñóììå çàìêíóòûõ êîíòóðîâ [24]. Êðîìå òîãî, îêàçûâàåòñÿ, ÷òî ïåðèìåòð ñâÿ-
çàí ñ òàêîé âàæíîé ñ ôèçè÷åñêîé òî÷êè çðåíèÿ âåëè÷èíîé êàê ïîëíàÿ âàðèàöèÿ ïîëÿ. Ãðóáî
ãîâîðÿ, âàðèàöèÿ ÿâëÿåòñÿ ñóììîé ìîäóëåé âûñîò òîïîãðàôèè ïîëÿ.

Íàïîìíèì, ÷òî ïîëíàÿ âàðèàöèÿ ôóíêöèè f(x1, x2) ∈ C2 â îòêðûòîé îáëàñòè Ω ∈ R2 îïðå-
äåëÿåòñÿ êàê [25]:

‖f‖V =
∫ ∫

Ω
|∇f(x1, x2)|dx1dx2.

Ïðî ôóíêöèþ f(x1, x2) ãîâîðÿò, ÷òî îíà îãðàíè÷åííîé âàðèàöèè, åñëè ‖f‖V < ∞. Ïóñòü Lu ìíî-
æåñòâî âûáðîñîâ ôóíêöèè íà óðîâíå u: Lu = (x1, x2) ∈ R2 : f(x1, x2) ≥ u. Ïîñêîëüêó f íåïðå-
ðûâíà, ãðàíèöà ∂Lu ìíîæåñòâà Lu � ýòî ëèíèÿ óðîâíÿ êîòîðàÿ ñîäåðæèò âñå (x1, x2) òàêèå, ÷òî
f(x1, x2) = u. Îáîçíà÷èì length(∂Lu) � äëèíà ∂Lu. Òîãäà, ñîãëàñíî ôîðìóëå î êîïëîùàäè [25]
ïîëíóþ âàðèàöèþ f ìîæíî âû÷èñëèòü, ñóììèðóÿ ïåðèìåòðû èçîëèíèé

‖f‖V =
∫ ∞

−∞
length(∂Lu)du.

Âòîðàÿ ñòàòèñòèêà îñíîâàíà íà õàðàêòåðèñòèêå Ýéëåðà W2 = χ. Îíà îïðåäåëÿåòñÿ äâóìÿ
óñëîâèÿìè: χ(A) = 1, åñëè A ∈ B è χ(∅) = 0 [7, 9]. Äëÿ äðóãèõ ìíîæåñòâ èç êîëüöà B îíà âû-
÷èñëÿåòñÿ ñ ïîìîùüþ óñëîâèÿ àääèòèâíîñòè. Ïóñòü, íàïðèìåð, ìíîæåñòâî B ∈ B ïðåäñòàâëÿåò
ñîáîé îñòðîâ ñ "äûðîé", îáðàçîâàííûé òðåìÿ êàñàþùèìèñÿ äðóã äðóãà îäèíàêîâûìè äèñêàìè
B = B1 ∪B2 ∪B3. Ñîãëàñíî óñëîâèþ àääèòèâíîñòè:

χ(B) = χ(B1)+χ(B2)+χ(B3)−χ(B1∩B2)−χ(B2∩B3)−χ(B1∩B3) = 1+1+1−1−1−1 = 0. (1)

Ôóíêöèîíàë χ áûë ââåäåí Ýéëåðîì, êàê èíâàðèàíò ïðè êîìáèíàòîðíîì îïèñàíèè êîìïëåê-
ñîâ, ò.å. ñîâîêóïíîñòè ýëåìåíòîâ èëè êëåòîê ðàçíîé ðàçìåðíîñòè â R2. Òàê, êâàäðàò ñîñòîèò
èç ÷åòûðåõ 0-ìåðíûõ êëåòîê èëè âåðøèí (V), ÷åòûðåõ 1-ìåðíûõ êëåòîê èëè ðåáåð (E) è îäíîé
2-ìåðíîé êëåòêè èëè ãðàíè (F). Îêàçûâàåòñÿ, ÷òî àëüòåðíèðîâàííàÿ ñóììà:

χ = #(V )−#(E) + #(F ) = 4− 4 + 1 = 1

íå ìåíÿåòñÿ ïðè ãîìîòîïè÷åñêèõ äåôîðìàöèÿõ [26]. Äëÿ ïðîèçâîëüíîé êàðòû ðåãóëÿðíîãî ñëó-
÷àéíîãî ïîëÿ îíà îïðåäåëÿåòñÿ ïî ôîðìóëå [9]:
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< χ >= #(islands)−#(holes).

Ñòàòèñòèêîé ÿâëÿåòñÿ âåëè÷èíà 〈χ〉 ≡ 〈W2〉, ïîäñ÷èòàííàÿ íà åäèíèöó ïëîùàäè. Áîëüøèì
çíà÷åíèÿì 〈χ〉 > 0 ñîîòâåòñòâóåò òåêñòóðà ñå÷åíèÿ, ïðåäñòàâëåííàÿ ìíîæåñòâîì îòäåëüíûõ
îñòðîâîâ. Îòðèöàòåëüíûì áîëüøèì 〈χ〉 ñîîòâåòñòâóåò êàðòèíà ïîðèñòîãî ñûðà, ò.å ìíîæåñòâà
äûð [19]. Äëÿ íåêîòîðûõ ïðîñòûõ ïîëåé èçâåñòíû àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ ñòàòèñòèê 〈χ〉
è 〈W1〉, êàê ôóíêöèé óðîâíÿ u. Òàê íàïðèìåð, äëÿ Ãàóññîâñêîãî ïîëÿ, ìåæäó íèìè ñóùåñòâóåò
ïðîñòàÿ ñâÿçü:

〈χ〉 = A
u√
π3/2

exp[−u2/2] =
u√
π3/2

〈W1〉. (2)

Äëÿ íàñ ïðåäñòàâëÿþò èíòåðåñ ìàêñèìóìû � âåðøèíû, ñåäëà � ïåðåâàëû è ìèíèìóìû �
âïàäèíû ïîëÿ. Îêàçûâàåòñÿ èõ ïëîòíîñòü òàêæå ñâÿçàíà ñ õàðàêòåðèñòèêîé Ýéëåðà [24]. Ìàê-
ñèìóìû, ìèíèìóìû è ñåäëà ÿâëÿþòñÿ êðèòè÷åñêèìè òî÷êàìè, â êîòîðûõ 5X = 0,H(X) 6= 0.
Çäåñü ÷àñòíûå ïðîèçâîäíûå â ãðàäèåíòå {∂X/∂x; ∂X/∂y} ïîíèìàþòñÿ â ñìûñëå äèôôåðåí-
öèðîâàíèÿ ñëó÷àéíûõ ïðîöåññîâ [22, 23], à H(X) îáîçíà÷àåò ìàòðèöó âòîðûõ ïðîèçâîäíûõ
èëè ãåññèàí. ×èñëî îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé ãåññèàíà íàçûâàþò èíäåêñîì êðè-
òè÷åñêîé òî÷êè [27]. Òàê, òî÷êà ìèíèìóìà èìååò èíäåêñ k = 0. Èíäåêñ k = 2 ñîîòâåòñòâóåò
ìàêñèìóìó è k = 1 ñîîòâåòñòâóåò ñåäëó. Îáîçíà÷èì ÷åðåç mk ÷èñëî êðèòè÷åñêèõ òî÷åê ïîëÿ
X ñ èíäåêñîì k = {0, 1.2}. Òîãäà, äëÿ ìíîæåñòâà âûáðîñîâ Au [17]:

χ(Au) = m0 −m1 + m2.

Ýòî âûðàæåíèå ïîçâîëÿåò íàì èíòåðïðåòèðîâàòü ìîðôîëîãè÷åñêèé ôóíêöèîíàë χ(Au) êàê
ìåðó òîïîëîãè÷åñêîé ñëîæíîñòè ïîëÿ íà ìíîæåñòâå âûáðîñîâ óðîâíÿ u.

Äëÿ ïðàêòèêè óäîáíî ìàñøòàáèðîâàòü èçìåðåííûå çíà÷åíèÿ ïîëÿ â åäèíèöàõ äèñïåðñèè σ.
Òîãäà, ìîæíî ïîëó÷èòü ãðàôèêè χ(u) çàâèñèìîñòè òîïîëîãè÷åñêîé ñëîæíîñòè ïîëÿ îò óðîâíÿ:

χ(u) ≡ χ(mσ),m ∈ {−p, .....,−2,−1, 0, 1, 2, ...., p},

êîòîðûå ìîæíî ñðàâíèòü ñ àíàëèòè÷åñêèìè ìîäåëÿìè äëÿ ñëó÷àéíûõ ïîëåé [10, 11]. Îäíà
èç íèõ, äëÿ Ãàóññîâñêîãî ïîëÿ ïðèâåäåíà â ôîðìóëå (1). Ñëåäîâàòåëüíî, çàäà÷åé ÿâëÿåòñÿ
ïîëó÷åíèå ãðàôèêîâ äëÿ ìàãíèòîãðàìì è ñðàâíåíèå èõ ñ ìîäåëÿìè.

Ñòàòèñòè÷åñêèå ñâîéñòâà MDI äàííûõ.Â ýòîé ðàáîòå èñïîëüçîâàëèñü MDI (Michelson
Doppler Imager) � ìàãíèòîãðàììû ïîëíîãî äèñêà Ñîëíöà êîñìè÷åñêîé îáñåðâàòîðèè SOHO ñ
âðåìåííûì äèñêðåòîì 96m â ñïåöèàëüíîì �ts-ôîðìàòå [28]. Ìàãíèòîãðàììû ïîêðûâàþò âåñü
ñîëíå÷íûé äèñê 1024 × 1024 ïèêñåëÿ ñ ïðîñòðàíñòâåííûì ðàçðåøåíèåì 2

′′ íà ïèêñåë èëè ≈
1500 êì â ëèíåéíîì ìàñøòàáå. Ïðèìåðû ôðàãìåíòîâ òàêèõ äàííûõ ïîêàçàíû íà Ðèñóíêàõ
1 è 2. MDI � èçîáðàæåíèÿ ïðèâëåêëè ñâîå âíèìàíèå äëÿ ïðîâåðêè ñâîéñòâà ñòàòèñòè÷åñêîé
ìàñøòàáíîé èíâàðèàíòíîñòè � ìóëüòèôðàêòàëüíîñòè [29]. Åå îæèäàëè êàê ñëåäñòâèå ðàçâèòîé
òóðáóëåíòíîñòè â ñâÿçè ñ áîëüøèì ìàãíèòíûì ÷èñëîì Ðåéíîëüäñà è îíà äåéñòâèòåëüíî áûëà
îáíàðóæåíà ðÿäîì àâòîðîâ ([30, 31] è ññûëêè â íèõ.) Âî ìíîãèõ ðàáîòàõ èçìåíåíèå ñêåéëèíãà
ìàãíèòîãðàììû âî âðåìåíè ðàññìàòðèâàëîñü êàê âîçìîæíûé ïðåäâåñòíèê áîëüøèõ ñîëíå÷íûõ
âñïûøåê äëÿ ÀÎ. Ñóùåñòâóåò, îäíàêî, îäíî âàæíîå îáñòîÿòåëüñòâî, íà êîòîðîå îáû÷íî íå
îáðàùàþò âíèìàíèÿ ïðè ôèçè÷åñêîé èíòåðïðåòàöèè ìóëüòèñêåéëèíãà ìàãíèòîãðàìì. Äåëî â
òîì, ÷òî MDI ÿâëÿþòñÿ âûñîêîêîíòðàñòíûìè èçîáðàæåíèÿìè, ñîäåðæàùèìè áîëüøîå ÷èñëî
"ðåáåð", ò.å. ñêà÷êîâ ãðàäèåíòà ôîòîìåòðè÷åñêîé ìåðû.

Êàê îêàçàëîñü, âñå âûñîêîêîíòðàñòíûå èçîáðàæåíèÿ èìåþò íåêîòîðûå îáùèå ñâîéñòâà, íå
çàâèñÿùèå íè îò ïðèñóòñòâèÿ õîðîøî ðàçâèòîé òóðáóëåíòíîñòè, íè îò ìàãíèòíûõ ïîëåé. Òàê,

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 1 (35)



64 Ë. Ì. Êàðèìîâà

Ðèñ. 1: Ôðàãìåíò èçîáðàæåíèÿ (256 × 256
ïèêñåëîâ) äèñêà Ñîëíöà: àêòèâíàÿ îáëàñòü

Ðèñ. 2: Ôðàãìåíò èçîáðàæåíèÿ (256 × 256
ïèêñåëîâ) äèñêà Ñîëíöà: âíå àêòèâíîé îáëà-
ñòè

êà÷åñòâåííûå ñíèìêè çåìíûõ ëàíäøàôòîâ òàêæå äåìîíñòðèðóþò ìóëüòèôðàêòàëüíûé ñêåé-
ëèíã [32, 33]. Èçâåñòíî, ÷òî ïëîòíîñòü ôóíêöèè ðàñïðåäåëåíèÿ îòñ÷åòîâ äëÿ òàêèõ èçîáðàæåíèé
èìååò çíà÷èòåëüíûé ýêñöåññ, òÿæåëûå õâîñòû è îñòðûé öåíòðàëüíûé ïèê [34, 35].

Óïîìÿíóòûå óíèâåðñàëüíûå ñâîéñòâà âûñîêî êîíòðàñòíûõ èçîáðàæåíèé, à èìåííî ìàñøòàá-
íàÿ èíâàðèàíòíîñòü è íåãàóññîâñêèå ñâîéñòâà � âûñîêèé ÷åòâåðòûé ìîìåíò (ýêñöåññ), òÿæåëûå
õâîñòû è îñòðûé öåíòðàëüíûé ïèê â ôóíêöèè ïðàâäîïîäîáèÿ [33] âñåãäà ñëåäóåò ó÷èòûâàòü
ïðè ôèçè÷åñêîé èíòåðïðåòàöèè âûâîäîâ, ïîëó÷åííûõ íà îñíîâå òàêèõ äàííûõ. Âîçâðàùàÿñü
ê ãèäðîäèíàìè÷åñêîé èíòåðïðåòàöèè ñàìîïîäîáèÿ, çàìåòèì, ÷òî â äèíàìèêå õàîòè÷åñêèõ ðàñ-
ïðåäåëåííûõ ñèñòåì èçâåñòíî ÿâëåíèå, îáëàäàþùåå óïîìÿíóòûìè îñîáåííîñòÿìè. Îíî ñâÿçàíî
ñ ïîÿâëåíèåì â ñëó÷àéíîì òóðáóëåíòíîì ïîëå îòäåëüíûõ ïèêîâ, ðàçäåëåííûõ îáøèðíûìè ïëà-
òî ñ ìàëîé èíòåíñèâíîñòüþ èçìåðÿåìîé âåëè÷èíû è îïðåäåëÿåòñÿ êàê "ïåðåìåæàåìîñòü" [36].
Â ïåðâîì ïðèáëèæåíèè, ìû íàáëþäàåì òàêóþ êàðòèíó äëÿ ìàãíèòíîãî ïîëÿ Ñîëíöà ñ ïè-
êàìè íàïðÿæåííîñòè â ïÿòíàõ, ðàçäåëåííûõ ôîíîì. Ñàì ôîí òîæå ìîæåò äåìîíñòðèðîâàòü
ïåðåìåæàåìîñòü â ôîðìå ÿ÷åèñòîé èëè ñåò÷àòîé ñòðóêòóðû [36]. Ïåðåìåæàåìîñòü ôîðìàëü-
íî âîçíèêàåò èç ìóëüòèïëèêàòèâíûõ ñëó÷àéíûõ âåëè÷èí, ïîä÷èíÿþùèõñÿ òàê íàçûâàåìîìó
ëîãíîðìàëüíîìó ðàñïðåäåëåíèþ [37], ñ ïëîòíîñòüþ:

p(x) =
exp[−(ln(x)−m)2/2σ2]

σx
√

2π
. (3)

Ýòî ðàñïðåäåëåíèå îòðàæàåò ñòàòèñòè÷åñêèå îñîáåííîñòè ïåðåìåæàåìîñòè � òÿæåëûå õâî-
ñòû è áûñòðûé ðîñò ñòàòèñòè÷åñêèõ ìîìåíòîâ.

Òîïîëîãèÿ ôîíîâîãî ïîëÿ èç MDI.Áûëî èññëåäîâàíî íåñêîëüêî âûáîðîê MDI ìàãíè-
òîãðàìì äëÿ ôîíà â ñëåäóþùåì èíòåðâàëå âðåìåíè: îêòÿáðü 2006 � àïðåëü 2009. Äëÿ êàæäîé
âûáîðêè áûëî ïðîàíàëèçèðîâàíî îêîëî 85 ôðàãìåíòîâ ìàãíèòîãðàìì ðàçìåðîì 200× 200 ïèê-
ñåëåé. Âåñü äèàïàçîí çíà÷åíèé ïîëÿ äëÿ êàæäîãî ôðàãìåíòà áûë ðàçáèò íà óðîâíè òàêèì
îáðàçîì, ÷òîáû ïîêðûòü äèàïàçîí [−8σ,+8σ] ñ øàãîì 0.1σ, ãäå σ ñòàíäàðòíîå îòêëîíåíèå. Íà-
ïîìíèì, ÷òî êàæäûé óðîâåíü ïðåäñòàâëÿåò ñîáîé áèíàðíîå èçîáðàæåíèå, íà êîòîðîì ìîæíî
âû÷èñëÿòü ôóíêöèîíàëû. Áûëî ïîëó÷åíî ìíîæåñòâî òàêèõ áèíàðíûõ èçîáðàæåíèé, äëÿ êàæ-
äîãî èç êîòîðûõ âû÷èñëÿëèñü õàðàêòåðèñòèêà Ýéëåðà χ(u) è ïåðèìåòð W1(u).
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Ðèñ. 3: Ñêàëÿðíîå Ãàóññîâñêîå ïîëå Ðèñ. 4: Ìíîæåñòâî óðîâíåé (ëèíèè) è ìíî-
æåñòâî âûáðîñîâ (òåìíûå îáëàñòè) äëÿ 2-õ
ñå÷åíèé ïîëÿ

Êàê óïîìèíàëîñü âûøå, ïåðèìåòð ñâÿçàí ñ ïîëíîé âàðèàöèåé ïîëÿ â îãðàíè÷åííîé îáëà-
ñòè, à õàðàêòåðèñòèêà Ýéëåðà χ èçìåðÿåò òîïîëîãè÷åñêóþ ñëîæíîñòü ïîëÿ. Âñå âû÷èñëåíèÿ
ïðîâîäèëèñü â ñðåäå MatLab. Ýêñïåðèìåíòàëüíûå õàðàêòåðèñòèêè Ýéëåðà è ïåðèìåòðû äëÿ
ôîíîâîãî ïîëÿ îêàçàëàñü äîâîëüíî ãëàäêèìè êðèâûìè (Ðèñ. 5 è Ðèñ. 7). Êðîìå òîãî, èõ ôîðìà
óñòîé÷èâà âî âðåìåíè. Íà Ðèñ. 5 ïðèâåäåíà êðèâàÿ õàðàêòåðèñòèêè Ýéëåðà óñðåäíåííàÿ äëÿ
èíòåðâàëà âðåìåíè áîëåå ÷åì 6 ñóòîê ïî õîðîøî ñãðóïïèðîâàííûì êðèâûì. Òàêèì îáðàçîì,
òîïîëîãèÿ ìàãíèòíîãî ïîëÿ ôîíà, îïèñàííàÿ â ðàìêàõ ìîðôîëîãè÷åñêèõ ôóíêöèîíàëîâ, èìååò
óñòîé÷èâóþ ñòðóêòóðó.

Îáðàòèìñÿ òåïåðü ê âîïðîñó î ïîäõîäÿùåé ìîäåëè ñëó÷àéíîãî ïîëÿ. Íà Ðèñ. 5 (ñïðàâà)
ïðåäñòàâëåíû êðèâûå χ(u) äëÿ ôîíîâîãî ïîëÿ è ìîäåëè ãàóññîâñêîãî ïîëÿ. Ìû âèäèì ÿâíóþ
àñèììåòðèþ â îáëàñòè íåáîëüøèõ îòðèöàòåëüíûõ çíà÷åíèé ïîëÿ, ïî ñðàâíåíèþ ñ ñèììåòðè÷íîé
êðèâîé ãàóññîâñêîé ìîäåëè. Çàìåòèì, ÷òî äàííàÿ àñèììåòðèÿ âîâñå íå ãîâîðèò î òîì, ÷òî
åñòü êàêîå-òî ïðåîáëàäàíèå ïîëÿ îäíîãî çíàêà íàä äðóãèì: õàðàêòåðèñòèêà Ýéëåðà îïèñûâàåò
îáùóþ òîïîëîãèþ ïîëÿ, íåçàâèñèìî îò çíàêà ïîëÿðíîñòè.

Äëÿ òîãî ÷òîáû èñêëþ÷èòü ýôôåêòû ñåëåêöèè àïïàðàòóðû SOHO, êîòîðûå ìîãëè âûçâàòü
àñèììåòðèþ, áûë ïðîäåëàí àíàëîãè÷íûé àíàëèç äëÿ íàçåìíûõ äàííûõ SOLIS [38]. Íà îáñåðâà-
òîðèÿ SOLIS ìàãíèòíîå ïîëå èçìåðÿåòñÿ ñ ïîìîùüþ âåêòîðíîãî ìàãíèòîãðàôà. Ðàçðåøåíèå íà
îäèí ïèêñåë èçîáðàæåíèÿ äîñòèãàåò ïðèìåðíî 1.14′′. Äëÿ ôðàãìåíòà ôîíà, âûðåçàííîãî èç ìàã-
íèòîãðàììû, ïîëó÷åííîé íà SOLIS áûë ïîëó÷åí òîò æå ñàìûé ýôôåêò àñèììåòðèè. Ðåçóëüòàòû
ñðàâíåíèÿ ñ Ãàóññîâñêîé ìîäåëüþ ïðèâåäåíû íà Ðèñ. 6. Ëîíãå-Õèããèíñ [23] ïîêàçàë, ÷òî äëÿ
ñòàòèñòè÷åñêè îäíîðîäíîãî ñëó÷àéíîãî ïîëÿ ñðåäíÿÿ ïëîòíîñòü ñóììû ìàêñèìóìîâ è ìèíèìó-
ìîâ ïîëÿ ðàâíà ïëîòíîñòè ÷èñëà ñåäåë. Êàê ñëåäñòâèå, êðèâàÿ χ(u) äëÿ òàêîãî ïîëÿ äîëæíà
áûòü ñèììåòðè÷íîé (ñì.(1)). Ïîýòîìó, îáíàðóæåííóþ àñèììåòðèþ ìîæíî èíòåðïðåòèðîâàòü
êàê íàðóøåíèå Ãàóññîâñêîé ìîäåëè. Àíàëîãè÷íàÿ ðàçíèöà âèäíà è â ïîâåäåíèè ïåðèìåòðîâ.
Íà Ðèñóíêå 8 ïðèâåäåíû ãðàôèêè êðèâûõ W1(u) îò óðîâíÿ äëÿ ôîíîâîãî ó÷àñòêà ìàãíèòî-
ãðàììû è äëÿ ãàóññîâñêîãî ïîëÿ. Êàê âèäíî èç ãðàôèêîâ è çäåñü íàáëþäàþòñÿ ÿâíûå îòëè÷èÿ
ïåðèìåòðà äëÿ ôîíà è äëÿ ìîäåëüíîãî ïîëÿ.

Äëÿ èññëåäîâàíèÿ âðåìåííûõ âàðèàöèé òîïîëîãèè ôîíà, áûëè ïîëó÷åíû îöåíêè õàðàêòåðè-
ñòèêè Ýéëåðà è ïåðèìåòðîâ äëÿ êàæäîãî èç ìíîæåñòâ óðîâíåé äëÿ âðåìåííîé ïîñëåäîâàòåëü-
íîñòè ôðàãìåíòà ôîíà ïðè åãî äâèæåíèè ïî äèñêó Ñîëíöà. Ðåçóëüòàòû ïîêàçàíû íà Ðèñóíêàõ
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Ðèñ. 5: Ìíîæåñòâî êðèâûõ Ýéëåðà â çàâèñè-
ìîñòè îò óðîâíÿ äëÿ 85 ìàãíèòîãðàìì.

Ðèñ. 6: Óñðåäíåííàÿ ïî âûáîðêå õàðàêòå-
ðèñòèêà Ýéëåðà, ïîëó÷åííàÿ ñ SOHO (2) â
ñðàâíåíèè ñ àíàëèòè÷åñêîé Ãàóññîâñêîé ìî-
äåëüþ (1). Ïî îñè àáñöèññ 1σ ≈ 30 Gauss.

9 è 10, ãäå íà îáîèõ ðèñóíêàõ ïî îñè àáñöèññ îòëîæåí ïîðÿäêîâûé íîìåð n èçîáðàæåíèÿ â �ts
ôîðìàòå. Îäíè ñóòêè ñîîòâåòñòâóþò n = (0− 14).

Èñïîëüçîâàëèñü äàííûå ñ èíòåðâàëîì 96 ìèíóò ïî âðåìåíè, òàê ÷òî ïîñëåäîâàòåëüíîñòè
èç 15-òè ìàãíèòîãðàìì ñîîòâåòñòâóþò ïðèáëèçèòåëüíî îäíè ñóòêè. Ðèñóíêè 9 è 10 óêàçûâà-
þò, íà òî ÷òî õàðàêòåðèñòèêà Ýéëåðà è ïåðèìåòð äåìîíñòðèðóþò õàîòè÷åñêèå êîëåáàíèÿ ïî
ìíîæåñòâó óðîâíåé, êîòîðûå ñîïðîâîæäàþòñÿ ñïîíòàííîé ñèíõðîíèçàöèåé ðàçíûõ ñëîåâ.

ÇÀÊËÞ×ÅÍÈÅ
Öåëüþ ðàáîòû ÿâëÿåòñÿ îïèñàíèå äèíàìèêè òîïîëîãèè ìàãíèòíîãî ïîëÿ Ñîëíöà â ðàìêàõ

ìîðôîëîãè÷åñêèõ ôóíêöèîíàëîâ. Ïîñëåäíèå îáëàäàþò ñâîéñòâàìè èíâàðèàíòíîñòè, íåïðåðûâ-
íîñòè è àääèòèâíîñòè è, ñëåäîâàòåëüíî, ÿâëÿþòñÿ èäåàëüíûìè õàðàêòåðèñòèêàìè ïðîñòðàí-
ñòâåííîé ñëîæíîñòè ìàãíèòîãðàìì. Áûëè èñïîëüçîâàíû äâà ôóíêöèîíàëà: õàðàêòåðèñòèêà Ýé-
ëåðà χ ≡ W2 è ïåðèìåòð W1 äëÿ ôðàãìåíòîâ MDI, íå ñîäåðæàùèõ àêòèâíûõ îáëàñòåé. Ýòè âå-
ëè÷èíû îöåíèâàëèñü ñëåäóþùèì îáðàçîì. Âåñü äèàïàçîí íàïðÿæåííîñòåé ïîëÿ äëÿ êàæäîãî èç
ôðàãìåíòîâ âûðàæàëñÿ â åäèíèöàõ äèñïåðñèè σ. Çàòåì ðàññìàòðèâàëèñü ìíîæåñòâà âûáðîñîâ
Au, îáðàçîâàííûå ïèêñåëÿìè ôðàãìåíòà, â êîòîðûõ çíà÷åíèÿ ïîëÿ Bz ≥ u, ãäå u = kσ çàäàí-
íûé óðîâåíü. Ìíîæåñòâî âûáðîñîâ ñîñòîèò èç íàáîðà ñâÿçíûõ îáëàñòåé ñ äûðàìè. Äëÿ êàæäîãî
èç òàêèõ ìíîæåñòâ, çàäàííûõ çíà÷åíèåì u, ïîäñ÷èòûâàëèñü òîïîëîãè÷åñêàÿ ñëîæíîñòü ïîëÿ
� õàðàêòåðèñòèêà Ýéëåðà χ è ñóììàðíûé ïåðèìåòð W1 ãðàíèö äëÿ ýëåìåíòîâ ìíîæåñòâà Au.
Õàðàêòåðèñòèêà Ýéëåðà, êîòîðàÿ ÿâëÿåòñÿ ñóììîé ÷èñëà ìàêñèìóìîâ è ìèíèìóìîâ ïîëÿ çà âû-
÷åòîì ÷èñëà ñåäåë, îöåíèâàåò ñëîæíîñòü ïîëÿ ïî óðîâíÿì. Ïåðèìåòð W1 ñòàòèñòè÷åñêè ñâÿçàí
ñ < χ > â ðàìêàõ êîíòóðíîé ñòàòèñòèêè. Äàëåå ñòðîèëèñü ãðàôèêè çàâèñèìîñòè χ(u) ≡ χ(kσ)
è W1(kσ) äëÿ ñðàâííåíèÿ ñ òåîðåòè÷åñêèìè ìîäåëÿìè ðàçëè÷íûõ ñëó÷àéíûõ ïîëåé. Îêàçàëîñü,
÷òî ïîâåäåíèå χ(u) àñèììåòðè÷íî â îáëàñòè ìàëûõ çíà÷åíèé è íå ñëåäóåò ìîäåëè Ãàóññîâñêîãî
ïîëÿ. Ýòîò âûâîä ñïðàâåäëèâ äëÿ ôðàãìåíòîâ, ïîëó÷åííûõ â ðàçíîå âðåìÿ è äëÿ äâóõ ðàç-
ëè÷íûõ èñòî÷íèêîâ äàííûõ � SOHO è SOLIS. Àñèììåòðèÿ îçíà÷àåò ïðåîáëàäàíèå "äûð", ò.å.
ó÷àñòêîâ ïðîòèâîïîëîæíîé ïîëÿðíîñòè ïðè ìàëûõ çíà÷åíèÿõ íàïðÿæåííîñòè ïîëÿ. Ïîâåäåíèå
ïåðèìåòðà W1(u) òàêæå îòëè÷àåòñÿ îò ìîäåëè Ãàóññîâñêîãî ïîëÿ è äåìîíñòðèðóåò ñâîéñòâà
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Ðèñ. 7: Ñðàâíåíèå õàðàêòåðèñòèê Ýéëåðà
äëÿ ôðàãìåíòà ôîíîâîãî ïîëÿ ìàãíèòîãðàì-
ìû SOLIS (2) è ãàóññîâîãî ïîëÿ (1).

Ðèñ. 8: Çàâèñèìîñòü ïåðèìåòðà W1(u) äëÿ
ôîíîâîãî ó÷àñòêà ìàãíèòîãðàììû (2) îò
óðîâíÿ â ñðàâíåíèè ñ àíàëîãè÷íîé êðèâîé
äëÿ ãàóññîâñêîãî ïîëÿ (1).

ñòàöèîíàðíîñòè.
Âðåìåííàÿ ýâîëþöèè ôóíêöèîíàëîâ èññëåäîâàëàñü ïî ìîíèòîðèíãó ôðàãìåíòà ïðè åãî ïðî-

õîæäåíèè ïî äèñêó Ñîëíöà. Ìû íàøëè, ÷òî âàðèàöèè χ(u, t) è W1(u, t) â äèñêðåòíîé ñåòêå
âðåìåííîãî àðãóìåíòà ïðåäñòàâëÿþò ñîáîé õàîòè÷åñêèå êîëåáàíèÿ ñî ñïîíòàííûì íàðóøåíèåì
ñèíõðîíèçàöèè ïî óðîâíþ.

Èññëåäîâàíèÿ ñòàòèñòèêè îòñ÷åòîâ ôðàãìåíòîâ ìàãíèòîãðàìì ïîêàçàëè, ÷òî ýìïèðè÷åñêàÿ
ïëîòíîñòü ðàñïðåäåëåíèÿ çíà÷åíèé ïîëÿ â ëîãàðèôìè÷åñêîì ìàñøòàáå äåìîíñòðèðóåò òÿæåëûå
õâîñòû, çíà÷èòåëüíûé ýêñöåññ. Ýòè ñâîéñòâà ñîãëàñóþòñÿ ñ ëîãíîðìàëüíûì ðàñïðåäåëåíèåì
ïîëÿ. Îíè î÷åíü âàæíû äëÿ ôèçè÷åñêîé èíòåðïðåòàöèè ðåçóëüòàòîâ, îñíîâàííûõ íà èçîáðà-
æåíèÿõ òàêîãî òèïà. Ñëåäñòâèåì òÿæåëûõ õâîñòîâ ÿâëÿåòñÿ ìóëüòèôðàêòàëüíîñòü, ïðè÷èíû
êîòîðîé ìîãóò áûòü è íå ñâÿçàíû ñ âûñîêèìè çíà÷åíèÿìè ÷èñåë Ðåéíîëüäñà è ìàãíèòíûìè
ïîëÿìè.

Áëàãîäàðíîñòè.
Àâòîð âûðàæàåò ïðèçíàòåëüíîñòü Í.Ã. Ìàêàðåíêî çà ïîëåçíóþ äèñêóññèþ è öåííûå çàìå-
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Ðèñ. 9: Èçìåíåíèå õàðàêòåðèñòèêè Ýéëåðà
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Ïðîâåäåíî ÷èñëåííîå ìîäåëèðîâàíèå êîëåáàíèé ñåéñìè÷åñêîãî ìàÿòíèêà, ðåçóëüòàòû êîòîðîãî ïîç-
âîëèëè îáúÿñíèòü ïèêîîáðàçíîå è áóõòîîáðàçíîå ïîâåäåíèå åãî óãëà çàêðó÷èâàíèÿ â ïåðèîä ïîäãî-
òîâêè áóäóùåãî çåìëåòðÿñåíèÿ. Ñìîäåëèðîâàíû ñèíòåòè÷åñêèå áóõòû, ñîîòâåòñòâóþùèå ðåàëüíûì
çàïèñÿì ïðèáîðîâ "Àëåì".

Ïîä ïðîãíîçîì çåìëåòðÿñåíèé ïîíèìàþò îïðåäåëåíèå ìåñòà, âðåìåíè è ñèëû (ìàãíèòóäû,
ýíåðãåòè÷åñêîãî êëàññà) çåìëåòðÿñåíèÿ. Ïî âðåìåíè ïðîãíîç ïîäðàçäåëÿåòñÿ íà äîëãîñðî÷íûé
(íà äåñÿòèëåòèÿ âïåðåä), ñðåäíåñðî÷íûé (íà ãîäû âïåðåä), êðàòêîñðî÷íûé (íà äíè � ìåñÿöû
âïåðåä) è îïåðàòèâíûé (íà ìèíóòû � ÷àñû âïåðåä). Äåëåíèå ýòî â äîñòàòî÷íîé ñòåïåíè óñëîâ-
íîå, îáëàñòè òèïîâ ïðîãíîçà ÷àñòè÷íî ïåðåêðûâàþòñÿ. Êàæäûé ýòàï ïðîãíîçà áàçèðóåòñÿ íà
îïðåäåëåííîì íàáîðå ïðåäâåñòíèêîâ � ÿâëåíèé, îïåðåæàþùèõ è ïðåäâåùàþùèõ âîçíèêíîâåíèå
çåìëåòðÿñåíèé [1, 2].

Â íàñòîÿùåå âðåìÿ èçâåñòíî îêîëî 1000 ïðåäâåñòíèêîâ çåìëåòðÿñåíèé, èç êîòîðûõ ïîðÿäêà
200 ÿâëÿþòñÿ èíôîðìàòèâíûìè ïðåäâåñòíèêàìè. Îíè äåëÿòñÿ íà äâå ãðóïïû.

Ïåðâàÿ ãðóïïà (íàèáîëåå ìíîãî÷èñëåííàÿ) � ãåîôèçè÷åñêèå ïðåäâåñòíèêè, ñâÿçàííûå ñ çà-
êîíîìåðíûì ïîâåäåíèåì ðàçëè÷íûõ ãåîôèçè÷åñêèõ ïîëåé íà ðàçëè÷íûõ ýòàïàõ ïîäãîòîâêè
çåìëåòðÿñåíèé. Ïðåäâåñòíèêè ïåðâîé ãðóïïû ïåðåêðûâàþò âåñü äèàïàçîí ïðîãíîçà âî âðåìå-
íè: îò äîëãîñðî÷íîãî äî îïåðàòèâíîãî.

Âòîðàÿ ãðóïïà � áèîëîãè÷åñêèå ïðåäâåñòíèêè, ñâÿçàííûå ñ íåîáû÷íûì ïîâåäåíèåì áèî-
ëîãè÷åñêèõ ñóùåñòâ ïåðåä çåìëåòðÿñåíèåì. Îíà ìàëî èçó÷åíà è îòíîñèòñÿ ê êðàòêîñðî÷íîìó
è îïåðàòèâíîìó ïðîãíîçó. Ñ ðàçâèòèåì ñïóòíèêîâûõ òåõíîëîãèé äèñòàíöèîííîãî íàáëþäåíèÿ
ïîÿâèëèñü íîâûå ãåîôèçè÷åñêèå ïðåäâåñòíèêè [1].

Íåñìîòðÿ íà îãðîìíîå êîëè÷åñòâî ãåîôèçè÷åñêèõ ïðåäâåñòíèêîâ, íè îäèí èç íèõ íå äà-
åò òî÷íûõ îöåíîê. Â ðàçíûõ ñåéñìîàêòèâíûõ ðàéîíàõ ðàçëè÷íûå ïðåäâåñòíèêè ðàáîòàþò ïî-
ðàçíîìó, äàâàÿ áîëüøîé ðàçáðîñ ïðîãíîçèðóåìûõ ïàðàìåòðîâ áóäóùåãî çåìëåòðÿñåíèÿ. Ýòî
ñâÿçàíî êàê ñî ñëîæíîñòüþ ñàìîãî îáúåêòà èññëåäîâàíèÿ (î÷àãà çåìëåòðÿñåíèÿ), óñëîâèé åãî
çàðîæäåíèÿ è ðàçâèòèÿ, òàê è ñ ñóùåñòâåííûì âëèÿíèåì ïîìåõîîáðàçóþùèõ ôàêòîðîâ [3]. Àíà-
ëèç ìíîãîëåòíèõ äàííûõ ñåéñìîëîãè÷åñêèõ ïðåäâåñòíèêîâ ïîêàçàë, ÷òî âåðîÿòíîñòü óñïåøíîãî
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ñðåäíåñðî÷íîãî ïðîãíîçà ïî êàæäîìó èç íèõ ñóùåñòâåííî íèæå 0,5 è â ðåäêèõ ñëó÷àÿõ ïðè-
áëèæàåòñÿ ê 0, 5. Êîìïëåêñíûé ïðîãíîç çåìëåòðÿñåíèé ïî ðÿäó ïðîãíîñòè÷åñêèõ ïðèçíàêîâ
ïîçâîëÿåò â íåêîòîðûõ ñëó÷àÿõ ïîâûñèòü âåðîÿòíîñòü äî 0, 5. Ïðàêòèêà ïîñëåäíèõ ëåò ïîêà-
çàëà, ÷òî, íåñìîòðÿ íà íåäîñòàòêè òàêîãî ïîäõîäà, îí ïðèåìëåì äëÿ ñðåäíåñðî÷íîãî ïðîãíîçà
[2].

Ñèòóàöèÿ ñ êðàòêîñðî÷íûì è îïåðàòèâíûì ïðîãíîçîì åùå õóæå: ïðàêòè÷åñêè îòñóòñòâóþò
îöåíêè íàäåæíîñòè ïðîãíîçíûõ ïðåäâåñòíèêîâ. Â ïîñëåäíèå äåñÿòèëåòèÿ äëÿ öåëåé êðàòêî-
ñðî÷íîãî è îïåðàòèâíîãî ïðîãíîçà çåìëåòðÿñåíèé ñòàëè èñïîëüçîâàòü êðóòèëüíûé ñåéñìè÷å-
ñêèé ìàÿòíèê.

Íàèáîëåå ãëóáîêîå èññëåäîâàíèå â ýòîé îáëàñòè äàíî â ðàáîòàõ Êàëèíèêîâà [4�6]. Åãî îñíîâ-
íàÿ ìûñëü ñîñòîèò â òîì, ÷òî ñåéñìè÷åñêèé ñèãíàë îò ãîòîâÿùåãîñÿ çåìëåòðÿñåíèÿ, ïåðåíî-
ñèìûé ìèêðîñåéñìàìè, ïîñòóïàåò íà ìàÿòíèê ÷åðåç òî÷êó ïîäâåñà ñ äîìèíàíòíîé ÷àñòîòîé,
ñîâïàäàþùåé ñ ÷àñòîòîé ìàÿòíèêîâûõ êîëåáàíèé. Ïîýòîìó ìàÿòíèê íà÷íåò âîçáóæäàòüñÿ íà
ðåçîíàíñíûõ ÷àñòîòàõ. Òî åñòü íà äàííîì ýòàïå ìàÿòíèê âåäåò ñåáÿ êàê "ïðèåìíèê". Çàòåì
íà÷èíàåòñÿ ïåðåêà÷êà ýíåðãèè âîçáóæäåííîãî ìàÿòíèêà â åãî êðóòèëüíûå êîëåáàíèÿ, è, â ñèëó
òîãî, ÷òî îí ÿâëÿåòñÿ íåëèíåéíîé ñèñòåìîé, íà÷èíàåòñÿ åãî "ñòðàííîå ïîâåäåíèå". Â äàííîì
ñëó÷àå ìàÿòíèê âûñòóïàåò êàê "èíäèêàòîð" è ñïåêòðàëüíûé àíàëèçàòîð ñåéñìè÷åñêèõ âîëí.
Íà áàçå ýòîé êà÷åñòâåííîé ôèçè÷åñêîé ìîäåëè ñ îöåíêîé íåêîòîðûõ ïàðàìåòðîâ êîëåáàíèé ìà-
ÿòíèêà è ñåéñìè÷åñêèõ âîçäåéñòâèé, ñ ïðèâëå÷åíèåì ñòàòèñòè÷åñêèõ ìåòîäîâ, Êàëèíèêîâûì
Í.È. áûëà ðàçðàáîòàíà ìåòîäèêà îïåðàòèâíîãî ïðîãíîçà çåìëåòðÿñåíèé [5, 6].

Òåððèòîðèÿ þãà è þãî-âîñòîêà Êàçàõñòàíà ÿâëÿåòñÿ îäíîé èç íàèáîëåå ñåéñìîàêòèâíûõ
îáëàñòåé ñòðàí ÑÍÃ [7]. Çà ïîñëåäíèå 120 ëåò òåððèòîðèÿ þãà Êàçàõñòàíà òðèæäû ïîäâåðãàëàñü
óäàðàì ñèëüíåéøèõ çåìëåòðÿñåíèé èíòåíñèâíîñòüþ 9�10 áàëëîâ (Âåðíåíñêîå � 1887, ×èëèêñêîå
� 1889, Êåìèíñêîå � 1911ã.). Ñ òåõ ïîð ñåéñìè÷åñêàÿ îïàñíîñòü ýòîé òåððèòîðèè âîçðîñëà â
íåñêîëüêî ðàç, õîòÿ áû ïîòîìó, ÷òî ýòè ðàéîíû ñòàëè ãóñòîíàñåëåííûìè ñ äîñòàòî÷íî ïëîòíîé
è ðàçâèòîé èíôðàñòðóêòóðîé. Ïîýòîìó ðàçëè÷íûì âîïðîñàì îöåíêè ñåéñìè÷åñêîé îïàñíîñòè
ðåãèîíîâ Êàçàõñòàíà ïîñâÿùåíî áîëüøîå ÷èñëî ðàáîò. Ïîäðîáíî ýòè èññëåäîâàíèÿ îòðàæåíû
â åæåãîäíûõ îò÷åòàõ Èíñòèòóòà ñåéñìîëîãèè ÐÊ.

Çàìåòèì, ÷òî ïîÿâèâøèåñÿ â ïîñëåäíåå âðåìÿ íåêëàññè÷åñêèå ìåòîäû îöåíêè ñåéñìè÷åñêîé
îïàñíîñòè [8, 9] ïîäòâåðæäàþò íàêîïëåíèå ñåéñìè÷åñêîé ýíåðãèè â îáëàñòÿõ, ãäå ðàíåå ïðî-
èçîøëè êàòàñòðîôè÷åñêèå çåìëåòðÿñåíèÿ. Íà ñåâåðî-âîñòîêå îò ýòîé çîíû (çîíû êîíöåíòðàöèè
íàïðÿæåíèé) ïîÿâèëàñü çîíà óìåðåííûõ êîíöåíòðàòîðîâ äåâèàòîðà è ãîðèçîíòàëüíûõ íàïðÿ-
æåíèé. Âåðòèêàëüíûå íàïðÿæåíèÿ äîñòèãàþò â ýòîé îáëàñòè äîñòàòî÷íî áîëüøèõ çíà÷åíèé, ÷òî
ñâÿçàíî ñ ïåðåðàñïðåäåëåíèåì òåêòîíè÷åñêèõ ñèë çà ñ÷åò Àëòàéñêèõ çåìëåòðÿñåíèé íåäàâíåãî
âðåìåíè. Íà þãå îò çîíû êîíöåíòðàöèè íàïðÿæåíèé ïðåäñòàâëåíà äîñòàòî÷íî áîëüøàÿ îáëàñòü
áîëåå óìåðåííûõ äåâèàòîðîâ íàïðÿæåíèé è äîñòàòî÷íî áîëüøèõ âåðòèêàëüíûõ íàïðÿæåíèé,
÷òî ñâÿçàíî ñ ñåéñìè÷íîñòüþ íà òåððèòîðèè Êèðãèçèè è Êèòàÿ. Ãîðîä Àëìàòû ðàñïîëîæåí
ìåæäó çîíàìè ïîâûøåííîé êîíöåíòðàöèè íà âîñòîêå è áîëåå óìåðåííîé � íà çàïàäå, ò.å. ìåæ-
äó "äâóìÿ îãíÿìè". Íàèáîëüøóþ îïàñíîñòü äëÿ ã.Àëìàòû ïðåäñòàâëÿåò Âîñòî÷íûå ôëàíãè
Çàèëèéñêîãî è Êóíãåé Àëàòàó , ÷òî íåîáõîäèìî ó÷èòûâàòü ïðè ñåéñìîñòîéêîì ñòðîèòåëüñòâå.
Êðîìå òîãî, îòìå÷àþòñÿ íåáîëüøèå óìåðåííûå çîíû êîíöåíòðàöèè íà þãî-çàïàäå, ÷òî ñâÿçàíî
ñ "íàâåäåííîé ñåéñìè÷íîñòüþ" çà ñ÷åò äîáû÷è óãëåâîäîðîäîâ íà Êàñïèè [9].

Ïîñëå Ñïèòàêñêîãî çåìëåòðÿñåíèÿ 1988ã. ïî ïðåäëîæåíèþ ïðåäñåäàòåëÿ Ñîâåòà ìèíèñòðîâ
ÑÑÑÐ Ðûæêîâà Í.È. è ïåðâîãî ïðåçèäåíòà Ðåñïóáëèêè Êàçàõñòàíà Íàçàðáàåâà Í.À. â òå÷åíèå
1989�1993ãã. íà òåððèòîðèè Êàçàõñòàíà áûëà ñîçäàíà ñåòü ñòàíöèé èç 9 ïîëèãîíîâ íàáëþäåíèÿ
çà ñåéñìè÷åñêîé ñèòóàöèåé íà þãî-âîñòîêå ðåñïóáëèêè. Êàæäûé ïîëèãîí îáåñïå÷åí ïðèáîðîì
"Àëåì", ñîñòîÿùèì èç äâóõ êðóòèëüíûõ ìàÿòíèêîâ è äðóãèõ ïðèáîðîâ, ðàáîòàþùèõ â ðåæèìå
ðåàëüíîãî âðåìåíè. Ðåãèñòðàöèÿ äàííûõ âåäåòñÿ íà ïåðñîíàëüíîì êîìïüþòåðå ñ äèñêðåòíîñòüþ
5, 10, 15, 30, 50 ñåêóíä.
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Îïûò ýêñïëóàòàöèè ñåòè ïîçâîëèë ñîáðàòü óíèêàëüíûé ìàòåðèàë î ãîòîâÿùèõñÿ çåìëå-
òðÿñåíèÿõ è ïîêàçàë, ÷òî ïðîãíîçíûå ïðèçíàêè ìîãóò ïðîÿâëÿòüñÿ îò íåñêîëüêèõ ÷àñîâ äî
íåñêîëüêèõ ñóòîê ïåðåä çåìëåòðÿñåíèåì. Ïðîãíîçíûå ïðèçíàêè âûðàæàþòñÿ â ðåãóëÿðíûõ,
êàê ïðàâèëî, åæåäíåâíûõ îòêëîíåíèÿõ ïîêàçàíèé ïðèáîðîâ îò ñâîåãî óñòàíîâèâøåãîñÿ óðîâíÿ,
ëèáî â ïèêîîáðàçíîì, ëèáî â áóõòîîáðàçíîì èçìåíåíèè óãëîâ çàêðó÷èâàíèÿ ìàÿòíèêà. Âïåðâûå
â ìèðîâîé ïðàêòèêå íà òåððèòîðèè ÐÊ íà áàçå ýêñïåðèìåíòàëüíîãî ìàòåðèàëà âûäåëåí íàäåæ-
íûé èíäèêàòîð çåìëåòðÿñåíèé: áóõòîîáðàçíûå âàðèàöèè óãëîâ çàêðó÷èâàíèÿ ñåéñìè÷åñêîãî
ìàÿòíèêà. Áûëî óñòàíîâëåíî, ÷òî â 68 ñëó÷àÿõ èç 100 ïðîèñõîäèò áóõòîîáðàçíîå èçìåíåíèå
óãëà çàêðó÷èâàíèÿ ìàÿòíèêà â ïåðèîä ïîäãîòîâêè áóäóùèõ çåìëåòðÿñåíèé [10].

Íåñìîòðÿ íà îïðåäåëåííûå óñïåõè â ïîíèìàíèè ñâÿçè ïîâåäåíèÿ êðóòèëüíîãî ìàÿòíèêà ñ
ñåéñìè÷åñêîé îáñòàíîâêîé, óñòàíîâèòü êàêèå-ëèáî êîëè÷åñòâåííûå ñîîòíîøåíèÿ íå óäàâàëîñü,
â ïåðâóþ î÷åðåäü, èç-çà îòñóòñòâèÿ äîñòàòî÷íî ñòðîãîé òåîðèè. Ñëåäóåò îòìåòèòü, ÷òî ñóùå-
ñòâåííûé ïðîãðåññ â êîìïüþòåðíûõ òåõíîëîãèÿõ è ÷èñëåííûõ ìåòîäàõ íå ïîçâîëÿåò "ïåðåáðàòü
âñå âàðèàíòû ÷èñëåííîãî ðåøåíèÿ", à çíà÷èò, ïîëíî îöåíèòü âëèÿíèå âñåõ ïàðàìåòðîâ êîëå-
áàíèÿ ìàÿòíèêà è ãëóáîêî èçó÷èòü ïðèðîäó ÿâëåíèÿ. Íà ýòè âîïðîñû, â îïðåäåëåííîé ìåðå,
ñïîñîáíà îòâåòèòü êîëè÷åñòâåííàÿ òåîðèÿ, áàçèðóþùàÿñÿ íà ïðèáëèæåííîì àíàëèòè÷åñêîì ðå-
øåíèè.

Òàêàÿ àíàëèòè÷åñêàÿ òåîðèÿ ðàçðàáàòûâàåòñÿ ñ êîíöà 2003ã. [11]. Îíà ïîçâîëèëà çàëîæèòü
îñíîâû òåîðèè êîëåáàíèé ñåéñìè÷åñêîãî ìàÿòíèêà. Ìåòîäîì óñðåäíåíèÿ áûëè ïîëó÷åíû àíàëè-
òè÷åñêèå âûðàæåíèÿ äëÿ ðàñ÷åòà âñåõ óãëîâûõ õàðàêòåðèñòèê ñåéñìè÷åñêîãî ìàÿòíèêà. Ñîá-
ñòâåííûå çàòóõàþùèå íåëèíåéíûå êîëåáàíèÿ, à òàêæå âûíóæäåííûå íåëèíåéíûå êîëåáàíèÿ
ìàÿòíèêà îïèñàíû â êâàäðàòóðàõ. Ïîëó÷åííûå ðåçóëüòàòû õîðîøî ñîãëàñóþòñÿ ñ ýêñïåðèìåí-
òàëüíûìè äàííûìè. Ñôîðìóëèðîâàíû íàïðàâëåíèÿ äàëüíåéøèõ èññëåäîâàíèé.

Íèæå îáñóæäàþòñÿ ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ êîëåáàíèé ñåéñìè÷åñêîãî ìàÿò-
íèêà, âûïîëíåííîãî íà îñíîâå êâàäðàòóðíûõ ôîðìóë ïðèáëèæåííîãî àíàëèòè÷åñêîãî ðåøåíèÿ,
ïðèâåäåííîãî â [11].

Ñîáñòâåííûå ñâîáîäíûå è çàòóõàþùèå êîëåáàíèÿ ìàÿòíèêà. Â ìîäèôèöèðîâàí-
íîé ýéëåðîâîé ñèñòåìå êîîðäèíàò óãëû ïðåöåññèè ψ, íóòàöèè θ è ñîáñòâåííîãî âðàùåíèÿ ϕ
çàìåíÿþòñÿ ïðîìåæóòî÷íûìè óãëîâûìè õàðàêòåðèñòèêàìè (q1, q2, q3). Îíè ïîçâîëÿþò ðàñùå-
ïèòü ñèñòåìó óðàâíåíèé äâèæåíèÿ ìàÿòíèêà ïîä äåéñòâèåì âíåøíèõ ñåéñìè÷åñêèõ âîçìóùåíèé
(−→w ,

−→
Ω , −→ε ) è êîëåáàíèÿ ìàÿòíèêà çàïèñàòü ñ ïîìîùüþ êâàäðàòóð. Ôîðìóëû ïåðåõîäà îò îäíèõ

óãëîâûõ êîîðäèíàò ê äðóãèì èìåþò âèä [11]:




ψ = F1(q1, q2, q3) = arcsin


 q1

r
1− q2

1
4

z0
cos q3


 ,

θ = F2(q1, q2, q3) = arcsin
(

q1

√
1− q2

0
4 sin q3

)
,

ϕ = F3(q1, q2, q3) = q2 + arcsin
(

q2
1
4

sin(2q3)
z0

)
,

z0 =

√
cos2 q3 +

(
1− q2

1
2

)2
sin2 q3.

(1)

Â äàëüíåéøåì ÷åðåç µ îáîçíà÷åí ìàëûé ïàðàìåòð, ïðè÷åì

µ =
η3

η1
=

Jz

aJx
, (2)

ãäå η3, η1 � ñîáñòâåííûå ÷àñòîòû ëèíåéíûõ êðóòèëüíûõ è íóòàöèîííûõ êîëåáàíèé, Jz, Jx �
ãëàâíûå öåíòðàëüíûå ìîìåíòû èíåðöèè ìàÿòíèêà. ×åðåç P0 � îáîçíà÷åí íà÷àëüíûé óãëîâîé
èìïóëüñ P3, ñîîòâåòñòâóþùèé óãëîâîé êîîðäèíàòå q3. Â [11] îïðåäåëåíû ñîáñòâåííûå ÷àñòîòû
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íåëèíåéíûõ êîëåáàíèé ωI , ωII , ωIII , êîòîðûå íåìíîãî ñìåùåíû â ñòîðîíó èõ óìåíüøåíèÿ, à
òàêæå îáåðòîíà óãëîâîé êîîðäèíàòû q1. ×åðåç f0 îáîçíà÷åí áåçðàçìåðíûé êîýôôèöèåíò òðåíèÿ,
÷åðåç A2, e2 � íà÷àëüíàÿ àìïëèòóäà è ôàçà êîëåáàíèé óãëîâîé êîîðäèíàòû q2. Äëÿ ïëîñêî-
ïîëÿðèçîâàííûõ êîëåáàíèé (P0 ≈ 0) íà÷àëüíàÿ àìïëèòóäà q1 îáîçíà÷åíà ÷åðåç A, à äëÿ îáùåãî
ñëó÷àÿ êîëåáàíèé ìàÿòíèêà (P0 6= 0) ÷åðåç α00.

Ðàñ÷åòû îò÷åòëèâî âûÿâèëè òåíäåíöèþ âëèÿíèÿ íà÷àëüíûõ óñëîâèé è îáåðòîíîâ íà ñâîáîä-
íûå íóòàöèîííûå êîëåáàíèÿ, à òàêæå íà ïåðèîäè÷åñêîå èçìåíåíèå àìïëèòóä q1, θ âî âðåìåíè
â íåáîëüøîì äèàïàçîíå èõ èçìåíåíèÿ. Ýòî õàðàêòåðíî äëÿ íåëèíåéíûõ êîëåáàíèé.

Â ïëîñêî-ïîëÿðèçîâàííîì ñëó÷àå ñâîáîäíûõ êîëåáàíèé êðóòèëüíûå êîëåáàíèÿ ϕ îïðåäåëÿ-
þòñÿ ÷àñòîòàìè óãëîâûõ êîîðäèíàò q2, q1 (µ, ωI , 3ωI). Òàê êàê q30, A2 íå ðàâíû íóëþ, òî íà
îñíîâíûå êîëåáàíèÿ q2 íàêëàäûâàþòñÿ íóòàöèîííûå êîëåáàíèÿ â âèäå ìåëêèõ äðîæàíèé. Êðî-
ìå òîãî, óãëîâàÿ êîîðäèíàòà q3 èìååò ñîáñòâåííóþ ÷àñòîòó µ, ÷òî ïðèâîäèò ê ìîäóëÿöèè ÷àñòî-
òû íóòàöèîííûõ êîëåáàíèé θ è ïîäòâåðæäàåòñÿ ðàñ÷åòàìè. Óìåíüøåíèå íà÷àëüíîé àìïëèòóäû
A2 â 103, 104, 105 ðàç (ïðè q30 6= 0) ïðàêòè÷åñêè íå ñêàçûâàåòñÿ íà âåëè÷èíå àìïëèòóäû íóòà-
öèîííûõ êîëåáàíèé, íî ñóùåñòâåííî óìåíüøàåò àìïëèòóäó êðóòèëüíûõ êîëåáàíèé. Ïðè ýòîì,
âëèÿíèå âåëè÷èíû "äðîæàíèé" íóòàöèîííûõ êîëåáàíèé íà êðóòèëüíûå ðåçêî âîçðàñòàåò.

Äëÿ îáùåãî ñëó÷àÿ ñâîáîäíûõ êîëåáàíèé (P0 6= 0) óìåíüøåíèå A2 íèêàê íå ñêàçûâàåòñÿ íà
íóòàöèîííûõ êîëåáàíèÿõ ìàÿòíèêà, íî ñ óìåíüøåíèåì A2 óâåëè÷èâàåòñÿ âëèÿíèå íóòàöèîííûõ
"äðîæàíèé" íà êðóòèëüíûå êîëåáàíèÿ. Ïðè ìàëîé íà÷àëüíîé àìïëèòóäå A2 ïðàêòè÷åñêè òå-
ðÿåòñÿ çàâèñèìîñòü êðóòèëüíûõ êîëåáàíèé îò ÷àñòîòû µ è ìàÿòíèê çàêðó÷èâàåòñÿ ñ ÷àñòîòîé
íóòàöèîííûõ êîëåáàíèé. Ñóùåñòâåííîå âëèÿíèå èìïóëüñ P0 îêàçûâàåò íà êîëåáàíèÿ ïðè íåèç-
ìåííî ìàëîé àìïëèòóäå A2. Îí âëèÿåò êàê íà íóòàöèîííûå êîëåáàíèÿ, òàê è íà êðóòèëüíûå,
îñòàâëÿÿ ïîñëåäíèå "ìîäóëèðîâàííûìè".

Ðàñ÷åòû ïîêàçàëè, ÷òî íà ñâîáîäíûå çàòóõàþùèå êîëåáàíèÿ ñóùåñòâåííîå âëèÿíèå îêà-
çûâàåò êîýôôèöèåíò òðåíèÿ. Óâåëè÷åíèå êîýôôèöèåíòà òðåíèÿ óìåíüøàåò âðåìÿ çàòóõàíèÿ
êîëåáàíèé è íóòàöèîííûõ "äðîæàíèé", êîòîðûå íàêëàäûâàþòñÿ íà êðóòèëüíûå êîëåáàíèÿ. È
íàîáîðîò. Êðîìå òîãî, óâåëè÷åíèå êîýôôèöèåíòà òðåíèÿ íåçíà÷èòåëüíî óìåíüøàåò ÷àñòîòó
êîëåáàíèé óãëîâîé êîîðäèíàòû q1 è çíà÷èòåëüíî - óãëîâîé êîîðäèíàòû q2. Îñíîâíîå âëèÿíèå
òðåíèÿ ñêàçûâàåòñÿ íà àìïëèòóäàõ ñîîòâåòñòâóþùèõ êîëåáàíèé.

Óìåíüøåíèå íà÷àëüíîé àìïëèòóäû A2 (P0 = 0) óâåëè÷èâàåò âëèÿíèå íóòàöèîííûõ "äðîæà-
íèé" íà êðóòèëüíûå êîëåáàíèÿ. Óâåëè÷åíèå íà÷àëüíîãî èìïóëüñà P0 è óìåíüøåíèå êîýôôèöè-
åíòà òðåíèÿ ñïîñîáñòâóåò òàêæå óâåëè÷åíèþ íóòàöèîííûõ "äðîæàíèé" è âðåìåíè èõ âëèÿíèÿ
íà êðóòèëüíûå êîëåáàíèÿ.

Íà ðèñóíêå 1à,á ïðèâåäåíû ãðàôèêè ñâîáîäíûõ çàòóõàþùèõ ïëîñêî-ïîëÿðèçîâàííûõ êîëå-
áàíèé ñ èçíà÷àëüíî ìàëîé àìïëèòóäîé A2. Ðàçìàõ íóòàöèîííûõ "äðîæàíèé", êîòîðûé íàêëà-
äûâàåòñÿ íà êðóòèëüíûå êîëåáàíèÿ íà îòðåçêå âðåìåíè îò 0÷103, ñóùåñòâåííûé, íî ñ òå÷åíèåì
âðåìåíè óìåíüøàåòñÿ è ñîâñåì çàòóõàåò.

Èçìåíåíèå êîýôôèöèåíòà òðåíèÿ ïî÷òè â òðè ðàçà ïðèâîäèò ê ðåçêîìó èçìåíåíèþ ìîäóëè-
ðîâàííûõ íóòàöèîííûõ êîëåáàíèé è ïðîôèëåé óãëà çàêðó÷èâàíèÿ ìàÿòíèêà (ðèñóíêè 2, 3). Íà
ðèñóíêå 2à íà÷àëî êîëåáàíèé õàðàêòåðèçóåòñÿ íåáîëüøèì ïî àìïëèòóäå è âðåìåíè ïîëóöèêëîì
è äàëüíåéøèì çíà÷èòåëüíûì óâåëè÷åíèåì àìïëèòóäû è âðåìåíè ìîäóëÿöèè òðåõ ïîñëåäóþùèõ
ïîëóöèêëîâ. Äàëåå ñëåäóåò äâà çàòóõàþùèõ ïîëóöèêëà. Øåñòîé ïîëóöèêë ìåíÿåò ñâîþ ôîðìó
(îãèáàþùóþ), à çàòåì ïðîèñõîäèò ðåçêîå çàòóõàíèå íóòàöèîííûõ êîëåáàíèé.

Íà ðèñóíêå 3à íà÷àëî ïðîöåññà õàðàêòåðèçóåòñÿ áîëüøèì ïî âðåìåíè è àìïëèòóäå ïîëóöèê-
ëîì. Çàòåì ñëåäóåò ìåíüøèé ïîëóöèêë, à äàëåå ñëåäóþò 11 ïðèìåðíî îäèíàêîâûõ ïîëóöèêëîâ.
Çàâåðøàåòñÿ ïðîöåññ ìåíüøèì ïîëóöèêëîì, ïîñëå ÷åãî ïðîèñõîäèò îòíîñèòåëüíî ðåçêîå çàòó-
õàíèå. Ýòî ñâÿçàíî ñ òåì, ÷òî íóòàöèîííûå êîëåáàíèÿ θ çàâèñÿò îò óãëîâîé êîîðäèíàòû q3,
èçìåíåíèå êîòîðîé âî âðåìåíè îïðåäåëÿåòñÿ èçìåíåíèåì àìïëèòóäû A2 è ÷àñòîòû ω2, íî A2

è ω2 ñóùåñòâåííî çàâèñÿò îò êîýôôèöèåíòà òðåíèÿ f0. Ïîýòîìó íàëîæåíèå ðàçëè÷íûõ ïàðà-
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Ðèñ. 1: Ãðàôèêè çàâèñèìîñòåé óãëîâûõ êîîðäèíàò θ, ϕ îò âðåìåíè (à,á).

ìåòðîâ, êàæäûé èç êîòîðûõ èìååò ñâîþ ñêîðîñòü çàòóõàíèÿ è îïðåäåëÿþùèå íóòàöèîííûå
êîëåáàíèÿ, ïðèâîäÿò ê òîìó, ÷òî ñóùåñòâóåò îïðåäåëåííûé èíòåðâàë âðåìåíè (íà ðèñóíêå 2à -
1, 8 ∗ 103 ÷ 2, 5 ∗ 103; íà ðèñóíêå 3à - 103 ÷ 4, 7 ∗ 103), íà êîòîðîì ïîëóöèêëû ìîäóëèðîâàííûõ
êîëåáàíèé ïðèìåðíî îäèíàêîâûå.

Âûíóæäåííûå êîëåáàíèÿ ìàÿòíèêà. Â ðàáîòå [11] ïîêàçàíî, ÷òî âûíóæäåííûå êîëåáà-
íèÿ ìàÿòíèêà ìîæíî ðàçëîæèòü íà ñîáñòâåííûå çàòóõàþùèå êîëåáàíèÿ è ãåòåðî-ïåðèîäè÷åñêèå,
íàâÿçàííûå êîëåáàòåëüíîé ñèñòåìå âíåøíèìè ñèëàìè èç âíå. Ïî èñòå÷åíèè íåêîòîðîãî ìîìåíòà
âðåìåíè ñîáñòâåííûå êîëåáàíèÿ çàòóõàþò. Ïîýòîìó öåëåñîîáðàçíî áûëî ðàññìîòðåòü îòäåëüíî
"÷èñòûé âêëàä" ãàðìîíèê âíåøíèõ âîçìóùåíèé. Âíåøíèå âîçìóùåíèÿ çàäàâàëèñü ñëåäóþùèì
îáðàçîì:

ω0ω1 = B1 sin(ν1t), ω0ω3 = B3 sin(ν1t),

Ω0Ω1 = C1 sin(ν11t), Ω0Ω3 = C3 sin(ν11t), (3)
ε0ε2(t) = D2 sin(ν22t).

Â ñëó÷àå ïîñòîÿííûõ âíåøíèõ ÷àñòîò ν1, ν11, ν22 è ñîîòâåòñòâóþùèõ àìïëèòóä B1, B3, C1,
C3, D2 àíàëèòè÷åñêèå èññëåäîâàíèÿ âûïîëíåíû â [11], êîòîðûå ïîçâîëèëè îïðåäåëèòü ðåçî-
íàíñíûå ÷àñòîòû. Ïðè ÷èñëåííîì èññëåäîâàíèè ÷àñòîòû âíåøíèõ âîçìóùåíèé ìåíÿëèñü âî
âðåìåíè.
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Ðèñ. 2: Ãðàôèêè çàâèñèìîñòåé óãëîâûõ êîîðäèíàò θ, ϕ îò âðåìåíè (à,á).

Íà ðèñóíêå 4à,á ïðèâåäåíû ãðàôèêè âûíóæäåííûõ ïëîñêî-ïîëÿðèçîâàííûõ íóòàöèîííûõ
è êðóòèëüíûõ êîëåáàíèé ìàÿòíèêà ïîä äåéñòâèåì W è ïðè îòñóòñòâèè âíåøíèõ óãëîâûõ âîç-
ìóùåíèé (−→ε ,

−→
Ω = 0). Âûíóæäàþùèå ñèëû çàäàâàëèñü ñîîòíîøåíèåì (3), ÷àñòîòà êîòîðûõ ν1

ïðè âõîäå â ðåçîíàíñíóþ çîíó è âûõîäå èç íåå èçìåíÿëàñü òðàïåöåèäàëüíûì îáðàçîì (ðèñóíîê
4).

Êàê âèäíî èç ðèñóíêà 4à,á ïðè ν1 → ω1 àìïëèòóäà óãëîâûõ êîîðäèíàò ðåçêî íàðàñòàåò. Ïðè
âûõîäå ÷àñòîòû âíåøíåé ñèëû ν1 èç ðåçîíàíñíîé çîíû àìïëèòóäû óãëîâûõ êîîðäèíàò çàòóõà-
þò, è òåì áûñòðåå, ÷åì áîëüøå êîýôôèöèåíò òðåíèÿ. Ñëåäóåò îòìåòèòü, ÷òî àìïëèòóäà óãëà
çàêðó÷èâàíèÿ èçìåíÿåòñÿ âî âðåìåíè íà 5-6 ïîðÿäêîâ ìåíüøå ñîîòâåòñòâóþùåé àìïëèòóäû óã-
ëà íóòàöèè. Îíà âîçðàñòàåò ïðè óâåëè÷åíèè âíåøíåé àìïëèòóäû B1 è ïåðèîäè÷åñêèì îáðàçîì
çàâèñèò îò óãëà ïðåöåññèè q30, çàäàþùèì ïëîñêîñòü ïîëÿðèçîâàííûõ êîëåáàíèé. Èíòåðåñíî
îòìåòèòü, ÷òî åñëè ÷àñòîòà âíåøíèõ ñèë ν1 ïðîõîäèò ðåçîíàíñíóþ çîíó òðàïåöåèäàëüíûì îá-
ðàçîì, íî ñòàðòóåò èç îáëàñòè ïîíèæåííûõ çíà÷åíèé (íàïðèìåð, ν1(s) = 0, 1 ∗ ω1), òî êàðòèíà
êîëåáàíèé ïðàêòè÷åñêè íå èçìåíÿåòñÿ.

Áûëà ïðîâåäåíà ñåðèÿ ðàñ÷åòîâ ñ öåëüþ âûÿñíåíèÿ âëèÿíèÿ âõîäíûõ ïàðàìåòðîâ íà êîëå-
áàíèÿ ïðè òðàïåöåèäàëüíîì áóõòîîáðàçíîì èçìåíåíèè ÷àñòîò âíåøíèõ óãëîâûõ âîçìóùåíèé.
×àñòîòà âîçìóùàþùèõ ñèë íóòàöèîííûõ êîëåáàíèé ïîëàãàëàñü ðàâíîé ðåçîíàíñíîé ÷àñòîòå
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Ðèñ. 3: Ãðàôèêè çàâèñèìîñòåé óãëîâûõ êîîðäèíàò θ, ϕ îò âðåìåíè (à,á).

ω1 [11]. Çà õàðàêòåðíûé áåçðàçìåðíûé ìàñøòàá âðåìåíè ïðèíÿòà âåëè÷èíà τ = ω2t
2π . Ðàñ÷å-

òû ïîêàçàëè, ÷òî óãëîâûå êîîðäèíàòû q2, ϕ èçìåíÿþòñÿ òðàïåöåèäàëüíûì îáðàçîì è íà íèõ
íàêëàäûâàþòñÿ ìàëûå "äðîæàíèÿ"îò íóòàöèîííûõ êîëåáàíèé ìàÿòíèêà. Ñëåäóåò îòìåòèòü,
÷òî åñëè ν1 6= ω1 ( íàïðèìåð, ν1 = 0, 4 èëè ν1 = 10), ò.å. íóòàöèîííûå êîëåáàíèÿ ïðîèñõîäÿò
íå íà ðåçîíàíñíîé ÷àñòîòå, òî êàðòèíà êîëåáàíèé ïðàêòè÷åñêè íå èçìåíèòñÿ (ïðè ñîõðàíåíèè
íåèçìåííûìè îñòàëüíûõ âõîäíûõ ïàðàìåòðîâ çàäà÷è). Äàëüíåéøèå ðàñ÷åòû ïîêàçàëè, ÷òî ñó-
ùåñòâåííîå óìåíüøåíèå êîýôôèöèåíòà òðåíèÿ ïðèâîäèò ê ñóùåñòâåííîìó èçìåíåíèþ ïðîôèëÿ
áóõòû. Óâåëè÷åíèå æå àìïëèòóäû âíåøíèõ ïîñòóïàòåëüíûõ âîçìóùåíèé â 20 ðàç ïðèâîäèò ê
óâåëè÷åíèþ àìïëèòóäû íóòàöèîííûõ êîëåáàíèé, êîòîðûå íàêëàäûâàþòñÿ íà áóõòîîáðàçíîå
èçìåíåíèå óãëîâîé êîîðäèíàòû q2. Ýòî âíîñèò ñóùåñòâåííûå êîððåêòèâû â ïîâåäåíèå óãëà
çàêðó÷èâàíèÿ â çàâèñèìîñòè îò êîýôôèöèåíòà òðåíèÿ (ðèñóíêè 5à,á). Âëèÿíèå íóòàöèîííûõ
êîëåáàíèé íà óñèëèâàåòñÿ è ïðîôèëü êðóòèëüíûõ êîëåáàíèé ïðèîáðåòàåò ïèëîîáðàçíûé õà-
ðàêòåð. Ïðè äàëüíåéøåì óâåëè÷åíèè àìïëèòóäû B1 áóõòà êðóòèëüíûõ êîëåáàíèé ïðàêòè÷åñêè
ïðîïàäàåò, è êðóòèëüíûå êîëåáàíèÿ íîñÿò ÿâíî ïèëîîáðàçíûé õàðàêòåð.

Åñëè óãëîâûå ÷àñòîòû ñòàðòóþò èç îáëàñòè ïîíèæåííûõ çíà÷åíèé, òî êàðòèíà íå ìåíÿåò-
ñÿ, èìåþòñÿ ëèøü íåáîëüøèå ëîêàëüíûå îòëè÷èÿ â ïðîôèëÿõ êîëåáàíèé óãëîâûõ êîîðäèíàò.
Îòìåòèì, ÷òî óâåëè÷åíèå àìïëèòóä C1, C2 â 20 ÷ 100 ðàç ñóùåñòâåííî íå ñêàçûâàåòñÿ íà îá-
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Ðèñ. 4: Âûíóæäåííûå ïëîñêî-ïîëÿðèçîâàííûå íóòàöèîííûå è êðóòèëüíûå êîëåáàíèÿ ìàÿòíèêà
(à,á).

ùåé êàðòèíå êîëåáàíèé. Ýòî è ïîíÿòíî, ïîñêîëüêó ñîãëàñíî [11] èõ âêëàä â îáùèå êðóòèëüíûå
êîëåáàíèÿ ìàë.

Äàëåå, áûëà ïðîâåäåíà ñåðèÿ ðàñ÷åòîâ ñ öåëüþ âûÿñíåíèÿ âëèÿíèÿ ñîãëàñîâàííîñòè ïðî-
õîæäåíèÿ ÷àñòîòàìè ν1ν22 âíåøíèõ âîçìóùåíèé ðåçîíàíñíûõ çîí íà êðóòèëüíûå êîëåáàíèÿ
ìàÿòíèêà. Áûëî óñòàíîâëåíî: åñëè ðåçîíàíñíàÿ çîíà ν1 ïåðåêðûâàåò âñþ ðåçîíàíñíóþ çîíó
ν22, òî íóòàöèîííûå êîëåáàíèÿ âîçìóùàþò âñþ áóõòîîáðàçíóþ îáëàñòü èçìåíåíèÿ óãëà çàêðó-
÷èâàíèÿ. Åñëè òîëüêî ëåâóþ èëè ïðàâóþ ÷àñòè, òî, ñîîòâåòñòâåííî, íóòàöèîííûå êîëåáàíèÿ
âîçìóùàþò ëåâóþ èëè ïðàâóþ ÷àñòè âåòâè êðèâîé êðóòèëüíûõ êîëåáàíèé. Ïðè ìàëîì êîýôôè-
öèåíòå òðåíèÿ îáùàÿ êàðòèíà êðóòèëüíûõ êîëåáàíèé ïðàêòè÷åñêè íå èçìåíÿåòñÿ, íåçàâèñèìî
îò òîãî, ñòàðòóþò ëè ÷àñòîòû âíåøíèõ âîçìóùåíèé èç îáëàñòè ïîâûøåííûõ èëè ïîíèæåííûõ
çíà÷åíèé. Ïðè ñóùåñòâåííîì êîýôôèöèåíòå òðåíèÿ ãëóáèíà áóõòû îñòàåòñÿ ïðåæíåé, íî ðåçêî
èçìåíÿåòñÿ êðèâàÿ êðóòèëüíûõ êîëåáàíèé ïåðåä è ïîñëå áóõòû.

Êàê ïîêàçàëè ðàñ÷åòû, îáùèå çàêîíîìåðíîñòè, ñïðàâåäëèâûå äëÿ ïëîñêî-ïîëÿðèçîâàííûõ
êîëåáàíèé, ïåðåíîñÿòñÿ è íà ñëó÷àé îáùèõ êîëåáàíèé (P0 6= 0), íî èìåþòñÿ è îòëè÷èÿ. Íó-
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Ðèñ. 5: Âûíóæäåííûå êðóòèëüíûå êîëåáàíèÿ (à,á).

òàöèîííûå êîëåáàíèÿ íîñÿò ÿâíî ìîäóëèðîâàííûé õàðàêòåð, ÷òî ñâÿçàíî ñ äåéñòâèåì èìïóëü-
ñà P0. Ïðè ìàëûõ çíà÷åíèÿõ P0 êîëåáàíèÿ áëèçêè ê ïëîñêî-ïîëÿðèçîâàííûì. Îáùèé õàðàê-
òåð êîëåáàíèé ïðè âõîäå â ðåçîíàíñíóþ çîíó è âûõîäå èç íåå ÷àñòîòû ν1 òàêîé æå, êàê è â
ïëîñêî-ïîëÿðèçîâàííîì ñëó÷àå, íî äëÿ óãëà çàêðó÷èâàíèÿ ïðîÿâëÿþòñÿ îäèíî÷íûå ëîêàëüíûå
âñïëåñêè, çàâèñÿùèå îò P0, f0, q30. Íà ïðîôèëü áóõòû è ïèëîîáðàçíûé õàðàêòåð êðóòèëüíûõ
êîëåáàíèé ìàÿòíèêà ñóùåñòâåííîå âëèÿíèå îêàçûâàåò íà÷àëüíûé èìïóëüñ P0 (ñ óâåëè÷åíèåì
P0 ðàñòóò ïèëîîáðàçíûå âàðèàöèè íóòàöèîííûõ êîëåáàíèé).

Ñèíòåòè÷åñêèå áóõòû. Îòìåòèì, ÷òî ïèêîîîáðàçíîå íàðàñòàíèå (ðèñóíîê 4á) è áóõòî-
îáðàçíîå ïîâåäåíèå óãëà çàêðó÷èâàíèÿ ìàÿòíèêà (ðèñóíîê 5á) õàðàêòåðíû êàê äëÿ ðåàëüíûõ
çàïèñåé ïðèáîðîâ "Àëåì", òàê è äëÿ ñèíòåòè÷åñêèõ. Ñîïîñòàâëåíèå ðåàëüíûõ è ñèíòåòè÷åñêèõ
çàïèñåé ïîçâîëÿåò óñòàíîâèòü ìåæäó íèìè êà÷åñòâåííîå ñõîäñòâî.

Íà ðèñóíêå 6 ïðèâåäåíû ÷åòûðåõñóòî÷íûå çàïèñè óãëîâ çàêðó÷èâàíèÿ äâóõ ìàÿòíèêîâ (ðÿ-
äû 3,4) ïðèáîðà "Àëåì" íà ñòàíöèè "Óçóí-Àãà÷", ïîëó÷åííûå ñ 30.10.99ã. ïî 02.11.99ã. Ñòðåë-
êîé îáîçíà÷åí ìîìåíò çåìëåòðÿñåíèÿ è ðÿäîì óêàçàíû ïàðàìåòðû ïðîèçîøåäøåãî çåìëåòðÿ-
ñåíèÿ è åãî ðàññòîÿíèå îò öåíòðàëüíîãî ñåéñìîïîëèãîíà â ã.Àëìàòû. Ãðàôèêè ïîñòðîåíû ïî
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Ðèñ. 6: Ðåàëüíàÿ çàïèñü óãëîâ çàêðó÷èâàíèÿ ïðèáîðà "Àëåì"íà ñòàíöèè "Óçóí-Àãà÷".

ñðåäíå÷àñîâûì çíà÷åíèÿì. Ïî îñè àáñöèññ îòëîæåíî âðåìÿ, ïî îñè îðäèíàò ïîêàçàíèÿ ïðèáîðà
óãëà çàêðó÷èâàíèÿ â îòíîñèòåëüíûõ åäèíèöàõ. Îòìåòèì, ÷òî ðåàëèçàöèÿ ñèñòåìû íàáëþäåíèÿ,
ìåòîä êîíòðîëÿ, àíàëèçà äàííûõ è ðàçðàáîòêà ñàìîãî ïðèáîðà "Àëåì" ïðèíàäëåæèò ãðóïïå
ó÷åíûõ Òóëüñêîãî ïîëèòåõíè÷åñêîãî èíñòèòóòà è äî âòîðîé ïîëîâèíû 1993ã. âåñü öèêë ðàáîò
ïî ñåòè ïðîâîäèëñÿ ñîòðóäíèêàìè ÒóëÏÈ. Íà÷èíàÿ ñî âòîðîé ïîëîâèíû 1994ã. âåñü öèêë ðàáîò
ïî êðàòêîñðî÷íîìó ïðîãíîçó ïî äàííûì íàáëþäåíèé âûïîëíÿåòñÿ ÍÏÊ "Ïðîãíîç" ÃÓ "Êàç-
ñåëåçàùèòà". Ê ñîæàëåíèþ, â íàñòîÿùåå âðåìÿ ÍÏÊ "Ïðîãíîç" íå ðàñïîëàãàåò èíôîðìàöèåé
î öåíå äåëåíèé îòíîñèòåëüíûõ åäèíèö óãëà çàêðó÷èâàíèÿ â ãðàäóñàõ, ïîñêîëüêó â ñâîå âðåìÿ
ñîòðóäíèêàìè ÒóëÏÈ íå áûë ïåðåäàí îñíîâíîé ïàêåò òåõíè÷åñêîé äîêóìåíòàöèè.

Òåì íå ìåíåå, ÷òîáû êàê-òî ñîïîñòàâèòü ðåàëüíûå è ñèíòåòè÷åñêèå çàïèñè, áûëà âûäåëåíà
áóõòà (îáîçíà÷åíà ïóíêòèðíûì ýëëèïñîì) è ñìîäåëèðîâàíà ñèíòåòè÷åñêàÿ áóõòà, èçîáðàæåííàÿ
íà ðèñóíêå 7. Âõîä ÷àñòîòû ν2 â ðåçîíàíñíóþ çîíó è âûõîä èç íåå çàäàâàëñÿ ïàðàáîëè÷åñêîé
çàâèñèìîñòüþ îò âðåìåíè. Ïóòåì ðåãóëèðîâàíèÿ ïàðàìåòðîâ âíåøíèõ âîçìóùåíèé (ðèñóíîê 7)
áûëî äîñòèãíóòî êà÷åñòâåííîå ñõîäñòâî ðåàëüíîé è ñèíòåòè÷åñêîé áóõò. Ìû íå ñòàâèëè ïåðåä
ñîáîé çàäà÷ó ïîëó÷åíèÿ äåòàëüíîãî ñîâïàäåíèÿ çàïèñåé. Õîòÿ ïðè èçâåñòíîé íàñòîé÷èâîñòè
ìîæíî äîáèòüñÿ è ýòîãî, è êîëè÷åñòâåííîãî ñîâïàäåíèÿ.

Íà ðèñóíêå 8 äàíà ðåàëüíàÿ çàïèñü óãëà çàêðó÷èâàíèÿ ïðèáîðà "Àëåì" íà ñòàíöèè "Àê-
êîëü", à íà ðèñóíêå 9 ñìîäåëèðîâàíà åå ñèíòåòè÷åñêàÿ áóõòà.

Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ. Ïîäâåäåì èòîãè ÷èñëåííîãî ìîäåëèðîâàíèÿ.
Ñ ïðèõîäîì ñåéñìè÷åñêîãî ñèãíàëà èç î÷àãà áóäóùåãî çåìëåòðÿñåíèÿ ñ ÷àñòîòîé, áëèçêîé ê
÷àñòîòå ëèíåéíûõ íóòàöèîííûõ êîëåáàíèé ìàÿòíèêà, ïðîèñõîäèò âîçáóæäåíèå ìàÿòíèêîâûõ
êîëåáàíèé. ×àñòü ýíåðãèè ìàÿòíèêîâûõ êîëåáàíèé ïåðåäà¼òñÿ â êðóòèëüíûå êîëåáàíèÿ â âèäå
çíà÷èòåëüíûõ èëè íåçíà÷èòåëüíûõ âàðèàöèé óãëà çàêðó÷èâàíèÿ. Òåì ñàìûì ÷àñòè÷íî ïîäòâåð-
æäàåòñÿ ãèïîòåçà È.È. Êàëèíèêîâà î òîì, ÷òî íà ðåçîíàíñíûõ ÷àñòîòàõ ïðîèñõîäèò âîçáóæäå-
íèå ìàÿòíèêîâûõ êîëåáàíèé. Íà ýòîì ýòàïå ìàÿòíèê âåä¼ò ñåáÿ êàê ïðè¼ìíèê. Îäíîâðåìåííî
ïðîèñõîäèò ÷àñòè÷íàÿ ïåðåêà÷êà ýíåðãèè â åãî êðóòèëüíûå àíîìàëüíûå êîëåáàíèÿ. Íà ýòîì
ýòàïå ìàÿòíèê âåä¼ò ñåáÿ êàê "èíäèêàòîð" è "ñïåêòðàëüíûé àíàëèçàòîð" ñåéñìè÷åñêèõ âîëí.

Ïàðàëëåëüíî èç î÷àãà áóäóùåãî çåìëåòðÿñåíèÿ ïðèõîäÿò óãëîâûå âîçìóùåíèÿ â âèäå êðó-
òèëüíûõ êîëåáàíèé ãðóíòà. Ïðè ïðèáëèæåíèè ÷àñòîòû óãëîâûõ âîçìóùåíèé ê ÷àñòîòå ëè-
íåéíûõ êðóòèëüíûõ êîëåáàíèé ìàÿòíèêà è ïîñëåäóþùåì óäàëåíèè îò íåå îáðàçóåòñÿ áóõòà
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Ðèñ. 7: Ñèíòåòè÷åñêàÿ áóõòà óãëà çàêðó÷èâàíèÿ ìàÿòíèêà ñòàíöèè "Óçóí-Àãà÷".

Ðèñ. 8: Ðåàëüíàÿ çàïèñü óãëà çàêðó÷èâàíèÿ ïðèáîðà "Àëåì"íà ñòàíöèè "Àêêîëü".

óãëà çàêðó÷èâàíèÿ. Íà áóõòó íàêëàäûâàþòñÿ çíà÷èòåëüíûå èëè íåçíà÷èòåëüíûå "äðîæàíèÿ"
íóòàöèîííûõ êîëåáàíèé. Óðîâåíü "äðîæàíèé" îïðåäåëÿåòñÿ õàðàêòåðèñòèêàìè ñåéñìè÷åñêîãî
ñèãíàëà, ïàðàìåòðàìè ãðóíòà, õàðàêòåðèñòèêàìè ìàÿòíèêà è íà÷àëüíûìè óñëîâèÿìè ïðîöåññà.

Åñëè óãëîâûå âîçìóùåíèÿ íå äîõîäÿò äî ìàÿòíèêà èëè íàõîäÿòñÿ âíå çîíû åãî ÷óâñòâè-
òåëüíîñòè è ïðîèñõîäèò âîçáóæäåíèå íóòàöèîííûõ êîëåáàíèé, òî âàðèàöèè óãëà çàêðó÷èâàíèÿ
ìàÿòíèêà ïðîÿâëÿþòñÿ â âèäå "âûñîêî÷àñòîòíûõ ïèêîâ", ÷àñòîòû êîòîðûõ ïîðÿäêà 1Ãö. Åñ-
ëè âîçáóæäåíèå ìàÿòíèêà ïðîèñõîäèò òîëüêî çà ñ÷åò óãëîâûõ âîçìóùåíèé, òî âàðèàöèè óãëà
çàêðó÷èâàíèÿ ìàÿòíèêà ïðîÿâëÿþòñÿ â âèäå "ãëàäêèõ" áóõò (÷àñòîòà ïîðÿäêà ìÃö).

Ïî âñåé âèäèìîñòè â ïðèðîäå ïðîèñõîäèò ðàçëè÷íîå ïî âðåìåíè âêëþ÷åíèå ìåõàíèçìîâ
èçëó÷åíèÿ ñåéñìè÷åñêèõ ñèãíàëîâ èç î÷àãà áóäóùåãî çåìëåòðÿñåíèÿ, ÷àñòü èç êîòîðûõ ðåãè-
ñòðèðóåòñÿ ñåéñìè÷åñêèìè ìàÿòíèêàìè. Â ðåçóëüòàòå îáðàçóåòñÿ êîìáèíèðîâàííàÿ êàðòèíà
âàðèàöèé óãëà çàêðó÷èâàíèÿ.

Íàëè÷èå äëèííîïåðèîäíûõ áóõòîîáðàçíûõ âàðèàöèé óãëà çàêðó÷èâàíèÿ ìàÿòíèêà êàê ðàç
è ïîäòâåðæäàåò ñóùåñòâîâàíèå êðóòèëüíûõ êîëåáàíèé ãðóíòà, âûçâàííûõ ìèêðîñåéñìàìè èç
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Ðèñ. 9: Ñèíòåòè÷åñêàÿ áóõòà óãëà çàêðó÷èâàíèÿ ìàÿòíèêà ñòàíöèè "Àêêîëü".

î÷àãà ãîòîâÿùåãîñÿ çåìëåòðÿñåíèÿ, ÷òî äëÿ ìíîãèõ ãåîôèçèêîâ ÿâëÿåòñÿ íåîæèäàííîñòüþ.
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Î ÑÕÎÄÈÌÎÑÒÈ ÎÄÍÎÃÎ ÀËÃÎÐÈÒÌÀ
ÌÅÒÎÄÀ ÏÀÐÀÌÅÒÐÈÇÀÖÈÈ

Ñ. Ì. Òåìåøåâà

Èíñòèòóò Ìàòåìàòèêè ÌÎèÍ ÐÊ
050010 Àëìàòû Ïóøêèíà, 125 anar@math.kz, dzhumabaev@list.ru

Äëÿ ðåøåíèÿ íåëèíåéíîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé ïðåäëàãàåòñÿ äâóõïàðàìåòðè÷åñêîå ñåìåéñòâî àëãîðèòìîâ ìåòîäà ïàðàìåòðè-
çàöèè. Â òåðìèíàõ ôóíêöèé ïðàâîé ÷àñòè äèôôåðåíöèàëüíîãî óðàâíåíèÿ è ãðàíè÷íîãî óñëîâèÿ
óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè àëãîðèòìîâ è ñóùåñòâîâàíèÿ èçîëèðîâàííîãî ðåøå-
íèÿ ðàññìàòðèâàåìîé çàäà÷è.

Â ðàáîòå ðàññìàòðèâàåòñÿ íåëèíåéíàÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à

dx

dt
= f(t, x), t ∈ [0, T ], (1)

g
(
x(0), x(T )

)
= T, (2)

ãäå f : [0, T ]× Rn → Rn , g : Rn × Rn → Rn íåïðåðûâíû.
Ðåøåíèåì çàäà÷è (1), (2) ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà [0, T ] âåêòîð-ôóíêöèÿ

x∗(t) , óäîâëåòâîðÿþùàÿ íà [0, T ] äèôôåðåíöèàëüíîìó óðàâíåíèþ (1) (ïðè ýòîì â òî÷êàõ t = 0 ,
t = T óðàâíåíèþ (1) óäîâëåòâîðÿþò îäíîñòîðîííèå ïðîèçâîäíûå ẋ∗ïðàâ.(0) , ẋ∗ëåâ.(T ) ) è èìå-
þùàÿ â òî÷êàõ t = 0 , t = T çíà÷åíèÿ x∗(0) , x∗(T ) , äëÿ êîòîðûõ ñïðàâåäëèâî ðàâåíñòâî
(2).

Êðàåâûå çàäà÷è äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ðàçëè÷íûìè ìåòîäàìè
èññëåäîâàíû ìíîãèìè àâòîðàìè [1�11].

Â ñòàòüå [12] çàäà÷à (1), (2) èññëåäîâàëàñü ìåòîäîì ïàðàìåòðèçàöèè. Ïðåäëîæåíû àëãîðèò-
ìû íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (1), (2) è óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ èõ ñõîäèìîñòè.
Êàæäûé øàã àëãîðèòìà ñîñòîèò èç äâóõ ïóíêòîâ: a) ðåøåíèå ñèñòåìû íåëèíåéíûõ óðàâíå-
íèé îòíîñèòåëüíî ââåäåííûõ ïàðàìåòðîâ, b) ðåøåíèå çàäà÷è Êîøè ïðè íàéäåííûõ çíà÷åíèÿõ
ïàðàìåòðîâ.

Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ äâóõïàðàìåòðè÷åñêîå ñåìåéñòâî àëãîðèòìîâ ðåøåíèÿ çà-
äà÷è (1), (2), ãäå â ïóíêòå b) íåò íåîáõîäèìîñòè â ðåøåíèè çàäà÷è Êîøè.

Keywords: nonlinear two-point boundary value problem, parametrization method, su�cient conditions for the
existence of an isolated solution

2000 Mathematics Subject Classi�cation: 34A45
c Ñ. Ì. Òåìåøåâà, 2010.
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Âîçüìåì íàòóðàëüíîå ÷èñëî N ∈ N è ðàçîáüåì ïðîìåæóòîê [0, T ] ñ øàãîì h = T/N :

[0, T ) =
N⋃

r=1
[(r − 1)h, rh) . Ñóæåíèå ôóíêöèè x(t) íà èíòåðâàë [(r − 1)h, rh) îáîçíà÷èì ÷åðåç

xr(t) è çàäà÷ó (1), (2) ñâåäåì ê ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å:

dxr

dt
= f(t, xr), t ∈ [(r − 1)h, rh), r = 1 : N, (3)

g
(
x1(0), lim

t→Nh−0
xN (t)

)
= 0, (4)

lim
t→sh−0

xs(t) = xs+1(sh), s = 1 : (N − 1), (5)

ãäå (5) � óñëîâèÿ ñêëåèâàíèÿ ðåøåíèÿ âî âíóòðåííèõ òî÷êàõ ðàçáèåíèÿ èíòåðâàëà [0, T ] . Îò-
ìåòèì, ÷òî óñëîâèÿ ñêëåèâàíèÿ ðåøåíèÿ (5) è äèôôåðåíöèàëüíûå óðàâíåíèÿ (3) îáåñïå÷èâàþò
òàê æå è íåïðåðûâíîñòü ïðîèçâîäíûõ â òî÷êàõ ðàçáèåíèÿ èíòåðâàëà [0, T ] .

×åðåç C([0, T ], h,RnN ) îáîçíà÷èì ïðîñòðàíñòâî ñèñòåì ôóíêöèé x[t] =
(
x1(t), x2(t), . . . ,

xN (t)
)
, ãäå xr : [(r − 1)h, rh) → Rn íåïðåðûâíà è èìååò êîíå÷íûé ëåâîñòîðîííèé ïðåäåë

lim
t→rh−0

xr(t) ïðè âñåõ r = 1 : N , ñ íîðìîé ‖x[·]‖2 = max
r=1:N

sup
t∈[(r−1)h,rh)

‖xr(t)‖ .
Ââåäåì îáîçíà÷åíèå λr=̂xr((r−1)h) , ïðîèçâåäåì çàìåíó ur(t) = xr(t)−λr , t ∈ [(r−1)h, rh) ,

r = 1 : N , è îò çàäà÷è (3)-(5) ïåðåéäåì ê ýêâèâàëåíòíîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å ñ
ïàðàìåòðàìè:

dur

dt
= f(t, λr + ur), t ∈ [(r − 1)h, rh), r = 1 : N, (6)

ur

(
(r − 1)h

)
= 0, r = 1 : N, (7)

g
(
λ1, λN + lim

t→T−0
uN (t)

)
= 0, (8)

λs + lim
t→sh−0

us(t)− λs+1 = 0, s = 1 : (N − 1). (9)

Ðåøåíèåì çàäà÷è (6)�(9) ÿâëÿåòñÿ ïàðà
(
λ∗, u∗[t]

)
ñ ýëåìåíòàìè λ∗ =

(
λ∗1, λ

∗
2, . . . , λ

∗
N

) ∈
∈ RnN , u∗[t] =

(
u∗1(t), u

∗
2(t), . . . , u

∗
N (t)

) ∈ C([0, T ], h,RnN ) , ãäå íåïðåðûâíî äèôôåðåíöèðóåìàÿ
è îãðàíè÷åííàÿ íà [(r−1)h, rh) ôóíêöèÿ u∗r(t) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ
(6) ïðè âñåõ t ∈ [(r − 1)h, rh) (ïðè t = (r − 1)h óðàâíåíèþ (6) óäîâëåòâîðÿåò ïðàâîñòîðîííÿÿ
ïðîèçâîäíàÿ ôóíêöèè u∗r(t) ), âûïîëíÿåòñÿ óñëîâèå u∗r((r − 1)h) = 0 , r = 1 : N , è äëÿ λ∗1 ,
λ∗N + lim

t→Nh−0
u∗N (t) , λ∗s + lim

t→sh−0
u∗s(t) , λ∗s+1 , s = 1 : (N − 1) , èìåþò ìåñòî ðàâåíñòâà (8), (9).

Åñëè
(
λ∗, u∗[t]

)
� ðåøåíèå çàäà÷è (6)�(9), òî

x∗(t) =

{
λ∗r + u∗r(t), ïðè t ∈ [(r − 1)h, rh), r = 1 : N,
λ∗N + lim

t→T−0
u∗N (t), ïðè t = T,

áóäåò ðåøåíèåì çàäà÷è (1), (2). Ïóñòü òåïåðü x̃(t) � ðåøåíèå çàäà÷è (1), (2). Tîãäà ïàðà
(
λ̃, ũ[t]

)

ñ ýëåìåíòàìè λ̃ =
(
λ̃1, λ̃2, . . . , λ̃N

) ∈ RnN , ũ[t] =
(
ũ1(t), ũ2(t), . . . , ũN (t)

)
, ãäå λ̃r = x̃

(
(r− 1)h

)
,

ũr(t) = x̃(t)− x̃
(
(r − 1)h

)
, t ∈ [(r − 1)h, rh) , r = 1 : N , áóäåò ðåøåíèåì çàäà÷è (6)-(9).

Ïðè ôèêñèðîâàííîì çíà÷åíèè λr çàäà÷à Êîøè (6), (7) äëÿ âñåõ r = 1 : N ýêâèâàëåíòíà
èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà âòîðîãî ðîäà:

ur(t) =
∫ t

(r−1)h
f(τ, λr + ur(τ))dτ, t ∈ [(r − 1)h, rh). (10)
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Ïîäñòàâèâ âìåñòî ur(τ) ñîîòâåòñòâóþùóþ ïðàâóþ ÷àñòü (10) è ïîâòîðÿÿ ýòîò ïðîöåññ ν
ðàç, äëÿ ur(t) ïîëó÷èì ñëåäóþùåå ïðåäñòàâëåíèå:

ur(t) =
∫ t

(r−1)h
f
(
τ1, λr +

∫ τ1

(r−1)h
f
(
τ2, λr + . . . +

∫ τν−1

(r−1)h
f
(
τν , λr + ur(τν)

)
dτν . . .

)
dτ2

)
dτ1,

t ∈ [(r − 1)h, rh), r = 1 : N. (11)

Îïðåäåëèâ èç (11) lim
t→rh−0

ur(t) , r = 1 : N , ïîäñòàâèâ èõ â (8), (9), ïðåäâàðèòåëüíî óìíîæàÿ
(8) íà h = T/N > 0 , ïîëó÷èì ñèñòåìó íåëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî λr ∈ Rn :

h · g
(
λ1, λN +

∫ Nh

(N−1)h
f
(
τ1, λN + . . . +

∫ τν−1

(N−1)h
f
(
τν , λN + uN (τν)

)
dτν . . .

)
dτ1

)
= 0,

λs +
∫ sh

(s−1)h
f
(
τ1, λs + . . . +

∫ τν−1

(s−1)h
f
(
τν , λs + us(τν)

)
dτν . . .

)
dτ1 − λs+1 = 0, s = 1 : (N − 1),

êîòîðóþ çàïèøåì â âèäå
Qν,h(λ, u) = 0, λ ∈ RnN . (12)

Óñëîâèå A . Ñóùåñòâóþò N ∈ N (h = T/N) , ν ∈ N , òàêèå, ÷òî ñèñòåìà íåëèíåéíûõ
óðàâíåíèé Qν,h(λ, 0) = 0 èìååò ðåøåíèå λ(0) =

(
λ

(0)
1 , λ

(0)
2 , . . . , λ

(0)
N

) ∈ RnN è ñèñòåìà ôóíêöèé
u(0)[t] =

(
u

(0)
1 (t), u(0)

2 (t), . . . , u(0)
N (t)

)
ñ êîìïîíåíòàìè

u(0)
r (t) =

∫ t

(r−1)h
f
(
τ1, λ

(0)
r +

∫ τ1

(r−1)h
f
(
τ2, λ

(0)
r + . . . +

∫ τν−1

(r−1)h
f
(
τν , λ

(0)
r

)
dτν . . .

)
dτ2

)
dτ1,

t ∈ [(r − 1)h, rh), r = 1 : N, (13)

ïðèíàäëåæèò ïðîñòðàíñòâó C([0, T ], h,RnN ) .
Âîçüìåì ÷èñëà ρλ > 0 , ρu > 0 , ρx > 0 è ñîñòàâèì ìíîæåñòâà:

S
(
λ(0), ρλ

)
=

{
λ = (λ1, λ2, . . . , λN ) ∈ RnN : ‖λ− λ(0)‖ = max

r=1:N
‖λr − λ(0)

r ‖ < ρλ

}
,

S
(
u(0)[t], ρu

)
=

{
u[t] ∈ C([0, T ], h,RnN ) : ‖u[·]− u(0)[·]‖2 < ρu

}
,

Ωs(λ(0)
s , u(0)

s (t), h, ρx) =
{
(t, x) : t ∈ [(s− 1)h, sh), ‖x− λ(0)

s − u(0)
s (t)‖ < ρx

}
, s = 1 : (N − 1),

Ω̃N (λ(0)
N , u

(0)
N (t), h, ρx) =

{
(t, x) : t ∈ [(N − 1)h,Nh], ‖x− λ

(0)
N − u

(0)
N (t)‖ < ρx

}
,

G0
1(ρx) =

N−1⋃

s=1

Ωs(λ(0)
s , u(0)

s (t), h, ρx) ∪ Ω̃N (λ(0)
N , u

(0)
N (t), h, ρx),

G0
2(ρλ, ρx) =

{
(v, w) ∈ R2n : ‖v − λ

(0)
1 ‖ < ρλ, ‖w − λ

(0)
N − lim

t→T−0
u

(0)
N (t)‖ < ρx

}
.

Óñëîâèå B . Ôóíêöèè f , g ñîîòâåòñòâåííî â G0
1(ρx) , G0

2(ρλ, ρx) íåïðåðûâíû, èìåþò
ðàâíîìåðíî íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå f ′x , g′v , g′w è âûïîëíÿþòñÿ íåðàâåíñòâà:

‖f ′x(t, x)‖ 6 L0, ‖g′v(v, w)‖ 6 L1, ‖g′w(v, w)‖ 6 L2,

ãäå L0 , L1 , L2 � ïîñòîÿííûå.
Ïðåäïîëîæèì, ÷òî âûïîëíåíî óñëîâèå A . Tîãäà çà íà÷àëüíîå ïðèáëèæåíèå ðåøåíèÿ çàäà÷è

(6)�(9) âîçüìåì ïàðó (λ(0), u(0)[t]) è ïîñëåäîâàòåëüíîñòü (λ(k), u(k)[t]) , k = 1, 2, . . . , íàéäåì ïî
ñëåäóþùåìó àëãîðèòìó:
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Øàã 1. à) Èç óðàâíåíèÿ Qν,h(λ, u(0)) = 0 íàéäåì λ(1) = (λ(1)
1 , λ

(1)
2 , . . . , λ(1)

N
)′ ∈ RnN ;

á) íà [(r − 1)h, rh) , r = 1 : N , îïðåäåëèì ôóíêöèè u
(1)
r (t) ïî ôîðìóëàì:

u(1)
r (t) =

∫ t

(r−1)h
f
(
τ1, λ

(1)
r + . . . +

∫ τν−1

(r−1)h
f
(
τν , λ

(1)
r + u(0)

r (τν)
)
dτν . . .

)
dτ1. (14)

Øàã 2. à) Èç óðàâíåíèÿ Qν,h(λ, u(1)) = 0 íàéäåì λ(2) = (λ(2)
1 , λ

(2)
2 , . . . , λ(2)

N
)′ ∈ RnN ;

á) íà [(r − 1)h, rh) , r = 1 : N , îïðåäåëèì ôóíêöèè u
(2)
r (t) ïî ôîðìóëàì:

u(2)
r (t) =

∫ t

(r−1)h
f
(
τ1, λ

(2)
r + . . . +

∫ τν−1

(r−1)h
f
(
τν , λ

(2)
r + u(1)

r (τν)
)
dτν . . .

)
dτ1. (15)

Ïðîäîëæàÿ ïðîöåññ, íà k -îì øàãå íàéäåì ïàðó (λ(k), u(k)[t]) , k = 0, 1, 2, . . . , óäîâëåòâî-
ðÿþùóþ ðàâåíñòâàì Qν,h(λ(k), u(k−1)) = 0 è

u(k)
r (t) =

∫ t

(r−1)h
f
(
τ1, λ

(k)
r + . . . +

∫ τν−1

(r−1)h
f
(
τν , λ

(k)
r + u(k−1)

r (τν)
)
dτν . . .

)
dτ1. (16)

Îòëè÷èå ïðåäëàãàåìûõ àëãîðèòìîâ îò àëãîðèòìîâ [12] çàêëþ÷àåòñÿ â ïóíêòå b) , ãäå ôóíê-
öèè u

(k)
r (t) îïðåäåëÿþòñÿ ïî ôîðìóëå (16).

Äîñòàòî÷íûå óñëîâèÿ îñóùåñòâèìîñòè, ñõîäèìîñòè àëãîðèòìà, îäíîâðåìåííî îáåñïå÷èâà-
þùèå ñóùåñòâîâàíèå èçîëèðîâàííîãî ðåøåíèÿ ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è ñ ïàðàìåòðàìè
(6)�(9) óñòàíàâëèâàåò ñëåäóþùàÿ

Tåîðåìà 1. Ïóñòü ñóùåñòâóþò ν ∈ N , N ∈ N (h = T/N) , ρ
λ

> 0 , ρu > 0 , ρx > 0 ,
ïðè êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ A , B , ìàòðèöà ßêîáè ∂Qν,h(λ, u)

∂λ
îáðàòèìà äëÿ âñåõ

(λ, u[t]) ∈ S(λ(0), ρ
λ
)× S(u(0)[t], ρu) è èìåþò ìåñòî íåðàâåíñòâà:

1)
∥∥∥
(∂Qν,h(λ, u)

∂λ

)−1∥∥∥ 6 γν(h) ,

2) qν(h) =
(hL0)ν

ν!

(
1 + γν(h)max(1, hL2)

ν∑

j=1

(hL0)j

j!

)
< 1 ,

3) γν(h)‖Qν,h(λ(0), u(0))‖+
qν(h)

1− qν(h)
γν(h)max(1, hL2)

(hL0)ν

ν!
‖u(0)[·]‖2 < ρ

λ
,

4) qν(h)
1− qν(h)

‖u(0)[·]‖2 < ρu,

5) ρ
λ

ν−1∑

j=0

(hL0)j

j!
+ ρu max

j=0:(ν−1)

{(hL0)j

j!

}
+ bν < ρx,

ãäå bν =





0, ïðè ν = 1,

max
r=1:N

sup
t∈[(r−1)h,rh)

∥∥∥
∫ t

(r−1)h
f(τ, λ(0)

r )dτ
∥∥∥

2ν−2∑

j=ν

(hL0)j

j!
, ïðè ν > 2.

Tîãäà, îïðåäåëÿåìàÿ ïî àëãîðèòìó ïîñëåäîâàòåëüíîñòü ïàð (λ(k), u(k)[t]), k = 0, 1, 2, . . . ,
ïðèíàäëåæèò S(λ(0), ρλ) × S(u(0)[t], ρu), ñõîäèòñÿ ê (λ∗, u∗[t]) � ðåøåíèþ çàäà÷è (6)�(9) â
S(λ(0), ρλ)× S(u(0)[t], ρu) è ñïðàâåäëèâû îöåíêè:

‖u∗[·]− u(k)[·]‖2 6 (qν(h))k

1− qν(h)
qν(h)‖u(0)[·]‖2, k = 1, 2, . . . , (17)

‖λ∗ − λ(k)‖ 6 (qν(h))k

1− qν(h)
γν(h)max(1, hL2)

(hL0)ν

ν!
‖u(0)[·]‖2, k = 1, 2, . . . , (18)
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Ïðè÷åì ëþáîå ðåøåíèå çàäà÷è (6)�(9) â S(λ(0), ρλ)× S(u(0)[t], ρu) èçîëèðîâàíî.
Äîêàçàòåëüñòâî. Âîçüìåì ëþáóþ ïàðó (λ, u[t]) ∈ S(λ(0), ρ

λ
)×S(u(0)[t], ρu) . Â ñèëó óñëîâèÿ

B èìåþò ìåñòî íåðàâåíñòâà:

‖λr + ur(t)− λ(0)
r − u(0)

r (t)‖ 6 ‖λr − λ(0)
r ‖+ ‖ur(t)− u(0)

r (t)‖ < ρλ + ρu, (19)

∥∥∥λr +
∫ t

(r−1)h
f
(
τ1, λr +ur(τ1)

)
dτ1−λ(0)

r −u(0)
r (t)

∥∥∥ 6 ‖λr−λ(0)
r ‖+

∥∥∥
∫ t

(r−1)h
f
(
τν , λr +ur(τ1)

)
dτ1−

−
∫ t

(r−1)h
f
(
τ1, λ

(0)
r +

∫ τ1

(r−1)h
f
(
τ2, λ

(0)
r + . . . +

∫ τν−1

(r−1)h
f
(
τν , λ

(0)
r

)
dτν . . .

)
dτ2

)
dτ1

∥∥∥ 6

6
(
1+

∫ t

(r−1)h
L0dτ

)
‖λ(1)

r −λ(0)
r ‖+

∫ t

(r−1)h
L0‖ur(τ)−u(0)

r (τ)‖dτ+
∫ t

(r−1)h
L0

∥∥∥
∫ τ1

(r−1)h
f
(
τ2, λ

(0)
r +. . .+

+
∫ τν

(r−1)h
f
(
τν+1, λ

(0)
r

)
dτν+1 . . .

)
dτ2 −

∫ τ1

(r−1)h
f
(
τ2, λ

(0) + . . . +
∫ τν−1

(r−1)h
f(τν , λ

(0)
r )dτν . . .

)
dτ2

∥∥∥dτ1 6

6 ρ
λ

1∑

j=0

(L0(t− (r − 1)h))j

j!
+ ρuL0(t− (r − 1)h) + sup

t∈[(r−1)h,rh)

∥∥∥
∫ t

(r−1)h
f(τ, λ(0)

r )dτ
∥∥∥×

× (L0(t− (r − 1)h))ν

ν!
, t ∈ [(r − 1)h, rh), r = 1 : N, (20)

∥∥∥λr +
∫ t

(r−1)h
f
(
τ1, λr +

∫ τ1

(r−1)h
f
(
τ2, λr + ur(τ2)

)
dτ2

)
dτ1 − λ(0)

r − u(0)
r (t)

∥∥∥ 6

6 ρ
λ

2∑

j=0

(L0(t− (r − 1)h))j

j!
+ ρu

(L0(t− (r − 1)h))2

2!
+ sup

t∈[(r−1)h,rh)

∥∥∥
∫ t

(r−1)h
f(τ, λ(0)

r )dτ
∥∥∥×

×
ν+1∑

j=ν

(L0(t− (r − 1)h))j

j!
, t ∈ [(r − 1)h, rh), r = 1 : N, (21)

. . . ,

∥∥∥λr +
∫ t

(r−1)h
f
(
τ1, λr + . . . +

∫ τν−2

(r−1)h
f
(
τν−1, λr + ur(τν−1)

)
dτν−1 . . .

)
dτ1 − λ(0)

r − u(0)
r (t)

∥∥∥ 6

6 ρ
λ

ν−1∑

j=0

(L0(t− (r − 1)h))j

j!
+ ρu

(L0(t− (r − 1)h))ν−1

(ν − 1)!
+ sup

t∈[(r−1)h,rh)

∥∥∥
∫ t

(r−1)h
f(τ, λ(0)

r )dτ
∥∥∥×

×
2ν−2∑

j=ν

(L0(t− (r − 1)h))j

j!
, t ∈ [(r − 1)h, rh), r = 1 : N. (22)

Ââèäó (19)�(22), íåðàâåíñòâà 5) òåîðåìû, äëÿ âñåõ t ∈ [(r − 1)h, rh) è r = 1 : N ïàðû

(
t, λr + ur(t)

)
,

(
t, λr +

∫ t

(r−1)h
f(τ1, λr + ur(τ1))dτ1

)
,

(
t, λr +

∫ t

(r−1)h
f
(
τ1, λr +

∫ τ1

(r−1)h
f(τ2, λr + ur(τ2))dτ2

)
dτ1

)
, . . . ,

(
t, λr +

∫ t

(r−1)h
f
(
τ1, λr + . . . +

∫ τν−2

(r−1)h
f(τν−1, λr + ur(τν−1))dτν−1 . . .

)
dτ1

)
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ïðèíàäëåæàò ìíîæåñòâó G0
1(ρx) .

Ðåøåíèå çàäà÷è (6)�(9) íàéäåì ïî àëãîðèòìó. Ñîãëàñíî óñëîâèÿì òåîðåìû îïåðàòîð
Qν,h(λ, u(0)) â S(λ(0), ρ

λ
) óäîâëåòâîðÿåò âñåì ïðåäïîëîæåíèÿì òåîðåìû 1 èç [12]. Âîçüìåì

íåêîòîðîå ÷èñëî ε0 > 0, ïðè êîòîðîì áóäóò èìåòü ìåñòî íåðàâåíñòâà:

ε0γν(h) 6 1
2
,

γν(h)
1− ε0γν(h)

(
‖Qν,h(λ(0), u(0))‖+

qν(h)
1− qν(h)

max(1, hL2)
(hL0)ν

ν!
‖u(0)[·]‖2

)
< ρ

λ
.

Tàê êàê ìàòðèöà ßêîáè ∂Qν,h(λ, u(0))/∂λ ðàâíîìåðíî íåïðåðûâíà â S(λ(0), ρ
λ
) , íàéäåì δ0 ∈

∈ (0, ρ
λ
] òàêîå, ÷òî ∥∥∥∂Qν,h(λ, u(0))

∂λ
− ∂Qν,h(λ̃, u(0))

∂λ

∥∥∥ < ε0

äëÿ ëþáûõ λ, λ̃ ∈ S(λ(0), ρ
λ
) , êàê òîëüêî ‖λ− λ̃‖ < δ0.

Âûáåðåì α > α0 = max
{

1,
γν(h)

δ0

(
‖Qν,h(λ(0), u(0))‖+ qν(h)

1− qν(h)
max(1, hL2)

(hL0)ν

ν!
‖u(0)[·]‖2

)}

è ïîñòðîèì èòåðàöèîííûé ïðîöåññ: λ(1,0) = λ(0) ,

λ(1,m+1) = λ(1,m) − 1
α

(∂Qν,h(λ(1,m), u(0))
∂λ

)−1
Qν,h(λ(1,m), u(0)), m = 0, 1, 2, . . . ,

êîòîðûé ïî òåîðåìå 1 èç [12] ñõîäèòñÿ ê èçîëèðîâàííîìó ðåøåíèþ λ(1) ∈ S(λ(0), ρ
λ
) óðàâíåíèÿ

Qν,h(λ, u(0)) = 0 è
‖λ(1) − λ(0)‖ 6 γν(h)‖Qν,h(λ(0), u(0))‖. (23)

Êîìïîíåíòû ñèñòåìû ôóíêöèé u(1)[t] îïðåäåëèì ïî ôîðìóëå (14). Tîãäà, â ñèëó (23), (14),
äëÿ ðàçíîñòè (u(1)

r (t)− u
(0)
r (t)) , t ∈ [(r − 1)h, rh) , r = 1 : N , èìååò ìåñòî îöåíêà:

‖u(1)
r (t)− u(0)

r (t)‖ 6
∥∥∥

∫ t

(r−1)h
f
(
τ1, λ

(1)
r + . . . +

∫ τν−1

(r−1)h
f
(
τν , λ

(1)
r + u(0)

r (τν)
)
dτν . . .

)
dτ1−

−
∫ t

(r−1)h
f
(
τ1, λ

(0)
r + . . . +

∫ τν−1

(r−1)h
f
(
τν , λ

(0)
r

)
dτν . . .

)
dτ1

∥∥∥ 6

6
ν∑

j=1

(hL0)j

j!
‖λ(1) − λ(0)‖+ max

r=1:N
sup

t∈[(r−1)h,rh)
‖u(0)

r (t)‖(hL0)ν

ν!
6

6
ν∑

j=1

(hL0)j

j!
γν(h)‖Qν,h(λ0, u(0))‖+

(hL0)ν

ν!
‖u(0)[·]‖2, t ∈ [(r − 1)h, rh), r = 1 : N. (24)

Ïàðàìåòð λ(0) ∈ RnN ïî óñëîâèþ A óäîâëåòâîðÿåò ðàâåíñòâó Qν,h(λ(0), 0) = 0 , ïîýòîìó

‖Qν,h(λ(0), u(0))‖ = ‖Qν,h(λ(0), u(0))−Qν,h(λ(0), 0)‖ 6 max(1, hL2)
(hL0)ν

ν!
‖u(0)[·]‖2. (25)

Èñïîëüçóÿ (25) èç (24), ïîëó÷èì:

‖u(1)[·]− u(0)[·]‖2 6 qν(h)‖u(0)[·]‖2. (26)

Tàêèì îáðàçîì, â ñèëó íåðàâåíñòâà 4) òåîðåìû u(1)[t] ∈ S(u(0)[t], ρu).
Èç ñòðóêòóðû îïåðàòîðà Qν,h(λ, u) , ðàâåíñòâà Qν,h(λ(1), u(0)) = 0 è íåðàâåíñòâà (26), èìå-

åì, ÷òî

γν(h)‖Qν,h(λ(1), u(1))‖ = γν(h)‖Qν,h(λ(1), u(1))−Qν,h(λ(1), u(0)))‖ 6

6 γν(h)max(1, hL2)
(hL0)ν

ν!
‖u(1)[·]− u(0)[·]‖2. (27)
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Åñëè λ ∈ S(λ(1), ρ1 + ε1), ãäå ρ1 = γν(h)max(1, hL2)
(hL0)ν

ν!
‖u(1)[·]−u(0)[·]‖2 , è ÷èñëî ε1 > 0

óäîâëåòâîðÿåò íåðàâåíñòâó:

ε1 + γν(h)‖Qν,h(λ(0), u(0))‖+
qν(h)

1− qν(h)
γν(h)max(1, hL2)

(hL0)ν

ν!
‖u(0)[·]‖2 < ρ

λ
,

òî â ñèëó óñëîâèé 2), 3) òåîðåìû è ñîîòíîøåíèé (23), (26), ïîëó÷èì, ÷òî

‖λ− λ(0)‖ 6 ‖λ− λ(1)‖+ ‖λ(1) − λ(0)‖ < ρ1 + ε1 + ‖λ(1) − λ(0)‖ 6

6 γν(h) max(1, hL2)
(hL0)ν

ν!
‖u(1)[·]− u(0)[·]‖2 + ε1 + γν(h)‖Qν,h(λ(0), u(0))‖ <

<
qν(h)

1− qν(h)
γν(h)max(1, hL2)

(hL0)ν

ν!
‖u(0)[·]‖2 + ε1 + γν(h)‖Qν,h(λ(0), u(0))‖ < ρ

λ
,

ñëåäîâàòåëüíî, S(λ(1), ρ1 + ε1) ⊂ S(λ(0), ρ
λ
).

Îïåðàòîð Qν,h(λ, u(1)) â ìíîæåñòâå S(λ(1), ρ1 + ε1) óäîâëåòâîðÿåò âñåì óñëîâèÿì òåîðåìû
1 [12], ïîýòîìó èòåðàöèîííûé ïðîöåññ

λ(2,0) = λ(1), λ(2,m+1) = λ(2,m) − 1
α

(∂Qν,h(λ(2,m), u(1))
∂λ

)−1
·Qν,h(λ(2,m), u(1)), m = 0, 1, 2, . . . ,

ñõîäèòñÿ ê èçîëèðîâàííîìó ðåøåíèþ λ(2) ∈ S(λ(1), ρ1 +ε1) óðàâíåíèÿ Qν,h(λ, u(1)) = 0 è èìååò
ìåñòî îöåíêà:

‖λ(2) − λ(1)‖ 6 γν(h)‖Qν,h(λ(1), u(1))‖,
èëè, ó÷èòûâàÿ (27) ïîëó÷èì, ÷òî

‖λ(2) − λ(1)‖ 6 γν(h)max(1, hL2)
(hL0)ν

ν!
‖u(1)[·]− u(0)[·]‖2.

Ïî λ(2) = (λ(2)
1 , λ

(2)
2 , . . . , λ(2)

N
)′ ∈ RnN , èñïîëüçóÿ ôîðìóëû (15), îïðåäåëèì êîìïîíåíòû

ñèñòåìû ôóíêöèé u(2)[t] . Tîãäà

‖u(2)
r (t)− u(1)

r (t)‖ 6 qν(h) max
r=1:N

sup
t∈[(r−1)h,rh)

‖u(1)
r (t)− u(0)

r (t)‖, t ∈ [(r − 1)h, rh), r = 1 : N,

ò.å.
‖u(2)[·]− u(1)[·]‖2 6 qν(h)‖u(1)[·]− u(0)[·]‖2.

Ïðåäïîëàãàÿ, ÷òî ïàðà (λ(k−1), u(k−1)[t]) ∈ S(λ(0), ρ
λ
)×S(u(0)[t], ρu) íàéäåíà è óñòàíîâëåíû

îöåíêè:
‖λ(k−1) − λ(k−2)‖ 6 γν(h)max(1, hL2)

(hL0)ν

ν!
‖u(k−2)[·]− u(k−3)[·]‖2, (28)

‖u(k−1)[·]− u(k−2)[·]‖2 6 qν(h)‖u(k−2)[·]− u(k−3)[·]‖2, (29)

‖Qν,h(λ(k−2), u(k−2))‖ 6 max(1, hL2)
(hL0)ν

ν!
‖u(k−2)[·]− u(k−3)[·]‖2, (30)

k -îå ïðèáëèæåíèå λ(k) ïî ïàðàìåòðó íàõîäèì èç óðàâíåíèÿ:

Qν,h(λ, u(k−1)) = 0, λ ∈ RnN . (31)

Èñïîëüçóÿ ðàâåíñòâî Qν,h(λ(k−1), u(k−2)) = 0, óñòàíàâëèâàåì ñïðàâåäëèâîñòü íåðàâåíñòâà:

γν(h)‖Qν,h(λ(k−1), u(k−1))‖ 6 γν(h)max(1, hL2)
(hL0)ν

ν!
‖u(k−1)[·]− u(k−2)[·]‖2. (32)
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Âîçüìåì ρ
k−1

= γν(h)‖Qν,h(λ(k−1), u(k−1))‖ è ïîêàæåì, ÷òî S(λ(k−1), ρ
k−1

+ ε1) ⊂ S(λ(0), ρ
λ
).

Äëÿ ëþáîãî λ ∈ S(λ(k−1), ρ
k−1

+ ε1) â ñèëó (26), (28), (29),(32) âûïîëíÿåòñÿ ñëåäóþùåå:

‖λ− λ(0)‖ 6 ‖λ− λ(k−1)‖+ ‖λ(k−1) − λ(k−2)‖+ . . . + ‖λ(2) − λ(1)‖+ ‖λ(1) − λ(0)‖ 6

6 ρ
k−1

+ε1+γν(h)max(1, hL2)
(hL0)ν

ν!

(
‖u(k−2)[·]−u(k−3)[·]‖2+. . .+‖u(1)[·]−u(0)[·]‖2

)
+‖λ(1)−λ(0)‖ 6

6 γν(h)max(1, hL2)
(hL0)ν

ν!

(
(qν(h))k−1+(qν(h))k−2+. . .+qν(h)

)
‖u(0)[·]‖2+γν(h)‖Qν,h(λ(0), u(0))‖+

+ ε1 <
qν(h)

1− qν(h)
γν(h)max(1, hL2)

(hL0)ν

ν!
‖u(0)[·]‖2 + γν(h)‖Qν,h(λ(0), u(0))‖+ ε1 < ρ

λ
,

ò.å. S(λ(k−1), ρ
k−1

+ ε1) ⊂ S(λ(0), ρ
λ
). Tàê êàê îïåðàòîð Qν,h(λ, u(k−1)) â S(λ(k−1), ρ

k−1
+ ε1)

óäîâëåòâîðÿåò âñåì óñëîâèÿì òåîðåìû 1 èç [12], òî â ∈ S(λ(k−1), ρ
k−1

+ ε1) ñóùåñòâóåò ðåøåíèå
λ(k) óðàâíåíèÿ (31) è ñïðàâåäëèâà îöåíêà:

‖λ(k) − λ(k−1)‖ 6 γν(h)‖Qν,h(λ(k−1), u(k−1))‖. (33)

Ïî ôîðìóëàì (16) îïðåäåëèì êîìïîíåíòû ñèñòåìû ôóíêöèé u(k)[t] è óñòàíîâèì îöåíêè:

‖u(k)[·]− u(k−1)[·]‖2 6 qν(h)‖u(k−1)[·]− u(k−2)[·]‖2. (34)

Åñëè ρk = γν(h)‖Qν,h(λ(k), u(k))‖ = 0, òî Qν,h(λ(k), u(k)) = 0, ò.å.

h · g
(
λ

(k)
1 , λ(k)

N
+

∫ Nh

(N−1)h
f
(
τ1, λ

(k)
N

+ . . . +
∫ τν−1

(N−1)h
f
(
τν , λ

(k)
N

+ u(k)
N

(τν)
)
dτν . . .

)
dτ1

)
= 0,

λ(k)
s +

∫ sh

(s−1)h
f
(
τ1, λ

(k)
s +. . .+

∫ τν−1

(s−1)h
f
(
τν , λ

(k)
s +u(k)

s (τν)
)
dτν . . .

)
dτ1−λ

(k)
s+1 = 0, s = 1 : (N−1),

è ïàðà (λ(k), u(k)[t]) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (6)�(9).
Ñîãëàñíî (32), (33) óñòàíîâèì, ÷òî

‖λ(k) − λ(k−1)‖ 6 γν(h)max(1, hL2)
(hL0)ν

ν!
‖u(k−1)[·]− u(k−2)[·]‖2. (35)

Èç (34), (35) è óñëîâèÿ 2) òåîðåìû ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü ïàð (λ(k), u(k)[t]) ïðè
k →∞ ñõîäèòñÿ ê ðåøåíèþ (λ∗, u∗[t]) çàäà÷è (6)�(9), ïðè÷åì, â ñèëó íåðàâåíñòâ 4), 5) òåîðåìû
ïàðû (λ(k), u(k)[t]) (k = 1, 2, . . .) è (λ∗, u∗[t]) ïðèíàäëåæàò S(λ(0), ρλ)× S(u(0)[t], ρu).

Ââèäó (34), (35) ëåãêî ïîêàçàòü, ÷òî ïðè âñåõ k = 1, 2, ... è p ∈ N

‖u(k+p)[·]− u(k)[·]‖2 6 (qν(h))k

1− qν(h)
qν(h)‖u(0)[·]‖2,

‖λ(k+p) − λ(k)‖2 6 (qν(h))k

1− qν(h)
γν(h)max(1, hL2)

(hL0)ν

ν!
‖u(0)[·]‖2.

Ïåðåõîäÿ ê ïðåäåëó ïðè p → ∞ (p ∈ N) â ïîñëåäíèõ íåðàâåíñòâàõ, ïîëó÷èì îöåíêè (17) è
(18) òåîðåìû.

Ïîêàæåì èçîëèðîâàííîñòü ðåøåíèÿ. Ïóñòü ïàðà (λ̃, ũ[t]) � ðåøåíèå çàäà÷è (6)�(9), ïðè-
íàäëåæàùåå S(λ(0), ρλ) × S(u(0)[t], ρu) . Tîãäà ñóùåñòâóþò ÷èñëà δ̃1 > 0 , δ̃2 > 0 òàêèå, ÷òî
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‖λ̃ − λ(0)‖ + δ̃1 < ρλ , ‖ũ[·] − u(0)[·]‖2 + δ̃2 < ρu . Åñëè λ ∈ S(λ̃, δ̃1) , u[t] ∈ S(ũ[t], δ̃2) , òî â ñèëó
íåðàâåíñòâ

‖λ− λ(0)‖ 6 ‖λ− λ̃‖+ ‖λ̃− λ(0)‖ 6 δ̃1 + ‖λ̃− λ(0)‖ < ρλ,

‖u[·]− u(0)[·]‖2 6 ‖u[·]− ũ[·]‖2 + ‖ũ[·]− u(0)[·]‖2 6 δ̃2 + ‖ũ[·]− u(0)[·]‖2 < ρu,

λ ∈ S(λ̃, δ̃1) , u[t] ∈ S(ũ[t], δ̃2) , ò.å. S(λ̃, δ̃1) ⊂ S(λ(0), ρλ) , S(ũ[t], δ̃2) ⊂ S(u(0)[t], ρu) .
Âîçüìåì ÷èñëî ε > 0 òàêîå, ÷òî

εγν(h) < 1,
( γν(h)

1− εγν(h)
max(1, hL2)

ν∑

j=1

(hL0)j

j!
+ 1

)(hL0)ν

ν!
< 1. (36)

Èç óñëîâèÿ B è ñòðóêòóðû ìàòðèöû ßêîáè ∂Qν,h(λ, u)
∂λ

âûòåêàåò åå ðàâíîìåðíàÿ íåïðåðûâ-
íîñòü â S(λ̃, δ̃1)× S(ũ[t], δ̃2). Ïîýòîìó ñóùåñòâóåò δ ∈ (0, min{δ̃1, δ̃2}] , ïðè êîòîðîì

∥∥∥∂Qν,h(λ, u)
∂λ

− ∂Qν,h(λ̃, ũ)
∂λ

∥∥∥ < ε

äëÿ âñåõ (λ, u) ∈ S(λ̃, δ) × S(ũ[t], δ). Çàìåòèì, ÷òî åñëè (λ̃, ũ[t]) � ðåøåíèå çàäà÷è (6)-(9), òî
Qν,h(λ̃, ũ) = 0 ïðè ëþáîì ν ∈ N.

Ïóñòü (λ̂, û[t]) ∈ S(λ̃, δ)× S(ũ[t], δ) � äðóãîå ðåøåíèå çàäà÷è (6)�(9).
Tàê êàê Qν,h(λ̃, ũ) = 0 è Qν,h(λ̂, û) = 0 , òî èç ðàâåíñòâ

λ̃ = λ̃−
(∂Qν,h(λ̃, ũ)

∂λ

)−1
Qν,h(λ̃, ũ), λ̂ = λ̂−

(∂Qν,h(λ̃, ũ)
∂λ

)−1
Qν,h(λ̂, û)

ñëåäóåò, ÷òî

λ̃− λ̂ = −
(∂Qν,h(λ̃, ũ)

∂λ

)−1
∫ 1

0

(∂Qν,h(λ̂ + θ(λ̃− λ̂), ũ)
∂λ

− ∂Qν,h(λ̃, ũ)
∂λ

)
dθ(λ̃− λ̂)−

−
(∂Qν,h(λ̃, ũ)

∂λ

)−1(
Qν,h(λ̂, ũ)−Qν,h(λ̂, û)

)
,

îòêóäà

‖λ̃− λ̂‖ ≤ γν(h)
1− εγν(h)

‖Qν,h(λ̂, ũ)−Qν,h(λ̂, û)‖ 6 γν(h)
1− εγν(h)

max(L2h, 1)
(hL0)ν

ν!
‖ũ[·]− û[·]‖2. (37)

Tàê êàê ôóíêöèè ũr(t) , ûr(t) ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è Êîøè (6), (7) ñîîòâåòñòâåííî ïðè
λr = λ̃r è λr = λ̂r , òî íà [(r − 1)h, rh) äëÿ âñåõ r = 1 : N :

‖ũr(t)−ûr(t)‖ =
∥∥∥

∫ t

(r−1)h
f
(
τ1, λ̃r+

∫ τ1

(r−1)h
f
(
τ2, λ̃r+. . .+

∫ τν−1

(r−1)h
f
(
τν , λ̃r+ũr(τν)

)
dτν . . .

)
dτ2

)
dτ1−

−
∫ t

(r−1)h
f
(
τ1, λ̂r +

∫ τ1

(r−1)h
f
(
τ2, λ̂r + . . . +

∫ τν−1

(r−1)h
f
(
τν , λ̂r + ûr(τν)

)
dτν . . .

)
dτ2

)
dτ1

∥∥∥ 6

6
ν∑

j=1

(L0(t− (r − 1)h))j

j!
‖λ̃r − λ̂r‖+ sup

t∈[(r−1)h,rh)
‖ũr(t)− ûr(t)‖(L0(t− (r − 1)h))ν

ν!
,

îòêóäà

‖ũ[·]− û[·]‖2 6
ν∑

j=1

(hL0)j

j!
‖λ̃− λ̂‖+ ‖ũ[·]− û[·]‖2

(hL0)ν

ν!
. (38)
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Â ñèëó (37) èç (38) ñëåäóåò, ÷òî

‖ũ[·]− û[·]‖2 6
( γν(h)

1− εγν(h)
max(1, hL2)

ν∑

j=1

(hL0)j

j!
+ 1

)(hL0)ν

ν!
‖ũ[·]− û[·]‖2. (39)

Íà îñíîâàíèè (36) èç (39), (37) çàêëþ÷àåì, ÷òî ũ[t] = û[t] , λ̃ = λ̂ . Tåîðåìà 1 äîêàçàíà.
Ôóíêöèè x(k)(t) , k = 0, 1, 2, ... , îïðåäåëèì ðàâåíñòâàìè:

x(k)(t) = λ(k)
r + u(k)

r (t), t ∈ [(r − 1)h, rh), r = 1 : N, x(k)(T ) = λ
(k)
N + lim

t→T−0
u

(k)
N (t)

è ÷åðåç S(x(0)(t), ρx) îáîçíà÷èì ìíîæåñòâî êóñî÷íî-íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé
x : [0, T ] → Rn , óäîâëåòâîðÿùèõ íåðàâåíñòâàì ‖x(t)−x(0)(t)‖ < ρx, t ∈ [(r−1)h, rh), r = 1 : N ,
‖x(T )− x(0)(T )‖ < ρx.

Ââèäó ýêâèâàëåíòíîñòè çàäà÷ (1), (2) è (6)�(9) èç òåîðåìû 1 ñëåäóåò
Tåîðåìà 2. Ïóñòü ñóùåñòâóþò h > 0 : Nh = T , ρλ > 0 , ρu > 0 , ρx > 0 , ïðè êîòî-

ðûõ âûïîëíÿþòñÿ óñëîâèÿ A , B , ìàòðèöà ßêîáè ∂Q1,h(λ, u)
∂λ

îáðàòèìà äëÿ âñåõ (λ, u[t]) ∈
∈ S

(
λ(0), ρλ

)×S
(
u(0)[t], ρu

)
è ñïðàâåäëèâû íåðàâåíñòâà 1)�5) òåîðåìû 1. Tîãäà ïîñëåäîâàòåëü-

íîñòü ôóíêöèé (x(k)(t)) , k = 1, 2, . . . , ñîäåðæèòñÿ â S(x(0)(t), ρx) , ñõîäèòñÿ ê x∗(t) ∈
∈ S(x(0)(t), ρx) � ðåøåíèþ çàäà÷è (1), (2) è ñïðàâåäëèâî íåðàâåíñòâî

‖x∗(t)− x(k)(t)‖ 6 (qν(h))k

1− qν(h)

(
qν(h) + γν(h)max(1, hL2)

(hL0)ν

ν!

)
‖u(0)[·]‖2 t ∈ [0, T ].

Ïðè÷åì ëþáîå ðåøåíèå çàäà÷è (1), (2) â S(x(0)(t), ρx) èçîëèðîâàíî.
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÍÅÊÎÒÎÐÛÕ ÇÀÄÀ× ÄËß
ÓÐÀÂÍÅÍÈß ËÀÏËÀÑÀ

Á. Ò. Òîðåáåê, Á. Õ. Òóðìåòîâ

Ìåæäóíàðîäíûé Êàçàõñêî-Òóðåöêèé óíèâåðñèòåò èì. Õ.À.ßñàâè
161200 Òóðêåñòàí óíèâåðñèòåòñêèé ãîðîäîê turmetovbh@mail.ru

Â íàñòîÿùåé ðàáîòå èññëåäóþòñÿ ñâîéñòâà íåêîòîðûõ èíòåãðî-äèôôåðåíöèàëüíûõ îïåðàòîðîâ â
êëàññå ãàðìîíè÷åñêèõ ôóíêöèé. Â êà÷åñòâå ïðèìåíåíèÿ ýòèõ îïåðàòîðîâ ðàññìàòðèâàþòñÿ îïåðà-
òîðíûå êðàåâûå çàäà÷è â åäèíè÷íîì øàðå.

1. Ââåäåíèå.
Ïóñòü Ω = {x ∈ Rn : |x| < 1} � n-ìåðíûé øàð, n ≥ 2, ∂Ω = {|x| = 1} � ñôåðà. Ïóñòü äàëåå,

ôóíêöèÿ u(x) � ãàðìîíè÷åñêàÿ â øàðå Ω, m � íàòóðàëüíîå ÷èñëî, r = |x|, θ = x
|x| , 0 < α < 1.

Ðàññìîòðèì îïåðàòîðû:

Dα[u](x) =
1

Γ(1− α)
d

dr

r∫

0

(r − s)−αu(sθ)ds,

Dα
∗ [u](x) =

1
Γ(1− α)

r∫

0

(r − s)−α d

ds
u(sθ)ds,

ãäå Γ(α) � ãàììà ôóíêöèÿ Ýéëåðà. Îïåðàòîð Dα íàçûâàåòñÿ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ
ïîðÿäêà α â ñìûñëå Ðèìàíà-Ëèóâèëëÿ, à Dα∗ � îïåðàòîðîì äèôôåðåíöèðîâàíèÿ ïîðÿäêà α â
ñìûñëå Êàïóòî (ñì. [1]). Ââåäåì îáîçíà÷åíèÿ:

B[u](x) = Bα1 [u](x) = rα1Dα1 [u](x), B∗[u](x) = Bα1∗ [u](x) = rα1Dα1∗ [u](x),

Bm[u](x) = Bα1 [Bα2 ...Bαm [u](x)] = Bαm [Bαm−1...Bα1 [u](x)],

Bm
∗ [u](x) = Bα1∗ [Bα2∗ ...Bαm∗ [u](x)] = Bαm∗ [Bαm−1

∗ ...Bα1∗ [u](x)].

Îòìåòèì, ÷òî àíàëîãè÷íûå îïåðàòîðû ñ ïðîèçâîäíûìè öåëîãî ïîðÿäêà â êëàññå ãàðìîíè-
÷åñêèõ ôóíêöèé ðàññìàòðèâàëèñü â ðàáîòàõ [2,3].

Keywords: integro-di�erential operators, boundary value problems, Laplace equation
2000 Mathematics Subject Classi�cation: 34K06, 34K10, 45J05
c Á. Ò. Òîðåáåê, Á. Õ. Òóðìåòîâ, 2010.
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2.Ñâîéñòâà îïåðàòîðîâ Bm è Bm∗ .
Ëåììà 1. Ïóñòü 0 < α < 1 è Hk(x) � îäíîðîäíûé ãàðìîíè÷åñêèé ïîëèíîì ñòåïåíè k,

k = 0, 1, .... Òîãäà ñïðàâåäëèâû ðàâåíñòâà:

B[Hk](x) =
Γ(k + 1)

Γ(k + 1− α)
Hk(x), B∗[Hk](x) =





0, åñëè k = 0,

Γ(k+1)
Γ(k+1−α)Hk(x), åñëè k ≥ 1.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ îïðåäåëåíèå îïåðàòîðà B = Bα[u](x) = rαDα[u](x) è ó÷èòû-
âàÿ îäíîðîäíîñòü ïîëèíîìà Hk(x), çàïèøåì:

B[Hk](x) =
rα

Γ(1− α)
d

dr

r∫

0

(r − τ)−ατkHk(θ)dτ =

=
Hk(θ)rα

Γ(1− α)
d

dr
rk+1−α

1∫

0

(1− ξ)−αξkdξ =
Γ(k + 1)

Γ(k + 1− α)
Hk(x).

Äàëåå, î÷åâèäíî, ÷òî B∗[t0] = B∗[1] = 0. Ïóñòü k > 1. Òîãäà, ïî îïðåäåëåíèþ îïåðàòîðà
B∗[u](x) ≡ Bα∗ [u](x) = rαDα∗ [u](x), àíàëîãè÷íî ïðåäûäóùèì ðàâåíñòâàì çàïèøåì:

B∗[Hk](x) =
rα

Γ(1− α)

r∫

0

(r − τ)−α d

dτ
Hk(τθ)dτ =

Γ(k + 1)
Γ(k + 1− α)

Hk(x).

Ëåììà äîêàçàíî.
Ñëåäñòâèå 1. Ïóñòü α = (α1, α2, ..., αm), 0 < αj < 1 è Hk(x) � îäíîðîäíûé ãàðìîíè÷åñêèé

ïîëèíîì ñòåïåíè k, k = 0, 1, .... Òîãäà ñïðàâåäëèâû ðàâåíñòâà:

Bm[Hk](x) = γk,mHk(x), (1)

Bm
∗ [Hk](x) =





0, åñëè k = 0,

γk,mHk(x), åñëè k ≥ 1,
(2)

ãäå îáîçíà÷åíî

γk,m =
Γm(k + 1)

Γ(k + 1− α1)Γ(k + 1− α2)...Γ(k + 1− αm)
.

Ñëåäñòâèå äîêàçûâàåòñÿ ïîñëåäîâàòåëüíûì ïðèìåíåíèåì ëåììû 1.
Òåîðåìà 1. Åñëè u(x) ãàðìîíè÷åñêàÿ â øàðå Ω ôóíêöèÿ, òî ôóíêöèè Bm[u](x) è Bm∗ [u](x)

òàêæå ÿâëÿþòñÿ ãàðìîíè÷åñêèìè â øàðå Ω.
Äîêàçàòåëüñòâî. Ïóñòü u(x) � ãàðìîíè÷åñêàÿ ôóíêöèÿ â øàðå Ω. Òîãäà, èçâåñòíî (ñì. [4]),

÷òî ôóíêöèÿ u(x) ïðåäñòàâëÿåòñÿ â âèäå:

u(x) =
∞∑

k=0

hk∑

i=1

u
(i)
k H

(i)
k (x), (3)

ãäå
{

H
(i)
k (x), i = 1, . . . , hk

}
� ïîëíàÿ ñèñòåìà îäíîðîäíûõ ãàðìîíè÷åñêèõ ïîëèíîìîâ, à u

(i)
k �

êîýôôèöèåíòû ðàçëîæåíèÿ (3). Èçâåñòíî(ñì. [4]), ÷òî hk = (1+2k/(n−2))Cn−3
k+n−3 ∼ 2kn−2/(n−
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2)!, k → ∞. Áîëåå òîãî, ðÿä (3) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî ïî x ïðè |x| 6 ρ < 1, è
çíà÷èò, ∀ρ < 1, ∃Cρ, ∀x, |x| ≤ ρ, |u(i)

k H
(i)
k (x)| ≤ Cρ. Ïðèìåíÿÿ ôîðìàëüíî îïåðàòîð Bm ê ðÿäó

(3), ó÷èòûâàÿ ðàâåíñòâî (1), ïîëó÷àåì:

Bm[u](x) =
∞∑

k=0

hk∑

i=1

γk,mu
(i)
k H

(i)
k (x). (4)

Â ñèëó àñèìïòîòè÷åñêîé îöåíêè (ñì.[5, ñ. 366]) Γ(k+1)
Γ(k+1−αj)

∼kαj ïðè k → ∞, 0 < αj < 1,
j = 1, . . . , m ïîëó÷àåì γk,m ∼ kα1+···+αm , êîãäà k →∞ è, çíà÷èò, lim

x→∞
k
√

γk,m = 1. Ïîýòîìó, ïðè
|x| ≤ rρ è r < 1

∞∑

k=0

hk∑

i=1

γk,m|u(i)
k H

(i)
k (x)| ≤Cρ

∞∑

k=0

γk,mhkr
k < ∞

è çíà÷èò ðÿä (4) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî ïî x ïðè |x| ≤ rρ < 1 è åãî ñóììà ïðåäñòàâ-
ëÿåò ñîáîé ãàðìîíè÷åñêóþ ôóíêöèþ. Â ñèëó ïðîèçâîëüíîñòè ρ < 1 ôóíêöèÿ Bm[u](x) îïðå-
äåëåíà âî âñåì øàðå Ω. Àíàëîãè÷íî äîêàçûâàåòñÿ ãàðìîíè÷íîñòü ôóíêöèè Bm∗ [u](x). Òåîðåìà
äîêàçàíà.

Ëåììà 2. Ïóñòü ôóíêöèÿ u(x) � ãàðìîíè÷åñêàÿ â øàðå Ω. Òîãäà äëÿ ëþáîãî x ∈ Ω ñïðà-
âåäëèâî ðàâåíñòâî:

Bm
∗ [u](x) = Bm[u](x)− u(0)

Γ(1− α1) · · ·Γ(1− αm)
. (5)

Äîêàçàòåëüñòâî. Ïðåäñòàâèì ãàðìîíè÷åñêóþ ôóíêöèþ u(x) â âèäå ðÿäà (3). Òîãäà, èñ-
ïîëüçóÿ ðàâåíñòâà (1) è (2) èç ñëåäñòâèÿ 1 è òåîðåìó 1, çàïèøåì:

Bm[u](x) =
∞∑

k=0

hk∑

i=1

γk,mu
(i)
k H

(i)
k (x), Bm

∗ [u](x) =
∞∑

k=1

hk∑

i=1

γk,mu
(i)
k H

(i)
k (x).

Ñðàâíèâàÿ ýòè ðÿäû è ó÷èòûâàÿ, ÷òî h0 = 1 è u
(i)
0 H

(i)
0 (x) = u(0), ïîëó÷èì:

Bm
∗ [u](x) =

∞∑

k=0

hk∑

i=1

γk,mu
(i)
k H

(i)
k (x)−

h0∑

i=1

γ0,mu
(i)
0 H

(i)
0 (x) = Bm[u](x)− γ0,mu(0).

Ïîñêîëüêó γ0,m = 1/(Γ(1− α1) · · ·Γ(1− αm)), òî ëåììà äîêàçàíà.
Ëåììà 3. Ïóñòü Hk(x) � îäíîðîäíûé ãàðìîíè÷åñêèé ïîëèíîì ñòåïåíè k ïðè k = 0, 1, ...,

α = (α1, . . . , αm), 0 < αj < 1. Òîãäà ñïðàâåäëèâî ðàâåíñòâî

1
γk,m

Hk(x) =
1

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αHk(sx)dsm, (6)

ãäå sx = (s1 · · · smx1, . . . , s1 · · · smxn), (1−s)α−1 = (1−s1)α1−1 · · · (1−sm)αm−1, s−α îïðåäåëÿåòñÿ
àíàëîãè÷íî.

Äîêàçàòåëüñòâî. Åñëè s = s1 · · · sm, òî â ñèëó îäíîðîäíîñòè ïîëèíîìà Hk(x), èìååì
Hk(sx) = skHk(x), ãäå sk = sk

1s
k
2 · · · sk

m è, çíà÷èò,

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αHk(sx)dsm =

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1sk−αdsmHk(x) =
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=

1∫

0

(1− s1)α1−1sk−α1
1 ds1 · · ·

1∫

0

(1− sm)αm−1sk−αm
m dsmHk(x) = Hk(x)

m∏

j=1

Γ(αj)Γ(k + 1− αj)
Γ(k + 1)

Ðàâåíñòâî (6) äîêàçàíî.
Òåîðåìà 2. Ïóñòü ôóíêöèÿ u(x) � ãàðìîíè÷åñêàÿ â øàðå Ω, α = (α1, . . . , αm), 0 < αj < 1.

Òîãäà, â îáîçíà÷åíèÿõ ëåììû 3 äëÿ ëþáîãî x ∈ Ω ñïðàâåäëèâî ðàâåíñòâî:

u(x) =
1

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αBm[u](sx)dsm. (7)

Äîêàçàòåëüñòâî. Ïðåäñòàâèì ãàðìîíè÷åñêóþ â øàðå Ω ôóíêöèþ u(x) â âèäå ðÿäà:

u(x) =
∞∑

k=0

hk∑

i=1

u
(i)
k H

(i)
k (x) =

∞∑

k=0

hk∑

i=1

1
γk,m

γk,mu
(i)
k H

(i)
k (x). (8)

Äàëåå, ó÷èòûâàÿ ðàâåíñòâà (1), (6) è ðàâíîìåðíóþ ñõîäèìîñòü ðÿäà (8) ïî x ïðè |x| ≤ ρ < 1
(ïîýòîìó äëÿ ýòèõ x ∈ Ω ñóììèðîâàíèå ïî x è èíòåãðèðîâàíèå ïî s1, s2, ..., sm ìîæíî ïîìåíÿòü
ìåñòàìè), åãî ìîæíî ïðèâåñòè ê âèäó:

u(x) =
∞∑

k=0

hk∑

i=1

γk,mu
(i)
k

1
γk,m

H
(i)
k (x) =

=
∞∑

k=0

hk∑

i=1

u
(i)
k

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αBm[H(i)
k ](sx)dsm =

=
1

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αBm

[ ∞∑

k=0

hk∑

i=1

u
(i)
k H

(i)
k

]
(sx)dsm =

=
1

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αBm[u](sx)dsm.

Òåîðåìà äîêàçàíà.
Èñïîëüçóÿ ñâÿçü ìåæäó îïåðàòîðàìè Bm è Bm∗ , ñëåäóþùóþ èç ðàâåíñòâ (1) è (2), ëåãêî

äîêàçàòü ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 3. Åñëè ôóíêöèÿ u(x) � ãàðìîíè÷åñêàÿ â øàðå Ω, α = (α1, . . . , αm), 0 < αj < 1,

òî äëÿ ëþáîãî x ∈ Ω ñïðàâåäëèâî ðàâåíñòâî:

u(x) = u(0) +
1

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αBm
∗ [u](sx)dsm. (9)

Òåîðåìà 2, à òî÷íåå ðàâåíñòâî (7) ïîçâîëÿåò îïðåäåëèòü ñëåäóþùèé îïåðàòîð:

B−m[u](x) =
1

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αu(sx)dsm, (10)
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ãäå α = (α1, . . . , αm), 0 < αj < 1.
Òåîðåìà 4. Åñëè ôóíêöèÿ u(x) � ãàðìîíè÷åñêàÿ â øàðå Ω, òîãäà ôóíêöèÿ B−m[u](x) òàê-

æå ÿâëÿåòñÿ ãàðìîíè÷åñêîé â øàðå Ω.
Äîêàçàòåëüñòâî. Íåïîñðåäñòâåííûì ïîäñ÷åòîì íàõîäèì, ÷òî â øàðå Ω âåðíî ðàâåíñòâî:

∆
(
B−m[u](x)

)
=

1
Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s2−α∆u(sx)dsm = 0, x ∈ Ω.

Ñëåäîâàòåëüíî, ôóíêöèÿ B−m[u](x) � ãàðìîíè÷åñêàÿ â øàðå Ω. Òåîðåìà äîêàçàíà.
Îñíîâíîå ñâîéñòâî îïåðàòîðà B−m[u](x) ñôîðìóëèðîâàíî â ñëåäóþùåì óòâåðæäåíèè.
Òåîðåìà 5. Åñëè ôóíêöèÿ u(x) � ãàðìîíè÷åñêàÿ â øàðå Ω, òî ñïðàâåäëèâû ðàâåíñòâà:

B−m [Bm[u]] (x) = u(x) , Bm [B−m[u]] (x) = u(x) .

Äîêàçàòåëüñòâî. Äîêàæåì ïåðâîå ðàâåíñòâî òåîðåìû.
Ïðèìåíèì ê ôóíêöèè Bm[u](x) îïåðàòîð B−m. Ïî îïðåäåëåíèþ îïåðàòîðà B−m[u](x) (10)

è â ñîîòâåòñòâèè ñ òåîðåìîé 2 áóäåì èìåòü:

B−m [Bm[u]] (x) =
1

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αBm [u] (sx)dsm =u(x).

Äëÿ äîêàçàòåëüñòâà âòîðîãî ðàâåíñòâà ïðèìåíèì îïåðàòîð B = Bα1 [u](x) = rα1Dα1 [u](x) ê
ôóíêöèè B−m[u](x). Áóäåì èìåòü:

B
[
B−m[u]

]
(x) =

1
Γ(α1) · · ·Γ(αm)

B




1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αu(sx)dsm


 =

=
rα1

Γ(1− α1)Γ(α1) · · ·Γ(αm)
d

dr

r∫

0

(r − τ)−α1




1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αu(sτθ)dsm


dτ =

=
1

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−α rα1

Γ(1− α1)
d

dr

r∫

0

(r − τ)−α1u(sτθ)dτdsm.

Äàëåå, íåòðóäíî óáåäèòñÿ â ñëåäóþùèõ ðàâåíñòâàõ:

rα1

Γ(1− α1)
d

dr

r∫

0

(r − τ)−α1u(sτθ)dτ =
sτ=t

rα1

Γ(1− α1)
d

dr

rs∫

0

(r − t/s)−α1u(tθ)
dτ

s
=

=
rα1sα1−1

Γ(1− α1)
d

dr

sr∫

0

(sr − t)−α1u(tθ) dt =
(sr)α1

Γ(1− α1)
d

d(sr)

sr∫

0

(sr − t)−α1u(tθ) dt = B[u](sx),

ãäå ó÷òåíî, ÷òî θ = x
|x| = sx

|sx| . Ïîýòîìó, áóäåì èìåòü:

B
[
B−m[u]

]
(x) =

1
Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αB [u] (sx)dsm
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Ñëåäîâàòåëüíî, èñïîëüçóÿ îïðåäåëåíèå îïåðàòîðà Bm, ìîæíî çàïèñàòü:

Bm
[
B−m[u]

]
(x) =

1
Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αBm [u] (sx)dsm =u(x).

Âòîðîå ðàâåíñòâî òåîðåìû äîêàçàíî.
Òàêèì îáðàçîì, èç óòâåðæäåíèÿ òåîðåìû 5 ñëåäóåò, ÷òî îïåðàòîðû Bm è B−m ÿâëÿþòñÿ

âçàèìíî îáðàòíûìè íà ãàðìîíè÷åñêèõ â øàðå Ω ôóíêöèÿõ.
3. Ïîñòàíîâêà è ðåøåíèå êðàåâûõ çàäà÷.
Òåïåðü ïåðåéäåì ê ïîñòàíîâêå è ðåøåíèþ íåêîòîðûõ çàäà÷, âêëþ÷àþùèõ çíà÷åíèÿ îïåðàòî-

ðîâ Bm è Bm∗ íà ãðàíèöå.
Ïóñòü çàäàíû ïîñëåäîâàòåëüíîñòè ÷èñåë tk è ak, k = 1, 2, ..., óäîâëåòâîðÿþùèå óñëîâèÿì:

0 < tk < 1, tk → 1, ïðè k →∞,
∞∑

k=1

|ak| < ∞.

Ðàññìîòðèì ñëåäóþùèå çàäà÷è:
Çàäà÷à 1. Íàéòè ôóíêöèþ u(x) ∈ C2(Ω) ∩ C(Ω̄) ãàðìîíè÷åñêóþ â øàðå Ω, äëÿ êîòîðîé

ôóíêöèÿ Bm[u](x) ∈ C(Ω̄) è óäîâëåòâîðÿåò óñëîâèþ:

Bm[u](x)−
∞∑

k=1

aku(tkx) = f(x), x ∈ ∂Ω . (11)

Çàäà÷à 2. Íàéòè ôóíêöèþ u(x) ∈ C2(Ω) ∩ C(Ω̄) ãàðìîíè÷åñêóþ â øàðå Ω, äëÿ êîòîðîé
ôóíêöèÿ Bm∗ [u](x) ∈ C(Ω̄) è óäîâëåòâîðÿåò óñëîâèþ

Bm∗ [u](x)−
∞∑

k=1

aku(tkx) = f(x), x ∈ ∂Ω . (12)

Ðàññìàòðèâàåìûå çàäà÷è ÿâëÿþòñÿ ïðîñòåéøèìè îáîáùåíèÿìè çàäà÷è Áèöàäçå-Ñàìàðñêîãî
[6], à ïðè ak = 0, k = 1, 2, ..., çàäà÷ Äèðèõëå è Íåéìàíà íà ãðàíè÷íûå îïåðàòîðû íåöåëîãî
ïîðÿäêà.

Îòìåòèì, ÷òî àíàëîãè÷íûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ãðà-
íè÷íûìè îïåðàòîðàìè öåëîãî ïîðÿäêà áûëè ðàññìîòðåíû â ðàáîòàõ [7�9], à äëÿ îïåðàòîðîâ
äðîáíîãî ïîðÿäêà ïðè m = 1 è ak = 0, k = 1, 2, ..., â [10�12].

Â äàëüíåéøåì âñþäó áóäåì ñ÷èòàòü, ÷òî B0[u](x) ≡ u(x), γ0,0 ≡ 1.
Äëÿ èññëåäîâàíèÿ ðàçðåøèìîñòè çàäà÷ 1 è 2 íàì íåîáõîäèìî èçó÷èòü ñëåäóþùóþ âñïîìî-

ãàòåëüíóþ çàäà÷ó:
Çàäà÷à À. Íàéòè ôóíêöèþ v(x), ãàðìîíè÷åñêóþ â øàðå Ω, íåïðåðûâíóþ â Ω è óäîâëåòâî-

ðÿþùóþ íà ñôåðå ∂Ω ðàâåíñòâó:

v(x)−
∞∑

k=1

akB
−m[v](tkx) = f(x), x ∈ ∂Ω . (13)

Îòìåòèì, ÷òî çàäà÷à À â ñëó÷àå m = 0 áûëà èçó÷åíà â ðàáîòå [7].
Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 6. Ïóñòü m = 0, 1, ...,f(x) ∈ C(∂Ω) è

∞∑

k=1

|ak|
(1− tk)n−1

< ∞. (14)

Òîãäà
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1) åñëè âûïîëíÿþòñÿ óñëîâèÿ
∞∑

k=1

|ak| ≤ γ0,m,
∞∑

k=1

ak 6= γ0,m, (15)

òî çàäà÷à À îäíîçíà÷íî ðàçðåøèìà.
2) åñëè âûïîëíÿþòñÿ óñëîâèÿ

∞∑

k=1

|ak| ≤ γ0,m,
∞∑

k=1

ak ≡ γ0,m, (16)

òî äëÿ ðàçðåøèìîñòè çàäà÷è À (ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî) íåîáõîäèìî è äî-
ñòàòî÷íî âûïîëíåíèå óñëîâèÿ ∫

∂Ω

f(y)dSy = 0. (17)

Äîêàçàòåëüñòâî. Åäèíñòâåííîñòü. Ïóñòü ôóíêöèÿ v(x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è À ïðè
f(x) = 0.

Îáîçíà÷èì M = max
∂Ω

|v(x)| = |v(x0)|, x0 ∈ ∂Ω. Åñëè v(x) 6= const, òî â ñèëó ïðèíöèïà
ìàêñèìóìà äëÿ ãàðìîíè÷åñêèõ ôóíêöèé |v(x)| < M äëÿ ëþáîãî x ∈ Ω.

Äàëåå, â ñèëó óñëîâèÿ (11) è îïðåäåëåíèÿ îïåðàòîðà B−m ïðè f(x) = 0 ïîëó÷àåì:

M =

∣∣∣∣∣
∞∑

k=1

akB
−m[v](tkx0)

∣∣∣∣∣ ≤
∞∑

k=1

|ak|
1∫

0

ds1...

1∫

0

(1− s)α−1s−α|v(stkx0)|dsm.

Òàê êàê tk 6= 1, òî äëÿ íåêîòîðûõ i = 1, 2, ..., tix0 ∈ Ω è òîãäà ïðè ëþáîì sj ∈ [0, 1], j =
1, ..., m, òî÷êè stix0 òàêæå ïðèíàäëåæàò øàðó Ω.

Ïîýòîìó äëÿ stix0 ∈ Ω âûïîëíÿåòñÿ |v(stix0)| < M è, ñëåäîâàòåëüíî,

M ≤
∞∑

k=1

|ak||B−m[v](tkx0)| < M

∞∑

k=1

|ak| · Γ(1− α1)...Γ(1− αm).

Òåïåðü, åñëè
∞∑

k=1

|ak| ≤ γ0,m , òî ïîëó÷àåì ïðîòèâîðå÷èå M < M.

Ñëåäîâàòåëüíî, åñëè
∞∑

k=1

|ak| ≤ γ0,m, òî íåîáõîäèìî, ÷òîáû v(x) ≡ C = const.

Ïîäñòàâëÿÿ â ýòîì ñëó÷àå v(x) ≡ C â óñëîâèå (13), èìååì:

C −
∞∑

k=1

akC · Γ(1− α1)...Γ(1− αm) = 0.

Òîãäà Ñ=0 èëè
∞∑

k=1

ak ≡ 1
Γ(1−α1)...Γ(1−αm) = γ0,m.

Òàêèì îáðàçîì, ïðè âûïîëíåíèè óñëîâèé (15) , ïîëó÷àåì v(x) ≡ 0. À åñëè âûïîëíÿþòñÿ
óñëîâèÿ (16), òî ïðîèçâîëüíàÿ ïîñòîÿííàÿ áóäåò ðåøåíèåì îäíîðîäíîé çàäà÷è À.

Òåîðåìà åäèíñòâåííîñòè äîêàçàíà.
Ñóùåñòâîâàíèå. Îáîçíà÷èì ÷åðåç µ(x) = v(x)|∂Ω ñëåä íåèçâåñòíîé ãàðìîíè÷åñêîé ôóíêöèè

v(x) â ∂Ω.
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Ðåøåíèå çàäà÷è À áóäåì èñêàòü â âèäå èíòåãðàëà Ïóàññîíà

v(x) =
∫

∂Ω

P (x, y)µ(y)dSy, (18)

ãäå P (x, y) = 1
ωn

1−|x|2
|x−y|n � ÿäðî Ïóàññîíà çàäà÷è Äèðèõëå.

Ïîäñòàâëÿÿ ôóíêöèþ (18) â óñëîâèå (11), îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè µ(x) ïîëó÷àåì
ñëåäóþùåå èíòåãðàëüíîå óðàâíåíèå:

µ(x)−
∞∑

k=1

ak

∫

∂Ω

Pm(tkx, y)µ(y)dSy = f(x), x ∈ ∂Ω, (19)

ãäå

Pm(tkx, y) =
1

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αP (stkx, y)dsm.

Îáîçíà÷èì
K(x, y) = −

∞∑

k=1

akPm(tkx, y), x, y ∈ ∂Ω.

Òîãäà, óðàâíåíèå (19) ïðåäñòàâëÿåòñÿ â âèäå:

µ(x) +
∫

∂Ω

K(x, y)µ(y)dSy = f(x), x ∈ ∂Ω. (20)

Çàìåòèì, ÷òî äëÿ âñåõ x, y ∈ ∂Ω âûïîëíÿþòñÿ óñëîâèÿ |tkx − y| = |y − tkx| ≥ 1 − tk è
|tkx− y|2 = |tky− x|2. Òîãäà ëåãêî ïîêàçàòü, ÷òî ÿäðî K(x,y) ÿâëÿåòñÿ ñèììåòðè÷íûì è â ñèëó
ñõîäèìîñòè ðÿäà (14) îãðàíè÷åííûì.

Ñëåäîâàòåëüíî, ê èíòåãðàëüíîìó óðàâíåíèþ (20) ïðèìåíèìà àëüòåðíàòèâà Ôðåäãîëüìà è
îòñþäà ëåãêî âûòåêàþò óòâåðæäåíèÿ òåîðåìû.Òåîðåìà äîêàçàíà.

Ñëåäóþùåå óòâåðæäåíèå óñòàíàâëèâàåò íåêîòîðûå ñâîéñòâà ðåøåíèÿ çàäà÷è À.
Ëåììà 4. Ïóñòü f(x) ∈ C(∂Ω) è v(x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è À.
Òîãäà
1) åñëè ôóíêöèÿ f(x) óäîâëåòâîðÿåò óñëîâèþ (17) è âûïîëíÿþòñÿ óñëîâèÿ (15), òî v(0) = 0.
2) åñëè v(0) = 0, òî äëÿ ôóíêöèè f(x) âûïîëíÿåòñÿ óñëîâèå (17).
Äîêàçàòåëüñòâî. Ïóñòü v(x) � ðåøåíèå çàäà÷è À . Òàê êàê v(x) ãàðìîíè÷åñêàÿ ôóíêöèÿ â

îáëàñòè Ω, òî äëÿ ëþáîãî tk ∈ (0, 1) ôóíêöèÿ v(tkx) òàêæå ÿâëÿåòñÿ ãàðìîíè÷åñêîé â Ω.Òîãäà
ôóíêöèÿ B−m[v](tkx) � ãàðìîíè÷åñêàÿ â Ω.

Îáîçíà÷èì vk(x) = B−m[v](tkx). Òàê êàê B−m[v](tkx) ∈ C(Ω̄), òî ñóùåñòâóåò M > 0 òàêîå,
÷òî |vk(x)| = |B−m[v](tkx)| ≤ M äëÿ âñåõ x ∈ Ω. Òîãäà

∣∣∣∣
∞∑

k=1

akvk(x)
∣∣∣∣ ≤ M

∞∑
k=1

|ak| < ∞ ò.å. ðÿä
∞∑

k=1

akvk(x) ñõîäèòñÿ ðàâíîìåðíî â Ω è â ñèëó òåîðåìû Ãàðíàêà ñóììà ýòîãî ðÿäà ïðåäñòàâëÿåò

ãàðìîíè÷åñêóþ ôóíêöèþ â Ω. Îáîçíà÷èì w(x) = v(x) −
∞∑

k=1

akvk(x). Î÷åâèäíî, ÷òî ôóíêöèÿ

w(x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà . Ïðåäñòàâëÿÿ ôóíêöèþ w(x)
â âèäå èíòåãðàëà Ïóàññîíà w(x) =

∫
∂Ω

P (x, y)f(y)dsy â ñèëó óñëîâèÿ (17), ïîëó÷àåì:

w(0) =
∫

∂Ω

P (0, y)f(y)dsy =
1
ωn

∫

∂Ω

f(y)dsy = 0.
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Ñëåäîâàòåëüíî,

w(0) = v(0)−
∞∑

k=1

akvk(0) = v(0)−
∞∑

k=1

akγ
−1
0,mv(0) = v(0)

[
1− γ−1

0,m

∞∑

k=1

ak

]
= 0.

Òåïåðü åñëè âûïîëíÿþòñÿ óñëîâèÿ (15), òî íåîáõîäèìî, ÷òîáû v(0) = 0.
2. Ïóñòü òåïåðü âûïîëíÿþòñÿ óñëîâèÿ (15) è v(0) = 0.
Òîãäà, åñëè îáîçíà÷èòü w(x) = v(x)−

∞∑
k=1

akvk(x), òî w(0) = v(0)−
∞∑

k=1

akvk(0) = 0.

Ñ äðóãîé ñòîðîíû 1
ωn

∫
∂Ω

f(y)dsy =
∫

∂Ω

P (0, y)f(y)dsy = w(0) = 0. Ëåììà äîêàçàíà.

Òåïåðü ïåðåõîäèì ê îñíîâíûì çàäà÷àì. Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.
Òåîðåìà 7. Ïóñòü f(x) ∈ C(∂Ω) è âûïîëíÿåòñÿ óñëîâèå (14).
Òîãäà
1) åñëè âûïîëíÿþòñÿ óñëîâèÿ (15), òî çàäà÷à 1 îäíîçíà÷íî ðàçðåøèìà.
2) åñëè âûïîëíÿåòñÿ óñëîâèå (16), òî äëÿ ðàçðåøèìîñòè çàäà÷è 1 íåîáõîäèìî è äîñòàòî÷-

íî âûïîëíåíèÿ óñëîâèÿ (17), ïðè÷åì ðåøåíèå çàäà÷è åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿííîãî
ñëàãàåìîãî.

Åñëè ðåøåíèå çàäà÷è 1 ñóùåñòâóåò, òî îíî ïðåäñòàâèìî â âèäå:

u(x) = B−m[v](x),

ãäå v(x) � ðåøåíèå çàäà÷è À.
Òåîðåìà 8. Ïóñòü f(x) ∈ C(∂Ω) è âûïîëíÿþòñÿ óñëîâèÿ (14) è (15).
Òîãäà äëÿ ðàçðåøèìîñòè çàäà÷è 2 íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ (17).
Åñëè ðåøåíèå çàäà÷è 2 ñóùåñòâóåò, òî
1) ïðè âûïîëíåíèè óñëîâèè

∞∑
k=1

ak 6= 0 îíî åäèíñòâåííî;

2) ïðè âûïîëíåíèè óñëîâèè
∞∑

k=1

ak ≡ 0 îíî åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëà-
ãàåìîãî;

3) ðåøåíèå ïðåäñòàâèìî â âèäå u(x) = B−m[v](x), ãäå v(x) � ðåøåíèå çàäà÷è À ñ äîïîëíè-
òåëüíûì óñëîâèåì v(0) = 0.

Äîêàçàòåëüñòâî òåîðåìû 7. Ïóñòü u(x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è 1. Ïðèìåíèì ê ôóíê-
öèè u(x) îïåðàòîð Bm è îáîçíà÷èì Bm[u](x) = v(x). Â ñèëó óòâåðæäåíèÿ òåîðåìû 2 äëÿ ëþáîãî
x ∈ Ω ñïðàâåäëèâî ðàâåíñòâî (7).

Òîãäà

u(tkx) =
1

Γ(α1)...Γ(αm)

1∫

0

ds1...

1∫

0

(1− s)α−1s−αBm[u](stkx)dsm =

=
1

Γ(α1)...Γ(αm)

1∫

0

ds1...

1∫

0

(1− s)α−1s−αv(stkx)dsm = B−m[v](tkx).

Äàëåå, ïîñêîëüêó u(x) � ãàðìîíè÷åñêàÿ ôóíêöèÿ â Ω, òî â ñèëó óòâåðæäåíèÿ òåîðåìû 1
ôóíêöèÿ v(x) òîæå ãàðìîíè÷åñêàÿ â øàðå Ω è v(x)−

∞∑
k=1

akB
−m[v](tkx) = f(x), x ∈ ∂Ω.

Òàêèì îáðàçîì, åñëè u(x) � ðåøåíèå çàäà÷è 1, òî ôóíêöèÿ v(x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
À.

Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (14) è (15). Òîãäà, ïî òåîðåìå 6 äëÿ ëþáîãî f(x) ∈ C (∂Ω)
ðåøåíèå çàäà÷è À ñóùåñòâóåò, åäèíñòâåííî è v(x) ∈ C

(
Ω

)
.
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Åñëè ïðèìåíèòü îïåðàòîð B−m èç (10) ê ðàâåíñòâó Bm[u](x) = v(x), â ñèëó ïåðâîãî ðàâåí-
ñòâà èç òåîðåìû 5 äëÿ ëþáîãî x ∈ Ω ïîëó÷èì:

u(x) = B−m[Bm[u]](x) = B−m[v](x) =

=
1

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αv(sx)dsm.

Ãàðìîíè÷íîñòü äàííîé ôóíêöèè ñëåäóåò èç óòâåðæäåíèÿ òåîðåìû 4, à âûïîëíåíèå óñëîâèÿ
(11) ïðîâåðÿåòñÿ íåïîñðåäñòâåííî:

Bm[u](x)−
∞∑

k=1

aku(tkx) = v(x)−
∞∑

k=1

akB
−m[u](tkx) =f(x), x ∈ ∂Ω .

Ïåðâàÿ ÷àñòü òåîðåìû äîêàçàíà.
Ïóñòü òåïåðü âûïîëíÿåòñÿ óñëîâèå (16). Òîãäà, èç ñîîòíîøåíèè Bm[u](0) ≡ C ⇒ u(0) =

γ−1
0,mC äëÿ ôóíêöèè w(x) = Bm[u](x)−

∞∑
k=1

aku(tkx) ïîëó÷àåì:

w(0) = Bm[u](0)−
∞∑

k=1

aku(0) = C − γ−1
0,mC

∞∑

k=1

ak = C − C = 0.

À òàê êàê ôóíêöèÿ w(x) åñòü ðåøåíèå çàäà÷è Äèðèõëå , òî ïðè âûïîëíåíèè óñëîâèÿ w(0) = 0
âûòåêàåò íåîáõîäèìîå óñëîâèå (17), ò.å.

∫
∂Ω

f(y)dsy = 0. Òàêèì îáðàçîì, íåîáõîäèìîñòü óñëîâèÿ

(17) äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è 1 ïðè âûïîëíåíèè óñëîâèè (16) äîêàçàíà.
Ïîêàæåì, ÷òî óñëîâèå (17) ÿâëÿåòñÿ è äîñòàòî÷íûì äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è 1

ïðè âûïîëíåíèè óñëîâèè (14) è (16).
Ïî òåîðåìå 6 ïðè âûïîëíåíèè óñëîâèé (14), (16) è (17) ðåøåíèå çàäà÷è À ñóùåñòâóåò, åäèí-

ñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî è v(x) ∈ C
(
Ω

)
.

Òîãäà, ôóíêöèÿ u(x) = B−m[v](x) = 1
Γ(α1)···Γ(αm)

1∫
0

ds1

1∫
0

ds2 · · ·
1∫
0

(1− s)α−1s−αv(sx)dsm óäî-
âëåòâîðÿåò âñåì óñëîâèÿì òåîðåìû. Òåîðåìà äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 8. Ïóñòü ðåøåíèå çàäà÷è 2 ñóùåñòâóåò. Îáîçíà÷èì åãî ÷åðåç
u(x). Òàê êàê Bm∗ [1] = 0, òî â ðàçëîæåíèè ôóíêöèè Bm∗ [u](x) â ðÿä â âèäå (3) îòñóòñòâóåò
ñâîáîäíûé ÷ëåí è ïîýòîìó Bm∗ [u](0) = 0. Äàëåå, ðàññìàòðèâàÿ ôóíêöèþ w(x) = Bm∗ [u](x) −
∞∑

k=1

aku(tkx) ãàðìîíè÷åñêóþ â Ω, êàê â äîêàçàòåëüñòâå òåîðåìû 6 èìååì w(0) = Bm[u](0) −
∞∑

k=1

aku(0) =0. Îòñþäà âûòåêàåò íåîáõîäèìîñòü óñëîâèÿ (17).

Ïîêàæåì, ÷òî óñëîâèå (17) ÿâëÿåòñÿ è äîñòàòî÷íûì äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è 2.
Åñëè âûïîëíÿþòñÿ óñëîâèÿ (14), (15) è (17), òî ïî óòâåðæäåíèþ òåîðåìû 6 ðåøåíèå çàäà÷è

À ñóùåñòâóåò è â ñèëó ëåììû 4 v(0) = 0.
Òîãäà, ôóíêöèÿ u(x) = B−m[v](x) óäîâëåòâîðÿåò âñåì óñëîâèÿì òåîðåìû.
Äåéñòâèòåëüíî, ãàðìîíè÷íîñòü ôóíêöèè u(x) ñëåäóåò èç óòâåðæäåíèÿ òåîðåìû 4. Ïðîâåðèì

âûïîëíåíèå óñëîâèÿ (12). Åñëè ïðèìåíèì îïåðàòîð Bm∗ ê ðàâåíñòâó u(x) = B−m[v](x), òî

Bm
∗ [u](x) = Bm

∗ [B−m[v]](x) = Bm[B−m[v]](x)− 1
Γ(1− α1) · · ·Γ(1− αm)

B−m[v(0)] = v(x)

è

u(tkx) = B−m[v](tkx) =
1

Γ(α1) · · ·Γ(αm)

1∫

0

ds1

1∫

0

ds2 · · ·
1∫

0

(1− s)α−1s−αv(stkx)dsm.
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Ïîýòîìó, âûïîëíÿþòñÿ óñëîâèÿ:

Bm
∗ [u](x)−

∞∑

k=1

aku(tkx) =v(x)−
∞∑

k=1

akB
−m[v](tkx) =f(x), x ∈ ∂Ω.

Î÷åâèäíî, ÷òî ïðè
∞∑

k=1

ak ≡ 0 ôóíêöèÿ u(x) = C óäîâëåòâîðÿåò îäíîðîäíîìó óñëîâèþ (12)

è ïîýòîìó â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ
∞∑

k=1

ak ≡ 0 ðåøåíèå çàäà÷è 2 áóäåò åäèíñòâåííûì ñ
òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî. Òåîðåìà äîêàçàíà.

Ñëåäñòâèå 2. Ïóñòü â çàäà÷àõ 1 è 2 âûïîëíÿþòñÿ óñëîâèÿ ak = 0, k = 1, 2, ...,f(x) ∈
C(∂Ω).

Òîãäà
1) ðåøåíèå çàäà÷è 1 ñóùåñòâóåò è ïðåäñòàâëÿåòñÿ â âèäå u(x) = B−m[v](x), ãäå v(x) �

ðåøåíèå çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà ñ ãðàíè÷íûì çíà÷åíèåì f(x).
2) äëÿ ðàçðåøèìîñòè çàäà÷è 2 íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå óñëîâèÿ

∫
∂Ω

f(x)dsx = 0.

Åñëè ðåøåíèå çàäà÷è 2 ñóùåñòâóåò, òî îíî åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿííîãî
ñëàãàåìîãî.

Òàêèì îáðàçîì, åñëè ñóäèòü ïî ðåçóëüòàòàì çàäà÷à 1 îáîáùàåò çàäà÷ó Äèðèõëå, à çàäà÷à 2
� çàäà÷ó Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà.
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Î ÑÓÌÌÈÐÎÂÀÍÈÈ ÊÎÝÔÔÈÖÈÅÍÒÎÂ ÔÓÐÜÅ
Ë. Ï. Ôàëàëååâ

Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ
050010 Àëìàòû Ïóøêèíà, 125 �p@math.kz

Ïðèâåäåíû ðåçóëüòàòû ñóììèðîâàíèÿ êîýôôèöèåíòîâ Ôóðüå ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå ôóíê-
öèé èç ïðîñòðàíñòâà Ñîáîëåâà ìåòîäàìè ×åçàðî è îáùèìè ìåòîäàìè Ïóàññîíà.

Â ñòàòüå ïðèâåäåíî äîêàçàòåëüñòâî òåîðåì, àíîíñèðîâàííûõ â [1].
Ïóñòü an, bn � êîýôôèöèåíòû Ôóðüå ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå ôóíêöèè f(x). Èññëå-

äîâàíèÿì ïîâåäåíèÿ êîýôôèöèåíòîâ Ôóðüå ïî ðàçëè÷íûì îðòîãîíàëüíûì ñèñòåìàì ïîñâÿùåíî
áîëüøîå êîëè÷åñòâî ðàáîò. Î ïîðÿäêå óáûâàíèÿ êîýôôèöèåíòîâ ìîæíî ñóäèòü ïî êëàññè÷åñêèì
ðåçóëüòàòàì Ïàðñåâàëÿ, Áåññåëÿ, Þíãà, Õàðäè, Ëèòòëâóäà è äð. Â íåêîòîðûõ êëàññè÷åñêèõ òåî-
ðåìàõ òåîðèè ôóíêöèé Ä.Å.Ìåíüøîâó óäàëîñü çàìåíèòü îáû÷íóþ ñõîäèìîñòü íà ñõîäèìîñòü
÷åçàðîâñêèõ ñðåäíèõ îòðèöàòåëüíîãî ïîðÿäêà. Âñåâîçìîæíûå òðàíñôîðìàöèè êîýôôèöèåíòîâ
Ôóðüå ðàññìàòðèâàëè Ã.Õàðäè, Ì. è Ñ.Èäçóìè, À.À.Êîíþøêîâ, Á.È.Ãîëóáîâ è äð. Â [2�4] ïðî-
äîëæåíà èäåÿ ïîëó÷åíèÿ èíôîðìàöèè î ïîâåäåíèè êîýôôèöèåíòîâ Ôóðüå, èñõîäÿ èõ ïîíÿòèÿ
ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè â ñìûñëå ×åçàðî (c, α), α > 0 äëÿ f(x) ∈ Lp[0, 2π], p > 1 è
f(x) ∈ C2π. Ïîçäíåå àâòîðîì [5] ïîëó÷åíû àíàëîãè÷íûå óòâåðæäåíèÿ äëÿ ñõîäèìîñòè â ñìûñëå
Ðèññà è Çèãìóíäà íà êëàññàõ W

(r)
p è èì òðèãîíîìåòðè÷åñêè ñîïðÿæåííûì. Ïîðÿäêè óáûâàíèÿ

ìîäóëåé êîýôôèöèåíòîâ Ôóðüå ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå è ñèñòåìàì òèïà ñèñòåì Õà-
àðà ïîëó÷åíû â [6]. Íåêîòîðûå ðåçóëüòàòû äëÿ ïðîñòðàíñòâ Ñ.Ë.Ñîáîëåâà, Ñ.Ì.Íèêîëüñêîãî,
Î.Â.Áåñîâà ïðèâåäåíû â [7, 8].

Ïðèìåíåíèå íåïðåðûâíûõ ìåòîäîâ ñóììèðîâàíèÿ (ìåòîä (A, 1)) êîýôôèöèåíòîâ Ôóðüå óïðî-
ùàåò âûêëàäêè, èñïîëüçóåìûå ïðè ïîäñ÷åòå ïîðÿäêîâ òåõ æå êîýôôèöèåíòîâ Λ � ìåòîäàìè
(×åçàðî, Ðèññ, Çèãìóíä, α > 0) è ïîçâîëÿåò îñâîáîäèòüñÿ îò äîïîëíèòåëüíûõ óñëîâèé.

Ïðîñëåäèì ñêàçàííîå íà ïðèìåðå ïðîñòðàíñòâà Ñîáîëåâà W
(r)
p , 1 < p 6 2, r > 0. Áóäåì

ãîâîðèòü, ÷òî 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ f(x) ∈ W
(r)
p , 1 6 p < ∞, r > 0, åñëè åå ñðåäíåå

çíà÷åíèå íà ïåðèîäå ðàâíî 0, èìååò ïðîèçâîäíóþ â ñìûñëå Âåéëÿ f (r) ∈ Lp. Äëÿ ôóíêöèé
f(x) ∈ W

(r)
p â ÷àñòíîñòè óñòàíîâëåíî (ñì. íàïðèìåð [10]), ÷òî åå êîýôôèöèåíòû Ôóðüå (â

êîìïëåêñíîé ôîðìå) cn íåîáõîäèìî óäîâëåòâîðÿþò óñëîâèþ: (1 < p 6 2).
∞∑

k=−∞
|ck|p · |k|(r+1)p−2 < ∞. (1)

Keywords: Fourier series, Cesaro numbers, linear methods of summation, trigonometric system, Sobolev space,
asymptotic behavior

2000 Mathematics Subject Classi�cation: 42A10
c Ë. Ï. Ôàëàëååâ, 2010.
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Ïðè÷åì óñëîâèå (1) íå óòî÷íÿåìî íà âñåì êëàññå W r
p .

Òåîðåìà 1. Äëÿ Λ- ìåòîäîâ ïðè α > 1
p ñïðàâåäëèâà îöåíêà (n →∞):

nβ|cn| = ¯̄o(1), β ∈
(

r − 1
p
; r +

1
q

)
,

1
p

+
1
q

= 1, 1 < p 6 2, r > 0.

Äîêàçàòåëüñòâî. Îáðàçóåì ñóììû ×åçàðî è âîñïîëüçóåìñÿ àñèìïòîòèêîé ÷èñåë Aα
n. Òîãäà,

ïîñëå ïðèìåíåíèÿ ðÿäà òîæäåñòâåííûõ ïðåîáðàçîâàíèé è íåðàâåíñòâà Ãåëüäåðà, ïîëó÷èì:

A−α
n

n∑

k=1

|ck|Aα−1
n−k · kβ = c · n−α

n∑

k=1

|ck| · kr+1− 2
p · kβ · k 2

p Aα−1
n−k · k−(r+1) 6

6 c · n−α

[
n∑

k=1

|ck|p · k(r+1)p−2

] 1
p

[
n∑

k=1

A
(α−1)q
n−k · k( 2

p
+β−r−1)q

] 1
q

=

= c · n−α
[
n

α−1+ 2
p
+β−r+ 1

q

]
= c · nβ−r− 1

q → 0 ïðè β < r +
1
q
, n →∞, c > 0, c = const.

Ïðè ýòîì ìû âîñïîëüçîâàëèñü ôîðìóëîé

Aα+β+1
n =

n∑

ν=0

Aα
n−νA

β
ν , α, β, α + β > −1,

äàþùåé äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà ïàðàìåòðû α, β:





(α− 1)q > −1
2
p

+ β − r − 1 > −1
q

⇔





α > 1− 1
q

2
p

+ β − r − 1 > −1
q

⇒





α >
1
p

β > r − 1
p
,

÷òî è òðåáîâàëîñü. Äîêàçàòåëüñòâî ñôîðìóëèðîâàííîé òåîðåìû äëÿ ìåòîäîâ Ðèññà è Çèãìóíäà
àíàëîãè÷íî.

Îáðàòèìñÿ ê ìåòîäó (A, 1), êëàññè÷åñêîìó ìåòîäó ñóììèðîâàíèÿ Àáåëÿ-Ïóàññîíà, 0 < ρ <
1.

Òåîðåìà 2. Ïðè ρ → 1− ïîñëåäîâàòåëüíîñòü
{|cn| ·nβ

}∞
n=0

ñóììèðóåòñÿ ê íóëþ ìåòîäîì
(A, 1) äëÿ β ∈ (

r − 1
p ; r + 1

q

)
.

Äîêàçàòåëüñòâî. Îáðàçóåì ñóììû Ïóàññîíà äëÿ ïîñëåäîâàòåëüíîñòè
{|cn| · nβ

}∞
n=0

è îöå-
íèì èõ, ïîëüçóÿñü óñëîâèåì (1) è íåðàâåíñòâîì Ãåëüäåðà:

(1− ρ)
∞∑

k=1

|ck| · kβ · ρk 6 c(1− ρ)
n∑

k=1

|ck| · kr+1− 2
p · kβ · k 2

p ρk · k−(r+1) 6

6 c(1− ρ)

{ ∞∑

k=1

|ck|ρ · k(r+1)p−2

} 1
p

{ ∞∑

k=0

(ρq)k · k( 2
p
+β−r−1)q

} 1
q

6

6 c(1− ρ)
{

1
(1− ρ)1+βp−pr/p−1

} p−1
p

= c(1− ρ)1−
1
p
+r−β → 0,

êîãäà ρ → 1− äëÿ β < r + 1
q .
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Ïðè ýòîì ìû âîñïîëüçîâàëèñü ðàçëîæåíèåì â ñòåïåííîé ðÿä â îêðåñòíîñòè ρ = 1 ôóíêöèè
1− ρq è ðàçëîæåíèåì

1
(1− ρ)α+1

=
∞∑

ν=0

ρνAα
ν , α > −1, |ρ| < 1,

Aα
ν � ÷èñëà ×åçàðî, äàþùèì äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà ïàðàìåòðû p, r, β :

(
2
p

+ β − r − 1
)

q > −1 ⇔ β > r − 1
p
.

Òåîðåìà äîêàçàíà.
Èçâåñòíà òåîðåìà Êàðòðàéò [10] äëÿ îáùèõ ìåòîäîâ ñóììèðîâàíèÿ Ïóàññîíà (A, l), l > 0.
Åñëè ðÿä

∑
n

an ñóììèðóåòñÿ ìåòîäîì (A, p), ò.å.

∑
n

ane−ynp → S, y → 0 (y > 0),

òîãäà äëÿ âñÿêîãî ïîëîæèòåëüíîãî q < p îí ñóììèðóåòñÿ ê S ìåòîäîì (A, q).
Ïîëàãàÿ â ýòîé òåîðåìå y = e

− ln 1
ρ
·nl

, l > 0, n > 1, îïðåäåëèì èíòåðâàë çíà÷åíèé β, äëÿ
êîòîðûõ ïîñëåäîâàòåëüíîñòü

{|cn|·nβ
}∞

n=0
→ 0 ïðè ρ → 1−, cn � êîýôôèöèåíòû Ôóðüå ôóíêöèè

f(x) ∈ W
(r)
p , 1 < p 6 2, äëÿ áîëåå ñèëüíîãî ìåòîäà (A, l), l > 1.

Òåîðåìà 3. Ïðè ρ → 1− ïîñëåäîâàòåëüíîñòü
{|cn| · nβ

}∞
n=0

→ 0 ñóììèðóåòñÿ ê íóëþ
ìåòîäîì (A, l), l > 1 äëÿ

β ∈
(

r +
1
q

+ 1− l; r +
1
q

)
,

1
p

+
1
q

= 1, 1 < p 6 2, r > 0.

Äîêàçàòåëüñòâî. Îáðàçóåì îáîáùåííûå ñóììû Ïóàññîíà è âîñïîëüçóåìñÿ íåðàâåíñòâîì
(1), òîãäà:

∞∑

k=0

∆ρkl |ck| · kβ =
∞∑

k=0

∆ρkl · kr+1− 2
ρ · kβ · k 2

p
−r−1 6

6 c

{ ∞∑

k=0

|ck|p · k(r+1− 2
p
)p

} 1
p

{ ∞∑

k=0

(
∆ρkl)q · k(β+ 2

p
−r−1)q

} 1
q

6

6 c

{ ∞∑

k=0

|ck|p · k(r+1)p−2)

} 1
p

{ ∞∑

k=0

(
∆ρkl)q · k(β+ 2

p
−r−1)q

} 1
q

6

6 c

{ ∞∑

k=0

(
∆ρkl)q · k(β+ 2

p
−r−1)q

} 1
q

. (2)

Çàìåòèì, ÷òî äëÿ ïðîèçâîëüíîãî l > 0 (ñì. [11])

∆ρνl
= ρνl − ρ(ν+1)l

= ρνl(
1− ρ(ν+1)l−νl)

=

= (1− ρ)ρνl · l · νl−1 + c(1− ρ)2ρνl · ν2l−2 + c(1− ρ)ρνl
νl−2.

(3)

Äëÿ ïîäñ÷åòà ñóììû â (2) áóäåì ñíà÷àëà ó÷èòûâàòü ëèøü ïåðâîå ñëàãàåìîå â ðàâåíñòâå (3),
ïîëàãàÿ (

∆ρkl)q = c(1− ρ)q · k(l−1)qρqkl
+ δ(k, l, q, β), (4)
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ãäå âåëè÷èíà δ(k, l, q, β) = δ(·) èìååò ðàçëè÷íûå ïîðÿäêè ìàëîñòè ïðè ρ → 1− â çàâèñèìîñòè
îò âõîäÿùèõ ïàðàìåòðîâ è "âêëàäà" âòîðîãî è òðåòüåãî ñëàãàåìûõ ðàâåíñòâà (3) â ñóììó (2).
Çàòåì ðàññìîòðèì îáùèé ñëó÷àé. Îöåíèì ñóììó â íåðàâåíñòâå (2). Ïóñòü l > 0. Èçâåñòíî (ñì.
[11], c.36, [10]), ÷òî èíòåãðàë

F (ε) =

∞∫

a

e−εxβ · xαdx, a > 0, β > 0

ïðè α > −1 èìååò àñèìïòîòèêó (ε → +0)

F (ε) ∼
1
β
· ε−α+1

β

{
Γ
(

α + 1
β

)
+

∞∑

n=0

(−1)n+1dnεα+β(n+1)

}
, (5)

ãäå dn � íåêîòîðûå êîýôôèöèåíòû, ÷èñëåííîå çíà÷åíèå êîòîðûõ íå ïîíàäîáèòñÿ, Γ(b) � ãàììà-
ôóíêöèÿ. Ïîëîæèì â (5) β = l, α = γ · q, ε = − ln 1

ρ (ε → +0 êîãäà ρ → 1−), òîãäà ïîëó÷èì:

∞∫

0

e
− ln 1

ρ
·xl·q · xqγ = c

(
ln

1
ρ

)− γq+1
l

= c(1− ρ)−
γq+1

l + c(1− ρ)−
γq
l , (6)

c > 0, c = const, òàê êàê

ln
1
ρ

=
∞∑

k=1

(1− ρ)k

k
(ρ → 1−). (7)

Èç íåðàâåíñòâà α > −1 ñëåäóåò




l − 1 > −1
l − 2 > −1

2l − 2 > −1
⇒ l > 1.

Ïîëàãàÿ â (6) γ = l − 1 + β +
2
p
− r − 1, äëÿ ïåðâîãî ñëàãàåìîãî â (3) ñ ó÷åòîì (6), (7) èìååì:

c(1− ρ)

{ ∞∑

k=0

ρkl·qkγq

} 1
q

6 c(1− ρ)
{

(1− ρ)−
γ+1/q

l + O((1− ρ)−
γ
l )

}
+ δ(·) =

= c(1− ρ)1−
1
l
(l−1+β+ 2

p
−r−1+ 1

q
) + O((1− ρ)−

γ
l
+1) = c(1− ρ)r+ 1

q
−β + δ(·). (8)

Ñëàãàåìîå c(1− ρ)r+ 1
q
−β → 0, ρ → 1− ïðè β < r +

1
q
. Ïî îïðåäåëåíèþ Γ-ôóíêöèè Γ(b), b > 0,

ò.å. γq +1 > 0 ⇔ l−1+β +
2
p
− r−1 > −1

q
⇔ β > r− l+

1
q
. Çàìåòèì, ÷òî îñòàòî÷íûé ÷ëåí â (8)

èìååò ïîðÿäîê O((1−ρ)1−
γ
l ) → 0 äëÿ β < r+ 2

q . Òàêèì îáðàçîì, "âêëàä" ïåðâîãî ñëàãàåìîãî èç
ðàçëîæåíèÿ (3) â ñóììó (2) äàåò èíòåðâàë èçìåíåíèÿ äëÿ β : β ∈ (r− l + 1

q ; r + 1
q ). Äëÿ âòîðîãî

ñëàãàåìîãî èç (3), ïîëàãàÿ â (6) γ = 2l − 2 + β + 2
p − r − 1, èç (8) ïîëó÷èì:

(1− ρ)2
{ ∞∑

k=0

ρq·kl · kγq

} 1
q

6 c(1− ρ)2
{

(1− ρ)−(2l−2+β+ 2
p
−r−1+ 1

q
) + O((1− ρ)−

γ
l )

}
+

+δ(·) = c(1− ρ)(r+1+ 1
q
−β)· 1

l + O((1− ρ)(r+1+ 2
q
−β) 1

l ) + δ(·).
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Â ýòîì âûðàæåíèè ïåðâîå ñëàãàåìîå ñòðåìèòñÿ ê íóëþ ïðè ρ → 1− äëÿ β < r + 1 +
1
q
, âòîðîå

� äëÿ β < r − 1 +
2
q
.

Ïî îïðåäåëåíèþ Γ-ôóíêöèè äëÿ γ = 2l − 2 + β +
2
p
− r − 1 ëåãêî íàéäåì:

2l − 2 + β +
2
p
− r − 1 > −1

q
⇒ β > r + 1− 2l +

1
q
.

Òàêèì îáðàçîì, âòîðîå ñëàãàåìîå èç (3) ïîðîæäàåò ñëåäóþùèé èíòåðâàë èçìåíåíèÿ äëÿ β :

β ∈
(

r + 1− 2l +
1
q
; r + 1 +

1
q

)
.

Äëÿ òðåòüåãî ñëàãàåìîãî èç (3), ïîëàãàÿ â (6) γ = l − 2 + β +
2
p
− r − 1, èç (8) ïîëó÷èì:

(1− ρ)

{ ∞∑

k=0

ρq·kl · kγq

} 1
q

6 c(1− ρ)−(l−2+β+ 2
p
−r−1+ 1

q
) 1

l + O
(
(1− ρ)−

γ
l
)

+ δ(·) =

= c(1− ρ)(r+1+ 1
q
−β) 1

l + O
(
(1− ρ)(2+r+1−β− 2

p
) 1

l
)

+ δ(·).

Â ïîñëåäíåì âûðàæåíèè ïåðâîå ñëàãàåìîå ñòðåìèòñÿ ê íóëþ ïðè ρ → 1− äëÿ β < r + 1 +
1
q
,

âòîðîå � äëÿ β < r + 1 +
2
q
.

Ïî îïðåäåëåíèþ Γ-ôóíêöèè äëÿ γ = l − 2 + β +
2
p
− r − 1 íàéäåì äðóãîå îãðàíè÷åíèå íà

âõîäÿùèå ïàðàìåòðû: γq > −1 ⇔ β > r + 1 +
1
q
− l. Òàêèì îáðàçîì, òðåòüå ñëàãàåìîå èç

ðàâåíñòâà (3) ïîðîæäàåò ñëåäóþùèé èíòåðâàë èçìåíåíèÿ äëÿ β :

β ∈
(

r + 1 +
1
q
− l; r + 1 +

1
q

)
, l > 1.

Ñðàâíèâàÿ ìåæäó ñîáîé ïîëó÷åííûå èíòåðâàëû, íàéäåì:

β ∈
(

r +
1
q

+ 1− l; r +
1
q

)
, l > 1.

Âåëè÷èíà δ(k, l, q, β) = δ(·), ñîñòîÿùàÿ èç âåëè÷èí ïîãðåøíîñòåé, äîñòàâëÿåìûõ òðåìÿ ñëàãàå-
ìûìè ðàâåíñòâà (3) äëÿ β èç íàéäåííîãî èíòåðâàëà, ñòðåìèòñÿ ê íóëþ ïðè ρ → 1−. Òåîðåìà
äîêàçàíà.

Ñëåäñòâèå. Ïðè r = 0 äëÿ f(x) ∈ L2π
p , p > 1 ñ êîýôôèöèåíòàìè Ôóðüå cn ïîëó÷èì ñëå-

äóþùèé èíòåðâàë èçìåíåíèÿ β, ïðè êîòîðîì ïîñëåäîâàòåëüíîñòü {nβ|cn|}∞n=0 ñóììèðóåòñÿ
ìåòîäîì (A, l), l > 1 ê íóëþ ïðè ρ → 1− :

β ∈
(

1 +
1
q
− l;

1
q

)
.

Öèòèðîâàííàÿ ëèòåðàòóðà

1. Ôàëàëååâ Ë.Ï. //Òåçèñû äîêëàäîâ ìåæä. êîíô., ïîñâÿùåííîé 100-ëåòèþ Ñ.Ë.Ñîáîëåâà.
5�12 îêòÿáðÿ 2008. Íîâîñèáèðñê. Ñ. 68.

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 1 (35)



Î ñóììèðîâàíèè êîýôôèöèåíòîâ Ôóðüå 109

2. Ready J. //SIAM. Math. Anal. 1986. Ò. 17, � 2. Ñ. 69�476.
3. Êóïðèêîâ Þ.Å. //Ìàòåì. çàìåòêè. 1990. Ò. 48, � 2. C. 154�155.
4. Kuprikov Yu.E. . //Analysis Math. 1993. T. 19, � 2. C. 113�134.
5. Ôàëàëååâ Ë.Ï. //Èçâåñòèÿ ÌÎÍ ÐÊ. Ñåðèÿ ôèç.-ìàò. 2000. � 5. C.53�57.
6. Ôàëàëååâ Ë.Ï. //Ìàòåìàòè÷åñêèé æóðíàë. 2001. Ò. 1, � 1. C.100�103.
7. Ôàëàëååâ Ë.Ï. //Ìåæäóíàð. êîíô. "Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè, ìåõàíè-

êè, èíôîðìàòèêè", ïîñâÿùåííàÿ 75-ëåòèþ ÒóëÃÓ è 85-ëåòèþ ñî äíÿ ðîæäåíèÿ ïðîôåññîðà
Ñ.Á.Ñòå÷êèíà. 22�26 íîÿáðÿ 2005. Òóëà. C. 155.

8. Ôàëàëååâ Ë.Ï. //Òåçèñû äîêëàäîâ Ìåæäóíàð. êîíôåðåíöèè, ïîñâÿùåííîé 100-ëåòèþ
Ñ.Ì.Íèêîëüñêîãî 23-29 ìàÿ 2005. C.233.

9. Ïîòàïîâ Ì.Ê. Î êîýôôèöèåíòàõ Ôóðüå. Èññëåäîâàíèÿ ïî ñîâðåìåííûì ïðîáëåìàì
êîíñòðóêòèâíîé òåîðèè ôóíêöèé. Áàêó, 1965.

10. Õàðäè Ã. Ðàñõîäÿùèåñÿ ðÿäû. Ì, 1951.
11. Ôàëàëååâ Ë.Ï. //Ñèáèðñêèé ìàò. æóðíàë. 2001. Ò. 42, � 4. C. 926�936.
12. Ôåäîðþê Í.Â. Àñèìïòîòèêà: Èíòåãðàëû è ðÿäû. Ì, 1987.

Ïîñòóïèëà â ðåäàêöèþ 10.10.2009ã.

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 1 (35)



Ìàòåìàòè÷åñêèé æóðíàë. Àëìàòû. 2010. Òîì 10. � 1 (35). P. 110 � 115

ÐÅÔÅÐÀÒÛ � ABSTRACTS

ÓÄÊ: 519.62 2000 MSC: 34B16, 34B40
Abildayeva A.D., Dzhumabaev D.S. Isolated bounded on whole axe solutions of nonlinear

ordinary di�erential equation's system // Mathematical journal. 2010. Vol. 10. � 1 (35). P. 5
� 12.

The de�nition of isolated bounded on whole axe solution of nonlinear ordinary di�erential
equations is introduced. The necessary and su�cient conditions of existence for such solutions are
established.

References � 3.

ÓÄÊ: 519.62 2000 MSC: 34B16, 34B40
�áiëäàåâà �.Ä., Æ´ìàáàåâ Ä.Ñ. Áåéñûçû© ©àðàïàéûì äèôôåðåíöèàëäû© òåäåó-

ëåð æ³éåñiíi á³êië °ñòåãi î©øàóëàí¡àí øåêòåóëi øåøiìi // Ìàòåìàòèêàëû© æóðíàë.
2010. Ò. 10. � 1 (35). Á. 5 � 12.

Áåéñûçû© ©àðàïàéûì äèôôåðåíöèàëäû© òåäåóëåðäi î©øàóëàí¡àí æºíå á³êië ò³çóäå øåê-
òåóëi øåøiìiíi àíû©òàìàñû åíãiçiëäi. Îñûíäàé øåøiìäåðäi áîëóûíû ©àæåòòi æºíå æåò-
êiëiêòi øàðòòàðû òà¡àéûíäàëäû.

�äåáèåòòåð òiçiìi � 3.

ÓÄÊ: 517.956 2000 MSC: 35R30
Abulkairov U.U., Aitzhanov S.E. Solubility of the inverse problem of magnetic

hydrodynamics for viscous incondensable liquid // Mathematical journal. 2010. Vol. 10. � 1
(35). P. 13 � 22.

In the paper it is considered inverse non-stationary problem of magnetic hydrodynamics for
viscous incondensable liquid. The aim is to de�ne the velocity of the motion ~v(x, t), magnetic tension
~H(x, t), gradient of the pressure ∇p(x, t), external power ~f(x) and currents rot~j(x). In this case
rede�ning conditions are added to conditions from direct problem.

References � 9.

ÓÄÊ: 517.956 2000 MSC: 35R30
Àáûë©àèðîâ �.Ó, Àéòæàíîâ Ñ.Å. Ñû¡ûëìàéòûí ò´ò©ûð ñ´éû© ³øií ìàãíèòòiê ãèä-

ðîäèíàìèêàíû êåði åñåáiíi øåøiëói // Ìàòåìàòèêàëû© æóðíàë. 2010. Ò. 10. � 1 (35).
Á. 13 � 22.

Á´ë æ´ìûñòà ñû¡ûëìàéòûí ò´ò©ûð ñ´éû© ³øií ìàãíèòòiê ãèäðîäèíàìèêàíû êåði ñòà-
öèîíàð åìåñ åñåái ©àðàñòûðûë¡àí. Êåði åñåáiíåí ~v(x, t)− ©îç¡àëûñòû æûëäàìäû¡ûí, ~H(x, t)−



Ðåôåðàòû 111

ìàãíèòòiê êåðíåóëiãií,∇p(x, t)− ©ûñûì ãðàäèåíòií, ñîíûìåí ©àòàð ñûðò©û ê³øòåðií ~f(x) æºíå
òîêòàðûí rot~j(x) òàáó êåðåê. Áåëãiñiçäåðäi àíû©òàó ³øií òóðà åñåáií ©´ðàéòûí øàðòòàðûìåí
áiðãå, àðòû©øà àíû©òàë¡àí øàðò ©îñûëàäû.

�äåáèåòòåð òiçiìi � 9.

ÓÄÊ: 517.518 2000 MSC: 42A10
Akishev G. Approximation of classes of functions Besov classes by polynomials on

the generalized Haar's system // Mathematical journal. 2010. Vol. 10. � 1 (35). P. 23 � 32.
In this article the symmetrical space of functions of many variables and Nikol'skii, Besov classes in

this space are considered. Estimates from above for approximation of functions from Besov classes
by partial sums of Fourier series with respect to multiple generalized Haar system are obtained.
Order sharp estimates for approximation of Nikol'skii classes in the norm of Marcinkiewicz space
are established.

References � 13.

ÓÄÊ: 517.518 2000 MSC: 42A10
À©ûøåâ �. Áåñîâ êëàñûíû ôóíêöèÿëàðûí æàëïûëàí¡àí Õààð æ³éåñi áîéûíøà

ê°ïì³øåëåðìåí æóû©òàó // Ìàòåìàòèêàëû© æóðíàë. 2010. Ò. 10. � 1 (35). Á. 23 � 32.
Ìà©àëàäà ê°ï àéíûìàëû ôóíêöèÿëàðäû ñèììåòðèÿëû© êåiñòiãi æºíå îñû êåiñòiêòå Íè-

êîëüñêèé æºíå Áåñîâ êëàñòàðû ©àðàñòûðûë¡àí. Áåñîâ êëàñûíû ôóíêöèÿëàðûí åñåëi æàë-
ïûëàí¡àí Õààð æ³éåñi áîéûíøà Ôóðüå ©îñûíäûëàðûìåí æóû©òàóû æî¡àðûäàí áà¡àëàí¡àí.
Ìàðöèíêåâè÷ êåiñòiãiíäå Íèêîëüñêèé êëàñûíû ôóíêöèÿëàðûí æóû©òàóäû äºë ðåòi òàáû-
ë¡àí.

�äåáèåòòåð òiçiìi � 13.

ÓÄÊ: 517 2000 MSC: 74H10
Alexeyeva L.A. The Di�erential algebra of biquaternions. Lorentz transformations of

be-wave equations // Mathematical journal. 2010. Vol. 10. � 1 (35). P. 33 � 41.
The functional space of biquaternions is considered on Minkovskiy space. Here the scalar-vector

biquaternions representation is used which was o�ered else Hamilton for quaternions. It is very
demonstrative and is strangely adapted for writing the physical values and equations. The linear
and quadratic equations on this space are considered and their solutions are constructed.

Biquaternional wave (bi-wave) equations and their solutions are considered. Invariance of the
equations with respect to Lorentz transformations group is stated.

References � 9.

ÓÄÊ: 517 2000 MSC: 74H10
Àëåêñååâà Ë.À. Áèêâàòåðíèîíäàðäû äèôôåðåíöèàëäû© àëãåáðàñû. Áèòîë©ûí

òåäåóëåðiíi Ëîðåíö ò³ðëåíäiðóëåði // Ìàòåìàòèêàëû© æóðíàë. 2010. Ò. 10. � 1 (35).
Á. 33 � 41.

Ìèíêîâñêèé êåiñòiãiíäåãi áèêâàòåðíèîíäàð ôóíêöèîíàëäû© êåiñòiãi ©àðàëàäû. Á´ë æåð-
äå êâàòåðíèîíäàð¡à Ãàìèëüòîí ´ñûí¡àí áèêâàòåðíèîíäàðäû ñêàëÿð-âåêòîð æàçûëóû ïàéäà-
ëàíûëàäû, îëàð ôèçèêàëû© øàìàëàð ìåí òåäåóëåðäi ñèïàòòàó¡à ëàéû©òû. Áèêâàòåðíèîíäàð
êåiñòiãiíäåãi ñûçû©òû© æºíå êâàäðàòòû© òåäåóëåð ©àðàñòûðûë¡àí æºíå îëàðäû øåøiìäåði
©´ðûë¡àí.

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 1 (35)



112 Abstracts

Áèêâàòåðíèîíäû© òîë©ûí (áèòîë©ûí) òåäåóëåði æºíå îëàðäû æàëïûëàìà øåøiìäåði ©à-
ðàñòûðûë¡àí. Òåäåóëåðäi Ëîðåíö ò³ðëåíäiðóëåð òîáûíà ©àòûñòû èíâàðèàíòòûëû¡û çåðò-
òåëãåí.

�äåáèåòòåð òiçiìi � 9.

ÓÄÊ: 517.917 2000 MSC: 35L05,43A90
Bekbauova A.U., Kenzhebayev K.K., Sartabanov G.A. Multiperodical solution of

quasilinear hyperbolic system for di�erential equations in partial derivative // Mathe-
matical journal. 2010. Vol. 10. � 1 (35). P. 42 � 46.

In the paper su�cient conditions of existence of multiperodical solution for quasilinear hyperbolic
systems are obtained.

References � 2.

ÓÄÊ: 517.917 2000 MSC: 35L05,43A90
Áåêáàóîâà À.Ó., Êåíæåáàåâ Ê.Ê., ÑàðòàáàíîâÆ.À. Êâàçèñûçû©òû ãèïåðáîëàëû© òèï-

òi äåðáåñ òóûíäûëû äèôôåðåíöèàëäû© òåäåóëåð æ³éåñiíi ê°ï ïåðèîäòû øåøiì-
äåði // Ìàòåìàòèêàëû© æóðíàë. 2010. Ò. 10. � 1 (35). Á. 42 � 46.

Ìà©àëàäà êâàçèñûçû©òû ãèïåðáîëàëû© òèïòi äåðáåñ òóûíäûëû äèôôåðåíöèàëäû© òåäå-
óëåð æ³éåñiíi ê°ï ïåðèîäòû øåøiìäåðiíi áàð áîëóûíû ©àæåòòi øàðòû òàáûë¡àí.

�äåáèåòòåð òiçiìi � 2.

ÓÄÊ: 519.711.3 2000 MSC: 34A45
Zhunussova L.Kh. Optimization of the bilinear biological model with retarded

argument and three control functions // Mathematical journal. 2010. Vol. 10. � 1 (35). P. 47
� 51.

In the paper optimization problem for the biological model with retarded argument and three
control functions is solved.

References � 5.

ÓÄÊ: 519.711.3 2000 MSC: 34A45
Æ³í³ñîâà Ë.Õ. Êåøiêïåëi àðãóìåíòòi ³ø áàñ©àðó ôóíêöèÿñû áàð áèñûçû©òû

áèîëîãèÿëû© ³ëãiíi îòàéëàíäûðó // Ìàòåìàòèêàëû© æóðíàë. 2010. Ò. 10. � 1 (35). Á.
47 � 51.

Á´ë æ³ìûñòà ³ø áàñ©àðó ôóíêöèÿñû áàð áèîëîãèÿëû© æ³éåíi êåøiêïåëi àðãóìåíòií åñ-
êåðåòií òèiìäiëiê åñåái øû¡àðûë¡àí.

�äåáèåòòåð òiçiìi � 5.

ÓÄÊ: 519.624, 517.956 2000 MSC: 34B37
Kadirbayeva Zh.M. On convergence an algorithm of �nding approximated solution of

semi-periodical boundary value problem for the system of loaded hyperbolic equations
// Mathematical journal. 2010. Vol. 10. � 1 (35). P. 52 � 59.

The algorithm of �nding approximated solution of semi-periodical boundary value problem for
the system of loaded hyperbolic equations is proposed. The su�cient conditions of algorithm's
convergence and correct solvability of considered problem are established.

References � 8.

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 1 (35)



Ðåôåðàòû 113

ÓÄÊ: 519.624, 517.956 2000 MSC: 34B37

�àäûðáàåâà Æ.Ì. Æ³êòåëãåí ãèïåðáîëàëû© òåäåóëåð æ³éåñi ³øií æàðòûëàé
ïåðèîäòû øåòòiê åñåïòi æóû© øåøiìií òàáóäû áið àëãîðèòìiíi æèíà©òûëû¡û
òóðàëû // Ìàòåìàòèêàëû© æóðíàë. 2010. Ò. 10. � 1 (35). Á. 52 � 59.

Æ³êòåëãåí ãèïåðáîëàëû© òåäåóëåð æ³éåñi ³øií æàðòûëàé ïåðèîäòû øåòòiê åñåïòi æóû©
øåøiìií òàáóäû àëãîðèòìi ´ñûíûëàäû. �àðàñòûðûëûï îòûð¡àí åñåïòi êîððåêòòi øåøiëiì-
äiëiãiíi æºíå àëãîðèòìiíi æèíà©òûëû¡ûíû æåòêiëiêòi øàðòòàðû òà¡àéûíäàëàäû.

�äåáèåòòåð òiçiìi � 8.

ÓÄÊ: 523.98, 530.182 2000 MSC: 37N30

Karimova L.M. Methods of mathematical morphology in investigation of solar
photosphere background magnetic �eld // Mathematical journal. 2010. Vol. 10. � 1 (35).
P. 60 � 69.

The aim of the paper is quantitative description of geometry and topology of magnetic �eld of the
Sun by means of Minkowski functionals: Euler characteristics and perimeter of a set of excursions over
threshold level. In the paper methods of mathematical morphology are applied to analyze fragments
of magnitograms of background parts of total disc of the Sun. Obtained results demonstrate that
Euler characteristics and total perimeter are stable with time and do not correspond to alternating
random �elds of Gauss type.
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ÓÄÊ: 523.98, 530.182 2000 MSC: 37N30

Êàðiìîâà Ë.Ì. Ê³ííi ôîòîñôåðàëû© ìàãíèòòiê °ðiñòåðií òàëäàóäà¡û ìàòåìà-
òèêàëû© ìîðôîëîãèÿ ºäiñòåði // Ìàòåìàòèêàëû© æóðíàë. 2010. Ò. 10. � 1 (35). Á. 60 �
69.

Æ³ìûñòû ìà©ñàòû ê³ííi ìàãíèòòiê °ðiñiíi ãåîìåòðèÿñû ìåí òîïîëîëîãèÿñûí Ìèíêîâ-
ñêèé ôóêöèîíàëäàðû: Ýéëåð õàðàêòåðèñòèêàëàðû ìåí áåðiëãåí äåíãåéäåí àñàòûí °ðiñ ëà©òû-
ðóëàðûíû æèûíû ³øií ïåðèìåòði � òåðìèíiíäå ñàíäû© ñèïàòòàóû áîëûï òàáûëàäû. Æ´-
ìûñòà ê³ííi òîëû© äèñêiñiíi ìàãíèòîãðàììàëàðûíû ôîíûíû ³çiíäiëåðií òàëäàó ³øií ìà-
òåìàòèêàëû© ìîðôîëîãèÿ ºäiñòåði ©îëäàíûëàäû. Àëûí¡àí íºòèæåëåð Ýéëåð õàðàêòåðèñòèêà-
ëàðû ìåí ©îñûíäû ïåðèìåòðäi óà©ûò áîéûíøà îðíû©òûëû¡ûí æºíå Ãàóññ òåêòåñ àóûñïàëû
êåçäåéñî© °ðiñòåðãå ñºéêåñ êåëìåéòiíií ê°ðñåòòi.

�äåáèåòòåð òiçiìi � 38.

ÓÄÊ: 534.1 2000 MSC: 42A10

Martynov N.I., Ramazanova M.A., Suimenbaeva Zh.C., Fedorov I.O. Rezults of numerical
modelling of �uctuations of a seismic pendulum // Mathematical journal. 2010. Vol. 10. � 1
(35). P. 70 � 82.

Numerical modeling of �uctuations of the seismic pendulum is spent its results have allowed to
explain pike-shaped and bay-form behavior of its corner of a twisting in preparation of the future
earthquake. The synthetic bays corresponding to real records of "Alem" devices are simulated.
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Ìàðòûíîâ Í.È., Ðàìàçàíîâà Ì.À., Ñ³éìåíáàåâà Æ.Ñ., Ôåäîðîâ È.Î. Ñåéñìèêàëû©
ìàÿòíèêòi òåðáåëiñòåðiíi ñàíäû© ³ëãiëåóiíi íºòèæåëåði // Ìàòåìàòèêàëû© æóðíàë.
2010. Ò. 10. � 1 (35). Á. 70 � 82.

Ñåéñìèêàëû© ìàÿòíèê òåðáåëiñòåðií ñàíäû© ³ëãiëåói æ³ðãiçiëäi. Îíû íºòèæåëåði êåëåøåê
æåð ñiëêiíó äàéûíäàëó êåçåiíäå ñåéñìèêàëû© ìàÿòíèêòi á´ðàëó á´ðûøûíû íàéçàøà æºíå
øû¡àíà© òºðiçäi ìiíåç-©´ëû¡ûí ò³ñiíäiðóãå ì³ìêiíäiê áåðåäi. "Àëåì" ©´ðàëäàðûíû íà©òû
æàçóëàðûíà ñºéêåñ êåëåòií ñèíòåòèêàëû© øû¡àíà©òàð ³ëãiëåíãåí.

�äåáèåòòåð òiçiìi � 11.

ÓÄÊ: 519.624 2000 MSC: 34A45
Temesheva S.M. On a convergence of the algorithm of parametrization method //

Mathematical journal. 2010. Vol. 10. � 1 (35). P. 83 � 92.
Two parametrical family of algorithms of parametrization method is o�ered for solving nonlinear

two-points boundary value problem of ordinary di�erential equations' systems. The su�cient
conditions of isolated solution of considered problem are estabilished in the terms of right hand
side's function of di�erential equation and boundary conditions.
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// Ìàòåìàòèêàëû© æóðíàë. 2010. Ò. 10. � 1 (35). Á. 83 � 92.
�àðàïàéûì äèôôåðåíöèàëäû© òåäåóëåð æ³éåñiíi áåéñûçû© åêi í³êòåëi øåòòiê åñåáií øå-

øó ³øií ïàðàìåòðëåó ºäiñiíi àëãîðèòìäåðiíi åêi ïàðàìåòðëi ºóëåòi ´ñûíûëàäû. Äèôôåðåíöè-
àëäû© òåäåóäi î æà¡ûíäà¡û ôóíêöèÿ æºíå øåêàðàëû© øàðò òåðìèíäåðiíäå ©àðàñòûðûëûï
îòûð¡àí åñåïòi î©øàóëàí¡àí øåøiìiíi áàð áîëóûíû æºíå àëãîðèòìäåðäi æèíà©òûëû¡û-
íû æåòêiëiêòi øàðòòàðû òà¡àéûíäàëäû.

�äåáèåòòåð òiçiìi � 12.

ÓÄÊ: 517.95 2000 MSC: 34K06, 34K10, 45J05
Torebek B.T., Turmetov B.Kh. On the solvability of some problems for the Laplace

equation // Mathematical journal. 2010. Vol. 10. � 1 (35). P. 93 � 103.
In this paper we study the properties of some integro-di�erential operators in the class of

harmonic functions. As an application of these operators operator boundary value problems in the
unit ball are considered.
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òóðàëû // Ìàòåìàòèêàëû© æóðíàë. 2010. Ò. 10. � 1 (35). Á. 93 � 103.
Á´ë æ´ìûñòà ãàðìîíèÿëû© ôóíêöèÿëàð êëàñûíäà êåéáið èíòåãðî-äèôôåðåíöèàëäû© îïå-

ðàòîðëàðäû ©àñèåòòåði çåðòòåëãåí. Îñû îïåðàòîðëàðäû ïàéäàëàíóûìåí áiðëiê øàðäà¡û îïå-
ðàòîðëû© øåòòiê åñåïòåð ©àðàñòûðûë¡àí.
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�äåáèåòòåð òiçiìi � 12.

ÓÄÊ: 517.51 2000 MSC: 42A10
Falaleev L.P. On the summation of Fourier coe�cients // Mathematical journal. 2010.

Vol. 10. � 1 (35). P. 104 � 109.
In the paper the results on summation of Fourier coe�cients with respect to trigonometric system

of functions from Sobolev space by Cesaro and general Poisson methods are given.
References � 12.

ÓÄÊ: 517.51 2000 MSC: 42A10
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2010. Ò. 10. � 1 (35). Á. 104 � 109.
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ôóíêöèÿëàðäû òðèãîíîìåòðèÿëû© æ³éåñi áîéûíøà Ôóðüå êîýôôèöèåíòòåðií ©îñó íºòèæå-
ëåði êåëòiðiëäi.
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